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PREFACE

This book has two principal objectives: first, to refresh and
improve the reader’s technique in applying elementary calculus;
second, to presenf those methods of advanced calculus which are
most needed in applied mathematics. The reader is assumed
to have a working knowledge of calculus, but he needs no greater
facility in this sub]ect than that usually acquired and retained
from a first course in the subject. Thus the book may serve for
reference or self-study by practicing engineers or applied scien-
tists who need a steppingstone to the more formidable specialized
mathematical treatises. As a textbook, it is suitable for a course
in advanced calculus of a type now taken by many students whose
major field of interest is engineering, mathematics, or science.

The earlier chapters of the book deal with topics touched on
to some extent in elementary calculus, namely, Taylor’s series,
partial differentiation and its geometrical. applications, and
integration. Inmdentally, they strengthen the reader’s knowl-
edge of elementaly calculus. But the tleatment here includes
partial derivatives of 1mphclt functions and J acobians, the vector
notation and its uses in kinematics and differential geometry,
hyperbolic functions, line and multiple integrals, and the use of
complex variable methods to simplify systematic integration, to
evaluate certain definite integrals, and to calculate types of fluid
flow.

The later chapters deal with special higher functions, Fourier
series, ordinary and partial differential equations, vector analysis,
and the calculus of variations. For each special function some
graphs are drawn, and a method is given for computing numerical
values of the functions from convergent or, where more con-
venient, asymptotic series. The use of available tables is also
explained, so that results can be reduced to numerical form. A
simple method, new in detail, of reducing elliptic integrals of the
first and second kinds to the tabulated normal forms is given,
gtarting with radicands either in polynomial or trigonometric
form  Tn connection with Bessel functions, of real or imaginary
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arguments, the practical determination of the change of variable
that reduces a related differential equation to the standard form
is indicated.

The author’s extensive contact with engineering colleagues
and students at the Massachusetts Institute of Technology has
taught him what sort of mathematics interests students, as well
as what they most often need. This has led him to omit from
this book all existence proofs or similar discussions that seem
superfluous to the practical-minded. Resulfs like the mean
value theorem and the expression for the area of a curved surface
are accompanied by a brief discussion relying on geometric intui-
tion, of a nature to carry conviction and enable the reader to
recall the results by retracing the argument. Finally, a few
results easy to understand and use, but whose proofs are relatively
long and difficult, like the theorems connecting power series and
analytic functions, a sufficient condition for the convergence of
Fourier series, and several of the more involved asymptotic
expansions, are stated without proof.

On the other hand, loose statements are annoying to a con-
scientious mathematics teacher and misleading to the few stu-
dents who will proceed to more refined theoretical treatments.
For this reason the author has taken pains to formulate all state-
ments of mathematical theorems correctly. He further clearly
indicates each case where a result is suggested by a heuristic
discussion rather than proved, where a statement is made without
proof, or where a rule is merely valid for all practical purposes and
not mathematically universal. Moreover, references to more
rigorous and complete discussions are given at the end of each
chapter.

Since the author had already published a comprehensive
Treatise on Advanced Calculus, which included a rigorous dis-
cussion of the foundations, he could resist any temptation to
include material of that nature in the present book. And the
exclusion of such material has provided space for the compara-
tively extensive treatment of advanced techniques in a volume
of moderate size.

The attempt to prove everything often leads to the use of
roundabout methods in the beginning of a book. This fixes
inefficient techniques in the reader’s mind, even when better
methods are presented later. In this book the author has given
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the simplest known method of solving each type of problem the
first time it appears, even when this means quoting a theorem
from an advanced branch of mathematics without proof.

Each chapter is followed by a number of problems, arranged in
an order corresponding to the development of the text. There
are a large number, averaging nearly 100 per chapter, and
they range from routine exercises to elaborate applications to
science and engineering. For any that offer real difficulties not
explained in the text, the outline of a solution follows the problem.
Answers to all problems are given at the end of the book.

A list of the works referred to in the text, together with a
few additional books that have been consulted, is found in the
bibliography.

PHILIP FRANKLIN.

CAMBRIDGE, Mass.,
June, 1944,
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METHODS OF ADVANCED CALCULUS

CHAPTER I

ELEMENTARY FUNCTIONS FOR COMPLEX VALUES
AND TAYLOR’S SERIES

In this chapter we shall discuss the elementary functions and
their fundamental properties. Since many calculations may be
simplified by the use of complex quantities, we briefly describe
the complex number system and define the elementary functions
for complex values of the variable. We include the Taylor’s
expansions of the elementary functions, the manipulation of
such expansions, and their application to the evaluation of
indeterminate forms and certain computations.

1. Elementary Functions. The basic elementary functions
are the integral power function y = z*, the exponential function
y = ¢*, and the trigonometric functions y = sin z and y = cos z.
A polynomial,

y = Px) = an2" + au_rz® + - - - 4+ arx + a,, (1)

is formed from a finite number of powers and constants by the
algebralc operations of multiplication and addition. Since the
constants may be negative, the use of subtraction gives nothing
new. However, the use of division leads to the rational func-
tions. A rational function can always be expressed as the
quotient of two polynomials,

P(x) — a,x" + afn—lxn'«1 + c ot + ar + aO. (2)
Q(x)  bux® + bp—iz™t 4 - - - + bir + by

y = R(x) =

The integral root function is the inverse of the power function.
That is, y = «¥* if £ = y». Similarly, the logarithmic function
is the inverse of the exponential function. That is, y = log z if
T = e

1



2 ELEMENTARY FUNCTIONS §2

The trigonometric functions tan z, cot z, sec x, and csc 2 are
defined in terms of sin x and cos = by the quotients
sin Cos ¥

tan xr = ) cot xr = — ’ sec r = ’
cos T sin * Ccos T

1
0S¢ T = (3)

Each of the six inverse trigonometric funetions is the function
inverse to the corresponding direct function. For example,
y =sin"'zif x = sin y.

The functions that can be obtained as a finite combination of
the functions just described are the elementary functions. In
all first courses in the calculus, rules are derived that enable us to
express the derivative of any elementary function as a second
elementary function.

2. Complex Values. Many mathematical results may be
stated more simply, and obtained more readily, by the use of
complex quantities in the intermediate stages, even if the final
applications involve real numbers only. We recall that a com-
plex number is an expression of the form a + bi, where a and b
are real numbers and 7 is the imaginary unit;

i=1—1 and 12 = —1. (4)

For the most part, the rules for manipulating complex numbers
are the same as those for real numbers. One useful principle is
that, if a, b, @/, and b’ are all real, then the equation

a+bi=a +b1 implies that ¢ = o’ and b = b'. (5)

Thus, in any equation simplified to this form, we may equate the
real and imaginary parts separately.

For a complex variable z = z + 4y, the power function z* is
defined by repeated multiplication. Polynomials and rational
functions of z are then defined in terms of the four fundamental
operations. One practical method of dividing complex numbers
is illustrated by the following calculation:

a+bi (a4 b)(c—di) _(ac+ bd) + (—ad + be)s
c+di ~ (c+ di)(c —di) c? + d? (6)
=ac+bd+ ——ad+bci
C2+d2 c2+d2 ¢
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The functions e?, sin 2, and cos z are defined by the infinite
power series,

z_..l 22 z3 7
e = +z+2—!+§!+ ’ ()
) 23 PASEE 1
smz=z—:—))—!+5—!—7—!+-°-, (8)
and
22 2t 28
COSZ=1——2-!+1‘!—G+“'- (9)

These series are similar in form to the MacLaurin’s series which
represent the functions e%, sin x, and cos x for all real values of z.
This shows that, when y = 0, so that 2 = z + iy = z, the values
obtained from the new definition will agree with those previously
used for real values of the variable. ,

The series (7), (8), and (9) converge for all complex values of z.
Convergent series of this type may be multiplied and added
together in the same way that polynomials are combined. It
follows that the functions defined by the series satisfy the
relation '

e - et = ezH—zz’ (10)
as well as the addition theorems
sin (2, + 22) = sin 2; cos 22 + cos 2; sin 2z,, (11)
and
cos (21 + z2) = cos 21 cos 23 — sin 21 sin 2y, (12)

and the identity

cos? z + sin?z = 1. (13)
Similarly, it follows from the series that
¢ = cosz+ ¢ sin z (14)
and ‘
e = cos z — 7 sin z. (15)

We may solve these for sin z and cos z and so obtain

sin z = f—z;;ie—z; (16)

e‘il e"l:?/ -
cos 2 = -——j_z——— (17)



4 ELEMENTARY FUNCTIONS §2

The definitions of the remaining trigonometric functions are
similar in form to Eqgs. (3). For example,
sin 2z

tan z = @J (18)

so that from Eqgs. (16) and (17),

1 eiz — e—iz e?iz — 1
tan z = — — — = _"l:-“-—‘_‘—'
7 ev + e e2zz + 1

(19)

Equations (16) and (17) show that, after the exponential
function has been defined for complex values of the variable, we
may omit the trigonometric functions from our list of basic
functions. More specifically, we may take Eq. (7) as the
definition of e?, and Eq. (10) as its fundamental property.
Then Eqgs. (16) and (17) may be used to define sin z and cos z,
and the series (8) and (9) then follow from (16) and (17) com-
bined with (7) and (4). From this point of view Eqs. (11), (12),
and (13) and all other trigonometric identities become a conse-
quence of Eqs. (16), (17), and (7).

The usual proof for real values shows that, for any positive
integer n,

d(az")

—a = anz* 1, (20)

Moreover, scries of the type considered here may be differentiated
termwise. Consequently, it follows from the series (7), (8), and
(9) that

d(e) _
L = (21)
d(sinz)
5 = €08z (22)
and
d(cosz) _ .
5, — —sinz (23)

The rule for differentiating composite functions

T " du dz (24)

also remains valid in the complex case, and we may use this to
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deduce that
d ( e—iz)

d(e?) _ .. s
o = e and g = e (25)

Using these, we may derive Eqgs. (22) and (23) from Egs. (16)
and (17).
3. Evaluation of Functions of z. If z = z + 7y, we find from
Eqgs. (10) and (14) that
ef = e*tW = ¢% - ¢ = ¢*(cos y + 7 sin y)
= ¢% cos y + 7e” sin . (26)
This enables us to compute the value of e from tables of values of

the real functions e?, cos y, and sin y with y in radian measure.
To compute sin z and cos z we have from Eqgs. (11) and (12)

sin z = sin (x + @y) = sin z cos 7y + cos x sin 7y, (27)
cos 2 = cos (z 4+ 7y) = cos x cos 7y — sin x sin 7y.  (28)

But from Eqgs. (16) and (17) we have

I v —_— =
sin iy e-"zz. ¢ - i(‘f——é e ) (29)

ey + eV

cos 1y = (30)

This suggests that we tabulate the real functions

ev + e v

— Y
cosh y = —3

2 -

and sinh y = (31)

read hyperbolic cosine and hyperbolic sine. We may then com-
pute the functions sin z and cos z from -

sin z = sin x cosh y + ¢ cos z sinh y, (32)
cos z = cos z cosh y — ¢ sin z sinh y. (33)

4. Hyperbolic Functions. Let us study the hyperbolic func-
tions defined by

eV — e—'ll
2

It follows from Eqgs. (29), (30), and (34) that

ev + e—ﬂ'
2

sinh y = and cosh y = (34)

sin 7y = ¢ sinh y and cos iy = cosh y. (35)
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These relations may be used to deduce formulas for the hyperbolic
functions from those for the trigonometric functions. For
example, if we replace z; by 7y, and 2. by 7y, in Eq. (11), we find

sin 4(y, + y2) = sin 2y, cos ty2 -+ €os 7y sin 7y,. - (36)
But from this by Eq. (35), we may derive
¢ sinh (y. + y2) = ¢ sinh y; cosh y, + cosh y,(7 sinh y,), (37)
so that, if we diﬁdc by 1,
sinh (y1 + y2) = sinh ¥, cosh y» + cosh y, sinh y,.  (38)
In this way we show that
cosh (y1 + y2) = cosh y; cosh y» + sinh y, sinh y,, (39)

and that
cosh? y — sinh? y = 1. (40)

By analogy with the defining relations (3), we define the
hyperbolic tangent, hyperbolic cotangent, hyperbolic secant, and
hyperbolic cosecant by the equations

__ sinh y _coshy 1 ,
tanh y = cosh coth y = sinh y = fanh o/ (41)
1 o
sech y = cosh y’ esch y = sinh ?/. (42)

These additional functions may be expressed in terms of expo-
nential functions by using Eq. (34). For example, «
eV —e v e —1

ta/nh y = ey + e—'y = 6‘21/ +;~1_.

(43)

For the derivatives of sinh y and cosh y, we may deduce fromn
Egs. (35), (22), (23), and (24) that

d(cosh y)

- = cosh y and dy sinh y.  (44)

These also follow directly from Eqs. (34) and (21).
The power series for sinh y and cosh y may be obtained by
combining Eqgs. (35) with (8).and (9), or more directly from
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Eqgs. (34) and (7). The results are
sinhy =y + + + + (45)
cosh y = + -I— + -I- (46)

All the formulas of this section hold for y complex, if we use
these two series as the definitions. For complex values, the
hyperbolic functions may be computed from

cosh (z + 7y) = cosh z cos y + 7 sinh z sin y, (47)
sinh (xr + 7y) = sinh z cos y 4+ ¢ cosh x sin y. (48)

- b. The Logarithmic Function. If log z is the function inverse
to the exponential function, the relation

log (x + 1y) = u + v (49)
implies that

x4y = ¢t = e*(cos v + 7 sinv), (50)
where the last form is similar to Kq. (26). Consequently,
T = e" Ccos v and y = e sin 7, (51)
since x, ¥, «, and v are all real. It follows that
et = +/x? + 2 and r = tan™! (y/x), (52)

so that e* and ¢ may be used as the polar coordinates of a point
in a plane with Cartesian or rectangular coordinates x and 5. TLet
us denote a possible choice of polar coor-

dinates with positive radius vector
by 7,0 so that
r= + ‘\/l"m .7/ ’ 2 y
X =17 cos 0; ;
y = rsin 6. (53) 9
1
The number r is called the absolute 0 x X
value of z = x + 17y and we write ' Fia. 1.
dl = lo+ iyl = 7 = Va? F o (54)
We find from Eqs. (51), (52), and (53) that
u = log r, v =0, (55)

leads to a value for the logarithm,
log (x + 7y) = log r + 16. (56)
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Since 0 is determined only to within an integral multiple of 2,
a complex number has an infinite number of possible logarithms.
A particular value of 6 may be determined from a knowledge
of the sign of any two of the functions

tan 6 = 2, cos 0 = =, sin § = 9, (57)
x r r

and the numerical value of any one. The simplest method of
checking a value of 6 is to plot the point (z,y). The proper
quadrant and a rough estimation of # may then be read from the
diagram. If 6, is any one value, all of the possible values are
given by

6 = 0o + 2km, where k =0,1,2, - - - or —1, —2, - - - .
, (58)
The rule for differentiating inverse functions,
dw 1
dz ~ dz/dw (59)
remains valid in the complex case. But
w = log z implies that z = e». (60)
Consequently, by Eq. (21), .
dz v
a—’LE =€ = 2. (61)
It now follows from the last three numbered equations that
d(logz) 1 :
dz 2z (62)

We see from Eqs. (56) and (62) that the logarithmic function is
defined and has a finite derivative for all finite values of z except
2=0. Forz=2+14 =0,r =0 so that logr = —» and 6
is indeterminate. Hence we do not define log z for z = 0.

The fundamental property of the logarithm

log (2122) = log z; + log 2, (63)

follows from Egqs. (60) and (10). It is true in the sense that,
if any two of the logarithms are given, with particular choices of
k in Eq. (58), some possible value of the third logarithm will
make the equation true.
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6. The Complex Plane. In the last section we were lead to
associate the complex number z = x 4 iy with the point P
in a plane where P = (z,y). We may think of the point P, or
the vector OP, as representing the complex number. The four
fundamental operations on complex numbers then correspond
to simple geometric operations on the vectors that represent
them. We refer to P as the point z. If

zZ1 = 2y + 1y, 29 = X2 + 1Y, (64)
then
21+ 2; = (x1 + x2) + z'(y1 + yz). (65)
Thus 0Q, the vector sum of OP; and OP, according to the paral-
Y

Q=z,+2,

r
Q=z-z,

Pf=-z,
Fia. 2.

lelogram law, represents the algebraic sum of z; and 2z,. Sim-
ilarly OQ’, the vector difference OP; — OP,, obtained by adding
OP, reversed or OP; = —z, to OP, vectorially, represents
21 — Ra. ‘ '
For products and quotients, we introduce the polar coordinates
shown in Fig. 1. Then by Eqs. (63) and (14) we have
z1 = ri(cos 8; + 7 sin 0;) = 1€, (66)
B9 = 7'2(COS 0, + 7 sin 02) = rgeif, (67)
It follows that for the product 1
2129 = T1r9€’ 00 = piplcos (0, + 62) + ¢ sin (6, + 62)].  (68)

Furthermore for the quotient

2 = It oo = Dlieog (8, — 65) + 4 sin (6; — 65)].  (69)
22 T T2 N

These results also follow from Eqgs. (66) and (63).
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dquation (68) shows that, if OP is the vector for the product
and if OU is the vector to the point 1 = 1 4 0z, then the triangle
OP,P is similar in sense and shape to the triangle OUP,. Equa-
tion (69) shows that if OQ is the vector for the quotient, then the
triangle OP.Q is similar in sense and shape to the triangle OP,U.
This fact may be used as the basis for a geometric method of
multiplying and dividing complex

P=rz. Y numbers.
1#2
7. Powers and Roots. The
relation
(ev)® = e (70)

is a consequence of Eq. (10) when

a is an integer or rational number.

For other values of a, real or com-

P,=z, plex, this equation may be used as

the definition of the power in the

X left member. By Eq. (60), it
follows that

log (z%) = a log z. (71)
If we introduce the polar coordinates of z,
z = r(cos @ + 7 sin 0) = ret, (72)
And, by Eqgs. (56) and (58)
log z = log r + (60 + 2km). (73)
Hence
log (z*) = a log 2z = a[log r + (60 + 2km)]. (74)

If a is an irrational or complex number, each value of £ will lead
to a distinct value of 2%, and there will be an infinite number of
values of the power.

If n is an integer, positive or negative, kn is an integer and

log (2*) = nlog r 4+ ind = nlog r + ¢(nby + 2knw). (75)
Thus only one value of the power is obtained, namely,

2" = e = r*(cos nf + ¢ sin nb),

n=012 --+or—1, -2, - (76)

This is known as De Mowvre’s theorem and could have been
obtained directly from Eq. (72).
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If m is a positive integer, for the mth root or (1/m)th power

we have
log r + 2(90_%3@) (77)

log (21™) = ?% logr + 1 117L

This makes

glm = pl/m <(‘0s go_'i"_g]ﬂr + 4 sin 0o + 21{37"),
m m

m is a positive integer, k =0,1,2,3, - - -, m — 1. (78)

This choice leads to m distinet values, and every other integral
value of k leads to a value of the root equal to one of these. Thus
a complex number (#0) has m distinct mth roots.

For example, if m = 4 and z = —16, we have

z = —16 = 16(cos 7 + ¢ sin ) = 16" (79)

With 6, = =, the four values of 6 in Eq. (78) are

%, %—:—r: %’5; —711[ radians or, in degrees, 15°, 135°, 225°, 315°.  (80)

Thus the four values of the fourth root of —16 are
V22 = V24HiV2, =2 - iV,
and
V2 -2 (81)

8. Inverse Trigonometric Functions. If sin~! zis the function
inverse to the function sin 2, then

w = sin~!z implies that z = sin w. (82)

Hence, by Eq. (16);

(,iw — c—-'i w

2= and et — 20z —et =0, (83)
We may write this in the form
()2 — 2uz(e) — 1 =0, (84)
a quadratic equation in ¢, whose solution is
ev =gz + /1 — 22 (85)

This shows that
sin~!z = —1log (iz + /1 — 22%). (86)
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By a similar procedure we may deduce from Eq. (17) that

cos~lz = —ilog (z + V2t — 1), (87)

and from Eq. (19) that
1 — 1z

_.1 —_—
tan~1z 1g1+w

(88)

The rules of differentiation for these functions are similar in
form to those which hold when the variables are real, namely,

—1 —;
d(SIEllz 2) \/11:_;; where /1 — 2? = cos (sin™' 2), (89)
-1 — Pa—
d(c‘);z 2 _ = _1_ = where 4/1 — 22 = sin (cos™' 2), (90)
d(tan~'z) 1
dz T I+2 o

These may be derived either from Eqs. (86), (87), and (88) or
by using Eq. (59) and the relations of the type of Eq. (82).
The latter method of reasoning shows that in Eq. (89)

V1 — 22 = cos w,

and in Eq. (90) v/1 — 22 = sin w. These supplementary rela-
tions determine which square root is to be taken.

9. Inverse Hyperbolic Functions. A discussion like that of
Sec. 8, based on Eqgs. (34) and (43) shows that

sinh~! z = log (z + V1 + 22%), (92)

cosh~! z = log (z + /2% — 1), (93)
IR SRS S

tanh—'z = 5 log T . (94)

and that their derivatives are given by

d(sin;:‘ 2) _ \/11+ = where v/1 + 22 = cosh (sinh™! z),
, (95)
d(cosh™! z 1 T 1 —
7 \/52_-—_1’ where v/2* — 1 = sinh (cosh~! z),
(96)
d(tanh™1 2) _ 1 97)

dz 1 =22
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The additional conditions in Eqgs. (95) and (96) determine which
square root is to be used. For z and w real, the positive root is
always to be taken in Eqs. (92) and (95). For z real and gréater
than unity, cosh™' z is usually taken as positive and this leads
to the positive root in Eq. (96).

10. Mean Value Theorems. It is a geometric fact that on any
arc of a smooth plane curve, there is always some infermediate
point at which the tangent is parallel te the chord. If the arc
is part of the graph of y = f(x), with end points P and Q, we may

write
Y

P = a, f(a); R @
! 08
Q=b10. P
For the slope of the chord we r U
have
uQ _ f(b) — f(a) 0 X
PU - b—a (99) Fia. 4.

But the slope of the tangent to the curved arc at any point z,f(z)
is dy/dx = f'(x). Hence if £ 1is the 2 coordinate of one point R
where the tangent is parallel to the chord or has the same slope,
we shall have

0 =10 _ ), T o)

That there 1s always some & with a < & < b satisfying this relation
for any differentiable function f(x) is known as the mean value
theorem. i

When f(a) = f(b) = 0, there is some & with a < £ < b and
such that f/(¢§) = 0. This special case is kndwn as Rolle’s
theorem.

If we set
b=a-+h and £ =aqa -+ 6h, (101)
we have
b—a=h>0. . (102)
Also the relation
a<E<LDb implies that 0 < 6h < h. (103)
Hence
0<6<l. ~(104)

By using Egs. (101) and (102) we may rewrite Eq. (100) in
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the form
fla + h) — f(a) = hf'(a + 6h). (105)

That there always is some § with 0 < 6 < 1 satisfying thes relation
for any differentiable function f(x) is known as the law of finite
increments.

If the arc in Fig. 4 is part of a curve with parametric equations

x=FW), y=/0 (106)
with ¢ = a at P and t = b at Q, we shall have
P =F(a), fla); Q= F(®), fb). (107)
"The slope of the chord will be
. _
UQ _ f) = fla). 08

PU ~ F(b) — F(a)

But the slope of the tangent to the curved arc at any point £(t),
f(t) at which F'(f) # 0, is

dy dy/(_lt OB (109)

dr  dx/dt AO)

Let us assume that for all ¢ with a < ¢ < b, F'(t) % 0. Then,
if ¢t =t at one point R where the tangent is parallel to the
chord, with a < & < b, we shall have F'(§) # 0 and

i) — @) f®)
Fb) — Fla) = F'(8) (110)

That there ts always some ¢ with a < & < b satisfying this relation
for any two differentiable functions f(t) and F(t) with F'(t) # 0
for a <t <b is known as Cauchy’s gencralized mean value
theorem.

A generalization of the law of finite increments [Fq. (105)],
applicable to functions possessing derivatives of all orders, is

fla+ 1) = f@) + W@ + @) + -+ @

hn

(n+1

If we change variables in accordance with Eq. (101), we may
write it as follows:

+ )'f(n+1)(a + 6h), with 0 < 6 < 1. (111)
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J6) = §@) + & — a)f@) + LS D pra) 4

b “) R foo(a )+(é’n +“)1), Fo0(E),  witha <g<b. (112)

_.I_

This relation may be established by applying Rolle’s theorem
to the function

F(o) = —f0) + f@) + 0 — 27 @) + L5 i) + -

— 9 joo @) + (n‘-—i-x)l;?A: (113)

where A is a constant defined by the relation

L =2y

0 = F(a) = —(b) +f(a) + 0 - af@ + 52 @

. . . N ) (n) )ﬂ i
+ + S (a )+ +]>, A, (111
The value of the derivative of F(x) is
P = O ooy - LD )

since the other terms cancel in pairs.

But when = = b, F(b) is zero by KEq. (113). And when
& = a, I'(a) is zero by Eq. (114). Hence we may apply Rolle’s
theorem to F(x) and deduce that for some £ such that a < & < b,
F'(§) = 0. Consequently by Eq. (115),

0 = F/(E) (b i ‘E): [j‘(n-*-l)( ) — A] and d = f<"+l)(£)-
(116)

If we now insert this value of 4 in Eq. (114), we have merely to
transpose f(b) to obtain Eq. (112).

This proves Eq. (112) as well as Eq. (111), which differed
from it only by a change of variable.

In Eq. (112) we may think of b as a variable, replace it b\ x,
and rewrite the equation in the form

1@) = f@) + (& — a)f’(a) + =) 4

+-——-~“) 7(@) + (n +)1)v Jor(g),  witha < g <z (117)
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This expansion, or the equivalent form (111), is known as
Taylor’s theorem with the remainder.
An alternative form is obtained by starting with

b~a

f'b — z)dx = —f(b — z) .

b—a

= f(0) — f(a), (118)

and integrating the left member by parts,

b—a

b—a b—a
FO =iz =76 -a| -+ f 70 — 2 da

b—a
— F@)®b — a) + / 7 — Deds. (119)

If we repeatedly apply integration by parts, we find

a)

f) = f(a) + (b — a)f'(a) T e COEE

PO g / o (- 2 4r. (120)

By using the change of variables (101) we may rewrite this in
the form

fla+ 1) = £(a) + M@ + 57" @) + - - -
n h 7 -
+ %_!f(n)(a) + /(; f/n+1).(a -+ h — x) i:)j dzx. (12])

Either of the two preceding equations is an expression of the
alternative form of Taylor’s theorem with the remainder that we
were seeking. In each of Egs. (111), (112), (120), and (121) the
last term is known as the remainder term.

11. Taylor’s Series for Complex Values. In a few simple
cases it may be shown that as n becomes infinite, the remainder
term in Eq. (117) approaches zero. In this way it may be shown
that, for all real values of z,

e’=1+x+ + +'-~, (122)
. x5 x"
sinz =z — 3!+5! st (123)
2 4
cos:c==1-—£+:;:—!—m+"'. (124)

2!
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And, for all real = with |z| < 1,

1
14+ 2

x| oz
10g(1+x)—x—§+§—z+' , (126)

(1t =14 ke D g B ZDE=D)

=l—-z+at—a+ - -, (125)

x? +

+ - -0 (127)

In the last case the series reduces to a finite sum if k is a posi-
tive integer, since all terms after the (k + 1)st contain the
factor ¥ — k = 0.

However, a much deeper insight into the behavior of Taylor’s
series may be gained by using some
results of the theory of functions of
a complex variable, which we shall
briefly recapitulate.

We begin with some definitions.

Let « = a + b7 be any point of the
complex plane, and let C denote a
circle of radius R with center at c.
Then the condition for any point
z = = + 7y to be inside the circle C is

(x — a)?+ (y — b)2 < R% (128)
But, since
z—a=z+wy— (a+b)=(—a)+iy—0), (129)
by Eq. (54) its absolute value is given by

lz2 —al =V (x —a)2 + (v — D)2 (130)

Consequently relation (128), the condition that z be inside C, ma;
be written

Fia. 6.

|z — a| < R. (131)

A function of a complex variable z, f(z), is said to be analytic in
the circle C if a single value of f(2) is defined for each z inside the
circle C, and the function f(2) has a finite derivative f’(z) at each
point z.

A function is said to be analytic at z if it is analytic in some
circle C including 2 as an interior point.
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The results referred to, which we shall state here as theorems
without proof, are

I. If a function is analytic at 2, it has higher derivatives of all
orders at z.

II. If a function is analytic in C, for all points in C the Tay-
lor’s series about the center a converges to the function, so that

17 444

f (a)(z_ o)? e ()< — )

f@) = flo) + f(a)(z — a) +

+ -, (132)
for all z such that |z — o| < R.
A power series is a series of the form,
Ao+ Az —a) + A2z — )+ A3z — )* + - - - . (133)

III. If a power series (133) converges for any one value of z,
say 22, where 25 % «, and

R = |22 — al, (134)

then for all z; such that |z, — a| < R, that is inside the circle C
with « as center and R as radius, the series (133) will converge
and so define a function f(z). This function f(2) is necessarily
analytic in C, and the series (133) must be its Taylor’s series
about a.

IV. Inside C the series (133) may be differentiated or inte-
grated termwise. That is, if

f@) = Ao+ A1z — o) + A2z — a)? + A3(z — a)®

4+ -, (135)
then
f(#) = A+ 245z — o) + 343(z —@)? + - - - (136)
and

/f(z)dz—-{z—a)—}- (2 — a)? + ég(z—oz)3
4+ . (137)
In the last equation the integral is defined by

/ " f@)dz =

= F(2) — F(a), (138)
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where F'(2) is any function such that for all z inside C,

ey dF
f) =F'(z) = — (139)
The statement in Theorem III that a power series is neces-
sarily the Taylor’s series of its sum function may be deduced from
the possibility of termwise differentiation mentioned in Theorem
IV. For, if Eq. (135) holds, we may deduce Eq. (136) and by
repeated differentiation obtain

f”’(z) = 3245 + Cee (141)

Let us next put z = « in each of Eqs. (135), (136), (140), and
(141).  The results are

fl@) = Ao, f@) = Ay, of"(a) = 2y f"(a) = 3144
(142)

These equations show that
e =f(a)> A =f’(0t), As =f§('a);
Az = [,3('9“), . (143)

But, if these values are substituted in Kq. (135), it becomes
identical with Eq. (132).

Since a power series is always the Taylor’s series of its sum,
all methods of expanding a function in a series of increasing
powers of (z — «) will lead to the same series. In particular,
we may conclude from an equation of the type

A0+A|(2—a)+/12(2‘—a)2+"'
=Bo+Bl(z—a)+Bg(z:—a)2+'--, (l-{-})
that
Ao = By, Ay = By, Az = B,, . (145)

In fact, the same conclusion holds if the relation (144) is known
to be true when « and z are restricted to real values.

We can often determine possible circles C for a given power
series from Theorem II, if the properties of the sum function are
known. Or we may use Theorem III, if a value z, can be found.
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However, there is a simple process for determining a circle C
which is applicable to many of the series met in practice.
Let us first suppose that, in the power series,

Ao+ As(z — ) + As(z — @) + Asz — ) + - - -, (146)

the absolute value of the ratio of successive coefficients |A,/An_1|
approaches a finite limit L, not zero, as » increases indefinitely.
Thus

lim |-

n
n— o An—l

=L #0. (147)

Then the series (146) will converge for any z such that

p—d<}- (148)
For this makes the limit of the ratio of the numerical values of

successive terms in the series (1460)

lim IA (z - a) I

n— » lAn._. (z — a)n——li = le - aI < 1, (149)

and is related to the fact that the geometric series
a+ar+ar+ - - +a+ - -, (150)

with ratio of terms constantly equal to r, converges when |r| < 1.

Incidentally, just as the foregoing series (150) fails to converge
when |r| > 1, so the series (146) diverges if |z — o] > 1/L.
Thus 1/L is the radius of the largest possible circle C.

For example, each of the series (125), (126), and (127) has
L = 1 and hence will converge if |z| < 1.

If the series (146) is such that

An
An-l

then the series will converge for all values of the variable. The
series (122) is an example.

If certain terms of the series are missing and the terms from
the mth on are
Am(z - a)m + Am+k(z -_ a)"H'k
+ Amia(z — )™t + - - - (152)

Iim

n--> o

=0, (151)
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with
_Amink

Am+(n—1)k

lim

n—» c©

= Ly, (153)

the series will converge if

lim | Amini(z — a)mtné|
n— o IAM+(n——1)k(z + a)m+(n—1)k|

That is, if

=Lz —al* < 1. (154)

lz — a| < Ly~ when L; # 0, (155)

and for all values of z if Ly, = 0. The series (123) and (124) are
examples of the last case, with L, = 0.

The discussion of the function e in Sec. 2 is consistent with
the results of this section. For example, Eq. (21) shows that
e* is analytic for all finite values of z and that the higher deriva-
tives of Theorem I are

f'@&) ="' =f"@@) = - =e. (156)

In particular
FO) =10 =f"0) = - = =1 (157)

Consequently for « = 0, the Taylor’s development (132) of
Theorem II reduces to

LA
Pz=]+2+§'+§j+. (158)
or the defining Eq. (7).

On the other hand, if it is known that the series in the right
member of Iq. (122) converges for all, and hence for arbitrarily
large, real values of z, it follows from Theorem III that the right
member of Eq. (158) equals a function analytic for all values
of z and having this as its Taylor’s expansion. This explains
why it was practical to use this series as the definition of e* for
complex values of z.

Similar considerations apply to the functions sin z and cos z.
Like e?, these are analytic for all finite values of z.

12. Singular Points. For a given function, a value of z that
cannot be included in any circle C where the function is analytic is
called a singular point. The function is said to have a singularity
at this point. For the elementary functions the singular points
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include those values which make the function or its derivative
infinite owing to the presence of a zero in the denominator. For
example, z = 0 is a singular point of 1/z, and also of log z which
has 1/z as its derivative. For each of thesc functions z = 0 is the
only finite singular point. For any nonintegral power, z¢ as
defined in Sec. 7 has z = 0 as a singular point. For, by Eq. (71),

20 = et 1o 2, (159)
It follows from this by Eqgs. (21), (24), and (62) that

d(z?)
dz

_ sy % - (160)

Consequently, the kth derivative is

dkd(::) =ala— 1)(a—2) - - (a —k+ 1o+ (161)

This has 2% in the denominator, and this is zero for z = 0 if
k is sufficiently large. Hence z* must have a singularity at 0,
since if it were analytic at 0 it would have all its higher derivatives
finite for 2z = 0 by Theorem I. The function 2z has no other
finite singularity.

More complicated composite elementary functions will always
be analytic for any value of z that does not make some denomi-
nator, function raised to a power, or one whose logarithm is taken,
equal to zero. Such functions will usually have singularities at
the excepted places, although sometimes this is not the case. For

example, .

<——> 2t =z and (2P2)1 = 22 (162)

are each analytic at z = 0, although this is a singularity of
1/2z and 2*.. We here assume either that no inverse trigono-
metric or hyperbolic functions occur or; if they are present to
begin with, that they are expressed in terms of logarithms and
roots by the formulas in Secs. 8 and 9.

Let us apply the remarks just made to the inverse functions
themselves. From Egs. (86), (87), and (88) we scc that sin—! 2
and cos™ z have singularities at z = +1, while tan—! z has singu-
larities at 2 = £4. This could also be deduced from Egs. (89),
(90), and (91). Similarly, by using Eqs. (92,) (93), and (94) or
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Eqgs. (95), (96), and (97) we see that sinh—! z has singularities
at £7, cosh™ z has singularities at +1, and tanh—! z has singu-
larities at +1. Either argument shows that the inverse funec-
tions have no other finite singularities.

If f(2) has a singularity at zo, we must take « different from
2o in the Taylor’s expansion (132). Suppose that there are no
singularities inside the circle C about « of radius |zp — «|. Then
the expansion will converge to the function f(2) forallzin C. It
may or may not converge for a point on the circumference of C.
However, if it does converge at such a point it will equal f(2) at
that point. The expansion cannot converge at any point outside
of the circle C, since in that case by Theorem III it would define a
function equal to f(z) inside of C' and having no singularity at z,,
contrary to our hypothesis. ,

The argument just given shows that the function 1/z cannot
be expanded about zero but that, if it is expanded about 1, the
resulting series will converge for |z — 1] < [0 — 1jor1. To save
writing, let us put

tr—=1=17 and % - L (163)

Then we have the Taylor’s expansion

1_11“2= = Z+22—Z%+ - -+, for|Z] <1 (164)
Forzrealand z — 1 = Z replaced by z, this reduces to Eq. (125).

Similar considerations apply to Eqs. (126) and (127) if in the
latter k is not a positive integer. The expansion (126) may be
obtained from Eq. (125) by termwise integration, using Theorem
IV, Eq. (137). Again, let us put Z = 22 in Eq. (164), obtaining

1 —_ —_— 2 4 . 6 . e e YO WS L]
1+x2—l x4 ot — 2%+ , for |x] < 1. (165)
We note that the function on the left has singularities when the
denominator is zero, so that

14+22=0 and x =1o0r —1. (166)

Each of these points is at unit distance from the origin, which
explains why the series converges only for |x| < 1. Since the
function is analytic for all real values of z, these limitations on x
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cannot be predicted by considering the function for real values

only. By integrating the series (165) termwise in accordance
with Eq. (137), we find

¢ x5 2T
"’1 F—] — — —
tan~!' x x + 5 7

3 + -, for |z| < 1. (167)

13. Operations with Taylor’s Series. By starting with the
series (122) through (127) and operating as we would with
polynomials, we may derive the following expansions:

sin2x=x2——§+"', (168)
. xb
sm3x=x3—-§+---, (169)
\ , . xt  x8
er =1+l2+§—'+3—'+ T, (170)
and
cosa(sm:::)—l——-}-;4 S LR (171)
These are valid for all values of x. Also,
k k@Bt — 2) T
B —= 1 — 2 2 VOV ™ 4) 4 .o ) T
costx =1 5% + 57 @ + , ‘17!<2 (172)

Here we obtain (168) by multiplying the right member of (123)
by itself, and then (169) by multiplying the result by the original
right member. Again, if we replace the z in Eq. (122) by 22, we
obtain (170). To obtain Eq. (171), we replace the z in Eq. (124)
by sin z, and then express sin « and its powers in terms of powers
of z by using Eqs. (123), (168), and (169). Finally, if we replace
the z in Eq. (127) by the terms that follow the 1 in Eq. (124), we
obtain Eq. (172). The powers of the series are found by suc-
cessive multiplication in a manner similar to that used for Eqgs.
(168) and (169). The restriction on z in Eq. (172) follows from
the fact that unless k is 0 or a positive integer, cos* x has singu-
lar points for all values of z which make cos x = 0, and of these
the values + /2 are nearest to 0.

For quotients of expansxons, we may use either mdmary long
division or the expansion (125). For example, from Eqs. (124)
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and (125) we find

lz| <Z (173)

++x4+ 2

sec r = ,
cos T

This may be checked by putting £ = —1 in Eq. (172).
We may deduce from Eqgs. (123) and (173) by multiplication
the expansion

3
=z+T+ -, ol <3 (174)

The method used to derive Eq. (172) from Eqs. (124) and (127)
may be used for any function of a function. However, to expand
flg(x)] in powers of (x — a), we must first expand f(u) in powers
of (u — b) whereb = g(a). Forthismakesu — b = g(zx) — g(a),
which is zero when z = a. Consequently the expansion of
u — b in powers of (r — a) will have no constant term. For
"~ example, let us find the series for e~** in powers of z. Here
a=0and b =cos 0 =1. Hence we require the series for e* in
powers of (u — 1), or

tan x = sin z -
cos T

w— 1), (u—1)?
71 3T T ]
(175)
The right member, here obtained by using Egs. (10) and (7),
could of course be calculated directly by using Eqgs. (132) and (21).
We next deduce from Eq. (124) that

(5"=6'e““1=e[1—|—(u—-1)—|—(

xﬁ
st Gy
If we now calculate the successive powers of this and insert them
in the right member of Eq. (175), we find that

u—1=cosx—1=—

+ -0 (176)

2 4 6
W”=e(k—%+4£rﬁﬂ%+-”'). (177)

This is the desired expansion and is valid for all z.

Some power series may be conveniently found by the method of
undetermined coefficients or by use of the principle expressed in
Eqgs. (144) and (145). We shall illustrate this for the function
inverse to y(z). If y = a whenz = b, there will be a development

y—a=Bi(x —b) + Ba(x —b)2+ - - -, (178)
which we assume to be known.
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To obtain the development for the inverse function, we
assume the expansion

(x—0)=Ay—a)+ Ay —a)2 + - - - (179)

with unknown coefficients. We substitute this in the known
development (178) and so deduce

(y —a) = Bi[Adi(y —a) + A2y —a)* + - - -]
+B2[A12(y_a>2+ N .]+ e (180)

We may now equate coefficients of like powers of (y — a) to
obtain

1 = B1A1, 0 = B]Az + B2‘412, RN (181)
These equations determine the unknown A; successively as

| . _B 2

A1 = ——i, A2 - - B]g! (182)
As a specific example, with ¢ = b = 0, from
. x?
y=smx=x-—3—'+-'-, (183)
we may obtain the development for the inverse function
. y®
r=sintty =y 4 oat o yl < 1. (184)

The limitation on y is found from the singularities of sin™ y.
We may check the last expansion by termwise integration of
the series

L= 1+%4 o, W<t (85

\/ _l'”;’*'!)z
This last series may be found either directly from Eq. (132) or
by putting x = y? and k = —13 in Eq. (127).

14. Newton’s Method of Solving Equations. The develop-
ment of inverse functions given by Eqgs. (179) and (182) may be
applied to the problem of solving any equation in one variable

involving algebraic or transcendental functions, provided that
the functions are analytic for values of the variable near the root
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sought. We assume the equation written in the form
f@) =0, (186)

where f(x) is an analytic function.

Let us suppose that r, is a known approximate value of the
root. Then if we write y = f(z), we may form the Taylor’s
expansion about r;, namely,

v = 1@ = J) + 7@ =)+ o @ =+

(187)

Using the method applied to Eq. (179), we may deduce from this
that

v == sl = I = ol g (89)

If the exact value of the root approximated by r; is r,
fr)y = and y=0,a=r (189)

are values satisfying Iiq. (187), and hence (188). On sub-
stituting these values in the latter equation, we find

_ fry) () )
—_—ry = r + L A B 190
T 1 f(T) 2[f (7' )]3[f( 1)] ( )
Since 71 is an approximation to r, f(r,) will approximate zero and
hence be small compared with unity. Consequently the higher
powers of f(r;) will be small compared with the first power.

Neglecting these higher powers, and denoting the resulting solu-
tion of Eq. (190) for r by r,, we find

f (r1)
f (7'1)

as a second approximation to the root. The process may be
repeated for increased accuracy. Usually, if r, is correct to n
decimal places, f(r1)/J'(r1) will be less than 1/10». Hence
[f(r1)/f' (r1)]? will be less than 1/102* and the new approximation
will be correct to nearly 2n decimal places.

We illustrate the procedure for the algebraic equation

z? = 2. (192)

o =17 —

(191)
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Here we have
22 —2=0, flx) = x? — 2, fl(x) =2x. (193)

Thus Eq. (191) for calculating improved approximations
becomes
7'12 -2 _n

1
e Tt s (194)

Teg =T

Beginning with r; = 1, we find for the successive approximations

=1 ra=15 - ry;=1417, ry= 1414216,
rs = 1.414214. (195)

The method is valid for complex roots, provided that an
approximate value for a root r, can be found which makes
|f(ry)| small.

Y

Fia. 6.

In the real case, a rough graph of y = f(x) will usually provide
a good approximation to take as ri. The graph will also show
whether it is better to take r; in excess or in defect of the true
root. In Fig. 6, if we start with r,, the successive approxima-
tions will rapidly decrease to the root. If we start with r,, the
second approximation would be as poor as the first but, sinze
it would be 7, in the figure, from this point on the approximatio 1s
would improve. The figure also illustrates the geometric
significance of Eq. (191) in that r, is the intersection with the z
axis of the tangent to y = f(z) at the point for which z = r,.

16. Taylor’s Series and the Indeterminate Form 0/0. If f(x)
and F(z) each approach zero when x approaches a, the quotient
f(x)/F(x) may or may not approach a limit as x approaches a.
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Whether there is a limit, and its value if there is one, cannot be
predicted without further information about the functions.
This situation is briefly described as the indeterminate form 0/0.

Let us first assume that f(x) and F(z) are each analytic at
z = a and that F’(a) ¥ 0. Then on replacing the functions
by their Taylor’s series, we find

ﬂw+u—wvw+—'"”

/(@) + -
F(@) + @ — a) F'(a) + & ”W@+

J@) _
Fx) ~

(196)

Since f(x) — 0 and F(x) — 0 when z — @, in the Taylor’s expan-
sions we must have f(a) = F(a) = 0. If we omit these terms
and assume that z # a, we may cancel the factor (x — a) to
obtain

e f@ +& ”f%)+

, faNL I Y

It follows from this that

(197)

lim f,( x) f,,( e) when f(a) = F(a) = 0, F'(a) %2 0. (198
r—»al() F()’ f() () () ( )
This is one form of I’Hospital’s rule for evaluating indeterminate
forms.

If f/(a) and F'(a) are also both zero while F"'(a) # 0, we may
cancel the factor (x — a)2/2!in Eq. (196) and deduce that

tim S8 = SO hen f(a) = F(a) = f'(@) = F'(a) = 0,

e F(@) T F7(a)’
"= ~ F'(a) # 0. (199)
A similar argument shows that

lt'l—]—?]’(ll ;,((x)) I{f(’:)((a)) when F®™(a) 5 0 (200)
but
fl@) =@ = = = foV(e) =0
and - BT,
Fa) =F'(a) = + ++ = F» V() =0.

Whenever we have to go beyond the first derivative, if the
Taylor’s series for f(z) and F(z) are either known or obtainable
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from known series by the methods of Sec. 13, it is practically
simpler to use these directly, as in Eq. (196). For example,
from the Taylor’s series about zero we find

sin (z%) — 23 xd — 2°/3! + - — a8
tan—! (z%) — 2* a2 — 2/3 + - - '7—‘—_‘3*,-3" (201)
%o that
. osin (@%) —a* _ —1/30 1
},1.2}) tan—! (z%) — 2% —1/3 2 (202)

If we had solved this example by means of Eq. (200), it would
have been necessary to differentiate nine times.

Since the methods of this section depend on Taylor’s series,
they are valid for complex values of a or for approach to real
values of a through complex values of z.

16. The Indeterminate Form 0/0. If a is a singular point of
either f(x) or F(x), the argument of Sec. 15 no longer applies,
since a function has no Taylor’s expansion about a singularity.
However, if a is real and a approaches a through real values
greater than a, indicated by writing x — a-+, it is truc that, if

‘lim f(x) =0, lim F(x) =0, (203)
z—a- r—a+
and
f'x) _
lim 505 = L, (204)
then
f(x)
51_131 Fx) = L. (205)

We may prove this as follows. By Eq. (204), in some interval
a < z < a + h, the functions f(z) and F(x) will be differentiable
and the arc with

z=F{1), y=f0 (206)
will be smooth. By Eq. (203) its end point at a will be 0,0 and
Eq. (206) will hold at ¢ = a if we define f(a) = 0 and F(a) = 0.
We may then write

f@) _ fz) — fla)
F@) = @) = Fla) (207)

Next we note that, for a suitable ¢ with a < ¢ < x,

1@) = f@) _ F®
F@) = Fla) = F(o) (208)
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by Cauchy’s generalized mean value theorem [Eq. (110)].
Since ¢ is between a and‘x, when z — a4+, ¢ > a+. But by
Eq. (204),

[ (&)
lim =25 =L, 209
An P (209)
so that in consequence of the preceding three equations
J(x)
li = L, 210
A0 PG (210)

as we stated.

The rule of ’'Hospital as stated in Eqgs. (203), (204), and (205)
continues to hold if we replace x — a+ by £ — a— throughout,
where x — a— indicates that z approaches a through real
values less than a. Or we may write throughout £ — a to mean
that there is no restriction on the sign of x — a. Likewise we
may apply the rule when ¢ — 4o,z — — o, or x — «. This
may be shown by putting y = 1/2. This makes y — 0+ when
x— + o and

1 d 1
0, 40
im @) pim N d_y_{g_/_“ (211)

1im im m
=+ F(x) y—0+ (1 -0+ d (1 ’
F\ - —F | =
Y dy  \y

from the original rule for y — 04. But if

i =re. i) = -5 () = e e

A similar result holds for F(x). Hence

4 <1>
. dy”’ \y f(x)
1 - = lim 5 213
1/—l*r0n+ d ,(1) I—-}+°°F( ) ( )
— F
dy

This proves that the rule holds for x — + .
17. The Indeterminate Form « /. If, when z —a+,
lim f(z) = =, lim F(z) = «, (214)
z—a+ z—a+
and

J@) _
Jim s =L (215)
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then

. f(@)
lim % = L. 1
oy F@) (216)
This may be proved by noting that for any two values z; and z,,
by the Cauchy generalized mean value theorem [Eq. (110)], we
have

f@) — f@) _ F®
Flo) = F() ~ F @) @17)

where ¢ is a suitably chosen number with z; < £ < xs. Let us
next write

fle) = f@) _ J@) [ 1= f)/f(@)
F(zs) — F(z))  F(xy) [1 — F(%)/F(xl)]' (218)

It follows from the last two equations that

fm)zf@[l—mmmuf}
F@) ~ () L T = JGe2)/fw) (219)
In view of Eq. (215), we may take z, so close to a that, for all

in the interval from a to xs, the value of f'(x) /F’(x) will be near its
limit L. Then, if x; is any value between a and x., ¢ which is

a 3! I3 Zy
Fia. 7.

between z; and x, will be in the interval from a to z.. Conse-
quently f'(£)/F'(¢), the first factor in the right member of Eq.
(219), will be near L. But, having fixed z, and hence F(z2), we
may then take x; so close to a that F(x,) is large compared with
F(x,), in view of condition (214). This will make F(z,)/F (x:) near
zero and 1 — [F(x,)/F(x:)] near 1. Similarly we may make

i _ [f (xz)]
f(z1)
near 1. Consequently, the right member of Eq. (219) will be
near L when z, is sufficiently near toa. Thatis,

. J@) _
xl-l’IaI.l‘*_ FTLE) = L, (220)

which is the conclusion stated in Eq. (216).
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By similar reasoning the rule may be shown to hold when
& — a+ 1s replaced throughout by z - a—, z —>a, £ — 4+,
T— — 0, 0rx— o,

As an application, consider the evaluation of

. 3+ log (x+ 1)
:c-}}f}-neo log (z2 4+ 1)

Here the numerator and denominator each approach + « when
xr — 4+« and

(221)

1 1

f@ T+l _ e+l Tw (222)
F'(r) =~ 22 —2x2+2x—2+g
22+ 1 x

Since 1/x* and 1/x each approach 0 when x — «, the required
limit (221) is 14.

The method of factoring out the highest power of z used in
Eq. (222) is often useful in evaluating the limiting ratio of two
polynomials for + — «.

We may use the rule just proved and embodied in Egs. (214),
(215), and (216) to prove that, for x — + =,

. z ) log z
lim = =0 and lim g
z—+ € >+ o X

= 0. (223)

These relations are not disturbed if we raise the functions to any
fixed positive powers. That is, if a > 0 and b > 0,

lim & =0 and  lim U982 _ o (991
z—o+ 0 € :z: r—+ X
These relations hold however large a may be and however small
b may be.
If we apply our rule to the limits just written, we find

. x° . oaxe!
; m o= lim (225)
an
a(log x)* ! -
. (logx)* .. _z_ .. alogx)+!
,,.Llin L xr x_l,‘i“,, brt—1 ,ET,Q bx? (226)

If @ = 1, the last limits in Eqgs. (225) and (226) are directly seen
to equal zero. If not, these limits are a constant times an expres-
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sion similar to the one we started with but with a decreased by 1.
Consequently, after a sufficient number of repetitions of the
process, we shall come to a fraction whose numerator contains
either z or log z raised to a power which is either zero or a negative
number. Since the denominator of the fraction contains the
factor ¢*® or a?, the limit of the fraction is seen to be zero.

This proves the relations (224), including the special case (223).
These relations show that for x — -+ =, ¢*is an essentially higher
order of infinity than x, and that for x — -+ «,log x is an essen-
tially lower order. :

18. Other Indeterminate Forms. The indeterminate forms
indicated by © — «, 0+ ©, 1% 0% «° may often be reduced
to cases where ’Hospital’s rule applies by a simple transforma-
tion. For example, the last three types reduce to the second type,
0 «, by taking logarithms. This typec may be reduced to a
fraction by putting either factor in the denominator, or it may be
treated directly by using Taylor’s series.

As an example, consider

lim (1 + ax + bx?) =+, (227)

z—0

If we denote the expression whose limit is required by u, we may
write

log u = (% + d) log (1 + az + bzx?). (228)
But, by Eq. (126),
log (1 + ax + bx?) = (ax + bx?) — 3(ax + bx?)? - - -, (229
so that
log v = ac + (ad + be — sa%c)x + - - - . (230)
It follows from this that, when x — 0,
B log u — ac and u — e (231)
That is,
li_r)r(} (1 4 ax + bzx?)lerotd = gue, - (232)

In fact, adding higher powers of x constituting either a polynomial
or convergent power series either to the terins in the parentheses
or to those in the exponent does not affect the result. For
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example,
x (Yz)— ...
lim (cos 4/z)*t* = lim (1 -5+ ) = ¢t (233)
-0 z—) 2
As an example of the form o — o« we have:
i (- 2) s
z—0 \T SINn X xr“
This may be evaluated by noting that
1 1 _x—sinx _2%/3!— .- - _ 6= .
renz 2 @sme . w— - = - (289)

The omitted terms in the last fraction all contain positive powers
of z and so approach 0 when z — 0. Consequently the required
limit (234) is 1§

The examples just worked out illustrate that it is often simpler
to use expansions in Taylor’s series than to reduce the expression
to a form that can be treated by ’'Hospital’s rule.

19. Computation. The error made by replacing a function by
the first n terms of its Taylor’s series, in the case of real variables,
could be estimated by using one of the forms of Taylor’s theorem
with the remainder, such as Eq. (121), (111), or (117). How-
ever, for a function analytic at a, the series is known to converge
to the function for sufficiently small values of + — a = h. And
the practical computation of the function from the series is
feasible only when relatively few, say less than 10, terms will
give a good approximation. In this case the practical method of
finding a result accurate to within say 2 x 10~ is to compute each
term to the (n 4+ 1)st decimal place, including all terms that
numerically exceed 1 in this place, and after calculatmg their
algebraic sum, to round this off to n places.

Whereas ’laylor s series or some equivalent process is needed to
make an original table of the functions log z, ¢?, and the trigono-
metric functions, for most practical purposes the values of these
functions will be read from tables already available. Oceca-
sionally, however, combinations of such functions occur which
are very small, so that few significant figures can be found by a
direct use of ordinary tables, while an accurate value can easily
be found by means of series. For example, if we require

4/100 + z — 10, (236)
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for z = 1, we find from four-place tables of square roots
10.05 — 10 = 0.05. (237)
But if we use the binomial series [Eq. (127)] we find

S x V‘_‘[ 1 2 1(x2
\/100+x-10(1+1—06> = 10 1+§‘166—§ 100
1{ =\
+‘1'6(m(“)> +"']; (238)

4/100 1 — 10 = 0.05 — 0.000125 + 0.000001 — - - - (239)
= 0.049876,

so that when z = 1,

which is a result containing five significant figures.
As a second example, consider

x? x15

3 Y e e . — 3
sin (2%) — 2 v 3! T 5! v
—1 (3 —_ 3 9 15
tan~! (2%) Z x3—£+£——"‘—x3
3 5H
=%+ 4528+ - - - . (240)

If we attempt to compute the expression on the left from four-
place tables for x = 0.1 and for x = 0.5, we find the numerator
and denominator each zero for the smaller value, and for the
second value the result 0.5 with some doubt as to the first signif-
icant figure. However, the series on the right shows that the
expression is 0.5000003 when x = 0.1, and is 0.5043 when
z = 0.5. '

20. Technique and Logic. In evaluating a result for a prac-
tical purpose, we often use methods that from one point of view
involve circular reasoning. For example, we may use I’Hospital’s
rule to show that

sin x cos T

lim = lim
z—0 T z—0 1

= 1. (241)

Actually the value of the first limit was needed to prove that
d(sin x)/dx = cos z, which we used here at an intermediate stage
of the argument. Thus Eq. (241) could not be regarded as a
fundamental proof. However, it is a correct calculation in the
sense that we have used the consistency of our results to recall
a theorem of elementary calculus.
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The reader interested in a logical development of the subject
is referred to the author’s Treatise on Advanced Calculus for a
treatment starting from first principles and free of circular reason-
ing. Among other things, it includes derivations of most
of the results stated without proof in this chapter. In particular,
the elementary functions are discussed at length for real values
in Chap. III of the T'reatise, and for complex values in Chap. V.
Mean value theorems and Taylor’s theorem for real values are
treated in Chap. IV, while Taylor’s series for complex values are
treated in Chap. XIII. And the convergence of series will be
found in Chap. IX.

EXERCISES I

1. Use the power series (7) to check the tabular values %2 = 1.2214
and e~%2 = 0.81873. '
2. Using the values found in Prob. 1, verify Eq. (10) for z; = 0.2
and ze = —0.2.
d [ ela+biz
3. From Eqs. (21) and (24) deduce that d_x(&Tb—i
e(a‘H)i).t

£
which implies that the indefinite integral / elatbilzdy = v

4. Assuming a, b, and z real, evaluate the two indefinite integrals

= +bi
= gla t)z,

/ " ¢o= cos br dz and [ ¥ ¢a= sin b dr by equating the real and imaginary
parts of the last equation of Prob. 3.

Evaluate each of the following integrals after transforming the inte-
grand to the second form by means of Eqgs. (16), (17), (14), and (15):

5. /T R siftx dr = /x (cos 4z — 4 cos 2z + 3)dz.
6. f‘r’ 8 sin? x cos? x dx = /I (— cos 4r + 1)dz.

7. If n is any positive integer and 2z is any complex number, show
that

e = (cos z + ¢ sin 2)» and e~inz = (cos z — 1 8in 2)™.
8. From Prob. 7, deduce that
-1 )
COS NZ = COS™ 2 — n(n_z*'__l cos™~2? 2z sin? z
_ — 9\ (n — )
+ nin 1)(n4' )(n — 3) cos"tzsintz — - - -

The series terminates when terms are reached containing the fac-
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tor n —n = 0. For example, cos 3z = cos®z — 3 cos zsin?z and
cos 4z = cosz — 6 cos? z sin? z + sin* z.
9. From Prob. 7, deduce that

. nn — 1)(n — 2 .
sin nz = n cos*! 2z sin 2 — ——(— 3),( ) cos** zsindz -+ -

The series terminates when terms are reached containing the
factor n — n = 0. For example, sin 32 = 3 cos? z sin z — sin®z and
sin 42 = 4 cos® z sin 2 — 4 cos z sin® z.

10. Verify that the sum of the geometric progression of exponenth.ls
emtiz — ezz e(n+}é)lz — ei#/2

ez + e2iz + . + eniz IS - 1

elZ

elz/ — e Lz/2 )

By expressing the trigonometric functions in terms of exponential
functions and using the result of Prob. 10, show that

2 1
cos§—-cos (n+§)z

11. sinz+sin 22+ - - - 4+ sinnz = -
2.s'in§

sin (n—i—-;—)z—sin-;

12. cosz 4+ cos 22+ - - - + cosnz = . .
2sin-2—

13. If a is any real number, prove that |eis| = 1.
14. For a and b real, prove that |ea*si| = eo,

Express each of the following in the form a + bi, with a and b each
real:

16. e™i/4, 16. e27, 17. cos 3. 18. sin (—1 + 7).
19. cos (1 + 22). 20. cosh 37. 21, sinh (2 — 7). 22. cosh (1 + %.

Prove the following identities:

23. 1 — tanh< z = sech? x. 24. coth?z — 1 = esch? z.
26. sinh 22 = 2 sinh 2z cosh =z. 26. cosh 2r = cosh? x 4 sinh? x
27. sinh tx = 7 sin . 28. cosh iz = cos z.

29. If S is the sectorial area swept out by the radius vector r of Fig. 1,
dS = 14r2df. Show that if z and y are given in terms of a parameter ¢,
dS = Y4(xdy — ydz). Hinr: Fromz = r cos f andy = rsin 8, deduce
' =1'cos0 —rsin@0 and y =1 sin @+ r cos 6 6, and hence
zy — yx’ = r2f’.

80. For the unit circle 2 + 2 = 1, we may put = cos ¢, y = sin ¢,
and deduce from Prob. 29 that dS = !4 df. Similarly for the unit
rectangular hyperbola z?> — y? = 1, we may put z = cosh ¢, y = sinh ¢,
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and deduce that dS = 15 df. It follows that in Fig. 8 with AB an
arc of 22 + y* = 1 and the shaded area equal to t/2, we shall have
OC = cost, CB =sint, and AD = tan{. Similarly, in Fig. 9, with
AB an arc of 22 — y* = 1 and the shaded area equal to ¢/2, we shall
have OC = cosh ¢, CB = sinht, and AD = tanht. This analogy
between circular and hyperbolic functlons is the reason for the designa-
tion of the latter as hyperbolic.

Y
Y /
D B
B [ D
N
R
\\ \\‘\
& X X
0 A o A C
Fia. 8. Fia. 9.

31. If uis any real number, the function Gudermannian of u, ¢ = gd u,
is defined as the value between —m/2 and 7/2 which satisfies the relation
¢ = 2 tan~!e* — w/2. Show that v = log tan (7/4 + ¢/2).

32. With the notation of Prob. 31, show that

sinh 4 = tan ¢, cosh 4 = sec ¢, tanh v = sin ¢,
esch u = cot ¢, sech u = cos ¢, and coth 4 = csec ¢.

33. If v = 1, compute ¢ from the defining relation of Prob. 31. Also
verify that the value of the functions of « and ¢ taken from the tables
satisfy the first three relations of Prob. 32.

34. Check the tabular values sinh 0.2 = 0.2013 and cosh 0.2 = 1.0201
(a) by using the power series (45) and (46), and (b) by using Eq. (34)
and the result of Prob. 2.

35. If n is any positive integer and z is any complex number, show
that

e = (cosh z + sinh 2)» and e~ = (cosh z — sinh 2)».
36. I'rom Prob. 35, deduce that

cosh nz = cosh® 2z + _n(_né___) cosh»—2 z sinh? z
-1 - 2)(n — 3
4 n = Din — 2)( )

Y cosh*4zsinh4z + - - -

The series terminates when terms are reached containing the factor
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n —n =0, For example, cosh 3z = cosh®z + 3 cosh 2z sinh?z and
cosh 42 = cosh* z 4+ 6 cosh? 2z sinh? z 4 sinh* z.
87. From Prob. 35, deduce that

sinh nz = n cosh»~! 2z sinh 2

+ ne = 13)!(”' = 2) cosh»=3zsinh3z + - - - .

The series terminates when terms are reached containing the factor
n —n = 0. For example, sinh 3z = 3 cosh?z sinh z + sinh®2z and
sinh 4z = 4 cosh?® z sinh z + 4 cosh z sinh?® 2.

38. Find the absolute value and one possible value of the angle for
each of the following complex numbers:

(@ 4=4+0; (B —%=0—9; (c) V3+1i

39. Calculate one value of the logarithm of each of the complex
numbers of Prob. 38.

Evaluate each of the following algebraically, and check by carrying
out a graphical construction:

40. (4 — 61) + (—8 + 57). 41. (—6 + 3v) — (2 + 59).
42. (8 + 3i)(—4 — 5). . 43. (3 — )2

6 + 47 3—2
il i

46. Find the two square roots of each of the complex numbers of
Prob. 38.

Find all the values of each of the following indicated roots:

47. /8. 48. /—16: 49. /3. 50. /1.
51. Show that all of the values of ¢ are real and that one of them is
e~%/2,
62. It is found in elementary calculus that
fz _dz = L tan‘lg and fx _dz =—1—10ga+x-

a? + z? a

Show that the second integral may be written in a form analogous to
that for the first, with tan—! replaced by tanh-1,
63. It is found in elementary calculus that

/ —= = gin~! — and

\/az — 2 a

z d —_—
[ \/a;:— x? = log (= + \/az + ),
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Shew -that the second integral may be written in a form analogous to
that for the first, with sin—! replaced by sinh-!.
64. Prove the theorem of the mean for integrals:

b
L F(x)dz = (b — a)F(£) for a suitable £ with a < £ < b.

Hint: Put F(x) = f'(x) and use the mean value theorem (100).
66. By integrating the appropriate series termwise, verify that

3 5 7
tanh‘1x=x+%+%+a—;-+---, lz] < 1.

56. Check the tabular value tanh-! 0.5 = 0.5493 (a) by using the
series of Prob. 55; (b) by using Eq. (94).

.b67. Verify the expansion for the hyperbolic tangent in an infinite series
tanh z = o — 142% + 2{525 — 174,527 + - - - (a) by division of the
series for sinh z by that for cosh z; (b) by using the method of undeter-
mined coefficients or Eq. (182) to find the series for the function inverse
to the series of Prob. 55.

68. Check the tabular value tanh 0.2 = 0.1974 (a) by using the series
of Prob. 57; (b) by using the values found in Prob. 34.
69. By integrating the appropriate series termwise, verify that

. 12 1-325 1-3-527
simh™z =2 —93+545 2467 - lel<L

60. Check the tabular value sinh-! 0.1 = 0.0998 (a) by using the
series of Prob. 59; (b) by using Eq. (92).

61. Check the tabular value cosh—! 1.025 = 0.2231 (a) by deducing
from Eq. (40) that cosh—! 1.025 = sinh—! 0.225, and then using the
series of Prob. 59; (b) by using Eq. (93).

62. Check the tabular values sin 11° = 0.1908 and cos 11° = 0.9816
by using series (8) and (9). Note that 11° = 11 -7/180 radian or
11(0.01745) = 0.1920.

63. Check the tabular values sin 41° = 0.6561 and cos 41° = 0.7547
(a) by using the Taylor’s series about the value /6 and the known
values of the sine and cosine of 7 /6 radian or 30°; (b) by using the known
values of the sine and cosine of 30°, the values of the sine and cosine of
11° found in Prob. 62, and the addition theorems (11) and (12).

64. From Eq. (126) deduce the expansion

14+ =2
l1—2x

3 b 7
log =2(x+%+%+%+--°), x| < 1.

65. Show that the left member of the equation in Prob. 64 will
reduce to log (m 4+ 1) — log m if z = 1/(2m + 1). Using this result
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and the series of Prob. 64, check the tabular difference from a table of
natural logarithms: log 11 — log 10 = 0.0953.

Derive the following series expansions by any convenient method:

2 4 5
66. e = 1+ 2+ % — ¢ — 1=

815
67.e“““"=1+x+§—-%ﬁ—72—§_.-., lz| < 1.
69. f cos 2%z = x — 21':655—}-%3—5-—%'?—:4.

70. / sma:zdx——g—%a;—i-gl-‘%_%%;_‘_
1. Oxi-fxsdx=%3 %64—“;; g%— , ol < L.

1
72. Evaluate ﬁ) e~=*dx by using the result of Prob. 68.
1
73. Evaluate /;) sin x2dz by using the series of Prob. 70.

1
74. Evaluate / cosh x2dx by using a power series expansion.

5sin x
76. Evaluate [ e dx by using a power series expansion.

Each of the following equations has a real root between the indicated
limits. Compute this root to at least three significant figures.

76. £3 — bx2 4+ 6x — 1 =0, 0.1 <z <0.2
7. 22+ 32 —2224+2+ 1 =0, -1<2z<0.
78. e = 4z, 03 <zr <04 79. cos z = r, 0.7 <x <08y

80. tan x = 2, l<z<2 81 2sinz =z, 12z <2
Use "Hospital’s rule [Fq. (198)] to evaluate the following limits:

82. lim &= L. 83. lim ©.—. L
z—1 T — 1 —0 X

84. lim ‘Eg_(_lﬁ z), 86, lim ST
z—0 r——11 4+ x

86. lim t————‘m” — L 87. lim %% = !4,

, x—ow/3 T — 7l'/?b

88. Show that each of the limits in Probs. 82 to 87 may be evaluated
by a direct application of the definition of a derivative, namely,

@) 1) _ )

zor/d T — /4

lim
r—a
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Evaluate the following limits by any convenient method:

zr — pHh2 — tan-1
89. lim &~ b 90. lim 2 — 0%,
-0 T r—-08SINT" T — X
91, lim BLET =2 92. lim L %87,
r-20 & — Sin & >0 tan®z
1
93. lim cot™ 2 94. lim ¢ 22:‘
- CSCTL T r—w/2 CSC 4T
95. lim z° (log x)7. 96. lim z=.
=0+ xr—0+
97. lim (sin x)ten =, 98. lim S cot x)-
r—r/2 r—2r \U — 2w
99. lim (1 — 3xz)¥=. 100. lim 2%~*" (log z)".
r—0 r—+ »
101. lim 1= log x, Hint: Use the form1 gz -1+ 1/log z.
oA/l + a A1+ 1/z

The following values are too small to be accurately computed by a
direct use of four-place tables. Using power series, compute each value
to at least three significant figures:

102. 2¢* — 2 — 2z — x%, when z = 0.1.

103. tan z + tan—! z — 2z, when x = 0.2.

104. 2 cosh x — 2 — z%, when z = 0.2.

105. tanh z + tan £ — sinh z — sin z, when z = 0.1.

—3r+ 2 x? —3x 4+ 35
2

— r—1 x —

106. Evaluate lim &

r—1

the second case Eq. (203) is not satisfied.

, noting that in




CHAPTER 1I

PARTIAL DIFFERENTIATION
AND IMPLICIT FUNCTIONS

In many situations we must consider a physical quantity as
depending on more than one independent variable. For such
cases the notion of an ordinary derivative and the methods of
the differential caleulus for functions of one variable must be
generalized so as to apply to functions of several variables. This
extension constitutes the subject of partial differentiation, to
which we devote this chapter. We define partial derivatives and
total differentials and study their fundamental properties. We
discuss how the partial derivatives are transformed when we
change from one set of variables or coordinates to another.
The special case of inverse transformations leads to the subject
of implicit functions and Jacobian determinants. In this con-
nection a brief treatment of determinants is given. Finally,
we state Taylor’s theorem and solve some problems in maxima
and minima for functions of more than one variable, using
Lagrange’s multipliers as well as direct methods.

91. Partial Derivatives and Total Differentials. Let u be a
function of the two real variables « and y, so that

k3

u=Ff (xyy) (1)

Then for each fixed value of y, u is a function of z. If this is a
differentiable function, we may apply the ordinary process of

differentiation to it. The result is indicated by ou/dz, us, or
f(z,y), and is called the partial derivative of f(z,y) with respect

to xz. Thus .
6_1f _ _ -1 f(x + h)y) _ f(x’y) :

Similarly, if we keep = fixed, we may obtain a partial derivative
with respect to y denoted by du/dy, uy or f,(2,y), with

[y + k’z — fz,y), @)

‘55 = Uy = fv(x;y) = }613(1)
44
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If we apply the law of finite increments [Eq. (105) of Sec. 10]
to f(x,y), considered as a function of z only with y fixed, we find

f(il’! + h’y) - f(xyy) = hfx(x + 01h,y), (4)

for some suitable value of 6; with 0 < 6, < 1. Similarly, we
may apply the law of finite increments to f(x + h,y) considered
as a function of y only by keeping 2 + h fixed. The result is

f@ + by + k) = fl&+ hy) =Ky + b, y+ 6:k), (5)

for some suitable value of 8, with 0 < 8, < 1.
Let Au denote the increment of » when x and y both vary, so
that

Au = f(z + h, y + k) — f(z,9). (6)
Then it follows from Eqgs. (4), (5), and (6) that
Au = hfs(x + 0:h,y) + kfy(x + h, y + 6:k). (7)

When h and k are small, 6,4 and 62k will also be small. Thus
in a plane with x and y as rectangular coordinates, the points

Y
y+ik —
k
y+6,k "“—“91h"+‘ R
Y5
Y P * Q '
) x r+O . x+h X

Fia. 10.

Q = (x+ 6h,y) and R = (x + h, y + 6:h) will each be near
the point P = (z,y). Let us assume that the partial derivatives
f:(x,y) and f,(x,y) are continuous. Then f.(x + 6:h,y) will be
nearly equal to f.(x,y) and f,(x + h, y + 6:k) will be nearly equal
to f,(x,y). Consequently, if we write

fo(x + 61hyy) — fo(z,y) = &, (8)
Jo(® +hy y + 0:k) = fi(zy) = e, (9)

the quantities ¢; and ¢ will each be numerically small when &
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and k£ are small. Hence ¢, and e; will each approach zero when
h and k approach zero. We may deduce from Eqs. (7), (8), and
(9) that
Au = hf:(z,y) + kfy(z,y) + eih + ek, (10)
where
e —0 and eg — 0 when (h,k) — (0,0). (11)

Since h and k are the increments of x and y, we replace them by
Ar and Ay and write

Au = Ar fo(zy) + Ay fu(2,y) + aAr + eAy. (12)

Suppose next that  and y are each functions of a new variable
t. This makes u(z,y) a function of . We may then compute the
derivative du/dt from

Su _ ar Ay, A Ay
At - At fz(x,y) + At fll(lay) + € At + €2 At (13)
When At — 0; Az — 0 and Ay — 0; also
Ar dx Ay dy

But, by Eq. (11), when h = Az —0 and k£ = Ay — 0, then
e1—0, and e¢a— 0. Thus we find from Eq. (13) in the limit,

du _ dx dy

The last two terms of Eq. (12) contributed nothing to the pre-
ceding result. Hence we define the total differential of u, for
given dr and dy, as

%
du = dz fu(z,y) + dy f(2,). (16)

Here dz and dy are arbitrarily chosen. We note that the limiting
relation (15) may be obtained from Eq. (16) by merely dividing
by dt.

Equation (16) is consistent with the definition of a differential
for a function of one variable, since, if ¥ does not appear in the
function f(x,y), we shall have '

f@y) =f@); flzy) =f() and  fi(xy) = 0.

Hence in this case Eq. (16) becomes

du = f'(x)dz, where f'(x) = %, and dx is arbitrary. (17)
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With another notation for the partial derivatives, Eq. (16)
may be written

ou ou
du = e dx + 3y dy. (18)

If  and y were each functions of the two new variables s and ¢,
for s fixed they would be functions of ¢ alone. In this case, when
we divide Eq. (16) by dt we obtain partial derivatives. Hence
we write the result as

ou _dudr , dudy

ot “ax%“Lay at (19)
Similarly, by keeping ¢ fixed, we find

du _ dudxr , dudy (20)

ds  9dx 9s oy ds

If we apply the relation (18) to x and y regarded as functions of
the independent variables s and ¢, we find

_ oz 9z % %
dx = s ds + 3 dt and dy = 3 ds + 3 dt. (21)

We may now deduce from Eqs. (19), (20), and (21) that

du Oy = 94 (9% g5 4 2 du (9y 9y
a}-dx—f--gg dy = 9 (63 ds + Y dt) + 6y<as ds + 3t dt)

Ju Ju

But the left member defines du when x and y are the independent
variables, while the right member defines du when s and ¢ are the
independent variables. Since the two are equal, it follows that
the value of du obtained from an equation of the form (18) does
not depend on the choice of independent variables.

Similar definitions and results apply to functions of more
than two variables. For example, if w = f(x,y,2), the partial
derivative

Qy' = U, = f.x:(x,y,Z) — hmf(a’ + h,y,z) — f(x,y,z)‘ (23)
ox h—0 h

The total differential is

g o o
du = 3z 4% + 5 dy + % dz. (24)
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If z, y, end z are functions of one variable ¢, we may deduce from
Eq. (24) that the total derivative of v = f(x,y,2) is

du audx_{_audy_*_a__qu

dt " dxdt Toydt " azdt (25)

And, if z, y, and z are functions of several new variables, of which
t is one, we may deduce that the partial derivative is

ou %_&)i:_l_auay_'_auaz

8t oz ot dy at dz dt (26)

22. Alternative Notation. In Eqs. (19) and (20), y is held fast
when we differentiate with respect to x. Also z is held fast when
we differentiate with respect to y. Similarly ¢ is held fast when
we differentiate with respect to s while s is held fast when we
differentiate with respect to ¢{. In case any confusion on this
point is likely to occur, we use parentheses with the fixed variables
added as subseripts. Thus we write Eq. (20) as

) -G)E GG, e

We give an example which shows why this more explicit nota-
tion is sometimes desirable. Let u be a function of the tempera-
ture T' and pressure p of a gas; so that v = w(7T,p). Suppose
next that, by means of the known relation between p, v, and T
for the gas, we express 7' in terms of pressure and volume,
T(p,w). Then we shall have

(%),, (6T>,,( ) + (ap> (a») (28)
ouy _ (du oT u ap
(55)) B (ch)p (a_p‘)v T <‘a}5>,,, <65); (29)

When p is held fast, p does not change so that

(gg)p = 0. (30)

(%ﬁ)v -1 (31)

{

Furthermore,
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Consequently Egs. (28) and (29) simplify to

-6, = GGG
o), \oT), \aw /), " ap), ~ \3T /), \op /)., " \op/:
(32)
Note that in the last equation the use of the subscripts is essen-
tial, since without them we could not tell whether du/dp meant
(0u/dp)r, obtained from u(7,p) with T held fast, or whether it
meant (du/dp),, obtained from «[T(p,v), p] with v held fast.

23. Higher Partial Derivatives. The first partial derivatives
of the first partial derivatives give the second partial derivatives.

Thus,
d [du 0u d [ou o*u
5 (5‘) =%y (@) = o (33)

Now consider the expression
We have

. A 1
lim — = + [fy(x + h’y) - fy(x:y)]- (35)
k—0 hk h
It follows that
6 ou
im lim 2 = ()l = 2 (22) (36)
Similarly, we find
d [du -
}gg }ll_r}l = = [fo(x,)], = 37 (61‘) (37)

We would expect that, under certain restrictions, the repeated
limit in Eq. (36) would equal that in Eq. (37), which differs
from it in the order in which the limits are taken. It would then
follow that the partial derivatives on the right of these two equa-
tions are equal. In fact, it may be proved that, when -all the
partial derivatives that appear are continuous functions, then

2(@)=2(2) o Je-v e
dx \dy/ =~ oy \ oz dr dy 9y oz

More generally, with similar assumptions as to continuity, any
higher partial derivative is independent of the order in which the
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differentiations are performed. For example,

u Bdu  du

0r*dy oy 0x®  0x dy oz (39)

24. Change of Variables. The formulas for the change of
independent variables may be derived by one or more applica-
tions of equations similar in form to (18) and (24). lLet us first
consider the case of two variables « and y which are each func-
tions of s and £. Thus, we have the relations

x=f(st), y=g(0), (40)
which determine the partial derivatives

Joxr dx d 6

Then, if U is any function of x and y, we shall have

U = F(zy) = Flf(s), g(s,)] = Gls,0). (42)
Thus
(')U oU
The derivatives
oUu ou _ .,
55 = (s,t) and 5 = Gus0) (44)

could be obtained, at least theoretically, by actually forming the
function G(s,t) by the substitutions indicated in Eq. (42). How-
ever, it is generally more convenient to deduce from Eq. (18)

that ¢

aU aU ox , aU/ o
9s dx I t 9y 9s as (45)

and
oU _aUax , 39U gy

9t 9z ot " 9y ot

(46)

The second derivatives can be found by a second application of

Eq. (18). Thus

U 9 (aU ox , oU 6y>

9z 9s + oy 0s (47)

ds? ds

U ax oU oU 9%
s <6x 68) 3s (ax ) * 9% 3 (48)

But
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And, by Eq. (18),

2 (9U\ _ 8 (aU\oz o fﬂ)a_y
dos\dx /)  9r\dxr ) ds ' oy \ a9z /) s

02U ox U dy

ax? ds dox dy 9s

(49)

We may treat the term in Eq. (47) which involves y similarly.
If we do this and combine our results, we shall find

12U _ U (@) o 0°U 0z 3y

ds*  9a? \ 9s ax 9y s 9s
a2U (oy\® |, oU o*x |, oU o%
+:ay—<‘a‘s> oo ae T oy o 0

The equation for 92U/ /d¢* may be found from this by replacing s by
¢t throughout. By the same procedure used to derive Eq. (50), we
may show that

#*U o arae | U (6.viy+gy'@>+a'3(7 dy dy

s al  dx* dsal ' dxrdy \ds of ' ds ot
oU dx | aU 9%y

torosat Ty asar O

These equations may be applied with any change of letters,
for example with z,y and st interchanged; or with st replaced
by u,v in the original or interchanged form. To give one instance,

PU _ sV ansu, U (oudn , oo
dr dy ~ Ou? dx dy ' Ju dv \dx dy @ oz dy
2 2 2
+8U_<21_)_6_)£+gl_/' %u oU av, (52)

ovt dxr dy ' du drdy ' v ox dy

where U = F(u,v) and v = f(z,y), v = g(z,y).

If one of the variables is missing from any functional relation-
ship, the corresponding partial derivative is zero, while the other
partial derivative becomes an ordinary derivative. For example,
if

U =F(x) and x = f(s), (53)
we have

dU _ dU dx U d2U <d,x>2 4 dUdu

dwds o =%w\s) T@a

ds ~ dx ds ds? z? (54)
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With a different notation, this may be written

y=f@) and  u=g() (55)
d dy d
By _ B _ iy 2, (56)

dy  dy (du\’ | dydu _ , .\ d?
P du2(dx> +anas = )( > + 1) G 67)

Again, suppose that U = f(u) and u = g(z,y). Then

Wolpw wd So=Frw. 69

As an application, let us prove that for any function f,
U = f(bz — ay) (59)

is a solution of the equation

a - + b ég = 0. (60)
We put u = bx — ay and find from Eq. (58) that
oU , oU ! ,
Tombw, G = o). (61)

Consequently, Eq. (60) is satisfied.
26. Applications of the Total Differential. Suppose that the
total differential of a function u(z,y) is known in the form

du = A dx + Bdy. (62)
Then
ou _ , or Yy
35 A 35 + B 7y (63)
If we take s = x, we find
ox dy _ .
F i 1 and 3 0, (64)

since y is held fast in the second differentiation. It follows that

ou
i A-14+B-0=A. (65)
In a similar manner we may take s = y and deduce that

du/dy = B
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That is, if » is a function of x and y, Eq. (62) implies that

A= .a B=%

daz B dy (66)

Use of this fact is often the simplest way to compute the partial
derivatives of a function. For example, if

§ = tan~! (%) (67)

_ 1 _a:dy—ydx__ Y
"1+ (y/x)? x4y

Since this is in the form (62), we may deduce from Eq. (66) that

we have

de

dr + dy. (68)

T
x2+y2

a6 z
ar 1+ y? and 9y '+ y* (69)
Again, to compute the partial derivatives du/dx and du/dy
from the relations

r = f(uyv)a y= g(urv); (70)

we may proceed as follows. If we differentiate Eq. (70) par-
tially with respect to  and simplify the derivatives on the left
by Eq. (64), we find that

| dou  dz

o _oyou
T Oudr ' v ox

and 0= dudxr = v dx

(71)
We may calculate the derivatives dx/du, 9x/dv, dy/du, and
dy/adv from Eq. (70), substitute the values in Eq. (71), and thus
obtain two first-degree equations in du/dr and 9dv/dx. By
solving these equations as simultaneous, we shall find the
derivatives sought.

To illustrate for a specific case, suppose that

X =17rcosd and y = rsin 6 (72)

and that we wish to find dr/9x and 46/dx. Then the equations
analogous to Eq. (71) are

ar . 00 . or a6
] = — —_— = § —_— —
cos 0 78 6 ) 0 ‘unﬁa +7'COSOa

ox o (73)



54 PARTIAL DIFFERENTIATION §26

The solution of these simultaneous equations is found to be

or a6
&= cos 0, =

ox

T (74)
The calculations may be carried out in differential form as

follows:

dx = cos 6 dr — r sin 6 dé, dy = sin 0 dr 4 r cos 0 d6. (75)

By solving these equations for dr and d6, we find that

dr = cos 6 dx + sin 6 dy, d = — '-QH%E de + 9&:} dy. (76)

We now observe that these equations are in the form of (62), so
that by the principle expressed in Eq. (66), we must have
99  sin @ 36  cos 0

ax r 9y 1

ar or .
— = ¢o0s 0 — = sin 0
E cos 0, 3y sin 6,

We note that the last two of these are in agreement with liq.
(69), since

(77)

sin § rsin g y
e ey

cos§ rcosf x (78)

T T Tk

Suppose that U is a function of x and y and Eqgs. (72) hold,
so that
U(xz,y) = U(r cos 8, r sin 6). (79)

Consider the problem of expressing 92U /dz? in terms of deriva-
tives of U/ with respect to » and 8. We might replace s by z,
x by r, and y by 6 in Eq. (50). But this would involve the
second derivatives of » and 8 with respect to x. To avoid the
necessity of computing these second derivatives, we solve our
problem by a more direct method.
From Egs. (79) and (77), we have
oU U ar , aU 36 _ oU _ sin §9U

" ares T aear e T G 80

We now replace U by dU/dz in the relation (80) and obtain

9z~ dr\ox/) T " ar\ox r 86 \ox )
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Next replace dU/dx in the expression just written by the right
member of Eq (80). The result is

COS 0—6— 08 06U sin GQL]
ar \° aor r 00
sin 8 9 oU  sin 09U '
SR CECE S
Consequently,
0:U 5 202U 2cos 6sin 6 3*U sin2 6 92U
-5 = cos® 6 - - -+ :
dx? or? r Jor 96 rz  96?
2 cos 6 sin 06U sin g ol7
+ - 3 + 5 (83)
Similarly, we may show that
o:tl ., 0% | 2cos b sin § 9*U cos? 6 92U
i v v T R T
_2cos fsin § 6U 0092 6ol
T T g T — (84)
7 a7
It follows from the two preceding equations that
92U  o:U 02U |, 192U | 19U
= + 5+ = (85)

oz T 9yt~ orr 1296 't oor
The expression on the left is called the Laplacian of U and occurs
in many equations of mathematical physics. Thus Eq. (85) 18
often convenient when we wish to introduce polar coordinates.
26. Determinants. 'T'he solution of linear equations is greatly
facilitated by the determinant notation, which we shall discuss
briefly. We shall find later that the determinant notation
simplifies many expressions that occur in solid geometry and
mechanics.
A determinant is a square array of numbers, written between
two vertical lines, whose value is defined by the following chain
of relations. The determinant of the second order,

a1 b1

as bg‘ = a1b2 - a2b1. (86)
The determinant of the third order,
ay b1 Cy |
_ b2 Co _ l)l C[I b1 Ci1
azbzcz——lbaca 2b303!+ab0
ag bs C3
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The determinant of the fourth order,

B b d  [hod
abcd=a1b303d3—a2b363d3
3 78 =8 T3 b404d4 b4C4d4
|as by C4 dy
E b1 C1 d1 b1 C1 dl
+ as bz Co dz — 44 bz Co d2. (88)
ba ¢4 d4 bs cs ds

And so on for determinants of higher orders.

We do not use the determinant notation for a single number,
since it might be confused with the notation for the absolute
value of a number. Nevertheless, we may think of a deter-
minant of the first order consisting of one number and having as
its value the number itself. This convention makes Fq. (86)
of the same form as the later relations.

An easy way to evaluate determinants of the second and third
orders is to draw diagonal lines as indicated below and to write
positive products for those sloping downward and negative
products for those sloping upward. Thus

M = a]_bz - azbl, (89)

in agreement with Eq. (86). And

C ‘l 11 U
Q sg de by = aibecs + asbica + asbcr — asbacy — arbscs ,
s O3 4 d3 Og - a2b103 (90)

This agrees with the result obtained by replacing the second-order
determinants in Eq. (87) by their expansions. After a little
practice the student will find it unnecessary to recopy the num-
bers' ay, by, etc., and actually to draw in the diagonal lines, but
he will merely visualize these steps mentally and directly write
down the six products that give the expansion.

We warn the student that there is no simple modification of
this procedure that gives directly the expansion of determinants
of higher order than the third. In particular, if we expand each
of the third-order determinants of Eq. (88) into its six terms,

“we shall find the expansion of the fourth-order determinant into
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24 terms. But no system of sloping straight lines leads to all
these terms.

Most of the applications made in this text will involve deter-
minants of the second and third orders only.

In a determinant, the numbers making up the square array are
called elements. Those in horizontal lines make up the rows.
Thus a,, bs, c2 are the elements of the second row of the third-
order determinant in IEq. (87). The elements of a vertical line
make up a column. Thusin (87), ¢, ¢z, ¢3 are the elements of the
third column.

We mention some elementary properties of determinants:

I. Interchanging the rows and columns of a determinant does
not change its value. Thus

a, a; as] |a; by ¢
b1 ba bs| = |as b2 cql. (91)
Ci C2 C3 as b3 C3

II. Interchanging two rows of a determinant,mor interchanging
two columns, reverses the sign of its value. Thus

Cy b1 a, a bl C1
Ca bg Azl = — |Q2 b2 Ca|. (92)
C3 b3 as as b3 C3

II1. If all the elements of any one row, or of any one column,
of a determinant are zero, the value of the determinant is zero.
Thus the determinant in Eq. (87) is zero if a3 = bg = ¢c3 = 0.
Also it would equal zero if ¢; = ¢ = ¢5 = 0.

IV. If a determinant has two of its rows, or two of its columns,
identical, the value of the determinant is zero. Thus the
determinant in Eq. (87) is zero if a; = b1, az = by, and a3 = b,.

These results are valid for determinants of any order. For
determinants of the second and third orders they may be deduced
from the expansions given in Eqs. (89) and (90) by a direct
calculation.

27. Linear Equations. Let us consider the system of first-
degree, or linear, equations:

axr + bly + ciz = d]_
asx + by + coz = d,. (93)
asx + bsy + ¢z = d3
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Let us multiply these equations by

b1 C1
be ¢9

b, ¢l
b3 (':;i’ &I’ld

by 02‘

by cof ) (94)

respectively, and then add the resulting equations. We thus

find

ai bl Cll dl I)1 Ci
(1% b2 Coyl & = (12 bg Cal, (95)
as bs C3 l(]:; bg (oF}

since the coefficients of ¥ and z may be written as determinants
with two columns identical, and hence are zero by Property IV
of Sec. 26. We may deduce similar equations in y and 2. From
these equations we may derive the equations, '

dy by ¢ ar di ¢ ay by dy

d2 b2 02! as d2 Co (12) b2 d'z
.= ds b3 C}' _ lag dy ¢y z = a?})'a—ga (96)
e D’ I

provided that D 0, where D, the determinant of the system
(93), is
a l)l C1
I) = Q2 b2 Co
as b;; C3

. 97)

This proves that if the system (93) has a solution, it must be
given by Egs. (96). And, when D > 0, it may be proved by a
direct substitution that (96) does provide a solution of Eqs. (93).

For any system of n linear equations, written in a form analod
gous to Eqgs. (93), let us call the determinant of the nth order,
whose elements are the coefficients of the left members, the
determinant of the system and denote it by D. Then if D = 0,
the system has just one solution. For each variable the solution
equals the quotient of two determinants. That in the denom-
inator is D, and that in the numerator is obtained by replacing,
in D, that column formed of coefficients of the variable sought
by the constants on the right.

The rule just stated may be applied to a system of two linear
equations

ax + by = ¢y,

asx + by = co. (98)
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In this case the solution is

'y by a1 ¢y
= 102Db;_ and Yy = a2D62v (99)
provided that
D= Z: Z: 5 0. (100)

28. Implicit Functions. Suppose that we are given three
differentiable functions, each containing the six variables z, v, z,
u, v, w. The system of cquations obtained by equating each
function to zero is

F(z,y,z,uv,w) = 0,
G(x,y,z,up,w) = 0, (101)
H(x,y,z,u,0,w) = 0.

If a particular set of values xo, Yo, 20, U0, Vo, Wo satisfies these
equations, and for all values of u, v, w near wo, vo, wo the equations
may be solved for r, ¥, and z to give the relations:

x = x(u,,w), y = y(u,n,w), z = z(uw,w), (102)

then Eqs. (102) are said to be tmplicitly defined by the original
system (101). When thought of as derived in this way, the
right members of 1gs. (102) are referred to as implicit functions.

From the original system (101) we may deduce the differential
relations:

Fudx + F,dy + F.dz + F.du + F,dv + F.dw = 0,
G.dx + G dy + G.dz + G.du + Gdv + G dw = 0, (103)
HJdx + H,dy + H.dz + H.du + Hodv + Hdw = 0.

The partial derivatives of z, y, z with respect to u, v, w may be
found by solving these equations. For example, by putting

dv =dw =0 (104)
and solving for dz, we find after division by du that

F, F, F,
G, Gy G,

F. F, F,
o _ _ W—'— when |G, Gy G.| # 0. (105)

3u F, F, T,
i H, H, H,

H, H, H,
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Whenever the last condition holds, the system (101) actually
does define implicit functions z(u,v,w), y(u,v,w), 2(u,»,w) whose
partial derivatives may be found from Egs. (103) by the method
just illustrated. Practically, we may compute the derivatives
of the implicit functions directly. And this procedure can fail
to be significant only if it leads to an indicated division by zero
at some stage of the calculation.

In Eqgs. (102) there are three independent variables u, v, w
and three dependent variables z, ¥, 2. The system (101) con-
tained three functions F, G, H. Our procedure is fairly general,
however, and may be applied to any similar case in which the
number of dependent variables equals the number of functions
or equations in the original system. TFor example, consider the
system

F(x,y,s,t,u,v,w) = 0)

G(x,y,s,t,u,v,w) =0 (106)

with two equations, two dependent variables, x and y, and five
independent variables s, ¢, u, v, w. To solve for  and y and then
find dx/0u, we first form the total differential relations:

Fdx+ F,dy + Fds + Fdt + F,du + Fo,dv + Fodw = 0, .
G.dx + G dy + Gds + Gdt + Gudu + Gdv + Gudw = 0.

We then put ds = dt = dv = dw = 0, solve for dzx, and divide
by du to obtain

(107)

F. P,

ax — Gu Qyﬂ , ﬁ’I FUI

ou = T IF, F, when G. G, # 0. (108)
Gz Gy

29. Jacobian Determinants. As KEqgs. (105) and (108) illus-
trate, the determinants that appear in the expressions for the
partial derivatives of implicit functions are all formed in the
same manner. FEach determinant with n? elements is formed
from n functions in a given order and n variables in a given
order. The partial derivatives of the first function with respect
to the variables, taken in order, make up the first row, the deriva-
tives of the second function make up the second row, and so on.
Or, considered by columns, the partial derivatives with respect
to the first variable of the functions, taken in order, make up the
first column, the derivatives with respect to the second variable
make up the second column, and so on.
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Determinants of this kind are called Jacobians. A convenient
notation for them is
oF, oF, oF,
0r1 972 874
0(F1,FyF3) |0F, 0F, OF,
d(x1,22,25)  |0z1 Oxy OT3
dF; oF; OF,
0z; dx2 9

(109)

The symbol on the left is read ‘“the Jacobian of the functions
Fi, Fy, F3 with respect to the variables z;, x;, 3. The notation
applies to any number of functions and variables. For instance,

OF, dF,
d(F,Fs) _ [9z1 9z
6(171,132) an aFg |

63;1 :9“3_2

(110)

This notation enables us to write Eq. (105) in the abbreviated
form:

a(F,G,H)
ox _  9d(wy,2) a(F,G,H)
b_@—c = a——““—(F,G’I_I) When W #= 0. (111)
a(z,y,2)
Similarly, Eq. (108) may be written in the form:
a(F,G)
) IFG)
5& = m when a(x,y) # (). (112)
d(z,y)

Instead of using differentials as in the preceding section, we
may solve the problem mentioned there by taking partial deriva-
tives. Thus by differentiating Eqs. (101) partially with respect
to u, holding v and w fast, we find

S ax
If, F, au + F + F,=0,

= +G +G Z + 6. =0, (113)

"au

Hz +Hﬁy+H 2+ Ho=o.
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These equations may now be solved for dz/du to give Eq. (105)
or (111). If several derivatives such as dx/du, dx/dv, and dx/dw
were required, this method would involve more writing than the
use of Eqgs. (103).

The method of partial differentiation has the advantage of
being easily applicable to the problem of finding higher deriva-
tives. Suppose, for instance, that we desire d%x/du dv. We
differentiate Fqs. (113) partially with respect to v, holding « and

. h] 4 ] a nl
w fast. The result i1s F,, 9z + F,. 9y + F., _63 +
ou au ou
0% 0%z .o 7 ox
Feguan T ”auav+ “auatv+("' a0 T ’“’a Rl )au,

dx . AL . 0y ; 9z
+<Fyx'é‘5+ﬁyJaz}+1yz~)al(+(z.c-'—+]zy +11-zap>au

+ I”ux _‘ + ﬁ’uy a_'y + l’wuz ““' + l"uq) = O, (114’)

and two similar equatlon@ w1th F replaced by G and H. We may
regard this as a system of three linear simultaneous equations in
the variables 92x/du dv, d%y/du dv, 9%/dw dv, and so solve for
these in terms of the first partial derivatives. And we have
already indicated methods of finding the first partial derivatives.

We note that the determinant of the system whose first
equation is (114) is the same as that of the system (113), so
that the new system may be solved whenever the inequality in
(111) holds. In fact, implicit funections will be defined and their
higher derivatives found as indicated whenever the Jacobian of
the functions involved with respect to the dependent variables
is different from zero.

30. Functional Dependence. Consider a pair of functions in
two variables, F(x,y) and G(z,y). If these are so related that
for all x and y the value of /¥ depends only on the value of G,
F = f(@) and F is said to be functionally dependent on G. In
this case we have

F(zy) = flG(=,y)]. (115)
By partial differentiation similar to that of Eq. (58) we find
F. = G.f (@) and F, = G,f(G). (116)

Consequently the Jacobian of the functions F and G with respect,

to z and y is
oFG) _
a(z,y)

= By _ GG Gf(@)) _

G G,

(117)
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In general we may consider n functions of » variables. These
are said to be functionally dependent if the value of some one of
the functions depends only on the values of the remaining
n — 1 functions. It is true in general that, whenever n func-
tions of n variables are functionally dependent, then the Jacobian
of the functions with respect to these variables is zero for all
values of the variables. That is, it vanishes identically.

Conversely, when the partial derivatives are all continuous
and the Jacobian vanishes identically, it may be proved that, in
some suitably restricted range, some one of the functions is
dependent on the rest.

31. Taylor’s Theorem. We may deduce Taylor’s theorem for
functions of two real variables from that for one variable as
follows: Write

r=a-+ M, ¥y =b—+ kt, (118)

so that when «a, b, I, and k are constant,
f(x,y) = fla + ht, b + kt) = F(¢). (119)
Then by Eq. (117) of Sec. 10,

2 n
mo=mm+me+wm%fk~-+wwm%,am)

for a suitable value of 8 between 0 and 1.
But we have

df _ of dx E’ii?‘!_},af +k§i

PO = 4t = sz di oy di — " oxr ' " ay
d 0
= (h T k 57,)-{ (121)

Similarly,
iy = (3 %4k 2 =Y f | j29d
F''(t) = (h or + k 6y> f=h 92 + 2hk 3% 9y + £ 6y2’ (122)

F(t) = wi+kiaf (123)

T\ 9z ay) *’ '

and so on for the higher derivatives, since each application of the
operator (h d/dx + k 8/dy) on any function of x = a + ht and
y = b + kt is equivalent to differentiation with respect to .
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Let us next put ¢t = 1 in Eq. (120) to obtain
F(1) = FO) + F'(0) + F"(0) gy + - - + +F®(8) 1. (124)
By using Eq. (119) and observing from Eq. (118) that when

t=0, x=a, and y = b while when { =1, x = a + h, and
= b + k, we may deduce from this that

x=a

fla+ b, b + k) = fla,b) + <h—— +k )f(x,y)
+§1—,( + k )f(xy)

|
+,1, (hi +k%) J2,9) oasmr  (125)

n! axr ly=b-+0k

Ia+

The meaning of the bars and subsecripts is that after the dif-
ferentiations are carried out, we are to replace z,y by a,b in
all terms but the last. In the last term we must put © = a + 6h
and y = b + 6k, with 6 a suitably chosen number between
0 and 1.

If we denote the coefficient of A?k? in (125) by A,, we find
from expansions similar to (122) that

1 graf 1 arref

= 4- = - i s . 2]
Are p+ao! qC”axpayq 2% plglozrayef;h (126)

If we now put

x =a-+h, y=b+k so that
h =z — a, k=y—b (1273

and write R, for the last term, the expansion (125) takes the
form:

f(x)y) = AOO +' Alo(x - a) + AOl(y - b) + Azo(x b a)2
+ Au(z —a)(y — b) + Aoy — b)* + - - - + Ra. (128)

32. Taylor’s Series. By analogy with the discussion of
Sec. 11, we are led to consider infinite series of the type,

Ao + Aw(r — a) + Au(y — b) + Az(z — a)? +

+ Apglx —a)?(y = b)r+ - - -, (129)
and their relation to analytic functions of the two complex
variables.
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If f(x,y) is a continuous function of the two complex variables
z and y for all complex values near z, and yo and is an analytic
function of z for each fixed y and an analytic function of y for
each fixed x, then f(x,y) is said to be analytic in both variables
at xo, ¥o. Such a function will have partial derivatives of all
orders at all points at which it is analytic.

Suppose next that f(x,y) is analytic at a,b. Then for p and
g, each either zero or a positive integer, a value of 4,, is defined
by Eq. (126). The infinite series (129) which has these values
as its coefficients is called the Taylor’s series of f(x,y) about a,b.
It may be proved that, under these conditions, the infinite series
will converge to the values of the function for some range of
values of xz and y near a and b.

Furthermore, if a series of the form (129) is given and known to
converge for a particular pair of values z; and y,, then the series
will also converge for all x and y such that

lt —al <|ri—al and |y —b| <|y1 —b]. (130)

For values satisfying this relation, the sum of the series will be
an analytic function of z and y, f(x,y) which has the given series
as its Taylor’s series about a,b. That is, the coefficients of the
series will be related to the derivatives of the function by Eq.
(126).

Practically, the only series of this type that may readily be
written explicitly are those obtained by combining elementary
functions of onc¢ variable with other simple functions. For
example,

. 1
Sm(ﬂc+y)=(ﬂv+y)--§(afs+y)3

ta @t i— . (131

In this and the preceding section we have stated several
definitions and results concerning Taylor’s theorem, Taylor’s
series, and analytic functions for the case of two variables.
With minor modifications, all our results apply to functions of
three or more variables.

33. Maxima and Minima. Suppose that a function of two
real variables, u(z,y), has a minimum value forz = a,y = batan
interior point of a two-dimensional region throughout which it is
differentiable. Then for y fixed and cqual to b, the function of a
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single variable, u(x,b) must have a minimum at x, a. Since this
is not an end point of the region under consideration in finding

the minimum, the derwatwe with respect to x must be zero.
Thus,

d _Ou
7 [u(x,b)] T 9l 0. (132)
Similarly, we must have
ou .
mlual| =5 o (133)

Since the total differential of « given by IKq. (18) is
du = x4 5" o (134)

it follows that at a,b the total dlfferentlal du = 0 for all values of
dz and dy.

Similar considerations apply to a maximum, and also to a
function of more than two variables, and lead us to a series of
conditions. We state the condition for the case of three variables.

A necessary condition for a function u(x,y,2) to have a maxi-
mum or a minimum for x = a, y = b, 2 = ¢ interior to a region
of differentiability is that

Ju 6u Ju
9t _ =0, =
ox 0,

6y 5 = 0, or

du = 0 for all dzx, dy, dz. (135)

It is possible to deduce tests that show in certain cases that we
actually have a maximum or minimum from a study of the
Taylor’s expansions. However, such tests are almost useless.
Practically, we may usually decide such questions for a particular
value of @ and b by a direct consideration of

fla +h, b + k) — f(a,b) (136)

for small values of h and k.

For example, by setting the two partial derivatives equal to
zero, we find «(0,0) = 0 as a possible maximum or minimum of
each of the functions

x* + y2) —at — ?/2, z* — yo (137)

For values near, but not equal to 0,0, the first expression is
always positive and so has a minimym, For similar values the
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second is always negative and so has a maximum. The third
expression is positive for y = 0 and x near zero, but it is negative
for x = 0 and y necar zero. Consequently it has neither a maxi-
mum nor a minimum for z,y = 0,0.

34. Lagrange’s Multipliers. Suppose we seek the minimum
or maximum value of f(z,y,z), subject to the condition

g(x,y,2) = 0. (138)

A convenient method of practically detecting possible values is
to solve the system of four equations in the four quantities
x, Y, 2, and X\ found by adjoining to (138) the equations

of _ )\ gf )\ 6g of _ _\ % ag

EXs 6:1: . 9y ay 0z oz (139)

The quantity N is known as the multiplier, and the method is
due to Lagrange. It is easily remembered by considering the
system (139) as the condition for

f(x)yVZ) - kg(xiy)z) (140)

to have a minimum or maximum when z, y, and z are unre-
stricted and N is fixed. If z, y, and z satisfy (138), their differ-
entials must be such that

‘99 Tda + dy + 5 99 Tz = 0. (141)

Otherwise the differentials d:c, dy, and dz are not restricted. But
if f(x,y,2) has a minimum for z, y, z subject to (138), its to’gal
differential must be zero subject to the latter relation, and

of of of . _
b—zdx—l-@dy-i—&dz—o (142)

for all dx, dy, and dz satisfying (141).
et us assume that dg/9z = 0, and calculate

af/az
A= 69/62

Let us then add lqg, (141), multiplied by —\, to Eq. (142).
The result is

(.c%_x"’g> 1x+(f "g)dy—o (144)

(143)
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since by Eq. (143)

b

0z 0z (145)

and the left member is the coefficient of dz.
Since we may satisfy Eq. (141) for arbitrary values of dr and
dy by putting
g—g dx + gzg} dy
dz = — n , (146)
0z

it follows that Eq. (144) must be true for all values of dx and dy.
In particular, we may put dx = 1 and dy = 0, or dr = 0 and
dy = 1. This shows that we must have

%—X—%=O and %_)‘%=0' (147)
Since Eqs. (145) and (147) taken together are equivalent to
the system (139), we have proved the validity of Lagrange’s
method for the particular case considered.

A similar process applies for any number of variables. For
example, a necessary condition for f(x,y,2) to have a minimum
when z, y, z are subjected to the two conditions

g(x,y,2) =0 and h(x,y,2) =0 (148)
may be found by adding to these last the conditions that
f(x,y,z) - )\g(:v,y,z) - ph(x,y,z) (1495

have a minimum when A and u are fixed and z, y, z are unrestricted.

If U(x,y,2) denotes the potential energy in a force field, at a
point where dU = 0 equilibrium can occur. If U has a mini-
mum, the equilibrium is stable. If we put U = f(z,y,2), condi-
tion (138) corresponds to constraining the particle considered
to lie on a surface, while condition (148) corresponds to con-
straining the particle to lie on two surfaces, or on their curve of
intersection. .

As a specific example of the method of Lagrange, consider the
following two-dimensional problem. Find the point on the curve

xly = 2, or 2y — 2 =0, (150)
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which is nearest to the origin. Here we must make the distance
from the point z,y to the origin, or its square 2% 4 y?, a minimum
subject to condition (150). TUsing the function

22+ y? — Nz — 2) (151)

in place of expression (140) and equating its partial derivatives
to zero, we find the equations

2r — N2z2y = 0, 2y — N2 = 0. (152)
From these equations, combined with Kq. (150), we find that
A=1 z=+4/2 y=1, (153)

so that the two points at minimum distance from the origin are
V2,1 and — 4/2,1.

356. References. For a more complete introduction to the
subject of determinants, the reader may consult H. B. Fine’s
College Algebra, pp. 492-519 or L. E. Dickson’s First Course in
the Theory of Equations, pp. 101-127. Kither of these may be
followed by the more advanced discussion given in M. Bdocher’s
Introduction to ITigher Algebra, pp. 20-53 or in L. E. Dickson’s
Modern Algebraic Theories, pp. 39-63.

For proofs of the theorems on partial derivatives, the reader is
referred to Chap. X and the end of Chap. XIII of the author’s
Treatise on Advanced Calculus.

EXERCISES II
In each case compute dz/dz and 9z/9y from the first form and check
by using the second form:

1. z = log V2* — y? = 14 [log (z — y) + log (z + y)].
2. z = e* cosh y + e=sinh y = e=*v,

T 4%
3.z=s1n‘\—/—xz+?/—tan1y.

_.22 .
4. 2z = log \/(z T 2321—3 5 {log [(& — 2)* +y*] —log[(z +2)*+ ¥°I} .
B.z=—1— = —1+

zT—y T —y
6. What is the size of the error in ¢ as computed from ¢ = a—s%zg,
when a = 100 + 2 ft.,, A = 60° + 1°, and C = 45° + 1°? HinT:
g——-ZAa AA‘ AC with Aa = 2,
AA = AC = 0.017, since 1° equals 0. 017 radian,

Approximate the error by

aC



70 PARTIAL DIFFERENTIATION

7. Let p denote the percentage error in F, as computed from
F = kzxoytze, due to errors of p; per cent in z, p, per cent in y, and ps per
cent in z. Show that p = |a|p: + |b|p2 + |c|ps. HinT: The total
differential of log F is %—I:: =aqa %95 + bgiy2 + c%.

8. A square plate s ft. on a side is placed in a wind tunnel. When
the air veloeity is V ft./sec., the pressure on the plate in pounds is
P = 0.0015V??%. What percentage error will result in the computed
value of P if s is known to within 0.5 per cent, V is known to within
2 per cent, and the numerical coefficient may be in error by 4 per cent?
Hint: Use Prob. 7.

9. What percentage error in 7', as computed from T = 2r \/I/myL,
results from errors of 1 per cent in I and of 0.5 per cent in each of the
quantities m, g, and L? Hint: Use Prob. 7.

10. A function of any number of variables is homogeneous of the
nth degree in these variables if, when the variables are each multiplied
by a scale factor &, the function is multiplied by k», for Example, for
three variables z, y, 2: f(kx,ky,kz) = k*f(z,y2). Show that df/dz, of/dy,
df/0z are each homogeneous functions of the (n — 1)st degree in , y, 2.
HinT: Put kx = u and differentiate with respect to z to obtain the rela-
tion: kf.(kz,ky,kz) = kof.(x,y,2).

Illustrate Prob. 10 by verifying that each of the following functions is
homogeneous of the degree n indicated and that it has a partial deriva-
tive with respect to x homogeneous of the (n — 1)st degree.

11. \/z? — 32 sin™! g, n =1, 12, z = tan™! %» n = 0.

13. log (2% + y2 4+ 22) — 2 log z, n = 0.
14. zy, lsxy, Lsx(y + 2), n = 2. These formulas for the area of a
rectangle, triangle, and trapezoid illustrate that all area formulas arg
homogeneous functions of the second degree in the lengths.
16. zyz, wxly, Yimwaly, n = 3. These formulas for the volumes of a
rectangular solid, cylinder, and cone illustrate that all volume formulas
are homogeneous functions of the third degree in the lengths.
16. azrye, and hence any polynomial whose terms are all of this type
with p 4 ¢ the same for each term, n=p-+q.

17. Show that the homogeneous function of the nth degree of Prob.
10 may be written f(x,y,2) = z*f(1, y/x,2/x). HiNT: Putk = 1/zin the
equation of Prob. 10.

18. Illustrate Prob. 17 by expressing each of the functions of Probs.
11 to 16 in the form z~ times a function of ratios of the variables present.

. . X 9 (9= ) _ 0 (92 ) . .
Verify by direct calculation that 3z \ay) = oy \az/ I each of the

following cases:
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19. The functions z(z,y) of Probs. 1 to 5.
20. z = 6 sin® x cos® y.
21. z = axrys, and hence z = P(z,y) any polynomial in x and .
22. z = f(u) where w = g(z,y), any function of x and y.
Prove the following statements: i
23. If z = f(x + a, y + B), then 02/9x = 92/da and 9z/dy = 9z/38.
24. If 2 =r coshf, y=r sinh 8, then (dx/dr)y = (dr/dx), and
(0y/dr)g = —(0r/3Y)..

26. If x =r cosh 0 and y =r smh 6, then for any function U(x,y),
(6(/) (GU) (6(/) (6( )
Jdy a0

26. Prove Euler’s theorem on homogeneous functions of the nth

of af of . . .

degree: 5:5'+ Y a7 + z 5, = nf. Hinrt: In the first equation of

Prob. 10, put kx = u, ky = v, kz = w. Then differentiate with respect
to k to obtain i + 1 9 + 2 of = nk»'f(x,y,2). Nowlet k =1
ou T Y o ow ’ L2 T

27. By a direct substitution show that ecach of the functions of
Probs. 11 to 16 satisfies the equation of Euler’s theorem, Prob. 26.
28. If f(x,y,2) is homogeneous of the nth degree, show that

ad A% :
(x 6% +y oy + 2 b—z) f(z,y,2) = n*(x,y,2); but that the expression

d 0 J \?
(x 3 + vy P + 2 (—9-13) flupw)|u=rp=yw=:=n(n — 1)f(x,y,z). Hinr:

Apply Prob. 26 twice and use the result of Prob. 10.
d a9
29. If z = (22 4+ ¥?) sin (x? 4+ y?), show that y 55 - af/ = (.
30. Show that the equation of Prob. 29 is satisfied by z = f(x* + y?),
where f(u) is any function.
31. Show that the function z = y? sin (z/y) satisfies t'e equation
0z oz
Tty oy
geneous function of the second degree in x and } J

32. Show that if z = f (‘/) then :v + /BJ = 0, either directly

or by applying Prob. 26 to a homogeneous functlon of the zero-th degree
in z and y.

= 22, either directly or by applying Prob. 26 to a homo-

_ 9z 0z
33. If z = tan~! zy, thenxé-é 5?—/ 0.

34. Show that the equation of Prob. 33 is satisfied by z = f(xy),
where f(u) is any function.
9z

0z
= el — — =
36. If z = xe'/v, then « e + 2 3y 0.
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36. Show that the partial differential equation of Prob. 35 is satisfied
by z = f(log « 4+ 1/y), where f(u) is any function.
37. If z = f[F(x) + G(y)], then G’ (y) g—; — F'(x) g—; = 0, where f(u),

F(z), and G(y) are any functions, and the primes denote derivatives.
Show that Eqgs. (59) and (60) of the text, as well as Probs. 29, 30, and
32 to 36 can all be considered as special cases of this result.

x2 + y2
38. Ifz=f ( "
by using Prob. 32.

), show that gz +y (% = 0, either directly or

39. Letu = g, v = Eg, and f(u,v) = 0. Show that as a consequence

mx % + my g_!j = ¢, either directly or by applying Prob. 26 to a homo-

geneous function of the (1/m)th degree in z and y.

40. If v = u? y = 4u + 5v, compute the partial derivatives of u
and v with respect to  and y by the method used in the text to find
Eq. (74). Check by solving for 4 and v and then differentiating.

27 2

41. If (1 — 9?) g:-c% + vy (%) 4+ (1 —9?)% =0, and y = sin 2,

find the differential equation satisfied by z(x).

2
42. If 22 37% + Z—Z + (22 —n?)y =0, and y = zv, find the

differential equation satisfied by z(x).

43. If the conditions of Prob. 42 hold and in addition z = 2 \/¢,
find the differential equation satisfied by z(¢).

2
4. If (l—x?)%—Zx%+n(n+l)y=O, and x = cos 6, find

the differential equation satisfied by y(8).

‘ oL d?y/dz? ) ¢
46. The curvature of a plane curve is p = T F (dy/d) Show

that if x = f(t), y = g(¢) the transformed expression for the curvature is

— e e ———

1 drae Tdtde
@ @T
[ a) T \u

46. By transforming the expression given in Prob, 45, show that in

dr\? d’r
2 — — _—
T2 (do T i

[+ @) T

polar coordinates ~— =
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d
: ° xa‘% —Y as
47. Show that, if £ = r cos 6 and y = r sin 0, dj T and
x4+ Yy I

check by interpreting the right member as tan ¢, and the left member as
tan (r — 6), where the meaning of ¢, 7, and 6 is shown in Fig. 11.

48. 1f f(z,y) = 0, show that 52

= — '&, while the second derivative

Yy
Qf?_/ — __fm W foufzfv +fwfx2
dz® 1
where the subscripts denote partial
differentiation.

49. If 2» 4+ y» = 1, find dy/dz
and d%/dx? by using Prob. 48, and
check by means of the solved form
Yy = (1 —_— q:n)l/n_

60. If z® 4+ y3 = zy, find dy/dx Fra. 11.
by using Prob. 48.

61. By putting y = tx in the equation of Prob. 50, show that
z =t/(1 + t%), and hence y = /(1 + t*). Find dz/dt and dy/dt and
use these to check the result of Prob. 50.

52. If u = f(x,y) and y = F(z), compute d?u/dz?.

63. Show that z = (Q) + zg (}{) satisfies the partial differential

25 , 07
equation x? g 5+ 2xy aj 3y + y? 3y i = 0, either directly or by using

the second result of Prab. 28.
92U 0rU
64. If U = sin (x — ct) + cos (z + ct), then w7 57 = c? N

66. Show that the differential equation of Prob. 54 is satisfied by
U = f(x — ct) + g(x + ct), where f(u) and g(v) are any functions.

66. If U = f(x + wy) + g(x — 1y), prove 02U/dx? 4 3*U/9y? = 0.

57. Let w = F(z) be any analytic function of the complex variable
z = x + ty, and let u(x,y) and ¢(x,y) be two real functions such that
w = u(x,y) + w(z,y). Show that U = u(z,y) and U = v(z,y) are each
solutions of the equation of Prob. 56. HiNT: In any power series for
F(z), replace ¢ by —¢ in  + 7y and the constants to define the function
G(x — 1y) = u(z,y) — w(zy). Then w = K[F(x + 1y) + Gl — @),
v = 1/2[—F(z + 1y) + G(x — 1y)]. Now use Prob. 56.

2
58. Show that U = tan™' = Y is a solution of % z + aayU = 0, either
directly or by using Prob. 57 w1th F(2) = log 2. '

Y

-
N
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59. Show that U = ¢*¢ cos (a log 7) is a solution of the equation
U 10U 19U
or? +r2 96r T 7 or
F(z) = z7ia = g7l z = ev0~ic lox 7, and Eq. (85).

60. If z = f(x,y) and z = ev, y = ev, verify that the differential

2 2 2,
equation g s+ gvf = g? 6:2 + 2 ng + =z g; + vy -gg is satisfied.

61. If v = r cosh 8, y = r sinh 8 show that for U = f(z,y) satisfies:
0rU 9 9U 19U 19U
0zt T oyt ~ ot T agr T or
Eq. (85), or by putting y = 1wy, and 6 = 160, in Eqs. (72) and (85).

62. If w =z 4+ ay,v =z — ay, verify that U = f(z,y) satisfies

el 9tU u - U
L O R A 1)

63. If s +t = 2¢= cos y, s — t = 2ie=sin ¥y, show that for U = f(s,t):
U | 0tU U
a7 T oy = 4 a5 an
u = log s, and v = log ¢.

64. If U = f(x,y) and x = ev cos v, y = e* sin v, verify the

= 0, elthel directly or by using Prob. 57 with

—— cither by the method used to get

» either directly or by using Prob. 62 with @ = 1,

equations

o:U ol 02U a2l aU oU
6—&/—2-—_::;; 62-{—2:1:7 6x6J+!j oyt +rax+y—éyan<l
0:U , 0°U 02U a:U oU oU

g0t =V am T Paray T T aE T g TVgy
66. If the conditions of Prob. 64 hold, first derive the equation

2 2] 27 92
%&g + %vlz = (22 + y?) (‘?9;2 + 5 U), and deduce as a consequence

U | 9*U s, (62(' 62[7)
ar Ty = \Gur T e )

66. If U is a function of u(x,y) and v(z,y), derive the relation
0tU  9*U au) 0:U du dv | 90U (c')v)2 oUd*u  oU ow
0z ~ ou? \oz +2 ou dv 0z dx | yov? \dz du dx? T v 9a?
and show that 32U/dy? is a similar expression with x replaced by y.

. . Ou Jdv Ju v
67. If u(z,y) and v(z,y) satisfy the equations Friml i il 7
2 2 2 2 au

ahow that 527+ G = [+ 5 | [(E) + (5) ]

68. By using the expressions in the hint to Prob. 57, show that the
functions w and v of Prob. 57 satisfy the given conditions of Prob. 67.

If w=1log 2z in Prob. 57, u = log v/2* + 4? and » = tan~! % Also

z=-c¢v and z = e* cos v, y = e»sinv. Thus Prob. 65 is a special case

of Prob. 67.
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Evaluate each of the following determinants:

69. | 1 10 70. | 2 -2 1 1.] 13 4

2 =3 2 -3 12‘- 52 1]

-3 01 1 23 —11 —1|
Using the method of determinants of Sec. 27, solve each of the follow-

ing systems of linear equations:

72. 2z + 3y =11,z — y = 3. .
B.2—-3y+2=—6,2t —y+2=23r —4y + 32 = -3,
Mot+y—2=0z—y+z2=4 —c+y+z=2.

Let any number of variables be connected by a single equation of the
form f(x,y,2,u0, -+ + - ) =0. Prove the following relations between
partial derivatives, each formed with all variables except the two directly
involved held fast:

o _ _f. 0 3y _ 0 9y 0z _
76. 3= T f, 76. ayax_l' 7. 3y 92 9z = —1.
vg, 000 020u _ 29, 0y B20ud _

* 0y 0z 0udxr dy 9z du v Oz

80. If x* + 2y* + 42% — u? — v — w? = 0, verify the equations of
Probs. 76 to 79 after evaluating each of the partial derivatives.

81. Iff(v,p,T)=0,and a,= ! (g'ylv) while Er = —v (%};) . show that
»

]
(‘(—9—% = OlpET.
82. If u = f(x,y), v = g(x,y) may be solved for = and vy, prove that

. . ok 0: ad )
the partial derivatives satisfy (53) 5%) + 5%) Ff) = 1 and
v v v fu

) (67/) + ( ) (%—% = 0. Hint: The first expression is

(ax/ax)u = 1, and the second is (3y/dzx), = 0.

83. If u = e* cos y, v = e sin y, verify the equations of Prob. 82
after evaluating each of the partial derivatives.

84. If F(x,y,2) = 0 and G(z,y,2) = 0, we may consider any two of
the variables z,y,2 as a function of the third. Deduce the relations
U N __dz if no denominator i
IF () /0(y,2) ~ a(F()/8zz) ~ AF,G)/(z,y) ®

Zero.

In Probs. 84 to 94 it is assumed that all Jacobians used as denomina-
tors are not zero for the values considered.

86. Use Prob. 84 to find the ratio of the differentials dx,dy,dz when
x4 y? + 22 = 1 and 2% + 292 4 32? = 2.
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86. If z = f(w,0), y = g(uw), z = h(u,v), we may consider z as a function
) . Qg) _ 0(z,y)/d(u)
87. If z = f(u,o,w), y = glup,w), 2 = h(u,w,w), show that

o) _ 2w /0w
dul . = "oy 00w)

88. If z,y,2,t are each functions of 4 and v, show that as a consequence
d(zy) d(zt) | 9(y,2) O(z,t) | A(z,x) d(y,t) T
3Cuw) 9u,0) T aup) 3Cup) T 3(up) d(uy) — O HINT: Divide by the

- o o éﬁ) i?:) (L’_z) (211 _
first term and use Prob. 86 to get 1 3/, \3z), — \5,).\%:). = 0,
9z

or\z;), = 1. Now reverse the steps.
t

89. If f(x,y,u,w) = 0.and g(z,y,u,v) = 0, show that

@Q _ _ 9(f,9)/9(xp)
oz/, — ~ 0(f,9)/d(up)

90. Use Prob. 89 to evaluate (du/dx), whenz + y + u +v — 4 = 0 and
4y tutt+0vP—4=0.

91. If £ is a function of S and », and dE = T dS — p dv, show that
(0E/38), = T, (OE/dv)s = —p, and hence (87 /v)s = —(dp/dN)..

92. If the quantities of Prob. 91 are all expressed as functions of any
pair of variables e, 8 show that d(7,S)/d(a,8) = d(p,v)/d(e,8). HiNT:
Express the derivatives in the last equation of Prob. 91 in terms of
Jacobians with respect to ,8 by applying Prob. 86 with suitably modi-
fied notation.

93. Prove that gg’,gg %((Z:;))) = ?9((3:; ”;J)) A similar result holds for

]

Jacobians of any order.

0@y _ 1
94. Show that 50°5 = 5(u.0)/a(z,)
case of Prob. 93.

y ecither directly or as a special

96. If £ = e* cos v, y = e*sin v, verify the equation of Prob. 94 after
evaluating each Jacobian.

96. If v = log z + log y and v = cos zy, verify that d(u,v)/d(x,y) is
identically zero. Also show directly that » is a function of by elimi-
nating x or y.

For each of the following functions, write the first few terms of the
Taylor’s series about 0,0:

97. cos xy + xy sin zy. 98. ev log (1 + z).
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- 99. = cos y. Check as the real part of the series for e=+i,

100. Find the value of z,y which makes the function of two variables
2t + y* — 4z — 32y + 2 a minimum.

101. Find the point inside a triangle at which the sum of the squares
of the distances to the vertices is a minimum.

102. A rectangular box, open at the top, is to hold 500 in.> Find the
dimensions for which the surface is a minimum.

103. A tank, open at the top, is in the form of an inverted cone sur-
mounted by a cylinder. If the volume is given as 706.9 ft.3 (that is,
225w ft.%), find the dimensions for which the surface is least.

104. If Ax? + 2Bxy + Cy® = 1, where AC > B? then the maximum
A4+ C++/(A—=0)2+ 4B

2(AC — B?) '

and minimum values of u = z% + ¥? are

Prove this statement.
105. Show that the area of the ellipse of Prob. 104 is expressible as

S =x/+/AC — B2 HinT: S = mab, where a and b are the semiaxes.
And a? and b? are the maximum and minimum values of u found in
Prob. 104.

106. Find the point in the plane Az 4+ By + Cz = D which is nearest
to the origin. HinT: Minimize u = z? 4+ y* + 22 subject to the condi-
tion Az + By + Cz — D = 0.

107. Find the point in the surface 2zy%* = 1 which is nearest to the
origin. Hint: Minimize u = z? 4 y? + 2% subject to the condition
logz + 4log y + 4 log z + log 2 = 0, for the case x, y, 2 positive.

108. Find the value of z,y,z which makes z2y42¢ a maximum subject to
the condition z 4+ y + 2z = 1, if z,y,z are all positive.

109. Let S denote the area of a triangle whose sides are a, b, and c.
From any point P inside the triangle draw perpendiculars to the sides
and denote their lengths by u, v, and w. Show that these lengths may
have any values that satisfy the condition au + bv + cw = 25, and
find the values of u, v, and w for which w? 4 »? 4+ w? is a minimum.



CHAPTER III

VECTORS, CURVES, AND SURFACES IN SPACE

The main topic of this chapter is the differential geometry of
twisted curves and surfaces in space. We begin with an intro-
duction to solid analytic geometry. In this connection we
present some elementary parts of vector analysis, the use of
which greatly simplifies the entire discussion.

36. Coordinates in Space. We may locate points in three
dimensions by using a coordinate system constructed as follows:
Through any point O, selected as origin, we draw three mutually

2 perpendicular lines, the z, y, and z
axes. On each of these we take a
positive direction, as indicated by the
arrows in Fig. 12. We shall use right-
handed systems. That is, we so
choose the positive directions that a
B y right-threaded screw along the z axis
/ \ will advance in the positive direction
A jak when given the 90° turn which takes
the positive x axis into the positive

X Y axis.

Fra. 12, The coordinate axes determing
three coordinate planes, the yz, za, and ay planes. The signed
distances of any point P from these planes are denoted by z, ¥,
and z and are called the coordinates of P.

By drawing planes through P parallel to the coordinate planes,
we may construct the rectangular parallelepiped shown in
Fig. 12. The points D, E, F are the projections of P on the
yz, zz, and zy planes. The points A, B, C are the projections
of P on the z, y, and z axes.

z = DP = BF = CE = OA. (1)

Thus z is the « coordinate of the projection F in the zy plane, or
of the projection E in the zx plane. Also z is the distance from O
to A, the projection on the z axis.

78
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In the figure the signs of z, ¥, and z are all plus since the
directions from D to P, E to P, and F to P are those taken as
positive on the coordinate axes. But if P were behind the yz
plane,  would be minus; if P were to the left of the zx plane, y
would be minus; and if P were below the xy plane, z would be
minus.

If a, b, ¢ are given values of the coordinates, the point P may
be constructed either by taking OA = a, AF = b, and FP = ¢;
or by taking OA = a, OB = b, and OC = ¢ on the coordinate
axes and thence determining the parallelepiped having P as the
vertex opposite to O.

37. The Segment OP. Let P be the point z,y,z and consider
the directed line segment OP. TFrom the right triangles OFP

C D
i
|
E ’Ql —— [_-— B
= '
A F
X
16, 13.

and OAF, we find
OP: = OF* 4+ FP*  and  OF: = 0A? + AF?,
so that
OP? = OA? + AF? 4 FP? = 2* + y* + 22 (2)

This determines OP, the length of OP.

The direction of OP may be fixed by the cosines of the angles
POX, POY, POZ which the segment makes with the positive
coordinate axes. The cosines, which we denote by I,m,n are
called the direction cosines of OP. The angles themselves are
called the direction angles of OP. The direction angles, denoted
by «,8,y, may always be considered as having values in the
range 0 < 0§ == (r radians = 180°.) From the right tri-
angles OAP, OBP, OCP we find
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_ _04 _ = g - - Y
l =cosa= 0P = OP Similarly, m = cos 8 = OP'
n=cosy=(—)z—- 3)
From these relations and (2) we may deduce that
124+ m? + n? = cos?a + cos? B + cos?y = 1. (4)

If we extend the line PO through O to a point P’ such that
OP’ = PO, the segment OP' will have direction angles = — a,
m — B,  — v so that its direction cosines I',m’,n’ will be equal
to —Il,—m,—n.

38. Direction Ratios. Let L be any straight line. Draw the
line through O parallel to L, and let P’P be a segment of this line
bisected by O. Then [, m, n the direction cosines of OP, or

Q
" =B
P
ﬁ/’b \
. L N | )
A | P Q /R’ g L
Fia. 14.

U, m', n' those of OP’, are taken as the direction cosines of L.
Any set of numbers a,b,c not all zero which are proportional t
these cosines are called direction ratios. Except for the distine-
tion between OP and OP’, the cosines may be found from the
ratios. For if
l = ka, m = kb, n = ke (5)

then

1 =124 m?+ n?=k¥*a*+ b*+ c?
and

1

RV

one sign giving I, m, n and the other I', m/, n'.

39. Projections of Line Segments. Let L be a line through
the two points A and B. And, on L, choose the positive direc-
tion as that from A to B, Also let PQ be any directed line seg-

k

(6)
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ment. The planes through P and @ perpendicular to L will
determine points P’ and @ on L. The segment P'Q’, or the
signed distance from P’ to Q’, is called the projection of PQ on L
or on AB. We determine the angle 6, between L and PQ as
follows: Draw a line segment parallel to PQ through any point
of L, for example, P’Q"” through P’. Then take 6 as the angle
in the range 0 < 0 < = made by this segment with the positive
direction on L, that of AB.
From the right triangle P'Q'Q’" we find

Projss PQ = P'Q’ = P'Q" cos § = PQ cos 6.~ (7)
Consequently,
Projas QP = Q'P’' = —PQ cos 6. (8)
For any three points P, Q, and R we see that
Projas PR = Projss PQ + Projss QR, (9)

since this is equivalent to P'R’ = P'Q’ + Q'R’ where P, @', R’
are the projections of P, Q, R

on AB. Z) o p
40. The Segment P'P".
Consider a pair of points , /P /
P'(e'y'2) and P"(z'y"2"). e
Let the segment PP” have !
direction cosines I,m,n and a x,O % 7Y
length s. Then the projections /
of the segment PP on the 7
coordinate axes are X
e o = o] I16. 15.

Yy’ —y = sm, 2 — 2 = sn. (10)

But by Eq. (4)
24 m?+4+nt=1 (11)

Consequently,
(xll — x/)z + ('!/” — yl)z + (zn _ z/)z —_ 82(l2 + mz + nz) — s'z.

(12)
This determines the length s,

s = IP/P//I — \/(.’E” —‘.’E')2 + (y// — y/)2 + (zn _ 21)2. (13)
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And from Eq. (10),

124 !’ 144 ’/ 124 /
= — 1 2 -z
="~ - m=4_Y, n = ——-. (14)
s s 8

Equations (13) and (14) could also be deduced {rom the parallele-
piped with edges parallel to the axes and diagonal P’P"" by reason-
ing similar to that of Sec. 37.

Equation (14) shows that we may take x"" — a', y”" — ¥/,
2"’ — 2’ as direction ratios for the straight line through the
points P’ and P"’.

41. The Straight Line. ILet us keep the point P’ fixed and
take P(x,y,2) as any point on the straight line through P'P”.
Then if ¢ is the (variable) signed distance from P’ to P, we shall
have the relations

!’

. ’ _ ’ — 14
(=225 m= =2 n-= = (15)
analogous to Kags. (14). Conversely, if these equations hold, the
segment P’P (or PP’ if ¢ is negative) will have the same direction
cosines as P’P”, and P will be on the straight line through P’
and P”. Tt follows that the equations

x=zx + y =y + mt, z=2 +ni (16)
determine the points on the straight line in terms of the signed

distance ¢.
The equations

x—a _y—y =2

= - (7

m n

are an equivalent set, since if these hold we may take the common
value of the ratio as the parameter {. THere, in place of the
“direction cosines [, m, n, we may use any direction ratios a, b, ¢
‘proportional to them. We then write

4 !’

r—a _y—y 22—z
a b oo

(18)

These equations hold if, and only if, the segment PP has a fixed
direction, and so are the equations of the straight line through P’
with direction ratios a, b, ¢. In particular, we have

x—a  y—-y _z2—2Z

= = 19
:L,II . il?' y/I _ yl zll . zl ( )
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as the equations of the straight line through the points P’ and
P,

We continue to write equations of the form (17), (18), and (19)
even when one or two of the three denominators are zero, inter-
preting them as meaning that the corresponding numerators are
Zero.

42. Vectors. In many geometrical and physical applications
of mathematics we meet the concept of a wector, or directed
magnitude. A vector is determined by its length and direction.
It may be graphically represented by any line segment having
this length and this direction. The position of the initial point
is unessential, and any two segments P’P” having the same
length and the same direction represent the same vector. We
sometimes use a particular representative segment as P'P” to
denote a vector but more often find a single letter convenient.
In print, we use boldface type, as a, to indicate a vector. In
writing, a dash over the letter, as @ may be used. The length
of a vector may be denoted by the absolute value sign or simply
by the letter in ordinary type or without the dash. Thus with
the notation of Sec. 40, if

a = PP", la| or @ = |P'P"| = s. (20)

We may think of a segment with coincident end points PP’
as representing a vector of zero length and undetermined direc-
tion. We call this the null vector but represent it by an ordi-
nary zero in equations where its character may be inferred from
the context.

For any real number C, by Ca (or aC) we mean the vector
whose length is C times that of a and having the same direction
as a if C is positive and the opposite direction if C is negative.
If C is zero, Ca is the null vector. In particular when C is —1,
we write —a for (—1)a and if

a = PP —a = PP, 21

The real numbers, or numbers represented by signed coordi-
nates on a scale, are referred to as scalars. The operation that
converts the vector a into Ca is called multiplication of the vector
a by the scalar C.

43. Addition and Subtraction of Vectors. Let PQ be a seg-
ment representing the vector a and QR be a segment representing
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the vector b, so that
a=PQ, b=QR. Thena-+b=PR. (22)
Also if S is on RQ produced so that SQ = QR,
b=50, -b=8S and a—b=DPS (23)

Thus vectors are added and subtracted by the parallelogram law.

=a
PQ'=Ca
Fra. 16. F1ac. 17.

It follows at once from the definition that

a+b=0>b+a. (24)
C(a + b) = Ca + Cb. (25)
a+ (b+c)=(a+Db)+c (26)
Also, if
a+b=c, thenc — b = a. (27)

44. Components. By drawing OP equal in magnitude and
direction to a given vector r, we obtain a representative segment
for r with initial point at the origin. Let
the coordinates of P be z,y,2 and construict
the parallelepiped as in Sec. 36. If i, j,
and k denote unit vectors along the posi-
tive x, ¥, and z axes, respectively, we shall
have

04 = ai,
Fia. 18. (_)_?_ = v, (28)
0C = zk.
Consequently,
r = zi + yj + 2k, (29)

and we have decomposed r into three component vectors, each
parallel to a coordinate axis. We call the scalars z, y, z which
multiply i, j, k the components of the vector. Thus the vector r
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has components z, y, and z if its component vectors are xi, yj, and
zk and the relation (29) holds. The components may be obtained
directly from the projections of any representative segment on
the coordinate axes.

By the rules of Sec. 43, we may deduce from Eq. (29) that

Cr = Czxi + Cyj + Czk, (30)

so that the components of Cr are C times the components of r.
Again, if
r =2i+ y'j + 7'k, (31)

we find from this and Eq. (29) that
r+r=(@+2)i+ Wy +y)+ &+ 2k, (32)

so that the components of r + r’ are formed by adding corre-
sponding components.

In general, the operations of addition, subtraction, or mul-
tiplication by a scalar may be effected by applying these opera-
tions to the components of the vectors involved.

As an illustration, the two points P’'(x’,y’,2’) and P"'(2",y",2"")
determine vectors

OP' =1 =z'i+y'j+ 2%  OP" =r"

=z"i+ y"j+ 2"'k. (33)
The vector
PP" =1 —¢' =@ —2Ni+ " —y)ji+ " —2Dk. (34)
This is in accord with Sec. 40.

If I, m, n are direction cosines, the vector

u=10l+mj+ nk (35)

is of unit length, since
ul = u =B+ m?+n?=1. (36)

For any vector r with length r and direction cosines I, m, n, we

have
r =ru=rli+ rmj+ rnk. (37)

Thus r has as its components rl, rm, rn and its direction cosines
may be found by dividing its components by its length. Applied
to the vector t/ — r’ of length s, this checks Eq. (14).
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Similarly, Eq. (15) states that
r—r =, or r=r" 4 tu, (38)

in which ¢ may be positive, negative, or zero.

45. The Scalar Product. For any two vectors a and b we may
calculate the expression ab cos 6, where 6 is the angle (0 < 6§ < )
made by their positive directions as in Sec. 39, and a and b are
their lengths. We call this expression the scalar or dot product

of the two vectors and write

a-b = ab cos 6. (39)

a By Sec. 39 the projection of a on bis a cos 6,
and the projection of b on a is b cos 6.

6, N Consequently, we have
b . .
I«———acoso—-> a-b = aProjab =0b Projpa. (40)
Fia. 19. It follows from the original definition that
a-b=">-a, (41)

so that the scalar product is commutative, that is, does not
depend on the order in which the two vectors are written.
Also, for any two scalars p and ¢,

(pa) - (gb) = pgab cos 6 = pq(a - b). (42)
Finally, by Eq. (9), )
Proja b + Proja ¢ = Proja (b + ¢). (43)

If we multiply by a and use Eq. (40), we may deduce that

a-(b+c)=a-b+a-c or (b+¢c)-a
=b-.a+c-a (44)

Thus the scalar product is distributive and we may expand
products like

(a+b)-(c+d)=a-c+a-d+b-c+b-d (45)

as in ordinary algebra.
If the two vectors a and b have the same direction, they make
a zero angle. Thus 6 =0 and cos § =1 in Eq. (39). In
particular,
| a-a = a? (46)

and the scalar product of a vector by itself is the square of its
length.
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If the two vectors a and b are perpendicular, 8 = 90° and
cos 8 = 0. Hence,

=

if alb, a-b=0. (47)

These facts enable us to compute all the scalar products
involving the three unit vectors i, j, k. We have

i-i=j-j=k-k=1 (48)
and
irj=j-i=j-k=k-j=k-i=i-k=0. (49)

We may now express the scalar produet of any two vectors in
terms of their components. Let a have components a,, a,, a,
and b have components b,, b,, b.. Then

a=ai-+ a,j+ ak and b = bi + b,j + bk. (50)
Thus
a-b = (ai+ a,j + ak) - (b + b,j + b.k). (51)

By the process used in Eqgs. (44) and (45), this may be distributed
into nine separate products. We may then bring out the scalar
factors, as in Kq. (42), and reduce the dot products which
involve i, j, and k only by Iigs. (48) and (49). The final result is

a-b =ab, + a,b, + a.b.. (52)
In particular, by Eq. (46)
a*=a-a = a,’ + a2+ a2 (53)
and similarly
b*=D>b:b =102+ b2+ b2 (54)

Except for notation, these are equivalent to Egs. (2) and (12)..
Since *

a-b = ab cos 6, or cos 0 = aa-bb' (55)
we have by Fqgs. (52), (53), and (54):
COS 0 — axb:c + aybll + azbz (56)

Vai + af + a2 Vb + b F b2
This determines the cosine of the angle between two vectors or

segments in terms of their components.
If the two vectors are perpendicular, cos § = 0, and

ab, + ab, + ab, = 0. (57)
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Conversely, if this condition holds, by Eq. (52),
a-b =abcosf =0. (58)

Hence, either cos # = 0 and the vectors are perpendicular, or
a or b is zero, and one of the vectors is a null vector. Thus, if
neither vector is a null vector, condition (57) is a necessary and
sufficient condition for perpendicularity.

Whereas scalar or dot multiplication of vectors may for the
most part be treated by the familiar rules of algebra, there is one
important exception. In ordinary algebra, if a product is zero,
one of the factors must be zero. But if the scalar product of
two vectors is zero, we have the alternative possibility of per-
pendicularity. For example, in ordinary algebra, if

a # 0, and ab = ac or alb—c) =0, (59)
we may conclude that
b—c=0 and b =c. (60)
But if
a # 0, and a-b=a-c or a-(b—c)=0, (61)

we may conclude only that

either b —c¢c =0, or (b —c¢c) L a. (62)
46. Planes. Consider any equation of the first degree
Az + By + Cz = D. (63)

Then A, B, C cannot all be zero, since it is of the first degret.
Let P'(z',y’,2’) be one point whose coordinates satisfy the
equation, so that

Ax' + By’ + C2’ = D. (64)
Then, if P(z,y,2) is any point that satisfies (63), we may deduce
by subtraction that

Alx —2)+ By —y') +C(z—2') = 0. (65)

By Egs. (52) and (34) the left member may be considered as the
scalar product of the vector P’P and a vector a with components
A,B,C. Since a % 0, either PP = 0 and P is P’, or the vector
P'P is perpendicular to the vector a. In either case the point P
lies in the plane through P’ perpendicular to a. Conversely,



346 PLANES 89

if P is in this plane, either PP = 0 or P'P is perpendicular to a,
and Eq. (65) will hold. But Eqgs. (65) and (64) may be added
to give Eq. (63). This proves that Eq. (63) is the equation of
a plane.

Conversely, by taking A,B,C any set of direction ratios for the
direction perpendicular, or normal, to a given plane, and z’,y’,2’
as the coordinates of any point in the plane, we may write an
equation of the type (65). If we define D by Eq. (64), this
equation is reducible to the form (63). This proves

Every first-degree equation in x, y, and z represents a plane, and
every plane is representable by some first-degree equation.

<’P

J

Fia. 20. Fia. 21.

Consider next a point P(z,y,z) not in the plane (63). Let a be
a normal vector with components A,B,C. Denote by Lp the
signed perpendicular distance from the plane to P, measured
positive in the direction of a. Then L, equals the projection of

P’P on the direction of a, so that by Eq. (40),
aLy = a Proj, PP = a - P'P

=A(x —2') + By — y) + Clz — 2'). (66)
But
a =+/A? + B? + C?, (67)
so that
L A=)+ By —y) +C—2)
P \/A2 + B2 + C2

_Az+By+Cz— D
\/ A + B? + C?
This determines the distance from the plane to P. The distance

L¢ is positive for z,y,z on the same side of the plane as 2’ 4+ A4,
y" + B, z + C, and negative for z,5,z on the same side of the

(68)
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plane as ' — A, y' — B, 22 — C. When the point is in the
plane, Lr is zero, and Eq. (63) holds, so that (68) still apphes
in this case.

47. Tangent Line to a Space Curve. The equations

z=f0, y=90, z=D~r® (69)

determine a point P’(z,y,z) for each value of {. In general, this
point will vary continuously with ¢ and as ¢ traces an interval,
P will describe the are of a ecurve in space. Let ¢, be a fixed value,
which determines a fixed point Po(xo,%0,20). Then if ¢y + At is
a value near f), which determinés P’'(xo 4+ Ax,yo + Ay,20 + A2),
the segment PoP’ will have components Az, Ay, Az. Thus these
numbers, or

S
which are proportional to them, are the direction ratios of a
secant through P,. Now let At — (0. Then, if our given func-

tions are differentiable, these approach

dr dy

=T, G =g,
dz ,
EZ 0 = h (to) (71)

Assume that these are not all zero, so that
f’(t())2 + g,(t()V + h,(to)2 > 0. (72)

Then the numbers in (71) may be taken as
direction ratios of a line through P, and

Qlxo + f'(t), Yo + g'(to), 20 + A (t)].

The equations of this line may be written

Fia. 22.

T— %o _ Y — Yo _ {-:_z_o
ft) — g't) () (73)

But the secant line through P, and P’ has direction ratios (70)
. . A A
and therefore contains the point Q’ (xo -+ ———, Yo + — y y 2o + Z§t>

When At — 0, @ — @, so that the secant through P.Q’
approaches the line through Po@. This limiting line is defined
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to be the tangent to the curve at Po. Thus the equations of the
tangent are given by (73) and may be written in the alternative
forms:

x—xo_y—yo_z—zo
@ = Q?j_ = flf ’ (74)
dt o dt o dt |o
or
— flte) _y —glto) _ 2z — h(), (75)

ftg — gt) — W)
The fact that the length of the chord PP’ is
P = A/Ax? + Ay? + Az? (76)

suggests that a definition of length of arc based on inscribed
polygons would make

O -@ @@ @
e [E @ @ e

This is, in fact, tRe case and we shall accordingly use these
relations as the fundamental ones for the arc length s.

48. Derivative of a Vector. If a vector has its components
variable but functions of a parameter {, we may write

() = f)i + ¢(j + h(Dk. (79)

By the derivative of the vector r with respect to ¢ we mean the
vector

and

r’(t) — /Bin)o I'(t + AAt)t — I‘(t)'

(30)

By applying this definition to the form given in (79), we find
r'(t) = f'(Hi + ¢’ + K (Ok. (81)

Thus to differentiate a vector, we need merely differentiate each
component.
Let us take a point P(z,y,2) such that

OP = r(t), and x = f(1), y = g(1), z = h(t). (82)

Then, when ¢ varies, the end point P will describe a space curve
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as in the last section. The vector r’(¢) is parallel to the tangent
to this curve. And the length of r'(¢) is

¥l = VET = VIO @ TR = (83)

the derivative of the arc length with respect to the parameter.
When ¢ is the time, r’(t) has a length equal to the speed in the

path, and components equal to the velocities of z, y, and z along

the axes. Thus it is the velocity vector of the moving point P.
Similarly, r’’(f) with components d*z/dt? d%*y/dt?, d*/dt?, or

() = fOi 4+ ¢" (O] + KDk (84)

is the time derivative of the velocity vector or the acceleration
vector of the moving point P.
49. Surfaces. The equation

z = fi(z,y) (85)

determines a single point P for each value of x and y. In general,
when r and y vary continuously over some two-dimensional
region, the point P will vary continuously over the portion of a
surface in space. Similar remarks apply to © = f(y,2) and to
y = fi(z,x). A more general equation is

F(zyyz) = 0. (86)

If F., F,, F.are not all zero, this may be solved in some restricted
region for one of the variables in terms of the other two and so
represents a surface.

Let x = z(t), y = y(t), 2 = 2(t) be the equations of any curve
lying in the surface (86), so that

Flx(t),y(0),2(1)] = 0 (87)

for all values of ¢. Then, by differentiation with respect to t,

F,,%% + 7,2+ F = 0. (88)

v dt
We assume that the parameter { has been so selected that
[ (12 + [¥' ()] + [£/(£)]> > 0. For example, we may take
t = s, the arc length. By Eq. (52) the left member of (88) may
be considered as the scalar product of the two vectors:

N=Fi+F,j+Fk (89)
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and
T =2'(0i + y'(O)j + 2/ (t)k. (90)

As neither of these vectors is zero and N - T = 0, they must be
perpendicular. Thus a plane through the point P(x,y,2) perpen-
dicular to N will contain all the tangent lines drawn to curves
on the surface passing through P. We call this plane the
tangent plane to the surface at P. The direction of N, which is
perpendicular or normal to this plane, is called the normal to the
surface at P.

The equation of the tangent plane to the surface at Po(x0,0,20)
is found by Eq. (65) to be

Fo(x0,90,20)(x — o) + Fy(20,Y0,20) (Y — yo) + F (20,50,20) (2 — 20)
" =0. (91)

If the equation of the surface is given in the form
z = f(2,9), (92)

we may put F(x,y,2) = z — f(z,y) and write the equation of the
tangent plane at Py(x¢,50,29) in the form

_9f _ of _
z 20—550(93 x0)+@0(y Yo)-
93) N
b0. Surface near a TangentPlane. We
wish to investigate the form of a surface S S, ‘
near a given point. Letz = f(x,y) be the . Fr. 23.

equation of S, so that zy = f(x¢,y0). Consider the Taylor’s
expansion of f(zx,y) about x¢,y,, namely,

2= flaow) + | =2+ L] @)

C L 9.
+ ,3_,5}:%. o (x — x)? 55%?}‘0 (x — o) @ — Yo)
° 1 92
+§6—y20(y_y0)2+ T (99)

We note that since zo = f(xo,y0), this expansion reduces to
Eq. (93) of the tangent plane at P, if we omit all terms containing
powers of degree greater than one in (x — x,) and (y — yo).

Let us next take new coordinate axes z’,y’,2’ with the 2y’ plane
coinciding with the tangent plane to the surface at wo,yo,2.
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Then the new equation of the tangent plane will be 2’ = 0, so
that the constant term and first-order terms will not appear.
We also take the new origin at the point P,. Then the new
coordinates of P, are

130,, yo,, Zo, = O, 0, 0. ) (95)
Consequently the expansion (94) takes the form
2= 3(A2"* + 2Bx'y’' + Cy'?) + - - -, (96)
where 4
_ 9T _ 9F _ 9
A= 3 | B = 55 9 o C = o (97)

For the new axes the equation of the surface is 2’ = f(2',y’), and
7 the second derivatives are evaluated at the

z origin.
, S Up to terms of the third order, the sur-
X . .
‘ F, face is approximated by the second-degree
YY" surface:
)
Y Z2 = §(Ax'* + 2B2'y’ + Cy'?). (98)
A This is called the osculating paraboloid.

By a suitable rotation of the axes in the
a'y’ plane, the term Bz'y’ may be made to
disappear, and the equation of the osculating paraboloid reduced
to the form

Fia. 24.

"= §(ax"? 4 by"'?). (99)
In this equation the 2’" axis is along N, the normal to the surface

Z"or 2’ z"

| é
, /

X’/ Y Y

v

X" Y’ X" R
Fig. 25. Fia. 26.
at Py, and the 2" and y”’ axes are suitably chosen in the tangent
plane to the given surface S at P,.
The curves in which S is cut by planes through the normal N
are called the normal sections of S at Py, Suppose that a normal
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section C is cut out by a plane making an angle 6 with the 2'/z"’
plane. Let P be any point of C near P,, and R the projection of

P on the z''y" plane. Then if PoR = r, we -

have from Fig. 27,
x” =7 cos 6, y' =rsing. (100) v
Y” R
265
r r Q P
y
% i
«E, x” X” P‘) r R
Fra. 27. Fia. 28.

Next draw a circle through P tangent to PoR at Py,. Then, if
pr is the radius of this circle and 2" = RP, we have from Fig. 28,

QP* = UQ-QPy  or  r*= (200 — 2:/)2:"", (101)

and
P — 21”2 1 _ 231)”

E S . or — = .

pr 52" b = 2 (102)
But, since Eq. (99) was obtained by dropping higher powers, for
a point x'’,y"" z,"”" on S we may write

2zp"" = (ax’’? 4+ by"’?) 4+ O(r3) = r*(a cos? § 4 b sin? 0) + O@r3).
(103)

Here O(r?) stands for terms whose degree in ' and y” is at least
three. Hence, when transformed by Eq. (100), they contain a
factor r* and so are of the third order in r.
It follows from Kgs. (102) and (103) that

1 acos®f 4 bsin? o+ O()

pr 14 00 ’ (104)
where the terms O(r) contain a factor » and the terms O(r?)
contain a factor r2. Hence these terms approach zero when
r— 0. If we denote the limit of p» when » — 0 by p, we have

;1)- = @ cos? 0 + b sin? 4. (105)

This is Euler’s form for the curvature of any normal section.
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Since sin? 8 + cos? § = 1,
% —a+ (b — a)sin? 6. (106)

The maximum value of sin? 6 is 1 for § = 90° or 270°. The
minimum value is zero for 8 = 0° or 180°. Hence the maximum
and minimum values of 1/p are b,a (if b > a), and a,b (if a > b).
In these cases the z’/ and y’/ axes may be located as the tangents
to those normal sections at P, which make 1/p take on its
extreme values. If we write 1/p; and 1/p. for these extreme
values, Eq. (99) takes the form

19 12
e 1(?«‘__ : L). (107)
2\ pt p2

The numbers p; and p; are called the principal radiv of curvature
of the surface S at P,. The product 1/(pip2) is called the total
curvature.

The sections of the surface S parallel to the tangent plane are
found by placing z, = k£ in Eq. (103). The result may be written

19 19
2% =2+ ¥ 4 009). (108)
P1 p2

Hence, to within terms of the third order these curves are conics
similar to the curves found by putting

2 = +1in (107), or

\g‘\/ +1 = %(g__z + y_2> (109)
‘ pP1 P2 ‘

]

' This is called the equation of the tndicatriz of the
surface S at Po. When p; and p2 have the same
sign, the indicatrix is an ellipse for one of the
signs and is an imaginary ellipse for the other
sign. Hence the sections of the surface are
approximately ellipses on one side of the tangent plane. Near P,
the surface lies entirely on this side. Such a point is called an
elliptic point or point of positive total curvature, since 1/(p1p2) is
positive. When p; and p; have opposite signs, the indicatrix is a
hyperbola with asymptotes given by

Z”

Y”

X”
Fia. 29.

19 "9
% + ?!;2_ =0, z'=0. (110)
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In this case, near P,, the surface will lie on one side of the tangent
plane in one set of opposite regions between these lines, and on the
opposite side in the other pair of opposite regions. The surface S
near P, will cut the tangent plane in curves tangent to the
asymptotes (110). Such a point is a hyperbolic point, or point
of negative total curvature, since 1/(p1p2) is negative.

If one coefficient 1/p; or 1/p; is zero, the indicatrix (109)
represents a pair of (real or imaginary) parallel lines. In this
case Eq. (107) represents a parabolic cylinder, and the point is
called a parabolic point, or point of zero total curvature, since

Fia. 31.

1/(p1p2) = 0. In this case the osculating paraboloid (here a
parabolic cylinder) lies on one side of the tangent plane and is
tangent to it along the '’ or y'’ axis. The surface S, near P,,
will also touch or cut the tangent plane in a curve tangent to this
axis, but in general it will lie on both sides of the tangent plane
near P,.

The bell-shaped solid of revolution, shown in Fig. 31, illustrates
all three types of points. There is a circle of parabolic points.
All points above this are elliptic, and all below this are hyperbolic.

Let us return to the original axes, in which S had the equation
z = f(x,y), and introduce the abbreviations
dz 0z 9% 9% 9%

o D @=q, D axay—s, (,—,~y~2=t. (111)

We indicate that these derivatives are to be evaluated at P, by
appending a subscript zero. Then Eq. (93) for the tangent
plane at P, may be written

z — 2o = po(x — Zo) + qo(y — Yo)- (112)
And the equation of the osculating paraboloid at P, is

2 =20+ po(x - xo) + qO(y - yo) + 73"7'0(33 - xo)2
+ so(x — 20)(¥y — yo) + Fo(y — yo)%, (113)
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since this approximates the expansion (94) up to terms of the
third order. The points on this paraboloid whose perpendicular
distance from the tangent plane (112) is +1 will make up the
indicatrix of Eq. (109). By Eq. (68), such points P(x,y,2z) will
satisfy the relation

2o plE mm) Z o =) oy gy
V1 + po* + ¢4 -

If we solve this equation for z and substitute in Eq. (113), we
obtain

£2 V14 pi® + qo = ro(w — 20)® + 2s0(x — 20)(y — o)
+ by — yo)?, (115)

as a relation satisfied by all points of the indicatrix curves.
The locus in space of this equation
zZ z" in 2,y,2 with 2z missing is a cylindrical
surface with elements parallel to the z
/ axis which passes through the indi-
catrix curves. In the zy planc the
locus of this equation in x and y is the
xv orthogonal projection of the indicatrix.
0 The point P, on the surface S will be
elliptic, hyperbolic, or parabolic ac-
Q cording as the indicatrix curves and
hence their orthogonal projections are
ellipses, hyperbolas, or pairs of parallel

X
Fiac. 32.

straight lines. ,
When Eqgs. (115) represent hyperbolas, the asymptotes are
given by the equation

ro(x — 20)? + 280(x — 20)(y — yo) + to(y — yo)> = 0. (116)
If we divide this equation by (z — z,)? and set the slope

Y=Y _
=N (117)

we obtain the quadratic equation
to)\2 + 280)\ + Ty = 0, (118)

whose roots are the slopes of the asymmptotes. Hence the roots
are real, and the discriminant of the quadratic equation (118), or

(230)2 - 4:t()7'0 = 4(802 — Toto), (119)
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must be positive. Conversely, if
S0 — roto > 0, (120)

Eqgs. (115) will represent hyperbolas.
If

So2 — rotg = O, (12])

the roots of Eq. (118) will be e'qual. Hence the left member
of Eq. (118), as well as of (116), will be a square. In this case
Egs. (115) will represent pairs of parallel lines.
If
802 - I'()to < 0, (122)
L
the roots of Kq. (118) will be imaginary. Hence the left mem-

ber of Kq. (118), as well as of (116), will be a sum of two squares.
In this case Eqs. (115) will represent ellipses.
The discussion just given leads to the following conclusions:
The point P(x,y,2) of the surface z = f(x,y) will be

2 2 2f a2
Llliptic,  if (”a_f > _0TeT

a.r oy dx? y?
L , o\ 9 o
P{Uab()]lc, 1t (6(61}) 55['2 ayz = 0, (123)
Lo , af \* 9 oY
Hyperbolic, if <a£ ay) 522 3y > 0,

where all the derivatives are evaluated at P(x,y,z).

b1. The Vector Product. For any two vectors a and b, taken
in this order, we may form a new vector by the following geometric
construction: (1) Represent the vectors by two segments OA
and OB having the same initial point O. (2) Determine the angle
6,0 < 0 <, from a to b, and compute the value n = ab sin 6.
Since § = LAOB, n equals the area of the parallelogram OAPB.
(3) Draw ON of length n, perpendicular to plane OAB and in
such a direction that a right-threaded screw along ON will
advance when turned.from OA to OB through the angle . Then
the segment ON rcpresents the new vector n to be constructed.

We call the vector n the vector product, or cross product, of
a and b in this order, and denote it by a X b. Thus in Fig. 33,

n=0N=axb=04 xO0B. (124)
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To construct the vector product b X a, we compute
n' = ba sin § = n,

as before. However, since we now rotate the screw from OB to
0OA through the angle 6, we must draw ON’ in the opposite

N
n B
b
0 P
a
A
Fia. 33. Fia. 34.

w

direction to that previously used. Thus the direction of a
vector product is reversed if we interchange the order of the

factors, and
bxa= —aXxbh. (125)

Hence vector products are not commutative, and we must note
the order of the factors. The property expressed in Eq. (125)

C”
I\
aXc

B”

aX(b+c')

Bl
Fia. 36.

merits careful attention, since it makes vector products unlike
the products used in arithmetic and algebra.
However, vector products are distributive. That is,

ax(b+c)=axb+axc. - (126)

This may be seen from Figs. 35 and 36. In Fig. 35, OB = b
and BC = ¢, so that OC =b 4+ c. Also OA = a, and a tri-
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angular prism is constructed with OA as one edge and OBC as
the base. Then a right section OB’C’ is formed by a plane
through O perpendicular to a. Call OB’ = b’, B'C’ = ¢/, and
OC' = b’ 4+ ¢’. Then the parallelogram formed on OA and
OB has the same area as the rectangle formed on OA and OB/,
so that

axXxb=axb (127)
Similarly,
axc=axc and ax((+c)=ax((d +c) (128)
In Fig. 36, triangle OB’C’ is shown in its true shape, and triangle
OB"’C" is formed from it by multiplying each of its sides by a
and rotating the triangle through 90°. OA is not shown in this

figure but would be represented by a vector coming forward per-
pendicular to the page. It follows that

OB" =axb’, B'C"=axc, OC"=ax (" +c). (129)
This shows that

ax (' +c)=0C"=0B"+B"C" =axb +axc, (130)
or ;by Egs. (127) and (128)

axXx(b+c)=axb+axec, (131)
which is the distributive law we wished to prove.
By multiplying Eq. (131) by —1 and using Eq. (125), we
may deduce that

(b+c)xa=bxa+cXa. (132)

For any two scalars p and ¢, it follows directly from the
definition of the cross product that

(pa) X (gb) = pg(a X b). (133)

If the two vectors a and b are parallel or lie on the same
straight line, they make a zero angle. Thus 6 = Oandsin § = 0.
Consequently n = ab sin § = 0 and » = 0. In particular,

axa=0, and (pa) X (qa) = 0. (134)

If the two vectors a and b are perpendicular, § = 90° and
sin § = 1. Consequently, n = ab sin § = ab, and,

if a_lb, |a X b| = ab. (135)
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Equations (134) and (135) are easily remembered by noting
that the parallelogram OAPB degenerates in the first case and
is a rectangle in the second case. And its area is n = |a X b].

Using Eq. (134), we find for the three unit vectors

ixi=D0, ixji=0, kxk=0. (136)
And, by a direct application of the definition

ixk =i, k xi=]j, ixj=k, (137)
while
kxj= —i, ixk= —j jxXi= —k. (138)

That the product has length unity is in accord with Eq. (135).
Also the relation of Kq. (138) to (137) is in accord
with Eq. (125).

We may now express the vector product of two
vectors a and b in terms of their components.
Let,

a=ai+ a,j+ ak, (139)

and
Fra. 37. b = bzi + by] + bzk (140)
Then
axb=(ai+ aj+ ak) x (bi+ b,j+ bk). (141)

This may be distributed into nine separate products, by IEqs.
(131) and (132). We may then bring out the scalar factors by
Kq. (133). Practically this is essentially the method of expand-
ing a product in algebra, except that here in each final term we
must write the unit veetor which came from the first parenthesis
in (141) before that which eame from the sccond parenthesis.
Finally, we may evaluate the cross products involving i, j, and
k only by using Eqgs. (136), (137), and (138). The result is

axb=i(ab: — aby) + j(a.b, — ab.) + k(ab, — a,b;). (142)

This is easily kept in mind if written as a determinant:

i j k
axb=laaa=i""+i" % +x[>*%. 143)
z v z

The form (142) may be obtained from this by expanding the
determinants by the methods of Sec. 26.
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The fact that b X a is —a X b corresponds to the fact that
interchanging two rows of the determinant reverses its sign. In
writing the determinant for a cross product we must be careful
to put the components of the first factor in the middle row.

Let us project the vectors OA = a and OB = b on the yz
plane, to obtain OA’ = a’ and OB’ = b’. Then

a' =a,j+ ak and b’ = b,j + b.k. (144)
By putting ¢, = b, = 0 in Eq. (143) we find that

ay Cl,z

]by bz

a’' xb =1

= i(a,b, — azby). (145)
This shows that the vector product of the projections of a and
of b on a plane perpendicular to
the = axis is equal to the vector
component of a X b on the z axis.
Hence the length of this com-
'ponent equals the area of the

parallelogram OA’P’B’, the pro- Y
jection of OAPB on the yz plane.
Similar statements hold for the
components on the y and z axes
and for projections on planes per-
pendicular to them.
We may find the length of
a X b by using Eqgs. (53) and (143) to obtain
2 — . _ | a,|? a, az? a, a,l? 46
la X bl _ (axb)-(axDb) b, b T b, b, . bl (146)
But, since |a X b| = ab sin 6,
la X b2 = a?sin? § = a?b?(1 — cos? §)
a* abcos 0 a-a a-b -
“labcos® b2 | Jla-b  beb| (147)

A comparison of Eqs. (147) and (146) establishes the Lagran-
gian identity:

a-b ;:g|=(a><b)'(axb). (148)
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Written in terms of the components, the identity is:

a:? + a, + a.? ab: + aby, + a.b,
ab, + ab, + ab, b2+ b2 + b2

_lay, a.f? a. a;|*  |a, a,l?
=lb b Tl o) Tl ) (149
We may determine sin 6 by noting that
* 2 .
sin? § = (ab sin 6)* (a X b)-(axb) (150)

a®h* ~  (a-a)(b-Db)

The expression for the numerator in terms of components is the
right member of (149), while the denominator is

(@-a)(b-b) = (a:2 + a2 + a.2)(b;2 + b2 + b2). (151)

If a X b is the null vector, it will have zero length and con-
versely. That is,

axb=0 if, and only if, ab sin § = 0. (152)

The last equation shows that a, b, or sin § = 0. In the last
case 8 = 0° or 180° the direction of a is either the same as, or
opposite to, the direction of b, and the vectors are parallel.
Hence, if neither a nor b is a null vector, the equation

axXxb=0, (153)

is a necessary and sufficient condition for parallelism.
Again, from the relation between three vectors

axb=axc or ax((b—c)=0, (154)
we may conclude only that either
a=0, b = c, orb — cis parallel toa.  (155)

62. Angular Rotation. Suppose that a rigid body is rotating
about an axis 0Q with angular velocity w radians/sec. Let a
be any vector of length w drawn along the axis in the direction
in which a right-threaded screw would be advanced by the
rotation. Let P be any point of the body and O any point on
the axis. Denote the vector OP by b. Also draw PQ, the per-
pendicular from P to the axis. Let ¢ denote the length of QP.
Then the rotation causes P to move in a circle of radius ¢, with a
velocity of wq. This velocity is perpendicular to QP and OP, and
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hence in the direction of a X b. Again,
a=uw and q = QP = b sin 6, (156)
so that the length of a X b is
l|a X b| = ab sin § = wg = .

Consequently, v, the induced \(elocity at P is given by
v=aXxbh. (157)

If 'We call a the vector angular velocity, this may be written
Induced velocity at P = (vector angular velocity) x (OP), (158)

where O is any point on the axis of rotation.

The relation (158) shows that angular velocities may not
only be represented by vectors but may be added vectorially,
provided their axes intersect. For,
let 0Q; and 0OQ: be two intersecting
axes of rotation, and let the vector

a, of length w, on 0Q; and the vector
a, of length w; on OQ, represent veloc-
ities. Then the induced velocities at

P are
Vi = a1 X OP

and (159) o
Ve = ag X OP. Fia. 39.
It follows by Eq. (132) that
Vi+ Vs = (a1 +a) X OP. (160)

That is, if the rotations a; and a. act simultaneously, the sum of
the velocities induced by them is the velocity induced at P
by the rotation about an axis through O whose angular velocity
vector is a; + as. Under these conditions it is usually most
convenient to represent the vectors a;, a;, and a; + a; by seg-
ments having O as their initial point. Such as 0Q;, 0Q:, and
0Q in Fig. 40.

53. The Triple Scalar Product. If a, b, ¢, are three vectors
taken in such an order that a X b makes an acute angle with c,
the triple product (a X b)-c is a scalar quantity equal to the
volume of the parallelepiped having a, b, ¢ as three of its edges.
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For let the segment ON represent n = a X b, and let C’ be the
projection of C on the line ON. Then if OC’ = h,

(aXxb):-c=n-c=n Projnc = nh. (161)

But n is the area of OAPB, the base of the parallelepiped, and
since ON is perpendicular to this base, or the parallel base
CA'P'B’, OC’ or h is the height of the parallelepiped. Hence
the right member of Eq. (161) is the base times the altitude.
This is the volume as we stated.

Fia. 40. I'1a. 41,

Of the six possible orders in which the vectors a,b,c may be
taken, threc give the volume of the parallelepiped V = nh:

(axb).c=(bxc)ra=(cxa)-b=1V. (162)
The other three orders give the negative of the volume

(b xa)-c=(cXb)ra=(axXc)-b=—-V. (163)
Since the dot product is commutative, we also have

c-(@axb)=a-(bxc)=b-(cxa)="V. (164

Let us express the middle one of these in terms of components.
By Eq. (143) we have

i j k
~ e b, b by
bxe= b by by =1|" S +3|7 ] Hk |7 (165
Cs Cy Cs
From this and Eq. (52)
b, b, b, b, b, b, | W G
a-(bxe)=a c: e T e el T Ca CZ N }bx l:,, I: (160)
itz Ly 2
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If h =0,0C" = 0, and C is in plane OAB. Ifn = 0,0B = 0,
OA = 0, or B is on the line OA. In any of these cases, the
points O, A, B, C are all in the same plane. And these are the
only cases in which V = nh = 0. Hence a necessary and
sufficient condition that the vectors a, b, and ¢ are all parallel
to the same plane is

a-(bxc)=0. (167)

64. Frenet Formulas for Twisted Curves. Let P(z,y,2) be any
point on a curve in space, and let us take s, the are length from
some fixed point of the curve to P, as the paramecter. Then if
r = OP, the vector from the origin of coordinates to P, we shall
have

r(s) = x()i + y(s)j + 2(s)k. (168)
By Sec. 48, the vector
U= () = 29+ ()] + 7 (9k (169)

is directed along the tangent to the curve, in the direction of
increasing s. Its length is unity, since s here plays the role of the
parameter ¢ in Kq. (83). This also follows from Eq. (77), or

ds? = dx* + dy* + dz?, (170)

which implies that

U= (D) + (%) + (%) =an+y2ten an
~ \ds ds as) = F y .z. )

Let t denote the unit vector along the tangent line, r’(s).  Then

dr
t=

By Eq. (169), z'(s), y'(s), 2'(s) are direction ratios for r’(s) or t.
And by Iiq. (171) they are the direction cosines themselves. We
denote them by l;, m:, n:, so that

(172)

(173)

li = ds’ me = 5 ne = -
And
t=1Ud + ’ﬂng -+ n;k. (174)
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By differentiating t(s), we obtain a new vector t'(s). The line
through P in the direction of t'(s) is called the principal normal of
the twisted curve at P. Denote a unit vector along t'(s) by p,
and let C be the length of t'(s). Then

at ., .
=t (s) = Cp. (175)
And if l,, m,, n, are the direction cosines of the principal normal,
that is, of t'(s) or of p, we have, as in I5q. (35),

p = Li+ m,j+ nk. (176)

The curvature of the given curve in space is the rate of turning
of its tangent line as determined by the following construction.
For each value of s, represent the vector t(s) by a segment with
initial point at the origin, 0Q. Since t(s) is a unit vector, @ will

g9
Q
Q,
0
Fia. 42, Fiag. 43.

lie on a sphere of unit radius with center at O. As s varies, the
end point Q will trace a space curve Q:QQ. on the sphere. And
the segment OQ will trace out a conical surface, which may bq
developed on a plane into a sector of a unit circle. Let ¢ denote
the length of arc on the spherical curve from some fixed point @,
to any point Q. Then ¢ equals arc Q.Q on the sphere, and hence
equals arc @:Q on the plane development. Let the angle at the
vertex Q,0Q in the plane development be called ¢. Then the
rate of change of ¢ with respect to s is defined to be the curvature
of the given curve in space. Its reciprocal is called the radius of
curvature and is denoted by p. Thus

1 . A¢p do

P A T a77)
On the unit circle,

¢ = £Q:0Q = Q.Q = o.
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And we may apply Eq. (83) to the curve @:QQ; on the sphere by
replacing r, s, and t by OQ = t, ¢, and s. The result is

fdt dt
= —Jg-a—é; or CVp'p=C) (178)

by Eq. (175). It follows that

do
ds

dt
ds

—=——=—=C. (179)
Hence the factor C' in Eq. (175) is the curvature, as we antici-
pated by our notation. We may rewrite lq. (175) as

at 1 dt
ds = ;P, or P=rgs (180)

It follows from this and Eqs. (174) and (176) that

dl d d
by = P(’[;’ my = PE‘?’ np = PT;‘;!’ (181)

Since t is a unit veetor, we may write
t-t=1 (182)

The familiar rule for differentiating products applies without
change to scalar products. That is,

d dU av

EZ(U-_V) = -C—E'V+U-—dz
and

d dU

a—t(U-U) = ZU'TI? (183)
By differentiating Eq. (182) we find

dt
2t . = 0. (184)

This shows that either t'(s) is a null vector, or t'(s) is perpendic-
ular to t. If t'(s) = 0, it has no direction, and Eq. (175) is
true with C = 0 and any unit vector p. However, in this case
we take p any unit vector perpendicular to t, so that in all cases

t-p=0, and t Lp. (185)
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As we consider the curve to have the same direction as its
tangent, all lines through P perpendicular to the tangent are
normal to the curve. Thus Eq. (185) justifies the designation of
p as the principal normal.

Iet us next consider the vector b defined by the relation:

b =tXxnp. (186)

Since t and p are each of unit length and are perpendicular, the
vector b is of unit length. And t, p, and b are three mutually
perpendicular unit vectors which form a
right-hand trihedral like that formed by i, j,
and k. The line through P in the direction
of bis called the binormal of the twisted curve
at P, since it is a second special dircetion
normal to the curve. If l,, ms, np are the
direction cosines of the binormal, we may
write

b = Li + mpj + nek. (187)
The familiar rule for differentiating pro-
ducts applies to vector products, provided we preserve the order
of the factors. Thatis,

Fia. 44.

d dU dv
By differentiating Fq. (186) we find
db _ dt dp
%—%XP‘FtX—(TS (189‘)
The first term is zero, by Eqs. (175) and (134). Hence
db dp

and the vector db /(fs is perpendicular to t.
But b is a unit vector, so that we may write

b-b =1, (191)
and deduce by differentiation the equation analogous to (184):
db
2b - Frie 0. (192)

This shows that either db/ds = 0, or it is perpendicular to b.
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In any case we may write

db

E:s' == *Tp’ (193)

since db/ds must be parallel to p by reason of its perpendicularity
to t and b unless db/ds = 0, in which case (193) holds with
T = 0.

Let us next construct an angle 6 related to b and Eq. (193) in
the same way that the angle ¢ was related to t and Eq. (175).
That is, we represent the unit vector b by a segment with initial

R,
Ry

0
Fia. 45. Fra. 46.

point at the origin, OR. Then as s varies, OR = b(s) traces
out a conical surface bounded by the curve R;RR, on the unit
sphere. This conical surface may be developed on a plane into
a sector of a unit circle. And, if R; is a fixed point and R a
variable point on the spherical curve or on its plane development,
we define

§ = ZR.OR = R\R. (194)
We then have, analogous to Eqgs. (178) and (179),
de |db db db )
(_lg'ﬁl?ﬁ—\/ajs"—d—s—j' (195)

This equation shows that 7' measures the rate of turning of the
binormal, with respect to s. We call T the torsion, and its
reciprocal, » = 1/T, the radius of torsion. The direction of
turning of b may be associated with the direction of the tangent
to the arc R RR, in I'ig. 45 forsincreasing s, that is, the direction
of b’(s). And, by Eq. (193), the sign of T or of r determines
whether this last direction is negatively or positively directed
along p.
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We may rewrite Eq. (193) as

db 1 db
-J‘-s = — ;_—p, or p=—7 'Zl—s" (196)

We wish next to find a simple expression for dp/ds, similar to
that for dt/ds in Eq. (180) and that for db/ds in Eq. (196).
We begin by noting that

p=D>b Xxt, (197)

and
pXt= —b, (198)
bxp= —t \ (199)

These relations are analogous to
j=kxi, j Xi= —k, kxj=—i (200)

and may be seen to hold by inspection of Fig. 44.
Next, differentiate Eq. (197) by the rule given in (188). The
result is
dp db dt
%—%Xt‘f‘bxcj; (201)
On substituting the expressions given in Eqs. (196) and (180) for
the derivatives on the right, we find

dp _ _ 1 1
4= —FPXt+Ibxp. (202)

Finally, we may replace the cross products by their values as
given in Eqgs. (198) and (199), and so find
'

= =<b— -t (203)

This is the expression that we were seeking.
Equations (180), (196), and (203), or
dt 1 d 1 dp 1 1
FAP A S L
are collectively known as the Frenet formulas for curves in space.
We obtain a simple interpretation of these equations if we think
in terms of motion. Let us allow a point to move along the given
curve with unit velocity, so that the elapsed time is measured
by s. And let the moving point P be one vertex of a rigid body
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in the form of a cube, one unit on a side, which moves so that at
each instant three of its edges PT'» PP’, PB’ coincide with
t, p, b for the point P. The instantaneous motion of the cube
will be a translation of P along the curve with unit speed, com-
bined with a rotation about some axis through P. The rotation
will be the same as that of the cube with one vertex at O, and
having three of its edges OT"", OP”, OB” parallel to PT’, PP,
PB' or t, p, b.

Fia. 48.

Now suppose that this second cube were rotating with vector
angular velocity, as defined in Sec. 52, OA" = a, where

a=lt41lp | (205)
T p
Then by Eq. (157) the induced velocity at 7"’ would be
V¢=a><(OT“)=<;1-t+%b)><t=%p. (206)
Similarly the induced velocity at P’ would be
_ Py = (Ly 4 1 1,1 7
v,,-ax(OP)-(Tt—l——pb xp—Tb* pt, (207)

and that at B’ would be

T p

The right members of the last three equations are the same as
the right members of (204). And, since s measures the time, the
left members of (204) may be thought of as velocities. Hence,
with our hypothetical rotation, three of the edges, and hence
all points of the cube, would have precisely the velocities needed
to keep the cube in Fig. 48 parallel to that in Fig. 47.

vb=ax(0?”)=<1t+lb)xb=—%p. (208)
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This shows that the instantaneous motion of the cube on the
trihedral t, p, b in Fig. 47 is a unit translation along t combined
with a rotation whose angular velocity veetor is PA” = a. And
the Frenet formulas (204) state that a is given by Eq. (205).
That is, a is perpendicular to the principal normal, has a com-
ponent 1/p along the binormal, and has a component 1/7 along
the tangent. The plane through P, t and p, or PT'P’ is called
the osculating plane of the given curve at P. When 7 is posi-
tive, the osculating plane is rotating about the tangent so as to ad-
vance a right-threaded screw in the direction of t, or increasing s.

By using Eqs. (174), (176), and (187) we may express the
Frenet formulas (204) as nine equations in the components. The
first three are

fgl_t = 11 dl - l_l (Z_ll’
ds p " ds T ds

1 1

; lb - ; lt. (209)
The others may be obtained from these by replacing I by m and
then by n.

By starting with Eq. (172) and using the Frenet formulas
(204), we may establish the following series of equations:

i, _dt_p
(TS— ’ dSz——dS_p’

(210)
Pe_dfp)_ d(1), ldo_ 4 L1, 1
dsd dz(ﬂ) B pdS(n) + pds p‘“’p+;;'b ;Et'

These may be used to study the behavior of a space curve near &
particular point P,. 'To do this, let us measure s from this point
and take a set of axes with this point as origin, and the z, y, and
z axes along the tangent principal normal and binormal,
respectively. Then we may write the veetor Maclaurin’s series:

dr Lfdx\ ,  1(dry . . .
1‘—('&; 08+§—!<—(E—2)062+§i(5:9—3>052+ , (211)

r = zai 4+ yj + 2k, (212)

or

since the components of the right member of (211) are the ordi-
nary Maclaurin’s series for the components of the left member.
The subscripts zero mean that the derivatives are to be evaluated
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at the new origin, P, = 0, and the first term is absent sincer = 0
when s = 0. If we evaluate the derivatives in Eq. (211) by
using Eq. (210) and noting that for our special coordinate system,

t0=i7 p0=j7 bO:k, (213)
we find that
g S g (L, el L
r—81+2901+6( Po21 P021+P070k)+ - (21

The components of this equation are

83

= ko 2 ..
! 6po® * ’

s po's®
y=*§p‘o"w+"', (215)
2 = * * ;3-3—_

6paTo

These expansions show that the tangent line (y = 0, z = 0)
approximates the curve to terms of the

first order in s. And the parabola in the Z)

osculating plane (z = 0) whose equation

is 2poy = x* approximates the curve to b,=k

terms of the second order ins. In place

of the parabola we could use the circle of 0 -

curvature given by P=i Y
t=i

z =0, 200y = 2% + y% (216)

To approximate the curve to terms of the 7%
third order in s, we must use a twisted
curve and could use the third-order curve given by

Fia. 49.

Yy =5 — 2‘9——3— and 2
2p0 Opo

= 6p01'o. (217)
Any curve with the same position of t;, po, and by and the same
values of po and o will have the same leading terms in the expan-
sions (215) and may be used in place of (217). In particular, we
may find a suitable circular helix. This is called the osculating
heliz of the given space curve at P, and will be right-threaded
if the torsion is positive and left-threaded if the torsion isnegative.

66. Curves with Parameter {. Let the variable point P on a
space curve be expressed in terms of the parameter {. We may
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think of P as a moving point with ¢ the time. As in mechanies,
we use dots over the letters for differentiation with respect to ¢,
the time. Then

1)) = z(Oi + y(O)j + 2Dk, (218)
and, as in Sec. 48, the velocity vector
v=r1=1Ii+ yj + 2k, (219)

while the acceleration vector
a=v=7%=di+gj+ ik (220)

If we denote the speed in the path, $ by v, and recall (172), we
find

Since t is a unit vector,* v is the length of v and
v? = 3?2 + g% + 22 (222)

This equation determines the speed v in terms of the time ¢.
Similarly if a is the length of a,

at = & + 2 + 22 (223)

This determines the acceleration in the path.
We find from Iq. (221) that

dv d dt
But, by Eq. (180), ‘
dt dtds 1 v |
It follows that
2
a=or+%p (226)

This equation shows that the acceleration vector lies in the
osculating plane and has components

¥ = dv/dt along the tangent and v%/p along the principal normal.
(227)
This fact is of importance in mechanics and shows that the

* In this section f always means the time, or parameter, and not |t| = 1.
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accelerations for the motion in a space curve are the same as
they would be if the point moved along the circle of curvature
(216) with the same value of v and dv/dt.

We may determine one expression for p as follows. From
Eq. (226) and the fact that t and p are perpendicular unit vectors,
we find

v4

a?=a- a—v2+;— (228)
Consequently,
. v v?
pPP=——3 and p= Ja— (229)
We use the positive square root, since p is positive.
Again, from Eqgs. (221) and (226),
, v? v3 |
) vxa=(tv)>< Ut+";p =-;b, (230)
since from Fig. 44,
txt=0 and txp=Dh. (231)
But by Eqgs. (219), (220), and (143),
R TR I Y
vxa—a,yz—yz x|]+:wk. (232)
iy oz

Since b is a unit vector, Eq. (230) shows that the length of
v X a is v3/p. Hence we may equate v%/p? to the square of the
length of v X a, as found from the right member of (232), and

z x| eyl

= ’ 1 'y (233)
This leads to an alternative expression for
vs
S T e (239

We note that by the Lagrangian identity, (148) and (149), the
right member of (233) is equal to

3 4 g2 + 2 & 4 gy + 25 _
&+ gy + 22 & + 2 + 2

vz v
v a?

(235)
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Consequently, -
8

= v2a? — (v0)(vd) = v¥{(a? — p?), (236)

which is equivalent to the relation (229).

Since v = tv, the direction of t is the same as that of v, whose
components are given in (219). And the direction of b is the
same as that of v X a, by (230), of which the components are
given in (232). To find the components of a vector in the
direction of p, we proceed as follows. From Eq. (226),

p2 p4
= p=a — ot and > p = via — viv. (237)

We may express this in terms of z, y, 2, and their derivatives by
using Eqs. (219), (220), (222) and

v = &% + gy + 23, (238)
which is obtained by differentiation from Eq. (222). The result
is

4
p = @7 + ) — @5 + @)l + @+ g — @+ 2
(@ + 992 — (@2 + )ik, (289)

This same equation might have been obtained from

v v3 _ (v _
;p=(;>vat—(pb>x(vt) (vxa)xv, (240

expressed in terms of components by the use of (219) and (2323.
To obtain an expression containing =, we differentiate Kq.
(226):

d v cdt | d (v° v2dp
a= dt(vt+ )—?l—tt+vdt+gz(;)p+pdt' (241)
But, by Eq. (203),

1 1 v v

Using this and (225), we may deduce from Eq. (241) that

a=(——)t+[ +jt(”2)]p+;”—jb. (243)
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It follows from this and the relations

b-t=0, b.p=0, b:-b=1, (244)
that
va
b-a'.=-p—- (245)

3
WXQ@=%b@=—~ (246)

The components of v are given in Eq. (219), those of a in Kq.
(220), while those of a are given in the equation

a=72i+yj+ 7'k, (247)
found by differentiation from (220). Using these, Eq. (166),
and the discussion in Sec. 53 which precedes it, we find

Ty
(vxa)-a=v-(axa) =% § 2 (248)
Ty Z
We may deduce from Eq. (246) that
1 (vxa)-a
P (249)
or by Egs. (233) and (248):
T Yy z
Ty 2
1 o A — (250)
T |y i, |2 &y
+ L s
g E 3 & iy
We note here the corresponding formula for 1/p,
T
A - (251)

(32 + g2 + 22)%

deduced from Egs. (233) and (222).

It is easy to compute all the quantities mentioned in this sec-
tion for a specific curve for which we are given the coordinates
as definite particular functions of ¢. We differentiate each



120 CURVES AND SURFACES §66

coordinate three times and calculate the values of

zy

Yz

22 1B, (252)

2z

Z, 9,

&8 8 8
l\l' N W

Y
J
y

Then the first triplet determine the direction of the tangent t.
The second triplet determine the direction of the binormal b.
And since p = b X t, the direction of the principal normal may
be found from the cross product of any vector along the binormal
by any vector along the tangent. And from the quantities
(252), the curvature may be found from Eq. (251) and the torsion
from Eq. (250).

56. Curvilinear Coordinates on a Surface. Just as the coordi-
nates of a point on a space curve may be expressed in terms of
one parameter, so the coordinates of a point on a surface may
be expressed in terms of two parameters. In fact the equations

r=fup), y=gup), z=huy) (253)

in general determine a surface. For, if the Jacobian

I(z,y)

3(u.0) # 0, (254)
we may solve the first pair of equations for « and v in terms of
z and y. And then, by substitution in the last equation, obtain
an equation of the form.

z = F(x,y). (255)

For any particular value of v, v, Iigs. (253) represent a spaée
curve in terms of the parameter u. Similarly, for any particular
u, uo, the equations represent a space curve given in terms of
the parameter v. These curves form a curvilinear coordinate
system on the surface.

As an illustration, suppose that

£ = a cos ¥ COS U, Yy = a cos v sin u, z = asinv. (256)
From the first two equations,

x? 4 y? = a® cos? v,
so that
x* + y? + 2% = al. - (257)
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Hence in this case the surface is a sphere of radius a with center
at the origin. For v = v,, z is constant and the resulting curves
are parallels of latitude on the sphere. Foru = u,, ¥y = z tan u,
and the resulting curves are meridians.

A curve on the surface (253) may be defined by two equations

u = u(t), v = v(t). (258)

For these, combined with (253) determine z, y, and z in terms
of t. For such a curve we have

dr odxdu , dxdv

d_t=@?ﬁ+55% (259)

Using dots for ¢ differentiation and subscripts for partial deriva-

Fic. 50. Fia. 51.

tives, we may rewrite this equation as
T = Tt + X0 (260)
Similarly, we have ‘
Y = Yutb + Yob and 2 = 2.0 + 2. (261)
If we substitute these expressions in the equation
§2 = g% 4 y* + 22 (262)
obtained from Eq. (77), and introduce the abbreviations

E= xu2 + yu2 + zu2, F = Tuly + YulYo + Zulv,
G = x,2 + y.2 + 2,2, (263)
we find that
32 = Eu® + 2Fup + Gi, (264)
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Let us introduce the vector U, tangent to the curves » = con-
stant, defined by

and the vector V, tangent to the curves u = constant, defined by
V = zi + y.j + 2.k (266)

Also let us denote by T the vector tangent to the curve with
parameter ¢, defined by

T = di + yj + zk. (267)
Then we may abbreviate Eqs. (260) and (261) as
T = Uu + Vo. (268)

And Eq. (264) may be written
$2=T-T=U-D)a2+2(U-V)w 4+ (V-V)o2 (269)
In differential form, Kq. (264) is
ds? = E du* + 2F du dv + G dv?. (270)
We may calculate the arc lengths of curves in the surface from

s = [ VE du? + 2F du dv + G dv*
= [ v/ Eu? + 2Fub + Gi? dt. (271)

Consider next a second curve on the same surface, with pa-
rameter {;. et us use primes to denote differentiation with
respect to {; and introduce the vector Ti, tangent to the second
curve, defined by

T, =21+ vy'j + 2’k. (272)
Then for the gre length of the second curve s;, we have
${2=T,.- T =2+ y'? 4+ 2% (273)

Suppose that the two curves intersect and that the angle between
the curves, defined as the angle between their tangent lines, is 6.
Then
T.T) = 3$s;' cos 0 = 22’ + gy’ + 22, (274)
and
i’ + gy + é2 .
\/1-32 + yz + 22 \/1:'2 + ylz 4 2’2

cos 0 =

(275)
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Let us apply this to the two coordinate curves through a given
point v constant with tangent U and u constant with tangent V.
Here Eqgs. (265) and (266) replace (267) and (272), and u and v
are the parameters in place of ¢ and t,. We call the angle
between the coordinate curves w. Then we have

Uu.v
VU-UA/V.V
TulLy + YuYo + 242 _
T VEit vl el Var f ettt NVEG
where the last term follows from Eq. (263).
This shows that /' = 0 is a necessary and sufficient condition
for the parametric curves to cut at right angles, or orthogonally.

The meridians and parallels on the sphere given by Eq. (256)
are an illustration, since for these equations we have

ds? = a*(cos? v du? + dv?), (277)

COS w =

(276)

so that F' = 0.
Let A denote the vector product U x V, having a length 4
and components ./, J,, J3. Then

A=UXxV=Ji+ Jj+ Jsk. (278)
But by Kqgs. (265), (266) and (143),

1

yu zu °

i+ Zu Tu
yv 2y

iRy Ty,

Tu Yu
Zo Yo k. (279)

i+

l yu Ry =
Tu yw z'v

Hence,

I(y,2) d(z,x) _ 9(=z,y)
Ji = a(up)’ Jo = a(up)’ /s = a(u,v)’ (280)

and each of Jy, Jo, J3 is the Jacobian determinant of a pair of
coordinates with respect to the parameters. By Eq. (145)
and the conclusions drawn from it, each of the components
J1, Ja, J3 may be interpreted geometrically as the signed area of
the parallelogram obtained by projecting the parallelogram on
U and V on one of the coordinate planes.

The area of the parallelogram on U and Vis A. By Eq. (278)
we have

A = Jy2 4 J? 4+ Js (281)
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A second expression for A may be found by applying the Lagran-
gian identity, (148), to

U.-U U.V|

A2=(U_><V)-(UxV)=U.V V.V

(282)

A comparison of Egs. (269) and (264) shows that the determi-
nant in the right member is

EF
F G

= EG—F, and A*=EG-—F* (283)

For a small value of the differential du, the arc of the curve
v = constant, for values of u between w and u + du, is approxi-
mated by the differential tangent vector

Udu = z,dui + yudu j + z.du k. (284)

Similarly, for a small value of the differential dv, the arc of the
curve u = constant, for values of v between v and » + dv, is
approximated by the differential tangent vector

Vdv = 2,dvi+ ydvj + 2. dv k. (285)

67. Area of a Curved Surface. A definition of the area of a
curved surface may be based on the principle that the area of a
small part of the surface is ap-

proximated by the area of the

A Va . projection of this part on the
s T tangent plane to the surface at

P , any point of the small part.
S" This principle suggests that tie
area of the curvilinear quadri-

F1a. 52. lateral PS’ made up of points on
the surface for which u is between v and © + du, and v is between
v and v + dv may be approximated by the area of the paral-
lelogram PT’ in the tangent plane and having the vectors U du
and V dv as two of its sides. But the area of PT" is the length
of the vector:

(Udu) X (Vdo) = dudv(U x V) = dudvA.  (286)
Hence by Eq. (283)
(area PT") = A dudv = \/EG — F? du dv. (287)
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If we denote the area of the curved surface by 8, the approxi-
mation of curved area PS’ by plane area PT' and Eq. (287)
makes plausible the differential relation:

N

dS = A dudv = /EG — F*du dv, (288)

an abbreviation for the fact that the curved area S of the por-
tion of the surface made up of points for which u; < u < u.,
v1(u) < v < ve(u), is given by _

Uz va(u)
S=/.du VEG — F*dv. (289)

1 v1(u)

The two preceding equations are, in fact, consequences of the
definition and we shall accordingly take them as the funda-
mental relations for surface area.

We note that since the vectors U and V are in the tangent
plane to the surface at P, the vector A = U X V is normal to the
surface at P. Hence, by Eqs. (278) and (281) the direction
cosines of this normal direction will be |

J 1 J 2 J 3

cosa=l=~4—; cosﬁ=m=—4; cosy =n=—- (290)

From the last of these relations,

J3
= ———— = 1
{ o sec v J 3. (291)

Suppose that the equation of the surface is given in the form

z = fz,y). (292)
This is cquivalent to the relations
r=u  y=o | z=fup). (203)

Consequently, we have for the partial derivatives
Ty = 1, X, = 0; Yu = 0’ Yo = 1; 2y = f:l:) 2y = fy. (294)

Since = u and y = v, we may replace u,v by x,y and write
f- and f, in place of f, and f, as we have done in evaluating

zy and z,.
From the values in (294), by Eq. (263),

E=1+72 F = ftfw G=1+/fA (295)
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Accordingly, by Eq. (270),
ds* = (1 + fh)da* + 2ffdedy + (1 + f,5)dy*. (296)
Again, from the values in (294) and Eq. (280),

= —fxy ']‘Z = ._fln J3 = 1. (297)
Accordingly, by Kq. (281),
A2=f24+ 12+ L (298)

This may be checked by using Kqs. (283) and (295).
Another expression for A follows from Eqs. (291) and (297):

A = sec 7. (299)

The result of substituting the values of A from Kqgs. (298)
and (299) in Eq. (288) and replacing u,» by 2,y is

dS = Adxdy = \/f:* + [, + Ldady = sec vy dx dy. (300)

The equation corresponding to (289) for the area S of the portion
of the surface (292) made up of points for which x; < z < a,,

N y1(z) <y < ya(a), is

S= [Cao ["OViEF R Ly,
(301)

We may interpret the expression for

B dS involving sec v if we recall the

following geometrical facts about the

projections of plane areas. Let AN

Y D be normal to plane AD, and AN’ e

Fic. 53. normal to plane AD’, and let AC be on

the line of intersection of the two planes. Consider a rectangle

ACD'B’ in AD’ and its orthogonal projection on AD, ACDB. Tf
angle NAN' = v, angle BAB’ also = v, and

Area ACDB = (AB)(BD) = (AB’ cos v)(B'D")

= cosy (AB")(B'D’) = cos v (area ACD'B’). (302)
A similar relation holds between the area of any rectangle with
one side parallel to the line of intersection and its projection on

the other plane. And as any area (Fig. 54) in one plane is the
limit of the sum of areas of rectangles of this type, we have

(Area in AD) = cos v (related area on AD'). (303)
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Now let P be any point on the surface (292) and Q the pro-
jection of P on the zy plane. Construct QR, a rectangle in the
zy plane with one vertex at @ and with sides dx parallel to the

D’ : B’

=

Fia. 54.

x axis and dy parallel to the y axis.

Then, if the rectangular

prism with edges parallel to the z axis and having the rectangle
QR as base cuts the tangent plane to the surface at P in the
parallelogram PT’, QR will be the orthogonal projection of PT"

on the zy plane. And, since the z axis
is normal to the xy plane, the angle
between the normals to the planes of QR
and PT' will be the angle v as defined in
(290). Consequently, by Eq. (303).

(Area QR) = cos v (area PT")
so that
(area PT') = sec v (area QR). (304)

Since the area of QR is dz dy, this may
be written

(Area PT') = sec v dx dy. (305)

X

z

R
Fia. 55.

This helps one to recollect Eq. (300), which bears the same rela-
tion to (305) that Eq. (288) does to (287).
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658. Plane Areas and Curvilinear Coordinates. Let us apply
our formulas to plane areas in the zy plane itself. Since one
form of the equation for the zy plane is z = 0, we may take

f(xay) = 0, f= =0, Js =0, (306)

in Eq. (292) and those which follow from it. In particular,
from Eq. (301),

S=[Taz ["7ay = [ @) - pi@ldz. (307)

This is the familiar expression for area as a repeated or single
integral when we use z and y coordinates.

Suppose next that we use curvilinear coordinates in the
xzy plane. Then, in Eq. (253), f(u,») and g(u,) will be deter-
mined by the particular type of coordinates, but since z = 0,

h(u,w) = 0, and 2y = 0, 2y = 0. (308)
Consequently, by Eq. (280),

_ _ a(z,y)
Ji=0, Jy=0, Js=gols (309)

And it follows from Eq. (281) that

At =Jg¢  and A =J,= "(z’-’l/)), it Js > 0. (310)
Hence,

uz v2(u) va(u)
a(z,y) 4,
= du / Adv = / du f 314
/;1 v1(u) " v1(w) a(u v) ( )

A comparison of Eqgs. (307) and (311) shows that if the limits
are so related that they correspond to the same areas,

x2 ye(zx) us2 vo(u)
d(z,y)
dz / dy = / du / dv. 312
_/;1 yi(z) 4 ut v1(u) a(u v) ( )
‘We abbreviate this by writing,

dzdy = ‘32”” y; du dv. (313)

The two preceding equations suggest that if the limits are
related as they are for Eq. (312),
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yx(x)
/ dx / F(x,y)dy

va2(u)
/tmf Fla(up),y(u)] 259 g (314)
vl(u a( , )
for any function F(x,y) and this is the case.
By Egs. (278) and (309), for the z plane as given by (308),

’ UxV=Jk (315)

Consequently, to make Js > 0, as required to give the positive
square root for 4 in Eq. (310), we must so
choose the parametric curves that U xV Y
is in the direction of the positive z axis. R
For example, if we use polar coordinates
in a plane, the tangent vectors in the direc- . P
tions of increasing r and of increasing 6
have the directions of PR and PT. Since

PT x PR has the direction of the negative
z axis, while PR X PT has the direction of
the positive z axis, we consider r,0 as in the order w,». Then from

S oy

0 X
Fi1ac. 56.

T = 7 cos 0, y = rsin 6, (316)
we may deduce that
a(z,y)
30r.0) =T, (317)
Then we have as equations analogous to (313) and (312),
dr dy = rdr do, (318)

and
xz 1]2(.17) 6a(r)
S = ./ [w(z) - /r /;m 6. (319)
If we calculate the repeated integral of the differential (318) in

the other order and suitably modify the notation for the limits,
we find

S.= a:“ do -/;:(2:)0) rdr = 4% j;j’z ([r2(0)]2 — [r1(8)12}d6.  (320)

This is a familiar formula of elementary calculus.
Equations (312) to (314) may be given a more general inter-
pretation. We may think of the element of area as a signed
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quantity, whose algebraic sign at each point is defined to be the
sign of Js at that point. Geometrically, the sign is that of the
z component or only nonzero component of U X V, by Eq. (315).
Or, by the remark after Eq. (280), the signed element of area
and the signed area of the parallelogram on the vectors U and V
have the same algebraic sign. Thus the sign depends on which
set of parametric curves we take first, and which direction on
each curve we consider as that for which the parameter increases,
since these conditions determine the direction and order of the
vectors U and V.

The last expression in Eq. (312) will represent the area, in
the sense of sum of signed differential elements traced out as u,
increases to w. and v;(u) increases to v.(u). And Kgs. (312)
and (314) are then valid even when .J3 < 0, provided that the

limits are so selected that one (or three)
1 of the variables z, y, u, and v decreases
if J3 is negative.

69. Volumes and Curvilinear Coordi-
nates. Relations similar to Eqs. (312),

w
u=const.

v=const.

v (313), and (314) hold for repeated inte-

U i grals of any order. For the third order

w = const. we may make such equations plausible

by the following considerations. Let

the equations that define the three

Cartesian coordinates z, y, z in terms
of three curvilinear coordinates w, v, w be

Fia. 57.

r = x(u)vyw)r y = y(u;v;w)r z = z(u,v,w). (321)

By putting one of the variables u, v, or w constant, we obtai‘n
three parametric surfaces. And by putting two of the variables
constant, we obtain three parametric curves. These are the
curves of intersection of pairs of parametric surfaces. If v and
w are constant, u alone varies, and we may dcfine a vector
tangent to the resulting curve by the equation,

U = zi + y.j + 2.k - (322)

Similarly, we may define vectors tangent to the other parametric
curves by the equations

V = 2 + y.j + 2.k and W = z,i + yoj + 2uk.  (323)
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It follows from Eq. (166) that -

[Tu Yu Zu
LTy Yo Rp| =
LTw Yw 2w

9(z,y,2) (324)

U- (VW)= 3(u,0,w)

By the discussion in Sec. 53, this will represent the volume of
the parallelepiped formed on the three vectors U, V, W if these
are taken in the proper order. TFor any order we may con-
sider each expression in (324) as equal to the signed Volume on
UV, w.

For small values of the differentials, the tangent vector U du
will approximate the arc of the first

parametric curve whose points have ﬂ
values of u betweenuand v + du. Simi-
lar remarks apply to the vectors V dv and
Wdw. Thissuggeststhe following facts.

The volume corresponding to points with 1o, 58
u between u and u + du, v between v

and v + dv, and w between w and w + dw is approximated by the
volume of the parallelepiped on the vectors U du, V dv,and W dw or

dV = (Udu) - [(Vdv) X (Wdw)] = U-(V x W)du dv dw

_ 9(xy2)
= (w0 du dv dw. (325)

With suitably related limits,

/ fdy/dz- /dufdv[g((‘”yz))d (326)

Also, if Fla(uw,w),y(u,0,w),z(up,w)] = G(u,p,w), then for
suitably related limits,

/dx/dy fF(x,y,z)dz

_ / du / dv / G (u,0,0) a(( ’y’z))d (327)

The two preceding equations, as well as others similar to them
but with the triply repeated integrals taken in other orders,
may be easily recollected from the differential relation’

_ 9(=zye)
dr dy dz = 5(w0.0) du dv dw, (328)
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Equations (326) and (327) are valid for signed elements and
negative values of the Jacobian, if we make proper conventions
as to the choice of limits.

If we change variables from z,y,z to p,q,r

_ 0(z,y,2)
dr dy dz = (g dp dq dr, (329)
while if we change variables from p,q,r to u,v,w
= A
dp dqdr = 3(u.0.10) du dv dw. (330)

Since the two transformations just mentioned must combine
to take us from z,y,z to u,v,w, Egs. (329) and (330) must together
be equivalent to Kq. (328) and

a(x,y,2) _ d(x,u,2) 9(p,q,r)
a(up,w)  A(p,g,r) 0(upw)
: (331)

Jacobians of any order satisfy rela-
tions of this type.

Let us illustrate (328) for the
spherical polar coordinates r, ¢, 8 of
Fig. 59. From

x = r cos 0 sin ¢,
y = rsin 0 sin ¢, (332)
2

F1a. 59. = T COS ¢,
we may deduce that
da(x,y, .
gg—f—g—%% = r?sin ¢. (333)
so that
dx dy dz = r? sin ¢ dr d¢dé, (334)

and the volume in spherical polar coordinates may be com-
puted from

V = [do [ sin ¢ do[ridr. (335)

60. References. For a more complete introduction to the
subject of solid analytic geometry, the reader may consult
Coordinate Geometry, by H. B. Fine and H. Thompson. A more
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elaborate account of the elements of vector analysis will be
found in the first four chapters of J. G. Coffin’s Vector Analysis.
The properties of curves and surfaces are more fully discussed in
W. C. Graustein’s Elementary Differential Geometry, which uses a
vector notation different from that of this text, and in L. P.
Eisenhart’s Differential Geometry which uses no vector notation.

The reader interested in a detailed derivation of the funda-
mental formulas for arc length and surface area from satisfactory
definitions is referred to Chaps. VIII and XI of the author’s
Treatise on Advanced Calculus.

EXERCISES III

1. A cube 12 units on a side has its edges parallel to the coordinate
axes, and its center at the origin. Write the coordinates of each of its
vertices.

Find the length and direction cosines of the segment OP if
2. P=(1,23). 3 P=(-2-41). 4 P =(2,-3,-5).

6. Find the length of each side of the triangle whose vertices are
the points of Probs. 2, 3, and 4.

6. Write equations for three indefinite straight lines, each of which
lines contains one side of the triangle of Prob. 5.

7. A segment has direction angles «, 8, and v. If o = 70°.
B = 50°, and v is an acute angle, find ~y.

8. The vectors a, b, and ¢ are defined by

a=>5 —4j+2k b =2+ 3j — 4k, = —i —j —k.
Find the length of each of these three vectors.

Using the values of a, b, and ¢ given in Prob. 8, express each of the
following vectors in terms of i, j, and k and find its length.

9. —a. 10. 2b. 11. 5c. 12. a 4 b.
13. a — b. 14. 2a 4 3c. 16. 2a 4+ b 4 5c.

Using the values of a, b, and ¢ given in Prob. 8, evaluate eachof the
following scalar products:

16. a-a. 17. a-b. 18. a-c. 19. b-c. 20. c-c.

21. (2a + 3c) - (2a + b + 5¢). First use the result of Probs. 14 and
15. Then check by distributing the product and using the results of
Probs. 16 to 20.

22. Find cos 6, where 6 is the angle between the vectors a and b of
Prob. 8.
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23. Let P be the center of gravity of two masses m; at P, and m. at
P,. If OP, = 1), OP; = s, and OP = r, show that r = Mty F Mty

my + Mo
Hint: mPP = msPP; or mi(r; — 1) = ma(r — 1.).

24. Show that the projection of the vector zi 4+ yj + zk on the seg-
ment whose direction cosines are [, m, n is lxr + my + nz.

26. Write the equation of a plane through the point 2,—1,3 per-
pendicular to a line with direction ratios 4,—1,—1.

26. Find the length of the perpendicular drawn from the point
1,1,—1 to the plane of Prob. 25.

27. If the segment drawn from O perpendicular to a plane represents
the vector pu, where u = li + mj + nk is a unit vector, show that the
equation of the plane may be written Iz + my + nz = p. Hint: For P
in the plane andr = OP,u- (r — pu) = Qoru-r = p.

28. Show that the perpendicular distance measured in the direction
of u from the plane of Prob. 27 to the point z’,3’,2’ is given by the
relations L, = u . (r' — pu) = Iz + my + nz — p.

29. A space curve is defined by x = ¢, y = ¢, z = t5. Write equa-
tions for the line tangent to this curve at the point where ¢ = 2.

30. Show that the length of arc of the curve z = 2t,y = 12,2z = log ¢
measured from the point P, where ¢ = 1 to any point is given by
s =1*— 1+ logt.

31. Write equations for the line tangent to the curve of Prob. 30 at
the point where ¢ = 1.

32. The point P moves in such a way that at time ¢, the segment
OP =1 =tcosti+ tsintj+ 2tk. Find the velocity and acceleration
vector of P at time t. Show that fort = 0, v =i + 2k, a = 2j.

Write an equation for the plane tangent to
33. The sphere x? + y2 + 22 = 9, at the point 2,1,2.
34. The paraboloid 42 = 2? 4 y2, at the point 2,4,5.
35. The torus (\/z? + 32 —4)? 4 22 = 4, at the point 4,3,4/3.

36. Show that the ellipsoid z% + 4y? + 922 = 26 and the hyperboloid
£ + y* — 2® = 4 intersect at the point 1,2,1. Find their angle of
intersection (that is, the angle between their tangent planes) at this
point.

37. Show that z 4z = yoxr + 2oy is the equation of the plane
tangent to z = xy at (2o,y0,20) if 20 = ZoYo.

38. Show that Az + Byoy + Czez = D is the equation of the
plane tangent to Axz? + By? + C2? = D at (2o,y0,2¢) if this point is on
the surface, that is, Azy2 + Bye® + Cz,2 = D.

39. Let Q(z,y,2) be a second-degree polynomial and Q(z,y,2) = 0
be the equation of a quadric surface. If Q(zo,yo,20) = 0, show that
the equation of the plane tangent to the quadric at (zo,y0,20) mav be
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obtained from the equation Q(z,y,2) = 0 by putting z.x in place of x2,
(Yox + zoy)/2 in place of zy, (x + x,)/2 in place of = and putting cor-
responding expressions in place of y2, 22, ¥z, 22, y, and z obtained from
those just written by permuting the letters. Problems 37 and 38 are
special cases of this.

40. Two surfaces are said to cut orthogonally at a point P if they
intersect at P and have their tangent planes perpendicular there. Show
that the condition for this is that the coordinates of P satisfy the equa-
tions of the surfaces F(z,y,2) = 0, G(z,y,2) = 0, and the orthogonal rela-
tion F.(z,y,2)0.(2,y,2) + F,(,,2)0,(2,9,2) + F.(2,y,2)G.(2,y,2) = 0.

41. Using Prob. 40, show that as a special case the surfaces zyz = 2
and x? 4+ y? — 22 = 3 cut orthogonally at all points on their curve of
intersection, and in particular at (2,1,1).

Using the test relations (123), show that
42. Every point of the surface z = xy is a hyperbolic point.
43. Every point of the surface z = z? is a parabolic point.
44. Every point of the surface z = 2z 4 4y? is an elliptic point.

The vectors a, b, ¢ and d are defined by
a=2i+3k, b=-j—2k, c¢=20—-2j4+2k d=3i-j—k
Express each of the following vector products in terms of i, j, and k:

46. a X b. 46. b X c. 47. ¢ x d.
48. d X a. 49. (a — ¢) X (b — d).

60. Verify that the vectorsa =i — 2j + 3kandb = —2i — 2j + k
satisfy the Lagrangian identity (148) by directly calculating each mem-
ber of Eq. (149).

61. The vectors a = cos A i +sin Aj and b = cos Bi — sin B j
are two unit vectors in the zy plane, making angles A and — B with the
r axis. Deduce the formula for cos (A + B) froma - b, and the formula
for sin (A + B) from b X a.

62. If ¢ = a — b, the vectors a, b, and ¢ form a triangle. Deduce
the law of cosines ¢? = a? + b%* — 2 ab cos C from the identical relation
c-c=(a—D>b)-(a—b). Alsodeduce thelaw of sinesasin B = bsin A
fromec Xc¢c=c¢ X (a—Db). ;

63. Show that, for any two vectors a and b,

@+b)-a—b)=a-a—b-b, but -
(@a+b)X(a—b)=axa—bxb-~2axh.

Also, (a+b)-(a+b)=a-a+2a-b4+b-b, but ‘
: (a+b) X (a+b)=0.
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B C|IC A||A B
B C)iC"AVIA B
ratios for the line of .intersection of the planes Az + By + Cz = D and
A'z 4+ B'y + C'z = D’. Prove this. Hint: Consider the vector prod-
uct (4i + Bj + Ck) x (A'i + B'j + C'k).

55. The Jacobians ?9((1,; ’,S))’ %((Z ”f)) ) ?9((1;',’5)) are possible direction

654. The quantities , are possible direction

’ Y

vatios for the line tangent at z,y,2 to the curve of intersection of the
surfaces F(z,y,2) = 0 and ((z,y,2) = 0. Prove this statement. Hinr:
Consider the expression (F.i + F,j + F.k) X (G.i + G,j + G k).

56. Using Prob. 55, write equations for the line tangent at 1,1,1 to
the curve of intersection of the cylinders 2 — 2z =0, 22 —y = 0.
Check by using the form z = 1%, y = 15, 2 = ¢.

7 ! ’ 17 ’7’ 144

67. Let z A/x = Y B/y = : C;Z and z A”x = Y Br/y = E“"Cihg*
be the equations of two straight lines L’ and L”. Show that the dis-
tance from L’ to L', measured along their common perpendicular in
the direction of a’ X a”’ is (x l:l')X(:”IX a")
a’ = A1+ B'j+ C'k, r' = 2'i + y'j + 2k, and similar equations for
a” and r”.

68. Prove the identity a X (b Xc) = (a-c)b — (a - b)c, by finding
the components of both sides.

69. Show that a X (b X c¢) » (a X b) X c, unless a and ¢ are
parallel, b is perpendicular to a and c, or one of the vectors has zero
length. HinT: By changing letters in Prob. 58, deduce the equation
c X (aXb)=(c-b)a— (c-a)b. Hence by combining with Prob. 58
deducea X (b Xc) — (a X b) Xc = (c-b)a— (a-b)c.

60. A rectangular block 2 by 4 by 8 in. is rotating about a diagonal
joining O and @, two opposite vertices, with an angular velocity df
3 radians/sec. We refer points of the block to axes along three of its
edges in such a way that the edges represent 2i;, 4j;, and 8k;, and
0Q = 2i, + 4j; + 8k,. We write i,, ji, ki to remind us that the axes
are rotating with the block. Express the velocity at P(z,y,2), that is,
where. OP = i, 4+ yj1 + 2k,, induced by the rotation about 0Q, in
terms of iy, ji, ki.

61. Any motion of a rigid body with one of its points fixed at O may
be considered at any instant as a rotation about some instantaneous
axis 0Q. That is, if the instantaneous angular velocity vector is a at
time ¢, the velocity of the point P of the body will bev, = a X OP. We
may refer any moving point to a frame of reference attached to the
rigid body by means of three mutually perpendiculap unit vectors
i1,juk1 drawn through O in the rigid body, as in Prob. 60, If the vector

» where we have assumed



EXERCISES 111 137

OP = z(t)i, + y(t)j: + 2()k,, show that v, = /()i + ¥/ (1)j: + 2/ (Dk,
is the velocity relative to the moving frame, and the absolute velocity of
P with respect to fixed axes is v, = v, + v, = v, 4+ a X OP.

62. Let the polar coordinates of a point moving in the zy plane be
r(t) and 6(t). For any position of the point P, draw unit vectors
it = OR along OP, j, in the direction of increasing 8 perpendicular to
i1 at O in the zy plane, and k; = k from O along the z axis. These may
be used as the iy, ji, k| of Prob. 61. Here a = 6k,. And OP = ri,.
From Prob. 61 deduce that v, = #i, + r6j,. The absolute acceleration
of P, a,, is the absolute velocity of a point V such that OV = #i, + 76j,.
Deduce from this that a, = (¥ — 76%)i, + (r§ + 276)j1.

63. Find the volume of the parallelepiped three of whose edges are
a=4i-j+k b=i+5—-k c=—i—j+ 6k

Use the components to prove the following rules for differentiating

products involving the scalar function f(t) and the vector functions
U(t) and V(¢):

d af aU
d dau av av au
65. zl—t(U-V) =7 -V+U-—-—dt =U'—dt +V-—dt«

d dUu dv av du
66'ZE(UXV)=”&7XV+UXT¢=UXF[—VX?E'

For the curve z = 3t, y = 32 2z = 2t and the point P; where t = 1:
87. Find the direction cosines of the tangent, principal normal, and
binormal at P;.

68. Write ah equation for the plane normal to the curve at P;.
69. Write an equation for the osculating plane at P,.

70. Write equations for the tangent line at P,.

71. Calculate the curvature at P,. ¢

72. Calculate the torsion at P;.

73. Calculate the arc length from P, where t = 0 to P,.

For the curve of intersection of the cylinders z = ¢ z = 22 and the
point Py wherey = 1. (Hint: If y = t; e =14, y = ¢, 2 = {2)
74. Find the direction cosines of the tangent, principal normal, and
binormal at P..
76. Write an equation for the plane normal to the curve at P..
76. Write an equation for the osculating plane at P.,.
TT7. Write equations for the tangent line at P,.
78. Calculate the curvature at P..
79. Calculate the torsion at P,.
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For the curve z = et sin 2, ¥ = et cos 2t, z = 2¢, and the point P,
where ¢ = 0:
80. Find the direction cosines of the tangent, principal normal, and
binormal at P,.
81. Write an equation for the plane normal to the curve at P,.
82. Write an equation for the osculating plane at P,.
83. Write equations for the tangent line at P,.
84. Calculate the curvature at P,.
856. Calculate the torsion at P,.

86. Find the arc length from Py to P, where ¢t = 1.

It

87. Show that the curve x = e« sin bt, y = e* cos bt, z = cet lies
on the cone 22 = c2(x? + 42) and cuts all the elements of the cone at the
same angle. The curve of Probs. 80 to 86 is an example.

88. Show that the curve z = acost, ¥y = asint, z = a (tan a)t
lies on the cylinder z? + y2 = a?and cuts all the elements of the cylinder
at the same angle. It is the circular helix or screw curve.

89. Prove that the principal normal to the helix of Prob. 88 at any
point coincides with the line normal to the cylinder 2% 4 y? = a? at the
same point. )

For the helix of Prob. 88 and the point P, for any value of ¢:
90. Find the direction cosines of the tangent, principal normal, and
binormal at P..
91. Write an equation for the plane normal to the curve at P..
92. Write an equation for the osculating plane at ..
93. Write equations for the tangent line at P,.

. . 1 cos? a
94. Show that the curvature is the same for all points, 5= o
. . 1 si g

95. Show that the torsion is the same for all points, - = i aacmwa'

. ¢
96. Show that the arc length from P, where t = 0is s = a sec a t.

97. Show that if the arc length of Prob. 96 is the parameter, the equa-

) ) cos « . [COS a
tions of the helix become z = a cos ( 4 s), Yy = asin ( a s), and

z = (sin @) 8. Also express the direction cosines of Prob. 90 in terms
of s.

98. Verify directly that the values of t, b, p, p, and 7 found in Probs.
97, 94, and 95 satisfy the Frenet formulas (204) or (209).

99. For a curve in the zy plane, z = 0. Show that in this case the
formula (251) for the curvature reduces to that found in Prob. 45 of
Exercises II (page 72) if ¢ is the parameter. Also that if z = ¢, the
formula reduces further to the elementary one quoted in the same
problem,
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Verify that each of the following surfaces of revolution is represented
by the parametric equations as given. Also show that the curves
u = constant are meridians, or sections by planes through the z axis, and
that the curves » = constant are the parallels, or circles cut out by planes
parallel to the xy plane. And find the element of arc and of area in
terms of u and .

100. The cylinder z? 4+ y? = a?, rT=acosu, Yy =asinu,z =71

101. The cone a%*?* = z? 4 y?; T =avcosu,y = av sin u, 2 = v.
102. The paraboloid a? = c¢(z* 4 y?); © = av cosu, y = av sin u,
z = cv2

22
103. The elllpsmd —|— + — =1, =acosucos v,y = asin ucos v,
z = ¢ sin v.

2 2 2
104. The hyperboloid% + Z—2 - z—z = 1, for which z = a cos u cosh v,
y = a sin u cosh v, 2 = ¢ sinh ».
1056. The surface of revolution F(z* + y% 2z) = 0; = = f(v) cos u,
y = f(v) sin u, z = g(v), where F[f(v)? g(v)] = 0. Special cases are
given in Probs. 100 to 104.

Find the element of arc and of area in terms of w and v for each of the
following surfaces. These surfaces may be obtained from those of
Probs. 100 to 105 by contracting all lengths parallel to the y axis in
the ratio of b to . Here the curves u = constant are sections by planes
through the z axis, and the curves v = constant are similar ellipses cut out
by planes parallel to the xt/ plane.

106. The cylmdel + =L rT=acosu y=>bsinu,z=n0
107. The cone 2% = "‘“2 + g L = aveos Y = bv sin u, z = ».

‘3 '/
108. The paraboloid . = + b 5 T = av cosu,y = bvsinu,z = cv’.

. L,ox? Y .
109. The ellipsoid prian Fi + EE = 1, for which = a cos u cosy,
=bsinucosv,z=c sin v.
)

110. The hyperbolmd + X 2’2 = 1, for which * = a cos u cosh v,
= b sin u cosh v,z = ¢ bl]l]l 0.
111, The surface ( ( 5+ bz’ z) = af(v) cos u, y = bf(v) sin u,
= g(v) where G [f(v)?, g(v)] =

112. Show that in Prob. 105, and hence in Probs. 100 to 104, the
parametric curves cut at right angles.
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113. The parametric equations « = v cosu, y = vsinu, 2z = ku
represent a warped helicoid (square thread screw surface). Find the
element of arc and of area in terms of u and v.

" 114. If the hyperboloid of Prob. 110 is represented by z = av,
y = b(cosh u + v sinh u), 2 = ¢(sinh u + v cosh u), the w = constant
curves are stvaight lines. Find the element of arc in terms of du and
dv at the point for which = 0 and v = 0, and hence find the cosine of
the angle at which the parametric curves through this point intersect.

116. If 6 is the angle between two curves on a surface as in Eq. (275),

Euv' + F(uv' + vu') + G’ .
V Eu? + 2Fuv + Go2 A/ Eu'? + 2Fu'y’ + Gv'2

116. Let Pi(u,») be any point on a surface S; given by equations of
the form (253). Then any set of equations of this form for a second
surface S, determines a mapping of Sy on S, by which P,(u,v) is mapped
on Py(up). Yy Eq. (270), applied to S; at P1(u,p) and to S, at P2(u,v),
the relation ds, = M (u,v)ds; will hold if the proportionality condition
EyJE, = Fy/F, = G2/G, is satisfied, with [M (u,»)]? the common value of
the ratios. Hence, by the mapping, all differential lengths at P, will
be multiplied by M(u,). Show that in this case, if M # 0, the map-
ping preserves angles, in the sense that the angle between C, and CV,
two curves through P, on S;, is the same as that of the transformed
curves C; and Cy through P2 on S,. A mapping of this type is said to
be conformal. HinT: Let 4, ¢ determine the directions tangent to C,
and (5, and v',v’ determine the directions tangent to €y’ and Cy'. Use
the result of Prob. 115.

By a mere change of scale, the surface of the earth may be mapped on
S, a sphere of radius a, given by Eqs. (256), with » the latitude and u
the longitude. Any pair of functions x(u,v), y(u,v); or r(u,v), 6(u,v) for
polar coordinates; will then determine a map of the earth’s surface on
the zy plane. On the sphere ds,*> = a?(cos? v du? + dv*) while on thd
plane ds;?* = dz? + dy* = dr? + r? d6>.

117. The stereographic projection of the earth’s surface is obtained
by projecting the points of S on to the zy plane by straight lines through
(0,0,1), the north pole of S,. In this case the mapping functions are
z = a tan (v/2 + 7/4) cos u,y = atan (v/2 4 7/4) sin u, equivalent to
r=a tan (v/2 + w/4), 0 = u. Show that the differentials satisfy
dr? 4 r2d6% = (a?/4) sec* (v/2 + m/4) (cos? v du® + dv?), so that we have
ds; = 14 sec? (v/2 + w/4)ds;. Hence by Prob. 116 the mapping is
conformal, angles are preserves, and lengths are multiplied by a factor
depending on the latitude.

118. If x = au, ¥ = af(v), the meridians and parallels on the earth,
or on S; of Prob. 116, will be mapped on the coordinate lines in the
zy plane. The equator will map on the z axis if f(0) = 0. To make a

show that cos 8 =
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rhumb line on the sphere which cuts all the meridians at the same angle
a go into a straight line in the plane cutting the lines ¢ = constant at the

dv  dy j' (v)dv
cosvduw dr  du From

these conditions, deduce that f(v) = _[o "secody = log tan (v/2 + 7/4).

The resulting mapping is called Mercator’s projection.

119. For the Mercator projection of -
Prob. 118, given by =z =au, y =
a log tan (v/2 4+ m/4), show that the ex-
pression for the arc length dx* + dy* =
u® sec? v (cos? v du® + dv?), so that ds, =
sec v ds;. [lence by Prob. 116 the map-
ping is conformal, angles are preserved,
and lengths are multiplied by a factor de-
pending on the latitude.

120. Using Probs. 31 and 32 of Exer-
cises I (page 39), show that the Mercator
projection of the two preceding problems
may be defined by z = au, y = a gd~'o,
and that we may use y = asinh~! (tanv),
y = a cosh™! (sec ),y = atanh~! (sin v) in place of the second equation

121. Show that under the stereographic projection of Prob. 117, the
images of the circles on the sphere S; are the circles and straight lines
of the xy plane S.. Hint: From A(z? 4+ y?) + Br 4+ Cy+ D =
in S, deduce
Aa? tan? (v/2 + w/4) + (B cos u + C sin w)a tan (v/2 + w/4)

+ D + 0,
and hence by (256), if the point P(z,y,z) is on S, the sphere of radius q,
aBx + aCy + (a2A — D)z + a(atA + D) = 0. Thisrepresents a plane.
This plane cuts the sphere S, in a circle, and the steps may be reversed.

122. Let uw and v be rectangular coordinates in a first plane S, so that
ds,;? = du? 4+ dv?. And let the points of the zy plane S, be expressed in
terms of curvilinear coordinates by the equations z = x(uw),y = y(u,r),
and z = 0. Then we may map S, on S; as in Prob. 116. Express
ds;? = dx? + dy? in terms of du and dv and show that the condition of

61: _ ay oz _  dy
Prob. 116 for the map to be conformal will hold 1f e 0w T A

and 32 = () + (&) =

123. Let u = u(x,y), v = v(a: y) be the solution of the equations
= x(u,p) and y = y(u,w) of Prob. 122. Show that the map will be

du Jdv Ju ov <’9u)2 ou\?
conformal if Friale 517 =~ 3 & and M-? E + @) # 0.

same angle «, we must have cot a =

Z

Fia. 60.
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For the relation to analytic functions of a complex variable, see Probs.
57, 67, and 68 of Exercises II (page 73).
124. By Prob. 63 of Exercises II (page 74) the mapping equations

u = log V2% + y? and v = tan~! % satisfy the condition of Prob. 123

and so determine a conformal mapping of a wv plane on an zy plane.
With a change of scale and notation, z. = av, Yy = au, z, = ax,

" -
. = ay we have z, = a tan™! LA Ym = alog V2 + 42 —aloga
y Y g

as the equations for a conformal map of an z.y. plane M on an .y,
plane S. Show that this is the same mapping that would be obtained
by projecting P on the sphere S; on P, in S by the stereographic pro-
jection of Prob. 117; projecting P, on P,, in M by the Mercator projec-
tion of Prob. 119; and then making P,(z.,y,) the image of P,.(Z..,yn).

Find the area of the limited portion of a curved surface which is
described by each of the following statements:
125. The part of the cylinder z = z? whose projection on the zy plane is
the triangle bounded by y = 0,y = =,z = 1.
126. The part of the surface z = zy cut out by the cylinder 2% 4 y* = 1.
Hint: dS = V1 + 2 + y2dedy = /1 + r2rdrdé.
127. The part of the cylinder 22 + y* = 1 above the xy plane cut out by
the cylinder 2% + y? = 1.
128. The part of the sphere z% + y* + 2% = 1 above the zy plane cut out
by the cylinder 2?2+ y2 = x. Hinrt: The differential of area is
dS = (1 — 22 — y?)~Yder dy = (1 — r?)~ir dr df, and the area integral is

S —'2 ]‘w/2d0/’(¢030(1_ 216y g
S = o o r2)=%r dr.

129. The part of the sphere 2% + y? + 2 = 1 above the zy plane whose
projection on the xy plane is inside the first half loop of the curve whose
polar equation is r = cos nf. HinT: See hint to Prob. 128, '
130. The part of the cylinder 22 4+ y% = y above the zy plane which is
cut out by the sphere z? + y% + 2% = 1.

131. The part of the surface z = xy whose projection on the zy plane is
inside the first half loop of the curve whose polar equation is 72 = cos 2n6.
Hint: See hint to Prob. 126 for dS and note that the inner integral is

j(; V/eos 2né VT ¥r2rdr = 14(2 /2 cos® nf — 1), since we may write
1 4 cos 2n8 = 2 cos? n6.
132. The area generated by revolving an arc of the curve y= f(z)

about the z axis is 2= / yds=2r L Tz f) v/1 + f(2)?dx. Check

this formula by using the parametric equations for the surface of revolu-
tion: z = u, ¥y = f(u) cos v, z = f(u) sin v.
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133. Find the expression for the element of volume in terms of u, v,
andwif z = w(l —v), y = w(l —w), z = ww.

134. Using Prob. 133, show that the volume of the tetrahedron three
of whose edges are OA =i, OB = j, OZ = k may be expressed as

1 1—r l—x—y 1 1 1
/ dr [ dy / dz = / dw / v dy f u? du.
0 0 0 0 0 0

Also show by direct calculation that either member equals 14.



CHAPTER IV

INTEGRATION. THE DEFINITE INTEGRAL.
MULTIPLE INTEGRALS

Our discussion of integration begins with the fundamental
properties of the definite integral. We then describe methods
of integrating certain general classes of functions. We con-
sider improper integrals, multiple integrals, integrals containing
a parameter, as well as the problem of differentiating and
integrating such integrals. We also show how some definite
integrals that cannot be easily evaluated may be treated by
series, numerical methods, or other special devices.

61. The Indefinite Integral. Let f(z) be a given function.
Then any function F(z) such that

W = r@ = ), 1)

is called an <ndefinite integral, or antiderivative of f(x). If
one function F(x) is known, any function

G(z) = F(x) + C, (2)
where C is a constant, is also an indefinite integral of f(x), sincey
G'(x) = F'(z) = f(). (3)

Moreover, every indefinite integral of f(x) is given by (2)
with a suitable C. For, let I(z) be any one such indefinite
integral and set H(x) = I(x) — F(z). Then I'(x) = f(x), so
that

H'(x) = I'(x) — F'(z) = 0. (4)

Since its derivative is zero, H(z) must equal a constant. If we
call this constant C, we have

I(x) — F(x) =H() =C and I(z) = F(z) +C. (5)

This shows that I(z) is given by (2), as we stated,
144
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62. The Definite Integral. For any function f(x) given on an
interval a,b we may make the following construction. Divide
the interval a,b into n parts by points

0 =20 <21 <2< " < wpy <z, =h. (6)
Then select a point £; in each interval,

x0=<—_£1—_<—_x1"°xi—lsgi§xi'"xn—légnéxm (7)

and form the sum

8n = f(1) (21 — @0) + (&) (22 — 21) + - - -

We assume that f(z) is of simple type, for example, an elémentary
function, so that the curve
y = f(z) has a continuous graph Y
like that shown in Fig. 61. [A
continuous graph is one without _—
breaks, so that as

z — a, f(z) — f(a).]

We also suppose that each of
the intervals Az; = 2; — 2,1 1s
small. Then,if f(z) > 0, S,re- xoléx 2
presents the sum of the areas of
certain rectangles which ap- :
proximate the area under the curve. This suggests that certain
sequences of sums S, will approach a limit equal to the area under
the curve. Let us abbreviate Eq. (8) by

y=f(x)

) e e R hpap———

X

E]
8
=

Tn-1

Fia. 61,

8= 3 He)— o) = 3 fle)az, ©)

and denote the area under the curve by A. Then it is in fact
the case that

n

A = lim (&) A, if lim d, = 0, (10)
1

n— o oo n—

where for each n, d. is the largest value of Az; or (x; — ;)
used in forming the sum S,.

The limit on the right of Eq. (10), which exists even waen
J(x) is sometimes negative or zero, is called the definite integrai
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of f(z) from a to b. And, with the usual notation,

fabf(x)dx = lim 2 f(E)Az;, i lim d, = 0. (11)

n—>® , n— o

If g(x) is a second continuous function, it is also true that

f(.c)g(x)da: = lim 2 f(&)g(&) A, if lim d, =0. (12)
Here the &/, like the £;, are any points in the interval z;_,,2:.
In this result the product fg may be replaced by F(f,9), any
continuous function of f and g, to obtain

[* Fif) g@lz = lim 3 FUG) g(&)laz, it lim dy =0,
n—rw {2

(13)
Similar results also hold for more than two functions.
Equations (10) and (11) lead to the fundamental relation for
evaluating an area by means of a definite integral,

4= / * f(z)dz. (14)

Let us next consider a thin rod with one end at x = a and the
other at 2 = b, and having at cach point a density p(x). For a

_____ zzze iz} o
(0] a x 2+Ax b X
Fia. 62.

part of the rod between z and = + Az, with Ax small, we would
expect p(£)Ar to equal the weight of the part, for a suitable ¢
between x and x + Azx. Also we would expect the attraction
of the part by a mass m at the origin to be the same as if the part
of the rod were all at a suitable distance ¢ in the interval,
z = ¢ < v+ Az. This suggests

AF = 5 p(§)Ax (15)
as the attraction of the part of length Az, and

2 2,,(5,)% (16)
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as the attraction of the whole rod. Equation (12) then leads to
the evaluation of the attraction of the rod by m in terms of a.
definite integral,

bk
F = [ -;Z—Lp(x)dx. (17)

Equations of the type of (12) or (13) are frequently the guide to
the appropriate method of evaluating other geometrical or
physical concepts by definite integrals.

63. Properties of the Definite Integral. The variable z in
the notation for a definite integral may be replaced by any other
letter without altering its value. Thus

L * fx)de = f ® f(t)dt. (18)

For if we plotted y = f(¢), we could regard the values z; as points
of subdivision on the ¢ axis, and £ as values in the intervals
from x;_, to ;. Thus the limit on the right of Eq. (11) would
define the right member of Fq. (18) equally as well as it defines
the left member of that equation.

So far, we have assumed a < b. The symbol for a definite
integral in other cases is defined by the relations

‘ Laf(x)dx =0, fbaf(x)dx = - [ ’ f(@)da. (19)

These definitions make the equations

L " f(x)dx + ﬁ ° f(@)dz + f * f(x)dzx = 0 (20)
and

[} 1@z + [ sz = [ Sz @)

true for all values of a, b, and c.

Equation (21) shows that, if they have the same function or
integrand, integrals may be added like the signed intervals over
which they are taken. :

It is also true that, for the same interval, integrals may be
added like the functions involved. ~That is,

Lb f(x)dx + /;b g(x)dx = fab [f(x) + g(x))dx. (22)
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Again, for any constant k%,

[1 * kf(x)dz = k [ * f(x)dz. (23)

The two preceding results are immediate consequences of
Eq. (11).

Suppose that the curve in Fig. 63 has its maximum at M, for

T = Xy, and its minimum at m, for £ = z;. Then the area

under the curve will be less than that of the rectangle on a,b

under the line through M, and greater than that of the rectangle

on a,b under the line through m.

Y Hence, for some point R between
m and M, the area of the rectangle

M\ under the line through 2 will equal

fé—g < 3 the area under the curve. If

x = ¢ at R, the height of this
rectangle will be f(¥). And, since
£ is between z; and z,, it will be
between a and b. Thissuggeststhe
X mean value theorem for integrals,

m

0 ax, & x, b
Fie! 63. [ * f@)dz = (b — a)f(E), (24)

for a suitably chosen value of ¢ between a and b.

The mean value theorem holds whenever f(x) is conttnuous,
even when f(z) is not positive, and b < a or b = a.

64. Calculation from the Indefinite Integral. Let us consider
the definite integral of f(2) from a fixed point a to a variable point
x:

I(z) = / " f()de = / " f(dt. (25)

The second expression follows from IKq. (18) and avoids the
possibility of confusing z, the variable of integration, with z,
the variable limit. To find the derivative of I(x), I'(x), we must
first calculate the difference quotient,

AI _ I(x 4+ h) — I(x)
A b (26)

It follows from Eq. (25) that the numerator is
Ic+h) I = [0 - [[rod= [T foa @)
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by Eq. (21). And, from the mean value theorem (24),
z+h :
[T swdt = hie) (28)

for a suitably chosen value of £ between x and z + h. We may
conclude from the three preceding equations that

Al
= = J®. (29)

When h — 0,  + h — x, and since £ is between x and x + h,
¢ — z. Consequently, when f(x) is continuous, f(£) will approach
f(x), and

lim 2L = tim 58 = (). (30)
h—0 AZ h—0
This proves that
dI
U 1@ = 1) (31)

This shows that I(x) is an indefinite integral of f(x) as defined
in Sec. 61. Hence, by Eq. (58), if F(x) is any known indefinite
integral of f(x),

I(x) = F(x) + C. (32)
Let us put x = a in this equation to obtain
I(a) = F(a) + C, (33)
and eliminate the constant by subtraction. The result is
[(x) — I(a) = F(z) — F(a). (34)
But from Eqgs. (25) and (19),
I@) = [ f@)dz = 0. (35)

Thus I(a) may be omitted from (34) and, if we replace I(x) by
its value from (25), we find

[ f@)ds = @) = #(@) = F() [ (36)

This expression is defined to mean the difference that precedes it.
In particular, when the upper limit is b, we have

L * f(2)dz = F(z) |” = F(b) — F(a). (37)
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This is the familiar formula that enables us to calculate the
definite integral of any integrand for which some indefinite
integral is known.

66. Differentiation of Integrals. Since

I = / * f(x)dx = F(b) — F(a),  where F'(zx) = f(x), (38)

we find
al ,, . 3
o _ ) = 1) (39)
and
0l VY
= = —1"(a) = —f(a). (40)

That is, the derivative of a definite integral with respect to an
upper limit of integration equals the integrand evaluated at the
upper limit. For a lower limit of integration the derivative
equals the negative of the integrand evaluated at the lower limit.
Suppose that the integrand contains a parameter u, so that

T(w) = / * fla ) dz. 41)

In this case we may wish to find the derivative of I with respect
to u when a and b are kept constant. We have for the difference
quotient

Iu + Au) — 1(u) _ /bf_(l';u + AVUJ) — f(x;u) dzx (42)

Au Au.

by the properties expressed in IKgs. (22) and (23), since Au ¥
constant during the integration on x. When Au — 0,

Lot d) = 100 dl - Sk a0 = S of
Au du - Au ou
(43)
This suggests that
i (*of

When a and b aye finite and 9f/du is continuous in both variables,
this is a correct result. If these conditions are not met, for
example, if b is « or if 9f/0u — » as x — b, there are three
possibilities. (1) The right member of Eq. (44) may not
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be a convergent integral in the sense of Sec. 71, in which case
the equation is meaningless. (2) The right member may con-
verge, but fail to represent the derivative df/du. (3) The
equation may be true. The student of applied mathematics is
unlikely to encounter the second possibility and, in practice, may
assume that Eq. (44) holds whenever the right member converges.

By the rule of total differentiation of Sec. 21, for any function
of three variables I(u,a,b):

ﬂ_ﬂm+ d+—m (45)

If we use the values of the derivatives of

I(u,a,b) = Lbf(x/u)dx, (46)
given by Eqs. (44), (40), and (39), we find for this function
dl = [Lb fu(x,u)dx] du — f(a,u)da + f(bu)db. (47)

It follows that, if @ and b are each functions of wu,

T [ fwdts — g0 % o0 e as)
As a simple illustration of this formula, consider
I(w) = /2 > (@ = w)da. (49)
Then, for this function we find from kKq. (48)
I'(u) = f2 " (2@ — wdr — uX(2) + 42@3).  (50)

The reader may check this by showing that the integral on the
right in (49) equals 7u%/3 and that the expression on the right
in (50) equals 7u2

66. General Reductions. We recall a few general methods
of reducing integrals to those of simpler types. In this section
« and v denote functions of x. The linear relation

Lb(Au—l-Bv)dx:ALbudx—{—Bvadx (51)

enables us to decompose sums and factor out constants.
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The rule of integration by parts .

b b
dv du
/;uzl—idx—uv —-[lv%dx (52)

will reduce an integral with « a simple inverse function (for

example, log x or sin~!z) and » an algebraic function to an

integral with v du/dz an algebraic integrand. Also, if u = z*,

with n a positive integer and v is of exponential type, that is,

¢, sin z, cos x, the new integrand will contain the factor z»!.

Thus n reductions of this type will lead to an integrand free of z.
Finally, the rule of substitution

[ 1@z = [ flowg' @, (53)

if ¢’(t) #0 for A <t < B and a = g(A), b = g(B), may be
used to simplify some integrals.

Equations (51), (52), and (53) may all be verified by noting
that both sides equal zero for b = a and have their derivatives
with respect to b, as obtained from Eq. (39), equal for all values
of b.

67. Rational Integrands. We recall the method used to inte-
grate rational functions. A rational function may always be
reduced to the quotient of two polynomials. If the degree of
the numerator P;(z) is the same or greater.than the degree of the
denominator D(x), we may by division find polynomials Q(x)
and P(z) such that

b

a

1(50) P(z)

B = Q@) + 5 (54)
and the fraction on the right is a proper fraction, that is, has its
numerator P(z) of lower degree than that of its denominator D(z).

The polynomial Q(x) is easily integrated. Let us next con-
sider the integration of the proper fraction P(x)/D(x).

Suppose first that the roots of D(x) = 0 are all distinct.
Let D(x) be of the nth degree and call the rootsry, 72, + + + , 7,
Then constants A, A,, + - -, A, may be found to satisfy the
relation

P(x)__ A1 A2 An
D(x)_x-r1+x—r2+ +.15-—r,,' (55)

The A, could be evaluated by clearing of fractions, equating
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coefficients of corresponding powers of z, and solving the set
of n linear equations that result. However, when the roots
are all distinct, the following method is simpler.

Let us multlply both sides of Eq. (65) by ¢ — r1, and then
let £ — 7. The first term on the right is A,, and the other
terms contain the factor x — r;, and so approach 0 when z — ;.
Since D(r;) = 0, we may deduce from I’Hospital’s rule of Sec.
15 that

. (x = r)P(x) _P@) + (x — r)P'(z) _ P01
mTD@ D) I AN
This is the limit on the left and so equals A;. Thus
P (Tl) P (7’2) P(ra)
— A, = e, An — ; ’
Ay D and 2= D) D7) (57)

as a similar argument shows. This may be used as a formula to
compute the coefficients in Eq. (55).

We assume that the polynomials P(x) and D(x) have real
coefficients. Then either » and A are both real, and

/xirdx=Alog|x—r|, (58)

or the complex roots occur in conjugate pairs, and we use
2R / ,ﬁl_j'_ﬁﬁ_ dx

xT—a— b
T —a

= A log [(x — a)® + b — 2B tan™* (59)

Here R denotes the real part of a complex number. Thus

(x + ) + (z — ) = 2R(z + 1), (60)
and the left member of Eq. (59) is
2R / _‘_4___'_"__3_1_ dr = f A+ Bi dr

z—a—bi r—a— bt

A — B:
+fx—a+bdx' (61)

As an illustration, consider

(22 + 3)dx .
A S

I, = (62)
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Here the three values of » are 0, 1, —2, since

D(x) = x4 22 — 2z = z(x — 1)(x + 2). (63)
And, by Eq. (57), for each r the value of A is
A = P(r) 2r + 3 (64)

D'(ry  3rt+2r — 2
so that the three values of A are —34, 34, —1¢. Hence, by kq.
(58), the value of I, is found to be

Ii=—%logz+4log |z — 1] — ¢ log |z + 2|. (65)

As a second illustration, consider

.dx

I, = /m
Here the three values of r are —2, 1 + /34, and 1 — /3 ..
And, by Eq. (67), for each r the value of 4 is
P — .
D,((r,)) 33 or 2_4r’ since r®* = —8. (66)
Thus the three values of A are l{y, —(1 + /31)/24,
—(1 — v/34)/24. Using Biq. (58) with A = 1{y r = -2,
and Fq. (59) witha = 1, b =~/3, 4 = —1/24, B = — 1/3/24,
the value of I; is found to be

A=

Iz= log|x+2l log( — 2x + 4)
\/3 x— 1

'
tan=! -~ (67)

/3

If the Eq. D(x) = 0 has multiple roots, each factor (x — )~
in D(x) will lead to a series of fractions

Al AII A(m)

G-n G-t te-pr
These could be integrated by using
o4 T C ) X

For real values of r, the coefficients 4 are real. For two con-
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jugate imaginary roots ¢ + bz and a — b, the corresponding
A will be conjugate and each pair of corresponding terms on the
right of (69) will give a real result.

When multiple roots are present, a method of calculating the
integral, due to Hermite, is preferable to the one just outlined.
We shall now present this simpler method. Let the denomi-
nator be written with highest coefficient unity, so that

D(x) = (x — r)m™(x —ra)™ - - - (x — rg)™ (70)
Put

Sx) = (x —r))(x —7ry) - -+ (¥ — 18), (71)

T(x) = (x —r)™ Yo —rg)mt -+« (2 — )™ L (72)
Thus’

D(zx) = S(x)T (). (73)

We note that T'(z), and hence S(z), may be found by elementary
algebra without solving the equation D(x) = 0, since T'(x) is the
highest common factor of D(z) and D'(z).

Then, for the integral of the proper fraction P(x)/D(x), we

may write
P(I) AS1(£IJ) T1(CIJ)
[ oG- [5G+ T 7

where S1(z) is a polynomial of degree one less than that of S(z),
and T(z) is a polynomial of degree one less than that of T'(z),
in general. We use letters for the, at present, undetermined
cocfficients of Si(x) and T1(z). In exceptional cases some of the
leading coefficients may later turn out to be zero, in which case
the degrees will be less than those stated.

It follows from Eq. (74) by differentiation that

P(x)  Si(x) T1(x)
D@ ~ 8@ T [m)] (75)

If this is cleared of fractions and coefficients of corresponding
powers of z are equated, a set of linear equations will result that
may be solved for the coefficients of Si(x) and T'1(x).

As an example, consider

—4x + 7
s /(w—1)2<x2+1)d

Ax? + Bx + C
(x — 1)(x* + 1)

D

dx+a—;—_—-i'

(76)
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The result of differentiating and clearing of fractions is

2? — 4+ 7= (A22+ Bz + C)(z — 1) — D(x?+ 1)
=Az*+ (B— A — D)x*+ (—B + O)x
+ (—=C — D). (77)
This leads to the equations

A=0, B—-—A-D=1 —B+(C=—4
—~C—-D=17, (78)

whose solution is
A =0, B = —1, C = =5, D= -2 (79
Thus the integrand in Eq. (76) is
Az? 4+ Bz 4+ C -z — 5

z—D@X+1)  (x—DE—19k+1)

-3 36 — 4
=‘x“—__——1+2R/x2_2.- (80)

The simple fractions on the right are found by applying Eqgs.
(55) and (57) with P(z) = —x — 5 and

Dx)y=(—D@E@*+1)=23—224+2—1,

D'(xr) = 3x? — 2x + 1, (81)
so that
PQ) _—6_ o PO _ —i—-5 _ 5+ =1
D'1) 2 ’ D'(z)  —2—2t 2(1 4+ —q)

6 —4: 3 .

It follows from Eqs. (80), (58), and (59) that

Az 4+ Bx + C
(x— 12+ 1)

dz = —3log [z — 1] + 5 log (* + 1)
+ 2 tan~'z. (83)
Finally, from Eqgs. (76), (79), and (83) we have

I3 = —3log |z — 1| +—g—log (z*+ 1)+ 2 tan~lz — 5—2:1 (84)
68. Algebraic Integrands. We next describe a few general
classes of integrals of algebraic functions which may be reduced
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to integrals of rational functions by suitable substitutions.
Throughout this section, R(u,v) denotes any rational function of
the two variables u and v. And we assume that the letters a, b,
ete. denote real numbers.

For the integrand R[z, (ax + b)?/4], p and q any integers and
a # 0, the substitution

= (az + b)"9, (85)

rationalizes the integral, since it makes

/ Rz, (ax + b)?")dx = / R [tl ; b; tv] gt dt. (86)

a

The special case where p = 1, ¢ = 2,

/ R (z, Vax + b)dx = / R<t2 ; b )—dt (87)

is the one most frequently encountered in practice.
Another example of this type of integral is

[(ax 4 b)rasdx with r and s rational fractions and 7, s,
or r 4+ s an integer. (88)

If s is an integer and r = p/q, the integrand is Rz, (ax + b)»4].

If r is an integer and s = p/q, the integrand is R(x,x”¢). And
if r 4+ sis an integer, we may put { = « + b/x and

[(ax 4 b)Y arde = —bFiftr(t — a)~*2dL. (89)

Since r + s is an integer, the exponent of (¢ — a) is integral.
Hence if r = p/q, the last integrand is of the type R(¢,t79).

For the integrand R(z, v/ax? + bx + c) there are three cases.
If the roots of ax? + bx + ¢ = 0 are h and k, real and unequal, we
may write yo o

ax: + bx + ¢ = alz — h)(x — k). (90)
Then the relation A
vVax?+br +c¢ = tlx — k), | or a(x — h) = 2(@x —k) (91)
determines 2 as a rational function of ¢, say f(f). Thus

e Y R D
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Consequently, we have
JR(z, v/ ax? + bx + c)dz = [R{f(t), ([ f(t) = K]}f'(t)dt, (93)

and the new integrand is a rational function of ¢.
If the roots of ax? 4+ bx + c are equal, h = k and Eq. (90)
becomes '

ar? 4+ bx + ¢ = a(x — k)2 (94)

(Consequently, in this case

[R(x, Vax? + bx + c)dx = [R[x, \/a (x — k)ldx, (95)

so that the integrand is a rational function of z.
Finally, let us suppose that the roots of ax? + bx + ¢ = 0 are
conjugate complex numbers m + i and m — in. Then

ar? +bxr+c¢c=alx —m —in)(x —m + in)
= a[(x — m)? + n?. (96)

To make the radical real, @ must be positive. Here we put
(x—m)*4+n>=(x—m-+10?% or n>=2x—m)+ (97)

This again determines = as a rational function of ¢, say g¢(¢).

Thus
n? + 2mi — 2 dx , —n2 — 2
r o= g(t) = o and % =g'(t) = _2?[___. (98)

Consequently, we have

[R(x, \/ax? + bx + c)dx
= [R{g(t), Valglt) — m + tl}g'(®)dt, (99)
and the new integrand is a rational function of ¢.

The foregoing discussion shows that if X is a polynomial in x
of the second degree, the integral of R(z, v/X) can be found
in terms of elementary functions. In simple cases, the value
will be found listed in tables of integrals. In more complicated
cases, the practical procedure is as follows. As R(z, v/X) is
the quotient of two polynomials in x and 4/X, it may be expressed
in the form

R(z, VX) = ﬂf: ?v \\//\Y (100)

where K, L, M, N are all polynomials in . For we may use the
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identities

(VX)) =X and (/X)) = X»+/X (101)
to eliminate the higher powers of v/X.
Next rationalize the denominator,

K+L~/X K+LVX M — N+/X

MANVYX MIN~VXM-—NAX

_ (KM — LN)](& z+_ (]vag& - KN VX _ 4 L VT (102

where U and V are each rational functions of x. The rational
function U may be integrated by the methods of Sec. 67. For
the remaining part of the integrand, write

VX
Vv = — 103
VX = e (103)
and decompose the rational function VX into a polynomial, the
Q(z) of Iq. (54), and a sum of partial fractions of the type found
in Fgs. (65) and (68). This reduces our problem to the integra-
tion of terms of the typc,

" 1
A ) S
VX (x — r)* /X
For terms of the first type, with n > 0, we use the reduction
formula which follows. Here X = ax? + bx + ¢, with a = 0.
" n—1 Y M —— n—1
A VX _b@n—1) [ x gap

VX an 2an \/1\
"'(” — 1 / 7 e (105)

This enables us to reduce the integral of the term of the first
type with largest value of n to integrals with smaller exponents.
Thus a repeated application of the process will reduce the
integrals of terms of the first type to an integral with n = 0.
We note that, for n = 1, the last term in (105) is zero.

For terms of the second type in (104) we may use the following
reduction formulas:

Tet X = ax? + bx + ¢, S = ar? 4+ br + ¢, and
T = 2ar + b. (106)

(104)
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Then, when S # 0,
/ dx _ 1 VX
(z — VX k — DS (x — r)*1

(2= 3)T de
2(k — 1)S / (x — r)k1 \/)_(

alk — 2)

kD8 / P =rvs SR

And, when S = 0,

/ do _ 2 vX
(x — 1)k /X | @2k — DT (x — r)*

2a(k — 1) dx .
@k =T / & — /X (108)

This enables us to reduce the integral of the term of the second
type with largest value of k to integrals with smaller exponents
if k = 2. Thus a repeated application of the process will reduce
the integrals of terms of the second type to integrals with £ = 1
ork = 0.

This reduces the problem of integrating R(z, v/ X) to integrals
of one of the two types,

dx and dx

VX (x — 1 VX
These may be found from the tables. See also Probs. 26 to 33
of Exercises IV (page 187).

69. Integrands Involving Trigonometric or Exponential Func-
tions. Any rational function of trigonometric functions of x may
be written in the form R(sin z, cos x), since all the other trigono-
metric functions are expressible rationally in terms of the sine and
cosine. But the substitution

(109)

t = tan (110)

z
2
makes

. 2t 1 — 2\ 2dt
/R(sm x, cos 2)dx = /R(1 T 1T t2> T (111)

and the new integrand is a rational function of ¢.
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Similarly the substitution

t = tanh g (112)

rationalizes the integral of any rational function of hyperbolic
functions of z, since

. _ 2t 14 ¥\ 2dt
[R(smh z, cosh r)dxr = /R (1 TV t2>1 Sy (113)

If R(w) denotes any rational function of a single variable u,
the integrand R(e®®) is rationalizable. For, if { = %,

/ R(e™)dz = / R(0) Z—ﬁ- (114)

This method is applicable to the integral of R(sinh z, cosh ),
with @ = 1, and to the particular case R(tanh z) with a = 2, since

ex: — e e?.c —_— 1
e* + e* - e + 1 (115)

tanh 2 =

Similarly the method applies to the integral of R(sin x, cos )
with @ = ¢ and to the particular case R(tan x) with a = 21,
This procedure is sometimes preferable to that indicated in
Eqs. (111) and (113).

70. Other Elementary Integrals. Consider an integrand that
is algebraic except for a single inverse function, which enters as
a factor. Its integration may be reduced to that of an algebraic
integrand by an integration by parts, as illustrated in connection
with Eq. (52). The algebraic integrand may be rational, or
of one of the types described in Sec. 68. For example, if P(x)
is any polynomial and n is any integer,

n _ e _ [ Lt P(x) |

/x log P(z)dx = i log P(x) " F 1Pk dz, (116)
n - —_ xn+1 —1

/x tan—'P(x)dx = " ltan P(x)

_ vt Pl(z)dr
/n-—l— 20 L

In each of these cases the last integrand is rational. Again,
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. xn+1
2" sin~! (ax + b) = P sin~! (ax + b)
x1l+1 a dx
— e, (118
‘/"‘f‘l\/l—(ax-{—b)2 (118)

and the last integral is rationalizable.

The integral of any polynomial in any number of variables
cach of which is either z, ¢**, sin az, cos bz, sinh cz, cosh dx, with
any values of the constants, may be evaluated. If we express
functions of the last four types in terms of (complex or real)
exponentials and multiply out, the integral becomes a sum of
multiples of terms of the type

Jarersda. (119)

These may be evaluated by integrating by parts repeatedly, as
remarked after Eq. (52). Another convenient method of
evaluating the integral (119) is to predict the form of the result
as a polynomial of the nth degree times ¢’ and use the method
of undetermined coefficients.

For example, if I denotes the imaginary part of a complex
number, so that I(a + bz) = b, then

fze® sin 22 dr = 31 [xe*+*=dr
= (Az + B) cos 2x ¢* + (Cx + D) sin 2z e*.  (120)

By equating the derivatives of the two sides, we find that

re® sin 22 = (Azx + B + A + 2Cx + 2D) cos 2z ¢* ‘
+ (Czx + D + C — 242z — 2B) sin 2z e*.  (121)

This will hold if

A+ 2C =0, C —24 =1, B+ A+ 2D =0,
D+ C—2B=0. (122)
The solution of these equations is

A= —4%, B = 4%, C =%, D =% (123)
Hence, by Eq. (120),

f ze? sin 2z dx = % [(—10z + 4) cos 2z + (52 4+ 3) sin 2x].
(124)
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71. Improper Integrals. If f(z) is continuous throughout the
interval a,b, any indefinite integral F(x) will have a derivative
I'"(x) = f(x) for a = =b. Hence F(z) will be continuous
for such values of xz. Consequently

lim F(z) = F(b), end  lim [P(x) = F(a)] = F(b) — F(®.

z—b
(125)
This shows that under the conditions stated
. z b
lim | f(z)dz = / f(x)dzx. (126)
z—b JO& a

In case f(x) is continuous for all values of x with @ < z < b,
but f(x) is discontinuous at b, the

of definite integral is defined by Eq. (126)
if the limit on the left is finite. In this
case the integral is convergent. 1If the

Y
0 1) b X 0 a X
Fic. 64. Fia. 65.

expression on the left of Eq. (126) does not define a finite limit,
the integral on the right is said to be divergent, and no meaning is

assigned to it.
Similarly, if f(x) is continuous for all values of x witha < x < b,

we use

lim f F(x)dz = / F(x)dz (127)

I—a
as the definition of the right member.
And a similar equation is used if one of the hmltb is infinite.
Thus,

lim f ® f(z)de = L ® f(@)de, (128)
and )
lim f f@)dz = f_”w f(x)dz. (129)

= — ®
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In the defining equations (126) through (129) we have assumed
that the upper limit is greater than the lower limit. However,
similar definitions apply if this is not the case. These are such
that Eq. (19) holds for the new type of integral.

et us next consider a function f(x) which is continuous
throughout the interval a,b except for the value ¢, that is, for
a Srx<candc <z =b. Then we define

Lb f(x)dx = L * f(x)dz + fc ® f(@)da. (130)

If both the integrals on the right of this equation are convergent
v ’ when defined by relations similar
: in form to Eqs. (126) and (127),
: then the integral on the left of
| Eq. (130) is said to be convergent.
; If either or both of the integrals
| on the right diverge, then the
| integral on the left of Eq. (130)
! is said to be divergent.
| If a is —« or a point of dis-
p 5 % continuity of f(z) and bis = ora
point of discontinuity of f(x),
but f(x) is continuous for all z
such that a < r < b, we may again use Eq. (130) to define the
integral on the left in terms of those on the right. And a similar
decomposition may be used to define the integral when f(x) has
several points of discontinuity. ¢
Definite integrals that may be defined in terms of f(x) by the
single limiting process given in Eq. (11) are called proper integrals.
In contradistinction, the integrals of this section that are defined
in terms of the limits of proper integrals are called improper
integrals.
The properties expressed in Egs. (20) through (23) all hold
for convergent improper integrals. And Eq. (37) may still be
used to evaluate such integrals, provided that

F1a. 66.

g = F'(z) is finite and = f(z) fora <z <b, (131)

and F(zx) approaches finite limits as £ — a and z — b.
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As examples of integrals with one or both limits infinite,

we have
-1 -1
dz T2 1
/_,,F"—"é_m"—i' (132)
/ edx = —e=| = 1. (133)
0 0
/_wl_-ﬁ2 = tan T . = T. (134)

As examples of integrands discontinuous at one limit, we have

=24/2, (135)

2

__7:__2\/_

in which the integrand becomes infinite at the lower limit zero,
and

2/‘"’ 4

2/ 1 1 1
2x sin — — cos — ) dx = x2% sin -
0 X Z Z 10

in which the integrand oscillates as x approaches the lower limit
zero.

And, as examples of integrands that become infinite at both
limits, we have

= (136)

/ % i — . (137)
1 V(E—-1)(2 - 2) 1
2 x2dx X . X 2

s = — 244 — 22 4 25sin1 2 = 2r. (138

/—2 V4 -z 2 2l 7 19

If condition (131) holds but F(x) fails to approach a finite limit
as ¥ — a or as x — b, the integral diverges. Thus

diverges, (139)
1 \f
since 24/x — © as r — ©.
0 0
/ cos x dxr = sin x diverges, (140)

since cos z oscillates as £ — — ».
2

/2 dx ~1 z—1
L G-DE - B2z

since the logarithm becomes infinite at either limit.

diverges, (141)
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It is sometimes convenient to apply the reductions of Sec. 66
to convergent improper integrals. In particular, Eqgs. (51),
(52), and (53) will hold whenever all the improper integrals
involved are convergent. For example, the expression

a adx . @
—— = 4q sin—!

o Va?— z?

involves an improper integral, since the integrand becomes
infinite at the upper limit. It could be evaluated by the sub-
stitution 2 = a cos ¢, which makes

a 0 w/2
4 _adzr _ _ —4 / adt = 4a / dt = 2ra. (143)
0 a? — x? w/2 0

= 2ra (142)

QIR

0

We note that the expression in x is that obtained for the
length of the circumference of the circle 2* + y? = a?, in terms of
x. And the expression in ¢ could be obtained directly by using
the parametric equations of the circle, z = a cos t, y = a sin ¢.
This illustrates that when the calculation of a geometrical or
physical quantity leads to a convergent improper integral, the
value of the quantity is correctly given by using the definitions
of this section.

72. Tests for Convergence. For many improper integrals it
is inconvenient or impossible to find a simple indefinite integral
F(z) satisfying the conditions (131). Consequently we cannot
decide whether the improper integral converges by a direct
use of the method of Sec. 71. However, we can frequently
settle the question by the following considerations. ‘

We first define the phrase “f(z) behaves like g(x) as x —b,”
to mean the two functions f(z) and g(x) are such that

3101_112 5%—; =k = 0. (144)
The following statements illustrate this definition:
sin £ behaves like z as ¢ — 0. (145)
cosh x = i behaves like e* as x — o,

2

and behaves like e as 2 — — . (146)

5 behaves like z=2as £ — ©, orz — — . (147)

1
142
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;/—--T—w behaves llke (a — )"t as x — a. (148)
a? — x

x?

V4 — z?

behaves like (2 — z)~% as z — 2,

and behaves like (2 + z)~* as v — —2. (149)
1 Y N
G NE =2 behaves like (x — 1) tas z — 1, (150)
and behaves like (x — 2)~! as x — 2.
1
— _-_-——== behaves like (x — 1) as r — 1,

and behaveb like (2 — ) asx — 2.

Now consider the integral of f(z) from a to b. Suppose that
f(x) 1s continuous for all x such that a < x < b and behaves like
g(x) as x —b.  Then if g(x) vs continuous and of fived algebraic
sign for all x such that a < & < b, the tmproper integrals

L *f@)de  and [ * g(2)de (152)

will both diverge or both converge.

A similar statement may be made if the only discontinuity is
at a, the lower limit, or if one of the limits is infinite.

A simple calculation shows that the integrals

/; ‘(e — x)~rdy and /; ° (x — ¢)~rdx  (153)
are convergent if p is any positive number, p > 0. Similarly

[ lw x~rdy and [_b . (—x)~trdx (154)
are convergent if p > 0. Hence the behavior of an integrand
like |x — ¢[77 as x —> ¢, or like |x|~1"? as £ — © or — «, where
p > 0, does not, of itself, spoil the convergence of the integral.

On the other hand, if we replace p by —g¢q, where ¢ is positive
or zero, the integrals (153) and (154) will diverge. Thus the
behavior of an integrand like |x — ¢|™"¢ as x — ¢, or like z—1*9¢
where ¢ > 0, makes the integral diverge.

The examples of Sec. 71 illustrate the statements just made.
Example (132) with p =2, —1 — p = —3; (135) with ¢ = 0,
p = éand—1+p——A,(139)w1thq—/,—1+q—-1/
are essentially test integrals as they stand. The convergence
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of the integrals (134), (137), (138), and (142) might have been
predicted from the behavior of their integrands as described in
(147), (151), (149), and (148). Similarly the divergence of the
integral (141) could have been predicted from the behavior of
its integrand as stated in (150).

As a further illustration we note that the elliptic integrals

1 dz ’ /
1V (A — 24 — x?) vV (x? — 1)(4 -l— xz)
f V- D -4 19

are all convergent. For the first integral behaves like (z + 1)~
as £ — —1 and like (1 — z)™* as z — 1; the second behaves
like (x — 1)~* as x — 1, and like (2 — z)~** as x — 2; the third
behaves like (x — 2)~*¢ as x — 2 and like 272 as ¢ — .,

There are separate comparison tests for convergence and
for divergence which are more general than that just given. First
suppose that for all x such that ¢ < z < b, f(x) is continuous,
g(x) is continuous and of fized algebraic sign, and near b

Lj; ('3} < M, some fixed number. (156)
Then
b o b
L Sf(x)dxz converges if ]; g(x)dx converges. (157)
The condition (156) will automatically follow if
f(z) f(z)
il_rf; 0) =k#0orif ll_rg e) = 0. (158‘)
In view of the identity
J(@)
) = 2= , 159
@) = 255 9@) (159)

the test just described shows that the convergence of an integral
whose integrand g(x) is of fixed sign is not disturbed by the
introduction of any bounded factor. For example, the integrals

* sinzx
-,ﬁwT¥?“ (160)

f2 sin (x — 1)~ cos (2 — x)~——1dz
1 AV (x — 1)(2 — x)

and

(161)
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both converge, even though they contain factors that change
sign infinitely often in the interval of integration. For they
may be obtained from the convergent integrals (134) and (137)
by multiplying in factors that are always at most one in numerical
value.

The comparison test could also be applied directly, using 2 as
the function g(x) near both limits for the first integral (160), and
for the second integral (161) by using (x — 1)~% near 1 and
(2 — )% near 2 as the comparison function g(x). However, it
is a little simpler to think of each integrand as a bounded factor
times an integrand behaving like these comparison functions.

As an example where the ratio of (158) approaches zero, we
consider

—X

2
lim 9;—2 = lim Q-J—z =0, (162)

z—wo & Ir— ©

where the second limit is evaluated by Eq. (224) of Sec. 17.
We chose the exponent in the denominator as —2 because, by
(154), with p = 1,

fl " z-dz converges. (163)

Thus, we may conclude that
[1 " ez and hence ﬁ) " eedx converges, (164)

as we showed directly in (133).
A similar argument, or a direct calculation, shows that

/ * ¢~r=dx converges for p > 0 and a finite. (164)

Hence e—?* may be used as the function g(z) of either test. For

example, from

lim & = lim —— = 0, (166)

r— © e r— ®

we may conclude that the integral

j; * e~='dx converges. (167)
And from
3 e % xs
}L“ii Sw = lm 52 =0, (168)
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we may conclude that
j; " a%=dx converges. (169)

‘We shall next formulate the corresponding comparison test
for divergence. Suppose that for all x such that @ < x < b, f(x)
and g(x) are both continuous and of fired algebraic sign. And,
near b, let

l.iga% > M, some fixed number. (170)
Then
b . . b .
L f(x)dx diverges if L g(x)dx diverges. (171)
The condition (170) will automatically follow if
lim == /(z) =k # 0, or if lim == J@) _ o or = —o, (172)
r—b g(-’L‘) r—bd (1')

And here the introduction of a bounded factor in the denominator
will not disturb the divergence of an integral, if the old and the
new integrand are both of fixed sign. I'or example, from

lim -‘i—; = lim % = oo, (173)

JI—>r 0 e Ir—

and the fact that

]; " erdy = e : diverges, (174)
we may conclude that
ﬁ) * e=dx diverges. (175)
Again, the divergence of
2
dx X
[ 2 (sin x)(x — 1)(2 — z) (176)
follows from (141) and the fact that for x near 2
1 1
28in 2 > 2 (177)

We state without proof or motivation Abel’s test, which is
applicable to certain integrands that are not of fixed sign. The
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integrand must be the product of two functions f(x) and p(x),
cach of special type. The test states that

/; " f(x)p(x)dz converges (178)

if p(x) s positive and steadily decreases to zero as x increases
to infinity and f(x) is a function such that for some finite value M,

uf f(x)dx

For example, for all x > 1,

<M for all z > a. (179)

xr .,
‘ sinx dr = — cosx

I
[T T cosy + cos 1, (180)
and, since the numerical value of cos x never exceeds 1,

'flx sin x dx‘l < 2. (181)

Also, for p > 0 and = > 1, the function 2= isx positive and
decreasing, with 27» — 0 as @ — «.  Thus by Abel’s test,

[} .
sin x :
/ S dx converges if p > 0. (182)
1 £
Similar reasoning shows that
¥ cos X
/ 1"”1» dx converges if p > 0. (183)
1 o
More generally, since
x 1 \x
am~lsin axmdx = — - cos 2™ |, (184)
1 m 1
the integral
" sin o :
T dx converges if p > 0. (185)
And similar reasoning shows that
¥ cos am .
| prim dx converges if p > 0. (186)

If p > 2in the integrals (182) and (183), orifp +1 —m > 2in
the integrals (185) and (186), the convergence follows from the
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comparison test described in connection with Eq. (159). But the
convergence of such special cases as

® 8in 2 _ ® COS T = 1),
[[Fre w=n [TTFe e-b as)

or

/;w sin (z?)dx p =1 m=2),

ﬁ ) Vzcos (z0dz (p =%, m=2), (188)

could not be established by the earlier tests.

73. Multiple Integrals. Let f(z,y) be a function of z and y
and R a two-dimensional region of the xy plane. For any point
P = (z,y) we define the symbol f(P) by the equation

fP) = f(=,y). (189)

Then we may make a two-dimensional construction similar to
that made on the interval in Sec. 62. We subdivide R into n
small subregions. These may be of any shape but must com-
pletely fill R. We let d, denote the length of the largest interval
having its end points on the boundary of any one of the small
subregions. Let AR; denote the sth region or its area. Select
some point P; in each subregion E; and form the sum

n

Sn =Y, f(P)AR.. (190)
i=1 :
Then for simple types of regions R, subregions AR;, and functions
f(z,y), any sequence of sums S, such that d, — 0 as n — « will
approach a limit. This limit is called the double integral of
f(P), or f(z,y), over R. And we write

jR fP)R =lim 3 f(P)AR:;  if lim d, = 0. (191)
n— oo ;1 n— «

The double integral represents the area of R if f(x,y) = 1.
It represents the volume of the right cylinder whose base is R
and whose height at 2,y is f(x,y), shown in Fig. 68. And, if
f(z,y) is equal to sec v for a surface, the double integral repre-
sents the area of the part of the surface whose projection on the
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xy plane is R, by Eq. (301) of Sec. 57. The double integral also
represents the mass of a plate covering B whose density at z,y
is f(x,y). Furthermore, certain other physical quantities of
plates such as moments or moments of inertia are expressible
as double integrals. See Probs. 38 to 48, Exercises IV (page 189).
The triple integral is similarly defined by starting with a
region R in three dimensions and a function of three variables
f(z,y,2). If when P = (z,9,2), f(P) = f(x,y,2), the defining
relation is again (191), in which the elements AR; like the region

R are now three-dimensional.
Z

Y @ z=f(z,y)
= TRy

0 X b'¢
Fi1a. 67. Fig. 68.

With f(z,y,2) = 1, the triple integral represents the volume
of R. As it stands the triple integral represents the mass of a
solid covering R whose density at x,y,z is f(z,y,2). And certain
other physical quantities of solids such as moments and moments
of inertia are expressible as triple integrals. See Probs. 49 to 54.

We may encounter multiple integrals with more than three
variables. For example, the component of gravitational attrac-
tion of a solid A’ by a solid A, along the z axis, would be the
sextuple integral,

F,= " X(P)dR, (192)
where '
P = (z,y,2,2"y",2"), dR = dxr dy dzdx'dy'd?’, (193)
and

14 / 1 7 !

X (P) = P(x,y’z)P (x Y 4% )(SC —Z ) . 194

P ==+ -y + -2 (194)

An equation similar to (44) applies to multiple integrals whose
integrands contain one or more parameters. For example, let

I= L F(P,u,)dR, (195)
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where P is a point and R a region in two (or three) dimensions.
Then if the region R does not depend on the parameters u and v,

al af
ou /R ou (196)

74. Iterated Integrals. Consider the double integral over a
region R, like that in Fig. 69, which is such that every straight

Y
Y Yy ()
/] d \
Ay, / 1 N, R
k_,/ 7, (@)
0 o X 0 @ x a; X
Frac. 69. Fra. 70.

line through an interior point and parallel to the x or y axis
cuts the boundary in exactly two points. If the subdivisions
AR; of Eq. (190) are rectangles formed by drawing lines parallel
to the coordinate axes, we shall have for the area of the 7th

Y
b2 Y
y xl(y b
Q i
bl o I
Fia. 71. Fia. 72.

subdivision AR; = Az;Ay;. For some rectangles cut by the
boundary of R, only a part is a subregion of E. However, we
still use the whole rectangle, as this simplifies the discussion
and does not change the limit in Eq. (191). We may now
select & in Az; and nx in Ay, and take P; = (&,m). Then
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2 SP)AR; = };f( £ ) AZiAYs
= JE Az; zl:,f (&i,m4) Ay
= é_‘, Ayy, ; f(&i,m)Az;. (197)

In view of Eqgs. (11) and (191), this suggests that
2(x ) x2(y)
Jos®@yar = [“do [ s yydy = [P ay [ jzy)da. (198)

()

The functions and constants used as limits are so chosen that
the region R is made up of those points (Fig. 70) for which

a; < x < ay and yi(x) <y < yalx), (199)
or of those points (Fig. 71) for which
b <y < by and 21(y) <z < zo(y). (200)

[n particular, if the region R is @, a rectangle consisting of
those points for which (Fig. 72)

a<zxz<b and ad <y<b, (201)

the relation just written reduces to

Jor@yar = [ e [ sy = [ ay [ fegdas. (202

The relations (198) and (202) always hold when f(z,y) is
continuous in both variables. When f(x,y) has points, or curves,
of discontinuity or where some of the single integrals have
infinite limits, some or all of the expressions in Eq. (198) may be
meaningless.  Tlowever, if either of the expressions on the right
involves only convergent improper integrals, it will give the
value of the geometrical or physical quantity represented by the
double integral on the left.

The repeated simple integrals that constitute the right mem-
bers of Iiqs. (198) and (202) are called iterated integrals.

Suppose that the region R of a double integral is such that
some lines through interior points cut the boundary in more
than two points. In some cases we may still use one of the
iterated integrals of XEq. (198). Thus the first one, whose
limits are given by Eq. (199), is valid for the region of Fig. 73.
And the second one, whose limits are given by Eq. (200), is
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valid for the region of Fig. 74. In other cases (Fig. 75) it is
usually possible to decompose the region into parts for each of
which one of the iterated integrals is valid. ‘

A discussion similar to that just given for double integrals
could be made for multiple integrals in three or more variables.
This would show that such integrals can be expressed in terms
of iterated integrals involving three or more single integrations.

The expression of double and triple integrals by repeated or
iterated integrals in curvilinear coordinates, and the method
of changing from one set of curvilinear coordinates to another
have already been given in Secs. 58 and 59.

Y Y Y

[}
i

Fia. 73. Fia. 74. Fia. 75.

76. Integrals Containing a Parameter. Suppose that the
integrand of a definite integral contains a parameter, asin Eq. (41),
so that

I(w) = [ * f(x0)dx. (203)
Then the integral of I(u) with respect to u from a’ to b’ is
L Y I(u)du = f " du [ ® f(a,u)de. (204
By Eq. (202), this equals .
L “do [ Y f(w,u)du, (205)

and the integrations with respect to x and u may be performed in
either order.

The inversion of the order of integration sometimes leads
to the evaluation of a particular definite integral. To illustrate
this, consider

/ e =0 =L ifu>o. (206)
0 u
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By integrating both sides of this equatlon with respect to u
from a to b, we find

et e~ — bz b

We may also use the process of differentiation with respect
to a parameter [Eq. (44)] to evaluate integrals. For example,
if we differentiate both sides of Eq. (206) with respect to » and
reverse the signs, we find

® 1 .
ﬁ xe v dr = " ifu > 0. (208)

A similar procedure is applicable to indefinite integrals.
For, let F(z,u) be any indefinite integral with respect to = of
f(x,u). Then we have

L " fzuw)de = Fxu) — Flau). (209)
By differentiation with respect to u, it follows that

f fu(@u)de = Fu(z,u) — Fu(a,u), (210)

where the subscripts denote partial derivatives. The last
equation shows that F,(z,u) is an indefinite integral with respect
to z of fu(x,u).

For example, from

/ E_zc_l'.:caé = %’cam—1 g: (211)

we may obtain

* x 1 X z
f @ror - @ T weray Y

by differentiation with respect to a, follow ed by division by
—92a. And the integrals with higher powers in the denominators
could be found by a repetition of the process.

Similarly, by differentiation, from

I

e 1 N 1
sin ax dx = — 5 ¢os az, and cos ax dr = 5 Sin az,

(213)
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we may obtain

w .
cos ar . z sin ax
f x cos ax dr = T (214)

and, with reversal of sign,

£ .
. sin axr  x cos ax
f 2 sin ar dx = T T (215)

a

And the integrals with higher powers of r could be found by
repeated differentiation.

The procedure just illustrated simplifies the systematic
construction or checking of a table of integrals.

76. Series Methods. Definite integrals of functions for
which no indefinite integral can be found can sometimes be
calculated by the use of infinite series.

One method is to expand the integrand in a power series, or
power series combined with other terms easy to integrate. Thus
from

U
0"’=1—x+2—!—3—!+"-; (216)
we may obtain the expansion
ﬁ.—j—l_1+ﬁ_f’j+.... (217)
x  x 2! 3!

From this, we find by termwise integration that

Tee 72 e
L—x‘d’”‘ (log“'_x+é—-”2"!_3”-"3“!+ . )

This method has been illustrated in Probs. 68 to 75 of Exercises |

(page 42).
Some integrals may be computed by using a series expansion in
powers of a parameter. For example, consider the expansion

(623 + a2e—2z)—}é P e—-—x — _%a26‘-5z + %a4e—91¥ + o e e, (219)
From this, we find by termwise integration, that

z dx _ __,+__1__a26—5z_la4—9x+...
(@ F aten - "¢ 10 24%° 2o
(220)

x

(218)

£o
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This is valid if ae=** < 1 at both limits and converges rapidly
if ae=** is small compared with unity.

Repeated integration by parts will sometimes lead to a series
expansion of an integral. For example,

T oz e T e~z
T e e? T e

and so on. This suggests that the expansion

Tee 1 1 2! 3!
f—-’x:e—z(—j-_'-_—é— +_Z_...)
X X

x0 L :133 X

x

(223)
may be used to compute the value of the integral on the left.
Owing to the factorials in the numerators, for any value of x
the terms ultimately increase indefinitely, and the infinite
series diverges. However, the error made by stopping at any
point is of the order of magnitude of the first term omitted.
Consequently, for large values of x, the first few terms will give a
good approximation to the function expanded. Divergent
expansions with properties like those just described are known as
asymptotic series. If xo and x are both large compared with
unity, the use of the asymptotic series (223) involves less compu-
tation than the use of the convergent series (218). If we wished
to compute the integral from 1 to 100, a practical procedure
would be to use (218) for the interval 1 to 10 and (223) for the
interval 10 to 100.

77. Graphical Integration. Suppose that the values of the
integrand f(z) can be found numerically. For example, f(z)
may be given by a simple function with all parameters specified
so that its values can be calculated. Or f(x) may be known
directly from a series of tabulated values, or from a graph.
Under any of these conditions a graph showing the values of
f(z) for a < x < b is either at hand or may be constructed.
Then the integral of f(x) from a to b is represented by the area
A bounded by the curve, the x axis, and the extreme ordinates.
Since it is usually desirable to take different units on the x and
y axes, the numerical value of the area must be figured with
due regard for the scales used. We proceed to describe several
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methods of finding the area A, and hence an approximate value
of the integral by means of the relation

L * f(@)dx = A. (224)

We shall illustrate these methods for an integral whose value
is known,

S 10 '
I = /0 10 sin 7z dx = — = 3.18310. (225)
The graph of y = f(z) = 10 sin =z between the limitsz = a = 0
and ¢ = b = 14 is shown in Fig.
Y 76. .
10 B —¢ By sliding a transparent
pd straightedge over the graph paral-
6.5 D // E  lel to the x axis until the right posi-
/ f tion, as estimated by eye, is
/ reached, we may rule a straight
/ : line parallel to the x axis such that
l4_ the part of A above this line has
0 03 the same area as the part below.
Fia. 76. If the ordinate of this line is f,
[} 1@)de = © = a)f, (226)

‘where f is read in the units of the y scale. In Fig. 76 we have
ruled in the line DE, whose ordinate f = OD = 6.5. Thus

I = (- a)f= 3)(6.5) = 3.3 approximately. (22‘7)

A second method is to estimate the number of coordinate
squares in A. Thus, in Fig. 76, A contains 14 whole squares,
and parts of squares that aggregate about 5 squares. One way
to account for the scales used on the x and y axes is to use the
squares to find the ratio of A to some rectangle. For example,
in the figure the rectangle OACB contains 30 squares and, with
the scales used, has an area figured as 10(}4) = 5. Thus

I = A = 33(5) = 3.2 approximately. (228)

-Or we may use a planlmeter to find the ratio of A to some
rectangle. For the theory of the simplest type of planimeter,
see Prob. 115 of Exercises IV (page 197).
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Results such as we have obtained, which are accurate to
within a few per cent, are often useful as checks and are suffi-
ciently accurate for some purposes. The planimeter method,
or a refinement of the square counting in which the unit is a
square centimeter and fractions are estimated with the help
of millimeter rulings, may be made to give slide-rule accuracy
or an error less than one-half of 1 per cent. For greater accuracy
we may use an arithmetic method such as Simpson’s rule, which
is described in the next section.

78. Numerical Integration. We shall next consider methods
of computing the integral of f(x) based on a table of numerical
values of the function. Let the
interval from a to b be divided Y

into n equal parts, each of length g n;,P‘\Pg
b—a Py
h = . (229) v v
Yn
Call the ordinates of y = f(z) at e
the end points and points of 0 @ b X
subdivision Yoy, Y1, Y2, © ° ° 5 Yn. * Fia. 77.
If these meet the curvey = f(x)
at Po, Py, Py, + -+, P, the area under the curve may be approxi-

mated by that under the polygonal line whose vertices are at
these points. But this area is made up of trapezoids with areas

h

h h
5 (o + Y1), -2'-<y1 +y) 0, 5t ). (230)
Ience the approximating ﬁrea is

Ae=h (%’ +yi+y2+ 0 A Y + %ﬁ) (231)

This formula for an approximate value of the integral of f(x)
from a to b [Eq. (224)] is known as the trapezoidal rule.

Let us compute the integral (225), using the trapezoidal
rule with n = 2 and also with n = 4. Here f(z) = 10 sin =z.
And, since a =0, b = 14, by (229) h = }4 when n = 2 and
h = 1§ when n = 4. Using M to denote the multiplier of y; in
(231), we construct the following table.
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n=2h=1 n =4 h =14
z 10 sin 7z = y -
M My M My

0 0 1g 0 4 0
0.125 3.827 1 3.827
0.25 *7.701 1 7.071 1 7.071
0.375 9.239 1 9.239

0.5 10 1g 5 13 5
412071 8/25.137
3.018 3.142

The error in using the trapezoidal rule is of the form Kh?
where, for a given integral, K changes slowly with the value
of n used. Hence, when we change from n; to n. subdivisions,
the error is multiplied by a factor that may be roughly estimated
as (n1/my)%. In the example just worked out, the errors are
found from the exact value given in (225) to be 0.16 when n = 2,
and 0.04 when n = 4. Their ratio is ¥4 which is of the order
of magnitude of (14)%. The behavior of the error may be used
to estimate in advance the error of successive approximations.
Thus, suppose we did not know the exact value of the integral
in (225) but found as above the values of A; as 3.018 for n = 2
and 3.142 for n = 4. If the second value is an improvement
on the first, the first has the units figure correct and is in error
in the tenths figure. And, if the error of the second is about
(14)? times that of the first, its error must be in the hundredths
place. Thus the correct value is within some hundredths of
3.14 and we should expect a result correct to three figures would
result from taking n = 8. It is simpler to take n = 10, and
for this we find A, = 3.177, for which the error is less than onec
in the hundredths place. The last value could be improved by
noting that if 3.177 is relatively correct, the error of 3.142 is
0.035. Thus, the estimated error of the result for n = 10 is
(0.035)(4{0)2 = 0006. This leads to the improved value
3.177 4+ 0.006 = 3.183.

If the number of subdivisions n is even, we may approximate
the curve y = f(z) of Fig. 77 for each pair of intervals, ag PP P,
by a parabolic arc passing through the three points. The area
under this parabolic arc, shown in Fig. 78, may be thought of
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as a trapezoid under the chord PP, plus the parabolic segment
between the parabolic arc and the chord. The area of the
trapezoid is '

QoQ23(QoPo + Q2P2) = 2h5(yo + y2) = h(yo + y2). (232)

The area of the parabolic segment is 24 the area of the circum-
scribing parallelogram PoP,'P,'P, or

2 h :
g‘Qon - PP, = 3 (2h) (?/1 L ; yz) =3 (4y1 — 2yo0 — 2y»),
(233)

since

P/Py = QiPy — QP = yy — L2 *2' 23 (234)

By adding the right members of Eqs. (232) and (233), we find
that the area under the parabolic arc

P ()P 1P 9 is Y, P’

h 0 R

g W+ 4y ). (235) ‘

B il

In Fig. 78 the areas of the trapezoid P
and parabolic segment were positive ! P,
and were to be added. However, in sl p>
all cases the correct algebraic area
under arc PoP.P, is given by (235). ) % @ Q X

We may write similar expressions
for the areas under parabolic arcs

through PyP3Ps, P,PsPg, + + * , Po_oP,_1P,, namely,

Fre. 78.

h
:0;7 (y2 + 4ys + y4); g (y4 + 4y + yﬁ)r T,

5 (s + 4ass + 9. (236)
If we add all the expressions in (235) and (236), we find

Ay =5Wo+ 4y + 2y + 4ys + 2y + - - -

+ 2yn—s + 4ynr + ya), (237)

oo =
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since each #; with ¢ odd is a middle ordinate and, except for
Yo and Y., each y; with 7 even is an end ordinate twice. Formula
(237) for an approximate value of the integral of f(z) from a to b
[Eq. (224)], in which n is necessarily even, is known as Stmpson’s
rule.

Let us apply Simpson’s rule to the integral (225), again
taking n = 2 and » = 4 as we did when illustrating the trape-
zoidal rule. Here we construct the table:

i n=2h=1 n=4h=14
I 1 10 sin7x =y e e
M My M My

0 -0 1 0 1 0
0.125 3.8268 — 15.3072
0.25 7.0711 1 28.2844 | 2 14.1422
0.375 9.2388 4 36. 9552

0.5 10 L 10 1 10
| | 12[38.2844 24(76. 4046
L 3.1904 3.1835

Although we used parabolic ares in deriving Simpson’s rule,
the same approximation would have been obtained by using cubic
arcs. Thus the error is of an order in h two higher than that
for the trapezoidal rule. For Simpson’s rule the error is of
the form Kh* where, for a given integral, K changes slowly with
the value of n used. Hence, when we change from n; to n,
subdivisions, the error is multiplied by a factor that may be
roughly estimated as (n1/n2)% In the example just worked out,
the errors are found from the exact value given in (225) to be
—0.0073 when n = 2, and —0.0004 when n = 4. Their ratio is
1{g which is of the order of magnitude of (}4)% The behavior
of the error may be used to estimate in advance the error of
successive approximations. Thus, suppose we did not know
the exact value of the integral (225) but found as above the
values of A, as 3.1904 for n = 2 and 3.1835 for n = 4. If the
second value is an improvement on the first, the first has only
a slight error in the hundredths figure. And, if the error of
the second is about (14)* times that of the first, its error must be
in excess and either in the last figure, or a small error in the
one before the last. Thus the correct value is within 0.06°
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of 3.183. We could improve this by assuming 3.1835 as rela-
tively correct and so calculating the error of 3.1904 as —0.0069.
From this we estimate the error for n = 4 as

(3)4(—0.0069) = —0.0004,

which added to 3.1835 gives 3.1831 as probably correct to within
I in the last place. With n = 8, we should expect to get directly
a result correct to four decimal places. It is simpler to take
n = 10, and for this we find A, = 3.18312. This has a last
figure only 2 in excess of the correct value, which is not surprising,
since we would have estimated the error in advance as

(%)*(—0.0004) = —0.00001.

With the same number of subdivisions, Simpson’s rule is
always more accurate than the trapezoidal rule, and the advan-
tage is greater the smaller the value of & used. Thus Simpson’s
rule is preferable whenever great accuracy is needed. The
trapezoidal rule is chiefly used when the sum of the ordinates
has already been calculated for some other purpose. If the
ordinates are tabulated for an odd number of intervals, say
2m = 1, each of length H, we may use Simpson’s rule for the
first 2m intervals with n = 2m and h = H. And for the last
interval from ¥y, t0 y2my1, Wwe may either use the trapezoidal
rule or interpolate one more value yzmi1s and use Simpson’s
rule with n = 2) h = H/2. In interpolating for ysm.1s we must
either use higher differences or graphical methods, since linear
interpolation would lead to the same result as using a single
trapezoid.

79. References. Throughout this chapter we have frequently
referred to tables of integrals. Besides the tables of this type
to be found in most handbooks and many elementary texts
on calculus, we may in particular recommend B. O. Peirce’s
Short Table of Integrals and H. B. Dwight’s Tables of Integrals
and Other Mathematical Data as being especially comprehensive.

The reader interested in theoretical questions connected
with the material of this chapter is referred to the author’s
Treatise on Advanced Calculus, where he will find proper integrals
discussed in Chaps. VI, VII, and XI, and improper integrals and
convergence questions discussed in Chaps. VIII, IX, and XII.
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EXERCISES 1V
1. Show that ‘La fx)dz = /(; ‘ f(a — z)dz. And in particular

r/2 /2 T T
ﬁ)/ F(sin z)dz = [) F(cos z)dz, ﬁ) F(cos x)dx = l(‘) F(— cosz)dz.
2. If f(x) = f(—=x), f(z) is called an even function. Show that for

an even function /_Oa f(@)dx = ﬁ,a flx)dx = 14 /_aa f(x)dzx.

3. If f(x) = z* + 32% + 1 and a = 2, verify the relations of Prob. 2
by calculating each integral directly.

4. If F(u) is any single-valued function of u, show that each of the
functions F(x2), F(cos z), and F(sin? z) is an even function of z.

6. If f(x) = —f(—x), f(x) is called an odd function. Show that

0 a a
for an odd function l;af(x)dx = —ﬁ) f(x)dzx and /;af(a;)dx = 0.

6. If f(x) = 2 — 2z and a = 2, verify the relations of Prob. 5 by
calculating each integral directly.

7. If F(u) is any single-valued function of u, show that each of the
functions xzF(x?%), sin z F(cos z), and tan = F(sin? z) is an odd function
of z.

8. If f(x + T) = f(x), f(x) is called a periodic function having 71" as
a period. Show that for any such function and any positive integer n

a+T T
L flx)dx = ﬁ) f(xz)dz for an interval of one complete period, while

a+nT nT T .
j; f(x)dz = ﬁ) fx)dxe = n /(; f(x)dz, for n periods.

9. If f() =sinz,a =2, T = 2r, and n = 7, verify the relations
of Prob. 8 by calculating each integral directly.
10. If F(u) is any single-valued function of u, show that F(sin x)
and F(cos z) each have the period 2. And if F(u) is an even function,
F(sin z) and F(cos z) each have the period . ‘

Find dI/du, using Eq. (48) and check by integrating first:
3u? u
11, L " (@2 + ut)da. 12. [) V¥ @ + A u)dr.

b
/c'ﬁ‘cxi) dz, where a and b are independent of c,

13, If I(c) = f p

show that dI/dc = 0. Hinr: Use Eq. (48) or make the substitution
cx = L.

14. Find dI/de if I(c) = / :f - SR g See hint to Prob. 13.

x
16. If I(a) = /(; ‘ f(az)dz, show that —% ) ((m-;)-a— I(a), Hinr:
Use Eq. (44) and then integrate by parts, or else make the substitution
az = t in the integral before using (44).
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As illustrations of Prob. 15, find d//da if

16. I(a) = -/(;x tan—! az dx. 17. I(a) = /OI sin~! ax dz.
Evaluate each of the following indefinite integrals:
6 dz [ z dx 4 dx
18. -z 19. @+ D(z — 1) 20. gy
z? + 1 f v'dx
2 .
21. / (z — 1)4 2 (2 4+ 4)(x — 1)2

Derive each of the following integration formulas:

(cx+d)dz _ac+d
s f

+d ele —bl, asb.

F—a)(x — b a— i
(cx + d)dr _ _ ac _+ _
24. / =t - T z- +clog|1‘ a|

{ (cx+d)ydz _ ¢, _ )
2. f@—aw+w‘§ sl =m0+ ¥
ac + d
b

+ tan—1 =%, b#~0.

In Probs. 26 to 33, X = ax? 4+ bx + ¢ with a # (.
. 20z + b
26. f - sin~!
\/~ \/—a \/b2 ~ dac

217. — | ax—}— + VaX|, > 0.
/ \/ \/u og VaX a

28. Deduce the formula of Prob. 26 from that of Prob. 27 by writing
a = —q2, VvV a = ig, omitting the absolute value signs and interpreting
the logarithm of a complex quantity as in Sec. 5.

a < 0.

dx
(z—r VX
may be reduced to an integral in ¢ of the type of Probs. 26 and 27 by the
substitution x = r 4 I/t. Hence deduce the result stated in Prob. 30.
30. With S=art4+br+c¢, T =2ar+0b, U=br-+ 2, show that

29. Show that when r is real the problem of evaluating

dx 1 Te + U -
o = % . gint S <0,
f@—wywx —3 (v—ﬂ\“L—Mc
and
dz 1 Tz + U — 2+/8X] .
o b N> 0.
[z - =

Hint: Use Prob. 29, and note that 7% — 4a5 = b* — 4ac.
31. Show that, if r is complex, the sum of the conjugate complex terms
- dz

k/(x—r)\/X+k (w_;—{/}}_ Rk/mlsareal
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quantity which may be found by using the last formula of Prob. 30,
omitting the absolute value signs, and interpreting the logarithm as in
Sec. 5.

32. Verify that, if X = ax? + br + ¢,

d o _anz” + b(n — 18)en—1 4+ e(n — 1)xn2?
da: (x 1 ‘\/}—{) = '\/—X ’

so that the integral of the left member, z»~1 /X
’d+b( . ”"1d+( 1) "—zd
= an x —=dz + c(n — = dx.

VX ) VX /

Use this to deduce the reduction formula (105) of the text.
83. Verify that, if X = az? + bz +¢, S = ar2 + br + ¢, T = 2ar + b,

i[__\_/.)—(. ] _ —am—=1)  (m-=31HT mS
dx T @=rVX - @—r)mVX (3 — ) VX

(x — 7)™
so that

VX / z
D = — -1 -
Gonr = T T e X
- (m — —1-) T f A= msS [ de .
2 (x —r)»vVX TS @ - /X
Use this, with S = 0 and m = k, to deduce formula (108) of the text;
and, with S ¢ 0 and m = k — 1, to deduce (107) of the text.

dz
a4+ bcosr+csinx

34. Show that the integral f is equal to

9 c+(a-—b)tan;
, if a? > b% + c?; and te

O tan“[ e
Vat — b — ¢ Va* — b2— ¢?

) Vb4 ¢t —at—c— (a —b) tang

\/p—‘z‘:“élog s z
+ct—a \/b2+cz_a2+c+(a—b)tan§

)

if a? < b% 4+ c2
36. Show that if a2 = b2 + ¢? and a 5 b, the integral of Prob. 34 is

equal to —2 ~ Ifa?2 =02+ c2and a = b, so that « = 0
¢+ (a — D) tan§
. . dz _1 x
the integral is f it acosz @ tan 3
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36. By taking real and imaginary parts of

[ e(u-Hn')t
elatbiady = ————s-y
a+ b

deduce the indefinite integrals

e**(a cos br + b sin br)
a? 4+ b?

/ e** cos bx dx =

and
ee*(q sin bxr — b cos bx)ﬁ
a? + b2

37. By considering the integrand or indefinite integral near x = 0,
1
show that /_1 (4 + 1/x*)dx diverges. Thus the ‘“‘area’” under the arc

y =4+ 1/2% between —1 and 1 is infinite. Note that a simple-
minded use of the indefinite integral would lead to an incorrect conclu-

/ ee* sin bx dx =

. . 1t
sion, since 4z — — =6
r|—-1

38. The double integral fR p(r,0)r dr df represents the mass of a

plate if p(r,0) is the density, or mass per unit area, in terms of polar
coordinates. Find the mass of a plate in the form of a triangle with
vertices at (r,0) = (0,0), (1,0), and (\/ﬁ, w/4) if its density is p = 12r2.

39. Check Prob. 38 by using Cartesian coordinates. The mass is
now _/;e p(x,y)dx dy, the density p = 12(z? 4+ y?), and the vertices
(xyy) = (0;0)) (1y0)) and (1’1)

40. Let M, and M, denote the moments of a plate about the x and
y axes. Then M, = ,Le ypdxdy and M, = /R xzp dx dy. Find these

for the plate of Prob. 39. Hence find its center of gravity (Z,7) from
T=M,/Mandy=M,/M.
41. The moments M, and M, of Prob. 40, in terms of polar coordi-

nates, are M, = ﬁe prisin 0drdd, M, = fR pr? cos 0dr df. Use

these to check the values found in Prob. 40.
42. Let I., I,, and I, denote the moments of inertia of a plate about

the z, y, and 2z axes. Then [, = /R pyidx dy, I, = /I.sz2dx dy,

I, = Li: p(x? + yHde dy = I, + I,. Compute I,, I,, and I, for the

plate of Prob. 39.
43. The moments of inertia of Prob. 42, in terms of polar coordi-

nates, are I, = _Lz prisin?@drdf, I, = _/;z pricos?fdrdf, I, = /R pridr do.
Use these to check the values found in Prob. 42.
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44. A plate formed of that quarter of the circle z? 4+ y% = 4 for
which = 0 and y = 0 has its density p = 1. Find its center of
gravity (Z,9). See Probs. 41 and 40.

46. Find the moments of inertia I,, I,, I, for the plate of Prob. 44,
See Prob. 43.

46. The total water pressure on a gate, filling the region R of a vertical

xy plane, is P = /R wy dx dy. The z axis is in the water level, the y axis

is downward, and w = 62.5 lb./ft.* Show that P> = wM, = wMy,
where My = M, has the meaning of Prob. 40 for a plate covering R of
density p = 1. Find the pressure on a vertical circle of radius 2 ft.
whose center is 4 ft. below the surface of the water.  Strictly speaking,
P is the total force on one side of R due to liquid pressure, or force per
unit area.

47. T.et F, denote the component parallel to the ¥ axis of the attrac-
tive force of a plate on a particle of mass m at the origin. The value of

F, = dx dy. Show that in polar coordinates this is

" IR (@* z+ W
F, = my fR" sn b e,

48. A plate formed of that half of the circle 2 + »* = 2ay for which
¥ = a has its density p = k, a constant. Find the attractive force of
this plate on a particle of mass m at the origin. See Prob. 47 for F/, and
note that ¥, = 0.

49. Compute the volume of that octant of the sphere of radius a
22 + y* 4+ 22 = a? for which 2 0, y = 0, z = 0 by using the triple
integral V = [ dx dy dz.

50. Compute the volume of Prob. 49 by using the triple integral
fr2sin ¢ df d¢ dr. See See. 59.

651. Compute the volume of Prob. 49 by using the double integral

= [z dx dy.

52. Compute the volume of Prob. 49 by using the double mtegral

= [zr dr d8.

53. Let M, denote the moment of a solid of density p with respect to
the xy plane whose equation is z = 0. Then M, = [pzdzx dy dz. Show
that, in the coordinates of Probs. 50 to 52,

M. = /pr‘(os¢sm ¢ dideo dr = /2 2¥dx dy = /—z’rdrd@

64. A solid of uniform density p = k covers that half of the sphere
x4 y* 4+ 2?2 = a? for which z 2 0. Find M. from the last expression
in Prob. 53. Hence, find its center of gravity (0,0,2) from z = M./M,
where M = [pdV, or kV, since p = k.
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66. By successive differentiation of ./(; . e~szdx = 1/a with respect
to a, deduce that /; " gre—vedy = nl/an+1, for n any positive integer.
1
66. By successive differentiation of ﬁ) atdr = 1/(b + 1) with respect

to b, deduce that /(-) ' 2 (log x)"dx = (—1)"n!l/(b + 1)»*, for n any posi-
tive integer.
57. Check the result of Prob. 56 by applying the substitution
e~ = { to the result of Prob 55 and putting a = b + 1.

1
58. From ﬁ) rudr = ——-_-+:~~i, by integration with respeet to u, show
124 — a:° d+1 .
thatf lg:c 10gc_+—_1’ if d>c¢c> -1

69. Check Prob. 58 by applying the substitution e—= =t to the
integral of Eq. (207) of the text and putting a = c + ,b=d+ 1.
60. It follows from Prob. 34 that / ST
a — cos T \/(12 —1
a > 1. By differentiating with respect to @, show that the integral

4 dr ra
ﬁ) (@ — cos 2)? ~ (a® — “‘1")37: if @ > 1.

61. Show that f

T, ifa > 0. By differentiation with

' + 2 4 a2 2a
dx
respect to a, deduce that f ¥ a)E = 3 if a > 0.
62. By repeating the procedure of Prob. 61 n times, show also that
eo dx m 1:3:5--+2n—23)
/(; @+ a¥)n = 0u2 33476 - - (2n =2 a >0, n a positive

integer.
63. By putting z = a tan ¢ in the integral of Prob. 62 and suitably
changing the notation, show thdt for n a positive integer, the integral

2 71-3:5---(2n—1)
ﬁ) cos v dx = 579 46 on
dx 1 . L .
64. Show that / @+ a)% = @ By differentiation with
dx 2

respect to a, deduce that /(; @ F ab)% = 3av

66. By repeating the procedure of Prob. 64 n times, show that

® dx 12-4- -+ (2n = 2)
[) (wm?);;;; = (52" g*“5 . (Zn _ )7 n a posltlve mtegel

66. By putting £ = a tan ¢ in the integral of Prob. 65 and suitably
changing the notation, show that for n a positive integer, the integral

V2 g 27462
ﬁ) COSTTT AT = g 7 T @0 + 1)
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/2 /2 .
67. By Prob. 1, ﬁ) sinm.z dr = /; cos™ x dr. Show that this
leads to the evaluation when m is any positive integer by using Prob. 63

for m even and Prob. 66 for m odd.

68. From f i + u2x2 = %&’ u > 0, by integration with respect to

w -1 — -1
u, deduce that ‘/(; tan”! bw x.tan 2 dx = glog Z—; b>a>0.

69. Using Prob. 36, evaluate the two following improper integrals
- x —_ ..__g/___« ? —az g b

/(; e cosbxdx—a2+b2,ﬁ) e~°* sin bx dxr = 2_*_b2,a>0
70. From Prob. 69, by differentiation with respect to a, show that

— h2
/(; re~e* cos bx dr = (_21—1;1—)272’ a > 0, and

2ab
(a2 + bz)z’

71. Check the results of Prob. 70 by differentiation of the relations
of Prob. 69 with respect to b.

72. From Prob. 69, by integrating with respect to a from
a = 0to a = ¢, deduce that if ¢ > 0 and b > 0,

ﬁ)m ze—* sin bx doz = a > 0.

c? 4 b2

1
dxr = 5 log " and
w (1 — e~°*) sin bx
A

o (1 — e~e) cos bx
J

X

_ T pant b

p dx 5 tan .

73. From Prob. 69, by integrating with respect to b from p to ¢, show

that /eo e~* (sin gr — sin px)
0 x

» €79% (COS ¢T — €OS pT) , o+ p*
ﬁ) . d:lc—210gaz_}_q2 Assume ¢ > p = 0.

74. If a — 0, the second equation of Prob. 73 assumes the form
® COS qT — COS PT
ﬁ) T2
of Prob. 72 written first with ¢ = r, b = p and then withc = s,b = ¢to
w 7Tt CO — p—sz 1 8?2
deduceﬁ) ¢ TR P? p ¢ cosqxdx=_2_1 7‘2-_::1(5
76. With p = 0, the first equation of Prob. 73 is simplified to

/(; ® f-—a—-EMiv dx = tan—! %- By letting @ — 0, deduce further that

dz = tan"‘g — tan™! g y and also thaf‘

dx = log g Combine this with the first equation

» sin Q% . . : T,
/; xqdx=-2-1fq>0,=01fq=0,and=—§1fq<0.
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» sin gz

76. Let I(q) = ﬁ) dz. Show that the derivative dI/dg

cannot be found by using Eq. (44), since ﬁ)” sin qz dz is divergent and

we have possibility 1. But, by using the values found in Prob. 75,
show that if ¢ = 0, dI/dgq = 0.

77. Show that /;“ Mfwm = 2: ifa > |b|, if a = |b], and
= 0if a < |b|. Hint: Use Prob. 75.
© 2
78. Show that / s‘!&@ dz = |a g Hint: Integrate by parts and

use Prob. 75.
79. Using the method or result of Prob. 78, show that the integral
© cOS ax — cos bx T
ﬁ) e dr = (I.bl - lal? 5
» @ sin £ — sin ax
80. Show that /(; ' o
grate by parts and use Prob. 74.
81. Let N(x) be expressible as a sum of terms, each of the form

Ae~* sin ax or Be—:* cos bx, with r = 0 and s = 0. Suppose N(z) is

dz = alog |a|]. HinT: Inte-

such that the integral f N )dx converges for some particular

integer n greater than one. Show that this integral may be evaluated
by integrating by parts n times and using the results of Probs. 74 and 75.
Problems 78 to 80 are illustrations.

82. Let V denote the volume in the first octant (x = 0, y = 0,
z = 0) bounded above the surface z = ¢==*~+*. Show that the volume

V = [z de dy = /0«, dx ﬁ)m e~z vidy = ﬁ)w e~*'dx /(;w e v'dy

© 2 .
= ( /(; e‘x’dx) . And in polar coordinates the value of the volume is

/2 o
V = / 2r dr df = ﬁ) / do [) e’rdr = w/4. Use these relations to
deduce that j;w e~='dz = \/7/2.

1
83. Show that f ——(—iiv—_—— = /7. Hint: Put 2 = ¢ and use
° +/|log ]
Prob. 82.
84. Show that L e-estdy = /m/(2 \/E),a > 0. HinT:Substitute

z = t/A/a and use Prob. 82.
85. By differentiation of the integral of Prob. 84 with respect to a,

deduce that f " 22e-o2’dy = V' yva > 0.
0 4q

S



194 INTEGRATION

86. By repeating the procedure of Prob. 85 n times, show that

ﬁ) pingmastgy — VT 1:3°5 - (2n — 1)
. »\/a 2ntlgn

87. For a Gaussian or normal distribution, the frequency of an error

x is ke~=*, This means that the probability of an error z falling

» n a positive integer.

b
between a and b is /; ke=*=*dx. The probability of an error of some

size is certainty. This leads to the relation f_: ke~#z*dx = 1. TFrom

this relation, Probs. 84 and 2 show that k = h/ V.
88. With the notation of Prob. 87, the mean square error is defined
by u?= /_: z2ke—"="dz, where k = h/~/m. From these relations,

Probs. 85 and 2 show that u = 1/(h /2).
89. The error function of x, erf z, is usually defined by the equation

erf x = 2 / “¢~edt. With the notation of Prob. 87, the probability
Vo /0
of an error falling between —c and ¢ is P. = /_c ~—ﬁ: e~ *7*dx. By
‘vVm

putting hx =t and using Prob. 2, show that P, = erf (ch). Most
mathematical tables include values of the error function, computed from
the series found in Prob. 68 of Exercises I (page 42) or for large values
from Prob. 90 which follows. The probable error € is defined as the
number such that the probability of an error falling between —e and e

is % Show that % = erf eh, so that eh = erf~! 0.5 = 0.4769, from the

tables. Thus e = 0.4769/h.
90. By successive integration by parts, derive the asymptotic series

ﬁwe"“?dﬂt:=e‘“’2 —1—— L 1-3 1.3'5—{- - ) From Probsy

2 2% 275 2%

89 and 82 deduce that erf z = 1 — 2. fr ) e~=*dz, so that the asymp-

VT
totic series of this problem enables us to compute erf z easily when z is
large compared with unity.

91. From Prob. 84, by integrating with respect to a from p to g,
show that j;w QZL;“Q(ZWCL. dx = (V¢ — Vp) V7T, q¢>p > 0.

92. Show that / °; e~#' =/ aty = -\2/7—; e~2¢, HinT: Let the integral

be I(a). Find dI/da and from the substitution = a/¢ in the resulting
integral deduce that dI/da = —2I, so that d(log I)/da = —2 and
I = ke=?¢, Finally, evaluate k& by putting @ = 0 and using Prob, 82,
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93. Show that ﬁ) " =+ cos ax dz = 4" e-e/4, HinrT: Let the
integral be I(a). Find dI/da and by integrating the resulting integral
by parts deduce that dI/da = — g I. Then proceed as in Prob. 92.

94. Show that ﬁ) * re=" sin az dzr = a # e~e’/4, Hint: Use Prob.
93 and differentiate with respect to a.
/2
96. Show that fo log sin zdx = — 7—2" log 2. Hint: By Prob. 1,

/2 ) x/2 i
I = [) log sin z dz = /(-) log cos x dz. Hence the integral

/2 /2
J = /(; / log sin 2z dz = ﬁ) (log sin = + log cos z + log 2)dzr or
=2 + glog 2. But if we make the subsitutiont = = + g, we find that

T T/2
//2 log sin tdt = /; log cos xdr = I. And if we place z = ‘—zt,

L[ r 1 /2 . ,, .
J = Q/(; log sin ¢ dt = 5(/{; log sin ¢ dt + /;r/z logsmtdt) or
- %(21) = 1. Thus2l +Flog2=J = I,and [ = — T log2.
- 2

96. Show that [) zlogsinzder = — 752— log 2. Hint:Ifx =7 — ¢,
K = [ zlogsinzdz = [)" (r — 1) log sin t dt = 2x] — K, where I
is the integral of Prob. 95, so that K = 27 — K and K = 7rI

97. Show that / log (@ + b cos 2)dz = wlog + \/a - a > |bl.
Hint: Differentiate with respect to a, use Prob. 34 to obtaln the result

L " a +%ZIJ \/af:_:’ then integrate with respect to a and deter-

mine the constant by subtracting /; i log a dz = m log a to deduce that
fr lo (1 + b cos'x) dx = 7 lo (1 + \/1 + éf) 4+ C, and lettin

, log . 00r 8 3 ) g
a— ®,

w/2 —_Lh
98. Show that f_,, 108 (@ + bsin 2)dz = 7 log * + ‘/2“2 0 it

a > |b|. Hint: Use the method of Prob. 97, or else put z = 1§r —tin

the result of that problem.
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99. Show that ﬁ: log (p*+ ¢ + 2pq cos z)dz = 2r log |p|, if

|p| < lgl, and 27 log |ql, if |g| > |p|. Hint: Use Prob. 97.
100. The relations of Prob. 99 suggest that if ¢ = p, or ¢ = —p, the
value of the integral is 2x log |p|. Check this by showing that

T /2
]; log (2p? + 2p? cos x)dz = 4 ﬁ) log (2 |p| cos t)dt and
T . x/2
/(; log (2p* — 2p? cos x)dz = 4 /(; log (2 |p| sin t)dt

when £ = 2¢t, and using Prob. 95.
101. Show that [)T log (1 + b cos 2)
cos
Differentiate with respect to b and use Prob. 34. Then integrate with
respect to b and put b = 0 to determine the constant.

r/2 .
102. Show that ﬁ) log (1 +bsinz) dr

1 —bsinzg/ sinz
f"/2 log (1 + b sin z)
—7/2 sin x
or result of Prob. 101.
By successive integration by parts, derive the following asymptotic
series:

dr = sin~1d, |b] < 1. Hint:

dx = wsin~'b, |b| < 1. Hinrt: Use the method

cosx? sinx? 3cosz® 35 sin 2

103. L " sin #%dz

2z 20203 T s T 247
© sinz? cosx? 3sinz? 3-5cosz?
104. / cos 2¥dxr = — -+ 23 T o8ms T T T oig
2z 22z 23 2%
® gin 2 cosxz  sinz 2lcosz 3!sinz
106. / —dzx = - — — — i+
x z x z z z
106 /“’ cosxd _ sinz +(cosx 2'sinz  3lcosz
* U z - x x? z8 xt

w/2 i
107. Show that ﬁ) log §_g:1£_:v dr = g (1 —logw). Hint: The

/2 /2
integral = j(; log sin z dx — ﬁ) log z dez. See Prob. 95 for the first
integral and Sec. 70 for the second.

Compute an approximate value of each of the following integrals
by using Simpsan’s rule, with n = 10. Compare your results with the
numerical values found by the alternative method indicated.

2
108. ,[1 -‘i—x = log 2 = 0.69315, from the indefinite integral.

dx

109. o TF 72

= l—r = 0.785398, from the indefinite integral.
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1

110. [) e~'dx = 0.74682, from Prob. 72 of Exercises I (page 42).
1

111, /(; sin 22dx = 0.3103, from Prob. 73 of Exercises I (page 42).

1
112. ﬁ) cosh x%dxr = 1.1047, from Prob. 74 of Exercises I (page 42).

0.5 gin x . )
113. |, = dxr = 0.4931, from Prob. 75 of Exercises I (page 42).

/2 sin
114. |, log Y dx = —0.22734, from Prob. 107 above.

116. Let OA and AB be two movable rods, hinged together at A,
and let OA rotate about the fixed point O. If S is the area traced out
by the rods in moving from a fixed to a variable position, shaded in

Fic. 79.

Fig. 79, show that dS = }4a%da + 14b%dB + b dp. In this expression
a = LX0A, OA = a,B = LX'AB, AB = b and the differential dp is
measured perpendicular to the instantaneous position of AB. If B
describes a closed curve C, not containing O, it follows that

Area C = [dS = b(p: — p,).

This is the theory of the Amsler polar planimeter. The difference
p2 — pi1 is proportional to the angle of rotation of a small wheel with
sharpened edges having its axle along AB. Hence we need merely
read a dial before and after traversing C, form the difference of the
readings, and multiply by the proper constant to measure the area
enclosed by C.



CHAPTER V
LINE INTEGRALS. COMPLEX VARIABLES

Certain physical quantities are most easily computed by
integrals taken along a curved arc, known as line or contour
integrals. We define such integrals for a curved path in the
plane and describe some of their properties. We show the
relation between line integrals independent of the path and
exact differential expressions and give applications of these

Y

B
Ay,
Ayk

ASk
C
Ay2
Ayl
A
O Axl AZZ Axk Axn
Fic. 80.

ideas in mechanics and thermodynamics. We then consider
integrals of complex functions, and the relation between integrdls
independent of the path, the Cauchy-Riemann equations, and
analytic functions of a complex variable. We define residues
and illustrate their use by evaluating several real definite inte-
grals. Finally we study the two-dimensional irrotational motion
of an incompressible fluid, the relation of such a flow to a pair of
conjugate functions, and the transformation of such flows by
conformal mapping, in particular by the Schwarz transformation.

80. Line Integrals. Let C be an arc of a smooth curve, with
initial point A and terminal point B. And let h(x,y) be a func-
tion of two variables z and y, defined and continuous for z,y
any point of the arc AB. We divide C into n arcs As;, Asy, * * * ,

As,. Each As; has a projection Az on the z axis and a projection
198
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Ay, on the y axis. Choose zx,yr an arbitrary point on the arc
Asy, and form the sums

>, h@ry)Asy, Y, h(@wyr)Azs, Y, h@eyn)Aye. (1)
k=1 k=1 k=1

If we let n increase indefinitely and take the As; in such a
way that the largest As; approaches zero as n becomes infinite,
each of these three sums, like the S, of Sec. 62 will approach
a limit. These limits are called line integrals, or contour integrals,
and are denoted by

[oh@mds,  [oh@ydz, [ r@ydy, @)

respectively. The shorter form

fc h ds, /C h dx, j; h dy (3)

is often used. The curve C is called the path or contour.
If the equations of the curve C are given in terms of a parameter
{ in the form

v =f), y=90), (4)

the integrals (2) may be reduced to ordinary integrals in ¢ by
writing in the integrals,

h(zy) = Wf),g®0),  de=fO)dt,  dy = g'{O)d,
ds = \/f'(t)2 + ¢'()* dt.
If the equation of the path is given in the form y = G(x) or

x = F(y), a corresponding reduction may be made. For
example, if y = G(x), the second integral is

(5)

/C h(x,y)dx = f(y hlx,G(x)]de. (6)
Again, if z = F(y), the third integral is
[, Mawdy = [, hEw)ldy. (7)

If we take any line integral over C from B to A, the value
will be the negative of that over C from A to B. This follows
from the fact that the signs of the Asi, Azy, and Ay; in the sums (1)
will all be reversed.
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If a continuous curve C* is made up of several segments each
of type C, the line integral over C*
is defined to be the sum of those over
the separate segments. Thus the line

B=(LD)  integral over a polygon is the sum of

the integrals over its sides. Simi-
larly, if the path of integration is made
up of parts having different equations
of the form (4), we may compute the
X line integral by adding up the results
for the separate parts.
Line integrals often occur in the
form of a sum of integrals of the last two types,

[, Pz + Qandy  or [ (Pds+Qdy). ®)
As an illustration of the evaluation, consider the .line integral
J(y dz — x dy) (9)

taken from A = (0,0) to B = (1,1), first along the straight line
AB and then along the broken line composed of AD and DB,
where D = (1,0). On AB, y = z and

Y,

0|4=(0,0) D=(1,0)
Fia. 81.

ydr —xdy = xdr — xdx = 0,
so that

/AB (yder — xdy) = 0. (10)

On AD, y=0,dy =0, yde —xdy = 0, but on DB, z = 1,
dx = 0sothat ydr — xdy = —dy. Thus

‘
/:1DB (y dv — w dy) = DB("dy) = - ﬁ)l dy = —1. (11)

This illustrates that when no restrictions are imposed on
P(z,y) and Q(x,y) in the integral (8), the value depends on the
path, as well as on the end points.

In some cases we use a closed path C, which returns to itself.
When we wish to emphasize that the path is closed, we write

$Paydz + Q] o Pdz+Qdy. (12)

Considerations similar to those of Secs. 71 and 72 apply
to line integrals for which the path extends to infinity, or for
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which the function A(z,y) becomes infinite at one or more points.
These improper line integrals converge when they are the limits

of certain proper line integrals. Y

81. Green’s Theorem. LetT |
be a two-dimensional region of y - By

. , Yy (2)
the plane, and Br its complete ‘ T 28
boundary. At each point of By ¥ Yoo
we may draw a vector along the
normal pointing into the region, \
and a vector along the tangent v ¥, ()
in such a way that the 90° turn —g— =2 =« z X
which takes the tangent into the Fre. 82
G. .

inner normal is the same as
that which takes the positive x axis into the positive y axis.
This determines the positive direction along the tangent to Br,
and hence the positive direction along Br itself.

The theorem of Green asserts that, under certain conditions

LT P dx + Q dy) = fT (gg—gg) dedy.  (13)

Thus the theorem enables us to express certain line integrals as
double integrals. The conditions are

1. The functions P(x,y), Q(x,y) as well as their partial deriva-
tives dQ/dz, 0P /9y are continuous functions of the two variables
z,y in T and on By.

2. The line integral on the left is taken along Bz in the positive
direction determined by regarding Br as bounding 7.

Consider first a region T’ like that in Fig. 82, which is such
that every straight line through an interior point and parallel
to either axis cuts the boundary in exactly two points. Then, if
the line with coordinate y cuts the boundary in the points
z(y) and z:(y), we have :

22(y) -
L 99 dr = Q(x2,y) — Q(r1,y). (14)

1) 0T

Since the segment x,,z, is inside the area, the direction of increas-
ing y is the positive direction along Br for the point at z; but the
direction of increasing y is opposite to the positive direction
along Br for the point at z;. Hence, if 4’ and y”’ are the least
and greatest values of y on By, we shall have
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/:/ Qxe,y)dy — /y Q(xy,y)dy = LT Q(z,y)dy.  (15)

If the eurve By contains a whole segment with y = ¢’ ory = y”,
this contributes nothing to the line integral on the right, since
dy = 0 on the segment.

Similarly, if the line with coordinate x cuts the boundary
in y,(x) and y.(z), we have

y2(x) 9P

/ 57 W = Plxy:) — P(zy). (16)
n(x) oY

But the direction of increasing x is the positive direction along

Br for the point at y,, and the direction of increasing x is opposite

to the positive direction along Br for the point at y.. Hence

we have

/ P(x}y2)dx - / P(x7y1)dx = - L P(x)y>dx: (17)
4 x’ T

where 2’ and 2’/ are the least and greatest values of x on By.
We may conclude from the last four equations that

v’ x2(y) OQ
/ (de+Qdy)=/ dy/ dx
Br ¥ x1(y) 3x

y2(x)
— / ] ?—I-)- dy. (18)
x n 9Y

Since each of these repeated integrals is equivalent to a double
integral over T, the result (13) follows.

The equation may now be extended to hold for any region
which is the sum of a finite number of pieces of the kind just
used, provided that. the integral on the right is taken over the
total area and the left over the entire boundary, which may
consist of one or more closed curves. If any of the curves
bounding parts qf T have arcs in common, these will be traversed
in opposite directions for the two parts. Thus, when we add the
equations for the separate parts, these arcs may be neglected,
since the integrals for them cancel. Two cases are illustrated
in Figs. 83 and 84.

A region such that any two points in it can be joined by a
curve lying wholly inside the region is said to be connected.
A simply connected region is one that is deformable into the
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interior of a circle. In this case all points inside any closed
curve in the region belong to the region. If this is not true,
there are holes and the connected region is said to be multiply
connected. The omission of a single point is regarded as a hole.
Thus a circle with the center omitted is a multiply connected
region.

Our definition of positive direction along a boundary is such
that for a simply connected region the positive direction is

Fia. 83. Fia. 84.

counterclockwise. The large regions of Figs. 82 and 83, and
the parts into which the regions of Figs. 83 and 84 have been
divided are examples. For a hole, regarded as part of the
boundary of a multiply connected region outside of it, the positive
direction is clockwise. This is illustrated in TFig. 84. For
all parts of the boundary of any region, the positive direction is
regarded as forward by an observer walking along the boundary
with the region on his left.

As an example of Green’s theorem, let P(z,y) = —y and
Q(x,y) = x. Then dQ/dx = 1, dP/dy = —1 so that

SﬁBT (—y dz + z dy) = fT (14 Ddedy = 2 /T dz dy = 241, (19)

where Ay is the area of 7. This shows that

Ar =14 [, (edy — ydn), (20)

a convenient formula for calculating areas when x and y are given
in terms of a parameter. Compare Prob. 29 of Exercises I
(page 38).

Let us use (20) to check the calculations made in connection
with (9), whose integrand is the negative of that in (20). If T
is the triangle of Fig. 81, Br = ADB + BA = ADB — AB.
Hence from Eqs. (10) and (11),
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LT(ydx—-xdy) = —1 and %/Br(xdy—ydx) =1
(21)

This is in agreement with (20), since the area of triangle T is 14.

82. Exact Differential Expressions. Let R be a simply con-
nected region, and let the functions P(z,y), Q(z,y) as well as
their partial derivatives dQ/dx, dP/dy be continuous functions
of the two variables x,y in R. Let us further suppose that at
each point of I these partial deriv-
atives are equal, so that

9Q P

ox a9y
or
9Q 9P _

5 "5y =" (22)

Then for any region T consisting
entirely of points of R the right

member of (13) will be zero. Hence the line integral

J(P dx + Q dy)

will be zero over every closed path in R which is the boundary
of a region 7.

Let M and N be any two points in R, and consider two arcs C,
and C which join M to N and together bound a region 7T in R.
Then

F1a. 85.

[, Pds+Qdy) — [, (Pdz+Qdy) =o. @)

Tor the difference is the integral over a closed curve, proceeding
from M to N along C and then from N to M along C, reversed.
Hence it is zero by Eq. (13). It follows from Eq. (23) that the
line integral along C equals the line integral along C,.

If we consider two paths joining M to N like C; and C,,
which intersect in several points and so do not bound a single
region T, we may find a third are C in B which bounds a region
T when taken with C,, and also when taken with C,. In this
case the preceding argument shows that the line integral over C.
equals that over C, and hence equals that over C;.

To indicate the situation just described, we say that the
differential expression (P dx 4+ Q dy) is “‘exact’” in B, If x,y,
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is a fixed point in R, and z,y a variable point in R, we may write

[ @ dz + Qdy) = Glay). (24)

The integral is calculated along any path lving in R. This
determines G(z,y) as a single
valued function of x and y, since
the foregoing discussion shows
that the value of the integral
is the same for any two paths
in R.

In particular, let us take z,y
and ¢ + Az, y in R and calcu-
late the values of G(x,y) and
G(x + Ax,y) using two paths =5
that differ only by a straight-
line segment parallel to the 2 Fig. 86.
axis. Then we have

Y

G+ azy) — Gay) = [T Pdz + Qay) = [ Pay,
(25)

since dy = 0 along the straight segment. The last form is an
ordinary integral in x, as y is constant. On dividing both sides
by Ax and reasoning as we did in See. 64, we may deduce that

oG
ox

= P(x,y). (26)

In the same way we may prove that

aG;
TR Q(z,y). (27)
It follows from the last two equations that
dG=g§dx+%gdy=de+Qdy. (28)

Thus when (P dxr 4+ Q dy) is an exact differential expression in
the sense of chis section, it is also the total differential, as defined
in Sec. 21, of the function G(z,y) given by (24). Taking a
different point zo,5, would merely change this function by a
constant, equal to the integral from the new point to x4,yo.
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Suppose next that by any process we have found a function
F(x,y) which has (P dx + Q dy) as its total differential. Then

oF oF
dF =Pde+Qdy and =P, 2T.=0Q (2)

A comparison of this equation and Kq. (28) shows that

dF = dd or dF — @) = 0. (30)
Since its total differential is zero, (F — @) is constant and
F — G =k, or F(x,y) = G(x,y) + k. (31)

From Eq. (24) it follows that G(x,y,) = 0, and hence
G(zy) = G(z,y) — G(zo,y0) = F(z,y) — Fzo,y0).  (32)
That is,

[7" (P dz+ Qdy) = Fay) [ =Flay) = Flzoy). (33)

This expresses the line integral of the exact integrand in terms
of any indefinite integral F (z,y) that satisfies (29).

To show how such indefinite integrals may be found by ordi-
nary integration, let us consider the particular example,

Pdr + Qdy = (322 + 2xy®)dx + (3x%y? + 2y)dy. (34)
The condition for exactness [Eq. (22)] is satisfied, since

aP o 2 aQ —_ 2 ‘
i 6y and Fri 6y (35)
The condition
oF . ' .
0 = 322 + 2zy® gives F = 23 + z2® + f(y) (36}

by integrating with respect to x, keeping y constant. The
constant of integration is written f(y), since it may depend on y
which was kept constant during the integration. The condition

dF /oy = 3x%y?* 4+ 2y combined with aF /3y = 3z2y* + f'(y), (37)
obtained from (36), leads to
fy) =2y and  f@y) = y* + F. (38)
Hence the indefinite integral of (34) is
F = 23 4+ 22%% 4+ 92 + k.
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The success of this procedure is contingent on the disappearance
of x at the stage corresponding to (38). But x will disappear
at this stage whenever the original expression is exact.

We note that any differential expression (P dx + Q dy)
obtained by taking the total differential of a function F(z,y)
is exact. For if

, _oF oF
Pdr + Qdy = dI' = %d:v—l—@dy,

P = or and Q = oF )
T ox ' T oy’
so that by Sec. 23
0Q _ oF _ W 9P 9Q P _
o " azay ayor oy 4 5y T =0 (40

The discussion of this section shows that the existence of
continuous partial derivatives dQ/dx and dP/9dy, satisfying the
condition

- (41)
is both necessary and sufficient for the existence of a function
F(z,y) which has (P dx 4+ Q dy) as its total differential.

When the condition holds, we call (P dr + Q dy) an exact
differential expression. The integral in Kq. (24) is independent
of the path, provided that the path lies inside a simply connected
region in which the condition for exactness holds.

83. Work. If X and Y are constant and the force vector

F=Xi+Yj (42)
acts on a particle during a vec;t,or displacement
ds = dx i+ dyj, with |ds| = ds, (43)
the work done is
ds Projas F = ds +F = X dx + Y dy, (44)

by Egs. (40) and (52) of Sec. 45.
Now supposc that X and Y are variable so that

F(z,y) = X(zp)i+ Y(z,p)j, (45)

and we wish to consider the work W¢ done on a particle during its
motion along a curved arc C. The relation (44) suggests that

We= [, [X@y)dz + Yaydyl = [, (Xdo + Y dy). (46)
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This is the definition of the work done by the variable force field
F(x,y) of (45) on a particle moving along a curved path.

"The force field is conscrvative if the work depends only on the
end points of C and otherwise is independent of the path. Thus
for a conservative field the expression (X dx 4 Y dy) is exact,
and there is a function W (z,y) having this expression as its total
differential. The function W(x,y) is called the force potential,

while U(z,y) = —W(z,y) is the potential energy. Thus for a
conservative field we have
0X dY
3y = or and Xde +Ydy =dW = —dU. (47)
And the relations
oW U ow aU
2w T Tw YTyt Ty W

express the force components in terms of the potentials.

84. Thermodynamics. The distinction between exact and
inexact differential expressions is of importance in thermo-
dynamics. Consider as a system a fixed mass of homogeneous
fluid. Its thermodynamical state is characterized by three
quantities: pressure p, volume v, and absolute temperature 7.
Any two of these determine the third, since there is a relationship

T = f(p,v) (49)
which for the case of an ideal gas enclosed in a container takes
the form

T0>
T =\ - ) pr. 50
<povo P (509

If we think of p and v as determining the state of the gas, a
change of state will be represented by a curve C in the pv plane
or pv diagram. During this change of state, the amount of heat
lost or absorbed will be given by an integral of the form

Qe = [, [P(po)dp + V(pp)o) (51)

Here, in general, d/°/dv # dV /dp, so that the integrand is not
an exact differential expression. Hence Q¢ depends on the path
and is not a function of p and v. However, the notation d@ is
used as an abbreviation for the integrand,

dQ = P(pp)dp + V(p,v)dn. (52)
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The work done during the change of state is

We=[,pdr. (53)

This also depends on the path and is not a function of p and v.
But the notation

dW = pdv
is used.

With the abbreviated notation, the first law of thermodynam-
ics asserts that the difference of the two inexact differential
expressions dQ — dW is an exact differential expression. We call
the function that has this as its total differential the internal
energy of the system and denote it by E. Thus

oF OF
= P(p,v)dp + [V(p,v) — pldv, (54)
and there is a function E(p,v) such that
oF oF
a’? = P(p7v) and ’5;; = V(p7v) - D (55)

It is a consequence of the second law of thermodynamics that
dQ/T is an exact differential expression. We call the function
that has this as its total differential the entropy of the system
and denote it by 8. Thus

__ a8 S . dQ
_ P(pp) Q(p,v)
=—p dp + v, (56)
and there is a function S(p,v) such that
oS _ P(py) a8 _ Q(py).
ap = T and W T (57)

86. Analytic Functions of a Complex Variable. Letz = = 4 ¢y
be a complex variable, and R any region of the zy plane or z plane.
And suppose that, for all values of zin R, w = f(2) is an analytic
function of z as defined in Sec. 11. We denote the real part of-
w by u, and the imaginary part by v, so that

w = u + w. (58)
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The values of z and y determine z = x + 7y, and hence w = f(z).
Thus % and v are each functions of z and y, so that

flx + y) = u(z,y) + w(z,y). (59)

two functions u(z,y) and »(x,y) obtained in this way are called
conjugate functions.

We stated in Sec. 11 that, under these conditions, f(z) possesses
derivatives of all orders for all z in R. It is a consequence
of this fact that the conjugate functions w(x,y) and v(x,y),
regarded as functions of two real variables, each possess partial
derivatives of all orders for x,y in R. And as was indicated in
Sec. 12, f(z) has a Taylor’s expansion in powers of (z — z)
about any point z, inside R. This expansion will converge
if z lies inside some circle in B with center at z,. It follows from
this fact that u(z,y) and v(x,y) may each be expanded in a
Taylor’s series in two variables of the type discussed in Sec. 31
in powers of (x — 20) and (y — yo). These series will surely
converge if x,y lies inside some circle in B with center at xo,y,.

For example, let w = e which is analytic for all finite values
of 2. Then by Eq. (26) of Sec. 3,

e? = e* cos Y + 1e* sin y (60)
so that
u(x,y) = e* cos vy, v(x,y) = € sin y. (61)

The Taylor’s series about any point, e.g., the origin, will con-
verge for all values of x and y. These series may be obtained
as real and imaginary parts of ‘

(@ +a)? | (¢4 )"
2! 31

=1+ (x+ ) + -

4+, (62)

or more simply by multiplying the series for ¢ by that for cos y,
and then by that for sin y.

86. Cauchy-Riemann Differential Equations. We wish now
to derive a pair of equations satisfied by u(x,y) and v(x,y) which
follow from the analytic character of f(z). To say that f(2) is
analytic means that there is a derivative

by _ dw . Aw
F@ == limg

(63)
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where the limit on the right is the same for all methods of approach
of Az to zero. We find from w = uw + v that

. Aw  Au | . Av
Aw = Au + 7 Av, and = A +1E- (64)

In particular, if we put Ay = 0, Az = Az and

') = him (2% 4 582) = %4 %
(@) = Alﬂo (Ax + zAx) = tig (65)
On the other hand, if we put Ax = 0, Az = 7 Ay and

. 1 Au ou , o

’ — il —_ v .
[(@) = lim (z Ry + ) ‘o T oy (66)

If these two values are equal, we must have
ou v ov ou

These are known as the Cauchy-Riemann differential equations
and arc the relations that we sought to prove.

Functions (61) satisfy these equations, since they make

du _ e* cos Yy du _ —e* sin y W _ e*sin y o _ €® Ccos Y

ox " 9y ’ dx " 9y o

We omit the proof of the fact that, conversely, if the partial
derivatives of w(x,y) and v(x,y) are continuous and satisfy
Eqgs. (67) in R, the function u + v is an analytic function of
z =2 + 1y in R. Thus u and » are conjugate functions.

We may consider the function w = f(2) as effecting a mapping,
or transformation of the points of the z plane on or into the
points of the w plane. Let 2z, be mapped on w,, and write the
derivative f’(2,), assumed # 0, in polar form,

f'(z0) = ac4. (68)
"Then for z near 2o, Az = z — 2, will be small and by (63)
Aw = f'(29)Az or ae*4Az approximately. (69)

By Sec. 6, this means that each element Az is (approximately)
turned through an angle A and has its length multiplied by a.
Thus a small figure near 2z,, like the triangle of Fig. 87, will
go into a nearly similar figure, like the curvilinear triangle
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of Fig. 88. And the angle between two curves at zo will be the
same as the angle between the image curves at wy. This similar-
ity and preservation of angles at a point are described by the word
conformal. Hence we may say that the mapping or transforma-
tion induced by the function w = f(2) is conformal at any point
where f(z) is analytic and f'(2) ¢ 0. This is in agreement with
Probs. 116 to 124, in particular 122, of Exercises III (page 140)
where Eqs. (67), with the partial derivatives not all zero, was
found as a condition for a conformal map.

Y
vV
z-plane
z=x+1y w0 -plane
Aw .
w=u+w
DNz
z()
W,
0 X Ow U
Fia. 87. IF1G. 88.

In the z plane the curves u(x,y) = w, v(x,y) = vy cut at right
angles at zo. For their image curves in the w plane are the lines
through w, parallel to the axes, u = wu,, v = v,.

87. Laplace’s Equation. It follows from the Cauchy-Riemann
equations (67) and Sec. 23, that

u I o d%u

dr? 9z dy - dy dx - 5372 (70)
Consequently,
o*u , 0*u
Fye + F 0. (71)

This equation is known as Laplace’s equation in two dimensions.
It may be shown that any function u(z,y) that satisfies Laplace’s
equation at all points of a region R necessarily has continuous
partial derivatives of all orders at any interior point of R.

Any function u(z,y) that satisfies Laplace’s equation at all
points of a simply connected region B may be obtained as the
real part of a function f(2) = w + 7, analytic in £. We may

find » from
Y ou ou .
V= f (“' ETR > dy)‘ 72)



§88 INTEGRALS OF COMPLEX FUNCTIONS 213

This function is single-valued in R, since the condition for
exactness of the integrand of (72) reduces to Laplace’s equation
(71). And for an exact integrand, Eq. (72) implies

av Ju v  du .
5} = — @ and '@' = 55) (73)

which are the Cauchy-Riemann equations (67), so that u 4
is an analytic function.
A similar argument shows that v satisfies Laplace’s equation

o | o

w ay2 = 0, (74)

and that, if v(z,y) satisfies this equation in a simply connected
region R, the function u + v is analytic in R if

A .7 D)

For example, the function z* — y? is a solution of Laplace’s
equation. If we take this as «, we find from Eq. (72) that

v = ﬁ)x(;y (2y dx + 22 dy) = 2xy. (76)
Thus 22 — y2? is the real part of

22 — y? 4 2zyi = (¢ + 1y)? = 2% (77)

If we take 2% — y? as v,.and use Kq. (75), we find
n = /(;I(;y (—2ydx — 2x dy) = —2uxy.

Thus 2 — y? is the imaginary part of
—2xy + 1(x? — y?) = i(x + 1y)? = 2% (78)

88. Integrals of Complex Functions. The integral of the
complex function f(z) along a path C is defined as the line integral
along C of the integrand

f()dz = (u + w)(dx + i dy) = (uwdx — vdy) + (v dx + udy).
(79)

That is
fof(z)dz = ﬂj (wdr —vdy) +1 /c (v dx + u dy). (SQ)
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Each of the integrals on the right is a real line integral, similar
to (8) of Sec. 80, and could be evaluated by the method given in
that section.

Our definition implies a relation analogous to Eq. (11) of
Sec. 61, namely,

fC f(z)dz = lim 2 f@)az, if lim d, = 0. (81)

ne p=1

Here d, is the largest value of |Az| for any n. And for each n
we form subdivisions and take intermediate points on C as in
Sec. 80, and put 2k = Xk + iyk, Az, = Axy -|'- 7 Ayk.

Again, analogous to Eq. (563) of Sec. 66, we have the rule of
substitution

[ 1@z = [, flo@g@dz, 82

if g(Z) is analytic and ¢'(Z) # 0 on Cz, and the points of C; are
mapped on the points of C by z = ¢(Z).
From Sec. 6, for any two complex numbers A and B,

|AB| = |A]|-|B|  and |4+ B| = |4[ + [B]. (83)
Hence, if |f(2)| = M,

Y fe)dz) £ Y [f@0l|az] £ M Y, Az (84)
k=1 k=1 k=1
But
|dz|* = |dx + ¢ dy|* = da* + dy* = ds?, (85)
s0 that relation (84) leads to the relation
| [C f(z)dz‘ <M fc |dz| or M /C ds = ML, (86)

where L is the length of the path C.
Similarly if |f(z)| = |g(2)] on C,

‘[c f(z)dz1 < fc |f(2)|ds < /0 lg(2)|ds. (87)

This may be applied to improper integrals as the basis of a
comparison test similar to that of Sec. 72, since we may deduce
the convergence of the complex integral in the left member of
(87) from the convergence of the real integral on the right.

89. Integrals of Analytic Functions. Let Br be the complete
houndary of a region 7', as in Sec. 81. And suppose further that
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u + w = f(2) is an analytic function of z for all zin T and on B;.
Then we may use Br as the path C in Eq. (80) and transform
the right member by Green’s theorem (13). The result is

) (ud;c——vdy)—}-iﬁ (vdx + u dy)

v Ju . Ju av
= /T <—- 32 (—9-?;>dxdy + 1 /.T<5‘x- - 5—y>dxdy (88)

Since f(z) is analytic in T, Eqgs. (67) hold and the integrands
on the right are zero. Hence the left member is zero and, by
(80),

/; @)z = 0. (89)

That is, the integral of f(z) is zero over every closed path
Br such that f(2) is analytic at all points on the path Br and in
the region T which has By as its complete boundary. This
result is known as Cauchy’s integral theorem.

As in Sec. 82, it follows that the value of the integral between
two fixed points of a simply connected region R is independent
of the path of integration, restricted to lie in R. Otherwise
expressed, the value of the integral of f(2) from 2, to z is the same
for any two paths that may be deformed into one another,
crossing over only points at which f(z) is analytic.

In a simply connected region R in which f(2) is analytic, we
may write '

| f *f(2)dz = F(2). (90)

By reasoning like that of Sec. 64, we could deduce from this that
dF i

T = 1) = f). (91)

Thus F(2) is an indefinite integral of f(z). And, since it has a
derivative in R, it is analytic in R.
It follows directly from Eq. (90) that

: f()dz = F(2) : = F(z,) — F(z). (92)

An argument like that of Sec. 61 shows that any other indefinite
integral of f(z) can differ from F(z) only by a constant, so that
it may be used in place of f(2) in Eq. (92).
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The fact that the indefinite integral of an analytic function
is analytic and may be used to calculate the definite integral
as in (92) has already been illustrated for the special case of power
series in Sec. 11.

Suppose that f(x) is an elementary function for which an
indefinite integral F(x) can be found in integral tables or by
the methods of Chap. IV. Then the results or methods may
be used to find F'(2), an indefinite integral of f(z). The function
so found will be elementary and so be analytic except for certain
singular points. These will necessarily be located at the singular-
ities of f(2). In such a case the integral of f(z) between z; and 2,
for any path not containing a singular point of f(2) may be
computed from Eq. (92).

For example, on any path joining z; and z,,

22
/ e'dz = e
21

The second integral, with £ = a 4+ b7 and z;, 2, and the path
on the real axis, has been used in Probs. 3, 4 of KExercises |

(page 37).
Similarly, for any path joining z; and z,,

/zz ant1
2hdz =
21 n + 1

The integrands in Lgs. (93) and (94) have no finite singular
points. Hence the indefinite integrals are single-valued. In
such cases the integral around any closed path, for which z, = 2,
is zero. This is in accord with Cauchy’s integral theorem.

When the integrand f(z) has finite singular points, the indefinite
integral F(z) may be multiple-valued, and in using Eq. (92)
we must be careful to use that value of F(z;) which arises from
F(z;) by continuous variation along the path of integration.
For example, on any path joining z; and 2z, that does not pass
through the origin,

22@—10
w2z 087

by Eqs. (62) and (56) of Sec. 5. Here r = |z| is single-valued,
but the value of 6, must be derived from 6, by continuous varia-

(93)

22 "o ckz |7
and / ckly = —
J 2 /l. 21

21

z2

n a positive integer.  (94)

)
21

22 72,02

= (log r + ©6) (95)

01

21
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tion along the path. In particular, consider a closed path that
winds once about O in the counterclockwise direction. We
call such a path a positive circuit about O and denote it by C,.

Then on C,, 6 will increase by 2, Y
and we shall have
Co
92 _ omi. (96) =
Co ? v )
In indefinite integration formulas 0 L X

involving logarithms, it is custo-
mary to insert absolute value signs
to avoid logarithms of negative num-
bers, when all the variables are real.
These absolute value signs must be F1a. 89.

omitted to obtain analytic integrals, valid in the complex plane.
Thus

f %f = log ||, x real, but / % = logz, z complex.
(97)

As a second example of a multiple-valued indefinite integral,
we note that on any path not passing through the origin,

o ; pot1 ‘r'z patlgita+1)0
iz = | = e ——
21 a + l %21 a + 1 1‘1,01

by Sec. 7. In this case, for Cy a positive circuit about O, since
elm = ]’ e?rlat)i = p2wai and

72,02

’ a # —1, (98)

a —_— (zla)zl 2rai —_ -
/Co 2%z = m (6 1), a # 1. (99)

This is different from zero unless @ is a positive or negative
integer. Here the integrand z¢ is itself multiple-valued, and
the value of 2, to be used is the value of the integrand selected
at 21, where we start the circuit.

The substitution 2 — o = Z takes C,, any positive circuit
about « in the z plane into C,, a positive circuit about O in the
7 plane. And it makes dz = dZ, so that

(z — a)ddz = /; Z*dZ, (100)

J Ca
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by the rule of substitution (82). Hence we may deduce from
Egs. (96) and (99) that

dz . ' i
ﬁaz“a—z’"’ /a(z_“)dz“o’ /oc.'(—z—‘"_oyn—o,
(101)

where C, is any positive circuit about e, n is any positive integer
or zero, and m is any positive integer greater than one.

90. Poles and Residues. The singularities of functions men-
tioned in Sec. 12 may be of various types. We wish here to
consider the type that is due to a vanishing denominator. We
define the expression “f(z) has a pole at «” to mean that f(2)
becomes infinite at a and, in some circle with « as a center, the
function f(z) is single-valued and analytic except at a. It may
be proved that, under these conditions, there is some positive
integer m such that |f(z)| behaves like |z — a|™™ at «, and the
function

g(z) = (2 — )"f(2) (102)

is analytic at a with g(a) ¢ 0. The number m, known as the
order of the pole, may be determined practically as the smallest
integer m for which (z — a)”f(z) remains finite as z — a.

By Sec. 11, we may expand ¢(z) in a Taylor’s series

gz) = Ao+ A1z — @) + + * + + An(z — )"
+ Ampa(e — @)™t + - - -, (103)

where, as we note for future reference,

g(m—l) (a) — dm—lg t
/1";__ = ( 1)' g( 1)(2) = Jz-m—_l’ (104)
It follows from this and Eq. (102) that
A . . . Am—-l — . . .
f(z) = GC=a)r )m +z— a+Am+Am+1(z a) +

(105)

Now consider the integral of f(z) along C,, a positive circuit
about a. If the circuit is sufficiently small, it will be inside
the circle of convergence of the series (103) and hence of the
series made up of the terms with positive powers in (105).
Thus we may integrate the series termwise. But, by Eq. (101),
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the integral of every term is zero except the term containing
1/(z — a), whose integral is 2ri. Consequently, we have

. fR)dz = Am f dz_ _ 201 A 1. (106)

CaR — QA

The coefficient of 1/(z — ) in the expansion (105), which
is the only coefficient needed to calculate the value of the integral
of f(z) along C,, is called the residue of the pole.

For a pole of the first order, or simple pole, the residue is
given by :
R(a) = A¢ = g(a) = lim (z — a)f(2). (107)

If f(z) is written in the form P(z)/D(z), with P(a) finite, this
limit may be evaluated by I’Hospital’s rule, as in Eq. (56) of
Sec. 67. The result is

11;% for f(z) = D(()) with P(a) finite. (108)
Whenever f(a) = « and the right member of Eq. (107) or
the first equation in (108) is finite, there is a pole of the first
order at « and the finite value is its residue.
For a pole of higher order than the first, we may compute
the residue from Eq. (104), which shows that

R(a) =

(m—1)
R = L9 itg@) = G-, (09)
and f(z) has a pole of the mth order at «.

Let Br be the complete boundary of a region T, as in Sec. 81
We wish to calculate the integral
of f(2) along Br in the positive
direction, where f(2) is analytic
at all points of 7" and Br except
a certain number of points a1, az,

*, a, in T at which it has
poles. Let the residue of f(z) at
any one of these points, ax, be
R(ai). By Eq. (106) theintegral
of f(z) along Cy, any sufficiently
small circuit about ax is given by Fig. 90.

fo,, f(2)dz = 2miR(a). (110)
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But the path of integration By may be deformed into the circuits

C,, Cy, + - -, C,, crossing only points at which f(2) is analytic.
Hence
fB, f(2)dz = k; fc,, f(2)dz = 2mi k; R(a),  (111)

by Cauchy’s integral theorem and Eq. (110).

Thus the integral of f(z) around the complete boundary of a
region-in which f(2) is analytic except for poles is equal to 2w
times the sum of the residues of f(2) at the poles. This is
Cauchy’s residue theorem.

91. Evaluation of Definite Integrals. Many real definite
integrals can be evaluated by means of complete integrals around
suitable closed contours. We illustrate the procedure by a few
typical examples.

27
XAMPLE 1. [, = [ at
0

5+3cost.

Let us make the substitution 7t = log z. Then by Secs. 2 and 5,
z traverses the unit circle U when ¢ moves through real values
from 0 to 27, and

(112)

_dz o, i1 oo, 2 =1
dt—i_z’ et = 2, COS ¢ = —5 - smt'-w—z—g— (113)
Thus in terms of z,

2 dz
II‘T/U3z2+10z+3 (114)

The denominator has roots at —3 and —14. The second is the

only one inside U. And, by Eq. (108), the residue at —14 of!
2 .

iGE+ 10z + 3)

e(C0N_. 2 | _1
3/ (62 4+ 10) |y  4¢
Hence, by Cauchy’s residue theorem [Eq. (111)], the value of I, is

. 1 1

We may similarly evaluate any integral of the type

La“’r f(cos t, sin t)dt,

(115)
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where f(z,y) is a rational function and f(cos ¢, sin t) is finite for
all real £. For the substitution (113) will reduce the integral to

/U Q(2)dz, where Q(z) is a rational function of z with no poleson U.

DAY

Fra. 91. Fia. 92.

Y

If the integrand is an even function of ¢, by Probs. 2 and 8 of
Exercises IV (page 186) we shall have

/rfdt=%/” fdt=§f2rfdt. (117)
Jo - 0

Thus we may deduce from Example 1 that

i dt 1 T
[, 5F3cost 30T (118)
. xidx ]
o (2% + 1)%(2? + 4)

We consider [, as the limit, when 4 — «, of

kExampLE 2. I, =/ (119)

A ”
/_Af(z)dz where f(z) = CESVCET (120)

and the integral is taken along the real axis. We close the
contour with S4, a semicircle of radius A drawn in the upper
half of the z plane from 4 to —A.

For large A, the poles of f(z) inside the semicircle are at 7 and
2i. At 27, we use Eq. (108) with

PR = D(z) = 2* + 4, D'(z) = 2z (121)

z4
@1
so that

(122)
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At ¢, which is a pole of order 2, we must use Eq. (109) with

g(z) = (z — z)(2 242 -542
22 + 1)%(22 + 4) (z+z)(z + 4)
so that

(123)

223(12% + 4z + 81) _ 11
(z 4 2)3(22 4+ 4)? ;361

Applying the residue theorem to the closed contour, we find
[1 1@z + [, $G)dz = 2milR(2i) + R@).  (125)

As A — o, the length L of S4 behaves like A, while M, the
maximum value of |f(z)| behaves like 1/42, so that the integral
on S, — 0 by Eq. (86). Hence the result of letting A — « in
Eq. (125) is

— 9mi[R(2) + RG)] = 2 <§ — -3161—%) _ %- (126)

The reasoning used for I, applies to any integral of the type
/_w Q(x)dx, provided that Q(z) is a rational function whose

denominator is of degree at least two higher than the numerator
and has no real roots. If the roots of the denominator in the
upper half of the z plane are aj, as, * - * , «,, the conclusion is
that

R() = (7') —

(124)

f_“w Q(z)dx = 2milR(a)) + R(as) + + - + + R(ap)], (127)

which is a formula for evaluating integrals of the typ®described.

If the integrand is an even function of x, we may find A ’ Q(x)dx‘

as by /_: Q(x)dx. Thus from Example 2,

* s4da 1 br
ﬁ G DGE T 4) 21T 3% (128)
® cos 2r
ExamMPLE 3. [; = ﬁ ZE9 da. (129)

This may be deduced from the real part of the complex integral

©  plizgy ) ® cos 22
IO= /-wm—-gJ since RIc= f 2+9d1'3=2[3 (130)
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We now treat I, as we did I; in Example 2. We consider I, as
the limit, when A — «, of

A 21z
/_Af(z)az, where f(z) = E;%{——S—)‘ (131)

and the integral is taken along the real axis. We close the
contour by the semicircle S, of Fig. 92.

For large A, the function f(z) has one pole inside the semicircle,
at z = 37. And by Eq. (108) its residue at this pole is

= (132)

. e2iz
R(Sz) = *2?

If we apply the residue theorem to the closed contour, we find

A - . . :
/_A F(2)dz + L, f(2)dz = 2wiR(35). (133)
Ifz =2+ 1y,
%z = e~ Wt = ¢~W(cos 2x + ¢ sin 2x) and |le%| = e,
(134)

Since this is at most unity on S4, the maximum value of |f(2)]
again behaves like 1/42? as A — «, and the integral on S, — 0.
Hence the result of letting 4 — « in Eq. (133) is

—6

_ . N L0 T
I, = 2mR(37) = 2wt 6 =3¢ " (135)
And, fr.q. (130),
L 4 1 X
. I = 5RL = %e‘“. (136)

Equation (134) shows that |e?#| is small for y large and posi-
tive, but large for y large and negative. Also |e~%#|is large for y
large and positive, but small for y large and negative. Hence
|cos 22| is large for y large with either sign. This explains why
we could not use the original integrand.

Equating imaginary parts of Eq. (135) leads to

 sin2 , .
/—wmd.’b —IIc = 0. (137)
This also follows from Prob. 5 of Exercises IV (page 186).

By more refined reasoning than that used above, it may be
shown that the integral on S, approaches zero as A — « if f(2)
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has the form ¢™Q(z), m > 0, and the maximum value of |Q(2)]
behaves like 1/A. This enables us to evaluate any integral of
the type [_: ¢m*Q(x)dx, provided that Q(x) is a rational

function whose denominator is of degree at least one higher than
the numerator and has no real roots. If the roots of the denom-
inator in the upper half of the z plane are ai, as, * * * , ay,

/_: ¢mQ(z)dz = 2milR(a) + R(as) + - - - + R(ay)]. (138)

Here m > 0, and the residues are those of f(2) = ¢™Q(2).
If the coefficients of Q(x) are real, the real and imaginary
parts of the left member of (138)

Y
are
~A+27i 27 A+274
8y i ‘Ps, /; _ cos mz Q(z)dx
' and
-4 0 a % .
Fic. 93. f_ _ sinmz Q(z)dx. (139)

Hence these integrals may be found by equating the rcal and
imaginary parts of Eq. (138).

If one of the integrands in (139) is even, the corresponding
integral from 0 to «© may be found as one-half that from — oo
to .

Exameie 4. [, = /_: I%dx 0<p<l  (140)
As before, we consider this as the limit when A — o« of
A .
/_Af(z)dz, where f(z) = 15e (141)

and the integral is taken along the real axis. But here we take
the closed contour as the rectangle of Fig. 93 whose sides are
parts of the linesy = 0,y = 27,2 = A, and ¢z = —A.

The poles of f(z) are found from

14+e =0 z=1log(—1) =i + 2mri. (142)
Thus there is one pole inside the contour, at z = 7i. And, by
Eq. (108), the residue of f(z) at this pole is

. er? ,
R(xi) = —| = —em. (143)

L)
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If we apply the residue theorem to the closed contour, we find

[ @dz + [ f@dz+ [0

A42m

f(2)dz + [ J(2)dz = 2miR(ri),
(144)

in which s; denotes the side from A to 4 + 27% and s, the side
from —A + 2r1 to — A.
If z =2+ 1y,

er: = crrrri = ¢r7(cos py + 1 sin py) and ler?| = er=,
(145)

Similarly |ef] = e=. Tt follows that as A — o, M, the maximum
value of |f(z)|, behaves like e~(*"»4 on s; and like e=?4 on s,.
Since the restriction on p, 0 < p < 1, makes each of these
functions approach zero, and the length L of s, and s, remains
constant, it follows from Kq. (86) that the integrals along s; and
s2 each approach zero as A — .

Since e = 1, we have

eP(Z+2mi) e2pPTippZ

f(Z + 2mi) = 1 + eztemi 1 1 o2

= e?"if(Z).  (146)
Consequently the substitution z = Z + 27 makes

[ 4@z = [ 12 + 2mi)dz = —emi [* j(2)az.

+ 2w
(147)

Hence the third integral in (144) differs from the first by a simple
constant factor only. This explains why we chose the line
y = 2wt as part of the contour.

Now let A — o« in Eq. (144), taking account of Eq. (147)
The result is

I, — e* ], = 2miR(wi) = —2mwier~, (148)
We may solve this for 7, to obtain
— 2mrier™ 21 T
Rl (gﬁf:- e—p’_”‘) “snpr 1Y

This result may be used to show that

Ry il 0 1 150
01+xx_sinp1r’ <p<lL (150)
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For the substitution £ = ¢ makes

R T em T
/o 1+xdx_—/_w1_:|:_e‘dt—l4~sinp1r' (151)

92. Indented Contours. Let us consider an example.

ExampPLE 5. I; = / i%—@' de = 2 / il%—? dx. (152)
— 0

This would be of tvpe (139), if it were not for the fact that the
denominator has a real root,

Y zero, which causes the function
S, éiz
’ f& == (183
f\s to have a pole at the origin.
a . .
> > To avoid this pol i
- L X o avoid this pole, we modify

the contour used in Example 3
by drawing a small semicircle S,
of radius a about the origin. This gives the closed contour of
Fig. 94. Since there are no poles inside this contour, we have

Fic. 94.

A —a
/ f(z)dz—}—/9 f(@)dz + /——A f(2)dz + . f(z)dz = 0, (154)

where S, is traversed in the clockwise direction.
If we put z = —Z in the third integral of (154), we find

o iz @ —iz A o—iZ
/_A < dz = fA 742 = —L 742, (155)

Consequently the sum of the first and third integrals is

A —a A 12 o p—i2 A .
/ f(2)dz+ / | J@dz= f ¢ ze dz=2i / s“;zdz. (156)

The limit of this, as A — « and a — 0 is i/;. The integral
along S, approaches zero when A — «, since the integrand has
the form e™Q(z) with m > 0, and maximum |Q(z)| behaving
like 1/A4.

Along S,, z — 0 and ¢** — 1 when a — 0. It follows from this
that when a — 0, the limit of the integral of f(z) along S, is the
same as the limit of

dz ¢ dz
— = — = log 2
2 — 2

a a,0
= (log r + 10) = —r. (157)

L

a
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Now let A — »© and a — 0 in Eq. (154), taking account of
Eqgs. (156) and (157). The result is

ily — i = 0, so that I; = . (158)

When a contour includes part of a small circle with center «,
inserted to avoid a singularity of the integrand f(z) at «, the
contour is said to be indented at
a. Forexample, the contour of
Fig. 94 is the contour of Fig. 92
indented at O.

Let each indented arc S, be
that part of the circle of radiusa
about a between two straight
lines through «. Then, if f(2) o
has a simple pole at «, the limit
of the integral of f(z) along S, 0 , X
when @ — 0 may be found as
follows.

Let 6 denote the angle from the positive x axis to the radius
from « to z, any point on the arc S,. Then on S,,

Y

o=+ ae 2

z=a+ae®

Z=a+ae™

Fia. 95.

2 — a = ac and log (z — a) = log a + 6.

And, if the end points of S, are z; and z,, with angles 6; and 6,

122 02
/ % og (z—a)| =(loga+ib)| =i — 6). (159)
. Su g — a F41 61

For a simple pole, m = 1 in Eq. (105) and we may write

R(a)

T —

f(z) = + ¢(2), (160)

where R(a) is the residue of f(2) at «, and ¢(2) is analytic at o.
Along S,, z— « when @ — 0. Hence }M, the maximum value
of |¢(2)| on S,, approaches |¢(e)|. But L, the length of S,
approaches zero. Hence by Eq. (86) the integral of ¢(z) along
S, approaches zero when a — 0. Consequently,

lim | f(z)dz = lim f ]—3@% = R(a)i(0; — 6)), (161)

a—0 J 8. a—0 J8. ?

by Eq. (159).



228 LINE INTEGRALS §93

If S, is C,, a complete counterclockwise circuit about e,
6, — 0; = 2r, and the factor 27¢ is in accord with the residue

theorem. If S,isa semicircle traversed clockwise, ; — 6, = —m,
and
lim f(2)dz = —7miR(a). (162)
a—0 Sa

For example, if f(z) = ¢*/z, R(0) = 1 and the right member is
—t, in agreement with Eq. (157).

93. Principal Value of an Integral. By the definition of
Sec. 71, the real improper integral

dx

6
/0 T35 diverges, (163)

because the integrand becomes infinite at « = 2, and as x — 2
the indefinite integral log |zt — 2| — — .

Suppose that we omit an interval with center at the singularity,
in this case from 2 — a to 2 + a, and then let @ — 0. For any
small a greater than zero we find

j0—2 @ _ 1 |l — 2
0 x—-2_ &

8 dx °
/ = log |z — 2| = log4 — loga. (165)
24a — @ 24a

-2

=loga —log2, (164)

a
0
and

Thus the sum is log 2, which approaches the limit log 2 when
a — 0. The number obtained by this process is known as the
principal value of the integral and is indicated by P, so that

6 2—a 6
dx dx dq;
P — dx _ ‘

The term Cauchy principal value is sometimes used, and the
symbol P is often omitted in technical literature.

To show how contour integration may be used to find a
principal value, we discuss a case.

©

ExamrLE 6. I =P / —«—p~,~ dzx, 0<p<l (167)

el — €

This is the limit, for A — « and a — 0 of
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/__Aaf(z)dz + f Af(z)dz, where f(z) = (168)

— ez.
The poles of f(z) are found from
1 —e¢ =0, z =log (1) = 0 £ 2kms.

The pole at zero makes the integral divergent and necessitates
the use of a principal value.

Since the poles at O and 2w Y

are on the boundary of the ~A+27:i 27 AYemi
contour used in Example 4, K/S& A
we shall indent the contour of Y /\Sa

Fig. 93 at these points to ob- —4 T o ¢ 4 X
tain the modified contour of Fra. 96.

Fig. 96. Since there are no
poles inside the indented contour, we find

[l f@de + [, 1@z + [ 1@)dz + [HGdz+ [ s
n /- ,f(z)dz n / A+2ri

" ez + f f2)dz = 0. (169)
The reasoning used in Example 4 shows that when A — « the
integrals along s; and s, each approach zero. And, using the
substitution z = Z 4+ 277 as we did to deduce (147), we find
that here

[oo @z + [0 1z
i = —e?rmi [ f_—: f(2)dz + LA f(z)(lz]. (170)

By Iiq. (108) the residues of f(z) at the simple poles O and
2w are

eP? Pz

R(0) = = —1 and R(2m) =

[ e2p1ri
_ez :

_..ez 0

271

(171)

Since S, and S,/ are each semicircles traversed clockwise,
4q. (162) applies and

lim f(z)dz = —mR(0) = =, (172)
a—0
lim f(z)(lz = —miR(2m) = wie? . (173)

a—0
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Now let A -» © and a — 0 in Eq. (169), combining the first
and third integrals to give the limit I4 and using Eq. (170) to
transform the sum of the fifth and seventh integrals. The
result is

Ia + 1I'"I: —_ GQP"iIs + 1l"l.62pﬂ: = 0. (174)
We may solve this for I¢ to obtain
m(e“”” + 1) ePTi | ¢~ PTi 21 _ pcospr
IG e2pm, —1 ™ 2 é}mi i = sm pr (]75)

or

I6=P/ 16_1:erdx—7rcotp1r, 0<p<l1l (176)

We use this to evaluate the convergent improper integral

T e — e
o dxz = w(cot pr — cot gr). (177)

94. Two-dimensiongl Flow. We wish to study the steady
‘two-dimensional motion of an incompressible fluid in a plane.
We consider a simply connected region R, in which there are no
sources or sinks. Let the velocity of the particle at the point
x,y be the vector

q(zy) = @(2y)i + q2(z,9)] (178)
A curve such as BB’, tangent at each of its points to the vector
q(x,y) for that point is called a streamline. Now draw two
curves from 4 = (a,b), a fixed point to B = (x,y), any point
in B. Since the fluid is incompressible, the amount of fluid
crossing each of these curves C' and C* in the clockwise sensg
about A, will be the same. Let us calculate it for C. Since the
vector

ds = dri+ dyj (179)
is tangent to C, the vector
n=dyi—dxj (180)

will be normal to C. And it is of length ds. Hence the flow in
unit time across an element of C will be

ds Projanq = n-q = qidy — gq.dz. (181)
Thus the flow across AB will be

Szy) = [ (—audz + qudy). (182)
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We write the limits only, instead of indicating the path, since
the value does not depend on the path. Regarded as a function
of x,y this flow in unit time is called the stream function. Fur-
thermore, since no fluid crosses the curve BB’, the stream function
will be the same at B and B’. And the streamlines will be those
curves for which the stream function is constant.

B'

A(a,b)

0 X
Fia. 97.
Since the integral in Eq. (182) is independent of the path, it
follows from the condition (41) that

o1 _ (=g . 01 9 _ (183)

dx Iy o ay
This is known as the equation of continuity.
For the steady streaming of a fluid, the circulation along a
curve is defined as the integral of the tangential velocity com-
ponent times ds, or

ds Projas @ = ds - @ = qidx + qudy. (184)
The circulation K about any closed curve By bounding a

region 7T is

" (dq:  dq
— ] = — O o—
K LT (qidx +‘(12uy) /T ( T2 6y> dx dy, (185)

by Green’s theorem (13). The quantity

= 1(%: _
¥T 3 <6x ay) (186)
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is called the rotation, since w(x,y) is the angular velocity of an
element of the fluid at z,y. If @ = 0 for all points of the region
considered, the motion is said to be irrotational.

We now assume that our motion is irrotational, so that

001 _ 901
il (187)

Then by Eq. (185), or Sec. 82, the circulation about any closed
curve is zero, and the circulation along any curve joining two
fixed points in R is independent of the path. In particular, the
circulation along any path from A’ = (a’,b’), a fixed point to
B = (z,y), any point in R depends on B only. Thus

Pay) = [ (qdw + quly) (188)
defines a function of x and y. The total differential of P(z,y) is
dP = qidx + q.dy and hence g? = qi, g—l-y-) = ¢o. (189)

Since its partial derivatives are the components of the velocity
vector, the function P(x,y) is called the velocity potential.
By Eq. (182) the total differential of S(z,y) is

S aS

dS = —qudx + q:dy  and hence = I = q:. (190)
A comparison of this equation with (189) shows that
oP _ a8 asS oP

These have the same form as the Cauchy-Riemann equations
(67). It follows that the function /'(z) obtained by setting

F(z) = P(xy) + iS(z,y) (192)

is an analytic function of z = & 4 ¢y in R. Thus the velocity
potential and stream function are a pair of conjugate functions,
with all the properties discussed in Secs. 85-87. In particular,
they each satisty Laplace’s equation.

Any given analytic function F(z) determines a possible plane
irrotational motion of an incompressible fluid, whose velocity
potential and stream function are given by Eq. (192).
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We note that, from Eq. (65)

dF yon _ OP 38 .
Ez—-—F(z)——aE+z%—q1 1qs. (193)

Hence the velocity vector corresponds to the complex number
q1 + g2 = F'(2), conjugate to F'(z). (194)

This fact may be used to find the velocity components if F(z)
is given. For example, the function

F(z) = clog 2, ¢ a real constant, (195)
is analytic in any simply connected region R not including the
origin. Here

F'(z) = g, so that ¢; + ig: = F'(2) = g (196)
Let us set
z=rel Z = re and == — = ;e“ﬁ (197)

This shows that the velocity is along the radius vector and that
its magnitude is inversely propor-

tional to r.
We may consider such veloc-
itles in the multiply connected
region consisting of the plane with
the origin removed. Then the %

flow corresponds to a source at
the origin of strength 2we, since
fluid crosses any circle about the
origin at a rate

C
2rr { =) = 2wc.
r Fia. 98.

If we wished to have the functions P(z,y) and S(z,y) as
obtained from (192) exactly those of Eqs. (188) and (182) with
A = (ab) and A’ = (a',b’) both at zo, we would have to use
¢ log z — ¢ log 2o in place of F(z). However, additive constants
in any of the functions P(z,y), S(z,y), and F(z) are usually
unimportant, since the chief significance of these functions is the
relation of their derivatives to the velocity.
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To show how one flow may be mapped into another by a
suitable conformal transformation, or analytic function, let us

consider the relation
1 1

as a mapping of part of the w plane on the upper half of the
z plane. The function takes the part of the u axis with |u| > 1

e

A B C D E A B oD E’
z-plane w- plane
Fia. 99.
into the part of the x axis with || > 1. And the unit semicircle
B’C’'D’ in the w plane goes into the segment of the 2 axis BCD
(Fig. 99), since

w = ' makes z = $(e® 4+ ¢7%) = cos 6. (199)
In fact, I2’, the part of the w plane above A'B’C'D'E’ is mapped

on the upper half of the z planc.

The flow with F(2) = Uz with U real has

Fli2y=U, F@=U ¢=U  ¢=0 (200)
Thus it corresponds to parallel streaming, or streaming in the
upper half z plane with velocity

A tangential to the x axis.
Consequently the flow in the w
plane given by

v P(w) = %(u + El>, (201)

F1e. 100. will correspond to streamingin the
region R’ with the velocity tangential to the boundary
A'B'C’'D'E’, or streaming past a circular barrier. The stream-
lines shown in Fig. 100 are obtained from

%

S(up) = %](v - ﬁ;ﬁ) =k, (202)

They are the images of y = k/U under the transformation.
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A method of finding the proper transformation for simple
polygonal barriers is given in Sec. 95.

In discussing flow we have used the terminology of hydro-
dynamics for the sake of concreteness. However, much of the
discussion applies to the flow of electricity and heat. More-

14 Y

=234y

w=u+v
0

0 U x1 xz x3 e o o xn

|

w-plane z=-plane
Fia. 101.
over, the conformal transformation of conjugate functions
often simplifies the solution of Laplace’s equation in two dimen-
sions for given boundary conditions. And that solution may
represent velocity potential, electrostatic potential, magnetic
potential, gravitational potential, or steady-state temperature.
95. The Schwarz Transformation. There is a general expres-
sion, due to Schwarz, for a function w(z) which will map the

Wy 2y
Fia. 102,

upper half of the z plane, where z = x 4 4y, on the interior
of a given polygon P in the w plane, where w = u 4+ . Call
the vertices of the polygon in the w plane wi, ws -+ * , w,.
And let their images on the real axis of the z plane be z;, z,,

*, &n. The subscripts are chosen in such a way that
21 <&y < + - <z, Then the vertices wy, wy, * + -, w, will
necessarily follow around P in the positive direction, and there
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will be a point I on the side w,w; which is the image of infinity in
the z plane. Denote the interior angle of the polygon at w; by
Br. Then the exterior angle at w; will be 7 — 8.

For any complex number, the polar angle 6 is the imaginary
part of the logarithm, since z = rei? implies log z = log r + 6
or

Ilogz = 6.

As x passes along any segment x;_xx, Az = Az is real, while Aw
along w,_,w, makes the constant angle 6, with the positive
u axis. Hence

A d
I log —A—Z-) = I log —dl: = 0 along wy_ ;w. (203)
Similarly
dw
I log T = 041 along wiwpy 1. (204)

Thus when z passes along the x axis through z;,
dw
I log T changes by (8iy1 — 0x) = (mr — Bi) at zx. (205)

Let us seek a function that behaves in this way. Now x —
is negative before x reaches x:, and positive after z;. Since it
rotates through —= in the upper half plane, it follows that

Ilog (2 — 1) = Ilog (x — xx) changes by —= at xx.  (206)

And

Ilog (z — xx)?* changes by —psr at ws. (207)
If we set
—pm = —f) o m=Z—1 (08)

we obtain the function

(2 — 2™, pe = % — 1. (209)
This suggests that dw/dz has the form
d-alzg = G(z — z1)?(z — x2)?* * - - (2 — z,)?, (210)

so that
w = G/ (2 —z)P(z —29)?2 + + - (2 — 2a)?dz + A, (211)
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Here G and A are complex constants, and
pr = — — L. (212)

In fact, for any value of the constants involved, the function
w(z) obtained from (211) will map the x axis in the z plane on
some polygon P* in the w plane. And at w, the image of xi,
the interior angle of the polygon will be B, related to the pi by
(212). For the angle made by Aw with the positive u axis will
be constant along the image of each segment z;_;x; and will
increase by # — B, at each vertex wy.

The constant of integration A determines the position of P*
with respect to the origin, so that changing A displaces P*
parallel to itself. .

The constant (¢ = ge¢*” determines the size and orientation
of P*. To change the size by a given constant scale factor, we
multiply g by this factor. To rotate the polygon through a
constant angle about the origin, we add this constant to v.

The constants x; determine the ratios of the sides of P*. If
any three of the x, are chosen at random, the remaining n — 3
may be so determined that P* has the shape of any polygon with
interior angles 8. This is related to the fact that the shape of a
polygon of n sides with given angles depends onn — 3 parameters.

The foregoing discussion makes plausible the following prop-
erties of the Schwarz transformation [Iiq. (211)], which we state
without proof.

I. With any three of the 2, chosen arbitrarily, the remaining
constants @, A, and the xx in (211) may be so determined that
the function w(z) maps the z axis on the boundary of the polygon
P, each traversed in the positive sense.

II. This function w(z) will then map the points of the upper
half z plane on the points of the interior of the polygon P in the
w plane in a one-to-one manner.

The form of dw/dz shows that all its singularities are on the
real axis and that it is never zero in the upper half z plane. Hence
the function w(z) is analytic, and the mapping is conformal at
all points of the upper half z plane. Moreover, the inverse
function z = z(w) obtained by solving w = w(z) is analytic at
all points inside the polygon P in the w plane.
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The transformation may be applied in some cases where the
polygon P does not have all its vertices located in the finite
part of the plane, as will be seen from our examples.

ExampLeE 1. Let the polygon P be the opening between two
straight lines, making an angle 3. Here there is just one finite
vertex, so that we may take z; = 0, and

m=p=C-1 (213)

™
Thus
dw G
v Gz?, w = T
We take A = 0, which makes w(0) = 0, and hence w; = 0.
“And we set the coefficient G/(p + 1) = ¢ and take ¢ real. This
makes the positive u axis the image of the positive x axis. This

leads us to the transformation

27t 4 A, (214)

3™

w = cz", m=p+1=- (215)

Since the lines y = constant in Fig. 103 are the streamlines
for parallel flow in the upper half z plane past the x axis, their

Y |4
C <
0 X 0 U
z-plane w= plane
Fia. 103.

images under the transformation (215) will be the streamlines
for flow around two straight barriers meeting at an angle 8.
For a particular m and any convenient choice of the scale fac-
tor ¢, the image of ¥ = y, may be obtained from

= c(x + 1yo)™ (216)

A series of values of x, inserted in (216), will yield a series of
values of w = u 4+ % and hence of points «,» on the image curve.

Some of these curves are shown in the figures. For flow inside
a 45° opening, 8 = v/4 and m = 14 (Fig. 103). For flow inside
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a square corner, 8 = 7/2 and m = 14 (Fig. 104). For flow out-
side a square corner, 8 = 37r/2 and m = 34 (Fig. 105). For
flow around the two sides of a single barrier, 8 = 2r and m = 2

(Fig. 106).
KK V

o ///

14

:\\\

w - plane w - plane
Fia. 104. Fra. 105.
V/
(7 v
NG U
P \ — 1
A |
0 U
w-plane w - plane
Fia. 106. Fic. 107,

ExampLe 2. Let us consider the limiting case of the polygon
of Example 1 obtained by letting g — 0, while w; moves to
infinity. When 8 — 0 in (213), p —» —1 and

‘Z;z”.-G—l w=Glogz+ A. (217)

With 4 = 0 and G = ¢, a real constant, this becomes
w = ¢ log 2. (218)

This maps the space between the lines v = 0 and v = wc in the
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w plane on the upper half z lane. The images of the curver
y = constant, the streamlines of a flow along one plate and back
along a parallel plate are shown in Fig. 107. Here ¢ depends on
the distance between the parallel barriers.

ExamrLE 3. In Eq. (218), let us put ¢ = 1 and interchange
w and z. The resulting transformation is

z = logw or w = ¢. (219)

'This maps the region between y = 0 and y = = on the upper
half w plane. As it also maps the region between y = 0 and

y = —= on the lower half w plane, we may use it to map the strip
of the z plane between y = —7 and ¥y = 7 on the entire w plane.
Vv
0 U
0 X
y=-7
z-plane . w-plane
Fia. 108. Fra. 109.

The images of the lines x = constant are concentric circles.
Thus flow across the strip of Fig. 108 is transformed into circu-
lation about the origin in the w plane (Fig. 109). And the
images of the lines y = constant are the straight lines through
the origin. Thus flow along the strip of Fig. 108 is transformed
into flow from a source, or into a sink, at the origin in the w
plane (Fig. 109). This last is the flow of Fig. 98, obtained from
Eq. (195).

ExampLi 4. Let the polygon P be bounded by three straight
lines with two square corners (Fig. 110). Then

1
Bl = 62 = g! so that PrL = P2 = — _2-. (220)
Hence, if we take x; = —1 and z, = 1, we shall have

G

ivice %

W — Gz + 1) Mz — 1)% =
dz
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and

w = gj.—rsin‘1 2+ A, or w = ¢ sin™! 2, (222)

if we put A = 0 and G/7 = ¢, a real constant. This maps the
segment of the u axis between —cr/2 and ¢r/2 on the segment
of the x axis between —1 and 1. Thus the semiinfinite rectangle
of Fig. 110 is related to the axes as shown. The curves sketched
are streamlines for flow along the sides of the rectangle, the
images of the lines y = constant in the z plane (Fig. 111).

|4
Y
P C 7V
-gr 0 g -1 0 T X
w=-plane z-plane
Fra. 110, Fra. 111.

Exampre 5. In Eq. (222) let us put ¢ = 1 and interchange
w and 2. The resulting transformation is

z =sin"lw or w = sin 2. (223)

This maps the region with —7/2 <2z £ 7/2, y = 0 in the 2
plane on the upper half w plane. As it also maps the region with
—7/2 £ 2 = 7/2, y < 0 on the lower half w plane, we may usc
it to map the infinite strip —x/2 = 2 < n/2 on the entire
w plane. The images of the lines y = constant are confocal
ellipses with foci at w = —1 and w = 1. They are the stream-
lines for flow about a barrier in the w plane (Fig. 113) along the
part of the u axis between —1 and 1. The images of the lines z
constant are confocal hyperbolas with fociat w = —1landw = 1.
They are the streamlines for flow around two barriers along the
w axis, separated by a slot from —1 to 1 through which the flow
takes place.

ExampLE 6. Let us start with the strip of Kxample 2 (Fig.
107), which had one angle zero at infinity. And consider the
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strip formed from it by folding back the right half of the upper
edge about any point of this edge, along itself to give an angle
2r. Thus

B1 = 273', B2 = 0, so that Pr = 1, P2 = —1. (224)

Y
0 X
=T e=Z
z-plane w- plane
Fra. 112, Fra. 113,
1%
W Y
Z/Lc
L&
C 77449/ 70 L . Z/iILD
’ 1 O X
w-plane z-plane
Fia. 114. Fia. 115,
And, if we take ; = —1 and z; = 0, we shall have
dw . , 1
a-z-=G(z+1)z =( 1—1—;; w=G@z+logz) + A. (225)
With A = 0 and G = ¢, a real constant, this becomes

w = ¢(z + log 2). (226)

The image of xr; = —1is w; = ¢(—1 + =7), point B in Fig. 114.
And the segments AB (upper side), BA (lower side), CD in the
w plane (Fig. 114) are- mapped on the segments x < —1,
—1 <2 <0,z > 0 of the z axis in the z plane (Fig. 115).
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ExampLE 7. Let us combine the transformation of Example 3
with that of Example 6. With Z in place of w, Eq. (219) is

z=1logZ: or Z = ¢ (227)
And with Z in place of z, Eq. (226) is
w = c¢(Z + log Z). (228)
The result of eliminating Z from these equations is
w = c(e* + 2). (229)

The lines y = constant in the upper half z plane are mapped by
(227) into the lines radiating out from a source at the origin
in the upper half Z plane. Then by (228) these lines are mapped

into the streamlines for flow from

a source at infinity in the chan-

nel between AB and CD, flowing
through the channel and fanning

w ~ plane .
Fra. 116,

out into the upper half plane.
The transformation (229), like
those of Examples 3 and 5, may
be extended symmetrically into
the lower half plane. Thus the
images of the lines y = constant
in the z plane by the transforma-
tion (229), shown in Fig. 116, give
the streamlines for flow out of a
channel. This transformation is also used in connection with the
electrostatic field near the edge of a parallel plate condenser.

96. References. For further details on the applications of
line integrals and complex variables, the student may consult
The Elements of Aerofoil and Airscrew Theory by H. Glauert,
Complex Variable and Operational Calculus with Technical Appli-
cattons by N. W. Meclachlan, Conjugate Functions for Engineers
by M. Walker, and Theory of Functions as Applied to Engineering
Problems by Rothe, Ollendorf, and Pohlhausen.

Justification of the calculations on residues used here will
be found in the author’s Treatise on Advanced Calculus, Chap.
XIII. A comprehensive text on complex variables which
includes the Schwarz transformation is the Vorlesungen <iber
allgemeine Funktionentheorie wund elliptische Funktionen by
R. Courant and A. Hurwitz.

i
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EXERCISES V
4. Calculate [) if (2y%dz — 3zxy dy) over the path C, along y = 2
and also over C, along y? = 8.
/ 2. Calculate ﬁ) i)'l (2zy dx + 3x2dy) over the path C, along z? = 9y
and also over C; along x = 3y.
4. Calculate § (4y dr 4+ 2z dy) around the circle z = cos f,
y = sin t.
4. Calculate § (2y dz — 5x dy) around the ellipse x = 4 cos ¢,
= 2 sin {.

6. Calculate f By dx + z dy) around the square with vertices at

(0,0), (1,0), (1,1), (0,1).

6. Check Prob. 1 by transforming the integral over C; — Cy by
Green’s theorem and evaluating the double integral.

7. Check Prob. 2 by the method of Prob. 6.

8. Prove that /;T (ay dx 4+ bx dy) = (b — a)Ar, where Ar is the

area and By the boundary of the region 7.
9. Use Prob. 8 to check Probs. 3, 4, and 5.

Using Eq. (20), find the area bounded by

10. The ellipse x = a cos {, y = b sin t.
11. The four-cusped hypocycloid x = a cos? t, y = a sin® ¢.
12. The lines y = 0, x = —a, and the involute, 0 < t < ,

x = a(cos t + ¢ sin t), y = a(sint — t cos t).
13. The epicycloid of (n — 1) cusps, 0 < ¢t < 2m,
z = a(n cos t — cos nt), Yy = a(n sin t — sin nt).
14. The hypocycloid of (n 4 1) cusps, 0 < ¢t < 2,
z = a(n cos t 4+ cos nt), ' y = a(n sin t — sin nt).
15. The loop of the strophoid, —m/4 < ¢t < w/4,
T = a cos 2, y = a tan ¢ cos 2t.

For each of the following exact differential expressions, find an
indefinite integral F(z,y) whose total dlfferentml dF equals the given
expression:

16. (z® + 122%)dx + (2y + 4x3)dy.
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17. (22 + y?)2(x dx + y dy).
18. (e + ev)dx 4+ (1 + x)evdy.
19. (z + cos y)dz + (y — x sin y)dy.
ydz — xdy
20. R i y (z,y) # (0,0).
91, YT LAY 4o o
21. 4ot =y » 4x? #= Y.
22. ax™y*[(m + 1)y dx + (n + Dzldy, m > 0, n > 0.

23. If the potential energy is U(z,y) = k(x? + y?)~*, show that the
force is an attraction toward the orlgln inversely proportlonal to the
square of the distance.

24. With the notation of Prob. 62 of Exercises III (page 137), let
ds = idr + jir d6. 1ence if the force is F ="F.i; 4+ Fyj,, the element
of work is dW = F,dr + rFydf. Deduce from this that if there is a
potential energy function U(r,8) such that dU = —dW, then as a con-

oU _1aU,
sequence F, = — 5 and Fy = -0

26. Check Prob. 23 by using Prob 24 with U = k/r.

26. For an ideal gas, Eq. (50) holds and pv = RT, R constant.
Assume that dQ = ¢dT + pdv, ¢ constant. This means that for
dT = 0, dQ = pdv. And for dv = 0, dQ/dT = c, the specific heat at
constant volume. Derive the equation dQ = (¢ + R)dT — v dp, and
use it to show that the specific heat at constant pressure C is constant
and equal to ¢ + R.

27. From pv = RT, dQ = ¢dT + pdv, and ¢ + R = C, Prob. 26,

deduce that dS = dq? %‘-’ + C %9 Hence show that the change in

entropy along any path from po,ve to p,v is
S(p,) — S(po,we) = ¢ log p + Clog v — ¢ log po — C log v,.

28. An adiabatic curve in the pr diagram is one on which dQ = 0.
Hence dS = 0, and the entropy is constant. Show that for the system
of Probs. 26 and 27 the adiabatic through pe,ve 18 po¥ = pevek, where
k=C/c=1+4 R/c. Inairk = 1.4 and the adiabatic is pp’-* = povol-*.

For each given f(z) find the conjugate functions w(x,y) and v(z,y)
such that f(x + 1y) = w + 1. Also verify directly that Eqgs. (67),

(71), and (74) hold. ' - , -
. 2+ 30z 30732 s1. oot 32. i3,
33.7sin 2. 34 cos . 36<sinh 2. 367 cosh 32.

Verify that the given function satisfies Laplace’s equation, and find
f(2) such that f(2) = u + v is.analytic if
u =1+ 2y. 38 u = 6xy. 39U = e sin y
49/0/ = ¢os « sinh y. 41/v = 6z — 2y 427 v = ¢v cos 7.
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43. Let w = f(2) be analytic. Write 2 = re?® in w = u + w so
that f(rei’) = u(r,0) + iv(r,0). Show that when 8 is constant dz = ei%dr

and i e=it (6u g’-;) And that when 7 is constant the relations
it dw _ . 1 0u 160)
are dz = 1rei®df and 7 e ( r60+r66
44. Use Prob. 43 to derive the polar form of the Cauchy-Riemann
du 1 0v dav 1 du
equations 3 = 790 and %= " 736

45. Check Prob. 44 by finding the condition for exactness of the real
and imaginary parts of f(:) dz = (u + ) (%T ~+ id0>-

46. By eliminating v from the equations of Prob. 44 show that
a( au) n 9%
" or am

Also show that r = ( ) + (') = 0.

= 0. This is the polar form of Laplace’s equation.

. Tor each given f(2) find the conjugate functions u(r,8) and v(r,6) such
that f(re®) = u + w. Also verify directly that the equations of
Probs. 44 and 46 hold.

47. log 2. 48. 41 log =. 49. 3z 60. 2z3.
61. 1/z. 62. 2. 63. bHeiz. 54. acidzr, a, A, p, real.

Find the value, over any path joining the given end points, of each of
the following integrals:

1 241 2w
b5. ﬁ) (42° + 42)d=. b6. /; (z — 2)%dz. b7. /;”_ edz.

Calculate each of the following integrals over the path Cy, the upper
half of the circle 22 4 ¥ = 25. Also over (s, the lower half of the same

circle.

5 2 + 3 / 2 dz /
58. [_5-~ S de. 59. | sy 60. ,,z_]

61. Check the last three problems by using the residue theorem to

evaluate each integral over C; — C,.
62. Show that, over any path not ‘passing through the origin,

1
f - (4 + ;15) dz = 6. Compare Prob. 37 of Exercises IV (page 189).

63. Prove Cauchy’s integral formula, f(z) = q}rt c. {(? )-dt, where

C. denotes a positive circuit about z, and C. is inside some region in which
f(2) is analytic. Hinrt: Replace ¢, 2, C. by 2, @, Co and apply the residue
theorem to the integral.
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64. With the notation of Prob. 63, prove that the nth derivative of
n! t)dt
1@, 196 = 5= fo, 7l
the residue by Eq. (109).
65. Let f(2) be analytic inside 1" and on By. Assume that f(2) = 0
on Br, and let N denote the number of roots of f(z) = 0, or zeros of f(z),
inside ’I’ where a zero of order m is counted m times. Show that

N = % Br {f((:)) dz. Hinr: If f(2) has an m-fold zero at the point «,

/ ’
J&) = (2 = @)7g(e), gla) # 0. Heneo tE = M 4 €.
apply the residue theorem to this function, using a circuit C in which
g(z) # 0.

66. Let f(z) be analytic inside 7" and on Br. Assume that f(z) = 0
on By and that' f(z) = 0 has only one simple root a inside 7. Show that
1 ' (2)

= 51 IBs f(z) dz. Hint: The integrand has a simple pole at «,
with B(a) = a.

See the hint to Prob. 63 and compute

Now

Using complex integration as in Sec. 91, verify that

o 4 T dx b
m‘ﬁ)S—-éLcos:E:{?' 8. 0(9—4cosx)2=_7'
dx T
& ) s boos - = Ja—p ‘P
27 3r
70. / s1n4xdx—4f smxdx-——l-é
-1 cpe s
71. ﬁ) cos* ¢ dx = 7—;1 32'2 o _(2_n2n -2, n a positive integer.
. o dx ‘1r
. ﬁ) @ r @ L) " sty > %0>0
T » zldr
wf x4+1 = o3 . |, FF1T6

T
5. f pov 6:::2 T2 = 50" HinT: 2* — 622 4+ 25

= (#* + 5)? — (42)%

7, [ ;20: M dr =" a>0,m>0.
mx e‘-am
77[ ‘Zflf’l_xz r="5—  a>0,m>0
78. f Zoi";a; = ge‘m (cos m + sin m), m > 0.



248 LINE INTEGRALS

79. From Prob. 69, by differentiation with respect to ¢, deduce that
x dx T . . :
ﬁ) @ Fboosa): = (E= b @ > [b.  Use this to check Prob. 68.
80. Using complex integration as in Sec. 92, show that
*  sin mx T _
/(; w———(a2—-+ x‘lj dx = 2 (1 — emam), a>0 m>0.
81. Check Probs. 76 and 77 by differentiating the result of Prob. 80
twice with respect to m.
82. From Prob. 80, bv differentiation with respect to a, deduce that

© _sinmx 2 + an ) :
ﬂ) a:(a“ + z?) dx (1 e~ I a>0,m>0.

83. Show that the integral ];

rmdz T

e ,
L+ 1 . m+ 1
n sin n T

if

0<m+1<n Hinr: Make the substitution z» = ¢ and use Eq.

(150).
84. Use Prob. 83 to check Probs. 73 and 74.
. g2z T T '
85. Show that f o cosh oz dx = sec a, — 5 <a< 5 Hinm:

Make the substitution 27z = t and use Kq. (151).

86. Given ﬁ) e~ dr = }/2]'-’ derived in Prob. 82 of Exercises IV

(page 193), show that /(; e~=* cos 2bx dx = \gﬂ- e, Hint: Integrate
e~ around a rectangle bounded by y =0, y = b,z = — A,z = A.
87. Using the integral given in Prob. 86, deduce that
0 0 . _2——
[) cos x¥dx = ﬁ) sin 2%dr = —\—/er HinT: Integrate e~=* around
the sector of the circle of radius 4 bounded by the linesy = Oand y = z,
together with a circular arec S4. As A — o, the integral on S4 — 0

On y = 0, the integral approaches ](; e~'dr = \_glr And on y = z,

. 1+ :
if we put z = _\-/!—éz t, the integral approaches

ﬁ) e~ ¥ dz = [) (cos t? — 1 sin (2) 1—\:/%-% dt.

88. If a two-dimensional flow has q = —ayi + azj, show that the
rotation defined in Eq. (186) is constant, w = a. By Sec. 52, the fluid
is moving like a rigid plane rotating about the z axis with angular

velocity a, since ak X (zi + yj) = —ayi + azj.
89. For a steady plane ﬂow with no external forces,
6q dq 19dp dq dq- 10
: 1+6yl = --——ad 2q1+ay = ;—6%; Here p(z,y)
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is the pressure in pounds per square foot and p = D/g is the constant
density in slugs per cubic foot. Assume that the motion is irrotational
so that by Eq. (187) d¢»/dx = dq:/dy. Deduce from these equations

that dp = —p(q1dq: + ¢+dq») and hence that p = — -’2-) (12 + ¢22) + c.
90. If the motion of Prob. 89 is related to F(z) by equation (192),
show that the pressure p = — % |F’(2)|2 + .

91. Show that S(z,y) = 22 + 22y — y? — x — y determines an
irrotational motion, and find P(z,y) and F(2) = P + 1S. At what
point is the fluid at rest?

92. Find the pressure difference between (0,0) and (5,10) for the
motion of Prob. 91, if the conditions of Probs. 89 and 90 hold and (a)
the fluid is water with p = 1.93 slugs/ft.3, (b) the fluid is air with
p = 0.00238 slug/ft.?

Using Eq. (194) and Prob. 90, find the velocity components ¢, ¢. and
the pressure p for the fluid motion determined by each of the following
functions F(z):

93. -. 94, 22, 96. e-. 96. — cos z. 97. sinh z.

98. As in Prob. 24 write ds = i,dr 4+ jir d0. And let the velocity
q = @41 + ¢ji. And if K is the circulation of Eq. (185), show that

[ = /B (qdr + rqed) = / (90 + ra_tio — aq,) dr df. Also that K
T

= /T 2wr dr df. Deduce that w = 5 (qo + %qro :ggr
tional motion, w = 0, and there is a velocity potential P(r,0) such that
orP 10P
o' 9= 196

99. With the notation of Prob. 98, n of Eq. (180) is i;r df — j.dr.
Show that the stream function S(r,0) is the integral of —gqedr 4+ rq.d0,

) - For irrota-

dP = q.dr 4+ rqed@, and hence ¢, =

s 108
and hence go = — ' =738
100. Show that the functions P and S of Probs. 98 and 99 satisfy the
P S -10P
equations %7 = lg—g and gf ;-ga- These have the same form

as those derived in Prob. 44.

101. Using Probs. 43, 99, and 100 show that the polar components of
the velocity may be obtained from F(z) = F(re¥®) = P(r,0) + 1S(r,0)
by means of the relation e*%F’(2) = q. — iqs.

Using Probs» 101 and 90, find the velocity components ¢,, gs and the
pressure p in terms of 7 and 6 for the fluid motion determined by each of
the following functions F(z2):

102. log 2.  103. 2% 104. 1/-. 105. 2%. 106. 2™, m real.
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107. If F(2) =log (2 — ar)® * - - (2 — aa)* show that the flow
with P 4 48 = F(2) has a ‘“‘source” with strength 27k, at 2 = «a,. If
the sum of the %’s is not zero, we must think of an additional ‘‘source”’
at infinity of strength —2m(ki 4+ k24 - -+ + ks). A “source” of
negative strength is a sink.

108. Plot by points the streamline S = 1 if F(2) = log (22 — 1).

109. Show that if F(z) = log z—-—l_-%’ the streamlines S = constant,

as well as the equipotentials P = constant are ‘‘circles,” including
straight lines as degenerate cases.

110. If F(z) = —1clog 2, show that the streamlines are circles about O,
and that the circulation around Co, any positive circuit about O, is 2mrec.

111. Show that F(z) = b(z + a%/z), for |z| > a, corresponds to
streaming past a barrier in the form of a circle of radius a. The velocity
at infinity is b, since for z large, F(2) is nearly bz.

112. Probs. 110 and 111 show that F(2) = —ic log z + b(z + a%/2)
corresponds to streaming past a circle of radius a, combined with circula-
tion 2wc around the circle. Plot the streamline S = lifa =b =¢ = 1.

113. Plot, by points, the curve in the w plane which is the image of
the circle (r — 0.2)2 4+ (y — 0.3)? = 1.53 under the transformation
w =z + 1/z. Hint: For any point on the circle, measure r, calculate
1/r, and plot 1/z with polar coordinates 1/r, 6. Then add to z by the
graphical construction of Sec. 6.

The curve is an example of the Joukowski airfoil. It is possible to
find the streamlines for flow past it by first finding them for the circle as
in Prob. 112 and then mapping them on the w plane by w = z + 1/z.

114. Plot the streamlines of liquid flow from a channel obtained as the
images of y = 0, 7/4, /2 under w = ez + 2.

115. Plot the lines of force of a parallel-plate condenser, obtained as
the images of ¢ = 0, 14, 1 under w = ¢* 4 2.

dz ‘

ﬁ) V{1 = 2)(1 = kizd)
k < 1, maps the upper half z plane on a rectangle in the w plane. The
points x, = —1/k, o = —1, 23 = 1, 24 = 1/k go into the vertices
w, = —K + iK', w, = —K, ws = K, wy = K 4 1K', where

116. Show that the elliptic integral w =

. f1 dx b [V dr
I‘“ﬁ) vV (1 =221 — k*?) and K /1 vV (x? = 1)(1 — k%2

117. Let t be any real or complex number not equal to 0 or +%m, one
of the poles of cot z. For any integer n such that nw > |¢|, let S, be the
square whose sides are z = +(n + 15)m, y = £ (n + 14)w. Show that

1\ 1 1 : 2
Jo Ccot s = 2) (= =3) de = 2 (eot e = 3, 5—5s)
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As n — oo, the integral on S, — 0. Assuming this, deduce that

1 w2
cott -7 = k§1t2 — nir?

118. By integrating the result of Prob. 117 from 0 to z, show that

. * 2
log (g_r;_z) = 2 log (1 — n‘—iﬁ)’ and hence
n=1

=[O - T - G- @)



CHAPTER VI

THE GAMMA FUNCTION
AND RELATED DEFINITE INTEGRALS

The Gamma function, a generalization of the factorial function,
is defined by an integral between fixed limits which contains the
independent variable as a parameter. In this chapter we discuss
the Gamma function and certain integrals expressible in terms
of it.

97. The Gamma Function. The integral

ﬁ)w xPle=dx (1)

is improper because of the infinite limit and, if p < 1, because
of the discontinuity for x = 0. However the tests of Sec. 72
show that the integral converges whenever p > 0. For positive
values it defines the Gamma function of p, I'(p). Thus

T(p) = /0 ® gr-te-ade,  p > 0. 2)
If we integrate by parts, we find that

o0
/(‘) xPe—vdr = —aPe*

: 4+ p ﬁ)w P el
=7 /;) . aPtemrdx, (3

since the integrated part is zero at the upper limit by Eq. (224
of Sec. 17, and at the lower limit because 27 = 0. By the defini-
tion [Kq. (2)], Eq. (3) may be rewritten as

I'(p + 1) = pI'(p). (4)
If we replace p by p — 1, this becomes
I'(p) = (p — DI'(p — 1). (5)
For p = 1, we have
T() = ﬁ) el = —e*| " = 1. (6)

252
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It followd By Eq. (5) that

I'Q) =1r(1) =1; TI'@) =201(2) =2-1;
T(4) =3T@)=3-2-1. (7)

Continuing in this way, we find that for any positive integer n,
'm)=m—-1)n—2)---3:2:1=(n-—1)! (8)

'n+1)=nn-—1)---3-2-1=n! 9)

where n!, read “factorial n,”” is the product of the integers from
lupton. Thisshows that the function I'(p + 1) is a generaliza-
tion of p!, originally defined for integral values only. And many
expressions involving factorials of positive integers may be
extended to other values by defining ‘

p!=T{m+1) (10)

when p is not a positive integer. The usual definition of 0! as 1
is a special case, since 1t makes 0! = I'(1).

Suppose that the values of I'(p) are known for all values of
p in some unit interval, e.g., 1 < p £ 2. Then by using Eq. (5)
we may find the value of I'(p) for any p in the next unit interval,
2 < p £3, since this makes 1 <p — 1 = 2. Similarly, we
may from these find the value of I'(p) for any p in the interval
3 < p = 4, and so on for all values of p > 1.

Or we may, by repeated use of Eq. (5), deduce that

I'pp=@E—-LDpE—-2) - E-nle-n 11)
for any positive integer n less than p. Then for any p > 2,
p — n will lic in the interval 1 £ p — n £ 2 if n is the integer

between p — 2 and p — 1.
The solved form of Kq. (4),

I(p) = & 2 (12)

may be used to find the value of I'(p) if 0 < p < 1.

We use Eq. (4), or its equivalent (12), to define the Gamma
function for negative values of the argument. Thus we may
regard Eq. (12) as giving the value of I'(p) for —1 < p <0,
in terms of I'(p + 1) with 0 <p + 1 < 1. The values for
—2 < p < —1 are then determined from those for

~1<p+1<0,

and

and so on,
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Or we may by repeated use of (12) deduce that

I'(p + n)
pp+1) - (p+n—1)

for any positive integer n. Then for any p < 0 and not a nega-
tive integer, p + n will lie in the interval 1 < p +n < 21if nis
the integer between —p + 1 and —p + 2. Equation (13) shows
that T'(p) becomes infinite as p approaches zero, or any negative
integer.

I'(p) = (13)

()

188
VLT

|

D

=5

Graph of the Gamma function.
Fia. 117,

We illustrate the remarks just made by computing the values
of I'(3.2) and I'(—1.2) from a table of values of logy I'(p) for
1 < p < 2, as given in Peirce’s Tables. We have _

T(3.2) = (22)(1.2)T(1.2),  logi I'(1.2) = 1.9629
logio I'(3.2) = 0.3424 + 0.0792 + 1.9629 = 0.3845

I'(3.2) = 2.424. (14)

. _ I'(1.8) T an
P( 12) = (—12)(—02)(08)’ ) 10g10 I‘(iS) = 1.9691
logo T'(—1.2) = 1.9691 — (0.0792 + 1.3010 + 1.9031) = 0.6858

r'(—1.2) = 4.851. (15)

By computing a sufficient number of values in this way we may

construct the graph, as shown in Fig. 117.
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' 98. The Beta Function. The integral
](;1 zr~ (1 — z)'dx (16)

is improper because of the discontinuity at x = 0 if p < 1, and
because of the discontinuity at 1 if ¢ < 1. However, the tests
of Sec. 72 show that the integral is convergent if p > 0 and
g > 0. For positive values it defines the Beta function of p and
¢, B(p,g). Thus

Bpg) = [, @'l —@)Ha,  p>0, ¢>0. (D)

We may express the Beta function in terms of Gamma func-
tions by the following device. Putz = y?, dxr = 2y dy in Eq. (2)
to obtain

T'(p) = ﬁ) " ar-le—rdy = 2 ﬁ) ” Yy le~vdy. (18)
From this, on replacing p by ¢ and y by z, we find
I'(q) = 2 ﬁ) © greleeidy, (19)
It follows that
T'()T(p) = 4 ﬁ) ® pre-lewdy [) ® yrlgvidy, (20)

We may regard the repeated integral on the right as a double
integral over the first quadrant. To change to polar coordinates,
we replace dzx dy by r dr d and obtain

T'(Q)T(p) = 4 ﬁ)ﬂz de [)w (r cos 0)2971(r sin )27~ l¢~"r dr
= [2 /(;w 7'2(”+‘1)"‘e—”dr] [2 [:/2 cos2771 @ sin?~1 g dO]. (21)
With p + ¢ in place of ¢, and r in place of z, (19) becomes
I'(p+4q =2 /(; * prto—1g-rigy, (22)

And the result of substituting
x = sin? 6, 1 — x = cos? 9, dr = 2 cos 8sin 0 do (23)

in Eq. (17) is

B(p,g) = ﬁ)l Y (1 — x)ldx = 2 /:/2 cos?e1 0 sin?~16d0. (24)
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A comparison of Egs. (21), (22), and (24) shows that

_ _I'(pr(g).
I'()T'(p) = I'(p + ¢)B(p,9) and hence B(p,9) = T(p + q) (25)
This enables us to reduce the evaluation of the Beta function to
the calculation of Gamma functions. The symmetrical form
shows that B(p,q) = B(q D).
If we put p = ¢ = 14 in Eq. (25) and then use Eqgs. (6) and
(24), we find

/2

rEr@E) = r(1)BE,3) = 2 do = . (26)

Hence
@ == and T@)=Vr (27)
Y The value of the Gamma function for

any p that is half an odd integer may
be deduced from this by using Eq.
(11) when p = n 4+ 14 and Eq. (13)
when p = —n 4+ 14.

99. Dirichlet’s Multiple Integrals.
Consider the double integral of zPy¢
ol y=0 X over the triangle defined by

Fic. 118, r =0, y =0, x+y =1 (28)

The integral equals

1 11—z 1 /1
Py@dy — ) 2P(1 — 7)o+l
ﬁdx/;) xPydy O xP(1 — x)%tidx

~GriBPHLe+D @)

by Eq. (17) with P + 1 in place of p and @ + 2 in place of q.
By Eq. (25) the right member is

1l rP+Hr@+2 . I+ D@+ 1)
Q+1 TP +Q+3) TP+ Q + 3)

by (4) with p replaced by @ + 1. Hence,

! e P4+ DTQ+ D)
ﬁd“’ﬁ YW = ST pEQ+3)

P>-1,Q> —1. (31

(30)
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The double integral of z7y¢ over the area defined by

' A B ‘
20, y=0, Q9-+@>§1 (32)

may be deduced from (31) by a suitable change of variables.

For if
xA i

a- b(1— (x/a)4]V/B
/ dx / xPydy
0 0 :
P+1],0+1 -v P+1 Q;*‘l_
= fl b / / w4 1 ! dv
Q + 1
aP+1bQ+1

AB D
(I +1+Q+1+1>

P>—-1,Q>—1, (34

by Eq. (31).
Similar results hold for integrals of this type in more than two
variables. Thus

1 1—2 ]—1'_U
/ dzx / dy / xPy9zRdz
0 0
e AR+
/ / ary o ( ,___I.Ty*—— dy. (35)

But, if y = (1 — x)u,
1

1—ur
/ (1l —z—y)**idy = (1 — a:)Q““*“/ u(l — u)®+idu. (36)
0 0

Since the integral in « is B(Q + 1, B + 2), the triple integral in
(35) is

1
BQ@+1, R +2) /0 2P(l — x)eHR+2dy

R+1
_BQ+1LR+2BEP+1,Q+R+3)
R+ 1

(37)
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By Egs. (25) and (4) this is

Q-+ HrR +2)rP + Nr@Q + & + 3)
R+DFQ+R+3ITP+Q+R+14)
_Ir®@+ Hr@+ Hrr + 1),
P+Q+R+14)

And, by a change of variable, we find that the integral of
xFy%* taken over the volume for which

CUA yB ZC
rz0, y 20, 2z 0, ((;) +(1—)) +(E> =1 (39

is equal to

(P +1 Q+1 R+1
al+1petick+1 I (’“Aw> r <—B—) r (——C'—) .

ABC (P+1 Q+1 R+1
.1(7—+~§ + C +1

(38)

(40)

Equations (34) and (40) enable us to find the mass, center
of gravity, and moments of inertia of uniform plates bounded by
the coordinate axes and curves of the form

x A y B B
O w

or of uniform solids bounded by the coordinate planes and
surfaces of the form

O-(-0- e

As an illustration, consider the first octant of the sphere
2?2 + y? 4+ 2% = a’ (43)

When b=c=a, A=B=C=2,and P=Q = R =0, the
expression (40) is

a® (9P _a® [I(9))  _ ma® (44)

3
IS

') r ,
8 I(%)  835-13r(g) 6

This is the volume of one octant of the sphere (43). When
=c=a,A=B=C=2,QQ =R =0,butP =1, the expres-
sion (40) is
@ TP _ at [(5)) _ mat (45)
8 r'(3) 8 2! 16
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Divided by the value found in (44), this gives 34a, the distance
from one plane face to the center of gravity of the octant.
Whenb=c=a,A=B=C=2Q=R=0,but P =2, the
expression (40) is
ST _ a“ [TCH)IT(33) _ mab (46)
8  T(%) 8 54-34T(3%) 30
By symmetry, twice this will give the inertial integral of (x2 + y2).
Doubling and dividing by the value found in (44) gives 24a2.
And the moment of inertia of the octant about the z axis is 24 M a?.
100. Alternative Forms. If we put x = —¢ log y, ¢ > 0, in
the defining equation for I'(p), (2), we obtain

) 0
I'(p) = / arleTmdr = —q” / y (= log y)»~'dy (47)
0 1

I'(p) = ¢ / yo (log é)— dy. (48)

1 p—1
The special case with ¢ = 1, [ (log 5) dy is sometimes
0

or

taken as the integral defining the Gamma function, I'(p).
If we start with the integral, it is more natural to change the
notation and write

! 1\’ '+ 1)
[) xe (log ;) dx = (@ + 1) a>—-1,b>—-1. (49)

The integral of a power of x times the exponential of a power
of  from 0 to = is reducible to a Gamma function. Thus with
bae =y,

a+1
” 1 o a-!-l___l r
f rre " dr = — - f ey °© ~ ¢ 7
0 0

atl dy = at1
Cbc cbc
‘ a>—1,b>0,¢>0. (50

As examples with b = h? and ¢ = 2 we have

Y e r(Y4) _ V=
h2x = - = - .
[) e 2h 2h (51)
® I'(1) 1
—h2zx2 N —_-— . ..
ﬁ we e = 2h2 2h2 (52)

2 ,—h2z? N &) N, &7 Y.
ﬁ Wy = 2h3 = (53)
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These integrals occur in the theory of errors with normal prob-
ability distribution. Compare Probs. 87 to 89 of Exercises IV
(page 194).

Equations (17) and (25) show that

ﬁ (1 — D)~z = Bpa) = RSO (5

The integral of any product of two first-degree factors, each
of which vanishes at one of the limits, is reducible to Beta func-
tions. Thus with x — a = (b — a)y,

/ " (& — @) (b — 2)%dz = (b — @) BP + 1, Q + 1)

= (b — a)Ftet! Ir'(P + 1)r(Q + 1)’
I'P+Q +2)
b>a, P> —1,Q > —1. (55)

And the substitution z¢ = y will reduce the integrals

b b
/ (¢ — a®)?(b* — z°)%*"'dx and / xk(be — z°)%dx (56)
a 0

to the type evaluated in Eq. (55).
The Beta function may be converted to an integral from 0 to
© by making the change of variable

- _¥ I _ 4y
x 1+ yy 1 x i+ y7 dx (1 F y)2 (57)

in

1 1
B(p,g) = /; (1 — z)rdx = / el _'y_ ) dy. (58)

Jo

And the substitution bz = ay makes
P+1 P41

/”ﬂ__=@i:?/”£__ld
o Gatbe)e ™ TER Jo Ty

a° P+1 P+1
= PH‘B( C,Q— ),(W)

by Eq. (58).
If we put ¢ = 1 — p in Eq. (58), we find
T g = _ .y = Ird - p
=TI'(p)r(1 — p). (60)
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But the particular integral on the left was evaluated in Eq. (150)
of Sec. 91. Using the value there given, we find

T .
sin pr
The argument just given assumes that 0 < p < 1. But, if we

replace p by p + 1 in the left member, we find from Eqs. (4)
and (12)

I'(p + 1)I'(—p) = pI'(p)

F(p)l"(l —p) =

(61)

HERED - —rra - p). (6
Thus the sign is reversed. And with p + 1 in place of p the
left member also reverses its sign, since sin (p + 1) = — sin pr.
This shows that, since Eq. (61) holds for 0 < p < 1, it holds
for 1 <p <2, and then for 2 < p <3, and so on. And
similarly we may replace p by p — 1 and show that the equa-
tion holds for —1 < p < 0, —2 < p < —1, and so on. Thus
IEq. (61) holds for all real nonintegral values of p.

101. Trigonometric Integrals. An expression for the Beta
function in terms of trigonometric functions is given in (24):

/2
B(p, = 2 ﬁ cos2e! 9 sin%7—1 @ d9. (63)

If we start with the integral and change the notation, we find

/2 P+1Q+1
Qe g sin? N S N
ﬁ cos? 6 sin* 0 df = 2B( 9 9

P>-1,Q > —1. (64)
For P = 0 or Q@ = 0 this becomes Wallis’s integral,

/2 /2
Wp = f cos? 6 dO = / sin? 6 d6
0 0

=IB<1P+1> VWF(_; ) (65)

2 '\ =+ 1
2 +
For a positive integer n, I'(n) = (n — 1)! and

r@+%f@7%<_?”.#©>

_(@n—-12n —-3) - - -“3-1\{1?.
= o

(66)
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It follows that when P = 2m + 1, an odd positive integer, in (65)

W _ 2mm !
m T om+1)2m —1) - - - 3-1
. 2-4 - (2m — 2)(2m) ,
=55 om-Dem+1) O
And when P = 2m, an even positive integer, in Eq. (65)
@2m —1)2m —3) - - -3-1
Waom = omtipy | ™
w13 (2m—3)2m—1)
=594 - @m=2@m 8

The expressions (67) and (68) for the value of either integral of

KEq. (65) when P is a positive integer are collectively known as

Wallis's formula. They may be used to deduce Wallis’s infinite

product for =. We first note that Wp decreases when P is

increased by unity, since this multiplies the positive integrand

by cos 8, and 0 < cos @ < 1 for 0 < 6 < w/2. It follows that
™ W2m+1 W 2m+2

Wam > Wompr > Wamye and hence = 5 > 3 W, ) > 5 TV;;— (69)

From (68), as written and with m + 1 in place of m, we find

_I’sz+2 _ 2m + 1

W —2m+2——+1whenm—> ©, and
. ™ IV2m+2 _ _1!'_
Yim 5, — 2 (70
And from Egs. (67) and (68) we find ‘
T Wi
2 W2m
_ 2:2-4-4--- (2m — 2)(2m — 2)(2m)(2m) . 7)
~1-3:3-5---2m—3)2m—1)2m — 1)(2m + 1)

This approaches =/2 when m — o, since the relation (69) shows
that it is less than =/2 and greater than a number that approaches
/2 by Eq. (70). Consequently,

224466 2t (ml)*
133557 T e [(2m)N]2(2m A 1)

since the expression (71) may be written

5 , (72)
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2.4 - - (2m) ]2 1 [2:4[---(2172)]2

13- 2m—-1)] 2m + 1 © (2m)
m] . . .« e 4
T 2[.231. 2 3(277’0)]2(;:3& 1) (73)
102. Stirling’s Formula for Factorial n. If n is a positive
integer, n! =1-2-3 - - - nand
log (n!) =logl +1log2+1log3+ - - 4+ logn (74)

For n large this sum will be of the order of magnitude of
/;nlogxdx = (x log x — x) ‘: =nlogn —n+1. (75)

If we neglect the 1, we have n"e as a rough estimate of the
size of n!. A better estimate is n*t'e—". To show this, we
consider the logauthm of the ratio

'
h(m) = log - m_’:; o = log (m!) + m — (m + )logm (76)

From this

h(m)—-h(m——l)=logm—}—1—(m—}-1

)
+g 3)log (m = 1

log m

=1+( —ng (77)
When m = 2, 1/m < 1, and by Eq. (126) of Sec. 11,
m — 1
= — 1_. —_— ,L _ L< — ,}___ _ e (78)

m  2m®  3m3  4m!
(Consequently

_\, om -1 1 1 3
("‘ 2>‘°g TR v T

It follows from this and Eq. (77) that

h(m) - h(m —_ 1) = — — R (80)

12m?
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where for m = 2,

1 1
0 < Rn <y o that 2 Rn < 2 igr (81
= m=2

Let us next observe that

h(n) — h(2) = h(3) — h(2) + h(4) — hB) + - -+ + h(n)
.— h(n — 1)

n

= 2 [h(m) — h(m — 1)]

1
kS
o om=2 m=2

by Eq. (80). For n large

1 1 1
103 = — o = - ~- . (83
/; 1222 dz 12z |, 2n and 2 12m? (83)
n=2

have the same order of magnitude. Hence for n — o« the first
sum on the right of (82) converges. And the convergence of the
second sum for n — « then follows from the relation (81).
Thus we may write

. 1
lim hn) = h(@) = ) s — O Bn=logK, (34)
m=2 m=2
where K is the constant whose logarithm is defined by this
equation. '

It follows from Eqgs. (76) and (84) that
. n! n!
’}Lni W = K, or nll,n}g I?Wg:" = 1. (85)
This confirms our statement that for large n, n*+'%¢=" gives a good
estimate of the size of n!.
To find the value of K, we use the relation

24m(m )+
™= hm oy

which follows from Eq. (72) since 2m/(2m 4+ 1) = 1 as m — =.
By the second equation in (85), with n = m and with n = 2m,

(86)
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the limit in (86) is the same as the limit of

24m K 4yy 4m+-20—4m K2
K2(2m)im+1g—tmpy -9

2 |
., sothat -Ig— —rand K = /%7 (87)

The relation obtained by inserting this in Eq. (85),

n!

7}52 \/ 2n nrtthen =1 (88)

is known as Stirling’s formula for n!. It shows that in evaluating
the limits, as n — o« of expressions containing n! as a factor,
we may replace n! by the denominator. This procedure has
many applications in the theory of probability.

103. Computation of I'(x) by Stirling’s Formula. The denom-
inator of expression (88) has a steadily increasing graph for
n > 2. And the function I'(z + 1) has a smooth graph, inter-
polating between the values I'(n + 1) = n! for £ = n, a positive
integer. Hence, we should expect

. T+ a (z)
Iim T : = lim -
T ® ‘\/211" xrthie—r T— © —\/27,- xrr—Ye—=

=1 (89)

to hold when z is not restricted to integral values, since for
x = n it reduces to Eq. (88).
[iquation (89) is a special consequence -of the expansion

log I'(x) = log (\/Tr = remT)
1 1 1
+

12 ~ 3600 T 126025 (90)

This has the property that for any positive x each partial sum
of terms on the right approximates the left member with an error
numerically less than the last term retained. We shall not
prove this, merely noting that the term 1/(12x) is not unrelated
to the 1/(12n) in Eq. (83). Regarded as an infinite series, the
right member of (90) diverges for all values of z, so that it is
an asymptotic expansion as defined in Sec. 76.

For practical computation, we rewrite Eq. (90) in the form

logyo T'(x) = 0.39909 + (.T — %) logio x

-

1 1
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For a four-place result we may stop with the term in 1/x3 if «
exceeds 2, and with the term in 1/z if x exceeds 4.
As an example, let £ = 3.2. Then

logio I'(3.2) = 0.39909 + (2.7)(0.50515)
1 1
— 0.434294 (3.2 - @y * 360(3'2)‘,)
= 0.39900 + 1.36390 — 1.38974 + 0.01131 — 0.00004
= 0.38452. (92)

This is in agreement with the value found in Eq. (14).

For negative x, we may not use (91) directly but may use it to
compute I'(1 — z), since if £ < 0, 1 —x > 1. And then, by
Eq. (61),

r@) = "FTIJTB 93)
With —z in place of x, this procedure leads to the equation
log;e I'(—x) = 0.09806 — log;, sin (—180x)°
- (’l‘ + -é—) logio (x + 1)
+ 0.434294 [x +1 - L -+ —*.*—-1——“‘ — ] (94)
12(x+ 1) * 360(x + 1)3

Here z > 0, and I'(—2) has the same algebraic sign as
sin (—180x)°.

For numerically large arguments the use of Eq. (91) or (94)
is less tedious and more accurate than the reduction to tabular
values by the method of Sec. 97. '

104. References. Short tables of the Gamma function or its
logarithm will be found in most mathematical handbooks. An
introduction to the theory of the Gamma function is given in
Chap. XVI of the author’s Treatise on Advanced Calculus.

Comprehensive tables, a survey of the theory, and a bib-
liography will all be found in Vol. I of Tables of Higher Mathe-
matical Functions, by H. T. Davis.

EXERCISES VI
Use tables to evaluate

1. ‘/(; r¥e—=dzx. 2. -/(; a¥e—zdx. 3. ](; x¥e—=dz.
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4. T(3.8). 5. T(—2.4). 6. ﬁ)l 2 %(1 — )-Hdo
7. Show that dl(;;p) = ﬁ)w zr~le~* log z dz.
8. Show that d (Z)(f)) = ﬁ)w zr—le~= (log z)ndzx.

Fora > —1,b > 0, and n a positive integer show that

° I'(a + 1) ® n!
9. ‘/(; reebrdy = *6;—1_———‘ 10. ‘[) rre~trdy = b—"-ﬁ

* ep—egy L@+ 1) / * by — M
11. /(; zeb—zdx (log b)a+1' 12, o ¥ b—=dx = (log b)n+1.

Use Eq. (34) to find the area in the first quadrant bounded by the
axes and cach of the following curves:

2 2
13, % 4+ y¥ = @' 14, 2% + y% = %, 16. (g) + (%) =

16. Find the center of gravity of the area of Prob. 13.

17. For the area of Prob. 14, find the moment of inertia about OX.

18. If the area of Prob. 15 is revolved about OY, find the volume
generated.

19. A plate covering the area of Prob. 13 has its density p = 2z*.
Find the mass of the plate.

20. A plate covering the area of Prob. 14 has its density p = z2? + y2.
Find the center of gravity of the plate.

21. For the solid of Prob. 18, find the moment of inertia about its
axis OY,

Use Eq. (40) to find the volume in the first octant bounded by the
coordinate planes and each of the following surfaces:

22. ¥t + y}f: + 2V = qgl8, 23. %% 4+ y’rﬁ + 2% = g%,

24. (3)2 + (%)2 + (’Z)z 1. 2.2t yits=1

26. Find the center of gravity of the volume of Prob. 22.

27. For the volume of Prob. 23, find the moment of inertia about OZ.

28. A solid filling the volume of Prob. 22 has its density p = 2% Find
the mass of the solid.

Evaluate each of the following integrals:

29. / x? (log )d:c 30. / v/log z dz. 31, /(;weﬂ’dx.
32. [ atestda. 33. [ 22 - x)d.
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34. fl > = 1)-%@3 — z)~Ydz.  36. /2 Y@ = 294 — z)-Sda.

1 dx dx xdx
36. f . 37. 38. /
0 1 —2a3 0\/1—:v4 \/1—x4
© dx f T dz / x dx
39. '/(; 1 + x4‘ 40- 0 m‘ 41. O 2
42. [ /2 $in% z cost x da. 43. / /2 \/ SIn®x g
0 cos ¥

44. For 0 < p < 1, show that the value of the definite integral

/2 /2 .
ﬂ) tanpxdx=ﬁ) cotrxdx=—B(1+p 121)) T
T

2 cos —=
2

Use Prob. 44 to evaluate
n/2 /2 x/2 S
456. /(; / tan x dx.  46. /(; cot¥ rdx.  4T. [) / v/tan z da.

Fora > —1,b > 0,c > —1, and n a positive integer show that

I‘(a_:;l)l‘(c+ X

48fxa(1—a,b)0dx._ B(a+16+1) @+ 1 -
F (v* + ¢ + l)
Lo e (n — 1)!
49. [) w1 = 2)de = g T ) - (e ¥ n)
1 — — e e . — —
50. ﬁ) gnmsem1(1 — g¥)edy = O = 02 bn"!)sin — (=129 4 i

not zero or an integer. When c is an integer m,

m!(n —m — 1)!
bn!

1
/(; xbn-bm—l(l — xb)mdx —_

var () .
51. ﬁ\/idxfx—ﬁbr (b )/ \/1—x1/,.=1.2 (2;22)1)

52. Show that fora > —1, b > 0, bc > a + 1, the definite integral

P () p (o)
[romds _p(ati_any AT b
0 (14 at)e ™ b b b o bI'(c)

63. From Prob. 52 and Eq. (61) deduce that

©  gedy T
/(; TTo- (a+1 ), 0<a+1<0b.
b sin T
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dx \/ 7 I'(c—
54. Use Prob. 52 to show that [ T 5T (c) ,
¢ > % Check Probs. 62 and 65 of Exercises IV (page 191) by putting

¢c=mn,and ¢ = n + 13.
55. A particle starts from rest at 2 = a and moves along the z axis

toward O under the law of force F = —k/x. The energy equation is
2
5 (-id—ﬁ;) 4+ klog 2 = k log a. Derive the equation
_ o[ * e = \/.’"_'/‘ ( 1)‘” ,
t=— Ngp |, (log ) dx = «a 5% Je/a log " du and show

that the time required to reach O is ¢ /mr ) 2k.

56. A particle starts from rest at = a and moves along the z axis
toward O under the law of force F = —k/z»*l, p > 0. The energy
d k k : . .
equation is 5 ( x) — — = — ——, Derive the equation of motion
dt Y par

t = —\ 22 / (=P — a=»)~Vidx = a?/**! V_@/ wr/tdu_ and show
2k Ja 2k Ja/a /T — ur

1 1
()

that the time required to reach 0 is ar/2+1 mm i’ 2
2% 1 ( + 1)

57. The energy equation for a pendulum making 180° swings is

2
ml (dt — mgeos® = 0. Ift = 0when 6 = w/2, derive the equation

[T re¢
DY _/7; /2 cos™% @ df, and show that the period of vibration is
= 7.416 \/l/9g.

58. Show that the total length of the lemniscate r? = a® cos 20 is
/4 /2
4a ﬁ cos™* 20 df = 2(1,/(; cos™ u du = 5.244a.

59. Show that the area of the oval y? = > in terms of { = sin~! z?

1 -
/ L+a +
1 /2
is 4 /;) yde = 2 ﬁ) (sin~% ¢t — sin’t {)dt = 2.848.

For the loop of r = sin» 6 cose 8, p > 0,9 > 0,0 < 0 < ’12, show that

/2 -
60. The area A is }3 ﬁ) r2df = Y4B(p + 34, ¢ + %3).

1 3 13
61. The moment AZ is 3 3 / r3 cos 0df = GB ( p-2+ ’__2q + 1).

1 3
62. The moment Aj isB- j; r¥sin 0 df = 6 B (—%—) + 1, =5—)
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63. The polar moment of inertia I, is expressed by the definite integral

16 [ a0 = 14B@p + 35, 2 + 39).

For the loop of r* = sin® 6 cos 0, 0 < 6 < 7/2,

64. Find the area by Prob. 60.
66. Find the center of gravity, &,7 by Probs. 61, 62, and 64.
66. Find the polar moment of inertia by Prob. 63.

67. Using Prob. 9 and Eq. (58), evaluate each side of the equation
’/(; xp+q—-le—.tdx /(; yp—le—:tudy — ﬁ) yp—ldy ‘/(‘) w1)+q—le—(l+y).rdx’

thus giving a new demonstration of Eq. (25).
68. For b > 0 and 0 < p < 1, simplify each member of the equation

/; cos bz dz ‘/; yr~le~zudy = /; yr~dy ﬁ) cos bxe~rvdr, and so
cos bx byt
dg = ———"— = br'I(1 — p) sin L.

I'(p)2 cos 3271

Hint: Use Prob. 69 of Exercises IV (page 192), Probs. 53 and 9 above,
and for the final step Eq. (61).
69. By the method of Prob. 61, show that for 5 >0, 0 <p < 1,

prove that f

0 o3 b b -1
ﬁ) Bl = ———"— = brT(1 — p) cos .
I'(p)2 sin 92—
70. By putting « = z* and using Probs. 68 and 69, demonstrate that

® I'(1/k) T [ . I'(1/k) .
ﬁ) cos (bx*)dxr = Bk Cos —z—k»ﬁ) sin (ba¥)dr = _lng//’T) sin ;—k,
b>0k>1.

71. From Probs. 68, 69, and 70 deduce that

“eoszT °°sma: \/Q?r
0 Vz r=Jo \/‘ 2
\ 21

o0 o0
j(-) cos x%dx = A sin z%2dx = i

72. Using Eq. (58), show that

1 xr—1 + ga—1
ﬁ, T F 5yre @ = B(p.0)-

H ./1 xldy /'“’ uP~du .t 1
N o (e T b w17y
73. Show that B(p,p) = 2'-**B(p,l3). HinrT: Let P = 2p — 1.

Then if ¢ = 2z,
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/2 r /2
2 /‘; sin? x cos? z dx = 2-* j(; sin® tdt = 2-° (2 fo sin"tdt).

74. From Prob. 73 deduce that \/z T'(2p) = 22»-'T(p)T'(p + 15).
75. The numerical values of the Riemann Zeta-function {(p) have

1 1 1
been tabulated, where {(p) = 1 + 9 + 3 + -, p>1. Let
1 1 1 1
—15+3b+,—57:+ -+ and t,,=ﬁ—§;u+§;— +++ . Show
that s, = (1 — 2-7)¢(p) and ¢, = 2s, — {(p) = (1 — 2-7*1)¢(p). HinT:
£(p) = s,(1 + 277+ 20 f 20 4 - - 1),
76. It follows from Prob. 117 of Exercises V (page 250) that we may

]

2t 2\~ ) .
write 1 — {cott = E — (1 - t ) - This becomes the series

nr? nlar?
n=1
1 22 2 = 1 : :
+ 45 + - == P + n§1 h7+ -+ - if both sides are

expanded in powers of ¢ by the methods of Sec. 13. Using Prob. 75,
deduce that $(2) = #2/6, s, = 7?/8, t,» = 7v%/12, while {(4) = /90,
84 = 7"4/96, ly = 77!'4/720.

T7. Using -l—éjv =14a214+ 224 - - and Prob. 75, show that

LS e rp + 18+ 1), p>o.

x
78. Using i -11—x =1~—21+4+ 22— ... and Prob. 75, show that
1(—
[) ( llig 2 gy = T+ Dipyr = (1 — 27T (p + Di(p + 1), if
p > 0.

79. Integrate by parts and use Probs. 77 and 76 to demonstrate that

! dz ! log z : w?
/Olog(l—-:v)?=/01 (11:=—>6-

80. Integrate by parts and use Probs. 78 and 76 to demonstrate that
log x e

1 dx__/l:_ﬁ
0 log(]+x)—§-—— 0 14z dx = i)

81. The radiation density ¢, according to Planck’s law, is given by

Srh . '
= %’rr) j;, /K y,l,i..,(rifji- Show that this may be evaluated as

Swh ( ) / (= log x)* 8w sKAT* . .
=\ /) Jo 1= d&=gsp Hivr:Useanew variable

hv = —KT log  and use Probs. 77 and 76.

82. Use Eq. (90) to show that the error made by replacing n! by
Stirling’s approximation A/2m nn+¥e=— is less than 0.1 per cent if n
exceeds 100, less than 1 per cent if n exceeds 10, and less than 10 per cent
if n exceeds 1. Note that n! = nI'(n).
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83. The number of possible arrangements of an ordinary deck of
cards is 52!. Show that this is about 8.07 X 107,

84. Calculate I'(11) = 10! by Eq. (90) and compare with the exact
value 3,628,800.

86. Use Eq. (94) to compute I'(—1.2) and so check the value found
from the tables in Eq. (15)



CHAPTER VII
ELLIPTIC INTEGRALS

The integral that expresses the length of are of an ellipse
cannot be evaluated by elementary methods. It is one of a large
class of nonelementary integrals, called elliptic integrals. In
this chapter we shall show how certain problems that lead to
elliptic integrals may be solved by using tables of two special
functions, F(k,¢) and E(k,o).

F(k9)
2.0 k=1 -
5 / A A k=0
1.5 /////
s 74
0.5
/ /
0 30° 60° 90° ¥
7 T 7
6 3 2
The elliptic integral of the first kind.
Fia. 119,
1056. The Function F(k,p). The equation
.¢
F(k,¢p) = de 0=k=1 (1)

= —————— )
Jo ‘\/1 ——k2sm2¢

defines Legendre’s normal form of the elliptic integral of the
first kind F(k,¢) as a function of the amplitude ¢ and of the
modulus k. TFor k = 0 or 1, we have

F(0,¢) =¢ and  F(l,¢) = log (tan ¢ + sec ¢). (2)

For other values of k, the graph of F(k,¢) as a function of ¢ for

fixed k lies between these two, as indicated in Fig. 119.
273
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The integral in (1) is called complete if ¢ = w/2. The com-
plete integral of the first kind F(k, =/2) is usually denoted by
K(k), or by K when the modulus % is indicated by the context.
Thus

/2
K =K@ =F (k, g) - % osks1 @)
0

When k is not 0 or 1, the integral in (1) is nonelementary.
That is, it cannot be expressed in terms of a finite combination
of elementary functions. However, its value can be found from
an infinite series. For, by the binomial theorem, Kq. (127) of
Sec. 11,

(1 — k%sin? ¢)~* = 1_+—;—k2sin2¢+;—.—ik4sin4¢+ e (4)

Hence, by termwise integration,

A 1- ¢
F(k,¢>=¢+§k2[) mn2¢d¢+é—§k4ﬁ intedé+ . (5)

The integrals of powers of sin ¢ may be found in succession from
the recursion formula

I n—1 1 _ ¢
sin™~! ¢ cos ¢ + n—1 / sin"~2 ¢ d¢. (0)
0

n n

")
/ sin®* ¢ dop = —
0

If we put ¢ = /2 in (5), the left member is the complete
integral K. And the integrals on the right can be found from
Wallis’s formula [Eq. (68) of Sec. 101]. In this way we find

2 o\ 2 Lo K\2
K=’-25[1+(—;-) k2+<—;—z> 4+<§-%2> k6+---]. @)

The integrand of (1) is an even function of ¢. Hence
F(k}—d’) = _F(k7¢) (8)

by Prob. 2 of Exercises IV (page 186).
And the integrand of (1) is a periodic function having the
period 7. Hence by Prob. 8 of Exercises IV (page 186),

F(knr + ¢) = nF(kx) 4+ F(k,¢), n any integer.  (9)
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In particular, if n = 1 and ¢ = —n/2,

F (k, ’-25) = F(kx) + F (k,—— ’Q') or K =F(kmx)— K. (10)

Consequently,
F(kx) = 2K and Flkor + ¢) = 2nK + F(k,¢). (11)
Equations (8) and (11) enable us to determine F(k,¢) for any
amplitude ¢ from values of F(k,¢) tabulated for the range
0¢=n/2. If —w/2 £ ¢ <0, weuse Eq. (8). Any ampli-
tude greater than 7/2 or less than —x/2 may be written in the
form nr + ¢, with n a positive or negative integer and

—7w/2 = ¢ < 7w/2.

Hence, if |¢| > n/2, we use Eq. (11).
Instead of k, most tables use the parameter « defined by

sin a = k, 0 < a<90°. (12)

As an example, let us find F(0.41, 0.3584). Here sin o = 0.41
and ¢ = 0.3584 radian. Consequently a = 24.20° and

¢ = 20.54°.

Using Peirce’s TABLES Using JAENKE-EMDE’S TABLES

[e2 (a4
\ 15° | 24.20° | 30° \ 20° | 24.20° | 25°
K ¢

20° 0.3495| (0.3503) {0.3508 20° 0.3499| (0.3502) |0.3503
20.54° [0.3598] 20.54° [0.3595]
25° 0.4372| (0.4387) |0.4397 21° 0.3671| (0.3674) |0.3675

The corner values are the nearest ones found in the tables. The
values in parentheses are found by these by interpolating on «,
and finally the values in square brackets are found by interpolat-
ing on ¢. Thus from Peirce’s tables we find the three-place
value 0.360 and from Jahnke-Emde’s tables the four-place-
value 0.3595.

To find F(0.41, 3.5), where ¢ = 3.5 > w/2, we observe that

3.5 — 3.1416 = 0.3584,  so that 3.5 = = + 0.3584. (13)
Hence, by Eq. (11),

F(0.41, 3.5) = 2K (0.41) + F(0.41, 0.3584)
= 2(1.6439) + 0.3595 = 3.6473.  (14)
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The value of K(0.41), for & = 24.20° is found by interpolating
between the values K = 1.6426 for o = 24° and K = 1.6490 for
a = 25° found in either of the tables mentioned.

For small values of k, a direct computation of the series (7) is
sometimes preferable to the use of the tables.

We note that, when the lower limit is not zero,

“____d¢ = F(k,s) — F(k,os) = Fkye) " (15)
o /1= kEsin ¢ s AaEEA

106. The Pendulum Problem. In many physical and geomet-
rical problems we encounter an integral of

the type
B D [ _ u2 du .
b\ 1 wi VA 4+ Ccosu+ Dsinu
C (16)
Fiag. 120.

The procedure for reducing such an in-
tegral to an expression whose value can be found from tables of
F(k,9) is as follows. We first find B,b the polar coordinates of the
point C,D from

B=+/CP+ D% b= tan! g, (17)

choosing B positive and b in such a quadrant that

. =Becosb, D= Bsinb. (18)
This makes

Ccosu+ Dsinu = Bcosbcosu -+ Bsinbsin u )
= Bcos (u —b). (19)

Now change I; by the substitution
u—b =2, so that cos (u — b) =1 — 2sin2v. (20)
Then

I, = # 2dv
P vV A + B — 2B sin?v
12
d

2 v2 »)]
T VATB \/_ 2B . .
. 1 it Bsm v

(21)
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Since B > 0 and for real values the radicand must be positive,
A + B > 0. We must now distinguish two cases, according as
Az BorA <B.

Case 1. A =z B. We put

c? = é~2iB£’ where ¢ = 1 since A + B = 2B. (22)
Then from Eq. (15) and the second form in (21),
[ = s du

w VA + B cos (z;— b}~
_ ’\7/1;24?'"3 [ﬁ' ((]:— 1)2) .y (1 1)1)] ifA 2B, (23)

where

(,1-=\/t~2—§—<1 and =22 b, _m—b oy

{1+ B~ 2 2
Case 1. A < B. We again put
¢t = :12_; B; where now ¢? < | since A + B < 2B.  (25)

We make the further change of variable
V2B sinv = /A 4+ B sin w,

V2B cos vdr = /A + B cos wdw. (26)
The radical in the second integral of (21) becomes cos w, so that

b [ 2
VA F B cos w
2 dw _ / 2dw (27)
\/‘ECOQI' \/28—(1+B)s1n1
Hence

dw
1 T e—— I — pnbesiitinleipm——
\/23 1 — —»—E sin? w

B \72@ [F(c,w2) — F(ec,wy)]  (28)
by Eq. (15). That is,
uz du ;3‘: ¥
11 = f '

w VA + B cos (u — b)

= {/-2_2§ [F(c,ws) — F(c,wy)] if A <B, (29)
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where

A+B . _11. uz—b
c—-J 5B <1 and smwz--c—bm 5

sin’ w ! in ur — b
1 = ~— sl — ’
c 2

(30)

As an application of these reductions, we consider the motion

h of a simple pendulum of mass m slugs
# and length [ feet. The position is
0 | determined by 6, the angular dis-

placement from the position of stable
| cos 8 equilibrium. If we take O, the pivot,

—° as the level of zero potential energy,
! C the height above this is
= —[ cos 6,
A and the potential energy is

Fie. 121, U = wh = —mgl cos 6. 31)

Since the moment of inertia about O is ml? the kinetic energy

1S
= Lo (18
= —1ml (dt) (32)

The total energy T + U is constant. Hence the equation of
motion is

1 ml? ({,?) — mgl cos 6 = —12— mlkwe? — mygl, (33)

where wy 1s the value of d6/dt at § = 0.
This may be written

dt

with A and B abbreviations for the coefficients, defined by

A=wo2—glq and B=2Tg‘

It follows from this that with the proper sign for the radical,

30 VA4 Beos6 and dt = df - (36)

VA + Bcos 6

LAY
ki =w02——~+ cosH—A-}-BCOs@ (34)

(35)
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If we take { = 0 when 8 = 0, this leads to

t=/0 4 (37)
o VA + Bcos 8
which is an integral of the typein Eq. (16). There are three types
of motion accordingas A > B, A < B,or A = B.

Type 1. Complete Revolutions. Suppose that A > B. Then
we may apply Eq. (23) to the integral (37) to obtain

_ 2 2B 6\ _2,(2 g 6\
t“\/mF(\/A+B’2)‘woF(wo\[l’ 2) (38)

This applies for all values of, ¢ since the condition A > B implies
that the radical in (37) is never zero and hence preserves its sign.
The pendulum rotates around the circle in one direction with
periodically varying speed. And the period of the motion P, or
time for one complete revolution, is

P=2F 3\/§,r =iK(E g (39)
wo wo l Wo wo l .

by Eq. (11).
From Eq. (35), the condition A > B is equivalent to
4qg 1
wo? > 7 or Ty = 5 ml?we? > mg(2l). (40)

Thus the motion is of Type I if wo > 2 1/g/l, that is, if T the
initial kinetic energy is larger than mg(2l), the work necessary to
raise the bob from the bottom to the top of the circle.

Type I1.  Vibratory Motion. Suppose that A < B. Then we
may apply Eq. (29) to the integral (37) to obtain

= [Epfe [ ing =2 [9nl.
t—\/;F(z \[g;’ qb) wheres1n¢—wo\/l sin 5 (41)

The parameter « of this elliptic integral is defined by

ﬁna=% % 0 < a< 90°. (42)
Thus
. 6 . . 4q .
sin 5 = sin a sin ¢, and A+ Bcos 6 = 7 sin? a cos? ¢.

(43)
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Initially the radical in (37) is positive if @ is increasing when
t = 0. As 0 increases from 0 to 2a, ¢ increases from 0 to =/2,
by the first equation in (43). And hence, by the second equation
in (43) the radicand A + B cos 6 decreases from A + B to 0.
Since the radical would become imaginary if 6 increased further,
at this time the sign before the radical must be reversed. Hence,
if we let ¢ increase steadily through /2, we may replace the
radical in (37) with its proper sign by

2 \/% sin «a cos ¢, (44)

both before and after w/2. A similar situation holds when 6
decreases to —2a and ¢ increases to 3w/2. Consequently,
Eqgs. (41) will apply for all positive values of ¢ and ¢ if we take 6
such that

sin-g = sin « sin ¢ and —2a £ 0 £ 2. (45)
The pendulum oscillates between the positions 6 = 2a and
0 = —2a. The period of the motion, or time for one complete
swing and return, is

I . ... _ l wo [l .
P = \/5 F(sin a, 27) = 4 \/g-i K(sina) =4 \/;'K(ﬁ \/EIT) (46)

When A < B we must reverse the inequality signs in (40).
Hence the motion is of Type II if wy < 2 /g/l, that is, if T,,
the initial kinetic energy, is less than the work necessary to raise
the bob from the bottom to the top of the circle. '

Type II1. Asymptotic Approach to a 180° Deflection. If
A = B, Eq. (38) becomes

2 0 2 6 0
= O—J:) F <l, -2-) = c—o~o IOg (tan -2- -+ sec §>} (47)

by Eq. (2). In this case, the radicand approaches zero as 6 — .
But when § = 7,¢ = . Thus the pendulum approaches a 180°
deflection but does not reach it in finite time.

When A = B we must replace the inequality signs-in (40) by
equality signs. Hence the motion is of Type IIT if wy, = 2 V/g/1,
that is, if T, the initial kinetic energy, is just equal to the work
necessary to raise the bob from the bottom to the top of the
circle.
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107. The Function E(k,$). The equation
Em@=ﬁ?v1—wgm¢w, 0<sks<1 (48)

defines the Legendre’s normal form of the elliptic integral of the
second kind E(k,¢), as a function of the amplitude ¢ and of the
modulus k. For k = 0 or 1 we have

E0,¢) = ¢ and E(1,¢) = sin ¢. (49)

For other values of k, the graph of E(k,¢) as a function of ¢ for
fixed k lies between these two, as indicated in Fig. 122.

Ek, @)
2-0 T
|
[ /] ’-0
1.5 (=
) / k=0.7
// :
//
1.0 /,/ k:l
/
/
0.5
0 30° 60° 90° ¢
7 7 7
6 3 2

The elliptic integral of the second kind.
Fra: 122,

The integral in (48) is called complete if ¢ = w/2. The
complete integral of the second kind E(k,r/2) is usually denoted
by E(k) or by E when the modulus is indicated by the context.
Thus

/2
E=mm=E@%)=ﬁ V1 = k% sin? ¢ dg,
0=k=1 (50)

When k is not 0 or 1, the integral in (48) is nonelementary.
But its value can be found from an infinite series. For, by the
binomial theorem, Eq. (127) of Sec. 11,

.

(1—k2sin2¢)%=1-—ék2sin2¢—;.ik4sin4¢— <0 (B))
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Hence, by termwise integration,
Ee,d) = ¢ —  k? /¢sin2¢d¢—£—1k4 f¢sin4¢d¢ .
’ 2 0 24 0 '
(52)
The integrals may be found from Eq. (6).
If we put ¢ = w/2 in (52), the left member is the complete
integral E. And the integrals on the right can be found from
Wallis’s formula [Eq. (68) of Sec. 101]. In this way we find

o 1\? 1-3\"k* _ (1-3-5\k®_
E=§[1‘(§>’“2—(ﬂ>3"(m)3‘ ] (53)

The argument used to derive Kqgs. (8) and (11) shows that

E(k,—¢) = —E(k,¢) (54)
and that '

E(kx) = 2E, E(knr + ¢) = 2nE + E(k,¢).  (55)
Thus the function E(k,¢) need be tabulated only for the range
0 =< ¢ =m/2. The tables are
given in terms of the parameter

P’ a defined by Eq. (12), and the
B process of finding a value of

ﬁ ~E E(k,¢) from the tables is en-
tirely similar to that used for

5 - n F(k,¢) in Sec. 105.
Here also, for small values
KJ of k, a direct computation of

the series (53) is sometimes
preferable to the use of the
tables.

When the lower limit of our integral is not zero,
/;:n V1 — k?sin? ¢ d¢ = E(k,¢2) — E(k,¢1) = E(k,¢) :: (56)

As an application of this equation, let us determine the
following:

The Length of an Arc of an Ellipse. Take the parametric
equations for the ellipse as

B"‘“\¢

Fia. 123.

x = a cos t, y = bsin ¢, with a > b. (57)
Then

ds? = dx? 4 dy? = (a?sin? ¢ + b2 cos? {)dt, (58)
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so that the are AP is

s = /: v/a?sin? t 4 b? cos? ¢ dt. (59)
We note that
a’sin? ¢t 4 b% cos? ¢t = a? — (a*? — b?) cos? ¢
= a*(1 — e?cos?t) (60)

where e is the eccentricity of the ellipse,

P X)
e =3 = -‘4‘”—(1——1) < 1. (61)

Ll

To replace cos t by sin ¢, we use the substitution

=35 — ¢, which makes cos ¢ = sin ¢ and dt = —d¢. (62)

ol A

It follows from Egs. (59), (60), and (62) that
s=a f;/ V1= esin? ¢ dé = a[E(e) — E(e,9)]. (63)
It follows that, it AB is a quadrant of the ellipse,
Arc AB = aE(e) and arc PB = aE(e,0). (64)

Let AP’'B’ be a 90° circular arec and PP’ be parallel to OB. Then
angle P’OB’ = ¢. This leads to a geometric representation of
any value of E(k,¢) by an arc PB on an ellipse with ¢ = 1 and
¢c =e¢=k.

108. A Trigonometric Integral. The integral
I2=Lu2\/A+Ccosu+Dsinudu (65)

can always be expressed in terms of the two functions E(k,¢) and
F'(k,¢). The procedure for reducing I, is somewhat similar to
that for I; described in Seec. 106. We first use the transforma-
tion (19) and substitution (20), v — b = 2v, to obtain

I, = f /A F B cos (u = b) du
- 2/ VA+ B =2Bsintod. (66)

We next distinguish two cases according as A = Bor A < B.
Case I. A = B. Asin (22), we put

2

¢ =—5p where ¢? = 1 since A + B = 2B. (67)
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Then from Eqs. (66) and (56),

I, = f VA + B cos (u — b) du
=2+/A+B [E (—lc-,m) - E (%,vl)], if A = B,
where
]_ 2B _uz"‘b ’_U1‘—b
-E--,JA_*_B 1 and Vg = 2 ’ " = _'7_2__,____
Case II. A < B. Asin (25) we put
2 = Anga where ¢2 < 1 since A + B < 2B.

And we make the further change of variable (26)
V2B sinv = v/A + B sin w,

V2B cos v dv = \/A + B cos w duw.

The radical of Eq. (66) becomes v/A + B cos w, so that
2(A + B) cos? w dw

I, =2+/4 B[cos dv=/~ -
? + v V2B cos v

2(A + B) cos* w dw
V2B — (A + B) sin? w

We next combine the last integral with the identity
2(A + B) cos?w = 2(A — B) + 2[2B — (A + B) sin? w]
to deduce that

2(A — B) w2 dw
V2B Ju V1 —csin?w

+2\/2Bf V1 — ¢?sin? w dw.

Then from Eqgs. (15) and (56),"

12=-‘

I, = \/A—l-Bcos(u-—b)du

[2(14/_2__3) F(c,w) + 2 /2B E(c, w)]wl if A < B,

§108

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)
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where

c = A2-2B<1 and sinw2=%sinu2;b;

ul—b‘
2

. 1 .
SIn wy = — sin

(76)

109. The General Elliptic Integral. Let R(u,») denote any
rational function of the two variables with real coefficients and

X =ar'+be*+cx2+de+ e (77)
be a real polynomial. Consider the integral
R(x,/X)dx. (78)

If a = b = 0, the polynomial X is of the first or second degree.
And if X = 0 has two equal roots, we may write

VX =V (x — 1) pa® + qz + 1) B
=@—r)Vprtt+aqz+r (79

In both cases the integral (78) reduces to the type shown in
Sec. 68 to be expressible in terms of elementary functions. We
exclude these degenerate cases and assume that X is a poly-
nomial of the third or fourth degree with all its roots distinct.

Then the integral (78) is called an elliptic integral and in
general is nonelementary. However, any such integral can
always be expressed in terms of integrals which are elementary,
together with three new types of integrals, namely,

x dx /L A\/'lf‘;*lv({é’x*:Z
e s ——_ ’ By dx’
ﬁ V{1 = (1 — k) o V1 —a

and (80)

/ ’ d T _ where 0 < k < 1,
o (14 n2?) /(1 — )1 — k%?)

»

-1=2rx=s 1.

Here, as the inequalities indicate, k and z are real. But n may
be any complex number. The three integrals (80) are Jacobi’s
normal forms for elliptic integrals of the first, second, and third
kinds, respectively. They may be transformed into Legendre’s
normal forms by the substitution = sin ¢, which makes
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d —_— hl
/ \/(1 - $2)(1 - ](,2,1‘2) ,\/1 _ k2 sinZ é - p(kr¢)7 (81)
[ - [ vi—wmes s = e, 62

/f dx _______
o (14 nx?) /(1 = 12)(1 - kzx?)

d¢
ﬁ (1% nsimt g) /I —Jiwmig ~ Towke) (83)

The functions F(k,¢) and E(k,$) have been discussed in
Secs. 105 and 107. It is theoretically possible by using F(k,)
and elementary functions to express Aw(nk,¢) + Ar(i,k,¢),
where 4,4 and n,7 arc any two pairs of conjugate complex num-
bers, in terms of two functions w(my,k,¢) and w(mq,k,¢) with m,
and m, real; and similarly to express w(n,k,¢) with n > 1 or
n < 1 in terms of w(m,k,¢) with —1 <= m < 1. But even with
this restriction, there are still three parameters, and tabulation is
not practicable. It is also possible to express the complete

function r (n,k, 7—2r), —1 = n £ 1, in terms of elementary func-

tions and the functions F(k,¢) and E(k,¢).

Sections 110 and 111 are devoted to two classes of elliptic
integrals that may be expressed in terms of F(k,¢) and E(k,q)
and hence practically evaluated. For most other elliptic
integrals, the reduction would lead to integrals of the third kind.
And if numerical values are required, one must resort to a direct
use of Simpson’s rule or to a series expansion.

110. Integrals of the First Kind. The integral of dz/+/X is
always reducible to a constant times the integral of (15). The
evaluation is easily effected if there is at hand a substitution
which makes

dx d 22y
;/X = ( \/T—;—/{%ms—lﬂqu ) and hence ). \i}
= C[F(k,¢2) — F(k,$1)]. (84)
We give such a substitution for each of six possible cases. This
enables us to compute ¢, from z, and ¢, from z;. We also give

the formulas for computing the constant ¢ and the modulus k.
The constants a,b, etc., are all real.

Cose I, X = £(x — a)(@ — b)(x — ¢)(x — d).
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The substitution

. b —d)(x — T
sin? ¢ = Eb——c))((;c—-;i’ O<¢<§; (85)
will make Eq. (84) hold with
. , _ (b —=c)a—d)
C=wcoe=a ™ Fu-qe-a ©

The modulus & is positive, and the sign of C is determined by the
following table:

Uppersign:d <c <z <b<aorz <b<a<d<ec,

C >0; (87)
a<b<az<e<dorc<d<a<b<uz,
C < 0. (88)
Lowersign:c <z <b<a<d,C>0;d<a<b<z<eg,
C <0. (89

For z in any interval of integration which makes v/X real, it
is always possible so to letter the four roots that one of these
relations is satisfied. This will ensure that the given expression
for C? is positive and that the cxpressions for sin? ¢ and £? will
cach be between 0 and 1.

Case II. X = +(x — a)(x — b)[(x — ¢)* + d?.
The substitution

lx—a
Mz —0b

where M and N are the positive square roots of
M? = (¢ — a)? 4+ d?, N% = (¢ — b)? + d?, (91)
will make Eq. (84) hold with

mw§=i 0<¢<m, (90)

1 T, (M £ N)?—(a—b)?
C? = TN and k? = T AMN (92)
The modulus k is positive, and the constant C is positive if
Upper sign: z <b < a, or b<a<uz ¢ (93)
Lower sign: a <z <b. (94)

For z in any interval of integration that makes VX real, it
is always possible so to letter the two real roots that one of
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these relations is satisfied. This will ensure that the given
expression for tan? ¢/2 is positive, and that the expression for
k? will be between 0 and 1.
Case I1I. X = [(x — a)* + b2[(x — ¢)* + d?], a # c.

Let p and ¢ be the roots, necessarily real, of the quadratic
equation
(a—c)p*+ (2 +d?— a?—b2)p+ (ca®+cb?2 —ac: —ad?) =0. (95)
Calculate
M=1[g—a)?+¥l(p—c)?+d] and

N =[(p—a)?+bY[(qg —c)*+ d¥. (96)

The notation may be so chosen that p > ¢ and that M = N,
since an interchange of a,b with ¢,d will not affect p and ¢ but
will interchange M and N. Then the substitution

_ (q—a)2+b2.v—q T 3
tan ¢ = p =) ¥bip—x 4<¢<—:}—: (97)
will make Eq. (84) hold with
C = Q\—/:ﬂ_—; and k= \/1 — f—vw- (98)

where the indicated square roots in Fgs. (97) and (98) are all
to be taken as positive.

Case IV. X = [(z — a)? 4+ b?[(x — a)? + ¢, 0<b<e
The substitution

r—a ™ ™

tan ¢ = 7 ——2-<¢<—2—, (99)
will make Eq. (84) hold with
1 . b?
C = - and = \/1 - (100)
Case V. X = +(r— a)(x — b)(x — ¢).
The substitution
. xT—c T N
sm2¢—b_c, 0<¢<§, (101}
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will make Eq. (84) hold with

+
=L ad B=2T5 (102)

if the sign of C is determined from the table:

Upper sign: c<z<b<a, C >0. (103)
Lower sign: a<b<zx<eg, C<o. (104)

And the substitution

b—c

sin? ¢ = P 0< o< g: (105)
will make Eq. (84) hold with
+4 a—c
2 — 2 —
C? = I and k2 = Pa— (106)

if the sign of C is determined from the table:

Upper sign: c<a<b<uz, C >0. (107)
Lower sign: r<b<ac<eg, ¢<o. (108)

For z is any interval of integration which makes 4/X real, it
is always possible so to letter the three roots that one of the
relations (103), (104) or (107), (108) is satisfied.

Case VI. X = +(z — a)[(x — b)? + ¢?].
Let M be the positive square root of
M2 = (b — a)?+ c (109)
Then for the upper sign £ > a, and the substitution

r—a

¢
IR A
tan 5 i 0< ¢ <m, (110)
makes FKq. (84) hold with C and k the positive square roots of
1 M+b—a
2 — = 2 — .
C I and k 5 (111)
For the lower sign < a, and the substitution
¢ a-—=x
tan? 5= "I 0<op<m, (112)
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makes Eq. (84) hold with C negative and k positive where

2 — 2 - T @ 0
C = and k Wi (113)
111. Integrals of the First and Second Kinds. One of the
intermediate steps in the reduction of an elliptic integral (78)
is a substitution that transforms the radicand to the product of
two real factors without odd powers of z,

X = (Ax? 4+ B)(A'z? + B') = ax* + bx? + c. (114)

This substitution will, in general, introduce denominators outside
the radical that eventually lead to integrals of the third kind.
In fact, if the original radicand X is an unrestricted third- or
fourth-degree polynomial, we can be sure of avoiding this
difficulty only if the integral has the form dz/+/X discussed in
See. 110. _

However, if X has the partly reduced form (114), the integral

— dx, n any positive or negative integer, (115)

\/X

is always reducible to integrals that are either elementary or
expressible in terms of F'(k,¢) and E(k,¢). If nis odd,

n = 2m + 1,
the integral (115) is elementary, since the substitution z? =
makes
xrml tmdt
de = - 116
VX /2\/at2+bt+ (116)

which is an integral of the type treated in Sec. 68. Hence we
need consider only integrals (115) with exponent n even.
We start with the relation

d , . _a(n 4+ 2)z"*® 4 b(n + 1)t 4 cnan?!
If we put n = 2m — 3 we may deduce that
rm 223 A/ X _ 2b(m — 1) x2m—2

VX = Bm =1 " a@m=1) \/—
c(2m — 3) [ x?mt

T a@m =1 VX dz. (118)
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Ty
This enables us to reduce any integral (115) with positive

exponent to two others with smaller exponents if m > 1. Again,
we may put n = —2m + 1 in (117) and deduce that
x-j2m .= — x—2mtl \/X _ 2b(m — 1) x—-z(m—l)

VX N c(2m — 1) c(2m — 1) VX
. a(2m — 3) r—2(m—2)

T e@m = 1) NP

This enables us to reduce any integral (115) with negative
exponent to two others with algebraically greater exponents.
Thus, by successive use of the two formulas, any single integral,
or linear combination of integrals, of the type of (115) may be
expressed in terms of the two integrals

dx

dr. (119)

2
dr_ and rav d%

VX VX

The first of these is of the type evaluated in Sec. 110. The
second may be transformed as follows. Choose the signs of
A,B,A’,B’ in such a way that the two factors of X in (114) are
both positive for x in the interval of integration. We shall
require two substitutions.

Substitutton 1. The substitution 22 = Ax? + B makes

2dxr  —B dz 1 2%z
Nkl v adrtl By,
where, written with positive factors,
Z = (22— B)(A'2* + AB’ — A'B), if A >0, (122)
and
Z = (=24 B)(—A'22 — AB" + A’B), if 4 <0. (123)
The first integral on the right in (121) is reducible by the method
of Sec. 110, and the second integral is of the same type as our
original integral, but with new radicand given by (122) or (123).
Substitution I1. The substitution z = —1/x makes
/ﬁ@ _ 2z _ N'Z BB’ [ 2%z
v'X \Z AA’z ~ AA' ] /7
by Eq. (119) with m = 1, where
Z = (Bz22+ A)(B'z2 + A"). (125)

(120)

(124)
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Thus Substitutions I and II enable us to express the second
integral (120) in terms of a new integral of the same type with
new radicand given by Eq. (122), (123), or (125). After each
substitution we may replace z by = and redefine the letters
so that the radicand is again (Ax? + B)(A'z% + B’).

If B and B’ are both negative, Substitution II will make the
new B and B’ both positive. 4

If B and B’ are of opposite sign, choose the notation so that
B is negative and B’ positive. Then Substitution I will make
the new B and B’ both positive.

This reduces all cases to that in which B and B’ are both
positive. And in that case we may take the factor ~/BB’ out-
side the radical, and with revised notation write

X = (14 Az?)(1 + A'z?). (126)

If A and A’ are of opposite sign, choose the notation so that
A is negative and A’ positive. Apply Substitution I. Then
from (123) with B = B’ = 1, the new radicand will be

Z=(1-2)A —A— A2
= A — ) - ) (1 - zQ)- (127)

If A and A’ are both positive, choose the notation so that
A’ > A. Then Substitution I [Eq. (122)], followed by Sub-
stitution II, will make the new radicand

AI
(128)

This reduces all cases to that in which A and A’ are negative.
And in that case we may write the radicand (126) in the form

X = (1 —a%?)(1 — b%?), witha >0 > 0. (129)

Our integral is now reduced to normal form by the substitution

Z=(1-2)A + (A - A =A'(1 - 27 (1 i z2>-

sin ¢ = ax, — g <¢< g, (130)
which makes
[ x¥x _ 1 k? sin? ¢ do
Vi—@ai -t @ YT-Bas g

where k = —,
a
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or
1 d¢ 1 .
~ ab? Vl—kzsin2¢—&@5f\/l—k281n2¢d¢- (132)

And these two integrals may be found in terms of F(k,¢) and
E(k,¢) by means of Eqgs. (15) and (56).

112, Jacobi’s Elliptic Functions. For fixed modulus k and
x = sin ¢, the equation

 F(h&) = ¢ d¢ _ [ dx
“= ("”)‘ﬂ V1=K sin? ¢ [,\/(1—.@2)(1—1{%2) (133)

defines u as a function of ¢ or of z. It also defines ¢ as a func-
tion of u, ¢ = am u (read amplitude of u). The sine amplitude
of u, cosine amplitude of u, and delta amplitude of « are then
defined by the equations,

snu = sin (am u) = §in ¢ = 2z, (134)
enu = cos (am u) = cos ¢ = /1 — z2, (135)
dnu = A(am u) = A¢ = /1 — k?sin? ¢ = /1 — k%22 (136)
When u is real, all these functions are real and we use the positive
square root in Eq. (136). In particular, if w = 0, ¢ = 0 and

sn 0 = 0, cn 0 =1, dn 0 = 1. (137)

The funetion sn « is odd, while en # and dn w are even. That is
sn (—u) = — sn u, en (—u) =cnu dn (—u) = dn u.
(138)

We shall omit the deduction of the addition theorems for these
functions, which are as follows (see Prob. 87 of Kxercises VII):
snuenvdnv + enwsinvdn u

sn (u £ 0) = 1—k2;12usn2v

, (139)

cnuenv Fsnusnvdnudno
en (u +v) = = %t sn® usn’ o ) (140)

_dnudnv Fk®snusnvenucnv
dn (u +v) = 1 — k?sn%wusn2v '
When v = K = F(k,x/2), ¢ = /2 so that

snK=1 cnK=0, dnK=+/1-k*=1Fk. (142

This positive root &’ is called the complementary modulus.

(141)
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And by Prob. 90, when v = K + ¢K’, where K’ = F(k',x/2),
snu =z = 1/k so that
) 1 prr ik’
sn(K+zK)=-]E; cn(K—i—zK):————]?;
dn (K 4+ 7K') = 0. (143)

From these values and the addition theorems, it follows that
each of the functions sn u, en u, dn v admits the real period
4K and the imaginary period 4¢K’. The smaller periods 2:K’ for
sn u and 2K for dn u, as well as the alternative period 2K + 2:K’
for cn 4 may be used.

All three of the normal integrals of Sec. 109 may be expressed
in terms of sn % and simple integrals involving sn %. Thus

F(ksin—! r) = — =y =sn"!zorsn? (z,k)

. Jo \/(1 — 22 (1 — k%?)

if we wish to indicate the parameter.
If ¢ = am u, we find from Kqgs. (133) and (136) that

(144)

= = and dn?u =1 — k?sn2wu. (145)

Hence
¢ u u

“E(k,¢) = / Apdo = / dn?udu = u — k2f sn2udu. (146)
0 0 0

And when x = sin ¢ = sn «, from this and Fq. (82),

xr 1 _ 12,2 sn”lere
E(ksin—!' z) = ﬂ:@_f— dr = sn—'x — k2 / sn?u du.
0

0 1 — a?
(147)

Similarly, from Eq. (83),

I BN N dx —
w(n,k,¢) = w(n,k,sin~! z) = /0 (1 + n2?) v/ = (1 = ki)

sn"lzx du
- /0 1+ nsn®u) (148)

113. References. Tables of the complete integrals K and E
as functions of « are included in many mathematical handbooks.
Those in H. B. Dwight’s Mathematical Tables list K and E as
functions of the argument k2, which is usually the known param-
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eter. The brief table of the incomplete integrals F(k,¢) and
E(k,¢) given in B. O. Peirce’s Short Table of Integrals and the
fuller one in Jahnke-Emde’s Tables of Functions have been
mentioned in Sec. 105.

A proof of the possihjlity of expressing any elliptic integral
in terms of the three normal forms will be found in Chap. VI of
the author’s Treatise on Advanced Calculus. For a comprehensive
treatment of the theory of elliptic integrals and functions, the
reader may consult A. Enneper’s Elliptische Funktionen.

EXERCISES VII
Use tables to evaluate

1. K(0.23). 2. F(0.23, 0.96). 3. F(0.23, 1.85).
/4 do /2 do

L ; .
0 4/1 — 0.36 sin? ¢ 0 4/1 — 0.83 sin? ¢

6. d¢ ' 7 /7r/9 do )
— \/1 — 0.54 sin? ¢ " Jr/184/1 — 0.25 sin? ¢

By means of the series (7), compute the value of the elliptic integral
8. K(0.1). 9. K(0.08). 10. K(0.2).
11. From Egs. (5), (6), and (7), deduce that

; 2 k2(1 3~k 35 4 kt
]’(k,¢)——]\¢ Sln2¢z §+ZC24+4'6046
3570 K ), e
+4 oy 866 + - , Where
Cg=sin‘~’¢+%, (1—\1n4¢—}-~s111‘¢—|—5 3
Y= gin® 7 75 e 53 ate
Ce = sin® ¢ + - sm‘qS—{-G 4Q111 ¢+b 5 etc.

12. Using Probs. 11 and &, compute the value of the elliptic integral

I (01 )
0 /1 - 0.01 smf 4

Use Eqs. (23) and (29) and the tables to evaluate

x/2 du
15. f Ry e ———
0 /7T —sinu

/9 du
13 / _.___4__7._._‘ ‘ 14. /- e ——r ]
\/d-i-('osu 0 /3 — cosu
/3 du
16. f 17. / .
cos U ) \/ sin u

w/2 du

Ny
\/cos u 0 \/qmu
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19. Let P = (r,0) be a point on the lemniscate 7?2 = a2 cos 26 with
0 < 0 = w/4 and let A be the vertex (a,0). Show that the length of the
arc AP is equal to any one of the following expressions:
o adf 20 adu

1 -1
0 v/cos20 Jo 2+/cosu \/2 [\/H sin! (V2 sin 0)]

20. Evaluate the arc AP in Prob. 19 if 0 = w/6; also if 6 = w/4,
when AP is a quadrant. Use this to check Prob. 58 of Exercises VI
(page 269).

21. Let O be the pivot and C the center of gravity of a compound
pendulum. Then T = 141(d8/dt)?, U = —mgr cos 8 where I is the
moment of inertia about O, m is the mass, and r = OC. Show that
the discussion of Sec. 106 applies if we replace I by I/mr in Eq. (34) and
all later relations.

22. Use Eq. (46) to find the period of a simple pendulum making
180° swings, and so check Prob. 57 of Exercises VI (page 269).

23. For the pendulum of Prob. 22, find the time required for 8 to
increase from 0° to 30°, from 30° to 60°, and from 60° to 90°.

24. If B is the maximum angular deflection of a vibrating pendulum,

, - _ Z( 1..,B8, 9 B )
show that the period P = 2r \/ 1 +Z.sm 5 + — v §1n42+

or 2w \/g (1 + 1_16 B? + 3072 B+ - - - ) if B is small.

26. Check Prob. 22, within 2 per cent, by using three terms of the
first series of Prob. 24.

26. If the maximum velocity of a pendulum making complete revolu-
tions is one-half the minimum velocity, find the period.

27. Show that the elliptic integral involving trigonometric functions

d
¢ - takes the form of /, given

_/ V' P+ Qsin?v + R cos? v + S cos v sin v
in Eq. (16) if u = 2v.

Use Prob. 27 to evaluate

™ dv
28. / \/1 +3s1‘n" v. 29. ﬁ) \/1 +3 (os‘ v‘
0. [ ey B [ i ey
s [0 W LI G —
0 /1 —4sinyp /3 /1 — 4 cos? v
Use tables to evaluate
34. E(0.70). 36. £(0.70,1). 36. £(0.70,2).

/5 —— /e ——
a7, f) V1 Z0365in? ¢ do. 38, L T =072 st § do.
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39, f:’% VI 04isn? pdo.  40. L ’;: z VI =025 mn ¢ dé.

By means of the series (53) compute the value of
41. E(0.1). 42. F(0.06). 43. E(0.2).
44. From Eqs. (562), (6), and (53), deduce that the elliptic integral

Ebo) = 2B +sin26 ™ (L4 J 0B 4+ 00
+111 2 gC k? + - ),where the C, are given in Prob. 11.

46. Using Probs. 44 and 41, compute the value of the integral
/4 "
/; v/1 — 0.01 sin?2 ¢ dp = E(0.1,7/4).

Find the entire length of the ellipse
46. 8x2 4+ 9y = 72. 47T. x? + 4y = 4. 48. z? 4 2y? = 16.
On the ellipse of Prob. 48, find

49. The length of the minor arc joining (2, 1/6) and (2 v/2,2).
50. The point that bisects the arc of the first quadrant.
51. The end of a unit arc measured from (0,2 v/2) to the right.

52. Show th‘tt the total length of an ellipse is equal to the expression
2ra(l — 146 — 36ae* — %456% — 173{p384¢® — = * * ).

563. Check Prob. 46 by using the series of Prob. 52.
54. Show that the length of one arch of y = a sin x may be expressed

in the form 2 v/a* + 1E( @ \. .
Vat +1
556. Use Prob. 54 to find the length of one arch of y = sin z.

Given the right circular cylinder C: r = a sin § and the sphere
S: 72 = 22 4 b?, with b = a, show that

56. The area on the cylinder C inside the sphere S is 4abE(a/b).
57. The area on S inside C is 2b%r — 2E(a/b)].

58. Compute the areas 6f Probs. 56 and 57 whena = 1,b = 2.
Use Eqs. (68) and (75) and the tables to evaluate

/2 — /2 e
69. ﬁ)/ A/ cos u du. 60. ﬁ)/ +/sin u du.
61. ];1/3\/3+cosudu.
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P 4 @ sin?v + R’ cos?v
VP + Qsin?v + R cos?v
reduced in Secs. 106 and 108 by putting w = 2v and using the identity

62. Express dv in terms of the integrals

A’ + B’ cos u B ,— A'B—AB 1
\/A+Bcosu—B A+ Boosu+ B VA + Bcosu

Use the appropriate reduction of Sec. 110 to evaluate

3 dx 1 dr .
63. f vV (x — 1)(:6—2)(:1: — 3 — 4) 6 ﬁ) V1 — 2t

dx
66. / x4+6x2+8 66. [1 Vi — 1)(:0—2)(1:—3).
dz 1 dx
61. ﬁ) VO -2 -2 68. ﬁ) i

69. Check Prob. 63 by putting 2z = sin ¢ + 5.
70. From Case I of Sec. 110 with d,c, ba = —1/m,—1,1,1/m; m < 1:

- [! dx 2/m
2K (m) = / 14/ =201 = m%?) 1 + m (1 ) Now put

_24/m o . 1 —F
k= T and deduce that K(k) = (1 + m)K(m), where m = T

= 4/1 — k% This is one case of Landen’s transformation. Since
m < k, the series (7) for K(m) converges faster than that for K(k).

Use the substitutions of Sec. 111 to evaluate

7 /‘1 ¥z 79 /‘1 zdx .

" Jo /1=t " Jo Azt 6t + 8
1 — 22, (1 — a¥)dx
Y |
[a" ° VT =)L +a)
Section 111 suggests 22 =1 — 22 and sin ¢ = 2z, or x = cos ¢. Use

1
this to show that A = 4 /2 [I& ( _) — K (—:)] = 2.848, check-
V2 V2

ing Prob. 59 of Exercises VI (page 269).
74. Verify that

— k?) f Se“z 300" ¢ 4o — f sec? ¢ A dp — k2F(k,¢) and also that

73. The area of the oval y? =

ﬁ)‘” sec? ¢ Ao d¢ — tan ¢ Ad + F(k,¢) — E(k,), if as usual we write

A¢ = /1 — k*sin? ¢.
75. Let A = (a,0) be the vertex and P (z,y) be a point with posi-

2
tive coordinates on the hyperbola 2—2 — 32- = 1. Puttan ¢ = b{’ where

¢ = Va? + b?, and show that the length of arc AP is equivalent to
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2
I—)c—F (%,q&) —ck (%yq&) + tan ¢ V/¢? — a?sin? ¢. HinT: Use Prob.
74,

76. Use Prob. 75 to find the length of the arc joining (4,0) and
(44 4/13,2) on the hyperbola 922 — 16y2 = 144.

77. Show that the volume cut out of the cylinder 2% + 22 = a? by the
cylinder 22 + y? = b%, b < q, 1S
V = %(E [(a2 + VK (g) — (a2 — BA)F (g)] Hint: If x = cos ¢, and
b,
a

/2
k =-=; V = 8ab? /;) cos? ¢ Ap d¢p. Now use the following identity

1
3 cos?t p Ap = (_i(ld-) (sin ¢ cos ¢ Ap) + (k2 4+ 1)Adp — (k72— 1) S
78. Compute the volume of Prob. 77 if @ = 3 and b = 2.

Let an electric current I flow around a circular loop C of radius a.
The magnetic field intensity H at O, any point in the plane of C and at
distance b from its center, may be found as follows. If O is the origin
and the center of C has polar coordinates (b,0), the equation of C is
r? — 2br cos 6 + b* = a?, and the expression for the field intensity is

H = f 53’%—%”—"“—) ds = 1 / %Q, taken over C. Show that

2 — h2 qin?2 —_—
79. For O inside C, b < a; % = Va basznl 22 b cos 6 and hence

2df _ 4l b
"I/ —b2 ()

80. For O outs1dc C, b > a;if 8 < «, where sin « = a/b there are two

values of r on C. If these are r and 7y > ry; df; = —d6,, while now
I 1 2+4/a?~—1D*sin20 . . . I

= \/a a;m - Hence the expression for the intensity is
| hE —

H = 21/ (d01 d()g) = ~;_4_L—z ./;)a Va* — b*sin2f df. And hence

w5 (9)]

81. If a spring, orlgmally straight and along the z axis, is bowed up

by a compressive force F acting on its ends, the equation -E%I- = —Fy
dy _ pdp/dy
holds. Put KI = Fe¢?, p = a5 50 that — 0+ po% Let z =0,

y =b when p =0 and z = +a when y = (0. Then it follows that
ydy = —c*pdp(l 4+ p2)~%, y? — b2 = 2¢[(1 + p?)~* — 1]. And with

b
y=0bcos ¢, k = 57 deduce that the following relations are all valid.
(1 4+ p?)~% =1 — 2k? sin? ¢ = 2(A¢)? — 1, and hence for 0 < z < a,



300 ELLIPTIC INTEGRALS

1 2(A¢)2—1 1 dz dz
T p 2ksin ¢ Ap But — p- T dy " bsmn ¢de so that we have
dx = 2¢ A¢ dd) - -——A-&? a’nd r = C[zE\'l‘:7¢> - I',(k,¢)]. Also With 8

ds (1 + p?)*

measured from (0,b), dy = y s0 that ds = cdé and hence

Ag

s = cF(k,¢). For the whole spring from —a to a, the length becomes
L = 2cK(k), the span 2a = 2c[2E(k) — K(k)], and the maximum
deflection b = 2ck.

82. Suppose the spring of Prob 81 is of steel for which £ = 3 X 107
1b./in.? has uncompressed length L = 10in. and is }4 in. wide and ¢4 in.
thick, so that I = 1/(3 X 2%!) in.# Find the maximum deflection and
span if the thrust F is 1 lb.

83. When gravity is neglected compared with the centrifugal force
and tension 7', the equation for the curve of a skipping rope reduces to

dilé(Tg% = —mw?. Putme’? = Tgandp = dy/dz. Letz = 0,2a

when ¥y =0 and £ =a, ¥y =b when p = 0. Then it follows that
c?p dp(1 4 p?)—*% = —y dy, 2¢(1 + p¥)* — 1] = b2 — y2.  And with

y = bsin ¢, k* = » deduce that (1 4 p?)*¢ = 23%2 (A¢)? — 1,

4¢? + 4c: + b
2kc? 1 dx dx :
andfor0§x<a,5=m- Butz—)—a_b_c_omé’so
2
that dr = 2—’;35%9 and z = %@F(k é). Also (‘f— = (1 + p?)%, so that
b 2k02) b 2/002
ds = (E Ao — bAd d¢ and s = kE(k,ct)) —— F(k,9).

84. In Fig. 124, B’AB is the arc of a circle of radius [ on which the
bob of a simple pendulum is vibrating. BCB’ and UW U’ are horizontal

lines cutting the vertical diameter AD in C and W. The small circle has
diameter AC and cuts UU’ in VV’. Angle AOB = 2«, angle AOU = 6,

and the time ¢ is given by Eq. (41). Show that AW = 2[ sin? g,

AC = 21sin? a, so that AV = /AW - AC = 2lsingsina = AC sin ¢.

2

Deduce that angle ACV = ¢, and if u = A/g/l t, the functions of Sec.
112 are. snu = WV/CV, ecnu = CW/CV, dnu = DW/DU, since

dn? 4 = 1 — sin? « sin? ¢ = cos? X

85. Use Case V of Sec. 110 to show that, if es < €2 < €; < p, then
° dx

P Az —e)(x — e)(x — ea)
\/@1 - 63
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e, — €3 —_ .
Deduce that p(u) = ez + et where k = \/62 €3 is the
p(u) ? sn? (Ve — ey u)’ e, — eg

modulus of the sine amplitude. When e; + e2 + ¢35 = 0, the function
p(u) is the Weierstrass § function.

86. From Eqgs. (134) to (136) and (145), %;—f = dn u, deduce that

d(sn u d(en u d(d
(du ) = cn % dn u, (cdrzb ) = —sn u dn wu, _((dl;_}f_) = —k%sn u cn u.
D
B
l
v /U
A
I'ra. 124,
dv , .
87. Ifu +v =c, an = —1. Letsnwu = s, snv = 8, and use primes
for u differentiation. From Prob. 86, we have s> = (1 — s2)(1 — k2s?),

s = 2k%3% — (1 + k?s, and similarly S = (1 — S2)(1 — k2S?)

S = 2k*S? — (1 + k*)8, so that sS — 8”s = 2k2sS(s2 — S2) and

§28% — 8% = (1 — k2s282)(S? — s?). Hence derive the relation

NAEN] — 124 2 / J/

%%:——g,: = — 2k \;S-(_s 22;8;5 s), and from this by integration deduce

log (s'S — 8’s) =log (1 — k?%2S%) + C. This may be rewritten as

cnudnusny+cnvdnosnu
1 — k*sn?wusn?v

e¢ =sn ¢ or sn (v + v). This verifies the first addition theorem,

Eq. (139).

88. Show that when k¥ =0, v = ¢, snu =sinu, cnu = cos u,
dn v =1, and Eqs. (139) and (140) become familiar trigonometric
formulas.

89. Show that when k = 1, v = gd-! ¢, where ¢ = gd  is the func-
tion of Probs. 31 and 32 of Exercises I (page 39) and also show that
sn 4 = tanh %, cn u = sech %, dn 4 = sech u. Also verify that Egs.
(139) and (140) become consequences of formulas given in Sec. 4.

=¢. When »=0, u=¢ and so
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90. In Eq. (133), w becomes complex if z > 1. Show that when
¢ = 1/k, w = K + 1K', where we may evaluate K = F(k, 7/2) and
K' = F(+/1 = k? w/2). HinT: See Prob. 116 of Exercises V (page 250)

~and put 1 — k%2 = (1 — k?) sin? ¢ in the integral for K'.

Use Prob. 86 to check the first two terms of each of the following
series. They all converge if |u| < K’, defined in Prob. 90.

o W ‘ ud
91. snu=u—(1+k2)§—'+(1+14/¢z+k4).%_'_ ..

u?

4 6
92. Cnu=1—§,+(1+4k2)%ﬁ—,—(1+44k‘2+16k4)%—‘+ :

6

2 4
03, dnu=1— ko + k4 + k%) G — K216 + 44k + k9 G + - -

!

=

3 5
94, amu=u-—-k2?§—'+k?(4+k‘l)%—k2(16+44k2+k4) 4

-J



CHAPTER VIII
VECTOR ANALYSIS

The algebra and ordinary differentiation of vectors were intro-
duced in Chap. IIT as an aid to the study of curves and surfaces
in space. Most of this chapter deals with the symbolic vector
del, which is a vector partial differential operator, and three
expressions involving del known as the gradient, divergence, and
curl. These expressions simplify the discussion of certain useful
relations between volume integrals, surface integrals, and line
integrals in space. We show how results formulated in terms of
del may be expressed in any system of orthogonal curvilinear
coordinates. Symbolic vectors occur frequently in mathematical
physics. We illustrate this by deriving the condition for a force
field to be conservative, the Fourier equation of heat flow, Euler’s
hydrodynamic equations, and Poisson’s equation for electrical
or gravitational potential.

114. Vector Algebra. We begin with a summary of those
properties of vectors or directed magnitudes which were developed
in Chap. III. Vectors may be represented in terms of their
components along the axes, as

a = ai+ a,j + ak, b =1bi+ b,j + bk, cte. (n

The operations of addition, subtraction, multiplication by a
scalar, and differentiation with respect to a scalar parameter
can all be carried out by performing these operations on the com-
ponents of the vectors involved. The length of the vector a is

a = la| = Va2 + ¢, + a’ (2)

The scalar product or dot product of Sec. 45, a - b, is
a-b=ab, + ab, + a.b.. (3)

The scalar product is commutative, a-b = b - a, and
a-b = a Proja b = ab cos 6. (4)

303
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The vector product or cross product of Sec. 51, a X b, is

i j k, , | .
a X b = Az Ay A,] = Z!I A, i + Zz Zz j + Zx Z’U k (5)
b, by b, y U z Oz z Oy

The expanded form is
aXb= (ab. — ab)i +
(@:bz — azb.)j + (aby — ab)k. (6)

The vector product is not commu-
tative, but

aXb=—bXa, while
la Xxb|=|bxal =absing. (7)

A m . alam v o
Fre. 125 1hfa triple scalar product of Sec.
53 1s

' la, a, a,l
a-(bxc)=(axb)-c=|b b, b (8)

“ Cz Cy Cq

115. The Symbolic Vector Del. The equation
V=i + J + (9)

defines the symbolic veetor, or vector differential operator v,
read del. To interpret V in combination with a scalar point
function f(x,y,2), we treat 9/dx, d/dy, d/9z as if they were
numerical components, and in the final form replace the product
of 8/dx times f by df/dx, that of d/dy times f by df/dy, and that
of 8/9z times f by df/dz. Thus the gradient of f, Vf, is

VS = gt g fi o f = Lit L+ L a0

Similarly for a combination with a veetor point function
Qz,y,2) = Qu(z,y,2)i + Qu(z,y,2)j + Q:(x,y,)k  (11)

we replace products such as d/dx times Q. by 9Q./dx. Thusthe
divergence of Q, V - Q, is by Eq. (3)

_ 9 an 0Qy | Q.
V'Q—6Q+ Qy+ Qz—' +ay+6, (12)
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And from Eq. (5) the curl of Q, V x Q, is

_ (30 _ 9, . (29 _ %Y.
——(Aag—/_ az)l+(az ax)J

0Qy, _ 9Q-
+(7x— - ay)k. (13)

The notation
grad f = Vf, divQ =V.0Q, curlQ =V x Q (14)

is often used. The reason for the terms gradient, divergence,
and curl will be explained in Seecs. 116, 117, and 128. The
physical interpretations there given show that the expressions
(10), (12), and (13) have a significance independent of the choice
of coordinate axes. This is not at once obvious, since del was
defined in terms of i,j,k and z,y,z for a particular choice of axes.
And we cannot geometrically interpret del or the scalar and
vector products involving del by the methods used for ordinary
vectors. Actually, under a rotation of the coordinate axes, the
formulas of transformation for the component differential
operators of V are identical with those for the components of an
ordinary vector. Any scalar or vector expression that has a
geometric meaning when applied to ordinary vectors must lead
to an expression with a meaning independent of the axes when
one or more of the vectors is replaced by V. Consequently all
simple expressions of this type are likely to be useful in mathe-
matical physies. For example,
_ oY ¥ . Y
V'Vf—5§§+5§5+5;§ (15)
is the Laplacian operator. We usually write V2 for V - V.
Many of the rules of differentiation apply to V. In particular
the product rule suggests that

V(fg) = (Vg + f(Vg), V-(Q) = (V))-Q+sV-Q, (16)
VX (fQ) = (V/) xQ +fVxQ,
V.:PxQ)=Q-(VxP)—-P-(VxQ). (17)
If the vector Q is a gradient, Q = Vf,

0-a=0:(vZ)=0. %0 -0.R-12 -0 a8
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On replacing Q by Vf in Eq. (13) we find

V X Vf = 0. (19)

From this sand the second equation in (17) we may deduce that

V. (VfXVg) =Vg-(VXV)—Vf(VxVg) =0. (20

116. The Gradient. lLet U(x,y,z) be any scalar point func-
tion, for example, a potential function. Then we may, pass an
equipotential surface,

Uzy,e) = ¢ (21)
through any given point P = (z,y,2). By Sec. 49, the vector
oU ., U, , aU
VU—-é-il-}-b—y—]+-5z~k (22)

is normal to the surface (21) at P. Thus the gradient of the
potential function at any point
is normal to the equipotential
surface through the point.

Let C be a space curve pass-
ing through P, and s the arc
length measured along C.
Then on the curve z,y,2 are
functions of s, and hence U is
a function of s. We call dU /ds
the directional derivative of U

Fia. 126.
along C. From Eq. (25) of Sec. 21

dU _aUdz., aUdy , U dz

ds oz ds dy ds ' 9z ds
But t, the unit vector tangent to the curve C at the point P, is

(23)

ey dy, d
t._dsl~{—ds]—i_dsk (24)
by Egs. (172) to (174) of Sec. 54. It follows that
‘% — (VU)-t = t- (VD). (25)

Let 6 be the angle between the gradient and the vector t. Put

_ _ [{oUN* |, (aUY\* | (oUY .
lgrad U| = [VU]| —\/<5;) + (a—y) +('a‘z')' (26)
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Since t is of length one, we find from Kq. (4),

%%j = |grad U] cos 8 = Proj¢ (VU). (27)
This shows that dU/ds depends only on the direction of the
tangent to C' at P and is equal to the projection of the gradient
on this tangent. We call dU/ds the derivative of U in the direc-
tion of t. Tt is a maximum when cos § = 1, and 8 = 0. That

Z
|
iz’z
[,;l_ Ayl
//dI
0
X
Fia. 127.

is, the gradient VU extends in the direction in which the deriva-
tive of U is a maximum, and its magnitude |grad U] of (26) is
equal to that maximum derivative.

117. The Divergence. For the flow of a liquid in a three-
dimensional region, let

Q = Qi + Qj + Qk (28)

be a vector equal to D times the velocity vector, where D is the vari-
able density in pounds per cubic foot. Thus |Q| is the quantity
of flow, per unit time, through unit area normal to the direc-
tion of flow. Consider any element of arca dA ft.2 Let
n be the unit vector normal to dA drawn toward the side called
positive. And let 6 be the angle between n and Q. Then the
projection of dA normal to the flow is dA cos 6, and the rate of
flow through dA toward the positive side is

|Q| dA cos 6 = Q -ndA. (29)

Let us apply this result to the faces of the parallelepiped, or
box of. Fig. 127, with one vertex at P(xz,y,2) and with sides of
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length dz, dy, dz parallel to the axes. Then the rate of flow
into the left-hand face is

Q:jdxdz = Q,dx dz, while (Q,, + %?f dy) dx dz (30)
is the rate of flow out of the right-hand face. The net outward
rate of low due to these two faces is

9Qy 99 94
En dy dx dz. And Fye dx dy dz, £ dzdx dy (31)

are obtained similarly as the net outward rate due to the other
two pairs of parallel faces. Since the volume of the box is
dz dy dz, the divergence or rate of flow outward per unit vol-
ume (pounds per second per cubic foot) is

Q.
ox

0Qy , 9Q:
+ay+az—V-Q- (32)
The designation of V - Q as div Q or the divergence anticipated
this interpretation of V-Q as divergence per unit time per
unit volume.

118. The Divergence Theorem. Let Q(z,y,2) be a vector
point function and R a region of space throughout which Q is
7 regular, that is, without singu-
larities. Then in B we may
associate Q with the ideal flow
of a compressible fluid in the
manner described in Sec. 117.

Let S consist of one or more
closed surfaces that collectively
0 bound a volume V in R. If we
Y subdivide R into small boxes by

a series of planes parallel to the

axes, V will be subdivided into
boxes and parts of boxes. I'or each small box wholly in V| the
outward flow per unit time will be

V.-QAz Ay Az = V-QAV (33)

X
Fia. 128.

to within infinitesimals of higher order, by Eq. (32). As in
Sec. 74, neglecting the parts of boxes near S or replacing them
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by whole boxes will not affect the limit of the sum, which will be
fV v.Q dV. (34)

The flow out from any face of an interior box will be into the
face of an adjacent box. Consequently the integral (34) will
represent the total net rate of flow from V out through S.
The rate of flow out through an element dS of S is
Q - ndsS, (35)
by Eq. (29), where

n=cosai+cosBj+cosvyk (36)

is the outward drawn unit vector normal to dS. Hence the
total net rate of flow out through S is

/g Q-ndS. (37)
By equating this to the expression found in (34), we find
/VV-QdV=L,Q‘ndS. (38)

This is the divergence theorem. From Eqgs. (28), (32), and (36)
we may derive the expanded form for Cartesian coordinates

an aQu an
/V<6x + 3y + 6z) dx dy dz

<

= /s (Q; cos a + Q, cos B + Q. cos v)dS. (39)

T.et us use parameters v and v on S, so chosen that the vector
A of Eq. (278) in Sec. 56 has the direction of the outward drawn
normal. Then from Secs. 56, 57, and 58

( cos a dS = 9(y,2) dudv = +dy dz. (40)

O (u,v)
And the right member of Eq. (39) may be written

9(y,2) 3(z,x) a(m y)
/ [a(u v) Q: + a(u,v) Q + 3(u0) Qz] du dv

= /g (£Q.dy dz + Qdzdxr + Qdzdy). (41)
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The last form follows from Sec. 58. The signs in (40) and (41)
are determinate at each point as those of the Jacobians in
Eq. (41), or those of the cosines in Eq. (36). With each term we
may associate the coordinate axis of the variable whose dif-
2 ferential is omitted. Then the
sign 1s plus if the projection of
L the outer normal to S on this
axis is positive and minus if

this projection is negative.

119. Green’s Theorem for a
Plane Region. ILet T be a
% simple region in the xy plane.

n Br Define the positive direction

ds on its boundary By, as in Sec.

Fia. 129. 81. FErect a right cylinder C of

height h on T as a lower basc.

Then we may apply the divergence theorem to the cylinder C,
using the vector point function

Q = Q(.’E,y)i - P<x)y)j; so that Qz = Q}
Qy = ,—P, Q. = 0. (42)

On the top and bottom of the cylinder, Q -n = 0. And on the
lateral surface

dx dy .dx v
(dsl+({s )xk IZZE_JZE’ dS = hds. (43)

Since no quantity depends on z, we may take dV = h dx dy and
Eq. (38) becomes

0Q _orPy, . . dy
/T<6x ay)/z,d.z/(lg/—'LT(Q +p >1ds (44)

It follows that

/BT(de—I—Qdy)-—-/T@—g—-Q]—))dd (45)

which is Green’s theorem as stated in Seec. 81.
We shall next obtain a vector form in which the coordinates do

not appear explicitly. Let Q be any vector point function
[Eq. (11)] and put

P(xry) = Qiﬂ(x)yio)} Q(xyy) = Qy(x,y,O). (46)
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At all points of T', z = 0, so that by Eq. (13)

_ (39, Q. _ (39 P
ox0 - (R-5) - (-5) @

Let dT be the element of area of T, and nr the unit vector normal
toT. Thend7 = dx dyandnr = k, so that the right member of
Eq. (45) is

L(g‘g - %) dx dy = /T nr - (V X Q)dT (48)

Again, if ds is the vector of length ds along the tangent to By,
ds = dxi+ dyj and

Q-ds = Qudr + Qdy = Pdx + Qdy (49)
on Bz, since z = 0 there. Hence the left member of Eq. (45) is

/BT(de+-Qdy)=fBTQ-ds. (50)
FEquations (48) and (50) lead to the alternative form of (45),

/BTQ-ds=/an-(V><Q)dT. (51)

Here all the terms have a meaning independent of the choice of
axes. With that meaning the equation holds for a region 7' in
any plane.

120. Stokes’s Theorem. I.et S
be a portion of a surface in space
bounded by a simple closed curve
Bs. The positive direction on Bg
15 that regarded as forward by an &
observer on the positive side of the
surface walking along the boundary
with the region on his left. It is
possible to approximate the curved surface S by a polyhedral cap
P cach of whose faces T is in a plane tangent to S at an interior
point. Let d. be the largest dimension of any polygonal face.
Then if d, is small enough, the skew polygon B which bounds the
cap will approximate Bs, the bounding curve of S.

With @ any vector point function, we may apply Eq. (51)
to each plane face 7. The sum over all the faces of the cap is

2 ﬁar Q-ds =3 fT ny - (V x Q)aT. (52)

z=0

Fia. 130.
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Each inner edge of the cap is traversed twice in opposite direc-
tions. Consequently the sum on the left reduces to the integral
over the skew polygon Bpr which bounds the cap. The line
integral over a skew polygon or space curve is defined by a
procedure analogous to that used for the plane case in Sec. 80.
And we may consider the sum on the right as a surface integral
over the cap. Hence

[ Q-ds = /P nr - (V x Q)dS. (53)

Applied to a sequence of approximating polyhedral caps with
dn — 0, this leads to the limiting relation

[BSQ.ds= /Sn'(VXQ)dS, (54)

where n is the unit vector normal to S drawn toward the positive
side. This is Stokes’s theorem. Let the components of the
positive normal n be given by Kqgs. (36) and (40). Then from
Eq. (13) we may derive a Cartesian form of Stokes’s theorem:

lcos a cos B cos 7|
d i}
f (Qdx + Qudy + Q.d2) = / 505 P dS. (55)
Bg S

Q: @ Q-

After expanding the determinant, we may use the relation (40)
in a manner analogous to that used to derive Eq. (41), to express
the right member of Eq. (55) as a double integral in « and v,
or as one in terms of z, y, and z. The latter is

0Q. 9Q, 0Q,  93Q,
Li(ay —--——az)dydzi(az ~ o )dzdx
+ (@(%_aa?) dzdy, (56)

where at each point the 31gns may be determined by the method
given for determining the signs in Eq. (41).

121. Exact Differential Expressions. Consider the differential
expression

P(z,y,2)dz + Q(z,y,2)dy + R(z,y,2)dz (57)

for z, y, z in T, some three-dimensional region of simple type.
If the first partial derivatives of P,Q,R with respect to r,y,z are
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continuous and satisfy the conditions

R 9Q oP O0R _ aQ oP _

dy 9z 0’ 9z dr 0 or  dy 0 (58)
throughout T, the differential expression (57) is said to be exact.
If we introduce the vector

F = Pi + Qj + Rk, (59)
the condition for exactness (58) may be written
VXxF =0 or curl F = 0. (60)

Let Bs be any closed path bounding a portion of a surface S
in the region T. Then by Eq. (59) and Stokes’s theorem (54)

[ (Pdz+Qdy+Rd) = [, Feds = [n-(VxF)as. (61)

The last integral is_zero by Eq. (60). Hence the first integral
is zero over any closed curve of simple type. By an argument
like that of Sec. 82, we may deduce from this that

= f;; (P dz + Qdy + R dz), (62)

taken over any path joining M to N lying in the region 7, is
independent of the path. And we may then take M = (z¢,y0,20),
N = (x,y,2) and so obtain a function f(z,y,2) such that

¥_p, %=Q, YR, o V=F (83
The total differential of f will equal the original expression,
df = Pdx + Qdy + R dz. - (64)
Conversely, let us start with a function f(z,y,2) and define
P,Q,R by Eq. (64). Then
Vf=F and VXF=VxVf=0, (65)
by Iq. (19). Hence the total differential df is exact.

We may find f when the exact expression is given by a method
like that used for the two variable cases. Consider the expression

(yz + 3x¥)dx + (xz + 3y?)dy + (zy + 32?)dz. (66)
of

The condition for exactness (58) is satisfied. Since e should
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equal yz + 3x?,

S =ayz + &* + 9(y,2) (67)
by « integration with y and z kept constant. Then
g; = Iz + qhould equal zz + 3y?, so that g—% = 3y* (68)

With 2z kcpt constant, y integration gives
g =y*+ h(2) and f=ayz+ 2+ y® + h(z). (69)
Finally,

6f xy + B ahould equal zy + 322, so that da}—L = 322. (70)

Integrating this gives
h = 23 + ¢, sothat f = zyz + 2+ 9>+ 284+ ¢. (71)

The vector formulation of the principal result of this section
is as follows. A necessary and sufficient condition for the
continuously differentiable vector F to be the gradient of a
function f, F = Vf, is that the curl of F vanish identically,
VXxF=0.

122. Conservative Force Fields. The discussion of force ficlds
in three dimensions is analogous to that of force fields in the
plane given in Sec. 83. Let the variable force vector be

F(z,y,2) = X(x,9,2i + Y(z,9,2)j + Z(z,y,2)k. (72)

Then the work done by the force on a particle moving along any
path C, in general a space curve, is

We = [C (Xdo+Ydy+Zde) = [[Feds.  (73)

The force field is conservative if the work depends only on the
end points of C; otherwise it is independent of the path. In
this case the expression (X dz + Y dy + Z dz) is exact, and there
is a function W(z,y,2) having this expression as its total differ-
ential. The function W (x,y,2) is called the force potential, while

U = —W is the potential energy. Consequently, we have
Xdz+ Ydy+ Zde =dW = —dU (74)

In vector form, the condition for a conservative field is
VXF =0. And F=VW=-VU (75)

expresses the force vector in terms of the potentials.
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123. Curvilinear Coordinates. Certain problems are simpli-
fied by introducing curvilinear coordinates.. The systems of
most frequent occurrence are orthogonal systems, for which the
vectors U,V,W, of Sec. 59, tangent to the coordinate curves, are
mutually perpendicular, so that

U.v=0, V.-W =0, W.U=0. (76)
Here, with subseripts denoting partial derivatives,

U= xui + yuj + zuk, V = xvi + yvj + zvky
W = xwi + ywj + zwk- (77)

Let hi, hs, hs be the lengths of U, V, W. Then
hi? =1U .U, he? =V .V, hs? = W .W. (78)
Let us square both sides of each of the equations

dr = xdu + x.dv + v.dw, dy = yudu + y,dv + y.dw,
dz = z,du + z.dv + z,dw, (79)

and add the results. Using Eqs. (76) to (78), we find
ds? = hi%du® 4 hy?dv? + ha2dw?. (80)

Since hihsh; is the volume of the rectangular parallelepiped on

U,V,W, by Seec. 53

U. (V X W) = hlhzhg. (81)
Hence by Sec. 59 volume integrals are transformed by
dx dy dz = hihohsdu dv dw. (82)

The unit vectors i,j,k are in the direction of increasing x,y,z.
Corresponding to them, at each point we introduce three unit
vectors iy,is,i3 along U, V,W. Thus

U = hii;, V = hq,, W = hsis. (83)
Then any vector point function Q can be represented in terms of
these unit vectors

Q = Qi1 + Qsiz + Qsis. (84)

By calculating the dot products, and recalling that i,,is iz have
unit length and are mutually perpendicular, we find that

Q-i; = @y, Qi = Qy Q-iz = Qs (85)

These relations may be used to obtain the components of Q.
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As an illustration of these idecas, consider the spherical coordi-
nates r,¢,0 of Sec. 59. The vector

r=2ai+yj+ 2k =i (86)
and

ds =dri+dyj+dek =dri,+rdeis + rsinpdis. (87)
Consequently,

h1 = 1, hz =r, h3 = r sin o3 ) (88)
and
ds? = dr? + r2d¢? + r? sin? ¢ do2. (89)

Also volume integrals are transformed by

dr dy dz = r? sin ¢ dr d¢ dé. (90)

Fra. 131,

124. Del and Curvilinear Coordinates. We shall next obtain
the expanded form of the fundamental combinations involving
del for a system of orthogonal curvilinear coordinates; that is, in
terms of the unit vectors iijis; and partial derivatives with
respect to u,v,w. The gradient of «, Vu, has the direction normal
to the surface u = constant; that is, the direction of U or i;.
And the magnitude of Vu is the derivative of u in this direction.
But from Eq. (80), when v and w are held fast,

ds

du
d—TL = h1, SO th&t (TS_

1
e (91)
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Consequently
Vu = L And similarly Vo = 2, Vo = 23 (92)
hy ha hs

It follows from the definition of V and Eq. (26) of Sec. 21
that if f(u,v,w) is any scalar point function,

vf = fv+fv +"wa (93)

From this and Eq. (92) we may deduce that the gradient

Lof, 1o,  1of,

TR T ha 2+h36w

(94)

As a preliminary to finding the expression for V- Q we note
that one consequence of Kq. (94) is

_19of
(V1) s = - 2. (95)
And from Eq. (92)
= (A2} o () = A

Vo x Vw = (hz) () = (96)
Since i; varies from point to point, V -i; £ 0 in general. But
v ()= v. v xvw) =0 (97)

hshs
by Eq. (20). This leads us to write the first term of (84) as
Quir = (hahaQ) (1~ )- (98)

hgha

Then by the second equation in (16)

V- (Qii1) = V(hhsQn) - ( ) + hohsQ: V (i]l_l;) (99)

The last term is zero by Eq. (97). Hence

.y V(hohsQ) - iy _
V. (Qlll) = hgha' h1h2h3 au (h2h3Q1)) (100)

by Eq. (95) with heh3Qq in place of f.  On treating the other two
terms of Eq. (84) similarly, we find that the divergence
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V.-Q= Bk h hs [ (h2h3Q1) + (hathz) + ‘— (h1h2Qa)] (101)

- To expand V X Q, we observe that from Eq. (94)

Lo Laf Loy
Vixi= =ttt (102)
And from Eqgs. (92) and (19),
v X (#) =V X (Vi) = 0. (103)
1

This leads us to write the first term of (84) as
. i
Qi = (hiQ1) (7‘)
31
Then by the first equation in (17)

V X (Qii1) = V(hiQ1) X < ) + hQ:1V x (h) (104)

The last term is zero by Eq. (103). Hence

i) = Y@ xh L (@),
VX (@) = hy T hihe v 13
1 a(hiQy)
T ow 1 (105)

by Eq. (102) with h:Q; in place of f. On treating the other two
terms of Eq. (84) similarly, we find that the curl of Q

h 1i1 h 2i2 h 3i3

_ 1 d 9 a | _ i [0(hQs)  9(he@s)
vxQ hihshs | Ou v dw| lzglﬂ,[ v - dw

1Q1 thz tha
i | 9(hQy) _ 9(hsQs) is [9(has)  9(hiQy) .
+ hshi [ ow  Ju ] + hihy [ 62’11, il 51}—}—]' (106)

The Laplacian operator of Eq. (15) may be expanded by com-
bining Eqs. (101) and (94). The result is

VY = V. Vf

1 ohs Of shy of 0 [ hihs af.)].
h1h2h3[ ( P au) + 5 (7;; az) * 5w (r aw) | (107)
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Once we know the element of arc (80), or the values of hy,hs,h3
for any orthogonal system of curvilinear coordinates, all the
expressions of this seetion may be found explicitly. For example,
in spherical coordinates Eq. (88) holds and

u=r, v = ¢, w = 6, h, =1, hy = 7,
hs = r sin ¢.

With these values the expression for the gradient (94) becomes

of g Loy Lo, (108)

_.-—-1 —_—— —_——

16¢ rsm¢>60

The expansion of the divergence (101) reduces to

90);

v Q_*— ) + r%1n¢60"

(sin ¢ Q1) +

r sin ¢ 6¢ (109)

And either from these or Kq. (107) the Laplacian is found to be

9p 1 a , Of 1 d _(?-,:
sz_v'vf_ﬂér( 6r)+r2sm¢a¢>(bm¢ cb)

1 0 f
r? sin? ¢ 90

(110)

125. Gauss’s Theorem. l.et S consist of one or more closed
surfaces that collectively bound a volume V. For each point
x,y,2 of S we define r and i; by Llq. (86) and denote the outward
drawn unit normal by n. Then Gauss’s theorem asserts that

i;*n 1 0,1f O is outside of V,
/S e 4S8 = {47, if O is inside of V. (111)

Suppose that O is outside of V. Then i;/r? is regular in V,
and from the divergence theorem (38)

W) g = [ (1)
[o-@)ar=[()mas

But from Eq. (109)

Ly _190(,1)_
V'<r2)—r26r<r r2>—0' (113)

And in Eq. (112) the left member is zero. Hence the right

member is zero. This proves the first case of Gauss’s theorem
(111).
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If V includes O, which is a singularity of i,/r?, the divergence
theorem is not applicable to V. To circumvent this difficulty,
we draw a small sphere s about
0O, so small that it lies in V.
Denote by V’ the volume V
with the small sphere s re-
moved. The boundary of V’
is S together with s, and the
outer normal at s, regarded as
part of the boundary of V' is
—n, where n is the outer nor-
Fic. 132, mal of the small sphere. Write

fi1°2ndS={/ii'—23dS+ /i"(.,"n)ds]
s T s T J s r- .

- / R dS. (114)

The bracket equals zero, since we may apply the case of (111)

already proved to V', which docs not include O. And if the

radius of s is a, on s we have

il n
r2

n =i, r = aq, so that / dS = %(47“12) = 4x. (115)
This shows that the left member of Eq. (114) equals 4w, and
the second case of Gauss’s theorem (111) is proved.

126. Poisson’s Equation. Let the potential energy U = ee/r.
Then by Eqgs. (75) and (109) the force vector F is

= vy = —v (@) = _ 9 (ee); _ @°,
= VU = V(r>— a,,(r)u—rle. (116)

Let O be the origin of spherical coordinates, and P the point
with spherical coordinates r,¢,0. Then

-O_._P' =r il, (117)
and the vector F at P is the force exerted by an electric charge
e at O on a charge e¢; at P. The force on a unit charge at P is
E, the electric intensity vector. And the scalar point function
®, such that E = —V® is the electric potential. Hence for
the single charge ¢ at O,

& = g, E=—Vd =2 i, (118)
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All the equatfons of this section hold for an z,y,z system such
that O = (20,0,20) and P = (z,y,2) if we define r and i; by

r=(z— 20" + (y — y0)* + (2 — 20)? (119)

and
f'il = O_P. = (x — xo)i + (y — yo)j + (Z - Zo)k. (120)

This suggests the correct expression for the potential due to a
continuous charge distribution with density of charge p(xo,70,20)
at (zo,y0,20). If Vo is the whole of space or a volume including
all the charges, ‘

b = fV E(ﬁfﬁ"_’z_"_).dvo, where dV, = dzxodyedz,. (121)

r

And, with del acting on the z,y,z without subscripts in r,

Zo,Y0,%0) .
E=—Vd = /VOBQ’;%“——QndVO. (122)
Now let S be any closed surface bounding a volume V. By
Gauss’s theorem (111), with r and i, defined by Egs. (119), (120),

i;-n S = lO, if (20,Y0,20) is outside of V,
g r? 4mr, if (x0,0,20) is inside of V.

From this and Eq. (122) it follows that

f E-ndS = f ds / p(o,y0,20) 2 AV
S S Vo r

= 47!' v p(xo,y(),ZQ)dVQ. (124)

(123)

With the variables of integration z,y,20 replaced by z,y,z,

/; E-ndS = 4r /V p(x,y,2)dV. (125)
But from the divergence theorem (38)

[E-ndS=/V-EdV= -—/v.vwv, (126)
S 14 14

since E = —V®. A comparison of the last two equations shows
that

47rf p(z,y,2)dV = — / V.VddV, or
14 v

/V [V - V® + 4mp(2,y,2)[dV = 0. (127)
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Since this holds for any volume V, the integrand must vanish.
Thus

V.V® + 4wp(x,y,2) = 0 or V-V® = —drp(z,y,2). (128)
This is Poisson’s equation. The expanded Cartesian form is

% 9 0
axg + ay2 + 622 - —47"P(xa?/,z)- (129)

It may be expanded for any system of orthogonal coordinates
by using Eq. (107). In a region free of charges, p = 0 and
Poisson’s equation reduces to Laplace’s equation.

We have interpreted ® as the electric potential due to charges
of density p. An analogous discussion may be carried out for
the magnetic potential due to poles, the gravitational potential
due to matter, the steady temperature distribution due to con-
tinuously distributed sources of hecat, or the velocity potential
of an incompressible fluid due to continuously distributed sources
or sinks.

127. Heat Flow. In any portion of space where heat is flowing
the temperature U is a scalar function of z,y,z and ¢, the time.
Consider any closed surface S bounding a volume V. Then the
rate at which heat escapes from V through an element dS is
— K dU/dn dS, where n is the outward drawn unit vector normal
to dS. The constant K is the thermal conductivity in calories
per centimeter per second per degrce centigrade. And the
minus sign is due to the fact that heat flows from a higher to a
lower temperature. By Eq. (25) and the divergence theorem
(38),

L@Eds— /S(VU)-nds= fVV-VUdV- (130)

dn

Hence the rate in calories per second at which heat flows inio
the volume V through S is

/Kd—qu—/VKV-VUdV. (131)

If ¢ cal./gm. °C. is the specific heat and D gm./cm.3 is the
density, the rate at which heat is absorbed by an element dV
due to the changing temperature is ¢D 0U/dtdV. And the
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number of calories per second absorbed by V is
f eD gg av (132)

if we assume that there are no sources or sinks of heat in the
region under consideration. In that event the heat absorbed by
V will equal that which enters through 8, and we may equate the
expressions (131) and (132). Hence

/KV VU dV—/ Daa(t]dV or

/V (KV VU — ¢D aU) AV = 0. (133)

Since this holds for any volume V, the integrand must vanish.
Thus

kv.vu - =0, o 2U-Lv.vu sy
at D
is the equation governing heat flow. If o> = K/cD, the equation

is

277 2 277
a_(_JZaQ[aU 92U a(,] (135)

3t Fri ETE T 5

in Cartesian coordinates. It may be written for any system of
orthogonal coordinates by using Eq. (107).

A similar equation holds for diffusion, whether of a solid
through a solution, a liquid through a porous material, or one
fluid through another. In fact, if U is the concentration of the
diffused substance, and a? is the diffusivity, Eq. (135) is the
equation governing diffusion phenomena.

128. Fluid Flow. We wish to study the motion of a perfect
fluid in space. It is customary to denote the components of q,
the velocity vector, by u, v, w (in feet per second), so that

Q@ y,2t) = u@y,sdi + 0@y + wzyzdk.  (136)

Consider any closed surface S bounding a volume V. Let
p(x,y,2,t) 1b./ft.? be the pressure, which is the same in all direc-
tions. Then the snward force on any element dS is —pn dS,
where n is the outward drawn unit vector normal to dS. And
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the resultant force on S is
- [g pmdS or  — fv vp dV, (137)

as we see by applying the divergence theorem (38) to each
component. For example,

- . _ s _ ap
Lpn,db-— /S(pl) ndsS = /VV (pi)dV /Vax av. (138)

Let p(x,y,2,t) = D}g (in slugs per cubic foot) be the density
at any point of the fluid. Then the mass times acceleration
vector for an element dV is p dV dq/dt. And if

F = Xi+ Yj+ Zk

(pounds per slug) is the body force per unit mass, the body force
on an element dV is FpdV. For example, F = —gk if the
z axis is vertically upward and gravity acts as the body force.
Equating the resultant mass times acceleration of V to the body
force on V plus the resultant force due to pressure on S found in

(137) gives
/ M = f FpdV — / Vp dv. (139)
t 1 v

Since this holds for an arbitrary volume V, a similar relation
must hold for the integrands and

dq _
P = Fp — Vp
or
dq _ 1
a =F — = Vp (140)

This is the vector equatlon of motion.
Another relation may be derived by

considering the amount of fluid in V.

The rate at which fluid escapes from V through an element dS is

pq -ndS. Hence the rate (stugs per second) of decrease of mass
of Vis

Fia. 133.

[ 60 -nas = [ v Goav (141)
by the divergence theorem (38). But the rate of decrease of
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mass of an element dV is —3p/dt dV. The integral of this over V
equals the rate of decrease found in (141), so that

_ / 3 gy — / V. (oq)dV. (142)
y ot 14

Since this holds for an arbitrary volume V, it follows that
i)
2 = V. (pq), or V'(pQ)‘F—éﬁ: . (143)

This is known as the equation of continuity.
If we kept ¢ fixed in Eq. (136), the motion of a particle would
have components

d &y _, _, (144)

a - Y @

The acceleration dq/dt is due to a space change of this kind,
combined with the influence of ¢ in Eq. (136). Thus

dq _9qdx | dqdy  9qdz , dq _ 9dq, 9dq , 9q, dq
@t "ovdi Toydt Tazar Ta T Yar Tlay T Ve T (149)

And on a component of q or on any scalar, the differential
operator

d

d d d d d .
E—1t55+v@+w5g+gt—Q'V+& (146)

As a consequence of this and the second equation in (16),
d )
V- (pq) +é—§ = (Vp)'q+pV-q+éf

: do. 114
=pV-q+(q-V+5£>p=pV-q+;i§- (147)

Hence the equation of continuity (143) may be written

dp _ _ _1ld
Pv°q+%— ’ or V.q= p di (148)
We may write Eqs. (140) and (148) as follows:
du du Ju , du 10dp
ov v @  d o 1ldp
1¢(—9—§+v(—,’—g +wgz- +'52-—Y p(—,’-g} (150)
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ow ow ow  ow _, 1ladp

u5-5+v5;+waz + e =7 S a2’ (151)
ou o ow_ 1 0 80 0 3\
oyt p(“ax ”ay+waz+at) (152)

The relation between p and p, such as p = kp for a perfect gas
at constant temperature, or p = constant for a liquid, enables us
to eliminate p. We then have a system of four equations in the
four quantities u,v,w,p.

The circulation about any curve is the integral of the tangential
component of the velocity times ds, or

q-ds = udxr +vdy + wdz. (153)

The circulation K about any simple closed curve Bs bounding S,
a portion of a surface, is

K=[Bsq-ds=/:gn-(V><q)dS (154)

by Stokes’s theorem (54). The vector 14(V x q) is called the
rotation of the fluid, since it represents the instantaneous angular
velocity of an element of the fluid. This is responsible for the
designation of V X q as curl q. The motion is said to be 7rrota-
tional if curl q, and hence the rotation, is zero at all points of the
region considered.

Let us assume that the motion is irrotational. Then by
Eq. (154) the circulation along any curve from a fixed point
(To,y0,20) to a variable point (z,y,2) depends only on the end
points, and so determines a function ¢(z,y,2). By Sec. 121

- 9% _ 99 _
de¢ = udx + vdy + w dz, 3 =W ay—v,

%—Z—’ = w, and q = Ve¢. (155)
Since the velocity g may be obtained from ¢ by this equation, the
function ¢ is called the velocity potential.

If we make the additional assumption that the body forces
are conservative [Eq. (75)], F = —VU holds. We may then
integrate the equations of motion in the following manner. Since
q = V¢, we may use Eq. (18). And the left member of Eq. (149)
is

du_19 9(99) _ 9 (& | 38\ (e
Vet 5 =355 q)+6t(ax)_6x(2 + at) (156)
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Since there is a relation p = p(p), we may define P(p) by

Yodp ) B |
P — It rrh o9 o _ 2
@).me L

g

(157)

And F = —VU implies that X = —9dU/dx. Consequently the
right member of Eq. (149) is

X == " w (158)

It follows from this and Eq. (156) that Eq. (149) is equivalent to

0 - d(;b

QEatir )0 o

We may treat Eqs. (150) and (151) similarly. Hence the

expression in parentheses has all its space derivatives zero, and

so can depend only on the time. That is, ‘
p

(e + v* + w?) + "’+( + j %7?
Do

= f(1). (160)

When there are no body forces U = 0. And if the motion is
steady p, u,0,w and hence ¢ will be independent of the time.
Under these further restrictions, Kq. (160) reduces to

+ ¢

l\Dl*—

2 +lT+I).._

(—]—Z+P=—]-(u2+v2+w2) + /l gﬂ:c, (161)
2 2 po P
which is Bernoulli’s equation.
For an incompressible fluid, e.g., a liquid, the density p is
constant. And the equation of continuity (148) or (152)
becomes

V.g=0 or ‘?'—"+ +ﬁ‘-_0 (162)

For the irrotational motion of an incompressible fluid, it follows
from Eqs. (155) and (162) that

d%¢

ox?

o . L 3¢ |, 0% _
V-V¢=0 or Vig=-——b+ oyt T 5z = O (163)

so that the velocity potential satisfies Laplace’s equation.
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For steady, irrotational motion of an incompressible fluid
under no body forces, Bernoulli’s equation (161) reduces to

%2+%= or %(u2+vz+w2)+§=0- (164)

This type of flow in two dimensions was discussed and illustrated
in Secs. 94 and 95 and in Probs. 88 to 114 of Exercises V (page 248).

129. References. Among the many texts with title Vector
Analysts, we call to the reader’s attention the classical lectures
of Willard Gibbs, edited by E. B. Wilson, the brief account of
J. G. Coffin which emphasizes physical applications, and the
work of H. B. Phillips which presents the subject in the form
applicable to theoretical electricity and hydrodynamics. Stu-
dents of the latter subject may also consult with profit the two
volumes by L. Prandtl and G. O. Tietjens, Fundamentals of
Hydro-and Aeromechanics and A pplied Hydro- and Aeromechanics.

EXERCISES VIII
For each given f(z,y,2), find the gradient Vf:

1. x%yszt. 2. z? — y? 4 222, 3. log (x? 4 2y% — 322).
For each given Q(z,y,2), find the divergence V - Q and the curl V X Q:
4. zi + yj + zk. 6. (22 — 3y)i+ Bz — 2)j + (y — 22)k.

With subseripts on V indicating the vector or vectors on which V acts,
deduce from the identity a X (b X ¢) = (a-c)b — (a - b)c, proved in
Prob. 58 of Exercises III (page 136), that

6. VX (PXQ)=(Vpq:-QP — (Vpo:-P)Q
=Q -V P+PV-Q) —(P-V)Q — Q(V-P).
T.PX(VXQ)=VoP-Q) — (P-VQ)Q,
QX (VXP)=VpP-:Q) — (Q-Vp)P, and hence
V(P-Q) = Vo(P-Q) + Ve(P - Q)
=PX(VXQ+®P-V)IQ4+Q X (VXP)+ (Q-V)P.
8. VX (VX Q)=V(V-Q) —V-VQ = V(V- Q) — V2Q, where
V.VQ = V2Q is the vector V2Q.i + V3Q.,i + VQ.k.

Compute the directional derivative of

9. zyz at (0,1,2) in the direction of 2i + 3j + 4k.
10. z? + 2y% + 322 at (1,1,0) in the direction of i — j + 2k.
11. z%%3 at (1,1,1) in the direction of 2i — 3j + k.
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12. Prove that f(z,y,2) is constant in any volume throughout which

- . Notice ei of _of _9of _ a _
Vf = 0. Hinrt: Notice either that 3% oy = 9z 0 or that i =
in every direction.

- 13. Prove that V- Q = 0if Q = V X F. For a converse, see Prob.

14.
14. Let F, = f(x,y,2), F, = [x (% + Q,) dr + ¢g(y,2), and let

o [ Yot o [ (25 + 28 ]

+ h(z). In each integration the variables not indicated in the limits
are to be kept constant. The integral in  and y is independent of the
path if V-Q = 0, where Q(z,y,2) = Q.i + Q,j + Q.k. Show that in
this case the vector F = F.i + F,j + F.Jkhas V X F = Q for any choice
of f, g, h.

Verify that each given vector Q has V.- Q = 0. Use Prob. 14 with
simplest indefinite integrals and f = g = h = 0 to find a vector F such
that Q = V X F.

15. 2i + 3j + 5k. 16. zi — 2yj + zk.
17. yzi + zzj + xyk. 18. 3y% + 2% + 32%k.

Let Z,7,Z be the center of gravity of a homogeneous solid of volume V.
If n = cos ai + cos B j 4+ cos v k is the outer normal to S, the closed
surface which bounds the solid, show that

19. /S (x cos a + y cos B + z cos v)dS = 3V.

20. _[g (2x cos a + 3y cos B + 5z cos v)dS = 10V.
21. [g (zz cos a + 2yz cos B + 322 cos v)dS = 9Vz.
22. /; (y2% cos a + 2zxy cos B — xz cos v)dS = Vi.

23. _[S (Qz cos a + Q, cos B + Q. cos v)dS = 0, if Q is any vector
such that V- Q = 0, e.g., the vectors of Probs. 15 to 18.

9Q- _ /' Q. _ f ,
24. Demonstrate that fV Y av = v n de dy dz = 9 + Q.dy dz

= ,/s Q. cos a dS, by a method like that used to prove Eq. (18) in
Sec. 81. Written as fV V.fdV = fs n.f dS, this leads to the result
[V L(V)dV = L L(n)dS, where L is any linear function.
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From Prob. 24, deduce that in particular
2. [ V-QdV = [n-Qas.
26. [VVxQdV - [Sn % Q dS.
: [V VfdV = [gnfdb’.
: /Vv. (fQ)AV = [Sn- (fQ)dS or
[, (V@ + V- Qv = [ Q-nas.
29. Prove /V £V dV + /V Vf - VgdV = [9 fz—% dS. Hixr: Use

Prob. 28, and put Q = Vg.
30. From Prob. 29, deduce Green’s Theorem,

/V (f Vg — g VAV = [q (f %% _ g%) IS,

dg w_f 2y 4V : ey
31. Prove/‘.sc—i—ﬁdb = VngI. Hinrt: Put f = 1 in Prob. 29.

2

-3

2

o0

9 45 — / 2 / 2 AV e
32. Demonstrate /q g Eﬁdb =/, |Vg|2dV + - Vig dV. Hint: Put
f = g in Prob. 29.

Let C be a closed curve and S the portion of any surface bounded by C.
Show that

33. /CVf-ds=Oand hence /Cng-ds= - /Cgi-ds.

3. [n- (WX Q+/VxQus = J Q- ds.

35. /gQ-ndS depends on C only, and not on Sif V- Q = 0. Hinr:
The F of Prob. 14 has V X F = Q. Hence /SQ-ndS= /;des

36. Illustrate Prob. 35 for C the circle 22+ y? =1, 2 = 0, and
Q =2i+ 3j+ 5k. ByProb.15Q =V X [5zj + (2y — 3x)k]. Hence
/:S(2cosa+3cosﬁ+5cosy)d8= LSxdy= 5.

Let S bound the volume V, and V — P, mean that V shrinks to zero
while including P, as an interior point. Show that at P,

/ Q-ndS
37.divQ =V-Q = lim 25 _ .
V—Po V
n X QdS
38. curlQ =Vx Q= lim 25 . Hinr: Use Prob. 26.

V—Po V
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39. Show that at P, curl Q = V X Q is a vector whose component

[ Q-ds
normal to any plane 7" through Py is (VX Q) -n = lim <&
S—Pyin T S

where C' bounds the area S, and S — P, in 7" means that S shrinks to
zero on some surface tangent to 7" at P, while including Py as an interior
point.

For each given F(x,y,2), verify that V X F = 0 and find an f(x,y,2)
such that F = Vf.

40. 2zy32'i + 3x%y%'j 4 4x?y’2’k. 41, e*[(2y + 32)i 4+ 2j + 3k].
42. 3(x — y + 22)%(1 — j + 2k). 43. 4(z2 + y? + 22)(zi + yj + 2k).

44. Let df/ds., df/ds,, df/ds; denote the derivatives of f in the direc-
tions of i, i, i3. If these are the unit vectors of Sec. 123, show that

_ df df lf (df) (df) (df)
vf 1| + = s 12 13 and |grad f|2 = ds] as.
Deduce tho,t these relatlons hold if iy, i, i3 are any three mutually per-
pendicular unit vectors.

For eylindrical coordinates, ds? = dr? 4 r2d6? 4 dz2, show that

45, Vf = { lafz—}-—fl;

46.V.Q = %(WQD 1 6Q2 4 0Qa,

ar r 90 0z
_(10Q5 _ 9Q» 0Q, Qs
47'VXQ_( 90 0z 1-’_(az ¢9r)l
b (1000 _1a0y,

r Oor

. 1 0% 02
18. Vif = ( ) T re 6({2 az];

49. With the terms in z omitted and Q3 = 0, the expressions of Probs.
45 to 48 hold for polar coordinates in the plane. Use this fact to check
the results of Probs. 24, 46, 98, and 99 of Exercises V (page 245).

Use Eq. (108) to find the gradient of each given f(r,¢,0):
60. log r. b1. r-lt. 52. rn,
Find the divergence and curl of each given Q(r,¢,0):
63. ri;. 54. i.. b65. ri..

66. Check Prob. 43 by writing F = 4r%,, and using Prob. 52.

67. Show that V X [f(r)i,] = 0, and deduce that a force directed
toward a center and equal to any function of the distance from that cen-
ter is conservative.
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Any solution of Laplace’s equation is called a harmonic function.
Let S bound the volume V lying in a region R throughout which U is
harmonic. Thatis V- VU = V2U = 0 in R. Show that

aUu

68. S I dS = 0. Hinr: Use Prob. 31.

9. /S U%% das = /V |[VU|[2dV, and hence [S U %g dS > O unless U is
constant in V. Hint: Use Probs. 32 and 12.

60. Let S, be a sphere of radius r with center at Py = (xo,y0,20) lying
in R. Put U, = U(xo,¥0,20). Then U, = ‘—1;1&3 /:Sa U dS, the average
of UonS,. Hint: Take Py as an origin of spherical coordinates and set
I, = 21_17—1' j:sr U(r,¢,0) sin ¢ d¢ d8. Then I, = average of U on S, and

I. — Uy when r — 0. But by differentiating I, we may deduce that
%[r—' = %{_ Sr%rq sin ¢ d¢ dO = -47};2 s,%ds =0 by Prob. 58.
Hence I, — I, = 0, and on letting r — 0, U, = I..

61. Unless constant in R, U cannot have a maximum or minimum
value at a point P, inside R. HinT: Assume U = M, its maximum
value, at some point in RB. Then either U = M throughout R, or
with the notation of Prob. 60 there is a point P, at which Uy, = M, and
such that U # M at some points on S,. But in this case Uy = U(a,¢,6)
for all ¢,0 and is greater for some values, so that by taking averages
Uy > 1., which contradicts Prob. 60 since Uy = I,.

62. If U = 0 on S, then U = 0 throughout V. HinT: If U were
greater than 0 at any point of V, its values in ¥V would have a positive
maximum at some inside point. And if U were less than 0 at any point
of V,its values in V would have a positive minimum at some inside point.
Either case contradicts Prob. 61, and U = 0 in V.

63. If U, = U, on 8, then U, = U, throughout V. Hinr: Apply
Prob. 62 to the harmonic function U, — U,.

64. If dU/dn = 0 on S, U is constant in V. HinTt: Use Prob. 59.

66. If dU,/dn = dU./dn on S, U, — U, is constant throughout V.
MinT: Apply Prob. 64 to the harmonic function U, — U,.

In Eq. (111), i;-n/r2dS is the solid angle at O subtended by dsS.
By a geometric argument, deduce that [Slir;zﬂ as

66. Is 0 for O outside V and is 47 for O inside V.

67. Is 2r if O is a point on S at which the surface S is smooth.

68. Taken over the surface of a cube, is 7/2 if O is a vertex, = if O is on
an edge, and 2 if O is on a face.
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69. With the notation of Eq. (111), derive the following relation:
/; ri-ndS = 3V. Use this to check Prob. 19.

70. From Eq. (110), V- (i) = 72 ar( r2p) = —’—’+%—§. And from

the divergence theorem (38), /VV- (pi)dV = [g'ph -ndS. Deduce
that the potential at O due to charge density p inside V bounded by S is

1[0
VrdV— fpll nds — /V %P av.

71. The potential at Py = (r,0,0) due to a charge of surface density
o on the element of spherical surface dS = R? sin ¢ d¢ dfatP = (R,9,0)

is o dS/|PoP|, where |PoP| = V'R + r2 — 2rR cos ¢. For the whole
sphere 0 £ ¢ =<7, 0 < 0 < 2r. Show that the potential due to a
uniformly charged spherical shell of radius R at a point inside the shell,
r < R, is 4rRo, and at a point outside the shell, r > R, is 47 R% /7.

72. The gravitational potential of a spherical shell of uniform density
p and thickness dR may be found by replacing o by p dR in the expres-
sions of Prob. 71. Show that the potential U(r,¢,8) due to a homo-
geneous solid sphere of radius e and mass m gravitational units is

4 R2p d 41 oa®
: p R 1;;;(1 = 1—? at a point outside the sphere, r > @, and is

3m mr2

% d
/ ‘}"RP R+f47erdR_21rpa2—§1rpr = 57 — g ot a point

inside the sphere, r < a. Here U is a force potential.

73. Using F = VU, find the attraction of the sphere of Prob. 72 on
unit gravitational mass at (r,¢,6).

74. For the potential U of Prob. 72, verify the V2U = 0if r > a and

V2] = —4mwp if r < @, in accord with Poisson’s equation.
76. For any closed circuit Bs bounding a portion of a surface S,

o _eaf .
/BsEods= _Eé—t[SH'ndS and j;isH'ds_E_é_t s E-ndS, where

E is the electric intensity vector and H is the magnetic intensity vector.
Using Stokes’s theorem (54), show that these may be transformed into

0H _ f ( e JE _
/(VXE+-C— -ndS =0 and s VXH—cat -ndS = 0.
From the arbltrarmess of S and n, deduce Maxwell’s equations, namely,
_ _#o8 ¢9E
VXE=-T% VxH=,%

76. In the absence of charges or permanent magnets V-E = 0 and
V-H = 0. Using these relations, Prob. 8, and Maxwell’s equations as
stated in Prob. 75, show that each component of E and H satisfies the

2
equation V2U = %‘ %{—f This represents wave motion with velocity

¢/\/eu and is fundamental in the electromagnetic theory of light.
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77. For steady flow of heat along radii from O, show that the tem-
perature U satisfies the equation % (r2 dd—g ) = 0.

78. The faces of a homogeneous spherical shell » = r, and r = r; are
kept at fixed temperatures U, and U,. Use Prob. 77 to show that

au )

r? 5 = kand U = — é + ¢. Also show that the rate of heat flow
) dU - U,

outward through the shell is —4"Kr27d7 = —4rKk = 41rIxr‘r2~r e
- 71

79. Use Prob. 48 to show that for steady flow of heat normal to con-
. . . . d g dU
centric cylinders the temperature U satisfies the equation e (r —d—r-) = (.

80. The faces of a long homogeneous cylindrical pipe r = r, and
r = rp are kept at fixed temperatures U, and U.. Using Prob. 79,

show that r CfiU k, U =klogr 4+ ¢. Also show that the rate of heat
flow outward through a length L of the pipe is given by the expression
—onKLr % = _onKLk = owKL L2
dr log ro» — log r,

81. If a fluid is rotating like a rigid body with constant vector angular
velocity a, show that the rotation 15(V X q) = a at all points. Hinr:
Let (xo,50,20) be any point on the axis of rotation and define the vector

= (x —xo)i + (¥ — yo)] + (2 — 2z0)k. Then by Sec. 52, observe that
q(z,y,2) = a Xr. And by Prob. 6, VXq=a(V-r) — (a:-V)r = 2a.

82. In an incompressible viscous fluid the internal friction force
vector on an element dS has a component along the z axis equal to
un - Vu dS, where u = vp slugs/ft. sec. is the coeflicient of viscosity.

Show that fs pn - Vu dS = [V uV «Vu dV and deduce that the first

equation of motion for viscous flow may be obtained from Eq. (149) by
adding » V*u to the right member. Similarly » V¥ and v V2w must be
added to the right members o.f (150) and (151) for viscous flow with
p constant.

83. If no body force acts, X = Y = Z = 0 in Eqs. (149) to (152).
Assume that u,v,w as well as the z,y,z partial derivatives of u,»,w, and p
are small and neglect second-order products of these quantities. Show
that if p — po = k(p — po) the equations may be written in the form

aq _ 9(log p) dq _9(V-q)
o = —kV(log p) and V-q = S TR Use V- 3= o to
2
eliminate q and deduce the equation - 9*(log p) = k V2 (log p).
otz

84. For changes of pressure in air so rapid that no heat is exchanged,
the adiabatic relation p/po = (p/po)!* was derived in Prob. 28 of
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Exercises V (page 245). If p = po(1 + s), for small s, log p = log po + s
approximately, and we may replace the derivatives of log p by those of s.
Also at po, dp/dp = 1.4 po/po = k in Prob. 83, since by Taylor’s series
P = po+ (dp/dp)o(p — po), approximately. Deduce the equation for
sound waves in air, d%/0t> = k V3. The velocity of sound in air is

VE = 14 po/po = 1,120 ft./sec. for standard pressure and tempera-
ture 15°C. Since po/po is proportional to absolute temperature 7', the

velocity of sound varies as 4/T.



CHAPTER IX
DIFFERENTIAL EQUATIONS

Earlier in this book we often encountered physical and geo-
metric problems that led to equations involving derivatives or
differentials. And in many cases these differential equations
were solved by appropriate special devices. In this chapter we
classify the principal useful types of solvable differential equa-
tions and describe a convenient method of solving each type.

130. Definition of Terms. Any equation that involves dif-
ferentials or derivatives is a differential equation. Thus

%—y=0 or dy —ydx =0, (1)
a\ _ [ (v - o) - &
(y——xa;—v) = \dz or y—ra) =g (2)

d? d .

2&%— -Jg—:+3y=4smx, 3)
ou | 0%u |, %
6—ﬁ+5—_y2+52—2—=0 4)

are differential equations. If the equation contains any partial
derivatives, e.g., Eq. (4), it is a partial differential equation. If
it does not, e.g., Eqs. (1) to (3), it is an ordinary differential
equation.

The order of the differential equation is the same as the order
of the derivative of highest order in the equation. Thus Eqgs.
(1) and (2) are each of the first order, while (3) and (4) are each
of the second order. ‘

Suppose that a differential equation is reducible to a form in
which each member is a polynomial in all the derivatives that
occur. Then the degree of the equation is the largest exponent
of the highest derivative in the reduced form. Thus (2) is of
the fourth degree, while (1), (3), and (4) are each of the first
degree.

A differential equation is linear if it is a first-degree algebraic

equation in the set of variables made up of the dependent
336
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variables together with all of their derivatives. Thus (1) and
(3) are each linear in y, and (4) is linear in w.

131. Integral Curves. The differential equation (1) may be
written in the form Y

% = . (5)
This associates a value of dy/dx, or a
slope, with each point in the plane.
Starting at any point Py, we may con-
struct a polygon PoP,P, - - - by choos-
ing any small number h and constructing
the sides successively of length A and
with the slope at the first end point. A X
sequence of values of h — 0 leads to a
series of polygons approaching a curve
C. The curve passes through P, and has at each point values of
z, y, dy/dx that satisty the differential equation. Consequently
the equation of C, written explicity as

Fia. 134.

y = y(x), or implicitly as ¢(z,y) = 0, (6)

is called a solution of the differential equation. And C itself,
which is the graph of a solution, is called an ¢ntegral curve. The
discussion suggests that the differential equation (5) has a solu-
tion, or integral curve passing through any given point.

Lvery differential equation of the first order, when solved for
dy/dz, takes the form

e = T (7)

The geometric process carried out for q. (5) may be applied to
this equation and suggests that there is an integral curve passing
through any point P, that is not a singular point of f(z,y). Ir
fact, the geometric process may be used to obtain a rough graps
of the integral curve. One practical procedure is as follows.
Plot the curves of constant slope, or 7soclines,

f(z,y) = constant (8)

that pass near Pp. On each of these curves mark a series of
short parallel line segments to show the appropriate slope.
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Then sketch the curve through P, which appears to cut each
isocline with the indicated slope.

Supplementing such grapbical methods, there are numerical
and mechanical methods of solving differential equations. With

a sufficient expenditurc of time,
these may be made to give reason-
able accuracy. Though tedious,
the approximate methods must be
resorted to In many cases where
% a practical problem leads to a
differential equation not of a
solvable type.

132. General Solution. Since
the initial point P, may be
varied, the differential equation
(7) will have a whole family of
integral curves. The equation of such a family will involve one
constant ¢. Solved for the constant, it may be written

Fra. 135.

F(z,y) = c. (9)

We may eliminate the constant from this form by differentiation,
R, A ordy _

ar = ry" dx + 3y dy = 0, o1 oz Togdr = 0. (10)

EKither differential equation in (10) is called exact and has (9)
as its solution. More generally, any first-order differential
equation of the form '
dr  d@
is called exact. Here dF and dG are exact differential expressions
as defined in Sec. 82, and the functions F(x,y) and G(x,y) of
which they are the total differentials may be found by the
method given in that section. The general solution of the

exact equation (11) is

F(zy) = G(zy) + ¢ And  F(zy) — F(2oy0)
= G(z,y) — G(ro,y) (12
is the equation of the integral curve that passes througl

Py = xzo,yo. A few types of first-order equations that car
eagily be made exact and hence solved are discussed in Sec. 133
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If the family of integral curves is given in the form g(x,y,c) = 0,
the differential equation having this as its general solution may
be found by eliminating the constant ¢ from

dg | dgdy

gxy,c) =0  and - 5y da

= 0. (13)

For example, if g(z,y,c) is y — cx — c?, we have

y = cr + c? % = ¢, and y=2x % + (%) . (14)

Suppose that a given equation contains two independent con-
stants. Then we may obtain three equations from which they
may be eliminated by differentiating twice. Thus from

Yy = c1€* + 02627:, % = (€% -I" 20262"':
CdYy

("l":i' = (16" '+" 4Cg€2x (15)

By solving any two of these for ¢; and ¢., and substituting the
values in the third equation, we find
d?y .
LTa;i — 3 + 2y = 0. (16)
Similarly, if an equation contains n independent constants,
successive differentiation and climination of the constants will
lead to a differential equation of the nth order. And, conversely,
an ordinary differential equation of the nth order will have a
general solution containing n constants of integration.
133. First Order and First Degree. A differential equation
of the first order and first degree may be put in the form

M (z,y)dx + N(z,y)dy = 0 or
: d
M(z,y) + N(zy) 52 = 0. (17)

We consider some solvable types that are easy to recognize.

Type I. Variables Separable. Here M and N are products of
factors, where each factor is either a function of z alone, or a
function of y alone. Divide the equation by the factor of M
containing y and by the factor of N containing 2. The equation
then assumes the form

f)dx — g(y)dy =0 or  flx)dr = g(y)dy  (18)
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in which the variables are separated. The solution is

[1@dz~ [gway=c or  [Ts@dz= ["g@)ay, (19)

if y = yo when x = x,.
Type 11. Linear tn y. Here N is a function of x alone, and
M is a first-degree polynomial in y. Thus the equation is

[B(x)y — C(x)ldx + A(x)dy = 0 or
A X+ By = C@). (20)

Divide by A(z). With new notation, the equation becomes
d
= + Py = Q). (21)

Multiply by I(x)dx, where I(z) is a function of x to be deter-
mined presently. The result is

I(z)dy + I(x)P(x)y dx = I(x)Q(x)dx. (22)
By Sec. 82, the left member will be an exact expression if
ad ad dl
7. L)) = E [[(z)P(x)yl, or - =IP. (23)

This is a separable equation, Type I. We solve it by writing

(11{ = P(z)dz, logI = / P(z)dz, and I =elre (24)

With any choice of constant in the integral, this makes
dl = IPdxr and d(ly) =Idy + ydl =Idy+ IPydx. (25)
Consequently, by Eq. (12), the solution of Eq. (22) is

Iy = / [Qds+ec, or y= ﬁ[ f [(2)Q(z)dz + c]. (26)
And the solution for which y = y, when x = 1z, is

I@y = Iy = [ 1(@)Qx)da. (27)

If multiplication of a differential equation by a factor reduces
the equation to either exact form (11), we call the factor an
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integrating factor of the equation. Thus Eq. (21) admits the
I of (24) as an integrating factor.

To integrate a given linear equation, first reduce it to the
form (21) and compute the integrating factor by (24). Then
either multiply in the factor to make the equation exact or
use Eq. (27) as a formula for the desired solution.

As an example, consider

dy dy 3 2
2 p— 3 — —_—
wr o + 3xy = 523 + 2, or + SV S5 + o (28)
Here the integrating factor is found from
3 !
/de=3logxtobeI=e"°”=x3. (29)

And the exact equation
ridy + 3x2y dx = (bx* + 2x)dx leads to 2%y = x5 + 22 +¢. (30)

Type III. Reducz’blc to Linear. Consider the Bernoulli
equation

4(9«') » T By = Clx)y™. (31)

This differs from the linear equation only by the presence of y»
in the term on the right. Multiply by (1 — n)y=/A(x). Put

du d
w =y Tz = (1 — n)y™ __y) (32)
and the equation becomes
du B(z) C(z)

g, T 1 =n (33)

u =

A"~ 4TV aE)

This may be solved by the method used above for Eq. (21).
Again, we may interchange the roles of x and y and so solve

an equation linear in r,

A(y)dx + [B(y)z — C(y)ldy =0 or

AW G + Bu)z = €. 39)

More generally we may use the procedure of Type II when-
ever we observe new variables «(x,y) and ¢(z,y) which reduce the
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given differential equation to the form
du
A() 57 + B)u = C(). (35)

Type 1IV. Homogeneous. Homogeneous functions were
defined and examples given in Probs. 10 to 18 of Exercises
II (page 70). We recall that M(z,y) is homogeneous of the
nth degree if multiplication of  and y each by a factor £ mul-
tiplies the function by k*. That is,

M (kx,ky) = k"M (z,y). (36)

Such a funetion is z* times a function of y/x, since if k = 1/x,

M (1,%) =z "M(x,y) and M(z,y) = "M (1’%)' (37)

The differential equation (17) is homogeneous if M and N are
each homogeneous of the same degree, say n. Then the equa-

tion is
M (1,;%) dx + a"N (1,%) dy = 0. (38)
Divide by z*. Put y = vz, so that
dy = vdr + x dv, (39)

and the equation takes the separable form
[M(1) + oN(w)]ldx + zN(1,v)dv = 0. (40)
The solution of this which makes y = y, when 2 = x, is

vl N(1,0)dv

gz —logao == | )+ @Y
Type V. Ezxact Equations. M dx 4+ N dy will equal dF if
oM  oN
o " oz (42)

by Sec. 82, where we showed how to find the function ¥.  When
the condition (42) is satisfied, 1£q. (17) becomes the exact equa-
tion (10), whose solution is (9), or F = c.

An exact expression dF remains exact when multiplied by any
function of F. This sometimes enables us to discover an inte-
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grating factor of a differential equation. For example, consider
ydx — xdy = z%y*(3y dx + 2z dy). (43)

The coefficients 3 and 2 in the right member suggest forming
d(x?y?) = 3x2ydx + 223y dy = 2%y 3y dx + 22 dy). (44)

This will remain exact when multiplied by any function of (x3y?).
The coefficients 1 and —1 in the left member suggest forming

dxy™") = y~dz — xy~dy = y*(y dx — z dy). (45)

This will remain exact when multiplied by any function of (z/y),
in particular (z/y)". Let us multiply Eq. (43) by

-2 z:_)” — xn —n—2
Y (y y

and write the resulting equation in the form

x\" [z
= d - —_ n+4 -—1L+1d 37,2 . 46
(y) (y) - ) (46)

The factor multiplying d(x3y?) will be a power of (x3y?) if

PEE_ThEL gn48= 3143, and
n= —1. (47)
On putting n = —1 in Kq. (46), the integral is found to be
log (%) = —é— (xPy?)? + c. (48)
The procedure just used will succeed with any equation
2Py (Ay dr + Bz dy) = 2"y*(Cy dx + Dx dy).~ (49)

When D (or C) is zero, this equation could be treated as a
Bernoulli equation in y (or in z) by the method of Type III,
but the method just given is shorter.

134. Envelope of a Family of Curves. In the zy plane, let

g(x,y,c) =0 (50)

be the equation of a family of curves G.. Let E be a curve in the
plane tangent to each curve G. at some point P.. Then, if
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each point of E is a point P, at which some curve G, touches E,
we call E the envelope of the curves G,. We may use ¢ as a
parameter for the envelope E and write

z=z(c), y=yl). + (51)
Since these relations make Eq. (50) an indentity, we have at
E any P.,
dg dx | dg dy
p dx dc dy dc + = 0. (52)
On any one curve G, c is constant.
Hence the equation
69 o9 dy _
+ = (), 53
Ge dy dx (53)
found by differentiating (50) with ¢
constant, determines the slope dy/dx
at any point on G, and hence in par-
ticular at P.. At P, G. has the same
Fia. 136. slope as £. Hence in Eq. (53)
dy _ dy/dec dg dzx ag dy
dc = dvjde ™ arde Toagae - (54)
A comparison of KEgs. (52) and (54) shows that at points P,
99 _
3 = (55)

This leads to the rule for finding the parametric equations of
the envelope of the family (50). Solve Eqgs. (50) and (55) for x
and y in terms of c.

When the functions are regular, if the expressions for x and
y in terms of ¢ do not make dg/dx and dg/dy both zero, this
process necessarily gives an envelope. For example, consider

(x — 5¢c)?2 + y? = 16¢?, or z? 4+ y? — 10cx 4+ 9¢2 = 0, (56)
the family of circles shown in Fig. 137. On differentiating
partially with respect to ¢, we find

—10z + 18¢ = 0, or r= = (57)
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Hence the parametric equations of the envelope are

%c— and y =+ 12—6; (58)

5
since the x and y partial derivatives of the left member of (56),

2z — 10c = — % and 2y = £ %9; (59)

do not in general vanish. Note that they are both zero for ¢ = 0,

x.-_‘

/
i

-

| Y\ /]
\ y/
‘\\\\ 4]
’,/!' | ‘\\\\\ X
TN

N

N
7 | N\

Fia. 137.

and the point P, = (0,0) is not a point of contact, since for
¢ = 0 the circle (56) degenerates to a point.
On the other hand, consider the family
| (x = ¢)? = 92, (60)
for which
g(z,y,c) = (& — ¢)* — y* (61)
Here dg/0c = 0 leads to

2(x —¢) =0, r=c and y=0. (62)
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But these make dg/dx = 0 and dg/dy = 0. There is no envelope
here. Equation (60) represents the pairs of straight lines, and
y = 0 the locus of their intersections shown in Fig. 138.

Y

Fia. 138.

136. First Order and Higher Degree. Singular Solutions.
The general differential equation of the first order is

F(%%%) =0, or F(zyp) =0, (63)
if we write a single letter p in place of dy/dx.

Type 1. Equations Solvable for p. Some equations (63) may
be solved for p. The resulting first-degree equations may then
be treated by the methods given in Sec. 133. For example,

2
y? (%) = 1 — y? leads to y(%) =+ V1 —y% (64

We take the plus sign, separate the variables, and obtain

= du, —V1—-y*=2x—c, or
yv:+ (x — )2 = 1. (65)

This last includes the result that would have been obtained by
taking the minus sign. It is the general solution of (64) and is
the family of circles shown in Fig. 139. These circles have an
envelope consisting of the two lines y = +1. This is evident
from the figure and could be found by applying the method of
Sec. 134 to the last equation in (65). Direct substitution shows

y dy

Vi-¢
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that y = 1 and y = —1 are each solutions of the differential
equation (64). They are called singular solutions because they
cannot be obtained from any general solution by specializing the

constant. In separating the variables, we divided by /1 — y?,
a permissible operation unless y? = 1. Thus Eq. (64) implies
either (65) and the general solution, or else that y? = 1, the

CLRARAN
NSWws

Fia. 139.

Y

singular solutions, since ¥ = 41 happens to solve the original
equation.

A differential equation of the first order will always have a
general solution, consisting of a one-parameter infinite family
of curves. If the differential equation is of the first degree,
there will be one slope and one of these curves through each point.
For equations of higher degree, there will be more than one slope
at some points and the curves of the general solution may have an
envelope at which two values of the slope coincide. Since z,y,p
have the same values at each point of the envelope as they have
for the tangent integral curve, the envelope will be a solution of
the differential equation. Usually the envelope will not be a
curve of the general solution but will be a singular solution.

Points at which Eq. (63), regarded as an equation in p, has
coincident roots satisfy

F(z,y,p) =0 and 3—F = 0. (66)
4
The envelope of the family of curves g(z,y,c) = 0 which make
up the general solution will satisfy Eqgs. (50) and (55) or

g@y,e) =0  and g% ~ 0. ©67)

Thus singular solutions may be found by testing which curves
obtained from (66), or from (67), satisfy the differential equation.
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Type 11. Clairaut’s Form. Clairaut’s equation is

y=x%+f<g—%> or y=px+fp), (68

where f is any function of one variable. To solve it, differentiate
with respect to 2. The result is

WeopteZyrm®P o L+roIL=0, ©)
since we may cancel dy/dx against p. Equation (69) will hold if
% = 0, which implies p = c. (70)

Inserting this in Eq. (68) leads to the general solution
y = ez + f(o). | (71)

This represents a family of straight lines. They have an envelope
given in terms of the parameter ¢ by

y = cx + f(c) and x4+ f'(c) = 0. (72)
This is the singular solution. Replacing ¢ by p gives
y=pz+flp) and 2z+4f(p)=0. (73)

The equations in this form might have been obtained by observ-
ing that Eq. (69) would hold if the factor z + f'(p) were zero,
and combining z + f'(p) = 0 with Eq. (68). We also note
that Eqs. (66) and (67), applied to the problem under discussion,
lead to (72) and (73), respectively.

Most equations of the first order and higher degree with
simple solutions are reducible to Clairaut’s form on introducing
new variables « and ¢. For.example, consider

dy\’ dy _ R
Multiply by y and put y* = u, 2y dy/dz = du/dz, obtaining
1 (du)’ du _ du 1(du\’

This is Clairaut’s form, so that the general solution is

c? 2

c
u=cx—-I or y2=cx—‘1—- (76)
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The singular solution is given by

2
y2=cx—i— and 0=x-—%: or y= tz. (77)
136. Second Order with One Letter Absent. The general
differential equation of the second order is

dy d*y
F( 2, g ) = 0. (78)

Sometimes one of the letters z,y is absent from the function F.
In either case the substitution dy/dr = p reduces the equation
to one of the first order.

Type 1. Letter y Absent. If y is missing, we put

dy d’y _ dp
drx = b dz?  dx (79)
and
(YN _ . dp\ _
F ( T ) = 0 becomes ¥ (x,p,dx> = 0. (80)

The solution of this first-order equation in the vauableq x and p
may be written

1
p = G(x,c1) or EIZ G(x,c). (81)

This is a separable differential equation whose solution is

y = [G(x,c1)dx + c.. (82)
For example, consider the linear equation
d2y 2 @ -— 2
dx2 + 2 = 12x2, or e + 2p = 1222, (83)

This is linear in p, Type II of Sec. 133. Hence we write
d—p 2 == .2. J— 2o x — 2
dx+xp-12x, /xdx-Zlogx, e 2 (84)

Multiplying by x2? dx and integrating, we obtain
x2dp + 2up dr = 12x%dx and px? = 3zt + cl; (85)

We might have discovered that x was an integrating factor of
Eq. (83) and so written down (85) directly, by reasoning as



350 DIFFERENTIAL EQUATIONS §136

we did for Eq. (43). To complete the solution of the second-
order equation, we replace p by dy/dz in (85) and deduce

dy = (3z% 4+ ciz~2)dzx so that y = 23 — cix™' + ¢ (86)
Type I1. Letter x Absent. Suppose that x is missing. If

dy _ dy dp _dpdy _ dp
dr P W—%_@dx_p@ (87)

Thus we may replace dy/dx by p, and d?y/dx? by p dp/dy in
o, By _ in F dp\ _
F (y’dx’d:ﬁ) = 0 to obtain £ (y,p,p ay = 0. (88)

The solution of this first-order equation in the variables ¥ and p

may be written

p=06he) o L= e (89)

This is a separable differential equation whose solution is

_ dy
For example, consider the equation
dy 1 dp _ 1 :
d—xa = :—y—g or P -d—:l; = :[ﬁ (91)

This is a separable equation, so that we may solve it by writing
2pdp = 2y%dy, p*= —y*+ec, or
p=+~o=yr (92

Replace p by dy/dz, separate, and integrate. With the plus
sign

cydy

Vey? — 1

’ cir + c2 = Vew? — 1, or

(cix + ¢c2)? = cyy? — 1. (93)

el =

The last equation includes the result of taking the minus sign.
If initial conditions are given, it may be convenient to find ¢;
before integrating a second time. Thus, if we wished the
solution of (91) for which p = 0 andy = 1 when z = 0, we would
find ¢; = 1in (92), and hence throughout (93). Then we would
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take ¢ = 0 to make y = 1 when z = 0. Consequently, the
particular solution required is z? = y2 — 1.
137. Linear Equations of Higher Order. The general linear
differential equation of order n is
dr—1

a,(x) =— prD "y + an1(x) e ,,_y + - 4 a(x) Z—Z + ao(z)y = B(x).
(94)

The right member B(xz) and the coefficients ao(x), ai(x), + - -,
a.(x) are given functions of 2. Since the order is n, a.(x) is not
identically zero. If B(x) = 0, the equation is homogeneous.
Thus the general homogeneous linear equation of the nth order is

L) = 6@ TL + el o0+ - 0@ B+ ao
= 0. (95)

We use L(y) to denote the result of substituting any function y in
the left member of Eq. (94) or (95). Since multiplying y by
a constant multiplies each term by a constant,

L(cy,) = cL(yy), and L(cy)) = 0, if L(y;) = 0. (96)
Again, replacing ¥ by y:1 + y. replaces each term in y by the sum
of two similar terms, one in y; and one in y,. Hence
Liy1+y:) = L(y)) + L(y:), and Ly +y2) =0,

if L(y:) = 0, L(y:) = 0. (97)

Consequently the sum of two solutions, or the product of one
solution by a constant, is again a solution of the homogeneous
equation (95).

Now suppose that u;, us, * * + , u, are n functions of z each
of which is a solution of (95). Then .
Yy = cur + cauz + - - ° + Cally (98)

is also a solution, by the properties just mentioned. This
solution may be made to take on any given values of y, and its
first n — 1 derivatives for any value z, if we can solve the
equations

Yo
Yo

Ci1uUy + Caus + A Calln
e’ e’ 4 Foeau

’

(99)
yo(n—l) = clul(‘n-‘l) + c2u2(n—l) + ¢« o o +cnu”(ﬂ—-l)
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for the coefficients ¢. Here primes denote differentiation with
respect to z, the subsecripts o on y, 3/, etc., denote that we use
the values given for xzy, and the functions u; as well as their
derivatives are to be evaluated at x,. By Sec. 27, Eqs. (99) have
a unique solution if the determinant of the coefficients of the
¢; 18 not zero.

This leads us to consider the function W(z) defined by

ul u2 o Uy
uy Wy’ S VI

W(x) = R (100)
ul(n—-l) u2(n—l) e un(n—-l)

called the Wronskian of the n functions u;. If for all values of
x, the Wronskian W(x) is different from zero, the n functions
u; are linearly independent. In this case Egs. (99) can always
be solved since W(x,) # 0, and Eq. (98) is the general solution
of (95).

But it may be proved that the Wronskian of a set of n solu-
tions of a homogeneous linear differential cquation of order n
is either never zero or always zero. And when W(z) is always
zero, some one of the solutions, say wu,, may be expressed in
terms of the rest by a relation of the form

Un = kruy + kauz + + - 4 ka_qun_y. (101)

In this case the functions u; are linearly dependent, and the
expression (98) is equivalent to

y = (c1 + cok)us + (co + coko)us + - - -
+ (cn—1 + Cibn—1)Un—z. (102)

Hence it really involves at most n — 1 independent constants,
namely the n — 1 parentheses, and at most » — 1 independent
functions. Thus when W(z) = 0 for all values, (98) is not the
general solution. ,

We call any n linearly independent solutions of (95) a funda-
mental system of solutions ;. The expression (98) provides the
general solution of any linear homogeneous equation of order n
for which a fundamental system of solutions is known.

Consider next the nonhomogeneous equation (94) or

L(y) = B(x), with B(x) = 0. (103)
Suppose that u is a solution of this equation, and u, is a solution
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of the corresponding homogeneous equation. Then

L(u) = B(x) and L(u,) = 0. (104)
It follows from this and the first equation in (97) that
L(u + wi) = L(w) + L(u1) = B(=), (105)

so that u + u; is a solution of (103). Hence the sum of the
general solution of the homogeneous equation and any par-
ticular solution of the nonhomogeneous equation,

Yy =u-+cur + cous + -+ + Caltn (106)

is a solution of (103). There are no other solutions. For, if y
is any solution of (103) and w is the particular solution just
used, it follows from KEqgs. (96) and (97) that

L(y — u) = L(y) — L(u) = B(z) — B(z) = 0.

Thus y = u + (y — u) equals u plus a solution of the homoge-
neous equation. To recapitulate, the expression (106) provides
the general solution of any linear equation of order n in terms of a
particular solution of the nonhomogeneous equation and a
fundamental system of solutions of the corresponding homoge-
neous equation. The particular solution is called the particular
integral. The remaining terms in (106) make up the com-
plementary function.

138. Linear Equations with Constant Coefficients. The
general homogeneous linear differential equation of order n,
with constant coefficients, is

dry aly L dy _
a, %; + Ap—1 3517—__1 + + ay dx + Aoy = 0. (107)
The coefficients ao, a1, * * - , a, are here constants, with a, # 0.

In discussing such equations it is convenient to represent d/dx
by a single letter D. Thus

dy _ % _ po
e Dy, Tt = D2y, etc. (108)
And Eq. (107) may be written
(anD“ + an_1D"—l + vt + alD + ao)y = (. (109)

Let us seek solutions of the form e’*. Since
D(e™®) = re™, D2(er?) = r2em=, ete., (110)
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the result of putting y = e in Eq. (109) is

(@™ 4+ Q™+ - - - 4 air + ag)e™ = 0. (111)
Thus e will be a solution of Eq. (109) if

An’™ + Q™4 - - - + a4+ ap = 0. (112)
This equation, which is easily written down by replacing D by
r in the parenthesis of Eq. (109) or directly from the original

form (107), is called the auziliary equation.
If the auxiliary equation has n real and distinct roots, r, ry,

-, Ta, then the corresponding exponentials form a funda-
mental system of solutions, and the general solution of (107) is

Y = cie"® + coe™® + ¢ v 0+ cpem. (113)

When the a; are all real, complex roots will occur in conjugate
pairs. Suppose that a + be are a pair of conjugate roots, where
i = +/—1. To get the terms of the solution for them to add
up to a real quantity, we use conjugate complex constants
p + gt as coefficients. Then by Sec. 2,

(p .+. qi)e(tﬂ-bi):c .+_ (p — qz‘)e(a—bi)x

e eibz + 6—ibx eib:c —_ c—~ib1:
=P Ty )

= 2pe*® cos br — 2¢e®® sin bx. (114)

Calling 2p and —2¢ new constants ¢; and ¢, we see that a pair
of conjugate complex roots of the auxiliary equation

a + bz lead to cie®® cos bxr + cqe*® sin bx (115)

in the general solution, where ¢; and ¢z are real constants.

If the auxiliary equation (112) has repeated roots, the addi-
tional terms are obtained by multiplying in powers of x. Spe-
cifically, two equal real roots of the auxiliary equation

s, s lead to cie** + coxe®® or e**(c; + cox). (116)
Three equal real roots of the auxiliary equation
8, 8, s lead to cie®® + coxe®* + csx?es, (117)

and so on if there are more than three equal real roots.
Equal complex roots are treated similarly. Thus two equal
pairs,

a * bi,a + bilead to
(c1 + cax)e®® cos bxr + (c3 + cax)e®® sin bx.  (118)



§188 CONSTANT COEFFICIENTS 355

We shall verify (117). Here the auxiliary equation may be
written in the form P(r)(r — s)® = 0, where P(r) is a polynomial
in r. The same calculation that shows this proves that the
differential equation may be written

P(D)(D — s)*y = 0. . (119)
But if we replace D by d/dx and expand we find that
(D — s)x™es® = mam™ e so that (D — s)e** = 0. (120)
And by repeated use of the first relation,

(D — s)%wer* = (D — s)er* = 0,
(D — s)%2%** = (D — s)22ze** = 0. (121)

These relations show that xe’® and x%** as well as e** are par-
ticular solutions of the differential equation (119) with three
equal roots s. The verification of (116), (118), and other cases
of equal roots is similar.
Consider next the general nonhomogeneous linear differential
equation of order n, with constant coefficients, or
b TV b a Wty = B), (122)

n—1 dx"__

with B(z) not identically zero. By Sec. 137 we may write the
general solution of this equation by adding any particular integral
to the complementary function. Methods of finding a particular
integral will be given in Secs. 139 and 140. The complementary
function of Eq. (122) is the general solution of Eq. (107), obtained
by replacing the right member B(x) by zero. Hence the com-
plementary function is the sum on the right of Eq. (113), modified
when necessary as indicated in Eqs. (115) to (118).
To illustrate our remarks we shall solve

d®y d“y

—_ _..__ —VY = 2z
= / + 13 1262, (123)
The auxiliary equation is
r® — 4rt 4 13r3 = or r3(r: — 4r + 13) = 0. (124)

This has three roots equal to 0 and a pair of complex roots
2+ +/—3o0r2+ 3i. Hence, since ¢ = 1, the complementary
function is found from Egs. (117) and (115) to be

¢1 + cox + c3x? 4+ cse?® cos 3xr + cze?® sin 3zx. (125)
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We may find a particular integral by substituting y = Ae? in
Eq. (123). The result is

(28 — 4 x 2 + 13 X 28)Ae? = T24e* = 12¢2*. (126)
This equation wijll hold if
724 = 12 or A = 3. (127)
Hence 1ge?* is a particular integral. And
y = ¥e* 4+ c1 + cox + csx? + c4e?* cos 3z 4 ce** sin 3z (128)

is the general solution of Eq. (123).

139. Method of Undetermined Coefficients. In many practi-
cal cases the right member of Eq. (122), 8(z), is a sum of terms
each of which is of the type

kxmes=, kxmes* cos bz, or kxmes® sin bx.  (129)

Here m is zero or a positive integer, and a and b are any real
numbers. For example, as particular cases we have

3, 2x3, 3e?*, bxe**, 4 cos 3z, 5z sin 3z, 7e® sin x, bze* cos x.  (130)

In such cases a particular integral may be found by the method
of undetermined coefficients, used to integrate functions of this
type in Sec. 70. We consider separately the cases where B(x)
has a single term and where 8(x) is a sum of terms.

Case I. A Single Term. With any one term T of the type
under consideration we associate the simplest polynomial in D,
Q(D) such that the differential relation Q(D)T = 0 holds. This
is easily done by using in reverse the rules for forming the com-
plementary function typified by Egs. (113), (115) to (118). The
polynomials associated with the terms of (130) are

D> D47 (D - 2): (D - 2)27 (D2 + 9)’ (D2 + 9)2) (D2 — 2D + 2)’
(D? — 2D + 2)2. (131)

As these illustrate, Q(D) will always be some power of a first- or
second-degree factor. And we may write
Q(D) = F¢ where F = D — a or

F = D* — 2aD + a® + b2 (132)
Now consider any particular integral I of Eq. (122), which we
rewrite in the form P(D)y = T(x). Since I is a solution of

PDy=T, PDI=T. But QDT =0. (133)
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It follows that I is a solution of
Q(D)P(D)y = 0, since Q(D)P(D)I = Q(D)T = 0. (134)

This enables us to predict the form of I. Since any term that is
in the solution of P(D)y = 0 is of no help in making P(D)y = T,
we may assume I a linear combination with unknown coefficients
of those terms in the solution of Q(D)P(D)y = 0 and not in the
solution of P(D)y = 0. This leads to the following rule:

Let the right member of (122) consist of a single term asso-
ciated with the polynomial Q(D) = Fe. If F is not a factor of
P(D), try

I = (Aze' + Bz 2+ - - - 4 L)e**
when ¥ = D — a, (135)
and try
I = (Aze' 4+ Bxe 2+ - - - 4 L)e** cos bx
+ (Mxet 4 Nxo2 4 - - - + R)e* sin bx
when ¥ = D? — 2aD + a® + b2 (136)

If F 4s a factor of P(D) and the highest power of ' which is a
divisor of P(D) is F'?, try the

I of (135) or (136) multiplied by z*. (137)

Case II. A Sum of Terms. With each term in 8(x) associate
a polynomial Q(D) = F¢ as before. Arrange in onc group all
terms that have the same F. The particular integral of the
given equation will be the sum of solutions of equations each of
which has one group on the right. For any one such equation,
the form of the particular integral is given by Eqgs. (135) to
(137) where ¢ is the highest power of F associated with any term
of the group on the right.

For example, suppose that 8(z) consists of the sum of all
the terms in (130). From (131) we see that these fall into four
separate groups, each made up of two consecutive terms. And if
P(D) is not divisible by D, (D — 2), (D? 4+ 9), or (D? — 2D + 2)
we try

Ax® + Bx? + Cx + D for 3 + 23, (138)

(Ax 4+ B)e?* for 3e?* + bxe?s, (139)

(Az + B) cos 3z + (Czx + D) sin 3z for 4 cos 3x + 5z sin 3z,
(140)

(Ax + B)e* cos x + (Cx 4+ D)e” sin x
for 7e* sin x + Hxe® cos x. (141)



358 DIFFERENTIAL EQUATIONS §139

On the other hand, if P(D) were D*(D — 2)(D — 5) we would use
Ax5 + Bx* + Cx3 + Da? for 3 + 2a3, (142)
(Ax? + Bx)e* for 3e** + bxe?®, (143)

and (140) and (141) as before.
To illustrate a tabular form that minimizes the amount of
writing, we work out two examples in detail.

2
ExawmrLE 1. g—x% + 4y = 8 cos 2z. (144)

Here Q = F = D*+ 4, and P(D) = D?+ 4. Here p =1 in
(137), and ¢ = 1, a = 0, b = 2 in (136) so that we try x times
A cos 2x + B sin 2x. Thus,

4 y = Alz cos 2z + Biz sin 2z
0 % = 2B —24 + Alcos 22 + Bisin 2z
d%y
— Y = —4B —
1 = 44 4 +4B 44
Totals 0 0 4B -4
Should be 0 0 8 0

The coefficients of the given equation are written on the left, and
these are multiplied into each column and the results added.
Under these totals we write the coefficients in the right member,
to which the totals should be equal if the equation is to hold.
Hence
4B = 8§, —44 =0, sothat B=2 A =0, and
y = 2x sin 22 (145)

is a particular solution. The roots of the auxiliary equation,

r2 4+ 4 =0, r = +2¢ lead to ¢y cos 2z + ¢p sin 22, (146)

Consequently the general solution of (144) is

y = 2z sin 2x + ¢; cos 2z + ¢, sin 2. (147)
ExamrLe 2 @y + @y _ 6e?* 4+ 622 + 12 (148)
g T ogg = 0e x x.

Here there are two groups. For 6¢3*, Q = F = D — 3, which is

not a factor of P(D) = D% 4 D2. Hence by (135) with q¢ = 1,

a = 3, we try

y = Ae?*, (D¥ 4+ D?)Ae?* = (3% 4+ 32)Ae’* = 364e3* = 6ed=.
* (149)
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It follows that
36A = 4, A =1, (150)

and lge% is a part of the particular integral.

For 6x2, Q = D3, and for 12z, @ = D?. These form one group,
for which (135) with ¢ = 3, a = 0 suggests Ax? 4+ Bz + C.
However, F = D and D?is a factor of P(D) = D?® + D% Hence,
we multiply by z2, and try Axz* + Bz® -4 Cz22 The tabular
arrangement is

0 y = Alz* + B3 + (|22
dy _ )
0 i 44 + 3B + 2Ciz
dy _ \ .
1 e 124 + 6B +2C
ey _ 6B
(R 244+
Totals 0 0 12A| 6B + 24Ai 2C + 6B
Should be 0 0 6 12| 0

The totals will be as desired if

124 = 6, 6B + 244 = 12, 2C + 6B = 0, or
A =3, B =0, C =0. (151)

It follows that 14x* is a part of the particular integral.
The complementary function is found from

r3 + r2 = 0, r=0,0, —1, to be ¢1 + c2t + cze™.  (152)
Adding our results, we find that the general solution of (148) is
y = e + gxt + 1 + c2r + c3e (153)

140. Method of Variation of Parameters. We may determine
a particular integral of any linear differential equation (94),
provided that we already know a fundamental system of solutions
of the corresponding homogeneous equation (95). The process,
due to Lagrange, is known as the method of variation of parameters
because it depends on replacing the constants ¢; in the comple-
mentary function by variables v;, We first describe the process
as applied to a particular case, namely, the equation

d*y

dy
— 2y 2 Y _ 9y = — p2)2
(1 — z2) T + 22 g 2y = 6(1 — x?)2 (154)
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Suppose we already know that the complementary function is

cix + co(l + x2). (155) -
Then we replace ¢; by v; and assume as the form of y
y = vix + v2(1 + x2). (156)
We shall use primes to mean z derivatives. Then
Yy = vz 4+ v (1 4+ 2?) + vy + 220,. (157)
We equate the part of this containing »,” and v,’ to zero,
v 4+ (1 4 2)vy’ = 0, (158)

so that
Yy = v + 2av, and y" = vy + 220 + 2v,.  (159)
On substituting from (156) and (159) in Eq. (154), we find
(1 — 22)(vy + 220y’) = 6(1 — x%)?, or
vy 4+ 2xv)’ = 6(1 — x?). (160)

We now solve this and (158) as a pair of simultaneous equations
of the first degree in v," and vy’. The solution is

vy = 6 + 622, vy = —6u. (161)
Integration of these expressions gives
vy = 6 + 22% + ¢y, vy = —32% + co. (162)
These values, inserted in (156), lead to the general solution
y = 32 — 2t + cix + co(1 + 7). (163)
Now consider the general equation (94), or as in (103),
L(y) = B(x), (164)

where L(y) is defined by (95). Suppose we already know the
complementary function,

2 CiU, where L(u;) = 0. (165)

i=1

We replace the ¢; by variables v; and impose the condition that
the terms involving v/ which appear in each of the first n — 1



§140 VARIATION OF PARAMETERS 361

derivatives of y add up to zero. Then

n n n
y = 2 ViU, y = E viug, since E viu; = 0, (166)
=1

j=1 ji=1 J

yu — 2 v,-u,-", since 2 vi,ui, = 0, (167),

and so on down to

n n
y(n—l) —_ E viuj(n—l)’ Since 2 vj’ui(n_2) = O, (168)

i=1 i=1
And for the nth derivative

n

Y™ = 2 [v/u; "D 4 v ™. (169)

i=1
On substituting from Egs. (166) to (169) in Eq. (164), we find

n

Y, vil(w) + an(@) Y, v/u 0 = B(a). (170)
i=1 i=1

In view of the second equation in (165) the terms in v; drop out
and

a,(x) i vj/u; "V = B(x). (171)
i=1

Then — 1imposed conditions with right member zero [Eqs. (166)
to (168)] together with this relation may be regarded as a set of n
simultaneous cquations of the first degree in the »/. The
determinant of the system is a,(x) W(x). Since the Wronskian
W(x) of (100) is never zero for a fundamental system wu; and
a,(x) is not zero in any interval where Eq. (94) remains of the
nth order, by Sec. 27 the simultaneous equations may be solved
for the v/. We may then integrate to get the v;, The first
equation in (166) then provides a solution of our original equa-
tion. It will be the general solution if we keep the constants of
integration in the v;, If we omit these constants, we find a
particular integral, which is all we needed to add to the known
complementary function.

Suppose that we select the constants of integration in such a
way that each v; = 0 for x = 0. Then Eqgs. (166) to (168) show
thaty, v, v/, - - -, y®V will each equal zero whenz = 0. And
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the solution found from (166) will satisfy these conditions. Thus,
for example, the »; and v, of (162) are each zero when x = 0 if
ci = 0 and ¢; = 0. Hence the result of putting these values in
(163), y = 3x2 — z* is the particular solution of (154) which is
zero together with its first derivative when z = 0.

The method of variation of parameters could be used to find a
particular integral of any linear equation with constant coeffi-
cients (122) after we have obtained the complementary function
by the rules of Sec. 138. This procedure is useful in a few cases
where 8(z) is not a sum of terms each of type (129). But the
method of undetermined coefficients is preferable whenever it is
applicable. :

141, Simultaneous Differential Equations. We sometimes
have to solve a system of linear differential equations with
constant coefficients containing one independent variable, but
more than one dependent variable. We illustrate a method of
reducing the problem to an equation of type (122) by solving the
system

dx

+ S5z + y = e¥,
(172)
+2 +ﬂx+y——%“
Replace d/dt by D, and rewrite the cquations as
— it
(2D + 5)x + (D + 1)y = €*, (173)

(3D + 9)x + (2D + 1)y = — 2.

If D were a number, we could climinate ¥ by multiplying the first
equation by (2D + 1) and the second by (D + 1) and then
subtracting. This suggests that we form the new equations:
2D 4+ 1)(2D 4+ 5z + 2D + 1)(D 4+ 1)y =.(2D + 1)e3 = Te¥
(D 4+ 1)@BD + 9z + (D + 1)(2D + Ly = (D + 1)(—2¢¥)
= —8e%, (174)

where the simplified right members are obtained by recalling that
D is d/dt. The terms in y are the same, so that on multiplying
out the operators affecting « and subtracting, we find

(D% — 4)x = 1be. (175)
The complementary function is found from
rt—4 =0, r =2 —2to bece? + cee72  (176)
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And on trying Ae®* in Eq. (175) we find
(D% — 4)Ae’ = 5Ae® = 15e. (177)

Hence 54 = 15. A = 3, and 3e® is a particular integral. Conse-

quently,
x = 3e¥ + cie? + coe™ ™, (178)

If y were found by a similar process, it would seem to involve two
new constants. If we substituted the value of = in either equa-
tion of (172) and solved for y, one apparently new constant would
appear. But these additional constants are expressible in
terms of ¢y and c; by relations that could be found by substituting
the values of z and ¥ in both equations of (172). It is simpler
to eliminate dy/dt from the equations by multiplying the first
equation by 2 and subtracting the second. The result is
dz

%_f. + € + Yy = 463" or Yy = 43t — 'd—z' - X. (179)

By substituting the value (178) in the right member, we find
y = —8e% — 3cie? + coe™ (180)

To illustrate an alternative procedure, we outline the solution
of the system (172) by the use of undetermined coeflicients.
Try x = Ae®*, y = Be® in the original equations. There results

(114 + 4B)e3* = ¢, (184 + 7B)e* = —2¢. (181)
These will hold if

114 4+ 4B = 1, 184 + 7B = =2,
from which A = 3, B = —8. (182)

This shows that x = 3e3, y = —8e% is a particular solution.
The complementary part of the solution may be found by trying
x = ae, y = bet (183)

in the homogeneous system, that is, Eqs. (172), or (173), with
right members replaced by zero. This leads to

[(2r 4+ 8)a + (r 4+ 1)blet =0
[Br 4+ 9a + (2r 4+ 1ble* =0 l

(2r+5a+ @+ 1Db=0)
Br +9a 4+ (2r 4+ 1)b 0}

or
(184)
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By Sec. 27, for any r such that the determinant

5 1
g;ig 2:11 =@2r+5)@2r+1)—@r+9(r+1)

Ly (185)

was not equal to zero, these would have a unique solution for
a and b, namely a = 0, b = 0. Since we seek a solution not
identically zero, we must use a value of r for which

r2 — 4 =0, that is,r = 2orr = —2. (186)

For either of these values, Egs. (184) are equivalent to a single
equation which determines the ratio of b to a as

Q,__._gf_'*’_5=__?’_"_j'_§=_3, if r = 2 and
a r+1 2r + 1 (187)
= 1 when r = —2.
Let us write a = ¢; when r = 2. Then b = —3¢y, and
T = cie, y = —3cie? (188)
is one solution of the homogeneous system. And we write
a = ¢c; when r = —2. Then b = ¢, and a second solution is
T = coe™ %, Y = co€™ 2, (189)

Adding the particular solution found from (182) to the com-
plementary parts found in (188) and (189) gives

x = 3e¥ 4 c1e¥ + cqe™ %,
y = —8e3 — 3cie* + cqe™%.

This agrees with (178) and (180).

When the determinant in r equated to zero has multiple roots,
or roots corresponding to exponentials that appear in one or
more right members, the functions to be tried are no longer
simple exponentials and it is better to fall back on the method of
elimination. But such cases are rarely met. Systems with the
right member zero, or sums of terms like E, sin (wft + «), con-
taining more than two equations occur in discussions of mechan-
ical vibrations or of currents in electrical networks. It is
customary here to replace E,sin (ot + o) by Ejeiee™t, use
undetermined coefficients to find the solution in complex form,
and then take the imaginary part of the result as the solution of
the original real problem.

(190)
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142. References. For information on numerical methods we
refer the reader to Bennett, Milne, Bateman, Ford, Numerical
Integration of Differential Equations. Of the many texts on the
formal solution of solvable types, A. R. Forsyth’s Treatise on
Differential Equations is still one of the most exhaustive.

An introduction to the theory of differential equations, includ-
ing proofs of the existence of general solutions, is given in Chap.
XV of the author’s Treatise on Advanced Calculus. For a com-
prehensive theoretical treatment, the reader may consult
Ordinary Differential Equations, by E. L. Ince.

EXERCISES IX
1. Plot the isoclines of dy/dx = x* 4+ y? with slopes equal to
1,1.2,1.4, - - -, 2.8, 3 and use them to sketch a portion of the integral

curve that passes through (1,1).

Find the differential equation whose general solution is

2. 222 4 y? = c% 3. y = cxt. 4, y? = 4cx.

6. cy = cxx + 1. 6. y2 = cx? + i 7. x = cy + cxy.

8. y = cie* + coe72. 9. y =ci sinx + ¢ cos 2.
10. y = cix? + coxt. 11. ¥y = ¢ + coxr + c32.

Solve the separable differential equations:

12. 4%z + z3dy = 0. 13.scc x cos? y dr = cos z sin y dy.
14. 2dz +ydy = zy(x dy — ydz). 1b. e*~vdx = ev=*dy.

16. Let p = dy/dx. Show that the solutions of f(x,y,1/p) = 0 cut the
solutions of f(x,y,p) = 0 at right angles.

Use Prob. 16 to find the orthogonal trajectories, or curves that cut at
right angles, the curves of each of the systems:

17. y = cx?. 18. y = cx. 19. 2% 4 3y% = ¢2

The following equations are linear in y. Solve them.

d
20.x%=2(x+?/). 21.d—z+ytanx=secx.
dy dy .
22.m(—z-x-—3y+6:c. 23.xdx+y-3x2.

The following equations are linear in . Solve them.
24. ydx = (x + 3y*)dy. 26. y dx = 3z + 12y)dy.
Solve the following Bernoulli equations:

26. 23 % + 222y = y5. 27. x2dy = y(x — y)dz.
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If f(z,y) takes the form 0/0 when z = 0, y = 0, the origin O = (0,0)
is a singular point of the differential equation dy/dr = f(z,y). The
expansion of the numerator and denominator of f(x,y) in power series
will in general start with first-order terms. We may sketch the form
of the integral curves near O by dropping the higher order terms, and

. . . dy Ax+ By .. .
solving the resulting equation iz = Cz & Dy which is homogeneous.

Solve, and sketch the curves near O for each of the following reduced
equations:

dy _y dy 2y dy y
8 &= N w= 80 = ~ &
dy dy 2 dy —x+vy
31.dx———y- 32.dx——y- 33'dx-x+y'
Solve the following exact equations:
34. (322y — y¥)dx — (By*x — x¥)dy = 0.
36. cos 2y dx — 2z sin 2y dy = 0.
Find the envelope of each given family of curves:
86. zxcosc+ ysine = 1. 37. 1 —c)x+cy =¢ —c2
38. rsinc 4 ycosc =sinceosc. 39 224 cty?=c.
40. y = cx — (1 + c?)x 41, cx + (1 — e)y? = ¢ — ¢

In each case solve the equivalent first-degree equations obtained by
solving for p = dy/dx:

42. p*+z(y + Dp + 2%y = 0.  43. p* = 2pzr + 3a*

4. piyt =1+ 9 46. p* + zy = (z + y)p.

46. zy(p* + 1) = (z* + y)p. 47. x%p* + pry = 2y
Solve the following Clairaut equations:

48. y = pr + 1 + p% 49. p* + y = pz.

60. (y — px)? = pd. 61. y + log p = px.
Reduce to Clairaut form by putting y? = u, and solve:

62. p%y + 2px = y. 63. y = 2pxr — 4p2y.
Reduce to Clairaut form by putting 2 = ¢, and solve:

b4. z 4+ 2py = p%. 65. xp? 4+ 4x = 2py~-

The following equations have « absent. Solve them.

fil;?ﬁ+( )+4=0. Z;2+(ZZ) +9=0
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dy dy\ 2\ de
58-a-x-é*(1+(x))- F (@) -
d?y dy\? dl 1

60. Zhn= ( 61. = = o

The following equations have y absent. Solve them.

62. 22U 4 2 (dy) -4, 63.(1+2)321§+1+(%)2=0
Use the procedure of Sec. 138 to solve:
64.%=4y. d2y+2 Yoy =o.
66.%=%+2y. 67.%-}-33/:4%-
68'%’*'?/:2%' 69.%-&-57/:2%-
70.%+16y= : 71.d;4+8d2+16y—0
72. %—{ = 8y. 73. fs;’{ +3 Z:{ =
74. Z; + 4 fj:z = 0. 75. Z—;{ - %-
Use the method of Sec. 139 to solve:
76.%+2x=2y+1. 77.21 Yy + e=.
78. 3—;% + y = 4x + 4de-=. 79. ZL = 4y + 4e?=,
80. :312—2%11+5y= 10 cos z. 81 %=4%+]2.&
82. Z:ﬁ -9 % + 20y = 4a%es. 83, % =y + o + 3.
Solve as simultaneous each pair of equations:
84. :Z’ Y+ 1, (Z’ 2+ 1. 86. f{:” 9z, Z:f = 9.
86. Z;f_a +4J, TEFrty=0
873 +3t+2y—-e 4r — --+3y=6t.
88. 233"’ —%—4 = 12, 4dt +2§;’ = 3a.



368 DIFFERENTIAL EQUATIONS

Use the method of Sec. 140 to solve:

d? dzy
89.d—x—z+y=tan:c. 90. —1—2+y—secx
91 Show that the substitution z = e t1 ansforms
n—1
ke dx" R Z n—?{ + 0+ klx + key = K(z) into a linear

equation with constant coefficients. The orlglnal equation is known as
Euler’s, or Cauchy’s differential equation.

Use Prob. 91 to solve the following equations:

2 2

92. ngq‘i dy+6y-—12m 93. x2ﬂ+2x@—2y=4x2.
, 4% dy . Y dy

94. dz—x(—i—x--{—y=x. 96. d3+ d; y = z log z.

86. The compound interest equation is dy/dx = ky, where k is a positive
or negative constant. Show that y = ce*s. And if z,,y: and x,,y, are
logy, —logyi .

- For
To — I

corresponding values, y = ye~*=etz, and k =

applications, see Probs. 98 to 103.
97. If dy/dx = Ay + B, A 0, show that y = —B/A + cet~.
For applications, see Probs. 104 to 107.

In each case, find the solution with the given initial value:

98. dA = {—;T)Adt, A=Ay for t =0. Here A is the amount of

money after ¢ years, with interest at P per cent per annum continuously
compounded.

99. ds = — % dw, s = 8o for w = 0., Here s is the amount of salt in a

solution of volume V after an amount w of water has run through.
100. dT = pT d6, T = Tqofor 6 = 0. Here T is the tension at angle 6
in a rope wound around a snubbing post, with u the coefficient of friction
between the rope and the post.

101. dp = —pdh = —kp dh, p = pofor h = 0. Here p is the pressure
in the atmosphere at height h, with p = kp the density.

102R + I=0,1=1I,fort=0. HereI is the current ¢ sec.

after dlscharge of a condenser of capacity C through a circuit of resist-
ance R.

103. du = —kudt, u= uo for t = 0. Here u is the amount of decom-
posing radium at time f, or untransformed substance in any first-order
chemical reaction.
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104. dA = 100 ——Adt +Fdt, A= Ayfort = 0. Here A is the amount

in a fund, with interest as in Prob. 98, and continuous payments of F
dollars per annum into or from the fund.

106. dT = k(T, — T)dt, T = Tofort = 0. Here T is the temperature
of a small object cooling in air at temperature 7',.

106. Lﬂ + RI = Eo,I = Iofort = 0. Here I is the current at time ¢

in a circuit- with inductance L and resistance R in series.

107. @ =k(A —2),2=0{fort=0. Here z is the amount of sub-
stance tranformed at time ¢ in a first-order chemical reaction.
108. z—f k(A —xz)(B~12), A# B,z =0fort=0. Here z is the

amount of substance transformed at time ¢ in a second-order chemical
reaction. The equation is not linear but is separable.

2
109. If th = —w?s, w # 0,show that s = ¢, coswt 4 casinwt. Derive

the alternative form s = C, sin (wt 4+ C.), which shows that the solu-
tion is a simple harmonic motion. Also deduce from the first form that

) ds vo .
1fs=so,v=a-t-=voatt=0,s=socoswt+£smwt.

110. Given +2Ady + (A2 + B2y = Ksinwz, A %0, B 0,
find the solutlon with y = 0, dy/dx = 0 when z = 0. This equation is

C . d
met in the study of electric circuits, where if I = %Z, for the charge ¢
dt2 + R + = E, sin wt, as well as in the study of forced mechan-

ical vibrations where m %ﬁ + B Zl? + ks = F, sin wt.

2
111. The equation % = +n?y 4+ Ax? 4+ Bz + C is a type encoun-

tered in studying small deflections of beams (n = 0), columns under
compression (minus sign), or members under tension (plus sign). Find
the general solution for each of the three cases.

112. The equations for the catenary, or curve of equilibrium of
a hanging chain or heavy flexible cable, take the form d(T cos 7) = 0,

d(T sin 7) = w ds, where tan 7 = % Hence 7' cos 7 = H, a constant,

. H d%y dy\?* dy
and 1fa=1—v—, dxl_[1+( )] pr-—d——=0 at zo,Yo,

-z
deduce a sinh~! p = £ — 2, and hence ¥y = yo + a cosh = >~ q.
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113. In the equatlon of motion with ¢ absent, m —— th = F(s), putv = (th

and deduce that m -2— —-m ~2-— = /; , F(s)ds. This is the energy relation.
Compare Probs. 55 and 56 of Exercises VI (page 269) and Eq. (33) of
Sec. 106.

2

114. The equation of motion mons d =f dt) has s and ¢ both absent.

Put v = ds/dt and deduce that 1f v =19 and s = 0 when ¢t = 0, then
vy dy

t—rn/f()ancls m | o)

Complete the solutions in Prob. 114, and in the case of Probs. 115 to
117 check by using Sec. 139, if f(») is

116. —a. 116. —gv. 117, —a — Bo.
118. —pBv2. 119. (2 — V¥),v0 < V. 120. —p(? 4 V?).



CHAPTER X
LEGENDRE POLYNOMIALS AND BESSEL FUNCTIONS

Many problems of mathematical physics lead to linear dif-
ferential equations of the second order. It is sometimes useful
to obtain special solutions of such equations in the form of series
of powers. The general solution may then be expressed in
terms of the special solutions. We first present this as a general
method. We apply the process to Legendre’s differential equa-
tion and study some of the properties of the special solutions
known as Legendre polynomials. We apply a modification of the
process to Bessel’s differential equation and discuss the par-
ticular solutions which are known as Bessel functions. Finally
we describe certain general classes of differential equations whose
solutions may be expressed simply in terms of Besscl’s functions.

143. Second-order Linear Differential Equations. The linear
differential equation of the second order is

d%y dy
ax(x) iz’ + ai() e + ao(@)y = B(x). (1)
The corresponding homogeneous equation is
d? d :
L(y) = ax(x) 5 + av(@) T2 + @)y = 0. (2)

Here, as in Sec. 137, L(y) denotes the left member of Iiq. (1).
Whenever a single solution of (2) is known, the general solu-
tion of (2) may be found as follows. Let w(2) be the known
solution. Then, using primes to denote differentiation with
respect to x,
L(u) = as(x)u” + a:(x)u’ + ao(x)u = 0. (3)
Put y = wv, so that
y = w' + u'v, and y' = w" 4+ 20 + u''v.  (4)
It follows that

L(y) = L(w) = vL(u) + ax(x)(w’ + 2uv’) + ar(z)w’. (5)
371
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In view of Eq. (3), L(x) = 0 and the term vL(u) drops out.
Hence y = wv will be a solution of L(y) = 0, provided that

az(x)uwv” + [2a2(x)u’ + ar(x)ulp’ = 0. (6)
This will hold if
o al(x) .
P 2 ax(z)’ or if

1 _ ay(r)
log v’ = —2 log u / E) de. (7)
Let us define a function A (x) by the relation

2 a1(2)
Az) = e/roaa(ﬂ dx, or log A(x) =/ a(z) dz. (8)
To 2(1:)
Then the indefinite integral in (7) differs from this definite
integral only by a constant which we write as a logarithm.
Thus

logv' = —2log u — log A(zx) + log ¢, and

' C1 .
V= u?4 (x) ©)

A second integration gives v = c; f ” Zflazx) + ¢2. Hence,
= u = c1u / 2?& ) + cau (10)

is a solution of L(y) = 0. Tt is the general solution that we
were seeking.

Given one particular solution u of Eq. (2), we need merely
calculate A () from Eq. (8) and then U from

T dx
U=u/m m—_(—.’l—lj (11)

to obtain a second particular solution.

If we wish to solve Eq. (1) and know one solution of Eq. (2),
we first find U from Eq. (11) and may then complete the solu-
tion of (1) by the method of variation of parameters given in
Sec. 140. To recapitulate our results, the general solution of
any linear differential equation of the second order may be
found whenever we know one solution of the corresponding
homogeneous equation.
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144. Regular Solutions. If a differential equation has a solu-
tion that is analytic at £ = 0, the solution has an expansion in
powers of x of the form

=bo+b1x+b2x2+'5'+bmx"‘+'-'. (12)

Suppose that the coefficients in the differential equation are
either polynomials or can themselves be expanded in ascending
powers of x. Then the values of the b; in (12) may be found by
using undetermined coefficients. That is, we substitute the
assumed expansion (12) in the differential equation and deter-
mine the b; so that the resulting equation holds.

For example, consider

2

2 PY_Wigay =0 oz —y + 42ty =0. (13)
From the assumed form of solution (12) we calculate
Yy = by + 2byx + 3bsx?2 + - -+ + mbpx™ 4 - - -, (14)

= 2bs + 6bsx + 12by®* + - - -

+ m(m — Dbpz™24 - - - . (15)

Next multiply by the coefficients of Eq. (13).
zy' = 2b,x + 6bsr? 4 12by2% + - - -

+ m(m — Dbz + - - -, (16)
""y’ = “'bx — 2b2.27 -_ 3b3(l)2 - 4b4$3 _
—mbp™t — - - - (17)
4%y = 4box® + - -
+ 4bp_sx™ 1 4 - - - . (18)

The series (12) will be a solution of (13) if the series obtained by
adding the three series just written has all its coefficients zero.
That is,
‘bl = O, 363 = 0, 8b4 + 4:b0 = 0, ot (19)
For greater subscripts the general relation is
4

(m2" 2m)bm + 4bpe =0 or bm = — 7;{(;71—__—25 bm—45
m > 3. (20)
An arbitrary value given to by determines
— bo — b4 — bo . . .
bh=-% b=-p=g3q ’

_ (=D~
bam = @m )!bo (21)
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Similarly an arbitrary value given to b, determines

by by by

= —— ey . ,

bo=—F bv= =45
(= 1)bs

Damyr = (Q_in_+ 1)!' (22)

The first two equations in (19) show that b, = 0 and b; = 0.
These values and Eq. (20) determine successively

by =0, -,  bmpa=0; bi=0 -,
b4m+3 = 0 (23)

The result of substituting the values found in Egs. (21) to (23) in
the expression for the solution (12) is

:174 L8 (_ l)mlulm
y=“[““§+5"‘5+"@ar+"'}
T

This is a solution of Eq. (13). It is the general solution, and
each of the brackets is one particular solution. Usually when we
use the method of series, the values of the solutions must be
calculated from the series. In this case, however, the series are
recognizable as the expansions of simple functions and (24) is

equivalent to
y = bo cos x* + by sin x> (25)

145. Legendre’s Differential Equation. lLet us attempt to

find regular solutions of Legendre’s differential equation

N, dy _ .
1 —a? da? 2x% + nn 4+ Dy = 0, (26)
in which the parameter n is a real constant. Assume a solution
(12), deduce (14) and (15), and multiply in the cocfficients of
(26). Then

y" = 20y + 6bsx + 12bgx® + - - -

+ m(m — Dbz 4+ - - -, (27)
—ay = — Ozt — - - -

—(m— 2)(m — bpoxm 24+ - - -, (28)
—2zxy’ = — 2byx — 4bex? — - -

—2(m — bpox™ 2+ - - -, (29)
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n(n + 1y = n(n + 1)bo + n(n + bix + n(n + 1)bx?
+ -+ nn 4 Dbpsz™2 4+ - - - . (30)

On summing these series and equating each of the coefficients of
the resulting series to zero we find

2bs + n(n 4+ 1)by = 0, 6bs + (n*2 4+ n — 2)b, = 0,
1204 + 24+ n — 6)by =0, - - - . (31)

For greater subscripts the general relation is
mm — Db+ [n24+n—(m—2)(m — D]bmo=0, m>1. (32)

This may be written
nmn—m+2)(n+m— l)b

b = — m(m — 1) m—2 (33)
An arbitrary value given to b, determines
1 — 2 3
TS PR S TR
- 2)n+ 1)(n+ 3
_ 'n(n 1)(2 "‘3 )45 )bn, . (34)

And an arbitrary value given to b; determines

by = — (n — 1)6(n + 2) b, be = — (n — 3%(()7@ + 4) b,
_(n—=1m —=3)(n+2)(n +4)
B 2:3-4-5

l)], ot (35)

With these values, the assumed solution (12) becomes

) = bo[ 3 @_(n;:_l_) 2t 4 n(n — 2)(71,4-1!— D(n + 3) P ]
4 b, [m _(n— 1?5({& +2) 5, (1= D= 335(!_@_15__2)@ +4) ,

_] (36)

Each of the series in brackets is a particular solution. The
coefficient of 3”’ in Legendre’s equation is (1 — 2?). Because
this is not zero in the interval —1 < x < 1, each of the particular
series just found converges in this interval. And for |z| < 1,
iq. (36) gives the general solution of (26).
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When n is a positive integer, or zero, one of the series in
brackets reduces to a polynomial. For the factorn — m + 2 in
Eq. (33) is zero if m = n 4 2. This makes b,.2 = 0. Hence
buts, Onts, + + -, all vanish. Thus, if n is an odd integer, the
bracket multiplying b, in (36) is a polynomial of degree n.
Similarly, if n is an even integer (or zero), the bracket multiply-
ing b, in (36) is a polynomial of degree n (or a constant). In

P, (x) P,

0.5
5/ p
_1/ 05 5 0.5// 11 X

-0.5

-1

Legendre polynomials.
Fia. 140,

either case the other bracket is not a polynomial but an infinite

series.

The bracket that gives the polynomial solution, multiplied by
such a constant that its value is 1 when z = 1, is called the nth
Legendre polynomial and is denoted by Pn(x). The first few
polynomials are

Po(x) = 1, P1(.’1?) =X, Pz(x) = %172 - 117,
Py(x) = §2® — 2. (37)

An expression for P,(z) in descending powers is

_@2n—-1)2n —3) - --3-1 ._nn-=1)
Pa(z) = ! | [x 5@ = 1)°
nin—1Dn—-2)(n—3) ., .
t o d@n —D@n —3) ° ] (38)

Rodrigues’s formula for P,(z),
1 dr(a? — 1)"

2! dx™ (39)

P.(z) =
is proved in Prob. 21.
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146. Zonal Harmonics. Any solution of Laplace’s equation

92U |, o*U , 9*°U
2 =
ViU dx? T ay? T 022

=0 (40)

is called a harmonic function. Several properties of such func-
tions were discussed in Probs. 58 to 65 of Exercises VIII (page
332). In spherical polar coordinates, Laplace’s equation is

aU 1 d aU
r2 ar (r ar) T e 72 gin ¢ 6¢>(Sn ¢ 6¢)
1 o

r2sin? ¢ 962

by Eq. (110) of Sec. 124. U = 1/r = 1/|OP| is a solution of this
equation. Since changing the origin does not
affect the form of Eq. (40), 1/|AP| is a harmonic
function where |AP| is the distance from any
fixed point A to the variable point P = (z,y,2).
P Tet A be the point at which r =1, ¢ = 0.
Then the distance AP is, by the law of cosines,

r . AP = 4/1 4+ 12 — 2r cos ¢. (42)

It follows that the reciprocal of this is a solution
0 - of Eq. (41). If we put z = cos ¢, our result is
1G. 141, that

=0, (41)

A

¢

1
NI F =2

is a solution of

1o aU)+_

r? or r2 ox

= (1 — 2rz 4 r?)~¥ (43)

aU
— 2 —
(1 — 2% Fye 0. (44)
Suppose that this equation has a solution of the special form
U = ry(z). Then

ou | ou
5 = MY and 57 =Y

And since Eq. (44) is satisfied,

(45)

n(n 4+ 1)rv=2y + o2 % [(1 — 2%)y'] = 0. (46)
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If we carry out the differentiation and divide by %, we find
(1 — 22y — 20y’ + n(n + )y = 0, (47)

which is Legendre’s equation.
Next expand the U of Fq. (43) in ascending powers of r,

U = yo(x) + y2(@)r + gl + - - - +yn(x)r 4 - - - (48)
This series converges for |r] < 1if —1 £ 2 £ 1. Butforz = 1,

U=0Q-=-2r+)%=01—=-r)1=147r4+7r24 ..
+rrm4+ -0 (49)

Hence y.(1) = 1. Substituting Eq. (48) in (44) gives a true
equation. Since the different powers of r cannot combine, each
term separately is a solution of (44), and y.(x) is a solution of
Eq. (47). Finally we note that the expansion (48) could be
found from the binomial theorem, with —2rx + r? as the second
term of the binomial. Hence the coefficients y,.(x) will be
polynomials in z. Since they are the polynomial solutions of
(47) which equal 1 when z = 1, they are the Legendre poly-
nomials, and

(1 — 2rz + r2)~% = Py(x) + Pi(@)r + Pax)r2 + - - -
+ P.(x)yrm™ 4+ - -+ . (50)

The Legendre polynomials are sometimes called Legendre coefi-
cients, that is, the coefficients of powers of r in (50). They are
also called zonal harmonics, because they are helpful in the
problem of finding a harmonic function with values given on a
spherical zone.

147. Bessel Functions of the First Kind. Bessel’'s differential
equation 1s

2
x2%+x%+(:¢2—p2)y=0. (51)

The parameter p is either zero or a positive constant. We refer
to (51) as Bessel’s equation of order p. When p is an integer,
Eq. (51) has one particular solution of the form (12). We
may obtain solutions that hold for fractional as well as integral
values of p by using the more general form

y = 2°(bo + bix + bax? + - - *)
= bzt 4 byaetl 4 baxett 4 - - - . (52)
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By differentiating this, we find that

Yy = chbox! + (¢ + Dbz + (¢ + 2)byzett + - - -, (53)
Yy = clc — Dbox% 4+ (¢ + Debix 4+ (¢ + 2)(c + 1)boxe
+ - . (54)

On multiplying by the coefficients of (51), we find that the
lowest power of x present is 2. And the sum of the terms in
x° 18

c(c — 1)box® 4+ cbox® — pboxt = (¢ — pHboxe. (55)
This must be zero, and for a solution of the form (52) with
bo # 0, we must have

¢ = p?, c=1p or c= —p. (56)

We recall that p = 0, and consider first the case ¢ = p.
Then on replacing ¢ by p in Egs. (52) to (54), and multiplying
by the coefficients of (51), we find

22" = p(p — Dbex? + (p + Dpbria? 4+ (p + 2)(p + 1)ba?*?

+ -, (B7)

Ty’ = pbaxr + (p + Dbart' + (p + 2)byrrt?
+ - -, (58)

xry = borrt?
+ oo, (59)

—pzy = —p2b()15p - p2b137”+l — 7)2})2I1)+2
Fo L (60)

On adding these series and equating the coefficient of each
power of x in the sum to zero, we find
[(p+ 1) —=pibr =0, [(p+2)*—pibs+ bo=0, o
(61)
The general relation for higher powers, obtained from the term
in Pt iy

[(p + m)2 — pbom + bz = 0, m > 1. (62)

This may be written

b2
= — —p o (3
bm m(2p + m) (63)
An assumed value of b, determines in succession
bo b bo

b, = by =

Ti@Rp+ a2 4Cp+ 2@+
(64)

S22 +2)
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and ’
bor = (_ 1)kb0
T 246 - 2)2p+2)2p+4) - - - (2p + 2k)
(—1)*bo (— 1)*boI'(p + 1)
22'°k'(p +Dp+2) - -+ kD 2T+ Ek+ 1)

(65)

by Eq. (13) of Sec. 97 with p, n replaced by p + 1, k + 1.
The first equation in (61) is

[((p + 1)% — p?lby = 0, or (2p + )by = 0. (66)

Since p = 0, 2p + 1 > 0, and this relation can hold only if
b, = 0. It then follows from the relation (63) that

b1=0, b3=0, b5=0, "'b2k+1=0, .
. (67)

With ¢ replaced by p and the terms with zero coefficients omitted,
the solution (52) reduces to

y = box? + baa?t? + bartt + - - - 4 bgart® 4 - - - (68)

This is a solution of KEq. (51) if bax is determined in terms of by
by Eq. (65). The Bessel function J,(x) is obtained by choosing

_ 1 o the _ (=1 e
bo = mﬁ, SO thdt b‘)k = 21’+2’°k!I‘(p + k + 1) (()9)
Consequently, we may write
NV et NV (o DE/2)m
T5(®) Z( D sorarin (p k1) w0
k=0 =

The simplification of the last form written was the reason for
the choice of bp made in Eq. (69). We note that 0! = 1.

When p = n, a positive integer or zero, we may replace
I'(n+k+ 1) by (n + k)!. For example,

x2 xt x8 x®
Jo(x) =1 - = + 24(2')2 - 26(3!)2 + 28(4!)2 — e, (71)
Jip) = & x® 2’ 2
i(z) = 5~ 2321 + 252131 27‘3'4' + 294151 (72)
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A solution of Eq. (51) which is finite for 2 = 0 is called a
Bessel function of the first kind of order p. It can differ by a
constant factor only from J,(x). The function J,(x) of Eq. (70)
is referred to as the Bessel function of order p of the first kind.

Jn ()

0.5

IRV AZE S

Bessel functions of the first kind.
Fia. 142,

148. Bessel Functions of the Second Kind. When p is not
zero or an integer, the function

- X x—p+2k
T-ilz) = Z (=D o= Tk + 1) (73)
k=0

obtained from (70) by replacing p by —p, is a second solution of
(51). Hence for nonintegral values of p,

Yy = ¢ p(x) + o _p(x), p # 0 or an integer, (74)

is the general solution of Eq. (51).
To see why we excepted integral values of p, let us study a
particular case, p = 3. For p = 3, Eq. (70) becomes

b o

x3
Fr@) ~ BTG T 2RIE)
And, formally, for p = —3 we have

__x z! x x?
J-+(®) = o=y ~ = T 3 2IT0) T 2B

+oeL (76)

J3(x) =

(75)
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By Sec. 97, Eq. (9),
r))=1 T@ =1 T@) =2, T@4) =3ete. (77)

And we deduced from Eq. (13) or Fig. 117 of Sec. 97 that I'(p)
becomes infinite when p approaches 0 or a negative integer.
This suggests that we set

1 1 I
ORI O R ()
and omit the first three terms of (77).  Thus Kqgs. (75) and (76)
become

'i ) w7
Ja(x) = P S ,+ (79)

=0, (78)

2*‘3' 254! 2712151 2‘*3 16!
and
X3 xf X7 x¥
J=a() = = g+ 951 ~ g1 T o131 (80)
Thus J_3(x) = —J3(x), and similar reckoning leads us to write

J_.(x) = (—D)S.(x), n = 0 or an integer. (81)

This relation is the definition of J_,(x) when n is a positive
integer. It then holds when n is a negative integer and is an
identity for n = 0. It may be proved that (81) and (73)
together make J_,(x) a continuous function of p for any fixed
positive value of x. We note that for integral or zero values
of the subseript, J_,(x) is a function of the first kind.

When the parameter p is an integer n, or zero, a second solution
of the differential equation (51) can be found in terms of J,.(x)
by using Eqs. (8) and (11). Here a,(x) = z, as(x) = 22. Hence
with zo = 1,

log A(x) = / “;8 ﬁ ‘;“’ =logz, A(x) =z (82

And a second solution is given by

U=J. (x)/ P ot (83)

By Eq. (70) the leading term in the power series expansion
of Ja(x) is z*. Hence xJ,? has a power series expansion starting
with 22"+, And the integrand of (83) may be expanded in
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-

ascending integral powers starting with z=2*—1, That is,
1 o .
P = Co& 2n—1 + clx——.m + o e e _l,_ C2nx—l + e . (84)

The integral of this series will start with a term in z-2*. And
the term in 2! will give rise to a logarithm. Thus there is a
second solution of the form

y = aJn(x) log x + x(a0 + awx + asx>+ - - - ). (85)

It is possible to find a second solution by substituting this in
the differential equation and proceeding as in Sec. 147. The
equations determine the later coefficients in terms of a and
ao. We omit the lengthy calculations and merely mention that
one choice of a and a, gives

(__ 1)k$"+2k

TYa(x) = 2Ja(x) log % - 2 O (1 I ) Wk + n) + ¢ (k)]
k=0

n—1
(n—r — 1)l
- E 2—n+2rz.! ) (86)
r=0

where for the integral values of the argument used here

1 | 1
Y(k) = 0.5772157 - - - +1+—2—+§+ - —{--k:- (87)
This choice of the constants is such that if
1
Yy(x) = giii“b—;r [cos prd ,(x) — J_p(a:)], (88)

for nonintegral p, Y,(x) is a continuous function of p for any
fixed positive value of .

A solution of I£q. (51) which is infinite for z = 0 is called a
Bessel function of the second kind of order p. Any combination

y = cJp(x) + ¢V ,(2) (89)

with ¢s # 0 1s an example of such a solution. As the standard
function of the second kind of order p, we take Y ,(x) when p is
zero or an integer and J_,(x) when p is nonintegral. This is the
usual choice and notation. Other functions have been taken as
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standard by some writers and the notation is not uniform. For
example Jahnke-Emde uses N,(z) to denote our Y,(z). Each
standard function of the second kind arises from a choice of the
constants a and a, in (85) and can be obtained from (89) by a
suitable choice of ¢; and c,.

Yh(x)
0.6
7
Y
0 51 Y )O/S/ msm X
-0.6 /
-1

Bessel functions of the second kind.
Fia. 143.

149. Bessel’s Differential Equation. The general solution
of Bessel’s differential equation of order p,

22 W @ -y =, - (90)

is a linear combination of two Bessel functions of order p, one
of the first kind and one of the second kind. Following Jahnke-
Emde, we let Z,(x) denote any solution of (90). Then we may
write

Zo(x) = erJ p(x) + cad —p(2), p nonintegral, (91)
and

Zy(x) = c1d p(x) + oY p(2), p an integer or zero. (92)

With a proper choice of ¢, and ¢;, these expressions may be made
to represent any given or desired particular solution. And with
arbitrary constants ¢; and ¢, they represent the general solution.

If the conditions of the problem make the solution finite
for « = 0, then ¢, must be zero, and we need determine only the
constant c;.
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We shall find Z,(x) a convenient abbreviation in the following
sections where our discussion applies to integral and nonintegral
values of p. In specific applications, p is known and Z,(x)
may be replaced by the expansion (91) if p is nonintegral and
by the expansion (92) if p is integral.

160. Differential Equations That Lead to Bessel Functions.
Some differential equations reduce to that of Bessel after a
simple transformation of variables. A general equation of this
kind is

2
r 2 110 - 24)0 — 2BCzr) W 4 [(42 — B2p)
+ BC(24 — C)a¢ + B*Ca* + E*Diz?ly = 0. (93)

This becomes Bessel’s equation of order p,

dX2 Z 4 XdX + (X2 — p?)Z = 0, (94)

if we make the substitution
y = x4eP*°Z, X = Dx*%. (95)

The verification is casily made by the method of Sec. 24, if we
start with Bessel’s equation (94). It follows that the solution of
Eq. (93) is

y = 245 Z,(Da?), (96)

where Z,(X) is to be interpreted by Egs. (91) and (92).
We consider some important special cases. Equation

P4+ (1 24)2 % 4 (42 = Bp?) + BDwly = 0 (97)

has as its solution

y = x4Z,(Dx¥). (98)
And the solution of the equation
d
dxz L to y 5 T (D% = pYy =0 (99)

is
= Z,(Dzx).
As an application of these results, consider the equation

d2y d
5+ kxry =0 or dx2 Y+ kxtiy = 0, k>0. (100)
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This may be obtained from (97) by putting

1-24=0, A*—E»p*=0, ED*=k 2E=n+2
One solution of these equations is

1 . n+42 1 2k
A=y HB=—5> p=s7yp D=5 (0]

Thus the solution (98) becomes

+ 2

When n = —2, Eq. (100) is an Euler-Cauchy equation which
may be solved in terms of elementary functions by the method
described in Prob. 91 of Exercises IX (page 368). This procedure
is sometimes effective in other cases where the attempt to reduce
a given equation by the formulas of this section fails because of
zero denominators.

If &k were negative in the differential equation (100), the solu-
tion (102) would involve Bessel functions of imaginary arguments.
It could be expressed in real form in terms of the modified Bessel
functions described in Sec. 155.

161. Cylindrical Harmonics. The form of Laplace’s equation
(40) in cylindrieal coordinates is

12 2
B A L

2
Yy = '\/:_CZI/(11+2)( \/— ("‘H)“) n # —2. (102)

ror NYE 022

by Prob. 48 of Exercises VIII (page 331). Let us attempt to
find solutions of this equation, or harmonic funections, of the form

U = y(r)(ci cos m@ 4 ¢’ sin mb)(c1"’e** + ¢”’'e=%). (104)

Here a, m, and the coefficients ¢//, etc., are constants. We may
take a > 0, m > 0. The assumed form of U/ leads to the rela-
tions

2
u, 2V _ v,

a6?
2
fjki{ = a?U. (105)

*U _y'y U
or? y 9

SEAS
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Henece the U of (104) will be a solution of Eq. (103) if

" ’/ m2
yJU-{-%%U—%Uﬂ-a2U=O or

7 / ,'nz
y Ly _m
Y

byt at = 0. (106)

'I'his is equivalent to

d?y dy
2 J - 202 . n?2 —

o + o + (a*r m?)y = 0. (107)
But this is Eq. (99) with r, @, m in place of z, D, p. Hence the

solution of the differential equation (107) is
y(r) = Zn(ar) = cilular) + c:¥Vau(ar). (108)

And the most general harmonic function of the form sought is
obtained by inserting this in (104). The coefficients of the
expanded product involve the six quantities ¢;, ete., but could
be expressed in terms of four independent constants, e.g., the
ratios ca/cy, ¢2'/c, ¢2’'/ei'’, and one factor of proportionality.

If the solution is finite at infinity, ¢, = 0. If the solution is
finite for r = 0, ¢ = 0. And, if the solution is single-valued, it
must not change when 6 is increased by 2, so that m must be an
integer. Thus with these restrictions we may write

U =Ju(ar)(A cos mé + B sin m@)e,
m=20,1,2 -... (109)

Bessel functions are sometimes called cylindrical harmonics
because they are helpful in the problem of finding a harmonic
function with values given on the surface of a right circular
cylinder.

152. Asymptotic Expansions. In Eq. (93) let us put

1 % C=1 D=-5 E=],
where i = 4/—1, (110)

and replace x by t. Then we obtain the equation

LAY pdy (1LY, .
tdt2 tdt+4py0, o1
d’y
di?

1 — 4p?

dy
dt + 442

y=0. (111)
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By Eq. (96) the solution of this is

y =1 e‘%(— g) (112)

The second form of Eq; (111) shows that for large ¢, one solution
is approximated by a constant. This leads us to attempt to find
-a solution in the form

T T cBt )

A procedure similar to that used in Sec. 144 shows that

_4p* — (2n — 1)2

bn 4n

bn—l- (114)

Hence if by = 1, we have the expansion of one solution

4p2 — 1 4p? — 1)(4p® — 9
S(1) =1+ p1 FTa e 2!()4(012) !
DR 2 W =2 oy

For a suitable choice of constants ¢; and ¢ in Z,,

S,(t) = \/te?Z, (— g): or
Zy(x) = (—2x) e 28,(2ix). (116)

By a lengthy analysis involving integrals in the complex plane,
the proper choice of the constants is determined. We omit the
proof but state the result which is equivalent to

Jp(x) — 1Y (x) = P20 ()~ ee—=8 ) (2ix). (117)
Define the abbreviation ¢, by
bp=z—2E 1 (118)

Then we have
1PHHe—iz = ¢~i%» = coS ¢p — 1 SIN @, (119)
Also let P, and Q, be real series such that
Sp(2ix) = Pp(x) — 1Qy(). (120)
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Then from (115) the series for P, and @, are found to be

2 2
Py — 1 - (PP = DEp* = 9)

2!(8x)?
(4p? — 1)(4p® — 9)(4p* — 25)(4p* — 49)
+ 11(82)°" - (12D
and
_4p*—1  (4p* — 1)(4p® — 9)(4p? — 25)
o) =g -~ 31(82)°
: + ... (122)

From Egs. (117) to (120) we may deduce that

Jo(x) — 1Y,(2) =
2% (wx)=" (cos ¢p — T Sin ¢p)(Pp — 1Q,). (123)

For real values of z, J,, Y,, ¢, P, and Q, are all real. By
expanding the right member of (123) and equating the real and
imaginary parts, we find

Jp(x) = 2}{"’(7"37)—%(1)1) cos ¢, — @, sin é5), (124)
and

Yo(r) = 2%(ra) (P, sin ¢, + @, cos ¢,). (125)

The series for S,(), Pp(x), and @,(x) given above are usually
divergent, but asymptotic as defined in Sec. 76. Hence, like
the series of Sec. 103, they may be used for numerical computa-
tion whenever the arguments are large enough to make one of the
carly terms small.

163. Order Half an Odd Integer. Suppose that p has the
form

p = 2”;- 1 =n 4+ %, n an integer or zero.  (126)

Then the Bessel functions of order p reduce to elementary func-
tions. This may be seen from the expansions of Sec. 152. For
Eqgs. (126) and (114) have as a consequence

4p? = (2n + 1)? and
4p? — (2n + 1)2
4(n + 1)

Hence all the b, with subscripts greater than » are zero in the
expansion (115), and similarly in the expansions (121) and (122).

bn+1 =

b, = 0. (127)
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These expansions accordingly break off. For example, from
Eqgs. (121) and (122) we find

P%(x) = 17 P%(x) = 1) Q%(x) = 0)
1

Qss(x) = . (128)

And from Eq. (118),

¢;~z=x—%’ ¢y =x —m, by = T,
615 =z+35 (129)

It then follows from Eqgs. (124) and (125) that

Jys(x) = 2¥%¢(wx)~% sin 2,
J_p(x) = —Yy(x) = 2%(wrx)~* cos z,

Jag(x) = 2% (wx) 't (-— cos x + Su; x)’

COsS 2

- ) (130)

J_3(x) = Y(x) = 2%(mwx)~" <—— sin x —
We note that when (126) holds, cos pr = 0, sin pr = (—1)".
Hence, from Eq. (88),
Yp) = (=) p(x), ifp=n+4 (131)
This is illustrated for n = 0 and 1 in (130).
1564. Identities. Roots of J,(x) = 0. The Bessel functions
satisfy a number of identities. For example,
g @] = 20oa@)  and L [l @)]
dx P Pl dx r
= —z?J,,(x). (132)

We may verify these by using the series expansions (70) and (73).
By differentiating the products, we may deduce that

dJ dJ
2= - ng +Jp  and S = gJ,, — Jps1. (133)
If we add these and then divide by 2, we find

dj, 1
S =5 (s~ Tpn). (134)
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And, if we subtract the two equations, we may deduce that
2
Joo1 + Jpr1 = -2 Jo (135)

The relations (132) to (135) continue to hold if we replace J,
by Y, or by Z, with the same constants ¢, and ¢, used throughout.
For Y, this follows from kq. (88) directly when p is not zero or
an integer and by taking limits for these special values. It then
follows for Z, from Eqs. (91) and (92).

The asymptotic formula (124) suggests that for each p Eq.
Jo(r) = 0 has an infinite number of real roots, and that the
larger roots approximate those of cos [x — (2p + 1)/4] = 0, or
:—3—_}_——42»1—) m + kmr, k a positive integer. This is the case, so that
the numerically large roots of J,(z) = 0 separate those of
Joi(x) = 0. In fact the relation of separation holds for all
the roots. We give the argument for positive roots. Let a and
b be two positive roots of J,(x) = 0. Then the function +=»J ,(x)
is zero for x = a and # = b. Hence, by Rolle’s theorem of Sec.
10, the derivative of the function is zero for some value £ between
a and b. It then follows from the second equation in (132) that
Jp1(£) = 0. Next replace p in the first equation of (132) by
p + 1 to obtain

'(% [Pt ()] = art T (2). (136)

Similar reasoning applied to this equation shows that there is a
root of J,(x) = 0 between any two positive roots of J,.,(x) = 0.

The same argument shows that the positive roots of ¥ ,(x) = 0
separate those of Y,.(x) = 0, and conversely. And similarly
for Z,(x) = 0 and Z,.1(x) = 0, if Z, and Z,, are formed with
the same constants ¢; and cs. The separation also holds for the
negative roots. Thus the arrangement of the roots in Figs. 142
and 143 is typical of those of any two similar Bessel functions
whose orders differ by unity.

166. Modified Bessel Functions. As noted at the end of
Sec. 150, the method of that section may lead us to Bessel func-
tions of imaginary arguments. As the simplest case of this kind,
let us consider

d2y

ot os T x — (2> + pYy = (137)
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in which p is real. By Eq. (99), this has as its solution
y = Z,(1x), where ¢ = /—1. (138)
The standard solution of the first kind of Eq. (137) is taken as

I,(x) =17J,(ix), wherei = ¢ P2 = cos %r- —7sin %r- (139)
The added factor +—? makes the solution real for real z. It also
makes [,(x) satisfy the relations

4 oL@ = oTa@, L] = 2Lk, (140)

dl 1 2
E:f =3 (Lp—1 + Ipy1) and  Jpy — [py = ‘;pIp- (141)

These may be obtained from the identities (132) to (135) by
using the relation (139). They hold for negative values of p if
we extend the defining relation (139) to negative values.

The standard solution of the second kind for Eq. (137) may
be taken as I_,(z) or

K,(z) =

3 sin pr [[_p(x) — I,(x)], - p nonintegral. (142)

For p = n, zero, or an integer, I_,(x) = I,.(x) is a function
of the first kind. But when p — n, K,(z) approaches a limiting
function

n—1

Ki@) = (~1)"L ) log § + > 5 W=7 — DL

Q—nt2rp |
r=0

—n+2r

0

xn 2]0

+ ( 1) 2 2n+zkk|( __l_ k)‘ [%(k + n) + ‘p(k)] (143)

where ¥(k) is defined by Eq. (87).
The asymptotic expansions of the modified Bessel functions
analogous to Egs. (124) and (125) are

I(x) = (2rx)*eSp(—2x), Kp(x) = n%(22)7%e28,(2x),
(144)
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where S,(t) is defined by Eq. (115). Here = means ‘““equal
with small percentage error when z is large and positive.”
The graph of I,(x) and K,(x)
for positive values of z is given I,(x) or 100 K,(x)
in Fig. 144. For positive values 100
of z, the graphs of the modified
functions of any order have the
‘same chara(?ter. 50
In electrical problems we often /
treat E, sin (wf + «) as the im- \
aginary part of Eee@et, Compare
the remark at the end of Sec. (%75 %X

100 K,

141. This sometimes leads to Modified Bessel functions.
imaginary coefficients and, in par- Fie. 144.
ticular, to an equation of the form
d? d . .
xgi%+(—i—g—za2xy=0, t=+/—1,a>0. (145)

This is equivalent to Eq. (99) with
p=0, and D? = —4q2 or D = ai%. (146)

To specify a particular square root, we interpret 7% by

P = (@ = o = cos O 4 isin O (147)
Then by Eq. (99), the solution of (145) is
y = Zo(1*ax). (148)

In many applications the solution sought is finite at z = 0, so
that only the solution of the first kind is required. The standard
form for this, with @ = 1, is taken as

Jo(i%z) = ber z + ¢ bei & = M(z)ei®®, (149)

For z real, the function is complex with real component “ber”’
(Bessel-real) and imaginary component ‘“ bei’’ (Bessel-imaginary).
From the series (71), with ¢*z in place of z, we find

x4k

berz =1+ 2 (—1)* 224262 - . - (4k)2’ (150)
k=1
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$4k+2

bei x = 2 (=1 224262 - - - (4k + 2)2. (151)
k=0

Analogous to Eq. (149) we may write
J1(1%x) = bery x 4+ 7 bei; x = M y(x)ei® @), (152)

The functions defined by this equation are useful when the
derivatives of ber x and bel x are required. For from the second
equation in (132) with p = 0, J/(x) = —J1(x). Hence

dJo(Z'%Q» — 3% 36,
)~ (). (153)

It follows that
ber’ x + i bel’ x = — M (x)e®® = M, (x)el0r@—=/4  (154)

For z between 0 and 20 the values of ber z, bei x, M(x), 0o(x)
of (149), as well as the values of ber’ z, bet’ x, M(x), 6,(x) — /4
are tabulated in H. B. Dwight’s Mathematical Tables.

Similar functions may be defined for any order,

ber, x 4+ ¢ bei, x = J (%) =2l ,(i*x). (155)
And there are similar functions of the second kind
ker, x 4 ¢ kel, x = 7K, (i%x). (156)

For « between 0 and 10 and p between 0 and 5 the functions
defined by Eqs. (155) and (156), together with their derivatives
are tabulated in H. B. Dwight’s Tables of Integrals and Other
Mathematical Data.

166. References. Jahnke-Iimde’s Tables of Functions includes
many data on Legendre polynomials and Bessel functions in
numerical and graphical form. An introduction to the theory
of the functions as well as applications to problems of mathe-
matical physics will be found in A. G. Webster’s Partial Differen-
ttal Equations of Mathematical Physics, edited by S. J. Plimpton.
N. W. McLachlan’s Bessel Functions for Engineers includes many
applications to practical problems.

For the theory of Legendre polynomials and related functions
the reader may consult E. W. Hobson’s Theory of Spherical and
Ellzpsovdal Harmonics. Among the treatises on Bessel functions
we may mention the Theory of Bessel Functions by G. N. Watson
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and the Treatise on Bessel Functions, by Gray, Mathews, and
MacRobert.
EXERCISES X

Verify that the given function is one solution and, usmg this fact,
find the complete solution of the given equation:

d%y dy
1 e,z — (2x+1)-d—/+(a:+1)y=0.

dy dy
2 3, (L—2) g +og,—v=0.

d2
3. e“,xd—;5+(2w+2)3;+(x+2)y=0

2 d
4. 22, xﬂg—'ﬁ — 4z 52+ 6y = 0.

2

d*y (ly
5.lcosxd2+61 5 = = 0.

d
6. =+ 1, (1 +x)2d——w2—2(1+x)d—z+2y=0.

Find series solutions of the equations:

d%y d*y dy d*y \
7. dz-—:cy. c =2 -l—:v Q.W—xy.

Find series solutions of the following equations and identify them with
elementary functions:

d*y d*y dy
10. -d—' = 4 11, a:—c‘z = —. 12. ;7:; = 2121/.
Prove that U7 of Eq. (43) satisfies the relations:
13. (1 + rz — 27‘;5)%% =(x—r)lU. 14, r% = (x —r) %g
From Eq. (50), and Probs. 13 and 14 above, deduce that
16. nP, — 2n — )P, + (n — 1)P,_» = 0.
P - P,_
16. (a) = APy dd 2= (n — 1)P,_y, or
dP,. dP,_ _
(b) X -(Z:l? - —(“h:“ ’ILP

17. By differentiating the result of Prob. 15 and using Prob. 16(a),
dP. . AP,

deduce that -5— — 2 —— = nP,_..
dx dx
18. From Probs. 16(d) and 17 deduce that
(1 — dP = n(Pny — zP,),
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and

a - :c2) d = n(xPn_r — P,).

19. If 4 and v are each functions of z, Leibniz’s rule for the nth

derivative of a product states that d:l(gf) = (D, + D,)"uv, where the

power is to be expanded by the binomial theorem ard the terms inter-
4 2

preted similarly to 15D,*D 2uv = 15 %1: g_z Verify that the rule holds

forn = 2and n = 3.
20. Use the rule of Leibniz given in Prob. 19 to show that, if f is a

dn(zf)  df dm-1

function of x, Ton = % ggm +mo and also derive the relation
dm(x2 ) dmf dm—lf dm-2f
-35;—"'1_ =+ 2 me 7 + m(m -1) prr=y

21, If w = (22 — 1)», (2% — 1) — = 2nzu. Use Prob. 20 to show

that the result of differentiating thls equation (n 4+ 1) times reduces to
dr?u drily dru o

(z2 - 1) preeT) + 22 P —n(n + 1) G = 0. Hence the derivative
dru/dz» is a solution of Legendre’s equation (26). Since it is a poly-
nomial, it must equal cP.(z). And to make the coefficient of z» agree
with that in Eq. (38), ¢ = 2~n!. This proves Rodrigues’s formula,
Eq. (39).

22. Use Prob. 20 to show that the result of differentiating Legendre’s
equation (26) m times is

dm d+l dm
(1 —2) ot = 2em + D+ (e = m)n+m 4 )y = 0

Also show that, if we put d=y/dzm™ = w(1 — 2%)~m/2 in this, it becomes
d*w

dw m?
(1—:::2)d2 —2xa;+[n(n+1)—-1—_—_—a—;§]w=0.

This is the associated Legendre equation. If m = n, it admits as one

solution the associated Legendre polynomial defined by

1 — g2)m/2 dmtn
2mn ! dgm+n (

Pm—u—xz)mi—P()— 2 — 1)n,

Use the series (71) and (72) to verify the tabulated values:

23. Jo(0.1) = 0.9975. 24. Jo(1) = 0.7652.
26. Jo(2) = 0.2239. 26. J1(0.1) = 0.0499.
27. J1(1) = 0.4401. 28. J1(2) = 0.5767.
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29. Show that J,(—z) = (—1)»J,(z). Hence, in particular, we have
Jo(—2z) = Jo(z) but J1(—2) = —J(x).

Find series of the form (52) which are solutions of

dy _ ady
30. (z — =x?) e —335+2y = 0.
d*y du
drt ~ Tz
Find series of the form (52) which are solutions of each of the follow-
ing equations, and identify them with elementary functions:

d).
33. 4z Z+2 Sty=o.

31, 2x2 -5 + (1 =2y =0.

y d
o T = 2
34. Let n be zero or a positive integer. Then by Eq. (70), we have

2
32, 20 &Y

-]

xn+2k
Ja(x) = E (=1)* o k1 (n + k)1 From Eq. (81) deduce the relation

k=
..‘ xn+2k
J_u(z) = k%o (—=1)nt on e \(n + k)'
36. Use the series of Prob. 34 to verify that J_5(4) = —0.1321.
36. From the Maclaurin’s series for ez, deduce that the exponential

2 r
ert/? = 1 4 = t+;2 21't + - +%;;—,tr + - - - and also show that
-z z? 1 . ze 1

€

=1———t1+?-2—'t‘+ +(_1)a§;§__!t—x+...
37. From the expansions of Probs. 34 and 36 deduce the relation

a(-7) _ i T (@)1,

n=-— o

38. Multiply the expansion of Prob. 37 by that obtained from it when
x is replaced by y. Hence show that

L]

J@+y) = 3 @ aaly).

k= —

39. From Prob. 38, with n = 0 and y = —=z, deduce the identity

[Jo@)]? + 2[J1(2)]* + 2(/2(x)]* + - - - = L.
Use Probs. 23 and 26 and Eq. (86) to verify that
40. Y,(0.1) = —1.534. 41. Y,(0.1) = —6.46.

Express the general solution of each of the following equations in
terms of Bessel functions:

2
492, 4 y+9xy-—0 4. o 7 (dx)+25x2y=0
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dy | dy
44, dx’+3dx+4xy=0' 45.x—5§+—+1=0.
2 2,
46. « d’2+17 Lt ay= 0. 47. le£+3 4y =0,
. d%y
48, 4:(:23? + (422 — 15)y = 0. 49. Tt + 2724y = 0.

Express the general solution of each of the following equations in terms
of modified Bessel functions:

, 4% d%

60. 2t 4o = @+ 4y Bl 2 Th + % 2=
by d
52. Z'Z o dy =@+ 1y B3 z5h+ 550 =162y,
2
d’y dJ+J—0 5. 4L—9xy

54. 4x? 5= I T 4?2 g

66. A vertical column of uniform cross section A ft.2 has specific
weight w 1b./ft.* and flexural rigidity EI lb./ft.2 If it supports its own
weight, the (small) angle of deflection 6 at distance x ft. from the top

2

satisfies the differential equation EI 73505 = —Awzf. Show that

0 = z¥Z (2 wd

57. Given 0 = x%Z%(kx%). From Egs. (91), (70), and (73) deduce
that 0 =ci(Awx + Bzt + -+« ) +c2(As + Bax®*+ - - - ), where
A; # 0. Henceif df/dx = Oforz = 0,¢; = 0 and 0 = c.x¥sJ _y5(kad?).
And if 6 = 0 for x = L, J _15(kL*) = 0.

68. If L ft. is a critical length of the column of Prob. 56, the boundary
conditions are as given in Prob. §7. From tables, the smallest root of
J_14(2) = 0 is zo = 1.8663. Deduce that the first critical length is
Lo = 1.986 (EI/wA)%.

69. For a circular cross section, of radius r, I = nrt/4, and the ratio
I/A = r?*/4. Use this fact and Prob. 58 to compute the critical length
for a steel wire of diameter 0.02 in. if its density is 480 1b./ft.? and
E =3 X 107 Ib./in.?

60. The problem of a linearly tapered or conical column, supporting
its own Weight, leads to a differential equation which assumes the form
dﬁy

aﬁ

>+ k2 = 0. Express the general solution in terms of Bessel func-

tlons of the type considered in Sec. 153. Hence express the solution in
terms of elementary functions.

61. If a cooling fin has a triangular cross section, with suitable choice
of variables, the equation governing temperature distribution reduces to
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d ( d d
7z \% ﬁ) = k?u, where (_ig = 0 for £ = 0. Show that the solution is

u = elo(2k V).
Use the asymptotic formulas (124) and (125) to verify that

62. J,(10) = —0.2459. 63. J1(10) = 0.0435.
64. Y,(10) = 0.0557. 66. Y,(10) = 0.2490.

Show that

o '
66. J55(z) = 2% (mx) (f3 - sin 7 — % cos x)

- L. L 3 . 3 — x?
67. J si(x) = —Ysu(x) = 2 (mwx) " Zhinz 45T cos z).

68. Using the values given in Eq. (130), verify by direct substitution
that Eq. (132) hold when p = 14.

69. Check the value for Jis(z) given in Eq. (130) by comparing its
Maclaurin’s series with the series (70) for p = 13.

70. Assuming the value of Ji5(2) and J _1;(x) given in Eq. (130), check
the value of J3s(x) by putting p = 1; in Eq. (135).

From Eq. (134) deduce that

daxJ
71. 22 dx; = Jp—‘l - 2Jp + Jp+2.
dsJ,
72. 23 _a‘x—:;_) = ']17—3 - 3Jp-—1 + 3-]71+l - ']It_.'i.

73. Check Prob. 71 for the special case when p is an integer » by using
the expansions of Prob. 34.

From Eqs. (139) and (130) deduce that

T4. Is(x) = 2% (wzx)~"% sinh x = (2wz)*(er — e72).

76. I_ys(x) = 2% (wx)~'t cosh z = (2mx)ti(ex + e 7).

76. From Eq. (142) and Probs. 74 and 75 deduce the similar result
K(x) = m'2(2x)tee=.

77. Show that Prob. 76 agrees exactly with Eq. (144), but that Prob.
74 differs from Eq. (144) by the term in e~#, which for x large and posi-
tive is negligibly small compared to e=.

Use the series (150) and (151) to verify that
78. ber 1 = 0.9844. 79. bei 1 = 0.2496.
Differentiate the series (150) and (151) and verify that
80. ber’ 1 = —0.0624. 81. bei’ 1 = 0.4974.
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From Eq. (149) and Probs. 78 and 79 deduce that

82. Mo(l) = 1016. 83. 00(1) = 14230
From Eq. (154) and Probs. 80 and 81 deduce that
84. M,(1) = 0.5013. 86. 6,(1) = 142.16°.

86. If «a =1, Eq. (145) may be written c—td?c (xy’) = izy. From
Eq. (149) deduce that y = ber z + ¢ bei z satisfies this relation.

If y=berz+¢beiz, dy/de =y = ber’ z 4+ ¢ bei’ z. By sub-
stituting these values in the relation of Prob. 86 and equating real and
imaginary parts, deduce that

d , .
87. e (z ber’ £) = —« bei z.
d .
88. iz (z beil’ £) = x ber z.
89. If w is any function of z, from Prob. 86 deduce the relations
Bd; (uzy’) = vw'zy + u &d_x (zy)) = w'zy’ + wizy, or
k k
zuy’ lO = ﬁ) z(w'y' + wwy)dx.

Let w = ber x — ¢ bei . Substitute this value and its conjugate
y = ber & + 1 bei z in the last relation of Prob. 89. And by equating
real and imaginary parts, deduce that

90. j(;k z[(ber’ z)? + (bei’ z)?ldz = k(ber k ber’ k + bei k bei’ k).
91. [k z[(ber 2)? + (bei z)?ldz = k(ber k bei’ k — bei k ber’ k).

The expression for the power loss in a solenoid due to eddy currents
involves an integral of the type evaluated in Prob. 90.



CHAPTER XI

FOURIER SERIES AND
PARTIAL DIFFERENTIAL EQUATIONS

Kquations that involve partial derivatives of the unknown
functions are called partial differential equations. Poisson’s
equation for the potential, the equation governing heat flow, and
the equations governing fluid flow, derived in Seecs. 126 to 128,
are illustrations.

In most practical applications of differential equations, the
required particular solution must satisfy certain initial or
boundary conditions as well as the differential equation. For
ordinary differential equations, as we saw in Chap. IX, the
natural procedure is first to find the general solutions involving
arbitrary constants and then to use the boundary conditions to
determine these constants. But the general solution of a partial
differential equation contains one or more arbitrary functions.
And it is not easy to find the particular values of these functions
from the boundary conditions even when the general solution is
known.

It is often possible to solve a specific partial differential
equation problem in the form of a series of terms, each of which
satisfiecs some of the boundary conditions. In the cases dis-
cussed, the sum of the series satisfies these same boundary con-
ditions for arbitrary values of certain coefficients. And the
problem is solved by determining these coefficients so that the
remaining boundary conditions are satisfied. This chapter is
devoted to such series methods. Since these methods frequently
depend on the Fourier expansion of a function in a series of sine
and cosine terms, we begin with a brief discussion of Fourier
series.

167. Fourier’s Theorem for Periodic Functions. A function
f(x) is said to be periodic, of period p, if

fx + p) = f(x). (1)

For example, sin (2rz/p) and cos (2rx/p) are each periodic of
401
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period p, since

. 2m . [2rx 2mx
sin — (r + p) = sin ————{-2)—%1n—, 2
, @+ (,p U » (2)

and

(3)

cos%7r (x + p) = cos <—2l;)§ + 21r> =

More generally, sin (2nwx/p) and cos (2nwx/p) are each periodic
of period p if n is any positive integer. Hence, if the infinite
series

a+ a cosg%x 4 b, sin ?%ai—l—ag COS -~ + b sinéﬂ-i—
+ a, cos _2ﬂ"1+1 i 2‘@'“__4_... (4)
P P

or

a + z<(u cos T8 4 by si 21;:“) (5)

is convergent, it represents a function of period p.

If a function f(x) is single-valued and continuous on a finite
interval and its graph on this interval has finite arc length, we
call the function or its graph regular. We call a single-valued
function f(x) piecewise regular if its graph on any finite interval
is made up of a finite number of pieces, each of which is a regular
arc or an isolated point.

For example, on the interval 0 £ 2 < 4, the relations

0)=2 fz) =3 if0<z<2 f@2) =
f@) =1 if2<z<4, (6)

define a piecewise regular function. And, if we add the condition

flz +4) = f(2), (7)

the function is defined for all values of x as a piecewise regular
function of period 4. Its graph is shown in Fig. 145. We use
the notation f(z —) to mean the value at x approached from the
left and f(z+) to mean the value at x approached from the right.
Thus at # = 2 these values are f(2—) = 3 and f(2+) = 1.
Suppose that f(z) is any piecewise regular periodic function of
period p. Then it may be proved that there are coefficients for
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which the series (5) converges to f(z) at all points of continuity,
and to Y5[f(z+) + f(x—)] at the points of discontinuity. Fur-
thermore, correct relations will be obtained from the equation

f@) = a+ 2 (ak cos 28T L b cin 2’;’“), (8)

by termwise integration after multiplication by any function of z.
If we use as multipliers 1, cos (2rnz/p), sin (2rnx/p), respec-
tively, where n is any positive integer, and integrate from ¢ to

d 1 1 1

-4 -2 0 2 4 6 8 10

>

A piecewise regular periodic function.
Fic. 145.

¢ + p, where ¢ is any constant, the results, as shown in Probs.
1 to 8 are

ctp 1 ct+p
/ f(x)dz = pa, ora = Z—) f f(x)dx. (9)
ctp
2nmrx 1
/c f(x) cos » dr = 5 Pan, or

c+p
aw=2[" f@ co s 2% ga, - (10)

¢ctp
@) sin 2 ; %

pby, or

c+p
b, = 2 / f(z) sin ?"—;—’i dz. (1)

To recapitulate, if f(x) is any piecewise regular periodic func-
tion of period p, and a, the a, and the b, are found from Egs.
(9) to (11), the series (5) will converge to f(z) at all points of
continuity, and to 14[f(x+) + f(x—)] at all points of discon-
tinuity. This is known as Fourier’s theorem for periodic functions.

Let us illustrate the procedure for the function defined by the
relations (6) and (7). Here p = 4. We take ¢ = 0 and, since
the expression for the function changes at 2, calculate the inte-
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grals from O to 4 as the sum of those from 0 to 2 and from 2 to 4.
Thus we find

=-}(‘L23dx+‘/41dx = }(6 + 2) = 2. (12)

2
a, 2([ 3cos——2—dx+f lcos——2—~d:c)

4
__(___ . f.’fff 2 nwrx )=O. (13)
2

sm~2—

ﬁ3SIanx+/ 1s1n—2-da:
( 6 nrz |° 2 n-rr:c)
— — COS —(—
nw 2

5 il
0, if n is even,

0 nw 2
(3 — 2 cos nr — cos 2nw) = { %_, if » is odd.

ba

(SIS S )

(14)

S

Hence the Fourier series for the function f(x) of (6) and (7) is

4 (. m7x 1 . 3ax |1 in 51rx
2+1—r sin —Q—+§sm~7+—5- + - ) (15)
The defining relations (6) and (7) happen to make the value of the
function equal to Y[f(x+) + f(x—)] at the points of discon-
tinuity. For example, f(4) = 14[f(4+) + f(4—)], since

2 =33 + 1).

Hence Fig. 145 is the graph of the sum of the series (15) for all
values of z. Had we taken other values for f(x) as the definition
at the points of discontinuity, we would still have found the same
Fourier series since the values f(0) and f(2) were not used in
Eqgs. (12) to (14). We may always obtain the graph of the
Fourier series which represents any piecewise regular function
by plotting the regular arcs, together with the midpoints of the
vertical segments determined by consecutive ares. In Fourier
series problems, we shall frequently define the regular arcs only
and give no values at the discontinuities, since these last do not
affect the Fourier series.

If the function f(x) is known only graphically or is expressed in
terms of complicated functions, the coefficients can be found
by methods like those described in Secs. 77 and 78. There are



§168 COSINE AND SINE SERIES 405

instruments known as harmonic analyzers, somewhat similar
to planimeters, by which the coefficients a, and b, can be obtained
from a plot, to suitable scale, of f(x) itself. Several efficient
arrangements of the application of a modified trapezoidal
rule to the integrals in question, known as schedules for harmonic
analysis, will be found in Scarborough’s Numerical Analysis and

Y
T

-47 -7 ol 27 AT

An even function.
FiG. 146.

Lipka’s Graphical and Mechanical Computation, Vol. 1I.
168. Fourier Cosine Series and Fourier Sine Series. Let us
put p = 2L and ¢ = —L in Eqgs. (9) to (11). They then become

1 [" 1 [ nwrx .
@ =55 [_Lf(x)dx, @ = 7 /_Lf(x) cos —— dz, (16)

I . nrx
by = T /;L f(z) sin I dx.
Y

—_— 10— —_—

-0 =20 =20 0 20 20 60

An odd function.
Fig. 147.

An even function of z is one for which f(—z) = f(z). An
inspection of the graph of an even function (Fig. 146) shows that
the integral of an even function from —L to L is twice the integral
of the same function from 0 to L.

An odd function of z is one for which f(—z) = —f(x). An
inspection of the graph of an odd function (Fig. 147) shows that
the integral of an odd function from —L to L is zero.

We note that cos (nrz/L) is an even function, while sin (nxz/L)
is an odd function. For

nry nrx . . nwT
cos (———z—>=cos—z—; but &n(—ﬁLﬁ): -—sm'—%—' (17)
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Again, the product of two even functions or of two odd functions
is even, while the product of an odd and an even function is odd.

From the facts stated, we may conclude from Eq. (16) that
if f(x) is an even function, b, = 0 and

L
a = El /;)Lf(x)dx, an = %/; f(x) cos ﬁ}—?dm. (18)

Hence with these values

- krx
flx) =a+ ar COS —— (19)
2, e L

For any given function f(z) in 0 < < L, Egs. (18) and (19
may be used to find a Fourier cosine series of period 2L which
represents f(z) in 0 < x < L. For, from f(z) in 0 <z < L, we
may form an even function of period 2L equal to the given func-
tion for 0 < x < L. The series (19), with coefficients calculated
by (18) will then represent the even periodic function for all a.
Hence in particular it will represent the given f(z) for0 < z <L,
assumed to be piecewise regular.

We illustrate the procedure by finding the Fourier cosine
series of period 2r which represents x in the interval 0 < & <.
On putting f(z) = z and L = = in (18), we find

1 /7 1z? =
= e =15 f (20)
f x cos nx dxr = g('l sin na + 9911"9) |
0 ™ 0

n n?

9 0, if n is even,
= (cosnr — 1) = (21)
4 — —yif nis odd,

It follows that, for 0 < x < .

x=g-%(cobx+lcos3x+ cos dx + - ) (22)

The graph of the right member of (22) is as shown in Fig. 146.
Hence Eq. (22) holds for z = 0, or z = = but not for x <0 or
T >
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Next suppose that f(z) is an odd function. Then, from the
facts mentioned above, combined with Egs. (16), we may con-
clude that a = a, = 0 and

2 [~ .. nmx
b, = 7 ﬁ f(x) sin T dx. (23)

Hence with these values
f@) = 2 bx sin @{f (24)
k=1

For any given function f(z) in 0 < z < L, Egs. (23) and (24)
may be used to find a Fourier sine series of period 2L which
represents f(z) in 0 < z < L. For, from f(x) in 0 < x < L, we
may form an odd function of period 2L equal to the given func-
tion for 0 < z < L. The series (24), with coefficients calculated
by (23) will then represent the odd periodic function for all z.
Hence in particular it will represent the given f(z) for 0 < z < L,
assumed to be piecewise regular.

We illustrate the procedure by finding the Fourier sine series
of period 40 which represents 10 in the interval 0 <z < 20.
On putting f(x) = 10 and L = 20 in (23) we find

R . nwr 20 nwx |
bn"“Tﬁ , 1Osm—2—6-dx-——71—7—r00836—0
20 0, if n is even,
=— (1 — cos nr) = 0 (25)
v —, if n is odd.
nw

It follows that, for 0 < x < 20,

10 = 470<sin"§'—g+%sin§21’§+-;—sin52”—6—“+ e ) (26)
The graph of the right member of (26) is as shown in Fig. 147.
Hence Eq. (26) does not hold for x = 0 or z = 20.

169. Laplace’s Equation. It was shown in Sec. 126 that in
space free of charges the electrical potential satisfies Laplace’s
equation,

92U . 39U , 9
dx? ' oy? + 922 0. (27)
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This equation is also satisfied by the temperature in a steady-
state distribution (Sec. 127) and the velocity potential for the
irrotational motion of an incompressible fluid (Sec. 128). Since
the temperatures on the surface of a body determine the steady-
state distribution inside, physical considerations suggest that
there is a unique solution of Eq. (27) taking on given boundary
values if these are sufficiently regular. That there is at most
one solution when the body is finite is in accord with Prob. 63 of
Chap. VIII.

In temperature distribution or potential problems in a plane,
taken as the zy plane, Laplace’s equation becomes

U | 92U

o Ty T
It was shown in Sec. 87 that the real or imaginary part of any
analytic function of (x + y) satisfies this equation. And this
fact was used in Secs. 94 and 95 to find the velocity potential for
Y| y=o certain types of fluid flow in a plane.
D C We shall now present a method of solving
Laplace’s equation by combining particular
solutions. For definiteness, we shall use the
U=0 y=o language of heat flow.

160. Temperatures in a Rectangular Plate.
If a homogeneous plane plate has its faces insu-
lated and its edges kept at prescribed tempera-
tures, its steady-state temperatures will be
determined. In particular let us consider a
rectangle ABCD, with sides AD and BC so
long compared with AB and CD that we may
treat them as infinite. Let the prescribed
boundary temperatures be 0° for AD, DC, and BC and 10° along
AB, and assume

0. (28)

A B
0 X

Fic. 148.

AB = 20 cm.

Take the origin at A, and the axes of z and y along AB and AD,
respectively. Then the boundary conditions are
U(O)y) = 0, U(20,y) = 0, U(x;w) =0,

U(z,0) = 10. (29)
Our problem is to find the solution of Eq (28) which satisfies the
conditions (29).
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We begin by seeking solutions of (28) in the form
U= X(2)-Y(), or U = XY, (30)

where X (z) or more briefly X is a function of x alone and Y (y) or
more briefly Y is a function of y alone. By differentiating Eq.
(30) partially we find

oU _ dX 92U _ _dX  aU _ ,dY

w V@ wm T law Tty
; a2uU ay
o~ Xy OV
Thus, if Eq. (28) is satisfied, we must have
U | U _ de d2Y
FraLr dx“’ + X = 0. (32)
We may rewrite the last equation in the form
1d2X 1d?Y
XA Y d (33)

Since the left member of this equation does not involve y, it
does not change when y changes. Similarly, the right member
does not involve z and so does not change when x changes. As
the two members are equal, their common value cannot change
when either variable changes and so must be a constant. This
constant may be positive, negative or zero. As the case useful
for our problem, we assume the constant positive and write it
as K2 Then

2
__]._(K_X_=_1H=K2, or Ci—g'*‘1<2‘X-=0 and

- dry
o~ K =0 64

By the method of Sec. 138 the solutions of these equations are
found to be

X =ccos Kr+c;8in Kr and Y = cseX¥ + cue v, (35)
Thus for any value of K and ¢, ¢, cs, ¢4,
U = (cy cos Kx + c3 sin Kx)(cseXv 4 c4e—Kv) (36)

will be a particular solution of Eq. (28).
By specializing the constants in (36) we may satisfy the first
three conditions (29). In fact, if ¢; = 0, the second factor will



410 PARTIAL DIFFERENTIAL EQUATIONS §160

be zero for y = + . And if ¢; = 0 the first factor will reduce
to ¢, sin Kz and so be zero for x = 0. It will also be zero for
x = 20 if

Sin 2OK = O, 2OK = nmr or K —_ nw

50 (37)

where n is any positive integer. If we write B, for the product
cscy which goes with a particular n, we have

—nwy/20 m —_ .. ¢
B.e sin 205 n=123 (38)

as a set of terms each of which satisfies Iiq. (28) and the first
three boundary conditions of (29).

The same will be true of a sum, or infinite series of such terms,
and to solve our problem it merely remains to determine the
coefficients of a series

Ux,y) = 2 B,e —nm1/20 gin mre (39)
20
so that the fourth conditions of (29) will be satistied. That is,

10 = U(z,0) = 2 B.sin 055" for0 <z < 20. (40)

Accordingly the B, are the coefficients b, of the expansion of 10
in a Fourier sine series of period 40. These were found in Eq.
(25). Replacing the B, in (39) by these values, we have as the
solution of our problem

= — —7y/20 —— —3T /20
U(x,y) ((3 v S Il 20 + 3 e v Sln ~———2O

+ ;6—5”’/20 sin 5-2% + - ) (41)

The series may be used for practical computation when y is not
too small compared with 20, since the first few terms will then
give a good approximation. For example, when z = 10, y = 10,

U(10,10) = 40 < =T/ — %e—sm + 1 P L7 S )

= ;— (0.2079 — 0.0030 4 0.0001) = 2.61. (42)
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161. Temperatures in a Circular Plate. Let us next find the
steady-state temperature distribution of a circular plate whose
faces are insulated and whose circumference is kept at prescribed
temperatures. In particular, let one diameter of the circle be
AB, and let the radius OA = 10 em. Let the temperature be
0° at A and 100° at B, and increase linearly along the circum-
ference between these points. Thus in Fig. 149 at C on the

Fia. 149,

upper semicircle U = 1006/7, and at C’ on the lower semicircle
U = 1000"/=. If we use polar coordinates, 8’ = —0, and the
houndary conditions arc

1000

U/(10,6) = Rt if0 <6 <m,
_ _1.%9?, if —r <8 <0. (43)

Since U must satisfy Laplace’s equation, U(r,8) is a solution of
o’ 1 0*U | 10U
i Trge trar =0 (#4)

by Eq. (85) of Sce. 25.
We begin by seeking solutions of Iiq. (44) in the form

U = R(r) - 6(0), or U = RO, (45)

where R(r) or R is a function of  alone and ©(6) or 8 is a function
of 6 alone. It follows from Iiq. (45) that
¢U dR a2U _ _ d’R

=% a9

»*U . d0

and W =R (752— (4())
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On inserting these values in Eq. (44) we find

dR 420 dR
SN Rd62+ ed = 0. (47)

This may be rewritten in the form

o IR dR
_de* _ dr? Tar (48)
e R ' '

Since the left member does not involve r and the right member
does not involve 6, the common value cannot involve either
variable and hence must be a constant. In the case useful for
our problem the constant is positive or zero, and we write it as K.

Then from Eq. (48), )

d*o 2 — , A°R dR ,

(—i-o—z——}—Ke 0 and T}}ﬁ+ -J——KR—O (49)
We may solve these equations, using the method of Sec. 138 for
the first and the method of Prob. 91 of Chap. IX for the second.

The solutions are

O = ¢, cos K8 + ¢, sin K@ and R = cyrk + ¢y,
when K # 0. (50)

Hence for any value of K and cy, ¢, c3, ¢4
U = (c;1 cos K6 + ¢z sin K@) (csr¥ + cor™¥) (51)

will be a solution of Eq. (44). Although (50) is no longer the
general solution when K = 0, it does include the solution we
need in that case.

From the nature of polar coordinates, U(r,0) will be periodic
of period 2r. Hence we make the particular solutions (51) of
period 27 by putting K = n, where n is zero or a positive integer.
And since r— X is infinite for r = 0, we take ¢, = 0. Also we
write A, for the cics and B, for the c.cs which goes with a particu-
lar n. Then

Ao and A,r" cos nf + B,r sin né, n=123 - - (52)
is a set of particular solutions of period 2r, and we write

U(r,0) = Ay + 2 (A.r™ cos nf + B,r" sin n). (53)

n=1

This will satisfy the boundary condition (43) if
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U(10,0) = Ao + Y, (A4l0" cos n8 + B,10" sin nf). (54)
n=1

Thus 4y = a, A,10" = a,, B,10" = b,, the coefficients in the
Fourier series of period 2r which represents U/(10,6). Since
U(10,6) is an even function, the b, and hence the B, will all be
zero. Also a and the a, may be found from (18) withL = ». In
fact, since the graph of U(10,0) against 6 differs from Fig. 146
only by a change in the vertical scale, the coefficients may be

obtained from those of Eq. (22) by multiplication by 100/x.
Hence

Ao=a=50, A, =10, = — 20

,ifnisodd. (55)

Thus the solution of our problem in series form is

400 r’
C(r,8) =50 — ~- »(10(05 6+ . 33708 cos 36

. 5
+5 105(0550+ ) (56)

162. Temperatures in a Solid Sphere. We shall next find the
steady-state temperature distribu-
tion inside a solid sphere when its
surface is kept at prescribed tempera-
tures, symmetrical about a diameter.
In particular, let AB be the diam-
eter and let the radius OA be 20 cm.
Take the z axis along OA, as shown
in Fig. 150. Let the prescribed
temperatures at the surface of the
sphere be U = 100° on the upper Fia. 150.
hemisphere, z > 0, and U = 0° on the lower hemisphere, z < 0.

It will be convenient to use the spherical polar coordinates
7, ¢, 0 of Sec. 59. Since the boundary values are symmetrical
about AB or OZ, the temperatures inside the sphere will also be
symmetrical about OZ and so will not depend on 8. Thus our
solution may be written U(r,¢) and the boundary conditions are

mmﬁo<¢<%
U(20,¢) = W (57)
0,if 5 < ¢ <m,
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When 962U /36% = 0, Laplace’s equation in spherical coordinates

is
19 U 1 d aUu
ﬁb?(r +rzsm¢>6¢< ¢(ﬁ>—0’ (58)
by Eq. (110) of Sec. 124. Thus our problem is to find the solu-
tion of Eq. (58) which assumes the boundary values (57).
The discussion of Sec. 146 shows that if x = cos ¢, r"P,(x),
where P,(x) is the nth Legendre polynomial of Sec. 145, is a
solution of Eq. (58). Hence

Ar*P,(cos ¢), n=20,12 - - - (59)

is a set of particular solutions of Kq. (58) and we write
U(r,¢) = 3, Aa"Pu(cos 6). (60)
n=0
This will satisfy the boundary conditions (57) if

U(10,¢) = i A ,(20)*P,(cos ¢). (61)
n=0

The method of developing a function in a series of Legendre
polynomials is outlined in Probs. 56 to 62. In particular by
equating the nth coefficient found in Prob. 62 to A,(20)", we
may solve for the A,. By substituting the values thus found in
Eq. (60), we find as the solution of our problem

3 7
U(r,¢) = 100 [2 +3 2:) Pi(cos ¢) — 15 203 Ps(COb ¢)+ - ]
(62)

163. Temperatures in a Solid Cylinder. We shall next find the
steady-state temperature distribution in-
side a solid right cylinder whose surfaces
are kept at prescribed temperatures, sym-
metrical about the axis of the cylinder.
We take the axis of the cylinder as 0Z,
one face of the cylinder as the xy plane,
T TR and assume that the cylinder is so long
~2) compared with its radius OA = 20 cm.
< 4 ™3~ that we may treat the other end as at in-
Fro. 151, finity. Let the prescribed temperatures
be U = 0° on the lateral surface and the

end at infinity, and let U = 100° on the end in the xy plane,
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It will be convenient to use cylindrical coordinates r, 6, z.
Since the boundary values are symmetrical about 0Z, the tem-
peratures inside will also be symmetrical about 0OZ and so will
not depend on 6. Thus our solution may be written U(r,2), and
the boundary conditions are

U(r,0) = 100, U(r,o) = 0, U(20,2) = 0. (63)

When 92U /96% = 0, Laplace’s equation in cylindrical coordinates

is
19 oU U
7 or (" BF) T g =0 (64)
by Prob. 48 of lxercises VIII (page 331). Thus our problem is
to find the solution of (64) which assumes the boundary values
(63).

In Sec. 151 we found a particular solution (109) of Laplace’s
equation in cylindrical coordinates (103). It will be independent,
of 8if m = 0, so that

AJo(ar)ee (65)

is a particular solution of (64). It already satisfies the second
condition (63) and will satisfy the third if

Jo(20a) = 0, or 20a = a,, (66)

where a, is one of the infinitely many real roots of J(z) = 0
mentioned in Sec. 154. Hence

9_(11 . —anz/20 — Ve . ~
AT <20)>0 | , n=123, (67
is a set of particular solutions of Eq. (64) and we write
— E 9_2 \ —anz/20
U(r,z) = 2 Ao (20 r, e . (68)

n=1

This will satisfy the remaining boundary condition if

100 = U(r,0) = 2 AﬂJ()(g(—'; r). (69)
n=1

The method of developing a function in a series of Bess.el’s
functions of this kind is outlined in Probs. 63 to 68. In particu-
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lar, the A, of (69) are 100 times the coefficients found in Prob. 68.
Using these values in (68), we find as the solution of our problem

= ___}__.__ f!_’l anz/20
U(r,z) = 200 2 WRES Jo <20 r) gont/20, (70)

n=1
164. Cooling of a Rod. If a thin uniform rod A B has 1ts sides

insulated, the temperature at any cross section C will depend
only on the distance AC = z and the time . Thus we may put

A C B
L | 1
0 x 10 X
Fia. 152.

92U /dy? = 0 and 92U /922 = 0 in Eq. (135) of Sec. 127 to obtain
the equation governing the flow of heat in the rod. The result is
oU 90U
R
as the equation satisfied by the temperature U(z,t).
Consider in particular a rod AB 10 c¢m. long, of material for
which a? = 2 e¢m.?/sec. Suppose that originally all points of
the rod were at 100° but that at times ¢ = 0 the ends of the rod
A and B had their temperatures suddenly changed to 0° and kept
at this temperature. We wish to find U(z,t). The initial and
boundary conditions are

U(z,0) = 100, U, =0, U(10,t) = 0. (72)
We begin by seeking solutions of Eq. (71) in the form
U=X(x)- T@ or U=XT. (73)

From Eqgs. (73) and (71), by a procedure similar to that used to
derive Eqgs. (34), we find that

X /dx? _ dT/dt _

(71)

X = g7 = —K?, or
2
TE+Kx=0 amd Tiwrr-o (4

We have written the constant as — K2, since it is negative in the
case useful for our problem. The solution of Eqs. (74) by the
method of Sec. 138 leads to

U = (¢1 cos Kx + ¢, sin Kix)cse K™ (75)
as a particular solution of Eq. (71).
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The second condition (72) will be satisfied if ¢; = 0. And the
third condition will be satisfied if

sin 10K = 0, or K = Tﬁ and a?K? = 0.02n%*x2, (76)

where n is any positive integer. We write B, for the product
coc3 which goes with a particular n, and have

___TEE —0.02n2 1t o o« e .
B, sin T n = 1,2,3, (77)
as a set of terms each of which satisfies Eq. (71) and the last two
conditions of (72). Hence we put

Uz,t) = 2 B sin "7 g-v.me (78)

The remaining initial condition will be satisfied if

100 = U(x,0) = 2 B. sin V™2 (79)

0
This shows that the B, are the coefficients of the Fourier sine
series of period 20 which represents 100. They may be calculated
as the b, of Eq. (23) with f(z) = 100, L = 10. On computing
them and substituting the values in Eq. (78), we obtain as the
solution of our problem

Ulz,t) = 00( n?;g _0021t+1 . ‘311r(;!3 e—0-187% | . ) (80)

The process used above requires modification if the ends of the
rod are suddenly changed to fixed temperatures different from
zero. We illustrate the revised procedure by solving the follow-
ing problem.

Suppose that the rod of Fig. 152 has end A kept at 30° and
end B kept at 100° until temperatures indistinguishable from the
steady state are reached. At some time thereafter, let us sud-
denly lower the temperature of 4 to 20° and that of B to 40°,
and from then on maintain these temperatures. We wish to
find U(x,t), where ¢ is measured from the sudden change.
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We must make use of the steady-state solution of Eq. (71).
Since this is independent of ¢, it will be a solution of

a:u

22=0, o U=cz+e (81)

We first determine the constants ¢; and ¢, so that this takes on
the original end values, 30 at A, x = 0 and 100 at B, =z = 10.
Hence

30 =c¢y 100 =10c; +¢2 and ¢ =30, ¢ =7. (82

This shows that 7z + 30 was the temperature before the sudden
change and, for our problem, the initial condition is

U(x,0) = 7x + 30. (83)

The temperatures for our problem will approach the steady-
state solution for the changed end values, 20 at A, x = 0 and
40 at B, x = 10. The values of ¢; and ¢; which make (81) take
on these values are found from

20 = c., 40 = 10c; + c¢2 to be ¢x = 20, c1 = 2. (84)

This shows that the steady-state solution

Us = 2x 4+ 20 (85)
satisfies the changed boundary conditions for our problem
U@,) =20, U(10,f) = 40. (86)

Mathematically considered, our problem is to find a solution
of Eq. (71) that satisfies the initial condition (83) and the hound-
ary conditions (86). We transform this to a problem with end
values zero by putting

U=Us+ Ur =2xr+ 20 + Unr. (87)
This makes the new function Uy satisfy the relation
Ur=U—Us= U — 2z — 20. (88)

Since U and Uy are each solutions of I2q. (71), their difference Ur
is also a solution. It follows from the way in which Us was
determined, and may be verified from Eqs. (86) and (88) that

Ur(0,t) = 0, Ur(10,¢) = 0. (89)
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Also from Egs. (83) and (88) we may deduce that
Ur(z,0) = U(z,0) — 2¢ — 20 = 5z + 10. (90)

The problem of finding Ur(z,t), a solution of I£q. (71) which
satisfies the initial conditions (90) and boundary condition (89),
is similar in type to the first problem solved in this section. To
solve it, we begin with the relation similar to (78),

(/Y(I'(x,t) = z Bn Sin 217[(‘)? (;-0‘()‘2n?1r'—'f' (91)

n=1

This satisfies the differential equation (71) and the end condi-
tions (89). The initial condition (90) will be satisfied if

52 4 10 = Us(x,0) = z B, sin T, (92)
n=1

The cocflicients of this expansion in a sine series of period 20
may be found from Eq. (23) or from Prob. 32. On substituting
their values in (91) and making use of (87), we find as the solution
of our problem

('(.r,t) = 2% + 20 + ;‘1 (140 sin . e~ 00273 5() qin 211_'_5:_ e—0.08x2¢

10
+ _]_;9 sin §17%)L =0 18wt L L > (93)

166. The Vibrating String. In Example 1 of Sec. 175 the
equation governing the small transverse displacements of a taut,
vibrating string is found to be

e (94)

Here z is distance along the string, « is transverse displacement,
and s? = Tg/D, where T is tension, D weight per unit length, and
g the acceleration of gravity. Thus s has the units of velocity,
or of z/t.

In particular consider the string AB of length 100 units, and
measure z from A. Denote the displacement by u(x,t) and the
velocity by ue(x,t) = du/dt. Then, if the ends are fixed,

y(0,t) = 0, y(100,t) = 0. (95)
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Suppose that we wish to determine the motion when the initial
displacement and velocity were

. T
u(z,0) = 2 sin 56 uy(x,0) = 3 sin o5’ (96)
We begin by seeking solutions of Eq. (94) of the form
u= X(x)-T@) or u= XT. (97)
U
A u B
0| z 100 X

Fia. 153.

From Eqgs. (97) and (94), by a procedure similar to that used
to derive Eqgs. (34), we find that

d2X /da? _ d*T/de?

X = a7 = — K2, or
2
‘fi)f + KX =0 and ‘fﬂ{ + s2K°T = 0. (98)

We have written the constant as — K2, since it is negative in the
case useful for our problem. The solution of Eqs. (98) by the
method of Sec. 138 leads to

u = {c; cos Kz + ¢, sin Kx)(cs3 cos Kst 4+ c4 sin Kst). (99)
The first condition of (95) will be satisfied if ¢; = 0, and the

second will be satisfied if

sin 100K = n, or K = 'IMOO (100)
where n is any positive integer. In place of the products cscs
and csc4 which go with a particular n, we write C, and D,, respec-
tively. Thus

nrx mrst i nwst
n -1—0-(—) (C + D, 100); n = 1,2,3, c (101)

are a set of terms each of which satisfies Kq. (94) and the bound-
ary conditions (95). Hence, we put
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©

nwst . nhwst
u(z,t) = E sin 222 100 (C 5 500 + D, sin 100)- (102)

n=1

The initial conditions (96) will be satisfied if

u(x,0) = 2 sm Z C. sin — mrx (103)
and
T nms . nwr
u(x,0) = 3 sin = 55 = 100 D,, sin 100" (104)
n=1

Ordinarily at this point we would expand the given values of
u(z,0) and w,(z,0) in Fourier sine series of period 2L, where L
is the length of the string, by using Eq. (23). But here this is
unnecessary, since the values are already Fourier sine series of
period 200, of one term. Thus

S 75
= (,, 3=’2'-5D4, or .Cy=2  Di== (105)

and the other C, and D, are zero. On putting these values in
Eq. (102), we find as the solution of our problem

1r:1: st 75 . wx 1rst
50 %50 T ws Sih o5 S g5 (106)

u(z,t) = 2 sin —

166. Flow of Electricity in a Cable. When an electric current
flows in a long cable, of series resistance R(ohms per mile) and
inductance L(henrys per mile), the loss of current due to the

RAxand LAz
in series
x r+Ax
777722

CAzx and GAzx B
to ground

Fia. 154,

imperfection of the insulation depends on the capacitance to
ground C(farads per mile) and conductance to ground G(mhos per
mile). Note that each of the four quantities R, L, G, C is here
taken per unit of length. If x (miles) is the distance along the
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cable, the e.m.f. e (volts), and the current ¢ (amperes)* will
depend on z as well as on the time ¢ (seconds). That is,

e = e(x,t), 1 = 1(w,0). (107)
The e.m.f. decreases with distance in accord with the relation

de
—55—17 +L (108)

while the current decreases with distance in accord with

dt Y
~ = Ge + C (109)
These relations are consequences of the definition of the quanti-
ties R, L, G, and C.

If we make certain simplifying assumptions, the equations
may be solved by methods previously discussed. Let us first put
G =L = 0. In this case the equations become

de az
~ R7 and T C - (110)
These are known as the telegraph cquations, because they are
approximately satisfied in telegraph signaling, where the leakage
and inductance are negligible. By difterentiating the first
equation in (110) with respect to x, we may deduce that

a%
dx?
Since the equation just written has the same form as the equatior!
for one dimensional heat flow [Eq. (71)], it may be solved by the
methods for that equation discussed in Sec. 164. After e has
been found, z may be found from the first equation in (110).
We next put ¢ = £ = 0. In this case Eqgs. (108) and (109)
become

RC—— (111)

de a1 6@ de
~ 3= L 3 and ~ % Ca—t- (112)
These are known as the radio equations, because they roughly

approximate the situation when the frequencies are high, and the

* Electrical engineers habitually use ¢ for current intensity and e for
electromotive force and avoid confusion with the mathematical meaning
of these symbols by writing j for /=1 and e for 2.71828 - . .
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terms in the time derivative are large compared with the undif-
ferentiated terms. By differentiating the first equation in (112)
with respect to z and the second with respect to ¢, we may deduce
that

d%¢ d%

Fre i LC FTEl (113)
This has the same form as the equation for the vibrating string
[Eq. (94)] and may be solved by the methods used for that equa-
tion in Sec. 165. After ¢ has been found, we may find the partial
derivatives of 7 from Kqs. (112) and hence determine ¢ by the
procedure illustrated by Iiqs. (34) to (38) of Sec. 82.

167. References. Additional illustrations of the methods
of this chapter will be found in Byerly’s Fourier Series and
Spherical Ilarmonics, Carslaw’s Theory of the Conduction of Heat,
and the author’s Differential Equations for Electrical Engineers.

An introduction to the theory of Fourier series will be found in
Chap. XIV of the author’s Treatise on Advanced Calculus.

The simplest justification of the validity of the series solutions
of partial differential equations rests on the theory of integral
equations and will be found in such comprehensive works as
Frank and Von Mises, Differential- und Integralgleichungen der
Mechanik und Physik or Courant-Ililbert, Methoden der mathe-
matischen Physik.

EXERCISES XI
Verify that, for any positive integer n,

2n1r:r . 2nmxlctp
1. f dr = P sin =
2nm P e
/c bp 2n7r:v » 2nmwe jctP
sin —- dz = — 5— ¢0s =
2711!' p le

From Probs. 1 and 2 and the appropriate one of the relations:

cos A cos B = 3[cos (A — B) + cos (A + B)],
sin A sin B = 1[cos (A — B) — cos (4 + B)],
sin A cos B = }[sin (A + B) + sin (A — B)],

deduce that for any positive integers k and n,

ct+p 2 . .
3. [ cos n;'x cos 21;1-1' dr =0, if k # n and

éﬁk=m
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4. f sin 2n1r:v sin Zk;)md:v-—o if k¥ % n and
=P
=3 if k = n.
kra 2nmwx
b. f sm cos P dx = 0.

6. Using Probs. 1 and 2, deduce that the result of integrating Eq. (8)

termwise from ¢ to ¢ + p is Eq. (9).
7. Using Probs. 1, 3, and 5, deduce that the result of multiplying
Eq. (8) by cos (2nwz/p) and then integrating termwise from ¢ to

¢ + pis Eq. (10).

8. Using Probs. 2, 4, and 5 with k£ and n interchanged, deduce that
the result of multiplying Eq. (8) by sin (2nwz/p) and then integrating
termwise from ¢ to ¢ + p is Eq. (11).

Find the Fourier series of period 2= which in the interval —r <z <=
represents

9. z. 10. z2. 11, z3. 12, ez, 13. z sin z. 14. x cos z.
16. f(z) =7if —r <z <O0andf(z) =0if 0 <z <.
16. f(z) = zif —vr <z <O0andf(xr) =0if 0 <z <.

Find the Fourier series of period 2r which in the interval 0 < z < 27
represents

17. z. 18. zz.  19. z3. 20. ex. 21 zsinz. 22. x cos z.
23. f(x) =7if0 <z <mandf(z) = 0,ifr <z < 2m.
24, f(x) =xif 0 <z <wmand f(xr) =0,if r <z < 2m

Find the Fourier series of period m which represents the periodic
function

26. |sin z|. "26. |cos z|. 27. sin? z. 28. cos? z.
Verify that for 0 < z < L,

A L B LBy )
29.1—-1—r smL+33m I +5sm i3 +
__2L<.1rx__1_.21rx 11}1@:_)
30. z = — sm—L— 2sm~———L +3sm 7 .
1_4L( 7z 1 3wz 1 5wz )
31.:v—§ —L—+32cos——-—L +52cos-——L + .

32. From Probs. 29 and 30, deduce that for 0 < z < L,

Az + B = - [(4B + 2LA) sstrLE - 212“4 sin ?—ZE
4B+ 2LA . 3wz _2LA . 4wz ]
+ 3 sin 1 1 sin i3 +
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33. Check the terms of Prob. 31, other than the constant term, by
integrating the series of Prob. 29 termwise.

By the method used in Probs. 3 and 4, verify that

L
34. ](; cosmcosmdx=0,ifk;£nand

L L
L .
—i!lfk—n.
35. [ smmsmkzxd:c=0,ifk;énand
=I§-,ifk=n.

36. Square both sides of Eq. (19) and integrate from 0 to I.. Using
Prob. 34 to evaluate the terms on the right, deduce that

/(.)L [f(@)]*dz = a’L +;[2_J(‘712 + a2+ a® +- - ).

37. Square both sides of Eq. (24) and integrate from 0 to L. Using
Prob. 35 to evaluate the terms on the right, deduce that

/(’)L [f(@)]dx = g (b2 4 b2+ b2+ - - - ).

38. From Probs. 29 and 37 deduce the validity of the equation
2 .
% = -11—2 + 315 + 51—2 + - - - and check this by putting x = 0 in Prob. 31.
39. From Probs. 30 and 37 deduce that

w? 1 1 1 1
_—=1_2+§2'+3_§+P+...

6
40. From Probs. 31 and 36 deduce that
rl
96 = 1 = + + ol

A long rectangular plate has its surfaces insulated and the two long
sides, as well as one of the short sides, maintained at 0°. Find an
expression for the steady-state temperature U(z,y) if

41. The other short side, y = 0, is kept at 40° and is 30 cm. long.
42. U(r,0) = 8z, and the short side is 6 cm. long.
43. U(z,0) = 2z — 4, and the short side is 4 cm. long.

44. U(z,0) = 2sin 1—1%, and the short side is 10 cm. long.

48. U(z,0) = 5 sin Zr:_;_v + 3 sin lrf, and the short side is 12 cm. long.
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46. U(z,0) = ¢, and the short side is L c¢m. long.
47. U(z,0) = pzx, and the short side is L cm. long.

48. A rectangular plate is bounded by the linesz = 0,2 = a,y = 0,

= b. Itssurfaces are insulated, and the temperatures along the edges
are U(0,y) =0, U(a,y) =0, U(z,b) =0, U(x,0) = f(x). By restrict-
ing the constants in the expression (36), deduce the particular solution

nx

that satisfies the first three conditions, C., sin ™% sinh --m-_a—-—-

where sinh means the hyperbolic sine of Sec. 4.
49. Using a series of the particular solutions of Prob. 48, find U(x,y)
when f(z) = 100.

Find U(r,0), the steady-state temperature distribution of a circular
plate of radius @ whose faces are insulated, if

60. a = 20 and U(20,0) = 1,if 0 < § <m,and =0,if —r < 8 <O0.
61. a = 15 and U(15,0) = 45 sin 6 4+ 450 sin 26.
62. a = 1 and U(1,6) = 26, 0< 0 <2r.

53. A plate in the form of a circular sector is bounded by the lines
=0, 0 = a, r = a. Itssurfaces are insulated, and the temperatures
along the boundary are U(r,0) = 0, U(r,a) = 0, U(a,0) = f(0). By
restricting the constants in the solution (51), deduce the particular solu-

Tn6
rrn/a‘

tion that satisfies the first two conditions, (', sin

54. Using a series of the particular solutions of Prob. 53, find U/(r,0)
if « = w/3 and f(0) = 100.

656. A plate in the form of a ring is bounded by the lines r = 2,
r = 4. Its surfaces are insulated, and the temperatures along the
boundary are U(2,0) = 10sin 0 + 6 cos 0, U(4,0) = 17 sin 0 + 15 cos 0.
Using a series of particular solutions of the following appropriate form,
(Cor® + Dur—) cos n8 + (Hur~ + F.r=") sin nf, find the steady-state
temperature in the ring, U(r,0).

56. Use Leibniz’s rule for the derivative of a product as stated in
Prob. 19 of Exercises X (page 396) to show that cach of the first n — 1
derivativesof (22 — 1)» = (z — 1)*(z + 1)”iq zerowhenr = 1or —1.

am
£7. Verify the integral identity / . dfi;‘ (2% — 1)"(‘15?; (22 — 1)™dx
m+n
= (—1)» [_1 (2 — 1)» Zl%ﬁ" (x? — 1)dz», by integrating by parts n

times and noting that each time the integrated part is zero at the limits
by Prob. 56.

1
68. Show that f P, (x)P,,.(:v)dx =0, if m»n. HinT: Use

Rodrigues’s formula, P.(z) = 2%'3:57* (2 — 1), Eq. (39) of Sec. 145,
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to reduce the integral to a constant times the integral of Prob. 57. Let
n > m. Then m 4+ n > 2m and since the term of highest degree in
(x? — 1)mis x?m its 2mth derivative is (2m)!, and its (m + n)th derivative
is zero.

‘ ]
59. Show that /_1 [P,.(x)]2dx Hint: Use of the hint to

- 2
T 2n 41
Prob. 58 and Prob. 57 with m = n leads to the simplified expression

—1)» ) ! 1
(=1)=(2n)! f_l (z* — 1)»dz. And by Eq. (55) of Sec. 100, we deduce

225@{!)3“
2
/ @ + 1)n(1 = z)ndg = 221 " IT(ZQIZF("J 1) _ gt (27(1"+) Y
60. If f(x) is piecewise regular for —1 < z < 1, it may be represented
by a series whose terms are constants times the Legendre polynomials,
f@) = AoPo(x) + A1Pi(z) + AuPo(x) + - - - . With regard to con-
vergence inside the interval and possibility of termwise integration, the
behavior is analogous to that for Fourier series described in Sec¢. 157.
Following the procedure of that section, and using Probs. 58 and 59,
show that

1 24, 2 1
[—l f(]:)Pﬂ(iL')d:C = 2n—+—1 and A, = ‘n“z_’*_'] /_lf(:c)P..(x)dx

1
61. Using Eq. (37) of Sec. 145, verify that the value of ‘L P.(z)dx

forn=0,1,2,3is 1, 14, 0, —14.
62. Use Probs. 60 and 61 to deduce that the development of a func-
tion f(x) = 0 for —1 <z < 0 and 100 for 0 < r < 1 is
100[% ~+ gpl(x) - '1701)3(1') + - ]

63. By Fq (99) of Sec. 150, y = Jo(ax) is a solution of the equation
d d)
d ’/ e d:c + atzty = 0 or (1 ( J) —a?ry. We also note that

z = Jo(bzx) is a solution of % (x (E) = —b%rz. By multiplying the

first equation by 2z and the second by —y and adding, deduce that
d dy dz

_ -7 _ Z2Y — (B2 — g2 . ; rrat ; .
7o \ %2 gy — 2y dm) b a?)xyz and, by integrating this, show that

[ dy Qz_] = (b2 2 fl dz. F Eq. (132) of Sec. 154
e Yzl = —a?) |, wyzdr. From Eq. ) of Sec. ,

d,
(—id— [Jo(x)] = —J.(z), so that ?i% = —aJ(az) and similarly we deduce

3; —bJ(bz). From the relation between y and z found above,

_ bJo(a)J1(b) — aJo(b)J1(a)

b2_a2

deduce that f zJ o(azx)J o(bz)dx
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64. Show that if @, and o, are any two distinct roots of Jo(z) = 0,
j(; ! zJ o(anz)J olamz)dz = 0. HINT: Use the result of Prob. 63.

66. When b — a, the limit of the fraction in the right member of the
result of Prob. 63 may be found by differentiating numerator and
denominator with respect to b and by putting b = a, by ’Hospital’s rule
of Sec. 16. Apply this process to the case when @ = a. is one root of

Jo(®) = 0,and b— a, and so deduce that. [ 7 (aw)*dz = 3417:(@)]
66. From Eq. (132) of Sec. 154, El% [xJ1(x)] = xJo(x). Deduce from

this that dix [z 1(az)] = azxJo(az) and

1
0 = 6J1(a)

1 1
ﬁ) zJo(ax)dx = p zJ1(ax)

67. If f(x) is piecewise regular for 0 < z < 1, it may be represented
by a series whose terms are multiples of Jo(a.)z, where the «. are the
roots of Jo(x) = 0. Thus

f(z) = AJo(asx) + AxJo(ax) + AsJo(asx) + - - - .

With regard to convergence inside the interval and possibility of term-
wise integration the behavior is analogous to that for Fourier series
described in Sec. 157. Following the procedure of that section, but
multiplying in an extra factor z and using Probs. 64 and 65, show that

J) 1@wTd@a)is = AT (@)
and

2 1
A, = mﬁ) xf(x)Jo(a,.x)da:.

68. Use Prob. 66 to evaluate the integrals of Prob. 67 when f(z) = 1,
and so deduce that for 0 < z <1

2 Jo(oux) | 2 Jo(asm) | 2 Jo(asz) |

1 = — —_— i

- (s3] J1(a1) (02} Jl(az) + [+ %] Jl(a3)

The ends A and B of a rod 50 cm. long have their temperatures kept
at 0° and 100°, respectively, until the temperatures are indistinguishable
from those for the steady state. At some time after this, there is a sud-
den charge. Find the temperature of any point in the rod, U(x,t), as a
function of x cm., the distance from A, and ¢ sec., the time elapsed after
the sudden change, if the new temperatures maintained at A and B are

69. 0° at A, 0° at B. 70. 100° at A, 100° at B.
71. 0° at A, 50° at B. 72. 50° at A, 0° at B.
73. 25° at A, 75° at B. 74. 50° at A, 150° at B.
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Find the temperature of a point 12.5 cm. from A of the rod of Prob. 73,
5 min. after the sudden change if

75. The rod is of silver, for which a? = 1.74.
76. The rod is of wrought iron, for which a? = 0.173.
77. The rod is of glass, for which a? = 0.00571.

78. The ends of a rod 60 cm. long are insulated so that dU/dx = 0
atz =0and dU/ 6:1: = 0atz = 60. Show that for any zero or integral

value of n, A, cos &= 60 e*“’"""/*" 800 jg a particular solution of Eq. (71)

satisfying the end conditions.

79. Suppose that the rod of Prob. 78 had its temperatures kept at 0°
and 180° until the steady state was approximated, and the ends were
then suddenly insulated at ¢ = 0. Derive the proper initial condition
U(x,0) = 3z and, using a series of particular solutions of the type found
in Prob. 78, find U(z,t).

Find the displacement u(z,t) of a tightly stretched string of length a
vibrating between fixed end points if the initial velocity was zero and the
initial displacement u(x,0) was

80. p sin ~5%:£- 81. p sin? 1—%- 82. apz — px%

2
83. 2”,1f0<x< , and 2p — Zx,ifg<:c<a.

Find the displacement u(z,t) of a tightly stretched string of length a
vibrating between fixed end points if the string was initially in the
equilibrium position, %(z,0) = 0, and the initial velocity du/dt at
t = 0 or u,/(z,0) was

84. ¢ sin (_31;_33_ 86. ¢ sin? 1%0- 86. aqr — qz2.

87. A cable is a miles long and has negligible L and (. Find e(z,t)
and #(z,t) ¢ sec. after the ends are grounded, if initially e(z,0) = Ez/a,
the steady-state condition due to one end being grounded and the other
at the constant e.m.f. E.

. 88. A cable is a miles long and has negligible L and G. Both ends
are grounded, so that e(z,0) = 0. But, at ¢t = 0, the end z = a is sud-
denly connected to a constant e.m.f. E. Find e(z,t) and #(z,t). In par-
ticular show that at the receiving end

. E
t(O,t) [ _[1 — 2(e—rﬂ¢/a’izc — g—47%t/alRC L €9/ PRC — . . )]

Ra
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89. If, for the cable in Prob. 88, we take a = 3,142 = 1,000 miiles,
R = 3 ohms/mile, and C = 14 microfarad/mile or 14 - 10-¢ farad/mile,
show that after 2 sec. 4(0,t) is about 73 per cent of its maximum value.

90. Neglecting R and @, find the current ¢(z,t) and the e.m.f. e(z,t) in
a line a miles long, ¢ sec. after the ends were suddenly grounded if
initially i(2,0) = I,, so that de/dt = 0 at ¢t = 0, and e(x,0) = Ez/a, the
steady-state condition due to one end’s being grounded and the other at
potential E.

91. The equation for the flow of heat in a rod with radiating surfaces
is %%—7 = a? %*g — b(U — U,y). Show thatif U, = 0, for any value of
K, e-@k+((C cos Kz + D sin Kx) is a particular solution.

92. Find the temperature U(z,t) of the rod of Prob. 91 if U, = 0,
U, = U10,) =0, U(z,0) = . Hint: Use a sum of particular
solutions with C = 0, K = nxr/10.

93. The differential equation of a vibrating string with viscous

6%4 62u ou . .

damping is 1o ax2 —b T Show that this has particular solu-
tions of the form e=*2(A sin Kx + B cos Kx)(C sin Mt + D cos M?) if
M = V/Ks? — (b2/4).

94. The differential equation for the transverse vibrations of an

2

elastic beam is EI 5 0% T m ?9;: 0. Show that this has particular
solutions of the form

(A sin Kz + B cos Kz + C sinh Kx + D cosh Kz)
X (& sin Mt + F cos Mt),if M = K2 /EI/m.

95. The differential equation for the vibrations of a membrane is

2. 2 2 2
S%%Z—: = —z—ﬁ + g—;—; = % (% (r g—:;t) ;1-2%(% Following the method of
Sec. 151, deduce as particular solutions of this equation the expression
Jm(ar)(A cos m + B sin m0)(C sin ast + D cos ast).

96. For the symmetrical vibrations of a circular membrane, the
displacement depends on r and ¢ only. If the membrane is fixed on the
edge and has radius L, u(L,t) = 0. Show that the particular solutions
of Prob. 95 which apply here are

Jo( ,,r) (C sin —— + Dec L ), where Jo(a,,) = 0.

97. Suppose that the membrane of Prob. 96 was initially at rest, and
its displacement was u(r,0) = f(r/L), where f(x) is the function of
Prob. 67. Show that the displacement at any time is

3 WSt (o
u(rt) = E A, cos CiL-s- Jo (QL—T)

n=1
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98. In quantum mechanics, the energy levels are the values of E for
which Schrédinger’s equation V& + 81;:2m (E — V)¥ =0 has regular
solutions. Let V = 0, and use the cylindrical coordinates of Prob.
48 of Exercises VIII (page 331). Fory dependent on f@only,andr = a,
show that the equation takes the form —; s 0‘1; + 87;:” Ey.

99. Show that the last equation of Probh. 98 has solutions of period
27 and, hence single-valued, of the form

A cos nf 4+ B sin nf if E = n2h?/8r2ma?.

100. Suppose that V = 0 and we use the spherical coordinates of
Eq. (110) of Sec. 124. Show that for ¢ dependent on ¢ only and r = a,
the Schrodinger equation of Prob. 98 takes the form

1 d 872
m@(ﬂmd)dd))—’r E = 0.

101. Show that the equation of Prob. 97 has regular solutions

) n(n + 1)h?
’ = 3 4' = — ramia)
v = AP, (cos ¢) if I Srtma’




CHAPTER XII

THE CALCULUS OF VARIATIONS AND
LAGRANGE’S EQUATIONS

In the simplest typical problem of the calculus of variations,
we seek an unknown function y(x) for which the integral of a
known function of z, y(z), and one or more derivatives of y(x),
is a minimum. A necessary condition is given by Euler’s differ-
ential equation, which we derive for this case. We indicate the
nature of the condition when we are dealing with several func-
tions or with multiple integrals.

Y
A a—)°
Cu
. g 5
a A
0 a R b X
Fra. 1565.

In many branches of physics variational methods may be used
to give a succinct statement of general laws in a form readily
applicable to any system of coordinates. To illustrate this we
discuss Lagrange’s equations for the motion of a system of
particles and their relation to Hamilton’s integral. ‘We also
describe the generalization to continuous mass distributions and
use it to set up the partial differential equations that govern the
elastic vibrations of strings, beams, and membranes.
| 168. The Least Value of an Integral. LetF (z,y,y") be a given
twice differentiable function of three variables. And let

A = (a,0)

and B = (b,8) be two fixed points in the zy plane. Then, if
432



§168 THE LEAST VALUE OF AN INTEGRAL 433

A and B are joined by any curve C, y = f(x), we shall have

a=fla), B =) (1)
At each point Q of C,
V=% 1), (2)
Thus the curve C determines a value of
I= [ Fayy)dz = [ Flof@).f @)de. 3)

Since I depends on C, its value will usually change when we
replace C by a new curve joining 4 y
and B. We wish to study this var-
iation of I with C, in particular as a

. L Y=P @)
means of finding for what, curve C TN
the integral I is a minimum (ora T p b X
maximum).
Fi1a. 156.

We may form a restricted set of
varied curves, C, as follows. First select any curve

y = ¢(x) such that ¢(a) = 0 and ° ¢(b) =0. (4
Then for any value of the parameter «, the curve C,,
Y = Y(x) = f(x) + u¢p(z), will have Y(a) = « and
Y(®) =8, (5

by Egs. (1) and (4). Hence it will pass through 4 and B. On
the curve C, of Eq. (5)

v =% = p@) + ue'@). (6)

For any value of 4, we have a curve C, and may form the value of
I along this curve by substituting the values from (5) and (6) in

I(w) = [ " F(z,Y,Y")dx. (7)

We shall next differentiate this function with respect to wu.
By Eq. (44) of Sec. 65 we may differentiate under the integral
sign. As z does not contain 4, we may consider F(z,Y,Y’) as a
composite function of the two variables Y and Y’, each of which
is a function of u, and apply the total derivative rule of Sec. 21.
This gives

oF oF Y oF oY’

5 —avou T a7 ou (8)
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But from Eqgs. (5) and (6) we find

(24 oY’

S=d@  and O =g ©)
so that
aF F
=)t v X (10)

It f ollowé that

%=ﬁ[¢<)"ﬁ'+¢<>ay,]dx (11)

Let us transform the second term by integrating by parts.

We have
b b
d ( oF
— /{; o(x) (75(67)77) dz. (12)

The integrated part is zero because of the condition that

o(a) = ¢(b) = 0.
Thus the new form of Eq. (11) is

dI b d [ oF
du / $(x) [ Cdzx (c'Tf’)] dx. (13)

Let us next suppose that there is a twice differentiable curve
for which the value of I is least and that we take this as the
curve C. Then the value of I on C, or I(0), will be less than the
value of I(u) for any other curve C.. Hence I(u) will assume a
minimum value for w = 0. As our continuity assumptions
assure the continuity of d//du, this will be zero at the minimum,
or when v = 0. But when u = 0, from Egs. (5) and (6), ¥ = y
and Y’ = 4’. Thus on putting « = 01in (13), and I'(0) = 0, we

find
f ¢()[—-§/-—Ed5 2E)]dx=o. (14)

Because the function ¢(x) is arbitrary, except for the end
conditions, and the factor in brackets is continuous, we may
conclude that the bracket is zero for every z such thata < z < b.
For, if the bracket were positive at any point, there would bie some

/qb(x) e = 9(@) 7|
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small interval including this point, say »p < # < ¢, in which it
remained positive. And, by taking the function of Fig. 157
as ¢(x), the integrand of (14) would be zero except forp < z < g,
and positive for these values. Hence the integral would be
positive and not zero as required.

And, if the bracket were negative Y

at any point, a similar contradic-

tion would follow. Thus we

have proved the theorem: Ol PR q b X

If the integral I of (3) has a
minimum (or a maximum) along
any sufficiently’ regular curve C joining A and B, with equation
y = f(x), then y = f(x) will be a solution of the differential equation

oF d (oF
& (o) =0 1

This is called Euler’s equation;{ The partial derivatives are
taken on the assumption that z, y, and y’ are three independent
variables. But in computing the derivative indicated by d/dzx,
we must recall that y = f(z) and y' = dy/dx = f'(z) are func-
tions of . If we carry out the z differentiation, we obtain the
expanded form

o _ oF _ OF dy OFdy_ (16)
dy Odxdy’ Ay oy dx Iy’? dx? ’

This is a second-order differential equation. Hence its
solution contains two arbitrary constants. These are to be
determined by the requirement that the curve pass through the
points A and B.

Any curve corresponding to a solution of Euler’s equation,
(15) or (16) is called an extremal.

Even in simple problems, it may be impossible to pass an
extremal through A and B for all possible positions. However, in
many cases it is physically evident that there can be no maximum.
In such cases if two points A and B are taken as the end of a
sufficiently short arc of an extremal, this will be a minimizing arc.

As an example, let us find the arc C that minimizes S, the area
of the surface of revolution generated by the rotation of C about
OX. This surface area is

S=21rLbyds=27r/;by\/1+y'2dx.» (17)

F1a. 157.
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Since S will be least when S/2r is least, we take

- Lby V1i+ytds, Flryy)=yvV1+y2: (18)

It follows that

oF oF vy’
1 + ) EY 2 et
= Vityh o o i (19)
so that Euler’s equation (15) is
a
1+ 92— —— =( or 1+y2—yy" =0. (20
Vity?— o T Y — gy (20)
By the method of Sec. 136, Type 11, we find successively
dy _ pdp 1 ) _
y—j—IPQ, logy——Zlog(l+p)+logc1,
C1 dy
d:l: = ——— 21
\/.712 — c,® 21)
From this the solution is found as
r=c cosh“‘cﬂ + ¢, or y = ¢ cosh 7 C_ c. (22)
1 2!

Thus the extremals are catenaries, with_base the axis of x.
If « and B are not too small compared with

Y
b — a, the constants ¢; and ¢, can be found
B which make (22) pass through A and B and
provide the minimizing are.
A 169. Higher Derivatives, Several Vari-
¢ ables. The Euler equation which gives a
0 Cg X mnecessary condition for
Fia. 158. I = Lb Fz,y,y',y")dx (23)
to be a minimum is :
oF d [oF oF
dy dx (ay) T 3z (ay”) = 0. ‘ (24)

This is obtained by applying two integrations by parts to the
additional term
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/¢"<x>a,, = ¥'@) 57 f¢<)dx(;",,)
==[¢<>a - v 2( 2 ol
-+[M>M(”)m,@a

and applying the additional restriction to ¢(x) that ¢'(a) = 0
and ¢'(b) = 0, so that both integrated parts vanish.
H the integral depends on two functions, as

1= ["Fyzy s, (26)

there are two Kuler equations,

oF d [ oF oF d E)F

To derive these, introduce two functions ¢(x) and ¢(x) and two
parameters « and v, and put

Y =y 4+ ue(a), Z =z+ w(x). (28)

Substitution of these in Eq. (26) makes I(u,v) a function of
the two parameters v and v. A necessary condition for a mini-
mum is that d//0u = 0 and dI/dv = 0, and on treating each of
these as we did du/dl = 0 in Sec. 168, Eqs. (27) are obtained.

The Euler equations for an integral containing any number
of dependent variables, and higher derivatives of any order, may
be found by similar methods or written down by analogy.

170. Variational Notation. Since y = f(z), Eq. (5) may be
written

Y =y + u¢(x) or Y — y = u¢(a). (29)
The difference ¥ — y or QQ, in Fig. 155 is the change in Y,
starting from y, the value for v = 0. Hence u¢(z) = ¥ — y is
called the variation of y and is denoted by éy. It may also be
defined as the differential of Y, for differentiation with respect
touatu =0. For,atu=0,du =u — 0 = u and

ay dYy
T = o(x), so that ( I )du = ¢(x)u = dy. (30)

Again, since ¥y’ = f'(z), Eq. (6) may be written
Y =9y + u¢'(x) or Y — ¢ = u¢'(2). (31)
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The term u¢’(x) = Y’ — 3’ is the variation of ¢’ and is denoted
by oéy’. It is the differential of Y’, for u differentiation, at
u=0. For,at u =0, du = u and

ay’ , ay’ ,
Tu = ¢'(x), so that <du) du = ¢'(x)u = &y'. (32)

It follows from the definitions that

d(dy) _ . (dy . ' — s
That is, the operators § and d/dx are commutative.

The variations of y” and the higher derivatives of y are
defined similarly.

For any function of z,y and its derivatives the variation is
defined as the total differential for differentiation with respect
tou at u = 0. Hence from Sec. 21, for F(x,y,y’),

oF oF _
=% oy + 3y’ 8y’ (34)
From Eq. (13) we find as the value of 6/ = (dI/du) ,.du,

b
oF d [ oF
6[ Bl /; [a_?/- N ;I; (51!;)] 6y d.l:, (35)

when the variations at the end points are zero.
For the I of Eq. (23), whose integrand is F(x,y,y’,y""),

b
_ OF d (9F\ _ d* (oF ,
o = / [a_y' d_x(ay’) t i (61/’)] by dz,  (36)

when the variations are restricted as indicated after Iiq. (25).

Let us next consider the I of Eq. (26), whose integrand is
F(xz,y,2,y’,2"), containing the two independent variables y and z.
We recall Eqs. (28) and define the variations as total differ-
entials, formed for differentiation with respect to the inde-
pendent variables « and v, at v = 0, v = 0 where du = u and
dv = v. Hence

by = ud(x), oy =u¢'(x), oz=wh(), & = (a)
(37)

oF

And for the function F(z,y,z,y’,2’) we have

_OF L L OF L OF O
GF—-ay 6y+ay, oy +az 6z+az, 6z, (38)
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For I, the integral of such a function,
b
oF d (oF
o= L [@—do«(y)]ﬁ ax
oF d (oF
+/; [az dx( )]6 dz, (39)

when &y and 6z are zero at the end points.

It is sometimes convenient to introduce a new parameter ¢ as
the independent variable and to regard = and y (or z, ¥, and 2)
as the dependent variables. Thus consider the integrand
F(z,y,y'). If we use dots for the ¢ derivatives, we may write

’

y:

ISEESJ

and F(x,y,y)dx = < x,y, ) dt. (40)

Let x = a when t = ¢, x = b when ¢ = t,, and put

H(wy89) = F (vcy -g) . (41)
Then

b “t2
I = / F(z,y,y)dx = H (z,y,%,9)dt. (42)
a t1

And by Eq. (39), with 2,y,z replaced by ¢,2,y,"we have

“loH d aH)]
o= ]2 - 2 ()] se

“ToH d [oH
) G- a ()] o

for éx and &y zero at ¢; and ..

171. Constraints. We sometimes desire to minimize the
integral

I= ['Fayy)s, (44)

taken between fixed end points, while keeping a second integral
constant,

J = [ *Glz,y,y)dx = K. (45)

In such a case, as shown in Prob. 51, the desired curves satisfy
the Euler equation for minimizing

[ F@yy) - 2@y )z, (46)
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where \ is a constant. From Eq. (15) the condition is

oF G d (oF d (4G
LRt od@)- o

In this case the values of the two constants of integration and
the constant N are determined by the
three conditions that the curve pass
through the fixed end points and that
A the second integral J have the given con-
P stant value K.
As an example, let us find the arc C
A of given length L which minimizes S, the
l area of the surface of revolution gen-
cs x erated by the rotation of C about OX.
From Eqgs. (17) and (18) we sce that we
are to make

b
I=%=/y\/1_—{_——y—’2d:c

b
a minimum for / V1 4+ y2de = L. (48)

Y B

=

Fic. 159.

The extremals satisfy Euler’s equation for

[-»ViFyia, (49)
or
V1 4y dx[i?jl__:);]=0 or

1+y2—(y—Ny'=0. (50)

By steps analogous to (21) and (22), with ¥y — X in place of y,
we find
¥y = N + ¢; cosh T4

Cy

(51)

Thus the extremals are catenaries, with base lines parallel to the
axis of x. Minimizing catenaries may be found if L is greater
than the distance between the end points and is not too large.
Only slight modifications are necessary if there are -more
constraints, or more mdependent variables. For example, to
minimize :

[ Fayzy o (52)
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taken between fixed end points, while keeping constant
[6@yey#)iz=K and  [H@yezy#)z=L, (3)

we use the two Euler equations (27) formed for the integral

[ Wyey s = 2Gyay' ) — wHwyzy e, (54)

When there are two independent variables, the constraint may
not involve an integral. Thus we may desire to minimize ’

1= ["Fyzy )i “(55)
taken between fixed end points, while z,y,z satisfy the relation

G(zy,z2) = 0. (56)

In this case, as shown in Prob. 54, the desired curves satisfy the
Fuler equations (27) formed for the integral

Lb [F(xyy;z7y/7z,) - )\(x)G(x,y,z)]dx, (57)

where N(z) is a function of the independent variable, here x. That
1s,

oF d (oF oG
b—y—-—%(b—y—)—)\(x)é—?;—O and
oF d [oF oG

As an example, let us find the arc C joining two points on the
sphere 22 + y2 4+ 2?2 = a? whose length is a minimum. Here it is
convenient to introduce a parameter ¢ and use dots for ¢ deriva-
tives, as in Eq. (40), so that we are to make

Lb V22 + 9% + 22 df a minimum while 22 + y2 4+ 22 — a2 = 0.
(59)

The extremals satisfy the Euler equations for

[ WETFFF- 06 + 9t + 22— aldt. (60)
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The first of the three equations is

d 3
d (d
—2@)r — = (f) =0. (61)

And the other two equations may be reduced to

—2\()y — % (% =0 and —2\(f)z — d (%z;) =0. (62)

Elimination of A(f) from the equations in z and y leads to the
relation

dr) _ dy\ _ de _  dy\ _
yd(zg) a:d(d)-o or d( Y 75 ds)—O. (63)

This gives the integral

de _ 92 _ o, (64)

dx dy , 0%
ds ds

Y (78— - X E; = Ci, and
follows by applying the same process to the equations in z and .
We may deduce from Eqgs. (64) that

C2ydx—-xdy___clzdx-—xdz or ng(g)=01d(§))

x? x?
(65)
and it follows by integration that

02% = <‘1 = 4 c3, or. ¢z — Cy + ¢z = 0. (66)

As this has no constant term, it is a plane through the origin or
center of the sphere 22 + y2 + 22 = a2 Hence it cuts the sphere
in a great circle to give the minimizing are.

172. Hamilton’s Principle. In a conservative force field, as
defined in Sec. 122, there is a potential energy function U(x,y,z)
whose partial derivatives, prefixed by a minus sign, equal the
components of force acting on a particle at x,y,2. Hence by
Newton’s law, the equations of motion for a particle of mass m
in the field are

d2x aU d2 oU d2z 104

m@E =" M@~ M e O
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For any conservative mechanical system, with kinetic energy
T and potential energy U, the difference

L=T-U (68)

is called the Lagrangian function. The integral of this function
with respect to the time ¢ between two fixed limits is known as
Hamilton’s integral,

t2 t2
I= ﬁ Ldi = ﬁ (T — U)dt. (69)

For the motion of one particle described above,

= gvz - %(z‘z +ygt 4242 U= Uye), (70

so that
t2
I= f [-’;1 (i + g2 + 5?) — U(x,y,z)] dt. 71)
t

1

Consider the problem of making this integral, a function of
the independent variable ¢ and three dependent variables z,y,z, a
minimum, when the variations éx, dy, 6z are zero at the end points.
The extremals satisfy three Euler equations similar to (27).
The first is

oL d (dL oU d .
9 i (5 =0 or ~or i (m). (72)
This may be rewritten as
d%z oU
m ('i'th = ‘— 6—.’1}’ (73)

which is the first of Eqs. (67). Similarly the Euler equations
for y and z are, essentially, the second and third equations in
(67). For the case of one particle, this proves Hamzilton’s
principle:

The equations of motion define an extremal for the problem of
mintmizing Hamilton’s integral (69).

Suppose, next, that the particle in the force field is con-
strained to lie on a surface whose equation is

F(zy,2) = 0, (74)
by additional forces normal to the surface, with components
‘ -—)\?E —\ QE; -2 oF (75)

ox’ ay 0z
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Then the equations of motion become

Ldm__9U _\oF oy _aU |\ oF
diz — oz . Mde T T oy oy’
d2z oU oF

Here the variable \ is to be so determined that Eq. (74) is satis-
fied. That is, the normal forces are exactly those required
to keep the path in the surface. Since the path is in the surface,
by Sec. 49,

Fd+ d+——dz—0 (77)

Hence, by Sec. 122, the work done by the normal forces is zero,
and they do not affect the potential energy. Thus Hamilton’s
integral (69) again takes the form (71).

Now consider the problem of making this integral a minimum,
with variations zero at the end points, subject to the constraint
(74). By analogy with (57), the Euler equations are found as
those for the integral

/F [‘gz @+ 92+ 22 — Ux,y,2) — )\(t)F(x,y,z)] dt.  (78)

1

But these are found to be equivalent to Egs. (76), the equations
of motion for our problem.

Similar calculations show that Hamilton’s principle is valid
for systems of particles, acted on by any combination of con-
servative forces and constraining forces that do no work. For
rigid bodies the laws of motion and the definition of energy are
obtained by replacing the sums that appear in the discussion of
a set of particles by integrals in the continuous case. When
this has been done, it is again found that Hamilton’s principle
leads to the equations of motion.

173. Lagrange’s Equations. Suppose that a function of
several variables has its partial derivatives with respect to each
of these variables equal to zero for a particular set of values,
e.g., at Py = (x0,Y0,20) for three variables z,y,2. Then this
will be the case for the partial derivatives with respect to any
new set of variables for the corresponding set of values, e.g., at
Py = (q10,920,930), for new variables q1, ¢, ¢s and

gio = fi(Zo,y0,20) Obtained from ¢; = fi(z,y,2). (79)
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This follows from the relations like
oF _oF ax  oF oy . 9F oz

dq1 09z dq1 ' dy dq; ' 9z gi

obtained in Sec. 24. ‘

Similarly, if an integral has its variations equal to zero along
a particular curve for one set of coordinates, these will be zero
along that same curve for any other set of coordinates. This
property of the variations, and Hamilton’s principle, enable us to
set up the equations of motion for a conservative mechanical
system in any system of coordinates. We need merely express
the Lagrangian function 7 — U in the new coordinates and write
down the Fuler equations for minimizing Hamilton’s integral.
When the system has n degrees of frecdom, it is convenient to

(80)

use n independent coordinates, often denoted by ¢4, ¢, -+ - - , ¢a.

Then

T—U=L(@qy92 - - * n; ud2 - - - )  or  L(gxgs)-
(81)

And the Euler equation for the kth coordinate is

oL d (dL

30 82(5(1.—]) = 0. (82)
The gx are called Lagrangian or generalized coordinates, and

Eqs. (82) are Lagrange’s equations.
For example, suppose a particle is moving on a sphere

x? + y? + 22 = a2

under no forces. For the spherical polar coordinates r, ¢, 6, on
the sphere r = a and

x = @ cos 0 sin ¢, Yy = a sin 6 sin ¢, z=acos ¢. (83)
Also from
ds? = a?(d¢? + sin? ¢ d6?), . 02 = 2 = a?(¢? + sin? ¢62). (84)
Since there are no forces, U = 0 and

L=T-= %a%q‘}? + sin? ¢62). (85)

Hence we may take ¢ and 8 as the two Lagrangian coordinates.
And the equations of motion (82) for them are

oL  d oL oL  d [aL\ _ ‘
‘a—(g“'az(‘—a-g>—0 and 5—0'—82('5‘0‘)—0 (86)



446 CALCULUS OF VARIATIONS §174

Using the value of L from (85), we may reduce these to

sin ¢ cos & 62 — ¢ = 0, —-d%(sin2¢0) 0. (87
From the second equation, by integration
sin? ¢ § = h, or 6 = h csc? ¢. (88)
On substituting this in the first equation of (87), it becomes
v 2COS¢= Cor ) 9 .
¢ —h S 6 , or 26 ¢ — 2h2cot pcsc2 o d = 0. (89)

By integrating this with respect to ¢, we find
% + h? cot? ¢ = c. (90)
From this and Eqgs. (88) and (84) we may deduce that

é2

c? + h? = ¢ + h?cesc? ¢ = ¢? + sin? ¢f% = ol (91)

This shows that $, the velocity in the path, is constant.
" To find the path itself, we deduce from (88) and (90) that

+ h cscgﬂqs_dqs )

df = hese pdt = ~—— " ¢
Vet — h?eot? ¢ (92)
From this, by integration, with ¢, = & 4 = for the plus sign,
. h cot, .
f = sin—! -L%)t ¢ + i, h cot ¢ = csin (6 — k).  (93)

This may be written
ha cos ¢ = ca sin 0 sin ¢ cos k — ca cos 8 sin ¢ sin k, (94)

or by Eq. (83)
he =ccosky — csink z. (95)
This is the equation of a plane thrgugh the origin, the center of
the sphere, and shows that the paths are great circles.
174. Multiple or Repeated Integrals. Suppose that

F(z,y,2,p,9)

is a twice differentiable function of five variables. The depend-
ent variable z is a function of z and y, and p = 9z/9z, ¢ = 9z/9y.
We wish to study the variation of the integral

[[F(x,y,2,p,9)dx dy, (96)
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over a surface S restricted to pass through a fixed boundary
curve B, and in particular as a means of finding for what surface
S the integral is a minimum.

Our procedure is similar to that used for the simple integral (3)
in Sec. 168. We first select any surface

z = ¢(z,y) such that ¢(z,y) = 0 on the curve B;, (97)

the projection of the curve B in the zy plane. Then if 2z(z,y)
passes through B, for any u the surface S. given by

Z(xy) = 2(z)y) + ud(z,y) (98)
will also pass through B. On this surface

07 oZ

== _é:_v =p+ ue. and Q = 'a—y— = q + ud¢,, (99)

and our integral is

= JJF(2,y,Z,P,Q)dx dy. (100)

Differentiation under the integral qign leads to

oF oF
du ]/((:M ¢ + 3P ¢>x + 5 30 ¢y ) dx dy. (101)

We next deduce from the rule for integration by parts that

or oF oF
/GP% =a—p¢—/ ( >¢d (102)
and
oF oF
/aQ ¢udy='(-;Q'¢“ [ (aQ)¢d (103)

When these are applied to the parts of the integral (101), with
the repeated integration taken in the appropriate order, the
integrated parts drop out since they are to be computed at points
on the boundary curve in the zy plane B, where ¢(z,y) = 0.

Hence Eq (101) may be reduced to
or or ol
i 50 Gr) - oG earan o
When v =0, Z =2, P =p, Q =¢. And by multiplying the
value of the derivation dI/du when u = 0 by du = u — 0 = u

and writing 8z for u¢, we find
(aF )] szdedy.  (105)

"= ff [aF x(%%) 39
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-

If 2(x,y) is the surface for which 7 is least, 6 = 0 for arbitrary
dz. Since the bracket is continuous, it follows that the bracket
must be zero. Hence a necessary condition for a minimum is

oF o [oF oF
9 6—55(5{)) oy <<9Q> 0 (106)

This is the Euler equation for our problem, and any surface
corresponding to a solution of this equation is an extremal.

In Eq. (106), the derivatives with respect to z, p, and q are
calculated with x,y,2,p,¢ as five independent variables and
the other four held fast. But the differentiations with respect
to x and y are calculated with x and y as the two independent
variables, and z = z(z,y), p = 9z/9x, ¢ = dz/dy all functions of
x and y.

The conditions for more independent variables, or higher
derivatives, are of a similar nature to those given in Sec. 169.
For example, if F involved the derivatives

9% . 0% p 9%z

= ——

ax* ° T or ay’ - dy?

, (107)

the Euler equation would be

oF oF oF oF 9 (oF
oz —(6:0) ay( s (67‘) T 6y (55)
oF
+ Ao (?t-) == 0 (108)

When there are several dependent variables, there is a separate
equation for each dependent variable.
As an example, the condition that the Dirichlet integral

e [ [ G + G + () Jewavae o

be a minimum is

d 104 e oU e oU
—;-,—5(2—;,;) ‘@(2@) - 55(232> =0, (10
a2U U 02U
dz? + dy?

which is Laplace’s equation.

or

=0, (111)
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We may express the Dirichlet integral (109) in spherical polar
coordinates by noting that

I = [[[IVU]dV = [[[|VU|*? sin ¢ dr dp d6,  (112)

and by inserting the value of VU given in Eq. (108) of Sec. 124.
The result is

t= [ [ JIGE) +2GE) + s () ] om e

dr dé do. (113)

In forming the Euler equation for this integral, we must take
into account the factor r2 sin ¢. Doing this we find

oU d . U d 2 aoU
—é—(2r2sm¢ I )—-58(2sm¢5$ —~—<bl;l—$7ﬁ) = 0,

(114)
or

. a( ,9U d [ . oU 1 90U
smqsé—;( w)-{-%(mdﬁg +s1nd>692 0. (115)

To see the cxact relation of the left members of Eqgs. (111)
and (115), let us denote the former by A and the latter by B.
Then

5 = [[f — 24 8U dvdydz = [[f — 2B 8U drdp do. (116)

We may equate the two values of 81 if 6U is formed with the same
parameter and the same function, expressed first in x,y,z and then
in 7,4,0 coordinates, since the total derivative of a composite
function does not depend on the intermediate variables used to
compute it. But by changing coordinates in the triple integral,

[ff =24 8Udrsdydz = [[[ —2A 86U r?sin ¢ drdédf. (117)
Hence, from Eqgs. (116) and (117), we may conclude that

[[[ — 2(Ar*sin ¢ — B)sU drd¢dé =0 (118)
for arbitrary 8U. It follows that

. 1

Artsin¢ — B =0, and A= T & B. (119)
Combined with the values of A from Eq. (111) and B from
Eq. (115), this checks Eq. (110) of Sec. 124.
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176. Vibrations of Material Systems. The deduction of
Hamilton’s principle from Newton’s law of motion for systems of
particles and rigid bodies was sketched in Secs. 172 and 173.
One way of extending the laws of mechanics to nonrigid systems
is to give a suitable interpretation to the kinetic and potential
energies and accept Hamilton’s principle as the basic law. We
may then apply it for any system of coordinates as in Sec. 173.

u(x,t)

Ol x L
Fia. 160,

We proceed to give some illustrations of this point of view as
applied to vibrating systems.

ExampLE 1. The Vibrating String. Consider a taut string,
of length L ft., vibrating between fixed end points. Let u(z,?)
be the small longitudinal displacement at time ¢ of a point at
x,0 in the equilibrium position. Let m = D/g be the density
in slugs per foot and 7 be the tension in pounds. When a
portion of the string of length dx is stretched to a length ds, the
work done is T'(ds — dx). We assume that the slope du/dx = u,
is small. Then
ds

Do VItui=l+gui+ -, and

ds = dx + % uz2dzx, (120)
if we neglect terms of higher order in u.,. Hence the work is

T Lr
T(ds — dx) = 5 u*dzx, so that /; 5 ude  (121)
is the potential energy.
The portion of the string over dz has a mass m dz and velocity
du/dt = u;. Hence the kinetic energy is the integral of L4mu,*dx.
This leads to the Hamilton’s integral of our problem as

t2 L
m ,_T ,
Ldtﬁ (2 Uy 2u,)dx, (122)
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which is equivalent to a double integral in x and . The Euler
equation for minimizing this is

0 d
— —(mu) — —(—Tu,) =0, or —muy + Tu..=0. (123)
ot ox
Hence the equation for the vibrating string may be written
o ., 0% i 'u _ 1 9%
mer = Tar O @ wae (124)

it s = /T/m = \/Tg/D, and so has the dimensions of velocity,
feet per second.

ExampLe 2. The Vibrating
Beam. The potential energy
of a bent beam is EI/2p? per L
unit length, where p is the ra- Ol\—/ X
dius of curvature. If the lon-
gitudinal displacement of the F1a. 161.
beam is u(x,t), for small displacements the curvature is approxi-
mately 0%u/0x? = u,,. And, since we may approximate ds by
dz, the potential energy is

L
EI
ﬁ 5 ustde. (125)

u(x,t)

If the beam is of density m slugs/ft., and z is in feet, the kinetic
energy is the integral of Lgmu2dxr. Thus, the Hamilton’s
integral of our problem is

/ i / ( ———uu)dx. (126)

The Euler equation for minimizing the equivalent double integral
in x and ¢ is

2
— -(% (mu,) + (—;2—1:2 (—EIuz) =0, or —muy — Eluge..=0. (127)
Hence the equation for the vibrating beam is

6t2 s+ EI 0. (128)

In this equation, with m in slugs.per foot, x in feet, ¢ in seconds,



452 CALCULUS OF VARIATIONS §176

and EI in pounds per square foot times feet to the fourth power
or in pounds times square feet, we may measure u either in feet
or in inches. But we must convert ET if given in pounds times

square inches.
ExampLE 3. The Vibrating Membrane. Consider a taut
membrane with fixed boundary B, such as a drumhead. Let the
tension across any internal arc be T

' dn lb. per unit length. Then the work
done in stretching an area A toan area
4 A"isT(A" — A).

We may make this plausible by

considering the special case of the

oval of Fig. 162, originally of length s

Fia. 162. and area A, enlarged by having each

point moved a distance dn along the

outer normal. The work per unit length is T the force times dn
the distance, hence for the length s, the work is

sT dn = T(sdn) = T dA, since dA = sdn. (129)

Let the equilibrium position of the taut membrane be the
xy plane and u(x,y,t) be the small transverse displacements. By
Sec. 57, the element of stretched area is

dS = sec v dx dy, where sec v = /1 + u,? + u,?
=14+ 3u? + 3w+ - - - . (130)

Hence to terms of the second order in u, and u,,
dS — dxdy = (sec vy — 1)dz dy = 3(u;,® + w,?)dz dy. (131)

Multiplied by T, this gives the work of stretching the element of
area dr dy. Integration then gives the total work, or potential
energy, as

f/ 'QZ (uz? + uy,2)dzx dy. (132)

The kinetic energy is the integral of 14mu,2dx dy. Thus Hamil-
ton’s integral for this problem is

t2
/ dt / / [1"2- u? — -g—'mzﬂ + u,,z)] dz dy. (133)
t1

The double integral in (132) and (133) is taken over the area
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bounded by B. The Euler equation for the triple integral in
{,z,y equivalent to (133) is

9 9 3 _
—Tft(mut) —5:1—;(_71%) —@(-—Tu,,) =0 or

—muy + TUze + Tuyy, = 0. (134)
Hence the equation for the vibrating membrane is
2u 62 62
m %52— =T (a—x-‘—ﬁ + ay“) (135)

176. References. For a more extensive treatment of that
portion of the calculus of variations which is of interest in
applied mathematics, we refer to Hilbert-Courant, Methoden der
mathematischen Physik.

The Rayleigh or energy method of computing chardcterlstlc
frequencies is a useful application of variational methods and
Hamilton’s principle. It is described in Temple and Bickley’s
Rayleigh’s Principle and Its Applications to Engineering.

G. A. Bliss’s Carus Monograph on the Calculus of Variations
provides an elementary treatment of the subject as a branch of
pure mathematics and a possible introduction to such compre-
hensive treatises as those of Bolza, Tonelli, and Hadamard.

EXERCISES XII
On any surface, the line of shortest length joining two points may be
found by minimizing [ds. The extremals for this problem are called
geodesics. Tind them

1. On a plane, taking [ds = [ /1 + y2 dz.

2. On a plane, taking [ ds = [ /1 + r2 (d6/dr)? dr.

3. On the cylinder x%4 y? = a? taking = acosu, y = asin u,
z = vso that ds = [ \/a® + (dv/du)? du.

4. On the sphere 2% 4+ y? 4 2% = a?, using spherical coordinates so that
fds = [ /14 sin? ¢(d0/do)? de.

6. On the cone 2? + y? = 22 tan® A, taking ¢ = w cosv, ¥ = u sin v,
2 = u cot A so that [ds = [ v/cse? A + w*(dv/du)? du.

6. On a surface for which [ ds = [ v/u[l + (dv/du)?] du.

7. On the helicoid, z = u cos v, y = u sin v, z = kv, so that the length
Jds = [ V1 4+ (u? + k%) (dv/du)® du. Merely indicate the last in-
tegration.

8. On the catenoid of revolution, = u cos v,y = u sin v, z = cosh™! u,

so that [ds = fu/1/ut — 1 + (dv/du)? du. Merely indicate the
last integration.
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9. On the surface of revolution, £ = u cos v, y = u sin v, 2 = f(u), so
that fds = [ V1 + [f'(w)]2 + u2(dv/du)? du. Merely indicate the last
integration.

10. By Sec. 56, on any surface ds? = E du?® + 2F du dv + G de2.
Show that the geodesics satisfy the second order differential equation

___( F 4+ Gv _) _ E,+2F0 4+ G
du\\/F F 2Fv + Gv'*) ~ 2 E + 2Fv + Go'?

where primes mean u derivatives and subsecripts partial derivatives.

If either variable z or y does not appear explicitly in the integrand of
Eq. (3), a first integral of Euler’s equation may be found. Specifically,
show that the extremals for

b .. OF )
11. L F(x,y’)dx satisfy —a—y, = ¢;. Problems 1 to 9 provide examples
of this.

b , . , , OF ) .
12. |, F(y,y')dzx satisfy F — y = ¢. HinT: Verify the relation

L) - (- )
y ay dz oy’/"’

- , | dx
13. Check Prob. 12 by writing f F(y,y)dz = / ¥ (y, m) &y dy

and using Prob. 11 with z and y interchanged.

14. Show that for the integral of Prob. 1, Probs. 11 and 12 lead to.
the same first integral.

16. Check Prob. 2 by taking [ ds = [ +/(dr/d8)* 4 72 d6, and using
Prob. 12. '

16. Check Prob. 4 by taking [ds = [ \/(d¢/d6)? + sin? ¢ df, and s
using Prob. 12,

17. Check Eq. (21) by applying Prob. 12 to the integral of Eq. (18).

18. A ray of light moves between two fixed points in the zy plane
with variable velocity, »(z,y). By Fermat’s law, its travel time is a
/ V1+y»

v(:t,y)

minimum. Verify that the travel time is / ds = dz,

oy 9w ”
Fy2 " 9z T3y ay
19. Suppose that, in Prob. 18, v(z,y) = f(z). Apply Prob. 11 to

. . y
derlve the ﬁrst Inte I‘al ——
TIVILF

and that the paths are determined by ——. 7

1
= ¢ =p and the final solution
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Use Prob. 19 to complete the solution of Prob. 18 if the velocity
v(zyy) = flx) =

20. 1. 21. z. 22. V7. 23. 1/z. 24, 1/4/x.
26. Suppose that, in Prob. 18, v(z,y) = g(y). Apply Prob. 12 to

1
derive the first integral - =i =p and the final solution

1
gvV1+y?

\/h’ — ¢?
Use Prob. 25 to complete the solution of Prob. 18 if the velocity
v(zyy) = g(y) =

x—-k =

26. 1. 27. v. 28. /. 29. 1/y. 30. 1/4/7.

31. In the brachystochrone problem it is required to find the
curve joining O and B such that a body, starting from rest and sliding
under gravity, will reach B in least time. With the y axis downward,
v = v/2gy. Find the extremals. HinT: The time may be expressed as

ds = \/1 1+ 7 - dz, and Prob. 12 is applicable.

v \/ Qb”?}

aP 9
32. By Sec. 82, if — ay = —C,g, = f (P 4+ Qy")dxr taken between
fixed end points is independent of the path and so has a variation zero.
Show that in this case the Euler equation reduces to an identity, 0 = 0.

Verify the conclusion of Prob. 32 directly for

33. [(y + zy')dx. 34. [(z + yy')dz.
36. [(y* 4+ 2xyy’)dx. 36. [y'y'dx.

37. From Prob. 32, deduce that in setting up Euler’s equation, we
may omit any terms from the integral which, collectively, make up an
exact integral.

Find the extremals when minimizing
38. [(y'*+ y»dx. 39. [(y'*+ y)dz. 40. [(y'* + 22 + y* + 2P)dz,

41. Carry out in detail the derivation of Eq. (39) from first princi-
ples, and use it to obtain the Euler equations (27).

42. Show that the variation of I = [F(zy,2,y',2’,y"",2"")dx is the sum
of two terms, one like the right member of Eq. (36) and another obtained
from this by replacing y by z. Use this to obtain two Euler equations,
similar in form to Eq. (24).
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When the end points are not fixed, derive the relations

d (oF ]
[ay 6y) by dy.

t2

b
43. 6/ F(z,y,y' )de = 6ya

44. 6/ G(z,y,x,i)dt = 6x +61 D

L - A s [ [ 4(29)] oy

45. Suppose that the end point B in Fig. 155 is not fixed but is
restricted to lie on a curve Kp. Noting that a minimizing curve C
would have to be a minimizing curve when the end point B was fixed at
the right place on Kp, show that the Euler equation (15) is still satisfied.

46. From Probs. 1 and 45, the curve C joining a fixed point A with a
point on a curve Ky and having least length must be a straight line seg-
ment, with ¥’ = ¢;. If Kp is the line x = b, by applying Prob. 43 with
dyy P
V14 y?
6y at b is now arbitrary, ¥’ = ¢, = 0. Hence the extremal is y = o,
the line through A parallel to the x axis, or perpendicular to Kp.

47. If in Prob. 46 the fixed curve Kp is H(z,y) = 0, from Prob. 44
with @ = v/i? + #?, deduce the further condition

F = /1 + 4’2, deduce the further condition

= 0, or since

5 TRIZ
oz d +_6_1/:y = (0. Since, at {,, dx and dy are now arbitrary exeept
Vi 4 gt
.. oy H, i or
for the condition éx H. + oy H,, 5z = "W, and i= Ty so that

at t., or B, the straight line C is perpendicular to Kp.

48. If in Prob. 18 the end point B is not fixed but restricted to lic
on a curve K g, show that the path C is perpendicular to Kpat B. HinT:
Reason as in Prob. 47. !

49. Draw conclusions similar to those of Probs. 47 and 48 for the case
when B is fixed and A lies on a curve K4, or when A lies on K4 and B
lies on Kp. In the first case C is the extremal through B perpendicular
to K4 at A, and in the second the extremal perpendicular to K4 at A
and to K5 at B.

b
650. In I = /; F(z,y,y')dz, put 8y = up(z) + (), and let &I

denote the total differential of I formed at v = 0 and v = 0 where
du = w and dv = v. Assuming fixed end points and with the abbrevi-

) oF d (OF
ation F, = ay ~ 37 ,), show that in this case the variation is

b b
ol =duL F2¢dx+dv/; Fyy dz.
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61. Apply Prob. 50 to the integrals I and J of Eqgs. (44) and (45).
From this and Sec. 34 deduce that if I is to be a minimum when J is

. b b
constant, L (Fy — NG2)¢p dz = 0 and L (F2 — G2y dx = 0, or since

¢ and ¢ are arbitrary, F: — AG: = 0, which is Eq. (47), the Euler
equation for (46).

b
62. InI = j; F(x,y,2,y 2" )dz, put 8y = u¢p(x) and bz = vnf(z), and
let 81 denote the total differential of I formed at « = 0 and v = 0 where
du = u and dv = . Assuming fixed end points and with the abbrevi-
oF d (oF

3 —az\37/) show that

ations F, = @ -7z (ay and F; =

ol = du[z F2¢>dx+de Fy dzx.

53. With the notation of Prob. 52 applied to G(z,y,2) we have
Gy = 0G/0y, G3 = 0G/dz. Show that 6G¢ = duG; + dv Gs.

64. The condition that the integral I of Eq. (55) be a minimum
when Eq. (56) holds is that the 6 of Prob. 52 be zero for all du and dv
making the 8G of Prob. 53 equal to zero. If A(x) is defined by the rela-
tion Fo — Nz)G2 = 0, by forming 8/ — A(z)8G and reasoning as in
Sec. 34, deduce that F'; — N(z)(’3 = 0. This establishes Eqgs. (58), the

Euler equations for (57), as necessary conditions.

Find the extremals for the problem of determining a curve C of given
length L joining AB and maximizing the area bounded by

66. C, the axis of z and two fixed ordinates, L ° y dx.
56. C, OA, and OB, /b 15(x dy — y dx).

67. C itself, a closed curve when A and B coincide, [}4(x dy — ¥ dz),
taken from o to a along C.

68. Iind the extremals for the problem of the curve of given length
L, with lowest center of gravity or least Ly = [y ds.

The geodesics, as defined in the remark preceding Prob. 1, on any
surface G(z,y,2) = 0 may be found by minimizing [ ds subject to this
condition. Use the Euler equation for z to show that the geodesies
make a constant angle with OZ on the cylinder

69. 22 4+ y? = a?, taking [ ds = f\/l +y’2+z’2dx
60. 22 + y? = a?, taking [ds = [V + it + 2 dt.
61. g(z,y) = 0, takmg [ ds as in Prob. 59 or 60.
62. Using the parameter ¢, as in Prob. 60, for the geodesics on any
surface G(z,y,2) = 0 deduce the relations
dc/ds®  dly/ds® d2z/d$2
0G/ox ~— 0G/dy ~ 93G/dz
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63. Referring to Secs. 49 and 54, interpret the result of Prob. 62 as
stating that a geodesic curve on any surface has its principal normal at
each point coincident with the normal to the surface at that point.

64. We may use the arc length of a curve s as the parameter, if we
introduce the additional constraint z’? + 3’2 4+ 2’2 = 1, where primes
denote s derivatives. Check Prob. 62 by finding the Euler equations for
fI1 = A6)G(z,y,2) — u(s)(@'? + y'2 + 2’2 — 1)]ds. As first found, the
Euler equations contain terms in u’. But if the three equations are
multiplied by z’, ¥/, and 2’ respectively and added, in view of the con-
straints the result is equivalent to u’ = 0. This proves u constant.

66. Reasoning as in Prob. 64, show that the geodesics of Prob. 10
satisfy the Euler equations for the integral containing the parameter X,
1 — N(s)(Ew'? + 2Fu'v’ 4+ Gv'? — 1)]ds, or after N is proved constant

2% (Euw' 4+ Fv') = E.2w'? + 2F u/'v' + G2
and 28% (Fu' 4+ Gv') = Eu'? + 2F u'v + G2,

66. Identify the last equation in Prob. 65, where primes are s deriva-
tives, with the equation of Prob. 10, where primes are u derivatives.

67. Show that the result of multiplying the first equation of Prob. 65
by «/, the second by ¢’, and adding is equivalent to the exact equation

d% (Eu'? + 2Fuw'v’ + Gv'?) = 0. Hence since the constraint equation

Eu'? 4+ 2Fu'v' 4 Gv'? = 1 holds, the equations of Prob. 65 are not
independent.

68. If we omit the kinetic energy from Hamilton’s integral, we
obtain the condition for equilibrium, 6f(—U)dt = 0. Show that for a
single particle in a force field with potential energy U(z,y,2), this is
equivalent to dU/dz = 0, dU/dy = 0, dU/0z = 0.

69. Suppose that the particle in Prob. 68 is constrained to lie on a sur-
face G(z,y,2) = 0. Then the conditionis 6/(—U — NGF)dt = 0, where A,
ordinarily a function of ¢, is a constant because U and ¢ do not contain ¢.
Deduce the conditions %_(-x] = =\ %;, % = —A %, %(z—] = —A g—g

70. Suppose that the particle in Prob. 68 is constrained to lie on a
curve, the intersection of two surfaces G(z,y,2) = 0 and H(z,y,2) = 0.
By proceeding as in Prob. 69, deduce three conditions, of which the first
. oU oG oH
18 3:; = —A 5;2 - /.L—a—x—-

When gravity acts and the z axis is upward, U = mgz. Show that
the equilibrium positions of a particle

71. On the surface z = f(x,y) are given by df/dx = 0, df/dy = 0. See
Prob. 69.
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72. On the curve z* 4+ 22 =4, y = 0, are given by 0 = 2\z, 0 = g,
—mg = 2\z, and hence z = 0, y = 0, z = +2. See Prob. 70.

Use Lagrange’s equations to set up the equations of motion
738. For a simple pendulum, T' = %L%)?, U = mgL(1 — cos 6).

74. For a compound pendulum, 7" = ,12,92’ U = mgL(1 — cos ).
75. For the pendulum of Prob. 74 when the oscillations are small, and
we approximate cos 8 by 1 — 156% or U by —~ mgL 62,

76. For a pendulum with an elastic string of natural length L, so that

=%KL+ﬂW+¢%U=nML—@+¢Mmm+§ﬂ

77. The pendulum of Prob. 76 when 7 and 6 are small, and we use the
approximations T' = ',22 (L26? + #), U = mg (——r + !2: 02) + gr‘l.

78. A particle in a plane acted on by springs along the z and y axes,
T =% @+ 19, U= 4ka* + k).

79. A particle in a plane acted on by a conservative force field with
components F, and Fg in the direction of increasing 7 and 6. HINT:
6L oU

Use U(r,0) and deduce from dU = d + 20 d0 = —F,dr — Fer d6
aU U )
that —— B = -F,, 90 = —1rF.

80. A particle in space acted on by a conservative. force field with com-
ponents F., Fg, Fo. HIN'l Proceed as in Prob. 79, using U(r,¢,0) and
dU = aUd + %(d)dd) + a—dO = —F,dr — Fyer dp — Fyr sin ¢ db.

81. A partlcle moving on any surface under no forces in the surface.

With % and » as in Prob. 10, T = % (E4? + 2Fup + G?), U = 0.

82. The energy integral, E4? + 2Fud + Gi* = ¢, could be deduced
from the Euler equations of Prob. 81 by a calculation like that made in
Prob. 67. It shows that the speed in the path ds/dt is constant. From
this and a comparison of the equations of Probs. 81 and 65, show that the
paths are geodesics.

Find the Euler condition for each of the following integrals to be a
minimum:

o [ s [ [[(E)+ (@)
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] [ +AC) T
] [Tors (LY + () e
oo | [ J1C + 2 + (L)) raanas

o [ IR0 ey it () | hihs o

where the notation is that of Sec. 124.

88/fwﬂ+p+wwmw—f/\h+( ) (%)MQL

89. From Sec. 57 deduce that the integral of Prob. 88 represents the
area of the surface z = f(x,y) spanned by the fixed boundary curve B.
The surfaces for which the 1ntegra,l is least are called minimal surfaces.

90. Carry out in detail "the derivation of Eq. (108) as the condition
for I = [[F(x,y,2,p,q,7,8,t)dx dy to be a minimum.

By reasoning like that used to derive Eq. (119), check

91. Equation (85) of Sec. 25, using Probs. 83 and 84.
92. Problem 48 of Exercises VIII (page 331), using Prob. 86.
93. Equation (107) of Sec. 124, using Prob. 87.

94. If a surface z = f(zy) is ip:mned over a fixed curve B, its sur-
face area is A = [[ V1 + p* + q¢*dx dy, by Prob. 89. The volume
under the surface is V = [fzdz dy. Find the Buler equation for the
problem of making 4 a minimum when V is constant.

95. Let the string of Example 1, Sec. 175, be subjected to a load
parallel to the u axis. If the load on ds is F(x,t)dx, there is an addi-
tional term in the potential energy, — fuF dr. Show that in this case
the equation of motion for the string is

2 2
m ?%2 =T g;ﬁ + F.

96. Reasoning as in Prob. 95, show that if a load F(z,{)dz acts on an
element ds of the beam of Example 2, Sec. 175, the equation of motion

for the beam is
0%u , d%u
g + B g = T.

97. Reasoning as in Prob. 95, show that if a load F (z,y,t)dx dy acts
on an element dS of the membrane of Example 3, Sec. 175, the equation
of motion for the membrane is

62u 02y = d%u
o T (6:::2 + dy? ) +F
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Using Hamilton’s principle with the kinetic energy term omitted, as
in Prob. 68, obtain the condition for equilibrium

2.

98. Of the string of Prob. 95, T g—x% = —F(3).
4

99. Of the beam of Prob. 96, ET %1{; = F(z).

2
100. Of the membrane of Prob. 97, T (6x2 + ?)yu) = —F(x,y).

101. Show that in polar coordinates, Hamilton’s integral for the
membrane [Eq. (133)] becomes

t
[af [T+ bod)lraas

and use this to find the equation for the membrane in polar coordinates.
102. The Hamilton integral for a vibrating plate is

ta
L dt [ / [%} w? + g— (U,r + u,)? + £2£ (e, — u”uw)] dx dy.

From this deduce the equation of motion for the plate

0%u A ( Lo Ou +
T T dx? 6x36y2

8“u

103. The Hamilton integral for sound waves or vibrations in air is

t: ,
]ll dt f f [—g—l U — -;9 (us? + w,* + uz")] dx dy dz. Deduce that

R (6214 0%
mar = kF\am t g +3 5

104. If the taut string is not vibrating in a plane but has displace-
ments y(z,t) and z(z,t) parallel to OY and OZ, the stretched length ds
has components dz, y.dz, and z.de. Deduce that for y. and 2z, small,

. : . T .
the potential energy is approximately f 5 (yz* + 2,.%)dz, and derive

. . % %y 0% 0%
the equations of motion m éﬁ =T 5 Yand m 5 3 = | g
106. For a rod vibrating longitudinally, let w be the displacement of

an element originally at distance z from one end. Then the kinetic

energy is / Zguﬂdx, while the potential energy is f EA u.dzx.

. o%u 0%
Deduce the equation m E i EA Ery
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106. Assuming that the effect of air resistance, or other viscous damp-

ing, on a string is equivalent to a load at any instant equal to —k %%»

and using Prob. 95, deduce the equation of motion

0%u 0%u ou
771,—5{2“ = Téﬁ - kb_t
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EXERCISES I (Pag.es 37 to 43) 50, +1, + 1 ++34
4 e**(a cos bz + b sin bx) 2 '
. a? + b2 - = x(0.5 + 0.8667).
e**(a sin bz — b cos br) 72. 0.7468.
a? + b2 ’ 73. 0.3103.
. sin 4z T4. 1.1047.
b. 3z — 2sin 2z + —— 75. 0.4931.
6.  — Sin4z 76. 0.19806.
4 77. —0.41825,
16. L T = 0707 + 0.707i. 78. 0.3573.
V2 79. 0.739.
16. 1. 80. 1.166.
17. cosh 3 = 10.068. 81. 1.896.
18. — sin 1 cosh 1 + 7 cos 1 sinh 1 82. .
= —1.30 + 0.63.. 83. 1.
19. cos 1 cosh 2 — i sin 1 sinh 2 84. 1.
= 2.03 — 3.04.. 85. —.
20. cos 3 = —0.9900. 86. 2.
21. sinh 2 cos 1 — 'z' cosh 2 sin 1 87. — v/3/2.
= 1.97 — 3.16u. 89. log a — log b.

22.

ANSWERS

cosh 1 cos 1 + 7 sinh 1 sin 1

_ 90. 2.
= 0.83 + 0.99i. o1 o
33. 0.8657. 02 1y,
38. (a) 4,0; (b) 9, —n/2; 93. 1.
(c) 2, /6. 94. —2.
39. (a) 1.386; (b) 2197 — 1.5713; g5 o
() 0.693 + 0.524. 96, 1
40. —4 — 1. o7 1
a1, —8 — 2. 98 0.
42. —17 — 52i. 99, oot
43. 8 — 6. 100, 0.
44. 1 + 5i. 101, 0.
45. 4. _102. 3.41 X 10-4,
46. () +2; ®) (212 — 21205 108 108 ¢ 10-+.
() +(1.37 + 0.3665). 108 133 % 10-4.
4. 2, , ~ 106. 2.5 X 1075,
-1 ++B8i=—-1+1782% 196 _1 —3.
48, +(v2 + V21
=(;/(;.f14\/ + 1)_4141'). EXERCISES II (Pages 69 to 77)
49. 2, +1.902 + 0.618;, L 3 —y

+1.176 — 1.618:. P oy Y

467
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2 e cosh y + e* sinh y = ez*v.
3 -z
© x2 + y2 z? + y
4(x2 — y2 — 4)
@ + 42 + 4)? — 4z*
8xy
@ + y* + 4)° — 42*
@—y? @ —y?
3.9 ft.
9 per cent.
1.25 per cent.
With u = y/z, v = z/x:
(11) z2 V1 = u?sin—! u;
(12) z° tan~! w;
(18) z%log (1 + u? + v?);
(14) x2u, Yoz?u, Ygx?(u + v);
(16) z3uv, x3u, Y4wziu;
(16) axm™u.

g0 - L

4

PO®H o

41. —— +1 =0.
x
42. z +(2 +1)d + 2z = 0.

43. ¢ dt2 Cr 4 1)

44. Zo?i + cot o—- +n(n + 1)y = 0.
dy  z1
dz =~y
= — (@@ = e
d2 xn2
T;ﬁ = (1 —n) :
3z —y
T - 3y2'
de 1 — 2t dy
ad T AFmra T A+ o
f . 8% dF | of d°F
52. w”maﬁaydﬁ
4 (4
ay’
1. 37

+z=0

49.

60.

—
5L & 2t — ¢

69.
12.
8.
4.

k.
[y

70. 31

~

Kol
N N
(|

~

L

(SRS
Qe

-

8 88
oo
Lol
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dz _ dy dz

86. =
yz “ozz Ty
v—2x
90. Py
2yt zy!
o7. 1+ S
98_ x + ﬂg_y_z.———x)
n z(3y? — 3écy +227)
— 2
99.1+x+x 4T 63""/
100. (1,2).
101. The median point of the
triangle
(?ﬁ_@ T Yyt y,s)
3 3

102. 10in. by 10 in. by 5 in.
103. Height of cylinder 3 ft., height
of cone 6 ft., radius 3 V5 ft.
AD BD ,
AT F Bt +C? AT+ Bt + C*
CD
A* + BT + C*
107. 15, + 1, +1 or ¥ 1.
108. }, 13, 15.
2a8
109. v = o5 FoEFe
28 ,
az + b2 4 ¢*
. 28
Tat bt
EXERCISES III (Pages 133 to 143)'
1. (6y676)7 (—67616)1 (—6:—676))
(6,—6,6), (6161_6)7
(—6,6,—6), (—6,—6,—6),
(6,—6—6).
— 1 2 3
VI§ = R Vi

-2 —4 1
3. VI \/“ V2l 21
VE:

-3 -5
\/38 \/38 /38

5. 7, 34/10, v/53.
z—1_y—2 2z2-3

3 6 @ 2

106.

&

<

S

ot
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x—1=y—2=z-—3, 7ox—3=y—3=z—2'
1 -5 -8 © 2 2
t+2 _y+4_z2-1 1. %4
2 1 —6 72. 247.
7. 46.73°. 73. 5.
8' 3 \/5) \/5-91 \/§~ 74. t: —-~4 9 -——l-‘v ._-?—-;
9. —5i +4j — 2k, 3 /5. v 22; v 21_2V6 21 .
10. 41 + 6 — 8k, 2 V20, P V391 V2121 Va2t
11. —5i — 5j — 5k, 5 /3. b1 3 —g
12. 7i—j—2k,3\/_€_. " V101 /101 /101
13. 3i — 7j + 6k, 1/94. 6. 4z +y +22=1.
14. 7i — 11j + k, 9/19. 76. z + 8y — 6z = 3.
16. 7i — 10j — 5k, A/174. 77.m;'1=y;1=z;1.
16. 45. __
17. —10. 78, 2 4 [LOL.
18. —3. 21 V21
19. —1. 79. 1%{01.
212 1 2
20. 3. 80. t: >y >y 5 pr—= — — 0;
21. 154. 33375 /5
22 _10 b‘ __4. X} _l_hy __-—5._.
" 3+/145 35 34/5 3/5
26. 40 —y — 2z = 81 2r +y + 2z =5.
26. \/5/3 82. 4z + 2y — bz = —8.
_ — - r _y—1 =2-—2
27.{:«%_2 Y 8=z 32 83.5— T = g
1 12 80
t—2 y—1 2 84. 2/5/9.
5= ="5 =1 86. — 5.
33. 2z +y + 22 =9. 86. 3(¢ — 1) = 5.14.
34. 2 +5 =z + 2. 90. t: — sin { cos «, cos £ €OS «,
36. 4z + 3y + 53z = 40. sin a; p: — cos t, — sin ¢, 0;
86. cos-1 (4/4/310) = 74.3° b: sin ¢ sin @, — cos ¢ sin ¢,
. . o cos a.
‘ig ?if(;l;ijz;;-z:% 91. —zsint +ycost+ztana
AT, 4i + 8j + 4k. = ¢ tan® a.
48 _1_?1—__11—{1-]-_'_21{ 92. zsint —ycost+zcota =a.
49. —2i — 3j + 6k. g3, L—acost _y—asint
t—1 y—1 z-1 — sin ¢ cos ¢
66. - s =6 ~ 1 _z—a (tan a)t.
Vv . tan o
80. V37 [(—4y + 22)iy 97. Replace ¢ by (scosa)/a in

63.
67.

68.
69.

+ 4z — 2)ji + (=22 + y)kil.

125.

t: Y, %, 25 p: — %4, — 4, 36; 100
b: ;61 _%’ }5/3

z + 2y + 2 =13. 101.

answer to Prob. 90.

ds = v adu? + dv?;

dS = a du dv.

ds = Vaidu? + (a? + 1)dv?;
dS = avVa? + 1 dudy,
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102.

103.

104.

105.

106.

107.

108.

109.

110.

111.
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ds

= Vawidu? + (a?® + 4cv?)dv?; .

dS = av \V/a® + 4c®? du dv.
ds? = a? cos? v du?

+ (a? sin? v + c? cos? v)dv?;
dS = a cos v R du dv, where
R? = ag?sin? v + ¢? cos? v.
ds? = q? cosh? v du?

+ (a? sinh? v + ¢ cosh? v)dv?;
dS = a cosh v R du dv, where
R2 = q? sinh? v 4+ ¢2 cosh? v.
ds? = fidu? + (f* + ¢”")dv?;
ds? = (a?sin? u + b? cos? u)du?
+ dv?; dS = R du dv, where
R? = a?sin? u + b2 cos? u.

ds? = v%(a? sin? u

+ b2 cos? u)du?

+ 2v sin u cos u(b? — a?)du dv
+ (a? cos? u + b2 sin? u

+ 1)dv?; dS = vR du dv,
where R? = a?b? + a?sin? u
+ b2 cos? u.

ds? = v2(a?sin? u

+ b? cos? u)du?

+ 2v sin u cos 1 (b? — a?)du dv
+ (a? cos? u + b2 sin? u

+ 4ct?)dv?; dS = vI? du dv,
where R? = a?b?

+ 4c%2(a? sin? u + b2 cos? u).
ds? = cos? v(a? sin? u

+ b2 cos? u)du?

+ 2 cos v sin v(a? — b2)du dv
+ sin? v(a? cos? u + b2 sin? u)
=+ ¢? cos? v dv?; dS

= cos v du dv, where R?

= q?b? sin? »

+ ¢? cos? v(a? sin? u

+ b2 cos? u).

Replace cos v by cosh v and
sin » by sinh » in answer to
Prob. 109.

ds? = f*(a?sin? u

+ b% cos? u)du?

+ 2f sin u cos u(b?

— a?)du dv + [f"(a? cos? u

+ b2 sin? u) + ¢'’)dv?;

113.

114.

1256.
126.

127.
128.

129.
130.
131.
133.

dS = fR du dv, where R?

= a2’ + ¢'*(a? sin? u

+ b2 cos? u).

ds = A/ (v + k?)du? + dv?;
dS = v/v? + k* du dv.

At w = 0, v = 0: ds? = ¢?du?
4+ 2c? du dv + (a? + c?)dv?;
cos 0 = ¢/\/a® ¥ c2.

Ma2(5% — 1).

?31(2\/5—1).

4,
T — 2.
T — 2
T
2.
20 — 3
36n
dV = u? du dv dw.

EXERCISES IV (Pages 186 to 197)

11.
12.
14.
16.
17.
18.

19.

20.
21.

22- -

38.
39.
40.

41.
42.
43.
44.

64us,

3.

0.

a2 log (1 + a2z?).
a~t/1 — a%z?.

—6logz +3log (z — 1)
+3log (x +1) 4 c.

74 log (z — 1) — 14 log (x*
+1) + 14 tan~t 2 4 c.
—4tan~lx — 4/x 4 c.
—3xz2 4+ 3z — 2
BECE

1 13

5z = 1) +-2—510g (-1

+ o log (@* +4)

16 o
+ 2‘5 tan 3
4.

4.

M:: = %7 Mu = 19g
(&,7) = (%5, %0).
See answer to Prob. 40.
II = 19157111 = %}IO =
See answer to Prob. 42,
(8/3m, 8/3w).

4 ec.

’

591 5.



\ ANSWERS

46. I, ==, I, = m, [, = 2m.
46. 167w or 3,142 1b.
48. myk[—2 /2

+4log (1 +V2).
49. 7a3/6. !
60. wa3/6. ”
b1. wa3/6. i
52. 1ra3/6. |
64. M. = wkat/4. i

EXERCISES V (Pages 244 o 261)

1. —324 for Cy, 8 for C». |/
2. 18 for Cy, 15 for C..
3. —2r.

4. —56m.

6. —2.

6. —564 for C, — Co.
7. 3 for ¢} — (.
10. wab.

11. 3ra?/8.

12. 7%a2/6 + ra?/2.
13. a?n(n + 1)m.
14
16
16
17
18
19
20

~

v s .

. an(n — 1)
. (4 — m)a?/2.
. Lt 4+ 4%y + Y2
- L2 + YD)
. e° + eV + e,
. Lsx? 4z cos y + Lyt
. 15 tan™! (x/2y).
1 2z +y
21. i log 9% —y
22. axm+lyn+1.
29. u = 2x — 3y, v = 3z + 2y.
30. u = 32% — 3y% v = bxy.

31. u = ¢% cos 3y, v = €% sin 3y.
32. u = y* — 2%, v = x® — 3zy

33. u = sin 2z cosh 2y,
v = cos 2z sinh 2y.
34. u = cos z cosh y,
v = — sin z sinh y.
36. « = sinh @ cos y,
v = cosh « sin y.
36. u = cosh 3z cos 3y,
v = ginh 3z sin 3y.
37. (1 — 29).
38, —3iz
89, —ie.

40.
47.
48.

- 49.

60.
b1.

62.

63.
64.
b6.
66.
b7.
68.

69.
60.

91,

92.

93.

94.

95.

96.

#

97.

102.

103.

104.

106.

471

sin z.
u=logr,v=020.
u = —46,v =4logr.
u = —3r2sin 260, v = 3r2 cos 26.
u = 2r3 cos 36, v = 2r3gin 36.

cos 0 . sin 6
u = y = — .

r r
0 .0
u =\/;cos—2-1v = \/;81n§~
= 5r cos (8 + 2).

v = 5rsin (0 + 2).

u = ar? cos (pd + A),

v = ar? sin (p8 + A).

—1.

—1/3.

2.

—96 — 2x1 for C[,

— 8¢ + 21 for Ch.

2 log 24 for C; or ..

log 24 — w1 for C),

log 24 + mi for C..
P=x—-2zy—y2—2+y,
F=@0419—2),z=1or
(}4,0).

p(0,0) —p(5, 10)

= 480p 1Ib./ft.2 = 926 for (a),
= 1.14 for (b).

¢ =1¢=0p=c—p/2
=2z, @2 = —2y,

p =c¢ — 2p(x? + y?).

qu = €°Cco8s Y, gz = —e7 sin Yy,
p = ¢ — lipe?s.

¢: = sin z cosh y,

g2 = — cos z sinh y,

p =c¢ — '4p(sin? z + sinh? y).
¢1 = cosh z cos y,

q: = — sinh z sin y,

p = ¢ — Y4p(cos? y + sinh? z).
g =1/r,¢o =0,
p=c—p/2

g = 4r® cos 490, qo

= —4r3sin 46, p = ¢ — 8prS.

gr = —r~%cos 6,
go = —r~2gin 6,
P =c— p/2ri

qr = 361‘_;5 (V{0 ] (20/3))
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106.

EXERCISES VI (Pages 266 to 272)

21.
22.
23.
24.
25.
26.
217.
28.
29.
30.
31.
32.
83.
34.
36.
36.
37.
88.
39.
40.
41.
42‘

43.
40.

METHODS OF ADVANCED CALCULUS

¢- = mr™"1 cos mé,
go = —mrm™~1gin mo,
p =c¢ — Ypm?rin-2,

r(1.8) = 0.9314.
r(2.25) = 1.1330.
r(3.667) = 4.012.
r(3.8) = 4.694.
r(—2.4) = —1.108.
B(0.8,0.6) = 1.953.
a?/6.

3ra?/32.

. wab/4.

. £ =a/b, 7 = a/5.

. TMa?/64 = 21wpa*/2048.
. 2ma?b/3.

. a%/165.

M = 217a*/1024, AZ = Ay
= 12a8/77, % =

= 3072a/539~.

2Ma?/5 = 4mpatb/15.
a3/90.

7ra’/70.

-n-abc/6.

V7 P(4)T(36) /48T (11 2).
3a/28, 3a/28, 3a/28.
14Ma2/143 = mpa®/715,
a8/11880.

%31

—T(%).

T'(%3).

13T (33).

40964

V2.
2r

/= T'(34) /3T (5%).
/7 T'(14)/4T(34).

Vr T(34)/4T(3).

r/2/4.

T \/5/9

2r v/3/9.
2r'(35)1'(%)/3V/=.
3r V/2/8.

o7 sec g

46.
47.
64.

65.

66.
86.

.

/A 2.
V2 x/16.

¥ = 54, \/§csc3—g’

g =3%2V2escg

He-
r(—1.2) = 4.851.

EXERCISES VII (Pages 295 to 302)

16.
17.

18.
20.

22.

23.

25.
26.
28.
29.
80.

»-a- .
COPPNIOPPE

1.5924.
0.967.

1.879.

0.666.

2.3314.
11.337.
0.1760.
1.5747.
1.5734.
1.5869.

. 0.786.
. F(1/4/2, =/18) = 0.1750.
. K(1/4/2) — F(1//2, 4x/9)

= (0.2456.

. 1/V/21K(348) — F(33, n/4)]

= 0.6232.

V2F(1/4/2, ©/4) = 1.1682.
V2IK1/V2) — F(1/V?2, ¢)]
= 2.086, where sin ¢

= 4/2 sin 112

V2 K(1/4/2) = 2.622.
a/V2F(1/V/?2, 7/4)

= 0.5841q, a/A/2 K(1/4/2)
= 1.311a.

4K(1/V/2) Vg

= 7.416 \/1/g.

0.380 1/1/g, 0.446 \/1/g,
1.028 \/1/3.

7.29 7/1/g from the series.
4/wo K(1/3/2) = 8.6260/wo.
4K (1/3/2) = 1.0782.

14K (\/3/2) = 1.0782.

KK (v/3/2) = 1.0782,



IX

31.
82.
33.
34.
36.
86.
37.
38.
39.
40.
41.
42.
43.
45.
46.
47.

48.
49.
560.
b61.
63.

b4.
66.
568.

59.
60.

61.
63.
64.
6b.
66.
617.

68.

69.
71.
72.
76.
78.
82.

EXERCISES VIII (Pages 328 to 335)
1.

ANSWERS
15K (\/3/2) = 1.0782. 2.
15K (34) = 0.8429. 3,
15K (1) = 0.8429.
1.35566. 4.
0.9345. b.
1.6666. 9.
0.6143. 10.
1.22963. 11,
8.3679. 16
0.3057. 18.
1.56686. 17
1.56938. 18,
1.55497. 40
0.3927. 4
8E(\/3/2) = 9.6885. 43
16E(\/2/2) = 21.610. 50.
0.944. 51
z = 2.57, y = 2.17. 52
z = 0.996, y = 2.74. 53
18.314. 54
L=2+1+aE@/v/1+a). 5.
3.8200. 73

11.7397, 1.6534.
V212E(1//2) — K(1/4/2)]
= 1.2082.

VZ[2E(1/V/2) — K(1/4/2)]
= 1.2082.

4E(1/4/2, ©/6) = 2.0484.
K(\/3/2) = 2.1565.
1/vV/2K(1/4/2) = 1.311.
LK (1/4/2) = 0.9270.

V2 K(1/4/2) = 2.622.
K(\/3/2) — F(\/3/2,
sin—14/2/3) = 1.078.
3~%F(sin 75°, ¢) = 1.401.

¢ radians = 74.46°.

44K (14) = 2.1565.

0.599.

0.100.

2.104.

8.867.

b = 3.940, 2a = 0.214.

2zy324 + 3x?y?4j 4+ 4x?y32k.

473

2zi — 2yj + 42k.

2ri + 4yj — 62k

z? + 2y — 322

Div = 3, curl = 0.

Div = 0, curl = 2i + 4j + 6k.

4//29.
—2//6.
1/4/14.

. 5zj + (2y — 32)k.

zzj + 2zxyk.

- Matj + 1s2(y? — ahk.

' + (y* — 2ok,

. xydzt,

. 2y + 32)ex.

. (z—y 4+ 22)8
. (22 4 y? 4 22)2

1/7‘ ix.

. —}‘/27‘-9‘41.

. nr""‘il.

. Div = 3, curl = 0.

. Div = 2/r, curl = 0.

Div = cot ¢, curl = 2i,.

. =m/r2if r > a, —mr/a®if

r < a.

EXERCISES IX (Pages 366 to 370)

[

COXPIA S P WM

ydy/dx + 2z = 0.

rdy/dx = 4y.

2z dy/dx = y.

y(dy/dzx) = z(dy/dx)? + 1.
x?y = z3dy/dx + y(dy/dzx)?.
Yy = xy?dy/dx + x(dy/dzx)?.
d*y/dx? = y.

. dy/dx? = —y.

x2¥d% /dx* — Sx dy/dxz + 8y
= 0,

. d¥y/dx? = 0.

xz + y2 = cx?y‘&’.

. tan & = sec y + c.

22— 1 =c(y? + 1).

. €22 = e 4,
.22 42y =c.
224yt =c
.y = caxd.

- Y
21. y
- Y
.y = 2% 4+ ¢

—2z + cx2.
sin £ + ¢ cos z.
-3z + cxd.

o
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24.
26.
26.
27.
28.
29.
80.
31.
82.

33.

34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44,
45.
46.
47.
48.
49.
50.
61.
52.

63.
64.

66.
B66.
87.
68.
59.
60.
61.
62.
63.

METHODS OF ADVANCED CALCULUS

z =yt cy.

xz = —6y + cyd

3z2 = y? + cxiyt.

2z =y + cx?y.

y = cx, straight lines.

y = cx?, parabolas.

zy = ¢, rectangular hyperbolas.
z? + y? = ¢, circles.

2z + y? = c, ellipses.

15 log (a* +y?) = — tan1 ¥
+ ¢, logarithmic spirals.

¥y — Yz = c.

x cos 2y = c.

22 +y* =1

¥+ y¥ = 1.

3 + y¥ = L.

2zy = *1.

422 = 1 — 4y.
+tr+y=1and 2 —y = 1.
2y + 22 =c,2logy + 2% = c.

2y +x? =¢, 2y — 32 =c.
y:+1=(x+ 02

2y — 2 =¢,y = ce”.

y: — 2 =¢c,y = cz.

y = cx, % = C.
y=cx+1+chdy =1 — x%
y =cx — ¢t 4y = 2%

(y — cx)t = ¢3, 27Ty = 423,
y=cr—logec,y=1+1logz.
y? = 2cx + ¢?, singular solu-
tion degenerates to x* + y?
= 0.

yr =cx — ¢}, x = +2y.

c2x? = 2cy + 1, singular solu-
tion degenerates to xz% + y?
= 0.

cy =cxr+ 1,y = 2z

(233 + 62)2 '+' y'*’ = Ci.

cie¥ = sin 3z + ¢2).
(z+c)?+ @y +ec)?=1

y? = c1x + ca.

T = ce™V + Ca

(cr?x + ¢2)? =1 + %2

y = log (22 + c1) + ca

aly = —azx

+ (1 + c1?) log (1 + 1)

+ ca.

64.
65.
66.
67.
68.
69.
70.
71.

72.

73.

74.

76.

76.
77.
78.

79.
80.

81.

83.
84.

86.

86.

87.

88.

IX
Yy = ciet®,
Y = C1€® co8 T + cze” sin .
Yy = c1e?® + cqe™%.
Yy = Ce° + cqe3%,
Yy = c1e® + cxe’.
Yy = c1€® coS 2% + cqe® sin 2z.
¥ = ¢1 cos 4z + c» sin 4z.
Yy = ¢ cos 22 + ¢, sin 22

4+ ¢3x cos 2z + ¢ix sin 2.

Y = €1€?® 4 C2¢7% cos V3z
+ c3e7* sin /3 .

Y = c1e® + c2¢7* + c3 cos 2x
+ ¢4 8in 2z.

Y = €1 + ¢ + ¢3 cos 2x

+ ¢4 sin 2zx.

Y = C1 + C2¢°% COS ax

+ cze?* sin ax + c4e7*F Cos ax
+ cse7** sin ax, where
a=1/2.

Yy = T + ce?r.

y = xe* + cie.

y = 4x 4+ 2¢* + ¢ cos x

+ co sin . '

Y = xe®® + 12 + coeT?.

Yy =2cosx —sinz

+ cie* cos 2x + cae” sin 2x.

y = —382% + c1 + coe**
+ cze2x,
cy = (22 4+ 6 + T)ed

+ ciets + caede,

y = —x — 3% + c1e® + cor™"
+ ¢3 cos x + ¢4 sin z.

z = cret + ce7t — 1,

Y = et — ¢t — 1.

T = c1e% + cae™¥ + c¢3 cos 3t
4+ ¢4 8in 3t, y = c1e% + coe™H
— ¢4 cos 3t — c3 sin 3L,

x = 2ci€' + 2catet + 2c3e7!

+ 2cate™, y = (ca — c1)ét

— cole! + (—c3 — cy)e™

— cyte™t,

T = Ci1e"3 + coe”t3 — 12,

Y = —2c16"/% — cpe™t/3

+ l4et + 18t + 18.

T = et + colet + cze7d/2 — 2,
y = (—c1/2 — 3ca/2)et

— 15cotet — 3cse™3/2 — 3.



89 .

90.

92.
93.
94.

95.

98.

99.
100.
101.
102.
108.
104.
105.
106.
107.
108.

111,

116.

116.

117.

118.
119.

ANSWERS

y=ocasinz

+ [c; — log (tan z + sec z)]
oS Z.

y = (log cos z + ¢,) cos z
+ (z + ¢2) sin z.

y = 6z + c1x® + caxd.

y =22 4+ cx + cx72

y = Bz(log )2 + ax

+ cox log .

y = YBaz(log 2)* + ax

+ coz log z + csx(log x)2.
A o AQGPUIOO.

8 = 8oe™%/V
T = Toe/“a
D = poe**
I = I,et/RC
U = uge™**
A = F100F/P
+ (Ao + 100F/P)ePt/100,
T =Ts+ (Ty — Ta)e™*t,
I =E,/R
+ (Io — Eo/R)e™RU/L,
z=A — Ae™*,
_ AB — x)
k(B — A)t = log BA =2

y = (Az* 4 2Bz® + 6C=x?)/12
+ a + C2,

y = (Az? 4+ Bz + C)/n?

— 24 /n* + ¢1 co8 x + ¢ 8in z,
y = —(dz? + Bz + C)/n?
—2A/n4 + cien® + cie e,

t = (vo — v)yMm/a,

(vo2 — v2)m/2ax.

s =

120.

475

= -1% _ -1V
t = Vﬁ(tan IV tan ‘V)r
=Mm i
s—2ﬂlog VT o

EXERCISES X (Pages 396 to 400)

10.
11.
12.
30.

31.

N oo

Yy = c1e® + c2x%>.

Y = ax + czes

Yy = cie™* + cqe7%/ .
Yy = cax? + caxd.

¥y = ¢ + ¢ 8in z.

-y =c(x + 1) + ca(z? + ).

(14 Lot 4 1o
1-4-7
+ o1 x9+...)
2 2-5
+b1(a:+z-!x4+—77—!-x

2.5-8 .
1 20t )
123 1-4x8
b“(1+2-3+2-3-5~6

too )ru(e+ 2

2 - 527
tz et )
a8

x‘
'b°(1+3-4+3-4-7-s

5
+'--)+b1(:c+:1——:—5

zQ
tiss9 T )
be cosh 2z + b, sinh 2z.
bo cos  + b, sin z.
boe”.
a3 + 2z + z?)
+ co(z* + 225 + 326+ - - - ).

z3 x5
c‘(”+2-5+2-5-4-9
x>t

+ - -%) ta (2% + 2,

z
togar T )
¢1 cosh (2 V/z)
+ ¢ sinh (2 \/5);0 =0, 14.
¢1 cos \V/z + ca2 sin Vz;
c = 0%
¥ = Vz n(zH).
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43.
44.
4b.
46.
47.
48.
49,
60.
61.
62.

63.

64.
66.

69.
60.

METHODS OF ADVANCED CALCULUS

:v‘lzl(Zx).

Z(2x%%).

x78Z5(x).

2717, (22%).

xl/ﬁZ2(x).

x¥2Z14(3%8x3).

0112(23) + Csz(iE).
0110(627%) + CgKo(ﬁx%).
el 2(2x%%) + Ko (22%).
y = a7 2ci34(4523)

+ c:K34(342%)).

y = xYe /27 (ix/2).

y = z¥[cil14(x%2)

+ c2K15(x%%)].

5.958 in.

y = ¢z cos (k/x)

+ cyz sin (k/zx).

[ T I T

I [

LtILIETERIE e R e

EXERCISES XI (Pages 423 to 431)
In this group of answers, £ means

10.
11.

12.

13.

14,

16.

17.
18.

19.

L

2 , or sum on 7 for the values
n=1
1,23, - - -
Z(—1)"*12n"1 gin ne.
w2/3 + Z(—1)"4n"2 cos nx.
2(__1>n+12(ﬂ.2n—1
— 6n~%) sin nz.

sinh = ,
— (1 4+ 2 un), where w,

cos nx — 1 sin nx
= (—1)2 Tt
1 —15cosx

L2¢c08 (n + )z
+E(_1) n? + 2n
—1 sinz + Z(—1)*"

%n_-%—é% sin (n + 1)z.

w/a = =2k
2cos 2n — Dz

—r/d+ Y, = (@n — 1)?
+ E ( 1)n+l Sln n:c

r — 22n~! sin n:c

4¢x? 4+ Z4n"2 cos nx

— 24xn~! sin nax.

273 4+ Z127n~1 cos nw

+ Z(12n73 — 8z2n71) sin nz.

“lsin kx, k = 2n — 1.

20.

21.

22.

23.
24,

25.

26.

217.
28.

41.

42.

43.

44.

46.

46.

417.

49.

XI

(e?r — 1)

where u, =

7138 + Zun),

COS N — m §in nx
1+ n
cos Z
2
2 cos (n + 1)z
+2 n 4+ 2n

sin z
wCOS T — —-2—

Ez;n_:-z sin (n 4+ 1)z.

7/2 4+ 22k !sin kz, k = on — 1,
T 22cosnx

4 an?

—_— n+1§.i£_n.:£.
+ 2 (=)
2 4 cos 2nx
;_Er(fin’-—l)

g _ n+14cos2n:v
=4+, (-1

w(4n? — 1)
15 — / cos 2.
15 4+ 14 cos 2z.

160
E @2n — )=

- 2n—1)wy
30

2 (— 1)n+l 20 si

— ! .§_ sin ..u e—nﬂl/z
nw 2

wsinx — 1 —

(2n — Drzx
30

—n‘lry/ﬁ‘

. Tz
2 sin — e~ T¥/10,
10
. Tz
5 sin —3— e Tv/3,

. L
+ 3 sin Z e~ TV/4,

2 (2n — Dz

—(2n- l)wu
L

e .

E 2pL(—1)**t . nwx ——-nzy
L 2 sin——e

nw L

Uy sinh @n — Dr(b = y)
a ’
#(2n — 1) sinh -’%’3
2n — l)ra?.
a

where u, = 400 sin



X11

60.

61.
62.

b4.

66.

69.

70.

71.

72.

73.

74.

76.
76.
77.
79.

80.

ANSWERS

1 2 r\* .
§1—; + Z -7;; (56) sin né.
3r sin 8 + 2r2 sin 26.
2w — Z4n~lrn 8in né.

Srenn (@)

sin (6n — 3)4.

(4r — é) cos @
r

+ (4r + %) sin 6.

Z (_ 1)ﬂ+1 .22_0

nwe
sin 50 et
where b = a%x2/2500.

2_,0(.) 1 m —bn?t

100 — E pranil LT ,
where b = a?r2/2500.
s+ 2 (= 1)+ 100 gip 17T

n
nw 50
a2
e bn l,

where b = a2x2/2500.

100 .
50 — +2-—ﬁ»ﬂ-kns. N

6——bn2t’

where b = «?x%/2500, and

k., =1 for n odd and —3 for
n even.

50 .
25 + 2 — ), > sin
where b = a?72/625.
50 + 22 — Zu,, where u,
200 2n — 1wz
=@ =D 50

—b(2n—l) t

with b = a~1r2/2000

37.5°.

30.5°.

25°. :

90 — Zwu,, where u,

_ 720

- (‘27[“;“1)'2,;2

08 ‘(’2‘9"_6-:01)7”6 e Vn, with l
= (2n — 1)%a2r%2/3600,

Srx 51rst
p sin ~- - cos ——
a a

IlTr.E -bn t

25 !

81.

82.

83.

84.

85.

86.

87.

88.

90.

92,

477

st

T
3 sin — cos —
4 a a

3rx 3wst
— 8in- = cos —
a .a

8p(l2 kn'ﬂ'x ) knﬂ'st N
kn3md sin a cos a N
with k., = 2n — 1.
2 81)( _;:1)11.+1 Sln *kn‘"'x
k22 a

kst

cos “d.' » with k, = 2n — 1.

qa 3rx .
=— sin — sin
3rs a

T st
9 sin — sin —

' 3rx 37rsl
- Slll — COS ——
a a

8qa’? 0
o9 i
keptmts

with k., = 2n — 1.

2K .
o — — n+1 =77
¢ E( 1) 7L1l.

4 2K
{ = 2', (—1) Tu cos
where b = #2/a2R(.
Ex . E
— €, 1 = — E—l
where ¢; and 7, arc the e and

1 of Prob. 87.
nwx
e = E—“ (—‘1) +1 n—a—

k.arx . kawst
T sin =

nwx

l phdaha e"'bli"'t’
a

nrx e—-bn‘zt

¢ = — 4,

cos nrl ) 1
s - = 0
a+/LC
IC ¢ 2K . nwrx
Vi 2 (-
sin L
a~/LC 4
! — n+1..2_9 1 ’ﬂ —.;.?,,I_,
3 (-1 B o,
- a2@27[, 2
where ¢, = 100 + b2,

EXERCISES XII (Pages 463 to 462)

1
2.

Yy = 1 + ¢z, straight lines.
r cos (6 — c2) = ¢ straight
lines,
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o

20.
21.

23.
24.

26.
217.

28.

29.
30.

31.

38.
39.

3.

METHODS OF ADVANCED CALCULUS

v = U + ¢

. CO8 ¢ = C; sin ¢ cos 0

+ ¢ sin ¢ sin 6, great circles.
u cos [sin A(v — ¢2)] = cu.
(v — ¢2)? = 2ciu — ¢’

.0 =¢ +

cidu

VG + B+ k= )

. ¥ = C2

c;du

V@E = Dt — o)

v = ¢ + [ - \/1 +f,2 du.
() \/ u? — ¢,?

y — k = c.z, straight lines.

(y — k)? + x® = h? circles.

Vaz

h

— VR — 22, cycloids.

hx = cosh h(y — k), catenaries.

hi(y — k)2 = 4h%x — 4,

parabolas.

z — k = cgy, straight lines.

(x — k)2 + y? = h?, circles.

Yy — k = h?sin™!

z—k =h sin—x‘/Tg
— Vh¥y — y?, cycloids.
hy = cosh h(xz — k), catenaries.

hi(x — k)? = 4h%y — 4,
parabolas.
zT—k = h’sin"‘—\—/h—;

—Vhy —ytorz =k

+ Wh?(u — sin u),

vy = %h*(1 — cos u), cycloids,

inverted since y axis points
down.

Yy = ci1e® + ce7%,

Y = C1€°% co8 ax -+ cze®® sin ax

+ cie7%* co8 ax + c€7%% 8in az,
where a = 1/4/2.

Yy = C1€® + c2€7% 2 = C3ze”

+ cie7=,
3 d
'&53 (Fu'y’) - '&'3'; (Fu')

+Fy-0-

66.
67.

68.

b9.

60.

61.

73.

74.

76.
76.

7. m

78. m

79.

XII

d? d
7 Fee) — 32 Fe)
+ Fs = Q.

(@—c)t+ (y — )2 =\,
¢1,c2,\ to make circular arc pass
through A and B and have
length L.

See answer to Prob. 55.
(x—ec)?+ (y — c2)?

= (L/47)?, ¢, ca restricted so
circle passes through A.

C2
' Cy,

y=)\+clcoshx—

Ca,

N to make catenary pass
through end points and have
length L.

zl

ity re
CcoS ¥y = Ci.
z. —
Vit g+ B
co8 ¥ = C1.
See answers to Probs. 59 and

60.

mL2d?0/dt?2 + mgL sin 6 = 0.
1d29/dt* + mgL 8in 6 = 0.
mL2d*6/dt* + mgLé = 0.

d26
2
m(L + r) i

dr 6
+om(L +1) G o

+ mg(L 4+ r) sin @ = 0.

2y
gﬂ m(L+r)( )
--mgcoso—l—lcr—-O

dt2 + mgLe = 0,
d2
ma; —mg + kr =0.
dt2 + k1$ 0
dz= £ by =0,
m(i — r6?) = F,,

mg-t (r20) = rFy.
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80. m[i — r(¢? 4 sin? ¢ 62)] = F
m% (r? sin? ¢ ) = r sin ¢ Fy,

U 192U
% 5+ 5+ o

d + r —'C—', = 0.
m [ )
¢ . 2 hzh, oU
— r28in ¢ cos ¢ 02] = rFy. hx u
+ hshi U
81. & m(Bu + i) e W
¢ +2 a hhs 9UY _ o
= -'21‘ (B2 + 2F v + G.5%), “hs w '
p 88. r(l + q?) — 2pgs + t(1 + p?)
T mFu + Gv) =0, r, st as in Eq. (107).
94. (1 + ¢*) — 2pgs + ¢(1 + p?)
= —,'g (Evu? + 2Fyup + Gyu9?). + K(l + p? + ¢?)% = 0.
88. 922/9x2% + 9%2/9y? = 0. _ (azu 1du
84. rotU/or? + oU /or 101. az* T ar? + ror

+ 1/r 8:U/36* = 0. 41 9}3).
86. 9:U/dx2 + 9*U /oy — U = 0. 7% 96?
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Numbers in a parenthesis refer to problems, the first of which begins on the page whose
number immediately precedes the parenthesis, Other numbers refer to pages.

A

Absolute value, 7
Acceleration, 116
Adiabatic, 245 (28), 334 (84)
Amplitude of elliptic integrals, 273
Analytic functions, 17, 209
integrals of, 213
Angle between two segments, 87
Angular velocity, 104
Are length, 91, 122
Area, 125, 128
Associated Legendre equations, 396
(22)
Asymptotic series, 179, 196 (103—
106)
for Bessel functions, 387
for the Gamma function, 265
Attraction, 146, 333 (72-74)
Auxiliary equation, 354

B

ber and bei, 393

Bernoulli’s equation, 327

Bessel functions, 378, 384
asymptotic serics for, 387
expansions in, 415, 427 (63-68)
of first kind, 378
identities in, 390
modified, 391
of order half an odd integer, 389
roots of, 390
of second kind, 381

Bessel’s differential equation, 378,

384

Beta function, 255

Binormal, 110

Brachystochrone, 455 (31)

481

K¢

Calculus of variations, 432
constraints in, 439, 456 (50-67)
higher derivatives in, 436
multiple integrals in, 446
several variables in, 436
variable end points in, 456 (43-49)

Catenary, 369 (112)
as extremal, 436, 440

Cauchy-Euler differential equation,

368 (91)
Cauchy-Riemann differential equa-
tions, 211, 246 (44)

Cauchy’s integral formula, 246 (63)

Cauchy’s integral theorem, 215

Cauchy’s mean value theorem, 14

Chemical reaction, 368 (103, 107)

Circulation, 231, 326

Clairaut’s form, 348 L

Column supporting its own weight,

398 (56-60)
Complementary function, 353
Complex functions, integrals of, 213
Complex number, 2, 9
Complex variable, 1, 17, 209
Components of a vector, 84
Composite functions, differentiation
of, 4

Compound-interest equation,
(96)

Conformal mapping, 140 (116-124),
212, 235

Conservative force fields, 208, 314,
442, 459 (79, 80)

Constraints in variation problems,
439, 456 (50-67)

Continuity, equation of, 231, 325

368



482

Contour integrals, 119
Convergent integrals, 163, 171
Convergent series, 3, 20
Coordinates in space, 78
Cross product, 99
Curl, 305, 326
Curvature, 72 (45, 46), 108, 115, 119
of a normal section, 95
total, 96
Curves in space, 90, 107, 115
Curvilinear coordinates, 120, 128,
130, 315
del in, 316
Cylindrical coordinates, 386, 415
del in, 331 (45—48)
Cylindrical harmonics, 386, 415

D

De Moivre’s theorem, 10

Definite integrals, 144, 220, 252
calculation of, 148
evaluated from residues, 220
properties of, 147
trigonometric, 261

Del, 304
in curvilinear coordinates, 316
in cylindrical coordinates,

(45-48)

Derivative, partial, 44, 49
of vector, 91

Determinant, 55
form of vector product, 102
Jacobian, 60, 123, 132
Wronskian, 352

Differential equations, 336, 401
applications of, 368 (96-120)
Bernoulli, 341
Bessel, 378, 384
Cauchy-Riemann, 211, 246 (44)
Clairaut, 348
degrees of, 336
exact, 338, 342
Euler-Cauchy, 368 (91)
first-order, 339, 346
general solutions of, 338
homogeneous, 342
integral curves of, 337

331

METHODS OF ADVANCED CALCULUS

Differential equations, Legendre, 374
linear (see Linear differential equa-
tions)
orders of, 336
partial, 401
second-order, 349
separable, 339
simultaneous, 362
singular solutions of, 347
solvable for p, 346
Differentiation of integrals, 150, 174,
313, 321
Diffusion, 323
Direction angles, 79
Direction cosinesy 79
Direction ratios, 80
Directional derivative, 306
Dirichlet integral, 448
Dirichlet’s multiple integrals, 256
Distance, to a plane, 89
between two points, 81
Divergence, 307
Divergence theorem, 309
Divergent integrals, 163, 167
Divergent series, 20
Dot product, 86

E

e, 1, 3, 422n.
¢, 422n.
Electrical potential, 320
Elementary functions, 1
Elliptic functions, 293
Elliptic integrals, 273, 285
computation of, 275, 295 (11),
297 (44)
of first kind, 273, 276, 286
of second kind, 281, 283, 290
of third kind, 285
trigonometric form, 276, 283
Elliptic point, 96
Energy, internal, 209
Energy potential, 314
Entropy, 209, 245 (27)
Envelope, 343
Equation of continuity, 231, 325
Equilibrium of particle, 458 (68-72)



INDEX

Error, probability of, 194 (87-90)

Euler-Cauchy differential equation,
368 (91)

Euler’s equation, 435, 437, 441, 448,
455 (37)

Euler’s form for curvature, 95

Euler’s theorem on homogeneous
functions, 71 (26)

Even function, 186 (2), 221-222,
274, 405

Exact differential equation, 338, 342

Exact differential expressions, 204,
312

Exponential function, 3, 20

Exponential integrands, 161

Extremals, 435

F

Factorial n, 253
Fermat’s law, 454 (18-30)
Flow of electricity in cable, 421
Fluid flow, 230, 248 (88-106), 323
viscous, 334 (82)
Force potential, 314
Fourier cosine series, 406
Fourier series, 401
Fourier sine series, 407
Fourier’s theorem, 401
Frenet formulas, 107, 112
Functions, 1
analytic, 17, 209, 214
Bessel (see Bessel functions)
Beta, 255
elementary, 1
even, 186 (2), 221-222, 274, 405
exponential, 3, 20
Gamma, 252
hyperbolic, 5
logarithmic, 7
mapping, 235
odd, 186 (5), 405
periodic, 186 (8), 401
rational, 1, 152
stream, 231
trigonometric, 3
Fundamental system of solutions,
352

483

G

Gamma functions, 252
computation of, 254, 265
Gaussian distribution, 194 (87-90)
Gauss’s theorem, 319
Generalized coordinates, 445
Geodesics, 453 (1-10, 59-67, 81 82)
Gradient, 306
Graphlcal integration, 179
Gravitational potential,
(72-74)
Green’s theorem, 201, 330 (30)
in plane, 201, 310 :
Gudermannian, 39 (31, 32), 301 (89)

322, 333

H

Hamilton’s principle, 442
Harmonic analysis, 405
Harmonic functions, 332 (58-65),
407
cylindrical, 386, 415
zonal, 377, 414
Heat flow, 322, 334 (77-80)
Homogeneous differential equations,
342
Homogeneous functions, 70 (10—17
26-28) ’
I’Hospital’s rule, 29, 31
Hyperbolic functions, 5
Hyperbolic point, 97

I

1, 2, 422n,
Imaginary unit, 2
Improper integrals, 163
Indented contours, 226
Indeterminate forms, 28, 30, 34
Indicatrix, 96
Integral curve, 337
Integrals, 144
of complex functions, 213
computed, graphically, 179
numerically, 181
by series, 42 (68-75), 178
containing a parameter, 150, 173,

176
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Integrals, convergent, 163, 171
definite, 144, 220, 252
differentiation of, 150, 174, 313,

321
divergent, 163, 167
elementary, 151, 161
elliptic, 273, 285
improper, 163
iterated, 175
line, 198, 312
multiple (see Multiple integrals)
principal values of, 228
of rational functions, 152
repeated, 175

Integration, 144
by parts, 152, 161
by substitution, 152, 157

Inverse functions, 7, 11-12
differentiation of, 8
integrals of, 161

Inverse hyperbolic functions, 12

Inverse trigonometric functions, 11

Irrotational flow, 232, 326

Iterated integral, 175

J

j, 422n.

Jacobian, 60, 123, 132

Jacobi’s elliptic functions, 293, 300
(84, 86-94)

K
ker and kei, 394
L

Lagrange’s equations, 444
Lagrange’s multipliers, 67, 441
Landen’s transformation, 298 (70)
Laplace’s equation, 212, 322, 327,

407, 448
in cylindrical coordinates, 386,
415
in spherical coordinates, 319, 377,
414, 449

in two dimensions, 212, 246 (46),
408, 411

METHODS OF ADVANCED CALCULUS

Law of finite increments, 14
Least value of an integral, 432
Legendre polynomials, 376, 414
expansions in, 414, 426 (56-62)
Legendre’s differential equation, 374
Leibniz’s rule, 396 (19)
Length of arc, 91, 122
of ellipse, 282, 297 (52)
of hyperbola, 298 (75)
of lemniscate, 269 (58), 296 (19)
Length of segment, 81, 87 -
I’Hospital’s rule, 29, 31
Line integrals, 198, 312
Linear differential equations, 336,
340, 351 "
Bessel, 378, 384 ,
complementary functions for, 353,
355
with constant coefficients, 353
fundamental systems for, 352
higher order, 351
Legendre, 374
particular integrals of, 353, 356,
359
regular solutions of, 373
second-order, 371
Linear equations, 57
Logarithmic functions, 7

M

MacLaurin’s series, 3, 114
Magnetic field for circular current,
299 (79, 80)
Magnetic potential, 322
Maxima and minima, 65, 432
Maxwell’s equations, 333 (75, 76)
Mean value theorem, 13, 41 (54), 148
Mercator projection, 140 (118-120,
124)
Minimal surfaces, 460 (88, 89)
Modified Bessel functions, 391
Modulus of elliptic integrals, 273,
281
Multiple integrals, 125, 172
for area, 125, 128 '
Dirichlet’s, 256
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Multiple integrals; for physical con-
cepts, 147, 189 (38-54)
for volume, 131, 173, 190 (49-52)

N

Newton’s method of solving equa-
tions, 26
Normal section, 94
curvature of, 95
Null vector, 83
Numerical integration, 181, 405

0]

0Odd function, 186 (5), 405
Ordinary differential equation, 336
Orthogonal, 135 (40)

Orthogonal trajectories, 365 (16—19)
Osculating helix, 115

Osculating paraboloid, 94
Osculating plane, 114

P

Parabolic point, 97
Partial derivative, 44, 49
Partial differential equations, 401
derivation of, 320, 450
Laplace (see Laplace’s equation)
Particular integral, 353, 356, 359
Pendulum problem, 269 (57), 276,
296 (21, 24), 459 (73-77)
Periodic function, 186 (8), 401
Piecewise regular function, 402
Planck’s law of radiation, 271 (81)
Plane, distance to, 89
equation of, 89
Planimeter, 180, 197 (115), 405
Poisson’s equation, 322
Polar coordinates, 7, 72 (46, 47),
137 (62)
Poles, 218
Polygon, mapping, 235
Potential, 321, 333 (70-72)
Potential energy, 314
Potential functions, 407
Power series, 18

485

Principal normal, 108
Principal value of integral, 228
Probability of error, 194 (87-90)
Product, 83, 86, 89

cross, 99

dot, 86

scalar, 86

triple scalar, 105

triple vector, 130 (58)

vector, 99
Projection, 80, 140 (117-121)

R

Radio equations, 422
Radius, of curvature, 96, 108, 115,
119
of torsion, 111, 119
Rational functions, 1, 152
integrals of, 152
Repeated integral, 175
Residues, 219
Riemann Zeta-function, 271 (75, 76),
425 (39)
Right-handed system, 78 -
Rodrigues’s formula, 376, 396 (21)
Rolle’s theorem, 13
Rotation, rigid, 104, 136 (61)
Rotational flow, 231, 326

S

Scalar, 83
Scalar multiplication, 83
Scalar product, 86
Schrodinger’s equation, 431 (98-101)
Schwarz transformation, 235
Series, 3, 16, 178
asymptotic, 179
convergent, 3, 20
divergent, 20
Fourier, 401
MacLaurin’s, 3, 114
power, 18
Taylor’s, 16, 24, 35, 64
Simple harmonic motion, 369 (109)
Simpson’s rule, 184
Simultaneous differential equations,
362
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Simultaneous linear equations, 57
Singular points, 21
of differential equations, 366 (28—
33), 382
Singular solution, 347
Skipping rope, 300 (83)
Snubbing post, 368 (100)
Solid angle, 332 (66—68)
Sound waves, 334 (84)
Spherical coordinates, 132, 377, 449
del in, 319
Spring, bent, 299 (81)
Steady-state solution, 418
Stereographic projection, 141 (121,
124)
Stirling’s formula, 263, 271 (82)
for the Gamma function, 265
Stokes’s theorem, 312
Straight line, equations of, 82
Stream function, 231
Surface area, 125, 128
Surfaces, 92
Symbolic vector, 304

T

Tangent, 107
Tangent line, 90
Tangent plane, 93
Taylor’s series, 16, 24, 35, 64
Telegraph equation, 422
Temperatures, 322

in plate, 408, 411

in rod, 416

in solid cylinder, 414

in solid sphere, 413
Thermal conductivity, 322
Thermodynamics, 208, 245 (26-28)
Torsion, 111, 119
Total differential, 46, 52
Trapezoidal rule, 181, 405

METHODS OF ADVANCED CALCULUS

Trigonometric functions, 3
Trigonometric integrands, 160, 261
Triple scalar product, 105 .
Triple vector product, 130 (58)
Twisted curves, 90, 107, 115

U

Undetermined coefficients, 356
Unit vector, 84

\Y

Variation of parameters, 359
Variations, 437
constrained, 439, 456 (50-67)
Vector algebra, 303
Vector analysis, 303
Vector product, 99
Vectors, 83
symbolic, 304
Velocity, 92, 116, 136 (61)
of sound, 334 (84)
Vibrations, 450, 460 (95-106)
of beams, 451
of membranes, 452
of strings, 419, 450
Viscous fluid flow, 334 (82)
Volumes, 131, 173, 190 (49-52)

w
Wallis’s formula, 262
Wallis’s infinite product for =, 262
Weirstrass’s p function, 301 (85)
Work, 207
Wronskian, 352

Z

Zonal harmonics, 377, 414
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