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PREFACE

HIS book is based on the various Geometry books by Godfrey

and Siddons. It is intended to be a f 3t Geometry book for
boys and girls beginning the subject between the ages of ten and
thirteen, It covers all that is wanted in Preparatory Schools, and it
meets all the requirements of many Girls’ Schools, Junior Day and
Evening Techmca.l Schools, and Central Schools.

Most Geometry books hitherto have aimed at covering the whole
school .course for non-specialists up to, and even beyond, Leaving
Certificate Standard; the result has been that the teacher of young
pupils has had to omit parts of the books and amplify other parts,
besides supplying easy examples and different explanations. The
tendency has been to give the boy or girl a treatment more suitable
for a later age, to suppress instead of to develop intuition, and to
encourage the learning of proofs of theorems far too early. In fact
the attempt to meget the requirements of both old and young pupils
in a single book has tended to make such a book less suitable for
both classes.

Throughout this book methods of experiment, intuition, and de-
duction are used, and pupils are trained to appreciate the true use
of each. Logic appeals to quite young pupils 1n easy’cases; in other
cases it 18 experiment or intuition that appeals, but the pupil must
be gradually trained to see that the ultimate aim should be a logical
proof. On the other hand, teachers should remember that'logial
proof of the obvious does not appeal to young pupils; it is only 4'1); a
later &tage, after much ground has been covered, that the proof in
itself appeals, and the desire comes to have a systematic treatment
based on the smallest possible number of assumptions (see Theoretical
Geometry, Chapter I, by the same anthors).

Specml points in this book are.—

. The needs of the teacher are kept in the foreground
throughout.

2. It gives a full course up to the age of 14 or 15 for the able
child, and beyond that age for the slower child.
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Ample explanation is given, and there are many viva vo.e
questions to develop the pupil’s powers of intuition.
There-is a good supply of questions requiring calculation or
accurate drawing

Many examples are worked out in full to show the pupil
how he should “rrange his work.

There is a largs number of easy riders to develop the logical
aspect of the subject.

Logical proofs of suitable theorems are given and should be
learned.

Throughout this book examples in three dimensions are
introduced, and at the end of the book there is a chapter
(which may be taken earlier) designed to help the pupil to
make freehand drawings of solid figures and to understand
such drawings.

The examples are carefully grouped so that the teacher can
eagily pick out the type of question he wants,

There are three sets of Revision Papers and three sets of
Mascellaneous Exercises.

There 18 a very full index at the end of the book which will
be found useful in finding particular pieces of work.

This book does not aim at giving a complete training in Practical
Geometry, or a systematic course of Logical Geometry—that is left
to Practical Geometry and Theoretical Geometry by the same authors.

We have tc¢ acknowledge the courtesy of H.M Stationery Office,
of the Oxford ard Cambridge Jomnt Board, of the Oxford Local
F-aminations Delegacy, of the Cambridge Local Examinations
Syndicate, of the Universities of London and Bristol, and of the
Board for the Common Examination for Entrance to Public Schools
for permission to include exercises from public examination papers.

Finally we have to thank many colleagues and friends for sug-
gestions and criticisms.

L b

. W,
T

mm

Harrow,
March, 1926
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TO THE TEACHER

Exercises distinguashed by a paragraph sign thus 9Ex 1 on p. 1,
are wtended for discussion tn class.

Exercuses of a theoretical character (riders) are marked thus TEx. 17,
on p. 21

Note the summanries at the ends of the chapters
Note tne very full wndex at the end of the book.

Many suggestions will be found 1n “Notes and Answers ”



CHAPTER 1

MEASUREMENT OF LINES AND ANGLES

Sovios.

§I If you look at a brick you find that it 1s bounded by six flat
or plane, surfaces These are called faces. Where two faces meet
there1s an edge. Where two cdges meet there 1s a corner, or vertex.
The brick 1s ealled a solhd.

In other solds, e g a pencil, some of the bounding suifaces are
curved, 1’ a ball thele 1s only one surface

9Ex. 1. Fill up a table such as the following, using models of
solids *

Number Number Number
of faces of edges of vertices

Cube

Cuboid (o1 1ect-
angular block)

3-s1ded pyramid
4-s1ded pyramd
6-sided pyranmd
3-sided prism
4-s1ded prism
6-s1ded prism
Cone
Cylinder
Sphcre

Hemisphere

. 1

* See Notes and Answers
8.HJ G.

.~
—



2 JUNIOR GEOMETRY
iEx. 2 Place (or hold) a cube so that you can only see one of 1ts
faces; makq,?, sketel! of 1t

flEx. 3 Place (or hold) a cube so that you can see two of 1ts faces;
make a sketch of 1t

YEx. 4. Place a cube so that you can see threc of 1ts faces, make
a sketch of 1t.

flEx 5. Repeat Exx 2-4 for a 3-sided prism
TEx 6 Make sketches of a 6-sided prism 1n various positions

What 1s the greatest number of faces you can see at one time?

lEx 7. Repeat Ex 6 for (1) a 3-sided pyramd, (u) a 4-sided
pyramid

SEx 8 Make sketches of a cylinder and a cone

*Ex 9 Make a paper or cardboard box in the shape of a cuboid.
You must first draw a pattern such as Jg 1

Ex 10 DMake a paper or cardboard model of (1) a triangular
prism (see fig 2), (1) a square pyranud

N

Fig 1 Fig 2

MEASUREMENT OF STRAIGHT LINES”

§2- In stating the length of an object always give the umit, the following
abbreviations may be used —wn for wnch, cm for centimetre, mm for malle-
metre 2 1nches may be written 2

In Chaps 1-5*%, all lengths measured 1n mches are to be given fo the nearest
tenth of an 1nch, all lengths measured 1n centimeties to the nearest millimetre.

Always give your answers in decimals.

* See Notes and Answers.
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Ex. 11 Measure the lengths AB, CD, EF, GH 1n fig 3 (1) 1n mches, (1)
centimetres.

A 8

o+
o

IXx

X
G
' Fig 3

Ex 12 Measure in mches the lengths AB, BC, CD 1n fig. 4, anange your
results i tdbular form and add them together.

A 8 C D
Fig 4
AB = n
BC= 1n
CD= n
AB+BC+CD= "

Check by measuring AD *
Ex 13 Repeat Ex 12, using centimetres instead of inches

Ex 14 Measuie 1n centimetres the lengths AB, CB 1n fig 5, and find their
difference, arrange your results in tabular form

X X X
A (o] 8
Fig 5
AB= cm
CB= em

AB-CB= cm

Check by measuring AC
Ex 18 Repeat Ex 14, using inches instead of centimetres.

* See Notes and Answers.



4 JUNIOR GEOMETRY

Ex. 16. Measure 1n inches, and also in centimetres, the length of the paper
you are using
[Your ruler 1s probably too short to measure directly ; divide the length into
two (or more) parts by making a pencil mark on the edge, and add these lengths
together.]
Ex. 17 Measure the breadth of your paper 1n inches and also 1n centimetres
Ex. 18 Draw a straight line about 6 in. long and cut off a part AB=2 1n.,
a part BC=151n,and a part CD=18 mn , find the length of AD by adding
these lengths, check by measuring AD. [Make a table as in Ex 12 ]
Ex. 19 Repeat Ex 18, with
(1) AB=27cm, BC=96cm, CD=13cm
(u) AB=07m.,, BC=26m, CD=24m
(m) AB=18m, BC=29m, CD=061mn
Ex. 20 A man walks 3 2 miles due north and then 1 5 milss Jue south,
how far 18 he from his starting point® Draw a plan (1 mile being represented
by 1 1nch) and find the distance by measurement
Ex 21 A man walks 5 4 miles due west and then 8 2 miles due east, how
far 18 he from his starting point? Draw a plan (Represent 1 mile by 1 centi-
metre )
Ex 22. A man walks 73 miles due south, then 12 7 miles due north, then
11 miles due south, how far 18 he from his starting pomnt? (Represent 1 mile
by 1 centimetre )

Ex. 28 Draw a straight line, guess 1ts middle pont and mark 1t by a short
cross-line; test your guess by measuring the two parts

Ex 24 Repeat Ex 23 three times with lines of various le.igths. Show by a
table how far you are wrong

Ex 28 Draw a straight line of 10 6 em , bisect 1t by caleulating the length
of half the line and measuring off that length from one end of the line, then
measure the 1:emaining part

When told to draw a line of some given length, you should draw
v line a little too long and cut off a
part equal to the given length as n
fig. 6 You should also write thelength 73m, '
of the line against it, being careful to Fig 6
state the unit

Ex. 26 Draw a straight line 3 2 1n long; bisect 1t as in Ex. 25. Repeat
with a straight line 2 7 m long.

Ex 27 Draw straight lines of the following lengths, bisect each of them —
(1) 76em, (10 5em, (n) 41, (1v) 91n

A good practical method of bisecting a straight line (AB) 1s as
follows (see fig 7) —measure off with compasses equal lengths



cH. 1] MEA§UREMENT OF LINES AND ANGLES 5

(AC, BD) from each end of the line (these lengths should be very
nearly half the length of the linc) and bisect the 1ema:nng portion

(cD) by eye.

+
A

Ex. 28 Draw three or four straight lines and bsect them with your com-
passes (as explaned above); verify by measuring each part of the line (remember
to -vrite 1ts length against each part)

Zx 39 Open your compasses 1 cm, apply them to the inch scale and so
find the number of inches 1n 1 centimetre

Ex. 80. Find the number of inches 1n 10 cm as in Ex 29, hence express
1 em 1ninches Arrange your results in tabular form

Ex 81 Find the number of centimetres in 5 1n as in Ex 29, hence find
the number of centimetres in 1 1nch

E o)
_—

| ﬂ

B * c

Fig 8

Ex 82 Guess the lengths of the lines mm fig 8 (1) 0 1nches, (1) 1 centi-
meotres, verify by measurement Make a table thus —

A

y  Line AB }-BC l - ‘
|
|
|

'
! Guessed ! ’
I

1 Measured : . l
DIRECTION*
§ 3 YEx.33. How would you test whether the edge of an open
door 18 truly verticai?
YEx 34. How would you test whether a line 1s truly horizontal?
* See Notes and Answers.
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fEx 35. Place » cube with one edge vertical. How many edges
do you now find to be vertical? how many horizontal?

fEx 36 Place a cube with one edge horizontal, and no edge
vertical How many edges are now horizontal?

9lEx. 37. Place a cube with one edge vertical, and no edge hor-
zontal

YEx 38 How many vertical lines can you have through a point?
how many horizontal?

'Ex 39 How many horizontal lines can you draw on a slop'ng
desk thiough a powt?

fEx 40. How many vertical lines can you draw on a sloping
desk?

fEx 41 How many horizontal lines can you draw on the wall
through a pomnt? how many vertical?

Ex 42 How many horizontal lines can you draw on the floor
through a point? how many veitical?

YEx 43. Show me two or three horizontal planes? Are they
parallel? Show me a line at right angles to a horizontal plane
‘What 1s 1ts direction called?

YEx 44. Show me two or three vertical planes Are they parallel?
Show me a line at right angles to a vertical plane What 1s 1ts direc-
tion called?

fEx. 45 Give some other instances of lines, not horizontal, 1n
the same direction

f'Ex 46. Are all vertical lines 1n the room 1n the same direction ¢

iFx. 47 Are all horizontal hines 1n the room 1n the same direc
Jonf

Ex. 48 Two men are looking at the same star Are they look-
ing 1n the same direction?

fEx 49 Two men are looking at the same weather-cock. Are
they looking 1n the same direction?

ANGLE™,
§4 Set the hands of a clock to 12 0, now move the large hand,
1t has turned through an angle. The angle through which the
large hand turns between 12.0 and 12.15 1s called a right angle.

* See Notes and Answers.
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YEx. 560. What angle* do you turn through on receiving the
following orders —(1) right turn, (u) left turn, (1) about turn,
(1v) half right turn?

Ex. 51. What angle * 13 there between the following directions —
() Nand NE, () N and E, () N and SE, 1v) N and 8¢

[Zn each case draw the directions fi sehand ]
TEx 52 What 1s the angle* between N E. and S W ¢

YEx 53 How long does the earth take to turn through a right
angle?

TEx 54 Through how many 11ght angles does the hour hand of
a clock turn 1n 3 hours, 1 hour, 6 hours, 9 hours?

9Ex. 85 The wind shifts fiom W to N E, Through what angle*
has 1t turned?

Ex. 56. A man walks one mile N, then turng through § right angle to the
right and walks another mile 'Draw his path, guessing the angle. (Scale
2 1nches to 1 mile )

Ex 87. Diaw the following journey to scale, guessing the angles One mile
N., then turn througl. 4 right anyle left and go 2 miles, then turn 1% right
angles left and go 1 mile, then turn } right angle left and go 2 miles (Scale
11nch to 1 mile)

§5 If you hold one arm of your compasses firm and turn the
other about the hinge, the two arms

form an angle. /

In the same way if two straight & l

lines CA, OB are drawn from a pomnt Fig 9

J, they form an angle at 0. O 1s
called the vertex of the angle, and OA, OB 1ts arms.

8 8’
(o) A o' _‘A'
Fig 10

* Answer to be 1n right angles and fractions of a right angle
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An angle may be denoted by three letters; thus we speak of the
angle AOB, she middle letter denoting the vertex of the angle and
the outside letters denoting points on 1ts arms

If there is only one angle at a point O, we call it the angle O.

Sometimes an angle 1s deroted by a small letter placed 1n it, thus
in fig. 11 we have two angles a and b

¢ 15 the abbreviation for angle

6 \/
a

X
Fig 11. Fig 12

It 1s important to notice that the size of an angle does not depend
on the lenyths of 1ts arms. The two angles 1n fig 12 are equal

Ex &8. Which 1s the greater angle in fig 132 Test by making on tracing
paper an angle equal to one of the angles and fitting the trace on the other

o
Q
8
A

AN
a ——

TP

Fig. 13 Fig 14

9Ex. 59. Name the angle at 0 1n fig. 14 in as many different ways
as you can.

fEx. 60. Take a piece of paper and fold 1t; you will get something
like fig. 15, fold 1t again so that the edge OB its on the edge OA,
now open the paper, you have four right angles made by the creases,
as 1n fig. 16.
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(9
. 7
o) B
+ »
A o B D
Fig 15 , Fig 16

YEx. 61. Make a right angle BOC as m Ex. 60, cut 1t out and
fold so that OB falls on OC, call the crease OE. What fraction of a
right angle 1s ach of the L s BOE, EOC!?

s e MEASUREMENT OF ANGLES

§6 If a right angle 1s divided 1nto 90 equal angles, each of these
angles 1s dalled a degree

25° 1s the abbreviation for “25 degrees ”

An angle less than a ugh't angle 1s called an acute angle. An
angle greater than a right angle 1s called an obtuse angle

YEx. 62 What fractions of a right angle are the angles between
the hands of a clock at the following times —(1) 3 0, (1) 1.0, (1) 10.0,
(1v) 50, (v) 8 07 State 1n each case whether the angle 1s acute, 11ght,
or obtuse

Ex 63 Find the number of degrees 1n each of the angles m Ex 62 [Use
the results of that Ex ]

Ex. 64. Fig 17 shows the points of the compass, what are the angles*
between (1) N and E, (u) W and S W, (u) W and WN.W, () E. and
NNW,(V)NE and NNW,(v)SW and SE ?

Sy

& ©
Fig 17

* Answers to be 1n degrees
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Fig 18 represents a protractor, if each graduation on the edge
were joined to C, we should get a set of angles at C each of which
would be an angle of one degree

Fig. 18

§7 To measure an angle, place the protiactor so that its
ceutre C 1s at the vertex of the angle and its base, CX, along one
arm of the angle, then note under which graduation the other arm
passes, thusin fig 18, the angle = 48°.

In using a protractor such as that in fig 18, care must be taken to choose
the right set of numbers, e g 1f the one arm of the angle to be measured lies
along CX, the set of numbers to be used 1s obviously the one in which the
numbers 1neroase as the line turns round C from CX towards CX’

You should alsv check your measurement by noticing whether the angle 18
wcute or obtuse

.
When you measure an angle in a figure that you have drawn

(or make an angle to a given measure), always indicate in your

figure the number of degrees, as 1n fig 19. 57°

fEx 65. Cut out of paper a right angle, bisect 1t as
i Ex 61, and measure the two angles thus formed. Fig 19

YEx 66 Measure the angles of your set sjynare (1) directly,
(1) by making a copy on paper and measuting the copy.

It 18 dafficult to draw a straight line 11ght to the corner of a set square; 1t 18
better to diaw the lines to within half a centimetre of the corner and afterwards
produce them (1 ¢ prolong them) with the 1uler t1ll they cross.
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Ex. 87 Measure 48 AOB, BOC 1n fig 20, add; and check your result by
measuring £ AOC (Arrange 1n tabular form.)
Ex 68 Measure 28 AOC, COD, AOD 1n fig 20 Check youar results
Ex. 69 Measure «s AOB, BOD, AOD 1n fig 20 Check your results,
Ex 70 Repeat the last three exercises for fig 21.

(o]

8 Fig 20

§8 ‘To make an angle to a given measure. Suppose that
you have a line /& and that at the point A you wish to make an
angle of 73°. Place the protractor so that 1ts centre 1s at A and 1ts
base along AB, mark the 73° graduation with the point of your com-
passes (only a small mark should be made), and join this pomt to A
(Remember to write 73° i the angle )
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Ex. 71. Make a copy of the smallest angle of your set square and biseot 1t
a8 follows:—maeasure the angle with your protractor, calculate the number of
degrees 1n half the angle, maik off this number (as explained above) and join to
the vertex. Verify by measuring each half (This will be referred to as the
method of bisesting an angle by means of the protractor.)

D [¢]

/

o A
Fig 21

Ex 73. Make angles of 20°, 35°, 64°, 130°, 157°, 176° (let them point n
different directions). State whether each one 1s acute, right, or obtuse

Ex 78 Make the following angles and bisect each by means of the pro-
tractor 24°, 78°, 152°, 65°, 111°. (Let them point in different directions )



CHAPTER 2
SCALE DRAWING I*

§I. In this chapter always use your set square for making a
right angle

Ex 1. Copy the following figures to the given mgasurements. In each case
measure 1n your drawing the dotted lines and the angles that are not given you.’

H
D ;77" G
M\
90° \ 3” 03,,
X AN
EN \ KL__\N
N 208 \\X z” 27
E 27 F M (e}
Fig 23 Fig 24
R
27 | 60°
90°l/ N 90°
G P 757 Q
Tig 26. Fig 27

§2. In scale drawing

(1) Make a freehand sketch of the required figure This
should be done on the same sheet as the fimshed drawing, 1t should
be neat and fairly large, and should show all the facts given in the
question

(n) State the scale on which you propose to make ycur
accurate drawing.

1in or 1 cm. to 1 mile will be a suitable scale 1n Exx 2-4.

(ni) Make the accurate drawing, referring to the freehand
sketch for lengths and angles Neatness and accuracy are essential

(1iv) State your answer thus The distance from Battersea
to Liverpool Strect 1s  miles

* See Notes and Answers These exercises do not require the use of parallels
or intersecting arcs

At the end of tha chapter there 18 a note suggesting experimental work that
may be taken side by side with the work of the chapter
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*Ex 3 Iaverpool Street Station1s 8 5 miles E of Marylebone, and Battersea
15 3 miles § of Marylebbne How far 1s 1t from Battersea to Liverpool Street?

*Ex 8 St Albans s 12 5 miles N of Harrow, and Gerrard’s Cross 1s 9 5
mules W of Harrow Find the distance from Gerrard’s Cross to St Albans

*Ex 4 King's Cross 1s 22 .iniles N of Westminster and Holland Park 1s
34 miles W of Westminster What 13 the distance from Holland Park to
King’s Cr08s?

§ 3 In choosing suitable scales for diawing a ﬁfrure, re-
member the following points —

(1) Choose as large a scale as possible , but nct so large
that any line m your figure 15 more than about 5 inches long

(n) Scales which involve only division or multiplica-
tion by 10 or 100 are the simplest; the next best are those
that involve division or multiphcavion by 2, 20, 5, or 50. Avod
division or multiplication by 3, 6, 7, 8, etc

TEx 8. What scales would you choose 1f the longest line 1n the figure 18 to
be 10 ft, 20 ft , 45 ft > And what lengths would represent these in the scale
drawing?

TEx 6 Repeat Ex 5 for the following —(1) 78 miles, (11) 15 mules, (1) 1410ft ,
(1v) 5278 metres

$TEx 7. What lengths are represented by (1) 3 4 inches, when the scale 18
1 1nch to 1 mile, (1) 74 em , scale 1 em to 10 miles, (1) £ 51n, scale 2 1 to
1 mile, (1v) 8 3 cm , scale 1 em to 20 miles?

§4 Ex 8 In fig. 28, AB 1¢ a cricket pitch, the stumps being at A and B
Point stands at C How far 13 he from A?

(e}
-8 u
2 "ong
[ad "
10= v
90’ ' '
——
A ooyds B N R
Fig 28 Ing 29 Fig 30

Ex 9 Fig 29 represents a step ladder Find the length of the rope XY

* In these and 1n many subsequent exexcises 1t 18 often wise for the freehand
sketch to be shown to the master before the accurate drawing 1s made

+ Many more examples like this may be necessary, but 1t 18 easy to make them
up
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Bx 10 In fig 30, UV 1epresents the 10pes of a swing, U being the point from
which the ropes hang, V the seat, NR the giound How far 1s the seat from the
ground when the ropes make an angle of 40° with the vertical line through U ?
(Do not attempt to diaw your lines broken, as in the above hgure )

Ex 11 Draw a plan of a football ficld, 100 ft long and 65 tt wide, find the
distances between opposite corners

Ex 12 Draw a plan of a tennis court 78 ft "by 36 ft = What 13 the distance
between the opposite corners? R

Ex 13 The legs of a paur of compasses are 10 em *long I open them to an
angle of 35° "What 15 the distance between the compass points?

* Ex 14 Fiom G go 9 mles W to H, from H go 12 miles N to A, from A go
17 miles W to R®* What 1s the distance fiom G to R?

§5. Thebearing* of a place A fiom a second place B 15 the powmt
of the compass towards which a man at B would be facing 1f he were
looking 1nethe direction of A

By “N 10°W " or “10°W of N ” 1s meant the direction 1.1 which
you would be looking 1f you first faced due north and then turned
through an angle of 10° towards the west

In bearing questions a N and S Ine must first be drawn through
the points from which beatings are to be measured.

TEx 15 Express the following pomts of the compassin the form of bearings,
reckoning from N sor S according as N or S 194 the nearer (satlors never reckon
fromE orW) NE,8W NNE,SSW,NNW,WNW

$Ex 16 Find the bearing and distance (1n sea-miles and decimals of a sea-
mile see scale maiked on chart) from Ryde Pier (Middle Lught) of (1) Stokes
Bay Pier (8 Light), (1) Ryde Church, (i1) Fishbourne Flagstaff (E*S )

tEx 17 What 19 the bearing and distance of N E Ml(‘idle Buoy/l from
(1) Middle Light of Ryde Pier, (u) S. Light of Stokes Bay Pier?

* It 1s now becoming customary, e g 1n the Army and the Navy, to give
bearings by an angle only, viz the angle tuined through fiom the north ma
clockwise direction (1 e turning from N to E) Note that any west bearing must
be greater than 180° This method of giving bearings 19 not used in the
exercises 1n this book.

+ These Exx refer to the chart “‘The Solent to Spithead” published by the
Cambridge Universit; 11ess, Fetter Lane, London, and obtainable fiom this
firm or from any bookseller (price 1d each, 8 per hundred) 1t will be found
1nserted at the end of thi~ book

| Work from the md-pomnt of the base line of the figure representing the
buoy
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*Ex. 18. What 18 the bearing of S.E Middle Buoy from (1) Osborne House

Flagstaff (on the moe% northerly pont of Osborne House), (1) Fishbourne
Flagstaff?

*Ex. 19. What 1s the bearing of W Bramble Buoy from (1) Egypt Point,
(1) East Cowes Coastguard Station (C G )?

*Ex. 20. What 13 the bearing from the head of Lee-on-Solent Pier of (1) E
Bramble Buoy, (1) N.E Middle Buov?

Ex 21 A 1825 miles W of B, and C 18 45 miles S of A What 13 the
distance from B to C? What 15 the bearing of B fiom C?

Ex 22 G187 5 mles S of H, and 10 miles W of K What 1s the distance
and bearing of K from H?

Ex 23 Brading 18 17 miles due E of Freshwater Gospoit 18 due N of
Brading and N 624° E of Fieshwater Find the distances ot Gosport from
Freshwater and Brading

Ex 24 Ringwood1s7 5 mles N of Chustchurch, Lymington bears N 80°E
from Christchurch and 8 57°E from Ringwood Find the distances of Lyming-
ton from Chnstchurch and Ringwood

Ex 25 Ely s 15 miles N. 21° E of Cambridge Newmarket 18 12 miles
N 76° E of Cambridge What 1s the distance of Newmarket fiom Ely?

Ex 26 Rugby 18 44 miles N of Oxford, and Reading 18 24 miles S 30° E
of Oxford Find the distance fiom Rugby to Reading

Ex 27 A ship observes a light bearing N 52° E at a cistance of 5 miles
She then steams due S8 6 mules, and again observes the hght What should she
find the bearing and distance of the light to be at the second observation?

§6 If a man who 15 looking at a tower through a telescope holds
the +olescope horizontally, and then rases (or “elevates”) the end of
it t1ll he 1s looking at the top of the tower, the angle he has turred
the telescope through 1s called the angle of elevation of the top
of the tower

The angle of elevation of the sun 1s called the altitude of the
sun.

Ex. 28. A vertical flagstaff 50 feet high stands on ¢ horizontal plane. Find

the angles of elevation of the top and middle point of the flagstuff from a point
on the horizontal plane 15 feet fiom the foot of the flagstaff

These Exx. refer to the chart * The Solent to Spithead
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Ex, 239 The angle of elevation of the top ot the spire of Salisbury Cathedral
at a point 1410 feet from 1ts*base was found to be 16°. What 1s the height of the
spire?

Ex 80 The shadow of a tree 18 30 feet long when the sun's altitude 18 59°,
Find the height of the tree.

Ex 81 The elevation of a hill-top as obseryed from a station on the sea-
shore 13 12 5° The horizontal distance, as shown on a map, between the station
and the hill-top 1s 5278 metres Find the height of the hili-top above the shore
1n meties

Ex 82 The angle of elevation of the top of a tower on level giound 1s
read off on » theodolite Find the height of the tower from the following data —
Reading of theodotite=15° Distance of theodolite from foot of tower =372 yards.

Ex 33 A telegraph pole standing upright on level ground 1s 23 6 fect high
and 18 partly shpported by a wie attached to the top of the pole at one end and
fixed to the ground at the other so that 1ts inclination to the pole 18 54° Find
the length of, the wire

Ex 34 Boulogneis26 milesS 24°E of Dover and Calaislies21miles S 67°E.
of Dover Find the distance from Boulogne to Calais in miles

Ex 85 Exeteris48 miles W of Dorchester, and Barnstaple 18 35 miles N W
of Exeter What 1s the distauce and bearing of Barnstaple from Dorchester?

Ex 86 At two points on opposite sides of a poplar the angles of elevation
of 1t top are 39° and 48°. If the distance between the points 1s 150 feet, what
18 the height of the tree?

Ex 37 A man observes the angle of elevation of the top of a spne to be
23°, he walks 40 yards towards 1t, and then finds the angle to be 39° What 18
the height of the spire®

NOTE ON EXPERIMENTAL WORK

Scale diawing 1s far more interesting when 1t 15 based on
measurements made by the pupils themselves The opportunities
fcr making such measurements and the method of making them
depend so much on local conditions that 1t 1s impossible to do more
than make suggestions

Practical work, both indoors and out, must be carefully planned
beforehdnd , otherwi e, the profit fiom 1t will be small considering
the time spenc on 1t.

‘When measurements are to be made, the pupil should first make
a freehand sketch of the plan to be made and record the measure-
ments o. that

$.H.J¢ 2
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The appropriate practical work should precede the corresponding
scale drawing work given in the earlier pait of the chapter Its
object should be to stimulate interest and to make the scale drawing
that follows it more full of meaning.

Before starting the chapter

1. Use local ordnance maps (particularly the 11n. to 1 mile map)
to find distances between known landmarks

Use plans of the school (1f available) to compare measurements of
the building and plan
Before §2

2 Draw a plan of the schoolroom

Measurements may be made with a measuring tape, or with a yard stick marked
1n feet and inches, or even with string

3. Draw a plan of the playground
Angles may be estimated, o1 measured with a rough laige protractor
Wuth §5
4. Determiation of bearings from a chart (see end of book) or a

local map.
6. Determination of bearings from some view point with a compass.

Wautl §6

6 Estuoation of the height of a flagstaff (or building) by
measuring an angle of elevation and the distance of the point of
observation from the foot of the flagstaff

7 Estimation of the angle of slope of a stecp road

This may be done by hanging a plumb line from the centre of a large rough
protractor, and holding the base of the protractor so that 1t points straight up
the hill towards the eye of another boy standing on the hill,



CHAPTER-3

ANGLES AT A POINT

§I You have learnt that, 1n carying out the order “about turn,”
you turn tnrough two right angles If you turn the hand of a clock
from XII to VI, 1t turns through two right angles
You might first of all turn 1t from XIT to I'l, thiough s S
anacuteangle, and then again from IT to VI, thiough i
a furthel angle, an obtuse angle These two angles (e 5
together make up two right angles This would be A V%
equally tsue 1f you broke the journey at some other

place than IT Hence Fig 31

*Taeorem 1 Ifa straight line stands on another straight
line, the sum of the two angles so formed is equal to two
right angles.

TEx 1 If, in fig. 32, L AOB=57° what1s LBOC? B

TEx 2 (1) If, in fig. 32, /BOC=137° what1s 2 AOB? \
(1) w e +£BOC= 93°, ,, ,, £AOB?® Py o o
(111) vy ¢(AOB= 5° ,, ,, ,BOC? Fig 382

‘When the sum of two angles 15 equal to two right angles, cach
1s called the supplement of the other, or 1s said-to be supple-
mentary to the other

TEx. 3 What are the supplements of the following angles —(1) 60°, (1) 54‘°,
(m) 0°, (av) 90°, (v) 130", (v1) 162°, (vu1) 180°, (vi1) x°?

9Ex. 4 Name the supplements of £ AOB and £BOC 1n fig 34.

TEx & State the above theorem, introducing the term ‘“supplementary ”

TTEx: 6. From fig 32, show how to obtain another supplement of 2AOB,

TEx 7 Copy fig 32 freechand and draw OP 1n the angle COB. What 18 the
sum of s COP, POB, BOA?

* The pumbers of Theorems 1n this book correspond to the numbers m
Theoretical Geometry by the same authors.
2—2
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§2 If a uwwivor v ines meet at a point, as in fig 33, a number of
angles are formed at that pont If the clock-hand

turns from CA to OB, then to OC, then to OD, and P A
finally back to OA, how many separate angles does 1t /
turn through? What 1s the sum of these angles? )
How many degrees? é B
Fig 33

TuroreMm 1 Cor If any number of straight
lines meet at a point, the sum of all the angles made by
the lines taken consecutively is equal to four right,
angles.

Ex 8 In fig 33, produce BO to B’ Now there aie thiee angles on the
one side of BOB’, two angles on the other side, What 1s the sum of these three
angles? of these two angles?

TEx 9. If thiee angles m fig 33 are 30°, 140°, 110°, what 1s the fourth?
fEx 10. There are 12 equal angles at a point O What 18 each?

qEx 11 A wheel has 20 spokes What 1s the angle between any consecu-
tive pair? If one 18 broken, what 18 the angle 1n the gap®

Ex 12 From a pomnt draw 5 lines anyhow Measure all the angles and find
their sum

Ex 18 (See fig. 33) Make £AOD=25°, /DOC=135° ,AOB=95°
Measure £BOC Check your result by calculation

§3 Lay two pencils along one another, now rotate one of them
so as to form a letter X do the two paits of the pencil turn through
»qual angles?

The opposite angles made by two intersecting stiaight lines ae
called vertically opposite angles (e.g - sAOB,
COD 1n hg 34). Vertwcally 1s 1ather an unfortunate ~< o

word, as 1t has nothing to do with vertical lines, B \_\:‘CD
the angles are opposite and have the same vertex
hence *vertically opposite.” Fig 34

Turorem 3. If two straight lines intersect, the vertically
opposite angles are equal.

Tx. 14 Mention two pairs of vertically opposite angles in fig 34
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Ex 16. Draw thiee straight lines at random, as 1n /
fig 35, number all the angles 1n the figure, using the same A
numbers for angles that are equal

+Ex 16 If two stiaight lines AOC, BOD intersect at
O (see fig. 34), what 18 the sum of £s AOB,*BOC? What

18 the sum of zs BOC, COD? Hence prove the above Fig 35
theorem
“1Ex 17 In fig. 36 prove * that

(1) 1f £b= £f, then zc= £f. a/b
() if 2e=sf, then 2d=re c/d
()M zd+ £f=21t s, then b=/} 't
(w) of £g= s, then 2cd=¢sh 4
(vPifesh= ta, then Le=2d g k
(v)if a=se, then £b= ¢y Fig 30

SUMMARY OF RESULTS

If a straaght line stands on another strarght Line, the sum of the
two angles so formed 18 equal to two right angles

If any number of straight lvnes meet at « pownt, the sum of all the
angles made by consecutive lines 1s equal to four right angles

If two strarght hues wntersect, the vertically opposite angles are
equal

1 The dagger indicates an exeicise of a theoretical character (a rider)
* Each part should be put out separately, like the following

Data’ Lb=¢f

To prove that Le=Lf

Proof Lb= £c (vert. opp ),
Lb=Lf (data),

te=Lf



CHAPTER 4*
PARALLFL STRAIGHT LINES

§I What 1s the distance between two of the ruled lines on your
paper? How do you place your ruler with respect to the lines to
measure this distance? Is the distance between the two lines every-
where the samef

‘What 1s the distance between the two long edges of your paper?
How do you place your ruler to measure this distance? Is this dis-
tance everywhere the same? Is the distance between the following
everywhere the samef—

(1) Two rails of the same tram lie.
(2) The sides of a picture frame
(3) The upright edges of a doo

Straight lines which are always the same distance apart are called

parallel lines

Do parallel lines ever meet 1f produced (1e. made longer)? How
could you tell this? eg. How could you tell whether the top and
bottom edges of your paper would ever meet 1f produced indefinitely?

You conclude that the lines never meet, but you see how difficult
1t 18 really to settle this question

Lines 1n the same plane which never meet are parallel.

TEx 1 Can there be lines in different planes which a1e not parallel and yet
ncver meet ?

TEx. 2. Give mstances of lines (e g. edges of a chalk box) which are not
parallel and which never meet however far they are produced

We see then that parallel lines have the following properties —
(1) They are everywherc equidistant
(2) They never meet however far they aie nroduced

We have noticed that we cannot be sure of property (1) above

without getting lines crossing the parallels at r.ght angles, also that
we cannot easily test property (2)

* See Notes and Answers
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CORRESPONDING ANGLES.

§ 2" We will now point out some other properties of parauel straight.
lines which are more fruitful in geometry.

YEx. 3. Draw with your ruler two'straight lines
as nearly parallel as you can judge, draw a straight _.
line cutting them as in fig 37, notice the angles marked
These are called corresponding angles. What sug-
gestion dv you make about them? Fig 37

Ex & Name some paus of corresponding angles in figs 43, 44

T Ex. 5. Place your set square so
that one of 1ts edges touches your ruler
as at (1) mn tig 38, hold the ruler fiim
and shde the set squate along the ruler
to position (1) Draw the line AB for
two positions of the set square, notice
that the two straight hines pownt 1n the
same direction, 1n fact, the two lines
are parallel.

Fig 38

This method of drawing parallels
suggests an explanation of the term corresponding angles.

This motion of a line AB from one position 1nto another by shding
without any turning 1s called translation, as opposed to rotation
which means turning about a point or axis /

>

}
Ex. 6. Draw a pair of patallel lines as in Ex. 5, draw a lins
cutting them as 1n fig 37 What do you notice about the angles in
the figure?

fEx 7 If in fig 37 one of the lines is turned P
80 that the lines ¢ ase to be parallel, will the marked o /40 X
r /34

0

angles remain equal?

CEx. 8 Draw fig. 39, first diaw PQRS, then

Fig. 39
make the angles as shown. Are @X, RY parallel ¥ &
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A B .X

A man walks along a zig-zag road
ABCD, AB bewing parallel to CD, so .
that he finishes up by walking m his T
ariginal direction. Fig. 40

At B he tuins to the rigns through 2 p (N B not through £ ABC),
and at C he turns to the let through  ¢*

Since his last direction 1s th> same as his first, his nght and left
turns must compensate, . Lp=Lgq

Hence we may see that BCY, meeting the parallel hues BX, CD,
makes the corresponding angles p and ¢ equal. .

From the above and Exx 3-8 we arnive at a geometrical fact
which we will state 1n two different ways

Turorem 4 (Corresr) When a straight hne cuts two
other straight lines, if a pair of corresponding angles are
equal, then the two straight lines are parallel.

Conversely Taeorem 5 (Corresp) When a straight line
cuts two parallel straight lines, the corresponding angles
are equal.

ALTERNATE ANGLES,

§3 YEx. 9 Diaw a par of parallel hines (using set square and
ruler as mm Ex 5), draw a hne cutting them as n
fig 41 Look at the angles marked These are called Z h
alternate angles You may be tempted to make Fig 41
some statement about these angles but before you
ommti. yourself draw a different figure with a similar construction
Alteinate angles need not be acute the obtuse angles in fig 41
ace alternate

fEx 10 Name some pairs of alternate angles n figs 43, 44

fEx 11 In fig 42 what do you call s b and ¢! ,
What do you call £s a and ¢? What does the above /4/
theorem say about £ s @ and ¢? What do you call s a %
and 6% What do you know about £ s « and 5! What /
then do you wnfer about s b and c? Fig 42

* See Notes and Answers
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TueoreM 4 (Arr.). When a straight line cuts two other
straight lines, if a pair of alternate angles are eaual, then
the two straight lines are parallel.

Conversely Tneorew 5 (Aur) When a straight line cuts
two parallel straight lines, the alternate angles are equal.

9Ex 12 Copy hg 43 freehand If CD: EF are patallel and

A
¢ AGD = 72° find all the angles in the figure, giving your c G o
reasons, mahe a table of values H
F
TEx 13 Repeat Ex 12 with £ FHB =120°, CD, EF being B
parallel Fig 43
9tEx 4 In fig 41 theie aie two pairs of S u
parallel lines*, prove that the following pairs ot \
angles are equal —(1) b, I, (n) 4, &, (m) m, s, w aebf ;‘i X
() f, by (Ve L (V) s, By (vi) s, g, (Vi) s A,
(1x) 8, ¢, (x) 9,1 kU m\n
Yoo 7\8 z
[State your 1easons carefully., p\
eg WX, YZ are || and ST cuts them, T v
Lq=cor £f] Fig 44
8

9Ex. 16 The bearing of B from A is N. 20° E. What is the
bearing of A from B? Seo fig 45

9Ex 16 A submarme 1s observed by a destroyer to bear § 30" E

What 18 the bearing of the destioyer from the submarine’
Fig 45

Ex 17 Infig 46 FG 1s parallel to BC, hind all the F 8

angles 1n the figure, stating your reasons carefully o
70° 80

Ex 18 If, mn fig 56, DAE 1s | to BC, £B=33", E _~"\A c
£C=52° }ind all the angles in the figuie, civing D
yout reasons n cach casc G

Fig 46

* In viwa voce work, and even 1n written work, 1t 18 often convenient to colour
the one pair of lines red and the other blue and to give 1eferences thus —

£ q=cor Lf, blue lines parallel

There 1s less d1stiaction 1n naming the colour than in searching for the lotters
that name the lines

Boys should be accustomed to label angles with one small letter whenever this
can conveniently be done, the three letter method of referring to angles, though
generally nnavoidable, 13 wearisome to teachers, boys and examiners
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INTERIOR ANGLES.
§4 9YEx. 19* Draw a pair of parallel Imes (using ,
set square and ruler), draw a line cutting them as in 7
dg 47. Mecasure the two interior angles on one side
of the cutting line. What 1s theiwr sum? Fig 47.

Y Ex. 20. Measure the two interior angles on the other side of
the cutting line What is their sum?

Ex. 21. In fig. 48 what do you know about

<£s ¢ and b% By which theorem? What do you a
know about _scand a? What do you wnfer about - L
Zs a and b? Fig 48

Turorem 4 (InT.), When a straight line cuts two other
straight lines, if a pair of interior angles on the same
side of the cutting line are together equal to two right
angles, then the two straight lines are parallel.

Conversely Turorev 5 (InT) When a straight line cuts two
parallel straight lines, the interior angles on the same
side of the cutting line are together equal to two right
angles.

Ex, 22 What do you know about the sums of (1) £s f, g, () £s f, I,
(m) 28 m, n,1n fig 44° Give your reasons

Ex. 28. Fig 49 shows two paiallel lines and a third line cutting them
Write down the sizes of the angles denoted by letters, giving reasons very
shortly.

afb P c
J/¢ R A
° AN X p
e/67 & E
f/9
Q S e D
Fig 49 Fig 50 Fig. 51

Ex 24 Infig 50 PQand RS are parallel If La=42%and £b=147° find Lz
[Tkrough O draw a parallel to PQ and RS }

Ex. 28. Infig 51 AB 1s parallel to CD Find the £ »t E 1n terms of p and ¢

Ex 26 Infig 52 BE s parallel to AF BC bisects the angle ABE £ A=60°
Find all the other angles

Ex 27. Infig 653 AD 1s parallel to BC. Show that DC 1s parallel to AB.

* See Notes and Answerg
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Ex, 28. In fig 54 AD 1s parallel to BC and CD to BA. Find all the other
angles, giving your reasons.

D
D C D [o]
B E 50° w
50° A
A C F A B A B
Fig. 52 Fig 53. Fig. b4,
Fx, 20 Repeat Ex 28 for g 55. C
Ex 80, In fig 57, AC 15 to BD and AB to CD. If AAAB"”° E
£B=72°and £ BAD=178° find the other angles, Fig 55

Ex 31 In fig 56, DAE 18 || to BC Mention pairs of equal angles, giving
reasons,

C
F
D oSl A N
D
B ~C B
Fig 56. Fig. o7

Ex. 83 Infig. 57 AB1s || to CD and AC 18 || to BD Mention pairs of equal
angles, giving reasons

tEx 88. Infig 57 AB 1s|/to CD and AC1s|/to BD; prove that (1) 2 B=4C,
(1) .BAC= £ CDB

fEx 34 What tests would you apply to determine whether the following

were parallel?

(1) the short edges of a piece of writing paper,

(2) the long edges of a football field,

(8) two side roads branching obliquely off a straight main road,

(4) two flag-posts on a horizontal plane,

(5) two edges of a wide plank,

(6) the “creases” at each end of a oricket pitch

fEx 85 Are ‘“‘Pa1 llels of Latitude” parallel straight lines?
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PRACTICAL CONSTRUCTIONS

§ 5. To draw a parallel to a given line ar through a
given point P by means of a set square and a straight
edge.

It 19 important that the straight edge should not be bevelled (if 1t 18 bevelled
the set square will slip over 1t), 1n the figures below, a ruler (with an unbevelled

edge 13 shown), but the bage of the protractor or the edge of another set square
will do equally well

Place a set square so that one of 1ts edges hes along the given
Iine QR (as at (1)), hold 1t in that
position and place the straight
(unbevelled) edge 1n contact with
1t. now hold the straight edge
firmly wnd shde the set square
along 1t The edge which origin-
ally lay along QR will always be
parallel to QR. Shde the set squate
till this edge passes through P (as
at (11)), hold 1t hirmly and rule the
line

Ex 386 Draw a straight hne QR and maik a pomnt P, thiough P diaw a
parallel to QR

Ex 387 Repeat Ex. 36 several times, using the different edges of the set
square (See fig 60)

Ex 78 Draw a parallelogram (1e a 4-sided figure with 1ts opposite sides
parallel)

Ex 389 Near the middle of your paper draw a triangle, through each vertex
draw a line parallel to the opposite side

Ex. 40. Diaw any tiiangle Fiom any point O draw three lines paiallel to
the sides

Ex 41 Draw three lines from a pomnt formmng angles of 120° and 150°
Draw any tilangle with 1ts sides parallel to these line  Measure the angles
of the triangle.

Ex. 43 Draw any five-sided figure with 1ts sides produced in order (see
fig 67) From any point O draw 5 lines parallel to the sides of the figure 1n the
directions of the arrnw-heads What does this tell you about the angles of the
figu.e?
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§6 T'o draw a straight line parallel to a given straight
line and at a given distance from it.

Take two points on the line (as far apart as possible), with these
points as centres describe circles with the given distance as radius,
then with the ruler draw a straight ine to touch both cireles

P e _a

P

A S ) B
Fig 59
Ex 48 Diaw any line Diaw two lines, above and below, parallel to this line
at a distance Jf 1 inch
Ex 44 Drawtwolong linesintersecting Draw parallels to each at a distance
of 3 em Jom oppocite points of intersection of these parallels

Ex 45 Diaw any trniangle At a distance of 1 1n draw parallels to the sides
to form another triangle outside Draw the lines joining corresponding vertices
and produce them What fact do you notice ®

ix 46 Repeatthe previous Ex with parallelsinside (Draw a laige triangle )

Ex 47 Repeat Exx 45 and 40 for any quadilateral

Nore A parallel to a given hne @R through a point P may also
be drawn by drawing any hne through P to cut QR, and drawing
another line through P, makimg an alternate (or a corresponding)
angle equal to the angle formed by the cutting hine with QR.

This 1s best done by ruler and compass construction  See Ch 10,
p 81

§7 To draw through a given point P a straight line
perpendicular to a given straight line aRr.

The difficulty of drawing a line right to the corner of a sct square
can be overcome as follows (see fig 60)

Place a set square so that
one of the cdges contaiming
the right angle lies along the
given line QR (asat (1)), place
the straight edge 1. contact
with the side opposite the
right angle, now hold the
straight edge firmly and shde
the set squaie along 1t, the
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.edge which lay along QR will always be parallel to QR and the other
edge containing the right angle will always'be perpendicular to @R
Shde the sei square till this other edge passes through P, then draw
the perpendicular.

In drawing a perpendicular to a given line, make the perpendicular
project slightly beyond the line, so that you may have a well-defined
point of intersection.

Ex. 48 Through a given point 1n a straight line draw a perperdicular to that
line

Ex. 49. Draw an acute-angled triangle, from each vertex draw & perren-
dicular to the opposite side. What fact 1s suggested?

Ex 80 Repeat Ex. 49 with an obtuse-angled triangle. (You .1l find 1t
necessary to produce two of the sides )

Ex. 81. Draw an acute-angled triangle, from the middle point of each side
draw a straight line at right angles to that side. What fact 1s suggested?

Ex. 82. Repeat Ex. 51 with an obtuse-angled triangle

SUMMARY OF RESULTS

When a stratght line cuts two other straight lines, if
(») @ parr of corresponding angles are equal,
or (1) a paw of alternate angles are equal,

or (tiv) a pawr of wnterior anyles on the same sude of the cutting
line are together equal to two right angles,

then the two strarght lines are parallel.

Conversely If a strawght lwne cuts two parallel straight lines,
(v) corresponding angles are equal,
(v) alternate angles are equal,

(n13) the interior angles on the same side of the cutting line ore
together equal to two right angles.



CHAPTER 5

ANGLES OF A TRIANGLE ANGLES OF A POLYGON

ANGLES OF A TRIANGLE.

§ I. A plage figure bounded by three straight lines 1s called a
triangle.

A plane figdre means a figure drawn on a plane surface

TEx 1 Draw any triangle, and measure 1its angles. What 13 the
sum of 1ts angles?

TEx 2. Repeat Ex 1 for a triangle with one of 1ts angles obtuse.
\

Fig 61

Ex. 3 Cut out a paper triangle, mark /

its angles, tear off the corners and fit them /
together with their vertices at one point, as
fig. 61. %

What relation between the angles of a
triangle 1s suggested by this experiment?

//

Your inference may be proved A proof must not denend on any
measurements by instruments, nor on experumental work. The result
is arrived at by reasoning from facts which are known to be t.ue or
winch can be tauken as obvious Particular attention should be pa*d
to the style* in which a proof 1s written out

* Style i writing out theorems and riders The pupil should gradually be
tramned to write out his theorems and riders 1n the form given here; in no
case should the ¢‘Data " and “To prove that” be omitted. In writing the data,
care should be taken to make them as explicit as possible, e g 1nstead of saying
“ABCD 1s a 4-gon with its opp sides ||” say ““ABCD 1s a 4-gon with AB || to
DC and AD || to BC ”* Une of the chief difhculties pupils meet 1n solving riders
is that of focussing their minds on the precise details of facts given. Hence the
importence of stating the data expheitly.
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. TuroreM 8 The sum of the angles of a triangle is equal
to two right angles.

A
4 E
+
\
B c 0
Fig 62
Data ABC 14 a tiiangle
Zo prove that LA+LB+2BCA=21t _s
Construction Produce BC to D
Through C draw CE || to BA
Proof [We shall prove that £sof A =c4sat C]
Since AC cuts the ||s AB, CE,
L A=alt L ACE.

And since BC cuts the |js AB, CE,
£ B - corresp . ECD,
.LA+_.B=o-ACE+_ECD
Add £ ACB to each side of this equation,
LA+ _B+.BCA=-_BCA+LACE+ LECD
=2rt £+ (for BCD 15 a st. line),
sum of £~ of AABC=2rt 28

qEx 4 Would 1t be possible to have tiiangles with angles of
(1) 90°, 60°, 30°,  (u) 77, 84°,20°,  (u1) 59°, 60°, 61°,
(1v) 13£°, 220, 220, (v) 78°,73°% 33°,  (v1) 54°, 5o, 727
YEx 8 (1) Givetwo sets of angles which would do for the angles of a tiiang.e
() Give two sets which would not do
CEx 6 What s the third angle of a triangle 1n which two angles are given
to be (1) 54°, 76°, (n) 27°, 117°, (m) 23°, 317, (1v) 657, 1827, (v) u°, b°?
YEx 7 If the angles of a tuiangle are all equal, what 1s the number of
degrees 1n each?
qMEx 8 Show that the greatest angle of a triangle m- 3t be at least 6C°
TEx. 9 If one angle of a triangle 13 36°, and the other two angles are equal,
find the other two angles
TEx. 10 Repeat Ex. 9 with the given angle (1) 90° (u) 132°, (i) 108°,
(1v) 2°
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Ex 11 In fig 63, triangle ABC has £A=90°, AD 1s
drawn perpendicular to BC* If £B=27° find the angles

’
marked 1, y, 2
Y .{_‘2ﬁg

Ex 12 Repout Ex. 11 with (1) £ B=41°, (n) ¢(B=33" B DC
() £B=15° (1v) £B=«" Fig 63

Ex 138 A tnangle ABC has £A=75, £B=36°, if "AD 18 drawn perpen-
dicular to BC, find cach angle 1n the figuie »

1
1Ex 14 Diaw a triangle ABG, thiough A diaw DAE paiallel to BC  With
thtis construction give another proof of Theorem 8

+Ex 15 If onc angle of a triangle 18 a 11ight angle, the other two angles must
be acute™

+Ex 16 If one angle of a triangle 18 obtuse, the other two angles must be
acute ¥

§2 A triangle which has onoe of 1ts angles an obtuse angle 1s called
an obtuse-angled triangle

A triangle which has one of 1ts angles a nght angle 1s called a
right-angled triangle

The side opposite the right angle 1s called the hypotenuse (a
Greek word which means “subtending” the 1ight angle)

A triangle wlich has afl 1ts angles acute angles 18 called an
acute-angled triangle

In Exx 15, 16 we have seen that every triangle mrist have
at least two of its angles acute.

A trangle which has all 1ts sides equal 1s called an equilateral
triangle

A tnangle which has two of its sides equal 15 called an isosceles
triangle. (Isosceles 1s a Greek word meanng *‘equal-legged )

A triangle which has no two of 1ts sides equal 15 called o scalene
triangle (Scalene comes from a Greek word meaning “lhmping.”)

A triangle which has all 1ts angles equal 1s said to be equi-
angular.

* This means that the truth of the statement 18 to be proved Questions are
often set 1n this form.

8.H J.G 3
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/ 15

1 7 8 16

2 \

5
9
17
8 12
6 11
4 13
10 14

Fig 64

Ex 17 Make a table showing in column A whether the triangles in fig 64
are acute , right-, or obtuse-angled, and in column B whether they are equi-
lateral, 1s0s8celes, or scalene
e
Triangle !
numbercd l A B ’

|

T i
f 2
i |

3

§3 9Ex 18 Draw a triangle ABC, produce BC to D Measure
angles A, B, what 1s their sum? Measure 2« ACD What do you
infer?

Tueorem 8. Cor 1 If one side of a triangle is produced,
the exterior angle so formed is equal to the sum of the
two interior opposite angles.

This corollary was proved 1n the course of the proof of Theorem 8

1Ex 19. Wnte out the proof of the above corollary

T+ Ex 20. Prove that an exterior angle of a triangle is greater than
either of the interior opposite angles.
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‘fEx 21 In fig 65 which are the mterior angles opposite to (1) £ABD,
(1) £ACE? In fig. 66 which are the interior angles opposite to (1) < BCY,
(m) 2CBX?

A A
f \ B (]
b B C E X/ Y
Fig 65. Fig 66.

Ex 22 Iafig 65, £A=40° £ACE=120°, find the remaining angles
Bx 23 Infig 66, £ A=90° prove that - XBC+ ,YCB=3rt /s

Ex 24 Twostraight by-roads cross a straight main road at different pomnts
and make angles of 60° and 42° with 1t At what angle do the by-roads mecet?

tEx 25 IYove that, 1t the sides of a tuiangle are produced in order, the sum
of the three exterior angles is four right angles

tEx 26 Draw a triangle ABC with AB greater than AC D 18 a point in AB
such that £/ ADC= £ ACD Prove that £ ACB 1s greater than the LABC

1Ex 27 If O s any point 1nside a A ABC, prove £~ BOC greater than 2BAC
[Produce BO to cut AC 1n D ]

1Ex 28 A triangle has the two basc angles equal, and a side 13 produced
beyond the vertex Provec that the exterior angle 1s twice a base angle

ANGLES OF A PoLvaON*
§4 9Ex 9. Draw any quadrilateral (a four-sided figure) and
find the sum of 1ts angles.

S'Ex 30 Cut out a paper quadrilateral and proceed as in Ex 3
| Ex 81 Prove that the sum of the angles of a quadri-
lateral is equal to four right angles.
[Jomn two opposite corners ]
+Ex 82. What 18 the sum of the angles of a pentagon (a five-sided figure)
[Jo1in one vertex to the two opposite vertices ]

Ex. 83 In a quadrilateral ABCD, 1 A=77°, + B=88° 2C=99°, find 2D
(Freehand )

Ex 84 Ina quadrilateral ABCD, LA=37, LB=111° and C=1,D, find
LCand D (Freehond)

+Ex 85 ABCD 1s any quadrilateral, BC 1s produced to P and CD to Q
Prove that the sum of the exterior angles PCD and QDA 1s equal to the sum of
the interior angles at A and B.

* See Notes and Answers,
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tEx. 86. ABCD 18 a quadrilateral, ZA= /D, /B=,C; prove AD | to BC

1Ex 87 ABCD 15 a quadnlateral, /A=¢.C, £B=_,D; prove AB || to CD
and AD || to BC.

1Ex. 88. If one pair of opposite angles of a quadrilateral are supplementary,
the other pan must also be supnlementary.

§ 5. A plane figure bounded by stiaight lines 15 called a polygon.
(From two Greek words meaning “many” “angles or corners ”

A polygon which has all 1ts sides equal and all 1ts angles equal 1s
called a regular polygon.

A polygon of 3 «ides 1s called a triangle (2 ).

» 4 ”» » quadrilateral (4 gon)
»» 5 . ' pentagon (5-gon)

» 6, hexagon (6-gon).

” T, heptagon (7-gon)

» 8 % ” octagon (8-gon)

The corners of a triangle o1 polygon are called 1ts vertices.

§6 YEx. 39 A yacht sails from A round the pentagon BCDEF
back to A (sec fig 67) Sketch the figure freehand,
and mark the angle the yacht turns through at B,
C, D, E, F. When 1t gets back to A, 1t has headed
towards every point of the compass, what then 1s
the sum of the angles through which 1t has turned?  F7g"8

Ex 40. Draw a figure to show which angles Fig. 67.
a yacht tur~s through in sailing round a 6-sided course What 1s
the sum of these angles?

fEx 41 Repeat Ex 40 for a triangular course

Ex 42. Produce the sides of a square* in order
(see fig 68), what 15 the sum of the exterior angles?

iEx 43 What fact about the exterior angles of
a polygon do you infer from the above examples? Tig 68

Traeorem 9 If the sides of a convex polygon are pro-
duced in order, the sum of the angles so formed is equal
to four right angles.

* A square may be assumed to have (1) all its sides equal and (1) all 1ts angles
right angles
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The polygon 1n fig 67 18 convex, whereas such a polygon
as that of fig. 69 1s called ré-entrant

tEx 44. Use this theorcm to prove the theorem on p 32

YEx 46. If two of the angles of a triangle are 67° and
79° what 18 the third angle? What are the exterior angles, Fig 69
formed by producing the sides 1n order? What 3s their sam?

Ex. 48. What 15 the size of each exterlo1 angle of a regular octagon (8-gon)?
Hence find the size of each interior angle

§7. To calculate the angle of a Regular Polygon: first
find the exterior angle by dividing 360° by the number of sides, then
get the interor angle by subtiacting the result from 1807,

Ex 47. What are the exterior angles of 1egular polygons of 12, 10, 5, 3, n
sides® Hence find the interior angles of these polygons

TEx 48. The exterior angle of a regular polygon 1s 60°, how many sides has
the polygon?

Ex 49. How many sides have the 1egular polygons whose exterior angles are
(1) 10°, (1) 1°, (m1) 24°°

Ex 80 Is 1t posable to have regular polygons whose exterior angles aie
(1) 15°, (1) 7°, (m) 11°, (1v) 6°, (v) 5°, (v1) 4°?
TEx 81 Can theie be 1egular polygons with exterior angles obtuse?
9Ex 82 Is it possible to have 1egular polygons whose interior angles are
(1) 108°, (u) 120°, (1) 130, (1v) 114°, (v) 60°? (Ihunk of the exterior angles )
In the cases which aie possible, ind the number of sides

Ex 58 Diaw a regular pentagon having each side 2 1n long
[Calculate 1ts angles, diaw AB =2 1n , at B make 2 ABC = the angle of the
regula1 pentagon, cut off BC=21n , ectc, ete ]

"ix 54 Diaw a regnlar octagon having each side 2 1 long
Note The construction of regular polygons 1s much simplified by using a circle
r'or further examples on polygons sce p 144

SUMMARY OF RESULTS

The sum of the ar yles of a triangle 1s equal to two right angles.

If one sude of a triangle vs produced, the extervor angle so formed
18 equal to the sum of She two intervor opposite angles.

If the sides of a convex polygon are produced wn order, the sum of
the anges so formed 18 equal to four right angles.



CHAPTER 6

SCALE LRAWING II*

MoRE ExacT MEASUREMENT BY ESTIMATION

§ I. So far you have only measured to one place of decimals 1n
mches or centimeties, but you will often necd to measure moic
accurately. To do this you must imagine each tenth of an mch (or
centimetre) divided again into 10 equal parts,

The line AB 1s more than 1 21n and

less than 1 31n.; "X~ T B

if 1ts length 13 almost exactly half- Fig 70

way between these measurements you will say 1t is 1 251n |

if 1t 15 a Iittle more than half-way you will say 1t1s 1 26 1n |

if 1t 18 about a third of the way you will say 1t 15 1-231n.,

if 1t 18 about two-thirds of the way you will say 1t 151 27 1n and
80 on

‘With a little practice you ought to get this figure nearly accurate

In the same way you can measure angles to within less than a
degree

qEx. 1. What fraction of an inch does a figure 1n the second place of deci-
mals represent > What fraction of an inch 1s 03?

§2. If a man standing on the edge of a chff looks through a
horizontal telescope and then lowers (or ‘“depresses”) the end of 1t
till he 1s looking straight at a boat, the angle he has turned the
telescope through 1s called the angle of depression of the boat

Remember that the angle of elevation and the angle of depression are always
angles at the observer’s eye, and aie always measured from the horizontal.

If A 15 an observer and X and Y two points ( ee fig. 66), the angle
XAY 15 said to be the angle subtended at A by Xy.

9YEx. 2 In fig 63 name the angles subtended (1) by BD at A, (u) by AD at
B, (1) by AC at B.

* These exerciges do not require the use of intersecting arcs.
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fEx 8 The two ends of a pier bear S. 16°E and S8 18° E. from a picket
boat What angle does the pier subtend at the picket boat?

TEx 4 Repeat Ex. 3, with bearings N. 3°E and N 2°W

In Chapter 2 some notes were given about scale drawing, for the .
sake of completeness these are repeated anl amplified here,

(1) Make a freehand sketch* of the required figure. This
should be made on the same sheet as the finished drawing , 1t should
be neat and fairly large,

(1) Mark all the data in the sketch [f this 1s done 1n 1nk,
1t *s then distinguished fiom any deductions made from the data

(m) Mark any deductions that you can make that will
help you 1insthe drawing (do this in pencil), ¢ g. equal alternate
angles, or the third angle of a triangle.

(iv) State the scale to be used. Choose this wisely (see
p. 14).

(v) Make the accurate drawing, working from your free-
hand sketch

(v1) Do not rub out any construction lines. They show
how you made the figure

(vu) State your answer, which should be the actual length
required and not the scaled length.

Norr. In the freehand sketch the actual lengths of the data
should be shown, the scaled lengths may be shown 1n brackets

In the fimshed drawing the 1equured length should be shown, the
scaled length may be shown i brackets.

Notice that a scale drawing of a figure 1s suilar to the figure 1t
represents , the corresponding angles 1n the two are equal, and corre-
sponding lengths are proportional or in the same ratio.

HEIGHTS AND DISTANCES.
Ex 5 A torpedo boat passes at a distance of 350 feet from a fort the guns
of which are 100 feet above sea-level, to what angle should the guns be de-
pressed so that they may point straight at the torpedo boat?

* Tt should be noted that in later work the freehand sketch 13 often all that
18 required. From the freehand sketch the required lengths and angles can be
calculated without making an accurate drawing.
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Ex 6 A look-out on the top of a vertical chff 100 feet high sights a mine
just awash and finds 1ts depression to be 20° Find the distance of the mine
from the foot of the ehiff below the look-out

Ex 7 From the top of a mountain, 2500 feet high, a ship at sea 13 ~bserved
at an angle of depression of 25°. What 13 the distance of the ship from the top
of the mountain? Give your unswer 1n feet.

Ex. 8 Find, by diewing, the length of a man’s shadow 1f the man 1s 6 feet
high and the altitude of the sun 1s 27°

Ex 9 A man 6 feet high tlhnows a shadow 8 feet long By drawing a figure
to scale, find the height of A man whose shadow 1s 7 fect long

Ex 10 A man standing on the bank of a 11ver sces a tiee on the far bank 1n
a direction 20° W ot N He walks 200 yairds along the bank and finds that 1its
direction 18 now N i It the rrver flows east and west, find 1ts breadth

Ex 11 A and B are two points on a straight road which 1uns due east and
west, from A a tlagstaff F bears N 30° E, and thom B 1t bears N 10 W
If the distance AB 15 1125 yards, find the distance of F from the road

Ex 12. Fig 7118 a sketch of a 10ad which consists of three stiaight parts.
The length and direction of each part of the 10ad were
measured and found to be as follows —AB 0 4 miles, /D
23° east of north, BC 2 8 miles, 40° east of north, CD
5 7 miles, 74° east of north C

Find the distance i miles direct from A to D, and the
angle which AD makes with the northerly direction B

Ex 13 X14175milesN.W of Y, Yis23 milesN E
of Z What 1s the distance and bearing of X from Z?

Ex 14 Southamptonis72miles 8 53°W of London, n
Gloucester 15 75° W of N from London, and 29° W, ot
N from Southampton ¥Fmnd the distance between
Southampton and Gloucester

Ex 18 The position of a place X from A1sN 35°E Fiom B, which1s S E.
ot A and 10 miles distant, X appears to be N 30°W

Fin¢, by dra ving to scale, the distances of X from A and B

Ex 16 Brixham 1s 4:6 miles N E of Dartmouth, Torquay 1s 4 miles N of
Brixham, Totnes 18 7 4 miles 8 75°W of Torquay , what 1s the distance and
bearing of Totnes fiom Dartmouth?

Ex 17. An observer takes the bearings etc of two church spires A and B,
and obtains the following data —A bears N, 22° W., and 18 distant from hum
2000 yards, B bears S 78° W , and 18 distant from um 3000 yards. What 18 the
distance and bearing of A from B?

Ex 18 From the top of a mast 70 feet high, two buJys are observed due
N at angles of depression 57° and 37°, find the distance between the buoys to
the nearest foot. .

Ex. 19 At a window 15 feet from the giound a flagstaff subtends an angle
of 43°, f the angle ol depression of 1ts foot 1s 11°, find 1ts height

Fig 71
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fix 20. An observer in an aeroplanc obscived the angle of depiession of a
mark on the ground to be 50°, after descending by meaas of a spnal to a point
1500 ft vertically below the previous pomnt of observation he saw that the angle
of dervession of the same mark was now 38° IFind, by drawimng to scale, how
far above the ground the aeroplane was then .

Ex 21 Wishing to find the height of a cliff I i two marks A and B on the
same level mn Iine with the foot of the e¢hff From A the angle of elevation of
the top of the chiff 18 87° and trom B the angle of elevation 15 23°30’ If A and
B are 120 feet apart, find the height of the chiff

CHART EXERCISES”
[N B One minute of latitude=one sea-mile 1°=60 minutes (60') ]

Ex 22 What 13 the angle subtended at N E Middle Buoy by the line
joiming Middle Laght on Ryde Pier and S Light on Stokes Bay Pier?

Ex 23 What 19 the angle subtended by the line joning N E Middle Buoy
and Stokes Ba.y Pier § Liught at Ryde Prer Middle Laght?

Ex 24 What angle does the line joiming F S at Fishbourne and F 8. on
Osborne House subtend at the Red Buoy (R) on Peel Bunk? What 18 the
bearing of the buoy fiom Fishbourne F § ?

Ex 25 A shipisobseived to bear N 46° W trom Ryde Pier (Middle Light)
and 8 54° W from Stokes Bay Pier (S Light) Mark 1ts position on the chart
find 1ts distance 1n sea-miles fiom the former light, and 1n cables from the Red
Buoy on the Mother Bank

Ex 26 A poation 18 1 Long 1°10' W, find 1its latitude (1) 1f bearing of
Bay House, Alverstoke, 1s N 134° 1, (11) if bearing of flagstaff at Lee Point 18
N 41°W

Ex 27 A position 19 1n Long 1° 15" W, ftind 1ts latitude (1) 1f bearing of
Norus Castle Flagstaff 18 8§ 23° W, (u) 1f bearing of Lee-on-Solent Pier Light
18N 59°E

Ex 28 A position 18 1n Lat 50° 43’ N , find 1its longitude (1) if Wootton
Coastguard Station bears S 463° W, (1) 1f Wootton Coastguard Station bears
S.42°E

Ex 29 Find a position the bearing of which from RY S Club House 18
N 724°E, and from F S8 at HM Hard 1s N 7°W Give 1ts latitude and
longitude.

Ex 30 Find a position the beaiing from which of Ryde Church 1s S 33°E |
and of ¥ 8 at Fishbourne 1s S 20° W  Guve 1its latitude and longitude

Ex 31 A ship approaching Cowes observes All Samnts’ Chuich, Ryde,
bearing S 24° E, and TS of Alveirstoke Coastguard Station bearmg N 42° E.
After 15 minutes she ok erves Trinity Church, Cowes, beaiing 8 85}1° W, F S
of HM Haid bearing 8 18°W. Find her course and speecd

What 1s the bearing and distance of the Flagstaff of Browndown Camp fiom
the first position?

* These Exx refer to the chart ‘“ The Solent to Spithecad ” See footnote %
onp 15
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Ex. 82. A ship approaching Cowes observes Alverstoke Church bearing
N 34° E, and Ryde Charch bearing due south, After 12 minutes she observes

Fighbouine F.8. bearing 8. 10° E , and Osborne House F.S. bearing S, 68° W.
Find her course and speed.

MISCELLANEOUS.

Ezx. 83. A plank 6 ft. long makes an angle of 274° with the borizontal ground.
How far 15 the upper end of the plan’ above the ground?

Ex 84. A swimming bath is 50 ft. long and 1ts depth 18 6 ft. at one end and

3 ft at the other. What 1s the angle the bottom of the bath makes with the
horizontal?

Ex 85 An upught ship’s mast 18 braced fore and aft by two equal stays,
whose combined length 13 250 teet, each making an angle of 60° with the deck.

Find (1) the height of the mast, (u) the distance on the deck between the ends
of the stays

Ex. 86 A haystack, of which the edge of the thatch 1s 15 ft vertically above
the ground, overhangs 1ts base by 3 ft. What length of ladder will be required
80 that 1t will just reach to the edge of the thatch 1f the foot of the ladder 18
placed on the ground 8 ft from the base of the haystack®

Ex 87. Aladder 10 ft long leans over a wall that 1s 6 ft lgh If the foot

of the ladder 1s 2 ft from the wall, how high 18 the top of the ladder above the
ground ?

Ex 88 A rod AB hangs vertically down from A If 1t 1s now turned about

A t1ll 1t makes an angle of 40° with the vertical, through what vertical height
has B risen?

Ex 39 The seat of a swing 13 supported by two paialle' ropes each 10 ft.
long. If the ropes swing through 80° on each side of the vertical, what 1s the
greatest height of the seat from the ground if the least height 1s 2 ft ?

Ex 40 A see-saw consists of & plank 10 ft long with 1ts middle point sup-
ported at a p_int 2 ft above the ground Through what angle can the see-saw
wing?

What 18 the greatest height of an end from the ground?

Ex. 41 The end view of a garage shows two side-walls each 7 ft high aad
two equal sloping sides of the roof If the width of the garage 18 15 ft. and the
height of the highest point of the roof 11% ft , what 1s the angle of slope of the
roof and the length of the slope?

Ex 42 A rectangular drawing board 18” by 14” lies on a table with one
corner on the edge ot the table and the long side making an angle of 30° with
the edge How far are the other corners from the edge?

Ex 43 A horizontal trap door measures 2 ft 6 12 by 1 ft 9 1n., the lunges
being along the shorter edge. What 18 the height of the edge opposite the hinges
above the horizontal when the door 1s opened thiough an angle of 50°?
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CONSTRUCTION OF TRIANGLES AND POLYGONS

§I. A tnangle has three sides and thiee angles, these sides and
angles may be called the six paits of the triangle

9Ex 1 How many parts has a quadrilateral ?

'fo copy a triangle, how many parts must be copied ?

In copymng a‘triangle, you might expect that all 6 parts would have
to be copied, but you will find that this would be a waste of labour

Suppose that you are making a copy of a triangle ABC Put a
piece of tracing-paper over the triangle and trace freehand first AB,
then . ABC, then BC. Then take the tracing-paper away.

You can now complete the copy without tracing any more parts
by joining BC

You have thus made a copy of the triangle by copyng three only
of 1ts parts  T'he other three parts takhe care of themselves

If you are copying with tracing-paper, no doubt 1t 1s as easy to
copy 6 parts as to copy 3. But if you have no tracing-paper, and
have to copy the sides and angles by measuring with scale and
protractor, to measure all 6 parts would be a waste of time

TEx 2 Try how many parts of a quadrlateral you must copy n order to
copy & quadrilateral. (Either use tracing-paper, or clse copy the siles and angles
freehand *)

YEx 8 Repeat Ex 2 for a 5-sided hgure (pentagon).

§2 9Ex 4 Tiyif you can copy the APQR 1n fig. 72 by copying
PQ, .~ PQR and QR.

Hence we find that we can make a copy of a given tniangle, that
18 to say a triangle equal in all respects to the given triangle, by
making two sides and the wncluded angle the same as 1 the give‘n
triangle

Ex 5 Would any two sides and the included angle serve to fix
the copy of a triangle ?

In copying sides freehand, measure the lengths roughly along your pencil,
cony angles by eye ; mark on your figure the parts you have copied.
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Y Ex. 8. Try if you can copy APQR fiechand* by copymg two
sides PQ and PR, and an angle not included say £ Q You will find
that there 1s a difticulty here Remember that this case has nnt been
dealt with properly

P

Q R
g 72

+Ex 7 Construct triangles to the following measurements, 1n each case
measure the remaining side and angles —

(1) LABC=80°, AB=22m, BC=29m
(n) LB =28° AB=73cm, BC=121cm
(111) LB=126° AB=61lcm, BC=61lcm
() £C=90°, BC=39m, CA=281n
(v) CA=26m, AB=33imn, LA=162°
(v1) £C=T9°, L=4T7cm, a=—61cm.
(vn) c=46cm, b=87cm, LA=38

Ex.8 Two ladders 15 ft. and 20 ft long lean against each other at their ends
forming an angle of 80° What 1s the distance between then feet?

Ex. 9 The hid of a box 2 ft long 18 propped open at an angle of 58° bv a
stick What must be the length of the stick?

Ex. 10 One aeroplane sets off due N at 80 m p h. and at the same time

another sets off N E at 100 m.p.h  How far apart will they be after 1 hour and
what bearing will the latter have from the former?

« §3. MEx 11 Try1f you can copy a triangle (drawing freehand *)
by copying a side and the two angles at the ends of the side.

* In copying sides freehand, measure the lengths roughly along your pencil,
copy angles by eye, mark on your figure the parts you have copied.

1 Note that the siies of a A ABC are often called a, b, ¢; remember that a 1s
the side opposite the angle A and so on
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fEx 12 With ruler and protractor, make an accurate,copy of
APQ@R 1n fig 72 by copying QR, £ Q, and . R

TEx. 13 Try to construct a tnangle given one side and two
angles one of whach 18 not at the end of the given sude Say QR=21n,
L@=00°, P =70 If you fal at first, make a freehand sketch and
think what must be the size of L R. Méusure PQ when you have
completed the copy.

Hence we find that we can make a triangle equal 1n all respects
to, a given triangle, by making one side and any two corresponding
angles the same as 1n the given triangle

Ex 14 Construct tiiangles to the following measurements, 1 each case
measure the reraaining sides and angle —

(In case the construction 1s impossible with the given measurements, try to
explain why 1t 18 impossible )

(1) AB=83cm, LA=45°, LB=72°
(1) £B=90°, BC=72cm, »LC=42°
() £LC=116°, CA=18m, LA=T78"
(1v) b=92cm, .C=31° LA=59"
v) (=28m LA =507, £ B=130°

Ex. 15 Constiuct triangles to the following measuiements, in each case
measuie the 1emaining sides and angle —

(Here 1t 18 specially important to make a fiechand sketch )

() BC=80cm, LA=77°, LB=46"
() AB=73cm., LB=LC=57°

(m) £C=cA=60°, AB=2T7in

(tv) BC=11m, LA=14° LC=52°

Ex 16 The angle of elevation of the top of a flagstaff from a point m‘ the
horizontal plane 100 yards from the foot of the post 1s 30° Find the height of
the flagstaff

Ex 17 ABsastiaight road 400 yards long running due N The bearing of
a church fiom A 18 60°E of N and from B, 40°E of N How far 18 the church
from A?

Ex 18, To find the distance of a point G from A, a straight line AB, 300 yaids
long, 18 measured out Tue L GAB 1s found to be 65° and £ GBA, 70° How far
18 G from A?

Ex 19 From two pointe 100 yards apait 1n a straight Iine with the foot of a
tower the angles of elevation of the top are 30° and 50°. Find the height of the
tower.
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§4. YEx.20. Tryf the lengths of three sides are enough to fix a
triangle, nothing being said about the angles For this experiment,
take three sticks See 1f you can fit them together, end to end, in
various ways so as to form different triangles, or if you always get
the same triangle however you may arrange them.

Y Ex 21. Copy the trizngle PQR 1n fig. 72 by first drawing QR of
the 1equired length and then finding the third point by means of
circles (the whole circles need not be drawn, see fig 73, which 1s
not drawn full size) Hence we find that we can make a tilangle
equal 1n all respects to a given triangle by making the three sides the
same as 1n the given triangle

Q R
Fig. 73

Ex 22 Construct triangles to the following measurements, in each case
measure the angles —
(It 18 advisable to draw the longest side first )
() BC=89cm, CA=83cm, AB=67cm
(1) a=53cm, b=83cm, c=25cm
(mu) BC=39m, CA=25m, AB=25m
(v) BC=69em, CA=69cm, AB=69cm

(v) a=65cm, b=9 6 cm., c=T72cm
(i) BC=21m, CA=11im, AB=32m
(vu) a=+1lm, b=411n, ¢=4 11,

Ex 28. OUn a horizontal beam there are two hooks 4 ft apart A weight
hangs from the hooks by two strings of length 3in and 2 5§ 1n - What angl-s do
these strings make with the horizontal?

Ex 24. A1s 5 miles due N of B, C 1s 8 miles from A and 6 miles from B.
What 1s the bearing of C from A and from B? What 13 1ts distance fiom the
line AB?

Ex. 25 Two beams 20 ft. and 15 ft long support a vertical wall by pressure
at the same point Their ends, 10 ft. apait, are 1n a "'ne at right angles to the
wall What 1s the height of the pomnt of support abo e the ground, assumed
horizontal?

Ex 26. The Chesapeake Bay seaplane race-course is triangular, the sides
being 10 3 muley, 8 9 miles, 11 8 miles Through what angle does a machine have
.0 turn at each corner?
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THE IsosceLes TRIANGLE*

§5 MEx 27 Drawanyangle Ucing compasses cut off AB = AC
along the arms. The triangle ABC 13 A
1sosceles What should you expect to fingd
about B and . C? B

You will agree that 1f we make AB:- AC
then LB=,C ’
You willalso readily agrce that if we began by makingthe 2B =2 ¢C
then the side AB would be equal to the side AC
The phirase “t}'m sides ” of an 1sosceles triangle 18 often used to mean the equal
sides, ‘‘the base” to mean the other side, *the vertex’ to mean the point at
which the equal sides meet, and ‘“the vertical angle” to mean the angle at the
vertex ’
To construct an isosceles triangle on a A
base 2" with equal sides 3".
Draw base BC=2" With centres B and C and
radius 3" draw arecs of cucles intersecting at A
Measure .. B and . C
Ex 28 Draw any line BC, at B and C make any B C
two equal angles CBA, BCA DMeasure AB and AC. Tig 75.

Fig 74

THE EQUILATERAL TRIANGLE.
Y Ex. 29. Draw BC any length With cen- A
tres B ~nd C and radius BC describe circles?
to mntersect at A Then ABC1s an equilateral

triangle Measure the angles of the triangle B c
Ex 80 Construct isosceles triangles (1) on a base )

2” with equal sides 1 5”, (1) on a base 6 cm. with —_—

equal angles 70°, Tig. 76.

Ex. 81 Construct tiiangles to the following measurements, 1n each case
measure the angles —
() BC=39mm, CA=AB=251n
(1) a=b=32m, (=181
(m) a=b=c=6 9cm

The propertics nt the Isosceles Triangle are mostly obvious to a beginner
from mtuitional 1deas of symmetry. These can be developed by leading questions
See Ch 11.

+ It 18 not necessary to show the whole circles, but they have been shown here
a8 a matter of historical interest, fig. 76 1s the figure of Euchd’s first propo-
sit'on,
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Ex 82 Constiuct an equilateral tuiangle with a side of 5¢cm  On each side
of this triangle and out«ide 1t construct other equilateral triangles.

Ex. 38 Draw any 1sosceles triangle ABC with AB=AC From A diaw AD
perpendicular to BC Measme BD and DC

From the above exercises the following thecorems should be quite
obvious —

Turorem 12. If two sides of a triangle are equal, the
angles opposite to these sides are equal.

Tueorem. 13 If two angles of a triangle are equal, the
sides opposite to these angles are equal.

Ex. 34. In a trnangle XYZ, XY=XZ, find the angles o1 the tiiangle 1n
the following cases —(1) £Y =74, (n) £ X =36 (1) £ X=142° () LY =13",
V) £Z=97° (n) £Z=15° (vu) £LX =a®, (vi1) £Y=0°

Ex 36 F¥ind the angles of an 130sceles triangle in which each of the base
angles 18 half ot the vertical angle.

Ex 86 I'nd the angles of an 1sosceles triangle i which each of the base
anglos 18 double of the vertical angle

+Ex 87 Prove that a triangle which is equilateral is also equiangular.

[If PQR 18 an equilateral triangle, QP=QR /?=,7]

Ex 88 In a trniangle ABC, AB=92cm, £C=82", AC=92cm., AB, AC
are produced to D, E respectively Iind all the angles 1n the figure

§6

THE RIGHT-ANGLED TRIANGLE

P X

90° 90°

0 R Z\ Y /Z,
Fig 77 Fig 78

Ex 39 Copy the nght-angled triangle PQR as follows —draw
XY = PQ, through Y draw a line at 11ght angles to XY, with centre X
and 1adius = PR diaw o circle to cut thisline at Z  You will see that
there are two possible positions for Z, but As XYZ,; and XYZ, are
exactly equal

Hence we find that we can make a triangle equal 1n all respects to
a given rmght-angled tnangle by making the hypotenuse and one side
the same as m the given triangle  (Note that this speeial case is a
case of two sides and the non-included angle.)
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Ex 40 Constiuct nght-angled triangles to the following measurements, 1n
each case measure the remaining sides and angles —
() AB=8cm, AC=6cm, £C=90°
() BC=2m,BA=281n, £C=90°
(i) Hypotenuse=6 cm., one side=5 2 em.
(1iv) £A=90°% a=41mn, b=21n.
Ex 41 R 18 12 m south of P, Q 18 due west of R, and PQ 1320 m How
far 18 @ from R, and what 18 the bearing of Q from P?
Ex. 42 A lnwdder 20 ft. long rests against a vertical wall with the foot of the
ladder 10 ft. from the base of the wall. To what height up the wall does the
ladder reach®

Ex 48 A vertical mast 100 ft. high 1s secured by straight cables 120 ft long
At what distance from the foot of the mast are the cables fixed 1n the ground?

Ex 44 To reach the top of a vertical tower 60 ft. high, trucks are dragged
up a straight slope 200 ft long What 1s the horizontal distance between the
foot of the tower and the foot of the slope ?

§ 7 Construction of triangles—miscellaneous data.

Ex 45 Construct triangles to the following measurements, in each case
measure the remaming parts —

(1) BC=318in, AB=3181n, LB=335"
(1) a=2391m, b=2411n, LC=635°
() AB=282m, AC=277m, L A=137"
(1v) ¢=3001n, L A=61° £ B=59

(v) BC=352m, £ B=25° £ C=238

(1) AC=1065cm,, LA=545" £LC=36°
(vn) BC=640cm , CA=905cm, AB=7 (63cm
(vi)  a=769cm , b=930cm , c=530cm
(1x) BC=453m, CA=2681m, AB=2 021n
\X) ¢c=2T71m, £ B=555°, LC=675°
(x1) ¢2A=24" ¢ C =475, BC=304cm
(xu1) £ A=138° a=1073cem , LB-=235°
(xm) £C=90° BC=100m, CA=2001n
(x1iv) BC=409cm, CA=33lcm, AB=75tcm
(xv) 2£A=905 L B=178° a=3541m
(xv1) AB=2991n, £ B=1275°, L C=535°
(xvm) =292, LB =59° =239
(xvi1) £B=335°, BC=261m, CA=1541n
(1x) a=216m, b=264m, £B=645°
(xx) 7 A=24° ¢c=776cm, a=2 87 cm

SHJG
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FRAMEWORKS

§8 Kig (Y represents a gate, but a bad gate If anyone sat on
the top bai, there would he a danger of the gate collapsing, and

o P

7

7

— |-

Fig 79 Fig 80

I

assuming this shape D . To resist a strain of this nature, there

1s nothing but the stiffness of the corners, and to rely upon this 1s
bad carpentiy To make this a good gate, an additional bar must be
ntroduced as in fig 80 The fifth bar makes 1t a rigid framework,

not relying upon the stiffness of the corners

Take 4 strips of cardboard, of any lengths Punch a hole at each

end of each strip (with a paper-punch if possible) and
jont the strips together with paper-fasteners, or prefer-
ably with bootmaker’s eyelets*  The result 1s a quadri-
lateral with 4 sides given The quadilateral can be

deformed mto varous shapes, if the hinges at the
corners work freely

To comvert this mto a rgid fiamework, you may
add a fifth strip along a diagonal

This shows that a quadiilateral 1s fixed given 4 sides
and 1 diagonal, 5 data m all

B.t the origimal deformable framework might have
been made ngid m other ways  One angle night be
fixed by pmching or glummg one corner hxing one

Tag 82

angle will fix all the angles Here again 5 data fix the quadnlateral

Notice that three strips jomted together at their ends form a rigid

fiamework

TEx. 46 Try if the deformable quadrilateral 18 m 1e rigid by add'ng a 5th
strip (1) Joining points on adjacent sides, (1) joining poiuts on opposite sides

9Ex. 47 By ficehand drawing, see 1f a quadrilateral 15 fixed if 3 sides are
given, together with the 2 angles between these sides—>5 data in all.

* Or Mec ano strips might be used. See Notes and Answers
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9Ex 48 Is a quadulateral fixed by the following 5 data 4 argles and 1
side ?

TEx 49. By experiment or otherwise, ascertain how many deta are needed
to fix a'pentagon

§9. Construction of quadrilaterals, etc. from sufficient
data.

Here 1t 18 especially mnportant that, before beginning the A B
construction, a freehand sketch should be made showing the
given parts.

. Note that the letters must be taken in order round the D Cc
quadriilateral, e g the guadnlateral in fig 83 1s called ABCD
and not ABDC Fig. 83

Ex 50 Construct quadilaterals ABCD to the following measurements;
measure the remaining sides —
(1) AB=63cm, ,B=82°, BC=82cm, ,C=90°, CD=77cm.
(n) £B=116°, BC=14{m, ,C=99°, CD=191mn, 2D=92°
(m) £B=122°, ,C=130°, ,D=130°, BC=CD=161n
(iv) AC=56cm, £BAC=58’, tDAC=69°, £BCA=58° DCA=069°
Ex 51 Construct quadrilaterals ABCD to the following measurements,
measure the angles —
() AB=23mm, BC=21mn, CD=33in, DA=15m, BD=341n
(n1) AB=CD=64ecm, BC=DA=37cm, BD=57cm,
() AB=BC=CD=DA=51cm, AC=92cm
(iv) AB=38m, BC=17m, CD=10m., DA=491mn, ,B=146°

Ex. 87. Construct pentagons ABCDE to the following measurements,
measure the angles at D and E —
() AB=20m, BC=22m, CD=17m, DE=22in, EA=25m,
L B=111°, £C=149°,
(1) AB=17m, BC=10m, CD=22m, DE=34m, EA=051m,
£ N=126°, (B=137°
() AB=BC=CD=DE=EA=50cm, AC=BE=81lcm

4—2



MISCELLANEOUS EXERCISES A

Ex 1. In fig. 84, RY 1s parallel to QP and QX 1s P
parallel to RP. Determine all the angles 1n the figure, X oo
giving your reasons

Ex 2 In fig 85, ABCD 18 a parallelogram,
and FG 1s parallel to the diagonal DB  Copy
the figure freechand and find all the angles 1n the
figure Give a brief explanation

Ex 38 Draw frechand a parallelogizam PQRS,
LS being acute, draw the diagonals and let
them intersect at X Now assume that £ XSR
=20° £ XRS=40° Find the remaining angles
m t he hgure, giving your reasons Fig 85

Ex 4 In fig 86, EB, AD, FC are all perpendicular to BC,
given that - EBA=20° and 2 FCA=50° find the other angles of E A F
the figure Give your reasons caretully

Ex &6 Draw a triangle ABC right-angled at A; through A BD
draw XAY parallel to BC, and draw AD perpendicular to BC.
Assume that £ ACB=30° and find the number of degrees 1a the
other angles of the figure Give your reasons carefully.

Ex 6 Infig 87, STXY, XYZW are two parallelograms 3 w Z

Make a freehand sketch of the figure, and write mn each
angle the number of degrees 1t contains Explamn bricfly |

C
Fig 86

Ex 7 Draw an acute-angled triangle XYZ, produce
YX to P, through X draw a straight line QXR parallel to
YZ Assuming that £ XYZ =40° and £ XZY =60°, caleu- Flg 87
late each angle in the figure Gave your reasons carefully. :

Ex. 8 Draw frechand a triangle ABC having BA=BC, through B draw DBE
parallel to AC. Now assuming BA=BC, and £BAC=142°, find the other angles
1n the figure. Give your reasons carefully

Ex 9. Infig 88, AB=AC, and CE 1s parallel to BD. Find A
all the angles and give a brief explanation.

Are there any equal lines in the figure? Give reasons for
your answer. D
+Ex. 10. Draw a trniangle ABC, produce BC to D, dtaw CE A
the bisector of £ ACD. Prove that, 1f CE 18 parallel to BA,

A ABC 18 1808celes B F c
1g 88

mom
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Ex. 11. In fig, 89 find the angle marked z, giving reasons
Find also the angle at which CN and AB would meet if produced.

A
A C
° z
68/, XL \y
5
\ON
B B
Thg. 89. Tig 90

Ex 12 In fig 90, £A=10° £ XCB=30", AB=AC, and XY 1s parallel to BC
Find the various angles of the figure, giving your 1easons
each case What pairs of hnes in the figure must be equal ?

Ex 18 In fig 91, O 1s the centre of the circle and OC 1s c ‘
parallel to AB 2 OAB=40°. Find all the angles of the <—B
figure Explaimn briefly. AFlg 91

1+Ex. 14. PQR, SQR are two 1sosceles tiiangles on the same side of then
common base QR Prove that « PQS = £ PRS

Ex 158. In fig 92, ABC 18 an equilateral triangle, and
each of the marked augles 1s 20°. What 1s the magmtude
of /BPC” (Give your reasons ) Prove that A PQR 1s equi-
lateral.

Ex. 168 Make a freehand copy of the tuangle n fig. 92,
draw BP and produce 1t to X so that BX =BA. The figure
now repiesents a framework of four equal rods Assuming
that £ XBC =20° find £ XCA

1+Ex 17 ABC 18 an 1sosceles triangle, the equal sides AB, Ay are produced
to D, E 1espectively, the bisectors of £ DBC, £ ECB intersect at F  Prove that
A FCB 18 1808celes.

1Ex. 18 Draw a straight line XO, produce 1t to Y so that OY=XO, from
O draw another ine OZ and make 1t equal to OX. Prove that ¢ XZY 1s & right
angle.

+Ex 19 PS, the bisector of the £ P of a APQR, cuts QR at S. Through S,
ST and SU are drawn parallel to PR and PQ, thus formmng a quadrilateral
TPUS Prove that the sides of TPUS are all equal to one another

tEx 20 AOC 1s an acute angle and OB divides 1t into two unequal angles
From P, any point in OC, perpendiculars PN and PM are diawn to OA and OB,
Prove that the angle between these perpendiculars 1s equal to the angle AOB

Repeat the above for the case 1n which AOC 1s obtuse and each of the angles
AOB, BOC acute



54 JUNIOR GEOMETRY

+tEx 231 In fig 93, 2/CAD= /ABC and CPQ bisects A
2 ACB Prove /AQP= £ APQ. Q 4A
1Ex 22 The bisector of the angle A of a triangle ABC
meets BC 1n D, and BC 1s produced to E  Prove that ‘b‘
LABC + LACE=22ADC B8 D
1Ex 23 AB, CD are two parallel straight lines drawn m Fig 93

the same direction, and P 18 any point inside the quadiilateral ABDC Piove
that LBPD=¢ABP + LCDP
Ex, 24. The gable end of a house 18 1n the form of a pentagon, of which the

three angles at the ridge and eaves are equal to each other: show that each of
these angles 1s equal to 120°

Ex 25 How many diagonals can bo drawn through ore vertex of (1) a
quadrilateral, (1) a hexagon, (1) a n-gon ?

Fig 94 Fig 95

Ex 26 Fig 94 represents a tetiahcdron (or pyramid on a tniangular base).
How many faces, edges, vertices has 1t ?

Ex 27 If the tetrahedron in fig 94 has its top cut off b a plane parallel to
the base, how many faces, edges, vertices would the resulting figuic have?

Ex 28 Fig 95showsa tetrahedron. Imagine 1t cut along the shad.d section
and the top removed How many faces, edges, vertices would the resulting figure
have?

Ex 29 Repeat Exx 26, 27 for a square pyrammd

Ex 30 Fig 96 shows a sohd formed by bwlding a 4-sided
pyramud upon a cube, the sides of the pyramid being equi-
lateral triangles How many faces (including the base) has the
whole solid? how many edges® how many veitices® What 1
the sum, 1n degrees, of the angles at A, at B, and at O?




REVISION PAPERS A
Paper 1.

1 Show by means of frechand figures and any necessary explanation that
you understand the meamng of (1) vertically opposite angles, (1) alternate
angles, (1) rectangle, (1v) 1s0sceles triangle

2 How many edges has (1) a cube, (1) a cuboid, (1) a square pyramid?
Draw a freehand sketch of each

. 8. Calculate the value of v 1n the figuie.

4 What can you state about (1) the angles of any triangle, 1°\E 434
(11) the angles of an equilateral triangle?

t6 What 1s the sum of the angles of a quadrilateral” Prove your statement
n two ways 1f you can

6 Thiough what angle does the large hand of a clock turn between 12 5p m
and 12.45p m *?

The large hand 18 10 inches long and the small hand 1s 6 inches long. By
drawing to scale, find the distance between the tips of the two hands at 4 p m.

7 In the given figute AB 1s parallel to CD (1) Name a pair E
of alternate angles (1) Name a pair of corresponding angles 5 [ B
(1) Assume £ FGD=70° and find all the other angles in the
figure, give the reasons carefully c G D

8. Diaw a AABC having AB=3 36 in, AC=233 1n, LA=43° DMeasure
BC

9 Find, by drawing, the length of the shadow of a man 6 feet high when the
altitude of the sun 18 57°

Paper 2.
1 Mention and explain the vaiious adjectives that aie used to describe dif-
ferent kinds of tiiangles

2 Two or more straight hines are diawn through a poat forming angles
Diaw a figurc and mention three facts connected with such angles

8 Draw (freehand) an uregular pentagon and find the sum of 1t angles.

t+4 In the given figure AB 1s parallel to CD, and AF E
and CG are the bisectors of 2 BAE and £DCA Prove F
that AF and CG are parallel /

6 Iwalk for two-thr ds of a mile along aroad Ithen A /
turn to the right at right angles and walk for half-a-mile
I then turn to the left at right angles and walk for a / G
mile, all three parts of the road being stiaight Diaw
a diagram and find by measurement my distance from ¢ D
my starting point

[Sce next puge
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6 In the given figure CA=CO, / COA=58° . OCB=29° ¢
Find all the other angles. What other pairs of lines are equal f S\

and why? o B
7. Draw a AABC having AC=9 45 cm., 2 A=43° £ C =65 Measure the
distance of B from the mid-paint of AC
8. A ship steaming N. 55° W at 18 knots sights a lighthouse bearing
N 42° W, distant 3 5 miles, at noon Find, by drawing, how near the ship will
pass to the lighthouse, 1f she keeps on her course. Find also at what time (to
the nearest minute) she will pass the lighthouse

Paper 3.

1. If two stiaight lines are parallel and ate cut by a straight line, what con-
sequences follow?

2 Two angles of a triangle are 65° and 43° Find the third angle.

Three angles of a quadrlateral are 65°, 43° and 102° Find tne fourth angle.

8 A man starts from A and walks along the roads
ABCDEA the angles through which he turns at the
corners are shown 1n the figure What 1s the number
of degrees in the angle z through which he has to
turn at A?

Show that AE and CD are parallel.

4. Theside BC of the triangle ABC 18 produced to K. Beinggiven L ABC =41°,
and £/ ACK=173° find - BAC

Quote the enunciation of the theorem you use

& In the figure the triangles ABC, PQC, PRC A
are equilateral triangles £ ACP 18 12° Find all the
angles of the triangles MQC and NRC

6. Draw freechand an acute-angled triangle ABC, p\M Q
draw AD to bisect £ BAC and cut BC at D, draw
DE parallel to BA cutting CA at E Now suppose
that / C=40°and £ B =60° determine all the angles N
1n the hgure and hence find any pairs of equal lines B R [}
J1ve reasons

7. Draw a AABC inwhich a=3 551n,, b=3 361n, ¢ =272 1n, Measure the
perpendicular from A to BC

8 A captive balloon 18 observed from two positions A and B on a horizontal
plane, Avbeing due north of the balloon and B due south of it. A and B are
2 miles apart. From A the angle of elevation of the balloon 18 27° and from B
1t 18 18°, Find, by drawing, the height of the balloon.

Paper 4.

1. Explain the terms (1) angle of depression, (1) cdrresponding angles
2. (1) How many faces has a prism on a six-sided base? (1) How many
e ges ms a pyramid Hn a base of 5 sides?
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8 Mention four arguments any one of which may be used to prove that two
straight lines are parallel

4. Quote the theorem about the exterior angles of a convex nolygon Why
convex? Show that the theorem about the interior angles of a triangle can be
proved from the above.

16 The triangle OAB has LA=,B=twice £ AOB Calculate the number of
degrees 1n 2 AOB. .

OB 1s produced to C so that BC=BA Prove that 2 OBA =twice LACB
Also prove that AC=0B

6 In the figure, which 18 not drawn to scale, find ¢
y 1f AB and CD a1e parallel and z 15 18, also prove that A
AB and CD will meet 1f produced towards B and D

(whatever v may be), provided that r+y 1s greater 2907
than 32 ag?
7. Draw a AABC having £B=90°, AB=6 77 cm , P x

AC=9 33 cm Measure BC

8 Three ships, A, B and C, start together from a
port A proceeds due north, B, NE , and C, east. If
the ships always keep 1n a line, A going 20 knots and g D
B 12 knots, what 18 C’s specd ?

Paper 5.

1 Gave careful definitions of the following, and draw simple figures to make
your definitions more clear —Supplementary angles, angle of elevation

Explain with sketches the meaning of (1) prism, (u1) triangular pyrammd

2 How can a plane guadrilateial framework with free joints be made rigid?
How many facts must be given to enable you to draw a quadrilateral?

8. Wnat 13 a regular polygon? What remaik can you make about a regular
polygon of 100 sides?

4 Quote 1 full two theorems in the enunciations of which the phrase
‘¢ corresponding angles” occurs

6 Inthegiven igure AC=CB,CD=CEand ZA=50". Find A B
the 1emaining angles, stating your reasons v

t6. AB and CD axe two parallel straight lines and a straight c
line 18 drawn to cut them in E and F If B and D are both on
the same side of EF, prove that the bisectors of ~ BEF and A

£ DFE are at right angles to one another

7 Draw a triangle ABC having AB=3 64 1n., AC=2481n, D E
and £ ABC=37°. Mea.ure BC. Must all the triangles drawn to these measure-
ments be alike?

8 Two points of land, A, B, on the shore are 2 8 miles apart, A being
8.71°W.of B A ship at sea observes A to bear N, 17°E , and B to bear N 42°E
Find the distance of the ship from A and from B

If the ship’s course 1s N 50° E., how ncar will she pass «o B?
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Paper 6.
1  What 1s the meaning of *“subtend”?

2 Give the different sets of data which suffice to fix a triangle (except 1n
position)

8 How many sides has a regular polygon the angle of which contains 162°?
Is 1t possible for a regular figare to have angles of 130°?

4. Draw a figure of a cuboid showing three of 1ts faces If you place a cuboid
with one of 1ts faces vertical, how many of 1ts faces (1) must be vertical, (11) might
be vertical? If you place it with one of 1its edges horizontal, how many of 1ts
edges (1) must be horizontal, (1) might be horizontal, (11) must be vertical?
How many diagonals has a cuboid?

8. ABCisanigosceles tiiangle (AB =AC)and AC1s produced A
to D so that CO=BC

(1) Mention two pais of equal angles 1n the figure

(1) What relation exists between the angle ¢ and the angles
z and y°

B< C
(m) Show that £p=twice Lz ‘
(1iv) What 1s the sum of the angle A and twice the angle p°
(v) If LA=40° what1s Ly?

D
6 The figuie shows two parallel mirors such as are used in
a trench periscope A ray of Light 1s shown, impimmging on the /14—-
upper murror, reflected on to the lower and so out A ray ot
light 18 reflected off a mirror so that the marked angles are equal.
Show that the ray that emerges fiom the periscope 1s parallel to
the ray that enters it

7 Draw a quadrilateral having one angle equal to 50°, and
having each side 2 21n long. Measure the longer diagonal

8. A tower, whose bage 13 a cucle of diameter 40 feet, 13 _ 9/
surmounted by a spire The tip of the shadow of the spire 19 ;
33 feet from the nearest point of the base, and the altitude of the sun 13 found
to be 60° Draw a sketch to scale, and measure to the nearest foot the hel;;ht
of the top of the spire above the ground




CHAPTER 8*

CONGRUENT TRIANGLES, THE ISOSCELES TRIANGLE
CONGRUENT TRIANCLES.

§ I. If two figures when applied to one another can be made to
coincide (1¢ fit exactly) they must be equal m all 1espects

_ Figures which are equal 1n all respects are said to be congruent.
The sign = 1= used to denote that figures are congruent

You have learnt that 1f you copy two sides and the contained (or

mcluded) angle of a triangle, you make a triangle congruent with the
first  This fact may be stated as follows —

Tueorem 10 If two triangles have two sides of the one
equal to two sides of the other, each to each, and also
the angles contained by those sides equal, the triangles
are congruent.

A D F

8 c
E
Fig 97
N B 1t must be noted carefully that the congruence of the triangles
cannot be wnferred unless the equal angles are the angles contarned by
the sudes which are gwen equal

« Ex. 1 Make a list of all the equal sides and angles n As ABC and DEF
of fig 97. Which were given equal?

TEx 2. Draw (frechand) two triangles PQR, XYZ having QR =XY, RP=YZ,
and £ Q= £Z Would this prove the triangles congruent? Give two reasons

1Ex 8 D 1s the mid-point of the side BC of a A ABC, AD 1s produced to E
so that DE=AD Prove that AB=EC and that AB, EC are parallel.

[Furst prove a pair of tiiangles congruent ]

* This 18 a chapter of deductive geometry, with very young pupils 1t might

avell be postponed till further acquaintance with less formal work has been
gamed f.om the following chapters.
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1Ex. 4 The bisector of the angle between the equal sides of an 1sosceles
triangle 18 perpendicular to the base*.

1Ex. & W 18 the mud-point of a straight line YZ, WX 1s drawn at right
angles to YZ Prove that XY=XZ

1Ex 6 ABCD 1s a square, E 18 the mid-point of AB, join CE and DE.
Prove that A AED = A BEC.

tEx 7 Show that the distance between
G and H, the opposite corners of a house,
can be found as follows At a pomnt P set
up a post, step off HP and an equal distance
PN, taking care to keep 1n a straight line
with the post and the corner H, step off
GP and an equal distance PM, M being 1n
the same straight line as G and P. Measure
MN , this must be equal to GH

Draw a ground plan and prove that
MN=GH

§2 You have learnt that 1f you copy two angles and a s1de (not
necessarily the side between the angles) of a triangle, you make
a triangle congruent with the first This fact may be stated as
follows —

Tueorem 11, If two triangles have two angles of the one
equal to two angles of the other, each to each, and also
one side of the one equal to the corresponding side of the
other, the triangles are congruent.

“Ex 8 Draw two as GHK, XYZ, and mark GH=XY, ¢H=_.Y, and
LK=¢,X, rethe triangles congruent?

+Ex. 9. The following method may be
used to find the breadth of a river Choose —_————

a place where the river 1s straight, note I —Sa———— g -
gome conspicuous object T (e g. a tree)on ——b— = e
the cdge of the other bank, from apomnt 0 == S —————1oum .
opposite T measure a distance OS along the o S —‘:p
bank, put a stick 1n the giound at §, walk S !
straight on to a point P such that SP=08; \\\ ;
from P walk at right angles to the river fill ~a
you are in the same straight line as Sand T. Tig 99 .

PQ 15 equal to the breadth of the river. Prove this

* This means that the truth of the statement 1s to be proved Questions ate
often set 1n this ford.
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tEx, 10. If the bisector of an angle of a triangle cuts the opposite side at
right angles, the triangle must be 1s0sceles.

1tEx 11 P 1s a pomnt on the bisector of an angle, and PM und PN are
perpendiculars to the arms Prove PM=PN

§3 You have learnt that if you copy three sides of a triangle, you
make a triangle congruent with the first This fact may be stated as
follows —

. TueoreM 14 If two triangles have the three sides of the
one equal to the three sides of the other, each to each,
the triangles are congruent.

1Ex 12 If, in a quadrlateral ABCD, AB=AD, CB=CD, prove that AC
bisects LA and £C

+Ex 18 PQ and RS are two equal chords of a circle whose centre 18 O
Prove that £ PO@ = £ ROS

1Ex. 14. P s a point equidistant from A and B M 13 the middle point of
AB, Prove that PM 18 perpendicular to AB.

+Ex 16 Prove that, 1f the opposite sides of a quadrilateral are equal, they
are parallel

§4 You have learnt that 1f you copy the hypotenuse and one
other side of a right-angled triangle you make a triangle congruent
with the given triangle This fact may be stated as follows —

Tueorev 15. If two right-angled triangles have their
hypotenuses equal, and one side of the one equal to one
side of the other, the triangles are congruent.

+tEx 16 In atriangle XYZ, XY=XZ, and XW 18 drawn at right angles to
YZ prove that A XYW= a XZW

+Ex 17. A and B are two points on a circle and C 18 the centre. Prove that
the perpendicular from C to AB bisects AB

+Ex. 18 P1s a pomnt equidistant from the arms of an angle AOB. Prove that
PO bisects the angle

+Ex. 19. ABCD 18 a quadrilateral with AB=AD and the angles at B and D
raght angles. Prove that CD=CB.
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§5 We will now prove the theorems discussed on pp. 47, 48.

Turorev 12. If two sides of a tridngle are equal, the
angles opposite to these sides are equal.

A
B8 D C
Fig 100.
Data ABC 1s a triangle which has AB=AC
To prove that LC=LB

Construction Draw AD to represent the bisector of - BAC
Let 1t cut BC at D

Proof Inthe AsABD,ACD ( AB=AC, Data
AD 1s common,
L BAD = £ CAD, Congstr
S.AABD= AACD, Th 10
LB-.C

TaeoreM 13 If two angles of a triangle are equal, the
sides opposite to these angles are equal.

A
8 ) o}
Fig 101
Data ABC 1s a triangle which has £ B= £ C.
7o prove that AC = AB.

Construction Draw AD to represent the bisector of . BAC
Let 1t cut BC at D.

Proof Tnthe As ABD, ACD ( LB=LGC, Data.
. BAD = . CAD, Constr.

AD 18 common,
AABD = AACD, Th. 1%

. .AB=AC.
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NotTE oN A THEOREM AND 118 CONVERSE

The enunciation of a theorem can generally be divided into two
parts (1) the data, or hypothesis, (11) the conclusion

For instance in Th 12 the hypothesis 15 that AB = AC, the conclu
sion 18 that £ B =, C

If the hypothesis and conclusion are interchanged a second

theorem 13 obtamned, which 15 called the converse of the first
theorem

Thus the converse of Th 12 asseits that, if - B= - C, then AB =AC
This 1s Th 13

Tt must not be assumed that the converses of all true theorems
are true e g ‘“if two angles are vertically opposite, they are equal”
18 a true theorem, but the converse “if two angles are equal, they
are vertically opposite” 1s not a true theorem

9Ex. 20 State the converses of the following aie they true?

(1) If a tuangle has one of 1ts angles a night angle, two of 1ts angles are
acute

(u) If a hgure has four sides, tho angles make up 4 rt Ls
(1) London Bridge 1s a stone bridge

(1v) A nigger 18 & man with woolly hair

(v) If I play football, I get hot.

RIDERS ON THE ISOSCELES TRIANGLE.

tEx. 21 Prove that if a triangle PQR is equiangular, it must also be
equilateral. [LQ=,R, sile?=s1de ? ] State and prove the converse

1Ex 22 Through the vertex P of an 1sosceles triangle PQR a straight line
XPY 18 drawn parallel to QR, prove that LQPX = ,LRPY

Ex 28 In fig 102 there 1 an 1sosceles triangle with a Line drawn parallel
to the base Assuming the vertical angle to be 40°, find all the
other angles 1n the figure Make a freehand sketch showing all
the angles

+Ex 24 Prove that a straight line drawn parallel to the base
of an 1sosceles triangle to cut the equal sides forms another 180s- Fig 102
celes triangle (See fig. 192.)

tEx. 36. XYZ 15 an 1sosceles triangle, the bisectors of the equal angles
(Y, Z) nseet at O, prove that A OYZ 18 also 1sosceles.
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+Ex 26 Fiom Q and R, the extremities of the base of an 1s0sceles triangle
PQR, perperdiculars ale drawn to the opposite sides. If these
perpendiculars intersect at X, prove that XQ=XR (o]

tEx 27 From the mid-pomnt O of a straight line AB a Aﬁ(’ls
straight lime OC 1s drawn; 1f OC=0A, prove that £ACB 1s

a right angle (See fig 103 ) Fig 103
tEx 28. If through any point in the bisector of an angle
a line 13 drawn parallel to either of the arms of the angle, prove
that the triangle thus formed 18 180sceles  (See fig 104.) I
Fig. 104
1Ex 29 Prove that the angle between a diagonal and a side of a square
18 45° 8
1Ex 830 OA, OB are radn of a cirele, AO 18 produced
to P, prove that - BOP=2/BAP (See fig 105) e A

+Ex 81 Ifthe s G, H of a triangle FGH a1e each
double of £ F, and 1f the bisector of 2 G meets FH mm K,
prove that FK=GK and GK=GH Fig 105

+Ex 82 ABC 13 a tuangle, BA 18 produced to X so that AX=AC, CA s
produced to Y so that AY =AB. Prove that BY 1s parallel to CX.

RIDERS ON CONGRUENCE.

Fx 88 ABC and DEF are two triangles If the following facts hold, are
the triangles congruent (give reasons tor your answers) —
(1) AB=DE, AC=DF, [A=.D,
(n) AB=DF, AC=DE, ,A=/D,
(m) AB=EF, AC=DF, sA=/F,
(v) BC=DE, (A=cF, (B=/D,
(v) BC=DE, LA=cE, LB=/F?
tEx 84 ABCD 1s a quadnilateral with 1ts opposite sides parallel (1e a
parallelogram) Prove that —
() AB=CD, AD=BC
(u) LA=,Cand (B=¢.D
(1) AO =0C, BO =0D, where O 1s the point of intersection of the diagonals
+Ex. 85 In fig 57, AB and CD are equal and parallel, prove that AC=BD
tEx 36 Show that, if the diagonals of a quadrilateral bisect one another,
opposite sides are parallel
+Ex. 87. The equal sides @QP, RP of an 1s0sceles trianglt PQR are produced
to S, T so that PS=."T; prove that TQ=SR.
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+Ex. 88 The equal sides AB, AC of an 1s0sceles triangle ABC are produced
to X, Y so that AX =AY Prove that CX =BY

tEx. 39. AB 18 equal and parallel to CD (see fig. 57) Show that AD bisects
and 1s bisected by BC

tEx 40 GHK 1s an equilateral triangle, in GH, HK, KG take pomnts X,
Y, Z so that GX=HY=KZ Prove that the triangle XYZ 1s equilateral

tEx 41. If the diagonal PR of a quadrilateral PQRS bisects the angles at
P and R, prove that the quadrilateral has two pairs of equal sides.

tEx. 42 A wriangle ABC has AB=AC, prove that the perpendiculars from
B and C on the opposite sides are equal to one another

tEx 43 In fig. 106, PM, QN are drawn perpendicular to e a
the diameter AOB, O being the centre of the circle, show
that, if PM =QN, then £¢POM =,QON A 8
tEx 44 A triangle XYZ has £Y=,Z; prove that the MON
perpendiculars from the mid-pomnt of YZ to XY and XZ are
equal to one another Fig 106.

+Ex 48 If the perpendiculars from two corners of a triangle to the opposite
sides are equal, the triangle 1s 1sosceles

+Ex 46 ABCD 18 a square, E, F, G are the mid-points of AB, BC, CD
respeotively Join EF and FG and prove them equal
tEx. 47 In fig 107, OX, OY are a pair of axes at right angles Y

to one another and OPQR 18 a square Prove that the distance Q
of P from OY 1s equal to the distance of R from OX P
R

1Ex 48 TFrom a point O 1n a straight line XOX’ two equal
straight lines OP, OQ a1e drawn so that £ POQ 13 a right angle o X
PM and QN are drawn perpendicular to XX’ Prove that PM =ON Fig 107

TEx. 49 On the sides AB, BC of a triangle ABC squares ABFG, BCED
are described, both outside the triangle Piove that A CBF= A DBA

+Ex 50 Two squares OABC, OPQR of different sizes have a common
verte. O, the letters running round the squares in the same direction Show
that AP=CR

+Ex 61 ABC 18 an equilateral triangle and D 13 any point 1n AB, on the
side of AD remote fiom C an equilateral triangle ADE 1s described, prove that
BE=CD.

tEx 62. On the sides of any triangle ABC, equilateral triangles BCD, CAE,
ABF are deseribed (all po.ating outwards), prove that AD, BE, CF are all equal
[Prove As ACD, ECB congruent ]

+Ex 83 In a quadnlateral ABCD, AB=CD and £ B=£C, prove that
AD 18 parallel to BC

tEx. 64. Two triangles ABC, DCB stand on the same bage BC and on the
same cide of 1t, prove that AD 1s parallel to BC if AB=DC and AC=DB

8 H.J G, 8
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+Ex &3 ABCD 1sa square, AC, BD meet at O. A circle1s

drawn witk centre A'and radius AO cutting AB at P and AD at c
Q. Prove that PQ=AB, by proving two triangles with PQ and
AB as bases to be congruent

[You may assume that AO BO, CO, DO aie all equal and that
the angles at O are right angles ] A

1Ex. 86 Fig. 108 shows two equal set squares Prove that Fiz 108
(1) X =BY, (1) XB 15 parallel to SY 8

SUMMARY OF RESULTS

If two triangles have two sudes of the one equal to two sides of the
other, each to each, and also the angles contawned by those sides equal,
the triangles are congruent

If two triangles have two angles of the one equal to two angles of
the other, each to each, and also one srde of the one equal to the corre-
spondwng sude of the other, the triangles are congruent

If two triangles have the three sudes of the one equal to the three sides
of the other, each to each, the triangles are congruent.

If two right-angled triangles have thewr hypotenuses equal and one
side of the one equal to one side of the other, the triangles are con-
gruent

If two sides of a trangle are equal, the angles opposite to these
sides are equal

If two angles of a triangle are equal, the sides opposite to these angles
are equal.

The abrve may be put out in tabular form.

Sides | Angles | Are the triangles congruent?
3 0 Yes
2 | 1 ‘ Yes, 1f the angle 18 the 1ncluded angle
e
! 1
1 2 ' Yes
| } o
-
0 ‘ 3 |No |
!

Besides the a.ove cases, there 15 the special case of rignt-angled
triangles.



CHAPTER 9

THE PARALLELOGRAM

§I Dzr. A parallelogram isa four-sided figure with 1ts opposite
sides parallel.

Parallelograms are most easily drawn by drawing two pairs of
parallel lines with a set square shding along a ruler

YEx 1 Draw any parallelogram What facts would you expect
to find true about the sides? the angles? Test by measuring your
figure

§2. TaEOREM 20.

(1) The opposite sides of a parallelogram are equal.
(1) The opposite angles of a parallelogram are equal.
(1) Each diagonal bisects the parallelogram.

Data ABCD 13 a partallelogram, and BD
one of 1ts diagonals

To prove that (1) AB=CD, AD =CB,

() LA=2C,LB=LD,

(1) BD bisects the parallelo-

gram,
Pioof [as ABD, CDB must be proved congruent ]
Since AD 1s || to BC and BD meets them, '

A D

Fig 109.

L ADB - alt . CBD Th 5.,
Since AB 1s || to CD and BD meets them,
L ABD =alt . CDB Th &

mAs ABD, CDB ( . ADB — - CBD,
. ABD =, CDB,
BD 18 common,
A ABD = ACDB, Th. 11
AB=CD, AD=CB
Also since AABD=ACDB,
.-A=C,
5-—-2
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S . B =, D (by joining AC)

And since AABD = A CDB, BD bisects the parallelogram

Sim¥ AC bisects the parallelogram.

(1v) The diagonals of a parallelogram bisect one

another.
A D

8 (o]
Fig 110

Data ABCD 1s a parallelogram, 1ts diagonals AC, BD intersect at O.
To prove that OA = 0C and OD = 0B
Prooff [as OAD, OCB must be proved congiuent ]
Since AD 1s || to BC and BD cuts them,
.~ ADO =alt. L CBO Th 5.
.1n As OAD, OCB ( » ADO = . CBO,
— AOD = vert. opp . COB,
AD = CB, Th. 20 (1)
A OAD = A OCB, Th 11.
.. OA=0C and OD = 0B
Cor 1 If a parallelogram has one of its angles a right
angle, all its angles must be right angles.

Cor 2 If one pair of adjacent sides of a parallelogram

are equal, all its sides are equal.
{Ex 2 Prove that opposite angles of a parallelogram are equal by considermg

the sums of the angles at A and B, and at B and C

TaeoreM 21  [Converses oF Taeorex 20 | (1) A quadrilateral
is a parallelogram if both pairs of opposite angles are
equal.

A D

8 Cc
Fig. 111,

This fact slso follows by adding the two lines marked Th. v,
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Data ABCD 18 a quadrilateral in which
LA=rC=,x(say)and L B=,D=_rLy (say)

Zo provs that ABCD 15 a parallelogram.
Progf The sum of the angles of a quadrilateral 1s equal to 4 rt L,
Ex 81,p 35

2cx+2Ly=41ucLs,

rx+Ly=2rt L,

LA+LB=2rt o8,
AD 1s || to BC Th 4

Also LA+ D=2rt. L5,
AB 1s | to DC, Th

ABCD 1g a ||ogram

(n) A quadrilateral is a parallelogram if both pairs
of opposite sides are equal.

(Draw a diagonal and prove the two triangles congruent )

(m) A quadrilateral is a parallelogram if one pair of
opposite sides are equal and parallel.

(Draw a diagonal and prove the two triangles congruent )

(iv) A quadrilateral is a parallelogram if its diagonals
bisect one ancther.

(Prove two opposite triangles congruent )

Cor. If equal perpendiculars are erected on the same
side of a straight line, the straight line joiring their
extremities is parallel to the given line.

TEx. 8. Write out the proofs of (1), (1n), (1v) and Cor 1n the above theorem
fkx 4 Of which part of Th 20 18 the converse untrue ? '

NoTE oN DEFINITIONS

§ 3. Many definitions are mere explanations of terms and have no
logical importance, e g median, chord

In other cases, a figure 1s defined by sclecting certain of its pro-
perties, and 1t 1s necessary to prove the existence of other properties
The best example of t 18 is the parallelogram

By definition a quadrilateral with 1ts opposite sides parallel 1s
called a parallelogiam.
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You ere familiar with other properties of a parallelogram, e g
that oppesite sidés are equal, these are not enumerated in the
defimtion, for a defimtion should not contain anything superfluous
or redundant, these further properties can be deduced from the
above sufficient definition

It would be quite reasnnable to select another set of properties
of a parallelogram for purpose of defimtion, eg we mght have
defined a parallelogram as a quadrilateral with one pair of opposite
sides equal and parallel, or as a plane quadrilateral with opposite
sides equal But for a logical sequence 1t 15 necessary to choose one
definition and adhere to 1t,

Some parallelograms have special properties which lead to figures
to which special names a1e given  For example from Theorem 20,
Cor. 2, a parallelogram with one pair of adjacent sides equal has all
1ts sides equal, such a figure 1s called a 7kombus Also from Cor. 1,
a parallelogram with one angle a right angle has four equal angles
each right angles, such a parallelogram 1s called a rectangle If in
addition one pair of adjacent sides are equal 1t becomes a square

But these explanations of a rhombus, rectangle and square are not
necessaly the only definitions.

1t must be noticed that all facts true for any parallelogram aie
true for these special cases, but owing to their additional properties
certain things are true for them which are not true for every
parallelogram.

Der. A Rhombus 1s a parallelogram with one pair of adjacent
sides equal (and therefore all 1ts sides equal).

D.r. A Rectangle 1s a parallelogram with one angle a right
angle (and theiefore all 1ts angles right angles)

Der. A Square 1s a rectangle with one pair of adjacent sides
equal (and therefore all its sides equal and all its angles right
angles).

*Ex. 5. Prove that in a Rhombus the diagonals (i) are at right angles
and (ii) bisect the angles of the rhombus.

*Ei, 6 Prove that in a Rectangle the diagonals are equal,

*Ei. 7. Prove that in a Bquare the diagonals (1) are at right angles,
(1) are equal, (i1i) bisect the angles of the square.

* All these prc derties are suggested by Symmetry See Ch 11, p 84
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Bx 8 Copy the table given below, indicate for which figures the given
properties are always true by mserting the words ‘“yes” ~r “no” 1n Yhe corre-
sponding spaces ¢

Fg - @ —_ 2 -
o 2 ) 5]
B | 9 | Bu | B 2 3 3
o 3 | 83 = 3 2
o R=) 3.q = g =4 =]
s | 28 S @ B e L | D
~ D ©w O a w @ - & n 2
w ~gq - & = 0 e = — Ty
@ ER- = 3 S| g5 | 3w
o =) - =] ER= 8:» a8
2w | o9 | §8 ) aa | 3 8=
85| g | 2 ) =) = o
g5 | 8 =R | 2 |® (T |2
R &

|
|

|
|

Parallelogram

— —

Rectangle l

Square

Rhombus

1Ex 9. Fold a piece of paper and cut out two equal triangles by cutting
through the double paper Fit the triangles together so that they form a figure
that looks like a parallelogiam Prove that 1t 13 a parallelogram

RIDERS ON PARALLELOGRAMS.

+Ex 10. PQRS 1s a parallelogram, X 18 the mid-pont of PQ, RX and SP
are produced to meet at Y Prove that PY=PS f

+Ex 11 ABCD 15 a parallelogram and O 1s the mid-point of BD, prove that
O 18 also the mid-point of XY, where XY 18 any line through O meeting opposite
sidsin X and Y

1Ex 12 The bisectors of two adjacent angles of a parallelogram are at right
angles to one another.

{Ex 13 The bisectors of two opposite angles of a parallelogram are
parallel

+Ex 14. ABCD 1s a parallelogram, AB, CD are bisected at X, Y respec-
tively , prove that BXDY 18 a parallelogram

{Ex 15 It the diagonals of a parallelogram are equal, 1t must be a rect-
angle.

]

+Ex. 16. In the ‘iagonal AC of a paiallelogram ABCD poiwnts P, Q are
taken scch that AP=CQ, prove that BPDQ 1s a parallelogram
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1Ex 17 ABCD, ABXY are two parallelograms on the same base and on the
same side of 1t Prove that CDY X 1s a parallelogram

+Ex 18 E, F, G, H are points 1n the sides AB, BC, CD, DA respectively
of a parallelogram ABCD, such that AH=CF and AE=CG, show that EFGH
18 & parallelogram

tEx 19. Draw a parallelogram ABCD and a rectangle ABPQ such that CD
and PQ are 1n the same line ProveaADQ= aBCP

tEx. 20 Diaw two parallelograms ABCD and ABPQ with CD and PQ in
the same line Provea ADQ= A BCP

tEx 21 What figure 18 formed by joining the mid-points of the sides of a
rectangle?

+Ex 22 ABCDisasquae, from A lines are drawn to the mid-ponts of BC,
CD, from C lines aie drawn to the nud-points of DA, AB  What figure 1s
enclosed by these lines? Give a proof

+Ex 23 In a triangle ABC, BE and CF are drawn to cut the opposite sides
m E and F, prove that BE and CF cannot bigect one another

THE MID-POINT THEOREMS.

§ 4. Turorem 22 The straight line drawn through the
middle point of one side of a triangle parallel to another
side bisects the third side.

Data ABC 1s a triangle
Thiough D, the md-pt. of AB,

DE 1s drawn || to BC to cut AC at E.
To prove that AE=EC
Construction  Through E draw EF || to AB
to cut BC at F.

Progf EF=DB (DEFB 18 a [ogram by
constr )

=AD Data

In the As ADE, EFC ' AD = EF,
L AED = cor . ECF (DE || to BC), Th &
[ £ EAD = cor. . CEF (EF || to AB), T7%. 6.
.. AADE = AEFC, Th. 11.
AE =EC
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'Tueoreym 23. The straight line joining the middle points
of two sides of a triangle is parallel to thLe third side and
equal to half of it.

Data ABC 1s a triangle D, E are A

the mid-pts. of AB, AC re-
spectively %\\E
7o prove that DE 1s || to BC, and D F
DE = {BC 7l \S\ /
Construction Through C,draw CF B X

|| to BA to cut DE produced Fig. 113
at F,
Proof In the L s ADE, CFE AE = EC, Data

L AED = vert, opp. . CEF,
LADE =alt L GFE (CF|/toBA), Th. 5
" AADE = ACFE, Th 11.
* AD=CF
But AD = DB (dutu),
CF =BD
Now CF1s equal and || to DB,
DBCF 1s a |logram, Th 21
DE is || to BC.
Also DE = EF (from the congruent As).
CE==}DF=BC (DF, BC are opp sides of |logram DBCF).

TEx 24. Show that the triangle formed by joining the mid-points of the sides
of any triangle 18 equiangular with the given triangle. How do torresponding
sides compare ?

Ex 25. A step ladder rests on the ground with 1ts feet 3’ 6" apart. What is
the length of the ropes jomning the mid-points of the legs ?

tEx 26 AB 18 a line and C 1ts middle pomt p, ¢ are the lengths of the
perpendiculars from A and B on to any other hne Prove that the perpendicular
from C equals } (p +9).

[Join A to foot of the perpendicular from B.]
Ex. 27. The back and front of a lean-to shed are 10 ft and 7’6" high re-
spectively. What 1s the height of a point in the middle of the roof ?

1Ex 28 X, Y, Z are the mud-points of the sides BC, CA, AB of a AABC.
Prove that AZ XY 18 a parallelogram.

tEx. 29 The strright lines jomning the mid-points of the sides of a tnangle
divide 1t mnto four congruent triangles.
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1+Ex 30 Show how to construct a triangle, given the three mid-points of 1ts
#ides. Give & proof

+Ex 81 Tf AD=}AB and AE=}AC, prove that DE 1s parallel to BC and
equal to a quarter of BC.

Ex 82 PQR 1sa triangle 11ght-angled at P ; through O, the mid-point of
QR, parallels OX, OY are drawn to PQ, PR to meet the sides 1n X, Y. Prove
that XY=0P=0Q=0R

1Ex. 88. If the mid-points of the adjacent sides of a quadrilateral are joined,
the figure thus formed 1s a parallelogram
[Draw a diagonal of the quadrilateral ]

1Ex 84 The straight lines joming the mid-points of opposite sides of 4
quadrilateral bisect one another.

§ 5 Construction of Parallelograms (including the
Rhombus, Rectangle and Square) to given measure-
ments.

To construct a parallelogram with sudes 3 an. and 2 wn. wncluding
an angle of 50°.

Make AB=3 1n, L BAD=50°, AD=2 1n.

Through D by shiding a set square along a ruler (see p 28) draw
DG parallel to AB  Simlarly through B draw BC parallel to AD

Alternative method.

With centre B and radius 21n draw an arc

With centre D and radius 31n draw an arc
The point of intersection of these arcs gives A 3” B
the fourth yoint C. Fig 114

Ex. 85 (1) Draw a rectangle with sides 3 in, and 4 1n.
Draw Parallelograms given
(1) sides of 5 em. and 4 cm, mcluded angle 50°. Measure Loth

diagonals,

(1) sides of 3:51n and 11n., included angle 110°. Measure both
diagonals,

(1v) sides 31n, 21n , shorter diagonal 2 51n. Measure the longer
diagonal.

Draw Rhombuses given
(v) sdes 6 cm , angle 70°,
(v1) sides 2+751n., diagonal 3 1n.
Draw Squares given
(vn) sides 2 1n  Measure the diagonals,
(vin) diagonals 8 in. Measure the sides.
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In Exx. 36-43 use ruler and compasses.

Ex 86. On a given straight line construct a rhombus having, one of 1its
angles = 60°

Ex 87. Construct a parallelogram having given two sides 8 ecm, and 5 cm
and a diagonal 10 cm, Measure the angles.

Ex 88. Construct a rectangle given one s)de 3 m and a diagonal 5 1n
Measure the other side

Ex 89 Construct a parallelogram given the diagonals 3 in. and 4 1n. and
the angle between them 45° Measure the sides.

Ex. 40 Construct s rhombus given the lengths of the diagonals 10 em and
8om. Measure the sides

Ex. 41 On a base 3 in long construct a parallelogram of height 12 1n
with an angle of 55° Measuie the other side

Ex 42 Construct a rhombus each of whose sides 18 73 c¢m., the distance
between a pair of opposite sides being 56 cm, Measure 1ts acute angle.

Ex 43. Draw a quadnlateral having one angle equal to 50°, and having each
side 2 21n long Measure the longer diagonal.

SUMMARY OF RESULTS

A parallelogram s a quadrilateral unth its opposute sudes parallel,
In a parallelogram
(1) opposite sides are equal,
(1) opposite angles are equal,
() a dragonal busects the figure,
(1v) the dragonals bisect each other.
A quadrilateral 1s a parallelogram f
(1) both parrs of opposite angles are equal,
(11) both pawrs of opposite sudes are equal,
(1) ome pawr of opposite sules are equal and parallel,
(1v) s dragonals busect each other
A rhombus is a parallelogram with one pawr of adjacent sides equal.
In a rhombus, all sides are equal, the diagonals wntersect at right
angles and bisect the angles of the rhombus
4 rectangle is a parallelogram with one angle a right angle (and
therefore all uts angles are right angles).
« A square is a rectangle with one parr of adjacent sides equal (and
therefore all its sides equal and all its angles rght angles).



CHAPTER 10

RULER AND COMPASS CONSTRUCTIONS

§ I. Euchd’s attitude with regard to constructions was as follows.
He asked to be allowed the use of two instruments only (1) a stiaight
edge, ungraduated, (1) a pair of compasses which shut up as soon as
they were hfted from the paper, they were not to be used for trans-
ferring distances

Hitherto we have constructed our figures mainly with the help
of graduated instruments and set squares. We shall now make
certain constructions with the aid of nothing but a straight edge
(supposed not graduated) and a pair of compasses, but we shall use
the compasses for transferring distances These methods are usually
more accurate than those that require graduated instruments, for
there 18 always a chance of a small error 1n making and transferring
a measurement. Constructions made with these restrictions aire
sometimes cilled Euchdean Constructions

Wten you are asked to construct a certamn figure, this modified
Euchdean method 1s to be used and no instruments except ruler and
compass When the question 1s “to draw,” set square and protractor
may be used (This distinction 1s not always observed )

In the exercises, when you are asked to construct a figure, you
should gererally explain your construction in words.

In figs 115-119 the given lines are drawn thick but you should not thicken
the lines 1n your drawings

In making constructions, only the necessary parts of construction circles
should be drawn even though *‘ the circle ” 18 spoken of

None of the construction lines should be rubbed out.
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§2 Through a point 0 in a straight line ox to draw a
straight line Oy so that angle XxOoy may be equal to a given
angle BAC.

C

- Z
E .

A o P X
g 115

Construction. With centre A and any radius describe a circle cutting
AB, AC at D, E respectively

‘With centre O and the same radius describe a circle PY cutting
OX at P.

With centre P and radius = DE describe a circle cutting the
circle PY at Y. Join OY

Then £X0Y= £BAC.
Prcof Jomn ED, PY (Show the as congruent )

The only wnstruments to be used wn Exr 1-6 are a ruler and a pair of
compasses

Ex 1. Draw an acute angle and construct an equal angle.

Ex 2. Draw an obtuse angle and construct a copy of 1t

Ex 8 Diaw a triangle ABC, at a point O construct angles 1n the manner
of fg 6L.

Ex 4 Draw a straight line EF and mark a pont G (about 2 in. from the
Iine), through G construct a line parallel to EF [Draw any line through G
cutting EF at H, make LHGC=LGHF, see fig 43 ]

Ex 8. Draw a triangle ABC with AB=3 mm , BC=4 i, CA=2 m, Con-
struct an equangular trangle A’B’C’ with B'C’ =3 1n. Measure C'A’ and A'B'.

Ex 6 Draw alarpe pentagon Construct an equiangular pentagon with 1ts
sides half as long Measure a pair of corresponding diagonals in each.
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§3. To bisect a given angle.
Let BAC be the given angle
Construction From AB, AC cut off equal lengths AD, AE.

A

With centres D and E and any con-
venient radius describe equal circles inter-
secting at F Jomn AF.

Then AF bisects .. BAC,

Proof Jomn DF and EF.
In the As ADF, AEF,
AD = AE (Constr ),
DF = EF (radu of equal circles)
and AF 18 common.

AADF = AAEF and . DAF =L EAF, Th 14. Fig 116
AF bisects ~ BAC

“Any convensent radwus” If 1t 19 found that the equal circles do
not intersect, the radius chosen 1s not convenient, for the construction
breaks down; 1t 15 necessary to take a larger radius so that the circles
may 1ntersect

Ex 7 Draw two lines AOA’, BOB’ intersecting in O. Bisect the four angles
by lines OP, 0Q, OR, OS (OP, OR 1n vertically opposite angles ) What fact
is suggested about (1) OP and OR, (1) OP and OQ?

Ex. 8 Draw a large triangle and bisect each of 1ts angles What fact 18
suggested ?

Ex. 9. Draw a triangle ABC and produce the sides AB and AC Bisect the LA
and the exterior angles at B and C (draw long lines) What fact 1s suggested?

Ex 10 Draw two parallel lines and a line crossing them Bisect all four
nterio- angles What figure 18 formed by the bisectors?

§ 4 To draw the perpendicular bisector of a given
straight line.

To bisect a given straight line.

Let AB be the given straight line

Construction  'With centres A and B and any
convenient radius describe equal circles A
mtersecting at C and D.

Jomn CD and let it cut AB at E
Then CD 18 the perpendicular bisector
of AB, and E 1s the md-point of AB
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P;oqf Join AC, AD, BC, BD.
In the As ACD, BCD (AC = BC (radn of equal circles),
AD = BD (radn of equal circles),
CD 1s common,
AACD =ABCD, Th 14
L ACD =, BCD
In the As ACE, BCE (AC =BC (radu of equal circles),
CE 1s common,

L ACE =, BCE, Proved
A ACE = ABCE, Th 10
AE _ BE,

and . s CEA, CEB are equal and are therefore rt. ~ s,
CD bisects AB at right angles

Ex 11 Draw alarge acute-angled triangle, draw the perpendioular bisectors
of 1ts three sixdes What fact 13 suggested ?

Ex. 12 Repeat Ex 11 for (1) a right-angled, (1) an obtuse-angled triangle.

Ex. 18 Draw any three chords of a circle and the perpendicular bisector of
each What fact 18 suggested ?

Ex 14 Describe a circle and on 1t take three pomnts A, B, C, join BC, CA,
AB. Bisect angle BAC and diaw the perpendicular bisector of BC Produce the
two bisectors to meet

§ 5 fEx 18 Draw a large obtuse angle (very nearly 180°) and bisact 1t

To draw a straight line perpendicular to a given
straight line AB from a given
point P in AB. E
Construction From PA, PB cut off equal
lengths PG, PD
With centre. C and D and any
convenient 1adius describe equal A C P D B
circles 1intersecting at E. Join PE. Fig 118
Then PE 1s 1 to AB.

Proof (Show As ECP = AEDP.)
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Ex. 16 Draw a straight line, and construct a straight line at right angles to
1t. Test with set squdre.

Ex 17 (onstruct a rectangle with sides 8 em. and 5 cm.

Ex. 18 Construct a square on a side of 2 51n

Ex 19 ABisanyline At A erect a perpendicular AP 1 2 1n long, at B erect
a perpendicular BQ 2 41n Jomn PQ At C, the mid-point of AB, erect a per-
pendicular to meet PQ 1n R Lleasure CR.

Ex. 20 ABC s any triangle Construct a perpendicular to AB from B and
a perpendicular to AC from C. Let these lines meet in R Verify by measuring
that the angles BAC and BRC are equal or supplementary.

§6 To draw a straight line perpendicular to a given
straight line AB from a given point P outside AB.

Construction Wath centre P and any P

convenient radius describe a T~
circle cutting AB at X and Y 7 ’ T So

‘With centres X and Y and )\(\; = - % A
any convenient radius describe N 7
equal circles intersecting at @ b . /,’
Join PQ cutting AB at Z. ]/’

Then PZ 1s L to AB. Q

Fig 119

Proof Jomn XP, XQ, YP, YQ.
In the As P@X, PQY (PX =PY (radu of a O),
ax = QY (radn of equal Os)
PQ 1s common
APQX = APQY Th 14.
L XPQ--LYPQ
In the 68 PXZ, PYZ JPX =PY (radn of a O),
PZ 1s common,
l L XPZ=¢YPZ Proved
APXZ =APYZ Th. 10+
LPZX=,PZY
PZ 15 L to AB.
Ex 21 Draw a large acute-angled triangle, from each vertex draw a per-
pendicular to the opposite side  What fact 18 suggested?
Ex. 22. Repeat Ex. 21 with a right-angled triangle
Ex 28 Repeat Ex 21 with an obtuse-angled triangle
[You will have to produce two of the sides ]
Ex 24. From the centre of a circle drop a perpendicular®on to a chord of the
owrcle. What fact 1s suggested ?
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§ /- Througha given point P to construct a straight line
parallel to a given straight line AB.
Construgtion Through P draw a straight

line PQ meeting AB1n @ With centre
Q and any convenient radius draw a
circle cutting @B and QP 1n D, E respes-
tively. With centre P and the'same
radius draw a circle cutting PQ 1n F
With ckntre F and radius equal to DE
draw a circle cutting the second circle Fig 120.

in G Joir PG

Then PG 1s || to BA Why !

Ex 28 Draw a parallel through a given pomnt to a given straight Line by

making corresponding angles equal

A

CONSTRUCTION OF SPECIAL ANGLES

§8 To construct an angle of 60°.

Draw any line OX With centre O and any radius OA B8
draw a circle cutting OX at A

With centre A and the sume radius draw a circle
Let the circles cut at B

The <« AOB 15 60° o AlX

[For by construction AOB 1s an equilateral triangle ] Fig. 121

T'o construct an angle of 30°.

Construct an angle of 60° and bisect 1t.

T'o construct an angle of 90°.

This 18 the same as drawing a perpendicular to a line at a pomt
in 1t, see §5.

Alternative Method

Draw a line OX With centre O and any
radius OA draw a circle cutting OX at A

‘With centre A and the samoe radius draw an
arc to cut the circle at B

With centre B and the same radius draw an
arc to cut the circle at C.

With centres B and C and the same radius Fig 122
draw arcs intersecting in P

Then POX 1s 90°.
(For the . s AOB and BOC are each 60° and L BOP =4 . BOC = 30°.)
6

SHJG



82 JUNIOR GEOMETRY

To censtruct an angle of 45°.

Construct a right angle and bisect 1t

Ex 26 (onstruct an angle of 120°

Ex 27 Construct angles of (1) 15°, (1) 75°, (1) 150°
Ex 28 Construct angles of (1) 223°, (n) 157}°

Ex 39, Trsect a right angle.

Ex 80 Trsect an angle of 45°

How To coPy A aIVEN RECTILINEAR FIGURE
§9. A rectilinear figuie 1s a figurec made up of stiaight lines

An exact copy of a given rectilinear figure may be made 1n various
ways, e g by pricking through the corners, or by means of tracing-
paper, or as follows —

Ls¢ method Suppose that 1t 18 required to copy a pentagon ABCDE
(as1n fig 123). First copy side AB, then . ABC, then side BC, then
2 BCD, etc You will not find 1t necessary to copy all the sides
and angles

Ex 31. Diaw a good-sized quadiilateral, copy 1t by Method 1 If you have
tracing-paper, make the copy on this, then see 1f 1t fits the original

Ex 82 Repeat Ex 31 with an (irregular) pentagon

2nd method—by 1ntersecting arcs.

To copy ABCDE by this method (see fig 123) Make A'8'= AB
With centie A’ and 1adius equal to AG describe en arc of a circle
With centie B’ and radius equal to BC describe an aic of a circle.
Let these arcs intersect at ¢'. Then G’ 1s the copy of C

Simlarly. tix D’ by means of the distances A'D’ and B'D’, fix E
by means of the distances A'E’ and B'E’

D

A B
Fig 123.

The five vertices A', B/, C', D', E are now fixed, ard the copy may be
completed by joining up
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In Exx 33-35 the copies should be made on tracing-paper 1f possible ; the
copies can then be tested by fitting on to the originals.

Ex 83 Draw, and copy (1) a quadrilateral, (1) a pentagon, by the method
of intersecting arcs If tracing-paper 18 not used, the copy may be checked by
comparing 1ts angles with those of the original

Ex 34 By intersecting arcs, copy fig 2

Ex 85 By intersecting arcs, copy fig 8

EXERCISES ON THE VARIOUS CONSTRUCTIONS.

In Exr 36-47 set squares and protractors are not to be used

Ex. 86 Construct an angle AOB of 60° P 18 a point on the bisector of the
angle 31n from O Find by construction and measurement the distance of P
from each arm of the angle

Ex 87 Ventybyaccurate construction and measurement that hnes bisecting
the angles of a parallelogram 1ntersect so as to form a rectangle

Ex 88 Draw a laige triangle and the bisectors of two of 1ts angles From
the point of intersection of the bisectors construct perpendiculars to each of the
three sides of the tiiangle Measure their lengths State the fact suggested

Ex. 89 Venfy by accurate constiuction that in an equilateral triangle the
bisector of an angle and the perpendicular bisector of the opposite side are the
same lhine

Ex 40 Construct a rectangle with diagonals 3 5” intersecting at an angle of
300

Ex 41 Construct a thombus with diagonals 8 ecm and 10 em Measure a
side

ix 42 Construct & rhombus with an angle of 60° and the diagonal bisecting

that angle 3" long

Ex 48 Construet a paiallelogram having BC=6 ¢m , AB=5 c¢cm , and
LBAC=90°

Ex. 44 Two posts 20 ft. and 15 ft. high are placed upright in the ground with
then feet 12 ft. apart Find from an accurate drawing the length of a straight
wire joining their tops

Ex 485 Construct any tiiangle with angles of 30°, 60°, 90° How do the
lengths of the sides including the 60° compare? Test your conclusion by
drawing another triangle ot different size but with the same angles

Ex 46. At the centre of a circle draw two lines at right angles and bisect all
the angles Join, 1n order, the points where all the lines meet the circle. What
figure 18 formed?

Ex 47 Divide the angle at the centre of a circle into six equal parts each

60° and join the pownts, 1n >rder, where the lines cut the circle What figure 18
formed ?
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SYMMETRY *

§ I You will notice that, in several of the foregoing ruler and com-
pass constructions, the right and left sides of the figure correspond
(figs 116, 117, 119) The figure can be folded about a central
line so that the one half coincides with the other Such figures are
said to be symmetrical about an
axis and the line about which the figure
is folded 1s called the axis of sym-
metry.

Fold a piece of paper once, cut the
folded shect into any pattern you please, (1) (2)
then open 1t out (see fig 124) The figure Fig 124
you obtain 1s symmetrical about the line of folding, which 1s the ax1s
of symmetry.

If anything 1s written or drawn in ink on a sheet of paper, and the
paper folded before the ink 1s quite diy so that 1t copies oft on the
other side of the fold, then the original together with the copy forms
a pattern that has symmetry about the fold as axis  See fig 125

]
SYMMETRY : YATIMMY2

Fig 125

Note that some of the letters in fig. 125 are unchanged 1n the
transfer. These letters are themselves symmetrical.

* Symmetry 1s & fundamental geometrical property, but its existence 18 no-
where recognised by Euchid It seems right to raise the principle of symmetry
mnto a position worthy of 1ts intrinsic interest and importance; and 1t follows
logically that the principle should be used freely as a method of approaching
subsequent propositions The outcome should be a sensible lightening of the
burden of work, and a more lively and intuitional appreciation of the properties
of figures. It 18 not intended that the Principle should be used as a means of
proof 1n any formal sequence of Deductive Geometry, but as a means of discovering
properties of figures, as a help in construction, and as a Mmeans of summarising
results,
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The reversed writing 1s *‘looking-glass writing”, 1t can be read 1m & mirror.
If, sitting in the usual position for wiiting, you write a Wword on the under side
of the table you will find that you have wniten i looking-glass wrifing

TEx 1 Which block-capital letters are symmetrical about an axis?
YEx 2 Which Roman numerals (I to XII) are symmetrical about an axis?

Place two equal set squares together as m figs 126 and 127,

A A
\ 8 B’
€ B C c
Fig 126 Fig 1217.

What are the axes of symmetry in these two figures?

YEx. 8. About what axes are the following figures symmetrical .—(1) rectangle,
(1) semicirele, (1) 1sosceles A, (1v) an open pair of scissors, (v) a two-foot rule
partly opened at the hinge, (v1) two equal straight lines drawn from a point,
(vn) a single fimte straight line, (vin) a paiwr of parallel straight lines, (1x) a
square, (x) a circle, (x1) a semicircular protractor?

Solids may have symmetry The human body is more or less
symmetrical about a plane Consider the reflection 1n a mirror of
the interior of a room The objects 1n the room together with their
reflections form a symmetrical whole , the surface of the mirror 1s
the plane of symmetry

TEx 4 Gave four mnstances of sohds possessing planes of symmetry.

§2 Fold a shect of paper once Prick a number of hnles through
the double paper, forming any pattern On ,
opening the paper you will find that the "pin- P
holes have marked out a symmetrical figure Rh: et

Join corresponding points as 1n fig 128 N
Notice that when the figure was folded NA’ 0eaon B—
fitted on to NA. This shows that NA"=NA. . _____ | _____,
Also ANA" 13 L to PQ. This fact may be stated .. ______ [ __.____ .
as follows — P .

(1) The line joining any pair of corre- PRRRS N
sponding points, in a figure which is
symmetrical about an axis, is bisected
by and is perpendicular to the axis of
symmetry.
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Corresponding points (eg. A and A’ in fig 128) are said to be
images of one another in the axis of symmetry

Similarly a line has an 1mage 1 an axis, in fig 130 A'C’ is the
image of AB It 1s obvious that a line and 1ts image are equal

Also two lines forming an angle have as an 1mage two other lines
forming an equal angle

Again any area has an image 1n an axis of symmetry , and the area
and 1ts image will be equivalent, for the one will coinc:de with the
other on folding about the axis

TEx 6 If a point P lies on the axis of symmetiy, where is the 1image of P ?
TEx 6 What 1s the image of a semicirele 1n 1ts bounding diameter ?

Crease a sheet of paper and then open 1t out flat Draw an ink
line crossing the crease fold the paper along the crease while the
nk 1s still wet on opening 1t you will find another line, the 1mage
of the first Where do the line and 1ts image intersect? See fig 129

Repeat this performance, but do not let the ik line meet the
crease The line and 1ts image now do not appear to intersect, but
1 general they will intersect 1f produced Where? Sece fig 130

B \pg

A N A 'Y
Fig 129 Fig 130

(1) A line and its image intersect on the axis of sym-
metry.

(m) A line and its image make equal angles with the
axis of symmetry.

§3 The above facts about Symmetry about an axis enable us to
discover properties of Figures We will consider their applications
to certain cases

IsosCELES TRIANGLE

We all feel the reasonableness of the theorems about the 1sosceles
triangle, this 1s due to our innate sense of symmetry, though we may
not call 1t by that name Let us see how the truth of these theorers
nught have been led up to from considerations of symmetry
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Fig 126 has AB as an axis of symmetry

Note that CBC' 1s a straight line (why?), so that
the whole figure 1s an 1sosceles triangle

Crease a sheet of paper and open out Draw an
mk line PQ, with P on the crease [Fold the paper
along the crease, with the ink wet open out again
and letter the image of PQ, PR Jomn QR.

Then PQR 18 a triangle in which PQ = PR since they Fig 13L
fitted on one another (see fig 131) The triangle 1s symmetrical about
the crease, the bisector of angle P, and L @=_. R, since they fitted
on one another when the hgure was folded

Hence 1f two sides of a triangle are equal the angles opposite these
sides are equal

A straight line BC has symmetry about 1ts perpendicular bisector.

If at B and C we make equal angles, as 1n fig. 132,
the resulting figure 1s still symmetrical about the same
axis

>3

~
~
~
-
-
-

If the arms of these angles are produced to meet
at A, the figure formed will be symmetrical, and A will
be on the axis, and 1f folded AC would fit on AB Tig 132

Hence if two angles of a triangle are equal, the sides opposite to
these angles are equal.

B

~
-

®
o
O

KiTE

Fold a piece of paper, and cut out a triangle with one side along
the crease, cutting through both thicknesses Open A
ouy, and you have a symmetrical quadrilateral,
such as fig 133 (Two set squares may be used
mstead of paper.) This may be called a kite The 8
kite 15 symmetrical about one of 1ts diagonals

9Ex 7 Are any of the sides of a kite equal” What can

be stated about the two diagonals? How would you describe
the figures 1nto which BD divides the kite ? c

Fig. 133
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RHomsus
Fold a prece of paper n four, so as to form a right angle at the
corner. By a straight cut through all four thick- B

nesses, cut off a right-angled trmangle from the
corner; unfold 1t, and you have a rhombus See
fig. 134

Letter this ABCD, with the diagonals AC, BD A c
ntersecting at O.

The rhombus 13 a symmetrical figure What
axes of symmetry has 1t? : D

It will be noticed that a rhombus 1s a particular Fig. 134
kind of kite How would 1t be necessary to modify the method
given above of cutting out a kite in order to obtain a rhombus?

By considerations of symmetry, we see that in a rhombus (1) all
four sides are equal, (1) the diagonals bisect one another, (11) the
diagonals are at right angles, (1v) the diagonals bisect the angles

-

CIRCLE

The circle 13 the best example of a symmetrical figure By con-
siderations of symmetry a large number of 1ts properties may be
discovered. This will be done later in Chapter 17.,

SYMMETRY ABOUT A CENTRE

§4 The capital letter S has no axis of symmetry, 1f viewed 1n a
mirror 1t becomes 2 But though there 1s no axis
of syrimetry, this letter appears to possess symmet1y
of a kind. Thus, 1f through the maddle point O any
limes be drawn such as AOA’, BOB', COC’, then each
of these lines 1s bisected at O.

Cover the S 1n fig 135 with a piece of tracing-
paper, and copy the outhne of the letter Then
stick a pin through the point O of both. Now turn
the traced S through 180°, and you will find that Fig -185.
1t again fits the original.

A plane figure which covers 1ts original frace 1f turned in its
own plane through 180° round the centre is said to be symmetrical
about a centre.
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The line joining any pair of corresponding points in
a figure which is symmetrical about a centre is bisected
by the centre of symmetry.

9YEx. 8. Mention other objects, figures or letters that are symmetrical about
a centire

YEx. . Has an equilateral triangle symmet1y about a centre?

TEx 10. Draw a circle and two diameters AOA’, BOB’ inteisecting at an
angle of about 60°; from A and A’ draw (freechand) AN, A’N’ perpendicular to
BOB’. What symmetry has the figsure? What can you state about the triangles
1n the figure?

9Ex 11 Dis the mid-point of the side BC of the triangle ABC, CE 1s drawn
parallel to AB to cut AD produced at E. What part of the figure has central
symmetry ? Hence notice that AB=EC

9Ex 12 Has a parallelogram (1) symmetry about any axs, (1) central
symmetry about the intersection of its diagonals?

EXERCISES ON SYMMETRY

Ex. 18 Draw any equilateral triangle. Draw dotted lines to show all 1ts axes
of symmetry

Ex 14 Draw any square and show by dotted lines all its axes of symmetry

Ex 18 Draw two equal cncles (1) cutting each other, (1) not cutting
Indicate the axes of symmetry

Ex. 16. Repeat Ex 15 for two unequal circles

Ex. 17 Sketch freehand figures showing triangles which are symmetrical
about (1) the bisector of one angle, (1) the perpendicular bisector of one side

Ex. 1€ Sketch freehand figures showing quadrilaterals which are sym-
metrical about (1) one diagonal, (1) both diagonals, (m) the intersection of the
two diagonals

Ex. 19 Sketch f eehand the symmetrical figures of which the following
figures are the halves, the axis being the dotted line

4 ¢
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Ex.2c¢. Copy the following figures freehand and indicate all axes of symmetry
by dotted hnes

O O 4

(1) (1) (1)
(1) ) (Vl)
Fig. 137

Ex. 21 Sketch freehand the following figures and their 1mages in the dotted
line as axis of symmetry.

|

i i

! |

- B

I | |
(1) (1) (m)

Ex. 33. (Inch paper ) Draw the line joning the pomts (1, 1), (2, 2). Draw
1t8 1mage (1) 1n the axis of z, (11) in the axis of y

Ex. 28. (Inch paper ) Diaw the figures given by the following voints and
their 1mages (1) 1n the axis of z, (11) 1n the axis of y —
(1) 0, 0), (1,2), 3, 1), (2, 0),
(n) (1, 1), (2, 3), (3, 2).
Ex 24. (Inch paper ) ABCD 13 a quadrilateral, A being the pomnt (0, 0),
B (0, 2), C (1, 3), D (3, 8) Construct a figure symmetrical about AD as ax s
Ex 25 Repeat Ex 24 with CB as ax1s
Ex 26 Draw a triangle with sides 2 1n, 3 1n, 41n  Complete the figure so
that 1t has central symmetry about the mid-point of the 4 in side
Ex 27 Draw any triangle and mark any point outside the triangle Complete
the figure so that 1t has central symmetry about the point marked
Ex 28 Repeat Ex 27, with the point on the perpendicular bisector of one
side of the triangle
Ex 29 Drawa quadnlateral ABCD given AB=4cm ,AD=56cm ,CD=5¢cm,
AC=6cm , BC=4 om Indicate the axis of symmetry

Ex 80. Diaw a right-angled triangle with sides 1 5 m‘, 21n,25mm Thisis
half a symmetrical figure with the hypotenuse as axis Complete the figurc
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Ex. 81 Construct a quadnlateral ABCD given AB=2 in.,, BC=25 1n.,
CD=3m,AD=4m, AC=351n Using AD as axis, construct a rymmetrical
figure of which ABCD 18 one-half.

Ex 83. Diaw any triangle and a line parallel to the longest side, outside the
triangle. Construct the image of the triangle in this parallel hne as axis of
symmetry.

Ex 33 ABC is a triangle, D, E the middle points of the sides. The upper
triangle 18 folded about DE Draw (freehand) the A ABC and show ADE 1n 1ts
new position n the following cases —(1) ABC equilateral, (n) ABC 1sosceles,
(11) ABC scalene, (1v) the angle C obtuse, (v) the angle A a right angle, (v1) the
dangle C a right angle

Ex 384 Draw any rectangle ABCD and the diagonal AC. Draw the new
position of the A ADC when folded about AC

Ex 35 Draw any triangle and mark the line about which 1t must be folded
to bring the vertex to the middle point of the base.

A E B X
\ Q O R
Pl [\
D (o] P [ Y z
Fig 139 Fig 140 Fig 141.

Ex. 36 In fig 139 ABCD 1s a square, E 18 the mid-point of AB, AP=BQ
About what line 18 the figure symmetrical? If the figure were folded about the
axig of s, mmetry, what points would coincide? Make a list of the lines and
angles that you see to be equal on account of the symmetry of
the figure

A
Ex 87 Repeat kx 36 for fig 140 O 18 the mid-point of
QR, PQ=SR, 1 Q=R Join OP, OS, PR, QS. Where will B c
PR, QS intersect?
D/ O ™g
Ex. 88 Repeat Ex 36 for fig 141 XYZ 18 an 1sosceles

triangle (XY=XZ) XO, YO are the bisectors of 28 X, Y Fig 142
Ex 39. Repeat Ex 36 for fig 142 AB=AC, BD=CE A 7 B
Ex 40 In the letter Z in fig 143 AB 18 equal and parallel to

CD, the £ A=90° and BC=2AB

Show by sketches how the two triangles may be placed so as to
form (1) an equilateral tr angle, (1) an 1sosceles triangle with an
a~gle of 120° (i) a jgure hike a kite symmetrical about a certain

line Fiy 143

N

(o]
O
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SUMMARY OF RESULTS

The line jowming any pasr of corresponding points, in a figure
whaech 18 symmetrical about an axis, 18 bisected by and 18 perpendicular
to the axis of symmetry.

A4 line and s image wntersect on the axis of symmetry and make
equal angles wrth the axs

The lwne jovmung any parr of corresponding pownts wn @ figure
whach is symmetrical about a centre 13 bisected by the centre of sym-
melry



CHAPTER 12

SCALE DRAWING III

Ex 1. The sides of a set square measure 31n, 251n,151n Find the size
of 1ts angles

Ex 2 Aladder 60 ft long leans against a vertical wall and the foot of the
ladder 18 20 ft from the wall How high 1s the top of the ladder above the
ground ?

Ex 8 Pis64mles W of Q, R 1s due N. of Q, 1f PR 18 72 miles, what 18
QR? What 1s the bearing of P from R?

Ex 4 Ai1s12miles N. of H, D 18 24 miles S of H, O 1s due W of A, and
OH 18 42 mules, find OD and OA

Ex 6 XT =19 miles, MX =11 miles, MT =175 miles, how far 1s M from
the line XT?

Ex 6 Stafford s 27 miles from Derby and the same distance from Shrewsbury,
and the three towns are 1mn a stiaight line Birmingham 18 40 miles from
Shrewsbury and 35 from Derby. How far 18 Stafford from Birmigham?

Ex 7 A side-view of a camp-stool looks like the letter X with 1ts two top
corners joined, and the cross-pieces are hinged at their middle points How
Iigh 1s the top of the stool above the ground if the cross-pieces are each 21 1n
long and the top piece 14 1n.?

Ex 8 A rod AB 4ft long 1s hinged to a vertical wall at A, and B 1s sup-
ported by a string 33 ft long fastened to a pomnt on the wall 4} ft above A
What angle does the rod make with the wall and how far 18 B fre!m the wall ?

Ex ® Tind the vertical height of a cone from the following measurements
Diameter of base=121n , Slant height =14 1n

Ex 10 A ladder 24’ long, resting against a vertical wall with 1its foot 8’
from the base of the wall, 18 kept from slipping by a rope fastened to the base
of the wall and a point 6’ from the foot of the ladder Find the length of the
rope.

Ex. 11. A donkey 1s tethered to a point 20 feet from a long straight hedge,
he can reach a distance of 35 feet from the point to which he 18 tethered. How
much of the hedge can he nibble?

Ex 12. A ferry-boat 15 moored by a rope 30 yards long to & point in the
middle of a river. The rope 1s kept taut by the current What angle does 1t
turn through as the hoat crosses the river, whose width 1s 30 yards?

These exercises 1nvolve intersecting arcs.
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Ex. 18 In the given figure AB =42 ft, AP =23 ft,
BP =43 ft., AQ=47t, QB=321t Find the distance PQ

P9
and the angle 1. would make with AB if they were produced g f l
to meet
A B

Ex 14. AB 18 a diameter of a circle and 1s 70 ft long, Fig 144
P and Q are two points on the circumference of the cicle 8
on the same side of AB, AP=30 ft , BQ=40 ft. Find the length of PQ and
the angle 1t subtends at the centre of the circle

Ex 15. Fig 145 represents the side-view of a folding
step ladder, HB 1s hinged at H and attached by a cond XY toa A
point X on the steps Given that HB=HC =5t , AH=XC= H
YB=1ft, and XY=2 5 ft , draw the diagram to scale and find
the height of A above the ground BC

Ex 16 A shipis situated 3 7 miles from a straight shore Y X
Two beacons on the shore are respectively 5 4 miles and
6 2 miles from the ship. Determine the distance between the B c
beacons Fg 145

Ex 17 Draw a plan of a rectangular park 400 yards long and 250 yards
wide with a circular pond 80 yards in diameter exactly in the centre If a man
walked from one corner directly towards the opposite corner, how far would he
walk before he came to the edge of the pond?

Ex 18 ABCD 13 a field m which AB=115 yards, BC=105 yards,
CD =165 yards, AD =75 yards At B and D are gates connected by a straight
path of length 170 yards Another path runs between two stiles placed at the
middle points of the sides AB and CD Find 1ts length

Ex 19. A ship steaming N. 30°E 18 on a course that will bring 1t within
100 miles of a wireless station, 1t can receive signals fiom the station up to a
distance of 300 miles Find the bearing of the station from the ship when the
signals are first heard C 4/t A

Ex 20 ARCD 1s a flexible wire A 15 a fixed pomnt and |
C a fixed pulley B 18 a weight which slides freely along the 4t 31t
wire, su that AB, CB are always equally inclined to the ver-
tical Find by drawing or otherwise how far B rises if D 1s D B
pulled down 2 feet. Fig. 146.

Ex 31. A banner 10 ft. wide and 6 ft deep 1s suspended above a stieet from
the tops of houses each side of the street by two ropes each 35 ft long. If the
heights of the houses are each 50 ft and the width of the street 18 65 ft, by how
much does the bottom of the banner clear the street?

Ex 22. A rod 3 feet long 13 supported horizontally by two strings each
2 feet long fastened to the ends of the rod and to a point above it. By how
much must each string be lengthened to lower the rod thrdugh 1 foot?

Ex 28 A, B are two pomnts 900 yards apart on a straight coastline. A
sunken rock 18 1n the sea 700 yards from A and 550 ydrds from B A boat sails
parallel to the coastline AB so as to pass outside the rock 100 yards from 1.
When ncarest to the rock, how far 1s the boat from A and B ?



CHAPTER 13
LOCI

§I. Mark two points A and B, say about 2 inches apart Mark
a pomnt equidistant from A and B (1e atv equal distances from A
and B), judging the distance by eye

In a similar way mark about 10 points equidistant from A and B,
some above and some below AB

Notice what pattein this set of points seems to form Draw a line
passing through all of them.

Find a point on AB equidistant fiom A and B, this belongs to the
set of points

The pattern formed by all possible points equidistant from two
fixed points A and B 1s called the locus of ponts equidistant from
A and B

TEx 1 What 1s the locus of points at a distance of 2 ft from a fixed pont
O (1) 1n one plane, (11) 1n space?

TEx 2 Draw a straight line right across your paper What 1s the locus of
points distant 2 inches from this ine? Remember that the distance 1s reckoned
perpendicular to the line

TEx 8. A truck 1s running straight along a level track. What 18 the locus
of any corner of the truck?

1Ex. 4 What 18 the locus of a man’s hand as he winds the starting handle
of a motor car?

TEx. 5. What 18 the locus of a man’s hand as he works the'handle of a
common pump? »

TEx. 8 Sound travels about 1100 feet per second. A gun 18 fired ; what 18
the locus of all the people who hear the sound after 1 sec ?

TEx 7 Around ruler rolls down a sloping plank, what 1s the locus of the
centre of one of the ends of the ruler®

TEx 8 Two comns are placed on a table with their edges in contact. One 18
held firm, and the other rolls round the circumference of the fixed coin. What
18 the locus of jthe centre of tbe moving coin® Would the locus be the same 1f
there were shpping at the point of contact?

qEx. ® What 18 the locus of a door-handle as the door opens?

9Ex. 10. Shde your set square round on your paper, so that one corner
always remains at a fixed point. What are the loc1 of the other two vertices?

The ahove exercises suggest the following definition of a locus.
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§2. Der. If a point moves so as to satisfy certain conditions the
path traced out by the pomnt 1s called 1ts locus

Ex. 12 (On squared paper) Draw & pair of lines at right angles (OX,
QY), plot a series of points each of which 18 twice as far from OX as from OY.
What 1s the locus? (Keep your figure for the next Ex.)

TEx 12 Using the figure of Ex. 11, plot the locus of points 3 times as far
from OX as from OY, also the locus of ponts half as far from OX as from OY.

9Ex 18 (On squared paper ) Plot the locus of a point which moves so that
the sum of 1ts distances from two lines at right angles 1s always 5 inches.

9Ex 14 (On squared paper ) Plot the locus of a point which moves so that
the difference of 1ts distances from two lines at right angles 1s always 1 inch.

Ex. 156. Draw a line, and matrk a point O 3 inches distant from the lne.
Let P be a point moving along the line. Experimentally, plot the locus of the
mid-point of OP

Ex. 16 A pomnt O 132 1n from the centre of a circle of radius 2 51n. Plot
the locus of the mud-point of OP, when P moves round the circumference of
the circle.

Ex 17. A rod OP 1s freely hinged at O, what 18 the locus of P? At P
another rod PQ 1s freely hinged and always hangs vertically ; what 1s the locus
of @?

Ex 18 Draw ABCD a parallelogiam Now regard the figure as a framework
freely jonted at A, B, C, D If AB 1s fixed, what are the loc1 (1) of C, (1) of D?

Ex 19 In the preceding question 1f the diagonals inte.sect in O what 18 the
locus of O?

Ex. 20 A square 15 rolled along a straight line, being always 11 the same
vertical plane Sketch the paths traced out by one vertex until the square
has turned round once

Ex 21 Repeat Ex 20 for an equilateral tiiangle.

Ex 22. Repeat Ex. 20 for a scalene triangle

Ex 28. A packing case 18 rolled about one edge, shetch the locus of a point
on the opposite edge.

The use of tracing-paper 18 recommended wn Exx 24-26

Ex 24. A man stands on the middle rung of a ladder agamnst & wall. The
ladder ships down, find the locus of the man’s feet

[Do this by drawing two straight lines at right angle. to represent the wall
and the ground, take a length of, say, 4 inches to represent the ladder; draw the
ladder (the line of 4 inches) on tracing-paper ; then briag the ends of the ladder on
to the two lines of the paper below, and prick through the middle point O1
you may use the edge of your ruler ]
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Ex 25. The ends of a rod slide on two wires which
eross at right angles. Find the locus of a point on the rod
See fig 147

Ex 26 Two points A, B of a straight line move along
two intersecting lines at right angles Plot the locus of a
pomnt P, 1mn AB produced.

Fig 147
Two IMPORTANT Loci

§ 3 At vhe beginning of the chapter you marked by eye a set of
ponts equidistant from two given points Now do ><
this accurately as follows —

Mark two points A and B about 2 inches apart ol
and, by drawing parts of equal circles with A and B X
as centres, mark a series of points equidistant from

A and B. (See fig 1438) A B
You will notice that all the points lie on a straight X

line, the perpendicular bisector of AB  See Chap 10,

p 78, Chap 11,p 85 x
Again, no pomt off this ine can be equidistant <

from A and B A pownt to the left of the line 1s Fig 148

nearer to A, a point to the right of the line 15 nearer to B. Hence

Turorem 3t. The locus of points equidistant from two
fixed points is the perpendicular bisector of the straight
line joining the two fixed points.

9x 27 What does the locus become 1f P 13 not necessarily i the plane of
the paper?

§4 Draw two unlmted lines mtersecting near the nuddle of
your paper By eye, mark a pownt equidistant from the two lines
Mark a number of such pomnts, say 20, 1n vaiious positions What
pattern 1s formed ?

SHJG
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If AA" and BB, 1n figs. 149, 150, are the lines, you will find that
the pomnts either lie on the line PP’ or the line @@, and you will
notice that these lines appear to bisect the angles

There 1s no easy means of finding accurately a lot of these points,
but you can draw the bisectors of the angles and test that all points
on the bisectors are equidistant from the arms

Ex 28 Draw AOA’, BOB’ and bisect the angles with lines POP’ and QOQ’

Take a pomnt on POP’ and draw perpendiculars from 1t to AOA’ and BOB’

Measure the two perpendiculars Repeat this for several other ponts on POP’
and also for pomnts on QOQ’

A point that lies on neither bisector must be nearer to the one
line than to the other For instance, a point mnside the angle AOP
(fig 149) 1s nearer to AOA', etc

Hence

TueoreM 35 The locus of points equidistant from two
intersecting straight lines consists of
the pair of straight lines which bisect
the angles between the two given
lines.

'
'
i
'
1
i
'
'
‘
t

Fig 151,

INTERSECTION OF Locl.

§ 5 Fund a pownt (or pounts) equadistant from two given posnts and
1 from a gien line
A and B are the given points, { the given line
The locus of pomnts equidistant from A and B 1s the L bisector
of AB
Draw the L bisector of AB
The locus of pomnts lin. from the hne 17
consists of the two parallels to / 11n away
from 1t.
Draw the two parallels to I 1in away
from 1t
The points of intersection of the . bisector
and the parallels give the pomts required,
namely P and Q Fig 152

-
L
/

EANS
]
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In Exx 29-41 the figure must be drawn accurately and ‘an
explanation given similar to the above.

Ex 29 Draw an unhmited stiaight line and mark a point 0 2«nches from
the line. Find a pomnt (or points) 3 inches from O and 3 inches from the line.
(What is the locus of points 3 inches from O? What 1s the locus of points
3 inches from the line? Diaw these loc1 ) Measure the distance between the
two points found

Ex. 830 In Ex 29 find as many points as you can distant 1 inch from both
point and line

Ex 81. If A, B are two pomnts 7 cm. apart, show how to find a pomt (or
points) distant 9 em from A and 5 cm from B.

Ex 32. Make an angle of 40°, on one of the arms mark a pomt A 6 cm.
from the vertex of the angle Find a point (or points) equidistant from the arms
of the angle, and 5 cm. from A Measure the distance between the two points
found

Ex 33. Diaw two unhimited straight lines Find all pomts 1 inch from one
line and 1 5 1nches from the other

Ex 34 Draw a triangle ABC, find a pomnt O which 1s equudistant from
B, C; and also equidistant from C, A Test by drawing a circle with centre O
to pass through A, B, C

Ex 85 Draw a triangle ABC Inside the triangle find a point P which 1s
equidistant from AB and BC, and also equidistant from BC and CA. From P
draw perpendiculars to the three sides; with P as centre and one of the perpen-
diculars as radius draw a circle

Ex 86 Draw a triangle ABC, find a point O which is equidistant from B
and C and also equidistant from AB and AC

Ex 87 Two walls of a room are parallel and 20 ft. a.pa.rtl A third wall
crosses at an angle of 70° Draw a figure showing the position of a stogl which
18 equudistant from the two parallel walls and the third wall. What 1s this
distance ?

Ex 388 Two straight railway tracks converge at an angle of 40°. A shed 1s
to be erected 200 yards from the junction and equidistant from each track.
Draw a figure showing 1ts position and find 1ts distance from each track.

Ex 89. A harbour 1s formed by two breakwaters AB and BC. AB, 600 yds
long, 18 perpendicular to tha shore, and BC makes an angle of 70° with AB
A ship 18 anchored 150 yds from BC and 250 yds. from AB. How far 181t from
the shore?

Ex 40 A vessel 18 steering a course parallel to a straight shore and 4 mile
Aistant from 1t Over what distance would 1t be in danger from torpedoes fired
from e point on shore 1if the effective range of a torpedo 18 1 mile? .

7—2



100 JUNIOR GEOMETRY

Ex. 41. A weight hanging by a string 3} ft, long fiom a pont 1n a wall 18
pulled till 4t 18 2 ft. away from the wall. What angle does the string now make
with the wall?

Ex. 42. The position of hidden treasure mn a tiiangular field 18 de~ciibed as
being equidistant from two sides and also equidistant from two corners. Could
this statement be true?

UsE oF L.ocl IN CONSTRUCTION OF TRIANGLES

Construct a AABC given base BC =10 cm., heght=6 cm., and
median to middle pownt of BC =T cm

Draw a frechand sketch (not shown here).
Draw base BC =10 ¢cm and take M 1ts middle point

A Az

5 5
B M C

Fig 153

Since the height 1s 6 cm, A lies on a || to BC distant 6 cm.
Since the median from M is 7 cm, A lies on a circle centre M and
radius 7 cm.
These two loci meet at A, and A, giving two positions of the
triangle Note that the two triangles are congruent.
Ex 48 Construct a triangle ABC given
(1) base BC=31n, height=1751n, £ B=56°. Measure AB.
(1) base BC=89 mm , height=58 mm., AB=72mm Measure AC

(1) height AD=225m ,AB=34m , AC=2751n (Draw height first )
(1v) base BC=361n, side AB=2 91n , median AM=2 41n

CO-ORDINATES
§6 Through a point Odraw N'S and E'W lines Mark the points
you get by following the instructions below ,—
(1) From 0 go 2m. E and then 3 1n. N
(n) FromOgo3dmm E.and 1 m 8.
(m) From 0 go 21n. W. and 3 in. N
(iv) FromO go 1 m. W.and 2in 8
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It 1s usual to indicate the point you obtammed in (1) as Jhe pomnt
(2, 3) and you are to understand that the first number *ells you how
far you wre to travel East and the second number how far North.

If we regard distances to the East as positive, distances to the West
are naturally regarded as negative, sumlarly for North and South
Hence point (1) wonld be (3, — 1), point (i) (-2, 3) and pomt (1v)
(— 1, - 2)

Ex a4. Mark (freehand) the following points —(3, 1), (-3, 1), (2, -3),
(-2, -1

When the position of a point 1s fixed by its distances from two
fixed lines at right angles, the lines are called axes, their point of
intersection the origin and the distances co-ordinates.

In general we do not call the axes +y
the N.S lmme and E.W line but the (-—2,3)' '(3,3)

y-axis and the x-axis. The y-axis 1s .
always taken to corirespond with a —z " ¢ +x
NS line

(51

L]
By saying that the co-ordinates of
D) _ ("7.,"2) d
a poiwnt are (2, 3) we mean that x= 2, -y
y=3, that 1s to say the point s 2 unts Fig 154
in the direction Oz to the right of the y-axis, and 3 umts in the
direction Oy above the x-axis

If the « co-ordinate 1s negative 1t 1s to the left of the y-axis, and
if the y co-crdinate 1s negative 1t 18 below the az-axis

‘When ordinary paper 1s used the position of a poinc whose co-
ordiates are givea 1s best found by drawing parallels to the a~es at
the 1equured distances, the required pownt 15 where these parallels
tersect

MEx 45 What 1s the locus of all points (1) at which =2, (n) at whichy=3"

Hence to find the point (2, 3) draw a parallel to the y-axis 2 units to the right,
and a parallel to the z-axis 3 units above

YEx. 46 What lines would you draw to fix accmately the ponts (3, - 1),
(-2,8), (-1, -2)?

Ex. 47 Using ordinary paper and taking as axes two long lines at right
angles 1n the middle of your paper, find the position of the following points by
drawing parallels Use 1 inch as umt (1) (3, 4), (u) (1, -2), (m) (-1, 3),
(av) (=2, ~2), (v) (3 5,15), (1) (25, 0), (vu) (0, - 3).

Indicate the point by writing 1t8 co-ordinates quite near to 1t.
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To fix the position of a pont by drawing parallels takes some time
and trouble; hence 1n practice squared paper 1s used. This gives us
parallels already drawn and 1t 1s only necessary to count or measurc
along the lines.

Ex 48 Using inch paper and taking 0 1 inch as unit —
(1) Plot the points (0, 0), (2, 0), (-2, 0), (0, 13), (1, - 10), (8,6), (-8, -6),
(-3, -5) (The constellation of Orion )
(1) Plot the pomnts (- 12, - 2), (-8, 0), (-4,0), (0, 0), (3, —2), (7,0), (5,4)
(The Great Bear )

SUMMARY OF RESULTS

The locus of a point which 18 equadistant from two fxed points 18
the perpendicular bisector of the straight line jovmang the two fixed
points,

The locus of a pownt which 8 equidistant from two wntersecting
stravght lines consists of the pawr of strawght hines which bisect the
angles between the two gren lines.



CHAPTER 14
AREA

§ I The fundamental method of finding the length of a given line

to take a unit of length (say 1 inch) and sce how many times 1t
can be fitted on to the given hne

In the same way, the fundamental method of finding a given area
18 to take a umt of area and see how many times 1t can be fitted on
to the given area

If we are ineasuring lengths 1n inches, we take as our umt of area
a square mch. Similarly with feet or centimetres

Though the methods referred to above are fundamental, we do not
use them 1n practice Thus to measure the length of a hine we place
a scale graduated 1n inches against the line. In the same way, to
measure a given area, we can fit on 1t a sheet of paper ruled off into
square inches and count the number of square inches that fit on the
given area but we shall see 1 the comse of this chapter that we
need not resort to this laborious method, except 1n the case of areas
bounded by curved lLines.

Area of a curvilinear figure. This cannot be found exactly by
the me*hod of counting squares the approximate value however 15
easily found as follows

Ing. 155.

To find the area of the fig ACBA, notice that the curved boundary
ACB cuts through various squares, 1n counting squares we have to
decid> what 15 to be done with these broken squares The following
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rule gives a useful approach to the true value — If the broken square
w8 more than half « complete square, count 1, 1f less than half a square,
count 0.

Counting up the squares 1n ACBA on this system, we find that the
area 18 72 squares As each of the above squares 18 ;14 sq inch
(100 of these make a sq 1r ) the area1s 72 <q 1inch

Ex 1. Oninch paper diaw a encle of 1adius 1 1nch, find 1ts area as above,
and reduce to square inches (The counting can be shortened 1n various ways,
e g by dividing the cicle into 4 quarters by radu )

Ex 3 TUse transparent squared tiacing-paper to find the area of (1) the pro-
tractor in ig 18, p 10, (1) the area labelled ““shoals” in fig. 242, p 164

§2. AREA OF RECTANGLE

7 n"

X
T~

7
4
K

3// 2 /{3 "

Tig 156 Fig. 157

Yig 156 represents a rectangle, 3 inches long and 2 inches wide,
divided up 1nto square mches. By counting we sce that the area 1s
3 x 2 -6 square mches

Tig 157 represents a rectangle, 2% by 13,1~ 2% 1. by 7 1n,
divided up nto squares whose sides are each ] in The number of
squares 15 obviously 10 x 7 and the number of squaresin a square inch
18 4 x4

10x7 o1 3
the area 1s a Sqm, e i« 14 sq. 1n.

Sumlarly, 1f the rectangle measures 2 15 m by 1 67 m, 1t can be
divided up into squares whose sides are each 01 (=-35) 1nch long.
The number of squares 1s obviously 215 x 167 and the number 1n a
square mnch 100 x 100
215 x 167
100 x 160

l

the area = q 1 =215 x167 sq m
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More generally 1f /1n. be the length and b in the breadth of a
rectangle, 1ts area 1s I x b sq 1n

Or st mote generally

To find the number of square units in the area of a
rectangle, multiply together the numbers of units in the
length and breadth of the rectangle.

YEx 8 Diaw a hgure to show that 1f the side of one square 18 8 tiumes the
side of another square, the area of the one square 18 9 times the area of the other
(Freehand )

197 5/ 177
b X o
- Y
O
3 L 3
0 0
[~} o~ 8”7
X
s 0
- 7 2
127 ]y
Fig 158

Ex 4 Make freehand sketches of the given figures (fig 158) In each case
find the area

YEx 5 Fimnd the other dimension of a 1ectangle, given that the area =140
s8q ft, one dimension =35 ft.

AReA OF RIGHT-ANGLED TRIANGLE

§ 3 By drawing a diagonal of a rectangle we divide the rectangle
into two equal right-angled triangles Hence the arca f a right-
angled triangle may be found by regarding 1t as half a certain
rectangle

Lx 6 Find the areas of right-angled triangles in which the sides containing
the right angle are (1) 2”, 5”, (1) 35cem, 29 cm, (1) 2/, ¢, (1v) a”, b”

AREA OF PARALLELOGRAM

§4 Take asheet of paper (arectangle) and call the corners P, B, C, Q,
BC being one of the longer sides (hg 159) pP A Q D
Mark a point A on the side P@ Jomn BA, and
cut (or tear) off the right-angled triangle PBA
You now have two pieces of paper, you will
find that you can fi* them together to make 8 r
a paralleiogram (ABCD 1n fig 159). Fig 159.
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Notice (1) that the 1ectangle you had at first and the parallelogram
you have now made are composed of the same paper, and therefore
have the same area. Tigures which are equal 1n area are said to be
equivalent.

(u) that the rectangle and the parallelogram are on the same
base BC, and both lhie between the same pair of parallel lines BC and
PA@D. Or, we may say that they have the same height.

Hence, a parallelogram 1s equivalent to a rectangle on the same
base and between the same parallels (or, of the same height).

The area of the rectangle 1s measured by the product of the base
and height, and as the parallelogram has the same height as the
rectangle, we have

The area of a parallelogram is measured by the product
of the base and the height.

Any side of a parallelogram may be taken as the base The perpendicula:
distance between the base and the opposite (parallel) side A M
18 called the height, or altitude !
Thus n fig 160 if BC be taken as base, MN (wlich
may be drawn from any point of the basge) 1s the height
(oo altitude) It AB be taken as base, GH 1s the N 160
height Fig
MEx 7 In fig. 160 what 15 the height 1f CD be taken as base? 1f AD be taken?

Ex 8 TFind the area of a parallelogram (1) of sides 8'5 1 and 4 51n and
of angle 70°, (11) of sides 2 m and 3 1n. and of angle 30°, (1) of sides 7 85 cm
and 875 cm and of angle 45°.

Ex. 9. Draw a 1ectangle on base 10 cm and of altitude 8 cm , on the same
base construct an equivalent parallelogram of angle 60°, and measure 1ts longer
diagonal

Ex 10. Construct a rhombus of side 35 1n equal 1n area to a parellelo-
gram of sides 3 5 1n and 2:75 1n. and of angle 70°

AREA OF TRIANGLE

§ 5. To find the area of atriangle, AARC 1n fig 161, draw through
A and C lines paiallel to BC, BA respectively,
forming a parallelogiam. The triangle 15 half
the parallelogram But the area of the paral-
lelogram 1s BC x AN. Therefore the aiea of
the tnangle 1s 1 BC x AN Hence
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The area of a triangle is measured by hglf the product
of the base and the height.

This fuct may also be stated —

The area of a triangle is one-half the area of a rectangle
of the same base and the same height. (See fig 162)

P Q

>

Q

P

L [

'- D e
o
(e}

B C

Fig 162

Iix. 11  Write out a proof of this fact, using fig 162.

Any side of a trangle may be taken as base. The line drawn
perpendicular to the base from the opposite vertex 1s called the
height, or altitude.

There will be three different altitudes according to the side which
is taken as base

TEx 13 Draw an acute-angled triangle and draw the three altitudes (Free-
hand )

TEx 18 Repeat Ex 12 tor a nght-angled triangle (Freehand )

TEx 14. Repeat dx, 12 for an obtuse-angled triangle (Freehand )

TEx 16. In what case are two of the altitudes of a tiiangle equal?

9Ex. 1o A triangle ABC has AB=31n and BC=41n , trace the changes in
1ts area as £ ABC increases from 0° to 180°

TEx. 17 A parallelogram PQRS has PQ=10 cm and QR=7 cm , trace the
changes 1n 1ts area as £ PQR 1ncreases fiom 0° to 180°

Since any one of the three sides may be taken for base, there are
three different ways of forming the product of a base and the corre-
sponding altitude Thus the area may be calculated 1n three different
ways, and of course, theoretically, the result 1s the same 1n each
case. Practically, none of the measurements will be quite exact, and
the results will geneially differ shghtly To get the best possible
value for the area take the average of the three results.

Ex 18 Find, to three sigmficant figuies, the areas of the following triangles,
taking the average of three results 1n each case —

(1) sides 3, 4,451n (1v) sides 2, 3, 4 51n.
(u) sides 6, 8, 9 cm (v) sides 3, 4 1, included £120°
(m) sides 8, 4, 51n (1) BC=72cm., £B=20° .C=40
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Ex. 19. Find the area of a 1thombus whose diagonals are 6” and 8”.
Ex 20 TFind the area of a kite whose diagonals a1e 14" and 5”

Ex 231 The section of a trough 1s triangular, the sides being 15” and the
width 12”7 Find the sectional area
Ex 22 Find the surface (1 e the sum of the areas of all the faces) —
(1) of a tetrahedron (three-sided pyramid) each of whose edges 18 4 inches.
(1) of a square pyramid whose base edges are each 2 inches and whose
slant edges are each 2 5 inches
(1) of a regular 8-sided prism whose base 1s an equilateral triangle of side
2 1nches and whose height 18 3 5 1nches

AREA OF TRAPEZIUM.
§6 A trapezium 1s a quadrlateral with two of 1ts sides parallel

The parallel sides of the tiapezium ABCD (tig 163, are a and b,
the height 15 A D b C

The area of the trapezium Ry
=area of AABC +area of AADC h :
=4ah+}bh ——
=3 (a+b)h Fig 163

Thus the area of a trapezium is measured by the product

of the height and the average of the two parallel sides.

Ex 23 Find the area of trapezia in which
(1) the paiallel sides are 31n  and 5 1n, distance between them 4 1n.,

(ll) i ) N 2 4 cm ” 12 cm 3 X Y "y 7 cm N
‘lll) ” ” 2] 13 15m 13 15m ) I ) ’ 3 m. y
) ,, v w s 21m ,, 36m, " »  1221n

Ex. 24 Find the area of a trapezium ABCD given AB=2 5, BC=5, AD=3,
and angles at A and B right angle<

Ex 25. ABC 1s a straight line, AB=71n,BC=51n At A, B, C are ere~ted
perpendiculars AP=101m , BQ=141n,CR=81n Find the area of the pentagon
ACRQP.

Ex 26. (Inch paper ) Find the aiea of the quadrilateral (1, 1), (3, 0), (3, 3),
1,2

Ex 27 Draw a trapezium one of whose paralle!l sides 13 3", the angles at the
extremities of this side being 70° and 50°, and the height 2. Measure the parallel
side and find the area of the trapezium

YEx 28 If the parallel sides of a trapezium become equal, what does the
trapezium become? What does the above rule lead tyin this case?

TEx. 29. If one of the parallel sides 1s reduced to zero, what does the rule
lead to?
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Ex 80. Draw a trapezium on a doubled sheet of paper, out 1t out and place
the two parts together so as to form a parallelogram. Hence pr~ve the rule for
finding the area of a trapezium

Ex 81 Piove the rule for finding the area of a trapezium, by drawing m
fig. 163 a parallel to AD through C

AREA OF ANY RECTILINEAR FIGURE

§7 There are threc general ways of finding the area of any rect1-
linear figure

Mernop I By dividing up the figure mnto triangles

Ex 82 Construct the quadrilateral ABCD and find 1ts area (draw a diagonal)
when
(1) DA =111, LA=100° AB=231n., tB=64°, BC=151n
(1) AB=57¢e¢m, BC=52cm., CD=17cm , DA=39cm, LA=T6°
Ex. 38 Construct a regular pentagon on a side of 21n and find 1ts aica
[Join one vertex to two opposite vertices ]
Ex 84 Repeat the previous example, using one triangle and a trapszium
Meruop IT By the “base line and offsets” method  In tigs 164,
165, AB 1s the “base line” and the perpendiculars to AB are the
*‘offsets.” Notice that the figures obtained are right-angled triangles
or right-angled trapeza.

F
E
E
= D B
A C D B A \C‘\l/
Fig. 164 Fig 165

Fx. 36 In fig 164 AC=12yd, CD=15 yd, DB=8 yd, CE=14 yd,
CF=20yd. Find the area

Ex 86 Infig 105 find the aiea 1n acres from the following data —

c |pb|E " B

Distance from A (in chang)* | 4 75 95 + 12

Offset (1n chains) 15 6 2 —

* 1chain=22yd 1 acre=108q chans
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Merrop ITT* It is often convenient to construct a single triangle
equivalent to the given figure

TEx. 87. Show how to tiansform a given quadrilateral ABCD mto an
equivalent quadrilateral ABCD’, so that the three vertices A, B, C may
unchanged, and LBAD’=170° [Jomn AC ]

YEx. 38. Repeat Ex. 37, making £BAD’=180" What kind of figure 18
produced ?

To construct a triangle equivalent to a given quadri-
lateral ABCD.

Construction  Jomn CA. Through D draw

(o]
DD’ || CA, meeting BA produced in D".
Jom cD’ D
Then A BCD’ = quadrilateral ABCD /
>, ’ DA 8
Proo/  Since DD'1s || to AC
- Fig 166

AACD' = AACD Th 26
Add to each AACB.
ABCD’ = quadrilateral ABCD.

In a sinular way a pentagon may be reduced, first to an equiva-
lent quadrilateral and then to an equivalent
triangle. and so for figures of more sides
The area of the triangle can then be found
as already explained A convenient method
of dealing with the pentagon 1s shown 1in

fig 167

1Ex. 39 Explamn the construction of fig. 167, and prove that
A C'DE’ =figure ABCDE

tEx, 40 Given a quadrilateral ABCD, conetruct an equivalent triangle on
base AB having LA 1n common with the quadnlateral (Freehand )

Ex 41 Reduce the quadrilaterals m Ex 32 to triangles, and so find their
areas

Ex 43. Find the area of a pentagon ABCDE, given AB=6 5¢m , BC=2 4cm.,
CD=DE=4cm., EA=25cm, LA=80° £B=133° /Reduce the pentagon to
a tnangle )

* This should be postponed till after Theorem 24 and the exercises on 1t have
been worked through. See p. 112
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THEOREMS ON AREA.

§8. Turorew 25 Parallelograms on the same base and
between the same parallels (or, of the same altitude) are
equivalent.

A
P _A Q DP Q D W
"B ¢ B ¢ "B ¢

Fig 168

Data ABCD, PBCQ are ||**™™ on the samne base BC, and hetween the
same parallels BC, PD

To prove that ABCD and PBCQ are cquivalent.
[These figures are left 1f As PBA, QCD are taken trom PBCD |

Proof  1In the /s PBA, QCD,

2 BAP=corresp . CD@Q ( BA, CD atc [), Th 5
L BPA = corresp . C@D (- -BP, CQ are ), Th &
BA =CD (opp sides of ||%¢™™ ABCD), Th 20

A PBA=AQCD. Th 11

Now if APBA 15 subtracted from figure PBCD, il)!vam BD 15
left, and 1f A QCD is subtracted from figure PBCD, |[s™™ BQ 15
left.

Hence the ||°g»ms are equivalent

Cor 1. The area of a parallelogram 1s measured by the product
of the base and the altitude

(For the ||°s™m 15 equivalent to a rectangle on the same base and
of the same altitude, whosc area = base x altitude.)

Cor 2 Parallelograms on equal bases and of the same altitude
are equivalent

(Wor they can be so piaced as to be on the same base and between
the sam. parallels.)
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Taecrem 26 Triangles on the same base and between the
same parallels (or, of the same altitude) are equivalent.

P Q A D

B8 [¢]
Fig 169
Data ABC, PBC are As on the same base BC, and between the same
parallels BC, PA
To prove that A3 ABC, PBC are equivalent.

Construction Complete the |[**" ABCD, PBCQ by drawing CD, CQ
|| to BA, BP respectively, to meet PA (produced 1f necessary) in

D, @
Lroof Then X ABC =} | 'mABCD, Th. 20 (v1)
and APBC =} | PBCQ Th 20 (iw)
But |*rms ABCD, PBCQ are equivalent, being on the same
base and between the same parallels. Th 25

AABC—-APBC

Cor 1 Trmangles on equal bases and of the same altitude are
equivalent. (For they can be so placed as to be on the same base
and between the same parallels )

The converse theorem 1s also true, namely —

Equivalent triangles on the same basc a. d on the same side of 1t
are between the same parallels

fEx 48 Draw a triangle PQR, mark X, Y the mid-points of PQ, PR 101n
XY, QY, RX By Th 23, p 73, we know that XY 18 || to QR (1) Name two
equivalent triangles on the base QR (1) Name two equivalent triangles on che
base XY (u1) Name two equivalent triangles with X as their common vertex,
(1v) Name two equivalent triangles with Y as their common vertex (v) Prove
that A3 PXR, PYQ are equivalent. (v1) If QY, RX intersect at O, prove
that As OQX, ORY are equivalent

+Ex. 44 In fig. 170, PA 18 parallel to BC  Prove that P A_
APOB=AAOC o

1Ex. 48 A line parallel to the base BC of A ABC cuts
the sides AB, AC in D, E respectively Pro*e that B [+}

AABE= AACD. Fig 170
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.

1Ex. 46. F 18 any pomnt on the base BC of AABC E 18
the mid-point of BC ED 18 drawn parallel to AF. Pro a >
that ADFC=4AABC (See fig 171.) f

tEx 47' Draw a line through a given point of a side of
a triangle to bisect the area of the triangle. (Sec Ex. 46 ) g 171.

tEx 48. O 15 a point inside a parallelogiam ABCD, piove that

A OAB+ AOCD=4ABCD.

8 FE ©

TEx 49 Draw a scalene triangle, and transform 1t mto an equivalent 180s-
celes triangle on the same base, (Keep the base fixed, where must the vertex be
1n order that the triangle may be 180sceles? Where must the vertex be in order
that the triangle may be equivalent to the given triangle®) (Freehand )

9Ex. 80 Show how to transtorm a given triangle

(1) 1nto an equivalent right-angled triangle
(1) 1ntoan equivalent triangle on the same base, having one side of 2 inches
Is this always possible?
(1) 1nto an equivalent triangle having one angle equal to a given angle
(1v) 1nto an equivalent right-angled triangle with one of the sides about the
right angle equal to 5 em  (Fust make one side 5 em , then take this as base
and make the triangle right-angled )
(v) 1nto an equivalent 1sosceles triangle with base equal to a given line

Ex 81 Show how to construct, on a base of given length, a triangle equiva-
lent to a given tiiangle

Ex 52 Show how to construct a triangle having an altitude of given length
and area equal to that of a given triangle

Ex. 63. Show how to transform a given rectangle into an equivalent rect-
angle having a side equal to a given length

TurorkM .8 If a triangle and a parallelogram stand on
the same base and hetween the same parallels, the area
of the triangle is ’.alf that of the parallelogram.

Datw AEBCand |¢*m ABCD stand A D E
on the same base BC and
between the same parallels

BC, AE
To prove that g
AEBC =1 |[tsmm ABCL Fig 172
Construction Jomn 3D
Proof Since AE 18 || to BC, .". AEBC =A DBC, Th. 26.
anc A DBC = }|joe*® ABCD, Th. 20 (vn)

. AEBC = }|]°ssm ABCD.
S.H J G, 8
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"tEx 54 Show how to construct a 1ectangle equal to a given triangle Give
a proof

1Ex. 656 F, E are the mid-points of the sides AD, BC of a parallelogram
ABCD, P 1s any point in FE. Prove that AAPB=3ABCD

tEx 66 P, Q a1e any points upon adjacent sides AB, BC of a parallelogram
ABCD, prove that ACDP= aADQ.

1Ex. 67 ABCD 1s a paradelogram, P, Q the mid-points of AB, AD Prove
that AAPQ:% ot ABCD (Join PD, BD)

Ex 68 Draw a parallelogram of sides 8 cm and 5 em. and an angle of 70°.
Draw a 1ectangle of equal area on base 8 cin and tind the area. Caitculate the
height of an equal triangle on base 8 cm

Ex 69 Draw twoparallel lines 5 cm apart On one take three pomnts A, B, C
guch that AB=8cm , BC=4cm Draw LBAN equal to 65° and draw BS
paallel to AN, the ponts N and S being on the second of the parallel lines.
Jomn SC

(1) Find the a1eas of the parallelogram ANSB and ot the triangle SBC
(1) Draw a parallelogiam between the same parallels equal in area to their
differcnce

MiscELLANEOUS RIDERS ON AREAS

IEx 60 A straight line1s drawn parallel to the base BC of a triangle ABC
cutting AB at X and AC at Y, prove that tiiangles XBC, YBC a1e equivalent,
also tuiangles ABY, ACX

tEx 61 X andY arepomntsin the sides PQ and PR 1espectively of a triangle
PQR If XY 1s parallel to QR and 1f QY, RX intersect at O, prove that the
triangles OXQ, OYR are cqual 1n area

1Ex 62 ABCisa triangle, AB1s produced to X so that BX=AB AC 1s pro-
duced to Y so that CY=AC Prove that the triangles BCX, BC\" are equivalent

1Ex 68 ABCD 1s a quadrilateral with AB parallel to CD, P 1s the mid-
poirt of AB and Q the mid-point of CD Piove t.~t PQ divides the quadii-
lateral into two equivalent arcas

+Ex 64 Diaw atriangle PQR, bisect QR at O, join OP and bisect 1t av X ,
join @X, RX Prove that the four triangles so formed are equal 1n area

[Ex 65 The diagonals of a quadrilateral ABCD intersect at X, BD 1s pro-
duced to Y so that DY =BX Prove that A ACY 18 equal 1n area to the quadri-
lateral

[Ex 66 ABCD 1sany quadrilateral and X 18 she mid-point of BD, prove that
the sum of the areas of the A3 AXD and BXC 1s equu.l to half the area of the
quadiilateral

+1ix 87 AB, CD are parallel sides of a trapezium ABCD, E 1s the mid-
point of AD, prove that ABEC= 1} trapezium (TL rougb E draw a line parallel
to BC cutting the two paiallel sides )
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ﬂﬁx 88. Piove that the area of a rhombus 1s half the product of its
diagonals.

+Ex 69. The base BC of A ABC 18 divided at D so B
that BD ={BC; prove that AABD=} AABC

1Ex 70 ABCD 1s a quadrilateral and the diagonal A O R c
AC bisects the diagonal BD. Prove that AC divides the H
quadnlateral into equivalent triangles (fig 173) ,

tEx 71 If ABCD 1s divided 1nto equal areas by the D
diagonal AC, prove that BD 13 bisected by AC TFig 173

SUMMARY OF RESULTS
The area of a parallelogram is measured by the product of the
base and the heaght

The area of a triangle 1s measured by half the product of the base
and the height

The area of a trapezrum s measured by the product of the height
and the average of the two parallel sides.

Parallelograms on the same base and between the sume parallels (or,
of the same herght) are equivalent

Truangles on the same base and between the same parallels (or, of
the same hewght) are equivalent



CHAPTER 15

THE THEOREM OF PYTHAGORAS

§1. Fig 174 represents an 1sosceles right-angled triangle with
squares described upon each of the sides The dotted lines divide up
the squares into right-angled triangles, each of which 1s obviously
equal to the original triangle This sub-division shows that the square
on the hypotenuse of the above right-angled triangle 1s equal to the
sum of the squares on the sides containing the right angle (Some
tiled pavements show this fact very clearly )

e —————

Fig 174 Fig 175

Ckx 1. Construct a right-angled triangle with s.'es of 3 c¢m and 4 ¢m
contaiming the right angle Measure the length of the hypotenuse What re-
lation 18 there between the square on the hypotenuse and the squares on Jhe
other two sides? See fig 175.

Ex. 2. Draw a good-sized scalene right-angled triangle ABC, nght-angled
at A Measure the three sides and calculate the areas of the squares upon them.
Add together the areas of the two smaller squares, and arrange your results Like
this—

AB= cm, sq.on AB= sq.cm,
AC= cm., sq.on AC= sq. cm..,
sum of sqq on AB, AC= sq.cm,

BC=..mm., sq onBC=, sqi{em.*
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The above exercises lead up to the theorem of Pythagorus which
is stated and proved below

This famous theorem was discovered by Pythagoras, a Greek who
hived 1n Sicily, 8¢ 570-500.

TrEOREM 29 (PyTHAGORAS) In a right-angled triangle, the
square on the hypotenuse is equal to the sum of the
squares on the sides containing the right angle.

Data ABC 18 a triangle, right-angled at A.

The hgures BE, CH, AF are squares described upon BC, CA, AB
1espectively

To prove that #1. BE=sq CH +sq AF

Construction Thiough A draw AL || to BD (or CE).
Join CF, AD.

Proof [We shall prove that sqq. AF, CH =rect. BL, CL ]

,

Rt. L. CBD=rt _FBA,
add to each . ABC,
. ABD = £ FBC.
Hence, 1n As ABD, FBC,
{ L ABD = . FBC,

AABD= AFBC <

AB = FB (sides of a square),
BD = BC ( . 1 i1 ))
AABD=AFBC. Th. 10.
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AFBC =4 sq. AF
AABD =} rect BL

8q AF =rect BL

sq. CH=rect CL

sq AF + sq CH
=sq BE

ﬁ

<
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a
H
F A
. ’ K
B /'M: c
’ 1
D L E
Fig 176

Since each of the angles BAC, BAG 1s a right
angle,

CAG 18 a st. line, Th 2.
and this line 1s || to BF

AFBG and sq. AF are on the same base BF,
and between the same parallels BF, CG,

.AFBC — § sq AF Th 28

Again A ABD and rect. BL are on the same
base BD and between the same parallels BD, AL,

. AABD ==} rect BL. Th 28

But AFBC=AABD. Proved
. .8q AF =rect BL

In a similar way, by joining BK, AE, 1t may
be shown that

sq. CH=rect CL
Hence

5q. AF +5q. CH —rect SL +rect CL
=8q BE

1Ex 3 Alternative proofs of Pythagoras’ thecrem are suggested (1) by
Fig 171, (n) by Fig 178, Write out these proofs,
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Fig 178
Note. Pythagoras’ theorem may be expressed A
thus — c @ b
If £ BAC 15 a right angle, BC*= CA” + AB?, ¢
or «@?=b*+c? Fig 179

EXAMPLES OF THE USE OF PYTHAGORAS' THEOREM

Calculate the height of an equilateral tiwangle of swde 2 wnches
Thence calculate the arew

ABC 1s the equilateral tuangle

AD1s 1 to BC BD=DC A
BD=11n
Let height AD=ux1n ”
Since the A ABD 1s right-angled, by Pythagoras’ theorem
AB2=AD?+ BD?
2=t 41 B 1D C
4=ri41, Fig 180
3=
T =4/3,

the height=1 73 1n (to 2 places)
Aiea of triangle — < base x height =4BC AD=141x2x1738q 1n
=173 «q 1, (to 2 places)
To find the ratio of the diagonal to the sude of a square
ABCD 1s a square, side a (say)

Since the A ABC 13 right-angled, by Pythagoias’ theorem D c
AC2=AB2+ BC2
=a2+a?
=2 2 «
AC=V2 a A a B

Diagonal _AC_ /2

=1-41 to 2 places Fig 181.

side a1

Ex 4 What 18 the square on the hypotenuse of a ught-angled tiiangle 1if

the sides containing the 1ight angle a1e 6 cm and 8 em ? Hence calculate the
length of the hypotenuse



120 JUNIOR GEOMETRY

"Ex 8 Find the hypotenuse of a right-angled triangle when the sides con-
taining the right a.gle are (1) 5 cm , 12 em, (1) 7 8 em , 9 4 em., (1) 4 miles,
5% mules, (1v) « mm , b mm,

Ex. 6. Find the remaining side and the aiea of a right-angled triangle, given
the hypotenuse and one side, as follows —(1) hyp =15 cm., side=12 cm, (n)
hyp =81n., side=41n., () hyp =160 mm , side=100 mm , (1v) hyp =z 1n,
side=y 1

Ex. 7. A flagstaff 40 ft high 1s held up by several 50 ft. ropes, each rope 18
fastened at one end to the top of the flagstaff, and at the other end to a peg 1n
the ground. Find the distance between the peg and the foot of vhe flagstaff.

Ex 8 Find the diagonal of a rectangle whose sides are (1) 4 mn. and 6 1n.,
(1) aem and b cm

Ex. 8 TFind the remaining side and the area of a rectangle, given (1) diagonal
=10 em., one side=7 em , (1) diagonal=z”, one side=y",

Ex 10 Find the diagonal of a square whose side 18 (1) 17, (1) 5”7, (11) 2"

Ex 11 Fimnd the side and area of a square whose diagonal 18 (1) 2 1n,
(11) 14 14 cm., (1) r feet

Ex 12 Find the side of a1hombus whose diagonals are (1) 16 cm , 12 em ,
(n) rin, yin.

Ex 18 Find the altitude of an 1sosceles triangle, given (1) base=4 i,
side=51n, (1) base=64 mm , smde=40 mm , (1) bage=2z”, side =y”

Ex 14 Infig 182, ABCD represents a gquare of side 3 1n ,
AE=AH=CF=CG=11n Prove that EFGH 18 a rectanzle,

find 1ts perimeter and diagonal. A‘, L ]B
Ex 15 TFind how fa1 a traveller 1s from hus starting-pornt 7 N |
after the following journeys —(1) first 5 mles N , then 4 miles l F

E , (n) first « miles E,, then 5 miles N, (1) 40 km S W and Dl—-—-— é/_Jc
30 km. SE, (1v) 14 miles S, 10 miles K., 4 miles 1. (try to

complete a right-angled triangle having the required line for Fig 182
hypotenuse), (v) 4 miles E, 6 miles N, 3 miles E, 1 mile N

Ex 16 (Inch paper.) If the coordinates of a point P are (1, 1) and of €
(2, 3), find the distance PQ (PQ 1s the diagonal of a certain rectangle )

Ex 17 (Inch paper) In cach of the following cases find the distance be-
tween the pair of points whose coordinates are given —(1) (2, 1) and (1, 3),
(u) (0, 0) and (3, 1)

Ex 18 Newhaven 1s 90 miles N of Havie, and 50 miJes E of Portsmouth
How far 1s 1t from Portsmouth to Havre?

Ex 19 8t Albans 18 32 miles N of Leatherhesd, and Leatherhead 15 52
miles from Oxford Ozxford 1s due W, of St Albanqk how far 18 Oxford from
St Albans?
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Ex. 20. A ship’s head 18 pointed N , and 1t 18 steaming at 15 mile3 per hou..
At the same time 1t 18 being carried E. by a current at the rate of 4 miles per
hour. How far does 1t actually go in an hour, and in what
direction”

23"

Ex 21 A ladder 60 ft long s placed against a wall with
1ts foot 20 ft from the foot of the wall. How high will the X
top of the ladder be? 17
7 77"
Fig. 183

Ex 22 TFind the distance between the summuts of two
columns, 60 and 40 ft high respectively, and 30 ft apart

Ex 23 F.g. 183 represents the end view of a table
Show that the height of the table from the floor 1s about
25 inches

Ex 24 In fig. 184, ABCD 18 a square, AXYZ a rectangle Determine the
lengths XY, YZ, YC.

Ex. 25 The hands of a clock are 20 feet long and 17 A8 X 72”7 B

feet long Calculate, to within a tenth of a foot, the distance p
between the tips of the hands at 3 o’clock. 10
Ex 26 The edge of the roof of a Swiss chalet 18 5 4 \
metres vertieally above the ground and projects 1 m  zp”
beyond the wall What length of ladder will be required so
that 1t will just reach to the edge of the roof if placed at a D Fie 181 ¢

point on the ground 4 m from the wall?

Further examples on Pythagoras’ theorem occwr wunder chords,
Ch 17, and tangents of cvrcles, Ch 18

ExXERCISES IN THREE DIMENSIONS
Calculate the length of a dragonal of a rectangular sold rwhose
edges are 107, 8" and 7"

Fig 185 represents the solid, HB 13 the H G
diagonal whose len‘ .h 18 required All the
diagonals are equ.. E F
Inthe AHDB, LD1sart £ 7
by Pythagoras’ theorem D
HB®=HD? - DB? 1 8" c
In the ADAB, LA 18art. L
by Pythagoras’ theorem A /0" B8
DB2=DA?+ AB? @) Fig 185

Substituting 1n (1) from (2)
HB:=HD:+ DAZ+ AB?
=72.48+102
=49 +64 +100
=213.
s 11B=,/213=14 6” (to 1 place)
1 e. length of diagonal 1s 14 6 1n.
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.

Find tice height of a cone whose slant side 13 10" and base radwus 3”.

Fig 186 1apresents the cone, VC 18 the height required
(say hn ) N
In the AVCA, LCisart £
by Pythagoras’ theorem
VA:=VC?4 CA?,
10°=h2+ 32,
100=h%+9,
91 = 712
h=,/91=9 54 (to 2 places)
the height 15 9 54 1n

Fig 186

Ex 27 The edges of a certain cubord (rectangular block) are 3”, 4"/, 6",
find the diagonals of the faces, and the diagonals of the cuboid

Ex 28 A box1s 3ft long, 2ft 61n wide, 2 ft. high Find the diagonals
of the sides Find the diagonal of the box

Ex 29. Tind the length of a stick which just reaches across a cubical box

with edge three feet, from one corner of the bottom to the opposite corner of
the top

Ex 30 Find the diagonal of the face of a cubic foot Algo find the diagonal
of the cube

Ex 81 Find the slant side of a cone of (1) height 5 em , base-radius 8em ,

(11) height 50 mm , base diameter 46 mm , (iu) height h fecet, base-diameter
2r feet

Ex 382 TFind the height of a cone of (1) slant side 10”, basc-1adius 47,
(u) slant side 5 8 m , base-diameter 11 m , (1u) slant side ¥, base-radins 2’

Ex 83 Find the hase-radius of a cone of (1) slant side 7 ft , height 5ft |
(n) slant side 1", height 2

Ex 84 A, yramid stands on a base 10 ft square and 14 30 ft ligh Calculate
the length of a slant edge. (See fig 295 )

Ex 85 The length of the edge of a cube 18 @ Prove that the square on the
diagonal of the cube 18 3a?

Ex 86 The edges of a rectangular solid which meet 1n a point are of length
a, b, ¢c. Prove that the square on the diagonal of the solid 18 equal to a2 { b*+¢?

§2 Pythagoras’ theorem asserts that if a triangle 15 right-angled
a certain relation holds between the lengths of 1ts sides The
converse theorem 1s also true.

Tuaeorem 30. If a triangle is such that the square on one
side is equal to the sum of the squares on the other two
sides, then the angle contained by t'iese two sides is a
right angle. ’
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This may be stated algebraically thus-—

If the sides of a triangle are connected by the relativn a®= 6% + ¢?,
then the angle opposite to @ 1s a right angle. Thus a triangle whose
sides are 3, 4, 5 umts 18 rght-angled, for 5= 3%+ 42

This leads to a method of constructing « rght angle which was
perhaps used by the ancient Egyptians as early as 2000 Bc, mn
constiucting the ground plan of temples and pyramids It 1s still
the best. method for maiking out the right angles at the corners of
a lawn tenms court and 1n much field work

Suppose that the base-line has been marked. On a piece of rope
mark off three lengths of 3, 4, 5 yards Put 1n a peg at one end of
the base-line, another peg on the base-line 4 yards from the corner.
Stretch the rope round these two pegs, so that the ends of the
4 yard length comncide with the two pegs Now bring the two ends
of the rope together so that a triangle 1s formed with sides of 3, 4,
5 yards This will give a right angle at the corner, and the side line
can be marked out.

Ex 387. Aie the triangles right-angled whose sides are

(1) 8,17, 15, (n) 12, 36, 34, () 255,2567,32,
(V) 4n, 402 -1, 402 11, (v) mé4n2, mE-nd 2mn, (V1) a, b, a+0°
Ex 88 Bristol 15 71 mules due W of Reading, Reading i

55 miles fiom Nortl.ampton, Northampton 13 92 miles from c
Bristol Asceitain whether Northampton 1s due N of Reading 7 2//
Ex 87 TFig 187 18 a trechand sketch (not to scale) of a 3"
quadrilateral with £A=90° and the lengths shown Prove B
that £ CBD=90" 3"
Ex 40 ABC s ¢ t .ngle and BD 1s perpendicular to AC 7 D
If AD=8m, DC=451m, BD=61n, show that LABC 13 a Tig 187
r'_ht angle
RIDERS ON PYTHAGORAS' THEOREM
ABC 13 a trangle and AD perpendicular to BC  Prove
AB?— AC’=BD?-CD".
Data AD at right angles to BC A
To prove AB2- AC2=BD?-CD?
Proof Smce AABD 18 right-angled,
by Pythagoias’ theorem, AB:=AD? + BD?
Since A ADC s right-angled,
by Pythago as’ thcorem, AC2=AD?+ CD: B D C
by subtr wtion Fig 188

AB:- AC:=BD:-CD?
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tEx. 41. In fig. 189 the marked angles a1e right angles and the marked lines
are equal Show that AD?=3AB? Give your reasons carefully.
tEx 43. HVQsa triangle right-angled at V, HVT 15 a triangle
on the opposite side of HV having £ THV a right angle; prove
that the squares on HT, HQ are together equal to the squares on c
TV, va.
tEx 48. ABCs a tnangle rght-angled at B, D 1s the mid-point
of BC Prove that AD2=AC2 - 3BD? B
tEx 44 ABC13an equilateral triangle and AD 18 perpendicular
to BC Prove that 3AB2=4AD?, Fig. 189

tEx 45 PQR 1s a trangle, right-angled at Q. On QR a pomnt S 18 taken
Prove that PS?+ QR2=PR?+ QS?

tEx 46 The diagonals of a quadiilateral ABCD 1ntersect at right angles.
Show that AB:+ CD?=BC?2+ DA?

tEx 47. The sum of the squares on the diagonals of a rectangle 18 equal to
the sum of the squares on 1ts four sides

tEx. 48 The square described on the diagonal of a given square 18 double
the given square

+Ex 49. The sum of the squaies on the diagonals of a rhombus 1s equal to
four times the square on one side
tEx 80 PQRS 1s a quadrilateral with £ P a right angle Given that
SR2=SP:+PQZ+QR?,
prove that £ SQR 18 a 11ght angle

Ex 51 1Infig 188let AB=31n , AC=21n, BC=31n. Calculate BD?- CD?
Hence find BD- CD
(BD? - CD?=(BD - CD) (BD + CD) =(BD - CD)BC ]
Knowing BD — CD and BD + CD, you may now find BD and CD Hence find
AD. Hence find area of AABC

Ex 82 Find the area of a triangle whose sides arc ., 5mn, 61n by the
method of Ex. 51.

SUMMARY OF RESULTS

In a right-angled triangle, the square on the hypotenuse 1s equal to
the sum of the squares on the sides contarnang the rght angle

If a trvangle 13 such that the square on one side 1s equal to the sum
of the squares on the other two sides, then the angls contarined by these
two s1des 8 a right angle.
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NUMERICAL AND PRACTICAL

Ex 1. Draw a triangle ABC having £A=10°, £B=82° Construct the
bisectors of the angle A and the perpendicular bisector of BC Measure the
angle between these lines Verify your result by calculation

Ex 2 Draw any circle and three lines touching 1t Let the lines meet 1n
A, B, C Bisect the angles at A, B Where do the bisectors intersect?

Ex 3. AandB are two points 31n apart Show in an accurately constructed
figure, the positions ot all points equidistant from A and B which are not less
than 21 from both A and B, and not more than 3 51n from Aand B Explam
your work

Ex 4 Construct a rhombus with sides 31n and an angle of 120° Bisect
each side and join the pomnts of bisection 1n order. What figure 18 formed?

Ex 5. Mark any two pomnts A and C At A make an angle of 70° and at C
an angle of 110° Let the arms of the angles meet to form a quadrilateral ABCD
Construct the perpendicular bisectors of each side What fact do you notice?

Ex 6. Draw anequilateral triangle ABC of side 21n  Find all the points that
are 1in from BC and also 31n from A Explain how you find the points.
What figure do they form? What symmetry does the whole of your drawing
possess?

Ex 7 Construct a rght-angled triangle, given hypotenuse =10 cm , another
side=5cm Measure the smallest angle

Ex. 8 Corstruct a right-angled triangle ABC, given £A =90°, AB=7cm ,
distance of A from BC=2 5e¢m Measure the smallest angle

Ex. 9 Construct & t1* agle, given height=21n , angles at the extremities of
the base=40° and 60°. Find length of base

Zx 10 Construct a quadrilateral ABCD, given diagonal AC =9 cm,
diagonal BD=10 cm., distances of B, D from AC 5c¢m and 4 em respectively,
side AB=7cm. Measure CD

Ex 11. Constructa trapezium ABCD, given base AB=10cm , height=4cm ,
AD=4 5cm , BC=4 2cm Measure angles A and B (There are 4 cases )

Ex 12 A board 4 ft squcre rests n a vertical plane on one corner with the
lower edge at an angle of 20° with the horizontal. Find by drawing to scale the
height of the top coruer above the horizontal.

Ex 18. A table 1s 4 ft squaie and stands on four legs at 1ts corners each

2’ 9” high. It 1s tilted on 1ts two front legs through an angle of 20°. Find by
drawing to scale what 18 1 ow the height of the back edge above the floo1
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. Ex 14 Draw two parallel lines 2in apart and mark any point P between
them Through P ¢.aw a line making angles ot 50° with the parallels. Explain
your method

Ex. 15. Diaw two parallel ines 6 cm apart and mark any point P outside
(or between) them Through P draw a straight line so that the length of the pait
cut off by the parallel lines 18 9 cm State and give reasons for your method

Ex. 16. Draw two lines OX, OY meeting at an angle of 50° and mark a point
P between them (not close to O) Through P draw a line making equal angles
with OX, OY. Justify your work

Ex 17 Draw twolines OX, OY at an angle ot 40° Draw a hine perpendicular
to OX and ending on OY of length 1 51n  Give reasons for your work.

Ex. 18 Draw any large triangle ABC with the angle B acute Draw a line
parallel to AC so that the length cut off between AB and BC 18 5 cm

Ex. 19 Diaw two lines AB=31n , CD =41n 1ntersecting at any angle Jom
the ends to form a quadrilateral ADBC and bisect the sides mn P, Q, R, 8
Measure the sides of PQRS Will their lengths depend on how AB, CD are
drawn? What 18 the figure PQRS?

Ex 20 Two pairs of parallel hnes each 6cmn apart intersect to form a
quadrilateral What 18 this figure? Find 1ts area when an angle of 50° 1s
formed

Ex. 21 Draw a rectangle of area 44 sq cm on a base of 8em  Construct an
equivalent parallelogiam on the same base with a diagonal 75 cm Find the
length of 1ts side

Ex 22 Construct an equilateral triangle with a side of 2 5”” and produce one
side a further *5” With the line 3” as base construct a tirangle equal 1n area to
the equilateral triangle with one angle common. What 13 the area of either
triangle?

Ex 28 Construct a parallelogiam with sides 31n and 21n a4 an angle of
60°. Construc a parallelogram equal 1n area to this with the angle of 60° common
and one side 3 751 What 1s the length of the othe side?

Ex.24 Draw a trapezium having 1ts parallel sides 8 .m and 6 em , altitude
5cm , and one of 1ts acute angles 68°. Tiansform the trapezium mto an equiva-
lent triangle Desciibe your constiuction briefly and show how the rule for
finding the area of a trapezium follows directly from your new figure

Ex 256 Construct an 1sosceles trangle with equal sides of 2 51n containing
an angle of 130° On one equal side construct another 1sosceles triangle equal in
area to the first. What 1s 1ts height?

Ex. 26. A parallelogram 1s constructed on a bage of 25 cm. with a height of
12cm. What 1s the area of each of the four triangles mto which 1t 18 divided by
1ts diagonals?

Ex. 27. ABCD 15 a vertical side of a rectangular tank, the vertical edge

AB=3ft 61n., the bottom BC =5 ft. The tank contéins water to a depth of ? ft.
If the tank 1s tilted about the othex edge through B\ what 1s the depth of the
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water along CD when the water 18 just on the point of overflowing? Find, hv
drawing, the angle of tilt

Ex 28. A triangular board, base 301n and height 181n, 1s cut 1nto two
pieces alcag a line parallel to the base, bisecting the height Find the area of
the larger piece An 1sosceles triangle on the same base 18 to be cut from this
piece, how much more wood must be removed?

Ex 29 An upright pole 40 ft high stands on level ground, a rope 18
stretched from the top of the pole to a pomt on the ground 25 ft. from the
bottom of the pole Find by calculation the length of the 10pe

Ex 80, A picture cord 3 ft. long 18 attached to two rings 10 mn. apart in the
upper edge of a picture frame and the picture 1s hung from a nail. Find by cal-
culation the vertical depth of the upper edge of the framne friom the nail

Ex 81 ABCDsa parallelogram with AB=1", BD=4", BC=3", Calculate
the distance betwecn each pair of parallel sides, and the a1ea of the parallelogram

Ex 82 A four-sided held ABCD has the sides AB =240 yd , BC=156 yd ,
CD=208yd, DA=100yd and £A 1s a right angle Is the angle C a right
angle?

Calculate the distances of A and C from the diagonal BD

Ex 88 Infig 190 OX and OY are two lines at right angles and ABCD is a
square The positions of A and B axe given as follows —

A B Y b Y
Distance from OX 731m 85 m
. , OY 80m 961n B

Find the distances of C fiom OX and OY and the area of
the square [An accurate figure 1 not required ]

Ex 34 ABC 15 a triangle with AB =72 mm , CA =48 min o X
BQ, CR “1e drawn perpendicular to AC, AB respectively, 1f Fig 190
BQ =36 mm , calculate BC, CR

Ex 85 A 1cctangular ~1ece of paper ABCD, AB=41m,BC=31n, 1s folded
so that AB falls on CD An 1sosceles triangle of base 21n , height 11n, vith 1its
base placed symmetiically along the creased edge, 18 then cut out The paper 1s
n.w unfolded and spread out flat. Draw the figure obtained

RIDERS.

+Ex 86 ABCD 13 a parallelogram in which £A=60°. From AD cut off
AE =AB, join BE and produce 1t to cut CD produced at F. Prove that ADEF
18 equilateral

+Ex 87. ABC s a tnangle in which £ C 18 three times £B Find & pomt D
1n AB such that DB =DC and prove that in this figure AD =AC

+Ex 88 X 18 the vertex of an 1sosceles right angled triangle XYZ; YR
bysects 2 Y and meets XZ at R, RN 18 drawn perpendicularto YZ Prove that
NZ =XR
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1Ex. 89, ABC 1s an equilateral triangle, DBC is an isosceles triangle on the
same bagse BC and on the same side of 1t, and £ BDC=%.BAC. Prove that
AD=BC

1Ex.40 In a triangle ABC, the bisector of the angle A and the perpendicular
bisector of BC intersect at a point D; from D, DX, DY are drawn perpendicular
to the sides AB, AC produced 1f necessary Prove that AX =AY and BX=CY.
Jomn BD, CD ] Doesit follow that AB=AC? (See W W R. Ball, Mathematical
Problems and Recreations, p. 42.)

{Ex. 41. PQR1s a triangle, and S 1s the md-point of QR From S, ST 18
drawn parallel to QP, meeting PR 1n T, and SU parallel to RP, meeting PQ 1n
U. Prove SU=RT and also SU=TP.

1Ex 42 Draw an 1sosceles triangle ABC (AB=AC) with £ A less than 60°
(make 1t 20ughly 30° say). Show how to find a pont X 1n AB such that AX =XC.

Determine the angles of the given 1sosceles triangle for the case in which
AX, XC, BC are all equal

+Ex 43 ABCD 1s an equlateral four-sided figure A point P 1s such that
PA=PC Prove that P, B, D are 1n one and the same straight line.

1Ex 44 PS, the bisector of the angle P of a triangle PQR, cuts QR at S,
through S, ST and SU are drawn parallel to PR and PQ, thus forming a
guadrilateral TPUS, prove that TPUS 1s a rhombus.

+Ex 45 ABCDE 1s a regular pentagon AC and BD intersect at O Prove
that the hgure AODE 1s a rhombus.

1Ex. 46 ABC 1s a triangle rnight-angled at A, with squares ACKH, BCED
irawn on AC, BC (as 1n the figure of Pythagoras’ theorem); prove that triangles
BCK, ECA are congruent.

1Ex 47. ABCD 1s a parallelogram whose diagonalsintersect at O. Through
O a straight line 18 drawn to cut BA produced and DC produced in P and Q
respectively. Prove that PD=QB

1Ex 48 If the diagonal AC of a quadrilateral ABCD dividus 1t into two
parts of equal area, prove that the diagonal BD 18 bisected by AC

If, 'a addition, AC bisects the angle at A, prove thu the triangles ACB, ACD
are equal 1n all respects

1Ex. 49 In the given figure O 18 any point on the A a 8
l1agonal BD of a parallelogram ABCD. EOF, GOH
wre parallel to AB, BC respectively. Prove that
oarallelogram AO =parallelogram CO.

1Ex. 60 E 18 any point on the diagonal AC of & D H ¢
parallelogram ABCD. Prove that AABE= A ADE

1Ex 61. Produce the median BD of a triangle ABC to E, making DE=DB,
Prove that A EBC= AABC. .

1Ex. 82. L, M are the mid-points of the parallel sides AB, DC of a trape-
zum ABCD. Prove that LM bisects the trapezium.

+Ex. 88 In Ex 52, O 18 the mid-point of LM, prove that any hne through
O which cuts AB, CD (not produced) bisects the trnpiuum.
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tEx 84 The medians BD, CE of A ABC ntersect at G, prove *hat quac
rilateral ADGE = ABGC. (Add to each a certan triangle.)

1Ex. 886 ABC 1s a triangle, any three parallel straight lines AP, BQ, CR
meet BC, CA, AB produced where necessary at P, Q, R Piove that the triangle
AQR 18 equal 1n area to the triangle CPQ

+Ex 86. Show that 1f parallels are drawn to the diagonals through the
vertices of a rhombus, they intersect to form a rectangle whose area 18 twice that
of the rhombus.

1Ex. 87 ABCD 1s a parallelogram and P 18 a point in CD  Prove that the
difference between the areas of triangles PAB, PAD 18 equal to the area of
triangle PAC

1Ex. 88 Draw a quadrilateral ABCD, from B and C draw BE and CF per-
pendicular to AD Prove that the area of the quadrilateral ABCD 1s equal to
the sum of the areas of the triangles ABF and ECD

[First consider the case i which angles A and D are both acute ]

Ex 69 In the given figme ABCD 15 a H
square and DEGH 1s a rectangle Prove that
they are equal 1n area D c

+Ex 60 Draw an angle ABY, on AB,
BY take ponts X, C, complete the parallelo- G
grams ABCD, XBYZ Prove that, if the \
parallelograms are equal mn area, XC 18
parallel to DZ, A B E F

1Ex 61 ABCD 18 a rectangle and P 18 a point of trisection of BC Prove
that AP2~ PDz=§ AD?,

tEx. 62 A straight Iine AB 18 produced to C, so that AC=3AB, on BC an
equilateral triangle BCD 18 described Prove that the square on AD 1s seven
times the square on AB.

1Ex. 68 It the diagonals of a quadrilateral mtersect at right angles, prove
that the sum of the squarer on one pair of opposite sides 1s equal to the sum of
the squares on the othar _air of opposite sides.

SHJ G, 9



REVISION PAPERS B
Paper 7.

1. What 18 the meaning of the prefixes penta-, hepta-, deca-, octa-?
2. Define a parallelogram and enumerate 1ts principal properties

18. ABC 1s an 180sceles triangle (AB=AC), through C 18 drawn CD at right
angles to BC, CD cuts BA produced at D Prove that ACD 1s an 180sceles triangle.

+4 From the ends of a line AB equal and parallel lines AM, BN are drawn
in the same sense, the angle BAM being acute. AN, BM are drawn meeting at
O. Prove the tiiangles AOM, NOB to be congruent.

8. In a given line a point A 1s taken, and B 1s a point outside the line. Find
a point In the line equidistant from A and B Can such a point always be found ?

6 Draw a parallelogram having sides of 4 cm. and 6-5 cm and an angle of
75° Find 1ts area.

+7. Prove that the line joining the vertex of a triangle to the middle point of
the base divides the triangle into two triangles of equal area. How could you
divide a triangle into three parts of equal area ?

8. Bristol 18 90 miles due West of London, Brighton 1s 40 mles due South
of London Calculate the distance from Bristol to Brighton (You may leave
your answer 1n the form of a square root, but give a very rough approximation
to 1ts value )

Paper 8.

1 What 18 meant by the phrase ‘‘ ruler and compass constructions”? Why
18 such a construction likely to be peculiarly accurate?

2 Descrive two types of symmetry. How many axes of symmetry has a
regular pentagon ? a regular hexagon?

+8. PQR 18 an 150sceles triangle having PQ=PR A straight line 1s drawn
perpendicular to QR and cuts PQ, PR (one of them produced) in X, Y. P.ove
that the triangle PXY 18 1sosceles

14 The side BC of an equilateral triangle ABC 18 produced to D so that
CD=BC. Prove that the peipendiculars to AC drawn through B and C re-
spectively trisect AD.

8 Construct a parallelogram ABCD whose sides AB, AD are 5 4” and 3"
while the distance between AB and CD 18 2 6” Measure the angle ADC.

Find & point P 1n AB which 1s equidistant from D and 3 Measure PB. State
your construction

8. Find the area of a triangle ABC 1n which BC=10cm., LB=30°, £ C =40°,
Do this first taking BC as base, then taking AC as base. ‘W'abulate your measure-
ments carefully. Take the average of your two result..
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7. A ship is situated 4 5 miles from a straight shore. Two beac ns on t.e
shore are respectively 6 miles and 8 9 miles from the ship. Calculate the
distance between the weacons.

18 Diaw a triangle PQR (not 1sosceles) ; draw HK parallel to QR to cut PQ,
PR at H, K, let HR and QK 1ntersect at S Name two triangles on the base QR
which ale equal 1n area Also prove that triangles HSQ, KSR are equal 1n area.

Paper 9.

1. Arhombus and a rectangle have certain properties in common. State them.

2 In marking out a football ground, after having made the opposite sides
equal, I was uncertain 1if 1t was rectangular. What test should I apply to find out
1f 1t 18 s0?

18 CX, the bisector of an exterior angle of AABC, which 18 not 1sosceles,
meets AB 1n X Prove that £ AXC 18 equal to half the difference between the
angles A and B

t4 ABCD 1s a parallelogram , X, Y are the mid-points of AB, CD. Piove
that DX =BY

5 Draw XOX’, YOY’, two straight lines intersecting at O, so that £ XOY =50°
Make OX=41n., OY=31n Find a pont P equdistant from X, Y, and at the
same time equidistant from XOX’, YOY’. Find another such pont, @ Explain
(1n two or three lines) how these points are found Measure OP, OQ 1n inches

6 How 1s the area of a parallelogram neasured ?

Construct a rhombus whose area 18 8 8q. 1n and whose sides are each 3 2 long,.

17 Assuming that the medians of a triangle ABC pass through one point,
prove that the six triangles 1nto which they divide the triangle ABC are equal
1n area tc one another

8 A volcanic mountain 18 1n the shape of a cone 4000 ft high the base 15 a
circle of 8000 ft radius  C.lculate (to the nearest tenth of a mile) the length of
a rack-and-pinion rail v~y which takes the shortest way to the top.

Paper 10.

1 What 1s a rectilinear figure? Desciibe shortly how to copy such a figure
by the method of intersecting ares.

2. How 18 the area of any rectilinear iigure determined ?

t8. It the bisector of an exterior angle of a triangle 1s parallel to one of the
s1des, prove that the triangle 1s 1s0sceles.

t+4. ABCD 1s a parallelogram , through A a straight line 18 drawn parallel to
the diagonal BD to cu’ CD produced at E Prove that CD=DE.

[See nevt page
9—2
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+ 8 A ard B are two points on paper What 18 the locus of the point C under

the following conditions —fi1stly, when C 18 restricted to bemng 1n the plane of
the paper, secoadly, when C may be anywhere 1n space.—(1) C 18 equdistant
from A and B. (1) Angle CAB1s 20° (11) C 1s always 1 inch from AB (which
may be produced indefinitely 1n both directions)

6 The area of a triangle 18 24 square inches, the altitude 1s 8”, find the
length of the base, and on 1t describe a parallelogram, the area of which shall
be 48 square inches

7 Amiens 1s 70 mles due north of Pans, Dieppe 1s 54 miles due west of
Amiens What 1s the dnect distance from Dieppe to Paiis?

+8 XN 1s an altitude of a triangle XYZ , prove that YN2 - ZN?=XY?- XZ?
Take the triangle to be acute-angled

Also draw a figure in which £ XZY 18 an obtuse angle, does the same proof
hold for this case ?

Paper 11.

1 Is each of the following stutements true for any parallelogram? If not,
state in each case a particular kind of parallelogram for which 1t s tiue No
proofs are required (1) The diagonals bisect one another (1) The diagonals
bisect the angles (m) The opposite angles together make two right angles.
(1v) The diagonals are equal

2 What 1s a locus? Give two nstances of loca

+8 The side BA of A ABC 1s produced to D so that AD=AC AE bisects
£ BAC Prove that (1) 2 BAC=twice £ ADC, (1) AE 1s parallel to DC

+4 ABCD 1s a paiallelogram, DA and DC aie produced to X and Y re-
spectively so that AX=DA and CY=DC, XB and BY are drawn. .rove that
XBY 18 a straght line,

8 Draw a plan of a room which 1s 16 feet long : nd 12 feet wide Mark the
position of a point which 18 6 feet from one of the long v walls and 4 feet from
one of the shorter walls Calculate how far this point 1s from the nearest corner

6 Define a ““ trapezium ” How 18 1ts area found ?

Find the area of the cross-section of an embankment 10 ft high, which 18
20 ft wide at the top and 30 ft at the bottom

17 Call the corners of a rectangular sheet of paper A, B, C, D (AB being a
long side of the rectangle), 1f it were folded aloug the diagonal AC, then AB
and CD would cut at a point we will call O Make a freehand sketch of the
figure you would obtain and prove triangles BCO, ADO, (1n the folded figure)
equal in area Show that DB 1n its new position will be parallel to AC

8. Construet (without any calculation) a square whose area shall be equal to
the difference between the areas of two squazes of sides 7 &nd 4 cm  Measure the
length.of 1ts side.
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Paper 12.

1 In drawing a perpendicular to a line, why should the perpendicular be
produced a short distance beyond the line ? How 18 this done when the perpen-
dicular 15 driawn with a set square ?

2 Mention two theorems the truth of which 1s evident from considerations
of symmetry

18. ABCD ;s a paallelogram , E 13 the mid-point of AB, CE and DA are
produced to meet at F 'What angles in the hgure are equal to angles ECD and
ECB? Give reasons Also prove AF =AD

4 P, Qare two points 6 cm apart. PS 1s a stiaight line making an angle
of 40° with PQ. Find a pownt (or points) equdistant fiom P and Q and 4 cm.
from PS Measure the distance of your point (or points) from P. Is this problem
always possible whatever the angle SPQ?

8. In a tnangle ABC, AB=AC=13cm, BC=10cm. Find by calculation
the perpendicular distance of A from BC.

6 ABCD 1s a square of side 4 1n. P, Q are the mid-ponts of BC, CD re-
spectively. Calculate the perimeter and area of the triangle PAQ

17 ABCD 18 a trapezium whose parallel sides AD, BC are of lengths a, b 1e-
spectively and are at a distance k apart (b 18 greater than a)

(1) State without proof an expression in terms of a, b, h for the area of the
trapezium

(1) From A 18 drawn AS parallel to DC to cut BC at S, and from D1s drawn
DK parallel to AB to cut BC at K Prove that the triangles ABS, DKC are cqual
1n area

8 ABCD "1 a rectangle, through A a straight line XAY 1s drawn at nght
angles to AC, DE (x), BF (y) are drawn perpendicular to XY P ove

EA=A" , z+y=AC, rl+y2=AC?-2AF?

Given AC=5cm. aud AF=2 4cm, find the value of © and y, « to be less

than y

Paper 13.
1  For how many years has 1t been known that there 18 a relation between
the hypotenuse and the sides of a right-angled triangle? State the relation.

2 Draw freehand diagrams of (1) a quadrilateral with only two sides parallel
which has equal diagonals, (1) any other quadrilateral which has equal diagonals

‘What 18 the name of the quadrilateral (1) ?

~+8. ABCD and AGPQ are a parallelogram and a rectangle on opposite sides
of a st.aight line AB, jo a DQ, CP, prove that CDQP 18 a parallelogram.

[See next pag
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4 (1) A shotis fired from an airship high overhead Assuming that sound
travels through the'atmosphere at a uniform rate of 1100 feet per second, what
18 the solid-locrs of points at which the report will be ueard in one second ?
What 15 the locus of ponts on the ground at which the sound 1s he.rd simul-
taneously ?

() What 18 the space-locus of points equally distant from two given
points ?

& A shelter trench of rectangular section 1s 3 ft wide and 4 ft. deep, the
earth excavated 18 piled up 1n front as a rampart, 1f the vertical section 13 a
right-angled 1sosceles triangle, how high 1s the rampart ?

6. Iun aright-angled triangle the sides containing the right angle are 3 feet
and 4 feet long; calculate the length of the hypotenuse, the area of the triangle,
and the length of the altitude from the right angle to the hypotenuse.

+7. P and Q are points on opposite sides of a straight line AB  PX and QY
are the perpendiculars from P and @ to AB  Prove that PY2+ YQ?2=PX2+ @QX?

Now suppose the triangle PXY were folded about XY till 1ts plane was per-
pendicular to the plane of the triangle QXY ; mention two things that would be
equal to PQ? 1n this three-dimensional figure (Give 1easons )

8. A paper pyramid on a square base 13 made as follows On each side of a
square of side 3 inches 18 constructed an 1sosceles triangle of height 5 inches,
the triangles lying outside the square A four-pointed star 1s thus formed, which
18 cut out of the paper. By folding the triangles upwards a pyramid 1s formed
Find 1ts height, and the length of each of 1ts sloping edges.

Paper 14.

1. Two roads cross 1 the middle of a town, one runming N and S, the
other E and W The streets are parallel to these roads By what measurements
can the position of a house 1n the town be described?

2 Why 18 1t 1mpossible to prove a geometrical theorem by measurement,
whale 1t s possible to disprove a statement by measurement ?

18 Rays of light proceeding from a pomt O
fall on a mirror AB and are reflected, making an o
equal angle with the mirror Prove that the re- \
flected rays, 1f produced backwards, would all be \/

)
1
|
found to pass through a point P, the 1mage of O 'N _
in AB A 8
4 Treasure 18 known to be buried in a field ol
20 yards from a straight hedge, and 30 yards from P

a cairn, this being nside the field and 40 yards
from the hedge. Show that 1t may be in either of two positions Find the dis-
tance apart of these positions (1) by measurement; (11)%y calculation.
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5. A and B are fixed centres, and AP, PQ, and BQ are stiff rods with pivotq
at A, B, P, and Q The lengths are AB=6cm., AP=2cm», BQ=6cm , and
PQ=8cm Show thai,the rods can take up two positions in which AP and PQ
are 1n the game straight line, and draw the mechanism in those positions.

In each case find the angles of the triangle AQB.

Also draw the mechanism with the angle PAB equal to 90°, and determine
the angle ABQ 1n this case

18 A straight line 18 drawn parallel to the base BC of a triangle ABC cutting
AB at X and AC at Y, prove (1) that triangles XBC, YBC are equal in area,
and (1) that triangles ABY, ACX are equal 1n area

7. In s field 1n the form of a convex quadrilateral ABCD, B 1s due north of
A and D 1s due east of A Also AB =75 chains, BC =8 4 chains, CD =53 chains,
DA =4 chains, Find the area of the field 1n acres

8. The two ends of a piece of string 17 1n. long are attached to two points
A, B on a board that are 131n apart, so that the string forms a loop The
point of a pencil 13 placed 1nside the loop and the string tightened so as to form
two sides AP, PB of a triangle APB, the pencil point being at P The pencil
point can now be moved so as to draw an ellipse on the board, the string being
kept taut At a certain instant the triangle will be found to have a right angle
at P. What are the lengths of AP, PB at this instant?

Paper 15.

1 The top of a mountain can be seen from a level plain  Describe fully what
observations you would take, how you would take them, and how you would use
them to find the height of the mountain

2 Draw a square ABCD with sides of 21n On BC describe an equilateral
triangle PBC 1nside the square

(1) I'ow does the figure show you at once that the area of the triangle 1s less
than half that of the square?
(1) Find the area of the APBC

8 If two pans of s. a1ght railway lines cross one another, what figure do they
enclose? [You are to assume that the perpendicular distance between one pair
of lines 18 the same as the perpendicular distance between the other pair of
dines ]

4 The figure gives a side-view of a collapsible periscope A,

It 18 jJointed where the bars meet or cross, and all the parts Z

such as XC, XF, CY, FY, YE, BZ are equal 1n length. AB B
and CD are the murors Prove that any quadrlateral with its
opposite sides equal must also have 1ts opposite sides parallel,
and deduce that for all positions of the framework of the

periscope the mirrors AB, CD are parallel E
Each of the lengths XC, XF, etc 18 3 inches Calculate C F
the distance of Z frowa X for the position in which the angle X

X 18 9C°.
[See next page
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. 5. ABC 13 a tnangle having a fixed base BC, 5cm long, and a moveable
vertex A What 18 the locus of A (1) when ABC 1s 1308celes (AB=AC)? (1) when
ABC has a fix~d area (=108q c¢m )? (1) when the m.dian AM has a fixed
length (=6cm )?

6 The lengths of the sides of a triangle are 5, 7'5 and 9 yards; determine
whether one of the angles of the triangle 13 neaily a right angle or exactly

a right angle
7. In a four-sided field ABCD, AB=470 yd, BC=238 yd , CD =327 yd.,

AC=525yd , and DA=356 yd Draw a plan of the field G
to the scale of 100 yd to an inch and construct a N
triangle of equal area, giving o few words to explam g ol ~~H
your construction N\ el X
Find the area of the field by means of the triangle I\ K
B C

8 ABC 1s a triangle right-angled at A. On the sides
BC, CA, AB are drawn squares BCED, CAHK, ABFG
as 1n the figure EP, DP are drawn parallel to AB, AC

Name two triangles congruent with ABC Discuss Dv— ~E
the symmetry of the figures FGHKCB and ABDPEC R
(This leads to a proot of the theorem of Pythagoias)




CHAPTER 16

THE CIRCLE. ARCS, CIRCUMFERENCE, AREA

§ I A circle 1sa line, lying in a plane, such that all ponts
the line are equidistant from a certain hxed pomnt, called the centre
of the crcle

In view of what has been said alieady about loci we may give the
following alternative definition of a curcle —

A circle 1s the locus of pownts in a plane that lie at a fixed dis-
tance from a fixed point (the centre) The fixed distance 13 called
the radius of the circle

The word “circle ” has been defined above to mean a certain kind of curved
line The term 18, however, often used to indicate the part of the plane inside
this line. If any doubt exists as to the meaning, the line 19 called the eircum-
ference of the circle

To cut a circular hoop 1nto two pieces needs two cuts. Similaily,
if two points A and B (fig. 191) are taken on the eircumference of

A_C
B A
B
D
F.g 191 Fig 192

a crcle, the circumference 1s divided nto two arcs (Latin arcus=
bow) AcB, ADB. To distinguish these, ACB 1s called the minor arc,
ADB the major arc

But 1t may happen that the points A, B are so taken that the two
arcs are equal, Each aic 1s then a semicircle (fig 192). The line
joining the two extremities of a semicircle clearly passes through the
centre 1t 1s called a diameter.

The term ** gemicircle” Iike the term *¢ eircle” 1s used 1n two different senses;

sometimes 1n the sense of an arc (as in the defimition), sometimes as the part of
the plune bounded by a < zmi1-circumference and the corresponding diameter.
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The circumference of a semicircular protractor is graduated in
equal arcs, 180 1n number. Each of these equal arcs subtends at

i
\ iy 7
1o 100 50 70 /7,
o 80 100 s
\'}0 “0 19 . 0 d
”9:9 ° 0 0
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B\ 2
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Fig. 193

the centre an angle of 1° For this reason, the degree 1s commonly
used as a measure of arc as well as of angle thus an arc that sub-
tends 30° at the centre 1s called an arc of 30°. There 1s no danger
of confusing these two meanings of the word ¢ degree ”

Tt 1s clear that equal arcs of a circle subtend equal angles
at the centre.

In fact, arcs of a circle are proportional to the angles
which they subtend at the centre.

Thus an arc subtending an angle of D° at the centre will be 3%6

of the whole circumference.

§2 fEx 1 Draw a large circle and measure its diameter
Now measure 1ts circumference by means of a piece of cotton*.

9 Ex. 2. Measure the diameter of a cylinder. Measure its cir-

cumference by wrapping paper round 1t and pricking through two
thicknesses of paper

* The best way to do this 18 to mark a point on the circumference, lay the
cotton along a short arc (the end of the cotton being at the point marked), hold
that part of the cotton firm with one finger and fit more of the cotton along the
next short arc, now hold that and free the first piece, continue the process until
you have been round the whole circumference. This method is explained more
fully 1n Notes and Answers.
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fTEx 8 Use the results of Exx. 1 and 2 to find the ratin

Circumference
Diameter

The ratio O1roumicrence
Diameter
circles. This constant has been worked out to 700 places of decimals

and begins thus

18 a constant, 1e 1t 1s the same for all

3 1415926535

For tLe salke of brevity this number 15 denoted by the Greek
letter 7, a useful approximation 1s 4% or 3}

Thus circumference of circle = diameter x =
=radius x 27
= 2ur, where 7 1s the radius,

Ex 4 Calculate the encumference of a circle whose radius 1s (1) 14 1n,
(1) 21 mules, (Take =27 )

Ex & Calculate to three significant figures the cir-
cumference of the earth, measured round the equator,
taking radius =38963 miles

Ex 6 How far does a wheel roll 1 one 1evolution
if 1ts diameter 18 71n ?

Ex 7 1In fig 194, AD 1s divided mto three equal
parts and all the axcs are semicircles, show that the
four curved lines which connect A with D are of equal
length

Ex 8. Find: the radius 1n terms of ¢ the circumference of a circle

Ex © Caleulate the radius of a circle of circumference (1) 44 ft., (11) 60 em
(to thiee sigmficant figures)

Ex 10 What 18 the “.ameter of a wheel which makes 86 turns 1n running, over
a distance of 66 tt ?

Fig 194

Ex. 11. What fractions of a ¢cncumference are arcs of 90°, 60°, 120°, 1°,
25°, 300°?

Ex 12 Calculate the lengths of arcs of 20° and 150° 1n a circle of radius 121n

Ex 18 The circumference of a circle 18 121 and the length of a certain arc
184 51n What decimal of the circumference 1s the arc? What angle does the
arc subtend at the centre?

Ex 14 Calculate the distance measured along a meridian of longitude from
the equator to Lat 50° N. (take circumference of earth =25000 miles)

Ex. 15. Calculate the length of 1° of longitude at the equator

Ex. 16 A cog-wheel with 10 teeth, driving a larger one with 50 teeth, makes
one revolution. Through vhat angle has the larger turned?
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AREA OF A CIRCLE
§ 3. It can be proved* that the
Area of a circle == x (radius)
= 7r'r2

In the following exrercies vt will gemerally be sufficient of answers
are guven correct to three sugraficant figures

Ex 17 Calculate the area of a circle whose 1adius 18 (1) 21, (u) 3% ft.,
(1) 15 em.

Ex 18 The radius of one circle 1s twice the radius of another, how many
times does the area of the greater contain the area of the smaller?

Ex. 19. Find the ratio of the area of a circle to the area of the circum-
scribing square.

Ex. 20 A circular pond of radius 100 ft. 18 suriounded by a gravel path
10 ft wide I'ind the area of the path

Ex 21. Two concentric circles have radun R, 7 What 18 the area between
them?

Ex 22 The outer and inner diameters of a pipe are 14” and 12” What 18
the area‘of a cross-section?

Ex 28 Calculate the radius of a circle whose area 1s (1) 44 sq 1,
(1) 14 3 8q. cm

Ex 24 A circular track 18 made round 10 acres of ground What 19 the
diameter of the track® (1 acre=4840 sq yd )

Ex 28 A circular disc has a circular hole dnlled 1n 1t, a diameter of the
hole being & radius of the disc What fraction of the original disc 18 now left?
Make a freehand sketch of the figure

SUMMARY OF RESULTS

Equal arcs of a curcle subtend equal angles at the centre.

Ares of a curcle are proportional to the angles which they subtend
at the centre

The circumference of a curcle = 2wr, where r 18 the radwus, and
=3} (approx.) or 3 14 (approx ).

The area of a crrcle = mr?

* A useful experiment 18 to draw a large circle on squared paper and estimate
1ts area by counting squares.



CHAPTER 17
THE CIRCLE CHORDS

§I A straight line cannot cut a circle 1n more than two points.
In fact, an unhmted straight line may

(1) cut a carcle in two points, eg
AB or CD 1n fig 195 In this case the
part of the line which les nside the

circle 1s called a chord of the circle. Y\ [§) B/
(11) The line may meet the circle 1n ] v}
one point only, thus EF meets the circle E T F
in T In this case the line 15 sad to G H
Fig. 195.

touch the circle, 1t 1s called a tangent;
T 1s called the point of contact of the tangent.

(m) The line may lic entirely outside the circle, and have no
point 1n common with the circle, e g GH 1n fig 195.

A chord may be said to be the straight line joining two points
on a circle If the chord passes tluough the centre 1t 1s a diameter,
e g. AOB 1 fig. 195

The length of a diameter 13 twice the length of
the radius, all the diameters of a circle are equal

A segment of a circle 1s the part of the
plane beanded by an arc and its chord (fig 196)
A sector of a cucle 1s the part of the plane
bounded by two radi and the arc which they
ntercept (fig 196} Fig 196

SYMMETRY OF THE CIRCLE CHORD AND CENTRE

§2 It will be seen that the circle 1s symmetrical about any
diameter

9Ex. 1 What axes of symmetry has (1) a sector, (1) a segment, (111) an are,
of a circle?

9Ex. 3. Draw a circle of about 3 in. radius, draw freehand a set of parallel
chords (about s1x), b 3sect each chord by eye What 18 the locus of the mid-points
of the chords?

TEx 8 Draw a circle and a diameter. This 1s an axis of symmetry Mark
freeband four pairs o. corresponding points on the circle. Is there any oase in
which a pair of correspor ling points comncide?
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"qEx. 4. AB 18 a chord of a circle What 15 the locus of points equidistant
from A and B?® “What conclusion does this lead to about the position of the
centre?

From considerations of symmetry, then, we arrive at the following
theorem, which may be proved by congruence of triangles.
Tueorem 36. A straight line, drawn from the centre of a
circle to bisect a chord which is not a diameter, is at
right angles to the chord;
Conversely, the perpendicular to a chord from the centre
bisects the chord.
(1) Data O 1s the centre of OABC, D 1s the mid-
point of the chord AB
To prove that OD is L to AB.
Construction Join OA, OB
Proof  1In the As OAD, OBD,
OA = OB (radu),
OD is common,
AD =BD (Data)

A OAD= A OBD, Th 14
. 2. ODA =_0DB,
OD1s L to AB

(1) Coxversk TBEOREM
Data 0O is the centie of OABC, OD 1s the perpendicular on to the

chord AB
To prove that AD=BD
Construction Join OA, OB

Pro.f Since the angles at D are n1ght angles,
the As OAD, OBD are right-angled As with
hyp OA = hyp. OB (radu), and OD common
A OAD = A OBD, Th 15
* AD =BD
Cor 1. The perpendicular bisector of a chord of a circle
will, if produced, pass through the centre of the circle.
(For only one perpendicular can be drawn to a given line at a given
pownt 1n 1t )
Cor. 2. The locus of the centres of circles through two
given points is the perpendicular bisector of the line
joining the points.
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§3 To find the centre of a given circle.

Analysis and copstruction Let A, B
be any two points on the circumference
The centre lies somewhere on the L bi-
sector of the chord AB, draw this hne,
EF (It 1s unnecessary to join AB )

¥n

Let C, D be another pair of points
on the circumference, draw GH, the L -
sector of CD The centre lies somewhere
on GH. Fig 198

The centre therefore 1s the point of intersection of EF and GH,
namely O

(If the points on the circumference were so chosen that AB and
CD were parallel, this construction would faill Why?)

To draw a circle passing through three given points
not in the same straight line; in other words, To find a point
equidistant from three given points.

This is done as 1n the preceding construction

TEx. & How would the construction fail if the three points were 1n a straight
lmme?

Ex. 8 With a fine-pointed pencil trace 10und part of the edge of a penny,
or better still the curved edge of your protractor, so as to obtain an arc of a
aircle. (Take care to keep the pencil perpendicular to the paper ) Complete the
circle by ‘inding the centre.

CIRCUMSCRIBED CIRCLE

§4. If a circle passes through all the vertices of a polygon, the circle
is said to be circumscribed about the polygon A
(Latin circum =around), and the polygon 1s said
to be inscribed 1n the circle (tig 199)

To circumscribe a circle about a given
triangle.

This 18 the same problem as that of describ-
g a circle to pass through three given points, Fig 199
namely the three vertices of the triangle

The centre of the circle circumscribed about a triangle is called
the circumcentre f the triangle.
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Notice that, though the perpendicular bisectors of all three sides pass through

the circumcentre, y ot it 18 not necessary to drawmore than two of these bisectors
1n order to find the centre. ‘

Ex. 7. Find the radius of a circle circumseribing a8 triangle whose sides are
(1) 8", 47, 4", () 3", 4", 5", () 8", 4", 6"

Ex 8. (Inch paper ) Draw a cucle to pass through the pomts (0, 3), (2, 0),
(-1, 0), and measure 1ts radius.

Ex 9 (Inch paper) Draw the circumcircle of the triangle whose vertices are
0, 2), (4, 0), (-1, 0), and find 1ts radius,

Ex 10 (Inch paper) Find the circumradius, and the co-ordinates of the
circumeentre of (0, 1), (3, 0), (-3, 0)

Ex 11. A well 18 to be sunk equidistant from a farmhouse and two cottages
The cottages are } mile apart and each 18 300 yd from the farmhouse What
will be the distance of the well from each?

Ex 12 The arch of a bridge 1s a portion of a encle If the width of the
bridge 1s 20 ft and 1ts height 8 ft , find by drawing and measuring the radius of
the circlo

Ex 18 A rectangular field, 210 yd. by 140 yd., has tieces at .nree of 1its
corners. What 18 the radius of a circular track which just encloses the three
trees?

Ex 14. A window 18 1n the shape of a segment of a circle of width 2’ 6” and
greatest height 10” Draw the outline of the window, to scale, and give the
radius of the circular arc

Ex 16. Test whether a circle can be circumscribed about (1) a square, (1) a
rectangle

Ex 16. Draw a parallelogram (not rectangular) and test whether a circle can
be circumseribed about 1t.

To INSCRIBE A REQGULAR POLYGON IN A CIRCLE

§5 Ex. 17. Describe a circle of radius 5 cm. (see fig 200), at 1ts centre O
draw two lincs at right angles to cut the circle at A, B, C, D Join AB, BC, CD,
DA. Isthe igme ABCD regular? (See definition, the. * are two questions to be
settled )

c
Fig 200 Fiz 201

Ex 18 Describe a circle of radius 5 cm. (see fig 201), at its centre make a

|0
set of angles each equal to 60° (1 e 3%0 ) , Join the points where the arms cut

the cirele Is the resulting ﬁg‘ure regular?
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Ex. 19. Calculate the angle at the centre for each of the following reguler
polygons —(1) 5-gon, (1) 8-gon, (11) 9-gon, (1v) triangle, (v) 10-gon, (v1) 16-gon,
(vn) n-gon. Arrange your results in the form of a table

Number of sides 3 ! 4 | 5

Angle at centre 120° 90° (

Ex 20 Inscribe a squaie 1n a circle of diameter 8 45 cm  Measure the sides

Ex 21, Draw a circle radius 1 5” and 1nscribe in 1t a regular 5-gon. Measure
the distance of a vertex from the opposite side.

Ex 22 On a side of 2” construct a regular pentagon [Calculate the angle
of the pentagon, draw two sides and then a circle ]

Ex 28 TFind, by drawing, the lengths of the diagonals of an octagonal frame-
work of side 2 ft

Ex 24 In the same circle insciibe a 1cgular 3-gon, and 6-gon with one
vertex common Find the ratio of their sides

To inscribe a regular hexagon in a circle.

Analysis and construction Suppose the figure drawn join two
vertices A, B to the centre O. The 6 equal
sides subtend 6 equal angles at the centre the
sum of these angles 1s 360°, . AOB = 60°

But 0A =08, Lx=Ly
And cx+Ly=120°, _x=_y=_0-=00°
A ADB 18 equilateral and AB = OA

Hence the following construction using ? /
compasses, place end to end in the circle six Fig. 202
chords each equal .o the radius.

T'o describe a regular hexagon of given side.

Describe a circle with radius equal to the given length, using
compasses, place end to end 1n the circle six chords each equal to the
radius.

Ex 285. Construct regular kaxagons side (1) 2”, (1) 5 em.

Ex. 26 Find, by drawing, the area of a hexagonal nut of side 1 cm.

Ex. 27. Find the shortest distance through a hexagonal prism of side 10 cm

f%x 28. Without issuming the value of , prove that the circumference
of a cirnle 18 > three times the diameter, by 1nseribing a hexagon 1n the circle

SHJG 10
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. 9Ex. 2. Without assuming the value of m, prove that the circumference 18
< four times the diameter by circumseribing a square about the circle, (See def.
of a circumscri’ed polygon on p 152 )

The problem of circumscribing a regular polygon about a given
circle 18 dealt with in Chapter 18,

LENGTH OF CHORD.

§6 Note that the length of a chord of a circle 1s not proportional
to the angle which 1t subtends at the centre. 'What 1s the counection
between the arc and the angle?

The perpendicular from the centre upon a chord bisects the chord,
therefore the radius, distance of chord, and half-
length of chord are connected by Pythagoras’
theorem (See fig. 203.)

Ex 80. Calculate the distances from the centie of a
circle (radius 5 cm ) of chords whose lengths are (1) 8 cm , ‘

(1) 6 cm., (1) 2a cm. w
Ex. 31 Calculate the lengths of chords of a circle

(radius 2 51n ) whose distances from the centre are (1) 21n , Fig 203.
(u) 11, (m) d1n

Ex 82. The lengths of two paiallel chords of a circle of radius 6 1n are
1010 and 6 1n respectively Calculate the distance between the chords (There
are two cases )

Ex 88 Calculate the radius of a circle, given that a chord 8 cm. long 18
5 cm from the centre

Ex 84 Wnaat s the radius of a circle when a chord of length 21 1s at distance
d frem the centre?

Ex 85 Given that a chord 6 in long 1s distant 1 1n from the centre, cal-
culate (1) the length of a chord distant 2 1n from centre, (1) the distance from
the centre of a chord 31n long.

Ex 36 ABC 1s a semicircle diameter AB=10 cm, CN 1s 1 to AB. If
NB=2 c¢m , calculate CN, CA, CB

Ex 37. What s the gieatest height in a London Electric Tube given that
the section 13 a circle of 13 ft. diameter and the wadth of the flat portion on
which the rails rest 1s 54 ft ?

Ex. 88 A and B are two places 8 miles apart, as the crow flies, on an ap-
proximately circular lake of diameter 12 miles If a boat steams direct from
A to B, what 18 1ts greatest distance from the shore at any time?

Ex 89 Thearch of a bridge 1s an arc of a circle ot 30 ft radius. If the
span of the bridge 18 50 ft., what 18 the greatest height?
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A sphere of radius 6" is cut by a plane distant 3" from Jhe cenire
Calculate the radicis of the cvrcular section
A »lane cuts a sphere in a circular section Let

ANB be the diameter of this section and N 1ts centre, P
'’ 1ts radius.

If G 1s the centre of the sphere, the plane CAB will
out the sphere 1n another circular section ABP whose
radius 18 the radius of the sphere

Also AB 1s a chord of the circle ABP and N 1s 1its
middle point ¢ CNA 1s a right angle

Hence a CNA 18 a right-angled triangle
by Pythagoras’ theorem
CA2=CNZ+ NA?

62=232+ 22
36=9+x2

27 =a?

o= o/27=5 20 (to 2 places)
the radius of the circular section=>5 20 1n

>
®

Fig 204.

Ex 40 A wooden sphere of 5” radius 1s planed down till there 1s a flat
circular face of radius 2 5 If the sphere 13 now made to stand on the flat face,
how high will 1t stand®

Ex. 41 A ball of radius 5 em floats 1n water immersed to the depth of% of
1ts diameter Calculate the circumference of the watei-line circle.

Ex. 42 A hollow sphere has outside radius 6 1n and mmside radius 43 in
What thickness can be planed off without actually making & hole i the surface?

Ex 47 A cylinder height 20 cm and diameter 10 em when upright on a
table 1s just covered by a hemispheirical bowl, the bowl also toucking the table.
Find the diameter of the bowl

Ex 44 What 13 the radius of the parallel of latitude 45°N ?
(Radius of earth =4000 miles )

RIDERS ON CHORDS
+Ex 48 Equal chords of a circle are equidistant from the centre.

'['Ex 46. Chords of a circle that are equidistant from the centre are
equal.

Ex. 47. Find the locus of the mud-points of chords 6 em 1n length 1n a
circle of radius 5 cm

tEx. 48 Prove that the locus of the middle points of a set of equal chords
of a circle 18 a concentric circle.

1Ex. 49. If two chords make equal angles with the diameter through their
pomnt of ntersection, the- are equal.

10—2
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Ex. 80 A straight line 18 drawn cutting two equal ciroles and parallel to the
line joining their centres; prove that the chords intercepted by the two ciroles
are equal.

fEx. 61. AB, CD are two chords of a circle whose centre 18 O, OE, OF, the
distances of the chords from the centre, are given to be equal. If the chords
tersect at X, prove (1) that XE = XF, (u) that AX 18 equal to DX (or CX)

1Ex 82 A straight line is drawn cutting two equal circles, and passing
through the point midway between their centres Prove that the chords inter-
cepted by the two circles are equal.

+Ex. 68 If a chord cuts two concentric circles in A, B; C, D, *hen AC=BD.
[Draw the perpendicular from the centre on to the chord.]

1Ex 84 From a point O outside a circle two equal lines OP, OQ are diawn
to the circumference. Prove that the bisector of £ POQ passes through the centre
of the circle.

Ex. 85. O 18 a pomnt 4 inches from the centre of a circle of radius 2 inches
Show how to construct with O as vertex an 1sosceles triangle having for base
a chord of the aircle, and a vertical angle of 50° How many solutions ire there?
(Freehand )

tEx 66 If one chord of a cncle 1s greater than another, 1t 18 nearer to the
centre. [Use Pythagoras’ theorem ]

+Ex 57. The shortest chord that can be drawn through a point inside a circle
18 that which 18 perpendicular to the diameter through the point

[Prove that 1t 18 farthest from the centre ]

1Ex 88 Ina circle are placed, end to end, equal chords PQ, @R, RS, ST.
Prove that PR=QS =RT

tEx 59 Equal chords of a circle cut off equal arcs.

[Equal arcs subtend equal angles at the centre ]

1Ex 60 Draw a chord of a circle and the angle 1t subtends at tL: centre
Prove that the chord which subtends half the angle at the centre 13 greater than
half the original chord.

1Ex 61 Two circles intersect at A, B; prove tha* the line of centres
bisects AB (the common chord) at right angles. [Use Theorem 34, p 97 ]

SUMMARY OF RESULTS

A stroaght lane, drawn from the centre of a curcle to bisect a chord
whach 13 not a diameter, 18 at rght angles to the chord.

The perpendicular to a chord from the centre bisects the chord.

The perpendicular brsector of a chord of a circle wnll, of produced,
pass through the centre of the curcle



CHAPTER 18
THE CIRCLE TANGENTS

§ I. The meaning of the term tangent has been explained on p. 141.
Note that the line n fig. 205 1s no¢ & tangent and is
not saxd to touch the circle, 1f produced it would cut
1t in two points

Think of a wheel with spokes. The roadway 1s  Fig 205.
a tangent to the circle, a spoke that happens to be vertical and
downwards 1s the radius to the point of contact The radius, then, is
perpendicular to the tangent at 1ts extrenmty.

PQROQG

1 n 1 v v
Fig 206

The tangent may also be viewed m another way suggested by the
above figure 1 —v show four positions of a chord AB (produced both
ways) ITooking at the hgures from left to right, the chord 1s seen to
be turning about the point A, as 1t turns, the second pomnt of inter-
sectiow, B, comes nearer and nearer to A until, in fig v, B has coincided
with A, and the chord has become the tangent at A

A tangent theretore may be regarded as the limiting position
of a produced chord whose two points of intersection with the
circle have come to comncide

Fig. 207 suggests another way in which the chord may approach
1ts hmmting position—the tangent

SYatalele

Fig."207.

]
.'IIEx 1 In fig 207 what becomes of the theorem that ‘‘the perpendicular
fron® the centre on a ch .rd bisects the chord” when B comes to coincide with A®
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In fig. 208, i, 1i, the triangle OAB is isosceles,
‘. LOAB=20BA, .. LOAP=L0BQ

P A

l‘\

AT BQ P

1 u m
Fig 208,

When the chord attains 1ts limiting position, the tangent, in fig i,
we are left with . OAP=_. 0AQ Hence again

Taroren 41 The tangent at any point of a circle and
the radius through the point are perpendicular to one
another.

A straight line drawn through the point of contact of a tangent
at right angles to the tangent will, 1f produced, pass through the
centre of the circle

§2. To draw the tangent to a circle at a given point on
the circle, join the point to the centre, and draw a straight line
through the point perpendicular to the radius

The tangent from an external point may be drawn with the ruler
(by eye) It 1s not possible to distinguish the poimnt of contact
accurately w_thout further construction, to find this pomt, drop a
perpendicular upon the tangent from the cen*ve, the foot of this
perpendicular 1s the point of contact

This method 1s accurate enough tor many purposes, another construction
18 given at the end of this chapter.

It 1s clear from symmetry that the two tangents which can
be drawn to a circle from a point A are

(i) equal, (ii) equally inclined to A0 ; and x
(iii) A0 bisects the chord of contact Paat aA<"-- @
right angles.

Q

Ex. 2. Prove (1), (1) and (1) by Congruence of Triangles. P
Ex 8. Prove (m1) by Th. 34, p 97 1g. 209.
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. LENGTH OF A TANGENT

§3 TIn fig 209, since £ P 1s a right angle, APO 1s a right-angled
triangle Hence, if AO and OP are known, the length of the
tangent AP can always be found by Pythagoras’ theorem.

Ex 4 A8 4mn distant from O, the centre of a circle of radius 3 1n. From
A draw a tangent with your ruler Determine P, the point of contact, (1) by eye,
(11) by drawing a perpendicular from O

Calculate AF, the length of the tangent Verify by measurement

Ex 8 Calculate the lengths of the tangents to a circle of radwus r from a
point distant d from the centre when (1) r=3cm, d=4cecm , (u) 2=2 1.,
d=41n

Fix 6 At a pomnt A of a circle (radius r, centre O) 13 drawn a tangent AP of
length 1, find OP

Ex 7 At a pomnt P on the circumference of a cuncle of radius 4 cm 18 drawn
a tangent PT 3 em 1n length TFind the locus of T as P moves round the circle

Ex 8 Two circles, of radu 2 and 11n , are concentric Calculate the length
of a chord of the outer circle which touches the inner

Ex. 9 Show that all chords 3 in long of a circle of radius 2i1n touch a
certain concentric cirele, find 1ts radius

Ex 10 A cylindrical pipe of radius 10” lies on the ground, a plank, with one
end A on the ground, rests on the pipe touching 1t at B. What 13 the distance
of A from the centre of the pipe 1f AB 15 2’ 6”?

Ex 11 A cylindrieal boiler 22” diameter stands upright between two walls
at right angles, touching each How far 18 the central axis of the boiler fiom
the corr »xr?

TEx 12 If fig 2C, were spun ahout OA, what figure wonld be gen rated
(1) by the circle, (1) vy AP, (111) by PQ? Hence find the locus of the points of
contact of tangents from a fixed pownt to a fixed sphere.

Ex 138 If P13a point 25 cm from the centre of a sphere of radius 20 cm ,
what 18 the length of a tangent line from P to the sphere®? Are all the tangent
lines from P equal®

Ex. 14 A sphere radius 5 cm just fits into a hollow cone of slant side 8 cm
touching round the base of t..e cone 'What 1s the distance of the centre of the
sphere from the vertex of the cone?

+Ex. 15. All chords of a circle which touch an nterior concentric cirole are
egaal, and are bisectod at the point of contact

+Ex. 16 A chord mrkes equal angles with the tangents at 1ts extremities
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Ex 17 Each of the tangents, TA, TB, at the ends of a certain chord AB
18 equal to the chord, find the angle between the tangents, and the angle sub-
tended at the centre by the chord.

tEx 18 In fig 209, the angles PAQ, POQ a1e supplementary.

Ex 19 Show how to diaw a tangent to a given circle (1) parallel to a given
line, (1) perpendicular to a given line, (111) making & given angle with a given
lme

Ex. 20 Show how to draw two tangents to a circle inchined to one another
at a given angle.

1Ex. 21 AOB 18 a diameter of a circle whose centre 18 O. At C on the

eircumference a tangent CE 18 drawn OE, parallel to AC, meets this tangent at
E. Prove that EB touches the circle

tEx 22 A straight line PQ 18 diawn through a poimnt P on the ciroumfer-
ence of a circle, making a constant angle with the tangent at P Prove that, as
P moves round the circumference, PQ touches a fixed cucle

tEx. 28 Two parallel tangents meet a third tangent at U, V; prove that
UV subtends a right angle at the centre

tEx 24 The angles subtended at the centre of a circle by two opposite sides
of a circumscribed quadrilateral are supplementary

Ex. 25 Draw a circle and a triangle ABC, the side BC touchung the circle
at D, CA touching at E, and AB touching at F

Mark on your figwie all pairs of equal lines and prove that AF + BC =4 per-
meter of triangle

tEx 26 PQRS is a quadrilateral circumscribed about a circle Prove
that PQ+RS=QR+ SP. [Give symbols to all pairs of equal lines ]

INscrRIBED CIRCLE

§4 If a arcle touches all the sides of a polygon, the arcle 1s
said to be inscribed in the polygon, and the Q
polygon 1s said to be circumscribed about P
the circle (fig 210)

TEx 27. What 1s the locus of the centres of circles
touching two lines which cross at an angle? (Remember
that two limes form four angles at a pomnt) Draw a
number of such circles

Fig. 210.
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To inscribe a circle in a given triangle.

Fig 211,

Analysis and construction  The centre 1s equidistant from the
three sides

Since 1t 18 equidistant from BA and BC, and 1s obviously inside
the trian~le, 1t lies somewhere on the internal bisector of . ABC.
Draw this line, BE

Sunilarly, 1t lies somewhere on CF, the internal bisector of - ACB

The centre therefore 1s the pomt of mtersection of BE and CF,
namely 1.

To find the radius, draw IX L to BC. X 15 the pont of contact and
IX 18 the radius The circle can now be drawn

This circle is the inscribed circle of the triangle ABC.

9Ex 28 The point of intersection of the internal bisectors of the
angles 0~ a triangle is equidistant from the three sides.

Ex 29 Draw the mnscribed circle of a triangle whose sides are (1) 3,4, 51n ,
() 10, 6, 10 cm  Meas...e the radn of the circles

Ex. 80 Draw any triangle ABC and produce the sides By bisecting the
exterlor angles, draw a circle to touch BC and the other two A
sides produced (called an escribed circle) (See fig 212.)

Ex. 31 Draw any triangle ABC and the escribed circles B
opposite B and C

Ex 32 A point 1s to be found equidistant from the thrce
edges of a triangular field whose sides are 150 yd , 230 yd
and 215 yd How far 18 the pont from each side?

Ex. 83 What 1s the radius of the largest circle that can
be cut out of a triangular piece of cardbdard of sides 12, 10, 16 inches?

Ex 84 In any 1sosceles triangle draw two equal circles touching each other
and e~ch touching the base and a side.

Fig. 212
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Ex 88 Inscribe a circle in a quadrant® of a circle.

[Draw the tangent where the bisector of the angle meets he circle, and 1nscribe
a circle 1n the ti1angle 1t forms with the radn ]

Ex 86 Draw a sector of a circle radius 6 cm. with an angle of 30°. Find the
diameters of the two circles which each touch the radu of the sector (or the radn
produced) and the arc

Ex. 87 Two parallel lines are cut by a third line Draw all the circles
touching the thiee lines

Ex. 88 Inscribe a circle in a rhombus.

Ex 89 Drawatranglesides7cem,85cm,183em Find the distance between
the centres of the 1nscribed and circumseribed circles

Ex 40 Draw a rectangle with sides 10 cm and 7 em Find a pomnt equi-
distant from three sides What 18 1ts distance from the fourth side? (There
are two cases )

Ex 41 What 18 the radius of the largest spheie which can be enclosed 1n a
closed cone of height 3 5 1n and base radius 2 1n ?

Ex 42 The section of atrongh of depth 8”13 an 1sosceles trapezium with
parallel sides 16” and 9” Find the radius of the largest cylindiical log which
can lie 1n the trough touching the two sides and the bottom

CIRCUMSCRIBED POLYGONS

§5. To circumscribe a regular polygon about a given
circle.

The points of contact of the sides with the
circle obviously form a regular polygon of
the same number of sides inscribed in the
circle

Heuce th. construction consists of finding
the vertices of an inscribed polygon of the
given number of sides and drawing the
tangents at these points Fig 213

Ex 43. Draw an equilateral triangle whose sides touch a cucle of radius
4 cm

Ex. 44. Circumscribe a square about a given circle

Ex 45 Circumscribe a hexagon about & circle of radius 1 51n  Measure the
side of the hexagon.

Ex.46. A circular glass of 30" diameter 18 enclosed 1n a symmetrical octagonal
frame each side of which touches the edge of the glass Find the length of an
edge of the frame

Ex. 47. Find the length of the side of a regular 9-gon circumscribed to a
cirele of radius 8 cm. [Do not attempt to draw all the s1d®s ]

* A sector whose angle 18 a right apgle.
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CONSTRUCTION OF TANGENTS TO CIRGLES.

§6. To construct tangents to a given circle AsC from
a given point T outside the circle.
[We must find a point on the circle at which OT subtends 90° ]

Construction Jon T to O, the centre of

OABC. On OT as diameter describe 4
a @ cuttiug the given circle mn A, B. A
Join TA, TB T
These lines are tangents c v
Proof Join OA, OB. B
Since OT 1s the diameter of O OAT, Fig. 214.

L OAT 1s a right angle (7h 49%),
.* AT, being L to radius OA, 1s the tangent at A.
Sim¥ BT 18 the tangent at B
Ex 48. Construct the tangents to a ciurcle of radius 1 5” from a poiwnt 3 6”
from the centre Measure their length

Ex.49 Construct tangents to a circle from two points on a diameter produced
which are equidistant from the centre. On what hine do the tangents produced
meet again? What figure do they form?

Ex. 50 Find by an accuiate drawing the length of the straight portion of a
rope which passes round a wheel ot 5 ft radius and round a peg 8 ft. from the
centre of he wheel

Ex. 61 A point source of light 1s placed 5 ft from the centre of a cylinder
of radius 2 ft Determir~, by an accurate geometric construction, the width of
the shadow at a distarze of 3 ft. from the centre.

SUMMARY OF RESULTS

The tangent at any point of a cwrcle and the radwus through the
point are perpendicular to one another

The two tangerts drawn to a circle from « pownt are equal and
equally inclined to the line jouning the point to the centre.

* Theorem 49 has yet to be proved. See p 159



CHAPTER 19

THE CIRCLE ANGLE PROPERTIES

§ I. 9Ex. 1. Draw a figure like fig 215, making the radius of the cirole aboui
2 1n. Measure angles zandy Notice that they are subtended * by the same arc.

TEx 2. Do the same for figs. 216, 217 What relation do you notice betweer
the angle z and the angle y in the three experiments?

/Q\\

%) -
- S

Fig 215 Fig 216. Fig 217.

tEx 3 A side BA of an 1sosceles triangle ABC 18 produced, through thc
vertex A, to a pomnt D Prove that L DAC=2/ABC=2/ACB

THeorEM 44. The angle which an arc of a circle sub-
tends* at the centre is double that which it subtends at
any point on the remaining part of the circumference.

Data The arc ACB of OACB subtends . AOB at the centre O, and
subtends . APB at P, any pomt on the
remaining part of the ciicumference (See
figs 218, 219.)

T'o prove that L AOB =2 _ APB

Construction Join PO, and produce 1t to Q@

Proof [We shall prove 2 QOA=2 £ OPA and
+£QOB=2¢,0PB]

Case I  When the centre O 1s wnside . APB
In a AOP, OA = OP (radn),
L OAP = _ OPA. Th 12
Now £ QOA 18 an exterior L of A AOP,
_QOA=/.LOPA+ L OAP=2 . OPA Th 8, Cor. 1
Sumilarly £ QOB=2 . OPB, «
. LQOA + . QOB =2 ( L OPA + L OPB),
L AOB=2 L APB. .
* For ‘‘subtend” see p 38 and Rpdex

Fig. 218.
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.

CaSE IT  When the centre O 13 outside .. APB
As before, 1. QOB =2 . OPB,
and - QOA=2 L OPA,
. LQOB—.L QOA=2( L OPB— . OPA),
L AOB =2, APB

1Ex 4 Prove the above theorem for the case in
which O lies on AP (see fig 216)

§2 Reflex angles. Take your dividers and .
open them slowly. The angle between the legs 1s v =
first an acute angle, then a right angle, then an p
obtuse angle When the dividers are opened out /
flat, the angle has become two right angles

(180°) If the dividers are opened still further Fig. 220
the angle of opening 1s greater than 180° and 1s called a reflex
angle.
A reflex angle 1s an angle greater than two ) A
right angles and less than four right angles
Fig 221 shows two straight lines OA, OB form-
mg a reflex angle (marked), and also an obtuse B
angle (unmarked) Fig. 221

9Ex. 5 Account for the necessity of the phrase “less than four right angles”
1 the above definition.

YEx. 6 What 1s the sum of the reflex angle and the obtuse angle 1n fig. 221°
If the obtuse angle =136°, what 1s the reflex angle?

9Ex. 7 What kind of angle 1s subtended at the centre of a circle by a major
arc?

TEx 8. Express the following bearings * by reflex angles —(1) 8 17°W,
() N 40°W, (1) S.8W.

YEx. 8 Draw a quadnlateral having one angle reflex. Prove that the sum
of the four angles 18 360° A P

TEx. 10. Is 1t possible for (1) a four-sided figure, (1) a 8
five-sided figure to have two ol 1t8 angles reflex?

1Ex 11 Prove the above theorem for the case in which ¢
ACB 15 a major arc, and the angle subtended at the centre
a reflex angle (see fig. 222). What kina of angle 18 LAPB Fig. 222.
in this case ?

* See note *, p 15.
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Ex. 12. Draw a freehand figure for the case of Theorem
44 1n which arc ACB 1s a semicircle. What does £ AOB
become 1n thie case? What does ~ APB become?

1Ex. 18 Prove that n fig 223 sa=20

Fig 223
ANGLES IN A SEGMENT

§ 3. A segment of a circle is the part of the plane bounded by

an arc and 1ts chord

@7\&

MAJOR SEGMENT SEMICIRCLE MINOR SEGMENT
Fig. 224.

An angle in a segment of a circle 1s an angle subtended by
the chord of the segment at a point on the arc (fig 224).

A segment 18 called a major segment or a minor segment
according as 1ts arc 18 a major or a mmor arc. It 1s obvious that
a major segment of a circle 1s greater than the semicircle (considered
as an area) and that a minor segment 1s less than the semicircle.

YEx 14 Draw a circle, place in 1t a chord AB, mark four points P, Q,
R, S 1n the major arc What relation do you notice between the anrgles sub-
tended at these points by AB (angles 1n the same segment)?

9Ex 18 .n the figure of Ex 14 mark three pomnts X, Y, Z 1n the minor
arc. What do you notiee about the angles subtended ¢* X, Y, Z by AB?

TueoreM 45. Angles in the same segment of a circle are
equal.

C C
Fig 225 Fig. 226 Fig 227

Data 8 APB, AQB are two £ s 1.4 the same segment APQB of © APB

(Three figures are drawn, for the three cases in which*the segment >, = or
< a semicircle.)
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To prove that L APB =, AQB
Construction Join A, B to the centre.
Proof In each figuie L x =2 . APB, subtended by the same arc ACB.

Th. 44
SV L x=2,AQB, ° LAPB=LAQB
Nore Since all the angles 1n a segment are equal, we may 1n
future speak of the angle 1n a segment when we mean the magnitude
of any angle in the segment

Tueoxes 49 The angle in a semicircle is a right angle.
For, 1n fig 226, since AB 18 a diameter, 22 -2rt s
LAPB=1rt £
9Ex 16 Prove Th 49 without assuming the result in Th 44
[Join the centre to the point on the semicirele ]
TEx 17 Are /s PAQ, PBQn figs 225-227 equal? Give a reason.
fEx 18 What can be said about the angle 1n a major segment? in a minor
segment?
Ex. 19 Copy fig. 228 (freehand), jon BC, BD Find
all the angles 1n your figure
tEx 20 AC, BD are perpendicular diameters of a circle, A 3 c
P 1s a pomt on the minor aic AB, prove that the ares AD,
DC, CB each subtend 45° at P
Ex. 21 The diagonals of a cychic quadrilateral* PQRS
intersect at X, 2 SPR=54°, LRPQ=38, , PS@=20° Find 18 2%
all the angles of the fizure and show them 1n a freehand sketch. Explain briefly.
Ex 22 Draw a cucle and a diameter AB; mark two points C, D on the
circumter nce on opposite sides of AB, join CD, AD, AC, CB, BD Assuming
that £ BAC=30° and . BAD =40°, determine all the angles in th~ figure Give

8

your reasons carefully A
Ex 28 From the given angles, find all the angles
m fig 229 B8
Ex 24 Repeat Ex. 23, taking z B=71°, £ BCO =36°, 5°
L AOD=108°. Prove that 1n this case AD 18 || to BC c
Ex. 25. Repeat Ex. 23, taking
(B=2°, LBCO=y°, LAOD=:° Fig 229
Ex.26 Make a freehand sketch of iig 230, and fill in N
the number of degrees 1n each angle, also explain how
you have found the vaiious angles 10°

Ex 27 In fig 227 jomm AB and produce 1t to D If
LAPB=107° £ PAQ=27° £ QBD =125¢, find the1emain-
1ng fungles, giving reasnns. kg, 230
* A cyclic quadrilateral 18 one whose vertices lie on a circle.
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CYcLIC QUADRILATERAL.

§ 4 Ex. 28. Find the magmtude of all the msrked
angles mn fig. 231 What 18 the sum of the angles ai the
centre? of Ls ACB and ADB? of £s CAD and CBD? What
property of a quadrilateral inscribed in a circle does this
suggest?

THroreM 47 ‘The opposite angles of any quadrilateral
inscribed in a circle are supplementary.

Q Q
N A
. SN,
&
S

Fig 232, Fig 233.
Data PQRS 18 a quadrilateral iscribed in O PQR*,
To prove that (1) LPQR+ L PSR=2rt. .5,

(n1) 2SPQ+.SRQ=2rt. s
Construction Join P and R to the centre of the circle.

Proof ca=%cm Lb=%Ly, Th. 44
ra+rb=%(Lx+ry)
But rx+Ly=4rt Ls,

La+Lb=2rt. Ls,
1e 2PQR+ .PSR=2rt Ls
Similarly 1t may be shown that
L SPQ+ L SR@=21t. Ls.

Cor. If a side of a quadrilateral inscribed in a circle
is produced, the exterior angle so formed is equal to the
interior opposite angle of the quadrilateral.

YEx 29 Prove the corollary.

YEx. 80. What 1s the relation between the angles subtended by a chord at
a point 1n 1ts minor arc, and at a point (n 1ts major are?

* The two figures represent the two cases 1 which tke centre 18 (i) ine-de,
(1i) outside the quadrilateral The same proof applies to both.
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Ex. 31. In fig. 234, O 18 the centre of the circle and
LA 1870°, find as many of the remaining angles in the

figure as you can, giving reasons 1n each casge. \
C

Ex 32 A, B, C arc three pomts on a circle such that
LACB=122" O 18 the centre Piove that £ OAB=32" ‘/
At what angle will the tangents at A and B intersect? B D E
Prove your statement

Fig. 234
Ex 33 ABCD 1s a quadnlateral with the angles at B

and D ught angles Draw the diagonals AC and BD Gaven that the whole
angle at A 1~ 607 and £ CBD 40°, find the remaining angles 1n the figuze.

Ex 84. State the converse of Th 47
1Ex. 86 A parallelogiam mscribed 1n a circle must be a rectangle.
1Ex. 36 If a trapezium can be mscribed 1n a encle, 1t must be 1s0sceles.

tEx. 37 The sides BA, CD ot a quadrilateral ABCD, inscribed 1n a circle,
arc produced to meet at O, prove that As OAD, OCB are equiangular

tEx 388 ABCD 18 a quadrilateral insciibed mn a circle, having LA=60°,
O 14 the centie of the enncle Prove that £ OBD+ 4 ODB=24CBD £.CDB

+Ex 89 ABC 1s an 1803celes triangle, D 18 any point 1in the base BC Piove
that .ae circumencles of the triangles ABD, ACD aie equal

Ex 40 S8how how to circumscribe about a given circle a triangle of
given angles. (Suppose the figure drawn, and the ponts of contact jomed to
the centre what are the angles at the centre?)

ANGLE IN ALTERNATE SEGMENT

§5 Looking at the tangent as the lumt of a chord produced, you
will see from fig 2?35 that as B moves round towards A the constant

B
B B
MAC A

c/\_/'A

Fig. 235

angle CBA becomes, in the limit, the angle between the chord and
the jangent at A. This suggests the following theorem.

SHJG, 11
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Tarozem 51. If a straight line touch a circle, and from
the point of contact a chord be drawn, the angles which
this chord makes with the tangent are equal to the angles
in the alternate segments.

Data AB touches OCDE at C, the chord CD 1s drawn through ¢,
meeting the O agaip in D
To prove that (1) . BCD = . 1n alternate segment GED,
(1) £ ACD=.1n alternate segment GFD.

(1) Construction Through C draw CE L to E
AB, meeting O 1n E.
Jomn DE 0
Proof [We shall prove .

(BCD=90"- /DCE= £ CED,
an angle 1n segment CED ]

Since CE 1s drawn L to tangent AB,at its A c 8
pont of contact C, Fig 236

CE passes through centre of O, and 15 a diameter,

.*..CDE1isa1t -, Th 19.
INACDE, LCED+ . DCE=1rt . dr 8
Now LBCD+.LDCE=1rt _ Constr.

.* L BCD + . DCE = (. CED + . DCE,
. L BCD = ( CED.

L BCD =any angle mn the segment CED. Th. 45
(i1) Constr wctron Take any point F 1n arc CFD, join CF, DF.
Proof LBCD+LACD=2rt. L Th 1
Also, since CFDE 1s a quadrilateral insciibed 1n a circle,
LCED+ LCFD=2rt L5, Th 47
- BCD+ £ ACD =, CED + . CFD.
But £ BCD = CED, Proved.

L ACD = £ CFD.

9Ex 41 In fig 236 pont out an angle equal 1o ~ BCF
qMEx 42 Taking CE as the chord (fig 236), what 18 the segment alternate
to LACE?

Ex 48 Find all the angles of fig. 236, supposing that £ BCD=60° and
that LFCD=20°. What angles do the chordes ED, CD, FC subtend at ‘he
centre?
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Ex 44. Find all the angles of fig 237
Ex. 45 Find all the angles of fig. 238

_____ N\
Fig 237 Fig 238.

ra—

Ex.46 Ifin fig 236 arc CD=2 arc DE, what 1s LBCD?*

Ex 47 If in fig. 236 arc ED were ;1» arc DC, what would be the magnitude
of £BCD?

Ex. 48 Make a rough sketch of fig 239, and fill 1n the number of degrees
1 each angle; AB 18 a tangent to the circle Fxplain briefly the principles
you use.

g 239 Fig 240

Ex 49 Infig 240, AB 1s the tangent at A and DE 1s parallel to AB Find,
by reasoning, the magnitude of the angle ECA.

FEx 850 ACB s a triangle inscribed 1n a circle If the £ ACB=55°, at what
angle do the tangents at A and B intersect? If LACB=z°, what s the angle?

1Ex 81 A choid “.B of a circle 15 produced to meet the tangent at & point
T in P Show that the triangles PTA and PBT are equiangular

Ex 82 In tig. 236, 1if CF 19 drawn to bisect « BCD, prove that the ares CF
and FD are equal

+Ex 88. Two circles, centres A and B, intersect at C Prove that one angle
between the tangents at C 18 equal to the angle ACB.

t+Ex. 864 ABC 1s a triangle mseribed in a cirele with B=2.A Prove that
the tangent at C 1s parallel to the bisector of the LB

Ex, 85. Show how to inscribe in a g’ven circle a triangle of given angles
[Supposing the figure drawn, and the tangent at one vertex also drawn, the three
angles at this point ar. known.}

11—2
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CONSTANT ANGLE Locus.

§ 6 TEx 88 Stick two pins into the paper 2in
apart at A and B; place the set square on the paper so
that the sides contaimng the 60°are 1n contact with the
pins, mark the point wheie the vertex of the angle 1ests
Now shde the set square about, keeping the same two
sides against the pins, and plct the locus of the 60° ver-
tex What 18 the locus? aie A, B points on the locus?

YEx 57. Repeat the experiment of Ex, 56 with (1) the 90° vertex, (1) the
30° vertex, (1) an angle of 120° cut out of paper.

Fig 241

YEs 58 Draw, on tracing-paper, two straight lines intersecting at P On
your drawing paper mark two pomnts A, B Move your tracing-paper about so
that the one line may always pass through A, and the other through B Plot the
locus of P by pricking through.

The foregoing exercises will have prepared the 1eader for the
following theorem —

The locus of points (on one side of a given straight
line) at which the line subtends a constant angle is an
arc of a circle, the given line being the chord of the arc.

TEx 59 What 1s the theorem on the converse of which this depends?

YEx 60 What kind of arc 1s obtamed 1f the constant angle 18 (1) . ~ite,
(1) a right angle, (1) obtuse? On which side of the baso 1s the centte 1n each

case?

YEx 61 If the constant angle 1s 45°, what angle®1s subtended by the
given line at the centre of the circle? Usmng this suggestion, show how to diaw
the locus of points at which a line of 5 cm. subtends 45° without actually
determining any of the points

An mmportant special case of this theorem 15 —

The locus of the vertices of right-ang’led triangles with
the same hypotenuse is the circle on the hypotenuse as
diameter.

Fig. 242.
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The constant angle locus 1s used 1 navigation to keep ships clear
of dangerous ateas For cxample, 1n fig 242 the navigator s in-
structed to take bearings of the fixed objects A and B and to take
care that the angle subtended by AB never exceeds a certain angle
(say 130°), by doing this he will keep outside a certain arc which
encloses the shoal

YEx 63. If in fig 242 a ship moves so that AB subtends at the ship an
angle of 130°, what 13 the locus of the shup? If the ship 1s at a point outside
the locus, will the angle subtended by AB at the ship be more or less than 130°?

§7. To construct the constant angle locus.

I.e. On a given base to construct a segment of a circle
to contain a given angle.

Irvrst Method

First make a frechand sketch of the required figure. The centre
18 the verwex of an 1sosceles triangle whose angles you can calculate.
Consider the three cases in which the centre of the circle 18 (1) on
the same side of the line as the locus, (11) on the line, (1) on the side
of the line opposite to the locus

On a hine of 2" construct a seyment of @ cucle to conturn an angle
of 417,

Draw a fieehand thgure (see fig 243)
£ a* circumference = 147, 44
_at centre O — 88°, &N
. L OAB =, OBA =} (180 — 88) = 46° A B

Now make AB=2", - OAB=46°and . OBA=16>  F1g 243
0 1s the centre of the circle.

fEx 63 If the eonstant angle 1s t° (1 <90), what 18 the angle at the vertex
of the 1s0sceles triangle? What aie the base angles of the triangle?

9Ex. 64. Repeat Ex 63 for the case in which z>90
Second Method.
AB 18 the given base.
At A, below AB, make the . BAP equal to
the given angle
Drav AO L to AP, ‘
and OD the 1 bisector of AB. A DB
The circle, centre O and radius OA, gives
the required segment. P
9Ex. 66. Piove this construction (see Theorem 51) Fig. 244
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(Ex. 6. On a chord of 3°5 n. construct a segment of a circle to contain an
angle of 70°, Measure the radius Use both methods

Ex 67 Repeat Ex. 66 with chord of 7 24 em and angle of 110°
Ex. 88 A rhombus 1s made with 4 loosely jointed rods each 4 ft long. One

rod 18 fixed horizontally and the figure swings in a vertical plane Construct the
locus of the 1ntersection of the diagonals

Ex.89 A, B, C are three landmarks on a straight shore, AB =10 miles,
BC=6mles Fiom a ship at sea AB subtends an angle of 54° and BC an angle
of 68°. Find the distance of the ship from B.

Ex.70 ABC s a triangle, AB=3 25", BC=4", CA=2 175", Fmd & point O
within the tiiangle such that £ AOB=106°, £ AOC=120°. Measure LBOC

Ex.71. Construct a triangle having

(1) base=41n, altitude=1lin,, vertical angle=90°
(1) base=10 cm, altitude=2 em, vertical angle=120°.
(m1) base=8cm., altitude=35 cm., vertical angle=90°
(iv) base=351n., altitude=11in, vertical angle=54°.
In each case measure the base angles

1Ex 72. On the same base and the same side of 1t are drawn three triangles

of vertical angle 30°. Show that a circle can be drawn to circumscribe all three
triangies and that 1ts radius 18 equal to the base

1Ex. 28. Prove that the locus of the mid-pomnts of chords of a circle w..ch
are drawn through a fixed point 18 a circle

1Ex 74. Of all tnangles of given base and vertical angle, the 1s0sceles triangle
has greatest area ¢

tEx 76 Pisa vaniable point on an arc AB AP 1s produced to Q so that
PQ=PB. Prove that the locus of Q 18 a cirocular arc

tEx 76 Show how to construct a triangle given (1) base, vertical augle, and
median, (1) base, vertical angle, and area.

tux 77. Show how to construct a quadrilateral ABCD, given AB, AC, AD,
(BAD, £BCD.

+Ex. 78. Show how to construct a quadrilateral ABCD, given AB, BC, CA,
AD, £BDC

FEx. 78 Show how to construct a parallelogram given the base and height,
and the angle (subtended by the base) at the intersection of the diagonals

Concyctic POINTS

§8 If three points are taken at random, a circle can be drawn to
pass through them (except 1n one ~ase, what 18 this case?)

Mark four points at random and try (freehand) if a circle can be
drawn to pass through all four A circle can as a rule be drawn through
any three of them, 1s this bound to pass through the fourth? For
mstance, can a ci.cle be ¢ircumseribed about a rhombus?
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In general, a circle cannot be drawn to pass through four poirts

mn a plane, 1t can be so drawn only 1f,

on jomnng the pouuts, there are certain M &; 7

relations between the angles, either that

(i) equal angles are obtaned as 1n (@) (o)
Fig 245

fig 4245 (a) or (1) a quadnlateral with
opposite angles supplementary 13 formed as 1n fig 245 (8) If exther
of these conditions holds, a circle can be described to pass through
the fouv points

A set of points such that a circle can be described to pass through
them are called concyclic. A quadrilateral through whose vertices
a circle can be described 1s called cyclic.

YEx 80 The two conditions stated above, for four points to be concycle,
depend on the converses of two theorems State those two theorems

tEx 81 BE, CF are altitudes of the triangle ABC, prove that B, F, E, C
are concycl.e  Sketch 1n the cirele, where 18 1ts centre?

1Ex.82 BE, CF, two altitudes of A ABC, intersect at H Prove that AEHF
18 & cyclic quadrilateral Sketch 1n the cucle, where 18 1ts centre?

tEx. 88 ABCD 1s a parallelogram A circle drawn through A, B cuts AD,
BC (produced if necessary) in E, F respectively Prove that E, F, C, D are
cor ,clie.

1Ex 84, ABCD 1sa quaduilateral inscribed in a circle. DA, CB are produced
to meet at E, AB, DC to meet at F  (Produce the sides to meet before putting
1n the letters ) Prove that, 1f a circle can be drawn thiough AEFC, then EF 18
a diameter of this circle, and BD 1s the diameter of OABCD

tEx 1 6 The straight lines bisecting the angles of any convex quadrilateral
form a ¢, chic yuadnlateral,

Ex 868 Show how to constiuct a cyclic quadilateral ABCD, given AB, BC,
CD, ¢«B

Ex. 87. Explain how to construet a cyche quadiilateral using only a
protractor and a ruler

MiscELLANEOUS ANGLE PROPERTIES.

1Ex. 88 A, B, G, D a1e points on a circle; the diagonals of ABCD meet at
X, prove that as ABX, DCX are equuangular; as also aAs BCX, ADX

1Ex 89 Through X, a print outside a circle, XAB, XCD are drawn to cut
the circle 1n A, B, C, D. Prove that As XAD, XCB are equiangular

tEx 90 Two circles 1ntersect at P, @ Through P diameters PA, PB of
the two circles are drawn., Show that AQ QB are in the same straight line
(Jon QP )

* A third condition for four points to be concyclic follows from Theorem 59,
Charter 23
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tEx. 91, Prove the following construction for erecting a perpendicular to a
given straight ino AB at 1ts extremity B With centres A, B describe ares ot
equal circles, citting at C  With centre C and rading CA deseribe a encle
Produce AC to meet this circle again 1n D, then BD1s L to AB

1+Ex. 92 The circle deseribed on a side of an 1sosceles triangle as diameter
bisects the base.

1Ex 98. The circles drawn on two sides of a triangle as diameters intersect
on the base

+Ex. 94 Through P, Q, the points of intersection of two ciacles, are drawn
chords APB, CQD, cutting the one circle at A, C and the other at 8, D, prove
that AC 1s parallel to BD. [Join PQ ]

What does this theorem become 1t A, C a1e made to coincide?

+Ex 8 Two arcles touch at P. Through P are diawn straight lines APB,
CPD, cutting the one cucle at A, C and the other at B, D Piove that AC 18
parallel to BD (Draw tangent at A Compare Ex 9%)

+Ex 96 Two circles cut at P, Q. A, a pomt on the one circle, 18 joined to
P, Q, and these lines are produced to meet the other circle n B, D  Prove that
BD 1s parallel to the tangent at A (Compare Ex 94 )

+Ex 87 Through P, Q, the points of intersection of two circles, are diawn
parallel chords APB, CQD, prove that AB=CD,

tEx 98 If two opposite sides of a cyclic quadrilateral are equal, the other
two are parallel

1Ex 99 Each of two equal circles passes through the centre of the other
AB 18 their common chord. Through A 1s drawn a line cutting the two circles
again 1n C, D, prove that A BCD 18 equilateral

L]

tEx 100 ABC 1san equilateral triangle mscribed 1n a circle, P 1sany point
on the minor arcBC Prove that PA=PB +PC [Make PX =PB
Then prove XA=PC. See fig 246 ]

1Ex. 101 ABC 1s a tuiangle, BE, CF, perpendiculars to the
oppostte s1des, meet n H  Prove that £ FHE 13 equal or supple-
mentary to the angle A.

tEx 102 In Ex. 101, prove that As AFE and ABC are
equangular

+Ex. 108 In Ex, 101, O 18 the mid-point of BC Prove OF =OE

1Ex. 104 ACB 1s a segment of a circle containing an angle of 60°. Prove
that the tangents at A and B form with AB an equilateral triangle

1+Ex. 105 Two circles intersect in A, B, PAQ 18 a straight line cutting the
circles in P, @, the tangents at P, Q meet 1n T. Prove T, P, B, Q coneyclic

tEx 106. Tangents to two equal eircles from a point on their common chord
produced meet the eircles 1 A, B and C, D. Prove that A, B, C, D are concychc
pomnts

tEx 107 A chord AB of a circle bisects the angle'between the diaméter
through A, and the perpendicular from A upon the tangent at B -
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1Ex 108 AB, AC are two chords of a circle, BD 18 drawn parcllel to (e
tangent at A, to meet AC in D, prove that 2 ABD
18 equal or supplementary to - BCD

+Ex. 189 Two cireles, whose centres are P, Q,
mtersect at A, B The tangents at A to the two
circles are diawn, and produced to cut the circum-
fereaces at D, C (sec hg 247). Prove that (1) the
triangles BAC, BDA a1e equangular, (1) the angles
APC, AQD are equal Fig. 247

-

In the followwng exercises (Kxx 110-116) the student 1s advised o
make use of “the angle subtended at the circumference.”
+Ex 110 Prove that equal arcs or chords of a circle subtend equal (or

supplementary) angles at a point on the circumference. Make a sketch to
illustrate the case of supplementary angles

Ex 111. In hg 248 what fractions of the circumference are the arcs AB,
BC, CD, DA, BCD?

—B
/-
Atad——c
\t\s.(r/
D
Fig 248 Fig 249

Ex 112 Infig 249 what fractions of the circumference are the arcs AB, BC,
CD, DA?
Ex 1'8 The two tangents OA, OB from a point O are inchined at an angle

of 48° How many degrees are there in the minor and major are Ad respectively?
What 18 the ratio of the najor to the minor arc?

+Ex 114. AB, C™ are parallel chords of a circle. Prove that axc AC=arc BD.

tEx 11& On a crcle are marked off equal arcs AC, BD. Prove that AD 18
parallel or equal to CB

+Ex 116 AOB, COD are two chords of a circle, intersecting at right angles
Show that arc AC +ai1c BD=arc CB +arc DA

SUMMARY OF RESULTS

The angle which an arc of a circle subtends at the centre w3 double
that which 1t subtends at any povn. on the remawming part of the cur-
curyference.

Angles wn the same segment of a circle are equal
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‘ The angle wn a semicwrcle 18 a rght angle

The opposite angles of any quadrilateral inscribed wn a curcle are
supplementary. '

If a sude of a quadiilateral wnscribed wn a circle 18 produced, the
exterior angle so formed s equal to the interor opposite angle of the
quadridateral.

If a strawght line touch a circle, and firom the pownt of contact a
chord be drawn, the angles which thus chord makes with the tangent
~re equal to the angles vn the alternate segments.

The locus of pounts (on one side of « given strawght line) at which
the line subtends a constant angle vs an arc of a circle, the gwen line
bewng the chord of the arc

The locus of the vertices of right-angled triangles unth the same
hypotenuse 13 the circle on the hypotenuse as dwameter



CHAPTER 20

CONTACT OF CIRCLES. COMMON TANGENTS

§ 1. The different relative positions which are possible for two
circles are shown in fig 250

0o O
PO €

Fig 250

In II the circles are said to touch externally, in IV to touch
internally. The formal detinition of contact of circles 1s as follows —

If two circles touch the same hine at the same pomnt, they ave sad
to touch one anothel

YEx. 1, Diaw a figure showing the different relative positions possible for
two equai cncles,

9MEx 23 Describe 1n words each of the relative positions shown 1n fig 251

A

B8
I1

Fig. 251

Fig. 251 (I) shows two intersecting circles, their common chord
produced and then centres X, Y The whole figuie 18 symmetrical
about XY, hence XY bisects CD.
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Let the small circle move to the rght until the position of external
contact 1s reached (IT). The produced chotd becomes the common
tangent AB, the points C and D coincide at P, an®l XY whicb formerly
bisected CD now passes through P

Now let fig 251 (I) change by moving the small circle to the left,
until the position of internal contact 1s reached (IIT). By sirular
reasoning we see that XY produced passes through P. Hence we nfer
Theorem 43, which 1s proved formally below.

Turorem 43 If two circles touch, the point o1 contact
lies in the straight line through the centres.

A
M
P,
C
E XY (o]
N Q
8
Fig 252 Fig. 253

Case I When the curcles touch wnternally (tig. 252)
Data The Os CMN, CPQ touch internally at C, X and Y the centres.
To prove that XY produced passes through €
Construction Draw ACB the common tangent at C.
Jom CX, CY.

Proof [CX, CY are not to be assumed to be the sane stralght.lme , we have
to prove that they are ]

Since CA 1s the tangent at C to OCMN and CX the radius
through C, .
LXCAlsart o Th, 41.

S LYCA1sart _,
CX and CY must be the same straight hine,
.. XY produced will pass through C.
Casg I1. When the curcles touch externally (fig. 253).
Data The Os CMN, CPQ touch externally at C, X and Y the centres
To prove that XY passes through C
Construction Draw ACB the common tangent al C.
Jon CX, CY.
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Proof [CX, CY are not to be agsumed to be 1n one straight line; w2 have .o
prove that they are ]
Since CA 1s the tangent at C to OCMN and CX the radius
through c,
LXCAsart o Th. 41.
Suml' LYCAwsart &,
~XCA+LYCA=2rt. s,
XCY 1s one straight line Th. 2

Cor. If two circles touch internally, the distance
between their centres is the difference of their radii; if
externally, the distance between their centres is the sum
of their radii.

9Ex. 8 Describe the relative posifion of the two circles mn each of the
following cases (d 1s the distance between the centres, R and r are the radu).
Do this, if you can, without drawing the cicles
() d=41lem, R=21cm, r=1+4fcm
(m) d=07em, R=22cm, r=12cm
(m) d=34cem, R=20cm, r=14cm,
(v) d=08cm, R=21cm, r=13cm
(v) d=0em, R=19em, r=12cm
(vi) d=15em, R=20cm., r=15ecm
(v1) d=25em, R=17cm., r=1T7cm
Ex 4 What 1s the distance between the centres of two circles of radu 12 and
10 1n. (1) 4f they have external contaot, (1) 1f they have internal contact?

Fx 5 “Show how to draw four circles having for centres the vertices of a
square of side 3 1n , so that each circle may touch two others externally.

Ex 6 Threearc' s, of radn 3, 4, 5 cm , touch externally, each circle touching
the other twp What are the distances between the centres? Draw the circles.

Ex. 7 Draw two circles radn 2" and 1" with their centres 4” apart. (1) Draw
ciroles of radn 1-5” to touch each externally (1) Draw circles of radn 4:5” to
enclose both

Ex 8 Draw cireles of radu 8 cm and 3 em, with their centres 4 ecm. apart.
Draw a circle of radius 3 5 cm. to touch one internally and the other externally.

Ex. 9 Draw circles of radn 4 em. and 2 5 cm. touching externally, Find the
radius of the smallest circle which touches and encloses both
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SOMMON TANGENTS TO Two CIRCLES.

§2. A straight line which touches two circles 14 called a common
tangent to the two circles

Tig. 254 shows that when the circles do €

not intersect there are four common tangents A

If the two circles lie on the same side of
a common tangent, 1t 1s called an exterior
common tangent, thus AB, CD (fig 254) are D
exterlor common tangents If thetwocircles €
lie on opposite sides of a common tangent, é
1t 15 called an interior common tangent, Fig 254
thus EF, GH are interior common tangents

Ex 10 Draw sketches to show how many common tangents can be diawn
mm Cases II, III, IV, V, of fig 250, 1n euch case state the number of exterior
and of interior common tangents

For practical purposes, the common tangents may be drawn
“by eye” with a 1uler, this method will not however give the points
of contact with any accuracy, and to obtain these, perpendicrlars
must be drawn from the centre,

To calculate the length of the common tangents. By
symmetry 1t 18 obvious that the two exterior common tangents are
equal, as are the two interior common tangents 1f the radn (», R)
and the distance between the centres (I) are given, the iengths
(1e the dis ance between the points of contact) are calcurated as
fallows —

Eatervor common tangents ST 18 a common tan,ent AS1s the L
from A to ST, BT the L from B. Draw BP 1 to AS. Then BTSP 15
a rectangle. (Why?) ST=PB But in the right-angled A APB,
we have AB=/ and AP=R-—r. Hence BP may be calculated.

g

Fig 255 Fig. 256.



CH. 20]  CONTACT OF CIRCLE3. COMMON TANGENTS 175
.

Interior common tangents are calculated by a similar me*hod, the
figure being as 1n fig. 256 Notice that AP=R +r

Two cyrcles of radvi 5 in and 21n have thewr centres 10 wn apart
Calculate the length of (1) the exterior, (n) the wnterior, common
tangents.

¢1) Construction If ST 18 the common tangeut and A, B the centres of the
circles
Draw AS 1 to ST, BT L to ST and BP L to AS
Then APB 18 a right-angled triangle, AB=10, AP=5-2=3 Also
BP=ST =t (say)
By Pythagoras’ theorem,
ABZ2=AP?+PB?
100=9+12, 12=91, t=9 54 (to 2 places)
(1) Construction Draw AS L to ST, BT L to ST, BP L to AS produced
Then APB 18 a right-angled tnangle, AB=10, AP=5+2=7,
PB=ST =t (say)
Ly Pythagoras’ theorem, AB2=AP?4PB2Z,
100 =49 + 2, t2==51, t=714 (to 2 places)

Ex 11 Draw two circles of radin 4 cm and 2 em, the centres 7 cm apart
Measure and calculate the length of the exterior common tangents

. F-.12 Draw the two circles of Ex. 11, and draw the intertor common
tangents Measure and calculate the length of these tangents

Ex 13 Two equal circles of radu 11n have their centres 3 in apart. Cal-
culate the length of their interior common tangents by considering the point
where they cut the hine of centres What 13 the length of the exterior common
tangents®

Ex 14 Tvo halfpennies (diameter 1 1n ) are held 1n contact, both lying flat
on a table by a stretched elastic band What 1s the stretched length of this band?

Ex 16 The diameters of the wheels of an old-fashioned bicycle are *

and 1 ft , and the distance between the points where the wheels touch the ground
18 24 ft Calculate the distance between the centres of the wheels

Ex 16 A thin endless cord 1s wrapped round two equal pulley wheels Each
wheel 1s 12 1nches 1n diameter, and the distance between the centies 13 20 inches
Find the length of the chord.

Ex 17. In Ex 16, 1f the cord crossed midway between the centres, what
length of cord would now be required?

[Find the length of the portion touching the wheel by measuring the angle 1t
subtends at the centre See Chapter 16, p 138 ]

Ex 18. A chan passes directly rou d two wheels of radu 4” and 10” with
their centres 20" apart. (1) Calculate the length of the straight portions (1) By
draving, measurement and calculation, find the length of the portions touching
the wheels. Hence find the whole length of the chain
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Xx.19. Threeequal cylindrical pipes of 14" diameter are bound together, each
touching the othe. two. What length of cord 1s necessary?

tEx 20 Two cncles touch externally at A and PQ 18 a common tangent
which meets the tangent at A in T. Prove that TP=TQ

1Ex 231. Two circles touch externally and the radius of one 1s threc times the
radius of the other Prove that the common tangents make an angle of 30° with
the line of centres

1Ex 22. Prove that a common tangent of two unequal circles 18 shorter than
the distance between their centres,

SUMMARY OF RESULTS

If two carcles touch externally, the povnt of contact lies wn the straight
lune through the centres and the distance between the centres s the
sum of the rada.

If two curcles touch wnternally, the point of contact lies 1 the strawght
lane through the centres and the dwstance between the centies 1s the
dafference of the radu



CHAPTER 21
SIMILAR FIGURES

RATIO

§ I Consider a model of an engine and the engne itself If the
model 1s 3 ft, long and the engime 15 ft long, we say that the model
18 to the scale of 3 to 15 or %  Also 1t 18 clear that if the width of
the model 18 1 ft, the width of the engine 18 5 ft In fact the ratio
of any length 1n the model to the cortesponding length 1 the engine
131 Hor}

§2 1In the next chapter we shall develop the meaning of the
word “ratio” more fully and 1 a shghtly difterent way, but we may
define the ratio of a length PQ to a length RS as the quotient

measuire of PQ

measutre of RS’

the two measurements being made with 1espect to the same wat of
.lenzth  Thus the ratio of 2 ft to 9 1n. 1s the ratio of 24 1n to 9 1n
—24 8

=G =

TEx 1 What are the 1atios of the following lengths?

(1)3yd to2yd, (n)4yd to12yd, ()3 yd. to10ft, (1v)3ft 6in to 51t,
(v)3ft tolft 61, (v1) 15ecm to 5em, (vn) 1 metre to Lem , (vin) 6 miles to
1% miles

In order to compare two ratios 1t 1s often neccessary to express
the vulgar fiactions cbtained 1n the form of decimals Thus
278
the ratio of 278 mm to 359 1 = _Z)—g) =0774 (by division), and

37
the ratio of 64 ft. to 83 ft = g;; =0771 (by division)
We see that these two ratios are nearly equal, the first ratio bemng
shghtly larger than the second.

Ex 2 Compare the following pairs of ratios by expressing each as a
decimal —

(1)14m to45m, 7in to 22n , (u) 25cm. 2c¢m, 6fcm. 5em,,
(m) 7651, 4251n,5 7 3 151n.

* The ratio of « to b 18 written ‘—L, orafb,ora b,ora—b

SHJ G 12
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P
9Ex. 8. Fmd the ratio —Q- (fig 257); measure (1) in inches, (n) 1n centi-

metries. Work out the ratlos to three significant ﬁgmes Why might you
expect your results to differ?

! .- SR USU R U B
T b

P

—+ — t
R S
Fig. 257

The ratio of two magnitudes is independent of the unit
chosen.

For example, the 1ati0 of a length of 5 yd to a length of 2yd 18 5 2, af
these lengths are measured in feet the measures are 15 and 6, and the ratio 18
15:6 Now we know that 5 2=15 6

9Ex. 4. Fill in the missing terms 1n the following —

) gtb’ (m) 7 =3 11, 3

v) 2;:27

1 I ) — a_
(1) bl (i) 5 2=7 , (v1) b

SimMmiLAR FIGURES

§3 Look at two differcnt-sized maps of England Aie they the
same shape? Are they sumlar?

If two boys draw the same figure to scale but choose different
scales, will the figures be of the same shape? Atrc they similar?

It 15 only possible to answer the above questions 1n a, general way
until the meaning of the word sumlar has been considered more
uAHy

Look at fig 258 (1), (11), are they the same shape' or, 1n other words,
are they similar? What tests must we apply? If AB were double A'B’,
what could you say about BC and B'C’, about CD and C'D/, etc }

Measure the lengths of the lines 1n the figure and calculate the

A'B"  B'C
ratios 28’ Bo’
justified by your measurements)’

Ts the equality of these ratios enough

If the figures were made of jointed rods, could you alter the shape
A'B’ B'C’

AB’ BC’

etc Are they all equal (to the degree of accuracy

of the quadrilateral A’'B'C'E'Y Would any of the ratios — ete
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be altered ? Would A'B’C’E’ st1ll be sumnilar to (of the same rhape 1)
ABCE *!

CI

A 8’
(n)

Fig 258

‘We see that for figures to be similar two conditions must be
satisfied —

1) the ratios of corresponding sides must be equal,
(u) corresponding angles must be equal.

§4 Now go back to the scale drawings of the same figure made
to two dufferent scales —(1) will the ratios of corresponding lengths in
the tw  drawings all be equal? (1) will corresponding angles 1n the
two dr: wings all be equal ?

Take two different-sized maps of England By measurement we
can find the ratio of the lengths m the two maps that represent
(1) London to Bristol, (11) London to Liverpool, etc  Will the 1atios
be equall

Are the angles{ Birmingham—London—Bristol 1n the two maps
equal to one another?
The last few paragravhs show that we have been using the 1dea

of similar figures 1n all our scale drawing and whenever we have
used a map or a plan.

* See Notes and Answers.

+ If needs be actu~l measurements can be made, but intuition should be
enough unless a boy doubts.

12—-2
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+ Again, if a small photograph be taken of a large picture, the photo-
graph 1s sumlar to the picture Notice that the lengths are altered
in a certain ratio but the angles are unaltered

Also, a kinematograph projects on the screen a large picture
similar 1n every respect to the small picture on the film.

YEx & Give further instances* of practical processes in which simuilar
figures occur

Sumlar figures are not necessarily flat, 1.c 1n two dimensions
They may be solid, 1e. 1n three dimensions A model of 4 <hip is a
solid figure similar to the ship

Fig. 259

Ex 6 Give further instances of
smlar solid figures | AN

9Ex. 7. Give instances of two
similar curveu figures, plane or sold.

“Ex. 8 In fig. 259 (1) Are the angles
equal? (1) Measure the lengths of the
sides 1n centimetres and calculate the

A'B’ B'C’ CA’
ratios AB’ BE' CA

Are the triangles similar?

Ex. 9. In fig 260 the sides of
P’Q’R’S/T’ are || to the sides of PQRST.
(1) Show that corresponding angles of the
two figures are equal (1) Measure the
sides of the two figuresand find the ratios
of each pair of corresponding sides Are
PQRST and PPQ'R’S'T’ similar?

Fig 260
*:3¢e Notes and Answers, *
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SIMILAR TRIANGLES

§5 1In the case of two congruent triangles we know that corre-
sponding angles are equal and also that corresponding sides are equal.
But we also know that we need not be told all these six facts to be
sure That the triangles are congruent.

If two triangles are similar, we know that they have their angles
equal and thewr corresponding sides m the same 1atio. But the
question atises—can we argue that the triangles are simlar if we ar.
given less information than the above?

I. It will be 1emembered that to fix a triangle three data are

needed and that three data are generally sufficient. But if the three
data are three angles (adding up to 180° of course), then the triangle
1s not fixed. Why 1s this? It may be answered that two angles of a
triangle give us the thud, and to know three angles 1s really not
more than to know two But what do we really know if the three
angles are given? We know the shape, but not the size of the
triangle.
- Draw any triangle frechand, and then draw lines parallel to the
sides, produce these parallels to form a second triangle The two
triangles ate equangular*, obviously they are of the same shape.
If the base of one triangle 1s double that of the other, will the sides
of the one triangle be doubles of the sides of the other ?

In Ex 8 -7e had two eqmangular triangles and we found their
corresponding sides 1n the same ratio. This suggests

Tueorem 54 7o two triangles are equiangular, their
corresponding sides are in the same ratio.

In other words, if you can prove that two triangles have their
angles equal, you may infer that the

p
corresponding s1des are 1n the same ratio A q
Thus, 1f (tig 261) LA=,P, LB=,@Q, CZ& y \
B a C @ p R

a b ¢
LC=LR, then —=- -~ =
rp 77 Fig 261

* Note the two uses cf the word ‘‘equiangular.” A triangle 18 equiangular
when each of 1ts angles 18 60°. Two triangles are equangular when the angles
of the onc are respectively equal to the angles of the other.
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Though this may seem evident, it should be noticed that this
theorem is not true of polygons with more
than three sides The square and the rectangle
in fig. 262 are cquangular, but they are not
similar To prove that two quadrilaterals are Fig. 262.
similar, 1t 1s not sufhcient to show that corresponding angle. are
equal.

Ex. 10 Test the accuracy of Theorem 54 by drawing two equiangular

triangles ABC, PQR, measuring their sides and calculating the ratios ;z—’, g, :

Ex. 11. ABC, PQR are two equiangular triangles
(1) If a=2, b=3, c=4, p=12, what are ¢, 7°
(m) If p=4, ¢=5, r=6, a=3, what are b, ¢?

[Ezample If a=3,b=4, c=2, ¢=6, find p.

Draw a figure and mark n the given lengths

Since AABC 15 equangular with A PQR, g =g
3_4
p 6
Multiplying both sides by 6p, 183=4p.
. p=JZ&=4 5]

Ex. 12 ABC 1s a triangle with sides a=3", b=5", ¢ =6" Calculate the
sides of an equiangular triangle which 18 to have 10” for 1ts longest s17e

Ex 13 ‘Two right-angled triangles have each an angle of 53°, Their
.., potenuses are 75 mm. and 45 mm and the large has the other two sides
45 mm, and 60 mm. Calculate the remaining sides of the smaller,

§6 IL. Construct a triangle of sides 17, 14", 2” Now construct a
second triangle with sides double those of the former., The two ir1-
angles have their sides in the same ratio  Are they similar? Observe
that no attention has been paid to the anyles in the drawing.

A triangle must exist similar to the first and qQn twice the scale
[t must have sides of 2", 3", 4"

But three sides fix a triangle, and this is the triangle you have
drawn  This suggests
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Tueorey 55. Iftwo f:ria.ngles have P
their corresponding sides in the A AN
- . : ¢ b
same ratio*,the iriangles are equi- /\_\# N
L _
angular. B u C Q p R
Thyg, 1f 1n fig. 263 Fig 263.
(E:Ilzﬁ, then LA=LP, LB:./_Q, . C=_R.
p 1
Here agair: 18 an evident property of triangles
that 18 not true for polygons generally The sides ( :
of the rhombus in fig 264 are g of the sides of the Q

square, the sides of the two figures are propor-
tional, but the figures are not sumilar. Fig 264

Ex 14. Are the following pairs of triangles similar ?
(1) Sides 8, 6, 5¢m and 2, 4, 3} em
(n) Sides 15, 2,3mn and 3, 4, 6m
(1) Sudes 12, 20, 10 ft and 3, 5, 2 51n.
(1v) Sides 25, £5,3em and 125, 2,15cm

§7% IIL. Draw a tnangle ABC with an angle A of say 40°, the
sides contaming the angle being called z . and y in  Now make a
triangle A’B'C’, having L A'=_.A, the sides containing . A’ being
321 and 3y 1n,

Observe sthat nothing has heen said about the base of AA'B'C/, or
the other two angles.

Now there must exist a triangle sinular to AABC, and on a %
scale. And this similar tiiangle must have an angle of 10° and con-
tamning sides of 3o 1n, $m. But two sides and the included angle
fix a tuiangle. The AA'B'C’ must therefore be sumilar to AABC.
"Fhis suggests

Tueorev 56 If two triangles have one angle of the one
equal to one angle of the other and the sides about these
equal angles in the same rrtio, the triangles are similar.

% The pupil has not yet been introduced to the word ‘“proportional”; hence
the use of the phra<e ‘“1n the same ratio.” See note on p 194
§ This section may be postponed at a first reading
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TEx 18, What 18 the ratio of B'C’ BC in the triangle mentio
*What can be said sbout the angles B’, C'?

Ex. 16 ABC 18 a rod, 12 em long, moveable abolit the fixed pc
AB1s 5cm and BC 7 cm. long The rod 1s tuined to a new position A’'BL
AA’'=4cm , what 18 CC'?

The action of proportional compasses depends on this theor.m.

Fig 265 represents a par of proportional com-
passes AB =AC and AH = AK,

AH AK

AB T AC

.. A8 AHK, ABC are sumilar

K

,and - HAK= _ BAGC,

HK H
Hence - = -—, which 1s constant for any fixed
BC AB

position of the hinge Tn fig 265 the hinge 1s ad-

B (¢}

AH
jrsted so that AR = 1, thus, whatever the angle to Fig 265

which the compasses are opened, HK =1 BC

NUMERICAL EXAMPLES ON SiMILAR TRIANGLES

Ex 17. Draw a triangle sides 6, 8, 10 cm. Construct an equiangular trangle
having 1ts shortcst side 4 8¢m Measure the remamning sides and verify by
calculation

Ex. 18. ABC 13 a tuangle having BC=3m, CA -1, AB= 5in , <Taw an
equangular triangle DEF having EF=22 m (EF corresponding to BC)
Jaaculate DE, DF, and check by measurement

Ex 19 Repeat Ex. 18 with BC=58cm, CA=77cm., AB =83 cm.,
EF =3 8cm.

Ex. 20. The end of the roof of a house 1s a triangle with sides 20 ft , 15 ft
and 12ft In a photograph the longest side 13 1 51n  What 18 the length of the
owner two sides?

Ex. 21 The shadow of a flagstaff 18 found to be 120 feet long and at the
same moment the shadow of a man 6 feet ugh 18 15 feet long What 18 the
height of the tlagstaff?

Ex 22 A tniangular face of a small crystal 18 viewed 1n a microscope and
1ts s:des appear to be 4 2cm., 1 9cm, 36cm If the longest side 15 actualiy
2 mm , what are the lengths of the other two sides?
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ABC 18 a triangle, DE parallel to AC cuts AB, BC w D, E, |
AB =20 ¢m , AG =12 cm., BD =8 ¢m., calculate DE.

In tae two As ABC, DBE, since DE 1s || to AC, A
£ BAC =cor. £BDE, %o//
L ACB=cor £ DEB, A
£ B 18 common B8 E C
the As are equiangular Fig. 266
BA AC
BD ~ DE
20 12 96
Let DE=zcm 8= 20z =96 V=90
DE =4 8cm.

Ex. 23. In a triangle ABC, DE 13 drawn parallel to AC, as n fig 266.
(1) If BE=1", EC =8", ED=1 5", calculate AC
(un) If BC=16", CA=9", ED=1", calculate BE

Ex 24 A ladder 30 ft long 1s held with one end on the ground resting on a
wall 8 ft high The length along the ladder from the giound to the top of the
wall 18 10ft What height 18 the end of the ladder above the ground?

Ex. 25. A spot light 1s placed on the ground 3 ft in fiont of an upright
board 4 ft. high What will be the height of the shadow on a wall 6 ft behind

the board?

Ex 26 A spot hight 1s 21t m fiont of the middle of a board 30n wide
suspended vertically What 18 the width of the shadow 3’ 6" behind the board?

Ex 27 A triangular wedge 18 3" long and é" wide at 1ts base. It 1s driven
}” 1nto a block of wood What 15 the width of the hole made?

Ex 28 Two equal rods 14 long are hinged together 5 fiom onc end of
each, and are placed with the ends of their longer portions 10” apart What 1s
the distance between .neir other ends?

Ex 29 A man clunbs 16 feet up a 20 foot ladder, placed against a wall
with the top 16 feet from the ground How far are his feet from the ground?

Ex 80 In order to find the height of a tower a man sets up a pole 10 feet
high 190 feet from the foot of the tower He then walks away from the tower
until he sees the top of the { wer in line with the top of the pole, he 1s now
10 feet from the pole. His eye 18 5 ft 6 in. from the ground. How high 18 the

tower?

For further numerical exercises on Svmalar Triangles see p 210.
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RIDERS ON SiMILAR TRIANGLES®.

T1Ex 81. Make a freehand copy of the figure on p 129, let BC, DE intersect
at X. Prove the following pairs of triangles to be equiangular and 1n each case
write down the ratios of the three pairs of corresponding sides —

(1) as XBE, XCD. (u) as EGF, CBF (m) as XCD, DHC
(iv) as DAE, XBE (v) as XBE, CBF (v1) as XBE, EGF

1Ex. 82 The altitudes BE, CF of an acute-angled triangle ABC 1intersect at
H. Prove that As HBF, HCE are equiangular and wrnite down the three equal
rati0s of corresponding sides

+Ex 88. PQRS 18 a quadrilateral inseribed 1n a circle whose.diaporals inter-
gect at X, prove that the As XPS, XQR are eqmangular Write down the
three equal ratios of corresponding sides

1Ex 84 In the figure of Ex 33, prove that PQ_XP

SR™ XS
[If you colour PQ, SR red, and XP, XS blue, you will see which two triangles
you require ]

tEx 885 XYZW is a cychic quadnlateral, XY, WZ piroduced intersect at a
PY PZ
PW ~ PX

tEx 86 TP touches & circle at P, TQR cuts 1t at Q, R, prove that
TP_TR
TQ~ TP

t+Ex. 37 ABC 13 a triangle right-angled at A, prove that the altitude AD
divides the triangle 1nto two triangles which are similar to AABC. Write down
the ratio properties you obtain from the similarity of as BDA, BAC

tEx. 88 The altitude QN of a triangle PQR right-angled at Q cuts RPin N,
QN _ PN

RN~ QN

[Find two .quiangular triangles, colour the given lines, as in Bx ot 1

+Ex 89 XYZ 13 a triangle 1nscribed 1 a circle, XN 15 an altitude of the
triangle, and XD a diameter of the circle, prove that XY XD=XN XZ

pomnt P outside the circle, prove that

prove that

+Ex 40 XYZ 1s a triangle inseribed 1n a eircle, the bisector of £ X meets
YZ 1n P, and the circle in Q, prove that XY X@=XP XZ

+Ex 41 PQRS 1s a quadrilateral inscribed 1n a cucle,
PT 1sdrawn so that £ SPT= £ QPR (seefig 267) Piove that

(1) SP PR=ST QR, (u) SP PT=SR TQ
IEx 42. S1sa point in the side PQ of APQR, ST 18
drawn parallel to QR and of such a length that
ST QR=PS P2
Prove that T lies 1n PR
[Prove £t SPT= QPR ]

* For further rvders on Similar Triangles see p. 215

Fig. 267.
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1+Ex 48 In a triangle ABC, AD 18 drawn perpendicular to the base; 1f
BD DA=DA DC,
prove thar AABC 18 rllght-a.ngled.

1Ex. 44 XYZ 18 a triangle inscribed 1n a circle, XN 18 an altitude of the

XY YD
triangle and XD a diameter of the circle, prove that XN =NZ What rectangle

property can be obtained from this by clearing of fractions?
+Ex. 45 With the same construction as in Ex 44, prove that
XZ NY=XN ZD*

[You will have to pick out two equal ratios from two equiangular triangles If
you colour XZ, NY red and XN, ZD blue you will see which are the triangles ]

+Ex 46 ABCD 1s a quadnlateral mnscribed 1n a circle, 1ts diagonals inter-
sect at X Prove that 1) AX.BC=AD BX, (u) AX.XC=BX. XD.

+Ex 47 ABCD 1s a quadrilateral nscribed 1n a circle, AB, DC produced
intersect at Y. Prove that

() YA.BD=YD CA, (u) YA.YB=YC.YD.

tEx 48 The bisector of the angle A of A ABC meets the base in P ~nd the
circumeircle in @ Prove that the rectangle contained by the sides AB, AC 18
equal to rect. AP AQ

1tEx. 49. In Ex, 41, prove that PQ . SR=PR TQ

THREE DIMENSIONS

The hewght of a cone s 20" and the radwus of the base 8" Calculate
the radwus of @ righ. section 1" from the vertex

PRQ 18 the section, VR=7 1n , PR 1s the radius \
required, say £ in VG =201n
The triangles VRP and VCA are similar, P Q
VG _CA
VR~ RP’
20 8
Tz
Wr=T%8 T:%%:‘ZS A 87 C B
radiusg of seotion=2 81n Fig. 268.

* Beware of muddlmg XZ NY (which means XZ x NY)and XZ NY (which
means XZ = NY)
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4 righe pyramid stands on a base 10 f¢ square and is 15 ft. in
wight It is cut by a plane 10 ft. above the base and parallel to the
base. Calculate the sides of the figure formed

PQRS is the plane cutting the pyramd

ovV=15, ON=10' NV=5

PQRS 18 a figure similax to ABCD, that
15, a square Let 2’ be 1ts side

The a8 VNP and VOA are similar,

AO_oOVv_15
PN NV~ 5
The As PNQ and AOB are similai,
AO AB 10
PNTPQ™ 2"
Hence 15 = 1—0
5 x

side of section =3} ft.

Ex. 80 A cone has diameter of base 10% m and slant side 9 . A circular
section cuts a slant side 4 1n. from the vertex. Find the radius of the section

Ex 51 Theradn of the base and a parallel section of a cone are 12 cm and
5 cm , and the distance between their planes 18 6 em  Find the height of the
cnne

Ex. 82 A nght pyramid 18 cut by a plane parallel to the base The base 18
a square side 18 cm and the section a square side 10 em  The whole height of
the pyramid 18 15cm  Find the distance between the plane of section and the
base.

Ex 53 A b am of light 1ssuing from a pomnt source within a box merges
from a circular aperture of 21n diameter If the source of light 18 10 1n. behind
the aperture, what 18 the width of the beam 3 ft from the aperture?

SUMMARY OF RESULTS

Svmilar figures must have
(v) corresponding angles equal,
() corresponding sides wn the same ratio.
If two triangles are equiangular, thewr sides are v the same ratio
If two triangles have thewr sides wn the same ratwo they are equi-
angular, and therefore sumilar
If two triangles have one angle of one equal to one angle of the
other and the sides abont these angles wn the same ratio, they are
simalar,



CHAPTER 22

RATIO AND PROPORTION
D*VISION OF STRAIGHT LINES INTO ANY NUMBER OF EQUAL PARTS.

§ I Ordinary ruled paper 1s ruled in parallel equidistant lines
If a slanting line be drawn, at any angle, cutting across these lines,
1t 15 evidently divided into equal parts.

Ex 1 On the edge of a piece of paper, mark any length (say about 3 or
4 1n, but do not measure 1t exactly), by laying this across the parallel lines of
ruled paper, divide 1t into 7 equal parts Mark off 3/7 of the length.

Ex 2 Asin Ex, 1, cut off 4/9 of a given line

If you have no ruled paper or 1f you doubt the accuracy of the
ruling, a sot of equidistant parallels may be easily
drawn as follows. Draw a line of convenient length,
with compass step off a number of equal lengths
on 1t, through the points of division draw a set of
parallel lines This set of parallels may now be
-used for sub-dividing any other length (provided Fig 270
that 1t 18 not too short).

YTEx. 8 What 18 the length of the shoitest line that can be divided into
5 equal palts by means ot the parallels 1n ig 270?

If the line to be divided 1s already 1n position on paper, the con-
struction 1s performed as follows —

To divide a given straight line into five equal parts.

H C
S el
F

7 e /g B
(1) Fig 271 (1)
Let AB be the given straight line.
Construction Through A draw AC making any angle with AB
With a pair of compasses, on AC mark off 5 equal parts AD,
* DE, EF, FG, GH.
Jomn BH. Through © |E, F, G draw st. lines || to BH.
Then AB 1s livided into 5 equal pe ris
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Note that the “auxiliary ” line AC has not been sub-divided ; all
that has been done 1s to step off equal lengths along it

In practice, 1t is not necessary to show the whole length of the
parallels, but only the bits where they cross AB (tig 271 1) Also
the short arcs cutting AC should be shown

Ex. 4. Tnsect a given sfraight line by eye, check by making the con-
struction.

Ex 5. Divide a straight line of 10 cm 1nto six equal parts; check

The principle underlying the above construction may be stated as
a vheorem, thus

Taeorem 24, If there are three or more parallel straight
lines, and the intercepts made by them on any one straight
line that cuts them are equal, then the corresponding
intercepts on any other straight line that cuts them are
also equal.

RATIO OF SEGMENTS OF A LINE

§2 1f the hne AB 1s divided nto 5 equal parts and if AC
contains 3 of those parts, we say that

=t
AC=3AB, or -—- =32 A (o] B
L AB B Fig 272
Again, 1f AC =$AB, 1t 1s clear that CB = 2AB, then
AC.CB=3"2

MEx 6 Drawa line 51mn long Calculale the length of % of the line and
cut off this length from the line. In what 1atio 1s the line now divided ?

TMEx. 7. If you want to divide a line 1 the ratio of 3 4, what portion of the
line must you cut off ?

qEx 8 By eye, divide lines 1n the ratios of 5 3, * 4, etc

fEx. 9. Aline51n long 1s divided in theiatio of 3 4 Calculate the lengths
of the parts

9Ex. 10 A line ! 1s divided 1n the 1atio of « 0. What expressions give the
lengths of the two parts?

Ex. 11 A line 12cm long 1s divided at C in the ratio of 2 3, and at C’'
the ratio of 3 5. What 1s the length CC’?

Ex. 13. The sides of a triangle are 6, 8, 71n 1.ng. The side 71n 18 divided
1 the ratio of the other two sides. What are the lengths of the parts?

Ex 18 Two circles have radu 10 em, 15 cm, and the distance between
their centres 18 30 cm. How far from Jhe centre of the larger 1s a point which
divides the distance between their centres in the ratio of their radn, the Jarger
segment being measured from the centre of the larger ci.cle?

Ex. 14. A line 27 ft. long 18 divided ‘., 3 parts mn the 1atio of 2 3 4.
What are the lengths of thessegments ?
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‘T'o divide a given straight line in a given ratio

Suppose that the given ratio is 3:7

Call the given lie AB. Divide AB A X B
mto 10 equal parts If AX contains < ! J
3 of those parts, then XB contains 7
of them, and AX XB=3:7

If the given ratio 1s « y where z
and y are integers, we must divide
the line 13to & + y equal parts. Fig 273

Ex 16 From a given straight line cut off a part equal to % of the whole
line

Ex 16 Divide a straight line of 13 3¢m. 1n the 1at10 of 2 5

Ex 17. ABC 15 a tnangle From AB, AC cut off AP, AQ so that AP::%AB,
AQ:%AC Find by measurement the ratio of PQ BC

Ex 18 Tusect two adjacent sdes of any triangle and join corresponding

pownts Find by measurement the ratio of each jorning line to the base of the
triangle

Ex 19 Draw any two unequal parallel hnes AB, CD. Divide each hne 1n
the ratio of 2 3 at the pomnts P, @ Jomn AC, BD, PQ and produce them till
they 1tersect

Ex 20 Repeat Ex 19 with AB, CD not parallel

§3 In fig. 274 (which 1s part of fig 3271), XY 1s parallel to BH

AY 2 AX AY 2 AX
and 1t 1s clear that —— = = ="\ lso -- = ==
AH 5 aB’ ™ yiT 3 xB’
AH 5 AB
also - =
HY 3 BX

In fact, the ratio of any two parts along AB 18 equal to the ratio of
the corresponding parts along AH,
H

K Tx T T e
an 274
In fig 274, X, Y coincide with ¢, E of fig. 271 It 1s clear that the
ratos would still ke equal if X, Y had comncided with any pair of
corresponding points of di “sion, 1t is also clear that this would
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b true f the lines, instead of being divided 1nto 5 equal parts, had
been divided 1nto 7 (or any other number of) equal parts

Hence we see that, when two lines (such as*AB, AH) are divided
(at X, Y) in the same ratio, the ratio of any pair of parts on the one
lIine is equal to the ratio of the corresponding parts on the other.
The lines are then said to be divided proportionally.

From the above we also infer

Tueorem 52. If a line is drawn parallel to one side of a
t-iangle, it divides the other two sides proportioaally.

The converse theorem 13 also true, namely

Treorem 53. If a line divides two sides of a triangle pro-
portionally, it is parallel to the third side.

It should be noticed that the “mid-point” theorems (22, 23),
proved on pp. 72, 73, are special cases of theorems 52, 5%

NoTEs oN EQuAL RaATIOS.

1. It should be noted that, though we cannot have the 1atio of two different
kinds of quantity, we can deal with the 1ati0 of two lengths measured 1n d.fferent
units by changing to the same umt. For example the ratio

5 kilometres 10 miles=5x § miles 10 miles (for 1km =% m);

and we can test the equality of two ratios with mixed umts as i the following
example

Is it true that 1510 25cm =91n. 15cm ?

It 1s clear that 15 25=9 15, but 151m. 25 cm 18 not equal vo 15 25,
Suppose 1 1n =xzcem  Then 151 =152 em , and the question 18 equivalent to

13
“Is1t true that 15zem  25¢em =9crem. 15em 2?7 or ““Isit “tue that :2::51::19';9“

which 18 obviously true

a ¢

b’ d
multiplying both sides by bd, ad=bc

The equality of the products 18 often a useful test of the equality of the ratios

TEx. 21 If Z =f—1, prove that g =g Venfy by taking numerical values for

a_¢

are equal, then we have the equation 5=

2 If two ratios

a, b, e, d
Ex 22 Find zif

(1)§={?, n) 6 18”"=5yd zyd, (0 )30em x=25cm. 451n.
5720 y
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Ex 28 Are the following true?

315 42

()13em 07mn.=3825cm 176m, (u) 976 =308
42 a a+1 a ma
(")90 oir  Wg=y O =g

ABG 15 a triangle with AB=3", AC=25", BC=4", If AF=21" and
FE ¢s drawn parallel to BC meeting AC 1n E, calculate the length of AE.

AF AE A
Since FE 18 || to BC, AB= AG’ ?;‘ .
Y 21 AE H
" =9 F F E
3 25 & 77 e
Multiplying both sides by 3x 2 5, Fig 275
25x2'1=3x AE,
AE= 5’;2 1175

Ex 24 In the triangle of fig 275, 1f F’E’ 18| to BC and ':,iBI = g, calculate
AF', AE', E'C

Ex 28 ABC s a tniangle with AB=4"", BC=5", CA=3 5", FE 18 drawn ,
to BC as 1n fig. 275 and CE=}CA, ca,lcula.te BF, FA, AE
BF _
BA™ 5 !

Ex 27 In a figure ke fig 275 with FE | to BC, AB=12cm, AC=9 cm,
AE =6 cm , calculate EC, AF, FB Does the s1ze of £ A affect the result?

Ex 28. ABC 1s a triangle with AB=6", AC=5" AB 18 produced to F so
that BF =2” FE, parallel to BC, meets AC produced in E Calculate CE

Ex. 28 Ifin the fig of Ex 25 caleulate FE, AE, EC

RIDERS,

+Ex (9 Avanableline, drawn through a fixed point O, euts tv b fixed parallel
straight lines at P, Q, prove that OP OQ 18 constant

+Ex 80 O1sa fixed point and P moves along a fixed ine OP 18 divided at
Q (internally or eaernally) 1n a fixed ratio  Find the locus of Q

+Ex 31 D 1s a point i the side AB of AABC, DE 13 drawn parallel to BC
and cuts AC at E, EF 18 drawn parallel to AB and cuts BC at F  Prove that
AD DB=BF FC

fEx. 32 P13 a pomnt 1n the side AB of AABC; PQ s drawn parallel to BC
and cuts AC at Q, CR 13 drawn parallel to QB and cuts AB produced at R.
Prove that AP AB=AB AR.

+Ex 38 AD, BC are the parallel ~1des of a trapezium ; prove that a line drawn
parallel to these sides cuts the other s 1es proportionally.

1+Ex. 34 From a point E 1n the common base AB of two triangles ACB, ADB,
strr1ght lines are dravn parallel to AC, AD, meeting BC, BD at F, G ; show that
FG 18 parallel to CD,

| H TG 1%
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‘8§84 Ifa:b=c d, the four magmtudes @, b, ¢, d are said to be in
proportion*,

g:%(ora:b=c x), « 1 crlled the

fourth proportional to the three magnitudes a, b, c.

To find the fourth proportional to three given straight
lines. ’

If 2 1s such a magnitude that

c
b
J L —_—
Q @ b D \Ih P
Fig 276

Let a, b, ¢ be the three given straight lines.

Construction. Make an angle POQ. From OP cut off OD = a, and
OE=05 From 0Q cut off OF =¢ Join DF Through E draw
EG || to DF, cutting 0Q 1n G

Then OG 1s the fourth proportional to a, b, ¢

Ex. 85 Write out tho proof of the above

Ex 86 Find graphically the fourth proportional to 3, 4, 5 Check by cal-
culation

Ex 87. Find, both graphically and by calculation, the value of z in the
following cases —

2 3 08 125
W 3=z W) =975
(m) x 26=5 28, (iv) 10 7=z 3

Solve graphically Exr 38-44

TEx 88 If 6 books cost 155 , what will 8 cost?

TEx.39. If1 kilogram=2 2 1b , how many lb equal 2:6 kilograms?

YEx. 40 A motor car travels 60 m p.h. and a cycle 40 m ph By how much
v .1l the motor beat the ¢ycle 1n a 5 mile race 1f both start together?

TEx. 4. If %: g, find © when y =5.
.

* If a, b, ¢, p, q, r are such that ; =-- :7, then a, b, ¢ a~e said to be pro-

portional to p, ¢q, r. Thus, instead of saying ‘‘corresponding sides of two
triangles are 1n the same ratio,” we might say ‘ the side. of two triangles .re
proportional ” See Theorems 54, 55, 56.
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Ex. 42 Find geometrically the value of 3::-12)(9?'-6 .

Ex 48. Itis required to construct a rectangle on a side of 4*1” equal 1n area
to a rectangle of sides 1'9” and 2:8” Find by a graphical construction the other
side of the rectangle

Ex. 44. Construct a triangle on a bage of 7 cm. equal 1n area to a triangle
whdke base 18 9 om. and height 5 cm,

MiSCELLANEOUS RIDERS ON SIMILARITY.
T1tExe4§. AB 18 a straight line and C 1s the mid-point of AB AX, BY, CZ
are perpendiculars on any other straight line. Prove that CZ =4 (AX + BY).

[Jomn AY.]

. AC 2
9+Ex. 46. AB 18 a straight line and C is such that CB™1°
perpendiculars from A, B, C on any straight line. Prove that r=4(2¢ +p)

[Jomn A to foot of L from B ]

TtEx 4. Prove that the ratio of the heights of two similar triangles 1s
equal to the ratio of their bases, the bases being a pair of corresponding sides

P, ¢, r are the

tEx 48. AB, AC are any two hines and BN, CM are perpendiculars to AC
BN _AB
CM ~ AC
* {E? a9 The diagonals of the trapezium ABCD meet in O. Prove that
AO _AB
oc ™ cD
1Ex. 50. ABCD 1s a rectangle and a line through C meets AB and AD, both
produced, in P and Q. Prove that QD .BP =area of rectangle

and AB respectively Prove

, where AB and CD are the parallel sides.

1Ex $1 The tangent at any point R of a circle cuts the tangents at the ends
of any dpumeter 1n P and @ Prove that RP . RQ=(radius)? 3

tEx 82 ABC 18 an 190sceles triangle with AB=AC. A circle centre B and
radius BC cuts AC at D. Prove that AC, CD=BC?

Ex. 638. Draw a straight ine AB, on 1t take two pomnts P, Q, draw another
straight line CD, show how to divide CD similarly to AB.

Ex 84 IfAD =iAB and AE= }AC, what can you state about the direction
and length of DE?

Ex. 88 Draw a triangle ABC and show how to hnd ponts P, Q in AB, AC
such that PQ 1s parallel to the base BC and =§BC.

+Ex. 86 Any straight line drawn from the vertex to the base of a triangle is
bisected by the line joining the mid-po.nts of the sides.

+Ex. 87. The medians BE, CF of a triangle ABC intersect at G, GB, GC
are nsected at H, K reapectively. Prove that HKEF 18 a parallelogram. Hence
prove that G 1s a point of trisec. »n of BE and CF

13—2
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{9x. 88 T, Vare the md-pomnts of the opposite sides PQ, RS of a parallelo-
gram PQRS Prove that ST, QV trisect PR

1Ex. 89 Two straight lines BGE, CGF intersect at 3 so that CE =§-BE
and GF =%CF; BF and CE are produced to meet at A, prove that BF =FA and
CE=EA

SUMMARY OF RESULTS

If a lwne 18 drawn parallel to one sude of a triangle, 1t d-vides the
other two sides propor tionally.

If a line divides two sudes of a triangle proportionally, 1t 13 parallel
to the thard side.



CHAPTER 23

SOME APPLICATIONS OF SIMILAR TRIANGLES
INTERSECTING CHORDS OF A CIRCLE.

§ I. Turorem 59 (). If AB, cD, two chords of a circle,
intersect at a point P inside the circle, then

PA.PB=PC.PD

D
A
B
C
Fig 277
Construction Jomn BC, AD
Proof ! In the As PAD, PCB,

L APD = . CPB (vert. opp.), and £ D=, B (1n the same segment),

the third angles are equal, and the As are equangular,

PA _PD
“"pPc PB’
. PA,PB= PC,PD ¢

To calculate the value of PA. PB

Suppose that EPF 18 the chord which is bisected
at . Let O be the centre of the circle

+]

Then PA.PB=PE.PF=_"82=0E!-0OP% (Why! Fig. 278,
] 3 y
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‘TrEor:M 59 (1) If AB, CD, two chords of a circle, inter-
sect at a point P outside the circle, then PA. PB=PC. PD.

D
C
b
) \_/A p
Fig. 279.
Construction Jon BC, AD.
Proof In the As PAD, PCB,

£ P is common, and . D=, B (1n the same segment),
" the third angles are equal, and the As are equiangular,
PA_PD
PC~ PB’
PA.PB=PC.PD.
ParticuLar Case If PT is a tangent
*o0 a circle and AB a chord of the circle
passing through P, then PT:=PA, PB.
(See fig. 280 )
Nore The above theorems are 1eally two
different cares of the same theorem, notice
that the proofs are nearly 1dentical. Fig. 280.

To calculate the value of PA. PB in fig. 280

Use the fact that PA. PB = PT?= OP?>— OT? where O is the centie
of the circle.

Nore. The product PA.PB (or PC PD) mentioned 1n the above
theorems is the measure of the area of a 1ectangle whose sides are
equal to PA and PB (or PC and PD). Euclid enunciated these theorems
mn the following form —*the rectangle contammed by the segments of

the one chord 1s equal to the rectar gle contained by the segments of
the other ”

The pupil must beware of muddling PA . PB (witich means PA x PB)
and PA: PB (which means PA — PB).
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Ex. 1. Calculate (and check graphically) the areas of the rectangle- conta1 ed
by the segments of chords passing through P when (1) r=5mn, OP=31,,
(n) r=5cz=1 ,OP=13cm, (1) r=3 7in ,OP=231n, (1v)2=2C1n ,OP=3 31

Ex 2 Find expressions for the areas 1n Ex. 1, r being the radius, and d the
distance OP (1) when d <r, (1) when d>r Explaimn fully

8. Draw two straight lines APB, CPD intersecting at P, make PA=4cm ,
PB=6cm , PC=3cm Describe a circle through ABC, cutting CP produced
m D Calculate PD, and check by measurement

What would be the result 1f the exercise were repeated with the same lengths,
but & diferent angle between APB, CPD?

Ex. 4. From a point P draw two stiaight lines PAB, PC; make PA=4cm,
PB=9cm, PC=6 cm. Describe a circle through ABC, let 1t cut PC again at D
Calculate PD, and check by measurement

+Ex 6. If the common chord of two intersecting circles be produced to any
pownt T, the tangents to the circles from T are equal to one another
3

t+Ex. 6 The common chord of two intersecting circles bisects their common
tangents
1+Ex 7 The altitudes BE, CF of a triangle ABC intersect at H, prove that
(1) BH. HE=CH.HF, (u) AF AB=AE AC, () BH BE=BF CA.
+Ex 8 Two circles intersect at A, B, T 1s any point in AB, or AB produced ;

TCD, TEF a1e drawn cutting the one circle in G, D, the other in E, F  Prove
that C, D, E, F are concychic

AREAS OF SiMILAR FIGURES.

§2 TE. 9 If the side of a square 18 doubled, how 18 the. area altered”?
Illustrate with a freehand sketch

TEx 10. If the side of a square 18 trebled, how 1s the area altered ? Illustrate
with a freehand s' stch.

qEx 11. If the side of a square 18 halved, how does the small square compare
with the large? Illustrate with a freehand sketch

9Ex. 12. If each side of a rectangle 18 doubled, how does the area of the new
figure compare with that of the old? Illustrate with a freehand sketch

Consider any figure, rectilinear or curvilinear, let 1t be divided up
into small equal squares for purposes of counting the number of units
of area. (Seefig 281 ) Now supp se that the figure, squares and all, 18
magnified, say 3 times, we shall have a figure similar to the former,
the linear dimensicns of the two being 1n the ratio 3:1. The area
of each of the small squarcy will be magmfied 9 times, and as the
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number of squares is unchanged, the area of the whole figure will be
magnified 9 times. This suggests

The ratio of the areas of similar figures is equal to the
square of the ratio of their linear dimensions.

A
L \

/% ’} éz(_“—_ﬁ\"l

N

A
o~

N N

Fig 281

I!\L'

™

\
v

9Ex. 18 What 1s the ratio of the areas of two simular triangles (1) on bases
of 3mn and 41n, (1) on basesof a1n and bin ?

9MEx 14. The aiea of a triangle with a base of 12¢m 18 60sq cm , find the
area of a simila: triangle with a base of Y cm

‘What 18 the irea of a similar triangle on a base of 91n ?

YEx 16 The areas of two similar triangles aie 10" sq. cm. and 64 sq. cmn
the base of the greater 13 7 cm., find the base of the smaller

TEx. 186 What 18 the ratio of the area of a room to the area by which 1t 1s
represented on a plan whose scale1s 11n. to 1t ?

TEx 17 On a map whose scale 18 1 mile to 1 1n , & piece of land 1s repre-
sented by an area of 20 sq 1n , what 18 the area of the land?

YEx 18 On a map whose scale 18 2 miles to 11n , a piece of land 1s repre-
sented by an area of 24 sq 1 , what 18 the area of t..e land?

Ex 19. What 18 the acreage of a field which 18 represented by an area of
38q 1n on a map whose scale 18 251n to the mile? (640 acres=18q mule)

Ex 20. The height of the Great Pyramid 18 149 metres, an exact model of
the pyramid 18 made of height 1 49 metres, 1ts side faces being triangles sum.lar
to the side faces of the pyramid What 18 the ratio of the total slant surfacé of
the pyramid to that of the model?
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VOLUMES OF SIMILAR SoLIDs.

§3 YEx. 21. What 18 the volume of a cube with edge 2 1n.” How many
times does 1t contain a cube with edge 1 1n ?

1T.Ex. 22. What 18 the volume of a cube with edge 3 1n.? How many times
does 1t contain a cube with edge 1 1n ?

TEx 28. If the edge of a cube 18 doubled, how 18 the volume altered ?
TEx a4. If the edge of a cube 18 trebled, how 18 the volume altered ?

TEx 25. If the edge of a cube 18 made n times as big, how 18 the volume
altered”

TEx. 268. If the ratio of the edges of two cubes 18 2 3, what 18 the ratio of
their volumes?

Consider any solid, 1ts volume 1s a certain number of cubic units,
which nuniber depends on the length, breadth, and height of the
solid If we have a similar solid, 1ts length, breadth and height wul
each be altered 1n the same ratio Hence 1f this ratio is » 1 the
volume will be increased 1n the ratio of #° 1,1 e, the new volume will
be n® times the original volume. If the ratios of the lengths, breadths

3
ana heights are each g, then the volume will be C—;s times the original
volume. This suggests

The ratio of the volumes of similar solids is equal to the
cube of the ratio of their linear dimensions.

Ex 27 What 1s the rotio of the volumes of two similar solids of heights 2"
and 5”7

Ex.28 The volumes of two similar solids are 27 ¢ ¢ and 125 ¢ c. One side of
the larger 18 1 5 cm., what 18 the corresponding side 1n the other?

Ex. 29. A model of a tank 18 on a scale of 1 to 100. The model holds 1 pint
of water How many gallons will the tank hold?

Ex 80. A wooden pyram 4 of height 3" weighs % 1b  What will & smlar
pyramid of height 14” weigh, 1f made of the same material?

Ex. 81. What would be the side of a cube whose volume 18 half that of a cube
of side 1 foot?
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94 Taeorem 60, Cor. 1. If ABC is a triangle right-angled
at A, and AD is drawn perpendicular to BC, then
AD’=BD DC
Progf Since . BAC is a right angle,
LBAD+.LDAC=art L
Since L ADC1sart 2 1n AADGC,
LACD + LDAC=art .,
L BAD =L ACD
Hence, 1n the As ABD, CAD, 8 o ¢
L BAD = £ ACD, . ADB = . CDA (rt. L ),
.. the thnd angles are equal,
the triangles are equiangular,

. BD _AD
AD cCD’
. AD*=BD DC.

+Ex 82. In fig. 282, prove that As DBA, DAC are each similar to A ABC.
Hence show that BA2=BD .BC and CA?=CD CB, and deduce Pythagoras’
theorem by adding these results.

MEAN PROPORTIONAL
§5 If x1s such a quantity that @ « == b, then « 1s called the
mean proportional between a and b
If g= %v, 22 =ab, and therefore x = Ja—l), thus the mean propor-
tional between two numbers 1s the square root of their product.
9Ex. 88. .1nd the mean proportional between
(1) 4and9, (1) 1 and 100, (' }and?2,
(v) 4 and4, (v) 1and?2, (vi) 2and4

To find the mean proportional between two given
straight lines.

Q
Fig 283.
Let a, b be the two given straight 1 .es.



OR. 23] SOME APPLICATIONS OF SIMILAR TRIANGLES 203

Construction Draw a straight line PQ
From PQ cut off PR=a, and RS =b
Oh PS as diameter describe a semicircle.
Through R draw RT L to PS to cut the semecircle at T.
Then RT () is the mean proportional between a, b.
YEx 84 Prove the above by §4

Ex 85. Find geometrically the mean proportional to 3 and 2. Venfy by calcu-
lation,

v 1]
Ex 386 #ind the side of a square whose area 1s equal to a rectangle of siues
4cm, 55cm

Ex 87. Construct a square equal 1n area to a rectangle of area 68q 1n
Ex. 88 Bisect the area of any triangle by a line parallel to the base.
Ex. 89, Draw any triangle Construct a similar triangle twice 1ts area
Ex 40 Find geometrically the value of ~/ 3, J 15

SUMMARY OF RESULTS
If two chords AB, CD of a curcle wntersect at a point P inswe or
outsid’z the curcle, then PA PB=PC PD.

If PT s a tangent to a circle and AB a chord passing through P,
then PT? = PA . PB

Tf ABC 13 a triangle rght-angled at A, and AD 13 perpendicular to
BGC, the « AD*=BD . DC

The rtio of the areas of simalar figures 1s equal to the . yuare of the
ratio of thewr linear dimensions.

The ratio of the volumes of symilar solids 1s equal to the cube of the
ratio of thewr linear dimensions



CHAPTER 24
SOLID FIGURES

§ I. In many examples we have already dealt with sohd figrres
It 18 important to realise that much of the plane geometry that we
have done apphes to three dimensions, for 1t apphes to any plane
section of a sohd figure

e
e ™

1l 1

Right Prisms Right Cylinder
Fig 284 Fig 285.

|

Cone Spaere

Fig. 287. Fig 288
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§2 A httle practice at interpreting a few simple drawings 1s
very helpful
What does fig. 289 represent?
(i) It represents a cube with the middle corner
in fspnt
®(u) It represents three planes at right angles

to one another with the middle corner the furthest
pont. Fig. 289

07

Practisq se€ing the above and practise changing quickly from {1)
to (1) and back again

Consider fig. 290. It represents (1) a cone with the
vertex towards you, or (11) a hollow cone with the
vertex the furthest point Practise changing from
(1) to (11) and back again

&

Again, consider fig 291 It represents either Fig 290

(i) A framework of rods forming a tetrahedron (or a triangular

pyramid) with the edge AC 1n front, or
. (¥) A tetrahedron with the edge BD
in front

To make (1) clearer rub out the parts of
BD that are close to AC  Similarly to make
(1) clearer rub out the parts of AC that are
close to BD

As soon as (1) and (u) can easily be Fig 291

visualised, practise cheaging from (1) to (1) and back again as quickly
as possible

These simple exercises will help you to realise a solid figure, even
from a comparatively poor drawing

§ 3. After practice in seeing three dimensions 1n a two-dimensional
drawing, the next thing is to learn to make simple drawings of solid
figures.

* The first dufficulty imn teaching solid geometry 18 to get the boy to visuahse
a sol:d figure from a flat drawing. Of course a shaded figure, or a photograph,
or a Btereoscope make 1t easier for the boy but he has to learn to see three
dimensions 1n a drawing that he has made himself, so that clever drawings made
by the master, far from being a help, may be a hindrance.
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+Ex. 1 Draw a figure of a box or brick as follows — .~ g

On squared paper draw a rectangle along the lines of the
paper, draw an equal rectangle slightly to the right and
shightly higher up on the paper, but well overlapping the | - -7
first; then join corresponding corners. Fig 292,

Repeat this on plain paper
Here are a few pownts that will help you in making drawings of
sohd figures
(1) All lines that are vertical mn a solid figure should be repre-
sented by lines that are parallel to the side edges of ypui paper.
Venfy this by looking at any pictures
(11) Note that horizontal lines are not necessarily parallel to the
top and bottom edges of your paper See T
fig. 293, which represents an E and W, road N
crossing a N and 8. road with a vertical /
flagstaff OT at the crossing.

E
(m) Note also that in a drawing w °

A rectangle generally looks like a paral- S

lelogram, Fig. 293
A circle generally looks like an oval figure called an ellipse,
Raght angles generally look like acute or obtuse angles

Ex. 2 Make a freehand sketch of a horizontal drawing-board, with a vertical
line standing at the centre of the board Show the angles of elevation of the top
of the line from (1) each coiner of the board, (1) the middle of the nearest e3e

Ex. 8. Make a freehand sketch of the following — ¢

Two roads run, one X and W. and the other N and 8 , A 1 the point of
tersection, g 18 a point two miles due E of A, C 18 a point one mfle due N.
of B, At C there 15 a vertical tower CD  Mark the ancles of elevation of the top
of the tower from A and B Also name all the right angles 1n the figure

Ex 4 Consider fig 294, which represents a
regular tetrahedron Each face 18 an equilateral
triangle, VO 13 1t8 altitude, the three lines through
O are the altitudes of the triangle ABC. Make
accurate drawings of

(1) Triangle ABC and the lines AD, BE, CF,
(n) Tnangle VAC, showing VE;

(in) Triangle VBE, getting the length= of BE
and VE from (1) and (u1). Draw VO perpr ndicular
to BE and check that OE =4 BE. Without further
reference to fig. 294, draw a general view of the
tetrahedron like the figure. It1sbest first to draw Fig. 294. )
the base and the various lmgs on it and theu draw 0‘{ ga.rallel to the edge of
your paper.
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*

Ex. 5. Ina pyramid OABCD, the base ABCD 0

is a square 6 cm, 1n the side (see fig. 295) N 18
the middle point of AB  The centre of the base 18
M, and the line OM 18 perpendicular to all lines
lying 1n the base, such as MA and MN; OM 1s
4 cmylong  Draw the square base; then draw
the right-angled triangles OMN and OMA, and
measure the lengths ON and OA. Then draw le]
the face OAB and give 1its area.
Draw fig. 295 without further reference to the

figure. Firgg drfw the base and then draw MO A N B8
parallel to the edge of your paper Fig 295

Ex. 8. Draw a figure to represent a sphere and a plane section On the plane
gection show two lines through 1ts centre which are at rnight angles to one
another. See fig. 204, p. 147.

Ex.7 Infig 296, ABCD 1s a regular tetrahedion each edge of which measures
12cm AE=AF=4cm. The shaded area represents a section through C, E, F.
Draw the side faces of the tetrahedron; then draw the triangle CEF and find 1ts

A

area
Y
8 4
D o}
.5 10 10
£ D %
A B

Fug. 296. Fig 297. ¢

Ex. 8. Arectangular sk et of paper 12 1n. by 10m 1s folded along XY, a line
41n. from the shorter side BC (see fig. 297). Find the length of AC (1) before
folding, (11) when the two parts of the sheet are at right angles.

Ex. 9 In the cuboid 1n fig. 298, AE 18 perp. to BC By drawing various
sections, find the length of DE.

D 4"

F:g. 298.
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+“x 10 In fig 299 suppose that A, C and H are three points on the level
and B an observation bailoon directly above H. You are to determine the distance
CB and the height HB of the balloon by drawing For the triangle BAC use the
data AC=850ft, £ BAC=48° £ BCA=90° scale 1 cm® to 100 ft., und for the
triangle BCH use the additional data 2 BCH=32°, 2 H=90°. State your con-
struction

Fig 299

Ex. 11. Cut out a paper triangle ABC having AB=4", 1 B=90°, BC=2",
on 1t mark D, E the mid-points of AB, AC, and fold about DE so that the two
parts of the paper are at right angles.

Now make a drawing of the paper Either by drawing or calculation, find the
lengths of AE, EC, AC and determine whether angle AEC 18 a rignt angle.

Ex. 12 Fig 300 represents a coal-box Find the distance from a back top
corner to the opposite front bottom corner

|
: 1
N5

31"
Fig. 300
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THE CIRCLE (CALCULATIONS).

Ex. 1. If the radius of a ball 18 4 1nches, find the radius of a section by a
plane distant 2 inches from the centre of the ball

Ex. 2. If AB1s a tangent to a circle of radius 5”, where A 18 any point on the
circumference and B 18 127 from A, find the locus of B as A moves round the
circle, s °

Ex. 8 ABC s a triangle with £A=40° and £B=82° The bisector of LA
meets BC in D, BN 18 drawn perpendicular to AD and 18 produced to cut AC
m X. Calculate the angles of the quadrilateral XCDN, giving reasons

Ex. 4. Two circles with centies A and B intersect in C If £ ACB 1s 110°,
find the angle between the tangents at C to the two circles Give reasons.

Ex & ABC s a triangle inseribed 1n a circle The tangent at A meets BC
produced in . If L B=46°, LC=72° find £ P, stating your reasons clearly

Ex. 6. ABC 1s a tangent to a circle at B, BD 18 a diameter and BE, BF a1e
chords such that LABE=15°, LCBF=55°, DE, DF, EF are joined Find all
the angles of the figure

Ex. 7. Draw a quadrilateral ABCD having AB=625cm , BC=84cm,
CD=53cm. LABC=95° LBCD=105° Measure AD and LADC Without
further drawing, state whether D will be 1nside or outside the circle ABC. Give
your reasons Then test your conclusions by drawing the circle ABC

Ex 8 A square ABCD rolls, without shding, along a line turning about B,
C, T 1n succession. Draw the path of the point A, staiting with AB on the line,
until 1t egain lies on the line. Calculate the length of this path.

Ex 9 A small wheel with 10 cogs drives a larger wheel with 35 cogs When
the small-wheel has made one revolution, through what angle has the larger
turned?

Ex, 10, The length of a curved line 18 measured by rolling a disc of radius
1cm. along it If the disc makes 8& revolutions, what 1s the length of the line?

Ex. 11. 8ix tiles 1n the shape of equilateral triangles of side 5 1n. are placed
flat around a point with one vertex of each at the pomnt A thin cucular ring
18 then placed around the tiles. Find the area of the space between the ring
and the tiles.

Ex. 13 OA 18 the vertical line which 1s the junction between two walls of a
room, OB and OC the horizontal lines running along the junction between the
walls and the floor. What 18 the locus of the point P which moves about 1n the
room under the foulowing conditions —(1) so as to be always 5 ft. above the
floor? (u) so that the angle AOP 1s always 50°? (u1) so as to be always equi-
distar t from OB and OC? (1v) so as to be 4 ft. from O and 2 ft. from the plane
AOG?

8.H.J G. 14
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*Fx. 18 Fig. 301 represents a bridge, whose span AB 1s 80 ft., supported
on an arch in the form of an arc of a circle
AC=16 ft =BD Let r ft. denote the radius of the A 8
circular are and b ft. the height of the roadway AB y
above the highest point of the arch Find an algebraic A c 0 //f
equation connecting r with b Then use1t to calculate Fig. 301
(1) the value of b when r=65, (11) the value of r when s
b=1

Ex. 14 A penny and a balfpenny are placed on a table with thewr centres
4 cm. apart, and a ruler 18 laid on the table aganst them so as to touch each
comn. If the diameter of a penny 18 3 05 cm and that of a halfpenny 254 em.,
what 18 the distance between the points at which the ruler touches shem?

Ex 15 O 1s the centre of a circle of 2 1n radaus, A 1s a pont 3 1. from O,
AP 18 a tangent from A. If OP 1s produced to @ so that P@=2AP, prove that
the circle whose centre 15 A and radius AQ will touch the given circle.

SIMILARITY (CALCULATIONS)
Ex. 16 Use similar triangles to find the relations betweer « and y in
“gs. 302-305.
In figs 302, 303, ABCD 1s a square
In fig 304 the short lines are parallel
In ng. 305 the long lines are parallel.

)
A 12 B A B
12
12 12
Yy .
D Cz D C x
Fig 302 Fig 303
200 , 20
2 ” \
y 6 0 y
z \
50
Fig 304. Fig 305.

Ex 17 A swimming bath 200 ft. long 18 2 ft deep at one end, 6 ft at the

other and the bottom slopes umformly. ™ind the depth at a distance of 60 ft
from the shallow end.

Ex 18 The sides of a rectangle are »/2 m. and 11n  Show that a parallel
to the shorter side through the mid-points of the long.r sides divides tk> rect-
angle into two other rectangles similar to tl}e first
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Ex. 19. The diameter of the base of a cone 18 20” and 1ts height>15”; £nd
the diameter of the section parallel to the base and 6’ from 1t.

Ex 20. A small light above the centre of a rectangular table’ whose length 18
5 ft. 6 1n forms a shadow of the table on the floor whose length is 8 ft. The
table 18 2 ft 9 1n. high What 18 the height of the light above the floor?

Fyy 21 The parallel sides of a trapezium are of lengths 41n and 12 1n ; the
otheg two sides are each divided in the ratio of 3 5 by a line parallel to the
parallel sides. Calculate the two possible values of the length of this line.

Ex. 22 A triangular framework ABC has AB=3 ft, BC=3 ft. 6 n,

AC=2ft. 9 1n. A nigd stick 2 ft. long 18 wedged between AB and AC 80 as to
be parallel > BC. How far are 1ts ends from A?

Ex. 28. The base of an isosceles triangle 1s 40 cm., a line 30 cm. long
parallel to the base and 5 cm distant from 1t can be drawn with 1ts ends on
the sides of the triangle Calculate the height of the triangle

Ex. 24 An 1sosceles trapezium with parallel sides 10 1n. and 6 1n. and slant
sides 5 1n was cut from a piece of cardboard 1n the shape of an 1sosceles triangle
whose base was 10 1n  Calculate the length of the sides of the triangle

Ex 25 A pyramid stands on a square base of side 16 1n and 1ts slant edge.
are of length 24 1n A section 18 cut through points along each edge 5 in. from
the vertex, Calculate the length of the sides of the section. Find also the depth
of the section below the vertex. (See fig. 269 ) '

Ex. 26 A rod DC, 2 ft. long, 18 suspended fiom two points A, B in the
celling 4 ft apart by two equal wires AD, BC each 6 ft long The rod DC 1s now
twisted round through 180° so that the wires cross at O Calculate the length
of AO and OD.

The rod 18 now untwisted 1nto 1t8 original position and the points which were
at O are Joined by a string. What 1s the length of this string?

Ex 27 A tniangular set square with angles of 30°, 60°, 90° and hypotenuse
61n. long stands 1n a vertical plane with the right angle on a tible and the
shorter side 1nclined at 30° to the table Calculate the height of the other two
vertices above the table.

Ex. 28 ABC 1, an 1sosceles triangle with base 4 1n and sides 61n. A lhine
18 drawn frorn the middle point of the base perpendicular to one side Find the
distance of each vertex from this line.

Ex. 20. ABC 18 a right-angled triangle with hypotenuse AB=15 ecm. and
AC=6cm From a pomnt D on BC, 9cm from B, DE 18 drawn perpendicular
to AB. Calcplate the length Qf DE.

Ex 30. A rectangular board 16 in. by 12 1n. is sawn in two along a lmne
perpendicular to a diagonal at a poi.t 8 in. from one end of the diagonal.
Caloulate the lengtk of the saw-cut.

Ex. 81. ABCD is a parallelogram with AB=3", AD=5". Through C a

straigt line 18 drawn cutting AB, AD produced 1n P, @ respectively. Prove
that the product PB.QD 1s constant

14—2
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Mix. 82 A parallelogram ABCD has AB=8 in., AD=5 in. From P in AB,
such that AP =3 1n., PQ 1s drawn parallel to AD cuttimg the opposite side in Q
and the diagona’ BD 1n R, Calculate the lengths of PR, RQ.

Ex. 38. ABC 18 an isosceles triangle with AB=AC=18 cm , BC=10 cm
A circle radius 2 em  touches AB, AC  Find, by calculation, the distance of its
centre from A.

Ex. 84. Draw a parallelogram ABCD with diagonals AC=8 cm , BD=1C cm.
Describe a circle through ABC and let 1t cut BD 1n E  If O 18 the intersection
of the diagonals, calculate OE.

Ex. 85. ABC 1s a triangle inscribed in a circle, the tangeny at C meets BA
produced in T If TA=51n.,, AB=3 1n, AC=41n, calculate BCt

Ex 86 BAC 1s a semicircle on BC as diameter and AD 1s perpendicular to
BC. If AD=3cm, BD=5 cm , find CD and the radius of the semicircle

CONSTRUCTIONS.

Ex. 87 Determine the length of the radius of the encle circumscuibing a
triangle whose sides are 3", 4", 6¢”'.

Ex. 38 Construct a triangle OPR, given OP =6 cm., OR=5 cm., angle
O0=74° Draw a circle to pass through O, P, and R, and measure 1ts radius

Er 89. Insernibe a regular octagon in a circle of 2 1n radius Find the
amount by which 1ts perimeter exceeds the perimeter of the square 1nscribed 1n
the same circle

+Ex 40 Construct a triangle ABC 1n which a=3", c=4", and B=29°. Draw
1ts 1nscribed eircle, and also the escribed circle which touches AC between A
and C Measure the radius of each circle, and show theoretically that the line
jouning their centres must pass through B

Ex 41. Draw any triangle and 1ts inscribed circle. Join each point of contact
to the centre. Now draw a circle of 1 in. radius and, working fromw your first
figure, circumscribe about this circle a triangle similar to the first triangle

Ex 42. In a quadnlateral ABCD, AB 18 parallel to CD and the diagonals
AC and BD, each 3 1n long, cut at an angle of 60° at a point of trisection of
each Verify by drawing that A, B, C, D lie on a circle and give any reasons why
this must be so

Ex. 48. OY, OX are two straight lines at right angles. On OX two points
A, B are marked so that OA=1", OB=3". By construction find a pomnt (or
ponts) on OY at which AB subtends an angle of 25°. Explain your sonstruction
and measure the distance of the point (or points) from O Find the position of
the point on OY at which AB subtends t*e greatest possible angle

Ex 44. State, without actually performing any construcfion, how you would
solve the problem of drawing two tangents to a circle, which should include
a given angle and 1ntersect upon a given straight line.« How many solut:ns of
the problem would you expect to get?
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Ex. 45 Draw a circle 31n 1n diameter and place 1n 1t a chord AB 2'51n. 1n
length; draw the dismeter BC and produce BC to D fo that D 18 11n. distant
from the girele, and through D draw DE perpendicular to BU. Then draw a
circle touching DE and also touching the former circle at A. State the steps of
your construction.

#5® 48. Draw two straight lines making an angle of 60° with one another and
intefsecting at O. On one of the lines take the two points X, Y on opposite
sides of O such that XO=21n, OY=451n Draw the circle through the
points X and Y which will cut the other line 1n two points equidistant from O.
Ca.lculatez the distance of each of these points from O

Ex.47 Ubraw arectangle, sides 10 cm , 8 em. Construct two similar rectangles
each with one side 6 cm. long.

Ex. 48. In a circle of radius 2 1n. nscribe a regular pentagon. Construct a
similar pentagon whose sides shall be 2- the sides of the first.

Ex 49. Draw a regular hexagon of side 4cm Construct a similar hexagon
whose area shall be % times the area of the first

Ex 50 C0 and EF are two given parallel straight lines, and A 18 a given point
m CD. B s a given point on the side of EF remote from A It 18 required tv
determine the position of a point P 1n CD, such that, when the straight line PB
18 drawn crossing EF at Q, then PQ may be equal to AP Prove that the perpen-
dicular distance of the line PB from the point A 18 equal to the distance between
the pamllel lines Hence solve the problem, and show that there are in general
two possible positions for the point P

Draw the figure, making the perpendicular distance between the parallel lines
equal to 3cm , AB=8cm and angle DAB=60° Determine from your drawing
the ‘wo possible lengths of PQ

ScALE DRAWING.

Ex 51 A weight on the end of a string 3 ft long swings on each side of the
vertical so that the greatest distance between 1ts extreme positions 18 2 ft.
Through what ang.v does the string swing and what 18 the least vertical distance
of the weight below the point of suspension?

Ex. 53 A position X lies 4000 yd. N. 68° E. of Y, whilst Z hes 3000 yd due S.
of Y. Find the distance and bearing from X of a position which 13 equidistant
from the three positions X, Y and Z.

Ex 83 Draw the plan a.d elevation of a cylindrical can 10” high and 6"
diameter gtanding on 1ts base. Thence find the length of the longest stick that
can be placed 1n 1t without projecting uver the edge

Ex 54 Draw the plan and elevation of a bucket whose two ends are circles
of radu 6” and 4”, the depth of the bucket being 14", From your figures find the
radiuf of the largest sphére which will go into the bucket so as just to touch the
bottom.
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1x, 86. A weight hangs by a string from the end B of a beam AB, 20 ft. long,
and just rests on the ground when AB 1s inclined to the vertical at an angle of
42° (the end A being on the ground). If the beam 18 turred about A until AB is
vertical, through what vertical distance 18 the weight raised?

Ex 86. A, B, C are three landmarks. B 1s 200 yd. due E of A, and C 1s
200yd. N. 26° E of B An observer 1n a ship which1sdue N of B observe§ that
AC subtends an angle of 90° at his eye. Find, by drawing, the distances o the
ship from A, B, and C.

Ex. 7. AB s a breakwater 2000 yd long, B being due E of A. The break-
water subtends an angle of 50° at each of two ships, X andeY If, X bears
N. 10° E. from A, and Y 18 800 yd. to the eastward (not due E.) of X, find the
distance of each ship from the breakwater.

CiRcLE (RIDERS)

tEx, 88. Chords AP, BQ are drawn perpendicular to a chord AB at 1ts
extremities Prove that AP=BQ

1Ex 89 ABC 18 a triangle inseribed 1n a circle and BT 18 dravin parallel to
AC cutting the tangent at Ain T; prove £ ABC= £ BTA

Ex. 60. A chord BA of a circle 1s produced to meet the tangent at T in P
The tangent at Ameets PT m Q@ If L APT =z, £/BAQ=y, prove that £ PTA=

Yy -=)

1Ex 61 QS, RT are altitudes of an acute-angled triangle PQR{ prove
that 2 STR = £ RQS.

+Ex. 62. The triangle ABC 1s right-angled at A If P 18 the centre of the
square described on BC, prove that AP bisects - BAC

Ex. 63. A mechamsm consists of a straight rod ABC, 8 1n long, and £'rod
BD, 41n. long, hinged to ABC at B, the mid-point of AC  Prove thatthowever
the mechanir 18 placed, AD 18 always at right angles to DC.  *

If D 1s fixed and A moves along a straight line DX, what 18 the gﬂiatest and
least distances of A from D if DC cannot exceed 31n "

1Ex. 64. ABCD 1s a parallelogiam. If the circle through the ponts A, B, C
cuts CD 1n P, prove that AP=AD. . ¢

+Ex 65. ABC 1s an equilateral triangle inscribed 1n a cirele whose centre is
O, AP 18 a diameter Prove that the triangle BOP 1s equilateral, and that the
square on AB 18 three times the square on AO.

tEx. 86. A triangle ACE 1s 1nscribed in a circle ABCDEF , prove that the sum
of the angles ABC, CDE, EFA 1s equal to four right angles.

+Ex. 67 AB 18 a chord of a circle whose centre 18 O, and AB 18 parallel to
the tangent at P If the tangents at # and P intersect at T, prove that the
angles POA, TAB are equal to one another.

[Ex. 88. A circle whose centre 18 O 18 touched 1nternally at A by a circle of

half its radius A radius OQ of the former circle cuts the smaller clrcle’ at P,
Prove that arc AQ =arc AP,
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tEx 69. In fig. 306, BC touches the circle
ABD Show that CE touches the circle ADE
at E. (You may assume the converse of the
‘“alternat® segment” theorem )

+Ex 70 QR 18 a choid of a circle, TR 1s
th? ‘langent at R; a straight line through Q
perpendicular to this tangent meets 1t 1n T and
the circumference of the circle agamn in P,
PM 18 the perpendicular from P on QR Prove

that the angles QPM, TPR, TMR, TRM are
all equal. Fig 306

tEx 71. ABCD s a quadrilateral in a circle One side BC 18 produced to E
Prove that the bisectors of the angles BAD, DCE meet on the circumference.

+Ex 72. To two circles, centres O and O’, an internal and an external
common tangent are drawn, meetingin P Piove that P lies on the ciicle on OO’
a8 diameter A

1Ex 78 O, A, B, C, D are points on the circum- Q
ference ot a curcle such that the angles AOB, BOC, R
COD are equal Prove that the angle between the X
chords AC, OB 1s equal to that between AD, OC.

B N (o]
tEx 74 In fig 307 show that the four points A, F 5
Q, X, R lie on a circle Fig 307.
T
1Ex 75 If a small circle 1s ditawn to touch a large circle internally and to

pass through the centre of the large cirele, prove that any choid of the large cirele
which passes through the point of contact 1s bisected by the small circle.

SIMILARITY (RIDERS).
+Ex 76 AB, CD are the parallel sides of a trapezium whose diagonals in-

tersect al O Prove that As OAB, OCD are similar, and write ddwn the three
equal ratios of corresponding sides

+Ex 77 Fiom P, a pont 1n the base YZ of a triangle XYZ, PQ, PR are

drawn parallel t¢ X, ZX to meet XZ, XY 1n @, R respectively. Prove that
YR _YP

PQa~ PZ

1Ex 78 A, B, C, D, E are points on a straight line such that

AB=BC=CD=DE; '

O 18 a point outside the ing Through B a straight line 18 drawn parallel to OE
to cut OA at X and OC produced at Y Prove that BY=4OE and XB=1BY.

tEx 79 ABCD 1s a parallelogram and any straight line through C cuts AB
and AD produced ‘at X and Y reqpeotwely prove that AD BX=DY AB

How must the line XCY be drawn to make the A3 XBC and YDC congruent ?

ERX 80. Show how to divide a triangle 1nto four triangles each similar to
the original triangle.
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Ex. 82. O1s a pont inside a triangle ABC; OA, OB, OC are divided at
A’, B’, C' 8o that OA’, DA=0B’'. OB=0C’ OC=2.3. Prove ihat As ABC,
A’B'C’ are sumil.r

1tEx. 83 The diagonals of a rectangle ABCD meet 1n O. Prove that, 1f OA,
OB, OC, OD are all dinided 1n the same ratio at P, @, R, S, then PQRS 18
rectangle similar to the first

1Ex. 88 ABC 1s an 180sceles triangle, D the mid-point of the base BC; DE
AD DC
AC

+Ex 84. ABCD 1sa parallelogram From A a straight line .8 drawa cutting
BC 1n Eand BD n F DE cuts AB produced in Q@ Prove that AF Fe=AQ BQ

1Ex. 85. From P any point 1u the base BC of a triangle ABC draw PQ
parallel to CA meeting AB 1n Q. Join QC and draw AR parallel to QC meeting
BC produced n R Prove that BP PC=BC CR

1Ex. 86 ABCD 1s any quadrilateral whose diagonals intersect at O From O
lines are drawn parallel to DC, DA meeting BC, BA 1n P, Q respectively. Prove
that PQ 18 parallel to AC

1+Ex. 87 YAX 15 an acute angle From P, a point outside the angle,
perpendiculars PM, PN are drawn to AX, AY respectively. PK bisects the
angle MPN meeting AY 1 K, and AX 1mm T. Prove that the triangles PMT,
PNK are similar and that AT =AK

tEx. 88. Through a pomnt O within a triangle ABC, POQ 18 drawn parallel
to AB meeting BC 1n P, AC 1n Q, and ROS 18 drawn parallel to AC meeting
SCm Rand ABin S Prove AB AQ AC.AS=BP CR.

+Ex 89 ABCD 19 a rectangle (AB>2AD) and the circle on AB as diameter
cuts CD at P If AP, PB are joined, prove the three triangles APD, BAP, JBC
all similar. Hence show that the rectangle AP PB1s equal to the given restangle

+Ex. 90 . he bisector of the angle A of a triangle ABC meets the hase m D.
A parallel to DA through C meets BA produced in E  Prove that AE=AC and
hence that DB DC=AB AC

+Ex 91. The bisector of the exterior angle at A of a triang.e ABC meets the
base BC produced in F Prove that FB FC=AB AC [Draw a parallel to FA
through C ]

tEx. 83 ABCD 1s a quadnlateral mscribed 1 a circle of which AC 1s a
“iameter, from any pomnt P 1n AC, PQ and PR are drawn perpendicular to CD
and AB respectively. Prove that DQ PR=DC BC.

1Ex. 93. A triangle PQR 18 1mscribed 1n a circle and the tangent to the eircle
at the other end of the diameter through D cuts the sides PQ, PR produced at
H, K respectively , prove that the As PKH, PQR are similar

1Ex 94. The sides AC, BD of two triangles ABC, DBC on the same hase

BC and between the same parallels meet at E, prove that a parallel t¢ BC
through E, meeting AB, CD, 1s bisected at E

the perpendicular to the side AB  Prove that DE =



MIBCELLANEDUS EXERCISES C 217

1Ex. 8. AB, AC are equal straight hnes. D and E are ponte, D 1n AB
E 1n AC produced, such that DB=CE; prove that DE 18 bisected by BC.

1Ex. 88. Through the vertex A, of a triangle ABC, DAE is drawn parallel
to BC and AD 18 made equal to AE, CD cuts AB at X and BE cuts AC at Y,
prove XY parallel to BC.
®x 97 ABCD 1s a rhombus, a straight line through C meets AB and AD,
both produced, at P and @ respectively. Prove that PB DQ=AP? AQZ.

+Ex 98. A square BCDE 1s described on the base BC of a triangle ABC,
and on the side opposite to A. If AD, AE cut BC in F, G respectively, prove
that FG 18 thebase of a square 1nscribed 1n the triangle ABC.

1Ex 99. The straight lines joining the mid-points of opposite sides of a
quadrilateral bisect one another.

+Ex 100 ABC 1s an equilateral triangle. From D, the mid-point of BC, DE
is drawn perpendicular to AB. Prove that the triangle DEB 1s one-eighth the
area of the triangle ABC

Ex 101 Through the vertices A, B, C of an equilateral tnangle straight
lines are dr.wn perpendicular to the sides AB, BC, CA respectively, so as to form
another equilateral triangle Compare the areas of the two triangles

+Ex. 102 ABCD 1s a rectangle and any line APQ meets DC 1n P and BC
produced in @ Prove that the rectangle CD. CQ 18 twice the area of the tri-
angle PBQ

Prdve also that the rectangle ABCD 1s twice the difference of the areas of the
triangles DBQ and PBQ

+Ex. 108 A 1sa pomnt on a circle and XY 18 any line parallel to the tange.t
ab A and not cutting the circle. Any two lines PAQ, RAS through A cut the
cirvie at P, R and XY at @Q, S Prove PA AQ=RA AS

1Ex.*104 Two tangents from a point T to a circle touch the circle at P and
Q. PR s a chord parallel to TQ Prove that PR PT =PQ2
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Paper 16.

1. On what property of a circle does the use of the semicircular protractor
depend?

2. In a circle a chord 24 1n long 18 5 1n. distant from the centrs, Cal-
culace (1) the radius of the circle, (1) the length of a chord whicn 1s 10 1n.
distant from the centre

8. Find the length of the tangent to a circle of radius 5 cm. drawn from
a pont 13 cm from the centre of the circle.

t4. AB1s a diameter of a arcle; through A and B parallel chords of the
circle are drawn Prove that these chords are equal

8 Draw a triangle the lengths of whose sides are 2, 22, 2 5 inches, state
huw you would find the centre of the circle through 1ts vertices, construct the
circle and measure 1ts radius  You need not give a proof.

6. Circles of radn 3 and 7cem respectively have their centres 14 em. apart.
Calculate the length of the interior common tangents

7 Is a square equiangular with a rectangle? Are the figures simlar?

8. Draw a straight line 4 7 inches long Divide 1t into three equal parts
without measuring one-third of 4 7 inches. Describe your construction, but do
not give a proof

19. One of the parallel sides of a trapezium 18 double the other: show that
the diagonals ‘visect one another.

Paper 17.

1. What do you know about the exterior angle formed by producing a side
of a cyclic quadrilateral?

2 ABCD 1s a cyche quadnlateral with its diagonals drawn. If £ DAC=50°,
¢ CAB=40°, LACD="170°, find the other angles in the figure

8. What 18 the length of the tangent drawn to,a circle of radius r” from
a point distant /" from the centre?

t+4. Two circles touch at A and AT i3 their common tangent at A. BC
touches the circles at B and C and cuts AT at T Prove that BT=TC.

8. Construct a tnangle ADE such that AD, DE, EA measure 5, 6 1, 9°7 >m,
respectively Construect the circumscribing circle and the circle eseribed to DE
Measure the radu of the circles and the distan-e between their centres.
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6 Draw an isosceles trniangle whose base, BC, 18 3 1n., and veicical a.glc
A 18 86°. Construct a circle to pass through A and touch BC at C. Let the
circle cut AB at P Measure AP. Prove that CP=CB

7. Have a square and a rhombus their corresponding sides proportional?
Are fhey simlar ?

A straight rod AB 3 ft. 9 in long 18 held under water, A being 2 ft 6 1n.
and B 9 1n. below the surface. Calculate the distance below the surface of a point
C on the stick which 18 121n from A

19. In a triangle PQR, PQ=PR =2 inches, and QR=1 inch. In the side
PQ a pomnt S 18 taken such that QS:% mch. Prove that the triangle QRS 18
180sceles,

Paper 18.

1. What 18 meant by ‘‘an angle in a segment of a circle”? Why 18 1t
legitimate tu speak of the angle in a segment?

2 Describe a circle radius 7 cm and take a pont 3 em from the cent.e,
Draw and measure the shortest possible chord through this point. Verify by
calculation

8. ABC 1s a tangent to a circle at B, BD 1s a diameter and BE, BF are
chords such that £ABE =20°, . CBF =60°, DE, DF, EF are joined. Find all
the angles of the figure

t+4. AB, CD are two chords of a circle whose centre 18 O OE, OF, the
Awgtances of the chords from the centre, are given to be equal If the chords
intersect at X, prove (1) that XE =XF, (1) that AX 1s equal to DX (or CX).

8. Describe a triangle with sides 45, 6, 75 cm ; find the centres of the
nseribe ¥ and circumseribed circles, and measure the distance beiween them.

6 Two circles of reinn 4 em and 7 em. have their centres 9 em. apart.
Calculate the length of the common tangents to the two circles.

7 Draw a quadulateral ABCD; draw a straight line parallel to CD to cut
BC at P and AD at Q. Prove that ABCD, ABPQ are equangular Are they
similar? '

8 Wishing to find the exact distance in a
straight line between pomnts A and B (the direct line
between which 1s blocked-by a house), I take a piece
of stripg and mark out AL, LO, OM, MB all equal
(ALO, BMO being straight lines) I then measure
LM, which 18 22*ft 6 1n What 18 AB, and why?

%9 A straight line AB 18 divided internally at C; B
eqitlateral triangles ACD, CBE are described on the
same s1de of AB; DE and AB praduced meet at F. Prove that FB:BC=FC.CA
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Paper 19.

1. Draw an angle of 73° with your protractor and bisect it by construction
with ruler and compass. Explain 1n your own words and with the help of the
figure you have drawn the meaning of the statement ¢the bisector of an angle
18 the locus of points equidistant from the arms of the angle ”

2. Draw a quadrilateral ABCD and 1ts diagonals. Now suppose that a oy le
could be drawn through the points A, B, C, D and that . DAC =48° LBDC =52°
and LBDA =64°; calculate the other angles in the figure. Give your reasons
carefully.

8. A small rectangular wooden platform measures 4 ft. by 6 {. ; the corners
are 1ounded off into quarter-circles of 6 1n. radius, the edge 13 bounu all round
with a_brass strip Draw a plan of the platform on squared paper.

Calculate the area of the platform in square feet to three significant figures,
and the length of the brass strip, 1n feet and 1nches, to the nearest inch.

14 ABC 1s a triangle. Pomnts X, Y are taken in AC, BC respectively such
that the angle XYC is equal to the angle BAC Prove that the angle XYA =the
angle ABX

&6 (1) A circle passes through A and B, what do you know about 1ts centre?

(1) A circle touches BC at B, what do you know about its centre?

Draw a triangle ABC having BC=5cm , AB=45 cm, AC=4 cm , and con-
struct a circle to pass through A and to touch BC at B

6 Draw a circle of radius 7 em and a chord PQ distant 4 cm from the
centre. Now draw a cncle of radius 5 em. to touch your first circle internally,
and also to touch PQ State your construotion.

7 A rectangular picture frame 1s made of wood 1 1n wide, aie the inside and
outside of the frame similar rectangles?® .

8 In order to measure the distance away of a man who 15 6 feet high. I hold
a foot rule pointing vertically upwards at a distance of 3 feet from my eye, and
observe the ler th on the scale which subtends the same angle at my eye as the
man, If this length be z 1nches, give a formula fo1 the distance d of the man n
yards.

Calculate the value of x when the man 13 20, 30, 40 yards aw~y

19. ABCD 1s a parallelogram From any pomnt E 1n the diagonal AC, Ed 1s
drawn parallel to AD to meet DC at H, and EF parallel to DC to meet BC at F.
Prove that the triangles ABD, EFH are similar

Paper 20.

1. A packing case 18 rolled about one edge, what 1s the locus of a point on
the opposite edge? [Make a sketch ]

2. A model boat sails 1n a straight line fsross a circular pond, towards a point
50 yd. away. The gieatest distance across the pond 18 70 yd How near to the
centre of the pond will the boat go? What will be the boat’s least distance from
the point on the pond’s edge exactly opposite the starting ‘pont? [Both answers
by calculation.)
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8 A triangle ABC 1s 1nscribed 1n a circle (centre O, and radius 4”).

If the angles of the iriangle are A=72° B=55° C=53° what are the angles
BOC, COA, AOB? Hence find the sides of the triangle by drawing.

t4 AB 1s an arc of a circle and C 1ts middle point. Prove that the angle ABC
18 one-quarter of the angle which the arc AB subtends at the centre of the circle.

‘6.' AB is a fixed Iine Through A a line AC 1s drawn, of length 241,
1ng an angle of 40° with AB. Draw the figure to full scale, and construct a
circle to touesh AB at A and to pass through C Measure the radius of this circle

6 The back and front wheels of a earriage have radn 2 ft 61in,and 1ft 6,
and the distance between their centres 18 5 ft 61n. Find, by drawing, the distance
between tLs points at which they touch the ground

Verify your result by calculation
7. Construct a straight line equal to 2} of & given straight Line

8 Show how to draw through a given point within a given angle a straight
line to be terminated by the arms of the angle, and divided 1n a given ratio
(say %) at the given pomt

19 In auy triangle ABC, P 18 a point in BC such that BP 13 one-third of BC
Join AP and take on 1t a point Q such that AQ 1s one-third of AP Then preve
that the area of the triangle ABQ 18 one-ninth of that of ABC

What 18 the ratio of the areas of the triangles ABQ and ACQ? Give your reason

Paper 21.

1. A gun s fired at noon and the sound (which travels with known velocity)
heard by two listening stations at observed times How can the position of
the gun be laid down on a chart?

2. (1) In 2 ewrcle of radius 5 cm , a chord 18 drawn at a distapce 3 cm. from
the cent e; find the length of the chord
(11) In a sphere of rydius 5 em, a plane 1s drawn at a distance 3 cm from
the centre, find the radius of the circle 1n which this plane cuts the sphere.

38 A and B are two forts on a straight coast 5 miles apart. The effective
range of A’s guns 18 31} miles, and of B’s, 3 miles Draw the circles bounding
the area covered by both forts, and let C be one of the points of intersection of
these circles An enemy’s ship comes to C so as to be able to bombard a town
lying between A and B without being within the range of the guns from either
fort. By ieasurement, find how far C 1s from the coast-line. Measure the
angles CAB and CBA and hence calculate approximately the number of square
miles covered by the zone of effectiv~ fire from both forts

14 A quadnlateral 18 inscribed 1n’a circle, and one of 1ts sides is produced
Prove that the exterior angle so formed 18 equal to one of the interior angles.

’fbvo circles interseof®in P, Q. Chords AP, BQ of one are produced to meet the
other in C, D Prove that AB 1 varallel to CD

[See next page
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o O and P are points 1000 yd. apart, P being due east of O At @ the line
OP subtends an angle of 63°. Q 18 450 yd. from the ling OP. Draw a figure to
scale, and find the distance and bearing of @ from O.

6. Draw a circle of 4 em radius to touch two circles of $adit 3 em. and 2 em
respectively, whose centres are 6 cra. apart. The 3-em circle 18 to lie entirely
side the 4-cm. circle, and the 2-cm. circle 18 to lie entirely outside 1t

7. Ghve the different sets of data which suffice to fix the skhape of a triang'e)

8. Construct a AABC having =8 cm., b=5 cm, ¢=b ¢cm. Find pomnts P
and @ 1n AB and AC respectively such that PQ 1s parallel to BC and of length
35 em

1€. At two pomnts A, B of a straight line perpendiculars AC, BD 1ire erected
and AD, BC meet 1n a pomnt E; from E a perpendicular EF 18 drawn to AB

Prove that
EF EF

actep~!

Paper 22.

1 State, without proof, (1) what 18 the locus of a point which moves so that
it 18 always 1 foot away from a given point, (11) what 1s the locus of a point
which moves so that 1t 18 always 1 foot away from a given straight line,
(1) what 18 the locus of a point which moves so that 1t 13 always 1 foot away
from a given circle,

2 In a circle of 2 1nch radius place a chord of length 1 6 inches paiallel to a
g.7en line. Explam your construction, and prove that 1t 18 correct.

8. PR is the diameter of a circle and PT a chord making 25° with PR, find
the angles PTR, PRT, giving reasons.

If TR=2 4 cm., what 18 the length of the perpendicular from the centre of the
circle to PT a d why?

What 1s the angle which the tangent at T makes with TR and why?

+4 O is the centre of a circle PQR, RT 1s the tangent to the circle at R}
TPQ s a straight line cutting the circle at P and Q; OS 1s dra! 1 perpendicular
to PQ, OR, OT, SR are jommed Find a cychic quadrilateral in the hgure;
why 18 1t cyclic? Hence prove that £ OSR and £ QTR are equal or else together
equal two right angles. Draw figures to 1llustrate both cases

8 Draw two straight lines AB, AC enclosing an angle of 48°. Take a point
D 1n AB such that AD=2 61n Construct a circle DEF to touch AR in D and
also to touch AC.

Construct another circle to touch AB, AC and also to touch the circle DEF.

6. A lawn-mower has two cylindrica: rollers 1in contact &nith the ground.
The smaller has a diameter of 3 1n. and the larger of 13 in. The lines 1n
contact with the ground are 1 ft apart. Calculate the disgfance between the aales
of the rollers
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1
7. ABC, PQR are two triangles. Give two different sets of conditions erther
of which would be enough to prove the triangles similar

8 Sho.w how to construct a triangle similar to and of double the area of a
given triangle

1@ Two circles touch at A, one of the circles being 1nside the other. From
B,ga bomnt on the tangent at A, a tangent BC 1s drawn to touch the outer circle
a.tc. AC cats the mnner cucle at D, BD produced cuts the imnner circle at E,
and AE produced cuts the outer circle at F. Prove that (1) ED 18 parallel to FC
and (u) BC2=BD. BE

Paper 23.

1. Explain what you mean by ¢¢ the constant-angle locus ” Give two methods
of constructing 1t, taking & case 1n which the constant angle 18 obtuse

2. ABCDisacircle, AC,BD meetin X Given that LABD=33° LADB=27°,
L BAC=45° calculate the angles BXC, ACD, ABC, showing your reasoning
clearly but shortly

8 P and Q are two points on the circumference of a circle, and the tangents
to the circle at P and Q intersect at an angle of 56°. What fraction of the whole
circumference 18 the minor arc PQ? and what 1s the ratio of the major arc PQ
to the minor arc PQ?

t4 , Two unequal cireles with centres O and C touch externally at A
(1) What do you know about the points O, A, C (give no proof)?

() Through A the line LAM 1s drawn cutting the circle whose centre 18 O rt
L and the other cincle at M Prove that OL, CM are parallel.

& Draw a straight hne AB=31m Find the centre of a circle ABC which
passes through A and B so that £ ACB=50°, Measure the radius of the circle.

8 A and B are the doors of two houses and they are 52 ft aprrt. A straight
road 18 > be constructed so that A 18 30 ft. from 1t and B 1s 50 ft Using a
scale of 45th 1nch to tl > foot, draw a figure showing how the road must be
made

7. If a straight line 18 drawn parallel to the parallel sides of a trapezium,
how does 1t divide the other two sides?

8 OA s 3 inches, AB at right angles to OA 1s 1 6 inches Find, preferably
by calculation, the length of OB.

Draw tka circle centre O radius OB, and construct the tangent at B to this

arcle If the tangent cuts OA produced at T, hind, either by measurement or
calculation, the length of AT.

+9. EBDF 18 rectangle EB 18 produced to C so that BC=BD. A semi-
circle 18 drawn on EC (on the side opposite to D) and DB 1s produced to meet

the'gircumference at A Prove that the square on AB 18 equal to the rectangle
EBDF
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Paper 24.

1. What 18 the locus of centres of (1) circles which touch a fixed line PQ at

a fixed point P; (n) eircles of radius 3" which touch a éixed line P? Also of
he following points —(u1) the points of contact of tangents drawn from a fixed
point to a fixed sphere; (1v) points on the earth whichjare 3000 nautical miles
N. of the equator?

2 A penny falls into a cup whose shape 18 an exact hemisphere of radius
5cm If the penny lies symmetrically at the bottom and i1ts diameter 1s 8 om.,
how far below the penny 18 the lowest point of the cup ?

8. What would be the radius of a circle 1n which an arc 11% in lergth sub-
tended an angle of 314° at the aircumference ?

4. On the same base and the same side of 1t a1e drawn three triangles of
vertical angle,30° Show that a circle can be drawn to circumscribe all three
triangles, and that its radius 1s equal to the base.

8. Show that 1t 18 usually possible to diaw two circles each of which touches
two given sides of a given triangle (produced if necessary) and has 1ts centre on
the third side or that side produced, but that under certain circumstances only
one such circle can be drawn

6 P 1s a point on the circumference of a circle of centre O and radius 11} m
Q 18 taken so that LPOQ=40° and OQ=31n. Construct a circle to touch the
given circle at P and to pass through @ Measure the radius of this circle

7. Explain the term ‘“mean proportional.”

8. A circlo 18 circumseribed round a triangle ABC right-angled at A. Its
1 .dwus 18 found to be 6”. AN 18 drawn perpendicular to the base BC O 1s the
mid-point of BC and ON =2-4". Calculate the lengths of AN, AB, AC

+9. AB 1s a chord of a circle and AD the tangent at A A chord QP 18 d=av.a
parallel to AB, meeting the tangent AD at D Prove that the triangles DPA and
AQB are similar.

Paper 25.

1. Assuming that the line joining the centres of two intersecting circles
biseots the common chord at right angles, examine what this ..eorem becomes
1n the limiting case when the circles touch.

2. A duty football was found to leave a circle of mud, 11” 1n circumference,
when bouncing , 1if the radius of the ball was 6%’ ', find the depth to which 1t was
squashed 1n by the impact

8 ABCD 1s a rectangle in which AB=41n, BC=61n A circle with A as
centre passes through the middle point of BC and cuts AD at F. Calculate the
length of CF

+4. ABC 18 an acute-angled triangle, BE, CF are perpendiculars drawn to
CA, AB respectively. Prove that the points B, C, E, F lie on a circle. Name
two acute angles 1n the figure which are equal to one another. Where i the
centre of the circle BFEC?
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N .
8 Draw a straight line AB of length 5em Find a point P at which AR sub.
tends an angle of 54° ~nd such that AP 18 4 cm. Measure the distance PB

6. Two halfpenaies (diameter 11n ) Lie on a sheet of paper with their circum-
ferences touching A semicircle 13 drawn to circumseribe the two halfpennies,
80 that 1ts diameter and 1ts circumference touches each com. Make an accurate
dragving of this arrangement, and determine the diameter of the semicircle

¥7 What measurements would you have to make in order to compare as
shortly as possible the areas of two similar figures ?

8 I'rom a pont P, outeide a circle of radius a, are drawn the tangent PQ
(of length z) and the straight line PAB through the centre cutting the circle 1n
points A nd B, A being nearer to P and PA being of length y Write down the
relation connecting the lengths of the lines PQ, PA, PB, and express 1t 1n terms
of 2, y,a

If the encle 18 taken as representing a section of the earth through 1its centre,
PQ will be the 1ange of vision of a person situated at a height y above the
surface Take @« =4000 miles, use the relation 1n the approximate form 2ay =2,
and find, 1n miles and 1n feet, to what height 1t 18 necessary to ascend in order
to have a 1.nge of vision of 50 miles

19 The hypotenuse AB of a 11ght-angled triangle ABC has been measured
and found to be p in  The angle A of the tiiangle has also been measured and
found to be n° Have sufficient measurements been taken to determine the tri-
angle 1n 91ze and shape? Give 1easons for your answer

AYomt D 13 taken 1n the hypotenuse AB such that the angle DCA 1s equal
to the angle A Prove that the two triangles DBC and DAC are both 1sosceles
Is 1t possible for these two 1sosceles triangles to have the same shape? If o,
what must be the values of n or p or of both of these measurements? If the
™incvsurements are such that the two 1sosceles triangles have the same shape,
do they also have the same s1ze ?

Paper 26.

1 The phr 2 ‘“alternate segment” occurs 1n the enunciation of a theorem
Quoce the theorem and explain the phrase with the aid of freehand figures

2. A, B, C, D are four points on a circle of which O 18 the centre. AC1sa
diameter and £/ BAC = 35°, - DBC =40° Fmnd £ ODC, ¢ ODB, giving your
reasons briefly

38 A circle touches a st=aight line AA’ at 1ts middle point O Chords OB, OC
are drawn making angles of 36° and 72° respectively with the tangent OA, and
chords OB’, OC’ making 36° and 72° with OA’

State which of the ares OB, BC, OB’, B'C’, CC’ are equal by reason of the
symmetry of the curve about 1ts diameter through O, also state which of them
ar@.equal for other reesons, giving proofs of their equality

[See next page
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«fa Witk centre A and radius AB a circle 1s
drawn. With centre B ard equal radius an arc
is drawn intersezting the first circle at C
Similarly from centre C the point D 18 deter-
mined, and from centre D the pommt E  Prove
that BAE 18 a straight line. (This shows how a
point may be obtained on a straight line ‘‘pro-
duced’” without the use of a straight edge )

8. On a fixed hne AB, 8 cm. long as base, construct a triangle ABC, whose

area shall be 24 sq cm , and vertical angle 63° Measure (1) the smallest angle,
(11) the radius of the circumeircle of the triangle.

6 AB s a diameter of a circle of radius 5 ¢cm. Draw a chord CD o: the circle
perpendicular to AB and 6 em 1n length  Also, through O, the point of inter-
section of AB and CD, draw a chord of the circle 8 cm. long  State the steps of
Your construction

7 A model of a house 18 made on a scale of 1 inch to 1 foot What are the
ratios of (1) the floor spaces, (11) the volumes, of the house and model?

8. Draw a circle of radius 5 cm. and take a pomnt O at a distanc~ of 10 cm
from 1ts centre From O draw a lie cutting the circle in P and @ such that P
18 the middle point of OQ

9. OAB, OC are the two arms of an angle (O, A, B being 1n one straight line)
If OA =2 1nches, OB =4 5 inches, OC =3 inches, show that the circle circum-
seribing ABC touches OC.

Paper 27.

1. Explain what you mean by ¢‘coneyclic points.” Give two sets of conditions
that would make four points concyclic.

2. Two concentric circles have radin § cm
and 3 cm Fimd by calculation the length of
the tangent drawn from any point on the outer 8
circle to the inner circle

A straight line ABCD cuts the outer circle at
A and D, and the inner circle at B and C. If
BC =3 6cm, calculate the length of AD.

8. Intheaccompanying diagram of a balance *
the beam 18 supported on a knife-edge at O, the
puinter OP 1s fizxed to the beam at right angles,
the tip of the pointer moves along the scale CD,
the scale pans hang from A and B.

OA=0B=4", OP=7", arcCD=3" c pl D

Calculate the angle through which the e
ypointer swings as P moves from C to D; also
find the vertical height through which each
scale pan moves.
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t4 A, B are points on the circumference of a circle whose cent e 18 C und
a circle 18 drawn throagh A, B, C  On the minor azc CB a point P 1s taken,
and AP produced to cut the other circle m Q@ Prove that
(1) £APB=2,AQ@B, (1) PQ=PB
5 Draw a straight ine OBC, making OB=2 5¢m , OC=6 { cm Through O
draw a line OA making the angle AOB=42° Then draw a circle passing
ti.ough B and C and touching OA  (Describe the steps of your construction )
6 In playing with pennies a boy observed that he could arrange six comns
round a centre one, each touching the centre one and two others Show the
possibility of “his by drawing a careful figure 1n which each circle has a radius
of 2cm  State clearly/how you determine the centres of the circles and what
help you get 1n this construction from considerations of symmetry, then justify
by general reasoning the method you have adopted.
7 Sketch plane figures for cutting out to form
(1) a rectangular box, dimensions 2", 3", 4",
(1) aprism 8cm long whose section 1s a triangle of sides 4e¢m,, 5¢m , 6em
(1) a wyramid, base 2" square, slant edges 3",
(1v) a cone, base radius 4 cm , height 10 em

8 OT 18 a tangent to a circle at T, and PQ 18 a diameter, OPQ being a

straight line, OP=2) and the radius of the circle 18 a —~) Prove that
OT?=(a+b)*~- (a-0)?

Simplify this expression, and deduce that OT*=0P ~ OQ

19. In the right-angled triangle ABC, BC 1s the hypotenuse and the side AB
15 double the side AC A square 1s deseribed on BC and 1s divided into two rcot-
angles by a line through A perpendicular to BC Prove that one rectangle 1s four
times the other
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Acute angle, obtuse angle, reflex angle. An angle less than a right angle
s said to be acute, an angle greater than a 11ght angle and less than two rigut
angles 18 sa1d to be obtuse, an angle greater than two and less than four right
angles 1s sa1d to be reflex vp 9, 157

Acute-angled triangle. A triangle which has all 1ts angles acute 1s called
an avute-angled trangle p 33 .

Adjacent angles. When three straight lines a1e drawn from a point, 1f one
of them 18 regarded as lying between the other two, the angles which this line
makes with the other two axre called adjacent angles

Alternate angles. p 24

Alternate segment. p 161

Altitude. See triangle, parallelogram.

Altitude of sun. p 16

Angle. When two straight lines are diawn from a point, they are said to
form, or contain, an angle The point 1s called the vertex ot the angle, and the
straiglt lines are called the arms of the angle p 6

Angle in a segment. An angle 1n a segment of a circle 15 the angle sub
tended by the chord of the segment at a point on the are p 138
angle in a semicircle. p 159
Angle of depression. p 38
Angle of elevation. p 16
Angle properties of circle. p 156.
Angles at a point. p 19
of a polygon. p 35
of a triangle. p 31
Axc of a circle pp 137,138
Area. p 103
Area of circle. p 110
curvilinear figure. p 103
parallelogram. p. 105
rectangle. p 104
rectilinear figure. ) 10Y
right-angled triangle. p 10<
similar figures. p 199
trapezium. p 108.
triangle. p 106
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Area theorems. p, 111.
Axes. p. 101.
Base. See tﬂanélr, »uanilelogram.
Base-line. p 109
Bearing. p. 15,
Pisect. Divide nto two equal parts
Centre of circle, To find. p 143
Chain. p 109
Chart exercises. pp 15, 11, and chart at end of book
Chord ofta circle p 141
Circle. A circle 13 a line, lying 1 a plane, such that all pomnts in the line
are equdistant from a certain fived point, called the centre of the circle The
fixed distance 13 called the radius of the circle. p 137
Circumcentre. The centre of a circle circumscribed about a triangle 1s
called the circumecentre of the triangle p 143
Circumfevence of a circle pp 137, 139
Circumscribed circle. p 143
Circumscribed polygon. pp. 152, 151
Coincide. p 59
Common tangents, exterior and interior. p 174
Concyclic. Pomnts which he on the same circle are said to be coneyclio.
p 167
Cone. pp. 122, 187, 204
Congruent. Figures which are equal m all respects are said to be congruent
p 5y
Congruent triangles. p 59
Constant angle locus. p 16%
Construct. p 76
Constructions -—angle equal to given angle. p 77
bisection of lines and angles. pp 77, 78
centre of circle. p 143
circumecircle. p 143
circumscribed polygon. p. 154
common tangents. p 171
constant angle locus. p 165
copying rectilinear figure. p 82
division of stra.ght line. pp 139, 191
equilateral triangle. p 47
ecuivalent triangle. p 110,
fourth vrovortional. b 194
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C mstrustions (continued) -—
inscribed circle. p 153.
intersection of loci. p. 98
isosceles triangle. p. 47
mean proportional. p. 202
parallelograms. p, 74
parallels. pp 28, 29, 81
pentagons. p. 51
perpendiculars. pp 29, 79, 80.
quadrilaterals. p 51
regular polygons. pp 37, 144, 1.5, 154
right-angled triangle. p. 48.
ruler and compass. p 70
special angles. p. 81
tangents. pp 150, 155
triangles. pp 43, 100

Contact of circles. p.171.

Converse. D. 63

Convex. p 37.

Co-ordinates. p. 100

Cor—esponding angles. p 23.

Cube, cuboid. pp. 1, 121, 206

Cyclic quadrilateral. A quadiilateral thiough whose vertices a cucle can
b~ described 18 called cyclic pp 160, 167,

Cylinder. p 204,

Definitions, Note on. p 69

Degree. p 9

Depression p 38

Diagonal. See quadrilateral.

Diameter. p. 137

Direction. p 5

Division of straight line. pp. 189, 191

Draw. p 76

Elevation. p 16.

Equiangular. This word 1s used 1n two senses —(1) a figure 18 said to be
equiangular when all 1ts angles are equal (p. 33), (1" two figures are said to be
equiangular when the angles of the one figure are equal respectively to the angles
of the other figure taken 1n the same order

Equilateral triangle. A triangle whicn has all 1ts sides equal 1s called an
equilateral trangle. pp. 33, 47.

Bquivalent. Figures which are equal m area are 3aid to be equiva'snt.
p. 106.
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Escribed circles of a triangle. p. 153,
Experimental work. p. 17.
Exterior angle of cyclic quadrilateral. p. 160.
polygon. p 37.
triangle. p 34.

Tourth proportional. If : 18 such a magmtude that ¢ b= ¢ r, then 118
called the fourth proportional to the three magmtudes a, b, ¢. p 194.

Framework. p 50.

Height. See triangle, parallelogram.

Height~ and distan)el. pp 16, 39

Heptagon, hexagon. Sce pentagon.

Hypotenuse. See right-angled triangle.

Image. p 86

Inscribed circle of a polygon. p. 152

Inscribed circle of a fiiangle p. 153

Inscribed polygon. p. 143.

Intersecting chords. p 197

Isosceles trapezium. See trapezium.

Isosceles triangle. A tuangle which has two of 1ts sides equal 15 ca'led an
1905¢eles triangle  pp 33, 47, 62, 86

Kite. p 87

Length of chord. p 146

tangent. p 151
L mit. pp 149, 161
Loc., Intersection of. p 98

Locus. 1if a point moves so as to satisfy certain conditions, .e path traced
out by tue point 1s called its locus. p 95

Major arc, minor are. p 137
Major segr .nt, minor segment. p 158

Mean proportional. If t 1s such a magmtude that @ ¢ = ¢ b, then v 19
called the mean proportional between a and b. p 202

Measurement, More exact. p 38
of angles. p. 9
of straight lines. p 2
Median. See triangle.
Mid-point theorems. p 72
Miscellaneous exercises A. p 52
B. p. 125.
C. n 209
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Ob.use angle. See acute angle.

Obtuse-angled triangle. A triangle which has one of 1ts angles an obtuse
angle 18 called an obtuse-angled triangle, p. 33.

Octagon. See pentagon.

Offsets. p. 109

Origin. p 101

Parallel straight lines are straight lines in the same plane, which do not
meet however far they are produced in either direction p 22

Parallelogram. A quadrilateral with 1ts opposite sides parallel 1s called a
paranelogiam p 07

Any side of a parallelogram may be taken as the base. The perpendicular
distance between the base and the opposite (parallel) side 13 called the height,
or altitude. p 106.

Pentagon, hexagon, heptagon, octagon, etc —a polygon of 5, 6, 7, 8,
sides, 5-gon, 6-gon, 7-gon, 8-gon pp 36, 37, 51, 144, 154

Perimeter. The perimeter of a figure 13 the sum of 1ts sides.

Perpendicular. See right angle.

Polygon. A plane figure bounded by straight lines 1s called a polygon, o1, a
rectilinear figure pp. 36, 37, 51, 114, 154

Projsction. The projection of a point on a line (o1 plane) 1s the foot of the
perpendicular from the pomnt to the line (or plane)
The projection of a line is the locus of the projection of the points of that line

Proof, Meaning of. p 31.

Proportion. p 194

Proportional compasses. p. 184

Proportional division. p 192

Protractor. pp 10, 138.

Pyramid. pp 188, 204-207

Pythagoras’ the®rem. p 116

Quadrant of a circle 18 the part of the circle between two perpuadicular radu

Quadrilateral. A plane figure bounded by four straight lines 18 called a
quadnlateral pp 36, 50, 51, 110, 160, 167.

The straight lines which join opposite corners of a quadrilateral aie called 1ts
diagonals.

Radius. See circle. p. 137
Ratio. pp 177, 190.
Note on equal. p. 192,
Rectangle. p 70
Rectilinear figure. A figure bounded by straight lines. p 82
Re-entrant. p 37
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Reflex angle. p. 157 See acute angle.

Regular polygon. A polygon which has all its sides equal and all 1ts angles
equal 18 celled a regulalr polygon pp. 36, 144, 154,

p 55.

B. p. 130
C. p.?218

Rhombus. ‘A parallelogram which has two adjacent sides equal 15 called a
rhombus pp 70, 88

Revision papers A

Right angle, perpendicular. When one straight line stands on another
straight line and makes he adjacent angles equal, each of the angles 1s ca.led
a right angle, and the two straight lines are said to be at right angles, or per-
pendicular to one another

R!ght-angled.triangle. A triangle which has one of 1ts angles a right angle
15 called a mght-angled triangle
The side opposite the right angle 18 called the hypotenuse. pp 33, 48

Rotation. p 23
Ruler and compass constructions p. 76
Scale, Choice of. p 14.
8cale drawing. pp 13, 38, 93.
' Notes on. p. 39

+ Scaxene triangle. A triangle which has no two of 1ts sides equal 1s called a
scalene tnangle p 33

Bector of a circle p. 141

Segment of a cuzcle pp 141, 158 Angle 1n a segment. Sce p 153

Semuacircle. p 137.

Similar figures. p 178

Simila- triangles. p 181

Solid figures. pp 121, 122, 147, 187, 188, 201, 204-208

Sphere. pp 1'7, 204

8quare. }1. 70.

Subtend. It P 13 a point outside a line AB (curved or straight), £ APB 15 the
angle which AB subtends at P p 38

Supplementary angles. When the sum of two angles 18 equal to two right”
angles, each 1s called the supplement of the other, 01 18 sa1d to be supplementary
to the other p 19

Symmetry. p 84

Tangent. A tangent to a circle 1s a straight line which, however far 1t may be
produced, has one point, and one only, in common with the cirele. pp 141, 149

The tangent 1s sa1d to touch the cirele, the common point 1s called the point
of coptact.
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1angents, Common. p, 174,
Tetrahedron. A solid with four triangular faces py. 204-207.
Theorems proved :—
8. Angle sum of a triangle. p, 32.
12, 13 Isosceles triangle. p. 62,
20, 21. Parallelograms. p 67.
22, 23. DpIid-point theorems. p 72,
25, 26, 28. Area theorems. p 111.
29 Pythagoras. p 117.
36, Perpendicular on a chord of a circle. p 142
43, Contact of circles. p 172.
44 Angle at centre and circumference. p. 156
45 Angles in the same segment. p. 158
47 Cyclic quadrilateral. p. 160
51 Alternate segment theorem. p 162
59 Rectangle properties of a circle. p 197
60 Mean proportional. p. 202
Touch. pp 141, 149, 171
Translation. p 23
Trapezium. A quadiilateral which has only one pair of sides parallel 18

called a trapezium A trapezium in which the sides that are not para.iel are
equal 18 called an isosceles trapezium p 108

Triangle. A plane figure bounded by three straight lines 1s called a triangle
p. 31

Any side of a triangle may be taken as base. The straight line drawr pe.-
pendicular to the base from the opposite vertex 1s called the height, or aititude.

The straight line joming a vertex of a triangle to the midyooint of the
opposite side 18 called a median.

Vertically opposite angles. The opposite angles made by two intersecting
straight lines are called vertically opposite angles (vertically opposite because
they have the same vertex). p. 20.

Vertices. The corners of a triangle or polygon are called 1ts vertices

Volume of similar figures. p 201.
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