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PREFACE AND EXPLANATORY REMARKS

. Social sciences for a long time were considered, and frequently
still are considered, Lo be definitely distinet from the natural sciences.
Yet the fundamental objcct of study in the social scicnees is man, a
form of animal, and therefore an object of study of natural science.
Human behavior, which is the determining factor in many, if not in
all, social relations, is the object of study of psychology- -that is, of
a natural science. The emument ccologist W. €. Allee chooses the tol-
lowing subtitle for his book on animal aggregations:'™ “A Study in
General Sociology.” With good reason, sociology may be considered
as a very special branch of ecology. The latter is defined as the study
of the interaction hetwcen organisms and their environment. This
environment, however, consists to a lurge extent of other organisms.
The object of social scicnces is the study of the mmteraction of indi-
viduals or of groups of individuals with other individuals or groups.
The latter are part of the environment of the former.

Mathematics has been a most immnortant tool in the older natural
sciences—the physical sciences. For the younger biological sciences
its use on a lurger scale has been introduced only within the last few
decades. Mathematics in biology is, however, rapidly establishing it-
self. A number of hooks® in the ficld of mathematical biology and the
existence of a journal devoted to that ficld® clearly demonstrate the
advances mado,

If we consider social seicnces as part ol biological scienees, then
it is only natural to introduce mathemsatical methods into the former.
1t is also natural, however, to exnect cerious objections to such an in-
troduction, objeciions similar to those which were made in the past
towurds the intrcduction of mathematies into biology. It may be
claimed that the social phenomena are so complex that any mathe-
matical treatment, with ils necessary oversimplifications, is and will
remain impossible. It also may be claimed that social relations and
social concepts are fundamentally of a qualitative nature and there-
fore are not amenable to mathematical treatment. Let us consider
the two objections separvately.

There is a great difference between the statement made by mathe-
malticians that all algebraic equations of fifth degree cannot be solved
by radicals and the statement that mathematics cannot be success-
fully applied to social phenomena. The first statement is a necessary
conscquence of a set of axioms and postulates on which modern alge-
bra is based. It i1s a statement which can be proved with mathemati-

* In this book all numbered references are given at the end of each chapter.
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MATHEMATICAL THHEORY OF HUMAN RELATIONS

cal rigor. It is not a mere opinion on the subject, and on that subject
there are not, and cannot be, two different opinions. An attempt on
the part of any person to solve a general fifth degree algebraic equa-
tion by radicals would merely indicate a complete ignorance of higher
algebra.

The statement that social phenomena (or for that matter, any
given phenomena) are not amenable to mathematical treatment is in
essence an opinion, based on the fact that hitherto no successful ap-
plication of mathematics to social phenomena has been made. While
no one can deny this fact in the past, it is legitimate to challenge such
a pessimistic extrapolation into the future. History of scicnce has
seen so many cxamples of such negativistic opinions that no scientist
can take them too seriously. The complexity of social phenomena will
tax the ingenuity of the mathematician, but there are no indications
whatsoever that above a certain degree of complexity phenomena be-
come refractory to the mathematical method. Mathematics is not a
dead science. It discovers more and more new methods to cope with
difficult and complex problems.

It may be correctly remarked that the more optimistic opinion
regarding future uses of mathematics in social sciences is also nothing
but a statement of belief. We concede this point, but we remark that
this more optimistic opinion not only is supported by the history of
natural sciences, but also leaves the door open for further attempts
at new developments instcad of closing it forever.

Now let us consider the objeetion that social phenomena are essen-
tially qualitative in naturc and therefore are not amenable to mathe-
matical treatment. Again, we must concede that not only in social
sciences, but also in some natural sciences, we sometimes deal with
rclations of a qualitative nature. Mathematics, however, can fre-
quently be used in such cases also. Such branches of mathematics as
Boolean algebra or topology may well be said to deal with qualitative,
rather than quantitative, relations. The usefulness of Boolean alge-
bra in the theory of some ncuropsychological phenomena has been
demonstrated.* DBut in the ficld of social sciences we observe such
varied phenomena as, for example, the distribution of national in-
comes in different countries, different incidence of crimes, different
divorce rates, different kinds of shifts between urban and rural popu-
lations, different incidence of inventions, ete. Those are definitely of
a quantitative nature. Using statistical methods, we may empirically
establish some mathematical rclations between various quantities
mentioned above. The natural scientist, however, does not remain
satisfied with quantitative empirical relations. He attempts to derive
those relations from a set of quantitatively formulated postulates, and
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thus to build a systematic theory which not only cnables him to de-
scribe correctly already known quantitative relations, but also to pre-
dict new relations which have not yet been observed.

Thus an objection to the use of mathematical methods in social
sciences based on the allegedly qualitative nature of social phenomena
would indicate both a lack of knowledge of more qualitative branches
of mathematics :nd a disregard for a large array of quantitative so-
ciological facts.

There remains, of course, the possibility for some students of
social phenomena to say merely that they are not interested in any
“mathematical theorizing” and that such theorizing does not even
constitute social science. Nothing can be said against such an atti-
tude which amounts to a narrower definition of the domain of social
sciences. Like any other definition, such a definition is perfectly legiti-
mate, although also purely conventional.

Quantitative studies arc not new in social sciences. They are
found to some extent in & very large number of books on sociology.
Of all such stadies one should reccive special mention in connection
with the present work. We refer to P. Sorokin’s® “Social and Cultural
Dynamies,” which is particularly permeated with the quantitative
spirit characteristic of natural sciences. Tt has been objected that the
data used by Sorokin are not always reliable and that therefore his
quantitative conclusions are of doubtful value. Such an objection,
however, misses the point entirely. In the early development of phys-
ics, the data used were also erude and frequently unreliable. But they
gave some crude quantitative 1dea about different phenomena. The
law of Dulong and Petit, stating that the molar specific heat of solids
is a constant, is an example of such a crude set of data. We know now
that it holds in a very limited range of temperature, and at that only
as a rough approximation. No one would usc that “law” now when
we have the much more exact equation of Debye. But no one will also
deny the useful role that law played in physics.

What has been hitherto lacking in social sciences is a systematic
development of a mathematical theory which would enable us to dervive
rarious known quantitative relations. S. C. Haret’s" “Mécanique So-
ciale” has been doomed to failure, in our opinion, because of a too literal
imitation of physics. The tremendous achievements which physics has
made through the use of mathematical methods indicates the useful-
ness of following the same method in other sciences—in particular, in
sociology. Dut the imitation of the method does not mean a literal
imitation of form. While, as we shall attempt to show in this book,
there is every reason to justify the use of mathematics in sociology,
there is no reason whatsoever to justify the assumption that the mathe-
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MATHEMATICAL THEORY OF HUMAN RELATIONS

matical equations which govern social phenomena are of the same
form as the equations of Newtonian mechanics, as Haret postulates.
Even in different fields of natural sciences entirely different branches
of mathematics are used. Haret imitates the physical sciences in the
letter rather than in spirit.

In the present volume the author attempts to outline a system of
mathematical sociology in the spirit of mathematical physics and
mathematical biology. As we have seen above, objections to such an
attempt cannot be considered valid. But any statement in favor of
such an attempt must remain just as invalid until the success of the
attempt is proved by actual demonstration. An attempt at such a
demonstration is made here. The task which the author undertakes
is a difficult one, and he is well aware of the fact that others could
do the same thing in a much better way. Someone, however, has to
start a new field despite the fact that the first attempt is likely to be
full of shortcomings, as is actually the case with the present book.

To facilitate critical reading and better understanding of the
book, let us briefly review the most important shortcomings.

A mathematician is likely to find the mathematics used here too
elementary to arouse his interest. On the other hand, a person with
only a reading knowledge of mathematics is apt to feel the presenta-
tion is too short and therefore difficult to follow. Striking the golden
middle, if such a golden middle exists, is a difficult task, and the au-
thor is ready to concede that he has not achieved it successfully.

It is a bad policy to begin a book with relatively complex and dif-
ficult mathematics and continue it with the use of much simpler meth-
ods. However, this is what the author is doing. The first two chapters
involve some knowledge of integral equations, a knowledge which
many readers may not possess although they may be well equipped
to understand most of the relatively simple mathematics throughout
the rest of the book.

In the first chapter the author establishes some general mathe-
matical relations which are likely to describe the structure and be-
havior of a society. Those relations are sometimes in the form of in-
tegral equations. Since the actual solution of such equations is diffi-
cult and at times impractical, the author resorts in chapter iii to a
drastic approximation which reduces the problems to ordinary differ-
ential equations. Logically, the presentation of the general problem
at the beginning is justified. Didactically, however, it might have been
better to present the approximate treatment first and then at the end
to formulate the problem in all its generality. One excuse for follow-
ing.the method accepted by the author is that although the notion of
integral equations is used as early as page 5, nevertheless no actual
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solution of any integral equation is attempted in either of the first
two chapters. Moreover, the discussions on pages 3 and 4, which re-
quire only elementary knowledge of integral calculus, lead rather nat-
urally to the discussions on the following pages, and any reader with
the knowledge of integral calculus is not likely to experience any dif-
ficulty. It may be added that a less mathematical reader may skip the
first two chapters if necessary.

The various relations established in chapter i give a general
mathematical description of some social phenomena, such as distri-
bution of some activity among individuals of a society, formation of
social groups, spatial distribution of individuals, and occurrence of
possible instabilities of a society. These equations are, however, of
little practical value, partly because of the generality of their formu-
lation, partly because of the mathematical difficulties involved in their
solution. Chapter ii is essentially a continuation of chapter i. An at-
tempt is made here to illustrate how some sociological quantities
which cannot be measured directly can in principle be indirectly com-
puted. But again the discussion remains on a rather abstract level.
The rather abrupt ending of both chapters i and ii also is a decided
shortcoming in the presentation.

In chapter iii the author introduces an approximate method which
at once avoids the use of integral equations and even of more simple
integral expressions. This approximate method is used throughout
most of the book. Although the author emphasizes that a sharp divi-
sion of a society into ‘“active” and ‘“‘passive” individuals is only an
artefact, used for mathematical expediency, the reader may perhaps
gain the impression that the assumption of such sharply defined class-
es is an essential sociological postulate used by the author. That this
is not so is demonstrated in chapter iv, where it is shown that results
essentially similar to those of chapter iii are obtained by considering
a much more realistic case, in which various characteristics of indi-
viduals vary continuously and where no sharp distinction between
classes exists. The discussion of chapter iv does not, however, dispose
of all the objections which may be raised to chapter iii. First of all,
only one of the cases treated by the approximate method in chapter
iii, namely, the case of constant coefficients of influence, is generalized
in chapter iv. Second, the introduction of the threshold quantity 4
(page 36) leaves the generalization rather unsatisfactory. The elimi-
nation of the quantity 4 and the extension of the method of chapter
iv to other cases treated in chapter iii is definitely needed. A further
serious shortcoming of chapter iii is the limitation of the treatment
to only two active classes. An extension to any number should be
made. The author is happy to state that between the time when the
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manuscript of the book went to the printer a year ago and the time of
the writing of this preface, a large portion of the above-outlined pro-
gram has actually been accomplished and is awaiting publication in
its turn.

Returning again to chapter iii, legitimate objections may be
raised to the rather simple assumption of linearity which leads to
equations (2) and (3). 1t may be more natural to assume that the
frequency of interaction between active and passive individuals is
proportional to the product of their respective numbers. This would
lead to non-linear equations, with possibly very different results. The
only justification for the assumption of linearity is its simplicity—
an argument frequently honored in mathematical sciences. Further
studies must, of course, include possible non-linear cases.

Another shortcoming of chapter iii should also be mentioned. The
reader may gain the impression that the behavior of a social group
will change only if a, or ¥, changes. This, of course, is not so, because
inequalities (8) and (9) may be reversed by varying the coefficients
a,, ¢, and «. Although most readers will see this, a more explicit
statement to that effect should have been made in the text.

As pointed out at the beginning of chapter v, the reader is likely
to be puzzled by the crude economic concepts introduced there, in spite
of the existence of much more developed mathematical theories of
economics. This, as explained, is due to the desire to emphasize the
social aspects rather than the purely economic ones. The chapter sug-
gests a mathematical description of some simple socioeconomic rela-
tions. The author, however, is fully aware that it is probably the
weakest chapter in the whole book.

The first section of chapter vi deals with an extension of some
considerations of chapter v, and suffers essentially from the same
defects. The second section introduces a new approach, which is also
used later in chapter xix. The main objection to that part of the chap-
ter is its sketchiness and lack of further elaboration.

At the end of chapter vi the author gives what may be consid-
ered the first “application” of the theory. After outlining a general
program for a mathematical study of some economic relations, he de-
rives an approximate expression for the per capita incomes of differ-
ent countries and compares the calculated values with available data.
Many readers will undoubtedly be appalled by the crudeness of the
derivation. Although the author points out that equation (43) is de-
rived only as an illustration, this should be emphasized much more
strongly. .

From a set of postulates we may develop a theory and then com-
pare the quantitative consequences of the theory with observations in
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order to see whether our postulates lead to correct predictions. In
such a case the derivation must be sufficiently rigorous and the ob-
servations reliable. However, if we have a field in which such a pro-
cedure has not been used before, we may wish, even before develop-
ing a sufficiently complete theory, to give an example of what kind of
relations a theory may predict and what sort of data may be needed
for comparison with the theory. It is with such a purpose in mind
that the author derives equation (43) of chapter vi and some other
equations in subsequent chapters. The crudeness of the derivation is
then somewhat justified. In all such cases the author is also fully
aware of the inadequacy of the data he used, and he did not make any
special effort to select critically the best data available. These Te-
marks also must be kept in mind when reading chapters vii, x, and
xvii, where other expressions are derived and compared with obser-
vations only for the purpose of illustrating the general method.

The presentation of chapter viii is somewhat too condensed. It
might have been wiser to explain in detail the reason for studying
situations in which the effort of individuals to achieve a certain goal
decreases with cumulative success in the past. Psychologically, how-
ever, such a situation is rather plausible. The same objections which
were raised with regard to chapter iii hold for this chapter.

Chapter ix outlines a possible quantitative treatment of the con-
cept of individual freedom. Two cases are discussed, as an illustra-
tion only. Many other possibilities, of course, are present. The gen-
eral conclusion that individual freedom, as defined in that chapter,
decreases with increasing number of individuals seems to lead, as
pointed out to the author by Dr. A. Rapoport, to a peculiar paradox.
An individual confined to a solitary cell in jail is deprived of his free-
dom and yet is also removed from contact with other individuals. It
must be remembered, however, that no individual lands in jail with-
out first coming into some kind of conflict with other individuals.

Much of what has been said about chapter vi can be said about
chapter x. The assumption expressed by equation (4) certainly does
not correspond to actual facts. This objection, may be overcome by
considering, instead of per capita production, per capita satisfaction,
as discussed it chapter vi. An individual will then move either to the
city or to the country, depending on where his satisfaction will be
greater. The satisfaction s is, in general, a function not only of p, or
P, , but also of other factors which will enter as parameters 4; . In-
stead of equation (4) we then shall have

su(pu » jri) =3r(pf’ zi)v
where s, and s, are different prescribed functions. The same remarks
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may be made about chapter xi.

In chapter xii an attempt is made to derive the distribution of
city sizes on a different basis. The derivations are rather involved,
and the results none too definite. The approach could stand a great
deal of improvement.

Chapter xiii is decidedly too sketchy. It may, perhaps, create the
impression that the mechanism of history suggested there necessarily
follows from any general mathematical theory. The author empha-
sizes, however, that this is not so, and that other mechanisms may be
conceived.

Chapters xv and xvi suffer from diametrically opposite defects.
In the former, the mathematical treatment is too simple and hardly
corresponds to reality. In the latter it is too involved and suffers from
lack of elegance. Instead of studying several special cases, a general
solution should have been given, if possible.

All that has been said above concerning section II of chapter vi
must be said again about chapter xvii. All examples treated there are
to be considered as illustrations only. In the subsequent development
of the theory, the general method used in chapter xvii could be ap-
plied, however. Instead of using relation (1), which does not corre-
spond to facts, the relative values of x, and y, could be computed from
a comparison with appropriate observations of different relations
which contain those values.

Chapters xix and xx lead to some interesting consequences. How-
ever, as the author emphasizes there, those consequences are obtained
only with the particular set of assumptions made. A change in any
of those assumptions may change the results. If, after reading chap-
ters xix and xx, anyone “jumps at conclusions,” he does so at his
own risk!

The concept of satisfaction function seems to be very useful in
the mathematical theory of social behavior. Following the approach
suggested in chapter xix, Anatol Rapoport has obtained very inter-
esting results in the theory of motivational interaction of two indi-
viduals.” In a still unpublished paper Anatol Rapoport and Alfonso
Shimbel show that animal behavior can also be described in terms of
a satisfaction function, the form of which could be determined by
properly designed experiments.

The discussion of chapter xxi is again intended primarily as an
illustration of a possible quantitative approach to history. The sug-
gested assumption of a connection between the original distance of:
migration of a population and the number of active individuals i in it
cannot, of course, be accepted in this simple form. From such an as-
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sumption we would expect the largest percentage of active individu-
als among such peoples as Eskimos or American Indians. There is a
possibility, however, that while the assumed connection exists, other
factors not yet known upset it in some cases.

_ The lasi two chapters deal with the mechanism of physical con-
flict between social groups, and contain an outline of a possible mathe-
matical theory of war. In its present form the theory is oversimpli-
fied. Further mathematical developments, however, should enable us
lo treat many aspects of war, using available material such as, for in-
stance, Quincy Wright's “A Study of War.”"

After reading all the sclf indictment above, anyone may legiti-
mately wonder why the book has been published at all. Let us look
at some positive sides of it.

It is shown how the structure of a society and the behavior of its
members can be mathematically described in terms of integral equa-
tions. It is shown how social groups or classes are formed within a
society and equations are derived which determine the size and num-
ber of such groups. It is shown how the interaction of these groups
determines the behavior of a sociely as a whole, and it is shown that
this behavior may change either gradually or suddenly, in a revolu-
tion-like manner. Equations are derived for the time intervals be-
tween such sudden changes and for the speed of the changes, and the
calculated values are found to be of the same order of magnitude as
some observed ones. Mathematical relations are derived which gov-
ern the physical conflict between social groups. The outcome of such
conflicts is shown to depend not only on purely physical factors, but
also on such psychological factors as morale. A theory of “breakdown
of morale” is suggesied.

it is shown how mathematical relations could be derived for such
diverse sociological quantities as national incomes, sizes of cities, ra-
tio of urban to rural population, crime incidence, divorce rates, war
expenditures, and cultural productivity. Each case is illustrated by
actual examples.

IL is for the reader to decide to what extent all this compensates
for the shortcomings of the book.

The author wishes to express his thanks to all those who helped
him in the preparation of this work. The largest part of the manu-
seript has been typed by the author’s wife. Some chapters were pre-
pared by Mrs. W. Macrtz. To Dr. Anatol Rapoport the author is in-
debted for a very critical discussion of the final manuscript and for
the checking of all calculations. Professor Harold T. Davis has also
read the manuscript and made valuable comments. Mrs. J. Rall has
had the important but unrewarding task of painstakingly careful
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proofreading. Mr. J. B. Roberts and Mr. A. Shimbel have also checked
some of the chapters in galley proofs.

To the Editors and Publishers of Psychometrika the author is
indebted for permission to reproduce several illustrations from pre-
vious papers by the author. Each illustration is properly acknowl-
edged in the legends.

To the Principia Press the author wishes to express his thanks
for their cooperation in the process of publishing the book.

Last, but by no means least, the author wishes to remember the
usually forgotten man in the process of the manufacturing of every
_book. Mr. L. L. Dentan and every member of the staff of the Dentan
Printing Company, especially Mr. Dwight Taggart, have contributed
their difficult share in manufacturing the book during this period of
a wide labor shortage in the printing industry. The author’s prob-
ably rather exasperating proficiency for numerous last minute alter-
ations made their task even more difficult. It is a real pleasure ta
acknowledge their excellent work.

Chicago, Illinois N. RASHEVSKY
July 1, 1947
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INTRODUCTION

In the absence of any other individuals, the behavior of an in-
dividual would be determined by his immediate surroundings, his
psychophysical constitution, and his past history. Mathematical Bio-
physics has shown that a physicochemical interpretation of many
rather complex psychological phenomena is possible.! If the real in-
terpretation were actually known, those purely psychological quan-
tities would be amenable to quantitative expressions in terms of the
intensities of the corresponding physicochemical processes in the or-
ganism, and natural units for their measurements would thus be es-
tablished. Our very limited knowledge of those underlying physico-
chemical processes makes such a thing still impossible at present. But
inasmuch as we admit a physicochemical interpretation of psychol-
ogy, we should not hesitate to introduce such things as “desire” or
“will” as quantities in our equations and consider them measurable
m principle, although they may not be measurable directly. As a mat-
ter of fact, such an introduction of those quantities into our funda-
mental equations may ultimately result in the possibility of their in-
direct measurement. In developing mathematically the consequences
of those equations, we may arrive at expressions which connect those
quantities with dircctly measurable ones. Such a procedure is not
unfamiliar to physies and, in our opinion, those psychologists who
declare war on anything which is not directly measurable and invoke
as a justification of this war the example of physics, are ‘“plus royal-
istes que le roi.”

In classical electrodynamics siuch fundamental things as the elec-
tric and magnetic vectors arc not direcily measurable quantities. They
are measured by definition by the force which is exerted on a unit of
charge, and the force is also measured indirectly by measuring dis-
placements of a dial on a scale or by observing accclerations. Of
course, the indirectness of the measurements here is relatively small,
but this does not affect our argument in principle. Some may quite
legitimately prefer to define the clectric and magnetic vectors as quan-
tities that satisfy Maxwell’s equations. The indirectness of their
measurcements then becomes still more evident. Physics has been at-
tempting to eliminate quantities which are not measurable in prin-
ciple. But there is a great difference between “measurable in prin-
ciple” and “measurable directly.” In considering the prominent role
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2 MATHEMATICAL THEORY OF HUMAN RELATIONS

of Schrodinger’s y-function and its generalization by Dirac, we may
still question whether the complete elimination even of quantities not
measurable in principle will be the ultimate goal of physics.

As regards the comparative value of direct and indirect measure-
ments, witness the fact that calculations of the values of ¢ and &
(electronic charge and quantum constant) from spectroscopical data
lead to much more accurate values than direct measurements.

Inasmuch as at present we are dealing with purely abstract con-
structions, the introduction of some quantities not directly measure-
able is justified a fortior:.

REFERENCES
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CHAPTER 1
GENERAL MATHEMATICAL CONSIDERATIONS
I

Denote the intensity of some activity 4 by a@,. For a single iso-
lated individual, e, will be proportional to the desire w; for this ac-
tivity, which is, in its turn, determined in general by the past history
of the individual. If another individual ig present, he will in general
influence the activity of the first one. This influence will be deter-
mined by two factors: the desire w’, of the second individual for @, ,
and the amount of influence which the second individual exerts on the
first. This influence may be of different nature; it may reside in
physical force (which happens to be an almost directly measurable
quantity!) or in any other kind of influence, such as moral, religious,
etc. Considering first the simplest possible law of interaction, a linear
one, we shall put the influence of the second individual upon the ac-
tivity of the first one as proportional to a coefficient of influence
F’ > 0 of the second individual, and to %', . Hence we have

a, =aw, + gFw,, (1)

a and f being constants; w, and w’. may be either positive or nega-
tive. If w, > 0, w’, < 0, the second individual may be said “not to
like 7,” and attempts to reduce the activity of the first.

Let us now consider a large group of % interacting individuals,
and first suppose that there is only one kind of activity ¢ which they
all perform. We can characterize each individual in this case by his
F and w. In general all individuals differ from each other. There will
be a distribution function

N(F,w) dF dw, (2)

which indicates how many individuals are characterized by values pf
F and w lying in the intervals F, F + dF and w, w0 + dw. The dis-
tribution function (2) satisfies the relation:

fmme(F,w)dFdwz‘)}. (3)
Every individual (F,w) performs the activity with the intensity

3



4 MATHEMATICAL THEORY OF HUMAN RELATIONS

a(w) which is determined by his own w and by the influence of all
others. Accordingly, equation (1) now becomes:

a@)=aw+§ [ " [ONEw) Fwaraw. @)

In the most general case we may consider the function N (F, w)
as possessing a finite number of discontinuities. In general we shall
have an integral and an ordinary sum, the latter extending over sin-
gle individuals who, due to their very large values of F, may exert
a large influence on the activities of others.

Equation (4) determines the activity of each individual in terms
of the influence of the rest of the community upon him.

We may consider a more general case of interaction which is
closer to real conditions. We may assume the influence of an indi-
vidual (F', w') on (F, w) to depend on the difference F' — F. If
there is an influence only when F’ > F, then we have

a(F, w) = aw + f f" fw N(F',w) (F' —F) w dF" dw'.  (5)

In the more general case, when there is an influence even for F' < F ,
we may put:

a(F, w)=aw+ﬂJ rmN(F’,w') (F —F) ' dF dw'.  (6)

A still more general case to be considered next is where the activity of
an individual is not only affected by his own desire for it and the de-
sire of others, but where it is also affected by the activities of the oth-
ers. An individual may imitate another one, and if this other individ-
ual engages in an activity, ¢, with an intensity a’, then the intensity a
of the activity of the first individual will be the stronger, the stronger
the a’. We have

a=aw + B|F' —F| w + yla, (7

where I may be called the coefficient of imitation and y is a constant.
It is to be considered as a third characteristic of an individual, to-

gether with F and w. We now have for the whole group of N indi-
viduals:

a(F,I,w)=aw+ 8 [wN(F’, I',w)|F'—F|w' dF'dl' dw'
o

. (8)
+ ylf N(F,I',w) a(F,I',w') dF' dI' dw'.
[
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The individual may imitate the activity of another one in pro-
portion to the influence F' of that other. We then have:

a(F,I,w)=aw + 8 J N(F,I',w')|F'—F|w dF' dl' dw’
. 9)
+ oI ’ NF,I'yw) F a(F,I'w') dF' dI' dw'.

For a given N (#, I, w), the first integrals of the right-hand sides of
equations (8) and (9) are known constants, and expressions (8) and
(9) are integral equations for the determination of a(F, I, w), with
respective degenerate kernels:

KW, I,w,F,I'w)=IN(F,I',w);
and . (10)

KWF,I,w,F,I''w)=IFNF,I''w).

Equations of this type will hold in a more general case of several
activities ¢,. As an illustration we may consider the case of two
different activities under the following assumptions: the activity a,
of an individual is suppressed or opposed by the other (w’; < 0), un-
less the first also does a different activity a., which the second likes
(w'z > 0) and for the sake of which he is willing to let the first do
some a, . We then have:

a,=aw, +(1—a,) [|[F'—F|Nw' dr,
. (11)
a, = o,w, + p,a, {|F'—F| Nw', dr,
where the explicit indication of the variables is omitted for brevity.
The quantity N is now a function of F, I, w;, and w.; and d- stands for
dF'dl'dw’,dw’, . .
Similar expressions may be obtained for more general cases.
We may consider a case in which there is a relation between F,
I and w for cvery individual, due to his biophysical constitution.
Then we can reduce the number of variables in the above equations.
If, for instance, I = f(F') and w = f,(F'), then F remains as the only
independent variable.
In general F' will consist of several components:

F=F,+F,+--+F,, (12)
such as physical force, moral persuasion, religious influence, intellect,

etc. We may consider a great variety of cases where the influence of
the different factors is different. Instead of (1) we may have:

azawi+[32ﬂi(F'i—F») w, (13)
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with the corresponding equation for the whole group:
a=aw+ﬂfN2 7 (F'—F) w dF' dw'. . (14)

The numbers 5; show the relative importance of the various compo-
nents F; of the total F.

We may also consider the more complex case where w consists of
two components: one component u represents the desire of an indi-
vidual to do a himself; the other component v represents the desire
to have others do «. We may have u < 0, v > 0, which means that
the individual likes to see the others do a, but does not like to do it
himself. We then have:

e=au+ v+ . f (F' —F)N(F,w,v')v' dF" dw dv',  (15)

and similar equations for more complex cases.

Any of the above equations may be made the starting point of
an abstract theory of human relations. Equations (4), (5), (6), (8),
(9), (11), (14) and (15) all have this in common, that the activity
of every individual is dependent on the psychophysical constants of
all other individuals. In equations (8) and (9) it also depends on the
actual activities of those other individuals. The activity of every in-
dividual depends furthermore on N (F,w), which characterizes the
biological constitution of the whole social group. In further develop-
ments we may study the more complex cases of interaction of sev-
eral groups characterized by different functions of N (F , w). In this
way we may study mathematically any possible influence of racial
and ethnographic factors. For a given N (F, w) our equations deter-
mine completely to what degree the activity of any individual is in-
fluenced by others. In particular, we may investigate under what con-
ditions the activity of a minor group will remain very little influenced,
but will itself influence the activities of the remaining major group.
Usually the independence of the activity of an individual increases
with F'. But in the case represented by equation (14) this is not
necessarily so. A large total F does not yet mean a large independence
for any activity. The influence of the various components F; must
be studied.

Without going into details here, we see that we can describe in
quantitative mathematical terms what would ordinarily be called so-
cial structures and relations. Considering some of the activities as
more directly measurable by statistical methods. we may try to derive -
equations which express such quantities as F, I, w, in terms of these
measurable quantities.



GENERAL MATHEMATICAL CONSIDERATIONS 7

It may not seem at first to be much worth the trouble to find
mathematically that individuals with a large F have their activity
very little influenced by those with a small F. It is fairly obvious,
one would say. But the valuc of the mathematical investigation lies
not at all in the statement of this qualitative relation. That can be
done without any mathematics. The value of the above equations
lies in the circumstance that they give definite analytical relations
between F and a, for instance. And, as we have alrcady emphasized,
it is only through such relations that we find the possibility of ob-
serving and mcasuring some of the more elusive and not directly ac-
cessible quantities.

I1

Let us now study the association of individuals into groups or
classes. In general the tendency for two individuals to associate will
be the greater, the more similar the individuals. We may, however,
also consider cases of association between individuals with greatly
varying characteristics. For the present we shall restrict ourselves
to the former case.

The simplest possibility is that two individuals associate only
when the absolute value of the difference of their characteristics is
less than a certain amount. For the case of one variable, F, we shall
have as the condition of association:

(FF—F):< 4%, (FF—F)?—- 42 <0. (16)

Consider the formation of an association of individuals including
those having the highest value F,, of F. How far down the scale of
F’s will individuals still be included in that association? The an-
swer may be given by the requirement that the sum total of (F' — F)2
— 4A? for the whole group would remain negative. If F, is the lower
limit of F still admissible into the association, then:

*Fun Fom

" [t —ryr— s NE NEYaFdF <0, (a7
F, “F.

The left-hand side of expression (17) is a function P(F,) of F.; F,

then is the root of the equation:

P(F.) =0. (18)

Individuals with F < F, are not admitted into the “social class” of
the larger F’s. Similar relations can be established for other vari-
ables characterizing an individual.

An expression similar to (17), but in which the integration is
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carried out between the limits F, and F,. , determines the size of the
next class in which the maximum value of F is F,, and the minimum
is F;- . Both N(F) and A determine the total number of “classes” in
a given society. If N(F) is known, we can calculate 4 from the
(usually small) number of “classes.”

Other criteria for association into social classes can also be stud-
ied. By analogy with expression (13) we may consider as a criterion
of association:

SLF; —F):< A2 (19)

Finally we may take as criterion not the differences in character-
istics but differences in activities. We then have:

(' —a)2< 47 (20)

a being determined as a function of F' and of the other variables by
the fundamental equations chosen to represent a given social inter-
action. We can determine the number of individuals N*(a)da who
have an e between @ and a + da . Then we have for the determination
of the size of the class:

J- am fa'- [(a,'—a)z_dz] N*(a) N*(¢) dada’ =0 . 1)

II1

Thus far we have considered the interaction of the individuals
as being independent of their distribution in space. The next step
is to consider the more general case where the location of an indi-
vidual affects his interaction with others as well as his activity. In
this way we can study mathematically the influence of various geo-
graphic factors.

First of all, the desire for a certain activity may depend on the
location of the individual, so that now, considering only F and w
as independent variables characteristic of the individual, we have
w=w(x, y), x and y being the geographic coordinates. The inter-
action of two individuals will also, in general, be a function of their
mutual distance f(z' — «, ¥' — y). As a rule it will decrease with in-
creasing distance. We must also consider a more general distribution
function, N(F, w, 2, y), which not only gives the distribution funec-
tion with respect to F and w, but also indicates the number of indi-
viduals located in the area (z, z -+ dz) (y,y + dy). .

If the influence of the locality is not selective for individuals of
certain characteristics F and w , we shall have:
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N(F:w:x:y)=No(F,W) N‘(x,y). (22)

But, in general, this need not be the case. We may now consider as
the fundamental equation for the structure of society:

a(F,w,2,y) =aw(x,y) +pf (F —F) f(z' — 2,y —¥)
X N(F',w,z,y) dF dw dx’ dy',
or similar but more general equations.
The combination of the study of the “geographic” factor with

the study of formation of “classes” leads to some very interesting re-
sults and formulae, We shall briefly indicate here one case only as
an tllustration.

Consider a case where the whole group of % individuals divides
naturally, according to equation (18), into only #wo classes. If for
such a division we have the inequality

(23)

f'" N(F) FdF < ’ " N(F) FaF, (24)
0 el

then the total influence of the class (F., F,), which we shall call
“first class,” is larger than the total influence of the class (0, F.),
which we shall call “second class.” We shall mark all quantities re-
ferring to individuals of the first class with a prime, and all quan-
tities referring to individuals of the second class with a double prime.
The expression

F' Fp FP” F,
[T [ [ @=ryvwwn N @ ey
F' F, F”=0 svs

Xf(x'—z",y —y") dF dF" dx’ dx" dy’ dy",
in which the integration with respect to «', ¥, x” and y” is taken over
the whole region occupied by the total group, can be considered as
a measure of the extent to which the second class is influenced or
“controlled” by the first. If N”(F', ", ") is given, that is, if the dis-
tribution of the population of the second class is known, we may ask
what N' (F", 2, y') should be in order to make expression (25) a maxi-
mum. In other words, what should be the distribution of the popula-
tion of the first class in order to achieve the best control of the second ?

A very elementary example of such a problem may be given by
considering the special case where two individuals interact only if
their distance is below a critical value 7, , and where the distribution
of individuals of the second class in space is uniform, with the density
g individuals per unit area. Then any group of individuals of the first
class, if it is located in a very small region, can control only a7.?q in-

(25)
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dividuals of the second class. But when the first class subdivides into
two groups, separated by a distance » > », , then the number of con-
trolled individuals doubles. The maximum is reached for a subdivi-
sion of the first class into

S
APy

separate groups, where S is the total area occupied by the population.

Inasmuch as f(z' — 2, ¥’ — y) depends on the technical and en-
gineering facilities at the command of the individuals, the considera-
tions of this section indicate a way of taking those into account. It
may happen that at first a “centralized” first class will correspond
to an optimum. If S grows later on, it may require a splitting into a
number of groups for better control. Later on, with increased tech-
nical means (increasing r,), the number of groups n may again de-
crease, a “centralization” taking place.

n=—

(26)

v

We have considered the influence of the past history of the indi-
vidual as contained implicitly in w. We shall now consider the pos-
sible influence of past history of the whole society on its present state.

For the sake of definiteness and brevity, we shall consider here
only one particular case. Let the structure of the group be deter-
mined at first by one of the equations of section 1L, and let it again be
divided in two classes, on the basis of equation (18). Let us now
consider the development of the society for several generations, under
the assumption that the progeny of the first class associates only with
the progeny of the same class. That is, instead of the association by
actual similarity, we shall have an association by the similarity of
the past generations. For simplicity let us consider every individual
as characterized by only one variable F.

Let us consider separately the distribution function for each
class: N,(F) and N,(F). Originally we have N,(F) + N, (F) =
N(F). But, as we shall presently see, due to changes of those funec-
tions with time, this relation will not hold in, general, for later times.

The progeny of an individual F* will not all possess the same
characteristic F*. The values of F will be distributed according to
some distribution function p(F*, F) with a maximum for F = F-.
The function p(F*, F) is the fraction of individuals born of a parent
F* and possessing the characteristic F. By this definition p (F*, F) is
not the same as p (F, F*). The shape of p(F*, F) can, in principle,
be determined from genetic considerations. We shall leave it unde-
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termined at present. Let the birth rate per individual F, be n(F), so

that n(F) N,(F)dF individuals are born per unit time from parents
F of the second class. We then have

f "p(F, F*)dF* = n(F) Ny(F, t) dF. 27

We now write N, (F, t) to indicate that, due to the scattering repre-
sented by p, the shape of N changes with time.

The total number of individuals born per unit time from parents
F and themselves having F = F* is equal to

n(F) N,(F,t) p(F,F*) dF, (28)

and the total number of individuals with characteristic F, born per
unit of time of any parents of the second class, is

f " n(F*) N (F*, t) p(F, F*) dF*. (29)

If m (F) is the total number of deaths of individuals F per unit time,
then the total change of N (F, t) is given by

ON,(F, t) = f} n(F*) N,(F*, t) p(F,F*) dF* —m (F) (30)

which is a functional equation' determining N (F, t) for any ¢ .
According to our hypothesis, the progeny of all individuals of

the second class continues to belong to the second class, the progeny

of all those of the first—to the first. Per unit time, the increase in

the number of individuals of the sccond class who have F > F,, is
given by

S Fu Fa
‘ ON,(F,t) dF = dF f n(F*) N,(F*, t) p(F,F*) dF*
F, o

J.. , "
—f m(F) dF = ¢, (F, , 1).

A similar expression is found for the increase ¢, (F., {) in the num-
ber of individuals of the first class with F < F,. We have taken
inequality (24) as the condition of the possibility for the first class
to control the second. Due to the change represented by equation
(81), the inequality (24) will finally cease to hold and the social
structure will become unstable, the influence of the first class having
been weakened, that of the second class increased. A rcarrangement
is bound to occur. At what time ¢ this instability will occur is deter-
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mined by the equation (31) together with a similar one for the first
class, combined with inequality (24).

We may consider the stability of a social structure from a dif-
ferent point of view. Whereas originally we had ¢ = ¢ (F'), we now
find that individuals with the same F may have different a’s because
they belong to different classes. To a given value of F now corre-
sponds a multitude of values of a , which will be determined by a dis-
tribution function

u(F,a) da, (32)

giving the number of individuals with the characteristic F and hav-
ing an a between ¢ and a@ + da . We have:

J wda=N(F,t). (33)

The function « itself is determined by equation (31) and is a fune-
tion of t, also. We find that now the distribution of @ no longer
corresponds to the “natural” distribution, as given by one of the equa-
tions of section II, where a was determined by F only. Let a(F) be
that “natural” distribution. Then the total deviation of the social
structure at the moment ¢ from the “natural” one, prevailing at t =0,
is given by:

J"' dF f " w(F, a) [0(F) — a]* da=yp(t). (34)

We may consider as a criterion of stability that this total deviation
should not exceed a given value k; in other words, w(f) = k. The
moment £, at which instability occurs, is given by the root of the
equation y(t) = h.

A still different criterion for the stability of a social structure
may be considered. In the absence of other individuals, the activity a
of an individual is determined only by w, being given by a(F) =
aw (F'). Due to the interaction with other individuals, a (F) does differ
from aw (F). We may postulate that the sum total for the commu-
nity of the differences [@(F) — aw (F')]? should not exceed a thresh-
old &. Since a(F) is given by one of our fundamental equations, we
have another integral conditicn for stability, which depends on
N (F, t) and therefore changes with time.

In ordinary language, we may state this criterion by saying that
society becomes unstable when the differences between the natural de-
sires of the individuals and the actual f‘ulﬁllment of those desires be-
come excessive.?
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We may also consider an intermediate case, where any individual
with F > F,, born in the second class, can eventually pass into the
first, but where a resistance is offered to such a passage. This resist-
ance will be, in general, a function of F — F,. The time r,, which it
takes for an individual to pass from the second class into the first
is also a function of F — F,. Wec express this by writing +,, (FF — F,.).
Its inverse can be considered as a measure of the corresponding ““so-
cial mobility.”® The total number of individuals passing from the
sccond class into the first per unit time is given by

CONGEL
f s FMa . (35)

A similar expression for M,. will give the total number of individuals
born in the first class with F' < F,, passing per unit time into the
second class. If the instability discussed above should never occur in
the course of history of a society, we must have:

¢ (Fz,t) = M, (F.,t);
¢12(Fz,t) =—<=M1'.’(Fr.f);

¢ being defined by equation (31), for then the “social mobility” will
always level out the deviations from the “natural distribution.”

Besides the type of instabilily discussed above, a different kind
may also happen. We have scen in section TI that the structure of
the social group may be characterized by an integral cquation (equa-
tions 8 and 9). If, as will he the simplest case, those equations are
lincar, as equations (8) and (9), they will possess only one solution.
We must in general, however, consider the possibility of non-lincar
equations also. In that casc it is possible that there will be two or
more solutions. The situation is not without formal analogy to physi-
cochemical systems with several equilibria. Sudden transitions from
one state into the other onc will have to be considered.

(36)

A%

The question now arises as to how to deseribe mathematically
those transitory states caused by onc of the above discussed factors.
In other werds, when for instance a state in which ¢ (¢) > h (equa-
tion 34) is rcached. how will the transition towards the “natural”
state for which v = 0 take place?

We must introduce more general equations covering the “dynam-
ic” cases, also. They must be such that the above-discussed equations
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of section II would be particular cases of the more general ones for
“stationary states.” A simple case would be, for instance, to put, with
A as a constant,

da(F,I,w,t

—--(—-d-z-————)=—A [a(F,I,w,t) —aw

y f NI W) P —Flw dF dl dw (37)

—yl f N(F, T, w)Fa (F', I w) dF dI dw'].
o0

This leads to equation (9) for a stationary state, for which
da/dt =0.
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CHAPTER II
GENERAL MATHEMATICAL CONSIDERATIONS CONTINUED

In chapter i we have outlined a general mathematical approach
to a deductive, theoretical science of human society. We have estab-
lished various general forms of equations which can be used for that
purpose, and indicated the way of describing in mathematical terms
some phenomena of social interactions. In those fundamental equa-
tions we have been making use of some quantities which are not di-
rectly accessible to physical measurements. We justified this proce-
dure, however, by invoking the example of physical sciences, where
equations are established between quantities which may be directly
inaccessible to measurements, but which are measurable “in princi-
ple.” This “measurability in principle” is made possible by the appli-
cation of the mathematical equations which eventually give us con-
nections between those directly unmeasurable quantities and others
which can be mecasured directly. We shall now discuss the way by
which, in the ultimate development of the theoretical system, a meas-
urement and determination “in principle” of the quantities involved
may be achieved.

We must, however, emphasize that such a comparison in princi-
ple does not necessarily mean a comparison with actual existing data.
In the early stages of a deductive, theoretical science, we must study
at first purely imaginary cases which, due to the intentional over-
simplification, have no real existence. If we speak here of a compari-
son of an equation with obscrvable data, we thereby mean this: we
consider a simple, theoretically possible, but not an actual, case, and
set up equations which describe it. The equations themselves may be
of such a nature that even if the case studied actually existed, they
would not be directly verifiable. But some of their consequences could
be compared with observable data, which would be available if our
case really existed.

I

We shall begin by considering the simplest case of one activity
only, represented by equation (5) of chapter i, and first simplify the

15
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case still further by considering that all individuals have the same
desire w for the activity ¢, and differ only in their coeflicients of in-
fluence F'. The activity ¢ itself may be of any kind: production of food
or other practical necessities, or any artistic activity, such as paint-
ing, composing, etc. The proper practical unit for the intensity a;
may vary from case to case. But, in principle, for a given activity
its intensity a; may be expressed by the amount of energy spent on it
on the average per unit of time. Since in the absence of the influence
of others we have:

a; —=aw, (1)

where « is the coefficient of proportionality, dependent on the choice
of units, we may measure w by the amount of a; which an individual
does of his own free will. Then the dimensions of both a; and w are

[m][112(t]- (2)

and, since § in equation (5) of chapter i is also only a coeflicient of
proportionality, F' becomes a pure number. Putting o = =1 in equa-
tion (5) of chapter i, and remembering that in the present case
w = w', we find for two individuals

o,=w[l+ (F"—F)],if FF>F,

a; —w if F"=F.

(3)

We see that the difference of the coefficients of influence of two in-
dividuals equals 1 if one of them can, through his influence on an-
other, induce him to double the amount of the latter’s activity done
of free will. .

Of course, we must remember that this holds only for the par-
ticular hypothetical case which we decided to consider here. Adop-
tion of different postulates will require a modification of the setup
of units, but the procedure remains fundamentally the same.

We shall now illustrate on an arbitrarily chosen function
N (F, w), which now degenerates into N (F), how we can obtain equa-
tions which determine the not directly measurable quantities. Again
the proper procedure would be to investigate various possible forms
of N(F'), and to begin with the simplest cases. One may think that
a normal distribution should be investigated first. In view of its wide
range of applications in statistics, a normal distribution certainly de-
serves a separate study. In view of the fact, however, that the evalua-
tion of some integrals in finite form becomes impossible for a normal
distribution, we shall consider here a different one, namely:

N(F) = AF e, (4)
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where A and a are positive constants. This function N (F') is equal
!,o zero for F =0 and F = « , has a maximum for F = 1/a, and an
inflection point for F =2/a .

From the requirement that

f N(F)dF =%, (5)
0
where R is the total number of individuals, we find
A =Na, (6)
so that
N(F) =%Naz Fer, @)

.It may be argued that the integration in equation (5) should be
carried out not from zero to infinity, but from zero to F,, , F,, being
t}}e maximum value of F that occurs in the population. This would
give

A=R/[1/a2— (F, -+ 1/a) e"=/a] , (8)

which reduces to cquation (6) if F, is so large that e~ is very
small. We shall confine ourselves to such a case and use expression
(6) instead of (8).

If we introduce expression (7) into equation (18) of chapter i
which, written explicitly, reads:

Fn (In
j J [(FF—F)?— ] N(F)NCF")dF dF' =0, (9)
re vr,

we can perform the necessary integrations and thus obtain a relation
hetween F,, F,, , A4, and the parameter a of the distribution func-
tion. The final result of the integrations is a rather cuambersome trans-
cendental equation and shall not be given here explicitly. The im-
portant thing is that we do obtain a relation of the form

U(F; ,Fn,4,a) =0. (10)

For the same reason for which we use expression (6) instead
of (8), we may use o for the upper limits of integrations in equation
(9). In that case equation (10) degenerates into onc not containing
F,:

U(F;,4,a)=0. (11)

Another relation involving F, is obtained by considering the ratio
9 of the number of individuals of the upper class to the total number
N of individuals in the society. Again using infinity instead of F. for
the upper limit of integration, we have
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1
0=-——fN(F)dF. (12)
b2 v
Introducing expression (7) into (12) we find:
= (aF, + 1) e, (13)

Equation (13) gives a relation between F,, a and #. The latter is
directly measurable. For the case aF, > 1 , equation (18) may be
simplified to:
P=al', e, (14)
or
log # =log aF,—aF, . (15)

Neglecting log aF, as compared with aF,, we find approximately:
1
F,=—-log9J. (16)
a
A relation between F. , a@ and w , which we consider here as constant,
is provided by expressing the total intensity A of activity of the whole
group. Equation (3) expresses the intensity of a; of a single indi-
vidual as a function a; (F, F’) of F and F’. Under the influence of all

the other individuals, the individual with a given F exhibits an in-
tensity a(F) of activity, equal to

a(F) = f “a,(F, F')N (F')dF". (17)
r
The total intensity A is given by
A= fwa(F)N(F)dF =f°°N(F)dF f a:(F, F)N(F')dF'. (18)
‘o 0 L
Introducing expression (3) into (18) we find
A =wa(F)dF[ w wa(F’)dF’ + fm (F' — F)N(F’)dF']. (19)
0 F rd
With N(F) given by expression (7), the right side of (19) may be
easily evaluated.
Finally we may compute the intensity A, of activity of the upper
class only. This is given by

A= L mN(F)dFl- w f:N(F')dF' + f: (F'—F)N(F’)dﬁ"].. (20}

Expressions (10), (16), (19) and (20) provide us with four
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equations connecting the quantities F,, F,,,a, 4,9, 9, A, A, and
w . The intensity w of desire for an activity is directly measurable.
In fact, with the choice of units which leads to equation (3), w is
numerically equal to @, in the absence of any influence by other indi-
viduals. The quantities ¢, 9, A and A, are also directly measurable.
By means of the four equations, (10), (16), (19) and (20), we may
express the not directly measurable quantities F,, F,,, @ and 4 in
terms of the other, and thus determine those directly unmeasurable
quantities through our equations.

Instead of expression (7), we could have chosen any other one-
parametric distribution function. If we choose a function with more
than one parameter, we would have to establish additional equations
for the dctermination of those parameters.

In principle it may he possible to find more equations than there
are unknowns. This would provide for a method of checking the cor-
rectness of the hypothetical choice of the function N (F') and of other
assumptions. If the choice of N(F) is correct, and all the assump-
tions correct, then the values of the same unknown quantity, com-
puted from different equations, should be the same.

11

Now let us investigate somewhat closer the function N (F) itself.
In chapter i we have considered the variation of N (F) due to the fact
that the progeny of an individual with a definite ¥ may have in gen-
eral a different value of F. Again lct p (F*, F) be the number of in-
dividuals having a characteristic F' and born of parents F*. In gen-
eral we must consider the case in which two parents have a different
F, but for the time being we confine ourseclves to the simpler case in
which both parents have an identical F. The total number of indi-
viduals with the characteristic F', born of any parents per unit time,
is [chapter i, equation (29)]

‘ PA”(F') N(F* t) p(F*, F) dF”, (21)
where #(F*) denotes the birth rate per individual. If m(F) is the
dcath rate, also per individual, we have for the total change of N (F, t)
per unit time

E%L):f n(F)N(F*, t) p(F*, F) dF* —m(F)N (F) . (22)

Let us consider the simplest case, that both » (F) and m (F) are con-
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stants, that is that the birth and death rates are the same for all types
of individuals. Then (22) becomes:

oN(F,t) ) . ,
= N(F*,t) p(F*,F) dF* —mN (F). (23)

We shall solve equation (23) by putting

N(F,t) =N'(F) ¢(t), (24)

where N*(F) is a function of F only, and ¢ (¢) is a function of ¢ only.
We shall determine N,(#') and ¢ (t) so as to satisfy both equations
(23) and the requirement that at an initial moment ¢ , Which we may
put without any loss of generality equal to zero, N (F,t) should be a
given function N, (F') of F.

Introducing equation (24) into (23) we find:

N*(F) %:“ngb(t)f N*(F*) p(F*,F) dF* — mN*(F)d (t). (25)

Putting
nf*N*(F)p(F*,F)dF*
—m=u, 26
N (R u (26)
cquation (25) becomes
d¢
— =g, 27
dt e (27)
which gives
o= Aert y (28)

A, being a constant of integration.

For every given value of u, equation (26) gives us an equation
for the determination of N*(F). Expression (26) can be written
after simple rearrangements in the following way:

N‘(F)=—Lf N*(F*)p(F*, F)dF, (29)
u+m 0

which is a homogeneous integral equation of second kind, with the
kernel p(F*, F). Equation (29) in general possesses solutions only
for definite values of the constant
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Let4,, 4, -+, 4, be those “eigenvalues” arranged in increasing order
so that:

21<12<13<"‘. (31)

Then in order that equation (29) should have solutions at all, x must
have one of the values

=——m. 32
7 (32)

If N,*(F) is an “eigenfunction” of equation (29), corresponding to
the “eigenvalue” 1, , then:
AN (F) em!

is a particular solution of equation (23), and the general solution is
given by:

N(F,t) =3 AN (F) et (33)
For t = 0, this is equal to
N(F,0) =S AN (F), (34)

and since all N,*(F') form a complete orthogonal system, the coeffici-
ents A, can be determined so that

S AN (F) =N, (F). (35)

We have
A,= f”N.,(F) N.*(F)dF. (36)
0

Equations (33) and (36) represent the general solution of equation
(23). Let us consider some of the consequences.
Because of equation (33) we have:

0> > >l g, =, (37)
If

n

m>—, (38)
then all #’s are negative. In that case, regardless of the choice of the
coefficients A4;, in other words, regardless of the initial distribution
N, (F), the expression N (F, t) given by equation (33) tends to zero.
Expression (38) therefore sets an upper limit for the death rate m,
above which the social group will, with time, become extinct.

If, however,
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n
m<—,
1

then some u’s, say p, p -+ s , Will be positive, others, g,., , Hovz s **v s
will be negative. But then all terms in equation (33) above the sth will
tend to zero, while the first s terms will increase. But with increasing
¢ the term with the largest u, that is the first term, will exceed the
others more and more, the ratio

et /et (t=s)

tending to zero. Hence after a sufficient time has elapsed, N (F, t)
will be given by
N(F,t) = AN,*(F) et (39)

Equation (389) shows that the total number R of individuals will
increase exponentially, but the distribution function N (F) will not
vary, being given by the first “eigenfunction” N;* (F) of the integral
equation (29). A similar result holds for the special case where

n
m = T Then u, = 0, all others are negative, and expression (33)

1
tends asymptotically to A,N,*(F). In this case not only does the dis-
tribution function tend asymptotically to a fixed form, but the total
number of individuals also tends to be a constant.

We thus find a fundamental result: under the simplified assump-
tions made here, the distribution function N (F) always tends either
to zero or to a stationary distribution which is determined by the
function p (F*, F'), since the latter is the kernel of the integral equa-
tion (29) whose first “eigenfunction” determines the stationary dis-
tribution. Any disturbances such as wars, starvation, ete., may upset
this distribution temporarily, but in time it will again be restored.

If equation (29) possesses solutions within a continuous range

of values of 1, or for any value of 1, the case must be treated dif-
ferently.

In chapter i, we learned how the variation of N (F) with time
determines the variation of the social structurc and eventually causes
its instability. Observations of the variations in time of the social
structure may also lead us to equations which connect some of the
directly unobservable quantities with directly measurable ones. For
instance, as we have scen in chapter i, due to variation of N (F), the
second class will contain a certain number of individuals with F > F,.
If the variation of N (F) with respect to time is given, then this num-
ber R of individuals with .F > F, is also given for any moment,
R = R(t). These individuals will not be controlled in a normal way
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by -@he first class. If, as is usually the case, the controlling class uses
various methods of coercion against active political opponents, then
R(t) would represent the number of individuals subject to such co-

ercion. This number can be directly determined. If this known num-
ber is N., then

R(t) =N, (40)

gives us an equaticn, involving some paramelers, which determines
the variation of N (F), p(F*, F), etec. Together with other possible
equations, it may be used to calculate these parameters.

111

In the gencral case the coefficient of influence may itself be a
derivative notion. If an individual can ecasily perform and does per-
form an activity the results of which are badly needed by other
individuals, then the first individual may have a strong control over
the second. We may thus consider the coefficients of influence as be-
ing functions of the activities. For the case of two activities the sit-
uation is mathematically represented in the following manner.

Let each individual be characterized by the desires w, and w, for
the performance of the activities ¢, and a., and by the desires » and
1, to possess the results of the corresponding activities without ac-
tually performing them.

Then

e (w,,u,, Wy, u) = v,

n
+ pute r N, w,, w,,w.)a 00 0, , w', .)
o

', dw' du', du’, du,
(41)

A (10, , 20, , 20,5, Us) = a0y
0
+ fu, [ N@', ,u,, wh,u)a, (w,,w,, w,.,u’,)
o
wy dw'y du', dw', du', .

The integrals in the right-hand side of both equations are constants
which we denote by 4, and A, respectively. Hence

al - (l’w1 + Alﬂ'u'l ’
(42)
Ay — QW2 +' Azﬂuq .
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The constants A, and A, are determined from the two equations

A1=f N (w1, %, ws , wp) s (0w, + Asfu,) dw, du, dws, dus,

w (43)
A= f N (w1, %, wa, %) Uy (awy + Ayfun) dw; du, dw, du, .
L]



CHAPTER 111

AN APPROXIMATE TREATMENT OF THE INTERACTION OF
SOCIAL CLASSES

In the preceding chapters we developed a general mathematical
approach to social phenomena. It has been shown how some general
characteristics of sociological changes leading to instabilities can be
described mathematically. However, the equations involved are of a
type that do not lend themselves readily to closed solutions, even in
simplest cases. As we attempt to describe more complex situations,
the mathematical difficulties increase. The use of some general ap-
proximation method is therefore indicated.

We have seen that for a given distribution function of some in-
dividual characteristic in a given population, this population will split
into two or more classes due to a tendency of any individual to asso-
ciate preponderantly with other individuals possessing a similar char-
acteristic. In the special case where this characteristic is the “coef-
ficient of influence” and where the number of classes is two, we have
one class influencing and controlling the activities of the other. The
exact interaction of the {wo classes, which are not homogeneous with
regard to the given characteristic of the individuals constituting
the class, depends on the structure of the classes. This structure is
itself determined by the distribution function of the characteristic
considered. We obtain a great simplification if we introduce, instead
of the actual structure of the classes, an average valuc of the char-
acteristic of the individuals of a given class. We thus have a class
of individuals having a certain characteristic in the amount a@,, an-
other having the same characteristic in the amount @, , etec. Or, more
generally, we may have several classcs, characterized by different
average amounts of a characteristic @, several other classes charac-
terized by different average amounts of another characteristic b, ete.
For instance a may represent an average amount of education, while
b may represent an average ability to play football. Such classes may
or may not overlap. That is, an individual may belong to the class
of highly educated people and of average quality football players.

We shall here confine ourselves to the special case where the char-
acteristic of the individual is his ability to influence activities of other
individuals. As we have seen, this ability is itself a composite one.

25
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The influence exerted may be due to physical force, to moral persua-
sion, wealth, etc. We shall consider here at first only a purely theo-
retical case which presents some interest. Similar considerations may
then be applied later on to other different cases.

In actual life, we find that a rather large number of individuals
choose their activities not because of any firm conviction of the ne-
cessity of such activity, nor because of a particularly strong inclina-
tion for this activity, but merely because the majority of the other
individuals with whom they come into contact perform this activity.
There are, of course, all gradations from individuals who would never
do anything that is not done “by everybody” to those who are guided
only by their own convictions and do not care in the least what “peo-
ple may say about them.” Let us first consider, for the sake of sim-
plicity, an abstract, non-existing situation in which we have two dis-
tinct groups of individuals, one composed of individuals who act only
on their own initiative (type I) and the other composed of individuals
who are strongly influenced by their fellow-individuals and direct
their activities exclusively according to what others do (type II). As
remarked above, this is a fictitious case, but it may turn out to be a
first approximation to a more real case when there are gradations in
the above characteristics.

For convenience, we shall refer to individuals of type I as the
“active” individuals, and to those of the type II as the “passive” ones.
The meanings of the two words are here different from the custom-
ary. By definition, Leo Tolstoy and Mr. M. K. Gandhi are both “ac-
tive” individuals. Tolstoy’s “non-resistance to evil” or Gandhi’s “pas-
sive disobedience” are here considered as a type of activity which
may be imposed upon others.

An individual may be active in one respect and passive in an-
other. Thus while an individual may have very definite musical tastes
or political views which may differ from those of his neighbors, he
may at the same time wear a conventional hat, or a necktie, just be-
cause “everybody else does it.”

Let us consider a total number N of individuals forming a given
population. Of these N individuals, let a number z, belong to the ac-
tive type, being characterized by a certain activity A . We shall refer
to them as individuals I, . Let y, individuals belong also to the active
type, but let the activity of their choice be a different one, B, such
that A excludes B. We shall refer to them as individuals I,. We
may ask what will be the behavior of the remaining
N =N-—z,—1y, (1)

’

individuals whom we assume to be all of the passive type. The an-
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swer to that question will, of course, depend on the assumptions which
we make concerning the mechanism of influence of some individuals
upon others. Let us again, for the sake of simplicity, make one of the
simplest possible assumptions, namely, that an individual of the pas-
sive type is more strongly inclined to behave in a given way the more
frequently he comes into contact with active individuals who exhibit
this particular behavior. Let each individual of type I, actively try
to influence as many passive individuals as possible by actually com-
ing into contact with as many of them as he can. Then, denoting by
x the number of passive individuals who exhibit the behavior A be-
cause they were influenced to do so by the individuals of the type I,,
we see that x will increase at a rate which is approximately propor-
tional to ,. Let the coefficient of proportionality be a, so that the
total contribution of the individuals of type I, to the increase of z is
a,2,. But the « individuals who now exhibit the behavior A, also
come into contact with other passive individuals who have not yet
adopted the bchavior A. Therefore, they will also contribute to the
rate of increase of x, in the amount ax, a being in general different
from a,. Similarly, denoting by y the number of passive individuals
who have adopted the behavior B through contact with other indi-
viduals, we find that they contribute to the rate of increase of y
an amount ay while the individuals 7 contribute the amount ¢y, , ¢o
being a coeflicieni of proportionality. The coeflicient a is assumed to
be the same as before, since in both cases the coeflicient refers to pas-
sive individuals.

If there is only one alternative for behavior, either A or B, then
the increase of x is accompanied by a corresponding decrease of v,
and vice versa. Therefore, we have for the total rate of increase of x:

dzx
—— == Ao “+ axr — Colo — QY ;5 (2)
dt
and, correspondingly:
dy
_”;i:cuyo -+ aQy — Qoo — ax. (3)
(

Since, by definition of 2 and v , and because of (1),
X *"!/:N‘ﬂ"o‘—’!lo’—"N'. (4)

the system (2) and (8) reduces actually to one equation, either for
z or for y . Let us consider the equation in z .

From expression (4), we have
=N —y; y=N—=z. (5)
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Introducing this into equation (2), we find

— =20 — (N’ —ay®, + o) (6)

If
aN’_a*oxo+CQyo<0, (7)

then for & = 0, the derivative dx/dt > 0 and it remains positive as z
increases. In other words, if inequality (7) is satisfied, then if origi-
nally all individuals except «, showed the behavior B, the number of
individuals showing behavior A will increase until all except ¥, will
exhibit behavior A . Introducing for N’ the expression (1), we find
that inequality (7) is equivalent to

a Co—a

N+
a, T+ a a, t+a

Lo > Yo. (8)

By a similar argument, starting with equation (3), we find that if

a a,—a
Yo > N + x, 9)
Yo ¢, ta c,+a ’

then for y == 0, the derivative dy/d¢t > 0 and remains positive as y
increases. When inequality (9) holds, then even if originally all in-
dividuals except y, exhibited behavior A, they will all, except the
number z,, eventually exhibit behavior B. If inequality (8) is not
satisfied, it does not mean that (9) is satisfied, and vice versa. Solv-
ing (8) with respect to v, gives

a,+a a

xo—
Ch—a Co—0Q

Yo < N; (10)

while solving inequality (9) with respect to z, gives

¢ t+a a
Yo—
a,—a Gy —a

Xy <

N. (11)

Thus, it may happen that neither inequality (8) nor (9) is satisfied.
When this is the case, then for x = 0, dz/dt < 0: but since z cannot
be negative, this simply means that if all individuals except z, ex-
hibit behavior B, this social configuration is relatively stable and
nothing happens to change it. Similarly, if all individuals except 7,
exhibit behavior A , this is also a stable configuration. The social ag-
gregate thus possesses two stable configurations of equilibrium: one
(configuration A) in which all except ¥, exhibit behavior A , another
(configuration B) in which all except x, exhibit behavior B. In order
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to bring the social aggregate from configuration B into configuration
A, some external disturbance (e.g. intervention of a different social
aggregate, war) must make

aN’ — ax, + Colo aN — (a, + a)x, + (co—a) ¥
2a 2a )

x> (12)

Then, as is readily scen from equation (6), dx/dt becomes great-
er than zero, and « will increase until it becomes equal to N' =N — z,
— ¥, . Similarly, in order to bring the social aggregate from configura-
tion 4 into configuration B, an external disturbance must make

aN' —¢lo + @t AN — (¢o + @)Y, + (0, —a)x,
2a 2a )

While neither inequality (8) nor (9) may be satisfied, it cannot hap-
pen that they both are satisfied. Thus when (8) is satisfied, the only
stable configuration is A; when (9) is satisfied, the only stable con-
figuration is B; when ncither (8) nor (9) is satisfied, there are two
stable configurations, A and I .

Let us analyze the meaning of the cocfficients a,, ¢, , @ and of the
inequalitics (8) and (9). The coefficient a, is the average number of
passive individuals with whom every individual of lype I, comes into
contact per unit time. The quantity ¢, has a similar meaning with
respect to individuals Ip, while a is the average number of passive
individuals with whom every passive individual comes in contact per
unit time. All three are definitely measurable quantities. The indi-
viduals may come in contact with each other directly, or indirectly
through mail, press or radio. Thus a,, ¢,, and a are influenced by
any developments of means of communications, in the broader mean-
ing of this word. These coefficients may be expressed as functions of
the average circulation of mail m . average circulation of newspapers
n , number of broadcasting stations b , and number of radio receivers
1. Thus

y> (13)

a,=f,(m,n,b.r);
co="F.(m.n,b.,r); (14)
a=1f,(m.n,b,r).

If the groups I, and I, are particularly eager to induce the pas-
sive individuals to exhibit their respective behaviors, they would en-
deavor to increase a, and ¢, by varying appropriately m ,n, b and r
as far as they can.

This suggests the investigation of the case in which

Uy Co; Q> A; >>a. (15)
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In this case, the expressions

and (16)
a, +a Cota
in inequalities (8) and (9) are much smaller than unity, while
Cho—a —a
i and =2 (17)
a,+a ¢ ta

are of the order of magnitude of unity. Both z, and ¥, may be rather
small fractions of N . If, for instance, incquality (8) is satisfied, so
that the society is in configuration A4 , and then x, gradually decreases
or y, increases, so that finally mequahty (9) becomes satisfied, then
at that moment y will begin to increase until the whole society passes
into configuration B . If both z, and y, are small fractions of N, then
a relatively small number of individuals added to either z, or y, may
produce a sudden change in the behavior of the whole society. A nu-
merical example will illustrate this. First let a, = ¢, = 1,000 indi-
viduals per day, while a = 10 individuals per day. Let N be 107 indi-
viduals and let y, be 10° individuals so that y, = 001 N'. In this
case, inequality (8) gives:

x, > 1.97 X 105, (18)

Let x, = 2 X 10° individuals, so that inequality (18) is satisfied, and
the whole social aggregate except y, individuals exhibits behavior A .
Now let x, decrease to 10° for one reason or another, while y, in-
creases to 2 X 10°. Then inequality (18) will cease to be satisfied,
while (9) becomes satisfied and the configuration begins to change
from A to B. Thus a change of 100,000 in a population of 10,000,000
produces a complete change in the behavior of the whole population.

The dynamics of the transition from configuration A to the con-
figuration B, and inversely, is given by equations (2) and (3). Con-
sider, for instance, the transition from B to A . Putting

aN' —a.x, + CoYp —=—U, (19)
equation (6) becomes:
Y g + (20)
T z+ u.
This gives
T = — e?al ——
2a 2a’

C being a constant of integration. If for t =0, x = 0, then
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C=u
and hence

u
x—E;-(e —1). (21)

The configuration A is reached when £ = N — z, — ¥,. Hence the
moment ¢, at which this occurs is determined by

u
on (e — 1) =N—g.—y,, (22)

or

(23)

With the values for a,, ¢,, a and x, used above, we find that ¢, is of
the order of a day. This agrees in general with the rapid spread of
all kinds of mass hyslerias, revolts. etc.

As we already remarked, the coefficients a,, ¢, and a are func-
tions of various parameters characterizing technical facilities at the
disposal of the individual. With increasing technical facilities, they
also increase, thus shortening t,. Thesc coefficients are also func-
tions of the personal endeavor of the individuals to influence others.
In general, we would expect that the element of personal effort will
be more strongly pronounced in active individuals than in the pas-
sive ones. Hence, while a will be relatively constant for constant m ,
n, b, r (cf. equations 14), a, and ¢, will vary within a rather wide
range. This need not nccessarily be so. But for definiteness, let us
consider here this particular case without any prejudice against the
other possibilities. In this case, @, and ¢, might well be called “coef-
ficients of propaganda.”

It may be suggested in passing that the above type of interac-
tions may be applied Lo the changes in fashions or fads which actually
do come and go rather suddenly.

Let us consider the case in which the efforts of individuals I, in
influencing passive individuals decrease as the number of success-
fully influenced individuals increases. This is psychologically a rather
plausible situation. With increasing success, when its permanence ap-
pears assured, some people are apt to decrease their efforts. In this
case a, will be a decreasing function of . In the simplest case it will
be a linear function, so that

. == a,* (1 —ex). (24)
Similarly, we put
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Co=0"(1 —¢&'y). (25)

After rearrangement, equation (6) now becomes, because of expres-
sion (5):

X
— = (20 — a,’exy — Co*e'Yo) X

) 26
—[(a— Co'e'Ys) N’ — %, + €o*Ys]. ( )

If the expression in brackets is negative, which, because of (1), is
equivalent to
a— Cy'¢" Co'eYy + €' —a !
T > . o ?/‘o, N+ o. Yo o : Yo=X.: @7
, Q"+ @ —c,"ey, @+ a—co'eYo
then for # =0, dx/dt > 0, and the influence of the z, individuals I,
increases. However, it may happen that while inequality (27 ) is sat-

isfied, the coefficient of x in equation (26) may be either negative or
positive. If it is negative, we have

20 — Co‘e’yo .

2 > - X.. (28)
ao &
Putting

2a — @o*exy — € 'eY0 =C, ; (29)
(a— Co'eYo) N' — ayx, + 'Yy = Cz; (30)

equation (26) becomes

: d

Z=Cax—0,. (31)

dt

If both inequalities (27) and (28) are satisfied, then C, < 0;C. < 0.
For x =0, dz/dt > 0, but dz/dt = 0 for

C, @' 2y — Cy*Yo — (@ — Co*eYo) N’
X —— -
C] ao.sxo + CO‘slyo - 2(1

>0. (32)

For x > C./C,, dx/dt < 0. Hence, in this case, we have a configura-
tion of stable equilibrium, defined by equation (32), in which a part
of the passive individuals exhibits behavior 4 , another part exhibits
behavior B. This is different from the previously studied case where,
in a stable equilibrium, either all passive individuals exhibited be-
havior 4 or all of them exhibited behavior B. The ratio z/y of pas-
sive individuals exhibiting behavior A to those exhibiting behavior B,
shifts continuously in one direction or another as x, and Yo vary con-’
tinuously, but, as we shall see presently, only within a certain range
of 2,/y,. Within that range there are no sudden changes as long as
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inequalities (27) and (28) are satisfied. The equilibrium configura-
tion (32) is reached, starting with any other configuration, asymp-
totically, as is readily seen by integrating equation (31). This gives

Cc. C,

Tm e p g

¢ G

where C, is a constant of integration. Since C.:<0and C, <0, the
second term vanishes with increasing ¢, and z approaches the values
C./C,.

If neither inequality (27) nor (28) is satisfied, then C, > 0,
C. >0 and de/dt =0 for x=C./C, > 0. But dz/dt > 0 for z > C./C,,
and dx/dt < 0 for x < C,/C,. The configuration x == C,/C, is un-
stable, and again either all passive individuals show behavior A or
they all show behavior B .

An cquation corresponding to (32) holds also for y . Hence,

TN, — €Yo — (@ — ¢o*e'Yo) N

- = - , 33
Y Co‘yo - "o‘-To —_ ((l - (l"'s:l’(,) N’ ( )
which may be written
@, a
¢ —— [ " (1—eN') + — N
y 0 « gLr'—' (34)
'~ —N —a, (1 —N'¥¢) =
yu ?/‘.

The quantity 1 — eN’ must be non-negative if cquations (24) and
(25) have physical meaning. Similarly, # and y must be non-negative.
Since the denominator of the expression (32) for « and of the corre-
sponding expression for y is positive because of inequality (28) , there-
fore both numerator and denominator of equation (33) and hence
of (34) are positive. It follows that

, a
e’ (1 —eN') +~N'>0 and (N0, (35)
Yo 0

Hence, if we keep y, constant but increase z,, so as to increase

Zo/Y. . the ratio x/y will increase continuously, but will become infinite
when

a
¢'——N’
Zo Yo

e ard— Ny (0
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For this and higher values of z,/¥,, all passive individuals exhibit
behavior A. On the other hand, when

' (1—eN) + 2
Lo . Yo (37)
Yo Qo
then z/y = 0. For this and smaller values of x,/¥, all passive indi-
viduals exhibit behavior B .

It may seem strange that equations (36) and (87) are not sym-
metric. This is due to the fact that we vary z,/y, for a fixed y,. We
obtain corresponding expressions if we keep x, constant.

Putting a = 10 ind./day, a,* = ¢,* = 10? ind./day, N' = 10" ind.,
Yo = 1.3 X 10° ind., and ¢ = ¢ = 0-8 X 107, we find that /Yy = o
when 2,/y, = 1.5, although #/y = 1 when Zo/Yo = 1. With 2z, and y,
being only of the order of 19 of the total population, we see that a
rather small change in the size of the active group may change the
behavior of the population appreciably.
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CHAPTER 1V
A MORE EXACT TREATMENT OF THE PREVIOUS CASE

It has been emphasized in the previous chapter that an assump-
tion of a sharp division into active and passive individuals is made
only as a convenient approximation. Actually, there are continuous
gradations between the two groups. We shall now investigate a rela-
tively simple case of such a gradation.

Generalization of the previously studied case is not unique. Dif-
ferent generalizations may lead to the same type of particular case.
We must, therefore, choose more or less arbitrarily one of several
possibilities without any prejudice to other possibilities to be studied
later.

Let us consider that every individual has a tendency to the ac-
tivity A , measured by a coefficient @ < 1. The quantity 1 — @ meas-
ures, then, his tendency for the activity B. If @ = 1 the individual’s
tendency for A4 is maximum and that for B is zero. Let the population
be characterized by a distribution function N (a)da, giving the num-
ber of individuals having an a between a and e + da . We have

le(a) de=N, (1)

where N is the total population.

Denote by 2 (a) da the number of individuals with a given ¢ who
exhibit behavior A. Denote by y(a)da the number of individuals
with a given @, exhibiting behavior B. We have

y(a) =N(a) —z(a). (2)

In general, we must assume that the amount of influence that an
individual exhibiting behavior A exerts towards an increase of be-
havior A in others is itself a function of @. An individual having
a = 1/2 is completely indifferent as to the choice of behavior A or
B . If he chooses a given behavior due to the influence of others, he
will himself exert hardly any influence upon others to choose the same
behavior. On the other hand an individual with & = 0 will not only
choose of his own initiative behavior B, but will strongly influence
others to choose that behavior. For simplicity, we shall choose for
the amount of influence of an individual the expression

35
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(1—2a)2 (3)

Expression (3) is everywhere positive, is zero for @ = 1/2, and is
also equal to 1 fora =Qor fora=1. Accordingly, we consider that
an individual, characterized by a given a and exhibiting behavior 4,
influences other individuals to choose A to the extent

fi(a) =a(1—2a)z, (4)

while an individual with the same a, but exhibiting behavior B, in-
fluences other individuals to choose B to the extent

fa(a) = (1—a) (1—2a)=. (5)

Thus an individual with @ = 1/2 does not exert any influence one way
or another, as stated before. An individual with ¢ = 1 , when per-
forming activity 4, influences others to perform A in the amount @ .
An individual with ¢ = 1, but performing activity B, does not in-
fluence others to perform B at all. This is psychologically plausible.
For an individual with @ = 1 can perform B only under duress, since
it is contrary to his inclinations, and he certainly will not attempt to
induce others to do the same thing.

As stated above, individuals with a = 1 always exhibit behavior
A regardless of what others do. Since, mathematically speaking, the
number of such individuals N (1)da is infinitesimal, even if N (1) is
large, we must consider that all individuals whose ¢ lies between 1
and 1 — .1, where 4 is a small quantity, always exhibit behavior A ,
regardless of the behavior of others. Similarly, all individuals with a
lying between 0 and A always exhibit behavior B. The quantities

fl z(a)da and fA [N(a) —x(a)] da (6)

1-

play the roles of z, and y, of the previous chapters, respectively.
With these assumptions we may set, by an argument similar to
that used on page 27 of chapter iii and with ¢ as the integration

variable:
d '
ad:,a) f a(1—2a)?2(a’) da’

1 o)
—-f (1—a)(1—2a): [N(a') —z(a’)] da’.

Since the integrals are constants, independent of a , putting
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X:—_Jolx(a) da (8)

x [ s
— o — 9 'y2 g 4 ’
T 0 ( a')2r(a’) da

we have

" 9)
— J (1—a)(1—2a):[N(a') —x(a)] da .
At all times, however, we have
x(@)=N() for 1—A<a<<1;
(10)

xr(a’) =0 for 0<a < {.

Everywhere else x(a’) is determined only by the initial conditions.

If N(a) is symmeatrical with respect to a = 1/2, so that N(a) =
N(1 — a), then if for t = 0, x(a’) == 0 everywhere in the interval
[0, (1 — .1)], the first integral of equation (9) is less than the sec-
ond for t == 0. The first integral is then equal to

k,::fl @ (1—2a')2 N (@) da’ | (11)

1-4
while the second may be written as

A
by = (1—a’)(1—2a'):N(a') da’

. (12)
-+ r (1—a’)(l—2a')2N(a') dua’.

Because of the symmetry of N(a'), k, is equal to the first integral
of expression (12), the second being positive. Hence %, < k.. In that
case, according to equations (7) and (9), X can only decrease for all
@ < 1 — A. Hence, all individuals with ¢ < 1 — .1 will continually
exhibit behavior B . Similarly for a symmetric N(a), if at the begin-
ning z(a’) = N(a') everywhere in the interval (4, 1), we find that
such a situation remains unchanged. Hence, as in chapter iii, for a
symmetric N(a) (corresponding to 2, = #,, @ = C,), we have two
possible configurations, either a behavior A by almost the whole
group, or behavior B.

+ The following considerations emphasize still more the analogy
with the former resulls. Since equation (7) is independent of a in
the right member, x(a, t) consists of two components
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r=uz,(a) + z,(t)
where the first component is independent of ¢ and the second of @. If

I,= fl (1—2a)2 (1—a) N(a) da,

I,=fla(1—2a,)'~‘x1(a)da,

the latter being a functional I, (x,), and
I = I 2 I 1)

then I is independent of a and of ¢, though I is also a functional of
%, . Equation (7) now becomes
de, 1
—=—g,+1I.
a3
It is no restriction to suppose that z, (0) = 0 and hence that z,(a)
gives the initial distribution. Hence,

2, =38I(et®*—1), (13)
The increase is exponential and is in favor of A when I > 0, in favor
of BwhenI<0.

Equation (13) is analogous to equation (21) of chapter iii.

If N (a) is asymmetric, then the whole situation may change. In
that case k, is not necessarily smaller than %,. Let the asymmetry
favor large a’s, so that N(a) < N(1 — a) for a < 1/2. Denote the
two integrals of equation (12) by k and k, respectively, so that

ke=Uk,+Ek,. (14)
We now have
ki > k.
If
ey —1t, >k, , (15)
then
ks> k, (16)

and z(a) will increase everywhere, except for @ < 4. But an increase
of z(a) reduces %, and increases k, , thus further enhancing inequal-
ity (16). Hence, the increase of z(a) will continue until all indi-
viduals, except those with a < 4 , exhibit behavior A . Thus inequal-
ity (15) is the condition for the group to pass from behavior B into
behavior A. Condition (15) may actually require a very small
asymmetry if N(a) is large only in the immediate neighborhood of
a = 1/2, where (1 — 2a¢')? is very small, for in that case k, is a
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small quantity, and a very slight asymmetry of N (a) will result in
inequality (15). But there is always a threshold value for the neces-
sary asymmetry.

By a similar argument, we find that an asymmetry of N(a) in
favor of smaller a’s, if exceeding a threshold value, will result in be-
havior B for the whole group, except for individuals witha > 1— 4.
Those results are essentially identical with the resulls of the more re-
stricted treatment of chapter iii.

More complicated relations may be studied by considering the
case of different susceptibility of the different individuals to the in-
fluence of others. We may, for instance, consider that the susceptibil-
ity of an individual to the influence of others exhibiting behavior A4 is
proportional to the value of a of that individual, while his susceptibil-
ity to the influence of others exhibiting behavior B is proportional to
1 — a. We shall then have, instead of equation (7),

dx(a '
gfi(t ):af a'(1--2a')2 2 (@) da’ —

, (an
(1—a) [ (1—-0a)(1—2¢)* [N(@') —a(a’)] da'.

Investigations of this and other more complex cases present an
interesting study.
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CHAPTER V
ECONOMIC INTERACTION IN A SOCIAL GROUP

In chapter iii we discussed some possible interrelations between
social classes based on the different amounts of initiative and imita-
tiveness. In this chapter we shall discuss an interaction of classes
based on a different characteristic, namely, the difference in different
people of the ability to perform different kinds of work and to pro-
duce different goods. In a sense, such a discussion should lead us into
the domain of mathematical economics, and in this field a very con-
siderable progress already has been made by well known works! of
mathematical economists. However, we shall approach these prob-
lems from a somewhat different point of view which will bring out
particularly the social aspect of the interrelation of economic classes.
In order to do so, we shall start again with highly oversimplified hypo-
thetical cases. In view of the fact that much more complex and rea-
listic cases have already been treated, it may seem rather strange to
start again with oversimplified cases. However, as we shall see, the
problem which interests us here is different from the usual type of
problem treated, offering its own complications this consideration jus-
tifies the apparent set back. Our failure to make use of those well-
known results is due not to ignorance or neglect, but to the circum-
stance that the particular problems discussed here arc not yet ripe
for the use of those more advanced results.

Let us again consider for simplicity a society composed of two
types of individuals I and I7, their corresponding numbers being N,
and N,. Let these two types of individuals form two corresponding
social classes, class I and class 7II. Let us consider the following
purely hypothetical case.?

Each individual of type I produces per unit time an amount Dy
of goods necessary for the maintenance of his life, and he consumes
per unit time an amount ¢, of these goods. Similarly every individual

of type IT produces and consumes correspondingly the amounts p, and
c;. Let

N1<<N2; €|=p1_cl>0 and €2=p2—62<0. (1)
Then, in the absence of any exchange of external supply, the indi-
40
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viduali of type I are capable of indefinite existence, those of type II
are not.

Now let the individuals of type I be capable of organizing their
work, as well as the work of individuals of type II, in such a way
that the production of the necessary goods is largely increased. In
other words, let the production of the goods require a certain amount
of organization skill, which is possessed by individuals of type I, but
not by those of type II, so that while by themselves the individuals
of type II cannot produce enough goods, they can do so under the di-
rection of the individuals of type I.

Although this is a rather abstract situation, it reminds one of
some real situations. Thus a large number of workers who produce
complicated machinery in a factory as a result of work directed by
a group of engineers and executives would not be able to produce the
same results when left to themselves.

Under the conditions assumed above, the following relation may
naturally be established between the individuals of type I and those
of type II . The latter will agree to work under the direction of the
former so as to increase their output in goods, provided they re-
ceive a part of the goods thus produccd for their consumption. On
the other hand, the individuals of type I, unless they act purely al-
truistically, a supposition too unlikely to be considered even theoreti-
cally, will agree to direct the work of type IT individuals only if they
also receive part of the goods thus produced. Each individual of type
IT will give an amount w of his labor per unit time. The amount w
may be conveniently measured in working hours per day. In compen-
sation for that amount of work, he will get an amount 6w of goods.
The quantity 4 may be considered as the price of labor, paid not in
money, but in goods directly.

If, for simplicity again, we consider the case in which all N, in-
dividuals of type II are working in the way discussed above, the total
amount P of goods produced under the direction of individuals of
type I will be proportional to N,w; thus

P=AN.,w. (2)

The coefficient of proportionality A will in general depend on both
N, and N, , so that

A:A(NI’N2)' (3)

The nature of this functional dependence will be determined by the

character of the labor involved, methods of production, etc. In the

simplest case, however, it can be seen that A (N,, N;) should be, at
least approximately, a function of N,/N., so that
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N,
A=f ( o ) >0. 4)
The reason for this assertion will be apparent if we remember that,
other conditions being kept constant, increasing m times both N, and
N, should increase P approximately m times also. Hence, such an
increase must leave A invariant.

Some other properties of the function f in inequality (4) may
be found from gencral considerations. Since in the absence of indi-
viduals of type I no goods are produced under their direction, we
must have ,

f(0) =0. (5)
Keeping N;, the number of workers available, constant but increas-
ing the ratio
N,
=N (6)
by increasing N, , will, for small values of N 1, increase P. But when
for a constant N, , the number N 1 exceeds a certain amount, any fur-
ther increase of N, will not result in any increase of P. A certain
number of workers may require a definite number of supervisors, but
an excessive number of supervisors does ot increase the output.
Hence, f() must either have a maximum for a certain value of 73,
or it must increase with 7, approaching asymptotically a constant val-
ue.

In order to obtain closed expressions, we may consider as a very

rough approximation the following expression:

f(n) =fo(1—em), (7

This, of course, does not preclude considerations of other forms. We
may take also

f(n) =am— a2, (8)
and consider this expression only in the range 0 < 4 < a,/a, , for
which the expression (8) is positive. It has a maximum for » =
3(a,/a.), the maximum value being f,. = 1(a,%/a,).

Introducing equation (6) into equation (4) and then the latter
into (2), we have
P=f(5) Naw. (9)

Of the total amount P of goods produced, an amount 6N,w is received
by the N individuals of type II, the remaining amount being retained
by those of type I. Hence, the net rate of increase of the total amount

W, of goods, produced by individuals of type I themselves and by those
of type II for class I, is:
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aw,
‘Et'—_—-N,el "*' f(’?)N:_\qv - GNg?‘-‘; (10)
and, similarly for class II:
W o Nt + 6N
7t = N.¢, N.,w. (11)

Even though, according to expressions (1) & < 0, dW,/dt may be
positive, since 6N,w > 0. It must be remarked, however, that we
obtain the same type of interaction of the two classes even when both
& and &, are positive. This type of cooperative interaction may in-
crease the rates dW,/dt and dW,/dt from their values N,e, and N,e,
which they would have in the absence of such a cooperation. This pre-
supposes such a choice of constants that

f(n) >6. (12)

Inequality (12) fixes the highest “price” that the first class will
be willing to pay for labor. The actual 6 is determined by the demand
of the individuals of type II for the goods produced. Just as in the
standard treatments of mathematical economics, the larger 6 per unit
of w, the more of w an individval is willing to give. Hence

w == u(f), (13)
u being an increasing function of 4. For simplicity let us put

l
w‘:wo—-:, (14)
(1]

1w, and b being constants. Expression (14) is suggested by the use of
simple linear approximations for demand curves and by remember-

1 .
ing that P may be considered as the “price” of the goods in terms of

labor. For 6 < b/w,, when w becomes negative, individuals of type
IT will not agree to work at all. For 6 == « they cannot work more
than the physically possible amount w, .

Introducing equation (14) into (10) gives:

dw,

dt
The derivative dW,/dt is now a function of 8, and if the individuals
of type I wish to make dW,/dt as large as possible, they will agree on

a 6 which makes the right-hand side of equation (15) a maximum.
This happens for

;
=N, + N.[f(n) -—o](1m.—£) ) (15)
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\/bf(ﬂ) (16)

and, for the maximum value of the right-hand side of equation (15),
the latter becomes

dWl
—o-lz—lesl + No[wof (1) +b—2 vdwof(n)]. (17)

Introducing equation (16) into (14), and then both into expression
(11), we find:

de
Equation (17) may be written thus:
dw, R
—dt————Ng[s.n + wof () +b—2 Vbwf(n)]. (19)

In order for any such interaction as discussed here to be possible at
all, both classes must gain something. This imposes certain inequal-
ities on the constants, namely,

e+ wof () +b—2 Vbdw.f(y) >0, (20)
and
&—b+ Vbwf(y) >0. (21)
If inequality (21) is to hold, and if &, < 0, then a necessary condition
is
Vbw.f(y) —b>0.
Because of equation (16), and since necessarily § > 0, this requires
that
b < wof(n), (22)

but inequality (22) is not sufficient in this case. In the interval

0 < b < wof(n), the expression \/bw,f(y) — b is positive and has a
maximum for

wof (n)

b="bu=
4

s (23)
the maximum value being equal to

wof ()

Yo

(24)
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Hence, for &, < 0, inequality (21) requires not only inequality (22)
but also

wf (77) ’
> ]82' . (25)
4
Requirement (20) may be replaced by a more rigid one, namely,
wof (1) +b—2 Vbwef(n) >0. (26)

Only in this case is dW,/dt larger with the cooperative arrangement
than without it. But for values of b in the neighborhood of b, the
expression b — 2 VVbw,f () is negative. However, for b = b,, the left-
hand side of inequality (26) equals 1 w.f(%), and (26) is therefore
satisfied.

These considerations show that b would have to be in the neigh-
borhood of b, in order that there should be a gain from cooperation
to individuals of class IT if e, < 0. A value of b too large or too
small results in a loss to the individuals of type II . If, however, e, > 0,
then all that is necessary is that b should be sufficiently small. In this
case too large a “price” asked for labor will result in the impossibility
of reaching any agreement or cooperation.

If &, < 0 and inequality (25) holds, then with b © b,, , dW,/dt >
dW,/dt . Equations (19) and (18) integrated give:

W,= N2[5177 + Wof (77) +b—2 \/_b'wof(ﬂ)] 1+ W, , (27)
Wz = N2[82 - b '*' \/I)?Uof(;?—)-] t + Wn2 ) (28)

where W,, and W, are initial values. If we start with equal amounts
of W per capita, so that

Wo N (29)
Woe N,
or
Wa] = anz y (30)

then for ¢t = 0, W,/W. = 5, while for sufficiently large ¢ this ratio
tends to

W, &y + wof () + b—2 Vbw.f ()
W2 & — b + Vm_(;]_j

Thus, there will be a gradual increase of the ratio of the amount of
goods accumulated by class I to the amount accumulated by class II .
We may consider a somewhat more complex and perhaps more

>1>09. (31)
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natural situation in which an individual of type II receives goods not
only in proportion to the amount of labor he expends per unit time,
but also in proportion to the amount of goods which he produces per
unit time under the direction of individuals of type I .}

Expression (2) tacitly implies that the amount of supervisory
work done by individuals of type I per unit time is constant. It is of
interest to congider the more general case, in which P is proportional
to the product w,w, of the amounts of labor w, and w. given per unit
time by individuals of type I and 1I. The quantity P is by definition
the amount of goods produced per unit time by individuals of type II
under the direction of individuals of type I. Therefore, P should
vanish for either w, == 0 or w, = 0. Thus, we shall now consider the
case where

P::f( %l ) Noaw,w,, (32)

f(n) being the same as before.

We now find, instead of equations (10) and (11), the following
equations for the rates of change of the total amount of goods W, and
W. possessed by all individuals of type I and II correspondingly:

aw,

':i_t":lel + sz(’))wl'wz(l —40), (33)

aw.
dt
By definition of ¢ we always have § < 1.

We have supposed that the ‘price” ¢ is related to the amount of
labor w», by a simple hypothetical demand equation:

b.
Wy == Wop — n (35)

= Na&; + ON.f () wyw,. (34)

where w,, and b, are constants. A similar situation may be considered
for w, . Individuals of type I will be willing to give more supervis-
ory labor, the greater the amount of additional goods they receive in
return. We shall, however, introduce here in our assumptions an ex-
plicit asymmetry in the behavior of the two classes. This is made
partly in order to simplify some calculations. The effects of not in-
troducing such an asymmetry will be discussed at the end of this chap-
ter.

We shall assume that while the individuals of class IT determine
the amount of labor they are willing to give by the fraction of the
goods which they receive in return per unit of goods produced, the in-
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dividuals of class I determine the amount of supervisory labor which
they are willing to give by the total amount of goods which they re-
ceive from class II per individual of class I as the result of coopera-
tion. Thus we shall put

b,
~ P(1—6)/N,’
Introducing for P its expression (32), we find:

Wy = W,

bln

W,y == Wa1 — .
f(m)wyw, (1 —0)

(36)

Equation (86) may be written:
() (1 —0) wow,> — wof (n) (1 — ) ww, + byiy=0.  (37)

Solved with respect to w,, it gives:
Wor . \/'wszz(ﬂ) (1—6)2w2, — 4b1’7f(77) (1— 0)7772

2 2f(n) (1—0)w:

We shall now discuss the second term on the right side of equa-
tion (33). This term represents the amount of goods received per
unit time by all individuals of type I from those of type II. To this
end consider the expression w,w.(1 — 6). From equations (38) and
(35) we find after rearrangements:

0ot
W, W, )= 2 1—06 )| Wo2 p

w, =

(38)

—— - (39)
X [ 1+ |1 Abw
- £ () (1 — 6) w2, (wez — bo/0) 1
The expression
2= (1 —6) (wo, — b,/0), (40)

which occurs in the denominator under the radical sign, has a maxi-
mum for

b,
eSS . (41)
Wo2
The maximum value &m., of z is equal to:
Tmaz = Woz -+ by — 2 VDo . (42)

If
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4b17]
_— <1,
f('])wzolxmac
or
4b,y
Xonue > D) (43)
f("?)'wzol

then the expression w,w.(1 — 6) has two real positive values for a
given ¢, provided 6 lies within an interval

0,<6<6,<1, (44)

which is in the neighborhood of the value given by equation (41). The
quantities 6, and 6, are roots of the equation obtained by equating the
right-hand side of equation (40) to the right-hand side of inequality
(43).

If inequality (43) does not hold, then w,w. (1 — 6), and therefore
the last term of equation (33) is imaginary. Under these conditions
a cooperation of the two groups is impossible and no agreement as to
price can be reached. It is interesting to note that inequality (43),
which represents the conditions for the possibility of cooperation, in-
volves such quantities as the function f(5) or the constant w,, , which
are more or less of a physical nature, as well as the constant b, , which
is more of a psychological nature.

The existence of two values of the expression w,w,(1 — 6) is due
to a two-valued nature of w, , as defined by equation (36). This, how-
ever, is not connected with the specific analytical expression chosen
for w, , but lies rather in the nature of the general assumption made.
The relation of w, to the return in goods is such that for returns be-
low a certain value the individual will not wish to give any labor, while
for increasing return the amount of labor invested increases, tending
to a limiting value determined by the physically possible maximum
of labor given. This, combined with the assumption that the return
in goods is in its turn proportional to the amount of labor given, leads
to the two-valued character of w, in terms of 6. The left-hand side
of equation (36) is represented by a straight line, (Figure 1), while
the right-hand side is represented by a curve which, regardless of its
detailed analytic specification, in general, intersects the straight line
in two points.

Returning now to equation (39), we sec that the value of
w,w, (1 — 6) which corresponds to the upper sign before the radical
is always the largest of the two. When 6 = 6,,, as given by equation-
(41), both the expression in brackets and the expression in front of
it have a maximum. Hence, for § = 4,, , the quantity w,w,(1 — 6) has
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a maximum for the upper sign before the radical. For the lower sign
it may or may not have a maximum.

bin

- —————.

f(w,wy(1-6)

w,—

FIGURE 1

it (Reproduced from Psychometrika, 1940, Volume 5, with the permission of the
editors.)

In chapter iii we have established some equations describing the
conditions under which one of the two classes controls the behavior
of the other regardless of such interactions as studied here. If the
relations between the constants involving social control are such that
in the present case class I, which is composed of individuals of type
I, controls behavior of class II (an assumption which is not a priori
necessary), then class I will prescribe as price for the labor of class
IT the value 6, , for this makes dW,/dt a maximum.

Due to incqualities (1), dW,/dt is always positive for § < 1, but
dW,/dt may be negative. If § = 4,,, then, in order to make dW,/dt
positive also, we must have

&2
dww, > ——— for6=20,; (45)
o ()

otherwise, the “wealth” of class I will increase while that of class I
will decrease. Class IT will not be able to exist indefinitely, and with-
out it class 7 will also not be able to have additional goods. A con-
tinued negativity of dW,/dt will result in a decrease of N,, and this
will result in a decrease of P and of the last term of equation (33).
Thus condition (44) is necessary, but not sufficient, for the coexistence
of two such classes. It must be supplemented by condition (45).

If class I fixes 6 at 6,,, this will make dW,/dt a maximum, but
this does not mean that the rate of increase of the total goods for both
classes, that is d (W, + W.) /dt, will be a maximum. In fact, this will
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not be the case. From equations (33) and (34) it follows that
d(W, + W,)/dt has a maximum for such a value ¢, of 6, for which
w, W, has a maximum. Denote

h=ww:>0; Y=ww,(1—0) =y,(1—0) >0. (46)

The quantity ¢',, is defined as that value of § which makes y, a maxi-
mum. Hence

dyl
dé or “7

If 0, is the value which makes ¥, = 5, (1 — ) a maximum, then

dy-
—=0 for 6=6,,.
do

But for § = ¢',, , because of equation (47),

dyz d'yl

=Y () + (1 —0p) ——=— 4. <0 . 438
8 Y (0n) + ( ) 7 v (43)
Hence ¢, > 9,..

In other words, under such conditions as are described by equa-
tions (33), (34), (35) and (36), such a cooperation of the two classes
which is optimal for the population as a whole will not be optimal for
class I.

Denoting by 6”,, the value of § which makes 6w, w. a maximum
and therefore gives a maximum dW,/dt, we can prove by a similar
argument that

0" > 0> 0. (49)

If class II controls the behavior of the population, or if a third
class is present which, while not participating directly in the coopera-
tion discussed here, nevertheless influences the behavior of the popu-
lation by virtue of a social mechanism discussed in chapter iii, then 4
may be fixed either at 6',, or at 6”,,. This will lead to optimal condi-
tions for either the whole population or for class IT . It may, however,
happen that 6”,, > 6., or even 0',, > 6, [Equation (44)]. In this case
no cooperation will be possible at all. Class I will continue to cxist
due to & > 0, though the rate of increase of its wealth will be very
much reduced. Class IT will not be able to exist indefinitely. Under
the conditions studied here, the coexistence of the two classes may be
possible for a certain choice of constants, only when it corresponds to
conditions close to those optimal for class I.

If we do not introduce the asymmetry expressed in the different
structure of equations (35) and (36), but take for w, an expression
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similar to (35) except that 6 is replaced by (1 — 6), we will have sim-
plified the situation somewhat. We now would have:

(1— ) wow, = (1 —6) (w(,l—ll" )(w(,._,—%f)' (50)

which has a maximum for

01— Uy b:
p=g, = [P bb: (51)
Wor Wy

As before, we shall find ¢",, > 6, > 0, .

On the other hand, if we take for both w, and w, expressions of
the form of equation (36), then the situation is mathematically more
complex. Although essentially similar results are obtained, closed

expressions are very cumbersome, for we have to deal now with two
simultaneous quadratic equations which reduce to a single fourth de-
gree equation.

The different expressions that may be used for w, and w, corre-
spond to different assumptions about the psychological attitudes taken
by cach class towards cooperation of the type described. The rela-
tions discussed here are too simple to be of any practical use. They

merely illustrate how different psychological attitudes of different so-
cial classes may be in principle translated into mathematical language.
But it is only through the study of such simple illustrations that we
may hope to arrive at the study of more concrete real cases.
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CHAPTER VI

MORE COMPLEX CASES OF INTERACTION OF
SOCIAL CLASSES

I

The different iypes of interaction of social classes studied in
chapter iii-v are substantially of two kinds. Those treated in chapter
iii and iv may be described as more of a “psychological” nature; those
discussed in chapter v may be said to be primarily of an “economic”
character. No sharp distinction can be drawn, however, between the
two kinds. The two different activities A and B discussed in chapter
iii may, for instance, consist of the buying and use of certain goods
or services, and the two opposing active groups may represent two
competing groups of manufacturers trying to impose by advertising
the use of their corresponding products on the passive population.

The individuals composing the “organizing” class, discussed in
chapter v, need not necessarily be ‘“active” in the sense defined in
chapter iii. A person may have organizing and technical abilities but
not care particularly to use those abilities. If, however, the exhibi-
tion of such abilities is considered desirable by a larger group of
people, the person may actually put them to use. Thus, he may be a
sort of “passive technical organizer.”

In spite of this lack of sharp distinction, the two kinds of inter-
actions may perhaps typify some actually existing situations. In any
country we distinguish, in general, two groups of individuals who
characterize the general sociological setup of the country.

One class supplies the legislative activity, sets forth the legal
codes to be followed, and sces to the enforcement of the laws. This
class is not infrequently also the military class, in which a control
of a large number of passive individuals by a smaller number of ac-
tive ones is certainly not based on any economic interaction.

The other class is composed of industrialists and tradesmen—
people that are primarily interested in the process of producing dif-
ferent goods for the improvement of conditions of life and thus eon-
stitute the economic backbone of the country.

Again it must be sa2id that sometimes there are no sharply indi-
cated lines of demarcation between the two classes. In extreme cases,

b2
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however, the possibility of such a division becomes apparent. We have
on one hand highly militaristic countries, such as tsarist Russia or
prewar Japan, with a relatively small industrial production and small
per capita national income*; on the other hand, we have such coun-
tries as the United States and Canada with high national per capita
incomes but with very little, if any, military activities.

It lics essentially in the nature of any military or legislative ac-
tivity that it must be imposed on the population by decree rather
than by mutual agrecement. On the other hand, the “economic” inter-
action studied in chapter v is based fundamentally on mutual agree-
ment apparently free from overt compulsion. We should therefore
expect a relatively high coeflicient of correlation between technical
organizing abilities and general tolerance to the opinion of others, as
well as a higher interest in the worldly goods and comforts of life.
We should also expect a relatively high correlation between the mili-
tary and legislative abilities and general autocratic tastes, as well as
a lesser interest in the material comforts of life. There may be some
parallelism between the subdivision into these two types and P. Soro-
kin’s! division of individuals into the ideational and sensate.

This parallelism is not complete, however, primarily because we
should consider still another type of activity, which is better de-
scribed by the interaction studied in chapter iii, and yet is not of a
military or legislative nature. This type includes religious activities
which, as history shows, have been frequently imposed on the popu-
lation by methods very far from those using free mutual agreement.
An extreme case of a country with a strongly pronounced active group
of that type would lack both industrial and military development.
China and India may perhaps be considered as approximately that
type. .

Moreover, a country may possess a sufticiently strong “organiz-
ing” class to provide for high technical developments; yet the mili-
tary class may be even stronger and impose its general behavior on
the population. We may thus have a country with high technical ad-
vances, yet characterized by a strong political intolerance. Such was
the case, for example, with Nazi Germany.

A class may also be subdivided into subclasses, the interaction
of which may be studied. Thus the technical and organizing class may
be divided into the industrial and agricultural class, ete.

The above discussion indicates the desirability of a theoretical
study of interaction between two or more classes, of which some pos-

* Although the per capita income in Soviet Russia is also rather low, we

refer to tsarist Russia only because Soviet Russia appears to be in a transient
period of rapid industrial expansion.



54 MATHEMATICAL THEORY OF HUMAN RELATIONS

sess the characteristics described in chapter iii, some—the charac-
teristics described in chapter v. For brevity we shall call the former
the “autocratic” class, the latter the “organizing”’ class. We shall con-
fine ourselves here to the study of three classes: an autocratic, an
organizing and a passive one.

To begin with, we may consider the following case?: Let the num-
ber of individuals in corresponding classes be N,, N,, and N;. Let

N=N,+ N, + Nj. (1)

We shall denote the corresponding coefficients of influence by a,, a,,
and a; . Let us consider the first type of interaction, that of constant
effort. Let
ay A — 0,
N, > N + N.. (2)
a, + a, a, +a;

This is essentially the inequality (8) of chapter iii, with changed no-
tations. It expresses the condition for class I to control the behavior
of the whole passive population. The general behavior pattern will be
determined by the dictates of class I .

Let class II, on the other hand, be an organizing class. If the
organization of class III by class I, in order to increase the pro-
duction of some useful goods, will not interfere with the general be-
havior pattern imposed by class I, then class II will be permitted to
proceed with such an organization, provided a certain amount of the
useful goods produced will be given to class I .

Concerning the interaction between class II and class III , sev-
eral different assumptions may be made as we have seen. For the
sake of definiteness, we shall consider here, as an illustration of the
method only and without any prejudice in favor of it, the case dis-
cussed on page 46. Again denoting by 6 the fraction of goods pro-
duced which is given to class II1, by w. and w, the amounts of labor
given by class IT and III respectively, and assuming as before “de-
mand funclions” of the form

b. b,
Wy == Woy — —, (3)

Wy == Wee — ;
1—46 6

we find that the amount of goods received by class I7, in the absence
of any interference by class I, is

NS ) (1= 0) (wa = Yo =2 ) @
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Let us consider, however, that class / , Which controls the whole
situation, will require a certain fraction « of everything produced by
the cooperation of classes IT and II1. Thus class II will now retain
only a fraction (1 — ¢) (1 — a) of goods, while class III retains only
6(1 — a). Those amounts should be introduced now into expression
(4), instead of (1 — 4) and 9, respectively. Moreover, it may be ar-
gued that the constants b. and b, are functions of f , for f measures
the efficiency of supervision, and the greater f, the larger the total
amount produced. Thus the greater f, the smaller the fraction of
the goods produced which may be worth retaining. Hence we put

e by (5)
)y — —, 3 .
f f
Instead of expression (4) we now have
I », b;’ B
N;f(l - 0) (wo'z I & . )(wv; T T Y ) (6)
fA—60)(1--a) f6(1—a)

Class IT will fix 8 in such a way as to make this quantity a maximum.
For a fixed «, the value 6,, of § which maximizes (6) is equal to

( X \ b
11002~_
t(1—a)/f(1 —a)

)

om = .
Wor Woq
On the other hand, class I, if it controls the whole 1)9pqlation com-
pletely, will fix « at a value a,, in such a way as to maximize the total
amount it receives, namely,

) w

NS (L—6) (w” FA—o) =\ T Ha—a/"
By substituting (7) into (8), we obtain the latter expression as a
function of a only. By differentiating we then find the value of a, in
terms of N,, f, W, Wo, by’ and b, . Substituting that value a, into
(7) we find 6,, as a function of the foregoing six quantities. Once 6.,
and a,, are determined, we have the total rate of accumulation of goods
by each of the three classes, according to equations set up in chapter v.
Relation (4), chosen as an illustration, does not allow any ex-
pression for 6., and a,, in closed form. The same holds about.: other
similar relations. More or less complicated approximate solutions of
this problem are hardly worth while at this stage since the assump-
tions made are too crude to be applied to actual cases and since hardly
any accurate data on the subject are available. As a second illustra-
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tion we shall consider a somewhat different. picture, which will be
more familiar to the student of mathematical economics.

Consider class IT as a monopolist, producing an amount u of goods
at a cost ¢(u), and let®

q(u)=Aw+Bu+C, (A,B,C>0). (9)

Let the goods be sold at a price p per unit, and let there be a demand
function for the goods of the form

y=b—ap, a,b>0. (10)

In actual cases g (u) is composed of the cost of labor as well as cost
of material, transportation, ete. We shall consider here, for simplicity,
the fictitious case where q(u) consists only of the cost of labor. The
situation, though unreal, is not quite impossible. If we consider the
interaction of several industries, then there is an exchange of ma-
terials between them, which enters into q(u). The cost of material
for one industry amounts ultimately, however, {o the cost of labor
in another industry, which produces it. Therefore if we consider a
sort of average for all industries, and denote by u the amount of goods
produced by all of them, then ¢q eventually becomes the cost of labor
only. This, of course, introduces the question of whether we can meas-
ure the products of different industries in common units. Inasmuch
as we are discussing here only a theoretical case, we need not worry
further about the assumption made.

Let class I impose a tax & per unit of goods produced. It receives
altogether an amount &u of money, which in terms of goods is equiva-
lent to &u/p units of goods. Class IT produces u units of goods. It
pays for those goods to class IIT the amount ¢ (u), which is equiva-
lent to g (u) /p units of goods. Moreover, it pays to class I an equiva-
lent of &u/p units of goods. It retains u — g (u) /p — &u/p units. Class
IIT gets an equivalent of q(u)/p units of goods. The case, though at
first sight very different from the one discussed before, can be thus
expressed in terms similar to the former. We have

q(u)/p Eu/p
>0, N a.
%® u

(11)

The relations between 6 and o assumed here are, however, different.
If class II adjusts the production so as to maximize its profits,
we have (ref. 3, p. 50)
b— (B+&)a

S L 12
T T e Y oAd 12)
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_ b +24ab + (B + §)a’
2¢' (1 + Aa')

Consider the case where class I determines the taxation in such a way
as to make the amount {u/p a maximum. Equations (12) and (13)
give us the amount &, of such a tax. The expression for &, in that
case can be obtained in closed form. However, it is rather clumsy and
unusable. We may consider an alternate hypothesis, namely, that
class I fixes £ so as to maximize not the equivalent amount &u/p of
goods received, but the monetary rate &u .

Thus we must consider in terms of money also the amounts re-

tained by class IT , namely, pu — q(u) — &u, and by class II1, namely
q(u). This gives

(13)

b —Ba’
§m= —, (14)
2a
which is positive, since b’ — Ba' is greater than zero.* We also have

(b'—Ba')?

g = ————————., 15

(5u) 8a'(1+ a'A) (15)

II

We may also consider the whole problem of interaction of classes
I and II from a different angle.

Consider again two coexisting classes I and IT . Let both classes,
amongst other activities, perform two given activities A and B, pro-
ducing correspondingly per unit time some results a and b. Those
results may be considered as “commodities”, cither of a material na-
ture, as food, or of a more abstract nature, as knowledge of some kind
that may be communicated to others. Let the amounts of the results
of activities produced by the first class be @, and b, , the amounts pro-
duced by the second—a., and b,. It may happen that a, is rather large
while a, is small, and at the same time b, is small while b, is large.
In that case an exchange of “commodities” will take place, the first
class receiving some b from the second and giving in return some @ .

To dctermine the character of that exchange, we shall use, as
has been done by other authors®*, the concept of satisfaction, which
we may apply to a class as a whole if the latter consists of approxi-
mately similar individuals. L. L. Thurstone® has shown that satisfac-
tion, as a psychological quantity, may be actually, though indirectly,
measured and discussed quantitatively. Thurstone comes to the con-
clusion, derived from psychological experimental evidence, that the
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satisfaction varies logarithmically with the amount of commodity pos-
sessed, and he assumes moreover that for several commodities the
satisfactions are simply additive. However, he makes some reserva-
tions as to the generality of the logarithmic relation. For the present
general discussion, we shall not make any special assumptions about
the shape of the satisfaction function. Moreover, we shall consider
the satisfaction not in terms of the quantities of commodities pos-
sessed, but in terms of the rates of productions of those commodities.
This is psychologically legitimate, for one may derive a greater sat-
isfaction from producing or receiving per unit time more of a com-
modity. We shall therefore speak of “production” of a commodity by
a class, even if that commodity is received from outside, for instance
from the other class. .

We assume that for any individual of class I there is a satisfac-
tion function s,(x, y), where « and y are the amounts of the two
commodities in question received per unit time. Similarly, for class
II we have s,(x, y). If N, and N, are the numbers of individuals in
classes I and II respectively, we shall define S,(2,y) = N.s,(x,y) and
S,(x, ¥y) == N,s,(x, y) as the satisfaction function for classes I and
II respectively. We shall put

oS oS,
—=X,(z,9); —=Y,(x,9); (16)
ox oy
oS oS
—=X,(x,y); —=VY,(x,¥). (17)
ox oY

If each individual in a class, and therefore the class as a whole,
agrees to such an exchange for which his satisfaction has the largest
possible value, and if this exchange goes on in such a way that for a
unit of a always the same number of units of b are given, then we
may calculate the results of such an exchange by using formulae de-
veloped by G. Evans (see ref. 3, pages 125-128). Denoting by z, and
Y, the rates of production of £ and ¥ in class I when the cxchange is
operating, by x, and y. corresponding quantities for class II, and by
a,, b,, a,, and b, the corresponding quantities in the absence of ex-
change, we have for the determination of «, , ¥, , 2. and 3. the follow-
ing equations:

X (21, 91)
Xg(a“ + (l?—x‘, b| + bz——y|)

— Y. (x:,, %)
Y.(a, +a;—ux,, b, + bz—‘?h)

(18)
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h—b —- X, (a,, 'yx_)_

’ 19
T, —a, Yi(z,,9,) (19)

% tr,=a +a,,

20
y1+1/2=b1+b2. ( )

Kquations (18), (19) and (20) express a,, y, . &, and y, in terms of
@, b, a,,and b,;

x1=1l1((l,1.b1,0-2,b2); xz':uz(ax:blyaszz);

yl:1’1(a11b1:a‘27b2); y2:vz(a1;bx-aa;bz). (21)

Depending on the choice of the functions S, and S, , a different
distribution of rates of production will be obtained. It is possible that
while a, + b, > a, + b, yet 2, + y; < 2, + y. .

The quantities a, , b, , e, and b, refer to the class as a whole. The
corresponding quantities per individual shall be denoted by a,', @,
b and b,’. Thus a, = N,a/’, ete.

Let us consider that while class 17 supplies some material goods
necessary for life, class I provides for goods of nonmaterial charac-
ter which are, however. also necessary to the community. These may
be the organization of military defense, legislation, policing, ctc. Class
II may agree to supply class I with a definite fraction of its products
provided class I in its turn supplies it adequately with the useful re-
sults of its activities. The question may arise as to the units in which
we shall measure the “goods” supplied by class I. While it may be
difficult to give a general definition of such units for all specific in-
stances, the problem is solved in daily life. A public officer is dis-
charged when he does not perform his duties adequately. In other
words, he does not receive in that case the remuneration which would
be forthcoming to a competent person. In all such cases we have an
exchange of nonmaterial goods against material. It is true that in
some cases, as for instance in the casc of a business executive, the
performance of his duties may be directly measured by the number
of dollars of profit which it brings to the business. In other cases,
however, as for instance in the case of a judge or a policeman or an
army officer, this is not possible. In every individual case, however,
a definite criterion for measuring indirectly the dollar value of some
activities does exist, and this defines a practical unit of such an ac-
tivity. In general, we must consider that each class may produce both
goods, but one class produces predominantly one type of goods, the
other class—the other type.

Following L. L. Thurstone* we shall choose as an illustration for
the satisfaction functions s, and s, the following expressions:
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8,y =A1 lOgalx + Bl logﬁly »
(22)
83 =A;log a,z + B, log B,y .
For the sake of simplicity we shall first put 4, = A, =B, =B,
=a=pf=a=4§ =1, so that 8, = s, = g; in other words, we
shall consider first the satisfaction function as being the same for all
individuals and study only the effect of different ability to produce a
given good or service.

We have
S;=N.8, S.=N,s, (23)
while X, , Y,, X,, and Y, are defined by
2S aS aS. d
""1=Xu ""1'=Yu —'szzy E::Ya- (24)
0z oy ox oy
Equations (18)-(20) now give:
. = 20,0, + a.b; + a.b, .= 2a,b; + a,b, + azb,
' 2(b,+b,) T 2(b,+ b))
(25)
. 2a,b, + a,b, + a.b, ;= 2a:b, + a,b, + ayb,
' 2(a+a) 2(a, + @)
Introducing
Q, b,
Meo)p L=y, (26)
@ b,
we have
x, . Zalbl + a,,b2 + (L,bl . U _2bl}. -+ bzl + b)
T, 20D, + 0.0, + a:b, y, 2b, + b + b,
(27)
_20,u t+ au t a,
20, + Gop + 0,
We also have
a( xl )’_ 2(bl+-b2)2
a\ 2/ Qb+ b, + ba)?r
(28)

Il

_?_( z ) 2(a, + a,)2

> 0.
ou\ (2a, + a, + a,u)?
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The quantity * may represent the amount of legislative or mili-
tary service produced by class I, while y represents the amount of
material goods supplied by class II. Equations (25) give us these
amounts in terms of a,, a,, b,, b, and therefore in terms of N,, N,,
a,,a’,b’,and b, .

As a last illustration of the different types of interaction of so-
cial classes, we shall outline a theory of interaction between the in-
dustrial and agricultural population of a country, again, of course,
under rather oversimplified assumptions.:

Let N, denote the number of individuals working in industry, N,
—that in agriculture. Let the total population be

N=N, + N,. (29)

Denote by p,, p., respectively, the amount of goods produced per
capita in industry and agriculture per unit time, expressed in some
comparable units, as for instance in their dollar values. Both p; and p,
will be functions of N, and N, , as well as of the supply of natural re-
sources of the country. They can be divided very roughly into the
total area S of land available and the resources R of ores, minerals,
etc. Thus

pL:fL(Nthﬂ’R’S); pﬂz:f!l(Nb)Nﬂ’R)S)' (30)
Let ¢, and ¢, be the per capita consumptions in industry and agricul-
ture, respectively, per unit time. Also let an exchange of goods be-
tween the two groups of individuals take place, so that the agricul-
tural individuals supply the industrial with an amount NG, of goods,
receiving in return a fraction 0 of industrial goods. The quantities G,
and 6 will be connected by some kind of demand equation, so that

G.=f(0). (31)

For the rate of change of the total wealth W, and W, of the industrial
and agricultural population, we have, as in chapter v,

%?;—' =N.(p.—¢,) + N.G,—6N.G.,
dw, (32)
7 = N,(p.— ¢.) — N.G, + 6N.G,.
The per capita rates «, and w, are
w,=p,—ec, + N—N, G.(1—96),
’ (33)

W, =P — Ca— Gu(l —0).
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If every individual chooses his occupation in industry or in agricul-
ture according to whether w; or w, is larger, then there will be a shift
of population to industrial occupations if w; > w,, and to agricultural
if w; < w,. In equilibrium we have

Wi =W, . (34)

Because of expressions (29), (30) and (32), equation (34) gives a
relation between N;, N, R, S and 4. Or, introducing

N;

N (35)
we may say that equation (34) furnishes a relation between N y
R, S and 6. For fixed values of 8 » N, R and S this relation gives us
the value of # or, what is the same, the values of N, and N,. But,
because of equations (33), this fixes the values of w; and w, as func-
tions of 4. If every individual tries to make his w; = w, a maximum,
then 9w;/30 = 0 gives us an equation for the determination of § . Once
9 is determined as a function of y, N, R and S, we can express 7 as a
function of N, R and S. Thus

1=y(N,R,S). (36)
Because of expression (35), equations (30) may be written thus:
pizF’i(N,ﬂ;R,S); pu:Fa(N”]yR’S)o (37)
The total per capita rate of production of any goods is equal to
Nip; + N,p,
p.c.=——N—-—=17p.- + (1 — )P, (38)

and, because of equations (37), may be expressed through N, 5, R,
S. Data for N, 5 and S are readily available. The determination of
R presents greater difficulties. In some cases we may assume very
approximately R « S.

The foregoing constitutes quite a program for further mathe-
matical research. To illustrate, however, what kind of relation may
be thus obtained, let us consider the following crude example as an
illustration. Equations (37) give us

n=n(N,R,S,p:). (39)

It is readily seen that in general 7 increases with p; . Whatever the
exact relation (39) between 5 and p;, as a first approximation we
may consider

nx<P;. (40)
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At the same time, for a given 7, p; will be the greater, the larger the
natural resources available per capita. These will roughly vary in-
versely as the population density 6. Yet obviously even for é tend-
ing to zero, p; will not exceed a finite value, since it is limited by the
ability of an individual to produce goods even with an infinite supply
of raw material. We therefore put

) (41)

B being a constant.
If, as is usually the case, p, << p,, then, approximately, we have
from equations (38):

peC.=np,. (42)
This, combined with expression (41), gives, with A as a coefficient:
p.c.= —élf—- (43)

B+

We may expect that p.c. will vary approximately as the per capita in-
come in the country. To what extent even the crude equation (43) is
satisfied in some cases is shown in Figure 1, data for which have been

* CALCULATED
@®OBSERVED

P C IN10"$ PER YEAR

FIiGure 1
Values of p. e. for different countries 1—United States; 2—Canada; 3—
Switzerland; 4—Norway; b—Germany: 6—Finland; 7—Russia; 8--Japan. (Re-
preduced from Psycliometrika, 1912, Volume 7, with the permission of the editors.)

compiled from different sources. That figure is by no means intended
as corroborating equation (43), but rather to show how relations ob-
tained by theoretical considerations may be compared with available
data.

Countries having larger colonics are intentionally excluded from
Figure 1. While data on 7 are available for most principal countries,
none are available for colonies. There are also other complicating sit-
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uations that enter into the case when we treat a problem of a country
with a multiple-bounded contour. All this should stimulate the theo-
retical study of the general problem as outlined above. The exact ex-
pression of p; in terms of 4, 6 and S, obtained from equations (40)
and (41), will undoubtedly be much more complicated than equation
(43), and it is that complicated equation which should be compared
with actual data.
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CHAPTER V11

ANOTHER TYPE OF SOCIAL INTERACTION AND ITS
POSSIBLE APPLICATIONS

Let us consider a case of interaction of two active groups of
such a nature that each group opposes the behavior of the other the
more strongly, the greater the success of that other group. This suc-
cess may naturally be measured by the product of two factors: the ra-
tio of the number of passive individuals who exhibit a given behavior
to the total number of passives, and the average intensity of that be-
havior. Let the average intensity of behavior A be denoted by w;y .
Then the total success of class A will be expressed by a,w, /N’ where
«, is a coefficient; or putting

oW —¢€, (1)

that success will be measured by ex/N’. Similarly, if w,; denotes the
average intensity of behavior B , then the success is given by a,wsy/N’
or, putting
LWy =¢, (2)
by
ey/N’ .

How to measure the quantities w. and w; is another question.
We shall just consider the whole problem in abstracto and then give
some possible concrete illustrations.

According to the above assumptions, using the same procedure as
before, we put

, Y
(Lo—_—:(lo' (1 + & —ﬁ'_) ’

£X
coz(,‘(,‘ (1 + s—ﬁ;) .

The first expression (3) shows that the effort of class A increases as
the success of class B increases. The second expression shows a corre-
sponding relation for class B .

We now have, using a reasoning similar to that of chapter iii:

65
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dx x
.l.{t_:a,‘,'(l+3’Ny,—)xo+ax—-co‘(l-i—e-&,,—)yo——ay, (4)
or, because of

x+y=N', (5)
after rearrangements

dx & 1 x
_=(2a_%°8'_1_00'811 ).v + [(ao's'—i——-a )N' +
dt N’ N’ N’
(6)
aoa xoo —_ co- yo.] .
As ¢ increases, the value of x tends asymptotically to
e a,’e'xy —aN' + a,*z, — ¢,*Y, ’ e
Xo Yo
ao'e’' — + ¢'e ——2a
0 & N: 0 & Nr

and is positive under the same assumptions as made in chapter iii. A
similar expression is obtained for y and therefore

X @'k — aN' 4 ay"xy — €'Y,

-= . 8
Y Co'elYp—aN' -+ ¢,*y, — a,*x, ®)
Equation (8) may be written
Lo aN’
(ao‘E' -+ ao‘) —_ (C-)‘ b —)
X Yo Yo .
. AN ®
(60.8 + C(,‘ = — au. ._D~
Yy Yo
which is of the form
Lo
A——B
X
= Y% . (10)
9 o
J C - ao‘ —

Yo

Here A > 0 and B > 0. Since, with the above mentioned assumption,
z and y are both nou-negative, therefore C > 0. When z./y, = C/a,",
then /¥y = « ; in other words, x = N’, y = 0; and all of the passive’
population exhibit behavior A with an average intensity w,. If y,
is fixed, the requirement x = N’ gives
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Ty = Cyo/a,* . (11)

But ¢, is a linear function of ¢ = a,w, . Hence, the stronger the aver-
age intensity of activity A , the greater xz, must be for a given y,, in
order to impress that activity on the whole passive population. If for a
given x,, w4 is too great, then the denominator of equation (10) will
be positive and x/y will be finite; hence x < N'. If all the coefficients
in our equations were known, then from a given maximum intensity
w4 of behavior A which still can be imposed on all the passive indi-
viduals we could calculate «, for a known y, .

We shall denote by w, the maximum value of w, which still can
be impressed on the whole passive population. Correspondingly we
shall put ¢, = aw, . For a given x, and y,, ¢, is determined as the
root of equation (11).

Let us now consider a simplified case, in which %, = 0 and there-
fore ¢ = 0. This means that group B merely resists the behavior 4 ,
but does not tend to impose any qualitatively different behavior B . In

that case
X aN’
0t (o
; Y Y
e ° = . (12)
3 a x
Yoeret e — a2
Yo Yo
In order to have x = N’ or x/y = «, we must have
re aN’
@' =+ ——=¢* (1 + &n) . (13)
Yo Yo

Suppose now that the same group of z, active individuals tries to in.l-
pose another behavior of intensity w., on the passive population. This

time let behavior A, be opposed by a different group of yo. = A%,
other active individuals, the coefficients of influence remaining the
same. Then, denoting by x, and ¥, the number of passive individuals
that correspondingly exhibit and do not exhibit behavior A4, , we have
an expression similar to equation (12), in which ¢, is put instead of
e and 1y, instead of y,. Introducing equation (13) into that expres-
sion we find after elementary calculations:

U _ lcn‘(l + 81) - co.(l - sm_)_

= ) (14)
z, +Y 2aN )

et (1 + &) — (lco‘ +

0

which is of the form
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yl - A, - B’sm
z, + Y (o )

Let us discuss a case considered in chapter iii, namely, that of
two active classes I and II, and a passive class III . Again let class I
represent the “controlling” or “governing class” and let z, refer to
it. Class II again is the one which organizes the production of goods.
We discussed in chapter vi some cases of interaction of two such
classes, where class I requires a certain amount of goods produced by
classes I and III to be surrendered to it. Here we shall consider the
situation from a somewhat different point of view. Class I may re-
quire that every individual of class II and III give a certain fraction
of everything he produces to class I. Class II will oppose it, the op-
position being the stronger, the greater the fraction required. Thus
that fraction may be used as a measure of w, . Class I will impose as
high a w,_ as can be impressed on the whole population, and that
fraction will be the larger, the larger x,. In practice we may take
as an illustration for w, . the ratios of the governmental tax receipts
to the total national income.

If we consider the case of very small a, so that the latter can be
neglected, then equations (9), (13) and (14) become simplified. In

particular, because of expression (1), equation ( 13) now becomes of
the form

(15)

To

—=A"+ B"w,_, (16)
Yo
while equation (15) becomes
A" —B"w,
v C 1
= . 17
xl + yl CIII ( )

Ascribing to w,_ the above meaning, we may try to check equation

(16), if we have some other means of determining z./9.. The fol-
lowing gives a very rough possible estimate of that ratio. Most of the
active population of a country is concentrated in cities. The stronger
the “governing” class I, the more centralized the government and
the larger the relative size of the capital city. Denoting by N. the
population of the capital, and by N, the total urban population, we
may consider approximately

Xo ~ N.

—_— 18
Yo Nu_Nc ( )
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Assuming that for different countries the coefficients A” and B” are

the same, which is of course only an extremely rough approximation,
we shall expect

Nc ” ”
_I\;u——:l—v: © A"+ B Wy, - (19)
Data of w,, are scarce and inaccurate:. Using what is available, the

result of comparison of equation (19) with observation is shown in
Figure (1), with data valid about 1930.

==a-=- CALCULATED
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FIGURE 1

(Reproduced from Psychometrika, 1942, Volume 7, with the permission of the
editors.)

It must also be kept in mind that the whole discussion is based
upon considerations of steady equilibrium states. A sudden increase of
w4 will not result in an immediate variation of N./ (N, — N.) accord-

ing to equation (19). There will be considerable time lags governed by
the general differential equation (4), in which w, and hence ¢ are
made explicit functions of time.

Equation (17) may be used for estimating the success of impos-
ing other behavicrs by «, in terms of w,_. The governing class re-

quires certain standards of behavior in different lines of life, the re-
quirements being put into cffect with different amounts of effort for
different types of behavior. Deviation from the required behavior
constitutes crimes of various degrees. Thus equation (17) may be
used to study comparative, criminality in different populations, f.or
9./ (2, + ¥,) denotes the ratio of individuals who do not obey the dic-
tates of class I. The quantity ¥, here denotes the total number of
criminals, while 7,, denotes the number of criminals belonging to the
active class. It will be agreed that a large number of crimes are made
by passive individuals as a result of imitation, ete.
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Most criminal statistics are not very accurate, and are hardly
comparable for different countries due to different legal standards.?
Incidents of such obviously criminal acts as murders would be per-
haps the most comparable. An important factor, however, has to be
added in that case to equation (17). Other conditions, including
Zo/Yo1 , being the same, there will be a difference in the incidence of
crime depending on the ease with which a crime is, or can be, hidden.
Denote the probability of a successful concealment of a crime by f.
The latter depends on the density of population é . This function f(4)
of 0 is a rather complicated one. Obviously f(é) must be zero for
6 == 0 as no crimes are committed in an unpopulated country. Yet
beginning with rather small values of 4, f(4) must, within a certain
range of 4’s, decrease with 4, approximately as 1/4; for the greater
the density of population, the larger number of individuals a crime
affects, and the sooner it becomes known. A murder of an individual
living alone in a secluded spot may remain undiscovered for weeks.
As d increases further, however, this also increases the ease with which
the criminal can hide himself after the deed. Thus f(d) must start at
zero, reach a maximum, decrease approximately as 1/6, and then
increase again. This latter increase is likely a factor of increased
crime incidence in large cities, although a concentration of the active
elements in cities, as mentioned above, undoubtedly plays an impor-
tant part too. The density of population in large cities is of the or-
der of 10* individuals per square kilometer or higher. The highest
population densities in countries as a whole are about 300-400 ind.
per square kilometer. Thus it is plausible to assume that the increase
of f(8) begins only above values of 8 of the order of 10* individuals
per square kilometer. The incidence of crime CR will be proportional
toy./(x, + v,) and to 1/8. Using for v,/ (2, + y,) expression (17),
we find

D——wA,_

CR=———, 20
3 (20)

where D is a constant. The comparison of this expression with ob-
servation is shown in Figure (2).

We may consider a still different type of behavior, which is not
forbidden by class I, but is not too much encouraged. As an example
we may cite divorce. If ,/(x, + ¥,) is very small, in other words if
¥, << x,, we may substitute for ¥,/ (z, + y,), simply y,/z, . For that
ratio we have an expression of the same form as (10), namely
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al2_p
. 21)
xl 6.—"_12 ! (
Zo

where y,, is the number of active individuals advocating divorce. As
before, we have yo, = Ay,. When y,/z, is small, then we may expand

tlll)e right side of equation (21) and stop at the linear term. Thus we
, obtain

~=w--- CALCULATED

20| = OBSERVED
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FIGURE 2

(Reproduced from Psychometrika, 1942, Volume 7, with the permission of
the editors.)

pr=%=2%_p. (22)
X2 Xo

Combining equation (22) with (18) we find a relation between y,/x,
and (N, — N.)/N., which is illustrated in Figure (3)*.

It must be emphasized that the above illustrations do not mean
any “confirmation” of a particular theory. They merely serve to illus-
strate how, starting from purely theoretical abstract concepts, we may
gradually arrive at relations that can be tested by observation. To

* In the illustration in Figure 3 to equation (19), w, for the United States

was taken as the ratio of the total federal tax receipts to the national income.
Accordingly, the population of Washington, D.C. was taken for N,. Considering
that due to the decentralized system of the U. S. Government such regulations as
concern divorce are more of a state nature, in computing data in Figure 3 by
means of equations (22) and (18) N, is taken as representing the sum of popu-
lations of all state capitals.
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FIGURE 3

(Reproduced from Psychometrika, 1942, Volume 7, with the permission of
the editors.)

speak of actual verifications of any such theory would require much
more elaboration of the theory, which must take into account many
more complex factors. The above illustrations show, however, how
certain relations may be suggested even by an inadequate theory,
which thus helps us t~ notice such relations, for we usually notice only
what we look for, ana we look for things which we expect.

REFERENCES

1. N. Rashevsky, “Further Studies on the Mathematical Theory of Interaction of
Individuals in a Social Group.” Psychometrika, 7, 225-232, 1942,

2. Statistical Abstracts of the United States, 1939; Statistisches Jahrbuch fiir
das Deutsche Reich, Part I, Internationale Ubersicht, Berlin: Paul Schmidt,
1937; W. Woytinsky, Die Welt in Zahlen, Berlin: Rudolf Mosse, 1926; Carl
Snyder, Capitalism the Creator, New York: The Macmillan Co., 1940.



CHAPTER VIII

PERIODIC FLUCTUATIONS IN THE BEHAVIOR OF A
SOCIAL GROUP

Let us consider here the case in which the increase of the effort
is determined not by the instantaneous value of the attained success,
but by the integral success over all of the past time. In other words,
the effort of the active individual is affected by the total success in
the past.

The more remote the success in the past, the less we would ex-
pect it to affect the effort of the individual. Using the same nota-
tions and denoting by f,(¢ — ) and f,(t — +) two functions of the
present time ¢ and a past time r, of such a nature that f,(t — +) and
fa(t — ) decrease with increasing t — r, we may express now the
coeflicients of influence a, and ¢, in the form: :

~t
a,o(t) :ao‘[l——s J .L'('r) fl(t—‘r) d-r];

(1)
]
o) =orl1—¢ [ y() fa(t—r) dr] .
Instead of equation (2) of chapter iii, we now have
d t
d—f:ao'[l —e& f x(r) Hh{(t—7) dr]:l'n bar—e¢" [1—
, (@)
g f Y(s) fo(t—7) dr] yo—ay,
or, because of
r+y=N', (3)
t
ﬁ‘l—ai=a.,‘ [1'—8 f z(7) fi(t—7) d‘r] z, + 2ax —

' {1—¢ I;[N'—- 2(7)] fo(t—7) d‘r} Yo —aN' .
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As an illustration, we shall solve equation (4) for a particularly sim-
ple case, namely

ilt—1) =fi(t —a) = e2-n, (6)

where a is a constant.
Equation (4) may be written:

dx t

(6)
t
Co' Yo & 3'“f [N—2x(7)] e*"dr + 2ax —aN" .

Multiplying first by e*!, then differentiating with respect to ¢, remem-
bering that

d t
(‘l'z J:wx (v) e dr=x (L) e*,

then shortening everything by e¢* and rearranging, we find

d? dx
E;“L(0—20)71'{4'(ao‘xoe+co‘ﬂos'—2aa)x—
.0 A , 7
(a@® 2, — ac® Yo + €* Yo & N'—aaN') =0.
Let
' Toe+ €' Yo —2aa=A,
8
o’ T — aC* Yo + " Yo &' N' —aaN'=B. @)
If
0< (a—2a)2<44, 9)

then equation (7) represents a damped oscillation around a value
=&, of the form:

=23+ ¢, et gin (st + ), (10)
where

y=VvV(a—2a)?—44, (11)

while ¢, and 4 are determined by the initial conditions. The value %
of z, around which it oscillates and to which it tends as the amplitude
decreases, is equal to

B___ o’ Ty — acy’ Yo + 6* Yo &' N' — aaN’

r=—=—=
A @o® X0 80 + €° Yo £ — 2aa

(12)
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If inequalities (9) are not satisfied, the value (12) is approached
aperiodically.

Thus for constant values of z, and Yo , the values of x and y, and
hence of x/y , will fluctuate periodically. While for some values of the
constants x may always remain less than y , for some other values z
may periodically exceed y and again drop below it. Thus the type of
behavior characteristic of the “majority” of the passive population
will periodically fluctuate.

When a tends to infinity, then e~ is large only for values of
 in the neighborhood of ¢ . But the value of

1
f x(7) e2t-1 dy

tends to zero. The case reduces to that of equation (6) of chapter iii.
Indeed, making a = «, we obtain from (12):

- aN’ + ¢, Yo — a,° xo. (13)
2a

The numerator of equation (13) is identical with the expression ip
parentheses in equation (6) of chapter iii. When this expression is
positive, equation (6) of chapter iii has an equilibrium configuration
given by equation (13). If it is negative, then equation (13) means
physically that # = 0, y = N’, and we have again the case discussed
on page 28.

When a = 2a, the oscillations are undamped. For a < 2a¢ we
have a negative damping, the amplitude increasing indefinitely. Since
both z and y are finite and cannot exceed N’, the physical interpreta-
tion of this case would be, for instance, that x increases in an oscilla-
tory way until it becomes equal to N'. If x reaches N’ just at the mo-
ment of the maximum, when dz/dt = 0, then it will go down to zero
and reach zero when dzx/dt < 0. In other words, y will reach N’ when
dy/dt > 0. Due to the symmetry of x and y, we may therefore con-
fine ourselves to the consideration of the case where x attains the value
N’ when dxz/dt > 0. Let that happen at t = ¢, . From then on £ must
remain constant, at least for a while, since it cannot increase and it
cannot begin to decrease immediately because at that time the right
side of equation (6) is positive. As x remains constant and equal to
N', the second term of the right side of equation (6) will increase,
tending for large values of t to N’ a,* x, ¢/a ,while the fourth term
tends to zero.
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If ‘a is sufficiently small, then after a sufficient time has passed
after ¢,, so that the second term is near enough to N’ a,* x, ¢/a and
the fourth to zero, we shall necessarily have

' ' Noag*x
Qo' o —Co" Yo + aN’—M<O. . . (1.4)
. o .
Hence the right side of equation (6) will become negative and x w1ll
begin to decrease. If
N’ ,
X oo E , } (15)

then x will swing into the other extreme of x = 0, y = N'. The
same argument applies to that situation, except that the roles of the
second and fourth terms are interchanged. If a is so small that

a,’ x.,~ao‘yo—aN’+M>0, (16)

o

then after remaining for a while equal to zero, 2 will increase again
to the value N’, provided # is in the neighborhood of N'/2. Thus if «
is so small that both inequalities (14) and (16) hold, the behavior
of the passive individuals will be swinging between behavior A and
B, back and forth. Except during the transition periods, all individ-
uals will exhibit behavior A for a while, then all swing for a while
to a behavior B, and so forth.

If relatlons (14) and (15) are satlsﬁed but (16) is not, then
after the value x = 0 has been reached it will persist. All individauls
will exhibit behavior B. On the other hand, if relation (15) is satisfied
but (14) is not, 2 will remain equal to N’ once it reaches this value.
All passive individuals will exhibit behavior 4 .

If & is much larger than N’/2, then x , decreasing from z = N’,
may not reach x = 0 before it begins to increase again. The swinging
will go on between x = N’ and some finite value z = z, . Mutatis mu-
tandis, this holds for the reverse case when # is much smaller than
N/2 and when z = 0 is reached first.

Oscillations of group behavior from one extreme to another are
sometimes actually observed. It must be emphasized, however, that
the assumption (5) is rather artificial and that until more complex
cases have been investigated, no practical applications can be made.
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CHAPTER IX

SUGGESTIONS FOR A MATHEMATICAL THEORY OF
INDIVIDUAL FREEDOM

In chapter vi a possible correlation between the activities of a
typically organizing class and a general tolerance to behavior of
others was suggested. It was pointed out that the imposition of the
activity of the organizing class upon the passive population is based
primarily on “free mutual agreement” (page 53). This raises the
question of the general conception of freedom, which is frequently
discussed in sociological literature.

Quantitative definitions of freedom have been attempted before.
P. Sorokin! defines it as the ratio of the sum total of the means to
satisfy our desires to the sum total of the desires. He does not, how-
ever, make any quantitative applications of this definition. It seems
to be more advantageous to use a less general definition of freedom,
defining it differently in its different aspects. In this chapter we shall
consider two such aspects, without implying that these are the only
two possible ones.?

I

We may first consider “freedom” from the point of view which
perhaps is best termed “economic.” Suppose an individual can per-
form physically a maximum amount w, of work per unit time. In
general, he will perform on the average a lesser amount of work w
per unit time, w being determined by his requirements for the neces-
sities of daily life. We may then define the “economic” freedom F,
of an individual by the expression

Wo — W

F.= . (1)
Wo

The less work a person has to perform to keep himself alive, the freer
he is. According to our definition, his freedom is zero when the
amount of work which he has to perform is the maximum physically
possible.

The necessary work w is in general determined by the social
structure of the group of which the individual is a part, and there-

M
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fore his freedom is also determined by that social structure.

Let us, for instance, consider the situation discussed in chapter
v in which one class (I) organizes and directs the work of another
class (II). The condition for the possibility of existence of class I
is, using the same notations as in chapter v and denoting by S, the
amount of goods accumulated per unit time per individual of class
I1, (equation 11, chapter v):

S:=e+6w=0. (2)

If this inequality does not hold, then, according to equation (11) of
chapter v, dW,/dt will be negative and class II could not exist per-
manently. From equation (2) we have

Sz — &2
= 3
w . (3)
Introducing equation (3) into (1) we find:
S, —
Fo=1—2"2 (4)
wol

For a given “price” 4, the economic freedom of an individual of
class IT decreases with increasing amount of goods, S,, which he ac-
cumulates per unit time, and decreases also with the amount s, , which
measures the ability of the individual of class IT to produce goods
without the organizing direction of the individuals of class I. The
less an individual of class II is capable of producing himself, without
the organizing direction of others, the less free he is.

If we suppose that the individuals of class I fix the value 9 so
as to make their gain a maximum, then 6 is not arbitrary but is given
by equation (16) of chapter v, namely:
0]

Wy

6= (5)

where b is a constant, and f(5) a function of the ratio of population
of the two classes, specified more exactly in chapler v. Furthermore,
in this case S, is nothing else than the expression in brackets in equa-
tion (18), chapter v; hence

ngezz—b + \/b'"]of(ﬂ) . (6)

Introducing expressions (5) and (6) into (4), we find:

F.= . '
\ o M
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Equation (7) at first sight seems to contradict equation (1), for
according to the latter, F, increases with W, , tending to 1 for we, = oo.
This paradox is resolved by the remark that equation (7) is obtained
from the more general equation (1) by making specific assumptions
about w. Equation (7) is derived by using equation (14) of chapter
v. But according to that equation, w is itself a function of w, .

We may now study, for instance, the dependence of F,. on vari-
ous parameters, such as the total population, etc. The quantity f(»)
measures essentially the amount of goods produced for constant
amount of labor expended. But this amount of goods will depend on
other things, too; for instance, on the amount of raw material pres-
ent per person, which will be inversely proportional to N = N , +
N:. Thus f() & 1/N. Similarly, the constant b will depend in some
way on N, so that b = b(N). The study of the personal cconomic
freedom in terms of population density can thus be made. However,
it will first involve the study of the dependence of f(») and of b on
that density.

If, instead of the above situation, we consider the other situation
discussed in chapter v, we would obtain a different expression for F. .
In all of the three situations discussed in chapter v, we could also ex-
press the economic freedom F. of individuals of class I, as well as

the freedom F. of the individuals of class IT, for in all these cases

we can express the amount of work w, and 1, given by individuals of
classes I and II, respectively, in terms of the corresponding w,, and
Wo, . Thus we have a way of expressing the individual “economic”
freedom for the different social situations assumed.

11

We shall now consider a different aspect of individual freedom,
not involving economic relations directly.

Let any person in a social group have the possibility of perform-
ing either one or several of the n different activities 4, , A,, --- 4,.
Furthermore, let a given individual like some m activities out of those
n and dislike the other n — m . There are altogether

m=n n! (8)
M= T mt

ways in which different pleasant activities may be chosen by the in-

n! . o ers
dividual for there are ———————— ways of choosing m activities
m! (n—m)!

from n, and m itself may vary from 0 to n. If the “liking” of dif-
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ferent choices is distributed at random, then altogether the fraction
1/M of all the individuals will like a particular choice of m activities
and dislike all others. .
Consider, in a population of N individuals, one who has that par-
ticular choice of activities. That individual comes into social contact
with a certain number of his fellow individuals per unit time. The
frequency with which he comes into such a social contact is propor-
tional to the total number N of individuals per unit area, and may
be expressed as
aN, )

where a is a constant, depending on different external conditions such
as ways of communication, etc. Let r denote the average fraction of
a unit time, let us say, of a day, which an individual spends in con-
tact with others. Then the fraction of time which a person spends
in contact with others is '

te=arN » (10)

while the fraction of time which he has entirely to himself, and which
may be called “free,” is given by

tr=1—a:N. (11)

During the fraction of time ts the individual may indulge en-
tirely in the activity of his own choice, since such an activity does not
interfere with that of anyone else.

On the other hand, during the fraction of time t. he can indulge
unrestrictedly in the activity of his own choice only when he meets
individuals who enjoy the same activities, For, while he is in contact
with other individuals who have different tastes, some of his m ac-
tivities may interfere with theirs and he must therefore restriet him-
self in that respect. But, as we have seen, altogether 1/M individuals
choose the same activities. If we again assume a random distribution
of the preferences amongst the individuals with whom the given in-
dividual comes into contact, we find that from the fraction ¢, of the
time he spends with them, a fraction t./M may be spent in indulging
in the activities of his own choice. We may now define as the freedom
F of the individual that fraction of his total time during which he is
free to do what he wants to do. We then find

t. M—1
F=tl+ﬂ=1—

arN. (12)

The freedom of an individual thus decreases with increasing N .
We may consider a more complex case by introducing intermedi-
ate situations. Suppose a given individual, who chooses in particu-
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lar activities 4,, A,, -+, Ap1, Am, is in contact with another indi-
vidual, who chooses another set of m activities, A',, A5, .- A'm. Let
m” of those activities be common to both. We may then say that the
first individual has to restrict himself to the amount m"/m , being
free to the amount (m — m") /m . In that case, in order to obtain the
expression for F, we should add to expression (12) another term of
a rather complex structure, obtained by summation of all values
(m” — m) /m taken over all possible combinations of choices which
have common elements with a given one. In this way F' also becomes a
function of the particular choice of activities which an individual
makes, and therefore F will vary from individual to individual.

Still more complex situations may be studied if we consider some
distribution function for the preferred choices, so that certain prefer-
ences occur more frequently than others. This leads to rather inter-
esting mathematical problems. Further studies will open many in-
teresting possibilities.

The illustrations above show that even such a “purely sociologi-
cal” concept as that of individual freedom may be made the subject
of an exact mathematical treatment.
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CHAPTER X
SPATIAL DISTRIBUTION OF INDIVIDUALS IN A SOCIETY

We have considered in previous chapters various types of social
interaction in which a population of individuals has been divided into
two or more classes. However, hitherto, we have not paid any atten-
tion to the spatial distribution of the individuals belonging to differ-
ent classes. In this chapter we shall illustrate by a few simple ex-
amples how possible effects of different spatial distribution could be
studied mathematically. Again we select intentionally oversimplified
examples, which in their simple form may not always have a counter-
part in reality. We are here concerned not so much with deriving
equations for actual cases as with illustrating the methodological
principles.

We shall discuss here a case which may in its eventual develop-
ment throw some light on the relation between rural and urban popu-
lations.

Suppose that out of N individuals a number N, draw their means
of existence from cultivation of land. Let them be distributed on the
average uniformly through an area suitable for producing the needed
amount of land products. On the other hand, let the N, remaining
individuals gather together in cities and produce goods that do not
require directly any land for their production. We have

N=N,+ N,. (1)

Let the amount of goods produced by a person on the land be p, per
unit time, while the corresponding amount produced by a person in
the city be p,. In general p, and p. are not constant, but both may
be functions of N, and N, , thus

Pu=fu(Nu,N,); p.=f(Nu,N,). (2)

Thus, for instance, for a land very scarcely populated and not used
to the full extent, p, may be approximately constant and determined
by a constant fertility of the soil and by the average constant capacity
of a man to produce work. However, as N, increases, the total amount
N,p, of goods produced must necessarily tend to a constant value, de-
termined by the maximum possible fertility of the soil. Hence p, must

82
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decrease with increasing N,. The law of decrease will of course be
rather complex and depend on many factors. As an illustration, we
may consider just a simple form

a,
N, +a,’

D= 3)

where a, and @, are constants. In general, however, the value of o,
may depend also on N, .

Now we may consider different cases of behavior of the indi-
viduals. A simple case is when every individual tries to produce as
much of any goods as he can. If for a given N, and N, = N — N, ,
Pu > D,, then individuals from the country will migrate to the city
until, due to the change of N, and N, produced by this migration, p.
becomes equal to p,. If p, < p,, a migration from the city to the
country will take place. Since, because of equation (1), N,=N — N,
P and P, in expressions (2) are functions of N and N,. Hence the
requirement

Pu=0D, 4)

gives us an equation for the determination of N, for a given total N .

To illustrate, let us assume that in the city p, = Const., while p,
is given by (3). Since the maximum value of p, is equal to a,/a, , and
»- decreases monotonically with increasing N, , in order for equation
(4) to be possible at all, we must have

2>, (5)
or
a,——<0. (6)
Du
Put
(L_,——(—L—':—-—c". (7
y.
Equations (4) and (3) give:
r:ﬂ—a:n (8)
pll
or because of (1):
a,
N.=N+a,——. 9)
.

From equations (9) and (7) we have:



84 MATHEMATICAL THEORY OF HUMAN RELATIONS

N, c?
=1 10
N N (10)

Thus, the ratio of urban population to the total population increases
with increasing total population N, tending to 1 for N = .
We may consider a different mode of behavior of the individuals.

For instance, as a purely theoretical example, we may consider the
case where every individual tries to increase the total amount

G=N.,p.+ N,p, (11)

of goods produced, and according to this aim chooses either the urban
or the rural occupation. In this case we have to look for such a value
of N, which makes G a maximum. This is given by the equation

dG

=0, 12

dn. (12)
into which we substitute for p, and p, the expressions (2), after ex-
pressing N, in terms of N and N, by means of equation (1).

Again using for p, the expression (8) and putting p, = Const.,

equation (12) becomes:

d a,(N—N,)
N.p. + =0, 13
which gives, after elementary calculations,
a
No=N+a,— |22, (14)
Pu
From equation (14) we have
N. 1 a,a,
—_— =1+ —{(q — : 15
N N (a’ D ) (15)
Because of inequality (6) the expression in parentheses is negative.
For
N> \/ “;“’ —a (16)

the ratio N,/N is positive and increases with N, becoming equal to 1
for N = o. The reversal of the inequality sign in (16) gives N,/N <
0, which is physically impossible. In this case, N, actually will be
equal to zero, which means that all population in that case is rural.

A slightly different relation between N, and N is obtained by
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generalizing somewhat our assumptions. Instead of putting p. =
Const., we may put:

b,
N, + b,

Using the first criterion and therefore setting p, == p,, we find in a
similar way as before

Pu== b, >0, 0,>0. (17

N, B
——A-=, 18
N N (18)
with
bl (L,bg — (l.zbl

a, + b’ a, + b,

(19)

While according lo equation (10) N,/N tends with increasing N to
unity, according to equation (18) ittendsto 4 < 1.
Figure 1 shows the comparison of equation (18) with data for

20
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I'iGURE 1
The curve is the graph of equation (18) with .1 = 722; B == 237 X 108.
The points represent observed data for the United States. (Reproduced from
Psychometrika, 1942, Volume 7, with the permiussion of the editors.)

the United States (Reference 1, page 227). For Germany the simpler
equation (10) represents the facts well (Figure 2) (Reference 2, page
14). The latter requires that N, = Const., all increase in population
going into cities. This is the case with Germany, since between 1871
and 1933, the rural population remained practically constant, fluc-
tuating between the extremes of 21,623 X 10° and 22,709 X 102, It
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FIGURE 2
The curve is the graph of equation (10) with ¢2 == 22 X 105. The points
represent observations for Germany. (Reproduced from Psychomelrika, 1942, Vol-
ume 7, with the permission of the editors.)
may be asked why available data for the ratio of N./N in the United
States for a period from 1800 were not used. The reason is this: the
constants @, and «, are by their definition functions of the total area
of the country, and the latter gradually increased in the United States
during the first three quarters of the last century. A more detailed
theoretical study is required, to be applicable to such a case.
Figure 3 represents data for Russia.® The actual data for Russia

A5

NN

—> Nin 106
30 40 S 60 70 80 90 0o 130 130

FIGURE 3
Comparison of thcory and observation for Russia. Explanation in text.
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may be representied by two separate curves of the type given by equa-
tion (18). The lower branch is represented by taking A = 114,
B = 1.68 X 10"; the upper, by taking A = .18 , B = 6 X 10*. The point
of discontinuity falls approximately at N == 67 X 10°. This value of
the total population occurred in Russia about 1860. In 1862 serf-
dom was abolished in Russia, a reform which would have as a natural
consequence an increase of rural-urban displacement, as well as a
thorough change of many economic conditions. Hence the sudden
change in the constants A and B at this point should be expected.

Data for Sweden' show a rather peculiar behavior (Figure 4),

.30

.25

.20

—> N IN10®
T 1 T T T 1
3 4 5

FIGURE 4
Data for Sweden. Explanation in text.

the ratio N,/N apparently slightly decreasing at first, then increas-
ing. This shows that other more complex factors, which have been
left out of consideration here, have played a role in that country.

We may consider a somewhat more complicated situation. Let
each urban individual produce p, and consume ¢, per unit time, and
each rural individual produce p, and consume ¢, per unit time. Let
the rural individual supply the urban wilth an amount N,g, of rural
goods and receive for each unit of those goods 6 units of urban prod-
ucts. As in chapter v, we have a demand function connecting g, with
6, and we again put

b
g9r—Go— . (20)

0
Putting

Ey =Dy —Cy, & =D, —Cr; E=¢& — &, (21)



88 MATHEMATICAL THEORY OF HUMAN RELATIONS

and using for p, the expression (3) and again considering the case
& > 0 with p, = Const., we have:

a
=Const > 0; e = —C,;
(22)
a,

N, +a,

We now have for the rate of change of the total accumuluated goods
for the urban and rural population:

aw,
dt
aw,
dt
Because of equations (1) and (20), (23) gives

dw,
dt

’

¢; ¢=c¢,+ ¢g,.

=N.e, + N,g,—0N,g,,
(23)

:Nrsr—Nfgr + aNrg'ro

= Nueu + (N—N..)(org)(l—");

aw, 4

dt
The per capita rates v, and », are:

N=Ny by
N, (g“ 0) ’

b
==N,e,—N,(go—~-é )(1—0).

Ty == g, +

1”:’3’_("“3)(1—9). ()
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CHAPTER XI
OUTLINE OF A THEORY OF THE SIZES OF CITIES

The considerations of the preceding chapter lead naturally to an
inquiry not only into the relative sizes of the total urban and total
rural populations, but also into the actual sizes of the individual cities.

In the first approximation we may neglect the distribution of city
sizes and speak of the “average” size of cities as if all cities were of
that average size. Next we shall treat the problem of the actual dis-
tribution of city sizes.

In treating the simple problem of the ratio of the urban to rural
population, we considered that the amounts of goods produced per unit
time by an individual in the city (p.) and in the country (p.) depend
in general on both N, and N,, the total urban and rural population.
We must now somewhat generalize this picture and consider that both
p. and p, depend not only on N, and N, , but also on the average size
of the cities or, what amounts to the same, on the number m of the cit-
ies. This is closer to reality than the original assumption, for the con-
ditions of work in a community will depend in general on the size of
that community.

We thus put
Pu=fu(Nu,N.,m); D,=f(Nu,N,,m). 1)
By the same argument as before, we have for equilibrium
Du=D:. (2)
Equation (2) together with
N,+N,=N, (3)

where N is the total population, determines N, and N, as functions of
N and m; thus

N.=F,(N,m), N.,=F,(N,m). (4)
Substituting equations (4) into (1), we find: .
Pu=pu(N,m); p,=p,(N,m). (5)

If each individual tends to choose or modify his surroundings in
such a way as to make his p, (or p,) as large as possible, then all in-
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dividuals will aggregate in cities of such a size which makes p, and
», a maximum. Hence we have for the determination of m:

dp, dp.
- ot r ——=

0. 6
dm dm (6)

Because of equation (2) either of the relations (6) leads to the same
expression:

m=f(N). (7

Equations (4) and (7) determine N,, N, and m as functions of the
total population.

Thus the determination of m in each individual case reduces to
the determination of the functions f, and f, in equations (1). By mak-
ing different plausible assumptions about these functions, we shall
obtain different expressions for m . If m = f(N) is known from
observations, we may attempt to determine backwards the form of fu
and f,. An important factor which will determine f, and f, is the
development of means of transportation. The larger the m , and there-
fore the smaller the size of the cities, the lesser distance must be cov-
ered in transporting to the city rural supplies which influence the
value of p, . Similarly, the ease of supply of the rural population with
urban products affects the value of p, .

We may, for instance, put:

Pu=a, — @;N, + (a, + a,m) N,;

8
»,=0b,—b,N,+ (by + bm) N,; @)
where a; and b; are parameters. The coefficients «, and b, may be
taken, for instance, as proportional to the total length of railroads and
highways per square mile. We easily find

AL, )

where A and B are functions of m . The complete solution of the prob-
lem, using expression (8), is elementary but rather cumbersome.

Let us now consider the distribution of city sizes. We shall now
consider any community as “city” and drop the distinction between
urban and rural population. Let N; be the total number of people in-
habiting all cities of size (population) n;. We shall have, in general,
for the amount of goods produced per person in such cities:

pi=f(ni,N;). (10)
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It may be questioned why p, should depend explicitly on N;. In
view of interaction of different industries, the productivity p; per per-
son would depend on the distance between cities, those distances af-
fecting the ease of transport of different products from city to city.
Those distances, however, arc determined by the number of the cities.
Therefore, quite generally, we may assume relation (10).

For the equilibrium we have:

Py =P, =---==Const.=p. (11)
Hence
f(n,,N,))=np. (12)
Equation (12) gives us N, as a function of 7, and p:
N, =7F(n,,p). (13)
The quantity p is determined by the requirement
SN, =N, (14)
or
Sf(n,,p)=N. (15)

For very large numbers we may use integrals instcad of sums and
determine p from

|1 an=n, (16)
while equation (13) now reads
N(n) =7(n,p). (17)
As an illustration we may consider such an expression as
p.=a,—bN,; (18)
where
az:,fl(nt); bl'—_'f‘;("l)' (19)
We then find:
n) —
N =D (20)
fa(n)

the value of p being determined by
[ﬁl_—_g dn==N. (21)
. T2

As another illustration we may consider



92 MATHEMATICAL THEORY OF HUMAN RELATIONS

N;
p,-:ai—‘biNi "i'(b'; +E‘;"—)(N—‘N.);
i

22
a,=fi(n); bi=f.(ni); ei=fs(ni). 22)

Since ¥ (N;/n;) is the total number of cities, this expression corre-
sponds to expression (8), mentioned above. For the continuous case
we have:

p=fi(n) —f.(r)N(n) + Nfs(n) +Nf N(:‘") dn

» (23)
N(n
— N (n)fi(n) —N(n)f ( ) di.
Putting
wN (n)
K= dn, (24)
, n
K being the total number of cities, we find from equation (23),
+ N, + NK —
N (n) = fi(n) + Nf;(n) P 25)

fa(n) + fi(n) + K

Introducing equation (25) into (24) we find a relation between p and
K, thus
K=K(p), (26)

so that equation (25) now becomes

_fi(n) + Nfi(n) + NK(p) —p
f2(n) + fs(n) + K(p)

The value of p is again determined from

N(n)

(27)

FN(n) dn=N. (28)



CHAPTER X1l
THE DISTRIBUTION OF CITY SIZES

We shall now consider a different approach to the problem dis-
cussed in chapter xi. Beforc we do that, however, we shall briefly
discuss the possible relation of the previous theory to available data.

G. K. Zipf* has found an interesting relation between the sizes
of cities and their rank according to size. 1f we rank all cities con-
secutively in order of decreasing size and denote the population of a
city of rank r by n(r), then, according to Zipf, for many countries
we have the relation
n(r) = ;q (1)

where C is a constant. By considering data for the United States and
for Canada at different times, Zipf finds that relation (1) did not
hold in the past, but has been gradually approached. He generalizes
this by postulating that relation (1) is characteristic of a stable so-
ciety, and is reached as a socicty passes from less stable to more stable
configurations. In our opinion such a postulate seems to lack either
empirical or theoretical evidence. It would therefore be of great in-
terest if such a postulate could be obtained as a deduction from a
rational theory. This would throw light on the mechanism underly-
ing the simple relation (1).

Inasmuch as the distribution functions studied by us previously
do not involve the rank order of the cities, we shall first investigate
how Zip{’s results can be translated into our notations.

Denoting by 7 (n) the rank of a city having a population #, equa-
tion (1) may also be written

7(n) zg—. (2)
n

Let N(r)on be the number of cities whose population lies be-
tween n and n -+ dn, dn being a small but finite quantity. Consider
instead of equation (2) any arbitrary function »(n) which must, how-
ever, decrease with increasing n. For very large values of 7(n),
the number of cities N (n)dn will be large even for small én. Since
7(n) increases discontinuously and always in steps of one, therefore
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the increment — 67 (n), which corresponds to the increment én, repre-
sents actually the number of ranks, and therefore the number of cities,
in the interval én. Hence

N(n) on=—9or(n), 3)
or ‘
Ny == (4)
on

For very large r’s we can take a very small én, and in the limit
we shall then find

-~ dr
N (n) _—_J;&° (5)

The notion of a continuous distribution function N (n) breaks down
for very large values of n, for there are only a few very large cities
in each country. Nevertheless, far away from the tail end of the curve,
the function N (n) may be practically determined. The rank order
notation has the advantage of covering the whole range of sizes.

The function N (n) is connected with the function N (n) of chap-
ter xi by the relation

— N(n
N(n) = :a ). (6)
Hence, if r(n) = C/n, then
- C
N(n) =—; N(n)=£=r(n). 7)
ne n
Denote by N the total population
N=f”nﬁ(n)dn=f’°zv(n)dn. (8)

A distribution function N (n) such as the one given by equation
(7) could be readily obtained from our previous theory by putting
in chapter xi:

f(n,N)=AnN, 9)

where A is a constant. That would give us, according to equation (17)
of chapter xi:

N(n) =2, (10)
An
p being determined as before from relation (8) of that chapter.
Equation (9) means that the per capita production of goods is
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proportional to both n and N , a relation that does not seem to be very
plausible. Because of relation (6) this would imply that the total
production is proportional to n:N2(n).

The simple theory developed before does not seem therefore to
account for the relation found by Zipf. Inasmuch as not all countries
follow Zipf’s relation, and inasmuch as the above mentioned theory
may be modified and generalized, we should not yet discard it alto-
gether. In a complex problem like this, in which many factors prob-
ably enter, it may be admissible to discuss in abstracto different con-
ceivable theoretical cases without first worrying about actual data.
A thorough classification of the theoretical possibilities may later
prove a help in deciding which of those possibilities or their combi-
nations can actually be applied to observations. It is in this spirit of
an abstract theoretical study that we shall discuss an alternative ap-
proach to the problem without prejudice to other possible approaches.

It is natural to attempt to connect the formation of cities with
the presence of active groups in a society. A city may originate as
an administrative center, in which case its formation will be closely
related with the activity of an administrative active group, which we
shall denote as group I. A city may also originate as a trade or in-
dustrial center, in which case it will be associated wilth another active
group, an organizing one, which we previously denoted as group II.
The stronger the administrative group I, the larger we may expect
the principal city to be. On the other hand, a strong industrial group
will result in the formation of large industrial cities. It is therefore
natural to inquire whether the distribution function of city sizes may
not be connected with the distribution function of the gradation of
different types of activities within the population.

Since this is a purely theoretical study, we shall not specify here
what particular characteristics we do consider. We shall simply de-
note the measure of that characteristic by x and consider that in a
population of N individuals the characteristic x is distributed accord-
ing to some function N (). In whatever physical or psychophysical
units we measure the quantity r, we shall choose our unils so that
the maximum value of x in a given group is equal to 1 . We then have:

N= rN(x) dz. (11)

We have seen previously that such a group may break up into
several smaller groups if each individual associates only with those
individuals whose a’s are not too remote from his own. Equations for
determination of the size of those classes have been given previously
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(chapters i, ii). We thus find that the whole population is divided
into n + 1 groups, whose z’s lie between 1 — x, , £, — &, , &, — 25, -
z, — 0, with 2x > 2., . The total amount of x in a group r is given

by

r

X(r) = f " aN(x) de . (12)

The corresponding “populations” are given by

2

N(r) = f "'N(x) da. (13)

Suppose now that these groups will be segregated spatially. They
will thus form separate communities of different sizes.

Let x denote the measure of any special ability, such as executive,
business, literary, etc., and consider the case where N (z) will be de-
creasing with increasing x . The functions N () and X () may either
decrease or increase with ». It is clear that we cannot set n(r) pro-
portional to N () if the latter increases, for the largest community
will be composed of individuals with the smallest . If, however,
N (r) and X (r) decrease with increasing r , we may consider the fol-
lowing situation. The rth group of N (r) individuals may form a nu-
cleus around which a number n'(7) of individuals of the lowest 2
gather to perform any activity, directed by the N () individuals, and
thus form a community of n(r) = N(r) + #»'(r) individuals. We
thus assume that the class of lowest z’s, namely that lying in the
interval (z,, 0), is entirely passive. This class is also the most nu-
merous one. The simplest assumption we may make about »n'(r) is
that it is proportional to X (r). We then have

n(r) =N() + aX (7). (14)
If N(r) << aX(7),then we have approximately

n(r) =aX(r). (15)

Thus n(r) would be determined by N(r) and we may investigate
what form of N (x) will give a prescribed n(r) , as for example, ex-
pression (1).

Although such a case presents some theoretical interest, it hard-
ly can be applied to actual cases for it implies that the active group
of each community has a different range of z’s, the ranges for differ-
ent cities never overlapping.

We may consider a somewhat more realistic assumption which
is free from the above shortcoming. Let the group N (1) form a nu-
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cleus around which there will be gathered 7n'(1) =aX (1) individ-
uals, but let those #'(1) individuals be picked up from all the N® =
N — N (1) individuals that are left outside of the group N (1) . Fur-
thermore, let the contribution of individuals with a given x to aX (1)
be in proportion to the frequency with which those individuals occur.
We have

N = J"'N(x) dz . (16)

The distribution function N» (z) of the individuals left after the
aX (1) individuals have been subtracted from N is equal, with the
above assumption, to
N® (z) —(l_g(_l.)_ N(z)

x) = N x). (17)
In other words, each class has lost a fraction aX (1) /N of individ-
uals.

Now the group whose z lies between x, and x, has only

N = f ‘NG (a) dx (18)
individuals, and their total x is equal to
X'(2) =f TN () dr . (19)

Z2

This group will gather around it a X’ (2) individuals from the N in-
dividuals left outside of the group. We have

N = f "N (2) dz . (20)
The distribution function of the remaining individuals is given by
o, aX@) .,
o) = (12 )N o), (21)
and
X'(8) = f TN (z) dx . (22)

Thus we can consecutively calculate N, N©, N@ N® ag well as
X(1),X'(2), X'(8), -, etc., and thus find n(r) from

n(r) =N + oX' (7). (23)
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This scheme may be generalized further by considering that as
the distribution functions N (z) change step by step, so will the set
%y, %;,:-, %, change, according to equations developed previously.

The difficulty with actual calculation of such expressions lies in
the circumstance that even the simplest forms of N (x) lead to trans-
cendental equations for z,, «,, ---, x,, which do not admit of closed
solutions. In order to get an idea as to how such expressions as (12),
(13), (14) and (23) behave, we shall make a very crude approxima-
tion and consider all intervals x; — x;., as equal to a small constant 4:

— (24)

For very small values of A an approximate expression for X (r)
and N (7) is easily obtained. We may put approximately

I-(r-1na
X(r) = f ZN (2) dx = AxN (x) (25)
L A
and

N(7) :J‘HMM N(z) dor= AN (x). (26)

. -rd
Remembering that for the »th group x is approximately equal to
1—7rAd, we find:
X(r)=AQ—rd)N(1—rd), N(@)= AN(1 —2d).  (27)
We shall consider here as a theoretically interesting case an ap-
proximate distribution function
N(z) =Az”, »>0, (28)

which is suggested by Pareto’s law. The relation (28) cannot hold
physically for x == 0. Most likely N (0) == 0, but it may also be that
N(0)> 0. Except for exceedingly small values of x the approxi-
mation may be very good. The exact expression for N (x) should
satisfy relation (11), which also determines the constant A .

For very small values of 4 we have from cquations (27)

X(r) =AA(1—rA); N(@)=AA1—rd)~. (29)
If X(r) is always to decrease with increasing », we must have
0<»<1, (30)

In the following we shall always consider that the restriction (30)
is satisfied. ‘

The exact expressions for X () and N (r) are obtained from equa-
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tions (12) and (13):

A
Xy =g (= =D~ — [L—rdl=);

4 (31)
N(r) =1 (= =141~ —[1—rd]}.

We shall now derive an explicit form for expression (23) based
on (24) and (28). We have

1

A
N :Af o do=——[1— (1= A)"]; (32)
i 4
1-A
1-A

A
N =Af xvdx = 1 (1—4); (33)
haadt 4

1

X'(1)=X(1)=4 f £ d.r-_-‘) A
1-A

[1—(1—u)2v].  (34)

Al 4
Hence
N® (g) == (1 _.a;{,((j) )N(x)
35)
—(1 [1—(1—4)2-"](1---y)> N (
=\l—a- - Axv;
1—a)yv(@2—v»)
oA
X'(2) ZJ ZN® (z) de =
12 (36)

(1_u[1— A=410=1) 2A

— A)r — (1—24)2"].
TR TErT— [(1—4)>— (1—24)*"]

el 4
Define
1—v
=: . 37
a=a = (37)
and
(. 1—(1—/.1)2-")( B (1—.4)2*'-—(1—2/1)2#)
f(r)—(l “Ta—a N

(38)

( [1—-(r—l)A]**"-—[l—r,l]“)
l1—a .
(1—ra)+
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We shall now prove that in general
N (z) =Af(r—1)a; (39)
A
X'(») =—"r_;f("* D{[1— (r—1)4]>"— [1—7r4]>"}. (40)

Expressions (39) and (40) hold for » =1 and » = 2, as we have seen.
We shall prove that if they hold for », they hold for » + 1.
From equation (39) we have

N(r):f N () da = 1 4 fr—1) A —ra), (41)
il 4

1) () = e WATYH —
Nt ’(x)—~(1—— N )N"(x)dx—
(1 1—» [1—(r—l)A]2°"——[1—rA]2-")f( 1A (42)
— r._ —V.
ey (1—rdy v
Because of expressions (38) and (39), equation (42) may be written
N () = Af (1) x. (43)

We have further
A
X'(r+1) =f eN (z) de

1-(r+1)A

1-7

which, because of equation (43), may be written

X'(r+1) =2 fF(M{[1—7rd4]>—[1— (r + 1)4]*). (44)
bl 4
This proves expressions (39) and (40).
We have

1-(r-1)A
Kr(r)=f N"’(x)dleA fr—1){[1— (r—1) 4]

bl 4
~-rA

— [1—7rd]*}. (45)

Hence, introducing expressions (40) and (45) into (23), we have

n(r) = fr—=D{1—= (r—1) 4] — [1—rd]**} +

1—y»

(46)

Py fr—1D{[1— (r—1)4]*" — [1 —r4]*).
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The expression f (r) simplifies considerably for very small values
of 4. Putting for any k:

kA=y (47)
we have
[1— (k—1)d]>— [1—FkA]z=[1— (y—4)]*"
_ (48)
— [ =yl

For very small values of A, this is equal to

d
—d—(Q—y)r=2—»)d(1—y)**
dy

= (2—»)d(1—kA), (49)

Hence, because of expressions (48), (37) and (49),
l—((k—1)4]2v—--[1—kd]2"

1-- —=1—a(l—»)4;
a (1— fd) s a(l—w) (50)
and, because of expression (38):
f)y=[M—a(l—9w»)A1]". (51)

Introducing this inte equation (40) and transforming the expres-
sion in braces of (40) according to expressions (48) and (49), we
have:

X@@)=A1—7r D) [l—a(l—vp).1]™. (52)
Since physically we must have
0<<1—a(l—y») 4<1, (53)

therefore, comparing cxpression (52) with (29), we see that X'(r)
decreases with » more rapidly than X (). This should be physically
so because while X () rcfers to the group formed of all individuals
who have an x between 1 — 7.4 and 1 — (r — 1) 4, X' () refers to the
group formed by those individuals within that interval that were left
over after subtracting the amount which contributed to the » — 1 pre-
ceding n’s. Hence X () > X' (7).

It should be noticed that X () decreases with r less rapidly than
1/7, but X' (r) decreases more rapidly than 1/7.

By a similar procedure, using expressions (48), (49) and (51),
we obtain from equation (45) for very small values of 4:

N =A4(1—rd)~ [1—a(l—»)4]"". (54)
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Introducing expressions (562) and (54) into equation (23) we find:
n(r) =Ad[1—a(l—») 4] {(1 —r4)" + a(1 —74)**}. (55)

The variation of n(») with r is rather complicated. For small val-
ues of r the term [1 — a(1 — ») A]"* decreases more rapidly than
(1 — r4)-" increases. Therefore for small values of r the quantity
N® decreases, but less rapidly than X'(r). The quantity n(r) de-
creases also. However, since for r=1/4, the term (1 —7r4)-" be-
comes infinite, n(r) has a minimum for some value of » = 7,, . Since
by definition » is the rank order of decreasing sizes, such a situation
would be physically absurd. This difficulty may be avoided, however,
hy the following consideration. Equation (55) is based on the ap-
proximate expressions (52) and (54) which cannot be applied for
values of r that are close to 1/4 . It must be remembered that » varies
from 1 to 1/4 only. If the parameters in equation (55) can be chosen
so that the value 7, for which 2 () has a minimum is greater than
1/4 — 1, then the above difficulty will be avoided. We shall now

prove that this can be done. *
Denote
y=1—a(l—»)4; 0<y<1. (56)

Equation (565) now becomes:

n(r) =Ady= {(1 —r4)~™ + a (1 —r4)-} . (87)
We have
d

7;:") =Ady* (1 —rd)*[y4(1—7rd)"* +logy—a(l—r»)4

+ a(l—r4) log y] . (58)

The value 7,, is defined by dn () /dr = 0 or
4+ (1—rd)[logy —a(l—2»)A4] +a(l—rA)2logy =0. (59)
Introduce the new variable
2=1—7rd4; zo=1—1r,4. (60)
We then have
zZn? alog(1/y) + za[log(1/7) + a(l1—»)A] —»A4=0. (61)
Equation (61) gives
Zm = [1/2alog(1/7) 1{— [log(1/7) + a(1—»)4]

62
+ Vlog(1/y) + a(1—») 41> + davdlog(1/y)} . (€2)
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The positive sign must be taken before the square root because
Zn > 0.

If we wish to have r,, < 1/4 — 1, then we must have

Zn > A, (63)
Inequality (63) will be satisfied if y is made sufficiently small. To

show this we make use of expressions (56) and write cquation (62)
thus:

2= [1/2a 10 (1/7)]|— log (1/y) +1—7] +
(64)

1___
\/[log(l/wﬂ Je 4 2d )y
1—y»

As y becomes very small, log (1/y) becomes very large. Thus we may
neglect 1 —y in the expression in brackets, and also neglect » as
compared with 1. We then have:

(l/y)}

1
Zn=[1/2alog(1/7y)] { — log‘;
(65)

-
+log (1 1+ _______}
og(1/y) \/ 1—wlog(1/y)
The quantity 1/log(1/y) being now very small, we may expand the

expression under the square root sign, keeping only linear terms. We
thus find

2n = [1/2al0g (1/7)] 7 (66)

bl 4

By making y sufficiently small, we can always satisfy inequality (63).
But a small y means a sufliciently large o . Hence inequality (63)

may be satisfied by taking o« sufficiently large, though not large

enough to make » negative.

Thus with a proper choice of a, n(r), as given by equation
(65), will decrease monotonically with » within the range 1 = r =
1/4 — 1. We may now investigate under what conditions, if any,
n(r) will vary within a wide range approximately as 1/r, so as to
satisfy relation (1). This may be done by expanding the right side
of equation (55) into a power series and comparing the coefficients
of the expansion with those of the expansion of 1/(é + »), where
8 << 1 ;for 1/(d + r) will for all practical purposes vary as 1/r.

The general theory of the breaking up of a social group into
classes, as developed in chapters i and ii, is based on the assumption
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that only such individuals associate with each other for whom the
difference (x' — z)? is less than a certain quantity 4,. We had as
criterion

(x' —x)2< 4%. (67)
We shall now consider a different criterion which is perhaps some-
what more realistic. We shall assume, namely, that it is not the differ-
ence ' — z but the ratio z'/x that determines whether two individ-
uals associate with each other or not. The plausibility of such an as-
sumption is suggested by the following considerations.

An individual with an income of 100,000 dollars is likely to asso-
ciate with another individual whose income is 75,000 dollars, but an
individual with an income of 26,000 dollars is not likely to associate
with an individual having an income of 1,000 dollars. The difference
is the same in both cases but the ratios are different. Similarily, an
executive or a politician who controls directly or indirectly 10,000
individuals, will associate with another one who controls 6,000 indi-
viduals, but an executive having control over 5,000 individuals will
not associate with a foreman having control over 25 individuals.

Instead of inequality (67) we may now put

(log ' —log x)2 < A2, , (68)

and instead of using equation (9) of chapter ii, we shall determine 2,
from the equation

Jq fl [(logx'—log )2 — 4,2] N(x)N(x') dedx’'=0. (69)

Equations of similar form will determine z,, ., etc.

We again run into the same difficulty as before, namely: the equa-
tions determining the z’s are transcendental. Therefore we shall
again use a very rough approximation, corresponding to equation (24)
of the previous case. We shall put

=48, 0<g<1. (70)

For N(x) we shall again use (28).
We find now, with reference to expressions (12) and (13):
ﬁr«!
A (1 — ﬁz—n-)

X(r)=A f v dy=— g, (71)
Br 2 —_

ﬂ'-l
A(L—p)

N(r) =4 f 7 dp = e e, (72)
o 11—y
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Now both X(r) and N(r) decrease monotonically with », so that
equation (14) can be used, giving
—_— Rl-v 1_ -V

(1-v)(n-1) + a
1—v» b 2—y

n(r) =A ( ﬂ(z-vn»—n) . (73)

It is readily seen that n(r) decreases much more rapidly than 1/r.
We now calculate X'(r), N (z) and N”. We have

1

f A(1—p>)
X'(1)=A4 v dr = — Py— —; (74)
i
B
A 1-v
N“’IAf x"'dlef_ ; (75)
aX'(1
N® (x) —*—'(1———~A-,—((“—)~) N(x)
76
_ ( (l—v)(l—ﬁ“)) , (7
=A(1—q — e x’v,
(2—w)

Y
X'(2) = J aN® (z) dx

(17)
_(1- A0y A0
YRR Y 2—y
Define
1—v) (1—p>
b= (1—») (1—p) : (78)
2—w
and

f1(¥) =1 —Dbp) (1 —bp) (1 —Dbp) -+ (L—0bp™). (T9)
We shall now prove that in general
N (x) =Afri(r—38)z™;

Ab
a(l—»)

(80)
X (r) =

filr—3) e,

We have from (80):
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Br
N(r):f N"‘(x)d:c:—l-A—f,(7-——3)‘3"“-”. (81)
, -y
Hence
N+ (x) :( 1— .ELJAV:;_)A) N(r) (‘) — (1 —_ bﬁvwr-Z)AT(r) (x)
82
=Af(r—2)e &2)
and
A(l—pv) ‘ .
X(@r+1)= N (@) A= fi(r = 2) ——m e e
—y
b‘l#l
A e "
a(l—v) ! ’

Since equation (81) holds for » = 2, it therefore holds for any ». We
also have
fr1

_ A —p)
N = N (m)dx = ___I.__... f: (r— 3)ﬁ(r-m1—v) . (84)
ﬁ" 7
Introducing expressions (80) and (84) into (23) we find:
A
n(r) = 11— fr(r—3) om0 (1 — v + pfr1). (85)
—

The quantity n(») decreases monotonically with =, but more rapidly
than 1/7.

We may consider a more general assumption, namely that B var-

ies from class to class. Denoting by 8., 8.,--, B a sequence of num-
bers such that

0<p: <1, (86)
we may put

xi:ﬂlﬂz"‘ﬂi. (87)

In that case

Bif2...Br-1
pa..B AC—pon
X(r)=A T de = —— (B, B,)2".  (88)

2—»
B1Ba...Br
The quantity X () decreases with r and by a proper choice of the se-
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quence .6, --- B, it may be made to decrease as 1/r. Equation (15)
would then lead to equation (1). A similar assumption may be studied
for the more general case involving N, X'(») and equation (23).
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CHAPTER XIII

SLOW VARIATIONS OF SOCIAL RELATIONS.
THE MECHANISM OF HISTORY

The phenomena studied in chapters iii-viii are all essentially of a
static nature. Given a definite distribution function of a characteristic
of the population which determines the sizes of the different active
classes and of the passive one, we obtain a definite behavior pattern
for the population as a whole. This behavior pattern remains constant
as long as the composition of the classes remains constant. Although
we have studied in chapter iii and viii possible variations of the be-
havior pattern with respect to time, these variations are of short du-
ration and principally determine the mechanisms of the relatively sud-
den transitions from one behavior pattern to another which occur
when the composition of the active classes changes. But nothing has
been said as yet concerning the causes which may produce such
changes in the composition.

The considerations of chapter x also deal essentially with quasi
stable phenomena, for the mechanism of mobility between urban and
rural populations has not been considered and only equilibrium con-
figurations have been treated. These equilibrium configurations slow-
ly shift as the size or composition of the social group varies.

In the subsequent chapters we shall study the possible causes of
variations in the composition of a social group with respect to time,
and thus discuss long range variations of social structures. This nat-
urally introduces us to a mathematical theory of history. The histori-
cal phenomena which can be treated mathematically in this fashion
are somewhat restricted in scope. No one will ever hope to derive
mathematically how many wives Henry VIII had, or how long Louis
XIV reigned, or what kind of entertainment was current at his court,
although this type of factual information does fill a not insignificant
part of some history books. What mathematical history should be able
to describe eventually are the changes with time in social relations, in
forms of governments, legislation, art, philosophy, religion, etc.

In chapter i it was indicated that one possible cause of variation
of sizes or relative strength of different active groups actually found
in human history is due to the formation of closed hereditary social
classes. Due to the dissimilarity of parents and offspring, such a he-
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reditary closed class, which originally may be all composed of active
individuals of a given type, will gradually be “thinned out” by pas-
sive individuals, born to active parents. This results in a general weak-
ening of the activeness of the class as a whole. On the other hand, the
passive class gains some active individuals and thus becomes less pas-
sive as a whole. In this case we have a change in social structure and
therefore in the behavior pattern of a society as a whole, in spite of
the fact that the actual total numbers of active and passive individ-
uals, or at least their ratios, may remain unchanged. In other words,
this is the case of a constant distribution function or, as we shall call
it for brevity, of constant profile of the society. Some cases belonging
to that group will be discussed in the next chapter.

There are possibilities, however, of actual variations of the pro-
file of society with respect to time, as we have seen in chapter ii. Due
to different birth rates and due to different possible kinds of inter-
breeding between individuals of different types, we may have aperiod-
ic or periodic long range variations in the structure of society. The
relative number of different types of active and passive individuals
will fluctuate or otherwise vary in time. This will result in fluctua-
tions of behavior, in other words, of the social relations of the whole
population, although these fluctuations will not necessarily be periodi-
cal. The whole problem of social changes in a population thus becomes
essentially a problem of biology of mutual interaction of different
species, regarding each type of individual as a species. In sociology
and history changes with respect to time in ideologies, morals, tastes,
etc., are frequently discussed. A quantitative mathematical description
of such abstract, almost intangible, things may well be impossible.
The problem changes radically when we speak of the changes in the
relative numbers of individuals professing given ideologies, morals.
or tastes. A quantitative description of these changes is quite possible.
We shall consider these changes as the fundamental mechanism un-
derlying the phenomena of history and shall discuss some of them in
subsequent chapters.

Tt must be emphasized that the possibility of a mathematical de-
scription of history does in no way depend on the picture which we
adopted here; namely, the interaction of active and passive individu-
als. The assumption of a sharp distinction between actives and pas-
sives is of course an assumption made for the simplification of the
mathematical treatment. As we have seen in chapter iv, a more rigor-
ous treatment of continuous distributions leads to essentially the same
results, at least in some simpler cases. The concept of individuals with
different degrecs of influence and of susceptibility to influence is
realistic enough and can hardly be regarded as an assumption. On
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the approximate treatment of that concept we base our mechanism
of history. But if anyone does not agree at all with the picture of inter-
action of more active and less active groups, postulated here, it will
still be possible to describe in mathematical terms changes in customs,
ideologies, etc. We may, for instance, consider in equation (21) or (34)
of chapter iii the quantities x, and %, not as the number of active in-
dividuals exhibiting behavior A and B, but purely formally, as some
variables in terms of which the behavior of the whole society can be
expressed by means of such equations as (21) or (34) of chapter iii.



CHAPTER XIV
CONSTANT PROFILE VARIATIONS OF SOCIETY

I

Let us now consider again, as in chapter iii, a population of N in-
dividuals, with «, active individuals I, and y, active individuals I , the
remainder being passive. Let inequality (8) of chapter iii be satisfied,
so that all N’ individuals of type IT exhibit behavior A . By virtue of
associations with similar individuals, all individuals of type I, will
form a social class, in a manner previously described. Since we are
dealing with a simplified case where a uniformity of all individuals of
a type is assumed, this social class will be composed, with the same ap-
proximation, of the x, individuals I, . Similarly, there will be a social
class of ¥, individuals of type Is, and a social class of N’ individuals
II . The first social class (I,) controls the behavior of the whole pop-
ulation. With the majority of the population exhibiting behavior 4,
the group Iz may either be prevented from activity B, or even entirely
suppressed and destroyed.

Let us now study the variation of the composition of the control-
ling class with respect to time under the assumption made previously;
that is, we take into account that of the total progeny of individuals
I, , only a fraction a will itself belong to a type I, the remainder be-
longing to type I1. However, let the progeny of the first class associate
only with the progeny of the same class. That is, instead of association
by actual similarity, we shall have an association by the similarity of
the past generations. As we have seen in chapter i, this results in an
increase of individuals of type IT in the first class. We shall call class
A the social class composed initially of individuals of type I,; we shall
call class B the social class composed initially of individuals of type
I';; while the social class composed initially of individuals of type I
will be referred to as class I1I.

Let n, be the total number of individuals in the social class A .
Let 744 be the number of individuals in class A of the type I., 7" be
the number of individuals in class A of type I, and n,? be the number
of individuals in class A of type Ix. Similarly, we denote by 7, the
total number of individuals in class II , by n;/! the number of individ-
uals in class II of type IT, by n,* the number of individuals in class IT

111
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of type A , and by n;® the number of individuals in class II of type B .
And, in a similar way, we define ny , 1, ns'', ns® . We have

N='n,4 + Ny -+ ng, (1)
and
Ny =Nt g+ ngE, ng= ngt + ngl' 4+ nk,
(2)
Ny =Ny + nt 0P
Consider here for simplicity the case in which the rate of increase of
the population is proportional to the population. In many cases this
is a good approximation to actual conditions.

Denoting by ., 3u, and B three coefficients of proportionality,
we now have

dn, d'n" dng
——=f,n,; = By Myy; —— == fuls. 3
dt ﬂA A dt ﬂu 74 dt ﬂu B ( )
In general, of course, we should take three different values 4, i , and
Bs . We consider here, only for the sake of simplicity, the case where

fa=PBu=ps=F. (4)

A case of different birth and death rates for different classes will
be discussed in chapter xvi.

Of all the progeny in any class, let the fraction a, be of type I,
the fraction o be of type I, the remainder 1 — a4 — as being of type
IT. Strictly speaking, these fractions should differ for different
classes, but, again for simplicity, we consider them as the same for
all classes. The more general case is treated in a similar way. We now
have

d'n,l-‘ ﬂ dn“’l ﬂ d’n,," ﬂ (5)
=a,fn,; - =aufny; —— = oyfng,
dat a,pn, dt PNy dt apONy

and similar equations for the other 7.
Equations (3) and (4), together with the consideration that ini-
tially we have n, =, , ns == 9., ni.== N',, give for any value of ¢ > 0:

ny=x,ef; ny=NeBt; mny=7y.eb’, (6)
Substituting equations (6) into (5), we have:

dn A dn, A dng®
. t = a,fN"eeBt ; —5——= azfyoett,  (T)

with similar equations for other n*.
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Equations (7) give:
nAA = anoep‘ + C' y n"" = a“N’oeﬂ‘ + C" y
(8)

nBB == aayoeﬂ' +C” ’

C', C", and C" being integration constants. Since for ¢t = 0 , Mt == %,,
nyt =0, ng® =y,, therefore

To=0,% + C; auN'o+C" =0; y,=azy,+ C". 9)
Hence

C=2z,(1—as); C'=—aNo; C”" =yo(1—as). (10)
Introducing equations (10) into (8) gives:

Nt = o + asLo (P —1); myt =aN'p(eft —1);

11
ng? =y, + agy,(ef' —1). an
Comparison of equation (11) with (6) shows that for t = «
Nt =0aMy; Mt = My NP = agng. (12)

Expressions (11) hold under the assumption that the principle
of “hereditary classification” is enforced rigidly. In general we have
a certain amount of “social mobility,”* so that individuals of class I
may pass into class I. Let a fraction 7 of all individuals of type A
born per unit time in class II pass into class . Since per unit time
altogether a, f N’, e8! [c.f. equation (7)] such individuals are born, we
now have, instead of equation (7):

dn A —
dt = (l.|ﬂxoeﬁt + 1](1_|ﬂNlo(’ﬁl 4

dn"A - , (13)
—= (L= aupN e

The equations for the other n.* remain the same as before. Equations
(13), with the same initial conditions as before, give

nAA= 2o + a, (2, + yN',) (e8! — 1),

- (14)
= (1 —n)aN'o (e —1).
Now we have for t= oo, instead of equations (12):
N B
nt = (1 + 1 ) ama; Nt = (1 —n)ouny, (15)
x,
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which reduces to equations (12) for y =0.
Let us consider possible effects of such changes in the composi-
tion of the different social classes, as described by the above equations

for sufficiently small mobility 5. At the beginning, that is at t=0,
class A was the controlling class, because it was all composed of in-
dividuals of type I, and their number satisfied the “controlling in-
equality” (8) of chapter iii. Class A continues to control the rest of
the population by a sort of hysteresis, which may be in this case ap-
propriately called tradition, although the relative number of indi-
viduals of type I, in class A, the only ones who can actively control,
gradually decreases. On the other hand, class II acquires a certain
fraction of individuals of type I, whose behavior is controlled, again
by tradition, by those of class A , although they are actually of a con-
trolling type themselves. Moreover, there is class B, which originally
was too small and therefore did not gain control, but whose relative
size might have increased, either because a; > a4, or because the
asymptotic value of n4z2/N for ¢t = o« is greater than the initial value.

Let us first consider the case in which the total number of indi-
viduals of type Iz remains negligible. This will happen when ay is
very small. Then the individuals of type I,, belonging to the class I
by accident of birth, will try to gain control over the whole popula-
tion. They will actually gain control when an inequality, correspond-
ing to (8) of chapter iii, will become satisfied. In this inequality we
must now substitute n,* for x,, and n,* for y,, since it is those two
groups that now dispute control. The control now will consist not of
imposing on the population the bchavior A (since it is already im-
posed) ; but while individuals I, of class I will seek to impose obedi-
ence to them (behavior A’), individuals I, of class IT will seck to im-
pose obedience to them (behavior A”). For N in inequality (8) of
chapter iii, we must introduce the total population at the time ¢,
which because of equations (1) and (6) equals

N(t) =N, eft | (16)

Introducing again the coefficients @, a,, ¢; of chapter iii and
letting ¢, refer to individuals of type I, in class A | a, to those of type
I, in class I1, and a to those of type II in class I, and introducing
the notations

a C,—a
uL:.: . ‘uz == -
e+ ad a, +a’

(17)

the condition for the taking over of control by individuals of type
I, in class IT becomes
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> N (8) + gt (18)
Introducing for n,*, n,* and N (t) their values from expressions (14)
and (16), we obtain
(1—n)a,N'o(eft — 1) > p,N,ebt

_ (19)
+ [0 + aa(zo + 7N',) (e8' —1)1].

The time ¢* when the change in control will happen is obtained by
substituting for the inequality sign a sign of equality and solving
the resulting equation for ¢. This gives, after rearrangements:

t* == i log (1 _Z)aANIO + ﬂ‘z[xu - om(xo + 7]N’0)]
ﬂ (1 _;)a,lN,o _ ‘uqu) - ‘Uqa‘,l (x() + ’)—]N’o)

Since for ¢ = 0 inequality (19) does not hold, and both sides of (19)
are exponentially increasing, therefore, if (19) is to hold for positive
values of ¢, it must hold for ¢ = « , which gives

(20)

(1 _-"_7)(1.4N,o > ,ulNO + [izaA(xo + ‘;]N'o)- (21)

Inequality (21) shows that the denominator of equation (20) is posi-
tive. Therefore, in order that ¢* should be real and positive, the nu-
merator must be greater than the denominator. This gives
(1— 7_7)(14N’o + .U'z[xo — o (2o + ’T;Nlo)]
- (22)
> (1 '—7_7) oa4N'g— ,ulNO — M0y (2, + 7]N'o) ,
which is equivalent to
Ny + wx, > 0, (23)
which is always satisfied. Hence ¢* is always real and positive if in-
equality (19) holds at all. 7 must not be too large, for when n =1
or is near unity, practically all individuals of type I, will be in class
A . When 5 =1, inequality (21) cannot be satisfied.
With
wm=102; wu,=1; 2z2,=3X10%
7=102; N,=N',=10";
a,=38X102; =102 year™
we find from equation (20): ¢* o 10%-10° years.

A somewhat different situation will develop when the class B is
originally rather large, so that while inequality (8) of chapter iii
holds, yet z, exceeds the right-hand side of (8) only a little. In this
case, as class A weakens due to a relative decrease of n,4, it may
happen that the inequality
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a Co—« -
ng® -+t > N + nyt (24)
a,+a a,t+a

will begin to hold, where «, refers to individuals of type I in classes
II and B, while ¢, refers to individuals of type I, in class A. We
obtain an expression similar to equation (20) for the time when this
occurs. In this case, individuals of type I, gain control of the popu-
lation, and the gencral behavior changes from A’ to B .

The actual transition either from A’ to A” or from A’ to B is
described by equations of the type of equation (6) of chapter iii or
of other types studied in chapter iii. Once a new kind of behavior is
established, two things may happen. Either the principle of “con-
trolling class heredity,” in other words of small mobility, is part of
the new Lehavior, or it is not. In the first case, again a “thinning
out” of the controlling class will occur, and this will result in a change
from the new behavior to the old one, these changes going on periodi-
cally, with a period of the order of a few hundred years. It must be
emphasized that the control which a class exercises need not neces-
sariiy be political. It may be a cultural control. In general these two
will likely be correlated.

If, after a change from behavior pattern A to behavior pattern
B, the principle of class heredity is not adhered to, the behavior
pattern B may last indefinitely. This, however, is not necessarily the
case. We have seen that [cf. equations (12)]

‘I’I,,"' -+ n"A + n"A = (‘lqu; 'n,lf’ -+ 'n”B }- 'nnR = (IBN . (25)

If ay >> ay, then eventually the number of individuals of type I, will
increase sufficiently for them to gain control of the population. In
spite of a large a,, and even due to it, control by individuals of type
I, cannot last indefinitely because, due to the principle of class hered-
ity, the group of individuals of type I, eventually divides itself into
A" and A". But a behavior patiern which does not adopt class hered-
ity will under these conditions also not exist indefinitely.

We have studied herc the case of an exponentially increasing
population. The other extreme, that of a stationary population, can
also be easily studied. In this case, N remains constant, and #,, n,,
and n, also remain constant, but n,4, n,4, ete., vary. One should also
investigate the case of interaction of three or more groups of type I.

Periodical fluctuations of influence of two different groups may
also occur in the absence of class heredity if we consider that a group
associates into a class only upon reaching a certain size, and that the
mortality in such a closed class is greater than in class I because
of inbreeding or for other reasons. But until a class is formed, the
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mortality of individuals I, is the same as that of the other individ-
uals of class I1 . Then such a class A will gradually become relatively
smaller until it is overcome by another group. However, since class
II produces individuals of type I at a rate proportional to a, then if
o is sufficiently large, a group I, will be regenerated, and keep on re-
generating until it becomes so large that it forms an exclusive class,
which results in an increase of mortality, etc. The discussion of the
differences of mortalities in different social groups by P. Sorokin? is
of interest in this connection.

II

The slow variations of the social structure studied in chapter v
and based on economic interaction may be studied in a similar way.
Consider the case described by equations (15) and (17) of chapter
v. Originally we have N, individuals of type I forming class I, and
N, > N, individuals of type II forming class II. Let us consider
again that the progeny of parents of a given class continues to be-
long nominally to the same class, although it may be of a different
type. Denoting by n,’ the number of individuals of type I in class I,
by n,” the number of individuals of type II in class I, by n.’ the num-
ber of individuals of type I in class II, and by n.” the number of in-
dividuals of type II in class Il , let us put:

n’ +n" =mn,;
(26)
. '+ n," =mn,.
Denoting by j the rate of increase of the population, assumed the same
for all types, and by o the fraction of individuals of type I born from
any parents, we again have:

dn, dn,
—_— 1y ——— — pn,, (27)
TR Ta
ny =1, €8t; m,="n,, e, (28)
and
dnll dnlu
—=opn,; ——= (1—a)pn;
g opmi g = (l—a)pm
d d (29)
n, n.”
= ;. —=(1— .
7 afn,; at (1—a)pn,

Remembering that for ¢t =0, n,' = N, , 0, = 0; %' =0; N," = Noy,
we find from equations (29) and (28)
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n' =ang (eff —1) + ny; n" = (1—a)n,(eft—1);

N =ang (# —1); 7" = (1—a)neef + ang, . (30)
For simplicity we neglect here the effect of “vertical mobility” from
class to class.!

According to the picture made here, these variations of the dif-
ferent n,' result in a variation of the quantity 5, as defined in chap-
ter v, for 5 is nothing else but n,’/n, . The quantities ¢, and &, are also
affected by these changes, for when the whole class I of n, = n," + n,"
individuals is not composed of individuals of type I, but of individ-
uals of both types, we should substitute for &, and &, average values,
such as

- metne —  n'e, +n 32

& = y & (31)
n, N

Remembering that n, is the same as N, of chapter v, putting

n'
n=—, (32)
N,
introducing equations (30) into (31) and (32), and then introducing
the result into equations (19) and (18) of chapter v, we obtain dif-
ferential equations for W, and W,, which are, however, too cumber-
some to be treated directly. In view of the schematizations already
introduced, an exact solution of these equations would hardly be worth
while. However, we may derive approximately some general proper-
ties of the solutions without actually solving the equations.

Let us again consider the ratio W,/W,. As we have seen, it origi-
nally increases, tending to a constant value given by equation (31) of
chapter v. This value, however, remains constant only as long as 7,
&, and ¢, are constant, Since this is not the case, W,/W, will continue
to change. From expressions (28) and (30) it follows that n,/n, re-
mains constant, but that ' '/n, decreases. Equatlon (31) shows that &,
decreases from &, =e¢, to s, = e, < ¢, while &, increases. The quantity
n decreases because 7,'/n, decreases. This will result in a decrease of
the numerator of expression (31) of chapter v and an increase of the
denominator, hence in a decrease of W,/W,. We have specifically con-
sidered the situation in which originally dW,/dt > dW,/d¢t, in other
words when [cf. equations (18) and (19) of chapter v]:

e + wof (1) + b —2Vbwf(n) > & —b + Vbwf(n). (33)

We shall investigate how inequality (33) is affected by a variation
of n. In order to discuss this, we must make some assumptions about
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f(yg). I.f f(n) is of the form (7) of chapter v, then we may roughly
approximate it for small values of 5 by

f= foaﬂ (34)
in the range from 5 = 0 to = 1/a, and by

f=f (35)

for » > 1/a. In other words, we substitute instead of the curve (Fig-
ure 1), two segments of straight lines. Since a variation of y will

—

D atatatad

[ s Vet

7’—-

FIGURE 1

(Reproduced from Psychometrika, 1939, Volume 4, with the permission of
the editors.)

affect f (%) only for smaller values of 7, we may substitute equation
(34) into (33). We shall also neglect in the first approximation the
changes of ¢, and &,. As a matter of fact, we shall considerably sim-
plify our formulae without greatly affecting their generality by put-
ting &, = ¢, = 0. Making the above substitutions into incquality (33)
and substituting an equality sign for the inequality, we obtain the
following equation for determination of 7*, the value of 5 for which
inequality (33) breaks down:

wofoan® + 2b = 3/ bw,fan®. (36)
Squaring and solving for 3* we find two positive roots
b 4b
t= and t= . 37
nl wOfoa nz wofoa ( )

Since equations (37) are obtained by substituting equation (34) into
inequality (33), and since equation (34) holds only for » < 1/a, there-
fore the above argument, as well as its subsequent consequences, holds
only if the larger root .* is less than 1/a, or if 4b/w.f, < 1. Be-
cause of the approximation used, our results hold only within a re-
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stricted range of the constants. The meaning of the two roots be-
comes clear upon inspection of inequality (33). It can be easily shown
that for &, = &, = 0 inequality (33) holds only for 4 > #,* and for
7 < 7,°, while for 5,* < n < 5," the inequality (33) is reversed. Physi-
cally, the meaning of this situation can also be easily understood. A
decrease of # means a decrease of proper supervision or organization
of the work of individuals of type II, and a corresponding decrease
in output. For 5,* < 5 < 5,*, this supervision becomes too small to
enable class I to retain a sufficient amount of goods relative to class
IT. Still the work of class II produces enough goods to make both
dW,/dt and dW,/dt positive. For 5 > #,*, both sides of inequality
(33) are positive. When 5 decreases still further, approaching zero,
the individuals of class I cannot produce enough and again dW,/dt >
dW,/dt , but both are negative. The first class merely loses less than
the second.

We thus see that since 5 decreases with time, following a period
of “concentration” of accumulated wealth in class I, there is a period
of “deconcentration.” The beginning of the “decline” of class I is
given by the equation

=", (38)

in which we have to substitute for #.* the expression (37), for n the
expression (32), and then introduce for n,’ and 7, the expressions (28)
and (80). This gives

an,, (eft — 1) + n,, _ 4b

Ny, €8! wof @

(39)

Solved with respect to ¢, this gives:

1 1 - 1WoJ o
t =1 log LT ewifua (40)
B 4bne; — ate,Ww,f

In order that # should be real we must have
4bn.)2 > a'n»o{u)'ofoa y (41)

which imposes an upper limit on #4,/n.. The meaning of this be-
comes clear when we consider that with the assumption made here
about f(7) , an increase of n,,/n.. above a certain limit leaves f(y),
and therefore dW,/dt and dW,/dt , practically unchanged. On the other
hand, n," tends, as seen from equations (30) and (28), to an,. Hence
n = m,'/n, tends to the value an,/n, = an,, /N, . If originally there
has been a very large “reserve” of 7.,/ , then this final value of 7
may still be sufficient under these conditions to keep dW,/dt >dW,/dt .
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In reality such a case is very unlikely to occur. It would actually mean
a very large “initial reserve” of executive and supervisory personnel.
In any case, the ratio W,/W, would decrease due to the decrease of
&, and increase of ¢, , a fact which we neglected in our approximation.

Moreover, we must consider that the number 7, of individuals of
type I in class II is gradually increasing. When the ratio 5’ =mn.'/n,
becomes sufficiently large, a new class of I' of “supervisors” will be
formed within class IT, and I' will begin to compete with class I.
Depending on the choice of the constants, this may happen even be-
fore class I “declines” appreciably spontaneously.

The rise of class I' and its competition with I will begin when ¥’
satisfics the equation

&y + wof(']) +b— 2\/b'wof('/)
- (42)
:En]' -+ 'u)nf(']’) + b _2\/010()’('}’),

which requires that 5 = 75’ and in which we have to put [because of
equations (28) and (30)]

' ang (eft —1) 4 ny,
y=—"= .

n, Ny 08!

’

' a(ef—1)

o - M

n, et

This gives
1 1—a)ne | an,: o
t—_——log( @) oy . (13)
ﬂ a (Mo — Noy)

We may consider a more complicated case, in which, because of the
difference of the amounts of wealth already accumulated, the competi-
tor, in order to succeed, must start with more stringent conditions
than equation (42). For instance, we may require that the right-
hand side of (42) exceed the left-hand side by an amount which is a
function of the difference of accumulated W, and W.. This will give
for ¢, instead of equation (43), an expression which will involve such
constants as &,, &, fo,aand b.

The interesting result of this study is that it shows us a simple
picture of the “birth” of a “wealthy” class, with an cnsuing initial
“concentration” of “wealth,” followed by a “dccline” and finally suc-
ceeded by a class composed of different individuals. While a differen-
tiation according to accumulated wealth remains, yet the class dis-
tinction shifts with time from one group of individuals to another.
When developed much farther, such a study may perhaps be connected
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with P. Sorokin’s interesting study on the “life-span” of different so-
cial organizations.* Comparisons of calculated life-span [e.g. equa-
tion (40)] with the observed ones may give us the values of some
of the constants involved.

The most interesting further developments, however, would be
in connection with the preceding study of the life-span and interac-
tion of classes which exercise a control due to their initiative, re-
gardless of the amount of wealth. The existence of a “wealthy” class
is, after all, possible only when the majority of the individuals in
class II regulate their behavior according to the principles involving
the sanctity of private property. Otherwise, they may take away the
accumulated wealth of class I by sheer force, due to their numerical
prevalence. Thus, the existence of such a class I presupposes either
an influence of the individuals of this class on those of type II, or the
existence of another ‘“influencing” group which determines the be-
havior of individuals of type II. In the latter case, any changes of
the interrelations between the influencing group and the rest of the
population will have strong repercussions on the relation of class I
to class II and on W,/W,. Such relations should form the object of
further studies.

II1

We shall now discuss the interaction of three classes, an auto-
cratic, an organizing, and a passive one, as studied in chapter vi.

To connect the expressions derived on page 57 with the prob-
lem of the variation of the socio-economic structure with time, we
must express the quantities A, B, C, a, and b in terms of N,, N,,
and N,. It will be rather natural to assume that @ and b are propor-
tional to N or N,, since N, << N; and N, << N;. The demand will
approximately double if the number of consumers doubles, ceteris
paribus. Concerning A, B, and C, we may consider that the greater
class II, in other words, the more people there are capable of super-
vising the work, the less will be ¢. With an increase of N, , the num-
ber of inventors will also increase, facilitating production and there-
fore reducing ¢, since inventors come from class IT . Assuming, only
as an llustration, that

1 1 1

Ax—; Bax—; Cax—;
N, N, N,

axN;; bxN,,

let us first consider the simplest possible case in which the total popu-
lation increases but the ratio N./N. remains constant. Then we see

(44)
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from equé.ttion (15) of chapter vi that &, will first increase, then tend
asymptotically to a constant value. For very large N, , u will grow ap-
proximately as N , as do p and q . Hence we have

§u @« Ny; q « N,, u < N; P« N;.

The ratio éu/(pu — q — £u) of the amounts retained by classes I and
II will therefore vary, with larger N’s, as 1/N, « 1/N. With in-
creasing population the relative rate of accumulation of wealth by
class I will be decreased as compared with that of class II . The rela-
tive wealth of the two classes will also decrease. It must be noted
that the ratio &u/ (pu — g — §u) may initially be either greater or less
than 1/2, depending on the values of the constants. Thus the con-
trolling class need not necessarily be the wealthiest. In any case,
however, under the assumptions made here, the controlling class will
gradually become relatively poorer as compared with class IT.

We have assumed that N,/N, remains constant as N increases.
This means an unrestricted social mobility between class IT and class
IIT. This is probably what actually happens for the class of people
characterized by some special abilities of technical and scientific na-
ture. If we assume that between class I and class I7] the social mo-
bility is small, then, as has been shown in chapter iii, after a lapse of
time inequality (2) of chapter vi will cease to hold and the control
will pass to class IT. Expression (20) has been derived for the mo-
ment ¢* when this will happen. For ¢t > t* the relations discussed in
this section do not hold, for class II does not need to give anything
to class I. Hence, if at the moment ¢* class I is still relatively wealthy,
then at ¢ = ¢* there will be a sudden drop in the relative wealth of
classes I and II . On the other hand, at t = ¢* class / may already be
sufficiently less wealthy than class II , in which case the discontinuity
will be either less pronounced or altogether absent.

In deriving expression (20) we assumed the coefficients a, , Cas
and « in equations (17) to be constant. Actually these coefficients will
increase with increasing wealth of the corresponding classes because
they increase with the amount of technical facilities available for com-
munication. Thus by making a. , @, , and &, functions of time, through
their functional relation to the total amounts of wealth available, we
shall have a more complex equation for ¢* . This is an interesting prob-
lem which requires a special investigation.

14%

Now we shall discuss the long range variations of spcial strue-
ture for the case discussed on page 59, in chapter vi, which leads to
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equations (25) and (28) of that chapter.

We have
a’ >>0b, a'<<b), a'>>a),
(45)
b, << b, .
For a,,a,,b,, and b, we have
a, =nla, + ey, @, =n4a, + n,'a),
(46)

bl = n[“ b|’ + n[“bgl » b2 = nnlbll + 'ﬂu”bz' .

While «,', b, ,a;,’,b,’ are constants, the values of a,, b,,a,,and b,
vary with respect to time because of variations of n,/, n,/7, etc. With
the foregoing assumptions, #,// n,!! decreases with time, according to
equations developed previously, while %,//n," remains constant. On
the other hand, all »n;* increase. Thus «,,a,, b,,and b, will all in-
crease. But, because of equation (28) of chapter vi, ¢, and b, will
increase more slowly than a. and b, , so that a,/a, and b,/b. decrease.
Hence, according to equations (26) and (28) of chapter vi, z,/2. and
#:/¥. will decrease. In other words, while class I receives the lesser
fraction of goods from class IT, at the same time the relalive amount
of legislative privileges of class II as compared with class I increases.
In Figure 2 the variations of z,/x., as given by equation (27) of

w/%
3

1 1 A 1 1 1 1 1 A i\
909 1000 1100 1200 1300 1400 1300 1600 1700 1800 1900

FIGURE 2

(Reproduced from Psychometrika, 1942, Volume 7, with the permission of
the editors.)

chapter vi, are shown for the following choice of conslants: a," = 10a,’,
b,/b, =106 . The rates of increase of the population for all classes
are assumed the same, with § == 0-062 years—'. The percentage a, of
offspring of type I is taken as 0-036 .

For comparison, points plotted in Figure 2 are taken from data
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compiled by P. Sorokin.? In collaboration with a number of other
economists and sociologists, Sorokin has made tentative estimates of
the economic conditions for different social classes in different coun-
tries. The estimates are based on a relative scale, ranging from 1 to
10. As Sorokin points out, the individual curves do not show any
definite trends. If we take the ratio, for instance, of the values for
the nobility and the bourgcoisie in France, we find a definite down-
ward trend, as seen from Figure 2.

It may e legitimately questioned as to whether this ratio can be
identified with our z,/x,. Such an identification is justified only as
a rough approximation. The relalive economic conditions of the two
classes at a given moment are functions not only of x,/x, at that mo-
ment, but also of the values of ,/x, at previous times, since wealth
can be accumulated. However, we may roughly compare the relative
economic condition of two classes with x,/x,. The bourgeois class
was chosen as representing class I , which is also only approximately
irue. No definite conclusions should be drawn from Figure 2, which
is given merely as an illustration of how some theoretical conclusions
of the type discussed above might be compared to sociological data,
if proper data were available.

One could in principle apply similar considerations to the varia-
tions of civil laws with time, which may characterize the different
rights, privileges, and obligations of different classcs and may be
identified with y, and .. Quantitative data of that type are very
diflicult to obtain. It must be noted, however, that P. Sorokin® has
made an interesting attempt to determine the quantitative indices for
the variations of criminal laws. An extension of Sorokin’s method to
civil laws would be very desirable.

Using expression (22) of chapter vi without any restriction upon
the coefficients, we obtain similar, though more complicated, relations.

At this point it must be very strongly emphasized that the mathe-
matical theory of legislative change suggested above does not con-
stitute an “economic interpretation” of social phenomena and does
not commit us to such an interpretation. Neither does it commit uzs
to any other special sociological doctrine. At first glance one might
think that the shift of legislative tendencies, expressed by 4./¥., is
the result of the shift of the ratio r,/x.. which is an economic quan-
tity. The true cause of the variation, however, is the “thinning out”
of class I, which results in a loss of a number of capable legislators
in it. The parallel variation in z,/z, and ¥,/y. is a consequence of
this “thinning out” plus the special assumption made about the satis-
faction functions. With somewhat more general assumptions about
these functions, we shall in general find 2,/x, # ¥.,/¥. , though the two



126 MATHEMATICAL THEORY OF HUMAN RELATIONS

ratios may exhibit a certain parallelism in their variations.
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CHAPTER XV

VARIATIONS OF THE PROFILE OF A SOCIAL GROUP
WITH TIME

In this chapter we shall discuss how the relative numbers of in-
dividuals of different types in the whole society can vary with time.
This may be due to different birth and death rates for different types.
The following discussion is intended as an illustration only. The sim-
ple mechanism discussed here is not likely to occur actually.

We shall again consider three types of people: one active, char-
acterized by a behavior A, another active, characterized by a be-
havior B, and a passive one. We shall change our notations, however,
and denote the number of individuals of each type by z, y, and 2, re-
spectively. We shall first restrict ourselves to %a strictly selective
mating, so that only persons of the same type intermarry.

The total birth rates for different types of matings will in gen-
eral be different. Of all those total birth rates in each type of mating
there will be given fractions of offspring born of each type, these
fractions also being different for different types of matings. The de-
termination of these fractions is a problem of genetics, and shall not
be considered here.

The total rate of increase of x with respect to ¢t will be the
sum of terms proportional to x, ¥ and z, respectively. To that sum
must be added a negative term proportional to 2, which expresses the
death rate of individuals of the first type. Similar considerations
apply to the rate of increase of y and z. We thus find

X
-(;1-‘:: a,x + a,y + a2,

d
e QX + a2y + a2, (1)
dt

dz 5,2 + 3y + @332
_ = 1x 33K o
dt 3 32 3
There is a theoretical possibility that a,,, .., ¢, may be nega-
tive. Thus a,, will be negative if the death rate of the individuals of
the first type is greater than its birth rate from type z. Similarly,
this may happen for a,. and a;;. If we consider a rapidly growing
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population in which death rates are much smaller than birth rates,
such an occurrence will be biologically extremely unlikely. The birth
rate for a given type will most likely be much higher from matings
between individuals of the same type than from any others. Thus the
more probable situation is that a,,, a,, and a,, are not only positive,
but are also much farger than the other a;’s .

The general solution of the system (1) is of the form
G eMt + GpeMt + Gett,
G2.6M + Gyp€Mt + Gyt (2)
Galeht + G3Qe'\’t + G;;-;e)‘" y

where the G’s are constants and 1, , 1, and 1, are the roots of the char-
acteristic equation

a,—1 Q. Q.
(179} Uyy — yl Ay =0. (3)
A3y Q3o @y — A

Equation (8) is of the form

— 2+ A1 +B1+C=0, (4)
with
A=0, + @y + g;
B = 0;10:2 + Q3,055 + 03,015 — Q11055 — CpaQyy — Ay, Q55 (5)
C = 01102205 + Q31033005 + Gy CspOy5 — @y GOy — TyClylyy

— Q310g2Q3 .

From what was said above we may expect that in general (though
not necessarily always) the coefficients a.,, a.. and as;; will be con-
siderably larger than the remaining coefficients. Under these condi-
tions

A>0; B<O0; C>0. (6)

An elementary graphical examinatibén of equation (4) with conditions
(6) shows that it has one real root and two conjugate complex roots,
the real part of the latter roots being positive and less than the value
of the real root. This is also readily ascertained by taking, for in-
stance, as a numerical example a,; = a,; = as; = 2, all other a;;’s be-
ing equal to 1. (Only relative values of the coefficients are impor-
tant.) Thus we have

h=u+w, L=u—w, L=w, (7
where u, v and w are real numbers and

u<w. (8)
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The first two roots A, and 1, give an oscillation with exponentially’
increasing amplitude, of the form

e sin vt , (9)

while 4; gives a term of the form

euwt .

The zero point of the oscillations thus increases exponentially. Be-
cause of inequality (8) the amplitude of the oscillatory term increases
less rapidly than the zero point. Therefore, if proper physically mean-
ingful initial conditions are chosen, the values of z, y and z will
oscillate around exponentially increasing positive values but will re-
main positive. In this case the relative sizes of the two active groups
will fluctuate even in the absence of any changes produced by *‘class
heredity.” The conditions (9) and (8) of chapter iii will also alter-
nate and we shall have oscillations between two types of behavior for
the whole group. It must be remembered, however, that these changes
will not necessarily be periodical, because our solutions contain a non-
periodical term, and the inequalities (8) and (9) of chapter iii in-
voive all terms. With plausible values of the constant «,; we find that
the period 2z/v in (9) is of the order of 10*-10°® years.

If we consider a more general case—where there is a certain per-
centage of intermarriages between different types—then we must add
to the right sides of equations (1) terms expressing the birth rates
from such mixed intermarriages. The birth rate of individuals of
type I from intermarriages between type I and type II will be pro-
portional to the number f,, of such intermarriages. The number f,,
is itself determined by the statistical distribution of intermarriages
of the kind considered, and is in general a function of x, ¥ and z.
Similar considerations hold for f.. and f,. .

If the functions f,, . f.., and f,. are analytic everywhere, they
can be developed around x = y = z = 0 into series not containing any
linear terms, for f,, must obviously be zero when either « or y is zero.
Therefore instead of equation (1) we shall have:

dx
..l.t_:aux +anLy + a2 + E gmx'ytz!,

[( k!

d

:l% T @0t Uyl t Qo2 + Z Py, (10)
1.k,

de Z . ikl
—(E:a“x + a32y+ @352 + TiX'YR,

1.k,
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where the sums on the right side do not contain any linear terms and
the aix’s are all positive.

The general solution of the system (10) is of the form!

T = GueM‘ + Gue'\" + Gme’\“ + e + lelekmt +' ey
Y= GueM* + G + Gt + ... + Gt + ..o (11)
2= Gy.eM + Gyuett + GgeMt + ... + GyeMt + ...

where again the G’s are constants and the A’s are the roots of equa-
tion (4). We still have periodic fluctuations of z, ¥, and 2z around
monotonically increasing points; those fluctuations, however, are not
simple harmonics, but are represented by Fourier’s series of corre-
sponding fundamental frequency v .

If fw, fy-, and f,. are not everywhere analytic, the foregoing ar-
gument does not hold, and we cannot tell whether periodicities exist
or not. A special investigation is necessary. It may be remarked that
some rather simple and natural assumptions about the distribution
of matings of different types may lead to expressions for f.,, fz , and
fv: which are not analyticat x =y=2=0.

It is readily seen that in the case with only two types of individ-
uals, which leads to a system of two equations, periodical solutions
are impossible if the population has to increase. The characteristic
equation is in that case a quadratic one, with two roots 1, and 2,.
Either both A’s are real, or they are conjugate complex. In the latter
case we have oscillations with variable amplitude around a fixed
point. In fact, in the absence of constant terms in the expansions on
the right sides of (10), that fixed point is zero, leading to negative
values for the variables, which is physically absurd.

On the other hand, with more than three variables, even more
complicated cases of periodical fluctuations are likely to occur.

Much more complicated non-linear equations are obtained if we
consider different possible types of selective matings between differ-
ent classes. This opens a wide and as yet untouched field for further
investigations.
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CHAPTER XVI

ANOTHER CASE OF VARIATIONS IN THE STRUCTURE
OF A SOCIAL GROUP WITH TIME

In the case considered in chapter xv we found that the periodic
oscillations may occur around values which grow exponentially with
time. In the present chapter we shall consider a somewhat different
situation, where the size of the social group approaches a limiting
value.

It is known' that in many cases the growth of human population
of N individuals is well represented by the following differential equa-
tion:

dN
—=a&N—Db'N?, >0, b >0. (1)

dt
The natural biological interpretation of equation (1) is to assume a
constant birth rate a per individual and a death rate which is linearly
increasing with the density of population N/S, where S denotes
the area occupied by the population. Putting for the death rate

(b + _cg N ) N, and putting ¢'/S = ¢, we obtain:

N =aN— (b+¢c¢N)N
dt ’
which can be written in the form of equation (1):
dN
—(—i-t-'_—" (a—b)N—cN’. (2)

Let us consider that the population consists of two types of in-
dividuals, their corresponding numbers being N, and N., so that

N,+N,=N. 3)

We may in general consider the following system of equations as
representing the variation of N, and N,:

dN,

7 =a,N, + a,"N, — [b, + ¢, (N, + N,)] Ny,

dN (1)
-E’=a;Nl + @,"Ny — [bs + ¢;(N, + N,)1 N,.
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The first two terms on the right side of each equation represent the
contributions of the two groups to the birth rates, while the last terms
represent death rates, which for both types are increasing with the
total density of population, but they increase at different rates. It
would be of interest to study the system (4), or possibly more general
systems. The non-linearity of the system (4) makes this a rather
difficult task. We shall therefore consider here a limiting case which
may be of sociological importance.

Let N, denote the number of active individuals in the population,
while N, denotes the number of passives. Furthermore, as will usually
be the case, let N; << N, so that we may put ‘

N,+N,=N,=N. (5)

The second equation (4) then represents essentially the growth of
the total population. The first term of the right side may be omitted,
and we obtain from it equation (2) by putting a.” —=a, b.=b,c,=c.
As for the first equation of (4), we shall first consider the case where,
due to the smallness of N, , the contribution of the active group to the
birth rate of the actives is negligible as compared with the contri-
bution of the passives. In other words, we neglect a,'N,. Later we
shall drop this restriction. Of the aN individuals born in the total
population, let the fraction a < 1 be active individuals. Then a,” = aa
and the first equation (4) becomes

dN,
'E:aa’N——(bl'*‘clN) N,. (6)

Of particular interest is the case ¢, < ¢,, in other words, when
the increase in density of population affects the death rate of the ac-
tives less than that of the passives. An increase in density of popu-
lation means in general more difficult conditions of living and a great-
er struggle for existence. The active individual is more likely to meet
those increased demands, and thus the assumption ¢, < ¢ is natural.
As may be expected, and as shall be seen later, this results in an in-
crease of the ratio N,/N with increasing N .

The integral of equation (2) is

A N
1+
where
a—b
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and the origin of time is chosen so that at t = 0, N = A/2. The
total population tends to N, = A .
The integral of equation (6) is

N, = e-/Guedt {C + an'Nel(lm-an)dt dt} , (9)

where C is a constant of integration.
From equations (7) and (9) we obtain

e-Bl ty,C
~f(by+e Nydt — e-b.t ( ) s 10
¢ 1+ e8 (10)
while
By
. "l+-“—' t
J Neftweahdt gt — Af e (1 + eBt)everdi, (11)
Putting
+
e =g, c~1——1=p; —MZI.;, (12)
c Be

and using equations (8), we find for the integral (11) the expression:
—lfx’“-‘ 1+ zx)rdx. (13)
¢

For arbitrary values of ¥ and p, convenient closed expressions
for (13) are not available. To obtain an idea of the variation of N,
with either ¢ or N, we shall study a few special cases obtained by
using plausible values of the constants.

Casel1. a=2b; b, =>b; ¢,=0. Then
b
=—; B=b=b,; k=—1; p=—1. (14)
¢

Expression (13) now becomes?

1 d _1 ——1log . (15)
cJ) z»*®(1+z) ¢ = ¢ x

Equations (9), (10), (11), (18) and (15) now give

" aa 1 + e cwtl 1+ et
No=enlor I~ T ]

(16)

For t = » we have N, = aa/c. This agrees also with equation (6).
The latter gives as a limiting stationary value



134 MATHEMATICAL THEORY OF HUMAN RELATIONS

aaN,,

- =, 17
N, Bt oN. a7
Because of N, = A and because of (14), this reduces to aa/c.
From equation (7) we have
J— N ‘
1+en=2, em=ATN (18)
N N
Substituting this into equation (16), we find:
A—N ac A aa A }
= + — ——1 . 19
M=ty %y (19)
If for N=0, N, = 0, we must have
c=—=, (20)
thus obtaining
ad A—N A—N
N,=— (1 + 1 ) . 21
1= N g (21)

Since y log ¥ tends to zero as y tends to 0, therefore N, = aa/c¢ for
N=A.

Expanding log

=1 (1 ) find
- —_—— ,w n
og e

e () ) -

A 242 343
(22)
aa[ 1N, (3 1) N? ]_aa =0 (N/A)*
el2a \2 3/a T e SiE+1)’

Thus for N =0, N, = 0. The expansion having only positive terms,
the first and second derivatives are positive for 0 < N < A. The
(N,, N) curve is thus convex downward.

For

N=0, —=——=—, (23)
We have

(24)
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and this shows that for

dN
N=A4, = . (25)
dN,
Case2. a =2b;b,—=3%b;c,=14%c. Then
b
A=—; B=b=2b,; k=—1; p=—1. (26)
c
Expression (13) now becomes?
1 r d 1vli+a 1 1+a2—1
= ’ v 1y +——Iog-\—/—~—x——~. (27)

2yl+te ¢ =z 2c Vi+z+1
Equations (9) to (13) now give

edt  \12 aa 1+ et
N1=e—(l/2)bt — - C I A ——
1+ ebt c ebt

(28)
aa v1+¢F—1’
— log
2¢ v1iFet+1
For t = o, N, = aa/c, which again checks with equation (6)
for this case.
Again using cquations (18) we find:

A—N o @ A—N VAN—N
Ny=C———4 —+ — log . (29)
VAN ¢ 2 VAN VAN+N

Expanding
VAN —N 1+ vN/A
108' Ea——— log >
VAN + N 1—+vyN/A
we find
A—N 1
1= -4 — — - 3/A3
N.=C vav [1 (\/TN va)(vm +3 VN/A

(30)
1 T )] CA—N al ‘-°° 2(N/A)1
+ = \/NE/45 + ... —_—t+— .
5\/ /‘ \/AN C i=a 4‘&2—1
Hence, in order to have N, =0 for N=0, we must have C =0 and
equation (28) becomes

a 1A—N VAN—N

N1=——(1+— —— log ——— ) (31)
c 2 VAN VAN+N
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Expansion (30) consists again of only positive terms, hence for 0 < N
< A, dN,/dN > 0 and d*N,/dN?* > 0 and the curve is again convex
downward.

For
N=0 AN, 200  2aa (32)
' AN 34c  8b
1
Case 3. a=2b;b,=b;c,=§c. Then
b 3 1
A=-; B=b=0b,; k=—=; p=—-, 33
. ) 5 P 3 (33)
Expression (13) now becomes?
1 dx 2 Vitz 4vVi+tz
—= = _ (34)
oJ x*\/1+2ax 3¢ %2 3¢ vz

In a similar way as before we now obtain, putting C = 4aa/3c,

N1=%";1[1+2A;N( /3127;—1” . (35)

The expansion of the expression in brackets is

1+(2A__2><__1\1__1-1_Nj_1-1~3 N
N 24 24 A* 246 A°
11\ N 11 113\N* (113 1.1.35)\ N
=({1-= —+(————-)—+(———-———)——--.- 36
( 4 )A 4 46 / Az 46 468/ A® (36)
= 1.1.3... (2i—8) 3
=3 ( ) (N/A)S.

i=0 46---2¢ 2142

Hence, with the above choice of C, N, = 0 for N = 0 and again
dN,/dN > 0 and d2N,/dN? > 0. That N, = 2aa/c for N = A is seen
directly from equation (35).
We now shall drop the restriction made in obtaining equation
(6) from the first equation (4), namely, the neglecting of a.'N, in
equations (4). Instead of expression (6) we then have
dN,
dt
Equation (37) reduces to (6) if we put

b1 - bl' h aq'. (38)

= (lllN + a’l.,Nl - (bl' + c,N) Nl' (37)
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The only difference between the new case and the previously studied
ones is that now b, may be zero or negative, whereas hitherto it has
always been positive. To see whether this leads to any different re-
sults, we shall investigate equation (6) for the case

bp=0; c¢,=%c¢c; a=2b; =—%; p=—4%. (39)
Expression (13) now becomes
1 dx 2 1+z
—- J '“_‘-__Z"\/ ) (40)
cY ay1l+x ¢ z
and we finally obtain
N_\/A—-N{C+2ua A } Al
' A ¢ VA—N]I"® (41)
For N=0
2
N=C+ 222
(4
Hence, if for N =0, N, =0, we must have C = — 2aa/c, and equa-

tion (41) becomes

221 )

For N=A, N, =2aa/c.
We also have

(42)

dN, aa
me— >0  for 0<N<A.
dN c¢yVA(A—N)
d*N, Aoa

= >0 for 0OKN<A.
dN?  2¢[A(A—N)]¥*

We also see that dN,/dN = «» for N=A4 .

Although we have thus far studied only special cases, we have
considered a sufficiently wide range for the constants so that we may
have a general idea of the variation of N, with N. The essential
feature is that N, first increases linearly with N, . However, for val-
ues of N in the neighborhood of A/2, N, increases much more rapid-
ly, and near N = A the rate of increase becomes still more rapid.

A variation of the ratio N,/N will occur also in an indefinitely
increasing population, with differential death ratio. If aN is the birth
rate and bN the death rate for the whole population, we have
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dN

—Ei-:(a—'b)N; N=Nyee"t; a>b, (43)
Assuming again N; << N, lect us assume
dN
—dT‘ =aaN — b,N,. (44)

Again denoting by C a constant of integration, we have from expres-
sions (43) and (44)

N, = et {C + aaN, feb et gt} =

N (45)
Cent + 200 ela-dt
a— b + b1
With increasing ¢ the ratio of N,/N tends, because of expressions
(43), to
N, aa
) = 46
( N )w a—b+ Db, (46)

If b, < b, that ratio is greater than a, the ratio of birth rates of ac-
tives and passives.

A different mechanism, which will produce an increase in the
ratio of active to passive individuals with increasing N, is suggested
by the following considerations.

The active individual is morc likely to possess some relatively
less frequent characteristics than a passive one. It is likely, contrary
to the assumption made in chapter xiv, that the fraction of indi-
viduals born to active parents is much larger than the fraction born
to either passive parents or to one active and one passive parent.

In the early stages of history of a country, when the population
density is very small and means of communications are primitive,
the density of active individuals will be almost zero. The chances of
one active individual meeting another one would be rather small, and
a large percentage of intermarriages will be between an active and
a passive individual. With increasing population density the relative
incidence of active-active intermarriages will increase, and this will
increase the relative birth rate of actives. It is of interest to formu-
late the above hypothesis in a mathematical form and study its quan-
titative consequences.
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CHAPTER XVII

SOME CONSEQUENCES AND POSSIBLE APPLICATIONS OF
THE FOREGOING. INTERACTION OF NATIONS

The investigations of the last chapter make it plausible that
with the growth of the total population of a nation, the ratio of the
total number of various active individuals to the total population in-
creases. We should therefore expect, in general, that for the two dif-
ferent nations this ratio N,/N will be larger for the nation with
a larger population density 6 . Since the ratio N,/N depends not only
on the dynamics of the population growth, but also on the initial con-
ditions, therefore we cannot expect N,/N to be merely a function of
¢ . It will also be a function of those initial conditions and of time.
Further mathematical studiecs may eventually reveal the nature of
the {unctional relations to be expected.

To illustrate what such studies may give us, let us consider an
entirely abstract case, namely, that N,/N is a function of é only.
Assuming for simplicity that within a limited range of 6 we have

N,

~ <% (1)

let us see what applications could be made of such a relation if it
actually existed.

I
Let the active class be composed principally of two types of in-
dividuals: the military and the industrial. Let their corresponding
numbers be x, and y, . Thus

Lo + Yo = N, . (2)
From expression (1) we have

ZTo + Yo__
N

ald, (3)

where a is a factor of proportionality.
On the other hand, we may consider that the greater the ratio
Yo/N, the greater the ability to produce goods. For two nations
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with the same y,/N the one which has more natural resources per
capita will produce more goods per capita. Let us put again, as in
chapter v, approximately the total amount of natural resources as pro-
portional to the area S. The per capita amount of resources is then
S/N . The per capita production per unit amount of S/N is there-
fore proportional to y,/N . Hence, denoting by 7 the per capita pro-
duction and by b and ¢ two other coefficients, we have

i Yo

=C—, (4)
bS/N N
or, putting
1
=g, 5
2o Y (5)
y\) == g i 6 N . (6)
Equations (3) and (6) give:
x, A—1
S M
Yo 1
where
A=< (8)
g

The ratio x,/y,, which determines the composition of the total
active class, affects a number of relations in the social group. The
greater x,/y., the more, for instance, will the military activities pre-
vail over the peaceful industrial activities. We should in general ex-
pect that the larger x./v., the larger fraction of the total income of
a nation would be spent for military purposes. If there is a nation
for which z./9, = 0, then for that nation equation (7) gives:

i=i,=A. (9)

Relation (9) will hold approximately even when x,/7, is not
zero, but very small. With this degree of approximation we may con-
sider that in the pre-war United States x./¥. was very small, and put
A equal to the yearly per capita income in the United States before
the war.

The greater x,/y,, the greater in gencral will be the fraction
wo of the total national income which is spent for war purposes in
time of peace.

While only further theoretical studies could establish a relation’
between z,/y, and the fraction u.,, yet a general property of that re-
lation can be deduced at once. Since u, < 1, therefore the curve rep-
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resenting u,, as a function of z,/y, should increase monotonically, but
tend asymptotically to 1. It must therefore be convex upward.

It may be seen on general principles that the relation between o
and x,/y, must also contain i as a parameter. The greater ¢, the larg-
er percentage u, may be taken away from a person’s income, still
leaving him enough for his needs. However, even for infinite 1, o
will probably remain substantially less than one.

Within a range of small values of i, we may expect that p,, will
vary as some power p of ¢, with p < 1, and approximately linearly
with z./y,. Hence, approximately:

M < 1 xo/?/(: y (10)
or, combining this with equation (7):
"w:Bip—l (A"—l)r (11)

B being a cocfficient. Figure 1 shows the comparison of equation

———- THEORY

0.05F %
— OBSERVATION

FIGURE 1
I—Japan; 2—Russia: 3—Canada; 4—Switzerland; 5—Norway; 6—Finland.

(11) with available data' for approximately 1929, with B =0.063,
A = 640 dollars per person per year and p = 1/2.

Great Britain and France have not been included in this illus-
tration for the same reason as in the discussion on page 63 of chap-
ter vi, namely, because the presence of large colonies requires a change
in the method of calculations.

Equation (6) may also be subjected to a test in the following
manner. The number I of discoveries and inventions in a country
for a given period are approximately proportional to y,. Hence

I=CiN, (12)

C being a constant. A comparison of equation (12) with available
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data is shown on Figure 2. The data for I are taken from Sorokin?,
and refer approximately to the end of the 19th Century.

== --THEORY !
400 ’

+\ ———OBSERVATION /

~
-
S~

\
\
,
\
\
\l
\
\)

200

FIGURE 2

1—United States; 2—Germany; 3—Russia; 4—Switzerland; 5—France; 6
—England.

If we compute from equation (12) the values of I for France and
England, we find a correct value for the former, but a much too low
value for the latter. This probably is due, as in chapter v, page 63,
to the neglect of the effect of the colonies. The too low value for Eng-
land is to be expected ; the correct value for France may be accidental.

As hag been emphasized frequently on previous occasions, in such
cases we should not put too much weight upon the agreement between
theory and observations. The theory in the present form is too crude
and available data both scarce and inaccurate. In general one would
expect 2,/Y, to be determined by many other factors besides . Ex-
pression (7) owes its simplicity principally to the simplifying as-
sumption (1), as well as to the simplifying assumption that the
amount R of natural resources is proportional to S. If instead of ex-
pressions (1) and (3) we put generally

To + Yo
N =7f(9),
and instead of equation (4) put
i N Yo
bR N’

we obtain instead of equation (7) the expression
%o__ bef(9) R—iN
Yo iN

which for f(3) =ad, R= S, reduces to (7).

H
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We may here make a slight improvement in the argument used
in chapter vii, page 68. We assumed there the quantity a to be very
small, so as to make equation (13) of chapter vii contain only two
variables, x,/%, and ¢, . We shall now eliminate y, from equation (13)

of chapter vii by means of equation (3) of the present chapter. Since
Zo + Yo << N, we may put

N:N’; xo+yo=y’N'2, (13)

where y' is a constant.

We may consider here as a theoretical possibility that y' is ap-
proximately the same for different social groups. Still more in line
with the fundamental assumptions would be to consider that

To + Yo
NI

=94, (14)

where y is again a constant, while 6 = N’/S is the density of popula-
tion.

Solving equation (13) of chapter vii and (14) of the present
chapter for x, and y,, we find

. _Co"(1+ &n) yN'é—-aN" __ (a’y ta) N’
T Gt Fe (L ten) | ettt (ltem)

(15)

or
o Cl'yd—a Co'yd
_— 8
Yo @'y6+a a’ydta

ms (16)

which is again of the form of equation (16) of chapter vii. Hence
the results obtained from that equation need not be based on the as-
sumption that a is very small. The different assumption used here
may be substituted for it.

We may also consider that

Zo + Yo
NI

This leads to an expression similar to (16). All we have to do is to
substitute in (16) »” for yé .

Another approximate expression, used in chapter vii, does
change, however, with the new assumptions. We refer to expressior.
(14) and its approximation (19).

Introducing into (14) of chapter vii the expression (15) of this
chapter for y,, we find

= Const. = y". aa7)
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Y [Ae" (1 + &) — ¢ (1 + en) ] (a0"dy +a) (18)
T+ Y 0t (G"dy + a)e, — 2aa," — 2ac,* (1 + &) ‘
which is of the form
A—Be,
Y A € (19)

x, + —C——Ds,,.°

11

We shall now briefly outline a method of generalizing the above
considerations to countries with large colonies. Putting

Yo

=g, 20
N (20)
we have, from equations (4) and (5):
¢S
= - —. 21
i oN (21)

For a constant { the per capita production is proportional to S. Let
the country have a colony with a population N’ and area §’, at an
average distance 7’ from the metropolitan country. Let N denote the
population of the metropolitan country only. Consider approximately
that the population N’ does not share in the income of the metropolitan
country. In other words, 1 remains the per capita income of the met-
ropolitan country only. Then this income ¢ would be

rS+ 8
g N

less an amount proportional to the cost of work necessary to trans-
port the natural resources of the colony to the metropolitan country,
and less the amount necessary to give a minimum life subsistance
to the population of the colony. The first term is proportional to
7'S’/N ; the second, to N’'. Hence, denoting by k¥ and kX' two co-
efficients,

, (22)

c(S+S' S )
=2 — kT = — kN 3
I\ N "N (23)
or
+ S (1—k7) —kNN'
=5 sa ) . (24)

g N

Equation (24) becomes of the same form as equation (21) if we in-
troduce the concept of “effective area” S given by
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S=S+ 8 (1—kr) —ENN'. (25)
The “effective density” of the population is
- 8
= N (26)

More generally, for any number of colonics, we have, denoting by S
the area of the ith colony, by N its population, and by r™ its dis-
tance from the metropolitan country:

S + ES(H(] ___k(i)/ru)) __.kn }:N(n

A= N SRR (27)

If we assume the constants k and & to be the same for all countries,
we may determine them in the following way.

If.we know the values of i, 8 and N for countries without col-
onies, we may determine the constant C in equation (12). For a
country with colonies we have

I=CiéN . (28)

Knowing I', we can determine §. From any two countries with col-
onies we may then determine k and &' from equation (27).

These considerations again are more of a methodological than of
a “practical” interest.

111

The discussions of the first section suggest a possible com-
parison of different countries with respect to their importance and
influence in international relations. We can roughly estimate the
relative sizes of the active groups for different countries by using the
relation (3).

While within the same country two or more active groups may
dispute domination over the passive population, in a collection of
countries the dominating active groups of every country will try to
impose their preferred type of behavior on the other countries. Even
while following opposite tendencies in their own country, the active
groups will in general have a common interest in the control of an-
other country. The military group may do it out of its natural de-
sire for domination, the industrial group may have considerations of
more economic character. Thus neither purely military nor purely
economic factors, but their combination, would come into play in in-
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ternational relations. The relative importance of either of the two
factors will be determined by the composition of the active classes,
that is, by the ratio 2,/ (2, + ¥,), or, if besides x, and ¥, there is also
a group 2, (chapter xxi), then by 2,/ (x, + % + %) and ./ (x, +
Yo + 20).

We may thus consider the interrelations between different coun-
tries as a more general case of interaction of active classes. We would
therefore expect in general a country to be the more influential in
international affairs, the larger its x, + ¥,, a quantity which again
we shall denote by N;:

Ni=x,+y,. (29)

One might argue that the total “influence” of a country in inter-
national relations should be proportional not to N,, but to

N3
NN=aéN*= “S , (30)

since a given active group N, has the more power to control other
groups, the larger the total number N of people at its command.

We may also take the view that the greater the population den-
sity of a country, the smaller its per capita resources and the strong-
er its tendency to expand.

It is interesting to follow the variations of the index N3/S with
respect to time for different nations. The results are shown very
roughly® in Figure 3, which is rather suggestive. From the end of
the middle ages up to about the 19th Century, France had the largest
strength and was the predominant country. The 19th Century wit-
nessed a rapid increase of the strength of Great Britain. By the sec-
ond half of the 19th Century Great Britain became definitely pre-
dominant over France. Prussia began to be noticeable late in the
18th Century, catching up with France very rapidly and approxi-
mately equalling the latter by 1873. From then on we have to con-
sider Germany as an entity, dominated however by Prussia whose
value of N*/S exceeds that of the rest of Germany. Russia entered
the international arena rather late. During the Seven Years’ War at
the end of the 18th Century it was stronger than Prussia.

We do not suggest that the outcome of a war is determined by
the above considerations. Such an outcome is determined by many
other factors, to be discussed in the last two chapters. It is possible
that the ratio of the quantities P = N*/S for two countries determines
the probability of the outcome. One might try to develop a relation
between this probability and the ratio P,/P, for two countries. In
this fashion one could perhaps arrive at an expression which would
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1000
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—=— GREAT BRITAIN /
-~ PRUSSIA ’
—-— GERMANY
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. |
1600 1700 1800 1900
FIGURE 3

Ordinates on logarithmic scale. Explanation in text.

give us the percentage of wars lost by a given country during a given
period to another country. This could be readily compared with avail-
able data.

It must be emphasized that the above does not constitute a the-
ory, nor even a suggestion of a theory, of international history. It
merely illustrates what could be obtained with appropriate quantita-
tive indices.

Among other factors which determine the outcome of an inter-
national conflict is the rather elusive and vague “feeling of national
unity.” On the basis of the above consideration, a quantitative mean-
ing may be given to this concept.

The *feeling of national unity” will be the stronger, the larger
the relative number of active individuals who advocate that unity. If
this relative number increases with time, full national unity will be
reached after a threshold is exceeded. The greater the initial
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ratio N,/N , the smaller will be the population density for which N,/N
will exceed the threshold, and, ceteris paribus, the stronger will be
the national unity of the nation. We may therefore take as a measure
of national unity the inverse of the population density of a country
at the period when it begins ifs existence as a nation. Data of that
type are very meager but are available for some countries?.
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CHAPTER XVII1

ON THE CHANGE IN DEGREE OF ORGANIZATION OF
SOCIETY WITH TIME

In chapter xvi we discussed the variation with respect to time
of the ratio N,/N of the number of actives to the total number of in-
dividuals in a society. As has been seen previously, in order for the
actives to control the behavior of society, this ratio must cxceed a cer-
tain threshold value (chapter iii). We actually considered hitherto
the competition for control between the opposing active groups. But
those results apply also to the case where there is only one active
group.

We have considered hitherto essentially two diffcrent cases: that
in which the efforts are constant, and that in which they are func-
tions of achieved success. In the first instance we find that an active
group of x, individuals imposes its behavior on all the passive popula-
tion if, in previous notations,

Co—

a
N + Yo. (1)

Lo >
a, +a cot+a

In particular we may consider that y, = 0, in which case, putting
x, = N, , inequality (1) reduces to

a

N, > N. (2)

a, +a
In this case behavior B is anything which is not behavior A, and
which the passive population may do in the absence of any influence
of the group x,. Behavior A may stand for organized behavior, B
for disorganized behavior. Equation (2) indicates that in order
for an active group to control completely the behavior of the popu-
lation, N,/N must exceed the threshold

a

(3)

a, +a

If inequality (2) is not satisfied, the whole society may exhibit either
behavior A or B. If (2) is satisfied, it exhibits 4 .
For the case of efforts depending on the achieved success, we

149
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have a similar situation. In general in this case a part of the society,
consisting of x individuals, exhibits behavior A, another part, con-
sisting of y individuals, exhibits behavior B. For this to happen,
however, inequalities (27) and (28) of chapter iii must be satisfied.
For yo=0, 2, = N, , these inequalities reduce correspondingly to

N>—2 N, (4)
a' +a
and
2a
N,>—. (6)
a,* ¢

If neither inequality (4) nor (5) is satisfied, society may again ex-
hibit either all behavior A or all behavior B. If inequality (4) is
satisfied but (5) is not, we have all behavior A ; if (4) is not satis-
fied but (5) is, we have all behavior B . With both (4) and (5) sat-
isfied, we find that * > N . Since physically 2 cannot exceed N, this
means that actually 2 will be cqual to N. Hence, if y, = 0, the essen-
tial condition for full control is inequality (4), and N,/N must ex-
ceed the threshold

= (6)

a' +a
Consider case 1 of chapter xvi. From equations (22) and (8) of
that chapter we easily find that the value N,/N tends to «, when N
tends to zero. On the other hand, when N has practically reached its
asymptotic value N, == A4 (page 133), we may substitute that value
for N in equation (6) of chapter xvi. We then find that N, tends
asymptotically, for case 1, to 2aN,. Hence, for case 1 of chapter xvi,

we have
(Nl)__.<_Nl)__2 M
. —=a; w—~ «.

By a similar reasoning, we find from equations (30), (6), and
(8) of chapter xvi, for case 2,

Denoting by h the threshold which N,/N must exceed in order to
make the full control by the actives possible, we have a society organ-
ized from its very beginning if

h<(%)o. (‘9)
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CIRSIE I

then the society will be disorganized until the time ¢, which is given
by the root of the equation

If

-=h, (11)

where for N,(t) and N (¢) we substitute the correspending expres-
sions from chapter xvi.
If

N,
< -ﬁ>m<h, (12)

the society will never be organized.

We may consider the case, where the general birth and death
rate cocfficients @, b and ¢ depend on whether or not the actives con-
trol the behavior of the society. Thus, under the control of the actives,
a may increase, while b and ¢ decrease. In that case sometime after
the moment #*, a sudden increase in the rate of growth of N will occur,
and the variation of N,/N will now follow a different equation. If
b and ¢ become cqual to b, and ¢, , then N,/N may remain constant.
It is perhaps possible that N,/N will even decrcase, resulting even-
tually in a loss of control and an increased b and ¢. Thus periodical
fluctuations of organization of a society may be possible.

Let there now be two active groups, composed of N, and N, in-
dividuals, corrcspondingly, and N, passive individuals, so that N, +
N, + N,=N. Again let N, <:{N, N, << N, so that we shall have

IN,
(—:a.aN—— (b, - ¢,N) Ny;
dt

13
dN, (13)
Wi'ragaN’_ (b2 -I- C;N) N'_)-

Suppose that b, < b; ¢, < ¢, but that b, =">b, ¢. ==¢. By an argument
similar to the one which leads to the sccond expression (7), we now
find that N,/N will tend to the value

a a
N LT b reN™T = > a,. (14
( )°° b, +"'N~na b, + (@—Db) (e, /0) 0= > 0. (14)

The last inequality (14) can be seen to hold in the following way:
If it were not true, then b, + (¢ —b) ¢,/c Z a. Since b, = b, there-
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[
fore a fortiori b + (a— b)c,/c= a. This gives b( 1 —;‘)

cl . P . .
=Za (1——:) , which is impossible if ¢ > b and ¢, > 0.

On the other hand, if N, = 0 for N =0, then N,/N will always be
equal to a,, as is readily seen from inspection of the second equation
(13) and of equation (2) of chapter xvi. If N, = a,N , then the sec-
ond equation (13) is automatically satisfied if equation (2) of chap-
ter xvi holds.

Let the effect of group N, be such that when it controls the be-
havior of society, this reduces b and ¢, and therefore also b, and [
to b, and ¢, . This will happen when that class, N, , consists of scien-
tists, ete. For the control of the society by class I we must have [c.f.
inequality (1)]

N, >N + Rh,N,,
or (15)

N1 N2
—>h, + h,—,
N~ th

while for the control by class IT we must have

N, N,
N.> h/N + h,N, —>h'+ by —, 16
. . or N hy + h, N (16)
where h, , h,, h,’ and k.’ are constants.
Let
N,
( 'I_V‘ )o =0 = Uu;. (17)
Further, let
:>h'+h'a,; and a < h+ k' a (18)
but
[+ 29N > h1 + hzaz . (19)

In that case, while N is small and N,/N is close to ay,, class IT will
be the controlling one, because inequality (16) will hold. As N in-
creases, however, N,/N increases to a,, > ay,, while N,/N remains
constant. Hence at some time ¢, inequalities (15) will begin to hold.
At t = t, + =, the constants b and ¢ will become equal to b, and ¢,
respectively and N,/N will begin to decrease, tending to o, < a0 -
Therefore, because of inequalities (18), at some moment ¢ = ¢, , in-
equality (16) will again begin to hold, and the control passes to class
II again. At ¢, + r,, a and b will regain their initial values, N,/N again



DEGREE OF ORGANIZATION OF SOCIETY 163

increases toward a,., and eventually equation (15) again begins to
hold at ¢t = ¢,". Thus we have fluctuations of control. The times ¢,,
t,, t,’, etc. are readily obtained for any of the cases studied before
by adjusting the integration constant each time, so that, for instance,
att=t,, Ny/N = h, + hsa,, etc. The fluctuations in general will not
be periodical, the intervals t,—¢,,%,'—1¢,,% —t,' not being equal.
As an example we may identify behavior I with Sorokin’s “sensate,” IT
with his “ideational,” behavior'. For efforts varying with success,
transitory “idealistic” stages will be obtained.

REFERENCES
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CHAPTER XIX

GENERAL MATHEMATICAL THEORY OF INDIVIDUALISTIC
AND COLLECTIVISTIC SOCIETIES

In chapter vi we applied the concept of satisfaction to the
interaction of classes. The same concept may be applied to the inter-
action of two or morc individuals. In all such cases of interaction,
determined by maximizing the satisfaction function, there are fun-
damentally two different possibilities. Either each individual behaves
so as to maximize his own satisfaction, or else he tries to maximize
the sum total of satisfactions of all individuals. We may call the first
type of behavior “egoistic” or “individualistic”’; the second, “al-
truistic” or “collectivistic.” It may be asked whether the assumption
of the two different behaviors leads to different results, and, if so,
under what conditions. The problem is in some respects similar to the
problem of cooperation and competition in mathematical economies.!
It is more general, however.

It is generally admitted that our present society is based on in-
dividualistic behavior. J. Rueff? considers the “collectivistic’’ beha-
vior as comparable to non-cuclidean geometrics in mathematics. The
two types of behavior may be cqually real psychologically, however,
just as non-euclidean geometry became real in modern physics. Our
problem is to study both first in abstracto. Later on it may be pos-
sible to apply the mathematical conclusions to actual cases.

A “collectivistic” behavior, fundamentally, puts the “society as a
whole” above the individual. The connection between “collectivistic”
principle and various systems of socialism, government control, ete.
is apparent. Mathematical studies of different aspects of “individual-
istic” and “collectivistic” behaviors may throw some light upon the
contemporary trends in social changes.

We shall first investigate the interaction of two individuals, and
then generalize the results to the case of N individuals.

I

Let an individual perform an amount of work y, producing an
amount of goods x = ay. Let the satisfaction function S with re-

154
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spect to x be of the form A log ax. We shall assume that S decreases
linearly with increasing y . This amounts to assuming that work is
always unpleasant. Actually, the variation of S with ¥ is more likely
to be such that it first increases to a positive maximum, then de-
creases, becoming negative. Such an assumption would complicate
our calculations. The more restrictive assumption, made here, is not
likely to introduce serious limitations. We thus have

S=Alogaxr— By, 09
where A and B are constants. Because of z = ay , we have
S=Alogaty —By. (2)
This has a maximum for
y—A/B. (3)

If the individual tries to increase his satisfaction function to a maxi-
mum, he will perform the amount y = A/B of work, and produce the
amount x = aA/B of goods.

Consider two individuals, with satisfaction functions of the same
form, performing, respectively, the amounts y, and y. of work, and
producing the amounts

=Yy T = @l ' (4)

of goods when working separately. Their satisfaction functions are
S, = A, log o, — B\Y,; (5)

S, =A.,log a,2, — B.¥. . (6)

When the individuals work on the production of the same goods to-
gether, their productivity in general inereases. The total amount X
of goods produced will be greater than the sum of a9, + @.y.. De-
pending on the nature of the work and on the type of cooperation,
we shall have different expressions for X . We shall here consider one
of the simplest possible assumptions, namely,

X=ay + ay. + Yy, . (7

For y, = 0, this reduces to a,y,; for y, = 0 it reduces to a.y. .

The total amount X of goods produced may be distributed in
different ways between the two individuals. If they apply the prin-
ciple that a person receives in proportion to the amount of work he
does, then the total amount X will be divided between the two indi-
viduals in the ratio ¥,/9.. If a person receives in proportion to the
effectiveness of his work, then the total amount X will be divided in
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the ratio a,y,/a.y. . Finally, the division may be made in a fixed ratio,
independent of the relative amounts of work. This ratio may in par-
ticular be equal to 1.

We shall first consider the second case, that of remuneration in
proportion to effectiveness of work. The first case is handled in a
similar way and leads to similar results.

Denoting now by z, and z, the corresponding share of each indi-
vidual, so that X =, + x,, we have:

Ly Y,
2, Gy +ay,

Because of equation (7) we have x, + z, = a,y, + @.¥: + a.¥.%.; and
this, together with equation (8), gives

(8)

_ WYt Y, t+ G5Y,Y,

1 Q1Y ; (9)
Yy + oY,
@Y, + ay, +
v, = 1Y1 2Y2 T A3Y1Y2 s (10)
Y, + 0.y,

Introducing those expressions into equations (5) and (6), we obtain:

Yy + QY2 + Gy Y,

S:=A4, log o, .Y, — By, ; (11)
0y, + QY
a,y, + + a.y,
S.= A, log a 1Y1 T Q2lYs Y1Y2 @92 — Baya. (12)
Y, + 0.y,

The amount of work which each individual will perform will now
be determined by his attitude towards the satisfaction function. Two
possibilities exist.

1) Each individual tries to maximize his own satisfaction func-
tion, regardless of the other individual. In this case the values of ¥,
and y. are determined from

oY1 Y.

2) Each individual tries to maximize the total satisfaction

S =S8, + 8;. In this case ¥, and ¥, are determined from

E-S—'——O; Eé'--=0. (14)
% Y2

From equation (11) we have:

(13)
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3S,__

oY,
(15)
%Y, + a2a;y,%y, + 2a.20,Y,Yy, + 04 0,%Y,* + 20.,0,0,Y,Y,*
(09 + axy.) (ay, + Y, + a:,Y:) @Y,

and from equation (12) we find a similar expression for 8S,/0¥, .
Introducing expression (15) and a corresponding one for 9S./0ys
into equations (13) gives us two cubic equations in y, and y,, whose
solution is impractical. We can, however, investigate the properties
of the solution without actually solving the equations.
Put

A,

1y

oS
— =F,(t,9:), (16)
Y,

and consider the curve determined by

F](yl)yZ)zo' (17)
If y. = 0, then, from equation (15), we have
A
F,(y,,0) =——B,. (18)
Y,

Hence, for y, = 0, the requirement F,(y,, ¥.) = 0 leads to

A,
Yy == —.
Y B,
Thus the curve F,(y,,¥.) = 0 intersects the y,-axis at the point
given by equation (19) (Figure 1, full line).

(19)

0,

-
-
o .
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When y. = o, then, from equations (15) and (16), we have
0,a,® + 20,0.Q,Y,

Y00 + 0.0.091) Yy

Putting F, (¥, , ) = 0 and introducing the notation:

F(y,, o) =A B,. (20)

A
B—: =C,, (21)
gives
a,0,a,y,* + (a0, — 2C,a,a.a;)y, — C,a,a.2=0 . (22)

Equation (22) has two roots:

— a0,a,* + 2C,,0,0, + Va,’a,' + 4(C,a,0.0,)?

Yo == ’
2a,a,0,

(23)

— 0,a,® + 2C,a,a,0; — V a%a.* + 4(C,a,0.0,)?2

2a,a,0;

Since y,* > 0, y,** < 0, the second root has no physical meaning, and
we therefore consider only v,*. Hence, the curve F, (¥, , ¥.) = 0 is such
that ¥, = « for y, = y,". We have, from the first equation (23):

—a,a; + V/ (a,a,?)? 14 (C.a,a,0;)*
Y, —C, = >0. (24)
2a,a.a;

Hence (cf. Figure 1) :
C, <y’ (25)

We shall now prove that the curve F, (y,,%.) = 0 is monotonic.
To this end we must establish that dy,/dy. > 0. We have

o,
'z?./_‘ —_—— _8_3-/_ (26)
dy., oF,

_az./‘ :

The function F, is given by the right side of equation (15). The de-
rivative 9F,/dy, is of the form D,/D, where D is the square of the
denominator in equation (15) and is therefore always positive. The
derivative aF,/dy., is of the form D./D . Evaluating D, and D., we
find after laborious but elementary calculation that D, consists of a
sum of only negative terms, while D, consists of a sum of positive
terms. Hence, D, < 0, D. > 0. Therefore oF,/oy. < 0; oF,/dy, > 0.
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Hence, from equation (26) it follows that dy,/dy. > 0.

By similar reasoning we determine the general properties of the
curve 0S,/0y. = F:(y,,%.) = 0 (Figure 1, broken line). The two
curves intersect at only one point, O,. The coordinates y, and y. of
O, represent the solution of the system (13).

Now let us investigate case 2, which leads to equations (14).

From equations (9) and (10) we have:

ey @,%d,y," oy U2, Y2
T ims e = 2 () e e > (), 27
0Y: (@Y, -+ a.y.)? U (.Y, + ayy,)?
Hence
E\Sl /1] Z‘.r] . ?SQ A'_i axz
C e TE e e e > () T —— s (), (28)
Y. w; 2y 0Y. s uyy Y,
Equations (14) may be written:
oS oS, ¢S oS,
D 2, 2 22y, (29)
Y Y Y. Y-

Since [equation (28)] 8S./6y, > 0, therefore 0S/0y, > 0 at all points
of the full curve of Figure 1. Since for sufficiently large values of ¥, ,
0S./¢y, tends to zero, as scen from equations (27) and (28), while
0S,/¢y, tends 1o a negative constant, therefore the locus of the maxima
of 8 will be to the right of the full line (alternating line). By a similar
argument we prove that the locus of 28S/0y, = 0 is given by the dotted
line of Figurc 1. The values of ¥, and #. . which correspond to a maxi-
mum of S =8, + S., arc now given by the point G,. Hence, in this
case 9, and ¥, , and therefore a; and a., are grealer than in the previ-
ous casc.

That the line #S/0y, = 0 interse-ts the y,-axis at the point C, is
shown by the following considerations,

Put
oS ]
=== U (Y, ¥2) = F (0,92 4 Vi(y, ¥2) 5 (30)
oY,
'",:;" -=U.(y,, y'z) =F, (2/1 ’ ?/'.') + Ve (yl ’ yz) ’ (31)
Y
where

oS, oS,
V yY2) = ; V sy Y:) — .
(YY) o 2 (¥, 9. -

From equation (12) we have:

(32)



160 MATHEMATICAL THEORY OF HUMAN RELATIONS

A2 0sYs?
* (@ + @) (@ys + Gy, + asYaYa)

For y, =0, V, = 0; showing that the curves U, = 0 and F, = 0 in-
tersect the y,-axis at the same point.

Similarly, we prove that the broken and dotted lines of Figure 1
intersect the y,-axis at the same point, C, = A,/B, .

Now we proceed to the discussion of the case where the total
amount &, + x, of goods is divided in a fixed ratio, so that

Vi(yi, %) =A

(33)

Z,=p(2, + x,) ;

(34)
o= (1—8) (x, + x,). °
From equations (34) and (7) it follows that:
=B (0 + &y, + a¥:Y2) H
(35)
z. = (1—8) (¥, + @y + asy,9.).
From equations (5), (6) and (35), we now obtain:
oS, a, + azys,
——=F:(y;,5.) =4 —B;  (36)
oY1 T T ’ Y + Y, + @YY,
oS, a, + asy,
=V R =A >0. 37
o 1 (W, %) * @Y, + @Y. + aY.Y. (87)
The requirement F, (¥, , ¥.) = 0 gives
—C
= a’l (?/1 1) . (38)
Cy05 — ay — @3y,
When y, = C,, then y, = 0; while when
. C\t, — ay a,
h=g=——=C——, (39)
aa a3
then ¥, = .
From equation (39) it follows that
7.°<C,. (40)

Hence, the curve F,(y,, ¥,) = 0 is such as shown in Figure 2 by the
full line. :
Expression (37) shows that 2S,/dy, > 0. Similarly, we find that
381/0y. > 0. Therefore, as in the preceding case, we find that the
curve 8S/3y, = 0 will be to the right of the curve 8S,/0y, = 0 (Figure
2, alternating line), while the curve 8S/dy. = 0 will be above the curve
8S./2y, = 0. Hence, maximizing S, rather than S, and S, separately,
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results again in an increase of ¥, and y,, and therefore of z, and z. .

Yo l
!
\
\
\
\,
N\, oy,
0 YW Yo C of
FIGURE 2
Consider
oS
a_yl‘zvl(ylsyz)zFl(yuyz)+V1(y1,y2)- (41)

It must be remembered that the functions U,(¥,,¥.) and
Vi(¥:,9.) are different in the present case, which corresponds to a
division of goods in a fixed ratio, from what they are in the case which
corresponds to a division in proportion to the efforts. We have from
equations (36) and (37):

a, + a
U= (4, + A,) 5%, (42)
oY + Y, + ay Y.
Put
A, + A, A,
=C1':C1 +‘_—>Cl. 43
B, B, (43)
Equation U, (¥, , ¥.) = 0 now gives
a,(y, —C,)
y = . (44)
Y C/a;—a, — a.y,
When y. = 0, then, because of (43), y, = C,’ > C; when
123
Y1 =Fu=C,/——<Cy/, (45)

3
then ¥, = .
Denote by ¥, the value of y, for which y, of the curve U, (¥, , ¥.)
=0 in Figure 1 (alternating line) becomes infinite. The value of y., is
given by the equation obtained by taking the sum of the right sides
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of equations (15) and (33), setting there y. = «, and equating the
result to zero. This gives a cubic equation in y,:
2 + 2a.a. Q.
1._22_.__%__314_‘42 @0 =0. (46)
(a? + 0,0:,) Y, a,* + 0,059,
Equation (46) has at least one positive root because for y, = 0 the
left side is equal to + o0, while for ¥, = «, the left side is negative.
But

(LY @, + 20,04y,
@ + atsyy (@2 + G0y Yy
Hence, for the value y,, of ¥, , which satisfies equation (46), we have:

(47)

[12%0
(A, +A4,) ———— — B, <0. (48)
2,2 + A5l
Since inequality (48) holds also when y,, tends to infinity, there-
fore the value y,,” which satisfies
a.
(A, +4,) —2 __p = (49)
(P T
i8 less than y,, .
Because of equation (43), equation (49) becomes:

Ci 0,03 — ay® — Q@Y — 0 . (50)
Hence, because of equation (43),
A
yOlIZCI,_E:Cl +_3“E- (51)
a3 B, a
Therefore
A, a.
o1 > +—_——— 2
Yor > Cy B o (52)
The first equation (23) gives
a;
2a, 4a3 ' v (53)
Equations (45) and (43) give
' A
'.’/ox—Cl'i'_E'—%- (54)
Bl a’3
From equations (52), (54), and (39) we find
. Yor > Jor > U1 (55)

Nothmg can be said as to whether y,* lies bétween y,, and 7, or
between %, and %,*. All that can'be said is that v, > #,* > %.".
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The net result is that whether we divide the products in propor-
tion to the effectiveness of the work or in a fixed ratio, maximizing
of the total S results in a greater total productivity than maximizing
of the individual values of S, and S.. Inequalities (55) show that the
best result is obtained for the case of a division of the products in
proportion to the effectiveness of the work.

It is important to point out that the point O, in Figure 1 corre-
sponds not only to a greater value of S, but that the values of S, and
S, at that point are also greater than at O, , because both S; and S, are
positive. This may at first seem paradoxical, the point O being deter-
mined by maximizing S, and S. separately. Figure 3 explains this

Yy

FIGURE 3

paradox. In this figure the lines of intersection of the S, surface with
different planes y, = Const. are shown. All maxima lie along the line
P, given by F, (¥, ,¥.) =0 . In trying to maximize his own S, regard-
less of the other individual, the first one will always remain on the
line P, on which O, is also located. Although the point O is off the
locus of the maxima of S, with respect to ¥, yet S:(0.) > 8:(0,).
Thus by trying to maximize his own S, and S., each individual ac-
tually has a smaller value of S, or S, than if they both try to maxi-
mize S.

11
All the above arguments may be generalized to the case of any
number N of individuals. Denote by the index i the quantities re-
ferring to the ith individual. Instead of equations (9) and (10) we
now we shall have
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Sy + 23 buvs
k k 1

> 3 bt

k 1

= ayi=|1+—7—— | aiyi. (56

: > Gk e ( > WY > Vs (56)
k k

For the 7th individual we have
Si= Ai log o;xr; — Biyi . (57)

When the total number N of individuals is very large, then the deriva-
tive of 3 axyx and of 3 3 buyxy: with respect to any one y; is very
k k 1

small, if those sums themselves remain finite. When N becomes very
large, then we may replace the sums with integrals. Instead of a dis-
continuous index ¢ we introduce a continuous parameter 1. Denoting
by N (1) dA the number of individuals whose 1 is between 1 and 1 + di;
introducing instead of the a;’s, a function a(1) ; and instead of bw's,
a function b(1, 1), we have

S o= f “NWae@y@)di; (58)

2 2 by = J‘m JWN(A)N().’) b(4,A)y (M) yA)didx. (59)
kK 1 © 0

The functional derivative of the integral in expression (58) with re-
spect to a particular ¥ (4;) is equal to

N(2:)a(2:)da, (60)

and is infinitesimal quantity. A similar consideration holds about
the double integral in expression (59). Physically this is quite intel-
ligible. If x; depends on the ¥’s of very many individuals, the change
in the value of y of only one individual will not appreciably affect the
value of ;. Hence from expression (56), with great approximation,

i by
3_90_____a‘(1+22 klyhyl). (61)
Y > Yk
Therefore equation (57) gives
9S; A,
- — B;. (62)
Y U

If each individual maximizes his own S;, then the values of y;’s are
found from N equations )

eS;
Y

=0. (63)
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They are the coordinates of the point O in an N dimensional hyper-
space. The point O is the point of intersection of the N hypersurfaces
given by equations (63). If we have the condition that

oS, .

—>0, (12k) (64)

oYk
and if 3S:/9yx tends to zero for large values of y;. then by a similar
argument as before, we can prove that the point O,, which corre-
sponds to the solution of the system

oS oS, oS,
=t +3 =0, (65)
oY i km Y

lies further from the origin than the point O, and thus corresponds

to larger values of y’s. From what was said above, the values of

0Si/0y, will tend to zero for N = «. But the expression 3 (3Sx/0¥:)
kl

will remain finite.

For the case of two individuals, condition (64) follows from in-
equalities (27). It can, however, be seen from equation (56), that
already for N = 3, 9x./2ux is not always positive. Hence, in this case
the conclusions of section I may not hold for N individuals.

Consider, however, for the case of two individuals the expres-
sions

2 =0, (1 + asy,9:) 3

(66)
T2 = @Y (1 + a,y,9,) ,
The corresponding expression for N individuals is
zi=ay,(1+ 33 buyy:) . (67)
k 1

Whereas expressions (9) and (10) correspond to the assumption (7),
expression (66) corresponds to

2y + T, =0,y + GY: + Y2, T Y Ys2 . (68)

The total amount of goods produced increases in expression (68)

much more rapidly with the y’s than in expression (7). In other

words, expression (68), (66) and (67) correspond to the case where

cooperative effort is more beneficial than in expression (7).
Expression (67) gives

S0, G2k, (69)
oY
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Introducing this into equations (57), we find that now conditions
(64) are satisfied and, moreover, that 8S;/oyx — 0 when ¥ = .

Hence, if the nature of the production of goods is such that the
total amount of goods produced increases sufficiently strongly with
cooperation, maximizing of S leads to greater values of z’s, ¥’s, and
of the S;’s, than maximizing the individual S;’s. A “collectivistic”
principle w111 in this case lead to a greater satisfaction for each in-
dividual than will the “individualistic” principle.

The case of a division of goods in a constant ratio can be studled
in a similar way. The comparison of the two cases for N individuals
presents greater difficulties, however, and shall not be considered here.

It must be repeated again that the conclusions reached here hold
only in so far as the initial assumptions hold. By changing the form
of the satisfaction function we may obtain different results. We may
ask for what forms of the satisfaction function these results will
hold in general. Inasmuch as the form of the satisfaction function
chosen above is psychologically plausible, the conclusions reached in
this chapter possess the same amount of plausibility.

The more complex our industries become, the more they are bene-
fited by proper cooperation. Some of them, in fact, could not be oper-
ated by a group of absolutely independent individuals. Thus, in manu-
facturing shoes it may be advantageous for 1,000 shoemakers to work
in an organized way, with a proper division of labor. But it is also
quite possible for each ¢f them to work quite independently, so that
each one performs all the operations necessary in the production of
the shoes. Consider on the other hand the production of automobiles.
While 1,000 individuals working in cooperatijpn may produce them,
it will be practically impossible for the same 1,000 individuals to pro-
duce automobiles if they work absolutely independently. In the case
of automobiles the effect of cooperation is much more pronounced
than in the case of shoes.

With the growth of such industries, in which cooperation is para-
mount, we should thereafter expect that a greater satisfaction for
each individual will be obtained through the application of the “col-
lectivistic” principle, in the sense defined at the beginning of this
chapter, than through the application of the “individualistic” prin-
ciple.
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CHAPTER XX

INDIVIDUALISTIC AND COLLECTIVISTIC SOCIETIES,
CONTINUED

In the previous chapter we learned that under certain condi-
tions which determine the effectiveness of cooperation, a “collectivis-
tic” behavior leads to greater satisfaction to every individual than
the “individualistic” behavior. In this chapter we shall discuss the
problem from the point of view of the interaction of the active and
passive classes. Such a study throws some light on the mechanism of
possible transitions from one type of society to another.

It must be emphasized again that all the conclusions of this chap-
ter hold only as long as the fundamental assumptions made here hold.
Although these assumptions may appear rather plausible, nevertheless
a number of factors which have been left out of consideration in this
simplified, theoretical approach may alter the conclusions appreciably.

Consider an areca S populated by a total of N individuals, of
whom N. belong to class II, the organizing class, and N, belong to
class IIT . We shall neglect class I at present and put N, = 0, so that

N.+ N,=N. (1)

As in chapter v, we shall again speak of classes IT and III, and of
individuals of type II and type I/l . An individual of type II is one
who has organizing abilitics. An individual of type III is passive.
Class I is the class originally composed of individuals of type II;
class I1I is the class originally composed of individuals of type III.
With time, individuals of type IIT appear in class II and vice versa.

T.ct the individuals of class IT organize a group of N’; individuals
of class III to perform some productive work which otherwise the in-
dividuals of class III cannot perform as efliciently. If Ny < N,, then

N";=N,— N/, (2)

individuals of class IIl remain unorganized. Each of them will pro-
duce an amount p, of goods for himself, and consume an amount c;.
In order that they may subsist, it is necessary that

e, =p;,—c¢; =0. (3)

The relation between the N, individuals of class II and the N’; indi-
viduals of class IIT may be described by equations discussed in chap-

167
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ter v. We shall add here, however, another important consideration
which brings the situation closer to reality.

As the N individuals settle within the area S, we may, for sim-
plicity, consider that each one of them receives, on the average, an
amount

S

N (4)
of land. This land is used not only for agricultural purposes, but for
any kind of industries, such as mining, etc. It must be remembered
that in the ultimate analysis any natural resource, used in any indus-
try, comes from the land. In making the assumption (4), we disre-
gard the possibility that some individuals may obtain areas of land
with rich soil suitable for agricultural purposes; some others may
obtain land with rich mineral deposits suitable for mining; still others
may possess large water areas suitable for fishing, or areas suitable
for hunting. Such disparities in the values of land possessed are of
great importance, and simplification of the problem is the only excuse
for neglecting them at present. In the future elaboration of the the-
ory, such disparities will have to be taken into account. Even neg-
lecting them, however, we shall obtain some rather interesting results.

However, a single individual can actually make use of only a
limited amount of land. Let that amount be s,. The quantity s, is
determined by the individual’s capacity for work and by the techni-
cal facilities at his disposal. With the improvement of the latter, s,
will increase. But for very small average densities of population, such
as were present in the early stages of human history,

S
So <<s=-A—’. (5)

Under those conditions an amount of land
S'w=8—Ns, (6)
remains free or unused.

We shall now consider a somewhat more general situation than
the one discussed in chapters v and vii. In return for their “organiz-
ing services,” let the individuals of class IT not only retain a substan-
tial fraction of goods produced by the N’; individuals working under
their supervision, but also require rights of possession to the lands
belonging to the N'; individuals. Actual history justifies the consid-
eration of such an assumption. Moreover, it is psychologically a very
natural one for if the individuals of class II have to control effici-
ently the utilization of the land possessed by the N’; individuals of
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class II1, they will naturally wish to have that control extended as
far as actual property rights. On the other hand, if an individual of
class III finds working under the organizing direction of individuals
of class II is beneficial, so that after deduction of the fraction of goods
which goes to class II he still is left with an amount much larger
than p;, then any such individuals will readily agree to transfer the
property rights to his land to class II. At this stage, the acquisi-
tion of property may be regarded as a kind of compensation for the
greater organizing abilities.

In general, it will also happen that when working under the su-
pervision of an organizing class, each individual of type III will be
able to take care of more land than when working unsupervised.
Therefore, the amount of land for every individual of type II will be
not s,(1 + N';/N,), but

g
3

S =8p2 + 8 N, ’ )
where 8., > s, .

Hence, while each of the N”, individuals remains in the posses-
sion of an area s, each of the N, individuals now possesses an amount
given by equation (7).

Instead of equation (6) for the unused land, we now have

Sy =8 — N38¢; — NS, . (8)

The quantity s, will be the greater, the greater the number of
individuals of class IIT which the individuals of class II can organize
and supervise. The ratio N'./N., and therefore the value of s,, will
be a function of the means of communications. With improvement of
the latter, N';/N., and hence s, , will increase. Thus N’;/N, and s, are
in general functions of the time ¢.

The N’; individuals of class III are now deprived of land prop-
erty, but because of their work under the supervision of class IT, they
are better off than the N”, individuals of which each has an area s,
of land.

With time, the total number N of individuals will increase. Let
us consider the case of a constant profile society, so that with increas-
ing N, the ratio N./N; remains constant. Because of the dissimilar-
ity of progeny and parents, some of the progeny of class II will be of
type IIT , while some of the progeny of class III will be of type IT . If,
as is usually the case in human society, the ownership of any land is
hereditary, then eventually large portions of land will belong to in-
dividuals who are not capable of organizing its exploitation. On the
other hand, amongst the progeny of the N’; individuals, whom we
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shall refer to as class III', there will appear individuals of type II
capable of organizing work for other individuals of type III . If the
individuals belonging to class II but being of type III do not relin-
quish their property rights to such individuals of type II but of class
IIT, then a logical outcome for the latter is to use some of the free
land S, given by equation (8), and organize the work of some of the
N”; individuals of class III, taking in return for that organization
possession of their land. Thus S, will decrease.

If we consider the case in which the population increases expo-
nentially, then for a constant profile, denoting by N, and N the
initial values of N, and N, and by g a constant, we have from equa-
tion (8)

Su(t) =8 — N8 85y (t) — N4ebt S, (1). (9)

As we said above, so; (¢) and s,(%) increase in general with ¢t. For the
special case where 8., (t) = s,, = Const., and s,(t) = s, = Const., the
time ¢, at which S, becomes zero is given by
t 1 log S
, = —log ——M8M8¥ ——.
‘ B No2802 + NosSo
If, as was said above, the ratio N’,/N, increases with time, then
because of

(10)

N.'{ N’3 N”s

= — 4+ == Const. , (11)
N, N, N.

the ratio N”;/N. decreases. Depending on the expression of N's/N,
as a function of time, the ratio N”,/N, may even become zero, either
before or after S, becomes zero.

For all times t < ¢, when S, > 0, we have a condition of “equal
opportunity” for any individual of type II regardless of whether he
is born of parents of class IT or III . During this period of time each
individual of type II may interact with a given number of individuals
of type III in a manner described in chapters v and vi. He will let every
individual of type III work for him for such a fraction 6 of goods pro-
duced which makes the profit of the “supervisor” or “organizer” a
maximum. The usual equations of mathematical economics? may be
used to describe the economic interaction of the different individuals
of type IT. Tt must be emphasized that the existence of a positive S,
provides a kind of large ‘“class mobility.” Any individual of type II
born from parents in class IIT can himself become, due to S, >0, an
individual of class IT. ' .

We also notice that under those conditions both the N, individ
uals of type II and the N’; individuals of type III stand to gain from’
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such an interaction. The only ones who do not gain anything are the
N’y individuals of type III. In a social group with a sufficiently large
ratio N,/N;, the number N”, will be zero. In that case, for S, > 0
or t <t,, the cooperation between individuals of type II and those of
type IIT will result in an advantage for everybody, although the fun-
damental principle under which such a cooperation works will be the
maximizing of the rate of increase of wealth of class II . That class,
in the usual parlance, may be considered as the capitalistic class, and
we thus see that for sufficiently large values of N,/N, and for t < ¢,
the “capitalistic” system resulis in a benefit for the social group as a
whole, so that everyone is satisfied.

When the ratio N,/N;, is not sufficiently large, so that N, > 0 ,
then two things may happen:

a) If the net excess ¢ of production over consumption for the
N’ individuals is positive, those individuals will be able to continue
existence as a “poor class.” It is natural to assume that the net rate
of reproduction of the N”, individuals, due to the poorer conditions of
health, increased mortality, etc., will be less than that of the N, in-
dividuals of class IT or of the N’, individuals of class ITI . In this case,
the ratio N."/N’;, will tend to zero. The “poor” class will become rela-
tively less and less numerous. We may make different plausible as-
sumptions about the dependence of the net rate of increase of popu-
lation on the economic conditions, and then develop corresponding
expressions for the decrease of the ratio N”./N', with time.

b) 1TIf ¢, < 0, then the group of N”. “poor” individuals actually
dies out.

Hence, if the initial conditions as given by N.. and N,. are such
that ¢, is sufficiently large, then for that period of time a stable so-
ciety will exist in which active class IT interacts with a passive class
I11 in such a way as to maximize the wealth or profit of class I, and
this interaction will result in a bencfit for both classes.

Things become different, however, for t > #, when S, = 0. Now
if an individual of type IT is born in class IIT , he does not have the
same opportunity as an individual of type IT and class II. Due to
the graded nature of the supervisory and organizational work, he
may do some amount of the latter, but he will have no property rights
to the land which is possessed by an individual of class IT . Gradually
a group II' of active individuals of type IT belonging to class IIT will
be formed. Whereas an essential part of the behavior of class IT con-
sists of maintaining the idea of the sacredness of property rights, the
group IT' will oppose this idea. Since all individuals of the group IT’
belong to class I1I, they will insist on the ownership rights for the
whole class III . For the passive individuals of type IIT belonging to
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class III, the existing interaction of classes is still beneficial, but for
the group II' it is not. To break the existing status, the logical, and
perhaps even more, the psychological, way is to propound some ideas
of public ownership of natural resources as well as of means of pro-
duction.

With time the number N,” of individuals of group II' increases,
according to equations developed in chapter xiv. If we consider the
case of constant coefficients of influence, then the time at which the
group II' will gain control and impose its ideas on the whole society
is given by equation (20), chapter xiv, with a corresponding change
in notation. If, on the other hand, we have the situation described on
page 32 of chapter iii, then to a certain extent the shift towards the
new, “collectivistic” ideas is continuous. Denoting by x the number
of passive individuals of class IIT who exhibit the behavior advocated
by class II (sacredness of ownership), and by ¥ the number of indi-
viduals who exhibit the behavior advocated by the group II’, the ratio
x/y is given by equation (34) of chapter iii in which we now put
Zo = Ny; 9o = N,"!. We thus find:

N
g —2 — [c;(l—e'N;) +-—“——N;]

z N, N,
s = (12)
Y . a , . , N,

Co _N3” Ny’ —a,* (1 — N'z¢) N1

Since from equations (5) to (15) of chapter xiv, N,, N,”, and
N are given as functions of time, equation (12) represents the
spread of “collectivistic” ideologies, measured by the number of its
followers, as a function of time.

Under the condition discussed above, the capitalistic system will
become unstable after a certain time ¢* > ¢,, given by equation (20)
of chapter xiv.

Thus the capitalistic system of private ownership and maximiz-
ing the rate of accumulation of wealth of the organizing class will be
stable up to t = ¢,. Since with an increase in used land the total
amount of production of goods will increase as S, decreases, the capi-
talistic system will reach its optimum conditions at ¢ = ¢, when
S.= 0. From then until £ = ¢*, either a gradual social change of be-
havior and economic ideologies will take place, or at ¢t = ¢* a sudden
change will bring a substitution of a new type of economic ideology
for the old one. .

Let us, however, consider the case where any individual of type
I’ may, by a correspondingly greater effort in his productive work,
accumulate sufficient wealth to buy property rights from individuals
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of class IT. This amounts to an unlimited mobility between the two
classes. If the mobility goes in both directions, then individuals of
type I1I born in class II will pass into class III, a phenomenon ac-
tually known in history. Let us consider the case where the principle
of private enterprise and maximizing of individual profits holds. Then
the N individuals of type II and class II may form N, competing en-
terprises. We may apply to this case the equations used in mathe-
matical economics. G. Evans' gives iwo somewhat different equations
for the limiting number n of competitors, above which no profit is
possible. We shall use Evans’ notations except for putting —a in
place of his a, so that in our equations @ > 0. Consider his equation
(22) (Reference 1, page 32). We have

A 2
an (b—Ba)*. (13)

The coefficients @ and b determine the totai demand y for a given
price p; thus
y=—ap +>b. (14)

But for a given price the total demand is proportional to the total
number of buying population, that is, roughly proportional to N.
Hence, denoting by a, and b, two constants, we have

a=aN; b=b,N. (15)

The quantity B is essentially proportional to the price of labor. As N
increases, when S, = 0, the total amount of natural resources per
capita decreases, and the amount of labor required to produce the
same amount of goods increases also. Therefore the cost of produc-
tion, and hence both A and B, increase with N. To a large extent this
is counteracted by technological improvements. But no matter how
great those technological improvements, for a constant S, when N be-
comes infinite, B (N) must also become infinite. The coeflicient A (N)
does not necessarily need to become infinite for N = . The quantity
K, as defined by G. Evans,’ is also likely to increase with N. We
thus have

A(N)

K(N)

Since B(w) = o, therefore, for a finite value N* of N, n will
have to be zero. The value N* is found as the root of the equation

a,B(N) =b,. N
With increasing N, or density of population, private competition

[bo — a.B(N) ]*N*. (16)

n=
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under the principle of maximizing the individual profits eventually
becomes impossible.

The only other alternative under the principle of maximizing in-
dividual profits is to form a monopoly or trust, dividing the total
profit between all members. The profit in that case is (Reference 1,
page 6):

_ [by—B(N)a,]* N?
T el t+a,NA(N)I N

With increasing N, regavdless of the form C (N ), n becomes zero
for a value N,* < N* of N . This will make the economic system, based
on profit, impossible. The first term of the right side of equation (17)
is always positive and tends for N = « to

—C(N). (17)

B
__(“.’.)_’ (18)
44 ()
and the whole right side teuds to
B(»)
.- —C ) 19
1A () (o0) (19)

If the total profit 2 remains finite, then, since N, increases as N , the
individual share of profit for every member of class II will decrease.
It will decrease even if n becomes infinite, as long as

increases with N less rapidly than N. Under either of these condi-
tions, the situation eventually arises where the profits per individual
become too small, and the only way out of the difficulty is to keep the
size of class II limited, by both preventing acceptance into class II of
individuals IT', and by expelling from class IT individuals IIT', name-
ly those of type IIT born in class II. But then a situation like the
one described above will arise; namely, group II' will become strong
enough to seize control of the situation and will introduce a behavior
based on the denial of property rights to land.

It appears that no matter how we look at it, for ¢ > ¢, the “capi-
talistic” system, based on maximizing the profit of the “organizing”’
class, will not lead to a situation in which everyone benefits, as is the
casefort <¢,,S.>0. )

The passive individuvals of type IIT in class III , left alone, would
be satisfied with the existing arrangements with class I7. But the
active individuals IT' in class I, not having the opportunity to do
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the same organizing work as the¢ individuals IT in class IT , will or-
ganize the passives of class III and influence them to stand’ against
c]a§s I.I » which sometimes results in advantages both to class 11T and
to individuals II'. This may be the origin of organized labor move-
ments. The intensity of the movements, as measured for instance by
the membership in different urions or by the number of unions, is
again given by an cquation in the form of equation (12). A mathe-
matical theory of labor movements can thus be developed and checked
against available statistical observations.

The whole situation may be viewed from a still different angle.
Consider the case, discussed in chapter v, pages 47-48. We found then
that

8,." >0, >0, . (20)

Moreover, we found that in order for the society to exist, we must
have

&3
fa)’
where u, , 2, and ¢, stand for 20, , w. and e. of chapter v. For &, > 0
inequality (21) is always satisfied. With increasing population den-

sity, however, &, is bound to become negative and to increase in abso-
lute value. Inequality (21) may then be written

1w, > — (21)

€]
N~

f wa, f () ) (22)
The quantities #, and . also increase with N, but they have upper
limits w.. and w, . Hence with increasing N, # must increase even-
tually, and for some value of N the value of  which satisfies inequal-
ity (22) will be greater than 4, , which maximizes the rate of in-
crease of wealth of class IT. It will eventually come close enough to
6, . the value which maximizes the total rate of increasc of wealth
of the whole society. Things will be happening as if, instead of using
the principle of maximizing profit for the organizing class, the total
welfare of the society were maximized.

If 6 increases further and becomes near or equal to 4,’, then a
situation may arise, where individuals of class I7T have a greater nrofit
than those of class IT, though class IT supervises their work. Under
these circumstances individuals of class II are likely to pass volun-
tarily into class III, and thc whole system loses its organization. At
the present stage of the theory, it is impossible to predict what will
happen under those circumstances.
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In the preceding chapter we remarked that developments of mod-
ern complex industries are likely to create a condition under which
a “collectivistic” behavior is more satisfactory. In this chapter we
find that a transition to “collectivistic” behavior is determined by the
vanishing of S,. Since S, vanishes the sooner, the more rapidly S,
and 8, grow with time, and since the increase of the latter is directly
connected with engineering and industrial developments, therefore
we again conclude that engineering developments create conditions
which bring forth a change from “individualistic” to “collectivistic”
behavior.

This also throws some light on the question why various socialist
doctrines have become so prominent in the last few decades, although
the differences between working classes and organizing classes existed
for milleniums. The condition S, = 0 may be becoming satisfied prac-
tically throughout the whole world. In previous centuries S, > 0 was
satisfied in most of the world.
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CHAPTER XXI

SOME CONSIDERATIONS OF THE HISTORY OF A
FEW NATIONS

In principle, the considerations of the preceding chapters should
enable us to describe the general course of history of a nation, pro-
vided the initial conditions at a given time and the types of inter-
actions occurring in the population are prescribed. We have seen in
chapter xiv that with a constant profile of the society, but with lim-
ited interclass mobility, the duration of a given type of social struc-
ture would be of the order of few hundred years. It is interesting to
note that this order of magnitude actually occurs in history. The Ro-
man Empire lasted about 500 ycars, the French monarchy about 1,000
years, the Russian monarchy about 400 years.

The variation in profile of a society which affects both the compo-
sition of the total active group and its relative size, introduces com-
plications but does not change fundamentally the orders of magni-
tude involved. The type of interaction taken as the basis of discus-
sion in section IIT of chapter xiv seems to be the most likely. As has
been pointed out on page 123, such a type of interaction may or may
not lead to discontinuities in the social structure.

Some general considerations may be indicated here in regard to
what determines the initial conditions of a society.

We have considered hitherto principally two types of active in-
dividuals: the military-administrative and the organizing. We point-
ed out, however, that actually there are many other types present
(chapter vi, page 53). In particular, the class representinyg various
religious and philosophic activitics, in their broadest sense, may be
very pronounced. Denoting the number of individuals in that class by
%o , we may have a situation where z,/ (x, -+ ¥, + 2,) is almost equal to
1, while o/ (20 + Yo + 20) << 1and yo/ (%o + Yo + 2,) << 1. As was
remarked befcre (page 53), this may be representative of such
countries as India and China.

We may also have to consider the class of active individuals in
the field of pure arts. Let us denote their number by u,. A country
may have a rather large relative value of u,/N and yet the absolute
value of (2, + ¥.)/N may be small. The pre-revolutionary Russia
apparently did not have a high value of y./N, as indicated by the

177
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relatively small number of discoveries and inventions (cf. chapter
xvii, Figure 2). But if we consider the per capita production of Rus-
sia in the field of music, literature, or painting, we find a figure well
comparable to that of any other country. A country deficient in in-
dustrial and military organization may rank high in art.

There is another important point contrasting art activities with
military, industrial, and even scientific, activities. A genewral without
an army or an executive without employees are unreal abstractions.
An inventor without a well organized industry to use and promote
his inventions is also of no more than a limited value. All.those active
people need a sufficient number of passive ones in order to enable their
activities to survive. Even a purely scientific discovery. made by a
great man is developed and improved by many lesser scientists. This
is not so with art. Here the activity is attached practically to one
individual. Passive ones are not essential for artistic creations to
last. Few scientists now read Newton or Huygens in the original, their
creations having been digested and developed by generations of sci-
entists. But we still listen to Bach’s or Beethoven’s music essentially
as it was written by Bach or Beethoven. Thus the artistic activities
of a social group are governed by relations different from those gov-
erning other social behavior. 4

The conditions which determine the sizes and compositions of ac-
tive groups in different nations could theoretically be traced to the
beginning of humanity, and present essentially a biological problem.
As humanity originated somewhere on the Central Asiatic Plateau
and began to spread, those social groups which had large values of
%,/N and y./N were more likely to move away to a greater distance
in search of either conquests or more earthly goods than those groups
characterized by a large z,/N and small z,/N and y,/N . We would
therefore expect the nations in the immediate neighborhood of the
“cradle of humanity” to have a small value of (%o + %) /N and a
large value of z,/N . The above-mentioned cases of China and India
fit into this picture.

If the initial migration goes into uninhabited places and is of-
fered relatively little resistance, we may expect that nations with large
Yo/ (%0 + Yo)’s will be involved. These are led by active individuals
who are primarily interested in improvement of the conditions of life
and in accumulation of wealth. On the other hand, subsequent migra-
tions, which are connected with conquests, will involve nations with
alarge s = 2,/ (2o + 9,). It is possible that the prehistoric migrations
into Europe were of the first type, those of the 4th and 5th Centuries
A.D. of the second. It would be of interest to develop an abstract the-
ory of the phenomenon and thus obtain the composition of the active
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class of each nation as a function of the distance it had to travel and
of the time when the migration occurred.

The westermost nations in Europe would therefore be expected
to have had originally a rather large value of s, = y./(x, + Yo),
while in the East larger values of x,/ (x, -+ Yo) would prevail.

It is of interest to observe that the early Russians in the 8th-12th
Century A.D. were essentially trades people. There was not much of
the purely Russian military, the military functions being performed
by the Norsemen, who originally formed a sort of hired army. The
general setup of the social life at that time was what would be termed
“democratic” now; the controlling class was the industrial and trade
class.

From the 12th Century the situation changes, the social profile
showing an increased ratio of ,/(x, + y,). This may have been due
to several causes. First, there might have been a change of a nature
discussed in chapter xv. Then, the infusion of Tartar blood with the
large value of z./(2zs + %,) in the population would have the same
effect. The constant fighting may have produced conditions more fa-
vorable to the survival of the military class.

From about the 13th or 14th Century the history of Russia may
in general be described on the basis of a constant composition of the
active group with a large value of s. We originally have the closed
ruling class of the princes, allegedly of Norse descent, which eventual-
Iy thins out, approximately as described in chapter xiv, section I, and
has to cede control to active individuals of the same type who are
born of the passive class. This transition takes place at the time
of John the Terrible, 16th Century, and is, in a way, characterized by
a drastic social revolution. The new ruling group again forms a closed
class, that of the landed nobility, which lasts until 1917, to give way
again in the manner described in chapter xiv, section I, to rulers
born of the passive class, who are in some respects, however, of a simi-
Jar type. In spite of a drastic change of ideology and social structure
in the directions discussed in chapters xix and xx, the regime in Soviet
Russia is in its methods reminiscent of the Imperial regime.

France, as we should expect, begins with a large s in the Middle
Ages, the value of z,/N being large enough, so that the thinning out
process takes a millenium. However, if a sufficiently large industrial
class is present, then when the military class is thinned out, the fol-
lowing situation may arise:

Using the notations of section I of chapter xiv, we may have two
situations: either n,% > ng®, or nyt < ng?. The symbol A now refers
to the military class; B, to the industrial. In the former case, if
the inequality is sufficiently strong, n,% gains control. In the sec-
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ond case n,%, the industrial class, takes control since the individuals
of type A are divided against themselves—part belonging to class I,
part to class II. But although n,* < ng* the total number of in-
dividuals A remains greater than ns? for a constant profile; thus n,* +
it > 1%, Therefore, eventually, after a sufficient lapse of time, type
A again gains control. The time necessary for this can be estimated
from considerations of chapter xiv, section 1, to be of the order of
100 years.

In England there seems to have been initially (1066) a fair bal-
ance between z, and y., with a preponderance of the former, and a
wradual shift towards the present preponderance of y,. It seems to
be the case of a variable composition of the active group, in other
words, of a variable s.

The history of the United States presents a unique feature. That
country was created by emigrés who revolted against the autocratic
regimes of Europe and therefore represented a selection of pecople of
the organizing and industrial class. Hence, we have the American
democracy from the beginning. Due to the difference between par-
ents and progeny, the active industrial class in the United States grad-
ually “thins out,” and a shift towards smaller values of ¥,/ (o + ¥o)
occurs. Various governmental controls introduced since 1932 may be
considered as a consequence of it. To what extent this shift towards
governmental control will continue cannot be predicted on the basis of
the present theory.

The unprecendented depression of 1932 may well be a case of
loss of control by the “thinned out” industrial class, of the type dis-
cussed in chapter xviii.

History is difficult to describe mathematically because we have
hardly any data of a quantitative nature. There is, however, one set
of data that are definitely quantitative; these are the chronological
points of sudden social changes or revolutions and wars. We might
represent the course of historic events in a country by equations de-
veloped in previous chapters, choosing the parameters so as to give
the chronology of the discontinuous changes correctly. Due to the
oversimplifications used in the theory, this would as yet have little
meaning. A further improvement of the theory seems to be indicated
along the lines of chapter xvii by considering not one active group
but two or more. Considering two active groups, a military and
an industrial one, we should put the death rates as functions of the
available natural resources on one hand, and of the ratio y,/N on the
other hand. We might in this way find general changes in profile
which, by varying the parameters, could be applied to all nations. One
could also develop a theory of the connection between considerations
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of chapter iii and those of chapter vi, section II. The one deals with
control of the passive population, the other with mutual relations of
classes.



CHAPTER XXII

THE DYNAMICS OF PHYSICAL CONFLICT
BETWEEN SOCIAL GROUPS

In previous chapters we discussed the relations which govern the
influence of a relatively small group of “leading” individuals upon
the behavior of the larger number of other individuals. These con-
siderations may be applied at first in abstracto to a rather interest-
ing and important social problem, namely, to the physical conflict be-
tween two large groups of individuals, each being led by a correspond-
ing smaller group. A large number of social phenomena, ranging from
street riots to wars involving two or several nations, correspond to
the abstract picturc which we shall discuss here.

Consider two populations, one (population 1) composed of M,
the other (population 2), of N individuals. Let most of the individuals
beiong to type I, which we shall again call the “passive type.” Let
*y individuals in the first and xy individuals in the second population
be of type I, the “active type.” Suppose that the active groups of the
two populations are in mutual conflict and that they endeavor to in-
fluence the other individuals in their populations in such a way that
they would participate in the conflict. In general, each population
may have two groups of active individuals of opposite behavior; a
number z, for instance, wishing a conflict and a number Y opposing
it. The behavior of the whole population will then be determined by
the considerations of chapter iii which led to expressions (8) and (9)
of that chapter. For simplicily, we shall consider here the case in
which there is no opposing group. We may then use expressions (8)
in which we make y,=0, and for x, and N of that expression we
may substitute x, and M or, correspondingly, v and N . Thus both
populations will participate as a whole in a conflict, if

M; xy>

N. (1)
a,, + a, Ay + Ay

The coefficients @, and a., and, correspondingly, a, and a., have the
same meaning as a and a, of chapter iii. The subscripts are added to-
take into account possible differences in the constants for the two
populations.

182
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Putting
a a.
- =7, . =172, (2)
Ao, + @, Aoz + Ay
we may write inequality (1) thus:
xu>rM; xy>1r,N. (3)

Let the conflict consist of an actual destruction of the individuals of
one population by those of the other. The same considerations, how-
ever, will apply to the case where, instead of an actual destruction, we
have just a temporary elimination by putting the individuals “hors
de combat.” For brevity we shall use the word “destroy.”

Let each individual of population 1 destroy k,®> individuals of
population 2, while cach individual of population 2 destroys k,® indi-
viduals of population 1. We then have

dM

—— = — [N

dt

dN @
—— = — M.

dt

We may consider the more general case in which k,2 and k,? are dif-
ferent for the active and passive individuals. We shall limit ourselves
first to the more restricted case, however.

Equations (4) integrated by the standard method give:

k. 1 k.
M——(Mo——zN )e"" 4 = (M(, + ——ZN.,) et
2 k 2 k

1 (71

1 k, k, k, k, (3)
N:‘—'_(Mo—_N )"‘(3’" | _<Mo '—N)'—ek’t
2 k, I k.,
k2= VEk2k?: =+ kk, . (6)

The quantities N, and M, are the total number of individuals for
t==0.

If M, > (ks/k,) N, . then M consists of two positive terms, one
increasing, the other decreasing. For t = 0, M = M, , the first term
increases, the second decreases. The increase is, however, less rapid
than the decrcase. Therefore M will first decrease, then increase.
But from the first equation (4) it follows that when M reaches a
minimum, so that dM/dt = 0, we also have N = 0. Thus at the
moment ¢t = t,*, at which M has a minimum, N = 0. This means that
at t =t,°, the second population becomes completely destroyed and the
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conflict ceases through a victory of the first. After that moment there
is no further conflict, so that M does not actually increase.

If My < (k2/k,)N,, then M becomes zero, while N reaches a
minimum.

While the leaders of the two populations will in general partici-
pate in the active conflict, they may be exposed to the danger of de-
struction to a different extent than the passive individuals. If their

exposure to danger is the same as that of the passive individuals, we
have:

dxy _ xy dM
dt M dt’
7
dx[v . Xy dN ( )
d¢ N dt’
which integrated gives
x x
*I;I{ = Const.; —N—N = Const. (8)

Under these conditions, if inequalities (3) were satisfied at the be-
ginning, they will remain satisfied throughout the conflict and the
conflict will therefore continue until one of the populations is com-
pletely destroyed, that is, until either ¢ =1¢,* or ¢t =¢,*. These values
are obtained respectively as the roots of the equations M =0 and
N =0, into which we substitute expressions (5) and which we solve

fort. If M, < % N,, then t,* is imaginary, while

1

k.
_'_N0+Mo
te = — log 2 (9)
1T ————log ——m .
2k
EN()'—‘nl()

1

t = log . (10)

In general, we shall have instead of equations (7 ):
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dx Xy \" dM
_52( Zu ) am (11)
dt M dt
and
d ey \* AN
() (12)
dt N dt
where m and n may be either smaller or greater than one.
Equations (11) and (12) give:
dl«'u dM
—_—= 13
xum Mm ( )
and
(l.tx dN
R (14)
Ty" N»
Equations (18) and (14) give:
1 e 1 +C (15)
xqu - Mm—l t
and
1 1
= I Cs. (16)

C, and C., are integration constants determined by the requircments
that for M = M, , xy = 2,y and for N = N, , 2\ = &,y , where 2.y and
Zoyv are the initial values of z, and z, . This gives:

C o M0m-1 —_— xm’m-l . _ Noﬂ~’l —_— onn -1 (17)
1 _'—“———_—_*, 27 Ty o .
Mom--x ngm—l No" 1 xo\'"'l

Form<landn<1,C, <0andC,<0. Form >1andn > 1,
C:> 0 and C. > 0. Equations (15) and (16) give:

T " :£~__’ fi:";/___ - :1. . (18)
M 1+CM N 1+ C,N™

For m <1, vy/M dccreases with decreasing M , because in that case
C.<0. The same thing holds for z/N. If » <1, the destruction
of the active individuals in the first population goes on more rapidly
than that of the passive. As a result, 2,/M decreases and if it be-
comes so small that x,, < ,M , while for the other population we still
have xy > 7,N, then the active group can no more influence the pas-
sive individuals and make them continue the fight. The population
stops fighting, becomes demoralized, although at this moment we may
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still have M = N. Similar considerations hold for the second popu-
lation. On the other hand, if m > 1andn > 1, then xx/M and zy/N
increase and the fight continues until one of the populations is com-
pletely destroyed.

We thus have a quantitative interpretation for the “breakdown
of morale,” which is usually a rather elusive notion.

For m < 1, the “breakdown” of the first population occurs at
the moment ¢, at which

L (19)

m-1 [ em ]
= — . 20
: / c. (20)

Introducing into equation (20) the expression for M from expressions
(5) and solving with respect to ¢, we thus find the moment ¢,. In a
similar way, we find the moment £, at which the second population
would break down if the conflict continued. Depending on whether
t, < t,or t, > t,, the first or the second population will be defeated
in the conflict.

Such considerations as the above cannot of course apply to such
complex phenomena as a war involving several nations at once. Some
general considerations on that subject may, however, be of interest.




CHAPTER XXIII
OUTLINE OF A MATHEMATICAL THEORY OF WAR

In a previous chapter we outlined a theory of physical conflict
between two social groups, both consisting of “active” and ‘“passive”
individuals. Such a physical conflict, as we have seen, may either end
in a complete physical destruction of one of the groups or else in a
“breakdown of morale” of one of the groups, even though its physical
strength still remains appreciable. This “breakdown of morale” occurs
if and when, due to the differential rates of destruction of active and
and passive individuals, the relative number of the former drops be-
low the critical value necessary for the control, for the leading, of the
latter.

Those considerations were confined to purely temporal relations,
neglecting possible shifts in space of the fighting groups. In reality
such shifts in space form a very important part of any physical con-
flict, be it a street riot or a war, but especially in the latter. We
shall therefore attempt to take these shifts into consideration.

Denoting by m and n the numbers of individuals in the two con-
flicting populations, we have for the rates of destruction of the popu-
lations in absence of spatial shifts equations (4) of chapter xxii:

am dn
—_——— , —=—km, 1
e " W
with
kE,>0 and % >0. (2)

In actual warfare the combatant groups do not usually remain
on the same spot, but one of them sooner or later begins to retreat.
The causes determining the retreat are manifold, frequently of
a psychological nature. We may consider here as one of the pos-
sibly important causes the relative rate of destruction of the group,
(1/n) (dn/dt) or (1/m) (dm/dt). Assuming that at least at the be-
ginning of the conflict there is a sufficient excess of actives over
the required minimum threshold values, the psychological factors in
retreat will be secondary. But for purely physical considerations,
when the relative rate of destruction of a group exceeds a certain
fraction a, (0 < a < 1), the only way to decrease this rate of de-
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struction may be to put temporarily a sufficiently safe distance be-
tween that group and the enemy. Suppose that

(Ldm | 1de

| m dt E n dt

As long as the absolute values of both expressions are less than

o, the fight will continue on the same place. But if
1 dm | | 1dn %

mdt O | wa |
then the first group will retreat.

The faster it retreats, the fewer will be its losses. If we denote the
speed of retreat by v,, then the losses will be decreasing with in-
creasing v, . When v, reaches a value v,," at which the enemy can-
not catch up with the retreating group, the losses will be zero. As
group I retreats, group II will follow; but the retreat of group I in
general lessens the losses it can inflict on group II. Thus the rela-
tive losses of group II will also decrease with increasing v, , but in
general according to a different law. Within a sufficiently small range

(3)

(4)

we may put the losses of group I proportional to (v, —wv,), and
those of group II proportional to (v,," — v,), where v,,” is another
constant.

Relations (1) and (3) give

k.n  km
> or Ie,m? > kym? (5)
n

m

Hence if m and n are approximately equal, the group with a smaller
k will retreat.

Inasmuch as it usually is in the intercst of both fighting groups
to possess as much territory as possible, the retreating group will
adjust its velocity of retreat v to the possible minimum, namely, it
will make v, just large enough to keep the relative losses just below a .

Instead of equations (1) we now have, denoting by 8, and 3. two
coefficients,

d

'—d,,';i = kzﬂl (Vo' —v,)n;

dn

T kB (v —vi)m; (6)
1 dm
— =—aqa.

modt
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If k., k. and a remain constant throughout the whole process of
conflict, then the third equation gives us m directly as a function of
time. By substituting that function intc the first equation, solving it
for n, and differentiating with respect to ¢, we obtain, together with
the second equation, a system of two non-linear first order simultane-
ous cquations for the dctermination of n and v, as functions of time.

Actually it is more likely that k, , k., and « themselves are vary-
ing during the process of war. The more territory that remains be-
hind the retreating army, or the more there is to fall back on, the
greater the tendency to spare the fighting strength, and the smaller
the a. Hence a will in general be an increasing function of the dis-

tance retreated, or
t
0.=F< [ ?’,dt). (7)

0

The coefficients k, and k., will also vary in general. They depend
primarily on the technical equipment of the two fighting groups, such
as the amount and quality of ammunition, fighting machinery, trans-
portation, ete. In other words, they depend on the industrial produc-
tivities of the two fighting countries. These in turn are the greater,
the greater the natural resources and therefore the larger the arca
of the territory held. Both sides will tend to increase their k£, and
the simplest assumption which we can make is that within certain
limits the rate of increase of k’s is proportional to the territory held.
Of course cventually the values of k should reach saturation values.
We thus have approximately, denoting by S., and S.. the areas of the
territory held initially by the two belligerents,

dk, o
‘d_“t = <Sox — b, .J" vy dt ) ’ (8)
dk, !
T =@, (S(.2 + b, J; , (It) . (9)

The quantities a,, D,, a. and b. are constant coefficients. Of those
D, and b. are largely determined by the geometrical shape of the ter-
ritories involved.

The more complete system of equations which govern the process
of fighting is now:

_(_l_"_’;iit.)_ 7:_/31k2(t) [’L’ml—?’l(f)] ﬂ(t) ) (10)
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dn (t

';i ) Bk (&) [0 — v (8)] M (2) ; (11)
1 d t ¢
o ";;)=— (f v, () dt) ; (12)

and equations (8) and (9). These non-linear integrodifferential equa-
tions determine the five functions n(t), m(t), v, (%), k. (t), and k. (¢).

Even if we solve the system of equations (8)-(12), we shall not
determine completely the course and outcome of the conflict. Two
more factors have to be considered.

The initial conditions which determine the solution of the sys-
tem (8)-(12) are supposed to be such that inequalities (5) hold and
that group I retreats. If the solution of the system (8)-(12) is such
that in the course of time the inequality (5) becomes reversed, then
from that time ¢* on, the second group begins to retreat. This does
not mean a mere change in sign of v, , but an actual discontinuity in
the system of solutions. For ¢ > t* we have a similar system of equa-
tions, in which for v,, v.,’, and v,,” we must substitute v, , v, and vo,",
and use as initial condition the values m (t*), n(t*), k, (£*) ,and k, (t*).
The movement now proceeds in the opposite direction. Another re-
versal may in principle oceur again at ¢,* > ¢*, and so on.

We may try to avoid this rather inelegant situation by compli-
cating somewhat further our system of equations. We may put, with
¢ as a coeflicient,

v = ¢ (k.n* — k,m?), (13)

a positive v meaning the retreat of group I. We now may put, for in-
stance,

dm (¢
”fl(t ) Buea(8) (vu — ¢ Tha ()2 () — oy (8 m ()]

dn(t) )
0t =— Bk (0) {vo," — ¢ [k (£) 2 (t) — Ky (£)m2(28)]);

dk,(¢) Sor— b f' t)n2(t) — k, (£)m2(t)]dt); oo
dat —aq{ o1 1C 0[(’92( )n()— 1( )m()] }»

dk, (¢ ,

"*d(t) = :{Sor — bae f Lo (£) 2 (£) — K, (£)m2 (2) T dt).

Equation (12) is now superfluous since the speed of retreat is’
determined by (13).
The second factor to be considered is the change in the ratios of
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agtives to passives in both groups. Denote the number of active in-
dividuals in group I by x, , in group II by z.. Denote correspondingly
the number of passives by ¥, and y., so that

Lty =m; xtyY;=n. (15)
Since usually x, << y,, &, << y,, therefore approximately
Y =m; Yo=n. (16)

The relative losses of the actives and passives will in general be
different. Hence
dx,/dt

T dx./dt 23
dy,/dt

v dyydt Ty

where », and y. are in general different from 1. Denoting by %o; , Yo1

Zo2 , and ¥o. the initial values of x, , ¥, , 2., and y. , we have from equa-
tion (17):

(17)

}

X1 Lot &L Loz
— = — D, ““::_—:B::: (18)
Y Yo" Y2 Yt
or because of (16):
x X
D= Bmrt; SZpamt, (19)
Y, Y.

In the course of the conflict, m and n dcerease. If, as is likely
to be the case, y, > 1 and y, > 1, then «,/y, and 2,/y, decrease even
more rapidly than m and n. The system of equations (8)-(12), or
the alternate system (14), gives us m and n as functions of time. Equa-
tions (19) then give us x,/u, and x./¥. as functions of time. If at
any time ¢, cither x,/9, or x./v. drops below the threshold &, or k., de-
termined by the considerations of chapters iii and xviii and neces-
sary to maintain the influence of the actives over the passives, then
that group for which this occurs ceases fighting even though physi-
cally able to continue. Thus it may occur that group I will begin to
throw group II back, yet eventually break down before group II is
completely expelled from the territory of group I.

Equations (8)-(12) or (14) together with (19) determine if and
when this will happen. If the solution of equations (8)-(12) or (14)
is such that both «,/y, and x./y. never drop below their correspond-
ing thresholds, the conflict ends when either m or n becomes zero.

Any attempt at solving the system (8)-(12) or (14) with even a
remote exactness would be very difficult. As an illustration of what can
in principle be obtained from such a mathematical approach, we shall
consider the simple case of equations (6), and even this we shall treat
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only approximately and under some very crude oversimplifying as-
sumptions.

Let us consider the following situation. Group II attacks group
I, having beforehand provided for a maximum possible k., so that
inequalities (5) are satisfied, and group I retreats, &, remaining con-
stant. But k. will increase according to equations (8). However, we
shall make the rather artificial assumption that the phenomenon of
retreat continues in such a way as if k, remained constant, equal to
its initial value k,, . Only when &, has increased sufficiently to reverse
inequality (5) will its full value be used. While this assumption is
in a way artificial, it is psychologically plausible. The constant k,
determines the striking power of group I, not its power of defense.
An army may well retreat without much attempt to slow down or to
hit back until it has accumulated all the necessary striking power.

Furthermore, we shall assume a to be constant and

‘Bl:lg‘z:ﬂ; Vo, = Vo = ,.
With the above assumptions the first two equations (6) give
dan m k,
—=k—; k=-—, (20)
dm n Ik,

since we assumed that until %, becomes sufficiently large, things hap-
pen as if it had a constant value. Equation (20) gives

n2=km?+C, (21)

where C is determined from the requirement that when m has its ini-
tial value m,, n has the initial value n,. This gives:

n= I T ng —fme. (22)
The third equation (6) gives
m=m, et (23)
while the first and the third give
ke (vy—v)n=am. (24)
Equations (22), (23), and (24) now give
am, e

kzﬁ\/kmo2 e-zat mz — kmo"'.

V= Vy—

(25)

For sufficiently large values of ¢, when a is not too small, equation
(25) may be written approximately thus:
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V=V, — yeet; = i)
1 V] 7 ’ ?

e\ et
The coeflicient y is real because of inequalities (5).

While the conflict goes on as if k, were constant, the “potential”

value of k, increases according to equation (8). Hence, from expres-
sions (26),

(26)

dik,

b,
== 0, [Sn — byt + - (1—e )], (27)
dt o

or, integrating,

b,y ll it by
e = koo, + @ (9 POTY @b b gy (28)

w / 2 o?

When the “potential” value of k, , as given by equation (28), becomes

so large that upon substitution into inequalities (5) it reverses that

inequality, then group I takes the offensive. To compute the “poten-

tial” value which k, must reach to that effect, we must substitute an
equality sign into (5), and solve it for k,. This gives

k. n?

/fl T ——

- (29)
m=

Because of expressions (22) and (20), equation (29) may be written:

N kot kot

]\']: ’1 L — y (30)
me m?
or
2
- (31)
m,?

The time ¢ is determined by equating (28) and (31) and solving for
t. To do this approximately, we expand the exponential in expression
(28) and break off at the quadratic terms. The equation for the de-
termination of ¢* then becomes

ke mo?
m,?

b,
5‘; (Vo — 7) £2— @St + 2 — k0 = 0. (32)

We always have v, < v,, and this holds also for t = 0. Hence, because
of equations (26):

ta—y>0. (33)

In order for equation (32) to have any real roots at all, we must
have
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2

aqz S012 - za'lbl ('vo - }’) (k:r’::o - kox ) = 0. (34)

If inequality (34) holds, then equation (32) has either only a single
positive root, or two positive roots. In the latter case the smaller one
must be chosen, since inequalities (5) hold for ¢t = 0. Thus we find

k" 2
aqu - \/01125012 -—_ 2(L1bl (vo - y)( -”’0 - k.[n )
m

2
0

*= (35)

a.b; (v — 7)

Condition (84) is necessary but not sufficient for the first group to
take the offensive eventually. In order to have this actually happen,
it is necessary that at the time t* the ratio x,/%, still remains above
the necessary threshold h, .

The first equation of (19) together with (23) gives, because of
expressions (16) and (18)

Zy  Zoa
;‘ = Z‘ e-(m-nat (36)
1 o

Hence, in addition to inequality (34), we must have

&
=2 e-yrvatt > p (37)
me

If both inequalities (34) and (37) hold, then at t* the first group be-
gins the offensive. This in itself does not mean that it will even-
tually win the fight, for beginning with ¢ = t*, the struggle is de-
scribed again by equations of the form (6), in which we now have v,
instead of v, , and as initial condition we have the values m (¢*) and
n(t*') of m and » at ¢ = ¢*. It may happen that during the course of
the retreat of group I, x,/y, will drop below h, sooner than x./y. will
drop below h,. Whether and when this happens can be determined
by considerations rather similar to the ones above. Fluctuations back
and forth are possible depending on the values of the different con-
stants or group II may break down before group I .

But by applying the above reasoning, it is always possible for
the simpler case, contemplated here, to predict the outcome of the
struggle and its total duration if all the constants entering into equa-
tions (6) and (8), as well as the initial conditions, are given.

If the second term of the discriminant of (32) is much smaller
than the first, then by factoring a,S,,, expanding the radical in ex-
pression (35), and retaining only the linear term, we find the expres-
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sion for ¢* simplifies to
k2m2
me? '

p= 38
@S0, (38)

while inequality (37) becomes

m02 1 xOl
< log .
@S0 (‘)’1 —1)a moh,

(39)

The conditions for an eventual offensive after an initial retreat
are the better, the larger S,,, the larger m, and k., , and the smaller
y, and a.

We may consider that m, and n, will depend largely on the total
populations M and N of the conflicting countries, as well as on their
population densities. More densely populated countries will have a
larger tendency to expand and will keep a proportionally greater
army before the struggle. Plausibly we may put

M N

My=19—, MNg= 19—

TS T sy

where 7 is a constant, the same for all countries. Or we may take a
more complex case:

(40)

M N )
mo:M(’]1+7]2“S—“), nozN(’h"" ﬂzg—), (41)

with two constants 7, and #, .

In this case the different conditions, such as (34) and (37) ex-
press necessary relations between such quantities as the total popu-
lations, total areas, and the relative size of the active groups, all quan-
tities that have already been introduced into mathematical sociology.
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