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PREFACE

.This is a tract dealing with Fourier transforms and
some topics naturally connected with them, and although
the material included is familiar, if not classical, there
is not much of a duplication with other books in the field.
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Office of Naval Research, and from Chandrasekharan to the
Institute for Advanced Study.

Princeton University
and
The Institute for Advanced Study.

November 1948.






Preface .
~ CHAPTER I.
§1.
§2.
§3.
§h.

§5.
§6.
§7.
§8.
§9.
§1r0.
§11.

§12.
§13.
§14.
§15.
§16.
§17.

TABLE OF CONTENTS

FOURIER TRANSFORMS IN L, (One Variable)
Elementary properties . . . . . . « . . .
Riemann Iebesgue Ienmma . . . . . . . . .
Convolution of two functions . . . . . .
Derivatlves of a function and its trans-
form . . ¢ & v v o v i e e e e e e e
Inver_-sionformula * » 5 s s v 8 e o & s »
Uniqueness of Fourier transform . . . . .
Summability theorems. . . . . . . . . . .
Some applications of summabllity-theorems
Continuipy Innorm . . . . . ¢ 0 0 0 . .
Summability innorm . . . . . . . . . .
Derivatives of a function and their trans
FOrm . . v v v vt et e e e e e e e
Degree of approximation . . . . . . . . .
Abel's theorem . . . . . « « + « ¢ « o &
Abel and Gauss summability. . . . . . . .
Boundary vAluesS . . ¢« « « + o ¢ o o o o
Mean values . . « « o« « o « + o o o o 4 o

Tauberian theorems. . . « « « « « « « o .

1

10
1
13
19
22
25

26
30
34
37
40
47
50



TABLE OF CONTENTS

CHAPTER II. FOURIER TRANSFORMS IN L, (Several Variables)

§1. Riemann Lebesgue Lemma; Composition:,
Comvolution . . . . . ¢« ¢ ¢« ¢ ¢« &« « « . 57

§2. Uniqueness theorem . . . . . « « « « .« 59
§3. Gauss summability formula. . . . . . . . 61
§4. Gauss summability theorem . . . . . . . 6b
§5. Application of summability-theorem . . . 65
§6. Norms, Continuity, Parseval relations. . 67
§7. Radial functions . . . . .« « « &« ¢ ¢ . . 67
§8. General summablility for radial functions 76

CHAPTER, III. Ib-SPACES
§1. Metric spaces . . . . . . . . . . ... 80
§2. Completion of a metric space . . . . . . 81
§3. Banach Spaces. . . ¢ « « ¢ o « o o o o & 85
§4. Linear operations. . . . . . . « « . . . a7
§5. Ib SPACES. « + + « 4 4 s e s s e e e e 94
§6. Continuity, summabllity and approximation

1n1.pnom................98

CBAPTER IV. FOURIER TRANSFORMS IN L,.
§1. Transformations in Hilbert space . . . . 104
§2. Plancherel's theo;-em T ]
§3. General summability . . . . .. . . . . 113
§4. BSeveral variables. . . . . . . . . . . . 117
§5. "Radial functions . « . . . . . . . . . . 120
§6. Derivatives and their transforms . . . . 123
§7. Boundary vA&luesS . .« . ¢ ¢ « + o o o o o 132
$8. Simple type of bounded transformation. . 138



TABLE OF CONTENTS

§9. Bounded transformations commutative with
translations . . . ¢ . ¢ ¢ ¢ 0 e 0 e .o
§10. Closure of translations. . . . . . . . .
CHAPTER V. GENERAL TRANSFORMS IN L,
§1. General unitary trax;sformations in L2
(0,00) ¢« ¢ ¢« ¢ ¢« o o o o« o o o o o o o o
§2. Watson transforms. . . .« . « ¢ ¢ ¢« & o &
§3. Functional equation associated with Wat-
son transform. . . . . . . ¢ ¢ 4 e . . .
CHAPTER VI. GENERAL TAUBERIAN THEOREMS
§1. Introduction . « . ¢ ¢ o ¢ o « o ¢ o o @
§2. Preliminary lemmas . . . . « « « « « « &
§3. Tauberian theorems; Averages on (-00,0 )
§4. Averages on (0,00) « « « « o o« o o o =
§5. Spécial CBICB. o see o s o s o o o s o

142
148

150
156

159

17
175
182
195
199
209






CHAPTER I
FOURTER TRANSFORMS IN L, (ONE VARIABLE)

§1. Elementagx m_-gi perties

The Fouriler transform of f(x) is by definition the

functional
bp(d) = §” e (x)ax,
=00

&« being a real number. The simplest class of functions
f(x) for which it can be introduced is the Lebesgue class -
L, on (- ,).

If f(x) € L1(-oo ;0 ), then cbf(oz) or, briefly, ¢(ox)
exists for every «. We shall _recofmt. a few properties of
$(cx).

(1.1) é(cx) 1s bounded, since
16Cedl < Nl 1= § 1£(x) Iax.
-00
(1.2) ¢(x) is uniformly continuous in -m(‘ x{ . If

¥y > 0, then we have:
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. (e )
1o(+y)-do) | =[§ £(x)el0X(e17%-1 )ax|
-0

(s 0}
< § IR o el ax

<§TIE ¢ 21%10 Hjax
=00

R 0o R
a2l § +§ JIf(x)ldx+yR § If(x)ldx
-o R -R

Given £ ) 0, we can choose R so large and afterwards y so
small that the last expressions add up to less than €.
(1.3) Ir c, and c, are, real numbers, and T is the oper-

ation which carries f into ¢, then

T(c1f1+ c2f2) = c, .Tf1+ c2.Tf2

(1.4) TI£(Rx)] = & 6(K); TIF(x)] = 3(-a9,

where (- ) denotes the complex conjugate.

(1.5) If a sequence of functions !f‘n(x)!-é f(x) in L,-
norm, then the sequence of their Fourler transforms
fé,(c) 1> é(cx) uniformly in -0 { & { .

(1.6) If Tf,= ¢,, Tf = ¢,, then -

® o
Sm 6, (¥)f,(y)dy = ):m 6, (3)f, (y)ay.

In fact
o o) (o o] @
§ D,y = | £,(3)0 § o't (x)ax)ay

and by Fubini's theorem this is equal to
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@ 00
(1.61) §§ el (x)f,(y)x ay
-00 =00
since
0 (o]
(1.62) S §mlf1(x)l - I1£,(y)1ax dy

0 (o0}
=f 1f,(x)ldx « § If,(y)ldy { .
-0 -

However, the double integral (1.61) is symmetric in
f‘1 (x),fa(x), which proves our essértion.
Remarks: It should be noted that conceptually the com-
position-theorem (1.6) is radically different from the
more important convolution-theorem as embodied in theorem
2 to be proved lgter. In theorem 2, the functions f, (x)
and fz(x) are composed by themselves and their transforms
by themselves. However (1.6) composes a function with a
transform, and this can be done only because, in the case
of Fourler transforms, both the functions and their trans-

forms are defined over a common space, namely the line

-0 {(y{ .

§2. Riemann-Iebesgue lemms
THEOREM 1: If f(x) € L1(-m ,00 ) then
1im d(ex) = 0 .
lxl 00
This theorem is usually known as the Riemann-lsbesgue

lemma.
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Proof: If we introduce any interval
I:ad{x<bD
and the function
f1,1fx¢e I,

Wr(x) = |
1 fo,1fx ¢ I,

then for f(x) = wI(x), we have

ixb_ _ixa
loex dx = & e

b
¢f(“) - S e 1l
8

so that
16gtoc)| < 121

This result holds for every step-function f(x) which is
constant on a finite number of (bounded) intervals and
vanishes outside, on account of (1.3). These step-func-
tions are dense@ in the space L1(-oo ,o ), that is, corres-
ponding to each € > 0, there exlsts a step function f‘E
such that

e - f‘E < e -
Now,
bplax) = bp_p (&) + dp (a), (see(1.3))
€ €
and

16p(ed] < 1bp_p (] + lp (ol
€ 3

< €+ lbp (ol
fE
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Thus

TH 16p(a)] TE |6 :
ol oo PN € €% HE 1o (@)

& 13

But the second term on the right is zero for a step func-
tion.fé and therefore

Tim 1dale)l < €.
almf“ €

letting € - 0, we obtain the result that

1im ¢f(“) = 0 .
lee| 00

§3. Convolution of two functions
Let f(x), g(x) € L,(-0,), and let é(x), Ylx) be
their respective Fourier transforms. The (resultant, or)

convolution of f and g 1s defined to be

@
h(x) = § f£(x-y)e(y)dy
~-®

lo)
= § f(y)a(x-y)dy ,
‘o
where the second integral arises from the first if, for a
fixed x, we replace the variable y by x-y .

We shall now prove a result which states that the
Fourier transform of the convolution of two functions 1s

the product of their transforms.
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THEOREM 2: If f,g € L,(-00,00), then the integral
defining h(x) exists for almost all x, belongs to
L,(-00,00) &and

h(x)it < el gll

(the notation is as in (1.1)). Furthermore,if Xlo) de-

notes the Fourier transform of h(x) then Xlec)= é(ex). yla).
Proof: First we note that if f(x) is measurable in x,

then f(x-y) is measurable in (x,y). To show that
oo}
h(x) -S f(x-t)g(t)dt
o)

exlst almost everywhere, we observe that

o 0
§ If(x-t)l.lg(t)ldx = lg(t)I§ I£(y) lay
¢ +) =00
= lg(t)I: ) £1l € L, (-o ,@ ),
and hence

a 0
§ atf If(x-t)llg(t)lax
“ =00

exists, and by Fubini's theorem, it follows that
@ 0
§ ax{ If(x-t)] lg(t)lat
-m —w "’
exists and h(x) exists almost everywhere and 1s of class
L,(-00,m ).
Furthermore,

Xioe) =f " h(x)e®ax = ax . ™% (" £(x-y)g(y)dy
=00 -0 =00
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© © -
-_Smdx §wr(x-y)ei“(x Vg(y)e®Vay

00 Q0
-Sooay.g(y)e“’yg £(x)el®®ax

= “o

= dlac) . glod),
and the justification follows again from Fubini's theorem
with f'(x-y)e“‘(x"y)g(y)emry in place of f(x-y)g(y).

§4. Derivative of a Mti'gn and its transform

One of our objects will be to prove that if

dlo) =  £(x)e®ax

then

Q
§ e XX g(x)dox

1
f(x)~ n

in some sense. But before proving it, we will note cer-
tain heuristic consequences of the inverse relation, and
establish some of them without the aid of the inverse re-
lation. We have already noticed that

(A): 1if f(x) has the Fourier transform é(ox) then
£(x)e*P has the transform d(x+h), and

(B): if f(x) has the Fourier transform d(cc) then
f£(x+h) has the transform é(oc)e %B,
Now, propositions (A) and (B) exhibit certain inver-

tive properties, from which we deduce:

ixh
(C): TIf(x) . Tt ) = Rashln ,
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and
~1oh_,

(D): pEEE)) o g(p) L
Tentatively, if we let h = 0 in (C) and (D) we obtain
formally

(B): TIf(x).ix] = ¢'(x),

(F): TIf'(x)] = -1xblex),
and we shall now establish (E) and (F) on a rigorous
basis.

THEOREM 3. (1) If f(x)€ L, and ixf(x) € L,, then
o' (oc)exists and dy,plc) = &' (x).

(11) If f(x) € L, and f'(x) € L,, then
bpi (o) = ~ixd(ex); also

(o}
(4.1) f(x) = - f£r(x)dx
X

Proof: (1) We have
eixh_.1
dloc+h) 1-] d(ox) = TIF(x) . T—']

= T[fh(x)], say.

Now, fh(x)éixf(x) in L1 -norm, because fh(x)-éixf(x) at

every point x, and
e:i.xh_1
I L IEE) B < Ix] . If(x)] € L,

On applying property (1.5) we ge;:
T[f'h(x)] —> T[ixf(x)],

uniformly, as h->0. Hence, at every point X , there exists

the derivative ¢'(x) in the ordinary sense, and
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d’ixf‘(“) = ¢'(x) .

(11) The precise meariing of our assumptions 1s that
there exists a function g(x) € L1 which we choose to de-

note by f'(x) and an indefinite integral of 1t

X
£(x) =§ g(y)dy

such that
f(x) € L1(-oo,oo ).
Now,

A
f(A) - f(a) ={ g(x)ax
a

If we keep a fixed, and let A->oo, since g(x) € L1, we
have '
A
§ s(x)ax — c.
a

Therefore, f(A)->1 ; similarly f(-A)-> -m, say. Since
f(x) € L1(-oo,oo.) we must have 1 = -m = 0, and this, first
of all, proves (k.1).

‘Now,if T[f'(x)] = \p(oc), then

A
plo) = A};m SA e1%%af(x)
o >

A A
= 1im [{e¥%Fe(x)] - fox § o1% e (x)dx].
A=>00 -A -A

But the boundary terms vanish because, 1= -m = 0, and
thus

as claimed.
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Remark: There is a much stronger theorem stating that if
£(x) € L, and £7)(x) € L, then £ )x), .., e(F e L,
We shall postpone this to a later context.

§5. Inversion formula
We wish to give some simple conditions under which

@®
£(x) = 55 §_o 10%4 (o)d o

at a given point x, assuming that f£(x)é€ Ll(-oo ,00).

Let
1 R _1ox
(5.1) Sp(x) = ¢ ,SR e " é(ec)dox
(oo}
- L J UBEE | e(xet)at
-2 S°° sin Rt f(x+t) +f(x-t) 4.
© o —'—F—' . ) .
Let
(5.2) gy(t) = D(E$E) &£ DX-L) _ p(x).
Then
00
(5.3) Sp(x) - f(x) = & §  SBRE g (t)at.
THEOREM b: If

(t)
¢ & et <o,
[¢]

Shen Lm Sg(x) = £(x)
R%Rx (x) .
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Proof: let 6 > 0 be fixed. Then,

@® (t)
spx) - £ = F 1 ¢ 5, ) 5" otn Rt at

- I1 + 12 s say.
!'Iowitigz- 0(1) by the Riemann-Iebesgue lemma. And, since
g’é is absolutely integrable in (0,6), it follows that

I,= €(e)> 0, as ¢ = 0.
Remarks: Theorem 4 shows that if f(x) € I..1 , then the con-

vergence of SR(x) to f(x) at a point depends only on the
behaviour of f(x) in a neighborhood of that point. This
is Riemann's localization theorem.

Not:.e that the condition of the theorem is fulfilled,
if f(x) has right and left derivatives at the point in
question, provided that f(x) is normalized as

ZI£(x+0) + £(x-0)].

§6. Uniqueness of Fouriler transform
THEOREM 5: If f(x)€ L (-0, ) and é(ex) =~ 0 for
every o« , then f(x) = 0 almost everywhere.
Proof: let ga,e(x) be the function defined as follows:

1, a{x<a;
0, x ) a+g, x - a-¢;

Ba, g (X) =
el R E XYY

x——“t—a'*l,-a.-g(x{-a.
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let
Tlgg ¢ (X)] =g o (),
so that
®
Va,¢ ) = QSO 8¢ (X) cos xo dx
- - Sm ' (x) sin xocdx
& 5 Bay
- 7«2&— SB"'E sin xecdx.
a
Hence

Pa,e (o) = 0 (53), 8s lal > oo

Therefore, since Ya &(«) is (continuous and)bounded, we
2

have

(6'1) ' Ya’a(“)e L1('(‘D,<D)-

Also, gq E_(x) satisfies the condition of theorem 4 at
s
every point -0 { x { @ . Therefore by that theorem we
have ‘
fo o}
A -ixe
(6.2) Boe(X) = Tx §__© 7 Ya,¢ ()
Furthermore, on account of (6.1), the integral on the right
of (6.2) converges absolutely. Finally,

00 ga,& . . 8.,{

This follows (either by the composition-rule in (1.6) or

directly) if we substitute for 8y ¢ the integral in (6.2)
)

and interchange the integration, which is justified by

the absolute convergence of (6.2).
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Since ¢(x) = 0, we have:
00 - =
gmf(Y)ga:E (x-y)dy 0,

or,
X+8
( f(y)dy = o, for each a,

or,

Sﬂf(y)dy =0, forallox and 3.
o

Hence f(x) = 0 for almost all x; thé.t is, f(x) is the null
-function of the class L1 (-o,0 ) or, rather, the null-
-element of the Banach space Ll(-oo,oo ).

Remarks: We wlll easily extend this theorem to several
variables, as will be seen in the next chapter.

In one variable, however, there 1s a deeper theorem °
in which the (absolute) integrability of f(x) in (-oo,® )
1s entirely dispensed with and only the existence of the
Cauchy 1limit

A
blo) = 1tm § e*®p(x)ax
. A -A

for every oc 1s presupposed. This type of theorem has,
apparently, never been extended to more than one variable,
and any non-trivial result in this direction would be very
desirable indeed.

§7. Summability theorems
Iet £(x) € L1, K(x¢) € L1 . We know that if T(f(x)]

= blx), then TIF(x+t)] = dloc)e 10X | Let T(K(e)] = H(t).



14 I. FOURIER TRANSFORMS IN L, (ONE VARIBALE)

Then T[K(%)] = R H(Rt). Assume:

(7.1) K (x) € L,(-00,00)
(7.2) K(0) = 1, K(x) 1s continuous at oc = 0
(7.3) K(%) can be "inverted" at the origin; that 1is

1 -5l Soon H(Rt )dt
2w )

(7.4%) K(x) 1s even.
Define:

SK 1 @ “1xe oo
(7.5) R(X) = % §°o¢(or)e K(R)dx .

We then have the following
IEMMA 1:

1 o
(7.0) Sl;(x) - f(x) =L § g (t)RH(Rt)t,
. o

where gx(t) is defined as in (5.2).
Proof:
00
sk(x) = L= § f(x+t)RH(RE )t
-

on account of property (1.6). If we now use assumption
(7.3) on K(oc), we obtain:
K 1 00
SR(x) - f(x) = T S {f(x+t) - £(x)IRH(Rt)dt.
=00

By assumption (7.4), H(t) 1s even; so that

K 1 @
SR(x) - £(x) = x § 8 (t)RH(Rt)dt.
o
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K
IEMMA 2: If H(t) > 0, then SR(x) € L1(-oo,cn) as a
function in x (even for small R).

For,

K 00
s (N ¢ WL ¢ pu(Re at
R -
=l £ll.

Let us now specialize the function K(«) and see how (7.6)
will read.
1, -1 {1

(7.7) K(ex) =
0, outside

1
H(t) = 2 S cosxt do = 2‘_8_%&
o

2%

K R _
S (x) = 5= § e 1% $(a)du
R
(¢9)
-1 §_txet) D Rt 4

= SR(X)

in the notation of §5.

(7.8) K(oc) ; 1 - !, lxl €1,
7. -
T o, Ikl .

1 1
- - singt
H(t) = 2 Soh x)cos ot doc = 2 50(1 «)d =%

1.
- % Sslno:t dcx-%

1-cgst_(sint2)2
o t t/2



16 I. FOURIER TRANSFORMS IN L1 (ONE VARIABIE)
K R
1 loel y zlox
S (X) = 53— (1- ) e $(ox)dox -
R 2w Jp R

= lox Tox
(1- %) (d)(x)e 2+ $(-)e )doc

§

§

(1- §)a, 8 (x)

© ™ o ™

1 R
= R So %x dx .

2
1+t2

- @ _
(7.9) K() = A s H(t) =2 § ¥ cos ot dt =
0

2 oco_.2 _+2
(7.10) K(o) = & , H(t) = § &% *lot gou gt7/4 p1/2
=00

THEOREM 6: If (1) K(x) € L,(-00,r0), (2) K(o) = 1,
(3) K(ox) is continuous at o = 0 and (4) K(x) = K(-x); if
(5) H(t) is monotonely decreasing in 0 { t < oo and (6) )
go?i(t)dt { o, and hence (7) tH(t)->0 as t-doo, and if
furthermore (8) 1 = 5= S:H(t)dt; then, at & point x, the

condition
;B
£ § g lt)dt =o(1), ash > o0
(o]
implies
Sp(x) - f(x) =o0(1), a8 R D ®.

Note that H(t) is even, since K(«x) is even, and that,
as will be proved subsequently in theorem 9, assumption (8)

i1s a consequence of the previous ones.
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Proof: From (7.6) we have
K
SR(x) ~£(x) = & S g, (t )RH(Rt )dt
= S + s
) u

= I1 + Ie,say.

If we put .
G(t) = § 8, (s)ds,
o}
we have
u
I= So RH(Rt )dG
= uR . H(Ra) %8 - § G(t)R a, H(Rt)
[e}
u
= o(1) + o(S tR dtH(Rt))
o
u
= o(1) + O(uR . H(Ru) - § RH(Rt)dt)
o
and finally
(7.11) I, =o(1),

by assumptions (6) and (7). Also

% [flxat)af(xt)
I, =% f (Ext)af(X70) _ pp(x)RH(RE )t

= Ia,1+ 12,2+ 12’3, say.

1T, < 2% m RH(Ru) g If(x+t)1dt

{ - .uR.HR . g gm I£(x+t)1dt
2w u 2,
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(7.12) (g ,a3 R = o, for fixed u.
Similarly,
(7.13) 1T, <€ .

RIf(x ® f(x 00 .
11, 51 ¢ BLEXL § BCRe ) - Lol f Qe < o1,

as R = o, because of assumption (7).
The result now follows from (7.11) to (7.'3)

theorem 6, and H(t) satisfies assumption (8); (2) there
exists a function H (t) satisfying assumptions (5),(6)
and (7) of H(t) in theorem 6 such that IH(t) < H,(t).

Conclusion: if

h
%S lgx(t)ldt = 0(1), ash = o0,
o

K
SR(x) - f(x)=o(1), as R = ®.

The proof is similar to that of theorem 6; we have only

to use the fact:

g (e g 1EEEYy o X)) 4 ye(a)).

Remarks: In theorem 7 the assumption on K(x) and assump-
tion (8) were needed only to secure the integral repre-

sentation of SR(x).
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Theorem 6 covers the cases when K(x) = e"“'(Abel)
_2
and K(x) = & * (Gauss) but not (Fejer):

I 1 =y ol 1,
Kix) = |
{ 0o , lel > 1.

Theorem 7 covers the last case, because

( sixg; 2 )2 < _‘__"_:::_2— .
L D | 1_cb

Since & Sogx(t)dt - 0 if and only if Eﬁ's_hf(x"t )dt
- f(x), and the latter holds almost everywhere for
f(x) € L‘ by the fundamental theorem on absolute continui-
ty of the indefinite integral, therefore theorem 6 proves
that the Fourier transform of an L,-function is Abel-
(or Gauss -)summable almost everywhere.

Even the more stringent condition { S:ng(t)!dt-é 0
is satisfied almost everywhere by a& further theorem of
lebesgue, and hence by theorem 7, the Fourier transform

of an L, ~-function 1s summable (C,1) almost everywhere.

§8. Some applications of summability theorems.
THEOREM 8. If f(x) € 1{1 and d(ex) € L1: then

a
2= § e X p(a)doc = £(x),

almost everywhere.

Proof: By theorem 6, we have, for almost all x,

1 ¢®P_-1x ""%L
(8.1) £(x) -R];;z)-e-u— Swe * o é(oc)dex .
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Since d¢(ex) € L1, we have

1 Q0
7 §

-ixx. R 1 @ -1x«
sup le ) $(ox) doc = le $ (o) |do €
=00 R 2w S—m <

Hence in (8.1) we may let R—>oo under the integral-sign
and 1t follows by "majorized limits" that .

@© _
£(x) = 50§ o7 p(a)dex

almost everywhere.

Remark: If we define for all x ,
®
1 -1xex
P (x) = 5= Sooe é(ex)dax

then, by the -uniqueness theorém (5), f(x) = fo(x) almost
everywhere, and thus it follows that f(x) differs from a
continuous function on a set of measure zero.
THEOREM 9: If f(x) € L, and If(x)] {M1in -h {x <h,

h > o0, and é(x) 2 0, then

00 o0

§ ld)lda®d § dloddax < .

o =00

Proof: We assume first that
I£(x)| <N, in (- ,m),
and put K(ex) = o~ '™l Then

K 1 @ t
ISR(X)l - low Smf(x-o-R-)H(t)dtl

N m
< 2% S-mn(t )t = N
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so that

K

IS (0) < N ;

R

or, o - el
R
(8.2) { dlx)e " dx{ 2mN
=00

Due to ¢(x) > 0, we may pass to the limit as R->wm under
the integral sign, and obtain
m .
(8.3) f #(x) dx { 2N
o
which proves the assertion.
Actually it is enough to assume that |f(x)] {( M in

(-h, h.), for

K( : ShR ShR Soo
S (x) = + + ;
R R o nR
at x = 0, we obtain

hR

§ 1 <M

-hR

as before. Then by using the property |H(t)| < % for
h { t { mwe obtain an estimate
~-hR oo}
| S_@ + ShR I <M,
uniformly for 1 { R { ®, and we obtain the conclusions
(8.2) and then (8.3) with M1+ M2 instead of N.
Remarks: From theorems & and 9 we observe the following:
(A): If f(x)€ L, and f(x) is continuous, and

b(x) € L,, then inversion holds everywhere.
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(B): If f(x) € L,, 1s bounded and continuous and has
a positive (that is, non-negative) transform, then inver-

sion holds everywhere.

§9. Continuity in norm
Let

(o]
f(x) € L, fy(x)=f(x+h), lIfll=F |f(x)ldx = A;

then, Il £,ll= Il £1I . Let

w(h) = Il £(x) - £,(x)l

Q0
= { If(x) - £(x+h)ldx
=00

Then, w(t) is even and bounded; 0 { w(h) { 2A; w(h,+ h,)
{w(h ) + w(h,); w(o) = o.
THEOREM 10. w(h) > 0o as h - o.
Proof: Let f(x) = 1 in (a,b) and f(x) = 0 outside
(a,b). Then
joolf(x+h) - f(x)ldx = Sa+hdx + Sbmdx = 2h->0,as h->0.
=00 a b
Since

Wr1+f2(h) < 'fl (h) + Wfa(h)

the result is true for step-functions. Again let lrn!
be a sequence of step-functions such that f'n-a f; then

wa(h) { wa_a(h) h
£R) { Wp_p(h) + we(h)
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{2llf - t‘nll + “fr(xh)

€ € +€(h) > o.

THEOREM 11. If f(x), g(x) are bounded functions of
class L,, then the integral

00 00
h(x) = Smf(xw)'ﬂ?) dy = gmf(x-y)gZ-y) dy

exists for every x, and h(x) is bounded, continuous and of

class L1(—oo,oo).

Proof':

(o 0] (0 0]
I § flx+y)ely) dyl < § If(x+y)ldy . sup lg(y)l
(o 0] s o]

{M. el
thus h(x) 1s bounded; it is also continuous, for

oo
Ih(x) - h(x+t)] < § [£(y+x) - £(y+x+t)|.|g(y)ldy
-0

€ sup le(y)l. we(t),
and by the previous theorem, w(t)->0 as t-=>0, so that
|h(x) - h(x+t)| = €(t) = o(1), as t=Do.

THEOREM 12. If f(x) is a bounded function of class L,,
then

§12001%ax = 2§ 1o(er) 1Paec
2o 21 20

the integrals being finite.
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Proof: Setting up the function

(o0)
h(x) = { f£(x+y)F(y)ay
(00}

we observe that by theorem 2,
T(h(x)] = 16(x)I% 0.

By theorem 11, h(x) 1s bounded and continuous and of class

L It has a positive transform. Hence by theorem 9, in-

»
version holds everywhere,
© - ~® _
§ EsFEIay = 52 § 16600126 % an
“m =00
Setting x = 0, we get the required resdlt.

THEOREM 13. If f(x), g(x) are both bounded functions

of class L1, then
* £ (0EF) : s°°<b( ) glx)
f(x)g(x)dx = ;— o) wlex)doc .
Soo am Y
Proof: By theorem 12,
®© 2 @ 2
§ 16(ed"dc 0, | Tytod"dx (0.
~00 -00
Hence by Schwarz's inequality,
©
S ¢(or)'\y(o<)do<
2o .
exists. Hence, at every point (since h(x) 1s continuous
by theorem 11) the inversion-formula holds (cf.theorem 8)
for the convolution h(x), that is:

@ o0 —_— -
h(x) = § f£(x+y)g(y)dy = -21—ﬂ Sooda(oc) ylx)e LoeX g .
© )
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Setting x = 0, we obtaln the required result.
§10. Summability in norm.

THEOREM 14. Let f(x) € L,; let K(x), H(t) satisfy
the assumptions of theorem 6. Then

K
I SR(X) -f(x)l—> o0

as R — . X
Proof: By lemma 2 of §7, SR(x) € L1(-oo,oo) and

K 1 @
Is () - £l < 3= § If(x+t) - £(x)IRIH(Rt)|at.
-@®

Hence

o K
§ I8 (x) - f(x)lax
-0 R

1 (o8] (0]
3= § ax [ If(x+t) - £(x)IRIH(Rt)|dt
=00 e

1 00) .
{ 7 § w(t) RIH(Rt)|dt
e o]

] 00
= L { w(t) RIH(Rt)|dt
o

= 0(1)

as R > o, since w(t) 1s bounded and w(t)-> 0 as t - o0,
while tH(t) = 0 as t - o®o.
Remarks: We have proved that under suitable conditions:
(1) SI;(x) - f(x) almost everywhere, as R = ®;
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K
(11) SR(x) - f(x) in L1-nor'm.

§11. Derivatives of a function and their transforms
We recall theorem 3, which says:

(1) 1if f(x) € L1 and ixf(x) € Ll, then
by = plex);
(11) 1f £(x) € L,, g(x) € L,, and g(x) = £'(x), then
Y (o) = 1o (o).

We now wish to prove
THEOREM 15. If f(x) € L,, g(x) € L, and y(ex) = T(g]
= -1ocb(x), then g(x) = £'(x) almost everywhere, that is:

(s 0]
£(x) = - Sx g(y)dy.

Proof: Special case: Assume that (), 4;(5:)6 L,
(-0 ,00). In this case, we can use the inversion-formula,

and hence, for almost all x,

£(x) = 5 £ 61X g(oe)aee
~®

o0 _
g(x) = 2= § e X% —1ap(oc)dex
00
so that b
o -
{ g(x)dx = -51;- (e b _ o 1‘“)&(0{)6«
a o

= f(b) - f(a)
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hence ‘

g(x) = £'(x)
almost everywhere.
General case: lLet K(x) = o and put

1 ¢P -1
fR(x) ol Sme X tb(oc)K(%)dw

o _
g (x) = 7§ o % o (oK (E)an

By lemms 2, §7, fR(x), gR(x)c L1(-oo,oo). Also

b
£ (b) -f (a) = { g (x)dx.
R R a R

Hence
£ (x)=- Soo g _(y)dy
R X R )
But
(11.1) Un { lg () - gy)ld
. m - - 0
R 500 sRy g(y)lay

by theorem 14. Therefore, in particular, for every fixed

X, we have

Q0 00
1m £ - lim - dy = - dy.
R_)gro R(x) R_;.ao Sx sR(y) y Sx g(y)dy

On the other hand, f‘R(x) converges almost everywhere to
£(x) by theorem 6. Thus, for almost all x,

.00
£(x) = - Sx 8(y)ay,



28 I. PFOURIER TRANSFORMS IN L, (ONE VARIABLE)

which implies our assertion.
THEOREM 16. If f(x) € L,, g(x) € L,, TIf] = ¢(«x) and
T(g) = (o), and 1f {(x) = (-1x)"(x) where n is & positive

integer, then f has n derivatives all belonging to class L,.
Note that the conclusioﬂ implies that (-i«)k¢«x),
k

0,...,n are all transforms.

Proof: We will first show that if ¢(x) € T and
(-10)b(x)€ T, n ) 2, then (-1c)d(x)€ T [6€ T means ¢
1s a transform].

For, &%T is a transform and so by theorem 2,

1
— € T
(o+1)B7!

and hence, again by theorem 2,

n

-1ox x
n1 €T
(c+1)
But
n n-1 .
i_‘iﬂ_%_&%la [ -1 + A + Z Al 1d(ex).
(x+1) 370 (x41)

The left side belongs to T, and the last two terms on the

right side also belong to T; hence
(-ix)b(ex) € T.
We next apply this result successively, and observe that
(-1e)¥b(x) € T, k=0,...,0.

Hence,by theorem 15, we could successively derive f(x)
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within L, (-® ,00 ).
THEOREM 17. If f(x) € L, and has n derivatives and
£ (xye 1,, then £ (x) € L,, 0 <k < n.
Proof: By hypothesis,
£ (x) = o(IxI?) as Ix]1—w.
Let K(x) = e'°‘2; let

. 0y, o2 /R
£ ) =g o7 blee™ /R g

As In (7.6) we have

1 a0
fR(x) = 57 §oof(x-t)R H(Rt )dt,

where H 1s the transform of K. Set R= 1, and then we have

o _ 2 I
(11.2) £,(x) = .2'? §me 10X (x)e ™ do = 2—‘m— Soof(xn,)n(t)dt

By successive differentiations of the first integral,

we obtaln
o _ _2
(11.3) D (x) = 50 § e % (-1)" f(o)e™ dx
=00
and as a rule such formal differentiation under the inte-

gral-sign 1s admisslble whenever the derived integral is

convergent uniformly in every finite x-interval. Since
£ (x) = 0(1xI?) as xdw, 0<k<n

2
and H(t) = e-t /l‘, this rule also applies to the second
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integral in (11.2) so that
D, (x) = 2= §:f(n)(x+t JH(t )dt;
and H(t) being even, this is:
(11.4) DL, (x) = 5 §:f‘n)(x—y)n(y)dy.

But £{®)(x-y) and H(y) both belong to L , and thus, by
(1.6), (11.4) implies

2
(11.5) D, (X) = 5 e'1°°‘ ()e™™® do
L 4

_2 _2
The two functions, (-1«)® b(x)e * , q)(ar)e x

(11.3) and (11.5) both belong to L,(-co,oo), and, on re-

appearing in

placing 1 by -1, the function an1(x) appears as the com-
mon Fourier transform of both. By theorem 5 and con-

tinuity in o« , we conclude that they are equal and hence:

(1) blox) = g (oc)-
Thus,
e (x)] = (-160® blex).

Now, using theorem 16, we observe that each of the deri-
vatives r(k)(x), K= o,...,n;1, belongs to the class
L,(-00,® ).
§12. Degree of approximation
We proved that if

h
§ ge(t)at = o(1) ash > o
o
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then

K

SR(x) - f(x)=o0(1) as R = .
We now assume that

h 14

§ gy (t)dt = ofn'*?), q >0

o
and desire to conclude that

q K

R (SR(x) - f(x)) = o(1).

THEOREM 18. The assmtions on K() and H(t) are the
same as before (§7) except for S H(t)tth { o instead of

nly g H(t)dt  co. We then have
h 1
(A): §, Bx(t)at = oh *ay,

implies K
18 (x) - £(x)1 = o(=1)
R R

(B): 1if IH(t)| { Hy(t) where Hy(t) satisfles the
main assumptions, then:

h 14q
§ leg(t)ldat = on'*d)

implies X
18 (x) - £(x)I = o) .
R R

Proof: We first observe that if q > 0 is any con-
stant, and H(t) decreases monotonely to zero, and
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(¢ o]
§ H(t)t? dt (oo
1

then
(18.1) Htnt®*'S> 0 ast = oo.

For,

X X 1
Ht)tY at D H td gt = H(x)x3* 2 gu-do
Sx/g (t) 2 (Jt)Sx/2 (x)x S1/2u u-y

as x = . To prove the theorem, consider
0 Qs u @
§ g (t)R*TH(RE)At = § + § = I, + I,, say.
[e] 0 u

Regarding 12, we have:

SOO [£(x+t)|RI*TH(Rt )at
u

00
< R*H(Ru) § If(x+t)1dt
u

¢ c(uR)¥' H(Ru)
uq+1

= 0(1):
as R = o . Furthermore,

00
§ 1£(x) IR H(Rt)at
u

< If‘(x)lSm R¥*! H(Rt)dt
u

(0. 0]
¢ LEGL (TRt 19 u(Re)at
u u
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@D
= LB ¢ 49 s )ae
u uR

= 0(1),

for fixed u, as R > ®, since the last integrul converges

absolutely. Hence

12 = 0o(1).
Next, put
t
G(t) = So g, (y)dy
and then,
u +1
I, = § R™*' H(Rt)do(t)
o
- T RH(RIG() |, o
2a+ 3
where

u +1
I, = § R¥*'G(t)dH(tR) .
0
Due to the monotoneity of H(t), we may majorize G(tj
under the integral sign thus obtaining

u
I, = o(f R¥' t'*9 4. H(tR))
3 o t
u
= o(R¥*'u'*? H(uR) + o(§ RI*2t'*IH(tR)dt)
0

and it follows from all our assumptions on H(t) that

I, =o0(1).

1
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Examples: Since H(t)t2*' must be "small at ", the

approximation is not optimal elther for

1 = leed, la <1
K(oc) = |
’ 0 ’ l“' > L
in which case

2
H(t) = (SR,

or for K(e) = e-l°‘l in which case

1
1+t2

H(t) =

H
o
but it is a very good one for K(x) = e , since
.2
H(t) =t /4,

since H(t) = o Itl,

and also for K(x) = 5
14

§15. _Abel's theorem
Let

S (07 g(or) + 7% $(-00)] = alex)

y
Ao(y) - So a(oc)dox
then for given x,

K K @ « 00
8 =8 (x) = § a(K(F)x = § KN Agex) -



§13. Abel's theorem 35

THEOREM 19. Assumptions: (1) Let K(x) be continuous
and differentiable in 0 (& < o, (2) K(o) = 1, (3) K(y)
> 083y - o, and (4) Sm 1K' (oc)l dx< 00
gw:_i_f;%(y)g)cggy-)mm
K ®
8 (x) = § K(E) Aq(e)
exists for every R, and
Si(x) > ¢, a8 R =D o, .

_for every x.
Remark: In stating assumption (4) we have presupposed
K(x) to be differentiable (or rather an indefinite inte-~
gral). However, it would suffice to assume
®
§ l6K(@e)| < o
(¢]
without any assumption of differentiability, but the proof
would become slightly more cumbersome.
Proof':
¥y
§ K(Fa Agle)

y
= K(y/RA (7 - § K" (§)A,)d

For fixed R, K(g) has the same properties as K(x), and it
can be easily verified from our assumptions that the right
side tends to a limit as y = o, and that

o o) 0 , .
§, K3 A(R) = - " § K (A (ex)a
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After replacing Ao(y) by Ao(y)- ¢ we may assume that ¢ = 0.
Choosing B sufficiently large and keeping it fixed, we ob-

tain:
© ®©,
I§ K(§)aA ()| = | § ﬁK'(%‘)AO(«)dorl
o o
TP
So * SB
B, @ 4
= [0(1)f gIK'(§)ldex + o(1 )SB gIK' () dor]
(o]
B/R (e¢)
= [0(1)f  IK'(a«)ldex + o(1)§ IK'(ec)|dex ]
o o
= o(1),
as R = .

THEOREM 20. Assumptions:(1) 1 > 1, K(«) 1s twice
differentiablé in 0 { x { @, (2) K(o) = 1, (3) K(y)
y 0 as y%m(h)K'(y)y—N as y>o0, (s)g & IK" (o) [dex < 00,
(6) A (y) = o(yh), A (y) —j A (¢ ) = cy +o(y).

Conclusion:

QO
§ K(E)d A ()
(o)

exists for every R and tends to c as R = o.

Proof':
y © y vl
§ KA, @) = K(Y/RIAG(Y)- § (REE)T A, (o)

Yy 1
= K(¥/R)A,(¥)- SO[K("}%) d A, (x)

y "
= K(y/R)A_(y)- = K'(Z)A (y)+ (15 [K&)] A, (oc)dox
o) R R'™ oR2 R 1
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Now, due to our assumptions, if y—>oo, the right side
exists, and in fact

o [~ @ 1 nwiX
So K(§)d Ajlx) = go oz K" (%A, (o )dex .

On replacing Ao(ac)‘by Ao(a)— c we may agaln assume ¢ = 0,
and our conclusion follows from

I IV WO P N o

oR o] B

B 0
= 0(1) go —QIS; |K“(§)|d¢x + 0(1) SB —‘EEIK"(g)ldo: .

§14. Abel and Gauss summability

et
s=( ae R ;
R o

) 2,02
T=S a(or)e“ /R doc;
R

let
x = 1/R.
Theorem ?1 . Assumptions: (1) a(x) is L, -integrable
in every finite interval 0 {x { R, and

© _ 2.2
T(x) = So ale)e ® * dx

exists for every x > 0, (2) T(x) 1s bounded, IT(x)| { M,

@
0<{x<® (3) 1im T(x) = c, (¥) § lalc)le™ dx { o for
X—>+0 o
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0<{x <, g0 that S(x) = Sma(x)evxd« exists for
(o]
0<{(x<{ ™.

Conclusion:

lim S(x) = c.
X=>+0

Remark: Assumptions (1) and (4) are certainly satisfied

if a(y) = O(Yk) for some k D> 0.

Proof: We have:
x>0 e S _&s__g__ dex
o) 1+x

o _ 2
1 - e(1+x )ydy
14X

a [0 o)

-2
13
o

.2
eV cosxx e X7 gy ax

- DO oY 2
eO(_S e“ .e'«/kydy
[o}
2 _22
-Sooi:?/:=)‘i.°“u du

o

(e} o202
= v(ue x du, say,
o]
where
y(u) 2 0.
Setting &« = 0, we obtain

1 = S:o y(u)du
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Now,

S(x) = Sma(ot)e'“x dex
)

™ oo —o2x2u?
- S S a(x )yy(u)e dox du
o ‘o
00
- S T(x u)y(u)du,
(6}

by assumption (4) and vy > 0 and Fubini's theorem. Now
IT(x)] { M and hence by dominated convergence it is easy

to see that 1im S(x) = c.
X=>+0

More generally, we have the following
THEOREM 22. Assumptions: (1) Let K(x), a(x) be de-
fined for 0 { ¢« { @ ; K(x), a(x) are positive;

K(0) = A(0) = 1; there exists a relation
foo)
K(ec) = { y(u) (o u)du, y(u) 20,
o

(2) a(x) 1is L1 -integrable in every finite interval
0<{oa<yand

©
T(x) = S a(o) Ao x)do
o .

exists for every x, 0 { x { o, (3) IT(x)I {(M, 0 {x< o,
00
() lUm T(x) =c, (5) § la(ex)l IK(ox x)ldx < o0,
xﬁ'«ro o

0{x <o sothat
oo
S(x) = { a(x)K(ocx)do
o

exists for every x.
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Conclusions:

1lim S(x) =—c¢ .
X—+0

§15. Boundary values

let f(x) € L1, T[(f] = d(x), and let

[e9) IS
£(x,¥) = g § o(o)e T g
=0
2
_(x-2
(15%) - 7= iz e Y oaz,
. T 2o y
the function f(x,y) arising from f‘R(x) of theorem 15 on

setting 13 =y .
R

Properties of f(x,y):
(15.1) For every y > 0, f(x,y)€ L, as a function in x

(Lemma 2).
(15.2) 1im f(x,y) = f(x) in L1 -norm (th.14)
Y240
(15.3) For ever >0 of Q—e—f- exist and belong to L
-3 o Yy ’ 3% ? ox’ ng 1

For instance,

2
X=-2
df _ (@ - T Thy
VTI 6;-= Smf(z)ﬁ - zyg > e ‘ dz

and for fixed y > 0 this is
®
S f(z)h(x-z)dz
=00
where h(x) € L1 and hence %JEE L1 by theorem 2; similarly

for successive derivatives
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o(T)e
%2

of any integral order r.

(15.4) For every y » 0, there exists a function b§ € L
such that
. o0 _
1im S I f(x’V‘.‘h) f(x,V) - %f_ I dx = O.
h—0 =00 h y

We mean that the literal partial derivative of f(x,y) with
respect to y is the 1imit in norm of the difference -

quotient. For,

! V17t= Smf‘(z)y—1/2 e- y dz

\/_1= S f(x+2)d(y,z)dz,

where
o(y,z) =y /2 o2
Hence
O - P(x,y+h)-F(X,Y) f
| 2 - | dx
<00 h gST_
® o d(y+h,z)-d(y.2) _ db
d I£ o - | dz
< §oo * -Soo (xs2 h v

@
¢(V+h,z)"¢(v,z) b
et . I - | dz .
< § g&y

1
a2

Now we know that
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to show that this relation holds in L,-norm, it is enough
to show that, for fixed y > 0,

h,z)- 3
| $(ush. @i ymer,

uniformly in h. It suffices to show separately that

(15.41) 1881 ¢ ylare 1,

and that

(15.42) ! Mﬂl‘-‘f—'ﬂw I < glz)e L,
uniformly in

(15.43) 0<y, -l {y <y, + Inl.

Now (15.41) follows directly from

2 2
- -2°/hy _ _1 2 _-2%/u4y
(15.04) 8. =7 ° o e /v

Furthermore
- h
MJ%LM) _;_] S 61(y+t,z)dt
(o]

where 61(y,z) - g% , and thus (15.42) follows from the fact
that (15.41) holds uniformly in (15.43), as can again be
verified from (15.44).

(15.5) For eve 5 d £
. ryy>o, =™ (by direct computation).
ox v

@ ®
(15.6) Smlf(xJ)ldx {M (= If(x)lax)
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(by Lemma 2).

THEOREM 23. For given f(x) € L,, any f(x,y) with
properties (15.1) - (15.6) must be the function given by
the formula (15%).

Proof: By (15.1), for any ¥y ) 0, we can form the
Fourier transform of f£(x,y); let it be é(x,y). We know
that if fn-éf in L,-norm, then é () - ¢(x) uniformly
(see 1.5)). Hence, by property (15.2), é(x,y) = &(x),
as y > +0, for every o .

Again, from (15.3) and theorem 3,

(15.7) T[:——g-] = (- 109? bloo¥)s

2
X
furthermore,

T f(x,x+gl-f!x,1) ] - +{]1 -¢ (oc

O (o
and by property (15.4), there exists —Q—é-i-'l)- such that

(15.8) Spleey) ¢g£ .

y
Using property (15.5), (15.7) and (15.8), and the unique-

ness theorem for transforms, we obtain:

_&Qg‘ﬂ = “2¢(°‘:Y)-

Therefore
L2
dlox,y) = A(x)e™* Y

for each « . We know that
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b(ec,y) = b(ex)
as y = 0; hence A(x) = ¢(x), so that
PUECeY)] = bla)e ™Y

However, by theorem 2 the functlion given by (15*%) has
the same Fourler transform as f(x,y); thus the two func-
tions are equal almost everywhere, as asserted.

We will now have a similar discussion of the Abel
kernel. For the remalnder of this section, let f(x) € L1,
T(f] = d(oc) and

m - -
£(x,¥) = 35 Soocb(oc)e Lxoc-ylocl goc

o
§ fx+2z) 'Ey_2 dz
~0o y 4z

H|

Q0
f(z) —Y g3z
Soo y2+(y-2)8

aw

(15;-») =

It is then not hard to verify the following

Properties of f(x,y):

' (15.1) f£(x,y) € L1 as a function in x.

(15.2)" f(x,y) - f(x) in L1—nor-m as y — +0.

2
(15.3)! g% y b—x—g_ exist and belong to L1.
2
(15.4)! g—%and %—g exist in the same manner as in (15.4)
¥

and

8%r _ b oL,
&2 % oy



§15. Boundary values 45

b2r _ b%r
(15.5)' for ?vem y>o, — 5;2_.. s
S ®
(15.6)! S If(x,y)lax { M ( =‘iw|f(x)|d)!).

=0

THEOREM 24. For given f(x)€ L,, any f(x,y) with
_properties (15.1)' - (15.6)' must be the function given
by formula (15%#*).

Proof: let T[f(x,y)] = é(x,y). From (15.3)' and

theorem 3, we have,

2
T( z—x-f- 1 = -oc®dle,y);
Since
f(x,y+h) - f(x,y) +h) - bl
Tl h = h
2
and because of (15.4)', there exist éﬁ_é%_._v_), and é——g—("—;—m
y

such that %ﬂ = bgp

Sy
Similarly
bEQ(or,y)
> =%,
dy o°f
8y°
Hence
2
o) - oPhiay)
Y
so that

bloc,y) = Afor)e ™Y+ Blox )Y

But, &(x,y) = é(x) as y =¥ 0; therefore A(ox)+ Blx) = dlx).
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However, for all y, lép(x)l < Il £il = M, by (15.6)', that
is

N)(W:Y)l ( M,
or
IB(ax) €Y { M + |A(x) e ®Y|
{ M+ |Alx))
or

M +]A(x)]
IB(ec)! € 3 .

letting y = o, we see that B(x) = 0 foroc > 0, and simi-
larly A(«x) = 0 for o { 0. Hence

bx,y) = dlac). o I,

By the uniqueness theorem for transforms it follows that
f(x,y) is the stated function (15%+).
Remarks: The functions (15%) and (15##) are such that

(15.9) 1im f(x,y) = £(x)
y=>o

almost everywhere, for each of them. However theorem 21
implies that at every point x at which (15.9) exists for
(15#») 1t also exists for (15*), but perhaps not converse-
1y. In other words, for a given boundary function f(x)

in L1 the solution (15*) of the heat-equation

2
ou
S%‘el--&-o,~

is more stable than the corresponding solution (15%#) of
the wave-equation
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2 2
b\é1+bu_°’

ox
(with t written instead of the previous y).

§16. Mean values
let q > 0, and let

8

1
SR- RT So &(ot)K(%)dot 5

8

- n—;— § K()aAlx)

where

Ax) = (a(x)dx
(o]

THEQOREM 25. (1) K(oc) 1s defined and absolutely con-
tinuous in 0 (& { @, (2) K(y)y¥> 0o as y > ®, and

® q-1 o) q
§ 1K(oc) lox dx o, (3) { IK'(x)lx* dx < @, (&) A(y)
(3 o

9 o(yY) 1im 1 St()da
= Cc.y*+ o(y*?) or m — a(e - C .
t>0 t2 %

Conclusion: S exlists for every R and
00 q-1
1im 8p = c.q § Klox)x dux.
R~ (¢]
Proof: Assumption (4) implies that A(y) = o(y%) as
¥y 2 @ . Hence

J YA
;&— § K@) = —7 K(y/RAW) - § ;&%}-x'(g)d«

so that © ® v
Ax) - K!'(x)A(xR)
Sp= - So K'(§) ol So - o .
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Now,
—A‘%m Scol,as R > w,
R

and

JA@R)]  d+c 9rd
R RY
where d 1s a constant. Hence, by dominated convergence

(see agsumption (5)) we have

1im SR
R—>00

les)
- ¢ § K'(o)x? de
o
0 00 _
=-c§ o dK(x) = cq S K (oc Jocd !
o o

Example: Let K(ox) e ¥ and q = 1; then we see that

t

11im %— § alx)dx=c
t = o
implies

® -&
1im &f a(x)e X & = ¢
£>0 o)

that is, (C,1) summability (Fejer's) implies Abel summa-
bility.
THEOREM 26. Assumptions: (1) K(ec) i1s measurable in

(0,00 ) and |K(x)l e c Ko(o() where Ko(o<) satisfies condi-

tions (1) - (5) of theorem 25, (2) A(y) = cy%+ o(yd),
Y

(3) § latec) ld = 0(y%).
(o]

Conclusion:

o -1
1im Sp = cq § Kl«)a?™' dec .
R—>wm o

The proof maey be constructed on the same 1ines as in th.25.
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2
Examples: If K(ux) = (gl%§L0 and K (x) = °2
14+

then theorem 26 applies, and we have the following:

t
if  alx)'20, then 1im ¢ { alx)dx =0
t—=o00 o
implies
1 © sinazg
1im 3 § alx) > dxx = 0.
£—0 o &

1xec

If a(x) =c e , X % 0, then the mean value of

a(x), say, Mia(ec)} satisfiles:

t
Miale)l = 1im L § a(x)de = 0;

t2wm o
if x = 0, then Mia(x)} = c. If
n ixdx
a(x) = > _ cpe , where x = 0 and x_+ 0, m > 0,
o) m
m=0
then
o -£
c, = Mlalx)} = 1lim § akx)e X goc
€20 o |
More generally, if
ix
' alx) ~ > c e o

1s an almost 5eriod1c function in the original definition
of H. Bohr, say, then the Fourier coefficient ch which 1is

computable as

1 T -1xAx
lim 7 S a(x)e dx
T o

is also computable as
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) (3 +1x8t)
cn - ]t.j;lo So a(c:)e dex

the limit existing.

§17. Tauberian theorems
THEQOREM 27. Assumptions:(1) q D> 0, a(x) 2 0, (2) Ker)

e -
1s measursble, and § IK(e)lx3 'dx { @, (3) S(R) = i—,—i .
o

a
§ a(c)K(§)d exists absolutely for all R, (u)R};m S(R)
[o] 00

@ Q'1
=c.q { K(x)~ dex.
(o)

Conclusion: ;LM >0, “")‘n > 0; Cys +-sCy BrE
copstants, apd if

Alo) = ¢ KA ) + oot + e KlaxA))
1 @ «
o(R) = ;q So a(o) /\(R)d“ ’

(o(R) existing absolutely), then

lLim o(R) = o gm/\( )37 'd
m o = C. oc. *
R-> d o *

Proof: For fixed A
00
1
- a(oc )K(“iA-)dor
R So

q oo
- 1;6 Ty § asa)x(«.ﬁ)d«

Sec. ® Keoc)edNd
c g4 § oc
A o
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© -
=c.q { Klxaad ldu .
o

Remark: The class of such "polynomials" in K(oxc) as
m

21 c K(xA,), A, > 0, will be denoted by IAlx)}, and
=

individual members of the latter class will be denoted by
A', A2,... ete.

THEOREM 28. If A(e) has the following properties:
pamely, glvent > 0, there exist A (x), A°(e) belonging to
iA(oc)} such that

Afle) < a () < A2lec)

in o0 {x <™, and
L,

m -
1§ ) - Al ?! axC e

00 -
Rgg‘o o(R) = c.q SO Ao )od™! de
where o(R) 1s defined as:
®
o(R) = L a(o)a(%)an ,
( R4 So %R

the latter integral existing absolutely.

Proof: Since a(x) is non-negative,

o (R) < o(R) < 6*(R)

where
00
2R =L alx) AZe)ax .
o

Rl
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[0 0]
c.q § Afadoddx = 1im o' (R) < Lim o(R) < TIm o(R)
L A

@
< 1m P(R) = c.q § Aylecdod de
(o)

Now o' and of tend to finite limits as R on account
of theorem 27, and

Q0
cq So A2 (e)od™! dx
(o0} - 0 -
=cal § alcled™ dax+ § [ A%(x) - atc)lad! da )
(¢] o
@ g1
{ecaq { alx)®  dx +¢
[o]

Similarly,
@® 4 q-1 00 q-1
cq § A (e dox 2 ¢ g { alx)x dec - ¢
o] 0

Hence

@ q-1
—e+cq § Al ' dex
[e]
— ® q-1
{ 1m o(R) { TIm o(R) { ¢ q § Alx)x dx +& .
o

Therefore
oo q-1
1im o(R) = c q S A (o¢ Jox de .
R o

Remark: The set of functions {a(x){ obtained from K(«) by
the above process may be called the Karamsta extension of
K(x) and we will denote it by EiK(x)!.

lemms 3: Let K(x) = e % . Suppose f(x) is such that
to each ¢ > 0 there corresponds a /\E(od such that

1f(x) - A&(oz)l Cee *. Then, FE€ EiK(x)}.
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Proof: By hypothesis, At(W) is of the form

m
151;_‘1 c, K(xA,) where A_ > 0 and K(ex) = e ™ .

If we choose

/\1(o<) = /\t(oc) -ge ™

Alx) = A () + & 87"
then we have
A o) < Flex) < A loc)
and
q S:O( A= Al 7! dw = ¢ .2q S:)e'“dtx = 0(1)

as t ~> 0. Hence, by theorem 28,
flx) € EIK(x)] .

Remarkg: If K(x) = e ™ , then every function f(x) which 1s
continuous in 0 {ox { oo and vanishes outside a finite in-
terval belongs to Ele ™. For, let g(x) = f(x).6 ; then
g(er) 1s a continuous function of « in 0 (& { ®. Wri-
ting x for e * we obtain the functlon g(log ;? ) which is
continuous in 0 { x { 1. By Welerstrass' theorem it can

be approximated to by polynomials, so that
Lo L m
le( 105;,;)-21 cpx 1 <&, 0lx<n
m=

Reverting tox ,
n -me
lglx) -3 cpe 1<t
m=1

or,
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Ifx) - Zlf Cp e (m)o | o goex
o=

hence from lemma 3 our statement follows. We have thus
obtained a sufficient condition for f(x) € Eje * |. We
shall now give necessary and sufficient conditions for
f(x) € Ele”™ |. For simplicity, we suppose q = 1.

THEQREM 29. Ih order that f(x) € Ele * | it 1s ne-
cessary and sufficient that (1) f(ec) be Riemann integrable
in every finite interval o { « { A, and (2) If(x)I{ ¢ e-l\°“
for some A, > 0 in the entire interval 0 { &«  o.

Proof: E|K(x)| was defined to be the class of all
functions f(oc) which satisfy the pair of conditions:

(17.1) Ao < £la) < A2(ex)
and

© 2 g
(17.2) § (A= A)dx< e

(o]

A

m -
where A%, A' € IA(x)] and Alx) = Z1°n e s Ay Do
D=

(Notice that every A ) 0 and not merely 2 0). The con-
ditions (17.1) and (17.2) imply that for a fixed A, the
function f(x) is Riemann integrable in 0 { & { A, and
since

I£Ge)] < 1 AT + 1 A2
it follows that

..Ag
If(x)] {ce » A D0

and the necessity-part of the theorem follows.
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To prove that -the conditions are sufficient, we ob-

serve:
"
(17.3) Ifix)e2 | {ce 2 >0, as x> .
Age
Setting e 2 = x and f(x)e ? - F(x)x =g(x) we observe

that g(x) is bounded and Riemann integrable in the closed
interval 0 { x { 1 (the point x = 1 is included because
of (17.3)). Hence it 1s possible to determine polynomials
p(x) and P(x) such that

p(x) < g(x) < P(x)

and
1,
§ IP(x) - p(x)ldx { & .
(o]
That 1s A A Ag
ple 2)(fixe? <(Ple?)
and
N A Ax
O 2 2 2
§ tP(e ) -ple “)le” dx<e.
[e]
Hence,
A Cfe) < AT,
and
O o g
So (A°- A) dx< &
if only we choose _ iO:. __’_kl
2 2

A (x) = p(e

and
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_59__&

AR («)=Pe 2 )e
Age
The factor e 2 ensures that the constant term of the
_AX
polynomial p i1s multiplied by e X where A ? 0; this is
necessary for A (x).
Remark: Let
fo, for 1 (x { @
f(“) - ? < 2
1, for o<« {1
then £(x) € Efe % |. Hence, in theorem 28 we can substi-

tute £(x) for A(x) and e * for K(a) thus obtaining
THEOREM 30. If a(e) 2 0 and

S(R) = § § ae)e ™R ax

(0
exigts absolutely for all R ) o, QEZR];;W S8(R) = ¢, then
00

R
Um £ § a(e)dx=c .
R o

Remarks: (1) Theorem 30 states that & non-negative func-

tion which 1s Abel-summable is Fejer-summable. This is

the conditioned converse of an easier result (theorem 25).
(2) Instead of a(«x) 2 0 we,may suppose

a(x) 2 -M, M > 0, for we have then only to consider the

function a(x) + M which is non-negative. It follows that

for a function bounded on ons side, Abel and Fejer sum-

mations are equivalent.
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CHAFTER 11
FQURIER TRANSFORMS IN L, (SEVERAL VARIABLES)

§1. Riemann lebesgue m Composition; Convolution

Let f(xl,...,xk) be of class L1 over Ek"" the space

defined by -oo < Xn { oo, r=1,...,k. Llet 6(«1,...,¢rk),
the o¢'s being real, be defined by

1(o¢. X, 4.+ )
blocg oo, ) = SEkf(x1,...,xk)e L ®ick ax, ...dx,

Then 6(«1 e .,gxk) is called the Fourier transform of
f'(x1,...,xk). We sometimes denote the function and its
transform by f(x) and ¢é(«x) respectively.

THEOREM 31.If £(x,,...,X, )€ L, in E., then é(oc,,...,
atk) exists, and 1s bounded for all o's and

1im _ '““1"""“!:) = 0.

«12+...+§k2—)oo
Proof: By hypothesis,
'SEkIr(x)ldvk (M,

where dvk denotes the k-dimensional volume-element.

»

lote)| € Eklr(x)l‘leiz“rxrldvk (M.
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Therefore ¢(x) exists and is bounded for all «'s.

We shall prove the limit-thgorem as before, for an
everywhere dense subset of the class of L1 -functions - -
namely for step-functions. ILet g(x) = 1 in the k-dimen-
sional box &, { x; b, and g(x) = 0 outside the box. Let
\\;(or) = Tg. Then

\y(oc) = SEkg(x)eiz“rxrdv

- SZ: eio:1x1 ax, ... S:}; em‘]'(xk ax, -

Because of the Riemann-lebesgue Lemma for one variable,
each of the factors is bounded and tends to zero as
Zocrz-)oo; as a matter of fact, if ocr—>oo for a single r,
then v (¢ )=>0; the convergence 1s uniform in the 's;
hence y (c)=0 for box-functions, hence also for step-
functions. The extension to all L,-functlons follows as
in Chapter I, since every function in L.I (Ek) is an L1 -limit
of step-functions of the kind just introduced.

THEOREM 32. If Tf = ¢ and Tg =y where f,g € L1;£11§_1;1_

SEkf(w(x)dvx = §g, B3I6(yIaYy

The proof 1s similar to the one-variable case.

THEOREM 33. If f,g€ L,, then their (resultant,or)

convolution h(x) which 1s defined as

§g £y ety )avy
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exists for almost all x, belongs to L,, and
T[h(x)] = d)(or)-ty(ot) .

Here again the proof 1is similar to the one-dimensional

case; Fubini's theorem in k-variables has to be used.

§2. Uniqueness theorem

In the case of one variable, we proved that two
L1-functions having the same Fourier transform are equal
almost everywhere; we shall now give a similar proof for
geveral variables. Before so doing, we have to make one
observation.

If

f(x1 yeee ,xk) = Tr]' f‘r(xr)

and each fr(xr) belongs to L1 in (-00,00) then
‘b(of1 "“’(xk) = TI‘:¢I.(°(I,)

where
i x

(o8]
bplocg) = {_frlxple T o, .

THEOREM 34. If f(x1,...,xk) €L ggg_é(«1,...,ak)- 0
then f(x) =-0 almost everywhere.

Proof: let gg.,b.(x) be the one-variable function

defined as follows:
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1, ajgxgbj

o, X D>bs+t, x {a;~t
sgj,bj(X)= boxe & J J

=X+

_lT—’ bjﬁxibj-&t

’_‘f{_ﬁ_, a; -t {x<ay .

Let
Tt (x:)] = los).
aj’bj j b L

As we have observed in Chapter I, §6,
f'(ot ) = 0(—=—), as . > o©
Y% x2 7 J

and is bounded in E1, and so

(2.1) wt(«j)c L in-o {oay{@;
hence
(2.2) gaj,bj(xj) o §m\p (otj)e dotj .
Now define
‘£ [ 3
(2.3) SI(x‘I"“"xk) - j-ﬁ‘.lga'j’bj(xj),

where I 1s the previously introduced box, and thus g§
vanishes outside a larger box whose position is defined by
I and € . Let the Fourier transform of gtI(xv.. .,xk) be
\pEIQx”. ..,txk). By the observation just preceding this
theorem,

4 ¢ 'ﬁ‘ £
(2.4) "VI(“V""“k) = o "\’(“3) .
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Substituting (2.2) in (2.3) and then using (2.4), we ob-
tain

-1 oe.x.
(2.5) gi(x) - ok S yiede I av

where \g;(m) belongs to L1 in Ek on account of (2.1). Now,
owing to the absolute convergence of the integral in (2.5)
we deduce that

1§ X s
L - € 373
§g f(_y)sl(x yIavy = S slodgtlee v
Since by assumption, é(x) = 0, we have:

§o £(7)eb(x-y)dVy = 0 .
Ek(ysl(xy v

If we fix aj,bj and let € = 0 it follows that

SIf(y)dVy- 0

fbr every box I; but this implies f(x) = 0 almost every-

where.
§3. -Gauss summability formula
Let
—e2(x12+. . .xkz)
g(x1,...,xk) = @
2. 2
K -£°x
=TT e T
T
and

T[S(x1,---,xk)l = ¢(°‘1:---)°‘k)-

We have seen that ,
bl seees )= TT blx,)
1’ 'k ~ T ’



62 II. FOURIER TRANSFORMS IN L, (SEVERAL VARIABLES)

where

by (7.10)Chapter I. Hence

2 2 2
k/2 =, 4...40¢ “/4e°)
<b(<x1,...,°<k)-u—£—e ! k/
3

Setting ;—- R, we have
-5~ x 2[R R (Soc ;%) /b
(5'1) T[e J ] = Rkn'k/2 e J
Define
G -15 pe.x -S w2 /R?
(5.2) 8 (x) = —— S bloc,,eeumyde d e T I av
R (em¥ "B 17Tk
By the composition theorem (Th.32)and (3.1), we have:

G k/2 -RP(3 y2)/b
(3.3) SR(x)-=“—kRkSEkf(x+y)e > i

(em
Also,
G K -R2(Sy.2)/u
(3.4) 8 (x)= £x0= 7y SEk1f<x+y)- £(x)le I av
since ‘ . . -

- 4 k -R°t< /4
nk_/a_Rk_S .8 R vyl av_= V—/-z—l;RE mtk—1wk_1e / dt
(omr)K , Y o(em¥ o

where
k/2
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1s the k-1 dimensional volume element of the unit-sphere:

y‘2+ A yk2= 1 and so

k/2.k RS y.2)/u -R2te/y
valls: SIS LA S NN
(enr) ko ¥ 2% rk/2) o

® g o2
2 S xK1gX dx

Next, define

1
(3.5) Blt) = g — §f (x4ty)doy

2
where o 15 the unit-sphere y,%+...+ y, = 1, do° 1is 1ts
(k-1) dimensional volume element, and wk_1is its (k-1)

dimensional volume. Furthermore, set
k-1
(3.6) By (t) = <N (t) - £(x)].

Then, since (3.4) can be written as

Rkw ® _n2:2
Sg(x)- £(x) = —&71 { kT R/

;T_E75 ) dt Scﬁf(x+ty)-f(x)]do§
we have
G k 0 _p2,2
R -R°t° /b
. S (x)-f(X) = ————— (t)at .
(3.7) 8 (x)10x) = re) So e 8
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§4. Gauss summability theorem
THEOREM 35. If f(x,,...,x )€ L, in E_and g, (t) 1s
defined as in (3.6), and if H(t), 0 { t { @ 1s such that
tk}l(t) decreases monotonely to zero, thus also implying

H(t) { 0 and H(t) = 0(;1—:;-&—) as t - o, then for a fixed x,
the condition

t
Ge(t) = §_&,(¥)ay = o(t") as &t > o

implies
R Smgx(t)H(Rt)dt =o(1), a8 R >
(e}

THEOREM 36. If f(xi, ...,xk) satisfies the assumptions
of theorem 35 and H 1s such that there exists an Ho with

the property |H(t)l < Ho(t) and H ) now satisfies the as-
sumptions on H in theorem 35, then the condition

t
§ lgg(t)lat = o(t")  ast Do
o

inplies
R¥ Smgx(t)H(Rt)dt =0(1) as R > o.
o :

The proofs of theorems 35 and 36 are very similar to
those of theorems 6 and 7.

.Actua.lly the conditions imposed on H(t) are at present
somewhat more special than those imposed previously, and
this accounts for & certain amount of simplification in
the wording of the present theorems, if not their proofs.

Using these theorems and the formula (3.7) we deduce
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that G
SR(x) - £(x) as R = o

whenever

s k
§ g (t)at = o(t) ast - o.
o

Now if f(x) € L1 this latter condition is satisfied almost
everywhere; it 1s equivalent with stating that

(k.1) f(x ) = lim —y‘ §o £(x)av, ,
[o] z_> OV(SE SE X

where S(‘. is a sphere of radius ¢ with center at Xy and *
V(S&.) is the volume of S&. . The validity of (4.1) for al-
most all X, in Ek is then part of the Lebesgue-Vitali
theorem. Hence we have

THEOREM 37. The Fourier transform of a lebesgue in-

tegrable function 1s Gauss-summable almost everywhere.

More explicitly:

A5 ocx, -3 0.2 /R®
1im — i, e ™ av_ = £(x)

¢ 5 eees0C )
RS> (2mw)€ SEk e ic’®

almost everywhere.

§5.Application of summability theorem; inversion formula:

THEOREM 38. If £(X,,...,%,) € L, and &(x,,...,%.) € L,

LI_].Ek, then
13 o.x
f(x1,..,xk)-—(—2:1r-)—kSEk blexy s .oy )e de‘\{x

almost everywhere.
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Proof: Since
g, 1ote)1ay, < o
it follows that

-1 X o
Ig, l6ta)e E:"‘inldvfx o

and by similarity with the one-dimensional case (Th.8) we
deduce this theorem from theorem 37.
THEOREM %9. If f(x1,...,xk) € L1 and |f(x)]| { M and

¢ (x “’°‘k) > 0, then

1"

-15>~ (xjx.

f(x1,...,xk) = SEk‘b(“V“"“k)e J dV“

—_
(2m)¥
almost everywhere.
Proof: As in theorem 9, we first deduce from the
hypothesis that d)(gx' 3o .,a:k) € L, and application of theo-

rem 38 gives the result.

Remarks: The function

S x.x

iav

£ 0 = =1 § bt
° (em)® B
itself is continuous. Hence f(x) differs from a continu-
ous function in a null set. If f(x) 1s assumed not only
to belong to L, but also to be continuous, then theorems
38 and 39 assert.that the inversion formula holds every-

where.
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§6. _Norms, Continuity, Parseval relations.
If f(xI...,xk) € IH’ set

w(h,,...,h ) = w(h) = SEklf(xm)—f(x)lde .

Then as in §9, Chapter I., it is possible to see that

w(h) —> 0 as |h| > o, where [h| = (h,%+ ... + hk2)1/2
(see Th.10). The general case has again to be reduced to
"elementary functions" of the type wI(x) which 1is equal

to 1 1n the k-dimensional box denoted by I and vanishes
outside. Using this fact, we observe that if f(x) € L1 ,
and both f and g are bounded, then their convolution exists
for every x, 1s bounded, continuous and of class L1 . The
proof 1s simllar to that of theorem 11. Hence it follows,
as in theorem 12 and 13, that if f(x) and g(x) are bounded

functions of class L1 , then
~1> XX
S £Oy)ETIAV, = —L— (. o) Pl) e JJ av
B Vo (em)¥ "E ¥ x
at every point x, of Ek’ and in particular, we have:

S 1e(y)12av. = —— 16 Pav
B,/ TV = — SEk (oo Fay,

the Integrals being finite.

§7. Radial functions
We shall now show that if f(x) in Ek depends only on
the distance of (x) from the origin, namely, Vx12+...+ xka,
then ¢(x) also depends only on the distance \/«12+. ..mkeg
we call such functions f(x) radial functions. Our object
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is to prove that for radial functions, the Fourler trans-
form in several variables goes over into the "Bessel trans-
form" in one variable. In dealing with the class L, » how-
ever, the functions are taken only almost everywhere in Ek’
and radiality has therefore to be defined with some pre-
cision.

A function 1‘(x1 see .,xk) defined in Ek presents a ra-
dial element of Lp(Ek), be) 2 1, or is said to be radial, if
except for & null set in E., we have the relation
f(xI,...,xk) - F‘m) the positive square root
being taken, where F(t) is defined everywhere in
0 < t { . It follows that a function f(x,,...,X.) or an
element of I‘p(Ek)’ is radial if and only if it is invari-

ant under all orthogonal transformations relative to the

origin.
We claim that such radial elements form a clc/ased sub-
1/2
get of Lp(Ek), meaning that if !Fn(x12+...-o xka) | con-

verge in Lp(Ek)-nom towards a function f(x.‘ > ..,xk), then
the limit-function, by alteration on a mull-set in Ek' may

be assumed to be again of the form F(\/ x12+. .ot xka).
Working with Cauchy-sequences, the I.b-convergence of

‘/ 2 2
an( X, T4 X )} amounts to

L k-1 P
(7.1) Um § t7 |Fy(t)- F(t) dt =0 ;
m,n=>c0 ‘0

b;c_:iuse rn(x..,.. .,xk) belongs to I..p in 1':‘.‘ if and only if
-1

t PR (t)e L, 1n 0 { t < oo owing to the fact that
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P P -
SEk'fn(xV“"xk” av, = w_, § IF(t)] tX7at .

©
o
k-1
Now, from (7.1) it follows that [t P F (t)| 1s a Cauchy-
sequence 1n Lp(o,oo ), which has theref'oroi a.pnmit in
]’..p(o,a) ), which we choose to write as ¢ F(t) and the
function F(t) thus obtained has the desired property.

If k = 1, a radial function is no other than an even
function.

THEOREM Lo. If f(x1,...,xk)€ L1 ;_x_x_E‘ depends only
on R = \/x12+...xk!, that 1s, f(x,,...,xk) = g(R), then
the function

X Xp

13-
¢(“1,---:“k) - SEkf(X)Q de

depends only on o = \/«12+. oot (sz. We can then express
¢ as
2 k/2 Q0 /2
bloe) = L2 (TR 5, (xR)MR
zlk=2) o .z

If, further, ar12+...+ orkz- s, then

(a) for k= 2m + 2,

-

m (00} 4
bleo) = (1) p™ 2B o (Tg(RIR Io(e® RIOR
8 (0]
and

(b) for k= 2m + 1,
1

) = (~1)0 ™ p2m+! (;g;- Smg(ﬂ)cos(aE R)4R,
8 [+]

where J,(x) denotes the Bessel function, of the first kipd,
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f order n.

——

We give two proofs of this theorem.
First Proof: For given ( o j) we subject the integral

dlocy s ,«k) to an orthogonal transformation
Ip = g bpg Xg
with determinant +1, and

b11 :b12 HENR

We then have

1k-“1 :0:2:... :o(k.

—

Hence,

_ E 2
(7.2) ¢(cx1,...,xk) - SEKS g(\,/y12+...+yk2)e1 p yldv

so that <b(o<1,...,0<K) depends only on « .
Next suppose that k > 2. Then,

© -loy, 2 2
dlx) = S_me dy, SEK_19;(\/171 et Y )AVy

where Vy is now the (k-1)-dimensional volume-element.

Hence

® -ixy 00 _
d(x) = wk_es e 1dyd gl y12+ 22)2¥ %4z .
~ (o

This integral may be considered over the half-plane z 2 0
in the (y,z) plane. Using polar coordinates, y,=r cos o
and z = r sin 6, we observe that 6 runs from 0 to = , while

r runs from 0 to . Hence, "’
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@
o) = w_, § &(r)r¥ 'Kxr)ar,
. [¢)
where

K(s) = ST‘ e™8 COS 8

o (sin 8)¥72 qe

-2 (8) k-2
e rEhrge®

s2,

rrom which our result follows.

It holds also for k = 1, because
1

I (8) = ;2{)5 cos t

Since 2
Ipx) c_i_(.IE_1(X))
«P - x dx xP-1

noj-

we have, on setting x = s©. R,
1
2
J_(xR) _ (:gqm QT_ (J _m(s ?)
o‘p R as™ ( \/'s‘)p m

from which we get results (a) and (b) of theorem 40 by
k -2
2

setting p =
Second Proof:
Lo X +en e X))
¢(o<1,...,<xk)=SEkf(x1,...,xk)e Kk av,

Set K

s = . ) j = 1,...,k
*3 Eﬁn 1 J ’

T

.
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and
Denote by T the trensformation (x) —> (y). Then

by ) = D Sg £2y)et T havy

=D S%‘f(i'y)e“ﬂ"y’dvy
where (x.Ty) denotes the inner product of the vectors «
and Ty, and T 1s the transpose of T.

If £(Ty) = £(y), then 1t follows that $(or) = D.4(T'ex).
If T 1s orthogonal, then T = T 'and D = 41, hence
¢(b) = $(Tb). Thus, if a function is radial, its trans-
form is also radial. 1

Now let f(x1,...,xk) - F(x12+...+ xka)E and let
¢(tx1,...,a'k) denote the transform of f. Then 6(«1,...,«k)
-\y(«,o,...,o), where ot = 0ﬁ2+...+¢xk2 ; hence

. 12
y () = SEkF( x12+...+ xk2 e “rxrdx1 .o odx,

1
(7.3) - ng(t)tk“dt e Z“rxrdwk_1 ,
[0} o

where dwk_., is the (k-1)-dimensional volume (or surface) of
the k-dimensional unié-sphere, and o denotes the sphere:
< 2 .2
2ox, = tt.
‘* It is easily seen that
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k-2
(7.%) 5e rxrdwk 4= gei"‘t 0% O(sin o) de

where ¢ 1s a constant. Set

r k-2
(1.%) S(r) = c§elT 2 ®(gin 9) de .
(o]
Then it follows from (7.3) that
) © k-1 |
(7.6) g o) = § F(E)E™ 'Slect)dt .
(o}

Our object now is to evaluate S(r); if we consider thg
integral (7.5) for complex values of r, then 3(r) is an

entire function of exponential tjpe:
(7.7) 15(r)] ¢ ol
Hence S(r) has a power series expansion, say,
S(r) = % ™.
=0 ®n

If we now choose f(x,,...,xk) as the special function

(v 2 2
. (x1 +...+xk.)

-t2
8o that F(t) = e

, we obtain
2
y(ex) - k2 g/ (see (3.1)).

Thus, as & consequence of (7.6), we have the relation
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- @ _;2 -
x¥/2 g7 /4 § e Utk st )at
~ (o]

® © _,2 _
=5 el § et tkmgt
n=0 [¢]
o .
(7.8) -2 L) a0t

the interchange of Integration and summation being justi-
fled by (7.7). Expanding e-"ﬁ/)‘ as a power-series, and

.
comparing coefficients, we obtain from (7.8):

[0 0] 2n n
Sxt) = /25 fat)” (1) -1
IEO 1™ r(n) F(p+n-1) »2 2

Since
n £2n .
I () = (5 S-n? , -L
R 2 r%o p°n r(n) r(p+n+) B2 2
we obtain:
Jk_‘?_ (xt)
(7.9) Seet) = (em)¥/2 2
k-2
(oct) 2

Using (7.9) in (7.6), we obtain

yix) = Q—’—%l—f-,ﬁ-i SOOF(t)t“/"‘ Jy-plxt)dt
«2 ° el
from which our theorem follows.

Using theorem Lo and the 1nversion-for;mula in several

variables obtained in theorem 38, we can state the follow-

ing
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THEOREM 41. If f(t) is continuous in 0 { t o, and

o k-1
§ 1£()1t“7'at C oo, and if
o
kf2 ° k-1
blx) = (2m)™/° § £(£)° V) (et )dt
° 2
where Vk(x) = Jk(x)/xk , 1s such that

7 1o 1 ax < oo,
[o]

then we have, for every t,

(e0]
1 k-1
f(t) = dloc )™ 'V, _(xt)dex .
(o1 )K/? So k2
1
Examples. If k = 1, then J (t) = (;l%)zcos t and hence
we have 2 ’

1— a
blod) = (B2 § £(t).(F)%cos toc dt

o]

-

®
(7.10) = 25 f(t)cos tee.dt ,
)

which 1s the ordinary cosine-transform of f(t).

1/2
If k = 3, J1(t) = (1'r2_t) sin t, and hence we have

2
b

(7.11) ble) = (2m)? Smf(t)te(,,)a alp Lo 4t
0
Q0
o dloc) = bre { f£(t)t sin tec dt .
(e}

Setting §(ox) = xd(x) and F(t) = tf(t) we get:

(7.12) D) = 4 SOOF(t) sin«t dt.
(o]
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Inverting (7.11) we get

(7.13) £(t) = -5 S dloc)e® D IX g

and hence
m .
F(t) = j{,‘; So Blx) sin toc dox .

Since k = 3, (7.11) and (7.13) will hold if
@ 2 ® 2
(7.15)  § If®)Itfat ¢, § Id(o)lx“ax< o .
o o

Remark: On the other hand, it would seem that we can inter-
pret (7.12) and (7.14) as sine-transforms in one variable,

and hence that these are valid if only

00 [o o]
(7.16)  § If(t)It dt < @ and § [d(o)lx dx < .
o o

There 1s, however, no discrepancy between (7.15) and (7.16),
because we could interpret (7.i2) as a sine-transform

only if F(t) were given as an odd function on (-co,00),
which is not the case here, because our F(t) is defined

only for 0 { t { .

§8. General summability for radial functions

In §3 of this chapter, we established the formula

(3.7):
(8.1) g (x) - £(x) = --——‘--—- i /“gx(t)dt
r'(k/2) o

where
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@ Y kx-S 2/RP
1
SR(x’ " (2nK ‘(Ek‘b(“"'"’ak)e F.e 1.

T
and
k-1
ge(t) =t~ " [f (t)-F(x)],
where

£ (t) = —— ( f(x+ty)do, .
X Wk_1 SO‘ vy

It is clear that in the proof of (8.1) the significant

feature of the convergence-factor

2
-(x 2 ve X )
K(x) =e ! k

1s its radiality; we use the fact that its transform is
radiel, K(x) € L, in B, K(0) = 1, K(x) 1is continuous at
x = 0, and that if H(x) is the Fourier transform of K(x),
then ‘

(o)

1
H(x)dV. = 1.
(e-rr)k 500 (el

Given an unspecified kermel K(x) satisfying the conditions
just enumerated, we can first of all establish the more

general formula,

(8.2) S (x)-£(x) P R (4)H(RE )AL,
.2 x)-f(x) = ,
R k72 So 8x

1
27T (i /2

and if now we use theorems 35 and 36 we can determine
sufficient conditions to ensure that Sg(x)-éf(x) as R,

where
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|-

K ' 2. .2
- 1 =13 oex,  (xSH. . exp)
(8:'5) SR(X) -(2rr)k SEkb(“‘l""’“k)e J jK(-f‘—“’T& )d‘&

Example. From (8.3) it follows that

K 1
2 242
(8.4) 8 (x) = SEkf(x+y)Rk H(R(Y, 4. o4 3, 7)%)aV]

elther by composition or convolution. Now take

(tx‘a+...-to¢k2)2 -
K(—.———R————) = e s R=¢

It 1s known that
© -y 2
-
e = -(:5—)—17-2— L e /by dy, (see 4, Chr.I.)

so that
-ux _ _u Sooe-uzx-of/hx 2 4x.

e 3 ay
Be
2 2
X "+
7 1 1 . .-odk
oo -= - 15 o.x
= S y yzutrady SEke by .e JJ
2 s
T XTSI B
-=( e Uy 2 o J y2 2 dy
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2 ' -1 k-
® -’y o’y 1kt

=( e vy? = u dy

(8.5)

Hence; using the inversion-formula, we obtain

1
2 2,2 k+1
—u(o<, S+, .. 400 ) r(==) u 4dv
1 k 2 X 1
(8.6) e = —E SEk K41

2 2 2, 2
2k1r2 (u X T ) A

Again, using (8.5) in (8.3) and (8.4%), we have:
L
2 2,2
e, T a406, T )LD X
! , 1o k 373
(0.1 —Ig SEk¢(o<1,...,ak)e

rthe £ (xy )V,
- s, - ket
T 2 (&+y12+...+yk)2'

Formulas (8.6) and (8.7) are what we wanted to establish.
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CHAPTER III
Lp-§PACE .

§1. Metric spaces.

A non-void set E is called a metric space. if to evei'y
palr (x,y) of 1its elements, there corresponds a real num-
ber d(x,y) called the metric or distance function, which
satisfles the following postulates:

(1) d(x,y) > 0 if x % y and d(x,y) = 0 if and only

If x=y '

(11) d(x,y) = d(y,x)

(111) d(x,z) < d(x,y) + d(y,z) (triangle inequality)

A sequence of elements Ixnl belonging to E 1s called

a Cauchy sequence if

m,}xfl;m d(xm,xn) = 0
The sequence is sald to be convergent if there exists an
elemeht x of E such that 1lim d(xn,x) = 0. X 1s called the
1imit of lxn!, and we sa;1 that {x | converges to the limit
X; symbolicaily, 1im X=X It is easy to see that the
limit 1is unj.que.n or;.le every gonvergpnt sequence 1is a

Caucﬁy-aequence, the converse is not necessarily true.
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If every Cauchy-sequence |[x,| of E 1s necessarily con-
vergent, then E is called complete.

If the space E 1s such that every one of its infinite
sequences has a convergent subsequence, then E is said to
be compact.

A compact metric space is necéssarily complete. An
element X 1s called a point of accumulation of the set
S CE, if there exists a sequence of elements ixni of S
such that (1) not all Xy = X (11) and such that
nl_}il;) xn‘ = X

The set S' of all accumulation points of S is called
the derived set of S. The union of S and S' 1s called the
closure of 8 and denoted by S. If S' C 8, then S 1s called

a clogsed set. S 1s called open if its complement (E - 8)

1s closed.

A set S 1s dense (or everywhere dense) in the space

E if S = E. The space E is separable if it contains a
dense enumerable set.

Every compact metric space is separable. Every sub-
space of a separable space 1s separable.

§2. Completion of a metric space
Before we proceed further, it is desireble to prove

the result that given a metric space E, it can be completed
into a space F such that E is metrically isomorphic (or,
isometric) with a subset G of F, with G dense in F; also,

F 1s uniquely determined up to a metric isomorphism.
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Suppose E 1s a metric space, and X = x|, ¥ = ly,!
are two Cauchy-sequences from E. Consider the sequence of

distances dné d(x ) where d 1s the distance-function in

n’Yn
E; this sequence tends to & 1limit as n = o, because

ld(x,¥,) = dlx,y,)!
< |d(xn,}'n) = d(xn,ym)l + Id(xn:ym) - d(xm:ym)l
< a(y,yy) + dlx,x ) > 0, as mn > ®;

We denote the 1imit by d(X,Y) and define the distance
between the sequences X and Y to be d(X,Y). It is easily
seen that d(X,Y) satisfies the requirements (ii) and (1ii)
of a metric.

In order to secure (1), we define two Cauchy-sequen-
ces S and T to be equivalent, S~ T, if 4(S,T) = 0. This
relation ~ 1s reflexive, symmetric and transitive; and
hence it partitions E into disjoint classes P,Q,R..... of
equivalent Cauchy sequences, such that two Cauchy sequences
are equivalent or not according as they fall into the same
class or different classes. It 1is also very easy to see
that d(X,Y) 1s unaltered if we replace X,Y by equivalent
sequences. Hence the metric is invariant under equivalence.
If we nowwrite d4(P,Q) instead of d4(X,Y), and if we intro-
duce the space F of all equlvalence classes P,Q,... of E,
then d4(P,Q) satisfies postulate (1) as well.

We shall now show that F contains a subset G which is

metrically isomorphic with E, that G 1s dense In F and that
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F is complete.

If any class P contains a convergent Cauchy sequence
X = !xn!l tending to the 1limit x, we call it a principal
class. If all the terms of a sequence are identical with
one another, we call it a principal sequence. (X = X,X,...)
A principal class will then contain a principal sequence,
namely, that sequence which is obtained by repitition of
the 1imit of the convergent sequence which the principal
class contains. Conversely any class containing a prin-
clpal sequence (x) will contalnl all Cauchy sequences con-
vergeing to x and 1s therefore a principal class. If P,Q
are two principal classes containing respectively the prin-
cipal sequence (X,X,X,..... ) and (¥,¥,¥sece-- ) it is clear
that the distance d(P,Q) is the same as the distance d(x,y)

in E. Thus the subset G consisting of the principal
classes of F is lsometric with E.

Iet P be any element of F and X = (xn) be a member of
P. Iet X"=(x,,X,,...) and let P* be the principal class
containing Xr, r=1,2,... . Since X is a Cauchy sequence
in E, we have d(p,P") = d(X,X") > 0 as r > ®. Hence P
is the limit (in F) of the convergent sequence (Pr) of
principal classes; this proves ‘that G is dense in F.

let (Qi,QQ,.....) be any Cauchy sequence in F. From
the above paragraph we observe that any class Qr is the
1limit of a comnvergent sequence of principal classes.

Qr = 1lim Prk . Hence, there exist principal classes Pr’

k=00
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r=1,2,3,.... such that dp(Q.,P,) < L. Since
dF(Qr’Pr)'> 08as r - o, and since [Q,} is a Cauchy se-

quence we see that
d(P,,Pg) € d(P,,Q,) + d(Q,,Qy) + d(Pg,Q,) > 0

as r, s < o, and hence IPrl is a Cauchy sequence of prin-
cipal classes. However, IPI,I converges to a limit P. For,

denote by X (xr,x ...) the unique principal sequence .

r’’
contained in the principal class Pr. Then

A(xgexy) = A(XT,X) = A(Py,P) > ©

as m,n - o, since [Pl 1s a Cauchy sequence. If P 1is
the class containing X, it follows that

. d(P,P,) = A(X,X") > 0

as r > . Thus [P, jconverges to P. Since dp(Q,,P,)=>0
as r 9 o, it follows that [Q,} also converges to P.
Hence F 1s complete.

To prove that the extension F 1s unique upto a metric
isomorphism we have only to note that if E is isometric
with a dense subset 01 of a complete metric space F1 and
also isometric with a dense subset (}2 of another complete
metric space F2, then this establishes an isometry between
(}1 and 02; however, for any complete metric spaces IF'1 » F2
an isometry between subsets 01 ’Ge can be uniquely‘ extended
to an isometry between their closures §,,G, and in our
present case these closures are the spaces F,, F, them-

selves. Thus we have the following
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THEOREM k2. If E is a given metric space (which is
pot complete), there exists a complete metric space F guch
that E is isometric with a dense m_e_tLGlg_;F; and F 1is
unique upto & metric isomorphism.

§3. Banach spaces

A non-empty set of elements E is called a linear

space (or vector space) if (1) it is an Abelian group with
respect to an operation of addition,(+), (1i) it admits
multiplication (.) by real or complex numbers, this mul-
tiplication being associative and doubly distributive with
respect to addition, and (iii) 1.x = x where x€ E.

A linear space E is sald to be normed if there exists
a real-valued function, called the norm, defined over E
and satisfying the following requirements: if x€ E and

Il x|l 1s the norm of x, then

(1) x>0, and || x]l= 0 1if and only if x = 0.
(2) N + yit < W xit+1 gl
(3) Il axll = lal.ll x|l , for every number a.

If we now define the distance between two elements x,y of
E as d(x,¥)'= [I.-x -~ yll then d(x,y) satisfies all the re-
quirements of a metric and the normed linear space E be-
comes a metric space; therefore E 1s complete (according
to the definition of & complete metric space in §1 of this
Chr.) if whenever the sequence ix,| of E satisfies the
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condition

1im I x

- X "" o,
m, n->c m n

there exists an element x of E such that

1im || x -xm|l= o .
m->0o

A complete normed linear space 1s called a Banach

space.
THEOREM 43. Given a normed linear space N, there

exlists a smallest (upto isomorphism) completion to & Ba-

nach space B; if viewed as & metric space only, the space

B is the previously constructed (Th.42) metric completion

of N. In other words, if a metric space N derives its

metric from & norm, then the metric completion of N is

also its Banach completion.
Proof. In the space N the metric 1is: dN(x,y)

= Il x - ylly- By theorem 42, there exists a smallest space
B such that B is again metric and complete and N is 1so-
metric with a subset of B. The space B consists of equi-
valent classes P,Q,.... of Cauchy sequences from N. If
X= lxn! is contained in Pand Y = lynl in Q, then we de-
fine the class a.P as the class of sequences equivalent 1.30
the sequence fa xn! and a P ® b Q as the class equiva-
lent to |{a Xp+ b yn!, where & and b are numbers. Note that
a X, and b ¥, 8re elements of N, because the space 1s lin-

ear. This operation @ of addition ani miltiplication by
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real numbers a,b,... , make B a linear space.

In theorem 42, the metric of B was defined as:
dB(P,'Q) -n};go dy(x,,y,) where X = {x | and Y = {y_| are
members of P and Q respectively. If we introduce an eva-

luation of elements in B as follows:
I Pll g = d(P,0) = 1im dy(x.*0)
B B ? nem N\ n’ )

then the function, || || B’ satisfiles the requirements of a
norm, and hence B 1s a normed linsar space. Being metri-
cally complete, it 1s a Banach space.

§4. Linear operations
Given two spaces S and 8', if to each element of S

there corresponds an element of 8!, such a correspondence
1s called an operation from S to S' or, a transformation

of S into S' . S may be called the domain-space and S'

the range-space; these two may coincide., If the range-
space is the space of real or complex numbers, the
operation 1s called a functional.

Let the Banach space Bf be mapped into the Banach
space B¢ by the relation: ‘

¢-Tfs ¢€B¢, fEBf.

The operation Tf, or the operator T, 1s linear if

T(c1f1+ °2f2) -c, .'I‘f1+ °2‘Tf2

for any numbers €y1C, and any two elements f1, f2 of Br.

When B‘, is the space of real or complex numbers, Tf is a
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linear functional.
A transformation T of Bf. into B¢ 1s closed if, when-

ever the sequences lfni and !Tfnl exist, and converge to
the limits f and g respectively, then f is in the domain
of T and Tf = g.

A linear transformation T of Bf into B¢is cont inuous

at f if,whenever lim || fn-fll = 0, we have lim || Tf‘n-Tfll = 0;
n->wm n—>o

the transformation is simply called continuous, if it is
continuous at every point of the domain Bp. The trans-
formation is called bounded if there exists a number M > 0
such that |} Tfl} { M|| £]| for every f € Bp. If If is a
bounded linear transformation, and f1 »£, € Bp then

] Tf1- ‘I‘f2 <M f£,- f2l| (in case Bp = B¢ = the space
of real numbers, this is equivalent to a Lipschitz condi-
tion). It 1s easy to see that a bounded linear trasnfor-
mation is continuous. For, the hypothesis implies that

I T(e -£) = 1T -EI < M I £, -F 0l

. e . A T TS S

tinuous at a single point g of B, then it is bounded, and
hence is continuous everywhere. For if Tf is not bounded,

there exists a sequence f‘n of elements of Bf such that

e > My e,

where Mn-)oo . If we set

'y

" & TET
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we have

ngn-gu-’meo, asn > .

Since T is continuous at g, this would imply that
I Tgn- Tgll = 0 as n = @, which is impossible since

Il Tg, - Tgll = 120 > ;
M1l £ 11
thus we have the following
THEOREM 44. For linear transformations the concepts
of boundedness and continuity are equivalent.
The bound of a llinear operator T is defined to be

7l = 1up IR
We next prove an important theorem on the convergence

of a sequence of linear operators.

THEOREM 45. If T | is a sequence of continuous linear

operators defining the transformations ¢, = T f of the
space By into By, and if IT,| is uniformly bounded (that
is, ITnl = M, { M for all n), and if further, T g converges

to an operation Tg on & linear subset [g} which 1s every-
y_le_e_xie_ dense in B, then for every f in By the sequence T f
converges to an operation Tf and T 1is & linear continuous
operator such that |T| { M.

Proof. If f and g are arbitrary elements of Bf s We

have
i Tnf‘-'l‘mfll <l T,f- nsll + |l 'I'ns-'l‘msll + |l ng-Tmfll .
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Since lTnl converges on [gi{ we have, by Cauchy-criterion,
1_1.1; ] T, 8-T,8ll = 0. Futhermore

m,n-pw

W f-T gl = ) T (£-g) ) < M)l £-gll < M D £-g )

and similarly
heeg-r,f N<MIlr-gll.
Hence
lim [T f-T £l 2M |If-g Il .

m,n—>®

Since gl 1s everywhere dense in By, |l f-¢ ||l can be made as

small as we please. Therefore

Tm T f-Tf {|=o0.
mn>o ° u

Since B¢ 1s complete, the sequence Tnf has a limit Tf in
By. Now the operation Tf is linear, because

T(af) = 1lm T (af) =a . 1im T f=a . Tf
n>o n>co o ’

and similarly T(f,+ f,) = Tf + Tf,. Finally, Tf has the
bound M, for, given ¢ > 0, if n 1s large enough we have

Heeig Nee -8 N+ DL N

Ceam el

CesMifl.
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As a corollary of the above result, we obtain the following

THEOREM 46. If

(1) f(x)e€ L,(0,m) and S 1s & set of numbers,

(11) K(or,t) 1s Lebesgue measurable and uniformly
bounded for « € 8 and 0 {t<{ ®

(111) there exists an o, such that for every a >0,

a

(4.1) § Kfx,x)ax = o as o ) &,
)

then

(4.2) 1im T £ =0,
x D, &

where we define
@
(4.3) chf - So K(a,x) f£(x)dx .

The proof of theorem 46 results from the fact that it is
easily seen to be true for step functions which form a
dense subset of L,-functions, and 1ts validity for general
L1 -functions follows upon application of theorem u45.

The kernel K(ec,x) = ei“x in 0 (¢ { cowith X~ + ®

satisfies all the requirements, since
ioxa
a lox e -1 1
(h.14) e X=TIa T 0(3)

and (4.2) 18 then the Riemarn lLebesgue Lemma.
. q
Actually, we may also choose K(x,x) = e”'x for any

q » 0, since in this case

q 1.

a a8 = -1
§ Kexiax =1 §o oV y3 ay,
[o]
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and for a fixed a, this tends to 0 as &« = by the very
same Riemann Iebesgue lLemma. More generally, we may

choose
X
K(oc,x) = exp (ix S é(P)AaP)
0

where $(P) 1s real-valued and lebesgue integrable in every
finite interval 0 { P P, .

THEOREM 47. Given two Banach spaces B, and B,, and
a bounded linear transformation T defined on a dense
linear subset igl of B, such that Tg, € B,, then T can be

extended uniquely to a bounded linear transformetion on
the whole space B, to B, .

Proof. For any g € igl we have || Tgll { M|l gll . If
f€ B,, there exists a sequence g, in (gl such that
Il g,-fl > 0. Since T is linear,

Il Ty~ Teyll= Il T(gy~ g ) <M Il gy g, ll - 0
so that || T8y~ Tgnll-ﬁ 0, and since B, 1s complete, there
exists a $ € B, such that Tgné ¢ . Also for given f, the
element ¢ 1s independent of the sequence lgnl chosen. Now
define Tf = ¢ . The T so extended is obviously linear; it
is bounded, because

Neel - 0 Tg,- TEN S TRl < TN + 1] TR - TE)

or,

I Tl - NTEH T S NTg - TEN K €, 0
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and
IMUgll-MIE ] <M Ngy- N8>0
so that
NTEl - e, < NTg S M g KM IEN+ &y
and hence

neein< M ell .

The uniqueness of the extension folldns from the fad¢t that
the _11m1t in a B-space 1s unique, and from the fact that
for T to be continuous it is necessary that Tg —> Tf
whenever gné f.

THEOREM L8. If the transformetion T defined in
theorem 47 is such that Il Tgll = M®|l gll for g € Igi, then
(for the extended T) Il Tfll = M Il £il for all elements
feB,.

- Proof':
I WTgyll- WTEN | < N Tg - TN >0
and
I Mgyt =neit 1 <N gy~ £l >0
so that

1im || Tg. = N Tfl= 1im M |l g ll=M Il £l .
n->w &n n->w &n



9k III. Lp-SPACES

§5. L,-spaces.
Teke a finite or infinite interval @ { x { b , and
at first denote by Lp(a,b) the class of Lebesgue measurable

functions in (a,b) for which

j:lf(x)lpdx o, 1{p{o.

Ifp )1, and if % + -;—- 1 then q 1s called the conjugate
index of p, and L (a,b) the conjugate class of Lp(%b)-

We shall now prove two fundamental inequalities for
functions in Lp(a.,b).

THEOREM 49. (H6lder's Inequality)

If £(x) € Ly(a,b), p > 1, and g(x) € Ly(a,b) then
f(x).g(x) € L,(a,b) and

b 4 1l v L
[{ £(x)g(x)dx] < ( Samx)lpdx)P( Ia-rgcanax)q .
a

Proof: We may assume that £ % 0 and g # 0. Consider
the function
tP

P S
f(t) =t p a

for t > o. We have f(1) = £!(1) = 0; furthermore, fi(t))o,
for 0 { t <1, and £'(t) { 0 for t > 1. Hence f(t) {o
for 8ll1 t D o except for t = 1, when f(t) = 0. Thus

p
tggp_“"&': t2o0,

(the equality holding only for t = 1). Setting
t = [A].[BI'79, and multiplying by Bq, we obtain
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P q
(5.1) |a.B| ¢ 1AL" , IBL®
p q
If we choose

A .. X J_ > ——3-(—)——1
<ga|r<x)|1°ax)1’ (5, ls(anax)q

then we have
b b
§1AIP ax = ( |BIY ax = 1;
a a

now the product A.B is measurable (on account of a well -
known property of measurable functions), and since the
right side of (5.1) is integrable, it follows that |A.B|
is integrable. Hence integrating (5.1) we get the re-

quired result

b b 1 1
| SaA.BdJ” £ Sa.'A Bldx§5+a-1

THEOREM 50. (Minkowski's Inequality)
If both f(x) and g(x) belong to L,(a,b), P 21, then
we have: ‘

b 1 b 1 b 1
(§ 1£(x)+g(x)1Pax)P < (§ 1£(x)1Pax)P + (§e(x)1Pax)P .
a a

Proof: We may suppose that f(x) > o and g(x) 2 o .

Now

b b - b -
S If+g|Pax = S I£+glP7 £ ax + § If+glP 'gdx .
a a a

Applying the 1neqﬁa.11ty of the previous theorem, we obtain
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b L 1
§,17081P ax < (§ 1£4gIP ax)T . (§ 1£1P ax)P

o
o

1
1gIP ax)P

o P

1
+ (§ If+gIP ax)? . (S

® o &

which 1s the result we require.
If we now introduce the quantity

b -
nm-<&wun%mp, 1<{p< o

then, by theorem 50 it has properties (2) and (3) of a
norm (see §3), but not property (1), since the vanishing
of

b

§ 1£(x)IP ax

a

1s compatible with f(x) being # 0 on a set of measure zero
(and only then). However property (1) of the norm can
again be secured by & suitable concept of equivalence,
this time any two functions f(x) being equivalent if
differing only on a set of measure zero. The resulting
normed linear space 1s a so-called Lp-space, and the first
important fact about it is that it is also a Banach space
according to the following theorem on Lebesgue integral,
which we will quote without proof.

THEOREM 51. If lfn(x)! 1s a sequence of functions
each of which belongs to Ly(a,b), p 2 1 and if, for ¢ ) o,

S.'fj" fklpdx<§: Jsk >jo(&);
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then there exists a subsequence f'nm(x) converging almost

everywhere to some f(x) in Lp(a.,b), and
1
(S1e,- £1IPax)P> 0  esm > .

All the above properties of Lp-spaces hold in general
types of measure spaces; in particular, in Euclidean spa-
ces of k-dimensions, k > 1, and we can operate with any
measurable set A instead of the interval (a,b). For a
bounded interval (a,b) --- and more generally, for a set
A of bounded measure --- a function g(x) of class Lp(a,b),
p > 1, 1s also an element of L,(a,b). In fact if we apply

Holder's inequality to the functions [g(x)|, 1, we obtain
1

b b L op 1 1
§ te)lax < (§ 1ex) 1P ax)P.(§ 19 ax)% (b-2)3 1 gll; -
a a a

More generally, for 1 ¢ p' < p, any function of class
Lp(e.,b) is also an element of class Lp,(a.,b). But this 1is
no longer true, for instance, in the interval (0,m ), the
Lebesgue measure of the interval being infinite.

Now, take a finite or infinite interval (a,b) (or,
more generally a set A). A function f(x) in it 1s called
finitely valued if there exists a finite number of dis-
joint measurable sﬁbsets A1, ey An of (a,b) each of fi-
nite measure such that f(X) has a constant value c, on A,
k=1,...,n and the value zero on the set which is comple-
mentary to A1+. .ot Am’ in (a,b). Now it follows from ge-
neral principles of lebesgue measure that for each p,

1 { p { ®, the family of these functions is dense in
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I.b(a,b) in the given Lp norm. This 1s true for general
spaces as well. However, in the Euclidean cases, more
than that is true. There, if we deal with any interval
(a,b), or in the k-dimensional case, if the basic set A
is a box k]i(a'k’bk)’ then it suffices to take only such
finitely-valued functions for which each of the sets

A1 ,Aa,. ey An 1s itself a box Ik‘ In other words, the
family of what we previously termed "step-functions" 1s
already dense in Lp(A) for every p 2 1. Now step-func-
tions are not continuous functions but only Baire func-
tions of Baire class one. However, it can be seen that
every such Baire function 1is Lp-a.pproximble by a se-
quence of continuous functions. Therefore we obtain the
useful result that the family of continuous functions is
likewise dense in Lp(Ek), which result can again be ge-.
neralized to a general measure-space with a suitable to-
pology in it. But in the Euclidean case one can go much
further; there, for instance, the class of differentiable
functions is already Lp-denae for every p, but this re-
finement will no longer be needed in the present context.

$§6. ntinuity, s bility and a imation Lp-m_m
THEOREM 52. If p 2 ' and $(x) € L,(-,00) then
® ) L
Te(h) = (§  If(x+h)- £(x)IP ax)P > o
=00

as h - 0] more generally, te(h) 1s continuous in h.
Proof. Plainly, tvp(h) € 2ll £Il . Given ¢ > o there
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exists a continuous function ¢ vanishing outside a finite
interval such that
00
§1f - 61P ax <e.
~®
Set :
@ N
B(h) = (§ l6(x+h)-0(x)I¥ dx)
‘o

Then by Minkowskl's inequality,
1
lze(h) - (h) < (§1£(x+h)- d(x+h)[P ax)P

1
+ (§1£(x) - 6(x)IP ax)P

{ 2¢ .

Since ﬁ(h) is continuous, we deduce that tf(h) is also con-
tinuous.

THEOREM 53. If f(x)€ Ly(-00,@), p 21, and
K(t)€ L,(-o,00) and if we set up

K S )
of(x) = § £(x-t)K(t)dt
~-00

then the integral exists for almost all x, and tbK(x) € Lp

(-, ), and [|6ll { Ml £ll, whe

@
M= § [K(t)ldt .
-
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Proof': We have
1 1
165(x) < §18(x-t)KP(t)1. IK(t )4t
: 1 L
< (§1e(x-t)PIK(t)1dt )P(§IK(t)1at)? .
Hence D
16K(x) 1P ¢ (§1£(x-t) IPIK(t)1dt)(§IK(t)Iat)d

Integrating this inequality and using Fubini's theorem,

we obtain
0 0] (¢)) o0 1-0-E
§ 165)1P ax ¢ (§ In(x-t)IP dax)(§ IK(t)lat) 9
-~00 =-Q0 -0
(¢ )]
= (§1£(x)IP ax)(§ I1K(t)lat)P
-0
hence

K
&N, < MLl . M.

Remarks: Theorems 52 and 53 have obvious extensions to Ek
We recall that for p = 1, we established the one-dl-

mensional case (k = 1) of the formula:(7.6 Chr.I)

6.1) S (x) = ! RE §_ £(x+t)H(Rt)AV, .
(6.1) R(x) W SEk (x+t )H(Rt )aV,
(In Chr.I we had Sllg instead of SR), where

1
(2w)

(6.2)

T SEkH(w)dV“ -1,

In the case of f(x) € Lp’ P > 1 we have not yet defined a
Fourier transform, and so the expression SR(x) does not

have the significance which it had in §7 of Chr.I. If we
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suppose that H(x) € L,, then by theorem 53, 1t follows
that Sp(x) € L, (where S (x) 1s now defined by (6.1))
whenever f£(x) € Lp, and further

Il SR < el £1]

" where ¢ 1s a constant (as usual). Also, if t = (t1,...,tk)

then

n%u»rumpgcsﬁuu%yfunpmmwt
(e SEkltf(t/R)lp H(t )V,

—> 0
as R 2 o, since tf(t/R) 1s a bounded continuous function
_tending to zero as R = o, which is.also continuous at
the origin. Hence we have the f.‘ollowing'
THEOREM 54. If f(x) € Ly(B), and Hix) satisfles the
conditions:
H(Ot)d\{x =1, Hk)E€L,

_I_EgEk

(2m)

then
] SR(XT’ ceey xl{)- f(x1:°--; xk)”p % o,

as R - o, where S 1s defined as in (6.1 ).
Instead of approximation in norm considered in tr
rem 54, we may consider point-wise approximation of SR(x)

to f(x). We have
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-t R £(x+t)-£(x ) |H(Rt )AV

ISp(x)-£(x)1 < t|t§<6| (x+t)-£(x) [H(Rt )AVy+ Lt§261
- I1 + Ia’ say,

where

2

2 2
1t =-t,% .. + b,

Now, 1 1
17,0 € 2R §  1£(x+t)1Pav, )P IH(RE, ,. . .,Rt, )%V, )T
ol € 2R g F0xe )1Pav, ) (lt§}6 (Rt, ) 1%ave)

If we now assume that H(oc) is a radial function, then we

obtain: .
11,1 < ¢ R S(:IH(xR)Iq =71 ax)d

® 1

= o B § a1 ¥ 'RK ay)?

k(1-1) - L
-=cR q<s“mwnqﬁ‘dwq

1
k 00

-c RP ( SbRIH(y)Iq ¥ ay)? .

If we assume further that

H(It]) = O(T;rll:{)s e>o
then it follows that

|12|-0(1), as R = oo .

Again,
IT,1 = o(1)
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on using the same argument &s in theorems 6,7,35 and 36,
.provided that :
ka(x) >0, 88X ®

while
| gzgx(t)at'- oft), sst o,
where gx(t) 1s defined as in §3 of Chapter II. We are
thus in a position to state the following
(1) £(x)€ L(B), p) 1
(11) He) 13 & redisl function, and Hix) 2 0,

1 .
(111) o SEk Hlac MV, = 1

(1v) H(lcl) = O(W)as wl Yoo, )0,
then the condition
t
§ g (t)dt = o(t), a3t 9o
0
implies
SR(x)- f(x)=o0(1), as R = o.

Remark: (11) and (1i1) together imply that H(x) € L, in B.
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CHAPTER IV
FOURIER TRANSFORMS IN L,.

§1. Transformations in Hilbert space
In this chapter we shall be concerned with Fourier

transforms in L2. Since, for an arbitrary function

f(x) € L2(-a> ,00) the integral defining the Fourier trans-
form &(x) does not exist as an ordinary lebesgue integral,
the La-theory will have features not encountered in the

L1 -theory. We need & few preliminary notions.

The bilinear expression

0 0]
(1.1) (£,8) = § f£(x)g(x)ax
0

is called the inner-product of f and g. The inner product
exists whenever f,g€ 1.2(-cn ,00 ) because of Hélder-Schwarz

inequality. Also it has the following properties:

(1.2) (g,f) = (F,@)
(1.3) (£,£) = Il £IF
1(1 ) (f,ag) = a(f,g), & being a number.

(1'5) (f,8~|"’ 82) bl (f,81) + (f;ge)

(1.6) 1(£,8) < N el gll
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(1.7) (£,g) is & continuous function in both 1its arguments.

For,

(£,8) - (£,,8,) = (£-f,8) + (£,,878,)
I(£,8) = (£,,8,)] < (E-F @)l + [(£,,8-8,)l
<Nt il .l gll +1l g=gy Il -1l £,11
S eI Mgl +1 gogyll - N£GH
+ e-£ 0 g-g,ll -
Glven € > 0, there exists a § such that
SN £ M+ gyl + 8% < &

and then
I(£,8) - (£,,8,)1 < ¢
for
Ne-e <6, and Ilggll<§ .

If S1 and S2 are two subsets of La(-cn ,00), & trans-
formation T of S, into 3, 1s called lsometric if for every
pair of elements in its domain, we have (T, Tg) = (f,8).
T is called unitary if its domain and range coincide with
L2, and if (Tf,Tg) = (f,g) for £,g2€ L,.

§2. Planckerel's theorem
Our object in this section is to define a Fourier

transform for functions in Lz, and to show that it repre-
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sents a unitary transformation in L2 In order to exhibit
clearly the invertive properties of the Fourier transform
in Lz, it is convenient to alter the constants occurring
in our definitions in the L1 -theory. Hereafter we shall
say that if f(x) ¢ L1(-oo,<n ) then its Fourier transform
$(ox) 15 defined by:

[o0]
(2.1) dloc) = Vg; Sog'(x)ei“" ax .

With this definition'in mind, we shall collect here two of
the results we need from the L1 -theory. If S is the class
of bounded functions belonging to L,(-o,0), then S 1s &
dense subset of La(-oo,co ), and if f(x) € 8, the Fourier
transform is defined by the integral on the right side of
(2.1), which exists for every « in -w{ec ( . We then
have, first:
if f, 6€ S, then

00
(2.2) £(x) = g §_o(n)e™ ay

almost everywhere (see theorem 8).
Secondly, for £, ¢ € S we have:

@ @
(2.3) § e ax=§ 16(y)12 ay
-w —w

(See theorem 12). Finally, if éta p(¥) 1s defined as
’
follows, for b > a and ¢ ) 0:
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0, y{a-t

1, ad{y<hb

o =] LB, s (y(a

bi%?l: by bt
0 , ¥ bag

then the linear manifold D determined by functions of the
form 6§,b is dense in 12' because its closure contains, in
particular, the step-functions.

Now, define 1’t b(x) by the equation:

(2.4) £ (x) = (0E L (y)e X gy,
a,b Ver 200 a:b

Then, obviously, r:. b(x) is a bounded function of class Z(..1 ’
’
and in particular (by (2.3)) we have:

® ¢
- ixy

(2.5) & ) = §_fa,p(x)e'™ ax
almost everywhere, and

@© & 2 © ¢ 2

§m 16 p(¥)1° dy = §mlfa,b(x)l dx

Define a transformation Tf for £€ S by the relation:

(2.6) =6, f€S

where ¢ 1s as in (2.1). Because of (2.3), T 1s an isomet-
ric tre.nsfomtion, and since S is dense in I‘z' T can be
abstractly &xtended to all £ € L,, and the extension T 1s
again isometric and unique, by theorems 47 and 48. (The
extension T is, in fact, obtained by closing the operation
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T givenon 8, and T = T on 8). This defines:
(2.7 6(y) = Lim = Smf.'(x)e1xy ax, fe€lL,
. .1.m. , .
Var 2%

"l.i.m." 1s to be read as "limit in mean". The precise
meaning of (2.7) 1s as follows: given any f € Lz(-oo,oo)
consider any sequence !fni, f € 8, such that I‘n—> f in
Le-nonn. Set cbn- 'I‘fn; then ¢ € L2 is the 1imit, in
Le-norm, of the sequence wnl, this 1imit existing, and
we define Tf = ¢ . It should be noted that if,} may be
any sequence in 8 converging towards f, and that ¢ 1s 1p-
dependent of the choice of Ifnl.

The class L2 contains, in particular, the functions
lf:’b! of the form described in (2.4); their images M:,bl
together with linear combinations constitute D, which 1s
dense in L2. Now, the range of T is a closed subset of L2,
and 1t contains D which is dense in L,. Hence the range
of T 1s the entire space L,.

Being isometric, Tf is one-one, and since the range
of T covers the whole of L,, there exists an inverse T,
which 1s again isometric; in other words, T is unitary.

Just as in (2.6) and (2.7), if we start with
npg’b(y)e S, the relation

00 -
& ot5) = b Sl pme ™ e

gives rise to an isometric transformation T', say, in La’
which carries 4 into g, where g 1s defined as follows:
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0 -
(2.8) glx) = Lim = §°°q,(y)e I gy, p € 1,

and 1.1.m. has the same meaning as in (2.7). We shall now
show that
(2.9) T =T " .

in fact, we have

g
¢;,b(3) - Tfa,b(x) ’

£ ~1,8
and hence fa,b(x) = T 1ctza"b(y). However, by (2.4),

€ . ¢
fa,b(x) = T d’a,b(y)' Hence

-1

Y

on a dense linear supset D of L,; since both the opera-

1
tions are bounded, it follows that T = T" throughout L,-

Hence, if

1 @ ixy
(2.10) d(y) = 1.1.m. e §Oof(x)e dx
then

2% -1yx
(2.11) £(x) = 1l.i.m. 5= gootb(y)e dy .

Also, if ¢(y) = Tf, and gly) = Tg (as defined by (2.10)

then, since T 1s isometric, we have the Parseval relation,

(2.12) , g:f(x)éﬁ')dx - Smb(y)ﬂif)dy .

=00

In particular,
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® 2 @ 2
(2.13) soolr(x)l dx = ;aolb(y)l dy .

From (2.10) and the theory of convergence in norm, it
follows that '

Ti(x+h)] = ¢ 2V §(y); T(F(x)] = §(7);

- -1

] .
T (f(x+h)) = eMTp(-y); T (F(x)] = §7);
and hence from (2.12) we can deduce the following relations

a Q
(a) gmf(x)g(-x)dx - gmuy)y(y)dy,

(e} - 00
(®) § £(x)gix)e X ax = § $(y)ly(h-y)dy ,
-0 =00
(¢) § f£(x)g(h-x)ax = { d(yN(y)e dy,
o0 =00
(2.1%)
all integrals being absolutely convergent. From (c) it
follows that the Fourier transform of the convolution of
two functions in 1.2 is the product of their transforms.
Let £ € L, and Tf = $. let Ya,p(¥) = fora {(y{h,
and ’Va,b(y’ =w0fory{{aory)>b. Then
-1 00 .
- - -1yx
Ba,b(X) = T yg p(¥) = pow goo%,b(y)e ay
b
1 -1yx
- e dy
7§,
-ixb_ _+ixa

-

Using (2.14) we get
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@ * 00
(2.15) Smﬂykya,b(y)dy- §_Txeg p(-x)ax
OI" )
(2.16) Poiy)y = = (Crix) o=t
‘ S0y = = § 1 "

for any f € L2 This may be considered as the gecond
interpretation of relation (2.7).
If on the other hand, f € L1 n LQ, then from (2.15)

we have

b (e o] b

iyx
d(y)y = 2= § f(x)ax § e1I* gy
Sa Ve S T S,

and the integration on the right can now be interchanged,
with the result

b b ®
dy = (dy . —— Iyx p(x)ax.
Sacb(y) y Sa y \/E;Sme (x)ax

Hence for almost all y,

Q0
(2.17) Tf = b(y) = = ( el¥e(x)ax.
lv—=3

Next, if f(x) € L2, and we set

| £(x), for Ix] {n
£a(x) = |
| o, forix| >n
then each f(x) € L, NL,, and fn(x) - f(x) in L,-norm.
Hence, bys(2.6) and (2.17) we have

(2.18) ¢n-mrn-\—/-;—__g:r(x)eiﬂ dx.
=
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This is the third interpretation of relation (2.7)

If in (2.16) we choose a = 0 and b = t, we have

1:d>( )d 1 (@ el £(x)d
y = — = ——— f(x)dx.
So v Ver 20 X

Hence for almost all t,

. o 1t
(2.19) o(t) = = & Sme o1 p(x)ax
Vor dt ix

(¢ o]

the derivative existing.
Inversely, for almost all x,

oo _-itx
(2.20) €

£(x) = & 1 ¢(x)ax,
3o Tx x)dx

QoIQ-

g
N
the derivative existing.

(2.19) and (2.20) serve as & fourth interpretation
of relation (2.7).

We are now in a position to assert the following
THEOREM 56. (Plancharel's theorem)
Let f(x)€ L2(-oo,oo ). Then the functions

n
1yx
b (y) = = £(x)e!T¥ ax
n Var §n

converge in L,-porm to & function é(y)e L,, and

and the t
formation T defined by

A L

Te(x) = = 1.1.m == ( £(x)el¥ g
(x) = &(y) _>°Ln mgn(x)e x

is a unitary

transformation of L2 into itself. Similarly,
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the functions

Yo(¥) = "\/=S g(x)e I ax, g(x)€ L,,

converge in La-p_orm to a function ‘1’(5') € I.-2 and the
transformstion T  defined by

n
g = y(y) = 1l.1.m —— (x)e 9% ax
¥ n->oo Vorw §ng

- A LS S T L1 = 222X

the relation

6(¥) = L.ium. - { £(x)el¥ q
v ->oé”¢7r5nxe x

I Zotdos Bl SxEE Jooy

£(x) = 1.1.m. ——g 6(y)e 1% gy
n—»oo Vew *n

®© 2 @ 2
§ I£(x)ITax= § |&(y)I° gy .
=00 =00

§3. General summability
Let f(x)€ L,, K(t)€ L, and Tf = §(y), TK = H(y),
where K,H are real. let H(y) € L1 n La. Set

K 00 '
1 -iyx
(3.1) S (x) = — { &(y)K(y/R)e dy .
R ver Soo
Using Pardeval's relation we have

K 1 (o¢]
(3.2) 8 (x) = = § f(x+y)RH(Ry)dy
R @

Ver 2
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KX
for every fixwd x (and R). Also SR(x) € L,‘,(see theorem 53).

Hence, as in theorem 54, we have:
THEOREM 57. 'If £(x) € L, and K(t) € L,, and
TK(t) = H(y)€ L, n L,, then

K
(3.3) lim I 8 (x) - f(x)lI=o0 ,
R=00 R

K
where SR(:x) is defined by (3.1).
Again, using theorem 55, we obtain:

THEOREM 58. If £(x) € L, gnd K(t) € L,, amd
H(y) = O(=4g), ¢ > o0, 88 7 wowhere H(y) = TK(t),

and, gurtge;
1 ® :
T3 §mx(g)d« -1

then

K
(3.4) SR(x) - f(x) as R =

for almost all x, provided that
t
(3.5) %— Sogx(t)dt >0 ast 0

where
fx+t)ef(x-t)
gx(t) - E(x+ Zf x-t) _ £(x).
Dually, we also have, in like manner, for ¢ € Le’

(3.6) E ;:f(x)x(’,‘;)e“" dx > é(y), a8 R Dw,

for almoat all y, provided that
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(3.7) by(t) = HTEBB(I) _ 4y

1s such that
t

£ 56(t)t S0 ast o.
o

Remarks: If [H(y)l < }Io(‘y), where Ho(y) now satisfies the
condition that H satisfied in theorem 58, then

t
%— S lge(8)lds = o(1) ast > o0
()

will imply (3.4), while

t
: § 165(s)las = o(1) as t > o

will imply (3.6).

If
1 =0t 1t <
K(t) = | <
] 0, [tl 21
then
2
H(y) = (S22,
and
H P
L (Y) Ry
and hence we have
R
(3.8) 1m { & (y)dp = &(y)
R-500 R So pry P

[}
almost everywhere, where
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o (v) = §Fe(x)0lT® ax
PP

(3.8) may be looked upon as a fifth interpretation of (2.7)

In (3.6) we proved that if f€ L, and Tf = ¢, then

the existence of

[0 0]
3. 1im e(x)kE)el™ g
(3.9) Re:)\/z.;r 500 (x)K(gle x

implies that it is equal to ¢(y) almost everywhere. More
generally we can state the following:
Ir
(1) K (x) € L,, for each n,

(11) lKn(x)K M,

111 11 =1, f 1 t all x,
( ) n_;lml{n(x) or almost all x
(iv) f(x)€ L,, and TF = ¢

1 Pk ix
V) 8y = o= §oof‘(X)Kn(x)e Y ax

and 1lim Sn(y) exists for a measurable set in y, say B, ,
n->00

then
3.10 1im 8 _(y) = &(y), - € B_ .
( ) e (Y y Y€ By
For,if fn(x) - f(x)Kn(x), then f‘n(x)-> f(x) in L2-norm

And 8 (y) = 'i"fn(x), where T 1s continuous. Hence

8,(y) < 4(y) in L,-norm. That 1is, Snk(y) - &(y) almost
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everywhere. In particular, on the measurable set By,

sn(y) converges. Hence

gm Sp(y) = 6(y), vye€ By

Reme.rk Note that (3.10) does not assert that lém S (y)
lo o]
exists, but only says that, if the 1limit exists then it

is equal to the transform.

§4. Several variables.

The extension of Plancherel's theorem from one to
several variables does not involve any new difficulty in
principle.

We start with the function ba b defined by:

X 3 kK ¢
(k.1) ¢a’b(Y1,---,Yk) = ]j;¢aj’bj(y‘-j):

where each factor «bg_ b (yj) is exactly of the form descri-
3

bed in §2. Then df'a b(y1 5o ..,yk) is a bounded function be-

longing both to L1 and L2, and if we therefore define

00 °°¢t -13>y P jdvy

k/2 S ...S a,be

t .
(4.2) fa,b(x1""’xk) S S

(2v)

then, obviously, f: b 1s again a bounded function belonging
’

to L1 and L2, and by theorems 38 and 39 we have,

® ¢ 12 x.y
¢€ b(y1’a¢ ’yk) - (2 )k/?s --.Smfa,b(x.l,-..,xk)e J jd‘

(s.3) *
everywhere. Furthermore
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0 ¢ 24y
“‘SCDMa,b(yl’“"yk” y
(4.%)

- Pt )12av
-m“.§oo PR IPRRRYE W

Hence, if we define a tranafomg.tion Tf for f € S (where
8 1s the class of bounded functions belonging to L, and
L2, in Ek) by the relation

fmd, f€ 3

where
® © 12° v %y
¢(y1,...,yk)--(—;:—)w2 S e B(x 0z )e av,

< =

then Tf is an isometric transformation, and since S is
dense in Lg(l'k), T can be abstractly extended to all

fe La(Ek)’ and the extension is again isometric and unique
by theorems 47 and 48. This defines

(b.5) &(y) = 1-1-!11-'(2—:‘)E/2§:..-§:f(x)eiz xj-‘ljdvx ,
where 1.1.m. means that, .if fn(x)éf(x) in La-nonn in Ek
then ¢ is defined as the limit of én(x), this 1limit exist-
ing, in Le-n'orm.

It then follows as in the case of one variable that

T 1s unitary and the inverse of T is defined by

T é¢=°f,

where

® . e-iz xjyjdvy

1 (o 0]
f(x”...,xk) - 1.1'm'(—;7_)E/2 §m:ugm
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Being unitary, Parseval's relation also follows:
® ©®
§ ... Smr(xt,...,xk) gZx,,...,xk)de

- -

(4.6) @®
- gmﬁ(y‘:'-':yk) Y(Y,.---,Yk)dvy

If A 1s a bounded measureble set in (Fk) and w(y) 1s the
characteristic function of A, then w(y) € 1..2 ;3 let
T lw(y) = ¢(x). Thus for every f € L,, it follows from
(4.6) that

SEkw(y)eburmvY - g perEav,

or,

15" y.x
§$(3)aVy = Sg £(x)aVL(§ 0 Havy) .
If £(x) € L1 n L2, then, since A is bounded, we have
15" y.x
S 6ty = SAdVylSEk*’ Fexavd ;

this being true for every bounded measurable set A, we
hence have 1Z

¥ iX
(4.7 8(v) = §g o I e (x)av,

almost everywhere for £ € I_,1 n 1.2 .
If !An! is any sequence of bounded measurable sets
such that

0 CA, CAZC...CAn-éEk,

and 1f £(#) € L,, and we define:

{ £(x) x€ An
l ’
falx) = |

{ o, xQAn
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then, due to the boundedness of An, each fn(x) £L N L,‘, »
and rn(x)-)f(x) in L,-norm. Hence, by (4.7) we have

1 13 x.y
(4:8) 85(y) = 20, (x) = S%r(x)e Fav
almost everywhere, and

12 x4y

¥ -1.1.m.— § r Fav_ .
(4.9) &(y) n—)al:n '(;)E'/a A (x)e %
In particular, if An is the set defined by the property:

X € An: o5 Ix|2 4 n2; -le2 - x12+...+xk2, then we obtain

15 x.y
by) = Lim—Lp, (.. (x)e = Jav, .
X

2
nyo (2m) ] +...+xk2( n?

Thus we have the extension of theorem 56:
THEOREM 59. Let £(x,,...,% ) € L,(E,). Then the
functions

]

13 x5y
b (Fyseeesyy) = %2 §...§ f(x,,.000x e J jde
. = xXn? .

(2m)

converge in L,-norm to & function é(y,,...,¥) € L, and
the transformation T defined by:

: 1
Fe(x) = 6(y) = L.im. §...{ f(x)e > nyJdvx
n->00 ija< n2

is & unitary trensformation of L,(E,) into itself. Simi-
larly, the functions

-1 y.x
seay - 1 L j Jd’v R
YalTyseeesBie) = =gy ijag neg(’”e x'8 € Ly(B



§4. Several variables 121

converge in L,-norm to a function (y)€ L,(E.) and the
transformation T defined by
* -13_ y.x
'I"g = y(y) = 1.1.m. -'—E- 2 SS g(x)e Py
) négo (2w) / ija( o? x
is the inverse of the transformation T, so that whenever

the relation

$(y) = 1.1.m. SSE f(x)e

1 =S
——-E dv
nSw . (27) /2. fo( n .

holds, then so does the other:

13 y.x
Cf(x) = 1.1.m. —l av
@ e Ll

and
2 2
SEklf(x)l aVg = Sg 1603)I%avy

§5. Badisl fupctions
Assume that f(xl,...,xk) € 1.2 is radial in the sense

defined in Chr.II; then -
A 2
f(x.l,..-,xk)—f(l)(l)-f( x1 + e "'xk )-

Set
e (Ix1) {f(IXI), for |x] < n
X -
n | , for Ix| 2 n.
Then

9 & SR 1 Xy) > f(x,,.. .,xk)
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in L,-norm, where f,€L,nN L,. Since f € L,, 1t follows
that 6n(y) is also radial, and by Plancharel's theorem,
é,(y) = ¢(y) = Tr. Since the radial functions in L, form
a closed subspace of Le’ it follows that é(y) is also
radial (and similarly for the inverse). Thus,

(5.1) if f€ L2 is radial, then the Fourier transform of
f 1s also radial.

Now, if f is radial, then f € La(Ek) if and only if

F(6)1t° € 1,(0,00), where F(t) = £(V/x,%4...4x. 7). Set

F(t) = S(t)tk .

and
Bit) = $(t )tk

.

As before,. we then have for F(x) € f.z(o,m )s
©
8(y) = 1.4.m § P(x)S (yx)ax ,
o R
where Q(y) € L,(0o,0), and

oo}
F(x) = 1.i.m. § 8(y)8 (yx)dy
o

B
and
mF‘de- S°°§° dy
5, . 2 ¢
where
p=iE

Thus the inversion formulas in k-variables, if applied
to radial functions, produce the so-called Hankel 1nversion
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formilas for p = &2 , and we also obtain their validity
in L,-norm. This manner of derivation, gives then only
for p= an integer or p = half-integer. However,
the formulas and their validity remein in force for arbi-
trary real values of u , as we will show in the next
chapte;'.

If k=1 the Hankel transform reduces to the cosine
transform, while k=3 gives something very akin to the
sine-transform.

. If kw1, a radial function is just an even function,

and hence as in (2.19)

[o o]
o(y) = & 55 § ) T X gx

almost everywhere. The right side is the derivative of an

integral of an L, function, so ¢(y) exists almost every-

where. For the inverse, we have:

00
tx) = § G § o) BT E gy

almost everywhere.

§6. Derivatives and their transforms

We will now have some operational theorems involving
Fourier transforms in I..2 We will deai exclusively with
the one-d‘imensione.l gsituation, although the k-dimensional
analogues are frequently of considerable interest and far

from trivial.
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Some of the theorems to follow are extensions (re-
maining one-dimensidnal ) to Le-functions of theorems pre-
viously stated and proved for L1 -functions. In some such
instances, the L1 -case 1s the more difficult one, and it
often requires several elaborate manipulations, where the
Le case could be disposed of in fewer steps, the reason
being that in the L2-case, norm-convergence of the func-
tion can be immedlately translated into norm convérgence
of the transform (and conversely), whereas in the L1 -case
no such translation is directly available but must be la-
boriously substituted for by other rules of procedure.

THEOREM 60. If f,(x) € L, in E,, and T(f,(x)] = b, (),
and £ (x) € L, in E,, and T(f,(x)] = é,(x), and if
b, () = ¢ () almost everywhere, then f,(x) = f,(x) almost
everywhere.

Proof: Except for a null-set, we have, by theorem 6,

6.1)  £,(x)=1m - ¢ jooloxg o [Rge L g'
( ( ')oo\/—goo (o x R

and

6.2 f - lim ——
(6.2) o(x) _)g!o\/__gm

t

¢ (“)e 1“)( - /R - 82
R

by theorem 58.

The right sides of (6.1) and (6.2) are equal, hence
the left sides are equal almost everywhere.

THEOREM 61. If H(y)€ L,(E,) and G(x) - T"[H(Y)],
if H(y) is absolutely continuous, and H' (y)e L (E,)»
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then "i"[H'(y)] = -ix G(x) (which automatically belongs to
L,(E,) ).
Proof: We have
H(y) = 1.1.m. ‘/;——_; gze‘iy" A(x)dx ,
where A(x) = T(H'(y)]. Integrating this between finite
limits, we get (see 2.20)

-ihx_,
‘W"(e & -1y A(x)ax

H(y+h)- H(y) = ==
(y+ y \/E§oo

On the other hand, we have
' 1 ®© -iyx, _-ihx
H(y+h)-H(y) = 1.1.m. — ( e (e -1)G(x)dx ,
Var “®
Now

e 1nx_,
gz €L,(-00,0)

and
A(X) € La(_w:m )
so that
g ihx_,
(F—=x—) Alx) € L,(-00,0)
while

(e" ™. 1)a(x) € 1, .
Using theorem 60, we have

(igxi;(—“—) Alx) = (e7H%-1) g(x)
almost eQerywhere.
Take h=1 and x % 2mn; then
A(x) = (-1x)0(x)
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almost everywhere. This 1s the LQ-analogue of th.3(11).
THEOREM 62. If f(x) € L,(E,) and ixf(x)€ L,(E,),
and T(f) = (o), then ' (x) exists and Tiixf) = &' (x).
Proof: let
I 10ex
bnle) = o= S_nf(x)e dx

and
1B 10cx
\yn(&) - E _nixf(x)e dx .
Then :
bolx) > blx) € L,, and g (x) Dy(x)€E L,.
However,

¥ nec) = bp(ex)

the latter derivative obviously existing, and theorem 62
follows now from the

IEMMA L. If on a finite or infinite oc-interval we
are given certailn Lz-functions, and if the limit-relations

(6.3) bpo) > blex)
(6.4) Yn<) > Yle)

hold in L,-norm, and if the functions y (o) are(locally)

absolutely continuous, and
Woox) = &) x)
then we also have
o) = ¢ ().

Proof: If ox and § are any(finite)points of the in-
terval, then relations (6.3) and (6.4), first of all,
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imply
b, B
(6:301m §) y0xiax = dtm £ )i § wlerrax

that 1s
p
(6.6) nl;;t:o[&n(n) - b)) = Stx y(y)dy

Since bn(x) converges in L,-norm to d(x), there exists a
subsequence ¢_ such tha.tklim ¢, (x) = ¢(x) for almost all

oo

x. Let y be a value for which

11 - o(y).
ke::o cbnk(y) (y)

Then, since

n
im [¢ ) - é, (¥)] = )ax,
k—)zo (D v Sy‘t’("

e e

we have

p
lim ¢ ) = 6(y) )d
o tacP 74O+ Sy wioe

Therefore ,

o(P) = &(3) + sg y(x)ax
for every p ; that 1is,
yix) = 6" (x)

as claimed.
Remaris : fTheorem 62 is the L,-analogue of theorem 3(1).

We say that a function f(x) is locally absolutely con-
tinuous, if it is absolutely continuous in every finite

x-interval.
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THEOREM 63. If f(x)€ L,(E;), g(x) € L,(E,) and Tf = ¢
and Tg =y = -1 d(x), then g(x) is locally shsolutely con-
tinuous and

(6.7) g(x) = £'(x);
also,

[0 0]
(6.8) f(x) = - Sx g(y)dy

the integral existing conditionally.
Proof: By Plancherel's theorem, ¢ € L, and

-1 &(x) € L,; hence (6.7) follows from theorem 62 and for
any a,b we have

y
(6.9) £(y)-f(x) = § g(z)dz .

x

However, by Schwarz's inequality we have
y y
I£()-£(x)1% ¢ § 1g(2)1%dz. § dz
bs X
®
< (y=x) § lg(2)1? dz ;
-0

therefare, f(x) is uniformly continuous in (-® ,c0). But
if a uniformly continuous function f(x) belongs to L2
(or I'b) then 1t tends to zero as x —»oo . Now letting
¥y = oin (6.9) we obtain (6.8).

Theorem 63 1.8 the Lg-ana.logue of theorem 15.

THEOREM 6. If f(x)€ L,(E,), &(x)€ L,(E,) and
Tf = 6, Tg =y , and 1f yix) = (-1x)" ¢(x), where n is a
positive integer, then f has n derivatives all belonging
to class L,. Hence (-1x)€ é(x), k = 0,...,n are all trans-
forma.
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Proof: If é)€ L, and (-ix)x)€ L, forn 2,
then (-ix)é(x) € L,. Using this, we get the result by
applying theorems 62 and 63. This is the Le-amlogue of
theorem 16.

THEOREM 65. If f(x)€ L2(E1 ) and f(x) has n deriva-
tives and £ (x) € L, (%), then £*)(x) € L (E,) for
0k <{n.

Proof: If blec) = T and ylec) = Te(®), put

1 (® !
(6.10) 3 (x) = == { _#(v)e Vo™V ay;

then by (3.1) and (3.2) we have
6.11 S = — f t )H(t)dt
( ) (x) \/E—Soo (x+t)H(t)

E—
where T[e = ] = H(«x).
By successive dii‘ferentiation of (6.10) we get

(6.12)  DPS,(x) = (- 1y)n<b(y)e Vorliray

=i
the differentiation being justified by the uniform conver-
gence of the derived integral in every finite x-interval.

Since
f(k)(x) = 0(1xI™), as xdoo, 0 {kn,

42
and H(t) = e t /", we can differentiate (6.11) as well,
and making use of the fact that H(t) is even, we obtain
(6.13) DS, (x) = = @ £(0) (x-y)H(y)dy
Ver -
since £(™ ¢ L, and H(y) € L;, by theorem 53, D8, (x) € L,.



130 IV. FOURIER TRANSFORMS IN L2
By (2.14) we have

® _.2
6.14) DS (x)=——( &7 e IXVay .
( ) 1 (x) 7= §m w(y) y

-2 2
The functions y(y)ed and (-1y)" é(y)e™ both belong to
L1 (E1 ). Hence by the uniqueness of Fourier transforms in
L1 and continuity of the transforms (in y), we conclude
that
n -y2 -y?
(-1y)" &(y)e ¥ = y(y)e

which implies that

wiy) = (-17)" 8(y) ,
and we now use theorem 64 and we obtain theorem 65.
THEOREM 66. If f(x) is locally absolutely continuous
and f'(x) = g(x) € L,, then

Bh(x) - g(x)
in L,-norm as h->0, where
gh(x) - f(x+h)-f x)

Proof: Since

_ h
ﬂ_&_&ﬁ_ﬂl) - g(x) = £ § [&(x+y)-g(x))dy
0

it follows that

) 2 h 2 h
EER)E) _ gixy)” ¢ }’-Fg lg(x+y)-g(x)| ay Sody .
(o]

Therefore
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S |8h( )-g( )ladx.( . Sd S lg( )-g( )’2d
X)=g(x = y g(X+Yy)~-g(xX y
Q0 . h 0 -00 *

2
"g (y)ay

h
1
s,

= o(1), as h=>0 ,

because tga(y)ﬁo as y->0, by theorem 52.

THEOREM 67. If f(x) € L,(E,) and if-its difference -
quotient g (x) converges in L,-norm to & function g('x)
as h—>0, then f(x) is locally absolutely continuous and
g(x) its derivative almost everywhere. )

Proof. Being an L,-1imit of L,-functions g(x)€ L,.
Let &(x) and \')(or) be the Fourier transformsof f and g
respectively; then it follows that

1 (@ -xx g~ 2D,

Being L2-c'onvergent, the family {g,(x)} is also bounded in
L2-norm; hence, by Plancharel's theorem
®  o-ixh_, 2 2
| = | . l$(x)] dx { M.
-0 h
In particular,
A e-io:h_, 2 2
S | —T—l-lb(«)l dx < M.
-A
For fixeg A, passing to the limit as h—)0, we obtain
A
§ x?16(x)1? dx < M
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independently of A. Now letting A->m , we obtain

§° o®l1o() 12 dm < M.
=00

Thus

(6.15) ~lx dlx) € Ly(-00,00).

Since gh(x)-)g(x) in L,-norm, we also have

(6.16) Un | €21 (ar)- )| e = 0
. h—) - —H—_ o tyﬂ ¢ .

But, for variable h the integrand is majorized by
craltb(oe)le-a— I\,;(or)la which belongs to L,. Hence, we can let
h->0 under the integral sign in (6.16), and this gives

@ 2

§ 1=t dlex) - ylex)|“dx = 0 .

=00
Hence

Yix) = ~lox d(xx)

almost everywhere; therefore, by theorem 63,
g(x) = £'(x)

almost everywhere.

§7. Boundary values
We are now going to transcribe theorems 23 and 24 of
§15, Chr.I, from L, -into Lz-functions. The L2 approach is
the easier one, and is much more familiar from the opera-
tional view-point. It is aiso the more important approach,
in as much as, with the present-day methods, the 1.2 pro-
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cedure is available for differential equations and for
problems of even greater complexity. But it would be a
moot question to discuss whether it 1is also intrinsically
the most natural one. In the task of translating partial
differentilal equations into precisely given operational
equations, sometimes the mathematician influences the phy-
sicist, but sometimes 1s also influenced by the physicist's
preference, and there is as yet no firm guidance for de-
ciding what, in a given case, would be mathematically the
most natural approach.

Let f(x)€ L,, Tf = é(x), and let

00 2
£(x,y) = 2= o) 1X¢ " g0
V=20
0 2
(7+) -l £(z) 4 o~ (X-2)°/4y 4,
Vo ST ¥
2
f(x,y) is obtained from Sllg(x) in (3.2) if we put K(x)we X
1
and y = ;2 ‘e

Properties of f(x,y):
(7.1) For every y ) 0, f(x,y)€ L, as a function in x.

{In fact, its transform ¢(y)e’yo‘2 belongs to L,, if

$(x) does.)
(7.2) 1lim f(x,y) = f(x) in L,-norm
y> o 2

[In fact, b(ar)e'w'z converges in L,-norm to é(x)].
' 2
(7.3) FPér every y ) O, % ’ g—g exist and belong to L,.
x .

In fact, if £(x)€ I..2 ard K(x) € L,, then
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e e)
£K(x) -§_Kx-y)f(3)dy

belongs to 1.2, by theorem 53.
£
(7.4) For every y > 0, there exists a function %e L2

such that 1
w —

h-0 oo 37
In fact, the transform of L(Lx%);flx_.x) is
2 _-ho?_
(7.%a) dlacye™™ | &—=1 ¢ |

Since 2

2 -h 2
1é(oc)e V™ "—;“——i L€ 1 dloc)e™™ 0P,

as h—>0, the transforms of (7.4a) are convergent in L,
2
norm towards the transform of the function é(x)e ™ (-x°),
namely
() 2
1 ~ixx -y 2
- e d(x)e (-o“ )dx
Vor -S-cn
which is the literal derivative %M)s for y > 0, and
this establishes (7.4).
d2r _ o

(7.5) for every y > °"'§,}'2' 5y

[by direct computation].

m -1—
(7.6) (§ 1ex, 12 ax)2 (M= 1 £10.
-00

THEOREM 68. For given f(x)€ L, any f(x,y) with pro-
perties (7.1) - (7.6) must be the function given by the
formula (7+).
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Proof: Since f(x,y) € L, as a function in x, by
(7.1), 1t has a transform $(oc,y) € La' Because of (7.2),

é(,5)=> é(x) in L, norm
2 .
as y =>0. Since, by (7.3), %—{-e L,, we have
X
— a2 2.
T 85 1 - (1) $lx,3)
dx .

by theorem 61. Furthermore

T f{x.x+h!-f!x,x)] - b, y+h)-bloe,v)
h h

’

and therefore by Plancharel's theorem and (7.4), there
b )
exists —%%‘1 €L, such that

bﬁ,g‘y&l)-'r‘[%].

However
b%e _ of
dx2 oy

by (7.5), and hence we obtain

b = bf 82r Y
bbley) o iy - L1 = (-1e0)? ble03).

Therefore .
o(0c,y) = Alx) e 7T, -

except on an o -null set common to all y. We know that

¢ é(x,y) > é(x) in L,-norm

2
as y>0. But A(x)e™ ¥ converges to A(x) in L,-norm as
y->»0. Hence,
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$(ox) = Alex)
for almost allec . That 1is

d(oc,3) = dloc)e™ ¥

However, the function given by (7#) has the same trans-
form, mmely. d)(or)e'“ay. Hence f(x,y) 1s equal to (7+).

Instead of K(x) = e'xa, we can consider K(x) = e~ !X
Accordingly, let f(x)€ L,, Tf = ¢(x) and

@® - -
£(x,5) -‘/.;—; gmux)e Lxx -ylocl goc

Q
(7o) -‘/"’ £(z) ———Y— dz .
Soo ¥y +(y-2)

It 1s not hard to verify the following
) rti f f(x
(7.1)" f(x,y) € L, as a function in x.

(7.2)' f£(x,y)=>f(x) in L,-norm as = +0 .

2
(7.3) %f% s :—J—t% exist and belong to L,

2
%—yf:a.nd %—% exist in the same manner as in (7.%)
y

s - by G

2 2
(7.5)" For every y, > o,--%—f-- 8°r
v

(7.8)1

1
[0 0] 'y
(7.6) (§ 12,32 ax)®2 < M=l 211 .
=@
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THEOREM 69. For given f(x)€ 1, any function f(x,y)
with properties (7.1)'-(7.6)' must be the function given
by (7#+).

Proof: Let T(f(x,y)] = é(e,y) € L,. By (7.3)' and
theorem 61,

O~

_ a2
T 2L ) = o bloey) .

Y

Since F(H{X.¥sh)-£(x,¥); . &, ¥+h)=0(X,¥) 4n3 because of

(7.4)', there exists bignl){ L, such that

and
020 (x,y) - T b2t ]
2 2
dy oy
Because of (7.5)', it follows that
2
O7(0Y) - o2 por,y)
oy
so that
(1.7) dloc,y) = Ax)e ™Y+ B(ox)e™Y

which converges in L,-norm towards Aloec)+ Blor), as y-o.
Hence .

(7.8) d(ox) = A(oc) + Bloc)

almost everywhere. Solving (7.7) and (7.8) for Afer) and
settilhg y = 1, we obtain,

A(ox) =
(ox) X &
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Hence in the interval 0 ( a { & < b, A(x) € L,. There-
foré from (7.7) we obtain

b b
sana(«n? dx < § 18(0,y)e ™2 dn
a

b
+ § 1A)e™®V)? g
a

{Me™®, N o280 ,

letting y—>oo, we see that B(x) = 0 almost everywhere for
o« > 0; similarly A(x) = 0 almost everywhere for o« < 0.
Because of (7.8), it follows that

$(oc,3) = bloc)e™ |xIY

which 1s the same as the transform of the function given
by formula (7#*#). Thus any f(x,y) with properties (7.1)'
- (7.6)' must be equal to(7#+).

§8. Simple type of bounded transformation
If W(ox) is a bounded measurable function in

-0 o¢ { oo, and
(8.1) IW)I{ M, o€ (-00,00)

then for every fixed p > 1, for dlx) € Lp(-oo,oo), the
f'ﬁnction
yloc) = Wix) élex)

belongs again to I..p( -0 ,00), since
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1 1
— m —
(§1pCoc) 1P Go)® ¢ M (§ 100 IP anc)P .
=00

Thus,

(8.2) T d(oc) = W(x) bloc)

i1s a bounded linear transformation from Ib( -00,0 ) into
itself, and

(8.3) ST KM

Obviously, we inay put for M the smallest number compatible
with (8.1), and since the elements of I..p are determined

only up to a set of measure zero, we have
(8.4) |T|p { ess. u.b. IW(x)| = M, -

Actually in (8.4) we have the sign of equality. In fact,
for any € > 0, there exists a set At of positive, finite

measure, for which

Iw(\x)' 2 MO -t., x € AE.

Now,deFine

)= |
bele) =1 x ¢ A .

Then, if T(‘.(“) - T¢E(o<), we have

L L
(51T, (00 1P aa)® = (5, W(e) [P doo)?
I, 'e ¢

2 (M -t) SAed“' (M=) Il & Il

We will now restrict ourselves to the case p = 2. In this
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case, any operation of the form (8.2) will be called a
transformation of simple type. Such transformetions sa-
tisfy the following

THEQREM 70. If y(x) = T éloc) i3 of simple type, them
its transform y(«) also vanishes there. Conversely, if
for a bounded linear trensformation y(e) = T é(x), the
vanishing of an element ¢(x) outside a bounded interval
(a,b) implies the vanishing of T é(x) outside that inter-
val, then the transformation is of simple type.

Proof: The first part of the theorem is quite ob-

vious. Now, for the proof of the converse introduce the
functions

f1, a < "3 ( b
¢B. b(ﬁ) - ’
’ { 0, outside [a,b]

and put
‘{)a_b(cx) w T ¢ab(0‘) .

Then for a, £ a, < b, 'S b, , we have
(e.5) Tié x) - ¢ ()] = (ex) - ()
a,b, a,b, x ‘*I’aab2 Ya,b,
Since T is linear and since
¢ (x) - ¢ o)
a,b, 311’1(

vanishes in a, {x( b,, the right side of (8.5) also va-
nisges there by hypothesis. Hence there exists a function
M in -00 (& { c such that for any &, {x < b,, we have



§8. Simple type of bounded transformation 141

(«) : W(O(), 3-1 ( “( b’
*‘\’a1b1 I o , outside [a,,b,),
Furthermore,
2 a 2 b 2

§° IWa,b, ) Ya b, ()1 do = Sa;m(a)l do + Sbflwmu dox
=00
and >

Sm 19a,b, ()85 p @)1 dx = (a;8;) + (b,D,).

o

Thus by the boundedness of T we have

a, 2 b, 2
S, W) e SpotWie)l dx < M [(8)-8,) + (by=by)I.

Putting a, = a,, we obtain

b 2
b21b1 Sb? W)l dx{ M .

Hence

W)l <M
almost everywhere. Thus, for a special function ¢ab(or),
we obtain

T bgploc) = Wioe) by (), W) < M.

Now, a step-function ¢(x) is a finite linear combination

of functions d’ab‘ Hence we have for step functions

(8.6) T dlox) = Wloc)d(x)
with'
(8.7) W)l <M.,

Now, both sides of (8.6) can be formed for arbitrary ele-
ments of L2(-oo,oo), and it follows easily, from Le-a.pprp-
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ximation by step-functions, that (8.6) holds always as
claimed.

Addendum to theorem 70+ In the converse part of
theorem 70 it suffices to make the hypothesis only for
intervals of the form (-A { o« { A). Pursuing the reason-
ing, we obtain

A, 2 A, 2
§ TIW(o)| docs § ZIW(o) | doc < 2M (Ay-A, ).
-A A

2 1

From this follows

! SA"’le( 1 ax < oM
oA x x <2M;
Rahy a, ’
hence the conclusion |W(e)| { 2M, with the factor 2, at

first; but once the conclusion has been reached, the bound

can be reduced to M itself.

§9. Bounded transformations commutative with translations

Before we proceed further, we observe that if Txi 8
bounded linear transformation on L2(-co, o ) which carries
f into g:

Tf(x) = g(x)
there corresponds a bounded linear transformation '1‘“ which
carries the Fourier transform of f into the Fourlier trans-
form of G:

d(x) = ylox)

and conversely.
This follows from the fact that the Fourier trans-
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formation in L2 is isometric. We have only to define

A
g(x) = Tf(x) = 1 e 10X ¢ (o )dw

dum. o
A 6moom S—A
so that
I gll < Ml &,1= MIl £11 .

THEOREM 71. If f(x)€ L,, g(x) € L, and (o), y (o)

—_—— e e e e e X

Thoc) = Wle)blex) = plx),  W(o)l < M,

&

if we introduce for any h the operation,

[

R [f(x)]) = f£(x+h)
(which we may call translation by h), then
TR, [£(x)] = R;T[£(x)] .

In other words, such & transformation ,ng is commutative

with translations.

Proof':

A
Ry(£(0)] = 1.4m \7‘2-?-51\ o XX (o71oMp (o) yax .
bty —

Therefore,

A
™R (£ - 1.1.m = (o 1™ Pe~Ixh 414
By [f(x)] A$oom\/ﬁ_sl\e oc ) Jdex
A ,
- 1.1.m == e 1%(XM )y )b )a
A—-)al)n \/a"erAe ocI®oc I
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We shall next establish the converse of theorem 71.

THEOREM 72. If T° is a bounded linear transformation

—— e, Y =

W), IW(e)! <.M such that

wlo) = T & = Woc)dlor).
Proof: The hypothesis implies that
T (dec)e ) w 7P (o) w o720 X 4 .
Since T™ 1s linear, 1t follows that
(b Poe)] = Pploe) T Hlox)

where Pn(o:) is an exponential polynomial.

Next, 1f Plx) is a bounded periodic function, then
there exists a sequence of exponential polynomials Pn&x)
such that -

(9.1) I Pplec) - P(ex)] (e
independently of o« and n, and

(9.2) 1im |P_(ox) - P(x)]| = 0
n—)lcl:o n (

for almost allex. For instance, the Fejer polynomials are
of this kind,

Since dlx) € L,, it follows that

Po0c)b) > Pl )b(x)

in 1.2-nom. Hence
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TP, (oc)dlx)] > TIPloc)bloc)] -
However, by the same argument,
P (x).Td(x) > Pla).Tdlx) .

Hence

T{Plox)dlx )] = Plx )Td(x).
Next let us consider a function Qor) such that

Q) (M, o € (a,b);
Qx) =0, o ¢ (a,b) .

Construct the functions

| Qlx), x € (a,b)

; 0, & € ("lnpa)l
|

!

oro € (b,1,),

Qc) =

and Qn(or) repeats 1tself periodically with period 2w .
Then the sequence lQn(oz)l satisfies conditions ana.logous
to (9.1) and (9.2), and in an analogous way it follows
that

Q, (o)) = Qloc)d(ex)

in L2—norm, and hence
T{Qlx)blx )] = Qox).Tlox) .

[
Suppose &(x) % 0 on a bounded set 8 , and Q(x) 1s thé
characteristic function of S. Let 8'( = E1 -3) denote the
complement of S. Then, forx € S', we see that T[é(x)]l= 0
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since ¢(x) = 0 in S' .
Next, take an arbitrary set 3, and a sequence of
bounded sets lsnl such that

0CS8, C8, ... CSn-)S.
Lot é(x) + 0 on 8. Construct the functions

[ dloe) , o« € 3
by(ox) = |
[ o, «§8!.

Since the function ¢, (x) vanishes on S; which is the com-
plement of a bounded set, it follows that T(é,(x)] = o,
« € 8! , and a fortiort for o € S'.; since 6n(oc)—)¢(o:).
in L,-norm, it follows that T(d,(x)]->F(d(x)] and hence
T{d(x)) = 0 forox € 8'. Thus ¢(x) = 0 in S' implies
T{é(x)] = 0 in S'. By an application of theorem 70 the
result follows:

THEOREM 73. If T" 1is a bounded linear operator on
L,(-00,00) 80 that

™f(x) = g(x) ,

end T'R [f(x) = R .T*[£(x)]; then whenever f(x) has & de-

rivative Df(x)€ L,, T*(f] also has a derivative, and
™ Df(x) = D.T*f(x).

Proof: By hypothesis

pX(f{x+h)-f(x); | glxeh)-g(x) |

By theorem 66,
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f(x+h)-f(x) S Df(x)

in L2-norm; because of continuity,

ggxmh)-g(x) - T [Df(x)]
in La-mrm. By theorem 66, it follows that

T [Df (x)]
is the derivative of g(x) almost everywhere.
THEOREM 74. If TF 1s a bounded linear operator on
L,(-® ,0) guch such that T°f(x) = g(x), and if

™ [Df(x)] = DIT*F(x)] ,

whenever the two derivatives exist, then

TR, [£(x)] = Ry, TX[f(x)] .
Proof:
let ¢, y be the Fourier transforms of f and g
respectively; then ™ ¢ - \y . Consider a function defined

by
£(x) = —-S bloc)o ™% aoc

7=

for a finite A ; differentiating n times, we have

A
(n) 1 n -ixx
f X) - —_— -6 (e dox
(x) o S_ ( ) Je

1r () (x)] = g{®)(x), then

A
(n) -t -1 n =locx dox
g " (x) = ,SA( x)" loc)e

shere @ 1s the Fourier transform of g. Since T* 1s
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bounded

00 ' ©
§ loct®Riglec)1? dw K M 16(a) 12 1oc)2R o .
=00 =00

Let ¢(x) = 0 outside (-A,A); then

@ A
§  locl ¥lgloc) ¥ doc < M §  190oc)1%oct 27 aor
CA;
from this it follows that y(x) 1s essentially zero out-
-
side (-A,A). Hence, applying addendum to theorem 70, we

infer that T -, and so T°, 1s of simple type. Using

theorem 71 now we obtain the required result.

§10. _Closure of translations
Take a function f(x)€ L2, with Fourier transform
éd(x) and denote by s‘, a measurable set in E1 such that,
except for null sets, $(x) #+ 0 in Sb and é(x) = 0 in
E‘ -Stb' Ir

(10.1) t‘1 (X) = c1f(x+t1 ) e + cnf(x+tn)
is an arbitrary, finite, linear combination which does not

vanish identically, then its Fourier transform is

ixt

-ict
4ot ce 1y $lex)

6,(x) =(c e .

8¢1- S¢

since the exponential factor has discrete zeros at most.
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Now form the Le closure of all linear combinations (10.1)
denoting the family by H(f). Obviously, for £ € H(f) we
have s¢, C sé . But the converse is also true. Thus we
have the following

THEOREM 75.IFg(x)€ L,(E,) and Tg =y(«x), and 1f
(10.2) S“J C S¢
then g € H(f).

Proof: For any g € L2, there exists an element f° in

H(f) such that for g° - g-fo we have

(10.3) S°°3°(x)r'(x) dx = 0
-00

for all r’e H(f). Now, for the transform gyo of g° we
again have (10.2). We apply (10.3) for the special func-
tion f'(x) = f(x+t), t being any fixed number. By convo-

lution (19.3) amounts to

g:w%ma‘)e”‘t o= 0 .
Now WO(R)W)E L,(-00,00); hence by theorem 5,
(10.4) Y0 (o )8lex) = 0

almost everywhere. Since it is known that Lp°(o‘) =0 in
E, -Sé, (10.%) implies vo((x) = 0 almost everywhere and thus
g°(x) = 0 almost everywhere. Hence g(x) := £°(x) where
©(x) € H(f) , as claimed. In particular, we have

'mgma_m- If £(x) € L, and T[f] = é(x) + 0 almopt
everywhere, then every g € L, belongs to the L,-closure
of (10.1).
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CHAPTER V.
GENERAL TRANSFORMS IN L,

§1. Qeneral unitary transformetions in La(o,oo ).

In the previous chapter we have seen that the Fourier
transform represents a unitary transformation in L2(Ek);
this representatlon was obtained in Plancherel's theorem.
It is our object now to consider the most general unitary
transformations in L2(o,oo ). If f(x)E€ L2(o,oo) and T is
a unitary transformation in L2(o,oo) so that Tf = g, we

shall show that T can be represented in the form
‘a 00
§ g(x)ax = §  k(a,y)f(y)dy ,
o . o
‘and its inverse, 7', can be represented as
a ©
§ fix)ax = § T{a,y)e(y)dy ,
o o

where k and 1 are well defined, and will be characterized
uniquely.

Suppose T is a given unitary tmhsfoma.tion in L2
(0,00 ) and Tf(x) = g(y); then, plainly, T '(g(y)] = £(x).

Define, for every fixed a ) o,
1, 0 y<a,

Bo(y) = 6, y>a
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Then g,(y) € L,(0,00). Define,

k(a,x) = 7' [gy(¥)],
the inverse existing because T is unitary. Then,

Tlk(a,x)] = g,(y)
and
00 00
(1.1) So 8(y)gy(y)dy = So k(a,x)f(x)dx,

since T preserves inner products; therefore

a Q0
(1.2) § e(y)ay = §  k{a)x) f(x)ax.
o o

Now, define

1(a,y) = Tigy(x)] ;
then in a similar fashion, we obtain
b Q0
(1.3) Saf(x)dx - So I(b,y)e(y)dy .
Also, from (1.1) we obtain,
o) © .
S ga(x)gb(x)dx = { k(a,x) k(b,x)ax ,
o o
and hepce
00
(1.%) S k(a,x) k(b,x)dx = min (a,b) ,
o
and sfmilarly

(o]
(1.5) § 1a,y) I(b,y) dy = min (a,b).
[0}
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In general,
© _ 0 _
£ f_dx = Tf, . Tf, dy
AR N AL
and choosing f1 = gb(x), f2 = k(a,x), we have, Tf‘1— 1(b,x)
and Tf, = ga(x) and therefore

b a
(1.6) § k(a,x)ax = { 1(b,x)dx .
o} o

Thus we are led to the following
THEOREM 77. To each unitary transformation T in

La(o,oo), there correspond two functions k(a,x), 1l(a,x)

belonging to the class L2(o,oo) for each a, 0 { a < oo,
such that (1.2) - (1.6) hold; the functions k(a,x),l(a,x)

so determined are unique (neglecting null sets).

Proof: It remains for us to prove only the unique-
ness of k and 1, because the other properties have already
been obtained. For given T, take any other function ?{',
which satisfies (1.2) - (1.6). Then, from (1.2), we will
have

a 00 0=
§ g(y)y = § k(a,x)f(x)dx = § k(a,x)f(x)dx
o o o

so that

00 -
S [k(a,x) - k(a,x))f(x)dx = 0
(o)

for every f; in particular, if f = k(a,x) - K(a,x), we
obtain:
Il k(a,x) - k(a,x)l= 0

for each a; hence k(a,x) = E(a,x) for almost all x, and
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similarly for 1.

We shall now prove a result which 1s, in a sense,
the converse of theorem 77.

THEOREM 78. Given the functions (or kernmels) k(a,x),
1(a,x) belonging to L,(0,00) for each a > 0, and satis-
fying (1.%), (1.5) and (1.6), then (1.2) and (1.3) define
a unitary trensformation f-»g in L,(0,00) and its lnverse

respectively.
Proof: We shall define the operators U and V for

the function ga(x) as follows:
Ug, (x) = k(a,y)
Vg, (x) = 1(a,y).

On account of hypothesis (1.4), U and V preserve inner

products, so that

(1.7) (Uga: U8b) - (ga.’gb)
and

(1.8) (Vga: Vsb) - (8a’gb) .
Furthermore,

(1.9) (8 Ugy) = (Vg 8y) -

(1.7) shows that on the space of functions of the form

ga(y), the operator U is isometric, and so is V by (1.8).
’

If we now define

Bap(Y) = &, (¥)- &5(¥) »
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then, any step-function g may be written as
8= 2 ¢y 8y (V) - > dg, , sey.

By the linearity of the definite integrals, it is easily
seen that in relations (1.7) to (1.9) we may replace first
gy and then g, by arbitrary step-functions, and it follows
therefore that the operators U and V are isometric over
the class of step-functions which are dense in La' We can
therefore extend the operator to the whole of L2 ; 1f the

extended operator is U, then U is also isometric. Hence
('-10) (ﬁf: ﬁg)" (r, 8)

|
;_f,se L,(0,00) .
(1.11) (Vr, Vg) = (£, g) |

Again, if g, 1s & step-function, and !gnl->g in L,-norm,
and f is a fixed step-function, then

Ve, g,) = (£, Ug,), by (1.9),
and letting n—->oo, we obtain
(ve,g) = (£, ITS)-

We can similarly replace the step-function f by an arbi-
trary function f € La(o,oo) and finally obtain

(1.12) (v-rJS) - (f, 'UB) ’ f,8€ Le(onm)-

To show that T and ¥ are inverses of each other, let ¢
and y be arbitrary functions in L,‘,(o,m ); then by (1.12),
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(6, T(TH) ) = (V, Vy)
= (6, ) by (1.11).

For a fixed (T it follows that
(b,\p- 9] (‘T\y) )=0

for every é. Hence y = TU(V y) almost everywhere. That
1s, for any y, there exists an element *- V¢ such that
N, = U X. In other words, T has an inverse. Similarly ¥
has an inverse, and sinceT V = 1 it follows that T and ¥
are inverses of each other; taken in conjunction with
(100) - (1.12), 1t follows that U is a unitary trensfor-
mation. That this unitary transformation can be repre-
sented as in (1.2) and (1.3) follows as before (see
Theorem 77). '

Remarks: Suppose that k(a,x) has a partial derivative
k,(a,x) - 6% [k(a,x)] in the following sense: there exists
k, (a,x) continuous in 0 { a { o0 and 0 { x { ® such that

a
k(a,x) = § k, (oc,x )dex .
o

Then (1.2) can also be read as
n
(1.13) (y) = 1l.i.m. k, (y,x)f(x)dx.
. {8 1l So (¥

For, 'aet

| £f(x), 0{x<n,
f -
n(x) ’ 0, x2n .
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Then fn—)f in L,-norm; and if we define
' ®
8y(¥y) = § k,(¥,x)f (x)dx
o
then
a (e ]
So 8,(y)dy = So k(a,x)f (x)dx .

Hence

8n(y) = Tf (x)

where T is continuous; therfore Tf'n—>’1‘f' in L,-norm; in

other words, g g = Tf, from which (1.13) follows.

§2. Watson transforms
Assume that there exist functions k(x), 1(x) defined

everywhere in 0 { x <00, such that

(2.1) k(a,x) = kiax) 1(a,x) = L8X)

]
then (1.6) reads

b ab
(2.2) Sa EJ((Q‘—)-dx- S Lxm)-dx R

o o
and therefore 1(x) = k(x)essentially, and (1.4) and (1.5)

reduce to the single relation

(2.3) §7° KRB 4y o pin (a,b) .
[o} X

Conversely, starting with a function k(x) in 0 {( x { o,
we define k(a,x) and 1(a,x) by (2.1), then (2.3) implies
(1.4),(1.5) and (1.6). Hence we have
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THEOREM 79. Given X{X) ¢ 1,(0,00) and such that
[ o]
S &‘9—7-)%1&[ dy = min (a,b) ,

y

[¢]

there exists a transformation T in L,‘,(o,oo) which 1s
unitary, and if Tf = g, then

a 00

(2.4) § g(x)ax = § L) £(y)ay
o 0
a @®

(2.5) § £(x)ax = § KB g(y)ay .
o o

This ‘:ra.nsfornntion is called a Watson transform.
We will now rewrite the Watson transform from (0,00)

into (-0c0,00). If we set:
x = oY, y = e¥; F(Y) = £(eV)e¥/2, a(Y) = gle¥)e¥/? ,
4
k(e”)
K(Y) = A= loga, B=loghb
j7§ ’ ’ ’
then we can rewrite the conditions of theorem 79 as follows:

A
(2.6) oM2(" g(y)e¥/2ay = {  KITA) F(y)a¥
= =00

A
(2.1)  o"M2 " mv)e¥/2ay = § CR(YeAI(YIAY

~00 e )

AB

o ? § K(Y+A)K(Y+B)dY = min (eA, eB)

® AB AB
or, 5, § K(+AX(TB)Y = min (e 2 , 62 ),

=00

-8B

(2.8) -
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00 @
(2.9) § P2 ay = § 16(Y)12 ay
- =00 =00
(2.10) S°° IK(Y)I2 aY < o .
=00

We shall now reformulate theorem 79 as follows:

THEOREM 79'. Any Watson transform is isomorphic
to the following transformation: take any function

K(Y)€ L,(-® , ) with the property (2.8) which auto-
matically implies (2.9); then corresponding to each

F(Y) € L,(-00,00) there exists & unigue G(Y)€ La(-oo‘,oo)
guch that (2.3), (2.4) and (2.6) -hold.

Remarks: On the other hand, it is much easier to see that
if we are given a function K(Y) € L, such that (2.6),(2.7)
and (2.9) hold, then (2.8) must necessarily be satisfied.

This follows from theorem 77 with little difficulty.
Hence we can phrase theorem 79' in a slightly more compre-
hensive form:

THEOREM 79". If K(Y) € L,(-0o,® ), then in order
that (2.6), (2.7) and (2.9) may hold, it 1s necessary and
sufficient that

00 -14B
§ K(Y+A)K(T+B)Y = e 2
-00 .
for all values of A and B in (0,00).
Since F, G, K belong to Lz(-oo,oo ), by Plancharel's

theorem we have their Fourier transforms é, y,R € Lz(-co »00)
such that
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(2.11) PO ~ e . o 0 o)
=00
0o
(2.12) G(Y) ~ - ~1o a
) ~ 7= §°° e o) doc
00
(2.13) KY) ~ 7§ o™ Rioc)de
=00

Also by (2.9), (2.11) and (2.12), we have
00

2 o @ 2
(2.14) § 16(x)|® dx = §  Iple)|“dex
=00 =00

and from (2.8) we have

A-B
oo - - - |
§ IR()|2 e IX(AB) gy m o 2
=00
or, . »
) - : -1
§ IRx)Z eV dx =e 2.
=00
Hence
2 1 - 1
(2.15) IR@)I? = 5 T,

ot

§3. Functional equation associaeted with Watson transforms

let us now consider the left side of equation (2.7)
with x in place pf A:

(3.}) H(X) = eX/? Sx F'(y)eY/2 dy, -~oo{x<{ .

The integral in (3.1) exists in the ordinary sense because
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X X
(3.1)  § IFGeT/212 ay < { IR(y)I2 gy . Sx e ay € o.
=00 =00

We wish to analyze H(x) directly so that we may apply
Plancharel's theorem and obtain its Fourier transform.

Consider first the special case when F(y) is con-
tinuous for a { y{( b and F(y) = 0 fory { aand y > b.
In this case, H(x) = 0 for x  a, while

ex/2 Sx !i‘(y)ey/2 dy , a{x¢{hbv
a

H(x) =
e X/2 Sb Fy)e¥/2ey, x>b,
(3.2) 8
and since
H(X) = O(e-x/a) , ai x=00 ,
we see that

H(x) € L,(-00,) .
Differentiating (3.1), which 1s admissible, we get
H'(x) + L H(x) = F(x)
and since F and H belong to La(-co,oo), it follows that
H'(x)€ L,(-o,).
Hence, using theorem 61, we obtain
(3.3) A) (L - 1) = blor)

where A(x) is the Fourier transform of H(x). Therefore,
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‘ © 1
HWEN= (§ 1AG)I2? do )?
=00

'S“mun__ )2

-oot‘ 1) 2

1
< a(S 16)1% dox )2 = 20 P If .
-0

The transformation of F into H by the relation (3.1) 1s
thus a bounded linear transformation on the set of con-
tinuous functions each vanishing outside an interval; this
set is dense in L,; hence the trensformation has an ab-
stract extension to the whole of La‘ That 1s, for every
FE€E La(-oo,m ) we have

-x/2 & 2
(34)  B(x) = 1im. o Mg mwefay, met,,

where Fn(y) is a sequence of continuous functions vanish-
ing outside an interval and converging towards F(y) in
Lz-nom.
Now put
- X
H (x) = o7%/2 goan(y)ey/"’ dy ;

due to relation (3.1)!', for each x, Hn(x)—)no(x) where

(3.5) Hy(x) = e7%/2 s F(y)e¥/? ay .

Thus the sequence lI{n(x)l converges in norm towards H(x)
’

and point-wise towards Ho(x). Hence H(x) = Ho(x) and
thus (3.4) is identical with (3.1).
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Collecting the results, we have

© .

.6 H(X) = == { Afx)e X*®ax,
(3.6) (X) = §°o (x)e o
where
(3.7) Alw) = S

7" ioc
and
-x/2 X y/2 @

(3.8) e ng(y)e dy = H(X) = gwxmx)o(y)dy

with the same notation as in §2.
Using (3.6) and (3.7) in (3.8), and applying Par-

~ seval's formula ((2.1%),Chr.IV), we have

MQ‘—J-; and R(u)q;(-:x) belong to L1(-oo,oo), since
o

-

they are products of functions belonging to L2. Hence, by

the uniqueness of Fourler transforms in L1, we deduce that

2 e g

7w L (o) y (&)
for almost allo . In other words,
(3.9) blox) = Tloc) ()

where
Plx) = V27 Rlec) (F - 1x ).

Similarly from the relation (2.3):

e X2 (Paz)e¥/? ay = § KIFeTIF(y)ey
-0 -Q0
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we obtain:
~1_ - s
7= Efﬂz)—_ - R{-or)d( ~x)
or
(3.10) (o) = T(-o )d(-0x ) .

Hence, from (3.9) and (3.10), we deduce that

b(x) = Tlx) « Tlc)b(x) ,
or,
(3.11) IToe) 1% =1 .
Thus we are led to the following .
THEORBA 80. To every unitary trensformation in

L,(0,m ) representable by the Watson transform there

corresponds & unitary transformation ¢é-» y of the form:

_ U blx) = Tlos) (-0 )
(3.12) U pox) = TT)é(-ex )

for é(e), y(x) € L,(-00,00) with the condition,

(3.13) 1T )2 =1
and the corresponding kermel K(x) is real-valued if and
only if

Tlx) = T(~x) .

Conversely, every transformation (3.12) derives from
a certain Watson transform in the manner described.
¢ Proof: The first part of the theorem was obtained in
(3.9), (3.10) and (3.11). To prove the converse, we pro-
ceed as follows: given T(x) with property (3.13), con-
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sider two functions é(x), (o) € L,(-00,00), and let their
transforms be F and G respectively. Since IT(x) |2 = 1, it
follows that

T&) € L,(-00,00).
\/55(%—- 1o ) 2 o

*

Therefore, there exists a function K(y), say, in La(-oo,oo)
such that

00
-1lyx T(ox)
K(y) = 1.i.m. V!"l e do .
™ §oo Var (;— - ix )
By Parseval's relation, we have therefore
@® loo]
-1Xx T(or)
(3.14) K(y+X)G(y)dy = e (-o¢)doc
-Soo soo Vanw (15 - 1) ¥
Setti
e { et2, 0¢t< o,

f’(t)'i 0 ,-0<tgo

and observing that

0 _
S et/2 +lx t at = 5 1
o] E-ioz

we obtain Xy

X 5 00
§ F(ye dy = § F(y)p(X-y)y
-00

m—
vor oo - 1x

|-

By hypothesis, é(x) = Tix) y(-a), and hence we have

- X ©
(3.15)  eX/2 §" B(y)e/% ay = § K(yeX)G(y)ay
=00 =00
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»

Similarly,we can also obtain:

X

- (o)
(3.16) e X/2 ‘Sm(}(y)ew2 dy = Sooﬂm-f) F(y)dy

By the definition of F and G we have

© 00
Soo|¢12 ax = § |FI? ax
= ~00

§ 1912 ax = § 1012 ax
=00 =00

and, by hypothesis U is isometric, so that

@ 2 o) 2
§ 1017 ax = § iyl® ax

hence

00 00
(3.17) S IFI?ax=§ 1012 ax .
. =00 =00 '

Further, since K(y) is the Fourier transform of L Tex)

Ver ;— - foc
follows by Parseval's relation that
©® -14By
(3.18) { K(y+A)K(y+B)ay = e
=00

From (3.15) - (3.18) 1t follews that to the given unitary

transformation there corresponds a Watson transform, and

so theorem 80 is completely proved.

Remark: There are as many Watson transforms as there are

fuactions of absolute value unity almost everywhere.
With the notation already in use, we have:
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K(y) = 1.1.m. xTLa; S:e'iyxn(x)dx

R(x)--l— _T(x)
2w - ix

-

K(y) = k(e¥) e /2,
Hence,

-y/2

(3.19) k(eY)e

® _
-l gk e 1E DXL g

1
21r_m - ix

L
2
or,

1
® -5 - 1o
(3.20) %ﬁ- 1.i.m. { x 2 Ll go, x > o.

1
ew =00 12- - lx
From (3.19) it follows that

@ -
(3.21) Tﬂ%)— - 1.1.m § k(e¥)e /2 ol¥x gy
7" lx =00

(3.22) = 1l.1.m. Sook(x) xlox - 3/2 gx |
o

If we set
Tx) = QE + 1o )

where Q(t) is a complex function of the real variable t,
then from (3.19) we get

® 7 - i 1
(3.23)  k(x) = L.im gz x° Uz + 1oc) g0,
e T - lo
1-8
(3.24) -1 & (/2R B qra)as;

1/2-i0 178

also purely formally we have
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ioo
x5 Q(s)ds .
i

§

1
(3.25)  k'(x) = l.i.m. 70

vol- o)~

We have seen that if ¢ € L,, y € L,, then a necessary and
sufficient condition for the trensformation U defined by

U @ b)) = T(x) y(-ox)
U ) = T )b(-0¢ )

to be unitary is that
(3.26) 1T} 12 = Tlox) Tloc) = 1 .

We have also seen that k(x) is real-valued if and only if

(3.27) Tlx) = T(~ox ).
(3.26) and (3.27) together imply that
(3.28) - Tle) T(-ox ) =1 .

Further, (3.28) and (3.27) imply (3.26); while, (3.28)
and (3.26) imply (3.27). Now the conditions (3.26) and

(3.28) can be expressed in terms of Q as follows:

(3.29) IQ(s)]2 = 1, for s = ;— + lox
(3.30) Qs) = Q1-9), for s = & + 1
(3.31) Qs)Q(1-8) =1, for s =L+ 1 .

It follows that (3.29) and (3.30) together imply (3.31),
while (3.31) and (3.30) (or (3.29)) imply (3.29) (or (3.30)
From theorem 80 we are thus led to the following
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THEOREM 81. (i) If k(x) is real-valued, and
kx) ¢ 1,(0,00), 50 that (by (3.22)) the integrel

Smk(x )x1o 3/2 gx
o

QU + 1o0)
in mean to the 4 ——— € Ly(-®w,»)

2
where Q(-;- + lx) 1s a complex-valued function of the real
variable o« , and satisfies (by (3.30)) the condition

AL + 100 = QUL - 1)
then the functional equation
UL + o) QL - 1) = 1

must necegsarily be satisfied in order that there may
exist a unitary transformation f =g, f€ L,(0,00), of
the Watson type, namely,

(3.22) {alx)ax = Sm‘-‘-%ﬂ £(x)dx
o] o]
a @

(3.33) § flx)ax = § K(8Y) g(y)ay
[o] (o]
® 2 ® 2

(3.34) § If1%ax = go Igl® dy .
o

(11) Conversely, if Q(%— + 1x) is a complex function
of the real variable oc, -0o { & { @, such that
QUE + Lo) = QL -1x), and if, further

UF + 1) UL - 10) = 1
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then (by (3.20)) the integrel

--— - lx
S —ﬂﬂ dx, x>0
-2- - 1o
converges in mean to a function K%-)-G 1.2(0,00) 80 that
K(eY) w11 pe g kermel, satisfying the comdition

o0}
§ KlexikibY) gy - min (s,b)

o
for which (3.32) - (3.34) will hold.
Remarks: For real k(ay) we have T = € oor PPm I (identity;

Now for any element f we can put uniquely
fmf +f_
where zf+- f+, tf = -f_ , so that

f +2f f -3f
f‘-o»" 2 ) fo= 2 *

Thus, for k real, every f € L2 is the unique sum of a
self-reciprocal function with a skew-reciprocal function.
In terms of our Fourier transforms é(e«), q;(oc) for a self -

reciprocal function we have
6, () = T(ex) b (- )

or

8,(-00) = T(-o) &, ax)
and for the skew-reciprocal function we have

b_(ox) = - T(-0c) &_(x)
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Thus all self-reciprocal functions arige by taking for

é,(x) in 0 { & { co any function é(«) € L,(0,00) and

then putting é(-ox) = T(-oc) élx) . Similarly for skew -

reciprocal functions, and the argument shows that "there

are as many functions of the one kind as of the other."
Take a general (non-real)Watson-transform on

-0 {«x { co. We have
pex) = Tix) é(-oc ).

For this, we write
(3.35) . Yy lox) = 6(-ox)

{ (x) = T(ox) () with
(3.36) j ¥ ¥
I IT(oc)] = 1
Now (3.35) 1s a Watson transform with T(x) = 1, and
this 1s, In o0 {( x < oo

gx)=Lrrd) .

We call this the elementary Watson transform. Then, by
theorem 80 we have the following

THEOREM 82. In L,(0,00) any Watson transform is the
‘product of the elementary Watson transform with a non-
Watson transform which on L,(-00 < X { ®), is a unitary

operator commutative with translations.
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CHAPTER VI
GENERAL TAUBERIAN THEOREMS

§1. Introduction
In the Tauberian theorems of Chapter I, we started

from a "kernel" K(«), formed 1its liﬁea.r combinations

(1.1) Alx) = f oK (oc Am)

=1
and then considered the extension E|[K(x)}| which was ob-
tained from (1.1) by the Riemann-Darboux process of in-
clusion frc;m at;;)ve and below. In the actual analysis we
restricted ourselves to the kernel K(x) = e % ; in this
case, E{K(x)} consisted of a certain vector-space of fun
tions in 0 { &« { o which contained, in particular, the

function

1, o« 1,
(1.2) Floc) = |
{o, 1 {x<{o0.

Although the function (1.2) is a very special function,
yet the application of the closure process gives rise to
functions which are rather general in a way. In fact, we

pave the following proposition:
The Karamata extension E{F| of F(x) as given by (1.2)
cqnsists precisely of functiong G(x) each of which vani-
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shes outside some finite interval (depending on the choice
of G(x)) and is Riemann integrable in any interval out-
side of which it vanishes.

For, the linear combinations A(x) are precisely
step-functions (each vanishing outside a finite interval);
each element of the extension, being "included" by two
such step-functions from above and below, must itself
therefore vanish outside a finite interval; but on every
finite interval, due to the inclusion from above and below,
it must be Riemann integrable; therefore, the elements of
E|F| must have the stated property; conversely, any func-
tion which 1s Riemann integrable and vanishes outside a
finite interval can be so included.

Now suppose we want to replace, 1n.a. Tauberian theo-
rem, the kernel ™™ by some other kernel K(er) with a view
to obtaining the same summability as a conclusion. This
then would demand that E{K| contain F(ec) as given by (1.2),
and hence also contain E{F| which, as we have seen, in-
cludes quite a large class of "arbitrary" functions. Re-
placing in (1.1), « by X and A by eV, -0 <(x<® ,

-0 {y { o, it follows that the necessary condition 1is

that a suitable closure of linear transformations
(1.3) 3 ey £lx-y,), K(e¥) = £(x)

shall contain many "arbitrary” functions g(x) in
-00 { x { c0o. If we agree to replace in (1.3) the finite
sum by an integral, thus writing
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(1.%) g(x) = §:f(x-y)h(y)d¥ ,

then the problem poses itself in the following way. Under
what conditions on f(x) will formula (1.4), for a suitable
choice of h(y), represent an "arbitrary" function g(x).
Introducing, purely formally, Fourier transforms (of class
L, or L,) we see that (1.4) is equivalent with

(1.5) wit) = (L)

where ¢, ("IH %, are the transforms of f,g,h respectiv‘ely.
Since y(t) 1s "arbitrary" it may be % 0 for any fixed t;
therefore ¢(t) must be 0. Thus the only functions f£(x)
likely to satisfy the requirements are those whose Fourier
transform nowhere vanishes. Thus

S f(x)eixt dx % 0 ,

=00
is s necessary condition; or, going back to o = ex, we
obtain the heuristic conclusion that only those kernels
for which

S:ol{(ot)ozn'1 dx + 0

everywhere, would be eligible. For K(x) = e ~ this a-
mounts to r(it) ¢ 0 which indeed is the case. Now, the
remarkable thing is that this one condition conversely

{s also sufficient to produce the expected consequencea.
Thus, more or less, the property of r(it) actually used
in the classical Tauberian theorem (that Abel summability
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implies Cesaro summability) is only its non-vanishing and
no other specifiable property.

From the above heuristic considerations it becomes
clear that the essence of the proof of the Tauberian
theorem 30 of Chapter I lies in the study of the closure
of a set of translations of a given function, namely
f(x + log An) as given in (1.3), and this, in turm, is
bound up with the zeros of the Fourier transform of f(x).
In the case of the Karamata-extension, the closure is a
Riemann - Darboux closure of translations of a Riemann
integrable function. If we consider the set of all trans-
lations of more general functions, say in L1 or inL,,
and the corresponding lebesgue-closure (that is, in the
sense of the norm) one might expect to obtain more general
Tauberian theorems. In fact, such a closure-theorem for
L2 has been proved already in Chapter IV. Its L.I analogue
has been used by Wiener to prove a general Tauberian theo-
rem which 1s most closely identified with his method of
employing the Fourier transform. However the resulting
version of the Tauberian theorem is only one of the many
possible, and in the proof of the others, some of which
are of considerable analytic interest, the underlying clo-
sure-property must be worked in with other syllogistic
devices. In what follows, several such versions will be
elaborated, and we will effect a combination of general
kernels under the integral sign with general averaging
processes of "slow growth" under the limit-sign.



§2. Preliminary lemmas 175

§2. Preliminary lemmas
Definition 1. The class Ip » P=1,2,3,... 1s defined
to include all functions y(x) in -0 { x { oo with the
following three properties:

(2.1) \p(x) is positive, continuous and has the value 1
in -0 {( x <0 ;

(2.2) for any finite real numbers a, < a,, we have

X4+8
(2.2)! x};g:o %’- -1

uniformly in (ao,a.1 ), and there exist finite real

numbers 8528, depending on a,,8, such that

(2.2)" & <—\%ﬁ'§-’- <& ;
for ao<a<a1 ;

(2.3) there is a constant c = cw such that

< c,y(x), -o0 {x{oo.

n= -m 1-|-lx-n|p+1

Or, alternatively,

(2.3)! * d < ¢, w(x)
) 200 1+]x-y|PH 1 ¥

where ¢, (like Cas Cx» etc.) 1s a constant.

1
¢ Note that if (2.1) and (2.2)' are given, then (2.3)

ard (2.3)' are indeed equivalent.
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The class of functions § p m8Y be termed "functions
of slow growth", the standard of comparison being the
exponential function e* as x-Yoo . It will be shown
presently that the typical function

% %2 %
x (log x) “(loglog x) “...

will comply with our requirements. We need the following
lemma 1. Let y(x) satisfy conditions (2.1) and (2.2).
If there are real numbers ps o with p > 0 such that

] ]
y(x) = o(xP) , vE - 0(;,—_) » 88 X-®
then (2.3)' [and hence (2.3)] is fulfilled for

(2.4%) P 2 max (14p, p-0) .

Proof. It will be sufficient to show that the inte-

gral

©  y(y)dy

2o 14]x-y|P*
is (a) bounded for x { 0, and (b) O(y(x)) as x=>oo. As
regards (a) we have:

1 1 -1

§ Cep § Qelx-yIP*Yy ay (e, ,
) ~o

00 00 ___
S1 <°5 S1 yp1ypdy-cl+'

As regards (b) we have:
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1 Qo - - -
§_= 00§ (o) Play) = 0(xP) = 0P x| = Olplx))

2 2
SJ:/ - 0<ST/ (x5) P 5 ay) = 0(xP*P) = 01xP*P%y(x)}

= O(y(x))

2x 00 p+1 =1
lea- Oly(x)) _$°°(1+|x-yl ) dy = Ohp(x)I

o] (o o] - -
§ =o(f 3P v ay) = o(xPHP) = oly(x)) .
2X 2x ,

The proof of the lemma 1s now immediate.
Assume, for instance, that for large x,
% % %3 “1\%n
yix) = x (log x) “(log log x) . . . (log...log x)

Then, for o 2 0we my put p=oj+t, o= 0 -¢ for any
fixed ¢ > 0, and (2.3) will be satisfied for

p}mx(1+c'1+a,2t).

Or,

pPY 1+
If, however, o} < 0, we have to put
p=t, o=o0o-¢t
pYmx (1 +¢, 2t - 07)
p > mx (1, -0y) = max (1, |oy1) .

For.o; = o; -...-oi-o,wehavéuy(x)-1 and p = 1 .
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Pefinition 2. The class Kq, Q= 0,1,2,.4.s. 18 defined
to include all continuous functions in -o<{ x { o which
are 0(Ix!™9) as |x|oo .

Lemma 2. If a function F(x) has q continuous deri-
vatives in -0 {( x { ® , and if the functions F(wx),

F(1 )(or), ooy F(q)(w) are absolutely integrable in
-0 { «x { ®, then the function

£(x) éSOOF(or yelXX ax

belongs to Kq
Proof. By partial integration.
lemma 3. For q > 1, if £(x) belongs to Kq‘,,1 then its
transform
F L (Pp(xye %X gx
(o) = 37 goo (x)e

has g-1 derivatives; and the (g-1)™P dertvative F(37')(x)
is locally absolutely continuous , and F(Q) (x) belongs to

Lz(-oo,oo ).
Proof. Follows from theorem 65, since

(1x)? £(x) € Ly(-,00) .

Lemma 4, If 8(x) is of bounded variation in every
finite interval, and y(x) € Ep , and

X+1
Sx las(y)l < e, y(x), -0 {x< o ,

then there exists a constant ¢ such that

-1
1£(x)1 € ey (1 +IxIP*T)
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implies
@
§ If(x-y)| 1as(y)l < ¢ . c, wix) .
=00
Proof: By application of (2.3) in qonjunétion with
(2.2).
' lemma 5. There is a number c, depending on q, such
that
@ q+2 =1 q+2 -1 q+2 -
§ O+ 1x=719%%) (1 +17I*) ay (e (1 +1x|T*%)
e )

Proof: By decomposition of the range of integration
into two parts, which, for instance, for positive x are
(-o00, ;—X), (';'XJ ™).

lemma 6. If f(x) and h(x) are functions of Kq+2 and

Q0
§ h(y)y =1
-Q0

and if we put

0 (o o]
£ (x) = gmr(x + Ih(y)dy = n ;wr(xmh(nw)dy

then )
I£(x) - £.0x)1 € &y (1 +1x|TT)

where

1im ¢& = 0.
n->o

Proof: 3ince
00
I£4(x) - £x) = 1§ (£lx » D) - £(x))n(ylayl
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S )
¢ it + D - £l Inlay « 4 S:o:

it follows that t‘n(x)éf(x) uniformly in every finite x-
interval. The lemma now results from the fact that

£,(x) = 0(x™47%) |, Ix1dw ,

uniformly for n 2 1. This may be shown (supposing, for
example, that x 1s positive) by splitting the range of

integration in

. 00 -1 -1
12,0 Ceon § (1 +lxayl *3) (1400213 B*2) - g
into the intervals (- ,-l; x),(—-‘,‘,— X, ©).
Pefinitior 3. Given functions S(x) and y(x) as in
Lemma 4, and a constant A, we say that a function f(x) of
the class Kp +1 is a Wp-runction if the function defined by

0
Te(x) = Grzy §_fx-y)as(y)

which, by Lemm 4, is bounded, tends for x->oo, to the
1limit
(oo}
A [ f(ydy .
Lemma 7. If g, (x), ga(x), ... are Wp—t‘unctions, and
if there 1s a function g(x) such that

-1
18(x) - gy(x)] < &y (41xIP*) , & Do,

then g(x) 1s also a Wp-function.
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Proof: By lemmm 5.
lemma 8. If g(x) is & Wp-function, and r(x) is an
arbitrary function of Kp +2? then the convolution

(o)
h(x) = S r(z)g(x-z)dz

is also a wp-f‘unction.
Proof: We first assume that r(z) vanishes outside
an interval (zo,z1 ). The function

(2.5) T (x,2) = oy § g(x-2-y)as(y)
: gx02) = gy § 8x-z-y)as(y

has the value
X- _
—"LH e Tg(x z)

On account of (2.2)' it converges, for x—»oo, to
o]

(o o]
A gly-z)dy = A § g(y)dy
=00 00

uniformly in z {z( z,. If we multiply (2.5) by r(z)
and integrate between 2, -and z,, We obtain the desired
result, since

Q0 @ (e o]
§ r(z)az § g(y)dy = § h(y)ay
=00 =00 Q0

In the general case, there are smoothing functions
rn(x) vanishing outside finite intervals such that

1
Ir(x)-r(x)l < &, QeIxIP*) €S>0

Also if hn(x) 1s the convolution of r,(x) with g(x), we
have
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-1
In(x) - h(x)) < & Q+IxIP*'y , 6,0,

by lemma 6; and therefore lemma 7 applies.

§3. Tauberian theorems; averages on (-m ,00)

THEOREM 83. Assumptions:

(1) yxe

(11) 8(x) is of bounded variation in every finite
interval, and

+1
,( las(y)l< ¢, wix), - {(x<®
X

(111) g(x) is a function of class l(p+5(hence also of

— — —————  —

class K, ,) and

(o]
\F{;) §_ sx-ylasty)

exists for every x, and is bounded in - { x € ®

(iv) G(o) = Smeg(:c)e'i"<x x40, -0 {(x{ o,
=00

(v) there is an A such that

1im '—(—)— Smg(x-y)dS(y) =A Soos(y)dy .
Yix) 2 =00

Conclusion: for any f(x)e€ Kp+2' we_have

1 ®©
xl;:o eI ~Soot‘(x-:;r)dﬂ(y) A Smf(y)dy
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Proof: Let H(ox) be any function having p+2 continu-
ous derivatives, and vanishing outside a finite interval.
By lemma 3, the function G(«x) has p+1 continuous deriva-
tives and a(p+2 )t‘h derivative which is in L2 for
- ¢ &« { coand hence 1s in L, in every finite interval.
Since G(ex) + 0 everywhere by assumption (iv), it follows
that the quotient

Hlx)
G(ex)
has p+2 derivatives belonging to L1 . Hence by lemma 2,

the function
(e'0)
r(x) = -;—"S _H(ex) eixx dec
-0 G(x) -

is a _function of Kp 2 But the function
0
n(x) =§ H(x) o> aqu
=~
is the convolution of r(x), g(x) and therefore by Lemma 8
it is a W_ ,-function . The same holds true for the

P+1
function h(- nx). Now the function

@ b4
£.(x) = § f(x + 3 h(y)dy

being the convolution of f(x) and n h(- nx) is also a

wp ”‘-function. If we suppose that H(0) = 1, then our fi-
nal assertion about f(x), namely, that f(x) € wp+1 follows
‘from Lemmas 6 and 7.

THEOREM 84. Assumptions:
(1) wy(x)€ fp
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(11) S(x) 1is real and of bounded variation in every

finite interval, and
X+1 X+1
§ lesmit - § as(y) € e,p(x)
x x
(this is a"one-sided" assumption and is auto-
matically fulfilled if S(x) is monotonic)
(111) g(x) 2 0 and g(x)€ K ,, and
@ -1ox
(Iv) G(x) = § g(x)e dx 40, -o{x<{ @,
Rlee]
(v) for each x, the integral
0o
§ e(x-y)as(y)
00

T

exists as a Cauchy limit: 1im (or, as some
= >0 g'r ’

o0}
I (x-y)as(y)l < ¢, w(x)
§oosxy I e, pix

(vi) there exists a pumber A such that

1 o0 @
1im ¢TE) __goog(x-y)ds(y) = A goog(y)dy

Jonclusion: we have
X+1
(vii) Sx las(y)l < e, w(x)

and hence, by theorem 83, we have for f(x)€ Kp+2,

@ [0 0]
‘w11 11 1 f(x-y)as(y) = A { f(y)dy .
vii1) xergom_jw(xy y Soo y
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[}
Proof: Define the monotone function p(x) by the re-

lation
(x) = xIdS(y)l - Sxds(y)
P 5, o

for all real x in (-o,®m ). We have
®

(o o] (o0)
§ e(x-y)las(y)i= { e&(x-y)ap(y) + § e(x-y)ds(y)
0 =00 00

(3.1) = I, +I,, say.

In (3.1) we note that I, exists by explicit assumption (v)
while I, exists by assumption (i1i)of the theorem in con-
junction with g(x) € Kp*}. Also,

1,1 ey p(x) , 11,1 < ¢y pix) ,

and t:h_us

Q0

§ s(x-y)1as(y)l € e yplx) .

e o]
Now put

X
o(x) = Solds(y)l ;

then

(o 0]

Smg(x-y)do(y) < ¢ yix).

Since G(x) + 0, g(x) is not identically zero. Suppose
that k 1s an integer and that g(x) > c, > 0 for

1
a{x<a+. Now
pCxCaxg

-y)d (
a(x._gy(w,‘_e:(x y)da(y) € ¢ y(x)

and the left side 1is
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.

2¢, § do(y)

a.(x-y(a-«»‘;
so that
o(x-a) - o(x-a- 1-1(-) { cy(x)
or, :
o(x+ Jk-) - o(x) € ¢ y(x+a+ 11(—)
or

k
o(x+1) - olx) £ cjz y(x+a+ llc') .
-

However 1f we use property (2.2) we finally obtain
o(x+1) - o(x) { cy(x) ,
which lmplies the conclusion of our theorem.

THEOREM 85. Assumptions:
(1) yix)€ T,

(11) S(x) is real and of bounded variation in every

finite interval, and

X+1 . +1
§ las(y)l - 3} as(y) < ¢, g (x)
x x !

(111) corresponding to each ¢ > 0, there exists a
8o(x) 2 0 with g (x)€ K, 5 and

m -
Gy (o) = §oosc(X)e X ax 4 o,- & (e ¢ er

(iv) for all c¢, the integral

’

9 (o0}
(iv, a,) el _Smsc(x-y)ds(y)
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Now,
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exists as a Cauchy limit, and for one parti-
cular c = ¢, We have

(00}
(1v, &) e § 8o (xS ey

(v) there exists a number A such that for all c,

. ® ©
(v, a,) x};r:om _Soosc(x-Y)dS(Y) =-A §mgc(y)dy

Conclusion: for f(x) € Kp+2, we have

o0 (0 0]
1im ! f(x-y)ds(y) = A { f£(y)dy .
x—)go m goo (x-y)as(y) -Soo (y)dy

Proof: 1In fact, by using 8 (x) we prove as before
o

olx+1) - a{x) € c y(x) .

i1f H(ox) vanishes outside a closed finite interval,

then choose some ¢ such that this closed interval 1is con-

tained in - (2:—'! {x < 20—'—' . For this ¢ we can form as before

o)
1 H(oc 1ocx
rc(X)-'ﬁél G_(Tlc“) e dec

and 1t has all the properties stated in the proof of theo-

rem 83. In particular, the function

n(x) = § He)e™X doc
-

is a Wp Mf‘u:mction. Now the proof is to be finished as in

theorem 83.
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Bemarks: In the above three theorems we have proved that
if the relation,

1 © -ac®
(3.2) xl_;rgo mE3) §mg(x y)dS(y) = A S_ms(y)dy

holds for a special function g, then the relation

(e} 0
(3.3) Um Sy § f(x-y)as(y) = A § £(y)dy

xS0 YiX Soo §oo ’
holds for any general function f € Kp+2. However, in a
group of theorems following now, we shall deal with the
case when the right side of (3.2) is simply equal to A,
and our conclusion will undergo a corresponding modifi-

cation.
THEOREM 86. Assumptions:

(1) yx)e
(11) S(x) is real and of bounded variation in every

finite interval, and

X+1 X+1
Sx las(y)| - Sx as(y) < ¢ y(x) |

(111) the function P(x) is monotonely non-decreasing
in -©o {(x { © and,

P(x) =1 +e 2, as x>0

.and
P(x) = 2% s, @8 X=> -00
for some fixed a > 0 . .
(iv)  for 0 { t < a, we can thus form the absolutely
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convergent integral

R(e+ix) = SC’OP(x\)e'f'x'i“x ax, - (& { o,
=00

and the agsumption is that

1lim R(e+ix)
ty+0

which can be proved to exist in -0 {( «< 0
and 0 { &« { oo 1s different from zero on

these two half-lines.
1 0
(v) 3] _SOOP(X‘Y)GS(Y)

exists, perhaps only as a Cauchy limit, and is
bounded in -0 { x € 00

(vi) for some A
Un by Soop(x-y)dS(y) -A.
x>o0 V¥ Zo0

Conclusion: (a) we have again

X+1
(3.4) § 183 < e yix)
X

(b) for any f(x)€ K, , we have
00
(3.5) 1im 3 S

f(x-y)ds(y) = o ,
A2 o e (x-y)as(y)

and hence
’ (e¢) 1f Q(x) is a function such that

Ax) > 1 asx D oo,
Q(x) ->° SSX")-CD,



190 VI. GENERAL TAUBERIAN THEOREMS

and
(3.6) P(x) - Q(x)€ Kp+2 s
then

1 ® -
(3.7) x]-.-;go 3] -S-ooQ(x y)as(y) = A.

Proof: For every c ) 0, we introduce the function
(3.8) go(x) = P(x) - P(x-c)

and we will show that it has properties (iii), (iv) and
(v) of the previous theorem 85, the last one with A = 0.
This then proves conclusions (a) and (b) by theorem 85,
and therefore also (c).

In fact, due to assumption (i1ii) on P(x) we cer-
tainly have g.(x) € l(p+3 and g,(x) > 0. Next, for
0 <t {x we have

o ®
R(e+io) = § P(x)e 1% ax 4 (" (P(x)-1)e 815 gx
2o R

m-—
+ § o tXIxx 40

(o]

Since

o)
-Ex-1xx 1
So ° dx = e+l

we obtain

(o}
R(o+1) = § P(x)e™%X ax 4  (P(x)-1)e™1%% ax 4 =
=00 [o] x

for « 4+ 0, the integrals existing. Also, for o = 0, we
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obtain the existence of the limit-relation

. 1iIm & R(e) = 1 .
(3.9) t-go (t) =1

Now, for the Fourier transform

[0 o]
Gy (oc) = -Soo gc(x)e'm dx

we can easily obtain

®
- -(ex+1ox)
@, (ox) t11.11..'1"’ -'Scn gq(x e ax

for all o« in -0 { ®* { . But for fixed &¢ > 0 we have

@ - - ~(&+lex
§ g, (x)e (8 +10)%gy o §© p(x)em(E+1)xgy -SP(x-c)e( ie
-00 -

= R(g +1)(1- o~ (E+1x)cy

Now, for « % 0, the limit of this as ¢-> 0 1is

(3.10) R(1x) (1 - e~1%¢)
which 1s 4 0 for o0 ¢ |«x| <gé¢_r; ard for « = 0 it 1is
R(e) (1 - e~ %)
and due to (3.9) its limit as ¢-> 0 is
clim ¢t R(¢)=c > O0.
€0

Thus altogether we have verified assumption (1i1) of theo-
rem 85. The existence of (1v,a.‘) of theorem 85 as a

Cauchy limit, and (1v,e.2) for every ¢, follow now from the
present assumption (v). Thus we have only to show that
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(3.11) 11m W—-)- S g, (x-y)ds(y) = o

in order to justify all our conclusions. Now,

(3.12) ]_:>1m W_YS P(x-y)ds(y) = A

by assumption, hence, for fixed ¢ > 0, also

1 a
m ;SOOP(x-c-y)dS(Y) - A;

but
Y—‘%}- 1, asx = o,
and hence
(3.13) 1m S {© Px-c-y)as(y) = A
3. N y)as(y

and (3.11) follows by subtracting (3.13) from (3.12).
This finishes the proof of our theorem.

Put now
0 ,'°0<Y<"E

1+vfe , -t {y<o
1 » 0{y< @

Uy) =

v .

This function Q(y) satisfies all assumptions of our pre-
vious theorem for any p, and thus we have
THEOREM 87. Under the assumptions of theorem 86,
we have:
b5 A -
(3.14) I_;m W—y [S das(y) + S (1 + S¢h)as(y)]l = A

From this we will conclude the following
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THEOREM 88. If to the assumptions of theorem 86 we
add the assumption that S(y)->0 as y->-oco (for instance,
S(y) = 0 in a half-1ine - € y < ¥,)s then for every

¢ > o0 we have

X+¢E
(3.15) xleil:o JT(TY %Sx S(y)dy = A .

Proof: Under the additional assumption on S(x) we
have X .
§ as(y) = 8(x)
00

and
X+

+¢ _ t
¢ (145 %)as(y) = -8(x) + £ §  S(y)y ,
x X
and if we substitute this in (3.14) we obtain (3.15).
. Now define the function Mt(x) by the relation

1 S“t

Then,

(3.17) SUx+8) ] qu [S(x+£)-S(y)1dy + M_(x)
. y(x YT 3 ¥y + e

and
X+ & S
(318)  Myx) = grkye § T (8(v)-stxlay « S

We have proved that

. lim M -A.
(3.19) x_>gxo e(x) :

Then, since
TIm (U+V)2UmU + TImV

we obtain from (3.17) and (3.18):
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x+ ) o Sixit; - §ix;
x%'! Un yixee) = MR o
(3.20) > 1 ——(—’ {- fﬂ' [S(x+¢)-8(y)ldy + A ,
x'-'ég{o y{x) x .
and
1 -
(3.21) A >x%%o P S ® (s(y)-s(x)idy + Ti'gl'o %{L}

From (3.20)and (3.21) we obtain:

§{x! 1 X+t _
x%go Yyix 2 E;Eo =2 o Yx)t Sx (S(x+e)-S(y)ldy + A

(3.22)
and

+t
A F——)-O x%go ‘p-(-;-“- 5; (S(y)-S(x)]dy +x§g) &%}

(3.23)
Thus we have the following

THEOREM 89. Let y(x) € ¥, and 1ot the assumptions on
S(x),P(x) gtand as in theorem 88. Let us asgume in addi-
tion that

24 8 - d
(.2) T 1@ ;(J-,—s © (8(xet)-8(3) )y 2 0

and
X+t
(3.23)  Tm um GooE §,  (8(r)-stx)dy 20 .

Then we copclude that

Remarks: If in any of the theorems 87,88,89 we replace the
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one-gided condition
X+1 X+1
(3.26) Sx las(y)l - Sx as(y) < ¢ p(x)
by the two-sided condition
(3.27) Si“ 1as(y)1 < e y(x)
then P(x) need not be assumed monotone.

In fact the monotoneity of P(x) was only necessary
for the positiveness of gc(x) = P(x)-P(x-c) which in turn
was only useful in obtaining (3.27) from (3.26). How-
ever, we note that as regards theorem 89, the assumptions
(3.24) and (3.25) are presupposed given explicitly, Jjust
a.:~3 in the case of the original condition (3.26).

§4. _Averages on (0,0 )

The principal results of the previous section are
theorems 83,84 and 89, which deal with the weighted aver-
ages of functions defined on the real 1line (-®m,m); by a
suitable modification, we shall reduce them now to the
half‘-line (0,00). We introduce the following

Definition. A function é(t) belongs to the class §p
1f and only if the function é(e*) € L, -

We make the following substitutions in theorems 8k
and 83:

y=logh, S(y)={"5'a g(n), gl-y)=AD(A)

£(-y) = AF(A).
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Then, theorem 83 runs as follows:
THEOREM 90. Assumptions:

(1)
(11)

(111)

(iv)

(v)

é(t) € Ep

s{A) 1s of bounded variation in every finite
1nt'.erva.lo<l\ogt\1 <A2<oo and

et / N
§, 18R ¢ o it

D(t) is a continuous function which 1is

0it™'110g t1 P73} poth for small and large t,
and

®
ﬂ%ﬂ So D(%)GS/(P)

exists for every , 0 { A { oand is bounded,
®
§ D(t)t™at 40, -0 (x< oo,
()

there 1s a constant A such that

-1 Q0 / 00
im [A&(A)™" § D(Ras(p) = A § D(u)dp .
A=>00 (e} (e}

Conclusion: for any continuous function F(t) which
18 0(t”'11og t1™P?) poth for small and large t, we have

Um [ Aad(A] SmF(}l)dS'(p) =-A Sm F(p)dp .
A-d>m o A (¢}

Similarly we have the following
THEOREM 91. Assumptions:

(1)

se)e g,

(11) s{A) 1s real and of bounded varistion in every

finite interval 0 < A, { A} <A, { @ and
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- TRNE o CPNS
t t

(111) D(t) is non-negative, continuous and is
0/t "110g t1 P3| for both small and large t,

® ix
(iv) § D(t)t™" at 0, -0 {ox{o00,
(e}

(v) for each A in 0 { A { oo the integral

e 0]
ko § D(%)as(p)

1/
exists as a Ceauchy limit gm St t, say, and 1s
£—>0

bounded ;

(vi) there is a constant A such that

=2 B St e——

m [ AG(A)T SooD(E)dS'(p) = A SCOD(P)dp
Ao o A (o

Conclusion: we have
et
(vi1) S IEL ST
and hence by theorem 90, we have
-1 0 y) @
(vi11) m A&(A)7T § FBras(p) = A § F(piap
A—>00 0 o
for any continuous function F(t) which is
o(t™"I20g t17P™?) for both smell and large t.
To reduce theorem 89 to the iaterval'(0,00) we use
slightly different substitutions, namely
S(y) = sle¥),  P(y) = we™) .
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We then have the following
THEOREM 92. Assumptions:
(1) &(t) € g (t)
(11) 8(A) 13 of bounded variation in every finite
interval 0 A, { A, < A, { © and

et et
(k1) St las{a)l - St asla) < ¢ o(t)-

(111) the function W(t) is monotone, non-increasing
ino<t{w, and

W(t) =1 + 0(t%), t-o,
and
W(t) = 0(t™®), tDoo
for some fixed a > o,
(iv) for o0 { ¢ € a we can thus form the absolutely

convergent integral
%)
Yo (e+do) = § W)t X gt 00 o0 @
o
and we assume that
1im 1 (¢+ix) + 0
&y+0
on -0 {x { 0and 0 <{x { @,
()
(v) 2 w(R)astp)
5 §, WiResty
exists as a Cauchy limit and 1s bounded in

0{AC @,
(vi) there 1s 8 constant A such that
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(vi1) 1lm gww@‘-)ds(( ) = A
A—>00 ey} o A s
stp) >0 as p>o 3

in other words,
s(+0) = o) = 0

(viii)
— 1 ar , TR, \ 2
:11;;2) :.t!;l A1_>iglo (A)Tog & SA (8(an) S(Y))y 20,
- - 1 an w dy
(3)  TE um groiegw § (S@sh) Foo.
Conclusion:

sl
,\}-;2; ﬁ—"_} -Af

§5. Special cases
We shall now consider special cases of theorems 90,

91, 92, which are reedily recogniza.ble' as Tauberian. From
theorem 90, we shall obtain the following

THEOREM 93. Let W(t) be & continuous function defined
in 0 { t { oo. Iet R(k) > 0. Let

(5.1)  t<7W(t) = o(t"1log t173) for t->0 and t-doo
and o
(5.2) Cwe 1% at 40, o (x (o .
[o}
Then 1f
(5.3) 1lm y“‘fj WE) - Agmtk'1 w(t)at
¥ 7o Ty o

and
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(5.4) a, = o(n*™")
then
k n
(5.5) im % 3 a,=A.

n->o n- 1
The deduction of theorem 93 from theorem 90 requires
two lemmes. The first lemma is a corollary of theorem 93,
while the second is purely arithmetical.
LEMMA 9. If
(5.6) bn = 0(1)

and G(A) 1s a contimious function satisfying

G(A) = 0(A" ' (logA)>), forA= 0 and A= m .

and
e 1x
f at)t™ dat 40, -w{x< o,
then 0‘
(8 0]
1m  6(A)A S b a(B) = A § a(p)d
Aa:) i n ‘A SO ()1 R
implies
1
-7 n 3% () S b -a.

Proof: Set
sly) -E b, 0<y< o,
y
then the condition .
e A
1 e

.

is fulfilled. Alsp we have

o o]
;f b, G(R) = So e(rasip).
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By theorem 90, with é(A) = 1, it follows that

(5.8) R L §1br F(Z) = A SZDF(p)dp

for every "admissible" function F. Given a fixed &t ) o0,

we define the function F (y) = 1 for. 0 {y <; F‘E(y) is
continuous and decreases monotonely to zero for 1 { y € 1+¢;
and Ft(y) =0 for 1+4¢ { y { oo. The function is clearly

an "admissiblc" function. However,

n
L ry.L
'n;%brpg(n) n1zbr'

s r
— F —
¢ n n?r{mne t(n)
1+€
< ¢ S1 F, (y)dy

{ et
and
(¢9] @ 1
1§ Fe (p)ap =11 = | S Fg (p)dp- SFt(P)dpl {e;
[o] [o] [o]

if, therefore, we substitute Ft(y) for F(y) in (5.8) and
let ¢ -0, we obtain the conclusion (5.7) and the lemma 1is
proved.

LEMMA 10. Let R(k) > o0, and

1 & &

1lim = Z 7 - A.
ndo T 7!
Then
K Zn A
1linm = a = A,
n->o K 9 r

Proof: We may suppose A = 0 without loss of general-
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then

- k
o =ks, - 5o 3 e (1) =(r-1) ) s,
ntr=1
From this it follows that sn—>o implies c‘neo.

Proof of theorem 93. If we choose

&y k-1
br— rk" and G(t) =t~ 'W(t)

then the assumptions of lemma 9 are satisfied and if we

now use lemma 10 we obtaln the required result. If we

put W(t) = et
Corollary to theorem 93.
let R(k) > o. If

we obtain the following

« & -n/y
im y -~ > a_e = A.r(k)
Yo T

k-1

a, = O(n )
then

1um & S5 A

| a, = A .

Do o T T
Remark: Taking k = 1 in the above corollary, we obtain: 1f
a sequence le.nl 1s Abel-summable and a, = O(1) then it is
(C,1) summable.

THEOREM 94. Given & real number k ) 0, & non-nega-

tive non-decreasing function A(t), & function ¢(t) of the

class Ep, and a non-negative continuous function W(t) for



§5. Special cases : 203

which
£ "w(t) = oft™" (Log £33
for both small and large t, and

[0 0]
( Wk % gt 4o, o Cx (oo
[o]

B

@ (o]
11 VO wE)dA(p) - k-1
R LITYLY So (F)A(p) = A go w(t)t< 'at ,

and the left-hand function is bounded in 0 < A { oo, then

k AGA) ~ A A€ 8(A)
as A-»oo.
The proof of theorem 94 depends on theorem 91 together
with the following lemma.
LEWA 11. If S(t), 6(t), D(t) and A satisfy all the
hypotheses of theorem 91, then

SA)~ A A 6(A)

as A-Doo.

Proof: The assumptions about F(t) of theorem 91 are
fulfilled for two non-increasing continuous functions
F1(t), Fa(t) of which the first is 1 ino0o { t { 1-¢t and
ofor1 {t¢{ o, and the second is ' iIn0o <t {1, and
0 for 1+¢ { t { . The number ¢ can be chosen so as to
make

®
S IFe(t) - F,(t)ldt
o .

arbitrarily small. The "intermediate" function
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2.(t) g1, ot ¢
0 fo, 1{t<
is not continuous, but it follows from
(o o]
- -q 0O
1mrs(A)1™ S B Bastp) < TE 16(a)a1 7" § Fohiasip)
o (o}
-q OO
< Um ad(M)]7! § F,(B)asp)

that the conclusion still holds for it. Substituting Fo
for F in theorem 91, we get the lemma.

Proof of theorem 9h. If &(t)€ §p then ¢(t6)e §p
for § > 0. Substituting A(t) for S(t¥), #(t¥) for é(t),
W(t) for D(tk) and A/k for A, we get theorem 94 from
lemma 11,

Corollary to theorem 9k.

If Kk > 0 and W(t) 1s a continuous function in
0<t o, Wt) 2o,

t¥ 'W(t) = 0(t "10g t™P3), fort =10, and t = ®,

and
o] -

S wie)tk 1 1% gt Lo, for —o (& ¢ ®,

© ‘o
and

ly'k% a, w(g”(c’ 0 y< @,

1 nowy

then

-k - D k-1
1m y o WEB)=Af t°77 W(t)dat
y->00 ;ﬁ noy So

and
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8,20
imply
k n
1im a, = A,
n—>oo "3 Z1 r
Remark: Putting W(t) = e, we obtain:
ir
-k -n/y
1lim y e = A. M"(k)
Y=o . ;E *n ’
and
&, 20
then
um & S5 A
m a w= .
n->om ;E T T

Ta.kiné k = 1 we obtain that Abel summability of a sequence
of positive terms implies (C,1) summability. (see Chr.I).
As a special case of theorem 92, we have
THEOREM 95. (1) If W(t) is & monotonic non-increasing

function for which

[ 1 +0(t%), att=o0
Wie) = | ,
fo(t™) , att=om

for some fixed a ) 0, and

m -
Um [ wet % gy 4 o
£>+0 o

for -0 (o 0and 0 {x < 0co; and if for & slow-growing
function #(t) of class §,, we have

P15a) ;ﬁanwtf—,‘)l e, 0<y<w,
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then the limit-relation

1
ol § -

together with the one-sided condition
(5.9) a,2-Bem), BYo

imply

.10) 11 =A;
> n-)go n fl *m

(11) in the classical case, we have é(y) & 1 and then.
the assumptions '

S w® >a a2
imply
> a,=A;

_(111) however, if é(y)-)0 a8 y-)oo,then (5.10) implies
first of all
(5.11) ;f: a, =0

and then by combining (5.10) apd (5.11) we obtain
gy S A

{Remark on part (111). In the case W(t) = e ° Tauber's
original condition was a = o(‘;); this 1s now being ren-
dered more specific by considering o(1) to be a certain
é(n), and at the same time it 1is being relaxed into one -
sidedness instead of Tauber's drigiml two-sidedness. In
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Tauber's original requirement
(5.12) 1im }?_' w2 =aA
e v R A

we put Ao = 0, and at the same time we impose a condition
on the degree of approximation of the limit towards o,

namely,

(5.13) & a, W2 ~ A by)

Now, as a consequence of assumption (5.12) with Ao = 0 we
first of all have (5.11) naturally; but we see that our
further assumption (5.13) 1s like-wise productive of a
conclusion, namely,

r,~ -A ¢(n)

where ry 13 the n~th remainder of the series in (5.11)1].

Proof of theorem 95. On putting

S’(t) = a
n%t n

we obtain
eA , eA
as(t)! - as(t) = - ,
SA laste)l - § - asie) ,\%@ (la,yl- &)

and due to (5.9) this 1is

1k B

(5.14) {2 ,\<n§,\ é(n)/n

Now assumption (2.2)" on I‘ implies in particular
(5.15) gy 4(A) < 6(n) < g, &(A),

A{n¢en,
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and hence (5.14) 1s
e 1
< 2B &(A) ; o S4B &(a)

and hence
eA eA |, .
SA las(t)| - SA as(t) < 4B &(A)

which verifies relation (4.1). But now we have to verify
(4.2) and (4.3). Take, for instance, (4.2). By (5.9)

we have

S(p) - 8(A) 2 - B bln)

P 2 Ag@ 5
and for p { eA, on account of (5.15), this is
- B $(A L > -Béa) loghk
2 &( )'\&P n 2 é(A) log &
therefore '

1 @A d aA d B 2
1)) SA (S(P)‘S(A))'ﬁ 2 -B SA log}jl\- -ﬁ > -3 (loge)
which obviously gives (4.2) and similarly (4.3).

: Putting W(t) = e”t, we obtain:
Remark

if _n/y -
yl;go ;% a,e ) A
and
8, 2 -B/n
then

® .
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NOTES

Books on Fourier Transforms

S. Bochner, Vorlesungen iber Fouriersche Integrale,
leipzig 1932, Chelsea 1948 (BFI)

T. Carleman, Integrale de Fourier, Uppsala,l9si (CFI)

E.C.Titchmarsh, Introduction to the theory of Fourier
integrals, Oxford, 1937(TFI)

N. Wiener, The Fourier Integral and certain of its
applications, Cambridge, 1933(WFI)

Chapter I.
We are noting once for all that many historical and
genetic remarks about formulas and concepts concerning .
Fourier transforms are contained in the "foot-notes"

(assembled at the end of BFI).

§2. We will have a peculiar generalization of the
Riemann lebesgue lemma in Chapter III, §4. It is also
possible to prove it differently by the methods of "to-
pological algebra"; however, not too much ought to be made
of this abstract alternative method of proof. In the
theory of Fourier series there are delicate refinements of
the Riemann lebesgue Lemma to certain types of Fourier
Stilet jes Integrals (in the one-dimensional case) and the
abstract approach would be hardly applicable to this toplc
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of widening interest.

§3. The convolution-theorem is fundamental to the
concept of "random variasbles" in the theory of probability,
and our version of the theorem corresponds to the law of
addition for two "independent" random variables, each
having a "density".

§4. Iaws of "operating" with Fourier transforms of
functions in L1 have been approached systematically in BFI.
For L,, mainly due to Hilbert-space background, they were
occurring previously, at least implicitly. They can also
be set up for functions in Lp, at any rate, for 1 { p € 2.

§6. Problems of uniqueness for Fourier series and
trigonometric series originated in Riemann's papers, Ges.
Werke, 2.Aufl., Leipzig 1892, 227-71,331-4k, and were
studied rather assiduously by Ca.ntoxj, Lebesgue, du Bois-
Reymond and de la vallde Poussin. But the corresponding
uniqueness theorems for integrals (instead of series) were
rether slow in emerging. Our present method of proof has
been introduced by G.Polya, Math.Zeit.18(1923)66-108.

A version of uniqueness theorem for functions f(x)
not necessarily belonging to L, in (-00 { x { c0) has been
established for the first time by A.C.0fford, Journal.
london Math.Soc.,11 (1936)171-4, Proc.London Math.Soc. (2)
+h2 (1937) u22-80.
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.§8. Theorem 8 has a universal scheme which is
roughly as follows. Given a complete orthogonal system
of functions, 1f we take the corresponding expansion of
an arbitrary function, and if the expansion converges
reasonably, then the sum-function is the function expanded:
but it is very difficult to give a "best possible" version
of the theorem; almost any version could be "improved upon"
or "generalized".

In theorem 9 the assumption that f(x) belong to L'
cannot be di'spensed with easily, although there ought to
be ways of relaxing it to some extent; further research 1is
suggested. The second pre-requisite that f(x) be bounded
in a neighborhood of the origin is more rigid, and

attempts to soften it would be less promising of success.

§9. Continuity in L, -norm has been analyzed signifi-
cantly by Plessner, Journal flir Math.,160(1929)26-32. He
showed in the one-dimensional periodic case that 1t cha-
racterizes absolutely continuous set-functions among all-
those of bounded variation. This was then extended in a
far reaching manner to multi-dimensional functions by

S. Bochner, Ammals of Math., 40(1939)769-794,Th.15,789,

§10. Theorem 14 gives a new proof of the uniqueness
theorem; so dges theorem 7. Although theorem 7 gives a
striking method of proving uniqueness, it has the disad-
vantage (if disadvantage it is) of being peculiar to the
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Euclidean set-up, whereas theorem 14 has better chances
of extension to non-EFuclidean spaces. See S. Bochner and
J.Von Neumann, Trans.Amer.Math.Soc., 37(1935)21-50.

§11. Theorem 17 belongs to a type of theorems intro-
duced into Analysis by Esclangon and J.E.Littlewood.

§12. Theorem 18 has been stated mainly for the sake
of a later multi~-dimensional application, but it has some
interest in itself, belonging as it does to the type of
theorems proved by Lebesgue, de la Vallde-Poussin and
Jackson. See de la Vallée-Poussin's legons sur 1'approxi-
mation des fonctions d'une variable reelle, and Jackson's
Theory of approximetion.

§14. Our comparison between Abel (e ¥) and Gauss
(e'ta) sumability is not novel. See M.L.Cartwright, Proc.
London Math.Soc.,(2)31(1930)81-96, but our approach is
perhaps more systematic.

§15. See E.Hille, tional i mi-groups
p.387.

§16. Except for the admission of slow-growing func-
tions, theorems 25 and 26 are very general versions of
Abelian 1limit-theorems.
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$§17. Theorem 29 is perhaps new. For a brief ex-
planation of Abelian and Tauberian theorems, see G.H.Hardy,
Ramanu jan, p.46.

A simple proof of theorem 30 was given by J.Karamata,
Math.Zeit.,32 (1930) 319-320.

Chapter IL
§2. We are emphasizing that we are proving unique-
ness theorem (as in S.Bochner, Math.Annalen,108(1933)
378-410) without securing a general inversion-formula
first. In the theory of probability, however, (See H.
Cramer's Mathematical methods of Statistics) it is custo-
mary to have a general inversion first, from which unique-

ness is obtained a&s a corollary.

§3. Note that in (3.5) the integral is an average
over the sphere of radius t with center x, and not an in-
tegral over the volume of the sphere; hence the added fac-
tor tX7! 1n (3.6).

§4. Theorem 35 and some subsequent theorems are an
introduction to "spherical summability". For a systematic
account see S.Bochner, Math.Zeit.3Lk(1931)k4o-47, Trans.
Annr.lhth.Soc.hOU956)172-207, Annals of Math.37(1936)
345-56, and K.Chandrasekharan, Bull.Amer.Math.Soc. 52(1946)
474-77, Proc.london Math.Soc.(2)50(1948)210-229, Annals of
Math.49(1948)991-1007.
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§7. The first proof of theorem 40 was given in BFI,
p.187;the second 1s new.

Chapter ;I_I_‘
$§4. Theorem 46 and the remarks following it are a

coimter-pa.rb to statements on kernels with du Bois-Reymond
aingulagﬁies. See G.H.Hardy, Quarterly Jour.44(1912/13)
-ho. .

§5. The proof of theorem 49, now widely in use, was
first given by F.Rlesz, Bulletino dell'Unione Matematica
Italiana, 1928, p.77.

Chapter IV

§2. F:)r other proofs of Plancherel's theorem, see
f'irgt of all M.Plancherel, Rend.di Palermo,30(1910)289-335;
then there are four proofs listed in TFI,pp.70-83, due re-
spectively to E.C.Titchmarsh, S.Bochner, F.Riesz and N.
Wiener; finally, there is a proof in M.H.Stone, Linear
Trensformations in Hilbert Space, p.104, which is also
given in S.Bochner's Princeton Lectures on Fourier Analy-
sis (1936). Our present proof is nearest to the last men-
tioned with a considemt.ale modification and although it is
"operational", it is very much rest‘ricted to the Euclidean
set-up. Note the general conclusion (3.10) following
(3.9); 1t would be interesting to have similar statements
for L, and L, 1 {p { 2.
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" §6. For k-dimensional extensions see I.Halperin,
Annals of Math. 38(1937)880-919.
Theorem 60 (and others), including the conditional

convergence of (6.8) also work for I“p .

§8. In "operational"calculus this is a special case
of a normal operator with a simple spectrum, c¢f. M.H.Stone.
loc.cit.pp.275,311.

Theorem 7'0 combines Hilbert-space theory with partial
ordering, the latter being involved in the statement that
an element of Hjlbert space in a given realization by
point-fuhctions happens to vanish on a describable point -
set.

Theorem 73 was given by S.Bochner, Math.Zeit.29(1929)
737-743. Cognate toplcs were then treated in an extensive
paper by T.Kita.g.awa, Jap.Jour.Math.,13(1937)233-332.

For bounded linear transformations from L,(-co,oo)
into itself, commutative with translations, the general
form 1s

T™*e(x) = [ £(x-t)dK(t)

where K(t) is of bounded variation in (-00,00),,and this
1s also the form for bounded continuous functions in,
(-00,00 ) with norm: sup |f(x)|.

Theorem 76 18 due to N.Wiener, WF'I,p.1oo.. Its L,
analogue is given in WFI,p.97.
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Chapter V

§81,2. Theorem 77 was given by S.Bochner_, Annals of
Math.35(1934)111-15, with a view to supplying a compre-
hensive background for the appreciation of the Watson
transform. However, it should be noted that while theorem
77(that iy » the structurel statements on unitary trans-
formt.ior;:) can be generalized from the half-line (0,00)
to a general point-set in an Euclidean or more general
measure-space, the same is not at all true of the Watson
transform. It is a fascinating feature of the Watson
theory that the properties peculiar to the ordinary half-
line are utilized to the”limit, especially the property
that the transformation x = eY 1links it with the full line
-0 {y < oo, the latter line being\ both the group-space
on which the Fourier(Plancherel) transform is in existence,
and the imaginary .axis of the complex z-plane on which a
Cauchy-Mellin integral of the form (3.25) is available.
For the original version of Watson transforms see G.N.Wat-
son, Proc.lond.Math.Soc.(2)33(1935)156-199.

It would be of some interest to investigate conver-
gence-tests for the validity of (1.13) not as a limit in
mean but as a point-limit by ordinary convergence or
summability. '

The reader should note our insistence on the "conju-
gate"kernels in (2.2),(2.3) and (2.4), and most important
of all, in formula (3.30). For non-real kernels k(x) our
t;mnaroms are very different from those included in TFI,
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pp.221-24k, In particular, the ¥ankel treansform
k(x) = Hv(x)\/f with a non-real v 1s not at all included

in our ZI..2 theorems.

§3. It is somewhat surprising that among all unitary
transformations in L,(0,00) the ones described in theorem
82 are the only ones which thus far have been fourd to
have a simple structural property of the kernels k(a,x),
1(a,x) corresponding to them. It would be desirable to
elucidate the situation by finding some 6ther olassés of
unitary transformations different from the Watson trans-
form and correspording to some other simple specializations

of the kernels involved.

Chapter VI

§1. A "general" Tauberian theorem is applicable to a
general_ class of kernels. The Tauberian theorem we had in
Chr.I is for the special kernsl K(x) = e %,

The term "Tauberian theorems" has bheen used systema-
tically by G.H.Hardy and J.E.Littlewood, even though the
main impetus for their study has been furnished by their
own work. The general Tauberian theorems of N. Wiener,
Annals of Math.33(1932)1-100, changed the character of the
subject to a considerable extent by bringing in the theory
of Fourler trensforms and closure-properties.

The classical theorem of Tauber states that if a

series 5 &, 13 summble by Abel's method and a = o(%)
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then 3 &, converges. See Monats Hefte flr Math.8(1897)
273-277. The condition an-o(%) wag replaced a = 0(;-;) by -
J.E.Lit:tlewood, Proc.london Math.Soc.9(1911)434-44; G.H.
Ha.réy and J.E.Littlewood further improved the theorem by'
having the gondition n a.n> -B instead of n a = 0(1) Pre.
London Nhth.Soc.(2)15(191h)17h‘-191;E.Landa.u made the

assumption,: Sn- 0(1) andé};r:o I%KM lsm—snl- 0 where

Sn-f 8,. Rendiconti Palermo,35(1913)265-276. R.Schmidt
1
finally obtained the theorem with the Tauberian condition:

1im 1

s -8
§->4+0 ng g(né) (Sy~8y) 2 ©
n—>am

See Math.Zeit.22(1925)89-152. All these conclusions are
implied by theorem 95.

Our treatment of general Tauberian theorems closely
follows S.Bochner's in Berliner Sitzungsberichte (1933)
126-144, and in Jour.london Math.Soc.9(1934)141-48, but
the general background is supplied by Wiener's paper loc.
cit. We héve introduced "functions of slow growth" into
the averages considered; this has not been done by Wiener;
the'orem 92 1s perhaps new.

It should be noted that in §4 3’does not stand for
‘the derivative of S, but 1s defined by the given substi-
tution. '

- e e m e am e e = -
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Almost periodic function p.h49
Composition tl_:eorem PP.3,57

Convolution theorem pp.3,5,57

Functions of slow growth p.176

Hankel inversion p.106

Heat-equation p.us6

Hilbert space p.10%4

Inequality, of H5lder and of Minkowski, pp.9k4,95
Inner product p.10L4 .
Isometric transformation p.105

Inversion formula pp.7,1o,2é,2h,65
Karamata extension pp.52,171

Kernels, Abel, Gauss, Fejer, pp.19,34,37
Parseval formula p.67

‘Riemann Darboux closure p.171

Riemann Lebesgue lemma pp.3,57,92

Simple type of transformation p.140
Summability, pp.13,25,37,56,61,64,76,98,113
Translation, closure of, pp.142,148,174
Uniqueness pp.11,59

Unitary transformation p.105

Wave-equation p.46
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