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PREFACE

Most of the mathematical theory of statistics in i1ts present state has been
developed during the past twenty years. Because of the variety of scientific fields in
which statistical problems have arisen, the original contributions to this branch of
applied mathematics are widely scattered in scientific literature. Most of the theory
8ti1ll exists only in original form.

~ During the past few yea}s the author has conducted a two-semester course at
Princeton University fcr advanced undergraduates and beginning graduate students in which
an attempt has been made to give the students an introduction to the more recent develop-
ments in the mathematical theory of statistics. The subject matter for this course has
been gleaned, for the most part, from periodical literature. Since it 1is impossible to
cover in detaill any large portion of this literature in two semesters, the course has
been held primarily to the basic mathematics of the material, with just enough problems
and examples for illustrative and examination purposes.

Except for Chapter XI, the contents or’ the present set of notes constitute the
basic subject matter which this course was designed to cover. Some of the material in
the author's Statistical Inference (1937) has been revised and included. In writing up
the notes an attempt has been made to be as brief and concise as possible and to keep to
the mathematics with a mininum of excursions into applied mathematical statistics problems.

An important topic which has been omitted is that of characteristic functions of
random variables, which, when used in Fourier inversions, provide a direct ana powerful
method of determining certain sampling distributions and other random variable distribu-
tions. However, moment generating functions are used; they are more easily understood by
students at this level and are almost as useful as characteristic functions as far as
actual applications to mathematical statistics are concerned. Many specialized topics are
omitted, such as intraclass, tetrachoric and other specialized correlation problems,
semi-invariants, renewal theory, the Behrens-Fisher problem, special transformations of
population parameters and random variables, sampling from Poisson populations, etc. It is
the experience of the author that an effective way for handling many of these specialized
topics 18 to formulate them as problems for the students. If and when the present notes
are revised and issued in permanent form, such problems will be inserted at the ends of
sections and chapters. In the meantime, criticisms, suggestions, and notices of errors
will be gratefully received from readers.

Finally, the author wishes to express his indebtedness to Dr. Henry Scheffs,

Mr. T. W. Anderson, Jr. and Mr. D. F. Votaw, Jr. for thelr generous assistance in pre-
paring these notes. Most of the sections in the first seven chapters and several sections
in ChapterdX and XI were prepared by these men, particularly the first two. Thanks are
due Mrs. W. M. Weber for her painstaking preparation of the manuscript for lithoprinting.

S. S. Wilks.

Princeton, New Jersey
April, 1943,
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CHAPTER I
INTRODUCT ION

Modern statistical methodology may be conveniently divided into two broad
classes. To one of these classes belongs the routine collection, tabulation, and des-
cription of large masses of data per se, most of the work being reduced to high speed
mechanized procedures. Here elementary mathematical methods such as percentaging,
averaging, graphing, etc. are used for condensing and descrlbing the data as it is.

To the other class belongs a methodology which has been developed for making predictions
or drawing inferences, from a given set or sample of observations about a larger set or
population of potential observations. In this type of methodology, we find the mathe-
matical methods more advanced, with the theory of probabllity playing the fundamental
role. In this course, we shall be concerned with the mathematics of this second class
of methodology. It 1s natural that these mathematical methods should embody assumptions
and operations of a purely mathematical character which correspond to properties and
operations relating to the actual observations, The test of the applicability of the
mathematics in this fileld as in any other branch of applied mathematica, consists in
comparing the predictions as calculated from the mathématical model with what actually
happens experimentally. *

Since probabllity theory 1s fundamental in this branch of mathematics, we
should examine informally at this point some notlons which at least suggest a way of
setting up a probability theory. As far as the present discussion is concemed., perha'pa
the best approach is to examine a few simple empirical situations and see how we would
proceed to idealize and to set up a theory. Suppose a die 1s thrown successively. If
we denote by X the number of dots appearing on the upper face of the die, then X will

take on one of the values 1, 2, 3, 4, 5, 6 at each throw. The variable X jumps from

*For an example of such a comparison, see Ch. 5 of Bortkiewlcz' Die Iterationen, Springer,
Berlin, 1917.



2 I. INTRODUCTION

value to value as the die is thrown successively, thus ylelding a sequence of numbers
which appear to be quite haphazard or erratic in the order in which they occur. A sim-
1lar situation holds in tossing a coin successively where X is the number of heads in a
single toss. In this case a succession of tosses will yield a haphazard sequence of

O's and 1's. Similarly, if X is the blowing time in seconds of a fuse made under a
given set of specifications, then a sequence, let us say of every Nth fuse from a pro-
duction line will yield a sequence of numbers (values of X) which will have this char-
acteristic of haphazardness or randommess if 'there is nothing in the manufacturing oper-
ations which will cause "peculiarities"™ in the sequence, such as excessive high or low

values, long rmms of high or low values, etc. We make no attempt to define randommess

in observed sequences, except to describe it roughly as the erratic character of the
fluctuations usually found in sequences of measurements on operations repeatedly per-
formed under "essentlally the same circumstances®, as for example successively throwing
dice, tossing coins, drawing chips from a bowl, etc. In operations such as taking
fuses from a production line and making some measurement on each fuse (e. g. bloni.ng
time) the resulting sequence of measurementg frequently has "peculiarities® of the kind
mentioned above, thus lacking the characteristic of randommess. However, it has been
found that frequently a ‘state of randommess similar to that produced by rolling dice,
drawing chips from & bowl, etc., can be obtained in such a process as mass production
by carefully controlling the production procedure.'

Now let us see what features of these empirical sequences which arise from
"randomizing processes can be abstracted into a mathematical theory--probability
theory. If we take the first n numbers in an empirical sequence of numbers Xy X5,
xy c e ey gt e e there will be a certain fraction of them, say Fn(x), less
than or equal to x, no matter what value of x is taken. For each value of X, oan(x)gl .
We shall refe® to F'n(x) as the empirical cumulative distribution function of the numbers

x,a,x,,...,xn... . As x increases, Fn(x.) will either increase or remain constant.
It.1s a matter of experience that as n becomes larger and larger Fn(x) becomes more

and more stable, appearing to approach some limit, say Fy (x) for each value of x.

#Shewhart has developed a statistical jynethod of quality control in mass production engin-
eering whichis essentially a practical empirical procedure for approximating a state of
randomness (statisticdl control, to use Shewhart's term) for a given measurement in a
sequence of articles from a production line, by successively identifying and eliminating
causes of peculiarities in the sequence back in the materi.als and manufacturing oper-
ations.
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If any subsequence of the original sequence is chosen "at random"(i.e.according to any rule
which does not depend on the values of the X's) then a corresponding Fn(x) can be defined
for the subsequence, and again we know from experience that as n increases, Fn(x) for the
subsequence appears to approach the same 1limit for each value of x as in the original
sequence.

Entirely similar experimental evidence exists for situations in which the em-
pirical sequences are sequences of pairs, triples, or sets‘*of k numbers, rather than
aequence; of single numbers. For example, a sequence of throws of pairs of dice would
give rise to a sequence of pairs of numbers; the resistance, capacity, and inductance of
each relay in a sequence cf telephone relays from a carefully controlled production line
would yleld a sequence of triples of measurements. In considering a random sequence of
pairs of numbers (x”, xm), (x12, XQQ), e o ey (Xm, in), . « + 5 We can let Fn(x1,x2)
be the proportion of pairs in the first n pairs in which the value of )(1 is less than or
equal to X, and the value of X2 1s less than or equal to Xye We need not list all of the
properties of Fn(x.‘ R xe), for they are stralghtforward extensions of those of Fn(x) con-
sidered*'i:.bove. The important point here is that as n increases, experience indicates
that Fn(x1, x2) appears to approach some limit Fa) (x1 , xe) for each value of x, and of Xy

In particular, suppose we group the numbers of an empirical random sequence

X PR Xn, . « « (with empirical cumlative distribution function Fn(x)) into

X1, 2s -
pairs (or samples of two numbers), so as to make a new sequence of pairs of numbers
(X, X,), (XB’ X)s « o o5 (X5 95 Xop)s <« « . As before, we have an empirical cumu-
lative distribution function Fn(xv x2) for this sequence of pairs. It is an experimental
fact that as n becomes larger and larger, Fn(x] » Xy ) behaves more and more nearly like the
. product Fn(xl) Fn(xe). A similar situation is true for seguences of sample’: of three or
more numbers. As we shall see later, it 1s this product property that suggests a
way to set up a mathematical theory of sampling. ¥

The matter of Fn(x) appearing to approach some function F_ (x) as n increases 1is
purely an empirical phenomenon, and not a mathematical ongi*but it suggests a way of set-
ting up a mathematical model corresponding to any randomizing process which, upon repeated
application will yield an empirical sequence of r}umbers. We postulate the existence of a
function F(x),(the properties of this function are given in §2.11) to serve as a mathe-
matical modelﬁfor Fw(x). In some situations such as coin tossing, dice throwing, etc.,
a complete numerical specification of F(x) can be proposed by combinatorial and other a

priori considerations. In other situations of a more purely statistical nature it may be

impossible to specify F(x) beyond a particular functional form involving certain parameters.
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In attempting to relate the behavior of the empirical cumulative distribution
function F (x) to the mathematical abstraction F(x) one encounters at least two diffi-
culties: One 1s common to all mathematical theories of physical (chemical, bilological,
soclological) phenomens, employing limits: the mathematical process of passing through
an infinite number of steps is physically unrealizable, and is often impossible even as
a "thought-experiment”. For example, let the reader consider the notion of mass or
charge density in the light of the fact that mass and charge are discrete. The other
difficulty is peculiar to probability theory in that the theory does not assert that
ﬁLHB‘Fn(X) = F(x), but that the approach*is in a sense defined within the framework of the

theory itself: Fn(x) converges stochastically to F(x). Stochastic convergence is de-
fined in §4.21. '

Once F(x) has been postulated, the mathematics begins and it consists of carrying
out various mathematical manipulations on F(x) corresponding to certain operations which
can be performed on the sequence produced by the given randomizing process. The mathe-
matics then becomes a method of making predictions of what will happen if certain opera-
tions are applied to the sequence. For example, F(b)-F(a) 1s a prediction of the pro-
portion of times, in a large number of trials, that the given process will yield numbers
greater than a and less than or equal to b; ijjx dF(x) (taken in the Stieltjes sense,
§2.5) 1s a prediction of the average of numbers obtained in a long series of repeated
applications of the process; F(x1)-F(x2) 1s a prediction of the proportion of samples of
pairs of numbers, out of a large number of such pairs, in which the first number is
gx and the second gxq, Sf dF(x, )dF(x ), where R 1s the region in the X,X, plane for
which Agg(x +X )gB is a prediction of the proportion of samples of pairs of numbers,
out of a large number of such pairs, in which the average of the sample palr lies be-
tween A and B. Many other examples could be glven here but these will perhaps 1llus-
trate the nature of the correspondence between the mathematical operations performed on
F(x) (1. e. probaubility theory) and calculations based on the results of repeated appli-
cations of a glven randomizing process. The degree of correspondence, 1. e. validity of
prediction, depends on the degree of raondommess in the empirical sequence and on how
well the function F(x) has been chosen. That such predictions, correctly applied, have

practlical valldity has been experimentally verified mony times. €=

See a study by V. I. Smirnoff, "Sur les eccrts de la courbe de distribution empirique",
Recueil Mathematigue Moscow, vol. ¢ (1939), pp. 25-26.



CHAPTER II

DISTRIBUTION FUNCTIONS

In this chapter we outline the basic probability theory necessary for the work
of the course. The treatment 1s general, the study of lmportant particular distributions

being postponed to the next chapter.
2.1  Cumulative Distribution Functions

In the previous chapter we have introduced the notion of an empirical cumula-
tive distribution function (c. 4. f.)Fh(x), and have indicated that it is an experimental
fact that Fn(x) appears to approach a limiting form Ex}x) as n 1s increased. We now de-
fine a mathematical model F(x) for the intuitively apprehended QD(x) by laying down
postulates for distribution functions. Henceforth the term cumulative distribution
function (c. d. f.) will be used only in the sense defined below.

We shall find 1t convenient to use the followlng notations and definitions
from point set theory: P€E signifies that the point P belongs to the set E. E1DE2 is
read "E1 contains Ee". The sum (or union) of E1 and Ee is the totality ,of points P for
which P€E, or E,; we shall denote it by E, + E,. The product (or intersection) of E, and
E2 1s the totality of points P for which P€ both E1 and Ee; we write 1t E1E2. E1 and Ee
;re sald to be disjoint if they have no points in common. The difference E1 - E2 is the
totality of points in E, not in E,.

2.11 Univariate Case

A c. d. f. F(x) 1s defined by the following postulates:

1) If x'<x", then F(x" ) - F(x') 2o,

2) F(-00) = 0, F(+00) = 1.
The notation in (2) implies that the 1limits of F(x) exist as x— - coor +m. Since (1)
means that F(g, 1s monotone, i1t follows that F(x) has at most an enumerable number of
discontinuiti!g, and that the limits F(x+0), F(x-0) exlst everywhere. The determination
of the values of F(x) at 1ts discontinuities 1s really not essential, but it will be con-
venient to fix them by

3) F(x+0) = F(x).



6 IT. DISTRIBUTION FUNCTIONS §2,11

It follows from (1) and (2) that F(x) 1s non-negative.

The relation between probability statements about a random variable" X and 1its
¢c. d. f. 1s determined by the following further postulates:

1') Pr (X{x) = F(x).
The left member is read "the probability that X g x . Let E,, E,,....., Do & finite or

enumerable number of disjoint point sets on the x-axis:
21) Pr(X€E1+E2+...) = Pr(XEEI) + Pr(X€E2) + ... This may be called the law of

complete additivity, and may be used to determine the term on the left side of the equa-
tion, or any term on the right, when all the other probabilities entering the equation
are known. For example, let I be the interval x' { x { x" , I' be the interval - @ { x

{ x', I" be the interval - @ { x { x". Then

I"=1I'4+ I.
From (1')
Pr(X€I') = F(x'), Pr(XeI") = F(x"),

and hence from (2') we may state the theorem
A) Pr(x'{X{x") = F(x") - F(x').

In order to find the probability that X be equal to a given value x' take a sequence of
points a1(ae(33<... converging to x'. Let I be the interval a,{x{x', and Ij be the inter
val aj<xgaj+1 . °Then

@
I-*=x'+-Z

J=1 Ijo

Hence from (2'),
®

Pr(X€I) = Pr(X=x') + f\__-l Pr(XEIJ),

and from theorem (A),

O
F(x') - F(a,) = Pr(X=x') + ;E; [F(ay,,)-Flaj)].
J=

*In this chapter it 1s convenient to denote a random variable by a capital.,etter, X,
etc., and the corresponding independent variable in the distribution function by the
corresponding lower case letter, x, etc. In later chapters we will drop this convention
when there 1s no danger of confusion.



§2.11 II. DISTRIBUTION FUNCTIONS 1

Now

%IF‘%H ) Flap)] = 1in 2 [Flay, )-F(ay)] = lin (F(ay,;)-Fle;)] = Fx'-0) - Fle,).

/

Hence we have the theorem
B) Pr(X=x) = F(x) - F(x-0).
In a similar manner one may derive the following theorems:

C) Pr(x'{X{x") = F(x"-0) - F(x'),
Pr(x'{X{x") = F(x") - F(x'-0),
Pr(x'sx(x") = F(x"-0) - F(x'-0).

D) o £ Pr(X€E) { 1 (for any set E for which the middle
member 1s defined).

E) Pr(-o <X {+m) = 1.
Let E,,EQ,...., be sets which are not necessarily disjoint, then

F) PP(X€E1+E2) = Pr(X€E,) + Pr(XEEQ) - Pr(XGElEe),

Pr(X€E,+E_+E,) = Pr(X€E,) - Pr(XeE,E.) + Pr(X€E.,E_E,) etc.
1772773 J 3 17 1

J=1 2 3

We now characterize two important classes of c¢. d. f.'s:

(1) Suppose that F(x) increases only by jumps, -- more precisely, suppose a
finite or an enumerable set of points Xyy X5y...., and corresponding positive numbers P1s
Ppreces §:p1=1, such that F(x) = E:pj summed over all j for which xjgx. We shall call
this the discrete’ case. It may be shown from the theorem (B) that in this case
Pr(x-xi) = Dy, while for any point x' # any Xy, Pr(X=x') = o.

If the number of Xy is finite, or more generally, 1f the Xq have no cluster
points except + @, then the graph of F(x) in this case 1s u step-function made up of

horizontal lines as shown in (a) of Figure 1. The jump at x = x4 18 equal to pi,the

*#It should be noted that an empiricul c., d. f. F, (x) of an observatlon variable X has pro-
perties (1), (2), (3) of a ¢. d. f. (discrete case). Fn(x) does not have properties (1')
and (2'), although it has analogous propertles. That 1s, corresponding to (1') we would

have Prop(XSx) = Fn(x) (proportion of values of xgx is Fn(x)) and for (2') we would have

Prop(X€E1+E2+...+Ek) = Prop (X€E1) + Prop (XGEQ) +...+ Prop (X€Ek). Thus, in the case of
Fn(x), P1 would be the proportion of cases among the n vilues of X, in which the observa-
tion variable = xy; and not probabiiity thut X = x,.

1
4
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probability that X = Xy
(11) Another case 1s characterized by the existence of a function f(x) 2 (o]

such that

b 4
F(x) = { f(z) a&.
-®
This 1s really & necessary and sufficient condition for the absolute continuity of F(x),
but instead of calling this the absolutely continuous case, we shall refer to it merely
as the continuous case. The graph of F(x) in this case 1s continuous as shown in (b) of

Figure 1 . We shall call f(x) the probability density function of the random variable X.

The reader may show that in this case

X
Pr(x'(X(x") = § £(2) ds,
X

and that the statement remains valid if one or both of the equality signs inside the par-

entheses on the left are deleted. If f(x) is continuous for x' { x { x",
Pr(x'{X{x") = (x"-x') f(x,), where x' X, < xm,
and 1f f(x) 1s continuous at Xy
Pr(xogxgxo+dx) = f(xo) dax,

except for infinitesimals of higher order. The infinitesimal f(x)dx 1s sometimes called
the probability element of X.

- The discrete and continuous cases thus defined obviously do not cover all uni-

variate c. d. f.'s, but we shall confine ourselves to these in the present course.

F(x) F(x)
1 1
Xi X X x X
(&) Figure 1 (v)

2.12 Bivariate Cese

Let J be a rectangle in the x,, x, plane, x{ < x;  x7, xJ < x, { x3. Denote
by Ag F(x,, x2) the second difference

4% F(x,,x,) = F(x],x3) + P(x],x}) - F(x],x3) - F(x!,x}).
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Then a ¢. d. £. F(x,,xa) 13 subjected to the following postulates:
1) Ag F(x,,x,) 2 0. /
2) F(ﬂ;x,‘,) = F(x,,-cn) = 0, F(+00,+@0 ) = 1.
By letting x;-—’ -0 in (1), we get with the aid of (2),
F(x,,x3) - F(x,,x}) 2 01if x3 > X}
and similarly
F(x{,x,) - F(x{,x,) 2 01if xy > x;,

so that F(x1,x2) is monotonic in each variable separately. Hence the 1limits F(x1¢0,x2),
F(x1,x2¢o) exist everywhere. It can be shown that F(x,,xa) 1s discontinuous in x, at
worst on an enumerable number of lines x, = constant, and similarly for X If we let
x{-—o- oo and xé—a-cn in (1), we get F(x1,x2) 2 0 because of (2). The values of
F(x1,x2) at 1ts discontinuities are fixed by

3) F(x1,x2) = F(x1+o,x2) = F(x1,x2+o).

The tieup of probability statements about a vector random variable X, ,X, with

two components with its c¢. d. f. 1s determined by the following further postulates:
.
1) Pr(X1$x1,X2gx2) = F(xl,xg).

Let E,, E,,...., be disjoint sets, then

2
21') PI‘(J(1 ,X2€E1 +E2+...) = PI‘(X1 ,X2€E1) + PI'(X1,X2€E2) + eee

By methods of §2.11 the reader may verify the following theorems:

.

A) Pr(X,,X,€J) = A3F(x,,X,),
where J and Ag are defined sbove.
B) Pr(x{(X,Qx?,X2=x2) = F(x],x,) + F(x{,x,-0) - F(x{,x,) - F(x},x,-0).

C) Pr(X1=x1,X2=x2) = F(x,,xg) + F(x,-o,xg-o) - F(x,-o,xa) - F(x,,xa-o).

It can be shown by methods heyond the level of thils course that from the postulates (1'),
(2') the probability ih.t Xy, X,tE 1s determined for . very general class of regions
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called Borel-measurable* reglons.

D) of Pr(X,,X,€E) { 1.

E) Pr(-m (x1<+co ,-co<X2(+oo) -1,
For sets E,, Ee""” not necessarily disjoint,

F) Theorem (F) of §2.11 1is valid

With a bivariate distribution function we shall be mainly interested in the
discrete case and the continuous case, and occasionally a mixed case, all defined below.
We remark again that these categories are not exhaustive.

1) The discrete" case 1s characterized by the existence of a finite or enum-
erable set of points “11’x21» i=1,2,..., and associated positive numbers pi(probabilities)
E:pi = 1, such that F(x1,x2) =:ij sumed for all j for which x1j £ x, and x2j £ x,. From
theorem (C) it follows that Pr(x1=x11,x2-x21) =Dy and for any point (x;,xé) not in the
set (x1i,x21), Pr(X,-x{,XQ—xé) = 0.

11) By the continuous case (see remarks in §2.11 about absolute continuity)

" @ shall understand that in which there exists a function f(x,,x,) 2 0 such that
' X, X,
(a) F(xy,x,) = 5 g £(£,,E,) d§,dE,.
- =00
L]
We may show that

Pr(X,,X,e7) = {§ £(x,,x,) dx,ax,,
J

*In k-dimensional space a Boreltmeasurable region (or a Borel set) is one that 1is obtain-
able from half-open intervals or cells, xi < Xy g xi, i1 =1, 2,...,k, by taking a finite
or enumerable number of sums, differences, and products of such cells. A function f(x)
1s Borel-meusurable 1if the set of values of x for which & { f(x) { b is a Borel set,
where a and b are any two real numbers. A Borel-measursble function of two or more
variables 1s similarly defined.

**As in the case of one variable, it should be observed that an empirical c. d. f.
Fn(xl,xe) of two observation variables X,, X2 has properties (1), (2), (3) of a ¢. d. f.
for two random variables (discrete case). But, 1In (1') and (2') one would use the term
"proportion of cases" instead of the term "probability of". The p; assoclated with the
isolated points (xli’xai) would be called the proportion of cases for which X, = X140
X, = X,4» 1nstead of the probability that X, = X140 X, = X,4+ The number of such points
would be|$ n, the number of observed pairs of values of X Xe.

This comparison of an empirical c¢. d. f. and the case of discrete variables
extends at once to the case of k varlables discussed in §2.13,
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and that the result is not invalidated if J is closed by the addition of its boundaries.
From this it follows that, except for infinitesimals of higher order,

Pr(x, X, <x, +dx, ,x X {x,+dx,) = f(x,,x,) dx, dx,.

f(x,,xQ) and f(x,,xe)dx1dx2 are called respectively the p. d. f% and the probability
element of the random variables X, X,.

111) The m;;gg"case (X1 continuous, X2 discrete) 1s sald to obtain if there
exists a finite or enumerable set of lines Xy = X545 1i=1, 2,..., assoclated positive
numbers pei"§:p21 = 1, and a non-negative function of x, and X5 defined for all X, and

for X, = Xy, {1 =1, 2,..., which function we shall write as f(x1|x21), such that

+00
[ rosixppaz, =, 1=1,2,...,
-00
and
— X,
F(x,,x,) =§:p2j8 f(E1lx2j)d§1, summed over all j for which Xoj £ X,e
=00

In the mixed case Poy is the probability that the random point X, X2 will fall on the
line X, = Xpq5 and f(x1|x2)dx1 1s the probability (to within terms of order dxl) that
x,(X,(x1+dx1 if the random point falls on the line x, = X,4.

It may be shown from our postulates that for any (B-meas.) region E in the

x1x2-plane we get in the three cases

1) Efpj summed over all j such that X, y,X,s€E,

Pr(X,,X,€E) = \ 11) [§uf(x,,x,)ax,ax,,
111) E%; . 1 S f(x,1x,y)dx,, where E,, 1s the projection
E21 on the x, axis of the part of

the line X=X,y lying in E.
(If the line does not inter-
sect E, the corresponding in-
tegral is zero.)

By means of the Stleltjes integral (§2.5) these three cases may be brought under the
single expression Pr(x,,x2€E) =.&FF(X1,X2), which includes indeed the most general case.
2.13 k-Varlate Case

A k-variate c. d. f. F(xl;xe,...,xk) must satisfy the following three postu-
lates: Let J be the k-dimensional cell xi(xigxi, i=1,2,..,k, and define the k-th

difference

*probabllity density function
#*The reader will understand this case better 1f he rereads this descriptlon after having
mastered §2.4.
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k
AJF(X1 ,xe, .o .,xk) = A«‘Aatc oAk_.lAkF(x.' ,X2, e .,xk),
where the operators Ay are applied successively and denote

AiF(x1,x2,...,xk) = F(x1,...,x1_,,x{,x1+1,...,xk)
, ' - F(x1,...,xi_1,xl,xi+1,...,xk).
1) AJ F(Xy,Xg0005X) 2 0.
2) F(-oo,xa,...,xk) = F(x1,-oo, x3,...,xk) = ...
= F(x1,...,xk_1,-oo) = 0, F(400,400,440,400) = 1,

3) F(x,,...,x1_1,xi,x1+1,...,xk) = F(x1,...,x1_1,xi+o, x1+1,...,xk).

As in the bivariate case it can be shown from (1) and (2) that F is monotonic in each
variable separately and that F 1s monotonic (in the sense of (1)) in any set of variables
if the remainder are held fixed.

A random vector variable X = (x,,xe,...,xk) is said to have the c. d. f.
F(x,,xe,...,xk), --or the random variables X,,X,,...,% are sald to be jolntly distri-

buted with the c. d. f. --1if furthermore
1) Pr(X £x,,X,8X 00 0 0 X Xy ) = F(X,X5,00 05K ).
If E,,E,,..., are a finite or enumerable number of disjoint sets,
2') Pr(X€E,+E,+...) = Pr(X€E,) + Pr(X€E,) + ...

By the methods used before we may now generalize the theorems (A) to (F) of §§2.11 and
2.12,

The discrete case and the continuous are defined by obvious generalization of
§2.12, and it 1s evident how mixed cases of various orders would now be defined.

2.2 Marginal Distributions

Suppose the joint c. d. f. of the random variables X,:X, 18 F(x,,xa), and con-
sider the probability that X1 ‘ X without any condition on X2:

Pr(x1sx1 ) = PP(X1SX1 ,x2<+CD ) b F(x1 ,.+® )o

This 1s called the marginal distribution of X,. We note that 1t is a bona fide distribu-
tion function as defined in §2.11, in fact, it is the univariate c. d. f. of X,. Simi-
larly, we define F(+oo,x2) as the marginal distribution of X5

For the discrete case defined in §2.12 we then have

F(x,,+0) = E:pj summed for all j such that X1y S x4
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For the continuous case,

1 F® X
(a) F(x,,+00) -( ( £(2,,8,008 08, = { £,02,)08,,
. @ -~ -00
where
.
£,0x) = { £0x,, 5208
-00

)
f,(x,) may be called the marginal p. d. f. of X
In the trivariate case we get besides the marginal distribution of each random

variable separately, for example,
F(x,,+® ,+® ) = Pr(x1gx1),
also marginal distributions of pairs of random variables, for example,
F(x,,x2,+ooi = Pr(X,§x,,X,$x,)-

For a k-variate distribution one likewise defines marginal distributions of the random
variables taken one at a time, in pairs,..., k-1 at a time. We note that all these mar-
ginal distributions satisfy the postulates (1), (2), (3),(1*), (2') for a c. 4. f.

2.3 Statistical Independence

Ir F(x1,x2) is the ¢. d. f. of x,,xa, then from §2.2,
Fi(x) = F(x,,+® ), Fy(x,) = F(+00,x,)

are the marginal distributions of X, and X5 respectively. We say that the random varil-
ables x1,x2 are independent in the probability sense, or statistically independent, if

(a) F(x,,X,) = F,(x;) Fy(x,).

It 1s easlly seen that a necessary and sufficient condition for the statistical independ-
ence of X, and X, 1s that their joint c¢. d. f. factor into a function of x, alone times

a function of X, alone, 1. e.,
F(x‘,xe) = G(x,) H(xg).

In order to see the probability implications of statistical independence, con-

sider any two intervals I, and I2 on the x, and X,-axes, respectively,

I,: x3 <x, {x,

. L
I,: x) <x, {x3,
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and let J be the rectangle of points (x,,xa) satisfying both these inequalities. Then
(b) Pr(x1,xa€J) - Pr(x1€I‘)°Pr(Xa€Ie).
For, by hypothesis, we have (a); hence

Pr(X,,X,€J) = Aip(x,,xa) = Fy(x])F,(x3) + Fy(x])Fp(x4) - Fy(x{)Fo(x3) - Fy(x])Fp(x}).

After factoring the right member we easily get (b).
By the same method, and with the aid of Theorem (B) of §2.11 and Theorem (C)

of §2.12 we get that 1if X, and X, are statistically independent, then
Pr(x,ux,,xz-xa) = Pr(X,=x, ) -Pr(X,=x,).

This 1s of importance for the discrete case. For the continuous case we may state the
following result: If f(x1,x2) is the joint p. d. f. of x1,x2, if fj(xj) is the marginal
p. d. f. of xi, j=1,2, and If x,,xz are statistically independent, then

£(x,,x,) = £,(x;) £, (x},)

wherever f(x,,xe) is continuous. At the points of continuity, we have from equation (a)

of §2.12,
2
f(x1,%,) = Ei?SKZF(x1’x2)

2
= 3x,3x%, [Py (xy)F,(x,)1
_ aF1(x1) ,aFe(xe)

6x1 ax2

= f1 (x1 )fa(xe):

the last step following from (a) of §2.2.
k random variables are said to be mutually (statistically) independent if their
Joint ¢. d. f. 1s of the form

F(x.‘ ,XQ,.. .,Xk) d F1 (11 )F2(x2)- . .Fk(xk),

where Fj(xj) is the marginal distribution of xJ. Two random vector variables X; =

(x11,x12,...,x1k1), 1 =1,2, are called statistically independent if the joint c. d. f.
of the k1 + k2 components is the product of the marginal distributions of X, and X,:

F(x”,...,x1k1;121,...,xak2) = F(X”,...,x1k1;+m,...,+w )‘ F'(+G),...,+Q121,...,X2k2).

The definition of the statistical independence of n vector random variables is made as
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the obvious generalization.

The concept of statistical independence is fundamental in sampling theory (§ki).
n random variables are said to constitute a random sample from a population (§i4.1) with
c. d. f. F(x) if their joint c. d. f. is F(x,)F(xe)...F(xn). If the population distribu-
tion is k-variate with c. d. f. I"(x1 »Xps ...,xk), then the n vector variables
Xi - (xi,,xia,...,xik), i1=1,2,...,n, are saild to be a random sample if the joint
c. d. f. of the set X, | 1s
n
]j:f]li‘(x11 XypseeesXgy)e
2.4 Conditional Probability

Let X be a random variable, and let R be any (Borel) set of points on the
x-axis. ILet E be any (Borel) subset of R. If Pr(X€R) # 0, we define the conditional
probabllity Pr(X€E|X€R), read "the probabllity that X is in E, given that X is in R", as

(a) Pr(X€E| X€R) = g%{%gg%.

The definition (a) extends immediately to any finite number of random variables. For
example for two random variables x, ’ Xa, R would represent a (Borel) set in the XX,
plane and E would be a subset of R.

Of particular interest 1s the case in which R 1s a set in the XX, plane for
which J(1€E1 where E1 is any (Borel) set in the domain of x1, and E 18 the product or inter
sectlon set between R and a similar set for which X,€E,, where E, is any (Borel) set in
the domain of xa. Here we may write E = E,E?_. The simplest case 1s that in which E1 is
an interval x; { x, { x7 and E, 1s an interval x} { x, { x3. Then R 1s the horizontal
strip xé 4 X, 4 x5, and E is the rectangle for which x| < x, { x} and x; < X, < x3. In
the present case, expression (a) may be written in the form

Pr(X,,X,€E)
(b) . Pr(x1€E1|x2€E2) = Wx—g—elEe—)— .

Because of symmetry, we may also write

Pr(X, ,X,€E)
Pr(X,€E,|X,€E,) = Pr(X,€E,)

In a similar menner we may write for the case of three variables
Pr(X, ,xe,x3€E1E2E3)
PriXy, X €E,E,)

Pr(X;€E; 1 X, , X,€E,E,) =

3

and so on for any number of variables. The relation (b) may of course be expressed in
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terms of distribution functions. In particular, if X, »X, have a bivariate p. d. f.
r(x1,x2), and E, is the set

(c) x}  x; { X}
on the x1-axie, and E2 is the set
(d) x,",gxagx,‘;J'h

on the ;2-&:19 , then E 1s the rectangle in the xlxe—pla.ne defined by (c) and (d). Equa-

tion (b) becomes

xé+h x'1'
g S f(x,,x,)dx,dx,
X X
(e) Pr-(x.l'gx1 x;’lxégxegxé-»h) - %1+h
S £o(x;)dx,
X3

1f the denominator does not vanish. If f(xI,xa) is continuous in the rectangle E, the

denominator may be written
h f,(5,), where x} < £, {x} +h,
and the numerator,
X3
S h £(x,,n,(x,))dx,, where x} { n,(x,) < x} + h.
X3
(e) may then be written

"
1

(£) [£(xy,ny(xy))/f5(5,)]dx,.

N

——

We note that the integrand, for fixed xé and h, has the properties of a univariate p. d. f.
We next assume that f,(x}) ¥ 0. Noting that Pr(x/{X,{x?|X,=x}) is not defined by (b), we
now define it as the limit of (e) as h — 0. The continuity we have already assumed 1is
sufficient to justify our taking limits under the integral sign in (f); the result is

"
1

Pr(x"sxigxﬂxa-'xa) - f(x1 |X2)d11,

M

1
1
where
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For fixed Xy r(x,|x2) again has the properties of a univariate p. d. f.; it may be
called the conditional p. d. f. of x,, given x,. We note that if X, and.X, are statisti-
cally independent, f‘(x1 lxa) = £,(x,).
Likewise, if random variables x,,,...,x,k;;xa,,...,x2k2 have a joint p. 4. f.
f(x”,...,x1k1;x21,...,xeka) we define the conditional p. 4. f.
I‘(xn,...,xm1 ;xm,...,xeka)

(h) f(x.”,...,xlk1'xe‘,...,xeka) = +00+00 »
g...f f(x11,o..,x“|k1 ;x21,..:,12k2)d.x‘1...dxlk

=00 - )

if the denominator is not zero.
2.5 The Stieltjes Integral

An important tool in mathematical statistics, which often permits a common
treatment of the discrete and continuous cases (and indeed the most general case), 1s the
Stielt jes integral.

2.51 Univariate Case

We begin by defining the Stieltjes integral over a finite half-open interval
a { x { b: Suppose we have two functions, é(x) continuous for a { x { b, and F(x) mono-
tone for a { x { b. We subdivide (a,b) into subintervals Ij:(x5_4,%4).by means of points
X, =8 <x, < X, oo X, = b. In each interval we pick an arbitrary point EJGIJ.
Denote by A‘]F(x) the difference F(xj) - 1’~‘(x:j_1 ), and form the sum

3 ’i‘b(;j) AjF(x).
=1
If Uj is the maximum of 6(x) in Ij, and Lj, the minimum, then

Ly  8(Ep) Uy,
(a) 8,8 8y

where
- m
SL = ;LJAJF(X)’
Sy = ;UjAjF(x).
Let € = ma.x(Uj-LJ). Then
J

m
08 -8, = %(UJ"Lj)A:}F(x) <€ ?IL‘_;AJF(J:) - €[F(b)-F(a)].
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Hence if the intervals I j are further subdivided, and this process is continued in such a
way that the norm of the subdivision, ¢ = max(x J-x j-1 ), approaches zero, then since ¢(x)

is uniformly continucus on (a,b),. € — 0, and hence

8y - 8, — o.
It is easily seen that SL is non-decreasing, and sU, non-increasing, as the subdivision
is made finer, a;d hence from (a), S approaches a 1limit. Since SL and SU are independent
of the choice of the arbitrary point ;j inI i therefore from (a), 61—1.13 S 1s likewise in-
dependent of this choice. Furthermore, 1lim S may be shown to be independent of the
method of subdivision. We call this limdigothe Stielt jes integral of ¢(x) with respect

to F(x) over the range a { x S b and denote it by

b
Sb(x)dF(x) = 1im S.
a 6 -0

Let us examine further the significance of the Stielt jes integral when F(x) 1is
a ¢. d. f. 1In the discrete or continuous cases: Suppose that F(x) 1s a discrete c. d. f.
with only a finite number n of jumps of amount p, at the points & in the interval (a,b).
We may assume tl'{&t the points are ordered,

(v) adsa, <a,<... < {0,

Since the points &, are isolated, eventually for any mode of continued subdivision, each
interval I j will contain not more than one point &, in its Interior or as right end point.
If Ij contains & , that is if X- (o g X denote it by Iy, and call the arbitrary
point Ej in this interval, £)!. Then

. if I, =1},
AJF(x)- 3pk Jok
o 1if Ij is not an I}'c'

3 =;¢(§f() Dy

Now as the norm 6 — 0, El,'c —a, 0(51‘() — b(ak), and thus

Hence

b n
(c) fox)arex) -; blay) Py-
a

It will be noted that the continuity of é(x) at the points & 1s essential. The result

(c) may be shown to remain valid in the case where there is an infinite number of points
of discontinuity of F(x) in (a,b).
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.

In the continuous case at points of continuity of the p. d. f. f(x) we have
dF(x)/dx = f(x), dF(x) = f(x)dx,
and hence we might write heuristically

(d) if(x)d?(x) = §b(x)f(x)dx.

The relation (d) may be proved as follows: We first assume that f(x) 18 continuous on
(a,b). Then in each interval Ij we pick as ;j the point for which

AyF(x) = FUE$(X57X5_q).

The existence of such a point 1s guaranteed by the mean value theorem. Then

m
S = %b(;j)f(g‘j)(xj-xj-1 ).

But by the so-called fundamental theorem of the calculus (actually, the definition of
the ordinary definite integral), the limit of this sum as the norm approaches zero is the
right member of (d). The proof can be extended to the case where f(x) has discontinui-
ties on (a,b).

We shall have need of the Stieltjes integral over an infinite interval. We
define 1t as

+@0 b
(e) g b(x)dF(x) = 1lim So(x)dF(x)
0 a— - a
b— +00

if and only if the limit exists as a— -, and b— +00, independently. In more advanced

work it is sometimes convenient to consider

+7
() um  §o(x)ar(x).
T— +@ -

This 1imit of course exists whenever (e) does, but the converse is false. (f) 1s called

the Cauchy principal value of the infinite integral. Unless the contrary is explicitly

stated, we shall always understand that the infinite integral connotes (e).

An intuitive explanation of the meaning of the Stieltjes integral will be
given in §2.53, where we shall also indicate how the Stieltjes integral may be general-
ized over any range which 1s a Borel set E. In the univariate case, the various expres-

sions for Pr(X€E) introduced in §2.11 may then all be summarized under

Pr(X€E) =S dF(x).
E
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2.52 Bivariate Oase

We limit our definition to the case where F(x,,xa) is a ¢c. 4. f. as defined in
§2.12. Let J be the half-open cell

(a) J: 8,{x, by, 8, {x, {D,.

We aasm::e db(x1 ,x2) is continuous on J (boundaries included). By means of lines parallel
to the axes, subdivide J into rectangles JJ' j=1,2,...,mi Let the norm 6 of the sub-
division be the maximum of the lengths of the diagonals of J j* In each cell Jj pick a
point (Eu, Ezj)' Define Aﬁl"(x1 ,xa), the second difference of F(x, ,xe) over the j-th cell,
as in §2.12, and form the sum

s - 5;;6(513:523)43§F(x1:xa)-

. By considering the upper and lower sums SU and SL, defined as in §2.51, we find again
that }_13 3 exists, and define i1t to be the Stieltjes integral of ¢ with respect to F
over J:

(v) j:rb(x,,xa)dr(x”xe) = }_13 s.

The remarks in §2.51 regarding the independence of (b) of the choice of (§1j,§2j) and of
the mode of subdivision remain valid.
As in §2.51 it may be shown that in the discrete case

where (x1k'x2k) are the points in J (excluding the left and lower boundaries) where the
probabilities are Py (see §2.12). In the continuous case we may derive

b, by
fo(%,,x,)aF(x,,x,) = § § b(x,,x)(x,,%,)ax, dx, .
J 'éé a.T

In the mixed case defined in §2.12, and in the notation employed there, it may be shown
that

b
- 1
§d’(x1,x,‘,)dli'(x1 ENE Zpaig 6(x,,x,,)f(x,1X,, )dx,, summed for all i such that 8,<xp4<b,.

a,

Denote by R2 the entire X,X,-8pace. We say that the improper integral

§2¢(x,,x2)dv<x,,x2)
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exists 1f and only if the limit

. aiziy_oo SJb(x1,x2)dF(x1,x2)
bi—# +00

exists, where J,a.i,b1 are related by (a), as a.1,a2,b1,b2 independently become infinite
(with the signs indicated).

A generalizétion of the Stieltjes integral to regions more general than rect-
angles will be given In §2.53.

2.53 k-Variate Case

We first define the Stieltjes integral over a half-open cell,

(a) _J: ai<xisb1, 1-1,2,...,1(.

We assume that F(x,,x,,...,x ) 18 a k-variate c. d. f. as defined §2.13, and that
¢(x1,x2,..,xk) 1s continuous in J (and on its boundaries). By means of hyperplanes

xy = constant, 1 = 1,2,...,k, we subdivide J into cells Jj’ J=1,2,...,m. let 6§ be the
length of the longest of the diagonals of the cells Jj. Define Z&%F. the k-th difference
of F over the cell Jj as in §2.13, and form the sum

k
s gug,j,...,smmjm

where (§1J,...,Ekj) is an arbitrary point in JJ’ Under the hypotheses we have made, S
converges to a limit independent of the choice of (§1j""'gkj) and of the mode of sub-

division, as 6 — 0. We define

§6(x;,.0 0, )dR(X,,000,% ) = 1im 8.
6—-»0
J
Let Rk be the entire x,x,...x, -space. The Stieltjes integral of ¢ with respect to F
over Rk 1s defined as in §2.52.
Next, let us define the integral over a region K which is the sum of a finite

or enumerable number of half-open cells J1; 1=1,2,...,

{ 6ar = };S bdF.

X Jy

To define the integral over any (B-measurable) region E in Rk we cover E with a region of
the type K just considered, :nd then take as the integral over E the greatest lower bound
of the integral over K for all possible K containing E:
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§odP = g.1.b. { éaF.
E K2E

In terms of our general definition of the Stieltjes integral we see that

b
focx)ar(x) = (ocx)ar(x)
a I

only if I is the half-open interval a { x { b. For the closed interval we would have to
add 6(a)[F(a)-F(a-0)] = 6(a)Pr(X=a) to the left member; for the open interval, subtrect
6(b)[F(b)-F(b-0)] = 6(b)Pr(X=b).

Specializing now to the discrete case, we may say that the most general such
case can be described as follows: There 1s a finite or enumerable number of points

(x1j’x2j""’xkj)’ J=1,2,..., and associated positive numbers pj,§pj = 1, such that
F(x1,...,xk) -Z\Zp1 summed over all 1 such that x,, $ XyseeesXqy 4 Xy
In this case

deF - Zb(x,s,...,xks) pg summed over all s such that (x,s,...,xks)eE.
E

In the continuous case

gw' - Sbfdv,
E E

where dV 1s the volume element 'dx,d.xa...dxk. In the most general case

SdF = Pr(X€E).
E

It 1s heipful for some of us to develop an intuitive feeling for the

Stielt jes integral. Consider first an ordinary integral

Sh(x1 yoeesX )V,

E
where h 1s continuous. We may conceilve of the integral in a Leibnitzian (non-rigorous,
but sometimes fruitful) sense: The k-dimensional volume E 1s partitioned into tiny
volume elements dV. These are so small that the function h is "practically constant*
over any dV. We multiply this "practically constant" value of h by the volume dV and,
sum over E. Now a c. d. f. Rgt,,...,xk) defines a probability distribution over Ry, of
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which it is sometimes convenient to think as a mass distribution. We think of dF as
being the amount of mass or probability in an infinitesimal volume element dV, whether
it be concentrated at points, along curves or surfaces, or smeared out as a density. We
weight the "practically constant®™ value of ¢ in dV with the amount dF of mass or proba-
bility, getting ¢dF, and we sum over E. The reader may see that the definition of gtdF
over a half-apen cell J is a rigorous polishing up of the process we have described:

In place of dV we use the cell Jj' in place of A4F we use:ﬁ%?, the probability that a rar
dom point be in JJ’ we multiply not by the "practically constant" value of ¢ in Jj, but
by any value it assumes in Jj’ and finally, instead of merely summing, we take the 1limi
of the sum.

2.6 Transformation of Variables

Suppose y = y(x) is a (B-meas.) function of x. Then if X is a random varial
with c. d. f. F(x), Y = y(X) 1s also a random variable with ¢. d. f. G(y) calculated a

follows:

G(y) = Pr(¥Sy) = Pr(y(X)Sy) = ~§: dF(x),
Yy

where Ey i1s the totality of points on the x-axis for which ¢(x) g y.

More generally, suppose (x,,xe,...,xk) is a random vector variable with c.d.
F(xl,xa,...,xk), and LTS FYRRRYY ¢re (B-meas.) functions of X 9Xpseee, X
¥y = wl(x1,x2,...,xk). Then (Yl'Ye"”'Yh)’ whqre Y1 - wi(x1,x2,...,xk), i1s a random

vector variable with c. d. f.

G(Y} 2 PYRRR ’Yn) = SdF(x1 RYERY :xk)t
Ey1 N PYERRID AN

where Ey i1s the region in R, defined by Yy (X,,X5,.«+,X) 4 V4o 1 =1,2,..0,n0,

1'7§; ma;yge shown that 1f X1,x2 are random (possibly vector) variables, and
that 1f Y1 = w,(x1), Yé = wa(xa) are (B-meas.) functions, then if X, and X, are statis-
tically independent, so are the random variables Y, and Y,.

Transformations of discrete variables offer no especial difficulties, so we
consider in the following sections transformations in the continuous case.

The theorems obtained there are essentially corollaries to corresponding
theorems on the transformation of integrals, single and multiple. Rigorous proofs of the
theorems on integrals may be found in standard real variable texts. For the student in

this course the insertion at thls point of heuristic proofs which will strengthen his_
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intuitive grasp seems desirable, and accordingly we employ the infinitesimal arguments
so useful in applied mathematics.

2,61  Univariate Case
Suppose X is a random variable with p. 4. f. f(x). Let y = &(x)

be a monotone transformation having unique inverse x = b"(y), and such that ¢'(x) exists.
Now consider a new random varisble Y = $(X). The problem here is to determine
Pr(y<dé(X)<{y+dy). Now since y = ¢(x) is monotone, it 1s clear that the values of x for
which y ¢ &(x) € y +dy(dy>o) will lie on an interval (x,x+dx) depending on y, where dx

may be positive or negative depending on whether ¢(x) is monotone increasing or decreas-
ing. Since x = 6~'(y) by the inverse of the transformation y = é(x), then expressed
in terms of y, the interval (x,x+dx) becomes (¢~ '(y), ¢ '(y+dy)). Hence the value of
Pr(y<d(X)<y+dy) is given by determining the value of Pr (x{X{x+dx) = Pr(é¢”' (y)<X<(d™ ' (y+dy))
1f dx > 0 or Pr(x+dx{X<{x) = Pr(b"(y+dy)<x(¢'1(y)) if dx is negative. In either case the
probability 1s, except for differentials of order higher than dy,

f(x)ldx| = f<x>|g§|ay

where x 18 to be expressed in terms of y. We may summarize as follows:

Theorem SA!: Let X be a' continuous random variable with probability element

f(x)dx, and let y = ¢(x) be a monotone transformation with inverse x = ¢~ '(y) such that

¢'(x) exists. Then except for differentials of order higher than dy

Pr(y{6(X)<y+dy) = g(y)dy
where g(y) = f(x)lg”r‘l expressed in terms of y.
Example. Suppose

f(x)dx = e *dx  (x0)
= 0 dx x<0

and that it 1s desired to find Pr(y(xe<y+dy), i. e., the probability element of
¥, 8ay g(y)dy. We have the transformation y = xe, or x = ¥y and hence

-x ,dx -y
(y)dy = ¢ X 1S¥|dy = o — ay.
gly)ay dy y 2"; Yy
2.62 Bivariate Case
Suppose
(a) Vi = T (x0X5)s Ty = Tplxy,X%,)

are functions of x,, X, with continuous first partial derivatives. Let f(x,,x,) be the
Joint p. d. f. of X1 and xa. We shall assume further that the transformation (a) is
one-to-one, that is, the relation between the x's and y's 1s such that corresponding to
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each point in the X, X, plane (or that part of it for which the probability function
f(x,,xe) ¥ 0) there is one and only one point in the ¥1Y, plane and each point in the
7,95 plane which has a corresponding point in the X,X, plane has one and only one corres-
ponding point in the XX, plane, the relation between any point in the X,X, plane and its
corresponding point in the y,’ye plane being given by (a). Let the inverse of the trans-

formation (a) be
(®) X =% (3432), X = Xp(TyYa)-

Let the Jacobian of the transformation (b) be

ax1 ax,
alx,,x,)  [3¥, a3y,

(c) - _ . " lex, ax
3y, av,

If X,, X, are random variables, then ¥, = ¥, (X,,X;) and Y, = ¥,(X,,X;) will also be ran-
dom variables. The problem here is to determine the p. d. f. of Y, and Y,‘,, say g(y1 ,ye),
from f(x1,x2) the p. d. f. of X,, X, and the transformation (a). In other words, the

problem 1s to determine

(d) Pr(y,<Y,<y,+dy, ¥,{¥<¥,+dy,)

to within terms of order dy, dyg.
Consider the infinitesimal region R in the Xy,X, plane bounded by the curves

whose equations are

Y1 = y-| (x1sx2), YQ = ye(x1:x2))

(e)
Iy ¢+ dy] =7, (X1,X2), y2+dy2 = YQ(X1,X2),

where dy, >0, dy2>0.

The situation is represented in Figure 2.

X2 .
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Now the probability (d) is given by S § £(x,%,)ax,dx,. By the mean value theorem for
integrals the value of this integral 1a f(x],x})dA where (x},x}) is some point in R and
dA is the area of R. We must now find an expression for dA:
If the coordinates of P, in Figure 2 are (x,,xa) then the coordinates of
Pa' P5, P, are
ax, ox, ax, ax,
Py: (x4 37, dy,, X + 3, dy,), Py: (x4 33, dy,, x,+ 37, dy,),

(f)
8x1 ox, ax2 ax,‘,
Ph: (x1+ é—y—1 dy1+ '«'ﬁ; dye, X+ gﬁ- dy1+ Ey—e dy,‘,)

except for infinitesimals of order higher than dy, and dy2. To show this it 1is suffic-
ient to consider only one point, say P,. The coordinates of P, are given by (f) when y,
is replaced by ¥, + dy1 . We have

Xy = X, (yy+dy,,7,) |

x2 =X (¥1+d¥1 372)0

But x (y1+dy1,g ) = x(¥,,7,) + a—dy1 + terms of order (dy, )2 and higher and xe(y1+dy1,y2)
- X,(¥,¥,) + 3_' dy, + terms of order (dyl) and higher. But (X,(¥,,¥,)s X5(¥,7,))

are the coordinates of P, which have been indicated by (x,,xe), thus showing that the
approximate coordinates of Pa are those stated in (f). A similar argument holds for

the approximate coordinates of P5 and Ph'

It 1s clear that P,, together with the points represented by the approximate
coordinates of P2, PB » P, glven by (f) form a parallelogram R'. Now it is known from
coordinate geometry that if (x1,x2), (x;,xé), (x;',xg) are three vertices of a parallelo-
gram, then the area of the parallelogram is given by the absolute value of the deter-

minant

1 x, x,‘,l

|

Hence the area of the parallelogram R' 1s given by the absolute value of
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! X Xa ax, ax,
a:, ax,‘, 9y, 74 a(xrx?)
® | Ry @RS | 7 g an, | TV " AT, Wi
ax ax 3y, a7,
1 2 2 2
’1 X+ s-i-e- dya Xy 3-’,—2 dy2

But since the coordinates of the vertices of parallelogram R' differ from the corres-
ponding coordinates of the corresponding vertices of R by terms of order higher than
dy, or dy,, it follows that the area of R (1. e., dA) differs from the area of R' by
terms of order higher than dy, dy,‘,.

Since f(x,,xa). the p. d. f. of X,, xé, 1s continuous, we have that f(x;,xé)
differs from f(x1,x2) by terms of order dy,dy,,where (x,',xé) is any point in R. There-
fore we have the result that the probability expressed by (d) is equal to

(h) f(x,,x,) W

dy,dy,,

where the x's are to be expressed in terms of y's by (b). It may be verified by the
reader that

-1

a(x,,x,)  [aty,,3,)

3(y,,7,) “laﬁ,.xe) :

We may summarize in the following:
Theorem Q: Let x,, X2 be two continuous random variables with p. 4. f.

f(x,,xe). let y, = y,(x1,x2), ¥, = yz(x1,x2) be a transformation with a unique inverse
x, = x,(y, ,ya), x, = X,(¥,,7,), such’ that the first partial derivatives of the y's with

respect to the x's exist. If the random variables y,(x1,x2) and y,(X,,X,) are denoted
by ¥, and Y2 respectively, then

a(x«l'x )
Pr(y, <Y, <1443y 7,0 <0408 = £(x1,%,) | g5y | Ov10,,
alx,,x,)

where x, and x, are expressed in terms of y,,y, by (b), and B—‘W is given by (¢).
Example: To illustrate the transformation problem for two random variables,
suppose the probability element of X, and X, is

T %xf—- %xg
f(x, ,xg)dx1dx2 =%a © dx1dx2
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defined over the entire x, »Xy plane. To determine the p. d. f. of Y, and Y, where

X
\/"E"'!‘ -1 ™M
Y, = X;+X5, Y, = tan x_z .

The transformation involved here is

defined over that part of the y,,y, plane for which y, 29, 0y, {2n. The in-
verse of the transformation 1is

X, = ¥, cos J,

X, =T, sin Yo
We have
a(x,,x,) cos y, - ¥, siny,
3(y,,7,) | siny, 7y, cosy, |~ Iy

Therefore by Theorem (B, the probability element of Y., Y, is

- ly2
1 291
2n ® ¥,dy,dy,,
2.63 k-Variate Case
Let the joint p. d. f. of X,, Xyseees Xy be f(x1,x2,...,xk), and introduce new

random variables Y,, Ye""’Yk by means of the one-to-one transformation
(a) yi-yi(x1,x2,...,xk), i=1,2,...,k .
Let the inverse (which will be unique ) of this transformation be

(b) Xy = X4 (715000005 )s 1=1,2,...,k,

and its Jacoblan

ax‘ 4‘:)x1 ax1
o,
O(X, )X p00e,X
(O) a:y::yz:...:yii- eeessess 0o »
2% % ... 2%
% W,

assuming, of course, that the first partial derivatives exist.
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By pursuing an argument similar to that used in the bivariate case, we find
that the probability element of the Y;, say g(y,, YosreeerYy) 4y, ...4y, is given by

a(x1 1Xpsees ,xk)
(d) f(x1 1Xgse ..,x.k) 6(y1 Tares "yk) dy1dy2. . .dyk,

where the x's are to be expressed in terms of y's by (b).

This covers the cases where the number n of new variables equals the number k'
of original varisbles. It can be shown that if n ) k, there exists no p. d. f. for the
n new variables. (Note here the complete generality of the treatment by means of the
c. d. f. in §2.6). If n { k the usual method of getting the p. d. f. of the new variables
is to adjoin further variables to fill out the number of new variables to k, use the
above procedure, and then "integrate out" the extra variables by getting the marginal
distribution of the n variables whose p. d. f. is desired.

2.7 Mean Value

We begin with the definition of the mean value of a random variable in gen-
eral and then consider in later sections the mean values of particular (random) functions
of especial interest in statistics. If X is a random variable with c. d. f. F(x) we
define the mean value of X as

+®
(a) EX) = {xaF(x).
-0

This is also called the expected value of X.
If Y= ¢$(X) 13 a continuous function of X, then the c. d. f. of Y 18 (§2.6)

G(y) = [ar(x),
Ey
where Ey 1s the set of polnts on the x-axis such that ¢(x) { y. From (a),

+®
E(Y) = Sy dG(y),
-®
and this may be shown to be equivalent to
+0
(b) E6(0)] = {o(x)ar(x).
-m

If reandom variables X, ,xe,...,xk have the c. d. f. F(x‘,xa,...,xk), and

y= d>(x.|,x2,...,xk) is continuous, then from the definition (a) it may be shown that
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(c) E(6(X,, X500 sX )] = l:dF'

where Rk is the entire k-space. Of course if the improper integral does not exist in
the sense explained in §2.5, ff., we say that the mean value of ¢ does not exist. In
the 1ight of the intuitive discussion (§2.53) of the meaning of a Stieltjes integral, we
see from (c) that the mean value of ¢ may be regarded as an average over k-space of the
function ¢,--the average being taken over volume elements dV, and the welght assigned to
each contribution being the total probabllity in dVv.

For the discrete and continuous cases, the expressions (b) and (c) may be
analyzed into the forms given in §§2.51, 2.53.

2.71 Univariate Case; Tchebycheff's Inequality

The mean value of Xi,

+00
W' = E(XY) = SxidF(x), 1m 0,1,2,0..,
-0

is called the 1-th moment of the distribution F(x) about the origin. pé = 1 for any

F(x); u; = E(X) 1s called the mean of X, also the mean of the distribution,and denoted
by a. The 1-th moment about the mean 1s defined to be

+@
() wy = Elx-a)t] = (x-a)tarix), 1=0,1,2,...

-®
For any F(x), p, = 1, u, = 0. The variance of X, or the variance of the distribution,
1s defined to be Koo and 1is denoted by the special symbol oﬁ. oy > 0 is called the
standard deviation of X or of the distribution. A formula for expressing py in terms of

“i’ Pi_1,.-.,p; may be obtained by using the binomial theorem in (a) and then integrating
In particular, we find that -

An important theorem about arbitrary distributions with finite variance 1is
contained in the Tchebycheff inequality:

(b) Pr(|1X-aldso,) § 1/6°.

To prove (b) we break up the integral for
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]

(c)

where the intervals I, 12, I

Now in I1

Hence

(d)
Similarly,
(e)
Finally,

(f)

Using (d), (e), (f)

+00

0'32{ = S (x-a)edF(x’) =S+ §+ S,

-0

3
I,:
IQ:

IB:

1

f(x-2)2ar(x) ) 6%
1

I, 1, I,

are defined by

-o {x{a-do,
a - do, {xg{a+ doy,

a+60, (x{+ .

Ix-al > éo,

SdF(x).
I

fx-a)2aP(x) ) 6% [aF(x).
f

3

in (c), we get

Iy

((x-a)%ar(x) 2 o.
I

2

6%% S dF(x) { o2

Il+13

This is easily seen to be equivalent to (b).

2.72 Blvarlate Case

For the distribution F(x1,x2) we define moments "ij about the origin by

where R2 1s the entire x

mean of X, has alreaedy been defined in §2.71; we denote 1t by ay.

1

X

2

1] 1
by = BOGXY) = Sx1x

-space.

JaP(x,,x,), 1,j=0,1,2..,
RQ

Since X, has the marginal distribution F,(x,), the

In view of the re-

marks in §2.7, we may calculate a, from either of the intcgrals
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+@
8y = Sx,dl?, (x;) = Sx1dF(x1 Xp) = kige
-00 R2

Similar statements apply to a, = E(xe). We note "06 = 1, The point (a,,ez) may be
called the mean of the distribution, the moments k1] about the mean for F(x, ,x2) are de-

fined by

(8)  pyy = LK -8 (Xpma,)3] = [(x-a)) (xpma,)daR(x, ,x,), 1,5 = 0,1,2,...
R,

For any F(x1 ,xa), Koo ™ 1s By ™ Boy = O- The variance of X, has already been defined

in §2.71; we note that 1t 1is 0'12{1 = Rpg* Likewise, 0-52 = koo The remaining second

order moment Big is called the covariance of X, and xe. The quotient

(b) P12 = 1y /"'x1°5:2

is called the correlation coefficient of X, and x2. By means of the Schwartz inequality
1t may be shown that -1 ¢ P12 £ 1. As an exercise the reader may show that if X, and X,
are statistically independent, then Pio = 0, but the converse is false.

The reader may also verify that a necessary and sufficient condition for
Pro =1 1s that all of the probability in the X,X, plane be concentrated along some
straight line with positive slope. (For P10 = -1 the slope must be negative.)

Formulas giving the moments about the mean in terms of the moments about the

origin may again be obtained from (a); in particular, it is found that

Hyy = Bi1788p,
°'§1 = "éo'a?’
°32r2 = “62'8‘3'
and these expressions may then be substituted in (b) to evaluat; the correlation coef-
ficient in terms of the first and second order moments about the origin.

2.73_ k-Variate Case

The moments p' of a distribution F(x,,xe,...,xk) about the origin are defined

as

dy
uj’ja....jkﬂE(x x oou ji=1 1dF, Ji-0,1,2,ooo'
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where Rk 1s the complete k-space. For any F, "50...0 = 1. The mean of X,, defined in
§2.71, may now be seen to be p{oo.no, and can be expressed also by means of integrals
with respect to marginal distributions of various orders. We denote E(X,) by a,, and
note that the above statements apply to a, = E(xe)""’ak - E(xk). The point
(a,,8,,...,8. ) 18 called the mean of the distribution, and the moments y about the mean

are defined to be

k 3 k I
P-J‘Ijaaoojk - E[E(xi'ai) ] = I H (Xi‘ai) dF, Ji - 0,1,2,.00

Ry

We note Hoo...0™ 1* In order to simplifyy the notation, we specialize the following re-
marks to the variable x, or the pair X, ,xa; their generalizations are obvious:
K oo...0 = O- The variance of X,, defined in §2.71 1s seen to be P200...0° The covar-
iance of X, and Xa, defined in §2.72, 1is H1100...0° &nd the correlation coefficlent of
X,and X, 1s
1
P12 = *1100...0/ ®200...0 Fozo...0)°

These quantities may all be expressed in terms of the first and second order moments
about the origin.

2.74 Mean and Veriance of a Linear Combination of Random Viariables

Suppose we have k random variables X, 1X55000,%, the c. d. f. of X, being
Fi(xi). Let their ‘joint c¢. d. f. be F(x1,x2,...,xk). Fi(xi) is then the marginal dis-

tribution (§2.2) of xi; if the xi are mutually (statistically) independent

k
F'(x1 1Xpseee ,xk) = HFi(xi),

but we shall not assume this. let y = d(x1,x2,...,xk) be a linear function,
. k
(a) Y- Zaixi.
1=
k
Then Y = \p(x1 ,xe,,,,,xk) - ?“ixi is a random variable (§2.6), its c¢. d. f. G(y) is
- °
G(Y) - IdF(X1 ,Xe,...,xk),

k
where Ey is the half-space defined by 1Za.1xi~g y.
-
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In accordance with the notation established in §2.73, denote the mean of Xy
by a,, its variance by a-2 which we shall now abbreviate-’to a'f, and the covariance of
Xy and X, by g9 G- Denote the mean of Y by a, its variance bya’

It is helpful to note that E is a linear operator: if ¢, and 62 are contin-
uous functions of X, ,xa,...,xk, and A and B are constants,

E(Ab,+Bb,) = L((Ao,me)dr = A[6,dF + B[0,dF = A E(4,) + B E(d,).
From this we get immedlately, because of (a),
) (Y) f E(X,) >
b a=E - a = L8, .
( £, 1B(Xy) = 2 8y
Note that for the validity of this result it is irrevelant whether or not the E_i' are

statistically independent.

Next let us calculate the variance of Y:
k k
0% = BI(¥-2)%l = Bl oyXy-D e %]

3 S°
2
- Bl oy (Xy-ay)1%1 = 512 ayey(yray) (pay)]

- S, .1“iQJE[ (xi'ai)(XJ‘aj )]

k
() oy - g o *1°193PL

where Pyg = 1. If the )(1 are mutually independent, then Pij = 0 for 1 4 j, and

(d) 0' - Zaia‘e

1=1

Covariance and Correlation between two Linear Combinations of Random

Variables

Suppose Ya and Yp are each linear combinations of random variables. The ran-

dom variables in both combinations may be the same, or none of those appearing in Y, may

appear in Yp » or there may be an intermediate degree of overlapping. All of these cases

may be covered by assuming that
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Y, 'g“i"u Y, - é,nixp

where the a4, 4 are constants and the X, are random variables with joint c. d. f.
P(x, ,xa,...,xk). For example, the case of no overlapping would be obtained by requiring
%fhy = 0, 1=1,2,...,k. If E(xi) = 84, then from (b) of §2.7%,

E(Yq) = g“i‘i’ E(Y") - 12-1”19‘1'

Hence the covariance of Ya and Yﬂ is

k : k k
BIIY,-E(Y,) 1%, (Y, ) )] = Eu;ai(xi-aim;nj(xj-aj)1r - % 4P 15151p: 51

where o"‘i’ is the variance of x1 and "_1‘73?1 j is the covariance xi and xJ. Hence the cor-

relation coefficient between Ya and Y[5 is

1%: X1P3o1o3P1

k ’
%fiﬂ%”jl’iﬂ/é;ﬂ 1R 1019301 5

from (b) of §2.72 and (¢) of §2.74. Special cases of this formula for the correlation

(a) chx”

coefficlent are much used in education and psychology in connection with tests.
2.76. The Moment Problem
The general moment problem (univariate) 1s twofold: (1) given an infinite

sequence of numbers 1, "1" p,:,,..., does there exist a distribution with these numbers as
momenta? and if so, (11) 1s the distribution unique? It is usually only the problem
(11) that arises in statistics. It may be shown that whenever the moment generating
function b(®) (see §2.8) exists for -h { € { h, h > 0, there is a unique' distribution
with the moments b(i)(o).

Necessary and sufficient conditions for the unique determination of a

#$ then 1s analytic in a strip containing the imaginary axis, hence the characteristic
function §(t) = é(1t) 1s analytic for all real t, and this is a sufficient condition for

aleatoires, Monographies des probabilite’a, Paris, 1937, p. M1,
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distribution by its moments are extremely complicated,‘ but the following theorem” "
gives an easily applied sufficient condition of Carleman:

Theorem (A): A aufficient oondition for the uniqueness of a distribution
with moments p 1s that the series Z ()" /?™ diverge.

F’or a multivariate distribution with moments p' define

(a) Ay = P{o0...0 * H0100...0 ** " - *H),..001 °

A sufficient condition of Cramér and Wold"X for uniqueness is Theorem (B), of which (A)
may be regarded as a special case:

Theorem (B): If the series g (é\em)'1/ 2m diverges, where Ay 1is defined by
o=
(a), then the distribution F'(x1 1Xpsee .,xk) 1s uniquely determined by its moments.

2.8 Moment Generating Functions

When the moment generating function (m. g. f.) of a distribution satisfies a
certaln condition given below, then the moments of the distribution may easily be found
by differentiation of the moment generating function. The use of the m. g. f. also per-
mits the easy determination of the distribution of certain functions of certain random
variables. We consider in detail the

2.81 Univariate Case

For any distribution F(x) we define the m. g. f. as

(a) o(8) = E(e®X) = E"meexdF(x).
-

If we proceed heuristically, we may write

q @ +0 4 +®
(b) 6(10) = 15y [ e™arim)lg = | 1&g &1y, aFix) - ERGETE
e J_ de o

Let us now consider under what conditions uj = ¢(1)(0).

In order that ¢(e), considered as a function of a real varlable, possess de-

rivatives at € = 0, 1t 1s necessary that ¢(e) as defined by (a) exist in a nelghborhood

*H, Hamburger, *{ber eine Erweiterung des Stielt jesschen Momentenproblems", Math.
Annslen, vol. 81 (1920), pp. 235-319, and vol. 82 (1921), pp. 120-164, 168-187.

##H, Cramér and H. Wold, "Some theorems on distribution fwactions®, Jour. London Math.
Soc., vol, 11 (1936), pp. 290-294.
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-h{ < h, h) 0. (Note that in any case $(0) = 1 1s defined by (a)). We see now that

this restricts the class of functions F(x) under consideration. Our definition (§2.51)
+® o}

of the infinite integral j implies the existence of g and S . Hence as x -+ o,

o

F(x) = 1 sufficiently rapidly so that

..

+00
- Seh'xdF(x) { o,
0

(c) M1

and as x » -, F(x) =+ 0 sufficiently rapidly so that

0
(d) M, = g e MXaF(x) ¢ .
-

This means that F(x) possesses moments of all orders: To demonstrate the finiteness of

+00
- 1
vy 5 x~dF(x),
-0
conslider
+00 +00
j xlar(x) =§ xlar(x) + | (xle™MX)e MXap(x).
0 a

Choose a so large that x e ~hx {1 for x > a. Then the second term of the right member is

less than M1 defined by (c); the first term 1s certainly finite, and thus

’ +00

[ xtar(x) < .
o
Similarly by use of (d) we may show
0
g xidF(x) { o,
oo

and hence |ujl { @ for all 1.
We now state the heuristically obtained relation (b) in the form of
Theorem (A): If the m. g. f. &(8) of a ¢c. d. f. F(x), as defined by (a),

exists for -h { & { h, where h > 0, then the 1-th moment of F(x) about the origin 1is

F‘j'_::‘b(i)(o), 1=0,1,2,...
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The proof of this theorem may be based on the theory of the bilateral Laplace
transform and 1s beyond the level of this course.

The m. g. f. if it exists 1s uniquely determined by (a). The converse" is
stated in

Theorem (B): If F(x) has the m. g. f. 6(6), and ¢(e) exists for -h { e { h,
h > 0, and if the ¢. d. f. G(x) has the same m. g. f., then G(x) = F(x).

The reader may write out an expression for é(e) in the discrete case, which 1s
a sum of terms, and an expression in the continuous case, which 1s an ordinary integral,
by using the analysis of §2.51.

We note that 1f Y = ¢(X) 1s a continuous function of X, and G(y) 1s the
c. d. f. of Y, then the m, g. f. of G(y) 1s

+00
5e®) = BEe® X)) - { ¥ ™arc).
-®
If this exists for |6l { h (h>0) and 1s recognized as the m. g. f. of & known distribution,
then thecrem (B) determines G(y).

In certaln problems, particularly in sampling theory, it 1s important to know
the limiting form of a c¢. 4. f. F(n)(x) as n » @of a function X, of n random variables.
The m. g. f. offers a powerful method for determining the 1limit of this distribution.

The method 1s to obtain the m. g. f. of Xn, say bn(e); then 1if on(e) has a 1limiting form
as n -+ @ which 1s the m. g. f. of some c. d. f. F(x), we may conclude under certain con-
ditions thatnI%FOOF(n)(x) = F(x). More precisely we shall state the following theorem
without proof , *#**

Theorem (C): Let F(n) and O(n)(e) be respectively the ¢. d. f. and m, g, f.
of a random variable Xn(n=1,2,3,h,...). If é(n)(e) exists for 16l < h for all n and if

there exists a functlon ¢(e) such that Lim ®(n)(e) = ¢ (8) for |6l { h', then Lim F( (x)
n- o n)
= F(x), where F(x) 1s the c¢. d. f. of & random variable X with m. g. f. ¢(8).

*D, V. Widder, The Laplace Transform, Princeton University Press, 1941, p. 240,

»+If the integral defining &(e) exists on the real interval (-h,h), it exists for complex
6 in the strip determined by the condition that the real part of 6 be in the interval,

and ¢ is an analytic function in the strip: see Widder, loc. cit. Hence if for F(x) and
G(x) the moment generating functions colncide in the interval, they colncide in the strip.
For coincidence in the strip there is a unlqueness theorem: Widder, p. 243,

*#*For proof, see J. H. Curtiss, "On the Theory of Moment Generating Functions", Annals
of M:th. Jtet., Vol., 13, No. 4, pp. 430-433,
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2.82 Multivariate Case
The m. g. f. of a distribution F(x,,xz,..,xk) is defined to be

K
i 8 X Lé ;%

(a) 6(6,,8,,...,8,) = E(ei'1 ) = drF.
Ry
We assume
(b) 6 exists for -h { 6, {h, h > o, 1=1,2,..k,

and then may consider restrictions on F(x), analogous to those of §2.81, implied by (b).
We state without proof
Theorem (A): Under the assumption (b)

+ioteeet
aj1 32 jk

T b(e,,ee,...,ek)} .

[ IR T S
Jidgeede ae"i‘aegg...aek Jer=6 = =g =0

Theorem (B): If ¢ satisfies condition (b), 1t lniquely determineg F.
Let Fi(xi)’ with m, g. f. ¢i(ei) , be the ¢. d. f.'s of mgtually independent

variasbles xi, 1 =1,2,...,k. Then the joint c. d. f. 1s
(c) F( ) !RIF( )
c X, 93K pee0sXy ) = b

1! 2’ ’k =11 i!

and the m. g. f. of F 1s

k
Zeixi +(De X
b(e,,0,,...,8,) = Je¥™' ~ aF = IjSe Pap, (xy),
R, -®
(d) ' @(61:92:-00191() = ﬁ1®1(ei)'

By the uniqueness Theorem (B) it follows that if the m. g. f. 1s (d), the distribution

1s (c).
Theorem (C): Suppose that random variables Xi, 1=1,2,...,k, have ¢. d. f.'s

Fi(xi) with m. g. f, ¢1(ei), and that all ¢1(ei) gatiasfy condition (b). Then the X1

are nutually independent if and only if the m. g. f. & of the joint distribution F fac-
tors according to (4).
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The theorem 13 also valid in the case where the Xi are vector variables (then

6, are also vectors).
If Y1 = wi(x,,xz,...,xk), i=1,2,...,t, are continuous functions, then a

method of determining the joint c. d. f. G(y1,y2,...,yt) of the variables Y; is to form
the m. g. f. of G; 1t 1s

geiYi éeiwi(xl,xz,...,xk)

¢(e1)e2}"°}et)=Ee = Efe

t
B U (X, ,XnpeeerXy)
- ‘feﬁgi A bl K- k dF(x,

Re

2,...,xk).

If this exists for Ieil {h>o0,1=1,2,...,t, 1t uniquely determines G(¥1s¥pse--5¢)

2.9 Regression

2.91 Regression Functions

Ir Xl, Xe have the joint p. d. f. f(x1,x2), we define the regression function

8. 4 of X1 on X2 as the mean value of X, for a fixed value Xy of X5 i. e.
2
+@
(a) a1.x, = B(X1X=x,) = jx1f(x1'x2)dx1’
o >
e o)

where the conditlional p. d. f. f(x,!xe) 1s defined by (g) of §2.4. We note that the
regression function (a) i1s a function of x, only. The graph of this function is called

the regression curve. If the regression function 1s linear,

(b) a = E(X1lx2=x2) = bx2 + C,

1'X2

then we say that we have a case of linear regression, and call b and ¢ the regression

coefficients. The reader may show that 1f X1 and XE are statistically independent, then
the regression of X1 on X2 is linear, with b= 0 and ¢ = 8y, the mean of X1. We remark
that the regression of X1 on X2 may be linear, while that Qf X2 on X, is not.

Ir X1, Xg are discrete random variables, then in the notation of §2.12, we
define the regressicn of X1 on X2 only for X2 = X5y i=1,2,..., by
(c) 8y, = E(X,1X=X,) =ijx1j/£pj,

2
)

where both summations are made for all j such that xgj = Xy For the mixed case des-

cribed in §2.12, we define the regression of X, on X, by
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+00
= B 1 Xpmpg) = %y £0xy 1%y )ax,
-

(d) a,,

1x2

We shall 1imit the discussion for more than two variables to the continuous

case. For k random variables X1,X2,...,Xk, let f(x1lx2,x3,...,xk) be the conditional
p. d. f.-defined by (h) of §2.4. Then we define the regression function of X1 on

X X3,...,Xk to be

+00

(e) a1~x2x .y = E(X1Ix1=x1,1=2,3,...*) = j x1f(x1|x2,x5,...,xk)dx1.
3 -®

If this function of xe,x},...,xk is linear,

(f) al-x2x3...xk = E(X1lxi=xi) = Eg;beJ +

then the regression 1s said to be linear and the bj

ients. Similarly, we may define the regression function of any X on the remaining X's.

and c are called regression coeffic-

We note in conclusion that a regression function mey always be regarded as the first
moment of a conditional distribution.

2.92 Variance about Regression Functions

The variance of X1 for a fixed value X, of X2 is defined as

-a

(_——58

2
1%, (xq Ixp)axy -

is, in general, a function of Xps and 1ts mean value o’

1.2 with respect to X, is

known as the variance of XIabout the regression functlon of X, on X,. That 1s, we have

-

@® O @O
(b) 0'$.2 = j«f,x f,(x,)ax, = S (X,-8, 4 )E‘f(x,,xz)dx,dxg.
o7 Jo 2

In the k-variate case, we have

2
(c) a3, = j(x -8 (X, IX X, .., )dX
1 XKy oo o Xy 1 1-x?x5...xk 177273 k 1?

and the variance of X1 about the regression function of'x1 on xe,xj,...,xk 1s
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[0} @
2
(d) o._ = 0'2
1 230..]( -Sm'°'-§cn ,.x2x3...xkf(xajxajooo)xk)dxaooodxk

0
- I__.J‘(x,-al,x XX )af(xl,xe,...,xk)dxid.xa...dxk.
~® -0 23 k
The quantities given by (a), (b), (c) and (d) may be similarly defined for discrete and
mixed cases, and also for empirical distributions.

2.93 Partial Correlation

Suppose x,, x2,...,xk i1s a set of random variables. The covariance between
any two of the variables, say X, and X, for fixed values of any set of the remaining var-
lables, say X, X, ;5+0sX (2rsk), 1s defined as

® 00

)(x )f(x1x2|xr...xk)dx1dxe.

a) ¢, . =\ ...\ (x,-a,, -a,,
( 12-X Koy e o Xy S S IR TS = SRE JRACY Jar TE 1 SN 5

-0 -

with respect to XpoXp 109Xy

Let ¢ K be-the mean value of ¢

12.r(r+1) 120X X qeee Xy

@ @

(b) Cizer(re1).k ™ j;..5°12-xr x
-0 “m

f(x eeoXy, Ydx .. .dX
re1 ot Xy rra k/p X

@

(¢ o]
= 8”'&(1(1-8'1-)( x, ) (X785 x x
o - rr4 k r41 k

)f(x1,xz,xr,...xk)dx1dx2dxr...dxk

The partial correlation coefficlent py,.n(p,q),, . Petween X,, X, with respect to X,
xr+1,..,xk 1s defined as

Ci2-r(r+d.. .k

(c) P;z'r(rﬂ)...k-
°-‘I'r.(l"."l )oook 6-2 I‘(P+1 )'ook
The quantities defined in (a), (b) and (c) extend to dilscrete and mixed cases.
2.9% Multiple Correlation

A procedure which 1s often carried out in statistics is that of determining

actual regression function is "not quite" linear. The procedure is perhaps more often

carried out with an empirical c. d. f. Fn(xl’xe""xk) than with a probability c. d. f.
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Here, we shall only consider the case of a probability c. d. f. where the variables are
all continuous. There will be analagous results for discrete and mixed cases (and also
for the empirical distributions).

In this problem we let X,, X2,..,Xk be random variables with c. d. f.
I"(x1 1Xpse .,xk) and determine the constants b,, b,,..,b so that the mean value  the square
(xI-b1-1=2b1x1)2 is a minimum, 1. e., so that

® @
(a) S = 5 j (x,-D, ;bixi) dF(X,,X,, 5% ) = E[(X,-D, fbixi) ]
- -0
is a minimum.
The values of the b's which minimize S are given by solving the equations
%%1 = 0, (1=1,2,...,%. Writing out these equations we have (after dividing each equation

by -2):

b b &, b a ces bkak = 0,

(b) b132 b2022 3023 e bkczk = 0,

Cix P18y becke 3%3" " "bkckk - o,

where ay = E(Xi) and cyj = E(xixj). Substituting the value of b, from the first equation
into each of the remaining equations, and setting Cij = cij-aiaj = E[(Xi-ai)(xj—aj)],

the covarilance between X1 and xj, we have the followlng equations to solve for
b?’ b}".’bk:

(¢) Zbic1J

(j =.2,3,...,k)
1=2

€

from which we obtain by using Cramér's rule for solving linear equations

(d) by = > C,:C
. = J
j=2
cofactor of C,. in |C, .|
where Cij - 13 1]
Icijl being the determinant . 09?023 R
CB°035 ?Bk

CkQij « e . Ckk
It 1s assumed, of course, that this determinant # o. )
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For the value of b, we therefore have

- f{ - %j 1]
e b a, - bsa a, - a,C, :C .
(e) U I~ e e v AT

The least squares regression function of J(1 on XQ,XB,...Xk i1s thus

(f) b, + ébixi.

where the values of the b's are given by (d) and (e).
If we substitute the minimizing values of the b's, given by (d) and (e), in

(a) we obtain the minimum value of 3:
: 13,2 k 13
Min(s) = E[(X1-19.1 -1 (Xi-ai)C1JC )]l = Ciy - 2 E C1iC1jC
»J=2 »J=2

(8) '
+ i 2:‘31301?011'01301"1' .
1,5'=2 1 =2

If wé sum the last expression first with respect to i1, we find that % Cii,Ci'j =1 1if
1=2
i'"= j, and = 0 1f 1' # j. Hence sumning on i and lr(;utting i' = j the last expression
reduces to ﬁ: CleU.,CJj' which is the same as > _ CuCUCij. Thus denoting Min($)
=2

-2 1rj =2
by 97.5 3, % WO have
=2 _ g ij
(h) Tr.23..k T O 1’j=201101jc

Cpy Cpp v o v Oy

=10y Cppe v (fzk

G Geo v - Ckk

To show that 0112,23._ x ey be expressed as this ratio of determinants, let us note that

the determinant in the numerator may be expressed as

(1) 011011 + 012612 + e + C1kC1k|



§2,94 II. DISTRIBUTION FUNCTIONS 45

~

where 'C,i = cofactor of 011 in the numerator determinant. Now, for i = 2,3,..,k,
(J) 311 bl 312'00158154'...4'011(3&)

where aij i1s the cofactor of Cij in the determinant lcij| , (1,)=2,3,..,k). Hence the
numerator determinant may be expressed as
(k) c,.C,, - i c, E
1171 £ Cy1Cy
t |Ciil =T,,(1,J=2,3,..,k). Dividing expression (k) by C,, and remembering that

e

1"
as the ratio of determinants given in (h). The quantity 01,23“.1: is the variance of X,

J(1 j=12,3,...,k, we therefore establish the fact that cr.l .23...k MY be expressed

about the least-square linear regression function (f), and should not be confused with
k &8 defined in §2.93. .

2
%1.23...
The correlation coefficlent between J{1 and the regression function (f) 1s

known as the multiple correlation coefficient between X, and XQ,XB,..,Xk and 1s denoted
by R1 -23...k* To obtain an expression for the multiple correlation coefficient, we
first determine the covariance between J(1 and the function (f), which 1s

X
- - 3y = 1]
(1) E[(X, aﬂ(%e(xi a;)¢4;0M)] %ecucuc .

The variance of X1 is C11 and that of (f) 1is

g 15,2
El (X,-a,)C, .C ’
( = 14 a'i) 1] )¢l

whose value 13 equal to the last expression in (g), and which has been reduced to
k

iEj cuc, jcij. Hence the multiple correlation coefficient is
s J=2

' i 1
4{‘—_ L1101 56 = / _2011C1j° ]
Rios..k = =
V \/i c 1cucij Cr

It will be observed from (h) that

(m)

&2 « = Gy, (1-RY,

- 23...k 1-23, k)’
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and hence by §2.72, Rf k= if, and only if, all of the probability in the

*23...

k-dimensional space of the random variables lies on the least-square regression surface

% 1]
X, -~ 8, = (x,-8,)C, .C"¥,
1 1 3 1717

It should be noted that a partial correlation coefficlent between X, and X,
with respect to xr, xr+1, ey Xk could be determined for the case of a linear least-
square regression function by replacing a and a by the corres-,

VX X qee e Ry 2 Xy Xnpr e o Xy
ponding linear least-square regression functions in determining Cloep(r+1).. .k’

Tyep(pe1).. .k %2 p(r+1).. .k B §2.93.
Again, we remark thet analogous results can be obtained by using an empirical

c. d. f. Fn(x1,x2,...,xk) instead of a probability c. d. f. F(xl,xe,...,xk).



CHAPTER III

SOME SPECIAL DISTRIBUTIONS

In the present chapter, the notions of the preceding chapter will be exemp-
1lified by considering certain distributions that arise frequently in applied statistiecs.
We shall begin by considering distributions for the discrete case. Since the distinction
between the random variable X and the corresponding independent variasble x of the dis-
tribution function has been made clear, we shall henceforth denote both by the lower
case x unless this leads to ambiguity.

3.1 Discrete Distributions

3.11 Binomial Distribution
An important distribution function of a discrete variate is the binomial dis-

tribution which may be derived in the following manner. Suppose the probability of a
"success" in a trial i1s p and the probability of a "fallure" is q = 1 - p. For e-ample

the probabllity of a head in a toss of an "ideal" coin is % and the probability of not a

1

head (a tail) is 1 - =73 We can represent these probabilities in functional form

-

f(a) where f(a) = p for o = 1, a success, and f(«) = q for ¢ = 0, a failure. In other
words f(a) 1s the probability of obtaining a successes in a single trial.

The probability assoclated with n trials which are mutually independent in
the probability sense 1s

f(al) . f(ag) - f(an).

The probability of x successes and n - x failures in a specified order say

°t.|=1,°:2=1,....,ax3=1,a = 0,000y, = 0, 18

X+1 n

The number of orders in which X successes and n - x fallures can occur is the

number of combinations of n objects taken x at a time which 1s

n!

() n’x = xT{n-x)7°
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These an orders are mutually exclusive events. Hence, to find the probability B(x),
say, o exactly x successes irrespective of order we add the probabilities for all of the

an orders, thus obtaining
(b) B(x) = C,p*q" *.

B(x) will be recognized as the (x+1)-st term in the expansion of (q+p)n. This demon-
strates that the sum of the probabilities 1s equal to unity, 1. e.

25"" = 5 0" " = (qp)" =1.
Xx=0
Hence ' B(x') 1s clearly a c. d. f. F(x).
* To derive the moments of the distribution B(x) we will find it convenient to
use the m. g. f.

n
(c) b(e) = E(e*®) = x; nCxe¥p ¥

= io Oy @™ ¥ (pe®)* = (qspe®).

X=

The h-th moment of x can be expressed as

h
E(x?) = u S0 ¢(e)

h
LX:) 8 =0
In particular the mean E(x) is
(d) pt = & (qspe®)® = npe®(q+pe®)™! I = np,
= 0 =20

and the second moment about zero 1s

2
ny = ai-g (q+pe®)™ = npe®(q+pe®)™”! + n(n-1)p%e?®(qs+pe®)" "2 I

® 8 =0 6 =0 8=0

=np + n(n—1)p2.
Therefore, the variance 1is

(e) oF = np + n(n—1)p2 - ngp2 =np - np2 = npq.
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Example: Applying the binomial distribution to the coin tossing problem,
we have p =  and q = 3. The probability of x heads is

B(x) = Co($)X(HF = 0 ()"

The mean and variance are, respectively,

In deducing B(x) we have assumed that p remains constant from trial to trial.
If the probability is different for each trial, our conclusions must be modified. Let 1
be the probability of a success in the i-th trial (1 = 1,2,...,n) and Q =1 - py the
corresponding probabllity of a fallure. Let

p=%§pi, q-;‘i%%."‘p'

Then the expected value of x = iai, the total number of successes in n trials, 1s
1=1

E(a,+...40y) = E(a,)+...+E(a,) = p;+...+p, = np.

The varlance of ay is P4Qy-. Since the trials are independent the variance of x = ;§;¢1
-

is gpiqi.

Noting that Py =P+ (pi—p) and q = q- (pi-p) we can write the variance

n

n n
(1) Z (p+(py-P)lla-(py-pP)] = Z[pq-(pi-p)(p-q)-(pi-p)2] = npq - Z(Pi'P)a-
1=1 1= =

This 1is obviously less than the varlance, npq, we found above. When the probabllity 1s
constant from trial to trial, the distribution 1s known as the Bernoulll case; when the

probabllity varies, we have the Poisson case.
Iﬂ §2.71 it was proved that if a variate x 1s distributed about the mean a

with the variance 02, we have the Tchebycheff 1nequality

1
Pr(1x-al>éo) 22

for any 6)0. In the binomial distribution x has mean np and variance npq. Let us change
to the variate r = %, the "relative frequency" of successes. We have E(r) = E(%) = %E(x)

- 9;‘-; = p. Similarly, crf, e P-g. The Tchebycheff inequality states that
2
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~ . Pr(lr-pi>g]§9) < 6‘—2

If we choose § ‘I;;;, this 1inequality becomes

(8) . 2 v
Pr(| r-pIDa) £ % C X3

Inequality (g) expresses what 1s known as the
Law of Large Numbers: For any given positive number A, the probability that

r will deviate from p by more than A can be made arbitrarily small by choosing n suffic-

iently large.
Roughly speaking, the larger the value of n, the more the probablility

"piles up" around p (the mean of r) such that in the limit (as n — o ) the probabllity
is all piled at p.
In the example of "ideal” coin tossing r is the ratio of number of heads to

(I
Pr(lr - %I)A) [4 ;iéi? . Z:{ﬁ;

{
Example: If A = 0.1 and n = 100, we have Pr(|r - I21) < ;ﬁL 1 In other
words, the probability i1s less than E%L -that the relative frequency of heads will
deviate from - by more than o.1.

3,12 Multinomial Distribution
An immedlate generalization of the binomial distribution 1s the multinomial

total number of tosses. Then

distribution. Suppose an event 1s characterized by a variate that can take on one and
only one of k values, say Yys Yopseoes Yo For example, 1f the event 1s the throw of a
dle and if y is the number of dots appearing on the top face, y can take on only one of
the values 1, 2, 3, 4, 5, é in each throw. It should be noted that the k mutually ex-
clusive kinds of events may not correspond to k values of a ong-dimensional variable y.

Thus, if C1, C ooy Ck are k kinds of events, (e. g., the sides of a die may be

E
colored rather than numbered) one and only one of which will occur in each trial, then we
may let y be a vector with k components (y(1),y(2),...,y(k)), such that the value of the
vector for an event of type C, is (1,0,0,...,0), the value for one of type 02 is
(0,1,0,..4,0), etc. For convenience, we could denote these values of the vector y by
Yys Yo etc., and proceed as in the cuse where Yis Ypseeees ¥ are different values of a
one-dimensional variable y.

Let the probability of y being ¥y be Py where fg;p1=1. The probabllity assoc-

lated with n trials is
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f(y“ ))of(Y(Q))n-f(Y(n));

where each of the y's will have one of the values ¥ys Y50,V where f(yi) = p1(1-1,2,
«+eyk). We now wish to find the probability that X, of the y's are ¥ 's, Xy of the y's
are ye's, ete., ( Xy = n).
1=1
The probability of X, events characterized by ¥,, etc., occurring in a speci-
fied order, say y“) =Vyreees y(x1) =Y y(x1+1) i YRR y(n) = Vg is
b4 X X X, X X
£3,) '1(3,) 2eently) K= p, Tp, By K
The number of different orders in which we can get X, ¥,'s, etc., 1s the number of ways
in which n objects can be permuted where x, are of type C,,...,xk are of type Ck’ that 1is
n! .
X Ix T T
x1 !xel .0 lxk.
So the probabllity of X,V 's, X, yz's, etc., irrespective of the order in
which they occur is gilven by adding the probebilities of various possible orders. We

obtain
- n! X %o *x
(a) M(X.',Xe,..-,xk) = W p] ].')2 ...pk

This may be recognized as the general term in the expansion of (p1+p2+...+pk)n. Hence,
the sum of M(x1,x2,..,xk) over all partitions of n, that 1s, all sets of xi( -n,xizo)
is unity.

To find the means, varlances, covariances, and higher moments we set up the

iy
(b) 5(8,,8,,...,8,) = Ele

! 2%y X, x, Xk
zx X j x.7T ¢ Py Py eeePBy
xi=n .Io 20... ko

8, X 6. X Gk X,
n! 1\ 2,72 k
= T (p,e ) (p,e °) “...(pe ")
;i___n PORFIS PR R EAR S 2 Py

L) Gk)n

= (p1e 1+...+pke

m. g, f.
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The mean of Xy is

) e Ok
1 -1
(c) E(xi) - g—g1| - 'npie 1(p1e +.. 04D 0 »
9'6-0 e'g—o

= npio

" And
2 -]
E(xi) = -::Q = np,e i(p1e

) _ 20 e -
14-...+pkeek)n L n(n-1 )pie 1(p1e 1+...+pkeek)n 2

8's=0

o

6's=0
2
= np; + n(n-1 )pi.
Therefore, the variance of Xy is

(a) o-ii = np, + n(n-1)pf - n®p} = np, (1-p;).

In a similar manner we find the covariance between Xy and xJ to be - npipj. It 1s clear
that the binomial distribution 1s the speclal case when k = 2.

3.13 The Poisson Distribution
The Polsson distribution is in a sense a particular limiting form of the bi-

nomial distribution. We shall deduce 1t from geometrical considerations. let AB be a
line segment of length L and CD a segment of length 1 contained in AB.

J i [l |
T T T

A c D B
Pigire 3

Let the probability that a point taken at random falls on an interval of length du be
% ; that 1s, the p. d. f. of u 1s a constant., The probability of the point falling in
CD 1s % If we let n points fall at random on AB, the probability that exactly x of them

fall on CD is given by the binomial distribution ((a) of §3.11)

n!

B(x) = zrraegyT (270 £

)n‘x .

Now let n and L increase indefinitely in such a way that the average number of
points per unit length i1s a finite number k # 0, 1. e., %—) k. Now

B(X) = n‘n" )n.o‘n'x*']l (%_1_.))((1_

[x!n¥)

1,n-x
U

n
L

So the limiting value of B(x) for a given x is
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X+1

101- Ly - 2 : x_-k1
Lim B(x) = Lim L D (f1*o- P Lypx o (le_?__ )
n,L~m n,L~® : .

Let k1 = m, and we get the usual expression for the Poisson distribution
-m_X
(a) p(x) = -‘"‘-—i—.““— :

The sum over all x 1s seen to be 1,

@
-m ) ° )
E g—mef =@ m(1+m+§T+...) =e MM =1,
X=0
The m. g. f. 1s
® oo}
- X _ 0,X - e e_
(b) 6(8) = e n1§ X %T - e E gmng_ = o I me® _ em(e 1)
X=0 X=0

From this we derive the moments about zero in the customary manner.

e-.
E(x) = g% = meeem(e 1) = m,
=0 6=0

(c) 2 6_ o_

E(x?) = Q_% = meeem(e 1)+ m20261=rm(e 1) =m+ m".

d =0 =0

Therefore, the variance 1s equal to the mean,
(d) o? =m+m - m2 = m.

This argument given for one dimension immediately extends to two or more di-
mensions. For example, for two dimensions we would tuke AB mnd CD to be regions of the
plane, the latter contained in the former, and %X to be the limiting ratio of the number
of points per unit area. The Polsson aistribution is applicable to problems dealing with
occurence of events In u time interval of a given length sucii as emlssion of rays from
radioactive Substances, certaln traffic problems, demunds for telephone scrvice and
bacteric count in cells.

Example: Let us consider the following problem as an example to whilch the
Poisson distribution is applicoble. If X-rays :=re considered ws discrete quanta end
if the ebsorption of k or more will ki1l a certain unicellular organism, what is the
probability that an orgunism of a given size S on a glven glass slide will cscane
death by X-ruys after helng exposed for t seconds? On the cssumption that the
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projection of the organism of size 3 on a plane has an area of a, and m is the
average number of rays striking an area of size a in t seconds, and the rays
appear independently and at random, then the probability that x of the X-rays
hit the organism in t seconds 1is

e X

p(x) = =51 .

k-1
Hence, the probability of survival is > p(x). The average number of rays ab-
sorbed by the survivors is X=0

Sxp(x) ;\;TLP(X).

X=0

3.14 The Negative Binomial Distribution
Another discrete distribution which is closely related to the Bernoulli bi-

nomial distribution 1is the negative binomial. If we expand, according to the binomial

theorem,
(q - p)¥

where q =1 +p, k > 0, p ) 0, we get as the general term

(@) o g @,

When we Interpret this as a probebllity function of x, p(x), it 1s called the negative
binomial distribution and 1s defined for x = 0, 1, 2,... We notice that the sum of p(x)

for all x is unity,

QO [e0]

X=0 x=0

The m. g. f. 18

o] ©
- -k 6x [(k+x) ,p\x _ -k [(k+x e? x PR - L) ¢
(b) 5(6) Zoq e Fed (@) - XE o7 TR (B = (a-pe®y K,

From this we fird the mean

(e) B(x) = 3%

= pe®(q-pe®)” (K+1) ' = kp
60 6=0
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and

2
E(x?) = 28 | = kpe®(a-pe®) ¥V 4 k(ke1)p%e8(q-pe®) K*2) | wip 4 ke(kat )PP,
¢ om0 =0

Therefore the variance 1is

(d) o? = kp + k(k+1)p? - k%p® = kp + kp? = kpq.

The similarity of this m, g. f. and these moments to those of the positive binomiasl dis-
tribution should be noted.

It can easily be shown that a special limiting case of the negative binomial
distribution is the Poisson law. If we let p — 0 and k — @ in such a way that

lim kp = m,

then

-k [(k
i (1+9) M %)

= lin YL o) (emm 1) (o) (B)F(1E) X

= 1im (1*1[2")_1{ ;—(l (1%)(14-)—(1:{—1).._(1‘112) mx (1*1%")'X
k-0 !

Sem

If we make a change of parameters, we have the usual expression for the

Polya-Eggenburger distribution. Let
k=1, p = d.
Then the distribution may be written as

- %r(}é”() d X
(e) P(x) = (1+d) = =g (73)°
x!(3)

This distribution, one of a number of contagious distributions,is useful in describing,

for example, the probabllity of x cases of a given epidemic in a given locality.
1
q
a "fallure" in a trial, then it will be seen thut (a) is the probability that x + k trials

If we interpret = as the probabllity of 4 "success" and g as the probability of

will be required to obtaln k successes. For the probability of obtaining k - 1 successes
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and x failures in x + k - 1 trials is

x+k=1 py% 1,67
&G

-1 X

Now the last trial must be a success. Therefore multiplying this probability by (é),
the probability of success, we obtain (a), the probability that x + k trials will be

required to obtain k successes.

3.2 The Normal Distribution

3.21 The Univariate Case. A very important distribution is the normal or

Gaussian distribution

2,._ 2
ke'h (x-c)

defined over the range -oo { x { co where k, h, and ¢ are constants.. Various attempts
have been made to establish this distribution from postulates and other primitive assump-
tions. Geuss, for example, deduced it from the postulate of the arithmetic mean which
states, roughly, that for a set of equally valid observations of a quantity the arith- -
mqtic mean 1s the most probable value. Pearsonderived it as a solution of a certain
éifferential equation. It can be shown that it is the 1limiting distribution of the
Bernoulli binomial distribution. We shall not derive the normal distribution from more
basic considerations, but we shall observe that it arises under rather broad conditions
as a limiting distribution in many situations involving a large number of variates.

We can determine k in the distribution by requiring that the integral over the
entire range be unity. If we let u = h(x-c), we wish

2
SdF(x)-lfi? e du = 1.

-

®
2
To evaluate the integral I = S e ¥ du we observe that
-

® o
2_ 2
1° = S Se-u V' dudv.
“®-®

Changing to polar coordinates u = r cos €, v = r sin e, we get

2 2
re T dr de = g
0

o
12=S
0

f\)lQa
(s -]

= (.

Oc——8

Therefore, we take k = E .
! V1t



§3.21 III. SOME SPECIAL DISTRIBUTIONS

21

The mean of the distribution is

® 2 2
E(x) -V—;F:. S xe N7 (%) gy

=@

® 2 2 @ - Py
- 11% S ce h (x-¢)%gy +V§S (x-c)e P (x-¢)" 4y,
- -0Q0

The latter integral is zero because the integrand 1s an odd function of x - c.

@ 2 2
a=E(X)=C\E—: S e P (x=¢) gy = ¢,
-®

The variance is found by integration by parts,

We usually write the normal distribution with ¢ and h expressed in terms of a and 0'2.

respectively, 1. e.,

(a) £(X) m —— e
ento

We shall refer to this distribution as N(a,o-e).

So

To find higher moments (about the mean) it is convenient to use the m. g. f.

of the normalized variate 3%& .

X-a
b(e) = E(e?(T7 )) = L

e e 20 dx
2no
(00 __‘I_[X"a - e]2+1‘62
= V-L— S e o 2 dx.
one vy
Setting Lo_a - 8 =y, the last integral becomes
1.2 . 1,2 1,2
IR URE-AEE-L 3°
- \ e dy = e
Vett o
Hence,
1,2
2°

(b) < b(e) = e
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It should be noticed that the normal distribution 1s symmetrical with respect to the
line x = a, its mean. The smaller the value of o is,the greater the concentration

about the mean. In fact ¢ is the distance from the mean to the points of inflection:
f(x) .

'
'
'
)
|
|
[}
I
)
il

o

1
q
®
®
+
q

Figure &
Because of its wide application and because of 1ts theoretical importance, the normal

distribution has been the origin of much of the terminology and many of the concepts in

stetistics.
The integral 5
u
® "z
—‘—Se du = 1 - F(x)
Vor ;
is widely tabulated; the ordinate
_x
e 2

Ven

is also tabulated in many places. The value of x for which

-X

is called the probable error and is approximately .6745.

It can be readily verified by applying Theorem (C) §4.21, that as n — @ the
normalized variable X-IR , where x 1s distributed according to the binomial law, has the
npq
limiting distribution N(0,1). For we may write

X
x-np #n—i -ph

Vnpq \ra
where X,,X,,..,X are independently distributed according to the law p(x) = px(l-p)1'x,
1
(x=0, or 1). The mean of this distribution is E(x) = ;z;xpx(1-p)1'x = p, and the vari-
ance 1s o° = ;é%(x-p)epx(1-p)1'x = pq. The applicability of Theorem (C), §4.21, is then
X=

obvious.
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3.22 The Normal Bivariate Distribution

The extension of the normal probability density function to the case of two
and Xy, 18 straight forward. We replace (x-a)2 by & quadratic form in
The distribution may be written

variables, X,

b 4 -a,andxa-a

1 2°

1
-5 Q
Ke 2
where Q = A..¥7 + 2A,,¥,¥, + Ay,¥o, ¥y = Xy - 8y, and K, A;; > 0, Ay, D 0, A,, are con-
stants such that A, A, ., D Afa. These inequalities on the A's are necessary and sufficient

11722
conditions for Q to be a positive definite quadratic form in ¥, and Yoo i.e.,Q>0

unless y, = ¥, = 0. We wish to determine K so that the integral of the p. d. f. over the
xz-ple.ne i1s unity. The integral transforms to

o 1 2 2
- (A ¥T+A, Y +2A, Y. T,)
2171171 22727 2 2
KS Se dy,dy,
(a) - -
a 2 2
A A A
® © 1 2 12 12 2y 1
- SA (Ty+2g— TVt ¥3) - 3Aym —2) ¥3
- K Se 2 TR T A$1 2’ 7 2V227 Ay, 2 dy,dy, -
=00 -00

>

If we let ¥, + Aﬁ Yo = 24, and integrate z, and Y, in (a) from -0 to +00, and use the

11
fact that

@ 2
X o X ax -E (c>0),
-

we obtain for (a)

27T

AyiAgppmhAy

K.
12

If the integral 1s to be unity, we must choose

where A 1s the determinant

We may, therefore, write the distribution us
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] 4‘2,'
- L A - -
(b) !A e 2 1,j=1 ij(xi ai)(xj aj)'
where A1j = Aji'

In order to find the means, variances, and covariance of X, and Xp) it will

be convenient to obtain the m. g. f. of (x1-a1) and (xe-ae), 1. e.

?: oy(xymag))

d:(e,,e ) = E(e
00 -%Q"éei(xi'ai)

fe T dx, dx,.
-

(c) A
= en

8<———~:8

Letting Xy “8y =Yy, We have

1 z
fo'o) = Ay sYay+l 8,
3 13917 191
YA 1, 5= 1
6(e,,8,) = £ S Se »J dy,dy,

(d) )
A -] A A -A
2 2_ 1 12 1291781195 » i
_IAS S o 1 1" 11 dy, dy
2 200~ 1ie

A, 8%4+A,  02-2A. . 0.0 cofactor of A,. in A
22 1 12 1212 . A'02,A%%62428' %0, 6, where AlJ = PR .

where R =

Making the change of variables

A 8 A 8. -A, @
12, U9 129174118
EARR wou R WS R I Zpe

and integrating with respect to z, and z,, we obtain

(e) b(e,,0

Now consider the problem of finding the mean values of x; and Xye We have

E(x,-a;) = 8%1

- (e1A”+eQA12)¢(e1,92) = o.

01-62=0 91=62=0

Hence E(x1) = a,. Similarly E(xe) = a,.
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To find the variances and covariances of X, and Xy, WE must take second derivatives,

Thus to' find the variance of X, we have

2
2 a " " 12,2 n
q-? = E[(x1-a1) ] = -a—e% = [A +(61A 492A ) ]@(91,92) 91-92-0 =A .
1
91=62-0
Similarly,
a—g = A22.

For the covariance, we have

2
P9 = El(x,-8,)(x,-8,)] = 5661662

01=-62=O
12 11 12 22 12 12
= [A°+(8,A  +8,A °)(0,A"+0,A °)]b(8,,b,) 8,=6,=0 " A'C.
If the three equations
c? = A11
2 22
_al2
o0,p = A
are solved for A”, A12’ AQQ, we obtuin
" -
(8) Ay = Ay = s, A = —E—
11 o?(1-P2) s Hoe a§(1-P2) 2 0105(1_P2)

We may summarize as follows:

]

Theorem (A): If x,, X, are distributed according to the bivariate normal dis-

tribution 2
1 §
E - -51’ ,:1Aij(x1'ai)(xj"‘j)
(h) 1T e ’

the m. g. f. of (x,-a,) ;a;x_g(xg-ag) is given by (e); E(x4) = a4, (1=1,2); the variance

of Xy is A:"i (1=1,2) and the covariance between x, and x, 18 A'2, Ay Ayys Ay, are

expressed in terms of variances and the correlation coefficient between x, and x, by (g).

Expressing A”, A12’ A22 in (h) in terms of of o-g and P the distribution

(h) may be written as
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)2

1 (x,-8,)° , Far%)” (x,-8,)(x5-8,) ]
(1) e 2% o oz o193 .
Eﬁa:‘a'e V‘l-P

The marginal distribution of (1) with respect to X, 1s the distribution of
x,. Thus integrating (1) with respect to X, we obtain as the distribution of x,

_aEe)’
2
f] (x‘ ) - ) e 0.12 .

Tzmor

A similar expression holds for the distribution of X5
‘e would also like to know the conditional probability function

15'(x1 ,x2)

f(x?Ix1) -m .

Substituting the expressions for f(x,,xe) and f,(x1) from (a) and (b), respectively, we

find ) 2
: [x,-a,~p ?;-(xra, )]

2 63(1-92)

(J) £(x,1x,) 1
!Xy = =2
2
\ens, f-¢2
-
Thus, for a fixed value of Xy X, i1s distributed according to N(ae-opg?(x,-a, ), o-§(1-92)).
In a simlilar way we can show that the marginal distribution of X, 1
N(aa,crg) and the conditional probability of x,, glven X 18 N(a1+P%(xe-aa),crf(bpz)).
It will be observed that 1if p = 0, the marginal and the conditional probablility distribu-
tions of x, (or x,) are identical.
Since the omnditionaldistribution of x, 1s N(a2+p°_ (x,-a,), 5(1—92)), the mean
value of x, for the interval (x,,x +dx,) 1s simply a2+p°_ (x1 -a,). So the regression

function of X, on x, 1s linear, that 1is,

-
(k) 32,x1 =8, +p o_—‘? (xq-84).
Similarly

a bl
(1) 1.X,= 8, +p -5.; (x5-8,).

Since o- (1~p ) 1s the variance of X, about the mean a,, X, in the conditional probability

distribution, the nearcr p is to 1, the smaller is this variunce. Ifp =0, X, does not
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depend on X, the two variates are independent and

(xymey)? (x,-8,)°
o 1 2

1 . .
f(xl,xa) m‘ e ‘E:;; e

3.23 The Normal Multivariate Distribution

Let us now consider the extension of §3.22 to the case of k variates.
Let
1
-3 (x4-84)(x:-a;)
aiﬁ;’_]Aij S el

f(x1 1Xgyee .,xk) = Ce

where || Aij |1 1s a symmetric, positive definite matpix, that “'Aij - Aji and
_1A13t1tj > 0 for real t,, not'all zero.

We wish to determine C so that the integral over the entire range, - <{x;{c,
is unity. We must have

1,

®  ® ISA (x-a)x-
é- X ...S ° QZ ij(xi ai)(xj aj)dx"..dxk.
- -0

To evaluate this integral, we transform the variables. Let

Xy -84 =7y
Then
1 2 %, d
=) ...\ ® Y190« dVyer
-® -0

where Q = Ay Y1T:e
1%5_, 159195

Now we can write
..a""ﬂr-i 2 Ayqh,
= At Er‘n b 2 Ry TAD g

e Mgy
=32
2.| - y,l + ’

1

A A ’
(1) bt -
Aid - Aij " ’ 1,J 2,nl’ko,
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Then

o' o - +A,,2° £ alt) ]
1 2t 1*1%2 R RERE!
I ’- dz,dya...dyk.

The range of z, 1s -0 { z, ( @.
We should observe that the quadratic form is again positive &efinite, that is,

A”sf + 1’%;\{3)313‘1 >0

for real 8, not all zero. For if there were such a set of s's for which this quadratic
form were zero or negative, it would be implied that there is a set of t's for which
_11!'41‘1t1'c‘1 {o. .

We continue this process, in turn letting

1
é_ Ay
T2 = Yo+ oy

22

i,

Ne o o o

k"™ Y

and correspondingly

(2) _ (1) At af})
Aij uAij-—iTT)-——' i,:]‘},...,k,
22

(k-2) Al(cl-(;all Al(< 12?1)
hac A .
-"’ -

(k-1)
Ay =
Each quadratic form in this sequence is positive definite by the foregoing argument. The
integral becomes

1y 2. 1,(1) 2 1p(k=1),2
- A 25 2AL 25 - 5 z
1 T ? o 2 m%17 202277 Mk kdz1...dzk.

The final quadratic form is positive definite,so A, > o, Aé;) > 0, ...,A&q) > 0. Hence
we can integrate on each z in turn, using the fact that

Te-cxe T
.

-®
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Therefore, we get .
2

(21)
1 k-1
 CIYSR DAL 7

1
[

To find the value of é, let us evaluate by Lagranges' method (known also as
pivotal condensation) the determinant of Il Ay j I

'A' - A,, A’a eoee A1k -A11 1 A12 R A1k "
A
A, A e A 21 A eees A
21 Y22 °*° 2k A 22 ° 2k
. AR
: By
Ak1 A’k2 ceee Akk A_1—-Al{2 cesen Akk

If we subtract A12 times the firsu colum from the second, etc., we get

IAl = A, 1 0 .« e e . 0
' 521 A A21A12 Y AgiAy
KTT 22" 1 2k 1
A, A A A
LA Agihqp %1 M1k
2 . . . A -
Ay 11 kk 11
(1) (1)
=Ay; Agp’e v o o Ay
A1) (1)
Ake""Akk

Continuing in this way, we find the value of the determinant

(a) Al = a8 A,

Therefore, the constant we are seeking 1s
C = ﬂlLE :
(2m)?

and the normal multivariate p. d. f. 1s

k
-2 (x,-a, )(x -8 ).
5 f:§=1 1j(xgm8 ) (x5

(b) ﬁl e

()2
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At this point we should notice some properties of positive definite quadratic
forms and matrices. Since |A| = A”Aéé) A,(dl:"), |Al is positive, for each of the
factors is a positive constant. Corresponding to each principal minor of || Ay j Il of order
h, there is ¢ quadratic form in h variasbles. This quadratic form is again positive def-
inite. For if there were a set of h t's (not all zero) making this form zero or negative,
this set and the (k-h) other t's zero would do the same for 1% Ay jtit i Since the de-
terminant of & positive definite matrix 1s positive, it follows that every principal minor
is positive. Conversely, if every principal minor is positive the matrix or the quadratic
form 1s positive definite, for then each Aﬂ) is positive and the above process of re-
ducing to & sum of squares may be carried out.

The transformation to the z's 1s linear, of the form

where b1 3 = 0 for j { 1. The process we have used proves the theorem that any positive

definite quadratic form may be "diagonalized"™ by a real linear transformation. If we

Wy = VAﬁ-1-)21
we would have reduced the quadratic form to a sum of squares. This last is equivalent to
k
Wy = \/Aﬁ'1)jz=1b13xj
(c)
o
where C, ; = VA&"1 )bij'

Now we wish to show that the mean is

followed this by the transformation

E(xi) = ay.

.
To do this we differentlate both sides of the following equation with respect to ay:

L T

-®

® -13a (Xs-8, )(x ;-8
AUt Rt B LS
-

Since —1—1 XAIJ(X1 .»1)(x -a ) = - ﬁ Ahjm-aj) the differentiation of the above equa-
tion gives us
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@ 1
- 3ZA (%484 )(x4-81)

B2 Ay 4(xs-8,)) = E(x;-ay) = 0
PagRgag)) = 2 R(xgmey

fori =1, 2, ..., ke This gives us k homogeneous linear equations in the k unknowns,
E(xj-aj). Since the determinant of the coefficient matrix, |A|, 1s not equal to eero,
the only solution to these equations i1s that all the unknowns be zero.

E(xj-ad) -0,

(d) E(xj) - aJ, J - 1,2,0-0’1‘.

Next we wish to show that the covariance of Xy and x i is

cofactor of A, in || (]
E[(xi'ai)(xj'aj” - AiJ - 'Ali.‘l Aij )

To demonstrate this we differentiate with respect to Ai j both sides of the identity

o ® - 134, (x,-8,)(x,-8,) -1
1 2<N131%1784 2
g | [ FE I e a7 E
-® -0
Differentiating, we have
® @ -2 32 A g(xg-8)(xg-84)

dx‘ .o.dxk

i
= j _._j (=) (xy-a)(x 8000 @

6,72 -2
= (-4-)1a1 2. (cofactor of Ayp) = (—J—)lAI "’AiJ

wheredij-11f1-j,a.nd-oif1#j. 1
If we multiply both sides of this equation by ( 6“'2’2) |Al2 the left hand side 1is

E[ (xi'aij\Aj'aJ ) ] »

and the right hand side 1s AlJ, So we have
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(e) "'i - E[(x1'°112] - Alt, 1=1,2,..,k,
(£) TPy = E((xi-ai)(Xj'aj)] - Aij, 1$J, 1, =1,2,...,k.

We may summarize as follows:
Theorem (A): If x,, Xpyeeey X 8re distributed according to the normal multi-
variate distribution (b), then E(xi) =8y, af - Aii, and 6103913 - AiJ..
o Now let us find the joint marginal distribution of Xy9Xps 009Xy, (r<k). To ao

this we integrate out Xpgq2e oo Xygs getting

r
1
-2 %Puv(.xu'au)(xv'av) .

B
(g) B(XysenesXy) = (—2%,2 o

We can see this is true i1f we recall the procedure used in evaluating é If at any stage,
we had integrated out the z's, we would have had remaining a normal multivariate distribu-
tion of the x's.

We wish to find an expression of the Buv in terms of the .l’\1 je We know that the
value of E[(xu-au)(xv-a.v)] 13 AYY 1f found from the original distribution and is B if

found from the marginal distribution. But these two expressions must be equal. Therefore
Auy - BUV.

‘Hence, to derive || Buvll from || Ai;]” we delete from || AiJII the last k - r rows and columms
(obtaining 1B ) and take the inverse of this matrix.
In particular, suppose r = 1. We find the distribution of X, to be
1 2
FBiy - 2Byq(xy78)”

g(x1 L)

M e

where

where A, = cofactor of A,; in A.
Thus, o—? =A'! = .n’“‘_
Similar distributions exist for the other x's.

This result gives us a si'n‘rple method of finding the m. g. f. of (x,-a,),

(x,‘,-a,‘,), ceey (xk-ak) defined by
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gei(xi-ai)
- )

k k
1 Ll - -
(h) i Soo 3 -4 %1 Ayy(xg-89)(xg-84)+ %61("1 UM
LI ] 1... k.
(21

¢(91 :92’ -uek) = E(e

-0
Consider the expression

®

1 -1 - -
o EAoo(xo'ao)e(ﬁl iy, (A—o S....Se 2 1i-o Ayj(xg-ay)(xgay)
+

(1) 3 .

3 -®
(2m) k-fold

where Aij - Aji and A, = IAijI(i,j=0,1,2,..,k) and || A1j|l (1, j=0,1,2,..,k) positive def-
inite.

If we set Aoi =6, and (xo-ao) = 1, then .t will be seen that the expression
(1) 1s exactly the same as that defining 6(61,02,...,6](). But the expression in [ ] is

1 2
B, , ~ 3Bl1 (%78,
\leﬂ

where B' IH Now by argument presented in §2.94, we may write

(3

Agg Agy » + + Age

. - i
A, Ao Byq o o o Ay ~Aod AoiAojjxi;i
Mo Py - - - g
Therefore we have

B = M0 _ 1p li Ay A, ALY)
11 =& = miAedAW =1 0170
k
1
Ao- z:_AoiAOJA
i, j=1

(k)

Substituting this value of Bh in (j) and the expression for (j) in (1) we find that (1)

reduces to ’ K
1 1 2
EZJ AothosA (x 8y)" -
(1)
Setting Xg-8y =1, and Aoi =8y, We therefore obtain the following result:

Theorem (B): If x,, Xysee.,%, are distributed according to the normal multivar-
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iate law (b), the m. g. f. of (x,-a.,), (xe-aa),..,(xk-ak) 1s
1 % alde, 0
(m) ¢(01,62,...,6k) - e2 1’ -1 i Jo

The argument leading to Theorem (B) may be readily applied to show that any
r (r<k) linearly independent linear functions of (:Ki-a1 »1i=1,2,..., are distributed
according to a normal r-variate distribution. To show this, let

(n) Lp = f{;lpi(xi'ai)’ P=1,2,..,0,

be the r linearly independent linear functions, 1. e., such that there exists no set of
r
constants Cp(p-1,2,..,r) not all zero for which > 1picp = 0, I=1,2,..,k. Let
1
6(61,92,...,91,) be the m. g. f. of the Lp, i. e.,

k
o = li Ay (X,~a8, )(x:-8:)+ )
V 2 13417 Z
6(8,,...,0,) .._JA_ilz XSQ 15521 it 4 plp

dxi...dxk
‘) ’iA ( ) ) it ( )
w - = X,-8, )(X:-a.)+ X,-8
VIAl S % 24 3= 1371 2177 Rl R e ¥
=—x \---\e ’ dx,...dxk,
(211:)5 -0

where t = iep pi The value of this integral 1s given by (1) with X,"8y = 1,
A o1 =ty Thus

k r
3 > titinJ 3 > quepeq
(p) 6(6,,...,8,) = e 1,3=1 -6 Psa=! ,

pq _ i 13
where B 1,3..1A lpilqj'

Now consider the quadratic form

Pq - ald
ZB Ypiq 121 (lei"p)( Zlqaq

If || AiJH is positive definite and if lpi are linearly independent, then clearly || BP9y
is positive definite., We therefore have
Theorem (C): Let x, s++sX) be distributed according to the normal multivariate

law (b), and lct L = élpi(xi'ui) (p=1,2,..,r) be linearly independent linear functions

{ the xy - 4. Then L, are distributed according to the normal r-variate law

O
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1

-3 B L
w 2 p,g=1 qub q
( BI ’
Q) i dL,...dL,,
(em)?
where |l B_ Il 1s the inverse of the matrix || BP9|l, and BPY = ath 1 ..
where ¥ ®pq = = G P

Next let us find the conditional p. d. f.

F(X1yeneyXy)
17777k
f‘(x,lxz,...,xk) =B, X)) !

where g(xe,...,xk) is the marginal distribution of the last k - 1 varlables. Using the
marginal distribution found abose, where now || BPd|| = || APYy| (p,q = 2,...,k) and also

- (1)
I qull llﬂpq I, we get

-1 i Aij(xi‘ai)(xj'a,j)

2 m—
VlAkl 5 1, J=1 ax dx, .. .dx,
(r) £(x1%,,000,%,)dx, = (em)
1 g}
V1Bl 2D,q=2qu(xp ap)(xq aq)
(Qﬂ- -v/2 e dxgl-oo,dxk

K A
1 1 2 (1
- 3l (0gme 0 7RO ap)] +§1 qu)(xp-ap)(xq-aq);x

=\’A”.IAI[)éjle
Vr;; Vlﬂéajl e

1

21 M)y - _
2§Am (xpap) (Xg78q)

k

A
1 1 2
VA, 2 An“"raﬂ*fze irf (xp-ap)]
=—— ¢ dx

1

Therefore, for fixed values of XpseeesXy, W have X, normally distributed with variance

Kl— and mean
1M

k
(s) E(x1|x2,...,xk) =a, - A—:—:Z’)Aw(xp-ap).

The regression function for the multivariate normal distribution 1s linear.
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3.3 Pearson System of Distribution Functions
Thus far we have dealt with special distributions which arise under certain spec-

ified conditions. Several attempts heve been made to develop a general system of distri-

butions which can doscribe or closely approximate the true distribution of a random

variable.

One of these systems derived by Karl Pearson is based upon the differential
equation
(a) g.% - (X+8)Y

b+ex+dx? ’

Depending on the values given the constants a, b, c, and®d we get a wide variety of dis-
tribution functions as solutions of the differential equations. We get J-shaped and
U-shaped curves, symmetrical and skewed curves, distributions with finite and infinite

ranges.
The normal distribution may be obtained as a solution of the differential equa-

tion for c=d=0 and b { 0. This function is Type VII of Pearson's twelve types of solu-

tions.
Another special case we shall be Interested in i1s d = 0. Then the equation is

o= iy

Writing this as

gz_g_x_+ (ca-b) dx .
EAC IS g
c
we see the solution is
ca-b

Changing the constznts, we have

y = Ke-{,x(x*“)‘:"l ﬂ>0,‘)>0,
®
where K 1s chosen so K Se'ﬁx(x+a)")"dx = 1. This is the Pearson Type III distribution,

defined for -a{ x { 00.%

To determine K we muke the indicated integration. Let

= X +a,

N
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Then o o
K S e *(x+a)” ax = K'S e 22" gz,
-a 0

where K' = Kepdn'v. Therefore we choose K' so
[0 o]
11(-—‘- = S e 22V 14z,
0

This last integral is an important function of the exponent ¥ denoted by [ (v), the gamma
function of v.

To evaluate (v ) we integrate by parts, using 2¥"! as u and e”%dz as dv.

e 0] [0 0]
(v) = 227672+ (v-1) § 6722 20z = 0 4 0 -1)[v-1).
0
0

This gives us a recursion or a functional equation for[’(v). If v is an integer,
(b) Mv) = (v-1)(v-2)...2.17(1).

3ince

G-ZdZ =1 )

(1) =

O(/se

we have for v an integer,

Mv) = (v-1)! .

It 1s also easy to evaluate [(v) if v is an integer plus % For

o _1 @®

) = S 7 26 %dz = S e tar =T
0 -
and we have
(c) M) = =1)v-2)...2.3 I

In general for Vv ) o,r'(v) has a finite value, and in any interval (a,b) of values of

v(0dab), Mv) is continuous. [7(v) has & minimum for v = 1.46163.
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With this determination of K, the Pearson Type III distribution is

v
(d) -e-;’z%%— ePX(x+a)' .

This distribution for the case a= 0 and f§ = % 1s known as the'xa-distribution with 2v

degrees of freedom and 1s one of the most important distributions in statistics. It and

certuln applications will be studied in detail in Chapter V.
It will be convenient at this point to find the moment-generating function of
the distribution (d) when a = 0. We have
®
pv

b(e) = E(eex) = ﬁv_)_ S eexe‘ﬁxx\J"ldx
0

@®
v
E "D—"‘v Se-m-e)x[(we)xl""d[(p—e)x]
v)p-0) 4

B
(n-8)Y

Therefore, for p-6 ) 0, we have
0,-v
) = (1 -2) ",
o(8) = ( ﬂ)
For p = %, we have
(2) b(e) = (1-20)7,

which 1s the m. g. f. for the X®-distribution with 2V degrees of freedom.

Next let us consider the solution of the differential equation (a) when
dx? + cx + b has two real roots, say g and h (g<h), both different from-a. Then, using

pertial fractions we can write the equation as

d (x+a) A B
3¥ = dlx-g)(x-h) © Y(§:§ T hRx)

where A and B are functions of g, h, a and d which we do not need to determine.

The solution of this equation 1is

vy = C(X*g)A(h-x )B, g<x<h ,
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where C 1s a constant of integration. We wish to determine C so that

h
Cg(x-g)A(h-x)de -1,
g

If we let x = g + (h-g)v, the integral becomes

1
C(h-g)A+B+1 S A1-v)Bav.
0

Because we will need the result later, let us evaluate the integral, namely

! n1-'! n2-1
Sv (1-v) dv,
0

which is known as the Beta Function of n, and n,, B(n,,n,). We wish to show that this is

Fn, MM(n,)

(f B( ) =-
) ™ n2) l—'(n1 +n2)

To do this we consider the product'r'(n1) l—tne), where

® n,-1 -x
Moy = §x' e ax,
0
and similarly for F(ne). Letting x = 32, we get

T eny-1 g2
ﬂn1) =2 Ss e ° ds.
0

So we can express f-'(n1 )l—'(ne) as the double integral

2n, -1 2n2-1

2 .2
t e "t4s at.

—

00 @
Moy Mgy = § §s
00

If we change to polar coordinates ,
S = r cos 6,

t=r1rsin e,

this integral over the positive quadrant of the st plane becomes

n,-1 Ny +en, 1

m - [#)
crw'j _r.;
L & cos 8 sin “ er ¢ dr de.
0

O «—IA
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Now

2n,+2n,-1 2
eTr L erdr-l—(n1+n2).
0

If we let cos®e = x, we get

b4
1

2 en,-1 2n,-1 n-1 m-
2S cos 8 sin e de = Sx (1-x) dx = B(n, Mgy
0 ' 0

Combining these results, we have
r(n1 )[—.(n2) = r'(n«‘ "‘ne )B(n1 }n2) ’

thus proving our desired result.
Therefore, the Type I distribution may be written in the general form

A B
Dﬂﬂuuu%zg__
(8) [(A+1)7(B+1 ) (h-g)A*B+! (g<x<h)

There are twelve types of Pearson distributions. Below are graphed several

representative ones.

Y Yy y
a B % a B X "‘a/\n x
y Y y

Figure 5

3.4 The Gram-Charlier Series

Another rather general system of distribution functions, known as the Gram-
Charlier Series, is based upon the normal distribution and 1ts derivatives. Instead of a
number of distributions of different functional forms, this system 1s composed of an in-
finite series of terms of a certain kind. Charlier gave a theoretical argument for this
gystem from his development of the hypothesis of elementary errors. We shall regard it,
however, as a distribution which has been found satisfactory for fitting or "smoothing"
certain empirical distributions.
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The generator of this series is the Gaussian or normal distribution. ILet

;(x-a)a
1 20%
(a) by (x) = VT?—O-‘ e
and let
1
(v) bg(x) = a—i—'f bo(x), 1=1,2,...,

where x' = x_;_g . Then the Gram-Charlier series is

2
() £(x) = Bobo(x) + Byby(x) + Byby(x) + oov = 65 (x)Iog-by X2 4 (1221 4y - L,

ceet G H (BR) 4 Ll

where Hn(z) is the nth Hermite polynomial
H(z) = i n(ral-u 2, n(n—Qéz:re)(n-:) zn-h_

By choosing the a, ¢, and b's properly we obtain a wide variety of distribution functions,
which are asymptotic to the x-axis at both ends of the range.
Since ©
g £(x) dx = by
=00

we choose bo = 1. The mean 1is

@
Sxf(x)d.x = agb, + a.
-
If a in the expression for x' 1s taken as the mean of the distribution f(x), then b1 = 0,
Taking a ad the mean of the distribution we find

o0}
[ xarrmiax = o 4+ 2,
-0

If o, in the expression for x', 1is chosen ‘as the standard deviation of f(x) then b, = 0.

It 1s easily found that the third and fourth moments are

(4) Ry = 3!0‘3b3 D

(e) by = o' (3-41b,).
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Similarly, higher moments can be found. Equations (d) and (e) and similar ones for higher
moments give equations for determining the b's in terms of moments. The problem of

fitting dlstributions by the use of moments, however, will be discussed in $6.%,



CHAPTER IV

SAMPLING THEORY

4,1 General Remarks
Suppose x is a random variable with c. d. f. F(x). In accordance with the

statement made at the end of §2.3, we define a random sample O, of size n of values of x
from a population with c¢. d. f. F(x) as a set of n random variables Xys XpseeerXpy with
cl dl f.

(a) F(x;) . F(xy) ..... Fix,).

We note that a random sample consists of statistically independent random variables all
having the same c. d. f. It 1s often convenient to think of x, as the value of x in the

first "drawing" from the population, x_, as the value of x in the second "drawing", etc.

2

In the theory of sampling, we are usually interested in c.d.f.'s of one or more
functions of the n random variables comprising the sample. Thus, suppose g(x1 ,xa,...,xn)
is such a sample function (Borel measurable). We are interested in determining the c. d.
f. of g, 1. e., Pr[g(x1,x2,...,xn) { g], the value of which is obtained by performing the

Stielt jes integration

(b) S....SdF(x,) eoes dF(xg),
R

where R is the region in the n-dimensional space of the x's for which g(x,,xe,...,xn) {8
Similarly, 1if 31“‘1”‘2"“”51) (1 =1,2,...,k), k<{n, are k Borel measureble
functions, we are interested in determining Pr(g,(x,,X,,...,X,) < g (L= 1,2,...,k)).
The random variable x may be a vector with r components say x\! ’,x(a),...,x(m,
with ¢. d. f. F‘(x(1 ),x(e),...,x(r)). In this case the sample O, would consist of n rendom
vectors (x(;),x(g),...,x(g)), a=1,2,...,n, (& total of nk vandom variables) with c. 4. f

Ti[F(x(;),x(i),...,x(z)).

a

Again, the sampling problem is to determine the c. d. f. of one or more (Borel measurable)
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functions of the nk random varisbles involved. For example, here one may wish to deteér-
mine the.probability theory of such functions as X\1), ix(é)x(l), > (x (DR,
(x(g)-i(”), where x(1) - I‘—lgx(i), 1, J = 1,2,.44,r, :.;d other synm:;rical functions.

In mathematical statistics one is usually interested in relatively simple sample
functions, such as averages, ratios, sums of squares, correlation coefficients, etc. One
is able to qbtain simple expressions for sampling distributions for such functions only in
certain special cases which will be considered in this and in later chapters. However,
one is able to obtain moments of some of the simpler g functions such as .averages, average
sum of squares, etc., under broader conditions. Some of these cases will also be con-

sidered.

4.2 Application of Theorems on Mean Values to Sempling Theory

This section consists of the application of results of §§2.71-2.75 to cases of
interest in sampling theory. No assumptions are made about the population distribution
except the existence of first and second moments,

4.21 Distribution of Sample Mean

Let On:(x1 ,xe,....,xn) be a sample from a population with an arbitrary distribu-
tion for which the first moment ki = a exists. Let X be the mean of the sampie ,

X = ﬁ:xi/n.

1=1

Then from equation (b) of §2.74, we have that the expected value of x is
B = Soeg/n = e,

since ay = E(xi) = a, If furthermore the population distribution F(x) has a finite vari-
ance 03, then since each Xy has the c. 4. f. F(xi), and the x; are mutually independent,
we get from (d) of §2.74 that the variance of X is

c-g - lgcrz/n2 = o?/n.

We gather these results into
Theorem (A): If X is the mean of a ag\’ le of size n from a population with

—— — - —— —

arbitrary c. 4. £. F(x), then if the mean a of F(x) exists,
E(X) = &,
and if F(x) has finite variance o?, the variance of X 1s

a‘§ = a?/n.
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Having computed the mean and variance of X we may now apply Tchebycheff's in-
equality ($2.71):

(a) Pr(|%-al > 6o/n)  1/6°.

Let € be an arbitrary positive number, and define 6 from é6o/n = €. Then (a) may be writ-

ten
) Pr(|%-al > €)  o?/n?e2.

Now a random variable xn which 1s defined for n = 1,2,3,..., 1s said to converge stochas-
tically to a value A if

Pr(lxn-Al(e.)-—co as n—oo for every fixed.€ ) 0.

Letting n — oo in (b) we get
Theorem (B): For an arbitrary population with finite variance, the sample mean

converges stochastically to the population mean.
For the sample of size n let Gn(FE) b'e the ¢c. 4. f. of X. Prom theorem (A) we see

that the limiting form of Gn is the step function

0 for x € a,
1im Gn(i) -

o= @ 1 for X ) a.

In order' to "spread out" again the probability which all "piles up" at X = a, we might con-
sider the distribution of z = (x-a)/h(n), where the function h(n) 1s chosen so as to keep

the variance of z from approaching zero., From (d) of §2.74, we see that

o2 = o2/(h(n)1? = o2/n(h(n) ]2

rof—
ﬂ

Hence if we choose h(n) = n <, the variable z has zero mean and unit variance for all n.

A beautiful result about the limiting distpibution of z as n — @ regardless of the popu-
lation distribution, is contained in the central limit theorem:

2

Theorem (C): For an arbitrary population with mean a and finite variance o, the

c. d. £. G (z) of

z = (%-a) Vn/o

approaches the normal distribution N(0,1) 8s n — o,
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(c) G (2) = —

uniformly in z.
We make the proof for the case where the m. g. f. Y(8) of the original distribu-

tion exists for |el<h, h>o. Then for |6/<h, the m. g. f. ¢(8) of y = (x-a)/o-also exists,
for (6) = e'a°/°W(e/a). Finally, let §(6) be the m. g. f. of z:

+00 +Q

§(e) = E(e%%) = S S exp[(é‘gTL (x;-8)/ VnoldF(x,)dF(x,)....dF(x)
-00 -m
+00 :
- 1S exp [8(x-a)/ VnoldF(x)|® = (o(e/ V)™
-0

Now
b(u) = 6(0) + ub'(0) + guP"(u,),

where 0 € u, {(udhifudo, and -h {u{ u, Coif ud 0. ¢"(u) is continuous at u = o,
hence ¢"(u) = 6"(0) + y(u), where n(u) — 0 as u — 0. We recall b(i)(o) 1s the 1%} moment

if y about the origin, so ¢(0) = 1, ¢'(0) = 0, ¢"(0) = 1, and
2 o
(a) Ble) = 11+ & u+n(\l—_‘;m“,

where 0 { @, ¢ & { hVn or -h¥n { 6 ¢ o, < 0. Now choose any © and hold 1t fixed. (d) is
valid for n > ee/he. letting n — o, for every fixed e,

1.2

59
1im §(€) = e ,
n— @

which is the m. g. f. for N(0,1). Therefore from Theorem (C) of §2.91, the limiting distri-
bution of Gh(z) is given by (c) above.

While the above proof based on the genergting function can be shortened, we have
purposely given 1t in a way which permits of generalization to distributiomnsof which 1t is
assumed only that the second moment exists. In this general case one employs instead of
the m. g. f. the characteristic function ¥(t) of the distribution,which 1s related to the

generating function ¥(e) by §(t) = ¢(1t). This always exists for all real t. The argu-
ment follows the above step by step and at the end one appeals to a theorem analogous to

(C) of §2.91, which states that if the 1limit of the characteristic function is the charac-
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teristic function of some continuous c. d. f. F#(x) then the 1limit of the c. 4. f. 1s
F#(x) uniformly for all x.

4 .22 Expected Value of Sample Variance
For the sample On:fxvxe,...,%), call S the sum of squared deviations from the

C o =2 2__=2
S = g(xi-x) - gxi-nx .

Recalling that E 1s a linear operator, we get

sample mean,

B(S) = 2 B0cE) - nBGE).

Now 1f the population distribution F(x) has mean g and finite variance 0-2,

E(x’j) = [} of F(x)] = o? + &%,

E(X?) = [u} of c.d.f. of X] = o8 + a® = a® + o®/n.

Thus
E(S) = (n-1)o*.

We note that E(S /n) # o°, but if we define

s° = S/(n-1),
then

E(s?) = o2,

4.3 Sampling from a Finite Population

Suppose that a population has a finite number N of elements, each characterized
by & number x = x“'), 1=1,2,...,N, and that we draw a random sample On:(x1,x2,...,xn)
without replacement. The sample may be represented by a point (x, RIYERE ,xn) in n dimen-
sions, the possible values of x, being x(1 ), x(e),...,x(N), a=1,2,...,n. To simplify the
discussion, let us assume that the values of the x(i) are distinct, 1 = 1,2,...,N. Then

Pr(Xxq=x, fora#p) = 0. Hence we may think of the range of the sample point being all

points Zf the lattice x, = x(1 ),x(e),...,x(N), a= 1,2,...,n, but we must ascribe to any
point for which x, = xn, a #03, the probability zero. By a random sample we mean that all
points of this lattice, barring the exceptional points just mentioned, have the same prob-
ablility p. To enumerate the points with probability p, we note that to obtain such a

point, we may choose X, in N ways, x, in N-1 tays, ..., Xp In N-n+1 ways. The number of
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points with probability p is thus N(N-1)...(N-n+1). Since the total probability of the

points of the lattice must add up to unity, we have

(a) p = [N(N-1)...(N-n+1)]"",

P(Xy,X;ee0,X,) = D6 X XKoo o X!

where
if any two xare equal,

é
X1%ge+ %y

r
g

Define the mean a and the variance o® of the population from

if all x, are distinct.

am- 1ﬁ}x(i)/lb o = jg’sx(i)-a)elN.

Here, we shall consider the problem of determining the mean and variance of the mean of a
random sample from this population. ILet X be the sample mean,

Xm= gxa/n.

We note that the x, are not independent, --it will later be seen that the correlation be-
tween x, and xn 1s not zero, --but we may nevertheless use the formula (f) of §2.74, as
pointed out there. Thus

(b) E(X) = ai]—]E(x“)/n.

To calculate E(x,) we desire the marginal distribution of x,. Suppose a = 1. Then
Pr(x1-x(1)) is the sum of the probability over all lattice points for which X, = x(i) ’

that 1s, it 1s p times the number of lattice points for which X, = x(i), and no two of

X 1XpseeesX, 8re equal. To compute this number note that we may choose X; in only one way,
X, = x“‘), then x, in N-1 ways, x, # x(i), then Xs in N-2 ways, Xy ¢ x1) op Xy, €tc.; 80
the desired number is (N-1)(N-2)...(N-n+1). The marginal probability of x, is thus seen
to be

Pr(x,=x{1)) = p(N-1)(N-2)...(N-n+1) = 1/N
from (a). ) We get

£ (1) (1) X (1)
E - P = - - 8,
(x,) 1_1x r(x,=x'"") ;_ x*//N=a
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Similarly,
E(xy) = a, o= 1,2,...,0,
and substituting in (b), we find

E(Xx) = a.

To calculate aﬁ we use formula (c) of §2.74,

(¢) 0'525 = ) c'acrh/na.
a,fi=1

Employing again the marginal distribution of x,, we get for the variance of x,,

(d) Oy = T

To find Rap for a # B, we use the joint marginal distribution of x, and xp. To simplify the
notation, let a= 1, g = 2. Then Pr(x]=x(1),x2=x(j);1¥j) is p times the number of points
for which X, = x(i), X, = x(j) #+ x(i), and no two of Xy5Xp5,e00,X, are equal. To enumerate
these points, note that we may choose Xq15%, in only one way, then X5 in N-2 ways, x, in

" N-3 ways, etc. Hence
Pr(x;=x{1), x mx{3) 145) = p(N-2)(N-3)...(N-na1) = (N(N-1)17",
TPy = E[(x1-a)(x2—a)] - ;—_;(x(i)-a)(x(j)-a)Pr(xl-x(i),x,‘,-x(j))
1#]
- Zi (x)-a) > (x(3)-a)/(NN-1)]
j#1
' =Zi (x(i)-a)[-x(i)+Z(x(j)-a)]/[N(N-1)]
.
- g(x(i)-a)(-x(i))/[N(N-l)]

- -izux‘“)?/n - axP N1/ (N-1) = B/ (N1,

P12 = -1/(N‘1).
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Likewise,
(e) Pap = ~1/(N-1) if a 4.

Combining (c¢), (d), (e), we have

2.2
Doy -gaﬁ + 2:2% Paﬂrafﬂ

=nc® + 2(142434,.,4n=1)[~1/(N-1)]c®

= no?-n(n-1)2/(N-1),

o2 -2 (.

We note that for n = N, oy = 0, that o 13 a monotonic increasing function of N, and that

as N — o, o§ —-»c'e/n for fixed n.

4L, 4 Representative Sempling
Suppose we have a population Tt consisting of k mutually exclusive sub-populations

Ty, each with c. d. f. Fi(x), that is,

Fy(x) = Pr(X¢{x | X fromTy, ).

If X 1s drawn at random from 17 - let

Py = Pr(X from ), ipi =1,

To find the ¢, d. f. of X we may proceed as follows:

PF(x) = Pr(X{x) -gPr(x from 0, )+Pr(X¢x | X from vg) = gpiF‘i(x).

Denoting the mean of F(x) by a, and its variance by a-a, we calculate

dF(x) = %pidFi(x),

+00 +@®
a = xdF(x)-i xdF(x)-fJ: a,,
[ _11"15 1 P18

e o} @

where 8y is the mean of Fi(x).
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+@® +00
o + 8% = g x2dP(x) = é‘pig x2dF, (x) = é_ﬁpﬁ"f“’i‘).
-00

. =Q

where 2 1s the variance of F,(x). This may be written
ol - gpilo‘iﬂai-a)a].

From §4.21 we have that if X 1s the mean of a sample of size n drawn at rendom

from 1y then

E(X) = a,
(a) o-; = 0.2/n = gpila-f+(ai-a)2]/n.
4.41 Sampling when the py are known
We suppose the probabilities py are known (the means a; are assumed throughout

to be unknown). Let us draw a sample O, consisting of the following sub-samples: 0(1)

(n1 elements from Y )y 0(2) (n2 elements from f&),.., O(k) (nk elements from q(); -1n1 = n,
Call ?R the mean of 0, and i’i the mean of 0{1). Then

(a) Xg = %iini/n,

E('iR) = gE(ii)ni/n = élaini/n.
If we use ?R as an estimate of the mean a of T, we would like to have
E(xg=a = éalpi.

Since we do not know the ay, we require

Lo

for all ay, and this uniquely determines the n, as npy.
If n; = np,, then O, 1s called a representative sample from rv. The advantages of

representative sampling over random sampling from T are implicit in
Theorem (A): The variance o-§ of the mean IR of a representative sample and the

S e el s s

ship:



£2 IV, SAMPLING THEORY §h, 42

the equality holding only when all a, are equal.

To prove the theorem, we calculate

(b) g = éo-,%i(ni/n)2
from (a) nnd the mtual independence of the X;. Now

2 2 2
7%, T 7y/ny = oy /npy.

2 2
C"‘)g(R = g1 (‘Ti/npi )pi = gf'ipl/n-

Hence (a) of §4.h may be written

2 2 2
oy =cer + épi(ai a)</n,

Therefore

and the tlienpren follows.

Y042 Jemplliug when the oy are also known

We employ the same notation as in §h.41. If we use the mean ;R of the sample to

estimate &, we have jist seen that the ny are uniquely determined'by the requirement
E(xR) = a,
Supnose however that we use as an estimate of & the statistic

How shri1ld we choose the ny, for fixed n = ﬁ ny, 0 that
i=1

(b) E(Y) = 4,

and o~§, 1s mdniman (for the class of statistics satisfying (a) and (b))? The method of

§4.%1 ghows that we must take Cy = Py- Then '

(c) §P1 xi .=1 pycs/ny .
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The problem 1is now to find the n, which minimize (c)-subject to the condition
that ny = n. Treating the n, as though they were continuous variables, and following

{=i
the method of lagrange, we form

A) = 2 =2 -
g(n,,ne,...,nk,A) = §1pia-i/n1 +A (?Zni n),

and set
Bg/ani=0, 1- 12,000,k
We get
2
-pio*i/ni +A =0,
1
(d) ny = pio-i/)\e.
1 1
To evaluate A° sum the equations (d) for 1 = 1,2,...,k, and solve for AQ:
1
A% - ijo-j/n.

3=
The minimizing n,; are thus

n = np1°'1/(§pj‘fj)‘

Putting these back in (c), we find the minimum variance to be
2
U'; = (gpio—i) /n.

With the help of the Schwartz inequality,
(faibi)"’ < <iai)(éfbi),

. 1
(the eqx/lality holding only if the ay are proportional to the bi)' where we let ay = i,
1/2
b1 = py 0y, We obtain
2 2

Theorem (A): v £ Txy’
the equality holding only if all ¢y are equal.

4.5 Sampling Theory of Order Statistics

4,51 3Simultaneous Distribution of any k Order Statistics. Suppose On:(x1 1Xp)
...,Jg_l) i3 a sample of size n from a population with probebility element f(x)dx, and that

XysX5s000,X, 8re arranged in ascending order of magnitude. These ordered values of x will

th

be referred to as order statistics, more specifically, x, will be called the o™ order
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statistic. let r,, oy eees Ty be k integers such that 1 r, < r, Cvee € rkg n. The
problem to be considered here is that of finding the pi'obability element of xr‘, xra seeey
x!k, 1. e.

(a) f(xr1,xr2,...,x )dxr1dxr ceslx .

Py 2 Ty

Let I,, Ia, IB’ vesy 12k+1 be the 2k+1 intervals
() (-oo,xr,1 )s (xr1 ,xr1 +¢:th1 )s (x1,1+dxl,1 ,xra), (xrg’xr;dxr,‘,)’ cens (xrk+dx1k,+oo )y

and let
{ f(x)ax = q,, 1=1,2,..,2k+1.

H (gqiﬂ .)

The problem of finding the probability element (a) is identical with that of finding the
probability ( to terms of order d.xr1 dxra dxr,k) that if & sample of n elements 1is
drawn from a multinomial population with classes I Ip veey I +1 then r,-1 elements will
fall in I1, 1 element in Ia' ry-r -1 elements in Ij, 1 element in I,‘, vee, N - IS ele-
ments in Iek RE It follows from the multinomial law (§3.12) that the probability of such
& partition 1is

r.-11 r,-r.-11 n-rk-1

(c) n! 1
v - r,r-DN L o - 4 929 QyeeQopyr -

Substituting the values of the Q. and noting that, to within terms of order cJ.xI,1 ,

x_ +dx x b'd
1'1+ r Ty Ty
(d) f(x)dx = f(xri)dxri and f(x)dx = f(x)ax,
x X, +dx X
™ reny ry
we have
(e) f'(xr1 ,xra, .e .,xrk)dxr1dxr2. . .dxx,k
x x T, -1, ~1 00
n! r1 1'1"1 -1‘2 2 "1 n-n. -1
- (r,-1)!(re-r1-1)!...(n-rk-f7f (X f(x)qx) (S f(x)dx) ...(S f(x)dx)
-0 X X
r Y.
£( Jax., ...f(x, )dx

X .
I’, I‘1 I'k I‘k
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The distribution function (e) has many applications, some of which will now be
considered briefly.

4,52 Distribution of Largest (or Smallest) Variate
In this case k = 1, r, = n; (e) of §4.51 then becomes the probability element of

the largest element >

n
(| e e x Jax,
-

a similar expression holding for the probability element of the smallest element.
4,55 Distribution of Median

In this case let the number of elements in the sample be 2n + 1. We would then
have k = 1, Py =n+1, and (e) of §4.51 will be the probability element of the sample
median x .. Denoting the median by X, we have

X ®
(a) Lot b (§ pixyan)™ (eax)an) e ().
@2 2, %

The asymptotic distributiog of the median for large n may be derived from (a).
If io is the population median then Sof(x)dx - 15 Therefore

-®
3% % ® X
[ rooax =] +§[? £(x)dx and {£(x)ax = § - § £(x)dx,
~® 0 X o
and hence (a) may be written as
' X
(b) Lens1dd oy (f rooax)?Prax.
2°(n!) %
% 0
We may write S f(x)dx = 'f-(i-io), where
%
0 ’

in t T f(x),
Tep 1) T mex £x)

and I is the interval ('5&0,30 or (X,%,).
Let \/H(i-i’(‘o) = y. Then (b) becomes

2n+1)! uf™%y% n o
() 2,%,1:“!)2 (1 - e g ey,
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We now choose any value of y, hold it fixed, and let n — . If f(x) 1s continuous at
X = io and f('5c'o) # 0, then f(?to+y/1fﬁ) — f‘('i’o), f— f(?t‘o), and with the help of Stirling's

formula for the factorials, we thus get as the limit of (c) as n — w,

1.2 2
5Y fo
1 e 2 y

() Vo

dy,
where 6-321 = 1/8[f‘(xo)]2. Hence the median X in samples of size 2n + 1 is asymptotically
normally distributed with mean J"(‘O and variance 1/8n[f'(io)]2. It is of interest to note
that this asymptotic distribution depends only on the 'ito and f(xo) of the population.
Example: For the normal distribution
1 2
- s-x(x-a)
f(x) = —— e 2°

Mo

we have io = a, £(X) = 1/Yedoz Therefore, the variance 0'5% of ¥ 1n samples of
size 2n + 1 from a normal distribution with variance o 1is ‘n'o-2/10n, approximately.
It will be recalled from §4.21 that the variance o-§ of the mean of a sample of size

2n + 1 is 02A2n+1). Hence, for large samples from a normal population, the mean has
smaller varlance than the median.

In a similar manner one could treat the problem of finding the sampling distri-
bution of the lower quartile of a sample (the (n+1)st element in rank order in a sample of
size kn + 3), and other particular order statistics.

4,54 Distribution of Sample Range

The joint distribution of the largest and smallest values of x in the sample is

given by (e) of §4.51 with k = 2, r,o=1, r, = n. We have

xn
() n(n-1)({ r(x)ax)™2r (x, )£ (x, yax, ax_.
X
1

To obtain the distribution of the sample range R, we make the following transformation

(v)

and integrate the resulting distribution with respect to S.
Example: Suppose x has the rectangular distribution
f(x) =1/r, 0{x<{r,

= 0, otherwise.

(c)

We have for (a),

(d) n(n-1 )r"'n(xn-x1 )n'adx1dxn.
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Applying transformation (b) and integrating with respect to S from 0 to r - R, we
obtain as the probability element of the range in samples of size n from the rect-
angular distribution

(e) n(n-1)r "R 2(r-R)dR.

4,55 Tolerance Limits

The Joint distributlon of the smallest and largest values of x in the sample 1is
given by (a) of §4.54. Now suppose we set

X.I Xn
(a) S f(x)dx = u, S £(x)dx = v.
-0 x1
We have
o(xy,xy)  alu,v) !
9 (u,v) a(x,,x,) £(x,) f(x,) ’

and hence the joint distribution of u and v 1is

(b) n(n-1)  v* 2qudv,

and the region of non-zero probability density 1s the triangle bounded by u=0, v=0, u+v=1l.
[

The probability element (b) clearly does not depend on the probability density function

f(x). Integrating with respect to u from 0 to 1-v, we find the probability element of v

to be
(¢c) n(n-1) v?*2(1-v)dv.

It will be seen that v is the amount of the probability in the distribution f(x)
included between x, and X, (or statistically speaking, it is the proportion of the popula-
tion included between x, and X,» 1. e. between the least and greatest values of a sample
of aize n). From expression (c) one can determine the sample size n such that the probabil-
1ty 1s € that at least 10q3% of the population will be included between the least and
greatest value of the sample. Such a value of n would be obtained by solving the following

equatiog for n:
1

(d) n(n-1) X V2(1oy)ay = €,
B

or

(e) ! - (n-ipt=1 - e

Example: For € = .95 and = .99, we find n = 130. Thus, if a sample of 130
cases 1s drawn from a population in which the random variable x 1is continuous, the
probability is .95 that the least and greatest values of x in the sample will include
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at least 99% of the population.
x, and x, are examples of tolerance limits. More generally, two functions of
the sample values, say L,(x,,...,xn) and L,‘,(x,,x,(_,,...,agn), will be called 100f% distribu-

tion-free tolerance limits at probability level € if

L,
(£) Pr(g £(x)dXOp) = €,

L,

for all possible probability density functions f(x).
If the functional form of f(x) is known but depends on one or more parameters

61,02,...,6h and if L1 and Le are such that (f) holds for all possible values of the para-
meters we shall call L, and L, 1008x parem‘.er-free tolerance limits at probability level
€.

If we denote by Ups Upyeen,lh the quantities

Xr1 Xr2 er
& f(x)dx, X f(x)ax, . . . ,\ f(x)dx ,
=00 xr1 er“‘

reapectively, it 1s.easy to verify in a manner similar to our treatment of the distribu-

tion of u and v, that the probability element of Uy sy e,y is

n! =1 Tpmryml Nty o) - -
(e) T, T, 7, - Lol % Y2 e (-uy-ee e ) Mk e du,. gy,

a result which is independent of f(x). The domain over which this density function is

defined is the region for which uy 20 (i=1,2,..,k) and iui <1,
1
4,6 Mean Values of Sample Moments when Sample Values are Grouped; Sheppard

Corrections
Suppose that x 1s a continuous random variable having probability element f(x)dx,

and that 0n i3 a sample from a population having this distribution. Let the x axis be
divided into non-overlepping intervals of equal length 6, suppose I, 1is the interval in-
cluding the origin, and let h be the x-coordinate of the center of IO. Denote the inter-
vals by ..., I_,, I_,, I, I,, I,, ... where the end points of I, are (h+(1-3)é,h+(1+1)s),
{ = ..,-2,-1,0,1,2,... Let

h+(1+%)6
(a) Py = S f(x)ax,

hs(1-3)s
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the probability associated with 1. If £(x) 1s identically zero outside some finite inter-
val there will be only a finite number of non-zero Py» otherwise there will be a conver-
gent series of Py- Let ny be the number of x's in o falling into I,, and let the value
of each of these x's be replaced by h + 16, the midpoint of Ii' Let 6“1" be the r-th
"grouped” moment of the sample, defined as follows

(v) ¢Mp = %Zini(h-&id )"

It will be noted that oMr'- is the "grouped" analogue of

n
(e) LS DI

where X1sXppeeesX, 8re the values of x in the sample. In fact Mx" -dL_i‘.x?éM;,. It 18 easy to
verify that E(MI") - "r'-' where

®
(d) hp= 5 xFr(x)dx.

-®

The problem to be considered here is that of finding E(6 M!',), where h is a con-

tinuous random variable distributed uniformly (1. e. with probability element %dh) on the
interval (- -‘2-6, 156). For a given 6, the random variables involved in the grouping problem
are the ny and h., The conditional probability law of the n; glven h 1s the multinomial
distribution

nn1nnn

1 -2 -
(e) P= et eeeP_, Py Pp Py Poeen
...n_a.'n_l.'no!n1 nyl... 2 ¥-1 Yo 1 F2

Now we have
[

> Mypan,

¢

(£) E(M) =7

1 |-

(M

where Z denotes summation over all positive integral or zero values of the ny such that
1Zn1 =n, Them. g. f. of 6M1', is

(8) b(e) = B(e™* Ty = 1

1 m’\)'#
(-}
=

1
2

If the m. g. f. does not exist then the characteristic function (obtained by replacing €
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by @ V-1) will exist since the p; are positive and will form a convergent series if there
is not a finite number of them. We now have

1
-6
2
(h) E(,ML) = 67(0) = 1 S gpi(hq'id)rdh.
J 14

Making use of (a) we may write

3 ha(1 + )6
(1) (M) = 3 2 X & £(x)(h+16)"ax dh.
- 26 ne(1 - 16

Setting h + 16 = y, we have
6(1 +-1§) y +%6

%) R e R
6(i-§)y-—2-6

© y + 56
"31‘ £(x)y"dx dy.
-® y - %6

Interchanging the order of integration, we obtain

@ X + %6 @
(k)  E(M}) =+ & £(x)7ey & = JrETy S[(x + 26" (x - 36T 1f(x)ax.
-00 X - -156 -~
In particular, for r = 1, 2, 3, (k) becomes
®
E( M) = | xf(x)ax = uf,
-
@ 2 -4_2 2
E(,M}) = S (x2 + $)r(x)ax = u + 4,
=00

E(, M! I F(x)ax = ut 4 40 1
(6M3)-§ (x” + 3= XXX = pt o+ §= ut
=00

2 2
It will be noted that (Mi, ((Mj - §7), and (M} - §~ M} are uiblased (§6.21) esti-
mates of u!, uj, nj. The quantities ‘:—2, '%-JM{ are called Sheppard corrections of M}
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a.ndéw. Such corrections can be obtained for higher values of r by further use of (k).
Similarly one can determine Sheppard corrections for grouped moments about the sample
mean, as defined by

oMy = %gnil(h-tid) - %Ej:nj(mja)]r.

4.7 Appendix on lagrange's Multipliers
We frequently encounter the problem of finding the extreme (maximum or minimum)

value of a function g(x,,...,xn) subject to side conditions
(a) ¢1(x1,...,xn)-o, {=1,...,k {(n.

To insure the independence of the conditions (a) we assume that for some Xy ,...,xnk,
1

3 (byye 58,

aixn1,..,xnk$ * 0

at the extremum. To simplify the notation, assume ni-i, i=1,...,k. At the extremum, dg=o0,
(b) ST 8 ax =0
1= a‘§1 1"

where d.x1,...,dxk are functions of dxk+1,...,dx determined by dbj =0, 1, e.,

n’

(c) i;;idxi-o, J= 1,000k,

1=1 1
and dxk+1’“"dxn are completely arbitrary numbers. In order that (b) be satisfied for
all dx1,...,dxn, which are arbitrary except that they must satisfy (c), a necessary and
sufficient condition is that the equation (b) be a linear combination of equations (c),

1. e., that for some A,,...,A,,
ad
%s -- — -
(d) xi %AJ axi ’ i 1,'oo'no

We see that the conditions (d) are obtained if we employ the following rule: To minimize

g subject to (&), form the function
, G(x,,...,xn;AV...,Ak)-g+%AJOJ

)
(e) é-xqin 0} i=1,o.a,n.

and set

The equations (a) and (e) constitute a system of n+k equations in n+k unknowns x1,...,kn;
Al""’Ak' For an extremum it 1s necessary that XypeeesXy satigsfy these equations. In

most applications in statistics the question of sufficiency can be settled in an obvious
way.



CHAPTER V

SAMPLING FROM A NORMAL POPULATION

Since the normal distribution appears in such a wide variety of problems, we
shall consider in detall certain sampling problems from such a distribution. Many distri-
butions are important in statistics for the reason that they arise in connection with
sampling from & normal universe. In the present chapter, we shall only consider certain
sampling problems,deriving certain sampling distribution. The application of these samp-
ling problems to problems of significance tests, statistical estimation, etc., will be
made in later chapters.

5.1 Distribution of Sample Mean
An important property of the normal distribution 1s the so-called reproductive

property. We wish to demonstrate that a linear function of normally distributed varlates
1s again normally distributed. Suppose Xys Xpy eeey X, 8TE distributed independently
according to N(a,,af), N(32»°§)» ooy N(an,aiL respectively. Let us find the distribution

of the linear form L = 1,x, + 1,x, + ... + 1. x . According to the results of §2.74, the
expected value of L is )

(a) E(11x1+12x2+...+1n;n) - 11E(x1) + laE(xa) +oeee + lnE(xn) = 11a1 + 1232 Foeee + lnan'

The joint distribution of the x's is

1
~ +.00t
2
(b) ““ﬁl""“ e oq of .

)
(om) o iy

From this we shall find the moment generating function of the linear form minus its mean,

L - EL),
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(c)  b(e) = E(eL-E(L)],

(x,-8,)° (x -8 )2
o o -4 102‘ boood -J—SL%——J + 01 (X -8+ sl (X -a)]
1 1 n |
- = S& e ax,...dx
(2m? Tyeee0y =00 =00
(x,-a,)?
00 - % 1a21 + Oli(xi"ai)
- ! & e 1 dx
1
1=1 ﬁq “®
1 xi'ai*"ieli 2 1 2.2.2
IDT : 0§ i 12 + gofe™1]
= ———m——— e d.x
1
=1 \/ﬁq 2
8
2 ()
= 0

This 1s the moment generating function for the probability element

2
- Y
() 1o 2%y,

\etto

2 2,2
" = gaili .

n n
Therefore L 1s distributed according to N(>_ liai,ZI%rﬁ). We have the
1 1
Theorem (A): If x,, X5ye..,X, Are independently distributed according to

where

N(a.1 ,o‘?), N(ae,o-g), ...,N(ano-ﬁ), respectively, then any linear function of the x's

11x, + 12x2 + yee + lnxn 1s distributed according to

N(iliai,%tlic{).

From this result we can easily derive the distribution of the mean of a sample.
Consider a sample, On, of n observations XysXpseeesXpye The x's are independently ‘distri-
buted each according to N(a,o”). If we take 1, = &, ..., 1 = &, the linear form L is
simply X, the mean of the sample. Its expected value 1s
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1 1
(o) MW te t e t B8

its varlance is

1 1 1 12
(£) 1P le? ...+ Lof = 1P,
n? n2 n? n
Therefore, we have the following corollary to Theorem (A):
Corollary (A): If 0 P Xy,X,5000,X, 18 8 sample from the normal population
N(a,¢?), then the sample mean X is distributed according to N(a,&-).
5.11 Distribution of Difference between Two Sample Means

Suppose we have two samples, 0n and on., of n and n' observations drawn from

normal populations, N(a,cz) and N(a',tr'z), respectively. Then the two sample means, X
and X', are distributed according to N(a, a-z/n) and N(at, 0‘2/n'), respectively. To find
the distribution of the difference of the two means, let us consider the linear function

X - x'. In this case 11 =1, 12 = ~1; 80 the expected value of the linear form 1s

(a) a-al,

and its variance 1s

%
"

::‘Iq

(b) .

We therefore have the following corollary to Theorem (A):
Corollary ( 2_)__ I O ¢ XysXpseeesXy and On' : x x2,...,xn, are samples from
the populations N(a 0-2) and N(a',a-'z) respectively, then X - x' 1s distributed according
?
to N(a-a',— + ~Ln-|-) where X and X' are the means of O, and O, respectively.
5.12 Joint Distribution of Means in Samples from a Normal Bivariate Distri-

bution
Let us consider a sample on(xla’xea' o=1,2,..,n) from the bivariate distribu-

tion
1
- = A, (x,-8,)(X;~a8,)
2 i_ 13871 51404 J
(a) \-g—ﬁ‘—,e 1,0=1
where A ! ! . and A = |A, .|
1 4 13"

WS — A B ————— A B —
1 o-f(hpe)’ 22 0-2(1-92)’ 12 o_16_2(1_‘,2)

- 1
Let x, = E‘f{:xid’ 1 =1,2. We wish to determine the joint distribution of x,,

?2. To do this, we determine the m. g. f. of the (x -a,) and (x 2"8,), 1. e.
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) ﬁ °1‘§1'°1)
(b) 6(8,,0,) = E(e ' )

)
! - e X -
VA.n §°° { gL 1%,“13("1«‘31)("3« 8y) + a% gn (x1484)
- ﬁ) oo (] )
-00
2n-fold

ax,,dx,;...dx, dx

1 in"2n

® © -1 S A (x-8,)(x80) + > Lix,-a,)
ES Se ? Py e yey) ¢ 2 m ey
on

-00 =00

n
dxqdx, 17,

But, we know from (d) and (e) of §3.22 that if we set x, - &, = y, inside [ ) the result-
ing expression inside [ ] will be

1 1]
—_— A7Y0,8
e2n2 i, J=1 17

Therefore, the m. g. f. of (x, -a,), and (x,-a,) 1s

13
Jé% (A'ﬁ_)eiej
(c) b(e,,0,) = ¢ 1237

1

S alle e
Since e ’ 1s the m. g. f. for (x,-a,) and (x,-a,) in distribution (b) §3.22, 1t
follows that the distribution of (i,-a,), (J—ce-ae) (having m. g. f. (.c)) is

n — —
-3 Ai (xi-ai)(x -a;)
VAR ;:,;-1 J J de_c &

(d) Zw © 18X

We therefore have
Theorem Q: If X, and X, are distributed jointly according to the normal bivar-
late law (a) §5.12, then if §1 and 3?2 are sample means of the X1q and the Xop respectively,

in a sample O (x,,,i=1,2;a=1,2,..,n) from such & distribution then i, and §2 are also

distributed according to a normel bivariate distribution given by (d).

Theorem (B) extends at once to the case of means in a sample from a k-variate nor-

mal population with distribution (b) §3.23. The distribution of the means in this case 1is

n
k/2 i Ay4(x,-8)(X,-a,)
(e) n</2Ya 1%.1 131%178)(x 4784 -
-—_(27\')1‘/9 e di1dx2...dg( .
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5.2 The X2-distribution
The X 2-distribution function with m degrees of freedom 1s defined as

23 -
£, )¢ (7 )* e-% ax?)
mX. 2l_,(%1) x).

This distribution arises very frequently in connection with sampling theory of quadratic

forms of normally distributed variables. We shall consider some of the important cases
in this chapter and others in Chapters VIII %nd IX.

The integrals. ?Z fm(xe)dxz and §°fm(x2)dx? are tabulated in many places for
various values of m and xo? When we let x“/2 = t, the latter integral is transformed
into the Incomplete Gamma Function of which extensive tables have been computed by Karl
Pearson.

5.21 Distribu;ion of Sum of Squaresof Normally and Independently Distributed

Variables
The simplest sample statistic which is distributed according to the xg-law is
the sum of squares of variates independently distributed according to the same normal law
with zero mean. Let us use the method of moment generating functions to find the distri-
bution of x? = :gtxi-where each x; (i= 1,2,...,n) 1s independently distrlbuted according
to N(o,1). The Tioint distribution of the x's is

1

Now let us find the moment generating function of x?..

o( 3 x2) @ _1sh,2edhye
(a) R T N W T dxy ooy
(?")n/'~aw -0
- 2
1 ? © ""(1'26)2)(1
1
= e u LN ]
(?"')n7?-oo”'-oo peeedxy
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) _Lci’ -%(1-2e)xf
=11 3 1
.n
- (\ITIE)H' (1-20) 2,

1
for o < 3
But this is the moment generating function of the Pearson Type III distribution
((e) of §3.3) when f = -,l;, o= 0, and vV = % Therefore by uniqueness Theorem (B), §2.81,
we have

Theorem (A): If 0 1,xa,...,xn sample from N(o0,1), the function
7(, = ix 1s distributed according to the X°-law with n degrees of freedom, 1. e.

%2 270 - 18
(b) Rl . LR
2 r'é

From thls result it follows that, if x, 1Xpseee Xy are distributed independently according
to N(a, o ), then ‘x = ﬁ(x -3)2/0’2 is distributed according to f (7(, )d(x )e
We can readily determine the moments of the x distribution from its moment

generating function. We expand ¢(e8) in a power series

o, BBy, . B
(c) 6(0) = 1 + D20+ —(13-1 (20)24...4 220 ) h!(?+ ) (20)" 4...

Then we find the moments about zero

. , ‘h
(d) . Bl = ‘;—e%

The mean is n and the variuxs®e is

2804, Qe
=0

n o]
o’ = n(n+2) - n° = on,

5.22 Distritaticon ot the Expcnent in a Multivariate Normal Distribution

Now let us consider = rnermel miltivariate distribution of k variates with zero

means
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1 <&

A
g N

and let us find the distribution of the quadratic form, Ai inx J° To do this we find
i ;1
the moment generating function of the quadratic form, ’

; -i‘A ei‘a
©) 6(0) = E(eeg‘t‘AijxixJ) } _V@r S OSO 17545t 1_JJK;|_dex1 o,

2r9</2

~~

1

(¢ o)
- L T N

It follows from §3.23 that

~

k

1
PRSI, e ol
BRI dx, Y

the above integratlon ylelds

ooy - YL _ul* YL
(2" YI(1-20)A 51 V{1-20)% Vil

That 1is,

R

(¢) b(e) = (1-20)- (0<%),

which, as will be seen from (e) in §3.3, is the m. g. f. for a 12 distribution with k
degrees of freedom.
We therefore have

Theorem (A): If x, +X5 009X, are distributed according to the normal multivar-

iate law (a), then 3 Aijxixj = x? say, is distributed according to fk(xa).
More generaliy, the quadratic form E Aij(xi—ai)(xj-aj) from the distribution
1:j,“1

- ‘Eﬁ Ay 5(xy-84) (X578 5)

VIiA e 1
(evr)‘b"‘ ’
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has the 1,2 distribution with-k degrees of freedom.

5.23 Reproductive Property of x°-Distribution
In the same way that the normal distribution possesses the reproductive prop-

erty so also does the x°-distribution. Suppose we have x°, Ags+++sXg distributed accord-
ing to fm, (7(?), fm2(xg),..., fmk (xﬁ), respectively. From the joint distribution of
these variates, let us find the moment generating function of the sum x%, assuming
independence, =

¢(e)-E(e9%"x§>- ). & S He

(x, ...fmk(xk) ...
0
e 0]
N o o
B 1:! oSe fmy (X1)913
m
i
k - =
-11—[ [(1-20) 2]
.m
- (1'26) 2;

where m = #mi' d(p) 1s the m. g. f. for a x_a—distribution with m degrees of freedom.
-1
Therefore, we have the following

Theorem (A): If )(12, xg, .o .,xﬁ are independently distributed according to 7(_2-
laws with m,, m,,...,m degrees of freedom respectively, then : xi 1s distributed ac-

cording to a X°-law with > m, degrees of freedom.
1
5,24 Cochran's Theorem
Cochran's theorem states certain conditions under which a set of quadratic forms

are independently distributed according to ‘x?-laws if the variables of the quadratic forms
are independently distributed, each according to N(0,1). To prove this theorem, we need
several algebraic theorems which will be stated as lemmas.

‘ Lemma 1: If q 1s a quadratic form, = _1%‘3&1(3: of order n and rank r, there
exists & linear tranaformation z; = ébqnxp(a-ua,...,r) such that % ap uxp'
S carf, where the cq are +1 ox 1.
o= In §3.23 we exhibited a linear transformation that would do this for a positive

definite quadratic form. The reader may extend that demonstration to prove Lemma 1."

#A proof of Lemma 1 18 given in M. Bcher, Introduction to Higher Algebra, Maomillan,
New York, 1907.
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Lemma 2: If A x X 1s transformed into & linear trans-
P e L d% f’ ﬂ—x
formation, z, = ib“ﬂ p(a-l 2,...,0n) then
p-

lagy! = lagpl - Ibapl?.

This lemma can be readily verified from the fact that 8qp = ﬁ a\;ob.' u‘bé p and by using
‘7’6-1

the rule for multiplying determinants.

Lemma 3: Suppose we have k gquadratic forms, q,, QpseerQs 10 X5 Xpp000,X, OF
ranks n,, n,,.. 0, respectively, and suppose % q = g__‘xg. Then & necessary and suffi-
cient condition that there exist a non-singular linear transformation z4 = pi:‘ca{,xn

(a-i 22,5 ..,ﬁ ni) such that
1

q1 = 2? + o0 + 2n1'

+ oo +22

2
Y "zn1+...+nk_1+l Dy4+oeotny

is that n=n, + 1, + ... + n.

- Proof: The necessity condition 1s obvious since ini must be equal to n in
1

order for the transformation to be non-singular,
Now consider the sufficiency condition. We assume n = n, + n, + «ee + .. By
Lemma 1 there 1s a linear transformation y(;) {Lbc(,_}-,) fi such that q, Z cq(y(” 2

where ¢y = +1 or -1. In the same way we know there exist tra.nsformations

K K
-p%b(a)x s oeee, 3 :bfm) 5,

such that n,+n,
a, -Z N CARE) L _S yUO)2,
a=n,+1 a-n1+...+nk_.‘+1
In other words we have n, linear forms y( ) ijg}.,)xﬁ (a-1,...,n1) such that q =
i‘ ca(;;b“)x )2 i‘c (y“) 2, we have n, linear forms.such that
Qm] -
n,+n,
<2
= _> c‘,l(Zb(z‘)xp)2 ) c (y(g) 2 etc.
a=n, + +1 a-n‘—"l

Let us denote y(‘) by z4 for a = 1,2,...,0y, yg‘?) by z, for a = ny+1, «.o, Ny + 0y, etc.

Let us denote bgn) by °§q‘3 for a = 1yeee,ny @P=1,...,n), b‘(,f,) by Capy for a =1, +1, ...,



§5.24 V. SAMPLING FROM A NORMAL POPULATION 107

+n, (®=1,...,n), etc. Combining all of the linear trensformations, we may write

-;cmﬂxf3 (@a= 1,2,..4n).
Then g, -gc za, qQ = a-% - c za, etc., and Zxa -;qi Zc 22 'ZC (; u{, ﬂ

By Lemma 2, |6ml = |c cn' * '%p' (where 6Qp is 1 ifa = and 1s 0 if a ¥ 3). This
reduces to

1= ‘ﬁ%""’an'e'

Since the cg = +1, this equation 1s

2
1 = 41, |capl )

and because the cap are real |c p' = 41,

This fact tells us that the n linear forms are independent and constitute a
non-gingular linear transformetion. From the identity

Zxﬁ = anzﬁ

we deduce that Zc 22 is positive definite since Zxa 1s positive definite. Hence, each
Cq = +1. This proves the sufficiency of the condition n = Dy + Ny + eoe 4Dy It 1s
interesting to observe that ’canl = +] and that 2%7 my - 6gps that 1s, the trensforma-

tion 1s orthogonal.
Cochran's theorem follows readily from this algebraic theorem.

Theorem (A) (Cochran's Theorem): If X,(a=1,2,...,n) are independently distri-

n k
buted according to N(0,1) and 1f S x2 = gqi where q, 1s a guadratic form of rank ni, a

as=1 -

ecessary and sufficient condition that the q, be distributed accord to fn, ( ) is
necessary and i gistributed n, X

that gni = n.
Proof': Assume n; =n, and find the m, g. f, of the Q. We have

g_i_eiqi o @ ?'%ixg*éeiqiﬁdx
’*;;;,mg e Yo J

Now transform the x's to z's by Lerm: 3, nullng thet the Jacobian 1s unity.
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1 2 2
= +eeod2)
2 Za N,4+e0ot +1 n’n
1 1 The v Tlaz,

‘ @ ®
)0 1
®

= fj(“aei)- ’

which 1s the m. g. f. of k independent ,(_2 distributions with n, MMpseee, Ty degrees of free-

+8, (2 PR 4 2)+...+ek(z

ml'_i:

dom, thus establishing the sufficiency conditlon.

The converse assumes that

foms T |1 Ve

Since %{f qu, the right hand side of the equation becomes the m. g. f. of Z x2
Q=i

(which has ax_ distri‘oution) when 6, = 62 -, = ek = 8, So the equation becomes

ny

ﬁ(1—26)- 2 - (1—26)- s

rls

that 1s,

S
2 -

! = (1-208) 2,

M f=]

(1-20)

Hence, é{:ni =, and the theorem 1is proved.
1
5.25 Independence of Mean and Sum of Squared Deviations from Mean in Samples

From a Normal Population
As an application of Cochran's Theorem, we shall show that the sample mean and

sum of squares of deviations about the mean in a sample from a normal population are inde-
pendent and have xe-distributions. Consider a sample On:x1 2Xpsenes Xy drawn from a normal

population N(o0,1). Then

(a) Sox = SR
[« 3] qs=

Let

,-g(xa-i)i‘-ug(xa ST,,)( ~ ,)-%‘L‘(oqp D%y s
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_ 1 1
q, = X2 = n(lllea)(-ﬁan) - o%ﬁ&xp .

q, is of rank 1, for in the matrix

1 i
n.u.n
1 1
n...n
any minor of order two, .
11
n n
L
110
n n

is zero, but each element is different from zero. The determinant of the matrix of q, is

7 -2 -1 -1 -1
‘r""' n n es n
Sl .1 Sl
D= n n n-°°" n
-1 -1 -1 1 -4
n n n...
Subtrecting the first row from each of the others, we get
1 21 -1 -1
1-5 n nocee n
-1 1 0«0 0
D- -1 0 1 cee o .
-1 0 0 ... 1
Next we add each columm to the first and find
1-n _1 _1 -1
N n n 0000 n
0 1 0 eeoes 0
D- 0 0 1 R o -0,
0 (o} O eeee 1

for all the elements of the first colum are zero. If we use this method of evaluation on

any principal minor of order n - 1, we get
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T ¢ R L -1 1
M- 1 o n n e n -ﬁ*o.
0 1 0o ... 0
0 0 1T ... 0
0 0 0 ... 1

Hence the rank of q, isn - 1. Using Cochran's Theorem we conclude that Z(Xa-J—()a and
nx2 are independently distributed according to fn-1(’X.2) and f1 (Xe), respectively.

If x is distributed according to N(a,a‘?) then ’-‘?7& 1s distributed according to
N(o,1). Hence, we have proved the following corollary to Cochran's Theorem:

If 0.:x,,..,x 13 a sample from N(a, #), then ii&_’ﬂ_ and n SXT-;L are inde-
pendently distributed according to fo- 1(c,( ) and f (x ). It also follows that s?
EX_L_-(ML and X are independently distributed.

It should be pointed out that one could establish the fact that ﬁ&—)— and

MV— for a sample from N(a,o- ) are independently distributed according to fn 1(-,(_ )

and N(o0,1), respectively, by verifying that the m. g. f.

$(XG_~)—C)2 0, (X-a NV
)
b(e,,eg) = E(e ! o2 * o ) = (1-29,) . 8 .

-/ 5.3 The "Student” t-Distribution

Next we shall derlve the distribution of the ratio of two independent variates,
one normelly distributed and the other distributed according to the —x_e- law. let £ be a
variate distributed according to N(0,1) and let xg be distributed according to fm(xe). If
these are independently distributed, the joint probability element is

m
_ ¥ (13)5 - - Le
Lo 2 2 e ° did(°)
Vam oD
Let us change variables to
5
te =, u=%y5, ~oo (t <o,
V%— 0{u<m

Then £ = t\/'g, X2 = u.
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The Jacoblan of this transformation is "u’
\/5 t '
m 2Vum \f u
J= - E .
0 1
Hence the joint dlstribution of t and u is .

m 1,,2 4
- - ‘| - —(t -3 u)
1 u,2 2 m u
— (Y e V- du dt.
2V2ﬂl“(12‘-’) 2 m

To find the marginal distribution of t, we integrate out u,

@ m_1 -(.1_3.2..,1)3
) = 1 u2 2 m 2 4
Enl®) evaf—l“<g>§, ) .
t,e‘njé'l 1 2 u
@® m
- Su“—zn)Bf;_"e' R )
r(m_“_) o - Il
(a) (8) = =—2— (1 +&) 2 |
R T

gm(t) is called the "Student" t-distribution with m degrees of freedom., Values of t€ have
‘been tallated such that
te

g gm(t)dt - €,

. -t€
for € = .1, .2, .3, .4, .5, .6, ,7, <8, .9, .95, .98, .99 and m= 1,2, 3,...,30, in
R. A, Fisher's Statistical Methods for Research Workers.

The application of this distribution to sampling theory is immediate. As an

important application consider a sample 0, from N(a,o~2). Then

.
£ - G-a)Vn

o
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is distributed according to N(0,1) and

=2
(x4-x)
7(.2 - g‘ —i r]
P

is independently distributed according to f _1(-,(_2). The ratio

) (x-a) Vn

b e O _ (x-8) Vn(n-1) _ (X-a)Vm
\/?_1 Sxgx) No(x, %) s
n-

o—z(n-1)

is, therefore, distributed according to gn_1(t).

The quantity t and its sampling theory which marked a new step in statistical
inference were first investigated by Gossett who without rigorously proving his result
suggested the above distribution of t in a paper published in 1908 under the name of
"Student”. A rigorous proof was supplied by R. A. Fisher in 1926. The essential feature
of t 1s that both i1t and its distribution are functionally independent of o, .

The "Student" distribution may also be used in connection with two samples.
Let 0, (x4, 2
N(a,,o°), respectively. Let X, and 3('2 be sample means and s'f - GZ-':(xw-El )2,{n]-1) and

2 2 =2
8y = 21 (XpqX,) ,612-1). Then

Q= 1,2,...,n,) and ona(xea"" 1,2,...,n2) be samples from N(a, ,0'2) and

g (x,-X,)-(8,-8,)

2,1 .1
(= + =)
n," n,
1s distributed according to N(0,1) and
2 . (n,-1)s + (n,-1)s83
o

1s distributed independently according to f, . _,(x°). Hence, the ratio
17772

‘- 3 ;&}‘(iria)-(a‘ -a,) V n,+n,-2
2 n.-1)s2 -2 V1 L1
: \.}'L—'nﬁne-e \(ny=1)87+(ny=1)s, \/n1 *1,

is distributed according to e,
1

+n2-2(t)‘
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It can be verified by the reader that

1,2
1 T3t
Lim gm(t)-v—__a'-;e

m — 00

5.4 Snedecor's F-Distribution

Now let us consider the distribution of the ratio of two quantities indepen-
dently distributed according to xa-distributions. Let x$~ andxg be independently distri-

buted according to f‘m1 (112) and fmp (xg), respectively. The joint distribution is

2 2
et _, % e _, %2
1 Myz o 2 1 HRayz o 2
2 ° m 2 ¢
2r(?1 A(52)
2 2
Let us meske the change of variables
2
L
F-ET/XQ" v_xg, O(F<<D,
-Eg 0{v<{{m,
2
Then
- m1
x, =V l-l; F XQ =V,
and the Jacoblan of the tranaformation 1is
m m m
1 1 1
J=]vVv— —F | =m—v,
m, M o,

m m
+52 -1 - 3=l Fvav)
: —2_F o 2 .

Integrating out the extraneous variable v, we get the distribution of F,

1 2 m, +m, © n m
T T S m v -1 T e
+ =— F) [(1+m—2r~')5] 2 e 2 2 4y
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m, +m m m m, +1,

(_.1..__2. m .—1 ._1..-1 m - 12

(a) B —=2 — (1) P (s tF) P
F G2y 2 2

This distribution, known as Snedecor's F-distribution with m, and m, degrees of freedom,
will be denoted by hm1,m2(F)‘
Values of F€ have been tabulated such that
Fe

§ By, (F)F = €,

0

for € = .99, .95 and all combinations of (m1,m2) from (1,1) to (12,30) and for certain

combinations from (14,32) to (500,1000), in Snedecor's Statistical Methods.

The moments about zero are easily obtained. Since the above is a distribution

fhnction, the integral over the entire range of F is unity, and, hence,

P1+P

® r
oo -t r(e )r(_) e =
F O+ 5 ) F=—=__2° r(r,”, TR
0

Using this fact, we get u' by integration.
r

@®
m, +m m m m
r =) m1-2—1-&21-1+r m, ];me
(b) E(FF) =« =——=2——— (12 \F (1 + 5L F) aF
f_(g ﬂg—) . ¢

ﬂw) 2 r(-—+r)r(~—- r) m?-l:—]+r
) r’ my o+ m 1)

)f (—) " (=2

m m
[Genl G2 -1 m,

>
e T

m
2
for r R
By a simple change of variable the F-distribution may be changed into a Type I
distribution, (the integrand of the Bets funclion times a constant), Let
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m
1
-— F
my
1 4=
o,
Then !
m
-2 X
F m, -x ’
and
m
dF = -2 4x .

o (1 - x)2

3o hm1 ’me(F)dF transforms into

m, +m, m, m,+m m m, m
172 1 71772 1 2 1
| ( ) . m -5 -1mn 5 1 5 =1
(c) ———'—'r-.m"’m(m—"zx R - En ,dx :" Em £ 0mf e
(élﬂgg) 2 ! (1=x) B('a—’aa)

It should be pointed out that the square of Student's t is simply distributed as:
2 2
h, ’m(t )a(t<).
If we make the change of variable

1
(d) zZ =3 loge ,

we obtain R. A. Fisher's z-distribution.

Example 1: As an example of the applications of the F-distribution, consider
two samples On’ :(xm, o= 1,2,00.,0, ) and Onaz(xaac- 1,2,e0 .,ne) from populations

N(a,,of) and N(aa,fe), respectively. Let

n = 2 n - 2
82 - Z: (xia"x1) a_!ldsa - i (Xea-xe) .
LI == n, -1 2 T = .né—1
Then ’ o2

i} 82 o2
F=o? - (—5)(=2)
1 a2 82 g2
-2 2 1

o

is distributed according to hn1-1 ,nz-l(F)'

E;g.ggle 2: Suppose Qn1, na....,onk are k aamplesf‘zvmm(a.1 ,a-e), N(aa,o-"’),...,
N(e.k,o- ), reaspectively. Then

f (n1‘1 )Si
T 2

o
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(-x-i"ai)z
has a o -diatribution with n-k (.e‘__.n~1 = n) degrees of freedom. Since

is distributed as f, (x ), the sum

éni(ii‘ai)e :

is distributed according to fk(xa) and independently of the former sum. From these
facts it follows that the ratio

21:“1'5"1‘“1)2 n-k
‘ Ll
i(ni-l )312_ k

is distributed according to hk n-k(F)
If the k samples come from a normal populations with the same mean as well as
the same variance,

fn_i(ii‘a)

p=
1s distributed according to N(0,1) and, therefore,

(1 - ‘,2,00.,1{)

n, (%,-%)° ny Xy
-] 0'2 x = £ )
has the %°-distribution with k - 1 degrees of freedom. From this fact, and since
the i'i are distributed independently of the si, it follows that

ini(xi-x) n-k
has the distribution hk-1,n—k(F)'

5.5 Distribution of Second Order Sample Moments in Samples from a Bivariate
Normal Distribution

Let us consider a sample O, (x,_, Xpg? O 1,2,¢0.,n) from the distribution (a)
in §5.12. The probability density function for the sample is

% -3 2; Z‘n—_("m -8 )(x55784)

( 2"T)

We shall find the m. g. f. of the sample variance and twice the covariance

) e,.8
¢(011,912,022) = E(o ij 11):

where aij 2“1:; xi)(xj -xj) and xi ngxia’ °1j = °j1' We have
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ool AI% °§’ OXD - %1§Aij("1u‘°‘1)("ju’°3) +;°13("1u‘§1)("3a‘§j)
- e 2J2 -

(2“)11 Ud"md"ea
_moot_w
‘% 0 ® 19
JA] -2
- (2B X X e Ud"mdxea’
-® -

where

Q= %Au(xh—ai)(xj{ai) - 2%eij(xm-ai)(xja-aj) . 2(nj§eij('ii-ai)(5:'j-aj)).

@ @ B (x,.-8, ) (xX;n-8,)
o - a2 & &e 2y Tasp Lhap *1a781) % p jde -
OODw

la"2a

IBI2

The determinant of the matrix of the quadratic formAEZBij qﬂ(xia-ai)(xm-aj) 1s of order
»

2n and 1is
D D ...

|Bij,apl = |D D ¢ ... D

where C 1s a 2 x 2 block of elements as follows:

1 1
Ay - 20y, - ) Aya ~ 20,00 - )
Ay, - 20,,(1 - 1) A, - 26,,(1 - 1)

21 21 n 22 22 n

.

and D is a 2 x 2 block of elements as follows:

] -]

Sl

12

Sl

11

0

6 22 .

=20

21

jo] I

If in 'Bij apl the first row of elements is subtracted from the third, fifth, etec., and
1
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the second row is subtracted from the fourth, sixth, etc., and if in the resulting deter-
minant to the first colum 1is added the third, fifth, etc., and to the second column is
added the fourth, sixth, etc., we find that

'Bij)w' - IAijl . lAij - Qeijln-1’

which exists if the eij are sufficiently small, Hence the m. g. f. of the 8,15 85, and

2a is

12
n-1 n-1

(8) 6(8,1101010,5) = [Ay4l 2 1A -20,51 2 .

Now if we can find a function f(a”,aw,aeQ) such that

281015,
(®) bloy118y5:95) = §§f e 1(8y,815,85,)da,,08, ,08,,,
R
where R 1a the region in the space of the a, . for which a,, > 0, a,, > 0 —1<-a‘—"‘-
8 spa 1j tor which &,y 2 0, 85, ’ Va1 55,

1, then f(a,,,a,,,8,,) will be the p. d. f. of the 8y4- The uniqueness of the solution
can be argued from the multivariate analogue of Theorem (B) of §2.81.

Denoting IAijl(n")/e by AlB1)/2 gng Ayy - 2844 by Kij,and choosing values of
the o j small enough for IIIUII to be positive definite, we can write

L o
() L - &, Ry 20KB) 7, k= /m,

and we can expand (1-k2) ©-/2 4146 the infinite series 0/l @-1)/21;§:[r‘(n-1)/2 + 1)/1-']1(21-
=0
Hence we may write

&5« 1) &

n-1
A 2
‘@ b0y 01 00g) = ey B ——rir e -
2 1 &2 Aya

Bt Bl g
Ly TR s
X G+ & 2 ’511311d(f_1_1)'
" Mgt ?
-(n-1/2 + 1)

and a similar expression holds for xea . Therefore, we may write
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n-1
2

8

s (®11%22)1 01
(a” 22 zxn 1™ 2020l im0 % A
_T—) .

F( 11 &l

Gy

00
(e) 6(ay,85,85,) = f
0

(=]

If in [ ] we make use of the formula 1! = eﬂ!ﬁ/eaiﬂi + %) we may write [ ] as

(‘"11322)1 2.12' X é)

£
(0 =0 Yy F'(-n;—' +1)

But from the definition of the Beta function, §3.3,

1
ML+ . Sti-
FE ) T TED )

s 2
Therefore
21 n—h
Va %
[]____ng( TSRy 22122y 2 gp
Vel 552 ) =0 e

1 ’ Ry "

* ___1___& ﬁ (1&11322)37‘112 pd(1-r2 )n.hdr___1_§ o 22112(, -p? )n_-_
wEE) J =0 g wER) 2

since terms for odd values of j vanish upon integration. Making use of this value of
in (e) we have

oot 2L
, NS n3 b
(8) 6(8,,85,85,) = & L-ﬁrvn- TEE 7,80 85e) 2 (1-r%)
0 0 -1 ;
‘%‘In’n 2‘22"22”‘ % I'Qda ,d8,,dr.

e

Setting r Ya,,s,, = &,,, (g) can be expressed as (b) where
BB
o) = A lay 4! - EZAijaij.
127722 2:t'l-ﬁ?l---(n-t r(n-2)

(h) f(a,,,8

-
12 Ja21yac22),

’

(1]
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As we mentioned earlier, the uniqueness of this p. d. f. may be argued from.the multivar-

iate analogue of Theorem (B) §2.81.

The sampling distribution of the correlation coefficient r may be found by set-
ting a,, = r Va,,a8,, in (h), expanding e” '®11812412 450 an infinite series, and inte-
grating with respect to a,, and 8,55 WO obtain as the probability element of r

n-1 n-4

(19)2Ur) ﬁ-er n-1+1
(1) f(r)dr = — -L{-r)— (===) ar,
RC-DINE re

where p = -(A12/ \/A”Agz), the correlation coefficient of the population.
If p = 0, the distribution of r is simply

- -
&) 5

f(r)dr = -
(J) (r) WTER) (1-r%)

The distribution (h) may be generalized to the case of a sample from a k-variate
normal distribution given by (b) in §3.23. The distribution for the k-variate casz,
which will be derived in Chapter XI, 1is

n-1 n-k-2 - 3 S Aijaij

Aelaij' 2 e 1“}-1

(k) flayy) = TE=n =ET &
P e S REDCER) LR

.where a‘ij %(x 1)(x Sc'j), xia(i = 1,2,.,..,k; a=1,2,.,.,n) being the sample.
Clearly, n ) k for this distribution to exist.
This is a very important distribution function and is fundamental in the theory

of normal multivariate statistical analysls. It 1s known as the Wishart distribution.

5.6 Independence of Second Order Moments and Means in Samples from a Normal
Multivariate Distribution
In §5.25 it was showp that in samples of size n from a normal distribution
N(a,o2), the quantities (i /o-g)g (x4~%)2 and _n('f_—_al were independently distributed accord -
ing to £, _,(x°) and N(0,1), respectively.
In the case of samples of adze n from the k-variate normal distribution (b),




$3.6 V. JAMPLING FROM A NORMAL POPULATION 121

§3.23, the two sets of quantities 845 = g(xiu-ii)(xja-'id)(i,j = 1,2,...,k) and X,,(1 = 1,2)
are independently distributed according to (k), §5.5,and (e), §5.12, respectively. A
straight forward method of establishing the independence of the two systems is by evalu-
ating the characteristic function of a,, and 2a, j (1$]), and (X,-a, Vn:

k i _
Z,.eijaij + 1 9, (X,-8)¥n
¢(913)01) - E(e ' )’

where °1j = eji’ which turns out to be a product of the form b,(eij) . te(ei), 1. e.

n-1 _ n-1 %ﬁAijeieJ
2 z 1



CHAPTER VI
ON THE THEORY OF STATISTICAL ESTIMATION

Let 0n be a sample from a population whose c.d.f. depends on h parameters 9,
LPYEERTL W Suppose the functional form of the c.d.f. is known, but the true values of
the paremeters are unknown. A fundamental problem in the theory of statistical estimation
is the following: On the bAsis of the evidence of On’ can we assign an interval for one
of the parameters, say 6,, and then state with a given amount of confidence (the meaning
of this phrase will have to be defined) that the true value of 6, lies in this interval?
More generally, can we make similar statements regarding a subset of the parameters, say
01585500058 méh, and a region 1n the parameter space These problems are discussed in
§6.1. If instead of assigning on the basis of O, an interval of values in which we esti-
mate the true parameter value to be contained, we wish to assign a single value, the prob-
lem 1s more difficult: We can hardly hope that our "point estimate" will coincide exactly
with the true value: In what sense can such an estimate be said to be "good"? How can
"good" estimates be found? These questions are considered in §6.2. Closely related to
the problem of point estimation of one or more parameters are questions of curve fitting;
these are taken up in §6.4,

The problems described above may be called parametric problems in statistical
estimation. There are also non-parametric cases of statistical estimation. One of these
is the problem of tolerance limits, which may be formulated as follows: Suppose a sample
On is from a population in which the random variable x 1s continuous. Can we determine
functions L, and L, of the x's in the sample such that we can state with a given probab-
111ty that 100A% of the x's in the population will be included in the interval (L, ,L2),
no matter what the population distribution 1s? or no matter what the values of the
parameters are if the functional form of the distribution 1s known? This problem is
discussed in §6.3. Some of the underlying sampling theory 1s discussed in §4,55

6.1 Confidence Intervals and Confidence Regions

In this section we consider the estimation of one or more parameters by means of

statements that the parameter lies, or the parameters lie, 1n a certaln region of the para-
meter space. The discussion of the example of §6.11 should be carefully studied: while

this will not be repeated elsewhere, the analogous considerations pertain in every case

taken up in §§6.11-6.13,
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6.11 Case in which the Distribution Depends on Only One Parameter

It will be clearest if we begin by means of an example (range of a rectangular
distribution): Let R be the range of a sample On from a population with the p. 4. f.

f(x;8) = 1/8, when 0 { x { ®, and 0, otherwise.
It has been shown in §4.54 that the p. 4. f. of R 1s
f_(R;8) = n(n-1)e""R" ?(e-R), oS RY e.

If we introduce the function

v = R/G,

we find that the distribution of this function of sample and parameter 1s indcpendent of

g(¥) = n(n-1)""2(1-4), ogb .

We plck a positive number € ¢ 1 (it 1s customary to take € = .95 or .99) and definse w€

from
1
§ gw)av = «.
w€

Then regardless of the true value of 8,

€ = Pr(w€g¢51) = Pr(wegR/egl),

which is equivalent to the statement

(a) Pr(R(eSR/Uc) = €.

It should be noted that R is the random variable in this statement and not 6. The inter-
vai 6:(R,R/Uc) 1s called a confidence interval for 6, and € 1s called the confidence coef-
ficient. Let us examine the significance of the probability statement (a):

First of all, (a) does not mean that 1if we ﬁake the value of R from a specific

sample, say R = R,, that the probability that
() Ry £ 8 Ry /U

is €: For, 6 1s not a random varlable, it is a constant, e&en i1f unknown, and hence the

statement (b) 1s true or false; if (b) 1s true the probability is unity, and 1f false,
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zero, -- in no case is 1t €. The situation 1s analogous to the random drawing (with re-
placement ) of balls from the classical urn, in which the proportion of white balls 1s €,
of black balls, 1 - €, After we have drawn a ball the randommess of the process 1s over,
the particular ball drawn is either black or white, and probabllity statements, aside from
the trivial one that p = 0 or 1, are no longer possible. However, if we draw a large num-
ber of balls we may expect that the percentage of white balls drawn will closely approxi-
mate 100 €. More precisely: The law of large numbers (§3.11) tells us that the propor-
tion of white balls drawn converges stochastically to € as the number of drawings is in-
creased.

We now see the practical significance of the probabllity statement (a): If we
always use confidence coefficient € and always assert that the true value of the parameter
6 (it need not always be the same parameter) lles 1n the interval obtained by putting the
sample values into the confidence interval, then in the long run (1. e. in repeated samp-
ling) the percentage of correct statements can be expected to be very close to 100 €.
Agelin more precisely, we should say that the probability that the proportion of correct
statements departs from € by more than a fixed amount h > 0, approaches zero as the number
of statements (1.e. number of samples) 1s increased, no matter how small h.

In general, if a distribution depends on one parameter 6, and if we have two

functions Q(On) and E(On) which depend on the sample 0n but not on 6, so that the interval
6(0,) : 8(0,) £ 6 < 8(0,)

is a random interval, then if the probability that the random interval 6 cover the true

value of the parameter is €
Pr{etd(on)l = €,

whatever be the true value 6, we call 6(On) a confidence interval for 6,and € the confi-

dence coefficlent. We shall sometimes refer to the pair 6, 6 of random variables as

confidence limits. This terminology is due to Neyman.
The method of finding confidence intervals that was employed in the example 1s
worth noting: It depends on finding a function ¥ of 0, and 6 whose distribution is inde-

pendent of 6. If the function ¢ 1s monotone and continuous in 6, then the relation
(C) PP('V‘ESwsw2€)=€

can be inverted to read
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Pi'(ef.d(on)) = €,

where 6(0n) 1s the confidence interval. Another perhaps more direct method of determining
confidence Intervals is as follows:

Suppose T(x1,...,xn) i1s a function of a sample o, : (xl,xe,...,xn) from a popu-
lation with distribution element f(x;6)dx, such that the probability element of T is
g(T;e)dT. Suppose the range* of values of T having non-zero probability density is (a,b),
and suppose the range of possible values of o 18 (a,}). Suppose two continuous monotone

Increasing functions T€(e) and Té(e) exist such that

Te

[ atrserar = p1-e),
(d) N

b

{ e(r;0)ar = q01-€),

T¢

where p and q are positive such that p + q = 1. Assume that g(T;e) is such that T€ and
Té each ranges from a to b as 6 ranges from a to . Then for a given value of T, let 6
and 6 be the values of 8 for which Te(8) = T, T(e) = T, respectively. Then (8,6) 1s &
confidence interval for 6 with confidence coefficlent €. That (6,6) 1s a confidence inter-

val follows from the relation
Pr(Te(e) { T § Ti(6)) = €,

which, because of the continuous monotonic character of Te(e) and Té(e), may be inverted
and written as Pr(¢ {  { ) = €. It should be noted that we may obtain confidence limits
for each value of p if functions TE(e) and Té(e) of the required kind exist for each p.
The question arises as to which value of p 1s "best". This would depend, of course, on
what definition of "best" we choose. In those cases where the mean value of the length of
the confidence interval 1s a function which factors in the form h1(p)h2(e), common sense
suggests that we should choose p so that the mean length 13 a minimum., In the case of
large samples, the definition of "best" confidence intervals is fairly direct (see §6.12).
We may represent confidence intervals obtained by this process, graphically as

follows:

*We permit a or a to be -0, b or 3 to be +00.
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° T=Tc(8) 3 _ (b,p)
5 B
- T=T.(8)
O V-~ . ) S
O | \
\ |
! |
N S - : A :
: ;
| |
|
[} 1
(a,a) | |
I |
| |
| |
1 |
Tc(8,) T Tie,) T
Figure ¢

Suppose the true value of 6 1s 8- For any sample value of T, the corresponding confi-
dence Interval is formed as follows: Draw a line parallel to the 6-axis, defined by

T = sample value. Let A, B be the points of iIntersection of this line with the two
curves as indicated in Fig. 6 . The confidence interval 1s the projection of the segment

AB on the e6-axis. The confldence interval wlll cover the true value of 6, if and only if

0

the segment AB crosses the line ¢ = 6, that 1s 1f and only if T falls in the range

0’
Té(eo)’ Té(eo)’ But the probability of T falling in this interval 1s precisely €. We
thus have Pr(e 6, ¢ ®) = €. The discussion and conclusion hold for any 8, in the range
(a,p).

This method, for example, has been applied by R. A. Fisher to the problem of
determining the confidence limits for p from the distribution (1) §5.5 of the correlation

coefficient r. Fisher uses the term fiducial 1imits instead of confidence limits?#

The 1dea involved in thls method has also been applied to cases where T is a
discrete random variable to obtain approximate confidence limits for the parameter in-
volved. In this case the = signs in the analogue of (d) for the discrete case are replaced
placed by > signs, and the largest value of Tc(e) and smallest value of Té(e) are obtalned
satisfylng the inequalities. Te(e) and Té(e) will be step-functions and the approximate
confidence limits are obtained by drawing a smooth curve through the graphsof the step-
functions. For example, Clopper and Pearson (Blometrika, Vol. 26 (1934), pp. 40k-413)
have appllied the method to the problem of determining approximate confidence limits for
the binomial probability parameter p from the statistic g in the binomial distribution
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nCxP @™ (x=0,1,2,...,n), and Ricker (Journal of the American Statistical Association,
Vol. 32 (1937), pp. 349-356) has applied the method to the Polsson distribution g; e M,
where m 1s the parameter and x the statistic. A method of determining confidence limits
for 6 from large samples based on the likelihood function 1s given 1n §6.12.

6.12 Confidence Limits from Large Samples

Suppose x has c. d. f. F(x,0), where 6 1s a parameter. Let 0n be a sample of
size n from a population having this c. d. f. Let P(On,e) be the likelihood function,

1. e.
(a) P(0,,0) = fjf(xi,e),

where f(x,6)1s the p. d. f. i1f x 1s a continuous variable, and 1s simply probability* if
X 1s a discrete variable.

We recall the first method of obtaining confidence intervals given 1n §6.11,
which depends on finding a function ¥ of On and & whose distribution is independent of 6.
That a function of the desired type for large ‘samples may be obtained from the likelihood
function P(On,e) may be concluded by use of the central 1imit Theorem (C) of §4.21. The
central 1limit theorem applies to a sum (the average), so we replace the product in (a) by

a sum by taking logarithms:

(b) log P(0,,0) = > 3,
1

»
n 1=

where vy = log f(xi,e) may be regarded as a random varlable for any fixed 6. To apply the
central 1limlt theorem we need E(y) and o§, where y = log f(x,8). Now
+00

(C) E(Y) = S 108 f(X,G)dxF(X,e),

-
where dxF(x,e) = f(x,6)dx in the continuous case, and the Integral (c) becomes a sum in th
discrete case. The calculation (c) does not give a simple result, but 1t 1s clear that 1if
we employed z = 9y/d6, then

+00

B(z) = 5 2 l0g £(x,0)a,F(x,0)
=00

and In the continuous case this becomes

+00
E(z) = g a%; £(x,0)dx.
-0

#If x 13 discrete, f(x.8) = F(x.8) - F(x-0.8)
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If the order of integration -and differentiation may be interchanged,
(a) E(z) = O.

Let us now assume (d) to be true in any case and furthermore that A% = E( 22) is finite.
Differentiating (b) we get

7, =
gg;‘i 3¢ 108 P(0,,9),

and hence

1
Z = + 2 log P(0,8).
Applying the central 1imit theorem to z we have that

-‘- log P(0,,8)

=

is asymptotically distributed according to N(0,1). We summarize in
Theorem(Ax If

ElZ log f(x,8)] = 0, and A? = E[[Z log f(x,8)]°]

1s finite, then

~L- 2 10g P(0,,6)

YnA de

[
/]

is asymptotically distributed according to N(0,1).

Hence we have approximately, for large n,

(e) Pr(-de ¢ mﬁ—l—oﬁ—gde)=e,

where d€ 13 chosen so that

! §€e— ;yedy €
Va1t )

_d€

Now 1if ;F:-il§95L_ 1s monotone in 6, we may invert in (e) and write the result
nA ]
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(1) Pr(ggegﬁ)-&

The asymptotic confidence intervals (f) furnished by - jL;gg_Z are optimum in
3 1 3log Py,2 nA
the following sense: The mean value of !-a—é (\T—_ 36 )1° 1s greater than that of any
nA

other function G(O,) of the sample which has N(0,1) as its limiting distribution”.
This maximum property of the mean squared rate of change with respect to € implies short-
est average confldence intervals in a certain sense, since confidence intervals are ob-
tained by taking the inverse of 1 dlogPk with respect to e.

VA 26
Example: Suppose samples of size n are drawn from a population having the bi-

nomial distribution
f£(x,p) = dF(x,p) = p*(1-p)' 7%, X =0,1.
In a sample of slze n

n n
51__,"1 n- 21"1
P(O,,p) =D (1-p)

n.‘ n‘n1
=p (1-p) s

where n, = :g:xi. We verify that E(d log f/Ap) = 0 and calculate
1

2 _p8log pX(1-p)' "X 2 1
A® = B ap ) p(1-p)
and 1 2log P _ ¥o(i-p) (21_ _ n'n1)
Vna 9P Vn p 1-p
n
1
n, - np G -p)Vn

“Vnb(i-p) Vp(1 - p)

Therefore, to find approximate confidence limits with confidence coefficient €, we
invert the expression

n
pe(-a g(#-p)ﬁgd) .
(- — = €,

*For proof for the case where G( 0,) is of the form ﬁh(xi,e) where G( On) 1s asymptoti-
cally distributed according to N(0,1), see S. 8. w11is, Annals of Math. Stat., Vol. ¢
(1938), pp. 166-175, and for more general results, see A. Wald, Annals of Math. 3tat.,
Vol. 13, (1942), pp. 127-137.
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obtaining
PI‘(ES DSB) = €,

n
where p and p are given as the roots of the quadratic (ﬁl - p)2n = dg(p - p2).
6.13 Confidence Intervals in the Case where the Distribution Depends on

Several Parameters

Suppose that the c. d. f. of the population depends on parameters 6,,0,55000,8,
and we wish to estimate 6,. If there exist functions 91(0n),‘€1(0n) of the sample, such
that the probablility that the random interval

6(0,): 8,(0,) L 8<8,(0),

cover the true value of 6, does not depend on the true values of 8,50,5,0.4,8,

1

Pr{e,€6(0,)| = €, independent of €,,8,,...,8,,

then we say that c(on) is a confidence interval for 6, with confldence coefficient €.

(The parameters 6,,6,,...,8, are sometimes called nulsance parameters.)
2’73

Example 1 (Mean of a normal population): If 0n 1s a sample from a population
with distribution N(a,cz), then in the notation of §5.3,

t = Vn(x-a)/s

has the t-distribution gn_1(t) with n-1 degrees of freedom. Define te from

t

€
S g _,(t)dt = €.
_t€

Then
€= Pr(-tc {t {t;) = Pr(X-tes/Vn { a g Xetes/Vm),
whatever be the true values of a and c°. Hence (X-t,3/ Vn, X+t s/ Vn) 1s a confidence

interval for a wilth confidence coefficient €.

Example 2 (Difference of means of two normal populations known to have the same
. . 2
variance): Let Oni.(x11,x12,...,x1n1) be a sample of size ny from N(ai,¢ ), 1i=1,2.
Let

i 1
- — 2 — -
SLTanNT T ST Ryl

d = %X1-Xo, a=2a.,-a_.

172
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Then by §5.25 ai/a‘Q has the -distrilmtion with ny-1 degrees of frecdom, hence”

(§5.23) bﬁrz where 3 = S] + S has Lhe x' distribution with n, +n, - ? degrees
of freedom. Furthermore, y = d a)/kw (n1 )] /2 has the distrihmliun N(o,1),
and since y and 8/02 are statistically 1ndependent (§5.29), 1t follows from §5.3
that vy/[S/(n1+n2—2)]1/2 has the t-distriutlion with n, + n, -2 degrees of freedom,
_,(t). Defining t. from

gn1+n2 2 €

Le

_tG

we find by the method of Example 1 that a confidence interval for a is (d-t.s',
d+t€s'), where

o —

(n1+n,,)S
8! = |—— .

(n1+n2—9)n1n2

Example 3 (Variance of a normal distribution): Let On be & sample fron N(a,cg).
Let

n
S = :g:(xi—f)g, ;éjxi/n.

Then (§5 25) uﬁrg has the xf -distribution I (x~) with n-1 degrees of freedom. Let
'X€1:'X€2 be any two points on the range (0 d)) such that

2

Xeo
£ (XD)dX? _
n-1
2
X€1
We find that (S/XEO’ 8/121) 1s a confidence interval for o with confidence coeffici-
ent €.
Example 4 (Ratio of the variances of two normal distributions): Let 0n :
1

(x11,x12,...,x1n1) be a sample of size ny from N(ui’qi)’ i=1,72. Let

Ly .
s = ji— ij x1 ni-l), Xy = 2 iJ/ni’
T = 3?/32), e = G‘T/H—;.

Since (n1-1)s§ for 1=1,2, are independently distributed according to-x?-distributions
with ny-1 degrees of freedom respectively, it follows from §5.4 that T/6 has the
F-distribution hn (F) with n,-1 and n,-1 degrees of freedom. Plick a palr of
limits F F

-1,n,-1
1so tﬁat

1€? 2€

*since 3, and 82 are statistically independent
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Foe
S hn1-1,n2-1(F)dF - €.
F

1€

Then a confidence interval for 6 1is (T/F2€, T/F,e).
6.14  Confidence Reglons

We suppose that the population distribution depends on parameters 019855 004,6.
We denote the parameter point (91’92""'6h) by 8, and the entire h-dimensional space of
admissible parameter values by Q. If c(On) is a random region in N which depends on the
sample On’ but not on the unknown parameter point ®, and i1f the probability that the ran-

dom region 6(0n) cover the true parameter point ® is independent of @,
Pri@td(on)f = €, Independent of @,

then we say that 6(0n) is a confidence region for ®, with confidence coefficlent €,

It may be desired to estimate only a subset 8,50,,...,0,, m { h, of the h para-

meters (the remaining parameters are called nuisance parameters). Denote the m-dimen-

sional space of 0':(61,99,...,em) by o', If 6'(On) 1s a random region in Q' such that
Pr!@'td'(On)l = €, Independent of @,

whatever be the true value ®, then 6'(0n) 13 said to be a confidence region for @' with
confidence coefficlent €.

Example: Suppose O and O are samples from normal populations N(a »0 ) and
N(ae,ap),respectively. Wé know f?om §5.25 that S /a , S /o- (defined 1in Example 2,
§6.13),

n1(;1'a1)2 n2(22—a2)2

o? ’ 52

are independently distributed according tO'KF-laws with n]-1, n
freedom respectlively. By §5.23 it follows' that

2-1, 1, 1 degrees of

\ — 2 = 2
S, + 82 n1(x1 31) + n2(x2 a2)

0,2 0_2

are Independently distributed according to x?-laws with n, +n, -2 and 2 degrees of

freedom respectively. Hence if wse set

2

- 2 = 2
n, (X,-8,)%+ ny(x5-8,)" 5
(—2‘) ’

S, + S2

1

then F 1is distributed according to h, ' (F) where n=n, + n,.

2,n-2 1
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Therefore 1f F€ 18 chosen so that
F

€
S h2’n_2(F)dF =€,
0

we may say that

- 2. = 2
n, (X,-a8,)%+n,(x,-8,)" ,_,
Pr( 5, %S, (T35 S Fe) = €

which 1s equivalent to the statement that
Prl(a1,ae)id(0 o= €,
where d(On) 1s the reglon in the (a,,a,) plane bounded by the random ellipse with
equation
2(S,+3,)
= 2 = 2 17°2
nl(x1—al) + na(xe—aQ) = F€ = -
In other words, the probabllity 1s € that thils ellipse will cover the true para-
meter point (a,,a,). '

6.2 Point Estimation: Maximum IL.ikelihood Statistics

Throughout this section we consider the point estimation of a parameter 6 in the
c. d. f. of a population. There may be other unknown parameters present, if so, we de-
note these by 92’95”"’9h’ A statistic is any function T(On) of the sample, not depend-
ing on €, or on any other parameters 1f such are present. Polnt estimation consists of
the use of a single statistic for estimating the parasmeter; confidence intervels, we re-
call, involve two statlstics, the end-points of the confidence interval, satisfying cer-
tain conditions (§6.1). Desirable conditions for statistics used as point estimates have

been given by R. A. Fisher: An optimum estimate satisfiles the criteria of consistency,

efficlency, and sufficiency, defined below. A method which sometimes yields optimum sta-
tistics 1s Fisher's method of maximum 1ikelihood.

6.21 Consistency

A statistic T(On) 13 saild to be a consistent estimate of 6 if T converges stoch~
astically (§4.21) to 8 as n — . From Theorem (B) of §4.21 we know that whenever the
population has finlite variance, the sample mean 13 a consistent estimate of the population
mean. We remark that consistency 1s purely an asymptotic property. If for every n,

E(T) = 8, then we say that the statistic T 1s unbiased. It follows from Theorem (A) of
§4.21 that the sample mean 1s always an unbiased estimate of the population mean (when-

ever the latter exlsts). The following theorem enables us to recognize the consistency
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of statistics in many cases:
Theorem (A): A sufficient condition that T be a consistent statistic for esti-

mating © 18 that E(T) — 6 and o — 0 88 N — .
To prove the theorem, write 'I‘(On) = Tn, and set any € > 0. We need to show

that

Pr(|T -l >€)— 085 n— .
Since E(Tn) — 6, there exists an N such that

1
IE(T,)-el < z€ for n > N.

We note that for n > N the interval of T, values ITn—E(Tn)l 4 %E is always contained in
the interval I’I‘n-ol S €. Hence the probability of Tn falling outside the latter interval

1s { the probability of T, falling outside the former:

Pr(IT, -6l > €) { PrUIT -E(T,)| > £€] = Pr{IT -E(T)| Doq . €/207].

By Tchebycheff's inequality (§2.71) the last expression 1s (20 /€ )2, and by hypothesis
T
this — 0 as n — oo for all fixed € > o.

Example: Let 0n be a sample from a population with an arbitrary c. 4. f. about

which we assume only that the fourth moment ) about the mean exists, and consider

52 us an estimate of 0-2, where

8% = 1g;‘(xi-ft)g/(n-i ), X = é;xi/n.

Then we know E(se) -a-e, and by use of the well known formula for the variance of sa,

2 _ley _ D=3 b
”se'n["“ o b

it follows from theorem (A) that 82 1s a consistent statistic for estimating 0-2. If
we apply the same theorem to

()2 = ; (x,-X)%/n,
-

we find it 1is also a consistent estimate of 0-2, but unlike s
6.22 Efficiency

T(On) is said to be an efficient estimate of 6 if
1) Vn(T-e) is asymptotically distributed according to N(O,u) with , < oo,

2, 1t 13 blased.
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11) for any other statistic T'(0,) such that Vn(T'-e) 1s asymptotically distributed

according to N(0,p"), u  p'.
Since the asymptotic mean and variance of T are @ and n/n, respectively, it follows from

Theorem (A) of §6.21 that (1) implies the consistency of T. The efficiency of T' in esti-

mating 6 is defined by E = p/u'.

Example: Consider the sample mean X and the sample median X of 0, from N(a,ve)
as estimates of a. We have from §5.11 that VA(x-a) 1s distributed according to
N(0,6°), and from §4.53 that Vn(X-a) is asymptotically distributed according to
N(O,lwcg). Hence X 1s more efficient than X. However, to prove x "efficlent" it
would be necessary to verify condition (11) of the definition. This example may be
generalized as follows: If 0n is from a population with p. d. f. f(x), if the pop-
ulation median = a (the population mean), and if f(x) 1s continuous at a, then using
the results of §4.53 on the asymptotic distribution of %, we find that X is a more
efficient estimate of a than X if o ¢ [2f(a)]j1§ is more efficient if o > [2f(a)]'1

6.23 Sufficiency
T 1s saild to be a sufficient statistic for estimating 6 if for any other statis-
tic T', the conditional distribution f(T'[T) of T', given T, is independent of 6. (We use

the same notation f(T'|T) whether the population is continuous or discrete.) Thus, ex-
pected values, moments and other probability calculatims about T', given T, will be calcu-
lated from f(T'|T) and hence will not depend on €, but they will depend on T in general.
Or, in Fisher's terminology a sufficient statistic "exhausts the information" in a sample.
We note that sufficlency, unlike consistency and efficiency, 1s not merely an asymptotic
property.

A convenlent method of spotting sufficient statistics is embodied in

Theorem gA)*: If the population distribution is continuous, let P(°n3°'°2"°'°h)
be the p. d. f. of 0 ; if the distribution is discrete, let P(0,;6,6,,...,8,) be the dis-

crete probabllity of 0, In either case a necessary and sufficient condition that T be a

sufficlent statistic for estimating 6 1s that the function P factor in the following

manner
P(On;elez.o’")eh) = 81 (T;exeg)'0010}])'32(0n;e?)63)0")0}«1)'

A sufficient set of statistics with regard to a set of parameters may be defined.
and an analogue of Theorem(A)obtained for that case; see Neyman and Pearson, Statistical
Research Memoirs, Vol. 1 (1936), pp. 119-121.

*For proof, see J. Neyman, Glornale dell Istituto Itallano degll Attuari, Vol. 6 (1934),
Pp. 320-33L,
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Example 1: Suppose 0, 1s from N(a.ae). Then

N, = 2, .2 1 1 2
- Z(x-8)Jo - 50 - 33/c
P(On;a,og) =e ° -(2%02) e 2

’

where

S = if: (xi'i)e'
=1

(Here and 1in the following examples the factors corresponding to g, and 8, of Theorem
(A) are separated by a dot.) Hence x 18 a sufficlent statistic for estimating a.

In this case there 1s no sufficient statistic for o” but 1t is easlly shown that
X,3/(n-1) are a sufficlent set of (unblased) statistics for a and oC.

Example 2: For On from N(O,8),

RO Y
N - S /e‘

P(On;e) = (om) e 1,

where S' = igﬁxi' Hence S' is a sufficlent statistic for estimating 6. S'/n is an
unbiased (see ex.2,§6.24) sufficient statistic.

Example 3: OSuppose the population has the discrete distribution
p(x;0) = 6~ e 9/x!, X = 0,1,2,.0s

We recall from §3.13 that E(x) = 6. For a sample On:(x],xg,...,xn),

n Xi -0
F(O,;0) = TTe *e /%yt .
1=1

If we write this

X
&
o=

ne n
P(0;8) = ( e )'(1/3’I1x1:),

we see that gg:xi 13 a sufficlent statistic for estimating 6. Since
=1

it follows that X = %?jxi/n is an unblased sufficient statistic.
=1

0.4 Maximum Ld) elihood Estimates

The function P(On;ﬁ’QD""’eh) det'ined in Theorem (A) of §6.23, when considered
as a function of the paramcter point 8,6,,...,8, for fixed On’ is called the likelihood
of the parameter point. If the lilelihood function P has a unlque maximum at 6 = é(On),

8, = 6Q(On)"“’eh = éh(on)’ then the set of statistics 6,6 eh 13 called the maximum

FYRERE
likelihood cstimate ot the parameter polnt.
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Let us consider the case of one parameter , say 6. In Theorem (A), §6.12, 1t was
shown that under certain conditions the quantity . 9%—%—P is asymptotically distributed
according to N(0,1). ILet us assume that 8 1s thev?glue of 6 which maximizes P and that we
can make the following expansion about o = 8,

2 3
(a) 1 (8log Py _1— (6 log P)é b (Q_lgé_lf)é(e_é) b (6 1013; P)a(e—é)g
VIA 26 VDA L) YTA 26" 2 YnA o6

= -AV + WV o+ v

where 6 1s on the interval (6,8), and
°
U = £(A%(d a—;og—f)él,
8

1 3%1og

V = Vii(e-8), W= g %5
. ]

We have employed the fact that dP/06 vanishes for & = 6. Now from Theorem (A), §6.12,
d

1.2

- =X

(b) Pr(;il_gs._P<d)=_1._.ge 2 dx+-|-'n,

YDA 98 o
where ‘\n -— 04&as n — .
Making use of (a) we may write

d - 12

(¢) Pr(-AV + W + o= W2 (d) = o= | @ 2 dx +

i et n*

-

Considering U, V, W as three random variables, the left side of (c) states that the prob-
ability of U, V, W falling into a certaln region in this space 13 given by the expression
2
on the right. Now let us assume (1) that (-1—1,1 —a—ﬁg—g)é converges stochastically to
2 XN
E(M—g(l'-g)-) which we shall assume = -A° (1mplying that U converges stochastically to 0)
26 1 87log P
asn— o, (2) th?.t (H -————%—)3« (and hence 2AW) converges stochastically to some finite
38
number K, and (3) that V has some limiting non-degenerate p. d. f. as n— oo (1. e.,
has a ¢. d. f. which is continuous), then the limiting form of the distribution function in

the U, V, W space as n — oo 1s a one-dimensional p. d. f. along the straight line

)Uao
W=K.
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The p. d. f. on this line is that of the limiting distribution of V. Hence,

Lim Pr( -AV + UV + W2 ( d) = Lim Pr( -AV < d).
n — 00 VH n— o

The equality of the two expressions for A% 1s & reasonable assumption as the reader will

gsee from the following discussion:

0log f _af
@ et o

Differentiating thls with respect to 6, we get

(e) p3%log £ df dlog £ _ d°f
30° 3e ae 86°

Substituting (d) into (e), and integrating with respect to x from -oo to +00, we have

2 . @ 2
p2llog £) | p@log f)”) X 2°F 4y,
ae ae J a8

Now if we may interchange the order of integration and differentiation in the right member,

then the left member 1s seen to be equal to

'@

2 2
9 X £dax=-2 (1) =o.

00° 380
-®

We may summarize in the following
Theorem (A): Let On(xvxe,...,xn) be a sample from a population with c. d
F(x;e). Let P(0,) = Iﬁf(xi;e) be the likelihood function, where f(x;e) is the p. d. f.

o
i)

if x 1s a continuous variable and probability of x if x 1s discrete. Let P(0, ;) havec a

unigue maximum at € = 8, and assume

(1) E[("—lgﬁ—‘—’)gl = -E(a—'—l—;’&,—% = A7,
(5] e

and that as n — oo

? ~
(11) (% §__12§_P)é converges stochasticully Lo -A',
36 -
1 33
(111) (ﬁ 9—19%—}35 converges stochastically to a finite K,
aé

(1v) Vri(6-6) Las a limiting non-degencrate p. d. f.
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H
o

Then Vn(6-6) is distributed asymptotically according to N(0,%3).

Under falrly general conditions, which will not beAgiven here, 1t can te stown
that 1f 6 1s any other statistic such that Vn(8-6) 1s asymptotically distributed accord-
ing to N(0,B%), then B® ) 1.

In the present cgse where the c¢. d. f. F(x;6) depends on only one paramcter it
is often possible to transform from the old parameter ¢ tou a new parameter ¢ 3¢ thuat the
asymptotic variance of %, the maximum likelihood estimate of ¢ will be independent of the
parameter. Let A® be defined as before, let ¢ = h(e), a function to be determined, and
define

B") - E[(aalog f):)].

We will try to determine the function h(e) so that Bﬁ 1s o4 glven positive constant. We

have
A2 = B3I L7 < p( R L L 907y - By,

do

A
de ~ B’

6 = gf Ade + C,

where C 1s any arbitrary constant. If the last equution determines ¢ as a monotonic con-
tinuous function of 6, then since P(On;e) has a unique maximum for 6 = 6, clearly
P(On;h-](b)) has a unique maximum for ¢ = b = h(8). By Theorem (A) the asymptotic vari-
ance of 3, the maximum likelihood estimate of ¢, will bhe (nBe)_1 which 13 independent of
¢. As an 1llustration the reader can verify that in Example 2 below, ¢ = log € 13 a new
parameter of the desired type.

Theorem (A), §6.15 and Theorem (A) of the present section can both be extended to
the cage of several parameters. In the case of several parameters i1t may be shown under
conditions analogous to those in Theorem (A) that for large n Vﬁl§1-q), \fﬁ(@z-eg),...1
Yﬁ?éh—eh) are asymptotically distributed according to & normal multivariate distribution

with varlance-covariance matrix '|°i°jPij" glven by ||A1i|1'1, where

2
_ dlogf o logf, _n987logl
(f) Ays = Kl 36, 98, ) = E(aeiaej ).

Example 1: Suppose On 1s from N(a,1):
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1 1 2
- 5 - 5(x-a)
f(x;a) = (2n) ‘e 2 ,

log £ = - £ log (em) - $(x-a)%,

9 log f/da = x - a.

If we use the flrst of the two expressions for A% we get
A2 = E[(x—a)?] =0o? = 1.
To use the second expression we would have to take the expected value of

2
—belog ffpa® =1,

and we note we get the same result. To find 6 we inspect

-n - %[n(f—a)2+S]

P(O;a) = (em) ° e ,
and see that this 1s maximum when the exponent 1s minimum, that 1is for
a=x.

Theorem (A) says that Vn(x-a) 1s asymptotically distributed according to N(Q,1).
In the present case this 1s the gxact distribution.

Example 2: For On from N(O,8),
f(x;8) = (2n8) e ° ,

log f = - = log (em) - % log © - %xg/e,

3 log £/36 = 1(-1/6 + x°/e°),

A% = 1E[(-1/8 + x°/6%)7],

Let us see whether 1t may not be easler to calculate A® from the other formula:
3%10g f/00° = 16 %-x°/0,
A’ = -E(3672-x?/07) = - 3672 4 E(x%/e)/6".
Since x2/e has the x?—distribution with k = 1 degrees of freedom, 1ts mean 1s k =1.

Hence
-2

>
[}
1
MCL-
+
]
[ ]
V] <L~
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Now - % - %n - %8'/6
P(0,;0) = (2m) 9 e ’

where S' = Eg:xi?. Differentiating
=1
log P = - % log (2w) - %n log 6 - %S'/e

with respect to 6, we get
1 ' /a2
dP/d6 = SP-(-n/e+3'/e%).

Equating this to zero and solving for 6, we find

8 =35'/n.
By Theorem (A), Vn(e-e) 1s asymptotically distributed according to N(O,eee). Since
3'/e actually has the x?—distribution with n degrees of freedom, its exact mean and
varlance are n and 2n, respectively; hence the asymptotic mean and varlance given by
Theorem (A) turn out to be the exact mean and variance. However, the‘ .sxact distri-

bution of né/e is the'x?—distribution with n degrees of freedom, and not a normal
distribution.

Example 3: As an illustration of the method of obtaining maximum likelihood
estimates when the distribution is discrete, consider again the sample of Example 3,
§6.23, We may write

P(0,;6) = 6" o 10y,

where
X = :g:xi/n, .
i=1
U=1/ﬁxﬁ
1=1

are independent of 6. To find 8 we setaP/de = 0 and solve for &:

log P = nx log 8 - ne + log U,
dP/36 = P'(nx/e - n) = 0,
8 = X.

This we have already shown to be'an unblased sufficlient statistic. We calculate

log f(x,8) = x log 8 - 6 - log x!
3%log £/ae° = - x/e°,
A% = -E(-x/6%) = 1/e.

Thus Theorem (A) tells us that Vh(x-6) 1s asymptotically distributed according to
N(o0,8).
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Example 4: In this example we illustrate the method of maximum likelihood for
obtaining estimates when more than one parameter is present in the population distri-

bution. Suppose O, is from N(a,6). Then

1 Vi = 2
P(0_sa,0) = (2n 6) - Ene-AEIn(x-a) +31/6
n’-’ ’

where
* =2
S = 151(1(‘1-x) .

To find the estimates &, 8, we set
dP/da = aP/ae = 0
and solve for g and 6:
1 1 1 = 2
log P = - 3n log (2m) - zn log o - sln(x-a) +3Sl/e,

dP/da = P[n(x-a)/e] = o,

oP/oe %P)-n/e + [n(?-a)2+SVe?[ = 0.

The solutions of these equations are easily found to be

a-=x, 8 = 3/n.

As we have previously noted, these are both consistent estimates, but the latter is

bilased.
Let us compute the asymptotic variance-covariance matrix of Vn(a-a) and Vn(8-e)

as glven in the generalization stated below Theorem (A):

. 1 1 ) 1
log ff = - 5 log @ - 5(x—a) /8 - 3 log (o),
a? 2 2 2
log £ 1 8%logf 1 _ (x-a)® alogf _ - x-a
3a” e’ 3e° 06° o 3ade 8°

Hence the asymptotic variance-covariance matrix is

-1

I

Aaa A&G

o
o
N
[}

A A
6a 66 26?

It 1s easlly verified that the entries in the last matrix are exact with the excep-
tion of the (2,2) entry whose exact value 1is ?e?(n-l)/n.

6.3 Tolerance Interval Estimatlon

In the foregoing sectlons we have discussed two methods of estimating one or

more parameters in distribution functions from samples: the method of confidence inter-

vals and theé method of point estimation based on the method of maximum likelihood. If
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the original parameters, say 8, 02,..., 8, are transformed to new parameters ¢1, ¢2,
vesy ¢h by any one-to-one transformation bi = ¢1(e1, 8550045 8), 1 =1,2,...,h, which is
continuous and possesses first derivatives, we may apply both methods of estimation as be-
fore to the problem of estimating the new parameters. In fact, it can be readily verified
that the maximum likelihood estimates of the b, are ¢1(§1, 52,..., §hL 1=1,2,...,h,
where 31, 62,..., Gh are maximum likelihood estimates of the 8. A specific case of
transforming a single parameter was discussed in §6.24; the problem there was to find a
function of & having a maximum likelihood estimate whose variance in large samples (to
terms of order %) does not depend on this function of 6.

Another problem of estimating a function of the parameter which deserves special
comment 1s that of setting tolerance limits (see §4.55). This problem 1s as follows:
Suppose f(x,0)dx 1s the probability element of x where & 1is the parameter. For a given

o p (1 let L, and L, be such that

L @®

1
g £(x,0)ax = 120°, & r(x,0)ax = L
-00 IJ,\

Ly and L, are continuous functions of p' and 8; denote them by L,®,p", Lie,p'). From the

discussion in the paragraph above it follows that in a sample of size n the 1likelihood es-
timates of L#e,pO and of L,(e,p") are L1(8,n0 and L?(ﬁJV), which are completely expressible
in terms of the sample, when the functional form of f(x,8) 1is glven. Now the integral
L,(8,p")
(a) v =\ f(x,6)dx
L,(6,p")

1s & random variable which represents the proportion of the population for which L1(§,n')
<x< Le(é,n'). Assume that the distribution function of the integral (a) is independent
of 8, If & converges stochastically to 6 as n — o (which 1s implied by the assumption
(1v), Theorem (A), §6.24) then L,(8,p') and Lp(é,n') converges stochastically to L,(e,')
and Le(e,n'),respectively, and hence the integral (a) converges stochastically to fp'.
Therefore, for a given ff on the interval (0,1), and € on the same interval and choosing

some f3' on the interval (8,1), one can choose an n, say n', such that for n > n!

(b) Pr(v2p) > €,

no matter what value 6 may have. For some values of p and €, particularly those ncar

unity (e. g., .95 or .99) there exists a smallest n, say n,, such that
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(¢) Pr(vyp) > €.

Therefore, under this condition L1(§,p') and Lg(é,pﬁ are 1003 % parameter-free tolerance
limits at probability level € (see §h.55)*. The interval L1(§,ﬂ'): Le(é,ﬂ') on the x-axis

may be referred to as a tolerance interval tased on samples of size n, for covering or

estimating at least 100p3 % of the values of x of the population, with a probability of
at least €. These results may be extended to the case in which two or more parameters are
involved in the distribution function of x.

It 1s evident that there are many ways of choosing tolerance limits as functions
of 8 so that statement (b) can be made, e. g., L, and L2 could be determined by cutting
off unequal probabilities from the tail of the distribution function f(x,e) rather than
equal probabllities.

The reader should note carefully the distinction between a confidence interval

statement (§6.11) about a population parameter and a tolerance interval statement (in this

§ and §4.55) about a population proportion. It will be seen, however, in the last ex-
ample of §6.12 that the confidence statement about the proportion p in a binomial popula-
tion 1is closely analogous to a tolerance interval statement about a population proportion
in the case of a population with a continuous random variable.

As an example of tolerance limits of this type involving two parameters con-
-++, X, ) drawn from the normal distribution N(a,ae). Let X be

sider a sample On(x1, X5

the sample mean and s° = H%T jt(xi-I)e. Let tﬁ' be such that
1=1
tao
(a) [ epeattrat = po
_tﬁ'

where g _,(t) 1s the "Student" distribution with n-1 degrees of freedom (see §5.3 ). Let
L, =X - tp,\/gﬁl s, and L, = X + tn' N+l 3, The proportion of the population having

n
values of x on the tolerance Interval X + tn' Eﬁl s 1s
L,
(e) X N(a,o?)dx.
L

1

The distribution function of this integral 1s not known. However, it has been shown

*For details of the approach to tolerance limits for large samples when the functional
form of f(x,8) 1s known, see A. Wald, "Setting of Tolerance Limits when the Sample is
Large", Annals of Math. Stat., Vol. 13 (19k2).

**3. 8. Wilks, "Determination of Sample Size for Setting Tolerance Limits", Annals of
Math. Stat., Vol. 12, (1941), pp. 9L-95.




§6.4 VI. ON THE THEORY OF STATISTICAL ESTIMATION . 145

that the mean value of this }g&egral is . 1Its variance has been determined only for
large samples, which is ﬁf,e D}(rtn) to terms of order %.

In the discussion thus far, it has been assumed that the functional form of the
population distribution f(x,6) 1s known but the value of € 1is unknown. From the point of
view of practical statistics the case in which x 1s a continuous random variable with an
unknown distribution 1s perhaps more important than the case in which the functional form

is known. This case has been treated in §h.55'.

6.4 The Fitting of Distribution Functions

The problem of fitting of distribution functionsis as follows: Let
F(x’91’ee"”’eh) be a c. d. f. depending on the h parameters 8,, 6,,..., 8, and let 0n

be a sample of size n from a population having this c. d. f. Consider the values

Xy, X <y X of the sample On as n values of a variable x. From these n values we can

ore
congtruct an "empirical" c. d., f., say Fn(x). The problem of fitting F(x,el,...,eh) to
Fn(x) is that of' determining 8,5 6,,...,8, 80 that F(x,el,...,eh) is approximately equal
to Fn(x) in 3ome sense. ‘

The method of maximm likelihood provides one method of determining values of
8,5 85000, 8 by maximizing the 1likelihood Eixf(xi,e1,e?,...,eh) with respect to the 6's.
Clearly the values assigned to the parameters by this method are precisely their maximum
likelihood estimates &,, 8,,..., 8 (§6.24). This methnd of fitting \13 best In the sense
that for large n, the variance of each 9y i1s less than or equal to that of any other con-
sistent and asymptotically normally distributed estimate of 6y.
Another method of fitting which 1s easy to apply in many problems 1s the method

of moments. This method consists of equating the moments

Wl =M (1 = 1,2,...,h)

and solving for 8,5 855000, Oy (assuming pi exists for 1 = 1,2,...,h), where

*For further detalls, not given here,the reader 1s referred to 3. 3. Wilks, loc. cit.,and
also S. S. Wilks,"Statistical Prediction with Speclal Reference to the Problem of Toler-
ance Limits", Annals of Math. Stat., Vol. 13 (1942). An extension of the notion of tol-
erance limits to two or more variables 1s to be presented in a forthco paper in the
Annals of Math. Stat. by A. Wald.
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]

pi = X XidF(X,Gl,GQ,...,Sh),
plee)

a=1

@®
1 1
M) = &x aF,_(x) = ixq/n.
¢
In the cale of fitting certain distributions, for example the normal distribu-

tion, the binomial and Poisson distributions, the two methods of fitting yield the same
results.



CHAPTER VII

TESTS OF STATISTICAL HYPOTHESES

Suppose the distribution function of a population depends on parameters 8,, 6,,
cees B We assume the functional form of the distribution to be known, but not the true
parameter values. Let N be the h-dimensional space of admissible parameter values. De-
note the parameter point by ®. Let w be a specified point set in Q: 1t may be of dimen-
sionality 0,1,..., up to h. In this chapter we consider tests of the statistical hypoth-

esis,
HO B€w.

A test of Ho is a procedure for accepting or rejecting Ho on the evidence afforded by a
sample from the population. A more precise definition of a test will be given in §7.3.
As a general rule one sets up a test with the hope of rejecting the hypothesis, and for

this reason the hypothesis 13 often called a null hypothesis in such cases. Thus, 1if one

desires confirmation of a susplcion that two populations have different means, one takes
as Bo the h sis that the means are equal, and 1if H, 1s rejected by the test, then
one’s suspile s confirmed on the basis of the test used.

Stat1;%1031 hypotheses are classified as follows: Ifw 1s a single point of Q,
that 1s, 1if Ho states ®@ =6
composite.

7.1 Statistical Tests kelated to Confidence Intervals

o’ then Ho i3 called simple; in any other case HO 1s called

Consider the case where H, specifies the value of only one parameter 9,

If the population distribution depends on no other parameters, this 1s a simple hypothesis;

1f other parameters LPYRERY’ 6, are present, H, is composite, w being the h-1 dimensional
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subspace (hyperplane) in Q defined by 8, = e?. If confidence intervals J(On) for o, are

avallable, then one may proceed as follows: Form 6(0n) for the sample on, and reject Ho

unless 6(0n) covers 6?. If € 1s the confidence coefficient, then
Pr(rejecting H, if it 1s true) = 1 - PrieJes(0, )le, = 671 = 1 - €.

The quantity a = 1 - € 1s called the significance level of the test. It will be noted
that when confidence intervals for e? are known, then a whole family of tests i1s at hand:
A test exists for every e?, that 1s, for every admissible value of 8,. We remark that be-
yond the statement Pr(rejecting Ho 1f true) = a, no further property of the test can be
deduced from the definition of confldence intervals. One might ask about the Pr(accepting
H if false), that 1s, accepting H when 9, has some other value than 61, but the signif-
lcance level tells us nothing about this”. As will be seen in the examples below, our
method usually leads us to the calculation of a certain statistic, say T, and HO is re-
Jected 1f T falls in a certailn range R. Suppose, for example, that R is the range T > Tqs
and that T possesses the p. d. f. f(T) if 8, = e?. In certain cases it 1s sometimes said
that @« = Pr(finding a value of T less probable than TO if HO 1s true). This really does
not motivate the test any better: If by "T, 18 less probable than T2" we mean f(T1) <
f(Te)’ then the same test can be made with other statistics S = ¢(T), and the relation

"less probable" 1s not invariant under such transformations’

It should be noted that confidence intervals give us a far more complete judge-

ment about the parameter 6, than significante tests. We also remark that if confidence

regions (§6.14) for the set 8y, e?,..., 6, are avallable, then so are significance tests

for the hypothesis

0 o o
Hy: 6, =6/, 6, =96,,...,6 = o
H, 1s simple if m = h, composite if m { h.
Example 1 Suppose that on the basis of the sample O from a population with
the distribution N(a, o? ), where a and o° are unknown, we wish to test the (Student)

hypothesis

HO. a=a,.

This 1s a composite hypothesis: The space () of admissible parameter points (a,ce) is

*See §7.3.
**This may be shown by consldering the signs of f'(T) and g'(S), where g(3) is the p. 4.

f. of 8.
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)

2

. - a0 - 2in(x-a,)%s3]/e
(b) P, = P(0,;8,,8) = (216) o ,

1 1 1 = 2
log P, = - 3 n log (2m) - 5n log & - z(n(x-a,) +31/e,
OP_ /38 = P |- 1—n/e + l[n(f-a )2+S]/92|
o o 2 2 0 °
Equating this to zero and solving for 6, we get
— 2 o
8 = (x-ao) +3/n,
and substituting this into (b), we find
- =n n
= 2 2 2
gn(on) = 12«[(x-ao) +5S/n]l e .

Hence
1
- =n
A= [14n(x-a)%/s] 7.
The distribution of A under the assumption that H, is true 1s independent of the un-
known 6, in fact

A= [14t3/(n-1)] 2,

where
t = Vn(x-a,)/s

has the t-distribution gn_1(t) with n-1 degrees of freedom. Let t2 = tg correspond
to A=A . Then A £ A, 1f and only if |t| > t,. To get

Pr(a AO) = a,

we define to from
a
2 { g _,(t)at = «.
t'O
The 1likelihood ratio test for Ho i1s seen to be the same as the (Student) test of

Example 1, §7.1.
In many cases the asymptotic distribution of the likelihood ratio is given by

Theorem (A): Suppose the c. d. f. oi the population depends on parameters o,y

»ee+s O, and that A 1s the 1likelihood ratio for the hypothesis

(o] (o] (e}
Hy: 0, =67, 8, =65,..., 6, =6,
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where m S h. Then under certain regularity conditions* the asymptotic distribution of

-2 log A, under the assumption that H. 1s true, is ghg‘x?-distribution with m degrees of

freedom.
In the above example we may write
1
A= (1 + %LQ/N)"N (1 + %te/N) 2,
where N = %(n—1). Hence as n — o, N — oo, and

A~ )

-2 log A ~ t2.

Since the asymptotic distribution of t 1s N(0,1), the asymptotic distribution of t2
1s the x?-distribution wilth one degree of freedom, and this accords with theorem (A).

7.3 The Neyman-Pearson Theory of Testing Hypotheses

In the notation introduced at the beginning of Chapter VII, consider the hypo-

thesis

HO: ® €w.

In many problems (for instance, all the examples we have consldered in §7.1) several
tests, or a whole family of tests, are avallable, and the question arises, which 1s the
"best" test? For the comparison of tests, Neyman and Pearson have introduced the concept
of the power of a test. We approach this concept through the following steps:

Flrst, we note that any test conslsts of the cholce of a (B-meas.) region w in
the sample space and the rule that we reject HO if and only 1f the sample point On falls
In w. w 1s called the critical region of the test. The power of the test 1is defined to

be the probabllity that we reject Ho. This 1s a functlon of the critical region w (a set
function of w) and of the parameter point ® (a point function of ®). We write it

P(w!®) and note 1t 1s
P(wl®) = Pr(On€w|®).

The interpretation of the power function is based on the following observation: In using
a test of Ho, two types of error are possible (exhaustive and mutually exclusive): (I)
We may reject H0 when it 1s true. (II) We may accept HO when 1t 1s false, 1. e., when

® 1s a point not in w. We call these respectively Type I and Type II errors. Now a

*The regularity conditions are the same as those for the multi-parameter analogue of
Theorem (A), §6.24.
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Type I error can only occur if the true ®€w. Hence the probability of making a Type I
error 1f@€w is

(a) Pr(0 €wl@€a) = P(wl®) for @€u

’

A Type II error can be committed only i1f @f¢w. The probabllity of making a Type II error
if Bfw 18

Pr(0 ¢wl6fw) = 1-Pr(0 ewlofw)
= 1-P(w|®) for Ofw.

The significance of the power of a test 1s now seen to be the following: For ®¢€w, P(w|®)
1s the probability of committing a Type I error; for ®¢w, B(w|®) 1s the probabllity of
avolding a Type II error. We 1llustrate this discussion with an example of a one para-
meter case*.

Suppose On is from N(a,1), and that we wish to test the hypotheais

H : a=ao.

Let u,, u, be any two numbers, -oo £ u, < u, £ +00, such that
- % o - %ug
(b) (2m) S e du=1 - a,
u

Consider the test which consists of rejecting H, 1if
(c) Vﬁ(x-ao) {u, or Vﬁ(x—ao) > u,.

The critical reglon w of the test is the part of the sample space defined byl (e), that 1is,
the region outside a certain palr of parallel hyperplanes (1if u, = -®, Or ", = +0, W 1s
a half-space). Let us calculate the power of the test:

P(w|@®) = Pr[VH(?—ao) { u, or Vﬁ(-i-ao) > u,lal

= 1-Pr[u, g\fﬁ(i-ao) 4 uela].

Now if the true parameter value is g,

u= Vn(x-a)

*An elementary discussion of a simple case with several parameters may be found in a
“ paper by H. Scheffe’, "On the ratlo of the variances of two normal populations”, Annals
of Mathematical Statistics, Vol. 13 (194k2), No. L.




154 VII, TESTS OF STATISTICAL HYPOTHESES §7.3

has the distribution N(0,1). Write

Vﬁ(i—ao) = u+¥n(a-a ).

Then
P(wla) = 1-Pr[u1-\lﬁ(a-ao) {ug ue-ﬁ(a-ao)la],
ua-fﬁ(a—ao)
1 1.2
-2 ke
(d) P(wla) = 1-(27) e du,
u,—‘iﬁ(a-ao)

Each cholce of the pair of limits Uy, U, satisfying (b) gives a test of Ho. Let us now
consider the class C of tests thus determined, and try to find which is the "best" test of
the class C.

We note first that for all tests of the class,

Pr(Type I error) = P(wlao) = a,

from (d) and (b). This is what we have previously called the significance level of the
test, To compare the tests we might consider the graphs of P(w|a) against a for the var-
lous tests; the graph for a given test 1s called the power curve of the test. We have
seen that for every test of the class C, the power curve passes through the point (ao,a).
To find the shape of the power curve, we might plot points from (d), but by elementary
methods we reach the following conclusions: The slope of the power curve corresponding

to (u1, ue) is zero if and only if a 1s equal to
(e) B, =&, + %(u1+u2)/\lﬁ.

As a — +m, P(wla) — 1, unless u, = +m, in which case P — 0. As a — -0, again

2

P — 1, unless u, = -, in which case P — 0. Also, 0 { P { 1. Except for the cases

1

U, = =00 Or U, = +m, the power curve must then behave as follows: rising from a minimum

1
at the value a = & glven by (e), it increases monotonically, approaching the asymptote
P=183a— . It my be shown from (d) and (e) that its behavior is symmetrical
with respect to the line a = & In the exceptional cases, for u, = -, P increases mon-
otonlcally from 0 to 1 as a increases from -co to +o0o; for u, = +00, P decreases monoton-

ically from 1 to 0. 3ome power curves are sketched in the figure:
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(1) 1s for the test with u, = -0, (i1) for u, = +m, (111) has 1ts minimum at &, (1v)
to the left of a5, (v) to the right. All the tests of class C have power curves lying in
the region between the curves (1) and (11i).

As far as the probability of avoiding errobs of Type I is concerned, the tests
are equivalent, since the curves all pass through (ao,«). For a # a,, we recall that the
ordinate on the curve 1s the probability of avoiding a Type II error. For two tests of
Ho, say T, and TQ, with critical regions w, and w,, we say that T, is more powerful than
T, for testing Hy: a=a; against an alternative a = a!' # a, i1f P(w,la') > P(wgla').
This means that 1f the true parameter value 1s a', the probability of avolding a Type II

error is greater in us T, than T,. Now for altervatives a » a_, the power curve (1
1 2

o’
lies above all other power curves of tests of class C, that 1s, the test obtained by taking

u, = -00 1s the most powerful of the class C for all alternatives a > 2. Hence this

1
would be the best test of the class to use in a situation where we do not mind accepting
Ho i1f the true a ¢ &, but want the most sensitive test of the class for rejecting HO
when the true a ) 8, On the other hand, wc see that this test 1s the worst of the lot,
that 1s, the least powerful, for testing H, against alternatives a ¢ a,. For these alter-
natives the test with power curve (11), obtained by taking U, = 400, is the most powerful.
There 1s thus no test which 1s uniformly most powerful of the cless C for all alternatives
-00 { a { +00.

The situation described in the last sentence is the common one. To deal with it
Neyman and Pearson defined an unbiased test as one for which P(wla) is minimm for a = a .
The argument against blased tests in a situation where we are interested in testing a
hypothesis against all possible alternatives 1s that for a blased test Pr(accepting Ho)
is greater if a has certain values # a, than if a = & - If we set a, = a, in (e) we find
that the unbiased test of the class C 1s that for which u; = -u,. This Is the test of the
class C we should prefer, barring the "one-sided" situatlions where the tests with power

curves (i) and (11) are,appropriate.
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This serves to 1llustrate the comparison of tests by use of their power fune-
tions, Beyond this description of the underlying ideas of the Neyman-Pearson theory, it
is not feasible to go into it further except for a few remarks: If one considers instead
of the class C, the more inclusive class of all tests with critical regions w for which
P(wlao) = a, there is again no uniformly most powerful test. However, the unbiased test
obtained above 1s actually the uniformly most powerful unbiased test of this broader
class,

Leaving the one parameter case now, we recall that the definition of the power
of a test and its meaning in terms of the probability of committing Type I and Type II
errors was given for the multiparameter case at the beginning of this section. Methods
of finding optimum critical regions in the light of these concepts have been given by
Neyman, Pearson, Wald and others, but there 1s still much work to be done. The problems
of defining and finding "best" confidence intervals are related to those of "best" tests;
the groundwork for such a theory has been laid by Neyme.n*. In conclusion, we recall the
assumption made at the beginning of Chapter VII: that the functional form of the distri-
bution 1s known for every possible parameter point: It is clear that in the application
of the theory the calculations for the gain in efficlency by using & "best" test in pref-
erence to some other test will be invalidated if those calculations have been made for a
distribution other than the true distribution. The whole theory introduced above pre-
sumes the knowledge of the functional form of the distribution.

*J. Neyman, "Outline of & theory of statistical estimation based on the classical theory
of probability”, Phil. Trans. Roy. Soc. London, Series A, Vol. 236 (1937), pp. 333-380.



CHAPTER VIII

NORMAL REGRESSION THEORY

In §2.9 certain i1deas and definitions in regression theory were set forth and
. discussed. In the present chapter we shall consider sampling problems and tests of sta-
tistical hypotheses which arise in an important special type of regression theory which

we shall refer to as normal regression theory. To be more specific, we shall assume that

Yy 1s a random variable distributed according to N(iapxp,o-z), where X,,...,X, are fixed
variates, and consider samples of size n from such a distribution, N( . apxp,c'e) is a
conditional probability law of the form f‘(ylx1 ,xe,...,xk). A sample of size n will con-
slst of n sets of values (yalx1a, xaa,...,xka),a =1,2,...,n, where y,,...,¥, are n ran-

dom variables, but where the xp

random variables. We shall consider such problems as estimating (by confidence intervals

« P= 1,2,...,k, a= 1,..,n, are fixed variates, and not

and point estimation according to principles set forth in §6.1 and §6.2) values of the
a's and ¢ from the sample and of testing certain statistical hypotheses regarding the
a's, We shall also consider applications of normal regression theory to certain problems
in analysis of variance, including row-colum and Latin square lay-outs.

8.1 Case of One Fixed Variate

In order to fix our 1deas in the regression problem, we shall first consider in
detall the case in which y is distributed according to N(a+bx,0'2). Let On: (yq.lxa),
Q= 1,2,...,0 )ksbe & sample of size n from a population having this distribution. The
probability element for the sample 1s

(a) AF (Y, 500 0y) = Tn'(1N(a+bxa,a"’)ay*
A=
- L S (yamatg)?
- f—e 27T Ja
Nt e y,...dyn.
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Maximizing the likelihood function (that enclosed in [ ]) with respect to a"", a, b, we
find in accordance with §6.24 that & and b are given by solving

iya-an-%ixa_-o, .

(v)
g;’&ya - aﬁxa. - 8$x§' o,
and 52 1s glven by

A 1 2
(c) 52 = 13 (7,-5-x)2.

1
Solving (b) we obtain
-Je

(@)
$ -x)(ya-y)/f (x,%)2.

D)

In order to be able to solve (b), we must havei (xa-'i)evf 0. Now & and b are 1inear func-
tions of ¥,,...,¥,, and 1t follows from Theorem (C) of §3.23 that & and b are jointly dis-
tributed according to a normal bivariate law with

E(D) = b, E(8) = a,

P e
-3 # (xq-%)2’ ni(x -x)2

cov (8,b) = - Eta

i (xq--i.)2 ’
1
The sum of squares in the exponent of (a) may be written as

#$(ya-a“-Bxu+(a-a)+(B-b)xa)"’ -q + 4,

Q1 - i’é‘i (yq.'a-f)xa)e!

%=1 [n(a-a)a+2i;xa('a‘-a)("ﬁ-bhixi(%‘b)a1 :

where
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It’ 1s evident from (b) that & - a, b - b are homogeneous linear functions of (yy-a-bxy)
(¢= 1,2,...,0). Al80 ¥q - & - bxg = yy-a-bxo- (a-8) - (b-b)xq which 1s a homogeneous
1linear function of the (yg-a-bxg) (a= 1,2,...,n). We know that i(ya-a-bxq_)a 1s distri-
buted gccord.mg to the xa-lau with n degrees of freedom, and that :12 (which is the expo-
nent in the joint nomn;l distribution of & - a and b - b) 1s distributed according to a
xe-law with 2 degrees of freedom. Therefore, it follows from Cochran's theorem §5.24
that q, is distributed agcording to the x°-law with n - 2 degrees of freedom.

We may sumayize in the following

Theorem (A)} let O : (¥4lX4), @=1,2,...,m,where the x, are not all equal,
be & sample of size n from & population with the distribution N(a+bx,0?), Then

= e e — —— =)

(b) and (c¢). .
(2) 8-a and b-0v are jointly normally distributed with zero means and variance-covar-
iance matrix given by
F e
n_ -
ol o2
ixa ixs
o2 o2

(3) ;e‘-f; (Yo-8-Bx,)? 1s distributed according to the X°-law with n - 2 degrees of free-
dom and is distributed independently of 'é and _ﬁ
One may readily set up confidence limits for a or b on basls of the "Student"

t-distribution. For example, from §5.3 it follows that
b-b
o
“—'_"# (%) (5-b) /g (xa-i)a\] -2

L 5 (3g-6-bx )2 \/ 31 (Va-B-Bx,)°

n-2

t

1s distributed according to gn-e(t) , from which confidence 1imits can be set up for b, or
the statistical hypothesis can be tested that b has some specified value bo (e. g+, O,
which corresponds to the hypothesis that y is independent of x). A similar treatment holds

for a.
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8.2 The Case of k Fixed Variates
Suppose y is distributed according to N(g&pﬁ)’ve)' Let On: (yalxkn,x2 SYITTH
xkc), am= 1,2,...,n)k,be a sample of size n from this distribution. The probability ele-

ment for the sample is

2
1 . 26201 (YQ ;prpu)
(a) AF(F 5000 ¥,) = [(—)" e ldy,...dy..
17°°29n \erto 1 n
There is no loss of generality in considering the mean of y, as a homogeneous linear func-
tion of Xiqr Fog? o009 %peqr for by choosing one of the x's, say x“ =1 for all a, we can
reduce our results so as to cover the case in which the mean value of y 1s not homogeneous
in the fixed variates,i.e., of the form (a, +8,X 4. .. 48X ). The results for the homogeneous
case are simpler than for the non-homogeneous cagse from the point of view of notation be-
cause of greater symmetry.
The maximum likelihood estimates of Byeee,8y and o’e, found by maximizing the

quantity in [ ] in (a),are given by the following equations

(b) gxq“(ya-;apxpa) = 0, (q = 1,2,...,k)
2 _ 1 . 2
(c) 6 -Eé_f](ya-éapxpa)

Let qu - 2 xpaxqo.’ a'op - é;yuxpa, 8y, = iyﬁ (Ps@ = 1,2,...,k). We may write the
equations (b) as

(4) aoq' pg:_;apapq- 0, (q=1,2,...,k).

If the determinant I%ql % 0, then it follows from §2.94 that the solution of (d) is

(e) ap = ;"’pqaoq

It should be noted that llqull 1s positive definite and hence Iapql % 0 1f lqu; are
linearly independent (1. e., if there exists no set of real numbers C (p=1,2,...,k)
not all gero for which ﬁqu p o, for all a) For consider the quadmtic form

n

- Sagh
apqcpcq- P q-1 p3 xp;qac C = Qg :xp If the Xpq T linearly independent,
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n
clearl C.)2, and hence C..C., cannot vanish.
° ya%(éxpap) ) %1%13({ Now the &, and hence the
%.are 1linear functions of the rendom variables Vs Fpseees Yo Therefore, the Gp are
distributed according to a normal k-variate distribution. The variance or'ap is
n
Pqy )2 Pq,Pq' 124 a a Pq
a" X - a - .
2_;(}; qu.) P _‘a @ = Similarly, the covariance of &, and 8 is a™4,
It will be noted that (b) can be written as

gxqa[yu - gapxpu - g(ap-ap)xpu] =0, (q=1,2,...,k)

which shows that (Qp-a.p), (p=1,2,...,k),are homogeneoua linear functions of Yo -

p%apxpa’ (a=1,2,...,n). Vo - p_tapxpa, (¢ =1,2,...,n) are also homogeneous linear
functions of y, - >3 'apxpa.' Now

;—éog(ya-;apxpa)e - ";5; [(ya-;ﬁpﬁm) + é(ﬁp-&p)ﬁale -q, + qy

where
q = g Y g 8%ne) s

1 ~ ~
R

(£)

Hence, q, and q, are homogeneous quadratic forms in (y, - pie\pxm). Since &p - ‘p are
distributed according to a k-variate normal law with variance-covariance matrix

] ;éﬂ M- ' it follows from §5.22 that q, is distributed according to the'x,a-le.w with
k degrees of freedom. Similarly, we know that

B - 2 _
o a%(ya ;apxpa) q +4q,,

is distributed according to the x_"’-law with n degrees of freedom. Therefore, by
Cochran's Theorem, §5.24, q, 1s distributed according to the xa-law with n - k degrees of

freedom and independently of g, (1. e., the &’p - ap).

Consider the sum of squares in (c); we may write

1 A 2 1 a A A
;gg(yq - ;apqu) = 52(800 — eg%aop + p%,‘paq‘pq"
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But, it follows from §2.94 that this expression reduces to

1

(g) —_
8 crel&pql

We may summarize in
Theorem ‘A!: Let On: (yalxw,xeu,...,xlm), (a=1,2,...,n),be a sample of
size n from a population with distribution N( fa,pxp,a-a), where Xigr Xogreees Xpos

(¢=1,2,...,n),are linearly independent. Ijg-apq - Q%xpquu, 8p ™

8y, = %yﬁ. Then

(1) The maximum Melihood estimates of the &, and o are given by (e) and (c).

(2) The guantities (ap - ap), (p~1,2,...,k),are distributed according to a k-variable
normal law with zero means and variance-covariance matrix || %g -0,

(3) The quantity ;—egm-p_‘apxpa)"‘ which mey be expressed ss in (g) &s the ratio of two
determinants, is distributed according to a x?-law with n - k degrees of freedom, and
independently of the (&; - 8,

Making use of the results as stated in Theorem (A), one may set up confidence

a-‘lyoxpo" and

limits (or a significance test) for any a, by setting up the appropriate Student ratio.
Or one may set up confidence limits for o? by uasing q-. Confidence regions may be set up
for all of the ap or any sub-set of them by setting up a Snedecor F ratio, in which the
numerator sum of squares is the exponent in the normal distribution of the corresponding
set of % and the denominator sum of squares is q,.

An Alternative Proof of the Independence of q, and q,.

The proof which has been given for establishing the independence of the two

above expressions in the probability sense depends upon Cochran's Theorem. The indepen-
dence can also be established by the use of moment generating functions. Let ¢(01,62)
be the moment generating function defined as

0.q,+6,9
b(0,,0,) = E(e ' | 272),

where q, and q, are defined in (f). If we can show that

=(n-k)
b(0,8,) = (1-20,) *

iR

(]'292) ’
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theh it follows by Theorem (B) in §2.81 and (e) of §3.3 that q, and q, are independently
distributed according to xa-laws with n - k and k degrees of freedom respectively.
Let é(ya";apxpa) = z,. We may write equations (b) as

3: %galZa” apr-a X ) = 0, (@=1,2,.00,k)

which reduces to

ac'>q' o_ﬁ(a.p ap)a.pq o, (a.' - ixqa a)

Qmel

from which we have

lia - - jole]
a,(ap a.p) ga a(')q.

Now

i( &p)xpa) "é; 2 - pﬁ;ﬁépa'oqapq i ; ap’a’p’

where

Ad-ﬂ - iapq an

P, Q=1

For q, we have
1
Q=3 i‘a.pq(ap ap)(a. -a,)

- %Aupzazn .

The probakbility element associated with the sample is given by (a). Making the
transformtiop %(ya- apﬁ)c) =2z, a=1,2,...,n, We obtain as the probability element of

¢,

1
(-v%ﬂ)n 2 dz dz ...dzn.

the Zy the expression

For the m. g. f. we have

6(8,,8,) = (__'P§ e- 2 dz,dz,...dz,,
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where
Q= gzi - 20,9, - 26,0,
- B _zz
PILILEN

where Baa -1 - 20, + 2(61-62)Am
and Bo.p - 42(91-92)1\09, agf,
The value of the n-tuple integral 1s Vﬁ' where B 1s the determinant ch |. To evaluate

n
B, let us augment it as follows (letting 1 - 261- M, 2(0‘-62) = N):

M+NA11 NA,Q NAm X114 Xopee Xy
NA21 M+NA22... NA2n X0 XopeeeXpo

. . . . . .

. . . . e o

B= NA , %"'M*Np‘tm Xin *on X | -

00.0.00..'...0....0 1 0....'0
. — . 0 TeeessO
Orevneneennennnnssd 0 Ouevarl

Suppnse the (n+p)-th colum 1is multiplied by - N(i; apqxqa) = Cp , 8ay, p= 1,2,...,k, and

added to the a-th colum a = 1,2,...,n. We obtain the following expression for B

M 0 ceeees O Xyq XppeeeeXpy

° Myeeern 0 %12 Fooer ko
Bl | SRR A R

0 Ouevnnn M Xin Rog- - i

Cyy  CypeeeeesChy 1 OueeuensO

Cor GporeeeeeCon O levenea

Cor CupeeveesBy O Oueewnnd

Now suppose the a-th colum (a= 1,2,...,n) be multiplied by - ,—(ﬁg and added to the (+p-th
colum (p = 1,2,...,k). Noting that

0 piq

’5 C_. x
aQmj Q¥ pa N qQq. N Qq'
a X = 33 =
M ﬁ;é q&xpa M = & a'pq' 1 p=q°*

q



§8.2 VIII. NORMAL REGRESSION THEORY 165

We find that B reduces to

M o....o 0 o.....ll.o
o} M....0 0 Oseeceess0
B=|0 0...M 0 Oureeentad
C.. Ci.eeCin (1t Ny 0 0
11 1200 1n ﬂ XK
N
21 Co2:-Con o (O M):""g
S N BRI 1
C1 s Ckn M
= MK (mpn)K,
Therefore we have
- n-k -k
1 2 2

which concludes the argument that q, and q, are independently distributed according to
xg—laws with n - k and k degrees of freedom respectively.

Remarks on the Generality of the linear Regression Function. The regression

function apxpa is much more general than it might appear at first, For example, if
I>=1 2 -1

X =1,x2=t, x3=t s ...,xk:-t:k

aptp'1 , in which case we would have a random variable y, having as 1ts mean value the

, the regression function would be the polynomial

1
function of t glven by ie.ptp 1. The estimates ap would, of course, have the same form

P
as those given by (e), except that x o Would be replaced by tp Y in calculating apq

85q°

Again, we might have for k = 2m+1, X, =1, X, = sin t, x5 = cos t, X, = sin 2t,
eees Xppoq = COS mt, in which case the mean value of y is a harmonic function of the form
a, + aesin t + 85C08 t+ cevestB, L COS mt. The procedure for obtaining a,, &2,...,
aemﬂ 1s as before glven by (e).

Another example: Suppose k = 2 and x,,= 1, x2 = 0 fora=1,2,...,n,, and
Xiq= 0, X,y =1 for @ =n,+1,...,n,4n,. The sample O, (yalxm,xza), a= 1,2,...,00m0, 41,
drawn from N(iapx s ) 1s equivalent to two independent samples 0 (y1,y2,...,yn )
Onaz (yn1+1”"yn1+n ) of size n, and n, respectively, drawn from N(a1,o ) and N(aa,o )

respectively. This example extends readily to the case of several independent samples.
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Curvilinear regression is also a special case. For example, for quadratic re-
gression in two variables,say u and v, we would let X, =1, X, =u, x5 =V, X, = ue,

bl Va, x6 = uv,

8.3 A General Normal Regression Significance Test
The following general significance test frequently arises in normal regression

X5

theory: A sample On: (yalxm,xﬁu,...,xka),a = 1,2,...,0,18 assumed to be drawn from a
population with distribution N(Z1apxp,a-2), and it 1s desired to test the hypothesis
that Bhyq? Bpipr wees By (r<k) have specified values,say ar”’o, 3r+2,o""’ 8y, o»T@8PEC-
tively, no matter what values 815 8,y +eer8y, and o2 may have. For example, all specified
values may be zero in which case the problem is to test the hypothesis that y, which 1s
assumed to be distributed according to N(ﬁ&pxp,c-e),is actually mdepender.lt of Xpy1?
Xp,pr oo Ko 1

In order to determine the test function (of the J, and xpa) for testing the
hypothesis we shall make use of the method of likelihood ratios discussed in §7.2.

The probability element of the sample 1is

(a) QF(Yys0e¥,) = PO 58,585, 00 0s8y,07 )y, ouedyy,

- - 2
. o g(yo, p}l;%xp,,)
e

where

(p) P(On,a1,aa,..,a.k,o'2) (‘J2_‘:T—6'

wthe 1likelihood function.
Let 0 be *the (k+1)-dimensional parameter space for which o2 >0, -@< &, < +0,

p=1,2,...,k, and let w be the (k-r)-dimensional subspace of QO for which 8.1 ™ 85,1 00
»
Brio = ar+2,o’ ceesBy = a’k,o’ If Ho denotes the hypothesis to be tested, then Ho 1s the
hypothesis that the true parameter point lies in w, where the admissible points are those
in Q.
The likelihood ratio A for testing Ho is given by

- maqu(On;a1 seee ,ak,a-a)

(e) NG
mta.an(on;a1 PRSP Wy )

where the denominator is the maximum of P(0n531""’ak'°2) for variations of the parameters
over {l and the numerator is the maximum for variations of the parameters over w. To find
the maximum of the likelihood function (b) over Q, we follow the ordinary procedure of
taking the first derivative of the likelihood function with respect to each parameter,
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setting the derivatives equal to zero. We find that the maximizing values are

(@ &= ga""%q’ “a- %Q;%-;%a)?»

P=1,2,...,k, as given in §8.2. Substituting these in the likelihood function we find
n _n
%P( ,al,ae’ooo,ak)oz) - (7)2 g .
.O.
Similarly, by maximizing the likelihood over w, we set 8 = ar“,o,...,a.k
=& o and differentiate with respect to “, 8,,...,8,, obtaining: '

Q [ A [ ] A
_g_ ‘uv 1 2
(e) & T=18 Gy °£;' Eug(ydéauxua) ’
L] L] L] '2 '1 v
where y = Yo Pﬁzy g,0 g’ auv 'i XuaXvar 8oy = aiﬂyaxna’ 800 = iﬁ_iya’ and |/a""]|

- Ilauvll , U,V = 1,2,,..,0. Substituting in the likelihood function, we find

n _n
mawa(On;al,...-,ak,O’e) = (—1;5)2 e 2

Sw

Therefore

mls

2
(£) - G2

A A
2 2 > 1§ i
Now it 1s clear that Q £ o, Since opn 1s the minimum of ?’a=1(y°-p= D pa) for variations

of a,,...,8,, while ;2 is the minimum for variations of a,,...,a ,, for fixed values of
1 a'k w 1 r

B pseeesBye Now let

ng (o)

~

A
The difference'n(of,-aﬁ) is simply the further reduction in the sum of squares

g(y -ﬁ1¢apntlm)2 obtainable by varying Bripreeer8y in addition to 8158,,000,80
Expressed in terms of q, and Q>

( ) A= ( -
8 P+, 1+92/q,

Thus A 1s a single-valued function of q,/q,, which means that Qy/q, 1is equivalent to A as
a teat function. The mearer the value of A to unity, the smaller the value of d,  as
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compared with Q. To complete the problem of setting up a test for testing H,, we must
now obtain the distribution of A, (or g,/q,) under the assumption that the hypothesis
Hb is true, 1. e., that 0n has been drawn t'rom N( < ap%,ag) for an - ar+1’o,...,
8 = 8,0"

We shall now show. that 1f H, 1s true then q, and q, are distributed indepen-
dently according to xa-la.ws with n - k and k - r degrees of freedom respectively.

The probability element for the sample 0, from the population having distribu-
tion N(iapxp,a'e) 1s given by (a). Now as we have seen in §8.2, the sum of squares in

the exponent can be written as

. - A 2 A A _
(h) aii;(ya plia.pxpm) + g 8q(Bp8p ) (Bgag).

D, g=1

The second expression in (h) may be written as

(1) g 8,(8,-8 4L )G -8 +L,) + ; i 1bgh(ag-atg)(e?h-a-.h),
sNe=D4

u,ve1

where Lu (u=1,2,...,r) are linear functions of (ag-as), (g = r+1,...,k) and where

| 1bogy! 1 = (1889177, g,h = r+1,...,k,where a8 13 the element in the g-th row and h-th

colum in llenpqll'1 P,q = 1,2,...,k. See §3.23.,
To verify the statement that expression (1) 1s equal to the second expression in

]h 8d . We must then determine Fhe 1ug

(h), let us denote a, - &, by du and let I‘u = = g

and the bgh so that ,

+

(D) :iv:auv(du\»;; lugdg)(dv+§1lvhdh) + 8%11; g = > 8y

that 1s, an identity in the d's.

2
Taking 3 d;b of both sides of this identity we get

V= 1,2,00.,0
(k) ga‘uv]\ag = 8yg» (g = r11:...:k)
and hence
uv uv = -1
(1) Lig %a(r)%g where |la(7 Il = Ila, 117",

2 (]
Taking 3—(%565 of both sides of (§) we get
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(m) \;Vﬂauvl.uglvh + bgh - agh‘

Using (k) and (1) we find that (m) reduces to

(n) I%Vf_]a‘g‘;mavg F gy = g
or

- - uv
(o) bgh a‘gh u’iv-1a(r)auhav8.

Referring to §2.94 it will be seen that

814 %p  &4n

, T, : :

(p) g =TT - | e
a .

uv ar1......8rr a'rh

B . reees.8 a

g1 gr gh

which 1s equal to the term in the g-th row and h-th colum'in the inverse of II%ql l.
Meking use of the fact that the sum of the squares in the exponent of the like-
1lihood function in (a) is

n k
(q) (¥~ S A x_ )% + expression (1)
q Z a I; p pu )

Qu=

it 1s now clear that by maximizing the likelihood function for variations of BpseecrByy
o2 inw, we find

ooy, B <A 2 o - A -

since the first expression in (1) vanishes when a,,...,a, are varied so as to maximize the
likelihood function.

Remembering that when the likelihood functlon is maximized with respect to a,,
8y, ..,a,k,cr2 over (L we obtain % as given in (d4), we clearly have

2 3 K
n(02~a )
- w1 & 2
(s) % o2 oeg,h%“bsh(ag aS:O)(a'h ah:o) ’

which 1s a function of the 88 (g = r+1,...,k) which, as we have seen in §8.2, are distri-
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5]

ne;

buted independently of o_e—n = q,, q, being distributed according to the 12-1a.w withn - k
degrees of freedom. But - %qe is seen to be the exponent in the joint distribution of 38
when Ho 1s true. Hence by §5.23 q, 1s distributed according to the 'x_a-law withk - r

degrees of freedom. .
Since q, and q, are distributed independently according to x?-laws withk - r
and n - k degrees of freedom when Hy 1s true it follows that the quantity

q, (n-k)
F = -(1—1' %=1 ’

is a Snedecor ratio distributed according to the law h_. n_k(F)dF (see §5.4) when H, 1s
true. Now -

n n
A= gt - )t
1+4,/4, IR

which shows that A 1s a single-valued function of F, and hence F 1s equivalent to A for
testing the hypothesis Hp, the upper tail of the F-distribution being used for determining
critical values of F for var:.Lous significance levels. It can be shown that this test is
unblased (see §7.3 ) although we shall not demonstrate this fact here.’

We may summarize our results in the following fundamental Theorem in normal
regression theory:

Theorem (A): Let O.: (yalxm,xza,..., xka) be a sample from a population with
distribution N( apxp,UE), where X, &are linearly independent. Let H, be the statistical
} 7 .
hypothesis that the true parameter point 815 8,000, ak,a'2 belongs to w: -mo< 8, { +00,

(u = 1,2,...,r),02 >0, Bry1 = 8pyr, 00008 = & o which is a subset of the admissible set
’

| | s —— ottt et i e

Q: -0 < ap { +00, p = 1,2,...,1(;:2 > 0. Let %gq the maximum likelihood estimate of o
for variations of the parameters over Q, and % the maximum likelihood estimate of o° for

variations of the plactre.meters over w. Then:
A
(1) ne = > (-2 dpx0)%
G> @ QL ~ ~ A
(2) no_ = noj + = rnbgh(ag'ag,o)(a'h'a'h,o) where &, are given by (d), IIbShII 1s the
inverse of the matrix obtained by deleting the first r rows and columms of lla.pql [

P,q = 1,2,..4,K.

(3) The guantities
@ - nofl , @ - n(crf,-aé)
1 o2 2 ) ’

are independently distributed according to x2-laws with n - k and k - r degrees of

*see J. F. Daly, "On the Unblased Character of Likelihood Ratio Tests for Independence
in Normal Systems", Annals of Math. Stat., Vol. 11, (19k0).
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freedom respectively, when H, 1s true.
(4) The likellhood criterion A for testing HO 1s given by

n
1
)2

1
= ( -
14q,/q, 1+%§F

Tools

A= (

s

h

k-r,n—k(F)dF’

when Hj 1s true.
8.4 Remarks on the Generallty of Theorem (A), §8.3
In order to emphasize the generality of Theorem (A), §8.3, we shall discuss

briefly several cases of par.icular interest.
8.41 Case 1. It frequently happens that the followlng statistical hypotheels
i1s to be tested on basis of a sample Op: (yalxm,xea,...,xka) assumed to have been drawn

from a population with distribution N( apxp,o‘g):
ps

n: !—co(ap<+oo, cr?)o, P=1,2,e00,K
e 2
w: | Reglon in 0 for which }__cupap = 0, o> 0, U= r+l,r+e2,...,k
o I"‘
where the c¢._ are linearly independent constants. In other words the hypothesis to be

up
tested here 1s that there are k - r linear restrictions among the ap, glven that the
sample is from a population with distribution N( apxp,c- ). Denoting this statistical
hypothesis by H', we may verify from Theorem (A) that the likelihood criterion for testing
H! 18 of the same form as A for H, where o?q, 1s the minimum of S = Z Yo Za.pxpcl for

a=1

variations of a, ,..,a.p over (1, and o q, is the difference between the minirnum of S over w

and the minimum of S over Q1. As in the case of H,, q, and g, for HJ are independently
distributed according to x?-laws with n - k and k - r degrees of freedom respectively,
when Hc') is true. To verify that this is true, we transform the ap a3 follows:

au-a{l’ W= 1,2,00e, I
ic ap-a', B = Ir+l,..., k.
g
i &

We may write this transformation as

icqp&p'aéy qQ=1,2,...,k,

p=1
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where
Cop = 1 g=p{r
= 0 otherwise .

Without loss of generality we may assume the c¢c__ to be such that lcqp'l % 0. Hence

8p

&p = icqpa‘& s

a=i

ﬁ =S a'x! wh '-ﬁ @y _. Therefore H! b a tis-
and p-]apxp = aqxq where xq p.1c xp erefore H) may be expressed as the statis
tical hypothesis:

o: -oo<a;)<oo, 0'2>0 P = 1,2,..0,5k,

w: Reglon in Q for which aé = 0, o? >0 g = r+l,...,k,

which 18 to be tested on basis of the sample On: (yalx;a,xéq,..., xléq) a= 1,2,...,N
drawn from a population with distribution N( f,:_‘ aﬁx‘c",cz). Theorem (A) 1s imnmediately
applicable to Hc', as expressed in this form.

8.42 Case 2. The following statistical hypothesis say Hs frequently arises,
to be tested on basis of a sample 0n from N(p.= apxp,oz):

0 -oo(a.p(a), . 0'2>o,p=1,2,...,k
w : Region in O for which ap = icupa.ﬁ, of >0, p=1,2,...,k.
u=1
In other words the hypothesis HJ 1s that the a, can each be expressed linearly in terms
of r ((]g) parameters a{,...,a;, where the c"P are glven. By using the transformation
a_ = cqpa('l, where the cqp’ (@q=r+1,...,k, p=1,2,...,k) are further given numbers

| I
such that 1c®P| % 0 we can express HJ as follows:

a: -w {ay< o, > o, P=1,2,..0,k

w: aé=o, 2> o, g = r+l,...,Kk,

to be tested on basis of the sample On: (yalx{u,...,xléa) o= 1,2,...,0, x('l -;cqpxp
from a population with distribution N( a.l')xl'),ca). This case 1s clearly covered by
=1

Theorem (A).

In this case oaq1 is the minimum of 8 = i;(yq-iapxpc)e for variations of a,,
&,,...,8, over (), while 02q2 1s the difference bet;;en thg-minimum of 3 for variations of
the ap over fl and that of S for variations of the ap over w(i.e., for unrestricted varia-

tions of a‘;, U=1,2,.,.,r, when the % are replaced by icqpa'q in S and the aé are set

equal to 0 (g=r+1,...,k). T
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q, and q, are independently distributed according to xe-laws with n - k and k - r degrees

of freedom,respectively, when H('; i1s true.

8.43 Case 3. The following variant of the hypothesis Ho, of §8.3 arises in
such problems as randomized blocks (see § 9.2 ), Latin squares (see §9.% ), etc., to be
tested on basis of a sample On: (yqlxm,...,xka) a= 1,2,...,n. Denoting this hypothesis
by Hc';" it 1s specified as follows:

‘(D(B.p<+CD, 62>0: P=1,2,..0,k,
with the &, restricted by the r, linearly inde-
Q: pendent conditions.

gd’?u&p =0, k= 1,2,...,r, <Kk,

The subspace in Q1 for which

p=1dpv8.p = 0, vV=1,2,...,r,, where r, < r, < k.

H(')" is the hypothesls that the ap satisfy r, - r further linear restrictions, assuming

that r. linear restrictions are fulfilled, linear independence being assumed throughout.

1
H"' is to be tested on basis of a sa.mple 0 : (yalxm,..., xka) a= 1,2,..,.,n0, In this
case o° q, 1is the minimum of S = Z(yu 1a'pxpa.)2 for variations of the & over N1 (1. e.
for variations of the &p subject to the restrictions 1dp'ua.p, u= 1,2 ,...,r,) while o-2q2
is the difference between this minimum and that for variations of the &p over w(i. e. for
variations of the ap subject to the restriction idpva’p’ ve=1,2,...,0, ). When H"' is
true, q, and g, are independently distributed according to x °_laws with n - k - r, and
r, - r degrees of freedom respectively.

That this case 1is 'covered by Theorem (A) may be seen by considering the non-
singular transformation of the ap idpqap a.', qQ=1,2,...,k where dpq are lgiven numbers
since that |d, | # 0. We have a = idpqa& which transforms g‘epxpa into %al')x")a,

qa
where x;'m = é\dpqxpd. Now under Q) the regression function 1s |, a}')x' o 8nd we may

d P=r, +1
therefore specify Hg as

-0 £ &}') { o, o? >0, p= Pi+l,e000k (a{,...,ar',1
being assumed 0 from the outset)

Subspace in . for which

a! = =8! = 0
1‘14-1 e r, .

The applicability of Theorem (A) is now obvious.
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8.5 The Minimum of a Sum of Squares of Deviations with Respect to Regression
Coefficients which are Subject to Iinear Restrictions .
It will be noted in §§8.3 and 8.4 that frequently we have to find the minimum
of
. 2
(a) S = ;(yd-;apxpc) ’

for variations of the ap, when the a.p are subject to one or more linear restrictions.
The object of this section is to give an explicit expression for the minimum of the sum of
squares,under such conditions, as a ratio of two determinants.

Let us consider the problem of finding the minimum of the sum of squares (a),

when the ap are subject to the linear restrictions

(b) ; up&p-O, (u-‘,Q,...,I‘(k).
We shall use the method of lagrange, §4.7 , and write

(c) F(a,,32,...,31{,)\1,/\2,...,1\ ) =S + 22}\ (i‘cup p

It i3 necessary that

(d) °‘%;'5Q2—q*2§"ucuq o, . (a=1,2,...,k)

in order for S to have an extremum (in this case & minimum). Performing the differentia-

tion 56'3 , these equations may be written as
q

(e) iapapq Z"ucuq 0, (q=1,2,..,K

where 8, Q

suming from q = 1 to k, we get

a q (and aoo) are defined in (d) of §8.2. Multiplying each of (e) by aq and

(£) ;aoqaq + iia.pqapaq = 0.
Expanding S, we obtain
(8) S=a_ - 2ia + i

00 " S5 o ¥ i pd

and meking use of (f),

(h) ia =8 - 8,
= op 00
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Rewriting (h) and (e) with 8, = 1, and using the conditions (b), we obtain the following
homogeneous linear equations in the 1 + k + r quantities Bys By Byyeeey By Ayyene, A

(S-a_.)a_ + 23 =0
00™0 T & op ’
(1) -aqoao + g‘&pqap +%;cud\u = 0, Q= 1,2,...,k

}E«vcupep- 0, um=1,2,...,r,

p=i

In order for these equations to have a non-vanishing solution the determinant
of the 1 + k + r equations must satisfy the well-known condition of being o, 1. e.,

(S-aoo) 801....801( 0 seee O
(0‘?10) ?110000811( 011oooocr1

(‘J) (o-%o) al(] .&ld( C1kocoocl'k = 0.
(0-9) ?11.'..:11( ?0:....9
(0‘0) cr100-ocrl( 0 ....'0

Treating the first columm as a sum of 2 colums as indicated and employing the
usual rule for expressifg the determinant as the sum of two determinants, we find the min-
imm value of S to be given by

A A
(x) Smin 'A;S ’
where
a 0.‘...'0

00 ao1l...aok
810 By1:eBk SipeeeCm

81 S Gk Crk

CrpeeeeCyy Ogeeess

(1) A=

. .
. . . . .
. .

o..oooxp.-.
o

cr1'uoocrk 0000-0.0

and 840 is the minor of 840 in a.

It should be noted that the values of the a.p and Ay which yleld the extremum of
P(or the values of the ap which yleld the minimum value of 3) are given by the last k + r
linear equations in (1) with a, = 1.



CHAPTER IX

APPLICATIONS OF NORMAL REGRESSION THEORY TO ANALYSIS OF VARIANCE PROBLEMS

In this chapter we shall consider some applications of normal regression theory
together with the general significance test embodied in Theorem (A), §8.3, to certain
problems in the fleld of statistical analysis known as analysis of variance. This field
of analysis 1s due primarily to: R. A. Fisher.

9.1 Testing for the Equality of Means of Normal Populations with the Same

Variance

Suppose O (Ypoh @ = 1,2,4.,05, P = 1,2,...,k, are samples from N(a1,a'2),
N(ae, 0'2), cvey N(a.k, 0‘2) respectively, and that it' 1s desired to test the statistical

hypothesis Ho(al'az"“'ak) specified as follows: .

Q: -o (ap(oo, 62>0, P=1,2,...,k
w: &, =8, -o{(a{w, e2> o0, p=1,2,...,k.

In other words H, 1s the statistical hypothesis that all of the samples are drawn from
normal populations with identical means, given that the populations are normal and have

equal variances. The probability element for the k samples is

- ;f (Tou-ay)?
1 B 2d®5=1dmy PP 4 i
(a) [\/—2—1;6) e lﬁ ]:? Yoo (n-p. n,).

1 am

Maximizing the likelihood function (i. e., the expression in [ 1) for variations of the
parameters over f), we obtain

> 1i =2
(b) 21 cLZ:Q(ypm:rp),

D=1
r
where = 1 Tpq the mean of the y's in the p-th sample. Maximizing the likelthood

for variations of the parameters over w we find



(e) S Znip(ypa-i 2, '

Pp=ta=1
k k
here J = + =1 Z y.. Now q, and q, of Theorem (A), §8.3, are as follows:
Where ¥ = n =1 &19pa” n p=1"p’p 9 q (A), §8.3, are as WS
nej n(os- 4) pﬁ;,nprip-i)?
(@ hoTer LTt

Assuming H(a1=a2=...-a.k) is true (1. e., that a, =8, = ... =8/ 1t follows from Theorem
(A), §8.3, that q, and q, are "independently distributed according to xg-laws with n - k

and k - 1 degrees of freedom respectively. Hence
k

(g, (0020 (7,2

. (e) F= =
(k-1)q k —
ey S P (TpaTp)°
p=lc=1

is distributed according to hk-1,n—k(F) dr.

To see exactly how this problem is an application of Theorem (A), the reader
should refer to §8.41, Case 1. It will be noted that .the set of k samples, 0n R 0n yeeey
1 2

k

Onk, can be regarded as a single sample of size n (n = an) from a population with dis-
=1

tribution N(gapxp,o-e), where Xy =1, X,= oo =X, =0 for Oni, X, =1, X, = Xy ™ eoo =

X =0 for One, and so on. The hypothesis H(a1=aa-...=ak) is that all ap are equal, 1. e.

ap = icqpaé’ where c1p =1, B‘1' = a, &éa 0, q=2,3,...,k.

9.2 Randomized Blocks or Two-way layouts

=1

Suppose yij (1=1,2,...,r, j=1,2,...,3) are random variables independently

s
distributed according to N(m+R1+Cj,0'2) where iRi - Cj = 0, and that we wish to test
1=1 =1

on basis of the yij the hypothesis H[(Cj) = 0] specified as follows:

2
0: —;'D <m, 31’ CJ(GD,O >0’ 1=1,2,...,r; J=1,2,...,s
> R, = C.:=0
=1 % J

w 3The subspace in Q obtalned by setting each Cj = 0,

The w space is simply the subspace in ) for which the C j are all 0. The probability ele-
ment for the sample (1. e. the yij) is

- L L(Y ;-m -R 'C-)2
1 P13 71 17
) 0 rs 201, ]T—[d .
(a ‘——r_e ) e 1,] 31j

The sum of .squares in the exponent of (a) may be written as
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S = %[(Yij‘ijfﬁj*‘j) + (-y—i'-i-Ri) + (-Y'.j “Y.‘CJ) + (y-m) ]2;
" ' s 5
= STy T4 T4 )2 + 2T T-RDZ + 2_(F4-F-C)2 + rs(F-m)2,

where y - rsiyu, Vy.= Zyij y. j= Zyij Maximizing the likelihood function in [ ]
(which is equivalent to minimizing S as fa.r as m, the Ry and C j are concerned) for varia-

tions of the parameters over (1, we find

a"i: ﬁ1-§1°— ?: 63 "'—Y..J ‘?:
A
2 1 Z = = =2
O = =2 (Fys-Fq-Fes4y) .
n I‘Si’j 1J 1 J
Maximizing the likelihood function for variations of the parameters over , we simply set

each of the Cj equal to zero and maximize for variations of 0-2, m, R1 (subject t:ofR1 = 0).
1

We find

a = -y-’ ﬁ = yi ?

- :

%~ T8 1Z(y13-yi .

»J

It may be readily verified that

2 2 o - 2

2 ma2 s LDy PN

1,
q, and q, of Theorem (A), §8.3, are given by
rsoﬁ rs(c '_Q_) %(Y.j -3)?
q'| = 02 ) QQ

It follows from Theorem (A), §8.3, (See Case 3, §8.43) that q, and q, are inde-
pendently distributed according to xe-laws with (r-1)(s-1) and (s-1) degrees of freedom

respectively, when H[(Cj) =0 ] 1s true. Hence, under the same conditions,

(r-1)q, (r- )%(?,j-i)e
q = = = =2
1 %(yij Y. Y,jﬂ')

is distributed according to h(s_]) (r-1)(8-1 )(F)dF,a.nd i1s equivalent to the likelihood
ratio criterion for testing H[(CJ.)- 0] using the upper tail of the distribution for ob-
taining critical values of F for given significance levels.

In an entirely similar manner we may derive an F test for the hypothesis



H[(Ri )=0] defined as follows:

nN: | Same as for N in definition of H[(Cj)=0]
w: | The subspace in N obtained by setting each R1 = 0.

Following steps similar to those followed for H[(CJ)-O] we find for H[(Ri)=o],

= _5y\2
.. (5-1)85(F,)

123(}’1‘]-:};1_"5.‘1*‘5)2 .

(c)

which will be distributed according to h(r,_1 ), (r-1)(s-1 )(F)dF, when H[(Ry)=0] 1s true.

The applicabllity of Theorem (A), §8.3, in testing H[(Cj)=0] is evident when it
1s noted that under Q the yij can be regafded as a sample of size rs from a population
having a distribution of the form N(Eﬁi?japxp,ce) In which there are two homogeneous 1lin-

ear conditions on the ap (the a_ being written in place of the m, Ry, C; and each x having

p J

the value 0 or 1) whereas under w there would be s + 1 linear conditions on the a_ (or

p
8 - 1 linear conditions in addition to those already imposed under Q). Both H[(Cj)aol
and H[(R1)=o] come under Case 3, §8.43.

If the yij’ 1=1,2,...,r; j=1,2,...,3, are considered in a rectangular array
with 1 referring to rows and j to colums, then it will be seen that we are assuming that
yij is a normally distributed random variable with a mean which is the sum of three parts:
a8 general constant m, a specific constant R1 agsociated with the i-th row and a Ppecific
constant Cj assoclated with the j-th column (where:Z:Ri = Eiﬁcj = 0). The variance is

1
assumed to be independent of i amd j. Statistically speaking,R1 is often referred to as

j-th colum. H[0R1)=0] is therefore the hypothesis that row effects are zero no matter

what the values of m and column effects. The quantity %E:(yij-§1:§_j+§)2 1s often re-
ferred to as "error" or "residual" sum of squares after éow and colum’ effects are re-
moved, and when divided by (r-1) (s-1) the resulting expression provides an unblased esti-
mate of ¢° no matter what the values of m, the Ri and Cj' 25}51.—y)2 1s usually referred
to as sum of squares due to rows, and when divided by r - 1, the resulting quotient pro-
vides an unbiased estimate of o2 (and,as we have seen, independent of that obtained by
using "error" sum of squares) if the R1 = 0, no matter what values the C. and m may have.

J
A similar statement holds for (y j-i)e. It can be shown by Cochran's Theorem and by
{ .

+ r pr——

the use of moment generating fuﬁctions,although we shall not do so here, that

1 = 1 = =\2
-Laféj(yij-yl.—y.j»fy)a, ;5;2_ (yiyy)e, O—JB-E (y.j-y) are Independently distributed according
’ i
-1 -1

to i_-laws with (r-1) (s s (p=1), (s degrees of freedom respectively, 1if the Ri and



CJ are all zero, and furthermore the sum of the three quantities 1s (yi j y) , which
is distributed according to the x_ -law with rs-1 degrees of freedom if each Ry and each

CJ is zero.
These various sums of squares together with thelr degrees of freedom are com-

monly set forth in an analysis of variance table as follows:

Variation Due to Sum of Squares Degrees of Freedom
Rows Sg = %E;(?l,'i)Q r-1
’
Colums Sc = 22%15,1'5)2 8 -1
b
Error S = iZj(yij-ii.-i_jﬁ)e (r-1) (s-1)
;)
Total S = Ezg(y134§)2 rs - 1
b

The main facts regarding the constituents of this Table may be summarized as follows:

(1) 8 =8+ 85 + S ‘

(2) SR/ ) SC/¢2’ SE/ » are independently distributed according to x?-laws with (r-1),
(s-leé_(§-1)(s-1) degrees of freedom respectively if all R1 and CJ are zero.

(3) F= T_B 1s distributed according to h(; ;) (1 ;)(g-;)(F)AF when Hi[(R;)=0] 1s
true.

(4) F= (™15 14 atatrivuted according to h (F)dF when H[(C,)=0] 1s

B (8-1),(r-1)(s-1) J

true.

(5) SE/&2 1s distributed according to the xe—law with (r-1)(s-1) degrees of freedom for
any parameter point in Q (1. e. no matter what values the R, and Cj may have).

(6) s/¢2 i1s distributed according to the x?-law with rs-1 degrees of freedom if all Ry
and Cj are zero.

The theory discussed in this section has been widely used in what are called
designed experiments, particularly in agricultural science. For example, rows in our
rectangular array may be assoclated with r different varieties of wheat, columms with s
different types of fertilizer, and yij with the yleld of wheat on the plot of soil associ-
ated with the 1-th variety and j-th fertilizer, it being assumed that plots are of the
same size and the soll homogeneous for all plots. In such an application, we emphasize

that the fundamental assumptions are that the yield on the plot assoclated with the i-th
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variety and the j-th fertilizer may be regarded as a normally distributed random variasble
having mean value of the form m + Ri + Cj (where%R1 = ch = 0), and a variance 02
which has the same value for all 1 and j. The question of whether the assumptions are
tenable in any given case 1s one for the individual applying the method to settle. 1In
this example H[(Cj)=0] would be the hypothesis that fertilizer effects on yield are all
equal no matter what the variety effects may be.

9.3 Three-way and Higher Order layouts; Interaction

The analysis presented in §9.2 can be extended to three-way and higher order
layouts. 1In this section we shall consider in detail the three-way layout. Let yijk
(L =1,2,...,r; j=1,2,00.,8; k=1,2,...,t) be random variables distributed indeperr -

dently according to

(a) N(m"‘-fijkya'?)»
where

(b) ik = T1j0 * Tiok * Toje * T1o0 * Tojo * I

ook’

where each set of I's on the right hand side of (j is such that when summed over each index
the sum 1s zero. Thus there are (r-1)(s-1) linearly independent constants 1n the set
}Iijot,(r-l) such constants in the set!IioJ, with similar statements holding for the re-
maining sets. For convenlence, we may consider yijk as a random variable associated with
the cell in the i1-th row, j-th column and k-th layer of a three-dimensional rectangular
array of cells. The mean value of yijk is given in (&), in which the Iioo’ the Iojo and

the I are row, colum and layer main effects,respectively; the Iijo are row-colunm

ook
1nteraction§, the I1ok row-layer 1nteraction§, and the Iojk are column-layer interactions’

The probablility element of the yijk is
(c) TTTN(m+T o ,00)dy, .
1,3k 1jk 1jk

The sum of squares in the exponent of (c) 1s

(a) 5 = %{(Ayijk-fijk-m?.
Now let
vy o= r—;fj%:’kyijk’
35.. =sjijz'ky13k’ with similar meanings for y,j, and J. .. ,
(o) ‘ yij' - %—;%;yijk, with similer meanings for ¥, , and ¥, .,
Y,.. = ¥;..-Y, with similar meanings for Y-j- and‘f..k,

*These are called first-order interactions.



Yij- = iij-'-yi--:y--d'*?’ with similar meanings for Ti-lcm Y»jk’

(e) < =2
S... = %((yijk'yij--Yi'k-Y~Jk-Yi- .‘Y.j.'Y. x$Y)

= = = = .= o= =2
= Z(y R 2T T 2 1R Wt P VR 5 PR S SR 5 g 5
T 10Ty T et 4 kY
..o = E (?ij,-rijo)"’, with similar meanings for S,,, and S,, ,
2J2

S.00 = (Y;..-I;,,)% with similar meanings for S, and S . ,

1,J,

= 2

8600 = ;J;(y—m) .
2dJ

Let S°, , be the value of S,

0 o 0 0 o
8l0.7 85..2 800 85.07 Sp0--

We may write

.o With each I, jo = 0, with similar meanings for

= 2 Ty T T e h Y g YD

(f) + (Yij’-lijo) + (Yirk-Iit_)k) + (Y'Jk-IOdk)

[y

+ (?1'.'1100) + (Y'J’-IOJO) + (Y. ‘k-IOOk) + (‘i-m)]e.

Squaring the quantity in [ ], keeping the expressions within the parentheses intact, and
suming with respect to 1, j, k, we obtain

(g) 8=38,,. +8,  ,+8, +58 + 8,00 * S5.0 * 3 00- * 000"

It follows from Cochran's Theorem, §5.24 , (and can also be shown by moment-generating
functions) that the eight sums of aquares on the right side of (g), each divided by o )
are independently distributed according to xe-laws with (r-1)(s-1)(t-1), (r-1)(s-1), (r-1)
«(t-1), (s-1)(t-1), (r-1), (s-1), (t-1), 1 degrees of freedom,respectively,if the yijk are
distributed according to (a).

The sumsof squares in (g) provide the basis for testing various hypotheses con-
cemj..ng the interactions Iijo’ Iiok’ Iojk and the main effects Iioo’ Iojo’ Iook' For ex-
ample, suppose we wish to test the hypothesis that row-column interaction is zero (i. e.
each I, Jo-o) no matter what the row-layer and column~iayer interactions and main effects
may be. This hypothesis, say H[(Iijo )=0]1,may be specified as follows:

-0 m, I1‘1.0’ Ti037 Togx? T100* Tojor Took <o, >0,
n: for all 1,j,k, the sum of the I's 1n each set over any

(h) index being o.

w: | Subspace of N obtained by setting each I,,, = O.



Maximizing the likelihood in (c) for variations of the paremeters over.Q, we find

2 _ 1
(1) 0= TatS...

and maximizing the likelihood for variations of the parameters over w, we find
~
1 0
€} of = ar 8,480 ).

It should be noted that in maximizing the likelihood over (1l we obtain as maxi-
mm 1ikelihood estimates of Iy, Ijgs Ioges Linor Iojor Took the quantities Y, j,,'ii_k,
?-jk"?:l- o Y, 3 ,‘Y.. .’ Tespectively.
When the hypothesis H[(I, jo)"ol is true it follows from Theorem (A), §8.3 (see
Case 3, §8.43), that
ran:o:‘f"l S... rst(%—%) 2.,
e L e -

are independently distributed according to xe-laws with (r-1)(s-1)(t-1) and (r-1)(s-1)
degrees of freedom,respectively. Hence the F-ratio for testing this hypothesis is
0
(t-1 )S. 0
’
S...

which s distributed according to hiy iy(g_y), (p-1)(s-1)(t-1)(F)4F when H[(Iijo)"o] is
true. In a similar manner F-ratios can be set up for testing the hypothesis of zero row-
layer or zero colum-layer interaction.

The constituents in (g) also provide a method of testing the hypothesis of no
interaction between rows and colums in a two-way layout from t (t)2) replications of the
layout. This hypothesis amounts to the hypothesis that effects due to rows and columms
are additive on the mean value of the ¥y i’ in which case the mean value of ¥y j is of the
formm + Iioo + Iojo’ In this problem we consider yijk (L =1,2,.00,r; j=1,2,...,3) as
the variables associated with the k-th replicate, and assume the mean value of vy ik to be
0o The problem is to test the hypothesis that each Iijo = 0, This
hypothesis which will be called H'[(I, jo )=0] 13 specified as follows:

m + Iijo + Iioo +1

-o {m, Iijo' 1400’ Iojo { o, o? > 0, for each 1 and
n: J, where the sum of the I's in each set over each index

(1) is 0.

w: [ The subspace of N obtained by setting each Iijo = 0,



Maximizing the likelihood function in (c¢) for variaticns of the parameters over Q, we

find
(m) of = o (S...480, 450, +52..),
and similarly
A2 1 [¢] ~0 «0 a?

(n) 0'w= st (S°"+S--O+“)-L)-+00'°+‘)CO')‘
By Theorem (A), §8.3, it follows that

rst%_ s._,+sf’o.+sg”+sgo,

Q1 = 0_2 = 0_2 ’

(o) A A

rst(qi-c2) S?.O

are independently distributed according to XF-laws with rs(t-1) and (r-1)(s-1) degrees of
freedom,respectively, when H'[(Iijo)=o], 1s true, and hence under the same assumptions

rs(t-1) 59
(p) F = — 0

(r=1)(s-1)(S,,,+8%  +83  +80 )

is distributed according to

Ripay(s-1), ra(t-1)(FIdF.

In a similar manner, the existence of gecond-order interaction in a three-way

layout may be tested on basis of replications of the three-way layout. This problem,
however, leads us into four-way layouts and the details must be left to the reader.

Suppose we are interested in testing the hypothesis H[(Iioo)=°] that the Iioo =
0 no matter what the interactims a4nd main effects due to colums and layers may be.

This hypothesis may be specified as follows:

Q: {3Same as O in (h).
(q) w: | subspace of O for which each Ii00 = ©-
We have

2als

0~ rst “-.-

and

and hence by Theorem (A), §8.3 ,



rst 2 S...
qy = o2 T = o2’
(r) AL A So
q, = rst (,2_,2 - 00
2 4 w o2

are independently distributed according to-x?-laws with (r-1)(s-1)(t-1) and (r-1) degrees
of freedom,respectively, when H[(Iioo)"ol’ is true, and the F-ratio for the hypothesis 1s

(8-1)(t-1)82
g, ’

which 1s distributed according to h(r—l) (r—1)(s-1)(t-1)(F)dF‘ Similar tests exist for
2

testing the hypothesis that the Iojo = 0 or that the Iook = 0.

Suppose the interactions Iijo’ I %’ and Iiok are all zero and that it 1is de-

oJ
sired to test the hypothesis that the main effects due to rows are o0, i. e., I100 = 0,

This hypothesls say H‘[(Iioo)=o] may be specified as follows:

-0 {my Iypys Iojo’ Took < @ a% > o,

(8) a: %Ij.oo" ZkI = 0,

- Iojo = ook

J

w? { Subspace of Q obtalned by setting each I100 = 0,

We find
'é 1 o o (9]
9= 7gf (S... + S, + S, +55..),
- 0 o o o
% = T3t (s +8 .5+ ) or * SO + S oo)’
and hence -, o
o o
q = r:Z%l - S,.. +8 .02+ Sio- * S5 ,
o
~ A
- rst(a'f,-oﬁ) - S?oo
dp .2 2

which are distributed independently according to x?-laws with rst - r - s -t + 2 and

r - 1 degrees of freedom,respectively, when H'[(Iioo)=o] is true. The Fratio is

0
(rst ~r-s -t + 2) S.oo

- V] o) (o]
(r=1)(8.., + 87,5 + Sl5. +55..)

which has the distribution h )(F)dF, when H’[(Iioo)ao] is true.

(r-1), (rst-r-s-t+2
The difference between the F-ratio for testing H[(Iioo)zo] and that for testing

H'[(Iioé)=°j should be ncted. In the first hypothesis the interactions aré}?gsumed to be



gifforarts £rom zero, and in the second one the interactions are assumed to be gero. The

sum of squares in the denominator of F for the first hypothesis is simply 3,,. while 1t

is 8,,, + Sc.',o + S?o + Sg.' in the F for the second hypothesis. The terms S?,o, 5?00'

oo .

Sg” are commonly known as interaction sums of squares,and the process of adding these to
the error sum of squares 3, , in the case of testing H'[(I, ,)=0] 1s often referred to as
confounding first -order interactions with error. Of course, the hypothesis may be set

up in such a way that only two ( or even only one) of the interaction sum of squares will

be confounded with error. The term confounding as it is commonly used is more general
than it 1s in the sense used above. For example, if layer effects (Iook) are assumed to
be zero throughout the hypothesis specified by (s) we would have found not only all first-
order interaction sum of squares but also layer effect sum of squares Sgo' conf‘omu}ed witl

S....

There are many hypotheses which can be tested on basis of the 3's on the right
hand side of (g), and we shall make no attempt to catalogue them here. It is perhaps
sufficient to summarize the constituents of the various possible tests in the following

analysis of variance table (the Zextendi.ng over all values of 1, j, k in each case):

Variation Due To Sum of 3quares Degrees of
Preedom
Rows o= Z(Ty..-T)* r-1
'q0 = =2
Columms S0:0™ (7, 4,77) 8 -1
= =2
layers 89.,= (T, ,,T) t -1
Row-Column Interaction S?_,o- Z(-iij.-'?i’ ,-E,J, +7)° (r-1)(s-1)
Row-Layer Interaction | 8% = 3(F, . ¥.. 7. +7)° (r-1)(t-1)
Colum-layer Interaction Sg', EPICH jk'i» I -y, ,kﬁ)a (s-1)(t-1)
Error Sqve™ Ty 5T 4, T4,k T o c?T1. 474,47, Rl (S BITBITED
Total ST -Z(yijk-?)a rst - 1 /

b tin res
Suppase ¥y (1, = 1,2,...,r) are random variables distributed according to
N(m + Ry + Cj + I{; ),where gRi - _103 - g'l‘t = 0, such that each T, ocours in con-
Junction with each R; once and only once, and with each Cj once and only once, each Ry
occurring once and only once in conjunction with each C j° Such an arrengement of combina-
tions of attributes is known as a latin Square arrangement. For a given r there are many



such armangements, each of which can be represented in a square array in which the Ri
would be row effects, the cJ column effects and the T, treatment effects. For example,

when r = 4k, the following 1s a 1atin Square arrangement of row, colum and treatment

effecta:

R1 -rC1+'I'1 31 +C,2+'I‘2 R1 +05+T5 R1 +Cu+T,‘

R2+C1 +Tlt R2+CQ+T1 R2+C)+T2 R2+C,‘+T3

R5+C, «&TB R3+CQ+T,‘ R3+C}+'1‘1 R}+Cl‘+’1.‘2

R,'+C1 +'I'2 R,‘+Ca+'1'5 R,‘+CB+T,‘ R,‘-&Cu#'l‘,

Fisher and Yates (Statistical Tables, Oliver and Boyd, Edinburgh, 1938) have tabulated
latin Squares up to size 12 by 12.
Now consider the following hypothesis, say H[(Tt )=0],to be tested on basis of

the sample ¥y ]

~00 { m, Ry, Cj’ Ty { +00, o? > o,
% n - Foe i, mo

w: [3Subspace in N obtained by setting each Ty = oO.

In other words, we wish to test the hypothesis that the Tt are all zero, assuming that th
¥y 3 are distributed according to N(m+Ri+C j+Tt,02). The probability element of the ¥y j is

- E (¥4 4~m=Ry-C -T )2
1 2 2 1 i t
(a) ) o 2 T3 :

T Tay, 4.
Vorte ] 1,deij

The sum of squares 3 in the exponent may be written as

3= 3p + Sp + 5S¢ + Sp +z-2('i-m)2,
Sg = %(Yu'§1,‘§.j‘§(t)+2§)2;
SR - %(;1.'5‘131)2:
Sc = %t’i.j-i-cj)"‘,
g = 2
ST bl E(Y(t)'y"rt) ’

where



= 1
where y = 24 Vip Yy = Zyij, vy = -Zyij and ¥4y = Zyij, % denoting
sumation over "all cells (L and j) in the Iatin 3quare array in which Tt oceurs., Let sg

be the value of bR when the Ri = 0, with similar meanings for SC and ST
MAX|M
MM% the 1likelihood function in (a) for variations of the parameters over

N we find

fﬁ=Y; Ri""ii.'ia Cj=§'j_-y’ Tt'i(t)‘i

(b) 1 .
= —Fg(yij'yr—Y.j'y(t)+2y) .

Maximizing the likelihood for variations of the para,meters over w, we set Tt= 0
(t = 1,2,...,r) and maximize for variations of m, Ry, Cy, o (ZR1 2.Cy=0). We find
J
m, Ri’ CJ to be the same as those obtained by maximizing over .Q and

% = T (3p+S7),

r

(e) 1 - - -
- ?:(yij‘yi.'Y.jﬂf)?-
s
It follows from Theorem (A), §8.3, (see Case 3, §8.43) that q, and q, are inde-
pendently distributed according to the x_2-la.ws with (r-1)(r-2) and (r-1) degrees of free-

dom respectively when H[(T )=0]) 1s true, where

r2o )
°n
q, o2, .
R
9 = T = -0-5 ’
and hence
(r-2)q (r-2) ©
(d) F = 2 - or
q, Sg

1s distributed according to h(r-1 ) (r-1 )(P_Q)(F)dF and 1is etquivalent to the llkelthood ratlo
ratlo criterion for testing H[(Ty )=0], 1t being understood, of course, that critical values
of F for a given significance level are obtained by using the upper tail of the F distri-
bution.

In & similar manner, 1if H[(Ri )=0] denotes the hypothesis for which QO 1s identi-
cal with that for H[(Tt )=0] while w 1s the subspace in Q for which R1 = R2 = o, = Rr- =0,



.4 IX. APPLICATION REG ION THEORY TO YSIS OF V. S 189

then we obtain for F the following:
(r—e)Sg
= I T

(e) 55

which 1s distributed according to h(r'-l ), (p=2)(r-1 )(F)dF when H[(R,)=0] 1s true.

An entirely similar hypothesis, say H[(Cj)==0] may be defined by considering w
as the subspace in . for which 01 = C2 = ,,. = Cr = 0, and an F similar to (e) 1is ob-
talned with the same distribution as that of F defined by (e).

We may summarize in the following analysis of variance table

Variation Due to Sum of Squares Degrees of Freedom
Rows - sp = P%(yi.‘i')e r-
Colums 88 = r;(i,jﬂ_{)e r-
Treatments Sp = rgz)('i(t)-i)e r-1
- - = _= =2
Error SE = ; (yij-yi°-y-j-y(t)+2y) (r-1)(r-2)
’
Total S = ;(yij—i)g ré -
»J

The main properties relating to the constituents of this table are the

following:
. 0 . &0 0 .

(1) .3=SR+QC+ST+5E.

(2) 5%/62, 5%/62, 80/ 2 2
SR/cr B Sc/cr R QT/O' R SE/cr are independently distributed according to x“-laws with
r-1, r-1, r-1, (r-1)(r-2) degrees of freedom respectively, when all Rl’ Cj and Tt
are zero.

1)89

(r-1)
(3) F = -—g—iﬂ is distributed according to h(r—1 ), (-1 )(r_g)(F)dF' when H[(Ri)=0] is trmue,

(ri1)sg
(4) F= —gg—— is distributed according to h(r-1 ), (r=1 )(r-e)(F)dF when H[(Cj)sol is true.

(r-1)37
(5) F = ——eT
’ 5

(6) Sp/o” 1s distributed according to the x“-law with (r-1)(r-») degrees of freedom for

is distributed according to h(r-1) (r-1 )(r_,,)(F)dF when H[(Tt )=0] i3 true
, 2

any parameter point in N (1. e. no matter what values m and the Ry, Cj, Tt; may have).

)

(7) S/a2 is distributed according to the xg- law with r®-1 degrees of freedom when all Ry,

Cj‘ and Tt are zero.



The reader will find it instructive to verify timt SE 13 the mimimm of
Z(yij-m-Ri-CJ-Tt)2 for variations of the m, R, Cj and T, subject to the restrictions
# Ry = # Cy= £1 T, = 0,and can be obtalned by applying formula (k) of §8.5, noting
that all x . are 0 or 1.

P
As in the case of two- and three-way and higher order layouts, Latin Square lay-

outs have been widely used in agricultural experiments. For example in studying the ef-
fects of r types of fertilizer on ylelds of a certain variety of wheat, it is common to
lay out a square array of r? plots of equal area and to associate row and columm effects
with variations in fertility of soil and associate treatments with different fertilizers.
The main assumption 1in such an application 1s that variation in fertility of soil from
plot to plot is such that yleld on the plot in the i-th row and j-th colum may be re-
garded as a normally distributed random variable Iy j with mean value of the form m + R1
+Cy + Ty, (where %Ri =2 Cy= %Tt = 0, T, being the effect of the t-th treatment)
and variance ¢ which 1s the same for all plots.

Latin Square lay-outs have also been tried out in other fields,for example in
industrial research.

9.5 Graeco-Iatin Squares

Higher order Latin Squares, known as Graeco-latin Squares may be treated in much

the same manner as latin Squares. A Graeco-latin square involving, for example, a four-
way classification may be defined as follows: Iet !ail, Ryl 1‘711, !dil, 1=1,2,...,r,
be four sets of mutually exclusive attributes. Let r? objects be arranged in such a way
that r of the objJects have attribute ay, T have attribute {31, r have attribute ‘71, and

r have attribute 61, l1=1,2,...,r, and in such a way that exactly one object has the
combination of attributes (a,, nj), i, jm=1,2,...,r, exactly one has the combination
(aiﬁj),and so on for each of the combinations ("1'63)’ (piﬂj), (pi,dj), (‘71,63). We may
conveniently allow the ay to refer to rows, fp 1 to columms, 71 to treatments in an ordinary
Latin Square and let 61 refer to the fourth classification. Let yij (1,j = 1,2,...,7) be
random variables distributed according to N(m+R1+(%+Tt+Uu,02) where Ri’ C L Tt' Uu are

effects due t_oai, pj,‘vt, 6.1 and where iRi = Cj = iTt = 1 Uu = 0, As a matter

of fact, we may consider the four-way 'cla.ssif‘icatién Graeco-latin square as a superposi-
tion of the two Latin squares tail, Ip;[!, {'71! and iail, !pil, [611, the a, and g, re-
ferring to rows and colums in both cases, the 7y 4 8s treatments in the first latin square,
and 61 as treatments on the second Latin square, such that when the two lLatin squares are
superimposed each “Ii will occur with each 61 exactly once. Two latin squares which have

this property are said to be orthogonal. A set of r - 1 mutually orthogonal latin squares
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1s sald to form a complete set of mutually orthogonal latin squares and when superimposed
would form an (r+1)-way classification Graeco-latin square. Complete sets of orthogonal
latin squares exlst when r is a prime integer and also for certain other values, e. g.

r= 4,8,9. The sum of squares S in the likelihood function is
2
S = {:(yij—m-ai-cj—'x‘t-uu) ,
’
and may be written as
S = + + S~ + + Sy 4 r2(§-m)2
Sg + Sg + S¢ + 5p + 5y ’
where
= = = _= =\2
Sg = ;%%(yij V1.7Y. 57V (t) Y[u]+3Y) ’
SR = %(?1.‘?‘121)2:
i, .
SC = Z(?.j’f_f-'cj)a’
1,]
= =m 2
= (Ve ¥-Ty)
Sp 12—3 (£) ¥ Tl

= 2
Sy = %(y[u]-y-Uu) )

where §1~’ i-j’ Y, i(t) are as defined in §9.4 and §[u} is the average of all Vi3 having
mean values involving Uu. Let Sg be the value of SR when the R1 = 0 with similar meanings
o 0 0
for SC, S and SU.
As before, we may define hypotheses H[(Ri)=0], H[(Cj)nol, H[(Tt)-ol, and
H[(Uu)ao] all with the same () parameter space given by

-0 {m, Ry, Cy, Ty, Uy < 400, o® > o,

2Ry = 2Cy= 2Ty = 2U =0,

0

but with w parameter spaces obtained by setting each Ri = 0, each Cj = 0, each Tt = 0, and
each Uu = 0, respectively. The F ratios for these four hypotheses may be written down by
the reader in terms of Sp, Sﬁ, Sg, Sg, and S%.

The analysis of variance table for the four-way Graeco-Latin square turns out to

be ag follows:



192 IX. APPLICATION RESSION THEORY TO ANALYSIS OF VARIANCE

Variation Due to Sum of Squares Degrees of Freedom

The a, sg="§4—(§1-' ‘y‘)'-? r -1

The ﬂj 88 = r%(iy?)g r -1

The 7t 38 = rg%;(y(t)-y) r -1

The ¢ Sg = rE%}(?lu] y) r-1

Error S = %%%(yij'?i-'i-j'y(t)'i[u]+3§)2 (r-1) (r-3)
Total 3 =,%;%(y1j_§)2 2

,

where 7, ii-’ 5’3, §(t) have the same meanings as for the latin Square and y(,; is the
mean of all yij having attribute ¢ .

The properties of the constituents of this table are very similar to those of
the constituents of the table pertaining to the ordinary lLatin Square and therefore we
shall not write them down. The reader may verify that is the minimum of
L%(yij-m-Ri—Cj-Tt—Uu)e, subject to the restrictions ?‘_Ri = i C; = i T, = Z?Uu = o,
and 1s obtainable from formula (k), §8.5.

Extensions to higher order Graeco-latlin squares and complete sets of ILatin
squares are straightforward.

9.6 Analysis of Variance in Incomplete Layouts

The results which have been presented in §§9.2-9.5 depend on complete or bal-
anced layouts in the sense that there 1s exactly one random variable corresponding to each
cell of the layout, or in the sense of orthogonality exemplified by latin Squares, Graeco-
latin squares, and complete sets of latin squares. Because of this element of balance the
sums of squares arising in connection with the various hypotheses are relatively simple.
The problem to be considered here is that of deriving sums of squares appropriate to tests
of hypotheses 1in case there are arbitrary numbers of random variables associateé with the
various cells.

First let us consider the case of a two-way layout. Let Y15 Yps eees ¥ be the
random variables of the sample such that each y belongs to one row and one column in an
r by s layout. If a y, say y,, belongs to the i-th row and j-th colum, we assume 1p to
be distributed according to N(m+Ri+Cj,a?) where Zf R1== :Z:CJ = 0. We may rewrite this

"
distribution as N(m+:§:Rix11d}-%;ij o) where for a given a the Xi4a (1 =1,2,...,0)

2ja’
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are all zero except for the value of 1 corresponding to the row within which ¥, occurs, a '
and similarly the x, ja (J=1,2,...,9) are all zero except for the value of j correspond-
ing to the colum within which ¥4 occurs.

The likelihood function for the sample Fyseeeer Iy is

2
(a) aﬁN(m+zR1 1ot ﬁv-cjxaja’a ),
and the sum of squares in the exponent of this likelihood function 1is
(b) 5 "g—:(y e 2 RyX g %—Cj 2ja)

Now suppose we consider the hypothesis that the &I are all 0. This hypothesis H[(C j)'°]
may be specifled as follows:

-o(m, Ry, C;< @, o2 > 0,(all 1 and j)
21:}?1 = %cj =0,

w: [ Subspace in () obtained by setting each C j = 0,

(e¢)

Maximizing the likelihood function for variations of the parameters in 0 we find from
§8.5 that the values of m, the R1 and C j which minimize S are given by the linear equa-

tions

-Zya + nm + Zni_R1 + %n.jcj =0,

_gyc + N, .m+ ni-Ri"%nijCj*'\ = 0, 1=1,2,...,r,
(d) -Z‘qu+n.jm+ ;nin1+ n'jCJ +A, =0, J=1,2,...,8,

;Ri %cj : ::

where zya denotes summation of all Yy » %;ya denotes summation of all A in the i-th
oW, Zya denotes sumation of all Yy in the j-th column, n, j is the number of Yy falling
in the cell at the intersection of the i-th row and j-th column,nh =2n j and

n,j = ;nij' It follows from §8.5 that the minimum of S for variations of the m, R1 and
Cj in Q is given by

A
S) = — y
minn(S) = 3 o

where



Zyﬁ Zya‘:ya.....rzh :y,,.....Zy, 0o o0

.0 LN ] L] . . .s

Zyﬂ n n1.‘.... nr. n.1 o0 000 n.s O o

Z yq n1. n.'...... ? n11 esese nIa 1 0
yu nr. Ogooo....nr. '%10'0... nrs ’ 0

(o) A=

Z Ye D,y My oeees Dy B eeeee 001
. L . . L[] L] ) L]

E;yd R Ny O seeeesss N 0 1
o o 1 o0 000000 1 0 o0 00000 o 0 o
0 (o] O sevesees O ) A | 0 o

and 4 1is the minor of Zyﬁ in A. Hence

2 _ 1.8
Cpn =B — ————
N n A
00
Maximizing the likelihood function for variations of the parameters over w we find that
the maximizing values of m and the Ry are given by the r + 2-equations resulting by set-

ting A, and all Cj equal to zero in (d) and deleting the last equation. Similarly,
A 1]
minw(s) - A_é; ,

where A' is obtained by deleting the last s + 2 rows and colums from A with exception of
the next to the last row and colum. A' 1s the minor of Zyﬁ ina‘.

oo
Hence .
A
2 1 A
C" ===,
w n AOO
It follows from Theorem (A), §8.3, that
N
! 0,2 creA

and

-— (-—- - —)
2 A‘ ’
o 800

qQ = —>3

naf, :ﬁ) A
0,2
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are distributed independently according to 7(2-1”3 withn-r - s + 1 and s - 1 degrees of
freedom respectively when H[(CJ )=0) 18 true. The F ratio is therefore

) (n-r-s+1 )(A— Aoo

(s-x)(é-;)

which has the distribution h(a—1 ), (n-r-8+1 )(F)dF when H[(CJ }=0] 1s true. The reader may
verify that 1if ny 3= 1 (811 1 and j) then n = rs and we have the complete two-way layout
discussed in §9.2, and in this case the F ratio reduces to that given in (b), §9.2.

The extension of the foregoing treatment to higher order layouts is straight-
forward and will not be considered in detail. It is perhaps sufficient to note that in
the case of higher-order layouts we would have several sets, say q, classifications, the
u-th classification consisting of Py mutually exclusive -categories, such that each y, in
the sample would belong to exactly one category in each classification. If we denote the
mean effect (on Yo) of the v-th category of the u-th classification by Iuv where

Iw=0,u=1,2,...,q (or more generally several linear reetrictions may be applied to
vI:v for each u) then the mean value of J, may be expressed as m + il f: Lv®ava Where
for each value of u, Xava (@ = 1,2,...,n) 18 unity for only one value of v and zero other-
wise; the value of v for which Xava is unity being that corresponding to the category (of
the u-th classification) within which J, falls. The problem of testing the hypothesis
that I,  for the u-th classification (u-th classification effects) are all zero amounts to

setting up a determinant corresponding to A in (e) based on q classifications instead of
2, and performing operetions similar to those performed on A to obtain ‘oo’ A', and Adoe

The reader will find it instructive to work through the details of setting up A, Qs Qs
and F for the case of a three-way layout when the hypothesis to be tested 1s that the main
effects due to one of the classifications are zero. He will also find it profitable to
treat the ordinary latin square as a three-way layout by this method and show that the F
obtained for testing the hypothesis of no treatment effects is identical with that given
by (d) in §9.4. The generality of this procedure should be carefully noted by the reader
because not only can all of the results pi-eviously discussed in this chapter be obtained
by this procedure, but tests for the existence of interaction between two or more classi-
fications in incomplete or unbalanced layouts may be deduced by applying the procedure.

9.7 Analysis of Covariance

Throughout all of the discussion in §§9.2-9.6 we have assumed the mean value of
the rendom variable in each case to consist of the sum of a general constant (which 1s the
same for all random variables) and constants referring to rows, columms, treatments, in-



teraction, etc. It frequently happens that there are practical situations which suggest

that the mean value of the random variable should include linear functions of one or more
fixed variates (see §€.2) in addition to the sum of constants of the type mentioned above.
For example, 1if yij refers to yleld of wheat in a plot in the 1-th row and j-th column of
a two-way layout, not only should the mean value of yij include a general constant and row
and colum effects, but also linear effect of number of plants on this plot, say xij' The
mean value would then be of the form m + axij + Ri + Cj’ with the usual conditions on the
R1 and Cj. The object of this section is to examine what modifications of §§9.2-9.6
should be made in order to take one or more fixed varlates into account in the mean value
of the random variables involved.

Let us return to the two-way layout discussed in §9.2 and assume that the mean
value of yij depends linearly not only on m, R1 and Cj but also on a fixed variable xij'
In other words, assume that the yij are random variables independently distributed ac-
cording to N(m+ax1j+R1+CJ,o£), where;§:Ri = Z:Cj = 0. The question arises as to what
forms the F-ratics take for testing the hypothesis that the Cj are all zero or the hypothe-
3is that the R1 are all zero, when the () parameter space is the(r + s + 1)-dimensional
space for which -oo ¢ a, m, Ry, Cj < +00, o? > 0. The probability element of the yij is
exactly that given in (a), §9.2,with y1j replaced by yij - axij. Making this substitution
in (b), §9.2, we see that the sum of squares in the exponent of this probability element

(for any point inQl) may be broken down into the following components:
(a) 8 = %(Yij-&xlj)g + %(Yi,-ay‘(i,-ﬂi)e + i}:j(Y,j-aX,j-cj)"’ + rs(§-ax-m)?,
b ’ s

where Y1j = yij'il-'§.j+§’ with similar meaning for Xij,and Yy, = §1?-§, with similar mean-

ing for Y,j, Ti,, X_ ;. The first sum of squares on the right in (a) may be written as

- J
(b) D (Y, aX, )2 = D (Yia X )2+ (& -2)2D x,2,
3 15 771 ;;; 1] 1] E?% 1j

where %1 = Ezifljgli .
£
Making the substitution (b) in (a) we obtain 5 sums of squares which when divided by o°
are (by Cochran's theorem) distributed independently according to x?-laws with (r-1)(s-1)
-1, 1, r-1, s-1, 1 degrees of freedom,respectively.
Now suppose we wish to test the hypothesis H1[(C§)=0] which is specified as

follows:



-©< 8, m, Ry, 5 (@, o >0, (all 1,§)
%Ri bd ;CJ = 0,

(e)
w: | The subspace in 0N obtained by setting each C j= 0.

Maximizing the likelihood function for variations of the parameters in .0, which

is equivalent to min.tmizi.ng S as far as variations of a, m, Ry» Cc j are concerned, we

obtain :
@) Rin=Y. - K. Cro=Y - X 1 to=F - 8% » o2 =1 (Y, -anX, )2
105 &K, Cya=Ij-ak.po=7 - anx, og raf 3 15T %y)"

The sum of squares in the exponent of the probability element for any point in w (1. e.,
all CJ = 0) may be expressed in terms of the following components:

(e) s, = g_;[(yijqj) - a(Xy X 1% . iZj(Yi,-aJti-Ri)2 + ra(3-ax-m)Z.

Maximizing the likelihood function for variations of the parameters in w amounts to mini-

mizing Sw as far as m, a, Ry are concerned. We find

A

(¥ 7 X yeK. )

& = s
w (xij":x~j)2
(£) Rio=Y.-8% 8,-Y-a%

w rs

o Lé[(YifY'J) - &w(xijm,J)JQ
;‘—S-,;(Yij-awxij)a + %(Y. -an'j)e'.

By Theorem (A), §8.3, it follows that

» "2 2
rso ra(cc- Q)
q = FQ ’ q = :5

are independently distributed according to xa-laws with (r-1)(s-1)-1 and s-1 degrees of
freedom, respectixrrely, when H, [ (C:j )=0] 1s true. Hence the F-ratio for this hypothesis 1is

[(r-1)(8-1)-11(c2- @)
(3-1)%

’

which has the distribution h&,_“(r,_1 )(8-1 )_1(F)dF when the hypothesis is true.
It should be noted that rs% and rsa?‘ can each be expressed in terms of deter-

minants (see (g), §8.2) as follows:
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§9.7

%Yi ] axi oy

rs d'ﬂ- 2
X, Yy, O
% 1515 £
X 1,zj(YiyY':j)
rs ¢ =

Zyi ] ;Y

2

injYiJ %XJ 4 fixﬁ ij?

i

X, 4% (Y, o4
1{:‘ 158 gt y)

2
%(xi X))

/j;xifaf".j).

injyij + ZX_‘.]Y,:]

In a similar manmer we may define hypothesis H [(Ri )=0] by replacing Cj = 0byRy =0 in
A

the specification of w.

We find that °'.0. remains the same but o

AQ for this hypothesis is

identical with that for H, [(Cj)so] after replacing Y.j and X j by Yi- and Xi., respectively.

The F-ratio for H1 [(Ri)='°] is distributed according to hr—

1, (r=1)(s-1)-1(FIF-

The constituents which are used in making up the F-ratios for testing the two

hypotheses considered above may be set forth in the following analysis of covarlance table:

Variation Due To Sums_of Square; Cro?: )P:{;?ucts Degrees of Freedom
Rows %’Y‘i %ﬁi %iiji- r -1
Colums > Z'XQ 3[. . s -1
1j °J 1 J
Error %Yij %xm %xini,] (r-1)(s-1)
Total %(yij-_i)a g(xij-i)e g(yij-_y)(xij—i) rs - 1

The results obtained for the

rather straight forward manner to the ‘case of k fixed variates where k { (r-1)(s-1).

case of one fixed variate may be extended in a
Thus,

i1 k fixed variates )&)15, p=1,2...,k, are taken into account linearly in our two-way

layout, we would begin by replacing ¥y

(yij' piJ) and follow a procedure
Thus, 1n place of axlj, ta.)(1 , aX,j,
Zapxp Y 7& X ,respectively, where

The reader wil] find it instructive to

j in the probabllity element in (a), §9.2,by
similar to that for the case of one fixed variate.

aX in (a) we would haveZa xpij, Za Xpi-’

the meanings of xpij’ xpi , Xp T Xp are obvious.
carry out the details in arriving at F-ratios for
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testing hypotheaeé Hk[(cj)'°] and Hk[(Ri)-ol which are k-fixed-variate analogues of
H, [(CJ y=0] and H1[(R1-o]. respectively.

The procedure which we have outlined for introducing fixed variates linearly
into the mean value of the random variables in a two-way layout extends in a straight
forward manner to'three-way layouts, latin squares, Graeco-Latin squares, and to incom-
plete or non-orthogonal layouts of the type discussed in §9.6. We shall have to leave
the matter of carrying out detalls as exercises for the reader. Because of the generality
of §9.6 1t 1s perhaps worth while to remark, without going through the details of proof,
that 1f one fixed variate is introduced linearly into the mean value of y,, which would
amount to replacing m by m + axq in (a), §9.6, the effect on the determinant A as defined
in*(e), §9.6,would be to insert another row and column into & as second row and second col-

um, the r + 8 + 5 elements of this row and column being

2
.Zxdya. Zxa, .Z.xa, qu,......, ;xa, Zxa, gxq, cees ‘.L;xa, 0, 0
reading left to right in the row, and reading top to bottom in the colum. Thls augmented
determinant has its own AOO, ar, A'oo (see §9.6) which are obtained by operations analo-

gous to those used in obtaining A, A'oo from A in §9.6. The extension of our pro-

A
0o’
cedure to the problem of linearly taking into account k fixed variates in the mean value

of yo in §9.6 1is straightforward and will be left to the reader.



CHAPTER X

ON COMBINATORIAL STATISTICAL THEORY

Many problems in distribution or sampling theory in statistics reduce to combin-
atorial considerations. For example, the derlvation of the binomlal distribution (§3.11)
depends on the determination of the number of distinct orders in which x p's and n-x q's
can be multiplied together, and similarly the derivation of the multinomial distribution
(§3.12) depends on the enumeration of the number of distinct orders in which n, p1's,

n, Pés,...,nk pk's can be multiplied together where %z%pk =1, ;ﬁ;ni = n. A majority of
the combinatorial problems of the drawing-balls-from-urns variety involve direct applica-
tions of permutation and combination formulas, which in turn are often simply expressible
in terms of binomial and multinomial coefficients. ‘The theory of sampling from a finite
population (§4.3) is based on the use of binomial and multinomial cocefficients and their
use as weights in various averaging operatlions. The sampling theory of order statistics
(§4.5) 1s a direct application of the multinomial distribution law to probabllity functions
of continuous random variables.

The object of the present chapter is to discuss some of the more complicated dis-
tribution problems in combinatorial statistical theory which are of partiocular interest in
applied mathematical statistics. More specifically, we shall present some results on the
theory of runs, the theory of matching and its application to testing independence in con-
tingency tab}es, Pearson's original x?-problem, and inspection sampling.

leI On the Theory of Runs

'Suppose we have an arbitrary sequence of n elements, each element being one of

several mutually exclusive kinds. Each sequence of elements of one kind is called a run.
The simplest case is that in which there are two kinds of objects. We shall consider this
case in detall, and also present briefly some results for the case of several kinds of

elements.
10,11 Case of Two Kinds of Elements

.

Suppose we have n, a's and n, b's (n1+n2-n). Let r1j denote the number of runs

of a's of length j and Toj denote the number of runs of b's of length j. For example, if
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the arrangement 1s
aaabbaabaabbab,

then Pyy =1, Pyy=2, Py =1, Pyy =2, Pyp =2, and the other r's are zero. It should be
observed that erlj = n,, the number of a's, and also Z jrej =n,. letr = Z:\,u

and r, = Z-_rg j denote the total number of runs of al"s' b's, respectively. For a given
L wa¥s of arranging the r,

"2 T Ways of arreng-

ing r, runs of b's. It 1is clear that r, cannot differ from r, by morgngha.n unity, for if

set of numbers r,., r,., I.x,... there are T T
1 122 “13 r”.rm........rm‘!

runs of a's. And for a specified set, I'gy there are ral!raal‘:‘“r

it did two runs of one kind of element would have to be adjacent, but this is contrary to
the definition of runs. If r,=r, & given arrangement of runs of a's can be fitted into
a given arrangement of runs of b's in two ways, either with a run of a's first or with a

run of b's first. We define the function F(r,,r,) to be the number of ways of arranging

r. objects of one kind and r, objects of another so that no two adjacent objects are of

1
the same kind. Clearly,

(a) F'(r1,r2) = 0 if |r1-r2| >
=11f |p;-r,| =1

The total number of ways of getting the set 1'1\1 (1 =1,2; Jm= 1,2,...,n1) is

! r2! .
- ®r,,r,)

] T 1 ’ .
21 ‘ree"“rene‘ 1792

ry

N(ry,) = T T
1j rn.rw....r]n’! r

n!
Since there are —y—T possible arrangements of a's and b's, the joint distribution func-
1°72°

tion of the glven set ry j (all possible arrangements given equal weight) is

! . p !

1. ° - 2. .

TR PO I B S P L F(ryry) /5T -
1 2

(b) P(ri‘J) -

Now let us determine the joint diatrn')ution of the ry i To do this we sumf(r1 J)
r .
2

r21ouo-r2n .

with respect to the Ppyse We wish to sum
n, 2§ )

all Tpj such that ijrgJ = n, and Zre;j =r,. Inorder to do this, consider
J=1 J

over all partitions of n,, Y. e., for

T
r 2
+x3+...) 2. X

r
(1-x) 2

(x+x2

r, (r2-1+t)! t

-Xx ° ‘r2-1joEo x ¢
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n
It 1s evident that the coefficient of x ° in the initial expression is the sum

r.! n
ZETF——rJiTT——1-that we desire. The coefficient of x 2 in the final expression 1s the co-
PR ETES
efficlent og'ﬁhe term for w?}ch r2+t =n,, 1. eyt = n,-r,. Therefore the desired sum is
(r.-14n,-r.)! n.,-1)!
f 2 "2 2

(7, 1) 1{Ag-7, 7! = (T, 1) m, 7,07 Hence, the joint distribution function of the rlj and
r, is
(c) D(Plj,re) =3 'P15r T - T7 -i?gz;)jf‘jv . F(ry,r,) i—gé‘T .

11teeTin ¢ - ‘(n,-ry)! 1°0,¢
Now we: sum out r,. By (a) we get
o (n,-1)! (ny-1)! (ny-1)!
> _ TN mr)? FroT) = w3y T v en)? ' Y eI (mr )T - 2
r =1'"2 tite te’t ) e ¢ 1 M- T I

(ny-1)! o (ny+1)!
+ r1!1n2-r1-1)! L r,!ln2-r1+15! ‘

This gives us the joint distribution function of the Ty

r1! (n2+1)! n!
T | 1 - 14 | T
....r1n1. r1.(n2 r1+f7; n,:n

(d) P(I‘1J) = T, 153

1°712

with a similar expression holding for the joint distribution of the rej.

Another important distribution is the joint distribution of r, and r,. We get
this by summing out the r1J in (¢), just as we summed (b) with respect to the raj to ob-
tain (c). The result is

(n1-1)! (n2-1)! n!
(e) p(ry,r,) = (r1—15!(n1f¥ﬂ)! B ISR H Ve L F(ry,r,) o,

Finally, we find the distribution function of r, by summing (e) with respect to Thy ob-
talning
(n1-1)! (n2+1)! n!

(f) p(r,) = (-1 -r )T v, T(n,+1-2)T / 0 In,T °

The distribution of the total number of runs of a's and b's 1s of considerable
interest in applications of run theory. It 1s used as a test for randomness of the ar-
rangement of a's and b's; the smaller the total number of runs the more untenable the hy-

pothesis of randommess, Let u = r, + Ty, the total number of runs. To find the distribu-

2
tion of u we must sum (e) over all points in the ry, r, plane for which u = ry + r,. We

have two cases, (1) u = 2k (even) and (2) u = 2k-1 (odd). To find the probability that
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u = 2k, we note there 1sonly one point in the r,T, plane for which u = ry +r,=2k

2
where F(rl,rz) % 0, and that point is (k,k). When u = r, + r, = 2k - 1 there are two
points at which F(r1,r2) # 0, namely (k, k-1) and (k-1, k). Hence from (e) we have at

once (using the notation C = (T)):

n,=-1 n,-1 n.,+n
(g) n.-1 n.-1 n n,-1
S LS B S S LY I
Pr(u=2k-1) = L k ;2+n+ £op_k o)l
1

(172

,

This distribution was derived by Stevens' and also by Wald and wOlfowitz" and
1

u
the function Pr(uu’') = p(u) has been tabulated by Swed and Eisenhart™™" for n, {n
Us=

o= in their notation) from the case n, =2,n

various values of u'.

2

(n1-m, n = 20 ton, =19, n, = 20 for

2

Another probability function of considerable interest in the application of the
theory of runs 1s the probability of getting at least one run of a's of length s or
greater or in other words the probability that at least one of the variables Pygs Trgyr?

Pigepr s in the distribution (d) is 2 1. Mosteller“"‘ has solved this problem for the

case n, = n, = n. To obtain this probability we put n, = n

1 > =n in (d4),thus obtaining

2

r! (n+1)! ¢én))
T T T T Y
EIRR S PR r1.(n r1+1). n12

h r, . =
(h) IR —
and sum over all terms such that at least one of the variables Pigs Prggqrese 2 1. We can
accomplish the same thing by summing over all terms such that all of these variables are

zero, and subtracting the result from unity. To do this we must sum the multinomial co-

efficient 1p (h) over all values of PygseeesPyp such that Pig ™ Pygyy = eee =Ty =0,

*w. L. Stevens, "Distribution of Groups in a Sequence of Alternatives", Annals of
Eugenics, Vol. IX (1939).

**A. Wald and J. Wolfowitz, "On & Test of Whether Two Samples are from the Same Popula-
tion", Annals of Math. Stat., Vol. XI (1940).

***Frieda S. Swed and C. Eisenhart, "Tables for Testing Randomness of Grouping in a
Sequence of Alternatives", Annals of Math. Stat., Vol. XIV (1943).

"”Frederick Mosteller, "Note on an Application of Runs to Quality Control Charts",
Annals of Math. 3tat., Vol. XII (1941).
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idrt1 = n, ﬁru = r,, and then sum with respect to r,. It w111 be noted that the sum
of the multinomial coefficients under these conditions is given by the coefficient of x
in the formal expansion of

®
S r T r.-1+t
(xexZe...4x®7) T a x T(1-x®7T) 1Zo( ;.1-1 )xt,

which 1is r P nej(e-1p1
19 ) .
=0 } r,-1

The desired probability of at least one run of length s or greater is therefore

n-1-j(s-1) n#

Z i(nJ(j) S (g

1

(1) Pr(at least one of r11>1, 28) =1 - ,
(o)

the sumation on r, extending from ¥/# the largest integer ¢ s_mllfw Applying similar

methods to each of the multinomial coefficients in (b), Mosteller has shown that the prob-
ability of getting at least one run of a's or b's of length s or greater is

($ Pr(at least one of ry 4 or ryy >, §J28)=1- A/(QE),

where

r.+1 2 r
n-1-j(s-1)
A-Z Z. _1F(r1'r2) ;l.:l; ﬁ( 1)j(J )( ri_1 ) ’

1

the r, summation being similar to that in (1). Mosteller has tabulated the smallest value
of 8 for which each of the probabilities (1) and (j) 1is 2 .05 and .01 for 2n = 10, 20, 30,
ko, s50.

In order to indicate how to find moments of run variables let us consider the

case of ry. We shall first find the factorial moments E(x(a)) where

x(8) o x(x-1)(x-2)...(x-841) = x!/(x-8)!,

for they are easier to find then ordinary moments in the present problem. From them the
ordinary moments may be found since E(x(i)) i1s a linear function of the first i ordinary

moments. Letting 1 = 1,2,...,a8, we obtain a system of a linear equations which may be

solved to obtain the ordinary moments as linear functions of the factorial moments.
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We have

n n
—L 1!
(k) B(r{®)) = r,irf“’wﬂ " TR )

In order to evaluate (k) we use the following identity:

Al . B! A+B)!
(1) f‘:owrrmmn BTy - TeR )tk

which follows at once by equating coefficients of xC in the expansion of
A+B
(m) (14x)A(14 1)B w L12X .

Therefore we have upon substituting p(r,) from (f) into (k), simplifying, and using (1)

) Ee{8)) - (nye)(®) - 2w (ngw1-a)! /n ol

T, (7 N, 1,07 Trp-a) Magei-r,)7 /6,1

- (a) _ (n-a)! n!
(ny+1) Zn1-aS.]n2.' n,n;l ©

From this result we find

(n,+1 )1'11

E(r)) = —55—,

(n2+1)(2)n1(2)
c"l - n n'?) )

A similar expression holds for E(re(a)).

If the.a's and b's are regarded as elements in a sample of size n from a bi-
nomial population in which p and q represent the probabilities associated with a and b,
respectively, then n, ,nt:hrel number of a's, is a random variable distributed according to
the binomial law ,C, P 'q 2. The probability laws analagous to (b), (c), (d), (e), (f)

when n, 1s regarded as a random variable in this manner are simply obtained by multiplying
n, n
each of these probability laws by .C, P 'q -.
1
10.12 Case of k Kinds of Elements

The theory of runs has been extended to the case of several kinds of elements by

Mooi‘l*. If there are k kinds of elements, say 81, 8550 00,8, denote by ry J the number of
runs of 8, of length j. Let ry be the total mmbher of runs of 8,. Mood has shown that

*A. M. Mood, "The Theory of Runs", Annals of Math. Stat., Vol. XI (1940) ,
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the joint distribution law of the ry j is given by

r,!
1 . n!
(a) P(ryy) ﬁ I'5.1“'1.2!"'I'1n1! FToTareeeTy) EYREVR PR

where F( r, ,ra,...,rk) is the number of ways r, objects of one kind, r, objects of a second
kind, and so on, can be arranged so that no two adjacent objects are of the same kind.

r, r
F(r1,r2,...,rk) 1s the coefficlent of x11x.22...x1€k in the expansion of

k r1-1 r2-1 rk-I
(b) (x1+x2+...+xk)‘ (x2+x3+...+xk) (xl+x3+...+xk) ....(x1+x2+...+xk_1) .

The argument for establishing (a) 1s very similar to that for the case of k = 2 and will
not be repeated. Mood showed that the joint distribution function of r,,r,,...,n 1is

glven by

ny-1
(e) p(r,ry, ..., ) = ﬁ (I.i_1) T R(ry,rp, e, Ty) n1.'n21.1'f..nk.' ’

which we state without proof. Various moment formulas and asymptotic distribution func-
tions have been derived by Mood in th‘e paper cited.

If instead of holding Nyshyyeee,ly fixed in the run problem for k kinds of
elements, we allow the n's to be random variables with probability function (n,,n,,..,ny)
(e. 8., the multinomial distribution with ini-n), the run distribution functions (a) and
(c) would simply be multiplied by rr(n,,ne,z..,nk).

10,2 Application of Run Theory to Ordering Within Samples

Suppose 0 1) is a sample from a population in which x is a

on+1(XysXpr e esXon,
continuous random variable. Let X be the median value of x in the sample. Let each
sample value of x { X be called a and each sample value of x D> X be called b. There are
na's and n b's in the sample, ignoring the median (which 1s neither). Now suppose we
consider all possible orders in which the sample x's could have been drawn (ignoring the
median in each case). It 1s clear that all of the run distribution functions (b), (c),

(d), (e), (f) are applicable, for n, =n, =n, to this aggregate of possible orders of the

2
x's (1, e. a's and b's) in the sample. If there 1s an even number, say 2n, items in the
sample, we can take any number between the two middle values of x in the sample as a num-
ber for di;riding the x's into a's and b's, and our run theory is immediately applicable 4o

this case with n, = n, = n. 1In general if in a sample of size kn + k - 1 we choose the

2
(n+1)th, (2n+2)th, (3n+3)th,....,(k-1)(n+1)th values of x in increasing order of magnitude

as points of division, and let all x's less than the (n+1!)th x be denoted by a,, those
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between the (2n+2)th and (‘;;;)th by a,, and so on, we then reduce our sample to n a,'s,

n aa's,.....,n ak's. Ignoring the k - 1 x's used for division points, it is clear that

run theory for k kinds of objects is applicable to the aggregate of all possible orders in

which sample x's could occur (ignoring the x's used for division points). The points of

division can, of course, be taken so as to yleld an arbitrary number of 31'3, ae's, etc.
By classifying the values of x in a sample into a's and b's (or more generally

into al'a, a 'a,...,ak's) and using the theory of runs we have a basis for testing the

2
hypothesis of randommess in the sample as far as order i1s concerned. The more commonly
used tests of the hypothesis of randomness based on run theory are:

(1) Number of runs‘of a's, for which the distribution is (f), §10.11. For gilven
values of n, and n,, the test consists in finding the largest value of r, (the
number of runs of a's), say r?, for which Pr(r1gr?) g €, e. g, for € = .05. A
similar statement may be made concerning runs of b's.

(2) Total number of runs of a's and of b's having distribution (g), §10.11. Again,
the test consists in finding the largest value of u, say u°, for which
Pr(u { u’) § €, for given values of n, and n,.

(3) At least one run of a's (or b's) of at least length s, for n, =n, =n, based
on the distribution (1),§10.11. The test consists of finding the smallest
value of s for which probability (1) is { €.

(4) At least one run of either a's or b's of at least length s, for n, =n, =mn,
based on the distribution (j), §10.11. The test consists of finding the small-
est s for which probability (j) 1is { €.

The distribution theory of each of these tests has been determined under the
assumption that the hypothesis of randommess i1s true, with a view to controlling only
Type I (see §7.3 ) errors. Type II errors for these tests have never been investigated,
i. e.,probabllity theory of the tests when some alternative weighting scheme (other than
equal weights) is used for the different possible arrangements of a's and b's.

It should be noted by the reader that the theory of runs developed in §10.11 1is
not applicable to the following type of problem of reducing a sample to two kinds of ele-
ments: Suppose XqsXps000,X, 8re elements of a sample from a population with a continuous
distribution function. Consider an arbitrary order of these n x's, and betwsen each suc-
cessive pair of elements write a if the left number of the pair 1s smaller than the right
and b if 1t 1s larger. We then have reduced the sample ton - 1 a's and b's. We may de-
fine runs of a's and b's as before, but the theory of arrangements of the a's and b's as
defined from the corresponding arrangements, and hence the distribution theory of runs of

this type, is an unsolved problem in combinatorial statistics.
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10,3 Matching Theory

A problem which frequently arises in combinatorial statistics 1s one which may
be conveniently described by an example of card matching. Suppose each of two decks of
ordinary playing cards is shuffled and let a card be dealt from each deck. If the two
cards are of the same suit let us call the result a match. Let this procedure be contin-
ued until the entire 52 pairs of cards are dealt. There will be a total number of
matches, say h. Each possible permutation of one deck compared with each possible per-
mutation of the second deck will yleld a value of h between 0 and 52, inclusive. There-
fore if we consider all of these possible permutations with equal weight, we inquire as
to what will be the distribution function of h in this set of 'pemutations. Similarly if
we consider three decks D,, D,, and D3 of cards to be shuffled and matched we would have
triple matches and three varieties of double matches. A triple match would occur if the
three cards in a single dealing from the three decks were of the same suit. As for
double matches, they would occur between decks D,, D2, between D1 , D3 and between D2, DB'
The problem arises as to what will be the distribution of triple matches and of the three
varieties of double matches.

Extensions of the problem to more than three decks, to decks with arbitrary
numbers of cards in each suit and an arbitrary number of suits suggest themselves at once.
In this section we shall present some techniques for dealing with this problem without
attempting to be exhaustive. It will be convenient to continue our discussion in card
terminology, for no particular advantage is gained ih introducing more general terminology.
The generality of the results for objects or elements other than cards 1s obvious.

10.31 _Case of Two Decks of Cards

Suppose we have a deck D, of n cards, each card belonging to one and only one
of the k suits C,, 02,...,Ck. Let nyy, Nypyeee,nyy ( -1nug-n) be the number of cards be-
longing to C1 ’ 02,...,Ck,respect1ve1y. Let D2 be another deck of n cards, each card be-
longing to one and only one of the classes Cy» Ca"“'ck‘ let n,,, DppseeesNyy
(gnai-n) be the number of cards in D, belonging to C,, C,,...,C,, respectively.

- The problem is to determine the probability of obtaining h matches under the
assumption of random pairing of the cards. In other words, we wish to find the number of
ways the two decks of cards can be arranged so as to obtain exactly h matches. Dividing
this number by N, the total number of ways the two decks can be arranged, we obtain the
probability of obtaining h matches under random pairing. The value of N.1s simply the
total number of ways the two suits can be permuted, and is given by the product of two

\

multinomial coefficients:
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(a) N = .
rlj nu! ]kf Nyt

To determine N(h), consider the enumerating function”

6,06 1
(b) ¢-($x o 17y,
==

where dij =1, if 1 = j, and 0,1f { ¥ J. We assoclate the auxiliary variables XysXpyene,
Xy with the suits C,, C2,...,Ck respectively of the first deck, and the auxiliary vari-
ables DATR PYRERTS W with the corresponding suitas of the second deck. ¢ 1is the product of
n identical expressions, each expression consisting of the sum of k° terms, each term
being a product of an x and a y. The term xly‘jedj"10 in any one of the n factors corres-
ponds to the event of a card in suilt Ci of the flrat deck being paired agrinst a card in
suit Cj of the second deck. If 1 = j we have a match, and e® occurs as a factor. Now
suppose we pick a typical term in the product given in (b). Such & term would be of the

form ] ,
1,4,° 1,3,° 61,3,

(e) (X Fe@ VX, Tie 22 )aii(xy yie P,

47, 173, A

This general term corresponds to the event of n pairings as follows: a pairing between
Ci1 of D, and C‘11 of De; a palring between 012 of D, and C‘12 of Da; ....; and a pairing be-

between C1 of D1 and C j of D2. Now if the compositions of D, and D2 are specified as
n n

Nyys NygseeesDyy and n,,,n 2,...,n2k,respectively, then it follows that the only terms in

2
the expansion of (b) which have any meaning for pairings of these two decks of cards are
those of the form

ne . M1 M2 Mk Par Mo Dok
(d) e Xp Xy TeedXp U TV, eV

where h is an integer such that 0 { h { n. It should be noted that such terms may not

*Various authors have considered various enumerating functions, but the one which we shall
use was devised by I. L. Battin, "On the Problem of Multiple Matching”, Annals of Math.
Stat., Vol. XIII (1942). Battin's function 1s relatively easy to handle and has the ad-
vantage of representing the two decks of cards symmetrically in the notation and opera-
tions. It extends readily to the case of several decks of cards. The reader should re-
fer to Battin's paper for a fairly extensive bibliography on the matching problem. '
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exist for some values of h between 0 and ‘R, which means that it is not always possible to
have any arbitrary number of matches for given deck compositions. The term given in (d) -
corresponds to some arrangement of the two decks of cards such that there are exactly h
matches. In general there are many such terms. Therefore, if we expand ¢ and determine
the coefficient of the expression given by (d) we obtain the value of N(h), the number of
ways in which h matches can occur. To simplify our notation let Kh(d)) denote the opera-
tion of taking the coefficient of expression (d) in the expansion of ¢. We may rewrite ¢

as
(e) 6 = (ﬁ%qyﬂe" + [(i]xi)(ij ) - (ixiyi) .
Expanding we have

(£) 6 - iﬁo(ﬁ) eh"(i;xiyi)h [(i;xi)(i“yi) - ixm) ]n.h.
Expanding the expression in [ ], we have

- k
n-h _ n-h,, 7y g g n—g-h.
(8) (1 % g X ,)efé xy) (i ¥y) (Z Xy¥y)

k k k
Inserting this expression into (f), and expanding (zxi)8 (‘Zyl)g (inyi)n'g, we find
1 1 1

o T
- - (-1)%n,,n-h
(n) Nh) = Ky (6) g e,
where
(8!)%(n-g)!
(1) Ty

84 ]%f [(nu-ai)!(nai-si)!si!]

the sumation extending over all positive integral (or zero) values of the 8, such that
8; = n-g and n,4-8, 20 nyy-8y 20, 1=1,2,...,k. The probability P(h) of obtaining
h matches is therefore N(h)/N, where N 1s given by (a).
For the case k = 2, the probability of h matches reduces to the following ex-
pression

MdhEM
(3) P(h) =B 1 J°

ny 0,
(nn )(nee)

1 - - -
where 1 = E(n11 n22+h), J 2(n11+n;_,2 h). Unless h is such that for given values of ny,

and Dypy Nyy (nee'h) are positive even integers or 0, then P(h) = o,
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Greville" has given the distribution of h in a slightly different form and by
another method.

Moments of the random variable h can be found directly from the enumerating
function ¢. We have

n .p
E(hP) = goﬁnchm]

p
(k) -1 i—té (6))
i aeP oxh
n n n n n n
= coefficient of x,"xe"?...xk1ky121y222...ykek

P
in the expansion of 117[3;%]6-0'

The reader will find it instructive to carry out this operation for p = 1,2, and
find that

n,.n
E(h) = 515 -2,

(1) oh = E(0%) - (E(M))?

1 Xk N > k
- “51:“11"21) T N2 nyyny(ng4n,y) + 0 aninail‘
n°(nh-1) .
It should be noted that our results can be readily extended to the case of two
decks of cards in which the total numbers of cards are different or where one or more of
the suits may have no cards at all. To consider the case of unequal total numbers of

cards, say n, 1in deck D1 and n, in deck D, where,without loss of generality,we can let

1
n, > n,, we simply add to D2 n, - n, dumny cards, and consider them as a new suit. We
would thus have k + 1 sults of cards, where the (k+1)-th suit is empty in D,, 1. e.

-n The procedure from here on 1s just as before. The case in

Dygar = O Dopyq = 0y = Dpe
which some of the suits are empty in one or both decks is taken into account by specifying
the values of the corresponding n,y orny, as o in expanding ¢ and collecting terms.

The readez: ‘should note that if a score sy j 1s assigned to a pairing in which the
D, card belongs to the i-th suit and the D, card belongs to the j-th suit, then one can
find the distribution of the total score T in n pairings (1. e.,when the two decks are

paired against each other) under the assumption of random matching, by replacing ¢, j by

*T. N. E. Greville, "The Frequency Distribution of a General Matching Problem", Annals
of Math. Stat., Vol.. XII (1941).
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sij in (b) and finding the coefficient of

1 To P11 Mor Mk o1 Moo Mok

N e x, Xe ...J(k l%‘ Y2 ...yk
in the expansion of the resulting expression. The procedure for finding E(T) and o,f. and
higher moments is the same as that for dealing with the moments of h with 944 substituted
for 61 j*

10.32 _ Case of Three or More Decks of Cards
Suppose we have a third deck of cards, say Dj. Let the numbers of cards be-

longing to suits 01, Ca""’ck be Ny Nynyes Dy A triple match has been defined as one
in which the triplet of cards (one from each deck) are of the same suit. A double match
between D1 and D2 will occur when the cards from D, and D, in a triplet are of the same
suit but different from the suit of the card from D5 in the triplet. Double matches be-
tween Dv D5 and D2, D5 are similarly defined. If in the complete set of n triplets from
the three decks we let h, 23 be the number of triple matches, h,, the number of double
matches between D1, Da’ with similar meanings for h13 and h25, we may obtain the distribu-

tions and moments of the h's from the following enumerating function:
S1pc®ras * $19812 * S1®y3 + O3 n
(a) b= (1. :  X1¥ 5%® ),

where 61jk =, 1f 1 = j =k, and 0 otherwise. The remaining ¢'s are defined as for the

2-deck problem. By following an argument similar to that for the 2-deck problem, it will
be noted that the number of ways in which the three decks of cards can be permuted so as
to obtain h123

and D,‘,, D,,respectively, 1s given by the coefficient of

3
h,..® +h,.0,, +h,,6,, + h,,0
(b) e 1237123 12712 13713 23723 . Q ,

triple matches, and hla' h13’ h25 double matches between D,, D2; D,, DB;

where
n n n n n n n n n
ez 1k 21, 22 2k - 31,732 3k
Q. 11 12 ...Xk . y.‘ y2 o-cyk . 21 22 loozk

in the expansion of ¢,

This coefficient and hence the joint probability law of the h's is rather cum-
bersome and will not be given here. As in the case of the 2-deck problem we may find
moments and joint moments of the h's by performing differentiations on ¢ with respect to
the 6's, that is,



g #To+T
(¢) E(h123h12h13h25) = N Coeff. of Q in T T, 3 ,
2 -1:) 12586 86138623 ols = o(

(n!)>
(a) N = % .

T:T (nu!neilnn.' )

where o

The mean values of the h's are the following:

E(h 123

E(hyp) = ‘:1_2 (ﬁnunei)(inn)’

with similar expressions for E(hU) and E(h23). The reader may refer to Battin's paper

) = 4; 11“21“2

for second moments.

The extension of our technique to the problem of determining the distribution
and moments of the numbers of hits for various orders of multiple matching when more than
three decks of cards are involved is immediate. The extension of the results to the case
of decks of unequal numbers of cards, empty suits, etc., when three or more decks are con-
sidered, 1s straightforward.

10.4 Independence in Contingency Tables.

In this section we shall consider the problem of testing the independence of a
two-way classification on basis of a sample of n elements, each element belonging to one
and only one the classes A,, A,,...,A, and to one and only one of the classes B,, BQ,

. “’Ba' In the sample, let nij be the number of elements belonging to A1 and Bj. Let
“1n1J =-ny, gnij = n.J, - nij = n., The number of elements belonging to Ay 18 ny and
the number to BJ i1s n, j° The problem is to test the hypothesis of the independence of the

A and B classification. We shall consider two approaches to this problem. The first
(§10.41) 1s a pure combinatorial approach based on partition theory in which the set of
all possible partitions of n into rs components n, j satisfying the marginal conditions
listed above are investigated. The second approach (§10.42),which is Karl Pearson's orig-
inal treatment of the problem,is an application of the theory of sampling from a multi-
nomial population consisting of the rs classes (AiBj) 1=1,2,..,r; j=1,2,.,,s.

10.41  The Partitional Approach

In this section we shall consider the problem of determining the number of ways
of partitioning the integer n into rs integers (or zero) ny g (1=1,2,,..,0r; J=1,2,...,8)
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such that ;nij =n, and ?L_nij =n j are fixed. The technique discussed in §10.3 can
1 : =1 :
be extended so as to accomplish this enumeration. We shall then find the mean values of
certain functions of the ny j over this set of partitions.

We may represent the ng i ny o, i and n in the following contingency table:

/

Total
ny, I T n,,
n21 n22 ¢« o o o n28 n2'
(a) . . . . .
Dy Mpp » ¢« o Ty Dy,
Total n.1 n.2 CEETEIEIS n .

Consider the enumerating function

-} n
() b= IT(Sxge 1t
1=1 J=i

8 8. )
shich is the product of n factors, n, of which are ije 'J, n, of which are}q;__xje 2)
. 3 .

and so on. A typical term in the expansion of this product of n factors is of the form

2P 2 myeyy e T P12®n 2 M1s 3 P1s°1s
(e) (x, e ) . (x, e Joou(xg e ),
' 4, JERS
where ny, is the number of times x,e i1s taken from the ny, factors ( xje ) B

with similar meanings for n,,, Dygseeslyge If %ni‘ =n,, %niz =N ..., then (ec)
corresponds to one way of partitioning n into the set ny j so that ;ni j= n j and

Zni i ny. To find the total number of ways of partitioning n into the given set ny ]

we must determine how many individual terms in the expansion of (b) are identical with (c)
In other words we are to find the coefficlent of

ny ]
(a) (7 xx;'i)egj T

in the expansion of (b).
© n
Expanding each of the terms ( xje j'j) 1', 1=1,2,..,r, by the miltinomial law
o]

and multiplying the results and taking the coefficient of the expression (d), we find at
once that the number of partitions of n into the sets of values ny i’ subject to the mar-

ginal conditions 1Zn1 j= n 3 %ni = ny ., is
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n}
(e) U(W)

The total number of ways of partitioning n, subject to the marginal conditions mentioned
above, is

(f) ﬁlr'l—J,
i

Therefore the probability of partitioning n into the particular set of values n 4,88sum-
ing all ways of making partitions (subject to the marginal conditions) equally likely, 1s

given by the ratio of expression (e) to expression (f).

The moments of the ny j may be found directly from the probability law of the ny i
Consider first the problem of determining the h-th factorial moment of a particular ny j? )
say nm. We have

(h) - (h) ni. n!
(8) E(ngy’) Z H(T_TITJT «IT-E? s

where zdenotes summat ion over all values of the ny j subject to the usual marginal con-
ditions. Now when h = 0, we know that the right hand side of (g) is simply the sum of the
probability function of the ny j over all possible values of the ny j and is therefore
unity, which amounts to the statement that

n,! n!
1.. .
h == .
(h) | ZU (W) T‘T'rT_jT
Now the numerator on the right hand side of (g) may be written as

(1) (h)Zﬁ(ﬁn1j

= - ! = - ! == -
where ni. n, for all 1 except 1 = a and n' . (nq. h) and nij nij for all 1,] ex
cept for 1 = a, j=p and n"m = nan-h. Now perform the summation indicated in (1) over

all values of the nij subject to the conditions Zn{j ni and Znij = n"j where
2 . 1 L]

n'j =n j except when j =} and n',3 = n.p-h. It follows from (h) that the value of this

sum 1is (n-h!
B URER
Tan-j'

Therefore we have
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(h) (h)
nn re (h) :

) E(n{}) = n‘h’ (n »

It is clear that h must be less than each of the numbers n,. and n.n. For h=1 and 2

we have
nn
E(nqp)—M
n
(k)
\ (2),(2)
B( - ) = .
Rap™Rap (2
Hence
(2) (2)
B M 0,
(1) E(n5p) = °(2y + nJl,

By a similar argument one can find joint factorial moments of two or more of the ny 3

For example,
(h) (h), (8) (8)
(h). nd ) o atY
( E = »
m) (n % ) (8+h) [!7‘6
h)_(h
n§§+ )nfp )nfog : a=Y
n(g+h) p#6°

A similar expression holding for a % v, p = 6. The restrictions on the size of g and h
are obvious. These moments can also be found directly from the enumerating function ¢ by
carrying out appropriate differentiations on the oy j then setting the 6's = 0 and col-
lecting appropriate coefficients.

The criterion which Karl Pearson def'ned for testing the hypothesis of row-
colum independence in r by s contingency tables 1is defined as follows

nyn,
m oL STy Hdy?
X =g R P ’

which is a quadratic form in the ny j° It should be noted that 9(_2 is simply the sum of the
squared differences between each ny j and its mean value (under the assumption of inde-
pendence or "randommess"), each squared difference weighted inversely by the mean value of
the corresponding ny 3 This inverse weighting scheme suggests 1tself fairly readily in
the Pearson approach to be considered in §10.42. The mean value of xz’ may easily be

found by making use of formulas (k) and (1), and is
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(0) E(x%) = B (r-1)(s-1).

By using formulas (j) and (m) for the appropriate values of g and h, the variance and
higher moments of x2 may be found.
10.42 Karl Pearson's Original Chi-Square Problems and its Application to
Contingency Tables.

Suppose TT1s a multinomial population in which each element belongs to one and
only one of the classes C1’Ce"'°’ck‘ Let PysPpseeesPy (Eg:p1-1) be the probabilities
agssoclated with C1’C2""’Ck respectively. In a sample of size n let Nyslyseee,y be the
numbers of elements falling into 01’02""'Ck respectively. We have seen (§3.12) that the
probability law of the ny is

(a) n! n, D,
n1!n2!...nk! P, pe ceePy -

It was shown in §3.12 that E(ny) = np;. In view of the Central Limit Theorem (§k.21 ) it
is clear that the limiting distribution as n — oo of each of the quantities

n
(n—i - Py )V—I.l-
vpi( 1'131)

is N(0,1). Now let us investigate the limiting joint distribution of the set

1 = 1,2,0-o,k

_ (ni"'npi )

X, =
N
i o

1 = 1,2,..o’ko

Since :g:xi = 0 only k - 1 of the Xy are functionally independent. It 1s sufficient to
1
consider the limiting joint distribution of the first k - 1 of the xy. The m, g. T. of

b S SURRRFS is

k-1 Eif
21—91"1 Z 8y (ng-mpy )/, ny
(b) b = E(e ) = L (e T?Fﬁir]zipi )
V_ -1
¥\n2_&,py o /vm  e./Mm
= e ! (p,e / n+pee o/ +...+pk_1eek-‘/¢;+pk)n.

Expanding each of the exponentials in ( ) and taking logarithms, we have
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= -1 6,0, k=1 efp
1080--ﬁgeip1+nlog(1 +§:l 11+§;l-l—1+...)
1 T Vn on

1

(c) -1
1 91p1 1%1 el ]pipj
Therefore we have _

& 4l

() Lin 6=¢e I ,
n—

where AlJ - Pyyy = PyPys Li§ = 1,2,000,k-1, Where 64 = 1, 1= §, and 0, 1 # J. Meking
use of the multivariate analogue of Theorem (C), §2.81, it follows that the limiting prob-
ability element for the distribution of the Xy is

s
Vi "2'1;5}‘_1“1;1"1"3

(e) ——E—(M)—;le 1...dxk_, »

where ||A, jll - IlAijl L O may be readily verified by the reader that

¢
() Aij"‘x%‘ii*l"’

and hence

. .2 _
(8) g Aijxix = Sg—i— + %k(gxi)?.

1

We have seen,(ss 22), that if x ,xe,...,xk ; are random variables having distribution (e)

then A1 1%y is distributed according to a x -law with k - 1 degrees of freedom.
i
’ Now if we replace Xy by (ni-npi)/T‘ in (g) denoting the result by 7(. , We obtain
2 i (n,-np, )?
(h) X =2 -4 "1
1 npy ’

We conclude that the limiting distribution of 7(. 1s identical with the distribution of
EAU ix where the Xy are distributed according to (e); that is to say, the limiting
distribution of the expression in (h) 1s the y 2.law with k - 1 degrees of freedom. A rig-
orous proof of thls statement 1s beyond the scope of this course, but it 1s a consequence

of the following theorem which will be stated without proof:
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Theorem (A): Let x§n),x§n),...,x§,n) be random variables having a joint c. d. f.
for each n greater than some n . Let the limiting joint c. d. f. as n — @ be

I"(x1 ,xe,...,xr). Let g(x1,x2,...,xr) be & (Borel measurable) function of b S SPRRRPS S

Then the limiting c. d. f. say F(g) of g(xfn),xén),...,xgn)) as n— oo 1s given by

ro

F(S) - %dp(x1 ’x2’ o .’xI‘)’

where R is the region in the x space for which g(x,,X,,...,X,) 8.

We may sumarize our results therefore in the foilowing theorem, which is, in
fact, a corollary of Theorem (A):

Theorem (B): Let O, be a sample of size n from the multinomial distribution

2
(a). Then the limiting distribution of i (ny-np, )
i np,

as n — o 1s the x?—distributlon
with ¥ - 1 degrees of freedom.

Now let us consider the contingency problem described in the introduction of
§10.4. In this.case the multinomial population consists of rs classes (AiBj) 1=1,2,..r;
3 =1,2,..,8. Let the probability associated with (A;By) be p; J(i};jpi y=1). It follows
at once by Theorem (B) that

- 2
(1) %(nij nplj) /npij
has as 1ts limiting distribution for n — oo, the f-law with rs - 1 degrees of freedom.

If the pij were known a priori, then the test given in (1) could be used for testing the
hypothesis that the sample originated from a multinomial distribution having these values’
of pij' Ir t?e A andsB classifications are independent in the probabllity sense then
Pyy = P4qy (}% p1-1;}; qj=1). If the py and q; were known a priori then (1) with p,
= piq‘j can, of course, be used to test the hypothesis that the sample came from a multi-
nomial population with probabilities piqj.

But suppose neither the p, nor q j are known a priori, and that we wish merely to
test the hypothesis of independence of the A and B classifications. Karl Pearson proposed
the following test for this hypothesis

n, n n, n
(9 R S A

where the ny and n.\j are defined in §10.k41.,

If we let

X -M
1j Vo ’
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and express the ny 4 in (J) in terms the Xy 5 we obtain

(k) 7(3 = é(xlj-xi.qj-x.jpi)elpiqj + O(q%):

where x, = xij and x 4= Zixij'

By following an argument similar to that used in determining the limiting dis-
tribution (e) of the Xys 1=1,2,...,k-1, we may find the limiting distribution of the xij
(all 1,j except 1=r, j=s) to be normal multivariate. From this limiting distribution one
finds that the distribution of g(x1 I 2 /pya; ts the A? distribution with

)
(r-1)(s-1) degrees of freedom. By an argument similar to that embodied in Theorem (A) we
may make the following statement:

Theorem (C): Let 0, be & sample from a multinomigl population with the mutually

exclusive classes (AiBj) i1=1,2,...,r; j=1,2,...,8, in which the probabllity assoc-

iated with (AIBj) is piqj. Lg&,xg be defined as in (Jj). Then the 1imiting distribution

of xg as n — oo is the xa-distribution with (r-1)(s-1) degrees of freedom.
The reader may verify that the likelihood ratio criterion for testing the hypo-
thesis specified by

Q: p > o0, Zp s =1
ij 3 ij
w: Pyj =Py %pi = quj =1,
that 1s, the hypothesis that the A and B classificatlions are independent is given by
n, .
1)

= n n. °
( ];Tnif')( TTn )

A

It follows from Theorem (A), §7.2, that when the hypothesis of independence 1s true, the
1imiting distribution of -2 log A is the x?—distribution with (r-1)(s-1) degrees of free-
dom.

10.5 Sampling Inspection

In a mass production process, suppose articles are produced in lots of N arti-
cles each, and suppose each article, upon inspection, can be classified as defective or
non-defective. It 1s often uneconomical to carry out a program of 100% inspection. As
an alternative, sampling methods of inspection applicable to each lot have been developed
which have the property of guaranteeing that the percentage of defectives remaining
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after applying the sampling inspection procedure in the long run (i. e. to a large number
of lots) is not more than some preassigned value. Such sampling methods have been devel-
oped and put into operation by Dodge and Romig’ of the Bell Telephone laboratories. It
should be pointed out that these sampling methods are essentially screening devices for
reducing defectives after production, and are not devices for removing the causea of de-
fectives. Methods for detecting the existence of causes of such defectives must be intro-
duced further back into the production operations. In particular, statistical quality
control methods™” originally introduced by Shewhart, have been found useful in comnection
with this problem.

The mathematical problem involved in sampling inspection is one in combinatorial
statistics. Dodge and Romig have developed two types of inspection sampling, single
sampling and double sampling, which will be considered in turn. From a mathematical
point of view, many sampling inspection schemes can be devised which guarantee quality of
outgoing products in the sense mentioned above.

10.51  Single Sampling Inspection

Let p be the fraction of defectives in a lot LN of size N. The number of de-
fectives will be pN. Now let a sample On of size n be drawn from LN' Giving all possible
samples of size n equal welght, the probabllity of obtaining m defectives (and n - m non-
defectives or conforming articles) in 0, 1s

(N-pN) (PN,
(a) Pm,n;pN,N = N ’
&)

m=0,1,2,...,0

where r is the smaller of n and Np. Let
(b) F(c;p,N,n) = Pr(mc) = %zgpm,n;pN,n.

It 1s easy to verify that if any two values of p and p' (pN and p'N being inte-
gers) are such that p { p' then

(c) F(c;p,N,n) > F(c;p',N,n).

*H. F. Dodge and H. G. Romig "A Method of Sampling Inspection", Bell System Technical Jour-
nal, Vol. VIII (1929) and "3ingle Sampling and Double Sampling Inspection Tables}, Bell
System Technical Journal, Vol. XX (1941).

**3ee "Guide for Quality Control and Control Chart Method of Analyzing Deta® (1941) and

"Control Chart Method of Controlling Quality During Production" (1942), American Stand-
ards Assoclation, New York.
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Let p, be the lot tolerance fraction defective, 1. e. the maximm allowable fraction de-
fective in a lot, which is arbitrarily chosen in advance (e. g., .01 or .05). Let

PC‘. - F(c;pt,N,n).

PC is known as the consumer's risk; it is (approximately) the probability that a lot with
lot tolerance fraction defective P will be accepted without 100% inspection. It follows
from (c) that if the lot fraction defective p exceeds Py then the probability of accepting
such a lot on basis of the sample is less than the consumer's risk, The probability of
subjecting a lot with fraction defective actually equal to p (process average) to 100 %
inspection 1s

(a) PP = 1 - F(¢;p,N,n),

which 1s called producer's risk. It will be noted from (c) that the smaller the value of

P, the smaller will be the producer's risk.

The reader should observe that producer risk and consumer risk are highly anal-
ogous to Type I and Type II errors, respectively, (see §7.3 ) in the theory of testing
statistical hypotheses as developed by Neyman and Pearson. In fact, historically speaking
the concept of producer and consumer risks in sampling inspection may be considered as the
forerunner of the concept of Type I and Type II errors in the theory of testing statisti-
cal hypotheses.

Now suppose we make the following rules of action with reference to a sampled
lot where ¢ is chosen for given values of PC, Pt N, n:

(1) 1Inspect a sample of n articles.

(2) If the number of defectives in the sample does not exceed ¢, accept the lot.

(3) If the number of defectives in the sample exceeds ¢, inspect the remainder of
the lot.

(4) Replace all defectives found by conforming articles.

Now let us consider the problem of determining the mean value of the fraction
defectives remaining in a lot having fraction defective = p, after applying rules of
action (1) to (4).

The probability of obtaining m defectives in a sample of size n is given by (a).
If these m defectives are replaced by conforming articles and the sample is returned to
the lot, the lot will contain pN - m defectives. Hence the probability of accepting a
lot with pN - m defectives 1s given by (a), m = 0,1,2,...,c. The probability of inspect-
ing the lot 100% 1s 1 - F(c;p,N,n), which, of course, is the probability of accepting a
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lot with no defectives. Therefore the mean value of the fraction of defectives remaining

after applying rules (1) to (&) is

c -
(e) p- %‘LNNE) P, n;pN,N°

The statistical interpretation of (e) is as follows: If a large number of lots

average fraction defective in all of these lots after inspection is P. For given values

of ¢, n, and N, P 1s a function of p, defined for those values of p for which Np is an
integer, which has a maximum with respect to p. Denoting this maximum by fJ'L, it 1s
called average outgoing quality limit. It can be shown that the larger the value of p
beyond the value maximizing p, the smaller will be the value of P. The reason for this,
of course, is that the greater the value of p, the greater the probability that each lot
will have to be 1pspected 100%. If the consumer risk,n, and N are chosen in advance,
then, of course, ¢ and hence ﬁL i1s determined. Thus, we are able to make the following
statistical interpretation of these results:

—— s i~ ————— ———  — ————

It is clear that there are various combinations of values of c and n, each
having a p with maximum ﬁL (approximately) with respect to p.

The mean value of the number of articles inspected per lot for lots having frac-

tion defective p 1s given by
(f) I=n+ (N-n)(1-F(c;p,N,n)),
since n (the number in the sample) will be inspected in every lot and N - n (the remainder

in the lot) will be inspected if the number of defectives in the sample exceeds c.
'I‘htis, we have two methods of specifying consumer protection: (1) Lot quality

protection obtained by specifying lot tolerance fraction defective p, and consumer's risk
PC; (11) Average quality protection in which average outgoing quality limit BL is
specified.

By considering the various combinations of values of c¢ and n corresponding to a
given consumer's risk (or to a given average outgoing quality 1limit) there 1s. 1in general,
&8 unique combination, for a given p and N, for which I 1s smaller than for any other.
Such a combination of values of n and c together with a value of p as near to its actual

value p in the incoming lots as one can "obtain" is, from a practical point of view, the
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combination to use since amount of inspection 1s reduced to a minimum.

Extensive tabulations of pairs of values of ¢ and n, for consumer's risk = 0,10,
for values of N from 1 to 100,000,for lot tolerance fraction defective from .005 to .10,
and for process average from ,.00005 to .05, all of the variables broken down into sultable
groupings, have been prepared by Dodge and Romig. They have also made tabulations of pairs
of values of i¢. and n for given values of outgoing quality limit 'fiL from ,001 to .10, for
values of N from 1 to 100,000 and for values of process average from .00602 to .10. Num-
erous approximations have been made to formulas (a), (b), (d), (e) and (f) for computa-
tion purposes, which the reader may refer to in the papers cited. For example, it 1s easy
tu verify that the Poisson law e'pn(pn)m/m! is a good approximation to (&) if p and ﬁ are
both small, say <0.10.

10.52 Double Sampling Inspection

In double sampling inspection from a given lot of size N, the procedure for

taking action regarding a given lot 1s as follows:
(1) A first sample of size n, is drawn from the lot.
(2) If the number of defectives is ¢ ¢,, the lot is accepted without further samp-
ling.
(3) If the number of defectives in the first sample exceeds c, inspect the remainder
of the lot.
(k) If the number of defectives in the first sample exceeds ¢, but not c,, inspect
a second sample of n, pleces.
(5) If the total number of defectives in both samples does not exceed Cyos accept the
lot.
(6) If the total number of defectives in both samples exceeds c,, inspect the
remainder of the lot.
(7) Replace all defectives found by conforming articles.
As in the case of single sampling, we have two kinds of consumer protection:
(1) Lot quality protection, and (i1i) Average quality protection.
Consumer risk, the probability of accepting a lot with fraction defective P
without 100 % inspection, 1s given by
i

[ [« c] (4] -01-
@) fo - gpm’% ipg,N {%; = (P°1*1’n1 ;ptN'N)(Pm’neth'%'1’N'n1) )

The single sum in this formula is simply the probability of accepting the lot on basis of
the first sample (1. e. Step (2)) and the double sum 1s the probability of accepting the
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lot on basis of the first and second samples combined (1. e. Step (5)), after having
falled to accept on basis of the first sample alone.

The mean value of the fraction of defectives per lot remaining after the defec-
tives have been removed by the double sampling procedure, for lots having fraction de-
fective p origihally, is given by

c
(b) B - :_L: ) Po,n o,

CpmCy p=Cy-1 Np-(c,+1+m)

+ E % —_ﬁ__)(Pc1+1,n1;pN,N)(Pm-ne;pN—c,-i,N-nI)‘

The mean value of the number of articles inspected per lot for lots having
fraction defective p 1is

c
1
(c) I=n, + n2(1-n§)Pm,n1 spN,N) * (N nynp)(1-By),

where Py 1s the value of the probability given in (a) with Py replaced by p.

For given values of N.» ny, Ny, €y, C it 1s clear that P is a function of p,

2’
defined for those values of p for which Np is an integer, and has a maximum value ﬁL’
the average outgoing quality limit. For a given value of N there are many values of n,,

n,, ¢, © which will yield the same value of ﬁL (approximately), or will yileld the same

2 2

consumer risk (approximately) for a given lot tolerance fraction defective. Dodge and
Romig have arbitrarily chosen as the basis for the relationship between n's and the c's
the following rule: To determine n, and n, such that for given values of c, and Cos

n, and c1(as sample size and allowable defect number)provides the same consumer risk

1

(approximately) as n, + n_, and ce(as sample size and allowable defect number). The sense

1 2
in which "apg;oximately" is used 1s due to nearest integer restrictions. Even after this
restriction there 1s enough choice left for combinations of n,, n,, ¢, ¢, to minimize I
as given by (c¢). To determine the n's ébd c's under these conditions for given N, for
glven consumer risk, (or average outgoing quality) involves a considerable amount of com-
putation. Dodge and Romig have prepared tablss for double sampling analogous to those de-
scribed at the end of §10.51 for single sampling.

For a given amount of consumer protection, a smaller average amount of inspec-

tion is required under doubling sampling than under single sampling, particularly for

large lots and low process average fractlon defectlive p.



CHAPTER XI
AN _INTRODUCTION TO MULTIVARTATE STATISTICAL ANALYSIS

A considerable amount of work has been done in recent years in the theory of
sampling from normal multivariate populations and in the theory of testing statistical
hypotheses relating to normal multivariate distributions. The two basic distribution
functions underlying all of this work are the sample mean distribution (e) in §5.12, and
the Wishart distribution, (k) in §5.6, of the second order sample moments. We have given
a derivation of the distribution of means (§5.12) and a derivation of the Wishart distri-
bution for the case of samples from a bivariate normal population, (§5.12). The general
Wishart distribution was given in §5.5, without proof.

In the present chapter we shall present a geometric derivation' of the Wishart
distribution, and consider applications of this distribution in deriving sampling distri-
butions of several multivariate statistical functions and test criteria. The few sections
which follow must be considered merely as an introduction to normal multivariate statis-
tical theory. The reader interested in further material in this field 1s referred to the
Bibliogreaphy for supplementary reading.

11.1 The Wishart Distribution

In 55.5: we presented a derivation of the joint distribution of the second order

moments in samples from & bivariate distribution. The general Wishart distribution was
stated in (k) of §5.5. We shall now present a derivation of this distribution.
Let 0,: (x”,xm,...,xk,; E IPVS FOPRRRYS WY PRRY x,n,xzn,...,xm) be a sample of -
n observations from the k-variate population having a p. d. f.
1

‘ Va - 5{44;_1‘13‘1"5
(a) e ’
(2m)k/2 ’

'John Wishart, "The Generalized Product Moment Distribution in Samples from a Normal Multi-
variate Population", Biometrika , Vol. 20A, pp. 32-52. A proof based on the method of
characteristic functions has also been given by J. Wishart and M. S. Bartlett, "The Gen-
eralized Product Moment Distribution®, Proc. Camb. Phil. Soc., Vol. 29 (1933) pp. 260-
270, :
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where A is the determinant -of the positive definite matrix lm1 j' |. Let

(b) N biJ - gxi¢XJa, (1’J - 1,2,-..,]‘)-

Clearly bij - bji’ so that there are only k(k+1)/2 distinct bij' The bij/n may be re-
ferred to as second order sample moments. Our problem is to obtain the joint p. d. f. of

the bij' The joint p. 4. f. of the X4a (L =1,2,,..,k; a= 1,2,.,.,n) 18 given by

a2 N %é; 1%,“13"1«:"& RS 1’%&;1 A1sP1y
2 -

(e) (2m) (om)(@ITZ © !

Now, the probability element of the by j is given by

(a)

ia?

1
Pr <b, (+db, ;;1{j= - i, J=1 ||
(bij<i|xidxja ij bij’is 1,2,ooo,k) _(mT-( ) 3 RXQ 1’adx

where R 1s the region in the kn-dimensional space of the Xy for which

1

(e) by, <a£1xiaxja Cbyy + dvyy, (1] = 1,2, k).

within terms of order 1}? clbi L the probability given by (d) may be written as
1

‘ -1ST A ‘
) An/2 o 21, = 1J71] S'['de
: (2m) [T/ gla 17

Our problem now reduces to the integration of Tdeia over the region R. Let f,(b,1 )db”
,d

be the volume element for which b, 4 i xft‘( by, + db,,; fe(bm'bae'bn )dbeidbea the

volume element for which bei < ixaaxia < bai + dbei’ 1 =1,2, for a fixed value of b” ;

with a similar meaning for f'5(b’,,b32,b”|b”,1‘>21,‘022 )db51db32db”, and so on. Then the

volume element for which biJ { xmxja( bij + db“, that 1s, the integral in (f) (to

terms of order m db, J) is given by the product

(8) £,(by,)db,, fe(bel’baalbn)db21db22“"fk(bkl’bka’“"bidt'b11’b21’b22’°"bk-1 k-1)

'dbkldbke“‘dbld(‘
Now, consider the problem of determining the expression for

(h) rm(bn“ ,bma, oo o,bmlb1 1 geee ’bm-l ’m_1 )dbm1db.“12- . odbm.
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We note that bij - ixiaxja.' 1‘3 =1,2,...,m1, are ixed. Geometrically, we may repre-
sent Pi(xil’xia"”'xin)’ {=1,2...,k, as k points in an n-dimensional space. \/bu
is the distance between the i-th point P1 and the origin O, while bi J/ Vbiib 33 is the

cosine of the angle between the vectors OP, and OPJ. Fixing bij’ 1{j = 1,2,.0.,m1,
means fixing the relative position of the vectors OP‘ ’ OP2 ,...,OPm_1 . The vector OPm is

free to vary in such a way that
(1) by < 2 XpeXyq < Py + dby, (1=1,2,...,m),

and we wish to find the volume of the region over which Pm 1s free to vary. If n=m,
we have as many vectors as dimensions and we can find our volume element by making the

transformation
i::xmaxia = bpys (1 =1,2,...,m).

The Jacobian 1is

(j) a(fm1)xm2}"':xmm) - l
a(bml’bma’""bmm) 4

where
X1 %2 0 Xnm
x21 x22 o o o xem
A= . . . "2|x1j|’ (L, =1,2,¢0.,m).

2xm1 2Xm2. . e mem

The absolute value of the determinant’ Ixi j' is the volume of the parallelotope based on
the edges OP’, OPa,...,OPm. By taking the positive square root of the square of this
determinant, we may overcome the difficulty of sign. Thus

'xij’e = 'bij'

and hence
o= 2 ’biJ"

Therefore, we have

(k) -—
cﬂdx"' 2 Vb, ] ﬁdbmi‘

Hence the differential element on the right in (k) obtained by taking all values of b
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for which

by < i::xmdxla. Cbpy + dbgy

is a function of the volume of the parallelotope and the differentials dbmi in the values
of the b ,./

It can be shown' that Ibi jl 1s the volume of the parallelotope Ty, based on the
edges OPI,OPQ,...,OPm, for any number of dimensions n 2 m. If n exceeds m, then Pm is
free to vary within an (n-m+1!)-dimensional spherical shell, as will be noted by examining
the inequalities in (1). One of these inequalities (i=m) represents an n-dimensional

spherical shell of thickness db the remaining inequalities representing pairs of paral-

o
lel (n-1)-dimensional planes, where in general no two pairs are parallel to each other.
The volume included between any arbitrary pair of planes, e. g., i Xna*ia ™ Ppg» and
ixmaxia = by, + db, (1<m) 1s an m-dimensional slab of thickness dbmi/ Vb,,. The inter-
section of the (m-1) pairs of (n-1)-dimensional planes and the n-dimensional spherical
shell yields an (n-m+1)-dimensional spherical shell. Now the inner surface of this shell
(or any spherical surface concentric with the imnner surface) 1s perpendicular to the
differentials dbm, dbm m_1,...,dbm1 . This 18 evident upon examining the manner in which
the (n-m+1)-dimensional spherical shell mentioned above is obtained as the common inter-

section of the m-1 parallel pairs of (n-1)-dimensional planes and the n-dimensional

’For example, see D. M. Y. Sommerville An Introduction to the Geometry of n Dimensions ,
Methuen, London (1929) Chapter 8,
There is also another geometrical interpretation of 'bij' for any n 2 m, which is
of considerable interest. The Xy (1 = 1,2,...,; &= 1,2,...,n) may be regarded as n
points P,(a=1,2,...,n) Inm dimensions. If we take any m of these n points, say
(xit1 ,1=1,2,...,m),(r=1,2,...,m) together with the origin 0 as the (m+1)-st

ap’
point, then the square of the volume of the parallelotope based on OP, ,OP »eee, 0P
%2

is given by |£x1a Xjq |. This follows from the discussion between (1) and (J). Ngn
there are nCmr:;ys gf clll‘oosing m points from the n points Py, and hence there are nCm
parallelotopes which can be formed in a manner similar to that discussed above. It can
be shown that Ibijl =3 ngiarx jar| , where S' denoted summatlon for all C . paral-
lelotopes thus formed. The proof of this follows by mathematical induction by increasing
the number of points from m to n successively by unity. In the case {1 = j = 1, we have n
points in one dimension and byl = by, = ‘@rxia, the sum of squares of the distances of
each point from the origin. In the case of '1,J = 1,2,...,k, 'bij| is the sum of squares
of the volumes of all .C, m-dimensional parallelotopes which can be constructed from the
n given points, using the origin as one vertex in each parallelotope. |b1 j' may be
referred to as the generalized sum of squares.
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spherical shell. Therefore, the rectangular volume element db 1db 2,...,db is perpen-
dicular to the immer surface of the (n-m+1)-dimensional spherical shell. The thickness
of this shell is given by the differential element 1/(2'VTSIET)TTTdbmi in (k). Therefore,
by multiplying this thickness by the inner surface content of our (n-m+t)-dimensional
shell, we obtain the volume of the shell to terms of order 1m#dbm1. The radius of this
inner surface is equal to the distance h from Pm to the (m—1;-d1mensional space formed by
,OP ,...,OP . This 1s, perhaps, seen most readily by noting that the inner surface
of our shell is obtained by taking the intersections of :g:xmaxia = bmi’ 1=1,2,...,m
(we are assuming, of course, that all db mi 8Te > 0). The centey of the sphere having
this surface must clearly lie in the intersection of the (m-1) (n-1)-dimensional planes
fgtxmqgia = by, 1=1,2,...,m1. This intersection point 1lies on each of the vectors
OP 0P2,..., OP _1,and the line between this point and Pm is perpendicular to each of the
first m-1 vectors, which is equivalent to the statement that the center of the (n-m+1)-
dimensional shell is at the point where the perpendicular from P, intersects the (m=1)~
dimensional space formed by the remaining m-1 vectors, 0P1,0P2,...,0P . The volume
of Tm' the parallelotope formed from OP ,OP yeessOP , 18 'bijl -V m* 58Y, and that of
T
Using Tm_1 as the base of Tm and h as the height, we must have Vm = hV -2 OF h =

m
Vm/v -1 .

m!
, the parallelotope formed from OP,,0P,,...,0P _,, isVIbapl = Vpoqs @b = 1,2,...,m1,

Now the volume of an n-dimensional sphere of radius r 1is

, r Vre-xf v}z-xf-...-xﬁ an
(1) 2 S S cee S axpdx g e e edxy = rYn ’

00 0

and the surface content of the sphere 1s.obtalned by taking the derivative of this ex-

pression with respect to r, which is found to be

n
ot .
CS)

The integral in (1) may be readily evaluated by integrating immediately with

(m)

respect to X then setting

2 2 2
s = Vo W

{=1,2...,n1, and integrating with respect to the appropriate 6 at each stage.

The surface content of the imner surface of our spherical shell is therefore
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(n) - S

and the content of the spherical shell 1is obtained by multiplying expression (n) by the
thickness —2117- ﬁdbm. Therefore, we finally obtain as the expression for the function
1 (h) m 1=1

’

(o) F‘I'(n-mn) V fjdbmi’

Letting m take on the values 1,2,...,k in (o) and multiplying the results, we obtain the
following expression for (g)

kn _ k(k-1
Vn—k-1
(p) k db
15
Tkn"(nn 1 1<
1=1

o

which is the value of § ]_[dxia in (f) to terms of order
R1i
obtain the Wishart distribution'

dbij' We therefore finally

1dJ

n n-k-1 ] A
I 2 -3
(A/24F 10, 41 7,2 A1iPij
(q) nk(bij’Ai )]_Td 1 = / ijc] e L, g= ]—Tdbij’
J I k(1) Mosi-t 13

which is defined over the region in the bij space for which 'lbij'l is positive semi-

definite, that is, over all values of the 8y for which Ibijl and all principal minors of

all orders are 2 0. In order for the distribution to exist it 1s clear that n+1-k ) o,
Since

Swn’k(bij;Aij)gdbij =1

where the integration is taken over the space of the bi L it is clear that

K (1) k
n-k-1 - = TTF'(“*‘ 1
SRS AR
(r) fiog 1 2 e I;gd L= T
(A/2%)

Replacing Aij by AiJ - eeij (eij = eji) in (r) t}}en multiplying the result by

ﬁk(%ﬂ)ﬁ"”ﬂ(ng-i)
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we obtain the m. g. f. of the b,, and ebij (1<{j), which has the value

n ;
(s) A%IA g0yl B

oIS

n
Similarly, the reader may verify that the m. g. f. of the :E:xia and 2:£:x1axja(1<j) as
. 1 1

determined from (c) by multiplying (c) by

;E%eij(zg:xiaxja)
e ’

and integrating over the entlre kn~dimensional space of the x's 1s also given by (s).
Therefore, 1f one were given the function (q) in advance, one could argue by the milti-
variate analogue of Theorem (B), §2.81, that it is the distribution function of the
:étxiq jo&“bij) where the p. d. f. of the X4o 18 glven by (c).

The Wishart distribution (q) may be regarded as a generalization of the x -
distribution to the case of vectors with k-components. In fact for k = 1, the quantity
Ay by, 1s distributed according to the x?-distribution with n degrees of freedom. In this
case b11 is the sum of squares of the n sample values of X,, while in the k-variate case
b11 is the sum of squares of the n sample values 6f the Xy (the i-th component of the
vector x,,xe,...,xk) and bij (1#j) 1s the inner product or bilinear form between the n
sample values of the Xy and xj. As In the case of the x?-distribution, the Wishart dis-
tribution has a reproductive property to be considered in the next section.

11,2 Reproductive Property of the Wishart Distribution,

The reproductive property of Wishart distributions is very useful in multivari-
ate statistical theory, and it may be stated in the following theorem:

Theorem (A). Let b§3)1b§§):'--:b(p) (1{j = 1,2,...,k) be p systems of random
variables distributed independently according to Wishart distributions (p. d. f.'s)

wnt k(bgg);Ai')’ (t = 1:9:---:P),

respectively. let biJ EfE 13- 0= %E:nt Then the biJ are distributed according to
the Wishart p. d

Wy, k(P jihy )

To prove thls theorem, we determine the m. g. f. ¢(61j), (91J=9J1), of the. bii
and 2b1J (1<{j). We have
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8, ;b
15°1
() b8y ) = E(GI%L'-” I,
(1) (2) (p)
e, ;b + o, ;b + eoe +ZG b
L B R
(1) (2) (p)
1§:jeijbij g—j"ijbij %91,1"’1,1

= E(e ) E(e )...E(e ).

%e it oy R

i 1 2 Fa

But E(e™’ ) = A 'Aij'zeijl and therefore
n -

(b) ¢(91j) = AQIAij’291j| ’

[ i=]

which 1s the m. g. f. for the Wishart p. d. f,

wn,k(bij"Aij)’
which we conclude, by the multivariate analogue of the Theorem (B), §2.81, to be the dis-
- (t)
tribution of the bij ( é\bij ).

11.3 The Independence of Means and Second Order Moments in Samples from a
Normal Multivariate Population

Suppose On(xio.’ i=1,2,...,k; @=1,2,...,n) 1s a sample from the normal multivar-

late population having p. d. f.

1
Va - EiilAij(xi'ai)(xj'aj)
(a) f(xi) = W e ’ .

The p. d. f. of the sample is

1 1
2 - 52 Ay
(b) f(xgq) = "(ﬁ;)ﬁh'ﬂa © 21% H U,

where °1j = di (xia-ai)(xja‘aj). Let

=1

(c) ‘ aij 'g(xia:ii)(xja&j)’
where

¥ 1
xi = —Dug *Xia
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The ay j are distributed according to the Wishart distribution (q), §11.1, with
n replaced by n-1. It was shown in §5.12 for the case k=2 that the i'i are distributed
according to the normal bivariate law (d), §5.12, and it was remarked that in the general
case, the distribution of the Ei is given by (e), §5.12. The proof of (e), §5.12, may be
carried out by evaluating the m. g. f. of the (fi-ai) , 1. e,
E(ei; 8, (xy-a,) eﬁ; 8, (x,-a,)

(a) £(xgq ) T Tax,q,

- |
where f(xia) is given by (b), the integration being over the entire kn-dimensional space
of the Xiq* The evaluation of this integral may be carried out as an extension of the
cage of k=2, §5.12. The details are left to the reader. In order to show that the aij
have the Wishart distribution with n replaced by n-1, i1t is sufficient to show that the
m. g. f. of the a,, and 2a,, (14]) 1s A‘n“)/alAij—aoijl'((n“)/"‘). The problem of doing
this 1s a direct extension to the k-variate case of the procedure followed for k=2 in
§5.5. We shall have to leave the details to the reader.

Just as in the 1 and 2 variable cases discussed in §5.6, the a,; and Xy
are independently distributed systems. A falrly direct verification of this, although
tedious, 1s to evaluate the joint m. g. f. of the 8y 3 and ii and note that 1t factors.

11.4 Hotelling's Generalized "Student" Test

Suppose a sample 0, is drawn from a normal multivariate population with distri-
bution (a) in §11.3, and that 1t 1s desired to test the hypothesis H(ai-aio) that the ay
have specified values 8y, (1=1,2,...,k), no matter what values the Aij may have. This
hypothesis may be specified as follows:

Ai:] such that "Aij” is positive definite

@ and - (a1 {+0, 1 = 1,2,...,k.

(a)
The subspace of f) for which 8y =&y,

w: 1-1,2,0¢.’ko

It will be noted that this is the k-variate analogue of the "Student" statistical hypoth-
esis discussed in §7.2 for one variable, which 1s simply the hypothesis that a sample from
a normal population comes from one having a specified mean, no matter what the variance
may be. . A

The 1likelihood function for testing the hypothesis H(ai-aio) 1s given by (b)
in §11.3.
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Maximizing the likelihood function for variations of the A, j and 8, over 0,
we find

= A B14,,-1
(b) 8y =%y, HAgH = 1=,

and hence the maximum of the likelihood for variations of the parameters over N is

1 nk
(e) —=, 1°
(em? |52

[SYE

Similarly, the maximum of the likelihood for variations of the parameters over
w (1, e. for variations of the Aij and for a;=a,,) is found to be

1 - 51k
(@) — = 5° ,

= . =
(er)? |22

o]—

The likelihood ratio for testing H(ai-aio) is the ratio of expression (d) to

expression (c), 1. e.
n
2

(e) A= lfijl——

n
2
lcOij'

.

2
Clearly, we may use Al - Y,say, as a test criterion for H(ai-aio) since it is a single-

value function of A. To complete the derivation of our test, we must determine the dis-
tribution of Y when H(a,=a, ) 1s true. We shall obtain this distributien by first finding
its moments. Now, we know from §11.,1 that the joint distribution of the coij is the

Wishart distribution

. n-k-1 1
/eglcoiﬂ 2 2ZJ 13° oij

;]
o) T:‘H"(l‘i;—i)

The g-th moment of Icoi j' is obtained in the following way. Since the integral of the

(£) ",k (%o 33A15) =

function (f) over the space S, of the c 4 j is unity, we have
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n-12c—1 B ZinJ oi}] Wk(lﬁﬂ)f:”—-(m;-i)
(8) § 1eqyy! Foe T Jecos - = .
8, (A/2K)2

Replacing n by n+2g in (g), then multiplying by

n

«ku‘fﬂ )rl:ﬂ"(nne-i)

we obtain an expression on the left which defines E( Icoijlg) and 1its value 1s given on the

ﬁl—‘(n-ﬂ -1
\/Ekfﬁ l‘*(nn 1)

But the coij are functions of the aij and Xy since

right. That is

(h) E(lcqy 518

(1) coij = aij + n(x b)(x -a‘p)
Therefore,
k 1 n-1 n-k-2 - zA (a +n(x -a (x —a
2 Af2 )2 iJ ij 18
O} LY S corlBlagyl © e E[Jda

,,ﬂ)e ﬂ—_(%—LIﬁT(n- )

(

r:‘“"(m-;-i +g)

. =(A/2k)g|"’(n+1-1) '

Dividing both members of (j) by the expression in [ ], then replacing n by n+2h, except in
the distribution of the ii (the n's here being easily removable by changing variables
Vﬁ(ii-ai) =¥, say) then multiplying the resulting equation by [ ], we obtain,as the first
member, an expression defining E( |°oij|8' Iaij|h) and its value is given by the second

member; thus
Ikl[l“(w‘—l + g+ )

(k) E(lcqq 4181y 51" = - .
(/2 F+hﬂ»[rtn+1 -1, h)r'(

Clearly this moment will exist for all integers g and h for which all arguments of the
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game functiarsare » 0. Setting g = -h, we obtain as the h-th moment” of Y,

Tlfr (rELrEsL |, ny) nn)r(n'k + h)

(¥ =
-1 -1 -k
111‘[ rE=L - & F(’f—e1 + MEF)

hY
This moment may be written as

(1)

1=

-1
ax.

N

M@ M«n@ M ‘S‘%‘th

(m)
nn-‘fr@ M2 +n) n"‘)I"(

(1-x)

Therefore the h-th moment of ¥ (h = 0,1,2,...) 18 identical with the h-th moment of a
variable x having probability element

@ 2 k-

(n) (1-x)%2  ax.
F( )

It follows from Theorem (A), §2.76, on the uniqueness of distributions from moments that
Y 1s distributed according to the probability law (n).
Making use of the fact that
coij = aij + ﬁ(gi’aﬂ - ﬁ(;j—aﬁ
and letting
vy = Vn(X;-ay)

we may write

(o) 'coij| = 'aij + 71Yj|
-1 y.l y2 e o & o s o o o yk
2
0 511+y1 312+Y1y2 e o & e o o s o a1k+y1yk

2
3214'y2y1 &22+y2 e o o o o s o o aek':'yayk

© 2
al(1+yky1 ak2+yky2 o o o o o o o o B/l(k'Fyk

O ¢ ¢+ e O

*For more applications of the foregoing technique of finding moments of ratios of deter-
minants, see S. S. Wilks "Certain Generalizations in the Analysis of Variance”,
Biometrika, Vol. 24 (1932) pp. 471-Lkok,
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Multiplying the first row by -y, then adding to the second; multiplying the first row by
Y, and adding to the third; and so on, we may write the determinant as

-1y1 yeooocoocyk

'y.l a” 812. e o o o o o 811{

ya 821 322.......a2k
(p) - . . . . .

. . . .

T & ak2"""

¢

It follows from the argument leading to expression (k), §3.23 that the expression (p) may
be written as a, J(1+1% aijyiyJ], and substituting the value of y, we are finally able
: 1
’

to write

2
(q) legy gl = laijl[1+n1%1313(§1-ah)(i3-aﬁ] = lagyl+ :—'1;:7]’

where T 1s Hotelling's' Generalized Student Ratio which can be written down explicitly
in terms of the all and (X;-a4) in an obvious way. Hence

(r) Y o-—
1+'1‘2/n—1 ’

and the distribution of T can be found at once by applying the transformation (r) to the

probability element (n) (with x replaced by Y). The result 1is
. k=1
2l13) (T3/n-1) 2 ar

( .
? MEEENGT (1472/n-1)072

11.5 The Hypothesis of Equality of Means in Multivariate Normal Populations
Suppose O“t (xgd, 1=1,2,...,k; am=1,2,,..,0,5 t=1,2,...,p) are p samples from the

normal k-variate populations

y 1 t . ty,.t .t
2 Eizj"ij(xi 81)(xje;)
(a) —'—m e ’ » (t=1,2,...,p),
(o) 2

and that it 1is desired to test the following hypothesis:

*H. Hotelling, "The Generalization of Student's Ratio*, Annalé of Math. Stat., Vol. 2
(1931) pp. 359-378.
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Aij such that “Aij'l is positive definite
n:
and -oo ag‘_ { o, 1=1,2,...,k; t=1,2,...,D.
(v) 1 2 p
Subspace of Ll for which a4 = &/ = ... = aj = a,,
Wi

where ~o0 < ay oo, 1=1,2,...,k.

Denoting this hypothesis by H(al—af—...-&{'), it 1s simply the hypothesis that the samples
come from k-variate normal populations having identical sets of means, given that they
come from k-variate normal populations with the same variance-covariance matrix. It

should be noted that this hypothesis 1s the multivariate analogue of that treated in §9.1.

Let
(c) afy - g(xga-i'{)(xgd&g),
a5 = éagj’
and
i
(d) 84y é’qg(xm-xi)(xja-xj),
where
(e) % - %t‘ gfiv
and

0y
o

The ay J/n are the second-order product moments in the pool of all samples, and similarly
3‘-1 1s the mean of the i-th variate in the pool of all samples.
The likelihood function for all samples 1is

1 t
A% - E:ﬁ_“ijcij
(8) —x e ' ’
(2m)?

where
t t _ty bt .t
Maximizing the likelihood function for variations of all parameters over 0N, we obtain

a
at =t 1 -1
8t =50, 1Ayl = 112
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and the maximum of the likelihood turns out to be

(h) —®z 1° -
a —
' (em? |12
Similarly, maximizing the likelihood function for variations of the parameters over w,
we obtain

A - A . a -
(1) By = %y, (Al = 11407,

and the maximum of the function turns out to be

(J) Tk n -] .
2 2112
(2mp? |4
Hence the likelihood ratio for testing H(al=ai=...=a§) 1s the ratio of (j) to (h), 1. e.
n
o a2
(k) A = _._1.1_?1 R
2
Iaijl
Again we may use Ae/n = Z, say, a3 our test criterion. To find the distribution
of Z, we proceed as in §11.4 by the method of moments. Noting that the aij are distri-
buted according to the Wishart distribution Wiy k(aij;Aij) we have, similar to (h),
§11.4,
k
TTI-”(]“-—Ql +8)
(1) E(lay418) = - :
(A/ek)gfil'"(“;—i)

Now it may be verified that

where m1J nt(x1 xi)(xj j) Since the'Eij are fanctions only of the azj, the

t=1 1,
aij and x: being 1ndependent1y distributed systems, 1t follows that the aij and the x1

are independently distributed systems. The aij are distributed according to Wishart dis-
tributions wnt_1’k(a2j;Aij),t=1,2,...,p, and 1t follows from the reproductive property of
the Wishart distribution that the'Eij are distributed according to W, n-p, k(aij’Aij)
Therefore by using the joint distribution of the Eij and fi and following steps similar

to those yilelding (k) in §11.4, we find
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. ry (M Ligen)ERE=L )
) -

(n) E(lay ;18184 .

The h-th moment of Z is given by setting g = -h. We find

N (MR MRRL ))

E(2") =
]ljtl“(l-‘glm ¥ (Aptl-d,

(o)

It should be noted that for the case of two samples, (1. e. p=2), the h-th moment of Z

reduces to

Mastatket | p)

(p)
Bl MR

and hence the distribution of Z in this case 13 the same as that of Y with n replaced by
n-1. In the two-sample case, it should be remembered that n = n, +1n,, the sum of the

two sample numbers.

For the case of p = 3, the h-th moment of Z is
M MER TR L 122 4m)
FEm 252 n (Aol ymRxeey

(q)

Making use of the formula

(r) ML+ 20+ 1) -ﬁﬂgﬁ—*—‘l,

(q) reduces to

(8) C(n-2) (n-k-2+2h)

[T(n-2+2h)(n-k-2)

from which we infer the distribution of Z to be identical with that of x? , where x 1s
distributed according to
(t) [(n-2)  nke=3qp)k-Tgx,
[M(n-k-2¥"(k)
Setting Z = 65-2, we find dx = %Z'“/a )dz, and hence the distribution of Z for the case of

three samples is
n-k-4

®
(u) Loz 2 (-v2¥ e,
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The distributions for p = 4 and 5 turm out to be relatively simple also.

11.6 The Hypothesis of Independence of Sets of Variables in a Normal Multi-

variate Population
Suppose on(xia' i=1,2,...,k; a=1,2,,,..,n) 18 a sample from a normal multivariate

population with c?istribution (a) in §11.3. Let the va_.riates Xy be grouped into r groups
as follows: G,: (x1,x2,...,xk‘| ), Gyt (xk1+1'xk1+2’""xk1+k2)""’ Gyt
(xk1+...+kr_1+1 ,...,xk), where k = kl+k2+...+lcr. The problem we wish to consider is that
of deriving a test for the hypothesis that these groups of variates are mutually indepen-
dent, 1. e. that Aij = 0 for all 1i,j not belonging to the same group of variates. Let
I|A(°)II denote the value of ||A1jll when all .1\1'1 are 0 for 1,j belonging to different

1]
groups of variates. The hypothesis to be tested may then be specified as follows:

Space of the Aij such that ”Aijll is positive

a:
(a) definite and -oo < ay < +00.

(o)
w: | Subspace of £L for which IIAijll - ”Aij I

We denote this hypothesis by H(|IA Il = IIA§_3)I ). Maximizing the 1likelihood function
(b) in §11.2 for variations of the parameters over ), we find the maximum to be

1
1 Ik

(b) _an—ﬁ e .
(2m)? =242

The maximum of the likelihood function for variations of the parameters under w 1s

1 - Ink
(e) & .m°
7 al0)z
(e |44 |
n

where ag_g) = a, j if 1,J) belong to the same group of variates and ag_g) = 0 if 1,J belong
to different groups of varlates. Clearly lagj)l is equal to the product of r mutually ex-
clusive principal minors J:[l aiu Ju" the u-th minor being the determinant of all ay j
associated with the u-th group of variates. Similarly IAY;)I = Il lAiujul . The likeli-

hood ratio for testing H(| IAiJ” = ||A§§)l |) 1s, therefore,
n

lay IE
(d) A= —‘LT



§11.6 XI. AN INTRODUCTION TO MULTIVARIATE STATISTICAL ANALYSIS 243

2
Denoting Al by W, which may clearly be used as the test criterion in place of A, we de-

termine the distribution of W by the method of moments.

It should be noted that if we factor ‘JEIi out of the i1-th row and i-th columm,
(i=1,2,...,k) of each of the two determinants '31j| and lag_g)l, and using the fact that
a8y j/ \/a_n'é'J_J =Ty the sample correlation coefficient between the i-th and j-th variates,

then '
Ir
W T

0
|r 13'

where r,, = 1, and r§_g) = ryy 1f 1 and § both belong to the same group of variates, and

o3

= 0 1f 1 and ] belong to different groups of variates.

To find the moments of W, let us divide the aij into two classes: (A) those
for which 1 and j correspond to different groups of varlates, and (B) all others. Let
the product of differentials of the ay j in (A) be dv A with a similar meaning for dVB.
Now it is evident that if we integrate the Wishart distribution "n,k(ai j ;Aig)) with re-

spect to all aij in Class (A), we will obtain the product of Wishart distributions

W, (a ;A )
If'; n,ky Ty dy gy
since this integration simply ylelds the joint distribution of the ay j in Class (B) which
we know to be independently distributed in sets a, j (u=1,2,...,r) when ”Aij” =

udu

||A§‘3)| |, each set being distributed according to a Wishart law. Hence we nmust have

.Il—..l (o)
1a{1 2 nks 12 ae
(e) M k _,i %Iaijl 2 e 2 1, =1 j jdvA

2 2 n 1(n;gi-)

n-1 n-k, -2

1A, 12 lay |

IR TR R
uet | (71 k, Ky (k1)
e 2w ﬁl”(“—;i-)

A
RN

e .

r
Let both members of (e) be multiplied by [ [la, j |™M (which 1s constant as far
u=1 “—udu
as the ay i in Class (A) are concerned), then replace n by n + 2h throughout (e), then

multiply throughout by
]'\T[F(I‘—;l +h) oMK

|A§j’|hl]jﬁ’—‘;—i)

(£)
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ther integrate with respect to the a, j in (B). It will be seen that the first member in
(e) after these operations will be the integral expression defining E(wh), and the second
member will be the value of E(wh). We find

k n-1 n-1
u [[((5=) |, k |[T55+h)
ot 11 1 ks | Tl{ e

(2
As a speclal case, suppose we wish to test the hypothesis that x; 1s independent

of the gset xe,xj,...,x . In this case r = 2, k1 =1, k2 = k-1. The W criterion is

Iry .l
(h) w=—2l oy - R?

™

where ?” 1s the minor of the element in the first row and colum of Irijl, and R 1s the
sample multiple correlation coefflcient betwéeen x, and XpsXgseoesXye The h-th moment of

W for this case 1is found from (g) to be

" ML)
ML)

Following the procedure used in inferring the distribution of Y in §11.4 from its h-th
moment, we find the probability element of W to be

r“(n-1 n-k-2 k-3
(3) r( )r( e W 2 0w ?

Setting W = 1-R2, we easily find the distribution law of Re, the square of the sample

multiple correlation coefficient, between X, and xg,xa,...,xk to be

r'(ll.ﬂ_ _‘2 n-k-2

2 2 2 2
(k) TFT-k_-T‘ (R°) (1-R ) d(R%),

when the hypothesis of independence of X, and th,x},...,xk i1s true, 1. e. when the A,,j-o,
(J=2,3,...,k), which 1s equivalent to having the multiple correlation coefficient equal to
zero in the population. This result was first obtained by R. A. Fisher, who also
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later’ derived the distribution of R? in samples from & normal multivariate population
having an arbitrary multiple correlation coefficient.

Distributions of W for various special cases involving two and three groups of
variates have been given by w1lks“.

11.7 Linear Regression Theory in Normal Multivariate Populations

The theorems and other results presented in Chapters VIII and IX can be extended
to the case in which the dependent variable y is a vector with an arbitrary number of
components (say 7, ,yg,...,ys), each component being distributed normally about a linear
function of the fixed variates XysXpseeerXpe In this section we shall state without
proof the multivariate analogues of the important theorems in Chapter VIII. The details
of the proofs"* of these theorems are rather tedious and can be carried out as exten-
sions of the proofs for the case of one variable.

Suppose Y1955 e00rYy 8TE distributed according to the normal multivariate dis-

tribution

: i

3 "3 Ay 4(34-D4)(74-Dy)
() A% 173 4 i

(2m)?
where
(b) by = :a )
1T & 1p™*p

the Xy, being fixed variates. Let O, Wic'ﬁ:a‘ i=1,2,...,8; p=1,2,...,k; a=1,2,,..,n) be

*R. A. Fisher, "The General Sampling Distribution of the Multiple Correlation Coefficient*®
Proc. Roy. Soc. London, Vol. 121 (1928) pp. 654-673.

An alternative derivation has also been given by S. S. Wilks, "On the Sampling Distribu-
tion of the Multiple Correlation Coefficient"”, Annals Math. Stat., Vol. 3 (1932)

Pp. 196-203.

**s. S. Wilks, "On the Independence of k Sets of Normally Distributed Statistical Vari-
ables", Econometrica, Vol. 3 (1935), pp. 309-326. ) _
***Proofs and extensions of many of the results may be found in one or more of the follow-
ing papers:

M. S. Bartlett, "On the Theory of Statistical Regression®, Proc. Royal Soc. Edinburgh,
Vol. 53 (1933), pp. 260-283,

P. L. Hsu, "On Generalized Analysis of Variance", Biometrika, Vol. 31 (1940), pp. 221-
237.

D. N. lawley, "A Generalization of Fisher's z", Biometrika, Vol. 30 (1938), pp. 180-187.
W. G. Madow, "Contributions to The Theory of Multivariate Statistical Analysis", Trens.
Amer. Math. Soc., Vol. 4k (1938), pp. 454-495. »

8. S. Wilks, "Moment-Genereting Operators for Determinants of Product’' Moments in Samples
from a’' Normal System®, Annalg of Math., Vol. 35 (1934), pp. 312-3k0.
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a sample from a population having distribution (a). The likelihood function associated
with this sample is

n 1
333 M) b
(2?2
where
(d) byg = gaipﬁ)a'
Let
C43 = gyia.yja’
(e) ciq = 2yiaxqa, cl';q - :xp‘xqﬁ.
Qs am

Clearly ¢y i c i1 cj'_ Q" °c'11’ cl';q = cap. For a given value of 1, let a‘ip be the solution

of the equations

(f) °iq - ;aipcﬁq = 0, (g=1,2,...,k),
that 1is,

(8) 3,1p - gc"pch'.q ,

and let

(h) by, = p.laipxpa'

Furthermore, let
(1) 344 c?:(yia-ﬁia)(yja-ija)-

The essential functional and probability properties of the quantities defined
in (d), (e), (f), (g), (h) and (1) may be stated in the following theorems:

Theorem SAz:
8
R
Theorem (B): et ic
1j i"1q
'sijl Lol A preee |c£q' (i,j"1,2,...,8; p,?‘,a,ooo,k)-
°p3 i %
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Theorem (C): If O, : (ymlxpa_) 1s a sample from a population having distribution
(a), then if the Xq &1 such that Ilcsqll is positive definite, the 8,4 are distributed
according to the Wishart distribution

(k) 'n—k,s(sijmij)'

and inde ntly of t_hgﬁip (i=1,2,...,8; p=1,2,...,k) which are distributed according

to the normal kas-variate distribution law

-lﬁf_ if\ " (B -8, )(&, -8, )
2 =, 13%q'*1p™*1p’*Jq"% jq
(1) % o Pra 15,31 )
@2
where D 1s the ks-order determinant lAij"Bq' and has the value Ak-lc;qls.
The multivariate analogue of the general linear regression hypothesis stated in
§8.3 may be specified as follows:

The space for th.chlAi Jl is positive definite

and - < &40 { o, 1=1,2,...,8; P=1,2,...,K.
(m)
The subspace of QL for which aip = aipo’

i=1,2,...,8; D=r+1,...,K.

Let us denote this hypothesis by H(aip-a )« It 1is the hypothesis that the last k-r

ipo
regression coefficients corresponding to ¥y (1=1,2,...,8) have specified values aipo'
If the a’ipo = 0, our hypothesis is that each ¥y 1s independent of Xpp12Xpppr oo Xyee

The likelihood ratio A for testing this hypothesis (as obtained by maximizing
the likelihood (c¢) for variations of the parameters over (L and by maximizing for varia-
tions of the parameters over w and taking the ratio of the two maxima) turns out to be

given by Un/ 2 , where

() LT L
Istl

The form of s} j may be geen from the following considerations:

In view of Theorem (A), when the likelihood function (c) is maximized for vari-
ations of the parameters over w, we may consider the maximizing process in two steps:
First, with respect to the aip parameters over w (holding the A1 j fixed). Here we fix
aip - aipo’ (1=1,2,...,8; p=r+l,...,k) in (j) and minimize the second term on the right
side of (J) with respect to 84p (i=1,2,...,8; pP=1,2,...,r). The coefficient of Aij in the
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right hand side of (J) after this minimizing step is ah, where

(o) sh - 91_1 + mij’

where "ij results from the second term of the right hand side of (Jj). We next maximize
(e¢) for variations of the A1 j after maximizing with respect to the aip (over w). It
will be seen that the maximizing values 7\1 j of A j are obtainable after the first maxi-
mizing step (1. e. with respect to the aip overw), and are given by

]
1Ag4i1 = II—IIIJII".
It will be noted that the form of sy j is similar to that of 8y j? and is given

by
(p) an - 2;(y1a-b!u.)(yjd.ﬁb3a) J
where .

Y S e = S

{a ia s ipo”pa’ a = Ip P

and where alp are given solving the equations

(q) cj'_a = i‘azpcsq =0, (@=1,2,.44,r),
=

where

) oif = S ik

The m, i in (o) are functions of the aip which are distributed independently of the 8y j*
In fact, it can be shown that the m, j 8re of the form 2 LI w2 where the xlu
(i=1,2,...,8) are linear functions of the 'éip distributed according to

VA - %1’ 1Aij§1'u;3u

(s) Are

and furthermore the sets giu (u=1,2,...,k-r) are independently distributed, and are dis-
tributed independently of the °1j where H(aip-aipo) is true. If the aipo = 0 (i=1,2,..,8
P=r+l,...,k) then it follows from Theorem (B) that l’! Jl may be expressed as the ratio
of two determinants as follows:
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(1’j-112,000";

Icp ql‘ p;q'-1’2’...’r).

(t)

Now the problem of determining the distribution of U when H(aip'aipo) is true,
is, therefore, reduced to that of determining the distribution of the ratio of determin-

ants

(u) = ’
|9y 4 + gi B, |
1) = iu ju

where the 8y j are distributed according to the Wishart distribution

(v) Wo-k,s(8135R14)s

and the &,  are distributed according to

k-
A__e_r - -g 1%: Aij 1u ju
(w) T {kx)s ©
(e 2

iu

’

the 8y j and Eiu being independently distributed systems.

The simplest procedure for finding the distribution of U 1s perhaps by the
method of moments. The method of finding the moments of U 13 entirely similar to that of
finding the moments of Y and Z in §11.4 and §11.5, respectively. The h-th moment is

given by

TﬂTll—'(n'r“ i)l—'(n-k-n 1+h)]
ra]'[r'(n r+1- iTh)r*(n-kM 1)]

(x) E(P) =

from which one may infer the distribution of U in any given case by methods illustrated
in §11.5. We may summarize our remarks in the following theorem which is the multivariate
analogue of Theorem (A), §8.3.

Theorem (D): Let On(yialxpa) be & sample of size n from the population having
distribution (c). Let H(aip"aipo) be the statistical hypothesis specified by (m), and
let U= A2/M, where A 1s the likelihood ratio for testing the hypothesis. Then

!
(y) U = __liij_—— ’ (1,j-1,2,..-,8),
|51j+m1j‘
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where 844 1s defined by (1), and my 5 by (o) and (p), and if H(e'ip'aipo) is true, the h-th

moment of U is given by (x).
It should be observed that U 1s a generalized form of the ratio

2

noﬁ + n(crf_\-oﬁ)

in Theorem (A), §8.3. In fact, when s = 1, then 8,, = ncf)_and m, = n(cf,-cg).

It may be verified that Theorem (D) is general enough to cover multivariate
analogues of Case 1 (§8.41), Case 2 (§8.42) and Case 3 (§8.43). The essential point to be
noted in all of these cases 1s that k represents the number of functionally independent
a p (for each 1) involved in specifying Q and r (<k) represents the number of function-
ally independent Bip (for each 1) involved in specifying w,

11.8 Remarks on Multivariate Analysis of Variance Theory

The application of normal linear regression theory to the various analysis of
variance problems discussed in Chapter IX can be extended in every instance to the case
in which the dependent variable y 1s a vector of several components. In all such multi-
variate extensions, U in §11.7 plays the role in making significance tests analogous to
Snedecor's F (or 1/(14—11,(7:];1"}"), to be more preclise) in the single variable case, (Theorem
(A), §8.3).

The reader will note that the problem treated in §11.5 1s an example of multi-
variate analysis of variance, and 1s the multivariate analogue of the problem treated in
§9.1.

To 1llustrate how the extension would be made in a randomized block layout
with r' rows and s' colums, let us consider the case in which y has two components ¥4
and Yo Let y”_j and yeij be the values of ¥y, and ¥, corresponding to the i-th row and
J-th column of our layout, 1i=1,2,...,r', j=1,2,...,s'.

The distribution assumption for the Y11,j and yeij is that (y1ij 11-013)
and (o4 7M,"Ry4=Co )y (ift11 > Cry= g 21 = 2 Cpj = 0) are Jointly distributed
according to a normal bivariate aw with zero means and variance-covariance matrix

Now suppose we wish to test the hypothesis that the "column effects® are zero

A‘I1 A‘I 2
A21 A22

for both Y, and Y, This hypothesis may be specified as follows:
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-00 m,, m,, R119 RQi’ CIJ’ C?J (o,
(1‘1,2,...,!") A

0: < (J=1,2,...,8'), |lA,, A,y
%:Ru = %—_Rai - %Cu "chej = 0.
The subspace in Q) obtained by setting
each Clj and each Caj = 0.

1 A12

positive definite.
(a)

This hypothesis, which may be denoted by I-I[(C1 j’ce j)-o], is clearly the 2-variable ana-
logue of H[(Cj)-o] in §9.2.

Let ?11,, ?1.‘1, 51 » 844r» 841¢» 8yyg have meanings as functions of y,,,,
Yyq1p7++sTyp1gr similar to those of ii.’ -i.j’ ¥ , Sgs S¢» Sg as functions of y,,,¥,,,
ceesYpge Lot ¥, , -172.‘1, 3"2 » SaoRs Spppr S,op heve similar meanings as functions of
Y2112 Ya120++++Tpprgr+ Lot

S12r = %(511.'51 M¥p1,775)
(b) 810¢ = g(i, T F,, T,
128 = S 1gTr, Tr. 7)o Tt Ty ).

It may be verified that the likelihood ratio A for testing the hypothesis
n[(cw,cej)-o] is given by U’g/e, where

5118 Si2E
S12E Sp2E

(¢) Uo =
S11E*511c 3128%S12C
S218%321¢  S22E*S220

It follows from Theorem (D), §11.7, that the h-th moment of Uo when
H[(C1J’Cej)-°) is true, the special case of (x), §11.7, obtained by setting s=2, k=r'+s'-y,

r=r',n=17r's', 1. e.

(d) E(dl) rq(r'%'-1))r—'(r'(82'_1i—1)rﬁ(LI’_'i%‘s_'-—]—)'+h)l_’((r'-1g(s’-1):J+h)
o) = Ty (Ee 0Ty~ (= @S T,

’

using formula (r) in §11.5, this reduces to

Crs'-1)-1)C((r'=1)(s'-1)-1+2h) ,
[C(rt(st-1)-1+2h)[((r'=1)(s'-1)-1)

() B =
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from which we can easily obtain the distribution of Uo by the method used in deriving the
distribution of Z in (u), §11.5.

The extension of the hypothesis specified in (a) and the corresponding U, to
the case in which y has several components, say AT PYREERD is immediate. Similar re-
sults hold for testing the hypothesis that "row effects" are zero.

We cannot go into further details, The illustration given above will perhaps
indicate how Theorem (D) can be used as a basis of significance tests for multivariate
analysis of variance problems arising in three-way layouts, latin squares, Graeco-latin
squares, etc.

11.9 Principal Components of a Total Variance

Suprose XysXpseeX, &re distributed according to the normal multivariate’law

(a) In §11.3. The probability density is constant on each member of the family or nest
of k-dimensional ellipsoids

k o
(a) 1;%;lAij(xi-ai)(xj-aj) = C,

where 0 { C { @. The ellipsoids in this family all have the same center (31,32,...,ak)
and are similarly situated with respect to their principal axes, that 1s, their longest

axis lle on the same line, their second longest axis lie on the same line, etc., (assuming

each has a longest, second longest,...,axis).

Our problem here is to determine the directions of the various principal axes,
and the relative lengths of the principal axes for any given ellipsold in the family (the
ratios of lengths are, in fact, the same for each member of the family). We must first
define analytically what 1s meant by principal axes. For convenience, we meke the follow-
ing translation of coordinates

(b) Xy a4 =y, i=1,2,...,k.

The equation (a) now becomes

A = C.
(c) 1%:1 1jY1Yj

*The theory of principal axes and principal components as discussed in this section (in-
cluding no sampling theory) can be carried through formally without assuming that the
random variables X 3X55 000X, are distributed according to a normal multivariate law.
However, this law 1s of sufficient interest to justify our use of it throughout the sec-
tion. BSome sampling theory of principal components under the assumption of normality

will be presented in §11.11.
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If P:(y1 ,ye,...,yk) represents any point on this ellipsoid, then the squared distance p®
betwpen P and the center O is > y‘;"_. Now if we allow P to move continuously over the
ellipsoid, there will, in generel, be 2k points at which the rete of change of D with
respect to the coordinates of P will be zero, i. e. there are 2k extrema for D? under
these condifions. These points occur in pairs, the points in each pair being symmetric-
ally located with reaspect to the center. The k line segments connecting the points in
each pair are called principal axes. In the case of two variables, 1. e. k = 2, our el-
lipsoids are simply ellipses, and the principal axes are the major and minor axes. We
shall determine the points in the k-variate case and show that the principal axes are
mutually perpendicular.

It follows from §4.7 that the problem of finding the extrema of D? for varia-
tions of P over (c) 1s equivalent to finding unrestricted extrema of the function

d - 2 . A(C-
(@) o ﬁf;y“ ( 1§1A13y1y3)

for variations of the ¥y and A. Following the lagrangs method, we must have
(e) g%i = 0, (1-1,2,ooo’k)

and also equation (c) satisfied. Performing the differentiations in (e), we obtain the
following aquations

- A - -1 ) .
(£) pE] ;Aijy'j o, (1=1,2, k)

Suppose we multiply the i-th equation by Aih, 1=1,2,...,k, and sum with respect to 1. We
have

(8) Sathy, - Lﬁf;mmj - o.

Since #Aij}\m =1, if j=h, and 0, 1f j ¥ h, (g) reduces so that it may be written as

(h) -ij + 21\13& =0,

Allowing j to take values 1,2,...,k, it 1s now clear that equations (h) are equivalent
to (f) for finding the extrema. In order that (h) have solutions other than zero, it is

necessary for

A“'A A‘a seecse A‘k
A21 Aaa'hooono.. Aek
(1) : - o.

oooo‘;aooooooooaooA -A
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This equation is a polynimial. of degree k, usually called the characteristic equation

of the matrix ||A}J||. It can be shown that the roots of (1) are all real®. If the
roots are all distinct, let them be A ’Aa""’Ak' The direction of the principal axis
corresponding to Ag is given by substituting r\g in (h) and solving“ for the yj,
J=1,2,...,k. Let the values of the Iy (i=1,2,...,k) corresponding to Ag be 731
(i=1,2,...,k) and let the direction cosines of the g-th principal axis be °gi (defined by
Cg1 = ygi/ 51__}'21). Hence, we have from (f)

( -A A -0, 1=1,2,..0,K
3 ygi B%, ijygj ( >

It 1s now clear that 1if ygi are solutions of (Jj), then 'ygi are solutions also. Multi-
plying the 1-th equation by ygi and suming with respect to 1, we find

2 . =
() é_—:ygi "sl%:fijyziysj %

or

2 - -
(1) gygi r\gc 0.

Therefore, the squared length of half the g-th principal axis 1is Agc. If we consider the
h-th principal axis, (g#¢h), we have

™ Yht 7 Athijyhj =0 (1=1,2,...,k).

If the 1-th equation in (j) be multiplied by yhi/)\8 and summed with respect to i, and if
the 1-th equation in (m) be multiplied by ygi/'\h and summed with respect to i, we obtain,
upon combining the two resulting equations

(n) gygiyhi/’\g - gygiyhj/'\h‘

Since Ag ’“\h’ thls equation implies that gygiyhi = 0, which means that the g-th and
h-th (g#h) principal axes are perpendicular, i. e. all principal axes are mutually per-
pendicular.

Suppose we change to a new set of variables defined as follows

"See M. BScher, Introduction to Higher Algebra, MacMillan Co., (1929), p. 170.

**For an iterative method of solving the equations, together with a more detailed treat-
ment of principal components than we can consider here, see H. Hotelling, "Analysis of
a Complex of Statistical Variables into Principal Components®, Jour. of Educ. Psych.,
Vol. 24, (1933), pp. 417-441, 498-520.
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(o) ifgiy1 - Zg (g=1,2,...,k).

Multiplying the g-th equation by 083 and using the fact that icgicgj - 61‘1 (for a set

of mutually orthogonal vectors) and summing with respect to g, we find

(p) Iy = g%;l g’

Substituting in the equation of the ellipsoid (c), we have

(q) 8%1 1%;1Aij°gichjzgzh = C.

Now it follows from the argument leading to (n) that Ai jcgichj =0, (1f géh), and
=]

i
1/A8, (1f g=h). Hence the equation of the ellipsoid in"the new coordinates 1is
2
r z
(r) i: &,
=g

The Jacobian of the transformation (p) 1is lcgil which has the value 1, as one can see by
squaring the determinant. Hence, if the (xi-ai) are distributed according to the normal
multivariate law (a), §11.3, and since (p) transforms the quadratic form (a) into (r),

then the z_ are independently distributed with variance A

g
by taking variances of both sides,

1j o
1%.,“ g1%j = "g

Summing with respect to g, and using the fact that ic c_; = 6,:, we have

i i1 i
A - A
=1 2=1 g

In other words the sum of the variances of the vy (1=1,2,...,k) 1s equal to the sum of

g But from (o) we also have,

the variances of the z8 (g=1,2,...,k). /\1,A2,...,'\k are called principal components of

‘the total variance. It will be observed that Zg 1s constant on (i-1)-dimensional planes
perpendicular to the a-th principal axis, g=1,2,...,k.

We may summarize in the following

Theorem (A): 1et y,,¥,s...,¥) be random variables distributed according to the

normal multivariate distribution

k
1
-5 Aysyyy
S h
(s) —V—ijﬁe 1, 0= dy,...dy,.

(2m)
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let the roots of the characteristic equation IAi-LMijl =0Db8A A, Ay, Lot Cg1

| o S— —— ——

(t A = C

) 1%1 1Jy1YJ ’

and let

(u) gcgiyi = 28' : (8=1,2,..4,kK).
Then

(1) The direction cosines are given b

k
cgi = ygi/g (Ygi)j

where the ygi satisfy the equations
RN

(2) The length of half the g-th principal axis is YAgc.

(3) The principal axes are mutually perpendicular.
(¥) The transformation (u) transforms the probability element (s) into

-

-1 2
(v) ‘ Qsézg/'\g
/2 e dz1...dzk.
(o) SRLPYRRRD Ay
the z g being independently distributed.
(5) all . A_, 1. e. the sum of the variances of the y, 1is equal to the sum o
: g varlances 1 équal to tne sum ol

the variances of the Zge
If two of the roots of (1) are equal, we would have an indeterminant situation
with reference to two of the principal axes. In this case, there will be a two-dimen-
sional space, 1. e. plane, perpendicular to each of the remaining principal axes ysuch
that the intersection of this plane with (c) is a circle. Similar remarks can be made
about higher multiplicities of roots.
As a simple example in multiplicity of roots, the reader will find 1t instruc-

2

tive to consider the case in which the variance of ¥y (1=1,2,...,k) 1s o and the covari-

ance between ¥y and yj is cre?. Equation (1) becomes
[02(1-9)-A 1K (02 (14(k-1)p)-A1 = O.

There are roots of two magnitudes, one being 02(1-9) with multiplicity k-1; the other
being 0-2(1+(k-1 )?) with multiplicity 1. It is convenient in this case to think of one
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long principal axis (if ?>°) and k-1 short ones all equal (although indeterminate in
direction). If 9)9, then it 1s clear that the long axis increases as k increases, while
the short axes remain the same. Thus the variance of the z (which is a linear function
of the ¥y by transformation (u)) corresponding to the longest axis increases with k.
This property of increasing variance of the linear function of several positively inter-
correlated variables associated with the longest axis, is fundamental in the scientific
construction of examinations, certain kinds of indices, etc. By continuity considera-
tions one can verify that the property holds, roughly speaking, even when the variances
(as well as the covariances) of the variables depart slightly from each other.

11.10 Canonical Correlation Theory

Let XysXpseoesXy be random variables divided in two sets 3, :(x,,xz,...,xk‘)
and Saz(xk1+1,...,xk1+k2) (k1+k2-k). We shall assume that kl S kg. Let L1 and L2 be
arbitrary linear functions of the two groups of variates, respectively, 1. e.

k

L = ;_:,1111"1’
(a)

L, = 1. x

2 p_i 2p'p°

The correlation coefficient between L, and L, (see §2.75) is given by

ip
gp‘ 11 112p

V‘Z—JA 1111”)(21\ loplaq)

where 1 and J in the summations range over the values 1,2,...,k, while p and q range over

the values k,+1, k,+2,...,k,+k,. IlAipl is the covariance matrix between the variables
in G, and those in G,; ||l\1;l ﬁ 1s the variance-coveriance matrix for variables in G,; &
similar meaning holding for ||APd||.

Now suppose we consider the problem' of varying the 111 and 12p 80 as to maxi-
mize the correlation coefficient R12 , (actually to find extrema of R,Q, among which there
will be a maximum). Corresponding to any given solution of this problem say 111, 129,
(1-1 2,...,k1; p-k +1,...,k +k ) there are infinitely many solutions of the form a.lu,

2p’ where a and b are any two constants of the same sign. To overcome this difficulty,

1t 1s sufficient to seek a solution for fixed values of the variances of L, and Le’ wﬁich,

*This problem was first considered by 'H. Htelling "Relations Between Two Sets of Variates"”
Biometrika, Vol. 28 (1936), pp. 322-377.
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for convenience we may take as 1. This 1s equivalent to the determination of the extrema
of R12 for variations of the 1,, and 12p’ subject to the conditions

1
(e) ;A 11,11,j -1, ZA Nl = 10

By lagrange's method this amounts to finding the extrema of the function

(d) b= %Aiplulep 2~ Z“i Lighig) +50- ZAP Maopleg)s
’
where A and u are divided by 2 for convenience. The 1,, and 12p must satisfy the equa-
tions
9
(e) 6_1%' 0, 1=1,2, .00,k
(f) ‘%La 2p- 0, Pk, +1,...,k,
which are
(8) ZpAiplep - A %:A1j11j = o, 1=1,2,...,k, ,
(h) ZAiplli - I‘Zquleq =0, p=kq+1,..0,K.
q

Multiplying (g) by 111 and summing with respect to (1), then multiplying (h) by 12p’

sumning with respect to p, and using (c¢), we obtain
(1) A s 2 AL
s

Therefore putting p= A 1n (h), we obtain a system of k llnear homogeneous equations in
the 111 and 12p‘ In order to have a solution not identically zero, the k-th order deter-
uinant of the equations (g) and (h) must vanish. That 1s

-,\Aij % Aiq 1
s ectecenca .,. L e ] = 0.

(3 APJ i | -AAPd

If we factor A11 out of the i-th row and j-th colum (i=1,2,...,k) and VAPP out of the
p-th row and p-th colum (p-k1+1,...,k1+k2), we find that (J) is equivalent to

(k)
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where the p's are correlation coefficients, and P11 = Ppp = 1 It can be shown" that the
roots of (k) are all real, since the determinant (k) is the discriminant of Q,1 - AQz,
where Q2 is the sum of the two quadratic forms in (¢), and hence 1s positive definite.

If the determinant in (k) is expanded by laplace's method by the first k’ colums (or
rows) 1t is clear from the resulting expansion that (k) is a polynomial of degree k,+k,
in which the lowest power of A is k —k,. Hence by factoring out A 2 k" we are left with
a polynomial f(A) in A of degree 2k,. Now any term in the laplace expansion of (k) (hy
the first k, colums) 1s the product of a determinant of order k, and one of order k,.
If the first determinant has r rows chosen from the upper left hand block of (k) , then
the second determinant will contain k, - (k,-r) rows from the lower left hand block of

k.‘ +2r
as a factor.

(k). The product of these two determinants will therefore have A 2
Therefore, by factoring A 271 from each term in the laplace expansion of (k), it is clear
that the resulting polynomial, that is f(A), will contain only even powers of A. There-
fore, the 2k roots of f(A) = 0 are real and of the form o, A ,...,Mk » where each A
is 2 0. Let Ay = Plo1) and -A; = Yo1-1 Let 1,45 1u2p’ be the solutions of the equations
(g) and (h) correspondi_ng to the root oy’ (u-1,2,...,2k1) and let 111)1’ LPP’ be the values
of L1 and L2 in (a) corresponding to the solutions 11_111 , ]uap' Remembering that po= A,

and inserting the u-th root Pry in (g) and (h), we must have

(1) ZpAipluep - By A1,y = 0, 1=1,2, ...,k

1
(m) ZPA Pt - p )Eq APY L =0, 2 S PR

Multiplying (1) by lu”_ and summing with respect to 1, and making use of the fact that

%A jle 41y = 1, we find

1
(n) ;A PLaplurs = Py = O

The first term in (n) is simply the correlation coefficient between ]1“)‘ and LhP’ and its
value 1is Pruy If u 1s even, then the correlation between ]11)1 and 1”2 is equal to that be-
tween L(u+1 ) and 'L(u-n )2 (or "L(u+1 ) and L(u+1 )2). It can be easily verified that the
correlation between Ly,yy, and L, s, (1#]) 1s zero. Hotelling has called L, and I,

the u-th canonical variates, and ?(u) the canonical correlation coefficient between the

canonical variates Iw and I‘hP Hence, the canonical correlations and therefore the roots

’M. Bdcher, loc. cit., p. 170.
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of the equation (k) lie on the interval (-1,+1). If there exists a single largest root,
it 1s the one such that when it 1s substituted in (g) and (h) we obtain solutions (1. e.
values of 1,11 and lep)’ which, used in (a), will give the linear functions having maxinmum

correlation. For further details on canonical correlation theory,the reader is referred

to Hotelling's paper.

We may summarize our results in the following

are unity. Let R,, be the correlation coefficlent between L, and L,. Then

10— S e e
(1) There are at most 2k, distinct extrema of R,, for variations of the 1,; and 1,,
in L1 and Lgf

(2) These extrema correspond to the 2k, roots of equation (k), which 1lle on the
interval (-1,+1) and are symmetrically spaced with respect to the origin.

(3) The value of R,, corresponding to the u-th root gy, of (k) is equal in value to
fhu) itself (the u-th canonical correlation coefficient).

(4) The canonical correlation coefficient between the two canonical variates corres-

—— ————— ——————  —————————————— ——————— — — —

ponding to any two numerically different values of fry) 1s zero.
The reader should note that no assumptions have been made about the distribution

function of the two sets of rendom variables, 3, and 82. We are able to maintain this
degree of generality as long as we are ~onsidering canonical correlation theory of popu-
lations. However, the statistical value of this theory may be questionable if the distri-
butions of the x's in G, and 62 departs radically from the normal multivariate law. Again
in studying sampling theory of canonical correlations, progress has been made only for the
case of sampling from normal multivariate populations. Some of the sampling results are
given in §11.11,

11,11 The Sampling Theory of the Roots of Certain Determinantal Equations

In the treatment of the theory of principal components (§11.9) and of the canon-

ical correlation theory (§11.10), it was found that the roots of certain determinantal
equations 'in which the matrices are variance-covariance matrices, played ,fundamental roles.
In testing hypotheses concerning principal components, canonical correlations and allied
topics, we are interested in the roots of the analogous equations in which the matrices

are sample variance-covariance matrices. In the following sections, we shall derive the
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distributions of the roots of several sample determinantal equationa’ when the samples
are drawn from certain special multivariate normal populations. The distribution theory
of the roots for more general assumptions has not yet been developed.

11,111 Characteristic Roots of One Sample Variance-covariance Matrix.

Let us consider a sample On:(xiu_; i=1,2,.44,k; @a=1,2,,..,n) from a normal nmulti-

variate population, whose variance-covariance matrix has one root A of multiplicity k.

The variance-covariance matrix of the population is then of the form

A0 ... O
O A ... O
0 0 ... A

and its inverse is

‘/A o L . L] 0

0 0 ... 1/A

The p. d. f. of this population 1s

1 2
1 - Exg (x4-84)
(-]

(@) ( ET[A)IE; 2

Let 84 = g(xia-’ii)(xja-'fj), where 'ii - %é_:xia' The a4 are distributed according to
1

"n-!,k(aijfxoij)’ where dij =1, 1If i=j, and = 0, if 1¥j. We are interested in finding

the distribution of the roots of

311"1 312 e o o a‘k

8, 322-1 . o 8,
(b) = 0,

B e s fgtl .

* These distributions and their derivations were first published in the papers by R. A.
Fisher, "The Sampling Distribution of Some Statistics Obtained from Non-linear Equa -
tions", Annals of Eugeniecs, Vol. 9 (1939) pp. 238-249, and by P. L. Hsu, "On the Dis-
tribution of Roots of Certain Determinantal Equations", Annals of Eugenics, Vol. 9
(1939), pp. 250-258. The derivations used in this section were developed by A. M.

Mood (unpublished).
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which is analogous to (1) §11.9. For a geometrical interpretation of these roots, the

reader is referred to §11.9.

In §11.9, 1t was shown that for a matrix I|A1'JII there 1s a set of numbers
c81 (1,@=1,2,...,k) (direction cosines of the principal axes of the family of ellipsoids

A, ;¥,7; = C) such that the transformation
= 137

gcgiyi = 28 (P‘,e,..o.k)
will yield i 2
z
(¢) Af Y7y = g ﬁ A, ;C 2.2 = -4
1%1 WS g e 1% T ey

where the Ag are roots of IAij_r\éiJI = 0. Expressing the z_ in terms of the ¥y in the

8
middle member of (c), we get

iAijyiyj = i igg,{'—zg‘iyiy‘-} .

1, =1 1,j=1 g=
Hence,
¥ car'al
Aij = A » (1,:)'1,2,...,1()0
: =1 8
In a similar manner we can find numbers Yin (1,h=1,2,...,k) to express aij as
(d) aij = é‘Yj‘h-’jhlh’ (1,J‘1’2’ooo,k)

where the lh are the roots of (b) and the Y4n &re elements of an orthogonal matrix

yg! 15 that 1s %Hh"jh =6, end hgﬂh:f’hj = 6y5- The 1, and the v, depend only on

the ay j° We can get the simultaneous distribution of lh and Yin by substituting (d4) in

LS k(en.1 j ;—}61 j) and multiplying by the Jacoblan of the transformation (d). Ordering the
2

1, so that 1, 21, 2 ... 2 L 2 0, the Jacoblan 1is

(e) (1150 (15000 (11730 (151 ) e (Y=L b0y )y

where 6(v4y) 1s & function of the v,y only, not involving 1;. This can be verified in
the following way. It is clear from (d) that the Jacobian will be a polynomial in the
lh; in fact it will be a polynomial of degree M%:ll, for there are 1-‘-%'—1—)- independent
eleménts in II'YUI lo If 1y = lj (1#3), the transformation (d) will not be uniquely de-
termined, and hence the Jacobian will be zero since when & transformation is not

(locally) unique, the Jacobian i1s zero. This fact implies that we can factor out terms
(14-1 j) (1#j). There are M]—;—'—‘—)- such terms, and when they have been factored out, what
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remains is independent of the 1h since the Jacobian is a polynomial of degree 1-(-0,:,;1)-.
Noting that

- - - A . - 2
Iaijl lg"lmlh"ljh' |8’$1’71868h 1h7jh| |'718' |6ghlh| hjhl "‘/11' h]ljilh

and that gan - g é"ihlhnh - é]‘h’ we can write the distribution of the 1h and
the 71h as

x  Dbk-2 - %x;§:11
Ty 2 e 3 TTay-1y)
(£) el 1
M-k Kk1) o .
(2a) 2 T ﬁﬂ%)

To derive the distribution of the 1h alone, we integrate (f) with respect to the vy j
over the space of the v, 3 for which |lvg jll 1s orthogonal, obtaining

nk-2 - 5571

(2) xﬂl'{h)? s 1ﬂ(l 1.)
8 11 1 ° iy 17

The constant K 1s determined by the conditlon that the Integral of (g) over
the space R of the 1h 1s unity. To find K, let us firsti deline

1

- 'é'xili ',
h o(r) = ((TT2,)" e =1 (1,-2 9T Td1,.
(h) ) gﬁi) I(lei “gi
We note that

1

(1) K= —mks, -

o(=——=)
Since ﬁli = Iaij" we have

o (K2 )

(3 E(layl )';EE:F{)—:

2

but from the Wishart distribution (see (h) in §171.4), we find that

LY
(k) E(lay417) = (eA)‘“ﬁﬂ—i__fi— .

2



204

Equating (J) to (k). and setting n = k+2, we get

s ks r'(k-pg-i +8)
(1) 3 - e e,
2

It remains to evaluate

1
- 1
bk
- 1,-1 dl,.
&) Se 1<j( 1 j)i-ﬂ 1

R

It can be verified that
§
(]
Making use of (r) in §11.5, the right hand side may be written as

il M=ty kez=tyy

© x,
S S e ™ Izg(xi—xj)

Xie—y e 'xi, 1

]K[r'(kﬂ-i)
T‘-‘dei _ 1= :
.2

w1 .
1‘_k/e
Hence
6(0) = 1=t (2a) 2 .
XT2

Using this result and equations (1) and (1), we find that

/2

K -
k(n-1) ‘
(24) 2 ﬁ Mgty eel=t)

Substituting in (g), we finally obtain as the distribution element of the characteristie

k n-k-2 - l-f{l
x nk-2 - 532 14
(24) 2 ﬁtr‘(ﬂ;)ﬂ&*—}in

=1

roots of (b)

It can be shown fairly readily by making appropriate orthogonal treansformations,
that if the sample On’(xiai i1=1,2,...,k; a=1,2,,.,.,n) is from the normal multivariate
population (a) in §11.3 for the case in which the characteristic roots of the matrix
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IA"J-Mi J' = 0 are all equal to A, say, then the characteristic roots of (b) are also
distributed according to (m).
We may summarize in the following .
Theorem (A): Let 0, :(x,y; 1=1,2,...,k; a=1,2,...,n) be a sample from & normal
multivariate population for which the characteristic roots of the variance-covariance

matrix are equal to A. Let 8y 5 (1,J=1,2,...,k) be the second order sample product sums
as defined below (a). Let 1,51,,...,1, be the roots (in descending order of magnitude)

o]

o1

lay4-16;41 = 0. The joint probability element of the 1, (i=1,2,...,k) is given by (m).
11,112 Characteristic Roots of the Difference of Two Sample Variance-covariance

Matrices.
Let us consider two samples 0n1:(x1a, i=1,2,...,k; a-1,2,...,n1) and onaz(xia,
i=1,2,,..,k; a=1,2,.4.,0,) (n1>k, n2>k) drawn from the same normal multivariate popula-
tion

VA - %31; Ay y(xq-84)(x4-84)
(a) —T—e( 75 .

Let a.gj - g(xga-ii)(xgaig), (t=1,2,). In this section, we shall derive the distribu-
u ’

=1

tion of the roots of
1 2 2
(b) le(aij""aij) - aijl - 0,

In §11.9, we have seen that there 1s a linear transformation

(C) X, - 8; = ic 4 (1‘1,2,0.0,]{)
1 1 = gi‘g
such that
z2
(d) Ags(x,-a, ) (x;-a,) = > 2B,
1%_113 BT R P
Now let
G o120
= ’ 91 2 ey
'\8 8 26 ?
l.e.
(e) xi - 31 = S-V—A;cgi"g, (1-1'2’oco’k)o

Then
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gk ﬁ:
2
- _1Aij("1'31)(xj'33) - 1Mg.

The transformation (e) when performed on the sample values gives us
- L
= gi v——cgi(wia 1) chj("ja J) i.'bijdsj-dhj (t=1,2)

where

t t
bij - Zn:("io_ 1)("&'53):
- V—cgi.

Now equation (b) becomes

1 2 _o2 - g;l 1 2 2
1 2 2
- 'dgil * Ie(bij+bij)-bijl * 'dhj’ = 0.

Clearly the roots of
1 2 32 o

are the same as those of equation (b). Note that the bg‘_ j are functions of the "?.a’ such
that each value of 1, t, and «, wia is distributed according to a normal law with zero

mean and unit variance, the wia_

no generality by assuming that Aij =1, 1f 1=j, and = 0 1f 1 ¥ j.
Under this assumption, the 8.115 j have the distribution

n.-k-2 __1_ a.t

11

(g) nt- k(aij’ 13) - k(nt-” Qlc: Y P
2 % Tklf’(———)

being independently distributed. This shows that we lose

(t=1,2).

From a theorem in algebra’ we know that there is a transformation of the ag 3 such that
(1,3-1’2’¢oc,k)

1
(h)

aij = éum%u"h,

where 6, are the roots of (b) (arranged, say, in descending order of magnitude). The Wy

*3ee M. Bdcher, loc. cit. p. 171.
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and the 6, are functions of al j and af j ; hence, their distribution may be found by sub-
stituting in

1 2
(1) Wn,-1,k(B13301 ) - W o1 (8530 )

and multiplying by the Jacobian of the transformation (h). By following a procedure
similar to that of §11.111, we can show that the Jacobian of (h) is

1 2
‘:‘Em:;%u; - I—[(ei-ej) N w(ulj)’
N U B L 06
where lll(u1 J) is a function of the uy j independent of 8- Hence, the simultaneous distri-
bution of the eh and uij is
n,-k-2 ) 2 2
K i St Eg g;(uih"uiheh)
e

'Euihujh 'h_‘uihehu;]h'
k(n,-1) k(k-1)

n, -1
2 2 w * ﬁl—'(‘%—)

n.-k-2 1 2
| }j I 2 — Eé é‘“iheh
u u e
5 1h®hUsn

k(n2-1 ) k(k-1)

2 2 w * (25

(3

i<j-1(91'ej)w(u1j)o

Noting that 'g‘uih“-eh)ujh' - 'uihl . I(1-eh)dghl . Iujhl and Iguihehujh' = 'u1h| .
lehdghl . 'ujh' we 3See that (j) factors into a function of the 8y and a function of the

n, -k-2

Uy 4
n,-k-2 1 i 2
2 n +n2-2k-14 2y Yy

e

- 2 _ 1 3=
(k) c[ﬁu ei)] []:Eei] EJ[(e1 o) v lug;l

where C 1s a constant. On integrating with respect to the uij we get the marginal distri-

J
W(Uij)’

bution of the e1

n,-k-2 n,-k-2

(1) xﬁu-ei) 2 ﬁei 2 ;[J(efej).

K 1s a constant to be determined so the integral of (1) over the range of the oy 1s unity.
Following a procedure similar to that used in determining K in §11,111, we evaluate K in
(1) and obtain as the distribution element of the €,
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n,+n,-1-1 n1 -k-2 n,-k-2

1
/2 r'(""—'——— [k[ 4
(m) I_‘E I-.(n T 2-1 rk-m (1-04) ﬁei -E&[ (8- °.1)‘|]‘r °1

It should be emphasized that distribution (m) holds for the roots of (b) where
the ai j and the ai‘_] are any two sets of random variables distributed independently ac-

cording to the Wishart distributions
1, 2,
(n) "n1-1,k(aij’Aij) ’ "ne-l,k(aiJ’Aij)’

where n, and n, are both > k. In fact, we may summarize our results in

Theorem (A): Let al j and e.f i be independently distributed according to the
Wishart distributions (n). Let e,, 8,500058, (indescending order) be the roots of the
equation Ie(ah-c-afj)-afjl = 0. Then the joint probability element of the &, (i=1,2,....k)
1s given by (m), where the renge of the o's 1is 136,26,2...26 >0.

11.113 Distribution of the Sample Canonical Correlations.

Corresponding to the population canonical correlations discussed in §11.10,

there are canonical correlations of a sample. In this section, we shall determine the
distribution of the sample canonical correlations when the smaller set of variates has a
normal multivariate distribution independent of the other set.

Consider a sample On:'(xuq; u-1,2,...,k1+k2; a=1,2,...,n) from a population where
the first k1 variates have a normal distribution and the remaining k2 variates are dis-
tributed independently of the first k1 (k1§‘2)' Let

a, v -g(%d-}.u‘(xvc—;v)) (u,V—1,2,...',k1+k2),
The canonical correlations of the sample are defined as the roots of

-1aij L aiq (1:j“1:2,-°-;k1:

(&)  preeeeeee s
ap“] : -1apq p’Q'k1+1J-'-;k1+k2).

Multiplying each of the first k1 colums by 1 and then factoring 1 out of each of the last

k2 rows, we see that (a) is equivalent to

B R s _
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-k
except for a factor of 1 2 71 since we are not interested in the roots which are

identically zero, we shall confine our attention to the roots of (b).

Let aPd be the element corresponding to a_. in the inverse of |la_ ||

Pq Pq
(p,q-k,+1, ...,k1+k2). After multiplication on the left by
|k, k
é i _SI a, aTP ‘
(c) hi ; = 1* hr
0 ' a%P

equation (b) becomes

k,+k ' k
2 ey | S <,
1 + 8- g ! é. .8 . a
*nj p,r= 1+1&h" PJ 1= hi"1q” p, =k, Tiohr
(a) e
k.+k : k. +k
o -
a 1] 4 +8a
= 1+1 apj % P= 1+1 Pa

(h-=1,2,...,k1; r,s-k1+1,...,k1+k2).

Since each member in the upper right hand block is 0 and since each element in the lower
right hand block 1s dsq’ (d) can be reduced to

+k
(e) [-12 a’hj “ahrarpapjl = 0.

The roots of (e) (which are also roots of (b)) are the sample canonical correlation co-

efficients. let the squared roots (in descending order) be lf,lg,...,lﬁ . We observe
1

that

o | ey,
8hr® "8py = - '
p,r=K, +1 Pj | apr |

where, in the determinsnts on the right, h and j are fixed but p,r = k1+1,...,k,+k2.
Let this value be bhj' If we consider the Xp g la=1,2,...,n; D =ky+l,...,ki+k, )

fixed with Ila || positive definite, then aij and b13 are bilinear forms in Xyq and
jr! (a,p = 1,2,...,n, 1,j=1,2,...,ky); 1. e., ai,] may be written as iﬁanxia ip’
where HGapH is of rank n-1, and bij may be written as i H, xia P where | IH B” is
G3=1

of rank k,, Hqp being a function of the fixed x
forms in the x,, and X5

pa’ aij and biJ are, therefore, bilinear

P having matrices which do not depend on 1 and j. By Cochra.n"s



270 . AN DUCTION TO MULTIVARIATE ST 11,11

Theorem, we know that there 1s a transformation which applied to the X would make
k

=l 2 2
& 'gym’ by, 'gym'

Applying this same transformation to each set we get

i k
8y = ;z_:ymyja' byy= gyiayja'

The y's cre normally and independently distributed with zero means and equal variances.
Thus (e) may be written in the form

where ¢y j= 8y j'b1 j ; the ¢y j and by j being independently distributed according to Wishart
distributions wn-k2-1,k1(°1j5Bij) and wke,k1(b1j5'Bij)' where HBiJ” 1s some positive
definite matrix.

Therefore, 1t follows from the results of §11.113 that the square of the roots
of (e) (1. e. the square of the canonical correlation coefficients) have the distribution

(m) where n, = n—kg, k=k1 and n, = k2+1 . That 13, the distribution is

K rest . n-le,-ky2 . Kyoky-1 .
(8) : Tj T, 1r 2+1 1)[—1: e ]j(""i ﬁ"i ¢ Ia“’i‘%”ij“v

where 6 = li, i=1,2,. ..,k1 .
We may summarize our results in
Theorem (A): Let 0 (X445 1=1,2, .00,k 4Ky k1ska5 a=1,2,.,,,n) be & sample
from & population in which the first k, varlates are distributed according to & normal
multivariate distribution, but independently of the remaining k2 variates (which may have

any arbitrary distribution or may be "fixed" variates). Let 8.y (u,v=1, 2,...,k +k ) be

the second order sample product sums as defined above (&), and let 12 2,... ,lk be the

squared roots (squared canonical correlation coefficlents) of equation (b). _Tm joint

distribution element of the 1I, (i=1,2,...,k,) i3 given by (g) where 6, = 12, and where

2 2\ 2 2
the range of the 1°'s is such that 12112122...21‘k 20.
1
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extension to several fixed
variates, 199

Analysis of covariance table, 198
Analysis of variance, 176

for incomplete lay-outs, 195

for Graeco-latin square, 192

for Latin square, 189

for randomized blocks, 180

for two-way layout, 180

for three-way layout, 186

multivariate extension of, 250
Average outgoing quality limit, 223
Average quality protection, 223
Beta function, 75
Binomial distribution, 47

Bernoulll case, 49

moment generating function of, 48

negative, 56

Poisson case, k49

Binomial population, confidence limits
of p in large samples from, 129

Borel-measurable point set, 10
Canonical correlation coefficient, 259

Canonical correlation coefflcients,
distribution of, in samples, 270

Canonical variate, 259

C. d. f. (cumulative distribution
function), 5

Central 1limit theorem, 81

Characteristic equation of a varlance-
covariance matrix, 254

Characteristic function, 82
Characteristic roots

of difference of two sample variance-
covariance matrices, distribution
of, 268

of sample variance-covariance matrix,
distribution of, 264

Chi square distribution, 102
moment generating function of, 74
moments of, 103
reproductive property of, 105

INDEX

Chi-square problem, Pearson's original, 217
Cochran's Theorem, 107
Complete additivity, law of, 6

Component quadratic forms, resolving
quadratic into, 168

Conditional probability, 15
Conditional probability density function, 17
for normal bivariate distribution, 62
for normal multivariate distribution, 71
Confidence coefficient, 124
Confidence interval, 124
Confidence limits, 124
from large samples, 127
graphical representation of, 126

of difference between means of two normal
populations with same variance, 130

of mean of normal population, 130

of p in large samples from binomial
population, 129

of range of rectangular population, 123

of ratio of variances of two normal
population, 13

of regreasion coefficlents, 159

of variance of normal population, 131
Confidence region, 132
Confounding, 186
Contagious distribution functlon, 55
Consistency of estimate, 133
Consumer's risk, 222
Contingency table, 214

Chi-square test of independence in, 216

likelihood ratlo test for 1ndependence
in, 220

Continuous distribution function,
bivariate case, 10

univariate case, 8
Convergence, stochastic, 81
Correlation coefficient, 32

between two linear functions of random
variables, 34

canonlcal, 260
canonical, distribution of, 270
distribution of, 120
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Correlation coefficient (con't)
multiple, 45

multiple, distribution of, in samples

from normal multivariate popula-
tion, 2uk

partial, 42
Covariance, 32
analysis of, 195

between two linear functions of
random varilables, 34

Critical region of a statistical test, 152

Cumulative distribution function,
bivariate case, 8
k-variate case, 11
continuous case, 10
continuous, univariate case, 8
discrete, bivariate case, 10
empirical, 2
mixed case, 11
postulates for, bivariate case, 9
postulates for, k-variate case, 12
postulates for, univariate case, 5
univariate case, 5

Curve fitting,
by maximum likelihood, 145
by moments, 145

Curvilinear regression, 166

Difference between two sample means,
distribution of, 100

Difference of point sets, 5
Discrete distribution function,
bivariate case, 10
univariate case, 7
Dis joint point sets, 5
Distribution function,
binomial, L7
contagious, 55
cumulative, bivariate case, 8
cumulative, univariate case, 5
dlscrete, univariate case, 7

1imiting, of maximum likelihood esti-

mates in large samples, 138
marginal, 12
multinomial, 51
negative binomial, sk
.normal bivariate, 59
normal multivariate, 63

Distribution function (con't)

normal or Gaussian, 56
of canonical correlation coefficients, 270

of characteristic roots of difference of
sample variance-covariance matrices, 268

of characteristic roots of sample
varlance-covarliance matrix, 204

of correlation coefficlient, 120 v

of difference between means of two samples
from a normal population, 100

of exponent in normal multivariate popula-
tion, 104

of Fisher's z, 115

of Hotelling's gencralized "Student" «
ratio, 238

of largest variate in sample, 91

of 1ilkelihood ratio for generallized "Student”
statistical hypothesls, 238

of linear function of nomaliy distributed
variables, 99 v~

of means in gamples from a normal bivariate
population, 100, 101

of means in samples from a normal multi-
variate population, 101 «

of median of sample, 91 v~

of multiple correlation coefficient in .
samples from normal multivariate popula-
tion, 24k

of number of correct matchings in random
matching, 210

of number of trials required to obtain a
given number of "successes", 55

of order statistics, 90
of range of sample, 92

of regression coefficients, k fixed variates,
162

of regression coefficients, one fixed v
variate, 159

of runs, 20!

ofssample mean, limiting, in large samples,
1

of second order sample moments in samples
from normal bivariate population, 116

of smallest variate In sample, 91
of Snedecor's F ratio, 114 v~
of "Student's" ratio, 110

of sums of squares in samples from normal
population, 102

of total number of runs, 203
Polsson, S2
Polya-Eggenberger, 56

Type I, 76
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INDEX

Distribution function (con't)
Type III, 72
Wishart, 120
Wishart, geometric derivation of, 227

Distribution functions, Pearson system
of, 72

Efficiency of estimates, 134
Equality of means,
of normal populations, test of, 176

test for, in normal multivariate popu-
lation, 238

Estimation,
by intervals, 122
by points, 133
Estimates,
consistency of, 133
efficiency of, 13k
maximum likelihood, 136
optimum, 133
sufficlency of, 135
unbiased, 133
Expected value, 28
Factorial moments, 20k
F distribution, Snedecor's, 11k
Fiducial limits, 126
Finite population, sampling from, 83
Fisher's z distribution, 115
Fixed Variate, 16
Gamma function, 73
Gaussian distribution function, 56
Generalized sum of squares, 229
Graeco-latin square, 190
analysis of variance for, 192
Gram-Charlier series, 76
Grouping, corrections for, 9k
Harmonic analysis, 166
Hermite polynomials, 77

Hotelling's generalized "Student"
ratio, 238

Incomplete lay-outs, 192
Independence,

linear, 160

in probability.senae, 13

of mean and sum of squared deviations
in samples from normal population, 108

of means and second order sample moments
in samples from normal bivariate
population, 120

Independence (con't)

of means and second order moments in
samples from normal multivariate
population, 120, 233

of sets of variates, test for, in normal
multivariate population, 22

mutual, 14
statistical, 13
Inspection, sampling, 220
Interaction,
first order, 181
second order, 18k
Jacobian of a transformation,
for k variables, 28
for two variables, 25
Joint moments of several random variables, 31
lagrange multipliers, 97
Laplace transform, 38
Large numbers, law of, 50
large samples, confidence limits from, 127
lLargest variate in sample, distribution of, 91
Latin square, 186
analysis of variance for, 189
complete set of, 191
orthogonal, 190
Law of complete additivity, 6
Law of large numbers, 50
least square regression function, 4k
varlance about, kk
least squares, 43
Likelihood, 136
Likelihood ratlo, 150
Likelihood ratio test, 150
in large samples, 151

for equality of means in normal multivariate
populatieons, 238

for general linear regression statistical
hypothesis for normal multivariate
population, 247

for general normal regression statistical
hypothesis, 170 .

for independence in contingency tables, 220

for Independence of sets of varlates in
normal multivariate population, 2k2

for "Student" hypothesis, 150

for the statistical hypothesis that means
in a normal multivariate population have
specified values, 235
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Limiting form of cumulative distribu-
tion function as determined by
1imiting form of moment generating
function, 38

Linear combination of random variables,
. mean and variance of, 33

Linear combinations of random variables,
covariance and correlation coef-
ficlent between, 34

Linear functions of normally distributed
variables, distribution of, 99

Linear independence, 160
Linear regression, 40
generality of, 165

Linear regression statistical hypothesis,
likelihood ratio test for, in normal
multivariate populations, 247

Lot quality protection, 223

Marginal distribution function, 12

Matching theory,
for three or more decks of cards, 212
for two decks of cards, 208

Matrix, 63 .

Maximum likelihood, curve fitting by, 145

Maximum likelihood estimate, 136

Maximum likelihood estimates,
distribution of, in large samples, 138
of transformed parameters, 139

Mean of 1ndependent random variables,
moment generating function of, 82

Mean value, 29

of linear function of random
variables, 33

of sample mean, 80
of sample variance, 83
Means,

distribution of difference between, in
samples from normal population, 100

distribution of, in samples from & norma

bivariate population, 100

Moment generating function (con't)
of normal bivariate distribution, 60
of normal distribution, 57
of normal multivariate-distribution, 70
of Poisson distribution, 53

of second order moments in samples from a
normal bivariate population, 118

Moment Problem, 35
Moments,
curve-fitting by, 145
factorial, 204
Joint, of several random variables, 31
of a random variable, 30
Multinomial distribution, 51
moment generating function of, 51
Multiple correlation, k2

Multiple correlation coefficient, distribution
of, in semples from normal multivariate
population, 244

Negative binomial distribution, 54
moment generating function of, 54

Neyman-Pearson theory of statistical tests,
152

Normal bivariate distribution, 59

conditional probability density function
for, 62

moment generating function of, 60
regression function for, 62
distribution of means in samples from, 101

distribution of second order moments in
samples from, 116

independence of means and second order
moments in samples from, 120

Normal distribution, 56
moment generating function of, 58
reproductive property of, 98

1 Normally distributed variables, distributior

of linear function of, 99

distribution of, in samples from a normal Normal multivariate distribution, 63

multivariate population, 101
Median of sample, distribution of, 91
M. g. f. (moment generating function), 36
Moment generating function, 36
of binomial distribution, 48
of Chi-square distribution, 74

of mean of independent random
variables, 82

of multinomial distribution, 51
of negative binomial distribution, sk

conditional probability density function
for, M

distribution of exponent in, 104
distribution of subset of variables in, 68
moment generating function of, 70
regression function for, 71
variance-covariance matrix of, 68

Normal multivariate population,
distribution of means in samples from, 101

distribution of multiple corrglation
coefficient in samples from, 2uib
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INDEX

Normal multivariate population (con't)

distribution of second order moments
in samples from a, 232

general linear regression statistical
hypothesls for, 247

generalized "Student" test for, 234

independence of means and second
order moments in samples from, 120, 233

test for independence of sets of
variables 1in, aui»

Normal multivariate populations, test
for equality of means in, 238

Normal populatlon,

distributicn of
from, 100

distribution of
samples from,

independence of
devliations In

Normsl populations,

distribution of Jdlf'ference between means
in samples from, 100

test of equality of means of several, 170

means 1n samples

sumg of squares in
100

mean and sum of squared
samples trom, 108

Normal regression, 149

fundamental theorem on testing hypethesis
in, 170

k fixed variates, 160

15

150

one fixed variate,
Nuisance parameters,
Null hypothesls, 1hy
Optimmm estimate, 133
Order atatistics, fo

distrituticn the ry of, 89

Ordering within aamules, teat for randonmess
of, »o7

Parallelogran,
Parallelotope, voligne off, 208

e or,

Partial correiaticn, b
coefficlient, i~

P. d. f. (probatility density function), &
Pearson system ot dlstrivutlicn “unctiong, e
Pearson's oripginal Chi-square prol lem, 217

Point set,
difference, -
product., 9
sum, 5
Poisson distribution, =5~
moment generating fHmetlion of, 43

Polya-Eggenberger distribution, 55

Population parameter, admissible set of
values of, 147

Population parameters,
interval estimation of, 122
point estimation of, 133
Posltive definiﬁe matrix, 63
Positive definlte quadratic form,
k variables, 63
two varianbles, 59
Power curve of a statistical test, 154
Power of a statistical test, 152
Principal axes, 292
dircction cosines of, 256
relatlve lengths of, 256
Principal components of a varlance, 255
Probabllity, conditional, 15
Probabllity density function, 8
bilvariate case, 1
17
Probability element, 8
Probable error, 58

conditlonal,

Producer's risk, 222
Product of point sets, o
Quadratic form,

positive definite, 59

resolving, into component quadratic
forms, 168

Quality control, statistical, 221
Quality 1imit, average outgoing, 223
Quallity protectlon,

average, #2023

lot, 223
Randomired blocks, 177
Randorness, 2

Randommess of ordering within samples,
teat, for, 207

Random sample, def'inition of, 79
Random variable, definition of, 6
Range of sample, distribution of, 92
Rectangular population,

confidence 1limits of range of, 123

distribution of range In samples from &, 92

Regregsion, bo
Represslon coefficlent, Lo
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