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FOREWORD

Professor Petrovsky is an outstanding and leading representative of the
great mathematical tradition and of the most impressive active mathe-
matical life of Russia. Great progress is due to him in the field of
partial differential equations. It will, therefore, be highly welcome to
English speaking students that Petrovsky’s masterly lectures on this
important subject are now being made accessible through the present
translation from the Russian original.

R. COURANT



TRANSLATOR’S NOTE

The work of an eminent mathematician, Petrovsky’s Partial Differen-
ttal Equations, has many qualities which should make it popular with
graduate students desiring to get acquainted with partial differential
equations, a field of mathematics of great intrinsic beauty and of vast
importance in applications.

The presentation of the material is rigorous and at the same time
transparent and readable. Petrovsky recognizes the value of heuristic
and physical considerations but at the same time maintains high mathe-
matical standards. His comments on and discussion of various aspects
of the problems under consideration cannot but deepen the students’
understanding and appreciation of these problems.

A. SHENITZER



PREFACE

The present book grew out of a series of lectures which I presented a
number of times to students of mathematics at the department of
mathematics and mechanics of the Moscow State University. These
lectures were to some extent supplemented before being printed.

In §§ 24 and 35, integral equations are used in presenting the material
covered in §§ 23 and 31 through 33. Consequently, the material exclusive
of §§ 24 and 35 (as well as 34) is self-contained.

In the preparation of this book I was given a great deal of assistance.
K. S. Kusmin prepared notes of my lectures. Z. Ya. Shapiro was
particularly helpful in that she edited the manuscript and wrote §§ 22
through 25 and portions of other sections. Without her help the publi-
cation of this book would have been considerably delayed. A. D.
Myshkis and M. I. Vishik read the manuscript and made a number of
very useful remarks. A. D. Myshkis also wrote §§ 34, 35, and part of § 4.
B. M. Levitan wrote para. 3 of § 26. I wish to express my deep gratitude
to all of them.

I. PETROVSKY
9 April 1950
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CHAPTER I

INTRODUCTION. CLASSIFICATION
OF EQUATIONS

§ 1. Definitions. Examples

1. An equation containing partial derivatives of unknown func-
tions u,, Uy, ..., uy is said to be of the nth order if it contains at least
one partial derivative of the nth order and no partial derivatives of
order higher than n. By the order of a system of equations con-
taining partial derivatives we mean the order of the highest order
equation of the system.

A partial differential equation is called linear if it is linear in the
unknown functions and in their derivatives; it is called quasi-linear
if it is linear in the highest order derivatives of the unknown
functions. Thus, for instance, the equation

ou *u Oudu , 0
o Tayar T
is quasi-linear of the second order with respect to the unknown
function «. The equation
2 2
%ﬂ-a(w,y)g—;—;=2u

is linear of the second order with respect to u. The equation

ou 2+(8u :
(% 5&) -

is neither linear nor quasi-linear with respect to «.

By a solution of an equation containing partial derivatives we
mean a system of functions which, when put in the equation in
place of the unknown functions, turns the equation into an identity
in the independent variables. A solution of a system of equations is
defined in an analogous manner.

We shall be primarily interested in linear equations of the second
order in one unknown function. The following are examples of
equations of this type:

P 1 I



2 PARTIAL DIFFERENTIAL EQUATIONS
ou °%u o o

(1) e +E:—§ +a_x§ the ‘heat equation’,
0%y 0*u 0*u 0*u ; .,

(2) 7 8:1:2 + Py +—BE§ the ‘wave equation’,

(3) \/ otu 8 ot 83u =0 the ‘Laplace equation’.
ox? sz 23

Many problems in physics reduce themselves to partial differ-
ential equations, in particular, to the partial differential equations
listed above.

2. Example 1. The heat equation. This equation describes the
flow of heat. Its derivation is based on the following physical law
(Newton’s law):

Let the temperature of a body at a point (2,, ,, #3) in the body at
the time ¢ be given by a continuous and differentiable function
u(t, 2y, o, z3). Then the formula

AQ R - k(xl’ g, xa)

ou(t, xy, x5, ) AS At
on

gives the amount of heat flowing through a small area AS in the
body during the time A¢ to within terms of order higher than the
order of the product ASA¢. Here ou/on denotes the normal deri-
vative in the direction of the flow of heat evaluated at an arbitrary
point (z,, %,, ;) of AS. The positive coefficient k(x,, x,, x3) is called
the coefficient of inner thermal conductivity at the point (x,, z,, x;).

If the element of area under consideration forms part of the
boundary of the body, then the same law in somewhat different
form holds. Again, let u(t, z,, ,, ;) denote the temperature of the
body G at the point (z,,,,2;) and let u,(t,x,,%,, ¥3) denote the
temperature at an arbitrary point (x,,2,,x;) outside the body.
Then, the amount of heat entering the body across the element of
area AS in the time interval At is given, to within higher order
terms, by the expression

AQ ~ ky (1, g, 3) [y (8, 1, %3, T5) — Ult, %y, Tp, 73)] AS Al
Here (,,x,,x;) denotes an arbitrary point of the element of area,
and the values of the functions u, and « at that point are limiting
values obtained by approaching the point from the outside and
from the inside of the body, respectively. The coefficient k, (x,, %, 2;3)
is referred to as the coefficient of outer thermal conductivity relative
to the given medium.
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We shall assume that the body is isotropic with respect to heat
conduction, i.e. k(x;, z,, ¥3) is independent of the orientation of the
element of area. We shall also assume that the function k(x,, x,, ;)
has continuous partial derivatives with respect to z,, , and ;.

For the purpose of our derivation we imagine in the interior of
the considered region G a cube D defined by the inequalities

r; <E <+ Ay

Here (x,, z,, ;) denotes a point in the interior of G, (§,, &,, §;) de-
notes a point of the cube D, and Az, = Az, = Az, are small increments
of the coordinates. We assume that the function u(t, z,, x,, z,) is
twice continuously differentiable. We now compute the increase in
the amount of heat inside our cube over the time interval At. By
Newton’s law, the amount of heat flowing into the cube across the
face lying in the plane £, =z, is given, to within terms of higher
order, by ou(t, xy, T,, x;)

AQ' x —k(xy, Ty, T5) —— N2 Nt A, Ay,

ox,
Similarly, for the parallel face £, =x, + Az, we have

ou(t, xy + Azy, 24, 3)
ox,

and, according to the mean-value theorem,

, v 0 (, 0
AQ +AQ ~ - (ka;‘
1

AQ" ~ k(x, + Axy, x4, 23)

At Az, Az,

) At Az, Az, Az,

Carrying out analogous computations for the remaining faces of the
cube, we find that the total increase in the amount of heat in the
cube D in time At is given by

U(t, 2y, Ty, X3)

dQ ~ Z S [L xl,x2,x3)a P ]AtAxlezAx3. (1,1)
=1

i
On the other hand, this amount of heat can be estimated by con-
sidering the increase in temperature in the cube in time At:

dQ ~ [u(t + At, z,, x,, x3)
—u(t, 2y, X, X3)] (24, T, T3) P(Xy, Ty, X3) Ay A2y Ay

. ou(t, z,, Tp, )

ot (@, &y, T3) P2y, Tq, T5) At Azy Axy A, (2,1)

I-2
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Here p(z,,x,,z,) denotes the density of the body at the point
(@4, 9, 23) and c(x,, x,, ¥5) its specific heat at that point.t Dividing
(1,1) and (2, 1) by AtAz, Az, Az,, equating the results of division,
and passing to the limit by letting At— 0, Az;— 0, we get an exact
equality at the point (x,, x,, z3) at time ¢:
ou 3 0 (,0u
o= B, (Vo) &
This equation is called the heat equation for a non-homogeneous
isotropic body. If the body is homogeneous, then
k(xy, 24, 23) = const., c(xy, X, £3) =const., p(xy, Xy, x3) =const.,
and equation (3, 1) becomes
cpou 3 0%
pou_ & Ou
Replacing (k/cp) t with ¢’ and denoting ¢’ by ¢, we obtain (4, 1) in the
form ou 0%*uw 0*u %
A =a e tas.
ot ox* ox} Ox?
Equations (3,1) and (5,1) have many solutions. In order to
single out one of the many solutions of these equations, it is neces-
sary to prescribe supplementary conditions which are the counter-
part of initial conditions as prescribed in ordinary differential
equations. Such supplementary conditions are most often so-called
boundary conditions, i.e. conditions prescribed on the boundary of
the region G of the space (x,, %5, ;) in which we are to find a solution
of an equation with partial derivatives, and initial conditions which
refer to some definite moment in time. It is clear from the physical
point of view that the knowledge of the temperature of the body at
some moment in time and of the distribution of heat at the boundary
of the body should completely determine the temperature of the

(4, 1)

(5, 1)

1 The value assumed by some physical characteristic of a body at a definite
point P is always understood to be a limiting value. Namely, we consider a
sequence of cubes with centers at the point P and with sides whose length ap-
proaches zero. For each cube we take the ratio of the relevant quantity to the
volume of the cube. Then, for the value at P of the physical characteristic in
question, we take the limit of the sequence of ratios as the length of the sides of
the cubes approaches zero. Thus, in the case of density at a point P the relevant
quantity is the mass of each cube with center at P. In the case of surface density
of a thin plate the relevant quantity is the mass of a small square about the point
in question. In case of a rod the relevant quantity is the mass of a segment of the
rod with center at the point in question. The definitions of specific heat, con-
ductivity, ete., at a point are arrived at in an entirely analogous manner.
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body at any later moment in time. Likewise, it is clear that the
distribution of heat can be prescribed in a variety of ways. If the
region ( coincides with all of space, then a bounded solution of the
heat equation for ¢ > ¢, is uniquely determined by prescribing initial
conditions only, namely, the value of the function (¢, z,, x,, z;3) at
t=t,. In case of a bounded domain G one could, for example,
prescribe the temperature at each point of the body at ¢=1t; and, in
addition, the temperature at the boundary points of the body for
all ¢>¢,. It turns out that these conditions suffice to determine a
unique, bounded solution for ¢ > ¢, and (z,, x,, z;) € G.

Instead of prescribing u(t,x,,x,,z;) at the boundary of G for
t > t,, we could prescribe the values of the outer normal derivative
ou/on of the solution function . This condition also determines a
unique solution of the heat equation. We arrive at this formulation
of the problem if we study the temperature in the interior of G
under the assumption that we know at all times the amount of heat
which flows in time At from outside the body across each small sur-
face element AS of the boundary of the body. This quantity must be
equal to the amount of heat transmitted from the surface of the
body toitsinterior. Ifthis werenot so, heat would keep on accumu-
lating at the boundary of @ and, since the mass of the boundary of
the body is equal to zero, the temperature at the boundary would
tend towards infinity. According to Newton’s law, the amount of
heat mentioned is equal to

k(oufon) AS At.

Here k> 0 denotes the coefficient of thermal conductivity at the
boundary point under consideration. Knowing the law of heat
output at each boundary point of the region G, we could find the
value of ou/on. In particular, if the body does not give up heat at
the boundary, ou/on =0 at the boundary.

Finally, it is possible to prescribe as boundary conditions for

t>1t, the values k(dufon) + kyu.

Here k, is the coefficient of outer thermal conductivity and % the
coefficient of inner thermal conductivity. The values of these coeffi-
cients are assumed to be known. We arrive at a mathematical
problem of this kind if we study the temperature in the interior of
the body @ under the assumption that we know the temperature u,
of the body surrounding @. Then, according to Newton’s law, we
shall find that:
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(1) The amount of heat flowing from the surrounding medium
across a surface element AS in the time interval (¢, ¢+ At) equals,
apart from terms of higher order,

ky(u,—u)ASAt  (ky>0).

(2) The amount of heat transmitted during that time from the
surface element AS to the interior of the body equals, to within
terms of higher order,

k(ou/on) ASAt (k> 0),
80 that, in view of the equality of the two amounts,
kyu + k(Qufon) =k, u,.
In particular, if », =0, this condition becomes
k(oufon) + kyu=0.

Let us now assume that the temperature at each interior point
(%, %y, x3) of the body does not vary with increasing time. Then
ou/ot=0 and equations (3, 1) and (5, 1) go over respectively into

3 0 (, 0ou 3 0%
igx 5 (k 5 i) =0, igl 5 0. (6,1)
To determine u(x,, Z,, x3) it is not necessary, in this case, to prescribe
initial conditions. It suffices to prescribe boundary conditions
which we shall regard as being independent of time. The physical
picture in this case is as follows. If the boundary conditions do not
change in time, then, regardless of the prescribed initial conditions,
the temperature (¢, z,, z,, z;) at each point (z,,%,, ;) of the body
goes to a definite limiting value u(x,,x,, x;). The limit function
u(%,, %y, x5) satisfies the steady-state equations (6, 1) as well as the
boundary conditions assumed to be independent of time.

The problem of determining a function satisfying either one of
the equations (6,1) as well as prescribed boundary conditions is
called the Dirichlet problem or the first boundary-value problem.

The problem of heat conduction in 3-space has its counterparts
in 2-space and in 1-space. Thus, consider a rod of which we assume
that its temperature is the same for all points of a given cross-
section and that no heat exchange takes place between the sur-
rounding medium and the rod across the lateral surface of the rod.
Then the temperature u of the rod will be a function of the time ¢
and of one space coordinate x only. With a proper choice of units,
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the equation satisfied by the function (¢, z) will, in this case, be of
the form 5 5
ou_ 0% 7,1)
ot ox% @
If the temperature u(¢, x,;, x,, ¥;) of a three-dimensional body were
to depend on only one space coordinate, x, =z, say, then u would
also satisfy equation (7,1). This would take place if the tem-
perature of the body were the same for all points of the plane
z=const., for an arbitrary value of that constant. Likewise, the
study of conduction of heat in a thin plate leads to the equation
ou 0%u o*u
a3 o
3. Example 2. Equation of equilibriumand vibration of a membrane.
We shall consider a membrane which when at rest is in the (z,, z,)
plane. By a membrane we mean a stretched film which resists
stretching but does not resist bending, i.e. changes of form which
do not alter the area of an arbitrary piece of the membrane. The
work of the outside force which produces the change in form is
proportional to the change itself. The positive coefficient of pro-

portionalty 7' does not depend on the form or position of the mem-
brane element. We call T' the tension of the membrane.

(8,1)

The following considerations clarify the term tension.

If we cut the membrane along an arbitrary straight line segment ! and consider
the part of the membrane on one side of that segment, then, as will be shown, the
action on it of the other part of the membrane is the same as the action of a force
T applied at I and perpendicular to it.

We first show that the forco T'; acting on [ is perpendicular
to {. To this end we consider a small piece of the membrane A

in the form of a plane parallelogram (cf. fig. 1). We denote //

(9]

m-—

i
I
ono side of this parallelogram by I. Keeping the side of the /A
parallelogram opposite to I fixed, we deform the membrane /7 /|
so that the side ! remains on one line. At the same time the / // I
remaining two sides of the parallelogram remain parallel to // /]
each other and its arca will stay fixed. We now replace the / ]
action of the membrane on our parallelogram by forces applied /
at its sides. Since the change in area of the parallelogram is D
zero, the work of the sum of the forces is also zero. Since the
side AD (opposite to 1) is fixed, the work of the force applied 4
at AD is zero. Again, since our parallelogram is small, the Figure 1
forces applied at the parallel sides AD and BC are almost equal
and almost oppositely directed so that the work of these forces is zero to within
terms of order higher than that of the work of the force T',. Hence, the work
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of the force applied at the side [ is also equal to zero. Consequently, the force 7',
must be perpendicular to I.

We now show that 7',=T!. For this purpose we consider a piece of the mem-
brane in the form of a rectangle. Let ! be one side of this rectangle. If we now
deform the membrane so that the side I is moved a distance A parallel to itself and
the position lines of the remaining sides stay fixed, then the area of our rectangle
is increased by Al. It follows from the definition of tension that the work associated
with this deformation of our rectangle is Al7T. If, on the other hand, we again
replace the action of the membrane on our rectangle by forces applied at its sides
and denote by T'; the force applied at the side /, we find that the work considered

is equal to T;A. Equating the two expressions for the work done in deforming our
rectangle, we get T,="TL

It is, therefore, in order to call 7' the tension of the membrane.

Now let the membrane, when at rest, coincide with a plane region
G in the (2, x,) plane. Let L denote the boundary of G.

We assume that each element Ax, Az, (see fig. 2) of the membrane
is acted on by a force given, to within infinitesimals of higher order,
by f(x,,x,) Ax; Az, and having the direction of the normal to the
plane (2;,%,). The membrane will bend under the action of this
force and will assume the form of some surface

u=u(Z, ),
say. The u-axis is assumed to be perpendicular to the plane (,, r,).

We shall derive the equation satisfied by the function w(x,,x,)
under the following restrictions. First, when in equilibrium, the
surface of the membrane is bent little, i.e. it approximates a portion
of the plane. This means that the derivatives du/ox, and ou/dz, are
small and that we may disregard powers of these derivatives higher
than the first. Secondly, under the action of the force f(x,, x,), the
points of the membrane move only in directions normal to the
plane (z,, z,) so that their coordinates (z,,z,) do not vary with the
motion.

The derivation of the equation is based on one of the fundamental
principles of mechanics, the principle of virtual work. This principle
asserts that if a system is in a state of equilibrium, then in any
small displacement of the system compatible with the constraints
imposed on the systemt the total work done by all the forces
acting on the system is zero.

We first compute the work done by the forces acting on the
element Ax,Ax, (fig. 2) when this element is displaced from its

t Cf. S. Banach, ‘Mechanics’, Monogr. mat. vol. xx1v (1951). G. K. Suslov,
Theoretical Mechanics, Gostekhizdat (1944) (in Russian).
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initial position in the (,,7,) plane to a position described by the
equation u=wu(x;,x,). The forces acting on this element are as
follows: the outwardly directed (with respect to our element) force
of tension and the force fAz, Az,. The work of the force of tension is
proportional to the increase in area accompanying the displace-
ment of the membrane. The area of the surface element AS whose
projection is the square Az, Az, is approximately equal to

(L+ w2 +u )t Az, Ax,.
In the state of equilibrium this
element coincides with the square

Az, Ax,. Consequently, the in-
crease in area is equal to

(L+u+u )t Az Az, — Az, Az,.

2
It follows that the work of the (out-
wardly directed) forces of tension
is given by

T +ug?+uy)t — 1] Az, Az,

If we now expand the term in Figure 2
brackets in a power series in the

variables u; and u}, and disregard higher order terms in the expan-
sion, then our expression reduces to

3T (w2 +u2) Az, Ax,.

Iy

As for the work of the force fAx, Ax,, it is simply
Sfulx, Az,.

Since the work of the inner elastic forces in the element Ax; Ax,
must be opposite in sign to the work of the outer forces of tension
acting on this element and equal to it in absolute value, the work
done on the membrane by all inner forces acting on the membrane
and by the force f in a displacement of the membrane from the
position of rest to some position u(z,, x,) is given by

Aw=[[ (a0 cpdndn, @1

1 The integral (9,1) is equal to the potential energy of the membrane in the
position of equilibrium. We could therefore say that our derivation is based on the
fact that in a position of equilibrium the potential energy of any mechanical
system takes on a minimal value.
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We shall now effect an admissible displacement of the membrane,
i.e. we shall add a certain function du(z,, z,) to the function u(x,, x,).
In this displacement the work of all acting forces equals the varia-
tion of the integral (9, 1). This variation is easily seen to be equal to

0A=A(u+0u)—A(u f [ =T (ug, Ouy, +uy, 0uy,) +fou] da, dx,.
(10,1)
According to the principle of virtual work this variation must equal

zero.
Integrating by parts we obtain the well-known formula

J.J (g, Ouy +ug, Ouy ) da, dz,
@

J X Suds — f (ws + ) Sudx, dx,,

so that 3A=j —T%—&uds+f (TAu+f) dudx, dz,. (11, 1)
L n G

Here Au denotes the sum
0%u[0x? + 0%u/0x3.

We repeat that du denotes a virtual displacement, i.e. one com-
patible with the constraints imposed on the membrane. Such con-
gtraints are usually imposed on the boundary of the membrane, so
that du(x,,,) is an arbitrary function continuous at all interior
points of the membrane. Consequently, 4 =0 implies that in the
position of equilibrium the function u(z,, x,) satisfies the equation

TAu+f=0, (12,1)

at all interior points. Equation (12, 1)is called the Poisson equation.

The constraints take the form of various boundary conditions.
We consider below the most frequent cases.

1. The fastened membrane. Let the edge of the membrane be
fastened to some space curve whose projection is the curve L. Let
%, =%,(8), ¥, =72,(8) be the parametric equations of L. Then the
membrane is assumed to go through some curve 2, = z,(3), x, = ,();
u=¢(s). With this single restriction on du we have du=0 on L.
Also, the line integral in (11, 1) will vanish.

The resulting problem, which consists in finding a solution of
Poisson’s equation satisfying the boundary condition u = ¢(s) on L,
is called the Dirichlet problem for this equation.
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If f=0, Poisson’s equation reduces to Laplace’s equation with
which we are already familiar.

II. The free membrane. If we do not impose any restrictions on
the position of the membrane, then its boundary is free to move
along the (vertical) side of the cylinder with base boundary L. In
that case du is arbitrary both inside G' and on the boundary of G,
and we obtain for equation (12, 1) the condition

on L. oujon=0

III. The following is a frequent case. In addition to the force
fAz, Az, acting on the interior points of the membrane, a vertical
force with linear density f, is applied at the boundary so that there
is a force fjAs acting on a boundary element of length As. If we
inquire after the position of equilibrium of the membrane under

these conditions, then we must add the term f fruds to the integral
L

in (9, 1) and the term | f,duds to the integral in (10, 1).
L
In this case the line integral in (11, 1) is of the form

[— T (ou/on) + f,] duds,

L

and the boundary condition for the Poisson equation is
T(Qufon)—f,=0

on L. This problem is known as the second boundary-value problem

(the Neumann problem).

IV. Sometimes one considers the case of an ‘angularly fastened
membrane’, i.e. the case in which the force is

fi(s) =ku(s).
In that case the boundary condition for the Poisson equation is
T(ou/on) —ku=0.F

We shall now derive the equation of motion of a membrane. We
shall consider only transverse vibrations of small amplitude. Trans-

t Clearly, the boundary conditions II, IIT and IV are all equilibrium conditions
for the forces acting on an element As of the boundary of the membrane. In fact,
the force of tension exerted by the interior of the membrane on an element As of
its boundary lies in a tangent plane and its direction is normal to the boundary.
Its projection 7'(du/on)ds in the plane (x,, x,) must be zero (free boundary) or in
equilibrium with the forces acting on the boundary.
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verse vibrations are vibrations in a direction perpendicular to the
(@1, z,) plane. Clearly, in the case of transverse vibrations the only
coordinate of a fixed point in the membrane which varies with time
is its w coordinate, u=u(f,2,,x,). The small amplitude of the
vibrations is synonymous with the smallness of u, ou/ox; and ou/ox,.
We made use of such smallness assumptions in deriving (9, 1).

The velocity of a point of the membrane with coordinates (x,, z,)
is given by ou(t, z,, z,)/0t and its acceleration by 0%u(t, x,, x,)/0t%. To
obtain the equation of motion of the membrane we replace the outer
force fAz, Az, by the product of the mass of the element and its
acceleration. The sign of this product is to be the negative of the
sign of the force (D’Alembert’s principle). The mass of an element
Az, Az, is equal to p(x,, x,) Ax, Ax,, where p(x,,x,) stands for the
surface density at the point (,,x,). Hence, to obtain the equation
for the transverse vibrations of the membrane we must replace the
second term in (12,1) by — po2u/ot?,

%*u 0% o%u
T(é?c? a—%)——p—-aﬁ=(). (13, 1)

Here the possible boundary conditions are the same as in the case
of equation (12, 1), except for the fact that the functions prescribed
on the boundary can now be functions of time. The most frequently
encountered problems are the problem of the membrane whose
boundary is fastened along the curve L, u(¢, z;, x,) = 0 on L, and the
problem of the free membrane, du(t, z,, z,)/on =0 on L.

Just asin the case of the heat equation it is clear from the physical
point of view that the boundary conditions cannot by themselves
determine uniquely the motion of a membrane; the reason being
that this motion depends in an essential manner on the initial
position and on the initial velocity. In fact, it will be shown later
that a solution of (13,1) is determined uniquely by prescribing
initial conditions

u(by, Ty, %) = Po(@1, ;)
u(ty, Ty, Tp) = P1(%1, )

and boundary conditions of any of the types considered.

It is of theoretical interest to consider the case of the so-called
infinite membrane, i.e. the vibrations of the whole plane (x,,z,)
satisfying equation (13, 1). In that case, as will be shown later, a
unique solution of (13, 1) is determined by prescribing initial con-

} (x;’x2)€Ga (l4a ])
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ditions only. In case of a finite membrane initial conditions deter-
mine a unique solution not for all ¢ but for a finite time interval
(=T, T). The time interval (—7', T') varies with the point (z,, z,),
and its magnitude decreases as we approach the boundary of the
region G.
If p is constant, then a suitable change of coordinates will reduce
(13,1) to %u %*u %
o Oaf " Oaf’
Consideration of the vibrations of a three-dimensional, elastic
body leads, by means of similar considerations, to the equation of
motion 22 r (azu %u azu)

P ™" \oa? T0x% " 02

(15,1)

(16,1)

for the function u(t, z,, z,, z;).

The equation describing the vibration of a gas is of the same form.
In that case we may interpret the function u(f,z,,x,, x;) as the
deviation from the normal pressure at the point (z;, z,, ;) at time ¢.
In the one-dimensional case (the vibration of a string, or of a gasin
a pipe) the function u satisfies the equation

%u 0%
p -a—t'2— =T 52‘ .

This equation is called the equation of the vibrating string. Here
p(x) denotes the linear density at the point x and 7' the tension in
the string. The initial and boundary conditions for (16,1) and
(17, 1) are entirely analogous to the initial and boundary conditions
for (13, 1).

We emphasize that we obtain equations (13, 1), (16,1) and (17, 1)
only if we regard (ou/ox;)* as being negligible in comparison with
(oujox;)®. If we do not make this assumption (i.e. if we do not
assume that the vibrations are small), the equations of motion
become far more complicated. They also become non-linear.

Remark 1. If ¢ is also regarded as a space coordinate, then the
function (¢, z,, «,), which describes the vibration of the membrane,
will be defined in a cylinder C with generators going through the
boundary of the region G (the projection of the membrane) and
having the direction of the ¢ axis. The problem considered above
consists in determining the values of this function inside the
cylinder given the values of u(t,, 2,, x,) and wu(ty, z,, 2,) for (z, z,) in
G and given certain conditions on the side of the cylinder C. If this
point of view is adopted, then both the initial and the boundary

(17,1)
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conditions become boundary conditions prescribed on the boundary
of the cylinder C.
Remark 2. We recall that the expression

(0%u/0x?) + (0%u/0x2) (18,1),
enters into the heat equation, and the expression
(0%u[0x3) + (0%u[0x2) + (O%u[0xE) (18, 1),

enters into the equation of vibrations in an isotropic medium. This
is always the case in linear equations of the second order for an
isotropic two- or three-dimensional medium; the reason being that
the expressions (18, 1), sometimes referred to as Laplacians, are,
apart from a constant multiplier, the only linear combinations of
the second-order partial derivatives of  which are invariant under
orthogonal transformations (i.e. under a rotation of the orthogonal
coordinates in two- or three-dimensional space).

§ 2. The Cauchy problem. The Cauchy-Kowalewski
theorem

1. Formulation of the Cauchy problem. Let there be given the
following system of equations in the partial derivatives of unknown
functions u,,...,;uy with respect to the independent variables
5,2y, 00, Xyt

o, oFu, .
—éi;"i_ _':_"FL (t,xl, ey Ty Upy oeny Uy, ,WQ}E;‘, ) (l, 2)
(6,5=1,2,....,N; kot+ki+...+k,=k<n; ky<mny).

It is clear from our equations that for each of the unknown
functions u, there exists a number », which gives the order of the
highest order derivatives of u, appearing in the system. The inde-
pendent variable ¢ is seen to be distinguished in two respects.
First, the derivative 0%u,/0t™ must appear among the derivatives
of the highest order n; of the function u; (¢:=1,2,...,N) and,
secondly, the system is solved for these derivatives. In physical
problems time occupies this distinguished position and the other
variables z,,...,z, denote space coordinates. The number of
equations is equal to the number of unknown functions.

For some value t=t{, of t we prescribe the values (‘initial values’)
of the unknown functions and of their derivatives with respect to
t of orders up to n;— 1. In other words, for t=¢,

Oy [otk = pWN(zy, 2y, ..., x,) (£=0,1,2,...,m;—1).  (2,2)
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All functions ¢¥(x,,,, ..., z,) are prescribed in the same region ¢
of the space (¥,,%,, ...,%,). By the derivative of order zero of the
function u; we mean the function u; itself.

The Cauchy problem consists in finding a solution of the system
(1, 2) satisfying the initial conditions (2, 2).

The problem (mentioned in § 1) of determining the vibrations of
a homogeneous membrane whose motion is to satisfy given initial
conditions is a special case of the Cauchy problem. Its analytic
formulation is as follows: to find a solution of the equation

*u 0%u %
B 3k ok
satisfying the following initial conditions:
U(ty, 1, ) = 9@ (21, 2,) (initial displacement),
Ug(tg, X4, Zo) = PV (24, %,)  (initial velocity).

If N=1, n,=1, n=0, the Cauchy problem is reduced to the
problem of finding a solution u(¢) of the ordinary differential
equation dufdt=F(t,u),
such that u(¢,) =u,. This problem is studied in detail in the theory
of ordinary differential equations.

2. A function F(z,,z,,...,2,) of m complex variables is called
analytic in a neighborhood of a point 2%,2},...,29% if it is repre-
sentable as a power series

F(Zl’ Zgs eves zm) = kz . Akl kg oo km(zl - "2(1))1‘:l (22 - zg)k’ v (Zm - z?n)km)
which converges for sufficiently small values of | z;—2%|. It can be
shown that

1 Dkathyt e o 7
2,=29 ’

A =
lenka ook ™ o Vo V.. ke, | \O2K1 02K . 02k m

Let ¢¥(x,,x,,...,x,) be the initial data which appear in the
Cauchy problem for the system (1, 2) (cf. (2, 2)). We introduce the
following abbreviated notation for the derivatives of these functions
at some point (29,29, ...,2%):

(i’i‘.’f’ﬂfﬁ) )
8:5}‘1 . ax’,‘;n Ty=al i Ko oy, ke, o B
(t=1,2,...,N; ko+ky+...+k,=k<n).

We now state the fundamental

Cavcny-KowaALEwsKI THEOREM. Ifall the functions F; are ana-
lytic in some neighborhood of the point (0,23, 23, ..., BT,k ks, ... koo )»
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and if all the functions ¢ are analytic in some neighborhood of the
point (22,23, ...,20), then the Cauchy problem has a unique analytic
solution in some neighborhood of the point (1%, 29,23, ..., 2%).

3. We shall prove the Cauchy-Kowalewski theorem for arbitrary
linear systems. The Cauchy problem for such systems is easily
reducible to the Cauchy problem for linear first-order systems by
means of a method whose use we shall illustrate for the case of a
single second-order equation

%u n %u
o i,]Z:laij(t:xl: Xy, o0y ) m
» %u
(2 veey P
+i§1a01( ’xl’ xn)ataxl
L ou ou
b,(t,x,,..., ~—+by(t, 2y, ..., 2,) =
+i§1 1,( xl xn) axi+ 0( 2?1 .’L‘”) at
+e(t, 2y, .. x,)u+f(t, 2, ...,2,). (3,2)

Here a;;=a;;, b;, c, f are analytic functions of their arguments in
the neighborhood of the point (2, 29, ...,29%).
The Cauchy problem for this equation consists in finding a

solution satisfying the following initial conditions:
w(t, &y, Ty, ..., T,) = P(Xy, ..., X,), }
w0, 21, Xy, ..., X)) = DXy, -+, X)),

where the functions ¢ and ¢, are analytic in a neighborhood of the

point (23, 23, ..., ). Without loss of generality we may assume that

(4,2)

0=a=...=129=0,
for this can be achieved by means of a transformation of the inde-
pendent variables which does not alter the form of the equation.
If the function u(t,x,,...,x,) satisfies equation (3,2) and the
initial conditions (4, 2), then, clearly, the functions
u, Uy=o0u/ot, wu,=oulox, (k=1,2,...,n)
satisfy the equations

Ny _ 3 ou; I Oug

‘a?-i,’_i‘;laﬁ-;j +i§1 aoi@+2biui+cu+f, (5,2)

a'uk E)uo ,
R (k=1,2,...,n), (5,2)
ou "
§=:uo, (5,2)
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and the initial conditions
(0,2, ..., 2,)=@(xy, ..., %,), (6,2)
Up(0, 24, ..., ) =Po(Ty, ..., ), (6,2)
U(0, 2y, ..., ) = Pp(Xy, ..., x,) =0¢[0x,, (k=1,...,n) (6,2)"
We shall prove the converse of this theorem. If the functions
u, Uy, Uy, ..., U, satisfy equations (5, 2) in some region G of the space
(¢, 2y, ...,x,) abutting on a region G, of the space (z;,z,,...,,)
as well as the initial conditions (6,2), (6,2)" and (6,2)", then
w(t, 2y, Z,, ..., ,) satisfies equation (3, 2) and the initial conditions
(4, 2) in all of the region G.
In fact, (5,2)" implies that in the whole region G

U= Ou/ot.
Replacing «, in (5, 2)' by ou/ot we get
ou, 0%u 0 ou
o —oioe, aﬁ[“k—e;; =0 (7,2)
Hence, the quantity Uy, — OU [0,
is independent of ¢ in all of the region 6.
In view of the condition (6, 2)",
Uy, = Ou/ox,
in ¢, We may therefore conclude on the basis of (7, 2) thatt
Uy, = 0U[0x;, (8, 2)

inG. Putting u,= ou/ot and u,, = ou/ox, in (5, 2), we see that equation
(3, 2) is satisfied in all of G.
We have thus shown that if

Uy, = ou/ox,,
for ¢=0, then the system consisting of equations (5, 2), (5,2)" and
(5,2)" or, briefly, the system (5, 2), is equivalent to equation (3, 2).
Also, for arbitrary initial conditions the system (5, 2) has, in a sense,
more solutions than equation (3, 2), for we can set up a one-to-one

T Strictly speaking, the preceding considerations imply only that

Uy, — 0u/oxy,
does not depend on ¢ on each segment of a line parallel to the t-axis if this segment
is entirely contained in G. Consequently, u, — du/d.x, =0 in the part of G which can
be covered with straight-line segments parallel to the ¢-axis, contained entirely in
G and intersecting G,. However, since the functions considered are analytic, it
follows from a well-known theorem on analytic functions that u;— du/dz, =0 in
all of G.

P 2
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correspondence between the solutions of (3, 2) and the solutions of
the system (5,2) with initial conditions satisfying the condition
Uy, = Ou/0xy,

4. We have seen that the Cauchy problem for the linear second-
order equation (3,2) is reducible to the Cauchy problem for the
linear first-order system (5,2). Using an entirely analogous pro-
cedure one can reduce an arbitrary system of the form (1,2) to a
system of first-order equations solved for the partial derivatives
with respect to ¢ of all unknown functions. Consequently, we will
have proved the Cauchy-Kowalewski theorem for an arbitrary
linear system which can be written in the form (1, 2) if we can prove
it for an arbitrary linear system of the first order of the form

ou; XN

(k) 2
o - §1 kzl i ox k+;zl bwu]+c (9, 2)

with analytic coefficients and arbitrary analytic initial conditions
(0,2, ..., %,)=@;(®1, %p, ..., x,) (1=1,2,...,N). (10,2)
The case of arbitrary analytic functions ¢, is easily reduced to the

case where all Gu(@y, ... ,)=0
To achieve this we replace the unknown functions u, (¢, x, ..., x,,)
by new unknown functions
(6T, s @) = Uy, Xy, oo, X)) — Py, e, 2y). (11,2)

The functions v; will satisfy the system of equations

%t__z zag’;’a’+zb,,v +(c+2 3 ¢’+Zbu¢,),

j=1k=1 j=1k=1 =
(12,2)
which is entirely analogous to the system (9,2), and the initial
conditions v;(0, 24, %y, ..., 2,)=0. (13,2
It is clear that a proof of the existence of a solution of the Cauchy
problem for the system (12,2) with initial conditions which are
identically zero would imply the existence of a solution of our
original problem.
To simplify notation we shall assume that the original functions
wu,(t, &y, ..., %,) satisfy the initial conditions
u;(0, 5, ...,2,)=0. (14, 2)
5. We first prove the uniqueness in some neighborhood of the
point O (t=0,2,=0, ..., , = 0) of the analytic solution of the Cauchy
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problem for the system (9, 2) and the initial conditions (14, 2). In
other words, we wish to show that for no neighborhood of the point
O do there exist two different analytic solutions of the system (9, 2)
satisfying, for t=0, the same initial conditions (14,2). Since the
functions u,(t, z;, ..., x,) are assumed to be analytic in some neigh-
borhood of the origin, they can be expanded about the origin in

a power series in ¢,z,,...,x,. In this expansion the coefficient
ok, ... 1, OF tho 2fr ... 2kn is equal to
Ko theyteee ik
1 (a oHkytoet 'fﬁ'{@j)
Ko Bk % .
kolky! ...k, ' \OthoOafr...0xkn),_, . 4o

We shall have proved the uniqueness of the solution of the
Cauchy problem if we can prove that the initial conditions (14, 2)
determine uniquely the coefficients of the power-series expansions of
the functions «; satisfying the system (9, 2), or, which is the same,
if we can prove that these conditions determine uniquely the values
of the derivatives of the u, at O (t=0, x,;=0,...,z,=0). We shall
determine these derivatives one by one. The initial conditions
determine uniquely the values at O of all derivatives of the form

o*u
o : 15,2
(ax{c‘ see axﬁ”)l:x,= cee =Xn=0 ( ’ )
All these derivatives are equal to zero, for the identities (14, 2) may
be differentiated with respect to x,®,,...,%,. Let us assume the

existence of a solution of the Cauchy problem and let us replace the
u; in (9,2) by the alleged solution functions. Differentiating the
resulting identities k, times with respect to x,, k, times with respect
to x,, ..., k, times with respect to z,, we obtain on the left sides
derivatives of the form oty
otdats. ke’
and on the right sides, derivatives with respect to 2, x,, ..., z, of the
unknown functions and of the coefficients of the equation, i.e.
quantities which are uniquely determined at the point O by the
equations and by the initial conditions. The identities so obtained
determine the values at the point O of the derivatives of the form
(16,2) (i.e. derivatives involving one differentiation with respect
to t).
We now differentiate each of the identities (9, 2) once with respect
tot, k, times with respect to 2, ..., k, times with respect to x,. Then,
on the right sides we obtain expressions consisting of derivatives of

(18,2)

2-2
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the u, of the form (16, 2) and (15, 2) and of derivatives of the coeffi-
cients a;, by, ¢;. On the left sides we obtain derivatives of the form
o%t2y,

ok dakn (17,2)
(i.e. derivatives involving two differentiations with respect to ).
Since we have already shown that the values at the point O of all
derivatives of the form (16, 2) and (15, 2) are uniquely determined
by equations (9,2) and by the initial conditions (14, 2), it follows
that the valuesat the point O of all derivatives of the form (17, 2) are
also uniquely determined. Continuing this process we shall find
that the values at the point O of all derivativesof the«; are uniquely
determined by equations (9,2) and the initial conditions (14, 2).
Now, the values at the fixed point O of all derivatives of an analytic
function u,(¢, z,, ..., z,) determine uniquely the values of the coeffi-
cients of its power-series expansion about the point O and so deter-
mine completely the values of the function itself in some neighbor-
hood of the point O. Thus, two analytic solutions of the system (9, 2)
satisfying the same initial conditions (14, 2) necessarily coincide in
some neighborhood of the origin. This proves the uniqueness of the
solution of the Cauchy problem for the system (9, 2) in the class of
analytic functions.

6. We showed in para. 5 that the initial conditions determine
completely the coefficients of the expansion of the functions u; in
power series in ¢,z,, ...,,. To prove the existence of a solution of
the Cauchy problem it suffices to prove that the power series with
coefficients defined in para. 5 converge in some neighborhood of the
point O. Indeed, if these series were known to converge, they would
represent analytic functions (¢, z,, ..., ,) which would vanish at O
together with all their partial derivatives with respect to z,, x,, ..., z,
(see (15, 2) and the sentence that follows it). Consequently, for ¢ =0,
they would be identically zero in x,, x,, ..., 2, and so would satisfy
the initial conditions (14, 2). That these functions would also satisfy
the system (9, 2) follows from the very method of their construction.
This method of construction implies that, at O, the values of the
left sides of equations (9, 2) and of their derivatives with respect to
t, 2y, ..., Z,, with u; replaced by our functions, coincide, respectively,
with the values of the right sides of these equations and of their ap-
propriate derivatives. Hence, in some neighborhood of the origin,
the left sides of our equations are identically equal to the right sides.
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To prove the convergence of the power series for the functions u;
we use the method of majorants.

7. Let the function ¢(t, 2y, ..., 2,) be analytic in some neighbor-
hood of the origin. Let (¢, z,,...,2,) be a function analytic in the
same neighborhood and such that the coefficients of its expansion
in powers of t,z,, ..., z, are non-negative and not smaller than the
absolute values of the corresponding coefficients of the power-series
expansion of ¢(¢, z,, ...,x,). Then the function ¥ is said to majorize
the function ¢.

LemMA. For each function ¢(t, 2y, ...,x,) analytic in some neigh-
borhood of the origin there exists a function which majorizes it.

Proof. lLet

P, 2y, ., ) =T gy g, RO R, (18,2)
The series on the right converges at some point
t=ag, Z,=0y,...,2,=a, (|a;|>0).
There exists a number M such that
| Choky .oy @G0 AN .. akm | < M

for any set of non-negative integers kg, k,, ..., k,. Consequently, for
all kg, ks, ..., ky,
M

lag|¥olay[*r... | a, | %

| Chy by ken | S
Hence the function

S= M

(I
EREE

M
= i hogky | gk 19,2
ko.kn.z.--.kn [ag ko [ay [ [a, fn 52 n (19,2)
majorizes the function ¢(¢, x,, ..., 2,).

Itis possible to give another method for constructing a majorizing
series. Thus, for instance, the function ¢(¢,x,...,x,), represented
by the series (18, 2), is majorized by the function

M
_tt+.. 4,
a

, where a=min(|a,|, |a;],...,|a,])

1
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and (ay,ay, ...,a,) denotes a point at which the series (18, 2) con-
verges.

In fact, if | ¢+ 2, + ... + &, | <a, this function has the series repre-
sentation

M 2 (t"'_yf,li__ix_)

k=0 a
1 k!
“‘MZ e thogla 2k, (20,2)
k=0 @F ki iyt tkg=k kol ly ! k! ! w
Since
(ko +ky+...+k,)! 1 1
21, _2 ’
ThoTky Uk, 22 [ag [Fol ay [ [, ¥

it follows that the coefficients of our series are positive and not

smaller than the corresponding coefficients of the series given by

(19, 2). Consequently, the function (20, 2) also majorizes (18, 2).
Another majorant of the function ¢(¢,,, ...,,) is the function

© , k
M [(/a)+x1+...+xn]_, (21,2)
1— (t[o) + @y + ... T, - k=0 a¥
a

where a has the same value as before and 0 <a < 1.

If we expand [(t/a)+z; + ... +2,]¢ in powers of t,z,,...,2,, we
obtain a series with positive coefficients which are greater than the
corresponding coefficients of the expansion in powers of ¢, z,, ..., x,
of the function (20,2). This is so because the coefficients of the
former series are obtained from the coefficients of the latter series
by multiplying by (1/a)*, where 0 <o < 1.

8, We now turn to the proof of the existence of a solution of the
Cauchy problem for the system (9, 2) with initial conditions (14, 2).
We shall refer to this problem as ‘problem (I)’ and to the system
(9,2) as ‘system I’.

Let us assume that we have somehow majorized the coefficients
of the system and the initial Cauchy data. We shall thus obtain a
new system and a new Cauchy problem (to which we shall refer as
‘system II’ and ‘problem (IT)’ respectively). We shall show that the
analytic solution of ‘problem (II)’ majorizes the analytic solution
of ‘problem (I)’. To this end we must show that if the solution of
‘problem (I)’ has a series representation about the origin given by

wg=2afy, i, tFoxfr ... akn, (22,2)
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and the solution of ‘problem (II)’ has a series representation given
by U;=ZAPy, .. i, thoafr... (23,2)
then | @By | AR, 1 (24,2)

For the case ky= 0, these inequalities are a direct consequence of
the fact that the initial data of ‘problem (II)’ majorize the initial
data of ‘problem (I)’. For k,>0, the coefficients af), , are
obtained from the a’s with smaller index k, and from the values
at O of the coefficients of ‘system I’ and their derivatives by meansof
addition and multiplication. An entirely analogous statement
holds for the coefficients A{), . with ‘a®’ replaced by ‘4®’ and
with ‘system I’ replaced by ‘system II’. It is now easy to check
that if the inequalities (24, 2) hold for &, < £, then they also hold for
ko=k. This implies their correctness for all the coefficients which
appear in the expansions (22, 2) and (23, 2).

Thus, the existence of a solution of ‘problem (II)’ (i.e. the con-
vergence of the series (23, 2)) implies the existence of a solution of
‘problem (I)’ (i.e. the convergence of the series (22,2)). As for
‘problem (I1)’ it may be formulated with a great degree of arbi-
trariness in the sense that we are not restricted in the choice of
majorants of the coefficients and of the initial data of ‘problem
(I)’. We shall try to formulate ‘problem (II)’ in a manner which
will permit us to solve it with little difficulty. With this end in view
we choose the numbers M and a so that the function

M

_ (et + ...+,

a
majorizes all the coefficients of the system with the exception of
the free (i.e. not involving derivatives) terms which are to be
majorized by a function of the formt

M,
l_(t/a)+x1+x2+... +z,

. a

1

This can be done, for there exist majorizing functions of the above
form for each coefficient and, in order to construct a general
majorizing function, it suffices to give M and M, the largest of all

t The possibility of choosing M, independently of M will turn out to be very
useful in the sequel (cf. the remark at the end of this paragraph).
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values which are assigned in the case of the individual coefficients
and to a—the smallest of all values which are assigned in the case of
the individual coefficients. With this choice of the values of the
numbers M, M,, and a, we can set down the majorizing system as
follows: oU; _ M [
ot - 1— (ta)+x,+ ...+,
a

Here 0 <a <1 is still to be chosen and m =AM,/ M.

Without as yet fixing initial data, we shall seek a solution of our
system of the form
Ut zq, ..., 2,) = Uyt 2y, .. x,) = ... = Uy, 2y, ..y 2,)

= U(t’xls ceey n) = U[(t/a +.’l‘1+ +xn] =U(2),
z=(tle)+xy+ ... +x,.

Putting the assumed solution U(z) in (25, 2), we see that it must
necessarily satisfy the relation

+ZU +m:| (25, 2)

1dU au
. M
s A" TGy

This equation belongs to the class of equations with separable
variables and can be written in the form

dU  mA(z)dz
v = B(z) dz.

YU+ Lomnae) -
m o

We now choose the positive number « so small that
(1/a)—Nn|A(z)| >0 (27, 2)

in some neighborhood of the point z=0. Then B(z) will be an
analytic function in that neighborhood.
We shall show that the special solution

exp|¥im) " B&) ] -1
U(z)= 1\07 m
of (26, 2) is the required majorant for the solution of ‘problem (1)’.
Since the functions

Ut zy, ..., x,)=U[(t[a) + 21+ ... +,]
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satisfy the system (25,2) which, in turn, majorizes the original
system, we shall have proved our contention if we can show that for
t=0we can write U(z) as a power series in 2, %,, ..., z,, with positive
coefficients, or, what amounts to the same thing, that U(z) majorizes
zero (i.e. the initial data of ‘problem (I)’).

In fact M

1—(z/a)

is a function whose expansion in powers of z has non-negative coeffi-
cients. Consequently, the expansion in powers of z of the function

_ mad(z)
B =1_ad(e) Nn

=maA(z) [l +aNnA(z) +a?N2n242%(z) +...]

has non-negative coefficients. It follows that

A(z)=

C(z)=%f:B(z)dz, exp{C’(z)}—l:C(z)+9;(!i)+..., U(z)

also possess this property. Therefore, the coefficients of the ex-
pansion of U(x,+x,+...+x,) in powers of z,,x,,...,x, are non-
negative, i.e. U(0,2,,%,,...,2,) is actually a majorant of zero.
Hence the functions

Uft,zy,...,2z,)=U[(t/a) + 21+ ... + 2,]

are a solution of a certain ‘problem (II)’. The analyticity of this
solution is a consequence of the fact that U(z), as shown above, can
be represented as a power series in z and, hence, as a power series in
¢, 2y, ..., %,. This implies, as shown above, the convergence of the
power series (22,2) which represent the solution of the original
problem.

This concludes the proof of the Cauchy-Kowalewski theorem for
linear systems.

Remark. It is clear from the proof of the theorem that the series
which represent the solution of the Cauchy problem for the system
(9, 2) converge at least in the region of convergence of the series
giving the solution of the majorizing problem. It follows that a
solution of the Cauchy problem for the system (9, 2) and the initial
functions ¢ (which are not necessarily equal to zero) exists at least
in some region

It/a|<p’ |x1|<p""’lxnl<p’ (p>0)’
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provided that the coefficients of the system (9,2) as well as the
initial functions are analytic in some region
[t|<R, |z;|<R (i=1,2,...,n; R>0).
Here p and o depend only on R and on the number M for which we
may choose an upper bound of the moduli of all the coefficients of
the system (9, 2) with the exception of ¢;. M does not in any way
depend on the values of the initial functions ¢, and on the free
terms of the equation, for neither a nor the region in the z plane in
which (27, 2) holds depends on these values.

§ 3. The generalized Cauchy problem. Characteristics.

1. The generalized Cauchy problem. Let there be given a system
of N equations with N unknown functions u,, u,, ..., uy

o ) ok u;
i(xo,xl, ey Ty Upy eoeyUpy oeey m}’]‘?“aiﬁ"‘ ) =0
(¢,7=1,2,...,N). (1,3)
For each function u, there exists a highest order n; of the
partial derivatives of u; with respect to the independent variables
Zg, %y, ..., %, Which appear in the system (1,3). In the region of
points (x4, 24, ..., x,) under consideration there is given a sufficiently
smooth n-dimensional surface S, and through each point of S there
passes a curve ! not tangent to S which is assumed to vary suffi-
ciently smoothly as we go from point to point on S. The values of
the functions u; and of their derivatives of orders up to n,— 1 in the
direction of the curves [ are prescribed on the surface S. These con-
ditions, as prescribed on 8, are a generalization of the Cauchy
conditions (initial data) considered in the previous section. We are
required to find in some neighborhood of the surface S a solution
Uy, Ug, ..., Uy Of the system (1, 3) satisfying the conditions prescribed
on S.

2. We shall now try to reduce this problem to the Cauchy
problem formulated in the preceding section. For the sake of
definiteness and simplicity we shall at first limit ourselves to the
consideration of the linear system

ook oty
dokas k?...,k,.Aij " @0 @) OxkoOacks .. Oxkn
+ oo+ fi(@g Xyy o 2,) =0
(t,g=1,2,..,N). (2,3)
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Here we have written out only terms with highest order derivatives
of the unknown functions. We now construct a set of n +1 suffi-
ciently smooth surfaces

Yo, &g, .. ,) =&, (k=0,1,...,n) (3,3)
() are constant parameters) such that
E,=0 (4,3)
is the equation of the surface S; for some small ¢, the curves
—€<€0S€; g1=61,...,§n=0n (5»3)
coincide with the curves /; and the Jacobian
s
ox;

is different from zero in some neighborhood of the surface S. Then,
in some neighborhood of the surface S, it is possible to replace the
coordinates z,,x,,...,x, by new coordinates £y, &;,...,§,. In the
new coordinates, (4, 3) is the equation of the surface S, and (5, 3) are
the equations of the curves [.

The construction of a set of surfaces with the above properties
can be realized in the following manner. Let the equation of the
surface S be of the form

F(xg,xq,...,2,)=0.

YU n
On this surface we choose a smooth system of coordinates
£, 8., ..., &, The set of curves [, one of which is to go through each
point of S, will depend on » parameters for which we can take the
coordinates &;,£,,...,§, of a point on the surface. Let £, denote
the coordinate which varies along a curve /. Then the parametric
equations of this curve are of the form

Xy= Xo(‘go, gl’ veey gn))

Ly =Xn(g0’ gl’ (RS .gn)'

Here £, is the parameter of a point on the curvel, and §,, &,, ..., £,
are the parameters of the curve itself.

If the curves ! represent a regular family of curves in some neigh-
borhood of the surface S (i.e. if through each point of this neighbor-
hood there goes one and only one curve [), then the numbers
£, &5, ..., &, may be taken as the new coordinates of the point
(g, 2y -5 p)e
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We now apply our change of coordinates to equations (2, 3). We
shall be primarily interested in those terms of the transformed
equations which contain derivatives of order n; (the highest order)
of the u, with respect to £,. Writing out only those terms we obtain

o™i, _Omiwy, (08 \Fo (0F,\Fr  (0F, \F»
e o (o) (o) (o)
Therefore, Writlng out only the highest order derivatives of the
functions u, with respect to &, in the transformed equations (2, 3)

we get
y koot (080 )0 (080" O™ u; _ -

P >( xo) (890 ) =0 =12,
Kot oot kn=ny (6, 3)
In order that it be possible to solve these equations for o™ u,[0£} in
the neighborhood of the surface S, regardless of the form of the
terms of these equations which have not been written out, it is
necessary and sufficient that the determinant

T Aok (agO)k" . (gg_())k"
Kot ..t En=mny 02, ox,,

be different from zero at all points of S. Then, in view of the con-
tinuity of the coefficients A%e -+ ¥n and of the derivatives 0,/0x;, this
determinant will be different from zero in some neighborhood of the

(¢,j=1,2,...,N)

surface 8 in the space (%, 2y, ..., ;).
The equation
KoKy ... k
> Afokrekn) (o oz )akoads ... akn| =0
kot ootkn=mny

(@,J=112’,N) (733)
is called the characteristic equation of the system (2, 3); here
Qg, 0Ly, --+5 &, are certain parameters. The plane

n
2 @y — ) =0
k=0
is said to be characteristic at the point (2, ...,2%) for the system

(2, 3) provided thatt

> Alo--Fn) (8 29, ... a0) ko ... akn|=0.
kot ...t kn=ny

1 Since equation (7, 3) is homogenous with respect to the quantities o, 2, ...,
a,, the latter can be normalized by assuming that )3 a,,—-l say. Then e« will

simply be the cosine of the angle between the normal to the characteristic plane
and the x,-axis.
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The surface D@y, Xy, .00, @y,) =0

is called a characteristic surface, or, simply, a characteristic of the
system (2, 3) if at each point of this surface

p Aloky--kn) (xo 2, 2,)

| kot oot kn=ny
X (0¢h[0xo)*o (0[O, )1 ... (0[O, )*n

The above definitions imply that a surface is characteristic at a
point P if and only if its tangent plane at the point P is characteristic
at P.

3. Let us suppose that the surface S, which appears in the formu-
lation of the generalized Cauchy problem, is nowhere characteristic
for the system (2, 3). It is by now clear that after replacing the co-
ordinates xy,z,, ..., z, by the coordinates £y, &,, ..., £, (see para. 2),
it is always possible to solve the transformed system (6, 3) for the
highest order derivatives of the »; with respect to £;. We then obtain
the following system of equations:

Ny, aku
Coo 2 — N\ Bk ky) A B
ag{)tt jf;cB(” (go’ .. gn agk agkn E(gO’ LRRS} gn) (8’ 3)

(#,=12,....N; k=ky+k+...+k,<n;; ko<n).

At the same time the conditions prescribed on the surface §
become:

o ( :
(*55,;) ¢ ) ”) (k=0,l,...,ni—1; Z=1,2,...,N).
0/ &=0

We may, therefore, conclude that if the surface S is nowhere
characteristic, then the generalized Cauchy problem can be reduced
to the Cauchy problem. The transition from the first of these
problems to the second is fully reversible; to each sufficiently
smooth{ solution of one problem there corresponds a unique
smootht solution of the other problem.

We recall that in the preceding section we discussed the problem
of solving a system with analytic coefficients and analytic initial
conditions. For the system (8,3) and for the Cauchy problem
associated with this system to satisfy these requirements, it is
sufficient that the following conditions hold:

(@) The coefficients of the system (2, 3) are analytic functions of
Ry eves Ty

1 We need only require the continuity of the derivatives of the u; of orders up
to and including n,.
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(b) The functions &, = yy(e, 2y, ..., ,) are analytic functions of
their arguments.

The possibility of choosing analytic ¥, is connected with the
character of the surface S and of the family of curves /. A surface S
and a family of curves ! for which such choice is possible are called,
respectively, an analytic surface and an analytic family of curves.

If the surface is given by means of an equation F(xy, x,, ..., x,) =0,
then it is analytic if F(xy,2,,...,2,) is an analytic function of its
arguments and if the surface has no singular points (i.e. points at
which all first derivatives of F vanish). The family of normals to an
analytic surface is an analytic family.

(¢) The initial data are analytic functions of £, ..., &,.

It follows from the Cauchy-Kowalewski theorem that if con-
ditions a, b and c are satisfied then the generalized Cauchy problem
always has a unique solution in some neighborhood of the surface S
provided 8 is nowhere characteristic.

If, on the other hand, the surface S is characteristic at some
point 4, i.e. if at the point A of the surface

' Eo(xg, ... 2,) =0,
the equality

a k0 a kn
k.,+...§k,.=n,z4(¢’j‘°“' ken) (éi—o) (~§—°)

* o =0. (9, 3)

holds, then, generally speaking, we cannot prescribe the values of
the w; and of their derivatives arbitrarily and at the same time
expect the generalized Cauchy problem to have a solution. To see
this let us rearrange equations (6, 3) by putting all terms containing
derivatives of order n; of the functions u; with respect to £, on the
left sides and the remaining terms on the right sides of these
equations. It then follows from (9, 3) that the left sides of our
equations are linearly dependent at 4. This implies that the right
sides of our equations, which are fully determined by the values of
the u; and of their derivatives prescribed on 8, must likewise be
linearly dependent at 4. This, in turn, relates the initial data in a
definite manner provided the relation of linear dependence con-
necting the right sides of our equations is not identically satisfied
for all values of the functions u, and of their derivatives on S. In the
latter case, and also in the case when the Cauchy conditions are
prescribed on the characteristic surface S in such a manner that the
system can be solved for the highest order derivatives with respect
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to £, regarded as independent variables, such solution is not unique
at the point 4.

We shall now give a number of examples for the determination of
characteristic surfaces for equations and for systems of equations.
When analyzing these examples we shall always assume that

Sad=1, (10,3)

i.e. that the a; always denote the cosine of the angle between the
z;-axis and the normal to a characteristic hyperplane.

Example 1. For the Laplace equation

0%u 0%u

o+l
aat o Tas

the relation (7, 3) assumes the form
at+ai+...+at=0.

This relation together with (10, 3) imply that the Laplace equation
has no real characteristics.

Example 2. For the wave equation
0%u u  %u
ox ot o
the relation (7, 3) takes the form
aj—at—aZ=0.
Since, according to (10, 3), we must also have
ag+ai+ai=1,

it follows that 2a%=1, ag= + 2~} This means that the tangent
planes to all characteristic surfaces form an angle of 45° with the
x,-axis. Using this property of the characteristic surfaces, one can
easily picture the form of the characteristic surfaces going through
definite curves in the plane z,= const. Thus, for example, if / is a
straight line in that plane, the characteristic surface going through /
is the plane through ! inclined at 45° with respect to the plane
xo=const. Again, if K is the circumference of a circle in the plane
@, = const., the characteristic surfaces through K will be circular
cones whose axes are parallel to the z,-axis and whose generators
form a 45° angle with the plane xy=const. (or, which is the same
thing, with the x,-axis).
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It is easily seen that entirely analogous results hold for the so-
called general wave equation in n-dimensional space
Pu_ou Pu o
o 0x% Oa} ' - 0a%
Example 3. For the heat equation
o P P
0z, 0a? 0a% ' Oa?’
the relation (7, 3) takes the form
ai+...+al=0.
Using (10, 3) we conclude that o= 1. Therefore, the characteristic
surfaces are the hyperplanes z,= const.

Example 4. For the equation

a,(zy, ..., x,) g?ul-}_-az(xl, ...,xn)%+ o ta,(xg, ...,x,L)éa%:O,
(7, 3) takes the form
ATy, iy ) Uy FBo(Tq, ooy Xp) Ag+ oo+ a2y, .., 2,) 2, =0,
Hence all hyperplanes going through the point (x,, ..., ,) and the
vector (a,,...,a,) emanating from (x,,...,z,) are characteristic at
(g5 .05 2,).

Example 5. For the system of equations in two unknowns

n n n
_Zlaij(xla x,) (auj/axl) + Zlbij(xp %) (8uj/8x2) + jzlcij(ml; %) u;=0,
J= 1= =
(t=1,2,...,n),
the relation (7, 3) assumes the form
| 0ty @2y, 0) + A byyly, ) | = 0.

In this case, the characteristic curves are the curves along which
dxy/dx,, i.e. — (0¢[0x,): (0p/0x,), is equal to a root k of the equation
| — ka;;(z,, 2,) + b (@, ) | =0.

Here we are assuming that ¢(z,,,)=0 is the equation of the
characteristic curve.
4. In the case of non-linear systems of the form
® : %\ (13)
A Zos ooy @y Ug,y vy Upyy veey Sakodas . ol ") = (11,

(i’j=11--*9N; k=k0+k1+...+kn<n1)
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the characteristic equation is the equation

0o, K, k
age...afn| =0. 12,3
Kothitothg=ngn  OMU; 0 " ( )
Oxkooxks ... Oxkn
A surface d(xg, ..., x,)=0 (13,3)

is called characteristic for the system (11, 3) and for a given solution
Uy, Us, ..., Uy if the solution functions wu,,u,,...,uy satisfy the
equation

oD; 0\ %o 0 \*n

5 ()" (22) 7] o

k‘,+k1+...+k,,=n,a{ o 77”71’]_____} Zo T
oxko ... Oxln

at all points of the surface.

The definition of characteristic plane for the system (11,3) at a
given point of the space (z,,...,x,) and for a given solution
Uy, Ug, ..., Uy 1S given in a manner entirely analogous to that in
which this concept has been defined in the less general case. In the

case of non-linear systems it makes sense to speak of the character-

isticity of the plane Yoty (2, — 22) =0

at a given point only for a definite solution uy, u,,...,uy of the
system (11, 3) for, in this case, the coefficients of the equation (12, 3)
depend, in general, on the functions «; and on their derivatives of
order up to n,.

Using the method of proof employed in para. 3 we can prove an
interesting fact. As in para. 3, let the Cauchy conditions be pre-
scribed on some analytic surface. Let us also assume that all
functions considered there are analytic. Since we are not assuming
(11, 3) to be linear, the system of equations for 8"iu,/0§}: obtained
by going over to the coordinates &, &,, ..., &, (cf. para. 3) will be
non-linear. Let this system of equations be denoted by Z. This
system has, in general, more than one solution for

oniu,fogri (1=1,2,...,N)
considered as functions of the independent variables
Eorevsbnyoees gy ooy OFuy[OkKo . 0L KR,
k=2k8<'nj, k0<nJ (j=1,2,...,N)-

Let us assume that in the neighborhood of the hypersurface £,=0
on which are prescribed the values of the u; and of their derivatives

g 3
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we have chosen for o™u;[0f}i (¢=1,2,...,N) a system of analytic
functions in the variables

3%1

€0+ Emo vens Uy "t ok, gk,, k= Xkey <y, ko < n; (j=12 »N),

satisfying the equations . In this manner we shall have determmed
the values of 0™iu,;[0£} on S in accordance with the initial conditions
of the generalized Cauchy problem as prescribed on S. If we now
revert to the coordinates z,, ..., z,, we obtain on § the values of the
functions u,; and of all their derivatives with respect to x,, ..., x, of
order up to n;. If these functions are put in place of the u; and of
their derivatives in the equation (12, 3), we obtain a fully deter-
mined equation for the o, ,, ..., «,. This will enable us to deter-
mine the characteristic planes at each point (2,2, ...,2,) of the
surface S. Let us now assume that S is nowhere characteristic. It
can then be shown that in our formulation of the generalized Cauchy
problem for the system (11, 3) the prescription of the values of the
o™u,;[0£%i on S guarantees the existence of a unique analyticsolution
of the problem.

§ 4. Uniqueness of the solution of the Cauchy problem in
the class of non-analytic functions.

1. We know from the Cauchy-Kowalewski theorem that the
Cauchy problem has a unique analytic solution provided the
analytic surface S on which the analytic initial data are prescribed
is nowhere characteristic. It follows from §§2 and 3 that, if all
functions appearing in the given equations as well as in the initial
conditions assume real values for real values of their arguments,
then the solutions of the Cauchy problem are also real. We might
ask whether in this case the Cauchy problem admits of solutions
other than the analytic solution whose existence follows from the
Cauchy-Kowalewski theorem. (As a matter of fact, a system
(uq, ...,uy) of functions can be a solution of the Cauchy problem
without the functions of the system being analytic. For that it
suffices that the ; have derivatives of those orders which appear in
the considered equations.) In spite of the efforts of many out-
standing mathematicians this question has not as yet been fully
answered.

Already in 1901 Holmgren proved the uniqueness of the solution
of the Cauchy problem for linear systems of the form (8, 3) with
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analytic coefficients in the class of functions with continuous deri-
vatives of those orders which appear in the system under con-
sideration. It is also assumed that the analytic surface S (the
carrier of the initial data) is nowhere characteristic.

We now give a proof of this theorem.

For simplicity in presentation we assume that the number of
independent variables equals two, although no essential modifi-
cations of our proof are required if the number of independent
variables is greater than two. We also assume that we are dealing
with a first-order system. According to §2, the general case can be
reduced to the case of a first-order system. We denote the inde-
pendent variables by & and y, and at first we assume that the Cauchy
problem has been formulated for a segment of the straight line =0
containing the origin.

Thus, let there be given a system of equations

27 0z n .
=y (X j \Y A7 1 (5
oz = BB, + ZBEYH+OEY, (LY
and initial conditions 2;(0,y) =@, (y). (2,4)

Here A;;, B;; and (; are analytic functions of their arguments in
some neighborhood of the origin. Now let us assume that we are
given in some neighborhood of the origin two solutions z,, ..., 2, and
2y, ...,2, of the system (1, 4) satisfying the same initial conditions
(2,4). We assume that the solution functions have continuous
derivatives of the first order. We are to show that the two solutions
coincide in some neighborhood of the origin.

Let us put 2 ~Z;=4; (i=1,2,...,n).

Then all 4, are continuously differentiable in a neighborhood of the
origin and satisfy the equations
il n il n
%"i' = X Auy@) %"éf + BB &P (=1m)
and the initial conditions
%,(0,)=0 (=1,2,...,n).
We shall show that in some neighborhood of the origin ;= 0 for

all ;. In place of & we introduce a new independent variable x

defined by means of the equation
—_7 2
and we put T=THY

(@, y) =4,(&, y) =d(x~y%y) (@=1,...,n).



36 PARTIAL DIFFERENTIAL EQUATIONS

Then the functions u; satisfy the system of equations

ou,; ou
—a———2yZA,,(x v y)a”+ ZAw(x v y)a~’

+ ‘ZlBij(x_yza ?/) Uy, (3’ 4)
j=

or, after solving for the derivatives with respect to  and after
introducing the new notations, the system

ou; - ou; =
™ ——jglaij(% Y) N +j§1bij (x, y) w;. (4,4)

(That it is possible to solve the system (3,4) for the indicated
derivatives follows from the fact that the determinant of the
system does not vanish in theneighborhood
of the origin of the (x,y) plane.) The co- 2
efficients a;; and b,; are analytic in the
neighborhood of the origin. The functions
u; are continuously differentiable in the
neighborhood of the origin and vanish on
the parabola y2=2x. We shall show that in -2 C x
the neighborhood of the origin u,=0 for
all u; provided that x>%2% It will then
follow that in the neighborhood of the
origin %, =0 for all @, provided that > 0.
The case & < 0 is reduced to the case &> 0
by changing & to —&.

We draw the straight line x=a (a>0; cf. fig. 3) and use the
symbol H, to denote the region bounded by the segment [, of that
straight line and by the portion K, of the parabola y2=xz. If a is
sufficiently small, then all the functions u,, together with their
derivatives of the first order, are continuous up to the boundary of
H,. (We say that a function f defined in a region H is continuous
up to the boundary H* of H if there exists a function ¢ defined and
continuous on H + H* and equal to fon H.)

For the sake of brevity we put

3 ” .
‘F‘L(u) z 'tja El (1’=1""’n)>

Figure 3

v, X0 .
G,(v) =§5_1§18—y(aﬁv’) +j§lbjivj (¢=1,...,n).
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Let there be given on H, two systems of functions «; and v;, con-
tinuous together with their first partial derivatives up to the
boundary of H,. Integrating by parts we get

JJ‘I .{ 2 (v, Fi(u) +u; Gi(v)]} dxdy

fL..L S R

= Lu v, dy + }]ubvldy+ Z Zaw.ujvidx. (5,4)

lai=1 Kgi=1 Kgi=1j=1
Here the contour of H, (i.e. K,+1,) is traversed in the positive
direction. If, in particular, u,; is the above-defined system of solu-
tions of equation (4,4) and the system of functions v,, ..., v, satisfies

the equations G,()=0 (i=1,...,n), (6,4)
n

then, by (5, 4) > u;v,dy=0. (7,4)
lai=1

We now employ the proof of the Cauchy-Kowalewski theorem for
a system of linear equations. We use the remark at the conclusion of
§ 2 and we solve the system (6, 4) in the neighborhood of the point
(@, 0) prescribing as initial conditions on /, all possible systems of
polynomials. If @ is small, this remark permits us to conclude that
with initial conditions of type mentioned all solutions of the system
(6, 4) will certainly be analytic in H, and, consequently, continuous,
together with their partial derivatives, up to the boundary of H,,.

Hence, the equality (7,4) holds for 0 <a <a, (a, is some fixed
positive number), and for arbitrary polynomials v;. We take such
arbitrary a and we denote the length of [, by s,. By the well-known
theorem of Weierstrass, given any e¢>0 it is possible to find a
system of polynomials v; (¢=1,...,%) such that at all points of /,

|u;—v; | <e (i=1,...,n). (8,4)
In view of (7,4) and (8, 4)

}_, widy=1| X w;v,dy+ E w;(u; —v;)dy <es, 2, max[u l,
=1

lo i=1 lai=1 la i=1
whence, in view of the arbitrariness of ¢, we have
|, £ way=o,
lai=1
L.e. u;=0 on l, if only 0 <a < a,. This concludes the proof of Holm-
gren’s theorem.
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Using this theorem and making a change of the independent vari-
ables one can prove easily the uniqueness of the solution of the
generalized Cauchy problem for the system (1,4) provided our
previous assumptions about (1,4) hold and the initial data are pre-
scribed on an analytic curve (or, if » > 1, on an analytic surface S).
The only additional requirement is that this curve or the surface §
be nowhere characteristic for the system (1,4). The solution func-
tions may be required to exist on one side of the surface S only and
to be continuous up to S together with their partial derivatives of
the first order. The uniqueness theorem remains true in the following
formulation: If two solutions with continuous first derivatives
satisfy all the conditions prescribed for them and coincide on S, then
they must necessarily coincide in some neighborhood of S.

Remark. It is possible to give a more precise description of the
region in the (#,y) plane in which the solution of the Cauchy
problem for the system (1, 4) is uniquely determined by the initial
conditions (the domain of determinacy). Thus, let the initial data
be prescribed on a segment A B of the y-axis. Through 4 and B we
draw the characteristicswhich are closest to A B. Itisthen possibleto
show that the domain of determinacy of the solution of the Cauchy
problem is the region bounded by AB and by these two character-
istics. An analogous determination of the domain of determinacy
holds for a greater number of independent variables (cf. §§ 10 and
12 where the Cauchy problem is solved for hyperbolic equations).

2. Soon after the proof of Holmgren’s theorem had been given,
Hadamard showed that the problem of uniqueness in the neighbor-
hood of S of the solution of the Cauchy problem for non-linear
equations could be easily reduced to the problem of uniqueness of
the solution of the Cauchy problem for linear equations with
sufficiently smooth but not necessarily analytic coefficients. All
further efforts centered around the solution of the latter problem.
In 1938 Carleman solved this problem for a system of partial
differential equations in two independent variables. Carleman’s
theorem can be stated as follows:

Let there be given a system of equations

Ea—z—i+§A (x y)%+3 (,y)2;=0 (¢=1,2,...,m). (9,4)
ox i 1\ ay 1j\*> 1 y My ooy . ’

The functions 4,; and B;; are prescribed in some closed region G of
the half-plane x> 0 abutting on the segment |y | <a of the axis of
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ordinates. The 4;; have in @ bounded derivatives of order up to and
including the second. The B;; are bounded and continuous in a.
Then the solution in G of the system (9, 4) satisfying the conditions

2,0,9)=0 with |y|<a (i=1,...,n)

and having continuous first derivatives with respect to x and y
vanishes identically in some portion G’ of G abutting on the segment
|y|<a. It is assumed that at each point of G all roots of the
determinant

| A= A8y | (8yy=1if i=j; 0;;=0if i j),
are distinct, i.e. that at no point of G do two characteristic directions
coincide. As was shown in 1947 by A. Myshkis, if these conditions

are violated the uniqueness assertion may not hold. Asan example
Myshkis considered the system

ou ou ov
s @y (, ) 3y +b,(z, y) R
ov ou ov
‘a;=“2(x,?/) é?/ +b2<x,y)@)

with coefficients prescribed and differentiable in the whole plane
and with some solution w,, v,. The functions u, and v, have con-
tinuous partial derivatives of all orders; they vanish on the straight
line =0 but differ from zero at points arbitrarily close to the
origin. The derivatives of the coefficients of the system are dis-
continuous on the y-axis, and the roots of the characteristic equation
coincide there. It is not known whether the assertion concerning
the uniqueness of the solution of the Cauchy problem remains valid
if the derivatives of the coefficients are continuous.t

As already mentioned the problem of uniqueness for equations
and systems with non-analytic coefficients and an arbitrary number
of independent variables has not as yet been solved. The uniqueness
of the solution of the Cauchy problem in the class of sufficiently
smooth functions has been proved for so-called hyperbolic systems
which will be discussed later.

t See the article by A, Myshkis in Uspekhi matematicheskikh nauk, vol. 1rx
(2nd ed., 1948), pp. 3-46. In it are formulated all essential facts connected with
the question of uniqueness of the solution of the Cauchy problem. The proofs of
the more important of these facts are given. The article also contains a detailed
bibliography on this question.
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The problem of uniqueness of the solution of the Cauchy problem
in the domain of non-analytic but sufficiently smooth functions
is connected with the problem of the possibility of continuing
in a unique way a sufficiently smooth real solution (u, ..., uy)
of the system (11, 3) of the preceding section, given in some real
region in the space (x,, ...,2,) on one side of a sufficiently smooth
and nowhere characteristic surface S and on § itself. In fact,
prescribing the functions «; on one side of the surface S and on the
surface S itself determines the values on S of the u; and their
derivatives which appear in the Cauchy conditions. Thus, the pro-
blem of continuing the functions u, to the other side of the surface S
is reduced to that of finding a solution of the generalized Cauchy
problem in the region lying on the other side of the surface S. As
mentioned above, the problem of uniqueness of this solution has
not as yet been completely solved.

The following is another question which has not yet been com-
pletely answered. Let (u,, ..., uy) be a sufficiently smooth solution
of the system (11, 3) given on a sufficiently smooth surface S and on
one side of . Can this solution be continued in different ways if the
surface S is characteristic for the given system and the given
solution? As for the equations with which we shall be concerned, it
will always be possible to continue a solution in a great many ways.

The question of non-unique continuation of a solution of the
system (11,3) beyond a real characteristic is equivalent to the
question of existence of many solutions of the generalized Cauchy
problem provided the Cauchy conditions prescribed on the charac-
teristic admit at least one such solution. We have seen that for
this the functions «; and their derivatives, prescribed on the
characteristic, must, in general, satisfy certain relations. These
relations are certainly satisfied if there exist functions u,,...,uy
satisfying the given equations on one or the other side of the real
characteristic.

If we restrict our attention to analytic solutions only, then the
continuation of a solution given on an n+ 1-dimensional region
beyond a characteristic, or, more generally, beyond any surface, is
always unique, for an analytic function of n+1 independent
variables is fully determined by its values in an arbitrarily small
region of dimension n + 1. .

3. We have seen in para. 3, § 3, that if the surface S on which are
prescribed Cauchy conditions is nowhere characteristic, then these
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conditions, together with the equations of the system (6, 3), deter-
mine uniquely on S the values of the u; and their derivatives of
order up to n;. On the other hand, if the surface S is characteristic
in the neighborhood of a point A4, then the Cauchy conditions
prescribed on § admit various systems of values 9"iu;[0£% which
satisfy the system (6, 3) (it is assumed that £,= 0 is the equation of
the surface S). Therefore, there may exist functions satisfying (6, 3)
at all points of a region containing a piece of the characteristic
surface whose derivatives o™u,[0f)i have discontinuities of the
first kind on this surface. Depending on the direction of approach
to S, these derivatives approach different values satisfying simult-
aneously equations (6, 3) on S. Suppose S were not characteristic.
Then continuity of the coefficients of equations (6,3) and of all
other derivatives of order n; of the functions u; would preclude the
discontinuity of the derivatives omu;[0§)i on S. An analogous
statement is valid for non-linear systems.

Example. Consider the equation
O%*u/oxdy =0 (10,4)

for which the lines x=const., y=const.
are characteristics.

Clearly, (10,4) is satisfied by any everywhere differentiable
function
u=f(y).

In particular we may assume that »=f(y) is such that its second
derivative is continuous everywhere with the exception of one
point at which it has a discontinuity of the first kind. We then
obtain a solution of the equation (10,4) whose second partial

derivatives have a discontinuity of the first kind on the character-
istic.

In what follows we shall concentrate on equations of two types.
To the first type belong single equations of the second order in one
unknown function. To the second type belong systems of any order
in any number of unknown functions but with derivatives with
respect to fwo independent variables only. Equations of these two
types can be reduced to certain simple ‘canonical’ forms. This
reduction process is described in the following three sections.
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§ 5. Reduction to canonical form at a point and classification
of equations of the second order in one unknown

function
1. We consider the linear, second-order equation
YAy, ..., 2,) _aiu_ + X B(zy, ..., x,) 8_u +C(xy, ..., x,) U
i, Bxi ij i ! n Bxi

+F(xy,...,2,)=0 (1,5)
in one unknown function u. We assume that 4;;=4;,. A;;, B;;, C
and F are all real-valued and defined in some region of the space
(24, ...,2,). We now define a coordinate transformation by putting

gk= .glalcixi (k=1>~~-,n)’ (295)

where a,; are certain constants. We assume that the transformation
(2,5) is non-singular, i.e. that the determinant |a,;| does not
vanish. Then the transformation (2, 5) is one-to-one. In the new
coordinates £, ,, ..., £,, equation (1, 5) will take the form

n n o%u ]
> ( > Aijakia,j) 3—5;3514—”':0'1- (3,5)

k=1 \1i,j=1

Here we have written out only terms with second-order derivatives
of the unknown function . It is clear from the equality (3, 5) that
under the transformation (2, 5) of the independent variables the
coefficients of the second-order derivatives of u change in exactly
the same manner in which the coefficients of the quadratic form

% Ay (4,5)
i,j=1
change when the x;, are replaced by the £, according to the formulas
n
= Yayg (k=1,...,n) (5,5)
i=1

We regard the coefficients 4,; of the form (4, 5) as constants whose
values are the same as those of the values of the coefficients
A;i(xy, ..., z,) of equation (1, 5) at some point (3, ...,2%) in G.

It is proved in algebra that there exists a real non-singular
transformation (5, 5) which reduces any form (5, 4) with real coeffi-

1 For the formal transition from the derivatives with respect to the independent
variables #; (i=1,...,n) to the derivatives with respect to the independent
variables £ (i=1,...,n) to be correct, it suffices to assume that the function u is
twice continuously differentiable.
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cients A;; to the form

m

> +£&% where m<n. (6,5)

i=1
There are many non-singular real transformations (5,5) which
reduce the form (4, 5) to the form (6, 5), but the number of terms
with positive signs and the number of terms with negative signs in
the form (6,5) is determined entirely by the form (4,5) and is
independent of the choice of the non-singular transformation (5, 5).
(Law of inertia of quadratic forms.¥)

If a certain transformation (5, 5) reduces the form (4, 5) to the

form (6, 5), then the transformation (2, 5) with matrix equal to the
transposed inverse of (a;;) reduces (1, 5) to the form

n A 0%u
. A¥(xy, ..., %) 5= +...=0, 7,5
i.jz‘=1 1]( 1 n) aglagj ( )
where Had.Lah) =21 ifi=j<m,

A¥(y, ..., 20)=0 if i or if i =j>m.
Here we have written out only terms containing derivatives of the
highest order of the function . The form (7, 5) of equation (1, 5) is
called its canonical form at the point (3, ...,20).

It is thus possible to exhibit for each point (9,...,2%) of the
region G a non-singular transformation of the independent variables
which reduces equation (1, 5) at that point to canonical form.

In general, the transformation (2, 5) which reduces equation (1, 5)
to canonical form at a given point (29, ..., 2%) varies with this point,
i.e. it may not reduce equation (1, 5) to canonical form at a point
different from (9, ...,2%). It can be shown by means of examples
that as soon as the number of independent variables exceeds two,
it is, in general, impossible to exhibit a linear transformation with
constant coefficients, or, for that matter, any other transformation
which would reduce a given linear equation of the second order to
canonical form in an arbitrarily small region. In the case of two
variables such a transformation exists under very general assump-
tions on the coefficients of equation (1, 5). This fact will be demon-
strated in the following section.

The classification of equations of the second order is based on the
possibility of reducing equation (1, 5) to canonical form at a point.

1 See G. Birkhoff and S. MacLane, A Survey of Modern Algebra(1951), Macmillan
New York.
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2. Equation (1, 5) is said to be elliptic at a point (29, ...,29) if all
A¥(2Y, ...,2%) in (7,5) are different; from zero and have the same
sign.

Equation (1, 5) is said to be hyperbolic at a point (29, ...,2%) if all
but one 4%(Y, ..., %) in (7, 5) have the same sign, the exceptional
AY is of opposite sign and m=n.

Equation (1, 5) is said to be ultrahyperbolic at a point (x3, ..., x%) if
in (7,5) the number of positive A% (x9,...,29) exceeds one, the
number of negative A% (23, ..., 2%) exceeds one, and m=mn.

Equation (1, 5) is said to be parabolic in the broad sense at a point
(@3, ..., 2% if some A¥(29, ...,2%) are zero, i.e. if m <n.

Equation (1, 5) is said to be parabolic in the restricted sense or,
simply, parabolic if only one of the coefficients A%(z), ...,2%) (4%,
say) is zero and all other A}; have the same sign, and the coefficient
of ou/0g, is different from zero.

Equation (1,5) is said to be elliptic, hyperbolic, ultrahyperbolic,
etc., in the whole region @ if it is elliptic, hyperbolic, ultrahyper-
bolic, ete., at each point of the region G.

3. The non-linear equation of the second order

2
u ou 0%u )=0

(D(x Ly Uy — = S
1o Ly Uy 5oy ey o sy wees -y
ox, ox,, ox; 0x;

in one unknown function w is said to be elliptic, hyperbolic or

parabolic in the broad sense for a given solution u* (x,, ...,,) at a
point (29, ...,2%) (or in the region @) if the equation
N o0%u
i.%——lAij(xl, e @) awyom,

where Ay, ...,xﬂ:ﬂl— (8,5)

| e,

ol o%
0x; 0x;

is elliptic, hyperbolic or parabolic in the broad sense at the point
(@3, ...,2%) (or in @). On the right side of (8, 5) the function » and its
derivatives are replaced by the function w*(x,,...,x,) and its
appropriate derivatives.

Later we shall study only linear equations of the second order
in one unknown function which are either elliptic, or hyperbolic
or parabolic in the whole region under consideration. We shall not
be interested in ultrahyperbolic equations, for they do not appear
in physics or in engineering. We shall, likewise, take no interest in
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equations which are parabolic in the broad sense, for they turn
up seldom in applied work. When speaking of parabolic equations in
Chapter 1v we shall, accordingly, have in mind equations parabolic
in the narrow sense.

§ 6. Reduction to canonical form in a region of a partial
differential equation of the second order in two
independent variables

1. Consider the equation

o0%u 0%u 02 v ou ou
AB?+ZBB 3 +Ca 5 ( ,u,-a;,é!;)_(). (1,6)t
Here the coefficients 4, B and C are functions of z and y which are
twice continuously differentiable. We shall assume that the
function u(z,y) is also twice continuously differentiable. We now
go from the independent variables x, y to the independent vari-
ables £, 5. Let the functions

E=L=y). n=ny) (2, 6)
be twice continuously differentiable, and let the Jacobian
oE 0
ox oy
oy oy
ox By

be different from zero in the region under consideration. It is then
possible to solve the system (2,6) uniquely for  and y in some
region of the (£, ) plane. The resulting functions x(§, 7) and y(&, 7)
will also be twice continuously differentiable functions of £ and 7.
In the new independent variables, equation (1, 6) takes the form

ST e ()]

S [ 33y ,0Edn  poEdy ,aga;_;]
25| Aamt Pt Byt Coyy

82u oy oy oy 877) ,( ou ou\ _
3 [A( )+ Bb"a—JJFC(aJ :|+1'«1 g’"’“’é'g’aq)_o'

(3,6)

1 In this section we consider equations which are somewhat more general than
linearequations, thusutilizing the fact that the procedure employed for the purpose
of reducing a linear equation to canonical form is also applicable to such equations.
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We now consider the differential equation

A(g—f) +2B gf ggw (gz) ~0 (4, 6)

in the unknown function ¢(z,y). We shall have to deal separately
with the cases B2> AC, B?< AC and B*=AC in all of the region
under consideration. We shall not consider the case when the
expression B2 — AC changes sign in the region considered or when it
vanishes at some point of the region without vanishing identically
in all of it.

2. We first investigate the case B2> AC (in the region under
consideration), i.e. the case when equation (1, 6) is hyperbolic (cf.
the definition of hyperbolicity given in the preceding paragraph).

In this case equation (4, 6) is equivalent to the two equations

A __E 7“1__[_3_ (B2—AC)Y __E fl,
(r]’ j‘)

0Py _ o
A—af_[—B+(B2—A0)*]a—y?.

If the coefficient A vanishes, then one of the equations (3, 6)
becomes indeterminate (if, for instance, B >0, then the second
equation in (5, 6) becomes indeterminate). Itsindeterminacy, how-
ever, is easily removed by multiplying both sides by the identically
equal expressions

[—B— (B2~ AC)i]JA=C|[ - B+ (B2~ AC)¥. (6, 6)

We now determine the functions ¢,(z,y) (¢ =1, 2) as solutions of
the equations (5, 6) by prescribing their values on certain curves /;
which are nowhere tangent to the characteristics of the corre-
sponding equation.f If the curves/; and the values of the functions
¢, prescribed on them are sufficiently smooth, we obtain solution
functions ¢,(x,y) (1=1,2) having continuous derivatives with
respect to « and y of order up to and including the second. If, in
addition, we assume that the initial values ¢,(x,y) on /; have been

1 Cf. § 52 of my Lectures on the Theory of Ordinary Differential Equations. I call
the reader’s attention to the fact that in the case of two independent variables the
definition of characteristics as given in the above work coincides with the definition
of characteristics introduced in §3. For a larger number of independent variables,
however, the two definitions are dissimilar.

Cf. also Courant-Hilbert, Methods of Mathematical Physics, vol. 11, Interscience,
New York-London.
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chosen so that the derivative of ¢, in the direction of I, does not
vanish anywhere, then at no point will the derivatives of the
functions ¢;(x,y) with respect to z and y vanish simultaneously.
Since the vanishing at some point of these two derivatives would
imply the vanishing at that point of the derivative of ¢, in an
arbitrary direction, our statement will have been proved if we can
gshow that at no point 4 does the derivative of @,(x,y) vanish in all
directions. Let us move in a non-characteristic
direction from the point 4 to some point A’.
Let us denote by B the point of intersection
of /; and the characteristic through 4, and by
B’ the point of intersection of /, and the charac-
teristic through A’ (fig. 4). Then, in view of the
fact that ¢,(z, y) is constant along a character- /
istic, we have
¢L(A) - ¢z(B)) B AI'B'
¢t(A,)=¢i(B,)’ Figure 4
$i(A") — Pi(A) =, (B') — Py(B).

The two distances, Al between the point A and 4’ and AV

between the points B and B’, approach zero simultaneously. Also,

in view of the assumed smoothness of the coefficients of equation
(1, 8), these two distances are of the same order of smallness. Since,

by assumption, ,
v assunp $:(B')~ $:(B)

A Al A

lim S, S0 s N N
Al'—>0 Al +

we must also have lim $i(d’) — §i(A) +0.
Al—~>0 Al

It follows that at no point do the derivatives with respect to x
and y of either one of the functions ¢,(x,y) and ¢,(z,y) vanish
simultaneously. This means that the Jacobian

o, 04y
or oy
0y O,
oxr oy

of these functions cannot vanish at any point of the region under
consideration; for, since neither row of the Jacobian vanishes, a
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necessary condition for its vanishing is the proportionality of its
columns, but

0¢y. 0¢ _ —B—(BZ—AC’)**V‘—B+(Bz—AC’)"_§3gS~2.E_Bg2

o oy A A T oz oy’

because B2— AC + 0. An indeterminacy in any one of our relations
can be removed by using the identity (6, 6).
Since the Jacobian of ¢, and ¢, with requct to z and y does not
vanish, we may put in (2, 6)

E=E(x, y)= ¢1(£L', Y),
v=vw40=¢gmyy} (7,6)

If we do this, the terms in (3, 6) which contain 02u/0£2 and 02u/on?
must vanish. At the same time, the coefficient of 8%u/0fdy will be
different from zero in the whole region considered. Otherwise, a
change from the coordinates (x,y) to the coordinates (£,7) would
decrease the order of the equation, and, consequently, the opposite
change, from the coordinates (£,7) to the coordinates (z, y) would
increase the order of the equation, which is an obvious impossibility.

Dividing equation (3, 6) by the coefficient of 0%u/0¢ 0y we reduce
it to the canonical form

0%u ou ou
ag—a—77=F2(§’77’u: 559 677) (8’6)
in all of the region of definition of the functions ¢,(x, y) and @,(x, y).
If we put {=a+ £ and =0 — f, equation (8, 6) becomes

%u  %u ou ou
. e 9 6
T (ﬂ“a w) (9, 6)
The latter form of the equation is also called canonical.

If a hyperbolic equation has been reduced to the canonical form
(8, 6), it is sometimes possible to integrate it in closed form, i.e. to
find a formula giving all solutions of this equation.

Ezxample 1. By means of the substitution
oufon=v,
Fu_1ou
o0y 250y

the equation (10,6)
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becomes ov[0E =v/(2§).
The latter equation can be easily integrated by the method of

separation of variables, for  enters in v only as a parameter. The
constant of integration will be a function of this parameter. We

have Inv=4Inf+InC(y)
or v=20u/on=C(y) (£)t.
Whence u=C4(7) (§)F +Cy(£).
Here Cy(n) =JC(77) dy

is an arbitrary (in view of the arbitrariness of C(7)) differentiable
function of 7 and C,(§) is an arbitrary function of &.

Example 2. The transformation

x=E+n, y=£-7

. %u 0%
reduces the equation aE oy =0 (11, 6)
0%u
to t)he fOI‘lll a.g“aﬁ =0. (12, 6)
Hence u=¢(E)+ ¥ () =z +y)+ V1 —y), (13,6)

where ¢ and ¢ are arbitrary twice continuously differentiable
functions.
3. If B*=AC

in all of the region G, then equation (1, 6) is parabolic in @ (cf. the
definition of parabolicity in the preceding section). In this case
both equations (5, 6) are the same and can be replaced by the single
equation

Aé""l"B“a*-—-O, (14’ 6)
or, (‘quiv alently s by the equation

Let ¢(x9 y)= c
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be the general integral of this equation in some region G of the
(#,y) plane. We assume that the function ¢(z,y) is twice con-
tinuously differentiable and that its first partial derivatives do not
vanish simultaneously (cf. para. 2). Let

'l[,(x: 2/) -

be a family of curves in the region G such that the function ¥ (x, y)
is sufficiently smooth and the Jacobian

o4 o8
ox oy

%
ox Oy

(16, 6)

does not vanish anywhere in the region G. If, for example,
o¢/ox >0
at all points of the region G, we may assume that
Y@ y)=
Let us put E=¢d(x,y) and =y(z,y)

in (2,6). Then the coefficient of 0%u/0f% in (3,6) vanishes. The
coefficient of 0%u /0§ 09 becomes

0 | 0P\ ¢ 09\ Y

(45 B5) e+ (540 3y) -

According to (14, 6) and (15, 6), this coefficient will also vanish. We

assume that at no point of the region @ do all three coefficients 4, B

and C of equation (1, 6) vanish simultaneously. Since B*=AC, this

assumption implies that at each point of G one of the coefficients A

and C is different from zero. Let A 3= 0 at some definite point. Then
the coefficient of 0% /oy? in equation (3, 6) takes the form

Y\ g W ( 4 o Ry
a(g) rengy o) alasir23)
This expression cannot be zero: for, otherwise, in view of (14, 6),
the Jacobian (16, 6) would vanish at the point under consideration.
We can show in the same way that the coefficient of 0%u/0y* does
not vanish at points at which C # 0. This means that this coefficient
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cannot vanish anywhere in the region G. Consequently, we are
allowed to divide equation (3, 6) by this coefficient. We then obtain

0%u ou ou
o+ BB 1035 57) =

According to the definition of canonical form given in § 5, equation
(17, 6) is in canonical form in the region G.
If equation (1, 8) is linear, then so is equation (17,6). Suppose
that (17, 6) is of the form
0%y ou
o~z
It is possible to simplify this equation somewhat by introducing
a new unknown function z in place of u. We put

(17,6)

B +c '+ D,. (18, 6)

u=2v,

where v(§,7) is a function of £ and % still to be defined. Then
equation (18, 6) becomes

0% ov 0z 0z

Uit iama AV a

We have written out in detail only terms contammg derivatives of z.

All terms containing the function z itself have been combined in

C,z. We choose the function v(£,7) so that the coefficient of the

derivative 0z/0n in equation (19, 6) should vanish. Equatmg the

coefficient of 0z/0y to zero, we get

0% 0z
=g

where Cy=C,/v, Dy =D, /v, and v is

v(€,7)=exp {%JBI (&) dﬂ}-

4. Finally, we investigate the case when in all of the region
considered AC> B?

Then equation (1, 6) will be elliptic in that region (cf. the definition
of ellipticity given in §5). In this case we assume that the coeffi-
cients 4, B and C are analytic functions of x and y. Then the
coefficients of equations (5, 6) are also analytic functions of x and y.

Let ¢(x, y)=¢*(x,y)+@¢**(“«’: y)

+Bl'va +Cyz+ Dy (19, 6)

+C32+ D, (20, 6)

42
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be an analytic solution of one of the equations in (5, 6) in a neigh-
borhood of a point (zy, y,).T We put

E=¢*(x,y) and 7=¢**(=,y) (21,6)
n (2, 6). Since the Jacobian

ot o0&

% By ‘
- (22, 6)
or oy

does not vanish anywhere, we can solve equations (21, 6) for x
and y. In fact, separating real and imaginary parts in the second
equation (5, 6), we get

0

—é —B ag —(AC - B2}

4" l (23,6)

;)

n/ox obtained from

AS—”: —Ba”+(AC B2

Substituting the expressions for 0&/0x and
(23, 6) in the Jacobian (22, 6), we obtain

e ]

It follows that our determinant can be equal to zero only at those
points at which ok on

a—y = @ =0,
or, in view of equations (23, 6), only at those points at which
%€_0 and o,

@ Q’I«ﬁ‘d @’li»’

P
But our region contains no such points, for at such points
o _0_,
ox oy

Separating real and imaginary parts in the identity

A(2) 352 0 () o

1 Let (x,, ¥o) be a point of our region. In some neighborhood of (x,, y,) it is
possible to find an analytic solution ¢(z, y) of the equation (5, 8) such that
0¢/0x and 9¢/0y do not vanish simultaneously at any of the points of that neighbor-
hood. This can be done, for instance, according to the Cauchy-Kowalewski
theorem by prescribing the values of ¢(x, y) for =1, so that ¢ (o, yo)%0. We
assume that ¢(z, y) is a solution of just this kind.
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we get
of 0§ ot (0§ oy oy on an) >
A(&J 2Byt 6(&) A(a) +2B 5 8y+0(8 » (24,6)
0y  p(0E oy  Of 377) , 08 Oy 25 8
43t 4%@ ayaz) T oy (25,6)
Since the form
Aa?+2Baff+Cp* (B2—AC<0)
is positive-definite, both sides of (24, 6) can vanish only if
0f _°f on _on on a
e ay oy (26,6)

We chose the function ¢(x, y) in such a manner, however, that the
equations (26, 6) are not satisfied at the same time. Hence, we may
divide equation (3, 6) by one side of the equation (24, 6). We get

82'14 o*u ou ou
sz on? ' of 5}}) ’
This form of the elliptic equation is called its canonical form.

We have reduced our equation to canonical form in a neighbor-
hood of (x,, ¥,) in which there exists an analytic solution of equation
(5, 6) with non-zero derivatives. It can be shown by means of more
intricate considerations that such reduction is possible without
assuming that 4(x,y), B(x,y) and C(z,y) are analytic. It suffices
to assume that these coefficients are twice continuously differ-
entiable.

=F (g n,u

§ 7. Reduction to canonical form of a system of linear
partial differential equations of the first order in
two independent variables

We consider the system of equations

? Lqﬁya4ﬁ@u%mm”(ﬁL&wm.um

Whether or not the f; are linear with respect to u,, u,, ..., %, is of no
importance to us. We assume that the coefficients a ;(x,y) have
continuous partial derivatives with respect to x and y of all orders
up to and including £ (k£ > 1) in some region @ in the (2, y) plane. If,
in addition to our assumption, certain additional assumptions
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(appearing below in italics) are made, then it is possible to reduce
the system (1,7) to a canonical form in some neighborhood of an
arbitrary interior point 4 of G. The reduction can be effected by
means of a linear transformation of the unknown functions
Uy, ..., uy with coefficients having the same number of continuous
derivatives as the coefficients a,;(, y). The canonical form to which

our system can be reduced is as follows:

ov ov )
’8‘51=A1(1:,y)‘a‘1‘; +fik(x:y;vl9"-:vn)v
ov, ovy 0vy *(o.
59;*0‘1(95’ Z/)*a’g +A4(2, y) B +fE @,y vy vy,
ov,, ov,, _ ov,,
axl = ‘xm—l(x’ y) ‘”a?‘;*} + /\1 ay +le(x> YrV1seees ’U,,),
o, ov,
—a—;H=A2(£L‘, )_ﬁ} +f;‘;,+1(x,?/,”1w-~,”n),
avnl+2=ﬂ1 CL‘ y) n,+l+/\ (x,y) a’Unl+2
ox oy
+le+2(x: y9 vl’ R vn)>
ov,

ov ov
ny+ng _ nl+nz— /\ nl+n2
—a Bry—1(2,Y) - oy + Ay(, y) - e

+f;':1+n,(x9 y? vl’ ey vn):

.................................................................................

a e ] a n n
Pnmet1 _ 3 (z, ) Lonomatd A 1@ Y By s D),
Pnomita_ g (z,y) av"‘"—"ﬂ + Ak, y)———"""‘*2

ox 0 01

+fn—nk+2(x’ y’ ”1: seey vn),

.................................................................................

o, oV, 4
‘a?_ wnk-—l(x y) ay -t /\k(x’ y) 'a_y'

+fX (2, Y, vy, .00, 0,,).

)

(2,7)

Here A,(,9),...,A,(®,y) are the roots of the determinant of the

matrix

-

”“ﬂ(%y)”"w, (3;7)
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and a;(x,y), Bi(x,y), ..., w,(x,y) are essentially arbitrary functions
which have continuous derivatives of all orders up to and including
k and do not vanish in the considered neighborhood of the point 4.
In general, the functions v, A;, &y, B, ..., 0, f¥, ..., f% can be complex
functions of their arguments.

The system (1,7) and its canonical form (2,7) resemble the
system dy;ldx=2a,;y;+fi(x) (i1=1,2,...,n) (4,7)
of ordinary differential equations with constant coefficients a;; and
its canonical form as given in §42 (111) of my course on ordinary
differential equations (Gostekhizdat, 1949). The difference consists
in the fact that, instead of 0/0x, the left sides of the corresponding
ordinary differential equations have d/dz, and instead of ¢/dy, the
corresponding ordinary differential equations have the multiplier 1
(not written out explicitly). Further, in case of the system of
ordinary differential equations (111) the coefficients are constant
and the functions f and f* depend only on a single independent
variable, whereas in the case of the partial differential equations
considered the coefficients of the derivatives depend on two in-
dependent variables and the functions f and f* depend on these two
independent variables as well as on all unknown functions.

The process of reduction of the system (1,7) to the canonical
form (2, 7) is carried out by means of exactly the same change of the
unknown functions which is applied in § 43 of my course on ordinary
differential equations for a system of linear equations with constant
coefticients. All we need worry about now is the proof of the fact
that in the neighborhood of the point 4 the coefficients of the linear
substitution described in § 43 are as smooth functions of (z, ) as the
coefficients a;;(x, y) of the system (1, 7). To prove this fact we shall
have to repeat to some extent §43.

We shall make use of the method of mathematical induction. For
n=1 our theorem which asserts that it is possible to reduce the
system (1,7) to the form (2, 7) by means of a linear transformation
with smooth coefficients is obvious. Let us assume that our
theorem holds if the number of equations is equal to n—1. We
wish to show that our theorem also holds for a system of n equa-
tions.

Let us multiply the ith equation of the system (1, 7) by k;, where
k; is an as yet undefined function differentiable in a neighborhood
of A. We sum the resulting equations on 7 and we write the result
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in the form

a(zkiui) Olay;k
i _ L)) %_ o(a; k)
D T N
We now define k; so that the relation
Sk u;= ATk, (5,7)
Wi i

is an identity in u;. Here A is some, real or complex, differentiable
function of (x,y). Clearly, for (5,7) to hold it is necessary and
sufficient that the coefficients of u; on both sides of (5, 7) be equal,

i.e. that Aby=Sak, (j=1,2,...,n) (6,7)

hold. Thus k,, k,, ..., k, are defined by means of a system of n linear
homogeneous equations in » unknowns. For this system to have
a non-trivial solution (which is the only solution of interest to us)
it is necessary and sufficient that the determinant of its coefficients
vanish. This condition can be written as follows:

| AE — ||| =0. (7,7)
The matrix AE —| a,| is called the characteristic matrix of the
system (1,7).

Let A; be one of the roots of equation (7,7). We assume that all
roots of equation (7,7) have the same multiplicity in the neighborhood
of A under consideration. Let the multiplicity of A, in this neighbor-
hood be «,. Then A, satisfies in this neighborhood an algebraic
equation of the form feD (A, 2,y)=0.

Here f® (A, z,y) is the kth derivative with respect to A of the left
side of equation (7,7). Also, throughout this neighborhood

f‘“l)(/\l(x,y),z,y)#o.
By the implicit function theorem, in some neighborhood of 4,

As(z,y) will be as smooth (i.e. will have as many continuous deri-
vatives) as the coefficients a,;;.

We now make the assumption that the matriz
llasll— A B (8,7)
has constant rank r in the neighborhood of A under consideration.t

t It is easily shown that r>n—a,. In fact, it is clear that if we put A =A, then
the o,;th derivative of the determinant (7, 7) with respect to A is a linear combina-
tion of the minors of order (n— a,) of the determinant of (8, 7). Since this deriva-
tive is different from zero, one of the minors of order (n—e,) of the matrix (8, 7)
is different from zero.
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Then the system (6, 7) has, in this neighborhood of the point 4, a
solution consisting of functions which do not vanish simultaneously
in this neighborhood and which are of the same order of smoothness
as the a,;. We denote these functions by k,;. To find such k,;, we
make the following observation: if the matrix (8,7) has rank r in
all of the neighborhood of A4, then there exist a neighborhood of
A and n —r definite equations of the system (8, 7) such that in this
neighborhood these n—r equations are consequences of the re-
maining r equations. Therefore, every system of functions k;;
satisfying these r equations in some small neighborhood of 4 will
satisfy all equations of the system (6,7). Again, in order to find a
solution of these r equations (for the sake of brevity we shall refer
to these r equations as the equations C,), we observe that, since the
rank of the matrix (8, 7) equals 7, it is possible to construct out of
the columns of the matrix consisting of the coefficients of the
system C, a quadratic matrix whose determinant does not vanish in
some neighborhood of 4. We shall regard as unknowns the functions
which appear as multipliers of these columns. As for the remaining
k,;, we shall put them equal to arbitrary constants not all of which
are zero. For the sake of definiteness we shall put them all equal
to 1. Then the system C, will determine uniquely all other k,; as
functions of the same order of smoothness as the a,;.

We have thus found in some neighborhood of 4 the functions
ky; (t=1,2,...,n) which do not simultancously vanish in this neigh-
borhood and which are of the same order of smoothness as the a;;.
We assume for definiteness that k,;+0 at A. Clearly, this is no
restriction of generality, since this can always be achieved by means
of a non-singular linear transformation, specifically, by a permuta-
tion of the subscripts of the u;. We now put

n
2" lJ )
Clearly, the function z,(x, y) satisfies the equation

021 _ 0%

e 1 al +fl T, Y52, Ugy ey Uy),

where

f]’.k(x7y’zl’u2!' ,un) Zk ft+z l z Lll"y-'kl})'" laa?;

(cf. formula (5, 7) and the preceding equation).
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Now, all considerations in §43 of my book on ordinary differen-
tial equations can be applied without any essential changes. They
are considerably simplified if the roots A of equation (8,7) are
distinct. Then to each root A; (1=1,2,...,n) of this equation there
corresponds a system of functions k;;(x, y) (j=1, ..., n) which can be
determined for each A; in the manner used before to determine the
functions ky;(x,y) (j=1, ...,n) for A;. The functions k;(x, y) have as
many continuous partial derivatives as the a,;. Also

0z; 0z;

—1'= o o ?k .=
ax Alay +fl (x’y’ul"",un) (Z 192,-“’”)’

n
where =Y kgu; (1=1,2,...,n).
i=1

It remains to show that | k;; | + 0. We give an indirect proof of this
fact. Thus let us assume that at some point (22, 4°) of the domain of
definition of the k;(x, y), | k;;(2°, y°) | = 0. Then there exist constants
C, not all zero such that

YO k(2 y%) =0 (i=1,2,...,n). 9,7)

Multiplying the sth equation by a,; and summing on 7, we get
205 kg (2%, 4°) ayy(a®, y°) = ZC Tk (20, y°) @;5(2°, y°)
1,8 8 1
= Zos As(xo’ yO) ksj(xo> yo)'
The last transition was effected using the relation
Agkg;= _sti g5
which is analogous to (6, 7).

We have thus obtained equalities which are the analogues of
(9,7), CA,(2%y° taking the place of C,. In exactly the same
manner we obtain

SO A (20, y0) kyy(20, %) =0 for m=2,3,...,n.
8

Since the determinant of the coefficients of the C,k,;(x°, y°) in these
equalities (the Vandermonde determinant) is different from zero
for distinet Ay, ..., A, we get for all s and ¢
Osksi(wo’ ¥°)=0,

which is impossible.

Remarks. (1) We required the roots A of equation (7,7) to have
fixed multiplicity in a neighborhood of 4, and we required the
matrix (8, 7) to have fixed rank in that same neighborhood for each
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of the roots of equation (7, 7). These requirements are easily seen
to be equivalent to the requirement that the A-matrix (3, 7) retain
the multiplicity of each of its elementary divisors in this neighbor-
hood of 4.

(2) If equation (7,7) has distinct roots in all of the region G, then
the preceding considerations prove the existence in some neighbor-
hood of 4 of a non-vanishing solution &y, ks, ..., %, of the system
(6,7) whose functions k,; are of the same order of smoothness as
the a,; (cf. footnote, p. 56). It follows that, if all roots of (7,7) are
distinct in all of @, then at every point of G there exists a linear
non-singular transformation of the unknown function which reduces
the system (1, 7) to the canonical form (2, 7). Also, the coefficients
of this transformation are of the same order of smoothness as the
a;;, and the system (2, 7) takes the form

o, 0v .
,é;_/\i—y—l—fi (@, y,v15...,0,) (=1,2,...,n). (10,7)

(3) The system (1,7) is said to be ellzptic in all of the region G
of the (z,y) plane if equation (7, 7) has no real roots at any point
of G.

The system (1,7) is said to be hyperbolic in G if there exists at
every point (x,¥y) of G a linear non-singular transformation of the
unknown functions u; with real coefficients b;;(x, y) of the same order
of smoothness as the a;;(x,y) which reduces the system (1,7) to
the system (10, 7).

The system (1, 7) is said to be hyperbolic in the narrow sense if in
the whole region @ all roots A of equation (7, 7) are real and distinct.
It is clear that a system hyperbolic in the narrow sense in G is
hyperbolic in G.

Similarly, the general linear system of equations with partial
derivatives with respect to two independent variables given by

omiw, Nmloo o 0Ny .
_azn—l'“—;-z%)kgoAij(t’m)a}W;:k oee (7/—-1,...,N) (11,7)

is said to be elliptic in G if the determinant of the matrix

A™M

"G gk
X AGA
k=0

Any

has no real roots at any point of G.
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On the other hand, if all roots of this determinant are real and
distinct, the system (11,7) is said to be hyperbolic in the narrow
sense.

Problem. Show that if the system (11,7) is hyperbolic in the
narrow sense in the region @, then the system of equations of the
first order, obtained from (11, 7) in the way (5, 2) was obtained from
(8, 2), is hyperbolic in G.

(4) Let us assume that the original system (1, 7) is real, i.e. that
all a;, f; are real-valued for real values of their arguments. If, in
addition, all roots of equation (7,7) are real, then it is possible to
make the system (2,7) real. For this we need only choose the
coefficients of the linear transformation which carries the functions
u into functions v as real, and in our case this can be achieved.

On the other hand, if equation (7, 7) has complex roots, then these
roots occur in complex conjugate pairs. It is then possible to
arrange the system (2, 7) so that to each equation of the system of
the form v dv,,
ax Ak aJ +flc(x Y,y - ':vn)

there corresponds a complex conjugate equation, i.e. an equation

avi avi
= A a_y +fix,y, 00, ..., 0,).

with v,=7;, A=A, fi@9,0,...,0,)=Fx,y,0,...,0,).
Separating real and imaginary parts in these equations and putting

v =w§ +Iwi*

Ak=ak+ibk,
fk(x’y’vl""’vn)_flt(x y:wlf---’ +7:fl:‘* (@, Yy, wy, ..., wy),
owy¥ owy; ow;
we get a; A —=~— 8 bk a +fk(x Y, Wy .., W ):
0 0 0
Wt _ wk+ ay, w; +f¥*(x,y, wy, ..., w,).

oxr oy
The simplest system of this form is the well-known system of
Cauchy-Riemann equations:

Ow, _ Oy
ox oy’
Ow, _ 0wy

ox oy’
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Equations of the form

oV, Ovg_y O

”a;"a ay +/\~a§ +fk(x’y7vl"'°’vn)

are likewise decomposed into real and imaginary parts. In this
way one can show that it is possible to reduce the system (1, 7) by
means of a linear non-singular transformation with real smooth
coefficients to a new canonical form in which, in distinction to
equations (2, 7), all equations are necessarily real. (Cf. the remark
to §46 of my book on ordinary differential equations.)



CHAPTER II
HYPERBOLIC EQUATIONS

ParT I

THE CAUCHY PROBLEM FOR NON-ANALYTIC FUNCTIONS

§ 8. The reasonableness of the Cauchy problem

The Cauchy-Kowalewski theorem asserts the existence of an
analytic solution of the Cauchy problem for analytic equations with
analytic initial data. Many problems in physics lead to the Cauchy
problem for analytic equations with initial data which are not
analytic but differentiable a certain number of times. At first sight
the following would appear to be a natural method for solving this
problem. We approximate the initial functions and their derivatives
by means of polynomials. In view of Weierstrass’s theorem, the
approximating polynomials can be so selected that the difference
between them and the corresponding initial functions is arbitrarily
small in that part of the plane {=¢;, where the Cauchy conditions
are prescribed. According to the Kowalewski theorem for analytic
equations, it is possible to solve the Cauchy problem if the original
initial data are replaced by analytic initial data which approximate
the original initial data. It would be natural to expect that the
solution of our new problem having the approximating polynomials
as initial data would differ by little—at least in the neighborhood
of the part of the plane ¢ =, where the initial data are prescribed—
from the solution of the original problem. However, Hadamard
constructed an example which demonstrates the incorrectness of"
this supposition.

Consider the following Cauchy problem. We are required to find
a solution of the Laplace equation

Pu Pu

= ta3=0, (1, 8)

satisfying for ¢t =0 the conditions
u(0,z)=0, (2,8),
(0, z) =n~% gin nx, (2, 8),

62



HYPERBOLIC EQUATIONS 63
where n and & are positive integers. It is easily verified that

exp {nt} — exp { — nt}
2

u(t, ) =n—*+Vgin na (3,8)

is a solution of this problem. Since
| wi(0,2) | <7,

it follows that for » sufficiently large the absolute value of %;(0, x)
will be arbitrarily small for all z. On the other hand, the solution
u(t, ) of the Cauchy problem under consideration will, as is seen
from (3, 8), assume arbitrarily large values for ¢ arbitrarily small if
only = is sufficiently large. The situation will not be changed by the
added requirement that together with | «(0,) | all derivatives of
(0, 2) with respect to = of orders up to k—1, k> 1, be small.
Incidentally, we do not speak of the smallness of the initial values
of the function u itself for these are, by (2, 8),, identically equal to
Zero.

Let us assume that we have found a solution of the Cauchy
problem for equation (1, 8) with the initial conditions

u(01 117) = ¢0(x)1
u (0, %) = ¢, ().
Let u,(t, x) be that solution. Then the function

exp {nt} — exp { — nt}
2

is a solution of the Cauchy problem with the initial data

uo(t, ) + n~*+Dgin na

u(0,2) = (@), (0, 2)=y(z) + - sinne,

Consequently, a small change of the initial functions and their
derivatives of orders up to k£ — 1, resulting from the addition of the
functions (2, 8), and (2, 8), to the original initial data, may result in
arbitrarily large changes, like those in (3, 8) in the solution of the
Cauchy problem, arbitrarily near to the initial value ¢=0.
Usually, Cauchy conditions are found experimentally and, there-
fore, cannot be determined with absolute precision. However,
our preceding considerations show that arbitrarily small errors in
the measurements of %(0,z) and (0, 2) and their derivatives with
respect to x up to an arbitrary order can entail large errors in the
determination of the function u(t, z), satisfying the Laplace equa-
tion (1, 8). Therefore, if certain physical considerations were to lead
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us to the Cauchy problem for the Laplace equation, the solution of
this problem would be of no practical value, even if such a solution
existed. Fortunately, no physical problems lead to the Cauchy
problem for the Laplace equation.

Consider the Cauchy problem in a certain closed region & in the
space t,z,, ..., z, for a system of linear equations

omiu, N o™ uy

Rl Aok, k) (¢ ) O
ot ;o k¢+...§k,.<n,, Y by, Za) otkodacky . Quken
s +fi(t’x1""9xn) (i=1;2,---;N)- (4, 8)

@ abuts on a region G, in the plane ¢ =t,. The Cauchy conditions are
prescribed in G, This Cauchy problem will be said to be reasonable
if certain positive numbers L, and L, exist such that:

(i) For any functions ¢®(z,, ...,x,) given in G, and continuous
with their derivatives up to order L, there exists in the region @ a
unique solution of the system (4, 8) which, for ¢=t¢,, satisfies the
conditions

*up .
e =MNxy, 2, ..., 2,) (k=0,1,...,n;—1). (5,8)

(ii) For an arbitrary positive e it is possible to find an 7 > 0 such
that, if the functions ¢ and all of their derivatives with respect to
Zy, %y, ..., %, of order up to L, change by less than 5 in G,, then the
solution of the Cauchy problem changes by less than ¢ in all of G.

It follows from the preceding considerations that only those
solutions of the Cauchy problem for which this problem is reason-
able are of interest in physics (the word ‘physics’ is always used in
the most inclusive sense). On the other hand, Hadamard’s example
shows that the Cauchy problem is not necessarily reasonable for
all equations.

Our considerations concerning the reasonableness of the Cauchy
problem indicate that other boundary-value problems involving
partial derivatives are of interest in the natural sciences only if
their solutions depend continuously, in some sense, on the initial
data; in other words, if they are reasonable.f For every type of

1 Ineach particular case the notion of reasonableness must be precisely defined.
When determining the reasonableness of the Cauchy problem for non-linear
equations, it is essential that we consider as possible initial functions ¢{¥(x;,, ...,x,)
only functions which are close to certain definite functions @{¥(x,, ..., x,). It can
happen that the Cauchy problem is reasonable close to ono system of functions
¢®(xy,...,¢,) and is not reasonable close to another system of functions

B (g, ..., 2,).
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equation there exist boundary-value problems which are ‘reason-
able’ for this particular type of equation.

In almost all cases considered thus far the formulation of such
problems has been suggested by physical considerations. In
particular, all of the problems given in §1 are reasonable.

In this chapter we shall prove the reasonableness of the Cauchy
problem for: (a) the ‘wave equation’ of the second order with an
arbitrary number of independent variables (see para. 1, §1) for a
suitable inclination of the hyperplane on which the initial con-
ditions are prescribed; (b) a linear hyperbolic system of partial
differential equations of the first order in two independent variables.
If we now take into account the result contained in the problem
following remark (3) in §7, we may conclude that the Cauchy
problem is reasonable for linear systems of the form (11,7) in two
independent variables which are hyperbolic in the narrow sense.

§ 9. The notion of generalized solutions

In the preceding section we discussed the reasonableness of the
Cauchy problem for sufficiently smooth initial conditions. It isnot
usual, however, for physical problems to lead to initial conditions
which are sufficiently smooth to justify the claim that the problem
in question has a solution. It often happens that a boundary-value
problem has no differentiable solution if the initial conditions are
not continuous and differentiable a sufficient number of times. In
that case the application of the concept of ‘generalized solutions’ of
differential equations turns out to be extremely useful.

S. L. Sobolev was the first to introduce the concept of generalized
solutions of differential equations and to apply it in a systematic
manner. Following him, we call a system of functions uy, u,, ..., uy
a generalized solution of a system of differential equations in a region G,

if there exists an infinite sequence of solutions (u§p, ...,u%) of this
system which converges uniformly to (u,, ..., uy), i.e. if
N

sup ¥ | u;(P)—uP (P)|-o0. (1, 9)

Pe@®i=1

k—> o

Example. We consider the equation
0%u[ox 0y = 0.

Every function u(z, y) of the form

u=g¢x)+y(y)
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will be an ordinary (as against generalized) solution of this equation
provided that the functions ¢(x) and ¥ (y) are twice continuously
differentiable. We know that it is possible to represent arbitrary
functions ¢(x) and ¥ (y), which are continuous (but not necessarily
differentiable) in a <z <b and c<y<d, respectively, as uniform
limits of sequences of twice continuously differentiable functions
@¥(x) and Y*(y), respectively. Therefore, for any continuous
functions ¢(z) and ¥ (y), the sum

() + ¢ (y)

represents a generalized solution of equation (1,9) in the sense
indicated above.

S. L. Sobolev has proved the existence and uniqueness of genera-
lized solutions for the most typical boundary-value problems for
partial differential equations. In this connection a special definition
of the meaning of boundary conditions for the generalized solutions
is required.

The introduction of generalized solutions by the method in-
dicated above does not extend the class of ordinary solutions of
either elliptic equations (this will be shown later; cf. Harnack’s
theorem) or parabolic equations. In the case of hyperbolic equa-
tions, however, theresulting extensionisof fundamentalimportance.

In order to ensure the existence of ordinary solutions in the case
of the fundamental boundary-value problems, it is necessary to
impose rigid smoothness conditions on the functions prescribed on
the boundary. What makes the concept of generalized solutions
convenient is the fact that, in order to ensure their existence, we
need not impose equally rigid conditions of smoothness on the
functions prescribed on the boundary. To illustrate the point we
solve the Cauchy problem for the equation

0%u 0t = 0%u [0x? (2,9)
with initial conditions
u(0,x) =@(x), uy0,z)=y(x). (3,9)
It can easily be checked that the solution of this problem is given
by the function
— z+i
utt )= 2ETOEICD L[ ymae )
x—1
This formula gives the ordinary solution of equation (2,9) only
under the assumption that ¢(x) has continuous derivatives up to
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and including the second order and that y(x) has continuous
derivatives of the first order. At the same time, for arbitrary con-
tinuous ¢(x), ¢'(x) and Y(x), formula (4,9) gives a generalized
solution of equation (2, 9) satisfying the conditions (3, 9).

Consideration of the generalized solutions of equation (2, 4) is
all the more essential because, usually, the values of the functions
¢(x) and Y¥(x) are known only approximately. Likewise, the
corresponding function u(t,x) given by formula (4,9) represents
only an approximation to the exact solution of the problem.
Whether this approximation is an ordinary or generalized solution
of equation (2,9) does not matter. What matters is that this
approximation differs little from the true solution if the functions
¢(x) and ¥ (x) differ from the true initial conditions «(0,z) and
(0, z) by a uniformly small amount.

Remark. S. L. Sobolev also applies the name generalized solution
of a differential equation in a region G to any function » which is
the limit, in the sense of mean convergence, of a sequence of
ordinary solutions of this equation; i.e. if ¥®) is an ordinary solution,
then a generalized solution is a function « for which

J.[u—u"‘)]zda'»() as k- oo.
e}

Generalized solutions defined in this manner can be discon-
tinuous. For details see S. L. Sobolev, Uravnenia matematicheskos
fiziki [ Equations of Mathematical Physics], Gostekhizdat (1947), in
particular, pp. 292, 298 and 301.

§ 10. The Cauchy problem for hyperbolic systems in two
independent variables.

1. We consider the system

ou; /ot — A, (Ju;/ox) = )}\f]aij(t, x) uy+by(t, x). (1,10)}
i=1

t Except for minor modifications all considerations in this section are applicable
to systems of the form

ou ou; .
3{‘—/\‘ o =f,(t ) Uyy ey uy)  (E=1,2, ..., N)

under the assumption that the functions f,(¢, x, u,, ..., uy) have continuous
derivatives up to and including the second order (cf. the proof of existence of a
solution of the equation dyjdz=f (x, y)

by means of the method of successive approximations).
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We assume that the system is hyperbolic in all of the region G,
i.e. that all A; are real functions of (¢,z). It may be assumed
without loss of generality that

A <A, <. <A,

Through each point of our region pass N real characteristics L;
whose slopes (with respect to the z-axis) are given by k;= — A1 (see
example 5, §3).

If it is not assumed that the coefficients of the system (1, 10) are
analytic, then it is not possible to use the Cauchy-Kowalewski
theorem to support claims of solvability of the Cauchy problem for
this system. We assume that the functions a;, b, and A; are
continuous and have continuous
partial derivatives in some closed
region G bounded by the interval
[a, b] of the z-axis and by the
characteristics L, and Ly at the
points a and b, respectively (see
fig. 5).1 We prescribe on the in- Figure 5
terval [a,b] N continuously differ-
entiable functions ¢,(x), ..., ¢y(z), and we formulate the Cauchy
problem for the system (1, 10) as follows:

Find a solution wy,u,, ..., uy of the system (1,10) which is con-
tinuous in G, has continuous first derivatives, and is such that for t =0

u;(x, 0) = Py(). (2,10)
Under these assumptions the problem has a solution and the
solution is unique.

Proof. We consider the ith equation of the system (1,10). Its
left side is equal, to within a multiplicative factor, to the derivative
of the function u,(t, «) in the direction of the curve L,. In fact, if we
denote by a; the angle at the point (¢, ) between the curve L; and
the z-axis, then, as already indicated,
tana;= —(A;)"L.

Consequently,
cosa; = —A;/(1+ A2, sino;=1/(1+A2)

1 The curves L, and Ly need not intersect. Consequently, the region G can be
infinite.

For what follows it is essential that G be bounded. This can always be achieved
by bounding @, if necessary, by means of a straight line ¢t="17.

All our further considerations are applicable if G is contained in the half-
plane ¢ <0.
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ou ou, ou, 1

d __i=(_t_,\,__t) .
o a5, \at "ioz) T

Here s; denotes arc length along the ith characteristic, and 9/0s;
denotes differentiation in the direction of the sth characteristic.
The system (1, 10) can be rewritten as follows:

N
(1429 (0u/0s;) = Tayu;+b; (i=1,...,N). (3,10)
j=1

If we denote by du; the differential of the function u; along the
i
curve L;, then, using (3, 10), we have
du; = (Za;;u;+b;)ds;/(1+ A2)},
i

and since ds;=(1+A2)kdt,
it follows that

dui= (Eauuj-f-bl) dt (i= l, 2, ceey N). (4, 10)
i

We now fix an arbitrary point (¢,z) of the region @, and we
denote by [, the part of the curve L;, extending from the point (¢, x)
to the point of intersection (0, z) of L, with the interval [a, b] on the
z-axis (see fig. 5). We now integrate the ith relation in formula
(4,10) along the arc/; from (0, z) to (¢, x). We thus obtain a system of
integral equations

N
ui(t,x)—u,-(O,x,-)=J-l (jzlaijuj+bi) dt (1=1,2,...,N),
 \jm

or, in view of the initial conditions (2, 10), the system

ui(i,x)=¢i(xi)+f ()N‘,aijuj+bi) dt. (5,10)
I \j=1

It is clear that every solution of the system (1,10) satisfying the
initial conditions (2, 10) is a solution of the system (5,10). Con-
versely, if we have a solution of the system of integral equations
(5,10), and if the functions which make up this solution have
continuous derivatives with respect to x and y, then, reversing the
order of the steps which led us from (1, 10) to (5,10), we can con-
vince ourselves that the solution of the system (5,10) is also a
solution of the Cauchy problem as formulated. This problem
has thus been reduced to that of proving the existence of a con-
tinuously differentiable solution of the system (5, 10).
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We construct a system of successive approximations to the
golution of (5, 10) in the following manner: we put

wi(t, x)=¢,(x;) (@=1,...,N)

uP(t, x) = @, (x;) +f (Za(t, x) u? +by(t,x))dt (i=1,2,...,N)
1
and, in general,
wrtI(t, x) = @,(x;) +f (Bay(t, ) u™+b,(t,2))dt (i=1,...,N).
L

The latter equality should rather be written as
wPH(t, ) = B[2,(0, 1, 2)]

t
+ f 0 []zaﬁ(v, 21 6, 2)) U (7, 247, b, 7)) + by(T, 27, t,x))] dr.

Here x=ux,(t, 1, 2°) is the equation of the ith characteristic through
the point (¢, 2°). If we can demonstrate the uniform convergence
of the sequence u{”(¢, ) in the closed region @, then the system of
limit functions w,(¢,z) will satisfy equations (5, 10). The uniform
convergence of the sequence «{(t,z) is equivalent to the uniform
convergence of the series

u(¢t, x) + Eo[ug"ﬂ)(t, x) —ulV(t, x)). (6,10)
n=

To prove the uniform convergence of this series we shall construct
for this series a majorizing series of numbers. Since the functions
u®(x,t) and u{(z, t) are continuous in the closed region G, they are
bounded in G.
We put M_=max{| u@ |, Q] wP ], | W R}

in the region G. Then

| wP(t,2) | < M,

| up —ul® | <2M,
We denote A by max|a;,|in G forall ¢, j=1,...,N. Then

(t,x)eG.

N
| uP(t, 2) — uP(t, 7) | sfl ,-Ex| a|.|up —u | dt < 2M AN,
e

N 2
wPt,2)—uPt,z) | < | Tlay|. | wP—uP|dt<2MA2N? iy
7 ) Lish (71 7 7 2
. ij=
We now assume that

An—1 Nn-1n~—1
| (e, @) — D¢, @) | < 2M

(n—1)!
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Then

N

I u‘{””(t,x) —u(i")(t, x) I SL sz a; I . | u(j") __ugn—l) I dt<2M
e

Thus, for an arbitrary »,

| w0, ) — ui(t, @) | <2M

AnNngn
n!

(ANt
n!
The region @ is bounded, however. Therefore, if 7' is chosen to be
greater than the values of ¢t in G, we have in all of G

(ANT

n
|ufp D — ) | < 2M AL "

" . (ANT) . .

Since the series 2—7'—— converges, it follows that the series (6, 10)
converges uniformly in the whole closed region G. This proves the
existence and continuity of the solution of the system (5, 10).

We prove in an analogous manner the uniqueness of the con-
tinuous and, consequently, bounded solution of (5,10) in G. We
assume that we have two such solutions of (5,10) denoted by
Uy, ..., uy and 4,, ..., 4y, respectively. Substituting both solutions
in the system and subtracting corresponding equations, we get

N
ui(t, .l:) - ?Zi(t, x) = . 'Ela,-j(u,— - aj) dt.
i)=
We now assume that

1=1,...,

Then, making the estimates which we made before in the existence
proof, we get that (ANT)"

for an arbitrary n. Taking n sufficiently large we arrive at a con-
tradiction. This proves that M =0 and

wy(t, @) = G(t, );
i.e. the solution is unique.

To complete our proof we must still show that the solution
functions u,(t, ) have continuous first derivatives with respect to
x and y. To prove this it is enough to show that the u,(t, ) have at
all points continuous first derivatives in the direction of /; and with
respect to z, for this fact and the smoothness of the /; prove the
continuity of the derivatives with respect to  and y in all of the
region G.
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The existence and continuity of the derivatives of the u,(¢,x) in
the direction of /; follows directly from the system (5, 10) and from
the continuity of the solution obtained. To prove the existence and
continuity of the derivatives du;/0x we observe, first of all, that
the assumed continuous differentiability of ¢;(x), A,(t, ), ay (¢, ),
b,(t, z) implies that all approximations constructed in proving the
existence of a solution have continuous derivatives with respect to x.
We now differentiate with respect to « the equality which defines
the (n+ 1)st approximation. We gett

ouPti(t, x)

Y 02,(0,t,x)
= Hilr0, 8, 2)] =0

¢ i .
+ f I:Z day(r, @, (7 xa’ (7.1, z)) wf(r, 7, (7,8, 7))
oL X

Ezlfg{l)(T’ Z; (Tif,ﬁ')) axi('r, t, x)
oz, ox

+M,’_’L)):|d1 G=1,2,...,N).
ox

In view of the assumption made about the system (1, 10), we can
prove the uniform convergence of the sequence ou{”[oz (n=1, 2, ...),
using exactly the same method which we used to prove the con-
vergence of the sequence u{. It follows that

+ Zaij(T’ x'i (T’ t’ x))
J

. ou” ou,
i e "
and that this function is continuous, which is what we set out to
prove.

If the functions ¢,(x) were continuous without being differ-
entiable, the construction described in the beginning of this section
would give us only a generalized solution of the system (1, 10) (cf.
para. 2 below).

2. We have shown the existence and uniqueness of the solution of
the Cauchy problem for the system (1, 10) in the class of functions
possessing continuous derivatives of the first order. To demonstrate
the reasonableness of this problem we prove the following theorem
(cf. §8):

t In view of the assumed continuity of the derivatives of A,, the coordinate x,
of the point of intersection of I; with the straight line =7 is a function which is

continuously differentiable with respect to = and ¢. The limits of integration with
respect to ¢ in the line integral do not vary when z varies.
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If the initial functions @,(x) of the Cauchy problem are replaced by
functions yr,(x) which differ from the ¢,(x) by less than u, then the
functions vy(¢, x), which constitute the solution of the Cauchy problem
with the ¥,(x) as initial functions, differ from the corresponding
functions w,(t, x) by less than €, and ¢— 0 if 0.

t
We pu i) =i | 710)
u(t, ) — (8, ) = 2(¢, ). ’
The functions z,(t, z) satisfy the integral equations
Now let us put max |z(t,x)|=e.
t, re@

Then, by means of an estimate analogous to that used in the
existence proof, we obtain

e<n+ AeNt. (9,10)
Replacing each z, in the integral equation (8, 10) by the right side
of the inequality (9, 10) and repeating our considerations, we obtain

2T 242
esn(l+ANz)+e,‘i‘.g’J.

Repeating this operation n times, we infer the correctness of the

inequality AN ANt
esn(1+ANt+...+£(n_)l), )+e( :“)

Going over to the limit as n— oo, we get

e<nexp{ANt}.

From this it is clear that if ¢ is bounded, ¢ > 0 as > 0.

3. We conclude this section with a brief description of a method
(method of finite differences) which enables us to obtain an approxi-
mate solution of the Cauchy problem formulated under para. 2.

Let the initial functions be prescribed on the segment [a, b] of the
x-axis. To approximate the values of the solution functions (¢, x)
of the system (1, 10), which for ¢ =0 are equal to the given functions
¢:(x), we proceed as follows.

We fix an integer n and we divide the interval [a, b] into n equal
parts of length k= (b—a)/n each. We then draw the straight lines
x=a+ ph and ¢t =qh for integral values of p and g which are chosen
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in such a manner that the region @ of existence of the solution of
the Cauchy problem ( cf. para. 1 of this section) is covered with a net
of squares of side length 4. We number each of the vertices of our
squares by means of two indices. Specifically, M,,, is to be the
vertex which is the point of intersection of the straight lines
z=a+ph and t=qgh. We are given the values of the unknown

functions u,(t, x) at all points M,,, namely,

u,(0,a +ph) = ¢;(a+ ph) = (M)
We now describe a procedure by means of which it is possible to
find approximately the values of u,(t, ) at all those vertices of the
network of squares which liein G. At each point M, there are given
the coefficients of the system (1,10) and N numbers
Ay( M) =A% (i=1,...,N).

At each point M,, we draw straight-line segments with slopes
kP0= — (AP%)-1 of such length that they intersect the straight line
t="h. We now find the values of u,(t,x) at the other end-points of
these segments. To this end we make use of the form (4, 10) of the
system (1,10), and we replace the differential along the ith char-
acteristic by the increment, and the equality sign by the sign of
approximate equality. We thus obtain the relation

Au; = (Zau;+by)h,
i
which allows us to find the increment Au; associated with going

1
from the point M, along the ith characteristic (more accurately,
along the tangent to this characteristic) to the line

t=h.

Adding the increments thus obtained to the values of the
functions at the points M, we find the values of each of the
functions u; at points of the line ¢{=h. The values of different
functions will, in general, be determined at different points.
Applying some kind of interpolation procedure to the values of u,
as determined at points of the line ¢ = 4, we now determine its values
at the points M,,, the vertices of the network lying on that line.
Repeating this procedure, we can now determine the values of
u,(¢, x) at points of G on the line ¢=2h. In this way, using inter-
polation and determination of the values of w,(t,x) a sufficient
number of times, we can find approximate values of all the func-

tions u,(t, z) at all vertices in G of our network.
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It can be shown that, as n— 0, the approximate values of the
functions converge uniformly to a limit which gives the exact
solution of the Cauchy problem. Consequently, if n is sufficiently
large, the approximate values found by the above method differ by
an arbitrarily small quantity from the true solution.

If N =2, the procedure for computing an approximate solution of
the Cauchy problem is considerably simplified. In this case there
are only two families of characteristics. We divide the segment [a, b]
of the z-axis on which are prescribed the initial values of », and u,
into small intervals. Next we draw at the points of division
tangents to the characteristics. Using the method outlined above,
we now determine approximate values of %, and u, at those points
of intersection of the tangents to the characteristics which are
closest to the interval [a, b]. Beginning with these points of inter-
section, we again draw tangents to the characteristic and again
determine approximate values of %, and u, at intersection points
closest to [a, b], etc. In this way we obtain the values of u, and u,
on a sufficiently dense point set provided that the initial subdivision
of the segment [a, b] is sufficiently fine. As can be seen, we can, in
this case, dispense both with the network of squares and with the
interpolation procedure.

§ 11. The Cauchy problem for the wave equation.
Uniqueness of the solution

Let the function u(t, x,, x,) satisfy the equation
*uw 0w 0w
W o
Sor points in the interior of a circular cone K whose axis 18 parallel
to the t-axis, whose vertex is at a point A, and whose generators form
an angle o =45° with the t-axis. Further, let the function u(t,x,, x,)
and all its derivatives of order up to the second be continuous in the
interior and on the boundary of K.
Then the value of u(t,x,, x,) at the point A is uniquely determined
by the values of w and of du/cn at the base of the cone in the plane t =t,.
The cone K is said to be characteristic. It can be easily seen that
the surface of K (without its base) is a characteristic surface in the
sense of para. 1, § 3.
The theorem is true regardless of whether the ¢ coordinate of the
point A is greater than ¢, or less than ¢,.

(1,11)
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Remarks. (1) Let us replace the cone whose generators form a 45°
angle with the t-axis by another cone whose generators form an
angle o =arctan a~! (@ =const.) with the ¢-axis. Then, in formu-
lating our theorem, we could replace equation (1,11) by the

equation I (82u azu)

— = — —_
ot? ox? = 0Ox}

In fact, equation (2,11) can be reduced to equation (1,11) by
replacing at by ¢.

(2) We can always assume that ¢,=0. The case of an arbitrary ¢,
reduces to the latter case if in place of the independent variable
t we introduce a new independent variable t*=¢—t¢,. This trans-
formation does not change the form of equation (1, 11).

(3) Let us assume that we are given in the plane ¢= 0 a region @,
with boundary L. We construct cones K with bases in the region ¢/,
with axes parallel to the t-axis, and with generators forming a + 45°
angle with the ¢-axis. It then follows from our theorem that pre-
scribing the values of » and ou/ot in the region G, determines
uniquely the solution of equation (1,11) in the region G of the
space (I, z,,2,), which is filled out by cones K. Thus, for instance,
prescribing » and ou/ot in the square |z, | <a, | %,| <a determines
uniquely a twice continuously differentiable solution u (¢, x,, x,) of
equation (1,11) in the interior of two pyramids with this square
as common base and with sides forming an angle of 45° with this
common base. Prescribing the values of » and ou/ot on the base of
a cone K determines u in the interior and on the boundary of K.

(4) Prescribing the values of 4 and du/ot on some circle G, in the
plane (2, z,) does not determine the solution u(t, x,, z,) of equation
(1,11) at any point B which lies outside the totality of cones with
bases in the circle G, with axes parallel to the ¢-axis and with
generators forming a 45° angle with the ¢-axis. To prove this it
suffices to show that there exists a solution (¢, 2,, z,) for which @
and 0#/0t are equal to 0 in G, and for which %(B)+ 0. To construct
such a solution we observe that, if f(z) is any twice continuously
differentiable function and if a2 + a2 =1, then the function

SE+a 2, +ax,) (3,11)

is a solution of equation (1, 11).
The function (3, 11) is constant at all points of any of the planes

t+a1x1+0&2x2=o, (4’ 11)

(2,11)
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each of which forms a 45° angle with the ¢-axis. Let us choose «,
and «, 8o that the member of the family (4, 11) which goes through
the point B does not intersect the circle G,. It is now possible to
choose a twice continuously differentiable function f(z) such that
S(t+o, 2, + a,y2,) is different from zero at the point B and such that
fand its first derivative vanish in G. Then

U(t, Ty, 2y) =f(E4 o, 2 + oty x,)
will be the required solution.

(5) The uniqueness proof given below applies to a twice con-
tinuously differentiable solution of the equation

%u u c%u

a2 —-gx*%‘i' +3;3

for any value of n. It would then be necessary to replace the three-
dimensional cone mentioned in the formulation of the theorem by a
cone in the space of n + 1 dimensions with axis parallel to the t-axis
and with generators forming a 45° angle with the t-axis. For n=1
this cone reduces to a triangle with base parallel to the z-axis and
with sides forming with this axis an angle of 45°.

Proof of the uniqueness theorem. Let us assume that there exist
in the interior of K and on its surface two twice continuously
differentiable solutions wu,(t, x,, x,), us(l,x;,x,) of (1,11). Let the
values of u; and u, and the values of u,; and uy coincide on the
base K. Then the difference

u(t, &y, o) = uy(t, Xy, ) — uy (¢, 24, 2,)
must satisfy the homogeneous equation (1, 11) in the interior of K,
and u(t, x;, z,) and w(t, x,, x,) must vanish on the surface of K. We
shall have proved our uniqueness theorem if we can show that
u(t, ¢, %,) =0 at the vertex of K.
To prove this we integrate the expression

ou (0%u 0*u ff_zf)

ot \ot* ox? Oux}
over the interior of K. This expression vanishes at all points of the
interior of K, for the function u satisfies equation (1, 11) at those
points. Since dudu 190 (ou\?

ot o 20t ('a_t) ’
oudn 0 (8u au) 0%y Ou

and 3 8~ o, \t w,)  Stdmyox,
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it follows that

8u azu 0%u 82u
ff 2y +(~ai‘)
f 20t 8x1 0z,
0 (Ouou 0 (Ouou
a1 1) 2, (3 )|
We now transform this triple integral into a double integral and
in so doing make use of Green’s theorem. If K; denotes the surface

of the cone K exclusive of its base and if C denotes its base, then all
we need consider is the integral over K,; for, by our initial con-

ditions, B3t = w0z, = du)dx,= 0
at all points of C. We thus have

L o

au ou cos (1, 2,) — 2 cos (n, x2)}d0. (5, 1)t

U ou
at o, ot ox,
But on the surface of the characteristic cone (exclusive of its

base) cos? (n,t) — cos? (n, x,) — cos? (n, x,) = 0. (6,11)

Multiplying and dividing the integrand by cos (n,t) and using the
relation (6,11), we get from (5, 11)

ou ou 2
+ (5 cos (n,xz)—a—zcos (n, t)) }do‘- 0. (7,11)

Here cos (n,t) has been taken out from under the integral sign,
for this quantity is constant on K, (note that cos(n,t)=(2)"* for
t>t, and cos (n,t)= — (2)~% for t < ;).

t We call the reader’s attention to the fact that in transforming the integral

8u a’u 0%u 0%
- da,,
f / / o 872) dida dey

we have made use of the continuity of the first derivatives of u inside and on the
boundary of K and of the integrability over K of the second derivatives of . The
second derivatives of u are always integrable over K if they are continuous on K
and on its boundary.
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The equality (7,11) implies that on the surface of the cone K
(exclusive of its base)

U Uz, Uiy
= = =w. 8,11
cos(n,t) cos(n,x,) cos(n,x,) v ( )

If we denote by m the direction of any of the generators of K,
then, using (8, 11), we get
%
e uycos (m, t) 4+ u, cos (m,z,)+u,, cos(m,x,)
=v[cos (n,t) cos (m, t) + cos (n, x,) cos (m, x,)

+ cos (n, x,) cos (m, x,)]
=wvcos(m,n)=0.

Thus, on the surface of the cone K the derivative of u in the
direction of a generator vanishes. From this it follows that the
function u vanishes at the vertex of the cone, for it vanishes at the
points of its base. This concludes our proof of uniqueness.

§ 12. Formulas giving the solution of the Cauchy problem
for the wave equation

1. Let G, in the space (z,, x,, ;) be the domain of definition of a
three times continuously differentiable function ¢y(x,, ,, x;) and a
twice continuously differentiable function ¢,(x,, z,, ;). We wish to
determine in G (the region described in remark (3) in §11) the
solution u(t, x,, z,, ¥;) of the equation

2 2 2 2
?lf 8u+8u+8u (1,12)

satisfying for ¢=0 the conditions
w(0, %y, Ty, T3) = Po(®y, Tp, 73), (2,12),

(0, 2y, Ty, &) = by (X4, Tp, X5). (2,12),

We first seek a solution u(t, z;, z,, ;) of equation (1, 12) when the
initial conditions have the special form

uy(0, 2y, Ty, 23) = 0, (3,12),
u¢;(0,x1, Ty, X3) = P(2y, Ty, T3). (3,12),
It is then easily checked that the function

(8, X, Xy, L) = Ouy 0t
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satisfies for ¢ =0 the conditions
(0, 2y, Ty, Z3) = P(2y, X3, Z3),
Puy _ Puy  Puy 4 0%uy —0.
o2  ox?  oa?  Oxl

Therefore, the solution of equation (1,12) satisfying both con-
ditions (2, 12) is given by the formula

w=Ou, [0t +ug,. (4,12)

V0, &y, Ty, 73) =

Thus, the general Cauchy problem for equation (1, 12) is reduced to

the problem of finding ;. We claim that

ug(t, %y, %g, T3) = L f‘[ Plo, %, %) do, (Kirchhof’s formula).
47’ Si(xy, Ty T3) ! (5’ 12)

Here Sj(x,,x,, x;) denotes the sphere with radius ¢ and center
(%, @y, ) in the hyperplane ¢t = 0 where the function ¢ is prescribed,
and do, denotes an element of the surface of this sphere. We assume
that the function ¢(x,, x,, ;) is continuous and bounded together
with its derivatives of order up to and including & (k> 2). Then,
as will become apparent from formula (6, 12), the function w; will
have continuous derivatives of order up to and including k.

We first show that ug, given by the formula (5, 12), satisfies the
initial conditions (3,12). That u, satisfies the first of these con-
ditions follows from the fact that

f ?-(gl—’?iia) do, | < least upper bound of | ¢ | . (4mt2[t),
Sy

which means that
Ug(E, Ty, Ty, T3) >0 a8 >0,

As for the second condition, we note that if we put
=y + Pit,

the integral (5, 12) becomes

t
u¢(t,w1,x2,x3)=1—7-rj"[s Py + 1, Xy + By, 23+ tf3) day,  (6,12)

where the integration is carried out over the surface of the sphere
S B+ P+ fi=1, doy=doje
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fixed for all values of x,, x,, x3,t. Hence

ou, 1
_é.t? = él_ﬁf s D@y +10y, Xy +10,, x5+ tf85)doy

t 3
+471J 2 Brdu@y +1fy, @y + 1By, 23 +f5)doy.  (7,12)
S k=1

Here ¢, denotes the derivative of ¢ with respect to a;. It is easy
to see that as t — O the first term on the right approaches ¢(x,, x,, z3)
and the second term approaches zero; the latter is true because the
integral in that term stays bounded.

It remains to show that u,, as defined by Kirchhof’s formula,
satisfies equation (1, 12). From equation (6, 12) we find that

Qug | Fuy Py _ H (82¢ & aﬁ¢) do
T4

ox? " Cal ' Oaf oo} 8a2 Oat2

200009
4"‘~Us.(aa2 2t 52 do,. (8,12)

To compute 0%u,/0f? we rewrite the equality (7, 12) as follows:

Bu u ¢ 29
¢ ¢'
+ 4 J:L‘ (Bal dogdog + - 2, doydog + oty daldaz)

o*¢  0°¢ 32¢)
47” fjf (a—a:—z‘ + < + -8**'3 dal dd2 daa

_U 10
= it (9,12)
) % 0@ %P
where I(t)= j f J.V 8a2 + dad + —a—aa) do, dogdog,

and V, is the surface of the sphere of radius ¢ with centerat (z,, x,, 3)
in the hyperplane t=0.
From (9, 12) we get

By uy [u¢ Io Iw 18I

t " 4mt | 4m2 4mt ot

= 2 (10,12)

P 6
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Now it is easily seen that

aI(t) .”s (az¢ Lo az¢) do,. (11,12)t

oo3 8a2 0a3

Comparing the equalities (8, 12), (10, 12) and (11, 12) we see that the
function u, defined by Kirchhof’s formula actually satisfies the
wave equation (1,12).

Remark. If the function ¢,(x,,z,,x;) is only known to be con-
tinuous together with its first derivatives, then the function u
defined by the equalities (4,12) and (5,12) is only a generalized
solution of the Cauchy problem.

2. Wenow consider the special case when ¢ does not depend on ;.
It is easy to see that in that case the function u, given by Kirchhof’s
formula likewise does not depend on z; and so satisfies the equation

%u %u 0%

==+t 12,12
%~ o (12,12)

In this case, we can replace the integral over the sphere S, by the
double integral taken over the intersection K, of this sphere with
the plane ay=2,. Projecting a surface element do, of this sphere on
the plane a;=ax,, we get

t

[£2— (0 — 2P — (2 — 2

and Kirchhof’s formula can then be rewritten as follows:

do,=

o do,da,,

Uy(t, Ty, T5)

— _!_f Doy, ) do— JJ‘ ocl,qcz)docldoc2
am ) s t - & [12— (2 —2,)2— (az—xz)ﬂé

Therefore, the solution of equation (12, 12) satisfying the conditions

(0, 21, ;) = Po(2y, T5),
0, 2, %) = B, (24, %,)

t In fact, going over to polar coordinates (p, 6, ¢) with origin at the center of
V. we have

I(t)=ft fﬂfzﬂAtﬁ(r, ¢ 0) rtsin 0 drd0d¢,
0/0J0

aI(t)

n (2m
f [ Agp(t, P, 0) t28in 6 dOdP= [[ A¢doy.
ot Jolo J s
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is given by the formula
1 P1(y, p) dexy dox
Y -

— (g —ay)2— (atp— 32)2]‘}

Poloty, %) dty daxy
9
8 | W e S
This is the so-called Poisson formula.

3. If the function ¢ does not depend on either z, or x,, then the
function uy given by Kirchhof’s formula is also independent of x,
and z; and so satisfies the equation

o _0t

2 oa?’

In that case it is possible to rewrite Kirchhof’s formula as follows:

5t 2y) = J. s,¢ a,) IIZI+t¢(a)da.

x—t

(14, 12)

Here we have made use of the fact that the area of the portion of
the sphere S, contained between two planes, a,=const. and
a+da, =const., which intersect S, is equal to 2mida; and the
function ¢(a) has almost constant value at all points of this portion
of the sphere.}

Therefore the solution of equation (14, 12), satisfying the con-

ditions u(0,2,) = Po(x;), w(0,x)=¢,(x,),

is given by the formula

1 o+t 10 [att
utta) = [ gy da vy [ g da

=¢o(x1+t)+¢o(x1—t)+l xl+t¢1(a)da. (15, 12)

2 2 Xy ___t

This formula is known as d’ Alembert’s formula.
We recall that according to the uniqueness theorem proved in
§ 11 there exist no solutions of the Cauchy problem other than those
given by (4, 12) for equation (1, 12), by (13, 12) for equation (12, 12),
and by (15, 12) for equation (14, 12). The method used in obtaining

1 The area of a narrow slice of width da of the surface of a sphere is approxi-
mately equal to 2mpdl, where p is the radius of the middle section of the slice and
dl is the length of a generator of the truncated cone inscribed in the slice. But
t/p=dl/de, whence pdl=tda and do,=2ntda.

6-2
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solutions of the Cauchy problem for equations (12, 12) and (14, 12)
from the solution of the Cauchy problem for equation (1,12) is
called the method of descent.

We have found the solution of the Cauchy problem for ¢ > 0. The
case ¢ <0 reduces to the case previously considered if we replace
t by —t; this transformation does not change equations (1,12),
(12,12) and (14, 12).

§ 13. Examination of the formulas which give the solution
of the Cauchy problem

1. Continuous dependence of the solution on the initial conditions.
The formulas which we derived in the preceding section and which
solve the Cauchy problem for the equation

ou 1 %

i ;21 br (1,13)
for n=2, 3 all contain integrals of the initial functions and time
derivatives of such integrals; in the case n=1 they contain only
integrals of the initial functions.

It follows that, if the initial functions ¢, and ¢, are changed so
that these functions as well as their first derivatives change by a
sufficiently small amount, the function (¢, z,, ..., 2,) which gives a
solution of the Cauchy problem will also change by a small amount.
In the case n=1 the same conclusion holds if only the initial
functions ¢, and ¢, are changed by a small amount. If the regionin
which the initial conditions are prescribed is infinite, then it is
obviously necessary to assume that only values of ¢ below a certain
bound are considered.

This shows that the Cauchy problem for equations (1, 12), (12, 12)
and (14, 12) 18 reasonable.

Tt is possible to derive formulas analogous to the formulas (4, 12),
(13,12) and (15, 12) for the solution of the Cauchy problem for an
arbitrary n. It can then be shown that the Cauchy problem is
reasonable for such an equation provided that the initial conditions
are prescribed for ¢ = 0.7 The numbers L, and L, which appear in the
definition of reasonableness (cf. §8) are [$n]+2 and [}n], re-
spectively; here [x] denotes the integral part of z.

1 Such formulas can be derived by the method, employed for instance, in
Goursat, Course of Mathematical Analysis.
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Formulas (4, 12) and (13, 12) show that, regardless of how small ¢,
and ¢, are, the values of |u(f,z),,,2;)| and |u(t,,,%,)]|, re-
spectively, can be very large for small values of ¢ if only the deri-
vatives of ¢, and ¢, are large; the waves can ‘splash’.

2. Diffusion of waves. Formulas (4,12) and (5, 12) show that the
value at the point (¢,x,, ..., z,) of the solution of the wave equation
(1,13) for n=3 depends only on the initial conditions on the
boundary of the base of the characteristic cone with vertex at
(¢, 24, %5,3). On the other hand, for n=1 or n=2, u(t,z,, ...,2,)
depends on the conditions as given on the whole base of that cone.
This is clear from formulas (13, 12) and (15, 12).

Let us assume that the initial values of  and u; for ¢ = 0 differ from
zero only inside a small region G, about some point (0,3, ...,2%).
Beginning with ¢{=0, we consider the values of u at the points
(¢, 2y, ..., x,) for fixed z,,...,x, and for increasing t. In the case
n =23, the magnitude of u(t,z,, ..., z,) can differ from zero only on
a small portion of the considered straight line (in the space
(¢, 2y, ..., ,)); namely, on that portion of the line on which are
located the vertices of those characteristic cones the boundaries of
whose bases intersect the region G,. On the other hand, if n=1
(or n=2) and the point (0,z,) (or (0,z,,x,)) does not belong to
G,, then wu(t,z,) (or u(f,z,,,)) is equal to zero for sufficiently
small ¢t and is, in general, different from zero beginning with
the values of ¢ for which the segment |x,—a,|<t (or the circle
(etg —xy)% + (ay — ¥,)? < t2) intersects the region G..

Consequently, a disturbance set up at ¢t=0 in some small neigh-
borhood of the point (2, ...,29) will, for n=3 and ¢> 0, affect the
values of the function only in those points of the space (xy,...,%,)
which lie close to the sphere of radius ¢ with center (z,, ...,z,). Thus
a disturbance set up at ¢=0 at the point (9, 23, 23) gives rise to a
spherical wave with center at that point, and this wave has a well-
defined front and back. On the other hand, if n=1 or n=2, then
a disturbance set up at t=0 in a neighborhood of the point
(9, ...,2%) affects, in general, all points in the interior of the sphere
with radius t and center (3, ...,2%). The resulting wave has a well-
defined front, but the back of the wave is blurred. We say that in
this case the wave is diffused. For n=3 no diffusion takes place.
It can be shown that no diffusion takes place for the solutions of
equation (1, 13) for an arbitrary odd n > 3.

Disturbances set up in a small region G, of a three-dimensional
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rigid elastic body or of a gas give rise to waves which leave no trace
after them, provided the vibrations satisfy equation (1,12). In the
case of a gas, u(t, z,, z,, ;) denotes, for instance, the deviation from
normal air pressure at the point (x,, z,, z,) at the moment ¢. On the
other hand, disturbances set up in a small region G, of a two-
dimensional continuum, as, for example, a tight membrane or a
water surface, give rise to waves which, in theory, leave a permanent
trace after them, provided these vibrations satisfy equation (12, 12).
In practice they die down very quickly because of the existence of
friction which is not taken into consideration in deriving equation
(12,12). Likewise, a trace is left after the passing of a wave in a
one-dimensional continuum (cf. para. 3 of this section).

3. Examination of d’ Alembert’s formula. We consider two special
cases which give a clear idea of the behavior of the solution of
equation (14, 12) in the general case.

We first consider the case when ¢, (x) =0 and @¢,(x) is of the form
represented in the top drawing in fig. 6 (the heavy continuous line).
For the sake of brevity we write x instead of x,. Then d’Alembert’s
formula has the form

u(t, x) = [ Po(x + 1) + Po(x — t)]. ~

To obtain the graph of u(t,x) re-
garded, as a function of z, for some
fixed positive ¢ it is convenient to
proceed in the following manner: We v
draw two coincident graphs (see broken e

line in the top drawing in fig. 6) ob- l ’ l :
tained from the graph of ¢y(x) by

halving the ordinates of @,(x). Next A/\

one of the two coincident graphs is 5 ¢t

moved as a whole a distance ¢ to the
right in the positive direction of the
z-axis and the other a distance ¢ to the , /\ . /\ ‘
left. As the last step we draw a new 5 — _} o Y
graph whoseordinates, fora given z, are Figuro 6

equal to the sum of the corresponding

ordinates of the two displaced graphs mentioned in the preceding
sentence. Qur drawing gives sample graphs (0, z), u(}, %), u(}, ),
u(1,z). (Ineach case the broken lines are auxiliary lines and the con-
tinuous thick lines are the graphs of u(¢, z) for a fixed value of ¢.)
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We now consider the case when ¢y(z) =0, and

_ [V for |z|<4,
¢1(x)—-{0 for |z|>1%.

Then d’Almebert’s formula takes the form

z+t
u(t,2) = f: s

For each fixed x, u(t,r)=0 as long as the interval (—%,4), where
$1(x) # 0, has no part in common with the interval (x —¢, x +t). The
value of u(t, x) changes as long as the intersection of the expanding
interval (x —t,x +¢t) with the interval (— 4, 4) continues to expand.
As soon as the interval (x—t,2+t) contains all of the interval
(— 3, 3), the value of u(t, x) stays fixed and has the value

1 [t :
Ef $1(a) da. ST B
- P 1dx)
To obtain the graph repre- , , 477, | .
senting the form of the string -2 AN P 1o
for different values of ¢, it is
convenient to proceed as fol- o /z.’—\—_ :-—A——A""
lows. We denote by ®(2) a T ~=7 + "
primitive function of ¢,(z). Sommm s

Then

u(t, )= 4{Px+t)— P(x—1)]. —+— /\ +

| YR .

o
S

To obtain the graph of u(t, )
we draw the graphs of the fune- - _———g¢--------
tions $®P(x) and —}P(x), and /—L“\ '

we move them in opposite ? ~3
directions a distance t along the Figure 7
x-axis. Summing the ordinates

of the displaced graphs we obtain the graph of u(¢, x).

Fig. 7 shows the form of the string for t=0, }, 4 and 1.

That diffusion is taking place in this case is shown by the fact
that, once out of the position of equilibrium, a point 2 never returns
to it.

The functions ¢y(x) and ¢,(r) considered in the preceding
examples are either themselves discontinuous (¢,(z)) or have dis-
continuous derivatives (¢y(x)). Therefore to these functions there
correspond generalized solutions of equation (14,12). To get the
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usual twice continuously differentiable solution of the equation, it
suffices to change somewhat the functions ¢y(z) and ¢,(x) so as to
get graphs of functions with continuous second derivatives. For
the function @y(x) this can be done so that the ordinate of @,(x)
changes by a small amount everywhere. Then the corresponding
solution of equation (14, 12) changes by a small amount everywhere.
&,(x) can be replaced by a continuous smooth function in such a
manner that ®(x) changes by an arbitrarily small amount. Then
u(t, ) will also change by a small amount everywhere.

§ 14. The Lorentz transformation

1. In §1 we mentioned the fact that except for a constant
multiplier the expression
%u *u 0%
is the only linear combination of second derivatives which does not
change its form under a rotation of the space, i.e. under an arbitrary
orthogonal transformation of the coordinates x,,x,, ;. We now
consider in some detail a certain class of linear transformations of
the variables (¢, z;, ,, 3) with constant real coefficients which are
closely connected with the wave equation
2 2 2
%—’:—a—“—a-z—“—a—"=o. (1,14)
2 ox? oOxi oOal
By a Lorentz transformation of the variables z,, z,, z,, x; we mean
any linear homogeneous transformation of these variables

3
y‘i:Za’i;p’xj (i=0’l’293) (2) 14)
i=0

with real coefficients a;; which leaves invariant the quadratic form

22— —ak—al (3, 14)

This means that in the new variables this quadratic form becomes
Y8—yi—-vi- i

It is easy to check that the totality of Lorentz transformations

forms a group. In particular, it is easy to see that the product of

two Lorentz transformations (substitutions) is again a Lorentz
transformation.

We now write down a formula for a special class of Lorentz trans-
formations which have the property of leaving invariant two of the
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last three (space) coordinates. Such transformation has the form

Yo= o+ 2y, ]

y1=7x0+8x1’ X (4, 14)
Yo= Tas J

Ys= T3

For such transformations the identity
yi—yi=af—at
must hold. Substituting in this identity the expressions for y, and
¥, in (4, 14), we get
(axg + B2,)? — (vZy + 02,)* = 2§ — 2}
Whence at—yt=1, 1
p—-0t=—1, (5,14)
aff—yé=0. j
In particular, these equations are satisfied if we put
a=48=coshy,
f=vy=sinhy,
where ¥ is an arbitrary number. Then
Yo = cosh Yrxy+sinh Yrz,,
y, =sinh yrzy+ cosh yrz,,
y2 = x2,
Ys= Z3.

Let us put tanh ¢ = . We then obtain the usual formulas for the
class of Lorentz transformations under consideration:

Yo= (o +B2)[(1 - B2},

1= (Bao+2,)[(1— fA)R,

Y2 = Ty

Ys= 3.
Here f is an arbitrary number smaller than one in absolute value
because |tanhyr| <1 for any .

The formulas (6, 14) are of fundamental importance, since, as we
are going to show, any Lorentz transformation s a combination of an
orthogonal transformation of the variables x,, x,, x5 which leaves x,
fixed, a transformation of the form (6, 14), and a possible change of sign
of one of the variables (a reflexion).

(6, 14)
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Let a Lorentz transformation be given by the formulas

Yo =qgo %o+ @1 &1 + ATy + Qg3 xa’]

Y1= 01079 + 013 Ty + Q19 Ty + A13T3, | (7, 14)

Ya=0p9%g + Qg1 Ty + Agp X + A3 T3,

Y3=0Q30%g + A3 %) + A3 %y + aaaxa-J
We now take the variables x,, z,, z; into the variables z;, x5, x5 by
means of an orthogonal transformation such that

Qg1 %1 + Boy Ty + gy T3 = AL},

with suitable definitions for x; and x;. If, in addition, we put x;
equal to z,, then, as can easily be seen, the transformation which
takes x,,x,;,%,,x3 into xy, 7,2, x; represents a Lorentz trans-
formation. Putting the variables zg, 21, z3, #3 on the right side of
(7,14), we obtain

Yo=Ggo %o +axy,

Y1=A10%0 + b1y 2 + 01525 + byy s, [

Yo =0g0%q + gy Ty + by 2y + byg s,

Y3 =a30%q + b3y @ + by 2y + bya . )

(8, 14)

We will show that in this case a?<a,. In fact, since (8, 14) is a
Lorentz transformation,

Yi—i-yi—yi=a® -2 -t —a?,
whence Vi+yit+yi=cl+a 2+ —a?+yi (9, 14)

Let us put y,=0. Then x;= — (a/ay)z;, and the identity (9, 14)
becomes an identity in three variables

a2 ’ ’ ’
Yityityi= (1 _‘1—20) 1?4+ 23 + 247
0

Since the right side is positive for any x;, z;, x;,
1- (a2/a(2m) > O)
that is, a® <a},.
Let us put a/ay, = £ and let us carry out a Lorentz transformation
of the form (6, 14):

g = (@ + 1) (1 - A2, ]
A= sl |
Ly = x;n

Xy = Zs.

(10, 14)
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Clearly, the connection between y,, y;, ¥, ¥5 and zg, 27, 3, T3 is given
by a Lorentz transformation of the form

U4
Yo=1C%y,
— 4 ” ” n
Y1="C10%p + C11%1 + C13%5 +C1373,
” ”n ” 4 e
Yo =Cop%p t Cg1 T3 + Coa%p + Co33,
” n ” "
Y3="C30%0 + C31 %1 +C32%p +C33%3.

(11,14)

where, as can easily be computed, ¢ = (a2, — a?)}.
We will find the values of the coefficients c, ¢,q, ¢,o and cg.
Putting xg = 1, z{ =x; =3 = 0, we obtain
Yo=0C Y1=C10» Y2=Cop0 Y3=C0-
Hence l=c?—c%—c3y—c3 and c%>1.
Putting y,=1, y;=y,=y,=0, we find that x;=1/c and that
x1, 23, 3 have some definite values ¥y, %;,%;. It follows that

=c2—-F2 272 and c2>1,
that is, c2< 1.

Consequently, ¢2= 1, and, going back to the equality
1=c?—c}y—cly—cly,
we see that C10=Cg9=Cgo=0.

Consequently, the transformation (11, 14) has, in fact, the form

” N\
Yo= 2,
— ” ." ”
Y= €11 %1 + C19%p + €133, (12, 14)
” 4 ” ’
Yo = C91 %) + Cpp g + Co3 T3,
” ” 4
Y3= €31 %1 + C39 T2 + C3373.

“hanging, if necessary, the sign of the coordinate x5, we obtain a
Lorentz transformation which is simply an orthogonal trans-
formation of the variables a7, 23, 23 into ¥y, ¥,, ¥s.

Thus we see that the most general Lorentz transformation (7, 14),
which takes the variables z, into the variables y;, is the result of the
following consecutive transformations: an orthogonal trans-
formation which takes the z; into the z, the particular Lorentz
transformation (6, 14) which takes the z; into the z;, a possible
change of sign of g, and, finally, an orthogonal transformation of
the zj into the y; (1 =1, 2, 3).

If we transpose the matrix of each of the intermediate trans-
formations, we will again obtain & matrix of a transformation of the
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same type. It follows from this that the transpose of a matriz of a
Lorentz transformation is again a matriz of a Lorentz transformation.
From the definition of a Lorentz transformation it follows that the
inverse of a Lorentz transformation is also a Lorentz transformation.

2. We now prove a fundamental fact which clarifies the close
connection between Lorentz transformations and the wave equa-
tion.

THEOREM. Everynon-singular linear transformation of the variables
t, &, Xy, X3 with real constant coefficients which does not change the form
of equation (1,14) is a combination of a Lorentz transformation, a
translation of the origin in the space (t,z,%,,x3), and a similarity
transformation in that space.

To simplify notation we put t=x,.

By the statement that some transformation ‘does not change the
form of the equation’ we mean that any function wu(x,, ,, %,, ;)
(with continuous second derivatives) which satisfies the equation

Ou_Ow_ ow o

OxZ Ox2 Ox Oxi
goes over, after transformation of the z; into the y,, into a function
u(Yo» Y1, Y, Y3) satisfying the equation

0%u 0% 0% 0%
Eﬁ_éy—%_@%_%_fo' (13, 14)
It follows that for any such transformation the following equality
holds for an arbitrary function w(zy, 2,, Z,, ,):
a_gu_thu v Bu e 00
oyt oyt ok a \emd amd amd am) MY
where k is an arbitrary constant. In fact, if we assume, most
generally, that

2, 2 2, 3 2,
Fu_0u_ 0w Ow_ g 4 (15, 14)

3
d th o e — s o —
andthat % Ay rer,” \om oxd omd 0w
we will arrive at a contradiction. What will be contradicted is the
fact that, as a result of such a transformation of the variables, every
solution of equation (1,14) goes over into a solution of a like

o%u (82u %u  0%u azu)
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equation. Indeed, under our assumption, it is possible to choose a
system of numbers uJ, satisfying the two linear equations

3
LS Aguly=1, (16, 14),
i,7=0
Uy — Uy — Uy — ugs = 0. (16, 14),
. 1 3
The function U(Zg, Xy, Xgy X3) = 3, Eou‘}j X x;

satisfies the equations  0%u/dx;0x; =u;.

In view of (16, 14) this function satisfies equation (1, 14) and, after
transformation of the variables, it will not satisfy equation (13, 14).
The latter conclusion follows from (16,14) and (15,14). Con-
sequently, (14, 14) holds.

Let us carry out the similarity transformation

Then k(CY_%% 0w o) | (Fw o dtw ot
' oxr? oxt ox2 ox2) T \Oxg? Ox2 Oxy? oOxy?)’
Consequently, it is sufficient to prove that a transformation

3
yi= X ayxr; (2=0,...,3), (17, 14)
§=0

which does not change the absolute value of the differential
expression Pu P Pu 15,14
ox}? oxj? Oxj? dxy?’ ’

is a Lorentz transformation, that is, it does not change the quadratic
form 252 — 212 — 2y — a2, (19, 14)
But this follows from the fact that, as was shown in §5, under a
linear transformation of the independent variables of the form
(17, 14) the expression,

3

¥ ¢;;(0%u/0x;0x;)

i,§=0
transforms like the quadratic form
3

’ ’
2 Cyxi;
i,j=0
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when the latter is subjected to the transformation

3
x}:_zoaﬂyi (9=0,...,3). (20, 14)
i=

Since the transformation (17, 14) does not change the form of the
expression (18, 14), with the possible exception of sign, the trans-
formation (20, 14) does not change the form of the quadratic form
(19, 14), with the possible exception of sign. According to the law
of inertia, the sign of (19, 14) cannot, however, change under any
transformation with real coefficients. Consequently, the trans-
formation (20, 14) is a Lorentz transformation. Thus, according to
para. 1, the initial transformation (17,14) is a Lorentz trans-
formation, for its matrix is the transposed inverse of the matrix of
the Lorentz transformation (20, 14).

We have thus shown that each homogeneous linear trans-
formation which does not change the form of equation (1, 14) is a
combination of a similarity transformation and a Lorentz trans-
formation. Since it is obvious that the translation of the origin
does not change the form of this equation, our theorem has been
completely proved.

3. Consider an arbitrary hyperplane through the origin in the
space t,x,, x,, £; forming an angle greater than 45° with the ¢-axis.
Such hyperplane (and only such) can be taken into a hyperplanet

t=px,, where |B|<1

by means of an orthogonal transformation of the variables z,, ,, ;.
Using the Lorentz transformation (6, 14), we can take this hyper-
plane into the coordinate hyperplane t*=0. Consequently, it is
always possible to take an arbitrary hyperplane [in the space
(t, %1, T4, x3)] forming an angle greater than 45° with the ¢-axis into
the hyperplane ¢=0 by means of a linear transformation of the

1 Let the equation of the original hyperplane be of the form
At+ Bz, + Cxy+ Dxyg=0, B2+4+C*+D3=1.
TChen the cosine of the angle a, between the normal to the hyperplane and the

.-axis is A/(A2+ 1)}, and its tangent is A-1. Since the normal to the hyperplane
‘orms an acute angle with the -axis, the mapping

Bz, + Ozy+ Dxy=2f,
vith suitably (i.e. in accordance with the orthogonality property of the trans-
‘ormation) chosen z; and 3, maps the given hyperplane into a hyperplane of tho

orm At+z;=0 or t=-—(A“‘)x;, |41 <1.
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independent variables which does not change the form of equation
(1,14). This enables us to solve the Cauchy problem for equation
(1, 14) with initial conditions prescribed on an arbitrary hyperplane
7 forming an angle > 45° with the t-axis instead of on the hyper-
plane ¢=0. This is equivalent to saying that the initial conditions
may be prescribed on a hyperplane 7 which cuts either the lateral
surface or the vertex of each characteristic cone of equation (1, 14).
In fact, by prescribing the values of the function % and its derivative
in an arbitrary direction not in 7 at all points of some region G,
in 7, we automatically prescribe in G, the values of the first
derivative of u in every other direction in the space (¢, z,,x,, z3).
This follows from the fact that, if we know the values of u in Gy,
we also know the values of its first derivative in any direction which
lies in (.. And, by transforming the hyperplane 7 into the hyper-
plane t* =0, we reduce the Cauchy problem with initial data on 7
to the Cauchy problem considered in §12.

On the other hand, it is easy to show that the Cauchy problem for
equation (1, 14) is not reasonable if the initial conditions are pre-
scribed on a hyperplane 7 forming, in the spacet,z, ..., z,, an angle
< 45° with the t-axis.

In fact, if the hyperplane 77 forms a 45° angle with the ¢-axis, it is
a characteristic surface, and the Cauchy conditions cannot be
arbitrarily prescribed on it regardless of their degree of smoothness.

We now consider the case when 7 forms an angle < 45° with the
t-axis. By means of an orthogonal transformation of the coordinates
in the space (x,,,, x;) and by means of a parallel translation it is
possible to transform 7 into a plane of the form

pr+a;=0, |B]<L.

As already observed, such transformations have no effect on the
form of equation (1,14). Further, by means of a Lorentz trans-
formation, it is possible to give the plane 7 the form

*
xf=0.

The form of equation (1,14) remains unchanged by this trans-
formation.
We now prescribe the following Cauchy conditions on the hyper-

K ___ .
plane af =0: u(t*, 0, ¥, 2¥) = Po(3),

21,14
wle(t*, 0,28, a3) = By (a}). (21, 14)
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If it exists at all, the solution w(t*,z¥,a¥, 2¥) of this Cauchy
problem is independent of t* and of xF. In fact, let

(et,f,a¥,a) and (B,aF,2¥,b)

be two points such that the pair of numbers («, @) does not coincide
with the pair of numbers (4,b), and let » be assumed to take on
different values at these two points. Then the function

w(t*, af, a¥, af) —u(t* +y, of, o, 2% +¢),
where vy=pf—a and c=b-a,

satisfies equation (1,14) and, without being identically zero,
vanishes for 2¥ = 0 together with its first derivative with respect to
x¥. This contradicts Holmgren’s theorem concerning the uniqueness
of the solution of Cauchy’s problem for equation (1,14) with
constant and, consequently, analytic coefficients.

We have thus shown that, if there exists a solution of the Cauchy
problem for equation (1, 14) with initial data of the form (21, 14),
then this solution is independent of t* and of x¥. But then this
solution satisfies the Laplace equation

2u %
ox¥? ox¥:

for which we have already proved the unreasonableness of the
Cauchy problem.

§ 15. The mathematical foundations of the special principle
of relativity

The special principle of relativity asserts that all laws of nature
have the same form for all observers who move with respect to one
another with uniform, straight-line motion. More precisely, for
each of these observers there exists a ‘local’ space-time coordinate
system (¢, x,, oy, 3) (¢ is the time coordinate, and x,, z,, 2, are the
space coordinates) in which any given natural law is expressible by
means of the same equations. In particular, for each of these
observers the speed of light in his local coordinate system is the
same in all directions. For the sake of simplicity we assume that
this speed is equal to 1.

We wish to find a connexion between the local space-time co-
ordinates of two observers A’ and 4" of whom A" is assumed to be
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moving uniformly and along a straight line with respect to A’. The
velocity of 4” is equal to 8, | #| <1. In view of the assumption
that space and time are homogeneous and isotropic, we consider
the required connexion to be linear and its coefficients to be func-
tions of # only. We denote the local space-time coordinates of
A’ by (¢, 27, xy,2;) and the local space-time coordinates of A” by
(¢", 21,25, 23). For simplicity in notation we shall sometimes write
x, instead of ' and xj instead of ¢”.

Thus, let

"
T

Xr, =
j

It

aij(ﬂ)x;:+ai (i=0;172y 3)' (l) 15)

We shall find the connexion between the coordinates (¢, z;, z3, x3)
and the coordinates (t”,z7, x3,3), using only the assumption that
the velocity of light is constant for the observers 4’ and 4”.

We describe the rectilinear propagation of a plane light wave by
means of some non-constant function

flagt’ +a,21 + ayx; + azx;), (2,15)
whose values move as a result of the changing time ¢’ in a direction
perpendicular to the plane

a,x; + a,x; + a2y = const.
with the speed —ay/(a? +ak+a3)}

which is equal to 1 by assumption. Here a,,a,, a,.a; are constants.
It follows that =2 +ad+ad. (3, 15)
Since the velocity of light for the observer A” in his local co-
ordinates t”, z], 23, a3 is also equal to 1, we find, on going from the
coordinates x; to the coordinates 7, that the expression

apt’ +a, ) +a,r; +azxg
goes over into the expression
agt” +ayxy +ayx; +azxy +b

and ag>=a,2+ay? +ay% (4,15)

We shall show that the coordinates t”, x7, x3, 3 are obtained from
the coordinates t’, z;, 3, ; by means of a Lorentz transformation
and a translation of the origin. By means of a translation of the
origin we can replace the coordinates t”,y,x;,2; by coordinates

P 7
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t,%,, Z5, 23 whose connexion with #', 27, x5, 3 is given by the homo-
geneous linear equations

5= Zayf)e; (=0,1,2,3) (5, 15)

Now let the function
’ ’ ’ ’
flaoxy+a, 21 + ay2; +azxs)
go over into the function
’ ’ ’ !’
f(@oo+ a2, + a5z, +a32;),
where the numbers ag, a;, a,, a; satisfy the relation
/2 ‘2 ‘2 2
ag* —a2—a—az?=0
as soon as the numbers a,, a,, a,, a, satisfy the relation
ai—a?—a}—ai=0.

Here ay,a,,a,,a, is an arbitrary system of numbers satisfying
equation (3,15), and a,,a,,a,,a; is the corresponding system of
numbers resulting from the transformation (5,15). We shall show
that it now follows that (5,15) yields the Lorentz transformation
for the coefficients a, that is, that

2 _n2—n2_pg2=pn’'2__g'2_'2__'2
at—ai—at—at=a®—a?—a®—az’

In fact, what we do know from the form of the substitution (5, 15)
is that the relation between the a, and their transforms under (5, 15)
must be of the form
3
a}—ai—a}—ai= Y ky(f)a;a; (6,15)
i,j=0
We first show that

3
' jZokij(ﬂ)aéaJEk(ﬂ) (a’z—aiz—aéz—aa )- (7,15)
1 1=
In fact, Zkyy(B)aja;= (8,15)
implies a—a2—axt—a:=0, (9,15)

and conversely. This means that the surfaces given in the four-
dimensional space ag, ay, a3, a; by (8,15) and (9, 15) coincide. It is
easy to see that this implies the correctness of (7,15). Consequently

0§ —a - a3~ a3 = k(B) (a5 ~oi?~ a2~ a?).
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If we consider the motion of the first system with respect to the
second, we have, analogously,

ag?—aj?—ag? —ai? =k () (@§ - a} - a}—a3),
whence kB k(—p)=1.

On the other hand, since neither system is in any way distinguished,
we must have
v k() =k(-p),

and, consequently, k(f8)= + 1.

When the variables x; are subjected to the transformation (5, 15),
the variables a; are also subjected to a linear transformation. It
follows that the number of plus and minus signs in the quadratic
form in the a; cannot change. Hence k() =1, and the form

2_ a2 a2 2
aQy—aj—az—as

must remain invariant under the transformation (5, 15). Thus, the
transformation of the variables a, is a Lorentz transformation. The
linear transformation to which the a; are subjected when the x; are
transformed by means of (5, 15) is given by a matrix which is the
transposed inverse of the matrix (5,15). Consequently, (5,15) is
itself a Lorentz transformation (cf. para. 1, § 14), which is what we
set out to prove.

§ 16. Survey of the fundamental facts of the theory of the
Cauchy problem for general hyperbolic systems

So far we have discussed the Cauchy problem for the wave equation
(1,12). In this section we give a brief survey of the basic facts of
the theory of the Cauchy problem for general hyperbolic equations
without giving proofs of these facts. Of primary interest to us are
linear second-order equations.
1. Consider the linear equation
% o%u n c%u
gﬁ—‘,ﬁlAifa—x:—a%Jr . lAm‘

1=

n_ ou ou
—_6t8xi+i§1Biéz+B°~5£+Ou+D’
(1,16)
whose coefficients 4;;, 4;, B;, C and D are functions of ¢, x, ..., z,,.
We call this equation ¢-hyperbolic in some region G of the space
(¢,2,,...,2,) if the following condition holds. Every straight line

7-2
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in the real space (x,,,,...,a,) going through the origin cuts the
surface
n n
1 i jEIAij(t, Ty, onns Ty) 0 0+ iZlAm-(t, Lyyeeny Tp) O (2,16)
in two real distinct points. If «,,...,a, satisfy equation (2, 16),
then the hyperplane (in the space (¢,z,,...,z,)) whose normal is
parallel to the vector (1,«,, ..., a,) is characteristic (cf. §3).

Let K be a surface with a conical singular point at t =10, z,=2x).
We call K a characteristic cone of equation (1,16) at the point
(20,29, ...,23) if the tangent hyperplane at every point of K (in-
cluding the vertex) is characteristic.

i F(t,x,...,x,)=0

is the equation of the surface of the characteristic cone (or, more
generally, of any characteristic surface (cf. §3)), the function F
must satisfy the equation

oF\2 » OF oF n oF oF
(3) =2 10 5y, 00 1 2y
At each point (%, 29, ..., %) in the region G at which equation (1, 16)
is t-hyperbolic there exists in G' a unique characteristic cone with
vertex at this point which intersects every hyperplane ¢ = const. in
some closed surface S, provided that |¢—1#°| is sufficiently small.
This cone and the part of the hyperplane ¢ = const. which is bounded
by the surface S bound a certain region K.

If n=1, the characteristic cone degenerates into two curves /,
and [, emanating from the point (%, 2°), and its base degenerates
into the straight-line segment whose end-points are the points of
intersection of the line ¢ = const. with the curves /, and I,.

2. There exists a number L depending on = with the property
that, for every pair of L times continuously differentiable functions
Do(2y, ..., x,) and @y(x,, ..., x,) prescribed in some region G, of the
hyperplane t=t,, the t-hyperbolic equation (1,16) has a unique
twice continuously differentiable solution satisfying the conditions

U(tgy Ty eees ) = Po(Tq, ...,xn),}
/ 3,16

ul(to, xl, ...,xn)=¢1(x1, ...,xn)- ( )
Given a point (¢, 2y, ...,2,), this solution is uniquely determined by
the conditions (3, 16) at that point if the base of the characteristic
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cone with vertex at this point is entirely in G,. We denote the
totality of such points (¢,z,, ..., x,) by G-

If the functions ¢(z,,...,x,) and ¢,(x,,...,x,) and all their
derivatives up to order I, change by a sufficiently small amount,
then the corresponding solution will change little in the whole
region (. Hence, the Cauchy problem for equation (1,16) is
reasonable.

For linear hyperbolic equations with constant coefficients con-
taining only terms with second derivatives, L=[}n]+2. S. L.
Sobolev has shown that for general second-order equations
L =[4n]+ 3; here it is assumed that the coefficients of the equation
have continuous derivatives of order up to [{n]+ 2.t

3. We say that no diffusion of waves takes place for equation
(1,16) in the considered region G in the space (¢,z,,...,2,) if the
value at the vertex (¢,2y,...,2,) of the characteristic cone of the
solution % of the Cauchy problem depends only on the values of ¢,
and ¢, on the periphery of the base of this cone for an arbitrary
disposition of the characteristic cone in the interior of the region G.
Otherwise we say that diffusion of waves does take place. Hada-
mard] showed a long time ago that diffusion of waves always
takes place for n=1 and for an even n. In 1939 Matisson§ in-
vestigated the case n=3. He found that, apart from insignificant
transformations, for n=3 the hyperbolic equations for which no
diffusion of waves takes place are the same as equation (1, 12); all
these equations can be obtained from equation (1, 12) by means of
the following simple transformations:

(a) change of independent variables,

(b) linear substitution of the function u (i.e. replacement of «
by au+f),

(c) multiplication of both sides of the equation by some function
of t,2,,...,z,.

4. In this section we have considered so far only the case when
the Cauchy conditions are prescribed on the hyperplane t=0. The
case when the Cauchy conditions are prescribed on an arbitrary
surface can be reduced to this special case by a change of the

1 8. L. Sobolev, ‘A now method for the solution of the Cauchy problem for
linear hyperbolic equations’, Matematichesky sbornik, vol. 1 (43), 1(1936),
pPp- 39-72 (in Russian).

1 Hadamard, Le probléme de Cauchy, Paris (1932), pp. 209-41.

§ Matisson, Acta Math. vol. LxX1, no. 3-4, 1939, p. 249,
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ndependent variables, provided that all characteristic cones with
rertices sufficiently close to this surface intersect it in closed
n — 2)-dimensional surfaces.

5. The non-linear equation

o%u Ou ou 0%u 0%y )
ot? Yot’ " 0w, Y Owyoxy T Otoxy
(4,16)
s said to be ¢-hyperbolic in the neighborhood of some function
ut, 2y, ...,2,) in some region G of the space (t,z,,...,x,) if the
ollowing linear equation is ¢-hyperbolic in G':
0%u 0%u 0%u
ks “21 3,0, 4 § % 3tam;’
i=

=F(t,x1,...,xn,u

(5, 186)

vhere A;; are the partial derivatives of the right side of equation
4, 16) with respect to 0%u/ox,0x; computed for

w=uy(t, 2y, ...,2,) (¢=0,1,...,n;5=1,2,...,n).

For the non-linear equation (4,16), the Cauchy problem is
‘easonable if the conditions

U(tgy Xy v es Tp) = Po(Xys .. r ),
Ui(los Xqy o vy X)) =Dy (21, ..., 2,),

orescribed for ¢=t,, are such that equation (5, 16) is hyperbolic in
’he neighborhood of the function

Ug(E, By, ooey B) = Go(@y, ..o, Tp) + (E— 1) P1(2y, ..., 25).

3. L. Sobolev showedt that for a non-linear hyperbolic equation
L < [4n] + 4; here it is assumed that the function F on the right side
»f (4,16) has continuous derivatives of order up to [4n]+ 3 with
respect to all its arguments.

6. The system of linear equations
N Ok u,

AooFore T (2. oL, 2,)
B N A ) g T "atk"axk‘ . Ofn

=fi(t, zy,...,z,) (¢=1,2,...,N)

T 8. L. Sobolev, ‘On the Cauchy problem for quasi-linear hyperbolic equa-
tions’, C.R. Acad. Sci. U.R.S.S., vol. xx, no. 2-3 (1938), pp. 79-83 (in Russian).
8. L. Sobolev, ‘A contribution to the theory of non-linear hyperbolic partial
differential equations’, Matematichesky sbornik, vol. v (47): 1 (1939), pp. 71-99 (in
Russian).
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is said to be t-hyperbolic at the point (2, 29, ..., 9) if for arbitrary
real a;, the sum of whose squares is positive, the roots A of the
determinant

3 A%I;,,k, k,.)(to’ xg, s :17%) Akod{‘h-- aﬁn
kot Kyt .ot bn=ng

are all real and distinct. ¢-hyperbolicity of a non-linear system in
the neighborhood of any of its solutions is defined in an analogous
manner,

The Cauchy problem has been proved reasonable for hyperbolic
systems.

7. We now outline a method for finding an approximate solution
of the equation 2 2
Tu_Tu, Tu (6,16)
o2 ox* 0y?
with initial conditions
u(0,2,y)= ¢(.’17, Y), u;(O, z,y)= lﬁ(x’ )

The functions ¢(x,y) and ¥ (x,y) are assumed to be four times
continuously differentiable and to be defined in a square G

a<xz<b, c<y<d.
We construct three families of parallel planes in the space
(t,z,y): t=kA (k=0,1,2,3,...),
x=md, y=nd.

Here A and ¢ are certain positive numbers. The numbers m and =
assume all integral values satisfying the inequalities

a<md<b and c<nd<d.
We assume for the sake of simplicity that
a=m;8, b=my8, c=nd, d=n,d.
In equation (6, 16) we replace uy (kA, md, nd) by

af(k—1)A,md, né]+u[(k+ 1) A, md, nd] — 2u(kA, md, nd)
e i ,

! (kA, md,nd) by

U[kA, (m+ 1) 8, n8) +u[kA, (m — 1) 8, nd] — 2u(kA, md, nd)
o ’

1 I. G. Petrovsky, Matematichesky sbornik, vol. 1t (44) (1937), pp. 815-70 (in
Russian).




104 PARTIAL DIFFERENTIAL EQUATIONS
and uy, (kA,md,nd) by
ua[kA, md, (n+ 1) 81+ a[kA, mé, (n— 1) 8] — 2u(kA, md, nd)
62 ’

It is easy to check that if u(t,x,y) is twice continuously differ-
entiable, then, for small values of A and &, the errors which result
from the above replacements are small. The differential equation
(6,16) now becomes a difference equation which we denote by
(k,m,n).

Analogously, in the condition %j(0, z, y) = ¥(x, y) we replace

u(A, mé, né) —u(0, md, né)
6 ’
and in the condition %(0, z, y) = ¢(z, y) we replace
u(0,mé,nd) by u(0,md,nd).

Then the initial conditions determine the values of u(0,mé, nd)
and %(A, md, nd) at all net points for which the corresponding points
(0, mé, nd) lie in G.

Now writing out the difference equations (1,m,n), we find the
values %(2A, md, nd) at all points (2A, md, nd) which are the vertices
A’ of pyramids of the form shown in fig. 8. Here it is assumed that
all points [0, (m + 1), (n + 1) &] lie in the interior of the square G,
i.e. that

uy)(0, md,nd) by

my+l<m<my—1, n+l<n<ny,—1.

Next, writing out the equations (2,m,n), we find the values of &
at the points (3A, m,n), where

my+2<m<my—2, m+2<n<n,—2,
using the already determined values of % on the planes
t=A, t=2A.

Continuing this procedure we find the values of % at all points
(kA, md, nd) lying in the interior of the pyramid with base G in the
plane t=0 and with sides forming an angle arc tan (A/d) with this
plane.

If A<d and & is sufficiently small then it can be shown that the
values of u(kA, md,nd) differ by little from the values at the points
(kA, mé, nb) of the function u(t,x,y) which s the exact solution of the
Cauchy problem under investigation.

The approximate values of u(t, z, y) for ¢ < 0 are determined in an
analogous manner.
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Similar constructions allow us to find an approximate solution of
the Cauchy problem for more general hyperbolic equations of the
second order with an arbitrary number of independent variables
(cf. R. Courant, K. Friedrichs and H. Lewy, ‘Ueber die partiellen
Differenzengleichungen der mathematischen Physik’, Math. Ann.
vol. ¢ (1928), pp. 32ff.)

A’ (2A, mé, nd)

(3, (m+1)3,(n—1)3)

(A (m 1) (n- 1)) (3, md, (n - 1)

(A, (m -1)8, nd)

(3, md, nd) {3, (m +1)3, nd)

[&;md, (n + 1)3) (3, 0m + 1)8, (n+ 1)4)

(3, (m =~ 1), (n + 1)8)

(0, mé, né)

Figwoe 8

Part II

VIBRATIONS OF BoUNDED BonIES

§ 17. Introduction

1. Part 1 of this chapter was devoted to the Cauchy problem. We
were primarily interested in the wave equation (1,12) which
governs vibrations of homogeneous isotropic elastic bodies. The
study of the function wu(t,,z,,...,x,) which characterizes these
vibrations at points (z,,z,,...,z,) for ¢ sufficiently close to the
initial moment leads to the Cauchy problem. Since the value of the
solution u(¢, 2, ..., x,) of equation (1, 12) at the vertex P(t,xy, ..., z,)
of the characteristic cone is completely determined by the values
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of the initial functions ¢, and ¢, on the base Cp of this cone, we can,
when studying u(t,z,, ...,z,), ignore the effect of the boundary as
long as Cp does not extend beyond the region in which the functions
@, and ¢, are prescribed, i.e. as long as Cp does not intersect the
boundary of the body. It is in this sense that we may be said to
have studied in Part 1 vibrations of infinite or unbounded bodies.

In Part 11 we shall study vibrations of bodies taking into account
their boundaries. Limiting ourselves again to the study of vibrations
of homogeneous isotropic bodies, we are led to the problem of
finding a solution of the equation

0%u ™ 0%

satisfying at ¢t = 0 the initial conditions
(0,2, ..., %) =¢o(2y, ..., xn),}
(0,24, ..., T,) = P12y, ..., T,),
when the point (z,...,%,) is in a given region @, and certain
boundary conditions prescribed on the boundary of @ and valid for
all values of ¢£. We shall consider only homogeneous boundary

(2,17)

conditions of the form u=0, (3,17),
oufon=0, (3,17),
(ou/on)+ou=0, (3,17),

where o is a non-negative continuous function independent of ¢,
given on the boundary of @, and 0/0n denotes differentiation in the
direction of the outer normal to the boundary of G (cf. §1).

Certain physical problems, such as the problem of vibration
of non-homogeneous elastic bodies, lead to the problem of finding
a solution not of equation (1, 17) but of an equation of the form

29 n
under the initial conditions (2, 17) and boundary conditions (3, 17).
Here p, p,, ¢ and f are certain sufficiently smooth functions of z; and,
ordinarily,  p>p,>0, p;>py>0, ¢>0.

Since equations (1,17) and (4, 17) do not change if ¢ is replaced
by —t, all considerations connected with the solution of these
equations for ¢ > 0 are valid for ¢ < 0.

The problem of finding a solution of equation (4, 17) satisfying
the initial conditions (2, 17) and the boundary conditions (3, 17) is
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called the mixed initial and boundary-value problem. All of Part 11
of this chapter is devoted to this problem.

2. The mixed initial and boundary-value problem is not the only
type of problem which can be posed for equations (4, 17) and (1, 17)
in a bounded region. Practical questions often lead to other
problems for these equations. A few such problems are now given
for the simplest equation

0%u/0t? = 0%u/0a2. (5,17)

(1) The Goursat problem. Find a solution of equation (5, 17) given
its values on two characteristic segments.

On the interval OA4 (cf. fig. 9) of the characteristic {+ 2 =0

u(t, x) = ¢(z).
t t
~
e \\\
B A B
// L
A e
N
N
AN
N
0 x 0 *
Figure 9 Figure 10

On the interval OB of the characteristic t —x =0
’ll,(t, x) = W(x)

Also, for the solution to be continuous we must have

$(0)=¥/(0).

(2) Find a solution of equation (5,17) given its values on the
interval OB of the characteristic t=x and on the curve L which
emanates from the origin, lies in the angle formed by the characteristics
t= +x, and 18 such that every characteristic t=x+C cuts it in one
point only (cf. fig. 10).

The reader will be able to solve these problems by himself using
the solution w(t, %) = fy(t +2) + folt — )
of equation (5, 17) (cf. example 2, §6).

In both cases solutions can be found in the rectangle formed by

the characteristics through the end-points of the curves on which
the values of u are prescribed.
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(3) If the values of the function w(t,x) are prescribed on two
curves L and L, (which for the sake of simplicity we assume to be
straight lines) emanating from the origin, then two essentially
different cases arise: (@) L and L, lie in the interior of the angle
formed by the characteristics at the origin; (b) L and L, are separated
by a characteristic.

In the first case a unique solution of equation (5, 17) is determined
by prescribing on L and L, the values of u(¢, z) only. In the second
case it is necessary to prescribe on one of the curves L and L,
‘Cauchy data’, i.e. the values of the solution and of its first deri-
vative in the direction of the normal to this curve (cf. Goursat,
Course of Mathematical Analysis).

3. Our subsequent considerations will, in the majority of cases,
apply for any value of n. In view of the convenience in calculations
and drawings, we shall conduct many of our arguments for n =2 or
for n =1, giving separate formulations for other values of » only if
such formulations differ essentially from those forn=2orn=1.

Thus, assuming n=2, we shall consider solutions u(t, ,,z,) of
equations of the form (1, 17) and (4, 17) for 0 <¢< 7', when the point
(1, %,) is an interior point of a region G' bounded by a curve con-
sisting of a finite number of arcs /; with continuously turning
tangent. We assume, that as we approach an end-point 4 of an
arc /;, the tangent approaches the tangent to the arc [, at 4.

An equivalent statement is the following. Assuming n=2, we
shall consider solutions u(t, z,, %,) of equations of the form (1,17)
and (4, 17) defined in the interior of a cylinder C), with generators
parallel to the ¢-axis and going through the boundary of a region ¢
in the plane {=0 and with bases lying in the planes t=0and ¢t=17,
respectively. In all of Part 1 the solutions u(¢,z,,2,) considered
are assumed to satisfy equation (1,17) or equation (4,17) in the
interior of O and to be twice continuously differentiable in C,
i.e. in Oy as well as on its boundary.

§ 18. Uniqueness of the mixed initial and boundary-value
problem

Let u,(t, 2, 2;) and u,(t, z,, z,) be two solutions of the equation
u_otu ot
o2 0a?  oxd’

defined in the cylinder C;, and having all the properties listed in the

(1,18)
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preceding paragraph. Let u, and u, be solutions of the same mixed
initial and boundary-value problem. In other words, we assume
that the two solutions satisfy the same initial conditions (2, 17) for
t=0 and the same boundary conditions of one of the types (3,17)
on the surface of the cylinder U exclusive of its bases. We now wish
to show that the two functions u,(¢, z,, x,) and u,(t, z,, z,) coincide
at all points of the cylinder (. The proof of this assertion is
equivalent to the proof of the following theorem.

THEOREM. The function
u(t, 2y, 2p) = uy(t, Ty, Tp) — Uy (8, 25, T,),

which satisfies equation (1,18) in the interior of Cp, which is twice
continuously differentiable in C, which satisfies one of the conditions
(3, 17) on the surface of Cp exclusive of its bases, and which vanishes
together with w; for t=0, is identically equal to zero in Cp.

Proof. We consider the integral

2 2 2

f” ou (aa;; g;; g ’i) dtdz, dz, (2, 18)
over the cylinder Cu, 0<t*<T. Since the function u satisfies
equation (1,18), this integral must vanish. We transform this
integral into an integral over the surface of the cylinder C. in a
manner analogous to that used in § 11 in proving the uniqueness of
the solution of the Cauchy problem.

We get

AL ()],
LG )

t‘
J dtf aua cosnxl) 8t88 cosnxz)]ds—

As usual, [ denotes the bounda,ry of the region G and ds denotes
an arc element of the boundary. The first integral is taken over the
upper base of the cylinder C,., the second over its lower base, and
the third over the lateral surface of the cylinder. The latter integral
can be rewritten in the form

ou ou
j dt 3o —ds.
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Thus we finally obtain

L)+ @) ) ] e
L) ) ) Lyt
“f a ?:gud =0. (3,18)

In view of the initial conditions, the second of these integrals
vanishes. Now consider the third integral. It is equal to zero if
%= 0 on the boundary of @, for then du/0t is also equal to zero on this
boundary. Itisalso equal to zero if ou/on = 0 on the boundary of G.
Finally, if on the boundary

(ou/on)+ou=0,

then our integral goes over into the integral

L ou, 1 t* B(u?)
fo dtflauﬁds— —Efladsfo 5 dt

- —éf ) wu*mw%f (ou(0)ds. (4,18)

The latter integral vanishes in view of the initial conditions. Hence,
for all t* between 0 and 7,

[T (@ (@) et 619

provided ©=0 or du/on=0 on the boundary of @. On the other
hand, if
(Qufon)+ou=0

at all points of the boundary of G, then

L)+ (2t i

(6,18)

Since o > 0 and ds > 0 (cf. § 1), the relations (5, 18) and (6, 18) imply
that for each of the boundary conditions (3, 17)

LG )+ @] wmtemo o
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Since we are assuming that all first derivatives of « are continuous
in Cp and that t* is an arbitrary number between zero and T', the
relation (7, 18) implies that in all of C

This means that u is constant in C,. And since «(0, x,,x,) =0, we
must have u(t, xy, 2,) =0

in all of Cy. This completes our proof.

Using similar considerations and slightly more complicated com-
putations, we can prove the uniqueness of the solution of the mixed
initial and boundary-value problem for equation (4, 17).

Wenote that, apart from a constant multiplier, the integral on the

left side of (7, 18) is equal to the sum of the kinetic and potential
energies of a vibrating membrane at the moment ¢ =¢*.

§ 19. Continuous dependence of the solution on the initial
data

THEOREM. Let there be given for n=1 two solutions u,(t,x) and
uy(t, ) of equation (1,17) in the cylinder Cp.t Let both solutions
satisfy boundary conditions of any one of the types (3, 17) on the lateral
surface of Cp, and for t=0 the initial conditions

u(0,2) = ¢P(x), uy(0,2) = PP(x)

uy(0,2) = gP(x), uy(0,%)= ¢(12)(x)

If the differences
PP(@) - dP(@)=i(x) (1=0,1)
and their first derivatives are suffictently small at all points of G, then
the absolute value of the difference
Uy(t, ) — u, (¢, ) = u(t, x)

18 as small as we please in all of Cp

An analogous theorem holds for solutions of equation (1,17) in

Cy for an arbitrary n. To insure this smallness of

Ug(byy Tyy oeny @) — Uy (8, gy oo ) = Ut Xy, -0, Xy)
in all of C;, in this general case, however, we must require that the
functions (0,2, ...,x,) and uH(0,2,,...,2,)

t Clearly, for n=1, the cylinder C, is simply a rectangle with sides parallel to
tho ¢- and z-axes,
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and all their derivatives with respect to #,,...,x, of order up to .
and including [4n]+ 1 differ by little from zero at all points of G.
In addition to our assumption certain supplementary conditions,
which hold automatically in the case n=1, must hold for the
derivatives of order up to [4n] of these differences at all points of
the boundary of G in the base of . In view of the complexity of
the proof for the case n > 1, we shall give the proof for the case =1
only.

Proof of the theorem for n=1. We again consider an integral of the
form (2, 18) over the cylinder €, which now degenerates into a
rectangle. As before, this integral vanishes for all t* between zero
and 7'. Transforming it as before, we get

f fc,. ou (?;t?; 32“) dt da
LT 6]
-, Ga e, G e

Whence, in view of the fact that a <b and}

, ou ou ou ou
w0,2)=¢o uO.2)=¢ | =5 wl._." om’
we get
l b ?3)2_'_ %_ ? dx
2 a ot (ax) t=t*
1 t* Qu ou t* Ou ou
- 2 '2 == a7 AT
—2J‘a [¢1(x)+¢0 (x)]dx+ 0 8t an x=adt+ 0 at an r=b
(1,19)
If u(t,a) =0 or du(t,a)/on =0, then
t* Ou ou
. B x=adt—0.

On the other hand, if for x=a, the boundary condition
(Oufon) +ou=0

1 We recall that 9/dn always denotes differentiation in the direction of the outer
normal.
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holds, then

t* Ju du _ t* Su o ud(t*,a) o,u*0,a)
. —B_té—faz:adtﬁ—af atdt—— 5 + g
Similar equalities can be written down at x =5 if at £ =5 one of the
following conditions is imposed:

u(t,b)=0, ou(t,b)jon=0.

Thus, rejecting, if necessary, negative terms on the right side of
(1, 19), we get for each type of boundary conditions (3, 17)

LI 3. s

+0,93(a) + o, $3(b). (2,19)F

The assumed smallness of the right side implies the smallness of
the left side. Denoting by €2 the value of the right side of (2, 19), we
find that for every t* between zero and ¢ and for every z (e <z <b),

x au 2 .

x 2
L (%%)hpdx < e (3,19),

Applying Schwarz’s inequality to the inequality (3,19),, we
find that

| w(t*, x) —u(t*,a)| <f o

=f dx<|:f dxj ( )dx] <(b-a)le. (4,19)

From the mequahty (3,19), we obtain in a similar manner the

inequality
o (? "E)u
EJ‘,, udx |= | j

This inequality implies tha.t

b
f u(t*, x)dx

t For boundary conditions u=0 or du/dn=0 this inequality becomes an
equality expressing the law of conservation of energy.

P . 8

x
ou ds

| < b-ajpe.  (5,19)

<tre(b—a)t + max| @, | (b—a).  (6,19)



114 PARTIAL DIFFERENTIAL EQUATIONS

Integrating the inequality (4, 19) with respect to x from x=a to
x=>b, we find that

Jbu(t*,w)dx—(b—a) u(t*,a)| < e(b—a)t, (7,19)

and, estimating the value of the integral on the left side of (7, 19) by
means of (6, 19), we see that the values of u(t*, a) are as small as we
please for all ¢* in the interval (0,7') for sufficiently small ¢ and
max | @, |. Making use again of the inequality (4, 19) we now obtain
the required result: «(t*, z) is small in all of the rectangle Cy.
Remark. If at one end of the interval [a, b], at the end x =a, say,
the condition u=0 forall ¢>0
were given, then the smallness of |u(t,z)| in the interior of Cj
would follow directly from (4, 19).
If at one end of the interval [a,b], at the end z=a, say, the
condition (oujon)+ou=0 for o,>0

were given, then (1, 19) would imply that

f : [(%1{)2 + (S—Z')zl:t_ d + o uA(t*, a)

b
<[ 1)+ g e+ o)+ o di0) < o2
Whence o ud(t*,a) < €2,

and the smallness of u(t*, x) in O would again follow directly from
(4,19) in view of the smallness of u(t*,a).

Remark 2. If n>1, then the assumed uniform smallness of
| %(0,2,,...,2,) | and | %0, ,, ..., z,)| would, just asin the case n = 1,
imply the smallness of

ou\2 [ou\? ou
JolG) )+ ) Lot 0

The smallness of this integral for all * between zero and 7' and the
smallness of | u(0,,, ..., %,) | would not suffice to insure the small-
ness of |« | in Cp, however. It is possible to give an example of a
function » for which this integral is small for all values t* considered
which, nevertheless, assumes very large values at some points of
Cr, regardless of the smallness of | u(0,z,, ..., z,) |. To guarantee the
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smallness of | % | in Cp it would be sufficient to require that together
with the integral (8,19) all integrals of the form (8,19) with
replaced by all possible derivatives of the form

Otkodakr ... Qxckn for k<[in]

be small for ¢=t*, and that the values of |«(0,z,,...,2,)| be
uniformly small. It is under these assumptions that the smallness
of | u | in Cj can be proved for ¢, and ¢, and their derivatives with
respect to x,, ..., x, of order up to [4n] + 1 small and absolute value,
provided certain supplementary conditions hold for the values of
¢o and ¢; on the boundary of G.t

Remark 3. Ifinformulating the theorem proved above we restrict
ourselves to boundary conditions of the form u =0 and Ju/on =0 at
each of the end-points of the interval [a, b], then the requirement
of smallness of |u(0,z)| and |u(0,z)| may be replaced by the
requirement that | «(0,a) |, |«(0,5) |, and

b au 2 b au 2
fa (5?),=de’ fa (a),=od‘°

be small, for in this case only the above integrals appear on the
right side of (2, 19).

§ 20. The Fourier method for the equation of a vibrating
string

1. Many mixed initial and boundary-value problems can be
golved by applying the so-called Fourier method. In thissection we
demonstrate the use of the Fourier method by means of an example.
In the next section we shall show how this method can be applied
to obtain the solution of a mixed initial and boundary-value
problem for a linear second-order equation in two independent
variables.

Let it be required to find a solution of the equation

0%u0t? = 0%u/0x2, (1,20)

satisfying the initial conditions
w(0, 2) = ()
uy(0, %) = Py (x)

t See S. L. Sobolev, C.R. Acad. Sci. U.R.S.8. vol. 1 (x), no. 7 (1936), p. 279.
8-2

} (0<z<l), (2,20)
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and the boundary conditions
u(t,0)=u(t,))=0 (¢>0). (3, 20)
We first try to find a non-trivial (not identically equal to zero)
solution of equation (1, 20) of the form
u(t,z)=T(t) X(x), (4, 20)

satisfying the boundary conditions (3, 20). We assume that 7'() is a
function of ¢ only and X(x) a function of 2 only. Substituting the
right side of (4, 20) in place of « in (1, 20), we get

XT"=X"T or T"|T=X"|X. (5,20)
The left side of the latter equality does not depend on z, and its
right side does not depend on ¢. Consequently, both expressions

T"|T and X"/X are independent of « and ¢ and so must be equal to
a common constant. Let A be this constant. Then (5, 20) implies

that T"—AT =0, (6, 20)

X"—AX=0. (7, 20)
Thus equation (5, 20) yields two equations of which one contains
only functions of ¢ and the other only functions of . In such cases
we say that the variables have been separated.

In order to obtain a non-trivial solution u(¢, z) of the form (4, 20),
satisfying the boundary conditions (3, 20), it is necessary to find a
non-trivial (i.e. not identically equal to zero) solution of equation
(7, 20) satisfying the boundary conditions

X(0)=X(l)=0. (8, 20)

The form of the general real solution of (7, 20) depends in a funda-
mental manner on whether

A>0, A=0 or A<O.

I. The case A>0. Here the general solution of equation (7,20)
can be written in the form

X (x)=C, exp {Az} + Cyexp { — At}
For the boundary conditions (8, 20) to hold, we must have
C,+Cy,=0 and Cexp{Atl}+Cyexp{—Atl}=0.
Consequently, we must have

C,exp {A}[}=C,exp{—Atl}.
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The latter inequality can be satisfied only if C;=0. But this
implies that Cy=0. Thus, in this case, we obtain a trivial solution
of equation (7, 20).

II. The case A=0. Here the general solution of equation (7, 20)
is of the form X(z) =0, +C,.

For X (0) =0 to hold, C; must be zero. Then the condition X(/)=0
takes the form (,!=0, i.e. C,=0. Consequently, just as in case I,
we see that here, too, the only solution of equation (7,20) which
satisfies both boundary conditions (8, 20) is the trivial solution.

III. The case A< 0. Here the general solution has the form

X(x)=C, cos (—A)x+C,sin (- A)iz.
For the boundary condition X(0)=0 to hold, we must have
C,=0.
Then the condition X(I)= 0 becomes
Cysin(—A)}=0 or sin(—A)} =0,
for C,= 0 would again lead to a trivial solution. The equation

sin(—A)}I=0
is satisfied if and only if

(=)l =km eg A=—(k2n%[2),

where k is any integer or zero. Since we are assuming that A< 0, k&
cannot be equal to zero. The value of A isindependent of the sign of k.
Consequently, all values of A for which equation (7, 20) has a non-
trivial solution satisfying the boundary conditions (8, 20) are given
by the formula

A= — (k*n?[l?) where k=1,2,... (9, 20)

The problem of finding non-trivial solutions of equation (7, 20)
satisfying the boundary conditions (8, 20) is a special case of the
so-called ‘eigenvalue problem’ or the ‘Sturm-Liouville problem’.
The values of — A for which our problem has non-trivial solutions
are called eigenvalues, and the non-trivial solutions are called eigen-
functions corresponding to the given eigenvalue. In our case the
eigenfunction corresponding to the eigenvalue k27?%[I? is

X, (x)=Csin (km|l)x.

In view of the homogeneity of equation (7, 20), the eigenfunctions
are determined to within a constant multiplicative factor C,. By
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suitably choosing this factor we can make the function X, ()
satisfy a certain supplementary condition, or, as we say, normalize
the eigenfunction. We will find it convenient to normalize our

eigenfunctions so that !
f Xi(x)de=1.
0

For this we must have C,= (3)%.
For the rest of this section the symbol X,(z) shall mean
X, (x) = (3)}sin (kn[l) .

We now turn to the solution of the mixed initial and boundary-
value problem formulated in the beginning of this section. Re-
placing A in (6, 20) by its value A, given by formula (9, 20), we get

T" + (k*n2/12) T'=0.
Whence T,(t)= Ay cos (km[l) t + By sin (km[l) ¢,

where A4, and B, are arbitrary constants.

All functions
km

w(t, 2) = X(2) Ti(t) = (3} sin ’_C__lﬂ x(Ak €08 —- t+ B, sin %1’ t)

satisfy equation (1,20) and the boundary conditions (3,20) for
arbitrary 4; and B,. We now try to determine these constants so
that the infinite series

u(t, x) =k§]1X,c(x) I:Ak cos ,—C{-r t+ By sin ]flf t:l (10, 20)

satisfies equation (1, 20), the boundary conditions (3, 20), and the
initial conditions (2, 20). We start with the initial conditions. First

w(0,)= 3 A4, Xy(z) = dolz) (11,20)

must hold. In addition, assuming that the series is termwise
differentiable, we must have

(0, x) =k§ kT"Bka(x)=¢l(x). (12, 20)

Let us assume that the functions ¢y(x) and ¢,(x) can be represented
in the interval (0,7) by absolutely and uniformly convergent series
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m sin (kmr[l) x. We know from the theory of trigonometric series that
this can always be done if the functions @,(z) and ¢,(x) are con-
tinuous together with their first derivatives and if these functions
vanish at the end-points of the interval (0,7). Let these conditions
be satisfied. Then, in view of the fact that

| sin (kmjl)¢| <1, |cos(km[l)t] <1,

the series (10, 20) convergesabsolutely and uniformly for 0 < z < land
for arbitrary ¢. This means that the function u(t, x) defined by the
series (10, 20) is continuous and that it satisfies the first initial condi-
tion (2, 20) as well as the boundary conditions (3, 20). This, however,
does not justify the conclusion that this function satisfies the second
initial condition (2, 20) and equation (1, 20). Such conclusion would
be valid if the series (10, 20) were differentiable twice with respect
to x and twice with respect to t. Asis well known, termwise differ-
entiation is allowed if the formal result of this operation yields
series which converge uniformly in C. The latter condition will
certainly be satisfied for all values of 7' including 7'=o0 if the
functions ¢, and ¢, are four times continuously differentiable in
[0,7] and if the values of the functions and of their derivatives of
order two vanish at the end-points of the interval [0,{]. Thent

A,=0(1/n%) and B,=0(1/nt).

2. Remark. In practice we usually do not worry about the
possibility of differentiating the series (10, 20) termwise twice with
respect to « and t. We are satisfied if the functions ¢, and ¢, are
continuous together with their first derivatives and if the functions
themselves vanish at the end-points of the interval (0,7). As we
saw, this insures the uniform and absolute convergence of the
series (10, 20) at all points of the rectangle C,. If, for the given
functions @, and ¢@,, there exists in C a twice continuously differ-
entiable solution wu(f,x) of the problem considered, then the
sequence of partial sums S,(¢,z) of the series (10,20) converges
uniformly to this solution in all of Cy. In fact, we know from the
theory of trigonometric series that the Fourier series of every
square integrable function converges to this function in the mean.
Consequently, it follows from the very construction of the series

t By O [¢(n)] we denote any function (n) for which the quotient yr(n)/é(n)
remains bounded as n-—>00.
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(10, 20) that

[[tS00.0)-giorde>0 and [ 840,00 g dz 0
’ ’ for k— 0.
It now follows on the basis of remark 3 in § 19 that
Si(t, ) - u(t,z)

k—>o0
uniformly in all of .

It can happen, however, that, notwithstanding the assumptions
made about ¢, and ¢, in Oy, no twice continuously differentiable
solution of our problem exists. Then the sum of the series (10, 20)
is a generalized solution of this problem. In fact, for an arbitrary
subscript k& the partial sum Si(¢,2) of the series (10, 20) satisfies
equation (1,20) and the boundary conditions (3,20), and for k
sufficiently large this partial sum satisfies the initial conditions
(2,20) to within an error which is arbitrarily small in all of the
interval (0,7). On the other hand the series (10,20) differs from
Si(¢,x) by a uniformly small amount in all of C.

3. Each of the functions

uy(t, ) = X () T),(t) = sin —- fer

l

(Ak cos kl

t+ B, sin klﬂ t)

—-C’ksmkl xsm (t+t0) (k=1,2,3,...)
represents a so-called ‘eigenvibration’ of a string fastened at its
ends. When vibrating according to the ‘eigenvibrations’ corre-
sponding to k£ =1, the string emits the basic, lowest tone. For larger
values of £ we get the ‘overtones’. When vibrating according to the
law ke
u(t, x) = Z Cksm xsm ] (t+ to),

the string gives off mmulta.neously tones of different frequencies
corresponding to the individual terms of this sum.

§ 21. The general Fourier method (introductory considera-
tions)

The Fourier method (also known as the method of separation of

variables) for solving mixed initial and boundary-value problems is

applicable to a certain special class of linear second-order equations



HYPERBOLIC EQUATIONS 121

only, although the problem itself can be solved for a much more
extensive class of equations.

In this section we give a non-rigorous presentation of the
method. The first to give a rigorous justification of the Fourier
method was V. A. Steklov. In the following section we give two
different justifications of the Fourier method, one of them involving
variational principles and the other reduction to integral equations.

Let us consider the hyperbolic equation

ou

02 aZ
AW Gz +C@) 55+ DS

+E'() +[F(t)+F( Yju=0,
(1,21)

where the coefficients 4, C, D, E, F,, F, are sufficiently smooth
functions with

A(t)>ay>0, C(x)<cy<O0; @, Co = const.

We assume that some of the coefficients are functions of x only, and
others of ¢ only; that not because such assumption is called for by
the nature of the problem before us but because we wish to apply
the Fourier method.

Let it be required to find a twice continuously differentiable
solution of equation (1, 21), satisfying the initial conditions

u(0,2)=¢o(x), u(0,2)=¢(2), (2,21)
and the boundary conditions

Agu(t,0)+ Byu(t,0)=0,

Alu(t:l)'*'Blu;(t,l):O (3)21)

As in the example in §20, we first try to find a non-trivial
solution of equation (1, 21) in the form of a product

u(t, z)="T(t) X(x) (4,21)

satisfying the boundary conditions (3,21). We ignore as yet the
matter of initial conditions.

If such a solution exists, then, substituting it in (1, 21), we
obtain an equation which must necessarily be satisfied by the
functions X (z) and 7'(t):

A)T"X +C(x)TX" +D(t) T'X + B(x) TX' + [Fy(t) + Fy(x)) TX =0.
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Since X(x) and T'(¢) cannot both vanish identically, we may write
instead

() '@ X"(x)

a0 73 +00 70+ Ro= 0w L0 -0

E()X()

— Fy().
(5,21)

The left side of (5, 21) is independent of z, and the right side of ¢.
Consequently.
TII TI Xll XI
AT—I-D /i + F(t)= — OY_E X —Fy(x)= —A,
where A is some constant.

These equalities represent a pair of ordinary differential equations
for the determination of the functions 7'(t) and X(x), respectively.
Multiplying the first of these equations by 7'(t) and the second by
X(x), we can write them in the form

A@)T"+ D) T" + Fy(t) T+ AT =0, (6,21)t
C(x) X" + E(x) X' + Fy(x) X —AX =0. (7,21)t

Since 7T'(t)5£0, for the function (4, 21) to satisfy the boundary
conditions (3,21) the following conditions must necessarily hold:

A,X(0)+B,X'(0)=0,
A, X(l)+B, X'(l)=0.

The problem of finding non-trivial solutions of equation (7, 21)
satisfying the conditions (8, 21) is known as the eigenvalue problem.
This problem does not have a non-trivial solution for every value
of A. The values of A for which there exist non-trivial solutions are
called the eigenvalues of this problem and the non-trivial solutions
themselves are called eigenfunctions corresponding to the given
eigenvalue. The totality of eigenvalues of a given problem is called
its spectrum.

In the next section we show that the eigenvalues of our problem
represent an infinite sequence

A Ay oo gy oo

To every eigenvalue A, there corresponds an eigenfunction X, (t)
which, in view of the homogeneity of equation (7, 21) and the con-

(8,21)

1 This equality is obvious at those points at which X(x)30 and T'(¢)+0. At
points at which one or both functions vanish, the correctness of the equality
follows from & continuity argument.
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ditions (8, 21), is determined to within an arbitrary multiplicative
factor. We choose this factor so that

[ e xp@120=1, (9,21)
0

where p(x) is a certain as yet undefined function fixed for a given
equation.

We show in the sequel that the eigenfunctions corresponding to
different eigenvalues are orthogonal with respect to the weight
Sfunction p, i.e. they satisfy the equalities

l
ij,Ax)X,(x)dx:O for k=1 (10, 21)
0

We solve equation (6,21) for every eigenvalue A,. The general
solution of equation (6,21) for A=A, (we denote it by 7}(¢))
represents an arbitrary linear combination of any two linearly
independent particular solutions Ti¥(t) and T3*(t)

T(t) = C, T () + C.TR(2).
We choose Ti¥(t) and T*(t) so that they satisfy, for t= 0, the initial

conditions =L TE0=0) (11, 21)
Tg*(0)=0, Tg*(0)=1, ’
and we put u(t, ) =T,(t) X, (x).

For an arbitrary value of the subscript £ the functions wu,(t, x)
satisfy equation (1, 21) and the boundary conditions (3, 21).
To satisfy the initial conditions (2, 21), we construct the series

u(t,¥)= ¥ X6 [ATHO+ BI0L  (12.21)

If this series as well as the series obtained from it by means of
differentiating it termwise twice with respect to ¢ and twice with
respect to x converge uniformly, then its sum will obviously satisfy
equation (1, 21) and the boundary conditions (3, 21). Then for the
initial conditions (2, 21) to be satisfied, we must have

u(0, )= 3 4, Xy(@) = dofe), (13,21)

6(0,2) = 5 BuXy(e)= (e (14,21)
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Assuming that the series (13, 21) and (14, 21) converge uniformly,
we can determine the coefficients 4,, and B,, by multiplying both
sides of the equalities (13, 21) and (14, 21) by pX,,(x) and integrating
with respect to z from 0 to l. In view of (9, 21) and (10, 21), we then

get 1
A= j P& $olo) X (o)

1
B, = f p() () X () d.
0

Substituting these values for the coefficients 4, and B, in the series
(12, 21) we now obtain a solution of our problem provided that the
series (12, 21), (13, 21) and (14, 21) converge rapidly enough for the
series obtained from the series (12, 21) by means of differentiating
it termwise twice with respect to ¢ and twice with respect to z to
converge uniformly.

§22. General properties of eigenfunctions and eigenvalues

1. To investigate the properties of eigenfunctions and eigenvalues
we first show that the equation

C(x) X"(x) + E(x) X'(x) + Fy(x) X () = AX (x)=0  (7,21)
of the preceding section can be reduced to the form
[p(@) X' ()] - q(x) X(x) + ApX () =0 (1,22)

by multiplying it by a suitably chosen function of .
We assume in the sequel that

C(x)<cy<0, c,=const.
Multiplying (7, 21) by p(z), we get
PCX" +pEX' + pFyx—ApX =0.
For the sum of the first two terms to be of the form
[p(@) X']’
we must have (pC) =pkE.
A special solution of this differential equation is

p(x):exp{meZ,C dx}>0.

Lo

Putting pC=—p and pF,= +gq,
we can now write our expression in the form (1, 22).
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Our assumptions imply that

P()>Po,  P(X)>Po; Do, Pg cONSE.
We assume that p(x), p'(x), ¢(z), p(x) are continuous in 0 <z <.

2. We now turn to the consideration of the eigenvalue problem
which consists in finding a non-trivial solution of equation (1, 22)
satisfying the conditions

Ay X(0)+ By X'(0)=0,
A, X))+ B, X'()=0.

THEOREM 1. If X, (x) and X ,(x) are eigenfunctions corresponding to

the same eigenvalue A, then, for some constant c,

X, (@) =cXy(x).

Proof. We first assume that B, 0 and we put¥

X,1(0)/X,(0)=c.
Since both functions must satisfy the conditions (2, 22), it follows
that X;(0)/X3(0)=c.
We note that the function X,(x)=cX,(x) satisfies the initial con-
ditions X,(0)=cX,(0) and X;(0)=cX,(0). In view of the unique-
ness of the solution of a differential equation with initial conditions,
this is the only function with this property. Consequently,

X, (x) =cX,y(2).

If B,=0, then X,(0)=X,(0)=0. We can then demonstrate the
correctness of Theorem 1 by putting ¢ =X;(0)/X;(0).

We assume in the sequel that the eigenfunctions are normalized
with respect to the weight function p, i.e. that

fl/)(x) [X(x)]2dx=1. (3,22)
0

X(z) is obtained from an arbitrary eigenfunction X(x) by multi-
plying the latter by the number

e [X(xnzdx]_*.

It is clear that the normalized eigenfunction corresponding to a
given eigenvalue is determined to within sign.

(2,22)

+ If By#0, then neither X,(0) nor X,(0) vanishes. Otherwise, (2, 22) would
imply the vanishing of X7(0) or X(0) so that either X,(x)=0 or X,(z)=0.
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THEOREM 2. EHigenfunctions corresponding to different eigenvalues
are orthogonal with respect to the weight function p(x). This means that
if Ay £ A, and X,(x) 18 the eigenfunction associated with the eigenvalue
A; (1=1,2), then .
[ e X)X o) a0, (4,22)

0

Proof. We write the identities
(pX3)' —gX, +2A,pX, =0,
(X3)' — X, + 2,pX,=0.

We multiply the first of these identities by X, and the second by
X,. Subtracting one of the resulting expressions from the other we
obtain the identity

[pX1]' X, — [pX3] Xy + (A~ Ap) pX, X, =0.
We now integrate this identity from zero to .
1
[ oxy X, -y X ae

1 l l l
=pX|X,| —-pX}X,| - f pX| X} do+ j pX, X, dX.
0 0 0 0

Since the integrals cancel out and the remaining terms vanish in
view of the initial conditions, it follows immediately that

l
A= 2y) f oX, X, da=0.
0

This implies (4, 22) (because A; + A,).
3. To simplify exposition we limit ourselves to the consideration
of boundary conditions of the form

X(0)=0, X(I)=0. (5,22)

In this section we reduce the problem of finding eigenvalues to
that of finding a minimum of a certain functional. We choose this
functional so that equation (1, 22) is the Lagrange-Euler equation
for it.t

t R. Courant and D. Hilbert, Methods of Mathematical Physics, vol. 1 (1953),
Interscience, New York-London. Also, M. A. Lavrentiev and L. A. Liusternik,
Calculus of Variations, vol, 1, part 2, ONTI (1935) (in Russian).
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We consider two quadratic functionals of the function X (x)

l
#(X)= f (XX s,

7
H(X) =J pX23dzx.
0
The functionals
l
01X, X)) = [ (X{ X+ 0X, X,

l
H(X, Xy)= f pX, X, de
0

are referred to as bilinear functionals corresponding to the given
quadratic functionals. We now prove

THEOREM 3. If A is an eigenvalue of the eigenvalue problem under
consideration, and if X , 18 the normalized eigenfunction corresponding

to A, then G(X,)=A.
Proof. Note that

l l l l
f (X f pXRAX,=pXiX, | - j XY Xd,

and that the first term on the right vanishes in view of the conditions
(5,22). Now, the function X () satisfies equation (1, 22) as well as
the condition of normalization (3, 22) (which can now be written as
H(X,)=1). Consequently,

G(X,)= J [(pX3) —qX,]1 X, dax= /\f pX, X, dx=A.

THEOREM 4. The ratio G(X)/H(X) is bounded from below and,
consequently, has a greatest lower bound.

In fact 1 1
G(X)=f (pX’2+qX2)dx>f qX2%dx

9(x)
2 > =1
OPPX dr> 0:1:2’ p) HX).

Consider all functions X satisfying the condition H(X)=1. For
such functions the set of values of the functional G(X) is bounded
from below. And, since H(X,)=1implies A =G(X,) for every eigen-
value A, we obtain the following important result: The set of eigen-
values of our problem is bounded from below.
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We now consider the problem of finding the minimum of the
functional G(X) with H(X)=1. The class of admissible functions
shall be the class of functions X(x) which are twice continuously
differentiable on the interval 0 <2 <! and which satisfy the con-
ditions (5,22). We assume that this minimum s achieved for some
Sfunction in the class of admissible functions.t Then, as is known from
the calculus of variations, the function for which the minimum is
achieved must, for some value of A, satisfy the Lagrange-Euler
equation for the functional

A(X)-AH(X) =f: [pX'2+qX2—ApX2]dx

l
= f F(z, X, X')dz,
0

i.e. an equation of the form
oF d oF _
0X dzxoX'
which, in our case, coincides with equation (1,22). The boundary
conditions of the eigenvalue problem and of the variational pro-
blem considered also coincide. Consequently, the function X,(x)
which minimizes G(X) with H(X)=1 is an eigenfunction of the
original eigenvalue problem. Since, by Theorem 3, G(X,) is always
equal to A, it is clear that the eigenvalue for which X, () is an eigen-
function must be the least eigenvalue. We denote it by A,.
We now show that the function which minimizes the functional
G(X) in the class of admissible functions satisfying all conditions
listed so far and the additional condition

l
prlex=0
0

0,

is an eigenfunction corresponding to the eigenvalue which is second
in magnitude (starting with A,).

t The proof of the existence of a solution of this problem as well as of other
variational problems discussed in this chapter can be found in the supplement by
I. M. Gelfand and G. A. Sukhomlinov to the book by M. A. Lavrentiev and
L. A. Liusternik, Principles of the Calculus of Variations, vol. 1, part 11 (1935) (in
Russian). For an English source see Courant-Hilbert, Methods of Mathematical
Physics, vol. 1 (1953), Interscience, New York-London. It is shown in courses on
the calculus of variations that if we enlarge the class of admissible functions by
requiring that its elements be functions which are once continuously differentiable
only, our problem would again have a solution which would necessarily be twice
continuously differentiable and would therefore coincide with the solution of this
problem in the class of twice continuously differentiable functions.
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In fact, the minimizing function must satisfy the Lagrange-
Euler equation for the functional

l
HX)—AH(X)—p f pX, X dx.
0

This equation can, in the case considered, be written in the form
(pX') —qX —2pX +upX, =0, (6,22)
where A and u are certain constants.

We now show that # = 0. For proof we write down equation (1, 22)
with A and X replaced by A, and X, respectively,

(PX})" —qX; +ApX,=0. (7,22)

We now multiply (6, 22) by X, (7, 22) by X, subtract one from the
other and integrate the result from zero to /. Repeating the inte-
gration by parts carried out in the proof of orthogonality and

1
making use of the fact that j pX, X,dx=0, we get
0

.ufle%dx=0,
whence ' 1=0.
C'onsequently, equation (6, 22) is equivalent to the equation
(pX') —qX +ApX =0,

and X is an eigenfunction. We denote this eigenfunction by X,. We
now show that of all eigenvalues different from A, the eigenvalue
A, corresponding to X, is closest to A;. Clearly, A,> A, for an
increase in the number of conditions imposed on the admis-
sible functions can only result in an increase of the minimum of
G(X). A, cannot be equal to A;; otherwise, X,(x) would be
equal to + X,(x) (cf. Theorem 1) which contradicts the condition

1
f X, X dx=0. Consequently, A, > A;.
0

We now show that there are no eigenvalues between A, and A,.
In fact, if there existed three eigenvalues A, > A > A, corresponding
to the eigenfunctions X, X Xx 1, then, as is easily seen, X rather than
X, would be the solution of the variational problem just considered
(cf. Theorem 3).

It can be shown in an entirely analogous manner that the
function X,(x) which minimizes G(x) in the class of twice con-

P 9
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tinuously differentiable functions satisfying equations (5,22) and
the conditions

1
H(X)=1, ijdex=0 (1=12,...,mn—1)
0

(where X,(x) is the jth eigenfunction) is the eigenfunction corre-
sponding to the eigenvalue which is nth in magnitude starting
with A,.

We thus have a method for finding successive eigenvalues and
eigenfunctions. Since we show in the sequel that

A,—>0 as n->00,

it follows that our method enables us to find all eigenvalues and
eigenfunctions.

4. There exists a method for finding the nth eigenvalue and the
nth eigenfunction without finding all the preceding eigenvalues and
eigenfunctions. This method is given by the following theorem of
Courant:

Let ¢,(x), po(2), ..., P,_1(x) be an arbitrary system of continuous
functions on the interval [0,1]. We denote by A(Py,...,P,_1) the
minimum of the functional G(X) in the class of twice continuously
differentiable functions which vanish at zero and 1 and satisfy the
Sfollowing additional conditions :

H(X)=1, (8,22)
1
f pp; Xde=0 (1=1,2,...,n—1). (9, 22)
0
Then the ntheigenvalue A, of the eigenvalue problem considered above is
equal to the least wpper bound of the values of A(¢y, ¢q, ..., b,_q) for all
possible choices of the functions ¢y, ..., P,_;.

Before proving this theorem we note that if X; denotes the :th
eigenfunction and k7, then

G(_Xk, Xj) = 0.
In fact,

l

=pX; X,

13 l 1
- f X[(pX}) — XKl dr=2, f PX,Xyda=0.

Proof of Courant’s theorem. Since, by our previous results,
A(Xl, ceey Xn—l) = An,
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it suffices to show that for an arbitrary choice of ¢, ..., ¢,

/\(¢1’ AR ¢n-—1) < ’\n'

We show that for an arbitrary system of functions ¢,, ..., ¢,_, it is
possible to find an admissible function X(x) satisfying the con-
ditions (5, 22), (8, 22) and (9, 22) for which

HX)<A,.
This will imply that Ay, ..., d,_1) <A,
and our theorem will be proved.
Any function X (x) of the form
X (@) =k¥16k X (x)

vanishes at zeroand /and is twice continuously differentiableregard-
less of the choice of the c,,. We now choose the ¢, so that X (z) satisfies
conditions (8, 22) and (9, 22). Putting X in (8, 22) and making use
of the fact that H(X;, X,)=0 for ¢4k (orthogonality property of
eigenfunctions), we get

H(X):f(:px2dx=k§‘,lck= 1. (10, 22)

The conditions (9, 22) yield the system of equations

i n ]
quﬂ,fdx: chf pP:; X, dx=0 (1=1,2,...,n—1).
0 k=1 Jo

This is a system of n—1 linear homogeneous equations in % un-
knowns ¢,. This system always has non-trivial solutions. We now
make use of (10,22) to normalize one such solution. Using the
normalized c,,, we write down X (x). We now compute G(X):

63)= [ [p(ZaXp + o(See X1z

l non n on
=f (p}] S X Xj+q X chc,XkX,)dx
0\ k=11=1 k=11=1

= YA (Xp) + X e G( Xy, Xj) = 3 R G(Xy)
k=1 k+l k=1

n n
= 2 clzc/\k < /\n Z C% = An’T
k=1 k=1
which is what we set out to prove.

1 For A, <2;<... <A,
9-2
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Remark. Instead of seeking the minimum of the functional G(X)
under the conditions (8, 22) and (9, 22) we could seek the minimum
of the quotient G(X)/H (X ) under the conditions (9, 22). The minimal
value is the same in both cases. In the second case the minimizing
function is determined only up to a constant multiplier, however.

5. We now study the effect on the eigenvalues of a change of the
coefficients of equation (1, 22) and of the region in which solutions
are sought.

(a) A shift of the coefficients p(x) and g(x) in a definite direction
results in a shift of the eigenvalues in the same direction. More pre-

cisely, if (pX'),—qX-F/\pX:O,

(P*X')Y —g*X +ApX =0,
and p(x)<p*(x), g(x) <g*(),
then A, <Ak,

where A, and A¥ are the nth eigenvalues of the first and second of
the above equations, respectively.
The proof follows directly from the fact that

l l
G(X)= f (PX" 4 X du< f X7+ X dr = GH(X).

Therefore A(Drs ey D) SAX Dy, ooy Dra)s
since the class of allowable functions X(2) has not changed.
Consequently, A, < A%.

(b) A shift of the coefficient p(x) tn a definite direction results in a
shift of the eigenvalues in the opposite direction.

Let p(x) < p*(x) and let the remaining coefficients of the equation
remain unchanged. Then, for every function X(z),

G(X)=6*X) and H(X)<H*X).
Hence G(X)/H(X) > G*(X)/H*(X). (11,22)

Every function X (z) satisfying the conditions (9,22) for certain
¢;(x) will satisfy analogous conditions

[Lrrergr@ X@dz=o
0

p(x)
p*(x) ¢(x)'

if we put d*(x)=
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This result and the inequality (11, 22) imply that

APis oo Pu1) Z AX(BY, .0 Bh1)-
And since p¥(x)=p(x)>py>0,
the totality of all (¢,(x), ..., $,_,(x)) coincides with the totality of
all (¢¥(x), ..., ¢%_i(x)). Consequently, A, > A%,

In equation (17, 1) of a vibrating string, p(x) denotes the density
of the string and p =T the tension.

(c) The decrease in length of the interval [0,1] does not result in
smaller eigenvalues. More precisely, if in the eigenvalue problem
under consideration the interval [0,/] is replaced by an interval
[0,0*] with I* <!, and if the eigenvalues of the new problem are
denoted by A%, then A% > A,,.

In fact, A*(¢,, ..., ¢,,_;), which in the new problem takes the part
of A(¢y, ..., §,—1), Will coincide with the minimum of the functional
(7(X) defined for the interval [0, ] if the class of allowable functions
is required to satisfy not only conditions (8,22) and (9, 22) but also
the conditions X (x)=0 for [* <x <![. But imposition of additional
conditions decreases the class of admissible functions and this can
only result in an increase in the minimum of the functional.t

Consequently, D T TR W S V(- SR M
so that A% =A,.

Reverting to the example considered in § 20, we can now derive
the following well-known connexion between the length of a string
and the pitch of its basic tone: the shorter the string the higher the
frequency of its eigenvibrations (which is equal to kw/l) and,
consequently, the pitch of the sound it produces.

6. The method used in investigating the eigenvalues of the eigen-
value problem for equation (1, 22) with the boundary conditions

X(0)=0, X()=0 (5,22)
can be applied in investigating the eigenvalues of the eigenvalue
problem for the equation (1, 22) with the boundary conditions

X'(0)=0, X'(})=0, (12, 22)
or X'(0)—0,X(0)=0, X'(I)+0,X(l)=0, (13, 22)

t If we require that the functions X(x) which are twice continuoulsy differenti-
able on the interval [0, !] vanish for I* <2 <!, then we roquire at the same time that,
in addition to X(z), its first two derivatives vanish at x=1I0*. However, it can be

shown that this additional roquirement does not change the minimum of G(X) on
the interval [0, I*].
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or with one type (of the types indicated above) of boundary con-
ditions at one end-point of the interval (0,/) and another type at
the other end-point.

The following analogue of the theorem in para. 4 enables us to
investigate eigenvalues for the case of boundary conditions of the
type (13, 22).

Let ¢y(x), §o(), ..., Pp_s(x) be an arbitrary system of continuous
Sfunctions on the interval [0,1]. We denote by A(¢,,...,P,_1) the
minimum of the functional

f : (pX'%+qX2) dx+ o, p(0) X2(0) + oy p(l) X2(1)  (14,22)

in the class of twice continuously differentiable functions satisfying
the conditions

l
H(X)=1, fp¢1.de=0 (=1,2,..,n—1). (15,22)
0

Then the nth eigenvalue A, of the eigenvalue problem wnder considera-
tion 18 equal to the least upper bound of the values of A(@,, ..., P,_,) for
all possible choices of continuous functions ¢y, ..., ¢, _;.

Using this theorem it is possible to investigate the dependence
of the eigenvalues on p(x), g(x), p(x), 0y, 0; and [, as was done in the
case of the fastened string.

If we were to take for the functions ¢,,...,¢,_, the first n —1
eigenfunctions X,,..., X, , of the problem under consideration,
then the function minimizing the functional (14, 22) under the con-
ditions (15, 22) would be the nth eigenfunction of this problem and
the minimum of the functional would be equal to the nth eigenvalue.

If 0y=0 and 0;=0, we are led to the eigenvalue problem for
equation (1,22) under the boundary conditions (12,22). In this
case, the nth eigenfunction will minimize G/(X) in the class of twice
continuously differentiable functions satisfying the conditions

l
H(X)=1, prdex=0 (j=12,...,n-1)
0

(X,,...,X,_, are the first n—1 eigenfunctions of this problem),
which are the same as in the case of fastened end-points. However,
we do not now require the admissible functions to satisfy any con-
ditions at the end-points of the interval (0,7). The function which
solves this variational problem satisfies automatically the con-
ditions (12,22). This is the so-called ‘free problem’. It is the
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problem of a vibrating string which is free, i.e. not fastened at its
end-points. We wish to observe that to say that the string is not
fastened at its end-points means only that each end-point can
move along a line perpendicular to the position of equilibrium of the
string and not that these two end-points can come closer to each
other.

7. If the admissible functions are not required to be continuous
at some interior point ¢ of the interval (0,/), then the class of
admissible functions is increased. This can only have the effect of
decreasing A(¢y, @y, ..., Pn_y) and, consequently, A,. The corre-
sponding tone produced by the string becomes lower. This corre-
sponds to the string snapping at some interior point ¢. Then the
end-points of both parts of the string, while remaining each on one
and the same line perpendicular to the position of the fixed, tight
string, can move freely along this line. The corresponding eigen-
function X, will have a discontinuity of the first kind at ¢ and

X(c+0)=0, X.(c—0)=0.
1t follows from our previous discussion that the tones of the string

will become lower in comparison with the corresponding tones of
the whole string.

§ 23. Justification of the Fourier method

1. Here we again limit ourselves to the consideration of boundary
conditions of the form (5, 22), for in all other cases one can apply
entirely analogous considerations.

We give an estimate of A, depending on n. We denote the
maxima of the functions p(x), q(x) and p(x) on [0,1] bY Poaes max
and p, .y, respectively. Similarly, we denote the minima of these
functions on the same interval by i, min 30d Py We now
consider together with equation (1, 22) of the preceding section the
following two equations with constant coefticients:

Prnax X" - Tmax X+ ’\pmin X=0, (1, 23)
Ptn X = Imin X + APax X =0, (2,23)
The results of the preceding section imply that
A <A, <A, (3,23)

where A, denotes the nth eigenvalue of equation (1,23) and A,
the nth eigenvalue of equation (2, 23). However, equations (1, 23)
and (2, 23) can be integrated in closed form and the values A, and
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A, can be computed exactly. Solving equation (1,23), say, and
finding the particular solution of this equation satisfying the initial
conditions X(0)= X(l)=0, we get
anmin — 9max — nr?
Prmax i

Whence
A,=Cm2+C,, where C, and C, are independent of n.
Similarly, A, =c;n%+c,.

Substituting these values in (3, 23), we obtain

2 +cy <A, <O n?+C,. (4,23)
This implies, among others, the existence of infinitely many eigen-
values (and, consequently, of infinitely many eigenfunctions) of
equation (1,22) and their unbounded increase for n — co.

2. We now investigate the behavior of the eigenfunctions for
increasing n. To this end we simplify equation (1, 22) by means of

the substitution z i 1 X 5.923
{= X, U=—7— 4. ’

We choose the functions ¢(x) and y(z) so that, as a result of the
application of the substitution (5, 23), equation (1, 22) takes the
form u"(t) + Au= R(t) u. (6, 23)
'Application of the substitution (5, 23) with arbitrary ¢(z) and yr(z)
takes equation (1, 22) into the equation

du  ($Yp) +oY'p 1 _Ya—-Wp)

A R I
We now choose ¢(x) and y(z) so that this equation has the form
(8,23). For this it is necessary to determine the functions ¢(x) and
¥(«) from the system of equations

pl$*p=1, ($Yp) +¢¥'p=
Solving this system, we get
¢=(plp)¥; ¥=c/(pp)t.

It is now possible to obtain equation (6, 23) (from equation (1, 22))
by means of the substitution

t= [ pppan, w=(opX, (7,23)
say. Here R(t)is a bounded function, for ¢'¢p=|= 0.
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We are to find a solution of equation (6,23) on the interval
0<t<l,, wherel, =r (p/p)tdzx. It is easily seen that the boundary
conditions for u(t) a,rg the same as those for X(z), namely,
#(0)=0, wu(l,)=0.

If X ,(x) denotes the eigenfunction of equation (1, 22) corresponding
to the eigenvalue A, then u,, is the eigenfunction of equation (6, 23)
corresponding to the same eigenvalue.

If 1
J pXidx=1,
0

L
then, as is easily seen, f ui(t)di=1. (8,23)
0
We now give asymptotic formulas for u,(t) for ¢ - c0. To this end
we consider the non-homogeneous equation in the function z(t):
' 2"+ z=R(t)u (A>0), *)

where u(t) denotes a solution of equation (8, 23) for A appearing
in (*). The general solution of our equation is

¢
2(t) =G, cos Akt + Cysin Ad¢ + A1 f R(r)u(r)sin A¥ (¢t —7)dr.t
0

If we put C, =u(0) and C; =u’'(0)/A}, then, for ¢=0, z(t) will satisfy
the same initial conditions as u(¢). Consequently, in view of the
theorem on the uniqueness of the solution of the Cauchy problem
for equation (*), 2(t) will be identically equal to u(t) and we obtain
for u(t) the following integral equation:

¢
u(t) = u(0) cos A¥t + w'(0) A-¥sin Akt + /\‘*j R(7)u(r)sin A} (¢ —7)dr.
)
Now let A coincide with the nth eigenvalue and let v,,(t) be a solution
of equation (6, 23) for A=A, satisfying the initial conditions
va(0)=0, vy(0)=A}.
Such funotion v, (¢) will satisfy the integral equation
' t
v (t) =sin ARt + A+ f R(7)v,(1)sin A, (¢t—7)dr. (9, 23)
0

t R. Courant, Differential and Integral Caloulus, vol. 11, Interscience, New York.
Also, cf. the author's Lectures on the Theory of Ordinary Differential Equaiiones,
Gostekhizdat (1948), p. 141 (in Russian).
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Apart from sign, this function differs from the normalized eigen-
function u,(t) only by the factor

[ f : 22(t) alt]ir =7V1—n°

In what follows we show that
N,—>(2/l)} as n->o0.

We prove first that all functions v,(t) are bounded by some
constant which is independent of n. To this end we denote the
maximum of | v,(f) | on 0<¢<!, by M,. We then have by equation
9, 23 .
o (0| <1240, [ | RO

and, consequently,

L
M, < 1+Mn/\;*f | R(7) | dr.
0
L
Hence Jlln(l ~/\;!'tf | R(7) | dr) <1
0
and M, < 1 —14+0(AH). (10, 23)

X l,
1—/\;1}f | R(7) | dr
0

Since A,, > 0o with » (cf. para. 1), this inequality proves the bounded-
ness of the functions v,,(¢).

We shall need similar estimates for the first and second deri-
vatives of the eigenfunctions. To obtain such estimates we differ-
entiate the integral equation (9, 23). We then obtain

L
v' ()= AL cos ARt +f R(1) v, (1) cos A} (t—7)dr,
0

t
vit)= — A, sin ARt —A| R()v,(1)sin AX(t — 1) d7 + R(t) v,(t),
0
whence |v(t) | <AE+0(1), |vn(t)| <A, +O(AD). (11, 23)

A
Wenowcompute | v2(t)dt,i.e. we find the multiplicative factor by
0

which the functions v,(¢) (and, consequently, their derivatives)
differ from the normalized eigenfunctions u,(t) (and their corre-
sponding derivatives). From (9, 23) we have

v3(t) =sin2 Akt +O(A; ).
L
Hence J 02 () dt = 3, — sin 243 I, + O H) = B, + O b).
0
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This yields immediately estimates for «,(f) and its derivatives
analogous to (10, 23) and (11, 23):

u,(t)= (2] + 0 1),
wp ()= 2/ AL +0(1), (12,23)
un(t)=(2/1,)t A, +O(A}).

Making use of the substitution (7,23), we now obtain from the
above results corresponding results for X (z), namely, the bounded-
ness of the eigenfunctions and the same order of growth of the
derivatives for n— o0 as in the case of the u,(¢).

3. We now go over to the investigation of the problem of ex-
panding an arbitrary continuous function defined on the interva
0 <wx<lin a power series

e, X, (x), (13, 23)
n=1

where X,(), ..., X ,(¢), ... are the eigenfunctions of equation (1, 22).

By means of the technique used for ordinary trigonometric series
it is easy to show that if the series (13. 23) converges uniformly to
the function f(x), then the coefficients ¢, are equal to the Fourier
coefticients of the function f(x) with respect to the system of
functions X,,...,X,, ..., i.e.

n

= [ s X, d (14,23)
0

(cf. the end of §21).

We now associate with every integrable function f(x) its
¢ Fourier series’ of the form (13,23), where the coefficients ¢, are
defined by (14,23), and we investigate the convergence of this
series.

We first show that for every function f(x) which is integrable
together with its square over the interval [0, l] and piecewise continuoust
in this interval, the series (13, 23) converges to f(x) ‘in the mean’, i.e.
that . N .

[ re)- S enx, @ | ds—o.
0 n=1 N—>w®
A system of functions which are orthogonal with respect to some
weight function p(x) and have the indicated property is complete.

t Le. having a finite number of points of discontinuity.
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To prove this theorem we first assume that f(x) is contenuously
differentiable and that it satisfies the conditions f(0)=f(l)=0. We
introduce the notations

3 2 ! 2 f N(x)
D=0~ EanX,@), &= p)ft@ s gy0=52.
We must show that 6% >0 for N-co.
!
Since j pP(x)dr=1,
0
and, in addition,
1
f pon(x) X, (x)de=0 (n=1,...,N),
0

() is seen to be one of the admissible functions of the variational
problem considered in para. 3 of the preceding section. For that
problem, the value of the minimum of G(X) is equal to A, ;.

Consequently N ET

We now compute G(¢y). Using the notations of the preceding
section we find

1 1
Gl = [ 087 + a3 o =35 [ (R +afZ)d

e -

=%%[G (f)— 220 Gan)+n§,lm2‘,lc cn X, X, ):I L
(15, 23)F
In paras. 3 and 4 of § 22 we established the following results:
GX,,X,)=6G(X,)=2,, GX,,X,)=0 for n+m;

l l
G(f, X,)= f (o X, - f [(pXL) —qX,]fdz
0 0

l
- f A, pX, fdx =1, 0,
0

Here we have made use of the restrictions imposed on the values
of f(x) at the end-points.

1 Cf. footnote on p. 128,
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Substituting the values of the functionals in (15, 23) we find that

N
552 [G(f) _3 Ancz] > Ao
n=1

N
G(f) - E /\nci
whence 80— —r=L | (16, 23)
/\1\'+1
According to (4, 23) there is only a finite number of negative A,,.

Consequently, the numerator of the right side of (16, 23) is bounded

for all N. Since Ayy, >0 as N-—>oo,

it follows that 0% >0 as N-—oo,
i.e. the series (13, 23) converges in the mean for every differentiable
function which vanishes at x=0 and x=1.

We can easily free ourselves from the restrictions imposed on
f(x) if we note that, given a function which is integrable together
with its square and piecewise continuous, it is possible to approxi-
mate it to an arbitrary degree of closeness by means of a function
satisfying our restrictions (these restrictions appear in italics
above), for the integral of the square of the difference of the two
functions can be made arbitrarily small. Thus, let f(x) be a function
defined on the interval [0,!] and piecewise continuous and in-
tegrable, together with its square, over this interval. Further, let
f*(x) be a twice continuously differentiable function vanishing at

ZeTo (m(l { such that
[ -rapa<e,

Finally, let N be so large that

l:f* *Xn(x)]-dx< €,y
n==1

where ¢} arc the I‘ourner coefficients of f*(x). Then

[r@]r0- Terx,o]

<[ e [lf(x) —fra) |+

<€ +6+2 P(x) |f(@)—f*@)].
<646+ Z(elez)ﬁ.

f*(x)— Zc . (2 2dar:

n=1

fH@)- ZO*X (®)|d

n=1
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In estimating the last integral we made use of Schwarz’s in-
equality.

We have thus shown that for every function f(z) which is
integrable together with its square there exist numbers N and ¢,
such that

l N 2
f p(@) [f(w)— Zonxn(x)] da (17, 23)
0 n=1

is arbitrarily small. We know, however, that an integral of the form
(17, 23) takes on its least value when the ¢, are the Fourier coeftfi-
cients of the function f(x). Consequently, if the c, in (17, 23) are
taken as these very coefficients, the value of the integral can only
decrease.

Using the orthogonality property of the functions X, (x), it is
easily shown that, if the ¢, are the Fourier coefficients of f(x), then

1 N
8% = f plf(@)Bdx— X 2 >0 (Bessel’s inequality).
0 n=1

Consequently, the completeness condition for a system of functions
can be written in the form of the following equality

@ 1
= j plf(x))*dx (Parseval’s equality).
n=1 0

Parseval’s equality implies, among others, that the Fourier coefficients of every
square integrable function go to zero with increasing n.

We now prove the following result. If

(@) f(z) is three times continuously differentiable and has a piecewise continuous
Sfourth derivative

(b) f(z), f(x), f"(x) satisfy the conditions

fO)=f©)=0, f(0)=f()=0,
fO)=f'()=0, f"0)=f"()=0;

(c) the coefficients of the original equation are four times continuously differentiable,
then

(A) the Fourier coefficients of f(x) for n—>co are of the order of smallness of 1/n*

(B) the Fourier series (13, 23) converges uniformly and is twice termwise dif-
ferentiable.

To simplify our proof we again carry out the substitution (7, 23) and replace
the function f(x) by f,(¢). In view of the restrictions imposed on the coefficients
of the equation, the function f;(¢) will satisfy the same smoothness conditions as
the function f(z), and it will vanish together with its first three derivatives at the
end-points of the interval [0, !], and the function R(t) in equation (6, 23) will be
twice continuously differentiable.
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We shall be interested in the order of smallness of

] i
Cn= f A @ Xnla)do= f 0'f1<t)un(t)dt (18, 23)
for n->co. The function u,,(¢) satisfies the equation
4
u,(t)=N, 8in /\zt+)\;*f R(1)uy(7) sin A}t —7)dr, (19, 23)
0
where N, =}, +0[1/(A,)}] (cf. (9, 23) and (12, 23)).
Using this equation we now show that it is possible to find functions
uX(t), uk*(t), ukX**(t), ukX**(t)
@p () =u,(t), uF*(t)=uf(t), uF**(t)=uR*{), ur***'(t)=u}**()),
which, for n—o0, differ from the functions
—N A bcos Ak, — N AbsinAd, N A7icosAk, N, AZsinAde

(obtained by repeated integration of N sin /\,}_t) by infinitesimals of order higher
than (in the case of the last function—at least as high as) the numerical factors
of the trigonometric functions. Then, integrating (as in tho case of ordinary
trigonometric series) formula (18, 23) by parts and making use of the boundary
conditions for f,(t), we can show that the Fourier coefficients ¢, are of the order
of smallness indicated above.

If we put

it
wh(t)= — N, At cos ,\,l,c_/\;*/ R(r) uy(r) cos Ak (t—7)dr

+/\;1fl R(1)un(r)dr— N, A7 R(0), (20, 23)
it is clear that °
u*(t)=u,(t) and uX(t)=—N,A;¥cos Akt+O(A;Y).
We now tranform the second integral in (20, 23) by substituting in it for 1,(7) the
expression (19, 23) and by integrating by parts the first of the terms obtained:
f;]f(*r) u,(r)dr= N"]:R(r) sin /\,*,Td'r + /\;‘J.: R(-r)drf; R(s)u,(s) sin ’\’.(7_ 8)ds

t
= — N, A7 R(t) cos Akt + N, A R(0) + N,,A;*foR'(v) cos A dr

'l T
+A;t J R(7)dr f R(8) ty(s) sin AR(1—35)ds. (21, 23)
0 0

Putting (21, 23) in (20, 23) we obtain an expression for u¥(t) which is convenient
for the purpose of further integration:

]
u(t)=— N"/\;“* cos /\ﬁt—/\;‘foR(r)u,,(r) cos Az(t—-‘r)d‘r
t
+A;! { —N,R(t)cos Ake+ NﬂfoR;(r) cos Atrdr

+ f ' R(r)dr f ! R(8) up(s) sin ,\g(f—a)ds} .
0 0
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We now put
t
u¥*(t)= —N,A;1lsin )t,*, t— A,‘,‘lf R(1)u,(r)sin Aﬁ(t —7)dr
0

t t T
— N, AGH [ R(7) cos A}rdr+N,A;d / dr f R’(s) cos Adsds
0 0 0
t 7 8
+/\;‘f d’rf R(s)ds[ R(o)u,(o)sin Ax(s—-a)da’. (22, 23)
0 0 1}

It is easy to check that, first, uX*(t) =u¥(t),
and, secondly, u¥*(t)= — N, A;1sin Ade 401,

Further, carrying out as before one integration by parts in each of the three last
terms in (22, 23), we find easily that their order of smallness for n—>00 is not less
than 1/A3 (here an essential point is the boundedness of R”(t) on the interval
[0, 1]). Consequently,

t
u¥*(t)= — N,A;1sin /\gz—)«;l/ R(1)uy(7) sin A} (6 —7)dr 4+ 1720,(t),
0
where the @, (t) are bounded by a common constant for all n.

Putting
uX**(t) =N cos Abe

{ !
+A;2fole(1)uﬂ(r) [cos Ak(t—7)—1]) dr 42 2/00,,(1)111,

we see that
WK () =ud*(t) and wX*¥(t)=NA 1 cos Akt +0(A2).

Integrating once more from zero to ¢ we find the function
uk*rk(p) = NA~28in A} t4+0(A2),

which is of the desired order of smallness.

4. We now prove the following fundamental theorem: 7The
‘Fourier series’ (13,23) of a function f(x) which is continuously
differentiable on the interval [0,1] converges to this function (on this
interval) absolutely and uniformly.

It suffices to show that this series converges absolutely and
uniformly. In fact, since this series converges ‘in the mean’ to
f(z), it cannot converge uniformly to any other function.

Making use of Cauchy’s inequality we can write

n+s8 ) n+8
k§n| o X | =k§n| oMk || XAzt |

n+8 n+sX2 n+s X2 3
S[ch k:‘[ ] ch k][zf
k=n k=n k=1 k=n \k
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We now apply the inequality (16, 23) to get an estimate for the first
factor, and in the second factor we take out from under the sum-

mation sign max | X,(z) | =
3
Then e X | <L) = Aras 82 H]* ('S )
3
<teunta(Z )

Since, according to para. 1 of this section,
Ap=c k2 +c,,

it follows that A=%<(c,k%+¢,)~! and the series 3} A;! converges.
k=1
Consequently, for any €> 0,
nts 1 2
S < M)

for n sufficiently large and for an arbitrary s. Hence, for the same n,
n{s
Z | Ck Xk I <Eg,

i.e. the series Xc;, X, (x) converges absolutely and umformly
5. We now return to the problem formulated in §21. We must
justify the possibility of finding a solution of the equation

ST
with sufficiently smooth coefticients under boundary conditions
u(t,0)=0, wu(t,l)=0
and initial conditions
w(0,2) = Po(), w0, x) =¢hy(x)

in the form of a series

¥10) +B@) 2+ (R0 + ) u=0

ult,z)= £ Xy@) A THO + BT (23,23)
where Z, A X () = dy(x) (24, 23)
3 B Xu(@) = (o). (25,23)

As in § 21, we denote by T %(t) and T'¥*(t) solutions of the equation
AQ)T"t)+D)T')+ F,(t) T+ AT =0, (26, 23)

P I0
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satisfying the initial conditions
T¥0)=1, T¥'(0)=0,

T¥*(0)=0, TE*(0)=1.
We assume (cf. §21) that the original equation is hyperbolic and
that A(t) >a,> 0. It follows that we can apply to equation (26, 23)
all transformations which enabled us to reduce the equation for the
function X, (x) in §§23 and 24 to the form

u” +Au=R(T)u.

The boundedness of the totality of functions 7'%(t) and 7'%*(¢) can
be shown in the same way in which it has been shown for the
functions X () in para. 2 of this section. The same holds for the
order of growth of the derivatives of these functions for & — 0.

The functions 7'}(¢) and T{¥*(t) can be obtained by means of a transformation
independent of k& from the functions z§(7) and z}*(7) satisfying the differential

equation 2+ Az =Q(7)z (27, 23)
and the conditions 2¥(0)=a*, z}'(0)=0b*,
and EHO)=a*, ZEH(0)=b*Y,

respectively. Here the constants a*, b*, a** and b** depend on tho coefficients of
equation (26, 23) only and can be easily computed. In each case, equation
(27, 23) can be reduced to an integral equation in the manner shown in para. 2 of
this section. From the integral equation we can obtain directly estimates for the
maximum of the absolute value of the solution as well as of its derivatives

If the coefficients A(t), D(t) and F,(¢) are constant (as, for example, in the case
of the equation of the homogeneous vibrating string), the corresponding estimates
can be easily obtained by finding explicit solutions of the proper equations
satisfying the required initial conditions.

Since the functions 7%(¢) and TE*(t) are bounded, the series
(23, 23) will converge uniformly if the series (24, 23) and (25, 23)
converge uniformly, i.e. if the functions ¢y(x) and ¢,(x) are con-
tinuously differentiable and satisfy the conditions

Po(0)=o(1)=0, $,(0)=¢,()=0.

For the series (23, 23) to satisfy the initial conditions and the
original equation it is necessary that it be twice termwise differ-
entiable with respect to both variables. From what has already
been shown it follows that the first and second derivatives of the
functions X, («) and 7}(¢) do not exceed a quantity of the order of
cA,. If the functions ¢y(x) and ¢;(x) satisfy the supplementary
conditions of smoothness formulated in para. 3 of this section (small
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print), then, for some c,, their Fourier coefficients 4, and B;, do

not exceed the quantity c,/A%. Therefore, for a suitable M, the

series M kz: 1/A,, majorizes the series obtained by differentiating the
c=1

series (23, 23) termwise two times. This proves that these series

converge uniformly.

Thus the series (23, 23) is actually the solution of equation (1, 21)
and satisfies the conditions set down.

Problem 1. Show that the solution of the boundary-value problem
for equation (1, 21) depends continuously on the functions ¢y(x) and
@,(x) (in the same sense in which this was shown in §19 for the
equation of a vibrating string).

Problem 2. Using the result of the preceding problem show the
existence of a generalized solution of this equation if the functions
do(x) and ¢;(x) are continuous together with their first derivatives
and vanish at the end-points of the interval.

§ 24. Another justification of the Fourier method

It is possible to show the completeness of the system of eigen-
functions of the eigenvalue problem and the fundamental properties
of this system without solving variational problems. This can be
done by reducing our boundary-value problem to a Iredholm
integral equation of the second kind. The reduction is realized by
means of the Green function which we are about to construct.

1. We consider the problem of finding a solution of the equation

(pX') —qX =f () (1,24)
in the interval (0, ) satisfying the conditions
X(0)=X(l)=0. (2, 24)
Together with equation (1, 24) we consider the equation
(PY’) —qY =g,(,2,) (3, 24)

whose left side is the same as the left side of equation (1, 24), and
whose free term is defined as follows:
1/e for xy— e <z <o+ ie,

9:(%, %) = {

Here € and z, are certain parameters; €>0, 0<%, < !. We assume
that we know the solution Y,(x,z,) of this equation satisfying the
initial conditions (2, 24) and depending on the parameters ¢ and .

0 for all remaining values of x.

10-2
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We multiply equation (1, 24) by Y, and equation (3, 24), with ¥
replaced by Y, by X. We subtract the second equation from the
first and integrate the result from zero to /. We get

1l 1
f [(PX'Y Y~ (pY Y X)do = f Xz 20 (@)~ X(@)g,{e, 7)) d:

Since the functions X(x) and Y,(x,x,) vanish at the ends of the
interval of integration, the left side of this equality vanishes. This
is easy to see if we integrate twice by parts:

l l 1
j (pX') Y,do=pX'Y,| — f pX'Y.da
0 0 0

l l 1
= —pY;X‘ +f (])Y;)'dezzf (pY7) Xda.
o Jo 0
Consequently

l l
f Y,(z, 20)f (x) dw = f g.(2,70) X () dr
0 0

1 [@o+ie
=~f X(x)dr=z X(z,). (4,24)
€ Xo — ke

If we assume that Y (x, z,) goes to some limit function G(x, z,) for
€— 0, then, effecting formal transition to the limit for € - 0 on both
sides of the equality (4, 24), we get

1
X(z,) =f00(x,x0)f(x)dx. (5, 24)

We call the limit function G(z, x,) the Green function for equation
(1,24).

These non-rigorous considerations are useless when it comes to
proving facts. We therefore give a definition of the Green function
which does not depend on the above heuristic considerations and
we show its existence as well as the correctness of the formula
(5, 24).

Before giving an exact definition of the Green function we
explain what properties the limit of Y (x, x,) must have, should it
exist. Afterreplacing Y by Y, (z,z,), we integrate the identity (3, 24)
with respect to x from x,— 0 to x,+ J, where § > }¢. We obtain

Zo+ 6 , , Zo+ 8
f (Y, 20)] — ¥z, mg)} do= f g,z do=1.

To—
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The first term can be integrated explicitly and the preceding
equality takes the form

Y (x, o)

xo+ 8 Zo+ 8
[ @ de=1.
Ty

-6 To—

Assuming that the formal transition to the limit for ¢ >0 and for
a fixed ¢ is legitimate, we obtain the equality

P(To+ 8) G (x4 + 6, 74) — P2y — 8) G2y — 0, 2,)

To+ 8
[ 6y de=1,
ro—&

which holds for any 6> 0. Going over to the limit for § >0 and
assuming that p(x), ¢(x) and G(x,x,) are continuous functions, we
obtain the equality

() [G(xg+ 0, %) — Gy — 0, 79)] = 1,
from which it is clear that the z-derivative G (x,x,) of the Green
function ‘jumps’ at x =z, by 1/p(x).
" 2. We now give a formal definition of the Green function for
equation (1, 24) and we prove the existence of this function.

By the Green function for equation (1,24) with initial conditions
(2, 24) we mean a function G(x,s), defined on the square 0<x<l,
0 < s <! and satisfying the following conditions :

1°. For x*s, G(x,s), regarded as a function of x, i8 twice con-
tinuously differentiable and satisfies the homogeneous equation

[I)Gl(x’ 8)];.—-q0(.’13,8)=0 (6: 24)

2°, d(0,8)=0G(l,8)=0.

3°. Q(x,8) 18 continuous on the square 0<x<l, 0<s<l, and
(I (x,8), regarded as a function of x, jumps for x=s by 1/p(s), i.e.

@ils+0,8)— Qs —0,5)=1/p(s).

When proving the existence of such a function we assume that

q(x) > 0, since A =0 is not an eigenvalue of the equation
(PX') —gX +2pX=0

with the initial conditions (2, 24).

With this assumption, we prove the existence of the Green

function simply by constructing it. Thus, let X,(x) be a non-trivial
solution of equation (6, 24) satisfying the condition

XI(O) =0,
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and X,(z) a solution of the same equation satisfying the condition
X,()=0.

In view of the assumptions made, the solutions X,(x) and X,(x)

are linearly independent. Otherwise they would be proportional to

each other and each of them would vanish for x=0 and z=I.
However, this is impossible, since A = 0is not an eigenvalue. We put

o o [AOTi(@) (0<z<s),
(z,8)= {B(s) X,(x) (s<z<l).

Then conditions 1° and 2° are satisfied for arbitrary 4(s) and B(s).
We now choose A(s) and B(s) so that condition 3° holds. The
condition of continuity of G(z, s) for x =s implies

A(s) Xy (s)=B(s) X,(s),
whence A(s)=c(s) X,(3),
B(s)=c(s) X,(s).

We require the jump of the derivative for x =s to have the value

(7,24)

1/p(s): Gi(s—0,s)=c(s) X,(s) X;(s),
Go(s+0,8)=c(s) X,(x) X3(s),
1 1
whence

) 506 X) X300) — X4 X

The denominator p(s)[X,(s) X3(8) — X,(s) X1(s)] does not depend
on 8. In fact, the expression in square brackets is the Wronskian

A(X,, X,) of two linearly independent solutions X,(s) and X,(s).
By a well-known formula we have

b

A(Xy, Xz)=AoeXp{— %‘gdx}= ;5%

which implies that c(s) is constant.
Hence, the Green function has the form

Q(x,8) =—§(—)X2(s) X,(x) for 0<z<xs,
(8,24)
G(x,s)=ZI—OX1(s) X,(x) for s<z<l,

and its existence has been proved.
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It is clear from (8,24) that the Green function is symmetric in its
arguments: Q(z,8)=G(s,x).

We now prove formula (5,24) for any twice continuously
differentiable function X(x) satisfying an equation of the form
(1,24) and vanishing at =0 and xz=I. For proof we multiply
(1,24) by G(z,s) and (6,24) by X(x). We subtract the second
equation from the first and integrate the resulting difference from
zero to s and from s to [, respectively. We then obtain two equalities:

f {[pX'(x)] G(x,8)—[pQs(,8)], X (x)}dx = J G(z,s)f(x)dx,
(9, 24)
l l
f ([pX'@)] Gl 5) - [pGix, 8)). X (2)) do = f G(z,5) ().

(10, 24)
Integrating the first term on the left side of (9, 24) twice by parts,
we get

[lpx@ree
=pX“xﬂHL8)s~fs.X%mexJﬂh

0
=p(s8) X'(8) G(3,8) — p(x) G (x, ) X(Jf)

+[ e )i X(2) do

=p(8) X'(8)(7(s,8) —p(s) X(s) ({ (s —0,8) +f [pGi(z, )], X(x) dx
0
Substituting this in the left side of (9, 24), we obtain

pw)xqsﬂu&s)—p@yxw)Ggs—oﬁ)=j:0@g@f@»da

(11, 24)
Treated similarly, (10, 24) yiclds

—p(8) X'(8) G(s,8) + p(s) X(s) Gr(s +0,8) f G(x,s)f(x)dx.
(12, 24)

Adding equations (11,24) and (12,24) and taking into account
property 3° of the Green function, we get

X(s):f: G(z,s)f(x)dx. (5,24)
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Reversing the order of the considerations which led us to (5, 24),
we can show that, for any continuous function f(x), the function
X (x) defined by (5, 24) satisfies equation (1, 24). From the form of
the right side of equation (5, 24) it follows that the function X(x)
defined by (5, 24) vanishes for x=0 and x=1.

3. We now show how one can use the Green function for equation
(1, 24) to reduce the eigenvalue problem considered in the preceding
sections to an integral equation. To this end we write the funda-
mental equation (1, 24) in the form

(pX') —qX = -2pX, (13, 24)

and, putting f(z) = — ApX, we apply it to formula (5, 24). We obtain

the equality .

X(s)+x\f G(x,s) p(x) X(x)dx=0, (14, 24)
0

which represents a homogeneous Fredholm equation of the second
kind with symmetrizable kernel and with parameter A.

The kernel of (14,24) can be symmetrized by multiplying
equation (14, 24) by [p(s)]}. Then this equation becomes an equation
in the unknown function [p(s)] X(s) with a symmetric kernel
GQ(x, s)[p(x) p(s)]}. In view of (5, 24), equation (13, 24), together with
the boundary conditions X (0)= X(l) =0 and equation (14, 24), are
equivalent in the sense that every solution of (13, 24) which vanishes
at X =0 and z=/1is an eigenfunction of (14, 24) and conversely.

On the other hand, the theorems on the existence of eigenvalues
and eigenfunctions, on the orthogonality of the system of eigen-
functions, and the expansion theorem, all of which were proved in
§§ 22 and 23, hold for equations of the form (14, 24) (cf. Courant-
Hilbert, Methods of Mathematical Physics, vol. 1). This implies the
existence, orthogonality and expansion theorems proved in §§ 22
and 23. It is true that to prove the possibility of expansion of f(x)
one must require the continuity of its second derivative to make
sure that it can be represented in the form (5, 24).

It is possible to define the Green function which reduces the
solution of a differential equation to the solution of an integral
equation for other types of boundary conditions as well as for
equations in many variables. However, as a rule, effective ex-
pressions for the Green function can be obtained only for equations
and boundary conditions of very special form.
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§ 25. Investigation of the vibration of a membrane

1. In § 1 we considered as an example the equation of a vibrating
membrane: 2 2 2
Pu_ % 8 U (1,25)
W=t oy
When in a position of equilibrium, let the membrane coincide
with some region (7 of the (z,y) plane having a piecewise smooth
boundary I'. Then the function u(t,z,y) which determines the
vibrations of the membrane must satisfy equation (1, 25) and the
initial conditions
w(0,x,y)=Qo(x,y) (initial displacement),}
(0, z,y) =, (x,y) (initial velocity),

when the point (x,y) is in G. At points of the boundary I' of the
region @ the function u(t, z, y) must satisfy certain boundary con-
ditions of the type considered in §1.

We consider the simplest case, that of a membrane rigidly
fastened along the edge, i.e. the boundary condition

(2, 25)

u(t,x,y)=0 for (r,y)in G. (8, 25)
Solving the problem by the method of separation of variables, we
put u(t,x,y)="T(t)v(z,y).

In analogy to the one-dimensional case we get the following
equations for the functions 7'(t) and v(x, y):

T 4 AT =0, (4, 25)
o Y
8112 8] + Av O (O, -5)

The eigenfunctions of the latter equation in the region G' with
the boundary condition (x, y) | ;=0 represent a complete ortho-

gonal system vy (@ ), (@, Y), - 0, (2, ), s
corresponding to a non-decreasing sequence of eigenvalues
AL €A, <. <A, <

In distinection to the case of a single variable, equality signs may
actually turn up in this sequence, i.e. so-called ‘multiple’ eigen-
values can occur. The eigenfunctions corresponding to such eigen-
values may also be supposed orthogonal (cf. Courant-Hilbert,
Methods of Mathematical Physics, vol. 1).
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Expanding the functions ¢y(,y) and ¢,(z,y) in power series in
the functions v, (z,y)

¢0(x? y) = E Anvn(x’ .1/),
=t (6, 25)

¢1(:E, y) = n%anv"(x’ ?/)

and choosing, as at the end of §23, linearly independent solutions
of equation (4, 25) satisfying the conditions
T*0)=1, T*(0)=0,
T**(0)=0, T**(0)=1,
we obtain the series

u(t,x,y)=n§1vn<x,y>[AnT::<t)+BnT::*<t>], (7,25)

which represents the solution of our problem.

The problem of finding the eigenfunctions of equation (5, 25) for
an arbitrary region G is very complicated.

We now take up two special cases in which the eigenfunctions of
equation (5,25) can be found by the method of separation of
variables. An analogous procedure can be adopted for a greater
number of independent variables. These cases can be fully in-
vestigated by reducing them to the one-dimensional eigenvalue
problem by means of the following lemma:

LemMMa. Let ¢y(x), Po(), ..., Po(%), ... be a complete system of
Sfunctions orthogonal and normalized with respect to the weight function
pi(x) on the interval [a,b]. Further, let there be given for every
n(n=1,2,...) a complete system of functions orthogonal and norma-
lized with respect to the weight function p,(y) on the interval [c,d]. Let
the latter functions be

¢1n(y)’ 'ﬁ-zn(y): tee ]ﬁmn(y), (8’25)
It i3 assumed that the functions p,(x) and p,(y) are bounded and
positive. Then the functions

Xnm(x’ y)= ¢n(x) lﬁmn(y)
form a complete system of orthogonal and normalized functions with

respect to the weight function p(x,y)=p,(x)pyy) in the rectangle

a<x<b,c<y<d,.e. the following equalities hold :
arb 1 forn=n',m=m',
fc Lp(x, Y) (@, Y) X (@, y) drdy = 0 forn%n', or m+m'.

(9,25)
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Also, if we put .
Coim = f J‘ P&, Y f (@, 9) Xom(@, y) dedy,
Parseval’s equality o

d rb o0 ®
fc f o) [f @ y)Pdedy= 3 % &, (10,25)

m=1n=1
holds for every continuous square integrable function f(x, y).
Proof. ¥Formulas (9, 25) are obviously true. To prove (10, 25) we

put’ b
f @ @,) $a(@) d = g,(0).

It is then clear that

d
f P28 n) V() Ay = G

and that f P2(y) g2 (y) dy = L s

m=1

for the systems ¥, (y) are complete for every », and g,,(y) is square
integrable. The latter statement can be verified by applying
Schwarz’s inequality. But then

d rb d ©
[*[ penitsgnedsdy=" pu) £ st ay

Ms

© d
=X | p¥)diy)dy

n=1J¢ n=1n

[e o)
P
=21
which is what we set out to prove.

2. We now consider the first special case, that of the vibrations
of a rectangular membrane.
Let the region @ be the rectangle 0 <2 <a, 0 <y <b. Separating
the variables in equation (5, 25), we put
v(@,y)=X(x) Y (y).
On substitution of this function, equation (5, 25) takes the form
X"Y+XY"+AXY=0.

Dividing by XY and transferring X"/X to the right side of the
equation we obtain the equation

Y'Y +A=-X"|X
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which is equivalent to the following two ordinary differential
equations: X" +aX=0

Y’ +pY =o.

Here a is an arbitrary constant and f=A—a. According to the
boundary conditions (3, 25), the first of the above two ordinary
differential equations is to be solved for

X(0)=X(a)=0,
and the second, for Y(0)=Y(b)=0.

To satisfy these conditions we must assume that > 0 and £ > 0 (cf.

§20). Repeating the considerations of § 20, we find that the eigen-

values and eigenfunctions of both equations are, respectively,
n2m?

——;  X,(x)=(2/a)tsin %7-’33;

A&y, P

m2r? .
ﬂn='_bz—; Ym(x)=(2/b)*31n¥y'

According to our lemma, the system of functions

vm,,(x,y)=2/(ab)’-’sin%’xsin?‘/ (11, 25)
is a complete system of orthogonal and normalized solutions of
equation (5,25) over the rectangle 0<x<a, 0<y<b for the
boundary conditions (3, 25) (here Y,,,,(y) =Y,,(y) for arbitrary n). To
every function v, (z, y) there corresponds the eigenvalue

n? m?
Amn = "2(? + F) .
It is clear that, if the numbers @ and b are commensurable, we can
obtain the same A for different choices of n and m, i.e., for different
eigenfunctions. This is therefore an example in which multiple
eigenvalues can occur.

The problem of expansion of initial data in a series in the
functions (11, 25) is the thoroughly explored problem of expansion
in a double Fourier sine series. If, as a result of an odd extension
with respect to « and y to the rectangle |z |<a, |y|<b and a
periodic extension to the whole plane, the initial data represent
four times continuously differentiable functions, then the coeffi-
cients of the expansion (6, 25) go to zero fast enough for the series
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(7, 25) to be twice differentiable. Thus, in this case, the use of the
Fourier method for the solution of the given problem is fully
justified. We see that, just as in the case of the vibrations of a
string, arbitrary vibrations of a membrane can be represented by
means of superposition of simple, so-called ‘eigenvibrations’
corresponding to the eigenvalues A,,,,.

Of interest are the ‘knot curves’ of such vibrations. These are
the curves along which an eigenfunction corresponding to a given
eigenvalue vanishes. We investigate these curves for a rectangular
membrane. If the eigenvalue under consideration is not a multiple
eigenvalue, i.c. if there corresponds to it a single eigenfunction
mm

% . zlz .
[2/(ab)?] sin a xsin b Y,

then the knot curves are simply straight-line segments parallel to
the sides of the rectangle. In the case of a multiple eigenvalue,
different knot curves correspond to different combinations of the
eigenfunctions associated with that eigenvalue, and the knot curves
can assume a large variety of forms. In fig. 11 are represented knot
curves of a square membrane of unit side length for A =572, 1072,
1372 and 1772, Underneath each drawing there appears the
corresponding eigenfunction.

3. As our second example we consider the case of a circular
membrane. To investigate this example it is essential to write
equation (5, 25) in polar coordinates. Puttingz=pcos¢, y=psing,
we get 0% 1¢v 10%

G pap T pragt T
If we place the center of the circle D which coincides with the
position of equilibrium of our membrane at the origin, and if, for
the sake of simplicity, we assume the radius of D to be of unit
length, then the boundary condition (3, 25) can be written as

v(l,¢)=0.
Using the method of separation of variables, we put
v(p, §)=R(p) ().

Substituting this expression in (12,25) and separating variables,
we obtain a pair of ordinary differential equations for R(p) and

O(¢): Q" (¢) +ad(p) =0, (13, 25)
P R"(p)+pR'(p) + (Ap*—a) R=0. (14,25)

Av=0. (12, 25)
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The physical situation involved dictates a periodicity condition
for the solutions of equation (13, 25): namely, we are interested only
in those solutions of (13,25) which are periodic with period 27.
Such solutions exist for

a=0,12,922 .. %2 ...
For these values of «

D, (4)=A,cosng+ B, sinnp.

>~
i
g
Y

sin x sin 2y sin x sin 2y sin x sin 2y

+J/3sin2xsiny  +sin2xsiny

wol (O S
sin x sin 3y s x sin 3y sin x sin 3y sin x sin 3y sin x sin 3y
+sin3x siny +4¢sin3xsiny —$sin3ysinx ~sin 3y sinx
A= 132 F\\\\_ \\
sin 2x sin 3y sin 2x sin 3y sin 2x sin 3y
+ § sin 3x sin 2y +sin 3x sin 2y
sin x sin 4y sin x sin 4y sin x sin 4y sin x sin 4y

+4/4sindxsiny + . /¢sindxsiny +sin4x sin y
Figure 11

As our complete system of functions @, (¢4), orthogonal and norma-
lized on the circumference, we can take the functions
®=1/2m}, DA(P)=(2jm)tcosng, DEK(P)=(2/mtsinng.

We now turn to equation (14, 25). Putting a=n? and replacing
the independent variable p by p,,

P1=p (/\)}’
we obtain Bessel’s equation of order »

PR (p,) +p1 R’ (p;) + (pF —n?) R(p;) = 0.
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Except for a constant multiplier, the only solution of this equation
for p; =0 (i.e. for p=0) is Bessel’s function of order » of the first
kind: J,(p,)-1

The function J, () (» arbitrary) has infinitely many positive roots
P, 10, u, L, 80 that J, (P x) = 0.7

For a fixed arbltrary n the system of functions

J(Wx) (m=1,2,...,n,...)

is complete and orthogonal with respect to the weight function x
on the interval [0, 1]:

1
f 2] (1) 2) S (0 x) dw =0 for m+m,.
0

The system of functions
3
dan@ =T | [ etz

has all the properties of the system of functions
J () (m=1,2,...,n,...)

and is, in addition, normalized.

Without proving these factst we observe that they are generali-
zations of the properties of eigenfunctions proved in §§ 22 and 23 in
that they involve equations with more complex coefficients than
those which appeared in §§22 and 23. In fact, equation (14, 25)
can be written in the form

(pR') — (a/p) R+ ApR =0,

and we see that the first and last coefficients vanish at one end-point
of the interval [0,1], and a/p becomes infinite at that end-point.
Under the circumstances it can be proved that: to determine a
solution to within a constant multiplier it suffices to take as a
boundary condition at p=0 the condition of boundedness of the
solution provided that at p=1 we prescribe a condition of one of
the types (2, 22).
We require that for p=1
]n(’\*/)) =0,

i.e. that J,(Ab)=0.

t Cf. G. N. Watson, A Treatise on the Theory of Bessel Functions (1944),
Macmillan, New York. R.O.Kuzmin, Bessel Functions, ONTI (1935) (in Russian).
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We observe that, if 4, u§”, ..., %, ... is the sequence of zeros of
the function J,(x), then the eigenvalues A of our problem are given
by mn = [au 7&)]2

and the normalized eigenfunctions of equation (14,25) are the

functions
'ﬁnm(p) Jn(ﬂ n)p)/f P[J ﬂ(")P ]2 dp

Applying the lemma of para. 1, we can obtain a complete system
of eigenfunctions
Yum(P) OB, Vram(p) PTH(P)
of equation (12, 25) and find a solution of our problem by expanding
the functions ¢,(p, ¢) and ¢,(p, @) in series of the form

ol $) = % § [Chn ©X(B) + 2 DI Vam()

n=

P1(p, P) = L S, (@, D(B) + A5 OXH(B)] Yru(p)

1m=1

Multiplying each term of the first series by a suitable T*(¢) and each
term of the second series by a suitable 77**(t) and summing the
resulting series, we obtain the series (7,25) which represents the
solution of the given problem. If the functions ¢,(p, ¢) and ¢,(p, @)
are sufficiently smooth, then the sum series converges uniformly
and admits of termwise differentiation, provided that the func-
tions ¢, and ¢, satisfy the boundary conditions which are to be
satisfied by the solution sought as well as certain additional con-
ditions on the boundary of the circle.

26. Supplementary information concerning eigenfunctions

1. All that has been said so far about the eigenvalue problem for
equation (1,22) carries over in a natural way to the analogous
problem for the equations

(P1%z)s+ (P2uy)y — qu + Apu=0, (1,26)

(Pr%g)s + (Paty)y + (Pas), — qu + Apu=0 (2,26)

under the assumption that p; and their derivatives as well as p are
continuous and that p; and p exceed certain positive constants.

Let D be some region bounded by a piecewise smooth curve L.
We seek a non-trivial solution of equation (1, 26) in D satisfying on
L the condition w=0 (3,26)

or the condition oufon +ou=0. (4,26)
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Here 0/on denotes differentiation in the direction of the outer
normal and o is a certain non-negative function defined on the
boundary of D. For this problem eigenvalues and eigenfunctions
are defined in a manner analogous to that used in our previous
work. In case of the boundary condition (3, 26) we construct the

functionals
H(u) =ff putdxdy,
D

O(u) = f f (pyu2 +pyul +qut) dz dy,
D

and in the case of the boundary condition (4, 26), the functional

G*(u)=G(u) +fL outdl= ij (pyul+ pyul +qu?)dxdy +J; ou?dl.

It is then easy to carry over to the present case all theorems on
eigenvalues and eigenfunctions proved in §22. In particular,
Courant’s theorem on the maximum-minimum property of eigen-
functions holds. The consequences of this theorem concerning the
dependence of the eigenvalues on the coefficients of the equation,
on the region 1), and on the boundary conditions are also valid. As
is easily seen, the specific nature of this dependence can be summed
up by saying that the nth eigenvalue does not decrease as o(l), p,,
Ps, ¢ and 1/p increase.

We are led to problems of this type when studying, for instance,
vibrations of a membrane. Then properties analogous to those
described in paras. 5(c) and 7, § 22, admit of an interesting physical
interpretation indicating the nature of the change in frequency of
the eigenvibrations of the membrane when the latter is fastened in
some parts of the region D (para. 5(c), §22) or when it is broken
(para. 7, §22). The decrease in frequency resulting from breaks is
in agreement with the well-known physical fact that broken objects
give off lower tones than unbroken ones.

We mention two other theorems which remain valid for equations
(1,26) and (2,26). One theorem concerns the completeness of the
system of eigenfunctions, and the other refers to the possibility of
expanding any function f which satisfies the same boundary con-
ditions on the boundary as the eigenfunctions considered in an
absolutely and uniformly converging series in these eigenfunctions.
However, if the number of independent variables is greater than
one, stricter smoothness conditions must be imposed on the

P II



162 PARTIAL DIFFERENTIAL EQUATIONS

function f for the expansion theorem to hold. For two or three inde-
pendent variables it suffices to require that the function f have
bounded and continuous derivatives of order up to 3. The method of
proof of the expansion theorem used in the case of a single inde-
pendent variable cannot be used for a larger number of independent
variables, and methodsinvolving integral equations are used instead.

2. While discussing the behavior of eigenfunctions of equation
(1,22) we have not gone into the question of changes of sign
(‘zeros’) of the function u, (x) corresponding to the eigenvalue A,, on
the interval (0,!). This matter forms the content of the so-called
Sturm oscillation theorems.

It turns out that, first, the nth eigenfunction of equation (1, 22)
under the boundary conditions (5,22) has exactly » —1 zeros in
the interior of the interval [0, ] and that, secondly, the zeros of the
function w,,,(x) and the zeros of u,(x) alternate, more precisely,
that in every interval between two roots of u,_,(x) there lies one
root of the function u,(x) (cf. Courant-Hilbert, Methods of Mathe-
matical Physics, vol. 1).

As regards the knot curves of the nth eigenfunction of equation
(1, 26) under the boundary conditions (3, 26), it can be shown that
they divide the fundamental region D into no more than n sub-
regions. It is known that in distinction to the case of a single
independent variable the number of these subregions can be smaller
than n. In the case of many independent variables no theorems
analogous to Sturm’s theorem on alternating zeros have been
proved for successive eigenfunctions of a regular equation. Tt is
therefore not surprising to learn that the asymptotic behavior of
the eigenfunctions over general regions is unknown.

3. Many problems of classical and modern physics lead to the
problem of determining the eigenfunctions and eigenvalues of the

equa,tion u” +Au=R(x) u (51 26)

in either the infinite interval —oo < <00 or in the finite interval
(0,1), where the function R(x) becomes infinite at one or at both
end-points of the interval.t

Different cases of the theory of expansion in eigenfunctions call

for different generalizations. We mention two of the most important
cases.

t We observe that every equation of the form (1, 22) can be put in the form
(5, 26) by means of change of variables.
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(@) The case of a finite interval: 0<x<l, R(0)=co. In many
problems it is required that, instead of a boundary condition at
x =0, the condition !

f u?(x, A)dx < oo (6, 26)

0

holds, where u(x, A) is a solution of equation (5,26). Here it turns
out that in some cases not all solutions of the equation satisfy the
condition (6,26). In those cases the condition (6,26) and the
boundary condition at z=1[ determine uniquely (to within a con-
stant multiplier) the eigenvalues and eigenfunctions; the spectrum
turns out to be discrete and Sturm’s oscillation theorem holds.

In other cases all solutions of equation (5, 26) turn out to satisfy
condition (6,26), and it is necessary to introduce an additional
boundary condition at the point = 0. We do not dwell here on the
nature of this condition. Under this additional condition and under
the condition at =1, the spectrum turns out to be discrete. In
both cases the expansion theorem is valid for a large class of
functions.

Both possibilities are well illustrated by Bessel’s equation

(2= =0 7,26
Yty +(é _a;é).’/'— . (7,26)
Its solutions are
J(sx) cosvm —J_ (s
J(sx), Y (sx) ="' (s). e /(52)
sin v

As a result of the substitution y, =xty, equation (7, 26) goes over
into the equation , v}
yi+ (=" Jm=0, (7,26),

which is of the form (5, 26).

If v>1, then only the functions at J (sx) vanish at x=0. If
0<r< 1, all solutions of equation (7, 26) vanish at ¥ =0.

In the first case, to obtain eigenfunctions and eigenvalues one
need only impose on the function a#J,(sz) a single boundary con-
dition at the point /; an example of such condition is the condition

& b 500} o= HU (520,00 =0, (5,26)

This condition and condition (6, 26) determine the eigenvalues and
eigenfunctions.

I1-2
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In the second case (i.e. when 0 < v < 1), condition (8, 26) must be
supplemented by some condition at the point x=0.

(b) The interval (0,00), R(x) a continuous function. In this case
physical problems usually lead to the determination of those solu-
tions u(x) of equation (5, 26) which satisfy some boundary condition
at x= 0 and are bounded for x >oo0. If R(z) is absolutely integrable
over the interval (0, 00), we obtain a so-called continuous spectrum,
i.e. a continuous sequence of eigenvalues and a family of eigen-
functions u(z,A) which vary continuously with A. Also, the
following generalization of Parseval’s equality (i.e. the definition of
completeness of a system of eigenfunctions) holds:

Let f (x) be square integrable over the interval (0,00). Then

J ® ) de = f " F)dp(l) (Parseval’s equality).
0 — 00

Here F(A) (the generalized Fourier transform of f(x)) is the limit
in the sense of the mean square of the functions

A)ff

i.e. lim [ (A) ~F,(A)2dp(A)=0,
p(A) being some non-decreasing function.
For the representation

j@=["" a2y gt

of f(x) in the form of an eigenfunction integral with respect to the
parameter A (analog of the ordinary Fourier integral for the
equation %"+ Au=0) to hold, much more restrictive conditions
have to be imposed on the function f(x).

For a more detailed discussion of these problems we refer the
reader to E. C. Titchmarsh, Eigenfunction Expansions associated
with Second Order Differential Equations, Oxford, The Clarendon
Press, 1946. For a Russian source see B. M. Levitan, Eigenfunction
Expansions, Gostekhizdat, 1950.

4. Just asin the case of a single variable it is sometimes necessary
to consider equations in higher dimensions whose coefficients
become infinite. There exists no general theory of such problems,
but in individual instances it is possible to complete the solution
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of the problem and to obtain an expansion in the eigenfunctions of

the problem. Asan example we consider the equation of a vibrating
as in space

g P Au=uy,.

When using Fourier’s method to solve this equation, we are led to

the problem of determining the eigenvalues and eigenfunctions of

the equation A+ Auw=0

in some region D. If D is a sphere of radius 1 with center at the
origin, then, going over to spherical coordinates and assuming

u(p’ 0, ¢) :f(p) Y(a’ ¢))
we obtain for the function Y (0, ¢) the equation

1 o 1 oYl a[. .0
Sn0| 34 sin0 55] 50 [S‘“ 0 aﬂ +kY =0,
whose coefficients become infinite at ¢ =0 and 0 =n. As boundary
conditions for this equation we take the continuity and uniqueness
of the solution on the sphere p=1. Under these conditions we
obtain, just as in the case of continuous coefficients, an infinite
sequence of eigenvalues k = (n+ 1)n. To every eigenvalue k, there
correspond 2n+ 1 linearly independent eigenfunctions Y (6, @)
(spherical functions of order n,m=1,2,...,2n +1). The sequence
of eigenfunctions turns out to be complete on the surface of the
sphere, and every function which is continuous and sufficiently
smooth on the sphere can be expanded in a uniformly converging
series in the spherical functions.
5. Variational methods for the approximate determination of eigen-
Sfunctions and eigenvalues (Rayleigh, Ritz, Galyorkint).
As was shown in § 22 the problem of finding the first eigenvalue
and eigenfunction of equation (1, 22) under the boundary conditions

X(0)=X(1)=0

is equivalent to the problem of finding the minimum of the func-

tional !
G’(X)=f (pX"?+qX?)dx (9, 26)
0

1
under the condition H(X) =f pX2dx=1 (10, 26)
0

t Cf. L. V. Kantorovich and V. I. Krylov, Approximation Methods of Higher
Analysis, Gostekhizdat (1949), pp. 268-373 (in Russian).
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in the class of functions X(x) continuous and differentiable on the
interval [0,!] and vanishing at its end-points, We consider an
arbitrary system of infinitely many linearly independent functions
¢,.(x), 0 <z <l which are continuously differentiable and satisfy the
boundary conditions $(0) = (1) =0.

We seek an approximate solution of the above extremum problem
in the form of a linear combination of a finite number of functions

N
XN(x)=n§1an¢n(x)- (ll) 26)

Substituting (11, 26) in (9,26) and (10, 26) and integrating, we
come to the problem of finding the minimum of the quadratic form

l
S str)= 5 | (D916 Pale) + 1,0 (o))

N
= X Amna’m 2%
n,m=1
under the condition

N l N
h(al’ ""aN)= 2 amanj p¢n¢mdx= b B’mnama’n= L.
n,m=1 0 n,m=1

This is a problem of the differential calculus which can be solved
easily in practice since the derivatives of g and » with respect to the
a,, are linear functions of a,, ..., ay and, consequently, the system of

equations Ag—h)foa,=0 (k=1,2,...,N) (12, 26)

is simply a linear homogeneous system of equations with respect to
the a;,. The determinant of this system is a polynomial of degree N
with respect to A. This polynomial vanishes for

A=A, LA, AP LKAM <L AP,

All Xs are real. For every AM there exists a non-trivial solution
a, ...,a of the system (12,26). If A is a root of multiplicity & of
the determmant then the system (12,26) has, for A=A, k
linearly independent solutions (af, ...,a%).

If the system of functions ¢n x) 1s complete in the class of
admissible functions, then for every fixed value of ¢ and for N -0

AM>2, and  XM(x) > X, ().

Here A; and X,(x) are, respectively, the ith eigenvalue and the
ith eigenfunction of the given problem. In this case, for values
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of ¢ not exceeding a certain fixed number M and for N sufficiently
large, the numbers A" are approximations to the first M eigen-
values of equation (1, 22) under the boundary conditions

X(0)=X()=0,
N
and the functions XM(x)= ngla(;? Pa(x)

are approximations to the first M eigenfunctions.

How rapidly the X{¥(x) converge to X,;(z) dependsin an essential
manner on the choice of the functions ¢, (z) and on the degree of
smoothness of the coefficients p(x), ¢(x), p(x). For a detailed dis-
cussion of this problem see N. M. Krylov and N. N. Bogolyubov.t

t For relevant literature see Thirty Years of Mathematics in the U.S.S.R.,
Gostekhizdat (1948), pp. 773-80 (in Russian).



CHAPTER III
ELLIPTIC EQUATIONS

§ 27. Introduction

As the simplest representative of the class of elliptic equations we
consider the Laplace equation

0%u[0x3+ ... + 0%u[0x? = 0. (1,27)

The fundamental properties of the solutions of this equation do not
depend on n. For simplicity in notation we always consider the
case n=2. Unless otherwise stated our considerations are valid for
the case n > 2. At the end of this chapter we give a survey of results
known to hold for more general elliptic equations.

Elliptic equations describe stationary, steady states. For
instance, in §1 we saw that the steady temperature « of a homo-
geneous plate or body satisfies the Laplace equation and that this
equation describes the equilibrium form of a membrane stretched
over some space curve. Potentials of gravitational and of stationary
electrical fields also satisfy Laplace’s equation at points free from
masses and electrical charges, respectively.

One of the most fundamental properties of solutions of elliptic
equations is their smoothness. (This is in accordance with the fact
that elliptic equations describe steady states. It is physically clear
that all initial ‘rough spots’ must ‘even out’ by the time the
steady state is established.) For instance, as will be shown in
this chapter, all continuous solutions of Laplace’s equation are
analytic in all independent variables. It is not true, however, that
all solutions of Laplace’s equation are analytic. Thus the function

u(xsy)=mexp{—z“4} for 2+40, z=x+iy’

%(0,0)=0
satisfies the Laplace equation
0%u[0x? + 0*u[oy? =0 (2,27)

everywhere without being analytic in the neighborhood of the

origin. What is more, this function is actually discontinuous at the

origin. Thus, in order to be able to claim that the function u is
168
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analytic, we must assume that it is of a certain degree of smoothness
to begin with. The assumption of the boundedness of % turns out
to be sufficient. Continuous solutions of Laplace’s equation are
called harmonic functions.

A typical boundary-value problem for elliptic equations is the
Dirichlet problem (or first boundary-value problem) mentioned
already in §1. This problem can be stated as follows: Let f be a
continuous function prescribed on the boundary T" of some finite region
G of the space (x4, ...,x,). We are to find a function u(x,, ..., x,) which
s harmonic in the interior of G and equal to f on I'. (The term ‘equal
to f on ' means that the function coinciding with w in G and with f on
T must be continuous in G =G +7T.)

If, for example, u(z, y, z) denotes the temperature of a body at the
point (2, y,2), then Dirichlet’s problem consists in finding the tem-
perature in the interior of the body knowing the temperature at the
boundary of the body.

Assuming the existence of a solution of Dirichlet’s problem, we
proveits uniquenessand its continuous dependence on the boundary
function. Next we prove the existence of a solution under very
general assumptions about the boundary of the region considered.

§ 28. The minimum-maximum property and its
consequences

1. The maximum-minimum theorem. Consider a harmonic
Sfunction u(x,y) continuous in some closed bounded region G =G +T.
Then the values of u in G cannot exceed its maximum on I nor can they
be less than its minimum on T'.

Proof.t Let m denote the maximum of « on I'. Let us assume
that, at some points of G, v assumes values greater than m. Then the
maximum M of w in G must also be greater than m, and it must be
assumed at some interior point ¢ of G. We now move the origin to
the point . Under this transformation » remains harmonic. Next
we construct the auxiliary function

(e, 9) =ule,y) + o ),

where d is the diameter of our region. (d is equal to the least upper
bound of the distances between pairs of points of ¢. It follows

t This proof is due to I. I. Privalov, Matematichesky sbornik, vol. xxxir (1926),
p. 464 (in Russian).
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that 2% +y2 < d? for (z, y) in G.) It is clear that v(0, 0)=u(0,0)=M.
On the other hand, if a point (z,y) belongs to the boundary I' of
the region G, then
vz, y)sm+3M—m)=3m+M)<M.

Consequently, v(z,y), like u(x,y), must attain its maximum at an
interior point of @. However, this contradicts the fact that at all
points of G

% % Pu *u M-m M-m 0

T T &
for at a maximum none of the second derivatives of a function can
be positive.

To prove the minimum part of the theorem we apply our result
to the function —u.

2. The uniqueness of the solution of Dirichlet’s problem follows
easily from the theorem just proved. In fact, let us assume that
two harmonic functions «, and u, coincide on the boundary of some
bounded region G. Then their difference, which is also a harmonic
function, is identically equal to zero on the boundary of G. By the
preceding theorem we must have

Uy —Uy=0 or u;=u,
at all interior points of G.

Another consequence of the maximum-minimum theorem is the
continuous dependence of the solution of Dirichlet’s problem on the
boundary data for an arbitrary bounded region @. Thus, let «, and u,
be solutions of Dirichlet’s problem for some region G corresponding
to prescribed boundary functions f; and f,, respectively. Let
|fi—fs]| <eonT. At all points of the boundary I' the values of the
harmonic function u, —u, which are clearly equal to f; —f, must
satisfy the inequality —e<fy—fi<€.

It follows from the maximum-minimum theorem that at all points

of ¢ —€<U; — Uy <E,

i.e. that | u, —u, | <€, which is what we set out to prove.

This result implies the following useful lemma.

LEMMA. Let there be given a sequence of functions continuous on
the closure of a certain bounded region and harmonic in its tnterior.
Let this sequence of functions converge uniformly on the boundary
of our region. Then this sequence converges uniformly on the closure
of our region.
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Proof. Let uy, ...,u,, ... be the sequence of functions mentioned
in the statement of the lemma. Let f; denote the values of u; on the
boundary I' of . By assumption, the sequence of the f; converges
uniformly on I'. By Cauchy’s criterion, given e > 0, there exists an
N such that | f, —f,,| <€ on T, provided that n, m > N. It follows
from our previous results that for these n and m, | u,, — u,, | <€ in all
of ¢. In view of the sufficiency of Cauchy’s criterion, the sequence
Ugy ooy Uy, ... cOnverges uniformly in G.

§ 29. Solution of the Dirichlet problem for a circle

1. Let f(s) be a given function defined and continuous on the
circumference of a unit circle. Here s denotes arc length of the
circle measured from some fixed point, and it is assumed that
f(0)=f(2m). We wish to construct a function « harmonic in the
interior of our circle and equal to f(s) on its circumference.

We put the origin at the center of the circle and we draw the
z-axis through the point s =0. We now go over to polar coordinates
and we take the origin as the pole of the polar coordinate system,
and the x-axis as its polar axis. Then the equation of the circum-
ference of our circle will be simply p=1, and f(s) can be written as
f(®), where ¢ is the polar angle of a point on the circumference of
the unit circle.

To solve our problem we use Fourier’s method. We assume that
f(s) has a piecewise continuous derivative; an assumption we shall
be able to discard later. In polar coordinates Laplace’s equation
takes the form R2u 1ou 1 0%u

gt At 0. (1,29)
We seek a solution of this equation in the form of a product of two
functions: w=R(p) (). (2, 29)
Substituting this value of » in (1, 29) and separating variables, we

obtain (in analogy to §20) the following ordinary differential
equations for the functions R(p) and ®(¢):

D"+ AP =0, (3,29)
p*R" +pR' — AR =0. (4,29)
It follows from our problem that the function ®(¢) must be

periodic with period 2. This can happen only if A=0 or A equal to
a square of an integer. Putting A=n?and

®,=a,cosng+b,sinng,
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we obtain from (4, 29) the following equation for R:
P*R" +pR' —n*R=0.

This equationt has the linearly independent solutions B =p" and
R=p—. Since the second of these solutions is discontinuous at
the origin, it follows that the particular continuous solutions of
the form (2, 29) in the interior of the unit circle are the functions

un(p’ ¢) =pn(an cos n¢ + bn sin n¢)

In addition, for A =0, we get the solution u,(p, ¢) = const. which we
denote by 4a,. For arbitrary bounded a, and b, the series

u(p,¢)=%° + X p™a, cosng +b, sinng) (5,29)
n=1

converges and satisfies equation (1,29) at any interior point of
the circle, since, for p <1, this series and its derivatives can be
majorized by the convergent series

MQOA+p,+p3+...+pF+...), where p<p, <1, (6,29)

and by the convergent series obtained by differentiating (6, 29)
with respect to p,. We thus see that the function u(p, ¢) defined by
the formula (5, 29) is a harmonic function for arbitrary bounded a,,
and b, provided that p<1.

Putting p=1 and u(1,¢)=f(¢), we obtain from (5,29) the
equality w
f(@)= —29 (an cosng + b, sin ng).

In view of the assumptions made about f(¢) this equality will hold
if we define a,, a,, and b,, as the Fourier coefficients of f(¢):

f $)d f £($) cosng dg,
=1—rfo f(@)sinnddep. (7,29)

For the series (5,29) with coefficients defined by the formulas
(7,29) to be the solution of Dirichlet’s problem it must still be
shown that this function (i.e. (5,29)) is continuous in the closed

t The substitution p=exp{t} takes this equation into one with constant
coefficients.
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unit circle p <1 (cf. §27). However, for p < 1, we can majorize the
series (5, 29) by means of the series

0
%‘a0|+ EllarL|+|bn|’
n=

which converges in view of the assumption that f(¢) is continuous
and piecewise smooth.t

We have thus shown that the series (5,29) is the solution of
Dirichlet’s problem for the unit circle for continuous and piecewise
smooth boundary functions.

2. We now transform the series (5, 29) by replacing a, and b,, by
their respective values, as given by (7, 29). We get

u(p, @) =(_f(? + }_] p"(an cosneg +b, sinng)

’ﬂf S dl,/+ L "’Jzﬂf ) cos i dif cos ng
+ f(w/f)sinngﬁdy’/sinngﬁ}
0
1 [¢r 1 ® 2m
| S+ LS [ cosntyr— ) dy

s 2ﬂf('//)( +’\‘p"cosnl,/—¢)d§lf
mJo

i

We transform the expression in brackets by putting

Yy—¢=0 and z=pexp{in}.
We then get
o0 o0
1+2 ) ptcosnw= —1+2 3 p™cosnw
n-=1 n=0

= —14+2R Y prexp {inw}= —1+2R (1 —pexp {iw})?
N0
=1-p%l+p2—2cosw. (8,29)
Hence, for p<1,
= o [TI) | g s (9,29)
U= 0m ) TN = gpeos (=) ™" ’
The integral (9, 29) is called Poisson’s integral.
t R. Courant and D. Hilbert, Methods of Mathematical Physics, vol. 1 (1953),

Interscience, New York-London. For a Russian source soe I. I. Privalov, Fourier
Sertes, GTTI (1937).
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To obtain the solution of Dirichlet’s problem for a circle about
the origin of radius R we need only replace p in formula (9, 29) by
p/R. As the variable of integration we can take, instead of i,
s=Rir. We then get Poisson’s integral for an arbitrary circle:

R2—p?

1 2rR
u(p, ¢)=§7,§f0 f(s)ﬁmﬂﬁmﬁ)d& (10, 29)

3. We have thus shown that formula (10, 29) gives the solution of
Dirichlet’s problem for the circle provided that the function f(s)
prescribed on the boundary of the circle in addition to being con-
tinuous satisfies additional smoothness requirements. We now show
that these additional requirements are superfluous. We agssume only
that f(s) is continuous on the circumference of the circle considered,
and we show that the function given by formula (10, 29) represents
in the interior of the circle a harmonic function which is equal to
f(s) on the boundary of the circle. To prove the harmonicity
property of u(p,¢), we observe that, for p < R, it is possible to
differentiate this function under the integral sign with respect to
both p and ¢ (and, consequently, also with respect to x and y) any
number of times, for the resulting function under the integral sign
is always continuous. Differentiation of the function

R?—p?[R?+ p?— 2Rp cos ( — B)

shows that its Laplacian vanishes. The latter fact can also be
proved indirectly. Thus, let us assume that the Laplacian of the
above function does not vanish for ¢ =1, p=p, and ¢ =¢,. Then
it is of the same sign (+ or — ) in some neighborhood of (¥, Py, @)-
It would then be possible to choose an arbitrarily smooth function
fo(8) which would vanish everywhere outside an arbitrarily small
neighborhood of s, = Ry, and would be of fixed signin thatneighbor-
hood. But then the function

_ 1 27R R2_p2 ]
u(p’¢)_’§;}_‘RJ‘O fO(S)R2+p2—2RpCOS(¢'—¢;)dS

would not be harmonic in the neighborhood of the point (p,, ¢,),
which contradicts the result proved before. We have thus shown
that for an arbitrary continuous function f(s) Poisson’s integral
represents a function which is harmonic in the interior of the circle
considered.
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It remains to show that this function takes on the prescribed
values on the circumference, i.e. that the function u(p, ¢), defined
by the equality (10, 29) for p < R and by the equality

wR,$)=f(s) (s=R¢)
is continuous on the closure K of the circle K under consideration.
To this end we construct a sequence of functions f,(s) satisfying
the smoothness conditions formulated in the beginning of this
section, which converges uniformly to the function f(s) prescribed
on the circumference. According to the lemma at the end of § 28,
the sequence of harmonic functions

1 [2nR R2—p? J
wr D =50 ], 1) s sty )™
converges uniformly in K. Consequently, the limit function

1 2k R*—p? p
e =gar ), IO e ke 5™
is continuous on K, which is what we wished to prove.
Remark. The solution of Dirichlet’s problem for an n-dimensional
sphere is given by a formula analogous to formula (10,29). For
n =3, the corresponding formula has the form

1 R2—p2
,O0,0)=— - [ 0,¢)--r———— do.
u(r,0,9) 47r1€2J. \;f( %) (R*—=2rRcosy +r2)t 7
Here integration extends over the surface X of the sphere of radius

R, and vy denotes the angle between the radius vector (r, 6, ¢) and
the variable radius vector (R,0’, ¢’) on the surface of the sphere.

§ 30. Theorems on the fundamental properties of harmonic
functions

The proofs of virtually all of these theorems are based on the fact
that, if a function w is harmonic on a closed circle K, then it is
possible to represent it on this circle in the form of a Poisson
integral which can be easily investigated. In fact, if the function »
is harmonic and, consequently, continuous on K, it is possible to
construct a function %, in the form of a Poisson integral such that
%, is harmonic in K and equal to » on the boundary of K. But in
view of the uniqueness of the solution of Dirichlet’s problem we
must have u =u,, i.e. the Poisson integral represents the original
function u.
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THEOREM 1 (on the arithmetic mean). Let the function u be harmonic
in some circle K and continuous on the closure K of K. Then the value
of w at the center of K is equal to the arithmetic mean of its values on
the circumference of K.

Proof. We represent u in K by means of formula (10, 29). For
p=0 we obtain

1 (2B 1 [2nr
(0, )= ﬁfo f(s)ds =§7?Rf0 w(R, ) ds,

where iy =s/R. But this means that u(0, @) is equal to the arith-
metic mean of the values of » on the circumference of the circle K
of radius R.

THEOREM 2. Every harmonic function u(x, y) s analytic in x and y.

This means that if the point (,,%,) is an interior point of the
region of harmonicity of u(x, ), then it is possible to represent u(x, y)
in a neighborhood of (z,,y,) in a power series in (x —z,), (¥ —y,).

Proof. We represent u(x,y) as a Poisson integral in some circle
K with center (z,,v,). For simplicity in notation we assume
2y=yo=0. According to formula (8, 29), with p replaced by p/R,

(R2—pt)dy 1 R
R?+p*—2Rpcos (p—9) 292[ "3 R -pexplilp— zﬁ)}] W
_ . tRexp {iy}dyr _ . da ,
=—dy+ Zmi(Rexp{il/f}—pexp{ing})* diﬁ+29{@.——(a_z). (1, 30)

Here z=xz+iy=pexp{iy}, a=Rexp{iy}, so that « is always
a boundary point of K. We multiply the equality (1, 30) by (37) f(s),
where f (s) gives the values of 4 on the boundary of K, and integrate
over the boundary of K. In view of (8,29), (10, 29) and (1, 30), we
get for an interior point (x,y) of K

. 1 [(%E 1 [f(a)da .
u(x,y)— —mfo f(S)d8+mm§—a:, (Z, 30)
where @ denotes integration over the circumference of K. The first

integral on the right represents a constant equal to —u(0,0). As
for the second integral, the theory of analytic functions tells us that
it represents an analytic function of z=x+1y in K which can be
expanded in K in powers of z. Now, u(x,y) is the real part of a
power series in z. This implies that if K, is any circle concentric with
and smaller than K, then u(x,y) can be represented in K, by a
uniformly converging series in powers of x and y.
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THEOREM 3. (Strong form of the maximum-minimum theorem.)
Let the function u be harmonic in the interior of a region G. Let A be
an intertor point of G at which the value of u is equal to the least upper
bound (greatest lower bound) of its values in G. Then u is constant.

It is clear that if the region G is finite and if it is possible to define
win @ so that the resulting function (which we shall also denote by
u) is continuous in ¢, then, clearly, the least upper bound (greatest
lower bound) of the values of % in G is equal to its maximum
(minimum).

Proof. Let the value of u at an interior point 4 of ¢ be equal to
the least upper bound, say, of its values on ¢. Now let 4 be the
center of some circle K contained entirely in the interior of @.
Since the values of  on the boundary of K cannot exceed the value
u(A), v must, by the theorem of the arithmetic mean, be identically
equal to u(4) at all points of the boundary of K. Hence, v must be
equal to u(A) in the interior of K. Now let A; be some point in K
or on its boundary and let K, be a circle in the interior of G with
center at A,. Then « must be equal to u(4) in K,. To show that
u(B)=wu(A) for an arbitrary interior point B of G we join 4 and B
by means of a polygonal line 4B consisting of a finite number of
segments and contained in the interior of G. It is possible to con-
struct a finite chain of circles in @ covering A B such that the center
of each of the covering circles lies in the interior or on the boundary
of its predecessor. Denoting by K, the first of these circles, by K,
the second, etc., we can show, using the technique described above,
that u(B)=u(4).

THEOREM 4. (Harnack’s first theorem.) Let u,(x,y) (k=1,2,...) be
a sequence of functions harmonic in the interior of a finite region G and
continuous in G. If this sequence converges uniformly on the boundary
of G, then it also converges uniformly in the interior of G to a limit
Sfunction which is harmonic in the interior of G.

Proof. According to the lemma formulated at the end of § 28, the
sequence of functions w,(x,y) converges uniformly in the interior
of G. 1t remains to show that the limit function is harmonic in the
interior of G. To this end we choose a circle K in the interior of
G with center at some arbitrary interior point @ of G. We now
represent each of the functions u,, in K as a Poisson integral. Thus,

let
’ _ !_ 2m B ] .-_R2 _p2 o B .
u, (2, y)= 277f0 fn(‘ﬁ)R:z_l_pg Z 2R cos (¢ — l/,)d'ﬁ, (3,30)

P 12



178 PARTIAL DIFFERENTIAL EQUATIONS

where f, () are the values of «, on the circumference of the circle
K of radius R. In view of the uniform convergence of the sequence
of functions f,, () and of the convergence of the u, at an arbitrary
interior point (x,y) of K, we may go over to the limit on both sides
of equation (3,30). Denoting the limit functions by u(x,y) and
f (), respectively, we obtain

R?—p?
w(x,y) = Zﬂf f¢)R2+p —2Rpcos (¢ — 'ﬁdw

This implies the harmonicity of u(z,y) in K.

THEOREM 5. (Harnack’s second theorem.) Let a series of mon-
negative functions u,(x,y) harmonic in the interior of G' converge at
some interior point A of G. Then this series converges to a harmonic
Sfunction in all of G, and the convergence is uniform in every closed
bounded region in Q.

Proof. We first show that our series converges uniformly in every
circle K, of radius R with center A, provided the closure K, of K,
is contained in G. To this end we pick a circle K* concentric with
K, and of radius R + ¢, where ¢ is so small that K* is still in G. We
represent each of the functions %, in K* as a Poisson integral:

1 [ (R+F)‘ —p?
ol #)= 2ﬂj un(B+ey) (R+e)2+p*—2(R+e)pcos(p— ) .

(4, 30)
Since —1<cos(¢—y)< +1, it follows that
RBte-p (B+e)*—p? _ Bretr
Rie+p (R+e)+p:—2(R+e)pcos(p—y) R+e—p
(5, 30)
Making use of the fact that u,(R+e€, 1/)>0, we get, in view of
(4,30) and (5, 30),

1 Rte-
miirﬁ AR+, ) A <up(p, )
1 R+e+p (27
SonBre—plo un(B+e ) dy.

Now, by the theorem on the arithmetic mean,

1 [2n
5| B e A =0, )= 0, (4)
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Consequently,
R+e+p ™™ A R+e—p ™" ’

It is now clear that, if the sequence of the u, converges at 4, it
also converges in K,. It follows by Harnack’s first theorem that
the limit function is harmonic in the interior of K.

To prove the convergence of the sequence of the ,, at an arbitrary
point Bof (/, we join A to B by means of a polygonal line ! consisting
of a finite number of segments and lying in @. That this is possible
follows from the definition of a region. The polygonal line ! (together
with its end-points 4 and B) forms a closed set. Since ! has no
points in common with the boundary of @, it must be a positive
distance & away from the closed set which is the boundary of G.
We now choose a point 4, in the intersection of the line ! and the
circumference of K;,. About A4, as center we draw a circle K, of
radius 44. According to what has been said before, the sequence
of the u, converges uniformly in K, Likewise, it converges
uniformly in K,, where K, is a circle of radius 0 with center
belonging to the intersection of  and the circumference of K,. It is
possible to cover [ by means of a finite number of such circles
K,;(i=1,...,N), and the covering can be effected so that B isin the
interior of K 5. This implies the convergence of the sequence of the
u, at all points of the polygonal line ! and, in particular, at the
point B. Since the convergence is uniform in each of the circles K
and, in particular, in K, it follows, by Harnack’s first theorem,
that the limit function is harmonic in the neighborhood of B.

We now show that the sequence of the u,(z, y) converges
uniformly in every closed and bounded set F in the interior of G.
By the Heine-Borel theorem, it is possible to cover F' by means of a
finite number of circles K,, ..., K contained with their closures in
the interior of G. According to what has been proved in the pre-
ceding paragraph, the sequence of the u,(x,y) converges at the
center of each of these circles. Consequently, according to what has
been proved above, this sequence converges uniformly in each of
the circles K; and so, in all of F.

THREOREM 6. (Liouville’s theorem.) A non-constant function har-
monzic in the whole plane cannot be bounded from above or from below.

Proof. Let u(z,y) > M, say, for all (x, y) and for some constant M.
By adding, if necessary, some constant to u(x,y) we can always

12-2
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take M > 0. Under this assumption we show that the value of u at
an arbitrary point @(p, ¢) is equal to its value at the origin O. This
will prove that « is a constant. Choosing a circle K about O with

radius R large enough for (p, ¢) to be in K and representing « in K
as a Poisson integral, we get

L R, Rz_pz Yy
w@) =§;rfo u(B, ) 1 R2+p 2Rp cos ¢ ;0 v
Whence, as in (6, 30), we get
R-p R+p
FraUO)<u@<H2u(0)

For R o0 we have 4(0) < u(Q) <u(0). Hence u(Q)=u(0).

THEOREM 7. (On removable singularities.) Let u(x,y) be harmonic
and bounded in a deleted neighborhood of a point A at which the
Sfunction is not defined. We clavm that it is possible to define u(A) so
that w is harmonic in the above neighborhood of A including the point A
itself.

Proof. We assume for the sake of simplicity that 4 is the origin
of our coordinate system. Let K be a circle about A of radius B
contained entirely in the neighborhood of 4 under consideration.
Let u, be a function harmonic in the interior of K and equal to »
on its boundary. We put u —u, =v. The function v(z, y) is harmonic
and bounded in K except for the point 4 at which it is not defined.
We now show that v=0, i.e. u=wu, in K except at the point 4 at
which it is not defined. Assuming this to have been proved, we can
prove our theorem by putting v(4)=0, so that u=u,.

To show that v = 0 in the circle K minus the point 4, we construct

in K the function P p €
we( )=M(ln—R/lnR) y

where M is the least upper bound of | v | in K, € is a small positive
number, and p=A4P (i.e., the distance from A4 to P). The function
w,(P) vanishes on the boundary of the circle K, and it is equal to
M on the boundary of the circle K, concentric with K and having
the radius €. It follows from the maximum theorem for harmonic

functions that
| v(P) | <M(ln——/ln -----

for an arbitrary point P of the ring bounded by the circumferences
of K and K,, and for an arbitrary e. If now ¢ 0, the right side of



ELLIPTIC EQUATIONS 181

the above inequality goes to zero. Since the left side of this
inequality is independent of ¢, its value must be zero.

Remark. All the properties of harmonic functions in two variables
proved in this section carry over to harmonic function in any
number of independent variables. The proofs are analogous to those
given for the two-dimensional case.

§ 31. Proof of the existence of a solution of Dirichlet’s
problem

The idea of the proof given below originated with Poincaré. The
proof of Poincaré was improved somewhat by Perron. Since the
following considerations are applicable to regions of an arbitrary
number of dimensions, we shall conduct them in n-dimensional
space.

1. Bastc definitions and the method of solution of the problem. Let
v be a given continuous function defined in an n-dimensional
bounded region ¢ and on its boundary. By K we always denote
some n-dimensional sphere (for n =2, K is, of course, a circle) all of
whose interior points belong to (, and by (v),, a continuous
function equal to v outside and on the boundary of K and harmonic
in the interior of K. Itis clear that for the function » to be harmonic
it is necessary and sufficient that (v), =v for every sphere K.

We shall call the function v superharmonic (subharmonic) if for

every sphere K W<y (V) 2v). (1,31)

Let f be a continuous function defined on the boundary of @. Let
the function v be superharmonic (subharmonic) in G¢. Finally, let

v2f (v<f)
on the boundary of G. Then v is said to be an upper (lower) function
for f. In the sequel we shall consider only those superharmonic and
subharmonie, upper and lower functions which are continuous in
the closure @ of Q.

The Poincaré-Perron method consists in the following. We deter-
mine the family of all upper functions for a given bounded region ¢
and for a given continuous function f defined on the boundary of G.
It is clear that this family is not empty since every constant
c>supf is alrcady an upper function. We now define a function »
in G by putting u(P) equal to the greatest lower bound of the values
at P of all upper functions. We then prove that « is harmonic in the
interior of G and that it assumes the prescribed boundary values
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at all those boundary points of G which satisfy certain conditions
to be discussed later. As a preliminary we prove some properties of
superharmonic and upper functions.

2. Certain properties of superharmonic and upper functions.

THEOREM 1. (a) Ewery harmonic function is superharmonic and
subharmonic.

(b) If v is superharmonic and w 18 harmonic, then v + u s super-
harmonic.

(¢) The sum of two (and, consequently, of an arbitrary finite number)
superharmonic functions is superharmonic.

(@) If v is superharmonic and w is subharmonic, then v—w is
superharmonic.

Analogous theorems hold for subharmonic funections.

The first of these statements is obvious. The remaining state-
ments follow easily from the relation

(V14 2= (V)i + (Vo)

Using this relation we prove, for example, the statement (c). Thus,
let v; and v, be two superharmonic functions. Then

(k<Y (V)i <0,
Consequently, (v +vp) = (v1)i + (Vo) S ¥y + 0y,

i.e. the function v, + v, is superharmonic.

THEOREM 2. A function v superharmonic in the region G assumes its
least value on the boundary of G.

Proof. Let us assume that the function v assumes its least value
m at some point P in the interior of ¢. It must then be possible to
draw about P a sphere K touching the boundary of G such that v is
identically equal to m on the boundary of K; otherwise, at P

v < (V).

It follows that the function v must be equal to m at some boundary
point of G.

THEOREM 3. Every upper function v is either greater than or equal
to every lower function w.

Proof. The superharmonic function v —w assumes its least value
on the boundary of the region (cf. Theorem 2) where it is non-
negative. Consequently, this function is non-negative in the
interior of the region.
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THEOREM 4. The function
v=min{vy,v,,...,v,},

where vy, vy, ..., v, are upper functions, is also an upper function.
Proof. 1t is clear that the function v is continuous in @ and that
on the boundary of ¢ v>f

It remains to show that v satisfies the inequality (1,31) for every
sphere K. To this end we note that v(P) is equal to the value at
P of one of the functions vy, ..., v, say, v;. Hence

v=0; 2 (1)) > (V)
at P, which proves the inequality (1,31). Here we have made use
of the fact that, if v <v,, then (v), is always < (v,).
THEOREM 5. If v is an upper function, then (v), is also an upper
Sfunction.
Proof. We put (V=2

It is clear that the only property of upper functions to be proved
in the case of (v), is the property

(2N, <2 (2,31)
for every sphere K,. This property, too, is obvious if the sphere K,
is contained entirely in the interior or in the exterior of K. It
remains to consider the case when the sphere K lies in the interior

of K, and the case when the boundaries of these spheres interscct.

On the boundary of K,,

Hence, in the interior of K,

(e, < )iy

for the functions (z),, and (v),, arc both harmonic there. In view
of the superharmonicity of v,

(), S0

The functions z and v coincide outside the sphere K and on its
boundary. Hence the relation (2,31) holds outside K and on its
boundary when K lies in the interior of K, as well as when their
boundaries intersect. The functions z and (z),, are harmonic in the
interior of the intersection K n K,. Consequently, if the relation
(2, 31) holds on the boundary of the region K n K, it also holds in
its interior.
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3. Proof of the harmonicity of u, the greatest lower bound of all
upper functions. To prove the harmonicity of « in the whole region
it clearly suffices to prove its harmonicity in every sphere K. We
take an upper function v, whose value at the center P of the sphere
K does not exceed u(P) + . We may assume v, to be harmonic in the
interior of K. Otherwise, we could take instead of »; the function
(v1)x Wwhich, by Theorem 5, is also an upper function and whose
value at P also does not exceed u(P) + €.

We take next an upper function v, whose value at P does not
exceed u(P)+ te. We put

v, = (min (v}, v3)).
By Theorems 4 and 5, the function v, is also an upper function.

Continuing in this manner we obtain an infinite decreasing
sequence of upper functions v,,v,,...,v,,..., harmonic in the
interior of K. This sequence is bounded from below (Theorem 3).
Consequently, according to Harnack’s second theorem, this
sequence converges uniformly in K to some harmonic function v.

We prove that in K V=1

Suppose that this statement is false. Then there exists an upper
function z whose value at some interior point P, of the sphere K
is less than v(P;). About P as center we describe a sphere K, of
radius p such that P, is on the surface of K,. Then every function
2= (min(z, vn))kl

is an upper function. Now, since the sequence of the v, in K,
converges uniformly to v, the sequence of the z, also converges
uniformly in K,. Consequently, for » sufficiently large, 2, differs
by an arbitrarily small amount from the value of (min (z,v)),, at
P. This latter value is less than v(P)=w(P). This, however, con-
tradicts the assumption that u(P) is the greatest lower bound of the
values of all upper functions at the point P.

4. The behavior of the function u on the boundary of G.

THEOREM. The function u takes on the value f(Q) at a boundary
point Q of G provided that the following condition holds:

Condition A. There exists a superharmonic function (barrier) w,
which is continuous and single-valued in G and on its boundary and
has the following properties:

(1) wo(@)=0,
(2) At all points P of @ other than Q, wqy(P)> 0.
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Proof. Regardless of how small a positive number € we choose, it
is always possible to find a neighborhood U, of @ so small that at
each of its points P belonging to the boundary of G the following
inequality, based on the continuity of f, holds:

J@=e<f(P)<f(@)+e.
Therefore, making use of the fact that the function a)o(P) exceeds

some positive constant in the part of & outside Uy, it is easy to
prove that for sufficiently large C' > 0 the function

P(P)=[(Q)—e—Cuwy(P)

is a lower function and the function

Y(P)=f(Q)+ e+ Coy(P)
is an upper function.

We prove the second of these two statements. It is evident that
¥(P) is superharmonic for every non-negative C. It remains to
show that i > f at all boundary points of G. In view of the con-
tinuity of f at the point @, the correctness of this statement for
some neighborhood of @ follows directly from the fact that € >0
and Cawy(P)>0. As for the exterior of this neighborhood, w,(P)
exceeds, by assumption, some positive constant, so that, for C
sufticiently large, Cw,(P) can be made as large as we please at all
p()mta of the boundary of G outside U,,.

It is clear that for ¢>0 the v&lues u(P) of the function u are
contained between the values ¢(P) and ¥(P) of the two continuous
functions ¢ and . C()nsequently

S(Q)—e=(Q)<u(Q)<Y(Q)=f(Q)+e¢.

Now, since ¢ is arbitrarily small, it follows that

w(@)=/(@),

and the constructed function u(P) is continuous at the point @.

For n > 2 it is easiest to construct a barrier at a point ¢ for which
there exists an n-dimensional sphere with center at some point O
which touches the boundary of @ at the single point  and whose
interior contains no interior points of G. We can then take for the
function wy(P) the function

1/@;1—2 —_ I/Pﬁn—z,

where PO (0Q) denotes the distance between the points P and O
(O and @). Tt is clear that for n > 2 this function is harmonic.
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For n=2 it is possible to show that every boundary point @ of
a region G bounded by a single simple curve satisfies condition A.
Thus, if the point @ is taken as the origin, the function — p/(p?+ ¢?),
where p is the real and ¢ the imaginary part of In (x + ¢y/2D) (D = the
diameter of the region (), possesses all the properties of the function
wy. However, the function —p/(p®+¢®) may not have all these
properties if the region G is not simply connected. Thus, for
example, the function — p/(p?+ q?) ceases to be single-valued if ¢
is the region enclosed by the circumferences of two concentric
circles and the point @ lies on the smaller of the two circumferences.
It is therefore expedient to replace condition A by the following,
more general, condition:

Condition B. In some arbitrarily small neighborhood U, of @
(here U, denotes that part of the full neighborhood of @ which
belongs to G) there exists a single-valued superharmonic function Q,
(barrier) possessing the following properties :

(1) Q, s defined and continuous in U, and on its boundary.
(2) Qq(Q)=0.
(3) Qp >0 at all points other than Q.

These three properties of Q, imply its fourth property:

(4) Qg = k>0 at those boundary points of U, which belong to Gi.
Here k denotes a constant.

We now show that if the point @ satisfies condition B it also
satisfies condition A. To this end we construct a function w,(P)
defined as follows:

wo(P)=min :—z Q,(P), l} in U,

wo(P)=1 outside Uj,.
We claim that this function possesses all the properties listed in
condition A. In fact,
(1) wg(P) is continuous in G.
(2) (1)0 (Q) = 0’ _
(3) wg >0 at all points of G except Q.
(4) It remains to show that wy(P) is superharmonic, i.e., that
()i < Wg- (3, 31)
We denote.the part of G where w, =1 by G, and the rest of ¢ by
G,. Then (3, 31) will obviously be true if the interior of the sphere
K contains only points of @, or only points of G,. There remains
the case when the interior of K contains points of G, as well as
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points of (. In this case, we first consider the part of the sphere K
which belongs to G;. In this part of K, wg=1 and (wg), < 1, which
implies the validity of (3,31). To see that relation (3,31) holds
for the points of the intersection K n G, of the regions K and G,, we
note that the function w, is superharmonic and the function (wg);
is harmonic in K n @, and in K n (,. Also, the values of w, on
the boundaries of these regions are not less than the values of
(@)

In the sequel we assume that »>2, for the boundary-value
problem under consideration is trivial if n =1.

It is easy to show that if » =2, then every boundary point @ of
G satisfies condition B, provided that there exists a neighborhood
U, of @ with the following property; it is not possible to draw in
U, a closed curve surrounding ¢ and consisting of interior points of
G only. In fact, let us put the origin at ) and let us assume that the
neighborhood U, is so small that the distance between any of its
points and the point @ is less than ¢, where c< 1. If we now put
In (z + {y) = p +1q, then the function

Qo= —p/(P*+¢°)
will have all the properties listed in condition B.

If n> 2, it is easy to construct a function Q,, for every boundary
point § which can serve as vertex for a circular n-dimensional cone
C,, with straight lines as generators, all of whose points which are
sufficiently close to @ lie in the exterior of G. To this end we consider
a simply connected region G* made up of points interior to some
n-dimensional sphere S of radius R and center @ and exterior to the
cone Cy. On the boundary of G* we prescribe a function f* by

putting f*P)=QP,

where QP denotes the distance between the points Q and P. The
greatest lower bound «* of all upper functions for the region G* and
the function f* assumes, in view of the criterion formulated on
p. 185, the values f* at all points of the boundary of G* other than
@ at which this criterion cannot be applied. To convince ourselves
that the function u* possesses all the properties of ( it is necessary
to show that u* vanishes at . We observe that u*(Q) > 0, since a
function which vanishes identically is a lower function. Here
w*(@)= lim w*(P), @*(Q)=Tim u*(P).

e—>0 e—>0

PQ<e PQ<s
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It remains to show that  @*(Q)=0.
Let us assume that  z*(Q)=c>0. (4, 31)

We take the point @ as the origin and we consider the function
w¥*(zy, ..., x,) =u*(kxy, ... kx,) (k>1).
Clearly, W (Q)=u*(Q)=c>0.

On the other hand, it is easy to see that at all boundary points other
than @ of the region G** in which the function u** is defined we

have u* SCI’M**, (5’ 31)

where ¢, is a constant <1 depending on k. This means that the
relation (5, 31) holds in the interior of G**, for the functions u* and
u** are bounded and harmonic in the interior of G** and their
values at the one boundary point ¢ do not influence their behavior
in the interior of G**. This is proved in exactly the same way in
which we proved the theorem on removable singularities of
harmonic functions in the preceding section. We take the point ¢
as the center of a sphere K of radius so large that the whole region
G** lies in the interior of K. Just as in the case of the theorem on
removable singularities we construct a function », which vanishes
on the surface of K and takes on the value M on the surface of the
sphere K, of radius €, concentric with K. Here M is the least upper
bound of u* — ¢,u**. If now P is a point of the part of G** between
the spheres K and K, then

u* —cu** < u,.
However, at every fixed point P the positive quantity u (P) is

arbitrarily small for a sufficiently small value of . Consequently,
at every point P of the region G**,

u* < c ur*,
which is what we set out to prove.
The fact that the relation (5, 31) holds at all points of the region
G** implies that Q) < ¢, WF(Q) = ¢, c.

Since ¢, < 1, this relation contradicts (4, 31) for ¢ > 0.

The boundary points of G for which condition B holds are called
regular.

Problem. Show that there exists no function harmonic in a circle
minus its center which vanishes on its circumference and takes on
the value 1 at its center.
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§ 32. The exterior Dirichlet problem

By the exterior Dirichlet problem we mean the following problem.
Let there be given a bounded simply connected region G. Let f
be a continuous function prescribed on the boundary of G. We wish
to find a function » which is harmonic in the exterior of G and which
takes on prescribed boundary values f on the boundary of G.

We say that u takes on prescribed boundary values f on the
boundary of @ if the function » which is equal to % in the exterior of
G and equal to f on I' is continuous wherever it is defined.

Example. Suppose that the steady-state (independent of time)
temperature at every point (z,y,z2) outside and on the boundary
of a certain body is u. We know that in this case w satisfies the
Laplace equation outside G. Thus, to find the steady-state tem-
perature outside ¢ we must solve the exterior Dirichlet problem.

If no restrictions are imposed on the behavior of the solution of
the exterior Dirichlet problem at distant points of space, then
this problem has many solutions. To insure uniqueness of the
solution in the two-dimensional case we require the solution to be
bounded. For higher dimensions it suffices to require the solution
to go rapidly to zero if at least one of the independent variables
goes to infinity. For instance, in the three-dimensional case
uniqueness of the solution is secured by requiring that

| w(P)| < M|AP. (1, 32)

Here M is a constant, A an arbitrary but fixed point, and AP
denotes the distance between A4 and P.

For bounded regions the exterior Dirichlet problem can be
reduced to the Dirichlet problem which we considered in §31, and
which we now call the interior Dirichlet problem in distinction to
the exterior Dirichlet problem. At the same time this reduction
clarifies the role of the supplementary conditions at infinity imposed
on the solution of the exterior Dirichlet problem (more precisely, on
the values of the solution at distant points).

We choose in the region G a point O and a spherical surface (in
the two-dimensional case, the circumference of a circle) S of radius
R and center O. We next invert the space with respect to S, i.e. we
map a point P of the space on the point P* on the half line OP for
which OP OP* = R2. Under this mapping S remains fixed, and the
interior (exterior) of S is mapped on its exterior (interior).
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Thus all points of space outside G are mapped on to points of a
bounded region G* surrounding the point 0. To every point of G*
other than O there corresponds a unique point outside . The only
point to which there corresponds no point of space under our
mapping is the point O. All further considerations must be con-
ducted separately for (a) the case of two dimensions (the plane)
and () the case of three dimensions.

We first consider the case of the plane. Let u denote a solution
of the exterior Dirichlet problem for the region (. We put

w*(P*)=u(P) and f*(P*)=f(P).

The function »* will be defined at all points of G* other than O,
and will take on the values f*(P*) on the boundary of G*. Using
simple calculations one can show that the function u*(P*) is a
harmonic function of the coordinates of the point P* (or, bricfly,
a harmonic function of P*) provided that «(P) is a harmonic
function of P.7

If the function u(P) is bounded, then so is u*(P*). Using the
theorem on removable singularities, it is possible to define »* at
O in such a manner that the resulting function is harmonic in all
of the interior of G*. It follows, in view of the uniqueness of the
solution of the interior Dirichlet problem, that the bounded
function »* is uniquely determined in G* by its values on the
boundary of G*. This implies the existence and uniqueness of the
solution of the exterior Dirichlet problem in the class of bounded
functions.

The three-dimensional case. Let u again denote a solution of the
exterior Dirichlet problem for the region G. We put

w*(P*)=(R/OP*)u(P),
or, equivalently, w(P) = (R|OP)u*(P¥*).
We also put analogously

[*(P*)=(R|OP*)f(P),
or, equivalently, f(P)=(R[OP)f(P*).

The function »* is thus defined at all interior points of G* other
than 0. On the boundary of G*, u* takes on the values f*. Going

1 To check this it is necessary to write the Laplace equation in polar co-
ordinates with O as origin. In such coordinate system our transformation is
expressed by means of very simple formulas.
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over to polar coordinates we can show by means of simple calcu-
lations that, if »(P) is a harmonic function of P, then u*(P*)is a
harmonic function of P*. If u(P) satisfies the condition (1,32),
then, as is easily seen, u*(P*) is bounded. Using the theorem on
removable singularities, it is possible to define u* at O so that the
resulting function is harmonic at all interior points of G*. It
follows, in view of the uniqueness of the solution of the interior
Dirichlet problem, that the bounded function »* is uniquely deter-
mined in (* by its values on the boundary of G*. This implies the
uniqueness of the solution of the exterior Dirichlet problem in the
class of functions satisfying condition (1, 32).

It follows from the preceding considerations that if all boundary
points of G* are regular, then the exterior Dirichlet problem for
the region ( has a solution for every continuous function prescribed
on its boundary and this solution satisfies condition (1, 32).

Examples. Let us consider the exterior Dirichlet problem in
the case of the plane. Let the prescribed boundary function be
identically equal to a constant C. Then C is also a solution of our
problem. Moreover, €' is the only solution of our problem in the
class of bounded functions.

We now consider the exterior Dirichlet problem in three dimen-
sions for the region bounded by the surface of a sphere of radius R
and center 0. If, as before, the boundary function is identically
equal to a constant C, then one solution of our problem is the
fanction u(P)=CR|OP, (2,32)
and this solution is unique in the class of functions satisfying
condition (1,32).

1t is possible to show that the solutions of the two problems below
approach the solutions of the above two examples, respectively.

1. Let the temperature on the surface of an infinitely long
cylindrical pipe be equal to C. Let the initial temperature of the
surrounding air be equal to zero. Then the temperature u(t, z, y, z) of
the air at the moment ¢ at the point (z,y,z) tends to C as t— 0.
In physical terms this means that, using an infinitely long pipe of
constant temperature C, it is possible to bring the temperature of
the surrounding air up to C.

2. Let the temperature of the surface of a sphere of radius R and
center O be constant and equal to C. Let the temperature of the
surrounding air be everywhere equal to zero. Then the temperature
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u(t, x,y,2) of the air at the moment ¢ at the point (z, y, z) approaches
the function (2, 32) as ¢—oco.

Problem. Using inversion show: (@) the uniqueness of the solution
of the exterior Dirichlet problem for an unbounded region @ in the
plane in the class of bounded functions and (b) the uniqueness of
the solution of the exterior Dirichlet problem for an unbounded
region (7 in space in the class of functions satisfying condition (1, 32).

§ 33. The Neumann problem (the second boundary-value
problem)

1. Statement of the (¢nterior) second boundary value-problem. Let
there be given a finite region G bounded by a smooth curve with a
continuously turning tangent. Let f be a continuous function pre-
scribed on the boundary of G. We wish to find a function u harmonic
i the interior of G whose derivative ou/on in the direction of the inner
normal is equal to the function f at every boundary point of G. (This
problem is also referred to as the Neumann problem.)

In all of this section we assume that % has bounded continuous
derivatives of the second order in G and that «, du/ox and ou/dy can
be so defined on the boundary of ¢ that the resulting functions are
continuous in G.

We now show that for a solution of the interior second boundary-
value problem to exist it is necessary that the integral of f over the
boundary of the region G vanish.

Proof. We consider the integral

®u  Pu
I Gy e
Since u is harmonic, this integral must vanish. By Gauss’s theorem
we must have ou
Jr(a )ds 0 or f f(s)ds=0 (1, 33)
(for, by assumption, ou/on=f on I').

If the region G is multiply-connected and if its boundary consists
of a finite number of closed curves each with a continuously turning
tangent, then the integral in the equality (1, 33) must be taken over
all these curves, and the positive direction on each of them must be
chosen so that the region ¢ is always to the left of the boundary.

The same considerations apply in the three-dimensional case. In
this case we also find that the integral over the boundary of G of
the values of 0u/0on prescribed on the boundary must vanish.
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2. If a function « is a solution of a certain Neumann problem,
then every other function which differs from » by a constant is
also a solution of that problem.

We prove that the solutions of a certain Newmann problem can
differ from one another by a constant only. For this it is sufficient
to prove that if the function prescribed on the boundary is =0, then
the only solutions of the Neumann problem are constants. In fact,
let u be a solution of this problem. Then

J f (82u a2u) dedy=0. (2,33)
But ff (A dde J U dy—ff (%)2dxdy, (3,33)
jf@u -5 dody = J By © da — ff ( ) dxdy. (4, 33)

In both cases j denotes integration over all of the boundary of G,
r
traversed in the positive direction. By (2, 33), (3, 33) and (4, 33),
we have

R R AL Y

Ifuis ha,rmomc in the interior of ¢ and if ou/on = 0 on the boundary
of G, then, by the previous results,

JLLGEY + (G Jasar=e

Since ou/ox and du/0y are continuous, this implies that they must
both vanish in all of . Consequently, « is a constant.

This proofis applicable to aregion ¢ in any number of dimensions.

Problem. Prove that, for ou/on =0 on the boundary of @, every
solution « of the Neumann problem for a finite region @ is equal to
C, provided that the following conditions hold: (1) the boundary
of @ has continuously varying curvature; (2) it is possible to define
u and its first derivatives on the boundary of ¢ so that the resulting
functions are continuous in G.

Hint. In this case 8’u/8x2 and 0%x/0y® may be unbounded, and

the integrals
Jif dwdy and ff dxdy

13
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may not exist. Consequently, the considerations given before
cannot be applied. We must, therefore, approach the region G' by
means of a region @, in G such that the directions of the boundaries
of G, and G at nearby points are almost the same. We must trans-

form the integral 2 2
gr J‘J‘ (au Bu)d dy

8x2
just as we did in the case of the integral (2, 33), and we must note

that if the boundary of G, is sufficiently close to the boundary of &,
then the absolute value of the integral

ou
fpe u % dS
is small.

3. If the region @ is two-dimensional and simply connected,
it is easy to reduce the Neumann problem to the Dirichlet problem.
Thus, let there exist a solution « of the Neumann problem such that
u, ou/ox and ou/dy can be extended continuously to the boundary
of @ (i.e. these functions can be so defined on the boundary of @
that the resulting functions are continuous in G). We now construct
in @ a function v which satisfies in @ the Cauchy-Riemann equations

ou 0z = ov/[dy,
oufoy = — (ov/ox).
The existence of the function v, whose derivatives are defined by
(8, 33), follows from the fact that « is harmonic and therefore
0% % d*u Q%
dyow dwoy  Gad ' Gyt

These equations define v to within a constant term. It is easy to
check that at every point of G the derivative of  in some direction
Tis equal to the derivative of v in the direction obtained by rotating
7 counterclockwise by 90°. It can also be checked that for an
arbitrary boundary point of G the derivative of % in the direction
normal to the boundary is equal to the derivative of v in the
direction of the tangent to the boundary. Hence, fixing the value

of v at some point 4 on the boundary of the region, we find that at
every point B on the boundary of G

B
v(B)—v(A):fA f(s)ds, (6,33)

where ds denotes an element of arc length on the boundary of G.
Since the integral of f(s) taken over the boundary of G' vanishes,

(5,33)

=0.
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the equality (6, 33) defines v on the boundary of ¢ as a continuous
and single-valued function.

It is easy to see that if u is harmonic then v, defined by equations
(5, 33), is also harmonic. Therefore, knowing the values of v on the
boundary of @, we can determine v uniquely in the interior of G.
Then, using (5, 33), we can determine the values of u in G to within
a constant term. Itis easily verified that the function » determined
in this manner is a solution of the original Neumann problem.

In the case of three dimensions it is not possible to reduce the
Neumann problem to the Dirichlet problem. In this case it is
possible to solve the Neumann problem using integral equations
(cf. §§34 and 35).

4. The exterior second boundary-value problem can be stated as
follows. Let there be given a bounded simply-connected region G
with a smooth boundary. We wish to find outside G a harmonic
function » such that u and its first derivatives can be extended
continuously to the boundary of G and such that on the boundary of
G the derivative of u in the direction of the outer normal is equal to
a prescribed continuous function f. In addition, there are imposed
on the solution of our problem the same conditions at infinity which
were imposed on the solution at infinity of the exterior Dirichlet
problem.

Just as in the case of the exterior Dirichlet problem, it is possible
to reduce the exterior second boundary-value problem to the
interior second boundary-value problem by means of inversion.
What is essential here is the fact that, in view of the conformal
nature of the transformation of inversion, angles are preserved.
Consequently, a line normal to the original region goes over into a
curve normal to the new region. In the two-dimensional case the
boundary function for the resulting interior second boundary-value
problem (Neumann problem) is obtained as follows (we are using
the notation introduced in connexion with the outer Dirichlet

problem): u*(P*)=w(P), OPOP*=Re,
_ou* Ou on on
* e —
P = %= am k)
Here s and s* denote corresponding points of the original boundary
and of the new boundary, and » and »* denote normals to the two

boundaries. In view of the conformality of the mapping, on/on* is
independent of the direction of n. Thus, to compute on/on* we may

13-2
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assume that the directions » and n* go through the center O of the
mapping. Then on _dOP) —R
m* d(OP*) (0P
For the exterior second boundary-value problem to have a
solution, it is necessary and sufficient that the corresponding

interior second boundary-value problem have a solution. For this
it is necessary and sufficient that

dn ds*
0=fL.f*(s*)ds*='fo )dn*; ds f f(8)ds.  (7,33)

Here L* denotes the map of L under inversion. In view of the
conformal nature of this mapping,
(dn/dn*) (ds*[ds)=1.

Problem. Isit possible to compute ou/on* for a three-dimensional
region in the same way in which du/on* was computed for a two-
dimensional region ?

§ 34. Potential theory

1. In §§34 and 35 we describe a method of solving the funda-
mental boundary-value problems for the Laplace equation (and
also for the Poisson equation (cf. §1)) which is independent of the
contents of §§30-33. This method utilizes certain special repre-
sentations of the solution in the form of integrals which occur
frequently in mechanics and physics and have thus become known
as potentials. To obtain a solution of an equation by means of this
method, we make use of certain special solutions having singu-
larities of a definite type at a variable point. We observe that this
method is essentially applicable to elliptic equations with variable
coefficients. As regards the construction of such ‘fundamental
solutions’ for equations more general than the Laplace equation
the reader is referred to papers by E. E. Levi and W. Feller.t

Let a point charge g be located at a point O of the space (z, ¥, 2).
Then, according to a well-known law of physics, this charge pro-
duces at an arbitrary point @+0O an electrostatic field whose
intensity ¥ is given by  p_ kq(7/r3)

t E. E. Levi, R.C. Circ. mat. Palermo, vol. xx1v (1907), pp. 276-317. W. Feller,
‘Uber die Losungen der linearen partiellen Differentialgleichungen zweiter
Ordnung vom elliptischen Typus, Math. Ann., vol. cix (1929-30).
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or, in terms of components, by

E, kq“"rs“, E,=kq ,3b, E,= k——— (1,34)

Here a, b, ¢ are the coordinates of O; z, y, z are the coordinates of
Q,7r= 0—(:), r=0Q; and the value of the coefficient & depends on the
system of units used.

The right sides of the equations in (1, 34) taken with opposite

sign are equal, respectively, to the partial derivatives with respect
to z, y, 2 of the function

w(Q) = kq/[r + const. (2,34)

This function is called the potential of the given electrostatic field.
The constant on the right side of (2, 34) is usually taken to be equal
to zero so that u(Q)—0 for @ —oco. Also, in mathematical work,
k is put equal to 1. We shall thus assume that the point charge ¢
gives rise to the potential

w@)=g/r=q/[(x—a)+(y—b)*+ (z—c)?t. (3,34)

In view of the fact that the potentials due to point charges are
additive, the potential due to a continuous distribution of charge
is given by the limit of a sum, i.e. by an integral. In particular,

if the charge is distributed over a surface § and if its surface
density is w(4) (where 4 belongs to S), then the potential due to

this charge is equal to
_ w(4)
=] g 39

Here r(A, @) is the distance between 4 and @, and A is the variable
of integration. This is emphasized by the index of the differential
(in (4,34)). If the charge is distributed over a volume V with
volume density p(4) (4 in V), then the potential is given by

va rp(A av . (5, 34)

The right side of (4, 34) is called a simple layer potential and the
right side of (5,34) a volume potential. In the sequel we give
necessary and sufficient assumptions for the existence of these
integrals.

Now let two charges ¢ and —g be located on an axis/ (fig. 12) and
let the distance between them be A>0. Let the two charges
approach O so that the direction from —g to g always coincides
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with the positive direction of the axis. Then the potential at any
point other than O is given by the difference of quantities which
tend to become equal to each other. Consequently this potential
tends to zero. If ¢ varies during the motion so that

gh =p=const.,
then the limiting potential is equal to

. 1 1 o(1/r) por  cos(0Q,l)

w@=timq(Jo= ) =p "GP = L5 =020 6.0
In physics, the limiting distribution of the charges is called a
dipole, the quantity piscalled the moment
of the dipole, and the axis I the axis of
the dipole. Using point charges one can
realize a dipole only approximately (two
large charges a small distance apart). In
view of the simplicity of dipole fields it
is convenient to use them, on a par with
point-charge fields, in the investigation
of electrostatic fields.

Now, let there be given an oriented
surface 8, i.e. a surface with indicated
exterior and interior. Let there be dis- Figure 12
tributed on S a dipole of moment density
7(4) (4 in S) and let the direction of the dipole axis at A coincide
with the direction of the outer normal to S at A. Then the potential
of this dipole distribution is equal to

7(4) cos AQ,nA) "
@=[], et e (*,349

where 74 is the outer normal to S at A. The dipole distribution
considered can be realized approximately by means of two distri-
butions of charge of density 7(4)/k and —7(A4)/h, respectively,
placed on S a (sufficiently small) distance (measured along the
normal to 8) > 0 apart. That is why the integral (4, 34*) is called
a double layer potential.

The right sides of (3, 34) and (6, 34) are harmonic functions at all
points of space other than O. This fact can be checked by direct
computation. (It suffices to verify the harmonicity of (3, 34) since
(6,34) can then be regarded as the uniform limit of harmonic
functions in the neighborhood of every point other than 0.) With
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some minor assumptions on the densities involved, it is now easy to
prove that the simple- and double-layer potentials are harmonic
everywhere outside S.

Problem 1. Find (a) the simple-layer potential due to a charge
distributed uniformly over the surface of a sphere, (b) the volume
potential of a charge distributed uniformly over the volume of
a sphere.

Problem 2. Let w=f(r), where r is the length of the radius vector
in n-dimensional space (n>2) and f is defined for » >0 and has a
continuousderivative of the second order. Show thatifuisharmonic,
then fr)=c, +cyfr2.

2. Consider a spatial distribution of charge constant in the z
direction. Clearly the electrostatic field due to this distribution of
charge will be independent of z. In this case it suffices to study the
charge and potential distribution in any of the planes z=const.
Let x and y be the coordinates in one such plane. Here the intensity
at a point Q(x, ) is that due to a charge of constant linear density ¢
distributed uniformly along the straight line  =a, y = b rather than
that due to a point charge. We denote the point (a,b) by the letter O.
It follows from considerations of symmetry that for @40 the

intensity is equal to = qf(r)F, (7,34)

where 7= (ij, r=|7|. To compute f(r) we take O =(0,0), @=(r, 0).
Then

v _ _ o rq _ ]Cq in 2kq
E,=E,=0, Em—kf_w(r2+z2)%dz—7f_ ¢d¢____
(z=rtan @).
Hence, by (7, 34), f(r)=2k/[r?,
so that B = (2kq|r)7.
Consequently, regardless of the position of the point @ in the
(%, y) plane, o% 2Ic
B~ @-a) L y-o).

The negatives of these quantities are equal, respectively, to the
partial derivatives with respect to 2 and y of the function

u(Q) =2kqIn r—1 4 const. (8, 34)

This function is called the logarithmic potential or, simply, the
potential. In mathematical work it is customary to put 2k =1 and
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constant=0. Thus in studying a plane field we take the plane
potential due to a point charge to be

w@)=¢In[r(0,Q)] =gln[(z—a)+(y-b)}t  (9,34)

We observe that this potential cannot be obtained from (3, 34) by

means of integration along the charged line, for the resulting
integral would diverge.

In analogy to para. 1, the potential of a plane dipole is defined by

the formula oln (1 _0_> ,1
w@)=p a(l /r)=pc°s(rQ ).

(10, 34)

Figure 13 Figure 14

The right sides of (9, 34) and (10, 34) are harmonic in the plane
punctured at O (cf. para. 1). The form of the equipotential lines
associated with a point charge is represented in fig. 13; that of the
equipotential lines associated with a point dipole is represented in
fig. 14.

The expressions for the potential of a charge distribution and a
dipole distribution are analogous to the expressions (9,34) and
(10, 34) respectively. Here, the place of a volume potential is
taken by the two-dimensional potential

(@)= U p(4)In A Q) (11,34)

where @ is a plane region. The simple- and double-layer potentials
for a plane are, respectively,

u(Q)=Lw(A) A Q)dlA, (12, 34)
u(Q)=fLT(A)9°—i§j—%i) dl,, (13,34)
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Here L is a plane curve and 7, is a vector whose direction is that
of the normal to L at A. We shall regard the curve L as oriented, i.e.
having an interior and an exterior. The normal n, is assumed to
be the outer normal.

In the sequel we consider potential theory in the plane only. To
develop a theory of potential in spaces of arbitrarily high dimensions
one proceeds in a manner analogous to the two-dimensional case.

Problem. Compute the simple-layer potential due to a charge
distributed uniformly on the circumference of a circle. (The
resulting integral can be computed by means of the theory of
residues.)

3. In the sequel we consider a plane curve L with continuously
turning tangent. Then, given an arbitrary point P of L, it is possible
to choose a coordinate system in which the coordinates (x,y) of P
are both zero and the part of L close to P is representable in the

form y=¢@) (—h<w<h;h>0), (14,34)

where ¢(x) is a continuously differentiable function.

Let there be given a function F(4, Q) defined and continuous in
A and @, where A is assumed to be a point of L and @ is assumed to
be a point of the plane different from 4. Then, if @ varies outside L,

the integral
& w(Q) =J; F(A4,Q)dl, (15, 34)

is always meaningful, and it defines a con-
tinuous function of . The proof of this
fact is elementary.

If @ =P belongs to L, then the integral
(15, 34) becomes an improper integral since
the integrand is not defined for 4 =P. We
shall speak, as usual, of the convergence
or divergence of the integral (15, 34) de-

. = Figure 15
pending on whether the limit

lim F(4,P)dl,, (16, 34)
A'—>PJL-1
A">P
does or does not exist. Here ! denotes an arc of the curve L with
end-points A’ and 4" separated by the point P (cf. fig. 15).
Let I be an arc of L and let P be a point of  which is not an end-
point of I. Then P will be referred to as an interior point of .
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We shall say that the integral (16,34) converges uniformly at a
point P of L if, given an arbitrary € > 0, it is possible to find a neigh-
borhood V of P (cf. fig. 15) and an arc 1 of the curve L such that:

(@) P is an interior point of I,

(b) the integral
f P(A,Q)dl, (17, 34)
1

converges for an arbitrary @ in V and is in absolute value less than €
(the requirement of convergence is essential only if @ is a point of
the intersection of l and V).

THEOREM 1. Let the integral (16,34) converge uniformly at some
point P of L. Then this integral converges at all points @ of L
which are sufficiently close to P. Thus formula (15,34) defines the
Sfunction w(Q) in some neighborhood of P. This function is continuous
at P,

Proof. We take an arbitrary ¢ > 0 and we choose a neighborhood V
and an arc !/ in accordance with the definition of uniform con-
vergence at a point. Then the integral (17, 34) converges at every
point @ interior to [ and contained in V. Consequently, the integral
(16, 34) also converges at such points ¢ and the first part of our
theorem (concerning the determinacy of w(Q) in some neighborhood
of P) is proved.

To verify the continuity of w(Q) at P we assume that @ is a point
of V. Then

|w@-w(P)|=| [ @t [ Fd, P,

<

j F(4,Qd

+UIF(A,P)dlA

+| j [F(4,Q)— F(4,P))dl,
L-1
< 2e+fL_l | F(4,Q)—F(4, P)|dl,.

However, if lis fixed, the last integral is < ¢, provided that ¢ belongs
to a sufficiently small neighborhood of P. This conclusion follows
from the uniform continuity of the integrand when A varies in
L—1 and @ varies in the neighborhood of P mentioned in the
preceding sentence. Thus, if ¢ is sufficiently close to P, then

| (@)~ w(P)| <3,

which proves the continuity of w(Q) at P and completes the proof
of Theorem 1.
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THEOREM 2. If w(A) and 1(A) are continuous bounded functions,
then the simple- and double-layer potentials (12, 34) and (13, 34) are
harmonic everywhere outside L.

In fact, for @ outside L, the possibility of differentiating the
functions (12, 34) and (13, 34) any number of times with respect to
the coordinates of the point ¢ can be proved in exactly the same
way in which one proves in mathematical analysis the possibility of
differentiating a definite integral with respect to a parameter of
which the integrand is a function. Theorem 2 is thus an immediate
consequence of the harmonicity of the integrands of (12, 34) and
(13, 34).

THEOREM 3. If Q is a point of L and w(A) is continuous and
bounded, then the integral (12,34) converges. Thus the stmple-layer
potential is a function defined and continuous in the whole plane.

Proof. In view of Theorems 1 and 2 it suffices to verify the
uniform convergence of the integral (12, 34) at an arbitrary point
P of L. To this end we take the point P as the origin and choose the
direction of the coordinate axes so as to be able to write the
equation of the portion of L close to P in the form (14, 34). We
denote this portion of L by l,. We then have

fu"" gyl

=max | w(4) ]J“’ | In[(x—a)2+ (y—b)2} | {L +[¢'(a)]*}t da
(b=¢(a)). (18,34)

If V and h are sufficiently small, then the distance between an
arbitrary point (z,y) of the region V and an arbitrary point (a,b)
of the curve [, is < 1, so that

<max{w(A |J |Inr(4,Q)|dl,

0<|z—a|<[(x—a)2+(y—b)2E<1.

Using the estimate (18, 34), we now see that for @ in V

f o)

<max | w(4) | max {1+ [¢’(a)]2}*fh |In|z—a||da
L I —h

~2n
<max | w(4) | max {1 +[¢'(a)]?}} ZJ |Ina|da—>0
L In 0 h—0
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uniformly with respect to the point @ varying in V. This proves
Theorem 3.

Remark. We proved the convergence of the integral on the left
side of (18, 34) (for @ in [,) while estimating it as in (18, 34), for an
improper integral converges as soon as it converges absolutely.

THEOREM 4. Let L be a closed plane curve with continuously turning
tangent bounding a region G. Then the double-layer potential on L with
unit density (i.e. the integral (13, 34) with T(A)=1)

18 equal to —2m if Q isn G,

converges and is equal to —m

if @ison L,
1s equal to zero if Q isin H, the
exterior of G.

In fact, let @ be an interior point
of G and let 4 traverse L in the
positive direction. Let oy, denote

the angle between the vector @:1 and Figure 16
the z-axis. Finally, let AB denote
the vector obtained by rotating Q—}l by +90°. Then (cf. fig. 16)

dag, cos (/Ti?, T4)T cos (Q_A,’TI,A)_ _cos (Aﬁé,ﬁA)

a — r4,Q) 4,9 r4,Q) ’
A0.m
hence JL COiEA?Q;ZA) dl = —fL dag = —2m.

The cases @ on L and @ in H are proved analogously.

We now go over to the general case.

THEOREM 5. Let L be a plane closed curve with continuously turning
tangent made up of a finite number of convex arcs. (We call an arc
convex if every straight line intersects it in at most two points.) Let G
be the region bounded by L. Some of the arcs which make up L are
bent towards and others away from the interior of G.

Let 1(A) be bounded and continuous. Then, for Q on L, the integral
(13,34) converges. Thus the double-layer potential is defined by
formula (13, 34) in the whole plane. In general, this function has a
discontinuity of the first kind on L. More precisely, there exist two

t This is easily checked if we replace differentials by increments and the arc
Al by the tangent to Al at A4.
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Sfunctions u(Q) and 4(Q), defined in Q@+ L and H + L, respectively,

such that w(@)=%(@Q) (@ GG),}
wW@)=4(Q) (QeH),

u(@) = Q@

(19, 34)

(Qel),
WQ)-u(@)=2n7(Q) (QeL).

Proof. We take an arbitrary point P in L and we consider together
with the potential (13, 34) another double-layer potential
T —277(P) (Q€Qq),
_ cos (AQ,n,) .,
u@=[ (@ G = mp) (e,

0 (QeH).
We form the difference
_ _ _ cos (AQ,m )
u(@ (@)= )N 5L, (20,3

and prove that the integral on the right converges uniformly at the
point @ = P. Assuming this to have been proved, we can claim, by
Theorem 1, that, at Q = P, u(Q) has a discontinuity of the same kind
as #,(Q). This means that the values u(Q) approach a limit as Q - P
in @ and, also, as ¢ — P in H. The value «(P) exists and is equal to
the arithmetic mean of the above two limiting values, and the jump
of u(Q) at P, associated with crossing from G to H, is equal to
2n7(P). Considered as a function on G and supplemented by the
limiting values obtained by extending it on to the boundary L of
G, u(Q) yields the function (@), continuous in ¢ + L. An analogous
statement holds if G is replaced by H and %(Q) by %(@). This suffices
to prove Theorem 5.

We must still verify the uniform convergence of the integral
(20, 34) at the point P. To this end we choose, as in the proof of
Theorem 3, an arc /, and we estimate an integral of the form (20, 34)
taken over [,. We then obtain

_ cos(AQ,ni)
[TA) =P == S as

<ot

=max |7(4)—7(P) IJ |dotg 4 | <max|7(4)—7(P)|6m 0.
I I h—>0

dl,

cos (_é&nA)

dl,
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We now justify the last step above. In view of the smallness of
15, we may assume that it consists of no more than two convex
arcs. For every convex arc ! the following inequality holds:

f|daQA|<3n
l

(cf. fig. 17). For proof note that, if @ is in the unshaded part of the
plane or on its boundary, « 4 varies monotonically and it increases
by less than 27 as A traverses /.
If @ is in the part of the plane
shaded once, a4 has two sections

of monotonicity in each of which \0,':.‘,‘ ',‘,/
it changes by less than 7. Finally, ’.::::::.:8:;:::::.‘
if @ is in the part of the plane '.%%}:;‘

) o
shaded twice, ¢, has three sec- QY

tions of monotonicity in each of \
which it changes by less than 7.
This completes the proof of
Theorem 5. Figure 17
Finally, we consider the normal

derivative of a simple-layer potential. Thus, let P be a point of
L and let F(Q) be a certain function defined in some neighborhood
of P. We introduce the following notation

OF(P) _ iy FP)=F(P)
ont pp r(P,P) "’

oF(P)_ . F(P)-F(P")
on~  pop (P P7)

Here # denotes the normal to the curve L at the point P, n* its
outer portion (with respect to (), and n— its inner portion. We
shall regard as positive the direction % of the normal pointing
to the exterior of . The point P’ is in H and the point P”
in G.

We assume that L satisfies all the conditions formulated in

~Theorem 5 and, in addition, has bounded curvature. Then the
following theorem holds:

THEOREM 6. Consider the simple-layer potential u(Q) defined by
formula (12,34). The derivatives ou(P)[ont and ou(P)[on~ of this
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function exist at an arbitrary point P of L. Also

ou(P) _ cos (AP, p)
ot "L“’(A) r(A,P)I

a;f,i’f’=— f o A)%;f_’gddzﬁm(m (22, 34)

The integrals on the right sides of (21, 34) and (22, 34) converge. It is
assumed that w(A) is continuous and bounded.

Proof. 1f @ belongs to np but not to L, the derivative of (@) in
the direction np exists and its value is obtained by differentiating
the integral (12, 34) with respect to the parameter np:

Q) _ 3Inr(4,Q) , _ cos (AQ, )
onp _f o(4) onp dha= ~fLw(A) r(4,Q) L.
(23, 34)
We now consider the double-layer potential «,(Q) due to a dipole
distribution on L with density w(A4). Then, if @ does not belong

t-OL — —_
> ou(Q) _ cos (AQ, 7 ) —cos (AQ, T p)
@ = o) VR

dl ,—mw(P), (21, 34)

dl,,.

(24, 34)
We prove that the integral obtained converges uniformly at the
point P if @ belongs to np. Of course, in this case it is necessary to
alter the definition of uniform convergence at the point P (cf.
para. 3) somewhat; namely, it must be required that @ be a point
of the intersection of n and a neighborhood V of P rather than an
arbitrary point of G. Theorem 1, however, remains valid if in its
formulation we require that ¢ be a point of np.

Let I be a small portion of L around P. Then

IJ’ w(4) cos ( AQ nA)—cos(AQ np)dlA
Q)
\OJ’ |cos Q,7,) A——(?Qo)s(AQ n,)]dlA
_ |sm1}n,n,| | (74, 7p) <
—-20 l——_—r(A,AQ)I dlAS . ;’(:;1 QI) dlA (20,34)
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In view of the assumed boundedness of the curvature «(4) of L,

f _ Kk(A)dl,
4P
and the left side of (24, 34) does not exceed

<01|A79|,

l (ﬁA,T?’P) ‘ =

14P| .
ce, f 0 di,. (26, 34)

If the arc ! is sufficiently small, then, for 4 + P,
2% <|sin (4P, mp)| <1
Denoting by A4’ the projection of the point 4 on np, we find that
r(4,Q)>1r(4,4")>2-4r(4,P)>}| AP|,
and the estimate (25, 34) shows that the left side of (24, 34) is

<002| d=206,]1) >0,

11|—0
which is what we wished to prove.

The uniform convergence of the integral (24, 34) at the point P
implies, by Theorem 1 (altered suitably in view of the fact that ¢
is a point of the intersection of np and V), that this integral is
meaningful (converges) for =P, i.e. it approaches a limit as
Q — P along the straight line np, and this limit is equal to the value
of the integral (24, 34) at @ = P. In other words,

i [Ty = o [ 55 e

_ cos (AP, m,4) — cos (A—f’, np) .
_fLw(A) 4 . (27,34)

However, the nature of the discontinuity of the second term is
determined by Theorem 5:

. N cos (AP,% )
Jim ()=, (P)= [ 0(d) A d o),

. cos (AP, )
lim u,(P")=u,(P)= A) — =55 dl  —w(P).
Jim (P =(P)= [ o) LGt~ mo()
This and (27, 34) imply that the limits and the integral

au(P')’ lim Bu(P"), J‘w(A)cos;((jPl;?P)
L )

lim

dl
4
p—>p Onp = p>p Onp
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exist and .
lim ag;P ) f w(A)c-"—srgj—PI;—;‘i) dl,—m(P),
PP TTP g N (28, 34)
. ou(P") cos (AP, mp)
Jim = = [ o) G o),

Using the mean-value theorem it is not difficult to see that, if
some continuous function f(x) is defined in the interval [a, b] (a < b)
and if f(x) is differentiable for a <z < b and

lim f'(x) (29, 34)
> a

exists, then f'(a) exists and is equal to (29,34). For by f'(a) we

mean simpl
o fim f@+80)=(@)
Ax—>0 Az
(Axr>0)
It therefore follows from the preceding paragraph that ou(P)/on*
and ou(P)/on— exist and
ou(P) ou(P’) ou(P) u(P")

= lim et = lim 1,
ont  pp Onp ' On~ pp Onp

This result and (28, 34) prove the validity of (21, 34) and (22, 34).
This completes the proof of Theorem 6.

Remark. Theorems 5 and 6 remain valid if the closed curve L which
appears in the statements of these theorems is replaced by a (not
necessarily closed) curve Ly with continuously turning tangent, made
up of a finite number of convex arcs each having bounded curvature.
To see this we complete L, so as to form a closed curve L with
continuously turning tangent, made up of a finite number of
convex arcs. Let L, denote the curve used in the completion process.
We prescribe on L, a charge or dipole distribution such that the
density of the distribution in question is continuous on all of L.
Then Theorems 5 and 6 (as applied to L) hold for neighborhoods of
all interior points of L,. Since the integrals (13,34) and (23, 34)
taken over L, are continuous near every point P interior to L, the
correctness of our claim is proved.

Problem. Prove Theorems 3, 4 and 5 for the case when G is a

polygon.

P 14
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Remarks. (1) All theorems on simple- and double-layer potentials
proved in this section remain valid if the curve L has bounded
curvature.

(2) All theorems proved in this section can be extended in a
natural way to simple- and double-layer potentials in three-
dimensional space. We need only assume that the curvature of the
surface S over which the integrals corresponding to (4, 34) (simple-
layer potential) and (4, 34*) (double-layer potential) are taken is
everywhere bounded. It turns out that the simple-layer potential
is continuous everywhere and that the double-layer potential and
the normal derivatives of the simple-layer potential jump near a
point @ of the charged surface by 477(Q) and 47mw(Q), respectively.
(The corresponding values in the plane are 277(Q) and 27w(Q),
respectively.) Here w(Q) denotes the density of charge distribution
and 7(Q) the density of dipole distribution on the surface S. These
densities are supposed continuous. All considerations of the
following section can also be extended in a natural way to the case
of three dimensions. Proofs of these theorems can be found in
0. D. Kellog, Foundations of Potential Theory, Springer, Berlin,
1929. For a Russian source see S. L. Sobolev, Equations of Mathe-
matical Physics, Gostekhizdat, 1947, pp. 185-97.

§ 35. Application of potential theory to the solution of
boundary-value problems

1. Reduction of boundary-value problems for harmonic functions to
integral equations. Let L be a plane curve with continuously
turning tangent and with continuous and bounded curvature. To
simplify matters we also assume that L is convex and that its
curvature is everywhere positive.

Let f (P) be a continuous function prescribed on L. We shall solve
the (interior) Dirichlet problem which, as we know from § 27, con-
sists in finding a function (@) continuous in ¢ + L and harmonic in
G such that for Pe L

w(P)=f(P). (1,35)

We try to determine this harmonic function in the form of a
double-layer potential of a dipole distribution on L of unknown
density 7(4). According to Theorems 2 and 5 of § 34 there corre-
sponds to such a distribution a function %(@Q) continuous in ¢ + L
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and harmonic in G. By (19, 34) we have, for P in L,

w(P)= f L) 08 Ejp P;‘A) dl,—n1(P).

It follows that for the boundary condition (1, 35) to be satisfied
it is necessary and sufficient that the function 7(4) satisfy the
Fredholm integral equation of the second kind

T(P)=71T JL 7(4) 2% EjPP;“)dl ! ~f(P). (2, 35)

The exterior Dirichlet problem (cf. § 32) is treated analogously.
If a solution is sought in the form of a double-layer potential of a
dipole distribution of unknown continuous density 7(4), then, in
analogy to (2, 35), we obtain for 7(4) the equation

7(P)= -1 f (4 °9sr§jp I’j)iﬂ) dL -+ f(P)(PeL),

3,35
where f(P) is the prescribed continuous function. ( )
The interior second boundary-value problem can be stated as
follows: We wish to find a function (@) continuous in G+ L and
harmonic in ¢ whose normal derivative du/on~ exists at every point
of L and is equal to a prescribed continuous function —f(P),

ou(P)
on~

= —f(P) (Pel). (4,35)

We seek a solution in the form of a simple-layer potential (12, 34)
with an unknown function w(4), which we suppose continuous. In
view of Theorem 6, §34, for the boundary condition (4, 35) to be
satisfied it is necessary and sufficient that the following relation

hold:
AP >

The exterior second boundary-value problem is stated similarly.,
It reduces to the integral equation

A%
w(P)= - fLw(A 9‘-’8721 P;‘P)dzA—}Tf(P). (6, 35)

Remark. If we tried to solve the interior Dirichlet problem by
means of a simple-layer potential with unknown continuous density

14-2
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w(A) of charge distribution, we would be led to an equation

f Lw(A)ln,,(TfI—,) dl,=f(P) (PeL). *)

This is a Fredholm integral equation of the first kind. The theory
of such equations is considerably more complex than the theory of
equations of the second kind. It can be shown that equation (¥*)
need not have a solution for all continuous f(P). If, for instance,
@ is a circle or radius 1, the left side of (12, 34) vanishes at its center
for an arbitrary function w(4).

2. Investigation of the integral equations obtained. Let us put

cos(AP ) _ cos(AP ', p)
(AeL PeL A+P).
Then K,(A4,P)=K,P,A4).

Thus the kernels of equations (2,35) and (6,35) turn out to be
the transpose of one another. The same statement holds for the
kernels of equations (3, 35) and (5, 35).

If AeL, PeL, A+ P, then the kernel K,(P, 4) is defined and
continuous. On the other hand, for an arbitrary point F,e L, the
kernel approaches a definite limit as A - F,, P—>PF, (A+P). In
fact, we note first of all that

cos(AP,7,) _ o |tan (4P, T,)|

=P - WA, Py

(7, 35)
where T', is the tangent to L at 4, and P, is the projection of P on
T,. We choose T, as our x-axis, the point 4 as the origin, and we
direct the y-axis towards the interior of G. We can then write the
equation of the portion of L close to 4 in the form y=¢(z). Let Z
denote the abscissa of the point P in the above coordinate system.
Then, using Taylor’s theorem, we get

It’a‘n (ZP’ TA) I ¢($ ” (A2
AT \=y g (0m) =1 | KD | (1 -+ [/ G,
(8, 35)
where the point M (with abscissa %) lies on L between 4 and P, and
k(M) denotes the curvature at the point M. It follows from (7, 35)
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and (8, 35) that for A > P,, P> P, (A+P)
>~ 1 8(R)= - { (R,

i.e. it approaches a finite limit, which is what we wished to prove.

If we define K,(P, A) for A =P by putting

K\(4,4)= -} |k(F)],

the resulting function, which we shall also denote by K,(P, 4), will
be continuous in all variables for arbitrary 4 € L, P e L, and so will
be uniformly continuous. The same is true for K,(P, 4).

We shall make use of the theory of integral equations with con-
tinuous kernel of the form

y(P)=A f K(P, Ay A) L+ (P),

an exposition of which can be found, for instance, in the author’s
course on integral equations.t It is true that there integration is
carried out over a region in n-dimensional space, whereas we
integrate over a plane curve L. However, our integral can be
reduced to an ordinary definite integral with respect to a variable s
by introducing s as a parameter on L.

We now turn to equation (2, 35). We prove, in accordance with
Fredholm’s theorem, that this equation has a unique solution, by
showing that the corresponding homogeneous equation

T(P)=-l7; f LT(A cﬁ?r-%ip I’,?A) dl (9, 35)

has only the trivial solution.

Let us assume that equation (9, 35) has a non-trivial solution the
maximum of whose absolute value is taken on at the point F,. Then,
putting P =P, in (9, 35), we get _

1 cos (AP, m,)
T(By) = ;TJL 7(4) A, Py dl,.
Consequently, in accordance with § 34 (cf. the proof of Theorem 4),
f [r(Py) + 7(4)] 2o gy — o, (10, 35)
L dl,

Since dap 4/dl>0 (in view of the assumed positiveness of the

curvature),
T(B)+7(4)=0 (deL) or 7(d)=-1(F).
1 I. G. Petrovsky, Lectures on Integral Equations, Gostekhizdat (1948). Also,

cf. Courant-Hilbert, Methods of Mathematical Physics, vol. 1 (19563), Interscience,
New York-London.
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For 7(FP,)+0 this leads to a contradiction at the point 4 =P,
however. Consequently, 7(A4) = 0. Taking into account the fact that
equation (6, 35) is the transpose of equation (2, 35), we obtain, by
Fredholm’s second theorem,

THEOREM 1. Equation (2, 35) of the interior Dirichlet problem and
equation (6, 35) of the exterior Dirichlet problem each have one and
only one solution for an arbitrary continuous function f(P).

Applying similar reasoning to the homogeneous equation corre-
sponding to (3, 35), we obtain, in place of relation (10, 35), the

Pod 41 ,=0.

relation
| oy -ran=;
L A

This implies that 7(F))—7(4)=0 (Ael).
Consequently, the only non-trivial solution of equation (3, 35) is
T(A)=71(Fy))=const. By Fredholm’s second theorem, the homo-
geneous equation corresponding to the transpose (5, 35) of equation
(3,35) also has one (to within a non-zero multiplication factor)
solution which we denote by @(P). Recalling Fredholm’s third
theorem, we have

THEOREM 2. Equation (3, 35) of the exterior Dirichlet problem has
a solution if and only if

fo(A)G(A)dlA=O. (11, 35)

If this condition holds, the solution of equation (3, 35) is deter-
mined to within an arbitrary constant term. Equation (5, 35) of
the interior second boundary-value problem has a solution if and

nly if
oy ff(A)dlA=0.
L

If this condition holds, the solution is determined to within the
term Cw(P), where C is an arbitrary constant.

Problem. Extend the results of paras. 1 and 2 to the case when L
is made up of straight-line segments.

3. Solution of the boundary-value problems. Theorems 1 and 2 of
this section yield immediately the results of §§31-33 concerning
solvability conditions of the fundamental boundary-value pro-
blems. First, it follows from Theorem 1 that for a region (7 satis-
fying the restrictions imposed by us there always exists a unique
solution of the interior Dirichlet problemrepresentable in the form
of a double-layer potential. In view of the proof of uniqueness of

do
d



ELLIPTIC EQUATIONS 215

the solution of Dirichlet’s problem given earlier, we can say that the
integral equation (2,35) and the interior Dirichlet problem are
equivalent.

It also follows from Theorem 2 that a solution of the interior
second boundary-value problem exists for functions f(A4) prescribed
on the boundary for which

f f(d)dl =o.
L

This is in complete agreement with the results of §33. But we
proved in that section that in this case the solution of the second
boundary-value problem is determined to within a constant term.
Now the density of the single-layer potential which yields the
solution of the interior second boundary-value problem is deter-
mined to within a fixed term Cw(A).
It follows that
fLE(A) In ?(AI,Q) dl y=const. (QeG+L).

The function w(P) has simple physical meaning; namely, it is equal
to the density of charge distribution on L when G + L is a con-
ductor. The problem of finding this function is the so-called problem
of Robin. It can be shown that at all points of L

@(P)%0. (12, 35)

In view of its continuity, w(P) must therefore be of constant sign.

Going over to the solution of the exterior Dirichlet problem we
note that given some function on the boundary it is not always
possible to find a dipole distribution which solves this problem (cf.
Theorem 2). Thisis explained by the fact that, asiseasilyseen,every
double-layer potential (13, 34) goes to zero at infinity. On the other
hand, in proving the existence and uniqueness of the solution of
the exterior Dirichlet problem in § 32 we supposed the solution to
be merely bounded at infinity. If the function prescribed on the
boundary satisfies condition (11, 35), then there exists a solution
of the exterior Dirichlet problem in the form of a double-layer
potential. For an arbitrary continuous function f(P) we can
proceed as follows. We form the function

fuP)=f(P)+C*,
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where the constant C* is to be chosen so that f,(P) satisfies condition
(11, 35). This means that we must put

o+ = —f f(A)E(A)dlA/f B(A)dl,, (13, 35)
L L
which can be done since, by (12, 35),
f w(d)dl,+0.
L

We now solve equation (3, 35) with freplaced by f;. Let one solution
be 7,(P). Then the function

w(Q) = f cos (AQ ;LA)dlA—C*

is the solution of our exterior Dmchlet problem. As regards the
constant term, which appears in the expression for the dipole
density as determined from equation (3, 35), it will not appear in
the solution of the exterior Dirichlet problem, for the potential of a
constant dipole distribution vanishes outside G' (cf. Theorem 4,
§34).

Finally, we consider the exterior second boundary-value
problem. We know that for functions f(P) satisfying the condition

f J(A)dl ;=0 this problem has a solution which is unique to within
L

a constant term. That Theorem 1 yields the density of charge dis-
tribution which represents a solution of the second boundary-
value problem for an arbitrary function f(P) is explained by the
easily verified fact that, in general, a simple-layer potential is not
bounded at infinity. To clarify this boundedness condition we
choose in the plane an arbitrary point O. Then

fL (A)InZo7 (A o
4, Q)

=f w(4)In 7O, Q)dlA+fLw(
T 7(0,Q)
_lnr(o’Q)fLw(A)dlA-i-fLw(A)ln ol (14,3)

In the last sum the second term goes to zero as @ — co. Therefore,
the necessary and sufficient condition for the simple-layer potential
to be regular at infinity is

j w(4)dl,=0.
L
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At the same time, changing the order of integration and applying
Theorem 4, § 34, we get from equation (6, 35)

f f(P dl,,_-nf w(P)dlp— f [ f w(d) L p) (jPP;LP)dlA]le

=-7rf w(P)dl,,+f w(A)U cos ( PA ’)‘P)dl,, dl,,

- —on f o(P)dlp.
L
It follows that the condition

J f(P)dlp=0
L

is both necessary and sufficient for the simple-layer potential
constructed by means of equation (6, 35) to be bounded at infinity.
The relation (14,35) shows that if this condition holds, the con-
structed potential goes to zero at infinity. To obtain the general
solution of the exterior second boundary-value problem one must
add to this potential an arbitrary constant term.

4. Solution of the boundary-value problems for the circle. If G is a
circle, the solution of the integral equations (2, 35), (3, 35), (5, 35)
and (6, 35) is especially simple. In fact, if R denotes the radius of
the circle, it is easily checked that for Ae L and PeL,

cos(AI ny)= —cos(AP np)= —-Tl)iAR—E),
equations (2, 35) and (3, 35) go over into
1 _1
7(P)= F- - Rf (A)dlA+7—rf(P) (PeL), (15,35),,
and equations (5, 35) and (6, 35) go over into
W(P)= t 5 j o(A)dly~f(P) (16,35),
L
We solve equation (15, 35),. To this end we put
f r(A)dl =C
L

and integrate both sides of (15, 35), over L. We then get
1 1
C= —C—;JLf(P)dlp, c= —ET—JLf(P)le.
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Substituting the value of C in (15, 35),, we obtain
1 1
"P)= gy | SO~ LS(P) (PeL

It now follows from (13, 34) that for @ in & we have, by Theorem 4,
§ 34,
cos ( AQ n4)
w@=| | i | AL~ Lra) | .6 s

cos AQ,n)
=-3 RJfA)dlA——ff 4, Q)A dl,

=L

We have thus obtained another form of the Poisson integral
considered in §29.

We now go over to equation (15, 35),. The homogeneous
equation corresponding to (16,35); has the non-trivial solution
@(P)=const.+ 0 (cf. Theorem 2). Hence, in this case, the con-

ditions (11,35) and f f(4)dl =0 coincide. If the condition
L

f f(4)dl,=0 holds, equation (15, 35), has the solution
L
7(P)=(1/m)f(P)+C (Pel),
where C' is arbitrary. In the general case we get (cf. (13, 35))

O*=—og | SV £(P fP)—»Z-—-Rff ),
n(P)=1/(P) ——27{ [ sarae,

1@ =] [1-5p [ 1@ du] "°s§jQQ;‘A’dzA

iffA)dlA—— f[COSr(ﬁAQ’)‘A) Llraya,. Qe

Problem. Solve equation (16, 35),, and in this connexion obtain
the solutions of the interior and exterior second boundary-value
problems for the circle. In solving the second of these two problems
make use of the formula

fﬂln(l+p2—2pcos¢)d¢=0 (=l<p<l).
0



ELLIPTIC EQUATIONS 219
5. We consider the Poisson equation
Au=f(z,y). (17, 35)

We assume that the function f(x,y)=f(P), given in a bounded
region @, is bounded and has continuous first partial derivatives.
We shall try to solve the interior Dirichlet problem for the Poisson
equation.t It suffices to find one arbitrary solution of equation
(17, 35), continuous in G'= G + L, without taking into consideration
the boundary function. In fact, let v be such a solution. Let w be
the solution of the interior Dirichlet problem for the Laplace
equation under the boundary condition

w| =u

L

—v
L

.
Then U=v+Ww

is a solution of the original problem. Thus the problem of existence
and uniqueness of the solution of the interior Dirichlet problem
for equation (17, 35) can be completely reduced to the same problem
for the Laplace equation. We now prove that we can take as the
required special solution the function

U(P) = — ‘)”J\ f(A In [I‘—P”}dSA . (181 35)

(the logarithmic potential of a charge of density — (1/2m)f(A)).

We first verify that the integral (18,35) converges everywhere
and represents a continuous function of P in the plane. For this
it is sufficient to verify the uniform convergence of the integral
(18, 35) at an arbitrary point Pye G (cf. § 34). For an arbitrary p >0
we denote by D ,(F,) the interior of the circle of radius p and center
F,, and by @ p(P) the intersection of D (F,) and G. It suffices to
show that for an arbitrary ¢ > 0it is possible to find a p > 0 such that
for an arbitrary Pe D ,(F,) the integral

.UG,,(P.)f(A)ln (4,P) P)

converges and its absolute value is <e. To prove this result we
denote by M the least upper bound of |f| on @ and we introduce

+ Le. we seek a solution of (17, 35) continuous in @ which, on the boundary
of @, takes on the values of a continuous function prescribed on that boundary.
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polar coordinates with origin at P. Then, for p <4,

WGP(PO)f(A)ln —pdea| <[ fap(P.)|lnr(A P)|ds,

2m
st J (—lnr)rdrd¢=4nMp2(ln—+l) -0, (19,35)
0Jo 20 2),50

which is the desired result.

We show that the integral (18, 35) has continuous first partial
derivatives. To this end we first differentiate the integral formally
with respect to z, without worrying about convergence. With (x, y)
denoting the coordinates of Pand with (@, b) denoting the coordinates

of 4, we get
21r” J A P)]Z (20, 35)

Just as in (19, 35), it is easy to verify the uniform convergence of
this integral at every point of @. It follows that this integral
represents a function continuous in the whole plane. To show that
d(A)=v/(A), we choose an arbitrary but fixed point P(z, y) € G and
a point P (x+h,y) (h=+0).T Then

- v(P)— vP)‘ o Jff [rx a)] ds,
(= J] i gy ” flinzr s gy
,Uap(t—-) A P)]zdsA 2mh .Uap(P) jll));d

=1 G_Gmf ) G, A ) o

As a result of the uniform convergence of the integral (20, 35) at
the point P, the first of the integrals obtained goes to zero with p.
The second integral also goes to zero if 0< | % | <p. To prove this
we break up G ,(P) into two parts, G,(P) and G,(P), where:

G,(P) consists of points of G,(P) for which r(4, P)>r(4, P,),
G(P) consists of points of G,(P) for which r(4, P)<r(4, P,).

$(P

+ —

21. 35
o (21, 35)

1 Proceeding in exactly the same way as in Theorem 2 on p. 203, it is easy to
show that the function v(P) has derivatives of all orders and is harmonic.
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Taking into account the fact that In (1+d) < for 8 > 0, we get

fpr(P) Ao (:: ;:))d
2”’&([]0,@) ’“(;;1 Ilj)d A+ffa”(1=) %I;ds )
Zﬂh(ffap(P)r(A P)A ;1;1 P J:f oup) é) P()é_’@d%)

o]
S2m\) ) aum (4, P) aup (4, P)

f f ~rdrdg=4Mp.

2mh

p >0 can be chosen so small that the first two integrals on the right
side of (21,35) are <3¢, where €>0 is an arbitrary prescribed
number. Keeping this p fixed and decreasing | % |, we can make the
last integralin (21, 35) smaller than }e, for, as | # | - 0, the integrand
goes uniformly to zero in G — G ,(P).

vy, is treated in an analogous manner. Thus

wuP) =y [[ s p)]zd%

v(P 2nﬂ [r(A P Ty

Thus far we have used only the boundedness of the con-
tinuous} function f(P). In the sequel we make use of the fact that
f(P) has continuous first partial derivatives. We fix Pye@ and
choose p so small that D ,(F;) € G. Then the integral

1 1
nP)=—5 ff o-pyry’ DI, By B

has continuous partial derivatives of all orders in D (F;) (p > 0), and
satisfies the equation Av,=0. (22, 35)

t Since |r(4, P)—r(4, P,)|<h.
1 The continuity of f(P) is not essential, provided that all integrals involved
exist either as Riemann integrals or as Lebesgue integrals.



222 PARTIAL DIFFERENTIAL EQUATIONS

That this is so follows from the fact that, if P is a point of D ,(F,),
it is possible to differentiate this integral under the integral sign
any number of times with respect to the coordinates of the point P.
It thus suffices to consider the integral

1 1
n(P)= _—ETJ‘.[D,,(P.,)f(A)lnf‘(A,P)d‘9

We integrate the expression for ov,/0x by parts and get

0V, P) z—a
ox f J Do(Py) [f(A p )]2

27’ij0(1}0){ 8a (A)Inr(4, P)]+fy(4)Inr (4, P):dadb

= A)lnr(4,P)db
27, cp(P,)f (4)Inr( )

1 , 1 o
—_—Z;J‘J‘Dp(P.)fa(A)ln;(‘z‘l—,-ljjdsA' (23, 35)

Here C,(F;) denotes the circumference of the circle D,(F), and
the dlrectlon of integration is that of the positive dxrectlon on
O,(F,). We saw earlier (cf. (19, 35)) that the last integral (in (23, 35))
has continuous first partial derivatives which, p being sufficiently
small, are arbitrarily small for Pe D ,(F;). As for the first integral
on the right side of (23, 35), it can be differentiated in D (F;) with
respect to z and y without any restrictions, for the point P does not
lie on the curve of integration. We thus have proved the existence
and continuity in D ,(F;) of the second partial derivatives of v,(P).
At the same time we have proved the existence and continuity in ¢
of the second partial derivatives of v(P).
Further, for Pe D p(PO),

v, 1

i B2 fcpm)f( )i P+ (o),

where 7,(P,p) goes uniformly to zero with p, provided that
PeD,(F,). Likewise

%, 1 f
da +n,(P
27 oumy ) A BT P)] @+ 7P, p).
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Going over to polar coordinates with origin at Py(,, y,) and making
use of (22, 35), we find that

0*vy(Fy) + Pvy(Fy)
ox? oy?

Av=

1 A
~on fc Py [r(ﬁ( 11)]2[(?/0 b)da — (x,— a) db]
+971(Los P) + 72(Fos P)

;,, " f(@o+p cOS B, Yo + psin @) (sin® ¢ + cos? ) dep
+7,+ WzZ){(Po)

which is what we set out to prove.

We observe that it is possible to weaken the conditions imposed
on the right side of equation (17,35). However, it is not enough
to require that f(P) be continuous and bounded, for then the
integral (18, 35) may not possess partial derivatives of the second
order. That is why I. I. Privalov constructed (in 1925) the genera-
lized Laplace operator

AT —imp[ﬂpz”mw (d)dsa—ol® ]

It turns out that, if ¢(P) has in G continuous partial derivatives of
the second order, then, for Pe G, A*@(P) exists and is identically
equal to A@(P). On the other hand, if f(P) is continuous and
bounded in the bounded region G' and v(P) is represented by means
of formula (18, 35), A*v(P) exists and

A*p(P)=f(P).

Remark. All considerations of this section can be carried over in
a natural way to the case of the Newtonian potential (5, 34) of a
charged region in three-dimensional space. If we assume that the
charge density p(4) is continuous together with its first derivatives,
the potential u(¢)) and its first derivatives turn out to be continuous
everywhere. The potential %(@) is harmonic outside the charged
domain and satisfies the Poisson equation

6_2‘@5+?32_u+632_u_ — 4,
cx? ' oy 022 P

in its interior.
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§36. Approximate solution of the Dirichlet problem by the
method of finite differences

Let f be a continuous function prescribed on the boundary of a
finite region G. We assume that there exists a harmonic function
« which takes the prescribed values f on the boundary of G. In
1925, L. A. Lyusternikt gave a method for the approximate com-
putation of «. While this method applies to spaces of any number of
dimensions we restrict our presentation, for reasons of simplicity,
to the case of a two-dimensional region. In our presentation certain
statements are at first left unproved. These statements appear in
italics and their proofs are given somewhat later.

Let our region @ be a region in the (z,y) plane. We draw in this
plane two families (a mesh) of straight lines parallel to the

coordinate axes x=mh and y=nh.

Here £ is a certain positive number, and m and » take on successive
integral values such that the whole region G is covered by squares
of side length . We call the vertices of these squares lattice or net
points of the mesh. It is our aim to determine approximately the
values of u at the net points in the interior of G. These approximate
values are denoted by wy.

We choose an arbitrary ¢ >0 and denote by I', the totality of
squares, each of which has the property that the distance of one of
its vertices from the boundary of G is at most equal to €. The value
assigned to u, at a vertex of a square of I', is the value of f at a
boundary point of G closest to that vertex. For sufficiently small
h and €, the values of u, defined as above at the net points of I’
differ by as little as we please from the values of u at these points.
In fact, the function which coincides with % in G and with f on the
boundary of @ is uniformly continuous in G. Consequently, its
values at two points P, and P, of @ differ from each other by an

arbitrarily small amount if only the distance P, P, is sufficiently
small. In the sequel we always suppose % <e.
The points of the region G belonging to those closed squares
which do not belong to I', form one or more polygons M. Since the
1 Lyusternik himself did not assume the existence of the solution of the
Dirichlet problem. He used the method of finite differences to prove the existence

of the solution of this problem under certain assumptions about the boundary of G.

However, his proof did not extend directly to regions of dimensions higher
than two.
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net points on the boundary of each of these polygons belong to I,
the values of u, are defined at these points. As for the values of u,
at net points in the interior of these polygons, we define them as the
solution of a certain system of linear equations whose number is
equal to the number of the undefined values of u,, i.e. to the
number of net points in the interior of G which do not belong to T'..
This system of equations is constructed as follows. For an interior
net point (z,y) we write the equation

uh(xa ?I) = i[uh(x + h’ :’/) + uh(x - h’ y) + uh(xx y+ h) + uh(x: y— h)]
or

w4+l y) + (@ — By ) Fup(e, y + B) + @,y — h) — duy () = O.
(1, 36)
If any of the points (x + h,y), (x - %, y), (x,y + h), (x, y — k) belongs to
I",, then in (1, 36) the corresponding u, is replaced by the previous
value of u,, at this point. It can be shown that the system of equations
(1, 36) always has a unique solution (Theorem 1), and that choosing
first a sufficiently small € and then decreasing sufficiently the value of h
we arrive at values u, which differ by as little as we please from the
corresponding values of w (Theorem 2); the smallness of h which is
necessary for this result to hold depends on €. If h is small and,
consequently, the number of equations large, it is difficult to solve
the system of equations (1,36) by means of the ordinary rules of
algebra. However, (o obtain an approximate solution of the system
(1, 36) one can use in a simple way the method of successive approxi-
mations (Theorem 3).

Equation (1,36) is the analogue in finite differences of the
differential equation of Laplace. In fact, let us assume that the
function « has bounded derivatives of order up to four in G. Let us
also assume that the points (x +A,y), (x—h,y), (x,y+P), (€, y—h)
as well as the segments between the point (r,y) and the points
(x+h,y), (®—h,y), (x,y+h), (x,y—h), respectively, lie in G. Then

u(x+h,y)=u(x,y) + hu, (r y)

(@, ) + WUy, y) + AU o (E, ),
w(x—h,y)=u(x, y)—hu(z,y)
+ $htug, (@, y) — $hPuea(®, ) + Fhtu . (E ),

w(x, y +h)=u(x,y) + hu,(z,y)

+ %hzu" (@, y) + §hPuy,, (2, y) + Fehtuy,, (x, §),

u(%!/"")"“(%?/) huu(x:y) -

+ dhPuy, (x, y) — §hiuy,, (@, ¥) + Sphtugy, (2, Y).
P 15
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Here % and Z denote numbers contained between z and x + &, x and
x—h, and § and § denote numbers contained between y and y +h,
y and y—h. Clearly,

W@ +h,y) +u@—h,y)+u@,y+h)+ulz,y—h)— 4u(,y)
= hP[ugo(®, y) + Uy (@, y) |+ §AM0  (—1<0<1),

where M, denotes the least upper bound of the values of | u, ., | and
nn

of | uyy,, |- Therefore, the left side of the equation

w@+h,y)+u(@—h,y)+ulx,y+h)+u@,y—h)—u(r,y)
h? B
is equivalent to the expression u;, +u,, to within terms of order 2.

THEOREM 1. The system of equations (1, 36) has always a unique
solution.

Proof. We rewrite this system so that there remain on the left
sides of the equations the values of u, at interior net points of the
polygon M and on the right sides, the values of u, at those net
points which are boundary points of the polygon M, i.e. at the
points of I".. We recall that the latter values have been defined so

that we may regard the right sides of our (rewritten) equations as
known. Let our system now be of the form

0

N
Zai.’fu:f=fi (i=1;2>-'-,N)1 (2,36)
j=1

where N is the number of interior net points of the polygons M.
We have numbered all the interior net points of the polygons and
denoted by u, the value of u, at the jth (net) point. The right sides
of (2, 36) are linear combinations of the values of , at the boundary
net points of the polygons M.

It is known from algebra that for the system (2, 36) to have a
unique solution for arbitrary values of the f; it suffices that the
corresponding homogeneous system have only the trivial solution.
Thus, to prove our theorem we assume that the system

N
Ea,,juj=0 (i=1,2,...,N) (3,36)
i=1

has a non-trivial solution. We denote by B the largest of the

numbers |u,| (j=1,...,N) which, by our assumption, is positive.
Without loss of generality, we may assume that B is equal to one
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of the u;, for the case of — B equal to one of the u; can be reduced to
the preceding case by changing the signs of all the u;. Thus, let B
be equal to u;. Since u, is equal to the arithmetic mean of the
values u; at four neighboringt net points, each of these four values
must be equal to B (for, since the values of u, at points neighboring
the jth point cannot exceed B, they cannot be less than B).
Applying this reasoning to each of the neighboring net points of the
Joth net point we find that at their neighboring net points the u; are
also equal to B. Continuing in this manner we find that u;= B at all
net points belonging to the boundary of some polygon M and
neighboring on the same interior point P of M. This contradicts the
fact that the right sides f; of all the equations (3, 36) are equal to
zero. In fact, the f; are linear combinations of the values of u, at
the points of I',, with coefficients equal to —1. (The latter con-
clusion is easily derived from a comparison of the formulas (2, 36)
and (1, 36).) It follows that, if the values of u;, are equal to B> 0 at
all points of I', neighboring on P, the f; cannot all vanish.

THEOREM 2. Let u denote the exact solution of the Dirichlet problem
above and wu,, the solution of the system (1,36) under the boundary
conditions given above. Then, choosing € >0 sufficiently small and
subsequently decreasing the value of h sufficiently, we obtain values u,
which differ by as little as we please from the values of w at corresponding
points.

Proof. We show that for A sufficiently small, | u,—u | <4 at all
net points of the mesh. To this end we place the origin in the interior
of the region (. Next we choose € so small that max | u, —u | < 46 at
the points of I', and consider an auxiliary function v, defined as
follows:

Vp=up—U— é%—z(])2—x2~y2) —14.

Here D denotes the diameter of the region G, i.e. the least upper
bound of the distances between pairs of points of G.

Since | u, —u | < 30 and D?> 2%+ y? at the net points of [, v, <0
at these points. We now show that for A sufficiently small, v, < 0 at
all net points belonging to M so that u, —u < ¢ there. To this end
we apply to v, the operator A, which associates with a function
¢(x,y) the function

Px+h,y)+d@—h,y)+ @, y+h)+ ¢, y—h)—4p(x,y).

t By the neighboring net points of (x, y) we mean the points (x+ &, y), (x—h, y),
(‘rl :’/+h) and (x, .'/_h)-

15-2



228 PARTIAL DIFFERENTIAL EQUATIONS
It is clear that

é
Ay =0y up—Aju+ gﬁzAh(xz +y?).

But Ahuh = 0, Ah(x2 + y2) = 4h2, l Ahu ! < %M2k4,

where M, is the least upper bound of the values of |u;,, | and

| wyyyy | in the polygon M. Consequently,

& M,hnt
Ah'vh > 4h2 2—1*)3 - ‘*‘Z—*‘
and for A sufficiently small A,v;, > 0.

It is now easily seen that v, cannot take on its largest value in the
interior of a polygon M. If we add to this the fact that v, is negative
on the boundary of the polygons M, it follows that v, <0 at all
interior points of the polygons M.
Analogous considerations applied to the function
)

2D?
lead to the conclusion that u —u, < d. The two results imply that,
for b sufficiently small, |u—w, | <8, which is what we wished to
prove.

Wy —U=1Up— (D?~a?—y?) -4

TaeorEM 3. Thus far it made no difference to us in what order the
net points in the interior of the polygons M were numbered. At
this point, however, we find it of importance to number these
points in the following manner. The first point must have as one
of its neighboring net points a boundary point of one of the poly-
gons M. The second net point must have as one of its neighboring
net points a boundary point of one of the polygons M or the first
point, ete. With this numbering of the net points it is possible to
solve approximately the system of equations (1,36) as follows.
First we prescribe arbitrary values u;, u,,...,uy. We denote these
by u} and refer to them as the zero-th approximation to the solution
of the system (1, 36). To describe the method of obtaining successive
approximations it is convenient to think of the u as being written
down next to the proper net points. To obtain the first approxi-
mation we erase the value ) at the first net point, and we write
instead the value u{? equal to the arithmetic mean of the values of
the u, at the four neighboring net points of the first net point. We
next erase the value u3 which appears next to the second net point
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and replace it by the arithmetic mean »{’ of the values which appear
next to the four neighboring net points of the second net point (at
one of these there may appear the value u{), etc. Treating all net
points in this manner we obtain the values u (k=1,...,N). The
values 4 (k=1,..., N) of the second approximation are obtained
from the values «{ in exactly the same manner in which the values
P were obtained from the values . Subsequent approximations
are obtained analogously.
We claim that for all k (k=1,...,N)

w —>u, as nm—>oo.

Here the u;, (k=1,..., N) form the exact solution of the system
(1,36).
Proof. Let us put U —uy = o,
It is our aim to show that
W0 as n—o0.

For this we note that the numbers »{*+1 are obtained from the
numbers v{? (k=1,2, ..., N) in the same way in which the u{*+D are
obtained from the u{?, i.e. v{* +? is the arithmetic mean of the values
v} at the four net points neighboring on the kth net point. Here it
must be observed that, if one of these neighboring net points

happens to be a boundary point of a polygon, then, at this point,
v is put equal to zero. It follows that

|| <@Dd4, A=max{[], [s],.... %]},

since one of the neighboring (net) points of the first net point is a
houndary net point. Analogously,

1 1
| o0 <(1—4;,)A, N <(1—1§)A»---’

1
|1;ﬁ{)| < (1 ——@—.)AzocA, where a<1.

[t is found in the same way that for all » and £,
|of] < oA,
so that W—>0 as n-—>o0,

In theory this relation holds for an arbitrary choice of the
zero-th approximation. It is easy to guess, however, that to obtain
quickly a good approximation to the exact solution of the system
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(1, 36) it is practical to choose the zero-th approximation so that it
does not differ by very much from the exact solution of the Dirichlet
problem. Then the process of successive approximations converges
rapidly. It is usually broken off for values of » for which the values
u{ cease to change abruptly as n is increased. Such «{® are then
taken as the approximate solution of the system (1, 36).

If for some value of » we obtain a number of polygons M, the
system (1, 36) breaks up into a number of independent systems each
of which corresponds to one polygon. Each of these systems is
solved independently.

§ 37. Survey of the most important results for general
elliptic equations

1. It was proved in § 31 that given a simply connected region it is
possible to solve the Dirichlet problem for the Laplace equation in
the case of two independent variables, provided that the function
prescribed on the boundary of the given region is continuous. For
a simply connected three-dimensional region it is not always
possible to solve the Dirichlet problem. In the case of a three-
dimensional region all those boundary points are regular which can
be touched from the outside by the vertex of a cone K obtained by
rotating about the x,-axis the curve

Ly =f(x1) = xic’

where £ is an arbitrary positive number. This condition can be
stated more precisely as follows: Let the region ¢ be located in the
space (%, %5, 3). A boundary point P of ¢ is regular if it is possible
to choose in (x,,%,, x3) a coordinate system with origin at P such
that all interior points of a cone K with positive abscissas z; not
exceeding a certain positive number 7 are outside the region . On
the other hand, Lebesguet and Urysohn} showed independently
that a boundary point P of @ is not regular if there exists a neigh-
borhood Up of P such that for a suitable choice of the coordinate
axes all points of Up which do not belong to G do not get out of the
cone formed by rotating the curve

zy=exp{—1/z;}, (z;>0)

t Lebesgue, ‘Sur le probléme de Dirichlet’, R.C. Circ. mat. Palermo, vol. xx1v
(1907), pp. 371-402.

} P. 8. Urysohn, ‘Zur ersten Randwertaufgabe der Potentialtheorie, Ein Fall
der Unlésbarkeit’, Math. Z. vol. xx1m (1925), pp. 1556-8.
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about the x,-axis. The same is true if this curve is replaced by the
curve zy=F(z,) =exp{—|Inz, |} =z, nal"

where ¢ is an arbitrary positive number.

In n-dimensional space (n> 3) the role of the function f(x,) is
taken by the function

Ty
l"j};‘x: |1/(n-3')’ (1,37)
and that of the function F(z,) is taken by the function
Zy
rl;lz.:Ti/(1l—3)+e (2,37)

where € is an arbitrary positive number. To obtain the equations
of the corresponding cones we need only put (1, 37) and (2, 37) equal
to (@%+... +a2)h

A necessary and sufficient condition for a boundary point P of @
to be regular was found by Wiener.t

2. Consider the linear elliptic equation with variable coefficients:

n c*u n ou
S aa(x + A (Ty,..., 2, )<
Py zJ( )al av 13‘1 ( 1§ ’ ")8.’131-

ta(xy,...,x,)u=f(z,,....,x,). (3, 37)
It turns out that the sign of the coefficient of a(x,, ..., x,) is of great

importance as regards the possibility of solving the Dirichlet
problem (first boundary-value problem) for this equation. If this
coefficient is positive, then, G being sufficiently large, it may not
be possible to solve the Dirichlet problem for equation (3, 37) even
for the case of constant coefficients (in (3, 37)). Thus, for example,
the equation 8211, o2,

P 2 =

das + gt 2HPu=0 (4,37)
has the solution w,=sin kx sin ky which vanishes on the boundary
of the square ¢ with sides

x=0, y=0, x=nulk, y=mlk.

On the other hand, it is easy to show that, if equation (4, 37) has
a solution u, which vanishes on the boundary (supposed sufficiently
smooth) of a region G and has continuous first derivatives there,

t Cf. the paper of M. V. Keldish in Uspekhi matematicheskikh nauk, issue vir
(1941). This issue also contains a number of papers on the theory of elliptic
equations and it lists relevant literature.
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then every other sufficiently smooth solution u of equation (4, 37)
must satisfy on the boundary of G the condition

f(auo/an) uds=0, (5,37)

where the integral is taken over the boundary of G. (To obtain the
relation (5,37), we must so integrate by parts the left side of the

equality .
jf (au & u+ 2k2u) dedy=0

that the derivatives with respect to « and y of % should not occur in
the integrals taken over .) Consequently, if G is a square and the
function prescribed on the boundary of G does not satisfy the
relation (5, 37), it is not possible to solve the Dirichlet problem for
equation (4, 37).

When solving the Dirichlet problem for the elliptic equation
(5, 37), we find that the case

a<0 at all points of the considered region
differs fundamentally from the case
a>0 at some points of the considered region.

In the first case the Dirichlet problem has a unique solution for a
continuous function prescribed on the boundary if:

(1) The boundary of @ is sufficiently smooth.

(2) The coefficients a,;, a; and the function f as well as their
derivatives of sufficiently high order are continuous.

For a unique solution to exist in the second case it suffices to
require, in addition, that the area of the region ¢ be sufficiently
small. In this connexion V. V. Nemytsky{ showed that in this case
the requirement of smallness of the area of (¢ is also important for
more general (non-linear) elliptic equations and that the magnitude
of the diameter of ¢ is irrelevant.

0. A. Oleynik considered the Dirichlet problem (a) for arbitrary
regions @ in which a <0, and (b) for sufficiently small regions in
other cases. She showed that, regardless of what continuous
function is prescribed on the boundary of the region @, the con-
ditions which must be imposed on the boundary of that region to

1 V. V. Nemytsky, ‘Existence and uniqueness theorems for non-lincar integral
equations, Matematichesky sbornik, vol. xrL1 (1934), pp. 438-52 (in Russian).
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insure the solvability of the problem do not depend on whether the
Dirichlet problem is being solved for the Laplace equation or for
equation (3, 37).t

S. N. Bernstein proved the existence of the solution of the
Dirichlet problem for a very large class of non-linear elliptic
equations. A survey of these results as well as a detailed survey of
other properties of elliptic equations can be found in the eighth
issue of Usepkhi matematicheskikh nauk [Progress of the Mathe-
matical Sciences]. The same volume contains a number of very
important studies concerning elliptic equations.

3. All sufficiently smooth, i.e. having a sufficient number of
continuous derivatives, solutions of elliptic equations and elliptic
systems of equations are analytic, provided the left sides of such
equations are analytic. (We suppose the right sides of these equa-
tions to be zero.) This was for the first time proved by S. N. Bernstein
for elliptic equations of the second order in two independent
variables.T

4. If a homogencous (f=0) elliptic equation (3, 37) with suffi-
ciently smooth coefficients has in some bounded region G one (and,
consequently, only one) solution of the Dirichlet problem for every
continuous function prescribed on the boundary, then Harnack’s
first theorem holds for the solution functions, namely. if a sequence
of such functions converges uniformly on the boundary of G, it also
converges uniformly in the interior of ¢ and the limit function
satisfies equation (3, 37).

5. An analogue of Harnuck’s second theorem. Let us assume that
the bounded region @ is such that for every continuous function
prescribed on its boundary the Dirichlet problem has one and only
one solution, If the series

Uy (g, e, ,) F gy, o 2,)+ .,
made up of non-negative (in @) solutions of the homogeneous (f=0)
equation (3,37), converges at least at one point of (7, it converges
uniformly in every closed finite region G* contained with its
boundary in G, and the limit function satisfies equation (3, 37).

1 O. A. Oloynik, ‘On the Dirichlet problem for equations of the elliptic type’,
Matematichesky sbornik, vol. xxiv, 1 (1949), pp. 1-14 (in Russian).

1 S. N. Bernstein, ‘Sur la nature analytique des solutions des équations aux
derivées partielles du second ordre’, Math. Ann. vol. Lix (1904), pp. 20-76.
I. G. Petrovsky, ‘On the analytic nature of solutions of systems of differential
equations’, Matematichesky sbornik, vol. v (47), 1 (1939), pp. 3-70 (in Russian).
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6. Ifin equation (3,37) a =0 and f= 0, then every solution of this
equation takes on its least and largest values on the boundary of G.
7. When considered in a Riemannian space with a suitably
chosen metric, the solutions of the equation
"o ou .
ot () =0 (©:37
have the property of the arithmetic mean. For such equations one
can construct functions analogous to the (point, simple layer, and
double layer) potentials for the ordinary Laplace equation in two
independent variables. Analogous solutions (so-called ‘funda-
mental solutions’) were constructed by E. E. Levi for some elliptic
systems (cf. footnote on p. 196).

8. Liouville’s theorem for analytic functions can be extended to
some elliptic equations of the second order. In this connexion
S. N. Bernsteint proved the following theorem:

Every bounded, twice continuously differentiable (in the plane)
solution of the equation

A(x’ y’ u, u:m uy’ ua:x? uzu’ uuu) uzw + 2B( ) uJ‘l/ + U( ) uuy = 0’
where A, B, C, are bounded functions of their arguments and
AC —-B2>0, 1s a constant.

9. If all functions u; satisfying a certain homogeneous linear
elliptic system in n independent variables with analytic coefficients
vanish simultaneously together with all their derivatives of order
up to (n; — 1) on a certain (n — 1)-dimensional analytic surface, then
these functions are identically equal to zero in the region in which
they satisfy the system under consideration.

This theorem can be obtained, for instance, as a consequence of
Holmgren’s theorem on the uniqueness of the solution of the
Cauchy problem for linear systems with analytic coefficients and
with no real characteristics.

10. If all coefficients a;; of the elliptic equation (3,37) have
bounded derivatives of order up to p in some finite region @, and if
the coefficients a,, @ and f have bounded derivatives of order up to
p—1 in this region, then all continuous solutions of this equation
have bounded derivatives of order up to p in every region G*
contained, together with its boundary, in G.

t 8. N. Bernstein, ‘On a certain geometric theorem and its application to

elliptic partial differential equations’, Uspekhi matematicheskikh nauk, issue viir
(1941), pp. 76-81 (in Russian).
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Recently, L. K. Pogorelov showed that, if the function
F(x,y,2,p,q,7,8,1)
is continuously differentiable k£ >3 times with respect to all its
arguments, then all continuous solutions of the elliptic equation
Floy,0, 20 2 P Pu 2
Yot B oy’ 0x?’ 0xdy’ oy?
are differentiable at least £+ 1 times.
11. The Dirichlet problem is a typical boundary-value problem

for the Laplace equation. A typical boundary-value problem for
the ‘polyharmonic’ equation
2 o2 o2\m
Amu=(-a—x—§+é~x—g+...+éx—i) u=0

is the problem of finding a solution » of this equation in some
region ¢ given the values of % and its normal derivatives of order
up to and including m —1 on the boundary of G. Important
problems in the theory of elasticity lead to the above boundary-
value problem for m =2 and n =2, 3. The existence and uniqueness
of the (ordinary) solution of this equation have been proved under
sufficient smoothness assumptions imposed on the boundary of @
and on the functions prescribed on this boundary. For m=2 and
n =2, it suffices to require that the region G be bounded by a finite
number of closed curves for each of which the coordinates are three
times continuously differentiable functions of the corresponding
arc length and that the functions prescribed on these curves be
continuous together with their first derivatives with respect to the
corresponding arc length. S. L. Sobolev showed the existence and
uniqueness of the gencralized solution of this problem under very
general assumptions on the boundary of G. He assumed that this
boundary consisted of a certain number of pieces of different
dimensions. It turned out that on a piece of dimension n—r one
must prescribe the values of the function u and its derivatives of
order up to m —[4r] — 1. The solution of S. L. Sobolev is a genera-
lized solution in the sense that the function » and its derivatives
need take on the prescribed values only ‘in the mean’ rather than
at all boundary points, as was the case in the Dirichlet problem.
The precise definition of the term ‘in the mean’ is given in the
paper of S. L. Sobolev published in Matematichesky sbornik
[Mathematical Collection], vol. 11 (44), (1937), pp. 467-500.



CHAPTER IV
PARABOLIC EQUATIONS

§ 38. Conduction of heat in a bounded strip (the first
boundary-value problem)

1. Statement of the problem. We wish to find in the rectangle @:
0<z<l, 0<t<T, a continuous function u(¢,z) satisfying in the
interior of ¢ the equation

Ou /ot = 9%u 0z (1.38)
and on the boundary of ¢ the initial condition

u(0,2) = ¢(x)

and the boundary conditions
w(t, 0)=f1(t), wu(t,l)=f(t) (0<t<T).

The functions ¢(x), fi(t), fo(t) are assumed to be continuous and
$(0)=f1(0), ¢(1) =f(0).

This problem can be interpreted from the point of view of physics
as the problem of finding the temperature u(t, x) in a strip given its
initial temperature at t=0 and the temperature at the edges over
a subsequent period of time. The fact that the solution is sought for
t> 0 is of fundamental importance. As will be shown later, the
analogous problem for ¢ < 0 does not, in general, have a solution.
In distinction to the equation of the vibrating string, equation
(1, 38) changes in an essential manner if ¢ is replaced by —¢. This is
a typical equation of a non-reversible process.

The problem formulated above plays as important a role in the
theory of equations of the form (1, 38) as does the Dirichlet problem
in the theory of the Laplace equation. It is referred to as the first
boundary-value problem for the heat equation (1, 38).

In the sequel we consider only continuous solutions of the heat
equation.

Since equation (1, 38) does not change when ¢ is replaced by ¢+ ¢,
and z by x + z,, all that will be said in the sequel about the rectangle
@ is true for every other rectangle with sides parallel to the
coordinate axes.

236
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2. The maximum-minimum theorem and its consequences. Every
solution u of the heat equation defined and continuous in the rectangle @

O<z<l, 0<i<T,

takes on its least and largest values on the lower base (t=0) or on its
vertical sides (x=0,x=1).

Since the minimum theorem can be reduced to the maximum
theorem by changing the sign of u, we prove only the maximum part
of the theorem stated above.

The method of proof is similar to that used by Privalov in proving
the maximum theorem for harmonic functions. We denote by M
the maximum of u in the rectangle @ and by m the maximum of the
values of # on the vertical sides and on the lower base of Q. We
assume that there exists a u for which M > m, that is, a u for which
the maximum theorem does not hold. Let this function take onthe
value M at the point (ty,x,) (fp>0.0<xy<!l). We consider the
function M—m

v(f, x)=u(t, x)+ i (x —2p)2.
On the vertical sides and lower base of ¢
M
4 < 4
where 0< 1 < 1, and V(lg, Xo) =M.

M-m

v(t,x) <m+ +3m=0M,

Consequently. »(f.x) does not assume its maximum value on the
vertical sides and lower base of Q. Let v(f, ) assume its maximum
value at the point (¢, z;) (4, >0,0<2<!). At this point we must
have f%v/ca? <0 and ov/ot>0 (if t,<T, ov/ét must vanish at this
point; if t, =T, év/ét > 0). We must therefore have at this point

cvfot — otw[ox? > 0. (2,38)
On the other hand
v 0% _ au 2u M- m_ M —m
ot ox2 ot ox? 22 21

which contradicts (2, 38).

Consequences. 1°. The first boundary-value problem has a unique
solution in the rectangle @. For proof note that the difference of two
solutions would vanish on the vertical sides and lower base of Q.
Consequently, this difference . would take on its maximum or
minimum in @ or on its upper side, which contradicts the theorem
just proved.
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2°. The solution of the boundary-value problem for the heat equation
depends continuously on the functions prescribed on the vertical sides
and base of Q. This also follows from the fact that the difference of
two solutions u, and %, of equation (1, 38) in the rectangle @ takes
on its largest and least values on the vertical sides or on the lower
base of @.

3. Proof of the existence of a solution of the first boundary-value
problem in a rectangle. In this proof we make use of the method of
Fourier. Its chief drawback is the fact that it can be applied
directly only to the case of homogeneous boundary conditions
u(t, 0)=0, u(t,1)=0. On the other hand, using another method, it
is possible to prove the existence of the first boundary value
problem for arbitrary wu(t,0)=f,(t), wu(t,l)=f,(¢) satisfying the
condition formulated in the beginning of this section.

However, if we can find any solution »(t,x) of equation (1, 38)
satisfying certain definite boundary conditions w(¢,0)=f(t),
v(t,1)=f5(t) (nothing need be known about v as regards initial
conditions), we can use Fourier’s method to find a solution of
equation (1, 38) for an arbitrary initial condition (0, x) = ¢(z) and
for the boundary conditions u(t, 0) =f,(¢), u(t,!) =fy(t). For this it
suffices to find by Fourier’s method a solution w*(¢,z) of (1, 38)
satisfying the initial condition w*(0,z)=¢(zx)—v(0,2) and the
homogeneous boundary conditions w*(¢,0)=0, w*({,l)=0. If
u*(t,z) has been found, then the function

u(t, x) =u*(, x) +v(t, x)
yields the solution of the original problem.
In the sequel we shall need the solution of the first boundary
value problem for boundary conditions of the form
u(t, 0)=a + kt,
u(t,l)=b+ kt.

We assume that the function ¢(x) is continuous, that it satisfies
the conditions ¢(0)=a, ¢()=5, and that it has a bounded deri-
vative. The latter requirement is again dictated not by the nature
of our problem but by the method of proof used. The function

v(t, x) = kt+a+l%gx+£(—?c;,:l—) k

satisfies the heat equation and the boundary conditions (3, 38).
Hence, if u*(t, x) is the solution of the first boundary-value problem

(3,38)
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for equation (1, 38) for f,(t) =f,(t) = 0 and for the initial function
_b-a,_sla=1)

then w=wu*+v is the solution of that problem for the original
boundary conditions. It is clear that the function ¢*(x) is con-
tinuous, has a bounded derivative, and vanishes at =0 and z=1.

Just as in the case of the mixed initial and boundary-value
problem for a hyperbolic equation, we seek a function u*(¢,z) in
the form of a series

w2 = 3 T40) Xy(e),

k,

cach of whose terms satisfies the heat equation and vanishes at
x=0and z=1[. For this we must have

Tyt Xj@)

L D 2 4, 38)
W)~ X ‘
X(0)= X, (1) =0. (5, 38)

Here — A% denote certain constants. That these constants must be

negative is proved just as in §20. From equation (4, 38) and the

conditions (5, 38) we find

X (x)=AgcosAx+ B sinAgx, A,=0, A l=kn,

where the k are positive integers. Hence

X,.(x)= B, sin km x.

l
Substituting the values of A, in (4, 38), we get

2
T,(t) = B exp { ~ t}.

© k2 2 . k
Hence wu*(t,x)= Y Cjexp { - —[-g-— t} sin -—;—T x. (6, 38)

k=1
Here the C) are constants. These constants are determined from
the initial condition

2, .k
w*(0,2) =¢@*(x)= ¥ (}sin —;T
k=1

Since we assumed that @¢*(x) is continuous, that its derivative is
bounded, and that ¢*(0) = ¢*(l) =0, the C,, are given by the Fourier
formulas. The C,, are bounded. As is known from the theory of

z. (7,38)
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trigonometric series, the series (7,38) with these coefficients
converges absolutely and uniformly to ¢*(x). Since for >0

2
O<exp{—%2;’~t} <1,

the series (6, 38) also converges absolutely and uniformly for ¢ > 0.
Consequently, the function u*(¢, 2) defined by this series is con-
tinuous in the rectangle @: 0<x <!, 0<t<T, and takes on the
prescribed values on its lower base and vertical sides. It remains to
show that w*(¢, x) satisfies the heat equation in the interior of @ and
on its upper base. For this it suffices to show that the series ob-
tained by differentiating (6, 38) termwise once with respect to ¢ and
twice with respect to « converge absolutely and uniformly. This
follows from the fact that for every positive ¢

k2m? k2mr?
I exp{——ﬁ rt} <1,
provided £ is sufficiently large.

It is possible to show in the same way as above that the function
u* has continuous derivatives of all orders with respect to « and
¢ in the interior of @ and on its upper base. Using this fact it is easy
to show that, if we keep the original homogeneous conditions at
=0 and x =1, it is impossible, in general, to extend the just con-
structed function u*(¢, z) in the direction of the negative ¢’s so that
it satisfies equation (1, 38). Indeed, if such extension were possible,
we would obtain a solution of the heat equation in a rectangle @,

O<zx<l,
—€e<tgO,

and this solution would vanish at =0 and z=1[. Applying to @,
the same considerations which we applied before to @, we find that
u*(0,x), i.e. ¢*(x), must have derivatives of all orders.

Even if u*(0,z) = ¢*(x) were such that it would be possible to
solve the first boundary-value problem in @, with u*(0,z)= ¢*(x)
and with homogeneous conditions at the end-points of the interval
(0,1), we could alter this solution by as much as we please for
arbitrarily small negative values of ¢ by changing by as little as we
please the function ¢*(x) and any of its derivatives up to some
arbitrary fixed order k. For this, as is easily verified, it suffices to
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add to the original solution a term of the series (6,38) with suffi-
ciently large subscript and with an arbitrarily small constant
multiplier. Consequently, if the initial conditions refer to ¢{= 0, the
first boundary value problem is reasonable for ¢>0 and is not
reasonable for ¢ < 0 (cf. §8). This again demonstrates the disparity
between positive and negative values of ¢ in the case of the heat
equation (1, 38).

§ 39. Conduction of heat in an infinite strip (the Cauchy
problem)

1. Statement of the problem. We wish to determine for ¢>0 a
continuous and bounded function of ¢ and « which satisfies the heat
equation (1, 38) for £>0 and which, for t=0, becomes equal to a
given continuous and bounded function ¢(z), defined for all real «.

2. Proof of the uniqueness of the solution. 1t is clear that to prove
uniqueness it suffices to show that, for ¢(x) =0, the solution of the
problem just stated is identically equal to zero. We denote by
u(t, £) some bounded solution of the latter problem whose absolute
values do not exceed M, and we show that w=0. To this end we
construct an auxiliary function u,(t,z) defined by the following
conditions:

(@) u,(t,x) must satisfy the heat equation in the interior of the
square |z <1,
o<t

(b) u,(¢,x) must be continuous in this square and satisfy the
following conditions on its boundary:

u (8,0)=M, u,(t,0l)=M for 0<t<],
uy(0,2)=0 for |z|<1—¢€,e>0;
(¢) for t=0, u,(t,x) must be linear in the intervals
(-1, —1+¢), (1—¢1).

The existence of such function was proved in the preceding section.
It follows from the maximum theorem that «,(¢, z) > 0 everywhere.

Let us put ¢z
w(t, x)= “l(l—z’ 7) .
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It is clear that for every positive [ the function (¢, z) satisfies the
heat equation in the interior of the rectangle

B

0t
that it is equal to M on its vertical sides, that it vanishes on the
segment¢=0, |z | <!(1—¢), and that u,(0, ) is linear in the intervals
(=1, =1(1—¢)) and (I(1 —¢),1). Since the function u,(¢, x) vanishes
at the point t=2=0 and is continuous in its neighborhood, all

values of u,(¢/12, z[l), l sufficiently large, are positive and arbitrarily
small in any fixed rectangle @*,

le|<X;
0<t<T,

On the other hand, it is easily verified that, for arbitrary suffi-
ciently large /, a solution u(t,x) of our problem satisfies the
inequality [u(t, z) | < wlt,z) (1, 39)
on the lower base and vertical sides of the rectangle @Q*. Con-
sequently, the same inequality must hold in the interior of @*.
However, according to what has just been said, if (¢,2) is an
arbitrary but fixed point of the square @* with ¢ > 0, the right side
of the inequality (1, 39) is arbitrarily small for [ sufficiently large,
and the left side of (1, 39) is independent of /. Hence u(¢, 2) =0 at an
arbitrary point (¢, z), ¢ > 0. This completes the proof of uniqueness.

A. N. Tikhonov showed that the solution of the problem con-
sidered may not be unique in the class of unbounded functions and
found a uniqueness condition.}

3. Continuous dependence of the bounded solution on the initial
function ¢(x). To prove this continuous dependence it suffices to
show that |¢(x)|<e implies |u(t,x)|<e. This is proved in a
manner analogous to that of the uniqueness proof just given, with
the auxiliary function u, (¢, z) replaced by the function (¢, ) +e.

4. We prove that the solution of our problem is given by the

formulas
2
u(t,x)= ¢t(f) exp{ (x g) }

u(0, ) =¢(w)- (3,39)
The integral (2, 39) is known as the Potisson integral.

d§ for t>0, (2,39)

t+ Matematichesky sbornik, vol. xr11, 2 (1935), pp. 199-216 (in Russian).
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It is easy to check that the integral (2,39) converges for all
positive ¢t. It is just as easy to show that the integrals obtained by
differentiating (2, 39) under the integral sign any number of times
with respect to t and x converge. Also, all these integrals converge
uniformly in the neighborhood of (¢,z) (¢ > 0). It follows that, for
t> 0, u(t, x), defined by (2, 39), and its derivatives of all orders with
respect to x and ¢ exist. Since the integrand satisfies equation
(1, 38) for ¢ > 0, it follows that w(t, z) itself satisfies equation (1, 38)
for t> 0.

We now show that the function u(¢, ) defined by formula (2, 39)
is bounded for ¢ > 0. We first observe that, if we put

M,= max |¢(x)],
then »ixs o

-~ L[> M (e — £ 2
|u(t, )| < 2;;{[ iy exp{— P :dg— —-A—fﬁmexp{—qﬁ}d?]:jill.

It remains to show that the function u(t, z) is continuous for ¢ =0,
i.e. for every xo

> P& | (@— §

27,* . t& xp] dg— ¢(x0)
provided tand |x — x| are sufﬁciently small. Weobserve that to prove
the continuity of u(t, x) for ¢ =0 it suffices to prove that for small ¢

L e e
st f_m:,s(g)expl }dg (e

That this is so follows from the fact that, in view of the continuity
of the function ¢(z), | §(x) — ¢(x,) | is small if | & — x, | is sufficiently
small.

To prove the relation (5, 39) we rewrite the Poisson equation in

the form ®
n | 2 exp{— L}l

- 00

(4, 39)

<je.  (5,39)

by putting £ =x+ 26, and observe that
px)=m-t P(x)exp {— &2} d¢.

In view of the boundedness of ¢(z), the absolute values of the
integrals

-N -N
| s mpeni-tat [ swenni-gya
[ pwraepi-eag [ gwexp(-tya

16-2
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are as small as we please for N sufficiently large. Consequently,
for N sufficiently large, we have, approximately,

N
ulta) =" ple+2BE)exp(~LYdL

N
and p)=m[ " gla)exp (-}t

and the approximation is as good as we please. But for ¢ sufficiently
small, the right sides of these approximate equalities are, by the
continuity of ¢(x), arbitrarily close to each other. This implies the
correctness of (5, 39).

5. We have thus shown that the unique solution of the problem
stated in the beginning of this section is that defined by equations
(2, 39) and (3, 39).

These formulas imply in particular that, if ¢(x) is positive on an
arbitrarily small « interval and otherwise equal to zero everywhere,
then u(¢, ) is positive for all values of x and for an arbitrary fixed
t> 0. This implies the paradoxical result that heat is conducted in
a strip with infinite speed. While this is physically impossible, it
nevertheless follows inevitably from the assumption that equation
(1, 38) provides an exact description of the conduction of heat in
a strip.

Clearly, the hypotheses on which our derivation of this equation
is based are not quite justified by experience.

§ 40. Survey of some further investigations of equations of
the parabolic type

1. Existence and uniqueness of the solution of the first boundary-
value problem for the equation
ou _o*u 0%u
o Vo
have been proved for arbitrary n. In the simplest case this problem
can be stated as follows:

We seek a continuous function wu(t,2,...,z,) defined on the
closure of a region G bounded (‘from below’ and ‘from above’) by
pieces of the planes ¢=0 and ¢="7 and on the sides by one or a few
surfaces with continuously turning tangent planes nowhere parallel
to the t-axis. The function » must satisfy equation (1,40) in the
interior of (' and must coincide with some function f, prescribed

(1,40)
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on the boundary of G with the exception of its upper base. This
function is supposed continuous on the closed set on which it is
defined. The proofs of the uniqueness of the solution of this
problem and of its continuous dependence on the function f are
carried out in exactly the same way asin §38.

2. Results analogous to those stated in para. 1 have been proved
for the case when the condition u =f on the boundary is replaced by
the condition (0u/on) + ou =f on that boundary.

3. The results stated in paras. 1 and 2 have also been proved for
the solutions of the parabolic equation

ou M 0w T ou
m=m Ay, . x,) s Bt xy, . T,) s
ot i,?il :j( » Ty 'En) axiexj +iél 1( L3 xn) ox

+C(t,ay,...,x,)u+ D, 2y, ...,2,). (2,40)

cegilp

Here it is assumed that the form

n
Y Ayt .. x,)
ij=1
is positive-definite at every point (¢, x,,....x,) of the region under
consideration, and that the coefficients 4. B, C, D have continuous
derivatives of sufficiently high orders.¥
4. If the coefficients of equation (2, 40) are analytic in all their
arguments, then, as was shown by Gevrey,t all sufficiently smooth
solutions of this equation are analytic in the arguments («,, ..., x,)
and have derivatives of all orders with respect to ¢, without being
necessarily analytic in £,
5. If the initial values of u are prescribed in the whole hyperplane
=0, then there exists a unique bounded solution of the Cauchy
problem for cquation (2,40) (this problem is analogous to that
considered in §39). Here it is assumed that w(0,xz,,...,2,) is
bounded and continuous.

t Gevreoy, J. Math., 6 série, vol. 1x (1913), vol. x (1914); Ann. Ecole Norm. sup.,
3 sérieo, vol. xxxv (1918). )
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