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PREFACE

THE idea of expanding an arbitrary function in terms of the solutions
of a second-order differential equation goes back to the time of Sturm
and Liouville, more than a hundred years ago. The first satisfactory
proofs were constructed by various authors early in the twentieth
century. Later, a general theory of the ‘singular’ cases was given
by Weyl, who based it on the theory of integral equations. An
alternative method, proceeding via the general theory of linear
operators in Hilbert space, is to be found in the treatise by Stone
on this subject.

Here I have adopted still another method. Proofs of these expan-
sions by means of contour integration and the calculus of residues
were given by Cauchy, and this method has been used by several
authors in the ordinary Sturm-Liouville case. It is applied here to
the general singular case. It is thus possible to avoid both the theory
of integral equations and the general theory of linear operators,
though of course we are sometimes doing no more than adapt the
latter theory to the particular case considered.

The ordinary Sturm-Liouville expansion is now well known. I
therefore dismiss it as rapidly as possible, and concentrate on the
‘singular’ cases, a class which seems to include all the most interesting
examples. In order to present a clear-cut theory in a reasonable
space, I have had to reject firmly all generalizations. Many of the
arguments used extend quite easily to other cases, such as that of
two simultaneous first-order equations.

It seems that physicists are interested in some aspects of these
questions. If any physicist finds here anything that he wishes to
know, I shall indeed be delighted; but it is to mathematicians that
the book is addressed. I believe in the future of ‘mathematics for
physicists’, but it seems desirable that a writer on this subject should
understand physics as well as mathematics.

E.C.T.
NEW COLLEGE, OXFORD,
1946.
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THE STURM-LIOUVILLE EXPANSION

1.1. Introduction. Let L denote a linear operator operating on
a function ¥ = y(z). Consider the equation

Ly = My, (1.1.1)

where A is a number. A function which satisfies this equation and
also certain boundary conditions (e.g. which vanishes at x = a and
z = b) is called an eigenfunction. The corresponding value of A is
called an eigenvalue. Thus if 4,(x) is an eigenfunction corresponding
to an eigenvalue A,

LSLIL x) /\n‘/‘n ‘L) (1'1'2)
The object of this book is to study the operator
d2
L= — 1.1.

where q(z) is a given function of z defined over some given interval
(a,b). In this case y satisfies the second-order ditfercntial equation

d%y -
et A—a@)y =0, (L.1.4)
and i, (x) satisfies
;;«(‘E)_{_{AIL‘Q(J’)}llIIL(‘r) = 0. (1.1.5)

If we take this and the corresponding equation with m instead of =,
multlply by ¢,.(x), ¥, (x) respectively, and subtract, we obtain

m— n)‘)[‘m x)‘/‘n(x) - 'l’m x)‘/’n x)_‘/'n x)'abm(x)
= L W@ — @)
Hence ,
A=) [ n@)pn(2) iz = [ (e (@) — (e Winle)];
¢ =0
if ,,(x) and ¢, () both vanish at = ¢ and x = b (or satisfy a more

general condition of the same kind). If A, # A, it follows that

b
[ dmlebale) dw = 0. (1.1.6)

4957 B



2 THE STURM-LIOUVILLE EXPANSION Chap. I

By multiplying if necessary by a constant we can arrange that

b
f Y2 (x) do = 1. (1.1.7)

The functions ,(x) then form a normal orthogonal set.

Our main problem is to determine under what conditions an
arbitrary function f(x) can be expanded in terms of such functions,
in the manner of an ordinary Fourier series. If this is possible, and
the expansion is

@

fw)= 3 catpula), (1.L8)

=0

then on multiplying by ¢, (x) and integrating over (a,b), we obtain
formally

b
Cp = ff(x)¢m(x) dx. (1.1.9)

In some cases the eigenvalues are not discrete points, but form
a continuous range, say, for example, over (0,00). The expansion
then takes the form

f@) = f ey () dA. (1.1.10)
0
All this has its simplest illustration in the case of ordinary Fourier
series. Suppose, for example, that ¢(z) = 0, and that the interval
considered is (0, 7). The solution of (1.1.4) which vanishes at = 0
is then y = sin(zvA). This vanishes at = = if and only if A = n?,
where # is an integer. These then are the eigenvalues, and the corre-
sponding eigenfunctions are the functions sinnz. That an arbitrary
function can be expanded in terms of these functions is the familiar
theorem on Fourier’s sine series.

+

1.2. An argument which has sometimes been used to suggest the
validity of the above expansions runs as follows. Consider the partial
differential equation

.of
Lf =3, 1.2.1
f=i2 (1.2.1)
where f = f(z,t). If f(z,t) is given for one value of ¢, it is fixed by
this equation for a slightly greater value of t. Thus we should expect
to have one solution, and only one, for any given initial value of
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f(x,?), i.e. for f(z,¢) equal to an arbitrary f(x) when ¢ = 0. Suppose
now that the solution can be expressed as a Fourier integral,

(1.2.2)

1 - .
where Fx,)) = —— f x,1)eM dt. 1.2.3
(x, ) ‘/(2”)_00 f,1) ( )
Substituting in (1.2.1), we obtain
f ML P (2, ) dA — J' Ae=NF (z, A) dA.

Since this holds for all values of t) we can equate the coefficients of
e~ which gives

LF(x,A) = AF(z,A).
Thus F(z,A) is an eigenfunction of the operator L belonging to the
eigenvalue A. Now putting ¢ = 0 in (1.2.2), we obtain

J P, ) d),

—

1
J@m)
which gives an expression for the arbitrary function f(z) in terms of
eigenfunctions. If f(x,?) were expressible in a Fourier series instead
of an integral, we should obtain similarly a series expansion.

The difficulty of justifying directly an argument such as the above
is obvious.

J@) =

1.3. The argument assumes, for one thing, that f(z, t) is small as
t > oo, since this is required for the Fourier integral formula (1.2.2),
(1.2.3) to hold. However, a more general form of the formula is as
follows. Let

Pz, )) = W%w_) f S, 0eMd (@A) > 0), (1.3.1)
0

Fo@,)) = ﬁ f f,0eNdt (IR) < 0). (1.3.2)



4 THE STURM-LIOUVILLE EXPANSION Chap. I

The inverse formula is then

ic4 oo ¢’ -+

1 i 5 )
f(x,t)=mcj Fufe, Ve d) 4 2) fﬁ (2, e Mﬁm

where ¢ > 0, ¢/ < 0. Using this and (1.2.1), we obtain formally

LF (x,A) = :/_(;7:) f Lf(-’?‘, l)&“’ dt

. e}
N /v
ot
0

V(2m)
«/(2 )f(x)+AF (2, A) (1.3.4)

if f(z,1) reduces to f(x) when ¢ = 0. Similarly

LF (x,))= \—/m(-—sf () 4+-AF_(x, A). (1.3.5)

The method to be employed is therefore as follows. We construct
the solutions #, and F_ of (1.3.4) and (1.3.5) which satisfy given
boundary conditions. Then (1.3.3), with ¢ = 0, gives

1 ic4- 1 ¢!+
L B N R f]f’_(x,/\) . (1.3.6
Jom) J P Jem ) ’

1ic—o©

f) =

In the simplest cases F_(x,A) is found to be minus the analytic con-
tinuation of F, (x,A) across the real axis. Writing

D(x,) = —i/(2m)F (2,]) (1.3.7)

(1.3.4) becomes (L—2)D(x,A) = —f(x), (1.3.8)
and (1.3.6) becomes

flw) = 5717%( f 4 f )(D(x,/\) d\. (1.3.9)

i¢’—o© ic+oo
The expansion is then obtained from the calculus of residues, the
terms of the series being the residues at the poles of ®@(z,A).
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In any case, since (1.3.4) and (1.3.5) differ only in having the sign
of ¢ changed, the two terms in (1.3.6) are conjugate. Hence we

also have i1
f@) =R{ J(g) J P, ) d/\}

ic+w
_ —I{l f Oz, A) dA}. (1.3.10)
™
The expansion formula is obtained from this by making ¢ — 0.

The above argument indicates in particular that A must be treated
as a complex variable; but the analysis is of course still purely formal.

1.4. In the particular case in which the operator L is given by
(1.1.3), (1.3.8) is the second-order differential equation

O"(2)+ A —q(2)}0(x) = f(z). (1.4.1)
In this case the function ®(x,A) can be expressed in terms of the
solutions of (1.1.4). Let W,(¢,4) or W(¢,¢) denote the Wronskian
W(p, ) = d(x)’(x)—¢'(x)h(x) of two functions ¢ and . Now let
é(x,A) and J(x,A) be two solutions of (1.1.4) such that W(¢,¢) = 1.
Then a solution of (1.4.1) is

T b
O, N) = . d) [ (NS () dy +(. ) [y V) dy, (1.4.2)

as is easily verified by differentiating twice.

Another starting-point for the theory, which (in the case of
(1.1.3)) avoids an appeal to Fourier integrals, is as follows. Suppose
the theory already established, and consider the properties of the
function

D) = B, 2) = > %fn/\(x). (1.4.3)
This gives "

@

2 ff =Z cathn@)(1 =325

n=90

= f&)—AD(z).
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This is (1.4.1) again, so that we are again led to consider solutions
of this differential equation. If we can solve it, (1.4.3) then indicates
that the terms of the cxpz'ion of f(x) will be the residues at the
poles of @(x, A).

Our general method consists of defining ®(z, A) by (1.4.2); integra-
tion round a large contour in the complex A-plane then gives the
value f(x), and the singularities of ®(z, A) on the real axis give a series
or an integral expansion as the case may be.

1.5. The Sturm-Liouville expansion. We shall suppose
throughout that ¢(x) is a real function of x, continuous at all points
interior to the interval (a,b) considered. In the classical Sturm-—
Liouville case (2,b) is a finite interval, and ¢(x) also tends to finite
limits as # - a and x - b.

The general theorem on the existence of solutions of (1.1.4) is as
follows.

TaEOREM 1.5. If q(x) satisfies the above conditions, and o is given,
the equation (1.1.4) has a solution ¢(x) (@ < x < b) such that

d(a) = sina, ¢'(a) = —cosa.
For each x, () is an integral function of A.
Let Yo(%) = sina— (r—a)cos a,

and forn =1, 2,..,
T
Ya(@) = yo(@)+ [ @) =Ny, 1) (@—1) dt.

Let |q(x)] << M, |yo(x)] < K, for a << x < b, and let |A] < N. Then
x
1) —yo(@)| < [ (M+N)K@—1) dt = L(M+N)K(z—a)
Forn >1, ¢

yn(x)‘“yn—l(x) = J. {q(t)_/\}{yll~1(t)—yn—z(t)}(x_t) dt’
[9n(@)—Ya(&)| < (MANYB—) [ [4os)—Yn-s(0)] .

Hence 3
)= < SEEPOZ [ apa

_ K(M+N)¥}b—a)(x—a)®
- 31 ’
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and so generally
K(M—|~N)"(b a)"l(z— a)’”1

,yn(x)_yn-l(x)l —_— + I)'ﬁ“ S

Hence the series
QS(Z) = ?/o(x)+ ngl {yn(x)-yn—l(x)}

converges, uniformly with respect to A if [A| < N, and with respect
to x over a << x < b. Since for n > 2

Ynl@) —Yo-1() = f (4O =N s()—yn—o(0)} a1,

yn(x) yn 1(2) = {(] r)— Aj{yn— x) Yn—sl ‘E)}
the first and second differentiated series also converge uniformly with
respect to x. Hence

$@) = 3 W) —via(a)
= @[y 3 Hna@)—va-s(=)]
= {ge)-Né(x),

so that ¢(x) satisfies (1.1.4). It also clearly satisfies the boundary
conditions.
1.6. Now let ¢(x, A), x(x,A) be the solutions of (1.1.4) such that
o(a,A) = s%n a, ¢'(a,A) = —cosa, } (16.1)
x(b,2) = sinp, x' (0,A) = —cosp.

Then
W(¢, x) = $@)x"(@)—x(x)$" ()
= {g(2) —A}$(@)x(x) —{g(x)— A} x(x)p(x)
= 0.
Hence W (¢, x) is independent of z, and so is a function of A only
say w(}A). It is clear from the above theorem that it is an integra

function of A.
Let
O(x,A) = (x A) f é(y, x(¥, N f(y) dy.

(1.6.2)
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It is at once verified by differentiation that ®(x,A) satisfies (1.4.1),
and also the boundary conditions
®(a, A)cos a+D’(a,A)sina == 0, }

. (1.6.3)
Db, A)cos B+D'(b, A)sin B = 0,

for all values of A.

Suppose that the only zeros of w() are simple zeros A, Ay,... on
the real axis. Then the Wronskian of ¢(x,A,) and x(x,],) is zero,
so that x(,A,) is a constant multiple of ¢(z,A,,), say

X(x’ AII) - kn ¢(‘U’ AII)' (1'6‘4)

It follows from the boundary conditions that &, is neither 0 nor oco.
Hence ®(z, A) has the residue

b
) f B A1) dy

at A = A,. The above formalities therefore indicate that there should
he an expansion of the form

on

for= >, ) f BuAN Ay (165)

This is the Sturm-Liouville expansion.

If we start with any two independent solutions ¢y(x,A) and y(x, A)
of (1.1.4), and write wy(A) = W( 990, Xo)> then

o) — P@H0)c08 wxia)sin ) —xofe){gu()eos a4y (a)sin o
’ wo(’\)

and y(z,2) is obtained by replacing @, « by b, 8. Then
¢0(b A )OOSB_}"#O b /\n SlnlB Xo(b ’\n COS[‘H’XO b An)SIDIB

Bo(@, A,)cBs at-o(a, A, )sina  yo(@, A,)sin at-yo(@, A, )sina

n’

and the analysis proceeds as before.
The case of ordinary Fourier series is obtained by taking ¢(z) = 0.
The equation (1.1.4) is then

d¥y _
3;5—1-/\?/ = 0.

Solutions are ¢y(x,A) = coszVA, xo(x,A) = sinzvA, and wy(A) = VA
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Take first the case « = 0, f# = 0. Then

__sin{(x— a)\//\} _sin{(b— v)\/)\}

$(x,A) = K | Xt A) = 2
w(A):?i‘{(b;T@{%}_
The zeros of w(}A) are ,\n:{n,,/ (—a) (1 =1, ,..). We have
w'(\,) = 2/\ coslb—u)«/,\n}_(_“l)ﬂ /\(f:f{)’
e S ot~ "

Hence (1.6.5) gives Fourict’s sine series

b
- z—a\ [ . Yy
flx) = b_:‘,; sm(mr?)fa) fblll(nﬂ b——)f(J) dy.

Similarly, by taking o = 7, B = 7, we obtain the cosine series

b o b
flx) = b%a ff(y) dy-{—b_ia Z cos(mrb:a) f cos(nnzll)—zz—i)f(g/) dy.
1.7. We have now to make the above analysis rigorbus. We begin
by proving some lemmas.
Lemma 1.7 (i). Let p(x) = ¢(x,A) be the solution of (1.1.4) defined
m §1.5, and let X = s2. ’/u.’n
$(x) — cos{s(x—a)}sin a—

__sins(z—a) cos -} % f sin{s(x—u)}q(y)P(y) dy. (1.7.1)
s

a
The last term is equal to

xT

! f sinfs(@—}s*$)+6" @)} dy

a

by the differential equation. On integrating by parts twice we obtain

j sin{s(x—y)}¢"(y) dy == s¢(x)+sin{s(x—a)}cos a—

a

—s cos{s(r—a)}sin a—s? f sin{s(x—y)}$(y) dy.
This proves (1.7.1). *

4957 o
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LemMma 1.7 (ii). For s = o1, |8] > s, sina # 0,

$(x) = Ofeltie-a)}, (1.7.2)

é(x) = cos{s(x—a)}sin a4 O(|s|le=z-a), (1.7.3)

while if sina = 0, d(x) = O(ee-a)|g|), (1.7.4)
() = SIHS(: ~ cos at- 0(‘3-——'7:,":)). (1.7.5)

Each result holds uniformly for a < x < b.

Putting ¢(x) = ell@-DF(x), (1.7.1) gives

sin g (z a)

F(x) = (cos{s(x—a)}sina cos a)e lte-a)

+§fm$w—wwa%wﬂwww

Let u = max | F(x)|. Then it follows that

a<z<h

lcosa[

< [sina|- 105 fmmmm

i.e. sin a|--|cos a|/|s
#gl +] VH

1
—mjmwwy

b

provided that the denominator is positive. This is true if |s| is large
enough, and (1.7.2) and (1.7.4) follow. Also (1.7.3) follows on sub-
stituting (1.7.2) in the integral on the right of (1.7.1); and similarly
for (1.7.5).

Of course a general asymptotic expansion of ¢(z) as a function of
s can be obtained by repeating the process.

Lemma 1.7 (iii). Ifsina # 0,

¢'(x) = —ssin{s(x—a)}sin a4 Ofe=-2}, (1.7.6)
and if sina = 0, .

¢'(x) = —cos{s(x—a)}cos a+ O(e=-a)/[s|). (1.7.7)
This follows at once on differentiating (1.7.1) and using Lemma

1.7 (ii).
Similarly we obtain
x(x) ~ cos{s(b—=)}sin B, x'(x) ~ ssin{s(b—z)}sinB (1.7.8)
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(or similar formulae if sin 8 = 0); and

w(A) ~ s[cos{s(x—a)}sin{s(b—x)}+sin{s(x—a)}cos{s(b—=x)}]sin asin B
= ssin{s(b—a)}sin asin g, (1.7.9)

or similar formulae in the other cases. It follows in particular that
w(A) is not identically zero. Actually w is an integral function of s
of order 1, and so an integral function of A of order }.

1.8. Orthogonal property of the expansion. If L = g(x)—d?/dx?,
and F and @ are any functions of x with continuous second
derivatives,

JPF.LG’dx~ fb()’.LFtlx

a
b
— — f (FG"—QF")yde = W,(F,0)—W,(F,G). (1.8.1)

If ¥ and @ satisfy the same boundary conditions at a and at b, so
that I'/F = @Q'/G at these points, it follows that

b b
fF.LG dw — f G.LF dx. (1.8.2)
« a

Now let F = ¢(x,2), G = ¢(x,A") be solutions of (1.1.4) satisfying
(1.6.1). Then W (F,@) = 0. If A is a zero of w()), the Wronskian
of ¢(x,A) and x(z,A) vanishes, so that

\ x(@, A) = kd(x, A),
where £ is a constant, which is neither 0 nor oo, by the boundary
conditions. Hence by (1.6.1)

__sinf , _ cosp
(ﬁ(ba/\) - k“: ¢ (b,A) == —-TA

Similarly, if A’ is a zero of w(A), $(x,A’) satisfies the same conditions
at x = b. Hence

« b b
f b, A) L (, X') dor = f b(x,N) L(x, A) dz.
Since Lé(x,A) = Mp(z,A), L(x,N') = XN'(x,X’) it follows that

b
A—X’) f b(x, \p(z,\) de = 0. (1.8.3)
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b
Hence, if A :£ X, f b, \(a, ) dx = 0, (1.8.4)

the orthogonal property.
If A == u-}9v were a complex zero of w(}), then so we.
A= X = u—iv
be. Since $(x,A) is the conjugate of ¢(x, ), (1.8.4) gives

b
[ 16,02 dz = 0,

which is impossible if ¢ is not identically zero. Hence all the zeros
of w(A) are real.
Again, taking F — ¢(x,A), (¢ = ¢(x,X’) in _.3.1), we obtain
b

A=X) [ e, Neplae, X) die = (b, )/ (0, X)+' (5, Nb(, X).

Also w(A) = —¢(b,A)cos f—¢’(b, A)sin .
Hence, if sinf - 0,

b
A—=A")sin B f b, )b, ') dr == w(X)$(b,A) —w ()b (b, A').

If A, is a double zero of w(A), then w(A,4-iv) —= O(v?) as v - 0. Hence,

taking A = Ay-f-iv, A’ == Ay—iv, the right-hand side is O(v?). But the

left-hand side b

~ 2w sinﬁf |d(x, A)|2 du,
a

so that we obtain a contradiction. Hence all the zeros of w() are
simple. If sing = 0,

b
(A—2A") f Bz, N)p(x,A') de = +{wA)P' (b, \")—w(X)P’ (b, A)},

and the result again follows.

It also follows {from (1.7.9) that w(A) 54 0 for s = it (¢ > {¢,), i.e. for
A negative and sufficiently large.

1.9. TarOREM 1.9. Let f(y) be inlegrable over (a,b). Then if
a < x << b the Sturm—Liouville expansion (1.6.5) behaves as regards
convergence in the sume way as an ordinary Fourier series. In parti-
cular, it converges to L{f(x--0)4-f(x—0)} if f(x) is of bounded variation
wn the neighbourhood of x.
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Consider the integral
L @, a, (1.9.1)

where @(x, ) is defined by (1.6.2), taken round a large closed contour
in the A-plane. Let A = s* and let the upper half of the A-contour
correspond to the quarter-square in the s-plane made up by the lines

)

b—a a
¢ (b (0 e gzz+1)w),
b—a b—a

where s == o+-4t; and let the A-contour be symmetrical about the
real axis. Then (1.9.1) is equal to a finite sum of the Sturm-Liouville
series.

Consider the case sina 34 0, sin 8 = 0. Then by Lemma 1.7 (ii)

$(y, X) — cos{ (y—a)jsin a-tOf]s|1el-o}

and x(2,A) = cos_ (b—=z)}sin B+ Of|s|-1e/®-0)}

on the above quarter-square; and by Lemmas 1.7 (ii) and (iii)
w(A) = ssin{s(b—a)}sin asin f- Ofe'®-2},

On the quarter-square |sin{s(b—a)}| > Ae/-® and hence

z.,%’x) = s';iﬁ'{s(azz;l);shmmpf” "(ﬁ)}

Hence

x(@, A)p(y,A) _ cos{s(b—=)jcos{s(y—a)} 0 ely—7)
o) ~ ssinfs(b—a)} ( )’

o %]

and

x,A) - [ cosls(b—w)jcos{s(y—a)}
O s ay = f it = ) dy +

a
x

1
(] ly-x) d
+ {'8‘2!6 @)l y}

Let 0 << § << x—a; then the last term is

oflt f oo}
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Since dA/ds = 2s, this contributes to (1.9.1)

[ {e“s‘-f-z fa @) dy} (I J1ds1 =0 -8!]“‘ { ) dy}

The second term can be made arbitrarily small by chmce of 8,‘ and,
having fixed §, the first term tends to zero as n - oo; for it is
(n+H)7/(b—a)

0{1 f e-S’dt}%-O{;l
1]

n

(i Pm/b—-a)
e—S(n+1)mlb—a) ,]0-}

= 0 (_1_> + 0(8—-3(11 +i)rrl(b—a)) R
ub)

A similar argument applies to the other term in ®(x,A) in which
x <y < b. Altogether (1.9.1) is equal to

1 cos{s(b—a)jcos{s(y—a)}
1 { f fl) dy +

2 35111{8 (b—a)}

*

b
cos{s(b—y)}cos{s(x—a)} .
+f T ssinfs(b—a)} Jy) dy d./} dX +o(1). (1.9.2)

The first term is precisely what we should obtain in the corresponding
problem relating to Fourier’s cosine series, and consequently it is
equal to a finite sum of the Fourier cosine series of f(x). This, of
course, is easily verified directly by the calculus of residues. The
theorem on the relation between the Sturm-Liouville expansion and
the Fourier series therefore follows. If sina = 0 or sinf = 0, the
theorem can be proved in a similar way.

. In the case in which fis of bounded variation in the neighbourhood
of the point z, it is also easy to obtain the result directly, without
appeal to the theory of Fourier series. In the first place

cos{s(b — ;co‘s{s(‘/ a)} N 0{61(1,44»1(1/ a)} _ O(e_t(x—u))

sinfs(b—a)} PO

whence the part of (1.9.2) with @ < y <{ x—3§ tends to zero, as before.
Forz—38 <y << x,
cos{s(b—a)}cos{s(y—a)} __ -1+ O(e-20-)}e- w014 O(e-*v-2)}
sin{s(p—a)} 2ie-i%0-a){1 O(e~20-a))}
= _%ieis(x—u){ 140 6—2&)}’
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i#f8 < b—=x. The contribuvion ot the O-term tends to zero, as before.
The main term contributes:to the y-integral in (1.9.2):

T

=t e
- f eisevf(y) dy
r—38
- lz_ng(xwo) f ets@=v) dy +'2%- f e f(x—0)—f(y)} dy
r—8 z—d

= fo— 0)1”6 +a f 0 f(—0)—f(y)} dy.

The first term is f( x~0,)/(2r\), which contributes }f(z—0), as required.
The second term is O(e~%/[A]), which gives a zero limit. Also, since
S is of bounded variation, we can write f(x—0)—f(y) = g(y)—h(y),
where g(y) and h(y) are positive and steadily decreasing, and tend
to zero as y - x. By the sccond mcan-value theorem

x 4
[ Rese=mg(y) dy = g@—3) [ Reiendy
r—6 )
o g(z—3)
= glz—38)R f el dy = 0( ~).
z—3 Isl

This contributes to (1.9.1)

foree
which can be made as small as we please by choice of 8. Similarly

for the term involving %(y), and for the terms with ¥ > «, and this
proves the theorem.

Writing b, () = (

] = 0fga—s);,

Ii n>> Ao ),

the formulae (1.1.6)—(1.1.9) are now valid.

If z = @, similar results hold, and can be proved in the same way,
provided that sin« 5 0. Ifsina = 0, ®(a, A) vanishes identically, and
the result fails unless f(a-0) = 0. The situation at x = b is. smnlar,

We also have the following result:

If f(x) is any function integrable over (a,b), and a < x < b

n=0

N
D) = cff.fﬂ \1.9.3)
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This easily follows on integrating
D(z,2)
f N dz

round the same contour as before. The series is the Sturm—Liouville
expansion of @(x, A), and it is easy to verify that

b
X:P_ﬂ,\“ = [ ®(x, ), (@) da. (1.9.4)

1.10. Example. Let g(x) = 0, « == 0, @ = 0, b > 0. Then
sina VA sin{(b—.x)VA}

d(x,A) = N x(@,A) =" — S cos B+-cos{(b—x)VA}sin B,
and W) — Z}/\ sin(baA)cos B-cos(bVA)sin .
The A, are the roots of

S—IP»E%\—/’\) == —tan B cos(bvA).

has all its roots real if —tanfB << 0 or —tanf > b, and two equal
and opposite purely imaginary roots if 0 < —tanf << b. Also

w'(A,) == Ti cos(bvA,)cos B— hx/)T sin(bvA,)sin B —- sm(b VA, )cos B

__ bcos B cos (OVA) [ ; tan(b vA,)
o, {l tan Btan(bvA,)VA, —- -bV)\,T‘}
__ beos B cos( (0¥A,) tan B
R 27/\-_ {l—}—/\ntan B¢ S -}

and k,, = cos Bcos(bVA,)—~A, sinBsin(bVA,)

== cos ff cos(bVA, ){14-A, tan?B}.
Hence the expansion is
wg > 142, tan?8

where VA, may be purely imaginary.
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In the case tanfB = —b, we have
w() = sin/s(cosb«/,\_smb‘/") — 1b°Asin St ...
bvA
so that there is a zero at the origin. In the neighbourhood of A = 0
b, ) = —x+...,
x(x,A) = (b—=x)cos B-{-sinB+... = —xcosfB+....
Hence 4 4
wcosp [ yf(y) dy 3z [ yf(y) dy
, [ D — =
P(x,A) = ~ JsinB.5% 4. ) +ee

Hence the first normalized eigenfunction is y,(z) = 31z,

1.11. An expansion involving Bessel functions. Bessel’s
equation of order v is

dy  1dy v?
bl Bl 4 —Zly=0 1.11.1
da? ' 2 (h:+ ( x“)y ’ ( )
and the standard solutions are J,(xs), Y, (xs). Putting y == a~ty,, we
obtain the equation
4%y vi—} ‘
dx;+< )yl —0. (L11.2)

Solutions of this are therefore x*Jy(xs), x3Y, (xs). This equation is of

the form considered, with
ri—1
4

q(x) = (1.11.3)

If we consider an interval ¢ < << b, where ¢ > 0, the conditions
of the above theorem are satisfied. Let

bo(@,A) = atd(ws),  xo(x,A) = ai¥ (ws),
where s = vA. Then

wy(A) == sx{d,(xs)Y  (x8)—Y, (xs)J ,(xs)} =

:iiw

(L.11.4)

Taking « = 0 and 8 = 0, we have
$(,2) = bm(az)J,(xs)Y, (as) ¥, (x3)J, (as)},
x(@,X) = dm(ba)H, (zs)Y, (bs)— T, (ws), (bs)},
and w(d) = §matbi{J,(as)¥, (bs)—Y,(as)J,(bs)}.

4957 D
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Hence
') = — gva*b* {J (b8)Y ,(as)—J (as)Y, (bs)}—
— §matbt EE{J;(bs)Yv(as)———Jv(as)Y,',(bs)}.
Substituting for the Y, by means of (1.11.4), we obtain

, a Y(as)J (as) 2
W) = —%na*b*%[Jv(bs){ P e )} (as)Y(bs)]

——%walb*i% [J;(bs)yv(as)~.1,(as){K"zzggﬁ,)+7.+b8%®}]

_ a J(as) b J(bs) atbt (J (bs)  J,(as)
=~ (5 ey 25 w0~ () o)

Hence if the zeros of w(A) are A,, and VA, = s,
__atbt Ji(bs,)—J(as,)

@' () = T 28 J(asy)(bs,)
. ()
Also b, = (5) T bs,) [ as,)
The expansion obtained is therefore
=TS r(be,)

3 2 Jz asn)f;jrbg,:)wg{ L (xs,)Y,(as,)—Y,(xs,)],(as,)} X

x f YHI(ys,)T, (08,)~ Y, (ys,), (as,)}f(y) dy.

A similar result can be obtained from the more general boundary
conditions.

REFERENCES
Birkhoff (1), (2), Dixon (1), (2), Haar (1), (2), Hilb (1), (2), Hilbert (1), Hobson
(1), Kneser (1), (2), (3), Lxchtenqtem (1), Priifer (1), Schur (1), Tamarkin (1),
(2), Titchmarsh (2), Zasnen (1), Zygmund (1).



1I
THE SINGULAR CASE: SERIES EXPANSIONS

2.1. In many of the most interesting examples the function g(x) has
a singularity at one end or both ends of the interval considered,
or the interval extends to infinity in one direction or in both. We
shall now consider these cases, but, in this chapter, with a limitation
which makes the expansion still a series. The result is a particular
case of the more general one obtained in the next chapter, but it
seems worth while to prove it separately on account of its com-
parative simplicity. ’

We begin by considering the case in which the interval is (0, ),
q(z) being continuous over any finite interval. The case of a finite
interval with a singularity at one end is quite similar to this.

If F(x) and G (x) satisfy the differential equations

I gy =0, (2.1.1)

and the corresponding equatlon with A’ instead of A, respectively, then
b

fF Gle) do = [ [F)fa(@)6@)—6" (@)~
' C@)a@)F (@) — F" (@)} do
b
= — f {F(2)G" (x)— G (x)F"(2)} d

= W,(F, G)—W(F, G). (2.1.2)
If A = u+iv, X = X = u—iv, and G = F, this gives
b
2 f |F(2)|2 dw = iW,(F, F)—iW,(¥, F). (2.1.3)
0

Now let ¢(x) = ¢(,A), 8(x) = 0(x,A) be the solutions of (2.1.1) such

that $(0) = sina, ¢'(0) = —cosa,

0(0) = cos «a, 0’(0) = sinq,
where « is real. Then
W.(#,0) = Wy(¢, ) = sin®a+cos?x = 1.
The general solution of (2.1.1) is of the form 6(x)-4-Ip(x). Consider
those solutions which satisfy a real boundary condition at z = b, say

{6(b)-+1p(b)}cos B+{6'(b)+14'(b)}sin B = 0,

(2.1.4)
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where B is real. This gives
_ 6(b)cot B4-0'()
I=1IA 2.1.5
W= = drcots 4 6) (219
For each b, as cot B varies, I describes a circle in the complex plane,
say C,. Replacing cotf by a complex variable z,
__6(b)=+6'(b)
I =1,z
T 20}
Here I = oo corresponds to z = —¢'(h)/$(b). Hence the centre of
C, corresponds to the conjugate, z = —d¢'(b)/$(b); it is therefore

ACK)
ATXI)
'( ¢'(b)_F@ NACKY
AI I = % _l ,
S R 1 i R i
which has the same sign as v, by (2.1.3) with F = ¢, since
Wo($, 4) = 0.

Hence, if v > 0, the exterior of C, corresponds to the upper half of
the z-plane.

Since —0'(b)/¢’(b) is on C, (for z = 0) the radius r, of C, is
o®) WO,8)| | W, qs 1

r, = = . (2.1.6)
') W, W,
FO) Wb P b<¢$ 2[1¢()12d
Now 1 is inside C,, if 1(z) < 0, i.e. if ¢(z—Z) > 0, i.e. if
[ 1$'(b)+-0'(b) o +9’ b -
= Totrcom * By | > ©
L if (P, B)-+UF (b, 0)-+ 10, $)+%(0, B} > o,
ie. if Wy (0+14,0+-18) > o,
ie. (by (2.1.3)) if
b
2 f |0-+18|2 da: < iW(0-+1d, B+-1F).
Since Wy(¢,0) =1, W,(¢,$) = 0, etc.,
Wo(0+18,0+1) = 11 = 201(1).
Hence [ is interior to C,, ifv > 0, and
f]0+l¢[2dx < — I(l). (2.1.7)
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The same result is obtained if v << 0. In each case the sign of I(/)
is opposite to that of v.
It follows that, if ] is inside C,, and 0 < b’ <C b, then
b b
l
f 0-+1¢|2 do < f 0142 das < 1o,
0 0

v

Hence [ is also inside C,.. Hence Cj, includes Cy if b’ < b. It follows
that, as b — oo, the circles C, converge either to a limit-circle or to
a limit-point. _

If m = m(A) is the limit-point, or any point on the limit-circle,

; __I(m)
f|9+m¢|2dx < —=- (2.1.8)
0
for all values of b. Hence
[16mppdz < __IL;'L)_ (2.1.9)
: 0

1t follows that, for every value of X other than real values, (2.1.1) has

@ solution $(@,2) = 0z, )L mA)p(, )
belonging to L?*(0,0).

In the limit-circle case, 7, tends to a positive limit as b — co; hence,
by (2.1.6), ¢(x) is L?(0,00); so in fact, in this case, every solution of
(2.1.1) belongs to L?(0,00).

2.2. For a given B, I == I(A) is an analytic function of A; in fact
it is a meromorphic function, regular except for poles on the real
axis. For the poles of I(A) are the zeros of

b(b, A)cos B+’ (b, A)sin B,
and this is —w(A) in the notation of §1.6.

Also on the circle C, (if v > 0)
b

[ 16412 do = —%l-) < %
0 b b
and = |12 | |l2de — | |0]2 du.
oo o
Solving for [I|, this gives
b 1
1 fw;zdx :
< — +1{ % +— ;
20| |p|2 dx | |2 dx 4v2< qulde)
Jrere (] |
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But the above argument shows that, for a given A, the region of the
l-plane covered by the circles C, decreases as b increases. Hence [()
converges boundedly in any region entirely in the upper (or lower)
half of the A-plane. Hence its limit m(A) is analytic in either half-
plane.

Since the above right-hand side is O(1/v) as v — 0, for any fixed 0,
it also follows that m(A) = O(1/v). Hence, if m(A) has poles on the
real axis, they are all simple.

We shall assume in this chapter that the only singularities of m(A)
are poles. Let them be Ay, A, A,,..., and let the residues be 7, 74, 7,,... .

2.3. LEMMA 2.3. For any fixed complex A and X'

lm W{(x, A), bz, N)} = 0. (2.3.1)

Since (z, A)-{—l(A)qSéc, A) satisfies at x = b a boundary condition
independent of A,
W30, )N (x, A), 0, X) +IX ) X)) = 0,
ie.
Wolib(z, N)+-{lA)—mA)}p(@, A), (z, X')+{UA")—m(X)}b(x,X)] = O,
ie.
H{UA)—mX W {h(, ), p(x, X))+
) —mNHIN ) —m(N B (, V), bl A)} = 0. (2.3.2)
Now b

Wit ) ) = (V=) [l e ) -+ b i V)
I
as b -> 00, A and X being ;ixed. In the limit-point case
1) —m)] < 27, = o f b2
so that lim {I(\)—m AW {d(, f\), Wz, X)) = 0.
This also holdl:; the limit-circle case, if /() — m(}), since then

b
f |$(x,A)|>dx is bounded. Similar arguments apply to the other
0

terms in (2.3.2), and (2.3.1) follows.
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2.4. The following general lemma on sequences of integrals will
be used.

LeMMA 2.4. Let f,(x) be a sequence of functions which converges in
mean square to f(x) over any finite interval, while

[ 1n@ia<x

for all v. Then f(x) is L*(0,0), and if g(x) belongs to L*(0,0),

lim [ f,(2)g(z) dz = [ f(@)g(2) de.
0

0

We have
X X
[ 17@)2 dz = lim [ |f,@)2de < K
0 y—>00 0

for every X, so that f(x) is L*0,00). Now

X

!

[*2]

]

X

+

P
=

< {flf—fmdx [ lor el +

[ ~t)g da

[ [17-p s [ igpaalt
0 X

The second term can be made less than any given e, for all v, by
choice of X. Having fixed X, the first term tends to zero as v — o,
and the result follows.

2.5. By (2.1.2)

b
(N'=2) [ e, (e, X') dae = Wofih(a, 2), (e, XD} — Wi, V), i, X)),

The first term on the right is
{cos a+m(A)sin a}{sin a—m(A")cos a}—
—{cos a+m(A)sin a}{sin a—m(A)cos a} = m(A)—m(X’),

and, if A and X’ are not real, the second term tends to zero as b — o,
by Lemma 2.3. Hence

f:a(x, Nz, X') dax — ??.‘.@;,‘_’:\“"') ) (2.5.1)
0
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In particular, taking A’ = A,

[ 1@ de = 102, (2.5.2)
0
so that the case of equality holds in (2.1.9).
Now let A, be an eigenvalue, and let A’ = A+, v > 0. Then
for any fixed X

X
f [of(x, ) 417, $(x, A,) |2 da — 0.
0
For the left-hand side is
X
f [v6(2, X')+{om(X')+1ir, )b (2, X')—ir, {$(2,X') —d(x, A,)} |2 dz
0

and each of the three terms obviously contributes zero to the limit.
Also, by (2.5.2),

flvsb(w,/\’)lzdx < [om(X)] = O(1)

as v — 0, since the pole of m(A’) at A, is simple. On multiplying
(2.5.1) by w/r,, making v - 0, and using Lemma 2.4, it follows that
$(x,2,) is LX(0,0), and

f P, NP(x,A,) dx = /\—_1—/\— (2.5.3)

If A tends to a different eigenvalue A,,, on multiplying (2.5.3) by
w/r,, and making v - 0, we obtain

fq&(x, An)p(x,A,) de = 0. (2.5.4)
If A tends to the sam:: eigenvalue A, it follows similarly that
[ e rpae=1. (2.5.5)
Hence the functions 0
P(@) = rid(z,A,) (2.5.6)

form a normal orthogonal set.
(2.5.3) can now be written as

[ $a o) d = 5 (2.6.7)
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2.6. The function ®(z,2). Let f(y) be L?(0,0), and

O@,2) = $(@,2) [ 4 NfW) dy +é@2) [ $@,Nf@) dy, (2.6.1)
0 z

where ¢ and i are the functions defined above. Then, for every =z,
®(z, A) is an analytic function of A, regular for I(A) > 0 or I(A) < 0.
Also, if f(y) is continuous,

(2, 2) = §'(22) [ @ Nfy) dy +4'(2,2) [ b, 0f(y) dy
and

O"(@,2) = ¢'(,2) [ $@Nf@) dy +6"@ ) [ ¥y, 0f@) dy +
0 z

= {g(x)— X0 (z, 1) +f(z). (2.6.2)

Thus @(x, A) satisfies the differential equation suggested by §§1.3—-1.4;
‘and

©(0,) = $(0,2) [ (g, /() dy,

©'(0,2) = ¢'(0,3) [ 4y, Vf(y) dy,
0
so that @ satisfies the boundary condition

®(0,A)cos a-+D’(0,A)sina = 0. (2.6.3)

If @ (2, ) is the corresponding function with f(y) = 0 for y > X,
then

x X
Cx(@,2) = 0z, 2) [ $(4 X)) dy +(z.2) [ 6(,2)() dy +
0 x

X
+mN)(@,A) [ Sy, )W) dy.
0

This is clearly regular everywhere except at A = A, A,,..., where it
has simple poles with residues

X
rad(@ ) [ $@,0)f(w) dy.
0

4957 E
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Let C denote a rectangle of the form
LE<RE) <& —<IR) <9
excluding all A,’s. If Aisin C,

D (2,)) = 5}-;@ f ‘Bjﬁ”;\z) dz.
C

Now @y (x,A) > D(x,A) if A is not real; and as v = I(A) >0
ox(e.d) = 0 [N ay| = o| [ W ayf = 00~
T 0

by (2.5.2), if A tends to a value not an cigenvalue. Hence making
X — oo we obtain by dominated convergence

1 [ D(x,2)

D(x,A) = 5 | =
¢

It follows that ®©(z, A) is analytic throughout C, i.c. that the functions

8o denoted in the upper and lower half-planes are analytic continua-

tions of each other. If C includes a point A,, we find similarly that

®(x,A) has a simple pole at A, its residue there being the limit of

the residue of @ ¢(x,A), i.e.

rad(@ ) [ @) dy = (@) [ @) @) dy = e, ().
0 0

dz.

2.7. The following two theorems will now be proved.
THEOREM 2.7 (i). Let f(x) and

L{f(@)} = q(@)f(x)—f"(2)

be L?(0,00); let f(0)cos a+-f'(0)sine = 0 (2.7.1)
and lim W{(x,A),f(x)} = 0 (2.7.2)
for every non-real A. Then

@) = 3 eatl@) (0 <z <o), (2.7.3)

the series being absolutely and wuniformly convergent in any finite
interval.

THEOREM 2.7 (ii). Let f(x) be L%*0,0). Then

[ () do =,§,”ﬁ. (2.7.4)
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Either theorem can be used as a means of proving the other. We
shall first prove 2.7 (ii) and deduce 2.7 (i), and then give the alter-
native procedure.

We require a number of lemmas.

2.8. Lemma 2.8. If f(x) is any function of L3(0,00),

f(cb(:c,)\)]‘zdx - ;J 1f(@)]? de. (2.8.1)
0 0
Suppose first that f(z) == 0 for  >> X. Then the ‘condition of
self-adjointness’

fqn(x, NLO @, ') da = fq)(x, X) LD (2, ) da (2.8.2)
is satisfied. ;«*or 0
f (D (2, \) LD (2, X)—D(z, ') LD (2, \)} daw
b
= f (D, D" (2, ) —D(2, X )" (2, )} dac
o

= —[ D, )P’ (@, X') —D(x, X')D’ (2, 1) E.

The integrated term vanishes at x = 0, since

0(0,3) = sina [ 4. NJ) .

©'(0,4) = —cosa [ (y, A)(y) dy.
0
The integrated term at x = ¢ tends to 0 as £ — oo, since, if x > X,

X
O(,2) = (@, A) [ S, VS (W) dy,

X
©'(2,2) = (2, 2) [ by NS ) dy,
0

and the result follows from Lemma 2.3.
Putting X’ = A in (2.8.2), and substituting from (2.6.2), we obtain

j?(l)(x, NAD(x, A)—f(x)} dw == }O(D(x, N{AD(x,A)—f(x)} de,
0 0
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ie. A—X) f | O, ) |2 de = f (O(2, ) —O(x, \)} () da.
’ 0 0

Hence, if A = u-+v, v > 0,

21)}?] Dz, )2 dx < j.o](l) f(@)| dx
0

0

< 2“| (x, ,\)lzd@f lf(x)IZdJu}%.
0

o0 1 o0
Hence O, )2 dx < -5 | [f(2)]?d,
e

the required result in the restricted case.
If now f(2) is any function of L*0,0), and the above functions
are distinguished by a suffix X,

X X’
lim f](bx(x,)«)}?dx: f [D(2,)|2 dx
X g 0

by uniform convergence, for a fixed X’. Now

X ©
[10x@ NPz < [ [Dx(x,2)]? da

0

<vlj | fx(@)]2 dz
0

1
v?

f |f(@)[2 de.

0

) b'e
= i [ 1w <
0
The result therefore follows on making first X —> oo, then X’ — oo.

2.9. LemMmA 2.9. If f(x) satisfies the conditions of Theorem 2.7 (i),
then

Dz, 0) = @) +0*(z, V), (2.0.1)

where ®* depends on Lf in the same way as ® depends on f.
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We have
x

T

[ nsway = [ awewn—¢wise a
0

= ;«[¢(y)f '(y)-—<ﬁ’(y)f(?/)Ji,”+§ f la) /W) —f")1(y) dy

on integrating by parts twice; and the integrated term vanishes at
the lower limit, by (2.7.1). Similarly

f W) f0) dy = SO D~ DI +

) f 4 ) —f W) dy,

and the integrated term vanishes at the upper limit, by (2.7.2).
Substituting in (2.6.1), the result follows.
If G(z,y,A) denotes the ‘Green’s function’

then O(,2) = [ G,y )f) dy,
0

0w, ) = [ G W) &
and (2.9.1) is
fle) = f G, y, NN ()— L{fw)}] dy. (2.9.2)
2.10. LemMmaA 2.10. If f(x) is L0, c0),
Sax< [ ey do.
This is the ‘Bessel’s inequalityo’. We have

[=e]

0< [ o= 3 cubuo) d

o =

N N b
@) de+ 3 =2 3 o, [ f@)(@) dz

I
8 °".S

——f{f @pds— 3

for every N, and the result follows.
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2.11. LemMa 2.11. Let F(X) be an analytic function of A = u—+1w,
reqular for —r <u <r, —r < v <, and let
M
< =
FO <
in this square. Then

PO <X w0, —r <o <.

Let GQ) = (A2—r)F(A).
On the upper and lower sides of the s‘quare
[GA) < (A7 ) — < 3rM.
On the left- and right-hand sides
|G < [oI(A+1) < 3.

Hence |G(A)| < 3rM throughout the square. Hence on the imagi-

nary axis
3rM 3rM < M

N2 T i

[P <

2.12. Proof of Theorem 2.7 (ii). Suppose first that f(x) satisfies
the conditions of Theorem 2.7 (i), and also that f(x) = 0 for suffi-
ciently large values of x. Let

= ff(x)(l)(x,)\) dx, (2.12.1)

this being really an integral over a finite range. Then W'(}) is regular
except for simple poles at the points A,,, where it has residues

¢ [ $al@)f(z) do = c3.
By (2.9.1) ’

/\

0

1 0 o
= - | {f(x)}2dx + - (z,A) f(z) dz, (2.12.2)
ot for

and the last term is

o{ﬁ[ f |©*(2, 1) [ da f @)y dxﬁ - O(D}ﬂ)

by Lemma 2.8, applied to Lf.
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Let C(R) denote the contour formed by the segments of lines
(R—1, R+1) and (— R—1, — R+-1), joined by semicircles of radius R
and centres 4+¢. Then

flm) dA=2m 3
oB) —R<), <R

if none of the A, is equal to 4 R.
On the part of the upper semicircle in the first quadrant, we have

X=itReb (0< ¢ < gm).
Hence the last term in (2.12.2), integrated round this quadrant, gives

T
Rdd _ d¢
o [aaLitan) = | [ore{ [ 2

- ool oo

A similar argument applies to the other quadrants. Hence the
integral of W () round each semicircle tends to

mi [ {f@))® da
0

as R —>oo0. To prove the theorem for the class of functions con-

sidered, it is therefore sufficient to prove that
Rti
lim YQA)dr =0

Boo po g
and a similar result with — R in place of R.

2
Cn

Let x(A) = TQ)—

R-1<Mm<R+1 A—
Then x(A) is regular for R—1 << A < R+-1, and
K 1 e(R)
[x(A)] < =4 <=,
X l)\vl+|vl R—1;<R+1 ol
where ¢(R) - 0 as R - co. Hence, by Lemma 2.11,

IXA)| < 3¢(R)

on the segment (R—¢, R+-7). Hence
R+ti

lim f x(A)dx = 0.

R—w RrRY:
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R+1

Also L~ oq),
A=A,
. R4
since the path of integration can be replaced by a semicircle on the
side opposite to A,, and on this semicircle the integrand is bounded.
Hence
R+i

A—2A

RrRY; R—1<M<R+1

dA:O{

c%} = o(1).
n R—-1<A<R+1

This proves the theorem for the special class of functions.
Now let f(x) be any function of L%(0,00). Then we can determine
a function fy(z) of the special class such that

[ @) —fo@)? dz < e.

Let ¥a = [ $u@)fo(@) de.
Then ’

f {f(x)~n§joy,, $u(@)) d = I{ )2 do +§0,,,2,_2§0cn%

® N
> [{fa)rde — 3,
n=0
and also ’

<2 [ U -fl o+ 2 | e 3 yuno)] e

< 2et2] [ o e -2

By what has been proved, the last bracket is less than € if NV is large
enough. Hence

g N
J U@} de < 3 citde
n=0
0
if N is large enough. Hence
[Uapd <3
0 n=

Combining this with Lemma 2.10, the result follows.
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It also follows that, if g(x) is another function of L2, with ‘Fourier
coefficients’ d,, then

[ @) dz = [ {f@)+g@) de —} [ {f@)—g@)}? dz

=13 Cotdn)?—1 3 (ca—d,)?
= gocn . (2.12.3)

This formula is also true for complex functions f(z), g(x), by separa-
tion into real and imaginary parts.

2.13. Deduction of Theorem 2.7 (i) from Theorem 2.7 (ii).
From the formula

b
A=) [ (@ Vi, A,) do
0

= W){¢(x: A), $(x, An)}‘"’ WE{‘/’(% A), ¢(x: An)},
and (2.5.3), it follows that the second term on the right-hand side
tends to 0 as b - oco. Hence we may take f(z) = ¢,(x) in (2.9.2),
which gives

[ G0 dy = 2. (2.13.1)
0 n
Also G(z,y,]) is L*0 <{ y << ), for a fixed z, and A not real. Hence
S | (@) P
z — (2.13.2)
n=0

is convergent.
Now let f(z) satisfy the conditions of Theorem 2.7 (i), and let

9(®) = Af(x)— L{f(x)}.

If A is not real
[ @ ML)} dy = [ @)Lty N} dy = A [ 4§ Df() dy.
0 0 0

Put A = A, +9v, multiply by v, and make » - 0. Using Lemma 2.4
as in § 2.5, we obtain

[ ) L{f @)} dy = A, [ dalw)f ) dy

A, Cpe
4957

=
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Hence, if d,, is the ‘Fourier coefficient’ of g(x),

. d, = (A—=2A,)c,, (2.13.3)
and > A=A, % (2.13.4)

is convergent.
From (2.9.2), and (2.12.3) with f(y) replaced by G(z,y,A), it fol-
lows that

z) = f G,y Ng(y) dy

S x)
= > “(A=An)en

n=0

=3 cutul@),
the required result. The absolute convergence of the series follows
from that of (2.13.2) and (2.13.4).

2.14. To prove Theorem 2.7 (i) directly, the following lemma is
required.
Lemma 2.14. If f(x) 38 L*0,00), = is fixed, and v # 0,

O(z,A) = O(|A[Hv]).
The formula

¢ ¢
[ E=vr—2)0"(y) dy = (E—2y0@)+ [ (6y—20—4£)0(y) dy

is at once verified by integration by parts. The left-hand side is

equal to
3

[ E—yru—=}a@)24)—20@)+f W)} dy.

’ 2 i
Writing C = f {f(x)}? dz
we have [0 ]

¢ ¢
f (=9 (y—=)D(y) dz/} < (§—=) f |O(y)| dy

x

f :
< ¢—a| [ay f 0wy} < Ccle—olo
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by Lemma 2.8. Similarly

=y y—x)(y)P(y) dy| < C’(E—m)‘I;L&‘Equ(y)I/lv!,

3
[ €—vr—a)fty) dy| < CE—a),

3
| (6y—20—4£)0(y) dy| < 40(E—2)/]o].

4C
v](—2)t

Hence  [0(e)] < “E=E(+-max o)l +1v])

The result follows on taking & = x+|A|-1.

2.15. Proof of Theorem 2.7 (i). The absolute convergence of
the series (2.7.3) is first proved as in § 2.13. This depends on Lemma
2.10 only, not on Theorem 2.7 (ii). Now

Oz, N)dA =271 > c, ¢, (), (2.15.1)
o(R) —R<A<R
where C(R) is the same contour as in §2.12. By (2.9.1), and Lemma
2.14 applied to ®*,

O,y = ‘3”)+0(l Alilv ') (2.15.2)

The integral of the last term round the semicircles tends to zero, as
in the case of the corresponding term in §2.12. Hence the contribu-
tions of the semicircles to (2.15.1) together tend to 27if(x) as B — co.
Hence finally it is a question of proving that
R+i

lim f ®(x,A) dA > 0
R )

(and similarly for —R). Let

Q) == b, ) ) Gudalz)

R—1<A <R+1
Then Q(A) is regular for B—1 < A < B+-1, and
1 1 o(1)
o =0__)+0(_~ 6 ,‘x;):_~
® = Ofp) Ol , 2., o) =
as u - c0. Hence by Lemma 2.11
Q(R-+iv) = o (1)
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uniformly for —1 < v <<1. Hence
R+i

f QQ) dA — 0.
R—1
Also

Rti R+i

f Z %——"I\(j) dA = 2 Cn ‘/J"(xli X—ii\/\_,,

RYi R—1<),<R+1 R-1<),<R+1

= of entu@)l] .
R—-1<A,<R+1
This completes the proof.
2.16. Deduction of Theorem 2.7 (ii) from Theorem 2.7 (i).

Let f(x) satisfy the conditions of Theorem 2.7 (i), and let
N

fN(x) = z cnl)[’n(x)'

n=0
Then fy(x) — f(z) uniformly over any finite interval, and

o] N ©
[ U@y de = 3 &t < [ (f@) da.

Hence by Lemma 2.4

lim [ fy(@)f(x) dz = [ {f(@)}* dz,
Nowog 0

. l- N 2 : 2 d
ie. Jim nZO c2 ——J{f(x)} z.

This is the required result for the special class of functions. The
general result then follows as in §2.12.

2.17. THEOREM 2.17. If f(x) is L?(0,00), and A is not equal to any

of the A,
(D(x’ A) — m cn ')bn(x).
A—A,
n=0

The series is absolutely convergent. This follows from Lemma 2.10
and the convergence of (2.13.2), if A is not real; and the result, proved
for any A, clearly follows for all A.

Now consider the integral

Ol,2) dz

z—A
C(R)
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and proceed as in §2.15. By Lemma 2.14
D(z,2) —0 1 .
2—A 2[4 1(z)]

Hence the integrals round the semicircles tend to zero. The proof
is then completed as in §2.15.

2.18. The interval (—o0,o0). Now consider the case where the
interval extends to infinity, or has a singularity, at each end. We
actually consider the case where the interval is (—o0, ), and ¢(z)
is continuous for —co << 2 << o0.

Let ¢(z, A), 6(x,A) be the solutions of (L—A)y = 0 such that

$(0) =0, ¢'(0)=—
0(0) =1,  6'(0) = 0.
Then W(¢,0) = 1.
By the previous theory, there are functions m,;(A) and m,(}),
regular in the upper half-plane, such that
da(@, ) = B(z, N)+my (N (z, ) (2.18.1)
is L?¥(— o0, 0), and
o, A) = O(x, A)+my(A)d(x, A) (2.18.2)
is L?(0,00). Then

W (b, hs) = my(A)—my(A).
As in §2 5

f [l )2 dz = 1),

T(my)
v

f (N2 de = —

(2.18.3)
Hence I(m;) > 0, I(m,) < 0, for v > 0.

Let
G(x,y, ) hy( x, /\)Sbl(./’ )‘) (y <

= = S

e, A, 1)
m@—m®) S ay—mey ¢

my(A) —my(2)

(2.18.4)

and bz, ) = f G(,9,Mf() dy,

where f is the arbitrary function to be expanded. The expansion
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will reduce to a series if both m;(A) and m,(A) are meromorphic
functions. We have

o, = @ 72’:;)’”72-”%;”” f {00, )+ 1By, M) dy +
O(z, A)+m,(A)g(x, A)

T ) —my()

f 6y, 1) - ma(\b(y, N} (@) dy.

(2.18.5)
There are three possibilities:

(i) At an eigenvalue A, m;(A,) = my(A,) = u,
my(A)—my(A) ~ (A=A, )v.
Then ®(z, A) has the residue

0@ A b)) f (0.2, +rbl, M) @) dy.

(ii) m,(A) and m,(A) both have simple zeros,

ml(A) -~ [J,]_(A—A”), 7"’2(A) ~ AU'Z(A_AII)'
Then ®(z,A) has the residue

1
)

0, A,) f 0y, ) f(y) dy.

(iii) m,(A) and m,(A) both have simple poles,

M
A=A’

n

myA) ~ 2

A2,

my(A) ~

Then ®(z, A) has the residue

Latls g2, ),) [ $l0.2)100) dy.
[ o) A
The theory of this case is much the same as that already considered.
Suppose in particular that ¢(x) is an even function. Then ¢(x, A)
is an even function of x, and 6(x,) is an odd function. It follows
that, if 6(x,A)+my(A)d(x,A) is L30,00), 6(x,A)—my(A)d(z,A)
L?¥(—00,0). Hence m,(A) = —my(A). All eigenvalues occur under
(i) or (iii), and each eigenfunction is either odd or even.

REFERENCES
Weyl (1), (2), (3), Titchmarsh (4), (5), (7), (9), Kemble (1).



II1
THE GENERAL SINGULAR CASE

3.1. We now consider the same problem as in the last chapter, but
we no longer make the hypothesis that m(A) is a meromorphic fune-
tion. All that is known so far is that it is an analytic function of A,
regular in the upper half-plane, and that Im() < 0.

We proceed formally as follows. Defining ®(x, ) as before, it can
be proved that R4id

fla) = lim{—— 1 { O(z, ) d/\},
W-zéwa

R—>

where 8 > 0. It is then a question of the behaviour of this integral
as 8§ > 0. Now

O(@,)) = (@, ) [ $y, NS @) dy -+ $@.) [ by, N Sfw) dy

= {0 N+ mNB (@) [ S Nf) dy +
0

+$( ) [ {8y, )-+mNy, N} @) dy.
We shall prove that ) ’
lim f {—Im(u+i8)} du = k(}),

where k(A) is a non-decreasing function of A. Hence we obtain
formally

R+-i8
1[_1 f(D(x,/\)d/\]
T
—R+18
R+i8

:1[_% f {6, D) +mQ)p(x,A)} dA f by, ) f(y) dy]+

—R+1id
+I[_7_17 f $(x,2) dA f {B(y,f\)+m(/\)¢(y,/\)}f(y)dy]
—R+13 e

0 o]

_,i f $(x,A) dk() f $(y, N f(y) dy

—o0 0

R+18 ®
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as B — o0, 8§ > 0, since O(x,A) and ¢(z,A) are real for real A. Hence
the expansion formula involves Stieltjes integrals, and is formally

o= [s@na [swnma.  @Ly
—w 0
If we write g(A) = Jgod:(y, A)f(y) dy, (3.1.2)
0
then (3.L1)is  f(x) — 7.1; f (@, Ng(\) k(). (3.1.3)

Also

[ECIREE FOEN RO
0 0 — 0

) 0 e}
1 1
- f g () dk()) f $e, ) f@) do = f GORdEQ). (3.1.4)
This is the ‘Parseval formula’.
Now consider the interval (—oo, 00) instead of (0,00). In this case
®(x,A) is given by the formulae of § 2.18. We obtain
A
1
im | I .~ du= 1.
3;133 ; Iml(u+i8)—m2(u+i8) =&, (3.1.5)

A

. . my(u+13) .
Lim 0 L i) —m s @ = 1™ (3.1.6)

im [ —1 my(u—+18)my(u+-13) du
50 ; my(u—+18)—mqy(u--13)

where £(A) and {(A) are non-decreasing functions of A, and %(A) is of
bounded variation. Now

= (), (3.1.7)

R+1id
1[__ fQ(a:,A)dz\]

—R+18

+8
_ I[_z f B, )+ myA)(z, X
™ my(A)—my(A)

A)+my(A)é(y, A)}f(y) dy] +

R+
1 9(95 A)+my(A)é(, A)
I| —=
+ [ s my(A)—my(A) dA f {0y, \)+my(A)b(y, M)} f(y) dy]

—R+id
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Proceeding as before, we obtain formally the expansion formula,

sy = [ oan azey [ o, N dy +

+ 717 f 6(xz,A) dq(A) f $(y,A) f(y) dy +

5 [ N an [ ownsw) dy +

+ [ #enae [unfodr. @

Writing

g0) = f 0y, N ) dy,  h() = f SN W) dy,  (3.1.9)

this is equivalent to

sy =3 [ 0N de) 47 [ 00w h) dn(h) +

2 [ B 2o an +1 [ e a.  (.110)

Multiplying by f(x) and integrating again, we obtain the Parseval
formula

[tsopras =1 [ worazon +2 [ oney any +

+1 J BORALR). (3.1.11)

In many cases these formulae take a simpler form. Suppose, for
example, that m,(A) tends to a real limit as I(A) - 0, so that

Py(x, ) = 0(x,A)+m,(A)é(z, )
is L?*(—o00,0). We then have formally
dn(u) = my(u) dé(u), d{(u) = {m,(u)}* dé(u).

4967 G
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Hence (3.1.8) reduces to

f@ = ; [N dm [hwnfod. G112

Again, consider the case where g(x) is an even function. As in
§2.17, this involves m(A) = —m,(A). Hence
@) 1

m)—my(X) ~ 2
and 7(A) = 0. Hence the expansion formula is

s = > [own aze) [ owNsw) dy +

+1 [senaw [sunswa. @11

3.2. To justify the above formulae, we first prove two lemmas.

LemmMmaA 3.2. For any fixed u, and u,

T.I{m(u—f—iv)} du (3.2.1)

18 bounded as v - 0.

Consider first the case of a finite interval (0, b), with given boundary
conditions at the ends. Let A, ,, ,, ,(x) be the eigenvalues and eigen-
functions. Let [(A) be the function so denoted in §§ 2.1-2.2, and let
7,p be the residue of I(A) at A,,. Since the formulae of Chapter II
hold in particular in this case (or may be verified directly),

i
f (0@, N+ NS, Minp(@) = - (3.2.2)
by (2.5.7). Hence the Parseval formula gives
b ®
2dp = S . Tmb__
oj 16, A)+IA)b(x, A)|? da _; o S (423)

Taking A = ¢, the left-hand side is bounded as b — co, by the analysis
of §2.1; e.g. in (2.1.6) I(J) is bounded as b — oo, by the property of
the circles Cy, and v = 1. Hence

2%

is bounded as b —» co.
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Also, by (2.10.2) applied to the finite interval (0, ), and (3.2.3),

—IIA)} = v 2 = )2 T

Hence f —I{{(A)} du = z b f (um% et

Let —N << u, <wu, <N, where N > 1. Then if |A,,] = 2N
[u—A, ] = 4A,,. Hence

Ug Uz
vdu 4du<8N< 162!7

_vaw | Eaw
P (u—A,)*+v? Ay A, A+
[f A, 0] < 2N,

Us @
vdu vdu 4N241
S koS I o A L
/i Aoy et S f @A, or TS T, Fd
uy —®
Hence f —I{I(A)} du

u
s less than an upper bound independent of b and v. Since [(A) - m(A)
18 b —> o0, the result follows.

3.3. LemMa 3.3. The function
A
k() = lim f —I{m(u+1i8)} du (3.3.1)
—0

xists for all « and X except possibly for values belonging to an
mumerable set; k(A) 18 a non-decreasing function, and

A A
lim f — Lz, u+i8)} du = f bz, u) dk(u). (3.3.2)
—0
't follows from the above lemma and (2.5.2) that as v > 0

fduf [Wh(, A)|2 de = 0( ) (3.3.3)

or fixed u, and u,. Now by (2.5.1), with A’ = ¢ (or any fixed value)

m(A) = m(z)+ (1—A) f:/:(x, A(z, ©) dx
0

— o{fw(x, ,\)lzdx}’f.
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Hence
f m()| du < ‘(uz—ul f (A |2du}’f’ O@w-).  (3.3.4)
1 Ug ]
Hence fdvf m(A)| du
is finite, and so f [m(d)] dv (3.3.5)

exists for almost all .

A
Let M) = fm(z) dz

Then M()A) tends to a limit as v - 0 for almost all u. Let %, be
a value of u for which (3.3.5) exists. Then

o+t UiV u-+iv
M@Q) = ( + )m(z) dz
f uo'!l:z uo:f" i
and the first term is constant, and the second term tends to a limit,
asv - 0. Hence the last term also tends to a limit. Taking imaginary
parts, the existence of k(A) for almost all A follows. Since —Im() >0,
k(}) is non-decreasing.

Actually the limit (3.3.1) exists wherever k(A) is continuous, i.e.
except in an enumerable set. For at such a A we can find 7 and 7’
such that

kA7) —kQA—7") <e
and such that the limit exists at A+ and A—7". Hence

A Aj
f —I{m(u+18)} du < fn—l{m(u+i8)} du <e
/\—‘q’ A""I’
for 8 << §,. Hence
A
f —I{m(u+i8)—m(u+18)} du
U Aerr
= Jﬂ —I{m(u+18)—m(u+-18")} du +
"o A
+ f —Im(u+id)} du — f —I{m(u+i¥)} du
A—q’ A—q’
< 3e

if 8 and &’ are sufficiently small. Hence the result.
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Now suppose that k is continuous at « and A. We have

A A
fI«/:(x,u+z'v) du = If{ﬁ(x,u—{—iv)+m(u+z’v)¢(x,u+iv)} du

K

A A
= f I{6(x, u+1iv)} du + f R{m(u-iv)}l{¢(x, u+iv)} du +
K K A
-+ f Im(u+v)Re(z, u+iv) du.
Since 0(x, u) and ¢(x, u) are real for real u, 16(x, u+1v) and Id(x, u+v)

are O(v), uniformly with respect to « over a finite interval. Hence
the first two terms tend to 0 with » (using (3.3.4)). The third term is

A
(1M (u-+iv)Re(x, ut-iv) |} — f IM (u+iv)R¢ (x, u+v) du

A
> [{k(w)+ Cl(@, w]h— [ {k(u)+Cldo(@,u) du

A
= qu(x,u) dk(w).

The process is justified since IM(}) is bounded, by Lemma 3.2.

A
3.4. Let x(@,A) = [ b(x, u) dh(u). (3.4.1)
©, A “ 2
Now f { f Iy (x, u+-iv) du} dr < K, (3.4.2)

where K is independent of v, if x and A are in & fixed interval. For by
(3.2.2)

b A

f¢n,b(x) dxflg{;b(x,u—l—iv) du

0

K

A

o —vdu —0 rhy
T"”f N (Azb+1

Hence the Parseval theorem gives
b, A

{!{;!Ix/;b(x wu~+1v) du} de = 0 Z V{,ﬁﬁz 0(1)

by (3.2.4). The result follows on makmg b - o0. Making v —> 0, it
follows that x(x,A) is L?(0,c0).



46 THE GENERAL SINGULAR CASE Chap. III
Let f(x) be L%*0,00). Then

o

a0 = [ x@.N() dy (3.4.3)

0

exists, and is a bounded function of A in any finite interval.
Now consider

R+id
I[—% f O, \) dA]

—R+id
R+i8

- I[—% f P(z, ) dA f ¢y, M) f(y) dy]+
—R+18 0
R+id

H[_;r f é(x,A) dhfzﬁ(y,f\)f(y) dy]. (3.4.4)

—~R+id
Now

Igh(z, Nb(y, ) —b(x, A(y, )} = H{O(x, D)y, ) — (2, A)8(y, )} = O(S)

as 8 > 0 (for  and y in fixed intervals). Hence (3.4.4) is equal to

R+ ©
I[ —2 [ serna [ dyJ+0(8)
0

—-R+id
as 8 - 0 (R fixed). Next
R+id

[ 1g(z,3) da f Ry(y, )f@) dy

—R+i8

R
fduf [¥(y, u+d)f(y)| dy

R

R, »® %

o) I ( [ W) ay) du)

R © %

( J [ 1t oy ag) = o
R 0

by (3.3.3). Similarly

R ®
[ (Ré(z, uti8)—g(z, w)} du [ Li(y, MSf(w) dy = O(sH).
-R 0
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Hence (3.4.4) is equal to

R ©
—% f b(z,u) du f I(y, u+18)f(y) dy + O(8Y).  (3.4.5)
Now - °

A ) © A
[ du [ =X, u+id)fw) dy = [ fy) dy [ —Th(y, u+33) du
K 0 0 K

> 91(2)
as 8§ > 0, by Lemma 2.4, uniformly over a finite A-range. Hence,
integrating (3.4.5) by parts, we obtain

@

u R
}T[«m, w [ [ —1pgw+i3)5(9) dy] -
K 0 -R

@

R u
1 ’ — ’ )
. i $.(@, %) Kf du f T (y, ' +i8)f(y) dy

’ R
1 1
> b w0y~ [ duleulgs) du.
-r
If g, is of bounded variation, this is equal to the Stieltjes integral

R
> [ ) dasu. (3.46)
-r

3.5. We now require the following theorem.

Let ¢(A) be an analytic function of A = u+-v, regular for v > 0.
Let 1t be bounded on each line v = constant, and let its maximum
modulus on the line tend to 0 as v — co0. Let ¢(A) = p(u,v)+iq(u,v), and

f Ip(u,v)| du < M (v > 0). (3.5.1)
Then there is a function p(t), of bounded variation tn (— o0, ), such that
_ 1 [dpt)
=1 f %0 > o). (3.5.2)
Also lim f p(u,v) du = p(uy)—p(uy) (3.5.3)
=0
Uy

for all values of u, and u,.
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Integrating #(z)/(z—A) along the straight line (— R+-sy, B--1y) and
round the semicircle above it, where 0 < y << », and making R - oo,
we obtain

) R-w¢ )
$0) = 5 lim f z‘%\dz. (3.5.4)
—R-+iy
1 Riiy
Similarly 0= o0 lim f ¢(z;, dz, (3.5.5)
? R—> —
—R+iy

where A’ = u-+1(2y—v). Subtracting the conjugate of (3.5.5) from
(3.5.4),

0

Q) = ; f xﬁ’}%” 4. (3.5.6)
From this and (3.5.1) it follows that
4] < flp(x Plde <
and making y > 0 [d(A)] < Tr—]‘f) (3.5.7)
Now let A

$12) = [ $(2) dz = py(w, v)Figy(u, v),

A
$:() = [ $1(2) dz = pylu, v)+ina(u, v).

By (3.5.7), ¢,(A) = O{log(1/v)} as v — 0, uniformly over a finite
u-interval. Hence ¢,(A) tends to a limit as » - 0, uniformly over
a finite w-interval. This limit ¢,(u) = p,(u, 0)+ig,(u,0) is thus a
continuous function of «.

1 u®
Now $1) = —i [ $(iy) dy + [ pla+iv) da,
v 0

and hence 1 w
Py, v) = f 9(0,) dy + f pla,v) dz

1
= [4(0,9) dy + x(u,v)—w(u,v),
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where

x(w,9) = } [ {Ip(z,v)| +p(z, v)} da,
0

w(,v) = } [ {Ip@, )] —p(,v)} de.
0

For each v, the functions y and w are positive non-decreasing func-
tions of u, and y < M, o < M. Let

P(u,v,h) = Ps(u+th, v)—py(u, v).

h
Then
uith
Pvh) = [ pila) do
u
1
= fq(O, Y) dy + xi(u, v, h)—w,(u,v, k),
where °
u+h u-h
xa(t, 0, B) = }l f x@ v dz,  wy(u,v,h) — /1 f w(z, ) d.

u
For given u and v, the functions y; and w, are non-decreasing func-
tions of h, and |x,| < M, |w,| << M. Hence if (h,,,+3,) are any
non-overlapping intervals,

z IP(us v, hy+5,,)—P(u, v, hv)l
< Z {x1(w, v, b, +38,)—x,(u, v, h,)}+
+z {wl(u? v, hv+8p)_w1(u, v, hv)} < 4M.

Making v — 0, it follows that

2 IP('LL, O»hy+8v)~P(u1 0, hv)] < 4M.

14
Hence P(u,0,k) is of bounded variation, and so tends to limits as
h— +0. Thus py(u,0) has everywhere right-hand and left-hand
derivatives p, (u,0) and p; _(«,0). Also

[P(u,v,h)— P(u,v,1)| < 4M.
Making v — 0,
|P(w, 0, k)| < 4M+|py(u+1,0)[+]py(u, 0)].

This is bounded in any finite interval. Hence p,(u, 0) is absolutely
4957 H
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continuous, and so is the integral of its derivative, which exists
almost everywhere.

Further, x, and w, are non-decreasing functions of %, for given
h and v. Hence, if (%,,,+8,) are non-overlapping intervals,

Z IP(uv+8wv)h)—P(uw ’U,h), < 4M.

Making v — 0, then A — +0, it follows that p; ,(u,0) and p;_(u, 0)
are of bounded variation in (—o0,0). Let

plu) = %{p;,+(u+ 0, O)+p;,+(u“0, O)}
Integrating (3.5.6) by parts,

x+1y—A)? m ) (x+iy—A)»

the integrated terms vanishing since p,(z,y) = O(1), py(x,y) = O(z)
for fixed y. In the last formula we can make y — 0, and obtain

) = L f( 2@y g 2 [P

0
B = = f f’;(x v ) da. (3.5.8)
To justify this step, we observe that
ut+i  utiv
(f -+ f ) d(z) dz = 0(u)+0<log%)
u+i

by (3.5.7). Hence
Pa(,0)~p3(a, 0) = R [ iy (ki) dy = 0{v(u+log}))}. (3.5.9)
0

Hence as y - 0

Po(Z, y)— Dy, 0) y(lz|+loglfy) . i
_f ety B Of el oW
r 1 1
and also _f {(x+iy—A)3—(x—A)3}p2(x’ 0) da = o(1),

since p,(z, 0) = O(x), by (3.5.9) with v fixed.
Integrating (3.5.8) by parts

$(A )— — 1(”;( ,\())2 f - ‘”;)2 dz, (3.5.10)

and (3.5.2) follows on mtegratmg by parts again.
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Since (3.5.10) is uniformly convergent, on integrating over (u,, u,)
and taking real parts we have

r 1 r v v
[t = [ oo a2

(3.5.3) follows from this by the theory of Cauchy’s singular integral.t

3.6. Let f(x), the arbitrary function to be expanded, satisfy the
same conditions as in Theorem 2.7 (i); viz. f(x) and Lf(x) are L?(0, o),
J(0)cos a+-f'(0)sina = O,

and W{f(x), (z,A)} - 0
as x - oo for every complex A.

Using the notation of § 3.2, and denoting by ®,(x,A) the function
corresponding to ®(x, A) for the interval (0,b), we have by (1.9.3)

(Db(x: A) — nAb 'ﬁ;b(a))’
n=0 n,b
b
where top == [ Pup@)f(@) da.
0
Hence —I®,(x,A) = Z (;’C"Ab‘)b;gft)vz

Hence, as in §3.2,

f 19 M) du < 7 3 Loy (@)

By (2.13.3), with /\ =1,
dn,b = (i—An,b)cn,b’

where d,,, is the Fourier coefficient of if(x)— Lf(x). Now

© b ©

2 1d,1* < [1f@)— Lf @) dv < [ [if@)— Lf@))* de.

a 0 0
Also ¢, ,(x)/(2—A, ;) is the Fourier coefficient of Gy(z,y,A). Hence
'/’n!b(?) 2

> L

n=0

b
< f le(x,Z/, Z)lzdy
0

x b
= I, 8)[2 [ 16y, )12 dy +18(@,9)1* [ |4y(y, )12 dy.
0 x

1 See E. C. Titchmarsh, Fourier Integrals, pp. 30-1.



52 THE GENERAL SINGULAR CASE Chap. III

Now (@, 1) = (=, 1) +{(1) —m()}d(x, 1),
where (z, 1) is L?0,c0), and either ¢(x,s) is L? and I(7) - m(s), or

b -1
tiy—m(i) = O [ 146z, i) do)
Hence, as b — o0, ’
b ©
Yol ) > @), [ Wl 0)12 dy > [ Wb(y, )2 dy,

b ©

[ 169,912 dy > [ 16, 9)I* dy.
0 “ 0
Hence f 10, (2, )| du < K,

Uy
where K is independent of u,, u,, v, and b. Making b — co, then
Uy > —0, U, —> 00, it follows that

j? [1D(x,A)| du < K. (3.6.1)

From (3.6.1) and (2.15.2) it follows that the conditions of the theorem
of § 3.5 are satisfied by the function +®(x,A). Hence

1 [ dp)

) A—t’

where p(t) =: p(¢,x) is of bounded variation in (—oco, c0).
We can now prove the following theorem.

D(z,A) = (3.6.2)

TurOREM. If f(x) satisfies the above conditions and

o0

A
) = [ p@w) dk@w), 5,0 = [ xNf@) dy,

0

then fl@) = 71_7 J o(x, u) dg,(u). (3.6.3)

Consider the imtegral f D(x,A) dA (3.6.4)

taken round the rectangle with corners at 4- B+413, +R-+¢. As in

2.15
5 ’ R+i

lim f O(z,A) dA = —mif(x).

B R
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Also by (3.6.2)

RD(z,)) = t).

f (u— t)2+v2 el

Hence

JR(D(.?: R+w) dv = ! f (arctan Rl —arctan R8 )dp(t)

_ ofld t>1+of'§;"‘t+0f|d 0l

which tends to zero as R — oo (choosing first A and then R) uni-
formly with respect to 3.

On taking the imaginary part of (3.6.4) and making first R suffi-
ciently large, then § sufficiently small, and using (3.4.6), we obtain

(3.6.3).
It is also easily seen that, under the conditions of this section,

g,(u) is of bounded variation in (—o0,00). If sina # 0,
®(0,1) = sina [ $(9,)f¥) dy,
0
and (3.6.1) with x = 0 gives

| Ww.Nf@) dy

0

e}

]

— 00

du < K.

Uvi1) o
Hence Iy, N f(y) dy | du < K
211
for any set of u,. Hence
Uyl )
< K,

2.

and making v - 0

f duf Ly, A) f(y) dy

Uy

2 lg(u,41)—g(w,)| < K
If sina = 0, we can arguc similarly with ®_,(0, ).
3.7. The Parseval formula.

THEOREM 3.7. Let f(x) belong to L2?(0,00). Then the sequence of
Sfunctions

7.\ = qum)f y) dy
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converges in mean, with respect to k(}), over (— o0, ), to a limit g(A); v.e.

Tim [ {g)—ga )} dk(R) = 0;

and [y ar—_ [ ooy aron.
0 .

ku
—o0

To prove this, we require the mean convergence theorem for
Stieltjes integrals.

Consider first a finite interval (@,b) in which k(x) is bounded and
non-decreasing, and let there be a sequence of continuous functions
Jn(@) such that

b
[ {f n@) =@} dh() > 0 (3.7.1)

as m — 00, W —> 00.

The function ¢ = k(z) maps the interval @ < « <C b on the interval
k(a) < z < k(b) in the following way. If k(r) is continuous, to
each z corresponds just one value of ¢£. At a discontinuity, e.g. if
k(x,—0) < k(x,+0), the point x, corresponds to the whole interval
{k(x,—0), k(x,+0)} (open or closed as the case may be). If k(x) is
constant over an interval (z,,z,), every z in the interval corresponds
to the same value of ¢£. Thus an inverse function z == z(£), of the
same type as k(z), is also defined.

If the function f(x) is measurable} B (in particular, continuous),
the function f{z(¢)} = F(¢) is also measurable B. The Stieltjes
integral of f(x) with respect to k(x) is then

{ s ave) = | F .
Conversely, if F(£) is measurablo Bk,(a;nd Lik(a), k(b)}, then
T F@ s - [ o) k)
We can therefore ;‘ZZ (3.7.1) in tho form
k(kf()b){l”’m(f)--Fn(f)}2 d¢ - 0.

t See E. W. Hobson, The Theory of Functions of a Real Variable (2nd ed.), vol. 1,
§§ 132 and 445-8.
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Hence there is a function F'(§) of L*{k(a), k(b)}, such that
k(b)

| (F@O—F @) de>o.

k(a)
The usual method of defining this function shows that in fact it is
measurable B. Hence f(x) = F{k(z)} is measurable B, and

b
[ {f@)—fu()) dbi@) > o.

The case of an infinite interval can be discussed similarly.

Now let f(x) be any function of L%0,00). Then we can define a
sequence of functions f,(x), satisfying the conditions of the above
theorem, and zero for x > n, such that

lim [ (f@)~f,@) dz = o.
Let ha@) = [ $(y, N uly) dy.
0
A A n
Then [ Paw) dk(w) = [ dk(u) [ $(y, w)foly) dy
K K 0

A
Faly) dy [ $(y,u) dk(u)

Stz

= [ fu@)x(y; ) dy
0

= kl.n(A)’
say. The above theorem then gives

@

f B (2, uh,(ar) k().

—

ERNC]

1) = - [ bl ) i) =

This integral converges uniformly with respect to 2 over any finite
interval. Hence the process leading to (3.1.4) is valid, so that

[ aypde = [ ooy ar.
Similarly ’ -

| =@ = [ 01— a0 ).
0 —
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Hence the functions %,(A) converge in mean square to a limit g(}),
such that

[ @par =1 | oy a.

If G(A) corresponds in the same way to F(z), we shall clearly have
similarly

[ @r-Fayaz =1 [ go—cmy o).
0 —
Taking F(z) = f(z) (x < n), 0 (x > n), we have G(A) = g,(A). Hence

[ oM —gu W} dkQ) = = [ {f@) dw >0

as n — o0. Thus g(A) is also the mean square limit of g,(A). This
proves the theorem.

3.8. The interval (—oo0,c0). The rigorous discussion of this case
is similar to that which has been given for the case (0,00). We shall
indicate briefly how it proceeds.

We define functions ;(x,A), s(x,A), G(x,y,A) as in §2.18. Let
Gop(@, 4, A), Ayaps Ynap(®) be the Green’s function, eigenvalues, and
eigenfunctions for the interval (@,b). Then (cf. (2.13.1))

f 00,5, WM 0) dy = 30 (3.8.1)
Hence the Parseval theorem gives
b )
’/‘n a, b(x)
2 =
[(Cumsg Oy = 5 (3w

Hence, as in §3.2,
Uy

T dujl w9, X lsz—zsb,.ab()fu Aj:‘b)zw

Uy

- 0{% i A%‘;if)} {%fb [eAEa y,%)lzdy}
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as v - 0, uniformly with respect to a and b, z, u,, and u, being fixed.
Hence s © 1

fduf ;G(x,y,,\)ng)= 0(?.)).

Uy —®

Now let z = 0; by (2.18.4)

G(0,y,A) = () (y < 0) ey d) (y > 0).

— my(A)—my(d)
Hence, by (2.18.3),

(TN —my)}
) —mj2 = 00

: r 1y,
ie. fl{mT(/\)TMT(A)J du = O(1). (3.8.2)

Also it is easily verified from (3.8.1) that

b ’
f G;,b(x: Y, ’\)‘ﬁn,a,b(y) dy = ;[’iaib(xi’

where the dash denotes differentiation with respect to x. Arguing
as before, we obtain

J‘ du J |G (2, y,A)[2 dy = 0(%)
Now
, (3, 2) —my (AWl A)
OBV = @m0 @y ¢ O
Hence, by (2.18.3),
F mgN)] 2 Tm, )} — [my ) 2 Emg(N)} ,
| e = 00
. o mmg) |,
ie. f I{m)—;;%(,\)} du = O(1). (3.8.3)

UL

It is also easily verified that

) = 1) 1)
m,—m, my—m,/  \m;—m
I

49567
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Hence
_m@) 3|y ‘1 1 1/ Qyma2) .&
f I m,O«) ma A)} “gf ‘mm—mgm)} {mm)—mz(» d“

= “ e f ! m%;?lmﬁ(?;)}ld“]h o

The existence of the functions £(A), 9(A), and {(A) defined by (3.1.5)-
(3.1.7) now follows as before. ~
Let A by

0@ = [ 0z, u) dé@),  xa,)) = [ 6(z,u) dnw),

L3

A A
(@) = [ d@,w)dnw),  xuwd) = [ d(e,w) dl(w),

and a0 = [ %@ @dy (=123 4).
0

Then the expansion formula is

@) = [ 8 u) day() + ) dayt) +

+0(x, u) dgs(u) + $(x,u) dg,(u).
This can now be proved in the same way as before.

3.9. The spectrum. In the case of the z-interval (0,00) the
spectrum may be defined as the A-set which is the complement of
the set of points in the neighbourhood of which £(2) is constant. If
k(A) is constant in an interval, so are y(z,A) and g,(A) (§3.4). Such
an interval contributes nothing to the representation formula (3.6.3)
or the Parseval formula (3.1.4).

If m(}) is a meromorphic function, the spectrum is the set of its
poles. This is called a point-spectrum. On the other hand, an
interval throughout which %(A) increases steadily belongs to the
continuous spectrum.

In the case of the z-interval (—o0, ), the spectrum is the com-
plement of the set of points in the neighbourhood of which all the
functions £(}), 5(), and {(X) are constant.

REFERENCES
Weyl (1), (2), (3), Titchmarsh (6).



IV
EXAMPLES

4.1. In this chapter we consider a number of examples of the above
theory.
The simplest case is the Fourier case, with g(x) = 0. If the interval

is (0,00), and the boundary condition at 0 is (2.1.4), then

6(x, ) = cos ac;)s(xx//\)+/\"*sin asin(zvA),

#(x,A) = sin a cos(zvA) —A~} cos asin(zVA).
The function (z,A) = O(x,A)+m(A)p(x,A) must be a multiple of
eie¥A if T(A) > 0, since e~=¥} i3 not L2(0,0). Hence

sin a—1vA cos a

™) = CosaivAsina”
Hence
)= M =0, 0 a<o)
cos2a-+Asinx

and (3.1.1) reduces to

m ) cos?at+Asin’x
0

This of course can be verified under the usual conditions for Fourier’s
integral formula by direct consideration of the integrand. The general
theorem of §3.6 gives the formula in a comparatively indirect form.
Consider, e.g., the case a = {m. Then

0(z,A) = A-tsin(@zVd),  H(x,A) == cos(zVA),

flay =1 [ o BG)an [ g s .

A
km=fwwum>m, 0 A<0),

A -
X(.’L‘, ’\) = f COS(x\/u)u-i du — 25111(.1)\//\_) ,
0

xr

X

0 = [ 2N )

0
Thus we obtain Fourier’s cosine formula in the form

r Fo sin(xvu)

flx) = % f cos(zvu) d{f 2 () dx}

Zr
0 0
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In the case of the interval (—oo0,00) we have

O(x, A) = cos(xzVA), $(x,A) = __SM%Q ,
my(A) = VA, Py(z,A) = "y
my(A) = —IVA, ol A) = etz
0 =- L 1
Fo- {’”1(") mg(f\): I(zw/\)
1

= 5 A>0), 0 (A<0),

o) o4
_ M

- (A > 0), 0 (A<O0).

Hence (3.1.13) gives

@

flx) = j cos(zVA) ;—3—)‘ cos(yVA) f(y) dy +

0

+ sin (x«//\ f sin(yvA)f(y) dy.

BN

Putting A == s2, this gives the ordinary form of Fourier’s formula.

4.2. The Hermite expansion. Let ¢(z) = 2* (—o0 < 2 << ).
We have then to solve the equation

%y
dx?

Putting y = ¢-#*°y,, we obtain

— (x2=A)y = 0. (4.2.1)

Py oy W
dx? 2 dx (A=), = 0.
A solution of this is

(0+)
Yy = J i S L 3

@
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where 2~ = exp{(—}A—})log 2}, and logz is real at the beginning
of the contour. For this gives
%y, dy, _ ,_(H) —zz-iry— At (2 -
-&E{—%% +A—-1)y, = g! e 2 (22+2x24-A—1) dz

(0+)d
= —2 a—z(e-”-*z’z-*"“) dz = 0.

A solution of (4.2.1) is therefore
0+)
Po(x,A) = e—ie’ f i e A B 3
Since (4.2.1) is unaltered if z is replaced by —z, another solution
is ¢o(—z, A).
If we take the above contour so that R(z) > —1 on it, then for

a fixed A (@) — O(e-1"+)

as ¢ — o0. It is also fairly easy to see that ¢,(—z) is large for large
positive z; for the maximum of xz— }z? is at z = 2z, which indicates
that the integral is roughly of the order of ¢*’. It follows that the

functions i, (x, A), Y,(x, A) defined in the general theory are multiples
of ¢o(—x,A), do(x,A) respectively. Let

W{go(—2z,A), o(z,A)} = w(d).

Then
6z, 9,3 = POy < 2,
_ $o(— 2, Ndo(y, )
= 0 w(/\)" 2 (y > ).
Now

(0+) o
$o(0.0) = [ ettt dy — (e-tmitdib_1) [etaitda
© 0
= —(Lpe-mhg-PoiT (1))
for R(A) < 1, and so by analytic continuation for all A. Similarly
(0+)

$0(0,A) = — f e~ dp = (1 e-mid)2- (3 —1).

Hence
w(A) = 2¢0(0,)y(0,1) = —(1+e-"2)2 2121 (3 —IN)T(3—1A)
= —(14-e-m)228-R40 (3 —42).
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This has zeros at the points A = 2n+1; they are double zeros for
n << 0, single for n > 0 (on account of the poles of the I'-function).
But ¢o(x,A) vanishes if A = 2n+1 (n < 0). Hence G(x,y,A) has
simple poles at A = 2n+-1 (n == 0). Now

¢0(x: 2n+l) = ¢ ¥* J. e—ra—1ty-n-1
(0+)
Putting z = 2(z'—=z), this is

e}m“ e-,., eix“ Ad\"
2me|—) e’
(z :1:)’“rl ~ onpl dx

277%( 1)
on ol e~ H (x),

where I1,(x) is the Hermite polynomial of degrec n. Also if

A= 2n41+4e,

w(A) = —(1_e—-m'e)z21—n_;5ﬂ;r(_n_~§e)
~77'2£221'"7,-i(_1)n 1 _ (—=1)»-1 22'”11"6
n!  —ie o] .

Also ¢o(—x, 2n+1) = Ady(x, 2n+1), since the Wronskian vanishes,
and A = (—1)*, by considering x —> 0. Hence the function

O(z,) = [ Gy, Mf) dy

has the residues
r n! 472 . .
f 22-—1:775 227!(n!) et H, (x)e—w Hn(y)f(y) dy

-0

h:’H .
= T A [ o 1) dy.

— 0

Hence the normalized eigenfunctions are
e~2°H, (x)

2in(pl)int

4.3. The Legendre expansion. The more general second-order
differential equation

a(X) %-}-b(X)%-{-{z\—c(X)}Y —0 (4.3.1)
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can be reduced to the standard form as follows. Let

dX
va(X)"
Then e O )
b(X)—4a'(X)

where B(x) = y(x) = c(X).

@y
Putting ¥ = r(x)y, where
r(x) = e~tJB=)dz,

we obtain Z—:yé-{-{/\—iﬂz(x)—}B’(x)—y(w)}y = 0. (4.3.2)

The general Legendre equation is

m2
— X2 — 1 = 0. 3.
(1—X )dX2 2XdX+{ n(n+1)— X2}Y 0. (4.3.3)
Here z = sin—'X, B(x) = —tanz, r(x) = xfsecx, and the equation
reduces to

Z__:jg_}.{n(n«}— 1)+ % tan2r+ 3 —m?2secx}y = 0. (4.3.4)

4.4. LEMMA.
cossz (—2)™ (2m)t

J (eoszym ™ fom—}) TE—dm+4a) 0@ —bm—1s)

if C 18 a closed contour including —}m and ym but excluding the other
zeros of cosz.

Denoting the integral by f,.(s), we have

[ cos(s— 1)zcosz——sm(s—;l)@z
Sn(8) = f (cos z)m+ dz

()

_ [ cos(s—1)z s—1 B
- f cog™iz dz-;-m f cos(s—1)z.(cosz)~™m+t dz
¢ c

_ m4s—3}
= "m—3

(et s—Dmts—3—2)...(—mtst)
= )4 fols=m).

fm—l(‘q— 1)
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Now .
__ [ cos(s—m)z , cos(s—m)z
Jols—m) = bf  costz dz = 4[ " costz dz
_ ot b
. ~ P@+is—im)P(F—1s+4m)
an

L@E—3s+im) = (—i—ds+im)...(}—3s—Im)I'(F—ds—im).

Hence the result follows.

4.5. The ordinary Legendre expansion. Taking m = 0 in
(4.3.4), the corresponding basic equation is

gz—xyz+()«+i~tan2x+i)y =0 (—dr<z<in) (45.1)

Putting y = Y+eosz,

%—tanxg A=} = 0.
Putting x = £—17,
azy ay
EEE-*-COt §d—§ +@A—-}Y =o. (4.5.2)

A solution of this is

_ cos sz

(cos z—cos &)t
where A = ¢2, and C is a closed contour surrounding ¢ and —¢, but
excluding all other singularities. For it gives
ay ‘3sinfcossz
- (cos z—cos &)t
¢

d?Y  ( §sin®¢—} cos{(cosz—cos¢)

cos sz dz.
(cosz—cos &)t

Hence
—3 (_:gs §cosz—} cos®
§2 + t§ —3Y = f " (cosz—cos £)f cos 8z dz.
On the other hand, integrating by parts,
1sinz sin sz d

Y= - (cosz—cosé)t s
U
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_ J’%cosz(cosz~cos§)+;s;nfz g)fﬁd
(cos z—cos &)}

1 f cos®z— L cosz cos
% _4 ——E cos sz dz.

s, (com—cos &)t

Hence Y satisfies (4.5.2). A solution of (4.5.1) is therefore
¢
do(®) = Y coste = 4 costx f

cos sz
(cos z—cos £)t

Clearly another solution is ¢,(—z).

Ifo = jn—38, 80,

m—8
COS sz

= 3
$ofw) = 4sin'd f (cos z—+cos 8)t dz

= 4sm*8f 008 8(m— dC

(cos 8~—cos §

{3(¢
/8

1
— 4428} ~ 442 tHog -
V238 cos:mf \/tz——l) V2 cossmd log8

™
~48*cosa7rf -
8

and

- ) COS 8% - ' | "
Bo(—2) = 4sm8f oo 5107 = 0{8 fJS’ } 0(s)

Hence all solutions of (4.5.1) are L¥(—1im, 3m), and we are in Weyl’s
limit-circle case. We shall here merely select the point on the limit-
circle which leads to the ordinary Legendre expansion.

The function m,(}) is a point on the limit-circle of the circles

(b)cot B+4-8'(b)

L=~ et 0
as b — 4=, where
‘lso +¢n Po(—2) ¢o(x)
9(.27 A) 2¢0 O) ’ (]5(13, ’\) = 2¢0 O) .

4957 K
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Taking cot 8 = oo, we obtain

) = $ol0)

$0(0)
and bt ) = L),
Similarly my(A) = izgg; ha(@A) = Zzg;
Hence fory < =
do(—2) do(y)
_ _$0(0) $o(0) _ 1 ho(—2)boy)

Gx,y,A) = L %0) 2 $y(0)ho(0)

X $0(0)
ow __[cossz, (2w}
MW—JEQZ L(§+3s)0(3—1s)
sy 1 [cossz, bt

$0(0) = —*gcf cosiz dz = FG+3s)rt—13s)°

Hence 1673

Po(0%6(0) = g o T A= 4T — )T 119)
= 16msinw(}—4s)sinw(}41s)
= 87 cos s = 8w cos mVA.

Hence the eigenvalues are

= m+3)? (n=0,1,.).

Now 7tz

_ s _cos(n+-34)z
$o(2,4,) = 4 costr f (cos z-}-sin z)}

= 2427 costzx P,(—sinx)
= (—1)"2427 costz P, (sinz),
bo(—2,2,) = (—1)"bo(, ,,),

and, as A > X,  $o(0)po(0) ~ (—l)n:ﬁr;(/\—)«n)'

Hence ®(z,y,A) has a pole at A, with residue

f 'n-{—‘} 872 cosix P,(sin z)costy P, (siny) f(y) dy
—m

= (n-}3)costx P, (sinx) f costy P, (siny)f(y) dy.

—4m
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Thus the normalized eigenfunctions are
(n+3%)} costa P, (sin x).
4.6. Next let
q(x) = —}tanZx+m2sec’r—1 (—ir <z < im),
where m is a positive integer. The basic equation is then

2,
fjl_%'i-(?\—l-i‘tan?x—mz secfv+4)y = 0.
Putting y = Y, veosz, z = f i,

d§2 -|-cot§ df (A—m?2cosecZ—1)Y; = 0.

. d m
Yy = sining (d cos §) Y,

A solution of this is

where Y satisfies (4.5.2); i.e.
Y, = (—1)*}...(m— %sm*’"ff

cos sz
(cos z—cos £)m+t

Hence solutions are ¢y(x) = costxY; and ¢,(—x). Hence

ml e
$o(0) = (—1)"L...(m— %)f(cosz)’”+*
om+i 8
T I —ImA i) P@—im—1is)
and $o(0) = (=1)™+14.. (’”+1)j ngzs'i“
om+ind
P(E—Ym+3s)0(—dm—14s)’
Hence
$0(0)¢4(0)

22m+47r3
= P(E—imA3s) DG —dm+ 39D @—Im—Is)T(F—Im—is)
22m+4z3 Q-t-m+s Q—h-m—s
= al(}—m+8)(3—m—s)
872

T I3—mts)l(i—m—s)’




68 EXAMPLES Chap. IV

This vanishes if +s = n—m--1, i.e. A = (n—m--})? (n = 0, 1,...).
Also

dof, (n—m—+14)%} = sinim+i¢ (d c‘(Z)s f)m2\/27rPn_,,,(cosf).

This is 0 if n << 2m, and if n > 2m it is
22 rginté P (cos €).

Putting n = m-tr, it follows that the eigenvalues are (r+-3)2%, r = m,
m-+1,....
If s = n—m—+3+e,
Ly 872 8772
$o(0)0(0) = f(n—2m—|—1—|—e)I’(—e—n) (n—2m)!
~ _ 8a? (—1)7-1p 1A (n— m_*_%)z
(n—2m)! 2(n—m-+4%)

—1)*-1nle

Hence the residue is

im
J‘ (—3) (—1) ~18n2costz P}, (sinx)costy PR, (siny)

~ 8n¥(—1)nl/(n—2m)! 2(n—m+-}) o

—§

i
= (l.j—ml (n—m~})costx PP (sinx) J costy P7*_ (siny)f(y) dy.
—im
The expansion may be written in the form
bxd

f@) = > L= -t fheosta Pring) | costy PP(siny)f(y) dy.

_..*77

4.7. If we apply the general expansion theorem to the above
formulae, we obtain a proof of the Legendre expansion under rather
restricted conditions. We shall now indicate briefly how to justify
the expansion under the same conditions as an ordinary Fourier
series.

We have in the notation of §4.5

e—isz

$o(@) = sinié f

(cosz—cos &)}

where the contour surrounds the points z = 4-¢. This contour can
be replaced by loops round these points, each loop coming from
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— 100, passing over the point in the positive direction, and returning
to —¢00. In the neighbourhood of z = ¢

§—z . £+2

(cosz—cos )t = (2 sm__ sin ____)Jz‘

~ (§—=z)tsinté,
Hence the loop round this point contributes

e—isz 1 e—isz e—18¢ [ p—isz’ ,
e =

e~is€ 2me-tim

~ st T(R)
Treating the other loop similarly, we obtain altogether

hio) = —27 s‘”(35+*"’{1+0(x 1)} (47.1)

provided that |s¢| > 4.

If |s¢| << A, take the integral round a circle of fixed radius, and
we obtain ¢,(x) = O(|sin¥£|).

We have

D(x,A) =

isé
with error 0( e

st

$o(—2) f¢o y)dy +

-‘}‘ﬂ'

167r cos 78 {

i
+o(@) J $o(—y)f () dy}.

Substituting the leading term in (4.7.1) in the part with y << x, we
obtain

1 .
— oo sin(—sat-} 778—{-}77)—! sin(sy+ms+1m)f(y) dy
2“3750573 f [cos{(y—2)s+ms+m}—cos{(z-+y)s}]f(y) dy.
— 3
For I(s) > 0 this
2sel—z1rs f e~im—zrus=bimf(y) dy — - f efT-vsf(y) dy,
—im ‘i‘ﬂ‘

and we proceed as in §1.9. The result is that the expansion is valid
under the same conditions as an ordinary Fourier series.
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4.8. Fourier-Bessel series. This is the case where the interval
is (0,b), and g(x) = (v*—})/x% Let A = s. Solutions of

dx2+( z i)y =0

are ztJ (xs), 217, (xs). Let ¢(x,A), 6(x,A) be the solutions such that
BB) =0,  FB)=—1, -
0(b) =1, 6’'(b) = 0.

Then

$(z,2) = Tt (@s)Y, (bs)—Y, (xs)],(bs)};
(4.8.1)

0(x,A):%xibés{Jv(xs)Y;(bs) Y, (as)J(bs)}.

If v > 1, this is an example of Weyl’s ‘limit-point’ case. The only
solution of L2(0,b) is atJ, (xs), so that

bs
) = 0 )= 20 ag )
. . (b«/)\) 489
ie. m(A) = \/)\J(b«//\) (4.8.2)
The eigenvalues A, are the zeros of J,(bvA). Now
T,(BVA) = (A—A,) 30N (bR, )+
Hence m(A) has the residue 7, = —2,/b (negative because the
singularity is at the lower end). Also, if A, = s2,
bt J (xs,)
— T i} — T\,
d(x,A,) = x b3J (xs,)Y,(bs,) = 5 b o(bs)
Hence the normalized elgenfunctlons are
20,\3 b (xs,) _ 2tat](xs,)
b ) s, b(bs,)  bJ(bs,)
and the Fourier-Bessel expansion is
7,
for =5 > ,2‘”“"’ P ) dy. (483)
b { J(08,) )

If 0 << v < 1, all solutions of the equation belong to L2(0,5), and
we are in the limit-circle case. Consider first the case 0 < v << 1.

Since
Y,(2) = {J,(z)cosvmr—J_,(2)}cosecvm
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we have
$(@,2) = 2an” (U, (@), (bs)—J_,(@s)J, (bs)},
8z, A) — —gfl—bf-{,](xs)J (b8)—J__,(5) T’ bs)}.

The limit-circle is the limit of the circles

__ 6@, )cot a4-6'(a,A)
= B(a, N)cot o+’ (a, A) (4.8.4)

as @ - 0. Now as z — 0 (s fixed)

(xzs)” var—lsgv

s = gty O, ) = i

+0(@+).

Hence

0(a)cot a+6'(a) = {at+” cot a (3 +v)a—i+}—

" 2sinvn

7Tb s [s J_(bs)
[t
s=vJ.(bs)

~ 9 T(1—) {a“" cot a+(3—v)a—t"}4+O(ai~|cot a|)+ O(ai-")] .

Now let

at-veotat(3—v)a—i-v ca“” cot at-(3+-v)a-t+
2-"T'(1—v) - 2T'(14v) ’

where ¢ is a constant. Then
22T (14+v)(3—v) a—* "—9 "‘Vﬂl—v)(%—i—v)a —i+v . 1
OOt T (1) — 2 T(1 fv)ad = 0|,
and

a*“’cota-;—(g_}- )(1, —3+v —2"+1VP(1+1))

= 2o T(1—v)ab v 2T (1 4v)at~>

= av—-i

Hence the O-terms in the above cxpression are negligible if
3—v > v—1},ie. v < 1. Treating the denominator in (4.8.4) similarly,
(4.8.4) gives, when a - 0,

e8] (bs)—s"J (bs)
cs—vJ,(bs)—s"J_,(bs)

(4.8.5)

Since ¢ may have any value, m describes the circle obtained by
varying ¢, and so this is the limit circle. For cach value of ¢, m is
an even function of s, and so is a one-valued function of A. Its only
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singularities are poles, viz. the zeros of ¢J,(bvA)—A*J_,(bvA). Denoting
these by A,, we have

B = — T T NN V) — L A6, )

— ﬂl’—bevAn){cA;v.fu(mn)—J.v(xvm}.

2sinvm
The normalized eigenfunctions are |7, |*¢(x,A,), where the 7, are the
residues of m(A) at the points A,. For ¢ = oo the expansion is the
ordinary Fourier-Bessel expansion of order v, and for ¢ = 0 it is
the expansion of order —v.
In the case v = 0, we have

2 ' 2
Yy(xs) = - (y—{-log :f;) {14 O0(22)}, Yo(xs) = — + O(z|log z|)
as & - 0 (s fixed). Hence

B(a)cota-6'(a) — "”“’[{Y.,(bs) To(bs)> (y+log§)}(a*cota+%a—*>—
—w—a;Ja(bs)+O(ailloga[cota)—l—O(a!!loga])]

%
= %‘g[{ya(bs)—i J(,)(bS)logs}(ai cota_*']ia_*)—

(bS){ (y+log )(aicota-;-%a—apr ;2‘;}4_

+O(at|log a|cot o)+ O(aillogal)].
Taking
2 a 2 _
—('y-{—log —) (@t cot a+Ja-1) 4 — = c(a® cot a--Ja-t)
m 2 mat

and proceeding as before, we obtain
. _st{)(bs —{¥5(b8)— (2/m)Jo(bs)log s} (4.8.6)
cJy(bs)—{Yy(bs)— (2/m)Jy(bs)log s} °
This is an even function of s (see Watson, Theory of Bessel Functions,
3.51 (3)), and a result similar to the previous one is obtained.

4.9. Direct discussion of Fourier-Bessel series. The general
theory of Chapter II gives the Fourier-Bessel expansion under very
restricted conditions. A direct discussion of the formulae involved
gives the following more general result.
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THEOREM 4.9. Let f(y) be integrable over (0,b), and let v > —1.
Then tf 0 << x << b, the series (4.8.3) behaves as regards convergence in
the same way as an ordinary Fourier series.

Apply (1.7.5) to Bessel’s equation, taking ¢(b) = 0, ¢'(b) =1,
instead of the conditions at # = a. We obtain

i _ b —2)
2sin{s(b—2)} | o(e_.__),

|s[?

T, (b)Y, (s) — ¥, (bs) ] (ws) = —

™8

Also, by the well-known asymptotic formula for Bessel functions,
J(2) = (Eycos(z vm—1n) —{—O(IT_IL;I)
for 0 << argz <im, |2| =1

We have

J,(bs)Y,(s) (b;;( J,(@s) f P, (ys)f(y) dy +

D(x,A) = Jmat ™

b
Hﬂx*g:gg f YA (03T, (ys)— Y, (bs),(y)}f ) dy.

Let 0 < 6 << z, and let
O(x) = @, (x)+Dy(2),
where

D,(z) — {M)

) f Y f() dy,

and ®,(x) is the remainder. Now for |s| > 1/3

4 1lsl 8
of W f@)dy = [+ |

0 1/lsl

1/ls| )
= o{fyqys, @) ldy}+0{f lf(J)ldy}
0 1/]s]

1/]s|

=0{181‘* ly81”+*lf(y)ldy}+0{ lf(y)ld!/}
of |8 l*f

wrsof) o5

4957
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We now integrate round a quarter-square in the s-plane (s = o--1t)
with sides on the lines
bo = nr+jvr—+}m, bt = nn+{vn+-1n.
Here D, (x) = O(]s|ted-2%),

and the integral of this is easily seen to be O(n~%) (for fixed 8 and x).
In @y(x) we can use the asymptotic formulae throughout, and the
argument proceeds as in §1.9. We obtain, for example,

(bs)Y (xs)—Y,(bs)J (xs) ;
296 T.(bs) f Y (y8)f(y) dy

- _ 5 sins(b—a) cos(ys— fvm— 1) olly—2)
B é[{ s COS(bS—avw—in)+0( [s]? )}f(y) dy.

On the contour considered

cos(ys—m—3m) _ e‘"’“"b’{“fa(l 1)}

cos(bs— yvm—})

and the leading term is then the same as in the case of an ordinary
Fourier sine series. The result therefore follows.
Similar methods apply to the other Bessel-function formulae.

4.10. The Weber formula. Consider the case of Bessel functions
with the interval (a,00), where @ > 0. Taking, e.g., « = 0 in the
boundary condition at a, we have

d(x,A) = #aix*{J (s)Y, (as)—Y, (xs)J (as)},

O(x,A) = ~a,?fx*s{J (xs)Y (as)—Y, (xs)d (as)).

The only solution which is small as # — oo, for I(s) > 0, is
H®(@s) = J,(ws)-+4Y, @s).
It follows that
(@, ) = 6z, ) +mNp(e, )
must be a multiple of this; hence
—sJ (as)—m(A)J, (as) = i{sY (as)+m(A)Y,(as)},

v<as)+m<as> ()
J(as)ti¥as) — " Hfas) © 10D

m(A) =
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Hence for A > 0, i.e. s real,

—Im(\) = I{s y(as)+1Y, (as)}

J,(as)+1Y,(as)
J J(as)Y (as)—Y,(as)J ,(as)
o J2(as)+Y?2(as)
A S
T nad?(as)+Yi(as)
Also HM(iz) = %e‘*""iK,,(z), (4.10.2)
w
and K (z) is real for real z. Hence
Y (as)
H®V(as)

is real for purely imaginary s, i.e. for negative A. The final result

is therefore
@

xs)Y —7Y, (xs) (as)

0

sds X

@

- f Y, s, as)— Y, (ys) (as)} f(y) dy.  (4.10.3)

If, instead of ®(¢) == 0, it is assumed that
O(a)cos a+D'(a)sina == 0,
we obtain the corresponding formula in which J,(as) and Y, (as) are
replaced by

Sin o«

J, (as)(cos o W?L-) 4 J,(as)sin as,

etc. For example, if tan o = )L ,
2v—1
then J,(as) and Y, (as) are replaced by J,,,(as) and ¥, (as).

4.11. The Hankel formula. This is the Bessel-function case with
interval (0,00). Kach end is now singular. Take x = « as basic point
instead of the = 0 of the formulae of § 2.18. Then

d(x,A) = a ket (v8)Y, (as)—Y, (xs)J,(as)},

O(x,A) = %aixis{Jv(xs)Y;(as)—Yv(xs)J;(as)}.
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If v > 1, the solutions of L2?(0,a) and L%*(a,0) are atJ,(xs) and
2tH®(xs). Hence

___Jlas)
) = s, (4.11.1)
Yy, A) = Z—Zra*x*sJ,,(xs) S(as)—Y, (as) ((Zj)) }
b J (xs)
 at J(as)’
. }1(1)
Asin §4.10 no(A) = H(l)((;‘:)) (4.11.2)

Hence
1 1

=) IS{J @ M)
Jas)  HP(as)

= I{ -7 (as)Hw(as)} = "I as) (s> 0),
=0 (s=1tt>0).
Hence (3.1.12) gives

f@) =% fx*«fy(xW\) dA T?/*'fy(yW\)f () dy
0 0

xtJ (xs)s ds f yrJ,(ys)f(y) dy. (4.11.3)
0
Of course it is easily seen directly that

O,s) = ZaHP(es) [ 440, (00) ) dy +
(1}

12k as) f Y HD (ys) f(y) dy

and ©
—10(z,5) = Tebd,ws) [ 90 ) dy (2> 0)

0
=0 (s=1it t>0).
This gives the result again.
Consider next the case 0 << v << 1. Then m,(}) is given by (4.8.5),
with a instead of b, and m,(A) by (4.11.2). This gives
b e (ws)—sJ_ (xs)
(@A) = at cJ (as)—s?J_ (as)’
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Hf,”’(as)__cJ,’,(as)—sz"J'_,,(as)}
HM(as) cd (as)—s>J_,(as) |

Also my(A)—my(A) = 3{

Using the formula
HM(z) = tcosecva{e~"7],(z)—J_,(2)}
we obtain

2% c—s¥e=—tvm
md)=m,\) = 2 HD(as){cJ,(as)—s¥J_,(as)}’
Hence for A > 0, i.e. s real and positive,

1 _ p7a HM(as){cd,(as)—s>J_,(as)}

=) N3 oot
J,(a. 9)(c 32" cosvm)-1-Y, (as)s? sinve

T (as)— s (as)) DN
= {cd, (as)—s¥J_(as)} " —2¢8% cos 2v-+s¥

_ma {cJ (as)—s*J_,(as }2

T2 ®—2cs® cosvm }-sV

For A < 0, s = ¢, where ¢ is real and positive. Now

HM(iat) = %e—“"il{,(at)
Yo

and
cJ,(1at)— (it)>J_ (tat) = cet’™[ (at)—e mit¥e- v i]_ (at)
= etmifc] (at)—1*1_,(at)}.
1 __aK (at){cl(at)—t*1_,(at)}
H - e,
ence 'lrLl()\)—nL,(/\) c—1t¥

This is real, and if ¢ << 0 it is continuous. In this case the formula
(3.1.12) gives

fl@) = f wHed,(ws) —s (@], g j yMed, (ys)—s_ (ys)} (@) dy.
0

—2¢s¥ cosymt-s¥
0 (4.11.4)
If ¢ > 0, there is also a pole at ¢ = c!?*. Here
b eKenell(ah— L (ab)}
my(A)—my(N) 2y 10§ — /)
_ a01/2VSinV7T K2(at)

v (t—cl/z;j ’

2_cllv  _)—cllv

—cl2v — ~
Also t—c P Sl
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Hence the residue of 1/{m,(A)—m,(})} qua function of A is

sinvmr

2acllv K2(acl?),
vm

K, (xcti?)

ety — 2 K ae®)

Also y(w, —cl) = 4 K (ac®)’
Hence we have to add to the above right-hand side the term

200 TR (i) f PR,y ) dy.  (4115)
vm

In the case v = 0, m,(A) is given by (4.8.6), with a instead of b, and
my(A) by (4.11.2), with v = 0. Hence
at cy(ws)—Yo(xs)+ (2/m)Jy(xs)log s
@A) = at ¢, (as)ﬁVY*as)f{*Z/n 'aa)lous

and
. _ JHM(as) edglas)—T, as)+ -(2/m)J o(as)log s
my(A)—my(d) = 8{1181)(“ ey (@s)— Y, (as)+ (2/m) as)logs }
2 1+zc+1(2/77 logs

= 7a HO(as){cdy(as)—Yy(as)+(2/m). (as)log s}’
Hence for A > 0, i.e. s > 0,

N 1 L )na{ci__asLY (as)+( "/17_ logs}2
my(A)—my(A) {c+(2/m)logs}41
For A < 0, i.e. s = i, t > 0, we obtain
1 _ aKy(at){cly(at)+ (2/m)Iy(at)log t-+(2/m) K, at)}

my(A)— mz()‘) c+ 0/’”)10"t

This has a pole at t = e~¥™. Ast—>e-i7 it
aK3at) _ 2aKaetn)
edme(t—e-tme) T Zx—emme

Hence the complete formula is

a¥{cdy(xs) —Y,(xs) -+ (2/m)Jy(xs)log s}
Je) = J‘g e ( 2/77)10g8}2+l S8 ds X

x [ yH{edy(ys)—Yolys)+ (2/mM(ys)log s}f(y) dy +
0

@

+ 22t K, (xe—tmc) f YKy (ye ) f(y) dy. (4.11.6)

0
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4.12. Further Bessel-function expansions. Let ¢(r) ==z
(0 < x < o). Solutions of
2y _
dz (@—A)y =
are
ol@, ) = @—NLGBE=NY, @, ) = @—NK,FE—N,
where (x—A)! is real and positive for A real, 2 > A.
(i) Let o = 0 in the boundary condition at z = 0. Then

Bo(x,A) ‘/’0 A)—ho(x, )‘)‘?So(o A)
A )

PN = 40, 050, A)—mo V0.0’
B, A) = Pol® Mibo(0, ) —dho(z, Mo (0, A)

$o(0 (0, ) — (0, ) (0, 2)°
Since ¢y(x, A) is large as x — 0o, and ¢,(x,A) small, we must have

e ) = 0 )58 D g, ),

i.e. m(A) == :[/jo g.- :A
0

The eigenvalues A, are the zeros of ,(0,A). Now
0
o0, = A=A (0] +
An
= ’—(’\_)‘n)ll‘a(o’ A/L)+ .

Hence m(A) has the residue 1 at cach pole. Hence the normalized
eigenfunctions are
l/j ’ ”

¢il - 95 Z, An) ‘,bg O, "

To determine this in a real form, consider the value of y,(x,A) when
x << A. As A passes above x from the real axis on the left of it to
the real axis on the right of it, arg(x—A) goes from 0 to —=, and so
arg(x—A)? goes from 0 to —3n. Now

K\ (z) = Lmietm H{D(zedm?).

Hence
Ky(ze~¥) = lmied" H{V(ze~im)
— 1wieiwi{Hil)(z)_l_e—iwiH(iZ)(z)}
medmi [
23111 Iz

= 73{9]}(2)‘1‘2’_}(2)}.

(2)— eV (2)+ e e, (1) — Ty ()]
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Hence, if x < A,

Yo(@,A) = 5 A= [REA—2)}+T4{FA—2)]
Hence the A, are the zeros of

J,(3A)+J_, (3).

Also (from the recurrence formulae)

Po(x2) = T A=) H{FA—2) )/ FA—2)].

Hence the normalized eigenfunctions are
- _\/3 '7[‘0 ’ n
Il = N D)
(ii) Similarly, if « = }m, we obtain
V3iy(x, py)
n(x) = s DO
l/} W#n{']& ’5."‘n)+J—§ §/’Ln)}
where the p, are the zeros of .

J3(3A1) —J_3 (§A).
The two expansions together make up the expansion corresponding to
qx) = || (—oo < x <o)

4.13. Let g(x) = —x (0 << x < o0), and let a = 0 in the boundary
condition at x = 0. bolutlons of
1%y
Tt Ota)y =0
are (x4APJ {3(x+A)3}, (x-+2) Y {5(@+-2)1}

and the Wronskian of these is 3/=. Writing for brevity
X = j@+0h, Y =@, Z—=§
we have therefore

$(2,3) = ZNE@ANHIX)G(2)—F(X)J(2),
6(2,2) = ZA@+NHA(X)Y(2) =T, (X)Ty(Z)}-
Now H{P(X) contains a factor

et X = exp{ (x—}—)\)i} = exp{ x’(l +——+ )}
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which is exponentially small as z — oo, if I(A) > 0. All other solu-
tions of the equation are exponentially large, so that y(x, A) must be
a multiple of H{¥(X). Hence

—MJYZ)—mON(Z) = iNY}(Z)-+mNY(Z)},

WYy _ _ H(2)
m) = =Ny ZyFiv, 2) APZ)’
For A > 0, i.e. Z real,
OO -YIE) 3 1
—Im) = N YNy m BT

For A < 0, let A = pei™. Then Z = §uleti”. Now

. 2 . .
HM(xetim) = Ze-tvmiK (xeim)
i

= —2—.6‘*"""{6—"""]{,,(1:) —mil,(x)}.
™

Hence e—dmi
H{P(etin) = 2l K@) —e i @)
™y

= —2X K@)+t @)

H(l) (,wam) *(x)+1re"im1§(x)
Hence el 31)““"}&:@ Ky(@)+-metil(x) "

Hence

— - B et [ (§ul)
1) = I 8t b )
U

{(Gu) Ky (But)— 1;(%# VK (3ut)}

Ki(Gp
Ky(Gu
3 g
" TR (Bt e L (Bt MK (3ad) - meb T ()}
Y ./ B N R
377' 1

Also
B, 2) = —5,%»(x+A>*{J§(X>J_*(Z)—J_*(X)JAZ)}.

Hence, if —2 <A < 0,
$(x,A) = v ph@+ NI (X)L (Gpt) -+ (X)L (3ud)},

4957 M
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and if A < —uz,

B ) = o WG (e — Ly (3d)— L§ )L (B0

The expansion formula can then be written down from (3.1.1).
A similar result may be obtained with an interval (—oo,00). We
obtain

D(z,N) = 7@+ AHP(X) f (- NHPX)f(y) dy +

o

+ o @A NEPE) [ GHPEPOL) dy,

T

ete.
4.14. Let g(x) = —e** (—o0 < x < ). Solutions of
d*y
At-eX)y = 0
dx2+( +e* )y

are J,(e?), J_,(e*), where v = tvA. If I(A) > 0, the former only is
L3(—o0, 0), but both are L*(0,00). It is therefore the limit-point case
as x - —oo, the limit-circle case as x — co.

2sinvr

Since J,(2) ", (2)—J,(2)J_,(2) = — ,

e

the solutions 6(z), ¢(x) satisfying 6(0) =1, 6'(0) = 0, ¢(0) = 0,
¢'(0) = —1 are

O(x) = —Zsm {J(e®)J_(1)—J_,(e5) (1)},
$a) = — 5 AW ()= D).
Hence my(A) = —J,(1)/J,(1)

a(x,A) = O(x)+myQA)d(@) = —J,(e”)/J,(1).
Now consider the interval (0,5). In the notation of § 2.1, we have
—UA)

)T (1) =T (1) (1)}eot B+ (e2) (1) —J (1) Jy(1)}
N (D)= (@), (1)}cot B+ e ()T (N—J (1}
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As b —> o0, the denominator is asymptotic to
(;%)%{J_,,( 1)cos(e?— vm—}m)—dJ,(1)cos(e?+ jvm—}m)}cot B—

(2e”) . b b1
1)sin(e? — v — }r) —J,(1)sin(eb+ fvm— }m)},

and similarly for the numerator. Hence

—IA) ~

{J_,(1)—J,(1)}cos jvm cos(e?+ K)+{J_,(1)+J,(1)}sin jvmsin(eP - K)
{J_,(1)—J,(1)}cos v cos eb-{—K)-}—{J_v(l)—{—J )sin dvmsin(eb4K)

where cot K == ePcotf. The limit-circle is obtained by giving

cot(e?+4 K) any constant value C in this formula. Take, for example,

C = 0. Then T+ (1)

Mmy(A) = i

i )L

()LL)
N RS RO

Hence .
D(x,A) = ﬂhgT&/X) [{~ M(E‘f)-’rJ—w,\(e‘”)}_L Jn(e") f(y) dy +-

i) [ i)+ sae} ) dy |
and the expanQion formula is i

J J i
@) = f “/I\4 sinh 7{:/%\)_— “ f {Jine)+J_n(e)}f(y)

4.15. The Laguerre or Sonine polynomials. The Laguerre
polynomial of order » is defined by

eX [ d e
LX) = & () . (£15.1)

The generalized Laguerre polynomials are

XX -«
1) = 37 () erxe

n I( 7L+a-|— +1) ner. i
Z)r' n r T+a+l ( X) (4.10.2)

Thus L) — (-1 n+a+1>w( )

where the 7%(X) are the Sonine polynomials.
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Now if 4 = e-XX"+2 then

du
XdX (n+a—X)u.

Diﬁerentiating n+1 times,

Xan+2+( +1 )an+1 (nta— )an-u (n+1 )an

Hence u, = (d/dX)"(e-XX"+*) satisfies the differential equation .
d"u
Xzt

and u, = eXu, satisfies

d*u, ( a——l) duy n+a

(X—{—l——oc)d—)%-{—(n-{—l)ul =0,

-1+ 5 ) e e w = o (4.15.3)

This is therefore the equation satisfied by X*L{®(X).
Putting X = 22, uy = x~*te~#"y, we obtain
d2u,
da? (x
We should therefore expect to obtain the functions
gotie—tr? Lﬁf‘)(ﬁ)

as the eigenfunctions associated with

—4n——2a——2) Us. (4.15.4)

q(x) = a2 ———2i (0 <z << 0). (4.15.5)
Consider then the equation
dZ?/ 9 2
(ET"-—I_(/\ x —M~)‘/ = 0. (4.15.6)

This is equivalent to (4.15.4) if A = 4n+2a+2. Hence ¥ = zx-tele’y
satisfies

a2y NdY A420—2
——1 =
Ix? ( —|— X )dX—{— —ix Y =0 (4.156.7)

corresponding to (4.15.3).
Assume as a solution

Y = f 9(2)eX* dz
taken round a suitable contour. Integrating by parts,

Y = —-§ f g'(z)eX? dz,
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if the integrated term vanishes at the limits. Similarly

av _
ax =

a2y 2 Xz 1 2./ Vo X2z
C_I_X_é:__J‘zg(z)g 2z = _Xf{zg(z)+2zg(z)je dz.

Hence (4.15.7) gives

oo ds = — o f (o' () +9()}e ™ dz,

—x | €7@+ 226) 20 () =90+ (o)

—1A+2a—2)g(2)}eX? dz = 0.
This is true if
() _ —(atz+i0+2042) _ A—20—2 A-2042

9(2) 2z—1)  4ez—1) 4z
g(z) = (z_l)i(A-Zm—Z)z—i(/\+2a+2)_
Since

e XY = | g(z)eXC-Vdz = J.g(z'—{-%)exz' dz'

we obtain finally as solutions of (4.15.6)

(#+)
$y(x,A) = at-o J’ (z— })HA-22-2)(z | 1)~10+204D02% fy  (4.15.8)

and
(=3+)
B2, X) = xi-a f (z—})iA-20-2) (- 1)-1A+204 22% y (4.15.9)
Here the integrands have the value which is real and positive for
z real and greater than §, and A real.
As x - 00, ¢, is dominated by the part of the integral near z = %,
and so is asymptotic to

#+) (o+)
ai-o f (z— })iA-2a-2a®s z — gi-ugtat f 2HA-20-2)p2%

—o —o

= x- P12 sinf{}n (A — 20— 2)}T{}(A— 20+ 2)}.

Similarly
(=3+)
by ~ ah-cetind-20-2) f (2-+})-i0+204D2%z g
—o

— i -te-br'2jetimd-2e-2gin{fr(—A— 20— 2)}T{}(—A—2a+-2)}.
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i+)
Also ¢y ~ ah-o J. (z—3})¥A-20-2025207% dz ~ x,
and similarly ¢y ~ —x,.

Hence

Wy, o) ~ —22¢, b,
~ 8etimA-20-2gin{1m(X — 20— 2)}sin{}m(—A— 20— 2)} X

X T{}A—2a+-2)}T{}(—A4-2a—2)},

. - 82etin(A-2a-2)

ie. (b1, b2) = {320t 2— N T{H(20+ 24 1)

We have
D(z,A) =

¢'17 ¢2) {¢2(x A) f é1(y, M) fly) dy +

@) [ o) do)

Now 1/W(¢,, $,) has poles at the points
A, = +(4n+2a4-2) (n=0,1,.).
Taking the upper sign

a+) ( 1)
z2—3)" 3,
éi(x,2,) = at— f (z—i— é,)2+a+1 ™ dz.

In this case there is no singularity at z = 1, so that

17 e =1y
z2—4% 2 1)
. &__ A\ o 1:,, _ — _} 2 \@«— 7 .5
¢1(x’ An) = xh f (z+%)n+a+1 v dz = ah-terie antat+l v dz
— o —
" L eh
= xi—ae—%z’zw——__(_'-l)n "n‘j f Zr-n—a-lez’s
< ri(n—r)! J
n
—1)»-rp! . .
= xi-e-iz* (—1) (—1)*"2isin ma X
~ rl(n— )|

X F(T-— n— a)xzn—Zr+2a

(_ l)n—ern Zrnl

= patip—4z39s )
ve 2”; r!(n—r)!T'(n —r+a+1)

_27'71_72“ xotie- &x’L(tx)(xz)

I'n+a+1)
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and ¢2(z’ An) = ¢1(x’ An)

Taking the lower sign
(—1+)

—1yn-a-1
¢2(1', ’\n) =z« '(E_(éi_)%p_ e¥ dz = 0,

so that ®(z, A) is regular at these points.
The residue of 1/ W(¢,, $,) at A = 4n+2a+21is —I'(n+a+1)/272n!
Hence the residue of O(x, A) is

F(n+a+1) 2772(7&!)2 atdp—a? T () (2 3 a4y T(@) (as2
m 2 Fz(n—f—a—f—l)x e Ln (x)fy+e an (y )f(y)dy

20! a2 f w1t [()(y2
= Fada D)™ e L0 | yrrie LRGN () dy-

4.16. The ‘hydrogen atom’. Let
r(r4-1) ¢
q(x) = -

= (0 <z < o), (4.16.1)

where r is zero or a positive integer. Then
dy r(r+1)
: Ny =0, 4.16.2
da? { x? }y ( )

This is the celebrated equation from which physicists have been able
to derive the theory of the hydrogen atom.
Putting y = 'Y, A = s%, we obtain

d®Y 2rdY v
ot (5+s )Y = 0. (4.16.3)
Assuming Y = f g(z)e% dz

and proceeding as in the last section, we find that Y satisfies
(4.16.3) if
g'(z) c—2(r+1)z _ lc—r—l_k—l—r—{—l

g(z 224s?  ztas z—18

where k = }ic/s. Hence

g(z) = (z+is)k_"‘1(z—i,g)-k-r—1‘
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Hence solutions of (4.16.2) are
Y = ;l-r f (z4-18)k—"-1(z—1s)~K-T-1e22 gz
taken round suitable contours.

Let (%, ) = ;1 j (eis)er-Yo—is)Frlem dz,  (4.16.4)
p :
where C is a closed contour surrounding both 7s and —s, and where
arg(z--ts) and arg(z—1s) both go from —= to = round the contour.
Thus (z+1s)* is multiplied by €27, and (z—s)~* by e-27%  and the
whole integrand returns to its original value.
(is+)

Let bal,A) = ;.l‘r f (zt18)e—"-1(z—18) k-T2 2, (4.16.5)
where the loop includes i3 but not —¢s. Here arg(z—1s) goes from
—= to =, and, for s in the first quadrant, arg(z-+¢s) starts with the
value 7 and returns to = again.

Putting z = is+4-{/x,

(0+) r1
bt ) = @i [ (14 L) g,

where arg(14-{/2isx) > 0 as { - 0. Hence by Whittaker and Watson,

Modern Analysis, §16.12,
2mrieink

o®,A) = o

BN = Negrt1)

The integral in ¢, clearly represents a function regular near z = 0.

The coefficients of all powers of « up to ¥ vanish, as is seen on
expanding the contour to infinity. The coefficient of x? 1 is

1
(2r4-1)!

(2i8)~"-1W, _,_y(—2isw).

. . 27
k—r—1(y___ —k—r-1,2r+1 —
J (z+1s) (z—1s) 22+l gz @
¢
(again expanding the contour to infinity). Since M, ;(z) ~ 2+ for
small z, it follows that
. 2777: Mk’r+}(—2i8x)
$i(@A) = (2r4-1)1  (—2as)y+L
Let w(d) = W(¢,, ¢,). Denoting the integrals in (4.16.4) and (4.16.5)

by 1, and , w(d) = 2= W (L, L).
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Hence 2r)! w(A) = [(—i)WW(Ip 12)]

dx =0
As above we have I{’(0) = 0 for v = 1,..., 2r, and [{*{9(0) = 2.

Hence
(2r)! w(d) = —2mi1,(0)
(is+)

= —2mi [ (a-is)r M p—is)Hr1 da
o
= —2m f (C-}-Zis)k-—r—lg—k—r_l dz.

Let arg(is) = 0 (3= < 0 < ). We may turn the contour into a
position in which { comes from infinity with arg{ = 6—2x, passes
round the origin, and returns to infinity with arg{ = 60; and
arg({+-2¢s) = 6. Hence the last integral is equal to

@
@ik —r-1)(il(~k~1)_ gi@-2mX~k~1))| 97| ~2r-1 J‘ (4 1)k—r-1g—k-r-1 g¢
0

= (248)~2r-1(1—e2ik) " L(—r— k)l‘("r—i—l).

Pr+1—k)
— 2ri(248)~2r-1(1 — e%Ek)
(r—k)r—k—1)..(—r—k)

Hence w(d) =
Now

o — P f s fw ay + 2 [ a0 v

This has poles at the zeros of w(]), i.e. at
C2
s e 1 _—A, = =0, 1,...).
k= r4-n+1, A=, ) (n » L)
Now ) — —dn(2is,) -1 dk
@) = 1) (e T 2r) dA
_ 4mm! _ntrtl ‘3’+12(n+r+1)f’
T (n-2r+1)! c c?
__ 8n'ml  (nri L)
(n+2r41)1  e¥es 7

Also
¢1(x’ An) = ¢ (x’ An) = ’ﬁf (z+zsn) (z__isn)—n—m‘—‘lerz dz
— T Hlg—calAntr41) J' (L 2ias, )rL-n-2r-2¢L dE,

4957 N
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where z = is,+{/x, and the contour is now a closed curve round
the pole. From (4.15.1) and Cauchy’s formula for the pth derivative

wes o, P! [(4t)Pet dz.

(?.;t)—*ﬁ ~ 9m {p+

(@) [ et

p(t) = t'ﬁ—

2t (p—m)! w1
where L7(t) denotes (d/dt)™L,(t). Hence

Hence Lpt) =

min!
di(x, ) = artle—cx/2nir+l) ST e («——cx )

{(n4-2r )2 g 1]
Hence ®(x, ) has the residue

2r+3
¢ n' r+le—cr/(n+r H)LZH 1

cxr
2(ntr 1)+ {(nt-2r4-1)138 ’“(n+r+ 1)

o]

X f yr+le—cy/(n +T+1)L2’:[_"1,.+1

(L) @

The sum of these terms is the contribution of the part of the spectrum
with A < 0.
We can write
(—is+)
éi(x,A) = 5:1; f (z4-18)*~7-Y(z—1is)K-"-1exz dz |

-0

(is+)

-{——;7 f (z4-i8)k-T-1(z—1s)~k-T-1exz {7,
where in the first integral arg(z--¢s) goes from —= to =, arg(z—1s)
from —= to —; in the second, arg(z+-s) goes from = to =, arg(z—1s)
from —= to . The second term is thus ¢y(x,A). Now if in ¢,(x,A)
we increase args by =, we get an expression apparently the same as
the above first term, but with arg(z—1s) going from 7 to = instead
of from —= to —n. Hence

b1(,A) = e+?iky(x, Ae*m)+by(, A).
Also w(Ae¥T) = —e—2miky(}),
Hence for A real and positive
¢2(x’ A) ¢2(Q§, ,\e2m') — 952(7’" A)+e2nik¢2(x, )\6}1") _ ¢1(x: A)

w(}) w(er™) T T () T Te@)
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Hence
10(z, ) = {0 ) (@, deiri) = L P ) d,
where r—1(1 __ p—mcls
iw(\) = 2m(2s)-2r-1(1—e )

(r24-c?/4s%)...(14-c2[4s2)(c/2s)
217(1 —e-mcls)

T (4824-c?)...(4r%24-c2)c’

Hence the interval 0 << A << o0 contributes a term

o [ CEE D L 920 s [ty 50y
0 0

e-—m/s

4.17. Hypergeometric functions. Consider the equation
(X—}—l)i\z)—{—{y—f— 1) X}M MY =0 (0<X <o0). (4.17.1)

Solutions are
Y, = F(a,b,c, —X), Y, = X'-*I(a—c+1,b—c+1,2—c, —X),
where c=1, a-t+b = a, ab = X*,
say @ = Ya+3(a®—4A%)}, b = Ja—§(a®—4A*)L,
We transform into the standard form as in §4.3. Putting
X = sinh?lx,

. dxy rIY .
we obtain P +B(x) 5 J-A*Y = (4.17.2)

where

y+(a+1)X—(X+] )_acoshx+2y~—l—a

Al) == 5.0 €51 sinh &
Putting ¥ = r(z)y, where

r__]\$+ia-y
rw) = (1 sinh-lo,
et4-1

—+ M —g*(@)}y = 0, (4.17.3)

. d*y
we obtain T

where
7*(x) = }fA@)+1B (2

a?cosh?x+2 (a——1)(2y—l—a)cos}n—{—(Zy—l—a) —2a
' 4sinhz )
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Finally, put A = A*—}a2, and
q(x) = q*(v)—1a*
‘)(a—])("y—l—a)CO‘ihx+2a —4dya+(1—2y)%

L 4.17.4
4 sinh2x ; ( )

. d*y
we obtain ~é+{)«-~q(x)}y = 0. (4.17.5)

In this notation ¢ = Ja-+1VA, b = Ja—ivA. Corresponding to ¥; and
Y, we obtain solutions of (4.17.5) asymptotic to

Axr-, A@?)t-rar-t = Aty

as x - 0. Hence the origin is of limit-circle type if 0 <<y < 2, and
otherwise of limit-point type. To take a definite case, let y > 2.
Then the only solution of (4.17.5) belonging to L30, 1) is

Y = my(x,A) = {r@@)} 1 F(Ja-+iVA, La—1iVA,y, —sinh? Lx).
A solution of (4.17.1) for X >1is
X-%F(b,1—c-+b,1—a-+4b, —1/X).
This leads to
y = ny(x,A) = {r(x)}tsinh~* 2 F(b,1—c-+b, 1 —a+b, —sinh—2 Lx)
as a solution of (4.17.5).

As 2 — o0,
75(®, A) ~ sinht®x sinh-20 Lo ~ Aetevd,

Hence 7, is L3(1,00) if 0 < arg VA < 1.
The other solution, obhtained by interchanging a and b, gives
e~iwVA_ and so is not L2. Also
W (1, 7m0)
= {r(x)}2W{F(a,b,c, —sinh? }x),
sinh-% {x F(b,1—c+b,1—a-+b, —sinh~2 }x)}
= {r(x)} X (X+1)EW{F(a,b,c, — X),
X-08(b,1—c+0b,1—a-b, —1/X)}
{X(XH-1)}t T(e)l'(b—a)
= o -a —cta, 1— —1
i x)}2 N(B)(c—a) W{X F(@,1—c+a,1—b+a, —1/X),
X-2F(b,1—c+b,1—a-+b, —1/X)}

POT(b—a), ) _  2iATG)D(—2iV))
T(5)(c—a) T(3a—ivA)(y— Fa—ivA)

~ 2a+b
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as X — o0. Since W (7, n,) is independent of z, this is its value. Hence

 T(Ja— iV (y—ja—iv))
@A) = "5ty D(y)I(— 2ivA)

X {nz(x, N [ mates V) dy -Fma(e, ) [ 7alo, V1) dy}.

When A is real and positive, », is real, and since @ and b are con-
jugates

1{ 7a(, A) }__ 1

W(n1s ms) 204147 (x)

Lro)y'ec—a) v ,p
% { Ty X 1o, 1, 1)~

I‘(a)l‘(c—— ) _a i o 1Pl
g A ) e S 1)
B 1 D@D ) (e—a)e-o),
T 2nitr(@)i(a—b)  Te)l(b—a)¥ayD), f:(“‘ b, =)
1 ( - WA D(y— Lot Z\/)\) )
Toxiz )| D(y)1(26WA) ”1(‘1”)\)'

Hence there is a continuous spectrum from 0 to co, which contributes

to the expansion of f(x) - .
1 [ [D@at i) Dy—Ja-t-ivd) 2
§a+2ﬂf L(y)I( 2“/)\) } 7, A) \//\ f (Y, A f(y) dy.
0

There may also be a finite number of poles on the negative real axis.
These will be at the points —iVA = —}a—mn or —iVA = Ja—y-—n,
if these are positive for any positive integer values of n. The corre-
sponding residues are easily calculated.

4.18. The case y = }. In this case

a(l—a)
1) = § cosh? o
and there is no singularity at « == 0. The a2-interval may be taken
as (—oo,00). We have

(4.18.1)

r(z) = 2-1*cosh— iz,
and solutions of (4.17.5) are
0(x) = cosh® }a F(Ja--ivA, Ja—ivA, §, —sinh? Jz),

$(z) = —2cosh* Jasinh §x I'(3+fo+ivVA, i+ fa—ivA, §, —sinh? §z).
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These are even and odd respectively. The solution which is small
as x —> o0 is

sinh—26 1x !
" ger(a) F(b,b—f‘%’ 1—a-+b, —éifl@)

I'(1)0(1—2ivVA)
I'(1—3a—iVA)D(3+ Lo wﬁ)e(x)_

10(— 1) T(1—24vA)
T — Sa— s D (S i) P

Hence, in the notation of §2.18 or §3.1

T ba— VAT (1 Ja—iv2)
My(A) == F(‘E; O‘_@\/)\)F( rx—-L\/)\) ’

nd, since g(x) is even, m,(A) == —m,(A). In the notation of §3.1
EO) = {Im,N)}, LN = — Ty

There is a continuous spectrum from 0 to co, which contributes

> [ o g an [ o i) dy +

1 [ s rre [ g0 dy

to the expansion of f(x).

There may also be a finite number of poles on the negative real
axis. Suppose, for example, that « = n-|-1, where n is a positive
integer. Then m,(A) has zeros at the points

—iVA == In—r (r==0, 1,..., [§n]),
the residue of 1/m,(A) being
(=1y @r—n)'(n—r+1})
" DG—n)(n—rt1)
This is case (ii) of § 2.18, with p, = 1/4,, p; = —1/A4,. Hence ®(z,])
has the residue '

~34,6(,)) [ 6(y,2,)f(3) dy,

where
0(x,A,) = cosh™*! Jz F(r-+4, n—r+-3, 4, —sinh? }z).
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Actually the solutions of (4.17.5), where q(x) is (4.18.1), are associated
Legendre functions with argument tanh }x. In fact

n—r
0(x,a,) = (—1)"=r2" (( 25:% P~ (tanh ix).
This is easily verified by showing that the two sides satisfy the same
differential equation, and are equal, with their first derivatives, at
=0,
There are also poles of m,(A) at the points

—iNA = fn—t—r (r=0,1,.,[in—1}]),

the residues being
B — (—=1y @r—a+1In+3—r)

rl D(—§—nln—r) °

This is case (iii) of §2.18, with p, = B,, p, = — B,. Hence ®O(z, )
has the residue

1B, (. ) [ 6y, X)f(y) dy.
where o
é(x,A;) = —2cosh™+! Jasinh Jx F(r+ 3, n—r+4, 3, —sinh? §x).
It is easily verified as before that this is equal to

2" (n— r)
(2n—2r)!

(— 1) P"‘Q’ I(tanh }x).

Another interesting particular case occurs when the coefficient of
coshx in (4.17.4) vanishes. The solutions are then expressible in
terms of associated Legendre functions with argument coth Jx.

4.19. Another formula involving hypergeometric functions arises

as follows. Consider the equation

dY

(1+X)dX2—|-{c+(a+b+l) } »»»»» -{—abY =0 (419.1)

satisfied by Y = F(a,b,c, —X). Putting
Y1 = Xé0(1+X)i(a+b+1—c)y
@,
dXx:

1 See Forsyth, A Treatise on Differential Equations, (4th ed.), § 116.

we obtaint +ZY, =0,
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where
1—(1—c¢)?2  1—(c—a—b)? (1—0)2—(a~—b) +(c—a— b)z—l
Z="yx T iagxr T X(1-+X)

Putting y = X1, X = 7, this gives

d’y 9

S+ (X2 (4.19.2)

A4X BX
2 — = A=
Now X2~} =2— X7 (X _}_1)2——)\ q(x),
where A4 = }a—b)>—}(1—c)?, B = }—}c—a—b)?
A= —1}1—c)

Writing 1—4B = (1—2a)?2, the relations between the parameters are
a = a+iVA+iJ(A—4), b = at-1vA—i,J(A—A), ¢ = 14-24VA.
Solutions of (4.19.2) which are L%(—oc0,0) and L?(0, o) respectively
for I(A) > 0 are

$i(x) = Xie-¥(14 X)batbr1-0F(q, b, c, — X)
and
do(x) = Xie-i-b(14 X)i@+bi1-0p(h 1 —c+b,1—a+b, —1/X).

The resulting expansion formula is of the type (3.1.8), but does not
seem to reduce to a very simple form.

If A = 0, the ¢g(z) of this section is the same as that of §4.18. The
two sets of formulae are connected by the relationy

(1+z)2P F(2P: 2P+1_Q: Qa Z) = F{Pa P'I’%: Q:4Z/(1+2)2}'
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§ 4.2. Titchmarsh (4).
§§ 4.3-4.7. Titchmarsh (3). Naturally these formulae are treated by Szego in
more detail.
§§ 4.8-4.9. See Watson, Theory of Bessel Functions, ch. xviii.
§ 4.10. Titchmarsh (1).
§ 4.11. Weyl (3), Watson, Theory of Bessel Functions, ch. xiv. So far as I know,
the case 0 < v < 1 has not proviously been worked out in detail.
§ 4.12. Bell (1).
§ 4.13. Weyl (2), Titchmarsh (3).
§ 4.14. This example was pointed out to me by Mr. Crum.
§ 4.15. Sonine (1) 41-2, Burnett (1).
§ 4.16. Schrodinger (1), Titchmarsh (3).
§ 4.17-18. Weyl (1); information rogarding Py supplied by Miss K. Sarginson.
§ 4.19. Eckart (1).
1 Forsyth, ibid. 241, 5 (i).



v
THE NATURE OF THE SPECTRUM

5.1. The main object of this chapter is to determine how the
spectrum depends on the function g(x).

Take the interval to be (0,00), with no singularity except at
infinity. Then there are, broadly speaking, four different cases. If
q(x) — oo, there is purely a point-spectrum; the examples ¢g(z) = 2,
q(x) = z of §4.2 and § 4.12 illustrate this. If ¢(x) - 0, there is a con-
tinuous spectrum in (0,00), with a point-spectrum (which may be
null) in (—o0, 0); the formulae of §4.10 and §4.17 are examples. If

g(x) > —oo, but so that [|g(x)|~*dx is divergent, the spectrum
extends continuously from —oo to oo, as in the formula of §4.13.
Lastly, if ¢(x) > —o0, and f |g(x)|~* dx is convergent, there is a con-
tinuous spectrum in (—o0,0), and a point-spectrum (which may be
null) in (0,00). This is illustrated by § 4.14.

Actually in each case, except the first, we have to impose other
conditions, so that classification is by no means complete; but all
ordinary examples come under one or other of our theorems.

5.2. We begin with the second of the above cases, but actually
assume, instead of ¢(x) - 0, that gq(x) is L(0, o).
We require the following

LeMMA 5.2. Let f(x) = 0, g(z) = 0, and let f(x) be continuous, g(x)
integrable, in 0 < x < X. Let

T

f@) < O+ [feg@ de (0 <z < X). (5.2.1)
0
fa(t)dt
Then flx) < Ce?® 0 <z < X). (5.2.2)

Let
y = [f@g) dt,
0

4957 o
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Multiplying (5.2.1) by g(z),

d

= < Cgl)+yg@),

- | o)t -‘ () de
d%{ye gg }< Cg(x)e 5‘0 .

Integrating over (0,x),
~fooat ~fowa fowa
ye ° < C{l—e ° }, Y << C{e° —1],
and (5.2.2) follows.
5.3. Let ¢(x) = ¢(x,A) be the solution of
Y gy = 0
with ¢(0) = sina, ¢'(0) = —cosa. By (1.7.1), with @ = 0, A = s?,

X
cos o+~

¢(x) = cossrsino— smé
s

+; [ sintse—laww) dy.  (53.)
0

Let s = o+41t, t >> 0, and write temporarily ¢,(z) = ¢(x)e=**. Then

sin sz
¢y(x) = e cossxsina—e** " cosa+
s

1 3 .
+ [ etersinis(—ya)0) dy.

0
Since |cossz| < €, |sinsz| < e, it follows that

1 1 ¢

9@ < s [ g .
0

Hence, by the lemma,

$1(2)] < (1 +|si|) exp{l—i—l f lq(®)] dy}.
0

Since ¢(y) is L(0,0), it follows that ¢,(x) is bounded for all z,
sl =Zp>0,t=0.
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Now consider real positive values of s. Then ¢(x) is bounded for
8 > p. Hence (5.3.1) gives

sin sx

é(x) = cossxsina—

cos o

Cﬂll—a

fsmsx Y¥)q(y)d(y) dy +0{f|q(y)ldy}

0
= u(A)cos sx+v(A)sinsz+o (1) (5.3.2)

(as  — o0), where

oo

w(A) = u(s?) = sina——g f sinsy q(y)$(y) dy,
0

v(d) = —COS""-F1 f cossyq(y)(y) dy.

8
0

@

Since the integrals converge uniformly, x and v are continuous func-
tions of s.
Similarly if 6(0) = cos«, 6'(0) = sina,
0(x) = py(A)cossx+vy(A)sinsz+o (1), (5.3.3)
where

1 (A) = coso— ::- f sinsyq(y)0(y) dy,

§in o
S

1(A) = +§ f cossyq(y)p(y) dy
0

Also, differentiating (5.3.1),

¢'(x) = —ssinsxsin a—cossxcos a+ f cos s(x—y)q(y)b(y) dy.
0

Applying this in a similar way, we obtain

¢'(x) = —su(A)sin sx+-sv(A)cos sx+-o(1).
Similarly
0'(x) = —su,(A)sin sz+-svy(A)cos sx+-o(1).

Hence
W(é,0) = W{u(A)cos sx+v(A)sin sz, pu,(A)cos sz+v,(A)sin sx}+o (1)
= MW —p WM} 40 (1).
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Since W(¢,0) = 1 it follows that
B Q) — i (R) = (5.3.4)

Now consider complex values of s. For a fixed positive ¢, (5.3.1)
gives
—18%
d(x) = Letez sina—{—i cosa+ O(e%)—
x

e-”“*”’q(?/)#y) dy +0{ [ e =D g(y)$(y)| dy}

o

T s
0

as £ —> 00. Since ¢(y) = O(e?), the last term is

o [ sor-=1aty) )

0
z—8

—O{e'<x~28> flqyldy}w{ f |dy}—o(ew)

Ao [ etengiy)big) dy — ofes f 1401 ay) = o(e").

Hence d(x) = e~ ={M(X)+o0(1)}, (5.3.5)
1 ¢ .
where M@) = isina +0338a—§i—8 Vg (y)d(y) dy. (5.3.8)
0
Similarly 0(x) = e~s={M,(A\)+o(1)}, (5.3.7)
1
where M;(A) = Lcosa— %I@% —55 esvg(y)0(y) dy. (5.3.8)

0
Since 0(z)-+m(A)d(x) is L2(0,00), it follows that
m(A) = —M,(A)/ M (7). (5.3.9)
As s tends to a real limit, the numerator and denominator in (5.3.9)
tend to #u,(A)+449v,(A) and Iu(d)+3iv(d) respectively. By (5.3.4),
w1(A) and »(A) cannot both vanish for any positive A. Hence

limm()) = F‘l(’\)"‘wl(’\)

B Q)
and the imaginary part of this is
_ B Q)= ApQ) 1
pQ)+v*(QA) AHp2@A)+v*A)}
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Hence in the notation of § 3.3
: d
Q) = | —— 2% | 5.3.10
W of wh{p®(u)+v3(u)} ( )

Hence the spectrum is continuous in (0,00). The contribution of
this part to (3.1.1) is

[}

L j T f B, /() dy

m
]

2 o]
z;f (fz()ai)* 2(37) f¢(J’82)f(y) dy.
0

Next let s — ¢t, where ¢ is real and positive. The integrals in
(5.3.6) and (5.3.8) converge uniformly, and hence M(A) and M,(])
tend to the real limits

-]

%sina-°°s°‘+ e—Mq(y)qsw) dy,

sin o

$cosa +———+ e“"q(y)(?(y) dy.

Hence I(m) — 0 except possibly at the zeros of M(A). Since M(A) is
an analytic function of s, regular for I(s) > 0, the zeros are isolated
points. Hence there is a point-spectrum in —oo << A << 0, which is
bounded below, since M(A) ~ }sina or cos«/2¢s as 8 - o0.

5.4. A transformation of the basic equation. In order to deal
with cases in which ¢(x) is large at infinity, we make a transformation
of the equation

d%y _
@Hh—q(x)}y =0 (6.4.1)

which will be used frequently in later sections. Suppose first that A
is real, q(x) << A, and let ¢'(x) and ¢"(x) be continuous. Let

£@) = [Q—q}idt, @) = A—g@ly.
0
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_ _ . dy 1 ¢'(x) 1
T~ T [{“ 1N g~ 4{A Q@ ]{A—qm}*

(x)

d*y _ ¢'(x) |5 q%*=w) 1
a7 = | —a) - {{A wepta {T—i@)’}*‘ﬁ]{k?w»f

Hence (5.4.1) transforms into

ay @) ()
dg +[4 e qx>}2+16{A q(x)}*’]” 0 (54

This is an equation of the same form as (5.4.1); but in (5.4.2) the
coefficient of 7 in the last term is in general small when A is large,
or when ¢(x) is large and negative.

It follows that, if n = ¢(£), ¢ satisfies the integral equation

H(£) = $(0)cos {+¢'(0)sin E—
¢

1 g’ 5 a0 Yy a0
f [4{,\ qt)}2+16 {A_q(t)}3]¢() , (5.4.3)

where = = £(¢). This can be used as in previous sections to obtain
asymptotic formulae for ¢(¢)

If A is not real, or g(x) > A, ¢ is not real, and the above formulae
would involve integrals along complex paths. It is not necessary
to introduce such integrals, since we can obtain the corresponding
integral equation in terms of the real variable x directly, as follows.

Let ¢(0) = 0 (this involves at most a change in the A-origin),
and write

d?y

T (5.4.4)

= g d—awy 3| -
Then

Pe) = P—g@t | A—ge g o Ty | -

— _[_1. @) 5 qw) ] _
4 {A—q(x)} ' 16 A—g(x)}?
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Let

x

= f sin{¢(x)—£(¢)} {7\-%}? dt

0

- f sinfé(@) —£(0) ] 00} 57 |0 +

+ f sinfé(x) — £} —g())ty dt
= L+1, ’
by (5.4.4) and (5.4.1). Now .
1, = [sinfete)— €A —a0)} 5] ] + [ costete)—p L e
— (O sin £(e) -+ [eos(E ) — £ —
- f sinfé(z) — £OMA—q(O)Y (@) dt

= — (X~} sin £@) -+ (@) —n(0)cos (@) — ;.
Hence n() = 7(0)cos &)+’ (O~+ sin (@) +1,
i.e. n(x) satisfies the integral equation

7(x) = 7(0)eos £(x)+n'(0)A~¥ sin £(x)+
+ f sinf¢()— ()} R(t)n(t) dt,  (5.4.5)

L L) 5 g
where R(t) = — 1 PP 16 P—qi (5.4.6)

In these formulae, if I(A) > 0, we take 0 < argA < , and, if e.g.
q(¢) varies from 0 to co, arg{A—gq(f)} varies from argA to =.

5.5. The case g(x) - co. We impose the following additional con-
ditions. Let q(x) tend steadily to infinity, so that ¢’(x) > 0; let
q'(z) = O[{g(x)}’] (0 <c < 3), (5.5.1)
and let q"(x) be ultimately of one sign. Then

r q*(x) T q ()
2 Ldr =0 d
f @y ” [ {g(x)}t- x]
Xo X,

= O[{g@)}z, = 0Q1),
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and hence also

X X
@ g [d@ 1 3[4 5 _
J e [{q(w)}*]x,+2x (g ©* = OO

Hence j? |R(z)| dx (5.5.2)

0

is convergent, uniformly with respect to A over any region for which
|A—gq(z)| = & > 0 for 0 < x < 0.

5.6. THEOREM 5.6. If q(x) satisfies the conditions of § 5.5, the
spectrum is discrete.
Since bargd < argd—q(®)} < in,

the imaginary part of £(x) is positive if I(A) > 0; as x - oo, while
A remains bounded,

&) ~ i [ (g} dt,

and so e~#%®  co.
We can now argue with (5.4.5), as we did previously with (5.3.1)
to obtain (5.3.5). Let 1,(z) = ¢¥@n(z). Then (5.4.5) gives

(%) = 7(0)e%@ cos £(x)+ 7' (0)A~4eHsin £(x)+-

+ feiffw—ﬂm sin{é(x)—E&(t)} R(t)n,(2) dt.
0

Hence  [ny(2)] < [n(0) 417" (04 [ | B()my(0)] dt,
so that by Lemma 5.2 °

Im@)] < {O)|+7'( )f\‘*l}eXP{ IR(tndt}

Ol_.’s Ol

< {m(o>|+|n'<o>a-*|}exp{ RO e}

Hence

[9(@)] < (2(0) |+ O exp{ [ 1R(0)] e}~
0

Applying this to (5.4.5), we conclude as before that, for any fixed A
in the upper half-plane, as - o0

(@) ~ (1n(0)-+ 4in/ OD-+ i [ #OR()() l)e-i5,
0
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Now let n(z) = {A—q(x)}i¢(x,A). Then
14'(0)

7(0) = Atsina, 7°(0) = —Ad cosa—2 —Xi—sma
° —iéx) l
Hence z,A)| < O(Ab)ex { R(¢ dl}-»J»i_- 5.6.1
(@, 2)| < O(exp 0f| O ey~ oy (5.6.1)
for all z and I(A) > 0; and for a fixed A, as x - c©

—ié(x
$(x,A) ~ J{l)l‘(hze ;:, (5.6.2)

where
M) = 3Atsin a_lz{cos o +q (0)sm oc} +

4i [ EOROR—gOPO dt.

M,(N)e-ié
P—ql@)t’

where M, () is obtained from M(A) by replacing sina, —cosa, ¢(¢)
by cosa, sinw, 6(¢). Hence

m(A) = —M,Q)/ M Q)

Now it clearly follows from (5.4.5) and Lemma 5.2 (as in §5.3)
that n(x) = Of|e-%®|} uniformly with respect to A as A approaches
any interval of the negative real axis. Hence A~ (A) is continuous
up to the negative real axis, and it is also obviously real there, £(¢)
and R(¢) being purely imaginary.

If we do not choose ¢(0) = 0, the argument shows that

A—q(0)}-tM ()

is real and continuous for A < ¢(0). But the whole argument could
be constructed equally well with an interval (X, c0) instead of (0, c0).
We should then obtain an alternative expression for M (}) involving
an integral over (X,c0). Hence {A—q(X)}-tM(A) is real and con-
tinuous for A << ¢(X); hence in fact e~¥7M () is real and continuous
along the whole real axis. Since M(A) is regular in the upper half-
plane, it follows from the principle of reflection that M(A) is an
integral function. Similarly M,(A) is an integral function. Hence
m(A) is meromorphic, and the result follows.

It will be shown later that the result holds if g(x) - oo, without
49567 P

Similarly O(x,A) ~
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any other restrictions. This depends on the theory of the zeros of
eigenfunctions given at the end of this chapter.

5.7. THEOREM 5.7. Let q(x) < 0, ¢'(x) < 0, q(x) > —o0,
¢(@) = Kflg@@)} (0<c<3} (6.7.1)
and let q"(x) be ultimately of one sign.
Then if f lq(x)| -t da (5.7.2)

18 divergent, there 18 a continuous spectrum over (—o0,o0).

The conditions imply the convergence of (5.5.2).
For A real and positive, (5.4.5) now gives

(@) = n(0)eos £@)+n' (A siné(z)+
+ [ sinfé(@)—EO}RON) de + o(1).
0

Hence
(,2) = {A—q(x)}Hu(A)cos {(x)+v(A)sin é(x) o (1)}, (5.7.3)
where
p(A) = Msina— f sin £(6) R(EYA—q(t) (2, ) de, (5.7.4)
0
) = —LORRE_ 82y [ conROP—g@}de ) de.
0

(5.7.5)
Similarly, if 8(x, A) is the solution of (5.4.1) such that 6(0,A) = cos a,
6'(0,A) = sina, then
O(x,A) = {A—q(x)}~¥p,(A)cos £(x)+v(A)siné(x)+o (1)}, (5.7.6)
where p, and v, are obtained from p and v by replacing sin a, —cos «,
and ¢ by cos e, sin«, and 6.
The argument also shows that the integrals in (5.7.4), etc., con-
verge uniformly with respect to A, and hence that u(A), etc., are

continuous funetions of A.
Again, differentiating (5.4.5),

7'(@) = PA—q@)} Ay’ (0)cos £(z)—n(0)sin £(x)+

+ [ cos{é(@)—£@} RO () di].
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Applying this in a similar way, we obtain

d .

o [A—q(x)}d(x,A)] ~ {A—q(x)}}{r(A)cos £(x) —pu(A)sin (x)},

whence by (5.7.3) and (5.7.1)
'@ 2) ~ P—g@)}pM)cos @) —pM)siné@)).  (5.7.7)

Similarly
0'(z,A) ~ {A—q(x)}}{r,(A)cos &(x) — p, (A)sin &(x)}. (5.7.8)
Hence lim W(g,6) = ph) () — (WM.
Since W(¢,0) = 1, it follows that
) — () = 1. (5.7.9)

Hence p(A) and v(A) do not both vanish for any value of A.

The argument requires modification if A << 0; but then we can
choose X so that A—g(x) > 0 for x >> X, and we can apply the whole
argument to the interval (X,oc0) instead of to (0,00). The same
conclusion then follows.

Now let A = u+4v, where » > 0. Taking z, so that u—q(t) > v
in > x,, we have

£a) = [{u-tiv—qO}t dt = &+ [ {u-tiv—q)} dt
0 Lo

— ft j {u—q(t)}} dt +biv f fu—qe))* dt +0{v2 f FOIR dt}-

Hence as x -

x
1(6) ~ Jo [ (u—q(e)}~* dt,
To
and so e~#®@ ig large for large . Hence (5.4.5) gives

) = Bt 0) ikt (0) - j etormt) @t +o(v)

0
Proceeding as before, we obtain

7(a) ~ ée-ffw{nm)+iA-*n'<o>+ifefwa(t)n(t) at).

0
Hence B, A) ~ M)A —q(x)}-te-i@),



108 THE NATURE OF THE SPECTRUM Chap. V

where
M) = }Atsin (x-—%@{ (i);*m L OC;; a} n
+3i j CEOR(A—qg(t)}i(t, ) dt,
0
and 0(z,A) ~ MA)/A—q()}~te@,

where M,(A) is formed from M () by the same interchange as before.
According to the general theory of the solutions of (5.4.1), there
is, for » > 0, a solution

Pz, A) = O(x, \)+m(A)d(z, A)
which is L2(0,00). It follows from the above formulae that

__M®
Also, as v—> 0, M(A) - Iu(u)+iv(w) and My(A) — dp,(w)-+Fivy(u),
since it is easily seen that the integrals involved converge uniformly
with respect to A. Hence

lim m(\) = #1('“)“*"“’1( u) _{!/,}‘(u)—{—ivl(u)}{#(u)——iv(u)}

v—0 p) o) —  pAu) () ’
p(w)vy(u)—pq (w)v(w) 1
lim{—TImQ)} = H@—pmlp@) L
lim{-—Tm( 2 (w) v (a) () i)

Since k(A) is the integral of this over (0, ), the result stated follows.

5.8. TureorEM 5.8. If the conditions of Theorem 5.7 are satisfied
except that (5.7.2) is convergent, there is a continuous spectrum in
(—o0, 0) and a point-spectrum in (0, co0).

As ¢ > o0
£z, \)—€(z, 0) = [ [A—qe) —{—q()}i] dt
0

x

. f Adt
) A=+ {—q)}

0

R Adt
y P—qOP+H{—q)}t

say. Hence I¢(x,A) is bounded, and so cosé(x) and siné(x) are

= x(A) (5.8.1)
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bounded, whether A is real or complex. It is then clear that the
argument of § 4 holds, in this case, for all values of A, real or complex.
Thus (5.7.3), (5.7.6), (5.7.7), and (5.7.8) hold for all values of A. In
particular, all solutions of (5.4.1) are L?(0,c0), and we are in Weyl’s
‘limit-circle’ case, in which the expansion formula involves an
arbitrary parameter.

Further u(d), v(A), (), and vy(A) are integral functions of A. For
consider e.g. (5.7.4). Here {A—gq(¢)}! is an analytic function of A,
regular except on the negative real axis; similarly for £(¢,A) and R(2),
and the integral in (5.7.4) converges uniformly with respect to A in
any finite region, as the argument clearly shows. Hence p(}) is an
analytic function, regular except possibly on the negative real axis.
However, we could apply the argument leading to (5.7.3) equally
well with any interval (X, c0), where X > 0, instead of the interval
(0, 00). Hence we must also have

Q) = P—qg(X)P$(X, ) — [ sin£() ROA—a(@)P(t, ) de.
b'e
Hence p(A) is regular except possibly on the real axis between —oo
and ¢(X); and so in fact it is an integral function. Similarly so are
v(N), (), and v, ().

Now consider the solution 6(z,A)+1(A)d(x,A) of (5.4.1) which

satisfies the boundary condition

{00)+14(B)}cos B+{0'(b)+1p ()sin B = 0
at x = b. This gives
— 00, Aot f0°(6,2)
M= = 46, eotB 4 6,1) (5:52)

As cot B varies, I(A) describes a circle. According to Weyl’s theory,
this circle tends to a limit-circle as b - co. Now by (5.7.3) and (5.7.7)
the denominator in (5.8.2) is of the form

PA—g(B)}H{u(\)cos £(b)+v(N)sin £(b) +-0 (1)}cot B+-
+{A—q(0)}}{r(A)cos £(b) —p(A)sin (b)+-o0 (1)},
o, since QA—g®)+ = {—g®)H{1-+o (1)},
of the form
{A—qO)R[{—q(d)}H{u(A)cos £(b)+v(A)sin £(b)+o (1)}eot B+
+v(A)cos £(b)—p(A)sin £(b)+o (1)].
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Putting {—q(b)}-* cotﬁ = coty, (5.8.2) takes the form

#10\)008{5 )4y} +ri(A)sin{é(b)+y}+o(1)
w(A)cos{€(b)+y}+vy(A)sin{€(d)+y}+-0(1)

Putting y = c—£(b,0), keeping ¢ fixed and making b — co, this
tends to

) =

m(\) = (A)cos{x(A)+c}-+vy(A)sin{x(A)+c}
}L()\)COS{X A)+c}v(A)sin{x(A) +-¢}
As ¢ varies this describes a circle, which is therefore Weyl’s limit-
circle.

For A > 0, x(A) is real, and Im(A) > 0 as A tends to a real value,
unless the above denominator vanishes. Hence the part of the
spectrum on the positive real axis consists of the zeros of the deno-
minator, which are isolated points since it is an analytic function.

On the other hand, if A < 0, ¥ = x,-F?x,, where x, > 0; for if
q(h) = A, (5.8.1) gives

h
X = [ fal@)—Nt de.
0

Hence, using (5.7.9), as A tends to a real negative value, —I{m(A)}

tends to
$ sinh{2y,(A)}

p()cos{x(A)+-c}+v(A)sin{x(A)+c} |
which is finite and positive. Hence the spectrum is continuous from
—oa0 to 0.
5.9. The zeros of eigenfunctions. This theory depends on the
following fundamental theorem, due to Sturm.

Let u be a solution of

d*u
d*/_xz_{_g(x)u =0, (5.9.1)
. d*
and v a solution of C—lﬁ—;-h(x)v =0, (5.9.2)

where g(x) << h(z) throughout the interval (a,b). Then between any two
consecutive zeros of u there 13 at least one zero of v.

Multiplying by v, u respectively, and subtracting,
w'v—uv” = {h(x)—g(x)}uv. (5.9.3)



5.9, 5.10 THE NATURE OF THE SPECTRUM 111

Let z;, z, be consecutive zeros of . Integrating from z, to z,,
T3
[wo—w' [ = f{h(x)—g(x)}uv dx. (5.9.4)

Suppose that v has no zero in (z,,7,). We may suppose without
loss of generality that w > 0, v >> 0 in (z;,%,). Then the right-hand
side is positive (assuming that » and v do not vanish identically).
Now the left-hand side is

u' (2)v(2p) — o' (2)0(2,)
and

u'(z;) > 0, ' (x,) < O, v(x,) = 0, v(x,) = 0.
Hence the left-hand side is < 0, giving a contradiction.
5.10. We deduce the following theorem.
Let u be the solution of (5.9.1) such that
u(a) = sina, u’(a) = -—cosa,
and v the solution of (5.9.2) such that
v(a) = sina, v'(a) = —cosa.

Then if u(x) has m zeros in the interval a < x < b, v(z) has at least
m zeros in the same interval, and the vth zero of v(x) is less than the
vth zero of u(x).

Suppose first that sina # 0, say sina > 0, so that the left-hand
end-point is not a zero of either function.

In view of the previous theorem, it is only necessary to prove that
v(x) has at least one zero in the interval (a,x,), where z, is the
smallest zero of . Now on integrating (5.9.3) from a to x,, we obtain

W (2)o(2y) = [ {hlz)—g(@)}uo da.

If v»(x) has no zero in (a,z,), the right-hand side is positive; but
u'(z,) < O, v(zy) > 0.

Hence we obtain a contradiction.
The result follows similarly if sina = 0.
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5.11. Now consider the eigenfunctions of Chapter I, defined as
the solutions of

d%y _

d—xi-i-{)l—q(x)}y =0, (5.11.1)
y(a)cos a+ty'(a)sina = 0, (5.11.2)
y(b)cos B+y'(b)sinB = 0. (5.11.3)

Consider first the solutions of (5.11.1) and (5.11.2), and suppose
that sina # 0. Then y(a) % 0. The number of zeros of y(x) in (a, b)
is a non-decreasing function of A, by the above theorem. Let
lg(x)] < ¢ in (a,b). First compare (5.11.1) with

@ yl—l—()\—l—c)yl = 0. (5.11.4)

The solution of this satisfying (5.11.2) is

cOt o

¥, = cosh{(—A—c)i(x—a)}— smh{( —A—c)i(x—a)}.

This has no zeros if A is negative and large enough. Hence the solu-
tion of (5.11.1) has no zeros in (a, b) if A is negative and large enough.
Similarly, by considering the solution of

TV 4 —olyp = 0

with A large and positive, it follows that the number of zeros of
(5.11.1) in (a, b) tends to infinity with A.

Also, by the above theorems, a zero of y travels steadily to the
left as A increases. Hence there is an increasing sequence of numbers
Hos M1, Such that y(b) = 0 for A = p,,, and y(x) has just m zeros
ina <z <b.

If sin B = 0, the p,, are the eigenvalues.

Otherwise, we have

d uw v fuw v u” v w2 2
dx{“z(“;)} = Zuu (Tz)+“2(;;—;)‘“2(a‘z—;é)
— w2 ow =%+ )} + v —gto

+ut{h(z)—g(@)} > 0.

Hence u?(u'/u—1v'[v) is steadily increasing.
Suppose that » and v have the same number of zeros in (a,b).
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The zero x, next before c is a zero of » and not of v, for between a
and z, lie at least v, and so exactly v, zeros of ». Hence

o AR P CCA L U P

, — =0, —=>—

O~ ) = N ) e wlb) = o)
It follows that 3'(b)/y(b) is a steadily decreasing function of A in each
interval (m,,, tp1q); @nd it must decrease from oo to —oo, since
y(b) = 0 at each end, and y'(b) = 0. Hence there is just one value
of A in the interval such that

y'o)y
wb) = cot B.

Hence there is an increasing sequence of eigenvalues Ay, Ay,... such that
the eigenfunction associated with A, has just m zeros in a << x << b.

5.12. We now pass to the case in which the interval is (0, o).

Let ¢(z) > co as - 00. We shall show that this is quite similar
to the Sturm-Liouville case; there are discrete eigenvalues, and the
eigenfunction assoctated with A, has n zeros.

We consider the solution y = y(«,A) of the equation

%Jr{/\—q(x)}y =0
such that y(0) and y’(0) have given values. Since g¢(x)— oo,
q(x)—A > 0 for « > x), say. Suppose that for some x, > x,
y(x,,A) > 0, y'(21,A) > 0.
Then y"(x,A) > 0 (x > 2,), ¥'(x, A) increases steadily, and y(x, A) - co.
If y(xy,A) > 0, y'(x,A) << 0

there are two possibilities. If y(x,A) remains positive for z > x;, then
y"(x,A) remains positive, ¥'(x,]) increases steadily, and so tends to
a limit (finite or infinite). This limit cannot be negative, or y(x)
~would tend to —oo; if it is positive, y(x) - co. If y'(x) - 0, then
y'(x,A) < 0 for x > x,. Hence y(x) is steadily decreasing, and so
tends to a limit. Also

[ )Ny dz = [ y'@) da

= y'(2y) —y' (%) < —¥'(x,).
4957 Q
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Hence {g(x)—A}y(x) is L(x,, ), and a fortiori y(x) is L(x,,c0). Hence
y(x) > 0. Hence also y(z) is L3(x,, o).

On the other hand, if y(z) changes sign, it can do so at most once,
and then tends to —co, by the previous argument.

Similar arguments hold if y(x;,A) < 0. Summing up, y(z,A) has
at most one zero for x > x;,, and either y(x, ) - 400, or y(z,A) - 0,
y'(x,A) — 0, and y(z,A) is L?(x,, 00).

It follows that each y(z,A) has a finite number of zeros in (0, c0),
say n(A). By the theorem of § 5.10, n(A) is a non-decreasing function
of A. The argument of § 5.11 shows that n(d) = 0 if A is negative and
large enough, and that n(A) - co as A - c0.

Since n(A) changes by at least 1 at a discontinuity, it has only
a finite number of discontinuities in any finite interval. Hence they
are discrete points. We shall show that they are the eigenvalues of
the differential equation.

In addition to the above results, we can show that, if y(x,A) - 0,
and p > A, then y(x, u) has a zero greater than the greatest zero of
y(x,A). Suppose e.g. that y(x,A) > 0, y'(x,A) < 0 for x large enough.
Suppose that y(z,u) > 0 for x > a, where a is the greatest zero of
y(x,A). If y(x,p) - 0, (5.9.4) gives

(=) [y, Ny(a, ) dz = —y(a, py' (@, ),

which gives a contradiction as before. Otherwise, if y(x,px) > 0 for
large x, then y'(x, u) > 0 for large x. Hence

y(z, #)y’(xs A)—y(x, Ay (=, p) <0

for large x, and we obtain a contradiction again.

In particular it follows that to each interval where n(A) = constant
corresponds at most one value of A for which y(x,A) is L?, and such
a value must be the right-hand end-point of the interval.

Now consider a decreasing sequence A, A,,... tending to a limit A.
Since n(A,) = n(A+-0) for p large enough, we can suppose that

n(A) = n(d,) = ... = k.

Let the zeros of y(x,2,,) be a{?,..., af?). Then it follows from the above
argument about the interlacing of zeros that for every m < k

al) < a® < .. <aP.
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Let ¢ be a constant such that g(x)—A, > 0 forxz > ¢. Thena{?,..., a{?,
remain less than ¢ for all p, since y(x,A,) has at most one zero
greater than c. Hence

lima® = a, <c

D—>©
exists for m =1, 2,..., k—1, and the a,, are zeros of y(z,A). They
are all different, since if two coincided we should have y(a,,,A) = 0,
y'(a,,A) = 0, which is impossible. Conversely, any zero of y(z, A) is
a limit-point of the a{®). Hence y(z,)) has k or k—1 zeros according
to whether a{P) tends to a finite limit or to infinity.

Now clearly y'(af®,A,) has the same sign for all p, say +. If

a{P’ - oo, then afP) > ¢ for sufficiently large p. Since none of the
y(x,A,) are L% we must have

y'(@,A,) >0, y@,2,) <0 (c <z <ap).
Making p — oo, it follows that
Y@,A) >0, gy <0 (x>c).

Hence y(z, ) is L%
On the other hand, if a{? tends to a finite limit a;, then

y'(x; ’\) > O: y(‘”; A) >0 (x > a’k)'

Hence y(x, A) is not L2

Summing up, either n(A) = n(A+40) or n(A) = n(A+40)—1. In the
latter case, y(x,A) is L2, in the former case not.

If we argue similarly with an increasing sequence A,, A,,..., the
a® are decreasing, and therefore all tend to finite limits. Hence
n(A) = n(A—0).

It follows that to every = corresponds an interval of values of A
in which n(A) = n, and that the right-hand end-point of each such
interval is such that y(x,A) is L2

Now let A’ and A” be interior points of an interval where n(}) is
constant, and let x, be greater than the greatest zero of y(z,A) or
y'(z,A) for X <A< X, Then y(x,A) is positive increasing (or
negative decreasing) for x > x5, A’ <A <<A". Let m be the lower
bound of |y(z,,A)| for A < A < A”, so that m > 0. Then

[y@,)] =m (=20 X <A LA,
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We can now take y(z, ) to be the function ¢(x,A) of Chapter III.
By (3.4.1)

A'
x(@, A")— x (@, X') = f bz, u) dk(w)
P

A.
>m f dk(u)
A»

= m{k(A"—0)—Ek(’-+0)}.
But y(z,A) is L? for every A. Hence
E(N'+0) = E(A"—0).

Hence k(X) is constant in the open intervals where n(}) is constant.
Let the points of discontinuity be A, the saltus at A,, k,. Then by

(3.4.1)
X(%,A)Z z kn‘ﬁ(x’A;L)'
K<Aa<A
By (3.4.3) = 3 b f (> A,)
K<n

and by (3.6.3)
@) = 2 3 k) [ $0,2,)6(0) .
" 0

Hence the expansion is a series.
Also, comparing (3.5.1) with (3.4.4)—(3.4.6), we have

platg)—p( ) = [ $la, ) ).

Hence in the present case p(x) is constant except at the points A,,.
Hence by (3.6.2) ®(x,A) is regular except for simple poles at the

points A,.
It follows also that m() is meromorphic; for if f(x) = Oforz > X,

(2.3.2) gives
x X
(2, ) = 0(,2) [ 4y, )f(¥) dy +(x, ) f 6y, Nf(y) dy +

X
+mN)é(, ) [ 4y, 1f(y) dy,
0

and the result follows.
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5.13. The interval (—o0,00). Theorems on the nature of the
spectrum when the interval is —o0 << < 00 can be deduced from
those already obtained for the interval (0, c0).

Let ¢(x) > o0 as > —oo0 and as & -> 0. Then both m,(A) and
my(A) are meromorphic. Hence the functions

1 my(A) _ le(’\)mz()‘)
myA)—mg(A)”  my(A)—my(d)”  my(A)—my(R)
occurring in the (—o0, ) formula are also meromorphic, so that the
corresponding expansion is a series and the spectrum is discrete.
The argument of §5.12 also extends without difficulty to this case.
Next let q(x) >0 as x->o0, and ¢(x) > —o00 as x> —o0,

f lq(x)|~t dz being divergent. Then I{m,(d)} tends to a finite non-

(5.13.1)

zero limit along the whole real axis, while I{m,(A)} tends to zero in
general but to infinity at certain discrete points. Hence the imaginary
parts of the functions (5.13.1) tend to finite limits, which can vanish
at most at discrete points. The spectrum therefore extends con-
tinuously from —oo to co. In fact it is clear that, if ¢(x) — co at one
end of the interval (—o0, 00), the result is the same as if we had the
other half-interval only with a given boundary condition at # = 0.
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V VI
A SPECIAL CONVERGENCE THEOREM

6.1. I~ Chapter I1I it was proved that the general expansion formula
represents an ‘arbitrary’ function f(x), provided that f(x) is twice
differentiable, that f(z) and f"(x)—gq(x)f(x) are L%*(0,c0), and that
the ‘boundary condition at infinity’ (2.7.2) is satisfied. In this and
later chapters we shall show that, by imposing further conditions on
g(x), we can relax those bearing on f(z); and in fact it will be shown
that in certain cases the expansion converges to f(x) if f(x) satisfies
conditions similar to those for the convergence of an ordinary Fourier
series.
In this chapter it will be assumed that the integral

f lg(z)| d= (6.1.1)
0

is convergent. This is perhaps not the most interesting case, but it
is the simplest, and the analysis suggests the method which will be
used later in considering cases in which ¢(z) - c0. The advantage
of this and other special assumptions is that they enable us to prove
asymptotic formulae for the functions ¢(z,A) and (z,A). In the
general case these formulae are not known, and we have to rely on
a direct discussion of the function ®(z, A).

6.2. What we require primarily is a solution of the equation
d2
At —g@ly =0 (8.2.1)

which is small when I(2) is large and positive. Consider the integral

equation
T

. 1 - 1 3 .
@) = o=t oo [ ememye(n) dy + g [ o)) dy,
@ (6.2.2)
in which A = s%. On differentiating this twice, it is at once verified
(formally) that y = x(x) satisfies (6.2.1). Now a solution of (6.2.2) can
be obtained as follows.
Let x1(x) = et (6.2.3)

0
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and, forn > 1, z
Xul®) = e+ i [ ey, v) dy +
0

1

+ 5= fe“‘”"”’q(y)xn(y) dy. (6.2.4)

Then . z ©
x2(X)—xa () = 6228{ f (y) dy + f e2isw—2)g(y) dy}
0

218

Let s = o-}4t (t > 0), and let J denote the value of the integral
(6.1.1). Then
P e—t.cJ N
Ixa()— x2 ()| < B (6.2.5)
Next

X3(0)—xe@) = 5o f eV ) xaly)—xa(9)} dy +

1

+2@

f e U=I(y){x2¥)— x:1(¥)} dy,

whence by (6.2.3)

oo}

| xa(@)—xel@)| < %= % |2Ulq y)| dy + fe”‘”‘”’lq(y)ldy}
0

T

< (I;{sl) e—t: (6.2.6)

and so on generally. It follows that, if |s| > 4J, the series
Z {Xn+1(x)—Xn(x)}
n=1

is convergent, i.e. that y,(x) tends to a limit, say y(z).
For every n

[xa(2)] < lx;(x)l+IXz(x)—x1(w)]+---+Ixn(w)—xn—1(x)l
—ix
<)
e—tlr
= 4
and x(x) satisfies the same inequality. It follows by ‘dominated

convergence’ that we can make » — oo under the integral sign in
(6.2.4). Hence y(x) satisfies (6.2.2), and so also (6.2.1).

(6.2.7)
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For a fixed s, or s in a bounded part of the region ¢ > 0, [s| > }J,
(6.2.2) now gives

@

x(x) = e"“+%g f e~"q(y)x(y) dy —

0
eism g . eis.z: v (s(y—22),
~ %5 e~"uq(y)x(y) dy +55 f e*w=2q(y)x(y) dy.
x x

The last two integrals tend to 0 as x — co; hence

x(@) = e {KN\)+o (1)}, (6.2.8)
where K@QX) =1 +§%_3 f e~ vq(y)x(y) dy. (6.2.9)
0

6.3. Let (x,A) = 0(x,A)+m(A)p(x,A) denote as usual the solution

belonging to L*0,0). Then
Pla, ) = Ky(Nx(@, 1)+ K;A)b(x, A).
Now x(z,A) is L30,00), but ¢(x,A) is not, by (5.3.5), at any rate
if |A] is large enough ; for (5.3.6) gives
M@Q) ~ }sina  (sina 5~ 0),
cos & .
~ S (sino = 0).
Hence K,(A) = 0, i.e.
Pz, A) = K (A)x(x, ).

As in §5.3, the asymptotic formulae (5.3.5) and (6.2.8) can be
differentiated, i.e. we can apply similar arguments to the differen-
tiated functions, and obtain (as - c0)

¢'(x) ~ —isM(A)e~*r,
x'(x) ~ isK(A)eis=,
Hence
W(d, x) ~ MA)isK(A)+isM(A)K(A) = 218K (A) M (A).
Hence W(, ) ~ 20sK(A) M (A)K,(A).
But W(¢é,¢) = 1. Hence
2tsKA)MA)K,(A) = 1.

. X(x5 A)
Hence W@ = K NIO)
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6.4. THEOREM 6.4. Let g(x) be L(0,00), and f(x) L*(0, ) ard also
L(0,00). Then the eigenfunction expansion is

PCYY o Nfw) d
. of e f $, N ) dy +

+ 3 (@A) [ 2)() dy,
0

where u(A) and v(}) are defined in § 5.3, and, in the sum, r, (n = 1, 2,...)
runs through the residues of m(A) at its poles on the negative real axis,
and wr, is the saltus of k(X) at A = 0. The expansion converges under
the same conditions as an ordinary Fourier series; e.g. if f is of bounded
variation in the neighbourhood of x, its value s

WS (@+0)+flz—0)}.
Let

O(,2) = $(z,) [ (. V() dy +(z,2) f $( NS () dy

0

—w»(f + f)+¢<xA>(TS+ )

z+3
=0, +P,4-D;4-D,.
R+tie

Consider f D(x, A) dA.

—R+ie
This has the same value whether it is taken along the straight line,
or round the semicircle above it. Suppose, for example, that sin o % 0
in the above formulae. Then for |s| > J

20ty Ae-tv
WM< sararmgm] < T
Also P(x,A) = O(e).

Hence Dy, A) = O{gi f e~ | f(y)| dy} = O(—?’iﬁ),

|s] s
z+8

The integral of this round the semicircle tends to 0 as R — oo, for
any positive 8. A similar argument clearly applies to ®@,.

Now consider @;. For x fixed, or in a finite interval,
J ) < Ae =

i T

| x(@)—ee] < e“”(g, o
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Also K@) = 140(]s|™), M@Q) = }sina+0(|s]2).

Hence Pz, A) = %{1—}—0(%)}.
Also d(x,A) = cossxsma(l—}—Ol l)

by (1.7.3). Hence
Dy(x,A) = g:_—i—e-’ f esuf(y) dy —1—0{' A

z+3

f e f(y) dy}-

z+6

The last term is o {l_;‘_| f | f(y)] dy],
x

and the integral of this round the semicircle is

x4-8
OU @) dy},

&
which can be made as small as we please, by choice of 8. The term
involving €% also gives a zero limit. The other term is the same as
in the case of an ordinary Fourier series; and similarly for ®,.
Altogether it follows that, e.g. in the bounded variation case,

R+ie

lim f @(x, A) dX - Yin{f(x+0)+f(x—0)}.
R—>®

—R+ie
This is true uniformly for 0 << e < 1.

Since f(x) is L?(0,0), the analysis of § 3.4 applies, so that

—0 ™

R4-1e R
lim 1{_1 f O(z, ) dx}z;l; f $(z,A) dg, (),

where o T
a) = [ x4:Nf@) dy, x5 = f $(y, w) dlo(u
(1]
A
By (5.3.10) (@A) = f u*{#‘ﬁ?‘:’i‘z sy

taking « > 0. Since ¢(y,u) is bounded for 0 << ¥ < u < A, y > o,
it follows that

(=]

A
du
W= , .
(%) !u*{pﬁ(u) +”2(u)}of $(y, w)f(y) dy



6.4 A SPECIAL CONVERGENCE THEOREM 123

Hence, if p > 0,
R

f s da) = [ 5 AT [ swNiw v
0

p
In the interval — R << A << —p’ (p’ > 0), ¢,(A) is constant except
for a finite number of discontinuities at the poles of m(A). Hence

_J:‘ﬁ(xa )‘) dgl(A) = 7T_R<AE< r 95(70 An) f 95 J’ ) d./’

n<—

each ¢(y,A,) being L*(0,00), as in §2.5. Finally

p
im | $@,) dgu(A) = Ro(x,0),
PO
where R, is the saltus of g,(A) at A = 0. It easily follows from the

analysis of § 3.4 that

Ry = mr, [ $(y,0)f() dy,

where r, is defined above. This completes the proof.

The form of the result makes it seem possible that the condition
that f(x) is L? may be unnecessary; it has been introduced here so
that previous theorems which have been proved with this condition
may be used.

REFERENCE
Stone (1).



VII
THE DISTRIBUTION OF THE EIGENVALUES

7.1. In this chapter we suppose that g(x) — oo, so that the differential
equation

%—[—{A—q(x)}y =0 (7.1.1)

has discrete eigenvalues Ay, Aj,.... We then ask how the distribution
of these eigenvalues is determined by the function ¢(x).

If A =2, then y = ,(x) has just n real zeros (§5.12). On the
other hand, by comparing the distribution of the zeros of (7.1.1)
with that of the zeros of known functions, we can obtain approximate
formulae for the number of zeros in terms of A,. Approximate rela-
tions between n and A,, are thus obtained.

To carry out the analysis considerable restrictions have to be
imposed on the function g(x). We begin by assuming that ¢’(x) and
q"(z) exist, and that ¢'(x) > 0, ¢"(x) > 0 for > 0. It is also con-
venient to assume that ¢(0) = 0. This is no restriction, since it
merely involves a choice of the A-origin.

Let p = p() be defined by the equation ¢(p) = A, and let

£= Qo) = [P—qP &t (0<z<p) (7.1.2)
0
Let ¢(¢) denote (temporarily) a twice-differentiable function of ¢,
and let
Y = Y(x) = A—g@)} (). (1.1.3)
Y '€, 1 ¢k
Then Y = 30" Tix—gw
LT (L0 Ol 400 1 ) L )
Yy 12 {46 ¢%¢) ¢(E) 42—q(x) " 4 {A—q(@)}?

Hence
Y" d’" 5){:'2 QS (f){fﬂ }flq'(x)} +_1_ q"(x) _5_ _g_ﬂx_)*
40 T A—q(x)] * 4A—q(z) * 16 {—g(@)}®

¢>(§) 7'(z) 7*(@)
= {A— q(w} “ —q@) 16{/\ q(@)p’

(7.1.4)
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In particular, if ¢(£) = cosé, then ¢"(§) = —¢(€), and Y satisfies
the differential equation

a2y 1 ¢"(x) 5 q'%=x) .
Ew—z—l—{)\——q(x)—z T {_X;‘m}y —0. (7.15)

7.2. TueoreM 7.2. If q(x) satisfies the above conditions,

Dn
n > %f A, —q@)} dx —3, (7.2.1)

where p, = p(A,).

For 0 << x < p, the coefficient of y in (7.1.1) is greater than that
of Y in (7.1.5). Then by the theorem of §5.9, between any two zeros
of Y there is at least one zero of y. Hence if Y has [ zeros in (0, p,,),
then n > [—1.

The zeros of Y, i.e. of cos§, are at the points &€ = (m—+3)m, for
values of m for which this lies between 0 and

Dn
f {An_Q(t)}* dt.
0

Hence (=37 < T{An—q(t)}* dt < (I4-4)m,
0

and the theorem follows.
Since g(x) is convex downwards, ¢(1p,) < 1A,, and

1 Dn
n> 2 [ Qu—gp de —
ks
)]

1
> 9 pn(%‘\n)i_ %‘
7T

Hence A, < 87%(n+3)%/p. (7.2.2)

In particular, A, = o (n?).

Actually we can prove this if ¢(x) is any function which is twice
differentiable and tends to infinity; for compare the solution of
(7.1.1) with

Y, = {A—1—¢q(x)}¢ cos[ f{)\—l—q(t)}ﬁ dt].
0

The coefficient of y in (7.1.1) exceeds that of Y}, in the differential
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equation for Y}, over any finite interval (0, X), if X is fixed and A is
large enough. Hengce

X
n> 1 [ o 1—go dz —3
0

> AXM.
Since X may be arbitrarily large, the result follows.

In the Sturm-Liouville (finite interval) case we have of course
)\n ~ An?

In the case in which the interval is (—o0, 00), and g(x) is an even
function, and ¢’(0) = 0, there is a slightly more precise result, which
will be of use later. In this case, if » is even, i, (x) is an even func-
tion, with in positive zeros and in negative zeros. Let

Y(@) = O, —a(@)teos| [ 3, —g0)t ]
0

Then Y(0) = ,(0), Y’'(0) = 0 = ,,(0). Hence, by the theorem of
§5.10, ¢, (x) has at least as many zeros in (0,p,) as Y(x) has. If
Y (x) has I zeros in this interval, then

Dn
[ =g} &t < @+Dm < (Int-)m.
0

Pn
Hence n = gf{hn—q(t)}* dt —1. (7.2.3)
T

[\]
If n is odd, ¢, (x) has in—} positive zeros. Let

V(@) = Y0050 —g(e)ein| [ O, —q(0)t at]
0

Then Y(0) = 0 = ¢,(0), Y'(0) = 4,,(0). Hence, if Y(x) has I zeros
for 0 <z < p,,

Dn
[Pa—q®t dt < @+ )7 < (nt-ym,
0

and (7.2.3) follows again.

7.3. In the problem of the upper bound of », we have to assume
rather more about g(z).

THEOREM 17.3. Let q(x) satisfy the above conditions, and also
¢"(x) = o[{g'(x)}!]. (7.3.1)
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1 Dn
Then n ~ —f A, —q(@)} da. (7.3.2)
o
0

We observe that, if ¢’(x) is non-decreasing and
(@) =O{g@)p] 1<y<?2), (7.3.3)
then z
¢@) = [q"()dt +q(0)
0

= o] fwwy 4

=ﬂwmvj¢m4

= O[{g'@)}"'¢(@)],
{{ @7 = Ofglx)}, (@)= Ofg@)p®»;  (7.3.4)
and similarly with o instead of O. Thus (7.3.1) gives

¢'(z) = o[{g@)}1]. (7.3.5)
All such conditions imply a certain restriction on the regularity of
the growth of g(x), but not on its rate of growth.
Now let ¥, be the function obtained by replacing A by A4-p (p > 0)
in ¥, with ¢(¢) = cos§. Then the coefficient of Y}, in the differential
equation for ¥; corresponding to (7.1.5), exceeds A—q(x) if

5¢'%(x) ¢ (@)
B + < p (7.3.6)
160 +u—g@)p " A tp—q@)} "
This is true for 0 < z < p,, if
5¢%(pn) | 4"(Py)
16p2 4p <K

Let u = {¢’(p,)}!. Using (7.3.1), this is seen to be true if p, is large
enough.

If the number of zeros of Y] in the interval (0,p,) is m, then
m > n—1, and

(n—d)m < [ Datu—g@t dz < (m+)m.
0

Dn
Hence n < 1 f A, u—q@)} dx 43
™
0
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To prove (7.3.2) we now require

Dn Dn

[0t i—g@li— =gl e = o [Pu—gto)t s ]

0 : 0

(7.3.7)
Now

{AIL+I“'_Q(x)}§—{An x)} {An'f_:u’ q(x)}é_{_{,\ — x)}i o= IL‘

for g(x) << A,. Also, since q(z) is convex downwards, ¢(}3p,) <-3A,.
Hence P 1n

[—g@}t dz > [ (30)F de = 1p, ()"
(1} 0

Hence (7.3.7) is true if u = o(,), which is true by (7.3.4). This
proves the theorem.
Suppose, for example, that g(z) = «* (k > 0). Then p, = AL/*, and
Dn Al
[—q@} de = [ 4, —ab)t da
0

0

1
_ %,\,i,ﬂik f (L—t)igHe-1 gy

Q)P(l/k ) N+,
= DG+ 1/k)

Hence it follows from the theorem that

2k/(k+2)
A, ~ {”kF ?Jrl%’; n} " (7.3.8)

This is easily verified in particular cases; e.g. if £ = 1, the formulae
are those of §4.12. As A — o0

S+ (BN) ~ (-?i;)%{cos@»—%w—a;w>+cos(§A*+%n—in)}

W ——COo8(EAt—17).
Hence 2N —tr ~ (nt-d)m,
agreeing with (7.3.8).

7.4. The following well-known property of Bessel functions is now
required.
LemMMmA 7.4. In the interval (0, X), J,(x) has X[n+O(1) zeros.
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See Watson, Theory of Bessel Functions, § 15.4; alternatively, consider
( J,(x) 2\4 T 1\)1
flx) = { g cos(x—3vm—4nm)+0 =)l

It is clear from this formula that f(z) has at least one zero in each
interval
mr+r—inr—8 < v < mrt-dvr—in48
if 8 is a fixed positive number less than }=, and m is large enough;
for f(x) has opposite signs at the ends of such an interval. Also
fl(x) = _%@ = ——‘( 2 )%cos(w %vn-—-%ﬂ)—l—()( )}:v

Hence f’(x) is of constant sign throughout each such interval, so
that f(x) has at most one zero in the interval. The result now follows.

7.5. Application of Bessel functions. In the problem of the
upper bound of n, the comparison function used above is not the
best that can be found. It was observed by Langer that a better
approximation to a solution of (7.1.1) is obtained by using Bessel
functions.

Let us now take

$(§) = {£(p)— &P {4(p)— €} (7.5.1)

$"(¢) v—%
By (1.11.2) $E) ~ Ep)—E@)?

Hence (7.1.4) gives

dz—Y . _( —H{A— q(x)} 1 ¢"(x) 5 q'%) Y —
) {p) “He)r 42 q@) 16{A—q<x)}2] 0

(7.5.2)

If v = 44, we return to the previous formulae. If v = %, the infinity
of the new term at x = p just cancels those of the following terms.
It is clear that this must be so; for as £ — £(p)

{E(p)—EPJ{é(p)— €} ~ Afé(p)—£}}

and

E(p)—£ = f A—q(t)}t dt ~ q_(lz-) f A—q(o)}t dt

= §{A—g(@)} /g (@)-
Hence Y ~ A{q ()} *{A—q(x)}

and no negative powers of A—¢q(x) arise on differentiating.
4957 s
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For our purpose, however, it is better to take v = 0, so as to have
something to spare in comparing (7.1.1) with (7.5.2).
Let N(x)-+1 be the number of eigenvalues not exceeding z, so that

N(A) ="n (An—l < )‘ < An)‘

Let # = p(y) be the inverse function of y = g(x), so that p(A) =
P(A,) = pp. Then

N > 711 f P—q(@)t dz +0(1). (7.5.3)

0
For this is true for each A, by Theorem 7.2; and so0, if A,_; < A <A,
(denoting the integral by I(})),

N()‘) = ( )"'1

= —1(,)+0(1)

:n~ S

IQ)+0(1),

since I(]A) is steadily increasing.
We shall now prove

THEOREM 7.5. Let ¢'(x) - o0, ¢"(x) = 0, and

@) <{g@p I<y<)) (7.5.4)
Jor x > x,. Then
p
N = % f QA—q(@)}} do +0(1). (7.5.5)
0
e x@h) = a1 @ B M@ g5

4{E(p)—£@)PE 4x—gx) 16 d—q(z)}*
so that (7.5.2), with v = 0, is

dazy

A= a@)+x(@ MY = 0. (7.5.7)
Now

£(p)—&(x) = faqmmmﬁaa

\ﬂa!wwwwmm

= §{A—q(@)}i/q (). (7.5.8)
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Hence
9 %) 1 ¢'@ 5 q¢%)
x(, A) = 16 {/\——q(w)}z_z ,\_q(x)—l—é {X;W
1 q%x) 1 ¢"(x) (7.5.9)

T AQ—q@)P 13—q@)
Hence y(x,A) > 0 provided that

A—q(z) < ¢'*(x)/q" (%), (7.5.10)
or, by (7.5.4), provided that
A—q(z) < {¢'(2)}*. (7.5.11)

If (7.5.11) holds for z; << = < p, it follows from Lemma 7.4, with
v = 0, that the number of zeros of y in the interval z; <{ « < p does
not exceed

b4
71; f A —q(@)} dz +-0(1). (7.5.12)

It remains to consider the interval 0 < 2 < «;, and here the most
natural source of information seems to be (5.4.5). Suppose, for
example, that »'(0) = 0. Then, writing »,(x) = n(x)/n(0)

n.(@) = cos &)+ f sin{¢ () —£(8)} R (¢)n, (t) dt.
0

Suppose that f |R(t)| dt < 8. (7.5.13)

Then ° -
m@)] < 1+ [ [R@)m ()] dt,
0

Im@)] < exp{ [ RO 4}
by Lemma 5.2, and °

0

f sin{é(x)—£(0)} B(¢)n(?) dt’ < f \R(t)|ed B 44
0

= exp{ f |R(¢)] dt}—
)

if 5 < 3
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Consider the interval nm < é(x) < (n+1)m, and suppose, for ex-
ample, that n is even. If § < 1/(2+2), it follows that »,(x) is positive
for nw < € < (n+3})7 and negative for (n+3)r < & < (n+1)m.
Hence there is at least one zero in the interval (n4-})7r < £ < (n+43)».
Also

z
n(x) = — & @)sin £@)+-£ (@) [ coslé(@)—ED}ROm ) d,
0
and a similar argument shows that »;(x) is negative throughout the
interval (n+})7 << ¢ << (n+2)m. Hence »,(x) decreases steadily, and

80 has only one zero in the interval. The number of zeros of 7(x),
and so of y, in (0, ,) is therefore

2 [ ot = +ou).
(]

The theorem then follows from this, (7.5.12), and (7.5.3).
It remains to prove (7.5.13) with § <{1/(2v2) and A sufficiently
large. Now

¢ 42 g
J p=gop® = 3 gty 3 s f o

The first integrated term tends to zero, since

A—q@) Z{{' @)} (& <)

It is therefore sufficient to prove that

Q40
J A—q®} o
Let g(x,) = 3A. Then this integral is less than
q"(t)
(%A)* di + f{ O 3yl2
=q(xo)"ﬂ( )+ 1 [ 1 o 1 ]
(A 2—3y/21{q (xo)}>~¥%  {q'(x,)}>%?

This all tends to zero (the first term since ¢'(z,) < ¢'(p) = o(A}) by
(7.3.5)). The theorem therefore follows.
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7.6. The following consequences of Theorem 7.5 will be required
later.

THEOREM 7.6. Under the conditions of Theorem 1.5,
NQA+A)—NQ) = O{p(\)}, (7.6.1)
NQO+p)—NQ) = Ofud-tp(N} (V< p < ), (7.6.2)

N(O+p) = NO{I+0@N} (A <p<N. (163)

By Theorem 7.5
p(3A)

T(NQA+A) =N} = [ [A+A—q@)f—A—g@)}i]dz +
0

pQ)
+ f [A+A—g@)} —{A—q(x)}}] dx +
p(N)

DA+VA)

+ [ @A+ N—g@)} dz +0(1)
()
= L+1L,+ I+ 0(1)
say. Now

P A—g@P— P — g}t = A

P+ A—q@)i+A—g@)}
For xz < p(3A), q(x) < 1A, so that this expression is bounded. Hence
I, = O{p(32)} = O{p(N)}.

Also
PA) 2(A)
I -0 f *«//\dzc_u] [ J’ q'(x) dx ]
: A+ VA—g(z)}} q{p(lk)}pm AFVA—g(2)pt
=0 A+ VA—g(2)PD 0
[q a1 = 0o
Now q(x) = f g'(t) dt < 2q'(2).
0
. fp(30)} _ 4A
Hence e I T
Hence L, = O{p(3A)} = O{p(A)}.
Finally

= O[M{pQA+vA)—pQ)}] = O{Atp' ()}

~of. {;*A)}} o[22 = ooy,
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and (7.6.1) follows. (7.6.2) follows on applying (7.6.1) O(uA-t) times,
and observing that, since p(x) is concave downwards,
P() < 2p(32).
Also (7.6.3) follows from (7.6.2), since by (7.5.3)
N(@A) > AAip(3r) > AAip(A).

REFERENCES
Milne (1), Langer (1), (2), (3), Titchmarsh (8), (10).



VIII
FURTHER APPROXIMATIONS TO N(A)

8.1. The following argument is used by physicists
mechanics the equation

In quantum
8m2m
¢+;2w Vi =0 (8.1.1)

is considered, where V = V(x), and E, m, and h are constants, h
being small. Let yx(x) be defined by

z,b—exp{zhf dx}

(8.1.2)
Then % _ 2mix,, (8.1.3)
%Zé ngbdx + (2mx) 5.
Substituting in (8.1.1), and dividing by i, we obtain
) S - =0
or 2im % = 2m(E—V)—x2 (8.1.4)

If h were zero, it would follow that

x = 2m(E—V)}} = x, (8.1.5)
say. Now suppose that y is expanded in a series of the form

h
x~xﬁ&mm+@m)m+m- (8.1.6)

Substituting in (8.1.3), and equating to zero coefficients of different

powers of y, we obtain equations which determine the y,, in succes-
sion. They are (8.1.5), and

an-—l —_

n
=1, 2,...).
dx mz=0 Xn-m Xm (n y 2,..0)

(8.1.7)
Thus

1Xo
x S ——
! 2 xo

1
4E-V’



136 FURTHER APPROXIMATIONS TO N(A) Chap. VIII

_ X 1o v Ve v }
Xe = —Tp = 2Xo{16(E--V)2+4(E—V)2+4(E—V)
! i ____5V’2 o VII »
322m)H(E—V)t  8(2m){(E—V)V’
and so on.

Now apply these formulae to the problem of the relation between
n and A,. Replace x by a complex variable z, and suppose that V(z)
is an analytic function of z, regular in any relevant region. Then
any solution ¢ = (z) of (8.1.1) is an analytic function of z. Suppose
that there is a discrete spectrum, and let £ = K, be the (n-+1)th
eigenvalue. Then ¢ = i, (2) has » real zeros. Suppose that there is
a contour C which includes these zeros but no others. Then

— ‘/‘n(z) 1
(o4

by (8.1.3). Hence
1 1 h
nzﬁfx"(z) dz+§7ifX1(z) dz—4—w2fx2(z) dz +....
¢ ¢ bo;

Let V(z) = E at z=a and z = b, and suppose that these are
simple zeros of V(z)— E. Then y,(z) has simple poles at these points
with residue —} at each. Hence

o [ @ e = —4.
c

Also, integrating by parts,

V@) g 3 V) .
J B—v@p 2 ) (F—v@p
V'2(2)
Hence lm(z)d 32(2m)*f{1f’ . z)}&d

Hence we obtain the formula
(2m) f B b h V’z(z)
E=VER &2 — o aomy f BV T
(8.1.8)
All the above analysis is, of course, purely formal. The validity of

an expansion of the form (8.1.6) remains to be investigated; and A
is not arbitrarily small, but merely a numerical constant. Iiven the
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formal appearance of successive approximations with - small, upon
which (8.1.6) depends, vanishes when we come to (8.1.8); for if ¥ is
to be an eigenvalue of (8.1.1), it must depend on k. Suppose, for
example, that V(x) = az*. On making the substitutions

X = (S”Zm“)*x, A= 4E (”4’”2)*,

h? hta

(8.1.1) takes the standard form
d2
%4_0\_){4)5& —0. (8.1.9)

If A, is the smallest eigenvalue of this, that of (8.1.1) is

By — ﬁw(’”‘“ )%.

4 \7*m?

It is easily verified, e.g. by making the substitution z = h3{, that
each term on the right-hand side of (8.1.8) is independent of .

The above analysis is known as the B.W.K. (or W.B.K. or W.K.B.)
method.

8.2. The equation (8.1.1) reduces to the standard form on putting

8 mE 87m
_”_h?_ =2 %_ V() = q(x). (8.2.1)
We have therefore to consider the equation
dZ
T g =0 (8.2.2)

in which the usual real variable « is replaced by a complex variable
2z, and ¢(2) is an analytic function of 2, regular in a certain domain
containing z = 0. The argument of § 1.5 is easily adapted to show
that, if (z) satisfies given boundary conditions at z = 0, it is an
analytic function of z, for each A, regular in the same domain as g(z).
Since the solutions to be considered are eigenfunctions, A may be
supposed real.

The situation seems to depend a good deal on the nature of the
function ¢(z). In order to obtain precise results, we consider the
special case g(z) = 2*, where k is an even positive integer; but it will
be seen that it is possible to extend the method to any analytic g(2)

which mimics this special case sufficiently closely.
4957 T
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8.3. It is a question of obtaining approximations to solutions of
(8.2.2) in certain regions of the z-plane.
Let A be real and positive, and let p denote the real positive

value of AUk, Let
2

£e) = [A—uwidw, @)= A—2MyE),  (8.3.1)
0
where (A—w¥)¥ and (A—=z¥)} reduce to the real positive values of A
and At as w—> 0, z— 0. As w passes above p from a real value less
than p to a real value greater than p, arg(A—w*) decreases from 0 to
—7. Hence (A—w*)t becomes —i(w*—A)}, where the square root is
real and positive. Hence ¢%® becomes exponentially large as z —> 00
along the real axis.
The analysis of §5.4 obviously extends to complex variables, so
that »(z) satisfies the integral equation

7(2) = 1(0)cos £(z)-+ ' (0)A~* sin £(2)+
+ [ sinfé(@)—E@)}R@w)n(w) dw, (8.3.2)
0

where R(w) _ _}— q”(w) _—5_ qlg(w) .
4 {d—glw)t 16 {A—g(w)}}
_ k(k—1)w*% 5 kw2
4A—wk)t 16 (A—wk)t
_kwk24(k—1)A+- (k+4)w'}
16(A— wk)d '
Consider first the region =/k < argz < }m, |2| < p(sinw/k)Vk,
Then |z|* < Asinz/k, and

< argd—2h) < 7

7
k
for all z in this region. Taking the integral defining £(z) along a
straight line, so that n/k < argdw < i, it follows that

T

'2—];.

m

k) il
57 < arg{A—wh)dw} < S+

Hence I{£(2)} > sin2—7;c f |(A—wk)t dw| > KM|z|,
(1}

where K denotes a positive number depending on £ only.
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Putting 7(z) = %@ (z) in (8.3.2),
H(z) = n(0)¢%e cos £(z)+A-by'(0)eésin £(z) +-

+ f eé@~-£w) gin{¢(z) — £ (w)} R(w)H (w) dw.
0
If n is even, y,(2) is an even function, %'(0) = 0, and this gives

|H(z)| < [7(0)[+ f | B(w)H (w) dw|.
Hence by Lemma 5.2 °
)] < In)lexp| [ | R dul.
0
It then follows from (8.3.2) that
7(z) = 7(0)cos £(2)+e~ %@y (z),

where
) < 0)1“1Rw>lexp{jm<w)dw 1o
0
~ ln(on[exp{f | Rw) dwl}—l].
Hence 7(2) = 37(0)e=%@{1+w(z)},
where
w(@)] < 1280 +-21x(2)/7(0)]
< [ezif(5)1-+-2{exp f | B(w) dw]—l}. (8.3.3)
0
Now f | B(w) dw| — 0( f "Pk‘zgp%'z dp> — Ok,
0 0

If we also assume that |z] > Kp, it follows that
w(z) = OA-1-1k), (8.3.4)

The result is that, in the region considered,

¥nl@) = a(0) (3 ,c)*e%f(z){ler(z 13 (8.3.5)

8.4. The above result holds in particular on the segment of the
straight line I(z) = iptann/k between the imaginary axis and
argz = w/k. We next require a similar result on the same line as
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far as R(z) = p, and then round the circle |z—p| = }p tan=/k as far
as the real axis. Let C denote this curve, together with its reflections
in the real and imaginary axes.

Since

2 21
f eHE—£@) R(w)n(w) dw = e~%® J’ €6 R(w)q(w) dw +
0

0
+ J‘ eile)~£eN B(w)n(w) dw
and )

2 -}
J‘ HE@-Ew) R(w)y(w) dw = i@ f e~ R(w)n(w) dw —
0 0

. f ei{f(z)—f(w»R(’w)ﬂ(w) dw,

(8.3.2) is formally (i.e. apart from the question of the convergence
of the integrals at infinity) equivalent to

n(z) = Aei€@ Be-it@ | 14 f ei6)~£e) R(w)y(w) dw +

Z1
o]

f eH@—£eN R(w)n(w) dw, (8.4.1)

where 4, B, and 2, are independent of z.

Let I' be the region defined by

< I(2) < ptanalk, |z—p| = iptann/k, R(z) >0,

together with the segment of straight line I(z) = 1p, 1p < R(z) <
Let z, be the left-hand end-point of this segment, z any point of I‘
Take A = 0, B =1 in (8.4.1), and let the path from z; to z consist
of the curve C as far as the straight line through z parallel to the
real axis, and then this straight line. Let the path from z to infinity
be a straight line parallel to the real axis.

Ifwisin I', |]A—w*| > K|w|*, where K depends on % only. Hence
Kp* K K
!wlik+2+,w|ik+2 |w|FE+2

| B(w)| <

since |w| > Kp. Hence

f|R(w) dw| = 0( fu_ig) — o(ﬁ_lm).
z Kp



8.4 FURTHER APPROXIMATIONS TO N(}) 141

A similar argument applies to the rectilinear part of the path (z,,2),
and the circular part is of length O(p), so that the integral of
| R(w)| round this is also O(p—t¢-1). Hence, if & denotes the maxi-
mum of

3 [ 1R@) dw|+} [ | R(w) duw|

formed in the above manner, we have
& = O(\-t-1k),

Thus 8 < 1 if A is large enough.
Now take 4 = 0, B =1 in (8.4.1), and form a solution by itera-

tion. Let
m(e) = e~

and
2

Tia(e) = eE0§i [ 640D R, w0) dw +

21
®

+1i [ €€ Ry, (w) dw

2z

for v > 1. Then

2 @

mle)=m(e) = Yie~f [ Rw) dw + [ -6 R(w) du).

21 w z

Now i{E(@)—Ew)} = —1i f A—wk)t duw’,
2z
where A—w'* lies in the lower half-plane, and so (A—w'*)} lies in the
fourth quadrant (since it reduces to At as w’ - 0); and dw’ is real
and positive. Hence
R[#{{(z)—¢(w)}] < 0,
| e2ité@-San| < 1.

Hence |92(2)—m(2)] < Bextéen,
Similarly
73(2)—a(z) = ¥ [ €O~ R(w){my(w) —y (1)} duw +
2

+ 3 f eHE@~50 R(w){ny(w)— 1, (w)} dw,

2

[ 9a(2) —ng(2)] < S21t6teN,

and so on generally. Hence Y {7,,(z)—7,(2)} is convergent, i.e. 7,(2)



142 FURTHER APPROXIMATIONS TO N(}) Chap. VIII

tends to a limit 5(z), which (as in the case of the similar formulae
of § 6.2) satisfies (8.4.1) with 4 = 0, B = 1. Hence the corresponding
P(2) satisfies (8.2.2). If X is an eigenvalue A, this )(z) must be a
multiple of the eigenfunction i, (z), since any other solution of the
equation tends to infinity as z — co along the real axis.

Now ©
1) = Mm@+ 2 M) =)} = e L4y, (=)}

say, where Ix(2)] < i " = 1—8_8 = O(A-1-12k), (8.4.2)
=1 —
The result is therefore ’
1£(2)
Ynle) = % o =il (8.4.3)

(A, —2F)!

where c,, is a constant.

8.5. Let 2, and z, denote the points of C on the positive real and
imaginary axes respectively, and z, the point defined above.

The function ,(z) is either odd or even—suppose, for example,
that it is even. Let N be the number of zeros of i,(z) inside C.
Then 2#¢N is equal to the variation of logi,(2) round C, and so to
twice the variation of log,,(z) round the upper half of C. Hence

N = 11{log ,(—z)—log i z0))

The values taken by ,(z) between z, and —z, are the conjugates of
those taken between z, and z,. Hence log,(—z,)—logi,(z,) is the
conjugate of log,(z,)—log i, (2,), and

I{lOg ¢7¢(_z0)_10g '7[’7L(z2)} = I{lOg ‘l’n(zz) *—lOg l)[’n(zo)}'
Hence N = %I{log</J,n(z2)——log¢/zn(zo)}. (8.5.1)
Hence by (8.3.5) and (8.4.3)

N = 21{—ig(e i) —Hogy = i

+

k
(= )+ 0g1+X1(20)}. (8.5.2)
Now

—i(zs)+if(z) = — 1 [ A—wh)t dw
c

+loglJr

p »
=4 | A—w*)t dw = ¢ | (A—wk)t dw.
] /
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Next, as z varies from 2z, to 2,, 2% describes a spiral, starting to
the right of A and ending to the left of it, and not encircling it
again. Hence arg(z¥—A) increases by =. Lastly, if A is so large that
|w(@)]| <1, [xa(z)] <1 on C, log{l+w()} and log{14x,()} may be
assigned their principal values; hence

log{l4-w(2)} = OA-#-1k),  log{l+yx,(2)} = O(A-¥-1k),
Hence (8.5.2) gives

»
=2 f (A— k)t dw — 4 O(A-+-10k). (8.5.3)
v
0
Now i,,(2) has n real zeros, and by (7.2.3)

n >

ERE S

D
f A—w*) dw —1.
(]

Also N = n-2m, where m is zero or a positive integer, since complex
zeros occur in conjugate pairs. Hence
2m < 3 OA-4-1K),

If A is so large that the last term is less than §, then m = 0, N = »,
go that there are no complex zeros inside the curve C. Replacing
N by n in (8.5.3), we obtain a formula equivalent to (8.1.8), with
the remainder after the first term on the right-hand side replaced
by an O-term.

8.6. Further approximations. The next approximation to the
function (z) (0 << argz < w/k) is
7(2) = a(2){1+x2(2)}

where

2z =<}
ny(2) = e~ Lie=ie) f R(w) dw + Lieié@ f =200 R(w) duw,

21

and xa(2) = 0(82) = O(A-1-2/k),
Now
© . - ‘if(z)R(z) @ e—2iw) R(w)
it Ry oy — OB C) 4
fe R(w) dw 20(A—zF)} +f 5 dw{(/\—wk)*’ dw
. . 2 d
= 0{)\—1—2/kle—21§(z)|}+0{]e—zzf(z)l f wszs}

e 0{A-1—2lkle—2i§(z)l}.
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2z
Hence 7(z) = e—f&z){l_*_%if R(w) dw +0(A—1—2Ik)}.
, A

A similar formula may be obtained in the angle #/k < argz < 4.
It follows that the term O(A-#-1k) in (8.5.1) may be replaced by

& [ R du +op-r-w)
4
(o}

This corresponds to (8.1.8), with the remainder after the second term
on the right-hand side replaced by an O-term. We can plainly pro-
ceed indefinitely in the same way. The formula (8.1.8) is therefore
justified for the functions ¢(z) = 2*, or for any analytic functions
with sufficiently similar properties, provided that the eigenvalue is
large enough.

8.7. The case k = 4. Here
w?(3p*+2ut)

(pt—wh)t
Consider first the formulae of § 8.4. The curve C now consists of the
right-hand semicircle of |z—p| = }p, and the left-hand semicircle of
|z++p| = 3p, joined by segments of the lines I(z) = +4p. On the
upper half of the right-hand semicircle,

lp—w|=14p,  |ptw|>2p, [p*+w?| > 2p?

and |w| < §p. Hence

3p4(9p2/4)+-2(3p/2)®  2742( | 2
IR(w)I<—p(9p/;)pﬂ 3p/2)° _ ;2 (1_!_37

Rw) = —

1 5:2
Pt
Integrating over a length }np, we obtain approximately 4/p°.

On the straight line w = u+4ip, 1p < u < p, we have

lw|* < 5p?/4,

2 2
pHwlt = (utp)+ipt > (3’;—“) +ir =2

and
[P?+w?|? = [p?*+ul+ipu—}p?|?
= (u*+§p*)*+p°u?

5pt
> pi+ipt = -%-
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Hence
5p? 5p2\3
31"7:“(7)
25
( p) (3p)}

1
( o2

3.16 1
( »

| B(w)| <

<storgl 8

pt P

approximately. Integrating, we get again 4/p%; hence

21
8
f|mmmw<ﬁ.

145

On the straight line from z to infinity, where 2 is on or to the right

of the semicircle, we have

lptw| = |wl, [p*Hw?| =|w®,  |w—p| =ip

Hence |Rw)| < 2wl2Awf _ 3.2ip!

lw¥Ep)t |wl¥
Hence this part is

L2

3.28pF 2%
< [ (3 + )

»

1
= (3.28.2428.2) — = (8+16) = = =
( 5 )p3 ( ) »

approximately. Hence < 7

For 8 < 1 we therefore want
A>17¢= 44
roughly.
In §8.3, we have |w| < 2-¥p, so that
< 3p'p*-2p°
| Reo)| <
/Y2

. b
Honco [ |R(w)du| < (%) | et a,
1] 0

4957 U



146 FURTHER APPROXIMATIONS TO N(A) Chap. VIII

which is found to be less than 1/p3, and so it is small if A satisfies the
above condition. A closer examination of the above integrals would
no doubt show that the method was valid for much smaller values
of A

8.8. General character of the functions ,(2). If ¢(z) is an
integral function of z, so is ,(z) for each n. From (8.3.2) it follows
that

n(z) = Ofexp|K£(2)}],

$.(2) = Oflq(z) | exp| I{E(2)}]]-

and hence that
For ¢(z) = 2%,
£e) = —i [ (wF—2,)t duw
0

f A
= —1 f (w*"—m—”w—]—...) dw +0(1)
— —}i- I\, logz+0(1) (k= 2)
. zik+1

—igt o) (k> 2).

d(2) = Of|z|—texp(}|z|2)} (k= 2),

$,(2) = Of|z|ex e } (k > 2)
n - { p %k—i“l v .

Hence

Hence ,(2) is an integral function of order }k-1 at most. Since

by (8.4.3)
() = O;xKexp(—ﬁi—ki”
" k41
for real z, the order is exactly k+1. Hence i,(vz) or vzy,(Vz) is
an integral function of order }k-+-}, according to whether n is even
or odd.

In the case k = 2, (8.4.3) holds for all sufficiently large values
of z in the first quadrant. The curve C can be replaced by any circle
|z| = R with R > Ai. Consequently i,(2) has no complex zeros, if
n is sufficiently large. Actually this is well known to be true for all
values of n.

In the case k = 4, ¢,(v2) or vz, (v2) is an integral function of
order $, and so has an infinity of zeros, all but a finite number
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of which must be complex. An infinity of these zeros are purely
imaginary; for if z = vy, (8.2.2) becomes

P Ay —
g = 0. (8.8.1)

The coefficient of i is positive for y > A%, indicating that the solution
is oscillatory. For y > (2A)}, y*—A = }y*. Hence (8.8.1) has a zero
between any two consecutive zeros of a solution of

%
@5 + 3yt =0,

s
e.g. of y*]*(m)

It is possible that in this case all the zeros of ¢,(z) are either purely
real or purely imaginary. For k >> 4 the situation is probably still
more complicated.
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IX

CONVERGENCE OF THE SERIES EXPANSION UNDER
FOURIER CONDITIONS

9.1. The problem of this chapter is similar to that of Chapter VI,
but it is now assumed that q(xr) - oco. The expansion thus takes
the series form

0

f@) = % ;i (). (9.1.1)

n=0

It will now be shown that, by imposing further conditions on g(z),
we can relax those which were imposed on f(z) in Chapter II; and
in fact that, for a wide class of functions ¢(x), the expansion con-
verges if f(x) satisfies conditions similar to those which are sufficient
for the convergence of an ordinary Fourier series.

As in Chapter VI, it is mainly a question of obtaining asymptotic
formulae for the functions ¢(x, A) and ¢(z, A) for large complex values
of A; these then give what is required for the function

O(z,2) = (@, [ S, Vf@) dy +(. ) [ (v, )]() dy.
0 z (9.1.2)

We obtain satisfactory results provided that A is not too near to the
positive real axis. A restriction of this kind is to be expected, since
it is here that ®(x,A) must have an infinity of poles. However, in
the neighbourhood of the poles, the formula

Bz, \) = z c'/'\ﬂ:) (9.1.3)

n=0

can be used. For this purpose we have to know something about the
distribution of the eigenvalues A,, and the analysis of Chapter VII
is needed.

9.2. It will be assumed that g(z) is twice differentiable,
7@ >0, ¢'(x) >0, and ¢'(x) <{g'@)}
for sufficiently large x, where 1 <<y << 4. Then Theorems 7.5 and
7.6 hold.
The analysis of §5.4 is required again here. With the notation
there used and the conditions assumed above, we have
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LemMma 9.2, f | R(t)| dt - O

as A - o0, it being supposed that A = u-+iv, v = 0, and X does not enter
the region between the positive real axis and the curve v = w32~y (u);
x(u) being any continuous function which tends steadily to infinity with u.

The conditions assumed imply that
= O[{g()¥],
where ¢ = 1/(2—v), by (7.3.4). Hence

co

f W, { }w, } { f’ ¢ dg }
[A—q(®)[* J 1A—qt l){ —q)* 4o

If w > 0, put ¢ = u+vr. We obtain

r (ut-or)vdr| - (u'~+0°
O{f/ (v2r2+v2>*} o(5)

If w < 0, the integral is

Y rd
of | s = otar-.
0
Since ¢"(¢) = O[{q’'(t)}"] = O[{g(®)}**¢'(®)],

qOd_ 0{ Vi dq}
|A—q(®) [} |A—q[?
0 0
and similar results hold for this integral. The lemma clearly follows
from these results.

9.3. Let ¢(z,A) denote again the solution of
d
a;yﬁ{?\—q(w)}y =0 (9.3.1)

such that ¢(0,A) = sina, ¢'(0,A) = —cos«. For a fixed z, or z in
a fixed finite range, Lemma 2 of § 1.7 gives

$(x,A) = cos(zVA){sin o+ O(|A| )} (9.3.2)
if sina % 0, and '
TR LA PR YD) (9.3.3)

if sina = 0.
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For z - 00, the relevant formulae are (5.6.1), (5.6.2). Also by (5.6.1)
and Lemma 9.2, the integral on the right of (5.3.6) is

O{IM*flRa)l dt} = o(IA¥)

as A — oo in the region allowed by the lemma. Hence
MA)e-#@
A—q@)pt’
and M) ~ $Atsina (9.3.5)

B(x,A) ~ (9.3.4)

as A — oo in the above region, provided that sina % 0. Similarly, if
gina = 0,

MQA) ~ —3i——. (9.3.6)
The formula obtained by differentiating (5.6.2),
2 [0 —q@ihar ] ~ —iHOA—g@et,  (9.3.7)
is also easily proved by first differentiating (5.4.5).
9.4. It is now a question of obtaining a solution of (9.3.1) which
is small for large z. We proceed as in §6.2 or § 8.3, but ¢*#® is now

small for large x, not large as in §8.3. Hence (5.4.5) is formally
equivalent to

m(e) = 1(0)fee)t-e-iE0) — firy (ON-Heiked ¢t} -

xT ]
+2ii eHE@—£O) R(t)y(t) dt +§15 f eEO—§@) R(t)n(t) dt —
x

.__21_ f eHEO-EN R (t)n(t) dt
(2

0
or

x
7(x) = Aeit@ | Be—if(m)_|_% J‘ eHE@-E0) R(t)y(t) dt +
2
0

+§12, f 0L R(t)q(t) dt.  (9.4.1)
T
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Take A =1, B = 0, 5, = ¢¥®, and for n >1

x
Taa(e) = €494 5. | SHE-LOR(), () dt +
0

+ 2_1 et EO-EN R(t)y, (t) dt.

?

‘ih_ﬁs

Let J now denotef | R(t)| d¢; by the above lemma, J < 2 if A is

sufficiently large and in the above region. Arguing as in §6.2, it
follows that 7, (x) tends to a limit 5(z), which satisfies (9.4.1) with
A =0, B=1;and
In(@)| < leifml (9.4.2)
M < }'J 4.

J

@) i&(x) 4.
) —eibr] < 3 27 feida. (9.4.3)

In particular, y(x) = n(x){A—q(x)}-t is L2(0, ).

9.5. We have to apply this result to the function i(x,A). Now
P, A) = AQ)p(x,A)+- BA)y(z, A)

and (z,A) and y(x,A) are L3(0,00), while ¢(x,A) is not, at any rate
if M(A) # 0. It follows that, if A is large enough and in the region
of the lemma,

P(x,A) = B(A)y(x,A).
Since W(¢” ‘/’) =1, B(A)W(‘f” y) =L

Now for a fixed A,  —> o0, (9.4.1) (with 4 =1, B = 0) gives
n(x) ~ eif(x){ 1 _1__2.1; J‘ e-—if(t)R(t)n(t) dt} = K\)ei#@
0

say. As in previous cases, we also have
7' (x) ~ tKA){A—q(x)}tet@,
Hence
W, y) = A—q@)}W[{A—q(x)}id(x, ), n(z,A)]
~ A—q@)} M (N)e~ €K N)A—qg(x)} e+
M AA—g(@)Pe-EDK (Veide)]
= 20M(A)K(A).
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Hence 2IBA)MMNKQA) =1,
3 ' . — ?/(x, A)
ie. P(z,A) = SMMEQR) (9.5.1)

Clearly K(A) -1 as A - oo in the above region.
For a fixed x, and A > o0 in the above region, this gives (if
sina # 0)

LY@ e
b A) isina IAHA—g(z)}isina’

Since -
£(z) = [ P—q)} dt
0
= f A O1)} di
0
= 22+ 0 ),
this also gi 3~ 22 9.5.2
is also gives P(x,A) ~ sna (9.5.2)
Similar] (@, 2) ~ S 9.5.3
imilarly Y (x, )Nsinoc' (9.5.3)
If sina = 0, the corresponding results are
ety , . aNbeizvA
Y@ ~ ) Y@= (9.5.4)

9.6. All the above results apply to regions which do not come too
close to the positive real axis in the A-plane. In the neighbourhood
of the positive real axis the expression (9.1.3) has to be used, and
for this purpose some further information about the functions ¢, (x)
is needed.

We have ;:(x)*‘{hn—qcv)}lpn(x) = 0.

Let ¢(p,) = A,. Then for 0 < x < p, the coefficient of i,(z) is
positive. Hence i, (x) is concave downwards where it is positive,
and upwards where it is negative; it therefore has just one maximum
or minimum between consecutive zeros.

LemwMa 9.6 (a). The successive maxima of |, (x)] n 0 < 2 < p,
form a non-decreasing sequence.

Let F&) = g3+
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. Y (@) q ‘(%)
Then F'(x) = . —ql@))? P
Hence F(x) is non-decreasing. At a crltmal value of ¥, (z), Yn(z) = O,
so that F(x) = y2(x). The lemma therefore follows.
LeMMA 9.6 (b). Let 1y, n,,... be the zeros of ¢, (x). Then

[hn(m.)]
IA '—q nv)l*
18 @ non-decreasing function of v.
Since F(z) = /\, - (x)

at = 7y, 9..., this also follows from the above argument.

9.7. LemMmA 9.7. For any fixed z (or x in a fixed interval)
Pu() = O py?).
Let the successive maxima (or minima) and zeros of ¢, () in the
interval 0 << z < 3p,, be

§ <y <& <o <y
Consider a particular »,. Then by Lemma 9.6 (b)

l‘rl'n "h:. - o Z M]l/’n m)l

Since ¢(x) is convex downwards, g(ix) < 1q(x). Hence

q(%pn) < %Q(pn) - lAn'
. v o5,
Hence a(nu)l < WLMTHZL [n(n,)]- (9.7.1)

o

Suppose e.g. that :/1,z x) is positive between £, and 5,. Then
7
oas— | B g
f i@ )
&
f (—$ile) da

= LHAE)— ()

_ (),
A

n
4957 X
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M
Hence ()| < Ay [ [a@)] e

Hence (9.7.1) gives

$Dn
Wi(n)| < -f?L f W (@)] da

0n
V22, )
~ n'———,l:—}:l[ ()f {‘/Jn(’v)} dx

"1
dx]
A, P}
T, 9.7.2
< (9.7.2)
Now let  be a given positive number. Let ,, ., be the nearest
zeros of Y, (y) below and above x, 7, the zero of #,(y) between £,

and §,,;. Then [y (x)] < [fn(n,)]- Now it is clear from the argu-
ment of §7.2 that 10a

, 1
n—p>— f A, —a(y)}t dy —

S

x
1 1Dn
w
x
> Ap, AL (9.7.3)
for n large enough. Hence
lghn(n,)] < AMkpat, (9.7.4)

and the lemma follows.

9.8. LEMMA 9.8. For a fixed x
(@) = O(py?).

Consider again an interval (¢,,7,) where () > 0, J,(z) < 0,
x < $p,. Then
Pa(@)n(@) = A, —q(@)}, (@) {— ()}
= @ — (@)}

f V@) de > W, J dn(@f— (@)} de,

Hence

w(n,)— %?‘,,{4'2 — ()}
s (m) = M PilE,
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Hence by (9.7.4), if 1,_; <z <,

(€] < Apzt
and the lemma follows.

It is easily verified that, in particular cases, these results are
the best possible. For example, in the Hermite case, q(z) = 2,
A, = 2n+1, p, = (2n+ 1)}, so that Lemma 9.8 gives ¢, (z) = O(n-?).
Actually e H (2)

Now (Szego, p. 94) for a fixed x

70 = O
) = Olgtign 1)) = (i)

Hence

O(n-%).

9.9. We can now prove

THEOREM 9.9. Let f(y) belong to L3*0,), and let f(y) = 0 in an
interval of which x is an interior point. Then

ngocn P(x) = 0.

This shows that, as in the case of ordinary Fourier series, the
convergence of the series Y ¢, ,(x) depends only on the behaviour
of the function f(y) in the immediate neighbourhood of the point z.
Of course we have also assumed that f(y) is L?, a condition not required
in the theory of Fourier series.

Let f(y) = 0 for x—8 < y < z+}3.

We have to prove that, under the conditions of the theorem,

lim f ®(z,A) dA = 0
Al=R

as R — oo through values not equal to any of the eigenvalues. We

have
Rein ReMn o

j O, dr = ol f - m D1,
Re™1 Re~tn (9.9.1)
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say. Now Y c2 is convergent, since f(z) is L%(0,00). Let
3
e(R) = c2)’.
(B) = (,Z,)
Then

Refn

[ o dh]ggmrc,tlﬁn(x)zﬂ-r S Jeata(@)l

) <{ 2 3 @] } H, 25 S @ L)

Wi MSIR MAR >
=0 3 [@LE+O[GR( 3 1@ ]

Now I, is bounded for all values of R and = (e.g. since we can take
it along an arc of a circle with centre at A = 2,). Since
A—A,| = R—A,,

and the length of the contour is 2Ry, it is also

Ry )
Ol ————).
From this and Lemma 9.8, it follows that

S, i@ =0 > L)~ ofs,,

A<t

AHQQR n
say, and
R2p?
3, i = of o

M<iR }R</\,.<R—I€1)(R_/\"‘)an

0 Lo R2n?
+0) ol 3 o)

R—Rq<>\,.<R+R7]p n A <R+R‘r’( Ry

= 0(8;)+0(8,)+0(8,),
say.
In 8;, p, = p(R— Ry), and the number of terms in the sum is
N(R+ Rn)—N(R— Ry). Hence

N(R+Rn)—N(R—Rn) Ry
< = 0=} = b
AT &S ) () = ok
by (7.6.2), provided that

J(B—Rn) < 2Rn < R— Ry,

which is true if
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Next

i R2p?
8, = Z o
k=1 R+2¥Ry<,<R+2*Ry " "
[co]
P 1
<2 gy,

b
il

1 R+2* 1Ry <A, <R+28 Ry

1 N(R42¢Ry)—N(R+2-1Rn)

N
[Ms

P R p(R+2%-1Ry)
= 1 2k-1Ry
= s 0( = ) — O(Rin).
k=1
Similarly S, = O(Rin).

Lastly a similar argument gives

1 2-k-1R R}
_=0{ g A.}:o(_)
9—k—1 J2\4 o1k |’
2""1R</\<2"‘Rp n (2 E) 2

and summing terms of this type,

8, = O(Rin?).
Rei
Altogether f ®(z,A) dA = O(Rin)+O{e(} R) Rint}. (9.9.2)
Re~t"
This tends to zero if 7 is a suitable function of R, e.g. if
1

9.9.3
TS RGBT Y 009
(or of course for smaller 7, but later we want Rin - c0).

9.10. Next consider the order of ®(z,)) on the parabola v? = wu.

o < (St 5B

{i (};;{[ +v2} . (9.10.1)

n=0

The last sum does not exceed

1
+ 2_77— + 2 +
ek L <)\Zu—v (=2, Pn u—v<%:<u+uv
1
+ z (An_u)zpn.
u+v<Ay
We consider these sums in the same way as those of the previous
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section, with R and Ry replaced by » and v respectively. The third
sum, for example, is

0{1 N(u—}-v)——N(u-—v)} _ 0{1 3} _ 0(_1_),

v? p(u—v) v? ut %
and similarly for the others. Hence on the parabola
D(x,A) = O(ut) = O(|A|Y). (9.10.2)

This also holds throughout the part of the first quadrant above the
parabola, since (9.10.1) is a decreasing function of v, for a fixed u.

In the second quadrant
i -1
o) =0[S P }*:01,
@ {M(A,Hrlul)z @

the convergence of the series following from the above argument.
Now we also have

O(2,2) = $(z, ) j BN dy 90 [ 900 dy.

z+8
Combining (9.3.2), (9.3.3), (9.3.5), (9.3.6),
$(@,A) = O{A-tM(N)e-i=4[}
for a fixed z, or z in a finite range. By (9.5.1) and (9.4.2)
Yz, A) = Of|A-2ek@ M ()]}
for all z, and A in the region allowed by §9.2. Let A be real and
negative, say A = —u. Then

@)} = f {p+q@)} dt > avp.
Hence ,_g

Do, —) = 0{‘3—,—;5 | ez dy} +

0
©

exvp
+0{~; ek f(y)] dy}-

# z+8
The first term is clearly O(u—te-3V~); and so is the second, since the
integral does not exceed

1 z+8 $
“ —2v4deflf(y)l2dy} < {9” Wflfy)l’dy}

z+8 z+d
Thus Oz, —p) = O(u—te-dn), (9.10.3)
Let FQ) = de-Nd(z, ),
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where At is real on the positive real axis. By (9.10.3), F'(A) is bounded
on the negative real axis. On the parabola v = u
_.sA} . . Sv .
e~ioAY — exp{——z&u*-}-%-{-.n} = O(1).

Hence, by (9.10.2), F(y) is bounded on the parabola. It is therefore
bounded throughout the region between the parabola and the nega-
tive real axis, by the Phragmén-Lindelof theorem. Hence, putting

— retd
A= ref, ®(x,A) = O(r—te-drtsinib) — Q(r-te-drttim),
Hence, if 0 < < }m, Rsin?y > cosy,

O, \) dA = ( [ Fre-swiom dg) _ O(c-3%in)

N=R,p<0<n (9.10.4)

The same result holds, of course, for the integral over —m <L 0 < —19.
Theorem 9.9 now follows from (9.9.2) and (9.10.4).

9.11. In view of the above theorem, we can now confine our
attention to a finite interval. We first prove

Lemma 9.11. Let f(x) be of bounded variation over a finite interval
(@, b), and zero elsewhere. Then

Cou(x) =0 (71-;)

Let f(x) = fi(x)—f,5(x), where f, and f, are bounded and non-
increasing in (a,b). Then

b b
en = [ ) dy — [ ) xw) dy.
By the second mean-value theorem

b B
[ b)fiw) dy = fila+0) [ dalw) dy (@ <B <b)

B n
= —fi(a+0) f v

“+°) f bi) dy (@ <o <f)

~4 “+°’ | a0 — B
= O(An }pn h)
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by Lemma 9.7. Similarly for the other integral. Hence by Lemma 9.8
Ca (@) = OMZ¥p?).
= Ot pn),
At = O(n)

By Theorem (7.3)

and the lemma follows.

9.12. THEOREM 9.12. Let q(x) satisfy the conditions stated in § 9.2,
and let f(y) be of bounded variation over an interval including the point
x, and zero outside this interval. Then

3 cathi@) = H{f(e+0)+fw—0)}

We start again from (9.9.1), but now use ¢, ,,(x) = O(1/nr) instead
of 3 ¢2 < 0. We obtain

ReM

Joena=of > Mol > N

Te-n In<iR " }R<\,<R—Rn

+0{

Fol 2 ota)
R-R1)</\;.<R+R1;n An>ER+Ry n( n )

= 0(3)+0(3,)+0(Z)+03,),

— (R—i—R’]) (R -Rq)| _

by (7.6.3), provided that n > R~} Next

- R
=2, 2 alm

k=1 R+2*1Ry<),<R+2¥Ry

say. Now

< < N(R+2*Rn)—N(R+-2*-1Ry) 1
= N(R+2+1Rn) 261

= i of 2By 1
R 2k-1 Ry 2k-1
1
= O(n)+ z 0(§E——1)
< 2k-1p>1

1 1
=0 nlog—)+0(n) = 0(n10g~)-
7 7
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Similarly for 3 ; and

1_ o[, NER-NGR) _
r<<ir™ {77 N(GR) } (m)

by (7.6.3), and adding O(log R) terms of this form,
2, = O(nlog R).
We may take for example n = RB~*, where 0 < « << 3. Then

Rein
lim D(x,A) dA = 0.
B Re~in
Now A = Rexp(iR-*) ~ R+tR-* lies in the region specified in
Lemma 9.2, if « is in the above interval. Hence on the remaining arc
of the circle |A| = R we may apply the asymptotic formulae obtained

in §§9.3-9.5.
Now 5
x4+
O(z,2) = (2, ) fw,A)f y) dy +4(x, A>f¢y, f) dy.
-3
The second term can be written in the form
z+d8 z+8
fet0)b(@ N [ .2 dy +é(@2) [ by, N{f@)—fe+0)} dy
) ’ — O+,
Now
x40 1/:”(
_ 22
lepu,mu— fA 2 ay
_ @) @+, q@)d
R qx+8>+“" N =g

Suppose, for example, that sina % 0. Using (9.3.2) and (9.5.3),
= f(x+40)cos(zVA){sin a+ O(|A| 1)} X

14 o(1)} Iei(z+8)A_*J) (]eixk*’)}

e TR AR o

cos(xvA)eizvA |e2izVA|
~ fla+0) SOV ooyl ofI5)).
Hence lim f ®,(x,)) dA = 3 f(@+0).

B0 largAl=7
4957 Y
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In ®,, we can write

fy)—=f(x+40) = g,(y)—92(¥),

where g, and g, are non-decreasing and tend to 0 as y - z. Now

z+8 z+8

[ R, Mgs(v) dy = g:(@+3—0) [ Ry, ) dy

x x
by the second mean-value theorem; and as before this integral is
O{le*="*/A|}. Similarly for the imaginary part, and for the corre-
sponding integrals involving g,. Altogether we obtain

o, — 0(91(x+8)+92(x+8)
Al '
Hence [ @@ dx = Ofgy(@+8)+gs(x+8)}.
larg Al>7
Since 8 can be taken arbitrarily small, this contributes 0 to the final
result.
Similarly for the other part of ®(z, A), and the theorem follows.

9.13. Combining Theorem 9.9 and Theorem 9.12, the final result
of the analysis of this chapter is

TaEOREM 9.13. Let f(y) belong to L3(0,0), and let f(y) be of bounded
variation over an interval including the point x. Let q(x) satisfy the
conditions stated in §9.2. Then

Hf@+0)+f@—0) = 3 c0th@).

REFERENCE
Titchmarsh (10).



X
SUMMABILITY OF THE SERIES EXPANSION

10.1. It will be assumed here merely that g(z) is continuous and
tends steadily to infinity, but not that it satisfies the other conditions
of Chapter IX. The asymptotic formulae previously used are no
longer available, or at any rate they have not been proved under
such general conditions. Consequently it is no longer possible to
prove the convergence of the eigenfunction expansion under Fourier
conditions. We can, however, prove the following summability
theorem.

THEOREM 10.1. Let g(x) be continuous and tend steadily to infinity,
and let f(x) be L*0,00). Then

0

tim VH Cuthal®) = f(2) (10.1.1)

for every value of x for wkzck

1
x(n) = f |f@+y)—f(@)| dy = o (n) (10.1.2)

as n—> 0. In particular ( ) #t holds almost everywhere, and (ii) it holds
wherever f(x) s continuous.

In view of (9.1.3), this is a question of the behaviour of ®(z,])
on the negative real axis. Putting A = —¢?, it becomes a question

of the solutions of
d 1/

Y

for real ¢, and ¢(z) tendmg steadily to infinity. This is dealt with
in the following lemmas.

10.2. Lemma 10.2. Let Q(x) > 0 for x = x,, and let y(x) be a solu-
tion of

d*y

dac?

= Qx)y

belonging to L*(xy,0). Then y(x) and y'(x) have opposite signs, and
tend steadily to zero as x — oo.

Suppose, for example, that y(z,) > 0. Then y'(z,) < 0, or y(x)
would tend steadily to infinity, since it is convex downwards where
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it is positive. Thus y’(x) < 0 as long as y(z) > 0. But y(z) cannot
change sign; for if x, were its first zero, and y(z) < 0 for « just
greater than z,, there would be a point z,4-8 such that y(z,+8) < 0,
¥'(x;+8) < 0. Hence y(z) would decrease steadily past this point,
which is impossible if it belongs to L2(z,, o).

It follows that, for > z,, y(x) > 0 and y'(z) < 0. Hence y(x)
decreases steadily, and so tends to a limit, which must be zero if
y(x) is L2 Since y"(xz) > 0, y'(x) increases steadily, and so tends to
a limit, which clearly must also be zero.

10.3. Lemma 10.3. In addition to the above conditions, let Q(x) be
non-decreasing. Then, if y(z,) > 0,

y(x) < y(=,) eXP[ f {Q(u)}t du] (x >x).  (10.3.1)

We have for z > z,
=Y @)y’ @) = Q@)y@){—y (@)} = Q= )y@f—y ()}
Integrating from xz, to z,,
Hy 2(wo) —y"*(21)} = $Q(xo){y2(xo) —y2(xy)}-
Making x, — oo, and replacing z, by z, it follows that
y3(@) = Q@) ().
Hence —y'@)y(x) > {Q@)}. (10.3.2)

Integrating from z, to z,
x

log y(xy)—log y(x) > f {Q)} du,

and the lemma follows. ”

10.4. Lemma 10.4. Let Q(x) satisfy all the above conditions, take

2y = 0, and let
y(0)cos a+y'(0)sina =1, (10.4.1)

where sin o 7 0 (instead of y(0) being given). Then, if Q(0) > cosec2a,

exp[—- [ @Gy du]
ly(z)] < {Q(O);*lsina[-l
By (10.4.1) and (10.3.2)
[y'(0)sin | < 141y(0)] < 14{Q(0)}-|y’(0

, 1
VOIS e =@y

(10.4.2)



104, 10.6 SUMMABILITY OF THE SERIES EXPANSION 165
Also by (10.3.1) and (10.3.2)

@)1 < lyOlesp — [ (@ au]
0

< 1Y (0)[{Q(o)} exp[— [ @y du],
and (10.4.2) follows. ’ :

10.5. LEmMMA 10.5. Under the same conditions

2y(xy)exp[ — (x—xo){ @(z+1)}}]
ly(z)| = 0 1+{1+1/Q(;;+1)}i . (10.5.1)

Suppose, for example, that y(x) is positive. Since @(z) is non-
decreasing,

—y' @)y (@) = QE)y@){—y (@)} < Qeyl@f—y' (@)} (z <=y).
Integrating from x to z,

Hy (=) —y"*(zy)} <
< 3

%Q(%){Jz(x (1)}
Writing temporarily e = {Q(z,)}}, b = —y’(,), this gives

dy\* 21 p2
() <o
Hence fJaz 2 5% < Ty,
where ¥y, = y(z,). Hence
Yot/ (¥5+0%/a%)

oL i <

y+ J (y2+22) {yo+ A/ (?/o )}e‘"‘m*”\ 2y, e=ae=),

(10.5.2)
Also, since y is positive and convex downwards,
x)

’ y(z')—y(

— 0 <2 <)

Taking 2’ = z—1, this gives
ly' ()] < yle—1).
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Hence, taking 2; = 241 in (10.5.2),

y(x)+{y2(z>+ yz) }"‘2 240 exp[ —{ Q@+ 1)}Hz—y)],

Qx+1)
and (10.5.1) follows.

10.6. LemMmma 10.6. Let Q(x) = ®*+q(x), where q(x) s non-
decreasing and independent of t, and let y(x) satisfy the above conditions.
Then as t -

y(x) ~ y(0)e~= (10.6.1)
uniformly in any fixed range of values of z, if y(0) s given; while if

(10.4.1) holds,
et
(10.8.2)

y) ~ " tsina

The first result follows at once from (10.3.1) and (10.5.1).

It follows from (10.3.2), with x = 0, that |y'(0)/y(0)| tends to
infinity with ¢, and hence, if (10.4.1) holds, that y’(0) has the same
sign as sine, if ¢ is large enough. Hence y(x) has the opposite sign
to sina. Thus the sign in (10.6.2) is correct. It will then be sufficient
to consider one case, e.g. that in which y(x) is positive.

The required upper bound for y(x) follows at once from (10.4.2).
Also (10.4.1) gives

1< [y(0)]+1y'(0)sina| < {Q(0)}*]y'(0)[+ |y (0)sin o]
by (10.3.2) with x = 0. Hence

1y(0)] > -

{QO)*Fsina’ (10.6.3)

Also, if 2, > z,

1

f y'(§) dé
(

I

y(x1)—y(x)

[y @@+ [ v @a—8) dé

Y @)@ —2)+ [ QEYE) @ —0) i,

r—

v =820 [ o —e i

and bence [y/(@)] < YOV 1 @ —0) Qi)
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Now, by (10.5.1),
y(@) = y(x)e =41+ 0(1/t)}

if # and z, lie in a fixed interval. Hence

1
0l L)+ 020 |
(2, —
Taking (r;—z)¢ small and (z,—z)? large, e.g. x; = x+t~¥, we obtain

¥ (@)] < ty@)(1H8) (£ > 1,(5))- (10.6.4)

The lower bound for y(x) implied by (10.6.2) now follows from
(10.5.1), (10.6.4), and (10.6.3).

1 —e-@-a)t

@) < y(x)[

X, —X

10.7. Proof of Theorem 10.1. Since f(x) is L*(0, o), (9.1.3) holds,
and the theorem is true if

O(z, —12) ~ —f(x)/? (10.7.1)
as t - oo, Now

Oz, —1*) = f(z, —1") f by, =) () dy +d(z, —#) [ Yy, —)f (y) dy.

Since ¢(0) = sina, ¢'(0) = —cosa, 6(0) = cosa, §'(0) = sinw, and
bz, A) = 0z, A)+m(d)p(x, ),

we obtain H(0, —t2)cos a4’ (0, —t?)sina = 1. (10.7.2)
Suppose first that sina % 0. By (1.7.3)
$(x) = coshatsin o+ O(e¥/[t) (10.7.3)

as ¢ — oo, uniformly in any finite z-interval; and y(x) = ¢(z, —¢?)
satisfies (10.6.2), uniformly in any finite 2-interval. Also by (10.4.2)
P(z, —t*) = O(e™)
for all  and sufficiently large ¢. Hence, if 6 > 0,
z—3

z—8
W=t [ s, —t9fw) dy = O{T | e”’lf(y)ldy} = 0(e)
0

0
and

o~ [ bt~ dy = Ofe [ o410 )

z+d z+3

— o[eu{ f e gy f I y)|2dy}’5] = 0(e-).

z+3 z+3
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The remainder of ®(x, —t?) can be written
z+8

1@)pte, ) f Bl —0) dy 4, =) [ —yay|4

+(z, — 1) f $(y, —){f(y)—f@)} dy +
z+8

+é(z, —2) [ by, — ) @) —f(@)} dy.

The coefficient of f(z) is asymptotic to
z+d

f levtsina dy —je¥sina f

xz

-yl

1
dy = — 5+ 0(e¥.

tsma tsin o

If (10.1.2) holds, the last term in the previous expression is
z+d

O[eﬂ f sty —f(x)ldy}

%)

0[%[6"“‘){(% +fe-“‘x(u }

I

v«lt—i

e~ ¥ fx-t+u)—f(x)] du}

O(e~¥/t) -}—o(fe-"‘u du) = o (t2).

0
Similarly for the second term; altogether

D(x, —t%) = —f(x)/t240(t72)

the required result. A similar argument holds in the case sina = 0,
using (1.7.5) and (10.6.1).

10.8. An alternative proof of Theorem 9.12. There is a well-
known argument in the ordinary theory of Fourier series by which
we can deduce the convergence of the Fourier series of a function
of bounded variation from its summability (C,1). If f(x) is of
bounded variation over (0, 2x), and a,, b, are its Fourier coefficients,

then
%=0®, %:0@.
n n
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0

The series tay+ X (a,cosnz+b, sinnx)
n=1

is summable (C, 1) to the sum f(x) for each x; hence, by Hardy’s
‘Tauberian’ theorem, it also converges to f(z).

We are now in possession of the materials for a corresponding
proof of Theorem 9.12, viz. Lemma 9.11 and Theorem 10.1; but,
instead of Hardy’s Tauberian theorem, we have to use a case of
Wiener’s general Tauberian theorem.

Let a, = c,y,(x), so that a, = O(1/n) by Lemma 9.11. Let

8 = Hf(@+0)+f(z—0)}.
Then by Theorem 10.1

= Az,
XDz, —A) = > s
as A —>o0. Let S)= Y a,.
A<z
Then
A a, A
SN +AD(z, —A) = a,n(l—- )~ n
A A
= > a9 }
g;n(H—)\n) Sy mAHA)
ol SE)rops L
P N S
Now
1 1 1 1 1
N < — R _
Ata™n A £ AN(A)«Z@(W”
_(INE@)—=NQ) _ 1
= =G

by (7.6.3). Replacing A by 2], 44,... and adding, we obtain

> = )

An>A
A
Similarly =2 = 0(A).-
A,.ZsA "
Hence
SQ)-+AD(z, —A) = O(1),
S(A) = O(1).

4957 z
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Ao —M(z,—)) = f ﬁa dS(u) = f s S() .
=0

Hence
sszwr S(u) du
=§‘i’if e S
. et~
= lim [ Ky(E—n)S(e") dn,
633
where K (x) = @I
Now
—iu ea: —tux t—zu
J Kte-sen s~ f CESVE f e
= I'(1+wu)(1—iu) #~ 0,
and f K, (x) de = 1.

Hence, by Wiener’s Theorem 4,7
éim f K,(¢—n)S(en) dn = 8 f K,(x) da,

where Kf§)=0 (£<0), et (£>0)

Thus ¢
= li -£
S z’ﬂ_fw e1-£8(en) dy

x

—lim 2 [ S(y) dy
x>0 X
0

1 N. Wiener, The Fourier Integral, pp. 73-4.

Chap. X
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Let 8 be a number between 0 and 1, independent of . Then

1+8)z
S = (ljis)hg lim { f S(y) dy — J'S(?/)dy]

x—© ox

1(1+8)a:
—tim o [ Sw)dy
x

(1+8)z
=91H [ (wH-8 f {S(y)——S(x)}dy]-

x

Now
1
S-S = > a= > of]
T<Aa<Y T<A <y
— 0{ l} — 0{ l}
e T N@)<n SH(1+8)a} "
A N{(14-8)x}—N(x)] _
= o M = oo
by (7.6.3), provided that z—* <{ §. Hence
1 1+d)x 1 149z
s [ Sw-senay =g [ ooy
= 0(5).
Since § is arbitrary, it follows that
lim S(x) =
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Titchmaxrsh (9), (10).
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