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PREFACE

THE heroic age of non-euclidean geometry is passed.
It is long since the days when Lobatchewsky timidly
referred to his system as an ‘imaginary geometry’,
and the new subject appeared as a dangerous lapse
from the orthodox doctrine of Euclid. The attempt to
prove the parallel axiom by means of the other usual
assumptions is now seldom undertaken, and those who
do undertake it, are considered in the class with
circle-squarers and searchers for perpetual motion—sad
by-products of the creative activity of modern science.

In this, as in all other changes, there is subject both
for rejoicing and regret. It is a satisfaction to a writer
on non-euclidean geometry that he may proceed at
once to his subject, without feeling any need to justify
himself, or, at least, any more need than any other
who adds to our supply of books. On the other hand,
he will miss the stimulus that comes to one who feels
that he is bringing out something entirely new and
strange. The subject of non-euclidean geometry is, to
the mathematician, quite as well established as any
other branch of mathematical science; and, in fact, it
may lay claim to a decidedly more solid basis than
some branches, such as the theory of assemblages, or-
the analysis situs.

Recent books dealing with non-euclidean geometry
fall naturally into two classes. In the one we find
the works of Killing, Liebmann, and Manning,* who

* Detailed references given later.
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4 PREFACE

wish to build up certain clearly conceived geometrical
systems, and are careless of the details of the founda-
tions on which all is to rest. In the other category
are Hilbert, Vahlen, Veronese, and the authors of
a goodly number of articles on the foundations of
geometry. These writers deal at length with the
consistency, significance, and logical independence of
their assumptions, but do not go very far towards
raising a superstructure on any one of the foundations
suggested.

The present work is, in a measure, an attempt to
unite the two tendencies. The author’s own interest,
be it stated at the outset, lies mainly in the fruits,
rather than in the roots ; but the day is past when the
matter of axioms may be dismissed with the remark
that we ‘make all of Euclid’s assumptions except the
one about parallels’. A subject like ours must be
built up from explicitly stated assumptions, and nothing
else. The author would have preferred, in the first
chapters, to start from some system of axioms already
published, had he been familiar with any that seemed to
him suitable to establish simultaneously the cuclidean
and the principal non-euclidean systems in the way that
he wished. The system of axioms here used is decidedly
more cumbersome than some others, but leads to the
desired goal.

There are three natural approaches to non-euclidean
geometry. (1) The elementary geometry of point, line,
and distance. This method is developed in the open-
ing chapters and is the most obvious. (2) Projective
geometry, and the theory of transformation groups.
This methed is not taken up until Chapter XVIII, not
because it is one whit less important than the first, but
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because it seemed better not to interrupt the natural
course of the narrative by interpolating an alternative
beginning. (3) Differential geometry, with the con-
cepts of distance-element, extremal, and space constant.
This method is explained in the last chapter, XIX.

The author has imposed upon himself one or two
very definite limitations. To begin with, he has not
gone beyond three dimensions. This is because of his
feeling that, at any rate in a first study of the subject, the
gain in generality obtained by studying the geometry
of m-dimensions is more than offset by the loss of
clearness and naturalness. Secondly, he has confined
himself, almost exclusively, to what may be called the
¢classical’ non-euclidean systems. These are much
more closely allied to the euclidean system than are
any others, and have by far the most historical impor-
tance. It is also evident that a system which gives
a simple and clear interpretation of ternary and qua-
ternary orthogonal substitutions, has a totally different
sort of mathematical significance from, let us say, one
whose points are determined by numerical values in
a non-archimedian number system. Or again, a non-
cuclidean plane which may be interpreted as a surface
of constant total curvature, has a more lasting geo-
metrical importance than a non-desarguian plane that
cannot form part of a three-dimensional space.

The majority of material in the present work is,
naturally, old. A reader, new to the subject, may find
it wiser at the first reading to omit Chapters X, XV,
XVI, XVIII, and XIX. On the other hand, a reader
already somewhat familiar with non-euclidean geo-
metry, may find his greatest interest in Chapters X
and XVI, which contain the substance of a number of
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recent papers on the extraordinary line geometry of
non-euclidean space. Mention may also be made
of Chapter XIV which contains a number of neat
formulae relative to areas and volumes published
many years ago by Professor d’Ovidio, which are not,
perhaps, very familiar to English-speaking readers,
and Chapter XIII, where Staude’s string construction
of the ellipsoid is extended to non-euclidean space.
It is hoped that the introduction to non-euclidean
differential geometry in Chapter XV may prove to
be more comprehensive than that of Darboux, and
more comprehensible than that of Bianchi.

The author takes this opportunity to thank his
colleague, Assistant-Professor Whittemore, who has
read in manuscript Chapters XV and XIX. He would
also offer affectionate thanks to his former teachers,
Professor Eduard Study of Bonn and Professor Corrado
Segre of Turin, and all others who have aided and
encouraged (or shall we say abetted?) him in the
present work.
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CHAPTER I

FOUNDATION FOR METRICAL GEOMETRY
IN A LIMITED REGION

IN any system of geometry we must begin by assuming
the existence of certain fundamental objects, the raw material
with which we are to work. What names we choosc to
attach to these objects is obviously a question quite apart
from the nature of the logical connexions which arise from
the various relations assumed to exist among them, and in
choosing these names we are guided principally by tradition,
and by a desire to make our mathematical edifice as well
adapted as possible to the needs of practical life. In the
present work we shall assume the existence of two sorts
of objects, called 1'eS£ectively points and distances* Our
explicit assumptions shall be as follows :—

= There is no logical or mathematical reason why the point should be taken
as undefined rather than the line or plane. This is, however, the invariable
custom in works on the foundations of geometry, and, considering the
weight of historical and psychological tradition in its favour, the point
will probably continue to stand among the fundamental indefinables. With
regard to the others, there is no such unanimity. Veronese, Fondamenti di
geometria, Padua, 1891, takos the line, segment, and congruence of segments.
Schur, ‘Ueber dic Grundlagen der Geometrie,” Mathematische Annalen, vol.
lv, 1902, uses segment and motion. Hilbert, Die Grundlagen der Geomectrie,
Leipzig, 1899, uses practically the same indefinables as Veronese. Moore,
¢The projective Axioms of Geometry,” Transactions of the American Mathemalical
Society, vol, iii, 1902, and Veblen, ‘A System of Axioms for (teometry,” samo
Journal, vol. v, 1904, use segment and order. Pieri, ‘Della geometria
elementare come sistema ipotetico deduttivo,” Memorie della R. Accademia delle
Scienze di Torino, Serie 2, vol. xlix, 1899, introduces motion alone, as does
Padog, ‘Un nuovo sistema di definizioni per la geometria euclidea,” Periodico
di matematica, Serie 3, vol. i, 1903. Vahlen, Adbstrakte Geometrie, Leipzig, 1905,
uses line and separation. Peano, ¢ La geometria basata sulle idee di punto
e di distanza,” Atti della R. Accademia di Torino, vol. xxxviii, 1902-3, and
Levy, ‘I fondamenti della goometria metrica-proiettiva,’ Memoric Accad.
Torino, Serie 2, vol. liv, 1904, use distance. I have made the same choice as
the last-named authors, as it seemed to me to give the best approach to the
problem in hand. I cannot but feel that the choice of segment or order
would be a mistake for our present purpose, in spite of the very condenscd
system of axioms which Veblen has set up therefor. For to reach con-
gruence and measurement by this means, one is obliged to introduce the
six-parameter group of motions (as in Ch. XVIII of this work), i.e. base
metrical geometry on projective. It is, on the other hand, an inelegance to
base projective geometry on a non-projective conception such as ‘betwecen-
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Axiom I. There exists a class of objects, containing at
least two members, called points.

It will be convenient to indicate points by large Roman
letters as A, B, C.

Axiom II. The existence of any two points implies the
existence of a unique object called their distance.

If the points be 4 and B it will be convenient to indicate
their distance by AB or BA. We shall speak of this also
as the distance between the two points, or from one to the
other.

We next assume that between two distances there may
exist a relation expressed by saying that the one is congruent
to the other. In place of the words ‘is congruent to’ we

shall write the symbol =. The following assumptions shall
be made with regard to the congruent relation: —

Axrom III. AB = AB.

Axrom IV, AA = BB.

Axtom V. If AB=CD and CD = EF, then AB = EF.

These might have been put into purely logical form by
saying that we assumed that every distance was congruent
to itself, that the distances of any two pairs of identical
points are congruent, and that the congruent relation is
transitive.

Let us next assume that there may exist a triadic relation
connecting three distances which is expressed by a saying

that the first AB is congruent to the sum _of the sec(_){ld CD
and the third (). This shall be written AB = CD + PQ.
Axton VI. 1f AB = CD+ PQ, then AB = P+ CD.
Axtou VIL 1If AB = CD + PQ and PQ = RS, then
AB =CD+RS.
Axiom VIII. If AB=CD+P(Q and A’B’ = AB, then
A’ =CD + PQ.
Axrom IX. AB = AB+(CC.

Definition. The distance of two identical points shall be
called a null distance.

ness’, whereas writers like Vahlen require both projective and ‘affine’
geometry, before reaching metrical geometry, a very roundabout way to
reach what is, after all, the fundamental part of the subject.
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Definition. If AB and CD be two such distances that there
exists a not null distance PQ fulfilling the condition that AR
is econgruent to the sum of CD and PQ, then AB shall be said
to be greater than CD. This is written 4B > CD.

Definition. If AB > CD, then CD shall be said to be less
than AB. This is written CD < AB.

Axiom X. Between any two distances AB and CD there
exists one, and only one, of the three relations

AB=CD, AB>CD, AB< CD.
Theorem 1. If AB = CD, then Cil? = Zﬁ? B
For we could not have AB =CD+PQ where PQ was

not null. Nor could we have CD = AB+ PQ for then, by
VIII, AB = AB+ PQ contrary to X.

Theorem 2. If AB = (D + PQ and ¢'D’ = CD, then

The proof is immediate.

Axiom XI. If A and C be any two points there exists

such a point B distinct from either that
AB = AC+0B.

This axiom is highly significant. In the first place it
clearly involves the existence of an infinite number of points.
In the second it removes the possibility of a maximum dis-
tance. In other words, there is no distance which may not
be extended in either direction. It is, however, fundamentally
important to notice that we have made no assumption as
to the magnitude of the amount by which a distance may
be so extended; we have merely premised the existence of
such extension. We shall make the concept of extension
more explicit by the following definitions. :

Definition. The assemblage of all points C' possessing the
property that AB = AC +CB shall be called the segment of
A and B, or of B and A, and written (4B) or (BA). The
points A and B shall be called the extremities of the segment,
all other points thereof shall be said to be within it.

Definition. The assemblage of all points B different from

A and C such that AB = AC + CB shall be called the extension
of (AC) beyond C.
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Axrom XII. 1f AB = AC+CB where AC = AD + DC,
then AB = AD+ DB where DB = DC +CB.

The effect of this axiom is to establish a serial order among
the points of a segment and its extensions, as will be seen
from the following theorems. We shall also be able to show
that our dlsta.nces are scalar magnitudes, and that addition of
distances is associative.

Axtom XIIL 1f AB = PQ+E§ there is a single point
' of (AB) such that AC = PQ, OB = RS,
Theorem 3. If AB>CD and CD > EF, then AB > EF.
To begin with AB = EF is impossible. If then EF>AB,
let us put EZF = EG+GF where £G = 4B.
Then CD=CH+HD; CH = EF.
Then CD=CK + KD; CK = AB
which is against our hypothesis.
We see as a corollary, to this, that if C and D be any two

points of (4B), one at least being within it, A5 > CD.

It will follow from XIII that two distinet points of a
segment cannot determine congruent distances from either end
thereof. We also see from XII that if C be a point of (4B),
and D a point of (AC), it is likewise a point of (A4B). Let
the reader show further that every point of a segment, whose
extremities belong to a given segment, is, itself, a point of
that segraent.

Theorem 4. If C be a point of (4B), then every point D of
(AB) is either a point of (AC) or of (C’B)

If AC = AD we have C and D identical. If AC > AD we
may find a point of (AC) [and so of (A B)] whose distance from

A A is congruent to AD, and this will be identical with D. If
AC < AD we tind C as a point of (AD), and hence, by XII,
D is a point of (CB).
Theorem 5. If AB = AC+CB and AB = AD+ DB while
AC > AD, then CB< DB.
Theorem 6. If AB = PQ+ RS and A’B = PQ+ RS, then
A’B = AB.
The proof is left to the reader.
Theorem 7. 1f AB = PQ+ RS and 4B = PQ+ LM, then
RS =M.
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For if AB = AC+CB, and AC = PQ, then CB=RS = LM.
If AB=PQ+RS
it will be convenient to write
PQ = (AB-R9),
and say that P(Q) is the diffcrence of the distances 4B and RS.

When we are uncertain as to whether }:B > RS or RS > 4B,
weo shall write their difference | AB—RS|.

Theorem 8. If AB = PQ+ LM and AB = PQ + I'M’

while PQ="PqQ,
then LM =L
Theorem 9. If AB= PQ+ RS and AB= PQ +R'S
while PQ > PQ,
then RS < R'S.

Definition. The assemblage of all points of a segment and
its extensions shall be called a line.

Definition. Two lines having in common a single point are
said to cut or intersect in that point.

Notice that we have not as yet assumed the existence of
two such lines. We shall soon, however, make this assumption
explicitly.

Axiom XIV. Two lines having two common distinct points
are identical.

The line determined by two points 4 and B shall be written
AB or BA.

Theorem 10. If C be a point of the extension of (AB)
beyond B and D another point of this same extension, then D
is a point of (BC) if BC = BD or BC > BD; otherwise C is
a point of (BD).

Axiom XV. All points do not lie in one line.

Axiom XVI. If B be a point of (CD) and £ a point of
(A B) where A is not a point of the line BC, then the line DA
contains a point F of (AC).

The first of these axioms is clearly nothing but an existence
theorem. The second specifies certain conditions under which
two lines, not given by means of common points, must, never-
theless, intersect. It is clear that some such assumption is
necessary in order to proceed beyond the geometry of a single
straight line.

COOLIDGE B



18 FOUNDATION FOR METRICAL GEOMETRY ocx.

Theorem 11. If two distinct points A and B be given, there
is an infinite number of distinet points which belong to their
segment.

This theorem is an immediate consequence of the last two
axioms. It may be interpreted otherwise by saying that there
is no minimum distance, other than the null distance.

Theorem 12. The mainfold of all points of a segment is
dense.

Theorem 18. If A, B, C, D, E form the configuration of
points deseribed in Axiom X VI, the point % is a point of (DF).

Suppose that this were not the case. We should either
have #as a point of (DE) or D as a point of (£F). But then,
in the first case, ' would be a point of (DB) and in the second
D would be a point of (BC), both of which are inconsistent
with our data.

Definition. Points which belong to the same line shall be
said to be on it or to be collinear. Lines which contain the
same point shall be said to pass through it, or to be con-
current.

Theorem 14, If A, B, C be three non-collinear points, and D
a point within (A4B) while /7 is a point of the extension of
(BC) beyond C, then the line DE will contain a point F
of (40).

Take @, a point of (£D), different from % and D. Then AG
will contain a point L of XBE), while ¢ belongs to (41). If L
and C be identical, G will be the point required. If 7 be
a point of (CE) then EG goes through F within (AG) as
required. If L be within (BC), then BG goes through 1I of
(AC) and K of (AE), so that, by 18, ¢ and H are points
of (BK). H must then, by 4, either be a point of (BG) or of
(GK). But if H be a point of (BG), ¢ 1s a point of (BL),
which is untrue. Hence H is a point of (GK), and (4H)
contains F of (EG). We sec also that it is impossible that ('
should belong to (4F) or A to (¥C'). Hence ¥ belongs
to (A0).

Theorem 15. If A, B, C be three non-collinear points, no
three points, onc within each of their thrce segments, are
collinear.

The proof is left to the reader.

Definition. If three non-collinear points be given, the locus
of all points of all segments determined by each of these, and
all points of the segment of the other two, shall be called
a Triangle. The points originally chosen shall be called the
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vertices, their segments the sides. Any point of the triangle,
not on one of its sides, shall be said to be within it. If the
three given points be A4, B, C their triangle shall be written
AABC. Let the reader show that this triangle is completely
determined by all points of all segments having 4 as one
extremity, while the other belongs to (BC).

It is interesting to notice that XVI, and 13 and 14, may be
summed up as follows ¥ :—

Theorem 16. If a line contain a point of one side of a
triangle and one of either extension of a second side, it will
contaln a point of the third side.

Definition. The assemblage of all points of all lines deter-
mined by the vertices of a triangle and all points of the
opposite sides shall be called a plane.

It should be noticed that in defining a plane in this manner,
the vertices of the triangle play a special role. It is our next
task to show that this specialization of function is only
apparent, and that any other three non-collinear points of the
plane might equally well have been chosen to define it.

Theorem 17. If a plane be determined by the vertices of a
triangle, the following points lie therein :—

() All points of every line determined by a vertex, and
a point of the line of the other two vertices.

(b) All points of every line which contains a point of each
of two sides of the triangle.

(¢) All points of every line containing a point of one side
of the triangle and a point of the line of another side.

() All points of every line which contains a point of the
line of each of two sides.

The proof will come at once from 16, and from the con-
sideration that if we know two points of a line, every other
point thereof is either a point of their segment, or of one of its
extensions. The plane determined by three points as 4, B, C
shall be written the plane ABC. We are thus led to the
following theorem.

Theorem 18. The plane determined by threc vertices of a
triangle is identical with that determined by two of their
number and any other point of the line of either of the
remaining sides.

* Some writers, as Pasch, Neuere Geometrie, Loipzig, 1882, p. 21, give Axiom
XVI in this form. I have followed Veblen, loc. cit., p. 351, in weakening the
axiom to the form given.

+ The treatment of the plane and space which constitute the rest of this
chapter are taken largely from Schur, loc. cit. He in turn confesses his
indebtedness to Peano.

B2
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Theorem 19. Any one of the three points determining a plane
may be replaced by any other point of the plane, not collinear
with the two remaining determining points.

Theorem 20. A plane may be determined by any three of
its points which are not collinear.

Theorem 21. Two planes having three non-collinear points
in common are identical.

Theorem 22. If two points of a line lie in a plane, all points
thereof lie in that plane.

AxtomM XVII. All points do not lie in one plane.

Definition. Points or lines which lie in the same plane shall
be called coplanar. Plances which include the same line shall
be called coawal. Planes, like lines, which include the same
point, shall be called concurrent.

Definition. If four non-coplanar points be given, the assem-
blage of all points of all segments having for onc extremity
one of these points, and for the other, a point of the triangle
of the other threc, shall be called a tetrahedron. The four
given points shall be called its vertices, their six segments its
edges, and the four triangles its faces. Edges having no
common vertex shall be called opposite. Let the reader show
that, as a matter of fact, the tetrahedron will be determined
completely by means of segments, all having a common
extremity at one vertex, while the other extremity is in the
face of the other three vertices. A vertex may also be said
to be opposite to a face, if it do not lie in that face.

Definition. The assemblage of all points of all lines which
contain either a vertex of a tetrahedron, and a point of the
opposite face, or two points of two opposite edges, shall be
called u space.

It will be seen that a space, as so defined, is made up of
fifteen regions, described as follows :—

() The tetrahedron itself.

(b) Four regions composed of the extensions beyond each
vertex of segments having one extremity there, and the other
extremity in the opposite face.

(c) Four regions composed of the other extensions of the
segments mentioned in (b).

(d) Six regions composed of the extensions of segments
whose extremities are points of opposite edges.

Theorem 23. All points of each of the following figures



I IN A LIMITED REGION 21

will lie in the space defined by the vertices of a given
tetrahedron.
d(a) A plane containing an edge, and a point of the opposite
edge.

%b) A line containing a vertex, and a point of the plane
of the opposite face.

(¢) A line containing a point of one edge, and a point of the
line of the opposite edge.

(d) A line containing a point of the line of each of two
opposite edges.

(¢) A line containing a point of one edge, and a point of the
plane of a face not containing that edge.

(f) A line containing a point of the linc of one edge, and
a point of the plane of a face not containing that edge.

The proof will come directly if we take the steps in the
order indicated, and hold fast to 16, and the definitions of
line, plane, and space.

Theorem 24. In determining a space, any vertex of a tetra-
hedron may be replaced by any other point, not a vertex, on
the line of an edge through the given vertex.

Theorem 25. In determining a space, any vertex of a tetra-
hedron may be replaced by any point of that space, not
coplanar with the other three vertices.

Theorem 26. A space may be determined by any four of its
points which are not coplanar.

Theorem 27. Two spaces which have four non-coplanar
points in common are identical.

Theorem 28. A space contains wholly every line whereof it
contains two distinet points.

Theorem 29. A space contains wholly every plane whereof
it contains threc non-collinear points.

PrAcTICAL LIMITATION. Points belonging to different spaces
shall not be considered simultaneously in the present work.*

Suppose that we have a plane containing the point % of the
segment (AB) but no point of the segment (B('). Take ¥ and
G' two other points of the plane, not collinear with £, and
construct the including space by means of the tetrahedron
whose vertices aro 4, B, F, G. As C lies in this space, it
must lie in one of the fifteen regions individualized by the

* This means, of course, that we shall not consider geometry of more than
three dimensions. It would not, however, strictly speaking, be accurate to
say that we consider the geometry of a single space only, for we shall make
various mutually contradictory hypotheses about space.
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tetrahedron ; or, more specifically, it must lie in a plane con-
taining one edge, and a point of the opposite edge. Every
such plane will contain a line of the plane EFG, as may be
immediately proved, and 16 will show that in every case this
plane must contain either a point of (AC) or one of (BC).

Theorem 30. If a plane contain & point of one side of a
triangle, but no point of a second side, it must contain a point
of the third.

Theorem 31. If a line in the plane of a triangle contain
a point of one side of the triangle and no point of a second
side, it must contain a point of the third side.

Definition. If a point within the segment of two given
points be in a given plane, those points shall be said to be
on opposite sides of the plane; otherwise, they shall be said to
be on the same side of the plane. Similarly, we may define
opposite sides of a line.

Theorem 32. If two points be on the same side of a plane,
a point opposite to one is on the same side as the other; and
if two points be on the same side, a point opposite to one is
opposite to both.

The proof comes at once from 30.

Theorem 33. If two planes have a common point they have
a common line.

Let P be the common point. In the first plane take a line
through P. If this be also a line of the second plane, the
theorem is proved. If not, we may take two points of this
line on opposite sides of the second plane. Now any other
point of the first plane, not collinear with the three alrcady
chosen, will be opposite to one of the last two points, and thus
determine another line of the first plane which intersects the
second one. We hereby reach a second point common to
the two planes, and the linc connecting the two is common
to both.

It is immediately evident that all points common to the
two planes lie in this line.



CHAPTER II
CONGRUENT TRANSFORMATIONS

In Chapter I we laid the foundation for the present work.
We made a number of explicit assumptions, and, building
thereon, we constructed that three-dimensional type of
space wherewith we shall, from now on, be occupied. An
essential point in our system of axioms is this. We have
taken as a fundamental indefinable, distance, and this, being
subject to the categories greater and less, is a magnitude.
In other words, we have laid the basis for a metrical geometry.
Yet, the principal use that we have made of these metrical
assumptions, has been to prove a number of descriptive
theorems. In order to complete our metrical system properly
we shall need two more assumptions, the one to give us the
concept of continuity, the other to establish the possibility of
congruent transformations.

Axrom XVIII. If all points of a segment (AB) be
divided into two such classes that no point of the first
shall be at a greater distance from A than is any point
of the second; then there exists such a point C of the
segment, that no point of the first class is within (CB) and
none of the second within (AC).

It is manifest that 4 will belong to the first class, and B to
the second, while ¢ may be ascribed to either. It is the
presence of this point common to both, that makes it
advisable to describe the two classes in a negative, rather
than in a positive manner.

Theorem 1. If AB and PQ be any two distances whereof
the second is not null, there will exist in the segment (4B)
a finite or null number n of points P;, possessing the following
properties :

PQ=AP, =P Py,,; APy, = AP+ PPy, ; P,B< PQ.

Suppose, firstly, that AB < PQ then, clearly, n = 0. If,
however, AB = PQ then » =1 and P, is identical with B.

There remains the third case where AB>PQ. Imagine the
. theorem to be untrue. We shall arrive at a contradiction as
follows. Let us divide all points of the segment into two
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classes. A point H shall belong to the first elass if we may
find such a positive integer n that
P H<PQ, AH=AP,+ P H,

the succession of points P, being taken as above. All other
points of the segment shall be assigned to the second class. It
is clear that neither class will be empty. If H be a point
of the first class, and K one of the second, we cannot have
K within (AH), for then we should find AK = AP, + P,K;
P,K < PQ contrary to the rule of dichotomy. We have
therefore a cut of the type demanded by Axiom XVIII, and
a point of division C. Let D be such a point of (AC) that
DC < PQ. Then, as we may find n so large that P, D < PQ,
we shall either have P (' < PQ or else we shall be able to
insert a point P,,, within (AC) making P,,,C < PQ. If,
then, in the first case we construet P,,,, or in the second
P, ,,, it will be a point within (CB), as P, B> P(), and this
invaolves a contradiction, for it would require P, , or P,,,
to belong to both classes at once. The theorem is thus
proved.

It will be seen that this theorcm is merely a variation of
the axiom of Archimedes,* which says,in non-technical language,
that if a sufficient number of equal lengths be laid off on a
line, any point of that line may be surpassed. We arc not
able to state the principle in exactly this form, however, for
we canpot be sure that our space shall include points of the
type P, in the extension of (4B) beyond B.

Theorem 2. In any segment there is a single point whose
distances from the extremities are congruent.

The proof is left to the reader.

The point so found shall be called the middle point of the

* A good deal of attention has been given in recent yoars to this axiom.
For an account of the connexion of Archimedes’ axiom with the continuity
of the scale, see Stolz, ‘Ueber das Axiom des Archimedes,” Mathematische
Annalen, vol. xxxix, 1891. Halsted, Rational Geometry (New York, 1904), has
shown that a good deal of the subjoct of clementary geometry can be built
up without the Archimedian assumption, which accounts for the other-
wise somewhat obscure titlo of his book. Hilbert, loc. cit., Ch. IV, was
the first writer to set up the theory of area independent of continuity,
and Vahlen has shown, loc. cit., pp. 297-8, that volumes may be similarly
handled. These questions are of primary importance in any work that deals
principally with the significance and independence of tho axioms. In our
present work we shall leave non-archimedian or discontinuous geometries
entirely aside, and that for the reason that their analytic treatment involves
either a mutilation of the number scale, or an adjunction of transfinite
elements thereto. We shall, in fact, make use of our axiom of continuity
XVIII wherever, and whenever, it is convenient to do so.
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segment. It will follow at once that if £ be any positive
integer, we may find a set of points P, P,... P*_, of the
segment (AB) possessing the following properties
API EP]Pj+1 EPZk—lB; APj+1 = AP/""F;P;;
We may express the relation of any one of these congruent

distances to AB by writing P; P, = 57{ 4B.

Theorem 3. If a not null distance AB be given and a
positive integer m, it is possible to find m distinet points of
the segment (AB) possessing the propertics

AP, = PyP;y; AP = AP+ PPy
It is merely necessary to take & so that 2¢>m+1 and
I 1 -
find AP, = o AB.

Theoren, 4. When any segment (4B) and a positive integer
n are given, there exist m—1 points D, D,...D,_; of the
segment (AB) such that

4D, =D;D;,, =D, B; AD;,, = AD;+D;D,,.

If the distance A B be null, the theorem is trivial. Other-
wise, suppose it to be untrue. Let us divide the points of
(AB) into two classes according to the following scheme.
A point P, shall belong to the first class if we may construct
2 congruent distances according to the method already
illustrated, reaching such a point P, of (AB) that P, B> AP,;
all other points of (4 B) shall be assigned to the second class.
B will clearly be a point of the second class, but every point
of (AB) at a lesser distance from A than a point of the first
class, will itself be a point of the first class. We have thus
once more a cut as demanded by Axiom XVIIIL, and a point
of division D, ; and this point is different from 4.

Let us next assume that the number of successive distances
congruent to AD, which, by 1, may be marked in (4B), is £,
and let D) be the last extremity of the resulting segments,
so that D, B< AD,. Let D;_, be the other extremity of this
last segment. Suppose, first, that £ <n. Let PQ bo such
a distance that AD, > PQ > D, B. Let P, be such a point of
(AD,) that AP, > PQ, kP,D, < PQ—D;B. Then, by mark-
ing k successive distances by our previous device, we reach
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Py, such a point of (4D;) that

P,B<D,B+(PQ-D;B)< PQ< AP,
But this is a contradiction, for % is at most equal to n—1,
and as P, is a point of the first class, there should be at least
one more point of division P;,,. Hence k=n. But k>n
leads to a similar contradiction. For we might then find @,
of the second class so that (k—2)D,Q, <3 AD,. Then mark
k—2 successive congruent distances, reaching @;_, such a
point of (AD,_,) that Q,_,D;_, >3 AD;. Hence,

Qk-zDig > %El'*-A‘Dl > Z@,

and we may find a (k—1)th point @,_,. But k—12=n and
this leads us to a contradiction with the assumption that
Q, should be a point of the sccond class; i.e. k£ =n. Lastly,
we shall find that D, and B are identical. For otherwise
we might find @, of the second class so that » D@, < D,B
and marking n successive congruent distances reach @, within
(D, B), impossible when @, belongs to class two. Our theorem
is thus entirely proved, and D, is the point sought.

. . . _— 1 =
It will be convenient to write AD, = - AB.

Theorem 5. 1f AB and PQ be given, whereof the latter is
not null, we may find » so great that 512 AB < PQ.

The proof is left to the reader.
We are at last in a position to introduce the concept of

number into our seale of distance magnitudes. Let ABand PQ
be two distances, whereof the latter is not null. It may be

In this case the number g shall be called the numerical

measure of AB in terms of PQ), or, more simply the measure.
It is clear that this measure may be equally well written
p "

2 or - .
q g -
Then, whatever positive integer ¢ may be, we may find LM so
that ¢LM = PQ, and p so that LM >(AB—pLM). By this
process we have defined a cut in our number system of such

There may, however, be no such distance as KS.

a nature thatg and Z’__;;% appear in the lower and upper
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divisions respectively. If 2 be 5 number of the lower, and
/

p -',-1 one of the upper division, we shall see at once by

P+l

’

reducing to a lowest common denominator that P

Every rational number will fall into the one or the other
division. Lastly there is no largest number in the lower

division nor smallest in the upper. For suppose that % is the
largest number of the lower division. Then if

LM > (AB—pLM),
we may find » so large that }ZL-—M— < (AB-pLM). Let us
put LM, = %LM. At the same time as PQ =nqL,M, we
may, by 1, find & so large that L, M, > (AB—(np+k) L, M,).

np+k

Under these circumstances — 13 a number of the lower

division, yet larger than P. " In the same way we may prove

that there is no smallest number in the upper. We have
therefore defined a unique irrational number, and this may be

taken as the measure of AB in terms of PQ.
Suppose, conversely, that 2; is any rational fraction, and

there exists such a distance AB’ that ¢ 4B’ > pPQ. Then in

(AB’) we may find such a poiut B that AB E]é PQ,i.e. there

will exist a distance having the measure 2 in terms of PQ. Next

let » be any irrational number, and let there be such a number
p+l in the corresponding upper division of the rational
number system that a distance 4B > ((p+1)PQ) may be
found. Then the cut in the number system will give us a cut
in the segment (4B’), as demanded by XVIII, and a point of
division B. The numerical measure of AB in terms of P
will clearly be 7.

Theorem 6. If two distances, whereof the second is not null,
be given, there exists a unique numerical measure for the first
in terms of the second, and if a distance be given, and there
exist a distance having a given numerical measure in terms
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thereof, there will exist a distance having any chosen smaller
numerical measure.

Theorem 7. If two distances be congruent, their measures
in terms of any third distance are equal.

It will occasionally be convenient to write the measure of PQ
in the form M. PQ.
Theorem 8. If » > n and if distances »PQ and n P exist,

then r»PQ > n PQ.

When m and » arc both rational, this comes immediately by
reducing to a common denominator. When one or both of
these numbers is irrational, we may find a number in the
lower class of the larger which is larger than one in the upper
class of the smaller, and then apply I, 3.

Theorem 9. If AB > CD, the measure of AB in terms of

any chosen not null distance is greater than that of CD in
terms of the same distance.

This comes at once by reduction ad absurdum.

It will hereafter be convenient to apply the categories,
congruent greater and less, to segments, when these apply
respectively to the distances of their extremities. We may
similarly speak of the measure of a segment in terms of
another one. Let us notice that in combining segments or
distances, the associative, commutative, and distributive laws
of multiplication hold good; e.g.

r-nPQ =n.rPQ =rnPQ, n(AB+CD) =nAB+2CD.
Notice, in particular, that the measure of a sum is the sum of
the measures.

Definition. The assemblage of all points of a segment, or of
all possible extensions beyond onc extremity, shall be called
a half-line. The other extremity of the segment shall be
called the bound of the half-line. A half-line bounded by 4
and including a point B shall be written | AB. Notice that
cvery point of a line is the bound of two half-lines thereof.

Definition. A relation between two sets of points (P) and
(Q) such that there is a one to one correspondence of distinet
points, and the distances of corresponding pairs of points are
in every case congruent, while the sum of two distances is
carried into a congruent sum, is called a congruent trans-
formation. Notice that, by V,the assemblage of all congruent
transformations form a group. If, further, a congruent
transformation be possible (P) to (@), and there be two sets
of points (#’) and (') such that a congruent transformation
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is possible from the set (P)(P’) to the set (@) ('), then we
shall say that the congruent transformation from (P) to (Q)
has been enlarged to include the sets (P') and (Q').

It is evident that a congruent transformation will carry
points of a segment, line, or half-line, into points of a segment,
line, or half-line respectively. It will also carry coplanar
points into coplanar points, and be, in fact, a collineation,
or linear transformation as defined geometrically. In the
eighteenth chapter of the present work we shall see how the
properties of congruent figures may be reached by defining
congruent transformations as a certain six-parameter collinea-
tion group.

Axiom XIX. If a congruent transformation exist between
two sets of points, to each half-line bounded by a point
of one set may be made to correspond a half-line bounded
by the corresponding point of the other set, in such wise that
the transformation may be enlarged to include all points
of these two half-lines at congruent distances from their
respective bounds.*

Theorem 10. If a congruent transformation carry two chosen
points into two other chosen points, it may be enlarged to
include all points of their segments.

Theorem 11. If a congruent transformation carry three
non-collinear points into three other such points, it may be
enlarged to include all points of their respective triangles.

Theorem 12. If a congruent transformation carry four non-
coplanar points into four other such points, it may be enlarged
to include all points of their respective tetrahedra.

Definition. Two figures which correspond in a congruent
transformation shall be said to be congruent.

We shall assume hereafter that every congruent transforma-
tion with which we deal has been enlarged to the greatest
possible extent. Under these circumstances :—

Theorem 13. If two distinet points be invariant under a
congruent transformation, the same is true of all points of
their line.

Theoremn 14. If three non-collinear points be invariant

* The idea of enlarging a congruent transformation to include additional
points is due to Pasch, loc. cit. He merely assumes that if any point be
adjoined to the one set, a corresponding point may be adjoined to the other.
We have to make a much clumsier assumption, and proceed more circum-
spectly, for fear of passing out of our limited region.
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under a congruent transformation, the same is true of all
points of their plane.

Theorem 15. If four non-coplanar points be invariant under
a congruent transformation the same is true of all points
of space.

Definition. The assemblage of all points of a plane on one
side of a given line, or on that given line, shall be called
a half-plane. The given line shall be called the bound of
the half-plane. Each line in a planc is thus the bound of two
half-planes thereof.

Suppose that we have two non-collinear half-lines with
a common bound A. Let B and C be two other points of
one-half-line, and B’ and C’ two points of the other. Then
by Ch. I, 16, a half-line bounded by A which contains
a point of (BB’) will also contain a point of (CC’), and vice
versa. We may thus divide all half-lines of this plane,
bounded by this point, into two classes. The assemblage
of all half-lines which contain points of segments whose
extremities lie severally on the two given half-lines shall
be called the interior angle of, or between, the given half-
lines. The half-lines themselves shall be called the sides
of the angle. If the half-lines be | AB, | AC, their interior
angle may be indicated by ¥ BAC or 4 CAB. The point A4
shall be called the vertex of the angle.

Definition. The assemblage of all half-lines coplanar with
two given non-collinear half-lines, and bounded by the
common bound of the latter, but not belonging to their
interior angle, shall be called the eaterior angle of the two
half-lines. The definitions for sides and vertex shall be as
before. If no mention be made of the words interior or
exterior we shall understand by the word angle, interior
angle. Notice that, by our definitions, the sides are a part of
the interior, but not of the exterior angle. Let the reader also
show that if a half-line of an interior angle be taken, the
other half-line, collinear therewith, and having the same bound
belongs to the exterior angle.

Definition. The assemblage of all half-lines identical with
two identical balf-lines, shall be called their interior angle.
The given bound shall be the vertex, and the given half-lines
the sides of the angle. This angle shall also be called a null
angle. The assemblage of all half-lines with this bound, and
lying in any chosen plane through the identical half-lines,
shall be called their exterior angle in this plane. The defini-
tion of sides and vertex shall be as before,
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Definition. Two collinear, but not identical, half-lines of
common bound shall be said to be opposite.

Definition. The assemblage of all half-lines having as bound
the common bound of two opposite half-lines, and lying in
any half-plane bounded by the line of the latter, shall be
called an angle of the two half-lines in that plane. The
definitions of sides and vertex shall be as usual. We notice
that two opposite half-lines determine two angles in every
plane through their line.

We have thus defined the angles of any two half-lines of
common bound. The exterior angle of any two such half-
lines, when there is one, shall be called a re-entrant angle.
Any angle determined by two opposite half-lines shall be
called a straight angle. As, by definition, two half-lines form
an angle when, and only when, they have a common bound,
we shall in future cease to mention this fact. Two angles
will be congruent, by our definition of congruent figures,
if there cxist a congruent transformation of the sides of one
into the sides of the other, in so far as corresponding distances
actually exist on the corresponding half-lines. Every half-
line of the interior or exterior angle will similarly be carried
into a corresponding half-line, or as much thereof as actually
exists and contains corresponding distances.

Definition. The angles of a triangle shall be those non-
re-entrant angles whose vertices are the vertices of the triangle,
and whose sides include the sides of the triangle.

Definition. The angle between a half-line including one
side of a triangle, and bounded at a chosen vertex, and the
opposite of the other half-line which goes to make the angle
of the triangle at that vertex, shall be called an exterior angle
of the triangle. Notico that there are six of these, and that
they are not to be confused with the exterior angles of their
respective sides.

Theorem 16. If two triangles be so related that the sides of
one are congruent to those of the other, the same holds for the
angles.

This is an immediate result of 11.

The meanings of the words opposite and adjacent as applied
to sides and angles of a triangle are immediately evident, and
need not be defined. There can also be no ambiguity in
speaking of sides ¢ncluding an angle.

Theorem 17. Two triangles are congruent if two sides and
the included angle of one be respectively congruent to two
sides and the included angle of the other.
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The truth of this is at once evident when we recall the
definition of congruent angles, and 12.

Theorem 18. If two sides of a triangle be congruent, the
opposite angles are congruent.
Such a triangle shall, naturally, be called ¢sosceles.

Theorem 19. If three half-lines lie in the same half-plane
and have their common bound on the bound of this half-
plane; then one belongs to the interior angle of the other
two.

Let the half-lines be | AB, | AC, | AD. Connect B with H
and K, points of the opposite half-lines bounding this half-
plane. If | AC, | AD contain points of the same two sides
of the triangle BIIK the theorem is at once evident; if
one contain a point of (BI) and the other a point of (BK),
then B belongs to X CAD.

Theorem 20. If | AB be a half-line of the interior X CAD,
then | AC' does not belong to the interior ¥- BAD.

Definition. Two non-re-entrant angles of the same planc
with a common side, but no other common half-lines, shall be
said to be adjacent. The angle bounded by their remaining
sides, which includes the common side, shall be ecalled their
sum. It is clear that this is, in fact, their logical sum,
containing all common points.

Definition. An angle shall be said to be congruent to the
sum of {wo non-re-entrant angles, when it is congruent to the
sum of two adjacent angles, respectively congruent to them.

Definition. Two angles congrucnt to two adjacent angles
whose sum is a straight angle shall be said to be supple-
mentary. Each shall be called the supplement of the other.

Definition. An angle which is congruent to its supplement
shall be called a right angle.

Definition. A triangle, one of whose angles is a right angle,
shall be called a right triangle.

Definition. The interior angle formed by two half-lines,
opposite to the half-lines which are the sides of a given
interior angle, shall be called the vertical of that angle. The
vertical of a straight angle will be the other half-plane,
coplanar therewith, and having the same bound.

Theorem 21. If two points be at congruent distances from
two points coplanar with them, all points of the line of the
first two are at congruent distances from the latter two.
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For we may find a congruent transformation keeping the
former points invariant, while the latter are interchanged.

Theorem 22. If | AA/ be a half-line of the interior
4. BAA,, then we cannot have a congruent transformation
keeping | AB invariant and carrying | A4, into | A4,".

We may suppose that 4, and 4," are at congruent distances
from A. Let H be the point of the segment (4,4,) equi-
distant from A4, and 4, We may find a congruent trans-
formation carrying AA,HA/ into AA,HA,. Let this take
the balf-line | AB into | AC (in the same plane). Then if
| AA, and | A4, be taken sufficiently small, 4,4, will
meet AB or AC as we see by I. 16. This will involve a
contradiction, however, for if D be the intersection, it iy easy
to see that we shall have simultaneously D4, = DA,” and
DA, > DA/ or DA< DA/, for D is unaltered by the con-
gruent transformation, while 4, goes into 4,

There is one case where this reasoning has to be modified,
namely, when | AC and | AB are opposite half-lines, for here
I. 16 does not hold. Let us notice, however, that we may
enlarge our transformation to include the X BAA, and
4§ BAA/ respectively. If | AB, and | AC| be two half-lines
of the first angle, | AC; being in the intcrior angle of X BAB,,
to them will correspond | 4B, and | ACY, the latter being in
the interior angle of X BAB/, while by definition, corre-
sponding half-lines always determine congruent angles with
| AB. 1If, then, we choose any half-line | AL of the interior
¥ BAA/, it may be shown that we may find two
corresponding half-lines | AL, | AL/ so situated that | AL,
belongs to the interior 46, BAL," and 4. L, AL is congruent
to i LAL,. The proof is tedious, and depends on
showing that as a result of our Axiom XVIII, if in any
segment the points be paired in such a way that the
extremities correspond, and the greater of two distances from
an extremity correspond to the greater of the two correspond-
ing distances from the other extremity, then there is omne
self-corresponding point.* These corresponding half-lines
being found, we may apply the first part of our proof without
fear of mishap.

Theorem 23. If | AC be a half-line of the interior ¥ BAD,

it is impossible to have X BAC and ¥ BAD mutually
congruent.

* Cf. Enriques, Geometria proiettiva, Bologna, 1898, p. 80.
COOLIDGE Y
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Theorem 24. An angle is congruent to its vertical.

We have merely to look at the congruent transformation
interchanging a side of one with a side of the other.

We see as a result of 24 that if a half-line | A B make right
angles with the opposite half-lines | AC, | AC’, the verticals
obtained by extending (AB) beyond A will be right angles
congruent to the other two. We thus have four mutually
congruent right angles at the point A. Under these circum-
stances we shall say that they are mutually perpendicular
there.

Theorem 25. If two angles of a triangle be congruent, the
triangle is isosceles.

This is an immediate result of 18.

Given two non-re-entrant angles. The first shall be said to
be greater than the second, when it is congruent to the sum
of the second, and a not null angle. The second shall under
these circumstances, and these alone, be said to be less than
the first. As the assemblage of all congruent transformations
is a group, we see that the relations greator than, less than,
and congruent when applied to angles are mutually exclusive.
For if we had two angles whereof the first was both greater
than and less than the second, then we should have an angle
that would be both greater than and less than itself, an
absurd result, as we see from 23. We shall write > in place
of greater than, and < for less than, = means congruence.
Two angles between which there exists one of these threc
relations shall be said to be comparable. We shall later see
that any two angles are comparable. The reason why we
cannot at once proceed to prove this fact, is that, so far.
we are not very clear as to just what can be done with our
congruent transformations. As for the « priori question of
comparableness, we have perfectly clear definitions of greater
than, less than, and equal as applied to infinite assemblages,
but are entirely in the dark as to whether when two such

assemblages are given, one of these relations must necessarily
hold.*

Theorem 26. An exterior angle of a triangle is comparable
with either of the opposite interior angles.

Let us take the triangle A BC, while D lies on the extension
of (BC) beyond C. Let £ be the middle point of (AC) and

let DE meet (AB) in F. If DE > EF find G of (DE) so
that £ = EG. Then we have X BAC congruent to X ECG

* Cf. Borel, Legons sur la théorie des fonctions, Paris, 1898, pp, 102-3.
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and less than X ECD. If DE < EF we have X BAC
greater than an angle congruent to ¥ ECD.

Theorem 27. Two angles of a triangle are comparable.
For they are comparable to the same exterior angle.

Theorem 28. If in any triangle one angle be greater than
a second, the side opposite the first is greater than that
opposite the second.

Evidently thesc sides cannot be congruent. Let us then
have the triangle ABG where Y- BAG > ¥ BGA. We may,
by the definition of congruence, find such a point C, of (B(r
that X C,AG is congruent to ¥ C,GA and hence ()4 A CG.
It thus remains to show that AB < (4C,+C,B). Wex( such
not the case, we might find D, of (4B) so that AD1 = AC,
and the problem reduces to comparing BC, and BD,. Now
in A BD,C, we have X BD,C, the supplement of ZK_.AI) C,
which is concnuent to Zf_AC D whose supplement is orlea,tel
than ¥ BC, D We have therefore returncd to our origina,l
problem, this tlme however, with a smaller triangle. Now
this reduction process may be continued indefinitely, and if
our original assumption be false, the inequalities must always
lie the same way. Next notice that, by our axiom of con-
tinuity, the points C; of (BG) must tend to approach a point
C of that segment as a limit, and similarly the points D; of
(AB) tend to approach a limiting point, D. If two points of
(AB) be taken indefinitely close to D the angle which they
determine at any point of (BG) other than B will become
indefinitely small. On the other hand as C; approaches C,
X APC; will tend to increase, where P is any point of (4.B)
other than B, in which case the angle is constant. This
shows that C, "and by the same reasoning D, cannot be other
than B; so that the difference between BC’ and BD; can be
made as small as we please. DBut, on the other hand
(.G = AC, = 4D, ; (BA-BG) = (BD,—BC,) = (BD;-BC;)

Our theorem comes at once from this contradiction,

Theorem 29. If two sides of a triangle be not congruent,
the angle opposite the greater side is grea,ter than that opposite
the lesser.

Theorem 30. One side of a triangle cannot be greater than
the sum of the other two.

Theorem 31. The difference between two sides of a triangle
is less than the third side.

The proofs of these theorems are left to the reader.

c2
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Theorem 32. Two distinet lines cannot be coplanar with
a third, and perpendicular to it at the same point.

Suppose, in fact, that we have AC and AD perpendicular to
BB at A. We may assume 4B = AB so that by 1. 31 AD
will contain a single point & either of (UB) or of (UB’). For
definiteness, let & belong to (CB’). Then take F on (BC),
which is congruent to (B'C), so that BF = B'E. Hence
X BB'F is congruent to X B'BE and thereforc congruent to
X BB'E; which contradicts 23.%*

Theorem 33. The locus of points in a plane at congruent
distances from two points thereof is the line through the middle
point of their segment perpendicular to their line.

Theorem 84. Two triangles are congruent if a side and two
adjacent angles of one be respectively congruent to a side and
two adjacent angles of the other.

Theoren, 85. Through any point of a given line will pass
one line perpendicular to it lying in any given plane through
that line.

Let A be the chosen point, and (! a point in the plane, not
on the chosen line. Let us take two such points B, B" on the
given line, that 4 is the middle point of (BB’) and BB < CB,
BB < CB. 1If then CB=CH, AC is the line required. If
not, let us suppose that OB > OB. We may make a cut
in the points of (UB) according to the following principle.
A point P shall belong to the first class if no point of the
segment (PB) is at a distance from B greater than its distance
from B, all other points of (CB) shall belong to the second
class. It is clear that the requirements of Axiom XVIII are
fulfilled, and we have a point of division ). We could not
have DB < DB/, for then we might, by 31, take £ a point
of (DC) so very near to D that for all points P of DI
PB < PB, and this would be contrary to the law of the cut.

In the same way we could not have DB > DB’. Hence AD is
the perpendicular required.

Theorem 36. If a line be perpendicular to two others at

* This is substantially Hilbert’s proof, loc. cit., p. 16, It is truly
astonishing how much geometers, ancient and modorn, have worried over
this theorem. Eueclid puts it as his eleventh axiom that all right angles
are equal. Many modern textbooks prove that all straight angles are equal,
hence right angles are equal, as halves of equal things. This is not usually
sound, for it is not clear by definition why a right angle is half a straight
angle. Others observe the angle of a fixed and a rotating line, and either
appeal explicitly to intuition, or to a vague continuity axiom.
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their point of intersection, it is perpendicular to cvery line
in their planc through that point.

The proof given in the usual textbooks will hold.

Theorem 37. All lines perpendicular to a given line at
a given point arc coplanar.

Definition. The planc of all perpendiculars to a line at a
point, shall be said to be perpendicular to that line at that
point. .

Theorem 88. A congruent transformation which kecps all
points of a line invariant, will transform into itself cvery plane
perpendicular to that line.

It is also clear that the locus of all points at congruent
distances from two points is a plane.

Theoremn 89. If P be a point within the triangle A4 BC and
there exist a distance congruent to 4 B+ AC, then

AB+AC > PB+.PC,

To prove this let BP pass through D of (AC). Then as
AC > AD a distance cxists congruent to AB+ AD, and
AB+AD > BP+PD. As AB+AD > PD there exists a dis-
tance congruent to I’D+DC, and hence PD+ DC > PC,

DC > PC—PD; AB+AC > BP + PC.

Theorem 40. Any two right angles are congruent.

Let these right angles be X AOC and X A’0'C". We
may assume O to be the middle point of (AB) and 0’ the
middle point of (4’B), where 04 =0’4". We may also
suppose that distances cxist congruent to AC+CB and to
AC+C"B. Then AC > A0 and A’C" > A’0’. Lastly, we
may assume that A0 = A’(". For if we had say, AC > A/,
we might use our cut proceeding in (OC). A point /> shall
belong to the first class, if no point of (OP) determines with A
a distance greater then A’C”, otherwise it shall belong to the
second class. We find a point of division D, and see at once
that AD = A'C". Replacing the letter D by C, we have
AC = A’C", A ABC congruent to AA’B'(’, hence ¥ AOC
congruent to X A'0°C".

Theorem 41. There exists a congruent transformation carry-
ing any segment (AB) into any congruent segment (A’B’) and
;nyA}%lf-plane bounded by AB into any half-plane bounded

yWe have merely to find O and O’ the middle points of (A B)
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and (4’B’) respectively, and C and C’ on the perpendiculars
to AB and A’B’, at O and O’ so that OC = 0’C".

Theorem 42. If |OA be a given half-line, there will exist
in any chosen half-plane bounded by 04 a unique half-line
. OB making the LEOB congruent to any chosen angle.

The proof of this theorem depends imnmediately upon the
preceding one.

Several results follog from the last four theorems. To-
begin with, any two angles are comparable, as we see at once
from 42. We see also that our Axioms IIT-XTII and XVIII,
may be at once translated into the geometry of the angle
if straight and re-entrant angles be excluded. We may then
apply to angles system of measurement entirely analogous
to that applied to distances. An angle may be represented
unequivocally by a single number, in terms of any chosen
not null angle. We may extend our system of comparison to
include straight and re-entrant angles as follows. A straight
angle shall be looked upon as greater than every non-re-entrant
angle, and less than every re-entrant one. Of two re-entrant
angles, that one shall be considered the less, whose corre-
sponding interior angle is the greater. A re-entrant angle
will be the logical sum of two non-re-cntrant angles, and shall
have as a measure, the sum of their measures.

We have also found out a good deal about the congruent
group. The principal facts arc as follows :—

(a) A congruent transformation may be found to carry any
point into any other point.

(b) A congruent transformation may bec found to leave any
chosen point invariant, and carry any chosen linc through
this point, into any other such line.

(¢) A congruent transformation may bc found to leave
invariant any point, and any line through it, but to carry
any plane through this line, into any other such plane.

(d) If a point, a line through it, and a plane through the
line be invariant, no further infinitecsimal congruent trans-
tformations arc possible.

The last assertion has not been proved in full; let the
reader show that if a point and a line through it be invariant,
there is only one congruent transformation of the line possible,
besides the identical one, and so on. The cssential thing
is this. We shall demonstrate at length in Ch. XVIII that
the congruent group is completely determined by the require-
ment that it shall be an analytic collineation group, satisfying
these four requirements.
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Suppose that we have two half-planes on opposite sides
of a plane a which contains their common bound I. Every
segment whose extremities are one in each of these half-planes
will have a point in a, and, in fact, all such points will lie
in one half-plane of a bounded by /, as may easily be shown
from the special case where two segments have a common
cxtremity.

Definition. Given two non-coplanar half-planes of common
bound. The assemblage of all half-planes with this bound,
containing points of segments whose extremities lie severally
in the two given half-planes, shall be called their interior
dihedral angle, or, more simply, their dikedral angle. The
assemblage of all other half-planes with this bound shall be
called their ewterior dihedral angle. The two given half-plancs
shall be called the fuces, and their bound the edge of the
dihedral angle.

We may, by following the analogy of the plane, define null,
straight, and re-entrant dihedral angles. The definition of the
dihedral angles of a tetrahedron will also be immediately
evident.

A plane perpendicular to the edge of a dihedral angle will
cut the faces in two half-lines perpendicular to the edge.
The interior (cxterior) angle of these two shall be called a
plane angle of the interior (exterior) dihedral angle.

Theorem 43. Two plane angles of a dihedral angle are con-
gruent.

We have merely to take the congruent transformation
which keeps invariant all points of the planc whose points
ave cquidistant from the vertices of the plane angles. Such
a transformation may properly be called a reflection in that
plane.

Theovem 44. If two dihedral angles be congruent, any two
of their plane angles will be congruent, and conversely.

The proof is immediate. Let us next notice that we may
measure any dihedral angle in terms of any other not null one,
and that its measure is the measure of its plane angle in
terms of the plane angle of the latter.

Definition. If the plane angle of a dihedral angle be a right
angle, the dihedral angle itself shall be called riyht, and the
planes shall be said to be mutually perpendicular.

Theorem 45. If a plane be perpendicular to each of two
other planes, and the three be concurrent, then the first
plane is also perpendicular to the line of intersection of the
other two.



CHAPTER III

THE THREE HYPOTHESES

IN the last chapter we discussed at some length the problem
of comparing distances and angles, and of giving them
numecrical measures in terms of known units. We did not
take up the question of the sum of the angles of a triangle,
and that shall be our next task. The axioms so far set up
are insufficient to determine whether this sum shall, or shall
not, be congruent to the sum of two right angles, as we shall
amply see by elaborating consistent systems of geometry
where this sum is greater than, equal to, or less than two
right angles. We must first, however, give one or two
theorems concerning the continuous change of distances and
angles.

Theorem ). If a point P of a segment (AB) may be taken
at as small a distance from 4 as desired, and € be any other
point, the X ACP may be made less than any given angle.

If C be a point of AB the theorem is trivial. If not, we
may, by IIL 4, find | CD in the half-plane bounded by CA
which contains B, so that X ACD is congruent to the given
angle. If then | AB belong to the internal ¥ ACD, we have
4 ACB less than X ACD, and, a fortiori, X ACP < X ACD.
If | AD belong to the internal X ACB, | AD must contain a
point & of CAB, and if we take P within (4 %), once more

4 ACP < § ACD.

Theoren 2. If, in any triangle, one side and an adjacent
angle remain fixed, while the other side including this angle
may be diminished at will, then the external angle opposite
to the fixed side will take and retain a value differing from
that of the fixed angle by less than any assigned value.

Let the fixed side be (AB), while €' is the variable vertex
within a fixed segment (BD). We wish to show that if B(
be taken sufficiently small, - ACD will necessarily differ from
X_ABD by less than any chosen angle.

Let B; be the middle point of (4B), and B, the middle
oint of (B,B), while B, is a point of the extension of (4B)
eyond B. Through each of the points B,, B,, B, construct

a half-line bounded thereby, and lying in that half-plane.
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bounded by AB which contains D, and let the angles so
formed at B,, B,, B, all be congruent to X.ABD. Vge may
certainly take BC so small that AC contains a point of each
of these half-lines, say C,, C,, C, respectively. We may more-
over take B( so tiny that it is possible to extend (B,C,)
beyond C to D, so that B,C, = C,D,. AD, will surely meet
B,C,in a point D,, when l_?_]—gl is very small, and as AC,
differs infinitesimally from AB;, and hence exceeds AB by

Fic. 1.

a finite amount, it is greater than 2A4C; which differs in-
finitesimally from 248, or AB. We may thus find C’ on
the extension of (AC)) beyond €, so that AC, = C,C". (¢’ will
be at a small distance from C, and hence on the other side of
B,D, from A and D,. Let D,C" meet B,D, at H,, We now
see that, with rega,ra to the A AB,D,; the external angle at
D, (i.e. one of the mutually vertical external angles) is
X B, D, D, congruent to (-B,D,C’+4-C'D,D,), and ¥-B,D,C’
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is congruent to {. A B, D,, and, hence congruent to §. A BD. The
4 C"D, D, is the difference between .5, D, D, and ¥ B, D, H,,
and as H, and D, approach B, as a limiting position, the
angles determined by B,, D, and D,, II, at every point in
space decrease together towards a null angle as a limit.
Hence ¥.C"D,D, becomes infinitesimal, and the difference
between X B D, D, and 4 ABD becomes and remains in-
finitesimal. But as AB, = B, B, and ¥ AB,D, and ¥.B, BD
are congruent, we see similarly that the difference between
§-B,CD and X ABD will become, and remain infinitesimal.
Lastly, the difference between ¥-5,CD and X ACD is ¥ B,CA
which will, by our previous reasoning, become infinitesimal
with B,C,. The ditference between X ABD and ¥ ACD will
therefore become and remain less than any assigned angle.
Several corollaries follow immediately from this thcorem.

Theovem 3. If in any triangle one side and an adjacent
angle remain fixed, while the other side including this angle
becomes infinitesimal, the sum of the angles of this triangle
will differ infinitesimally from a straight angle.

Theorem 4. If in any triangle one side and an adjacent
angle remain fixed, while the other side including this angle
varies, then the measures of the third side, and of the variable
angles will be continuous functions of the measure of the
variable side first mentioned.

Of course a constant is here included as a special case of
a continuous function.

Theorem 5. If two lines AB, AC be perpendicular to BC, then
all lines which contain 4 and points of BC are perpendicular
to BC, and all points of BC are at congruent distances from 4.

To prove this let us first notice that our A 4 BC is isosceles,
and AB will be congruent to every other perpendicular
distance from A to BC. Such a distance will be the distance
from A4 to the middle point of (BC) and, in fact, to every
point of BC whose distance from B may be expressed in the

m s . .
form o BC where m and n are integers. Now such points

will lie as close as we please to every point of BC, hence

by 1L 81, no distance from A can differ from AB, and no
angle so formed can, by III. 2, differ from a right angle.

Theorem 6. If a set of lines perpendicular to a line , meet
a line m, the distances of these points from a fixed point of m,
and the angles so formed with m, will vary continuously with
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the distances from a fixed point of / to the intersections with
these perpendiculars.
The proof comes easily from 2 and 5.

Definition. Given four coplanar points 4, B, C, D so situated
that no scgment may contain points within thrce of the
segments (4.B),(BC), ((D),(DA). The assemblage of all points
of all segments whose extremities lie on these segments shall
be called a quadrilateral. The given points shall be called
its vertices, and the given seo'ments its sides. The four
internal angles lf_.DAB Zf_ABC X BCD, ¥.CDA shall be
called its angles. The definitions of opposite sides and
opposite vertices are obvious, as are the definitions for
adjacent sides and vertices.

Definition. A quadrilateral with right angles at two
adjacent vertices shall be called hirectangular. If it have
three right angles it shall be called ¢rirectaungular, and four
right angles it shall be called a rectangle. Let the reader
convince himself that, under our hypotheses, birectangular
and trirectangular quadrilaterals necessarily exist.

Definition. A birectangular quadrilateral whose opposite
sides adjacent to the right angles are congruent, shall he said
to be isosceles.

Theorem 7. Saccheri’s.* Inan isosceles birectangular quad-
rilateral a Jine through the middle point of the side adjacent
to both right angles, which is perpendicular to the line of
that side, will be perpendicular to the line of the opposite
side and pass through its middle point. The other two angles
of the quadrilateral are mutually congruent.

Let the quadrilateral be ABCD, the right angles havin Ig;
their vertices at 4 and 5. Then the perpcndlcular to A
at # the middle point of (4B) will surely contain ¥ point of
(CD). It will be casy to pass a plane through this line
perpendicular to the planc of the quadrilateral, and by taking
a reflection in this latter plane, the quadrilateral will be
transformed into itself, the opposite sides being interchanged.

This theorem may be more briefly stated by saying that

* Saccheri, Euclides ab omni naevo vindicatus, Milan, 1732. Accessible in
Engel und Staeckel, Theorie der Parallellinien von Euklid bis awf Gauss, Leipzig,
1895 The theorem given above covers Saccheri’s theorems 1 and 2 on p. 50
of the last-named work. Saccheri’s is the first systematic attempt of which
we have a record to prove Euclid’s parallel postulate, and proceeds according
to the modern method of assuming the postulate untrue. He builded better
than he knew, however, for the system so constructed is self-consistent, and
not inconsistent, as he attempted to show.
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this line divides the quadrilateral into two mutually congruent
trirectangular ones.

Theorem 8. In a rectangle the opposite sides are mutually
congruent, and any isosceles birectangular quadrilateral whose
opposite sides are mutually congruent is necessarily a rectangle.

Theorem 9. If there exist a single rectangle, every isosceles
birectangular quadrilateral is a rectangle.

Let ABCD be the rectangle. The line perpendicular to
AB at the middle point of (AB) will divide it into two
smaller rectangles. Continuing this process we see that we
can construct a reetangle whose adjacent sides may have any
™ 7B, P 4,

measures that can be indicated in the form o

provided, of course, that the distances so called for exist
simultaneously on the sides of a birectangular isosceles
quadrilateral.  Distances so indicated will be everywhere
dense on any line, hence, by 6 we may construct a rectangle
having as onc of its sides one of the congruent sides of any
isosceles bireetangular quadrilateral, and hence, by a repetition
of the same process, a rectangle which. is identical with this
quadrilateral. All isosceles birectangular quadrilaterals, and
all trirectangular quadrilaterals are under the present eirecum-
stances rectangles.

Be it noticed that, under the present hypothesis, Theorem 5
is superfluous.

Theorern 10. If there exist a single right triangle the sum
of whose angles is congruent to a straight angle, the same is
true of every right triangle.

Let AABC be the given triangle, the right angle being
4 ACB so that the sum of the other two angles is congruent
to a right angle. Let A A’B'C” be any other right triangle,
the right angle being ¥ A’C"B. We have to prove that the
sum of its remaining angles also is congruent to a right angle.
We see that both . ABC and ¥ BAC are less than right
angles, hence there will exist such a point £ of (AB) that
¥ EAC and ¥ ECA are congruent. Then J EBC =X ECB
since ¥ ACUB is congruent to the sum of X £ AC and X EBC.
If D and ¥ be the middle points of (BC) and (AC) respee-
tively, as AKAC and AEBC are isosceles, we have, in the
quadrilateral KDCF right angles at D, C, and F. The angle
at £ is also a right angle, for 1t is one half the straight angle,
X AEB, hence X EDCF is a rectangle. Passing now to the
AAC'B we see that the perpendicular to A’C” at F’ the
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middle point of (4’C’), will meet (A’B’) in /', and the per-
pendicular to E'F’ at £’ will meet (B'C") in D’. But, by
an easy modification of 9, as there exists one rectangle, the
trivectangular quadrilateral £F'D'C" is also a rectangle. It
is clear that X D'E'B' = 4 D'E'C’ since L F"E'D’ is a right
angle and X F'/A" = F'E'C’. Then AC'E'B’ is isosceles
like AA’E’'C’. From this comes immediately that the sum
of X F’B'C' and X E'A’C’" is congruent to a right angle, as
we wished to show.

Theorem 11. If there exist any right triangle where the
sum of the angles is less than a straight angle, the same is
true of all right triangles.

We see the truth of this by continuity. For we may pass
from any right triangle to any other by means of a continuous
change of first the one, and then the other of the sides which
include the right angle. In this change, by 2, the sum of the
angles will either remain constant, or change continuously,
but may never become congruent to the sum of two right
angles, hence it must always remain less than that sum.

Theorem 12. If there exist a right triangle where the sum
of the angles is greater than two right angles, the same is
true of every right triangle.

This comes immediately by reductio ad absurdum.

Theorem 18. If there exist any triangle where the sum of
the angles is less than (congruent to) a straight angle, then in
every triangle the sum of the angles is less than (congruent
to) a straight angle.

Let us notice, to begin with, that our given AAB(
must have at least two angles, say {- A B( and ¥ BA(' which
are less than right angles. At each point of (AB) there will
be a perpendicular to AB (in the plane BC). If two of
these perpendiculars intersect, all will, by 5, pass through
this point, and a line hence to ¢ will surely be perpendicular
to AB. If no two of the perpendiculars intersect, then,
clearly, some will meet (AC) and some (BC). A cut will
thus be determined among the points of (4 B), and, by XVIII,
we shall find a point of division D. It is at once evident
that the perpendicular to AB at D will pass through €. In
every case we may, therefore, divide our*triangle into two
right triangles. In one of these the sum of the angles must
surely be less than (congruent to) a straight angle, and the
same will hold for every right triangle. Next observe that
there can, under our present circumstances, exist no triangle
with two angles congruent to, or greater than right angles.
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Hence every triangle can be divided into two right triangles
as we have just done. In each of these triangles, the sum of
the angles is less than (congruent to) a straight angle, hence
in the triangle chosen, the sum of the angles is less than
(congruent to) a straight angle.

Theorem 14. If there exist any triangle where the sum
of the angles is greater than a straight angle, the same will
be true of every triangle.

This comes at once by reductio ad absurdum.

We have now reached the fundamental fact that the sum of
the angles of a single triangle will determine the nature
of the sumn of the angles of every triangle. Let us set the
various possible assumptions in evidence.

The assumption that there exists a single triangle, the sum
of whose angles is congruent to a straight angle is called the
FEuclidean or Parabolic hypothesis.*

The assumption that there exists a triangle, the sum of
whose angles is less than a straight angle is called the
Lobatchewskian or hyperbolic hypothesis.{

The assumption that there exists a triangle, the sum of
whose angles is greater than a straight angle, is called the
Riemannian or elliptic hypothesis. 1

Only under the elliptic hypothesis can two intersecting
lines be perpendicular to a third line coplanar with them.

Definition. The difference between the sum of the angles of
a triangle, and a straight angle shall be called the discrepancy
of the triangle.

Theorem 15. If in any triangle a line be drawn from one
vertex to a point of the opposite side, the sum of the dis-
crepancies of the resulting triangles is congruent to the
discrepancy of the given triangle.

* There will exist, of course, numerous geometries, other than those which
we give in the following pages, where the sum of the angles of a triangle is
still congruent to a straight angle, e. g. those lacking our strong axiom of
continuity. Cf. Dehn, ¢ Die Legendre’schen Sitze iiber die Winkelsumme im
Dreiecke,” Mathematische Annalen, vol. liii, 1900, and R. L. Moore, ¢ Geometry
in which the sum of the angles of a triangle is two right angles,” Transactions
of the American Mathematical Society, vol. viii, 1907.

*+ The three hypotheses were certainly familiar to Saccheri (loc. cit. ), though
the credit for discoverigg the hyperbolic system is generally given to Gauss,
who speaks of it in a letter to Bolyai written in 1799. Lobatchewsky’s first
work was published in Russian in Kasan, in 1829, This was followed by an
article ¢ Géométrie imaginaire ’, Crelle’s Journal, vol. xvii, 1837, All spellings
of Lobatchewsky's name in Latin or Germanic languages are phonetic. The
author has seen eight or ten different ones.

* 1 Riemann, Ueber die Hypothesen, welche der Geomelrie zu Grunde liegen, first read
in 1854; see p. 272 of the second edition of his Gesammelte Werke, with
explanations in the appendix by Weber.
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The proof is immediate. Notice, hence, that if in any
triangle, one angle remain constant, while one or both of the
other vertices tend to approach the vertex of the fixed angle,
along fixed lines, the discrepancy of the triangle, when not
zero, will diminish towards zero as a limit. We shall make
this more clear by saying—

Theorem 16. If, in any triangle, one vertex remain fixed,
the other vertices lying on fixed lines through it, and if a
second vertex may be made to come as near to the fixed vertex
as may be desired, while the third vertex does not tend to
recede indefinitely, then the discrepancy may be made less
than any assigned angle.

Theorem 17. If in any triangle onc side may be made less
than any assigned segment, while neither of the other sides
becomes indefinitely large, the discrepancy may be made less
than any assigned angle.

If neither angle adjacent to the diminishing side tend to
approach a straight angle as a limit, it will remain less than
some non-re-entrant angle, and 16 will apply to all such
angles simultaneously. If it do tend to approach a straight
angle, let the diminishing side be (4B), while ¥ BAC tends

to approach a straight angle. Then, as neither BC nor AC
becomes indefinitely great, we see that A must be very close
to some point of the extension of (4B) beyond A4, or to A
itself. If C do not approach 4, we may apply 1 to show that
X ACB becomes infinitesimal. If (' do approach 4 we may
take 1) the middle point of (AC) and extend (/3D) to I beyond
D so that DE = KB. Then we may apply Euclid’s own
proof * that the cxterior angle of a triangle is greater than
either opposite interior one, so that the exterior angle at A
which is infinitesimal, is yet greater than X ACB.

Theorem 18. If, in any system of triangles, onc side of each
may be made less than any assigned segment, all thus
diminishing together, while no side becomes indefinitely
%reat, the geometry of these triangles may be made to differ
rom the geometry of the euclidean hypothesis by as little as
may be desired.

A specious, if loose, way of stating this theorem is to say
that in the infinitesimal domain, we have euclidean geometry.t

* Euclid, Book I, Proposition 16,

+ This theorem, loosely proved, is taken as the basis of a number of works
on non-euclidean geometry, which start in the infinitesimal domain, and
work to the finite by integration. Cf. e. g. Flye Ste-Marie, FEitudes analytiques
sur la théorie des paralléles, Paris, 1871,



CHAPTER IV

THE INTRODUCTION OF TRIGONOMETRIC
FORMULAE

THE first fundamental question with which we shall have
to deal in this chapter is the following. Suppose that we
have an isosceles, birectangular quadrilateral 4 BCD, whose

right angles arc at 4 and B. Suppose, further, that AB
becomes infinitesimally small, AD remaining constant; what

/'.lj g
will be the limit of the fraction M;l;B where M XY means the
M
measure of XV in terms of some convenient unit.* But, first

of all, we must convince oursclves, that, when 4D is given
we may always construct a suitable quadrilateral ; secondly,
and most important, we must show that a definitc limit does
necessarily exist for this ratio, as AB decrcases towards the
null distance.

Theorem 1. It AD and AX be two mutually perpendicular
lines we may find such a point B on either half of 4X bounded
by A4, that, a line being drawn perpendicular to AB at any
point P of (AB) we may find on the half thereof bounded by
P, which lics in the same half-plane bounded by 4B as does D,
a point whose distance from P is greater than AD.

et I be a point of the extension of (4 D) beyond D. Draw

a line there perpendicular to AD. If B be a point of AX
very close to A, and if a line perpendicular to AB at P

of (AB), meet the perpendicular at E at a point @, PQ differs
but little from AZ, and, hence, is greater than AD.

* The general treatment, and several of the actual proofs in this chapter
are taken directly from Gérard, La géométrie non-cuclidienne, Paris, 1892. It has
been possible to shorten some of his work by the consideration that we have
euclidean geometry in the infinitesimal domain. On the other hand, several
important points are omitted by him. There is no proof that the required
limit does actually exist, and worse still, he gives no proof that the resulting
function of MA4D is necessarily continuous, thereby rendering valueless his
solution of its functional equation.
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The net result of theorem 1 is this. If AD be given, and
the right X DAX, any point of AX very near to 4 may be
taken as the vertex of a second right angle of an isosceles
birectangular quadrilateral, having 4 as the vertex of ome
right angle, and (4.D) as one of the congruent sides.

Definition. We_ shall say that a distance may be made
infinitesimal compared with a second distance, 1f the ratio
of the measure of the first to that of the second may be made
less than any assigned value.

Theorem 2. If in a triangle whereof one angle is constant,
a second angle may be made as small as desired, the side
opposite this angle will be infinitesimal compared to the other
sides of the triangle.

Suppose that we have, in fact, A PQR with X PQR fixed,
while X PR@Q becomes infinitesimal. It is clear that one
of the angles X PQR or X QPR must be greater than a right
angle. Suppose it be X QPR. Then, by hypothesis, no
matter how large a positive integer » may be, I may find such
positions for P and R, that » points @; may be found on | P@
so that X PRQ =4 QRQ,=4.Q, RQ;.,, yet X QRQ, is less
than any chosen angle. Now if R() remain constantly greater
than a given not null distance, the thcorem is perfectly
evident. If, on the other hand, R decrease indefinitely, we
may find S on | PQ but not in (£’Q), so that QR = QS. Then,
as geometry in the infinitesimal domain obeys the euclidean
hypothesis, X QRS will differ infinitesimally from one half
¥ PQR. If, then, we require X QRQ, to be less than this last-
named amount, @, will be within (@S), and PQ < Q. Qp+1

and PQ < :—LQR A similar proof holds when X.PQR is
greater than a right angle.

It will follow, as a corollary, that if in any triangle, one
angle become infinitesimal, and neither of the other angles
approaches a straight angle as a limit, then the side opposite
the infinitesimal angle becomes infinitesimal as compared
with cither of the other sides.

Theorem 3. If in an isosceles birectangular quadrilateral,
the congruent sides remain constant in value, while the side
adjacent to the two right angles decreases indefinitely, the
ratio of the measures of this and the opposite side approaches
a definite limit.

It will save circumlocution and involve no serious confusion
if, during the rest of this chapter, we speak of the ratio of two

D

COOLIDGE
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distances, instead of tllg ratio of their measures, and write
such a ratio simply % Let us then take the isosceles
birectangular quadrilateral A’ABB’, the right angles having
their vertices at 4 and B. Let us imagine that 4 and A” are
fixed points, while B is on a fixed line at a very small distance
from A. Let C be the middle point of (4B), and let the
gerpendicular to AB at C meet (A’B) at C’, which, by -
accheri’s theorem, is the middle point of (4’B’). Now, by
IIL. 6, ¥ C"A’A differs infinitesimally from a right angle,
as AC becomes infinitesimal, so that if (|, be the point
of (CC’), or (CC") extended beyond €', for which CC, = 44/,
o o W 77 ATV Yaid
C,0" < }—A’C’. But ﬂ': Eé—g - Hence A,C_'l - —{ilj— <3d
" AC AB AC AB .
where 3 may be made less than any assigned number. By a re-
peated use of this process we see that if D) be such a point of (4 B)

that 4D = —2% AB and D, such a point of the perpendicular

at D that 44’ =DD,, then, however small ¢ may be,

A_]’,)_ L ‘g < ¢, and, what is more, we may take AB so
AD AB
small that this inequality shall hold for all such points D

4

. . A'D
at once, for, as A B decreases, every ratio EDI gets nearer and

’

nearer to %’ - Lastly, if P be any point of (4B),and P, lie

on the perpendicular at P so that 44’ = PP,, we may find
one uf our points recently called D of such a nature that DP,
and D, P, are infinitesimal as compared with AB. Hcnee
AP, AB o where ¢ is infinitesimal with AB. This
AP AB

shows that % approaches a definite 1imit, as 4B approaches

the null distance.

This limit is constantly equal to 1 in the euclidean case.
In the other cases it is a variable depending on the measure
of A4’. If this measure be @, we may call our limit ¢ ().

Let us next show that the function ¢ is continuous. Take
A’ABB’ as before, while A, and B, are respectively on the
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extensions of (Az_i’_), beyond A’, and of (BB’) beyond B’. Let
the measure of 44’ be «, while that of 4’4, is Az,

%:(f)(%)*‘e, i?lé:l= ¢(Q}+Aw)+n,
4B, TF
=A —
N ¢ @) +n—e

Now
A B < (4,4 + 4B+ BB, 2A, 4" > | 4,B,—A'B |,
and, however great m may be, we may take 4,4’ so small

that A4 < 1 13,
2m

1
then Ap(x) < p + 8,

and, hence, ¢ is a continuous function.

We shall find the actual form of ¢ from its functional
equation. Let & be the measure of AC, (z—y) that of ACY,
and (z+y) that of AC,; where (' and () are points within
(AC,). Take a corresponding set of distances upon a line near
by, BD = AC; BD, = AC,; BD,= AC, while | AC and | BD
are in the same half-plane bounded by AB and perpendicular
thereto. We know, by 1, that this construction is possible.
We shall presently suppose AB to be infinitesimal. The
perpendicular to C'D at ' will meet C,D, and €, D, in P and R
respectively, while the perpendicular to CD at D will meet
these lines at ¢ and §; the four last-named points will surely
exist, if AB be very tiny. X CC,P and ¥ CC/R will differ
infinitesimally from right angles, so that by 2
C,P—C\R

=€

This infinitesimal ¢ is, in fact, of the second order. For,
let us compare ACC,P and ACC,R. ¥ C,CR=XC,CP;
CC, = (CC,. Also X CC,P and X CC,R differ infinitesimally.
Hence, if, on (CP) or (CP) extended beyond P, we take
0P =OR we have (7 =C.R; O,P~C,R< PP. But
i—)—l;—) <& as the angle opposite (PP') is infinitesimal.
‘%

245 2= e -
?7(}2}’ =3 C,R + 2¢ where € is infinitesimal, as compared with

M C,P meaning thereby the measure of (\,P. Lastly, let us
D2
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use letters of the type 3, ¢, 9, to indicate infinitesimals, and
remember that AB is an infinitesimal distance.

C,P=DQ, CR=DS,
20,P=|C,D,-PQ|, 20,R=|C,D,~RS|,
CD = ¢ () AB+¢, 4B,
C,D, = ¢ (w—y) AB+¢, 4B,
C,D, = ¢(v+y) AB+¢, AB,
PQ=¢mCP)CD+5,0D,
RS = ¢ (wCE) CD +9, CD.
But C,P > U_C'.Z—E"P— and C,P is infinitesimal.
PR =¢(y) 0D +3,CD,
RS = ¢ (y) CD+5,0D.
Substitute in the first equation connecting C, P and (|, R
[$(z+9)+e,—¢ (@) ¢ (1) — b @) d—b(y) e+, 6] MAB =
=[p@)P(y) + (%), + d(Y)e; + 046, — p(x —y)—e,] MAB+2ye.
Hence ¢ (z+ )+ ¢(x—y)—2¢(x) $(y) < n where n may be
made less than any assigned value
b +y)+¢(z—y) = 2¢() $(y)- )
This well-known equation may be easily solved. Let us
assume that the unit of measure of distance 1s well fixed

$(0) =1, ¢(x)=2[¢(2)]"-1.
Let z, be a value for « in the interval to which the equation

applies, i.e. the measure of an actual distancc. We may find
Zy

k so that ¢(x,) = cos T We have immediately
R n nw
¢ (2z) = cos 77> b (g) = cos (z7p)-

We also know that ¢(w)-—cos—z is a continuous function.

If, then, 2 be any value of the argument, we may find » and

m such large integers that a— ﬁ‘ is infinitesimal. Hence
g (- z’"t

¢ (cv)—-cos% will be less than any assigned quantity, or

p(x) = cos% . (®
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The function cosine has, of course, a purely analytical
meaning, 1.e. we wrile
x? at

Of fundamental importance is the constant . We shall
find that it gives the radius of a sphere (in our usual
cuclidean geometry) upon which the non-euclidean plane
may be developed. We shall, therefore, define the constant

1
E s the Measure of Curvature of Space* To find the

nature of the value of &, we sce immediately that in the
parabolic case 7};, = 0; in the elliptic ¢ is, at most, equal
1

to 1, hence T is positive. In the hyperbolic case, 1 con-

stitutes a minimum value for ¢ and & is negative, or I a pure
(y

imaginary. Under these circumstances, we may, if we choose,
remove all signs of imaginary values from (2) by writing

K =ik, o
¢ () = cosh (_Az') .

As a matter of fact, however, there is little or no gain in

doing this.
1t is now necessary to calculatc another limit, that of the
ratio of two simultaneously diminishing sides of a right
triangle. Let us, then, suppose that we have a right
A ABC whose right angle is £ ABC. We shall imagine that
AB becomes infinitesimal while X BAC is constant. We
AB

seek the limit of 0.1‘ That such a limit will actually

exist may be proved by considerations similar to those which
established the existence of ¢(x). We leave the dotails to
the reader. The limit is a function of the angle . BAC, and
if 6 be the measure of the latter, we may write our function
f(0); including therein, of course, the possibility that this
function should be a constant.

First of all it is incumbent upon us to show that this
function is continuous. Take (” on the extension of (B(')
beyond C, and let A9 be the measure of X CAC’. If A9 be

* This fundamental concept is due to Riemann, loc. cit. We shall
consider it more fully in subsequent chapters, notably XIX.

+ It is strange that Gérard, loc. cit., assumes this ratio from the euclidean
case.
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infinitesimal, then, by 2 CC’ is infinitesimal as compared

7
with AC. Hence j—i_—c— -~ A_—C will become and remain less
AB AB
than any assigned number, and f(6) is continuous.

Suppose, now, that we have two half-lines | 0Y, | 0Z lying
in a half-plane bounded by |0X. Let X X0Y and X X0Z
be each less than a right angle, and have the measures 6,0+ ¢ ;
¢ < 0. Take Fon|OZ, and find B, so that

OF=0B; X YOF =4 YOB,

| OB is within the interior angle X. XOY ; these points will
certainly exist if OF be very small. Connect # and B by a line
meeting |OY in D, and through F, D, B draw three lines per-
pendicular to | 0.X, and meeting it in ,C, 4 respectively, which

oints also are sure to exist, if OF be small enough. (' will

e separated from the middle point of (£A) by a distance
infinitesimal compared with ZA, for the perpendicular to 0.X
at such a point would mect (BF) at a point whose distance
from D was infinitesimal as compared with OF.

04— jo-0r+e,

00 _ 009D j /e

D o f0-9-F D O+,

%: % = F(0+9)+e

f’g = F(0) f($)—F (O + )+ &5 .g_:% - ?‘; = 9, infinitesimal.

f0+)+F(0—¢) =2(0) f(¢).
This is the functional equation that we had before, so that
f = cos 9 and ! must be real. If, then, we so choose it that the

l
measure of a right angle shall be Z—;,

f(8) = cosé.
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Let us not fail to notice that since X ABC is a right angle
we have, by II1. 17,

lim. %% = cos (% ~0) = sind. (8)

The extension of these functions to angles whose measures
™
2
hand, the defining series remains convergent, and, on the
other, the geometric extension may be effected as in the
elementary books.

Our next task is a most serious and fundamental one, to
find the relations which connect the measures and sides and
angles of a right triangle. Let this be the AABC with
X ABC as its right angle. Let the measure of X BAC be
while that of £ BCA is 6. We shall assume that both y and 6
are less than 725; an obvious necessity under the euclidean
or hyperbolic hypothesis, while under the elliptic, such will
still be the casc if the sides of the triangle be not large, and
the case where the inequalities do not hold may be easily
treated from the cases where they do. Let us also call a, b, ¢
the measures of BC, CA, A B respectively.

We now make rather an elaborate construction.¥ Take B,
in (4B) as near to B as desired, and 4, on the extension
of (AB) beyond A, so that 4,4 = B, B, and construct
A A, B,C;, = AABC, C, lying not far from ('; a construction
which, by 1, is surely possible if BB, be small enough. Let
B,C; meet (AC) at C,. X C,C,C will differ but little from
4 BCA, and we may draw C,C, perpendicular to CC;, where
C, is a point of (CC,). Let us next find 4, on the extension
of (AC) beyond A so that A, A = C,C and B, on the extension
of (C;B,) beyond B, so that B, B, = C,(,, which is certainly
possible as (', is very small. Draw 4,B,. We saw that
4 0,C,C will differ from ¥ BCA by an infinitesimal (as B, B
decreases) and ¥-CC, B, will approach a right angle as & limit.
We thus get two approximate expressions for sin@ whose
comparison yields @ ——

e E cos - BB,

C,C, CC, k

2= pg= ——=— +6,

c,c, CC, ce,

for CC,—cos ;li BB, is infinitesimal in comparison to BB, or
v

are greater than ; will afford no difficulty, for, on the one

* See figure on next page.
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CC,. Again, we see that a line through the middle point,
of (AA,) perpendicular to AA, will also be perpendicular
to A,C;, and the distance of the intersections will differ in-

finitesimally from siny A4,. We see that C,C, differs by

P . b —
a higher infinitesimal from siny cos ]—:'AAI, so that

ad s+
— s+ BB
b . A4, Cos £ 55
COS 7 SINY ——— 6, = ——=— +6,.
k ce, "t o,
G, c
0
Cz
Ay B2

Fic. 2.

Next we see that A4, = BB, and hence
b 1 “. 0,0,
£y % T,
Moreover, by construction (,C, = B, B,, OC, = A4,. A per-
pendicular to A4, from the middle point of (44,) will be
perpendicular to 4,B,, and the distance of thc intersections
will differ infinitesimally from each of these expressions

_ 1 —
siny A4,, — B, B,

cos
0S =
ke

CO8

-
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Hence b a ¢
CO8 - —COS =+~ COS + < €,
k k k
b a c
CO8 5 = COS 5 COB ; - (4)
L k L

To get the special formula for the euclidean case, we should
develop all cosines in power series, multiply through by %2
and then put m=0 getting

b*=a%+c?
the usual Pythagorean formula.

We have now a sufficient basis for trigonometry, the
development whereof merely requires a little analytic skill.
It may not perhaps be entirely a waste of time to work out
some of the fundamental formulae. Let A, B, ¢ be the
vertices of a triangle, and let us use these same letters, as
is usual in elementary work, to indicate the measures of the
corresponding angles, while the measures of the sides shall be
@, b, ¢ respectively. Begin by assuming that - AB(' is a right
angle so that B = ‘7—: Let D be such a point of (A(') that BD
is perpendicular to AC'; the measures of AD and CD being
b, and b,, while the measure of BD is «,.

K ¢
bl cObZ; I)Z COS‘];:
cos =t =- —, eos-2= >
k k
co;,»(b1+bz) = cosé = cos L cos s
o) T cosp = eosyeosy
cos%cos%(l-—cos“%) = \/cosz% —-0082% \/cosz ‘{1 —COSZ;;’
cos?® (I—zcos2 ]ib (cos® (—]fl -2) = cos? % —c0s2% — cos? ,% J
(1—COS2%) (1 — cos? %COSzi) — (1_0052%) (1 —COSZE) 3
sin % sin -I{ = Bin(—LSi]’lg s
k k k™ k
.« .Uy
sing  sin 4
=,
sin—-  sins

k k
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Now proceeding with the AADB as we did with the A ABC
we shall reach two more sines whose ratio is

.o
sin 7
b ’
k
and so forth. Continuing thus we have in (4B) and (AC)
two infinite series of points. Let the reader show that the
limit for each series cannot be other than the point A itself.

Now we have just seen in (3) that the limit of this ratio
is sin A, hence

sin

sin ;\—L = sin /{) sin 4. (5)
Let the reader deduce from (4) and (5) that
¢ b
tanz = tan 7, €08 A. (6)
cos B = cos b sin 4. (7)

k
Let us next suppose that A ABC is any triangle. If none
of the angles be greater than a right angle, we may connect
any vertex with a point of the opposite side by a line
perpendicular to the line of that side, and we see at once that

.a . b . . . .
sin - : sin - : sin + = sin 4 : sin B : sin C.

¢
I k- k
Let us show that this formula holds universally, even when

this construction is not possible. Let us assume that B > 1; .

We may legitimately assume that 4 and C are less than g,
for the extreme casc under the elliptic hypothesis where such
is not the fact may easily be treated after the simpler case
has been taken up. We shall still have

. a4 . c . .

sin 5 @ 8in g = sin 4 :sin C.
Let Z be that point of (AC) which makes BE perpendicular
to AC. Let the measures of A%, BE, and CE be o/, ¥V, ¢/,
while the measure of . ABE is A4’ and that of X CBE
is ¢
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b/ l)l
cos 4’ = sy eos(C = 5
tan - od
T ta.n]'
.a .
sin — sin
sind" = —- sinC’ = - @ ’
sin in
k SR
ta.n— o o
B=sin(4’"+0')= ——— (cos > S
sin sin (4’ +C") a (osksmk+co ksm/)
sin 5 sin
k™ k
cos @ cos], cos cos ¢ cos ,
0s 7 = COS — - = COS — CO8 7
cos k% /u- %%
sin 7 o
v :
o (D)
R
. L .. . C .
a'+c =b; sin - = smEsmC'z sin ﬁsmA,
sin & sinb sin +
k k k. (8)

sind _sinB_ sinC

Once more let us suppose that no angle of our triangle
is greater than a right angle, and let D be such a point of
(BC) that 4D 1s perpendmulal to BC:

L
Zj coS ‘k_ . T
= M BD
cos
k
> k t M IT[) +8in -+ ¢ sin —Bl—)]
= F-_M‘BD [cosl—cos 7 7 7
€08 —5—
a a . ¢
=cos cos/ +sin — sm/. cos B.
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If B >7§7 this proof is invalid. Here, however, following

our previous notation

tan® b’c % cos < —sin 4 sin ¢
— €08 < —8in —sin -
r oy [ Ry k™ k
cos B=cos(4'+(") = - s
sin -sin -
k™ k
4 4 ’ 4
a b ¢ c ,
COS ~ = COS - COS —3 COST = COS ~€o0S > b=a'+¢
5% k™ k k k k ’
in? " cos & co8 ¢ sin  sin®
sin? -~ cos — — —8in --sin -
k k k k™ k
cos B = —
. a4 . C
sin 7 sin
cos b cos  cos ~
2 —CO8 . COs—
k k7 k
= ]
sin 2 sin -
Tk
b @ @
cos 7 = 08 ~cos - +sin -sin + cos B. 9)

k k 7 k™ k
A correlative formula may be deduced as follows : *

.U )
Let gin -  sin- sm -
]\7 ]\} /u
sinA ~ sinB~ sinC

— A0,

cos? % + At sin?4 sin?C cos? B—2A%sin A sin C cos B cos ;f

= cos? " cos?
k k

1 —X%gin% B+ A*sin? A sin?C cos” B—2A%sin 4 sin ' cos B cos ll_z =
= 1—A%sin?A —A%sin?C + A* sin? 4 sin2C,
sin? 4 +sin?C'—sin? B
= sin? A4 sin?('sin? ; + 2sin AsinC cos B cos Z 5
1—sin%?4 —sin?(' + sin? A sin?C
= sin? 4 sin?C coszlzf —2sin A sin C cos % cos B + cos® B,

v

* I owe this ingenious trigonometric analysis to my former pupil Dr. Otto
Dunkel.
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]Z—Z sin 4 sinC —cos B,

cosB = —cos A cosC +sin AsinC cos

cos AcosC = cos

0
‘e o)
If ABCD be an isosceles birectangular quadrilateral, the
rigcht angles being at 4 and B,
MCD MAC MBD wMAB . MAG . wmBD
€08 —-— = COS cos cos + sin - sin .
k k k k k k
(11)
The proof of this is left to the reader, as well as the task of
showing that the formulae which we have here established
arc identical with those for a cuclidean sphere of radius k.

. 1
Let him also show that when 2= 0, our formulae pass over

into those for the euclidean plane.
* In finding this formula we have extracted a square root. To be sure

that we have taken the right sign, we have but to consider the limiting
case 4 =0, B=17~C.



CHAPTER V

ANALYTIC FORMULAE

AT the beginning of Chapter I we posited the existence
of two undefined objects, points and distances. Between the
two existed the relation that the existence of two points
implied the existence of a single object, their distance. In
this relation the two points entered symmetrically.

These concepts may be further sharpened as follows.
Leaving aside the trivial case of the null distance, let us
imagine that a distinetion is made between the two points,
the one being called the énitial and the other the terminul
point. The concept distance, where this distinetion is made
between the two points shall be called a directed distunce,
or, more specifically, the directed distance from the initial
to the terminal point. Any not null distance will, thus,
determine two directed distances. The directed distance from

—
A to B shall be written AB. The relations congruent to
greater than, and less than, when applied to directed dis-
tances, shall mean that the corresponding distances have these
relations.
Suppose that we have two congrucnt segments (AB) and
(A4’B’) of the same line. It may be that a congruent trans-
formation which carries the line into itself, and transforms
A and B into A’ and B, also transforms A’ into 4. In this
case the middle point of (44’) will remain invariant, the
extremities of every segment having this middle point will
be interchanged. Such a transformation shall be called a
reflection in this middle point. Conversely, we easily see
that a congruent transformation whereby A goes into A4’,
and one other point of (44") also goes into a point of that
segment, is a reflection in the middle point of the segment.
here are, however, other congruent transformations of the
line into itself besides reflections. For if A go into A’, and
any point of (44’) go into a point not of (44’), then 4 will
be the only point of (44’) which goes into a point thereof,
there will be no invariant point on the line, and we have
a different form of congruent transformation called a transia-
tion. Itis at once evident that every congruent transformation
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of the line into itself is either a reflection or a translation.
The inverse of a translation is another translation; the inverse
of a reflection is the reflection itself.

Theorem 1. The product of two translations is a translation.
The assemblage of all translations is a group.

We see, to begin with, that every congruent transformation
has an inverse. This premised, suppose that we have a
translation whereby A goes into A’, and a second whereby
A’ goes into A”. We wish to show that the product of
these two is not a reflection. Suppose, in fact, that it were.
A point P; of (A4") close to A must then go into another
point P, of (AA”) close to A”. If A’ be a point of (4A4”), the
first translation will carry P, into P, a point of (4’4”), and
as P, is also a point of (A ’A”) the second transformation
would be a reflection, and not a translation. If A4 were
a point of (4°A”), P, would be a point of (44’), and hence
of (4’4”), leading to the same fallacy. If A” were a point of
(44’), P, would belong to the extension of (A’A”) beyond 4’,
and P, would belong to (A’A”) and not to (44").

Let the reader show that the product of a reflection and
a translation is a reflection, and that the product of two
reflections is a translation.

Definition. Two congruent directed distances of the same
line shall be said to have the same sense, if the congruent
transformation which carries the initial and terminal points
of the one into the initial and terminal points of the other be
a translation. They shall be said to have opposite senses
if this transformation be a reflection. The following theorem
is obvious—

Theorem 2. The two directed distances determined by a
given distance have opposite senses.

Suppose, next, that we have two non-congruent directed

distances AB, A'C’" upon the same line, so that A0 > AB.
There will then (XIII) be be & smg]e such point B’ of (4'C") that

AB=A'F. It then, AB and A’B’ have the same sense, we

shall also say that AB and A’C’ have the same sense, or
like senses. Otherwise, they shall be said to have opposite
senses. 'The group theorem for translations gives at once—

Theorem 8. Two directed distances which have like or
opposite senses to a third, have like senses to one another,
and if two directed distances have like senses, a sense hke
(opposite) to that of one is like (opposite) to that of the other,
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while if they have opposite senses, a sense like (opposite)
to that of one is opposite (like) to that of the other.

Let us now make suitable conventions for the measurement
of directed distances. We shall take for the absolute value
of the measure of a directed distance, the measure of the
corresponding distance. Opposite directed distances of the
same line shall have measures with opposite algebraic signs.
If, then, we assign the measure for a single directed distance
of a line, that of every other directed distancc thereof is
uniquely determined. If, further, we choose a fixed origin D
upon a line and a fixed unit for directed distances, every
point P of the line will be completely determined by a single
coordinate —>

MOP

k

In an entirely similar spirit we may enlarge our concepts of
angle, and dihedral angle, to directed angle. We choose an
initial and a terminal side or face, and define as rotations
a certain one parameter, group of congruent transformation
which keep the vertex or edge invariant. We thus arrive
at the concept for scnse of an angle, and set up a coordinate
system for half-lines or half-planes of common bound. If in
the X_ABC, | AB be taken as initial side, the resulting directed

—_—>
angle shall be written 5.4 BC.

We have at last elaborated all of the machinery necessary
to set up a coordinate system in the plane, and nearly all that
is necessary to set up coordinates in space. Let us begin with
the plane, and choose two half-lines | 0.X, | 0¥ making a right
angle. Their lines shall naturally be called the coordinate
awes, while O is the origin. Let P be any point of the plane,

the measure of OP being p, while those of zf_X_O—}’ and X_ YOr
are o and 3 respectively. We may then put

@ = sin

= /csin»]'gcosa,
n = ksin ;: cos 3, (1)

® = COS

EIE

with the further equation
E+n2+ ko = k2
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In practice it is better to use in place of ¢, , ¢ homogeneous
coordinates defined as follows :—

Zq

T Vairaiea)
kx,
= == T et ] 2
x/w02+:c12+w22 2)

(O]

N = —g——m——r— e e
: V&2 + x4 2,2
What shall we say as to the signs to be attached to the
radicals appearing in these denominators? In the hyperbolic
case o is essentially positive, so that the radical must have the
same sign as x,. In the elliptic case it is not possible to have
two points, one with the coordinates &, 7, @ and the other with
the coordinates —§, —1, —w, for their distance would be &k,
and the opposite angle of every triangle containing them both
would be straight, i.e. they might be connected by many
straight lines. On the other hand, it is not possible that
£ n, o and —¢, —n, —o should refer to the same point, for
then that point would determine with itself two distinct
distances, which is contrary to Axiom II. Hence, in every
case, the radical must have a well-defined sign in order that
equations should give a point of our space.
In the limiting parabolic case

E=pcosa, n=pcosB, =1
The formula for the distance of two points P and P’ with
coordinates (), (¢') is

v

p P PP

€08 ———— == €08 -~ €08 -— +sin —-sin - cos (o' —«a
k ke ke ke k ( )
4 4
o, S +m
=00 + —) —-
Ic*
o NPT _ o2 + 2,2 + 2Ty . 3)
/C '\/xoz + Jllz + il}_.': ‘\/xo/2 + wl.,z + a;z,z
- Ems]
> A A
sinMPP= N Ty @ @, .
k /woz ¥+ onlz +at 4)

The signs of the radicals in the denominators are, as we
have seen, well determined. The sign of the radical in the
numerator of (4), should be so taken as to give a positive

COOLIDGE B
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value to the whole. Should we seek the measures of directed
distances on the line PP, then, after the adjunction of the
value of the sign of a single directed distance, that of every
other is completely determined. In the euclidean case

z V(@ — oy ) + (@) — g )? -

0%o

_ Returning to (4) and putting o= x;+dw; we get for the
infinitesimal element of arc

l Ty &y Xy

ds? dxo dx, dz,

KT (@t gt y)

Put x:AiCl, g/:ﬁw—z, d=z+dx, Y=y+dy,
x, £,
_ 2
Q4 Ay + uflw_]w_d_@/l
ds® = " . ()

T
[1+ - J

In the limiting euclidean case 75 = O,
ds? = da? + dy?

Returning to the general case, we may improve our formula
(5) as follows :—

let o= TSI, do= S0TVW
( Vit +f
If dz? +dy® —d2? = d o2, ds=]-“—if-
Put U= 2]%, v:'rik:ll.
k—z c—2
1 + ELZ,_*_UQ —_ _.2._2
akr T k—z’

.2
du? + do? = % [(k—2)2 [da? +dy?]
+ 2 (k—2z) (xdx + ydy) dz + (2* + %) d2*],
22det  kE—g?
2 2— 2
L (@ut v dvp=[dat+ dyr+ T — (b ® d
= do®.

du? +dv? = ds? —

(k —H)
4k?

(/c 7)"
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R u2+v2 -2
ds® = [1 + W} (duz +d'l/2). (6)

Jomparing this with the usual distance formula
ds® = Edu? + 2 Fdudy + Gdv?,
u? 4272
F=o, E:G:[l ESa
Now if K be the measure of curvature of the surface having
this distance formula
1 %logll Ploghk

K= 2K\ dur T )’

4k u? 4 e
|1+ ‘4752“]

wr+v* 1 1 u? v?
Ko [1 u2+v2] [“’ Ve J(QATZ""W)_ZP_W

K=ﬁ°

Theorem 4. The non-euclidean plane may be developed upon
a surface of constant curvature & in euclidean space.

We shall return to questions of this sort in Chapters XV
and XIX * of this work.

Let us now take up coordinates in three dimensions. We
must make some preliminary remarks about the direction
cosines of a half-line. Suppose, in fact, that we have three
mutually perpendicular half-lines, |0X, |0Y, |0Z, and a
fourth half-line |OP. The angles X XOP, X YOP, X ZOP
whose measures shall be a, 3, y respectively, shall be called
the direction angles of the half-line |OP. These angles are
not dirceted, but this will cause no inconvenience, as we shall
introduce them merely through the expressions cosa, cos g,
cosy. These shall be called the direction cosines of the half-
line, O shall be the origin, and OX, 0Y, OZ the coordinate
axes, while the planes determined by them are the coordinate
planes. Take a second half-line | O, with direction cosines

cos o', cos 3, cosy’. We shall imagine that OF and OF are

* The idea of interpreting the non-euclidean plane as a surface of constant.
curvature in euclidean space must certainly have been present to Riemann’s
mind, loc. cit. The credit for first setting the matter in a clear light is,
however, due to Beltrami. Sce his ‘Teoria fondamentale degli spazii di
curvatura costante’, Annali di Matematica, Serie 2, vol. ii, 1868, and * Saggio
d’interpretazione della geometria non-euclidea’, Giornale di Matematicke,
vol. vi, 1868,

E2
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infinitesimal. Under these circumstances, we may find
A, B, C where perpendiculars to the axes through P meet
them, and A’, B, C’ bearing the same relation to /. Let " be
that point of |OP” which makes ¥ PQ’0 a right angle, and let
X_POP’ have a measure §. Now we know that geometry
in the infinitesimal domain obeys the euclidean hypothesis,
hence we have L -
MOQ = MOL cosf +e,

the ¢ is infinitesimal as compared with MOZP. In the same
SPItit Y — MOA cos o + MOB cos B + M OC cosy’ +9.

But clearly MOA = MOP cosa +e¢, &e.
Hence

MOP cosd = mOP [cos a cosa’ + cos B cosB’ + cosy cosy'] +,

or dividing out M OP,

cosf = cosa cosa’ + cos3 cos B’ + cosy cosy. (7)
In particular we shall have
1 = cos?a + cos®B + cos?y. (8)
We now set up our coordinate system as follows :—
___MoP
® = CO8 T ’
OF
&= ksin MOF cos o,
k
. MOP
= ksin ¥ w o CosB, 9)
0P
{=Fksin M](jj cos y,

k2= 2402+ 2+ R2al
From these we pass, as before, to homogeneous coordinates
Xy : &y 1@,y  But first we shall introduce a new symbol :

(y) = @Y + 2,y + @Y + 23, (10)
‘We then write

w = —mo—w = —-—k-@z—,
Var) T V)
k=, — _k_ﬁ; . 11)

= V)’ )
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Here, as in the case of the plane, there is no ambiguity arising
from the double sign of the radical. There is, however, one
modification which we shall occasionally make. We see,
in fact, that in the hyperbolic case, since k* < 0; §, 9, {;  are
real, we must have (2x) < 0, and z, is a pure imaginary. To
remedy this let us write

kicy = ), @&, = @, ¥, = Xy, Ty = ;.
A point will now have real coordinates. This distinction
between coordinates (x) and coordinates (i) shall be con-
sistently maintained in the hyperbolic case.

The cosine of the measure of distance of two points (z) and
() is easily found. We sce at once that we shall have

/
cosMPP = _ﬁvy) — - (12)
ke laa) /(yy)

Let us now sce what effect a congruent transformation will
have upon our coordinates. First take a congruent trans-
formation keeping the origin invariant. We see at once that
the new direction cosines, and so the new coordinates (z’), will
be linear functions of the old ones; for a plane through the
origin will be characterized by a linear relation connecting
the direction cosines of the half-lines with that bound. The
variables £, 1, ¢ are thus linearly transformed in such a way
that £2+7*+ ¢? has a constant value, while ® is unaltered.
Hence ,, @,, «,, @, are linearly transformed so that (2) is an
invariant (relative), i.e. they are subjected to an orthogonal
substitution.

Let us next suppose that we have a congruent transforma-
tion which carries the planes ¢ =0 and 5y = 0 into themselves,
and every half-plane with this axis as bound into itself.
The assemblage of all such transformations will form a one-
parameter group, and this group may be represented by

= cosgl +§sin(g
W =0 % i ]
=4
1=n, g p
= —cosin]‘5 +CCOS'IE‘
We see, in fact, that by this transformation every point
receives just the coordinates that it would obtain by a
translation of the axis OZ into itself through a distance d,

so enlarged as to carry into itself every half-plane through
that axis. Once more we find that, in the coordinates (x),
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this will be an orthogonal substitution. Now, lastly, every
congruent transformation of space may be compounded out
of transformations of these two types. Hence:

Theorem 5. Every congruent transformation of space is
represented by an orthogonal substitution in the homogeneous
variables a,:x,:@,: ;.

In Chapter VIII we shall make a detailed study of these
congruent transformations, For the present, let us begin by
noticing that the coordinate planes have linear equations, and
as we may pass from one of these to any other plane by
linear transformations, so the equation of any plane may
be written

(Ux) = woZy+ U 2y + gy + Uy = 0.

We see that (xy), (ux), (wv) are concomitants of every
congruent transformation, and we shall use them to find
expressions for the distance from a point to a plane and the
angle between two planes. The existence of the former of
these quantities is contingent upon the existence of a point
in the plane determining with the given point a line perpen-
dicular to the plane.

Let the plane (u) be that which connects the axis , =2,=0
with the point (y). Its equation is y,z,—y,x, =0. The
cosines of the angles which this makes with the plane v,2,=0
are the x, direction cosines of the two half-lines of OP. If
then, the measure of the angle be ¢, we have

080 = 2_/_2.ww vlyz _(jw) .
/yl +y,° ‘/./ v yz ‘/Ul “/(“u) 1'/(vv)
But both sides of this equation are absolute invariants for all
congruent transformations. Hence, we may write, in general :

(ur) (13)

o8l = ——= = .
v {uw) v (w)

We find the distance from a point to a plane in the same
way. Let the point be (x) and d the distance thence to the
point where a perpendicular to the plane u,z, = 0 meets it,
this being, by definition, the distance from the point to the
plane.

5 Z Uy ¥y

gln - = - =
k™ k— «/ (xw) V(a (.1:.1,) v (u (uu)
Once more we have an invariant form, so that, in general :
d (uz)
SN + = ——————— 14
k™ Viuw) (uu) v(ax) (xx) (14)
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The sign of +/(xx) is determined. As for that of +/(uu), by
reversing it, we get opposite directed distances of the same line.

We have now reached the end of the first stage of our
journey. Our system of axioms has given us a large body
of elementary doctrine, a system of trigonometry, and a
system of analytic geometry wherein the fundamental metrical
invariants are easily expressed. All of these things will be of
use later. At present our task is different. We must show
that the system of axioms which has carried us safely so far,
will not break down later; i.e. that these axioms are essen-
tially compatible. We must also grapple with a disadvantage
which has weighed heavily upon us from the start, rendering
trebly difficult many a proof and definition. In Axiom XI we
assumed that any segment might be extended beyond either
cxtremity. Yes, but how far may it be so extended? This
question we have not attempted to answer, but have dealt
with the geometry of such a region as the inside of a sphere,
not including the surface. In fact, had we assumed that every
segment might be extended a given amount, we should have
run into a difficulty, for in elliptic space no distance may have
a measure k7 under our axioms.

The matter may be otherwise stated. Every point will
have a set of coordinates in our system. What is the extreme
limit of possibility for making points correspond to coordinate
sets, and what meaning shall we attach to coordinates to
which no point corresponds? We must also adjoin the com-
plex domain for coordinates, and give a new interpretation to
our fundamental formulae (12), (13), (14) covering the most
general case. Then only shall we be able to continue our
subject in the broadest and most scientific spirit.



CHAPTER VI

CONSISTENCY A SIGNIFICANCE OF THE AXIOMS

THE first fundamental question suggested at the close of
the last chapter was this. How shall we show that those
assumptions which we made at the outset are, in truth,
mutually consistent? We need not here go into that elusive
question which bothers the modern student of pure logie,
namely, whether any set of assumptions can ever be shown
to be consistent, All that we shall undertake to do is to
point to familiar sets of objects which do actually fulfil our
fundamental laws.

Let us begin with the geometry of the euclidean hypothesis,
and take as points any class of objects which may be put into
one to one correspondence with all triads of values of three
real independent variables @, %, z. By the distance of two
points we shall mean the positive value of the expression

V(@ —x)i+ (Y =)+ (F —2)-
The sum of two distances shall be defined in the arithmetical
sense. It is a perfectly straightforward piece of algebra to
show that such a system of objects will obey all of our axioms
and the euclidean hypothesis; hence the consistency of our
axioms rests upon the consistency of the number system,
and that we may take as indubitable. Be it noticed that
we have another system of objects which obey all of our
axioms if we make the further assumption that
2+ y?+2% <|.

The net result, =o far, is this. If we take our fundamental
agsumptions and the euclidean hypothesis, points and dis-
tances may be put into one to one correspondence with
expressions of the above types; and, conversely, any system
of geometry corresponding to these formulae will be of the
euclidean type. The elementary geometry of Euclid fulfils
these conditions. In what immediately follows we shall
assume this geometry as known, and employ its terminology.

Let us now exhibit the existence of a system of gcometry
obeying the hyperbolic bypothesis. We shall take as our
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class of points the assemblage of all points in euclidean space
which lie within, but not upon, a sphere of radius unity.
We shall mean by the distance of two points one half the
real logarithm of the numerically larger of the two cross ratios
which they make with the intersections of their line with
the sphere. The reader familiar with projective geometry
will see that the segment of two points in the non-euclidean
sense will be coextensive with their segment in the euclidean
sense, and the congruent group will be the group of collinea-
tions which carry this sphere into itself. Lastly, we see that
we must be under the hyperbolic hypothesis, for a line is
infinitely long, yet there is an infinite number of lines through
a given point, coplanar with a given line, which yet do not
meet it.

The elliptic case is treated similarly. We take as points
the assemblage of all points within a euclidean sphere of

. U S
small radius, and as the distance of two points 23 times, the

natural logarithm of a cross ratio which they determine with
the intersection of their line with the imaginary surface
i+ x4+t = 0.

By a proper choice of the cross ratio and logarithm, this
expression may be made positive, as before. The congruent
group will be so much of the orthogonal group as carries
at least one point within our sphere into another such point.
The elliptic hypothesis will prevail, for two coplanar lines
perpendicular to a third will tend to approach one another.

We may obtain a simultaneous bird’s-eye view of our three
systems in two dimensions as follows. Let us take for our
class of points the assemblage of all points of a euclidean
sphere which are south of the equatorial circle. We shall
define the distance of two points in three successive different
ways :—

(#) The distance of two points shall be defined as the
distance which the lines connecting them with the north pole
cut on the equatorial plane. A line will be a circle which
passes through the north pole. If we interpret the equatorial
plane as the Gauss plane, we see that the congruent group
will be Z=az+p3, oa=l,
or rather so much of this group as will carry at least one

oint of the southern hemisphere into another such point.
t is evident from the conformal nature of the transformation
from sphere to equatorial plane, that we are under the
euclidean hypothesis.
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(b) The distance of two points shall be defined as one half
the logarithm of the cross ratio on the circle through them
in a vertical plane which they determine with the two
interscctions of this circle and the equator. A line here will
be the arc of such a circle. The congruent group will be
that group of (euclidean) collineations which carries into
itself the southern hemisphere. A line will be infinitely
long, yet there will be an infinite number of others through
any chosen point failing to meet it; ie. we are under
the hyperbolic hypothesis.

(¢) The distance of two points shall be defined as the length
of the arc of their great circle. Non-euclidean lines will be
ares of great circles. Congruent transformations will be
rotations of the*sphere, and it is easy to sce that the sum
of the angles of a triangle is greater than a straight angle ;
we are under the elliptic hypothesis.

We have now shown that our system of axioms is sufficient,
for we have been able to introduce coordinates for our points,
and analytic expressions for distances and angles. The axioms
are also compatible, for we have found actual systems of
objects obeying them. Compared with these virtues, all other
qualities of a system of axioms are of small import. It will,
however, throw considerable light upon the significance of
these our axioms, if we examine in part, their mutual
independence, by examining the nature of those geometrical
systems where first one, and then another of our assumptions
is supposed not to hold.

Axiom XIX is popularly known as the axiom of frec
mobility, or rather, it is the residue of that axiom when we
are confined to a limited space. It puts into precisc shape
the statement that figures may be moved about freely without
suffering an alteration either in size or form. We have defined
congruent transformations by means of the relation congruent
which is itself defined in the logical sense, but not de-
scriptively. We might, of course, have proceeded in the
reverse order* The ordinary conception in the elementary
textbooks seems to be that two figures are congruent if they
may be superposed ; superposed means that they may be
carried from place to place without losing size or shape, and
this in turn implies that throughout the transfercnce, each
remains congruent to itself. }

With regard to the independence of this axiom, we have but

* Cf. Pieri, loc. cit.

1 Cf. Veronese, loc. cit., p. 259, note 1, and Russell, The Principles of Mathe-
matics, vol. i, Cambridge, 1903, p. 405.
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to look at any system where the measure of distance in one
planc is double that of all the rest of space. A triangle having
two vertices in this plane, and one elsewhere, could not be
congruently transformed into a triangle of a different sort.

Axiom XVIII is the axiom of continuity. We have laid
special stress on it in the course of our work, although the
subject of elementary gcometry may be pushed very far
without its aid.* We are not here concerned with the
question of the wisdom of such attempts, considered from
the didactic point of view. Systems of geometry where this
axiom does not hold will occur to every reader; e.g. the
Cartesian euclidean system where all points whose coordinates
are non-algebraic are omitted. It is interesting to note that
whereas the omission of XIX runs directly counter to our
sense experience, no amount of observation could tell us
whether or no our geometry were continuous.t

Axiom XVII is an existence theorem, not holding where
the geometry of the plane is alone considered. It is a very
curious fact that the projective geometry of the plane is not
entirely independent of that of space, for Desargues’ theorem
that copolar triangles are also coaxal cannot be proved
without the aid either of a third dimension, or of the con-
gruent group.

Axiom XVI gives a eriterion for circumstances under which
two lines must necessarily intersect. It is evident that
without some such criterion we should have difficulty in
proceeding any distance at all among the descriptive pro-
pertics of a plane. It is difficult to show the independence
of this axiom. The only dense system of geometry known
to the writer where it is untrue is the following. §

Let us denote by R the class of all rational numbers whose
denominators are of the form

(@74 b2 (02 +52) .. (2,241,
where a; and b; are integers or one may be zero. Let us
take as points the assemblage of all points of the euclidean
plane whose Cartesian coordinates are rational numbers
of the class R. The whole field will be transported into
itself by a parallel translation from any one point to any
other. Moreover, let @, y and 2/, % be the coordinates of two

* Cf. Halsted, loc. cit.

+ Cf. R. L. Moore, loc. cit.

1 Cf. Hilbert, loc. cit., p. 70 ; Moulton, ¢ A simple non-desarguesian plane
geometry,” Transactions of the American Mathematical Society, vol. iii, 1902;
Vahlen, loe. cit., p, 67.

§ Cf. Levy, loc. cit., p. 32.
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points of the class, where 2?+ 9% = 2’2+ 2. We may imagine
in fact that

P, 9, g P O PHE_pPHq”
m_s, y_S, w._s, y—s: &z = o
Then the cosine and sine of the angle which the two points

subtend at the origin will be respectively

A O &

- TR S

Pigt T P
and these are numbers of the class B. The whole field will
go into itself by a rotation about the origin. Our system
will, therefore, obey XIX. It is of course two-dimensional
and not continuous. Moreover XVI will not hold, as the
reader will see by easily devised numerical experiments.

There are, also, plenty of geometries of a finite number
of points where this axiom does not hold.*

Axiom XV is, of course, an existence theorem, untrue in the
geometry of a single line.

Axiom XIV gives the fundamental property of straight
lines. As an example of a geometry where it does not hold,
let us consider the assemblage of all points within a spherc
of radius one, and define as the distance of two points the
length of an arc of a circle of radius two which connects them.
The segment of two points is thus a cigar-shaped region
connecting them. We sce that the extensions of such a scg-
ment and the segment itself do not comprise the segment
of two points within the original, and the extensions of the
latter. Axioms XII and XIII arc also in abeyance, and it
seems possible that these three axioms are 'not mutually
independent. The present writer is unable to answer this
question.

Axiom XTI implics that space has no boundary, and will be
untrue of the geometry within and on a sphere.

The first ten axioms amount to saying that distances are
magnitudes among which subtraction is always possible, but
addition only under restriction.

* Veblen, loc. cit., pp. 850-51.



CHAPTER VII

THE GEOMETRIC AND ANALYTIC EXTENSION
OF SPACE

WE are now in a position to take up the second of those
fundamental questions which we proposed at the close of
Chapter V, namely, to determine what degree of precision
may be given to Axiom XI. This axiom tells us that,
popularly speaking, any segment may be extended beyond
either end. How far may it be so extended? Are we able
to state that there exists a system of geometry, consistent
with our axioms, where any segment may be extended by

any chosen amount? Or, in more precise language, if 4B
and P be given, can we always find C so that
AC= AB+BC, BC=PQ.

We are already able to answer this question in the euclidean
case, and answer it affirmatively. We have scen that there
is no inconsistency in that system of geometry, where points
arc in one to one correspondence with all triads of (rcal and
finite) values of three coordinates z, ¥, 2, and where distances
are given by the positive values of expressions of the form

N e e )
Here, if, as we have said, we restrict the values of z, 7, 2
merely to be real and finite, we have a space under the
euclidean hypothesis, where any segment may be extended
beyond either cxtremity by any desired amount. Such a
space shall be called euclidean space.

The same result will hold in the hyperbolic case. We shall
have a consistent geometrical system if we assume that our
points are in one to one correspondence with values

Ty @y &y dy, k%<0,
k22 + a2 + @,% + &% < 0.
Here, also, there will exist on every line distances whose
measures will be as large as we please. The space under the
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hyperbolic hypothesis, where any segment may be extended
by any chosen amount shall be called hyperbolic space. To
put the matter otherwise, we shall have euclidean or hyper-
bolic geometry if we replace Axiom XII by :—

Axiom XII”. If the parabolic or hyperbolic hypothesis be

true, and if AB and FQ be any two distances, then there
will exist a single point C, such that
AC = AB+ BC, BC=TqQ.
When we turn to the elliptic case, we find a decidedly
different state of affairs. Suppose, in fact, that there is a one
to one correspondence between the assemblage of all points,

and all sets of real values z,:2,:@,:2,. The distance of two
points will depend upon the periodic function

o0s1 —:_(—{m/—)——— .
V(@) v (yy)
If, to avoid ambiguity, we assume that the minimum positive
value should be taken for this expression, we should easily
find two not null distances, whose sum was a null distance,
which would be in disagreement with Axiom X.

The desideratum is this. To find a system of geometry
where each point belongs to a sub-class subject to Axioms I-XIX,
and the elliptic hypothesis, and where each segment may still
be extended by any chosen amount, beyond either end.

Axiom I. There exists a class of objects, containing at
least two members, called points.

Axtom II'. Every point belongs to a sub-class obeying
Axioms I-XIX.

Definition. Any such sub-class shall be called a consistent
7egLON.

Axrom IIT'. Any two consistent regions which have a
common point, have a common consistent region including
this point and all others determining therewith a sufficiently
small, not null, distance.

Axiom IV’. If P, and P,,, be any two points there may
be found & finite number n of points P}, P,, I’;... P, possessing
the property that each set of three successive ones belong to
a consistent region, and P, is within the segment (P},_; Py, ,).

Definition. The assemblage of all points of such segments,

and all possible successive extensions thereof shall be called
a line.
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An important implication of the last axiom is that any two
points may be connected (conceivably in many ways) by
a chain of consistent regions, where each successive pair
havo a consistent sub-region in common. This shows that
if we set up a coordinate system like that of Chapter V in
any consistent region, we may, by a process of analytic ex-
tension, reach a set of coordinates for every point in space.
We may also compare any two distances. We have merely
to take as unit of mecasure for one, a distance so small, that
a distance congruent therewith shall exist in the first three
overlapping consistent rcgions; a distance congruent with
this in tho second three and so on to the last region, and then
compare the measures of the two distances in terms of the
first unit of measure, and the unit obtained from this by the
series of congruent transformations. Let the reader show that

>
if once we find AB = PQ the same relation will hold if we
<
proceed by any other string of overlapping regions. Having
thus defined the congruence of any two distances, we may
state our axiom for the extension of a segment, as follows :—

Axtom V. If AB and I’Q be any two distances, there
exists a single point C such that BC = P(), while B is
within a segment whose extremities are C and a point
of (AB).

An important corollary from this axiom is that there
must exist in the elliptic case a point having any chosen set
of homogeneous coordinates (z) not all zero. For, let (y) be
the coordinates of any known point. Consider the line
through it whose points have coordinates of the form

A(y) +p(x). As we proceed along this line, the ratio A il

®
always change in the same sense, for such will be the case
in any particular consistent region. Moreover we may, by
our last axiom, find a number of successive points such that
the sum of the measures of their distances shall be k.

Between the first and last of these points the value of A will

have run continuously through all values from —o0 to o,
and hence have passed through the value 0, giving a point
with the required coordinates.

The preceding paragraph suggests two interesting questions.
Is it possible that, by varying the method of analytic ex-
tension, we might give to any point two different sets of
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homogeneous coordinates in the same system? Is it possible
that two different points should have the same homogeneous
coordinates? With regard to the first of these questions, it
is a fact that under our hypotheses a point may have several
different sets of coordinates, as we shall see at more length
in Chapter XVIL. For the present it is, however, wiser to limit
ourselves to the classical non-euclidcan systems, where a point
has a unique set of coordinates. We reach the desired
limitation by means of the following considerations.

A sufficiently small congruent transformation of any con-
sistent region will effect a congruent transformation of any
chosen sub-rogion, and so of any consistent region including
this latter. It thus appears that if two consistent regions
have a common sub-region, a sufficiently small congruent
transformation of the one may be enlarged to be a congruent
transformation of the other. Proceeding thus, if we take any
two consistent regions of space, and connect them by a series
of overlapping consistent regions, then a small congruent
transformation of the one may be analytically extended to
operate a congruent transformation in the other. Will the
original transformation give rise to the same transformation
in the second space, if the connexion be made by means of
a different succession of overlapping consistent regions ? It
is impossible to answer this question a priori; we therefore
make the following explicit assumption:—

Axiom VI'. A congruent transformation of any consistent
region may be enlarged in a single way to be a congruent
transformation of every point.

Evidently, as a result of this, a congruent transformation
of one consistent region can be enlarged in only one way
to be a congruent transformation of any other. Let us next
observe that it is impossible that two points of the same
consistent region should have the same coordinates in any
system. Suppose, on the contrary, that P and @ of a con-
sistent region have the coordinates (z). There will be no
limitation involved in assuming that the coordinate axes were
set up in this consistent region, and the coordinates of P found
directly as inChapter V,while those of ¢ are found by an analytic
extension through a chain of overlapping consistent regions.
Now it is not possible that every infinitesimal congruent
transformation which keeps P invariant shall also keep @
invariant, so that a transformation of this sort may be found
transforming each overlapping consistent region infinitesimally,
and carrying ¢ to an infinitesimally near point @". But in
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the analytic expression of this transformation, in the form
of an orthogonal substitution (in the non-cuclidean cases)
the values (x) will be invariant, so that Q” will also have
the coordinates (x), and by the same chain of extensions as
gave these coordinates to ). Hence, reversing the order of
extensions, when we set up a coordinate system in the last
consistent region, that which includes @ and @', these two
points will have the same coordinates. But this is impossible
for the coordinate system explained in Chapter V, for a con-
sistent region gives distinet coordinates to distinet points.
This proof is independent of Axiom VI

Our desired uniquencss of coordinate sets will follow at
once from the foregoing. For, suppose that a point P have
two sets of coordinate values () and (2’), not proportional
to one another, Every infinitesimal transformation which
keeps the values (x) invariant, will either keep («’) invariant,
or transform them infinitesimally, let us say, to a sct of
values (). But there is a point distinet from 2 and close to
it which has the coordinates (2”), and this gives two points
of a consistent region with these coordinates, which we have
Jjust seen to be impossible. Henee, the ratios of the coordinates
(z,/) must be unaltered by every infinitesimal orthogonal
substitution which leaves (x) invariant, i.e. «)= px;. It is
evident, conversely, that if each point have but one set of
coordinates, Axiom VI’ must surely hold.

It is time to attack the other question proposed above,
by supposing that two distinet points shall have the same
homogeneous coordinates. They may not lie in the same
consistent region, and every congruent transformation which
leaves one invariant, will leave the other unmoved also.
Let us call two such points equivalent. KEvery line through
one of these points will pass through the other. For let
a point () on a line through one of the points have coor-
dinates (y). We may connect it with the other by a line,
and the two lines through (@) lie in part in a consistent
region, the coordinates of points on each being represented
in the form Ay; + pa;. The two lines are identical.

Let us consider the assemblage of all points whose coor-
dinates are linearly dependent on those of three non-collinear
points. This assemblage of points may properly be called
a plane, for those points thereof which lie in any consistent
region will lic in a plane as defined in Chapter IL. It is
clearly a connex assemblage, and will contain cvery line
whereof it contains two non-equivalent points. Let (y), (z), (£)
be the coordinates of three points, no two of which are

COOLIDGE F
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equivalent. Let us consider the point (x) whose coordinates
are (uz) = |wyet|.

In the elliptic case, as we have seen, such a point surely
exists. In the hyperbolic or parabolic cases, there might not
be any such point. It is clear, however, that in these cases,
there can be no equivalent points. Suppose, in fact, £, and
P, ., were equivalent. Connect them by a line whereon are

1 Lyoo. Py Move this line slightly so that the connecting
strmg of pomts are I’/, P,/ ... P/, very near to the former
points. We have constructed two triangles, and (n—1)
quadrilaterals, and as we are under the hyperbolic or euclidean
hypothesis, the sum of the measures of the angles of all the
triangles and quadrilaterals will be less than, or equal to
7-+(n—1) m+m But cleax]y the sum of the measures of
the angles at points £°; and P/ is 2nm, so that the sum of the
two ancrles which the two lines make at P, and P, is null
or negative; an absurd result. Equivalent points can then
occur only under the elliptic hypothesis, and there will surely
be a point P with the coordinates (x) above.

Let us next make a congruent transformation whereby P
goes into an equivalent point /', the planc of (y) (2) () goes
into itself congruently, for it constitutes the assemblage of all
points satisfying the condition (2X) =0, and (wX) is an
invariant under every orthogonal substitution. After I has
been carried to I”’, each point of the plane may be returned
to its original position by mcans of a secries of congruent
tra,nsformatlons each too small to change P’ to an equwalent
point, yet keeplng the values (z) mva.ua.nt coupled, at the
end, with a reflection in a plane perpendlcu]ar to the given
one, in case the determinant of the original orthogonal
substitution is negative, and this too will leave P’ unchanged.
We may therefore pass from £ to any equivalent point by
a transformation which leaves in place every point of a plane.
But there is only one congruent transformation of space
which leaves cvery point of a plane invariant, besides, of
course, the identical one. Hence every point in space can
have but one equivalent at most.

Our results are, then, as follows. Under the euclidean and
hyperbolie hypotheses, there is but one point for each set
of coordinates, and our new Axioms I-VI" wili yield us
nothing more than euclidean or hyperbolic space. Under the
elliptic hypothesis there are two possibilities :—

Elliptic space. This is a space obeying Axioms I-VI’, and
the elliptic hypothesis. If n successive segments whose
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kw . o 3 .
mneasures are - be taken upon a lino as indicated in V’, the
v

last extremity of the last segment will be identical with
the first extremity of the first. Two lines of the same plane
will have one and only one common point, so that no point
has an equivalent. We may take as a consistent region the
assemblage of all points whose distances from a given point

arc of measure less than -kf If two points be of such a

nature that the expression for the cosine of the measure of
the Lth part of their distance vanishes, we shall say that the
measure of their distance is 7} Two points will always
have a determinate distance and a single segment, unless the
measure of their distance is ]Z.)f ,
two secgments with the same extremities. These last two
segments may also, with propriety, be called half-lines. The
definition of an interior angle given in Chapter 11 may be
retained, but the concept of half-plane is illusory, for a line
will not divide the plane. It may, however, be modified
much as we have modified the definition of a half-line, and
from it a definition built up for a dihedral angle. We leave
the details to the reader. "An example of elliptic geometry
will be furnished by any set of points in one to one corre-
spondence with all sets of homogcneous values z,: @, : 7, :

in which case they determine

where also cos d = ~—_(—li)~—: - Forinstance,let us take as
b V) (yy)

points concurrent lines of a four dimensional space (euclidean,

for example) and mean by distance the measure of the angle

= —gformcd by two lines.

Spherical space. This is also a space obcying Axioms I-VI”
and the elliptic hypothesis. Each point will have onc equiva-
lent. If n successive congruent distances be taken upon
a line whose measures are ]l;;f : the last extremity of the last
will be equivalent to the first cxtremity of the first. We
may take as a consistent region the assemblage of all points
the measures of whose distances from a given point are less

/ .
than %T The measure of the distance of two equivalent

points shall be defined as the number k#. Any two non-
F 2
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equivalent points will have a well-defined segment. We may
find a definition for a half-line analogous to that given in
the elliptic case, and so for half-plane, internal angle, and
dihedral angle.

An example of spherical geometry will be furnished by the
geometry of a hypersphere in four dimensional euchdean
space, meaning by the distance of two points, the length
of the shorter arc of a great circle connecting them.

A simple example of a two dimensional clliptic geometry
is offered by the euclidean hemisphere, where opposite points
of the limiting great circle are considercd as identical. A two
dimensional spherical geometry is clearly offered by the
cuclidean sphere.

The elliptic and spherical spaces which we have thus built
up are, in one respect, more complete than cuclidean or
hyperbolic space, in that there is in the first two cases always
a point to correspond with every set of real values, not all
zero, that may be attached to our four homogeneous coor-
dinates , while in the latter cases this is not so. We bring
our euclidean and hyperbolic geometries up to an equality
with the others by oxtending our concept point. Let us begin
with the euclidean case where there is a point corresponding
to every real set of homogencous values x,:x;:,:;, pro-
vided that a,7% 0. Now a set of values 0:y, :y,:y, will
determine at cach real point (z) a line, the coordinates of
whose points are of the form Ay, +ux;, and if (x) be varied
off of this line, we get a second line coplanar with the first.
Our coordinates 0:%,:%,:%, will thus serve to determine
a bundle of lines, and this will have exactly the same
descriptive properties as a bundle of concurrent lines. We
may therefore call the bundle an ideal point, and assign to
it the coordinates (y). Two ideal points will determine a
pencil of plancs having the same descriptive properties as
a pencil of planes through a common line. We shall there-
fore say that they determine, or have in common, an tdeal
line. Two lines whose intersection is ideal shall be said
to be parallel, as also, two planes which mect in an ideal
line. These definitions of parallel are for euclidean space
only. The assemblage of all ideal points will be characterized
by the equation —0

z,= 0.
This we shall call the equation of the ideal plane which is
supposed to consist of the assemblage of all ideal points.
Ideal points and lines shall also be called infinitely distant,
while the ideal plane is called the plane at infinity. We shall
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in future use the words point, line, and plane to cover both
ideal elements and those previously defined, which latter may
be called, in distinetion, actual. Actual and ideal elements
stand on exactly the same footing with regard to purely
descriptive properties. No congruent transformation can
interchange actual and ideal clements. We shall later return
to the meaning of such words as distance where ideal eloments
enter.

In the hyperbolic case we may apply the same prineciples
with slight modification. There will be a real point corre-
sponding to each set of real homogeneous coordinates (z) for
which k26?4 62 + 3,2 + 8,2 < O.

A set of real homogeneous values for (), for which this
inequality does not hold, will determine a bundle of lines,
onc through every actual point, any two of which are
coplanar; a bundle with the same descriptive properties as
a bundle of concurrent lines. We shall therefore say that
this bundle dctermines an ideal point having the coordinates

(#). If K22+ a2+ a2+ a7 = 0,
the ideal point shall be said to be enfinitely distant. If
22 422 +dt a2 > 0,
the ideal point shall be said to be wltra-infinite. Two lines
having an infinitely distant point in common shall he called

parallel.  Through cach actual point will pass two lines
parallel to a given line. An equation of the type

. 1., a0, . .y
(ug) = 0, 2 o'+ W+ w2+, > 0,

will give a plane. If the inequality be not fulfilled, the assem-
blage of all ideal points whose coordinates fulfil the equation
(and there can be no actual points which meet the requirement)
shall be called an ideal plane, the coefticients (&) being its
coordinates. There will thus be a plane corresponding to
each set of real homogeneous coordinates (%) not all zero.
An ideal line shall be defined as in the euclidean case, and
the distinetion between actual and ideal shall be the same
as there given. No congruent transformation, as defined so
far, can interchange actual and ideal elements.

Let us take account of stock. By the introduction of ideal
elements we have made each of our spaces a real analytic
continuum. In all but the spherical case there is a one to
one correspondence between points and sets of real homo-
geneous values not all zero, in spherical space there is a one
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to one correspondence of coordinate set and pair of equivalent
points. Each of our spaces will fulfil the fundamental
postulates of projective geometry, as we shall develop them
in Chapter XVIII, or as they have already been developed
elsewhere.* Let us show hurriedly, how to find figures to
correspond to imaginary coordinate values. Four distinet
points will determine six numbers called their cross ratios,
which have a geometrical significance quite apart from all
concepts of distance or measurement.f An involution will
arise when the points of a line are paired in such a reciprocal
manner that the cross ratios of any four are equal to the
corresponding cross ratios of their four mates. If there be
no self-corresponding points, the involution is said to be
elliptic. If the points of a line be located by means of
homogeneous coordinates A:p, it may be shown that every
involution may be expressed in the form

AN +B (M +Np)+C pp’' = 0.

In particular if (y) and (2) be the coordinates of two points,
there will exist an involution on their line determined by the

CAALONS (1) = M)+ 12 ()= k(y)—A(2)

and by a proper choice of running coordinates any eclliptic
involution may be put into this form. Did we seek the
coordinates of self-corresponding points in this involution,

we should get @) = () +7(2).

Conversely, every set of homogencous complex values (y) +4(z)
will lead us in this way to a definite elliptic involution.
The involution may be taken to represent the two sets of
conjugate imaginary homogeneous values. We may scparate
the conjugate values by the following device. It is not difficult
to show that if a directed distance be determined by two
Hoints, it will have the same sense as the corresponding

irected distance determined by their mates in an elliptic
involution. To an elliptic involution may thus be assigned
either one of two senses of description, and we shall define
as an imaginary point an elliptic involution to which such
a sense has been attached. Had we taken the other sense,
we should have said that we had the conjugate imaginary

* Cf. Pieri, ‘I principi della geometria di posizione.” Memorie della
R. Accademia delle Scienze di Torino, vol. xlviii, 1899.

+ Cf. Pasch, loc. cit., p. 164, and Chapter XVIII of the present work.
The idea of assigning to four collinear points a projectively invariant
number originated with Von Staudt, Beitrige zur Geomelrie der Lage, Part 2,
§§ 19-22, Erlangen, 1868-66.
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point. An imaginary plane may similarly be defined as an
elliptic involution among the planes of a pencil, with a
particular scnse of description; an imaginary line as the
intersection of two imaginary planes. It may be shown
geometrically that by introducing imaginary elements under
thesc definitions we have a system of points, lines, and planes,
obeying the same descriptive laws of combination as do the
real points of lines and planes of projective geometry, or
the assemblage of all real homogeneous coordinate sets, which
do not vanish simultaneously.* Introducing these imaginary
expressions, and the corresponding complex values for their
homogeneous coordinates, we extend our space to be a perfect
apalytic continuum,

We must now see what extension must be given to the
concept distance, in order to fit the extended space with
which we are, henceforth, to deal. To begin with, we shall
from this time forth identify the two concepts distwnce and
measure of distance. In other words, as the concept distance
comes into our work cffectively only in terms of its measure,
i e. as a number, so we shall save circumlocution by replacing
the words measure of distance by distwnce throughout. The
distance of two points is thus dependent upon the two points,
and on the unit. In any particular investigation, howcver,
we assume that the unit is well known from the start, and
disregard its existence. We therefore give as the definition
of the distance of two points under the euclidean hypothesis

d= =
Lo Yo
This is, at worst, a two valued function. When it takes
a real value, we give the positive root as the distance, when
it is imaginary we may make any one of several simple
conventions as to which root to take. If one or both of the
points considered be ideal, the expression for distance becomes
infinite, unless also the radical vanishes when no distance is
determined. Under these circumstances we shall leave the
concept of distance undefined, thus getting pairs of points
disobeying Axiom II'. Notice also that whenever the radical
vanishes for non-ideal points we have points which are
distinct, yet have a null distance, and when such points
are included, Axiom XIII may fail.
We shall in like manner identify the concepts wngle and

V(@ =)+ (0= )" + (2 — ) (1)

* COf. Von Staudt, loc. cit., § 7, and Liiroth, ¢ Das Imaginiire in der Geometrie
und das Rechnen mit Wurfen,” Mathematische Annalen, vol. ix.
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measure of angle in terms of the unit which gives to a right
™
5
We may proceed in a similar manner in the non-euclidean
cases. If (z) and (y) be the coordinates of two points, we
shall define as their distance d, the solution of
d (y)
COS + = " . 2
b Vi) v yy) @)
This equation in d has, of course, an infinite number of
solutions. Before taking up the question of which shall be
called the distance of the two points, let us approach the
matter in a different, and highly interesting fashion due to
Cayley.* This theory is of absolutely fundamental impor-
tance in all that follows.
The assemblage of points whose coordinates satisfy the

equation (@r) = 0, 3)

shall be called the Absolute. This is a quadric surface, real
in the hyperbolic case, surrounding, so to speak, the actual
domain ; imaginary in the elliptic and spherical cases; in the
last-named, it is the locus of points which coincide with their
equivalents. Every congruent transformation is an orthogonal
substitution, i.e. a lincar transformation carrying the Absolute
into itself. Let us, by definition, enlarge our congruent group
so that every such transformation shall be called congruent;
certainly it carries a point into a point, and leaves distances
unaltercd. In the euclidean case we take as Absolute the
conic

angle the measure

2, =0, zi+a+x=0, (4)

and define as congruent transformations a certain six-parameter
sub-group of the seven-parameter collineation group which
carries it into itself. We shall return to the study of the
congruent group in the next chapter.

Returning to the non-cuclidean casos, let us take two
points P, P, with coordinates (x) and (y), and let the line
connecting them meet the Absolute in two points @, Q,. We
obtain the coordinates of these by putting A(z)+u(y) into
the equation of the Absolute. The ratio of the roots of this
equation will give one of the two cross ratios formed by
the pair of points P, P, and the pair @,Q,; interchanging

* Cayley, ¢ A sixth memoir on Quantics,” Philosophical Transactions of the
Royal Society of London, 1859.
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the roots we get the other cross ratio of the two pairs of
points *. The value of such a cross ratio will thus be

(@y) + ¥ (2y) — (@2) (yy)
(2y) = /() ~ (2) (yy)
By interchanging the signs of the radicals we change this

cross ratio into its reciprocal, and this amounts to inter-
changing the members of one of the two point pairs. Let us

2id

denote this expression by ek -

S _ (o) + ¥ ) () —(ay)?
v (rx) v (yy)

1
cos = (U

b Viws) Vigy)

If we write the cross ratios of the pair of points P, P, and
the pair @,Q, as (P, ,, Q,Q,), we may re-define our non-
euclidean distance by the followmrr theorem :—

(5)

Theorem. If d be the distance of two points P, and 2,
whose line meets the Absolute in @, and €.,

A= ) dog, (PP, 0,0,) (6)

The great beauty of this definition is that it brings into
clear relief the connexion between distance and the congruent
group, for the cross ratio in question is, of course, invariant
under all linear transformation which carry the Absolute
into itself, i.c. under ail congruent transformations. Let the
reader show that a corresponding projective definition may
be given for an angle.

Our distances, as so far defined, are infinitely multiple
valued functions. There is no great practical utility in
rendering them single valued by definition. It is, however,
perhaps worth while to carry it through in one case.

If we have two real points of the actual domain, the
expression (I, P,, Q]Qz) will have two values, real in the
hyperbolie, pure imaginary in the elliptic and sphencal case,
and these two are reciprocals, so that the resulting expressions
for d will differ only in sign, for each determination of the
logarithm. We may therefore take the distance as positive.

* For the geometrical interpretation of a cross ratio when some of the
elements are imaginary, see Von Staudt, loc. cit., § 28, and Liiroth, loe. cit.
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Did we seek, not for a distance, but a directed distance, then
it would be necessary to distinguish once for all between
@, and (), and in each particular case between the pair P, P,,
and the pair P,P,, the directed distance will have a definite
value sometimes positive, sometimes negative.

Let us specialize by confining ourselves to the hyperbolic
case. We have defined the distanco of two actual points.
Still restricting ourselves to the real domain, suppose that
we have an actual and an ultra-infinite point. Let us choose
such a unit of measure that k2 = —1. Our cross ratio is here
negative, with an absolute value 7 let us say, so that the distancc
expression takes the form }[logr +(2m + 1)7¢]. Let us choose
in particular

d = %logr+ WT( .

Next consider two ultra-infinite points. If the line con-
necting them meet the Absolute in real points, we shall have
a real cross ratio as before, and hence a real positive distance.
If, however, this real line meet the Absolute in conjugate
imaginary points, the expression for the cross ratio becomes
imaginary, and the simplest expression for their distance is
pure imaginary. The absolute value of this cxpression will

run between O and 1} > for the roots of 1logA = X differ

by n¢. We may, hence, represent all of these cross ratios in
the Gauss planc by points of the axis of pure imaginaries

between O and Z

If the line connecting two ultra-infinite points be tangent
to the Absolute, the cross ratio is unity, and we may take
the distance as zero. The distance from a point of the
Absolute to a point not on its tangent will be infinite;
the distance to a point on the tangent is absolutely inde-
terminate, for the cross ratio is indcterminate. We may,
in fact, consider the cross ratios of three coincident points
and a fourth, as the limiting case of any cross ratio which
we please.

Leaving aside the indeterminate case, we are thus able to
represent the distance of any two real points of hyperbolic
space in the Gauss plane by a point on the positive half
of the axis of reals, by a point of the segment of the origin
™

and 74, or by a point of the horizontal halfline |7 i w,
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and as two points move continuously in the real domain of the
hyperbolic plane, the points which represent their distance
will move continuously on the lines described.

Let us now take two points of the hyperbolic plane, real or
imaginary. We sec that the roots of 3log 4 = X differ by
multiples of 74, so that we may assign to « an imaginary

W .
part whose Absolute value = ;- Moreover, by choosing

~
properly between the two reciprocal values of the cross ratio,
we may censure that the real part of ¢ shall not be negative.
If two points be conjugate imaginaries, while their line cuts
the Absolute in real points, the cross ratio is imaginary, and
the expression for distance is pure imaginary, which we may
represent by a point of the scgment of the origin and
-5 If both pairs of points be conjugate imaginaries, the
cross ratio is real and negative, so that the distance may

be represented in the form X — z)b We shall define as the

distance of two points that value of the logarithm of a cross
ratio which they form with the intersection of their line and
the Absolute, which in the Gauss plane is represented by
a point of the infinite triangle whose vertices are o, 0 + g s
0— g i. The possible ambiguities for points on the sides of

this triangle have already been removed by definition.

We have already scen that when cuclidean space has been
enlarged to be a perfect analytic continuum, imaginary points
and distances come in which do not obey all of our axioms.
In the hyperbolic case we shall find real, though ultra-infinite,
points which do not at all obey the principles laid down
for a consistent region.* Let us take three points of the
ultra-infinite region of the actual hyperbolic plane xz, =0,
say (z), (¥), (2). As these points are supposed to be real we
may assume that ,, x, are real, while z, 1s a pure imaginary,
and that a like state of affairs exists for (y) and (2). We
shall further assume that the lines conmnecting them shall
intersect the Absolute in real, distinet points. We have then

(y2)'—(vy)(z2) > 0, (xz) >0,
(2z)’ —(22) (22) > 0, (yy) > O, (7)
(zy)?— (az) (yy) > 0, (22) > O.

* The developments which follow are taken from Study, ‘ Beitriige zur
nicht-euklidischen Geometrie,” American Journal of Mathematics, vol. xxix, 1907.
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Let us, for the moment, indicate the distance from (z) to ()
by xy, and assume > 5 2 B

We shall also take

h =1. cos /—: cosh d.

Under what circumstances shall we have ?
7 2 iy,
cosh (yz—32) = cosh xy,

I ST S O

() () N (@) () (=) (yy)

- =) ez (c@)*—(22) (@m)
- \/ () (e5) \/ (23) (wz)

The terms on the left are cssentially positive as they repre-
sent hyperbolic cosines, those on the right are positive, being
hyperbolie sines; we may therefore square the inequality

(ear) (yy) (22) + 2 [ {y2) () (wy) | — (am) (y2)*
—(yy) o)y’ —(=2) (ey)* = 0. (8)

(42) (z2r) () > 0, 9)
we are at liberty to drop the absolute value signs in the
sccond term, and the whole expression is the square of the
determinant |.y:| which is zero or negative. We see, there-
fore, that undel these eircumstances,

Yz = ||+ ]y
L'o see what region of the ultra-infinite domain is deteriuined
by (9), let us sketch the Absolute as a conie, and draw tangents
thereunto from (y) and (2). X must lie within the quadri-
lateral of thesc tangents or the vertical angle at (y) or (2).
The conic and tangents determine four quasi-triangles with
two rectilinear and one curvilinear side each. Sinee (yy) >0
our inequality (9) will hold within the quasi-triangles whose
vertices are (y) and (z) and within the verticals of thesc
two angles.

Let us now assume, on the contrary, that we are in the
other quasi-triangles

(y2) (z2) (wy) < 0.
Our original inequality (8) will still hold if
layz ¥ =4 (yz) (20) (2y) < O, (10)

We see that if
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and, conversely, this inequality certainly holds if (7) does.
If we look on (y) and (2) as fixed, and (z) as variable, the

curve |y 12— 4 (y2) (30)(ay) = O,
in so far as it lies in the two quasi-triangles we are now

+ 4+ 4+ yo = sxtay.
1117111111 e > zetau.

o o< w4y,
F1a. 3.
considering, will play the part of the segment of (y) and (2).*

In a region where (8) holds, a rectilinear path is the longest
from (y) to (2).

* For a complete discussion, see Study, loc. cit., pp- 103-8. Fig. 8 is taken
direct.



CHAPTER VIII

THE GROUPS OF CONGRUENT TRANSFORMATIONS

THE most significant idea introduced in the last chapter
was that of the Absolute, and its connexion with the concept
of distance. Every collineation of non-euclidean space which
keeps the Absolute in place was defined as a congruent
transformation ; we had already seen in Chapter V that every
congruent transformation was such a collineation. We may
go one step further, and say that every analytic transforma-
tion which carries the Absolute into itself alone is a congruent
transformation. Suppose that we have
vy = fo(Bemyay) @y, wf= fi (wpemmy), @)= J; o (2, @),

Ty = [y (@01 2,25),

(2"a’)y = P (zx).
L must be a constant, for were it a function of (x) the
Absolute would be carried into itself, and into some other
surface I’ = 0, which is contrary to hypothesis. Replacing
(@) by A(2z)+n(y) we see that we shall also have

@) = Play),
whenee we may easily show that the transformation is a
collineation.

It is, of course, evident, that in the complex domain, the
congruent groups of elliptic and hyperbolic space are identical,
as they are mercly the quaternary orthogonal group. In
the real domain, however, the structure of the two is quite
different, and our present task shall be the actual formation
of those groups, pointing out besides certain interesting sub-
groups. We shall incidentally treat the euclidean group as

a limiting case where m=0
The group of translations of the hyperbolic line will depend
on one parameter, and may be written, if £* = —1,
&,/ = &ycoshd + &, sin d, 1
@' = d&ysinhd + &, cosh d. (1)

We get a reflection by reversing the signs in the second
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equation. In the elliptic or spherical case we shall have
similarly
x) = xz,co8d +x,sind, @)
x/= —w,sind +x, cos d.

To pass to the euclidean case, replace ), z,” by kwz,, bz,

and d b EZ-, divide out %, and then put l = 0.
y /\/ p /\7‘

N o= o, (3)

The ternary domain is more interesting. Let us express
the Absolute in the hyperbolic plane in the following para-
metric form

Gy =241, iy =t2—t2 d,= 2,

As the Absolute must be projectively transformed into itself,
we may pub
ot/ = ayt, +ay,t,

272, ol = A 0
ot/ = apt,+ayt, |GI=2F0

and this will lead to the general ternary transformation

ol — 2 2 2 2\ .
piity = (agy” + 0pp® 0y + 00, ) by + (g +0‘z1 — Oy — a®) iy
G 1’+0‘z1 22) Ty,
piity = (0 — Oy 03" — 0,%) by + (0 — 0y 2 — 0" + 01y, 7) d Z
<

+2 (a0, —ay a)).) ,, (4)
P, = 2 (0 Oy + Ay 0gy) By + 2 (0 Oy — 03, 0) &y

+ 2 (0 Oyg + Oy Opy) By

If we view the matter geometrically, we see that there are

threc distinet possibilities. First the two fixed points of the
Absolute conic are conjugate imaginaries. The real line con-
necting them is ultra-infinite, and has an actual pole with

regard to the Absolute. This will give a rotation about this
point, and we shall have

W
o~

(o + 0, —4A = (0 — )2 + 400, < 0.

If the fixed points of the Absolute conic be real, the trans-
formation, in the actual domain, will appear as a sliding along
a real line, if A > 0, or a sliding combined with a reflection
in a perpendicular plane through this line if A< 0. In the
third case the two fixed points of the Absolute conic fall
together, and the third fixed point of the plane falls there
too. The transformation carries a pencil of parallel lines into
itself.
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The elliptic case is treated similarly, by a judicious intro-
duction of imaginaries. We may write the Absolute
@y = ¢ (8" +1,?),
@z, = tlz —t.%
w, = 2t,t,.
Let us now take the binary substitution
oty = (a +B3)t,—(y +02)t,,
ot = (y—di)t; + (a — Bi)t,.
We come thus to the general group of congruent trans-
formations
piy = (0*—p% +y2—8%) w, + 2 (yd—Ba)w, + 2(By + o) a,
pa) = 2(yd+ Ba) @y + (a2 — B2 —y* + 8%) w, + 2(Bd — ya) @,
axy = 2(By —du) @, + 2(B0 + ya) y + (a® + B — y* — 8%) s,
A = (a*+ B2+ 9%+ 8%)%
These forms remind us at once of like forms occurring in

the theory of functions. Suppose, in fact, that we have the
cuclidean sphere X2pYeeze=1.

(5)

The geometry thereof will be cxactly our spherical gcometry,
and we wish for the group of congruent transformations of
this sphere into itself. Let us project the sphere stereo-
graphically from the north pole upon the equatorial plane,
and, considering this as the Gauss plane, take the linear
transformation
o (wtBOe=(y+00) ., (a=Bi)s—(y—0i)
(y —02)z + (a —B4) (y+02)z+ (a+ 7))
These equations are seen at once to be transformable into
the others by a simple change of variables.
To pass over to the euclidean case, put
= fl Y = Z‘.ll ]
Zy' T Yo
@ = 01 + Ala; + Bl’y,
y'=Cy+ 4,24 Byy,
A B,—A,B, =A2+B*=A4>+B2=1.
Notice that here the group
w=cta, y'=c+y,
is an invariant sub-group.

The congruent groups in three dimensions are of the same
general form as those in two, albeit the structure is a trifle

~

(6)
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morce complicated. We wish for the six-parameter groups
leaving invariant respectively a real, non-ruled quadric, an
imaginary quadric of real equation, and an imaginary conie
with two real equations. The solution has of course, long
been known.*

The Absolute of hyperbolic space may be interpreted as
a euclidean sphere of radius one, and the problem of finding
all congruent transformations of hyperbolic space, is the same
as that of finding all collineations carrying such a sphere into
itself. Let us represent this sphere parametrically in terms
of its rectilinear generators

&, = 22+ 1,

& =zz—1,

T, = 3+32,

&, = —i(3—3).

Let us now take the linear transformation
, a,:+18., ., 6Z+p
ys+d T T yE+8
The six-parameter group of congruent transformations of
positive modulus will be

P

piy = (al+ BB+ vy +30) &, + (aa— B + yy —8d) &,

+ (0B + 3B + yd + ¥0) &ty + 4 (6B — 33 + yd — ¥D) &3,
pi = (0 + BB + vy —88) &, + (oG —BR—y7 +88) &,

+ (o + a8 —¥d —Yd) &, + 1 (aB —aB—yd + ¥d) &y, (7)

pi, = (a¥ + &y + Bd + B8) &y + (a¥ 4 Gy — 30 — 3d) it

+ (o8 + &d + BY + By) i, + 1(ad — ad — BY + By) &,
—piky = i (a¥ — Gy + B8 — PB3) Ty + ¢ (a¥ —ay — Bd + 3d) &,

+ 1 (00— @0 + BY — By) @y — (4d + &3 — BY — By) &,.

A = [(ad—py) (@ —B7)]*

This sub-group might properly be called the group of

motions. The total group is made up of these and the
six-parameter assemblage of transformations of negative

* The literature of this subject is large. The first writer to express tho
general orthogonal substitution in terms of independent parameters was
Cayley, ¢ Sur quelques propriétés des déterminants gauches,’ Crelle's Journal,
vol. xxxii, 1846. Tho treatment here given follows broadly Chapters VI and
VII of Klein’s ¢ Nicht-euklidische Geometric’, lithographed notes, Géttingen,
1898.

COOLIDGE G
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diseriminant called symmetry transformations. We reach
these latter by writing

,_ g, @t

_)’,5""8,’ —?IQ+S/~

The distinetion between motions and symmetry transforma-
tions stands out in clear relief when we consider the effect
upon the Absolute. The sub-group of motions includes the
identical transformation, and any motion may be reached by
a continuous change in the six essential parameters from the
values which give tho identical transformation, without ever
causing the modulus to vanish. This shows that as, under
the identical transformation, each gencrator of the Absolute
stays in place, 50, under the most general motion, the generators
of each set are permuted among one another. On the con-
trary, the most gencral symmetry transformation will arise
from the combination of the most general motion with a
reflection, and it is easy to sce that a rctlection will inter-
change the two scts of generators.

In the elliptic case we shall have the group of all real
quaternary orthogonal substitutions. An extremely elegant
way of expressing these is offered by the caleulus of
quaternions.

Let us, following the Hamiltonian notation, assume three
new symbols <, j, k:

L'z :jz = /\,‘2 = [j]‘,‘ = —1.
We assume that they obey the associative and commutative
laws of addition, the associative and distributive laws of
multiplication. An expression of the type

PotPri+poj+psk
is called a quaternion, whereof
|V (pp) ]
is called the Tensor. It is easy to show that the tensor of
the product of two quaternions is the product of their tensors.
Let us next write

@)+ i+ a, j+a k= P(ey+wi+ay)+ k) Q, (8)
where P and  are quaternions. Multiplying out the right-
hand side, and identifying the real parts and the coefficients
of 4, j, k, we have x,’z,z, x,” expressed as linear homogeneous
functions of w,z,z,2,, The modulus of the transformation
will be different from zero, and we shall have

(«'a') = (@2).| P|*.| Q|%

~

Ot
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These cquations will give the six-parameter group of
motions, the group of symmetry transformations will arise

from a:/+1l'/’1:+x./j+ ]\=]y( —a /—1,/-,1,JK)Q,

the distinetion between motions and symmetry transformations
being as in the hyperbolie case.

Our group of motions is half-simple, being made up of two
invariant sub-groups (/;@,” obtained bcvemlly by assuming
that @ or I’ reduces to a real number. We obtain their
geometrical significance as follows :—

The group of motions G, can be dividod into two in-
variant three-parameter sub- -groups g, g;" by resolving it into
the two groups which keep invariant all genomtms of the
one or the other set on the Absolute. Now were it possible
to divide G into invariant three-paramecter sub-groups in
two different ways, the highest common factor of g, or ¢,
with G, would he an invariant sub-group, not only of @
but of q This may not be, for ¢, is nothing but the bmar_)
projective group which has no invariant sub-groups. Hence
the groups ¢, ¢, are identical with (7, (), and the latter keep
the onc or the other set of generators all in place.

It is well worth our while to look more deeply into the
propertics of thesc sub-groups. Let us distinguish the two
sots of generators of the Absolute by calling the one lefl,
and the other right. This may be done analytically by
adjoining a number / to our domain of rationals. Two lines
which cut the same left (right) generators of the Absolute
shall be called left (right) paratactic* As the conjugate
imaginary to each generator of the Absolute belongs to the
same set ag itsclf, we sce that through cach veal point will
pass a real left and real right paratactic to each real line; and
the same will hold for each real plane. Of course there are
possible complications in the imaginary domain, but these
need not concern us here.

Let us now look at a real congruent transformation which
keeps all right generators invariant. Two conjugate imaginary
left generators will alsobe invariant ,andevery line meeting these

* The more common name for such lines is ¢Clifford parallels’. The
word paratactic is taken from Study, ¢ Zur Nicht-euklidischen und Linien-
ageometrie,” Jahresbericht der deutschen Mathematikervereinigung, xi, 1902. We
have already defined parallels as lines intersecting on the Absolute, and
although in the present case such lines cannot both be real, yet it is better to
be consistent in our terminology, especially since we shall find in Chapter XVI
a transformation carrying parallelism into parataxy. Clifford’s discussion
is in his ‘Preliminary Sketch of Biquaternions’, Proccedings of the London
Mathematical Society, vol. iv, 1873.

G2
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two will be carried into itself, every other line will be carried
into a line right paratactic to itself. Such a transformation
shall be called a /left tramslation, since the path curves of all
points will be a congruenco of left paratactic lines. In fact
this congruence will give the path curves for a whole one-
parameter family of left translations. Let the rcader show
that under a translation, any two points will be transported
through congruent distances.

Before leaving the elliptic case, let us notice that in the
elliptic plane a reflection in a line is identical with a reflection
in a point, or a rotation through an angle =, in a spherical
plane they are different, and a reflection in a line is the same
as a rotation through an angle = coupled with an interchange
of each point with its equivalent. In three dimensions, there
is never any identity between a rotation and a reflection, on
the other hand nothing new is brought in by interchanging
each point with its equivalent, for as each plane is hereby
transformed into self, we may split up the transformation
into a veflection in a plane, a reflection in a second plane
perpendicular to the first, and a rotation through an angle =
about a line perpendicular to both planes.

To pass to the limiting euclidean case

=A,+ A x+ Ay + Az,
y/:Bo'*' Blm+ B:@/‘*‘B:;z) (9)
7=0C+ Cix+ Cyy + C,z,
where || 4, B, C, || is the matrix of a ternary orthogonal sub-
stitution.
There will be a three-parameter invariant sub-group; that

of all translations @ =A,+,
y'=B,+y,
7’ S (/'l) +z.

In like manner we may find the six-parameter assemblage
of symmetry transformations.



CHAPTER IX

POINT, LINE, AND PLANE TREATED
ANALYTICALLY

THE object of the present chapter is to return, as promised
in Chapter VI, to the problems of elementary non-euclidean
geometry, from the higher point of view gained by extending
space to be a perfect analytic continuum. We shall find in
the Absolute a Deus ex Machina to relieve us from many an
embarrassment. We shall leave aside the euclidean case,
and, for the most part, handle all of our non-euclidean cascs
together, leaving to the reader the simple task of making
the distinction between the elliptic and the spherical cases.
Otherwise stated, our present task is to express the funda-
mental metrical theorems of point, line, and plane, in terms
of the invariants of the congruent group.

Let us notice, at the outset, that the principle of duality
plays a fundamental role. The distance of two points 1s
5’"7: x logarithm of the cross ratio that they form with the
points where their linc meets the Absolute, the angle of two

.1 . . .
planes is PR logarithm of the cross ratio which they form

with two plancs through their intersection, tangent to the
nk

Absolute ; the distance from a point to a planc is -~ minus its

distance to the pole of that plane with regard to the Absolute.
Two intersecting lines or planes which are conjugate with
regard to the Absolute are mutually perpendicular. Two
points which arc conjugate with regard to the Absolute shall
be said to be mutually orthogenal. In the real domain of
hyperbolic space, if one of two such points be actual, the other
must be ideal ; the converse is not necessarily true.

Let us begin in the non-euclidean plane, say x, = 0. Let
us take two points 4, B with coordinates () and (y) respec-
tively, and find the two points of their line which are at
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congruent distances from them. Thesc shall be called the
centres of gravity of the two points, and are, in fact, the two
points which divide harmonically the given points, and the
intersections of their line with the Absolute. We purposely
exclude the spherical case, where the centres of gravity will
be equivalent points.

The necessary and sufficient condition that the point
A(w)+p(y) should be at congruent distances from (x) and

that — —
(4) tha A= V(yy): + ().
The coordinates of the centres of gravity will thus be

e 7
(/ TR (z/z/)) (b
Let the reader discover what complications may arise in the
ideal domain.
Let us next take three non-collinear points 4, B, C with
the coordinates (), (y), (z). A line connecting (z) with a
centre of gravity of (y) and (z) will be

‘/@ | Xz |+ x/(z’:—) Ney|=0.

It is clear that such lines are concurrent by threes, in four
points which may be called the centres of grawvity of the three
given points. On the other hand the centres of gravity of
our pairs of points arc collinear in threes. Lastly, notice that
a dual theoremn might be reached by interchanging the objects,
point and line, distance and angle; by taking, in fact, a polar
reciprocation in the Absolute :—

Theovem 1. The centres of
gravity of the pairs formed
from three given points are
collinear by threes on four
lines. The lines from the
given points to the centres
of gravity of their pairs are
concurrent by threes in four
points.

Theorem 1. The bisectors of
the angles formed by three
coplanar but not concurrent
lines are concurrent by threes
in four points. The points
where these bisectors meet
the given lines are collinear
by threes on four lines.

The centres of gravity of the points (1), (1), (2) are easily

seen to be

.

oy
(V(ww) T V() T V(e

Y

Returning to the line BC we see that the coordinates of its
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pole with regard to the Absolute will have the coordinates (s),

where for every value of (7)

(rs) = |ryz].
The equation of the line connecting this point with 4, i.e. the
line through A perpendicular to BC, will be

(Xy) (72) — (Xz) (zy) = 0.
Il we permute the lotters z, ¥, = cyclically twice, we get two
other equations of the same type, and the sam of the three

is identically zero, so that

Theoreny 2. The lines
through each of threc given
non-collinear points, perpen-
dicular to the line of the other
two, are concurrent.

Theorem :'. The points on
cach of three coplanar but not
concurrent lines, orthogonal
to the intersection of the other
two, are collinear.

Returning to a centre of gravity of the two points BC, we
see that a line through it perpendicular to the line BC will

have the cquation
| ()
- ()
V()

(y=)

Lo v~

) () |
V(=) V() |

G ) I
Vg v (:5)]

(wez)
() =0,
v

=2)
"
L~

The first factor will vanish (in the real domain) only when
(77) and (2) are identical, the equation will then be

@) _
v {yy)

(22) _
v (23)

We sec immediately from the form of this equation, that
all points of this line are at congruent distances from (y) and

(), thus confirming 1I. 33.

Theorer 3. If three non-
collinear points be given, the
perpendiculars to the lines of
their pairs at the centres of
gravity of these pairs are
concurrent by threes in four
points, each at congruent dis-
tances from all three of the
given points.

Theorem 3. If three co-
planar Dbut not concurrent
lines be given, the points
orthogonal to their intersec-
tions on the bisectors of the
corresponding angles are col-
linear by threes on four lines,
making congruent angles with
all three of the given lines.

Let us now supposc that besides our three original points,
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we have three others lying one on each of the lines of the
first set as follows
= (ly +mz),
B'= (pz+qx),
C’ = (ra +sy).
Let us, for the moment, suppose that we arc restricted to
a consistent region of the plane. Then we shall easily see
from Axiom XVI that if AA’ BB, CC’ be concurrent

—> —>
BA" . C'B’ . ALY

sin — —- sin ——  sin
k ]\7
— e . <0
. CA" . AR . BC
sin b sin . sin L

On the other hand, if A’, B, ¢ be collinear,
—> —>
BA" . OB . AC 1

sln —-— Sin

k ko A
B >0
sin O-A’ ﬂinéB, 51 B
Uk [
Now, more specifically, we see that
cin? BA’ _ m? H(yy) (z2) — (y2)? ]
T ) [E) + 2 (ye) + m¥(es))
whence
sin !?é, sin —Y]i’ sin A—Z/ -
k ) l”,, i k _ (ﬁq_s)‘
G ai ho| e
sSin ”75‘ sSin T Sin T

The equation of the line 44" will be
V| Xaoy| +m| Xz | =0.

And the condition for concurrence for the three lines
(lpr +mgs) - layz |2 = 0,

and this will give mes _
pr —
On the other hand, we easily see that if 4’, B’, C" be collinear
lpr—mgs =0

Theorem 4. If A’, B, (' be three points lying respectively



IX

on the lines BC, CA, AB, all
region, then the expression
—>
8 BA sin
sin —-
. C4A" .
sin —-
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six points being in a consistent
—
BC’

ke

—
‘ AC
S1 A

—_—
CB

k

—_—
AB

sin

b

ke

will be equal to —1 when, and only when, 44’, BB, CC’

are concurrent, while it will
when, A’, B/, ¢’ are collinear.

be equal to 1, when, and only

These are, of course, mercly the analoga of the theorems

of Menelaus and Ceva.

It is worth noticing also, that they

will afford a sufficient ground for a metrical theory of cross

ratios.

Let us next suppose that
of an angle formed by the
find / and m easily in this ca:

A’ is a point where a bisector
lines BA, CA, meets BC. We
se, by noticing that 4’ must be

at congruent distances from A B and AC, thus getting
(¥ 122) () = 4 = /) )~ o)

Lo BAT L CA
S - 7;;—- osm T
Theorem 5. If threc non-
collinear points be given, each
bisector of an angle formed by
the lines connecting two of
the points with the third will
meet the line of the two points
in such a point that the ratio
of the sines of the kth parts
of its distances from the two
points, is equal to the corre-
sponding ratio for these two
with the third point.

Theorem 6. The locus of
a point which moves in a plane,
in such a way that the ratio
of the sines of the kth parts
of its distances from two points
is constant, is a curve of the
second order.

— - BA . . /'A
= sin ——:sin -

Theorem 5. If three co-
planar but non-concurrent
lines be given, each centre of
gravity of a pair of points
where two of the lines meet
a third determines with the
intersection of this pair of
lines such a line, that the ratio
of the sines of the angles which
it makes with these two lines,
is equal to the corresponding
ratio for the two lines with
the third.

Theorem 6. The envelope of
a line which moves in such a
way in a plane, that the ratio
of the sines of its angles with
two fixed lines is constant, is
an envelope of the second class.
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It would be quite erroneous to suppose that either of these
curves would be, in general, a circle. Let the reader show
that if an angle inscribed in a semicirele be a right angle, the
cuclidean hypothesis holds.

Our next investigation shall be connected with parallel
lines. We suppose, for the moment, that we are in the
hyperbolic plane, and that & =4. We shall hunt for the
expression for the angle which a parallel to a given line /
passing through a point I makes with the perpendicular
to [ through P. This shall be called the parallel angle of
the distance from the point to the line, and if the latter be «/
the parallel angle shall be written *

11 (d).

Let us give to the point P the coordinates (y), while the
given line has the coordinates (w). Let (v) be the coordinates
of a parallel to (u) through (y). Let D be the point where
the perpendicular to (w) through (y) meets (uw). We seck
cosI1(d).

Since (w) and (¢) interscet on the Absolute

(uw) (vv)— (uw)? = 0.
The equation of the line 120 will be

fzyu | = 0.
The cosine of the angle formed by v and PD will he
lyuo|

() = - e
cos TH(4) Y (v0) v (ue) () — (1yw)*

squaring, and remembering that
(vy) =0,
| (y) (wy) O
cos® [T1(d) = | (1Y) (uw) (uv)
|0 (ur) (w) |
(vo) [(wu) (g — (up)®]’

o _ ¢ (uy)
D= ) () — (0
cos 1 (d) = tanh d. (3)
From these we easily see
sin TI(d) = sech () ; tan [1(d) = esch (d). (4)
Furthermore, if £ ACB be a right angle
cos § ABC = S HE0) G0y ape = nTHCA) )
cos [T(AB) ctnIT (A B)

* The concept purallel angle, and the notation IT (d) are due to Lobatchewsky.
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_sinf CAB
cos L ABO = o quy (6)

sin[T(AB) =sinl1(BC)sinU(CA) =tanf CABtan{ ABC. (7)
Let the reader prove the correctness of the following con-
struction for the parallels to J° through /:
Drop a perpendicular from I’ on / meeting it in (). Take S
a convenient point on the perpendicular to I’Q) at P, and let
the perpendicular to LS at S meet [ at £. Then with P as
a centre, and a radius equal to (QR), construct an arc meeting
RS in 7. P7T will be the parallel required.*
Be it noticed that, as we should expect,
limit cos IT(d)
AV 1.
Let us now find the cquations of the two parallels to the
line () which pass through the point (7). These two cannot,
naturally, be rationally scparated one from the other, so that
we shall find the equations of both at onee.  Let the coordinates
of the line which conncets the other interscetions of the parallels
and the Absolute be (). The general form for an equation
of a curve of the second order through the intersections of
(1) and (w) with the Absolute will he

[ (ua) (we)—ne (zx)—0,
aud this will pass through (y) if
(om = (yy) : (wy) ().

Since this curve is a pair of lines meeting in (y) the polar
of (y) with regard to it will be illusory, i.c. the coeflicients of
(«) will vanish in

(yy) (wy) () + (yy) (1) (v2) = 2(wy) (wy) (£y) = 0.
This last equation may be written

o[ (5 ()| () ()
Y R 1) ‘

Now, by the harmonic theory of a yuadrangle inscribed in
a curve of the sccond order, w will pass through the inter-
section of (u) with the polar of i with regard to the Absolute,

8o that we may write Wy = Ny + Y o

(u) (wy) | —o
(o) (yy) 1

Substituting [2A (wy) + m(yy)]

* The formulae given may be used as the basis for the whole trigonometric
structure. Cf. Manning, Non-euclideun Geometry, Boston, 1901, Manning’s
reasoning is open to very grave question on the score of rigour.
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The coefficients of x,»x, will vanish if
A= —(yy) p=R(wy)
Under these circumstances
(we) = —(yy) (wa) +2(uy) (zy),
(wy) = (yy) (wy)-
Which leads to the required equation

(wy)? (ra) + (w)? (yy)— 2(uax) (wy) (xy) = O. (8)
To get the euclidean formula, replace «, by &y, and divide
by k. We get the square of the usual expression

[(uy)x(),(,w)y”]ﬂ = 0. )
The principles which we have followed in studying the
metrical invariants of the plane may be extended with ease
to three dimensions. We have merely to adjoin the fourth
homogeneous point or line coordinate.
Let us have four points, not in one plane, with the coor-
dinates (z), (v), (2), ({) respectively. We casily see that the
eight points

@« Y z /
e e N + EPE— 3 (10
(~/ () " V) T V) Y (tt) )
will be points of eoncurrence, four by four, of lines from each
of the given points to the centres of gravity of the other three.
These eight may, in fact, be called the centres of gravity of the
four points. The centres of gravity will form with the given
points a desmic configuration.* The meaning of this phrase
is as follows. Let us indicate the centres of gravity by the
signs prefixed to their radicals, giving always to the first
radical a positive sign. We may then divide our twelve
points into three lots as follows:—

() ) (=) (t)
(++++)(++~-=)(+—+—) (+——+) (11)
(+++-)(++—-H)(+—=++)(+——-)

We see that a line connecting a point of one lot, with any
point of a second, will pass through a point of the third. The
twelve points will thus lie by threes on sixteen lines, four

* The desmic configuration was first studied by Stephanos, ‘Sur la con-
figuration desmique de trois tétraddres,” Bulletin des Sciences mathématiques,
série 2, vol. iii, 1878.
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passing through each. In like manner we shall find that if
we take the twelve planes obtained by omitting in turn one
point of each lot, two planes of different lots are always coaxal
with one of the third. Let the reader who is unfamiliar with
the desmie configuration, study the particular case (in euclidean
space) of the vertices of a cube, its centre, and the ideal points
of concurrence of its parallel edges.

-~

Theorem 7. If four non-
coplanar points be given, the
lines from each to the four
centres of gravity of the other
three will pass by fours
through eight points which
form, with the original ones,
a desmic configuration.

Theorem, 7’. 1f four non-
concurrent planes be given,
the lines where ecach meets
the planes which severally are
coaxal with each of the three
remaining planes and a plane
bisecting a dihedral angle of
the two still left, lie by fours
in cight planes which. with
the original ones, form a
desmic configuration.

Let the reader show that the centres of gravity of the six
pairs formed from the given points will determine a second
desmic configuration, and dually for the planes bisecting the

dihedral angles.

Let us seek for a point which is at congruent distances

from our four given points.

be more than cight such points.

It 1s easy to sec that there cannot

Their coordinates are found

to be (s) where, for all values of »,

(r8) = (am) vyt | + gy vata! + v/ (z2) |ty |

Theorem, 8. If four non-
coplanar points be given, the
eight points which are sever-
ally at congruent distances
from them form, with the
original four, a desmic con-
figuration.

+ vVt [rayz]. (12)

Theorem 8. If four non-
concurrent planes be given,
the cight plancs which sever-
ally meet them in congruent
dihedral angles, form, with the
original four, a desmic con-
tiguration.

As there are cight points at congruent distances from the

four given points, so there will be eight planes at congruent
distances from them, wec have but to take the polars of the
eight points with regard to the Absolute. In like manner,
if we consider not the points (z), (%), (2), (¢£) but their four
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planes, there will be eight points at congruent distances from

them. The coordinates of these latter eight will he

Ho v Y2y ;1“) [3) 21 2, 2 ;z
[ H | )

@ 12021 %y 2al| £Y by 1, 1, ¢t I
W, (1, 0, oy gy |

&]VI,O t l;; iy "“ } ;1:,;74::15;:::,; i’*z
+° Ly &y, 2y || £ TYath Y s | |-
1 - -

Theorem 9. If four non-
coplanar points be given, the
eight points which, severally,
arc at congruent distances
from the plancs of the first
four, form, with the first four
points, a desmic configura-
tion.

! Yol Y2 Y :

Theorem 9. 1f four non-
concurrent planes be given, the
eight planes which, severally,
are at congruent distances
from the points of concur-
rence of the first four, form,
with the first four planes, a
desmic configuration.

The parallel angle of a point with regard to a plane can be
defined as its parallel angle with regard to any line of the
plane through the foot of the perpendicular. If the distance
from the point to the plane be @, we shall have for the parallel
angle .
cos [T(.)=1/ tan /— .

Definition. A line shall be said to be parallel to a planc,
if the point common to the two be on the Absolute. "The
cone of parallels to a plane (w) through a point (y) will have
the equation

(g (@) + () () = 2(u) (ug) (ay) = 0. (14)
We now pass to certain metrical invariants of non-euclidean
space expressed in line coordinates. We take as coordinates
for the line joining («) and () the usual Plueckerian form
Py =Y = %Y
The coordinates of the polar of this line with regard to the
Absolute, the Absolute polar let us say, will be
Uij = Pri
The condition for the intersection of two lines (p) and (p)
will be, naturall " o— ,
Y (1P =EZpiiPu=0. (15)

(13)
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Each will meet the Absolute of polar of the other if

Notice that (p | p’) is an invariant under the general group of
collineations, while Xp;; /;; is invariant under the congruent
group only. '

We shall mean by the distance of two lines the distance
of their intersections with a third line perpendicular to them
both. It is easy to see that if two lines be not paratactic,
there will be two lincs meeting both at right angles, and these
are indistinguishable in the rational domain, that is, in the
general case. If; thus, ¢ be taken to indicate the distance
(]Z will be a root of an irreducible quadratic
cquation, whosc coeflicients are rational invariants under the
congruent group. Let us seek for this equation.

Let one of our lines be p given by the points (z), (y), while
the other is (p’) given by (/) and (¥'). For the sake of
simplifying our calculations we shall make the obviously
legitimate assumptions

(wy) = (xy) = (&) = (@y’) = 0.
The distances which we wish to find are

of two lines, sin?

A Y e e ) R A ) X T4 B
sin—t= 2L VU gin -2t v wdl WA
& v () (/) d V) YY)
We have

() (yy) —(zy)* = = py;*
and this will vanish only when (p) is tangent to the Absolute,
a possibility which we now explicitly execlude both for (p)

d 0 . i ’r 7y
and (7) (r) (yy) = 2p; s @) (yy) = St
(plp) = ayay|*
| (we) O (x2) O
_ O 0 )
Tl (xx’) O (@2)) O
0 (yy) 0 (¥y)
= [(a) (@) — («2)*] | (vy) @Y= ()]s
oy _ [(@)(750) (/) () D= 1y

sin? T 7 . /o’ ) 77
ke (w2) (') () (v
7\2
gin? Qe _(@1P) 18)

k k - E‘p,jz zz)ijlz
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dy  (22)*(yy)?

d d d
2% e ® 1 _a0s2 a0z 2 ) ,
sin? = sin’ 7 cos? - —cos? ¥ + 2py E'p,-,-’z

(w3) (21

) (yy)
d d, (Eps; pi ¥~ (p|p)
cos?! yeogt-f= 14 2 ) -
¢ ¢ 2Py 2y

(Epijpif = (PN
2pyt 2 py”

Epypif = = (a2) (yy),

o d . d,
sin? -1 -+ sin? ]—z =1-
2 s

2

2y /2 qy d ’ ’ P / . d
By Tyt sint o+ [(2py i~ (0 | PP = Spy* Ty sin®
+(p[p)=0. (19)
N 2% 7 d 1O I " 7 o 4l
2pii* Epy; Zcos* A +plpy- (Zz)ij Pij =3 Pij Pij ?] cos? "
HEpy i =0, (20)

The square roots of the products of the roots of these two
equations are well-known metrical invariants, and have been
studied under the names of moment and commoment of the
two lines* We shall return to the moment presently, attach-
ing a particular value to the signs of the radicals in the
denominator. If two lines intersect the moment must be zero,
and if each interscct the absolute polar of the other, the
commoment must vanish, thus bringing us back to equa-
tions (15), (16).

To reach the limiting euclidean case we replace, as usual,

z, by kx,, divide out 4% and put 1_ 0. Then, since

k?
lim . d
i _7wlcsmz‘ =d.
We have
2 i (plP)

& = : 7 N A ’ ne’
(Por® +Pog + Pos’) (Pt + Pz + Pos *) = (Po1 Por + Pz Poz + Pos Pos )*
the usual formula. (21)

With regard to the signs of the roots in (19) we see that in
the hyperbolic case, where the two lines are actual, one of

* See D'Ovidio, ‘Studio sulla geometria proiettiva,” Annalv di Matematica,
vi, 1873, and ¢Le funzioni metriche fondamentali negli spazii di quantesi-
vogliono dimensioni’, Memorie dei Lincei, i, 1877,
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the points chosen to determine each line will be actual and the
other ideal, so that
Ipf <0, Zp;? <0,

(r|P)? <0,

sinz% sin? % < 0.
The square of the moment of the two lines is negative, so that
one distance will be real and the other pure imaginary. In
the elliptic case the two distances will be real.

We shall mean by the angle of two non-intersecting lines
the angles of the plane, one through each, which contain the
same common perpendicular. This will be £ times the corre-
sponding distance of the absolute polars of the lines. We
thus get for the angles 6 of the two lines (p), (p)

Spif Tpysint0+ [(Spy; pif )~ (PP =2 pi Tpij*] sin0
+(p ) =0.
To get the cuclidean formula we make the usual substitu-
tions and divisions, and put %: 0, thus getting the well-

known formula

sinZf = (2 + @y +a)f) (2% + )% + 2,%) — (2,2 + 2wy + mww (22
(% + a0y + ) (% + 0y + 2)%)
The coordinates of the line ¢ cutting p und p” at right angles
will bo given by
(pl9)="19)=2p;95 = 2pif ¢, = (2] 9) = 0.

We have defined as a parallel, two lines whose intersection
is on the Absolute; let us now give the name pseudoparallel
to two coplanar lines whose plane touches the Absolute. The
necessary and sufficient condition that two lines should bo
either parallel or pseudoparallel is that they should intersect,
and that there should be but a single line of their pencil
tangent to the Absolute. These conditions will be expressed
by the equations

(p|P) = [Epi 2 pi*~ Epy pif )] = 0. (23)

Let the reader notice that when we pass to the limit in the

usual way for the cuclidean case, our equations (23) become
(p|p)) =sind = 0. (24)

Let us now look at paratactic lines, i.e. lines which meet

the same two generators of one set of the Absolute. Of course

COOLIDGE H
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it is in the elliptic case only that two such lines can be real.
It is immediately evident that two paratactic lines have an
infinite number of common perpendiculars whereon they
always determine congruent distances, we have, in fact,
merely to look at the one-parameter group of translations
of space which carry these two lines into themselves. Con-
versely, suppose that the distances of two lines be congruent.
Besides our previous equations conneeting () (y) (&) (¥), we

e N
(w) (@'2) — (yy) (v'y)
The lines p, p” meet the Absolute respectively in the points
(@ lyy) iy v/ () (@ VY £ iy V (@),
It is clear, however, that every point of the line
(@ (yy) + iy () @&V (5Y) +1y v (@),
and of the line
(@ (yy) — iy @) (& v y) —iy / (az),
belongs to the Absolute; the lines are paratactic. Lastly,

the absolute polars of paratactic lines are, themselves, para-
tactic. Hence

Theorem 10. The necessary and sufficient condition that
two lines should be paratactic is that their distances or angles
should be congruent.

This condition may be expressed analytically by equating
to zero the discriminant of either of our equations (19), (20).

(L@ P)+Epypi))P=2py* Ep:i%} (2P~ Cpy i)
—E])'ijz 2])1’}/2} = 0. (25)

This puts in evidence that intersecting lines cannot be
paratactic unless they be parvallel, or pseudoparallel.

In conclusion, let us return for an instant to the moment of
two real lines, ,
sin® sin d_ ___(plp) |

k77 kT S p. /S p,
Pij Pij

We shall assume that the radicals in the denominator
are taken positively, so that the sign of the moment is
that of (p|»’). We now proceed to replace our concept of
a line by the sharper concept of a ray as follows. Let us,
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in the hyperbolic case assume always @, > 0, and in the
elliptic case , > 0. The coordinates

’ ’
r— |\ Yi Yj YilY;
pij = L ”J’ ) ])ij = ~ ”J Py
dz' wj Oi uj

shall be called the coordinates of the ray from (y) to (), and
this shall be considered equivalent to any other ray whose
coordinates differ therefrom by a positive factor. Inter-
changing (y) and (z) will give a second ray, said to be opposite
to this. The relative moment of two rays is thus determined,
both in magnitude and sign. We shall later see various
applications of this concept.

H2



CHAPTER X

THE HIGHER LINE-GEOMETRY

In Chapter IX we took some first steps in non-euclidean
line-geometry. The object of the present chapter is to
continue the subjeet in the special direction where the
fundamental element is not, in general, a line, but a pair
of lines invariantly connected.*

Let us start in the real domain of hyperbolic space and
consider a linear complex whose equation is

(@|p)=0.
The dots indicate that the coordinates of a point aro

&,, &, &, %, and choosing such a unit of measure that
k* = — 1, we have for the Absolute

— 2+ a4+ &2+ a.2=0.
The polar of the given complex will have the coordinates

C"Oi = 'I‘bjk, d’_]k = - 7'60,5, ’1:, j, k= 1, 2, 3,
and the congruence, whose equations are
(@ p) = 2y po;—Z ity psp = 0,
will be composed of all lines of our complex and its absolute
polar, or common to all complexes of the pencil
(Ui — Meltng) . .. (Ltgy + Melhy).

These complexes shall be said to form a coaxal pencil, and
the two mutually absolute polar lines, which arc the dircetrices
of the congruence, shall be called axes of the pencil. We get
their plickerian coordinates by giving to ! :m such values
that the complex shall be special. Let us now write

dol +7:('Lz3 = le,
Ggp + ity = p X, (1
gy + 1y = p X

* Practically the whole of this chapter is sketched, without proofs, by
Study in his article, ‘Zur nicht-euklidischen ete.,” loc. cit. The elliptic case
is developed at length in the author’'s dissertation, ‘Tho dual projective
geometry of elliptic and spherical space,” Greifswald, 1904, For the hyper-

bolic case, see the dissertation of Beck, ‘Die Strahlenketten im hyperbolischen
Raume,” Hannover, 1905.
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A complex coaxal with the given line will be obtained by
multiplying the numbers (X) by (¢ +m2).

A pair of real lines which are mutually absolute polar,
neither of which is tangent to the Absolute, shall be called
a proper cross. They will determine a pencil of coaxal
complexes. If either of the lines have the plickerian coor-
dinates (a), then the three numbers (X) given by equations (1)
may be taken to represent the cross. These coordinates (X)
are homogeneous in the complex (i.e. imaginary) domain, for
the result of multiplying them through by ({+mi) is to
replace the complex (@) by a coaxal complex, and therefore
to leave the axes of the pencil unaltered.

Conversely, suppose that we have a triad of coordinates (X)
which are homogeneous in the imaginary domain. The coor-
dinates of the lines of the corresponding cross will be found
from (1) by assigning to p such a value that the coordinates
(@) shall satisfy the fundamental plickerian identity. For
this it is necessary and sufficient that the imaginary part of
p?(XX) should vanish, i.e.

X. X

O'C.b — _1_ - + _z— 3

o (‘\/(XX) ‘/(X;X—) @
—i( X X )-

v (XX) ﬂ“‘f

To get the other line of the cross, i.e. the Absolute polar
of the line (&), we merely have to reverse the sign of one
of our radicals.

Therc is one, and only onc case, where our equations ()
become illusory, namely where

(XX)=0.

This will arise when
(@] a) = Zay®—Zay® =0,

i.e. when the directrices of the congruence are tangent to the
Absolute. All complexes of the pencil will here be special,
and will be determined severally by lines intersecting the
various tangents to the Absolute at this point. Any mutually
polar lines of the pencil of tangents, WﬂY, conversely, serve to
determine the coaxal system. We may then represent such
a pencil of tangent lines by a set of homogeneous values (X)
where (XX ) =0, and, conversely, overy such set of homo-
geneous values will determine a pencil of tangents to the
Absolute. We shall therefore define such a pencil of tangents
as an ¢mproper cross.
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Theorem 1. There exists a perfect one to one correspondence
between the assemblage of all crosses in hyperbolic space, and
the assemblage of all points of the complex plane of elliptic
space. Improper crosses will correspond to points of the
clliptic Absolute.

We shall say that two crosses intersect if their lines inter-
sect. The N. S. condition for this in the case of two proper
crosses will be _

xXv) (XD
Y(XX) V(YY) V(XX)Y(TY)
Geometrically a line may intersect either member of a cross.
This ambiguity disappears in the case of perpendicular inter-
section.

Theorem 2. Two intersecting crosses will correspond to
points, the cosine of whose distance is real, or pure imaginary;
crosses intersecting orthogonally will correspond to orthogonal
points of the elliptic planc.

The assemblage of crosses which intersect a given cross
orthogonally will be given by means of a linear equation.
A linear equation will be transformed linearly into another
linear equation, if the variables and coeflicients be treated
contragrediently. Geometrically we shall imagine that our
assemblage of crosses, cross space let us say, is doubly over-
laid, the crosses of one layer being represented by points and
those of the other by lines in the complex plane, we have then

Theorem 8. The necessary and sufficient condition that two
crosses of different layers should intersect orthogonally is that
the corresponding line and point of the complex plane should
be in united position.

If a eross be improper, the assemblage of all crosses eutting
it orthogonally will be made up of all lines through the point
of contact, and all lines in the plane of contact. This assem-
blage, reducible in point space, is irreducible in cross space.

The collineation group of eross space, is the general group
depending on eight complex, or sixteen real parameters

1.3
pXi=2 a;X;, |a;|F#0. ®)

When will this indicate a transformation of point space?
It is certainly necessary that improper crosses should go into
improper crosses, hence the substitution must be of the ortho-
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gonal type. Moreover, the Absolute of hyperbolic space will
be transformed into itself, so that our transformation of point
space must be a congruent one. Conversely, it is immediately
evident that a congruent transformation will transform cross
space linearly into itself. Also, an orthogonal substitution in
cross coordinates will carry an improper cross into an im-
proper cross, and will carry intersecting crosses into other
intersecting crosses. The corresponding transformation in
point space is not completely determined, for a polar recipro-
cation in the Absolute of point space appears as the identical
transformation of cross space. A transformation which
carries intersesting crosses into intersecting crosses may thus
be interpreted either as a collineation, or a correlation of
point space.

Theorem 4. Every collineation or correlation of hyperbolic
space which leaves the Absolute invariant will be equivalent
to an orthogonal substitution in cross space, and every such
orthogonal substitution may be interpreted either as a con-
gruent transformation of hyperbolic space, or a congruent
transformation coupled with a polar reciprocation in the
Absolute.

Let us now inquire as to what are the simplest figures of
cross space. The simplest one dimensional figure is the chain
composed of all crosses whose coordinates are linearly depen-
dent, by means of real coeflicients, on those of two given
CrOSSes, pX;=a¥Y +0Z;, i=1,2,8. (4)

Interpreting these equations in the complex plane we see
that we have ! points of a line so related that the cross ratio’
of any four is real. If this line be reprcsented in the Gauss
plane, the chain will be represented by a cirele. If the line
be imaginary, the real lines, one through each point of the
chain, will generate a linear peneil or a regulus.*

The crosses of the chain will cut orthogonally another eross
(of the other layer) called the awxis of the chain. The axis
being proper, the chain will contain two improper crosses,
namely, the pencils of tangents to the Absolute where it
meets the actual line of the chain.

There is a theorem of very great generality connected with
chains, which we shall now give. Suppose that we have a

* The concept ¢ chain of imaginary points’ is due to Von Staudt. See his
¢ Beitrige’, loc. cit., pp. 137-42. For an extension, see Segre, ‘ Su un nuovo
campo di ricerche geometriche,” Atti della R. Accademia delle Scienze di Torino,
vol, xxv, 1890.
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congruence of lines of such a nature that the corresponding
cross coordinates (U) are analytic functions of two real
parameters «, v. The cross of common perpendiculars to the
cross (U) and the adjacent cross (U+dU) will be given by

U; U, U; U,
X;=|3U; 30, |du+ | 3U; 30, | dv. )
ou du v w

There are two sharply distinet sub-cases, (a)

U | _
I U Su 3w | = 0. (6)
Here there is but one common perpendicular to (U) and all
adjacent crosses. Such a congruence shall be called synectic.
Let us exclude this case for the moment and pass to the other,

where, (b)

SURLA PN @)
du dv

We shall mean by the general position of a line in such a con-

gruence, one where this determinant does not vanish. We
have then the theorem:*

U

Theorem 5. The common perpendiculars to & line, in the
general position, of a non-synectic congruence, and each
adjacent line will generate a chain.

Let us find, in point coordinates, the equation of the surface
obtained by splitting off from a chain its improper crosses.
We easily see that there will be two crosses of the chain
which intersect orthogonally; taking these and the axes to
determine the coordinate system, we may express our chain
in the simple form

Xi=a(p+qi), X,=b(r+s), X;=0.
Eliminating « /b we get
(Pligy + Qltgg) (1019 —80g5) = (Pligg— i) (Tigg + 8ty

This gives the equation of the chain surface in point coor-
dinates

(p8—qr) (= +&,%) &y &by + (pr +q8) (&2 + &,2) &y, = 0. (8)
* The analogous theorem for euclidean space is due to Hamilton, see

}1%82 paper on ‘Systems of Rays’, Transactions of the Royal Irish Academy, vol. xv,
9.
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If (p8—qr) =0 or (pr+q¢s)=0,

we have two real and two imaginary linear pencils ; the con-
ditions for this in cross coordinates will be invariant under
the orthogonal, but not under the general group. The general
form of our surface is a ruled quartic, having a strong simi-
larity to the euclidean cylindroid.

The simplest two dimensional system of crosses is the chain
congruence. This is made up of all crosses which have coor-
dinates linearly dependent with real coefficients on those of
three given crosses which do not cut a fourth orthogonally

X'L' = aYi+bZi+cT0,
| XYZ|#0, i=12,3. 9)

Theorem 6. The crosses which correspond to the assemblage
of all points of the real domain of a plane will generate
a chain congruence.

Theorem 7. The common perpendiculars to pairs of crosses
of a chain congruence will generate a second chain congruence
in the other layer. Each congruence is the locus of the axes
of the o? chains of the other; the two are said to be reciprocal
to one another.

The reciprocal to the chain congruence (9) will have equa-

tions P
Zj Z, Tj T Y; Y,

Let the reader show that the chain congruence may be
reduced to the canonical form

X, =a(p+q), X,=0b(r+s), X;=c(t+ri),
where a, b, ¢ are real homogencous variables.
There are various sub-cases under the congruent group. If

(ps—qr) =0,
the congruence will be transformed into itself by a one-
parameter group of rotations.

Again, let  (ps_gr) =0, (pr—gt)=0.
Here we see that (XX’
VXX) /(X%)
is real for any two crosses of the congruence, i.e. the con-
gruence consists in all crosses through the point (1, 0, 0, 0).

Leaving aside the special cases the following theorems may
be proved for the general case.

Theorem 8. The chain congruence, considered as an assem-
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blage of lines in point space, is of the third order and class.
It is generated by common perpendiculars to the pairs of lines
of a regulus. Those lines of the congruence which meet a line
of the reciprocal congruence, orthogonally generate a quartic
surface, those which meet such a line obliquely generate a
regulus whose conjugate belongs to the reciprocal congruence.
The two congrucnces have the same focal surfaco of order and
class eight.

Another simple two-parameter system of crosses is the
following
pX; =aY, +bZ;+cT;,
pY;+qZ;+sT; # 0, | YZT'| =0, (¢bcpqr) real.
All these crosses cut orthogonally the cross
Y; ¥,
Z; 2y,
Conversely, let us show that every cross orthogonally inter-
secting (U) may be expressed in this form. As such a form
as this is invariant for all linear transformations, we may
suppose Y,=Z,=1T,=0.
We have then the cquations
aY +bZ + Ty = (r+0') X,
aY,+0Z,+cT, = (r+ir') X,,
which amount to four linear homogeneous equations in five
unknowns a, b, ¢, 7, 7" and these may always be solved. There
will be found to be one singular case where the same cross
has oo’ determinations.
The assemblage of crosses cutting a cross orthogonally is

but a special case of what we have already detfined as a
synectic congruence. If

)

X =X(w), |X<=

du dv
there will be but one common perpendicular to a cross and its
adjacent crosses. This corresponds to the fact that there will

exist an equation F(X,X,X,) =0,

so that our congruence is reprosented by a curve, the tangent
at any point representing the common perpendicular just
mentioned (in the other layer), and, conversely, every curve
will be represented by a synectic congruence. The points and
tangents will be represented by two synectic congruences so

bXlezO,
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related that each cross of one is a cross of striction of a cross
of the other, and all its adjacent crosses. We may reach
a still clearer idea of these congruences by anticipating some
of the results of differential geometry to be proved in later’
chapters. For, if we look upon the congruence of lines
generated by our crosses, we seo that the two focal points
on each are orthogonal and the two focal planes mutually
perpendicular. From this we shall conclude that our line-
congruence is one of normals, and the characteristics of the
developable surfaces of the congruence will be geodesics of
the focal surface, to which the lines of the other congruence
are binormals. We shall, moreover, show in a later chapter
that if 7, and 7, be the radii of curvature of normal sections of
a surface in planes of curvature, then the Gaussian expression
for the curvature of the surface at that point will be

1 1 + 1
k tan 7 k tan A
In the present instance as the two focal points are orthogonal
T, r 1 1 1
Pl S i b =l
ktan 7t ktan -2

k k
Our congruence is made up of normals to surfaces of Gaussian

curvature zero, i.e. to surfaces whose distance element may
be written ds? = du? + dv™.

Theorem 9.% A synectic congruence will represent the points
of a curve of the complex plane. It will be made up of crosses
whose lines are normals to a scrics of surfaces of Gaussian
curvature zero. The characteristics of the developable surfaces
are geodesics of the focal surfaces. Their orthogonal trajec-
tories are a second set of geodesics whose tangents will
generate a like congruence.

In conclusion, let us emphasize the distinction between
these congruences and the non-synectic ones, where the
common perpendiculars to a cross and its adjacent ones
generate a chain.

Did we wish to represent the imaginary as well as the
real members of a synectic or non-synectic congruence, we
should be obliged to introduce into our representing plane,
points with hypercomplex coordinates. We shall not enter
into this extension, for, after all, the real point of interest of

_ * Cf. Study, ¢ Zur nicht-euklidischen ote.,’ cit., p. 828.
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the subject lies merely in this, namely, to give a real inter-
pretation for the geometry of the complex plane.

As we identify the geometry of the cross in hyperbolic
space with that of a point of the complex plane, so we may
relate a cross of elliptic (or spherical) space to a pair of real
points of two plane. The modus operandi is as follows :—

We start, as before, with a pencil of coaxal linear complexes
defined by

antagn=pXy, ag—ay =X,
Ayt Uy = pXy,  Upp—ay = 0, X, (11)
U+ @y = X5, @g—ayy =0, X

If we replace our complex by another coaxal therewith, we
shall merely multiply (;X) (,X) by two different constants.
Conversely, when we wish to move back from the indepen-
dently homogeneous sets of coordinates (;X)(,X) to the
degenerate complexes of the pencil, i.e. to the lines of the
cross defined thereby, we have to take for p and o such values
that the fundamental pliickerian identity is satisfied,

ag; = 1 X; V(X X) +,X; V(X X),
=1 X; V(X X) -, X,V (X X).

The two separately homogeneous coordinate triads (;X) (,X)
may be taken to represent this proper cross, and, conversely,
as all quantities involved so far are supposed to be real, every
real pair of triads will correspond to a single cross.

Theorem 10. The assemblage of all real crosses of elliptic
or spherical space may be put into one to one correspondence
with the assemblage of all pairs of points one in each of two
real planes.

Our doubly homogeneous coordinates have a second inter-
pretation which is of the highest interest. Let us write the
coordinates of a point of the Absolute in terms of two inde-
pendent parameters, i.e. of the parameters determining the
one and the other set of linear generators

(12)

Ly U2y 2 Xy U0

= (Asy—Aghta) 1 (Mg + Agpsy) 2 Mgk + Agpty) : (Mpip—Agpsy).
The pliickerian coordinates of a generator of the left or right
system will thus be

Por = Pas = 2N, Qo1 = —Goz = 2M1g,
P =Pa=1A2+AD), o= —qq="12(u"+n)s
Pos = Prz = (A" =A%), Qo3 = — Q12 = — (1> —m?):
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The parameter (A\) of a left generator which meets a given
line (a) will satisfy

20 A5(gr + ) + LA+ Ag%) (@op + @gy) + (AP = A7) (g3 + @) =O.
Similarly, for a right generator we have

2ph g (Cgy — Uz) + 7 (g + g?) (Fgp — W) — (1 — 1y") (@3 — 1) = 0.

We thus get as a necessary and sufficient condition that
two lines should be right (left) paratactie, that the differences
(sums) of complementary pairs of pliickerian coordinates in
the one shall be proportional to the corresponding differences
(sums) in the other. If the lines be (p) and (p’), the first of
these conditions will be

[(p|P)+2pypi/ )P~ 2pi 2py* = 0,
while the second is

(2 |P)—2pipii 17— 2 py* Zp;® = 0.
If these equations be multiplied together, we get (25) of
Chapter IX.

If a line pass through the point (1, 0, 0, 0) its last three
pliickerian coordinates will vanish, while the first three are
proportional to those of its intersections with #, = 0. It thus
appears that in (11) the coordinates (;X) and (,X) are nothing
more nor less than the coordinates of the points, where the
plane «, =0 is met respectively by the left and the right
paratactic through the point (1, 0, 0, 0) to the two lines of the
cross, for a line paratactic to the one is also paratactic to
the other. It will, however, be more convenient to consider
(;X) and (,X) as standing for points in two differcnt planes,
called, respectively, the left and right representing planes.
We shall speak of two crosses as being paratactic, when their
lines are so, and the necessary and sufficient condition there-
fore, invariant under the group of cross space, is that they
should be represented by identical points in the one or the
other plane*

Ag in the hyperbolic case, so here, we shall look upon cross
space as doubly overlaid, and assign a cross to the upper layer
if it be determined by two points in the representing planes,
while it shall be assigned to the lower layer if it be determined
by two lines. Under these circumstances we may say :—

Theorem 11. In order that two crosses of different layers
should intersect orthogonally, it is necessary and sufficient

* The whole question of left and right is considered most carefully in
Study’s ¢ Beitriige’, cit., pp. 126, 156.
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that they should be represented by line elements in the two
planes.

We may go still further in this same direction. We shall
mean by the right and left Clifford angles of two crosses, the
angles of right and left paratactics to them through any chosen
pomt Let the reader show that the magnitude of these angles
18 independent of the choice of the last-named point. If, thus,
we choose the point (1, 0, 0, 0), the cosines of the Clifford
angles will be

(X;Y) (

VX X) VYY) ViXX) V(YY)
Now, from equations (19) and (20) of Chapter IX, we see that

.d.d (p12)
sin —sin —=sinfsinf = L A —
L k "/ p’&JZ ~/2 pq 2
d / S0 0sd
cos 7 cos (—- = c0sf cosd’ = - ﬁ“ p@,_*
v x/Epijz '\/Ep,ijlz

hence, we easily find

(1) COS(k Ic) J(X X} V(YY) (13)
(2.929)

o8 (7” ) VX X) v WY.Y)

or else

d
@ eos( - ) = VXX ;/( Y.v)

d d’ XyY)
cos ( ) - .
VX X) VYY)
The ambiguity ean be removed by establishing certain con-
ventions with regard to the signs of the radicals, into which

we shall not enter.* We may, however, state the following
theorem :—

Theorem 12. The Clifford angles of two lines have the same
measures as the sums and differences of the kth parts of their
distances, or the sums and differences of their angles. The
necessary and sufficient condition that two lines should inter-
sect is that their Clifford angles should be equal or supple-
mentary.

* For an elaborate discussion, see Study, ¢ Beitrige,’ cit., especially p. 130.



X THE HIGHER LINE-GEOMETRY 127

When we adjoin the imaginary domain to the real one,
serious complications will arise which can only be removed
by careful definition. Without going into a complete dis-
cussion, we mercly give the facts.*

If (X;X)=0, (,X,X)#0, we shall say that we have
a left tmproper cross, and denote thercby a left generator
of the Absolute, conjoined to a non-parabolic involution
among the right generators. There will be ©® such improper
crosses, and o3 right improper crosses, whose definition is
obvious. Left and right improper crosses together will con-
stitute what shall be called improper crosses of the first sort.
Improper crosses of the second sort shall be defined, as in
hyperbolic space, as pencils of tangents to the Absolute,
corresponding to sets of values for which (;X ;X)=(,X X)=0.
The definitions of parataxy and orthogonal intersection may
be extended to all cases, their analytic expression being as
in the real domain.

The general group of linear transformations of cross space
will depend upon sixteen essential parameters. It will be
made up of the sixteen-parameter sub-group G, of all trans-
formations of the type

pXi=2DayX;, o, X{=20;,X;, |a;]|x|b;|#0, (14)
j j

and the sixteen-parameter assemblage H,; of all transforma-
tions of the type

piX{=ay,X;, o, X/ ="0,;X;, |ag|x]|b;|#0. (15)
i j

Notice that under G4 left and right parataxy of crosses of
the same layer are invariant, while under H,; the two sorts
of parataxy are interchanged.

The group ¢, will contain, as a sub-group, the group of all
motions, while H; includes the assemblage of all symmetry
transformations. Let the reader show that there can be no
collineations of point space under (,;, except congruent trans-
formations, and that the necessary and sufficient condition
that (14) should reprcsent a motion of point space is that
the transformations of the two representing planes should
be of the orthogonal type.

The group @, is half-simple, being composed entirely of
two invariant sub-groups ;Gy, .Gy, of which the former is
made up of the general linear transformation for (;X) with

* Cf. the author’s ¢ Dual projective Geometry’, loc. cit., § 3.
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the identical transformation for (,X), while in the latter, the
réles of (;X) and (,X) are interchanged. The highest common
factors of the group of motions with ;G; and , G, respectively,
will be the groups of left and right translations (cf.
Chapter IX).

The simplest assemblages of crosses in elliptic space bear
a close analogy to those of hyperbolic space, although pos-
sessing more variety in the real domain. Let

ZXI,,, = alYi‘*'blZi, TXZ' = aTY’i+bfZ'i’
| X,Y,S | x|, X,Y,T| 0.

The assemblage of crosses so defined shall be called a chain.
The properties of these chains are entirely analogous to those
in the hyperbolic case. For instance, take a congruence of
crosses whose coordinates are analytic functions of two essential
parameters (u), (v). Let us further assume that (;Y)(,Y)
being crosses of the system

d d d 9
sl gtV [ X[V 5y V¥ | £0

The meaning of this restriction is that neither (;¥) nor (,Y)
can be expressed as functions of a single parameter, so that
the crosses of the congruence cannot be assembled into the
generators of oo! surfaces, those of each surface being para-
tactic. Let the reader then show that for every such
congruence, the common perpendiculars to a line in the
general position, and its immediate neighbours, will generate
a chain.

The chains of elliptic eross space will have the same sub-
classifications under the congruent group, as in the hyperbolic
plane. Let the reader show that the general chain may be
represented by means of a homographic relation between the
points of two linear ranges in the representing planes, and
that the special chain, composed of two pencils, arises, when
the relation is a congruent one,

Suppose, next, that we have

nXy=aY;+biZ;, o X;=a,Y;+b.7Z,
i=nd; | Y2 T|£0.
This is a new one-parameter family of crosses called a strip,
or, more exactly, a left strep. The common perpendiculars
to pairs of crosses of the left strip will generate a right strip

(whereof the definition is obvious), and each strip shall be said
to be reciprocal to the other. A left strip of the upper layer

x|, Y
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will be represented by a point of the left plane, and a linear
range of the right plane. The reciprocal strip in the lower
layer will be represented by the pencil through the point
in the left plane, and the line of the range in the right.

In point space, the lines of a strip are generators of a
quadric, whose other generators belong to the reciprocal strip.
Owing to the parataxy of the generators of such a quadric,
it will intersect the Absolute in two generators of each set.
We shall call our quadric a Clifford surfuce, when we wish
to refer to it as a figure of point space. We shall show in
Chapter XV, that these surfaces have Gaussian curvature zero,
since they are generated by paratactic lines, and are minimal
surfaces, since their asymptotic lines form an orthogonal
system.*

The simplest two dimensional system of crosses will be, as
before, the chain congruence ’

lXi= (blYi'f'blZ[j-f-('lT,:, 7“Yi= alXi+Z)lYi+chi
l lYlZlTI X ITY)ZrTi 7’2 0.

We may solve the first three equations for «, 0, ¢, and sub-
stitute in the last

TX”i = 2 aq-leJ-, I aij ‘ :,& 0.
J

This, again, may easily be reduced to the canonical form

r X = & (16)
The reciprocal congrucnce will be given by
Ui = a;, U

There are various sub-classes under the congruent group.
If the squares of no two of our quantities «; in (16) be equal,
we have the general congruence, if we have one such equality,
the congruence will be transformed into itself by a one-
parameter group of rotations. If all three squares be equal,
we have a bundle of crosses through a point. The gencral
congruence will have all of the properties mentioned in (8).

A different sort of congruence will arise in the case where

WTZL] =0, |,¥,4,T|#0. (7)
This congruence will contain o' strips, whose reciprocals
generate the reciprocal congruence. The common perpen-
diculars to all non-paratactic crosses of the congruence will
generate a bundle, those to paratactic crosses, the reciprocal

* Cf. Klein, ‘¢ Zur nicht-euklidischen Gcometrie,” Muathematische Annalen,
vol. xxxvii, 1890.

COOLIDGE I
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congruence. Such a congruence will be generated by the
common perpendiculars to the paratactic lines of two pencils
which have different centres and planes, but a common line
and paratactic axes. In point space the line congruence will
be of order and class two, The canonical form will be *

Xy = 0y, X,

1 Xy = a,, Xy,

1 X;=0.
If, in addition to (17), we require the first minors of |;Y;Z,71'|
all to vanish, we shall have a bundle of paratactic crosses.
If, on the other hand, we have

| Yz T'|=|,Y,2,T|=0,
without the vanishing of the first minors of either determinant,
we have 2 crosses cutting a given cross orthogonally. The
equations of the congruence may be reduced to the canonical
form pXi=a, o X =0
pX, =10, o X,=c (18)
pX;=0; ¢,X,=0.
The cross (1,0, 0) (0, 1, 0) will be singular, having ! deter-
minations.
In general, if we have
FX3X0Xg) =0, ¢(X,,X,,X)=0,

the line-congruence can be assembled into oo! surfaces with
left, and oo! surfaces with right paratactic generators. Such
surfaces will have Gaussian curvature zero. We shall show

also in Chapter XVI that the lines of such a congruence are
normals to a sories of surfaces of Gaussian curvature zero.

* Apparently nothing has ever been published concerning this type of
congruence, The theorems here given are taken from an unpublished section
of the author’s dissertation, cit.



CHAPTER XI

THE CIRCLE AND THE SPHERE

THE simplest curvilinear figures in non-euclidean geometry
are circles, and it is now time to study their properties.*

Definition. The locus of all points of a plane at a constant
distance from a given point which is not on the Absolute
is called a circle. The given point shall be called the centre
of the circle, its absolute polar, which will also turn out to
be its polar with regard to the circle, shall be called the axis
of the circle. A line through the centre of the circle shall be
called a diameter. Let the reader show that all points of
a circle are at constant distances from the axis, a distance
whose measure becomes infinite in the limiting euclidean case.

To get the equation of the circle whose centre is (a) and
whose radius is 7, i.e. this shall be the measure of the distance
of all points from the centre, we have

Lo ey ST
Vi) V@w)
cos? IZ (aa) (x) — (ax)? = 0. (1)

It is evident that when cosQ;:_;E 0, this curve has double

contact with the Absolute, the secant of contact being the
axis, and, conversely, every such curve of the second order
will be a circle. The absolute polar of a circle will, hence,
be another circle, so that the circle is self-dual :—

Theorem 1. Definition. The Theorem 1. The envelope
locus of all points of a plane of all lines of a plane which
at a constant distance from make a constant angle with
a given point thereof is a a given line is a circle having
circle whose centre is the given the given line as axis.
point.

Note that a circle of radius 712@ is & line, and that circle of
radius O is two lines.

* For a very simple treatment of this subject by means of pure Geometry,
see Riccordi, ‘I cercoli nella geometria non-cuclidea,” Giornale di Mutematica,
xviii, 1880. Riccordi’'s results had previously been reached analytically by
Battaglini, ¢ Sul rapporto anarmonico sezionale e tangenziale delle coniche,”
ibid., xii, 1874.

12
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Reostrieting ourselves, for the moment, to the real domain
of the hyperbolic plane, we sece that if the centre be ideal,
the axis will be actual, and the curve will appear in the actual
domain as the locus of points at a constant distance from the
axis, an actual line. In this case the circle is sometimes
called an equidistant curve. If the centre be actual we shall
have what may be more properly called a proper circle.
Notice that to a dweller in a small region of the hyperbolic
space, a proper circle would appear much as does a euclidean
circle to a euclidean dweller, while an equidistant curve would
appear like two parallel lines. These distinctions will,
naturally, disappear in the elliptic case; in the spherical, the
circle will have two centres, which are equivalent points.

If the point («) tend to approach the Absolute (analytically
speaking) the equation (1) will tend to approach an inde-
terminate form. The limiting form for the curve will be
a conic having four-point contact with the Absolute. Such a
curve shall be called a Lorocycle, the point of contact being
called the centre, and the common tangent the axis. If (u) be
the coordinates of the axis, we have

(uww) =0,
and the equation of the horocyele takes the form
(wy? +w,?) (@) + C (ux)? = 0.
Theorem 2. A tangent to Theorem 2. A point on a
a circle is perpendicular to the cirele is orthogonal to the

diameter through the point of point where the tangent there-
contact. at meets the axis.

These simple theorems may be proved in a variety of ways.
For instance every circle will be transformed into itself by
a reflection in any diamecter, hence the tangent where the
diameter meets the curve must be perpendicular to the diameter.
Or, again, if AB = AC, a line from A to one centre of gravity
of B, C will be perpendicular to BC'; then let B and C close
up on this centro of gravity. Or, lastly, the equation of the
tangent to the circle (1) at a point (y) will be

(2y) (aa) — N (aa) (ay) = 0.
The diameter through (y) will have the equation
|y | = 0.
If we indicate these two lines by () and (v), then
. (w) = (aa) | yay |- N (ay) | aya|.

Let the reader show that these theorems hold also in the

case of the horocycle.
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Theorem 3. The locus of
the centres of gravity of pairs
of points of a circle whose
lines are concurrent on the
axis, is the point of concur-
rence, and the diameter per-
pendicular to these lines.

Theorem 4. If two tangents
to a circle (horocycle) make
a constant angle, the locus of
their point of intersection is
a concentrie cirele (horocycle).
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Theorem 8’. The envelope
of the biscctors of the angles
of tangents to a circle from
points of a diameter, is this
diameter, and its absolute
pole.

Theorem 4. If two points of
a circle (horocycle) are at a
constant distance,theenvelope
of their line is a coaxal circle
(horocycle).

The element of arc of a circle of radius (v) will be, by

Chapter IV (5),

ds = I:sin » d0.

I

The circumference of the cirele is thus

ksin ZJ A0 = 2z lksin’, -
k 0 k
Let the tangents at /> and P’ meet at ), the centre of the
cirele being A. ILet A¢ be the angle between the tangents,
and let P be the point on the tangent at I’ whose distance
from P equals PP’, or, in the infinitesimal, equals ds. The
APAP and AP’ PP are isosceles, hence

A¢p =24 P'PP”,

P TP, s
tan _270 - = 81N T tan —4‘
PP
4 tan ——
€ ll; :v N
limit A = limit —— A limit )
ds P’ PP/z
PP’sin
rQ e __ ds
But tan —= = sin ¢ tando = 9
tan 1-;9 = tan i“? cos} (r—Ag) by IV (6),

PO
limit tan%g = }tan T A¢.



134 THE CIRCLE AND THE SPHERE CH.

Hence

AP .
limit z5 = limit T (2

We shall subsequently define this expression as the curva-
ture of the circle at the point (P). We see that, as we should
expect, it is constant.

We shall next take up simple systems of circles. We leave
to the reader the task of making the slight modifications in
what follows necessary to adapt it to the case of spherical
geometry. In the general case two circles, neither of which
1s & line, will intersect in four points, real, or imaginary, in
pairs. If two circles lie completely without one another they
will have four real common tangents, the absolute polars of
such circles will intersect in four real points. The difficulty
of visualization disappears in the hyperbolic case where we
take one at least of the circles as an equidistant curve. If we
identify the euclidean hemisphere, where opposite points of
the equator arc considered identical, with the elliptic plane,
we see how two circles there also can intersect in four real
points. In the spherical case, by Chapter VIII, the Absolute is
the locus of all points which are identical with their equiva-
lents. A point will have one absolute polar, a line two
equivalent absolute poles. The absolute polar of a circle is
two equivalent circles, which are also the absolute polars of
the cquivalent circle. Two real circles cannot intersect in
more than two real points.

Two circles which interseet in four points will have three
pairs of common secants. The problem of finding the common
secants of two conics will, in general, lead to an irreducible
equation of the third degree. When, however, the two conics
have double contact with a third, the equation is reducible,
and one pair of secants appears which intersect on the chords
of contact, and are harmonically separated by them.* In the
case of two circles these secants shall be called the radical
axes. They will

Theorem 5. If two circles Theorem 5. If two circles
interseet in four points, two have four common tangents,
common secants called radical two intersections of these,
axes are concurrent with the called centres of similitude, lie
axes of the circles and har- on the line of centres, are

* This theorem is, of course, well known. Cf. Salmon, Conic Sections,
sixth edition. London, 1879, p. 242.
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monically separated by them.
They are perpendicular to one
another and to the line of cen-
tres. The centres of gravity
of the intersections of the
circles with a radical axis are
the intersections with the
other radical axis and with
the line of centres.
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harmonically separated by the
centres a.nd are mutually
orthogonal. The bisectors of
angles of the tangents at a
centre of similitude are the
line of centres and the line to
the other centre of similitude.

If the equations of the two circles bo

cos? % (2a) (xx) — (ax)? = 0,

cos? %2 (bb) (xx) — (br)* = O,

the equations of the radical axes will be

(cos % v/ (bb) (ax) + cos % v (aa) (bw))

(cosf;—c2 v (bb) (ax) —cos % ¥ (ua) (bw)) =0. (3)

The last factor equated to zero will give

(ax)

(b)

Viua) Vi) _

cos 1
k

V(W) ¥ (@a),

T,
cos 2

k

and the two sides of this equation will, by Ch. IV (4), be the
cosines,of the kth parts of the distances from (z) to the points
of contact of tangents, thence to the two circles.

Theorem 6. If a set of circles
through two points have the
line of these points as a radical
axis, the points of contact of
tangents to all of them from
a point of the line lic on a
circle whose centre is this
point.

Theorem 6. If a set of circles
tangent to two given lines
have the intersection of the
lines as a centre of similitude,
the envelope of tangents to
them at the points where they
meet a line through this
centre of similitude will be
a circle with this line as axis.

Consider the assemblage of all circles through two given

points.

If the line connoccting the two points be a radical

axis for two of these circles it will be perpendicular to their
line of centres at one centre of gravity of the two points, and
in every case a perpendicular from the centre of a circle on
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a secant will meet it at a centre of gravity of the two points

of the circle on that line.

Theoren 7. The assemblage
of all circles through two
common points will fall into
two families according as the
perpendicular from the centre
on the line of these points
passcs through the one or the
other of their centres of
gravity. Two circles of the
samefamily,and they only, will
have the line as a radical axis.

We thus see—

Theorem 7'. The assemblage
of all circles tangent to two
lines will fall into two families
according as the centres lie on
the one or the other biscctor
of the angles of the lines.
Two cireles of the same
family, and they only, will
have the intersection of the
lines as a centre of similitude.

Let us now take a third point, and consider the circles that

pass through all three.

Theorein 8. Four circles will
pass through three given
points. Each line connecting
two of the given points will
be a radical axis for two pairs
of circles.

Theoren 9. The radical axes

of three circles pass by threes
through four points.

Theorem 8. Four circleswill
touch three given lines.  Each
intersection of two lines will
be a centre of similitude for
two pairs of circles.

Theorem 9’. The centres of
similitude of three circles lie
by threes on four lines.

Of course when two circles touch one another, their common
tangent replaces one radical axis, and the point of contact one

centre of similitude.

from (6) and (9)

Theoreny 10. Four ecircles
may be constructed to cut
each of three circles at right
angles twice.

Two circles will have double contact
when, and only when, they are concentric.

We get at once

Theorem 10’. Four circles
may be constructed so that
the points of contact of tan-
gents common to them and to
each of three given circles
form two pairs of orthogonal
points.

It is here assumed that no two of the given circles are con-

centric.

There is no reason to expect that becausc two circles .

intersect at right angles in two points they will in the other

two. Let the circles be

cos? " ! (aa) () — (ar)*=0, cos? % (0b) (xa) — (bz)? = 0.

k
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Let (y) be a point of intersection; the lines thence to the

centres are

lazya| =0,

|ayb| = 0.

The cosine of the angle formed by them will be

cos @

(yy) (ay)
(by) (ab)

k

(ab)—coszl—l Cos % v (ww) v/ (bb)

= V) (a)—(ayy ¥ (yy) ) — (by)*

(4)

sinf"}sinl]‘:g V{aw) v/ (bb)

A

This gives two values for the angle which will be equal when,

and only when

((,bb) = 0.

The condition of contact will be

cosf = +1, cos(z‘/—,l +

and of orthogonal intersection

7y

7 ;
COB — CO8 —* =

ke k

Viaa) V)’

these last two facts being, also, geometrically evident.

Yy (@) . 5
/c) J(a_w) \/(_(}55’ ®)

(ab) ®)

We

see that two circles cannot have four rectangular intersections,

for if

(ab) = 0, cos q;f =0, )

the circle is a line.

Theorem 11. The necessary
and sufficient condition that
two circles should cut at the
same angle at all points is
that their centres should be
mutually orthogonal.

Theorem 11'. The necessary
and sufficient condition that
two circles should determine
by their points of contact,
congruent distances on all four
common tangents, is that their
axes should be mutually per-
pendicular.

Notice that these two conditions are really identical.
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We shall define as a sphere that surface which is the locus
of all points of space at congruent distances from a point not

on the Absolute.

Theorem 12. A sphere is
the locus of all points at a
constant distance from a given
point not on the Absolute.
It is, when not a plane, a
quadric with conical contact
with the Absolute.

Theorem 12’. A sphere is
the envelope of planes meeting
at a constant angle a plane
which is not tangent to the
Absolute. It is, when not a
point, a quadric with conical
contact with the Absolute.

Note that a plane and point are special cases of the sphere.
The fixed point shall be called the centre, the plane of conical

contact the awial plune of the sphere.

A line connecting any

point with the centre of a sphere is perpendicular to the polar
¥lane of the point, a tangent plane is perpendicular to the line
rom the point of contact to the centre, to the diameter through

the point of contact let us say.

Theorem 13. Two spheres
will intersect in two circles
whose planes are perpen-
dicular to the line of centres
and to one another, and are
harmonically separated by the
axial planes.

Theorem 14. Three spheres
not containing a common
circle will meet in three pairs
of circles whose planes are
collinear by threes in four
lines.

Theorem 15. Four spheres
whose centres are not co-
planar intersect in twelve
circles whose planes pass by
sixes through eight points
which, with the centres of the
spheres, form a desmic con-
figuration.

Theorem 16. The necessary
and sufficient condition that
two spheres should cut at the
same angle along their two

Theorem 13’. The common
tangent planes to two spheres
envelop two cones of revolu-

tion whose vertices are
mutually orthogonal and
harmonically separated by

the centres.

Theorem 14’. Three spheres
not tangent to a cone of re-
volution have three such
pairs of common tangent cones
whose vertices are collinear in
threes on four lines.

Theorem 15’. Four spheres
whose axial planes arc not
concurrent arc enveloped in
pairs by twelve cones of re-
volution whose vertices lie
by sixes in eight planes which,
with the axial planes, deter-
mine a desmic configuration.

Theorem 16’. The necessary
and sufficient condition that
two spheres should, by their
contact, determine congruent



XI . THE CIRCLE AND THE SPHERE 189

circles is that their centres distances on the generators of
should be mutually ortho- the two circumscribed cones,

gonal. is that their axial planes
should be mutually perpen-
dicular.

We shall terminate this chapter by giving an unusually
elegant transformation from euclidean to non-euclidean space.*
Let us assume that we have a euclidean space where a point
has the homogeneous coordinates 2, ¥, z, ¢ and a hyperbolic
space for which k% = —1, a point being given by our usual (%)
coordinates. Let us then write

. — A .~ (.z -2 . g 2 —_ .
pr =1y, pY=dy ps= Vb =i =2 —d7 pt=dy—d;. (8)

To each point of hyperbolic space will correspond two
points of euclidean space. Let us choose that for which the
real part of vi2—i?—&,2—a,? is greater than zero. When
the real part vanishes, we may, by adjoining to our domain of
rationality a square root of minus one, distinguish between the
imaginary roots, and so choose one in particular. We may
thus say that to every point of hyperbolic space, not on the
Absolute, will correspond a point of euclidcan space above
the plane z =0, and to each points of the Absolute will
correspond points of this plane. The transformation is real,
so that real and actual points will correspond to real ones.
Conversely, we get from (8)

oy =a?+ 2 +22+ 1% ok, =2at, ox,=2yt,
ody=a 4yt 42—t (9)
and to each point of euclidcan space, above, or on the 2z plane,

will correspond a point of hyperbolic space, not on, or on the
Absolute.

Suppose that we have a euclidean sphere of centre («, b, ¢, d)
and radius . If we write for short
(P + D2+ 2 —d?r?) = p?,
the equation of this sphere may be written
(da—at)® + (dy —bt)? + (dz—ct)? = d*r*¢?,
A2 (@ + 2 + 2% —2dt(ax + by + cz) +p*t2 = 0. (10)
* This transformation seems to have been first given in the second edition
of Wissenschaft und Hypothese, by Poincaré, translated by F. and L. Lindemann,
Leipzig, 1906, p. 258, This is fruitfully used in the dissertation of Miinich,

¢ Nicht-euklidische Cykliden,” Munich, 1906. We have adapted the notation
to conform to our own usage.
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Transforming we get, after splitting off a factor &,— &, which
corresponds to the euclidean plane at infinity,

+p* (@ —i) = 0,
[(®+ p?)is, — Radi, — 20y + (I — p*)ic,] *
= 42 (B — 2 =, —a?). (11)
This is a sphere of hyperbolic space whose centre is
(2 +p* Rad, 20d, p*—d?),
and whose radius 7, is given by
cosh ry = ——- RE

Vph—at
Converscly, if we have the hyperbolic sphere
(Cgihy — (byily — Lyt —(0i8,)?
= cosh®r (12— > — 4,2 — 4,2 (&2 — a2 —a,t—a2), (12)
we get from (9)
[(ty = ty) (@ + y* + 5%) — R 2t =Ry yt + (g + @y)t?]
= +2coshr, Vi ji—at—a, =2zt (18)

We have here two spheres which differ merely in the z coor-
dinate of their centre, i.c. two spheres which are reflections
of onc another in the 2 planc. 1If the hyperbolic sphere were
real and actual, onc of the euclidean spheres would lie wholly
above the = planc, and the other wholly below it. We may
say that (leaving aside special cascs) a hyperbolie sphere will
correspond to so much of a cuclidean sphere as is above or
in the z plane, and to the reflection in the z plane of so much
of tke sphere as is below it.

A euclidean sphere for which ¢ = 0, that is, one whose
centre is in the z plane will correspond to a plane in hyperbolie
space, a hyperbolic spherc for which

g~y = 0,
that is, one whose centre is in the plane which corresponds
to the euclidean plane at infinity, will correspond to a planc
in euclidean space. A euclidean circle perpendicular to the
z plane will correspond to a hyperbolic line, a hyperbolic circle
which is perpendicular to the plane &,—a&,=0, will correspond
to a euclidean line.

We wmay go a step further in this direction. Suppose that
we have two euclidean spheres given by an equation of the
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type (13), and the condition that they shall be mutually ortho-
gonal is that

. e 7 .« o « o
— Uyl 0y + Wyt - ]
+cosh 7, cosh 7/ V4,2 — @, 2 — 4,2 — &2 Vi, — a2 —a,/2—a,?
+a,a =0,

cosh 7, cosh r,”
— Gyt + g+ gy + gty
= + - — S
V— G A F a4+ V= a0

But this gives immediately that the corresponding hyperbolic
spheres are also mutually orthogonal, and converscly. We
thus have a correspondence of orthogonal spheres to orthogonal
spheres. We see ncxt that the lines of curvature of any
surface will go into any lines of curvature of the corresponding
surface, and hence the Darboux-Dupin theorem must hold in
hyperbolic space, namely, in any triply orthogonal system
of surfaces, the intersections are lincs of curvature.

Were we willing to sacrifice the real domain, we might in
a similar manner establish a correspondence between spheres
of euclidean and of elliptic space.




CHAPTER XII

CONIC SECTIONS

THE study of the metrical properties of conies in the non-
euclidean plane, is, in the last analysis, nothing more nor less
than a study of the invariants and covariants of two conics.
We shall not, however, go into general questions of invariant
theory here, but rather try to pick out those metrical pro-
perties of non-euclidean conies which bear the closest analogy
to the corresponding euclidean properties.*

First of all, let us classify our conics under the real con-
gruent group; that is, in relation to their intersections with
the Absolute. This may be done analytically by means of
Weierstrass’s elementary divisors, but the geometric question
is so easy that we give the results merely. We shall begin
with the real conics in the actual domain of hyperbolic space.

(1) Convex hyperbolas. Four real absolute points, no real
absolute tangents.

(2) Concave hyperbolas. Four real absolute points, four
real absolute tangents.

(8) Semi-hyperbolas. Two real and two imaginary absolute
points and tangents.

(4) Ellipses. Four imaginary absolute points and tangents.

(5) Concave hyperbolic parabolas. Two coincident, and
two rcal and distinct absolute points and tangents.

(6) Convex hyperbolic parabolas. Two coincident, and two
real and distinct absolute points. Two coincident, and two
conjugate imaginary absolute tangents.

(7) Elliptic parabolas. Two coincident, and two conjugate
imaginary absolute points and tangents.

(8) Osculating parabolas. Three real coincident, and one
real distinct absolute point, and the same for absolute tangents.

* The treatment of conics in the present chapter is in close accord with
three articles by D’Ovidio, ‘Le propricta focali delle coniche,’ ¢ Sulle coniche
confocali,” and ‘ Teoremi sulle coniche’, all in the Atti della R. Accademia delle
Scienze di Torino, vol. xxvi, 1891, These articles suffer from the curious
blemish, not uncommon in Italian mathematical publications, that the
theorems are not given in distinctive type. See also Story, ¢ On the non-
euclidean Properties of Conics,” dmerican Journal of Mathematics, vol. v, 1882
Killing, ¢ Die nicht-euklidische Geometrie in analytischer Behandlung,’
Leipzig, 1885, and Liebmann, ¢ Nicht-euklidische Geometrie,” in the Sammlung
Schubert; xlix, Leipzig, 1904.
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(9) Equidistant curves,
(10) Proper circles.
(11) Horocycles.

In the real elliptic, or spherical, plane, we shall have
merely—

(1) Ellipses;

(?) Cireles.

In what follows we shall limit oursclves to central conics,
i.e. to those which cut the Absolute in four distinet points.
A real central conic in the actual domain of the hyperbolic
plane will have a common self-conjugate triangle with the
Absolute which is real, except in the case of the semi-hyper-
bola. In the elliptic case it will surely be real. Taking this
as the coordinate triangle we may write the equation of the
Absolute in typical form, while that of the conic is

0o .2

2 cimf = 0. (1)

We assume that no two of our ¢’s are equal, and that none
of them are equal to zero.

Our plane being 2, =0, we shall use the letters 2, £, [ as
a circular permutation of the numbers 0, 1, 2, and define the
vertices of the common self-conjugate triangles as centres of
the conie, while its sides are called the awxes. Be it noticed
that in speaking of triamgle in this sense we are using the
terminology of projective geometry where a triangle is a figure
of three coplanar, but not concurrent lines, and not the exact
definition of Chapter I, which is meaningless except in a re-
stricted domain. There will, however, arise no confusion
from this.

Theorem 1. Each centre of Theorem 1. Each axis of
a central conic is a centre a central conic is a bisector
of gravity for cvery pair of of an angle of each pair of
points of the conic collincar tangents to the comic con-
therewith. current thereon.

The three pairs of lines which connect the pairs of intersec-
tions of a central conic with the Absolute shall be called
its pairs of focal lines. The three pairs of intersections
of its absolute tangents shall be called its pairs of foct.

Theorem 2. Conjugate points Theorem 2. Conjugate lines
of a focal line of a conic are through a focus of a conic are
mutually orthogonal. mutually perpendicular.
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Theorem 3. Two focal lines Theorem 8. Two foci of a
of a central conic pass through central quadric lie on ecach
each vertex, and are perpen- axis, and are orthogonal to

dicular to the opposite axis.  the opposite centre.
The coordinates of the focal lines f;,, f;/, through the centre
=0, will be
ug g%y = 0: Ve, —cp: + Ve—c. (2)
The coordinates of the foci F),, F,’ on the opposite axis
vl be iy = 0 Ve (=) 0 £ Ve (o). 3)

The polars of the foci with regard to the conic shall be called
directrices, the poles of the focal lines its director points.
A directrix d;, perpendicular to the axis «; will have the

equation Ve (ep—c)ap+ Ve (g —ep) ap = 0. (4)

Let (x) be a point of the conic. Eliminating z; by means
of (1) we get (
Cr=Cn) o =1)
(wz) = oo T
We then have

PF, __ q (ep—cp) @t Ve (=¢p) L
k V=@ —(—c) a2 V(- )

Sin_ffll;'g,: Ve (e—c) m+ v */(1((1—{’117)"9701 . 6)
v V(e —en) it —(e—c) @ v (e, — )

If d}, be the corresponding directrix

Smli‘ﬁ Vo (e —cp)m+ Ve ( Pl—f/,)xz

= EA ks ..;_,,(7)
V(e —ep)at— ‘l*‘;vbl\/ (e, — ‘L)+ (‘I"“h

the signs of the radicals in the numerators of the two ex-
pressions being the same

Ccos

©)

sin LF),
k - _ Y4 (cn="Cp) e (cg—cp)
1)(1 h /Ch (Ck _(‘l_)

sin

C

I L e G )]
- /\/ (”L : (8)
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Theorem 4.- The ratio of the Theorem 4'. The ratio of
sines of the kth parts of the the sines of the angles which
distances from a point of a a tangent to a central conic
central conic to a focus and makes with a focal line and
to the corresponding directrix the absolute polar of the
is constant. corresponding director point

is constant.

W _ cxla—ep)

F ]‘1 ! C ((’ - C ) C (( C ) .
)/ h — ’ }7 k k l ’ 21 3
__'__’ ___C__..—_ 4 tan R

COSs
k ey (ep—cp) + ox (g—cp)’ kT e(ep—cp)
yo N A N2 F-w AL
tan2} Fh/f,h tan2 % ,,k;}! tan2 1 Fllgi

= tan* 3Ly /5 a0 3L f Sy et B Sy S =1 (9)

Pl'h PF,/ cp(ep—ep) 2t —cy(eg—ep) 2
gin —fgin A = . _
e k™ [eg—cn) 2 — (ep—en) *] (e — 1)
_ Zgtmyt
e (e —¢p) (@)’
qu ’L- 'ngﬂ mP . inIF’ mpFl
sin© 2 2 [ 2
1 1 1
- - . . (10
D R R (2 R MR (T (10)
PF, IF/ PF, TF/ PF, PF/
€8¢ — = esC — +ese —=ese — +ese —— — oS¢ =0. (11)
PF, PF/, Cl(”h—"k)fh —cp(eg—e) m*
CO08 — €08 —— =
ks = Uep—en) @i —(eg—cp) 2] (e—cp)’
cos [Pﬁ + }_Lh]___ Ut (12)
]u ]\7 (’k—-(',
PF, PF,/ PF, PFY TF, PF/
1= Th h ke 1 _I __L
tang[ A + 2 ]tang[ A + A ]’ca,n7 T + k]
= +1. (13)

With regard to the ambiguity of signs: the upper sign in
(12) will go with the upper sign throughout in (13), and so
for the lower sign. It is also geometrically evident that
in the case of an ellipse we must take the upper, and in
the case of a hyperbola the lower sign (when in the real
domain).

COOLIDGE K
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Theorem 5. The sum of the
distances from real points of
an ellipse and the difference
of the distances from real
points of a hyperbola or semi-
hyperbola to two real foei on
the same axis is constant.

CONIC SECTIONS

CH.

Theorem 5’. The sum of the
angles which the real tangents
to an ellipse or convex hyper-
bola, or the difference of the
angles which the real tangents
to a concave hyperbola or a
semi-hyperbola make with
two real focal lines through
a centre is constant.

Reverting to our point (z) we see

sin}T"— V=gt Vo—cm
E - “er—er)
«/(Cl——ch) a‘l —(ch—-ck) xk \/ (CI: ‘l)
p,
f i ’fh — 4
T A
Theorem 6. The product of Theorem 6'. The product of
the sines of the Ath parts the sines of the fkth parts

of the distances from a point
of a central conic to two focal
lines through the same centre
is constant.

of the distances to a tangent
from two foci of a central
conic on the same axis is
constant.

Let us now recall Desargues’ theorem, whereby a transversal
meets the conics of a pencil in pairs of points of an involution.
This will apply to a central conic, the Absolute, and the pairs

of focal lines.

A dual theorem will of course hold for a central

conic, the Absolute, and the pairs of foci.

Theorem 7. The intersec-
tions of a line with a central
conic, and with its pairs of
corresponding focal lines, all
have the same centres of
gravity.

Theorem 8. The polar of a
point with regard to a central
conic passes through one
centre of gravity of the inter-
sections of each focal line with
the tangents from the point to
the conic.

Theorem 7’. The tangents
from a point to a central
conic, and the pairs of lines
thence to its pairs of corre-
sponding foci, form angles
with the same two bisectors.

Theorem 8'. The pole of a
line with regard to a central
conic lies on one bisector of
the angle determined at each
focus by the lines thence to
the intersections of the given
line with the conie.
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A variable point of a conic will determine projective pencils
at any two fixed points thereof, and these will meet any line

in projective ranges, hence

Theorem 9. If a variable
point of a central conic be
connected with two fixed
points thereof, the distance
which these lines cut on any
focal line is constant.

Theorem 9. If a variable
tangent to a central conic be
brought to intersect two fixed
tangents thereof, the angle of
the lines from a chosen focus
to the two intersections is
constant.

Recalling the properties of the eleven-point conic of two

given conics and a line:

Theorem 10. If a line and
a central conic be given, the
two mutually conjugate and
orthogonal points of the line,
the points of the focal lines
orthogonal to their inter-
sections with the line, and the
three centres lie on a conie.

Theorem 10". If a point and
a central conic be given, the
two lines through the point
which are mutually conjugate
and perpendicular, the perpen-
diculars on the line from the
foci, and the three axes all
touch a conic.

It is a well-known theorem that the locus of points, whence
tangents to two conics form a harmonie set, is a conic passing
through the points of contact with the common tangents.

Theorem 11. The locus of
points whence tangents to a
central conic are mutually
perpendicular is a conic meet-
ing the given conic where it
meets its directrices.

Theorem 11’. The envelope
of lines which meet a central
conic in pairs of mutually
orthogonal points is a conic
touching the tangents to the
given circle from its director
points.

It is clear that neither of these conics will, in general, be

a circle, as in the ecuclidean case.

If the mutually perpen-

dicular tangents from the point (y) be

(uz) = 0,

0..2 2
SH=
. - C’i
1
0..2

1

0,.2 ?).2

v
s

(vz) = 0.

0..2
= z UV = O,
%

2 0..2 | g 0..2 ., .
> %‘— () + %— (wu)—27 %’z'(uv) = 0,
12 i %’ i 1]

K 2
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0..2
2 e (cr+c)yl =0 (14)
h

Let the reader show that the equation of thec other conic

will be o s
2 (epte)u=0.
h

We may extend the usual euclidean proof to the first of the
following theorems—

Theorem 12. The locus of Theorem 12'. The envelope
the reflection of a real focus of the reflection in a variable
of an ellipse in a variable point of an ellipse, of a real
tangent, is a circle whose focal line, is a circle whose
centre is the corresponding axisis the corresponding focal
focus. line.

Let (¥) be the coordinates of a point 2’ of our conie. The
equation of a line through the eentre (), conjugate to the line

OhP will be LY, ‘e = 0.

This will meet the conic in two points P’ having the coor-

dinates —
wh:wk =+ ‘/"k("lylz:"l?/l: —CrYLs
ke k 1.0l
Theorem 13. The sum of Theorem 18’. The sum of

the squares of the tangents the squares of the tangents
of the kth parts of the dis- of the angles which an axis of
tances from a centre of a a central conic makes with a
central conic to any pair of pair of tangents to the curve
intersections with two con- from two conjugate points of
jugate lines through this this axis is constant.

centre is constant.

We shall call two such diameters as 0, P, 0, conjugate
diameters.

sin X_PO,LP’ e ((’1591524‘(’1%2)
Yyt “/‘kz?/k +ety
w—ch?/lr ;
‘/JI +yt Ve J;%cﬁgl
0,P, 0, P

tan ——sinY PO, P’ =

tan —
k \/C]»CL
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Theorem 14. The product
of the tangents of the kth
parts of the distances from a
centre of a central conic to
two intersections with a pair
of conjugate diametersthrough
that centre, multiplied by the
sine of the angle of these
diameters is constant.
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Theorem 14/. The product
of the tangents of the angles
which an axis of a central
conic makes with two tangents
to it from a pair of conjugate
points of this axis, multiplied
by the sine of the kth part of
the distance of these points is
constant.

The equation of a line through the centre O; perpendicular

to 0, P will be

YrZp+ Y2 = 0.

This will meet the conic in points I>” having coordinates

— (i + ey
mh:xk:wl:i\/ (i K0

0P _

1" =Yg
cy,

Y =y + o)

Cos - ,—

ctn® 9; +ctn®

Theorem 15. The sum of
the squarcs of the cotangents
of the kth parts of the dis-
tances from a centrc of a
central conic to two inter-
sections of the curve with
mutually perpendicular dia-
meters through this centre is
constant.

74

ke v (e—a) Yt + (e, —op) yi*
LOL” _ —(ayit+ o)

ko eyt + o)
01 L, 01"

Cpt+C .

(16)

Theorem 15. The sum of
the squares of the cotangents
of the angles which an axis of
a central conic makes with
two tangents from a pair of
orthogonal points of this axis
is constant.

C Cp

The cquation of the tangent ¢’ at the point 7 is

aynen+ Vepe @yn—ay) = 0.

From this we get

.y O ey’
S — - = o 2 X Zs
k (cr—cp) ey + (e — <) iy
0, 1) Oht, C’
tan —4— tan 24— = —"_. 17
k k «/chcl (17)
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Theorem 16. The product
of the tangents of the kth
parts of the distances from
a centre of a central conic
to a point of the curve and
to the tangent where the curve
meets a diameter conjugate to
that from the centre to the
point of the curve, is con-
stant.
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Theorem 16’. The product
of the tangents of the angles
which an axis of a central
conic makes with a tangent
and with the absolute polar
of a point of contact with
a tangent from a point of this
axis conjugate to the inter-
section with the given tan-
gent, is constant.

The equations of two conjugate diameters through O, have

already been written
Y@ —Yr2 =0,

rYrrp+ ey = 0.

The product of the tangents of the angles which they make

with the @ axis is

Theoremn 17. The product
of the tangents of the angles
which two conjugate dia-
meters through a centre make
with cither axis through this
centre is constant.

Y _
Nk

‘g

Theorem 17’. The product
of the tangents of the kth
parts of the distances of two
conjugate points of an axis
from cither centre on this
axis is constant.

Let P;,, P} be the intersections of the x; axis with the conic

S‘PhPh —

ks

r,r)

21 Tk
tan®3 L -tan
Theorem 18. The product
of the squares of the tangents
of the 2kth parts of the
distances determined by a
central conic on the axes is

equal to —1.

‘I,II’

Gt

RO
Cr—C

Py

21
2 It

= -1

(18)

Theorem 18'. The product
of the squarcs of the tan-
gents of the half-angles of the
pairs of tangents to a central
conic from its centres is con-
stant.

If a circle have double contact with a conic, we have, with
the Absolute, the figure of two conies having double contact
with a third, already studied in the last chapter

Theorem 19. If a cirele have
double contact with a conie,
its axis and the lines connect-

Theorem 19, If a circle have
double contact with a conic,
its centre and the intersections
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ing the points of contact are of the common tangents are
harmonically separated by a harmonically separated by a
pair of focal lines. pair of foci.

Of course we mean by foci and focal lines of any conic what
we mean in the special case of the central conie.

A circle which has double contact with a central conic
where the latter meets an axis is called an auwiliary cirele.
There will clearly be six such circles, their centres being the
centres of the conic. Consider the circle having its centre
at O, while it has double contact with our central conic at
the intersections with x; = 0.

0..2
P ext+qagt = r(ax)+sa =0,
K3

0..2
D ixd+ (o —cp) -t =y’ +ox i+ ot = 0.

‘

This will meet the line (w) through O, in points @, @', having
coordinates

curt  cpug?
xh:‘/’ck:a"l:/\/-‘(l}’.’i.‘*- i,—l):ul:—‘uk'
l “

The same line will meet the conic in points P, I”, having
coordinates

ot o
wh:xk:ml='\/—- ‘L—-k—r—‘k——liuli — U

('/l
tang th — M, tanZQﬁ = __I;h,(zg’?_?wi}kf) ,
v QU + Uy k Crug. +(77_.’Ll/l"
P - .
t&ngz‘g :tan 97’::_ = Ve Ve, (19)

Let us remark, finally, that the tangent of the kth part of the
distance from a point to a line, is the cotangent of the kth part
of its distance to the pole of the line, and that if the tangents
of two distances bear a constant ratio, so do their cotangents :

Theorem 20. If the tangents Theorem 20'. If the tangents
of the kth parts of the dis- of the angles which the tan-
tances from the points of a gents to a circle make with a
circle to any diameter be diameter be altered in a con-
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altered in a constant ratio, the
locus of the resulting points
will be a conic having the
given circle as an auxiliary.
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stant ratio, the envelope of the

resulting lines will be a conic
having the given circle as an

auxiliary circle.

The normal at any point of a conic is the line connecting

it with the absolute pole of its tangent.

This line is also

perpendicular to the absolute polar of the given point, so that
the conic and its absolute polar conic are gcodesically parallel

enrves. The equation of the normal to our conic (1) will be
0..2
S Ay =0 (20)

The tangents to a central conic from a centre shall be called
asymptotes. The equation of the pair of asymptotes through
the centre (0;) will evidently be

Ck.’L'k2 + Clwlz = 0.

(21)

The tangent at the point I’ with coordinates (y) will meet
them in two points R, R, whose coordinates are

xh:wk xyp =

“/—‘C’It(’,e ( “/"'Cl?/l + ‘\/Ckyk) : ¢chyh~/—cl F=C ‘/(‘k:

tan 28 o Ol a—ede’ui’ _ le=a),
k ko ener (eryn® + ard)

Theoreny 21. The product of
the tangents of the kth parts
of the distances from a centre
of a central conic to the in-
tersection with the asymptotes
through that centre of a tan-
gent is constant.

9
L (a)
Theorem 21’. The product
of the tangents of the angles
which an axis of a ecentral
conic makes with the lines
from a point of the curve to
the intersections of the curve
with this axis is constant.

A sot of conics which meet the Absolute in the same four

points shall be said to be homothetic.

If they have the same

four absolute tangents they shall be called confocal. We get
at once from Desargues’ involution theorem :—

Theorem 22. One conic
homothetic to a given conic
will pass through every point
of space, and two will touch
every line, not through a point

Theorem 22'. One conic con-
focal with a given conic will
touch every line, and two
will pass through every point
not on the common tangents
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common to all the conics, in to all. The tangents to these
the centres of gravity of all two will bisect the angles of
pairs of intersections of the the pairs of tangents from that
homothetic conics with this point to all of the confocal
line. conices.

Concentric circles are a special case both of homothetic and
of confocal conics. The general form for the equations of conics
homothetic and confocal respectively to our conic (1) will be

0..2

0..2
, _ ay. e )
2 (C,; + ’Iﬂ) -’3302 = 0. (23) 5 2 l—.-l—-b—(,;wz = 0. (.24)

I3

It is sometimes usecful to modify the second of thesc
equations, in order to introduce the elliptic coordinates of
a point, i.e. the two parameters giving the conics of the

confocal system which pass through it. Let us write (1 in
i

place of c;. &y
v (ax)
Our confocal conies have, then, the general equation
0..2 Y
S _Di 9
> Py 0. (25)

If A, and A, be the parameter values of the conic through (X)
we have

Xh — (Ck ""‘"l) (Ch_)‘l) (ch—)‘z) . (26)
0..2
>ent(ep—c)
L

, A —=A)dAZ  (Ag—A)dA2
dsz = ZdX':Z - i (0.1.‘3 : : + 0.2.2 1) : ) (27)
' H (cs—N) H (c;—Ay)

With the aid of these coordinates, we may easily prove for
the non-euclidean case Graves’ theorem, namely, if a loop
of thread be cast about an extremely thin elliptic disk, and

ulled taut at a point, that point will trace a confocal ellipse.

e shall not give the details here, however, for in the next
chapter we shall work at length the more interesting corre-
sponding problem in three dimensions, and the calculations
are too fatiguing to make it advisable to carry them through
twice.



CHAPTER XIII

QUADRIC SURFACES

THE discussion of non-euclidean quadric surfaces may be
carried on in the same spirit as that of conic sections in the
preceding chapter. There is not, however, the same wecalth
of easy and interesting theorems, owing to the greater com-
plication in the formation of the simultaneous covariants
of two quadries.

Let us begin by classifying non-euclidean quadrics under
the group of real congruent transformations.* We begin
in the actual domain of hyperbolic space, giving only those
surfaces which have a real part in that domain and a non-
vanishing discriminant. The names adopted are intended to
give a certain idea of the shape of the surface. We shall
mean by curve, the curve of intersection of the surface and
Absolute, while developable is the developable of common
tangent planes.

A. Central Quadries.

(1) Ellipsoid. Imaginary quartic curve and developable.

(2) Concave, non-ruled hyperboloid. Real quartic curve
and developable.

(8) Convex non-ruled hyperboloid. Real quartic curve,
imaginary developable.

(4) Two-sheeted ruled hyperboloid. Real quartic curve
and developable.

(5) One-sheeted ruled hyperboloid. Real quartic curve,
imaginary developable.

(6) Non-ruled semi-hyperboloid. Real quartic curve and
developable.

(7) Ruled semi-hyperboloid. Real quartic curve and de-
velopable.

The last two surfaces differ from the preceding ones in that

* The classification here given is that which appears in the author’s
article ¢ Quadric Surfaces in Hyperbolic Space’, Transactions of the American
Mathematical Society, vol. iv, 1903. This classification was simplified and
put into better shape by Bromwich, ¢ The Classification of Quadratic Loci,’
ibid., vol. vi, 1906. The latter, however, makes use of Weierstrassian
Elementary Divisors, and it seemed wiser to avoid the introduction of these
into the present work. Both Professor Bromwich and the author wrote in
ignorance of the fact that they had been preceded by rather a crude article
by Barbarin, ¢ Etude de géométrie non-euclidienne,” Mémoires couronnés par
7’ Académie de Belgique, vol. vi, 1900.
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here two vertices of the common self-conjugate tetrahedron
(in the semse of projective geometry) of the surface and
Absolute arc conjugate imaginaries, while in the first five
cases all four are real.

B

(8) Elliptic paraboloid. Imaginary quartic curve with real
acnode, imaginary developable.

(9) Tubular non-ruled hyperbolic paraboloid. Real quartic
with acnode, real developable.

(10) Cup-shaped non-ruled hyperbolic paraboloid. Real
quartic with acnode, imaginary developable.

(11) Open ruled hyperbolic paraboloid. Real acnodal
quartic, real developable.

(12) Gathered ruled hyperbolic paraboloid. Real crunodal
quartic, imaginary developable.

(13) Cuspidal non-ruled hyperbolic paraboloid. Real cus-
pidal quartic curve, real developable.

(14) Cuspidal ruled hyperbolic paraboloid. Real cuspidal
quartic curve, real developable.

(15) Horocyelic non-ruled hyperbolic paraboloid. The curve
is two mutually tangent conics, developable real.

(16) Horocyelic elliptic paraboloid. Curve is two mutually
tangent imaginary conics, developable imaginary.

(17) Horocyelic ruled hyperbolic paraboloid. Curve is two
real mutually tangent conies, developable imaginary.

(18) Non-ruled osculating semi-hyperbolic paraboloid. The
curve is a real conic and two conjugate imaginary generators
meeting on it. The developable is a real cone, and two
imaginary lines.

C. Surfaces of Revolution.

(19) Prolate spheroid. Curve is two imaginary conics in
real ultra-infinite planes, imaginary developable.

(R0) Oblate spheroid. Curve is two imaginary conics in
conjugate imaginary planes meeting in an ultra-infinite line,
imaginary developable.

(21) Concave non-ruled hyperboloid of revolution. Curve
is two real conics whosc planes meet in an ideal line, real
developable.

(2?) Convex non-ruled hyperboloid of revolution. Absolute
curve two real conics whose planes meet in an ideal line,
imaginary developable.

(238) Ruled hyperboloid of revolution. Curve two real
conics whose planes meet in an ideal line, imaginary de-
velopable.



156 QUADRIC SURFACES CH.

(24) Semi-hyperboloid of revolution. The curve is a 1cal
conic, and an imaginary one in a real plane, the developable
is a real cone and an imaginary one.

(25) Elliptic paraboloid of revolution. The absolute curve
is an imaginary conic in an ultra-infinite plane, and two
imaginary generators not intersecting on the conic. The de-
velopable is an imaginary cone, and the same two generators.

(26) Tubular semi-hyperbolic paraboloid of revolution.
The curve is a real conic and two imaginary generators not
intersecting on it; the developable is the samne two lines and
a real cone.

(27) Cup-shaped semi-hyperbolic paraboloid of revolution.
Real conic and two imaginary lines not meeting onit. Develop-
able same two lines and imaginary cone.

(28) Clifford surface. Curve and developable two generators
of each set.

D. Canal Surfaces.*

(29) Elliptic canal surface. Curve is two imaginary conies
whose planes meet in an actual line, developable imaginary.

(30) Non-ruled hyperbolic canal surface. Two real comics
whose planes meet in an actual line, developable two real
cones.

(81) Ruled hyperholic canal surface. Curve two real conics
whose plancs meet in an actual line, imaginary developable.

E. Spheres.

(82) Proper sphere. Curve is two coincident imaginary
conics, developable imaginary.

(33) Equidistant surface. Curve two real coincident conics,
developable two real coincident cones.

(34) Horocyclic surface. Curve and developable two con-
Jugate imaginary intersecting generators, each counted twice.

In elliptic or spherical space the number of rcal varieties
will, of course, be much smaller. We have

(1) Non-ruled ellipsoid.

(2) Ruled ellipsoid.

(3) Prolate spheroid.

(4) Oblate spheroid.

(5) Ruled ellipsoid of revolution.
(6) Clifford surface.

(7) Sphere.

* Called Surfaces of Translation in the author’s article ‘ Quadric Surfaces’,
loc. cit.
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[t is worth mentioning that the Clifford surface of elliptic
space has real linear generators, while that in hyperbolic space
has not.

Let us next turn our attention to that class of quadrics
which we have termed central, and which are distinguished
by the existence of a non-degenerate tetrahedron (in the
projective sensec) self-conjugate with regard both to the surface
and the Absolute. The vertices of this tetrahedron shall be
called the centres of the surface, and its planes the uxial planes.
When this tetrahedron is chosen as the basis of the coordinate
system, the Absolute may be written in the typical form
while the equation of the surface involves none but squared
terms.

Theorem 1. A centre of a
central quadric is cquidistant
from the intersections with
the surface of every line
through this centre.

Theorem 1. An axial plane
of a central quadric bisects
a dihedral angle of every two
tangent planes to the surface
which meet in a line of this
axial plane.

We obtain a good deal of information about our central
quadries by enumerating the Cayleyan characteristics of their
curves of intersection with the Absolute, and the corresponding
developables. The curve is a twisted quartic of deficiency
one. Its osculating developable is of order cight and class
twelve. It has sixteen stationary tangent planes, thirty-eight
lines in every plane lie in two osculating planes, two secants,
i.e. two lines meeting the curve twice, pass every point not on
the curve, sixteen points in every plane are the intersection of
two tangents, eight double tangent planes pass through every
point. The developable will, of course, possess the dual
characteristics.

Theorem 2. Through an Theorem 2'. In an arbitrary

arbitrary point in space will
pass twelve planes cutting a
central quadric in osculating
parabolas, eight planes of
parabolic section will pass
through an arbitrary line. An
arbitrary point will be the
centre of one scction. Sixteen
planes cut the surface in horo-
cycles, sixteen points in an

plane there will be twelve
points, vertices of cones cir-
cumseribed to a central
quadrie which have stationary
contact with the cone of tan-
gents to the Absolute, eight
points on an arbitrary line
are vertices of circumseribed
cones which touch the Abso-
lute. An arbitrary plane will
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arbitrary plane are the centres be a plane of symmetry for

of circular sections, eight one circumseribed cone. Six-

planes of circular section pass teen points are vertices of

through an arbitrary point. circumseribed cones which
have four-plane contact with
the Absolute. Sixteen planes
through an arbitrary point are
perpendicular to the axes of
revolution of circumsecribed
cones of revolution.

The planes of cireular section are those which touch the
cones whose vertices are the centres of the quadrie, and which
pass through the Absolute curve. It may be shown that not
more than six real planes of circular section will pass through
an actual point, and that only two of these will cut the surface
in proper circles.*

Let us write as the equation of a typical quadric

0.3

> et =0. (1)

No two of the ¢’s shall be equal, and none shall equal
2eT0.

The cones whose vertices are the centres and which pass
through the Absolute curves shall be called the focal cones.
In like manner there will be four focul conics in the axial
planes. The equation of the focal cone whose vertex is 0,
will be

0..3

2(0" — Ch) (Ci2 = 0. (2)

The foeal conic in the corresponding axial plane will be

Gep—e;

=0 DA Tiy2=0. 3)
; “n

Let the reader show that cach of these conies passes through
two foei of each other one.

We next seck the locus of points whence three mutually
tangent planes may be drawn to the surface. Let these be the
planes (v), (w), (»), and lct the equation of the surface and

* See the author’s ¢ Quadric Surfaces’, loc. cit., p. 164,
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the Absolute in plane coordinates be, in the Clebsch-Aronhold
notation Uyt =0, U= ug?=0,
1)72 = w.y2 = m.y?' =0,
Vg Wy = Wewg = 0y = 0,

!

LUy Wy @y
| § ! 72—
Vg Wq wq | = yad'x|? =0,

’ ’ ’
Vo Wo g

where () is the point of concurrence of the planes (v), (w), ().
Returning to actual coeflicients, the coefficients of z; @; will
vanish, for they involve y;y; or oja; which are zero. We
shall find eventually

0..3

2 ¢y (e +egm+ "m"'k) 2,2 = 0. (4)

h

This quadric is also the locus of points whence triads of
tangents to the Absolute are conjugate with regard to the
given quadric, hence interchanging y and o, we get the locus
of points whence triads of mutually perpendicular tangents
may be drawn to the quadric (1)

0..3
2 e to+ cm) @,* = 0. (5)

h

If the quadric be ruled, the former of these loci will intersect
it along a curve where generators of different sets intersect
at right angles.

Theorem 3. A line will meet Theorem 3’. The tangent
a central quadric and its focal plancs to a central quadric
cones in five pairs of points and its focal conics through
with the same centres of aline form five sets of dihedral
gravity. angles with the same bisectors.

The proof of these two theorems is immediate.

If we mean by a diameter of a quadric, a line through
a centre, we see that we may pass from any set of three
concurrent conjugate diameters to any other such set through
that same centre by changing two diameters at a time, and
keeping the third one fixed. We may thus continually apply
Theorem 14, of Chapter XII. In the same way we may pass
from any set of three mutually perpendicular diameters to
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any other such set, and apply Theorem 15 of the same

chapter.

Theorem 4. The sum of the
squares of the tangents of the
kth parts of the distances
from a centre of a central
quadric to three intersections
of the surface with threc con-
jugate diameters through that
centre is constant.

Theorem 5. The sum of the
squares of the cotangents of
the Lth parts of the distances
from a centre of a central
quadric to three intersections
with the surface of three
mutually perpendicular lines
through that centre is con-
stant.

Theorem 4'. The sum of the
squares of the tangents of the
angles which an axial plane

.of a central quadric makes

with three tangent planes
through three conjugate lines
in that axial plane is con-
stant.

Theorem 5’. The sum of the
squares of the cotangents of
the angles which an axial
plane of a central quadric
makes with three tangent
planesthrough three mutually
perpendicular lines in that
axial plane is constant.

To find the values of the constants referred to in Theorems 4
and 5, we have but to choose a particular set of diameters,

say the intersections of the axial planes through 0,. We
thus get
0, 0,1 0, P 1 1 1
2 h” 2 ht 2l — o (- A ).
tan ke +tan k +tan (]”(c,; + ¢ + cm) ©)
0.0 % 0.07 . . )
ctn2 Q%Q + ctn? Q_%Q_ +ctn2 QJ,“_,, - — (’IL %,;!t("i) . (7)
! v “h

A set of quadries having the same absolute focal curve, and,
hence, the same focal cones, shall be called homothetic. | A set
inseribed in the same absolute developable, and possessing,
in consequence the same focal conics shall be called confocal.

Theorem 6. An arbitrary
line will meet a set of con-
focal quadrics in pairs of
points with the same centres
of gravity.

Theorem 7. Three homo-
thetic quadries will touch an
arbitrary plane in three
mutually orthogonal points.

Theorem 6'. The tangent
planes to a set of confocal
quadrics through an arbitrary
line, form dihedral angles with
the same bisectors.

Theorem 7’. Three confocal
quadrics will pass through an
arbitrary point, and intersect
orthogonally.
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Let us now set up our system of elliptic coordinates as we
did in the plane @
4

X, =
‘W (ax)

These coordinates (X) are inapplicable to points of the
Absolute ; we imagine that all such points are excluded from
consideration. The general equation for the system of quadrics

, (XX)=1 ®)

confocal with that given by (1) will be,* if we replace c; by 01 >
i

0..3 Xi2 .
2 Py =0. 9)
If the roots be A, A,, A, we have
(c;,—A)) (¢c;, —Ap) (¢;, —A,)
X, = h 1 1 2 h 3 . 10
h (er—cn) (ep—21) (¢),—Cm) (10)
For the differential of distance we have
2 _ 2
ds* _ (ax) (dedr) — (edx) = (dXdX). (11

Kt (w)*
We wish to express this in terms of our elliptic coordinates.
It will be found that the coefficients of d)\p dA, will vanish,
and, indeed, this is « priori evident if we have in mind that
our coordinate system is a triply orthogonal one, and the
general formulae for orthogonal curves, as will be shown in
Chapter XV, are the same for euclidean as for non-euclidean
space. We thus get

ds-z — } OZ‘T 12:: (Ch - )‘q) (Ch_}‘r) d)\pz )
K 4 r p (ch - ck) (ch - cl) (ch — (7m) (ch — )\p)

If we give to ¢, cach of its four values, divide the terms into
partial fractions and recombine, we got

ds? _ 1 I'L? ()‘p_)‘q) ()‘p_)‘r) d}‘pz (12)
T T 4 0..3 *

v I.I(Ci—}\l)

The analogy to the corresponding formula in euclidean space
is striking.

* The residue of the present chapter is closely analogous to the treatment
of the corresponding euclidean problem given by Klein in his ¢ Einleitung in
COOLIDGE L
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The cones whose vertices are all at an arbitrary point, anc
which are circumscribed to a set of confocal quadrics, wil
themselves be confocal, i.e. they will have four commor
tangent planes which touch the Absolute. Any two of thes
cones will intersect orthogonally. This shows that the con-
gruence of lines tangent to two confocal quadries will b
a normal one, the edges of regression of their developable
surfaces being geodesics of the quadrics. These facts, wel
known in the euclidean case, will be proved for the non
euclidean one in Chapter XVI. Notice that we get the
system of geodesics of a quadric by means of its c® commor
tangents with confocal quadrics. The difficulties which arise
for special positions, as umbilical points, need not concerr
us here.

The equation of the cone whose vertex is (V) and whiel
circumseribes the quadrie (1) will be

0..38 Y7'2 0..3 Xig 0. 3YX‘
lZc,.-)\ ~¢;—\ —_[Ec—)\] 0

0..30.. S(XY XY)2

22 (c —)\) ¢ —)\)

Putting X = Y +dY we get the differential form

0303 (VAT — ¥, dY )

2SSy

Let us change this also to the elliptic form. We notice
that the coefficients of the expressions dA, dA, will be 0

for the axial planes of the cones will be ngen by tan-

gents to
7\,=O, A, =0, A, =0,

The «! confocal cones form a one-parameter family all
touching the same tangent planes to the cone ds® = 0. The

die hshere Geometrie’, lithographed notes, thtmgen 1893, pp. 38-78, and
Staude, ¢ Fadenconstruktion des Dlhpsoxds Mathematische Annalen, vol XX,
1882. Staude returns to the subject in his Die Fokaleigenschaften der Flichen
2weiter Ordnung, Leipzig, 1896. This book is intended as a supplement to the
usual textbooks on analytic geometry, and is somewhat prolix in its attempts
at simplicity.



XIII QUADRIC SURFACES 163

equation of one cone of the family may be thrown into
the form

1.3 (A —A\ )()\ —-)\r)
D
P [H(Ci—Ap)]Lp

where L,, is a function of . Hence the general form will be

1.8 (A —),)(A,—A,) .
2 Of g 4 d)\P“ = 0.

* [ =) |

It remains to find the value of L,—pn. It is clearly a poly-
nomial in powers of A, which vanishes only when A=A,
for then only shall we have dA,* = 0. We thus get

I’p"’"’ = Ap ()\p_}\)m’
where 4, is a constant. Again, as two of these confocal

quadrics contain every line through the vertex, we must
have m = 1. Lastly, our expression is symmetrical in p, q, 7,

hence
4,= 4,= A,.
We finally get for our cone

1.3 (A, —1,) (Ap_)\,)d)\,,z: o (18)

2 —
dr,t =0,

0..3

7 [ ITei=) |, —n)

1

For progress along an arc of a geodesic of A, = const., we
have

dX . /\7’,— Ar

P Ty T
(Ap - A) H (Ci - Ap)

+ (l/\q
0..8

(ag=N T (ci=2g)

50 that the problem of finding the geodesics of a quadric

depends merely upon elliptic integrals. If we take A, = A,

L
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we have double tangents to the surface, i.e. rectilinear

generators,
d Ap

d}\q_____ =0.

0%

H(c —Ap)

0..3

I

The general differential of arc on a surface A, = const. is
ds® _ 1[ (A=A (A, —A,) A (A —
b 2 2|,
k* T4 0.3 Xy + d)‘q

H (ci - )‘p)

H(c )

we have, then, for a distance along a generator

k (’\p '::i‘q_) (%ﬁ&._

H (ci - )‘p)

This expression is independent of A, whence

Theorem 8. If from a set of
confocal centralquadricsaone-
parameter set of linear genera-
tors be so chosen that all
intersect the same ool lines of
curvature of o’ confocal quad-
ries of the system, then any
two of these lines of curvature
will cut congruent distances
on all of these linear
generators,

Theorem 8'. If from a set of
homothetic central quadries
a one-parameter set of linear
generators be so chosen that
all touch oo! developables
circumseribed to pairs of
quadrics of the homothetic
system, then the tangent
planes to any two of these
developables will determine
congruent dihedral angles
whose edges are the given
linear generators.

Theorem 8 may also be easily proved by showing that the
generators of a set of confocal quadrics form an isotropic
congruence, whereof much more later.*

* The general theorem concerning isotropic congruences upon which this
depends will be proved in Chapter XVI, where also will be found a biblio-

graphy of the subject.
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We now seek for the expression for the element of distance
upon a common tangent to two confocal quadrics A, X'

L3 (Ag—=Np) (M=) dA P =0
» [[] (Cz"‘)‘p)] (A=)
L3 (A=) (A=A, A

=0.
v [ L= |0=2]

b

(p—2g) Ay

/\/[ ﬁ (ci— Aq)] (A=2)) (\— Aq;

(Ap—A,) dA,

=+ = - (19
/\/[H (ci_Ar)] ()\—)\'r) ()‘,'—)‘r)
' (A=) dA,
/\/ [[j (ci—)\p)] ()\—Ap) ()\,-'Ap)
= + : ()\q“)\'r) d)\r .
A/ [HE=2]a=r) 0=x)
ds _ N dx,, y VAg=2,) (A —4,) y

VTR WA,

2, 2 2 |
)\pAqAr
)\P)\q)\r
1 11

VA=A,

o T

X
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0.8 \/—b_ )()\ )\)

Multiplying through by (A—A,), (\"~1,), and summing for
p=123

ds (AAHA

H(f ")‘1)

1
2

l)\

(=) (V=)
0..3 :

H (c;—=Ay)

dA,

+y Q2 W) gy g

Ha~n
For a geodesic on A = A whose tangent touches A" we have
‘%zé (=2) W=A) gy
I («f,—m
1 di)A~»
5

I](c—Aﬁ

For a line of curvature common to A = )\1, N=A,

ds 1 A —A
) (059 )M (17)

H (ci_ )‘u

i

dAy.  (16)

It is now necessary to look more closely into the signs
of the radicals in (15). We know that, at least in a restricted
domain, three confocal quadrics will pass through each point.
In elliptic space onc of these will be ruled, and the other two
not ruled ; assuming, of course, that we are dealing with the
case of central quadrics. In hyperbolic space, two possible
cases can arise in the actual domain. If the developable be
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real, two ruled, and one non-ruled hyperboloid will pass
through each point. If it be imaginary we shall have an
ellipsoid, a ruled, and a not-ruled hyperboloid.* Let us
confine ourselves to this case, taking A, as the parameter of
the non-ruled hyperboloid, A, as that of the ruled one, while A,
gives the ellipsoid. The elliptic case will follow immediately
if we suppress the word hyperboloid substituting ellipsoid.
In (15) let us assume that A refers to an ellipsoid, and A
to a ruled hyperboloid. In two of the three actual axial
planes we shall have real focal conics. There will be a real
focal ellipse which, looked upon as an envelope, constitutes
the transition between the ellipsoid and the ruled hyperboloid.
It will be surrounded by all ellipsoids, and surround all ruled
hyperboloids. If we take a point in this axial plane, without
the focal ellipse, the ellipsoid and non-ruled hyperboloid will
subsist, the ruled hyperboloid, looked upon as a point locus,
will shrink into the plane counted doubly. The other real
focal conic will be a hyperbola, and will serve as a transition
between the two sorts of hyperboloids, looked upon as
envelopes. It will surround the non-ruled hyperboloids, but
be surrounded by the ruled ones. The plane counted doubly,
will replace a non-ruled hyperboloid for cach point without
the hyperbola. If a point be taken in the rcmaining axial
plane, this planc, counted doubly, will replace a non-ruled
hyperboloid for cach of its points. Similar considerations
will hold in the elliptic case.

Once more, let us look at the signs of the terms in (15).
dX; will change sign as a point passes through an axial plane
that counts doubly in the A; family, or when passing along
a tangent to one of these surfaces, the point of contact is
traversed. On the other hand we see from (14) that when
dA; changoes sign, the radical associated with it in (15) changes
sign also, and vice versa. The radical associated with A,
will change sign as we pass through a point of the axial planc
with an 1maginary focal conic (which we shall call =), and
for a point of the axial plane =, of the focal hyperbola, which
is without this hyperbola. The radical with dA, will change
sign for points of m, the plane of the focal ellipse without this
curve, or points of m, within the focal hyperbola. The radical
with dA; will change sign for points of =; within the focal
ellipse.

\%e next suppose that a loop of inextensible thread is slung
about an ellipsoid A, and a confocal, ruled, one-shected hyper-
holoid A, and pulled taut at a point P. The loop is supposed

* See the Author’s ¢ Quadric Surfaces’, p. 165,
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to surround the ellipsoid, so that it winds partly on each of
the portions of the hyperboloid, which, in a restricted domain,
are separated by the ellipsoid. The form for the element of
length throughout the whole string will be that given by (15).
For when we pass from the ellipsoid to the hyperboloid we
pass along a geodesic whose tangent touches both surfaces,
and this will be true throughout the continuation of that
geodesic, for a geodesic is traced by a line rolling on a quadric,
and touching a confocal one. The same form of distance
element will hold for the rectilinear parts of the loop. We
see, moreover, that two, and only two surfaces, of a confocal
system will touch any line; hence A and A’ are the only two
which will touch the rectilinear parts of the loop. Lastly,
let us limit ourselves to those regions of the plane where the
various portions of the loop may be named in order: straight,
hyr})'erboloidal, ellipsoidal, hyperboloidal, ellipsoidal, straight.
he constant length of the thread may be written

A Ay A,
0=f Fda, +f Fydx, +J F,dA,.
A Ag A,

We see that F; can never vanish, for A and A" are the para-
meters of an ellipsoid and ruled hyperboloid respectively,
while Ay refers to a non-ruled hyperboloid. It will become
infinite four times, twice when the loop passes m, the plane
of the focal hyperbola, and twice when it passes m,. We may,
however, integrate right up to these limits, and, as we have
seen, dA, changes sign with the radical. We thus have

Ag Cy Cy Cy Ca Ay
[“Fyr= J ,Fa(l)\3——'|‘ Fydag + f F3dA3_J Foan, + [ B,
Ay Cy Cq Cy 2

Ja,

= 4J Fyd, = const.
We may approach the second integral in the same spirit.
F, will become infinite twice when the loop passes the plane
of the focal ellipse #,. It will vanish throughout those two
portions of the loop that lie on the ruled hyperboloid A, = X’,
and these two are separated by an intersection with =,. We
have then

As A e, Y ¢, Ag
f Fyda,= de"z—f Fdx, + f ﬁ;d)\z_f Fd, + f Fda,
Ap A ¢ N o

Ag

A’
= 4~J F,dA, = const.
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We must, in conclusion, consider the first integral. It will
never become infinite, but will vanish along those two portions
of the loop which lie on the ellipsoid A = A;. V&e have
therefore :

A A A A
I Fodn, =J Fidn — J Fdx = 2J Fida, = p(0y).
A A A A

We have therefore, since the first two integrals and the
sum are constant,

¢ (A;) = const.,

and the locus of the moving point is an ellipsoid. Lastly, let
the ellipsoid and hyperboloid shrink down to the focal ellipse
and focal hyperbola respectively, we have in the limiting case:

Theorem 9. If an ellipse and hyperbola in mutually perpen-
dicular planes pass each through two foci of the other, and
if a loop of inextensible thread be slung around the ellipse
and pulled taut at a point P in such a way that it meets
the two curves alternately, then the locus of P will be an
ellipsoid confocal with the given ellipse and hyperbola.



CHAPTER XIV

AREAS AND VOLUMES

THE subjects «rew and volume offer some of the most
striking points of disparity betwcen euclidean and non-
euclidean geometry.* A first notable difference arises from
the fact that, in the non-euclidean cases, two different func-
tions of a triangle appear to play the rdle of the euclidean
area. The first is present in the analoga of those formulae
which give the arca in terms of the sides and angles; the
second appears when the area is defined as the limit of a
sum, i.e. as a definite integral. We shall reserve the name
arew for the second of these, giving to the first the name
amplitude.t

Let us, as in elementary geometry, use the letters 4, B, ¢/
to indicate, either the vertices of a triangle, or the measures
of its angles. We assume that these points are real, and,
in the hyperbolic case, situated in the actual domain. We
shall define triangle as in Chapter II. We might carry
through the same sort of work for any three points, but.
as we saw in the closing pages of Chapter VII, we should
thereby be compelled, in the hyperbolic case at least, to
introduce certain very delicate considerations as to algebraic
sign, not only in our analytic expressions, but even in the
trigonometric formulae first introduced in Chapter IV.

We begin by rewriting IV. 9

sin b sin c cos A b ¢ “
— sin - sin—- ¢0s A = o8~ cos—~ — COS +*
k ke k k k

This formula, established for one region, is seen at once to
hold for all the others.

* For a bibliographical account of the subject-matter of the present chapter
see the dissertation of Dannmeyer, Dic Oberflichen- und Volumenberechnung fis
Lobatschefskijsche Riwme, Gottingen, 1904,

t The concept amplitude of a triangle, and the various trigonometrie iden-
iitics connected with it, are taken directly from an admirable paper by
D'Ovidio, ‘Su varie questioni di metrica proiettiva,’ 4tti della R. Accademia
delle Scienze di Torino, vol. xxviii, 1893. Unfortunately the author gives, p. 20,
Aan incorreet formula for the volume of a tetrahedron.
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b . ¢
sin - A sin - A sin 4

b 2 b c a b als
22 Gin2 ¢ _ Y cos? ) —cos?+
[sm 2 sin T cos? B COS! T + 2 cos 5 A COS = 2 cos / €cos /c]

b ¢ a b ¢

=11 —c0s2® —cos22 — cos?s + 2 cos = > ena S 12

= [1 cos® o —Cos®y — €os” 7 + 2 cos J; €08 - cos k]

The right-hand side is symmetrical in the three letters «, b, ¢,
s0 that we may write

b
sin -+ bmA = sm sm

sin — 7 T 7 4 sin B = sin Z sin % sin C
1 cos - I—) 5
/b cos 7

© R
= |cos cos,-‘-’ . (1)

cos cosa 1
“k k

In the real domain, if the measures of sides and angles be
taken positively, the left side is essentially negative in the
hyperbolic case, and positive in the elliptic, so that the
radical on the right must be chosen accordingly. It will
vanish only when the three points arc collincar (under the
restrictions made at the outset of this chapter), and shall be
called the Sine Amplitude of the triangle, written sin (4 BC).

Let the reader show that if the coordinates of 4, B, C be
(), (y), (2) respectively
() (xy) (22) |2
(ya) (yy) (42)
- (z2) (2y) (22) lzyz]|
sin (ABC) = - E2 N0 | o (@2
Vi) Vigy) V@) V) V) V(=2)

We may rewrite (1) in the form

sind _ sin B 51_11_(: _ sin (ABO) 3)

in in 2 sin & sin & sl b in ¢
hml; sy smoz A nz® k
If A’, B, C’ be the points where the sides of the triangle
meet the perpendiculars from the vertices, we have
AA’ . b . BB ¢ (084

« : '
T sin —— = sinpsin o = sln/ sin o = sin (ABC). (4)

gin ~
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We see at once the close analogy of the sine amplitude of a
non-euclidean triangle to double area of a cuclidean triangle.
Let the reader show that

Lim. 7= 0, ksin(4BC) = 2 Area A ABC.

A function correlative to the sine amplitude may be
obtained from the corrclative formula

. . a
sin B «in C’cos]; = cos B cos C+cos 4.

b ¢
sin B sin C s1n/— = sin C'sin 4 sin = = sin A4 sin B sin T
v

1 cosC cosB |}
cosC 1 cosd |
cosBcosd 1 |

= sin (abe). (5)
. il.‘his > 0 in the elliptic case, pure imaginary in the hyper-
olic

. b . €
sin ]—u S sin (abc)

sind _ sinB _ sinC sinAsinBsinC

(4 / Yy’

sin A sini%;;- = sin B sin = sin (' sin = sin (abc). (7)
in% 'nb sin >
SRE P PME_ sin(4B0) .
sind ~ sin B~ sinC ™ sin (abc) (®)
. ___sin* (4.B0) sin* (abe)
sin (abo) = T a. b.c sin(4BC)= " sin A sin Bsin € ®)
sin -~ sin - sin
K™k k
If a+b+e=2s,
cos ' — cos 2 cos
A — Co8 L: coSs ];
cos 4 = ,
nb sin
SEESE
gin =0 sin °_¢ :
sind = —k—]f- )

inb . ¢
sin - sin -
k k
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- 1

sin S sin 379 2
. k k

COoS 'ZA = ——b——c— s

sinzsink

] i S sin 8% 2
sin - sin ——

k k
cngd = — |
sin —-— 8in ——
I k

sin (ABC) = 2 Jsin Ssin¥=%sind"" ~b sin :g—; - (10)

k k k

In like manner, let us put
A+ B+C = 20.

a [—cosacos (o — )]

sini- =
2k sin B sin C

tolo-t

L @ [cos(a— ) cos (o — )]

cos 1 -
2L sin B sin C

“ [cos (o — B) cos (a‘—c)]’lz ,

ctn - =
%k — 08 a ¢o8 (o —a)

sin (abe) = 2 ¥/ —cos o cos (o — 4) cos (¢ — B) cos (¢ —C), (11)

(sin 7% sin*—Pin * =
sin}Asin}BsiniC = PR S )
sin - A sin g sing
.5 sin (abc)
S T 4smiAsiniBsiniC (12)
oS g = sin (4 BC) . (13)

« b ¢
4005%15008%13008%%

It should be noticed that the denominator on the right of
equation (13) is essentially positive. The numerator is
negative in the hyperbolic case, as we have already seen,
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™
9

~

. " T
numerator is positive but o > gy 080 < 0.

In Chapter III we defined as the discrepancy of a triangle,
the absolute value of the difference between the sum of the
measures of the angles and #. Let us now define as the
excess of our triangle the expression

e=A+B+C—m.

This will have the same sign as 1 » the measure of curvature

2
of space. We have k
sin (ABC)

but here also ¢ < ;; and cos ¢ > 0. In the elliptic case the

(14)

sin% = — 080 = a i
4cos 3 ECOS%ECOS%E
Passing to the limiting case where the triangle becomes
infinitesimal, we have
. sin (4BC) . a b ¢
Lim. — = 4 lim. (cos 3 --cosi J: €08 %IE>
gin
2
=4
lim. ¢ = } lim. (ABC)
1 .. .
= 2—]—62]1111. be sin 4
| Y
=5 lim.a A4’
Theorem 1. In an infinitesimal triangle the limit of the
ratio of the excess to the product of the euclidean area and
the raeasure of curvature of space is unity.

Let us next examine the infinitesimal quadrilateral, whose
vertices are A, B, C, D. AB and CD shall intersect in  (actual
or ideal) while AC and BD intersect in K ; the latter two
points remaining at a finite distance from A4, B, C, D.

sin ——
k

"F sk _sinK
. BK sind’ . DK _sinC’
sim —=— sin ——
2 %
im 524 o1 w481 (cho1IL2)
sin C CD
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A

sin éﬁ sin A— sin A

lim sin (CAB) lim k k
'sin(DAB)” " DB . DU,
sin ——sin —sin D
k k
AB.AC .sin A
=lim " =
DB. DC.sin D
=1.

We shall define as the area of an infinitesimal triangle
the common value of &% times its excess, its half-amplitude,
and the euclidean expression for its area.

Theorem 2. If the opposite sides of an infinitesimal
quadrilateral do not intersect in points infinitesimally near
the vertices, the limit of the ratio of the areas of the triangles
into which it is divided by a diagonal is unity.

The sum of these two infinitesimal areas shall be called
the area of the infinitesimal quadrilateral; it will be equal
(always neglecting infinitesimals of higher order) to the
product of two adjacent sides multiplied into the sine of the
included angle.

Suppose now that we have a region of the plane, connex
right up to the boundary, which is limited by one or wmore
closed curves, and let this be covered by a network of in-
finitesimal quadrilaterals of the sort just deseribed. Let the
area of each of these be multiplied by the value for a point
therein of a continuous function of the coordinates of the
point. The limit of this sum as the individual arcas tend
uniformly toward zero shall he called the surface integral of
the given function for the given area. The proof of the
existence of such a limit, and its independence of network
employed will be identical with that used in the correspond-
ing cuclidean case, and need not detain us here.*

Definition. When the surface integral of the function 1
exists over a region of the plane, that integral shall be defined
as the area of the region.

Theorem 3. The area of a region of a plane is the sum of
the areas of any two regions into which it may be divided
provided that these two have no common area.

This follows immediately from the definition given above.
As an application of these principles let us determine the

* Conf. e.g. Picard, Traité & Analyse, first ed., Paris, 1891, vol. i, pp. 83-102,
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area of a triangle. It is the limit of the sum of the areas of
a network of infinitesimal triangles, or by (1) the limit
of the sum of k% times their cxcesses. Now it is perfectly
clear that if a triangle be divided in two by a segment whose
extremities are a vertex and a point of the opposite side, the
cxcess of the original triangle is the sum of the excesses of
the parts, and we may establish our network by a repetition
of this process or division, hence *

Theorem 4. The arca of a triangle is the quotient of the
excess divided by the measure of curvature of space.

Let us give a second demonstration of this fundamental
theorem with the aid of integration. It will be sufficient to
do so in the case of a right triangle, and we shall take a right
triangle with one angle at C the intersection of #, = 0, 2, =0,
the right angle being at B a point of the axis z,=0. We
may introduce polar coordinates

I Xy, LT
o= ktank cos ¢, o= k tzm]C

the elements of arc along ¢ = const. and » = const. will be

sin ¢,

dr and k sin ]C d ¢ respectively. The element of area will be

="k sin£ dr dé. (15)

R R
. in - dr = 2 ‘ s
k[ sin i dr =k (1 cos B )

5—? = tan ]—ig sec ¢. (Ch. IV. (6).)
cos B cos ¢

k ’ =
\/ cos® ¢ + tan® ]j_C

v

tan

Remembering that the limits for ¢ are 0 and ¢

* It is surprising to see how unsatisfactory are the proofs usually given for
this, the best-known theorem of non-euclidean gcometry. In Frischauf,
Elemente der absoluten Geometrie, Loipzig, 1876, will be found a geometrical proof
applicable to the hyperbolic case but not, so far as I can see, to thoe elliptic,
and the same remark will apply to the book of Liebmann, cit. Manning,
loc. cit., makes an attempt at a general proof, but the usc of intuition is
scarcely disguised. In Clebsch-Lendemann, Vorlesungen iiber Geometrie, Leipzig,
1891, vol. ii, p. 49, is a proof by integration, but the analysis is unnecessarily
complicated owing to the fact that, apparently, the author overlooked the
consideration that it is sufficient to prove the theorem for a right triangle.
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Arca = I? Cdcp—/czfc M .
0
0 \/cos2¢ + tan""ij

The first integral is £2C. If, further, we put sin ¢ =z,

Y

C
]+ const.

T

dx .
f]g ) 2 e - sin~1 [a: cos
sec?
Hence our second integral will be
— k2 % sin~1 [sin ¢ cos {j_g]

v

—a?

f

This vanishes at the lower limit. On the other hand by
Chapter IV. (7) o
BC

3

cos A = sin C cos

our second integral becomes
—].;2[:’:: -A] =I*[A+B-7],

Avea = 12 (A+B+C—m) (16)

Two regions with the same area may, naturally, have very
different shapes. There are, however, three simple cases
where the equivalence of area is immediately evident. First,
where the two figures are congruent; second, when they are
composed of the same number of non-overlapping sub-regions
(i. e. sub-regions no two of which have in common a region
which has an area) congruent in pairs; third, where by the
adjunction of pairs of mutually congruent non-overlapping
sub-regions to them, they may be transformed into congruent
regions. In this latter case they may be said to be equivalent
by completion.*

Definition. Given = successive coplanar segments (4, 4.),
(4, 45.,,), (A,_14,) so situated that no line other than one
through a point 4; can contain points of more than two of the
segments ; the assemblage of all points of all segments whose

* The term equivalent by completion is borrowed from Halstéd, loc. cit., p. 109.
The distinction between equivalent and equivalent by completion is, I believe, due
to Hilbert, loc. cit., p. 40. For an admirable discussion of the question of
area seo Amaldi, in the fifth article in Enriques, Questioni riguardanti la geome-
tria elementare, Bologna, 1900,

COOLIDGE M
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extremities aro points of the given segments shall be called a
convex polygon or, more simply, a polygon. The definition
of sides, vertices, and angles is immediate. If one vertex, say
A,, be connected with all the others, the polygon will be
divided into % —2 triangles, no two of which have in common
any area. The area of the polygon will thus be the sum of
the areas of these triangles. We may convince ourselves of
the compatibility of these statements as follows. A triangle
is certainly a polygon, and if a polygon of n—1 sides exist,
we may easily enlarge it to have n sides by taking an addi-
tional vertex near one side. On the other hand, if a polygon
of n—1 sides may be divided up in the manner suggested,
it is immediately cvident that one of % sides may be so
divided also.

Theorem 5. The area of a convex polygon is the quotient of
the excess of the sum of its angles over (n—2)n divided by
the measure of curvature of Space.

Let the reader show that the area of a proper circle is
2 y.-
2nl (1 - cosk) (17)

The total areas of the elliptic and the spherical planes will be
respectively
2wk?  4Awk2.

In the hyperbolic plane regions may be found having any
desired area.

Our next undertaking shall be to sece how far the methods
which we have established for studying areas are applicable
in three dimensions. We shall begin, as before, with ampli-
tudes, following, however, an analytical rather than a trigono-
metric method.

Let the vertices of a tetrahedron, as defined in Chapter II,
be A, B, C, D with the coordinates (x), (), (2), () respectively.
The opposite faces shall be a, 3, y, 8 with coordinates (u), (v),

(w), (w), so that, e. g.
r(0X) = (Xay2).
We shall define as sine amplitude of the tetrahedron

sin (ABCD) = | cos 2—1/3} cos ?/-—E coS :C—;:?cos @ ’
__leame e’
¥ (@) v (yy) v/ (25) v (tt)
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_ | 2yt |
V(@) v (yy) ¥ (22) ¥ (1)
We shall give to the radicals involved such signs that
k sine amplitude shall have the sign of k2. Recalling the

concept of the moment of two lines introduced in Chapter IX,
we get

(18)

sin ATB sin 07’513 (Moment AB, CD) =sin (ABCD).  (19)

. 22) |3
sin (4BC) = (@D WD 7
V() ¥ (yy) ¥ (22)
Let A’, B’, ¢, D’ be the points where perpendiculars from
the vertices of a tetrahedron meet the opposite faces. Then

sin 1312’ — | y2t |

BT V) ) () ()

sin (BCD) sin %‘,‘1— = sin (CDA) sin 13]? = sin (DBA) sin C{:

’

= sin (4B0) sinl—)/gq — sin(ABCD). (20)

If we mean by ¥ apB the dihedral angle of thesc two faces

L)

= ) V)

(wy) (w2) ()
(2y) (22) (2t)
_ (ty) t) &)1
,\/Dl(mx) (y) (22) (it) | \/ 3 (wz) (yy) (=2) (t)|
3 () 3 (yy)

sin (ABCD) sin é}?
sin) o = S (BOD) sin (ACD)’
sin (BOD) sin (ACD) Sm-li;@ — sin(ABCD).  (21)

sin

k

The geometry of lines through a point is an example of the
M2
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geometry of the elliptic plane, where k2 =1, We may thus
speak of the sine amplitude of a trihedral angle

< ) (t2) | | () ()| | (@) () |1
(xt) (@z) | | (2t) (ay)| | (at) (@2)
) (ty) | | @) Cy)| | () (t)
(at) (zy) (Jt) (yJ (yt) (y2)
in (AB, AC, AD) = _Zt 2 ﬂt) /,y 2t 2) Il
win (45, 46,47) \/ NG (tJ) (t) (t2)
(at) (az) (at) (=)
(it) [am/zt[ -
[ (t) (ty)
1) (yy) \/ °t)(

sin A sin D8 ain 2 in (4B, 40, 4D) = sin (aB0D). (2
The reader will not fail to notice in formulae (19), (20), and
(22) the striking analogy between the sine amplitude and six
times the euclidean volume. There will be a funetion cor-
relative to sin (A BCD) which we shall call sin (agy3).

sin X_af sin £ (y) (Moment AB, CD) = sin (apyd). (23)
1214

sin (afy) sin = sin (aByd). (R4)
. AB
s1n —k—
sin (ayd) sin (3yd) YR sin (aByd). (5)

sin § ad sin ¥ B35 sin ¥ 3 sin (ad, B3, y8) = sin (apyd). (26)
sin (BCD) _sin(CDA) _ sin (DB4) _ sin(ABC) _sin(ABCD) o7
sin (By8)  sin(yda)  sin(3Ba)  sin (agy) = Tsin(a8y0) (*7)
Our two tetrahedral functions are connected by the relations
: _ sin(4BCD)
Sin (48Y2) = T BODysim (CDA) sin (DBA) sin (ABC)°

. B sin®(apByd)
sin (ABCD) = — (By3) sin (y50) sin (580) sin (afy)
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The analogy between the sine amplitude and the sextuple
of the euclidean expression for the volume appears even more
distinctly in the infinitesimal domain.

Lim. sin (ABC) = %E .AC.sinf BAC
? Arca AABC.
= E-é rea A .
Lim, sin (ABCD) = lim. (4BOD)
= I%Vol. tetrahedron ABCD.  (28)

Following our previous analogy, suppose that we have six
planes, no three coaxal, passing by fours through four actual
or ideal, but not collinear points. Let the remaining inter-
sections be at a finite distance from the three chosen points,
but infinitesimally near one another. An infinitesimal
region will thus be formed, on the analogy of a euclidean
parallelopiped, which may be divided into six tetrahedra of
such sort that the limit of the ratio of the sine amplitudes, or
of the euclidean volumes, of any two is unity. Six times the
cuclidean volume of any one of these tetrahedra may be defined
as the euclidean volume of the region.

So far the analogy between two and threc dimensions has
been sufficiently good. Each time we have had a function
called sine amplitude corresponding in many particulars to
a simple multiple of the euclidean area or volume, and ap-
proaching a multiple of the area or volume as a limit,
when the figure becomes infinitesimal. In the plane there
appeared, besides half the sine amplitude and the cuclidean
area, a third expression, namely, the discrepancy or excess.
In three dimensions this function is, sad to relate, entirely
lacking ; that is to say, there is no simple function of the
measures of a tetrahedron which possesses the property that
when one tetrahedron is the logical sum of two others, the
function of the sum is the sum of the functions. It is the
lack of this function that renders the problem of non-
euclidean volumes difficult.*

Suppose, in general, that we have a three dimensional
region connex up to the boundary, and that we divide it

* It is highly interesting that in four dimensions a function playing the
role of the discrepancy appears once more. See Dehn, ¢ Die eulersche Formel
in Zusammenhang mit dem Inhalt in der nicht-euklidischen Geometrie,’
Mathematische Annalen, vol. 1xi, 1906,
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into a number of extremely tiny tetrahedra. The limit of
the sum of the euclidean volume of each, multiplied by the
value for a point thercin of a continuous function of the
coordinates of that point, as all the volumes approach zero
uniformly, shall be called the woluwme integral for that region
of that function. The proofs for the existence of that volume
integral, and its independence of the method of subdivision,
are analogous to those already referred to for the surface
integral. In particular, the volume integral of the function
unity shall be called the volume of the region. Two regions
will have the same volume if they be congruent, made up
of the same number of parts, mutually congruent in pairs,
or if by the adjunction of such pairs they may be completed
to be congruent.

If the limiting surface of a region be made up of a series of
plane surfaces, and if no line, not lying in a plane of the
surface, can contain more than two points of the surface, then
it is easy to show that the region may be divided up into a
number of tetrahedra, and the problem of finding the volume of
any such region reduces to the problem of finding the volume
of a tetrahedron. This problem may, in turn, be reduced
to that of finding the volume of a tetrahedron of particularly
simple structure. To begin with, we may assume that there
is one face which makes with the three others dihedral angles

™ . .
whose measures are less than 9’ for the bisectors of the

dihedral angles of the original tetrahedron will always divide
it into smaller tetrahedra possessing this property. The per-
pendicular on the plane of this face, from the opposite vertex,
will, then, pass through a point within the face, and, with the
help of this perpendicular, we may subdivide into three
smaller tetrahedra, for each of which the line of one edge is
perpendicular to the plane of one face.

Consider, next, a tetrahedron where the line of one edge
is indeed perpendicular to the plane of a face. There are
two possibilities, First, in the plane of this face neither of
the face angles whose vertex is not at the foot of the
perpendicular is obtuse; secondly, one of theso angles is
obtuse. (The case where both were obtuse could not occur
in a small region.) In the first case we might draw a line
from the foot of the perpendicular to a point of the opposite
edge in this particular face, perpendicular to the line of
that edge, and thus, by a familiar theorem in elementary
geometry, which holds equally in the non-euclidean case,

ivide the tetrahedron into two others, each of which possesses
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the property that the lines of two opposite edges are per-
pendicular to two of the faces. These we shall for the moment
call simplest type. In the second case, from the vertex of the
obtuse angle mentioned, draw a line perpendicular to the line
of the opposite edge in this particular face (and passing
through a point within this edgei and connect the intersection
with the vertex opposite this face. The tetrahedron will be
divided up into a tetrahedron of the simplest type, and one
of the sort considered in case 1. We have, then, merely to
consider the volume of a tetrahedron of the simplest type.

Let the vertices of the tetrahedron be 4, B, C, D, where AB
is perpendicular to BCD and DC perpendicular to ABC. Leta
plane perpendicular to 4 B contain a point B, of (4B) whose
distance from A shall have the measure 2 ; while this plane
meets (AC) and (AD) in Oy and D, respectively. The volume
of the region bounded by this plane, and an adjacent one of
the same type and the three faces through 4, will be dx, mul-
tiplied by the surface integral over the A B, C; D, of the cosine
of the It part of the distance of a point from B,. (Cf. Ch.
1V. (2).) This integral takes a striking form.*

Let the distance from 53, to a variable point P of the
triangle be », while ¢ is the measure of X C, B,P. We wish
to find

k.”sin ;— cos ;~ dr d .

Let B, P mect (C, D,) in £,. The limits of integration for =
are 0 and B, %, ; hence wo have mercly to find

L2 & B, Nl
2_[ sin® BE, d¢.
0 k

Now C, D, is perpendicular to B,(;, hence

tan ¢ sin Bl/ ¢ = tan E:I](;'l ,
e e

* The integration which follows is a very special case of a much more
general one for n dimensions given by Schliifli, Theoric der vielfachen Kontinuitit,
Ziirich, 1901, p. 646. This paper of Schlifli’s is posthumous ; it was originally
written in 1855, when the science of non-euclidean geometry had not reached

*its present recognition. It is very general, extremely difficult reading, and
hampered by a fearful and wonderful terminology, e.g. our tetrahedron of the
simplest type is a special case of an Artivthoscheme. It is, however, a striking
piece of geometrical work. Schlifli gives a shorter account of his work in
his ¢ Réduction d’une intégrale multiple qui comprend Parc d’un cercle ¢t
Yaire d’un triangle sphérique comme cas particuliers’, Lionville’s Journal, vol.
xxii, 1866.
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BE, _ _ BC EC .,k _BE B,C,
cos P cos A coS - I tan 5 = tan— k L sec ¢.
o (Ch. IV. (5), (6).)
sm"’B El d = mB—— L4 E,C,.

k
Our required integra,l is then

ke . B < k B Ny
QJSIn i 'dE,C, = sm L - O, D,.

Let the rcader note the astomshmg feature of this result,
namely, that it involves one side of a triangle directly, and
another trigonometrically.

Let the measure of the dihedral angle whose edge is (C,D,)
be 6, this will also be the measure of X AC, B, which is the
plane angle of the dihedral one.

cos 0 = cos 4B, sin . BAC,

k
sin 0d0 = ]1 sin Af—‘ sin . BACdz
o B
_ 1., A, M p
B e
sin — !
k
= Al sin 0 sin bf}c(jl(lw.
We thus get for our volume the strange formula *
k2 [ -
Vol. = g J C,D,de. (29)
We can easily express this integral in terms of 6,
0, D, . Ac, AC,
tan 7171 1 Y= @ si t
= sin tan X. DAC i
cos A]O =ctn X. BAC ¢tn 9 = b ctn 6.
8 e ———
Vol. = %Jtan“ [a ¥/1—b%ctn?0]do. (80)

* See Schlifli, Réduction, p. 881, where it is stated that this integral cannot
be evaluated by integration by parts. This same integral was discovered,
apparently independently, by Richmond, ¢ The Volume of a Tetrahedron in
Elliptic Space,” Quarterly Journal of Mathematics, vol. xxxiv, 1902, p. 176.
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This formula apparently represents about as close an
approach as can be made towards ﬁndbng the volume of this
tetrahedron, for, in the genelal case,* it does not seem possible
to effect the quadrature in terms of elementary functions.

If a right triangle be rotated completely about one of the
sides adjacent to the right angle, the figure so generated shall
be called a cone of revolution. The volume within the surface
may be found as follows. Let the vertex of the cone be 4
and the centre of the base O, while P is a point within the
cone. Let @ be the intersection of (A0) with a perpendicular
from P, while the base circle meets the plane AOP in B.
(A D) shall meet ’Q in R. Let us also write

AB=s, AR=v», AO0=15h, 4  04B=o.
QA b 2w —— P
Vol. = ]\/f J- f sm = cos = -—~dAQ dQP d¢

I3 (1\ ) )
— 2#] f” sm(fz-{ Ql QLG 40P

= 7k? J sin? Qljc 14Q.
0 b

tan ‘i/Q = tan;{cos 0. (Ch. V. (6).)
] cos 0 8602 i d;
dAQ =
1 + cos?4d tan? I
sin gff = sin r sin 6.
L k
h v
tan® ;3
Vol. = w/k?sin%6 cos 6 —————b———; dr.
1 + cos? 0 tan? -
0 k
Put tan = L.

k

* Schlifli, Vielfache Kontinuitit, p. 95, gives a formula for the special case
where the sum of the squares of the cosines of the dihedral angles is equal
to unity. The proof is highly intricate, and not suitable to reproduce here.
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k
tan -

& x*dx
= k3 in2
Vol. = nk3 cos 6 sin GJ; I+ 2% (L + 2% cos? 0)

h h
g dx UE de
mh” cos § o 14 z*cos?d o l4a?

h

tanz

= 7l cos 6 [ L tan ™! (z cos 6) —tzm‘la;]
cos ¢ 0
= whk?[h—scos 0].% (31)

To find the volume within a proper sphere, where the

distance from the centre to every point of the surface has the
constant value R,

R rr 2w )
Vol. = k“’.[ f f sin? > sin 0 dr d0 d¢
0 Jo Jo k

R >
= 417rkgf sin? - dr
0 k
2R . 2R
=77k3(—7c~ — sin — )- (32)

Let the reader show that the total volumes of elliptic and
of spherical space, where & = 1 will be, respectively,

w2, 272

* This formula is given without sufficiently detailed proof by Frischautf,
loe. ¢it., p. 99. A tedious demonstration was subsequently worked out by
Von Frank, ¢ Der Korperinhalt des senkrechten Cylinders und.Kegels in der
absoluten Geometrie,” Grunerts Archiven, vol. lix, 1876,



CHAPTER XV
INTRODUCTION TO DIFFERENTIAL GEOMETRY

THE task which we shall undertake in the present chapter
is to develop the differential geometry of curves and surfaces
in non-euclidean space.* We shall introduce a notable sim-
plification in our work by abandoning homogeneous coor-
dinates, and assuming that

(xz) = K2 1)

In the elliptic case we shall take 2, = 0; in the hyperbolic,

Ty = i %o 2 0 for all real points.

Of course in exceptional cases, where we wish to include
points of the Absolute or heyond, this proceeding is not
legitimate ; we shall therefore assume, unless we specifically
state the contrary, that we are limiting ourselves to a real
region, where no absolute or ultra infinite points are included
in the hyperbolic case. We shall, further, have for the
distance of two points (z), ().

2

Ty Ly Ty Ty
d (xz') ., d x, x) @, xy .
B g’ sm‘L—_ = -‘»le—*‘—‘L—- (2)

When @, = «; + dir; we have for the square of the differential
of distance

Ccos

L, ds? . (xx)(dedz) — (xdx)?
g )l = e,
(w+de, z+da) =12, (zdz) = — 3} (dedz),
ds? = (dxdx). (3)

We shall mean by an analytic curve, such a curve that the
coordinates of its points are analytic functions of a single
variable. The formulac developed in this chapter will hold

* The devclopments of this chapter follow the general scheme worked out
for the ocuclidean case in Bianchi-Lukat, Vorlesungen iber Differentialgeometrie,
Leipzig, 1899, Chapters 1, 111, IV, and VI. In Chapters XXI and XXII of the
same work will be found a different development of the non-cuclidean case.
It is, however, so general, yet so concise, as to be scarcely suitable to serve
as an introduction to the subject.
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equally well under the supposition that the functions and
their first three partial derivatives exist and are finite in our
region, but the gain in generality is of little interest to the
geometer, and we shall assume from here on that when we
speak of curve we mean analytic curve.

Let us imagine that at a chosen point of a curve, say P, a
tangent is drawn. We shall take two near points P’ and P”
on the curve and tangent respectively, so situated near P and
on the same side of the normal plane that PP’ = PP”. Then
we shall define ¥

PP

" pp
as the curvature of the given curve at that point. If we
compare with Chapter XI. (2), and define as the osculating
circle to & curve at a point, the limit of the circle through
that and two adjacent points, we shall have

Theorem 1. The curvature of a curve at any point is cqual
to that of its osculating circle, and is equal to the absolute
value of the product of the square root of the curvature of
space and the cotangent of tho &' part of the distance of each
point of the cirele from its centre.

Let us now suppose that the equations of our curve are
written in the form
t—t,)? 7/
os = it + = 0o/ () + 5wl )+

2
z," = c%”x‘(t)
Then for a point on the tangent we shall have coordinates
X = Aay(b) +(E— o) (¢) )
To get the value of A
XX)=ax =k (22)=0,

X @ilt) £ (t=t)ai(t)

T =t ,
J 1 +(“7c‘-z°)“(wi )

Developing by the binomial theorem, and rejecting powers
of (t—t,) above the second

X, = @; () + (t—t,)a] (t,) — (tz—kﬁ’)z (' a)2; (b)-

* This definition is taken from Bianchi, loc. cit., p. 603. It is there
aseribed to Voss.

lim ’
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Subtracting from the series development of z;, we get for

our curvature —p .

1 [(m”w”) + gg(ccw") (2'2") + 7;4 (2'2')? (wx)]

; @y ’
1 (mr/x//) 1
o @R TR @

Theorem 2. The squarc of the curvature of a curve is the
square of its curvature treated as a curve in a four-dimensional
cuclidean space, minus tho measure of curvature of the non-
euclidean space.

It will be convenient to consider, besides our point (z),
three other points allied to it. (%) shall be orthogonal to (2)
and on the tangent, (z) orthogonal to (z) on the principal
normal, and (£) orthogonal to (z) on the binormal. These
three will replace the direction cosines of tangent, principal
normal, and binormal, which figure so prominently in the
euclidean theory. In hyperbolic space these points lie without
the actual domain to which we suppose (z) confined.

(wl) = (@2) = (@) = (t2) = (t§) = (2€) = O.
If a point trace an infinitesimal arc ds, the angle of the
ds?
=
We shall, hereafter, take as our parameter on the given
curve s, the length of are, so that

corresponding absolute polar planes is

’__ (ZCL‘,,;
=S
As (t) lies on the tangent, its coordinates will be of the form

&

(@'2) = 1.

t; = lo,+ ma;,
(tt) = (zx) = k%, (tx) =0, (22') =0,
t; = kay. (5)
For the point (2) we shall have
2; = Ay + p + vy,
(2x) = (22') = (a2’) = (@'') + (xz”) = 0,
(22) = (zx)=Fk?, (2'2')= 1.
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g T kax;”
bV ) — 1’
=% (wi +k2z;"). (6)
To determine ¢ we shall have the conditions
(éx) = (é2) = (Et) =0, (&)=1Fr,
b=y vada’]. ()

We shall define the torsion of our curve as the limit of the
ratio of the angle of two successive osculating planes to the
differential of arc. We thus get

1 _1vwedy
T I S (8)
Reverting to our formulae (5) and (6)
dt, Z; X
a5 Tk ®)
@f) = (@'&) = (¢"§) = (x¢) = (&) = (&) = 0.
Hence & _ e
ds —
or, more specifically dé. 2
a§‘=z/’»' ()
We have also (@) = (@7) = (#/2) = (o7) = 0,
z; = N+ pé;,
d?.',i t,- i
L kg a

The reader will see at once that (9), (10), (11) are the
analoga of Frenet’s formulae for euclidean curves. ,

We have, so far, overlooked the question of the sign of the
torsion, but that is well determined from the above formulae,
and it is important now to find the geometric difference
between the case where the torsion is negative, and that
where it is positive. We shall carry through the work for
the elliptic case only, the hyperbolic may be treated in the
same way, but it is wiser there to replace the coordinates
(2) by ()

As before we shall choose s as the independent variable,
so that

(xz) = k3, (22) = (2'2") =0, (¢'@)=—(xz")=1.
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The sign of ¢; (which may be ideal) will be found from (5),
that of z; from (6), and that of £ from (7), while the sign
of T will be given by (10).

The equation of the plane of the tangent and binormal

will be |Xaté] = (Xa)+ k2 (Xa”) =0,
Putting in the coordinates of a near-by point of the curve,

n (A8)?
o

)2 2 2 2

2 — —A—b)— — k24 k(" 2 A = !G ‘, (ﬂ )

2 2 p?

and this is essentially positive, so that, in general, the curve
will not cross this plane here. Again, we see by (6) that
we may give to a point on the principal normal close to (z)
the coordinates

t/ >
T;+x; As+ x;

b

-’Ei + 5:1%-".

Substituting in the equation of the plane we get
k2

so that this will lic on the same side as the curve if € > 0.

Let us call positive that part of the curve near our point for
which As > 0. The positive part of the tangent shall be that
which lies on the same side of the normal plane as the
positive part of the curve, while that part of the principal
normal shall be called positive which lies on the same side of
the plane of tangent and binormal as does the curve. Let us
find the Plueckerian coordinates of a ray from x;+z;As on
the positive part of the tangent to 2;+ex;” on the positive
part of the principal normal. We get
a; @; xix;

o ” Ly

]

|

+ €As

wi’ a} "
Pij=¢€

+As|t0
J J

i 4
In like manner for a ray from (z) to a point on the positive
part of the curve

A, 8)* A, 8)*
x;+xy As+ (-’2—)— + ;" (31')— s
we get
g = Ays| 7] 4 (A;8)* | @), @y (A8 |2y, o |
3] 1 9«’7;' 901’ 2 wk" l’z” 3 1 wk’” wl”/

The relative moment of these two rays, as defined at the
close of Chapter IX, will be
As(A,s)? .
—6 | @'

wll/ l‘

2Py = ¢
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The factors outside of the determinant are all, by hypothesis,
positive, so that the sign depends merely upon that of the

determinant, and this by (7) is equal to 27 (5

N 4 7 ’ I
o (62) =0, (¢ >=-<§x).
Hence the relative moment will have the sign of

(za:” = k T [(xx") + k2" 2")] = — 7

leo'rem 3 The torsion at a general point of a curve is
positive when the relative moment of a ray thence to a point
on the positive part of the curve, and a ray from a point on
the positive part of the tangent to one on the positive part of
the prmcl}[)1 al normal is ncga,tlve when the latter product is
positive, the torsion is negative.

Intuitively stated this means that the torsion is positive
when the curve resecmbles a left-hand screw, otherwise
negative.

We shall next take up the evolutes of a curve. Let ()
be a point of an evolute. Then

3 §
L; = €08 4 &; — s - t,;,
ke k
d.’L',i . 8 ZAi
?l'SE I I
Remembering that —— = kt;, while Z; is on the principal

normal of the evolute.

Theorem 4. A tangent to an analytic curve at a general
point will he in the osculating plane at the corresponding
point of any evolute.

Since (z) lies in the normal plane at (z), we may write

Wwx; = x;+wé; + vz,
dw

1 dw b 2; G &
W= = g Grubron) o+ g —o (L 4+ 5)
v

du
- + & g
Nowo—lw—i is linearly dependent on () and (z),

ds
(t (l.s) 0, v= ‘—Igs
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and, for the same reason, the assemblage of all terms in (§)
and (2) must be a linear combination of (z) and (Z), and so
proportional to wz;—a; = wé;+vz;

du P w dp _ p
(% — &) &+ (7 + an oo =A[vei £ % s
duw  p
ds kT o
w 1dp = 3’
7T Eds  k

tan—! (%) = (—;} +C = (c+0).
k
To get (w) we have
(5:2) = i?

w=vV1+u+vt = \/1+ %secz(a+0).

.’D,A-:—"—

(m,-+z,- %) cos(o+C) + % & sin (o +0) a2
\/;;2 + cos? (o0 +C)

The coordinates of the point of the line () (Z) orthogonal
to (x) will be

Az;+ "”E;’

(A2 4 p2)k2 + 2Apk? cos'(_(rfC)

P = k2,
J i cos (o +C)
N
2
Bp= k Y )\=(29.s__(f_-t_g‘).
L Ld
k k

The point in question will therefore have the coordinates
&;sin (0 +C) +z;cos (o +C).

COOLIDGE N
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This gives us the significance of o, namely (s +C) is the it
part of the distance from this point to (2), i.e. (o + C) repre-
sents the angle which this normal makes with the principal
normal. If, then, we take two evolutes of our curve the
angle between their corresponding tangents, i.e. those which
meet on the involute, is

(rr+01)—(0+02) = 01—02.

Theorem 5. Corresponding tangents to two evolutes of
a curve meet at a constant angle.

Theorem, 6. If the generators of a developable surface be
turned through a constant angle about the tangents to one
of their orthogonal trajectories, the resulting surface is
developable.

Theorem 7. The tangents to an evolute of a plane curve
make a constant angle with the plane of the curve.

The foregoing theorems and formulae exhibit sufficiently
the close analogy between tho differential theory of curves
in euclidean and in non-cuclidean space. It is our next task
to take up the theory of surfaces, and we shall find a no
less striking analogy there. We shall mean by an analytic
suirface the locus of a point whose coordinates are analytic
functions of two independent parameters. We shall exclude
from consideration all singular points of such surfaces. If
the parameters be (w) and (v), we shall have for the squared

distance element
ds? = Edu? 4 2 Fdudv + G dv?,

dx dx dx dx dx
E=(550) T=Guss) ¢=(o50)’
da, dwy A, dzy ||
EG_Fie U dU dU U ) (13)
T || 2@, 3z, ¥z, dzy

du dv dv v

This is a positive definite form in the elliptic case, and in
the actual domain of hyperbolic space, to which we shall
restrict ourselves. The discriminant, under this same restrie-
tion, will always be greater than zero, for it will vanish only
when the tangent plane to the surface is also tangent to the
Absolute.

The equation of the tangent plane at (x) will be

dx dx
| P 30| = O
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The Absolute pole of this plane will be
d ‘ or dx
:I‘ ; rr —

1 < = [ S | 3 14

Y VEG—F* (14)

We shall consistently use the letter (y) throughout the
present chapter to indicate this point. The equation of the
plane through the normal, and the point (z + dw), will be

(X) (@) (a5) (Xz) (@2) (= _.)
EDNE@D) 2o faut (X3 (@5 7 av=o.
(x3,) (o5, (@) 3y ¢

0..3

Z[FW“E )dn-}-((f——F )dv]Xi=0.

3

The cosine of the angle which this plane makes with that
through the normal and the point (z+8«), or the cosine of
the angle of the two ares from (z) to (z+dx) and (z+d2),
will be

Eduwdu+ F(dudv+dudv)+ Gdvdv

dsds
The two will be mutually perpendicular if
Edudu+ F(dudv+dudv)+ Gdvdv = 0.
The condition for perpendicularity between the parameter
curves will be Feo. (16)

The equation of the tangent plane at (x + dx) is

IX(”"’L*‘Z“‘F d”) (bw gr;wdu a?:a d")

Mc
v bubud + dv)

Neglecting differentials of higher order than the first, we

have
dx 9 L Rz d daz 2
X202 [ 3220y | xadn e g,
U Vv
Al dx Ba,bw

dudv du? dv
du dv dv ma?
N2

(15)

+[| xa

]dv._
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The line of intersection with the tangent planc at (x) will be
found by equating to zero separately the first and the last
four terms. This line will contain the point (z+dx) if

Ddw b+ D (dw dv+ dvdw) + D" dvdv = 0.

l dx dx i L dx Az
YD) bv bu‘ , { T 3w dv du dv v |
VEGZF: - VEG=F:
\w dx
| M YRV
.D’, = T o T . 17
5 R

The signs of D, I, D" to be determined presently.

These are the equations for tangents to conjugate systems
of curves, or, briefly put, the equations determining differ-
entials in conjugate directions. The parameter curves will
be mutually conjugate if

D =0. (18)

The differential equation for self-conjugate, or asymptotic
lines, will be
Ddu?+ 2D dudv+ D" dv? = 0. (19)

Returning to the point (y), the pole of the tangent plane,
we have

(y b'u,-) b (J 3?&31;) =D, (ﬁ’/ %ﬁ) = D";

(ey) = (yda) = (wdy) = 0,

o 9 dux 0 da dy
bz bz,) = bu‘) (b l’b B:/) (B% 5%) m bv)
dx 9
20 00) =~ 555)’
—(dydz) = Ddu?+ 2D duwdv+ D" dv?. (20)

These equations will determine the signs of D, I, D”.

Under what circumstances will the normals at two adjacent
points intersect, i.e. when will their minimum distance be
an infinitesimal of higher order than the element of arc?
Geometrically we see that the characteristic of the two
adjacent tangent planes must be perpendicular to its conjugate.
Conversely, when we do progress along such an infinitesimal
arc, the tangent plane may be said to rotate about a line
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perpendicular to the clement of progression, and adjacent
normals are coplanar. At any general point of the surface,
except at an nmbilical point where the involution of conjugate
tangents is made up of mutually perpendicular tangents,
there will be just two tangents which are mutually conjugate
and mutually perpendicular, and these give the elements
desired.

This fairly plausible geometrical reasoning may easily be
put on a sound analytical basis. The necessary and suflicient
condition that the four points (), (y), (x + dzx), (y + (z) should
be coplanar is

| yedady | =0,

(xz) (2dx) (xdy) 1
o\ o duw ;
(v a';) (5, 9) % ay) =0 by (14)

2
(£30) o) ) |

Edu+Fdv Ddu+ D'dv
Fdu+Gdv Ddw+D"dv

This is the Jacobian of the binary homogeneous forms (13)
and (R0), and gives the two tangents which are both mutually
perpendicular and mutually conjugate; the indetermination
mentioned above occurs in the case where

E:F:G=D:D:D".

Theoreny 8. The normals to a surface may be assembled
into two families of developable surfaces. Each normal, with
the exception of thosc at umbilical points, lies in one surface
of each family.

The integral curves of the differential equation (20) are
called lines of curvature. We see at once that

= 0. (21)

Theoremn 9. If two surfaces intersect along a line which is
a line of curvature for each, they intersect at a constant
angle, and if two surfaces intersect at a constant angle along
a curve which is a line of curvature for one it is a line of
curvature for the other.

This is the theorem of Joachimsthal, well known in the
euclidean case. No less celocbrated is the beautiful theorem
of Dupin.

Theorem 10. In any triply orthogonal system of surfaces,
the curves of intersection are lines of curvature.
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Let the three families of surfaces be given by the equations
@ = fi(wv), a; = ¢;(vw), x; = Y;(wu),

() = I?, ( 711) (bZ) (aw)—o

As the parameter lines are, in every case, mutually per-
pendicular

G2 iy (2 .M) Qo2

v bw) — w du du .

de N da Nz Qe i de Nz
bevbfw) (b:;bubv) (32&75’1:) (aﬁawb"&)

dr A ) (ML R

0 dw . dw dw v 0
dx dx dx dx 2g d
( bw) (bw Me) (\u bw) (bu, v b'w)
dr dx iz . e
S 3o 390 =D VEG-F*=
D =0,

The vanishing of D’ and F proves our theorem. Our state-
ment in Chapter XIII that confocal quadrics intersect in lines
of curvature is hercby justified.

A surface all of whose curves are lines of curvature must
be a sphere. The normal at any point /° will determine, with
any other point @ of the surface, a plane. The normals to
the surface along this curve, will, by hypothesis, generate an
evolute, and hence, by (7) make a fixed angle Wlth the plane;
and this angle must be null, since, by hypothems, onc normal
lies in the plane. Hence the normals at P and @ intersect, or
all normals must pass through one point. Evidently the
orthogonal surface to a bundle of concurrent lines is a sphere.

Let us suppose that we have a conformal transformation of
space. It will carry a triply orthogonal system of surfaces
into another such system, hence a line of curvature into a line
of curvature. It will, therefore, carry any surface all of

whose curves are lines of curvature into another such surface,
hence

Theorem 11. Every conformal transformation of space
carries a sphere into a sphere.

Of course a plane is here regarded as a special case of a
sphere.
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Let us now examine the normals along a line of curvature.
Let » be the distance from the point (x) to the intersection
of the normal there with the adjacent normal, a point whose
coordinates shall be called ().

Yi sin 1. ’

k

— r
€T = Xy GOS-/E —_—

de; do; r dy,-i [ . cos dr
BT A O T s BT xm/ —Yi k]ds-'

Now, by hypothesis, ( Is ) is linearly dependent on (z)
and (y).

da; cos 1 — dy; sin | = (s + ;)

k
But  (wdw) = (wdy) = (ydz) = (ydy) = (xy) = 0,
A=pu=0,

dmi = d?/i tan ;: ’

zd(,+ 22 "bv__t nk[-‘/’d + b‘/’dv]

In partlcula,r, let us take as paramcter lines the lines of
curvature

b.’l?,i — 'y,' b.l ﬁ ?ﬂ,’i
YR &nlc bu ov— 2 W
dedy) = 2 qw s 9,
tan T 1 tan 2
/\7 ]v
(dydy) = ——,!"7 du? + 2. (22)
ta,nz—kl tan2—k'4

In the general case,
Edu+Fdy = — tan;(—; [ Ddu+ D'dv],

Fdu+Gdv = —tan [DVdu+D"dv],

Eliminating tan r

k

for the lines of curvature. On the other hand, if we eliminate
du, dv we get

we get our previous differential equation
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(DD,,—D’Z)t&DZ%: +[E ”+ GD—zF_D/] t&n%+(EG—F")=O'

(23)
1 N 1 _ ED"+GD-2FD
I . = (Y 0y
k tan "1 Ltan Ty k[EG F ]
k Ik
1 DD"—D’?
——— e, 24
i tan "L tan 2 W (EG—F) 4
k k

These last two expressions shall be called the mean relative
curvature and the total relative curvature, respectively.
They are, by XI. (2), the sum and the product of the curva-
tures of normal sections through the tangents to the lines of
curvaturec. Notice that they are absolute simultancous
invariants of the two binary forms (13), (20).

Let us now look at the more general question of the
curvature of a curve on our surface. As, by (4), this does not
involve derivatives of higher order than the second, the
curvature at any point of a curve of the surface is identical
with that of the curve of intersection of the osculating plane
with the surface. Along our curve w and v will be functions
of s the parameter of length of are, so that, using our previous
notation,

b= [b.L dw Dwi dv
v ds]

The cosine of the angle which the principal normal to this

curve makes with the normal to the surface may be written

COS o = + (;l~s

dt
5 dig 4%, eoso (‘/ de\)
p —ds Tk T, T E\7 )

dt; ‘[bﬁaci dun? Zu; dudv  dw; (dvy?
ds — K du? (@) +2 Swwdsds T dvt d.';)]
dr; dPu | dxy do?
kg @+ d de )
cos o Dcluz+2D’clu,olu+D”alu2 .

p I.[Eduﬁ RFdudv+ Gdv?]

The indetermination of sign may be used to make the
curvature essentially positive.
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Theorem 12. Meunier’s. The curvature of a curve on a
surface at any point is equal to the curvature of the normal
section with the same tangent divided by the cosine of the
angle which the principal normal makes with the normal to
the surface.

Reverting to our previous expressions 7,, 7, and taking the
lines of curvature as parameter lines, the curvature of the
normal sections through the tangents to the lines of curvature
are 1 1

. ]

r
k tan =2

k

3

r
k tan 2

k

da; = tanﬁdyi, da; = tan %Byi,

k
E = tan T—'D, ¢ = tan "2 D",
k k
1 r dun® G dv
=t @) =) |
k tan i L tan T‘

or, if 0 be the angle which the chosen tangent makes with
that to v = cons.

1 cos? 6 sin% 0
= - + "
P " Ltan'2
k 5
Theoremn. 13. The normal sections of a surface at any point

having the greatest and the least curvature are those deter-
mined by the tangents to the lines of curvature.

Theorem 14. If on each tangent to a surface at a point
a distance be laid off equal to the square root of the reciproeal
of the measure of curvature of the normal section with that
tangent, the locus of the points so formed will be a central
conic.

We leave to the reader the task of filling in the details of
the proof of the last theorem, they will come very easily from
considering the equation of a central conic as given in
Chapter XII. Of course the theorem is untrue at a point
where the tangents to the two lines of curvature coincide.
This central conic is called Dupin’s Indicatriz in the
euclidean case, and we may well use the same name in -
the non-euclidean case also.

L tan
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The curvature of a surface bears a close rclation to the
element of arc of the Point (»)
~(dzdy) = Ddu?+2D'dudv+ D"dv?,
(dydy) = edu® + 2f dudv+ gdv?,

2 2 YR dw d
5= (50 =2 Guzw) =2 Gy ) =0

Wy d || g2
)\_«—Dbsilswbu\-Db

ox
- say — | >
du 8; " 3w

Qw dyy _ 2T
s 5.) = —AD = —DVEG—F,
2y dy\ _ D*E+ID*G—2DD'F
b—dS/&) T EG-Fr
2y 2\ _ D'D'E—(DD" + D?)F+DD'G
S0 30) = EG—F? ’
dydyy _ VB2 DD F 4 DG
dwdv) —  EG—F: ’
—(edu?+ 2fdudv + gdv?)
= b (mdwr+2Fdudy+ G+
tan_!tan 2
k k
+ 17', + 1 p (Ddu*+2D'dudy + D"dv?). (25)
‘oa.n]—cI tan *

An asymptotic curve has the property that as a point moves
along it, the tangent planc to the surface tends to rotate
about the tangent to this curve, i.e. the tangent plane to the
surface is the osculating planc to the curve, and the normal
to the surface is the binormal to the curve. In dealing with
such a curve the point (y) on the normal will replace the
point we previously called (£{). The torsion of any asymptotic
line will be, by (8),

1 _ v(dydy)
T kds

But, in the case of an asymptotic curve, the second part

of the right-hand side of (25) will be zero, while the paren-
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t.hesis in the first part is equal to ds?, hence, for an asymptotic
line @ydy) 1 _ 1

kedsz 1%

k2 tan 771 tan 7]—2
It is not difficult to see that the two asymptotic lines at a
point, when real, have torsion with opposite signs, we have

but to look at the special case of a ruled quadric, hence :

Theorem 15. The two asymptotic lines at a point, when
real, have torsions equal to the two square roots of the
negative of the total relative curvature of the surface.

Theorem 16. In any surface of constant total relative
curvature, the torsion of every asymptotic line is constant
and equal to a square root of the total relative curvature, and
the necessary and sufficient condition that a surface should
have constant total relative curvature is that the asymptotic
lines of one set should have constant torsion. Under these
circumstances the asymptotic lines of the other set will have a
constant torsion equal to the negative of that already given,
and the square of either torsion will be the total relative
curvature.

In speaking of the total curvaturc of a surfacc we have
used the word relative. It is now time to explain why that
adjective is chosen. Let us try to express our total relative
curvature in terms of £, F, G and their derivatives. We have

1 _ bpr-be
I* tan 7 tan "2 LG —F7)
k k

For the sake of simplicity we shall take as parameter lines
u, v the isotropic curves of the surface, i. e. those whose
tangents also touch the Absolute. We assume that our
surface is not a developable circumseribed to the Absolute,
and that in the region considered no tangent plane to the
surface touches the Absolute. The isotropic curves at every
point will therefore be distinet. We shall have

E=0=0, (ax)=1F,

dx dx iy A’y
(05)=(%) =(50)=(35) =0
2Fdudv = ds?,
2w dx AF

St 50) =

(24)

— ]



204 INTRODUCTION TO CH.

dw Py QF
du a_zﬂ) 2w’
A Rx Rz ) _ 3*F
57252) = Guos swow) = s’
l‘ 2 0 0 —F i
) i 0 0 F 0 ‘
DIZ - -7 { 0 v 0 0 ’
1’ i {‘ \2 32
! [/ X
E —F 0 bubvb—db@) |
2 0 0 0
QR
1 0o o0 r - -
DD” == - d v )

Flo F 0O 0
AR %
du \ut w_)
DY'—D* 1 [17 IFOF  ¥F7 1 (26)
K (EG—F*) " F*LF du mv] ok "

The first expression on the right is the Gaussian curvature
of a two-dimensional manifold whose squared distance element
is R Fdudv.*

Theorem 17, The total relative curvature of a surface is
equal to the difference between its total Gaussian curvature
and the measure of curvature of space.

The Gaussian curvature may also be called the (otal
absolute curvature. Notice that this theorem remains true
in cuclidean space where the measure of curvature is 0.

The problem of finding all surfaces of total relative curva-
ture zero is quickly solved. Let us assume that

r,
tan - = .
k

Then, by an equation just preceding (22), as
bwi 9 p
w7 =0
and there will be the same tangent plane all along v = const.

Theorem 18. A surface of total relative curvature zero is
a developable.

* Cf. Bianchi, loc. cit., p. 68. t Cf. Bianchi, loe. cit., p. 609,
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Clearly every developable has total relative curvature zero.
Much more interest attaches to the surfaces of total Gaussian
curvature zero, i.e. those which are developable upon the

euclidean plane. The total relative curvature will be — e
There is an advantage in considering the hyperbolic and
elliptic cases separately.

In the hyperbolic case let (y) be the centre of a sphere, the
constant distance thence to points of the surface being »

LA C0) B PO .2[(ww) (yy) — (y)*

cosp="."> k? tan 7 =k (ey)? ;ﬁ_].

If the surface is to be actual (xx) = L% If the sphere be
a proper one (yy) = k% the total relative curvature will be

> In the case of a horocyclic surface we may not

assume (yy) = k% but must treat (y) as homogeneous co-
ordinates where (yy) = 0. We get then

1 1

v

Theoren, 19.% The horoeyclie surface of hyperbolie space is
developable on the euclidean plane.

In clliptic space there is a peculiarly notable class of
surfaces of Gaussian curvature zero, ruled surfaces. We have
already seen onc example, the Clifford Surface of Chapter X.
This quadrie, be it remembered, cuts the Absolute in two
generators of each set, and its own generators form an or-
thogonal system. Now Dupin’s indicatrix shows that the
normal sections of greatest and of least curvature will be
determined by tangents bisecting the angles of the two
generators, and the planes of these normal sections will cut
the surface in two circles whose axes are the axes of revolution
of the surface, and whose centres lie on these axes. The
centres are thus mutually orthogonal points, hence the total
relative curvature is — 7:2, and the Gaussian curvature is zcro.
This statement was given without proof in Chapter X. We
notice also that the generators of either set are paratactic,
and the question arises, will not this fact alone constitute
a sufficient condition that a surface should have Gaussian
curvature zero ?

* Cf. Manning, loc. cit., p. 52; Killing, Die Grundlagen der Geometrie, Pader-
born, 1898, p. 83.
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Let us imagine that we have a surface generated by oo!
paratactic lines.* The parameter v shall give the actual dis-
tance measured on each line from an orthogonal trajectory
v = const. We have for our distance element

ds? = Edu? +dv*

We know, moreover, by Chapter IX that if two lines be
paratactic they have an infinite number of common per-
pendiculars on which they determine congruent distances.
Hence £ is a function of w alone, and we may choose » so
that it shall be cqual to unity

ds® = du?+ dv?, (27)
and the Gaussian curvature is zero.

Conversely, suppose that we have a ruled surface of
Gaussian curvature zero. The square of the element of are

may be written
ds? = Edu?+dvi
Since the Gaussian curvature is zero
2VE —
PYR =0, VE = 9(%)’0-{-\#(%).

On the other hand we may write our surface parametrically
in the form
v; )
a; = fi() cos /’ + ¢z (1) sin e
with the additional conditions

() = (¢) =%, (Jf") = (#4") = (fb) = (f&) +(¢/") = 0;;
E=(ff) cos'“’?]é_ +(9'¢") sinz% +2(1"¢) sin?l—i_ cos;—::

LF = (4f) costy —(f¢) sin® ) = 0, (f#) = (/') = 0.
These are identical with previous
E = [0(u)]?v*+ 20(uw)y(w)v + [y (uw)]?

only when 6(u) = 0.
We may, then, take

E =1, ds&=du?+dv?;

* For an interesting treatment of these surfaces see Bianchi, ¢ Le superficie
a curvatura nulla nella geometria ellitica,” Annali di Matematica, Serie 2,
Tomo 24, 1896,
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and this shows that two adjacent generators determine equal
distances on all their orthogonal trajectories, and so are
paratactic.

Theorem 20. The necessary and sufficient condition that
a ruled surface in elliptic space should have Gaussian curva-
ture zero is that its generators should be paratactic.

Another highly interesting criterion for a surface of constant
Gaussian curvature zero is obtained as follows :

E=G=1 F=0;
du Pz Ay dx Bac i Ay
du du b?) (b w? Dv) U bu‘) (m B_u“’) =-1L
The coordinates of the absolute pole of the tangent plane

are d dx dx

du v
The coordinates of the absolute pole of the osculating plane

to the orthogonal trajectory of the genmerators, i.e. to a curve
v = const., are

d dz iz
)\fi——b'a Twyl;/mz!’
(y€) = 0.

This shows that the (g)enera.tors are binormals to their
orthogonal trajectories. Our given surface may be written
in the form

x; = x;(uw) cos +§1(u) sm—,

ds? = dv? + [cos2 T ;F, sin? k] du?.
This reduces to
du?+ dv?,
when, and only when
1 1
7=

Theorem 21. The necessary and sufficient condition that a
ruled surface should have Gaussian curvature zero is that it
should be generated by the binormals to a curve whose
squared torsion is equal to the measure of curvature of space.

The proof given holds equally in hyperbolic space; the
surface is, however, in that case imaginary. If we compare
theorems 16 and 21, we get
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Theorem 22. The necessary and sufficient condition that
it should be possible to assemble the normals to a surface into
one parameter families of left (right) paratactics, is that the
given surface should have Gaussian curvature zero. It will,
then, be possible to assemble the normals into families of
right (left) paratactics also. The intersections of the given
surface with the various familics of paratactics will be the
asymptotic lines of the former.

We shall, as in ecuclidean space, define as the geodesic
curvature at any point of a curve on our surface, the curvature
of its orthogonal projection on the tangent plane at that point.

Let us denote this by i, while ¢ is the angle which the

osculating plane makes Wlth the tangent plane to the surface.
Then, applying Meunier’s theorem to the projecting cone
1
4 OOS T ( 9 8)
Py P
As a first exercise, assuming ¥ = 0, let us find the geodesic
curvature of one of our parameter lines

ds, = v G dv,
; k duw;
i = VG bv
o _ dby  a_ K [ 1 Wa):|+w,;.
ds kT /G v /G v k

To find cos o we must determine the distance of () from
the point orthogonal to (x) on the curve » = const., i.e. to the

k px

point T bu)
c 1 nRzxd 1 bm)
8T VEG RTL 7Gw )

1 -12/6

rg VEG du
For the other parameter line
1 —1 WE

by VEG v

Let us now, more generally, find the geodesic curvature of
the curve

(29)

Ve = v(u)
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Once more we shall make use of the isotropic parameters,

so that E=G=0,
ds= voFvdy, =2,
du
k da, dx;
te—= —— | 72 a2
v Ve, [bu tv 5’0}’
2. k oz, %, 22, ds
i el I P2y %,
p 2lf’v’|:bu2 +2bubvv tart Tt ]+

+ ._____k EZJ + a_g’._'i/,)’] Ci - 1_ + ',,L‘i.
VOoFy Ldu v du JoFy k&
For an orthogonal trajcctory to this curve
dw dv ,
b T de T T

bs = duv/ =2V,

F= =k “’ii_v'iﬁi],
T By Ldu v
cos ' = %(zf),
p pE
aF, oF
71 _ -1 w' T y’f
pg A —2FS | 2F * ooy
1 d VF :
= (2 Y2 _ T /IR
- /:FZ[du V2 v v FU] (30)

What will be the nature of those curves whose geodesic
curvature vanishes, i.e. those curves whose osculating planes
pass through the normal? These shall be called geodesic
lines, and, evidently, we shall have

dv vF
du /2y~ v

This merely tells us that our given curve is an extremal,
1. e. the first variation of the length bhetween two fixed points
is zero. If we assume that two sufficiently near points can
always be connected by a curve of minimum length * we
shall get

* For a proof of the existence of this curve, see Bolza, Lectures on the Caleulys
of Variations, Chicago, 1904, Ch. VIIL.

COOLIDGE ls)

VOFY .
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Theorem 23. The curve of shortest length between two
points of a surface is a geodesic line.
Remembering 21, we have further

Theorem, 24. The orthogonal trajectories of a family of
paratactic lines are geodesics of the surface generated by
these lines.

If we consider the two planes through the normal to a
surface and the two tangents to the lines of curvature, we
see that they are mutually perpendicular, and that each
touches the focal surface of the congruence of normals at the
point of intersection of the two adjacent normals in the other
plane.*

Theorem 25. In any congruence of normals, the cdges of
regression of the developable surfaces are geodesies of the
focal surfaces of the congruence.

The osculating plane to any straight line is indeterminate ;
the line is, therefore, a geodesic for all space; a result also
evident from Chapter II. 30. It is also clear that as the
expressions for the geodesic curvature of a parameter line in
terms of £, F', G and their derivatives are the same in cuclidean
and in non-cuclidean space, and the formula for the distance
element is written in the same shape, so will the formula for
the geodesic curvature of any curve be the same. We might,
for instance, have given this formula in terms of the Beltrami
invariants. We have, however, purposely avoided the intro-
duction of these into the present work, and will thercfore
merely refer the reader to the current textbooks in differential
geometry.|

As a last problem in the differential geometry of surfaces
let us take up that of minimal surfaces. To begin with, what
will be the element of area? It is perfectly clear that the
expression for this will be the same as that in the euclidean
case. The sine of the angle formed by the parameter lines
will be, by (15)

vVEG—F?
vEG
and the arca of the elementary quadrilateral

VEG=F?dudv.

* For a simple proof of this general theorem see Picard, loc. cit.,, vol. i,

pp 807, 808.
+ e. g. Bianchi, Differentialgeometrie, cit. p. 258,
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Let us, in particular, take the lines of curvature as para-
meter lines. The formula for the area enclosed by a given
curve will be

f JEGdudy.

Let us compare this with the area enclosed by this curve
upon a surface reachcd by laying off on each normal an
extremely small distance v (uv).

. W .w
:l:i = COoS - + yi SIn - »
: k i

diw; = da;eos - +¢é,/zsmq;: Ak cos k stm;]dw

The squared element of arc for this surface will be by (22)

sin 2 sin %
Tk k|, duw?
&= Elcos) + — | dure Gleos”, + — 7 |dvr4+ T
] ™ /v 7y k
tan - tan 5%
k k

This becomes, when we negleet powers of w above the first,

ds*=FE|1 + - dw?+ G |1+ —  |dv
s T
tan - tan - *
I k

For the surface element we have

ol

‘ 2
w tan 7]} + tan 7;5 %)5
(7
1/EG 1 +2 ] ”—7‘_‘;_' + 4 *——‘—7" du(l'u.
“\ tan-!tan-2 tan - 1 tan -

ke k ke

Developing by the binomial theorem, and neglecting higher
powers of w we have

tan 1 + tan Ty
—_— w ke k
f vEG|1 + 7 dudv.

7 .
tan -! tan 2

k k
02
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If we define as a minimal surface one where the first
variation of the area is zero, certainly a necessary condition,
we have

Theorem 26. The necessary and sufficient condition that a
surface should be minimal is that the mean relative curvature
should be zero.

We see from (23) that the numerator of the expression for
the relative mean curvaturc is the simultaneous invariant
of (13) and (20), and vanishes when, and only when, the
tangents to the asymptotic lines are harmonically separated
by those to the isotropic ones, hence

Theorem 27. The necessary and sufficient condition that a
surface should be minimal is that the asymptotic lines should
form an orthogonal system.

This theorem justifies our statoment in Chapter X that a
Clifford surface is a minimal surface. It is very interesting
that in non-euclidean space we should have an algebraic
minimal surface (other than the plane) whose order is as low
as two.

We may go one long step further towards the solution of
the problem of minimal surfaces, namely, exhibit the differ-
ential equations on which they depend.*

We shall once more take as parameter lines the isotropic
ones. These will form a conjugate system, since they are
harmonically separated by the asymptotic lines, hence

E=G=D=0,
b—ar:'b@v_—_sz+Bbij +Cz—?,
Br=y =0 o=} —0 w-_ar

It is merely necessary to find # and take for (z) four
solutions of (3) subject to the restriction (zx) = k=2
Let us put
bzxi b.’l’i Dmi
St = Pa_q_; + Qa_u + Ra;+ Sy;,

* Cf. Darboux, Legons sur la théorie générale des surfaces, vol. iii, ch. xiv, Paris,
1894. The reader is strongly urged to read this interesting chapter in con-
nection with the present work,
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which is certainly possible since
bu, bv l 0.
We easily find
Q¥
R=Q=0, FP= o
2z, 1 dF oz, Sy,
S = Fowou
Now
A Fa ARy A i d N
av du? du? ) (b u? du v —2 du’ D—ﬁ(ﬁ oc)) =0, by (31)
Hence 32 da
du? du? ) ¢ ()
If

$p(u)=0, D=0O.

The total relative curvature is zero, and the surface is
developable. In a developable surface the asymptotic lines
fall together, by (24); hence a minimal developable must be
mrcumscnbed to the Absolute, and cannot be real in the
actual domain. Conversely it is clear that every developable
circumseribed to the Absolute is a minimal surface in that its
asymptotic lines are mutually perpendicular, even though it
lie in a region of our space where the concept area has not

been defined.
In the second case let us suppose ¢(u) £ 0.
Let us replace w by wu(w) so that (B—C—C %_,C
replace the letter «w by the letter « once more.

Then
S = 1’ biL'j _ 1JF dug Y,

k* du? T F dw duw | k%

In like manner
a 1 IF dx; vy,
S0t T F o bv k2
Multiplying through by Sﬂ and adding

w?

Pz oy 1 13FF
YR a_v"Z) =t F Yy v

= e

1 «  Then
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On the other hand
N2 2 B
bu bv dul 1 l) (bu bwbv?)

A%z %5
dut bvf) k2 bu DU(IF)) ’

2 A%
du? bv-)
12K 1—-F2 1 bF QF

Swov— B Y F
FlogFF 1
2 T —_—
k dudv F F.
Lastly, let us put F = etiv,

9

, o'W
l’ca >0 + sin 2w = 0.

CH. XV

(32)

(33)

When F has been found we may, as already noted, find (z)

from (31).



CHAPTER XVI

DIFFERENTIAL LINE-GEOMETRY

IN Chapter IX we gave the foundations of the Pliickerian
line-geometry, and the fundamental invariants of a metrical
character; in Chapter X we saw what advantages arose from
taking the cross instead of the line as element, and intro-
ducing suitable coordinates. Chapter XV was given to the
differential geometry of curves and surfaces. It is the object
of the present chapter to draw all of these threads together
into a theory of differential line-geometry, and, in particular,
a theory of two-parameter line systems or congruences.*

We shall define as an analytic line-congruence a system
whose Pliickerian coordinates arc analytic functions of two
independent parameters, say w and v. This is equivalent to
supposing that our lines are determined by two points, which
we may assume mutually orthogonal, whose coordinates are
analytic functions of the two independent parameters in
question.

@ = ayue), = pilwr), (e0) = () = @) =0. ()
Following Kummer’s classical method, we shall write the
following fundamental quadratic expression :

(dada)— (ydayp= | Jo B 2 U 2
’ :—1. E fl/uﬁ:- 2 Fdudv + Gdv?,
x, @ T, |
dy, dy, dy, dy, |
= E'du?+ 2 F'dudv+ G dv?. (2)

k2 (dady) = edu? + (f+f)dudv + gde?,

dx Az dan2
Y kil Y 2Y e N 7
k du bu) (2/ du/ T &,

* The first part of the present chapter follows, with slight modifications,
a rather inaccessible memoir by Fibbi, ‘I sistemi doppiamente infiniti dt
raggi negli spazii di curvatura costante, Annali della R. Scuola Normale Siu-
periore, Pisa, 1891.

2

e (dy dy) — (@ dy)* = H
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—> (155 = 7
HGrad) () = #
) - <M><“J
-
SELIEE 3': =1
<§z s <— > i
(6)

The following relations will subsist between these various
expressions :

Am; = 12 SA Ayl ;?f
sinee d
@)= (250) = (230) = (452) = (v59) =0,
5 dydn K| dydw da
= Sfiig)“'& agaia:

B'= 4 [Gé—2Fef + EfY),
¥ = -Al; (Gef'—F(eg +1f')+ Efg]- @)
- ,12 [Gf2~2F(Fg) + By,
L [G’e2 —2Fof + E'f?]. (8)
F= Fz [Gef—F'(eg +ff')+ Ef'g),

= aal@P—2F (f9)+ By,
A = eg =17 "
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Notice that A and A" being square roots of positive definite
forms cannot vanish in the real domain.

We remember from Chapter IX, that two lines which are
not paratactic have two common perpendiculars meeting them
in pairs of mutually orthogonal points. Let us, as a first
problem, find where the common perpendicular to a line of
our congruence and an adjacent line meets the given line.
The coordinates of an arbitrary point of our line may be
7’; + ysinz—) while an arbitrary point of an

adjacent line will be A(z + dz) + u(y + dy).
Let us begin by writing that the second of these points is

orthogonal to (w sin £ — ycos ;—:) the point of the first line

written (:L cos

orthogonal to the first point, while, on the other hand, the first
point lies in the absolute polar plane of u(z+dx)—A(y +dy).
There will result two linear homogeneous equations in A and p
whose determinant must be equated to zero. When this is
simplified in view of the identities

(xde)= —}(dzdz), (ydy) = — % (dydy),
(zdy) + (yda) = — (dady),
we shall have

[i2 — 1 (dwda)] sin }; — (ydz) cos %

~ [B~3(dy dy)] sin, — (e dy) cos

r

(xdy) sin;—t —[#*—3(dydy)] cos ’

=0. (10)
(yd) sin % + [k2 =} (dzdx)] cos]l:

Casting aside infinitesimals above the second order
2 2T e ?
k*(dady) (cos j — sin k)

— [F2(deda) — (y dx)? —k*(dy dy) + (xdy)*] sin Z cos % =0,

(edu?+(f +f)dudv + gdv?) (cos2 ;—C — sin? %)

+[(E—-E’)du2+2(F—F’)dudv+(G—G’)(lv2]sin;€cos£=0. 11)
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This will give ! determinations for » in the general case
where
+f " o ,
e:(]ig—f;):gi(ﬁ—-E’):(F—F):(G—G), (12)
and, as we saw in Chapter X, Theorem 5, with the corre-
sponding elliptic case, these common perpendiculars will
generate a surface of the fourth order, analogous to the
euclidean cylindroid. We shall call a congruence where
inequality (12) holds a ‘general’ congruence.
Let us now ask what are the maximum and minimum

values for  in (11). Equating to zero the partial derivatives
to du and dv we get

[ed'w+‘7~cv;£ dv] (ta.nzz - 1)

+[(E~E)du+ (F— F')dv]tan ; =0,
(f+f) ' r
["2—‘— d’L(/+gd’l)] (tan2 B 1)

[(F—F')du + (G~ GF)dv] tan ; = 0.
Eliminating » we have
[e(r—F) - L47) (5~ |du?
+[e(@—G)—g(E—-E')] dudv
+ [Q—Eﬂ (G—&)—g (B~ E’)] dit = 0. (13)

»
k

to two mutually orthogonal points. On the other hand, if we
eliminate du : dv we get

(g—3(7+7P) (tan? | = 1) +[o(G~ @)

~(F=F) (f+]) +g(E—~E)] (tan?; — 1) tan

Each root of this will give two values to tan - corresponding

+[(E—E) (G=G)—(F-F)] tanzl'ic’ =0. (14)

The left-hand side of this equation is the diseriminant
of (11) looked upon as an equation in duw:dv. It gives,
therefore, those points of the given line where the two per-
pendiculars coalesce. Such points shall be called ‘limiting
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points’. They will determine two regions (when real) point
by point mutually orthogonal, which contain the intersections
of the line with the real common perpendiculars. In the
same way we might find limiting planes through the line
determining two dihedral angles whose faces are, in pairs,
mutually perpendicular, and which when real, with their
verticals, determine all planes wherein lie all real common
perpendiculars to the given line and its immediate neighbours.

Theorem 1. A line of a
general analytic congruence
contains four limiting points,
mutually orthogonal in pairs,
and these,when real, determine
two real rogions of the line
where it meets the real com-
mon perpendiculars with ad-
Jacent lines of the congruence.
They are also the points where
tho two perpendiculars coin-

Theorem 1’. Through a
line of a general analytic con-
gruence will pass four limiting
planes, mutually perpendicu-
lar in pairs, and these, when
real, determine two real re-
gions of the axial pencil
through the line which con-
tain all planes wherein are
real common perpendiculars
to the line and adjacent lines

cide. of the congruence. They are
also the planes in which the
two perpendiculars coincide.

We shall now look more closely into the question of the
reality of limiting points and places. We may so choose our
coordinate system that the equations of the line in question
shall be #, = 2, = 0. Reverting to equation (8) of Chapter
X the equation of the ruled quartic surface will be, in the
hyberbolic case

a (=& + &2 &y &, + b (22 + 2.2 w2, = 0. (15)
Let the reader show * that in the elliptic case we shall have
(21 —ag) (@) + 23" 212, + (ay + o) (2, + 25°) gy, = 0. (15)

To find the limiting points on the line 2, =, = 0, equate
to zero the discriminant of this looked upon as an equation in

&yt &, OF Xy @&,
a?(—&,2 + &%) —4ba 20, = (16).
(=) (x* + @) — 4 (e + ap)’x*xy? = 0. (16")
In like manner for the limiting planes we shall have
U@ + @,%)% + 40’22, = O. (17)
(@ + @) () + @,%) — 4 (2 — ap)* @y "," = 0. (7)

* See the author’s Dual Projective Geometry, cit., p. 26.
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Notice that the centres of gravity of the limiting points

are (1,0, 0, 0) (0,0, 0, 1) ; while the bisectors of the dihedral

angles of the limiting planes are (0, 1, 0, 0) (0, 0, 1, 0).

If we look more closely into the roots of the last four
equations we see that the roots of (16) are all real, those of
(17) all imaginary. As for the two equations (16’) and (17’)
the one will have real roots, the other imaginary ones, whence

Theorem 2. In hyperbolic space the limiting points of an
actual line are real, and the limiting planes imaginary. In
elliptic space this may occur, or the planes may be all real
and the points all imaginary.

Giving to «,:a; one of the values from (16") we see that

a:'oz tay? 2 tay) .
XLy @t~y
Substituting in (15") we have
z+2,=0 or z—x,=0.

The four limiting points will yield but these two planecs,
hence

Theorem 3. The perpen-
diculars at the limiting points
line in two planes called
¢ principal planes’ whose di-
hedral angles have the same
bisectors as pairs of limiting
planes.

Theorem 3'. The perpen-
diculars in the limiting planes
meet the line in two points
called ¢ principal points’ whose
centres of gravity are those of
two pairs of limiting points.

Reverting to (16") we see that we may also write
2y @y = +(Vuyt V) : (Vay F Vay).

Let us pick out a pair of limiting points which are not

mutually orthogonal, say

(Vay+ Va,, 0,0, Va,— Va,) (Va+ v ay, 0,0, vVa,— vay).
The perpendicular from the point (z) to the line z, =z, =0
meets it in the point (x,, 0, 0, z,). Calling d,, d, the distances
thence to the limiting points just chosen we have

tan

tan

& _ (Vg — Va)z—(Vay + Vay)a,
(Vay+ v @)z, + (v oy — v ay)ay

dy_ (Var— eyt (Vi /a)z,

k
k

~(Vay+ V@)@, + (Yt~ v ),
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Further, let (w) be the angle which the plane through
=, =0 and (x) makes with the principal plane

@y +w, = 0.
—_ 2
cos? o = 1 2 (a:,z xﬂ)‘— ) sin?w = (@*—ﬁ-%)
Ry +a,?) TRl +ap)
d, d,
tan T !eos? w + tan -* T 2gin%w = 0. (18)

This is, of course, the direct analog of Hamilton’s well-
known formula for the cylindroid.*

Returning to the notations wherewith we opened the
present chapter, let us find the focal points of our line, i.e.
the points where it interscets adjacent lines of the congruence,
or rather, the points where the distance becomes infinitesimal
to a higher order. Here, if the focal point be

(w cosZ +1 sinz)
FTYsmL)
we shall have

e cos% +¥; sin; (2 + do; )coq —l~ +(J,+(ZJ,) sin - ld:'

. r
dax; cosE + dy; sin - — ] @; sm —Y; cos,)d =0,
kdr = (xdy),

I:L (b /Z i Sm /c) (oc sm — ¥; cos %) (m 4~):ldu+
[lcz( -2 cos 4+ ?/, sin /c) (aL sm— —; cos/T)( /)]dv_o

Multlplymo through by ~»y~’- and adding, then multiplying

through by 2 a.nd adding again
[edu + fdv] cos ]1 + [Z'duw + Fdv] sin;—‘_ =0,

Lf'dw+gdv] 00577 + [F'duw+ G'dv] sin';—: = 0.

* For the Hamiltonian equation see Bianchi, Differentialgecometrie, cit., p.261.
For the non-euclidean form hero given, cf. Fibbi, loc. cit., p. 57. Fibbi’s work
is burdened with many long formulae ; one cannot help admiring his skill
in handling such cumbersome expressions at all.
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Replacing (ydx) by (—xdy) we have, similarly
[eduw +fdv] sin% +[Edu + Fdv] cos% =0,

(19)
[fdu+ gdv] sin%'_ +[Fdu+ Gdv] cos% =0.
Eliminating »
(Ef = Fe)ydu?+[E'g—F(f—f")— @e]dudy
+ (F'g— G’f)dv?= 0,
(Ef=Fe)du + [Eg—F(f — f)— Geldudy (20)
+(Fg—Gf)dv?:= 0.
Eliminating duw : dv
(G —F') tan- ] + [E'g—F(f+f)+ @] tan
+(eg —./f )=0,
(21)

(e — 1) tan* + [Hy—F(f+ f') + Ge] tan

+(EG—F*) = 0.
Subtracting one of these cquations from the other

[(eg—1f")—(B'G' = F)] tan? } + (B~ E)g— (F~F) (f+)

+(G—G)e] tan 7 +[(EG—F?)—(eg—ff)] = 0. (22)

We see at once that the middle cocflicients are identical in
(14) and (22), and these will vanish when, and only when, we
are measuring from a centre of gravity of the roots.

Theorem 4. The centres of Theorem 4’. The bisectors
gravity of the focal points are of the dihedral angles of two
identical with those of two focal planes are identical with
pairs of limiting points. those of two pairs of limiting

planes.

The focal properties of a congruence of normals are espe-
cially interesting. Here we may suppose that (y) is the
Absolute pole of the tangent plane to the surface described
by (x). We have then

(‘/bu) ( ) (SZ (by =9

bu«)v
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Suppose, conversely, that
r=r.
Let us put o; = «; cos-}’—i + 9, 8in ; and show that we may

find » so that our line is normal to the surface traced by (z).
For this it is necessary and sufficient that the point of the
line orthogonal to (Z) should be orthogonal to every displace-

ment of (). This point being ('c sin%— ycos;—:), we must
have

sin 7 (@) — cos T (yd&) = 0,

(ydx) = —kdr,

and (ydz) must be an exact differential, i. e.
2, day  dy ,
(Vo) =5 (v50) 7= 09)

This condition can be put into a more geometrical form.
Let us, in fact, find the necessary and sufficient condition that
the focal planes should be mutually perpendicular. Writing
their equations in the form

| Xaydz| =0, |Xaydx|=0,
the numerator of the expression for the cosine of their angle
will be
k? 0 (yox)
0 k2 —3(dwdz) | = k* [k (dadx)—(ydz) (yoz)].
(ydx) —3(dedx) (dedx)
For perpendicularity,
Edudn+ F(dudv+dudv)+ Gdvdv = 0.
Now, by (20),

dudw _ Fg—Gf’ [(l_?f dul _ Ge+ F(f' —f)—Ey
dvév — Ef—Fe’ Ldv '55]— Ef—Fe '

Hene (EG—F%) (f—f) = 0.

Let us give the name pseudo-normal to the absolute polar
of a normal congruence. We thus get
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Theorem 5. The necessary Theorem 5. The necessary
and sufficient condition that and sufficient condition that a
a congruence should be normal  congruence should be pseudo-
is that the focal plancs through  normal is that the focal points
each line should be mutually on each line should be mu-
perpendicular. tually orthogonal.

If we subtract one of the equivalent equations (20) from the
other, we get an cquation which reduces to (13) when, and

only when
r=r.

Theorem 6. The necessary and sufficient condition that
a general congruence should be composed of normals is that
the focal points should coincide with a pair of limiting points.

In a normal congruence let us suppose that (x) traces a
surface to which the given lines are normal so that

(yda) = — (zdy) = 0.
Let us then put

. . T _ LT
&x; = &; CO8 +yi51n]5: Yi = @;sm g — Y cos

r r
k K’
where y is constant. We see at once that
(dz) = — @dy) = 0.

Theorem 7. If a constant distance be laid off on each normal
to a surface from the foot, in such a way that the points
on adjacent normals are on the same side of the tangent
plane corresponding to either, the locus of the points so found
is a surface with the same normals as the original one.

Let us suppose that we have a normal congruence deter-
mined by mutually orthogonal points («) and (y), where
x; = x;(uv) traces a surface, not one of the orthogonal tra-
jectories of the congruence. We shall choose as parameter
lines in this surface the isotropic curves, so that

dx dx dx dx
s 50) = Gy 3o) =0
The sine of the angle which our given line makes with the
normal to this surface is
s dmy g dwy
. 2(v5,) (#5,)
sin @ = — —

Rz duw
B(— —
du bv)
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Let all the lines of our congruence be reflected or refracted
in this surface in such a way that

sin @ = m sin 0.

We must replace y by 7 where

_ N 9 t dx dw |
Y= R 1 dwan |
It is easily seen that for the new congruence also
F=r.

Theovem 8. If a normal congrucnce be subjected to any
finite number of reflections or refractions, the resulting con-
gruence is normal.

We shall now abandon the gencral congruence and assume
that, contrary to (12)

e j:ti g =(E-L): (F—=F): (G=F). (24)
There are two sharply distinet sub-cases which must not

be confused :
@ f=f, W) SES

In either case, as we readily see, (11) is illusory, and there
is no ruled quartic determined by the common perpendiculars
to a line and its neighbours ; these perpendiculars will either
all meet the given line at one of two mutually orthogonal
points, or two adjacent lines will be paratactic, and have oo!
common perpendiculars.

Our condition for focal points expressed in (23) was inde-
pendent of (12), and this shows that our two sub-cases just
mentioned differ in this, that the first is a normal congruence,
while the second is not. Let (2) be a point where our line
meets a set of perpendiculars, (y) being thus the other such
point. Then under our first hypothesis, we shall have

€ = f = f/= ‘(] = 0,

We see that the focal points will fall into () and (y) likewise.
These are mutually orthogonal, and so by equation (26) of the
last Chapter, that the total relative curvature of the surface

. 1 .
will be — T the Gaussian curvature zero. We see also by
theorem (22) of that chapter that it is possible to assemble the
lines of our congruence into families of left or right paratactics
according as we assemble them by means of the one or the
other set of asymptotic lines of the given surface. Conversely,

COOLIDGE P
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if we have given a congruence of normals to a surface of
Gaussian curvature zero, two normals adjacent to a given one
are paratactic thereunto. There must be, then, two values of
dw : dv for which (11), looked upon as an equation in 7, becomes
cntirely illusory. Hence (24) must hold, and as we have
normal congruence (23) is also true.

We now make the second assumption

TETS
We shall still take (z) as a point where the line meets the
various common perpendiculars, so that we may put

c:-]i;-Z:g:O.

We may take as coordinates of a focal plane
e = 2 Y Ea d.
ty = DZ,/ | Ly ax [,

(wu) = [ Edu®+ 2 Fdudv+ Gdv?).

But by (20) this expression vanishes. Hence the focal
plancs all touch the Absolute, and the focal surface must be
a devclopable circumseribed thereunto. It is clear that the
lines of such a congruence cannot be assembled into paratactic
families.

This type of congruence shall be called ‘isotropic’.*

Let us take an isotropic congruence, or congruence of
normals to a surface of Gaussian curvature zero, and choose
(«) and (y) so that

e=3(f+f)=9=0,

_ r .7
L; = wcost +ysinr,
4 k k

(dzdz) = cos* ;— (dzdx) + sin2%(clycly).

* The carliest discussion of these interesting congruences in non-euclidean
space will be found in the author’s article ‘ Les congruences isotropes qui
servent & représenter les fonctions d’une variable complexe’, Atti delle 1.
Accademia delle Scienze di Torino, xxxix, 1903, and xl, 1904, In the same
number of the same journal as the first of these will be found an article
by Bianchi, ¢Sulla rappresentazione di Clifford delle congrucnze rettilinee
nello spazio ellitico.” Professor Bianchi uses the word ‘isotropic’ to cover
both what we have here defined as isotropic congruences, and also congruences
of normals to surfaces of Gaussian curvature zero, distinguishing the latter
by the name of ‘ normal’. The author, on the other hand, included in his
definition of isotropic congruences those which, later, we shall define as
¢ pseudo-isotropic’. A discussion of these definitions will be found in a note
at the beginning of the second of the author’s articles.
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This expression will be unaltered if we change r into —.
Conversely, when such is the case, we must have (dzdy) = 0.
and the congruence will be either isotropie, or composed of
normals to a surface of Gaussian curvature zero.

Theorem 9. The necessary and sufficient condition that a
congruence should be either isotropie, or composed of normals
to a surface of Gaussian curvature zero, is that it should consist
of lines connecting corresponding points of two mutually
applicable surfaces, which pairs of points determine always
the same distance. The centres of gravity of these pairs of
points will be the points where the various lines mecet the
common perpendiculars to themselves and the adjacent lines.

In clliptic (or spherical) space, there is advantage in study-
ing our last two types of congruence from a different point
of view, suggested by the developments of Chapter X.

Let us rewrite the equations (11) there given.

('1'0]/’1:— ‘ri?/()) + (a{j?/k—xk?/j) = lX'b
(@oYi—2ilo) — ("J Yn—2y, ?/j) =, X;. (29)
These equations were originally written under the supposi-

tion that (x) and (y) were homogeneous. At present if we so
choosc the unit of measure that £ = 1 we have

(A1) = (A, X) =1. (26)

These coordinates (;X), (,X) were formerly looked upon
as giving the lines through the origin (1, 0, 0, 0) respectively
left and right paratactic to the given line. They may now be
looked upon as coordinates of two points of two unit spheres
of euclidean space, called, respectively, the left and right
representing spheres®* The representation is not, however,
unique. On the one hand the two lines of a cross will be
represented by the same points, on the other, we get the same
line if we replace either representing point by its diametrical
opposite. We shall avoid ambiguity by assuming that each
line is doubly overlaid with two opposite ‘rays’, meaning
thereby a line with a sense or sequence attached to its points,
as indicated in the beginning of Chapter V or end of Chapter
IX. We shall assume that by reversing the signs in one triad
of coordinates we replace our ray by a ray on the absolute

* This reprosentation was first published independently by Study, ¢ Zur
nichteuklidischen ete.,” and Fubini, ¢ Il parallelismo di Clifford negli spazii
ellitici,” Annali delle R. Scuola Normale di Pisa, Vol. ix, 1900, The latter writer
does not, however, distinguish with sufficient clearness between rays and
lincs,

PR
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polar of its line, while by reversing both sets of signs, we
replace the ray by its opposite.

Theorem 10. There is a perfect one to one correspondence
between the assemblage of all real rays of elliptic or spherical
space, and that of pairs of real points of two euclidean spheres.
Opposite rays of the same line will be represented by dia-
metrically opposite pairs of points, rays on mutually absolute
polar lines by identical points on one sphere and opposite
points of the other. Rays on left (right) paratactic lines will
be represented by identical or opposite points of the left (right)
sphere,

Two rays shall be said to be paratactic when their lines are.
Reverting to Theorem 12 of Chapter X.

Theorem 11. The perpendicular distances of the lines of two
rays or the angles of these rays are half the difference and
half the sum of the pairs of spherical distances of their repre-
senting points.

Theorem 12. The necessary and sufficient condition that the
lines of two rays should intersect is that the spherical distances
of the pairs of representing points should be equal ; each will
intersect the absolute polar of the other if these spherical
distances be supplementary.

Theorem 13. Each ray of a common perpendicular to the
lines of two rays will be represented by a pair of poles of two
great circles which connect the pairs of representing points.

It is clear that an analytic congruence may be represented
in the form

X =1 X5(w), X=X (w),
or else, in general,
I‘Yl = I‘YQ' (,',1Y1 I‘XZ TX8)’

Two adjacent rays will intersect, or intersect one another’s

polars if
((ZZX(ZIX) = ((lTAY(l,rX).

The common perpendicular to two adjacent rays will have

coordinates

d . 2
AlYiz 5}7 ( lZlA\ (ll‘Y !, ""rXi= 57 I rZ,.X(l,,.X l.
2 r—1

The condition that a congruence should be either normal or

pseudo-normal is
((llelX) = ((lTX(l,.X),

(0;X8,X) = (5,X5,X),
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XD | ) ()
| (X, X) (2,X3,X) (,Xd,X)(d,X3,X)|’
from these
(1 X8, X) = + (4,X5,X). (27)
Let us determine the significance of the double sign. If, in

particular, we take the congruence of normals to a sphere
whose centre is (1, 0, 0, 0) we shall get the equations

IX(? = rXi*

and this transformation keeps areas invariant in value and
sign.  On the other hand, the congruence of rays in the
absolute polar of this plane will be

X
a transformation which changes the signs of all areas. Lastly,

we may pass from onc normal congruence to another by a
continuous change, wherein the sign in equation (27) will not

4
X = — X

be changed, hence *

Theoremn 14. A normal con-
gruence will be represented
by a reclation between the two
spheres which keeps arcas in-

Theovem 14'. A pseudo-
normal congruence will be
represented by a relation be-
tween the two spheres where

variant in actual value and
sign, and every such relation
will give a normal congruence.

the sum of corresponding arcas
on the two is zero, and every
such relation will give a
pseudo-normal congruence.
Let us mnext take an isotropic congruence. Here two
common perpendiculars to two adjacent lines necessarily
intersect, or cach intersects the absolute polar of the other.
The same will hold for the absolute polar of an isotropic
congruence, a ¢ pscudo-isotropic’ congruence, let us say. Such
a congruence will not have a focal surface at all, but a focal
curve, which lies on the Absolute. On the representing
spheres, in the case of either of thesc congruences, two inter-
secting arcs of one will make the same angle, in absolute
value, as the corresponding arcs on the other. In the par-
ticular casc of the 1sotropic congruence of all lines through
the point (1,0, 0, 0) the relation between the two representing
spheres is a directly conformal one, while in the case of the
pscudo-isotropic congruence of all lines in the plane (1, 0,0,0)
we have an inverscly conformal relation. We may now repeat

* Cf. Study, loc. eit., p. 321 ; Fubini, p. 46.
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the reasoning by continuity used in the case of the normal
congruence, and get *

Theorem 15. The necessary Theorem 15°. The neces-
and sufficient condition thata sary and sufficient condition
congruence should be isotropic  that a congruence should be
is that the corresponding re- pseudo-isotropic is that the
lation between the represent- corresponding relation be-
ing spheres should be directly tweenthe representing spheres
conformal, should be inversely conformal.

Let us take up the isotropic case more fully. Any directly
conformal relation between the real domains of two euclidean
spheres of radius unity may be represented by an analytic
function of the complex variable. Let us give the coordinates
of points of our representing spheres in the following para-
metric form:

_le’u/l-“l L, zlz,~1
T g, + 1 T sl
z(u,—uz) X — L(,l—g,)
, = X, - 28
T N, +1 PP B (28)
lX3_ ul+u2 X =—-—~«zl+zz—-

Uy + 17 T gz, + L
We shall get a real ray when
Wy = Wy, 2y = 2.

In order to have a real directly conformal relation between
the two spheres, our transformation must be such as to carry
a rectilinear generator into another generator, i. e.

wy = uy(2y), Uy = Uy (2,). (29)
For an inversely conformal transformation
wy = Uy (%), Wy = Uy (2). (30)

All will thus depend on the single analytic function u,(2).
The opposite of the ray (u) (2) will be

, 1 L

w'=— > 2= -
U, z,
1 1

= — = 2= ——.
Uy Z

* First given in the Author’s first article on isotropic congruences, recently
cited.
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Let us now inquire under what circumstances the fol-
lowing equation will hold :
1 -1
U(— =)= —~- 31
1( zl) %y (%) (1)
If this hold identically, the opposite of every ray of the
congruence will belong thereto. If not, there will still be
certain rays of the congruence for which it is true. To begin
with it will be satisfied by all rays of the congruence for
which
Uy Uy +1 =0, 2,2,+1=0.
This amounts to putting
(lX lX) = (rXr‘X) =0.

We saw in Chapter X that, interpreted in cross coordinates,
these are the equations which characterize an improper cross
of the second sort, which is made up of a pencil of tangents
to the Absolute. Such a pencil we may also call an improper
ray of the second sort. Let us see under what circumstances
such a ray (wz) will intersect a proper ray (u’z’) orthogonally.
Geometrically, we see that either the proper ray must pass
through the vertex of the pencil, or lie in the planc thereof,
and analytically we shall have

(uy—uy) (wy—u)) = (2,—2)) (2,—2,) = 0,
U U+ 1 =22, +1 = 0.

There are four solutions to these equations. By considering
a special case we are able to pick out those two where the ray
lies in the plane of the pencil

7’
Wy = Uy, % =7
1 1
Wy = — —> 2= — =5
2 Uy 2,
or else
1 1
U= — —> L= -5
Uy g
’
Uy = Uy 5 =2y
The proper ray (u/)(¢) was supposed to belong to our

congruence. The condition that the improper one (u) (2) shall
also belong thereto will be

— 1 1
(=)=~ e
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Theorem 16.* The neccssary and sufficient condition that
the opposite of a real ray of an isotropic congruence should
also belong thereunto is that the ray should be coplanar with
an improper ray of the second sort belonging to the con-
gruence. When the latter are present in infinite number in an
irreducible congruence, the congruence contains the opposite
of each of its rays.

The two cases here given may be still more sharply dis-
tinguished by geometrical considerations. The focal surface
of an isotropic congruence is a developable circumscribed to
the Absolute, and will have a real equation when the con-
gruence is real. There are two distinet possibilities ; first, the
equation of this surface is reduecible in the rational domain :
second, it is not. In the first casc the surface is made up of
two conjugate imaginary portions; in the second there is one
portion which is its own conjugate imaginary. In the first
case there will be a finite number of planes which touch the
Absolute and also each of the two portions of the focal surface
at the same point, namecly, those which touch the Absolute
at the points of intersection of the two curves of contact with
the two portions of the focal surface. In these planes only
shall we have improper rays of the second sort belonging to
the congruence. If, on the other hand, the focal surface be
irreducible, every point of the curve of contact may be looked
upon as being in the intersection of two adjacent planes
tangent to the Absolute, and the focal surface which is its
own conjugate imaginary. The tangents at each of these
points will be improper rays of the second sort of the con-
gruence. Theorem 17 may now be given in a better form.

Theovem 17. The necessary and sufficient condition that
an isotropic congruence should contain the opposite of each
of its rays is that the focal surface should be irreducible.

It is very easy to observe the distinction between the two
cascs 1n the case of the linear function

_az+p
Y +06°
If B=—7% &=uq, (29) is identically satisfied. But here
it will be seen that if we write
a=a+bi, y=—c+di
our congruence is nought else than the assemblage of all rays
through the point (v, , ¢, d). The focal surface is the cone of

iy

* Sec the Author’s secon:l note on isotropic congruences, p. 13.
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tangents thence to the Absolute, clearly its own conjugate
imaginary. On the other hand, when «, 3, y, & are not con-
nected by these relations, we shall have a line congruence of
the fourth order, and second class, as is easily verified. It is
well known * that a congruence of the second order and fourth
class has no focal surface, but a focal curve composed of two
conics, so our present congruence has as focal surface two
conjugate imaginary quadric cones which are circumsecribed
to the Absolute. When their conjugate imaginary centres fall
together in a real point, we revert to the previous case.

hen (u) and (z) are connected by the vanishing of a
polynomial of order 7 in w; and order » in z;, in the general
case where (31) does not hold identically, we shall have
a line-congruence of order (m +n)% When, however, (31) does
hold, we must subtract from this the order of the curve of
contact of the focal surface and Absolute, and then divide by
2 to allow for the fact that there are two opposite rays on
each line.

If w, be a function of z, that possesscs an cssential singu-
larity corresponding to a certain value of z;,, we see that as u,
takes all possible values (except at most two) in the immediate
neighbourhood, there will be a whole bundle of right paratactic
lines in the congruence. If w, be periodic, there will be an
infinite number of lincs of the congruence left paratactic to
cach line thereof. If u, be one of the functions of the regular
bodics, we have a congruence which is transformed into itself
by a group of orthogonal substitutions in (,X), i. e. by a group
of left translations.

We have still to consider the congruence of normals to a
surface of Gaussian curvature zero in ray coordinates. Here
there will be oo! paratactics of each sort to each line. We
may therefore express (;\') and (,X) cach as functions of one
independent variable, or mercly write

PN XXy = ¥(X,X,,X) = 0. (32)

All our work here developed for the elliptic case may be
brought into immediate relation with the hyperbolic case, and
in so doing we shall get to the inmost kernel of the whole
watter. The parameters wu;w, will determine gencrators of
the left representing spherc. They have, however, a more
direct significance. For if u, remain constant while w, varies,
the left paratactics to the ray in question passing through the
point (1, 0, 0, 0) will trace a pencil, and this pencil will lie in

* Cf. Sturm, Gebilde erster und zweiter Ordnung der Liniengcometrie, Leipzig,
1892-6, Vol. ii, p. 320.
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a plane tangent to the Absolute, for there is only one value
for u,, namely, — —i— , which will make the moving ray tangent

2
to the Absolute. When, therefore, u, is fixed, one of the left
generators of the Absolute met by the ray in question is fixed,
and this shows that u,u, are the parameters determining the
left generators which the ray intersects, while 2,2z, in like
manner determine the right generators.

If two rays meet the same two generators of one set they
are paratactie, i. e. their lines are. If they meet the same two
generators of different sets, they arc either parallel or pseudo-
parallel. The conditions for parallelism or pseudo-parallelism
will be that two rays shall have the same value for one (u)
and for one (z). Let us, in fact, assume that the subseripts
are assigned to the letters u,u,, 2,2, in such a way that a
direct conformal transformation, or isotropic congruence, is
given by cquations (29). Such a congruence will contain oo?
rays pseudo-parallel to a given ray, but only a finite number
parallel to it. The conditions for pseudo-parallelism will
thus be

w =y, 2= 2y, or 1) =1y, 2=z, (33)

On the other hand a pseudo-isotropic congruence will be

given by (30), and the conditions for parallelism will be

u =y, 2y = 2y, Or ) =u,, 5 =2, (34)
To pass to the hyperbolic case, let us now assume that
(;X) (,X) are two points of the hyperbolic Absolute, and that,
taken in order, they give a ray from (;X) to (,X). Two rays
will be parallel if
(X) = (X") or (,X) = (;X').

Equations (33) will give the conditions for parataxy, while
(34) give those for pseudo-parallelism. We might push the
matter still further by distinguishing between syntaxy and
anti-taxy, synparallelism and anti-parallelism, but we shall
not enter into such questions here. Equations (29) will give
a congruence whose rays can be assembled into surfaces with
paratactic generators, 1. e. a congruence of normals to a surface
of Gaussian curvature zero; (30) will give an isotropic con-
gruence, while (32) will give a pseudo-isotropic congruence.
We may tabulate our results as follows.*

* The Author’s attention was first called to this remarkable correspondence
by Professor Study in a letter in the summer of 1905. 1t is developed, without
proof, but in detail, in his second memoir, ¢ Ueber nichteuklidische und
Liniengeometrie,’ Jakresbericht der deutschen Mathematikervereinigung, xv, 1906.
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Hyperbolic Space.

Ray.

Real ray in actual domain, or
pencil of tangents to Abso-
lute.

Real parallelism.

Imaginary pseudo-parallelism.

Imaginary parataxy.

Real congruence of normals to
a surface of Gaussian cur-
vature zero.

Real isotropic congruence.

Real  pseudo-isotropic con-
gruence.
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Elliptic Space.
Ray.
Real ray.

Real parataxy.

Imaginary parallelism.
Tmaginary pseudo-parallelism.
Real isotropic congruence.

Real pseudo-isotropic con-
gruence.

Real congruence of normals to
a surface of Gaussian cur-
vature zero.



CHAPTER XVII

MULTIPLY CONNECTED SPACES

In Chapters 1 and 1I we laid down a system of axioms
for our fundamental objects points and distances, and showed
how, thereby, we might build up the geometry of a restrieted
region. We also saw that with the addition of an assumption
concerning the sum of the angles of a single triangle, we
were in a position to develop fully the elliptic, hyperbolie,
or euclidean geometry of the restricted region in question.
Our spaces so defined were not, however, perfect analytic
continua, even in the real domain. To reach such continua
it was necessary to assume that any chosen segment might
be extended beyond either extremity by a chosen amount.
We saw in the beginning of Chapter VII that this assump-
tion, though allowable in the cuclidean and hyperbolic cases,
will involve a contradiction when added to the assumptions
already made for elliptic space. The difficulty was overcome
by assuming the existence of a space which contained as
sub-regions (called consistenl vegions) spaces where our
previous axioms held good. For this new type of space we
sct up our Axioms I'-VI'.

Our next task was to show that under Axioms I'-V’ each
point will surely have one set of homogeneous coordinates (z),
and conversely, to each set of real coordinates subject to the
restriction that in hyperbolic space

KA+ &+ d) + a2 < 0,
in elliptic space (wx) > 0,
and in euclidean space x, # 0,

there will surely correspond one real point. Under the
cuclidean or byperbolic hypotheses each set of real coor-
dinates can correspond to one real point, at most; under the -
elliptic hypothesis, on the contrary, we found it necessary
to distinguish between elliptic space where but one point
goes with each coordinate set, and the spherical casc where
two equivalent points necessarily have the same coordinates.
One further point was established in connexion with these
developments; to each point there will correspond but a single
set of homogencous coordinates (x). The proof of this depended



cH. xvit  MULTIPLY CONNECTED SPACES 237

upon Axiom VI, which required that a congruent transforma-
tion of one consistent region should produce one definite
transformation of space as a whole. Of course such an
assumption, when applied to our space of experience, can
neither be proved nor disproved cmpirically. In the present
chapter we shall set oursclves the task of examining whether,
under Axioms I'-V” of Chapter VIIL, it be possible to have
a space where cach point shall correspond to several sets of
coordinate values.* For simplicity we shall assume that no
two different points can have the same coordinates.

What will be the meaning of the statement that under our
set of axioms two sets of coordinate values (), (2") belong
to the same point? Let a coordinate system be set up, as
in Chapter V, in some consistent region; let this region be
connected with the given point by two different sets of over-
lapping consistent regions; then gx) and (z’) shall be two
different sets of coordinate values for this point, obtained by
two different sets of analytic extension of the original coor-
dinate system.

Let us first assume that there is a consistent region which
is reached by each chain of overlapping consistent regions,
a statement which will always hold true when there is a single
point so reached. We may set up a coordinate system in
this region, and then make successive analytic extensions for
the change of axes from one to another of the overlapping
consistent regions, until we have run through the whole
circuit, and come back to the region in which we started.
If, then, one point of the region have different values for its
coordinates from what it had at the start, the same will be
true of all, or all but a finitc number of points of the region,
and the new coordinate values will be obtained from the old
ones (in the non-euclidean cases) by means of an orthogonal
substitution. If (x) and (2") be two sets of coordinates for
one point we shall have

0..3
J

Conversely, if these equations hold for any point, they will
represent an identical transformation of the region, and give
two sets of coordinate values for every point of the region.

* The present chapter is in close accord with Killing, Die Grundlagen der
Geometrie, Paderborn, 1893, Partiv. Another account will be found in Woods’
‘Forms of Non-Euclidean-Space’, published in Lectures on Mathematics, Woods,
Van Vleck, and White, New York, 1905.
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We see also by analytic extension that these equations will
give two sets of coordinate values for every point in space.

There is one possible variation in our axioms which should
be mentioned at this point. It is entirely possible to build
up a geometrical system where IV’ holds «n general only,
and there are special points, called singular poimts, which
can lie in two consistent regions which have no sub-region
in common. In two dimensions we have a simple example
in the case of the geometry of the ecuclidean cone with
a singular line. We shall, however, exclude this possibility
by sticking closely to our axioms.

Let us suppose that we have two overlapping systems of
consistent regions going from the one wherein our coordinate
axes were set up to a chosen point . We may connect /I
with a chosen point A of the original region by two con-
tinuous curves, thus making, in all, a continuous loop. If
now, P, be a point which will have two different sets of
coordinate values, according as we arrive at it by the onc
or the other set of extensions, we see that our loop is of a sort
which cannot be reduced in size beyond a definite amount
without losing its characteristic property. This shows that,
in the sense of analysis situs, our space is multiply connected.
In speaking of spaces which obey Axioms I'-V’, but where
each point can have several sets of coordinate values, we
shall use the termn maltiply cownected spaces.

Suppose that we have a third set of coordinate values for
a point of our consistent region. These will be connected
with the second set by a relation

0.3

Zl'rl'”: 2]};[&3;’, |b,;j!#=0.
/)

We see that (2”) and (z) are also connected by a relation
of this type, hence

Theorem 1. The assemblage of all coordinate transformations
which represcnt the identical transformation of a multiply
connected space form a group.

If (z) and (2') be two sets of coordinates for the same point
the expression

(zz’)
V(wz)y V(@ )
cannot sink below a definite minimum value greater than
zero, for then we should have two different points of the same

cos™1
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consistent region with the same coordinate values, which we
have seen is impossible (Chapter VII).

For the sake of clearness in our subsequent work let us
introduce, besides our multiply connected space S, a space =,
having the same value for the constant & as our space &S,
and giving to each point one set of coordinate valucs only.
The group of identical transformations of S will appear
in 2 as a group of congruent transformations, a group which
has the property that none of its transformations can leave
a real point of the actual domain invariant, nor produce an
infinitesimal transformation of that domain. We lay stress
upon the actual domain of 3, for in S we are interested in
actual points only. Let us further define as fundamental
such a region of 3, that every point of ¥ has an equivalent
in this region under the congruent sub-group which we are
now considering, yet no two points of a fundamental region
are equivalent to one another. The points of S may be
put into one to one correspondence with those of a funda-
mental region of this sort or of a portion thereof, and,
conversely, such a fundamental region will furnish an example
of a multiply connected space obeying Axioms I'-V’.

Theorem 2. Every real group of congruent transformations
of euclidean, hyperbolic, or elliptic space, which carries the
actual domain into itself, and none of whose members leave
an actual point invariant, nor transport such a point an
infinitesimal amount, may be taken as the group of identical
transformations of a multiply connected space whose points
may be put into one to one correspondence with the points
of a portion of any fundamental domain of the given space
for that group.

Our interest will, from now on, centre in the space . We
shall also find it advisable to treat the cuclidean and the two
non-cuclidean cases separately.

We shall begin by asking what groups of congruent trans-
formations of the euclidean plane fulfil the requirements of
Theorem 2. Every congruent transformation of the euclidean
plane is cither a translation or a rotation, but the latter type
is inadmissible for our present purpose. What then are the
groups of translations of the euclidean plane? The simplest
1s evidently composed of the repetitions of a single translation.
If the amplitude of the translation be /, while n is an integer,
positive or negative, this group may be expressed in the form

=z+nl, Y=uy.
The fundamental regions will be strips bounded by lines
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parallel to the y axis, cach strip including one of the bounding
lines. A corresponding space S will be furnished by a euclidean
cylinder of circumference /.

What translation groups can be compounded from two given
translations? It is clear that the lines of motion of the two
should not be parallel. For if, in that case, their amplitudes
were commensurable, we should fall back upon the preceding
system ; but if the amplitudes were incommensurable, the
group would contain infinitesimal transformations ; and these
we must exclude. On the other hand, the group compounded
from repetitions of two non-parallel translations will suit our
purpose very well. If the amplitudes of the two be I and A,
while m and n are integers, we may write our group in the
form o=a+nl, Y =y+mA

The fundamental regions are parallelograms, cach including
two adjacent sides, excepting two extremitics. The Clifford
surface discussed in Chapters X and XV offers an excellent
example of a multiply connected surface of this type.

It is interesting to notice that with these two examples
we exhaust the possibilities of the euclidean plane. Suppose,
in fact, that P is any point of this plane, that is to say,
any point in the finite domain. The points equivalent to it
under the congruent group in question may not cluster any-
where, hence there is one equivalent, or a finite number of
such, nearer to it than any other. If these nearest equivalents
do not all lie on a line with /°, we may pick out two of them,
non-collinear with P°, thus determining one-half of a funda-
mental parallelogram. If the nearest equivalents are collinear
with P (and, hence, two only in number), we may pick out
one of them and one of the next nearest (which will he off
that line, unless we are under our previous first case), and
thus construct a parallelogram within which there is no
equivalent to P, for every point within such a parallelogram
is nearer to one vortex than any two vertices are to one
another. This parallelogram, including two adjacent sides,
except the vertices which are not common, will constitute
a fundamental region, and we are back on the second previous
case. Let the reader notice an exactly similar line of reasoning
will show that there cannot exist any single valued continuous
function of the complex variable which possesses more than
two independent periods.

In a three-dimensional euclidean space we shall find suitable
groups compounded of one, two, or three independent trans-
lations. The fundamental regions will be respectively layers
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between parallel planes, four-faced prismatic spaces, and
parallelopipeds. It is easy to determine how much of the
bounding surface should be included in each case. It is also
evident that there can be no other groups composed of
translations only, which fulfil the requirements.

Let us glance for a moment at the various forms of straight
line which will exist in a multiply connected euclidean space S,
which corresponds to a cuclidean parallelopiped in =, The
corresponding lines in I shall all pass through one vertex
of the fundamental parallelopiped. If the line in = be one
edge of the parallelopiped, the line in § will be a simple loop
of length equal to one period. If the linc in I connect the
vertex with any other equivalent point, the linc in S will still
be a loop, but of greater length. If, lastly, the line in X do
not contain any other point equivalent to the vertex, the line
in S will be open, but, if followed sufliciently far, will pass
again as close as desired to the chosen point.

There are other groups of motions of euclidean space,
besides translations which give rise to multiply connceted
spaces. An obvious example is furnished by the repetitions
of a single screw motion. This may be expressed, 1 being
an integer, in the form
= wcosnmb—ysinnd, 3 =asinnd+ycosnd, z'=z+nd.

The fundamental regions in 3 will be layers bounded by
parallel planes. In S we shall have various types of straight
lines. The Z axis will be a simple closed loop of length .
Will there be any other closed lines in §? The corresponding
lines in = must be parallel to the axis, there being an infinite
number of points of each at the same distance from that axis.
When 6 and 27 are commensurable, we sec that every parallel
to the Z axis will go into a closed line of the type required,
when 6 and 27 are incommensurable, the Z axis is the only
closed line.

Let us now take two points of = separated by a distance »

E=z+rcosa,
n=1Y+7rcos,
{=2z+rcosy.
The necessary and sufficient condition that they should be
equivalent is g cogn0—ysinnd = @ +7 cos a,
zsinnd+ycosnd = y+7rcosp,
nd = rcosy.
The last of these equations shows that a line in ¥ per-

COOLIDGE Q
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pendicular to the Z axis (i.e. parallel to a line meeting it
perpendicularly) cannot return to itself. On the other hand, if

cosa=cos3=0; no=2mm,

and we have a closed loop of the type just discussed. 1f
a, 3, y, n be given, r may be determined by the last cquation,
and z, y from the two preceding, since the determinant of
the coeflicients will not, in general. vanish. We thus see that
in § the lines with direction angles o, 3, y, and posscssing
double points, will form an infinite discontinuous assemblage.
If, on the other hand, z, y, 2, n be given, a, B, y, ©* may be
determined from the given equations, coupled with the fact
that the sum of the squares of the direction cosines is unity;
through each point in 8, not on the Z axis, will pass an infinite
number of straight lines, having this as a double point.

The planes in S will be of three sorts. Those which are
perpendicular to the Z axis will contain open lines only, those
whose equations lack the Z term will contain all sorts of lines.
Other planes will contain no lines which are simple loops.

Another type of multiply connected space will be deter-
mined by @’ = (=) w+ma,

o = (—=1)ly +nb,
=4 le,
{, m, n being integers.

The fundamental regions in X will be triangular right

prisms. Lines in X parallel to the Z axis will appear in S

as simple closed loops of length 2¢.  To find lines which cross
themselves, let ns write
x+7reosa = (—1)luw+ma,
y+reosB = (—1)y+nd,
Z+reosy = >+l
For each even integral value of /, and each integral value
of m and n, we get a bundle of loop lines in S with direction
cosines ma
CosO = — --—o -— &
VR + bt 4 (2 et
When / is odd, we shall have through each point an infinite
number of lines which have a double point there, the direction
cosines being
— 2w+ m
cosa= . _owtmae L&
V( =2z +ma) + (— 2y + nb): + ¢t

Such lines will, in general, be open. We sce, however, that
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whereas the length of a loop perpendicular to the @, y plane
is ¢, if the point 77;)_@ ) nlb happen to be on such a loop, this

point is reached again after a distance C. This loop has,
thevefore, the general form of a lemniscate.®

When we turn from the cuclidean to the hyperbolie
hypothesis, we find a less satisfactory state of affairs. The
real congruent group of the hyperbolic plane was shown in
“hapter VIII to depend upon the real binary group

ot = apt +apyl,,
ol = oyt +at,,
the homogencous coordinates () being supposed to define
a point of the absolute conic. The two fixed points must
be real, in order that the line joining them shall be actual,
and its pole, the fixed point, ideal. In other words, we wish
for groups of binary linear substitutions which contain
members of the hyperbolic type exclusively. Apparently
such groups have not, as yet, been found. It might seem,
at first, that parabolic transformations where the two fixed
points of the conic fall together, would also answer, but
such is not the case. We may show, in fact, that in such
# substitution there will be points of the plane which are
transformed by as small a distance as we please. The path
curves are horocycles touching the absolute conic at the fixed
point : having in fact, four-point contact with it. It is mnerely
nccessary to show that a horoeyele of the family may be found
which cuts two lines through the fixed point in two points
as near together as we please. Let this fixed point be (0, 0, 1)
while the absolute conic has an equation of the form
@2+, = 0.

The gencral type for the equation of a horocyecle tangent

at (0, 0, 1) will be
(® + @y 2y) + py® = 0.
This will interseet the two lines
. yg—lwy =0, wzy—mu, =0,
in the points ({, 1,— (&4 p)) (m, 1,— (m?+p)). The cosine of
the kth part of their distance will be
(l—m)*+2 P

2p ’

* These and the preceding cxample are taken from Killing, Giundlagen,
loc. cit. The last is not, however, worked out.

Q2
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. . . . . 1
an cxpression which will approach unity as a limit, as —
approaches zero. p
The group of hyperbolic motions in three dimensions will,
as we saw in Chapter VIII, depend upon the linear function
of the complex variable 4,43
~ ﬁ +76 ©
The group which we require must not contain rotations
about a line tangent to the Absolute, for the reason which
we have just seen, hence the complex substitution must not
be parabolic. Again, we may not have rotations about actual
lines, hence the path curves on the Absolute may not be conics
in planes through an ideal line (the absolute polar of the axis
of rotation) ; the substitutions may not be elliptic. The only
allowable motions of hyperbolic space are rotations about
ideal lines, which give hyperbolic substitutions, and screw
motions, which give loxodromic ones. There does not seem
to be any general theory of groups of linear transformations
of the complex variable, which include mercly hyperbolic
and loxodromic members only.*
The group of repetitions of a single rotation about an ideal
line may be put into the form (k* = —1),
&, = &, cosh n0—&,sinnd,
&= &,
é,‘z'= z,,
@, = &, sinh 0 + &, cosh 6.
The fundamental regions in X will be bounded by pairs
of planes through the line
Xy =, =0.
The orthogonal trajectories of planes through this line will
be equidistant curves whose centres lie thereon. A linc in =
connecting two points which are equivalent under the group
will appear in S as a line crossing itself once.
We may, in like manner, write the group of repetitions
of a single serew motion
&, = &, cosh n—&,sinh no,
&)= @ cos n¢—i,sin ne,
&)= @&, 5in n¢ + &, cos ne,
&, = &, sinh 76 + &, coshné.
* For the general theory of discontinuous groups of linear substitutions,

seo Fricke-Klein, Vorlesungen iiber die Theorie der awtomorphen Funktionen, vol. i,
Leipzig, 1897,



XVII MULTIPLY CONNECTED SPACES 245

In elliptic space we obtain rather more satisfactory results.
Every congruent transformation of the real elliptic plane is
a rotation about an actual point, there being no ideal points.
Hence, there are no two-dimensional multlply connected
dhptlc spaces. In three dimensions the case is different. Let
us assume that £ =1, and consider the group of repetitions
of a single serew motion. The angle of rotation about one
axis is equal to the distance of translation along the other,
and the two distances or angles of rotation must be of the
form A:, ':777 in order that there shall be no infinitesimal
transformations in the group. Moreover, these two fractions
must have the same denominator, for otherwise the group
would contain rotations. We may therefore write the general
equations

, AT . AT
@y =y COS M T — &y SN

, . AT A
a/= wysinn - +acosm
v v

v . ™
£y = i, Cos N BT @, sinn T,
14 v
. ™ M
w, = x,8inn KT Z,CO8 M
v v

where A, u, v are constant integers, and 2 a variable integer.
It will be found that the cosine of the distance of the points
(x), (') will be equal to unity only when = is divisible by »,
1.e. we have the identical transformation, so that there are no
real fixed points nor points moved an infinitesimal distance.
If A =pu wo have a translation (cf. Chapter VIII), for our
transformation may be written in the quaternion form:*

(@) + /i +w) j+x k)
AT . AT, . .
= (cos n-— +sinn- - )(J'o+m]@+wzy+m3/c).
v v
The path-curves in X will be lines paratactic to cither axis
of rotation, and they will appear in S as simple closed loops
of length —. Notice the close analogy of this case to the
v
simplest case in cuclidean space.
* Killing, Grundlagen, cit. p. 342, erroneously states that these translations

are the only motions along one fixed line yielding a group of the desired
type. The mistake is corrected by Woods, loc. cit., p. 68.
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There is another translation group of elliptic space giving
rise to a multiply connected space of a simple and interesting
description. Let A, : X, be homogeneous parameters, locating
the generators of one set on the Absolute. Each linear trans-
formation of these will determine a translation. In particular,

if we put o+ ey =Ny, L,—x, = A,,
then the translation
(y + @+ k) = (w+bi+cj +dk) (@) + 2,0 + @, ] + 23 k),
may also be written
A= (a+ b))\ —(c+di)A,,
A, = (¢ —d@) A + (¢ —bI) A,.

Now this is precisely the formula for the rotation of the
euclidean sphere. The cosine of the distance traversed by
the point (z) will be

(22

U — }
VaE b et 4 d?
which becomes equal to unity only when b =¢=d =0, i.e.
when we have the identical transformation. The groups of
elliptic translations which contain no infinitesimal trans-
formations, are therefore identical with those of euclidean
rotations about a fixed point which contain no infinitesimal
members, whence

Theorem 8% If a multiply connected elliptic space be
transformed identically by a group of translations, that group
is isomorphic with one of the groups of the regular solids.
Conversely each group of the regular solids gives rise to a
group of right or left elliptic translations, suitable to defince
a multiply connceted space of elliptic type.

Of course the inner reason for this identity is that a real
line meets the elliptic Absolute in conjugate imaginary points,
corresponding to diamectral imaginary values of the parameter
for either set of generators, and a real point of a cuclidean
sphere is given by the value of its coordinate as a point of
the Gauss sphere, while diametrically opposite points will be
given by diametral values of the complex variable. The
problem of finding elliptic translations, or euclidean rotations,
depend therefore, merely on the problem of finding linear
transformations of the complex variable which transport
diametral values into diametral values.

* Cf. Woods, loc. cit., p. 68.



CHAPTER XVIII

THE PROJECTIVE BASIS OF NON-EUCLIDEAN
GEOMETRY

OUR non-cuclidean system of metries, as developed in
Chapter VII and subsequently, rests in the last analysis,
upon a projective concept, namely, the cross ratio. The group
of congruent transformations appeared in Chapter VII as
a six-parameter collineation group, which left invariant a
certain quadric called the Absolute. An exception must be
made in the cuclidcan casc where the congruent group was
a six-parameter sub-group of the seven-parameter group which
left a conic in place. We thus come naturally to the idea
that a basis for our whole edifice may be found in projective
geometry, and that non-euclidean metrical geometry may be
built up by positing the Absolute, and defining distance as
in Chapter VIL. It is the object of the present chapter to
show precisely how this may be done. starting once more
at the very beginning.*

Axiom 1. There exists a class of objects, containing at
lcast two distinet members, called points.

Axiom II. Each pair of distinct points belongs to a single
sub-class called a line.

The points shall also be said to be on the line, the line
to pass through the points. A point common to two lines
shall be called their intersection. It is evident from Axiom 1I
that two lines with two common points are identical. We
have thus ruled out the possibility of building up spherical
geometry upon the present basis.

Axiom IIl. Pwo distinet points determine among the
remaining points of their line two mutually exclusive sub-
classes, neither of which is empty.

If the given points be 4 and B, two points belonging to

* The first writer to set up a suitable set of axioms for projective geometry
was Pieri, in his Principii della geometria di posizione, cit. He has had many
successors, as Enriques, Lezioni di geometria proiettiva, Bologna, 1898, or Vahlen,
Abstrakte Geometrie, cit., Parts IT and III. Veblen und Young, ¢ A system of
axioms for pm]ectlve geometry,” Admerican Journal of Mathematics, Vol. xxx,
1908.
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different classcs according to Axiom III shall be said to be
separated by them, two belonging to the same class not
separated*  We shall call such classes separation classes.

Axiom IV. If P and @ be separated by A and B, then
@ and I are separated by 4 and B.

Axiom V. If P and () be separated by A and B, then
A and B are separated by P and (.

We shall write this relation PQJAB or AB JI’Q. If PQ
be not separated by A and B, though on a Jine, or collinear,

with them, we shall write P J(AB.

Axiom VI. If four distinct collinear points be given there
ig a single way in which they may be divided into two
mutually separating pairs.

Theorem 1. ABjCD and AEJ CD, then EB}CD.

For €' and D determine but two separation classes on the
line, and both B and £ belong to that class which does not
include 4.

Theorem 2. 1f five collinear points be given, a chosen pair
of them will either separate two of the pairs formed by the
other three or none of them.

Let the five points be 4, B, C, D, . Let AOJDE. Then, if
B f DE, AB)(])E, and if AB J DE, 130)[1)1;. But if we had
BC’:f:DE’ and ABJ(DE, ABC would helong to the same
separation class with regard to DZ, and hence AC’:FDE.

Theorem 3. If ACJ‘BD and AEJCD, then AEJBD.

To begin with BC\AD, EC’J[AD; hence BE)[A D. Again,
if we had ABJED, we should havo AB f EC, i.e. AEJ(BU.

But we have AEJCD, hence AEJBD a contradiction with

* The axioms of separation were first given by Vailati, ‘Sulle proprieta
caratteristiche delle varieta a una dimensione,’ Rivista di Matematica, v, 1895.
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AB f ED. As a result, since BE)[AD and AB:{:ED, we must

have A J BD.

It will be clear that this theorem includes as a special case
Theorem 3 of Chapter I. We have but to take A at a great
distance.

Theorem 4. Tf PA J ¢D, PB f oD, PQ f AB, then PQJ(}D.

The proof is left to the reader.

It will follow from the fact that neither of our separation
classes is empty that the assemblage of all points of a line
is infinite and dense. We have but to choose one point of
the line, and say that a point is between two others when
it be separated thereby from the chosen point.

Axiom VIL If all points of either separation class deter-
mined by two points A, B, be so divided into two sub-classes
that no point of the first is separated from A by B and
a point of the second, there will exist a single point (' of
this separation class of such a nature that no point of the
first sub-class is separated from A by 5 and (, and none
of the second is separated from 53 by A and C.

It is clear that C may be reckoned as belonging to either
sub-class, but that no other point enjoys this property.
This axiom is one of continuity, let the rcader make a carcful
comparison with XVIII of Chapter II.

Axiom VIII. All points do not belong to one line.

Definition. The assemblage of all points of all lines deter-
mined by a given point and all points of a line not containing
the first shall be called a plane. Points or lines in the same
plane shall be called coplanar.

Axiom IX. A line intersecting in distinet points two of
the three lines determined by three non-collinear points,
intersects the third line.

Let the reader compare this with the weaker Axiom XVI
of Chapter I

Theorem 5. A plane will contain completely every line
whereof it contains two points.

Let the plane be determined by the point 4 and the linc

BC. If the two given points of the given line belong to BC
or be A and a point of BC, the theorem is immediate. If not,



250 THE PROJECTIVE BASIS OF CH.

let the line contain the points B" and C" of AB and AC
respectively. Let P> be any other point of the given line.
Then BP will interscet AC, hence AP will intersect BC or
will lie in the given plane.

Theorem 6. If A, B, (' be three non-collinear points, then
the planes determined by A4 and BC, by B and CA4, and by
Y and AB are identical.

We have but to notice that the lines gencrating cach plane
lie wholly in cach of the others.

Theorem 7. 1f A’, B, C" be three non-collinear points of the
plane determined by ABC, then the planes determined by
A'B'C" and ABC arc identical.

This will come immediately from the two preceding.
Theorem 8. Two lines in the same plane always intersect.

Let B and ' be two points of the one line, and A a point
of the other. If A4 be also a point of BC' the theorem is proved.
If not, we may use the point 4 and the line BC to determine
the plane, and our sccond line must be identical with a line
throngh A mceting BC.

Axiom X. All points do not lie in one plane.

Definition. The assemblage of all points of all lines which
arc determined by a chosen point, and all points of a plane
not containing the first point shall be called a space.

We leave to the reader the proofs of the following very
simple theorems.

Theorem 9. A space contains completely every line whercof
it contains two points.

Theorem 10. A space contains cowpletely every plane
whereof it contains three non-collinear points.

Theorem 11. The space determined by a point A and the
plane BCD is identical with that determined by B and the
plane CDA.

Theorein 12. If A’, B, ', D’ be four non-coplanar points of
the space determined by A4, B, C, D, then the two spaces deter-
mined by the two sets of four points are identical.

With regard to the last theorem it is clear that all points of
the space determined by A’, B, ¢/, 1)’ lie in that determined by
A, B,C, D. Let us assume that B’, ¢’, D are points of A B, AC,
AD respectively. The planes BCD and B'C"D’ have a common
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line /, which naturally belongs to both spaces. Let us first
assume that 4 A’ does not intersect this line. Let A” be the
intersection of AA” with BCD. Then A”B meets both A’B’
and /, hence, has two points in each space, or lies in each.
Then the plane BCD lies in both spaces, as do the line 4’4"
and the point A ; the two spaces are identical. If, on the
other hand, AA” meet [ in A”, then 4 lies in both spaces.
Furthermore A’B will meet 4”5 in a point of both spaces,
so that B will lic in both, and, by similar reasoning, ¢ and D
lie in both.

Theorem. 13. Two planes in the same space have a common
line.

Theorem 14. Three planes in the same space have a common
line or a common point.

Practical limitation. All points, lines, and planes hercin-
after considered are supposcd to belong to one space.

Theorem 15. If three lines AA4’, BB’, CC’ be concurrent,
then the interseetions of A8 and A'R’, of BC and B'C’, of CA
and C"A4” are collinear, and converscly.

This is Desargues’ theorem of two triangles. The following
is the usual proof. To begin with, let us suppose that the
planes ABC and A’B'C” arc distinct. The lines AA’, BR,
and CC’ will be concurrent in O outside of both plancs. Then
as AB and A’DB’ arc coplanar, they intersect in a point which
must lie on the line 7 of intersection of the two planes 4 B(”
and A’B'(”, and a similar remark applies to the intersections
of BC and B'CY, of A and ¢”4’." Conversely, when these
last-named three pairs of lines intersect, the intersections
must be on /. Considering the lines AA’, BB, and CC’, we
sec that each two are coplanar, and must intersect, but all
three are not coplanar. Hence the three are concurrent.
The second case occurs where A’B’'C” are three non-collinear
points of the plane determined by ABC. Let V and V' be
two points without this Plane collinear with O the point of
concurrence of AA’, BB’, CC’. Then VA will meet V'A’ in
A7, VB will meet V'B’ in B”, and VC will meet V¢’ in (.
The planes ABC and A”B”C” will meet in a line {, and
B7C” will meet both BC and B'C’ in a point of /. In the
same way (A will mect A" on [, and AB will meet A'DB’
on .. Conversely, if the last-named three pairs of lines meet
in points of a line / in their plane, we may find 4”B’C”’
non-collinear points in another plane through /, so that B7C”
meets BC' and B’C” in a point of /, and similarly for C”A”,
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C4, ¢'A" and for A”B”, AB, A’B’. Then by the converse
of the first part of our theorem AA”, BB”’, CC” will be
concurrent in V, and A’A”, B'B”, C'C” concurrent in V’.
Lastly, the three coaxal planes VV'A”, VV'B”, VV'C” will
meet the plane 4 BC in three coneurrent lines A A4’, BS', CC".
We have already remarked in Chapter VI on the dependence
of this theorem for the planc cither on the assumption of the
existence of a third dimension, or of a congruent group.

Definition. If four coplanar points, no three of which are
collinear, be given, the figure formed by the three pairs of
lines determined by them is called a complete quadrangle.
The original points are called the vertices, the pairs of lines
the sides. Two sides which do not contain a common vertex
shall be said to be opposite. The intersections of pairs of
opposite sides shall be called diagonal points.

Theorem 16. If two complete quadrangles be so situated
that five sides of one meet five sides of the other in points
of a line, the sixth side of the first meets the sixth side of the
second in a point of that linc.

The figure formed by four coplanar lines, no three of which
are concurrent, shall be called a complete quudrilateral.
Their six intersections shall be called the vertices ; two vertices
being said to be oppositec when they are not on the same side.
The three lines which connect opposite pairs of vertices shall
be called dicgonals.

Definition. It A and ¢ be two opposite vertices of a com-
plete quadrilateral, while the diagonal which connects them
meets the other two in B and D, then A and B shall be said
to be harmonically separated by C and D).

Theorem 17. If A and ' be harmonically separated by
B and D, then B and D are harmonically separated by A4
and C.

The proof will come immediately from 15, after drawing
two or three lines; we leave the details to the rcader.

Definition. If A and C be harmonically separated by
B and D, each is said to be the harmonic conjugate of the
other with regard to these two points; the four points may
also be said to form a harmonic set.

Theorem 18. A given point has a unique harmonic conjugate
with regard to any two points collinear with it.

This is an immediate result of 16.
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Theorem 19. If a point O be connected with four points
A, B, C, D not collincar with it by lines 04, OB, OC, 0D, and
if these lines meet another line in A’, B, ', D’ respectively,
and, lastly, if 4 and C' bc harmonic conjugates with regard
to B and D, then A’ and €’ are harmonic conjugates with
regard to B’ and D'

We may legitimately assume that the quadrilateral con-
struction which yielded A4, B, €, D was in a plane which did
not contain O, for this construction may be effected in any
plane which contains AD. Then radiating lines through O
will transfer this quadrilateral construction into another
giving A, B, C’, D"

Defimition. If «, b, ¢, d be four concurrent lines which pass
through 4, B, U, D respectively, and it 4 and (' be harmonically
scparated by B and /), then a and ¢ may properly be said
to be harmonically separated by & and d, and b and d
harmonically separated by « and ¢. We may also speak of
« and ¢ as harmonic conjugates with regard to » and d, or
say that the four lines form a harmonic set.

Theorem 20. If four planes a, 3, y, 8 determined by a line /
and four points A, B, ¢, D meet another line in four points
A’, B, (7, I respectively, and if A and ' be harmonically
separated by B and D, then A’ and C’ are harmonically
separated by B’ and D'.

It is sufficient to draw the line AD" and apply 19.

Definition. If four coaxal planes a, 3, y, d pass respectively
through four points 4, B, C, D where A and (' are harmonically
separated by B and D; then we may speak of o and y as
harmonically separated by 3 and 9, or 3 and & as harmonically
separated by o and y. We shall also say that « and y are
harmonic conjugates with regard to 3 and 3, or that the four
planes form a harmonic set.

We shall understand by projection the transformation
(recently used) whereby coplanar points and lines are carried,
by means of concurrent lines, into other coplanar points and
lines. With this in mind, we have the theorem.

Theorem 21. Any finite number of projections and inter-
sections will carry a harmonic set into a harmonic set.

Axiom XI. If four coaxul planes meet two lines respec-
tively in 4, B, C, D and A’, B/, C’, I¥ distinct points, and

if AC’JBD then A’C’JB’D'.
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Definition. 1f AC | BD and ! be any line not intersecting

AD, we shall say that the planes {4 and [C separate the
planes (B and {D.

Definition. 1f the planes a and y separate the planes g
and 9, and if a fifth plane meet the four in «, b, ¢, d respec-
tively, then we shall say that « and ¢ separate O and d.
A complete justification for this terminology will be found
in Axiom XI and in the two theorems which now follow.

Theorem 22. The laws of separation laid down for points
in Axioms III-VII hold equally for coplanar concurrent lines,
and coaxal planes.

We have merely to bring the four lines or planes to intersect
another line in distinet points, and apply XIL.

Theorem 23. The relation of separation is unaltered by any
finite number of projections and intersections.

Theorem 24. I{ A, B, C, D be four collinear points, and A4
and (' be harmonically separated by B and D, then A(,'JBD.

We have mcrely to observe that our quadrilateral con-
struction for harmonic separation permits us to pass by
two projections from 4, B, C, D to C, B, A, D respectively, so

that if we had ABJ (!D we should also have (.«’BJAI), and

vice versa. Hence our theorem.

Before proceeding further, let us glance for a moment at the
question of the independence of our axioms.

The author is not faniliar with any system of projective
geometry where XI is lacking. X naturally fails in plane
geometry. Here IX must be suitably modified, and Desargues’
theorem, our 15, must be assumed as an axiom. IX is lack-
ing in the projective cuclidean geometry where the ideal
plane is excluded. VIII fails in the geometry of the single
line, while VII is untrue in the system of all points with
rational Cartesian coordinates. IIL, IV, V, VI may be shown
to be serially independent.* II is lacking in the geometry
of four points.

Besides being independent, our axioms possess the far more
important characteristic of being consistent. They will be
satisfied by any class of objects' in one to one correspon-

* Vailati, loe. cit., note quoting Padoa.
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dence with all sets of real homogeneous coordinate values
wo:ky:%y:wy not all simultaneously zero. A line may be
defined as the assemblage of all objects whose coordinates
arc lincarly dependent on those of two. If A4 and C have
the coordinates (x) any (y) respectively, while B and D have
the coordinates A (x)+pu:(y) and A (z)+p'(y), then 4 and €
shall be said to be separated by B and D if
PN
N
When this is not the case, they shall be said to be not
scparated by B and D.
As a next step in our development of the science of pro-
Jective geometry, let us take up the concept of cross ratio.
Suppose that we have three distinet collinear points 2, B, .

0

Construct the harmonic conjugate of F, with regard to P,

and I. and ecall it B, that of I} with regard to P, and P,
and call it £, that of B with regard to ) and I, and
call it P,, and so, in general, construct B,,, and I,
harmonic conjugates with regard to E, and .. The con-
struetion is very rapidly performed as follows. Take O and V'
collincar with 22/, while our given points lie on the line .
Let {; be the line from the intersection of OF, and VI, to I,.
Then OF,,, and VI, will always intersect on ¢, the generic

name for such a point being @, ,,.*

< 0.

Theoren 25. I BLHJI,’L Poif » > 0.

The theoremn certainly holds when = 1. Suppose that

I PnJ‘];rl I,. Wealso know that B,  7;,, [‘1-7" . Hence,
clearly ngfnﬂj‘]ﬁ‘])m. We notice also that I I})H;'J}ﬁ P,

and, in general F Bwkjf;z E . A similar proof may be found
for the case where negative subseripts are involved.
Theorem 6. If P be any point which satisfies the condition

IH Pf];Pw then such a positive integer  may be found

that I?)‘Pf};tpw’ I&'Pn+lJ‘P‘I€D

Let us divide all points of the separation class determined
by B I, which include £ and P the positive separation class
let us say, into two sub-classes as follows. A point A shall
be assigned to the first class if we may find such a positive

* See Fig. 4 on page following.
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integer n that R I ., J AL, otherwise it shall be assigned
to the second class, i.e. for every point of the sccond class
and every positive integral value of =, POBJB,+1PM. Then,
by 3, as long as A4 and B are distinct we shall have
f(,BfA];;, giving a dichotomy of the sort demanded by

Axiom VII, and a point of division D. Let us further assume
that O.D meets [, in D, and VD meets {, in C. We know that

DQIJ(Q‘,QQ. Hence lines from P2, to V and D are not

separated by those to O and F . Hence lines from Dto P,
and V, are not separated by those to O and E,, so that

I

P, PoPA P Py Py

Fia. 4.

130)(1)1;, or € is a point of the first sub-class. We may,
then, find n so great that 12, f L, hence Q,Q,,, j I
and Plgm'fm;. But }z,JgJ(m;  heneo EE,, f DP..” This,

however, is absurd, for a point separated from E by [ and
I,,, would bave to belong to both classes. Our theorem
results from this contradiction.

We might treat the case where R)PJ.P_ 1 I, in exactly the

same way. Our net result is that if I be any point of the
line [;, it is either a point of the system we bave constructed,
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or else we may find two such successive integers (calling , an
integer) n, n+1 that I, B, ., f PP,.

Our next care shall be to find points of the line to which we
may properly assign fractional subseripts. Let /; be the line
from E, to the intersection of OB, with VE. Then I say
that VE, and OF, ,; meet on /;,. This is certainly true when
k=1. Let us assume it to be true in the case of /;_,, so
that VA and OF, meet on {;_,. Then /; is constructed with
regard to {;,_, as was !/, with regard to [, for we take a point
of [, _,, connect it with O and find where that line meets
VE. In like manner VI meets OF,, on /,_, and OF,,,
on {; and so on; VI, meets OF, ,; on [;, which was to be
proved.

As an application of this we observe that [, meets VE,
on the line OF,, hence we easily see that £, and F are
harmonically separated by I and B,. Secondly, find the
points into which the points P, B, P; are projected from O on
the line VB,. These points liec on the lines {,_,,, (i _ms G_p-
Find the intersections of the latter with VI, and project back
from O on [,; we get the points B, ., ., Boir_ms Doviom-
A particular result of this will be that 5, B, I} .,, I form
a harmonic set.

Let us now draw a line from R to the intersection of VE,
and /,, and let this meet £, Vin V;. Then if F, P, P;, P, be

projected from O upon IV and then projected back from V;

n

upon /,, we get points which we may call £, F;, Py, E,, where
L, = K. Connect I;, with the intersection of IVI(J) ‘and 0L by

n n
a line /;,. We may use this line to find F, as formerly we

K n
used /, to find B,. We shall thus find that £ and E, are

harmoniéa.lly separated by F, and B, or L, is identical

with £, and similarly £, is igentical with P,.ﬂ Subdividing
still further we shall find that E is identical with B or B,

™ n T
identical with F,. We have thus found a single definite
B0
point to correspond to each positive rational subscript.
Negative rational subscripts might be treated in the same
way, and eventually we shall find a single point whose sub-
COOLIDGE R
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seript is any chosen rational number. We shall also find,
by reducing to a common denominator, that if

q>p>0, IZ,BJI;J;,

with a similar rule for negative numbers.

It remains to take up the irrational case. Let P be any
point of the positive separation class determined by F, and P, .
Then either it is a point with a rational subscript, aceording
to our scheme, or else, however great soever n may be, we

may find m so that ]{,PJ}_,p I, I(‘,PMJPI;. We thus

have a dichotomy of the positive rational number system
of such a nature that a number of the lower class will
correspond to a point separated from F, by L and P while
one of the upper class will correspond to a point separated
from K by P and E,. There will be no largest number in
the lower class. We know, in fact, that wherever R may
be in the positive scparation class of £, P we may find «’

so great that 'J(J)In,JRI;o. We may cxpress this by saying

that I, approaches I as a limit as »’ increases. Hence,
as separation is invariant under projection, /,, approaches B O
as a limit and I approaches P, as a limit, or P,,L+'1 approaches
n w o
P, as a limit. We can thus find #" so large that ]ﬂ,u 1 1s also
n [ETY
. m 1 m
a number of the first class, and surely wt > In the
] 1

same way we show that there can be no smallest number
in the upper class. Finally each number of the upper is
greater than each of the lower. Hence a perfect dichotomy
1s effected in the system of positive rationals defining a precise
irrational number, and this may be assigned as a subseript
to P. A similar proceeding will assign a definite subseript to
each point of the other negative separation class of £ 2.
Conversely, suppose that we have given a positive irrational
number. This will be given by a dichotomy in the system of
positive rationals, and corresponding thereto we may establish
a classification among the points of the positive separation
class of K F, according to the requirement of Axiom VII.
We shall, in fact, assign a point A of this separation class
to the lower sub-class if we may find such a number in the
lower number class that the point with the corresponding
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subscript is separated from F by I, and 4 ; otherwise a point
shall be assigned to the upper sub-class. If thus 4 and B
be any two points of the lower and upper sub-classes respec-

tively, we can find % in the lower number class so that
B, f AP, whereas BB f B, P, and, hence, by 3, B,B f AP,

This shows that all of the requirements of Axiom VII are
fulfilled, we may assign as subscript to the resulting point
of division the irrational in question. In the same way we
may assign a definite point to any negative irrational. The
one to one correspondence between points of a line and the real
number system including oo is thus complete.

Definition. If A, B, €, D be four collinear points, whereof
the first three are necessarily distinet, the subseript which
should be attached to D, when A, B, C are made to play
respectively the roles of I, I}, I3 in the preceding discussion,
shall be called a crvss ratio of the four given points, and
indicated by the symbol (4B, CD). Four points which are
distinet would thus seem to have twenty-four different cross
ratios, as a matter of fact they have but six.

We know that the harmonic rclation is unaltered by any
finite number of projections and intersections. We may there-
fore define the cross ratios of four concurrent coplanar lines,
or four coaxal planes, by the corresponding cross ratios of
the points where they meet any other line.

Theorem 27. Cross ratios are unaltered by any finite
number of projections and intersections.

Definiition. The range of all collinear points, the penecil
of all concurrent coplanar lines, and the pencil of coaxal
planes shall be called fundumental one-dimensional forms.

Definition. Two fundamental one-dimensional forms shall
be said to be projective if they may be put into such a one to one
correspondence that corresponding cross ratios are equal.

Theorem 28. If in two projective one-dimensional forms
three elements of one lie in the corresponding elements of
the other, then every element of the first lies in the corre-
sponding element of the second.

For we may use these three clements in cach case as »,0, 1,
and then, remembering the definition of cross ratio, make use
of the fact that the construction of the harmonic conjugate

R 2
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of a point with regard to two others is unique. This theorem
is known as the fundamental one of projective geometry.*

Theorem 29. If two fundamental one-dimensional forms be
connected by a finite number of projections and intersections
they are projective.

This comes immediately from 27.
Theorem 30. If two fundamental one-dimensional forms be

projective, they may be connected by a finite number of
projections and intersections.

It is, in fact, easy to connect them with two other projective
forms whereof one contains three, and hence all corresponding
members of the other.

Let us now turn back for a moment to our cross ratio scale.
We have already seen that in the case of integers, and, hence,
by reducing to least common denominator, in the case of
aﬁ rational numbers £, {, m, n.

(L, Lus B 1) = (8, Busrs Liar Bip)

By letting %, {, m, n become irrational, one at a time, and

applying a limiting process, we see that this equation is

always true.
In like manner we see that I}, F, I, £, form a harmonic

set, as do B, 41, Boyp, By, In gencral, therefore,
(5, I, BE)= (I, 1, E1,)
= (]?() Bl! I"I)l+(1 BLV'{"(K)
=V
Putting n4+a=43, nr+a=y,
y—«
We next remark that the cross ratio of four points is that

of their harmonic conjugates with regard to two fixed points.
Reverting to our previous construction for £; we see that it is

collinear with V; and Q,. V@, P, are also on a line. If
n
then, we compare the triads of points VK Q,, V; KQ,, since
n

lines connecting corresponding points are concurrent in B,
the intersections of corresponding lines are collinear. But

* For an interesting historical note concerning this theorem, see V'ahlen,
loc. cit., p. 161,
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the line from O to the intersection of ¥ K with VK (or VQ,)

N
is, by construction, the line OF,. Hence VP ,, which is
identical with V), meets V; | on OF,. Furthermore O and

n o
@, are harmonically separated by the intersections of their
line with VP, and V }; i.e. by I; and the intersection with

V@Q,. Project these four upon [, from the intersection of O L,
and VP,. We shall find £}, and 1] are harmonic conjugates

n
with regard to K, and I2,. Let the reader show that this last
relation holds equally when @ is a rational fraction, and,
hence, when it takes any real value.

The preceding considerations will enable us to find the
cross ratio of four points which do not include I} in their
number. To begin with

(B1, BB)=(B B, BE)
5

> R

B
Ft_.
X B—

™I
<

Let us project our four points from V upon {,, then back
upon [, from O. This will add « to each subscript. Then
replace y +a by y, &e.

_G—y B—20
(Bg BL)= 5% 5, )

Theorem 31. Four elements of a fundamental one-dimen-
sional form determine six cross ratios which bear to one
another the relations of the six numbers

1 1 A—1 A
) X: 1—AX, ']if;'x) A"x—: 7\%—1'

The proof is perfectly straightforward, and is left to the
reader.

If three points be taken as fundamental upon a straight
line, any other point thereon may be located by a pair of
homogeneous coordinates whosc ratio is a definite cross ratio
of the four points. We shall assign to the fundamental points
the coordinates (1,0),(0,1),(1,1). A cross ratio of four points
(z), (), (2), (¢) will then be

@ 2 || Yo to

BEEARK N @)
Yo% |, \ @, b
N
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Any projective transformation of the line into itself, i.e. any
point to point transformation which leaves cross ratios un-
altered, will thus take the form

4 v
Pr) = 0, + @4y,

’ » 3]
Pr) = ayu,+apn2y,

a4 | #0. (3)

To demonstrate this we have merely to point out that surely
this transformation is a projective onc, and that we may so
dispose of our arbitrary constants as to carry any three distinet

oints into any other threc, the maximum amount of freedom
or any projective transformation of a fundamental one-
dimensional form. Let the reader show that the necessary
and suflicient condition that there should be two real self-
corresponding points which separate each pair of corresponding
points 1s | ;' < 0.

Two projective sets on the same fundamental one-dimen-
sional form whose elements correspond interchangeably, are
said to form an 4nwolution. By this is meant that each
element of the form has the same corresponding element
whether it be assigned to the first or to the second set.
It will be found that the necessary and sufficient condition
for an involution in the case of equation (3) will be

oy = Uro- (4)

When the déterminant | a;; | > 0, there will be no sclf-
corresponding points, and the involution is said to be elliptic.
Let the reader show that under these circumstances each pair
of the involution separates each other pair.

Our next task shall be to set up a suitable coordinate
system for the plane and for space. Let us take in the plane
four points A4, B, €, D, no three being collinear. We shall
assign to these respectively the coordinates (1, 0, 0), (0, 1, 0),
(0,0,1), (1,1,1). Let AD mect BC in 4,, BD meet CA
in B,,and C/) meet ABin (;. The intersections of 4B, 4, B,,
of BC, B,C,, and of CA, C,A4,, are, by 15, on a line d. Now
let P be any other point in the plane

(ABAC, ADAP) = (PC,PC, PDPA) = (PCPC,, PAPD)
(BCBA, BD BP) = (PCPC,, PDPB) :

(CACB, CDCP) = (PC,PC, PAPB) = 1

(POPC,, PAPB)’
From this it is clear that the product of the three is equal
to unity, and we may represent them by three numbers of the
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type 2’ ) ;2, go- We may therefore take z,:2,:x, as three
1 2
homoggneous coordinates for the point P. One coordinate
will vanish for a point lying on one of the lincs A B, BC, CA.
Let the rcader convince himself that the usual cartesian
system is but a special casc of this homogeneous coordinate
system where two of the four given points are ideal, and
R
P @, 2, Y.
The equations of the lines connecting two of the points
A, B, C are of the form
€T; = 0.
Those which connect each of these with the point D are
similarly

wi—a’))' = 0.

If (y) and (2) be two points, not collinear with A4, B, or C,
while P is a variable point with coordinates A (y)+ u (2), the
lines connecting it with 4 and B will meet BC and (CA4)
respectively in the points

0, Ayy+pzy, AYptuzy) AYp+uzy, 0o Ay, +psy).

It is casy to see that the expressions for corresponding ecross
ratios in these two ranges are identical, hence the ranges are
projective. The pencils which they determine at 4 and B
are therefore projective, and have the line AB self-correspond-
ing, for this will correspond to the parameter value

ANip =2, —1,.

But it will follow immediately froin 28, that if two pencils
be coplanar and projective, with a self-corresponding line,
the locus of the intersection of their corresponding members
is also a line. Hence the locus of the point P with the
coordinates A(y)+p(2) is the line connecting (y) and (z).
Jonversely, it is evident that every point of the line from
(y) to (2) will have coordinates linearly dependent on those
of (y) and (z). If, then, we put

@ = NY;+ 12,
and eliminate A:pu, we have as equation of the line

Conversely, it is evident that such an equation will always
represent a line, except, of course, in the trivial case where
the w’s arc all zero. Let the reader show that the coefficients
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w; have a geometrical interpretation dual to that of the
coordinates ;3 for this purpose the line which we have above
called d will be found useful.

Our system of homogeneous coordinates may be extended
with great ease to space. Suppose that we have given five
points 4, B, C, D, O no four being coplanar. Let P be any

other pomt in space. We may write

(ABC ABD, ABOABP) = f* (ACDACB, ACOACP) = il

2 3

(ADBADC, ADO ADP) =

-"1

We shall then be able to write also

(CDA CDB, CDO CDP) = 21 . (DBADBC, DBO DBP) =

0 &Ly

(BCD BCA, BCO BOP) = 0

3

In other words, we ma,y give to a point four homogeneous
coordinates w,:z,:x,:x,. Two points collinear with A, B,
C, or D will differ (or may be made to differ) in one coordinate
only An equation of the first degree in three coordinates
will represent a plane through one of these four points.
Every line will be the intersection of two such planes, and
will be represented by the combination of two linear equations
one of which lacks z; while the other lacks z;. The coor-
dinates of all points of a line may therefore be expressed as
a linear combination of the coordinates of any two points
thereof. A plane may be represented as the assemblage of
all points whose coordinates are linearly dependent on those
of three non-collinear points. Eliminating the variable para-
meters from the four equations for the coordinates of a point
in a plane, we see that a plane may also be given by an

equation of the type (uz) = 0 (5)

Conversely, the assemblage of all points whose coordinates
satisfy an equation such as (5) will be of such a nature that
it will contain all points of a line whereof it contains two
distinet points, yet will meet a chosen line, not in it, but
once. Let the reader show that such an assemblage must
be a plane. The homogeneous parameters (w) which, naturally,
may not all vanish together, may be called the coordinates
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of the plane. They will have a significance dual to that
of the coordinates of a point.*
If we have four collinear points

@ @, A +p@E), NE)+4r(),
one cross ratio will be AW
A,M.
The proof will consist in finding the points where four
coaxal planes through these four points meet the line

2, =x, =0,
and then applying (2).
Suppose that we have a transformation of the type

0.3
pa = 2 a; 3. (6)
J

This shall be called a collineation. We shall restriet
ourselves to those collineations for which

]ainE().

The transformation is, clearly, one to one, with no ex-
ceptional points. It will carry a plane into a plane, a line
into a line, a complete quadrilateral into a complete quadri-
lateral, and a harmonic set into a harmonic set. It will
therefore leave cross ratios invariant. Moreover, every point
to point and plane to planc transformation will be a
collineation. For every such transformation will enjoy all
of the properties which we have mentioned with regard to
a collineation, and will, therefore, be completely determined
when once we know the fate of five points, no four of which
are coplanar. But we easily see that we may dispose of the
arbitrary constants in (6), to carry any such five points into
any other five.

It is worth while to pause for a moment at this point in
order to see what geometrical meaning may be attached to
coordinate sets which have imaginary values. This question

* The treatment of cross ratios in the present chapter is based on that of
Pasch, loc. cit. The development of the coordinate system is also taken from
the same source, though it has been possible to introduce notable simplifica-
tion, especially in three dimensions. This method of procedure seemed to
the author more direct and natural than the more modern method of
¢ Streckenrechnung’ of Hilbert or Vahlen, loc. cit.
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has already been discussed in Chapter VII. Every set of
complex coordinates () +i(2),

may be taken to define the elliptic involution
(@) =A@ +u(z), F=N@)+EE), Wm'=0. (1)

To verify this statement we have merely to notice that an
involution will, by definition, be carried into an involution
by any number of projections and intersections, and that
equations such as (7) will go into other such equations. But
in the case of the line . _ . _

2 T Y3 T

these equations will give an involution, for the relation
between (x) and (') may readily be reduced to the type of (3)
and (4). Did we seek the analytic expression for the coor-
dinates of a self-corresponding point in (7) we should get

the values (3/)+’L (Z).

Conversely, it is easy to show that any elliptic involution
may be reduced to the type of (7). There is, therefore, a one
to one correspondence between the assemblage of all elliptic
point involutions, and all sets of pairs of conjugate imaginary
coordinate values.

The correspondence bhetween coordinate sets and elliptic
involutions may be made more precise in the following fashion.
Two triads of collinear points ABC, A’B’C’ shall be said to
have the sume sense when the projective transformation which
carries the one set, taken in order,into the other, has a positive
determinant ; when the determinant is negative they shall be
said to have opposite senses. In this latter case alone, as we
have already seen, will there be two real self-corresponding
points which separate each distinet pair of corresponding
points. Two triads which have like or opposite senses to
a third, have like senses to one another, for the determinant
of the product of two projective transformations of the line
into itself is the product of the determinants. We shall also
find that the triads ABC, BCA, CAB have like senses, while
each has the sense opposite to that of either of the triads
ACB, CBA, BAC. We may thus say that three points given
in order will determine a sense of description for the whole
range of points on the line, in that the cyclic order of any
other three points which are to have the same sense as the
first three is completely determined. It is immediately
evident that any triad of points and their mates in an
elliptic involution have the same sense. We may therefore
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attach to such an elliptic involution either the one or the
other sense of description for the whole range of points.

Definition. An elliptic involution of points to which is
attached a particular sense of description of the line on which
they are situated shall be defined as an ‘maginary point.
The same involution considered in connexion with the other
sense shall be called the conjugate imaginary point.

Starting with this, we may define an imaginary plane as
an elhptlc involution in an axial pencil, in connexion with
a sense of description for the pencil; when the other sense
is taken in connexion with this involution we shall say that
we have the conjugate imaginary plane. An imaginary point
shall be said to be in an imaginary plane if the pairs of the
involution which determine the point lie in pairs of planes
of the involution determining the plane, and if the sense of
description of the line associated with the point engenders
among the planes the same sense as is associated with the
imaginary plane. Analytically let us assume that besides
the involution of points given by (7) we have the following
involution of planes.

(w) = L) +m(w), (v)=@)+m (), U +mm =0,
(vy) = (w2) = 0. ®)

The plane (u) will contain the point £ (vz) () —m (wy) ()
while its mate in the involution contains the point

e (2) (9) + L (1) (2).
These points will be mates in the point involution, if

[(2) + (uy)] [(v2) = (wi)] = O,

and thesc equations tell us that the imaginary plane (v) + 4 (w)
will contain either the point (%) + (z), or the point (y) —1 (2).
An imaginary line may be defined as the assemblage of all
points common to two imaginary planes. Imaginary points,
lines, and planes obey the same laws of connexion as do
real ones. A geometric proof may be found based upon the
definitions given, but it is immediately evident analytically.*

Theorem 32. If a fundamental one-dimensional form be
projectively transformed into itself there will be two distinct
or coincident seclf-corresponding elements.

We have merely to put (pz) for (') in (3), and solve the

* See von Staudt, loc. cit., and Liiroth, loc. cit. It is to be noted that in
these works the idea of sense of description is taken intuitively, and not given
by precise definitions.
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quadratic equation in p obtained by equating to zero the deter-
minant of the two linear homogeneous equations in x,, x;.

The assemblage of all points whose coordinates satisfy an
equation of the type

E(L?'jwiacj=0, ia,-,!qEO,

shall be called a quadric. We should find no difficulty in
proving all of the well-known theorems of a deseriptive sort
connected with quadries in terms of our present coordinates.

We have now, at length, reached the point where we may
profitably introduce metrical concepts. Let us recall that the
group of congruent transformations which we considered in
%hapter II, and, more fully, in Chapter VIIL, is a group of
collineations which leaves invariant either a quadric or a
conic, and depends upon six parameters. We also saw in
Chapter II, that the congruent group may be characterized
as follows (ef. p. 38):—

(@) Any real point of a certain domain may be carried into
any other such point.

(b) Any chosen real point may be left invariant, and any
chosen real line through it carried into any other such line.

(c¢) Any real point and line through it may be left invariant,
and any real plane through this line may be carried into any
other such plane.

(d) If a real point, a line through it, and a plane through
the line be invariant, no further infinitesimal congruent
transformations are possible.

It shall be our present task to show that these assumptions,
or rather the last three, joined to the ones already made in
the present chapter, will serve to dcfine hyperbolic elliptic
and euclidean geometry.

It is assumed that there exists an asscmblage of transforma-
tions, called congruent transformations, obeying the following
laws: —

Axiom XII. The assemblage of all congruent transforma-
tions is a group of collineations, including the inverse of
each member.*

* It is highly remarkable that this axiom is superfluous. Cf. Lie-Engel,
Theorie der Transformationsgruppen, Leipzig, 1888-93, vol. iii, Ch. XXII, § 98.
The assumption that our congruent transformations are collineations, does,
however, save an incredible amount of labour, and, for that reason, is in-
cluded here.
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Axiom XIII. The group of congruent transformations may
be expressed by means of analytic relations among the
parameters of the general collineation group.

Definition. The assemblage of all real points whose co-
ordinates satisfy three inequalities of the type

G<<X;, =123,
Ty
shall be called a restricted region.

Axiom XIV. A congruent transformation may be found
leaving invariant any point of a restricted region, and
transforming any real line through that point into any other
such line.

Axiom XV. A congruent transformation may be found
leaving invariant any point of a restricted region, and any
real line through that point; yet carrying any real plane
through that line into any other such plane.

Axiom XVI. There exists no continuous assemblage of
congruent transformations which leave invariant a point of
a restricted region, a real line through that point, and a real
plane through that line.

Theorem 33. The congruent group is transitive for a suffi-
ciently small restricted region.

This comes at once by reductio ad absurdum. For the
tangents to all possible paths which a chosen point might
follow would, if 33 were untrue, generate a surface or set
of surfaces, or a line or set of lines, and this assemblage of
surfaces or lines would be carried into itself by every con-
gruent transformation which left this point invariant. The
tangent planes to the surfaces, or the lines in question, could
not, then, be freely interchanged with other planes or lines
through the point.

Theorem 34. The congruent group depends on six essential
paramcters.

The number of parameters is certainly finite since the
congruent group arises from analytic relations among the
fifteen essential parameters of the general collineation group.
The transference from a point to a point imposes three
restrictions, necessarily distinet, as three independent para-
meters are needed to determine a point. A fixed point being
chosen, two more independent restrictions are imposed by
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determining the fate of any chosen real line through it.
When a point and line through it are chosen, one more
restriction is imposed by determining what shall become of
any assigned plane through the line. When, however, a real
plane, a real line therein, and a real point in the line are
fixed, there can be no independent parameter remaining, as no
further infinitesimal transformations are possible.

Let us now look more closely at the one-parameter family
of projective transformations of the axial pencil through
a fixed line of the chosen restricted region.* Let us deter-
mine any plane through this line by two homogeneous
parameters A;:A,, and take an infinitcsimal transformation

of the group ( ) f (A (lt

The ploduct of two such mﬁmtcmmal transformations will
belong to our group, hence also, as none but analytic functions
are involved, the limit of the product of an infinite number
of such transformations as (¢ approaches zcro; that is to say,
the transformation obtained by integrating this equation
belongs to the group. Now this integral will involve one
arbitrary constant, which may be used to make the transfor-
mation transitive, and for all transformations obtained by
this integration, that pair of planes will be invariant which
was invariant for the infinitesimal transformation. Our
one-parameter group has thus a transitive one-parameter sub-
group with a single pair of planes invariant. Thesc planes
are surely conjugate imaginary, for otherwise there would
be infinitesimal congruent transtormations which left a point,
line, and real plane invariant; contrary to our last axiom.
The question of whether our whole one-parameter group is
generated by this integration or not, need not detain us here.
What is essential is that this pair of planes will be invariant
for the whole group. For suppose that S; indicate a generic
transformation of the sub-group which leaves invariant the
two planes a, o, and the transformation 7' carries the two
planes a, o mto two planes B, 8. Then all transformations

of the type TS;T-

will belong to our group, and leave the planes 3, 8" invariant,
and combining these with the transformations S; we have
a two-parameter sub-group of our one-parameter group; an
absurd result.

* Cf. Lie-Scheffers, Vorlesungen uber continuierliche Gruppen, Leipzig, 1893,
p. 125,
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Let us next consider the three-parameter congruent group
composed of all transformations which have a fixed point.
If a real line [ be carried into a real line /', then the two
planes which were invariant with / will go into those which
are invariant with /. To prove this we have but to repeat
the reasoning which lately showed that the two planes which
were invariant for a sub-group, are invariant for the total
one-parameter group. The envelope of all these invariant
planes which pass through a point will thus depend upon
one parameter, for if it depended on two it would include
real planes, and this is not the case. It is well known that
this system of planes must envelope lines or a quadric cone.*
The first case is surely excluded for such lines would have
to appear in conjugate imaginary pairs, giving rise to in-
variant real planes through this point, and there are no such
in the three-parameter group. The envelope is therefore
a cone with no real tangent planes. Kach pair of conjugate
imaginary tangent planes must touch it along two conjugate
imaginary lines; the plane connecting these is real, and
invariant for the one-parameter congruent group associated
with the line of intersection of the two imaginary planes.
Let us fix our attention upon one such one-parameter group
and choose our coordinate system in such a way that the
non-homogeneous coordinates u, v, 1 of our three fixed planes
are proportional respectively to

0, 0, 1), (1,4, 0), (1, —q, O).
The general linear transformation keeping these three
invariant is
w = rcosfu—rsinfv, ' = rsinfu+17cosbv.

Here » must be a constant, as otherwise we should have
congrucnt transforinations of the type
w=ru, v=r1ry,

which kept a point, a line, and all planes through that line
invariant, yet depended on an arbitrary parameter. In order
to see what sort of cones are carried into themselves by this
group, the cone we are seeking for being necessarily of the
number, let us take an infinitesimal transformation
Au = —vdf, Av = udo.
Integrating w402 = C.

The cone we seek is therefore a quadric cone.

* Cf. Lie-Scheffers, loc. cit., p. 289.
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We see by a repetition of the sort of reasoning given above
that if we take a congruent transformation that carries
a point P into a point F’, it will carry the invariant quadric
cone whose vertex is P into that whose vertex is P’. The
envelope of these quadric cones is, thus, invariant under the
whole congruent group. The envelope of these cones must
be a quadric or conic. This theorem is simpler when put
into the dual form, i.e. a surface which meets every plane
in a conic is a quadric or quadric cone. For it has just the
same points in every plane as the quadric or cone through
two of its conics and one other of its points. In our present
case our quadric must have a real equation, since it touches
the conjugate to each imaginary plane tangent thereto. There
are, hence, three possibilities :

(@) The quadric is real, but the restricted region in question
is within it.

(b) The quadrie is imaginary.

(¢) The quadric is an imaginary conic in a real plane.

Theorem 35. The congruent group is a six-parameter colli-
neation group which leaves invariant a quadric or a coniec.

It remains for us to find the expression for distance. We
make the following assumptions.

Axiom XVII. The distance of two points of a restricted
region is a real value of an analytic function of their
coordinates.

Axiom XVIIL 1f ABC be three collinear real points, and
if B be separated by 4 and C from a point of their line not
belonging to this restricted region; then the distance from
A to ( is the sum of the distance from A to B and the
distance from B3 to C.

Let the reader show that this definition is legitimate as all
points separated from 4 by B and C, or from (' by 4 and B
will belong to the restricted region.

Let us first take cases («) and (b) together. The distance
must be a continuous function of each cross ratio determined by
the two points and the intersections of their line with the
quadric. If we call a distance d, and the corresponding cross
ratio of this type ¢, we must have

¢ = f(d).

Moreover, from equation (1) and Axiom XIII,

f@)xf(d)=f(d+d).
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Now this functional equation is well known, and the only
continuous solution is*

21y
c=¢ F,

¢_1,
k= 24 8™

If, in particular, the two points be B F, while their line
meets the quadric in @;Q,, we shall have for our distance,
equation (5) of Chapter VII

d 1
——k- = 2—1’ loge(}_)l-k_;,) QIQ;:)'

From this we may easily work back to the familiar ex-
pressions for the cosine of the kth part of the distance.

The case of an invariant conic is handled somewhat
differently. Let the equations of the invariant conic be

2, =0, o?+ai4+x,2=0.
These are unaltered by a seven-parameter group

Ly = ooy

@ = @y + Ay @y + @y + Oy,

Ly = @y + Uy @y + Wy, + Ay

Ty = gy + Uy By + Uy + i,
where || @, a,,as|| is the matrix of a ternary orthogonal
substitution. For our congruent group we must have the
six-parameter sub-group where the determinant of this ortho-
gonal substitution has the value 3, for then only will there
be no further infinitesimal transformations possible when
a point, a line through it, and a plane through the line are
fixed. We shall find that, under the present circumstances
the expression

T e
=)+ G-+ (-0

D=

is an absolute invariant. If the distance of two points (z), (y)
be d, we shall have d =1 (D).

This function is continuous and real, and satisfics the
functional equation

FD)+f (D) =f(D+D).

* Of. e.g. Tannery, Théorie des fonctions d'une variable, second edition, Paris,
1904, p. 275,
COOLIDGE ]
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The solution of this equation is easily thrown back upon
the preceding one. Let us put

f(x) =log ¢ (),
¢ (@) ¢ (y) = x+y),
¢ (z) = €™
We thus get finally

| JE 0 G- D)

Theorem 36. Axioms I-XVIII are compatlble with the
hyperbolie, elliptie, or euclidean hypotheses, and with these
only.



CHAPTER XIX

THE DIFFERENTIAL BASIS FOR EUCLIDEAN
AND NON-EUCLIDEAN GEOMETRY

Wi saw in Chapter XV, Theorem 17, that the Gaussian
curvaturc of a surface is equal to the sum of the total relative
curvature, and the measure of curvature of space. A non-
euclidean plane is thus a surface of Gaussian curvature equal

to ]1 ,- This fact was also brought out in Chapter V, Theorem 3,
2

and we there promised to return in the present chapter to

a more extensive examination of this aspect of our non-

euclidecan geometry.

In Chapter II, Theorem 30, we saw that the sum of the
distances from a point to any other two, not collinear with
it, when such a sum exists, i3 greater than the distance of
these latter.  We thus come naturally to look upon a straight
line as a geodesie, or curve of minimum length between two
points. A planc may be generated by a pencil of geodesies
through a point; the geometrical simplicity of the plane may
be said to arise from the fact that it is capable of %% such
gencrations. The task which we now undertake is as
follows :—to determine the nature of a three-dimensional
point-manifold which possesses the property that every sur-
face generated by a pencil of geodesics has constant Gaussian
curvature. We must begin, as in previous chapters, with
a sufficient set of axioms.*

Definition. Any set of objects which may be put into one
to one correspondence with sets of real values of three inde-
pendent coordinates z,, 2,, 2, shall be called points.

Definition. An assemblage of points shall be said to form
a restricted region, when their coordinates are limited merely
by inequalities of the type

{i<zi<Zi, ’1;=1,2, 3.

* The first writer to approach the subject from this point of view was
Riemann, loc. cit. The best presentation of the problem in its general form,
and in a space of n-dimensions, will be found in Schur, ¢ Ueber den Zusam-
menhang der Riume constanten Riemannschen Kriimmungsmasses mit den
projectiven Ribumen,’ Mathematische Annalen, vol. 27, 1886,

s 2
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Axiom I. There exists a restricted region.

Axiom II. There exist nine functions @;;, %,7=1,2,8
of z,, z,, 2; real and analytiec throughout the restricted region,
and possessing the following properties

a,;j = a’ji! !“ij ! _,t_ 0.

1,23
2 (lq'j dZ.i dZJ
i

is a positive definite form for all real values of dz,, dz,, dz,
and all values of z,, z,, 2, corresponding to points of the given
restricted region.

Linvitation. We shall restrict ourselves to such a portion
of the original restricted region that for no point thereof shall
the diseriminant of our quadratic form be zero. This amounts
to confining ourselves to the original region, or to a smaller
restricted region within the original one.

Definition. The expression

Lus
ds = + /\/Ea;jd:idz).
()

shall be called the distane elemnent.

Definition. The assemblage of all points whose coordinates
are analytic functions of a single parameter shall be called an
analytic curve, or, more simply, a curve. As we have defined
only those points whose coordinates are real, it is evident that
the functions involved in the definition of a curve must be
real also. The definite integral of the distance element
between two chosen points along a curve shall be called the
length of the corresponding portion or arc of the curve. If
the curve pass many times through the chosen points, the
expression length must be applied to that portion along which
the integration was performed.

Definition. An arc of a curve between two fixed points
which possesses the property that the first variation of its
length is zero, shall be called geodesic arc. The curve whereon
this arc lies shall be called a geodesic connecting the two
points. :
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Let us begin by setting up the differential equations for
a geodesic. Let us write

“1,2,8 d=. dz
g
ds = 2 T

It is clear that s is an analytlc function of ¢ with no
singularities in our region, hence ¢ is an analytic function of s.
We may, then, by taking our restricted region sufficiently
small, express a; as functions of s, and write

1,2,3 du dg
) 1
iEj% ds ds @)

Replacing %’ temporarily by z;’, we have

We have now a simple problem in the calculus of
variations.

£1,2,81,2,3
263=f Z 2 (——v,’ 2/ 2y +2ay; 2] bz )ds

d12,8 l"?od(az "i) 1,23
J ’
dszazjﬂibz = ZTﬁz +2avz vz,
4 g

hence, since 0z; vanishes at the extremities of the interval

s, 2,8

263—J. 2

the increments 5z; are a,rbitrary, hence the coefficients of each
must vanish, or

d 123 d l % saa/1k bz a,.«k
Jézvde zza FYETY @)

(3

‘"‘aak
2 j "’z‘k 22(1 (a’zjz ) 52

These three equations are of the second order. There will
exist a single set of solutions corresponding to a single set
of initial values for (z) and (2/).* Let these be (2°) and (¢)

* Cf. e.g. Jordan, Cours d’Analyse, Paris, 1893-6, vol. iii, p. 88.
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Lespectively Any point of such a geodesic will be determined

by ¢; ¢, ¢, and r the length of the arc connecting it with (2°).
We bave thus
1,2,

2, =20+ 0+ r? za/,g e (3)
s b

s D(522,) :

Now the expression —— 1273 hag the value unity when
PR D i ar ) v
r=0. We may thereforc revert our series, and write
1,23

rG=2—2"+ Eﬁj,ﬂ(zj—:j"‘) (zp—29)+.... (4)

Jjk
We shall take our restricted region so small that (4) shall
be uniformly convergent therein, for all values for (z) and (2%
in the region. Hence two points of the region may be con-
nected by a single geodesic are lying entirely therein.*
Theorem 1. Two points of a restricted region whose coor-
dinates differ by a sufficiently small amount may be connected

by a single geodesic arc lying wholly in a sufficiently small
restricted region which includes the two points.

We shall from now on, suppose that we have limited
ourselves to such a small restricted region that any two
points may be so connccted by a single geodesic are.

Definition. A real analytic transformation of a restricted
region which leaves the distance element absolutely invariant
shall be called a congruent transformation.

Definition. Given a geodesic through a point (z°). The
three expressions
dz;

(l.s )

-~ =~

=¢, =123,

shall be called the direction cosines of the geodesic at that
point. Notice that

1, 2.3
1- za/‘g{@c _Zu,JC( 2%{1 (ZCLQJQ )

= Z (“u 57 zjz) (fzg—(}(z)z

* Cf. Darboux, loc. cxt., vol. ii, p. 408.
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This is a positive definite form, for the coeflicients are the
minors of a positive definite form. Hence

1,2,3

2 GG S L
4i

This expression shall be defined as the cosine of the angle
formed by the two geodesics. When it vanishes, the geodesics
shall be said to be mutually perpendicular or to cut at right
angles.

Theorem 2. The angle of two intersecting geodesics is an
absolute invariant for all congruent transformations.

This comes at once from the fact that

12,3

Ea,-jdz,;sz
oo
ds bs

is obviously an absolute invariant for all congruent trans-
formations.

Definition. A set of geodesics through a chosen point whose
direction cosines there, are linearly dependent upon those
of two of their number, shall be said to form a pencil. The
surface which they trace shall be called a geodesic surface.
We shall later show that the choice of the name geodesic
surface is entirely justified, for each surface of this sort
may be generated in ©? ways by means of pencils of
geodesics.

Axiom III. There exists a congruent transformation
which carries two sufficiently small arcs of two intersecting
geodesics whose lengths are measured from the common
point, into two arcs of equal length on any two inter-
secting geodesics whose angle is equal to the angle of the
original two.*

It is clear that a congruent transformation will ecarry an
arc whose variation is zero into another such, hence a geodesic

* Our Axioms I-III, are, with slight verbal alterations, those used by
Woods, loe. cit. His article, though vitiated by a certain haziness of defini-
tion, leaves nothing to be desired from the point of view of simplicity. In
the present chapter we shall use a different coordinate system from his, in
order to avoid too close plagiarism. It is also noteworthy that he uses k

where we conformably to our previous practice use %
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into a geodesic. It will also transform a %eodesic surface
into a geodesic surface, for it is immediately evident that
we might have defined a geodesic surface as generated by
those geodesics through a point which are perpendicular to
a chosen geodesic through that point.

It is now necessary to choose a particular coordinate system,
and we shall make use of one which will turn out to be
identical with the polar coordinate system of elementary
geometry. Let us choose a fixed point (2°), and a fixed
geodesic through it with direction cosines (¢°). Finally, we
choose a geodesic surface determined by our given geodesic,
and another through (2°). Let ¢ be the angle which a geodesic
through (2°) makes with the geodesic ({?), while 6 is the angle
which a geodesic perpendicular to the last chosen geodesic
and to (¢°) makes with a geodesic perpendicular to the given
geodesic surface, i.e. perpendicular to the geodesics of the
gonerating pencil. Let » be the length of the geodesic are of
(¢) from (2°) to a chosen point. We may take ¢, 6, » as coor-
dinates of this point. The square of the distance element
will take the form

ds? = @r* + EA0* + 2 Fd0d ¢ + Gd (5)

We see, in fact, that there will be no term in drd¢ or drdé.
For if we take 6 = const. we have a geodesic surface, and
the geodesic lines of space radiating from (2°) and lying in
this surface will be geodesics of the surface. The curves
r = const. will be orthogonal to these radiating geodesies.*
The surfaces ¢ = const. are not geodesic surfaces, but the
curves 6 = const. and 7 = const. form an orthogonal system for
the same reason as before. The coeflicients E, F, G are indepen-
dent of 6, for, by Axiom III, we may transform congruently
from one surface 6 = const. into another such. The coefficient
G is independent of ¢ also, for in any surface 0 = const.
we may transform congruently from any two geodesics
through (2°) into any other two making the same angle.

We may, in fact, write

E=Gr\E(¢p), F=G(r)F(9),
?or the square of any distance element can be put into the
orm de? = dr? + Gd o2,

where ¢, is a function of ¢ and 6.

* Bianchi, Differentlalgeometrie, cit., p. 160.
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Let us at this point rewrite our differential equations (2)
in terms of our present coordinates

%[g:] [BI' d@) BF (ZG)( ) (_j(%(f)zj:

j[EZ§+F%%}=Q 6)

d dG _1NE d6 bF doN sdo
ds [F ds ds] ) b¢ ds bcj) ds)( )]
Consider the geodesic surface ¢ = %’ which may, indeed,

be taken to stand for any geodesic surface. Here we must
have = @,

where ¢ is constant. The dlﬁ'erentlal equations for a geodesic
curve on this surface will be *

a[dr) 1138 doy:
ds 35]_2 or \ds ]’
dr.dé
e ]=o

These are cxactly equivalent to the combination of (6) and
¢ = const. Lastly, if we remember that two near points of
a surface can be connected by a single geodesic arc lying
therein,

Theorem 2. The geodesic connecting two near points of
a geodesic surface lies wholly in that surface, and is identical
with the geodesic of the surface which connects those two
points.

Theorem 3. There is a group of «® congruent transforma-
tions which carry a geodesic surface transitively into itself.

Theorem 4. All geodesic surfaces have the same constant
Gaussian curvature.

These theorems enable us to solve completely our differential

equations (6). The Gaussian curvature of each geodesic
surface is an invariant of space which we may call its

measure of curvature. We shall denote this constant by ;2,

and distinguish with care the two following cases
1

1
5%0 5=0

* Bianchi, ibid., p. 163.
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The determination of our coefficients £, F, G is now an
casy task. The square of the distance element for a geodesic
surface 0 = const., will be g2 — da2 4 G(r) d¢2

Writing that this shall have Gaussian curvature ]3 s we get
—l1a2/G _
VG L) ’
5 . 7
x/G_Asm—k +Beos -

The determination of the constants 4, B requires a little
care. It is clear to begin with that when

r=0, G@=0.
Hence B=0.
Aga,in La3 oy, bz 1,2,8 C e
G = i = 72 MYy 3 .
2 ’]b¢a¢ ?aljbq) +17 R(l)(i))’
IV @G 2,
o 2 ”b(pb(,b'
But, from (1)
1,23 30 (.
1= ay;GG= 3 (Q ’d¢)(§] + 2 d¢)
i
1,2,38 ags
cosd¢p = Eau g‘,({ + ’d¢)
¢ _ 11 ,2,8 Cz (
03"2——-1—" ”b(l)b(i)d(#,
G_ae_de [, 6%
sin 5 =5 =73 Zaijﬁw,
Y]
giving eventually
(?__‘iq =1; A=k

Hence, by the equations preceding (6)
ds? = dr? + k2 sinzi[E’d62+ QFdpd +de?).
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We proceed to calculate #”. The differential equations for
a geodesic curve of the surface 6 = const., will be

d sdr _ 126 (d(l))g,

ds\ds/ ~ 2ar \ds

1, .d
w(@@)=0

These must be equivalent to those obtained from (6), when
0 = const., i.e. we must have

A Al
w(FeF) =0,
F’"= const.,

and as F’ is not a function of 6 it is a constant everywhere.
Now when ¢ = 0, there is no d6 term in ds?, so that £ = 0;

but — =, which is the cosine of the angle which curves

vFG

0 = const. and ¢ = const.,, make on the surfacc » = const.,
is surely less than unity. Hence

F=0.

Lastly, we must find E. Tho surfaces r = const. have
constant Gaussian curvature, for each is capable of »? con-
gruent transformations into itself. Henece

ds?® = k*sin? ; [£'d6*+dd?],
vE dg¢*
vVE = Asinld+ Beosip.

As we saw a moment ago B =0, for £ vanishes with ¢.
On the other hand, when

=const.,

In

¢=Z:;, VE =1, Asinvz =1
But also Asinin = 0.
Hence { is an old integer, and
A =1,

ds* = d®+ K sin? | [sin®  d6* +d¢?), @)
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This is our ultimate form for the square of the distance
element. Let the reader show that under the second case

]% =0, we have ‘
ds® = dr? +7*[sin?¢p d6% + d ¢2]. 7)

It is now time to return to coordinates of a more familiar
sort. Let us write
r
T, =k Ccos 5
0 k’

.. T
x, = ksin % cosf cos o,

LT
x,=k sin 7 sing cos ¢,

7. (®)
@y =k sin A sing,
(xx) = k?,
(dxdx) = ds?

To find the differential equation of a geodesic, we have
a problem in relative minima

(\/(ng ((flt) + A[(2) —k2]> ds=0

= %@)—2%, i=0,1,2, 3.
To determine A
(xx) =K% (wdx) = —3ds?,
(xd?z) +ds? =d (- %dsz)_—.

But from our equations

(xd?z) =2\k2ds?,
1
We thus get for the final form for our differential equation
dPz; o
d 2 + kZ =0. (9)

Let the reader show that in the other case we have
d*zx _d*y d'z

pr il il el ©)
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Integrating @, =y, cos; + 2;sin ]'—9 s
B2 = (xz) = (yy) = (22),
(y2) = 0.

We have then for the length of the geodesic arc from (y)
to () d
k? cos i = @),

or, if we replace our coordinates by homogeneous ones pro-
portional to them d (xy)

COS -y = ————— - (10)
b aw) Vyy)

Let the reader show that when /—1, =0,

A= v (@—ue)*+ (Y= 1o)*+ (5 —2)"

Theorem 5. Axioms I, II, IIT are compatible with the
cuclidean hyperbolic and elliptic hypotheses, and with these
alone.

Our task is now completed. At bottom, the essential
feature of a geometrical system where the elements are points
is the expression for distance, for the projective theory is
the same for a limited domain in all restricted regions. We
have established our distance formulae three several times,
cach time approaching the subject fromn a ncw point of view.
In Chapters I-IV we took as fundamental the concepts point,
distance, and sum of distances. We reached our analytic
formulae by proceeding from elementary geometry to trigono-
metry, and then introducing a simple coordinate system, such
as we do when we first take up the study of elementary
analytic geometry. The Chapters VI-XVII were devoted to
erecting a superstructure upon the foundation which we had
established. In Chapter XVIII we took a fresh start, laid
down point line and separation as fundamental, constructed
the common projective gcometry for all of our systems (except
the spherical, which would involve slight modifications), and
ostablished the system of projective coordinates. We then
introduced certain collineations called congruent transforma-
tions, and worked around to our previous distance formulae
through group-theory. In the present chapter we took as
fundamental the concepts point and correspondence of point
and coordinate set. The essentials in our development were
the distance element, the geodesic curve, and the space con-
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stant, or measure of curvature. We reached our familiar
formulac by means of surface theory, integration, and the
caleulus of variations.

Which of the three methods of approach is the best? To
this question no definite answer may be given, for that method
which is best for one purpose is not, necessarily, best for
another. The first method depended upon the simplest and
most natural fundamental conceptions, and presupposed a
minimum of mathematical knowledge. It also corresponded
most closely to the line of historical development. On the
other hand it is the longest, even after cutting out a number
of theorems, interesting in themselves, but not essential as
steps towards the ultimate goal. The second method possessed
the advantage of beginning with the assumptions which serve
as a basis for the important subject of projective geometry ;
metrical ideas were grafted upon this stem as a natural
development. Moreover, the fundamental importance of the
six-parameter collincation group which kceps a conic or
quadric invariant was brought into the clearest light. On
the other hand, we were obliged to develop a coordinate
system, which to some readers might seem a trifle unnatural
or forced, and exposed ourselves to being put down among
those whom the late Professor Tait has stigmatized as ¢ That
section of mathematicians for whom transversals and an-
harmonie pencils have a, to us, incomprehensible charm’* *Our
third and last mecthod is, beyond a peradventure, the quickest
and most direct; and has the advantage of bringing out the
full significance of the spacc constant. It may, however,
be urged with sowme justice, that too high a price has been
paid for this directness, by assuming at the outset that space
13 something whose elements depend in a definite manner on
three independent parameters. The modern tendency is to
take a more abstract view, to look upon space, in the last
analysis, as a set of objects which can be arranged in multiple
series. The battle is more than half over when the coor-
dinate system has been set up.

No, there is no answer to the question which method of
approach is the best. The determining choicc among the
three, will, in the end, be a matter of personal aesthetic
preference. And this is well. Let us not forget that, in
large measure, we study pure mathematics to satisfy an
aesthetic need. We are fortunate when, as in the present case,
we are free at the outset to choose our line of approach.

* Tait, An Elementary Treatise on Quaternions, third edition, Cambridge, 1890,

p. 309,
+ Cf. Russell, loe. cit., p. 872.
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Extremity of segment, 15.

Face of tetrahedron, 20.

Fibbi, 215, 221,

Focal cones, 158, 159,

-— conics, 158, 159, 167, 168, 169.

— lines, 144, 145, 146, 147, 151.

-— points and planes, 221, 222, 223,
224.

— surfaces, 210, 226, 232.

Foci, 144, 145, 146, 147, 151.

Forms, fundamental one-dimen-
sional, 259, 260, 261, 267.

Von Frank, 186.

Frenet, 190.

Fricke, 244.

Frischauf, 176, 186.

Fubini, 227, 229.

Fundamental region, 239-46.

— one-dimensional forms, 259, 260,
261, 267.

Geodesic curvature, 208, 209.

— lines, 163, 209, 210, 274-81, 284,
285.

— surfaces, 279, 280, 281.

Gérard, 48, 53.

Graves, 153.

Greater than, 15, 16, 17, 34, 35,
37, 92.

Half'line, 28-33, 38, 64, 67.
Half-plane, 30, 37, 38, 39.

Halsted, 24, 75, 177.

Hamilton, 98, 120, 221.

Haérérlxonic conjugate, 252, 253, 255,

— separation, 252, 253, 254, 257.
--- get, 252, 253,

Hilbert, 13, 24, 36, 75, 177, 265.
Homothetic conies, 152, 153.

— quadrics, 160,

Horocycle, 132, 143, 243.
Horocyeclic surface, 156, 205.
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Semi-hyperbola, 142.

Semi-hyperboloid, 154.

Sense of directed distances, 63, 64.

— of description of involution, 86,
266.

Separation, 248, 249, 255, 256, 257,
258, 259, 262.

— classes, 247, 249, 255, 257, 258.
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Singular region, 238.
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J. EarLe. Two volumes. Crown 8vo. Vol I. Text, appendices, and
glossary. 10s. 6d. net. Vol. II. Introduction, notes, andindex. 10s. 6d. net.

The Saxon Chronicles (787-1001 a.p.). Crown 8vo, stiff covers. 3s.
Handbook to the Land-Charters. By J. Eanie. Crown 8vo. 16s.

The Crawford Collection of early Charters and Documents, now in

the Bodleian Library. Edited by A. S. Naeier and W. H. Stevenson.
Small 4to, cloth. 12s. net.

The Chronicle of John of Worcester, 1118-1140. Edited by
J. R. H. Weaver. Crown 4to. 7s. 6d. net.

Dialogus de Scaccario. Edited by A. Huouss, C. G. Crue, and
C. Jounson, with introduction and notes. 8vo. 12s. 6d. net.

Passio et Miracula Beati Olaul. Edited from the Twelfth-century
MS by F. Mercarre. Small 4to. 6s.

The Song of Lewes. Edited from the MS, with introduction and
notes, by C. L. Kinesrorn. Extra fcap 8vo. 5s.

Chronicon Galfridi le Baker de Swynebroke, edited by Sir
E. Mauxpe Thomrson, K.C.B.  Small 4to, I8s. ; cloth, gilt top, £1 1s.

Chronicles of I.ondon. Edited, with introduction and notes, by
C. L. Kincsrorn. 8vo. 10s. 6d. net,

Gascoigne’s Theological Dictionary (‘Liber Veritatum’): selected
passages, illustrating the condition of Church and State, 1403-1458, With
an introduction by J. E. Tuororp Rocers. Small 4to. 10s. 6d.

Fortescue’'s Governance of England. A revised text, edited,
with introduction, etc, by C. PrunMER.  8vo, leather back. 12s. 6d. net.

Stow’s Survey of London. Edited by C. L. Kinasrorn. 8vo, 2 vols.,
with a folding map of London in 1600 (by ExeEry Warker and H. W. Criss)
and other illustrations. 30s. net.

The Protests of the LOI‘dS, from 1624 to 1874 ; with introductions.
By J. E. Tuororp Rocers. In three volumes. 8vo. £2 2s.

Historical Evidence. By H. B. Grorce. Crown 8vo. 3s.
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The Clarendon Press Series of Charters,

Statutes, etc
From the earliest times to 1307. By Bishop Srusss.

Select Charters and other illustrations of English Constitutional History.

Eighth edition. Crown 8vo. 8s. 6d.
From 1558 to 1625. By G. W. Protaero.

Select Statutes and other Constitutional Documents of

the Reigns of Elizabeth and James I. Third edition.

Crown 8vo. 10s. 6d.
From 1625 to 1660. By S. R. GArpINER.

T'he Constitutional Documents of the Puritan Revolu-
tlon. Third edition. Crown 8vo. 10s. 6d.

Calendars, etc

Calendar of Charters and Rolls preserved in the Bodleian Library.
Svo. £1 lls. 6d. net.
Calendar of the Clarendon State Papers preserved in the

Bodleian Library. In three volumes. 1869-76.
Vol. I. From 1523 to January 1649, 8vo. 18s. net. Vol. II. From 1649
to 1654. 8vo. 16s. net. Vol III. From 1655 to 1657. 8vo. l4s. net.

Hakluyt’s Principal Navigations. (Secep. 12.)

Aubrey’s ¢ Brief LiVeS,’ set down between the Years 1669 and 1696.
Edited from the Author’s MSS by A. Crark. Two volumes. 8vo. £1 5s.

‘Whitelock’s Memorials. (1625-1660.) 4 vols. 8vo. £1 10s.

Ludlow’s Memoirs. (1625 1672.) Ed. C.H.Firmu. 2 vols. 8vo. £1 16s.

Luttrell’s Diary. (1678-1714.) Six volumes. 8vo. £1 10s. net.

Burnet’s History of James I1. 8vo. 9s.6d.
Life of Sir M. Hale, with Fell’s Life of Dr. Hammond. Small 8vo. 2s. 6d.
Memoirs of James and William, Dukes of Hamilton. 8vo. 7s. 6d.

Burnet’s History of My Own 'I'ime. A new edition, based on
that of M. J. Rourn, by Osmunn Airy.  Two vols., each 12s. 6d. net.
Supplement, derived from Burnet’s Memoirs, Autobiography, ctc. all
hitherto unpublished. Edited by H. C. Foxcrorr, 1902. 8vo. 16s. net,
The Whitefoord Papers. (1739-1810.) Ed.W.A.S, Hewixs. 8vo. 19s.6d.

History of Oxford

A complete list of the Publications of the Oxford Historical Society
can be obtained from Mr. Frowbpe.

Manuscript Materials relating to the History of Oxford ;
contained in the printed catalogues of the Bodleian and College Libraries.
By F. Mana~. 8vo. 7s. 6d.

The Early Oxford Press. A Bibliography of Printing and Publishing
at Oxford, ‘11468’ 1610. With notes, appendices, and illustrations. By
F. Mapan. 8vo. 18s.

Bibliography
Cotton’s T'ypographical Gazetteer. First Series. 8vo. 12s. 6d.
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Bishop Stubbs’s and Professor Freeman’s Books

The Constitutional History of England, in its Origin and

Development. By W. Stusss. Library edition. Three volumes. Demy
8vo. £28s. Also in three volumes, crown 8vo, price 12s. each.

Seventeen lL.ectures on the Study of Mediaeval and Modern History
and kindred subjects, 1867-1884. By the same. Third edition, revised and
enlarged, 1900. Crown 8vo, half-roan. 8s. 6d.

History of the Norman Conquest of England ; its Causes
and Results. By E. A. Freeman. Vols. I, II and V (English edition) are
out of print.

Vols, IIl and IV, £1 1s. each. Vol, VI (Index). 10s. 6d,

A Short History of the Norman Conquest of England.

Third edition. By the same. Extra fcap 8vo. 2s. 6d.

The Reign of William Rufus and the Accession of Henry the
First. By the same. Two volumes. 8vo. £1 16s.

School Books

Companion to English History (Middie Ages). Edited by F. P.
Barvarp., With 97 illustrations. Crown 8vo. 8s. 6d. net.

School History of England to the death of Victoria. With maps,
plans, etc. By O. M. Epwarbs, R. S. Rarr, and others. Crown 8vo, 3s. 6d.

Perspective History Chart. By k. A. G. Lavmony. 8. 6d. net.

Oxford County Histories

Crown 8vo, with many illustrations, each Is. 6d. net. (Also in superior
bindings, 2s. 6d net.)

Berkshire, by E. A. G. Laxsorn.
Durham, by F. S. Epkv.
Essex, by W. H. Wesrox.
Hampshire, by ¥. Cranke.
OXfOI‘dShiI’e, by H. A. LippErL.

Others in preparation.

Leeds and its Neighbourhood. By A. C. Price. 35 6d.
Also, for junior pupils, illustrated, cach Is.

Stories from the History of Berkshire. By E. A. G.

LamBorN.

Stories from the History of Oxfordshire. By Joux Izvive.
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Special Periods and Biographies

Ancient Britain and the Invasions of Julius Caesar. By
T. Rice Hormes., 8vo. 21s. net.

Life and Times of Alfred the Great, being the Ford Lectures
for 1901. By C. PLummeRr. 8vo. 5s. net.

The Domesday Boroughs. By Aporpaus BaLLarp. 8vo. 6s. 6d. net.

Villainage in England. Essays in English Mediaeval History. By
P. ViNocrapoFrr. 8vo. 16s. net.

English Society in the Eleventh Century. Essays in
English Mediaeval History. By P. Vinocraporr. 8vo. 16s. net.

Oxford Studies in Social and Legal History. Edited by
PauvL Vinoeraporr. 8vo. Vol. I. English Monasteries on the Eve of the
Dissolution. By Arexanprr Savine. Patronage under the Later Empire.
By F. e ZuLvera. 12s. 6d. net.

The Gild Merchant : a contribution to British municipal history. By
C. Gross. Two volumes. 8vo, leather back, £1 4s.

The Welsh Wars of Edward 1 a contribution to mediaeval
military history. By J. E. Morris. 8vo. 9s. 6d. net.

The Great Revolt of 1381. ByC.Omax. With two maps. 8vo.
8s. 6d. net.

Lancaster and York. (a.p. 1399-1485.) By SirJ. H. Ramsay. Two
volumes. 8vo, with Index, £1 17s. 6d. Index separately, 1s. 6d.

Life and Letters of Thomas Cromwell. By R. B. Merrimax.

In two volumes. [Vol. I, Life and Letters, 1523-1535, ete. Vol. II, Letters,
1536-1540, notes, index, etc.] 8vo. 18s. net.

Edward Hyde, Earl of Clarendon. A lecture by C. H. Firra.
8vo. Is. net.

A HiStOl'y of England, principally in the Seventeenth Century. By
L. von Ranke. Translated under the superintendence of G. W. Krrcain
and C. W, Boase. Six volumes. 8vo. £33s. net. Index separately, 1s.

Sir Walter Ralegh, a Biography, by W. Steseine. Post 8vo. 6s. net.

Hen Birkhead and the foundation of the Oxford Chair of Poetry.
By J. W. MackaIiL. 8vo. 1s. net.

Biographical Memoir of Dr. William Markham, Arch-
bishop of York, by Sir CLemenTs MarkuaM, K.C.B. 8vo. 5s. net.

The Life and Works of John Arbuthnot. By G. A. Airxex.
8vo, cloth extra, with Portrait. 16s.
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Life and Letters of Sir Henry Wotton. By L. Pearsawe

Smrra. 8vo. Two volumes. 25s. net.
Great Britain and Hanover. By A. W. Warn. Crown 8vo. 5s.

HiStOl‘y of the Peninsular War. By C. Omax. To be completed
in six volumes, 8vo, with many maps, plans, and portraits.

Already published : Vol. 1. 1807-1809, to Corunna. Vol. II. 1809, to
Talavera. Vol. 111, 1809-10, to Torres Vedras. 14s. net each.

Anglo-Chinese Commerce and Diplomacy : mainly in the
nineteenth century. By A. J. SarcEnT. 1%s. 6d. net.

Frederick York Powell. A Life and a selection from his Letters

and Occasional Writings. By Oniver Erron. Two volumes. %vo. With
photogravure portraits, facsimiles, ete. 21s. net.

David Binning Monro: a Short Memoir. By J. Coox Witsox.
8vo, stiff boards, with portrait. 2s. net.

F. W. Maitland. Two lectures by A. L. Surra.  8vo. s, 6d. net.

European History
Historical Atlas of Modern Europe. (See p. 59.)

Genealogical Tables ilustrative of Modern History. By H. B.
Georce. Fourth (1904) edition. Oblong 4to, boards. 7s. 6d.

The Life and Times of James the First of Aragon. By
F. D. Swirr. 8vo. 12s. 6d.

The Renaissance and the Reformation. Atextbook of European
History, 1494-1610. By E. M. Taxxer. Crown 8vo, with 8 maps. 3s. 6d.

The Fall of the Old Order. A textbook of European History,
1763-1815. By I. L. Pruxkrr. Crown 8vo, with 10 maps and plans. 4s. 6d.

A History of France. By G. W. Krrenv. Cr. 8vo ; revised, Vol. 1
(to 1453), by F. F. Urqunarr; Vols. IT (1624), III (1795), by A. HassaLL.
10s. 6d. each.

De Tocqueville's I.’Ancien Régime et la Révolution.

Edited, with introductions and notes, by G. W, Heapram. Crown 8vo. 6s.

Sgeeches of the Statesmen and Orators of the French

evolution, 1789-1795. Ed. H. Morse SternEns. Two vols. Crown 8vo. £1 1s.

Documents of the French Revolution, 1789-1791. By

L. G. Wickuam Lece. Crown 8vo. Two volumes. 12s. net.

Napoleonic Statesmanship: Germany. By H. A. L. Fisax.
8vo, with maps. 12s. 6d. net.

Bonapartism. Six lectures by H. A, L. Fisuer. 8vo. 3s. 6d. net,

Thiers’ Moscow Expedition, edited by H. B. Georer. Cr. 8vo,
6 maps. 5s.

-
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History and Geography of America
and the British Colonies

For other Geographical books, see page 59.

History of the New World called America. By E.J. Pavse.
Vol. I. 8vo. 18s. Bk. I. The Discovery. Bk. II, Part I. Aboriginal America.
Vol. 11. 8vo. 14s. Bk. II, Part II. Aboriginal America (concluded).

A History of Canada, 1763-1812. By Sir C. P. Lucas, K.C.M.G.

8vo. With eight maps. 12s. 6d. net.

The Canadian War of 1812. By Sir C. P. Lucas, K.C.M.G. 8vo.

‘With eight maps. 12s. 6d. net.

The Union of South Africa. By the Hon. R. H. Braxn (1909).
8vo. G6s. net.

Historical Geography of the British Colonies. By sir C. P.
Lucas, K.C.M.G. ~Crown 8vo.

Introduction. New edition by H. E. Ecerron. 1903. (Origin and
growgh of the Colonies.) With eight maps. 3s. 6d. In cheaper binding,
2s. 6d.

Vol. 1. The Mediterranean and Eastern Colonies.

With 13 maps. Second edition, revised and brought up to date, by
R. E. Srusss. 1906, 5s.

Vol. 1I. The West Indian Colonies. With twelve

maps. Second edition, revised and brought up to date, by C. ArcurEy,
1.S.0. 1905. 7s. 6d.

Vol. ITI. West Africa. Second Edition. Revised to the
end of 1899 by H. E. Ecerron. With five maps. 7s. 6d.

Vol. 1V. South and East Africa. Historical and Geo-
graphical. With eleven maps. 9s. 6d.
Also PartI. Historical. 1898. 6s. 6d. Part II. 1903. Geographical.

3s. 6d.
Vol. V. Canada, Part 1. 1901. 6s. Part II, by H. E. EaErton,
4s. 6d. Part ITI (Geographical) in preparation.

Vol. VI. Australasia. By J. D. Rocers. 1907. With 22 maps.

7s. 6d. Also Part I, Historical, 4s. 6d. Part 11, Geographical, 3s. 6d.

History of the Dominion of Canada. By W. P. Greswrerr. Crown8vo. 7s, 6d.

Geography of the Dominion of Canada and Newfoundland. By the same author.

ith ten maps, 1891. Crown 8vo. 6s.
Geography of Africa South of the Zambesi. By the same author, With maps.
1892. Crown 8vo. 7s. 6d.

The Claims of the Study of Colonial History upon the

attention of the University of Oxford. An inaugural lecture
delivered on April 28, 1906, by H. E. Ecerton. 8vo, paper covers, 1s. net.

Historical Atlas. Europe and her Colonies. 27 maps. 35s. net. R
Cornewall-Lewis’s Essay on the Government of Depen-

dencies. Edited by Sir C. P. Lucas, K.C.M.G. 8vo, quarter-bound, 14s.
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Rulers of India

Edited by Sir W. W. Hu~ter. Crown 8vo. 2s. 6d. net each.
(There is also a special Indian Edition.}

Babar. By S. Lane-Poors.

Albuquerque. By H. Monse Sreviieys.

Akbar. By Colonel MaLLEsON.

Aurangzib. By S. Lane-Poote.

Dupleix. By Colonel Marresox.

Lord Clive. By Colonel MatrLesox.

Warren Hastings. By Captain L. J. Tuorres.
Midhava Rdo Sindhia. By H. G. Keexe.

The Marquis of Cornwallis. By W. S. Seron-Karz.
Haidar Ali and Tip( Sultén. By L. B. Bowsixe.
The Marquis Wellesley, K.G. By W. H. Hurron.
Marquess of Hastings. By Major Ross-or-Brapexsrure.
Mountstuart Elphinstone. By J. S. Corrox.

Sir Thomas Munro. By J. Brapsiaw.

Earl Amherst. By An~e T. Rrrcuie and R. Evaxs,
Lord William Bentinck. By D. C. Bovrcer.

The Earl of Auckland. By Captain L. J. Trotren.
Viscount Hardinge. By his son, Viscount Harpixgt.
Ranjit Singh. By Sir L. Guirrix.

The Marquess of Dalhousie. By Sir W. W. Huxven.
James Thomason. By Sir R. Temere.

John Russell Colvin. By Sir A. Corvix.

Sir Henry Lawrence. By Lieut.-General J. J. McLeon Ixzes.
Clyde and Strathnairn. By Major-General Sit O. T. Brrxe
Earl Cal’mil]g. By Sir H. S. CuN~NINGHAM.

Lord Lawrence. By Sir C. Arrcumsox.

The Earl of Mayo. By Sir W. W. Huvten.

Asoka, By V. A. Ssuru.  Second edition, 1909.  3s. 6d. net.

Sketches of Rulers of India. Abridged from the Rulers of India
by G. D. Oswgerr. Vol. I, The Mutiny and After; Vol. II, The Company’s
overnors ; Vol. I1I, The Governors-General: Vol. [V, The Princes of India.
Crown 8vo. 2s. net each. Also in two vols., 7s. 6d. net : separately, each
4s. net,
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entire work in 26 vols., cloth £5 net, morocco back £6 6s. net. The 4 vols.
of ‘The Indian Empire’ separately, cloth 6s. net each, morocco back
7s. 6d. net; Atlas, cloth 15s. net, morocco back 17s. 6d. net; the remaining
21 vols., cloth £4 4s. net, morocco back £5 5s. net.

Vol. 1. Descriptive.

Vol. 11. Historical.

Vol. 111. Economic.

Vol. IV. Administrative.

Vol. V-XXIV. Alphabetical Gazettcer.
Vol. XXV. Index.

Vol. XXVI, Atlas.

Each volume contains a map of India specially prepared for this Edition.
Reprints from the Imperial Gazetteer.

A sketch of the Flora of British India. By Sir Josern Hooker. 8vo. Paper
covers. lIs. net.

The Indian Army. A sketch of its History and Organization. 8vo. Paper
covers. ls. net,

A Brief History of the Indian Peoples. By Sir W. W. Huxren.
Revised up to 1903 by W, H, Hurron. Eighty-ninth thousand. 3s. 6d.

The Government of India, being a digest of the Statute Law relating
thereto; with historical introduction and illustrative documents. By Sir
C. P. Iusert. Second edition, 1907. 10s. 6d. net.

The Early History of India from 600 B.c. to the Mu-

hammadan Conquest, including the invasion of Alexander the
Great. By V. A. Smrru. 8vo. With maps, plans, and other illustrations.
Second edition, revised and enlarged. 14s. net.

The Oxford Student’s History of India. By V. A. Swrm.

Crown 8vo. Second Edition. With 7 maps and 11 other illustrations. 2s. td.

The English Factories in India: By W.Fosten. Med. 8vo. (Published
under the patronage of His Majesty’s Secretary of State for India in Council.)
Three Vols., 161821, 1622-3, 1624-9. 19s. 6d. net each,

(The six previous volumes of Letters received by the East India Company
from its Servants in the East (1602-1617) may also be obtained, price
15s. each volume.)

Court Minutes of the East India Company. By E. B.

Saivssury. Introduction by W. Foster. Med. 8vo. 12s. 6d. net each.

Two Vols., 1635-39, 1640-43.

The Court Minutes previous to 1635 have been calendared in the Calendars
of State Papers, East Indies, published by the Public Record Office.

Wellesley’s Despatches, Treaties, and other Papers relating to his
Government of India. Selection edited by S. J. Owex. 8vo. £1 4s.

Wellington’s Despatches, Treaties, and other Papers relating to
India. Selection edited by S. J. Owen. 8vo. £1 4s.

Hastings and the Rohilla War. By SirJ. Sraacaev. 8vo. 10s. 6d.
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GEOGRAPHY

Historical Atlas of Modern Europe, from the Decline of the

Roman Empire. 90 maps, with letterpress to each: the maps printed by
W. & A. K. Jonnsron, Ltd., and the whole edited by R. L. PooLk.
In one volume, imperial 4to, half-persian, £5 15s. 6d. net; or in selected
sets—British Empire, etc, at various prices from 30s. to 35s. net each;
or in single maps, 1s. 6d. net each., Prospectus on application.

The Dawn of Modern Geography. By C. R. Beaziev. In three

volumes. £2 10s, net. Vol. 1 (to a.n. 900). Not sold separately. Vol. 11
(a.D. 900-1260). 15s. net. Vol. II1. 20s, net.

Regions of the World. Geographical Memoirs under the general
editorship of H. J. Mackinper. Medium 8vo. 7s. 6d. net per volume.
Britain and the British Seas. Eda. 2. By H. J. Mackivven.
Central Europe. By Jonx Panrscu.
Nearer East. By D. G. Hocanrs.
North America. By J. RussELL.
India. By Sir Tuomas Horpicn,
The Far Kast. By Arcnisatp Lrrrie.
Frontiers: RomanesLecture(1907) by Lord Curzo~ or KEDLESTON. 8vo. 25.n.
The Face of the Earth. By Epuarp Suess.  See p. 92.

The Oxford Geographies
The Oxford Geogmphies. By A. J. HersertsoN,  Crown 8vo.

Vol. I. The Preliminary Geography.  Ea. 3, 72 maps and
diagrams, 1s. 6d.

Vol. 1. The Junior Geography. ¥d. ¢, 166 maps and dia-
grams, 2s. With Physiographical Introduction, 3s. With Questions
and Statistical Appendix, s. 6d. (In preparation.)

Vol 11. The Senior Geography. Ed. 3. 117 maps and
diagrams, 2s. 6d. With Physiographical Introduction, 3s. 6d. With
Questions and Statistical Appendix, $s.

Physiographical Introduction to Vols. 11 and 111 1s. 6d.
(In the press.)

Questions on the Senior Geography. By F. M. Kmx,
with Statistical Appendix by E. G. R. Tavior. 1s.

The Elementary Geographies. By F. D. Heasearson. With

maps and illustrations from photographs. Crown8vo. I: Physiography. 10d.
I1: In and About our Islands. 1s. III: Europe. 1s. IV: Asia. Is. 6d.
VII : The British Isles. 1s. 6d. Others in preparation.

Practical Geography. By J. F. Unsteap. Crown 8vo. Part I,
27 maps and diagrams, Part II, 21 maps and diagrams, cach 1s. 6d.;
together 2s. 6d.

Relations of Geography and History. By H. B. Groner.
With two maps. Crown 8vo. ~Fourth edition. 4s. 6d.
Geography for Schools, by A. Huenes. Crown svo. s 6d.
School Economic Atlas. By J. E. Barruoromew. Introduction
by L. W. Lvoe. 4to. 2s. 6d. net.
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Anthropology

"I'ransactions of the Third (1908) International Congress
for the History of Religions. Royal8vo. 2vols. 25s. net.

Anthropological Essays presented to Epwarp Burnerr Tyror in
honour of his seventy-fifth birthday. Imperial 8vo. 21s. net.

The Evolution of Culture, and other Essays, by the late
Lieut.-Gen. A. Lane-Fox Prrr-Rivers; edited by J. L. Myres, with an
Introduction by H. Batrour. 8vo, with 21 plates, 7s. 6d. nct.

Anthropology and the Classics. Six lectures by A. Evaxs,
A. Laveé, G. G. A. Mugray, F. B. Jevons, J. L. Myres, W. W. Fowrer.
Edited by R. R. Marerr. 8vo. Illustrated. 6s. net.

F olk-Memory. By Warter JounsoN, 8vo. Illustrated. 12s. 6d. net.
Celtic Folklore: Welsh and Manx. By J. Ruts. 2vols. 8vo. £1 Is.
Studies in the Arthurian L.egend. ByJ. Rugs. 8vo. 12s. 6d.

Iceland and the Faroes. By N. Axvaxpare. With an appendix
on the Celtic Pony, by F. H. A. MarsuarrL. Crown 8vo. 4s. 6d. net.

Dubois’ Hindu Manners. Translated and edited by H. K. Beav-
cuamp.  Third edition. Crown 8vo. 6s. net. On India Paper, 7s. 6d. net.

The Melanesians, studies in their Anthropology and Folk-Lore. By
R. H. CoprincroN. 8vo. 16s. net.

The Masai, their Language and Folk-lore. By A. C. Houus.
With introduction by Sir Cuarres Ertor. 8vo. Illustrated. 14s. net.

The Nandi, their Language and Folk-lore. By A. C. Hotus.
With introduction by Sir Cuarces Evior. 8vo. Illustrated. 16s. net.

The Ancient Races of the Thebaid : an anthropometrical study.
By Arriur TraowsoN and D. Ranvar-Maclver.  Imperial 4to, with 6 collo-
types, 6 lithographic charts, and many other illustrations. 42s. net.

The Earliest Inhabitants of Abydos. (A craniological study.:
y D. Ranpave-Maclver. ortfolio. 10s. 6d. net.
By D. R Macl Portfol d

Bushman Paintings. Copied by M. H. Tongug, and printed in colour.
With a preface by H. Barrour. In a box, £3 3s. net.
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LAW

Jurisprudence

Bentham’s Fragment on Government. Edited by F. C.
MoxracuE. 8vo. 7s. 6d.

Bentham’s Introduction to the Principles of Morals and
Legislation. Second edition. Crown 8vo. 6s. 6d.

Studies in History and Jurisprudence. By the Right Hon.
James Bryce. 1901, Two volumes. 8vo. £1 5s. net.

The Elements of Jurisprudence. By T. E. Houanp. Tenth
edition. 1906. 8vo. 10s. 6d.

Elements of Law, considered with reference to Principles of General
Jurisprudence. By Sir W. Marksy, K.C.LLE. Sixth edition revised, 1905.
®vo. 12s. 6d.

Roman Law

Imperatoris lustiniani Institutionum Libri Quattuor;
with introductions, commentary, and translation, by J. B. Movie. Two
volumes. 8vo. Vol. I (fourth edition, 1903), 16s.; Vol. II, Translation
(fourth edition, 1906), 6s.

The Institutes of Justinian, edited as a recension of the Institutes
of Gaius. By T. E. HoLuann, Second edition, Extra fcap 8vo. 3s.

Select Titles from the Digest of Justinian. By T. E. Hot.axp
and C. L. Snapwerr, 8vo. Iis.

Also, sold in parts, in paper covers: Part I. Introductory Titles. 2s. 6d.
Part II. Family Law. 1s. Part ITI. Property Law. 92s.6d. PartIV.
Law of Obligations. No. 1. 38s. 6d. No. 2. 4s. 6d.

Gai Institutionum Iuris Civilis Commentarii Quattuor :
with a translation and commentary by the late E. Posre. Fourth edition.
Revised and enlarged by E. A. W);mvrucx, with an historical introduction
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