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PREFACE

This book is intended primarily for the use of students in the
higher divisions in schools, particularly for those who intend to
take an Honours Course of Mathematics at a University, and
also for University students preparing for & first Honours
Examination. It is based upon courses of lectures given during
many years to first-year students preparing for the Mathematical
Tripos, and it is assumed that the majority of readers will already
have acquired some knowledge of elementary dynamics. Although
the book contains chapters on Orbits and the dynamics of Rigid
Bodies, none the less it may claim to be a text-book on Elementary
Dynamics, for there is probably no branch of elementary Mathe-
matics the content of which has expanded o greatly in the last
twenty years,

One of the changes that accompanied the reform of the Mathe-
matical Tripos was the removal of the restriction that Elementary
Mechanics meant Mechanics without the Calculus. Thisrestriction
set well-defined and narrow bounds to the subject and the new
regulations which gave teachers and students freedom to use any
analytical methods in their work have been far reaching in their
effect. Though the schedule in Dynamics for Part I of the
new Tripos has remained unaltered, successive Examiners have
added considerably to the interpretation of its contents. To give
one instance only—the phrase ‘motion under gravity’ is now
understood to mean ‘in a resisting medium’—and it would be
easy to give other examples of the elasticity of interpretation to
which the schedule lends itself. The result of this change is that
a first-year course in Dynamics at the University now includes
all the easier problems of two-dimensional dynamics stopping
short of the use of moving axes and Lagrange’s Equations. This
growth in the content of Elementary Dynamics has been a
gradual process and undoubtedly beneficial to the study of the
subject and stimulating to the average student. It is inevitable
that its effect will extend to the schools, if it has not already
done so; and it is not unreasonable to suppose that before many
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years have passed, candidates for Scholarships in Mathematics
will be expected to possess a wider knowledge of dynamics em-
bracing such parts of the subject as ‘motion under simple central
forces’ and the elements of uniplanar rigid dynamics. The object
of this book is to assist in this development. It is hoped that the
presentation of the subject will prove sufficiently simple. An
attempt has been made to preserve the conciseness of lecture
notes and at the same time to give detailed explanations where
experience has shewn that students find difficulties. Besides
examples for solution the book contains a large number of worked
examples; some of these are of purpose very simple illustrations
of the theory, while others are of a more difficult kind for the
assistance of readers who wish to learn how to work harder ex-
amples. The examples are nearly all taken from Scholarship
papers or Tripos papers and the source is indicated by the letters
S.and M. T. No attempt is made to exhaust the subject and
the later chapters are only intended to be suggestive of the kinds
of problems that can be solved, without elaborate analysis, as
examples of the fundamental theorems; some few of these may
prove to be too difficult for weaker students and they are intended
rather to introduce abler students to more advanced work.

In conclusion I desire to express my thanks to the printers
and readers of the University Press for their excellent work in
the setting up of the book and the elimination of mistakes, and
also to say that if the book contains errors I shall be grateful to
anyone who will point them ous.

A. 8. RAMSEY
30 Nov. 1928
CAMBRIDGE

SECOND EDITION REPRINTED

There are no substantial alterations in this edition, but
for each printing a few minor corrections have been made.

A.S.R.
Feb. 1938
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Chapter I
INTRODUCTION

11, The subject of Dynamics is generally divided into two
branches: the first, called Kinematics, is concerned with the
geometry of motion apart from all considerations of force, mass
or energy; the second, called Kinetics, is concerned with the
effects of forces on the motion of bodies.

1-2. In order to describe the motion of a body or of a point
two things are needed, (i) a frame of reference, (ii) a time-keeper.
It is not possible to describe absolute motion, but only motion
relative to surrounding objects; and a suitable frame of reference
depends on the kind of motion that it is desired to describe.
Thus if the motion is rectilinear the distance from a fixed point
on the line is a sufficient description of the position of the
moving point; and in more general cases systems of two or of
three rectangular axes may be chosen as a frame of reference.
For example, in the case of a body projected from the surface of
the Earth a set of axes with the origin at the point of projection
would be suitable for the description of motion relative to the
Earth. But, for the description of the motion of the planets, it
would be more convenient to take a frame of axes with an origin
at the Sun’s centre.

1-3. It is important to realize that there is no such thing as
absolute time, but the period of rotation of the Earth relative
to the fixed stars provides a unit of time, the sidereal day, which,
so far as it can be tested with other time measures, is constant
and therefore adequate for the purposes of ordinary dynamics.

14. The functions involved in dynamical problems are for the
most part differential coefficients with regard to ‘time,’ ‘¢, as
the independent variable. Thus ‘motion’ is ‘change of position’
or ‘displacement,’ ‘velocity’ is ‘rate of displacement’ and
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‘acceleration’ is ‘rate of change of velocity.” Hence, if # denotes
a distance, dz/dt denotes a velocity and diz/d¢* denotes an
acceleration. The formulation of a dynamical problem therefore
in general consists of one or more relations between certain
variables (coordinates of position) and their differential co-
efficients with regard to time. Such relations are called
differential equations.

NOTE ON DIFFERENTIAL EQUATIONS

1°6, It is assumed that the reader is acquainted with the elementary
processes of differentiation and integration.

A differential equation is a relation between an independent variable ¢,
a dependent variable z, and one or more of the differential coefficients of
with regard to &. The order of a differential equation is that of the highest
differential coefficient that it contains. A solution of a differential equation
is a relation between » and ¢ that satisfies the equation, and the complete
solution of a differential equation is a relation between z, ¢ and one or
more arbitrary constants of integration, the number of such constants
being equal to the order of the equation.

For example: 4

. dz

is a differential equation of the first order. It will be found on substitution
that z=e¢? is a solution ; and the complete solution is z=Ce%, where C is
an arbitrary constant.

() Se =0
is a differential equation of the second order. It has solutions
z=sint and z=cos ¢,
and the complete solution is
z=4 sin ¢+ B cost,
where 4 and B are arbitrary constants.

1'8. The differential equations of dynamics are of either the first or
second order.
Hquations of the First Order.

We may have to deal with equations in which the variables can be
separated. Such equations can be put in the form

Mdz|dtm DN o.ueeeeeeeeesaiersssessssessnnnns(l)y
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where M is a function of z only (or a constant) and V is a function of ¢
only (or a constant). The complete solution is
JHdz=[NAt+C ..ueeeeneeniciecricnnennae(2),
where C is an arbitrary constant.
For example, the equation

dx -
x *d—t' =g kxl (( ‘\
is solved by writing
z d.x =dt ( J
g—kzd "

o that
—él—klog (g—kaY)=t+C
is the complete solution.

1'81. Another type of equation that sometimes occurs in dynamics is
the linear equation of the first order. A differential equation is said to be
linear when it does not contain powers or products of the dependent
variable z and its differential coefficients. Thus the linear equation of the

first order is
Azjdt + Mzm N ivcivreinirecieieinnenns ceeee(B),

where M, N are functions of ¢ or constants.
The solution is effected by first multiplying both sides of the equation

by &M% and then integrating ; because it can easily be verified that
. 8, fMa _[(dz Mt
.dt(xe )=<m +M.‘L‘) tfr .

Hence 26 M%< [ HE NG L Cveveeeeerenn (),

where C is an arbitrary constant.
We note that if J/ is a constant the solution is

2™ = [ Ndt+C v e ve(B).

For example, the equation
dz
dt
can be intagrated if both sides are multiplied by ¥, giving on integration
zekt=g [ektdt + C

t 1
=9 (- 3)+G,

1
or .’L'S'% <l—z)+0€‘“ ........................... (6).

+hkr=gt

1+7. Hquations of the Second Order.
A common type of differential equation of the second order is

where a and b are constants.
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It is easily seen by substitution that z=em¢ is a solution of this equation,

provided that
MmE42am40=0 .iivcviriiiiiiiniiniiiiienn. (8),

8o that, if m,, m,y are the roots of this quadratic, the complete solution

of (7) is
r= Cl emi4 Cg ™ s (9),

where C}, C; are two arbitrary constants.

The roots of (8) are —a+4/(a%—b), and there are three cases to be con-
sidered :
- (i) Real roots. a¥—b=n? say; then (9) may be written

2=6"%(Ce™+ Ce™™) . icviiiiiiiniinnninnns (10).

(ii) Equal roots. a®—b=0. The form e~%(C;+C;) is inadequate for a
complete solution, since C,+ C; can only be regarded as one arbitrary con
stant, and, since the differential equation is of the second order, the complete
solution should contain two. It is easily verified however that, when

a?=b, the form
=6 %(C1+ Cal) overreiiiriinirineeannnns (11)

satisfies equation (7), and since it contains two arbitrary constants, it is
the complete solution.

(ili) Imaginary roots. a3—b=—n3 say; (9) may now be written
=6~ 40y 4 Cype—int),
or z=e~%{(C1+ C;) cos nt+1(C; — C) sin nt};
which again may be written in the more convenient form
r2=e"%(Ccosni+C'SINAL) weverrirrenrnnnnnnn. (12).
Special cases of the foregoing. When a=0,
(a) The complete solution of

d2
fz?;f‘ PIZ=0  veeierereieereceerenans (13)
is z=Aem+4 Be—n
, } ........ e enaneas (14),
or x=C cosh nt+ D sinh nt

where 4, B or C, D are the arbitrary constants.
(8) The complete solutior of

§:§+nﬂz=o ......... veereensasensensenens(15)
is & — 4 cosnt+ Bsinnt
or z - Jcos (nt+a) PR ¢ 1)
or z=C'sin (nt+a’)

where 4, B or C, a or (', a’ are the arbitrary constants
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1°71. Numerical BExamples.

) 2F-4% 4500 2=der B

(ii) %-4 i—’:f+4z=0; x=e®(d + Bt).

2 )
(iii) %—:—4 (dif'}' 132=0; x=e%(4 cos 3¢+ Bsin 3¢),
(iv) %-4@%0; Z=det 4 Ba=4,

d3
™) ‘wz+4x-0; &= A cos 2+ Bsin 2t



Chapter 11
VECTORS

21. The physical quaniities or measurable objects of reason-
ing in Applied Mathematics are of two classes. The one class,
called Vectors, consists of all measurable obiects of reasoning
which possess directional properties.such as disnlacement, velocity,
acceleration, momentum, force, etc. The other class, called Scalars,
compriSesmeasurable objects of reasoning which possess no direc-
tional properties, such as mass, work, energy, temperature, etc.

The simplest conception of a vector is associated with the
displacement of a point. Thus the displacement of a point from
A to B may be represented by the line 4B, where the length,
direction and sense (AB not B4) are all taken into account.
Such a displacement is called a vector (Latin veho, I carry).
A vector may be denoted by a single letter, e.g. as when we
speak of ‘the force P, or ‘the acceleration f,’ or by naming'
the line, such as 4B, which represents the vector. When it is
desired to indicate that symbols denote vectors it is usual to
print them in Clarendon type, e.g. P, and to write them with a bar
above the symbol, e.g. P, AB.

Since the displacement from B to 4 is the opposite of a dis-
placement from 4 to B, we write

BA=-4B
and take vectors in opposite senses to have opposite signs. Since
two successive displacements of a point from 4 to B and from
B to C produce the same re- c
sult as a single displacement
from A to C, we say that the
vector 40 is equal to the sum
of the vectors AB, BC and
write

AC=4B+8C ...... @),

and further,if 4, B,C...K, L A
are any set of points

AL=4AB+BC+...4+ KL ............... (2).
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Vectors in general are not localized; thus we may have a
displacement of an assigned length in an assigned direction and
sense but its locality not specified. In such a case all equal and
parallel lines in the same sense will represent the same vector.
On the other hand, vectors may be localized, either at a point,
e.g. the velocity of a particle; or in a line, as for example a force
whose line of action (but not point of application) is specified.

22. Composition of Vectors. A single vector which is
‘equivalent to two or more vectors is called their resultant, and
they are called the components of the resultant,, Vectors are
compounded by geometrical addition as indicated in formulae
(1) and (2) of the last Article.

A vector can be resolved into two components in assigned
directions in the same plane; for if AC be the vector, and
through 4, ¢ two lines are drawn in the assigned directions
meeting in B, then 4B, BC are the components required.

When a vector is resolved into two components in directions
at right angles to one another, each .
component is called the resolved ¥
part of the vector in the direction
specified. Thus if a vector OF
makes an angle « with a given
direction Oz, the resolved parts of \
OF in the direction Oz and in the 3 z
perpendicular direction Oy are

OF cos « and OF sin a.

2:3. Since the algebraical sum of the orthogonal projections
on any straight line of the sides of a closed polygon is zero, it
follows that the orthogonal projection of the resultant of a
number of vectors is equal to the algebraical sum of the projec-
tions of the component vectors.

24 Analytical Method. To compound = vectors, of magni-
tudes p;, pg ... p, making angles a;, «g... @, with an axis Oz.
Each vector may be resolved into two components, one in the
direction Oz and the other in the perpendicular direction Oy. The
components in direction Oz are equivalent to a single vector

X =p, cos &;+pg €08 &g+...+P, cO8 &, =Z (p o8 &),
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and the components in direction Oy are equivalent to a single
vector
Y =p, sin a;+p, sin ay+...+p, sin ¢, =X (p sin «).
The two vectors X, ¥ can now be compounded into a single
vector K making an angle 6 with Oz, such that
Rcos@=X and Rsin =17,
and therefore R}=X%4Y?and tanf="Y/X ............ (1).

25. Vectors may be multiplied and divided by scalar numbers.
Thusif we take n equal vectors 4 B and compound them together
we get a vector 40, such that 40=n4dB; and, conversely,

AB-1140.
Note that relations of the form AC=nAB,orpAB+qAC=0
imply that the points 4, B, C are in the same straight line.

2:8. Centroids or Mean Centres. If m,, mg, ms... m, be a
set of scalar magnitudes associated with a set of points 4,, 4,
Ay... A,, the centroid or mean centre of the points for the given
magnitudes is the point obtained by the following process: Divide
the line 4,4, at B; so that my A; B; =my B, 4,; divide By 44 at
B, so that (my + my) By By=ms By As; divide By A at B so that
(my + mg + mg) ByBy=mByA,. Proceed in this way until all
the points have been connected then the last point of division
B,_,, usually denoted by the letter @, is called the centroid or
mean centre.

261. In order to shew that this process leads in general to a

unique point, i.e. that the point

determined by the process is Az

independent of the order in 5 B,
1

which the points 4;, 4,... 4, As
are joined, we shall first prove / )
that Ay

m A G+ my 4G + ... A,

+my AnG =0 ...(1).
Assume that this formula is true for the first » points, i.e. that
my AlBr—l + mg A’B,-..l +... +mrA,-B,-..1 =0.
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Now the next step in the process is to divide B,_; 4,4, at B,
so that

(my+mg + ... +my) B, ,B,= Myy1 By Aoy,
therefore by adding the last two lines
my ZI—B—;- + mgy AaBr + ...+ M, ArBr + m,.,.lA,.“B,. =0,
It follows that if the formula (1) is true for = points it is also
true for » + 1; but it is true for two points, since, by hypothesis,

my A, B, +mg A, B, = 0. Therefore the formula (1) is true for
any number of points.

Now if by taking the points in a different order we arrive at
a centroid ( we can shew similarly that

my A, F +my AyG 4 ...+ My A,G =0 ......... (2);
and by subtracting (1) from (2) we get
(my+ma+ ... +m,) GG =0.

Hence @ must coincide with G unless m; +mg+ ... +m, =0.
In the latter case there is no centroid at a finite distance, be-
cause the last step in the process of finding the centroid consists
in dividing a line in the ratio m; + ma+ ... + myu_y: My, ie. in
the ratio 1: —1.

27. Centroid Method of Compounding Vectors. To shew,
with the notation of the last Article, that, if O be any other

point, the resultant of n vectors m,0A4,, mgOdy ... m, 04, is

(my+mg+ ... + m,) OG, where @ is the centroid of the points
Ay, A4, ... A, for the magnitudes m,, my ... my,.
This follows at once by substituting

04, =0G + G4,, 04, = 0G + GA4,, etc.,
so that
m 04, + myO4d; + ... + m, 04,
=(my+ma+ ... +my) OG + (m, G4y + myGA, +... + m,G4,);

and by 2:61 (1) the sum of the terms in the last bracket is zero,
therefore

m 04, + myOA4s + ... + my 04, = (my + ma + .o +my,) 0G.
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28. When reference is made to the centroid of a set of
points without mention of any associated magnitudes it is
understood that the magnitudes are equal; thus the cehtroid
of a triangle ALC is a point G such that

AG+BG+CG=0.

29. It may be noticed that if P, Q, R are vectors in the
lines OA, OB, OC then the resultant vector is

(OA + o% 52) 0a,

where @ is the centroid of the points 4, B, C for the magnitudes

P|04, Q/OB, R/C; for a vector P is the same s 1 UA.
EXAMPLES
1. Prove that, if ¢ is the middle point of 4B and G’ is the middle
point of 4'B’, then 44+ LB’ =2GG".
2. Prove that, if @ is the centroid of # points 4;, 4;... 4,4, and @ is
the centroid of # points By, By... By, then
EI_E+A232+...+A“B.H=%W’.

3. Prove that, if A is the orthocentre and O is the circumcentre of a
triangle 4 BC, then

4dH tan A +BHtan B+ CH tan C=0,
and A0 sin 24 + BUsin 2B+ C0 sin 2C=0.

4. Sheg that, if m0Ad+n0B+p0C=0and m+n+p=0, then the points
4, B, C are collinear.



Chapter III
RECTILINEAR MOTION. KINEMATICS

81. Consider the motion of a point along a straight line
‘or axis Oz on which O
is a fixed point. Let g P Y z
P, P’ denote the posi-
tions of the moving point at times ¢,¢ ; and let OP = =2 OP =&
The displacement of the “point in time t —¢ is &’ —, and
(' — 2)/(t' —t)is the average rate of displacement or the average
velocity during the interval ¢’ —¢. If this ratio be independent
of the interval ¢ —¢; i.e. if it has the same value for all intervals
of time, then the velocity is constant or uniform, and equa.l
distances will be traversed in equal times.

Whether the ratio (2’ —a)/(f’ —¢) be constant or not, its
limiting value as ¢’ tends to ¢ is defined to be the measure of
the velocity of the moving point at time ¢. But this limiting
value is the differential coefficient of # with regard to ¢, so that
if we denote the velocity by v, we have

v=daz/dt.

If on squared paper we plot a curve in which abscissae
represent time and ordinates re-
present distances traversed, the
curve is called the space -time
curve. Thecurvegivesagraphical
representation of . tion,
because it exhibits graphically
the relation between the time
and the distance traversed in
that time. Also the gradient of the curve, i.e. the tangent of

the angle that the tarigent to the curve makes with ime-
axis, gives the value of th city dz/dt.
2. Acceleration is similarly defined as the rate of change

of velocity. Thus, if », v" denote the velocities of the moving
point at times ¢, ¢/, {en v — v is the change of velocity in time

(0]



12 RECTILINEAR MOTION. KINEMATICS [

¢ —t and MM:M%W@
during the interval ¢'—¢. If this ratio is independent of the
interval ¢ ~¢, then the acceleration is constant or uniform, or
equal increments of velocity take place in equal intervals.

Whether the ratio (v’ —v)/(#' —t) be constant or not, its
limiting value as ¢’ tends to ¢ is defined to be the measure of
the acceleration of the moving point at time ¢. But this
limiting value is the differential coefficient of v with regard
to ¢, so that if we denote the acceleration by f, we have

[=dv/dt = d*z/dt2

Following Newton, it is usual to denote differential co-
efficients with regard to time by dots; thus & means dz/dt, and
& means d*z/dt*.

If on squared paper we plot a curve in which abscissae
represent time and ordinates represent velocity, the curve is
called the gelocity-time curve. The gradient of the curve gives
the acceleration dv/d¢ at any instant.

Also the area under the velocity-time curve

=fvdt=fg—fd‘=fd‘”=[‘”]

taken between proper limits
= the distance covered in the corresponding time.

33. Acceleration represented as a space rate of change.
Since v = dx/dt and f = dv/dt,

therefore f=:—§£3—:’=v:ll—:.
Mm;ﬂgwf%o—n_ijw rtant, as it has to be
used 1n all problems in Which the velocity ig given in different
positions rather than at different times.

8-31. Ifonsquared paper a curve be plotted in which abscissae
denote spaces traversed and or-

dinates represent velocities, the
curve is called a velocity-space P

ourve. The gradienm
{s dv/dz, and in the figure, in /
which PN is ordinate v and PG

is normal at P, we have

tan NPG = dv/da, o N G x
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so thab the subnormal NG = vdv/dz
= the acceleration.

Note that if the acceleration is constant the velocity-space
cenrve is a parabola, since this is the only curve for which the
subnormal is constant.

34. Units. Measurements of physical quantities must neces-
sarily be expressed as multiples or submultiples of certain units.
The choice of the units of length and time is arbitrary ; thus the
unit of length may be a foot or a centimetre, and the. unit of
time may be the mean solar second or it may be the sidereal
day (1-3), the former being the more convenient unit for purposes
outside an observatory as it is mean solar time that is recorded
by ordinary chronometers, watches and clocks.

The units of velocity and acceleration are derived units in that
they depend on the units of length and time, which may be re-
garded as fundamental units. The unit of velocity is a unit of
length described in a unit of time. The unit of acceleration is a
unit of velocity added in a unit of time,7The unit of velocity
therefore varies directly as the unit of length and inversely as
the unit of time, and the unit of acceleration therefore varies
directly as the unit of length and inversely as the square of the
unit of time// These facts may also be expressed by saying that
"the unit of velocity is of one dimension in length and minus one
dimension in time, and that the unit of acceleration is of one
dimension in length and minus two dimensions in time; or, if
L, T denote the units of length and time, the unit of velocity is
LT-! and the unit of acceleration is LT~

The measure of*any given quantity varies inversely as the
unit chosen ; e.g. a velocity measured in yards per second is one-
third of the same velocity measured in feet per second.

" 341. Change of Units. Ifvdenote the measure of a velocity
and f the measure of an acceleration when L, T are the units
of length and time, and ¢/, /* denote the measures of the same
velocity and the same acceleration when L', TV are the units
of length and time, then it is clear that

LT =2'LT?
and fLT %= [L'T3
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since the expressions equated are equivalent representations of
the same velocity and of the same acceleration.
For example, if L =1 foot, and T =1 second

and L’'=1 mile and TV =1 hour,
then L' =5280L and T’ = 3600T,
and, if v’ is a velocity of 60 miles per hour,

v =60 x 5280 + 3600

=88 ft. per sec.

842. Units in Graphical Work. In using the graphical
methods indicated in 31, 32 and 3'3 attention must be paid to
scales of measurement.

Space-time curve.

If one inch in the abscissa ¢ represents a seconds and one inch
in the ordinate z represents b feet, then the measure of the

velocity is 2 %—? ft. per sec. where dz/dt is the actual gradient in

the diagram.

Velocity-time curve.

If one inch in the abscissa ¢ represents a seconds and one inch
in the ordinate v represents a velocity of b ft. per sec., then the

measure of the acceleration is g% ft. per sec. per sec. where

dv/dt is the actual gradient in the diagram; and the area under
the curve represents distance covered on the scale
one square inch = ub feet.
Velocity-space curve.

If one inch in the abscissa # represents a feet and one inch in
the ordinate v represents a velocity of b ft. per sec., then the
2
measure of the acceleration is % vd% where vdv/dx is the actual
subnormal in inches; i.e. the subnormal gives the acceleration

on the scale
1 inch = b%/a ft. per sec. per sec.
35. Uniformly Accelerated Motion. In uniformly accele-
rated motion the acceleration f is constant, so that by integrating
the relation dvjdt =f

we get v=fi+0C,
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where (' is constant, and if the velocity at time ¢ =0 be u (called
the initial velocity), we must have C'=wu, and therefore
v=U+ft crririrnnnnn. ceeeraees 1);

though it must be remarked that this relation is otherwise
obvious, because, when the acceleration f is constant, the
velocity is increased by fin each unit of time,

Again, since dz/dt=v=u+f,
therefore by integration

z=ut + 3§+

where (' is constant, and if the origin from which @ is measured
is taken at the position of the moving point when ¢ = 0, we have
=0 when t=0, so that 0’ =0 and

_ Z=ub+ L1 i (2).
If we now eliminate ¢ between (1) and (2) we geb
P=ul+ 2T i 3).

This last result can also be obtained by integrating the
alternative expression for acceleration, vdv/dz = f, which, when
f is constant, gives

v=2fz+ (",
where C” is constant; and since v=u when =0, therefore
” __,,9
0" =u"and v* = u?+ 2z,

The student will do well to note that the formulae of this
article are only true when the acceleration is constant.

8°51. Formulae (1) and (2) of the last Article follow graphically from
the velocity-time curve. Since the gradient of the curve represents the
acceleration and this is constant, there-
fore the curve in this case is a straight 4 Q
line inclined at an angle tan—1f to the
t axis,

Let P@ be this line and @ the point P
(¢, v), P the point (0, «), where O =¢,
MQ=v, OP=u, Then |

(MQ - OP)|OM =gradient =, o M t
therefore v=u+ ft.

Again space described in time ¢=area under curve

=0MQP

=40M (OP + MQ)
=4t (2u + %)
=ui+{f8,
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852. Acceleration due to Gravity. It is an experimental
fact, first observed by Galileo, that all bodies which are allowed
to fall freely at a given place possess the same constant accele-
ration, usually denoted by g.

The value of g varies slightly, increasing with the latitude
of the place; but the difference between the values at the
equator and the poles amounts only to about one-half per cent.
The value in the latitude of London is approximately 981 em.
per sec. per sec. or 322 ft. per sec. per sec.

8'6. Applications. The law of acceleration in a particular problem
may be given by expressing the acceleration as a function of (i) the time ¢,
or (ii) the distance z, or (iii) the velocity ». The problem of further
investigating the motion can then be solved as follows :

(i) Aoceleration a given function of the time, say ¢ (¢).

We have D=g(t)
therefore, by integration, v=[¢(¢)dt+C,
or &=y (t)+ C, say,
where y(f) is the integral of ¢ (¢). Then another integration gives

z=[Y()dt+Ct+
where the constants C, ¢’ can be determined if the velocity aud position as
a given time arc known.

(ii) Acceleration a given function of the distance, say ¢(x).

In this case, there are two ways of proceeding:

(a) We use the form vdv/dz for acceleration and write

vadv/dz=¢ (z),

so that, by integration, *=2[¢(z)dz+C.
Then, if we put y+(r) for 2{¢ (2)dx and # for v,
we have =ty 2)+ O}
and therefore + / __de__ =t+("
Y (@)+0p
(8) Alternatively, we write
B=g(2)
and multiply both sides of the equation by 2, so that
2% =2 () %.
Then integrate with regard to ¢ and we get
#3=2(p(x)dx +C,

and from thence we proceed as in (a) above.
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This method of procedure, in which we multiply both sides of the equation
by 24 in order to make it integrable, is of frequent application and deserves
special notice.

As an example let the acceleration be —nz where, as usual, 2 denotes
distance from a fixed origin and suppose that at time ¢=0 we have z=a
and £=0; i.e. & point starts from rest at a distance a from the origin
with acceleration n%r towards the origin. We put

= —nlz,
then multiply by 24 and we get
2iF = — ndxk,
which gives on integration
= —n34+C.
But #=0 when 2 =a, therefore C=n2%a3 and
#lmn?(al—23),
dz
therefore cos~1 ‘; =nt+ (',

and, since z=qa when ¢=0, therefore C'=0, and

) 2= Cco8 nt.

Note that the choice of the minus sign on taking the square root is
determined by the fact that the point starts from rest with an acceleration
directed towards the origin, so that x decreases as ¢ increases, or dx and
dt¢ have opposite signs.

In this particular example we might also obtain the same solution by
proceeding as in 1*7 (16), where the solution is obtained in the form

x=C cos (nt+a).

If we proceed in this way, we have to determine the constants C and a

from the conditions that when ¢=0
r=a or Ccosa=a,
and £=0  or —nCsina=0.

These give a=0 and C'=a, making 2=a cos nt as before.

(iii) dcceleration a given function of velocity, say ¢(v).

In this case we may either connect velocity with time by writing

: dv/dt=¢p(v),
and integrating in the form
—=t4C
¢( ¢ (v)
or we may connect velocity with distance by writing
vdv/dz=(v),
and integrating in the form
vdv
——=z+C.

$()
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Whether it is then possible to proceed to a further integration after
putting & for v will depend on the form of the functions.

Example. A particle moves in a straight line under a retardation kv™*!,
where v 13 the velocity at time t. Shew that, tf u ts the velocity when ¢=0,

then
1/71 1
k=2 (rm ~ o)
and find a corresponding formula for space in terms of v.
‘We have V= —kym+1;
therefore ] WH+0- - / kde,
or -———0-=l't
my™
but v=2« when ¢=0, therefore C'=1/mum
- 171 1
and kt=1;; (5;‘ - 1—"—”) .
sguin VB g
therefore /d”+o- - f kdz
or W——l C’—l:x,

and, if # be measurea from the position in which v=u, we have £ =0
when v=1, therefore C=1/(m —1)u™-! and

1 1 1
kemty (ﬁ—‘x'm)

317. Graphical Methods. If a table of corresponding values
of any two of the four magnitudes «, ¢, v, f is given, it is in
general possible to determine the other two by plotting suitable
graphs, based upon the relations v = dx/dt, f= dv/dt = vdv/dz.

For example, suppose a table of corresponding values of v and
J to be given. Since f= dv/dt

therefore dt= f de

Hence if we plot a curve in which the abscissae denote v and
the ordinates denote 1/f, then the area under the curve up to
any point will represent the time .

The corresponding values of the distance # can then be found
from vdv/dz = f, which gives

='—’%’ and therefore = J 7 dv.
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So that if we plot a curve in which the abscissae denote » and
the ordinates denote v/f, then the area under the curve up to
any point will represent the distance .

Alternatively,  can be found by using the formula v = dz/dt,
which gives z = fudt, if we first tabulate the values of ¢ found
above and then plob a velocity-time curve. The area under the
curve up to any point will represent the distance .

8'8. Examples. (i) 4 train passes a station A at 40 miles per hour
and maintains this speed for 7 miles, and s then uniformly retorded,
stopping at B whick ¥s 8 miles from A. A second train starts from A the
instant the first train passes and being uniformly accelerated for part of
the journey and uniformly retarded for the rest stops at B at the same tims
o8 the first train. What is its greatest speed on the journey ? [S. 1910]

This example illustrates the utility of the velocity-time curve. The
units chosen are a mile
per hour for v, and an hour ¥ s

for t. For the first train |

the velocity-time curve con-

sists of the straight line PQ |p Q
or v=40, and the straight \
line QR along which the

velocity is uniformly re-
tarded to zero.

OM, MR are the times g N M R ¢
required for the first seven
miles and the cighth mile respectively ; and the areas under the curve,
i.e. OM@P and M/Q represent 7 miles and 1 mile respectively.

Therefore 400 =7 and 20/ R=1.

Again, for the second train which is uniformly accelerated and then
uniformly retarded, starting from rest and ending at rest and covering the
same distance in the same time, the velocity-time curve consists of two
straight lines 0S, SR with the condition that the area OSR represents
8 miles, Hence the greatest speed SN is given by

: $SN.OR=8; but OR=j,
therefore SN="714 miles per hour.

3:81. In the graphical solution of examples it is sometimes useful to
remember that if the acceleration increase or decrease steadily with the
time then the velocity-time curve is a parabola. For if

v=at+d,
where @ and b are constants, then
v=3at2+bt+c,
which represents a parabola if v, ¢ are used as coordinates,
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(ii) A train starts from a station A with acceleration '8 ft.-sec.”%, and this
acceleration decrsases uniformly for 2 minutes, at the end of which the train
has acquired full speed whick is maintained for unother two minutes. Then
brakes are applied and produce a constant retardation 35 ft.-sec.™3 and
bring the train to rest at B. Draw an acceleration-time curve and a velocity-
time curve. Find the maximum velocity and the distance AB.

f} c!

.1:—. o --...;._--.‘_-- S,

i 60 120 180 240segs, ¢

-3
3I

(]
'
{
i i
I
i

i
-aL Acceferation-time curve i Velocity-time curve

The acceleration-time curve consists of portions of three straight lines
a8 shewn in the first diagram.

The velocity at any time during the first 2 minutes is measured by the
corresponding area under the acceleration-time curve :
e.g. velocity at one minute=area of trapezium of base 60 and mean height

6=36 f.s.

and velocity at two minutes=area of triangle of base 120 and height
‘8=48 f.s.

In this way any number of points on the velocity-time curve during the
first two minutes may be plotted. At two minutes the velocity-time curve
becomes a straight line parallel to the time axis. At four minutes there is
a uniform retardation 3'5 f.s.s which will destroy the velocity of 48 f:s. in
48/3-5 secs. or 13-7 secs., 8o that the last part of the velocity-time curve is
another straight line meeting the time axis at ¢=253-7 secs.

The total distance travelled is given by the area under the velocity-time
curve. The area under the curved portion can be estimated by counting
squares or by dividing it into parallel strips and using wean ordinates;
or, more accurately from the fact that the curve is a parabola with axis
vertical and vertex at (120, 48), so that the area is § of the rectangle whose
sides are 120 and 48 =3840. The remaining area is

a rectangle 48 x 120=5760,
and a triangle § x 48 x 13-7=329,
making the total distance traversed 9929 ft.
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This problem may also be solved by direct analysis. Thus, since the
acceleration falls steadily from ‘8 f.s.s to zero in 120 secs. therefore

acceleration after ¢ secs, =8 (1 ! ),

120
or Ze=18 <1 - éﬁ) ft.-sec.—3,
8o that £="8 (t - QZO) ft.-sec. 4,
and r="8 (‘—22 - 7—%) ft.;

no constants of integration being required since #=0 and £=0 when ¢=0.
It follows that when ¢=120 we have #=48 ft./sec. and £=23840 and the
rest of the solution is as above.

EXAMPLES

Uniform Velocity
1. Two trains take 3 seconds to pass one another when going in
opposite directions, but only 2'5 seconds if the speed of one is increased
by 50 per cent. How long would one take to pass the other when going in
the same direction at their original speeds ?

2. A steamer takes m minutes to go a mile downstream and n minutes
to go a mile upstream. Find the speed of the current and of the steamer
relative to it.

3. A line of men are running along a road at 8 miles an hour behind
one another at equal intervals of 20 yards. A line of cyclists are riding in
the same direction at 15 miles an hour at equal intervals of 30 yards. At
what speed must an observer travel along the road so that whenever he
meets a runner he also meets a cyclist

Uniform Acceleration

4. A point moving with uniform acceleration describes distances
8, 83 feet in successive intervals of ¢, # seconds. Prove that the
acceleration is

2 (8321 — 812) [ty t3 (¢, + La).

5. A point moves with uniform acceleration and v;, v, v3 denote the
average velocities in three successive intervals of time ¢, ¢;, t3. Prove
that

Y —Vg i Vy—Vg={ 0 i g+ L3

6. A heavy particle is projected vertically upwards. Shew that if ¢, ¢,
are the times at which it passes a point at a height 4 above the point of
projection in ascending and descending, then ¢,2;=24/g.

7. A point moves from rest with uniform acceleration. Shew that in
any interval the space-average of the velocity is 4/3 of the time-average.
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8. An express train is sent off in two parts at an interval of 5 minutes.
If both parts are uniformly accelerated and attain their maximum speed of
60 miles per hour in a mile, prove that the first part has gone 4 miles
before the second starts and that at full speed they run 5 miles apart.

9. A body moving in a straight line travels distances 4B, BC, CD of
153 feet, 320 feet, 135 feet respectively in three successive intervals of
3 secs., 8 secs., and 5 secs. Shew that these facts are consistent with the
hypothesis that the body is subjected to uniform retardation. On this
hypothesis find the distance from D to the point where the velocity
vanishes, and the time occupied in describing this distance. [M. T. 1915]

10. A train which starts from rest and accelerates in 1 mile to a full
speed of 40 m.p.h. and stops in } a mile, has, in the course of a journey,
to be slowed down to 20 m.p.h. for a distance of 2 miles. Shew that in
consequence it arrives at its destination 3,% mins. late, assuming that
acceleration is always at the same uniform rate and that retardation is
also always at the same uniform rate.

11. Two stopping points of an electric tramcar are 440 yards apart.
The maximum speed of the car is 20 miles per hour and it covers the
distance between stops in 75 seconds. If both acceleration and retardation
are uniform and the latter is twice as great as the former, find the value
of each of them, and also how far the car runs at its maximum speed.

[S. 1924]
Variable Acceleration

12. A body moving in a straight line describes the following distances
in the given times :

Time in seconds | 0 5 10 15 20 25 30

Distance in feet 5 1375 | 60 176-25 | 400 | 76875 | 1320

Deduce approximately the velocity-time and acceleration-time curves
for the same period. [S. 1911]

13. The relation between acceleration and time for a car starting from
rest is given by the table

Time inseconds | 0 [ 10 | 20 | 30 | 40 50 60 70

Accel. inft./sec.® | 5 ({ 1 | 12| 5| —3| —46| —45| —-3

Draw the acceleration-time curve and deduce the velocity-time and
distance-time curves.
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14. The relation between acceleration and distance for a car starting
from rest is given by the table

Distance in feet 0 100 | 200 | 400 | 600 | 800 | 1000

Accel. in ft./sec3 | 2 |17 | 14 | 85 | 2 |—--2 0

Draw the acceleration-distance curve and deduce the velocity-distance
curve.

15. If the relation between 2 and ¢ is of the form ¢=az®+ Bz, find the
velocity » as a function of #, and prove that the retardation of the particle
is 2av®.

The following observations were made on a rifle-bullet :

z 0 150 300 ft.

¢ 0 ‘0698 I *1408 sec.

Assuming that the relation between z, ¢ is that stated above, find q, 8
and shew that the velocity at the instant of the second observation was
2131 ft. per sec. approximately. [S. 1912]

16. By proper choice of units the curve on a time base representing the
acceleration of an electric train is a quadrant of a circle, whose centre is
the origin. The initial acceleration is 2:5 ft. per sec. per sec., and the
acceleration falls to zero in 20 seconds. Calculate the velocity acquired
and the distance described in that time. [S. 1017]

17. A particle moving in a straight line is subject to a resistance which
produces the retardation 43, where v is the velocity and % is a constant.
Shew that v and ¢ (the time) are given in terms of s (the distance) by the
equations v=uf(1+ksu), t=3§ks*+s/u,
where  is the initial velocity.

As a result of certain experiments with a rifle, it was estimated that the
bullet left the muzzle with a velocity of 2400 ft. per sec. and that the
velocity was reduced to 2350 ft. per sec. when 100 yards had been
traversed. Assuming that the air-resistance varied as +% and neglecting
gravity, calculate the time of traversing 1000 yds. [M. T. 1913)

ANSWERS

1. 15 secs. 2. 30 (n—m)/mn, 30 (n+m)/mn miles per hour.
3. 6 m.p.h. 9. 121 ft.,, 11 seocs. 11. 3 fs.8; §3 fias; 440 ft.
16. 3927 fs.; 452 ft. 17. 1-38 secs.

33



Chapter IV
RECTILINEAR MOTION. KINETICS

41. In the last chapter we discussed the measurement of the
velocity and acceleration of a point moving in a straight line.
We must now begin to study the branch of Dynamics called
Kinetics, which is concerned with the effects of forces on the
motion of bodies.

Thedefinitions and laws of motion enunciated by Newton in the
seventeenth century form the foundation of a science of dynamics
which has been developed by many other mathematicians. This
dynamics, now commonly called ‘Newtonian Mechanics,” is
the basis of all the theoretical work in applied mechanics or
engineering and the results of the theory have been and are
still being confirmed every day by numerous appeals to experi-
ment; so that nowadays no one questions whether the theory is
adequate to furnish reliable results in common matters. It is
only when on the one hand we begin to investigate what is rela-
tively very small, e.g. the interior of an atom, or on the other
hand when we leave the Earth and apply the Newtonian theory
on a much wider scale that discrepancies can be detected, and
even here it may be remarked that Newtonian Mechanics has
proved adequate to enable astronomers to predict the time of
eclipses with an accuracy that would hardly have been possible
had the foundations of dynamics been radically at fault.

From a philosophical standpoint Newton’s definitions and laws
of motion offer much scope for criticism, particularly his assump-
tions of absolute time and space. But it is no part of our purpose
to discuss this aspect of the matter; we intend to leave to the
reader his primary conceptions of time and space and adopt a
Newtonian basis for the development of the subject.

411. Force. It is a fact of everyday experience that bodies
move more often in curved paths and with varying speed than
in straight paths at uniform speed. We assume that it is the
action of other bodies that causes the speed of a body to vary or
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its path to bend. We describe this process by saying that the
bodies are exerting forces on one another, and we define force
as that which changes or tends to change the state of motion of
a body.

Newton’s First Law of Motion that Every body perseveres in
1ts state of rest or of moving uniformly in a strasght line, except in
so far as it is made to change that state by external forces is
implied in the foregoing assumption and definition of force. This
law is also commonly called the Law of Inertia.

412, Mass. Matter is one of the primary conceptions of the
mind, it cannot be defined satisfactorily, but it is clear that any
definition of matter would have to embrace all things that can
be perceived by the sense of touch and some things which are
perceived by other scnses. The mode by which the presence of
matter is most easily perceived is through the effort required
to produce in it a sudden change of motion. This property
possessed by matter is called inertia. The measure of the inertia
of a body is called its mass.

The familiar process of ‘weighing’ on a common balance is the
process by which masses are compared. A scale of comparison
is instituted in which we fix upon a certain body 4 as a unit
and determine that another body B is equivalent, in the sense
of balancing, to some multiple or sub-multiple of the unit 4.
In this way every body has associated with it a number called
its mass.

413. A Materlal Particle is defined to be a body so small
that, for the purposes of our investigation, the distances between
its different parts may be neglected *.

4'14. The Momentum of a material particle is the product
of its mass and velocity.

4'15. Measurement of Force. Newton’s Second Law of
Motion states that Change of motion 1s proportional to the
tmpressed force and takes place in the direction in which the
Jorce 18 impressed. In modern phraseology we substitute the
words rate of change of momentum for change of motion,

* Clerk Maxwell, Matter and Motion, Art, vr.
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and we see that the law is an assertion of the mode of measure-
ment of force. It is proportional to rate of change of momentum.
Hence in the rectilinear motion of a particle of mass m, if v be
its velocity and f its acceleration it is acted on by a force in

the direction of motion proportional to %(mv) or mf. And if we

take the unit of force to be the force which acting upon a particle
of unit mass causes it to have unit acceleration we may write
the force P =mf. The acceleration lasts so long as the force acts
and ceases when the force ceases to act.

4'16. Force as a Vector. The second law of motion implies
much more than is asserted in the last article. It implies that
if a body 4 is in motion in the presence of several other bodies
B, 0, ete. which exert forces P, @, etc. upon it, either in the same
or in different directions, then each force produces its own
contribution to the acceleration of the body A4, and this
contribution is the same in magnitude and direction as it
would be if the force considered were the only force acting upon
A. This implication of the law is usually called the Principle
of the Physical Independence of Forces.

Further, if the body 4 under observation be a material
particle whose velocity is accelerated, at any instant its
acceleration must possess a definite magnitude and direction
and therefore be such as would be produced by a single force of
the proper magnitude in the assigned direction. It follows that,
if such a particle be acted upon by several forces, P, Q, etc.,
simultaneously, the combined effect of these forces is the same
as that of a single force. That is to say, the separate forces P, Q,
etc. are components of a single resultant force and the accelera-
tions they severally produce are components of a single resultant
acceleration. And we assert as a fundamental axiom that forces
are compounded by the vector law of addition. The structure of
dynamical theory is built upon this axiom, and the justification
for the hypothesis is not to be found in any attempts at formal
proof but in the general agreement of the theory with practical
epplications as the results of everyday experience and observa-
tion.
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4161, We will now change the order of the steps in the line
of argument and state it concisely as follows:

(i) we assert the fact that forces obey the vector law of
addition;

(i1) we assert the second law of motion with the implica-
tion that when a particle is acted upon by several forces
simultaneously its rate of change of momentum is proportional
to the resultant of the forces compounded vectorially;

(iii) we also ascribe the vector property to acceleration,
and assert the exact equivalence of the force vector and the
vector ‘mass X acceleration,’ so that, when resolved in any
assigned directions, the corresponding components-of the two
vectors are also equal.

417, Weight. The weight of a body is the force with which
the Earth attracts it. It has already been remarked (352) that
bodies fall to the Earth with a constant acceleration g. It
follows that, if W is the weight of a body of mass m, then

W =mg.

The unit of force to which reference was made in 415 is called
the absolute unit of force. In the British absolute system of
units the unit of mass is called a pound. It is the mass of a
certain piece of platinum deposited in the office of the Exchequer
and defined by Act of Parliament as ‘the Imperial Standard
Pound Avoirdupois’ When pound, foot, second units are em-
ployed the unit of force is called the poundal. This is the
absolute unit of force in the pound, foot, second system. It is
the force which when acting on a body of mass one pound gives
it an acceleration of one foot per second per second.

We observe that in accordance with the formula W=myg,
the .weight of a body of mass mlb. is mg poundals, and the
weight of & body of mass 11b. is g poundals, so that a poundal is
equal to a little less than the weight of half an ounce.

There is another system of units, in use among engineers, in
which the unit of force is the weight of one pound, the unit of
mass being the mass of g 1b., and the mass of W lb. weight being
W/g units of mass, The argument at the foundation of this
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system of units is that if different forces act in turn upon the
same body the forces are proportional to the accelerations they
produce in the body. Thus if a force equal to the weight of P
pounds produces an acceleration f ft.-sec.™ in a body of weight
W pounds then

P_f
W g
It follows that P= %Vf,

where W is the weight of the body and P the force acting upon
it both measured in terms of the same unit, which may clearly
be the weight of one pound, or the weight of one ton or the
weight of any other mass that may be found convenient.

418. o.6.8. units. In France the standard of mass is a piece
of platinum called a kilogramme, the thousandth part of which,
or gramme, is the unit of mass, the centimetre being the unit
of length and the second the unit of time. In this c.a.s. system
the absolute unit of force is called a dyne. It is the force which
acting on a mass of one gramme gives it an acceleration of one
centimetre per second per second. Since g =981 cm.-sec.”3,
therefore the weight of one gramme is 981 dynes.

4'19. It is to be noted that the relation
force = mass x acceleration
does not require that the force and acceleration shall be constant.
It is a relation that holds good at every instant during motion
and may be expressed in the form
X =mi,

where X is the force tending to increase &.

42. Impulse. The tmpulse of a constant force during a given
interval of time is defined to be the product of the force and
the time-during which it acts; i.e. Pt if P is the constant force
and ¢ the interval.

The smpulse of a variable force during a given interval of time
is defined to be the time integral of the force for that interval;
i.e. [Pdt integrated through the given interval.
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In every case the
tmpulse of a force =the change of momentum produced by 1t.

Thus, using the formulae for constant force and acceleration,
the impulse of the force = Pt ,
i

=m(v—u)
=change of momentum.
Again, for a variable force .X = ma,

ty
the impulse of the force = J. Xdt
t

= J’" mi dt {
4 i

= ma; — mil,{

where &;, 4, are the velocities at the beginning and end of the

interval; and, as before, this is the change of momentum pro-

duced.

421. Force-time curve. If we plot a curve in which abscissae
represent time and ordinates represent force the area under the
curve will represent the impulse of the force, or the change of
momentum produced in the given interval of time.

4-22, Hxample. A water jet tssues from a nozzle of 2 square inches
section with velocity 80 f.s. and strikes a plane surface placed at right angles
to the jet. Find the force exerted on the plans.

The number of cubic feet that strike the plane per sccond==y%; x 60,
and the mass of a cubic foot of water=625 Ib.

Therefore the momentum destroyed per second

=1%;%60 x 625 x 60=3125 sec.-poundals,

But if P is the force exerted in poundals its impulse in one second

= P sec.-poundals,
therefore #-=3125 poundals
’ =97'65 1b. weight.

4:3. Work. A force is said to do work when 1ts point of
application undergoes a displacement in the line of action of
the force. Thus, if a constant force P has its point of applica-
tion advanced through a distance s in its line of action, the
force is said to do work Ps. If, further, the force P remaining
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constant in magnitude and direction, the displacement of the
point of application 4 be in

an arbitrary direction 44’ A
the work done by the force is //E
measured by the product of G L

the force and the projection
AM of the displacement upon
the line of action of the force, A.

Le. in either figure work done :\<‘ s
=P.A4A'cosb, giving a ne- B v
gative result when 6 is an

obtuse angle, and no work done when the displacement is per-
pendicular to the direction of the force P.

More generally, when the point of application of a variable
force is displaced along any curve,
let AA’ denote an element ds of
the curve, P the force at 4 and
0 its inclination to the tangent
to the curve, Regarding the force
as constant during the infinitesi-
mal displacement 44’, the work
done in this displacement is
P,AA cos 6 or Pcosfds; we
therefore represent the work done in any finite displacement

by an integral [P cos 6ds,

taken along the curve of displacement from the initial to the
final position.

>
<
oY

>
Cal

A P

4-31. Taking one foot as the unit of length and the weight
of one pound as the unit of force, the unit of work is called the
Joot-pound. It represents the work that would have to be done
in order to lift one pound vertically through one foot.

Similarly, if one poundal be taken as the unit of force, the
unit of work is called the foot-poundal.

4'32. Power is defined as the rate of doing work.

The practical unit of power is called the horse-power and
represents the doing of 83,000 foot-pounds per minute.

In the absolute c.G.s. system of units, the unit of work is
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called the erg, and represents the work done when a force of
one dyne has its point of application advanced through one
centimetre in the direction of the force.

The unit of power in the same system is called the watt and
represents the doing of 107 ergs per second.

44. Energy is defined as capacity for doing work. Thus,
when a body is in motion, work can be done in overcoming
resistance before the body is brought to rest, and this amount
of work is called the Kinetic Energy of the body.

A body may also possess energy in virtue of its position,
represented by the work that would be done by the forces
acting on the body if it moved from its stated position to some
standard position. This is called Potential Energy.

In measuring potential energy it is necessary to choose a
standard position in which a body may be considered to possess
zero potential energy, and the choice of this standard position
is to some extent arbitrary. For example, if we consider the
weights of bodies as forces capable of doing work as the bodies
descend to a lower level, we may choose to consider bodies on
the floor of the room as possessing zero potential energy and then
all bodies at a higher level possess a positive amount of potential
energy, measured in each case by the weight of the body multi-
plied by the height above the floor. On the other hand, we
might choose the ceiling of the room as the level of zero
potential energy, and then all bodies below the ceiling would
possess negative potential energy. In a particular problem it
is not the absolute value of the potential energy that is im-
portant but the change of potential energy that takes place in
a movement of the body under consideration, and therefore the
arbitrariness of the choice of the zero of potential energy sim-
plifies rather than complicates a problem.

441. Formula for Kinetic Energy. Suppose that the motion
of a body of mass m moving with velocity » is opposed by a
constant force P and nrought to rest in a distance @, The work
done against the resistance = Pz

= mf,
when f is the constant retardation produced by P,
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But since the body comes to rest in a distance z, therefore
0 =u?— 2fa.
Hence we have Pz ={mul
ie. }mu® is the energy possessed by the body in virtue of its
motion; so the Kinetic Energy of a body of mass m moving
with velocity u without rotation is defined to be §mu?.

442. Principle of Work. Conservation of Energy.

In any displacement of a body the change ¥n'the K'metzc
Energy 1s equal to the work done by the forces.

This is a general proposition of which a proof will be given
in a later chapter. At present we confine ourselves to recti-
linear motion, and write the connection between acceleration
and force in the form

mydv/dz=X;
therefore Jmvdy = [Xdz +C,

or, if u, v denote the velocities in the positions z=2z;, z=ux,,
we have

Fm® — gmud = r.de,
&

which is the required result.
Since ‘work done’ means an equivalent loss of Potential
Energy, the last result implies that in any displacement

gain of Kinetic Energy =loss of Potential Energy,

so that the sum of the Kinetic and Potential Energies is con-
stant throughout the motion. This is the Principle of Con-
gervation of Energy. The principle applies to dynamical
systems of the most general kind, but we observe that so far
we have only proved it for the case of rectilinear motion of a
single body.

443. Force-space Curve. If we plot a curve in which
ordinates represent the force acting on a body in the direction
of its motion, and abscissae represent distances traversed, the
area under the curve, e.g. [X dz, represents the work done or the
increase in the Kinetic Energy in traversing the distance under
consideration.
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444. Efficlency. In most machines some part of the work
done is expended in overcoming friction, or resistances of that
nature; this portion of the work is regarded as ‘wasted’ and the
remaining portion is described as ‘useful work.’ The ratio of
the useful work to the whole work done is called the efficiency
of the machine.

4'45. Hxamples. (i) 4 weight of 2001b. hangs freely from the end of
a rope. The weight is hauled up vertically from rest by winding up the rope.
The pull starts at 2601b. and diminishes uniformly at the rate of 11b. for
every foot wound up. Find the velocity after 30 ft. have been wound up,
neglecting the weight of the rope.

The figure shows the force-space dia- X!
gram, the force decreasing from 250 to y\
220 pounds weight in a distance 30 ft. !

The work done is therefore I

=4(250 +220) x 30 ft. Ib.

= 7050 ft. 1b.
But an amount of work

=200 x 30=6000 ft. 1b.
is done in lifting 2001b. through 30 ft.
Therefore the additional work 1050 ft. 1b.
is converted into kinetic energy; and if v —lem = e e ——o
is the velocity acquired z

4% 2000%=1050g foot-poundals,

therefore =183 f.s.

This problem may also be solved by the consideration that the upward
pull after ascending x feet is (250 — z) pounds weight ; and therefore, sub-
tracting the weight of the body, the resultant upward force on the body is
(60 - z)g poundals.

Hence 200vdv/dz=(50 - z)g,
and, by integrating, 100s2=(50z— $2%) g ; the constant of integration being
zero because v=0 when 2=0. For z=230 this gives »=18'3 {.s. as before.

250
220

(i) A stream of water, 1 square foot in section, flowing at the rate of
18 ft. per sec. enters a turbine. At what rate, in horse-power, does the water
deliver energy £ (1 c.f. of water=62510b.)

What fraction of this energy ts used when the water power drives a shaft,
at a speed of 100 revolutions per minute, with a couple of which the moment
18 140 with the pound weight and foot as units? [M. T. 1909]

16 c.f. of water have a mass of 1000 1b. ; and in each second this mass
of water with velocity 16 f.s. enters the turbine. The kinetic energy of

this mass
= § x 1000 x 16%=128000 foot-poundals.



84 RECTILINEAR MOTION. KINETICS [1v

This is the energy deliverea per second, and this rate of working is
equivalent to 128000/5560¢g horse-power

w78 HP.

The work done by a couple in any displacement is the product of the
moment of the couple and the angle through which its arm is turned.
For since all couples of the same moment in the same plane are equivalent
it is immaterial about what point the arm turns. Let the couple, of
moment @, be represented by equal forces P at the ends of an arm 4 B.
Let the arm turn through a small angle dé

about the end 4, so that B moves to B R
The work done =P. BB’ ///BT
=P.ABdf=@G.db. Al
P

And, by summation, the work done for any 8
finite rotation 8 is G@.

Hence in the particular case considered
the work done on the shaft =140 x 2007 foot-pounds per minute and this
is equivalent to 140 x 2002/33000 H.P.

=28m/33 H.P.

It follows that the fraction of the energy used is 7x/60 or about
3} of the whole, and this fraction represents the efficiency of the
machine.

45. Applications. Locomotive Engines and Motor Cars.
The propulsive force in the case of a locomotive engine or a
motor car is the friction between the driving wheels and the
ground. The driving wheels
are made to rotate by means
of a crank attached to the
axle, If there were no friction
between the wheels and the —
ground the car would remain
stationary while the wheels
slipped round, but the slipping .
of the wheels on the ground is Friction
opposed by friction and this frictional force causes the forward
motion of the car. If R denote the pressure of the driving
wheels on the ground and u the coefficient of friction, the pro-
pulsive force cannot exceed uR.

In the case of the other wheels of the car or train, the wheels
which run freely without compelling cranks, it is the friction

P ——
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between the wheels and the ground which causes the rotation.
For if there were no friction the
wheels would slide forward with-
out revolving; the friction on
them is therefore in the opposite
direction to the motion of the 0 —_
car, but its amount is small com-
pared to the frictional force on
the driving wheels being nomore __,
than sufficient to cause the rota-  Friction
tion of the wheels.

In order to stop a car or train brakes are applied to the wheels.

P sy

This is effected by pressing brake .
shoes either on to the rims of the
wheels or on to the rims of smaller S \v
_—

to the actual running wheels. This
results in frictional forces f being

set up opposing the rotation of

the wheels, and this necessitates a __¢
larger frictional force ' between the ~ F

wheels and the ground if the same speed is maintained. But
the friction F opposes the motion of the car as a whole and the
result is a reduction of the speed. The maximum value of ¥ is
pw where w is the load carried by the wheel, hence assuming the
same coefficient of friction at all contacts the pressure of rim brake
shoes must not exceed w or the wheel will become locked and
skidding will ensue. The maximum retarding force that brakes

can produce is therefore u times the weight of the car or train.

concentric wheels rigidly attached ﬁ
f

4-51. Bxample. The weight of a train is 400 tons, the part of the
weight of the engine carried by the driving wheels is 30 tons, and the
coefficient of friction between the driving wheels and the rails is *18. Shew
that at the end of a minute after starting on the flat the velocity will be less
than 15°8 miles per hour. [M. T. 1909]

The propulsive force is ‘16 x 30 tons weight, so if »ft. per sec. be the
velocity acquired when all frictional resistance to motion is neglected, by
equating the momentum set up to the impulse of the force in 1 minute,

we obtain
400v="18 x 30g X 60 using 1 ton as unit of mass,

sherefore v=23'04 f.8. = 15'7 miles per hour.
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452, Problems on the running of trains with constant pro-
pulsive force, road resistance and brake resistance may con-
veniently be solved by equating the momentum to the impulse
of the forces, and equating the kinetic energy to the work done,
without introducing the question of acceleration.

Thus if m be the mass, P the propulsive force, and R, the
road resistance, the equations for getting up a speed v in a
distance # and time ¢ from rest are

the impulse (P — R,) ¢ =mv the momentum generated,
and the work done (P — R,) z = §m? the kinetic energy created.

Similarly, after steam is shut off and brakes are applied the
total resistance to motion is R, + R, and if this brings the train
to rest in a distance z’ and time ¢, then since

momentum destroyed = impulse of the retarding force,

therefore my=(R,+ Ry)t’;
and since

kinetic energy destroyed = work done by the retarding force,
therefore tmvt=(R,+ R,) .

4'53. Bxample. 4 train can be accelerated by a force of 65 1b. per ton
weight and when steam is shut off can be braked by a force of 440 b. per ton
weight. Find the least time between stopping stations 3850 fi. apart, the
greatest velocity of the train and the horse-power per ton weight necessary
Jor the engine. [M. T. 1912]

In this case road resistance is neglected and with the notation of the
last Article we take m=2240, P=>55g, R3=440g and z+2'=23850; and

the equations are
56gt =2240v=440g¢’

and 65gr=4 % 2240v%= 44097,

therefore r=yv? and &'=5v%
Consequently §8v%=23850, giving v="73}f.s.
Again t=14v and ¢=_%v,

therefore t+4t =$3v=100 secs.

The maximum horse-power per ton weight is Pv/650g="7}.

4'54. Effectiveness of Brakes. The effect of applying brakes
to one pair of wheels of a four-wheeled car in motion is to alter
the division of the weight between the wheels. Let the centre
of gravity G be at a height A above the road and at horizontal
distances @ from the rear axle and a’ from the front axle.

Neglecting the inertia of the wheels the friction forces
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between them and the ground are negligible when they are
running freely.

G
RA AS

YW

R

W/
Let W be the weight of the car and suppose that a retardation
f is caused by applying brakes to the rear wheels. This means
* that friction to an amount Wf/g must act on the back wheels
opposing the motion of the car. Let R and S be the vertical
reactions of the ground on the rear and front wheels.
By resolving vertically we have
R+8—-W=0.
Neglecting the rotatory inertia of the wheels and taking

moments about G* we get
aR—a'S+hWflg=0.

Hence R=W wg—hf and S=W ag+hf

g(a+a’) ga+a)’
whereas if the brakes were not in use we should have
R:S8S=a':a.

The maximum retardation that can be produced by applying
brakes to the rear wheels without causing skidding is found

from the condition Wflg + R,
ie. fa+a)$plag—-hf)
or S P pag/(a+a + ph).

If on the other hand brakes are applied to all four wheels the
friction force Wf/g will be divided between front and back
wheels, but the two equations for R and S will remain the same
and the maximum retardation will be given by the condition

Wflg + u(R+8),
or S *nug.

® The justification for this step will appear in Chapter 1x.
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4'65. Motion on an inclined plane. If a body of mass m is
placed on an inclined plane
which makes an angle a with
the horizontal, its weight mg
can be resolved into com- mgsin o
ponents mgcosa at right
angles to the plane and
mg sin a down the plane. The former component represents the
pressure of the body on the plane and the latter component
mg sin a will, if there be no other force along the plane, cause
an acceleration g sin a down the plane. Consequently a particle
freely projected up or down the plane has an acceleration gsina
down the plane.

If however there is friction between the particle and the plane
with coefficient s, since the normal pressure is mg cos a, there-
fore there is a frictional force umg cos a opposing the motion.
Hence if the particle moves up the plane it has a retardation
g(sine+ pcosa), but if it moves down the plane it has an
acceleration g (sin a — p cos a).

4-66. Example. 4 train of 100 tons is ascending an incline of 1 in
224 with an acceleration of 1 f.s.s. Find the resistance to motion in pounds
weight per ton of the train if at the speed of 15 miles per hour the horse-
power developed is 360.

Since the speed of 15 m.p.h.=22 f.s., therefore if P is the propulsive force

in poundals,
pe 22P=rate of working=360 x 560g,

therefore P=9000g. The equation of motion is
mf=P-g},mg - R,
where R is the total resistance in poundals.
Therefore R=9000g — 224000g — 224000
=8000g — 224000
= (8000 — 7000) g=1000 lb. weight
=10 lb. weight per ton of the train,

46. Resistance depending on velocity. When a body of
mass m moves subject to a resistance proportional to some
power of the velocity v, e.g. a resistance k% we have an equation

of motion
m %’ =PI,

where P is the force in the direction of motion.
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When P 18 constant, this may be integrated by first writing

it in the form
mdv

P—f
which gives on integration

m VP +u/k
2V(Pk)1°gvP—vvk=t+°°ns°'

Alternatively, we may connect v with distance «, by writing

=dt,

dv _ 2
mv E._Q} = .P. — kv ’
' mdy?
therefore m = 2da7,

and on integration — %" log (P - kv*) = 2z + const.

If on the other hand the force P be not constant, but be
working at a constant rate R, we have Pv=R where R is
constant,

Therefore m dv = R -k},
dt v
dv
or mv d—t- = R -_ k"Ua.

This may be integrated by substituting ‘1-' for v, which leads to
t= / Ic—ﬂ;?’ + const.,

and is then integrable by partial fractions.

A simpler result is obtained connecting v and the distance ,
for in this case

dv_ R
v(—i—w=——lw’,
3
g0 that Y =3da,

leading to -% log (R — kv®) = 3z + const.
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4-61. Hxample. The resistance to the motion of a car varies as the
square of its speed and the effective horse-power exerted at the road wheels
18 constant and equal to 22. If the weight of the car is 1 ton and the
mazimum speed of the car against s resistance is 45 miles an howr,
determine the distance tn which the car can accelerate from 16 to 30 miles
per hour, [M. T. 1917]

The equation of motion is

mvdv|de= P — kv?, where m =2240 lb.,
and the rate of working Pv=22 horse-power
=22 x 550g foot-poundals per second,
therefore P=12100g/v=n/v say.
Hence mvddv/dz=n - kv3, so that by integrating we get
—;—"’é log (n—kv®)=x+ C, where C is a constant ......... (1).
" Now at the maximum speed of 45 m.p.h. or 66 f.s. there is no accelera-
tion, 8o that vdv/dz=0 and n=£. 66%, but n=12100g, therefore

k=12100 x 32/66%=400/297.

Again the initial and final speeds are 16 m.p.h. and 30 m.p.h. or 22 fs.
and 44 f.s., and in (1) we may find C by putting £=0 when v=22, and
then find the value of z when v=44, namely

=" n—k. 448

Y Sl vy 35T

om 6648 m,  27-8
3% 86 ~220 3k Bor-1

26
19
=1739 ft. by the help of tables.

99
=2240 X 200 log,

4:62. Fall of a heavy body in a resisting medium. Suppose
that the resistance is proportional to v, where v denotes the
velocity. Measuring @ vertically downwards, we may write

dv

v%=g—kv".

The acceleration therefore decreases as the velocity increases,
and the acceleration vanishes when the velocity attains the

1
value (g/k)*. From this instant the velocity will remain constant.

1
Since (g/k)* is the greatest velocity attained it is called the
limiting or terminal velocity.
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47. Motlon of a Chain. The principles developed so far
can be applied to the rectilinear motion of a uniform chain.,
Thus suppose a chain of length I and mass m per unit length
to be placed in a smooth tube ABC, straight save for a right
“angle bend at B, having the brauch AB horizontal and
BC vertically downwards, so that at time ¢ a length # of the
chain is in BC and I —= in AB. Let v denote the velocity at
time ¢, and let 7' denote the tension at B. The equations of
motion for the horizontal and vertical portions of the chain
considered separately are

m(l—z)vdv/dz=T,
and mav dy/dz =mgx — T,
‘'so that by adding we get
mly dv[dz = mguz,
and on integration lv? = g2® + C, where C is a constant depending
on the initial conditions.

This result may also be obtained by the principle of con-
servation of energy, for the kinetic energy of the whole chain
is 3ml? and, if we take B as the zero level for the potential
energy, the potential energy is — mgz.4#. Then, since the sum
of the kinetic and potential energies is constant,

$ mlv® — § mga? = const,,
which is equivalent to the last result.

471. Fall of a chain on to a table. A uniform fine chain
of length [ is suspended with its lower end just touching a
horizontal table and allowed to fall; to find the pressure on the
table when a length « has reached it.

Let m be the mass of unit length. When the velocity is v a
length 8¢ is brought to rest in a short interval of time 8t; i.e.
a mass mwvdt is brought to rest and therefore the amount of
momentum destroyed is m»?8¢ in time &8¢ Hence the pressure
on the table due to the rate of destruction of momentum is me?.
But, since the upper end falls freely, the velocity when a length
x has reached the tableis given by v? = 2gz; and since the weight
on the table is mgz, therefore the total pressure on the table is
3mga. This only holds good so long as & is less than /; as soon
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as @ becomes equal to / the force due to impacts ceases and the
pressure becomes mgl.

48. Units and Dimensions. The fundamental units are
those of mass, space and time, denoted by M, L and T. All other
dynamical units are derived from and expressible in terms of
these in the same way as we expressed the units of velocity and
acceleration in 3-4; the dimensions of any physical quantity in
terms of mass, space and time being indicated by the indices
attached to M, L and T. Thus momentum being the product of
mass and velocity, the unit of momentum is denoted by MLT2,
Force is rate of change of momentum or the product of mass
and acceleration, so the unit of force is denoted by MLT2,

Impulse is force multiplied by time, so that the unit of impulse
is denoted by MLT-?, like the unit of momentum, since an
impulse is equal to the change of momentum it produces. Work
or potential energy is force multiplied by distance. Hence the
uniq of work is ML*T-?%; and the unit of kinetic energy has the
same dimensions either because kinetic energy is equivalent to
work done or because it is measured by § mo?,

Power is rate of doing work or work divided by time. There-
fore the unit of power is denoted by ML®T-3,

481. Change of Units. If a certain physical quantity is of
p dimensions in mass, A dimensions in length and r dimensions
in time, and V is its measure when M, L, T are the units of mass,
length and time, then if the units of mass, length and time are
changed to M;, L;, Ty the measure of the quantity becomes V;
where

ViM“LA T, = VMLAT,
since these are equivalent representations of the same thing.

482. The consideration of dimensions is & useful check in
dynamical work, for each side of an equation must represent the
same physical thing and therefore must be of the same dimen-
sions in mass, space and time.

Sometimes a consideration of dimensions alone is sufficient
to determine the form of the answer to a problem. For example,
suppose that a particle starts from rest at a distance a from
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a fixed origin O and moves with an acceleration u/2* towards O,
where @ denotes distance from 0. The time taken to arrive at
O can only depend on the given constants a and u. Suppose
that the expression for the time contains as factors a* and u?.
Then a*u? is of one dimension in time; but u/z? is acceleration,
i.e. of dimensions LT"? and z being of dimensions L, it follows
that w is of dimensions L3T-% Hence a*uf is of dimensions
Le*+%¥T-%, but it is also of dimensions T, therefore 8=— % and
a=$§. Consequently the time taken to arrive at O is proportional

to a*;l. -1,

EXAMPLES
[In numerical work take g to be 32 f.s.8.)
Uniform Acceleration

1. Find the minimum horse-power that a fire engine must have if it is
to project 150 lb. of water per second with an initial velocity of 100 feet
per second. [S. 1911]

2. If a train travelling at 30 miles an hour picks up 10000 Ib. of water
in a quarter of a mile, find the back-pressure thereby produced on the
train and the extra horse-power required on this account to maintain the

s\peed. [8. 1910]

3. A column of water 30 feet long is moving behind a plug piston in a
pipe of uniform diameter with a velocity of 15 feet per second. Prove
that the time average of the pressure of the water on the piston, caused
by its stoppage in one-tenth of a second, is 610 lb. per square inch.

(S. 1915)

4, Shew that the horse-power required to pump 1000 gallons of water
per minute from a depth of 50 feet, and deliver it through a pipe of cross-
section 6 square inches, is about 34%. (Assume that 1 cubic ft. of water is
6} gallons, and that 1 gallon of water weighs 10 Ib. and neglect the friction

losses.) [S. 1912]

6, Find the horse-power required to lift 1000 gallons of water per minute -
from a canal 20 feet below and project it from a nozzle of cross-section
2 8q. inches. [8. 1926]

8. An engine of 400 horse.power is drawing a train of 200 tons mass up
an incline of 1 in 280 at 30 miles per hour ; determine the road resistance
in pounds weight per ton mass. [8. 1810]
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7. An engine working at 500 horse-power pulls a train of 200 tons along
a level track, the resistances being 16 lb. per ton. When the velocity of
the train is 30 miles per hour, find its acceleration.

At what steady speed will the engine pull the train up an incline of 1 in
100 with the same expenditure of power against the same resistances ?
[S. 1917]

8. An engine of weight W tons can exert a maximum tractive effort of
P tons weight and develop at most I horse-power. The resistances to
motion are constant and equal to R tons weight. Shew that starting from
rest the engine will first develop its full horse-power when its velocity is
5510 o5 Wi

334P f.s. after at least 334Pg (P=1T))

What is the greatest velocity which the engine can attain?  [S. 1923]

seconds,

9. A car weighing 3 tons will just run down a slope of angle a (=sin=1 ;)
under its own weight. Assuming that the forces resisting its motion
remain constant, and that the engine exerts a constant tractive force, find
to the nearest unit the horse-power of its engine if it can attain a velocity
of 30 miles per hour in 4 minutes on the level. : [S. 1922]

10. An engine driver of a train at rest observes a truck moving towards
him down an incline of 1 in 60 at a distance of half a mile. He immedi-
ately starts his train away from the truck at a constant acceleration of
0'5 ft./sec.3. If the truck just catches the train find its velocity when first
observed. Assume that friction opposing the truck’s motion is 14 Ib.
weight per ton. [S. 1924]

11. The weight of a train is 200 tons, the part of the weight of the
engine supported by the driving wheels is 25 tons and the coefficient of
friction between the driving wheels and the rails is ‘18. Prove that at the
end of & minute after starting on the flat the velocity will be less than
29,% miles per hour. [S. 1911]

@ A particle is projected directly up a plane inclined at an angle a to
the horizon, with initial velocity u given by
u?=2gh (sin a+ p cos a),
where p is the coefficient of friction. Shew that it traverses a distance A,
and that it stays at the highest position if tan a < u. If tana> p, find its
velocity when it returns to the starting point, and explain the difference
between the initial and final kinetic energies. [S. 1923]

13. A train of 200 tons, uniformly accelerated, acquires in two minutes
from rest a velocity of 30 m.p.h. Shew that, if the coefficient of friction be
*18, the part of the load carried by the driving wheels of the engine cannot
be less than 12'7 tons. [S. 1921]
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14. The tractive effort of an electric train is uniform and equal to the
weight of 4 tons. The road resistance is 40 lb. weight per ton of the train,
and the brake resistance is an additional 200 1b, weight per ton. The train
is taken from one station to the next, distant half a mile, in 1} minutes,
full power being kept on until the speed reaches 30 miles an hour, when
the train ‘coasts’ at a uniform speed until power is shut off and the
brakes are put on. Shew that the mass of the train is approximately
85 tons. [S. 1917]

15. An engine weighing 96 tons, of which 40 tons are carried by the
driving wheels, exerting a uniform pull gives a train a velocity of 25 miles
per hour after travelling for 50-seconds from rest against a resistance of
10°5 Ib. weight per ton. If the friction between the driving wheels and
the rails is 02 times the pressure, find the tension in the coupling between
the engine and the first carriage. [S. 1923]

16. A train weighs 200 tons and the engine exerts a constant pull of
45 1b. per ton, resistance to motion being 10 lb. per ton. The train starts
from rest ; after a certain time steam is turned off and the brakes put on.
The train comes to rest at a distance of 1050 yards from the starting
point 2 mins. 20 secs. after it started. Find the retarding force per ton of
the brakes, and also the greatest horse-power developed. [S. 1915]

17. A train travels from rest to rest between two atations 5 miles apart.
The total mass is 200 tons; there is a road resistance of 12 lb. weight
per ton, and the engine exerts a uniform pull of 5 tons weight until the
maximum speed of 30 miles per hour is reached. This speed is maintained
until, steam being shut off, an additional resistance equal to ‘075 the
weight of the train is applied to bring the train to rest. Find the time
between the stations. (S. 1918]

,A motor-car has its centre of gravity at a height A ft. midway
betWeen the axles, the wheel-base being ¢ ft. Shew that the ratio between
the least distances in which the car can be stopped by brakes acting
(@) on the front wheels, (8) on the back wheels, is i;z

coefficient of adhesion between the tyres and the ground. The rotary
" inertia of the wheels may be neglected. {S. 1917)

;i, where p is the

19. A mine cage, weighing with its load 5 cwt., is raised by an engine
which exerts a constant turning moment on the rope drum which is 16 ft.
in diameter. The speed rises until the engine is running at 60 revolutions
per minute, when its output is 65 horse-power.

Find the acceleration and the time that elapses before the cage reaches
full speed, neglecting the inertis of the drum: also find how far the cage
rises in that time. [S. 181561
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@ An engine moves at a steady velocity v along level ground when
working at a constant horse-power H. When moving up a plane inclined
st & small angle to the horizontal its steady velocity under the same
horse-power is ¢. If the engine starts down the same incline with velocity
# and moves for ¢ seconds with a constant acceleration until it reaches its
steady velocity down the plane corresponding to the same horse-power, H,
shew that the distance travelled in these ¢ seconds is v'*¢/(2¢/ —v). Assume
that the frictional resistance is constant throughout. [S. 1926]

21. A 20 horse-power motor lorry, weighing 5 tons, including load,
moves up & hill with a slope of 1 in 20. The frictional resistance is
equivalent to 13 Ib. weight per ton, and may be supposed independent of
the velocity. Find the maximum steady rate at which the lorry can move
up the slope, and the acceleration capable of being developed when it is
moving at 6 miles per hour. [S. 1923]

@A load W is to be raised by a rope, from rest to rest, through a
beight 4; the greatest tension which the rope can safely bear is nW.
1t
Shew that the least time in which the ascent can be made is { (72_—_7%—9} .
[S. 1926]
Variable Acceleration

23. A tramcar starts from rest and its velocities at intervals of b secs.

are given in the following table :

Time in seconds 0 65 | 10 15 20 25 30

Velocity in miles
per hour 0 |81|118| 146|163 | 177 | 19

Caloulate the distance in yards travelled in the above time. Also, if the
car weigh 8 tons, estimate the effective pull exerted on the car at the end
of 20 seconds. [S. 1910]

24. A car whose mass is 2000 lb. starts from rest; the resistance to the
motion is equal to 50 lb. weight. When it has travelled S feet the force
exerted by the engine is P 1b. weight where

S 0 | 1020 | 30|40 | 50 | 60| 70 | 80 | 90 | 100

——

P | 644|634 | 622 | 807 | 587 | 565 | 537 | 509 | 475 | 440 | 404

Find, approximately, the velocity after the car has travelled 100 feet.
[M. T. 1914)



EXAMPLES 47 ,

25. A body of mass 1 lb. is projected on a rough plane surface with a
velocity of 10 feet per second, and its velocity after time ¢ is given for
various values of ¢ by a smooth curve passing through the points defined
by the following table :

Time in seconds 0 b 10 156 20 25 30

Velocity in feet ‘
per second 100 [ 90 | 82 | 74 | 67 | 60 | b4

Derive the curve connecting the retardation with the distance travelled,
and by determining the area of this curve verify that the energy lost
during the 30 seconds is 11 ft.-Ib. approximately. [S. 1915]

'26. The speed of a motor cycle is observed, as it passes five posts placed
50 yards apart on a level track, to be 14'0, 264, 33-3, 37°1, 38'9 miles an
hour respectively. Assuming the resistance in pounds weight due to
mechanical and air friction to be 6+002v3%, where v is expressed in miles
an hour, calculate the horse-power actually developed by the engine when
the speed is 35 miles an hour, the total weight of machine and rider
being 400 lb. [S. 1921]

27. A locomotive of mass m tons starts from rest and moves against
a constant resistance of P pounds weight. The driving force decreases
uniformly from 2P pounds weight at such a rate that at the end of
a seconds it is equal to P. Find the velocity and the rate of working
after ¢ seconds (¢ <a) and shew that the maximum rate of working is
1-64 x 10~% @ P?/m horse-power. [S. 1924]

28. The acceleration of a tramcar starting from rest decreases by an
amount proportional to the increase of speed, from 15 f.s.8. at starting to
05 f.8.8, when the speed is 5 m.p.h. Find the time taken to reach 5 m.p.h.
from rest. [S. 1925]

D.) A train of weight X lb. moving at v feet per second on the level is
pultéd with a force of P lb. against a resistance of R lb. Shew that in
accelerating from v, to v, feet per second, the distance in feet described by

M (v vdv

the train is — PR If the resistance R=a+b? find an expression
v £ T

for the distance described when the power P is shut off and the velocity

decreases from v, to v;. [S. 1925)

30. Shew that a motor-car, for which the retarding force at V miles
an hour when the brakes are acting may be expressed as (1000+0-08V3)
pounds weight per ton of car, can be stopped in approximately 57 yards
from & speed of 50 miles an hour. [log, 10=2:30.] [S. 1927]
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31. The resistance of the air to bullets of given shape varies as the
square of the velocity and the square of the diameter, and for a particular
bullet (diameter 0:3”) is 40 times the weight at 2000 f.s. For an exactly
similar bullet of the same material (diameter 0-5”) shew that the velocity
will drop from 2000 fs. to 1500 f.s. in about 500 yards, assuming the
trajectory horizontal. [log,10=2-30.] [S. 1923]

32. A motor-bicycle which with its rider weighs 3 owt. is found to run
at 30 miles per hour up an incline of 1 in 20 and at 50 miles per hour
down the same incline. Assuming that the resistance is proportional to
the square of the velocity and that the engine is working at the same
horse-power, find the speed that would be attained on the level, and shew
that the horse-power is 2} nearly. (S. 1924]

33. The resistance to an aeroplane when landing is a+b»? abs. units
per unit mass, v being the velocity, @, b constants. For a particular
machine, =102 ft.-1b.-sec. umts and it is found that if the landing speed
is 50 miles per hour the length of run of the machine before coming to
rest is 160 yards. Calculate the value of the constant a. [S. 1927]

34. A particle is projected vertically upwards with velocity V, and
the resistance of the air produces a retardation 4v?% where v is the velocity.
Shew that the velocity V' with which the particle will return to the point
of projection is given by .

1 1
V.—,-Tg“'}- [S. 1925]

35. OAB is a vertical circle of radius a. O is its highest point; 04
subtends angle a at the centre; 4B subtends angle 28. (a+B<3.)
Shew that the time taken for a particle to slide down the chord 4B from
rest at A is 2 ,/(a cos a/g), when the angle of friction is also a.

Shew that if the motion is also subject to a resistance proportional to
the velocity, the time of descent is still independent of 8. [S. 1926]

36. In starting a tram of mass 3200 1b. the pull exerted by a horse is
initially 200 lb. and this pull decreases uniformly with the time until at
the end of 10 secs. it has fallen to 40 lb., an amount just sufficient to
overcome the frictional resistance of the tram. Shew by means of a curve
the variation in the velocity and find the distance run during this period
of 10 secs.

Shew that the horse-power is a maximum at the end of b secs., and find
its maximum value. [M. T. 1913]

In starting a train the pull of the engine on the rails is at first
constant, and equal to P; and after the speed attains a certain value %,
the engine works at a constant rate £==Pu. Prove that when the ongine
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has attained a speed v greater than u, the time ¢ and the distance # from
the start are given by

(= RO, a=h ()

where ¥ is the mass of the engine and train together.

Calculate the time occupied in attaining a speed of 45 miles an hour,
when the total mass is 300 tons, the engine has 420 horse-power and can
exert a pull equal to 12 tons weight. [M. T. 1914]

38. The horse-power required to propel a steamer of 10,000 tons
displacement at a steady speed of 20 knots is 15,000, If the resistance is
proportional to the square of the speed, and the engines exert a constant
propeller thrust at all speeds, find the acceleration when the speed is
15 knots.

Shew that the time taken from rest to acquire a speed of 15 knots is
about 1} minutes, given log, 7=1946, one knot =100 ft. per min.
[M. T. 1916]

39. The resistance to the motion of a train for speeds between 20 and
30 miles per hour, may be taken as 5V ?+9 in pounds weight per ton,
where V is the velocity in miles per hour. Sketch a curve shewing how
the horse-power per ton, necessary to overcome the resistance, increases
with the speed as the speed rises from 20 to 30 miles per hour, the train
being on the level.

Steamn is shut off when the speed is 30 miles per hour and the train
slows down under the given resistance. In what time will the speed fall
to 20 miles per hour? (M. T. 1918]

40. A locomotive drawing a total weight of 264 tons on the level is
exerting a tractive force of 20,000 pounds weight at the speed of 15 miles
per hour. It works at constant horse-power until its speed is 60 miles
per hour, when it is just able to overcome the resistance to motion, which
may be taken to vary as the square of the velocity. Shew that it reaches
the speed of 46 miles per hour from the speed of 15 miles per hour in a
distance of approximately 5080 feet. (M. T. 1919]

41. A train of mass 300 tons is originally at rest on a level track, It is
acted on by a horizontal force ' which uniformly increases with the time,
in such a way that F'=0 when ¢=0, F'=b when ¢=15; F being measured
in tons weight, ¢ in seconds. When in motion the train may be assumed
to be acted on by a frictional force of 3 tons, independent of the apeed of
the train. Find the instant of starting, and shew that at t=15 the speed
of the train is 064 foot per second, whilst the horse-power required at this
instant is about 13. [M. T. 1920]
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42. A train of weight W lb. moving at ¥ feet per second on the level
is pulled with a force of F' lb. against a train resistance of R Ib. Shew
that in accelerating from V, to V; ft. per sec., the distance in feet described
by the train is

L
g Jwv F-R

If W=2300 tons, R=2160+15V3, shew that the distance described in
slowing down on the level from 45 to 30 miles per hour, with the power
shut off, is about 537 feet. [log, 10=2'303.] [M. T. 1921]

43. A oyclist works at the constant rate of P horse.power. When
there is no wind, he can ride at 22 feet per second on level ground, and at
11 feet per second up a hill making an angle sin=! & with the horizon.
The total mass of man and cycle is 180 Ib. The resistance of the air is
kv 1b. weight, when the velocity of the man relative to the air is v feet
per second ; the other frictional forces are negligible.

Find P, and shew that the speed of the cyclist when riding on level
ground against a wind of 22 feet per second is between 10 and 105 feet
per second. [M. T. 1924]

44. The external resistance to the motion of a bicycle and rider may be
supposed to consist of two parts, a constant force and a force varying as
the square of the speed. A rider observes that his speed when free-
wheeling down a hill of slope 1 in 50 is sensibly constant when it reaches
10 feet per second, and that on a slope of 1 in 25 it becomes constant at
20 feet per second. The mass of the bicycle and rider is 200 Ib. Find the
power expended by the rider in maintaining a steady speed of 15 feet
per second on the level, assuming that when the rider is propelling the
bicycle 10 per cent. of the work he does is lost in internal friction in the
pedalling gear. [M. T. 1928]
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ANSWERS. (9=32.)

1. 4231 2. 458} Ib, wt.; 363 B.P. 5. 180%%. 6. 17 1b. wt.
per ton. 7. &% £8.8, 245% mph. 8. 56H[224R f.s. 9. 30.
10, /880 .. 11. 225 fs.s. 12. {2gh (sin a - p cos a)}}.
15. 11984 Ib, wt. 16. 53 1b. wt. per ton ; 7364 H.P. 17. 10 mins.
438 secs. 19. 239 f.s.8.; 21 secs.; 531 ft. 21, 12 m.p.h.;
111 fs.8. 23. 193 yds.; 2546 1b. wt. 24. 40 fs. 26. 55,
27. P(t—/2a)[70m f.8.; P (2~ t/a)?/140m ft. 1b. per sec.

Q. y.’§ a+by,? Ty .
98. 33 log, 3=806 mecs.  29. 25 %8 a it 32. 32 y/510=586 fs.
33, 103.(1 +i’§%>='9‘ a=368. 36 53jfu; 1} 37 3 mins.

21:35 secs.  38. &y fss. 39, 9713 mecs. 4l. ¢=9. 43. P=+Q,...
44" 94} ft.-1b. per sec.



Chapter V
KINEMATICS IN TWO DIMENS&ONS

651. We now proceed to consider the motion i one plane of
a particle and of a rigid body, confining our considerations in
this chapter to Kinematics or the geometry of the motion apart
from the forces that cause it.

We require general definitions of velocity and acceleration
applicable to curved paths.

The velocity of a point is defined to be a vector drawn through
the point and such that its resolved part in any direction is the
rate of displacement of the point in that direction.

Let the point be moving along a curve 4 PQ, and let P, Q be
its positions at times ¢,¢ + 8¢, and let (z, y), ( + 8=, y + 8y) be the

o &r

coordinate of P, Q referrcd to rectangular axes. Then the resolved
parts of the velocity parallel to the axes are
lim 3a or dz or &
smo 80 dE
. 8y _dy .
lim < or —=; or ¥.
sad Jim, 3¢ o 3¢9
Again 8z, 8y are the resolved parts of the vector PQ, so that
the resultant velocity as defined above is

lim chd PQ
w-o O
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But if s denotes the arc A P measured from a fixed point 4 on
the curve and s + 8s denotes the arc AQ, we know that

chd PQ

Ql]:.p 8s = 1'
30 that the resultant velocity is
chd PQ 8s ds

altl.To T . S_t =az 01‘3,
and its direction is along the tangent at P.

Further, if ¥ denotes the resultant velocity and - its inclina-
tion to the axis of z, we have, as
a verification, that the velocity
parallel to

v

Oz=Vecosy = ~Gidsd@t or,

and the velocity parallel to /
dsdy dy .

Oy= Vsin 1[r—d—t ds =@ 'Y ol I

511. The acceleration of a point is a vector drawn through
the point and such that its resolved part in any direction is the
rate of change of velocity in that direction. (See 4'161.)

Thus if we use rectangular axes and u, v denote the resolved
parts of the velocity parallel to the axes at time ¢, and u + 8,
v+ 8v denote the resolved parts at time ¢ + 8, then the resolved
parts of the acceleration are

hm-a-z—l’—@=u—z,

stw0 O dt

. o dv ,
and }}TOS?—%”"”'

It does not follow however that the resultant acceleration is
directed along the tangent to the path of the point.

Let V, V + 8V denote the velocities at the points P, @ of the
path, where PQ is the small arc described in time 8¢, and let
3y denote the angle between the tangents at P, Q.

From any point O draw vectors O, Ob to represent V and

V+ 8V. Then ab represents the change of velocity in time 3¢
3 RDI
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On 0b take a point m so that Om is equal to Oa. Then
ab = mb + am.

V8V

(o)

Therefore the acceleration, being alimo%? both as regards
=

magnitude and direction, has components

lim ?b %? or V in the direction of the tangent to the path
=0
and lim 2% lim V&k = lim V&P 88 vt

sted O  stw0 O gm0 08 Ot p’
where p is the radius of curvature of the path, and the direction
of this component is that of am, i.e. along the inward normal
to the path.

We note that the tangential component of acceleration d V/d¢
dVds av

may be written Tt V- e

6:12. Hence we have equivalent representations of velocity
as shewn in the diagrams

(4] - . ol 2



511-52] RELATIVE VELocB STUDBMNI]

Also equivalent representations of acceleration as shewn in
the diagrams

v ’/p

Vg
3 'VdV/ds

ol X ol x

and we note that we do not represent acceleration by a single
symbol unless the path is a straight one; in fact, bending of the
path involves a normal componens of acceleration.

52. Relative Velocity. Let two points P, @ move in the
same plane with velocities repre-
sented by the vectors PR, Qs. R i
Complete the parallelogram
PQR'R. Then QR is a vector 8
representing a velocity equal in
magnitude and direction to that o}
of P. But QS=QR + RS,
therefore R'S represents a velocity which when compounded
with the velocity of P gives the velocity of Q. Hence R'S is the
velocity of Q relative to P. Similarly SR’ is the velocity of P
relative to Q.

We may also represent the same thing analytically. Thus if
(«, y), (', §) are the coordinates of P, @ referred to any frame
of axes in a plane, we may call

E=d -2 and 9=y -y
the coordinates of @ relative to P, and by differentiation we
find the relative velocity components

f=d -2 and 9=y -7.

In other words the velocity of Q relative to P is to be found
by subtracting the velocity of P from that of @, either geo-

metrically in the form of vectors, or algebraically b i

corresponding components.
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6:3. Angular Velocity. If a point P is moving in a plane the
angular velocity of P about a
fixed point O in the plane is
the rate of increase of the
angle that the line OP makes
with a fixed direction in the
plane. ,

Thus if a point P be moving
in any direction with velocity
V, and OP makes an angle 6
with a fixed direction Oz, the
angular velocity of P about
O =d6/dt. But if OP=r and the tangent to the path makes
an angle ¢ with OP we have

rdf/ds = sin ¢,

df dssing Vsing
therefore I-d -

X

or angular velocity = (component velocity at
right angles to OP)/OP.
We may also write this result 76 = Vsin ¢,
or multiplying by » we get % =Vp,
where p is the perpendicular distance of the tangent from the
origin, That is 720 = moment of the velocity about the origin.
Again, a sectorial element of area of a plane curve is repre-
sented by 7286, so that 4724 is the rate of increase of a sectorial
area as P moves along the curve, and therefore Vp is twice the
rate at which the radius vector OP sweeps out area.

Hxamples. (i) 4 point is moving in a circle. Skew that at any
tnstant its angular velocity about a point on the circumference is half its
angular velocity about the centre.

This follows from the fact that in the P
diagram the angle
POC=%PCx
d,

d
a—t-\POC')-th—(PC'z). o c x

(ii) A4 point moves in a parabola with
constant speed. Shew that the angular
velocity about the focus varies as cos® 6,
where 8 18 the angular distance from the vertex.

8o that
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We have 4= —g , but in the parabola with the focus as origin

1.
rt’

but I;=l+cos€—2cos’§6,

pl=ar, so that d «

therefore 8 « cos® 3 6.

5:32. Motlon in a Circle. At time ¢ let V be the velocity of
a point P moving in a circle of
radius r, centre 0. Let 8 be the
angle that OP makes with a
fixed direction Ox.

- Let s be the arc 4 P measured
from a point A on Oz Then
the velocity

V=g=rd
Also the acceleration com-
ponents are & or 6 along the
tangent and V?/r or 76 towards the centre.
If the motion be uniform, i.e. V constant, then there is of
course no acceleration along the tangent, but there is in every
case the acceleration V2/r or r6? towards the centre.

Relative Angular Velocity. If two points P, Q are
moving in a plane with velocities %, v, then either point in general
possesses an angular velocity relative to the other, which may be
represented thus:

Let the directions of the “ »v
velocities w, v make angles \ /
6, ¢ with the line PQ. 6 5 L

The component velocity of °
Q relative to P at right angles to PQ is vsin ¢ —usin 6, and
therefore the angular velocity of @ relative to £ is
(vsin ¢ — usin 6)/ PQ.

Whenever v sin ¢ = u sin 6, then the line PQ is moving parallel
to itself,
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5'84‘. Hxample. Two points describe concentric circles with velocities
varying tnversely as the square roots of the radii of the circles; to find,
positions in which the relative angular

Let O be the centre of the circles,
a, b the radii, and u, v the velocities.
If P, @ are positions of the poinis when
the relative angular velocity vanishes,
the velocities resolved at right angles
to PQ must be equal. Let PO@=4.

Therefore % cos OP@+vcos 0QP =0,
or a~¥cos 0PQ—b}cos (6+ OPQ)=0,
or (@ ¥-b-¥cosd)cos OPQ

+5~tsin §sin OPQ=0.
. But asin OPQ—bsin 0QP=0,
therefore asin 0PQ—bsin (6+ 0/Q)=0,
or (@—b cos 8) sin OPQ —bsin 6 cos OPQ=0.
Eliminating the angle OPQ we get
(@~ —b-*cos 6)(a—b cos 6) +b¥sin?6=0,
therefore cos §=atb}/(a— albt +b).

This problem has a practical application., If we regard the points P, @
a8 representing the earth and an inferior planet describing circular orbits
round the sun O in the same plane, we have found the relative positions
of P, @ in their orbits at which the planet @ would appear to be ‘stationary’
as seen from the earth ; since in this position there is no relative angular
velocity. Since v>u, therefore when the planet € is on the line OP, the
join PQ must be turning in a clockwise sense; the motion of the planet
among the stars as seen from the earth is then described as ‘retrograde.
The position found above is that in which the clockwise rotation of P@
ceases and a counter-clockwise rotation is just about to begin. The visible
motion of the planet then becomes ‘direct,’ and continues to be direct
until the relative position is such a position as @ P in the diagram, where
@ OP =4, this being another *stationary’ position, after passing which the
motion again becomes retrograde.

654. Displacement of a Plane Rigid Body in its Plane.
By a rigid body we understand a body in which the distance
between any two particles remains invariable. The position in
its plane of a plane rigid body is therefore determined when the
positions of any two points A, B of the body are known. For
if one point A of the body is fixed the only possible motion is a
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rotation about 4, and if a second point B is fixed no motion
is possible.

We shall now shew that any displacement of such a body in
tts plane consists in a rotation B
about a point in the plane. -7

Let A, B be any two points -7 /
of the body which become /'4&
displaced to 4°, B'. Draw the 2\
perpendicular bisectors of /
AA’, BB meeting in I. /

Then IA=14', IB=IB )/ \ _ s
and AB=A'B. Therefore )/ __--—-=-"" —\;" A
the triangles JAB, IA'B’ are A 8
identically equal and the second is obtained from the first by a
rotation about I through an angle ATA’ or BIB'. I may be
called the centre of rotation for this displacement.

If the displacement be a pure translation 44’ and BB are
parallel and the point 7 is at an infinite distance.

6'41. Instantaneous Centre of Rotation. Let a plane body
be moving in any manner in its plane, and consider the
displacement that takes place in a short interval of time &t
Any two points 4, B of the body have definite paths of motion
and the displacements A A’, BB’ that take place in time 8¢ are
chords of small elements of
these paths, and the point
I, obtained as the inter-
section of the perpendicular
bisectors of AA’, BB, will,
as 8t-+0, tend to coincidence
with the intersection of the
normals to the paths at A and B. Hence it follows that at any
instant the body is turning about an instantaneous centre of
rotation I, which is found by taking any two points 4, B of the
body and drawing normals to the paths of 4 and B through
their instantaneous positions.

It follows that if £ be the position of any other point of the
body at the same instant, the direction of motion of P must be
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at right angles to JP; and, if 80 be the angle turned through by
the body in time &, the displacement of P in time &t is IP. 6.

5442. Bxamples. (i) The ends of a y
rod A B are constrained to move along two
given lines Ox, Oy in the same plane. B

The instantaneous centre of rotation
is the point I found by drawing 47, BI !
perpendicular to Oz, Oy respectively.

(ii) 4 circular lamina rolls along @ _
straight line. Prove that theinstantaneous /O A x
centre of rotation is the point of contact.

Let O be the centre, and A the point
of contact. If by rolling through a small
angle 84 the point P on the circle is
brought into coincidence with 2’ on the
straight line, then PP’ is of order (86)2.
Now since the path of O is parallel to
the given line, therefore the instan-
taneous centre is on 04, and it is also
on the limiting position as 86—+0 of the
perpendicular bisector of PP’. But
AP’'=arc AP, and therefore as 8-»0 the ratio AP’/chd A P-»1, therefore
this perpendicular bisector ultimately passes through 4 which is therefore
the instantaneous centre of rotation. Another proof of this theorem will

be given in 551,

543. Pole Curves. When a lamina is in motion in its plane
there is a locus of the instantaneous centre of rotation in the
lamina and also a locus in the fixed plane. These loci are called
the pole curves. Thus in the last example, of a circular lamina
rolling along a straight line, the locus of the instantaneous
centre in the lamina is the circular boundary, and the locus in
space is the fixed straight line. And this example illustrates the
general theorem that the motion of the lamina can be produced
by the rolling of one pole curve on the other.

Without attempting a rigorous demonstration of this theorem,
we can give an explanation that may satisfy the reader as to the
truth of the theorem.

Let P,Q, R, S, T be a succession of points on the locus of the
instantaneous centre in space. Consider the results of making
infinitesimal displacements of the body about the points @, R,
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S, T in succession. The first of these displaces QP to QP;, the
second displaces RQP; to RQ, P,, the third displaces SRQ, P; to

SR,Q; Py, and the fourth displaces T'SR,Q, Py to TS, R,Q; P.
Now 8;, Ry, @y, P, are a series of positions on the lamina of
the instantaneous centre of rotation, i.e. they are points on the
locus on the lamina of the instantaneous centre and they can in
turn be brought back into coincidence with the point S, R, Q, I
by the rolling of one polygon on the other. Hence by regarding
the pole curves as the limits of polygons the motions of the
body can be produced by rolling the pole curve fixed on the
lamina on the pole curve fixed in space.

5°44. Hxample. 4 triangular lamina A BC moves in its plane so that
the sides A B, AC always pass through two fized points P, Q. Find the po'e
curves.

The point 2 on the lamina can only move along 4B, for if it had any
component of displacement at right A
angles to 4B the side AB would no
longer pass through the point P fixed
in the plane.

Hence the instantaneous centre / is p
on the perpendicular to 4B through P,
and in like manner on the perpen- |
dicular to 4C through @.

Therefore the angle PIQ is the
supplement of 4 and a constant angle;
and P, @ are fixed points, therefore B c
the pole curve fixed in the plane is a circle P7Q.

Again A is a diameter of this circle and is a fixed length (in fact
P@Q cosec 4). Hence the pole curve on the lamina is a circle of centre 4
and radius @ cosec 4, i.e. twice the size of the former circle ; and the
motion of the triangle could be produced by rolling the larger circle on
the smaller.
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65. Angular Velocity of a Body. When a plane body is
moving in its plane we may speak of the ‘angular velocity of the
body * without specifying any particular line or point of refer-
ence, meaning thereby the rate of increase of the angle between
any line AB fixed in the body and any line Oz fixed in the
plane of motion: ie. if at time ¢ the angle between AB and Oz
be @, then § is the angular velocity of the body. Also if any
other line CD fixed in the body makes an angle 6 +a with Oz
at the same instant, then a is the constant angle between AB
and CD and unaltered by the motion, so that g is also the rate
of increase of the angle between OD and Ox. Consequently in
measuring the angular velocity of the body, it is immaterial
upon what line fixed in the body we concentrate our attention.

. Further, the angular velocity of the body is independent of
any motion of translation of the body as a whole, for such a
motion would not alter the direction of any line fixed in the
body. For example, when we say that a wheel has an angular
velocity w in its plane this statement is independent of whether
the wheel is turning about a fixed point, such as its centre, or
rolling along in contact with a fixed line, or possessing any other
translational motion, @ being the rate of increase of the angle
between any line fixed to the wheel in its plane and a line
fixed in the plane of motion.

661. It is important that the reader should appreciate the
difference between the angular velocity of one point about
another as defined in 53 and the angular velocity of a body as
defined in the last article, we therefore propose to illustrate the
latter by considering a simple problem from more than one
standpoint.

A circle rolls along in contact Y
with a straight line; to find the
velocity and acceleration of any
point on the circumference.

Tuke the given line as axis of 2.

Let C be the centre of the circle,

a the radius, P the point of con-

tact with Ozx at time ¢, 4 the

point on the circumference whose o) P

velocity and acoceleration are re- '
%

8|
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quired. Let 6 be the angle ACP, then 4 is the angular velocity of the
circle. For convenience take the origin O so that OP=arc 4P, i.e. O is
a position of the point 4 in the rolling motion. Taking an axis Oy at
right angles to Oz, let z, y be the coordinates of 4, then
z=0P— ACsin § =a(6—sin §),
y=CP—ACcosf=a(l —cosd).
Hence the components of velocity are
F=af (1—cos f),
and y=afsinb;
and the components of acceleration are
#=af(1 - cosd)+ab?sin 6,

and §=ab sin 6+ ab* cos 6.

As a special case we may put §=0, so that 4 is the point of contact ot
the circle and the line; then we find that

£=0 and y=0,

shewing that the point of contact of the rolling circle has no velocity, i.e.
it is the instantaneous centre of rotation as proved previously in 5:42. In
the same case the acceleration components are #=0, § =aé?, shewing that
the point of contact of the rolling circle has an acceleration af? towards
the centre, as proved previously in 5+32.

5'562. We may also obtain the foregoing expressions for velocity and
acceleration by compounding the velocity and acceleration relative to the
centre of the circle with the velocity
and acceleration of the centre. Thus, ¥ /‘>w
let the circle be rolling with angular
velocity  and let ¥V be the velocity of
its centre C. Every point on the cir-
cumference has a velocity aw relative
to the centre, so that the total velocity
of the point P on the circle is V- cw.
But assuming ‘rolling’ to mean that o
P is the instantaneous centre of ro-
tation it follows that P has no velocity and therefore V=ao.

The velocity of a point 4 on the circumference is therefore compounded
of aw along the tangent relative to the centre and V or aw parallel to Oz,
giving as before components

: aw(1 ~cos ) parallel to Oz,
and aw sin 8 parallel to Oy,
where w=4.

Again for accelerations we have that the accelerations of 4 relative to
C are

a along the tangent and aw? along 4C (5°82),
and the acceleration of C'is V parallel to Oz.
But V=aw, therefore Vmadg.
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Hence the accelerations of the point 4 are compounded of a& along the
tangent, aw? along 4C and aa parallel to Oz, and these are equivalent to
components

ad (1 —cos 8) +aw?sin 6 parallel to Oz,

and aé 8in 0 +aw? cos 4 parallel to Oy, as before,

5'63. We may also obtain the velocity components of the point 4 by
considering the motion relative to the
instantaneous centre of rotation 2. y w

The point 4 is moving at right angles /
to AP with velocity wd P, and since
A4 P=2asin {6, this gives components

2awsin? 34 ¢
or  aw(l—cosd) parallel to Oz, A
and 2aw 8in 46 cos 46
or uw sin @ parallel to Oy, o] P X

a8 before.

But the finding of the accelerations of the point 4 by reference to the
instantaneous centre would be more cumbersome than the process of 552,
because it would involve compounding accelerations of 4 relative to £
with accelerations of P, and the latter accelerations would have to be
found by compounding accelerations of £ relative to ¢ with the acceleration

of C, as in 5°52.

5°54. BExambples. (i) Prove, by considering a point on the circumference
of a circlerolling uniformly along a straight line, that the radius of curvature
of a cycloid at any point is twice the length of the line joining that point to

the point of contact of the generating circle with the base. [M. T. 1908]
A cycloid is the curve traced out by any point on the circumference of
& circle which rolls along a straight line. N

Let C be the centre of the circle, G the
point of contact with the line, and P the point P
that is tracing the cycloid. Then since @ is c
the instantaneous centre of rotation the point
Pis moving at right angles to PG with velocity
v=w PG, where » is the angular velocity of
the circle. Now if p is the radius of curvature G
of the cycloid the normal component of the acceleration of P is »?/p. But
the acceleration of P may also be represented by its acceleration relative
to C, i.e. w3 PC (5°32) compounded with the acceleration of . But C has
no acceleration because the motion is uniform. Therefore the resultant
acceleration of P is w? PC along PC.

Hence v¥/p= w3 L( cos CPG =}’ PG.
But v=w PG, therefore p=2PG.
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Aii) A circle A of radius a turns round its centre with uniform angular
velocity o. A circle B of radius b rolls on the circle A and its uniform
angular velocity 1s o'. Find the time taken

(1) for the point of contact to make a complste circust of 4,
(2) for the centre of B to return to a former position.

Determine the accelerations of the common point of the two circles and the
greatest acceleration of a point on the circle B.

Suppose that at time ¢=0 the points M, & on the circles are in contact
and on the fixed line Az through
the centre 4 of the circle 4. Let
P be the point of contact at time 2.
Since AM, BN are lines fixed in
relation to the circles, in time ¢
they turn through angles wt, «'t.
Thereforeif BN meets Ax in K, the
angle BKr=o't while MAz=wt.
Again the arcs PN, PM are equal,
80 that if PAM=0 then the

angle PBN =aéb.
Therefore w't=wt+0+ab/b,
b (o - w)t -=b(w'—-m)
or 0= P and 6 parant

And the time taken for P to make a circuit of the circle 4 is
27 /6 =2m (a+b)/b (o’ — w).

Again the time taken for the point B to describe a circle round 4
depends on the angular velocity of the line 4 B, which=6+w.

Hence the time required =27/ + o)

=27 (a+b)/(aw + bu’).

For the accelerations we have that the acceleration of the point P on

the circle 4

2
=a (g—t PAx) along P4 by 532

=-a(é +o)=a(aw+ba')?/(a+b)*;

and the acceleration of the point 2 on the circle B
=accel. relative to centre B+accel. of B
= —bw'4(a+b) (§+«)? along BP
= — ba?+ (2w +bw')3/(a +b).

Also the acceleration of any point on the circle B is compounded of its
acceleration relative to the centre B, i.e. bw'? along the radius towards B,
and the acceleration of B, so that the greatest acceleration will be when
these components coincide in direction, i.e.

bw"? + (a0 +bw')3/(a+b).
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EXAMPLES

1. A ship sailing N.W. by compass through a tide running 5 knots finds
that after 2 hours it has made 4 nautical miles S.W. Determine the
direction of the current and the speed of the ship.

2. An aeroplane which travels at the rate of 80 miles per hour in still
air starts from 4 to go to B which is 200 miles distant N.E. of 4. If
there is & wind blowing from the North at 20 miles per hour, determine
the direction in which the aeroplane must move, and the time required.

If at the end of an hour the wind drops to 5 miles per hour, determine
the position relatively to B of the aeroplane at the time when it should
have arrived at B.

-Prove that provided the velocity of the wind remains fixed in direction
and magnitude, all points attainable by an aeroplane in a given time lie
on a circle whose radius is independent of the wind. [S. 1924)

3. The velocity of a stream between parallel banks at distance 2a apart
is zero at the edges and increases uniformly to the middle where it is u.
A boat is rowed with constant velocity v (> u) relative to the water, and
goes in a line straight across. How are the bows pointed at any point of
the path and how long will it take to get across? [8. 1921]

4. JAn aeroplane has a speed of » miles per hour, and a range of action
(out and home) of R miles in calm weather. Prove that in a north wind
of w miles per hour its range of action is

R (v® ~ w?) /v (91— w2 sin? )b
in a direction whose true bearing is ¢. If R=200 miles, ¥=80 miles
per hour and w=230 miles per hour, find the direction in which its range
is & maximum, and the value of the maximum range. [M. T. 1921]

6. If a point moves so that its angular velocity about two fixed points
is the same prove that it describes a circle. [S. 1803]

8} If two particles describe the same circle of radius @, in the same
direction with the same speed u, shew that at any instant their rolative
angular velocity is w/a. [S. 1910]

7. A particle P is moving in a circle of radius @ centre € with uniform
speed . AB is a diameter of the circle and AP=r. Find the angular
velocity of P about 4, B and C. What is the angular acceleration of P
about the same points? [8S. 1909]
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8. A particle Pmoves in an ellipse whose foci are S and &, and centre C.
The velocity at any point of the path varies as the square of the diameter
conjugate to CP, Prove that the angular velocity of P about § varies
inversely as its angular velocity about H, [S. 1011]

8. The line joining two points 4, B is of constant length a and the
velocities of 4, B are in directions which make angles a and 8 respectively

with AB. Prove that the angular velocity of 4B is usin(@—B) rore u
¥ acospf ’

is the velocity of 4. [S. 1918]

10. Two points are describing concentric circles of radii @ and o’ with
angular velocities » and «’ respectively. Prove that the angular velocity
of the line joining them when its length is r is

{(r*+a?—a'?) 0+ (3 —a?+a’?) '}/2r3 [S. 1813]

11. The end P of a straight rod P@ describes with uniform angular
velocity a circle whose centre is 0, while the other end @ moves on a fixed
line through O in the plane of the circle. The end ¢ of an equal straight
rod P moves on the same fixed line through 0. Prove that the velocities
of @ and ¢ are in the ratio Q0 : 0Q. [S. 1925]

12. A circular ring of radius & turns round a fixed point O in its cir-
cumference with uniform angular velocity 2. A smaller ring of radius a
rolls on the inside of the larger ring with uniform angular velocity w, the
angular velocities being in the same sense. Find the velocity of any point
of the smaller ring in any position. Also shew that, if aw=>0, then in
every position of the smaller ring one point on it is at rest. Indicate the
position of this point for a general position of the rings. [S. 1921}

13. C is the centre of two concentric circles 4, B, and a line CPQ meets
the circles in P, @. Tangents XPX, YQY are drawn to the circles at
P, @. The circle 4 rolls along the line XX carrying the circle B with it,
so that €, P, Q are always collinear, until the point P is again on the line
XX and @ is consequently again on the line YY. The distance between
the two positions of P is equal to the circumference of the circle 4.
Investigate the fallacy in the assertion that the distance between the two
corresponding positions of @ is equal to the circumference of the circle B.

[S. 1924)

14. If P is any point on the circumference of a circle, centre C, which
rolls with angular velocity o on & fixed circle of centre O and radius a,
prove that the angular velocity of £ about O is

aw

©—5p %" COP, [Coll. Exam. 1912]
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15. A particle moves in the curve y=alog secz in such a way that the

tangent to the curve rotates uniformly; prove that the resultant ac-
celeration of the particle varies as the square of the radius of curvature.
[S. 1925]

16. A circle and a tangent to it are given. A rod moves so that it
touches the circle and one end is upon the tangent. Shew that the loci of
the instantaneous centre in space and relative to the rod are both parabolas.

[S. 1925]

17. Shew that if two given points of a lamina describe coplanar straight
lines, any point on a certain circle fixed in the lamina will also describe a
straight line, [S. 1917]

\J8. Prove that the motion of a rigid lamina moving in its own plane is
at any instant (in general) equivalent to a rotation about a certain point Z.
What is the exceptional case?

‘Prove that, if the vectors Oa, Ob represent the velocities of two points
A, B, the triangles Oab, IAB are directly similar and that their corre-
sponding sides are perpendicular.

Given Oa, Ob find a geometrical construction for the vector O¢ which
represents the velocity of a third point C. Shew in particular that
AC : CB=ac : cb, and that, if 4 BC is a straight line, so is abe.

Four rods are freely jointed together so as to form a quadrilateral PQRS.
Shew that if P@Q is fixed the angular velocities of QR, S are in the ratio
PT ; QT, where T is the point of intersection of P@), RS? [S. 1923]

19. If A and B are points on a rod which is moving'in any way in a
plane, and if Oa and 0b represent the velocities of 4 and B at any instant,
prove that ab is perpendicular to AB. If C is any other point on the rod
and if ¢ divides ab in the same ratio as that in which C divides 4B, prove
that Oc represents the velocity of C at the same instant.

PQ, @R, RS are three rods in a plane jointed together at  and R, and
with the ends P and § jointed to fixed supports. If a triangle Ogr is drawn
with Og, gr, rO perpendicular to PQ, @R, RS respectively for any position
of the rods, prove that as the rods move through this position Og and 0r
represent on the same scale the velocities of @ and R. [8S. 1915]

ANSWERS

1. 21°25'E. of S.; 4-58 knots. 2. 34°49'E. of N.; 3h. 5§ m.; 31'44 m. N.
of B. 3. Atinoclination cos~!(uz/av) to the bank, where  is distance from
the nearer bank. gfsin“:—j. 4. E.orW. 186'4m. 7. w/2a,u/2a,ula; 0.
12. If B, 4 are the centres of the larger and smaller rings and £ any point
on the latter, the vel. of P rel. to 4 is aw, of 4 rel. to B is b2 — aw, and
of B is bQ. The point required is the end nearer to O of the diameter of
the smaller circle parallel to OB.



Chapter VI
DYNAMICAL PROBLEMS IN TWO DIMENSIONS

61, In the early part of Chapter 1v we interpreted Newton's
law that rate of change of momentum is proportional to the tm-
pressed force and takes place in the direction in which the force
18 tmpressed as implying the equivalence of two vectors, the
‘force’ acting on a particle, and the product ‘ mass x accelera-
tion’; and the rest of Chapter IV consists for the most part of
examples of this equivalence in the case of rectilinear motion.

In the present Chapter we shall consider examples of this
equivalence when a particle is free to move under the action of
forces in one plane; the equivalence implying that the resolved
parts of the two vectors in any assigned direction are equal.
Consequently, if m be the mass of the particle, #, y its coordi-
nates, and X, Y the sums of the resolved parts parallel to rect-
angular axes of all the forces acting upon the particle, we have
the equations

mi=X and mij=7.

In a large class of problems in dynamics of a particle the force
components X and Y are given, and the solution of the problem
consists in integrating these equations in order to determine
the path of the particle.

6:2. Motion of Projectiles. Consider the case of a particle
of mass m freely projected under the
action of gravity in a non-resisting
medium. Take for axes Oz, Oy the
horizontal and upward vertical lines

- ———p -

!

!

|

|

through the point of projection 0, 43 . =
and let the particle be projected

with velocity V in a direction making an angle a with the
horizontal.

We have X=0and V=—myg.
Therefore &=0and j=-g.
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Integrate and introduce the initial values of &, 7, namely V cos a,
Vsina, and we get
&=V cosaand y=V sina—gt

therefore z="Vitcosaand y=Vtsina— gt? ......... 1).
Eliminate t and we obtain the equation of the path of the particle
y=wtana-—%%;—';sec’a ............... ).

This represents a parabola and by writing the equation in the
form
|4 2 2V?%cos?a Visin?a
- a2 )

& ——sinacosa —
g g 29
it is seen that the latus rectum is 2V2cos?a/g, the vertex
., Ve . Visin?a . .
the point (—g— sin a cos a, % ) and the axis vertically

downwards,

The directrix is therefore horizontal, and its height above the
point of projection is equal to the height of the vertex plus one-
fourth of the latus rectum, i.e.

V2sin?a + V2costa or |4
29 29 29’
Again we can shew that the velocity at any point of the path

is, in magnitude, the velocity that would be acquired in falling
freely from the directrix. For, if v is the velocity at time ¢,

B=424 2
=V?2-2Vgtsin a + g%?

9 V2 . g
=29 §§—-(Vtsma—1}gt)

Vs
~20{35 -4}
= 2¢g x depth below the directrix.

The time of flight before the projectile again reaches the
horizontal plane through the point of projection is got by
putting ¥ =0 in (1), which gives ¢ =2V sin a/g.

The range of the projectile on the horizontal plane through
the point of projection is obtained as the value of # in (1) when
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for ¢ we substitute the time of flight, i.e. V2sin 2a/g; and the
greatest range for a given V is therefore V3/g got by taking
a=7}m,

Since sin 2 (37 — a) = sin 2a, therefore in general there are
two directions of projection with a given velocity which give
the same horizontal range, viz. those of inclination @ and 7 - a,
the two coinciding when a =}

621, The range on an tnclined plane through the point of
projection may be found from the y
equation of the path 62(2) by
writing y=atan B, where B is
the inclination of the plane to
the horizontal, i.e.

1 ga?
« tan 8= & tan a — = %= sec?a, 0 z

2V

2 2
therefore x = 2V ;O—S—a (tan a — tan 8),

and the range required
=wxsec S

2
= g-;i cos a sin (a — B) sec* 8

V3
=7 sec? 8 {sin (2a — B) —sin B}.

For given values of ¥ and B this expression is greatest when
24 — 8 =}, and this makes the maximum range
r=V?g(1 +sin 8).
We may write the last result

& .

;; =1 +sin B,
and we know that the polar equation of a parabola with the
focus as pole is

£=1+cosﬂ,
r

where 6 is measured from the vertex and [ is the semi-latus
rectum.

A comparison of the last two equations shews that, if we
construct a parabola with focus at O, latus rectum 2V?%/g, axis
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vertical and vertex A upwards, then any radius OP drawn from
0 will give the maximum range in direction OP for a particle

projected from O with velocity V. This parabola therefore is an
outer boundary to the region that can be reached by projectiles
starting from O with velocity V.

6:22. Geometrical Construction. A particle is to be pro-
jected from a point P so as to pass through a point Q. It
may be shewn that with a given velocity of projection there
may be two possible paths, one possible path or no possible
path.

Thus if V be the given velocity, from P draw PM vertically
upwards and of length V?%/2g, then ,
M is a point on the directrix. The ™7
directrix of the path is therefore a
horizontal line MN. Draw QN at
right angles to the directrix. Then
from the focus-directrix property of
the parabola, the focus must lie on a
circle of centre P and radius PJM, and also on a circle of centre
Q and radius QN. If the circles intersect in two points S, S’
either of them is the focus of a possible path and the bisector
of the angle MPS, or MPS' gives the required direction of
projection. Alternatively the circles may touch at a point S on
PQ, which is then the focus of the one path possible; or the
circles may not meet one another, in which case the velocity of
projection is inadequate. The least velocity that will carry the
particle from P to @ will correspond to the lowest possible
position of the directrix, i.e. the position which makes

PM + QN = PQ.

N

P
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Thus if v be the least velocity and PQ=h, and &k be the
height of Q above P, we have

PM + QN =h,
and PM - QN =k,
so that 2PM=h+k,
and ®=29PM =g (h +k).
6'23. Bxamples. (i) Skew that the product of the two times of flight
from P to Q with a given velocity of projection is 2PQ)/g. [M. T. 1916]

Let V be the velocity of projection, a the inclination to the horizontal
of the direction of projection, and a, b the horizontal and vertical distance
of @ from P,

Then a=Vtcosa,
and b="Vtsina—4ge?;
therefore a4 (b+4g)2= V24
or 19ttt +(9b— V) &2 +a?+ b2=0,

Hence, if ¢,, ¢; are the two times of flight,
tityt=4 (a®+b%)/g? =4 Q9P
so that tit;=20Q/qg.

(if) 4 gun fires a shell with a muzzle velocity 1040 feet per second.
Neglecting the resistance of the air, what is the farthest horizontal distance
at which an aeroplane at a height of 2500 feet can be hit and what gun
elevation is required { Shew that the shell would then take approximately
442 seconds to reach the aeroplane. [S. 1926]

This problem can be solved by regarding the equation of the path 6-2 (2)
as giving the range x as a function of a, when for y the height of the
aeroplane is substituted. We may then obtain another relation between
z and a by differentiating with regard to « and using the fact that for a
maximum value of 2 the derivative dz/da must vanish. We can then
solve the two equations for z and &, and also find the time taken from the
relation V¢cosa=u.

A simpler solution is obtained from the consideration that the quadratic
equation for £

g%+ (gb— V3) 34 a3+ 52=0 ............ R §X
obtained in the last example must have real roots. In this case b denotes
the height of the aeroplane and & denotes its horizontal distance. The
condition for real roots is

(gb— V3i—g* (@489 4 0.
The greatest value of a is therefore -g (V3-2gb)}, and, taking V=1040
and b=2500, this gives a=31200ft. '
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Also for this value of a the quadratic (1) has equal roots in ¢3, namely
=2 (V- gb)/g*;
and for the given values of ¥ and b this makes ¢=44'2 secs.
Reverting now to the equation for the horizontal range
a= Vtcosa,
we find that sec a=1473,
so that the elevation required is 47- 17",

6'3. Resisting Media. So far we have assumed that gravity
is the only force acting on a projectile. Now suppose that the
motion is opposed by a force proportional to the velocity. Thus
if m denote the mass and V the velocity, let mkV denote the
magnitude of the resistance. Therefore the components of the
resistance parallel to horizontal and vertical axes Oz, Oy are

—mk&, —mky.

Let u, v denote the initial horizontal and vertical components

of velocity. The equations of motion give
$=—ki or &+ ki =0,
therefore & + kz = u, since initially =0 and #=w.

Now multiply by the integrating factor ¢ and integrate both
sidés as in 161,

mokt =2 e+ C;
but #=0 when t =0, therefore C =—u/k; and, dividing by e*,
=2 (L= H) i, Q).
Again j=—g —ky,

therefore § + ky = v — gt, since initially y =0 and g =w.
Now multiply by the integrating factor ¢* and integrate both
sides
ye = e (v—gt) dt + 0"
=zer—Jien i Lonr0;

but y=0 when ¢ =0, therefore C'= — E - k" and, dividing by e¥,

y= (k kz)(l a"“)——— ............... ().

Results (1) and (2) express « and y in terms of ¢, and if ¢ is
eliminated the resulting equation gives the path.
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From (1) it follows that, as ¢ becomes large, «# tends to a
constant value u/k, so that the path approaches a vertical
asymptote,

6-31. Hxample. A4 particls subject to gravity is projected at an angle
a with the horizontal in a medium which produces a retardation equal to
k times the velocity. It strikes the horizontal plane through the point of
projection at an angle w, and the time of flight is T. Prove that

tane eT-1-kT
tana e *T_14 1"
and deduce that > a. [M. T. 1924]
Taking u= V cos a and v= V sin a as the initial components of velocity
in the equations of the last article, the time of flight 7' is obtained by
putting =0 in (2); i.e.

0==(Vsina+i> (1= ) —gT .ovurvvrnneanns .(3).

Again tan o is the value of —dy/dz, when y=0 and ¢="7, so that we
have

tan _ Vsina—g7 Veina—gT
@ " Vecosa—ix Vcosa— V cos a (1 —e*7T)
—_Fsina—g7
Vcosae—*T*

Eliminate V by means of (3), first multiplying numerator and denomi-
nator by (1 —e~*T), and we get

% (1 — 6—*T) — g Te~*T

’
exT {gT—% (1= e-"’)} cota
theref tanw 1 —e~*T—fTe~*T

eretore fana o " FT—1+e- 1)
¢T-1-kT
T T -1+ kT
If we expand ¢*7 and e~*7, the numerator becomes

BT B3T3
W+?l—+"”

a series of positive terms, and the denominator becomes
BT 87
=1 37 Foeey

the same series, save that the terms are alternately positive and negative,
Therefore the numerator is greater than the denominator and o >a.

tan 0=
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632. Resistance proportional to the Square of the
Velocity. We shall illustrate another law of resistance by
taking an example in which the resistance varies as the square
of the velocity.

A particle 18 projected vertically upwards under gravity. The resistance
of the air produces an acceleration opposite to the velocity and numerically
equal to kv3, where v is the velocity and k a constant. If the initial velocity

is V, and the square of kV3/g can be neglected, shew that the particle reaches
8

its highest point vn time -5 A , and that the greatest altitude reached s

39
Vs kP4
22:6 - Tﬁ ’

If the initial velocity, in addition to the vertical component V, has a small
horizontal component U, and the resistance follows the same law, shew that
when the particle returns to the original level its horizontal velocity 1s
approzimately Ue=*V"ls, [M. T. 1925]

For the upward vertical motion, measuring y vertically upwards, we
have

okt or &
v & Z( lv;)or dy
24
Thiyag 2kdy ;
log (2802 429) = — 2ky + C e..eevveerevnnrninnans (1)
where C is a constant. Putting »= 1" when y =0 gives
C=log (2kV3+2g),
and substituting this value for C in (1),
ko4
log 7 'Hg;
The highest point is reached when v=0, and then

k
2ky =1log (1 +—?}V—?>

3 j2Ve
_% - 51.’_ +higher powers ;

29
. NRANN 14
therefore the greatest altitude is % i

G

=~ 29— 2k,

Therefore
and, by integration,

= —2ky.

To find the time, we write
dv
=9 kA,

dv
or g—;———k’vz = —di.

Therefore L__ tan -1 ,\/é v=0"'—¢, where (' is a constant.
Vg g
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But when ¢=0 we have v=V, therefore ¢" —’7;—_. tan—! \/ 4

1 k %
Hence —— tan~! \/ v=—ta. -1 \/. V-t
vk 9

4
The time of reaching the highest pomt is found by putting »=0, and

then
=kt B

The function on the right-hand side can be expanded by Gregory’s series
[tan—lz=g-}a3+}25+..., provided —1 <z <1], so that

»\//cg{ //c 3() v

=;;_, - l;:; , neglecting higher powers.

When there is also a horizontal velocity, we have for the horizontal

acceleration
F=—lkvlcos,

where y is the inclination of the path to the horizontal ; but v=4 and
cos r=dz/ds,

therefore F= — k?dz|ds = — kiz,
or “§= — ki,
&

Hence, by integration, log £=C" — ks, and #= U when 8=0, so that
C"=log U.

Therefore &=Ue",

Now the horizontal velocity is small and decreasing, therefore the
horizontal distance travelled is small, and as an approximation to the
value of 8 when the particle again reaches the plane we may take twice
the greatest altitude and write

_kVE P
9 2
But by hypothesis the last term is negligible, so that £s=%V?/g, and the
required value of & is Ue=*¥"/o,

64. Principle of Work. Reverting to the equations of motion
of 61, viz.
mi=X, mj=1Y,
if we multiply these equations respectively by ¢ and g and add,

we get
m (&i + yij) = X& + Yy.
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Now integrate this equation with regard to ¢ for any ir 1terval of .
time from %, to #;, and it follows that

b @+ 9~ dm (@ + 0 = (X da + Y dy ),
or Fmo? — dmoe = (X da + Y dyy),

where the suffixes denote the values at the beginning% and end
of the interval. This result shews that the increase in ;the kinetic
energy of the particle in any interval 13 equal to the vvork done
by the forces acting on the particle tn that interval.  *

Alternative proof. Let F be the resultant force acting on the
particle when it is at any point P of
its path, and e the angle that the force
makes with the tangent to the path.

Resolving along the tangent, we
have

mv%=Fcos e

Integrating along the path between any two points A, B,
we geb
$mu® — Fmod = [F cos eds,

where v, vy are the velocities at 4 and B, and by 43 the integral
represents the work done by the resultant force.

EXAMPLES

1. Shew that if a gun be situated on an inclined plane, the maximum
range in a direction at right angles to the line of greatest slope is a
barmonic mean between the maximum ranges up and down the plane
respectively. [S. 1910]

2. P, @ are two points distant @ apart, and at heights %, £ above a
given horizontal plane ; prove that the minimum velocity with which &
particle must be projected from the plane so as to pass through P and @
is J{g(a+h+E)}. [S. 1909]

3. A particle is projected with given velocity from a point P so as
to pass through a point @. If § is the focus of either of the possible
trajectories, shew that the times of flight in the two trajectories are

{(SP+8Q+PQ +(SP+5¢ - PQy/gt.
[S. 1917)
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4. Prove that the velocity required to project a particle from a height
& to fall at a horizontal distance a from the point of projection, is at least

equal o Vg Wiat+3) -

The hammer was thrown at Cambridge a distance of 122 ft. in 1911; if
the head of the hammer was 8 ft. from the ground at the instant of pro-
jection, calculate the least velocity required and the corresponding angle
of projection. [S. 1912]

5. A particle is projected under gravity from A4 so as to pass through B.
Shew that if B has horizontal and vertical coordinates z, y referred to 4,

and the velocity of projection is 4/2g%, the angle between the two paths at
B is a right angle if B lies on the ellipse z?+2y?=2hy. [S. 1917]

6. Three particles are projected simultaneously and in the same vertical
plane from a point with velocities »,, #3, v5 in directions making angles
ay, az, ag with the horizontal. Shew that the area of the triangle formed
by the particles at any time is proportional to the square of the time
elapsed from the instant of projection, and that the three particles will
always lie on a straight line, if 2v;v; sin (a3 — as) =0. [S. 1912]

7. A particle P is describing a parabola freely under gravity. Shew
that the angular velocity of the line joining P to the focus is 2gw/v3 where
v is the velocity of the particle at P and u is the horizontal component
of v. [S. 1923]

8. A particle is projected from a given point with a velocity whose
vertical component is given. Prove that the initial angular velocity about
the focus of the path is greatest when the angle of projection is 45°

[S. 1910]

9. Particles are projected simultaneously from a point under gravity in
various directions with velocity V. Prove that at any subsequent time ¢
they will all lie on a sphere of radius V¢, and determine the motion of the
centre of this sphere. [S. 1927]

10. A projectile is fired from a point O with a velocity due to a fall of
100 feet from rest, and hits a mark at a depth of 50 feet below O and at a
distance of 100 feet from the vertical line through 0. Shew that the two
possible directions of projection are at right angles, and find to the nearest
minute their inclinations to the horizontal. [M.T. 1815]

11. A particle is projected at time ¢=0 in a fixed vertical plane from a
given point § with given velocity &/(2ga), of which the upward vertical
component is ¥. Shew that at time ¢=2a/v the particle is on a fixed
parabola (independent of v), that its path touches the parabola, and that
its direction of motion is then perpendicular to its direction of projection.

[M.T. 1923)
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12. A particle is projected from a point 4 so as to pass through a given
point B and to return to the same level as 4 at a point C. Shew that the
velocity with which the particle must be projected is

V{g(AN3. NC3+AC?. NBY)/2AN.NB. NC},

where X lies in AC directly below B.

13. Shew that all points in a vertical plane, which can be reached by
shots fired with velocity v from a fixed point at a distance ¢ from the

plane, lie within a parabola of latus rectum 21’, whose focus is at a
distance %qi vertically below the foot of the pari)endicular on the plane
from the point of projection. [S. 1925]

14. A fort is on the edge of a cliff of height . Shew that there is an
annular region in which the fort is out of range of a ship, but the ship

is not out of range of the fort, of area 8n##4, where A/2g% is the velocity of
the shells used by both. [S. 1926]

15. A fort and a ship are both armed with guns which give their
projectiles a muzzle velocity 4/2g%, and the guns in the fort are at a
height & above the guns in the ship. If d; and d; are the greatest
(horizontal) ranges at which the fort and ship, respectively, can engage,
prove that

d k+h
&V IER

16. From a gun placed on a horizontal plane, which can fire a shell
with velocity 4/29/, it is required to throw a shell over a wall of height 4,
and the elevation of the gun cannot exceed a, where a < 45°. Shew that
this will be possible only when % < H sin%a, and that, if this condition be
‘satisfied, the gun must be fired from within a strip of the plane whose
breadth is 4 cos a v/ H (X sin?a—A). [S. 1911]

17. A shell fired with velocity V at elevation 4 hits an airship at

height H which is moving horizontally away from the gun with velocity v.
Shew that if

[M. T. 1928)

(2V cos 6 —v) (V2sin? 6 — 29 H ) =vVsin 6,
the shell might also have hit the airship if the latter had remained

stationary in the position it occupied when the gun was actually fired.
[M.T. 1917]

18. A battleship is steaming ahead with velocity V. A gun is mounted
on the battleship so as to point straight backwards, and is set at an angle
of elevation a. If v is the velocity of projection (relative to the gun), shew

that the range is %vsin a(vcosa— V); also shew that the angle of elevation
for maximum range is cos~! {( V+4/ ¥ 3+ 8v%)/40}. [S. 1925)
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19. An aeroplane is flying with constant velocity v and at constant
height & Shew that, if a gun is fired point blank at the aeroplane after it
has passed directly over the gun and when its angle of elevation as seen
from the gun is a, the shell will hit the aeroplane provided

2 (V cos a—v) v tan? a=gh,
where V is the initial velocity of the shot, the path being assumed to be
parabolic. [S. 1915]

20. The range of a rifle bullet is 1200 yards when q is the elevation of
projection. Shew that if the rifle is fired with the same elevation from a
car travelling at 10 miles per hour towards the target the range will be

increased by 220 tan? q feet. [S. 1917)

21, A shot is fired with initial velocity V at a mark in the same
horizontal plane; shew that if a small error ¢ is made in the angle of
elevation, and an error 2¢° in azimuth, the shct will strike the ground at

nV3e

a distance from the mark .
90g

Shew also that if the angle of elevation is less than about 314° an error
in elevation will cause the shot t¢ miss the mark by a greater amount
than an equal error in azimuth. [S. 1923]

22. A shell bursts on contact with the ground and pieces from it fly in
all directions with all velocities up to 80 feet per second. Shew that a
man 100 feet away is in danger for § /2 seconds. [S. 1921]

23. A particle moving under gravity describes a parabola of vertex 4
and focus S8, the velocity at 4 being u. Prove that, when the particle is
at P, where SP=r, the components of its velocity along and perpendicular
to SP are respectively equal to the vertical and horizontal components of
its velocity.

Shew that the component in the direction SP of the acceleration of the
particie is g - w¥/r, [M. T. 1923]

24. An aeroplane travelling at a speed V relative to the air experiences
a resistance R=a V?+b/V? where a and b are constants within certain
limits of ¥, Shew that, within these limits of ¥, the power absorbed in
air resistance has a minimum value H,, at a speed V;, where

Hy=4(ab%21}, Vym=bi3a.
Assuming that the effective thrust power of the propeller Z is inde-

pendent of ¥, find the greatest rate of gain of height, and shew that the

aeroplane is then climbing at an angle sin“zp;g" to the horizontal,

where W is the weight of the aeroplane. (M. T. 1925]
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25. A particle is projected horizontally with a velocity v, in & medium
in which the resistance to its motion is kv per unit mass, when its velocity
isv. If 4 is the downward inclination of its path to the horizontal when
it has traversed an arc s, shew, by resolving along the horizontal, that

¥ CO8 Y=vge—H,
and by resolving along the normal to the path, that
e B _ Wy, [M. T. 1926
@y g

26. A particle P moving along a horizontal straight line has retardation
ku, where « is the velocity at time . When ¢=0, the particle is at O and
has velocity %,. Shew that wy—u is proportional to 0P, and that the final
value of OP is k.

A particle subject to gravity describes a curved path in a resisting
medium which causes retardation £ x velocity. Shew that the resultant
adceleration f has a constant direction, and that f=f,e~*, where f; is the
acceleration when ¢=0. [M. T. 1923]

ANSWERS
4. 604 fs.: 43° 7' with horizontal. 10. 76°43'; —13°17.



Chapter VII
HARMONIC MOTION

71. When a particle moves in a straight line so that its
acceleration is always directed towards a fixed point in the line
and is proportional to the distance from that point its motion
is called Simple Harmonie Motion.

Let O be the fixed point and P the position of the particle at
time ¢. Let OP =g, then the
acceleration may be denoted e
by wx in magnitude, where u
is constant. But the acceleration is directed towards O, therefore
the acceleration in the positive direction of the axis of # is — uz,
and this will be so whether the particle is on the right or left
of 0. Hence in all positions of the particle we have

xr

[

The solution of this equation may be written down as in
17 (16) or, as in 86 (ii) (8), we may multiply both sides by 24
and integrate, thus

2% = — 2ux,
therefore 43=C— ux? where C' is a constant, which may be
determined if the velocity is known in any one position.

This relation is equivalent to

dz
V(C=pa®) ~ tds,

where the positive or negative sign must be taken according as

« is increasing or decreasing with ¢.
On integration we get

sin"\/g—w=i~/;;t+a,

where a is a constant,

or max/gsin(j; Vut + a).



84 HARMONIC MOTION . [vn

The solution contains two arbitrary constants C and a and may
be written in the simpler form

z=AsinVut+BcosVut...couuu.... (2).

This is the general form of solution of equation (1) and there-
fore includes all special cases.

For example : (i) Let the particle start from rest at a distance
a from O; i.e. when t=0,z=a and ¢=0.

Then, since &= A VucosVut—BVusinVut............ (3),
on putting t=0 in (2) and (3) we get

a=B, and 0=4,
therefore Z=aCOS VUL eveeerereiirinnnnn 4)
gives the position at time ¢ in this case.

(i1) Let the particle be at a distance a from O and moving
towards O with velocity ¥ when ¢=0.

Here we have 2=0a and #=—v when t=0. Therefore, from
(2) and (3), a=B, and —v=A Vyu, so that in this case the
position at time ¢ is given by

&=— —gin Vut+ acosVut covunnnn... (5).
Vu

741. Periodicity. The solutions obtained in the last article
all represent periodic motions, for, if ¢ is increased by 2m/vu or
by any multiple of 27/vg, the values obtained for # and & in
(2), (3), (4), (5) remain unaltered, shewing that after a time
27/ the particle is again in the same position and moving
with the same velocity as before.

The interval 2u/¥p is called the period of the harmonic
motion or oscillation; and the frequency of the oscillations
means the number of complete oscillations per second, ie.
V|2,

The distance through which the particle moves away from O
on either side is called the amplitude of the oscillation. We
notice that the period only depends on the given constant k,
so that the period is independent of the amplitude.

Further when & coordinate of position is represented by a
formula a cos (nt+ €), ¢ i8 called the phase at the instant from
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which ¢ is measured. If two different harmonic motions with
the same period 27/n are represented by
acos(nt+e¢), bcos(nt+¢),

they are said to differ in phase. The difference in phase ¢ — ¢’
may be spoken of as a certain number of radians, or it may be
measured in terms of the time in which either of the angles
concerned would increase by this amount, i.e. (¢ — ¢’)/n seconds,
or it may be measured as the fraction (e —¢')/2m of a period.
Thus if two harmonic motions are represented by

acosnt, bsinnt,
it follows that, since sin nt = cos (nt - 7—27) , these motions differ
in phase by one-quarter of a period, i.e. one particle is at the
origin when the other is at an extreme position and vice versa.

72. Geometrical Representation. Let a point Q describe
a circle of centre O with uniform
angular velocity w. Let P be = g
the projection of @ on a fixed
diameter AA4’. As @ moves
round the circle P will oscillate
to and fro in the line A4’, and # o P JA T
we can shew that the motion of
P is simple harmonic motion.

Since @ moves uniformly in a
circle its only acceleration is w?QO along Q0. The acceleration
of P is the resolved part along AA’ of the acceleration of Q,
ie. w?P0. Hence the acceleration of P is always directed
towards O and proportional to its distance from O and therefore
the motion of P is simple harmonic.

The period of oscillation of P is the time taken for Q to
describe the circle, i.e. 27/w. This agrees with the 27/Vu of
711 because, by comparing the formulae for acceleration, we see
that o?=pu.

The velocity of @ in the circle is @QO along the tangent 7'Q.
The velocity of P is the resolved part along 4 A’ of the velocity
of @, ie. wQO cos QTP = wQO cos OQP = wPQ in magnitude.
The velocity of P is therefore proportional to the ordinate PQ

and has its greatest value when P is at O.
4 RDIY
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T21. A particle starts at a distance a from O with velocity v
towards O and acceleration = p x distance directed towards O;
to find the uniform circular motion of which this motion 18 a
projection, -

Take OM = a, and erect a perpendicular N so that

VuMN =v. Q
Join ON, and this will be the radius
of the required circle. For if a point
@ moves round the circle with an-
gular velocity ¥ then by T2 its 4 o P MJA
projection P on OM has acceleration
wPO towards O, and its velocity
when P is at M is VuMN, which we
have made equal to the given velocity v.

We can deduce formula (5) of 71 thus: Measuring ¢ from
the instant when the particle is at M, in time ¢ OQ turns
through the angle NOQ = Vut, and, if MON = e, we have

@=0P =0Qcos (Vut+e)
= QN cos e cos Vut— ON sin e sin ¥t
= OM cos ¥ ut — MN sin ¥ put,

therefore @=acosNut— % sin vt
"

7-22. The geometrical representation of simple harmonic
motion is very useful in the solution of examples. The re-
volving radius may be regarded as a time-keeper of the motion,
since the angle through which it turns between any two posi-
tions is proportional to the time taken.

7-23. It is to be noted that an equation of the form
&+ uz=0,
where u is a positive number, always represents a periodic
motion, of period 27 (v independent of the amplitude.

78. Elastic Strings and Spiral Springs. Hooke's Law.
The ‘extension’ of a stretched elastic string means the ratio
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of the increment in length to the unstretched length. Thus if
lo is the natural or unstretched length and the stretched length
is I then the extension is (I — &)/l*.

Hooke’s Law is that the tension of the string 18 proportional
to the eatension. If T denote the tension and we state the law
in the form

then A is called the modulus of elasticity of the string.

The extension or compression of a spiral spring follows the
same law, but in this case the length is measured along the
axis of the helix and not along the wire that forms the spring;
and when the spring is extended or compressed the force exerted
by the spring is a tension or a thrust in the direction of the
axis. The formula above may be used for compression as well
as extension provided we regard a negative tension as a thrust.
For when the spring is compressed the length [ is less than the
natural length J;, so that the formula would give a negative
tension, i.e. a thrust of magnitude A (lp — 1)/l

7:31. Work done in Stretching an Elastic String. Let 04
represent the natural length of a string. Suppose the end O to
be fixed and the string stretched by moving the end A.

To find the work done as the length is increased from OB
to OC.

c

o) A B P C

Let P be a point between B and C and at every such point
erect an ordinate Pp to represent the tension. Since the tension
is proportional to the extension, therefore the ratio Pp: AP
is constant. Hence the upper ends of the ordinates lie on a
straight line Abpc; and this line is a ‘force-space curve,’ 4'43.

* The above is the proper mathematical meaning of the word eztension, it is
however frequently used to denote increment of length.

43



88 HARMONIC MOTION . [vn

In order to stretch the string the experimenter has to apply to
the end 4 a force equal to the tension; the line BPC is the
‘space’ through which the point of application of the gradually
increasing force is moved, and the area under the ‘force-space
curve’ represents the work done. Therefore the work done in
extending the string from a length OB to a length OC is
measured by the area
BCcb =4 (Bb+ Cc) BC
=increase in length x mean of initial and final tensions.

. 7182, The same result may be obtained by using Hooke’s
formula for tension. Thus if T be the tension when the length
is @, we take T'= A (z — ly)/ly.

. Also the work done when a force 7' moves its point of applica-
tion through a distance da in its line of action is 7'dz; therefore
in increasing the length from ! to I the work done is

[iraet et

Ao
=37 (- b= (=)}
, Al - x -1
“30 -y frlzh) A0
=increase in length x mean of initial and final tensions.

7'4. The motion of a heavy particle suspended from a fixed
point by an elastic string or a spiral spring is simple harmonic
motion, because the tension of the string causes an acceleration
proportional to the distance from a fixed A
point and directed towards it.

Let A be the fixed point and AB the
unstretched length of the string. Let m be
the mass of the particle and let the weight
of the particle be such as to extend the o
string to the length AO when the particle P
hangs at rest.

Let AB=1,, AO =1 and measure z verti- C
cally downwards from O. In the equilibrium
position the weight is equal to the tension, so that

mg=A(l—l)/lg ceeevrvrraenieriniis 1)
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Let the particle be in another position P where OP =z; it
then has a downward acceleration given by

mé& = downward force

where T is the tension when the length is AP=1+a, so
that

T=A(+a—l)llg.cccecevnnennnann..nn 3).
Using (1) and (3), equation (2) becomes
mE=—Azflp ......ovvevnniinninnnn. (4)
This equation represents a simple harmonic motion of period
27 o/ (mlp /).

Up to this point it has not been necessary to specify in what
way the motion began. Equation (4) is independent of initial
conditions.

As a particular case let us suppose that the particle is pulled
downwards to a point C, where OC=a and then set free. If
0C < OB the equation (4) will apply to the whole motion, which
will be a purely oscillatory motion about O as centre through
a distance a below and above O. But if OC > OB, the string
will become slack when the ascending particle passes B. Draw
a circle of centre O and radius OC. Equation (4) can be written
&= — w® where @ = s/(\/mly); and the simple harmonic motion
is the projection on the vertical of the motion of a point de-
scribing the circle with angular velocity w. This motion lasts
until the particle reaches B, and the time from C to B

= the angle COD/w
R YA
== ('n' cos ) .

a

At B the velocity is v = wBD = w 4/{a® — (I — ly)%}, and the
particle then moves freely upwards under gravity, returning
to B in time 2v/g. Hence the whole time of ascent and
descent

= 2?;'-’ Vigd ==Ly} + g {-n — cos™! -l;al—‘)}

where w = /(A/mly).
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75. Fuarther Applications. In the working of examples on
elastic strings or springs it is not necessary that the data should
include the natural length and the modulus of elasticity pro-
vided that the ratio of an additional force to the additional
length it produces is given.

Bxample. (i) 4 dody of mass 5 1b. is hung on a light spring and s
Jound to stretch it 6 tns. The mass is then pulled down a further 2 tns. and
released. Find the period of the oscillations and the kinetic energy of the
mass as &t passes through tts equilibrium position.

Since a stretch of ‘5 ft. is due to a force of 5 lb. weight therefore a
stretch of x ft. would correspond to a tension of 10z lb. weight.

In the equilibrium position the weight is balanced by the tension, and
when the body is at a distance z ft. below the equilibrium position there
is therefore an extra tension of 10zg poundals acting upwards on the body;
and it is this extra unbalanced tension which causes acceleration, so that

5% = — 10zg,
or F = — 64z,
Hence the period =2 /,/684 =}m =785 sec.

Again the velocity is greatest as the body passes through the equilibrium
position and is then o x amplitude, where w?=64 and amplitude=2 ins.
=} ft.

Therefore the velocity v=4/3 f.s., and the kinetic energy

$mrd=4 x5 x 3% absolute units =42 x & = & foot pound.

(ii) 4 cage of mass M Ib. '3 being pulled wp with uniform velocity w by
a long steel cable when the upper end of the cable ts suddenly fixed. Having
grven that a weight of m lb. would extend the cable 1 fi., shew that the
amplitude of the oscillation of the cage 18 u /(M|mg).

If the cage were hanging from the cable at rest, the cable, though
extended by the weight of the cage, would have a definite length which
we may call the equilibrium length, and such a position of the cage may
be called an equilibrium position. When the upward motion is uniform,
since there is no acceleration, the length of the cable will remain the
equilibrium length and the position of the cage relative to the upper end
of the cable will still be the equilibrium position.

‘We assume that any vertical displacement of the cage which extends or
compresses the cable results in an extra tension or thrust proportional to
the extension or compression. Hence, after the fixing of the upper end of
the cable, the motion of the cage becomes a simple harmonie motion about
its equilibrium position, starting from this position with velocity w.

Since a weight of m lb. would extend the cable 1 ft., therefore a
displacement of the cage through z ft. from the equilibrium position
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would be opposed by an unbalanced force of ma pounds weight, so
that
Mi= —mgz,
or £= - wlz,
where w?=mg| M.

But if a is the amplitude of the oscillation the velocity at the centre of
the harmonic motion is aw.

Therefore aw=1u ; but w=,/(mg/H),
8o that a=1u ,/(M/mg).

(iii) 4 heavy particle is supported in equilibrium by two equal elastic
strings with their other ends attached to two points tn a horizontal plane
and each inclined at an angle of 60° tg the vertical. The modulus of
elasticity s such that when the particle is suspended from any portion of the
string 118 extension is equal to 1¢s natural length. The particle is displaced
vertically a small distance and then released. Prove that the period of its
small oscillations 18 21 A/ 20/6g, where L is the stretched length of either string
tn equilibrium. [S. 1923]

Let m be the mass of the particle and A the modulus of elasticity. Then
by supposing the particle to be _
suspended from any portion of the B 3/31. A
string, since the extended length is
double the natural length we find
that A=mg.

If J, be the natural length of
either string, we have, in the equi-
librium position,

I=b,
Z .

mg =2\ L=l cod 60° =
o
but A=myg, therefore lo=41.

Let x denote the vertical displacement and y the length of either string
at time ¢, To find the period of small oscillations we want to obtain an
equation of the form

. B= —
where p is a constant. It will therefore be sufficient for our purpose to
write down the equation of motion at time ¢ and neglect all powers of z
higher than the first.

We bave mﬁ=my—27\y;l°cos OPA,
: 0

where P is the particle at time ¢, O is its equilibrium position and
PA=PB=y are the strings.
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Now P=(z+30)+38
=P+tilrt+x?;

therefore y=l<l +’;)i=l+§x,

correct to the first power of x, and
Ytz btz
cos OPA = p ¥3

()05

to the first power of .

Hence mﬁ=mg... 2ﬂ—t§§l§:ﬂ) . % <1 + :}2_‘_;") ,
therefore F=g—g (1.{.%) (1+g§),
. . bgz
or T = —ET’

which represents a simple harmonic motion of period 2 4/2!/5g.

(iv) A warship is firing at a target 3000 yards away dead on the beam,
and 13 rolling (stmple harmonic motion) through an angle of 3° on either
side of the vertical in a complets period of 16 secs. A gun ts fired during a
roll 2 secs. after the ship passes the vertical. The gun was correctly atmed
at the moment of firing, but the shell does not leave the barrel tll 0°03 ssc.
later. Shew that the shell will miss the centre of the target by about 4 feet.

[S. 1923]

Let 4 denote the angle turned through by the ship in ¢ seconds after
passing the vertical. Then the change in 8 is simple harmonic, so that it
is connected with ¢ by an equation

Gm =020 oo, (1),
where 2m/n=the complete period =16 secs.

The complete solution of (1) is

6= A sin nt+ B cos nt,
but 8 vanishes for ¢=0, therefore B=0, and
6 =4 sin nt.

Also A4 is the amplitude of the oscillation, i.e. an angle of 3° or
/60 radians.

The angular velocity is therefore given by

de=nA cos nt ;
and 2 secs. after passing the vertical the value of this is

T L

8807’
or taking =?as equal to 10, the angular velocity of the ship at the instant
of firing the gun is 1/48 /2 radians per sec.
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It follows that during the 003 sec. before the shell leaves the barrel
the gun receives an additional angular elevation 3=-03/48 /2 radians.
Now if ¥ be the velocity and a the angular elevation of projection,

( V¥ sin 2a)/g=9000 feet ;
and, if A denote the additional range when the elevation is a3,
V2sin 2 (a+8)/g=9000+4;
or V2 (sin 2a + 23 cos 2a)/7 =9000+ A,
so that A=180008 cot 2a.

Also the shell will pass over the centre of the target at a height
A tan (a+38) approximately; and if we neglect the square of the angular
elevation, this is equal to 90008, and substituting the value found for &
this gives 4 feet as the approximate result.

7-6. Simple Pendulum. The simple pendulum consists of a
heavy particle suspended from a fixed point by a fine thread
moving in a vertical plane.

Let m be the mass of the particle and [ the length of the
thread. If at time ¢ the thread makes an
angle @ with the vertical the acceleration
of the particle along the tangent to its
path is !§. The forces acting on the par-
ticle are its weight mg and the tension of
the thread and the former alone has a
component along the tangent. Hence by
resolving along the tangent we have

. !
mlf = — mg sin 6. I

If the oscillations are so small that we may put 6 instead of
sin 6, the equation becomes
16 = - gé.
This equation represents a harmonic oscillation of period

2w J(lg).
A “seconds pendulum” is one of which a single swing or
half-period occupies one second, so that the length of the
seconds pendulum is given by 7 +/(l/g) =1, or I =g/=™.

7-61. Equivalent Simple Pendulum. Anysimple harmonic
motion may be compared with the motion of a simple pendulum
and such motions may be regarded as equivalent if their periods
are the same.
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Thus, if we compare the equations

o

=—uz and 1§=—gé,

they represent equivalent motions if u=g/l; and we may
therefore say with regard to the motion #=—puz that the
‘length of the equivalent simple pendulum’ is g/u.

Hxample. 4 particle of mass m is attached to the middle point of @
string of length 2b which is tightly stretched between two fizxed points. To

T T
//Q/Tx\\
b o b
find the length of the equivalent simple pendulum, when the particls is dis-
wlaced at right angles to the string, neglecting the force of gravity in com-
parison with the tension of the siring.

If z denotes the displacement of the particle, the increase in length of
the string is 2 {\/(6? + #?) — b} and, if we neglect all powers of z above the
first, this is zero. Therefore the tension 7' remains constant and by
resolving at right angles to the string we get

i=—2Tx[J(b+2%),

or, neglecting 3, mi = — 2Txz[b.

Comparing this equation with [§= —gé, we see that the length of the
equivalent simple pendulum is given by
t_mb
g 27
or {=mgb/2T.

7:62. As an illustration of the finite oscillations of a simple
pendulum we will take the following:

Hxample. 4 particle moving along the axis of z has an accsleration
Xz towards the origin, where X is a positive function of x which s unchanged
when —z is put for z. The periodic time, when the particle vibrates between
z=—a and z=a, 18 T. Shew that

2n/V X, < T<2n |V X,

where X, Xy are the greatest and least values of X within the range x=—a
lo x=aq.

Shew that, when a simple pendulum of length | vibrates through 30° on
either sids of the vertical, T lies between

%Vm;ﬂd2ﬂv%WVW1
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‘We have #= — Xz, throughout the motion, therefore
2t = — 2 X4,

Integrate this, remembering that the velocity & vanishes when 2 =a, and
we get
@ a
= -2/ Xxd.v=2/Xxdx.
a z

Therefore dt = __:glx____, the negative sign since we have supposed

]

the motion to begin from z=a, so that x is decreasing as ¢ increases. The
period is four times the time from x=a to =0, thercfore

Now X is a positive function, and
X, >X>X,,

therefore 2/aXlzdz>2[4Xxdx > 2/GX,xdx;
2 z x
and X, X are constants, so that the last line gives

X, (a2~ 2?) > 2/aXxdz > X;(a?—22).

Hence
a dx ) dz a dx
¢ -——————-—<4/ S o A— <4/ S A
/ o VX (@=a%} =" o \/ f “Xeas} o L@
& dx . x]e
but 4 /o J(z;’:x_?)=4 l:sm la]o ==21r,
therefore 2rW X, < T < 2n/VX;.
Again the equation of motion of the simple pendulum
l§=—gsind
may be written b= _%75_11;_0 .4,

and sin §/4 is positive and unchanged when —4@ is put for 4, so that the
last result may be applied. Also as  increases from O to /6, sin /8
decreases from 1 to 3/m, and therefore the greatest and least values of

'%51%—8- are gl and % ?r— Hence the period lies between

2m A/l/g and 2% A/g x /= [3.
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7-7. Disturbed Simple Harmoniec Motion. Suppose that
in addition to the force varying as the distance there is a force
in the line of motion producing a constant acceleration f in
the positive direction of the axis of #. Then

&=—pz+f
or E=—p(@— flu).

If we put £=2a"+ f/u, which is equivalent to moving the
origin to the point of equilibrium = f/u, the equation becomes
& =—ua'.

This shews that the effect of the constant force is merely to
move the centre of the simple harmonic motion a definite
distance f/u in the direction of the constant force; i.e. the
centre of the simple harmonic motion is the point of equi-
librium, or the point where the variable force is balanced by the
constant force. We have had applications of this in problems
of masses suspended by elastic strings or springs (7-4, 7°5)
where the constant force of gravity causes the extension of the
string or spring and the oscillations take place about an
equilibrium position.

711, Perlodic Disturbing Force. Forced Oscillations.
The equation E=—pr+fcospt .cecriiniininnnn.n. 1)
represents harmonic motion disturbed by a periodic force pro-

portional to cos pt.

To find a particular integral of this equation, substitute

= Ccos pt
and we get — Cp?cos pt = — uC cos pt + f cos pt;
so that @ = C cos pt is a solution provided that
oY e p=d 08P
C=fl(u—p?; le.z= !
is a particular integral. The complete solution is found by
adding to the particular integral the complete solution of
&4+ pr=0,
whlch by 1-7(16) or by 7°1(2) is
Asin Vut+ Beos Vut,

80 that = AsinVput+ BeosVut +f:os:t ......... (2).
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The two parts of the solution represent what are called the
‘free’ and the ‘forced’ oscillations, the latter being of the same
period 27/p as the disturbing force. Either free or forced oscil-
lations can exist independently and the actual motion may be a
combination of both, depending on the initial circumstances.

When p? is nearly equal to u, ie. when the forced and the
free oscillations have nearly the same period, the amplitude
fl(u—p* of the forced oscillations is large. When p?=p,
equation (1) no longer has a solution of the form z= Ccos pt;
but if we substitute z = Ct¢sin p? in (1) we get

O (— p?t sin pt + 2p cos pt) = — uCtsin pt + f cos pt,
which gives O'=f/2p, so that the forced oscillation is now

S

represented by @ = Z- ¢sin pt; shewing that the amplitude of
P y 2 P 8 P

the forced oscillation increases continuously with ¢.

The phenomenon of the large amplitude of vibration of a
body forced to vibrate with a period nearly equal to that of its
free vibrations is a familiar one in the theory of sound and of
electromagnetism and is known as resonance. The reason why
troops are ordered to fall out of step in crossing a bridge is lest
by forcing upon the structure vibrations of period nearly the
same as that of a free vibration, displacements of large ampli-
tude should be set up and cause the bridge to break.

7-72. Bxample. Consider again the problem of 7°61, supposing that
one end of the string is fixed while the other end has a periodic motion of
small amplitude at right angles to the string such that the displacement at
time ¢ s given by £ =a sin pt.

As before, if z denotes the displacement of the particle, and we neglect
z? and a? we can shew that

the tension 7' remains con- T T E
stant. Resolving in the di- "
rection of x, we have, for the 2 R
motion of the particle,
mi=—~ Tx/b+ T (§-z)/b,

or, putting 27'/mb=n%, we get

, ' F= - ndz+4ndasinpt.

The solution is, as in 7°71, )

x=Asinnt+ Bcosnt+4 nlasin pt sesrersnrsentennes (3).

n?—p3
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Suppose that when ¢=0, £ =0 and £#=0; the first of these conditions

requires that B=0, and the second makes 0=n4 +§» " aﬁz- In this case

therefore the solution (3) takes the form

T=} nﬂtapi (nsin pt — p sin nt),

and represents a combination of forced and free oscillations.
If however we suppose that when ¢=0, =0 and that the velocity # is

then } P” we find that both 4 and B are zero, so that with this set of

initial condxtlons (3) becomes

n*asin pt
e

shewing that now there are no ‘free’ oscillations but the ‘forced’ oscillations
alone,

78. Damped Harmonic Oscillations. When a particle
moves in a straight line under the action of a force towards a
fixed point in the line, varying as the distance, and the motion
i8 resisted by a force proportional to the velocity, we may write
the equation of motion

=— ux — 2k,
or E4+2ki+pr=0 ...ccieviiininninnnn. (1).
This equation is solved in 1-7. There are three cases.
If u < k3 the solution is of the form

@=Ag~RHilwt BeR—dW-wt 17 (10),

and the motion is non-oscillatory.
If w=~FK2 the solution is of the form
g=e¢M(A+DBt) .....ovvvunenn. 1-7(11),

which again does not represent oscillations; but if u > k2 the
solution may be written

z=¢"¥ (4 cosnt+ Bsinnt) ......... 1-7(12),
where nd=pu—k?
or @ = Ce* cos (nt + €),

where O and e are arbitrary constants.

This last result represents harmonic oscillations with ampli-
tude Ce* decreasing steadily with the time. They are called
damped oscillations and ¢® is the damping coefficient. The
oscillations die away as ¢ increases.
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7'9. Damped Forced Oscillations. The equation
& + 2k + px = f cos pt

represents damped forced oscillations. The complete solution of
this equation is got by adding a particular integral to the
solution of equation (1) of 7°8.

To find a particular integral we substitute

z=F cos pt + Fsin pt
as a trial solution, and we find that it satisfies the differential
equation if
E (— p?cos pt — 2kp sin pt + u cos pt)
+ ¥ (— p*sin pt + 2kp cos pt + u sin pt) = f cos pt.
Hence we must choose £ and ¥ so as to make the last equation
an identity for all values of £, i.e. equate to zero the coefficients
of cos pt and sin pt. Therefore
(n—p* E+2kpF - f=0,

and —2kpE + (u—p*) F=0;

E _F___ J
Bt 2hp T (u— i ki
Therefore the required integral of the given differential equa-
tion is

whence

(p — p?) cos pt + 2kp sin pt

z=f (n— PP+ dlp? ’
_ cos (pt + a)
or “’—'f {(I‘-Pz)2+ 4/»“'})2}%’
h tan a = 2k
where ot

Hence, in the case in which u > k3% the complete solution is,
from 78,

s (pt +
x = Ce~* cos (nt + €) + feos(pt+a)

{(u — p2+ 4k2py ¥’

where n¥=pu — k2

The two terms represent the free and the forced oscillations,
and owing to the damping the free oscillations die away and
the forced oscillations alone persist.
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EXAMPLES

'L A particle of mass m is moving in the axis of # under a central force
pmz to the origin. When ¢=2 seconds, it passes through the origin, and
when ¢=4 seconds, its velocity is 4 feet per second.

Determine the motion and shew that, if the complete period is 16 seconds,

32 V2 (oot [S. 1926]

T

the amplitude of the path is

2. A mass of 11b. is hung on to a light spiral spring and produces a
static deflection of 1§ inches. A mass of 11b, is suddenly added to the
original mass. (i) Find the maximum elongation produced ; (ii) shew that
the time of an oscillation of the whole mass is approximately § sec.

[S. 1911]

3. A body is suspended from a fixed point by a light elastic string of
natural length / whose modulus of elasticity is equal to the weight of the
body and makes vertical oscillations of amplitude @. Shew that, if as the
body rises through its equilibrium position it picks up another body of
equal weight, the amplitude of the oscillation becomes (I + §a?)k.

[S. 1921]

4. A mass m hangs from a fixed point by means of a light spring, which
obeys Hooke’s law, the mass being given a small vertical displacement. If
7 is the number of oscillations per second in the ensuing simple harmonic
motion, and if ! is the length of the spring when the system is in equi-
librium, find the natural length of the spring, and shew that, when the
spring is extended to double its natural length, the tension is m (47w2n2l-g).

[S. 1925]

5. A heavy particle of mass m is attached to one end of an elastic string
of natural length @, whose other end is fixed at 0. The particle is let fall
from rest at 0. Shew that part of the motion is simple harmonic, and
that, if the greatest depth of the particle below O is a cot? 46, the modulus
of elasticity of the string is 4mg tan?d, and that the particle attains this
depth in time

?g-‘-’a +(m—6) cot 8),
where 4 is a positive acute angle, [M. T. 1915)

. 68. A horizontal board is made to perform simple harmonic oscillations
horizontally, moving to and fro through a distance 30 inches and making
15 complete oscillations per minute. Find the least value of the coeflicient
of friction in order that a heavy body placed on the board may not slip.

[S. 1918]
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7. An elastic string is stretched between two fixed points 4 and B in
the same vertical line, B being below 4. Prove that, if a particle is fixed
to a point P of the string and released from rest in that position, it will
oscillate with simple harmonic motion of period ¢ /u and of amplitude ua,
where ¢ is the period and a the amplitude when P coincides with the mid-
point of 4B, and p=44P.PB/AB% The string may be assumed taut
throughout. [S. 1924]

8. A string 4B consists of two portions 4C, CB of unequal lengths and
elasticities. The composite string is stretched and held in a vertical
position with the ends 4 and B secured. A particle is attached to C, and
the steady displacement of C is found to be 8. Shew that a further small
vertical displacement of € will cause the particle to execute a Simple
Harmonic Motion, and that the length of the equivalent simple pendulum
is 8. Both portions of the string are assumed to be in tension throughout,
and the weight of the string may be neglected. - (M. T. 1920]

9. A light elastic string is stretched between two points in the same
vertical line, distant { apart. The tension in the string is #. A body,
whose weight is small compared with #) is attached to the mid-point of
the string, causing it to sink a distance d. Shew that the periodic time, 77,
of small vertical oscillations of the body is the same as that of a simple
pendulum of length d.

If the periodic time of small horizontal oscillations of the body is 7%,

shew that the mass of the body is approximately
Fd (Ty\3

45 (71) : [M. T. 1925]

~10. On a given day the depth at high water over a harbour bar is 32 ft.,

and at low water 6} hours earlier it is 21 ft. If high water is due at

3.20 p.m., what is the earliest time at which a ship drawing 28 ft. 6 ins.

can cross the bar, assuming the rise and fall of the tide to be simple

harmonie ? [S. 1917]

11. A particle is constrained to move along a straight line, and is
attracted towards a fixed point O in that line by a force proportional to
its distance from 0. It is subjected in addition to a constant force X,
acting in the same straight line away from O, and of magnitude sufficient
to hold the particle in equilibrium at another point 4. Shew that the
most general motion possible to the particle is a simple harmonic oscillation,
of arbitrary magnitude and phase, about the point 4 as centre.

The particle being initially at rest at O, the force X is applied and
maintained constant for an interval ¢, after which it ceases. For what
value of ¢ (expressed as a fraction of the natural period 7') will the particle
arrive at A with zero velocity ? (M. T. 1927]
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12. A ship is rolling with a period of 10secs, A man at the masthead
100 feet above the deck is swung to and fro 25 feet on either side of the
vertical with a motion which is approximately horizontal and simple
harmonic. The man weighs 200 lb. and his horizontal hold failing at
601b. he is thrown off the mast. The width of the deck being 80 feet, prove
that he falls clear of the ship.

[Assume n¥=10 and g=32 f.s. units.] [M. T. 1913]

13. A ehip is making n complete rolls a minute and the motion of the
masthead A feet above sea level may be taken as a horizontal simple
harmonic motion of total extent 2a. When at a distance # from the mean
position a weight falls from the masthead. Find where it will hit the
water, and prove that the distance of this point from the ship will be a
maximum when

hnd\ ¢
z=a (l +m_6) » 8Pprox. [S. 1927]

14. A particle when hanging in equilibrium at the end of a light elastic
string stretches it a distance a. Prove that the period of vibration of the
particle in a vertical line through its equilibrium position is the same as
that of a simple pendulum of length a.

A light endless elastic string of unstretched length 2b passes over two
small smooth pegs on the same level distant b apart. A particle is attached
to a point on the string and when the particle is in equilibrium the string
forms the three sides of an equilateral triangle. Prove that the period of
vibration of the particle in a vertical line is the same as that of a pendulum

of length 3-;/-31 b. [S. 1915]

15. A mass of 121b. hangs from a long elastic string which extends
025 inch for every pound of load. The string and the given mass are
moving upwards in relative equilibrium with uniform velocity 2 feet per
second, when the upper end of the string is suddenly brought to rest.
Find the distance through which the mass will oscillate. [S. 1918]

16. According to Hesiod the anvil of Vulecan would take 9 days and
9 nights to fall from the Earth to the realms of Hades. Placing Hades at
the centre of the Earth and assuming that the acceleration downwards
varies directly as the distance from the centre (and is 32 ft./sec.? at the
Earth’s surface), shew that Hesiod’s figures would give a value of about
15 x 108 miles for the Earth’s radius. [S. 1924]

17. Prove that if a point move in an arc of a parabola having the vertex
as middle point so that the motion of the projection of the point on the
axis of the parabola is simple harmonic, then the motion of the projection
of the point on the directrix is also simple harmonic and of double the

period. [S. 1924)
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18. A heavy particle hangs at one end of a light elastic string which is
such that the period of a small vertical oscillation of the particle is 2w 7.
The string is moving vertically upwards with uniform velocity g7 and the
particle is in relative equilibrium. Shew that, if the upper end of the
string is suddenly fixed, the string will become slack if 7} is greater than
T, and that in this case the new motion has a period

2 (w—cos~ T|T,) T+2 (T2 - TR [S. 1926]

19. A ring of mass m can slide on a smooth circular wire of radius a in
a horizontal plane. The ring is fastened by an elastic string to a point in
the plane of the circle at a distance ¢ (> a) from its centre. Shew that if
the ring makes small oscillations about its position of equilibrium the

— t
period is 2w {g—l(t:g—cﬁ%)} , where X is the modulus of elasticity of the
string and ! < (¢—a) is its natural length. [8. 1924]

20. A partiole of mass m lies upon a smooth horizontal table and is
attached to three points upon the table, at the vertices of an equilateral
triangle of side 2a, by means of three strings of natural lengths , I’ and '
and of moduli A, X" and X’ respectively. Shew that if the particle can rest
in equilibrium at the centre of the triangle, then

2a (Al—=N[U)=(\ =\)J3.

Find also the period of a small oscillation of the particle in the line of
the string of natural length Z. [S. 1926]

21. A particle of unit mass is tied by four equal elastic strings of
patural length ! and modulus of elasticity A to the corners of a square.
If the particle is displaced a small distance towards one of the corners and

then set free, prove that the time of a small oscillation is n\/ N (:%7)’
where @ is the length of the diagonal of the square and a is so much
greater than I that the strings remain stretched. [S. 1909]

29. It is required to bring to rest a weight W which has fallen freely
from a height 42 by means of the direct pull of a rope of modulus A, one
end of which is attached to it and the other to a point at a variable height
vertically above. Find the minimum length of rope if the tension is not
to exceed a given value 7. Shew that with this length of rope the distance
in which the weight is stopped is

2Wh
o [S. 1921]

23. A particle is hung at the end D of a light string CD knotted at ¢
to two equal light strings AC, CB fastened at points 4, B at the same
level. Find the equations of motion for small oscillations of the particle
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in the vertical plane through 4B, and in the vertical plane through €
perpendicular to 4B, and integrate them.

If a is the depth of C below 4B in equilibrium, and CD=b, shew that,
when a=23b, the particle may be made to describe an arc of a parabola.

[M. T. 1922]

ANSWERS
2. 4Birs. 4, l-g/anins, 6. 0%.  10. Oh. 56m. 57s.
1L 37 16. 4:24 ins, 20. 2 {m/cﬁh'_s_\[sx)} '

22. ONWWA/(T3-2TW).



Chapter VIII
MOTION UNDER CONSTRAINT

81. A particle may be constrained to move along a given
curve or surface, and the constraint may be one-sided, as for
example when a heavy particle slides on the inside of a spherical
surface and is free to break contact with the surface on the
inside of the sphere but cannot get outside. There will then be
& normal pressure inwards exerted by the sphere on the particle
so long as contact persists, and the pressure will vanish at the
point where the particle leaves the surface. On the other hand
if the constraint is two-sided as when a particle moves in a fine
tube, or a bead moves along a wire, then the normal reaction
may vanish and change sign but the particle persists in the
preseribed path.

82. Motion of a Heavy Particle on a Smooth Curve in
a Vertical Plane. The motion is determined by the tangential
and normal components of acceleration. The beginner may find
it useful in such problems as this to make two diagrams, one
showing the components of acceleration multiplied by the mass
and the other showing the forces. It is then only necessary to
realize that the two diagrams are equivalent representations
of the same vector, so that the resolved parts in any assigned
direction in the two diagrams are equal.

mo?

If m is the mass of the particle the forces acting on it are
the weight mg and the reaction R along the normal. The com-
ponents of acceleration are vdv/ds along the tangent and v*/p
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along the inward normal (5:11). Hence, by resolving along the
tangent, we get
mvdv/ds = — mg sin Y = — mgdy/ds,
therefore, by integration,
tmv=0—-mgy;
or, if vy is the velocity when the ordinate is %,, we have
tm (P =) =mg (Yo—Y) «erverrerennn.. 1).

This is the equation of energy and might have been written
down at once; for since the curve is smooth no work is done
by the reaction R in any displacement, so the increase in kinetic
energy is equal to the work done by the weight.

Again, resolving along the normal, we get

. mifp=R—mgcosy .......ceerenenen. (2).
Substituting for v from (1), we have
R=mgcos¥ +m {ve + 29 Yo—y)}/p +eevv-.. 3).

Assuming that the form of the curve is given, the values of p
and Y at any point can be determined, and thus R is known;
and if we equate to zero the value of R we shall have an equation
to determine the point, if any, at which the particle leaves the
curve.

8:3. Motion of a Heavy Particle, placed on the outside of
a Smooth Circle in a Vertical Plane and allowed to slide
down. If the particle starts from @ at an angular distance a
from the highest point 4, and A
a is the radius of the circle and
v the velocity at P where the
angular distance from 4 is 6,
then, from 82 (1),

v = 2ga (cos a — cos 0).
Also by resolving along the inward normal
mvl/a =mg cos § — R,

where R is the outward reaction of the curve,

Therefore R =mg (3cos 6 —2 cosa),
shewing that the pressure vanishes, and that the particle flies
off the curve, when cos § = § cos a.
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831. Motion In a Vertical Plane of a Heavy Particle
attached by a Fine String to a Fixed Point. Suppose that
the particle starts with velocity » from its lowest position

B. If v is the velocity at P and 6 A

is the angle that the string makes ’\
with the vertical, the equation of
energy is

3m (v —u*)=—mga (1l —cosb)...(1),
and by resolving along the inward

normal
mvi/a =T —mg cos 6,

where 7' is the tension of the string.
Therefore

T =m (3¢ cos 8§ — 29 + u?/a)
To find the height of ascent we put v="0 in (1), and get
290080 =29a—u? ....ccoenvrnninnne 3),

and by putting 7'=0 in (2), we find that the tension vanishes
when
8gacosf=2ga —u? .......ceuvvunenn. (4).
We have the following cases:

(i) If w?< 2ga, the string does not reach the horizontal
position and the tension does not vanish.

(i) If u?=2ga, the string just reaches the horizontal position,
the tension vanishes for § =}, and the particle swings through
a quadrant on each side of the vertical.

(iii) If 2ga <u®< Bga, we find that there is a value of 6, an
obtuse angle, given by (4) smaller than that given by (3), so
that the string becomes slack before the velocity vanishes and
the particle will fall away from the circular path and move in
a parabola till the string again becomes taut.

(iv) If u=>5ga, the tension just vanishes in the highest
position, but v does not vanish, so that circular motion persists.

(v) If u? > 5ga, neither v nor T vanishes,

This is an example of a one-sided constraint; if instead of the
problem of a particle attached to a string, we consider that of
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a bead sliding on a wire, we find that for all values of u?
greater than 4ga the bead will describe the complete

circle.

84. Cycloidal Motion. A cycloid is a curve traced out by
a point on the circumference of
a circle as the aircle rolls along
a straight line. Let P be the
point on the circumference, C
the centre of the circle, AGD
the line on which it rolls, @ the
point of contact, ie. the instan- ___
taneous centre of rotation. PG
is therefore normal to the path of I and the tangent PT passes
through the other end of the diameter through G. Let 4 be
the position of P when it is on the given line, then since the
circle rolls we have AG@=arc GP, and if PCP is a diameter
and GD = arc GP, then P will coincide with D when the circle
has turned through an angle =, and P will then be at O, which
18 called the vertex of the curve, the line 4D being called the
base. As the rolling proceeds the curve is repeated with a
cusp at 4 and wherever P reaches the fixed line.

Take axes Oz parallel to DA and Oy along 0D, and let «, y
be the coordinates of P and a the radius of the circle. Let the
angle PTz=1+. Then the angle P’GT in the alternate segment
is also Yr and PCT' is 2V, so that

z =0T + CP sin 2y = a (24 + sin 2v),
and y=CT~ CP cos 2¢r = a (1 — cos 2¢).

These are the ‘parametric’ equations of the cycloid. For
the intrinsic equation, if s denote the arc OP, we have

dst = da? + dy?
= 4a? {(1 + cos 2¢)% + sin? 2y} d*
=8a? (1 + cos 2yr) dyr? = 16a? cos? yrd3,
so that ds = 4a cos yd,
and by integration §=4aBID Y .iiviiiriiiiiiernnnenns 1);

1
JD G
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and thig is the intrinsic equation, no constant of integration
being required since s and 4 vanish together.
We notice that the radius of curvature
p=ds/dyr=4acosy =2PG,
so that if PG be produced to @ so B £
that GQ = P(@, then @ is the centre
of curvature. Q
Also if we draw an equal circle

to pass through @ and touch AG
ab @, it is easily seen that the locus D

of centres of curvature or evolute G A
of the cycloid could be constructed

by rolling this second circle along a C

parallel line EB. A cusp of one P

cycloid corresponding to a vertex of
the other and vice versa.

Now let us consider the motion of a particle under gravity
on a smooth cycloid in a vertical plane with its base horizontal
and vertex downwards.

Resolving along the tangent we have m§=—mgsin; but

8=4dasinvy,

o

therefore § = — gs/4a. R

This equation represents a peri-

odic motion, the time of oscilla- mg
tion being 27 v/(4a/g). It follows —~ v

that the particle oscillates on 0

either side of the vertex with a period that is independent of
the amplitude. This property is called the ‘isochronisin of the
cycloid.

We recall that the formula 27 4/({/g) obtained for the period
of vibration of a simple pendulum depended on the amplitude
being so small that 6 can be used for sin §, and we now see
that if the ‘bob’ of the pendulum could be made to move in
a cycloidal path the formula for the period of vibration would
be independent of the amplitude. This can be attained by
making the string that supports the bob wrap and unwrap
itself on cycloidal arcs.
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Thus in the second figure, from (1)
the arc 4Q = 4a sin QGD
=QP,
while arc AB = 4a.

Hence if a string of length 4a had one end fastened at B
and were wrapt round the curves B4 and BA’ alternately, the

8

o

other end P would trace out the cycloid 40A4’, and a particle
attached to P moving under gravity and the tension of the
string would oscillate in the time 2 4/(4a/g) whatever be the
amplitude of the oscillation within the limits 404,

EXAMPLES

1. A heavy particle of weight W, attached to a fixed point by a light
inextensible string, describes a circle in a vertical plane. The tension in
the string has the values m W and » W, respectively, when the particle is
at the highest and lowest points in its path.

Shew that n=m+6. [M. T. 1927]

2. A heavy particle slides under gravity down the inside of a smooth
circular tube held in a vertical plane. The particle starts at the highest
point with the velocity it would acquire if it fell down the radius, prove
that when in the subsequent motion the vertical component of its down-
ward acceleration is & maximum the pressure on the curve is equal to
twice the weight of the particle, (8. 1819]
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3. A heavy particle, hanging from a fixed point by a light inextensible
string of length a, is projected horizontally with velocity V. Shew that
during the circular motion the tension of the string at any time is
proportional to the depth of the particle at that moment below a certain
horizontal line ; and find the values between which ¥ must lie that the
string may become slack. [M.T. 1916]

4. A particle is projected along the inner side of asmooth circle of radius a,
the velocity at the lowest point being w. Shew that if 2ga<u? <bga
the particle will leave the circle before arriving at the highest point and
will describe a parabola whose latus rectum is 2 (u?—2ga)3/27g%a3.

[S. 1916]

5. A particle slides down the surface of a smooth fixed sphere of radius
a, being slightly displaced from rest at the highest point. Find where it
will leave the sphere, and shew that it will afterwards describe a parabola
of latus rectum 4$a, and that it will strike the horizontal plane through

/
the. lowest point of the sphere at a distance ﬂ*/ﬁ%ﬂ from the

vertical diameter. [S. 1918]

6. Two beads connected by a string are held at rest on a vertical
circular wire with the string horizontal, and above the centre. Their
masses are m, m’, and the string subtends an angle 2a at the centre. If
the beads are released, shew that the tension of the string when it makes
an angle § with the horizontal is

2mm’g tan a cos 6

— . [S. 1917]

7. Two equal particles are tied together by a light string of length wa/2
and rest in equilibrium on the surface of a smooth circular cylinder in a
plane perpendicular to the axis of the cylinder, which is horizontal, the
radius of the cylinder being a. The particles are then slightly displaced
in a plane perpendicular to the axis of the cylinder. Prove that when the
lower of the two particles leaves the surface, the pressure on the other is
rather more than three-fourths of its weight. [S. 1912]

8. A particle starts from rest at any point P in the arc of a smooth
cycloid whose axis is vertical and vertex 4 downwards; prove that the

time of descent to the vertex is ,\/ g, where a is the radius of the
generating oircle,

Shew also that if the particle is projected from P downwards along the
curve with velocity equal to that with which it reaches 4 when starting
from rest at P, it will now reach 4 in half the time taken in the preceding
case, [S. 1815]
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9. A partiole is constrained to move under gravity on a parabola with
axis vertical and vertex upwards. Shew that the pressure on the curve is
numerically m (u®—gl)/p, Where u, is the velocity at the vertex, 2/ the
latus rectum and p the radius of curvature at any point.

‘What is the meaning of the special case ug?=gl 1 [M. T. 1927]

10. A heavy particle P slides on & smooth curve of any form in a
vertical plane. The centre of curvature at P is ¢, and & is on the same
vertical as @ and at the level of zero velocity. Shew that the acceleration
makes with the normal an angle tan=? (4 tan PR@). [S. 1912]

11. A smooth wire is bent into the form y=sinz and placed in a
vertical plane with the axis of z horizontal. A bead of mass m slides down
the wire starting from rest at =3} n. Shew that the pressure on the wire
a8 the bead passes through the origin is mg/y/2, and find the pressure as
it passes through = —$§=. [S. 1921]

12. A bead moves on & smooth circular wire under the action of forces
tending to the corners of a regular polygon concentric with the circle.
The forces vary as the distance and are equal at equal distances. Prove
that the pressure on the wire is constant. [S. 1901)

13. A particle of mass m is attached by a string to a point on the
circumference of a fixed circular cylinder of radius @ whose axis is vertical,
the string being initially horizontal and tangential to the cylinder. The
particle is projected with velocity v at right angles to the string along a
smooth horizontal plane so that the string winds itself round the cylinder.

Shew (i) that the velocity of the particle is constant,

(ii) that the tension in the string is inversely proportional to the
length which remains straight at any moment,

(iii) that if the initial length of the string is / and the greatest tension
the string can bear is 7, the string will break when it has turned through
an angle

lja~mv3faT. [S. 1927]

14. A switchback railway consists of straight stretches smoothly joined
by circular arcs, the whole lying in a vertical plane. Shew that a car
started on a level stretch and running freely will leave the track if the
downward gradient exceed cos™! % at any point; but that if braking is
available up to half the weight of the car, gradients of about 70° are
admissible,

A level and a straight descending stretch are smoothly joined by an arc
of radius . Two equal cars without brakes are joined by a cable of
length 22, Shew that the greatest admissible gradient such that the
second car does not leave the track is cos—! }§.

[Neglect the size of the cars, and resistance to motion other than
braking.] [S. 1924)
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15. A small ring fits loosely on a rough spoke (length ) of a wheel
which can turn about a horizontal axle and the ring is originally at rest
in contact with the lowest point of the rim : if the wheel is now made to
revolve with uniform angular velocity o, prove that the angle  through
which the wheel will turn before the ring slides is given by the equation

cos ( —1)/cos A + wa/g=0,
where A is the angle of friction. [S. 1910]

ANSWER
11 mg (3+4/2).



Chapter I1X

THE LAW OF REACTION. GENERAL
PRINCIPLES

91. So far we have been concerned with the motion of a
single particle. When two or more particles are moving in such
a manner that the motion of any one is affected by the presence
of the others we have to make use of another law enunciated
by Newton, viz. Action and Reaction are equal and opposite,
or, the actions of two bodies on one another are always equal and
oppostte. In explicit terms this means that if a body A4 exerts
a force F on a body B, then B exerts an equal force F on A4 but
in the opposite direction. Consequently the momentum com-
municated to 4 by the action of B is equal and opposite to the
momentum communicated to B by the action of 4.

Consider the case of a system of bodies, attracting or repelling
each other or acting on one another by contact, or through con-
nections by means of strings or rods, either for a finite time or
by instantaneous impulses. In this case any momentum which
is produced or destroyed in any assigned direction is accom-
panied by the production or destruction of an equal momentum
in the opposite direction.

Hence 1t follows that, if no external forces act on a system of
bodies, the total momentum of the system in any assigned direction
remains constant.

This is the prineiple of conservation of linear momentum.

92. Motion of a system of particles. Let (24, v1), (23, ¥s),
etc. be the coordinates of a system of particles of masses m;, m;,
etc. Let the particles be subject to given external forces whose
components parallel to the axes are

X1, Y], X., Yg, ete.
and also to internal actions and reactions due to the mutual
actions of the particles upon one another of which the com-
ponents on my, my, etc. are

X l,! Yl,, X’,r Yl,r ete.
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Writing down the equations of motion for the separate
particles, we have
mé =X+ Xy, mih=Y1+7{
med; = Xg+ Xy, mata=Ya+ Yy 1 «oennnn. ).
ete. ete.
Whence by addition
SmiE=3X+3X’
and 2m§j=EY+EYJ}

Now by the law of reaction the internal actions and reactions
are equal and opposite in pairs, so that the sums of their re-
solved parts in any direction must vanish, ie. Z2X'=0 and
XY’ =0.

Hence equations (2) reduce to

Emé=2X, Zmi=3Y..cccceeerrnnen.. 3),
or, in words, the rate of change of the linear momentum of the
whole system in any prescribed direction s equal to the sum of
the resolved parts of the external forces in that direction.

It follows that if there is a direction, say the axis of #, in
which the sum of the resolved parts of the external forces is
zero, i.e. %X =0; then, by integrating Zmi =0 we get

3 md = const.,
i.e. the linear momentum in that direction is constant. This is
again the principle of conservation of linear momentum.

Again, from equations (1), by multiplying each y equation
by the corresponding x and each z equation by the corresponding
y and subtracting, we deduce that

my (i — &) =2 Y1 — pn X+ 2 ¥y — XY,
My (-?syz — Yalty) = 2 ¥y — Y2 Xy + 23 Vy — 12 X3,

< etc., etc.,
whence by addition

S (2~ yi) v )
=3@Y-yX)+2(@Y' —yX’). | X

Now the moment about the origin '
of a vector whose components are X, ¥ i
located at the point (z, y) is Y —yX ; ,
hence 3 (zY’ —yX’) is the sum of the © x
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moments about the origin of the internal actions and reactions,
which are equal and opposite in pairs. Therefore

3 @Y —yX')=0,
Em(zj—yi)=3 (@Y —yX) ..ol (4).

This may also be written

and we have

%Em (zy — y&) =3 (2Y — yX),

or, in words, the rate of change of moment of momentum of the
system about any fized origin (or axis) 18 equal to the sum of the
moments of the external forces about that origin (or axis).

If the sum of the moments of the external forces about any
ﬁwed awis 1s zero, 1t follows that the moment of momentum of the
system about that azis 18 constant. This is the principle of
conservation of moment of momentum.

Moment of momentum is frequently called angular mo-
mentum.

921, Effective Forces. The product of the mass and the
acceleration of a particle is called the effective force of the
particle, and the principles embodied in equations (3) and (4)
of the last article are that for any system of particles the
effective forces are the exact equivalent of the external forces
acting on the system.

93. Motion of the Centre of Gravity. Independence of
Translation and Rotation. If M be the whole mass of the
system of particles and Z, § the coordinates of the centre of
gravity @, the usual formulae for the position of the centre of
gravity are

Mz =3mz, My=3my....ccce.cru..... 1).

By differentiating these equations we get

Mz = Smé, My=3my,

shewing that the linear momentum of the system is the same
as that of a particle whose mass is the whole mass, moving
with the velocity of the centre of gravity.
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A second differentiation gives

Mz =X2mi, My=Z2mj,
therefore from (3) of 9-2

Mi=3X, My=3Y, . ccccrueenn.... (2),
and these equations shew that the motion of the centre of gravity
(G 1s the same as if all the muass were collected into a particle at
G and all the externul forces were moved parallel to themselves
to act at Q.

1t follows that if the system is not acted upon by external
forces its centre of gravity is either at rest or moving with
constant vclocity, for in this case the integration of equations (2)
gives Mi = const., M § = const.

Again in equation (4) of 92 we put

w=T+d, y=y+Yy,
so that 2, 4" denote coordinates ot the particle of mass m relative
to parallel axes through the centre of gravity &; then, from (1),
Smz' =Zmy =0,
so that by differentiation Zmi' = Zmj’ =0, and (4) of 92
becones

Smi@+2)Y+§) -G +y)(@+E)

=2{@+2) Y-(g+y) X}

Multiplying out and observing that such terms as

STy =zZZmy =0,
there remains
M @y — 52) + S (2 — y&)=2ZY -y X + (Y -y X).
In virtue of (2) this equation reduces to
Sm (@i —yE)=3@Y -y X) .o 3),
shewing that, in the motion of the system relutive to the centre of
gravity, the rute of change of moment of momentum about the
centre of grawity is equal to the swm of the moments of the
external forces ubout the centre of gravity.

The results of this article shew that the motion of the centre
of gravity and of the system relative to the centre of gravity are
independent of one another and this constitutes the prineiple
of the independence of translation and rotation.

5 RDI1
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94. Conservation of Energy. Reverting to equations (1)
of 92, by multiplying each equation by the corresponding
velocity component and adding, we get

Sm(@E+ i) =2{(X+X")a+(Y+ Y')g},
or %{izm(‘b’+3}“);=2{(X+X’)cb+(Y+Y')9}-

The left-hand side is the rate of increase of the kinetic energy
of the system, and the right-hand side is the rate at which all
the forces external and internal are doing work. From this we
conclude that the increase of kinetic energy in any time is
equal to the whole work done. In all cases in which the potential
energy depends on the configuration of the system and in which
the change of potential energy due to a change of configuration
is independent of the manner in which that change is made,
the work done will be equal to the loss of potential energy.
Whence it follows that

kinetic energy + potential energy = constant.

Kinetic energy may be created by explosions, in which case
the visible kinetic energy together with the heat developed are
the equivalent of the chemical energy stored in the explosive
substance. Similarly kinetic energy may be dissipated by
friction when it is converted into heat.

9'6. Kinetic Energy in reference to Centre of Gravity.
The kinetic energy of a system of particles 1s equal to the kinetic
energy of the whole mass moving with the velocity of the centre of
gravity together with the kinetic energy of the particles in thevr
motion relative to the centre of gravity.

Using the notation of 93, we have that the kinetic energy
=§3m (& +¢7)
=$Em @+ &P +@ +9)
= § M (B + §?) + &Zmé’ + yEmy +  Zm (&% + 7).

But Zma’=3Zmy =0, so that Zmd’ =Smg =0, and the

kinetic energy =4 M (23 + ¥*) + § Zm (&¢'* + y'*), which proves the
proposition.
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96. In the last few articles we have distinguished between
external and internal forces. Whether any particular force is
to be classed as external or internal depends on the way in
which we regard the particles composing the system. Thus if
we are considering the motion of a single particle 4, then all
the forces acting upon it are classed as ‘external forces,” but if
we are considering a system composed of two particles 4 and
B then the forces exerted by B on 4 and 4 on B are internal
forces. The force of gravity is an external force in considering
the motion of a body relative to the earth, but in considering
the motion of the earth and moon regarded as one system
moving about the sun the gravitational pull of the earth on
the moon or the moon on the earth is an internal force.

97. Rigid Bodles. A rigid body is considered to be an
aggregation of particles bound together by forces of cohesion
and internal mutual attractions which are in all cases equal and
opposite. The results obtained in this chapter for a system of
particles are therefore true for a rigid body. Consequently the
motion of the centre of gravity of such a body does not depend
upon its size or shape but only upon its mass and the resultant
of the external forces acting upon it. It is only when we are
concerned with rotational motion relative to the centre of
gravity that the size and shape come into consideration, for
upon them depend the moment of momentum and the moments
of the forces.

98. In the chapter on rectilinear motion when we applied
the second law of motion to rigid bodies or cars and trains
we considered every particle of the body to be moving with
the same acceleration, and any assumptions there made which
might seem to need further justification find it in the principles
established in 93 of this chapter. Moreover many problems
about rigid bodies not involving rotational properties may be
solved by elementary methods in virtue of the principle that
the motion cf the centre of grawity G 1s the same as +f all the
mass were collected into a particle at G and all the external
forces were moved purallel to themselves to act at G.

5-2
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As an example let us find the condition that a car may upset when
rounding a curve.

Let v be the velocity and m the mass.
We are concerned with the forces in
planes at right angles to the direction
of motion.

If r is the radius of curvature of the
curve described by the centre of gravity ' ,
@, then ¢ has an acueleration v*/r inwards f fS 'fR
along the normal to its path. Therefore
the resultant of all the forces perpendicular to the direction of motion
must be mv?/r. But the only force in this direction is friction on the
wheels. So if F"is the total friction across the track we have F=mv¥/r.
Let R, S be the upward pressure of the ground on outer and inner wheels,
& the height of & and 2a the distance between the wheels.

.Then by resolving vertically, £+ 8=mg, and by taking momeuts about
G (since there is no moment of momentum about @) we got

(B-8)a=Fh,

therefore R - §=nmovth/ra.
Hence 2R =mg+mv*h[ra,
and 28 =myg — mah/ra.

We conclude that if »2 > gra/A the car will overturn outwards, since this
condition implies a negative pressure of the inner wheels on the ground
which i8 an impossibility.

9°81. The necessity for sideways friction /' can be obviated by banking
up the track. If the track be
banked up to make an angle 6
with the horizontal and there —
is no sideways friction (i.e. no m—Fvi————Y
tendency to side-slip), we get,
by resolving horizontally and
vertically,

mvifr=(R+S)sin 6,
and  mg=(R+8)cosd.

Therefore v3=rg tan 8 gives the velocity at which tendency to side-slip
is eliminated for a track of slope 6.



EXAMPLES 121

EXAMPLES

1. The wheel axles of a motor car are 4 feet long and the height of the
c.a. is 2 feet. Find the speed of the car if in going round a level track of
400 feet radius the inner wheels just leave the ground. [S. 1916]

2. A skater describes a circle of 40 feet radius with a velocity of 15 feet
per second. At what angle must he lean inwards ? [S. 1914]

3. Prove that, in order to allow properly for a curve on a railway line
of radius 1320 feet for a train moving at 45 miles an hour, the outer rail
must be raised above the inner rail by 58 inches. (The rails are 4 feet
8% inches apart.) [M.T. 1921]

4. A railway of gauge 5 feet is taken round a curve of 4 mile radius.
What ‘superelevation’ must be given to the outer rail in order that a
train travelling round this curve at 30 and at 60 m.p.h. may impose the
same side pressure on the inner and outer rail respectively ? [M. T. 1928]

5. A car takes a banked corner of a racing track at a speed V, the
lateral gradient a being designed to reduce the tendency to side-slip to
zero for a lower speed . Shew that the coefficient of friction necessary
to prevent side-slip for the greater speed V must be at least

(V3=U%singcosa/(V2sin?u+ U3 cos?a). [S. 1925]

6. A pile-driver weighing 200 1b. falls through 5 feet and drives a pile
which weighs 600 lb. through a distance of 3 inches. Find the average
resistance offered to the motion of the pile, assuming that the two remain
in contact after the blow,

How mauy foot-pounds of energy are dissipated during the blow 1
[S. 1926]

7. A shell of mass (m,+m,) is fired with a velocity whose horizontal
and vertical components are U, V, and at the highest point in its path
the shell explodes into two fragments m,, mg. The explosion produces an
additional kinetic energy £, and the fragments separate in a horizontal
direction: shew that they strike the ground at a distance apart which is

equal to ;
¥ {2E(l + l)} . [S. 1924]
g my My
8. A gun of mass M fires s shell of mass m horizontally, and the energy

of the explosion is such as would be sufficient to project the shell vertically
to a height A Shew that the velocity of recoil of the gun is

{2migh| M (M +m)¥. [S. 1927]
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9. A set of n trucks with s feet clear between them are inelastic and are
set in motion by starting the end one with velocity V towards the next.
Find how long it takes for the last truck to start and the value of the
final velocity. (8. 1927]

10. A battleship of symmetrical form and mass 30,000 tons is moving
at 10 miles per hour and fires a salvo of all its eight guns in a direction
perpendicular to its motion. If the shells weigh 15 cwt. each, have a
wuzzle velocity of 2000 feet per second, and are fired at an elevation of
30°, shew that the direction of motion of the ship immediately after firing
makes an augle of about 1° 21" with that before. [S. 1922]

11. A ball is dropped from the top of a tower 100 feet high. At the
same moment a ball of equal mass is thrown from a point on the ground
50 feet from the foot of the tower so as to strike the first ball when just
balf-way down. Find the initial velocity of projection of the second ball
and the direction of projection. If the two balls coalesce, how long will
they take to reach the ground ? [S. 1926]

12. A shell of mass 1120 lb., and velocity 1350 feet per second, is fired
into a railway truck (containing sand) of mass 20 tons, the direction of
motion being parallel to the rails. If the shell remains imbedded in the
sand, find the velocity given to the truck and account for the conservation
of energy in the phenomenon, specifying how much remains kinetic. How
far will the truck run against a constant retarding force of 30 lb. weight
per ton? [M. T. 1921]

13. A pile-driver weighing 2 cwt. falls through 5 feet and drives a pile
weighing 6 cwt. through a distance of 4 inches. Find the average resistance
to the pile in cwt., assuming the two to remain in contact. Find in foot-
pounds the energy dissipated in one stroke. [S. 1917]

ANSWERS

1. 11313 fs. 2. 9° 58 to vertical. 4. 345 ins. 6. 1800 lb. wt.;
750. 9. dn(n—~-1)s/V; V/n. 11. 20,/10fs.; tan—'2 above horizontal;
5(J5-1)/4y2.  12. 3238 fa.; 777,806 ft.-Ib.; 1265ft.  13. 155 cwt.;
14183 ft.-1b.



Chapter X
GENERAL PROBLEMS

101. We shall now apply the principles already established
to a few simple problems.

The figure shews an arrangement of pulleys, two fixed and two mov-
able. The latter are of masses m,, mg and >
the strings passing round them can slip
without friction, 8o that the tension of each
string is constant throughout its length.
Particles of mass mg, my, ms are attached
to the free euds of the strings. Let the
tensions be denoted by 7, 7". It is not
necessary to use five unknown quantities
to denote the accelerations of the five
masses, for if f, f', f” denote the accelera-
tions with which the strings are slipping
over the pulleys as indicated in the figure,
then the upward accelerations of my, ms,
mg, my, mg are

L8 =W A F -6 =1
Therefore myf =T -2T-mg,
sa(f'=f)=2T" —myg,
mg(f +f)=T-msg,
my(f —f)=T-myg,
mg [ =mgg—T¢

These equations are sufficient to determine the five unknown quantities
LAY T T

10'2. A fine smooth wire of mass M forms an equilateral triangle A BC.
The triangle can move horizontally in a vertical plane, the uppermost side
BC passing through smooth fizxed rings in a horizontal lins. Beads of masses
mand m' are free to slide on the wires BA, CA. The system begins to move
with the beads at B and C respectively. Prove that the velocity of the wire at
any instant, while both the beads are moving on 1t, is equal to the difference
of the speeds of the beads relative to the wire, and that the accelsration of

the wire 1is
N3(m' ~m) g/(4H +3m +3m'). (8. 1927]
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At time ¢ from the start let } be the velocity of the wire and v, ¥ the
velocities of m, m’ relative to the wire.

Since there is no external horizontal B c
force acting on the system as a whole the
horizontal momentum remains zero.

Therefore

MV4m (V4vcos 60°)
+n/ (V=7 cos 60°)=0...... (1).

Resolving along B4 for m and along C4

for m', we have

m (v+ T cos 60°) =1mg cos 30"}
and m' (¥ — V" cos 60°) =m’g cos 30° @

Therofore by subtraction # — 9= V.
Integrating this, and noting that the velocities are all zero initially so

that there is no constant of integration required, we get V=1—w.
Again differentiating (1) gives
(M +m+m) V=3m's - ym,
and substituting for ¥ and % from (2) we get
(H4m+w) V=t (V +4/30) + dm(V = /3g),
80 that (AM +3m+3m’) V=43 (m' —m)g.

10'3. 4 porticle of mass m slides down the fuce of a smooth wedgs of
mclination a to the horizontal. The wedge 18 of mass M and it rests on a
rough horizontal table. Shew that the pressure on the table is (3 +m cos? a) g
or (M +m) Mg[{H +msina(sin a—pcosa)}, according as the coefficient of
[friction p 18 greater or less than

m sin a cos a/( M +m costa).

Let £t be the reaction between the particle and the wedge, S and F'the
vertical reaction and the friction acting .
between the table and the wedge. R v

(i) If the wedge does not move we
must have F < uS. \R —f

But, resolving vertically and hori- myg
gzontally for the wedge, we get at ST Mg

S=Mg+Rcose, F=LRsin a......(1), pd
and by resolving at right angles to the wedge for the particle, wo get

R=mg cosa.

Therefore  S=(M+mcos?a)g and F=mgsinacosa.
Henca this value of § is the value for the pressure provided that

p > msina cos af/( M +m cos? a).
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(ii) If p is less than this valuo there is not enough friction to prevent
motion, so motion takes place and the friction /'=uS. Let f be the
acceleration of the wedge (from left to right in the figure) and f* the
acceleration of the particle relative to the wedge.

Resolving horizontally for the wedge, we get

Mf=Rsina—pS..ccuecervircernennnnsn. wo(2).

Again, the acceleration of the particle m at right angles to the face of
the wedge is the same as the acceleration of the wedge in this direction,
viz. fsin a; therofore

mfeina=mgcosa—Lf...ccooeerrinniiininninn.. (3).

Eliminate / from (2) and (3), and we get

R (M+msin?a)=pSm sina+ Mmg cos a;
but from (1) Rcosa=.S - My,
therefore S{M+msina (s8in a—pu cos a)}= (M +m) My,

which is the required result.
Wa note that if
p=msin a cos a/( I +m cos?a),
the two values of S are the same.

104 Examples of conservation of momentum and energy.
(i) A bead of mass M can slide on a smooth straight horizontal wire and a
particle of mass m 18 attacked to the bead by a light string of length l.  The
particle is held in contact with the wire with the string taut and ts then let
fall. Prove that when the string is inclined to the wire at an angle 8 the
bead will have slipped a distance ml (1— cos 8)/(M +m) along the wire, and
that the angular velocity o of the string will be given by the equation

(M+mcos? 8) lo?*=2(M +m)g sin 6. [M. T. 1915)

Suppose that the bead moves a distance x while the string turns through
an anglo 8. Then the velocity of
the bead is & and the particle m r M (¢}
has a velocity ¥4 relative to the \6
bead in addition to the velocity of 7
the bead.

Since there is no external hori- 4
zontal force, the total horizontal m
momentum remains zero, therefore

Mitm(—108i06)=0..ccocvevrrerrerrnnn. (1).

Integrating and observing that initially # and 4 are both zero, we get

Mr+m (x4 cos ) =ml,
therefore 2=ml (1 - cos 8)/(M+m).

This result conld also be obtained from the consideration that the centra
of gravity of the masses M and m undergoes no borizontal displacement.
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Again, by equating the kinetic energy to the work done by gravity we get
§ Mi? 4 }om (8341202~ 2410 5in ) =mglsin 6 ............ @),
and eliminating # from (1) and (2) gives
(M +m cos?® 8) 1§21=2 (M +m) gsin 6.

(if) A hemisphere of mass M i free to slide with its base on a smooth
korizontal table. A particle of mass m s placed on the hemisphers at an
angular distance a from the vertex; to determine the motion, the surface of
the hemisphere being smooth.

Suppose that at time ¢ the particle is at an angular distance 8 from the
vertex, and that the hemisphere has acquired
a velocity v, the velocity of the particle being
aé relative to the hemisphere, where a is the ¢
radius.

Since there is no external horizontal force acting on the systemn as a
whole the total horizontal momentum remains zero throughout the motion,
therefore

Mo+m (v—ab cos 0)=0.................. veracaens 1).
Also the kinetic energy created is equal to the work done, therefore
4 Mo? 4+ dm (v3+ a36? — 2vad cos ) =mga (cos @ —cos 6) ...... (@)
The result of eliminating » between (1) and (2) is
aé’—2g (cos a—cos 8) (M +m)/(M +msin §) ............ (3),

which gives the velocity of the particle relative to the hemisphere, and
then (1) gives the velocity of the hemisphere.

To find at what point the particle leaves the hemisphere, let £ denote
the mutual reaction between them. Then by resolving horizontally for
the hewisphere, we get Mv= Rsin 6.

But from (1) B
(M +m) 9=ma (§ cos §— §3 sin 9)

and R vanishes when 7 vanishes, i.e. when
dcos 6=62sin 6.
By differentiating (3) we find 4, then by equating & cos 6 to 62 sin 6 we
find the equation for 6, viz.
m cos® 6 — (M +m) (3 cos§d—2cosa)=0,
which determines the point at which the particle leaves the surface.

105. Examples of Circular Motion. Conical Pendulum.
A particle suspended by a thread from a fived point is projected
80 as to describe a horizontal circle with uniform velocity; to
prove that the time of revolution 18 2m 4/(h/g), where h s the
depth of the circle below the fixed point.
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If » is the angular velocity, I the length of the string and a
1ts inclination to the vertical, the accele-
ration of the particle is w?/ sin a towards
the centre of the circle, Therefore if m
is the mass of the particle the effective
force is mw?lsin a towards the centre of
the circle and this is the resultant of the
weight mg and the tension 7. Hence by
resolving horizontally and vertically

mw?l sina = T sin a,
and mg = T cos a.
Therefore w?l=gseca, or w*=g/h;
and the time of revolution = 27/w = 27 v/(h/g).

10-561. The problem of a particle describing a horizontal circle on the in-
side of a smooth surface of revolution with
a vertical axis is solved in the same way.

Thus if P be the particle, PN perpen- G
dicular to the axis is the radius of the
circle described by P. And if the normal
to the surface at P meets the axis at @, NF— P
the forces on the particle in this case
are its weight mg and the reaction R of
the surface along P@, and as in the last mg
article o?. VG=g.

106. Transmission of Energy. Power is sometimes trans-
mitted from one rotating shaft T,

or pulley to another by means >
of a belt passing round both. [ g °> \l oa l

Thus if a shaft 4 be made to
rotate by an engine, a belt round
it and another shaft B will cause
the latter to rotate. Let b be the radius and o the angular
velociby of the shaft B, and let T, T3 pounds weight be the
tensions in the tight and slack sides of the belt. The moment
about the centre of the forces producing the rotation of the
shaft B is (Ty — Ty) b, and the work done per second by this
couple i8 (1) — T) bw, or (T — Ty) v if v is the linear velocity of
the belt. Hence the rate of working is (T — T3) v foot-pounds
per second, or the horse-power transmitted is (7} — T3) v/550.

T,
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107. Further problems on strings and chains. Let s
denote the length of a curved string or chain measured from a
fixed point A on the string up to a point P, and let 8s denote a
short length Q. Let the tangents at I°, @ make angles v, ¥+ 8y
with a fixed direction. Suppose that the tension varies along

&/j

the string being T at I’ and T+ 87 at Q. Then, no matter
what are the forces that make the string assume a curved form
and whether it be at rest or in motion, the effect of the tensions
of the rest of the string on the element 8s is represented by a
force T along the tangent at P and a force T'+ 87 along the
tangent at Q. Resolve the latter into components along the
tangent and the inward normal at I, and we get along the

T+3T

tangent

~ T+ (T + 61"y cos &y
and along the inward normal
(T + 8T) sin &,

Neglecting squares and products of 87 and 8y, these com-
ponents are 8T ulong the tangent in the
sense in which s increases and T8y along T8Y
the inward normal,

Statical problems on strings or chains can Q o
be solved by resolving along tangent and
normal for an element 8¢ and including in
the equations along with the external forces acting on the
element thet forces 87 and T'8y. Dynamical problems can be
solved in like manner by equating the components along tan-
gent and normal of the effective forces of the clement &s to the
components of the external forces together with 87" and 78y



10:7-1071] STRINGS AND CHAINS 129

For example, an endless chain under the action of no
external force can run with uniform speed along a curve of any
given form. For, the velocity v being constant, there is no
acceleration along the tangent, and no external force; therefore
8T =0, or T is constant,

And if m is the mass per unit length, the mass of the element
8s is m38s; and, if p is the radius of curvature, by considering
the motion of this element and resolving along the inward
normal we get

m8sv?fp="T8y,
but p = Lim 8s/8+,

therefore T =mv

If the speed of an endless chain be high the tension may be
so great that external forces such as the weight of the chain
are negligible in comparison, and then the chain will continue
to run in the same curve for a long time, whatever form the
curve may have,

10-71. Belt running on a Pulley at Uniform Speed. Suppose
that the friction is limiting, i.e.
Just sufficient to prevent slipping
of the belt on the pulley. {

Let v be the velocity of the belt,
md8s the mass of a length s and
let @ be the radit'xs of the pulley. - < R&s.
The normal reaction of the pulley #R §s
on the element 8s of the belt may be denoted by R8s, and then
the friction is uw R8s if u is the coefficient of friction. The tensions
on the element 8s are equivalent to 87 along the tangent and
T8y along the inward normal. Resolving along the tangent and
normal we have

0=28T - uRss,

2
and m8s %— = T8y — Rés.
But &8s = a8y, therefore
T —mv?) Sy = ﬂ
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and, by integrating,
log (T’ — mv*) = uyr + consb,,
or T — mavr = Cerv,

Hence if 4, B are the points where the belt leaves the pulley and
T,, Ty the tensions there, and we measure yr from the tangent
at 4, we have I'= T, when ¥+ =0, so that =1, — mv? and

T - mv?= (T, — mt) erv,
If the belt is in contact with the pulley round a semicircle
we have
TB—mv’=(T‘—’mv')8"'.
If the inertia of the belt is neglected the result becomes
Tg="T,e*", just as if the belt were ab rest.

10'8. Problems on Changing Mass. (i) If a man on a truck
running on smooth level rails is throwing out m lb. of sand per second tn a
direction parallel to the rails, and thus dovng H ft.-Ib. of work per second,
prove that the velocity of the sand relative to the truck is J(2Hg/m).

[M. T. 1903]

Let M be the mass of the truck and its contents at time ¢; V, V48V
the velocities of the same at times ¢, ¢+ 3¢ and — v the velocity of the sand
relative to the truck.

In time 8¢ a mass md¢ Ib. of sand is thrown out with velocity V-w.
The linear momentum is constant and, by equating the momentum at
time ¢+ 3¢ to its value at time ¢, we get

(M~mdt)(V+3V)+mdt.(V—v)=MV;
or, neglecting the product 8:8V,
MV —mB=0 eeoeveereeeerereeearnaenann ).

Again the work done in time 8¢ is Hgd¢ foot-poundals and this is equal
to the increase in kinetic energy.

Therefore Hgdt=4 (M —-mdt)(V4+3V)y3+4mdt.(V-v)i-4 V3

=MVIV-mdt. Vvo+imdt.v?;
and by (1) this =4§mdt. 3,
8o that v=,/(2 Hg/m).

(ii) 4 mass m of water issues per umit time from a pipe with uniform
velocity u, and strikes a pail which retains it, there being no elasticity.
Initially the pail is at rest, and at « subsequent instant is moving in the
direction of the stream with velocity V. Prove that

av _m(u-— vy
at M3 "
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and that the loss of energy up to this tnstant is
s MuV,

where M {s the mass of the pail, and gravity is omitted from consideration.
[8. 1910]

Let V denote the velocity of the pail and ¥’ the mass of water in it at
time ¢

If a denotes the cross-section and p the density of the stream of water,
since the velocity is % the length of the stream that emerges in unit time
is u, the volume is ua and the mass pua. Therefore pua=m. But when the
pail has velocity V the velocity of the stream relative to it is »~ V and
therefore the length of stream entering the pail in time &¢ is (u— V) 8¢ and
m (u—

its mass is p (u— V)aat=——ud—v) 8¢, and its momentum is m (u— V)8t

‘But the momentum of the pail and its contents at time ¢ is (¥ + M) V
and in time 8¢ this increases to (X +H'+3M') (V+48V).

The increase must be equal to the momentum of the water that enters
the pail, by conservation of linear momentum,

Therefore (H+M)3V+ VY =m (= V)8t .vvrrrrnrrnnnnnn. 1).
But 8} is the mass of water added in time 8¢, so that

M= ’l(’—‘u‘—” B eeeeereeeeeeeeeesesessons @)
Substituting in (1) we get
(M + 1) 8V = ("; L Y 3.
Eliminate 8¢ from (2) and (3) and we get
e
M+M u-V’
therefore (M+M') (u— V)=const,
=Mu eviiiiiiiiiiiiniininieen 4,

because initially M'=0 and V=0.
Dividing (3) by (4) gives the result

av m(u— V3

dt T T dwd
Again, the loss of energy up to this point is
$20 =y (M + M) V2,
and on substituting the value of 4’ from (4) this gives
s Mu V.



132 GENERAL PROBLEMS [x

EXAMPLES

1. Two weights JV, 1" balance on any system of pulleys with vertical
strings. 1f a weight w be attached to W, shew that it will descend with

acceleration
W (W+ ny
o/l =)
neglecting friction and the inertia of the pulleys. [S. 1918]

2. A light string passes over two smooth pulleys in the same horizontal
line und carries masses my, m, at its extremities and a smooth ring of
mass my free to slide on the string between the pulleys. If all parts of the
string hang vertically, prove that the ring will remain at rest provided

mg (my + 1y) = dmymy,

and that in that case the acceleration of the centre of gravity of the three
masses is

(g —m,)?

(mey +mg) (my + mg+m3)

g- (S. 1900]

3. A mass m lying on a smooth horizontal table is attached to u string
which after passing over the edge of the table hangs in a loop on which a
heavy smooth ring of mass A is threaded and then passes over a smooth
fixed pulley and supports a mass m’. If the free portions of the string are
vertical and the whole system lies in a vertical plane, determine the tension
of the string, and shew that the mass 4/ will remain at rest provided that

2{M=1/m+1[m'. (8. 1924]

4. Two particles of nasses m and 3m are connected by a fine string
passing over a fixed swooth pulley. The system starts from rest and the
heavier particle, after falling 8 feet, irnpinges on a fixed inelastic support.
Find the velocity with which it is next jerked off the support ; and shew
that the system finally comes to rest 3 seconds from the beginning of the
motion. [S. 1917]

5. A light string passes over a fixed smooth pulley and carries at one
end a mass 6m, and at the other a smooth pulley of mass 3m over which
passes a second light string carrying masses 2m and m at its ends, As-
suming that the system inoves from rest, obtain expressions for the velocities
and accelerations of the movable pulley and the masses. Use this system
to verify the principle of the conservation of energy, and explain why it
does not illustrate the principle of the conservation of linear momentum.
What distribution of masses between the various parts of the system would
cause it to do 80 ? [S. 1924]
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6. Two equal particles 4 and B are connected by a light inextensible
string of length @ which is stretched at full length perpendicular to the
edge of the table, The particle 4 is drawn just over the edge of the table
and is then released from rest in this position. Describe the nature of the
subsequent motion and shew that after B lcaves the table the centre of

inertia of the two particles describes a parabola of latus rectumn «/2.
[S. 1917]

7. From a gun of mass M which can recoil freely on a horizontal plat-
form a shell of mass m is fired with velocity v, the elevation of the gun
being a. Determine the direction in which the shell is moving when it
leaves the gun, and shew that, if the shell strikes at right angles the plane
that passes through the point of projection and is inclined to the horizontal
at an angle 8, then

tan a=M (cot B+ 2 tan B)/(M +m). [S. 1924]

& A particle of mass 21b. is placed on the smooth face of an inclined
plane of mass 7 1b. and slope 30°, which is free to slide on a smooth
horizontal plane in a direction perpendicular to its edge. Shew that if the
systern starts from rest the particle will slide down a distance of 15 feet
along the face of the plane in 1:25 seconds. [S. 1923]

9. A smooth wedge of mass M and angle a is free to move on a smooth
horizontal plane in a direction perpendicular to its edge. A particle of
mass m i8 projected directly up the face of the wedge with velocity V.
Prove that it returns to the point on the wedge from which it was projected
after a time

2V (M +msin?a)/{(m+H)gsina}.
Also find the pressure between the particle and the wedge at any time.
[S.1917]

10. A smooth wedge of inclination a is placed on a horizontal table ; a
string, to the extremities of which masses m, m’ are attached, passes round a
smooth peg which projects from the upper face of the wedge, the particles
being in contact with the same face of the wedge. Prove that, if A/ be the
mass of the wedge, its acceleration is

(m-m)gsinacosa

M(frf—-{-—ﬁ'_) +(m—m') sin? g+ 4mm’?
assuming that the motion is in planes of greatest slope. (8. 1899]

11. A particle of mass m is placed on the smooth slant surface of a
wedge of mass M and angle a. The wedge moves (edge foremost) along a
smooth horizontal plane under the action of a constant horizontal force
perpeudicular to its edge, all the motion being parallel to the same vertical
P—mgsinacosa d

M+4+msinla
find the pressure between the particle and the wedge. [S. 1907)]

plane. Prove that the acceleration of the wedge is
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12. A particle of mass m slides down the rough inclined face of a wedge
of mass M and inclination a, which is free to move on a smooth horizontal
plane. Shew that the time of describing any distance from rest isless than
the time taken when the wedge is fixed in the ratio

_mcosa(cosa+psina) "
{1 T } i1 (S. 1917)

13. A smooth wedge of mass M resting on a horizontal plane is subject
to smooth constraints so that it can only move along the plane in a
direction at right angles to the intersections of its slant faces with the
plane. A particle of mass m is moving along a face of the wedge which is
inclined to the horizontal at an angle a so that the component velocity of
the particle perpendicular to the line of greatest slope is ». Shew that the
wedge moves with constant acceleration and that the path of the particle
on the surface of the wedge is a parabola of latus rectum

2u? M+msinda
“g (M+m)sina’

Verify that the principle of conservation of energy holds good in this

case.

Solve the same problem when the wedge, instead of being free to move,
is made to move in the same direction as before with constant velocity V.
[S. 1925]

14, Two particles of mass M and m (M >m) are placed on the two
smooth faces of a light wedge which rests on a smooth horizontal plane.
The faces of the wedge are inclined to the horizontal at angles « and g,
respectively. If the system starts from rest, shew that the smaller particle
will move up the face on which it is placed if

A"[ 1
tang < | oo lCO8e [S. 1915]

15. A particle of mass m is placed on the inclined face of a wedge of
mass M which rests on a rough borizontal table. Prove that, if the particle
slides down, the wedge will begin to move provided that

m cos Asin A’
M~ cosasin(a=A-1")’
where a is the inclination of the face of the wedge to the horizontal, A is

t.h‘e angle of friction for the particle and the wedge, and X’ is the angle of
friction for the wedge and the table and a>\ + X', [S. 1924)

16. A tube ABC of mass m is bent at right angles at B. The part 4B
is horizontal and slides freely through two fixed rings; the part BC is
vertical. Particles P, @, each of mass m, move without friction in AB, BC,
and are connected by a string passing over a smooth pulley of negligible
mass at B. The system is released from rest Apply the principles of
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momentum and energy to shew that, when @ has fallen a distance y from
its initial position, its vertical velocity is 4/(69/5).

Shew that the vertical and horizontal components of the acceleration
of @ are 3g/5 and g/5. [M. T. 1922]

17. A smooth straight tube BAC is bent at 4 and is fixed in & vertical
plane go that 4B, AC make angles a, 8 on opposite sides of the vertical.
A heavy uniform string PA@ in the tube is slightly displaced from the
position of equilibrium ; shew that when a length z has passed over 4 in
the direction of P both the velocity and the acceleration vary as z, and
that the tension of the string at 4 varies as (p +2) (¢— ), where p, ¢ are
the lengths AP, AQ in the position of equilibrium.

Shew also that the resultant vertical pressure on the tube is
2
w (1 - % cosacos >
P B),
where W is the weight of the string. [S. 1917)

18. A light string A BCDE, whose middle point is C, passes through
smooth rings B, D which are fixed in a horizontal plane at a distance
2a apart. To each of the points 4, C, £ is attached a mass m. Initially
C is held at rest at O, the middle point of 8D, and is then set free. Shew
that C will come instantaneously to rést when OC=4a/3. [The total length
of the string is greater than 10a/3.]

Shew that when C has fallen through 3a/4 from O, its velocity is

V(25ag/86). [M. T. 1922)

19. Two particles, masses M and m (¥ > m), are attached to the ends of
a string, length 2/, which passes over a smooth peg at a height I above a
smooth plane inclined at an angle a to the vertical. The particles are
initially held at rest on the plane at the point vertically below the peg,
M being below m. Prove that, if the particles are released, m will oscillate
through a vertical distance 2M (Y —m)!/(m®sec?a—M?), provided that
tan?a is greater than (34 +m) (M —m)[m?, [S. 1923)

20. A ring of mass m slides on a smooth vertical rod; attached to the
ring is a light string passing over a smooth peg distant @ from the rod,
and at the other end of the string is & mass # (>m). The ring is held on
a level with the peg and released : shew that it first comes to rest after

falling a distance
2m Ma

T mi’

[S. 1916]

21. A mass M is suspended at the lower end of a vertical elastic wire of
mass m and length L, suspended at its upper end. The system is caused
to execute small vertical oscillations. Assuming that the wire can be
treated as uniformly stretched throughout the motion, shew that the
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kinetio energy of the system is 4.2 (M + ym), where x is the displacement
of the mass J from its equilibrium position. Henceshew that the time of a
complete oscillation is 2w /{£L (M +4m)}, where £ is such that unit force
produces an extension of £ units in unit length of the wire.  [M. T. 1921]

22. Two equal particles 4, B attached to the ends of a light string of
length a are placed on a smosth horizontal table with the string 428
perpendicular to the edge of the table and B hanging just over the edge.
The system is released from rest in this position. Prove that when first
the string is horizoutal the distance of B from the vertical through the
edge of the table is {a (r —2), and find the tension in the string.  [S. 1923]

23. A horizontal bar 4B of length a is made to rotate with a constant
angular velocity » about a verticai axis through the end Z. If a particle
is attached to 4 by a string of length ¢/, the string makes an angle 6 with
the vertical when the motion is steady. Prove that

lcos +a cot §=g/|w? [M.T. 1914)

24. A particle of mass m’ is attached by a light inoxtensible string of
length ! to a ring of mass m free to slide on a smooth horizontal rod.
Initially the two masses are held with the string taut along the rod and
they are_then set free. Prove that the greatest angular velocity of the

string is

{29 (m+ m’)/lm}.
Also shew that the time of a small oscillation about the vertical is
om {Im]g (m+m')}, [Coll. Exam. 1914]

25. Two particles of masses 7m and 3m are fastencd to the ends 4, B
respectively of a weightless rigid rod, 15 {t. long, which is freely hinged at
a point O, b ft. from A: if the rod is just disturbed from its position of
unstable equilibrium, prove that the velocity with which 4 will pass

through its position of stable equilibrium is 4 /380g. [S. 1910]

26. Two particles, each of mass m, are joined by a rod of negligible mass
and of length a. One particle rests on a smooth horizontal plane and the
other is vertically above it. TlLe upper particle is given a small displace-
ment so that the rod begins to fall. Shew that when its inclination to the
vertical is 60° the velocity of the lower particle is /(ga/14). [M. T. 1926]

27. A heavy ring of mass m slides on a fixed smooth vertical rod and is
attached to a fine string which passes over a smooth peg distant a from
the rod and then after passing through a smooth ring of mass A is tied to
the peg. Prove that, if m is dropped from the point in the rod in the same
horizontal line as the peg, then, provided 4/ > 2m, it will oscillate through
a distance 4m Ma /(M3 —4m3), [S. 1924]
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28. The driving wheel of a motor cycle has a diameter of 28 ins.; the
belt pulling on the driving wheel has a diameter of 20 ins. If 3 H.P. is the
rate of working when the cycle is going 20 miles an hour, and in order that
the belt may not slip the tension on one side may not exceed 2} times that
on the other, shew that the tensions are 131} 1b. wt. and 524 Ib. wt.

[S. 1914]

29. Power is delivered by an engine through ropes passing round the
flywheel of the engine and over pulleys in the mill. If the flywheel is
30 ft. in diameter and turns at 90 revolutions per minute, determine how
many ropes of 14 inch diameter will be required to transmit 2000 horse-
power. Assume the tension on the tight side to be twice the tension on
the slack side, and allow not more than 300 pounds per square inch pull
in the ropes. {M.T. 1918]

30. A belt-driven pulley of diameter 2 feet transmits 10 horse-power
when running at 240 revolutions per minute. Shew that if the belt is just
on the point of slipping, and subtends an arc of 180° of the pulley, the
biggest tension in the belt is 306 Ib. nearly. The coefficient of friction
between belt and pulley can be taken at 0°4. [M. T. 1920]

31. A horizontal rod of mass Jf is movable along its length, and its
motion is controlled by a light spring which exerts a restoring force Ex
when the rod is displaced through a distance #. A spider of mass m staids
on the rod, and everything is initially at rest. The spider then runs a
distance a along the rod, and then stops, his velocity relative to the rod
being constant and equal to u. Shew that the total energy of the system

after the run is o
pa /E )
M+m 2u NV Mym)®
and find the amplitude of the final motion. [S. 1925]
32. A machine gun of mass M stands on a horizontal plane and contains
shot of mass 3’. The shot is fired at the rate of mass m per unit of time
with velocity u relative to the ground. If the coeflicient of sliding friction
between the gun and the plane is p and sliding begins at once, shew that
the velocity of the gun backward by the time the mass A" is tired is

ne _ 2
i M MP-A [M. T. 1919)

T omil
ANSWERS

6. Accels.: 6m and 3m, g/35; 2m, 11g/35; m, 137/35. 22. Half the
weight of either particle. 29. 3o.



Chapter XI
IMPULSIVE MOTION

11-1. The state of rest or motion of a body sometimes under-
goes an apparently instantaneous change owing to the sudden
application of a force which acts for a very short time only.
For example—a ball struck by a bat, or the collision of two
billiard balls.

In such cases it is not possible to measure the rate of change
of momentum because 8 finite change of momentum takes
place in an infinitesimal interval of time.

In 42 we saw that the change of momentum produced by a
variable force X acting from time ¢=¢, to t=¢; is :'X dt.
Now it is possible for the force to increase and at the same
time the interval ¢3—¢; to decrease in such a way that the
integral tends to a finite limit, although we have no means
of measuring the exact value of X at any instant during the
interval. It is usual to call such a force an Impulsive Force
or Impulse and measure it by the change of momentum it
produces, i.e. we measure it by its ‘impulse’ as defined in 4-2.

It is to be noted that an impulsive force or impulse is
not of the same physical dimensions as ‘force.” The latter is of
dimensions MLT-? and the former of dimensions MLT-! (48).

112. Equations of Motion for Impulsive Forces. The
equations of motion for a system of particles acted upon by
finite forces were found in 92 to be

Smi=3X, ZEmj=317,
and :i—it 3m (zy —yi) = 2 (Y — yX).

If we integrate these equations with respect to ¢ through an
interval from ¢, to ¢, we get

Imd — Smdy = Ef Xdt,

Smj — Smgo= 3 f : Yd,
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and, if ¢ — ¢ is so small that we may neglect changes in #, y,
¢ t
Sm (zg — y&) — Sm (zp — ydo) = % {wJ' Ydt—y th},
t &

where #,, ¥, denote the values of &, % at time ¢,.
Now if we suppose that we are concerned with impulsive

¢ ¢
forces as defined in 111, then f Xdt and Ydt are the
t t

measures of the components of the impulse and may be denoted
by P, Q respectively. Hence the last three equations may be
written
Smd — Zmdy =2 P
Smy — Emyjp = SQ}

and Sm (zy — y&) — Sm (xgo — ydo) = % (2Q — yP) ...(2).

These equations express the facts that

(1) the instantaneous increase in the linear momentum tn any
direction vs equal to the sum of the externally applied impulsive
forces in that direction; and

(2) the tnstantaneous increase in the moment of momentum
about any azis is equal to the sum of the moments about that
axis of the externally upplied impulsive forces.

Further we observe that with the notation of 98 equations
(1) may be written

M (z —-%)=2P,

and MG —h)==Q

Also the equations confirm the principles of conservation of
linear and angular momentum, in that if there be a direction
in which the external impulsive forces have zero component
there is no change of momentum in that direction; and if there
be an axis about which the external impulsive forces have zero
moment there is no change of moment of momentum about
that axis.

It is to be observed that, in writing down equations for the
instantaneous change of motion produced by impulsive forces,
all finite forces such as weight are to be neglected, because if ¥

¢
is a finite force then f Fdt vanishes when the interval ¢ —1¢,
t

tends to zero.
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113. Impact of Smooth Spheres. The problem of the
motion of smooth spheres after impact is determined partly
by the principle of conservation of linear momentum and
partly by an experimental law due to Newton, viz. ‘ The relative
velocity of the spheres along the line of centres vmmediately after
tmpact 18 — e times the relative velocity before vmpuct, where e
is & constant depending on the substances of which the spheres
are composed, called the cocfficient of restitution. For hard
substances like steel or ivory e is nearly unity, but for a soft
substance it is small. When a substance is described as perfectly
elastic it 1s to be understood that e = 1, and, when inelastic, e=0.

The value of ¢ may be determined experimentally by sus-
_pending two spheres by equal fine
threads, so that when at rest the
spheres are in contact and the threads
vertical. Then one of the spheres is
drawn back and released so as to
strike the other. From 82 the squarc « _
of the velocity of either sphere at the
lowest point of its path, i.e. at striking,
is proportional to the vertical height through which it has
descended or to which it ascends. Hence by measuring the
vertical heights all the velocities immediately before and after
impact can be found, and so ¢ is determined.

11-31. Direct Impact. Lect m, m’ be the masses of the two
spheres, u, u their velocities before impact and », o their
velocities after impact and let the motion be along the line of

centres.
The momentum in the line of motion is unaltered by the

impact, so that
my+mv =mu+mu .................. 1);

and, by Newton’s rule,
v—v=—e(u—u)ccooniin... (2).

These equations determine the velocities after impact, namely

gt mu' —em’ (u—u')
m+m

gt m'u’ +em (u—)
m+m

’

and
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The impulse between the spheres which reduces the velocity
of the first from w to v is m (u —v), which is equal to
A +e)ymm (u—u),
m+m '
and this is (1 4+e) times what the impulse would be if the
coefficient of restitution were zero.

11-32. Poisson’s Hypothesis. This hypothesis is that when
the bodies come into contact there is a short interval in which
they undergo compression followed by another short interval in
which the original shape is restored. At the instant of greatest
compression the bodies have a common velocity along the line
of centres, and the impulsive pressure between the bodies
during restitntion is less than the impulsive pressure during
compression in the ratio e:1. Now if the bodies were inelastic
(i.e. if e= 0) they would acquire a common velocity

(mu + m'u")/(m 4 m")
and there would be no restitution, so the hypothesis is that
when the bodies are clastic the whole impulsive pressure during
impact is (1+¢) times the impulse during compression, and
from 11-31 this is in accordance with Newton’s rule.

In fact we may deduce Newton's rule from this hypothesis.
If with the notation of the last article we denote by [ the
impulse during compression and by U the common velocity at
the instant of greatest compression, then

m(u—-U)=1, and m'(U—-u")=1.
Eliminate U, then

But, by hypothesis, the whole impulse = (1 + ¢) I, therefore
m(u—v)=(1+e)l, and m' (¥ —u)=(1+¢) L.
Whence we get
u—uw'—(w—v)=(1+e)l (l + 1),

m
and from (1) =(1+e)(u—-u);
therefore v—v =—e(u—1u),
which is Newton’s rule.
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11-33. Oblique Impacet. When the directions of motion of
the spheres are not along the line
of centres their velocities can be

resolved along and perpendicular /

to the line of centres. We may 1L "
u v

L

U A U’

U

T

use the symbols of 11:31 to denote
the velocities along the line of
centres, and they will satisfy the
equations of that article. When we consider the motion of
either sphere at right angles to the line of centres, we see that,
since the spheres are smooth, there is no impulsive action that
can affect the velocity in this direction. Hence if U, U’ denote
the component velocities at right angles to the line of centres
befote impact, they also denote the components in the same
directions after impact.

11-34. Kinetic Energy lost by Impact. In general there is
a loss of kinetic energy in the cases we are considering. We
need only consider the case of direct impact, because, in oblique
impact, the square of the velocity being the sum of the squares
of its perpendicular components and components at right angles
to the line of centres being unaltered by impact, it follows that
it is only the velocity components in the line of centres that
can effect a change in kinetic energy. With the notation of
11-31 and using the theorem of 9'5 we write the kinetic energy
before impact in the form s
' o [mu+m'u
Qmu’+1}mu"=}(m+m)(m-)
mu 4 m'u'\? ,/ , mu+mu'\?

+%m(u_ m+m/’ ) +gm (u T mt
where (mu+m'w)/(m+m’) is the velocity of the centre of
gravity and the terms in the last two brackets represent the
velocities of the spheres relative to the centre of gravity. This

reduces to

b

3 (mu + m'u')? 3 mm' (u— ')
m+m m+m’
Similarly the kinetic energy after impact
-3 (mv + m'v')? +3 mm’ (v —v')
m+m m+m'
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But mv+ m'v =mu+m'v,
and v—tv' =—e(u—u');
therefore there is a loss of kinetic energy equal to
fmm’ (1 &) (u— wyf(m +m),
or (1 —¢€%) times the kinetic energy of the spheres relative to
the centre of gravity before impact.

11:35. Generalization of Newton’s Rule. For impacts of
bodies other than spheres we may generalize Newton’s rule
and say that the relative velocities, before and after vmpact, of
the points of two bodies that come wnto contact resolved along the
common normal at the point of contact are in the ratio 1: — e.

Thus suppose a sphere moving with velocity u strikes a smooth
plane in a direction making an
angle @ with the normal to the

plane, and that it rebounds with u 25T ~~
velocity v making an angle ¢ with < L2AN v
the normal.

The above rule makes

veosp=eucosb;

and since the velocity parallel to the plane is unaltered
vsin ¢ = usin 6,
therefore cot ¢ =ecot 6.

So that the angles of incidence and reflection of such a sphere
impinging on the plane are governed by this law of reflection.

11-36. Example. Two equal spheres of mass m' are suspended by
vertical strings so that they are in contact with their centres at the same level.
A third equal sphers of mass m falls vertically and strikes the other two
simultaneously so that their centres at the instant of tmpact form an equi-
lateral triangle in a vertical plane. If u is the velocity of m just before
tmpact, find the wvelocities just after tmpact
and the impulsive tension of the strings.

After impact the spheres of mass m’ begin
to move horizontally because of the constraints
of the strings; let » be the velocity of either;
and let « be the velocity of m, which by
symmetry must be vertical. Let I denote
the impulse between the upper and either of
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the lower spheres, 7' the impulsive tension of the strings and e the
coefficient of restitution.

By Newton’s rule
%' co8 30° — v cos 60° = — eu cos 30°,
or N3BU == = A3l ).
Resolving vertically for m,
m(U—2)=21c0830° ..iieriiiiniiiiiieiienens (2),
and horizontally for m’, Mmv=17c08 60" .....c.oeiiiiiiiiiiiiiiniaes (3).

Eliminating 7 from (2) and (3), we get
m(u—1w)=24/3mv;

and from (1) =0m' (' + eu),
therefore w'=1wu(m—Gem')[(m+6Gm’);
and from (1) v=1/3um (1 +¢)/(m +6m’).

Again, resolving vertically for m', we get
T=1Icos 30°=+/3m'v;
and from (3) - =3mm'u (1+e)/(m+6m').

11-4. As further examples of impulsive action we take the following:

BExamples. (i) 4 body of mass m, + mg is split into two parts of masses
m, and my by an internal explosion whick generates kinetic energy E.
Shew that if after explosion the parts move tn the same line as before, their
relative speed 1s

J2E () +mg)/mym,}. [M. T. 1902]

Let u be the speed of the body before explosion, and »;, »; the speeds of
my, m, after explosion.

There is no change in linear momentum, therefore

ny v Mo Vo= (w1 + 10y) U
The kinetic energy is increased by £, therefore
3 myv 3+ Emavgt=14 (my+mg) w2+ E.
Eliminate 1, therefore
(my 0, + mav?) (my +me) = (g 01 + Mg v2)? + 2 (g +mg) E,
or mymg (v —v2)*=2 (my +my) E,
and vy ~ vg=4/{2F (m; +my)/mmy).

(ii) 4 light rigid rod ABC has three particles each of mass m attached to
itat A, B, C. The rod is struck by a blow P at right angles to it at a point
distant from A equal to BC. Prove that the kinetic energy set up s

1/%a%-ab+b?
2 m a’+ab+0?
where AB=a, and BC=b.
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The motion of the rod is completely defined by its angular velocity o
and the linear velocity » of any one

point, say C. The velocity of B is g Tp u
then % +bw and the velocity of 4 is I/‘ g
u+(a+b) w. A © 8

To find the two unknown quantities %, » we resolve at right angles to
the rod and equate the total momentum to the impulse, i.e.
mu+m (4 +bo)+m (u+a+ bw) =P,
or utw(@+20)=L/m ...ccvveveenn... cerencanans (1).
We also take moments, and the point O, at which the blow is applied, is
the most convenient point about which to take moments, because 7 has no
moment about 0, so that the total moment of momentum about O is zero.

Therefore
m{u+(a+d)w} b— m (u+dw) (a—b)—mua=0,

or U(@=0)=0% urereniiiieirneenreeniniocnennes (2).
From (1) and (2)
U_ @ P 1
BT a=b" m" 3ty (a+2b)(a-0)
P 1

= aTFab i
And the kinctic energy created by the blow
=3m (u+a+bw)t+3m (u+bw)?+ fmu?
1/%a%-ab+ b
“2m 2T ab+ bt
(iii) Thres equal purticles 4, B, C of mass m are placed on a smooth
horizontal plane. A 18 jotned to B and C by light threads A B, AC and the
angle BAC 18 60°. An vmpulse I is applied to A in the direction BA. Find
the initial velocities of the particles and shew that A begins to move in a
direction making an angle tan=1\J3[T with BA. [S. 1924)

Let u, » denote the initial velocities of 4 along and at right angles to
B4, and let 7. 7" cenote the impulsive
tensions in'4 8, AC. c
Since B and 4 are joined by an inex- ,
tensible string their velocitics along B4 T
must be the same, therefore the velocity L~
of Bis u.along BA. For a similar reason !

1
the velocity of € is u cos 60°— v cos 30° > riate >u

or §(u—+/3v) along CA. B T
Now, writing down the equations of impulsive motion of the particles
in turn, we have for 4

mu=I-T-3T, mvv::i;f Vi
for B mu="T,
and for C gmu-V3v)="T".
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Eliminating 7" gives
2

b(u—sfﬁv)=73—v, or ~3u="7v.
Then by eliminating 7" and 7" from the first equation we get
2u+v/\/3=1|m,
8o that wu="71/15m,
and v=~31/15m.

Also the direction of motion of 4 makes with B4 an angle .
tan=!vfu=tan~!,/3/7.

11'6. Kinetic Energy created by Impulses. Consider &
system of particles of masses m;, mg, mg, ... moving with
velocities whose components parallel to the axes Oz, Oy are
(w1, v1), (us, v3), (%a, vs), .... Let them be acted upon by
impulses whose components in the same directions are (X, ¥7),
(X5, Y3), (X5, Y3), ..., including the ‘internal’ as well as the
‘external ' impulses on every particle ; and let the velocities be
changed by tHe impulses to (uy, v'), (ug, vy), (ug, v5), .... Then
the equations of impulsive motion of the particles are

my(uy —w)=Xy, my (v —v)=Yq,
my(us —Ug) =X, ma(v) —v3) =1,
mg (us' — us) = X5, my(vs — v3) = V3,

MJ¢nly each of these equations by half the sum of the
velocity cow.jom~uts that it involves and add them all together,
and we geb

$3m U+ v — §3m (B + ) =427 o)+ 32V (v +v).

This equation expresses the fact that the chanye +f i
energy created by a set of simultaneous vmpulses is the sum of
the products of each vmpulse into the mean of the velocities of its
point of application resolved tn its direction.

11'51. Let us consider how the last theorem is illustrated by examples
(i) and (ii) of 11-4.

(i) Here the impulse Jis an internal
one which increases the velocity of (say)

m, from % to v;, and decreases the | |

velocity of mg from u to v,, acting in
opposite directions on the two masses. —_—u

Hence I=m, (v, —u)=mg (% - vg).
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And, by the last theorem, the energy created by the simultaneous
impulses is
E=}I(v,+u)+41(—v;-w)
=4 my (v® —u?) +§mg (v - ¥),
as is otherwise obvious.
(ii) The velocity of the point O is zero initially, and after the blow it is

v say, where
! P at-ab+d?
v =l‘u+(1w=7—,; . aa-i—-db+b“ .
Therefore the kinetic energy created by the blow

1P al—ab+b?
== G ab TR

11'6. Elasticity and Impulses. It is to be observed that an
elastic or deformable body as distinct from a rigid body yields
to an impulsive action and does not begin to offer resistance
until a finite deformation has taken place. Thus if an impulse
is applied to an elastic string there is no impulsive tension set
up in the string, and it is not until a finite elongation has taken
place that a finite tension is produced. For example in 11-36, if
the strings were elastic, the initial velocities of the spheres m/’
would not be horizontal but along the lines joining the centre
of m to their centres.

This property of an elastic string is also illustrated in the
following example.

11'61. Example. Two particles of masses my and mq are connected
by a fine elastic string of natural length | and modulus of elasticity N. They
are placed on a smooth horizontal table at a distance I apart, and equal
impulses I in opposite directions act simultaneously on them in the line of
the string so as to extend 1it. Prove that the greatest extension of the string in
the ensuing motion 1

I{(my +mg) {fmymaN}3,
and that this value is attained in time
dm {myma U(my +mg) A}, [M. T. 1916]

Let z, y denote displacements of m,, mg in opposite directions in time ¢,
and let z+y==2. The tension at time ¢ is therefore Az/l.

The equations of motion of the particles are therefore

mE=—nz/l, and mgy=—2Az/l,
By adding we get .'t‘+g7——)\—z (i+ 1)
t\my " my)’
. _)\z (m1+m22

or
im, mgq
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This represonts a simple harmonic motion so long as the string remains
stretched and the time during which the velocity & changes from its
maximum to zero is one quarter of the period, i.e.

$1r {my mal/(my+ my) )\}}.

Again the initial velocities of m; and mg are J/m; and [/m,, since the
string Leing elastic bas no impulsive tension. Therefore the kinetic

energy croated e I
=4m, (7—"—1> +$my <77{1>

=3 mt+my
my My
Now when the string has its greatest extension the particles are
womentarily at rest and the kinetic energy has been converted into tho
potential energy of the stretched string. Hence if ¢ is the greatest
extension and 7’ the greatest tension, the work done in stretching

29
=} T:=§27;
and by equating this to the kinetic energy we get
z=1 {(m, +my) l[mymq )\}*.
We might also obtain this result by multiplying equation (1) by 2: and

integrating, and so finding the velocity £ in terms of z; then find the value
of z for which £ vanishes.

EXAMPLES

1. A smooth sphere impinges on another one at rest; after the collision
their directions of motion are at right angles. Shew that if they are
assumed perfectly elastic, their masses must be equal. [S. 1926]

2. Two smooth elastic spheres (coeflicient of restitution e) impinge
obliquely in any wmanner; one of them being initially at rest, it is found
that the angle between their subsequent directions of motion is constant,.
Find the ratio of the masscs of the spheres, and the angle. [S.1921]

3. Two equal spheres of rass 9m are at rest and another sphere of
mass m is woving aloug their line of centres between them. How many
collisions will there be if the spheres are perfectly elastic? [S. 1923]

4. n equal perfectly elastic spheres move with given velocities under no
forces in the same straight line. Shew that the final velocities of the
spheres depend only on their order and not on their initial distances apart.

(S. 1926]
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5. Shew that if a smooth sphere of mass m, collides with another smooth
sphere of mass m; at rest, and is deflected through an angle 8 from its
former path, the sphere of mass m; being set in motion in a direction ¢
with the former path of m,;, then tan 4= "-h—"_i%%ﬂ—$, both spheres
being perfectly elastic. [8. 1925]

6. A body of mass m rcsts on a smooth table. Another of mass A
moving with velocity V collides with it. Both are perfectly elastic and
smooth and no rotations are set up by the collision. The body m is driven
in a direction at angle 4 to the previous line of the body M’s motion.

. .. M
Shew that its velocity is ¥m Veos 6. [S. 1921]

7. A sphere collides obliquely with another sphere of equal mass which
is initially at rest, both spheres being smooth and perfectly elastic. Shew
that their paths after collision are at right angles.

The centres of two such sphercs, B, C, each of 3 cms. radius, are
at E, F, where EF=16cms. An equal sphere 4 is projected with
velocity » at right angles to £F, and strikes first B and then C. Its final
path is at right angles to £F. Find the point of contact between 4 and B.
Shew that

v, =9u[25, vy=20u/25, v,=12u/25,
where v,, v,, ¥, are the final velocities. [M. T. 1922]

8. The masses of three spheres 4, B, C are Tm, 7m, m; their coefficient
of restitution is unity. Their centres are in a straight line and C lies
between 4 and B. Initially 4 and B are at rest and C is given a velocity
along the line of centres in the direction of A. Shew that it strikes 4
twice and B once, and that the final velocities of 4, B, C are proportional
to 21, 12, 1. [M. T. 1915]

9. Two marbles, 4 and B, lie on a smooth horizontal circular groove
at opposite ends of a diameter. 4 is projected along the groove and at
the end of time ¢ impinges on B; shew that the second impact will occur
after a further time 2¢/¢, where ¢ is the coefficient of restitution.

[M. T. 1921]

10. Two smooth and perfectly elastic spheres of masses 1 and 4
respectively are initially at rest under no forces. The more massive sphere
is then projected in such a direction as to strike the other sphere and
rebound. Prove that the direction of motion of the more massive sphere
cannot be deflected by the collision through an angle greater than 14°29'.

[M. T. 1925]

11. Two equal pendulums OP, C@Q, of length [, are suspended from two
points O, C in a horizontal line, such that when the bobs are hanging at
rest thoy are just in contact. The bob P is projected horizontally with

velacity /gl from the point at height ¢ vertically above 0. and atrikes the
6 RDI
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bob @ which was previously hanging at rest. Shew that the string of ¢
will become slack before @ reaches its highest point, if the coefficient of

restitution lies between 16 -1 and unity. [M. T. 1924]

12. Two small spheres 4 and B of equal mass m, the coefficient of
restitution between which is e, are suspended in contact by two equal
vertical strings so that the line of centres is horizontal. The sphere 4 is
drawn aside through a small distance and allowed to fall back and collide
with the other, its velocity on impact being #. Shew that all subsequent
impacts occur when the spheres are in the same position as for the first
impact, and that the velocity of the sphere 4 immediately after the third
impact is % (1 —¢%). Shew that the kinetic energy of the system tends to
the value }mu3, [M. T. 1926]

13. Two imperfectly elastic particles of equal mass, whose coefficient of
restitution is e, are suspended from the same point by light strings of equal
length., One particle is drawn aside a small distance x, and then released.
Shew that, between the nth and (n+1)th impacts, the particle originally
drawn aside swings through a distance } {14-(—e)"} 2, on one side of the
vertical through the point of suspension. [S. 1923]

14. A spherical ball of mass m suspended by a string from a fixed point-
is at rest, and another spherical ball of mass m’ which is falling vertically
with velocity % impinges on it so that the line joining the centres of the
balls makes an angle a with the vertical. Prove that the loss of energy

=1} (1 - %) mm'u? cos? a/(m +m’ sin? a),
where e is the coefficient of restitution. [S. 1924]

156, Three equal similar spheres of mass m' are suspended by equal
vertical threads so that their centres are at the corners of an equilateral
triangle in a horizontal plane. A fourth smooth sphere, of mass m, falls
vertically so as to strike the other spheres simultaneously. Determine the
velocities immediately after impact, having given the velocity u of the
fourth sphere and the angle § which the lines of centres make with the
vertical at the instant of striking. [S. 1925)]

16. A steel ball is released from rest and falls upon a fixed steel anvil
and rebounds, the coefficient of restitution being 0'9. The lowest point of
the ball is initially at a distance of one foot above the anvil. Find the
position and velocity of the ball half a second after its release.

Shew that the ball finally comes to rest on the anvil 4'75 seconds after
its release and that the total distance travelled is 94§ feet. [M. T. 1914]

17. A spherical particle is let fall vertically under gravity and after
describing a distance % impinges at a point 4 on a smooth plane inclined
at an angle a to the horizontal. Shew that the particle ceases to rebound
from the plane when it reaches a point B such that

AB=4hesin af(1 )8,
where 6 is the coefficient of restitution. [M. T. 1920]
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18. Two smooth spheres of equal mass, whose centres are moving with
equal speeds in the same plane, collide in such a way that at the moment
of collision the line of centres makes an angle } = —¢ with the direction
bisecting the angle a between the velocities before impact. Shew that after
impact the velocities are inclined at an angle tan—!(cos2¢tana), the
collision being perfectly elastic. [M. T. 1923]

19. Two particles of masses M and m are connected by a fine inextensible
string passing over a fixed smooth pulley, and the motion of the heavier
particle, ¥, is limited by a fixed horizontal inelastic plane, on which it can
impinge, The system starts from rest with M at a given height above the
plane; shew that the successive heights of M at which it comes to
instantaneous rest form a geometrical progression of ratio {m/(M+m)}3,
and that the whole time of motion is three times the interval from the
beginning of the motion to the first impact on the plane. [M. T. 1916]

20. A bucket of mass m, is joined to a counterpoise of mass mz by a
light string hanging over a smooth pulley. A ball of mass m is dropped
into the bucket. Shew that the ball will come to rest in the bucket at a
time wa——————(m:)tnm;) after the first impact, where v is the velocity of the ball

—e)my
relative to the bucket immediately before the first impact, and e is the
coefficient of restitution.

Shew that the sum of the upward momentum of the system on one side
of the pulley, and the downward momentum of that on the other side,
increases at & uniform rate, and determine this rate. Hence or otherwise
shew that the velocity of the system so soon as the ball has come to rest

in the bucket is
mmy+ 6 (mmy +my*~mg?)
(1-e)mg (m+m+mq)
where u is the downward velocity of the bucket immediately before the
first impact. (S. 1925]

21. A railway truck is at rest at the foot of an incline of 1in 70. A
second railway truck of equal weight starts from rest at a point 1000 feet
up the incline, and runs down under gravity. The trucks collide at the
foot of the incline, the coefficient of restitution being }. Find how far each
truck travels along the level, the frictional resistances for each truck being
16 1b. wt. per ton, both on the incline and on the level. Where the incline
meets the level, the rails are slightly curved, each in a vertical plane, so
that there is no vertical impact, and at the instant of collision both trucks
are on the level. [S. 1925]

22. A heavy elastic particle is projected from a point O at the foot of an
inclined plane of inclination a to the horizon. The plane through the
direction of projection normal to the inclined plane meets the inclined
plane in a line 04 which makes an angle ¢ with the line of greatest slope

63

u+
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and the direction of projection makes an angle § with OA. Find equations
to determine the position of the particle after any number of rebounds and
shew that the particle will just have ceased to rebound when it again
reaches the foot of the plane if

tan 6 tan a=(1 —¢) cos ¢,
where e is the coefficient of restitution. [S. 1926]

23. Shew that after an elastic collision (¢=1) between two equal smooth
spheres, one of which is initially at rest but free to move in any direction,
the directions of motion of the two spheres are at right angles.

Shew further that if the mass of the resting sphere is greater in the
ratio 14+e¢:1 (e small), then the angle between the directions of motion will
exceed a right angle by 4etan ¢ approximately, where ¢ is the deflection
of the moving sphere. [M. T. 1927]

* 24, A heavy perfectly elastic particle is dropped from a point 2 on the
inside surface of a smooth sphere. Prove that the second point of impact
on the surface of the sphere will be in the same horizontal plane as the
first if the angular distance of P from the highest point of the sphere is

cos—1{(2t +1)§/2}. [S. 1919]

25. A sphere of mass m impinges directly on a sphere of mass m’ at rest
on a smooth table. The second sphere then strikes a vertical cushion at
right angles to its path. Shew that there will be no further impact of the
spheres if m (146 +66') < em’; wheree, ¢ are the coefficients of restitution
between the spheres and between the sphere and the cushion.  [8. 1921]

26. Two equal flat scale pans are suspended by an inextensible string
passing over a smooth pulley so that each remains horizontal. An elastic
sphere falls vertically and when its velocity is « it strikes one of the scale
pans and rebounds vertically. Shew that the sphere takes the same time
to come to rest on the scale pan as it would if the scale pan were fixed.

[S. 1924]

27. A ball is projected on a pocketless billiard table. Shew that, if the
effect of friction and rotation be neglected, it will travel always parallel to
one of two fixed directions so long as it strikes the four cushions in order:
and that the velocity is decreased in the ratio €3:1 after each complete
circuit, ¢ being the coefficient of restitution. [S. 1922]

28. A bullet of 01 Ib. weight is fired with a speed of 2200 feet per
second into the middle of a block of wood of 30 1b. weight, which is at rest
but free to move. Find the speed of the block and bullet afterwards, and
the loss of kinetic energy in foot-pounds. What becomes of this energy.

[M. T. 1917]
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29. A bullet of mass m is fired into a block of wood of mass ¥, which is
free to move on a smooth horizontal table, and penetrates it to a depth a.
Shew that, at the instant when the bullet comes to rest relative to the
block, the block has moved through a distance ma/(M+m), the stress
between the bullet and the block being assumed constant, so long as there
is any relative motion. [S. 1911]

30. 4, B, C are three equal particles attached to a light inextensible
string at equal intervals a. The system is placed on a smooth horizontal
plane with the three particles in a straight line. A blow P is applied to
the middle one B in a direction perpendicular to the string. Describe the
nature of the subsequent motion, and shew that the angular velocity of 4B
or BC is P/ma (2+cos 6)} where 6 is the angle 4 BC and m the mass of a
particle. [S. 1913]

31. Four particles, each of mass m, are connected by equal inextensible
strings of length a and lie on a table at the corners of a rhombus the sides
of which are formed by the strings. One of the particles receives a blow
along the diagonal outwards. Prove that the angular velocities of the

4
angle of the rhombus at the particle which is struck. [S. 1926]

strings after the blow are equal to P sin a/2ma, where 2a (a < 1-':) is the

32. Three particles 4, B, C each of the same mass rest on a smooth
table at the corners of an equilateral triangle; 48 and BC being tight
inextensible strings. A4 is given a velocity v in the direction CB. Shew
that when the string .45 again tightens C starts off with velocity .

[S. 1921]

33. Three equal particles 4, B, C connected by inelastic strings 4B,
BC of length a lie at rest with the strings in a straight line on a smooth
horizontal table. B is projected with velocity V at right angles to AB.
Shew that the particles 4 and C afterwards collide with relative velocity

2V/V/3.
If the coefficient of restitution is ¢, find the velocities of the three
particles when the string is again straight. [S. 1927]

34. Three masses m,;, mq and mg lie at the points 4, B and C upon a
smooth horizontal table; 4 and B, B and C are counected by light in-
extensible strings, and the angle 4BC is obtuse. An impulse 7 is applied
to the mass m, in the direction BC: find the initial velocities of the
masses and shew that the mass mg begins to move in a direction making
an angle § with 4B where

mq tan 6+(m, +mg) tan B=0, [S. 1926]
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85. Four bgnal masses are attached at equal distances 4, B, C, D at
points on a light string, and so placed that £ 4 BC=£ BCD=120° and the
various parts of the string are straight; an impulse 7 is given to the mass
at 4 in the direction B4, shew that the impulsive tension in 4B is 3§ 1.

[8. 1910}

36. A light string passing through a smooth ring at O on a smooth
horizontal table has particles each of mass m attached to its ends 4 and B.
Initially the particles lie on the table with the portions of string 04, 0B
straight and 04=0B. An impulse P is applied to the particle 4 in a
direction making 60° with OA4. Prove that when B reaches O its velocity
is P #/22/8m. [S. 1923]

37. Two equal particles connected by an elastic string which is at its
natural length and straight, lie on a smooth table, the string being such
that the weight of either particle would produce in it an extension a.
Prove that if one particle is projected with velocity u directly away from

the other, each will have travelled a distance mu \/ =~ Wwhen the satring
first returns to its natural length. [S. 1925]

38. A man of mass m is standing in a lift of mass M, which is descending
with velocity ¥ ; the counterpoise being of mass ¥ +m. Suddenly the man
jumps with an impulse which would raise him to a height 4 if he were
jumping from the ground. Calculate the velocities of the man and the lift,
immediately after the impulse ; and find also their subsequent accelerations.
Deduoce that the height in the lift to which he jumps is A (M +m)/(H +4m).

39. A particle of mass M is at rest at a point 4 on a smooth horizontal
plane. It is attracted towards another point B in the plane by a force
proportional to its distance from B. At the instant at which it is released
it is given an impulse 7 in the direction 4B. If 4B=z,, and if the initial
value of the attractive force is P,, shew that the particle reaches B after

a time
N e VIR,

Find an expression for the rate at which the force attracting the particle
towards B is doing work, and shew that it has & maximum value

1 /P, I
é ,\/M——;_o (Poxo‘f'ﬂ’)- [M- T. 1926]
ANSWERS
2 e:1; im 3 3

15 % (m sin?§ ~3m'ecos®d) mu(l+e)sinbcosd
*  msind@+3m cos?d ' msin¥d+3m cosld
16. °8 ft. above anvil, downward velocity ‘8 ft.-sec,
21. 160 ft.; 360 ft. 28. 7-3 f.s.; 7537°3 ft.-1b. ; converted into heat.
33. §V(1+e), 4V (1-2¢), V(1 +e).




Chapter XII
POLAR COORDINATES. ORBITS

121, Velocity and Acceleration in Polar Coordinates.
Let the position of a point P be
defined by its distance 7 from a fixed
origin O and the angle 8 that OP
makes with a fixed axis Oz. The
cartesian coordinates (z, y) of P are
connected with the polar coordinates
(r, 6) by the relations z=1cos¥, o
y=r sin 6.

Let u, v denote the components of velocity of P in the direction
OP and at right angles to OP in the sense in which 6 increases.
The resultant of the components u, v is also the resultant of the
components &, 3. Therefore by resolving parallel to Oz and Oy
we get

ucose-—vsin0=w’=di(rc080)='i-cosd0~résin0,
t - —

and wusinf+wvcos 0=y=%(rsin 6) = +sin 8 + rf cos 6.
Solving these equations for u and v clearly gives
u=+ and v=rd;

and these are the polar components of velocity.

In like manner if f;, f3 denote the components of acceleration
along and at right angles to OP, since these have the same
resultant as & and §, we get

ﬁcos@-—f;sin9=ii=(-?—:—,(rcosﬂ)
= (# —r6?2) cos 0 — (8 + 2+6) sin 6,
and flsin0+ﬁcosﬂ=i}=%(rsin8)

= (#—rf®)sin 0+ (rd + 2+0) cos 0;
giving on solution f; =# — ré, f; = rf + 276,
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These components constitute a third representation of the
velocity and acceleration of a point moving in a plane (see 512);
they are sometimes called radial and transverse components,
and we note bhat the transverse component of acceleration may

also be wnbten - (736)

122, Central Orbits. If a particle is describing an orbit
under the action of a force directed to a fixed point

(i) the orbit must be a plane curve; because at any instant
the particle is moving in the plane through the tangent to its
path and the fixed point and the only force acting on the
particle lies in this plane, therefore the particle continues to
move in this plane,

(i) the rate of description of area by the radius vector drawn
Jrom the fized point to the particle is constant; for there is no
force at right angles to the radius vector so that the transverse

component of acceleration is zero throughout the motion,
i.e. 1d (r"e) =0, therefore 726 = constant, Since a scctorial
elemenﬁ of area is $728, it follows that 72 is twice the rate of
description of area by the radius vector. It is usual to denote
this constant by k; and we note that 726 is also the moment of
the velocity about the fixed point and that the following forms

are equivalent: .
h =170 =pv=1zxy — yi.

Té

1221. Given the Orbit and the Centre of Force to
determine the Law of Force. There are two common formulae
for the law of force, one for use when the orbit is given by its
(r, p) equation, where 7 denotes the radius vector and p the
perpendicular from the origin to the tangent, and the other for
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use when the orbit is given by its polar equation, ie. a relation
between r and 6.

(1) Orbit given by (r, p) equation. Let f denote the required
force per unit mass, ie. the acceleration
towards the centre O,

Then, if v is the velocity, the accele-
ration along the inward normal is +*/p,
therefore by resolving along the normal

e ¥
rop
Bub p =rdr/dp and vp=h, therefore
_ The h’ dp
S= g = iy e ).

(ii) Orbit given by (r, 6) equation. If we write u for }‘, and

make use of the formula

s (1)

to be found in books on Calculus, we have

-z )=t @)}

and since ;l—a = - —l—, Z L therefore the last relation reduces to
1d d®u
= i
and (1) may be written
diu
2,2 5]
f=h {u + d(}ﬂ} ..................... (2).

Alternatively, we may start from the polar components of
acceleration and write

Forfr=—f %gi(rzé)ﬂ;

and the latter giving r20 = h, it follows that
d hd d

————— = hu?

dt rdf de’

1
where u = -,
r
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Substituting this operator for Edz and é for » in the expression

# — 163, we get
J=—hut Ed@ {hu’ Zi% (%)} + hdu®

d 1 du
= hu? 70 {hu’ a ('1_6} + h2ud,

or JS=h*a {%’:+ u}(2),

as before.

12:22. The converse problem—given the law of force to find
the orbit—is solved by substituting the given expression for f
in formula (1) or (2) and then integrating the resulting equation,
and provided that the orbit can be identified by its (r, p)
equation it is clear that (1) is the simpler formula to use as
the orbit will be found by a single integration.

12:8. Circular Orbits. Since a particle describing a circle
with uniform velocity v has a constant acceleration v*/a towards
the centre, where a is the radius, it follows that a particle
can describe a circle under any constant force per unit mass f
tending to the centre provided that it is projected at right
angles to the radius with velocity »/(af).

Circle with any internal point O as centre of force. Let a be
the radius and ¢ the distance of O
from the centre C. Then if P is
any point on the circle and p the
perpendicular from O to the tan-
gent at P, and OP =, it is easy
to see fr%@;t}_%g }riglgl{aﬂ(?c‘:f ‘that.

A=r+al—2ap, (&) g™
so that  dp/dr=rfa. -2
Therefore the force towards O under which the particle

would describe the circle is
f= Bdp Wy
pdr  pla’

the velocity at P being given by vp=h, or v =£ .
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In the special case in which O is on the circumference, ¢ =a
and 7*= 2ap, so that

8ath? 2ah
f= ~ , and v="5i
or f=ﬁ, and vsg%—’f.

Conversely a particle projected from a point .P at a distance
from O with velocity ¥}u/r® under the action of a force w/r®
per unit mass towards O will describe a circle passing through
0, and the position of the centre of the circle and therefore also
its radius depends only on the direction of projection; for we
construct the position of C by drawing PC at right angles to
the direction of projection and making the angle POC equal
to OPC.

12-4. Elliptic Orbit. Force directed to the Centre. Let
P be a point on the ellipse whose centre
is C and semi-axes a, b.

If p is the central perpendicular on
the tangent at P and CD is the radius
conjugate to CP, from the properties of
the ellipse, we have

CP3+CD?=0a*+ 0% and p.CD=ab.
Hence, if CP =17, we have

9;—5"=a-+b'—r1 ..................... (D).

This is the (r, p) equation of the ellipse when the centre is
the origin. By differentiating (1) we get

abrdp
?- E'; =T
Hence the force to the centre necessary for the description of
the ellipse is
f = }-l—’ QI—) = -—Ii’—- T = ur, 84
pdr  a®b? KT: B8,

where u is a constant A%/a2b% or where & = abv/u.
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Again the velocity at P is given by
h_ h

and is parallel to CD.

Also since & is twice the rate of description of areas, thercfore
the time taken to describe the ellipse or the periodic time in
the orbit = twice the area divided by 2

= 2mabfh = 2 [y p.

Let A be an end of the major axis and @ the point on the
auxiliary circle corresponding to the point P on the ellipse;
then if ¢ denotes the time taken for the particle to move from
4 to P we have ¢t = (2 sector ACP)/h.

But the ellipse is the projection of the circle, so that

area ACP:area ACQ=0b:a,

and area ACQ_q}u’.ACQ,
therefore area ACP =1%ab. ACQ,
and t= ‘-‘h—b LA0Q = ACQ/Vu,

or the angle A0Q =+vyut. It follows that as P moves round the
ellipse the corresponding point @ moves round the auxiliary
circle with uniform angular velocity +/u.

Further, the coordinates of the point P in terms of the
eccentric angle ¥ut are given by z=a cos Vut, y="bsin Vut.
This shews that the elliptic motion can be compounded of two
simple harmonic motions along lines at right angles having the
same period 2w/y/u and differing in phase by a quarter of a
period 7111,

12'41. Law of Force ur. Find the Orbit. The law of force

K2 dp . .
gives — 2 a— = pr, and on integration

h =4 —p......... ).
But the (r, p) equation of an ellipse
with the centre as origin is

gp_{?_’=ax+bl_r’ ...... (2),

8o that the orbit is in general an ellipse.
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The constants involved are determined by the initial circum-
stances. Thus, if the particle be projected with velocity u
from a point P at a distance ¢ from the centre of force 0' in a
direction making an angle a with CP, we have

h = moment of velocity about C'=ucsina;

and since A/p always measures the velocity, therefore substi-
tuting in (1) glves =4 — puc? or 4 =u?+ uc?
Now by comparing (1) and (2) we get

2
a2+b2=4=1’_‘_+62’
boop

and a?b? = B _widsint 2
n
These equations determine the lengths of the semi-axes of
the ellipse in terms of the data u, u, ¢, @ The inclination 8 of
the major axis to CP is then to be found from the polar
equation of the ellipse, viz.

cos2f sin2f 1

T tTE TaE

12'5. Elliptiec Orbit. Force directed to Focus. Let S, H
be the foci of an ellipse and SY,
HZ the perpendiculars to the
tangent at P. To find the (r, p)
equation with S as origin we
assume three properties of the
ellipse

(i) SP+ HP=2aq,

(i) SY.HZ =1,

(iii) the tangent is equally inclined to the focal distances
so that SPY, HPZ are similar triangles. Hence, if SP=r,
HP=1,8Y =p and HZ=p’, we have

p_p _ \/pp b
e therefore also = { (2a,—r)}
b 2a —1r .
Hence P \/ ( - ) or, squaring,
2
. (1).

pﬂ
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Therefore b—; % = % , and the force to the focus S necessary

for the description of the ellipse is given by

where u = h*a/b? or b3 = ul, if { denotes the semi-latus rectum b%a.
Again the velocity v = A/p, therefore

R R (2a
v!_P_F(T—l) from (1),

but A*= ub?/a, therefore v*== (?r‘_" - 1)

2 _s
or =TT e (3).
" Again, as in 124, the periodic time = 27ab/h
= 2mab/y (ub¥/a)
= 27ra,’/\/,u ........................... ).

1251. Parabolic Orbit. Force directed to Focus. The
(r, p) equation of a parabola is
obtained from the facts that if the P
tangent at P meets the tangent at
the vertex 4 in ¥ and S is the Y
focus, then SY is at right angles to T
PY and the triangles 4SY, YSP
are similar, This gives

or 3=

so that by differentiation

2dp 1

Par = as
Hence the force to the focus necessary for the description of
the parabola is given by

od BAY ieriininninen. 2),

where p = h3/2a, or h?=u X semi-latus rectum.
Also, if v is the velocity at P,
BB 2au _ 2
= ]T’ = —E_— = —r— ..................... (3)
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12'52. Hyperbolic Orbit. Force direoted to Focus. To
find the (r, p) equation of a
hyperbola we assume the cor-
responding properties as for
the ellipse, viz.:

(i) SY.HZ =1,

(i) 7 —r =2a,

(iii) the tangentbisects the %/
angle between the focal dis-
tances.

Hence as in 125 we have

p_P_ Bﬂ —_—
r r Ny (2a +7)’
]
80 that %, = -2-; F1 o (1),
and by differentiation
b*dp _
prdr
hBdp ha 1 p.

Therefore f= e df T, Y e (2),
where u=h%a/b? or h’ =ul, if ] denotes the semi-latus rectum
b¥/a.

In this case

h*  h? (2a u (20
a_"t _ (24 =K (Z
TTPTR (r 1) a (r +1>'

or vi=" 4 G Tteneseeeeneesnesaees (3),
gives the velocity.
12'563. Law of Force u/r?. Find the Orbit. We now have

hrdp _p
prdr ¥
and, by integration, therefore
2
ﬁ-, = 2p + O, where C is a constant ......... 1).
pPor

Comparing this with the (r, p) equations of the ellipse,
parabola and hyperbola obtained in the last three articles, viz.:

2
B2 p*=ar, and I_)__”=_2_a_+1’
P or
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we see that the orbit required is an ellipse, parabola or
hyperbola according as the constant of integration C in (1) is
negative, zero, or positive.

Now h/p al'says denotes the velocity, so that if the particle
is projected with a velocity V from a point at a distance ¢ from
the centre of force, by substisuting in (1) we have

and therefore C is negative, zero or positive according as
Vi<, = or > 2ufe.

Hence the required orbit is an ellipse, parabola or hyperbola

according as
Vi<, = or >2ujc.

Also by comparing (2) of this article with (3) of the last three
articles, we see that

in the ellipse C=—pula,
in the parabola C=0,
in the hyperbola C = pfa.

Therefore the semi-major axis of the ellipse or hyperbola
is given in terms of the initial velocity and distance by the
equations ]

oo
V‘ = —6‘ :F a D

Also when the initial circumstances are given &, the moment
of the velocity about the centre of force is known, and then in
each case the semi-latus rectum = A2/u, so that the dimensions
of the orbit are completely determined. The determination of
the position of the major axis is left as an exercise for the
student.

1254. Veloeity Components. When a particle describes an
ellipse about a centre of force in the focus the velocity can be
resolved into two components of constant magnitude, one perpen-
dicular to the radius vector and the other perpendicular to the
major aris.
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Let SP meet HZ in H', then since the tangent is equally
inclined to SP, PH it is easy to
prove that HZ = ZH', but HC = CS, Y
therefore CZ is parallel to SP. 4
Again, the velocity at P in the

ellipse is

h _h

57 =%
and its direction is perpendicular \\
to HZ.

But a vector HZ is equivalent to vectors HC, CZ; therefore
the velocity at P may be represented by components

h HC perpendicular to HC,

B
h
and B CZ perpendicular to CZ,
Since HC = ae where e is the eccentricity, and CZ=gq and is

parallel to SP therefore the velocity components are %‘? or 9}"7"

perpendicular to the major axis, and IZ—‘:' or ;{ perpendicular

to SP.
It is easy to see with the help of a A

figure in what sense these components

must lie in order always to give a ep

resultant in the direction of the s k

motion of the particle, and we notice

that the component eu/h always acts

in the same sense and the component Th

w/h is always directed in front of the eu

radius vector SP as it revolves. h

12:55. Velocity from Infinity. In connection with central
orbits the phrase ‘velocity from infinity’ at any point of an
orbit means the velocity that a particle would acquire if it
moved from infinity to that particular point under the action of
an attractive force in accordance with the law associated with
the orbit.
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Thus if f stands for acceleration towards the origin, by
resolving along the tangent to the path, we get

dv dr
'%="'a
and therefore the velocity from infinity is given by

$ri=— J i far.
For example, if f= yu/r3, )
v? = 2ur,
so that the orbit is an ellipse, parabola or hyperbola a,ccording

as the velocity ab any point is less than, equal to or greater
than the velocity from infinity (1253).

1256. The Hodograph. It is convenient here to mention
the hodograph, for though it has no special connection with
central orbits they afford some of the simplest illustrations of it.
If from a fized origin O a line Oa s drawn to represent the
velocity of a moving point P the locus of a 18 called the hodograph
of the path of P.

Referring to the figure of 511, when the points P, @ are
sufficiently near to one another, ab may be regarded as an
elementary arc of the hodograph. It is there shewn that the
acceleration of P is lim %b- ,

st-s0 O
a in the hodograph, so that the velocity with which the point a
describes the hodograph 8 a measure in magnitude and direction
of the acceleration with which the point P describes its path.

As examples of the hodograph consider the two cases of
elliptic motion :

(i) when the centre of the ellipse is the centre of force, the
velocity is ¥u CD in magnitude and direction (124), therefore the
hodograph is a similar ellipse;

(i1) when the focus is the centre of force, we saw (12:54) that

but this is the velocity of the point

the velocity is %HZ perpendicular to HZ, But the locus of Z

is the auxiliary circle, therefore in this case the hodograph is s
cirole,
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126. Kepler's Laws of Planetary Motion. The following
laws were announced by Kepler (1571-1630) as the result of
observations of the planets:

I. The planets describe ellipses with the sun in a focus.

I1. The areas described by radii drawn from the sun to a
planet are proportional to the tmes of describing them.

III. The squares of the periodic times are proportional to the
cubes of the mean distances of the planets from the sun.

The discovery of these laws was followed some sixty years
later by Newton’s enunciation of the Law of Gravitation:

Every particle in the wniverse attracts every other particle
with a force which 18 directly proportional to the product of their
masses and tnversely proportional to the square of the distance
between them. Thus, if m, m’ denote the masses of two particles
and r their distance apart, the force of attraction between them

’

is ryy%n—; where « is a constant known as the gravitation

constant, representing the attraction between two particles of
unit mass at unit distance apart.

In his Principia Newton proved a series of propositions in
Mechanics which enable us to follow a process of reasoning
from Kepler’s Laws to the Law of Gravitation.

Thus Newton proved that Every body, whick moves in any
curved line described tn a plane, and describes aréas proportional
to the times of describing them about a point either fiwed or
moving uniformly in a straight line, by radiv drawn to that
point, 18 acted on by a centripetal force tending to the same
povnt (Principia, Sect. 11, Prop. 11).

Hence by combining this proposition with Kepler’s first and
second laws, it follows that the planets, which describe ellipses
about the sun in a focus, and describe arcas proportional to the
times of describing them by radii drawn to the sun, must be
acted upon by forces directed to the sun.

Newton also proved that If a body describes an ellipse under
the action of a force tending to a focus of the ellipse, the force
must vary snversely as the square of the distance (Principia,
Sect. 111, Prop. xI),
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Hence by Kepler’s first law the sun must attract a planet
with a force varying inversely as the square of the distance.

Then in the same section of the Principia, Sect. 111, Props. X1v
and xv, Newton shewed that If any number of bodzies revolve about
a common centre, and the centripetal force vary inversely as the
square of the distance, the latera recta of the orbits described unll
be in the duplicate ratio of the areas, which the bodies wnll
describe in the same time by radii drawn to the centre of force.
And On the same supposition, the squares of the periodic times in
ellipses are proportional to the cubes of the major axes. These
two propositions are demonstrated on the hypothesis that there
is a common law of force for all the different bodies, i.e. that
if the force be denoted by u/r? then u is the same for all the
bodies revolving about the common centre, and only on this
hypothesis would these theorems be a logical consequence of
what precedes. But Kepler's third law states as a matter of
observation that for the planets the squares of the periodic
times are proportional to the cubes of the mean distances (or-
major axes). The inference is that for the attraction of the sun
on the planets there is a common law of force u/r® per unit
mass, where p is the same constant for all the planets. And
since this expression pu/r? is the force per wnit mass or the
acceleration imparted to the planet by the sun, therefore the
whole force exerted by the sun on the planet varies as (mass
of planet)/r2. It is only a short step further to infer that the
force is also proportional to the mass of the sun, and the law of
universal gravitation is a generalization from these inferences.

Calculations based upon the law of gravitation were sufficient
to enable the astronomers, Adams and Le Verrier, independently
to determine the existence and position of the planet Neptune
before it had been actually observed, and predictions of the
return of comets have been fulfilled. In fact the law has proved
adequate as a basis for dynamical astronomy generally, though
there are a few known phenomena where calculations shew
minute differences from the results of observation, and these
have been explained and accounted for by the substitution
of Einstein’s theory of Relativity for the absolute Newtonian

dynamics,
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12:61. Necessary Modification of Kepler's Third Law.
In the preceding argument the acceleration produced by the
action of the sun on a planet is considered and the acceleration
of the sun produced by the action of the planet is ignored.
Both should be taken into account, for the observations made
are based on the motion of the planet relative to the sun and
not on an absolute motion of the planet.

Assuming that the sun and planet attract one another like
two particles, if § and P denote their masses and r their
distance apart, the force on each towards the other is ySP/r?
where v is the gravitation constant.

S§O0——> <«——@P
ySP/[r? ySP/r?

Therefore their accelerations are as shewn in the next
diagram,
50— ——eor
yP/r? yS/r?

and to find the acceleration of the planet relative to the sun we
must add to the acceleration of both that of the sun reversed in
direction,
s0 “«——@P
¥ (S + Pyt

go that the acceleration of the planet relative to the sun is
v (S+P)/r? and this is the u/r? of our theory. Hence the
periodic time for the relative motion is

2aral .

Viy(8+P)’
and Kepler’s third law should read ‘ The square of the periodic
time is proportional to the cube of the mean distance and
inversely proportional to the sum of the masses of the sun and
the planet.’

Since the mass of the largest planet, Jupiter, is less than
one-thousandth of the sun’s mass it is clear that this correction
to the law is a small one.
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It must be remembered that the units are such that ymm’/r?
i8 a force, so that in terms of fundamental units

yM3L-*= MLT-},
therefore y = ML
and this makes 2wa’/~/ {y (8 + P)} of one dimension in time.

12°62. Bxamples. (i) The eccentricity of the eartR’s orbit round the sun

18 1/60; prove that the earth’s distance from the sun exceeds the semi-aris
major of the orbit during about 2 days more than half the year.

[M. T. 1908]

If S be the sun in the focus of the ellipse A BA’A', then, since SB=semi-

axis major, therefore the distance from S of

a point P on the curve exceeds the semi-axis

major 8o long as P is on the arc 5’4’5, and

since time of describing an arc is proportional

to sectorial area, therefore the time required Asﬁc\ﬂ
area SB'A’'BS
- of a year, where a, b are the

semi-axes, B’

=4+ w;lb =§+1—: of & year, where ¢ is eccentricity,

=4 & year+ 6%1; % 365} days,

=4 a year + about 2 days.

(ii) The greatest and least velocities of a certain planet in its orbit round
the sun are 30 and 29°2 kilomstres per second. Find the eccentricity of the
orbit. [M. T. 1919]

Since the moment of the velocity about the focus S is constant, the
greatest and least velocities are where the

distances from S of the tangent to the path

are least and greatest, i.e. at the ends 4, 4’ s

of the major axis. A . »
Hence  3054=29284’,

or 30a(1—e)=292a(l+e),

therefore  59'2¢='8 or e=1/74.

(iii) The acceleration of a particle in the gravitational field or a star
18 pfrt towards the centre of the star, where p is a constant and r it the
distance from the centre of the star. A particle starts at a great distance
with velocity V, the length of the perpendicular from the centre of the star
on the tangent to the initial path of the particle being p. Shew that the
least distance of the particle from the centrs of the star is \, where

VIXm(ui 427 TR -
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If peul, V=2, in the system of units chosen, and if the radius of the star
18 0-005, prove that the particle will strike the star if p is less than 0-05,
[M. T. 1925]

Since the particle starts from a great distance, we may assume that
V3> 2pu/c, where ¢ denotes this great dis-
tance, so that by 12:53 the orbit is a
hyperbola, with the centre of the star at
the focus S. Y

Initially the particle is moving along
the asymptote at a great distance, and p,
the perpendicular S¥ from the focus to c A\S
the asymptote, is known to be equal to
the semi minor axis &, This also follows
from the properties of the hyperbolic orbit;
for Vip? = A3 = pbija (12:62), and the ve-

locity v at distance r from § is given by ="t ?— but at a great distance

=]

we may put re o and v== ¥, so that V’-p/a ; therefore from ahove p3==p3,
Now the least distance of the particle from S is AS; therefore, if ¢
denotes the eccentricity,

A=SA=0S—Cd=a(e-1),

but pi=bi=at(e?-1), and Via=p,

therefore Vipl=p3(e?~1) or p2d=p2+ Vip?
Hence VA= Vig(e—1)=p(e—1),

or VA= (ud+ Vph -

Substituting the numerical values p=1 and V=2 we have
A=1+16p-1;
and the particle will strike the star if it would pass so that its least

distance from the centre is less than the radius, ie. if A <005, or if
4\ < 02. Therefore the necessary condition is

(1+16p7) -1 <02,
or 1+16p7 <(1-02)3,
or » <05,
127. Use of u, @ Formulae. So far we have only made use
of the formula which expresses the law of force in terms of

r, p, and this method is adequate for most simple problems,
We shall now make use of the alternative formula

Sf=h%a (%9; +u)
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Law of force pud. Find the orbit.
Since f= pu?, therefore

du [

(EE +u= h—. K
Putting w’ =u — pu/h? the equation becomes

By,
g v =0
the integral of which is u' =4 cos (6 — =) (see 17 (16)), or
u=}%+A cos (0 —w),

where 4, w are constants of integration. This equation may be
written ” A
: p

—r—=1+—;—cos(0—w) ervereecrnenns 1),
which we recognize as the polar equation of a conic with the
focus as origin and semi-latus rectum A%y, since the typical
form of the equation of a conic is

-l-=1+ecos(9.
r

The constants of integration can be found when the circum-
stances of projection are known and the form of the conic can
be determined, but the details are not so simple as in 12:63,
where the same problem is solved by the (», p) equation.

1271, Inverse Cube. Let the force to the centre be uu?,
then we have
d?u m
A A
The solution of this equation is different in form according as
u/hd>=or < L.
First let u/l2—1=mn? then the equation is
% —n2u=0,
the solution of which is = A4e™ + Be~™ (17 (14)), where the
constants A, B depend on the circumstances of projection; if
these are such that either 4 or B is zero the path is an equi-
angular spiral.
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d*u
de?
of which is w=A46+ B, the curve known as the reciprocal
spiral.
In the third case, putting 1 — w/h?=n?, the equation is
d?u

(—295+n’u=0,

Secondly, when w/i?=1, the equation is =0, the solution

and the solution is
u=A4 cosnf+Bsinnf ............ 17 (16),

a curve with infinite branches.

1272, Apses and Apsidal Distances. An apse is a point in
a central orbit at which the normal to the curve passes through
the centre of force, and the length of the radius vector at such
a point is called the apsidal distance.

Whenever the central force is a function of the distance,
the velocity and the inclination of the
path to the radius vector are also
functions of the distance; for by re-
solving along the tangent to the path
we get

2
ds

dv dr
e = g
therefore o= C—[fdr,

which is a function of » alone,
Again, if ¢ is the angle between the tangent and radius

vector

gin ¢ = p/r, but pv =4,
therefore sin ¢ = h/rv,

which is also a function of 7.

It follows that at all points in the orbit which are at the
same distance from O the velocity v and the inclination ¢ have
the same values. Hence an apse line, i.e. a line from the centre
to an apse must divide the orbit symmetrically, as is also
obvious from the fact that if particles were projected from an
apse in opposite directions at right angles to the apse line
they would describe the same curve in opposite senses.
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There can therefore be only two different apsidal distances
though there may be any number of apses; for if 4, B, C, D,
eto. are consecutive apses, by symmetry about OB we have
0A = 0C, by symmetry about OC we have OB= 0D and so on.

The analytical condition for an apse, i.e. that the tangent to
the curve must be at right angles to the radius vector, is that
du/d@ vanishes and changes sign as 6 increases through the
value that indicates the position of an apse.

In the motion of & planet about the sun there is a single
apse line, namely the major axis of the orbit. The apse nearer
to the sun is called perihelion and the further apse is called
aphellon. In like manner if the relative motion of the earth
and sun be ascribed to the sun the apse nearer to the earth is
called perigee and the further apse is called apogee.

12"78. Hxample. When it is required to find an orbit for a more
complicated law of force it is generally necessary to make use of the (x, )
equation, and we shall illustrate the general method of procedure by other
examples.

If the law of force is buuP+8uclub, and the particle is projscted from an
apse at the distance ¢ with velocity 33/ ufe; to prove that the orbit is r=ccos26/3.

We have h3 (%+u)=5,m+8yc3u’.
Multiply by 2du/d6 and integrate and we get
h3 {(d&) +u’}=5pu’+4p.c’u‘+0’ ........... ernnea(1)s

To determine the constant €' we substitute the initial values and we may
do this either by observing that since ( 7 8) +u? ==p , therefore the left-
hand side of the equation (1) is A3/p3, i.e. the square of the velocity ; or by
observing that at the apse du/d6=0 and un% and that A, the moment of
the velocity, is 34/u. Either process gives C=0, and then, since A?=9y,
the equation reduces to

du\?
9 (—) =4 (ctut—u?).

dé
du
»/(0’1“

or, putting u=1/r, ‘/( AT r,)=§d0

This gives

1--
so that o081 2 §6+aq,
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i.e, rmeocos(§0+a), and if we measure 4 from the apse line then rwg
when @ =0, therefore a=0 and r=¢ cos 24/3.

It should be remarked that on taking the square root in (2) above, there
is a choice of signs, and that whichever sign be chosen we get the same
equation for the path.

1274. Einstein’s Law of Gravitation. One of the small
discrepancies unexplained by the law of the inverse square is a
slight continuous change in the position of the apse line of the
planet Mercury spoken of as ‘the advance of perihelion.’

We have seen in 127 that the Newtonian differential equation

of the orbit is
diu

d9’ +u= Ei ........................ (1),
the solution of which as in (1) of 127 is of the form
ual%{1+ecos(6-—w)} ............... (2);

and since this makes du/df =0 when 8 = o, therefore = is the
angular coordinate of perihelion.

According to Einstein’s Law of Gravitation the differential
equation of the orbit is

d?
d(;: tu=p B BUU. e, 3).

The term 3pu? is small, for its ratio to u/h? is 3h2u3, i.e. three
times the square of the transverse velocity measured in terms
of unit velocity, which in Einstein’s theory is taken to be the
velocity of light. For applications in the solar system this
ratio is of order 10~%. Hence Einstein’s theory adds a small
term 3uu? to the right hand side of equation (1). Equation (2)
is therefore a first approximation to the solution of equation (3),
when the small term on the right is neglected. In order to
obtain a second approximation to the solution we next substitute
the value of u given by (2) in the small term on the right of (3)
getting

3 6
R TR i

The only one of the additional terms that gives appreciable

ecos (6 — cr)+ {1 +cos2 (6 —=)}.
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effects is the one that contains cos (6 — =), and neglecting the
others we have
d*u po, 6u®
a@ T =pte
Now it is easily verified that a particular integral of the
equation

eco8 (0 — ) .evineninens (4).

d2u
ae
is u=4A40sin(0 - =)
Hence the solution of (4) is obtained from the solution of (1)
by adding to it a term

3
—}s:— ef@sin (0 — =),

+u=Acos(f—w)

whence we get from (2)
u—’——,{l +ecos (- w)}+ eesm(ﬂ w) ...(5).
And this is of the form

u= 7-2 {1 +ecos(—w—8w)} .oonnnnnnn. (6),

provided that 8w = —ﬁ- 9 and (8=)? is neglected.

Now = is the angular coordinate of perihelion and 6 is the
corresponding angular coordinate of the planet; and (6) shews
that at any instant the planet may be considered to be moving
in an ellipse but that the ellipse is not fixed, for the coordinate
= which defines the position of the apse line is undergoing a
continuous change proportional to the angular motion of the

planet in the ratio
dw 3u® 3Bu
R al-é)’
since h¥=pul=pa (1 - €?).
This calculated motion of the apse line in the case of the
planet Mercury accords closely with the results of observation.

12741, Hxample. Skew that the orbit is a conic when the law of force
is pul, and find the angular advance of the apse line in one period when the
velocity tn the orbit is less than the velocity from infinity and the central
acceleration contains a small extra term aus, [M. T. 1927]
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We have already seen that but for the small extra term the orbit would
be an ellipse

u=}':,{1+ecos(a—m)} ........................ (1).
In this case the differential equation is
d% . +
a + %=1 /1,3 JA eeessessesssssisnisiienens (2).

From this point we might proceed as in the last article to regard (1) as
a first approximation to the solution of (2) and substitute the value of u
given by (1) in the small term on the right of (2) and follow closely the
procedure of the last article. But inasmuch as (2) can be solved in explicit
terms we may proceed directly to the solution. Thus (2) may be written

a’u E\o
(! h“) ( 7:2::)"0'
and, regarding u — ;-— as the dependent variable, the solution of this

hz
differential equation is by (16) of 1°7

—}L,’ia-:Acos{\/(l—;:—z)G—w} ............... (3),

where A, @ are constants of integration.
Neglecting o this may be written

L

=+ %+ 4 cos (6—5}%—w) .................. @),
or u=7'%+;§+d COS(0—T—8W) .eevvvrvrenninnnnns (5),
provided that 7 =

2k’

The form of (5) shews that at any instant the orbit may be regarded as
an ellipse whose apse line is advancing at the rate of ax /A% in a revolution.

12775. Principles of Energy and Momentum applied to
Central Orbits. Problems on central
orbits can also be solved by applying
the principles of energy and mo- ds
mentum. Thus, if £ denote the force /
per unit mass towards the origin, the
work done in a small displacement

ds is °
—f% ds, or - fdr;
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and since # and 8 are the components of velocity we have
F(A+P@) == [fdr4+C .ooveveee ),
where C is a constant.
Also the moment about O of the momentum is constant,
therefore
Vo L T (2).
Equations (1) and (2) are sufficient for the determination of
the orbit, if fis a given function of r.

12:751. Hxample. 4 particle moves in an orbit under a central ac-
celeration p|r3 along the radius vector r; obtain the equations of energy and
angular momentum.

If the particle ts projected with velocity u at right angles to the radius, at
distancs ¢ from the origin, prove that

(E%)'“ {2_0_,._ " (1 +°;>} (;_1)_ [M. T. 1913)

The equation of energy is
§(P4rif) - ~f;‘-, dr+C,

or §(i"+r’0")=-g+0 ................................. 1),
and the equation of angular momentum is
e S (@)
Initially p=¢, #=0, and rd=u.

Substituting in (1) we find  dul= ’ci' +0C,

-and in (2) cum=h;
therefore Q(i-’+r2(52)=’;‘+§u!_:_‘,
and 73 = cu.

Eliminating  we find that

=2y G - é) +ut-

-z () (¢

128. Repulsive Forces. The motion of a particle under the
action of a central repulsive force can be discussed in like
manner.
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For example, when the repulsive force is inversely as the
square of the distance, we may

write
h? dp _&_
P® dr =

so that }—‘- =C-
»
Now in 1252 we see thab
for a hyperbola
b
P
so that for points on the branch remote from the focus S we have
B r—2a 2a
B =l T (2),

and a comparison of equations (1), (2) shews that
=ufa, and h?=puba.

Hence the particle would describe the farther branch of the
hyperbola under a repulsive force u/r? and from (1) the velocity
would be given by

= It 2!"

a r

129. Motion of Two Particles under their Mutual At-
traction. If two particles are moving under the action of no
forces but their mutual attraction, there is no external force
acting upon the system as a whole and therefore the centre of
gravity G is either at rest or moves uniformly in a straight
line, 9'8.

If the velocities of the particles at any instant are known
the velocity of the centre of gravity can be calculated. If the
velocity of the centre of gravity reversed in direction is com-
pounded with the velocity of each particle, the centre of gravity
is reduced to rest and the velocities of the particles become
their velocities relative to the centre of gravity. The acceleration
of each particle can then be expressed in terms of its distance
from the centre of gravity and thus everything necessary for
the determination of the orbits relative to the centre of gravity
is known.
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12:91. Law of Inverse Square. Thus if m, m’ are the masses
of the particles P and @ and @ is their centre of
gravity, and PG =r, QF =1 and ymm'[(PQ)? is
the force between the particles, we have

p

—_——— = G

aenti . ym ym'3
and the acceleration of P is Py or mt P A
towards G.

Hence the path of P relative to G is a conic of which G is a
focus. In like manner the path of @ relative to @ is a similar
conic, as also are the paths of the particles relative to one
another. The forin of the conic depends in each case on the
initial circumstances. For example, if V is the velocity oi P
relative to G, its path is an ellipse, parabola or hyperbola,
according as

V2<, = or > 2ym’®/(m +m'?r.

If on the other hand we wish to find directly the path of P
relative to @, we can do so by first giving to both particles the
reversed velocity aud acceleration of @, so that @ is thereby
reduced to rest. Then the path determined for P is its path

relative to Q.

1292, Bxample. Two gravitating particles of masses M, m encounter
one another after approach from a great dwstance. If at a great distance the
velocity of one relative to the other i8 V along a line distant p from this other
particle, and ¢ is the angle through which the relative velocity is turned by
the complete encounter, prove that

tany =y (M +m) Vip.
 Shew further that if the two
particles have equal masses and
one is initially at rest the final
wvelocities are

Veosyep and Vsindo.

The force between the par-
ticles is yMm/r?, so that the
accelerations of M and m are
ym|rd and yM|r® towards one
another; and the acceleration of
M relative to m is y (M +m)/r.
And since at a great distance

13> 25 (M +m)]r,
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if r is taken large enough, therefore the orbit of M relative to m is
a hyperbola, and J is initially moving in the direction of an asymptote
with velocity V and the asymptote is at a distance p from the focus.
Hence p is the semi-conjugate axis of the hyperbola.

Again if v is the relative velocity at distance r

2 1
9 i
vimy (M +m) <r + a) FTRRRPRRRRTRN ¢ ) §
and by substituting the values r=w , v=V we get

V2=7(M+m)
-

The angle ¢ is the angle between the asymptotes indicated in the figure,
because after the encounter M will be at a great distance in the direction
of the second asymptote.

=g_z_(}[+m)
Hence tan 4 ¢ = V-

Again let m be initially at rest and let the final velocities of m and M
parallel to the axes of the hyperbola be u, » and «/, ¥ as indicated in the
figure. The magnitude of the final relative velocity is given by (1) when
r = and is therefore V. Hence &' —u=Vsin 4¢, —v=Vcos4¢. But
the final momentum must be the same as the initial momentum, and,
since the masses are equal, this gives &' +u= — Vsin} ¢ and o/ +v= Vcos$ ¢.
From these equations we deduce /=0, u= — Vsin} ¢, v'= Vcos § ¢, v=0,
so that the final velocities of M and m are Vcos} ¢ and Vsin}¢,

EXAMPLES

1. If the angular velocity of a particle about a point in its plane of
motion be constant, prove that the transverse component of its acceleration
is proportional to the radial component of its velocity.

2. The velocities of & particle along and perpendicular to a radius vector
from a fixed origin are Ar? and u6®: find the polar equation of the path of
the particle and also the component accelerations in terms of » and é.

[S. 1926]

3. A steamer moving with constant speed, v, relative to the water passes
round a lightship anchored in a tideway, keeping the lightship always dead
abeam. Shew that the path of the steamer is an ellipse whose minor axis
is in the direction of the tidal current and whose eccentricity is u/v. (u is
the speed of the tide and we assume u <v.) [S. 1924)

4. A smooth straight wire rotates in a plane with constant angular
velocity about one end. Shew that a particle which is free to slip along
the wire may describe an equiangular spiral. (8. 1921]

y RDI
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8. A particle on a smooth table is attached to a string passing through
a small hole in the table and carries an equal particle hanging vertically.
The former particle is projected along the table at right angles to the
string with velocity 4/2g% when at a distance a from the hole. If r is the
distance from the hole at time ¢, prove the results

o fAr\? a
W (%) =oh(1-%) +g@-n,
(ii) the lower particle will be pulled up to the hole if 2% is greater

than a and the total length of string is less than 34+ ak+ 142,
3
(iii) the tension of the string is 3mg (1 +g%-ﬁ> , m being the mass of

each particle. [S. 1926]

6. A smooth straight tube rotates in a horizontal plane about a point
in itself with uniform angular velocity . At time £=0 a particle is inside
the tube, at rest relatively to the tube, and a distance a from the point of
rotation. Shew that at time ¢ the distance of the particle from the point

of rotation is
a cosh wi.

Find the force the tube is then exerting on the particle. [S. 1923]

7. If two particles P, @ describe the same ellipse under the same
central force to the centre C, prove that the area of the triangle CPQ is
invariable. [Coll. Exam. 1902]

8. A particle is projected from a given point P under the action of
forces whose accelerating effects are uPS, pPS’' directed towards fixed
points S, §’. Find the magnitude and direction of the velocity of projection
in order that the orbit may be an ellipse with §, §’ for foci. [M. T. 1910]

9. Two particles are describing the same ellipse about a centre of force
in the centre in opposite directions, the mass of one being double that of
the other, If the particles meet and coalesce at an end of the minor axis,
shew that the new orbit trisects the major axis of the old.  [M. T. 1911]

10. A particle of unit mass describes an ellipse under the action of a
central force pr. Shew that the normal component of the acceleration at
any instant is abud/v, where v is the velocity at that instant and a, b are
the semi-axes of the ellipse. [M. T. 1921)

11. An elastic string has one end fixed at 4, passes through a small
fixed ring at B and has a heavy particle attached at the other end. The
unstretched length of the string is equal to AB. The particle is projected
from any point in any manner. Assuming that it will describe a plane
ourve, shew that the curve is in general an ellipse. (8. 1926]
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12. A particle is repelled from a centre of force O with a foroe ur per unit
mass, where r is the distance of the particle from 0. Shew that, if the
particle is projected from a point P in any direction with velocity 0P,
ita path is a rectangular hyperbola with O as centre. [S. 1925]

13. Three particles P, @, R, each of mass m, attract one another with a
force um? (distance). They move on a smooth horizontal plane and, when
t=0, are at 4, B, C'and are then moving with velocities equal in magnitude
and direction to ABC, A\C4, \AB. Shew that their centre of gravity, &,
remains at rest, and that each particle describes an ellipse about & in the
periodic time 7=2x//(3um).

Shew that the area of each ellipse is §\S7, where 8§ is the area of ABC.

[M. T. 1922]

14. If a particle be describing an ellipse about a centre of force in the
centre, shew that the sum of the reciprocals of its angular velocities about
the foci is constant.

15. Prove that the earth’s velocity of approach to the sun, when the
earth in its orbit is at one end of the latus rectum through the sun, is
approximately 18} miles per minute, taking the eccentricity of the earth’s
orbit as 1/60, and 93,000,000 miles as the semi-axis major of the earth’s
orbit. [M. T. 1909]

16. A body moves under a central force varying inversely as the square
of the distance, the accelerating effect of the force at a distance of one foot
being 32 f.8.8. If the body is projected at right angles to the radius at a
distance of *75 foot with velocity 8 f.s., determine the major axis and
eccentricity of the orbit. What must be the velocity of projection to make
the orbit a parabola ? [Coll. Exam. 1814]

17. A particle is projected from a point 4 at right angles to S4, and is
acted on by a force varying inversely as the square of the distance towards S.
If the intensity of the force is unity at unit distance, §4, and the velocity
of projection is }, prove that the eccentricity of the orbit is §, and find
the periodic time. [Coll. Exam. 1910]

18. A particle describes an ellipse under the action of a force to a focus;
if the particle on arriving at any point in the orbit is diverted by a blow
in the direction of the normal so that the tangent to the new orbit at that
point passes through the second focus, prove that the latus rectum of the
new path is four times that of the old. [Coll. Exam. 1911]

19. If a particle is describing an ellipse of eccentricity ‘5 under the
action of a force to a focus and when it arrives at an apse the velooity is
doubled, shew that the new orbit will be a parabola or hyperbola according
a8 the apse is the farther or nearer one. [Coll. Exam. 19812)

7-3
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20. Two particles describe in equal times the arc of a parabola bounded
by the latus rectum, one under an attraction to the focus, and the other
with constant acceleration g parallel to the axis. Shew that the acceleration
of the first particle at the vertex of the parabola is }tg. [M. T. 1915]

21. In an elliptic orbit described under the action of a force to a focus S,
if the tangent at 2 meet any line through § in 7| shew that the component
of the velocity at P in a direction perpendicular to 87’ varies inversely
as 8T. Also, find the two points of the orbit at which the component of
velocity in any direction L} and the component in the opposite direction
ML have maximum values; and shew that the sum of the two maximum
values is the same for all directions of LM, [M. T. 1915]

22, A particle is projected from infinity with velocity ¥ so as to pass a
fixed point at a distance ¢ if undisturbed. If it is attracted to the fixed
point with acceleration uu? where u is the reciprocal of the radius vector,
shew that the equation of the orbit is

B 0086 w
v=yiat \/(”V_Acﬂ)’
6 being measured from the apse. [M. T. 1924]

23. Shew that, in elliptic motion about a focus under attraction ur-2
the radial velocity is given by the equation
dr\2
3 <&§) =L{e(i+e)-rHr-a(l-e).  [M.T. 1016,
24. Shew that, if a particle describes an ellipse under a force to a focus,

the velocity at the mean distance from the centre of force is a mean
proportional between the velocities at the ends of any diameter.

25. A planet of small mass is describing an elliptical orbit round a sun
of large mass. When the planet is at perihelion, the mass of the sun is
suddenly doubled. Shew that the planet will continue to describe an
elliptical orbit, but that its velocity at perihelion is to its former velocity
at aphelion as twice the major axis of the foriner orbit is to the major axis
of the new one. [M. T. 1926]

26. A particle acted on by a central attractive force pu® is projected
) -
with & velocity ; A/p at an angle of } = with its initial distance a from the

centre of force: shew that its orbit is the equiangular spiral r=as~¢.
[Coll. Exam. 1909]

27. If a particle is projected from an apse at distance « with the velocity
from infinity under the action of a central force ur-23~3, prove that the
path is r™=a" cos nd. [Coll. Exam. 1910]
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28. Find the velocity necessary for the description of a circular orbit o.
radius a under a central force 2ua®ub — pud. Shew that the orbit is unstable
and that if a slight disturbance takes place inwards the path may be
represented by »=a tanh 6. [Coll. Exam. 1914]

29. A particle of mass m moves under a central force
mp {3aut — 2 (a? - b2%) ub},
a being > b, and is projected from an apse at distance a+b, with velocity
Vpl(a+Db); shew that its orbit is
r=a+bcosé.

30. Prove that, if the law of force is 3pu3+2ua®u® and a particle is pro-
jected in a direction making an angle cot=12 with the initial distance a,
and with a velocity equal to that in a circle at the same distance, the
orbit is

au=tan (6 +}m).

31. The law of force is pu® and a particle is projected from an apse at

distance a. Find the orbit (i) when the velocity of projection is 4/u/a? /2,
(ii) when it is 4/p/a.

32. If the law of force be 2u (u®-a?ub) and the particle be projected

from an apse at distance ¢ with velocity A/u/a, shew that it will be at a
distance r from the centre after a time

217# {r J(r*—ad)+ad cosh~! r[a}.

33. From the fact that the velocity in the hodograph of the motion of
a particle represents the acceleration in the path, deduce that, if »=7(8)
be the hodograph of a projectile with the initial line horizontal and 6
measured positively downwards, the retardation due to the resistance of the

air is g <sin 6~ c—“:——a (£> , and the horizontal range is 1 / ridé.

)
[M. T. 1919)

34. A point describes a circle of radius @ so that its hodograph is a
second circle of radius . If the pole of the hodograph be at distance ¢
from its centre, where ¢/b is small, shew that the time of a complete
revolution is approximately

2ra (14 §c%/0%)/b. (8. 1915]

35. Prove that the hodograph of the motion of a small ring, moving
along a circular wire under the action of no force, other than the reaction
of the wire, is a circle or an equiangular spiral, according as the wire is
smooth or not. [Coll. Exam. 1910]
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36. A particle of mass m is connected to a slightly extensible string of
modulus A, the other end of which is fixed to a point in a smooth horizontal
table. The particle lies on the table and is projected with velocity v at
right angles to the string which is initially just taut. Shew that the
maximum extension of the string is approximately 2mv?/A. [S. 1923]

37. Two particles of masses m, m’ are moving in the plane of zy, under
an attraction R along the radius r joining the particles. Shew that the
centre of gravity moves with constant velocity in a straight line; and that
if x, y are the rectangular coordinates of either particle with respect to the
other, then

mm'  dix z  mm' d¥ y
mmda="Bo mrm =By

If the relative orbit is a circle of radius r, described in a period 7', prove

that
mm' 4

“mim T7°
Assuming Newton’s law of attraction, and that the moon describes a
circle of radius r, relative to the earth, establish the equation

M 4
147 =

where a is the earth’s radius, ¢ the length of the seconds pendulum, ¥ and
E are the masses of the moon and earth respectively, and & is the number
of seconds in the moon’s period. [M. T. 1914]

38. Two gravitating particles of masses m and ¥, starting from rest at
an infinite distance apart, are allowed to fall freely towards one another.
Shew that when their distance apart is a, their relative velocity of ap-
proach is /{2y (M +m)/a}, y being the constant of gravitation.

Impulses of magnitude 7 are applied to the particles in opposite directions
perpendicular to their line of motion at the instant when their distance
apart is a. Shew that p, their distance of closest approach during the sub-
sequent motion, is the positive root of a certain quadratic equation, and
that if 1 is small, p is given approximately by

p_l1LaM+m

=3 5 Ml [M. T. 1923]

39. A weight can slide along the spoke of a horizontal wheel but is
connected to the centre of the wheel by means of a spring. When the
wheel is fixed the period of a small oscillation of the weight is 2 /n: shew
that when the wheel is made to rotate with constant angular velocity
the period of oscillation is

2N (03 - w3),
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If the wheel is a light frame whose mass may be neglected, and is
started to rotate freely with angular velocity @, shew that if @=6n/5,/11
the greatest stretch of the spring is 20°/, of its original length.

[AL T, 1917)

ANSWERS
9 ”\Lﬁ - ;‘9 +C; DYS— p364r ; Aur +2u36%r. 8. 2maw?sinh wt.
8. J(2uSP.S'P). 18. 3ft.; 0:5; 16/4/3 fs. 17. 16x/74/7 seca.

21. The points are the ends of the chord through § perpendicular to LY.
28. u/a. 31. (i) re=acosd; (i) r=a.



Chapter XIII
MOMENTS OF INERTIA

131. If the mass of every clement of a body or particle of a
system be multiplied by the square of its distance from an axis,
the sur of the products is called the Moment of Inertia of the
body or system about that axis. Thus if m denotes the mass of
an element or particle and = denotes its distance from the axis,
the moment of inertia is Smr.

In like manner we may define the moment of inertia of a
system with respect to a point or plane as Zmr? where r denotes
distance from the point or plane. °

If M denotes the whole mass and & be a line of such length
that Mk3 is the moment of inertia about an axis, then % is called
the radius of gyration of the system about that axis.

When rectangular coordinate axes are used, the moments of
inertia of a body about the axes are denoted by

A =2%m(y*+2%), B=3m(2*+4a?), C=3m(2®+1?);
and the sums represented by
D=3myz, E=3mzzx, F=Zmay

are called the produets of inertia of the body with regard to
the axes yz, 22, xy.

132. Theorem of Parallel Axes. The moment of inertia of
a body about any axis is equal to its moment of tnertia about a
parallel axis through its centre of grawity, together with the product
of the whole mass and the square of the distance between the axes.
Let the given axis be taken as axis of z. Let (z, ¥, 2) be the
coordinates of a particle of mass m, (%, 7, Z) the coordinates of
the centre of gravity @, and let z=%+ 2, y=9+vy, 2=2+7.
The moment of inertia about Oz

=3m(at+ %) = In (@ + P+ G +y))
= Sm (a®+ y'?) + (@2 + F®) T + 22 Sma’ + 27 Emy.
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But Zma’ =0 and 3my =0, therefore
The moment of inertia about Oz=Zm («*+ %) + (2 + ¥*) Zm;

and the first sum is the moment of inertia about an axis
through G parallel to Oz, and the remaining terms are the
product of the whole mass and the square of the distance be-
tween the axes.

138. Plane Lamina. Themoment of inertia of a plane lamina
about an axis perpendicularto its plane 13 equal to the sum of the
moments of inertia about any two perpendicular axes in the plane
that tntersect on the first axis.

Take the plane of the lamina as the plane of #y and the
perpendicular axis as Oz. Then, since z = 0 at all points on the
lamina, we have

A =3my?, B=3ma®, C=3Im(a*+ ),
so that C=A4+B

13'4. Reference Table. The calculation of a moment of
inertia is generally a simple matter of integration and the
following results are tabulated for convenience. In all cases Mk3
is taken to be the moment of inertia, where A/ is the whole
mass, and G denotes the centre of gravity. In some of the
cases given the result follows from the preceding result by an
application of 132 or 13:3.

Value of &?
Rod of length 2a,
about a perpendicular axis through G ... }at
about a perpendicular axis through an end ... $a?
Rectangular lamina of sides 2a, 20,
about an axis bisecting the sides 2a ... . vor jad
about a perpendicular to its plane through ¢ . e 3(a?40%)

about a perpendicular to its plane through a corner ... 4 (a?+18?)
Rectangular parallelepiped of edges 2a, 2b, 2¢,
about an axis through its centre perpendicular to the

plane containing the edges 2b, 2¢ ... F(*+c?)
Elliptic lamina of axes 2a, 25,
about the axis 2a ... P
about the axis 25 ... }a?
about a perpendicular to n.s plane through G o a2+ b?)

Ellipsoid of axes 2a, 25, 2¢,
about the axis 2a ... (2 +ch)



190 MOMENTS OF INERTIA [xin

The last three results may be included in a single formula
known as Routh'’s rule:

A body has three axes of symmetry: about an axis of
symmetry & has the value

Sum of squares of perpendicular semi-axes
3,4orb '

where the denominator is to be 3, 4 or 5, according as the body
is rectangular, elliptical or ellipsoidal.

Thus a circle is a special case of an ellipse, and if we want the
radius of gyration of a circular lamina of radius a about a
diameter, the perpendicular semi-axis in the plane is of length
a and that perpendicular to the plane is zero, therefore £* = }ad
But for an axis through the centre perpendicular to the plane

B=2}(a*+d?*) =}a
We notice that a sphere is a particular case of an ellipsoid

and that its moment of inertia about a diameter is therefore
$Ma?, where a is the radius.

18'41. Some of the results of the last article can be obtained by simple
direct methods.

Circular dise of radius @ and mass M. First find the moment of
inertia about an axis through the centre perpendicular
to the plane. For this purpose divide the disc into
narrow concentric rings. Let r denote the radius and
dr the breadth of one of these rings. Its area is 2w rdr

and therefore its mass is —% 2w rdr and every element
mw
of the ring is at a distance 7 from the axis. Therefore
the ring makes a contribution %1;{ r3dr to the moment of inertia, and the

moment of inertia of the whole disc
oM (e _ 2
‘“F/o rdr=4 Ma®

Secondly, for the moment of inertia about a diameter ; since the moment
of inertia about every diameter is the same, therefore by 188 the moment
of inertia about a diameter=} Ma?.

Sphere of radius ¢ and mass . The moments of inertia about all
diameters are the same, so that

A=BmC=33m (2*+y2+2%) =g Imss,
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Divide the sphere into concentrio shells. Let r denote the radius and dr
the thickness of such a shell. Its volume is 4nr%dr and therefore its mass

;” 4,rrw= s,

Hence, for the whole sphere,
zmrz-"i’ [ rAdr =} Mad,
and therefore the moment of inertia about a diametera=§ Jfa®.
13-42. We append two examples of integration:
Elliptic Lamina. To find the moment of inertia about the minor axis,

Let M be the mass and 2a, 2b the axes.
The area may be divided into narrow strips

Y
P
—F
such as PP, in the figure, of length 2y and
breadth dz. The mass of such a strip is
N

# 2ydz. Hence the moment of inertia / i

mab
about Oys- f 2%y dz, where L —p

10 /-5

Therefore Mi2= 7’ :c’ V(a3 - 23) d.

Put £=a sin 6, and we get

2 LA
Ba== a’f sin? 4 cos? 840
™ 4w

2
=}al

It follows that the square of the radius of gyration about Oz is } b* and
about a perpendicular to the plane through 0 it is } (a%+ 52).

HEllipsoid. Let X be the mass of the ellipsoid and 2a, 2b, 2¢ the
lengths of its axes. Taking co-
ordinate axes Ox, Oy, Os along
the axes of the ellipsoid let us find
the moment of inertia about Oz,
Let the solid be divided by planes
parallel to ys and let QRQ R’ be
the section at a distance ON =z
from 0. The semi-axes of this
section are given by

and QNEb\/(l—:—:)RNm: \/<l—:')-

1 L
=gt fo (1—cos 48) do
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8o that the area of the section== 1_:;1;9 (a3 - 2%), and the volume of a slice of
thickness dz is ’—;ch (a?— 23) de. But the whole volume is § wabe, therefore
the mass of the slice at distance x from 0 is %(a’ — %) dz, and the square
of its radius of gyration about Oz is

FQNI 4+ RN = 4%, (B34 (a3 — %),
Hence the momeut of inertia of the whole ellipsoid about O«

3 e
=6 (b3+¢2) f B (a®-2?)idx

= 136% (b3+¢?) [a‘z —4a?3 + Jﬁ»zﬁT
=} M (B3+2).

135. Plane Lamina. Momental Ellipse. Reverting to the
case of a plane lamina we can shew

that the moment of inertia about a ¥ p
line through the origin making an L
angle 6 with the axis of z is given ':
by the formula ! N_—~
I=Acos?6 + Bsin?f — 2F sin d cos 6, Ty
ol &z

where 4, B, F have the meanings
assigned to them in 13-1.
For if P (=, %) be the position of an element of mass m and
PN be perpendicular to the line, PN =y cos § — zsin 6, and
I =3mPN2=3m (ycos 8 —zsin §)}
= cos? 0 Zmy? + 8in® 6 Zma? — 2 sin 6 cos § Smay
= A cos? 0+ Bsin®6 —2F sin 8 cos 6.

If along any line through O we measure off a length 0Q =1,
such that the moment of inertia of the lamina about 0Q is
inversely proportional to OQ? the locus of the point  is an
ellipse called a momental ellipse for the lamina at the point O.

To prove this theorem we have only to put I = Me!/»? and
therefore

A cos? 0 + Bsin?f — 2F sin 0 cos 0 = Me¥/r3,
or, if z, y are the rectangular coordinates of @,
Ag? + By - 2Fzy = Met,
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which represents a central conic; and, since every radius is
real by construction, therefore the conic is an ellipse. M is
intended to denote the mass and e is a length in order to make
both sides of the equation of the same dimensions.

The constant e is arbitrary, so that we have any number of
similar, similarly situated, momental ellipses at the same point.

13:51. Principal Axes. When rectangular axes at a point
are so chosen that the products of inertia Zmyz, Zmzz and
Smay are all zero, these axes are called the principal axes
at the point. In this cale 4, B, C are called the principal
moments of inertia.

It can be shewn that at any point there always is a set of
principal axes, but we shall confine ourselves to proving this
theorem for the case of a lamina.

Reverting to the figure of 135, the product of inertia with
regard to the axis ON and a perpendicular axis is
Sm (PN.NO)=3m(ycos 0 —zsin ) (z cos 0 + y sin 8)

= Zmay (cos? § —sin? 6) + 2m (y® — 2?) sin 6 cos 6
=Fcos20 + % (A — B)sin 26,
and this will vanish if =} tan—? 5—2_:1’—;—1 ; thus determining the
principal axes at O in the plane of the lamina.

The existence of the principal axes at O also follows from the
fact that when the equation of a momental ellipse is referred
to its axes the cocfficient of «y vanishes, but this coefficient is
the product of inertia with regard to those axes. Therefore the
axes of a momental ellipse at O are the principal axes at O.

1352. Geometrical Representation. Suppose that we have
constructed a momental ellipse at
a point O, and that a, b are its
semi-axes. By hypothesis the mo-
ment of inertia about any radius
OP is M/OP2. But if p is the
length of the perpendicular from O
to the tangent parallel to OP it is
a property of the ellipse that p. OP = ab, therefore the moment

v
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of inertia about OP is directly proportional to p*; or, on some
suitable scale of measurement, p represents the radius of gyra-
tion of the lamina about OP.

18:53. If the principal moments of inertia of a lamina at its
centre of gravity are known, the moment of inertia about any
other axis in the plane can be calculated. For if 4, B are the
principal moments and Oz, Oy the principal axes, the moment
about an axis through O making an angle 6 with Oz is by 135

A cos? 0 + Bsin? 6,
and the moment about any parallel %axis can be found by the
theorem of parallel axes in 13-2.

1354. If the principal moments of inertia of a lamina are
equal at any point, then a momental ellipse at that point is a
circle and any pair of axes at right angles through the point are
principal axes through the point. For example, at the centre of
a square the moments of inertia about lines parallel to the sides
of the square are clearly equal, therefore a momental ellipse is
a circle and the moment of inertia about every line in the plane
passing through the centre is the same.

136. Equimomental Bodies. Two bodies are said to be equi-
momental when their moments of inertia about all straight lines
are equal each to each.

This will be so if the bodies have the same centre of gravity, the
same mass, and the same principal axes and principal moments
of inertia at the centre of gravity. Thus a straight rod of mass
M is equimomental with particles of mass §/ at each end and
a particle of mass M at the centre.

EXAMPLES

1. A parabolic area is cut off by a double ordinate at a distance A from
the vertex, shew that for the moment of inertia about the tangent at the
vertex k3= A2,

2. Shew that the square of the radius of gyration for the area of the
curve r3=qa8 cos 20 about an axis through the origin perpendicular to the
plane is 3 wal.
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3. A right cone of height A stands on a circular base of radius a. Shew
that for the moment of inertia about the axis of the cone k3= ;a3 and
about a line through the vertex perpendicular to the axis 4%=§ (424} a?).

4. Shew that, for a thin hemispherical shell of radius ¢ and mass M,
the principal moments of inertia at the centre of gravity are fMa?
¥z Mat, § Ma?; and that for a solid hemisphere the values are % Ma3,
oy Ma?, § Mad,

6. Particles of equal mass are placed at the corners of a regular polygon.
Prove that the squares of the principal radii of gyration at any point O in
the plane of the polygon are a?/2 and (a?+ 24%)/2, where a is the radius of
the circumscribing circle of the polygon and 4 is the distance of O from
the centre of this circle. [Coll. Exam. 1913]

6. Prove that a uniform triangular lamina of mass M, and a system
consisting of three particles each of mass } A, situated at the middle
points of the sides and rigidly connected by light rods, have the same
moment of inertia about any axis in the plane. [M. T. 1925]

7. Shew that, if 3, y are the distances of the corners B, C of a triangle
ABC from any straight line through 4 in the plane of the triangle, then
the moment of inertia of the triangle about this line is 3 M/ (8%+By++3),
where M denotes its mass.

8. Shew that, if q, 8, y are the distances of the corners of a triangle
from any straight line in its plane, then the moment of inertia of the
triangle about this line is

P M (a®+ B2 +9% + By +ya+aB),

where M denotes its mass.

9. Shew that the principal axes at a corner of a rectangular lamina of
sides a, b make with a side angles 8, = 4 6, where
tan 20= 3 ab/(a?— b?).

10. Shew that, in the last example, if half the rectangle be removed so
as to leave a right-angled triangle of sides a, b, the value of 4 for the
principal axes at the right angle is given by

tan 26 =ab/(a? - b3).

11. A uniform rectangular plate whose sides are of lengths 2, 2b has a
portion cut out in the form of a square whose centre is the centre of the
rectangle and whose mass is half the mass of the plate. Shew that the
axes of greatest and least moment of inertia at a corner of the rectangle
make angles 8, 4= +6, with a side, where

tan 26=§ abj(a? — %), [M. T. 1928]
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12. Find the moment of inertia of & uniform rod of mass m and length 2¢
about any axis for which the line of shortest distance to the given rod cuts
the rod at its middle point. [Take 4 for the angle between the axis and
the rod.]

Shew by direct integration of the previous result that the moment of
inertia of a plane uniform elliptic lamina of mass ¥ and semi-axes a and
b about an axis through its centre in the plane normal to the lamina
containing the axis @ and makiug an angle ¢ with that axis is

1M (b2 +a?sin? ). [M. T. 1927]

ANSWER

12. m(d?+}c¥sin? §), where d is the shortest distance between the rod
and the axis.



Chapter XIV

MOTION OF A RIGID BODY. ENERGY
AND MOMENTUM

141. A rigid body means a body in which the distance
between each pair of particles remains invariable. The bodies
with which we are familiar are all more or less elastic and
capable of compression, extension or distortion under the action
of external forces, and the problem of the motion of such a
body is in general rendered more complicated by its deform-
ability. The problem of the motion of bodies is greatly
simplified by the hypothesis that they are rigid in the sense
defined above, and in elementary dynamics we limit our con-
siderations for the most part to the problem of the motion of
one or more such bodies.

Further, we regard a rigid body as an agglomeration of
particles held together by cohesive forces such that the action
and reaction between any pair of particles are equal and opposite
(9'7), and we use the principles established in Chapter 1x for
the motion of a system of particles. In the case of the rigid
body however there is an additional fact to be observed, namely,
that since the distance between each pair of particles is
unaltered in any displacement of the body, therefore the total
work done by the action and reaction between the particles
18 zero.

For if R denotes the mutual reaction betwecen two particles
A, B which undergo a small ,
displacement to A’, B', so that A'r__________,____—-—-—-—B}
A'D'=AB, where A'Y makes - PR
a small angle 6 with A B; then, ARM R BN
if M. is the projection of 4’B’ on A B, the work done is

R.AM—-R.BN = R(AB—-MN)
=R.AB(1—cosf);

and this is zero to the first order of small quantities, and by
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summation the same result holds good for a finite displace-
ment *,

It will be convenient to summarize here the results of
Chapter IX in reference to a rigid body, thus:

(i) The rate of change of linear momentum of a rigid body in
any direction 1s equal to the sum of the components of the external
Jorces resolved in that direction (9°2).

(i1) The rate of change of moment of momentum of a rigid
body about any fized axis 18 equal to the sum of the moments of
the eaternal forces about that axvs (9°2).

(iii) The increase in the kinetic energy of a rigid body tn any
time 13 equal to the work done by the external forces in that
time (9°4).

In 94 work, if any, done by the internal forces is included,
but in the case of a single rigid body the internal forces do no
work in any displacement and therefore in (iii) we only refer to
the external forces,

The same principles also apply to the motion of a system of
rigid bodies, provided that in (iii) we include the work done, if
any, by the internal actions and reactions between the bodies.

The principles of the independence of translation and rotation
established in 98 also hold good for a rigid body or system of
bodies.

* A more formal proof of this theorem may be set out as follows :

Let (z, y), («', y') be the coordinates of the particles 4, B in any position of
the body, R the mutual reaction and r the invariable distance of the particles,
8o that

(-2 B+ (Y —Y)2=1% e eeanens (1).

Let X, Y denote the components of R at 4 and consequently — X, ~ Y denote

the components of R at B; then
X=R(z' - z)[r, Y=R(y' -y)|r.

The work done by R at 4 in any displacement of the body is [(X dz + Y dy)
integrated along the path of 4, and the work done by R at B is - [(Xda'+ Y dy')
integrated along the path of B. Hence the total work done is

]e ’ ’ /
- [Fer-a1 e - an) 4 - 0) oy - a
and this is zero, since by differentiating (1) we get
(2- &) (dz - dz’) + (y - y') (dy - dy) =0,
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14'2. In order to apply the principles of the last article, we
need to find the most convenient expressions for the kinetic
energy, momentum and moment of momentum of a rigid body,
and we shall confine our attention for the most part to two-
dimensional motions, noting however that the principles can also
be applied to motion in three dimensions.

Kinetic Energy of a Rigid Body. The velocity of every point
of the body is determinate provided that the angular velocity of
the body is known and the linear velocity of some one point of
the body.

Let us suppose that the centre of gravity G has a velocity
whose components parallel to coordinate axes Oz, Oy are u, v,
and let w be the angular velocity of the body.

V
rTw
Pz
w/ -’
[ N
y G a/ “u

ol x

If P be the position of an element of mass m of the body
whose coordinates referred to parallel axes through @ are o/, y/
or r, 8 in polar coordinates, the velocity of P relative to G is rw
perpendicular to GP. Therefore the components of velocity of P
parallel to the axes are

u—rwsin § or u—vyw,

and v+rwcosf or v+a'w.

Hence the kinetic energy of the body is

FIm ((u = Yo + (v + Tw)

=} (w3 + v*) Em + §o?Em (@' + ¥'?) —uoEmy’ + vo Smd.

But Zm is the whole mass M of the body; Zma’ and Zmy’ are
zero because G is the centre of gravity, and 3m (z?+y?) is
the moment of inertia of the body about an axis through @
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perpendicular to the plane and may be denoted by Mk?, where
for a plane body we may specak of k as the radius of gyration
about @G. Hence the kinetic energy may be written

M (2 402 4 208 e ).

The first two terms represent the kinetic energy of the whole
mass moving with the velocity of the centre of gravity and the
third term is the kinetic energy of the motion relative to the
centre of gravity, in accordance with the theorem previously
proved in 9'5.

As a special case, when the body is turning about a fixed axis
through O perpendicular to the plane zy, let h be the distance
of G from this axis, then kw is the velocity of G and the formula
(1) becomes } M (h?+ k?) w?, or by the theorem of parallel axes
in 182

> ¥ L (2),
where I is the moment of inertia of the body about the fixed
axis. This result is capable of simple independent proof, for if »
denotes the distance of an element of mass m from the fixed
axis, its velocity is rw, and therefore the kinetic energy of the

body
=3Zmriewt=}lwt

14-21. Examples of Conservation of Energy. Numerous
problems can be solved by the principle of energy alone; we
append a few solutions.

(1) 4 uniform dusc i3 free to turn abowt a horizontal axvs through its
centre perpendicular to its plane. A particle of mass m s aitacked to a
point in the edge of the disc. If motion starts from the position in which the
radius to the particle m makes an angle a with the wpward vertical, find the
angular velocity when m i tn its lowest position.

Let a be the radius of the disc and M4? its moment of inertia about its
centre. Then, if » is the angular velocity, the kinetic m
energy of the disc is $ M4%w?3, and of the particle 4ma?e?,
since its velocity is aw; also, since the weight of the ?
particle is the only force that does work, the work
done in reaching the lowest position is mga (1 +cos a),
therefore

1 (UM% + ma®) ®=mga (1 +cos a).

(ii) An electric motor which gives a uniform driving torque drives a pump
Jor which the torque required varies with the angle during each revolution
according to the law T « sind 6: the mean speed of the pump vs 600 rev,
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per min. and the mean horse-power required is 8. To limit the fluctuation of
speed during each revolution, a flywheel is provided between the motor and
the pump which successively stores and gives out energy. Shew that the energy
thus successively stored and given out by the flywheel is approzimately
70 foot-pounds. [S. 1925]

‘Torque’ means couple. Let the torque required for driving the pump
be given by

T=Fksin? 4 ft.-lb.,

where £ is a constant,

The mean speed is 10 revolutions or 207 radians per second. The mean
rate of working is 8 horse-power or 8 x 550 ft.-1b. per second. Therefore the

mean torque required
=8 x 550/20x

=70 ft.-lb. approximately.
Now the mean value of sin?8 taken over a revolution

1 (2. 1 (2n _
—Q;J:sm 0d6—4—ﬂ/:(1—cos26)d0—§.

Hence the mean value of the torque required for the pump is also £;
therefore } £="70 ft.-1b., or £=140 ft.-1b.
The torque required for driving the pump is therefore given by

T =140sin?4 ft.-1b.

This is less than the uniform driving torque of 70 ft.-Ib., supplied by the
motor, by 70 cos 26 ft.-1b.; and the work done by this surplus torque while

B
@ increases from a to 8 is 70 / cos 20d0 =35 (sin 283 - sin 2a) ft.-lb. This

represents surplus energy stored in the flywheel during the process. Thus,
taking a= -} and B=4}m, the amount stored while 4 increases from — 3w
to 3 is 70 ft.-1b., while in the next quadrant from } = to §» the amount
s0 stored is — 70 ft.-1b., or 70 ft.-1b. are given out and so on alternately.

14-3. Momentum of a Rigid Body. If z, y are the coordinates
of an element of mass m of the body and 7, 7 are the coordinates of
the centre of gravity and J is the whole mass, we have Zma= Mz
and Zmy = My. Therefore, by differentiation, Zm#= Mz and
Smy = My, so that if u, v denote the components of velocity of
G as in 142, the components of linear momentum of the whole
body are Mu, Mv; i.e. the same as if the whole mass were collected
into a particle at G and moved with the velocity of G.

Now consider the moment of momentum of the body about an
arbitrarily chosen origin 0. Reverting to the notation and figure
of 142, the velocities of the element m are u —y’w and v+ 2'w,
so that its components of momentum are m (% — ¥ w) and
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m(v+a'w). Taking moments about O, the moment of mo-
mentum of the whole body
=Zm {a (v + o) -y -y},
or, since # =% + 4’ and y=7 + 3, the moment of momentum
=3Im{@+2)(v+d0)-(F+y)(u-yo)
Multiplying out and remembering that Zma’=0 and
Zmy =0, there remains
Em (Fv — Ju) + 0 Zm (22 + y'?)
=M@v—7u)+ MIPo .coovvniiiniaannnnnnens ),
where k is the radius of gyration about @.

We observe with regard to this formula tha.t the first term
M (v —yu) is the moment about O

of a vector localized at G and having M
components Mu, Mv; ie. it is the

moment about O of the components & Mu
of linear momentum of the body. We ¥

also remark that the second term in 0| = : —

formula (1), viz. Mk?w, is independent

of the choice of origin O and independent of the velocity of G.
It is in fact the moment about G of the momentum in the
motion of the body relative to G.

Hence the whole momentum of the body may be regarded
as composed of a vector with components Mu, Mv localized ab
the centre of gravity, together with a couple Mk*» which may
be called the spin couple ; for we get the moment of momentum
about any point O by taking the algebraical sum of the moments
of Mu, Mv and adding on the spin couple Mi'w.

1431. Examples of Conservation of Momentum. Numer-
ous problems are simple illustrations of the principles of con-
gervation of momentum. We append the solution of a few
examples.

(i) A thin straight tube of small bore is movable about sts centre on a
smooth horizontal table, and it contains a uniform thin rod of the same
length and mass whose centre of gravity 18 nearly at the middle point of the
tube. Prove that, if the system be set tn motion with angular velocity e, the
angular velocity of the tube as the rod leaves it is }a,
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Let m be the mass and 2a the length of either body. The initial moment
of momentum about O is § mate.
If o' is the angular velocity re-
quired; when the rod is leaving
the tube its centre of gravity @
has velocity 2a«’, so that the o ///
momentum of the rod contains a / 'l
linear component 2mae’ at right / ~
angles to the rod and a spin couple "
ima’w, hence the moment about O of the momentum of the rod is
4male’ + }made’, and the moment of momentum of the tube is now }ma’s’.
And since there is no external force the total moment of momentum about
O remains unaltered, therefore

(]

4mate’ +§mate’ =§ma’e,
or o'=}a.

(ii) 4 horizontal wheel with buckets on its circumference revolves about a
frictionless axis. Water falls into the buckets at @ uniform rate of mass m
per unit of time. Treating the buckets as small compared with the wheel,
Jfind the angular velocity of the wheel after time t, if Q be its initial value;
and shew that if I be the moment of inertia of the wheel and buckets about
the vertical axis and r the radius of the circumference on which the buckets
are placed, the angle turned through by the wheel in time ¢ 18

Io mrdt
EC (1+-—1—) [M. T. 1916]

In time ¢ a mass m¢ of water falls into the buckets and the total moment
of inertia about the axis is increased from I to I+ mr?. If 6 be the angle
turned through in time ¢ the angular velocity is 4, and the moment of
momentum about the axis at time ¢ is § (/4 ms3). But the system is not
acted upon by any force which has a moment about the axis, so that the
moment of momentum is constant ; therefore

6 (1+mrit)=0l

Iadt Q 4
Hence 6“[ T:;);T’t [log. (I+ mr’t)]o

- i lom (“"%’r—t)

(ili) 4 man of mass m stands at A on a horicontal lamina whick can
rotate freely about a fized vertical axis 0. Originally both man and lamina
are at rest. The man proceeds to walk on the lamina, ultimately describes
(relative to the lamina) a closed circle having 04 (=a) as diameter, and
returns to the point of starting on the lamina. Shew that the lamina has

moved through an angle relative to the ground given by mw {1 — N I/(I +mad)},
where I 1s the moment of inertia of the lamina about the axis. [M.T,1921]



204 MOTION OF A RIGID BODY. ENERGY AND MOMENTUM [XIV

Let Oz be a fixed line, and at time ¢ let A0z=6 and 40P =¢, where
P denotes the position of the man. P
The angle #0P increases at the rate

¢ 6, therefore the velocity of the man O -
at right angles to OP is OP (¢ - 6) and (\9'
his moment of momentum about 0 is \
mOP? (¢ - 6). Thelamina has a moment
of momentum 74 in the opposite sense ; _
and the total moment of momentum in the same sense remains zero
throughout the motion, therefore
=m0 (¢-6)=0.

But OP=acos ¢, therefore

(£ +ma? cos? ) 6 =ma? cos? pep.

ma? cos? ¢p
Hence A= e mat contp 4

1
= <l T T+ma?cos? ¢) .
Now as the man walks round the circle from 4 to O the angle ¢ increases

from 0 to } =, and as he walks on from O to 4 the angle ¢ increases from
g to 2m. Therefore the whole angle turned through by the lamina

/§r+ ‘er(l_ 1 d
0 e 14 ma? cos? ¢) 4

b d
2! [} g
To evaluate the integral put tan ¢=t¢, and we get

= 21[ I+ma‘+It’

== m ‘\/(1:;75) ‘].,
= {1 =TT F mad)}.

14-4. Examples of Conservation of Energy and Momentum.
(i) A uniform straight rod is held at an inclination a to the vertical with
tts lower end in contact with a smooth horizontal plane and let go. Find
the angular velocity when the rod becomes horizontal,

Since there is no horizontal force acting on the rod its centre of gravity ¢
does not acquire any horizontal velocity

and therefore remains in the same vertical ¥

line Oy. If m is the mass, 2a the length, I}

y the height of @ above the plane and 6 G

the inclination to the vertical at time ¢, o

the kinetic energy is §m (32+£3%3), where /

Hw=ja?and y=acosd ; therefore the kinetic 5 7

energy is }ma? (sin? 6+ 3) 61; and the work
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done as @ descends from a height acosa to acos é is mga (cos a—cos 6);
therefore
}ma? (sin? §+3) §3=mga (cos a—cos 6)
gives the angular velocity in any position, and for =}
8=./(39 cos a/2a).

(ii) A sphere of radius a, and of radius of gyration k about any axis
through 1ts centre, rolls with linear velocity v on a horizontal plane, the
direction of motion being perpendicular to a vertical face of a fired rect-
angular block of height h, where h<a. The sphere strikes the block; the
sphere and the block are perfectly rough and perfectly inelastic. Shew that
the sphere will surmount the block if

(ad— ah + k%) v2 > 2ghal (ad + A2). [M. T. 1924]
Since the sphere rolls with linear velocity v, therefore its angular velocity
is v/a just before striking the block. T
Let o be the angular velocity im- //’/
mediately after striking the block. If aw
0 is the point of contact of the sphere
with the edge of the block the sphere G
begins to turn about O and when it a
begins to rise the velocity of its centre @ h

is aw at right angles to GO, and the
moment of momentum about O is therefore m (u’+k2) o, immediately after
the impact, where m is the mass. Now there is an impulsive reaction on
the sphere at O, but it has no moment about O, therefore the moment of
momentum about O is unchanged by the impact. But before the impact
there was a linear momentum mv and a spin couple mi%/a, therefore

m (a4 £%) o =mv (@ — k) + mi¥v[a.

This equation determines the angular velocity » with which the sphere
begins to rise. Now in order to surmount the block the kinetic energy of
the sphere when beginning to rise must be more than the work that would
have to be done in lifting the sphere through a height 4; otherwise the
kinetic energy would be destroyed by the time the sphere had risen to the
required height. But since the velocity of @ is aw when starting ‘to rise,
therefore the kinetic energy of the sphere is 1 m (a®+ %) o3, and the required
condition is }m (a3+ £?) w® > mgh, and, on substituting for w, we get

(a3 —ah+k2)2 03 > 2ghal (a®+4%).
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EXAMPLES

1. A wheel whose moment of inertia about its axis is 200 Ib.-ft.? makes
10 revolutions per second. What is its kinetic energy (in ft.-1b.), and what
constant couple would reduce it to rest in one revolution ?

2. A flywheel of a pressing machine has 150,000 ft.-lb. of kinetic
energy stored in it when its speed is 250 revolutions per minute. What
energy does it part with during a reduction in speed to 200 revolutions
per minute? If 82°/, of this energy given out is imparted to the pressing
rod during a stroke of 2 inches, what is the average force exerted by the
rod ? [M. T. 1917]

3. AB and CD are two rods of lengths 2a and b respectively, the mass
of each rod being m per unit length. The rods are rigidly joined together
at right angles at C, the middle point of 4B, and the system is free to
rotate in & vertical plane about D. If the system is held with 4B vertical
and then let go, calculate the angular velocity when 4B is horizontal.

[M. T. 1912]

4. A wheel and axle has moment of inertia / about its axis. A mass m
is suspended from the axle, which is of radius #, by a fine thread wrapped
round and fastened to the axle. Rotation is opposed by a constant frictional
couple @&. Find the angular velocity acquired as the mass m descends a
distance A.

6. A uniform sphere rotating about a diameter contracts by cooling.

Shew that when its radius is reduced to %th of its former value the kinetic

energy is multiplied by =2,

6. A wheel 30 inches in diameter, which can rotate in a vertical plane
about a horizontal axis through its centre O, carries a mass of } 1b. con.
centrated at a point P on its rim. The wheel is held with OP inclined at
30° above the horizontal and then released. Owing to a friction couple of
constant magnitude L at the bearing, the first swing carries OP to a
position only 45° beyond the vertical. Determine the value of Z; and
prove that in the next swing OP will come to rest before reaching the
vertical. [M. T. 1913]

7. A flywheel of moment of inertia 7 is rotating with angular velocity o
about a vertical axis. The flywheel contains a pocket at a distance a from
the axis into which is dropped a sphere of mass M, moment of inertia ¢
and spin ® about a vertical axis, without horizontal motion. Find the
angular velocity of the system after the sphere has come to relative rest
in the pocket. [S. 1927]
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8. A uniform rod of length @ and mass m is describing circles on a
smooth horizontal table about one end which is fixed. If the rod strikes a
particle of mass m’ at distance b from the fixed end, and this particle
adheres to the rod, find the ratio in which the angular velocity is changed.

[Coll. Exam. 1908]

9. A cube of side 2« slides down a smooth plane inclined at an angle
2tan=1} to the horizontal, and meets a fixed horizontal bar placed per-
pendicular to the plane of motion and at a perpendicular distance a from
the plane, Shew that, if the cube is to have sufficient velocity to surmount
the obstacle when it reaches it, it must be allowed first to slide down the
plane through a distance 3%Za. The obstacle may be taken to be inelastio
and so rough that the cube does not slip on it. [M. T. 1918}

10. A uniform cube of edge 2a is placed in unstable equilibrium with
one edge in contact with a horizontal plane and allowed to fall. Shew
that, if » is the angular velocity when a face of the cube comes into contact
with the plane, then

o?’=$(J2-1)g/a or }(W/2-1)g/a,

according as the plane is smooth or sufficiently rough to prevent sliding.

ANSWERS
1. 12,500 ft.-1b. ; 6250/x ft.-1b. 2. 54,000 ft.-lb. ; 118}F tons.
3. {3gb(4a + b)/(2a® + 6ab? + b3}t 4. {2A (mgr — Q)/r (I + mr)}t.

8. 15(1+4/2)/88x ft.-1b, 7. (IQ+iw)/(I+i+ Mad). 8. mad+3m'bs : mal.
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EQUATIONS OF MOTION OF A RIGID BODY

151. Using the expressions found in the last chapter for the
momentum of a body, we obtain the formal equations of motion
of the body by equating the rates of change of momentum to
the external forces and equating the moment of the rate of
change of momentum about any axis to the moment of the
external forces; thus

M= sum of the external forces resolved parallel to Oz,
My= » » ”» » » Oy >
and an equation of moments, viz. algebraical sum of moments
about O of Mi and M3 plus the couple Mi%o = algebraical sum
of moments about O of the external forces, where O is any point

in the plane.

If we take O to be the point through which the centre of
gravity @ is passing at the instant considered, then since M4 and
M9 are localized at @ they have no moment about O and the
last equation reduces to MA%p =sum of moments about @ of the
external forces.

152. Applications of the Equations of Motion. (i) Pulleywith
inertia. Let two particles of masses m, m’ be connected
by a fine string passing over a pulley of mass ¥, radius
a and moment of inertia about its axis M4% Suppose N ©
that the pulley is free to turn about its axis without
friction and that the string does not slip on the pulley.
Let the tensions in the two straight portions of the T IT
string be 7, 7".

If the angular acceleration of the pulley is & in the
sense indicated in the figure, the linear acceleration of 'k AT
the string and therefore also of the particles is ad.
Hence by resolving vertically for the particles we get

mao=mg—T and mao=T -m'g. J J
And by taking moments about its axis for the pulley 79
wo get M¥o=aT-aT,
and if we eliminate the tensions we get
(mad+m'ad+ Mk3) o= (m —m') ag,
shewing that the acceleration is constant.

me em
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Alternatively this result might be obtained from the principle of energy.
For if we suppose that in descending a distance s the particle m acquires
a velocity v, then the angular velocity acquired by the pulley is v/a, and
the whole kinetic energy is

} (m4m') V3 +§ Mk ald,
but the work done as m descends and m’ ascends a distance s is (m —m')gs ;
therefore
Y(m+m' + Mk a?) v¥=(m —m') gs.
and differentiating with regard to s gives
(m+m'+ Mk3a3) vdv/ds=(m—m') g;
so that the acceleration vdv/ds has the same value as was obtained
previously for aé.

(ii) 4 circular hoop, a disc or a sphere rolls down an inclined plane.
Let a be the radius of the body, m the R
mass, mk? the moment of inertia, F the
friction, B the normal reaction and a =
the inclination of the plane to the hori-
zontal.

Let u be the velocity of the centre @
and o the angular velocity.

The first of the diagrams shews the
external forces F, R and the weight mg,
the second shews the rates of change of
momentum, and these are two equivalent
systems.

Resolving along and at right angles to
the plane we get

mi=mgsina—F......... (1),
and O=mgcosa—R .c.coiviiirvenninnniinianes (2).
Taking moments about ¢ gives
MERS=F'd ceciirvniiiirinninierninn e, 3).

One other equation is required for the determination of the four un-
known quantities F, R, 4, », and it is got from the kinematical condition
that the body rolls, i.e. that the velocity of the point 2 in contact with
the plane is zero. The velocity of P relative to @ is aw up the plane and
the velocity of @ is » down the plane, therefore the condition that the

body rolls is
U—B0=0 icririreiininnniriiiiniennens ceeens(4).

From (3) and (4) we get
rom (3) and (4) we g FaattB 2@ ooveorressreesses onr(B),

and substituting for # in (1) gives
(1+§-i>d=gsina ..... cresrenene RN ()8
o that the body rolls down the plane with constant acceleration.
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Forahoop #'=a® and #=}gsina

»y disc B=}a? , u=fgsina.

» Sphere ¥=3da? , #=fgsina
‘We have assumed that the body rolls and found the acceleration on this
hypothesis, but whether it rolls or slides depends on the relation of the
coefficient of friction p to the slope of the plane. The friction # cannot
exceed limiting friction pR. From (5) and (6) we see that the friction

necessary to cause rolling is

mks
F=Eﬁmgsma;

but R=mg cos a,
F B
therefore }—z = ai‘:kﬂ tan a,

and the body will slide instead of roll if this fraction exceeds p; and the
wcoeleration when sliding is g (sin a — pcosa). (See 4-55.)

(iii) A sphere rolls down on the surface of a fixed sphere. Let a, b be the
radii of the moving and fixed spheres. Let @ be the centre, m the mass,
mk? the moment of inertia of the moving sphere, ¥ the friction and R the
normal reaction. Let the common radius OG through the point of
contact P make an angle § with the vertical at time ¢ Since G describes

a circle of radius a+ b, therefore it has accelerations (a+ ) & at right angles
to 0@ and (a+0b) 62 along GO. And if o is the angular velocity of the
sphere the rate of change of the spin couple is mi?a. The first of the two
diagrams shews the external forces acting on the moving sphere, and the
second shews the rates of change of momentum and these two systems are

equivalent.
Resolving at right angles to and along GO we get
m(a+b)d =mgsin—F ....cceuvuveeenrnnnnn. (1),
and m(a+b)f2=mgoos =R .......ccceurvennn. (2).

Taking moments about & gives
miBomFa .uueeennennes cevessncenes OTN ¢ )]
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The kinematical condition for rolling, which expresses that the point £
of the moving sphere has no velocity, is

{@+0)6—a0=0 ..ccvrerrerrrerrrrennnnne ceee(4),
because aw is the velocity of P relative to @ and (a+b) 4 is the velocity

of @ in the opposite direction.
From (3) and (4), putting § a2 for 42, we get

F=3mao=3m(@+b) 6 .cocerevvrererrerenns (5)
and by substituting this value for F in (1)
F(a+b)d=gsinb.cunineccanrerirnreenne (6).

Multiply by 26 and integrate,

3 (a+b)d2=C—-2gcosé.
Let the motion begin when 0=a, i.e. §=0 when §=aq, so that C=2g cosa,
and F(@+b)82=2g(coBa—CO8 0) cevvereeerrrrannns (7

gives the velocity in any position.
The sphere will begin to slide when the friction /" becomes equal to uZA.
But (5) and (6) give
F=§mgsin 6,

aud (2) and (7) give

Re=3}mg (17cosd—-10cosa);
80 that sliding would begin when

2 8in §=p (17 cos § - 10cosa),

provided that the spheres are still in contact.

And the moving sphere will leave the fixed sphere in the position for
which R vanishes, i.e. when cos #=1$ cos a, provided that there is enough
friction to prevent sliding.

Beginners in this branch of the subject will find it a help at first to
draw separate diagrams to shew the rates of change of momentum and the
equivalent system of external forces, as we have done in these last two
examples.

Beginners should also be careful to remember that the angular velocity
of a body moving in two dimensions is the rate of increase of the angle
between a line fized tn the body and a line fixed in the plane. Thus the
angular velocity of the moving sphere in this example is not § because GP
is not a fixed line in the moving sphere.

We leave it as an exercise to the student to obtain equation (7) by the
principle of energy, and we also remark that if we are not concerned with
the question of the possibility of sliding we can avoid the introduction of
F into the equations by taking moments about P, and thus getting the
equation B

ma (a+ b) § + mk*s =mga sin 6,

which with the help of (4) is the equivalent of (6).
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(iv) A four-wheeled railway truck has a total mass M, the mass and
radius of gyration of each pair of wheels and axle are m and k respectively,
and the radius of each wheel is r. Prove that, if the truck is propelled along
a level track by a force P, the acceleration is P|(M +2mh2r2); and find the
horizontal force exerted on each azle by the truck. [M. T. 1913]

[Axle friction and wind resistance to be neglected.)

Let u be the velocity of the truck and w the angular velocity of the
wheels. The condition that the

wheels roll is, as in the last ——>Mu —p
ampl ‘
SRS u~ro=0 .....(1). mkZd
There must be the same friction T ),mlc%b
force F on each pair of wheels, < <&
since they have the same angu- F F
lar velocity; and by moments
about the axis of a pair of wheels ,
midomFr ......(2). { ->Q
By resolving in the direction of -~ \ L
motion for the truck and wheels F
Mi=mP-2F .....cccuvneeinvniiiiirninnnnnns (3)
But from (1) and (2)
F=mik3[r3 ......ccuvvvieviiienirennrenennns (4),
and by substituting this value of #'in (3) we get
= P(M +2mk3[r3),

Again considering a pair of wheels alone, if @ be the horizontal force
exerted by the truck, mi=@~—F.

Therefore from (4) ¥

=m(r’+k“) P
Mri42mk? "
(v) The end of a thread wound round a reel is held fired and the reel is
allowed to fall so that the thread 1s unwound. Find the acceleration of the
reel, assuming its axis to remain horizontal.

9
Let m be the mass and @ the radius |
of the reel and m#? its moment of inertia
about its axis. Let v be the velocity

of its centre and w its angular velocity

at time ¢, 7
The point 4 of the reel in contact with m/k%, XA A
the straight thread is the instantancous \ l
centre of rotation and has no velocity, but {

|

Y

its velocity relative to the centre is aw, .

therefore
V=Go=0uriieeeernnnn. (1). myg
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The rates of change of momentum are m® and the spin couple mk?s;
and the external forces on the reel are its weight mg and the tension 7' of
the string.

Therefore by resolving vertically we get

MI=MG =T eoveriniiiininiiniiiiiineanenns (2),
and by moments about the axis
MIZS=QT eevreeereniireeeiieerieaann, (3)
Hence from (1) and (3)
T=mvl?/a?,

and therefore from (2)
v=ga?/(a?+ k?).

Instead of equations (2) and (3) we might take moments about the
point 4 and thus avoid the introduction of the tension 7. The equation

of moments about 4 being
mad+mkio=mga,

and this with (1) gives the same value for v as before.

15:3. Equations of Impulsive Motion. Reverting to the
equations of motion for a rigid body under the action of finite
forces in 151, which may be written

Mi=X,
Mi=7Y,
and Mi2o = L,

where X, ¥ denote the sums of the components of the external
forces and L the sum of their moments about the centre of
gravity, if we integrate these equations with respect to ¢
through an interval from # to ¢, we get

¢
M(u——uo)=ft Xdt,

t
M(v—vo)=ft Yds,

) ¢
and MI? (0 — ao) = ft Ldt,

where uy, v, w, denote the values of the velocities at the
beginning of the interval. If we now suppose that we are
concerned with impulsive forces as defined in 111, the integrals

are the measures of the components of the externally applied
8 RDI
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‘impulses’ and their moments and may be denoted by P, @
and H, so that we have

M (u—up) =P,

M(v—wv)=@q,
and ME? (w — wo) = H.

These three equations merely repeat what we have already
demonstrated in 112, that the instantaneous change of mo-
mentum both as regards linear momentum and angular
momentum is the exact equivalent of the externally applied
impulses.

15-4. Examples of Impulses. Two uniform rods AB, BC of lengths
2a, 2b are smoothly jointed at B and placed on a smooth table so that ABC
18 a straight line. An wmpulse P i3 applied at A at right angles to AB,
determing the initial velocities.

Let m, m’ be the masses of the rods 4B, BC and G, /I their centres. It
is clear that if the angular velocities of the rods are known and the linear
velocity of any one point, then the velocities of every point of either rod

mu m(u-aw-bw)

'?\
A (LD 8 H/J ¢
e :

1
sma’w ' wr

can be stated. Suppose then that u is the velocity of the point @& and that
w, @ are the angular velocities of the rods in the senses indicated in the
figure.

By considering the velocities of 4 and B relative to G we see that the
velocity of 4 is u+aw and of B is u—aw, and we also see that # has a
velocity —be' relative to B in the same sense, 8o that the velocity of
H is u—aw—ba'.

Since the unknown impulse on the rod B acts at the joint B it is con-
venient to take moments about B for BC, giving

mb (4 —aw—bw') - 3m'b2' =0,
or u—aw—ébw’=0 .............................. (])
We can again avoid introducing the unknown impulse at B by taking
moments about A for the two rods together, getting
mau — ymate +m' (2a+b) (4 — aw - ba’) — fm'bl’' =0,
or
u{ma+m' (2a+b)} - aw {ma+m’' (2a+b)} - 2bo'm’ (a+30)=0...(2).
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Then by considering the linear momentum at right angles to the rods

we get MU+ (U—=00 = D) =P cevreeeirecernrnerannn. 3).
Equations (1), (2) and (3) are suflicient for the determination of %, , »".

1541. The effects of sudden prescribed changes also serve to
illustrate the application of the equations of impulsive motion:

(i) A circular disc is revolving in uts plane about its centrs with angular
velocity w. What is the new angular velocity if a point on the rim is

suddenly fized?

Let a be the radius, m the mass and ' the new angular velocity.
Before the fixture the momen-
tum of the disc is simply the
spin couple }ma?w (since for a
disc #2=}a?). After the fixture ©
the centre of gravity @ has a
velocity ao’ at right angles to
G0, whero O is the point fixed ;
therefore the momentum consists of a linear component ma«' and a spin
couple 3ma%ew’. The impulse that causes the change must act through the
point O that becomes fixed, therefore there can be no change of moment
of momentum about O; hence we have

mate' +mate’=imato, or o'=3}oe.

(ii) A square lamina ABCD rests on a smooth horizontal plane. If the
corner A 1is made to move with velocity u along the linse BA produced, deter-
mine the tnitial angular velocity of the lamina.

Let m be the mass and 2a a side of the square. Then, if » is the
angular velocity, the centre of gravity ¢ has ¢ D
velocity AG'.w relative to the point A. -~
Thercfore the velocity components of G are /

G

u—AdGw cos }m,

or 4 —aw parallel to B4, and w / \\
400 Siﬂin’, AG.W \\\
or aw parallel to Dd. \A —,

Therefore the momentum of the square
consists of linear components m (u-aw) c D
parallel to B4, mao parallel to D4 and
a spin couple m#£%w, where £2=3%a?% But the
only external impulsive action is applied

at 4, therefore the moment of momen- 2, —>milu-a (4)
) mk‘w
tum about A is zero. Hence we have
male ~ma (4 —aw) + §matew=0, maw
giving w=23u/8a. B A
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156. Motion about a Fixed Axis. When a body turns
about a fixed axis the motion is completely determined by the
principle that the rate of change of moment of momentum is
equal to the sum of the moments of the external forces. The
equation of motion takes a very simple form, for if w be the
angular velocity and r denotes the distance from the axis of
an element of mass m, its velocity is re and its moment of
momentum about the axis is mr*w. Therefore the moment
of momentum of the whole body is Emr?» or Iw, where I is
the moment of inertia of the body about the axis. Hence the
equation of motion is

Io=1I,
where L is the sum of the moments about the axis of the
external forces.

1551. Compound Pendulum. Any body oscillating about
a fixed horizontal axis, about which it can
turn freely under the action of its weight,
is called a compound pendulum.

Let m be the mass of the body, @ its
centre of gravity at a distance h from the
fixed axis. Let GO be drawn at right
angles to the axis to meet it in O, and
at time ¢ let GO make an angle 6 with
the vertical. Also let % be the radius of
gyration of the body about an axis through @ parallel to the
axis of rotation, then the moment of inertia about the axis of
rotation is, by 132, m (k*+ A%). Hence by the last article

m (k + h?) § = — mgh sin 6,

2,
or ?ﬁt—}i9=—gsin0 .................. 1).

Now in 76 we saw that the equation of motion of a simple
pendulum of length lis
16 = — g sin 6;
therefore the length of the equivalent simple pendulum is
i =(k*+ h?)/h.



15:5-1552] COMPOUND PENDULUM 217

The period of small oscillations of the compound pendulum,
i.e. oscillations of such small amplitude that we may write @ for
sin @ in (1), is

27 V{2 + B[ gh} evvveeernien (2).
If on OG produced we take a point C' such that
0C=l="h+kh,
then C is called the centre of oscillation, while O is called the

centre of suspension of the pendulum.
Since OC = h + k*/h, where h = 0@, therefore

whence it follows that the centres of suspension and oscillation
are interchangeable, ie. if the body swings about a parallel
axis through C the point O will become the centre of oscillation
and the period of small oscillations will remain unaltered.

1552. Pressure on the Axis. We can also determine the
reaction of the axis on the body. Thus if X, ¥ are the com-
ponents of this reaction at O at right angles to and along GO
(the body is assumed to be symmetrical about the plane of

mg

the diagram), one of the accompanying figures represents the
external forces and the other the equivalent system of rates
of change of momentum; and by resolving at right angles to
and along GO, we get

mhé:X—-mg SINO eviiiiiiinienns (1),

mhO2=Y —mgcos @ .........couunnen. (2),
and by taking moments about the axis, as in 1551,

m(2+h?) 0 =—mghsinf ............... 3).
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By multiplying the last equation by 26 and integrating we get
(k2 +12) 62 = C + 2gh cos 6,
where the constant of integration can be determined if the
velocity is known in any one position; for example, if a is the
amplitude of the oscillation, so that §=0 when 6=a, then
C=—2ghcosa, and
(k3 + h2) 62 = 29N (COS 6 — COS &) vvvvnennnn.. (4).
Substituting from (3) and (4) in (1) and (2) we get

mgk
X_k2+h'~’sm 6,
_ 2mgh?
and Y =mg cos 6 + JERwE (cos 8 — cos a).

15-53. Examples on the Compound Pendulum. (i) 4n are of
a circle 18 jormed of thin wire (whose density may or may not be uniform)
and hangs from a point P of the arc. Shew that, if in the position of
equilibrium Q 1s the point of the circle vertically below P, then PQ 13 the
length of the equivalent simple pendulum when the wire oscillates about P in
its own plane. [M. T. 1916]

Let APB be the arc, @ its centre of gravity, O the centre of the circle
and e its radius. In equilibrium G Q is a vertical
chord of the circle. Let # be the radius of gyration
of the arc about ¢ and m the mass. The moment
of inertia about O is ma? therefore, by the theorem
of parallel axes, 13-2,

ma?=mki+m.0G
Therefore k2=qa?- 0G*
=P3d .G Q by the property of the circle.

Hence, by (3) of 15'51, since P is the centre of suspension, @ is the
centre of oscillation and P¢@ is the length of the equivalent simple
pendulum.

(ii) A4 pendulum consists of a thin uniform rod of mass M pivoted at its
mid-point and of a regulating nut of mass m, which can be screwed to any
desired position of the rod. The nut may be treated as a particle. Prove
that if M > 3m the period is always lengthened when the nut is raised
slightly, but if M < 3m the period is lengthened or shortened according to
the posttion of the nut. [M. T. 1923]

Let 2a be the length of the rod, # the distance of the nut and 4 the
distance of the centre of gravity of the whole from the mid-point. Then
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(M +m) hA=mz, and the moment of inertia of the whole about the point of
suspension is § Ma?+ma? Therefore by formula (2) of 15:61 the period

= 2 JJ{(3 Ma? 4 ma)[(U +m) gh}

=2x J{(} Ma®+mz?)|mgz}.
Ilence the function of # whose variations are to be considered is
Ma?
~3ma
The derivative is B i
Yy a
dz_ 3m1"~’+1'

Now since a >z it follows that, if /> 3m, dy/dx is negative; so that
if the nut is raised slightly making dz negative, then dy is positive, or the
period is increased. But if M < 3m, then dy/dx is negative or positive
according as Ma? > or < 3mz?, implying that the lengthening or shorten-
ing of the period for a slight displacement of the nut depends on its
position.

1554, Compound Pendulum with Axis Non-horizontal.
Suppose that a body is free to rotate about an axis that makes
an angle a with the vertical, the
centre of gravity G will then oscil-
late in a plane making an angle a
with the horizontal.

The weight mg can be resolved
into mgsin a parallel to the lines
of greatest slope in this plane, and
mg cosa parallel to the axis, The
latter component has no moment
about the axis, and the former com-
ponent alone is effective in causing
oscillation.

Hence if GO is perpendicular to the axis and makes an angle
@ with the line of greatest slope, and GO =h and & is the radius
of gyration about an axis through G parallel to the axis of
rotation, the equation of moments about the fixed axis is

m (k% 4 k%) = — mgh sin a sin 6,
so that the length of the equivalent simple pendulum is
(&2 + h?)/h sin a,

xl

and the period is
27 N {(k*+ h*)/gh sin a}.

By making a small the period can be increased indefinitely.
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1555. Centre of Percussion. If a single impulse can be
applied to a rigid body which is free to turn about a fized axis
80 as to produce no vmpulsive stress on the axis, the line of the
vmpulse 18 called the line of percussion and the point in which
this line meets the plane through the centre of grawity G and the
axis of rotation 18 called the Centre of Percussion.

We shall limit our investigation to the two-dimensional case,
i.e. we suppose that the body is symmetrical about a plane
through G perpendicular to the axis and that the impulse acts
in this plane,

Let GO perpendicular to the axis be of length A, and let m
be the mass and mk? the moment of inertia about a parallel axis
through @. Suppose that when an impulse P is applied in a

mha

mk?w

T
o

direction making an angle 8 with GO there is no reaction at 0
and that the body begins to turn about O with angular velocity w.
The velocity of @ is hw, so that the momentum is represented
by mhw perpendicular to GO and the spin couple mi*w.

Since there is no reaction at O there can be no momentum
set up in a direction at right angles to P, therefore

mho cos =0,
which requires that 8 =3}, or the direction of P must be at
right angles to OG, as in the second figure. Let P meet OG at
a distance p from O. Since there is no reaction at O, the equa-
tion of linear momentum is
mho =P,
and, by moments about O, we get
m (3 + k) o = Pp.

Therefore p = (h?+ k?)/h, or the distance from O of the centre
of percussion is equal to the length of the equivalent simple
pendulum if the body were set to swing about the given axis
placed horizontally.
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15'6. Further examples of Motion about an Axis. (i) The
lock of a railway-carriags door will only engage if the angular velocity of the
closing door exceeds o. The door swings about vertical hinges and has a
radius of gyration k about a vertical axis through the kinges, whils the
centre of gravity of the door is at a distance a from the line of the hinges.
Shew that if the door be initially at rest and at right angles to the sids of
the train which then begins to move with acceleration f, the door wnll not
close unassisted unless f> ¥ wik?/a. [M. T. 1920]

Let 6 be the angle through which the door turns in time ¢. Let O
represent the line of the hinges and  ,////////////0//////2/7/77/7
let G be the centre of gravity. Then O r
has an acceleration f and @ has ac-
celerations ad and aé? relative to O,
therefore the rates of change of mo-
mentum are, as in the figure, mf,
mab’, mad and mi’%9, where ¥ is the
radius of gyration about a vertical line through @, so that i=qa3+ 43
The only forces on the door in addition to its weight act through the line of
the hinges, and therefore by taking moments about this line

m (a?+#3) § —mafcos §=0.................. veeeee(1),
or mk?g — maf cos §=0,

Multiply by 26 and integrate and we get

mk?63 - 2maf sin 6= C.
But 6 =0 when 8 =0, since the door is initially at rest ; therefore C=0 and
k263 =2afsin 6.

When the door is about to close d==}m and §2=2af/#%. In order that

the door may close we require that
6>w, or f>}o'4a.

(i) Motion of two heavy rods A B, BC smoothly josnted at B and suinging
tn a vertical plans about the end A
which can turn about a fized point.

Let m, m’ be the masses, and 2a,
2b the lengths of the rods, and at
time ¢ let them make angles 6, ¢ with
the vertical. Let @, H be their
middle points. The accelerations of
G are a#? and ad along and perpendi-
cular to G4. The accelerations of &
relative to B are bp? and b along
and perpendicular to 28, and B has
accelerations 2a6? and 2a6 along and
perpendicular to B4 which must be
added to the two former componentsin
order to get the total acceleration of 4.
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The rates of change of momentum for the rod 47 are therefore mad?,
mad, and the spin couple 3ma?d, and for the rod BC they are m'b?, m'bp,
2m'ab?, 2m’'ad, and the spin couple ym'd%p. All these are shewn in the figure.
The external forces, not shewn in the figure, consist of the reactions
at A, B and the weights of the rods mg acting at G and m'g acting
at H.

In order to avoid introducing the unknown reactions at 4 and B we
form equations by taking moments about B for the rod BC, and about 4
for the whole system.

By taking moments about B for the rod BC, we get

b +m'bh+2m'add cos (¢ — 6)
+2m'abd? sin (¢ — 6) = —m'gb sin @......... (1).
And by taking moments about A for the two rods we get
3m'b%h +m'b {b+2a cos (¢ — 6)} — m'bp? 2a sin (¢ — 6)
+2m'ad {2a+b cos (¢ — 8)} + 2m'ab?) sin (¢ — ) + 3 ma?d + ma?d
= —m'g (b sin ¢+ 2a sin §) —mgasind......... (2).

These two equations serve for the determination of the angular velocities ;
and one first integral might be found directly by writing down the equation
of energy.

157. The last two examples serve to illustrate an important
point. In establishing the theory of moment of momentum, see
92, 141 and 143, we always referred to moments about an
axis fixed in space and the phrase employed was ‘rate of change
of moment of momentum.” It 1s important however to note that,
if the axis about which moments are taken is not fixed in space,
then the phrases ‘rate of change of moment of momentum’ and
‘moment of rate of change of momentum’ are not equivalent.
The latter phrase was used in 15-1. Thus in the last example
the components of velocity of H are b¢ relative to I? and the
velocity 2aé of B, so that the components of momentum of BC
are m’bg, 2m’ad, and the spin couple §m'b2p. Hence the moment
of momentum about B is

1’ b2p + m'b?p + 2m’abb cos (¢ — 6),
and the rate of change of this expression is not the same thing
as the left-hand side of (1) in the last example, which represents
‘the moment about B of the rate of change of momentum.’
The reason why the expressions differ is because ‘rate of change
of moment about a moving point B’ must take account of B’s
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displacement during the short interval 8 during which the
change is observed, and is not the same as if the point B were
fixed.

15'8. The student who desires to pursue this point further may revert

to equation (4) of 9-2, viz.
sm(xy —y¥)=3 (¥ —yX).

This represents that the sum of the moments about the origin—any
origin in the plane—of the rates of change of momenturn (m#, my) of the
particles is equal to the sum of the moments about that origin of the
external forces, and when in 15°6 (ii) we took the moments about B of the
rates of change of momentum we were merely applying this principle and
taking as origin the fixed point in the plane through which the junction B
of the rods is passing at the instant considered.

But in 9'2 we go on to rewrite equation (4) in the form
:le S (29— y3)=3 (@ ¥ -y X),

and read the left-hand side as ‘rate of change of moment of momentum’
instead of ‘moment of rate of change of momentum,’ and the important
point is that we may not rewrite (4) in this way unless the point about
which we take moments does not change its position while the operation
d/dt is performed.

This will becomo clear if we suppose that at the instant considered the
origin about which we take moments is moving with velocities «, v parallel
to the axes. At time ¢ the momenta of a particle m at (x, y) are m#, mg.
At time ¢+ 3¢ its coordinates have become x+ %8¢, y+75¢; but the origin
has moved to udt, v8¢, so that the relative coordinates are

x4+ 28t —udt, y+y8t—vdt.
At the same time the momenta have become
m (& +£8t), m (y+708¢),
so that the new moment of momentum about the moving origin is
sm{(x+£dt—udt) (§+58t)— (y+78t —vdt) (£+£8t)},
and if we subtract the original moment of momentum
Sm (xy —y&)
and retain only the first power of 8/, we get as the increment in the
moment of momentum
Sm(z§ —yZ% —uy+vz) 8t,
go that the rate of change of moment of momentum about the moving
origin is
Sm (2 — y&) — uEmy +vImz,
and this is not the same as

d .
7 2™ (29— y%),

unless, as in 93, the origin is the centre of gravity.
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In oconclusion therefore we repeat that it is only permissible to make
use of ‘rate of change of moment of momentum’ when the axis about
which moments are taken is fixed in space; but in every case it is
legitimate to take moments about any axis and equate the moment of the
rate of change of momentum and the moment of the external forces.

EXAMPLES

1. A reel of radius  with rims of radius R rests on a plane inclined at
an angle ¢ to the horizontal. A thread fixed to the reel passes round and
under it and then upwards, parallel to the plane, and over a smooth pulley,
a mass m hanging freely from this end. The thread lies in the vertical
plane of symmetry of the reel, which is also perpendicular to the inclined
plane. Calculate the tension on the thread and the acceleration of m
(i) when the inclined plane is smooth, (ii) when the plane is rough and
there is no slipping of the reel on the plane. [M. T. 1917]

2. A reel of mass M, consisting of a cylinder of radius a connecting two
discs of radius b (d> a), rolls without slipping on a horizontal plane. A
light thread, wound on the cylinder, passes in a plane perpendicular to the
axis of the reel, horizontally from its under side, over a smooth pulley, and
thence vertically downwards; to its free end is attached a mass m.

Shew that the reel will move with acceleration

ey Mo
=9 F @ Fmp =
where % is the radius of gyration of the wheel about its axis. [M.T.1927]

3. A uniform solid cylinder, mass Jf and radius a, rolls on a rough
inclined plane with its axis perpendicular to the line of greatest slope. As
it rolls the cylinder winds up a light string which passes over a fixed light
pulley and supports a freely hanging mass m, the part of the string
between the pulley and the cylinder being parallel to the lines of greatest
slope. Discuss the motion of the cylinder, and prove that the tension of
the string is

(3+4sina) Mmg
3M+8m '
where a is the inclination of the plane to the horizontal.
[Coll. Exam. 1913]

4. A solid spherical ball rests in equilibrium at the bottom of a fixed
spherical globe whose inner surface is perfectly rough. The ball is struck
a horizontal blow of such magnitude that the initial speed of its centre is v.
Prove that, if v lies between 4/10dy/7 and 4/27dg/7, the ball will leave the
globe, d being the difference between the radii of the ball and globe.

[Coll. Exam. 1911]
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5. A flywheel has a horizontal shaft of radius r; the moment of inertia
of the system about the axis of revolution is A. A string of negligible
thickness is wound round the shaft and supports a mass M hanging
vertically. Find the angular acceleration of the wheel when its motion is
opposed by a constant frictional couple G.

If the string is released from the shaft after the wheel has turned
through an angle 8 from rest, and if the wheel then turns through a
further angle ¢ before it is brought to rest by the frictional couple, shew

that
KMgré

G=K9+(A’+Mrﬂ)¢’

[M. T. 1916]

6. A flywheel, turning with average angular velocity p, is acted on by a
driving couple 4 sin? p¢, and has a constant couple } 4 opposing its motion.
Find the least moment of inertia required to make the difference between
the greatest and least angular velocities less than p/100. [M. T. 1922]

7. A circular plate of mass M and radius a has a mass m fixed in it at
a distance b from the centre. An axis through the centre of the plate and
perpendicular to it can slide without friction horizontally, while the plate
revolves. If the plate is just disturbed from rest when m is in its highest
position, find the angular velocities when the disc has made one quarter
and one half a turn.

Determine the pressure on the axis in each case. [M. T. 1918]

8. Shew that, if a uniform heavy right circular cylinder of radius a be
rotated about its axis, and laid gently on two rough horizontal rails at the
same level and distant 2asin a apart so that the axis of the cylinder is
parallel to the rails, the cylinder will remain in contact with both rails if
the coeflicient of friction u < tana, but will initially rise on one rail if
p>tan a. [M. T. 1919]

9. A uniform trap-door swinging about a horizontal hinge is closed by
a spring coiled about the hinge. The spring is coiled so that it is just
able to hold the door shut in the horizontal position. The horizontal
opening which the door closes is in & body which is mounting with uniform
acceleration f. Shew that, if f= (0'67+l%3) 9, the door starting from the
vertical position will just reach the horizontal position, a being the angle
through which the spring is coiled when the door is in the horizontal
position. [A. T. 1919]

10, An ellipse of axes a, b and a circle of radius b are cut from the
same sheet of thin uniform metal and are superposed and fixed together
with their centres coincident. The figure is free to move in its own vertical
plane about one end of the major axis: shew that the length of the simple
equivalent pendulum is (5a?— ab+2b%)/4a. [Coll. Exam. 1909]
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11. A rigid pendulum OG swings about a horizontal axis through 0, its
centre of gravity being at ¢. The pendulum is released from rest when
0@ is horizontal. When OG is vertical, the pendulum is brought to rest
by an inelastic buffer B which is such that the line of the reaction between
B and the pendulum is horizontal and at a distance I below 0. The mass
of the pendulum is m, its moment of inertia about a horizontal axis
through @ is mk? and 0G =A.

Shew that, if the impulse of the force exerted by B upon the pendulum
during the impact is 2,
IP=mn2gh (R + &Y.
Deduce the impulse @ of the horizontal force exerted on the pendulum

during the impact by the axis O and shew that it vanishes when 7 is equal
to the length of the equivalent simple pendulum. [M. T. 1914]

12. A straight rod of mass m and length 2! swinging about one end as
a compound pendulum starts from rest in a horizontal position and when
vertical is struck a blow at its middle point which reverses and halves its

angular velocity, Prove that the impulse of the blow=m /6.
[Coll. Exam. 1912]

13. A flywheel weighing 5 tons is suspended from a pair of centres
entering conical holes in the rim so that it can swing in a vertical plane.
The line joining the centres is parallel to and distant 4 feet from the axis
of the wheel, and the period of a complete swing is 32 seconds. Find the
radius of gyration of the wheel about its axis, and determine how much
energy the wheel would lose in falling from a speed of 120 to 90 revolutions
per minute when revolving round its axis. [M. T. 1918]

14. A thin uniform rod of mass m and length 2a can turn freely about
one end which is fixed, and a circular disc of mass 12m and radius a/3 can
be clamped to the rod so that its centre is on the rod. Shew that, for
oscillations in which the plane of the disc remains vertical, the length of
the equivalent simple pendulum lies between 2a and 2¢/3.  [M. T. 1915]

15. A pendulum is supported at O, and P is the centre of oscillation.
Shew that, if an additional weight is rigidly attached at P, the period of
oscillation is unaltered.

16. A rope hangs over a pulley, which is of moment of inertia /,
and perfectly smooth on its bearings, but perfectly rough to the rope.
Two monkeys of equal mass m hang one on each end of the rope. The
monkeys can climb with constant speeds %, and wu, relative to the rope
(43 >1uy). Shew that in a race through a height £ the monkey of speed ¥,
can give the other monkey any start up to

BT (uy = ug) [{(L+ma?) uy +maPug},
where a is the radius of the pulley. (The system is at rest before the
monkeys start climbing.) [S. 1925]
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17. A fine string has masses M, M’ (M > M) attached to its ends and
passes over a rough pulley with a fixed centre ; shew that if the string does
not slip, the downward acceleration of Af is

g (M = M)A+ M +mk2a?)

where m, mk?, @ are respectively the mass, moment of inertia about axis
and radius of pulley.

Shew also that to prevent slip the coefficient of {riction must be greater
than

1 2+ ml (M a?)

‘]_r 0g 2-Fm/c2/(Ma2) . [h[. T. 1918]

18. A uniform rod of mass m and length 2a is lying on a smooth hori-

zontal table and is struck a blow B perpendicular to its length at one

extremity. Find the velocities with which the two ends ot the rod begin

to move. [M. T. 1922]

19. Two uniform bars of the same material and cross-section, but of
lengths @ and b, are joined by a smooth hinge and laid out in a straight
line. An impulse J at right angles to them is applied at the hinge. Shew
that the hinge takes up a velocity 4.J/m, where m is the mass of the bars
together, [Coll. Exam. 1927)

20. Two thin uniform rods A0, OB of lengths 2a and 2b and of masses
m and ¥, are smoothly jointed at O, and lie in a straight line on a smooth
table. An impulse P is applied at 4 perpendicular to 40B. Find the
impulsive reaction at O and the initial velocity of O.

If equal and opposite impulses P are applied simultaneously at 4 and
B, perpendicular to 40B, shew that the impulse at O is numerically equal
to 4 P and that the initial velocity of O is zero. [M. T. 1924]

21. Two flywheels, whose radii of gyration are in the ratio of their
radii, are free to revolve in the same plane, a belt passing round both.
Initially one, of mass m; and radius a,, is rotating with angular velocity @,
and the other, of mass m, and radius ag, is at rest. Suddenly the belt is
tightened, so that there is no more slipping at either wheel. Shew that
the second wheel begins to revolve with angular velocity

m
0, S. 1923
o+ a3 (5 1923]

29. A circular disc of radius a lies on a smooth horizontal table, when
a point on the circumference is compelled to move in the direction of the
tangent at that point with velocity u. Prove that the disc begins to turn
with angular velocity 2u/3a. [Coll. Exam. 1910]
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23. A rectangular lamina 4 BCD of mass M and sides 4B, CD of length
2a, and 4D, BC of length 25, rests upon a smooth horizontal plane. At a
certain instant it receives a blow of impulse P applied at 4 and directed
along AB. Shew that after a time ¢ from this instant the distance of C
from the original position of the centre of gravity is given by

P 2PN+ B3, . 3Pbt i
{F-"a,'l'bﬂ-—%—“tsln(ﬂ(a{;‘*b"—)—!)} y
where tan e=a/b. [M. T. 1926]

24. A uniform rod 4B of mass M and length 2a is struck by an
instantaneous impulse §, acting at B in direction BP which makes an
angle 8 with AB produced. Shew that 4B will become parallel to BP
after a time ¢ given by

t=Mab[3¢sin 6.

If the end B, instead of being free, is compelled by a frictionless
constraint to move in the line BP, shew that the impulse £ will be
accompanied by a simultaneous impulsive reaction on the constraint, of

magnitude
3¢ sin 6 cos 8/(1+3 cos? 4). [M. T. 1927]

25. Two rods are smoothly jointed at 4 and B to a circular lamina,
AB being a diameter of which the rods are continuations. The whole
system lies at rest on a smooth horizontal table. Shew that a horizontal
blow P applied normally to the rim of the lamina will produce in the
latter no initial angular velocity, provided that

myk?  mgkg?
where m,, mq are the masses of the rods, a;, a; are the distances of their
centres of gravity from 4 and B respectively, and &, %; are their moments
of inertia about their centres of gravity. [Coll. Exam. 1911]

26. A free lamina of any form is turning in its own plane about an
instantaneous centre of rotation S. A point P in the line joining S to the
centre of gravity @ is brought to rest by an impulsive force passing
through the point. Find the position of P in terms of SG and the radius
of gyration about @, assuming that the velocity of @ is the same as before
but reversed in direction. [M. T. 1918]

27. If a body can only turn about a smooth horizontal axle, and when
the body is at rest, the axle is given an instantaneous horizontal velocity v
in a direction perpendicular to its length, prove that the centre of mass
will start off with a velocity v (k3—A%)/4% and that the initial angular
velocity will be vi/43, where 4 is the distance of the centre of mass from
the axle and & the radius of gyration about the axle. [Coll. Exam. 1913]
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28. A gate of length ! can swing about a vertical hinge at one end.
When it is in equilibrium a particle of mass m and velocity v strikes the
gate normally at its middle point. The moment of inertia of the gaté
about the hinge is /=3 mi% and the coefficient of restitution is }. Find
the velocity of the particle and the angular velocity of the gate just after
impact. [M. T. 1928]

29. The speed of a railway truck, weighing 5 tons, is reduced uniformly
from 25 to 20 miles per hour on the level in a distance of 695§ ft. by the
brakes. Shew that, if no slipping takes place betwcen the wheels and the
rails, the normal pressure between the rails and each of the front wheels
is 50 1b. weight greater than the corresponding pressures on the back
wheels, given that the distance between the axles is 12 ft. and that the
centre of gravity of the truck is 43 ft. above the ground and equidistant
from the axles, while the diameter of each wheel is 3 ft. and the moment
of inertia of each pair of wheels and axle about its axis is 3600 Ib. ft.? units.

(M. T. 1918]

30. A thin uniform rod 04, of length ¢ and mass m, turns in a hori-
zontal plane about a vertical axis through O; an equal rod 4 B is jointed
at 4 to 04 and a smooth guide compels the end B to move along & hori-
zontal straight line Oz. The angle AOz=46. No external forces act upon
the rods except those due to the axis and the guide, and the motion takes
place without friction. When =0, df/dt=w. Shew that

(d6/de) = w3/(4 - 3 cos? §).

Prove that, if H be the angular momentum of the system about the
vertical axis through 0,

H=ma3 dé/dt.
Shew that the force which the smooth guide Oz exerts upon the rod 48 is
3maw? sin 6/2 (4 —3 cos? )3, [M. T. 1923]

31. A rectangular gate is free to swing about one edge which is inclined
at an angle of 5° to the vertical. When the gate is shut the top and
bottom lines are horizontal. The gate is then opened through 80° and
slightly disturbed so that it shuts. Find its angular velocity in any
position, and the time occupied in the last 45° of its swing. The gate is
uniform and 4 feet wide. (M. T. 1924])

ANSWERS

”:

L (i) T-g(l+sma)/< M Mk’) f-g—Z.

(ii) T-g{k’+1£9+li(1i—r)sina}/{k2-;"m (_{g;_,.y} Sf= q——.

9
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5. (Mgr—Q)/(K+Mr). 8. 504/p"
7. 2 {mgb/(2mbs+ Mat)}; 2 (2m (M4m) gbj[M (M +m) ad+2Mmb]1.
(H+m) g—2m3b3g/(Had+2mb3);

(U +m) g {1+8mABY[ M (M +m) a3+ 2HmbT].
mh (, B+ 2gh 09 B
i g="t (z- T’) \/(PM’)' 13. 409 ft. ; 205408 ft. Ib,
18. 4BJm, —2BJm. 2. MPJ2 (M+m); 2P|(H +m).
%. 1 (GP-5G)=25G. GP* 9. 4u; 20l

. k tan 22° 30/
31. 8{2sin5°(1—cos O)}/k; WerTs log, e 1° 15

the angle turned through and £ is the radius of gyration about the hinges.

secondé where 4 is




Chapter XVI
MISCELLANEOUS PROBLEMS

161. Rolling and Sliding. When sliding takes place the
friction F bears a constant ratio u to the normal reaction R
but when rolling takes place the friction has generally a much
smaller value.

When two bodies in contact at a point A have a relative
motion the process of determining whether this motion involves
rolling or sliding at 4 is as follows:

Write down the equations of motion which involve the friction
F and the normal reaction R, and assuming (i) that rolling
takes place also write down the kinematical condition which
expresses the fact that there is no relative tangential velocity
at A. If from the solution of these equations we find that F/R
is less than the coefficient of friction u, the assumption that
rolling takes place is justified and rolling will continue until #/R
becomes greater than .

(i) Assuming that sliding takes place, write xR instead of F
in the equations of motion and solve the equations without the
kinematical condition above referred to. If the solution shews
that there is a relative tangential velocity at 4 and the direction
of motion is opposed to what has been assumed as the direction
of the friction then we have found the true motion and it will
continue until relative velocity at 4 vanishes.

1612. A wheel spinning about a horizontal axis is projected along a
rough horizontal plane, to determine the subsequent motion.
Let m be the mass and a the radius of the wheel, m43? its moment of

inertia about its centre @, and 4 the point of
contact with the plane. /
w

Suppose that initially G has velocity v, and ¢, k2 mi
that there is an angular velocity wy in the Gr—>
opposite sense to what it would be if the Ymg
motion were one of pure rolling. Let v, » be AR

what these velocities become at time ¢. Since
the point A4 of the wheel has a velocity v+aw,
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sliding is taking place and the friction is uR where R is the vertical
reaction.

The equations of motion are

e — =R ! x
Therefore md uR, 0=R-mg, milo=—pRa
¥=—pg and ko= —pga.
Hence, by integrating and putting in the initial values,
v=v,—pgt and Ko=~oy—pgat ......... cenneenes(1):

These equations shew that » and » decrease steadily and the subsequent
motion depends on which vanishes first.

v vanishes after a time vy/ug and o vanishes after a time £%wo/uga. Let
us suppose (i) that v vanishes first, i.e. that vy <4?wo/a. At the instant
when v vanishes the angular velocity has the value w; given, from (1), by

k2w 1= kzwo - AV
or wy=wg— AV[A? ceuriracrannans N e(2),
which is positive in the same sense as wo, 80 that the point 4 still has
a velocity aw, in the same sense, i.e. there is still slipping at 4 though @
has come to rest and there is still friction u£ in the same sense.

This friction will now give G an accelera-
tion % in the reversed direction, and the k2 /
equations of motion while sliding lasts are

mu=uR, O=R-—mg, mi*o=-pRa mau
or i=pg and io=-puga

80 that w=pgt and Ao=~k%;— pgat ...(3), <
where ¢ is the time since G was at rest. IR

These equations shew that % increases and » decreases, and the velocity
of the point 4 is

A

a?
U—aw=pgt (1 +l¢_’) 2 YT TSRO (-3 §

This velocity vanishes after a time k?aw,/pug (£*+a?) when sliding ceases,

and since at that time u is 3aw;/(£3+ a?)
therefore the wheel rolls, and the equations 4, 2., /
become . G
mi= —F, miio=Fa mu ‘ mg
and the condition for rolling % — aw=0. 1
These equations shew that #%=0 or 'R

A .
u=constant=kaw,/(k2+«?) where w; is A F
given by (2), and the wheel continues to roll with this constant velocity.
Reverting now to the first stage of the motion and suppose alternatively
(ii) that avy> kwj 80 that w vanishes first. This happens, from (1), when
t=k%wy/uga, and at that instant the point of contact 4 has the same
velocity as G, namely, v;=vy—4%wy/a from (1), so that sliding continues
and the friction pR begins to create an angular velocity @ in the
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opposite sense to the former angular velocity. Measuring ¢ from the
instant at which » vanishes, the equations

2

of motion are /""’i I

mb= —pR, O0=R-mg, mkiQ=pRa .
or V= — pg, Bo =uga. a my
Therefore, by integrating and using the initial 4 mg
values, we get )&

v=v;—pgt and +Q=pgal. <
The velocity of 4 is MR A

v— aQ=1v,— pgt (1 +ad/k?)
which vanishes when
t=/pg (1+a%k").
Sliding then ceases, and since v is not then zero rolling begins and as
before it may be shewn that the final velocity is uniform.

162. Two Spheres in Contact. A sphers of mass m and radius a
rolls on a sphere of mass m' and radvus b which rolls on a horizontal plane;
the friction 18 sufficient to prevent sliding and the motion is all parallel to
the same vertical plane.

Let A, B be the centres of the spheres and », «’ their angular velocities.
Let v denote the velocity of the sphere m’, and let B4 make an angle 6
with the vertical at time ¢.

Relative to B, A is describing a circle of radius a+b, therefore its
accelerations relative to B are (a+b)4d at right angles to 4B and (a+b)6*
along 4B, and with these must be compounded the acceleration % of B.
Hence the rates of change of momentum of the sphere m are m#, m (a+b) 4,
m(a+b) @ and the spin couple mi% or 3ma%s. Similarly the rates of
change of momentum of m’ are m's and the spin couple m'¥%&’ or §m'bis'.

There are two kinematical conditions for rolling, viz, the point of
contact @ of the lower sphere with the plane has no velocity, therefore

V=00 =0 .crrerirrnrnnirirennns cevnnnens(1).
Also the point of contact P of the two spheres must have no relative
tangential velocity, or the tangential velocities of the point P on the two
spheres must be the same.
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On the sphere m, P has velocity ae relative to 4, but A’s velocity is
(a@+b) 8 relative to B and B's velocity is v; therefore on the sphere m, P's

tangential velocity is
(a+b)8+v cos 6 —aw.

But on the sphere =/, P has velocity o’ relative to B so that its tangential
velocity is dw’'+v cos 8 ; therefore
(@4D) 6= A0 =b0evveeerrerrerenns cerreeens (@).
We have now to write down the equations of motion and we may avoid
the unknown reactions by taking moments about P for the sphere m, and
about @ for the two spheres together. Thus we have :

ma (a+b) §+mab cos +Fmato=mgasing ......... ve(8),
and m (a+8)d (a+b+b cos 8) —m (a+b) 62 sin 8 +mé {(a+b) cos 6 +b}
+3made+m'by +§m'bls’' =mg (a+b)sin d............ (4).

And equations (1), (2), (3) and (4) are sufficient to determine the motion,

‘We might alternatively have written down the equation of energy for
the whole system. Observing that the velocity of 4 is compounded of »
and (a+b)4, this equation is

3m {1+ (a+b)* 63 +2 (a+b) 6o cos 6+ 3 atet}
+3m’ (v3+ 2 0% +mg (a +b) cos A=const....... (5).
This equation is of course a first integral of the equations of motion.

1f however we wish to determine the unknown reactions, denoting them
as in the second figure, we can write down the formal equations of motion
for each sphere ; resolving, and taking moments about the centre for each
sphere we have .

m (a+b) & +md cos §=mgsin § - F,
m (a+b) 6% ~mb sin =mg cos 6 — R,
$mado=Fa,

m'v=—F'— R sin 4 F cos 4,
0=8—-m/g~ Rcos § — Fsin 6,

§ M3 = F'b4- Fb.

These six equations together with (1) and (2) are equivalent to (1), (2),
(8) and (4) and also determine the unknown reactions.
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168:'21. The same problem as the last but no friction between the lower
sphere and the plans.

In this case equation (1) no longer holds, but instead we have the con-
dition that there is no external horizontal force acting on the system, so
that if it starts from rest its horizontal momentum remains zero through-
out the motion, This fact is expressed by the equation

mv+m (a+5) 8 cos 6 +m'v=0,
and the other equations are as in the last article,

16-3. Initial Motions and Stresses. When one or more of
the constraints which maintain a system in equilibrium are
removed the initial motion and the initial values of the remain-
ing stresses in the system may be determined by writing down
the kinematical conditions that specify the remaining constraints
together with the equations of motion of the system in its
initial position, with the simplification that initial velocities are
all zero so that radial and transverse accelerations are simply
# and 8 and all normal components of acceleration vanish,

Bxamples. (i) 4 heavy uniform straight rod is suspended from a point
by two strings of the same length as the rod attached to its ends. If one string
18 cut, prove that the tnitial angular acceleration of the rod is nine times
that of the remaining string.

Let m be the mass and 2a the length of the rod; and let &, &' denote

the initial accelerations of the string and rod. o
The middle point @ of the rod has accelera-
tion aa’ relative to the end 4 ; but the end 4 &

of the string has acceleration 2aé perpendi-
cular to the string 04, therefore G has also T

this acceleration, and the rates of change of ima?w’
momentum are mad, 2maé and the spin /(-3)
couple } mals'. A ' 8,
If T be the initial tension in the string, by 2mew
resolving horizontally for the rod, we get maw'
2mac co8 30° == 77008 60°.....ciarirererancrnenans (1),
and by taking moments about &
3madd’ = Ta sin 60° .....ccvoerennneicnercnnes (2),

whence we get
O 0@ cerreernnncriinncesissniiinieensaans (3).

To find 7 in terms of the weight of the rod we resolve vertically and get
mad’ +2maéd cos 60° =mg — T'sin 60°,

and with the help of (3) and (1) we find that 7= 22° mg,
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(ii) A solid hemisphere is held with its base against a smooth vertical wall
and tts lowest point on a smooth floor. The hemisphere is released. Find the
tnitial pressures on the wall and ths floor.

Let m be the mass, @ the radius, C the centre and G the centre of
gravity of the hemisphere. CG=%a. Let O be
the point of contact with the ground and let
0G=h,

Since the hemisphere begins to turn about 0, VD
if & is the initial angular acceleration, the ac- c
celeration of G is k& at right angles to OG.
Hence the rate of change of momentum is re-
presented by mho and the spin couple mi3o
where £ is the radius of gyration about a hori-
zontal axis through @ parallel to the wall.

By taking moments about the line of intersection of the wall and floor
we get

mhw

A

o X

m (B3 +4%) o= mga.

Now m (k34 43) is the moment of inertia of the hemisphere about the
line of intersection of the wall and floor. But its moment of inertia about
a diameter of its face is gmal, and therefore by the theorem of parallel
axes (13'2) the moment of inertia about the required axis is Fma?3.

Hence gmado=gmga, or avo=%§g.

Let X, ¥ be the pressures of the wall and floor on the hemisphere, then
by resolving horizontally and vertically we get

mha cos COG=X, or mao=2X,
and mho sin COG=mg—Y or fmad=mg- Y.
Therefore
X=ifmg and F=43fmg.

16'4. Bending Moments in Bodies in Motion. When a rod
AB is in equilibrium under the action of given coplanar forces
the stresses at any point P of the rod may be determined by
imagining the rod to be divided by a cross-section at P. Then

A P [ B
L 1 T J
~Q

Y
8

by considering the equilibrium of either portion, say PB, we
see that the forces exerted by AP on PB must balance all the
other given forces that act on PB. But a system of coplanar
forces can be reduced to a single force acting at any assigned
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point in the plane together with a couple. Hence the given
forces acting on PB can be represented by a force at P with a
tangential component 7' and a normal component S together
with a couple @, and the reaction of AP on PB balances these.
T is called the tension, S the shearing force and G the bending
moment, and the latter is taken as the measure of the tendency
of the rod to break at P.

When the rod is in a given state of motion instead of in
equilibrium, if we write down the equations of motion for either
portion these equations will suffice for the determination of T, §
and @, if the accelerations have first been determined by
considering the motion of the whole rod.

16'41. Bxample. A heavy rod swings freely in a vertical plane about
one end; to find the stresses at any point of the rod.

Let ! be the length of the rod 04, m the mass of unit length, and 4 its
inclination to the vertical at time ¢. o
By taking moments about the fixed end
O for the whole rod, we get

yml3f = —4mgl?sin g
or W= —3gsind............ (1),
and, by multiplying by 24 and integrating,
162=§g(cos 6 —cos a) ...... (2),

when a denotes the amplitude of the
oscillation.

Now let the point P at which the
stresses are required be at a distance a
from O, and let 7', S, G denote the tension,
shearing force and bending moment in the
sense in which they act on P4A. We have to write down the equations of
motion of the part P4 of the rod. Consider a small element of length dz
and mass mdr at @ where 0Q=2. The accelerations of this element are
20 and 23 at right angles to and along Q0. Hence by resolving at right
angles to and along 40 and taking moments about P, for the portion P4
of the rod, we get

i e
f mzd dr=8—-mg (l—a)sind ...cccccvvrniiieeeinnnaenns (3),
a

[
/ mz0dz=T—mg(l—a)co8 8 .....c.....c.vvrruemrunnns (4),

a

and /llmzb'(x—a) dze= — G =}mg (I —-a)?sing ... (5).
a
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These are equivalent to

M (B-ad)dmS—mg (I =a)8in B.ceuneeerneeerennensanees(3))
3m (1 =a%) Bl T—mg (1~ @) 0080 cerverrerrreraerersnens (4
and 3m (- a)? (Ql+a) b= — G = jmg (L= @) SID B .vereoerenn (B

Substituting for § from (1) and for 63 from (2) we get
S- tmg uﬁls_a_z sin 0
G

T=mg (l— a)coso+§mg a)(coso —cosa),
- a) .
asiné.

and Ge=}mg"

165. Steady Motion in Three Dimensions. A steady
motion is one in which all velocity components are constant in
magnitude. Problems of steady motion are often solved by
simple applications of the principles of energy and momentum.

Bxamples. (i) 4 uniform straight rod of length 1 i free to turn about
one end. Find the angular velocity with which it oan describe a cons of
semi-vertical angle a.

If w is the angular velocity then each element of the rod describes a
horizontal circle with angular velocity w. O
Let m be the mass of unit length and
consider an element mdx at a distance z
from the fixed end 0. Its acceleration is
o3z 8in a, therefore its rate of change of
momentum is mdz . w?z sin.a towards the .
centre of the circle that it describes. mii” w?zsing

Take moments for the whole rod about \‘

AQ

a horizontal axis through O perpendicular
to the rod, and we get

/lx cosa . ma*rsin a dz=mig.}lsine
or ° 3mw? I8 cos a sin a=$mgl? sin q,
therefore lo?cosa=4g.
(ii) The framework tn the figure revolves about the vertical axis and the
balls move outwards for an tncreass of speed, the weight E sliding wup the

axis. Shew that the angular velocity o with which tha frames rotates in the
position sn which the arm ABD makes an angle a with the vertical is

iven
griven by (a+!sin a) @¥=(1+m'b/ml) g tan a,
where ABe=BC=b, AD=l, AA'=CC( =2a,

The balls are each of mass m and are fized to the arms: the sliding weight £
15 of mass m’ and the weights of the arms may be neglected.  [M. T. 1917)
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The point D describes & horizontal circle of radius a+/sina with
angular velocity . Therefore the acceleration of D is (a+!sin a)?
towards the axis of rotation and the rate of change of momentum of the
ball is m (@ +¢sin a) o%. We have now to consider whether to resolve or
take moments and we notice that we cannot resolve without introducing

A’ A

B! 8

the stresses in the rod 4D to which the ball is fixed, and we cannot take
moments about any point of the rod except the point 4 without intro-
ducing the bending moment of the rod. We therefore take moments for
the ball and rod 4D about an axis through 4 perpendicular to the plane
of the diagram, This gives, after summing horizontal slices,
m (a+Isina) w?. ! cos a=mgl sin a + 75 sin 2a,

where 7' is the tension in the rod BC.

Next resolving vertically for the weight &, which is at rest in the steady

motion, we have
! 27T cos a=m'g,

Eliminating 7', we get
(a+!sin @) @¥=(1+m'd/ml) g tan a.
16'6. Use of the Instantaneous Centre of Rotation. In the
motion of a body in one plane, let u, v denote the velocities of
its centre of gravity G parallel to rectangular axes and let w be
the angular velocity of the body. If rw
(r,0) are the polar coordinates of a point ¥

P of the body referred to & as origin, , P

the velocity of P relative to @ is rw at y
right angles to GP and this has com- N N
ponents — rw sin 6, rw cos § parallel to Gl g o

the axes of z and y or — yw, ww respectively, if (z, y) are co-
ordinates of P relative to the axes through G. Therefore the
whole velocities of P are

u—yw and v+ o
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and if these components vanish the point P has no velocity.
Therefore the point whose coordinates are — v/w, u/w is at rest
at the instant considered. This point I is called the tnstantaneous
centre of rotation (5°41).
Let us now write down the equa-
tion of motion for the body obtained
by taking moments about I. The
rates of change of momentum are
mu, md and the spin couple mk?*», and
if L denotes the sum of the moments
about 7 of the external forces we have

L =moment about [ of rate of change of momentum
=mi % —mi (- )+ mit
(0] [
= 2 (i + 09 + Kwid)

=18 ma v oY),

If now r denotes the distance GI, since the body is, at the
instant considered, turning about I, the velocity of G is rw, so
that u? 4 v2=1r2w? and therefore

1d
%a?{m("‘"*'k’) w’}=L ............... (1).
By the theorem of parallel axes (13-2) if K denotes the radius
of gyration about I, we have
Ki=r4+ 13
and therefore
1d 3,2 —
%Et(m}f a))-L .................. (2).

Since the instantaneous centre is genmerally changing its
position relative to the body, K is not generally constant but
there are the following special cases:

(1) If the body is turning about a fixed axis K is constant
and (2) becomes

MEPo=L .ccvieiiiiiirninnnnnn. (3),
as in 155, and the same is true if the instantaneous centre is
at a constant distance from G.
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(ii) If the axis be not fized but the body starts from rest, since
(2) is equivalent to

and initially w = 0, therefore the initial value of the acceleration
is given by

(iii) In a small oscillation about a position of equilibrium, if
we take moments about the instantaneous centre in a position
slightly displaced from the equilibrium position, then in equation
(4) w is small and dK?/dt is of the order of a velocity, and there-
fore the second term of the equation is of the order of the square
of a small velocity and can be neglected, so that again

MBS =L eoveeeeeeeeereesnenn. 3).

To summarize the results, it appears that equation (3) is a valid
equation if the instantaneous axis of rotation is a fixed axis or
at a fixed distance from the centre of gravity, or if we are dealing
with an initial motion or a small oscillation; but in every other
case in which we take moments about the instantaneous centre
or axis of rotation we must use equation (2).

16-61. Bxamples. (i) The ends of a heavy rod are constrained to move
on two smooth intersecting wires, one of which is vertical and the other
horizontal.

Let AB be the rod, 2a its length, m its mass and 4 its inclination to the
vertical. The instantaneous centre of

rotation is the corner J of the rectangle J '
0AIB (542) where Oz, Oy are the wires. © ST T TR
Also, since G[=a, the moment of N T
inertia of the rod about al :
Ve “ G
=m(}a3+GI% (132) L/// \\\E
=4mad & y z

This is a case therefore in which we
can employ equation (3) of 166, taking moments about / and thereby
avoiding the unknown reactions at 4 and B which pass through . The
angular velocity of the rod is 4 in the counter-clockwise sense, and the only
force that has a moment about 7 is the weight mg in the same sense,

therefore B
4 ma?d =mga sin 6.
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On multiplying by 4 and integrating, this gives
$ab3=g (cos a—cos 8),
where q is the initial inclination of the rod to the vertical.

We leave it to the student to obtain the same result by the principle of
energy.

(ii) The figure represents the cross-section through the centre of a uniform
elliptic cylinder which rests on a smooth horizontal plane against a smooth
vertical plane. The minor axis of the
cross-section passes through the inter- y
section O of the planes. To find the
snitial angular acceleration. Q |

The normals at the points of con-
tact P, @ meet in the instantaneous
centre J, and in the symmetrical 3
position OGI is a straight line,
where G is the centre of gravity,
and it can be shewn that

GI=(a?- b)/J/(a?+b),
where a, b are the semi-axes.

Since the reactions at P, @ pass through I the weight mg is the only
force that has a moment about 7.

Therefore if & be the initial angular acceleration

m (B + QI2) o=mgGI/J/2.

But k= (a2+b%)/4,
therefore

P z

(5at— 6a2b?+5b%) &> =24/ 29 (a?~ b?) /(a?+ BY).

16:62. In the next chapter we shall have occasion to use
the instantaneous centre of rotation in examples of small
oscillations.

EXAMPLES

1. A circular hoop of radius @, while spinning in a vertical plane with
angular velocity » about its centre, is gently placed on a rough inclined
plane which slopes at the angle of friction a for the surfaces in contact.
Shew that, if the sense of the rotation be that which causes the slipping at
the point of contact to be down the line of greatest slope, the hoop will
remain stationary for a time aw/gsina.

2. A uniform sphere, of radius g, is projected with velocity ¥ down a

rough slope of inclination a having also an angular velocity @ about a
horizontal axis in such a sense as to tend to cause rolling up a line of
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gre&test slope. Prove that it will never stop slipping unless p > $ tana
and that, if 5 V' < 220, it will turn back ifp>ta.n¢/(1—g &Vﬁ) .
[Coll. Exam. 1928]

8. A circular hoop in a vertical plane is projected down an inclined
plane with velocity V, and at the same time is given an angular velocity
wp tending to make it roll up the plane. Find the relation between V,, wp,
the slope of the plane and the coefficient of friction, if the hoop comes to
a position of instantaneous rest. [Coll. Exam. 1914]

4. A circular cylinder is fixed with its axis horizontal, and a sphere is
placed on the highest generator and slightly disturbed. If the surfaces are
rough, find the position of the sphere when sliding begins, and shew that
the sphere must slide before leaving the cylinder. [Coll. Exam. 1910]

5. A homogeneous sphere of radius r is placed on a smooth horizontal
table and a perfectly rough equal homogeneous sphere is placed on the
top and then slightly displaced. Prove that the same points remain in
contact until the spheres separate, and that this occurs when they have
turned through about 50°. [Coll. Exam. 1909]

6. Investigate the motion of a circular hoop, hanging over a rough peg
whose cross-section is circular, and find the components of the reaction
in any position, assuming that the peg is sufficiently rough to prevent
slipping. [Coll. Exam. 1908]

7. A sphere of mass m rolls down the rough face of an inclined plane of
mass M and angle a, which is free to slide on a smooth horizontal plane
in a direction perpendicular to its edge. Investigate the motion and shew
that the pressure between the sphere and the inclined plane is

m (2m+T7M) g cos af{(2+bsinda) m+TM}.
[Coll. Exam. 1912])

8. A sphere of radius & and mass M rests on a smooth horizontal plane,
and a second sphere of radius b and mass m is placed upon it, the line of
centres being inclined at an angle 4, with the vertical; the surfaces
between the two spheres are rough. The system is allowed to move
from rest in this position. Shew that as long as the spheres remain
in contact

(7H +6m &in? 6) (@ +b) 63 = 10 (M +m) g (cos 8, — cos §),
where 4 is the inclination of the line of centres to the vertical
[Coll. Exam. 1927]
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9. A perfectly rough solid sphere, of mass m and radius r, rests
symmetrically upon a hollow cylinder, of mass I and radius R, free to
turn about its axis which is horizontal. If the sphere roll down, shew that
at any time during the contact the angle ¢ between the line of centres and
the vertical is given by

(TH +2m) (R+7) p=(5M +2m) gsin ¢ ;
and find the value of ¢ when the bodies separate. [Coll. Exam. 1926]

10. The mass of a sphere is } of that of another sphere of the same
material, which is free to move about its centre as a fixed point, and the
first sphere rolls down the second from rest at the highest point, the
coefficient of friction being u. Prove that sliding will begin when the
angle 4 which the line of centres makes with the vertical is given by

8in 6=2u (5 cos § - 3). [M. T. 1905]

11. A rough perfectly elastic sphere is dropped without rotation on to
a horizontal cylinder which is free to turn about its axis. There is no
dlipping at the point of contact during the impact, and the sphere starts
moving horizontally after the impact. If 4 is the angle which the radius
of the cylinder through the point of contact makes with the vertical,
prove that . 1
tan 8=1+ma2 ma'3?
T
where a and a are the radii of the cylinder and sphere, 7 and I’ are their
moments of inertia about their centres and m is the mass of the sphere.
Shew also that the coefficient of friction between the cylinder and
sphere must be greater than 4 (tan 6 —cot §) in order that there may be
no slipping during the impact. [M. T. 1922]

12. A uniform straight heavy rod 4B of mass ¥ is freely jointed about
a smooth horizontal axis at 4, and is supported at an inclination 8 to the
vertical by a light string which is perpendicular to the rod and attached
to it at B. The string is suddenly cut. Find the pressures on the axis at 4
before and immediately afterwards. [M. T. 1919]

13. A square lamina is suspended by vertical strings tied to two
adjacent corners; two edges of the square being vertical. If one string
is cut, shew that the tension of the remaining string is instantaneously
diminished to $ of its former value, [M.T. 1911]

14. A uniform rod is held at inclination a to the vertical, with its lower
end resting on an imperfectly rough table. It is suddenly released. Shew
that the lower end will instantly begin to slide if the coefficient of friction
%%—Z%;f , and hence that if the coefficient of friction
exceeds § the rod will not slide initially whatever a may be.

[Coll. Exam. 1927]

is less than
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15. A uniform heavy rectangular plate is placed with an edge along the
intersection of a smooth vertical wall and a smooth horizontal plane and
allowed to turn round the edge from a position of rest in a nearly vertical
position: shew that the edge will leave the wall during the motion

[Coll. Exam. 1915]

16. A uniform circular disc of radius a is rolling without slipping along
a smooth horizontal plane with velocity ¥ when the highest point becomes
suddenly fixed. Prove that the disc will make a complete revolution round
the point if V3> 24ayg. [M. T. 1928]

17. A heavy uniform rod of mass m is supported against a smooth fixed
sphere by a horizontal string fastened to its upper end and also to the
highest point of the sphere. Shew that, if the string is cut, the initial
pressure of the rod on the sphere is mgcosa/(1+3sinta), where a is the
angular distance of the point of contact from the highest point of the
sphere.

18. A smooth ring of mass m slides on a wire bent into the form of a
circle of radius » which is made to rotate about a vertical diameter with
uniform angular velocity ». Find the position of relative rest of the ring
on the wire and shew that the pressure between the ring and the wire is
then me?r. [S.1917)

19. Two unequal masses are connected by a string of length ¢ which
passes through a fixed smooth ring. The smaller mass moves as a conical
pendulum while the other mass hangs vertically. Find the semi-angle of
the cone, and the number of revolutions per second when a length a of
the string is hanging vertically. [S. 1927]

20. The ends of a uniform rod can slide without friction on a circular
wire which is made to rotate about a vertical diameter with angular
velocity w. Shew that, if there is a state of steady motion in which the
rod is not horizontal, its inclination to the horizontal is cos™!(g/aw?),
where a is the distance of its centre from the centre of the circle.

21. A rigid ring hanging over a smooth peg is set spinning about
its centre (which remains stationary) in its own vertical plane. It is
completely fractured at one point 4. Prove that the maximum bending
moment experienced at the diametrically opposite point 4’ is

2r3wl4gr? (44 )i,

and find the corresponding direction of A4’ The ring has unit mass
per unit length, its radius is # and its angular velocity is . [M.T. 1918]
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22. The ends of & uniform rod of length / can slide freely along two
smooth wires at right angles to one another, one of which is horizontal and’
the other vertical and below the first. Shew that, if the frame rotates
round the vertical wire with uniform angular velocity o, there is a position.
of relative equilibrium for the rod, in which its lower end is at & depth
3g/20% below the horizontal wire.

. 23. A rectangular lamina of diagonal 2b can move in a vertical plane
with adjacent sides in contact with two smooth pegs at a distance a apart
in the same horizontal line. Prove that the angular velocity 8 is given by

{a 4453~ 2ab cos (a - 8)} 63+ g {2b sin (a +6) ~ a sin 26} =C,
where q is the inclination of the diagonal to a side and 4 is the inclination
of that side to the horizontal

ANSWERS

3. p(awo— Vo)=awytana, where o is the radius and a the slope.
4. 28in O=p (17 cos 6 -10). 6. The equivalent simple pendulum is
of length equal to the difference of the diameters of the hoop and peg.
The reactions when the line of centres makes an angle 8 with the vertical
are mg (2 cos §—cos a), 4mg sin 6; where m is the mass and a the extreme
value of 6. 12. The reaction along the rod remains Mg cos é, the
reaction at right angles to the rod changes from 4 #gsiné to } Mgsin 4.
18. The radius to the ring makes an angle cos™! (g/w?r) with the vertical
provided wfr>g. 19. cos7! (m/m’); {m'g/dmim (l—a)}*, where m, m'
are the masses. 21. A4’ makes an angle tan~! n with the vertical.



Chapter XVII
SMALL OSCILLATIONS

171. In Chapter Vi we considered the case of harmonic
oscillations of finite amplitude of a particle moving in a straight
line, the characteristic equation for which is

&+ nlz=0,

and we remarked (7-23) that an equation of this form always
represents a periodic motion with a period independent of
the amplitude. There is a large class of problems wherein the
equation of motion can be reduced to this form, though generally
with the limitation that # remains small throughout the motion,
this class includes all problems of a system having one degree
of freedom which is slightly disturbed from a position of stable
equilibrium and proceeds to oscillate about that position. The
usual method of solving such a problem is to write down the
equation of energy, i.e. express the fact that the sum of the
kinetic and potential energies is constant, then differentiate
this equation. The method will be explained more fully in the
next article.

17-2. Application of the Principle of Energy. If a system
possesses only one degree of freedom its position can be defined
by the values of a single variable #, which may denote a linear
or an angular displacement. Let us suppose that the system
has a position of stable equilibrium and that the origin from
which « is measured is so chosen that # vanishes in the position
of equilibrium. In any other position the kinetic energy T'
must be proportional to &%, say

' T=3A48 .vererrrrerernnnnns @),
where 4 may contain # but does not vanish when « vanishes;

and the potential energy V will be a function of &, which we
assume can be expanded in ascending powers of  in the form

VaVotaz+bad+cad+... ...... S (2).
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Now in a position of stable equilibrium the potential energy
V is & minimum®, therefore dV/dz =0 when #=0, and this
requires that a=0. Further the oscillations that we are about
to consider are assumed to be so small that powers of # and &
above the second power can be neglected. This means that in
(1), if A is a function of =, since A is multiplied by 4, it will
be sufficient for our purpose to retain the part of A that is
independent of z, or put =0 in 4; and in (2), since a =0, we
may now write '

neglecting higher powers of # than the second.
The equation of energy T+ V = const. now becomes
$A32+ bt =const. .....cecernunnnn. 4),
where 4 and b are constants.
Differentiate with regard to ¢ and divide by & and we get
AE+268=0.eeereeneeeeeeeeannn. (5),
which represents a periodic motion of period 27 /(4 /2b).

17-8. Examples. (i) 4 solid uniform circular cylinder of mass m and
of radius r rolls (under the action of gravity) inside a fixed hollow cylinder
of radius R, the axes of the cylinders being parallel to eack other and also
horizontal. At any time t during the motion the plane containing the azes
of the cylinders makes an angle 6 with the vertical. Shew that the potential
energy of the moving cylinder 1s mg (R—r) (1 —cos 6), and that its kinetic
energy is dm (R—r}3 63 Hence, or otherwise, shew that the time, T, of a
small oscillation ts

T=2n J{3(R-r)/29}. [M. T. 1914)

Let Cand @ be the axes of the fixed and rolling cylinders, and let O be
the equilibrium position of the point ¢. Then
CO=CG=R-r; and the potential energy is
the weight multiplied by its height above 0,

i.e. (CO~— CG cos @), therefore
Ve=mg (R—-r) (1 - cos 8),

and, as far as the second power of 6, this is
Ve=}mg (R—r) 62 ‘
Again, let @ denote the angular velocity of h
the rolling cylinder, then the point of contact P
P has a velocity ro relative to the axis @, but
@ has a velocity (R—r)4 in the opposite direction, so that the condition
that P has no velocity at the instant considered gives

ro=(R=1)0 ..couvrurees veeneaens ceeens(1).

* Bee Note on the Energy Test of Stability, p. 337.
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Since the velocity of the centre of gravity G is (R—r) 4, and the moment
of inertin of the cylinder about its axis is §mr3, therefore the kinetic
energy is

tm{(R-r 82 +3r20f=3m (R—r)3 42,
The equation of energy is therefore
§m (B~r)2 63+ ymg (R-r)§3=const.,
when higher powers of 4 are neglected.
Differentiating and dividing by m (& - r) 6, we get
F(R=1)E4+g0=0..ucveerrnrcrernennnns (@)
This represents oscillatory motion with period
2 {3 (R-1)/29}.

Otherwise, the accelerations of @ are (R—r)d and (R-r)4? at right
angles to and along G'C; therefore the rates of change of momentum are
m(R—r)8, m (R-r)@, and the spin couple §mrs. Therefore by taking
moments about the line of contact of the cylinders we get

m(R-r) rd +4mrio= —mgrsin 6,
but from (1) ré=(R—r) §, therefore the equation reduces to
§(R—-r)d= -gsiné,
which, if we write 6 for sin g, thus neglecting 63, is the same as
equation (2).

(ii) The ends of a uniform rod of length 2a can slide on a smooth circular
wire of radius b in a vertical plane. If the rod makes small oscillations
about its equilibrium position, find the length of the egquivalent simple
pendulum,

Let 4B be the rod, m its mass and G its centre; and let O be the
- centre of the wire. At time ¢ let OG make
a small angle # with the vertical. Then
0@ = \/(b*— a?), and the potential energy is

mgOG (1—cosb), or §mg./(b*—a?)é?
to the second power of 6.

Again, the velocity of @ is 0G4 or

V(- ah)é, l B8
and the angular velocity of the rod is 4,
therefore the kinetic energy is A

3m {(B3— a?) 63+ } a26%) = }m (35 - 2a%) 61,
The equation of energy is therefore
}m (3b3—2a8) 62+ ymg /(b?— a?) 6*=const.,
when higher powers of 4 are neglected.
Differentiating and simplifying, we get
3 (302 —2a%) 6 +g J(b?—a®) 6=0.
Therefore the length of the equivalent simple pendulum is
(362 — 2a2)/3 /(b2 — af).
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17'4. Use of the Instantaneous Centre of Rotation. We
saw in 166 that in problems on small oscillations we can take
moments about the instantaneous centre of rotation as though
it were a fixed point, writing

mK3® =L,
where mK? is the moment of inertia and L the moment of the
external forces about the axis of rotation through the in-
stantaneous centre.

As an application consider the last example of 17-8.

In this case O is the instantaneous centre and the moment of inertia of
the rod 4B about O is by the theorem of parallel axes (13-2)

" (‘§+ooe) =mn (‘%’+b’-a’)-;m (38— ga).

. Also the reactions at 4 and B pass through O and therefore have no
moment about 0, and the moment of the weight is

mg OG 8in 6, or mg /(b*—a3)sin 4.
Hence, neglecting 6%, we have

307 - 2a%) §= — b1-ad) 4,
i 178 3 (363 - 2a7) 8= — mg (21— a)

17-41. Bxample. Two uniform rods each of length 2a and of the same
mass m are smoothly jointed and placed over two smooth pegs tn the same
horizontal line, 8o that in equilibrium the rods make equal angles a with the
vertical. Find the period of the small oscillations n which the joint moves
vertically.

Let P, @ be the pegs at a distance 2¢ apart, and let G be the centre of
gravity of a rod 4B, A being the
joint. Since when 4 moves verti-
cally the rod 4B slides over the
peg P, therefore the instantaneous
centre J for the rod AB is where
the perpendicular to the rod
through P meets the horizontal
through 4. The reaction at P and
the reaction of the rod AC on 4B
are along PI and J4 respectively. Therefore in equilibrium the vertical
through @ goes through 7, and

a 8in a=JA = AP cosec am¢ cosec? a,

or c=asinda ....ccceiiiiiinnennnn. SRR 0 § 8
In & alightly displaced position let & be the inclination of the rods to
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the vertical. The vertical through @ no longer passes through Z, and by
taking moments about / for the rod 4B we have
m (3a%+GI?3) § = —mg (a sin §— 0 cosec? 6),
But GI%=G P34 PI3=(a - ¢ cosec 6)3+c3 cot? 4 cosec? §
=q? - 2ac cosec § + ¢? cosect 4.
Therefore
(4 a8 — 2ac cosec 8 +c? cosect 8) §= — g (asin - ¢ cosec? 4) ...(2).
" Here 4 is not small, but differs from the constant a by a small quantity,
80 that we may write d=a+y where x is small and the first power only of
x is to be retained in the equation. Since now §=3j, therefors, in the
coefficient of ¥ on the left-hand side of the equation, it will be a sufficiently
close approximation to take §=a. The right-hand side is a function of 4
which by (1) vanishes when @ is put equal to a. To obtain the value of
this expression correct to the first power of y, the simplest method is to
remember that, if y* can be neglected,

F(6)=f(a+x)=f(a)+xS" (a)
but by (1) f(a)=0, therefore f(8)=xf’(a).

In this case f(8)= — g (a 8in § —c¢ cosec? §),
therefore S’ (6)= —g (acos § +2¢ cosec® § cos 6),
and f' (@)= —g (a cos a+ 2¢ cosec® a cos a)

= —3ga cos a, from (1).
Hence the right-hand side of (2) becomes —3ga cosa. x and we have
(4a® - 2ac cosec a+¢? cosect a) ¥ = —3ga cos a. x,
or, by substituting from (1),
(§—sin?a) aj+3gcos a. y=0,
or (143 cos?a) ay+9¢g cos a. x=0,
making the period
27 /{a (1 +3 cos?a)/9g cos a}.

175. Oscillations of a Particle constrained to move on a
Revolving Curve. Let a particle P of mass m be constrained
to move on a plane curve
which revolves with uniform ¥
angular velocity w about an
axis in its plane; the field Mp-<~----- ---
of force being the same in
all planes through this axis.
Take the axis of rotation
for axis of y and a perpen- © 2
dicular for axis of @. Let the coordinates of the particle be 2, y
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at time ¢. Let X, ¥ be the components parallel to the axes of
the forces acting on the particle, including the reaction of the
curve. The effect of the rotation of the curve is to make the z
component of acceleration of the particle # — zw? instead of &;
because, if PM be perpendicular to the axis of y, the radius
vector MP is turning about M in a plane perpendicular to Oy
with angular velocity o, g0 that the radial component of accele-
ration (121) is & — 2w? Hence the equations of motion are
m(E—z0?)=X, mij=7Y,
or mi=X +mo?z, mj=Y.

Therefore the effect of the uniform rotation can be provided
for in the solution of the problem by adding to the forces acting
on the particle a force w?z per unit mass directed from the axis
of rotation and otherwise regarding the given curve as at rest.

17'51. Bxample. A particle is constrained to move on a smooth circular
wire which rotates uniformly about a diameter which s vertical. If in the
position of relative rest the radius drawn to the particle makes an angls a
with the vertical, find the period of small oscillations about this position.

Let a be the radius of the circle, m the mass of the particle and let 8 be
the angle that the radius drawn to -
the particle in any position makes /_
with the vertical. We may regard
the wire as at rest if we add to the
forces acting on the particle a force
mw?asind away from the vertical NHa
diameter. The other forces are the

weight mg and the normal reaction.
Hence in relative rest

mw3asind

tan 0 =mw?a sin 6/mg, mg
or, since §=a in relative rest, therefore aw?=g seca. And in any general
position by resolving along the tangent
maé=me’a sin 0 cos § — mg sin 6.

For small oscillations about the position §=a, put §=a+x where y is

small, and we get
ai=3%e%asin (2a+2x) - g sin(a+x)
=1 ofa (sin 2a+ 2y cos 2a) — g (sin a+ y cos a).
Then, substituting g seca for aw?, we have
ax + gx sin® afcos a=0,

which gives a period
2w J/(a cosa/g sin?a).
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17-6. Stability of S8teady Motion. In previous chapters and
in the last two articles we have had examples of steady motion,
some such were described in 165. Such a motion is said to be
stable if when owing to any cause the motion is slightly dis-
turbed it continues without a wide departure from the original
path.

Suppose, for example, that a particle is describing a circle of
radius 1/u, under the action of a force to the centre which would
produce an acceleration f(u) at distance 1/u.

Let h be the moment of the velocity about the centre in the
circular orbit, then hu, is the velocity, and the acceleration f (u)
is (vel.)¥/(radius), i.e. Au,®, or

= f (ug)/ug®.

Now suppose that without altering 4, so that 1/u, remains
an apsidal distance, the particle is slightly displaced from the
circular orbit. The equation for the path with the law of force

f(u) is, by 12:21,
v, S

dH’ hiu?’

By _uf @)

agtr=a f (uo)”
Putting u = uo+ «, where & is small, and retaining only the
first power of @, we get

i wf (g + )
a0t T Flug) (uo + o

= fLr S} (1-3)
R R (AU S

If the coefficient of # is positive and we denote it by n?,
we have

or

Therefore

d*z
the solution of which is = A4 cos (nf + a).
This shews that z is periodic in 6 and oscillates in its values
so that the motion is stable. Also, if # vanishes for a given value



254 SMALL OSCILLATIONS [xvn

of 6, it will next vanish when @ is increased by ar/n, so that the
apsidal angle or angle between consecutive apses is ar/n, i.e.
/' <uo>}*
mw 3 - .
/ { J (w)

The condition for stability is that the expression under the
square root must be positive. If the force varies as the kth

power of the distance, ie. f(u)x 1—}; s U f' (wo)/f(ug)=—F, 80

that 3 + k& must be positive and £ must not be less than — 3.

When the force varies as the distance, k=1, and the apsidal
angle = 4. The disturbed circular orbit becomes in fact an
ellipse with the centre of force in the centre and there are four
apses at the ends of the axes (12:41),

When the force varies inversely as the square of the distance,
k=—2, and the apsidal angle =a. In this case the disturbed
orbit is an ellipse with the centre of force in a focus and there
are two apses at the ends of the major axis (125).

1777. The usual method of procedure in solving a problem on
disturbed steady motion is first to write down the equations of
motion in their general forms for the given system under the
given field of force together with the kinematical conditions, if
any. Next deduce from these equations the condition for steady
motion by making all the second differential coefficients zero.
This means that we are making all velocities constant and
finding the particular value of the variable, § =a say, which
defines the position in steady motion. Next suppose the motion
to be slightly disturbed from the steady state and substitute in
the original equations 6=a < x where  is small, then by re-
taining only the first power of x and its derivatives we obtain
the equation between % and x, which gives the period of the
oscillations,

We shall illustrate this process by some examples.

17'8. The point of suspension of a pendulum vs A, and A s caused to
move along a horizontal straight line OX. The centre of gravity of the
pendulum s @, and AG=l. The radius of gyration about any axis through
G perpendicular to AG vs k. The pendulum can move in the vertical plane
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containing OX. At time t, OA=uz, and the angle between AG and the
vertical 18 6, supposed positive when GAX ts obtuse, Prove that
(BP24+k%) 6+ lg sin 0=l cos 8 . 3.
If # has the constant value f, shew that the pendulum can maintain & con-

stant inclination a to the vertical, where tan a=f|g, and that the periodic
time of small oscillations about this position is

P {l’;’f cos a}}. [M. T. 1924]

The point A has acceleration #, and @ has accelerations % and 43
relative to 4 at right angles to and along G4. Therefore, if m be the mass
of the pendulum, the rates of change of momentum are m#, mlg, mié, and
the spin couple m#2d.

Hence by taking moments about 4 we get

_ ml2g ~ m#l cos § +mk? = ~ mglsin 6,
or (B+4)6+1gsin Gmlcos 8.2 ......... resrensrenns (1).

This is the general equation of motion, and if # has the constant value
f, it becomes .
(B4 0 +1gsin 0=1fco8 8..uuuecrrnrnennennnnens (2).
In this case we find the possible steady motion by putting §=0, which
gives tand=f]g; and we denote this value of 4 by a. Substituting gtana
for f in (2) gives .
(B3+4%) 8+ 1g sin (0 —a)/cosa=0 ......... N ¢ )8
To find the period of the small oscillations about this position we now
put 8=a+y, where x is small, and neglect all powers of x above the first.
Hence we get
@ +8) X +Igx/cosa=0,

.. . B4-13 $
a period 2 { cos } .
giving a pe! L Ty a

It should be observed that the latter part of this question can be solved
by elementary considerations, for the relative effect on the pendulum
of giving its point of suspension a constant horizontal acceleration is
equivalent to keeping the point of suspension fized and applying a force
mf to the pendulum at & in the opposite sense to the acceleration. The
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equilibrium position of A is then the direction of the resultant of f and
g, and its time of oscillation is got from the ordinary formula for the
period of a compound pendulum by writing v/(92+/%) or gseca instead
of g.

179. A particle moving on the inside of a smooth fized sphere describes
a horizontal circle. Shew that if o be the angular velocity the depth of the
circle below the centre of the sphere ts g, and find the period of small
oscillations about this steady motion.

Let m be the mass of the particle and a the radius of the sphere. Let
the radius to the particle make an angle 8
with the downward vertical, and let the
meridian circle make an angle ¢ with a fixed
vertical plane.

In the general motion of the particle on the
sphere its velocity along the vertical circle is
a8 and along the horizontal circle asin 4. ¢.
Therefore the equation of energy is

4 ma? (63 +sin? ¢%) +mga (1 —cos )

=const....(1).

Again the particle is acted on by its weight mg, and the reaction of the
surface which passes through O, neither of which has any moment about
the vertical diameter. Therefore the moment of momentum about the
vertical diameter is constant, i.e.

malsind 4. é—const.

Hence if there be a steady motion in which f=a and ¢ =uw,
sin’&.&—o )1 L S, ceneeens(2)
Eliminating ¢ between (1) and (2), we get
§af3+}aw? sint a cosec? § — g cos §=const.
By differentiating this equation it follows that
af - aw? sint a cosecd 6 cos § +¢ sin f=0 ............... (3).
The ocondition for steady motion with  =a is got by putting =0, whence
aw? cos a=g,
or the depth of the horizontal circle below the centre of the sphere is
ACOBA=G[w0deuuriirieirrinrnnainraneninnnnnns (4).
Substitute g seca for aw? in (3) and we get
af—g sin* asec a cosec’ § cos f+gsin 6=0 ............ (5).

Then for small oscillations about the horizontal circle we put §=a+y,
where y is small, and retain the first power of x only.

Now SO)=f(a+x)=f(a)+xf" (a),
and to get /' (a) we first differentiate f(6) and then put =a.
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In this case f(8)= — gsinta sec a cosec? 4 cos 0+ sin 6,
and £’ (9)=3g sin* a sec a cosect 4 cos? 8+ g sin' a sec a cosec? §+g cos 4.
Therefore f (a)=0, and
f (a)=4g cosa+gsindaseca
=g (143 cos?a)seca.
Hence (5) becomes
ai+g (143 cos?a)seca. y=0,
and the period of the small oscillations is
2m o/{a cos a/g (143 cos? a)}.

Note on the Energy Test of Stability. The proposition that
positions of minimum and maximum potential energy are positions of
stable and unstable equilibrium respectively is generally found in books
on Statics; it is however an application of the principle of conservation
of energy.

In the first place if the potential energy of a system is stationary in
value for small permissible displacements from an assigned position, then
no work is done by the external forces in any such displacement so that,
by the principle of virtual work, such a position is one of equilibrium.

Now consider a body in a position of minimum potential energy. If the
body undergoes a small but finite displacement in any direction compatible
with its geometrical connections and is then set free so that motion ensues,
it begins to acquire kinetic energy and therefore to lose potential energy.
It moves therefore so that its potential energy decreases, i.e. back towards
the position of minimum potential energy, and that position is therefore
one of stable equilibrium. In like manner it can be shewn that a position
of maximum potential energy is unstable.

EXAMPLES

1. A circular disc of mass M lies on a smooth horizontal table; if a
particle of mass m resting on the disc is attached to the centre by a spring
which exerts a force uz when extended a length z, prove that the period
of oscillations when the spring is extended and then set free is

2 {Mm/( M +m) p}t. [S. 1914]

2. A weightless rod of length 3 feet, with equal heavy rings at the ends,
one of which can slide on a smooth horizontal wire, is describing small
oscillations in the vertical plane containing the wire. Shew that the period
of oscillation is about 1-36 seconds. [S. 1916]

3. A running watch is placed on a smooth horizontal surface so that it
may be regarded as free to rotate about its own centre of gravity. It is
composed essentially of a balance-wheel of moment of inertia ¢, and a body
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of moment of inertia J connected by & hair spring. The inertia of the hair
spring and other parts of the mechanism may be ignored. Determine the
angular motion, and shew that in general, in addition to its oscillations,
the body of the watch rotates steadily with a small uniform spin.

If J=110gm. (cm.)?, =005 gm. (cm.)?, shew that the watch gains
nearly 20 seconds a day in this position, if its rate is correct when the
body is rigidly held. [M. T. 1920]

4. A uniform bar 4B of mass M is suspended from a point O by two
equal elastic strings 04, OB. In the position of equilibrium the length of
each string is /, and its inclination to the vertical is a. The increase in the
tension of either string when its length is increased by z is Ex, where £
is constant. The bar vibrates vertically, remaining horizontal. Shew that
the period of & small oacillation is 2x /p, where

T
p=if crla  geinatane, [M. T.1924]

5. A light rod 4B, carrying a heavy particle at B, is connected by a
smooth hinge at 4 to a second light rod 40. 04, AB are initially in the
same straight line, rotating with uniform angular velocity about a fixed
centre 0. :

AB is now displaced through a small angle, relatively to O4, in the
plane of rotation. Shew that, if the angular velocity of 04 be maintained
constant, 4B will oscillate relatively to 04 with a period 7'+/I/a, where T'
is the time of revolution of 04 about 0, and a and { are the lengths of 04
and AB respectively. [M. T. 1927]

6. One end of a uniform rod rests on a smooth horizontal plane and the
other end is attached by a string of length ¢ to a point whose height above
the table is greater than /. Shew that, if small oscillations take place in a
vertical plane, the length of the equivalent simple pendulum is 2..

7. A uniform plank, length 2a and thickness 24, rests in equilibrium
on the top of a fixed rough cylinder of radius r whose axis is horizontal
Prove that, if r is greater than %, the equilibrium is stable; and that, if the
plank is slightly disturbed, the period of an oscillation is that of a simple
pendulum of length

(a?+44%)/3 (r—A). [Coll. Exam. 1913]

8. Three equal uniform rods 4B, BC, CD of length a are smoothly
jointed at B and € and suspended from points 4, D in the same horizontal
line at a distance a apart. Shew that, when the rods move in a vertical
plane, the length of the equivalent simple pendulum is 5a/6.

9, Two masses m and m', which are free to move on a given circular
wire of radius a, are connected by a light rod subtending an angle 28 at
the centre of the wire ; find the position of stable equilibrium when the
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plane of the wire is vertical ; and shew that, if the masses are slightly
disturbed, the length of the equivalent simple pendulum is

a(m+m')//(md+m3+2mm’ cos 23).

10. A solid uniform sphere of radius b makes small oscillations at the
bottom of a fixed hollow sphere of internal radius a, the surfaces being
sufficiently rough to prevent sliding and the motion being in a vertical
plane, Shew that the length of the equivalent simple pendulum is § (a—b).

11. A circular cylinder of radius a surrounds another cylinder of smaller
radius b. The former rolls on the latter, which is fixed with its generators
horizontal. Shew that the plane through the axes moves like a simple
pendulum of length (@~ b) (1 +4%/a?); k being the radius of gyration of the
moving cylinder about its axis. [M. T. 1810]

12. A cylindrical shell of mass M and radius b is free to turn about its
axis, which is horizontal, and another rough cylindrical shell of mass m
and radius a is placed inside it; prove that the plane through the axes
will oscillate like a simple pendulum of length

(b—a) (2 +m)/(H +m).

13. A body of uniform density, having the form of a sector of a circle
of radius 2a, performs rolling oscillations of small amplitude with its
circular edge in contact with a rough horizontal plane. Its centre of
gravity is half-way between this edge and its centre. Prove that the
length of the simple equivalent pendulum is 2. [M. T. 1928]

14. A particle can move in a smooth circular tube which revolves about
a fixed vertical tangent with uniform velocity ». Find the position of
relative equilibrium of the particle, and shew that the time of a small
oscillation about that position is

2 gin @ }i
® (l+sindaf '

where a is the angle of inclination to the vertical of the radius to the
particle when in relative equilibrium. [8. 1917]

15. A conical pendulum executes small oscillations about a state of
steady motion in which the string of length ¢/ is inclined to the horizon at
an angle a ; shew that the period of its oscillation is

sina
o \/ {q Tr3a } {Coll. Exam. 1907]

ANSWERS

3. The period of the balance-wheel is 2 \/(/I+1) secs.
14, aw?®(1+sina)=g tanq, where a is the radius.
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