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PREFACE

HILE lecturing in 1913 on the calculation of self and mutual
induction, the writer noticed that the integral in the case of co-
axial circles was of such a form as to make the application of the
arithmetico-geometrical means obvious. An extremely elegant formula
(Proc. Roy. Soc. A, Vol. c. 1921, p. 63. Appendix, this book, No. 35)
when put to numerical test justified the method as one well adapted to
computation. The calculation of more complex cases of self and mutual
induction led to several interesting formulae for the complete third
elliptic integral. With a view to making a complete study of the group
of recurrence formulae associated with the a.a.M. scales, further work
was postponed until a vacation in 1921, when many of the results in-
cluded in this book were obtained, and were thought by the “writer to
be new. On later consulting the Collected Works of Legendre, Gauss
and Jacobi, the writer found that he had rediscovered many known
formulae, but that quite a number, likely to be of service in computation,
appeared to be hitherto unknown. In the summer of 1922 the writer
decided, as a vacation task, to include in a single monograph the entire
theory of elliptic functions associated with the A.a.M. scales, thus com-
pleting, and to some extent adding to, the work of Gauss left unpublished
after his death, and placing before mathematicians in accessible form
a mode of approach to Elliptic Function Theory directly related to the
art of machine-computation. It is interesting to note in this connection
that this subject was to have formed the content of the third volume
of Halphen’s Fonctions Elliptiques, unfortunately left incomple* at the
time of his death. "t
While the present monograph contains many new formulse and
methods of computation, no claim is made as to novelty in fundamental
analytical treatment. References to more important books and memoirs
consulted by the author are given in foot-notes. A complete bibliography
is not given since the reader will find exhaustive references in the Royal
Society Index, 1800-1900, Vol. I, Mathematics, and after 1900 in t
mathematical volumes of the Infernational Catalogue of Seienti
Literature.
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The author desires to express his thanks to his late mathematical col-
league, Professor James Harkness of McGill University, for reading over
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ON THE DIRECT NUMERICAL CALCULATION
OF ELLIPTIG -FUNCTIONS AND INTEGRALS

SECTION I
INTRODUCTION

AvrtiiougH the numerical evaluation of elliptic functions and integrals
is dealt with in many of the standard treatises, it cannot be said that
the use of tables is entirely satisfactory in dealing with computations
required in several branches of physics and astronomy. Many of the
integrals appearing in these problems can only be expressed as some-
what complicated expressions involving the complete elliptic integrals
of the first and second kinds, and the corresponding functions of com-
plementary modulus. These formulac give rise in many cases to
differences of nearly equal quantities: the numerical calculation of such
expressions to a sufficient number of significant figures is thus often a
matter of some difficulty, requiring tedious and sometimes uncertain
interpolations.

While the numerical calculation of the Theta-functions is extremely
rapid by the use of the highly convergent series involving the nome ¢,
these are not usually the functions which make their appearance directly
in physical or astronomical problems. 'The necessary transformations
required to express the results in terms of the ¢-series require in many
cases somewhat complicated analysis, while numerical computation by
this method necessitates the exact calculation of a large number of
auxiliary quantities®.

The forthcoming tables in course of construction under the auspices
of the British Associationt are so arranged as to allow a large number
of functions to be evaluated, and will very greatly aid numerical work
in many practical problems involving the use of elliptic integrals and
functions. While sufficient for most purposes, the use of these tables
will still involve considerable interpolation when it is required to take
out values corresponding to arguments and moduli expressed by six or

* On this point see Rosa, E. H., and Grover, F. N., Bulletin 169, Bureau of Stan-
dards, Washington (1913), pp. 67 and 73; Nagaoka, H., T'ok. Coll. Sc. J. 27 (1909),
No. 6, and Jour. Tok. Math. Phys. Soc. 4 (1908), p. 284; 6 (1911), p. 10; Nagaoka and
Sakurai, Scientific Pupers of the Institute of Physical and Chemical Research, Vol. 11,
Dec. 1922, pp. 1-67; Olshausen, G. R., Phys. Rev. 51 (Dec. 1910), pp. 617-636.

t See report (by Sir A. G. Greenhill), Brit. dss. Report, 1912 (Dundec), pp.
39-55.
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2 INTRODUCTION

seven significant figures, as is now necessary in several modern applica-
tions of elliptic functions.

For several reasons it is advantageous to have available a direct
method of computation, independent of auxiliary tables, based on the
use of the modern high-speed calculating machine. The writer has
therefore thought it desirable to set out in detail the method of
calculation based on Landen’s quadric transformation and the use of
the scale of arithmetico-geometrical means, recapitulating briefly the
original developments of Lagrange, Legendre, Gauss, Jacobi and others,
extending them in several directions and keeping in mind the ultimate
use of the calculating machine for numerical work.

SECTION II

HISTORICAL NOTE ON LANDEN’S TRANSFORMATION AND
THE VARIOUS SCALES OF MODULI AND AMPLITUDES

The importance of realizing rapid and accurate methods of calculating
the elliptic integrals now denoted by

u=F(, £)= [ a8/ (4, k) and B, B)= [ 8 (b, B)db ..(1),

where A (¢, k)= /(1 -Asin* ¢),

was first remarked by Euler* (1766), although it was not until several
years later that Landent (1775) discovered in geometrical form the
transformation which forms the basis of the existing methods of the
numerical calculation of the elliptic integrals.

A method of successive transformations for the ultimate reduction of
the algebraic forms of these integrals to elementary integrals was pub-
lished by Lagrange} in 1784-85. This memoir contains an exposition of
the scales of arithmetico-geometrical means, together with two types of
algebraic transformations corresponding to the increasing and diminishing
amplitudes of Landen’s trigonometrical forms: it is shown that the
given integral must lie between two limits which may be made to
approach each other as closely as may be desired: the limits thus ob-

* Fuler, Novi Comm. Acad. Sc. Petrop. vol. x. 1766.

+ Landen, Plul. Trans. Roy. Soc. vol. r.xv. p. 283, 1775; Mathematical Memotrs,
London, 1780.

$ Lagrange, * Sur une nouvelle méthode de calcul intégral pour les différentielles
affectées d’un radical carré sous lequel la variable ne punsse pas le quatriéme degré,”
Mém. de U.dcad. roy. des Se. de Turin, t. 11, 1784-5; (Kuvies (Gauthier-Villars, Paris,
1868), t. 11. pp. 253-312.
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tained for the integrals of the first and second kinds are practically
identical with the limits and series obtained about the same time by
Legendre.

Landen’s transformation was applied by Legendre* to the numerical
calculation of the elliptic integrals, and furnished the method of com-
putation by means of which the latter’s well-known tables were con-
structed. The scales of moduli and amplitudes employed by Legendre
are briefly described below.

If we form successive moduli and amplitudes according to the
recurrence formulae

ko =(1—E)/(L+4)) and tan (¢pe) - o) =k, tan , ...(2),
Landen’s transformation in trigonometrical form leads to the result
F(buit bni) =L+ k) F(bpy kn) covenne cennnnn (3).

As n increases, the successive moduli %, converge to zero, and the
complementary moduli £,' to unity, while the amplitudes increase so
that ¢,/2" tends rapidly to a definite limit: ultimately we may write
F (¢, k) = ¢, and thus obtain the result

F (o, k)= (2K/r) 6,/2", where K =4m(1+k)(1+ky) ... (1 +ky)

The result of calculating successive moduli and amplitudes in reverse
order is equivalent to calculating in forward order these quantities
according to the recurrence formulae

kni1 =2k /(1 + k) and sin (2,40 — ¥n) =k sinyg, ...(5).
This transformation then gives

FWuny knr) =3 (1 + k) FWny £2) coveverennnn. (6).

As n increases the successive moduli 4,., converge to unity and the
amplitudes to a limit y,: we thus obtain, when = is sufficiently large,

¥n
By )= [ se0 Yadgs = log tan (-4 3) -oern (T,
0
giving finally
F(y, k) = Jilohy ... ku)[ Sy log tan (Yo + 3yn)  ...(8).
Legendre also developed for purposes of numerical calculation extremely
convergent series for £ (¢, £) which he employed in the tabulation of
this function.
* Legendre, ‘‘Mémoire sur les intégrations par arcs d’ellipse” and ‘¢ 8econd
mémoire, ete.,” Mém, de UAcad. des Sciences de Paris, ann. 1786 (Pans, 1788),

pp. 616-643 and 644-683; Traité des Fonctions Elliptiques, Paris, 1825, t. 1.
p- 79 et seq.

12



4 NOTE ON LANDEN’S TRANSFORMATION

The method discovered independently by Gauss and called by him
the ““algorithm of the arithmetico-geometrical mean” originated in
connection with the evaluation of complete elliptic integrals arising
from a problem in attractions required in planetary theory*: in a note he
mentions that the results were obtained by him as part of & more com-
prehensive theory, independently of the results of Lagrange and Legendre
with which they are closely connected. (auss employed a trigono-
metrical transformation along the following lines.

Commencing with two numbers (a,, b,), successive numbers (., b,)
are calculated from the recurrence formulae,

Unpr =% (@ +0y), bnyr= (@ 0y) -« ooiennnl, (9).

Writing A, = ./(a,cos® ¢, +b,2sin® ¢,), Gauss employs the recurrence

formula
a, tan ¢y =42y, tan @,

or tan @, ., = tan @, A/ (@uia/ctn) . N (bn + B,)/ N (@0 + Ay) ...(10).
From the relation

tan ¢, = (8,4, ... A, ) /(@ - @y L) L tan @,
we have ultimately, since the ¢’s tend to a limit ¢,,

. /0 g do/By = Pu/tn,

and hence
a,.fﬁo dpo /A, =tan' [(A,4,... 8, )/(ta, ... a, ...). tan ¢ ] ...(11).
0

Extremely convergent series for the elliptic integral of the second
kind were also obtained by Gauss. The application of this method to
the numerical calculation of the elliptic integrals was considered by
Jacobi some years latert.

In the course of rescarches carried out between 1797 and 1808, but
not published until after his death considerably later I, GGauss developed
the theory of clliptic functions to a remarkable extent and derived a
large number of formulae which, at a later date, were obtained inde-
pendently by Abel and Jacobi and which are now associated with the

* (3auss, ‘‘ Determinatio Attractionis quam in Punctum quodvis Positionis datae
exerceret Planeta, ete.,” Comm. Gott. Soc. Reg. Scient. 1v. 1818; Ges. Werke
(Gottingen, 1866), Bd. 11, pp. 331-355. The note mentioned above is dated Feb, 9,
1818; Ges. Werke, Bd. 11, pp. 357-360.

+ Jacobi, Fundamenta Nova, 1829, sections 38 and 52 ; Ges. Werke (Berlin, 1881),
Bd. 1. pp. 154and 203. Also ‘*Numerische Berechnung der Elliptischen Functionen,”

Crelle, Bd. xxvi. pp. 93-114; Ges. Werke (1861), Bd. 1. pp. 845-368.
I Gauss, Ges. Werke (1866), Bd. 111, pp. 361-403 and 433-469.
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theory of the Theta-functions. In one of these posthumous papers, Gaus:
employs the recurrence formula tan 2¢, = \/(bys1/@n+1) tan ¢y,,, which
is much more convenient for purposes of numerical calculation than (10).
The last mentioned method is considerably simpler than that of
Legendre’s scales of moduli, especially when a calculating machine is
available, although in theory these two methods of computation are
practically identical.

Although a few formulae based on the scales of arithmetico-geometrical
means were briefly considered by Jacobit, no attempt seems to have been
made by him to apply the results to actual computation.

As the method of evaluating the elliptic functions by the use of the
A.G.M. scales is only briefly dealt with in existing text-books {, and does
not seem to have been developed to the extent it deserves in various
memoirs which have appeared on the subject in recent years, a tolerably
full account of the subject is given in the present book, together with
a brief outline of the main analytical steps. Several new formulae have
been obtained by the writer which facilitate the application of this
method of numerical computation and considerably extend its scope.

From the point of view of pure analysis, the modern Weierstrassian
notation presents many advantages in regard to elegance and symmetry,
a superiority which no longer holds, however, when it is required to
proceed to numerical evaluation. As the main point of the present
paper is concerned with improvements in methods of computation, the
older Jacobian notation has been adhered to as far as possible, especially
as it expresses most readily the elliptic functions and integrals which
arise from integrations involving circular and hyperbolic functions. The
results are set out in such a manner as to provide a fairly complete
compendium of formulae intended to be of service to the computer in
reducing to numerical results such expressionsinvolving elliptic functions
and integrals as may arise in physical and astronomical problems.

* Gauss, loc. cit. p. 388.

+ Jacobi, Ges. Werke (1881), p. 357.

1 Cayley, A., Elliptic Functions, 2nd Ed. (G. Bell and Sons, London, 1895),
pp. 326-338; Enneper-Muller, Elliptische Functionen (2nd ed. 1890), pp. 861-364 ;
Tannery-Molk, Fonctions Elliptiques, t. 1v. 1902, pp. 269-275. According to a foot-
note 1n Halphen’s Fonctions Elliptiques, t. 11. 1888, p. 310, the subject of the

arithmetico-geometrical mean was to have received special attention in the author’s
third volume, unfortunately incomplete at the time of his death.
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SECTION III

ON THE SCALE OF ARITHMETICO-GEOMETRICAL MEANS

In forming the scale of arithmetico-geometrical means, we start with
the positive numbers (¢, b,), of which a, is the greater, and form
successively

a, = %(ao"'bo), b= \/(aobo)’ cl=%(a0_b0)
aﬂ:%(al"'bl)’ by = N/(albl)’ cz"%(“x"‘bl) ( )
............... . ..(12).

A= %(an—l + bn..l) bn.:_“: :/.(.;n—lbn—l) Cp= %(an—l - bn—l)

We obviously have the relations

@p = Aniy + Cptay ol = ay’ — by’
g g tomm = c’,._,} ............ (13).
The a’s and b’s tend to the same limit denoted by
M(ag, b)=lm ty..cveervennnnaannennnne (14)

with extraordinary rapidity, even when a, and b, are initially numbers
of very different magnitudes*.

We notice in passing that A (a., b,) satisfies a homogeneity relation
of the form

M (ay, bo)=M (e, €bg) .ovv wenvvnnnnnns (15),
¢ being any number. The array of numbers (12) will be referred to as
the “scale of arithmetico-geometrical means (a,, b,),” or more briefly
as the a.a.M. scale (a,, b,). Also, the limit M (a,, b,) will be denoted
by a., as long as by so doing no ambiguity is involved.

If we calculate in the same way an array of numbers commencing
with {a, = a,, b, =¢,= /(a’-b")}, we derive what will be called the
“complementary A.G.M. scale (a,, b,),” the symbols being in this case
denoted by accented letters, and the limit M (a,, b,") by a.'.

* The usual arithmetical process of extracting square roots is easily adapted to
most caloulating machines of modern type. An account of these is given in
Modern Instruments and Methods of Calculation, edited by E. M. Horseburgh
(London, G. Bell and Sons, 1914); also by d’Ocagne, Le Calcul Sumplifié (Gauthier-
Villars, Paris, 1905). In carrying out the process the work is considerably shortened
by keeping in mind the rule that if the first p digits out of the number =
required in the square root have been obtained by the usual process, the next
p - 1digits can be obtained by division only, with a possible error of 1 in the last digit
(Chrystal’s Algebra, Part 1. 5th ed. 1904, p. 210). To illustrate the rapid convergence
of the A.a.M. soales, Gauss works out an example starting with ag=1 and bp=0-2:
ag and b; are represented by the same number to fifteen significant figures.
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It is obvious that the operations of the A.a.M. scale may be carried
out backwards : if the entries are denoted by negative suffixes, they
are connected with those of the complementary scale by the relations

a.,=2"a,, b_.=2%,, Cn=2"0, ceeune... (16).

These relations evidently hold good when accented and unaccented
symbols are interchanged. As a result of these relations it will be
seen that there is no advantage to be gained from considering any other
than the a.a.M. scale of positive suffixes (ay, b,) and the corresponding
complementary scale (a., b,).

SECTION 1V

LANDEN’S SCALE OF INCREASING AMPLITUDES
(1) Calculation of the Elliptic Integrals of the First and Second
kinds, modulus k.
If we write A, = /(a.?cos’¢, + b,2sin’¢,), the recurrence formula
tan (ppy— Pn)=(pfay) tan e, ... .......... 17)
may be written in either of the forms
8in (26 = Pr11) = (Cat1/Un ) 81N Py
€08 (26, — Pry1) = Apr/@psr oovves (18).
From these we derive
BApyr +Cns1COSPri =48, and Apyy—Cpyy COShpyy = AnbafA, ...(19),
which give on differentiation,
dpo/Bo=3ddy /A, = L depo/Bg= ... = (B dpufBp= ... ...... (20).
From the relation
A%+ €1 Bp 1008 bri =3 A7 + 30y,
we obtain, making use of (20),
Anddy = Bpirdpnsy = Cnii COS Pp i1 Abnis — Anbndpn[By .. .(21).
Subtracting from each side the identity
A, /Dy — iy ddps1/Bair= %cn’zd‘f’n/An — anbpds/Ay .. (22)
we obtain
(an- ana/An)d‘l’n - (Bpsr— a2u+)/An+l)d¢n+x
= Cn41CO8 By 1@bni1 — § Ca’dba/An ...(23).
Writing down a series of such equations, commencing with » = 0,
and noting that as » increases, (A, - ¢,?/A,) tends to zero in the limit,
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we have, on integrating,

L%Aod% - ao"/:o depo/Ag =€, 8Ny + C;SIN Py + ... +C, 8IN Py + ...
—3(el+ 202+ 4ok + ... + 27,2+ ...) fo ® 2o/ By .o (24).

If we now construct the A.c.M. scale (¢,=1, b,=#'), and calculate
successive amplitudes commencing with ¢,=¢, we have A,=A (¢, k).
As n increases, the a’s and »’s tend to the same limit a,, while the
angle ¢,/2" tends to a finite limit. We thus obtain from (20) and (24),

w=F(p, k)=(1/ay) ($a/2") cccovirrrirrrnnn. (25),
H(p, k)—F (b, b)=(c;8in g, + ¢,8in gy + ... + ¢y 5in by, + ...)
=3+ 2 +4c + o + 2%+ L) F (P, k) e (26).
If we commence with ¢,= 4, we have
b=, ¢y~ 2m, Py=A4mw... $,/2" = }m,
8o that K =}r/a,, and
(K-E)K=4(c?+ 2 +4e2+ ... +2"¢ +...) oonn. (27).

The series (24) and (27) converge with extreme rapidity, resembling
in this respect the ¢-series with which they are closely connected *.

Jacobi’s integral Z (¢, £) is defined by the relation

Z(d, b)=E(d, k)-(BIK)F($p, k). .... . ...(28)
or, if the angle ¢ is connected with the argument » by the relation
sin ¢ =sn (u, F),

7 (u, B) = fo “dn® (u, K dw— (BIK) ... ... (29).

From (26) and (27) we derive the expansion
Z(d,k)=ci8in gy + cysinpg+ ... +Cusinp+ ... ...(30).
In terms of Jacobi’s Theta-function ® (u, k),

[ 7By du= [ 73, 1) a9/ (9, £ =log [0 (w, £Y0 (0, B)] ...(31)
where ©(0, k) = JRKFE/T) weveeeeeeereannn, (32).

* These relations are discussed by Legendre (Traité des Fonctions Elliptiques,
t. 11, Deuxiéme Supplément, 1828, p. 111 et seq.). On the connection between the
A.0.M. scale and the modern transformation theory of the Theta-functions, see
Tannery and Molk, Fonctions Elliptiques, t. 1v. 1902, note 2, pp. 269-273. A develop-
ment of the theory of the Theta-functions based on Legendre’s scales of moduli is
outlined by Richelot, Correspondenz mit Herrn Professor Schriter (K6nigsberg,
1868). See Examples 19-24 of the Appendix.
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From (20) we have d¢/A (¢, k) =(})"ddn/A,, so that the series (30)
enables us to write

ot Pn
/: Z($ )9/ ($,K) = % (e/2") /0 i udeb/Bo.
On integrating and making use of (19) and (18), we obtain
bn
L 8in ¢pdpa/A, = (1/cy) log (an-1/Bn-y) = (1/cs) log sec (2¢n-3 — Pn-1),

leading to the expansions*

/ " Z (k) du=F ()" 10g (@n-s/Bnes) crrrreren (33),
or 0 1
log [0 (u, £)/® (0, )] = } log (a,/A,) + } log sec (24, — ¢1)
+3logsec (2, —g) + ... + (3)" log sec (2pp_y — Pu) + ov ... (34).
In the series (84) it is more convenient to write
@/ Ay =08 (b, — P,)/c0s P,
for purposes of numerical calculation.

(1) Calculation of the Jacobiun Functions sn (u, k), en (u, k), dn (u, k)
ete. in terms of the argument u.

When the argument » is given and the modulus % is known, it is
only necessary to compute the A.a.M. scale (a,=1, b,=F) to such a
value of # that ¢, is less than the small quantity determining the order
of accuracy of the calculations. Siuce » = /'(¢, k), equation (25) enables
us to calculate in circular measure the angle ¢, from the relation

B =@yl e, (35).

From the recurrence formula (18),

sin (2¢y,_, - ‘bn) = (cn/“n) sin ¢y,
we are enabled to calculate successively the angles ¢n—; ... ¢, ¢, and
finally ¢,, in terms of which
sn (u, k) =sind,, cn(u, £)=cos¢,, dn(u, k)=2A,= cos ¢/cos (¢ — &,)
...... (86).
Z (u, k) may then be computed from the series (30), and ® (%, k) from
formulae (32) and (34).

* Formulae (30), (33) and (34) are practically the same as those given by Legendre
(Traité des Fonctions Elliptiques, t. 1. section 90), and are contained implicitly in
formulae given in Gauss’ posthumous papers. Formula (34) is equivalent to that

given by Jacobi (Crelle, Bd. xxvi. pp. 93-114; Gesammelte Werke (1881), Bd. 1r.
p. 857).
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SECTION V

THE HYPERBOLIC SCALE OF INCREASING AMPLITUDES
(1) Calculation of the Elliptic Integrals of the First and Second
kinds, modulus k'

Writing i¢, for ¢, throughout the formulae (17) to (24), we obtain,
instead of (17),
tanh (¢n,, — ¢s) = (bs/a,) tanh @y, .....ooeneenn. (87),

which may also be written
sinh (2¢, — $441) = (Cr41/@n41) sinh bpyy, €0sh (2, — Pryy) = Bpsa/Bnsy

If we denote A, = ,/(a.’cosh? ¢, — b, sinh? ¢,), it is easily proved, as
before, that
depo/B= §d¢l/Al ={deo/By=... = (%)ndd’n/An: --'(39)

from which it follows that as » increases, we have in the limit,

/(’)"50 d¢0/ B, = (1/ a,) ($./2").

If we now write

sinh do=tan ¢ ...oeevevvunenneiennnn (40)
it is easily proved that
Bo=A(p, K)jcos b, dby/do=dd/A (b, k) ceven... (41),
80 that
u=F($, k)= (1/ay) ($a/2") oorrirrirnnrnn (42).

Formula (24) becomes,
¢ #
jo ’ Ayd,-a? fo od<i>0/A0 =(¢;sinh ¢, + ¢ sinh ¢y + ... + ¢y 8inh dp + ...)

é
=3 (c?+ 207 +4¢ + ... +2%¢,2 + )f °d¢o/A0 ...(43).
0
It is easily shown that
®ad ~[¢A( ¥)dg/cos®
/0 0 ¢o— o ¢: ) ¢/COS ¢
- f dn? (u, ) dujon’ (u, ¥) = f dn? (i, &) du,
0 0
or in terms of the Z-function of imaginary argument,
@
f *Agddbo = (1/3) Z (iuy k) + (E| K) u.
0

Substituting in (43), and making use of (27), we derive the series,
corresponding to that of (30),

(1/0) Z(iu, k) =c¢,sinh ¢, + ¢y sinh ¢, + ... + cusinh g + ... ... (44).
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The following formula, corresponding to (34), easily follows by
integration,

in which we may conveniently write @,/A, = cosh (¢, — &,)/cosh ¢,.
From (42) we easily deduce the relations,
(1/2) sn (¢u, k)=sn (u, £')/cn (u, &) =sinh ¢,
cn (tu, k) = 1/cn (u, &) = cosh ¢,
dn (¢u, k)= dn (u, ¥')/cn (u, &) = A, = cosh ¢,/cosh (¢, — ¢,)

Making use of Jacobi’s well-known relation in the form
Z(u, k) =sn (u, &) dn (u, ¥)/cn (u, k') — 7u/(2KK ") + iZ (iu, k)

...... 47
we have from (28) and (46)

E($,k)-(£'|K)F($, k)
=ginh ¢,/cosh (¢, — o) — 7 F (¢, £)/(2KK') + 1 Z (iu, k).
Noting that Legendre’s relation gives
EK + E'[K' —1=}n/(KK") ..... .ooon (48)
we obtain from (27)
E (¢, ) =sinh ¢,/cosh (¢, — o) + (1 — E/K) F'(b, k) +iZ (iu, k),
or, finally, making use of (27), (42) and (44),
E (¢, k') = sinh ¢o/cosh (¢, — ¢,)
+ el + 26 + ... + 2%¢,2 + ... ) (1]a,) (9a/27)
—(c;sinh @, + ¢, 8inh ¢y + ... + ¢, sinh ¢p + ...) ...(49).

(ii) Calculation of the Jacobian Functions su(u, k'), cn(u, k),
dn (u, %), etc. in terms of the argument u.

Compute the A.a.M. scale (a,=1, b,=£") and calculate ¢, from the
relation ¢, =2"a,u, n being such that c, is less than the small quantity
determining the order of accuracy of the calculations. The hyperbolic
recurrence formula

sinh (2¢,—; — Pn) = (¢a/a,) 8inh &,
enables us to calculate successively ¢n_, ... s, ¢1, and finally ¢, in
terms of which we have from (46)

......

Z (u, k') may then be calculated from (47) and (44).



12 HYPERBOLIC SCALE OF INCREASING AMPLITUDES

(iii) Calculation of the Jucobian Functions of imaginery arqument,
sn (¢, k), en (2u, k), dn (iu, k), ete.

The procedure outlined above, together with equations (46), obviously
enables us to calculate the Jacobian functions of imaginary argument
and modulus £, while formulae (44) and (45) serve for the functions
Z (¢u, k) and O (du, k).

SECTION VI
GAUSS’ SCALE OF INCREASING AMPLITUDES

(i) Circular Scale.

In connection with the A.a.M. scale, Gauss made use of the recurrence
formula *
tan Xn+1 = J(an+|/bn;+1) tan 2x,, ............... (51)
It is easily proved that the above formula is connected with Landen’s
scale (17) by the relation

tan x, = Nf/(bafay) tan @y oeeeeivenininil (52)

Pra1 = P = 2Xn=1 cererrrer ciieiinriiians (53).

In the limit, as » tends to infinity, (b,/a,) approaches unity, so that
x» and ¢, both tend to the same limit. It thus follows from (25) that
if we form the A.a.M. scale (a, = 1, b,=£'), and starting with x, deter-
mined by tan x, -- /(by/a@,) tan ¢, compute successively xi, Xey -+ Xn -+ »

we have
F (b, k) =(1/a,) (af2") covvvninnnnn (54).
From (52) and (53) it is a simple matter to derive successively
b1y Dy ... Py ... for use in the formulae of Section IV. When these angles
are required, it is, however, simpler to make direct use of Landen’s
recurrence formula (17) or (18).

(i) Hyperbolic Scale.
It is evident that formulac (51) and (52) may be written in the
hyperbolic form

or

tanh xp+1= /(dns1/Ons) tanh 2x, ool (55),
tanh x, = J/(bsfas) tanh @, ..ol (56).

* Gauss, Ges. Werke (1866), Bd. 1. p. 388. To compare Gauss’ results with
those of the present paper we note that ¢,=2"P", x,=2"U"*., It then appears
(p. 892) that formula (26) of the present book was also obtained by Gauss, inde-
pendently of Legendre (foot-note on p. 9).
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As n increases indefinitely, x» and ¢, tend to the same limit, so that

if we write
tan¢p=sinh¢, or sinp=tanh¢,............... 37)

it follows from (42) that
F (¢, k)= (1/a) ($a/2") = (1/a,) (xa/2") -+ -+ -.-(58).
Noting that, as before,
Prir— Pn = 2Xn-1 e eretteeees eees (59)

it is a simple matter to derive successively ¢, ¢, ... ¢, ... for use in
the formulae of Section V. In such cases, however, it is simpler to
make direct use of the hyperbolic recurrence formulae (37) or (38).

(ii1) Calculation of K'y, E' and the nome ¢ -=¢-"KIK,

If we write ¢ =1, it follows from (57) that tanh ¢,=1, and from
(56) that tanh x, = /(by/a,). From (55) we deduce that

tanh 2x, = b,/a,, tanh 2x, = by/a,, ... tanh 2x, = by /dy,,

and thus  2x, = $1og {(@nsi+ b 1)/ (@i — by i)} = § log (usafCuss)
or (xu/2™) = ()" log (a4 of Cuy)s

It follows from (58) that as » is indefinitely increased, ()" log (@,/c,)
tends to a finite limit given by

@ B (37, k) = 3= K'|K - §log (1/¢) == (1) log (a./ey) .. (60).
Making use of the relation (13), «,c,- }e*,_1, we have
log (@a/c.) = 2 log (2a,/a.,) + 2 log (y_1/c,a-y),

which gives by successive application,
log (au/ry) -

2log (2w4/tn-) + 4log (20, _1/t-s) + . +2"log (20,/a,) + 2 log (a,/e,).

Inverting the order of the series, we obtain

(3)* log (anfen) = log (wfe,) + Tog 2 {1+ 5+ 1 + ...+ (3)*Y)

+log (a/a,) + 4 log (aofar) + .. + (3)"" log (an/an_,).

As 7 is increased indefinitely we obtain the series

an K’ =3 log (afe,) — é ) log (apftn,y) ... (61).
Making use of Legendre’s relation (48) in the form
E=-=(1-EK)K +a,
and using (27), we obtain the following useful formulae,
"= 1 (L) (62 + 2e® + 4¢P+ +2%, + .. )
x {log (4a/ey) =log (aJa) — 4 log (afet,) — |+ by ... (62),
K -E=}1/d,)(1 =}t = =202~ .. —2""1¢,2~...)
x {log (4e,/c,) ~log (@, /;) — § log (arfaty) - ...} —ay ..... (63)
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for the calculation of the complete elliptic integrals of complementary
modulus in terms of the A.a.M. scale (a, =1, b, = k).

The nome ¢ is defined by the relation log (1/¢) =X’/ K, from which
it follows that

log 4 = 3 (4)"10g (au/anss) - log (4a/e) ... (64)

which is more convenient for numerical computation than (60). It may
be noted that the entire series of calculations may be carried out with
ordinary logarithms to the base 10, enabling ¢ and powers of ¢ to be
evaluated directly*.
The complementary nome q' = e~~XIK' iy obviously related to ¢ by the
formula
log ¢ .log ¢ ==~

SECTION VII

LANDEN'S SCALE OF DECREASING AMPLITUDES

(1) Calculation of the Elliptic Integrals of the First and Second kinds,
modulus k.

If we denote
A, = (@ cos® Yy, + 28N Py) i, (65),

the recurrence formula

tan (Yn - Untr) = (Cusr/@uyr) taD Yoy oooniiennnn(66)
may be written in either of the forms

SN (20541 — ¥a) = (Dnfan) Sin , €08 (25,1 — ) = Ayfa, ...(67).

From these we deduce

A, + bu CcOo8 ‘I’u = 2An+ly An - bn Ccos ‘pu = 2an+lcn+l/An+l (68)1
which give by differentiation
d[By = Ay A, = dfBy = ... dy,/An=... ...... (69).

If we construct the A.q.M. scale (a,=1, b,=#") we notice that as
increases, ¥, tends rapidly to a finite limit. If we start with ¢, =y,
A,=A (¢, k), we have, since ¢, ultimately tends to zero,

* The limit derived in (60) does not appear to be generally known, although an
equivalent formula is given by Legendre (Fonctions Elliptiques, t. 1. pp. 94, 101).
Although formula (60) does not appear to have been explicitly stated by Gauss,
the scries (61) is found among a number of formulae given in his posthumous

papers (Gauss, Ges. Werke, Bd. 1. p. 377). Neither (60) nor (61) appears to have
been noticed by Jacobi or by subsequent writers on elliptic functions.
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Yo
u=F(, ¥)=(1/an) fo dn]c08 Yo = (1/) log tan (J + 3a) ...(70),

a useful formula due to Legendre*.
From (68) we easily obtain the relation

AL+ b, An cO8 Y, = 2A%,, + $ey?
which gives
Andiy =28, 1A 1 = = ba 08 Y di, + Ye2di[A,.
Writing down the system of equations for =0, 1, 2, ... n, multiplying
successively by 1, 2, 4, ... 2", adding and integrating, we obtain the
result

2 Yntl Yo
f Agd, - 2™ f BBy = 3 (e + 2e2+ 4o + ... +2%¢.7) / Ay,
0 0 0

= (bysinyo + 2b, sin g, + ... + b, siny,) ...... (11).
Adding to each side the identity

Y . .
2+ L b1 CO8 Yrs1@nsy = bpgy SIN Py + (2% = 1) by, 8i Yy

and re-arranging the terms, (71) may be written
¢0 ‘pn+l
/; A dy,— 2" L (Anir = buy1 €08 Ynsy) Ay

Yo i .
=3 (e + 202 + oo +27¢,7) fo AP,/ By + Doy S0 Yy + (b 80 Yy — b, sin )
+3(basingn —bysinyy) + ... + (2" = 1) (bpyr 8i0 Yy — by sin )

It is not difficult to establish the identity
a1 SID Y gy = b SN, =26, 0 taD (20012 = Yy 1)/C08 (25— Ynss)
...(73).
As n increases indefinitely, @,., and b,,, tend to the same limit a,,
while ¢,,, tends to zero. It follows that the second integral on the left-
hand side of (72) tends to zero, so that we finally obtain, making use
of (70),
EWE)=asing, + 1 (¢ + 27+ ... +2"c,7 + ...)
x (1/a,) log tan (}r + y,) + 22 (Yn, €n) ooveen (14),
where for the sake of brevity we denote
tan (24, ~ 'f,/l) tan (2'/’:; - ‘/’4)
E 2 _—_2(‘_, - = +66 + ...
2 Wy €0) cos (295 — ¢u) o8 (29— )
tan (2‘#"4? - ‘1’n+l)
+2(2"-1)e + . e (75),
( ) ensa €08 (29,5 = Ynss) (75)
* Legendre, Fonctions Elliptiques, t. 1. chap. x1x,
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a useful formula for the numerical calculation of the second elliptic
integral *.

Making use of (27), (28), (48) and (70), we obtain from (74) the
following interesting expressions

Z W )+ 3w F (4 E)(KK) = ansin g + 3 (Y, €a) ---(76),
or, in terms of u, by (70) we have
sin ¥, = tanh («, ), 1
and Z (u, k) + a,u/ K’ = a, tanh (a,u) + f (ns C")J - (17).
Jacobi’s relation (47), taken with equation (76), gives
(1/8) Z (u, k)= tany, cos (241 — ) — @y sin g, — 3 (Y, €¢,) (78).
The addition theorem ’
Zu)y+Z@)—Z(u+v)-Esn(u+v)snusnv ... (79),
with iu for w and v=+ (K +{K") gives two interesting formulae
Z(u+ K+iK', kF)=a,(1+siny,) + .:.(x//,,, )

(D) Z(lu-K—iK', k)=a,(1 -siny,) - 3 (Y, ¢,
2
If we notice that
¢/“
/ siny, dy, /A, = (1/[),.) log (“n+1/An+l) = (l/l’u) IOg sec (2ll/n+2 - '/’n+1),
0

the result of integrating (72) written in the form

++(80).

Z(u k) +au/K =a,sing, + % (2*'=1) (buyr Sin Py = by sinyy,)
0

gives rise to a formula for the numerical calculation of ® («, £),

]og [@ (”, ‘. )] + }a"ug/K/

0 (0, &)
= loer < on+l_ " q?}(}!‘/"u: - ‘l’nﬁu)
log sec ¢, + 02 (2 1)log [Cos (rs= )] (81),

in which, if desirable, we may write sec ¢, = cosh («, ).

(i) Culeulation of the Jucobian Functions sn(u, k'), en(u, &), dn(u, k'),
ete. in terms of the arqument u.

Form the A.M. scale (4,=1, ,=4") and determine ¢, from
siny, - tanh (@, ), 7 being such that ¢, is less than the small quantity
determining the order of accuracy of the calculations.

* The series (71) was obtained by Legendre (Fonctions Elliptiques, t. 1. chap. xx1.)
and left by him 1n this non.convergent form. As far as the writer is aware, the
convergent series (75) is new.
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From the recurrence formula (66), tan (Ya-,—¥s) = (ca/an) tan Yy,
compute Yy, ... ¥, ¥y, and finally y,, in terms of which

sn (u, &) =siny,, cn(u, ¥)=cosy,, dn(z, &)=A,=cos(2¢,—y,
...... (82);
Z (u, k) may then be calculated from (77) and © (u, #) from (81).

SECTION VIII

THE HYPERBOLIC SCALE OF DECREASING AMPLITUDES

(1) Calculation of the Elliptic Integrals of the First and Second kinds,
modulus k.

If we write 4y for y throughout the formulae (65) to (69), (65) becomes

Ay = /(@ cosh® ¢, — c,? sinh? ) ceeenvnnnnniis (83),
while the recurrence formula (66) may be written
t&nh (ll’“ - ',’nq»l) = (cn+1/au+1) ta'nh lll'”,] ......... (84),

or, more conveniently,

sinh (2¢n,1 = ¥n) = (ba/@s) sinh ¢,  cosh (20p1y — ¥,) = Afa, ...(85).
As in Section VII (i), it is readily proved that

Ao/By = A |A, = AYfBy = ... = AYp/Br= ... ... (86).
If we construct the A.a.M. scale (a,=1, b,=#') and write

. tany =sinhy, ...oocvvineriininnnannn, (87),

it is readily proved that

A=A (Y, k)/cos ¢ and d/D,=dy/A (Y, k) ...... (88).
Thus, writing »=#'(y, £), we have
sn (4, k) = sin ¢ =tanh y,, cn (u, k) =cos ¢ =sech y,
dn (, &) = A (¢, k) = Ay/cosh ¢, = cosh (2¢, — ¥,)/cosh %} ++(89).
As 7 increases, the y’s tend to a limit y,, while ¢, tends to zero.
Thus the result of integrating (86) gives

¥n
u=F, k)=1/an) fo dyn/cosh Y, = (1/a,) tan=? (sinh y,) ...(90).
If we notice that

[ scape= [} a0 By dpioosty
0 0
- j:' dn® (u, &) dufon® (u, &) = j;' dn? (u, &) du,

b4 2
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we have from (29)
/ A, dyo=(1/5) Z (6u, &) + (E'/K") .

It is easily seen that equation (72) holds good when 2y, is written
for y,. Hence if we write

' tanh (2, —y) . tanh (2¢5-4s)
2 (¥n, €n) =20 %2 Gosh. (25— ul/,) cosh (2, — uﬁ,)

n ta‘nh (2’/’"# l/’ﬂ+l)
+2(2%=1) Cnys c0sh (2rss—Vinsa %H) ...... (91),

and make use of (47) and (48), we obtain after some reductions
Z (Y, k) = tanh y, cosh (2¢, — ¢,) — @, sinh ¢, — 22.’ (¥ny €4) ---(92).

The relations (27) and (28) enable us to calculate the second elliptic
integral &'(y, £).

(i) Calculation of the Jacobian Functions su (u, k), cn (u, k), dn (u, k),
ete. in terms of the argument wu.

Compute the A.c.M. scale @,=1, b,=£" and determine ¢, from (90),
which may be written

+ 6cs

sinh ¢, = tan (@,u) ...oocoeviiiniiniine (93),
n being such that c, is less than the small quantity determining the

order of accuracy of the calculations.
We then calculate the amplitudes Yy, ... ¥a, ¥4, ¢, from the recur-
rence formula
tanh (Yn—1 — ¥u) = (Cafats) tanh ¥y,
Equation (89) then gives
sn (v, k) =tanhy,, cn(u,£)=sechy,
dn (u, &) = cosh (241 — ¢,)/cosh ¢, }
Equations (91) and (92) then enable us to calculate Z'(u, £). To
compute © (%, k), we note that (92) may also be written

Z(u, k)=sn (u, k) dn (u, k)/cn (u, k) —a, sinh ¢,
- i (2" = 1) (bp41 8inh ¢y, — by sinh ).
0

Integrating this expression with respect to » and noticing that
¥n
[ sinh ¥adgu/sn = (1/b,) log cosh (Hnsa~ Y
0

we obtain the following series for © (u, &),

® (u, k) OOSh ¢ had Bl _ COSh (24’1!4-1 - 'l’ﬂ+l)
log ® ((), L) OOSh 12 * §(2 -1 lO [COSh (2\0"4-3 ‘I’nn)
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SECTION IX

ON THE NUMERICAL COMPUTATION OF THE
THIRD ELLIPTIC INTEGRAL

As defined by Legendre, the third elliptic integral may be written
- b
0, (n, &, ¢) = f (L nsitt GG T (96).

The parameter # is taken as real, and may take any value, positive
or negative.
Writing = F(¢, k), n = — k*sn® (a, £), Jacobi considers the integral
172 2
11 (u,0) = F 2 UL 7 o)+ g [OE" - :3] .(97).
Legendre’s integral is connected with Jacobi’s by the relation
I3 (n, £, ¢)=u+snae/(cnadna). II (,a) ..... (98),
and in this book is differentiated from it by the suffix ;.
In order to include all real values of #z in (96), a is not restricted to
be real, and the treatment is usually divided into four cases:
Case I. 7 negative between 0 and — 4*
Case II. # negative between —1 and — =
Case I1I. » negative between — 4% and — 1} Circular Cases
Case IV. £ positive between 0 and + o il
CasE 1. n negative, between 0 and — k. Hyperbolic case.
We write 7 =—A*sn®(a, k) =—#*sin? 6, where 0 <a < K ...(99).
From (97) and (98) we have
sn(ae, k) Z (a, k
y(n b ) =u[ 1+ ((a, k)) dn((a,' k))
sn (a, & ®(a—u,k
4 Eiﬁiﬁc()—dﬁ%f) log O (a+u, Icg """
Compute the A.a.M. scale (@, =1, b,=£'), and starting with ¢, = 6, make
use of the recurrence formula (17), tan (¢n4y —¢n) = (ba/as) tan¢,. We
then have sn (o, £)=sin ¢,, cn (a, £) = cos ¢,, dn(a, £) = cos ¢o/cos (b, —¢y),

} Hyperbolic Cases.

and Z (e, k) =c,8in ¢y + 63 8In Py + ... + ¢, 8In Py + ..., While aza=ep,/2".
We thus have
ua(": k, 4’)

=u[l+ta—n?%_—t°){c sin¢,+c,sin¢,+...+c,.sin¢,,...}]

Lyt cczzg’qbl %9 Jog [g E: L ’,‘3] ...... (101).
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The calculation of » by the recurrence formula (17), commencing with
¢, = ¢, presents no difficulty. The most convenient method of computing
the last term of (101) is to make use of Jacobi’s series

®(z)=1-2¢ co8 2a,2 + 2¢* c08 40,z — 29° CO8 62 + ... ... (102)
in which we have written a,=4w/K. The nome ¢ is most conveniently

calculated from (64), log g = f; (3)"" log (@n/ns) — log (4arfey).

If we write ¢ = 4, the last term of (101) vanishes, and we obtain for
the complete elliptic integral of the third kind the expression

X5 (n, &, 37) = K [1 + tan ¢, sec ¢, cos (¢, — ;) {c, 8in ¢, + ¢, 8in ¢, +
wHensing,+...] . (103).

‘We may also make use of the hyperbolic scale of decreasing amplitudes
and the formulae of § 8. The final results are not, however, so con-
venient for computation as (101) and (103).

CasE I1. n negative, between — 1 and — . Hyperbolic case.

We write
n=—isn?(a+¢K’, k)=—1/sn®(a, £)=—1/sin® 6, where 0 <a < K
...... (104).
Equation (98) becomes
d; s
I, (n, k, $)=8n'a ,/:s—n’;:%’—u= u-—azll(i—ln—a I(u,a+:K") ...(105).
We have
Z(a+iK')=Z(a)+cnadnafsna-}m/K ...... (106)

and O(2+iK)=4BH(2) ......c0voverrennn.n. (107),
where log B=4r K'/K - }niz/K.

H (z) is Jacobi’s Theta-function given by the expansion*
H(2)=2¢ (sin a,z — ¢*8in 3@, 2 + ¢° 8in 5a,2 — ¢"*sin 1@ 2 + ...)

ertmg successively (a~u) and (a+ u) for z in (107), and a + ¢K for a
in (97), we obtain

I (u,a+tK'Y=uZ (e, k) +ucnadna/sna+}log [H(a-u)/H(a+u)],
and hence from (105),  <a,
Iy(n, k, $)=~—sna/(cnadna) [uZ (a, k) + } log {H (a —u)/H (a + u)}]
...... (109).

* Jaocobi, Fundamenta Nova, §§ 63, 63 ; Ges. Werke, 1881, Bd. n. pp. 229-231 ;
Oayley, Elliptic Functions, 2nd Edition (1895), Chap. vi.
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For numerical calculation, form the A.a.M. scale (a,=1, b,= k), and

starting with ¢, =6, make use of the recurrence formula (17),
tan (u+1 = bn) = (ba/ a,) tan ¢,

We then have a,a =¢,/2", and as in Case I, we derive finally
O, (n, &, ¢)

= —u tan ¢, sec ¢, cos (¢, — o) {¢; sin b, + c38IN Py + ... + ¢8I0 Py + ...}

— 3 tan ¢, sec ¢, cos (¢, — @) log [H (a —u)/H (a + u)] ...... (110).

Starting with ¢, = ¢ and making use of the same recurrence formula as
above, the computation of u presents no difficulty. As before, the
calculation of the last term of (110) is best achieved by computing the
nome ¢ by (64) and making use of (108).

If we write ¢ = 4w, the last term of (110) vanishes, and we obtain for
the complete elliptic integral of the third kind the expression
I (n, K, 37)

=~ K tan ¢, sec b, cos (¢, — ,) {C18in b, + 38Ny + ... + ¢y 8iN Py + ...}

When u>a, it will be noticed that the integral (105)has a singularity at
u=a, wheretheintegrandbecomes infinite. Atthesametimethelogarithm
of a negative quantity appears in (110), since H (a —u)=— H (u - a).
It is necessary in this instance to define the path of integration, re-
garding (105) as an algebraic integral obtained by writing z=snu. Near
the point 2 =sn a this integral is approximately

II,=sn’a/(cnadna). [ dz/(sn’a~2%),

which integrated round a small semi-circle below the real axis gives rise
to the imaginary term —}imisne/(cnadne). If we define the path of
integration of the algebraic form of the integral as consisting of this
small semi-circle and the remaining portions of the real axis, the above
imaginary term cancels the term —sn a/(cna dn a). } log (— 1) appearing
on the right-hand side of (110) when we write H (e —u)=—H (u—a).
With this meaning attached to the path of integration, we may write
the incomplete integral in the form, > a,

I, (n,k ¢)=—sna/(cna.dna) [uZ (a, k) + } log {H (u— a)/H (u + a)}}

ceeene(112).
Numerical computation proceeds in the manner already described.
Case II1. 2 negative, between — k* and — 1. Circular case.
First Method.
We write
n=-ksn’(da+ K, k) = - #*/dn® (o, ') =~ £3/(1 — k"sin*6) ...(113),
whence sin6=sn (a, k'), O<a<K'
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Writing ¢a + K for a in (98), we find
O, (n, £, ¢)=u+idn(a, £')/[%?sn (a, &) cn (o, £)]. O (4, ta 4& K)

while (97) gwes

Making use of the addition formula (79) for Z (), we find a.fter some
reductions
iZ (ia+ K)=1Z (ia, k) + k*sn (a, &')/[cn (a, ) dn (e, £)] ...(116),
or, from (47), in terms of a real argument
1Z (te+ K)=Z(a, k) + } wa/(KK")~k?sn (o, k') cn (a, Ic')/dn((a Ic)’)

Introducing Jacobi’s Theta-function @, (2) defined by the relations

O+ K)=0,(2) .coovvvvnrirninnnnn. (118),
0, (2) =1+2q¢ 08 20,2 + 2¢* 08 42,2 + 2¢° COS 6@ 2 + ... ... (119),
we may write (114) in either of the forms
B dn (e, £)
Uy (n, &, 8) =gy (o, £) . cn(a, &)
usn(e, Ken(a k) _u, ©, (1~ éa)
x[ e ) § 2 io 1)+ yilog gL | (120),
. “Llfl (a, k,), i
Mo (m &, 6) = gy (a,¥).cn(a, £)
ray , , . @ (4~ ia)
“\sxx* uZ (a, Ic)+%zlog® (4 ia) ...(121).

For numerical computation we may make use of two sets of formulae,
according as we employ circular or hyperbolic functions.

(i) Use of circular recurrence formulae.

Form the A.q.M. scale (¢, =1, b,=%"). Commencing with ¢, = ¢, make
use of the recurrence formula (17), tan (¢ns) — Pa) = (ba/as) tan ¢,, and
thus derive a,u — ¢,/2" =

Commencing with ,=0, employ the recurrence formula (67),
8in (2¥ns1— ¥n) = (ba/@n) sin Y, giving a@na=logtan (3= + 3ys). The
application of (47) and (76) to both (120) and (121) gives us the formula

My (n, k, ¢) = 2 cz'sz(s?:f;lp o) % {@p 8IN Yp + 2 (¥ +3¢lo @l g:z_ ::;)
...... 122

for the numerical calculation of the incomplete integral, and the formula
I, (n, &, }r) =2 (KJk*) cos (2¢1 — Yo)/sin 2y, . [@a sin ¢u + 22 W]



NUMERICAL COMPUTATION OF THIRD INTEGRAL 23

The peculiar difficulty arising in the numerical computation of the
circular cases of the incomplete elliptic integral of the third kind lies in
the evaluation of the Theta-functions of complex argument. Writing
z=u+4a in Jacobi’s expansion (119), the series may be resolved into
real and imaginary parts*. If we write

tan W= 20 810 20x4 . sinh 2a,a + 2¢* sin 44,4 . sinh dnat ..
1+ 2q cos 2a,u . cosh 2a,a + 2¢* cos 4a,u . cosh 4a,a + .

we easily find log [®, (v —ia)/®, (u + ia)] =2i¥, from which it follows
that (122) may be written

T, (m, &, ¢) = (2/k") cos (241 — o)/sin 20 [ {an sin ¢ + 2 (V)} - ¥]

Powers of the nome ¢ arising in (124) are most conveniently calculated
from (64),

logg = 21: @) og (@n/@ss,) — log (4 /ey).
The use of hyperbolic functions in (124) may be avoided by noting
that if we write
@ =202 =tan? (17 + 3¢,) = (1 + sin y,.)/(1 —sin ¢,,),

2 cosh 2a,a= @+ Q2 2 cosh 4a,e - @+ Q-c}
2sinh 2a,0= @ - Q"} ' 2sinhda,a=@Q-QY° "

from which it follows that (124) may be written

tan o 9(@—Q@7)sin 20+ ¢'(Q -~ @) sin 4 + ¢(QF — Q=) sin 6+ ...

1+¢(@+Qcos2®+g" (@ + Q@ cosdd+¢* (@ + Q%) cosbd+...
...... (124 bis).

etc.,

(i1) Use of hyperbolic recurrence formulae.

Write n=—sn®(la+ K, k)=—F/(1-k*tanh*¢,) ...... (126),
whence sn (a, &) = tanh ¢, 0 <a< K"

From the hyperbolic recurrence formula (37)
tanh (¢'n 1 = #a) = (bn/aa) tanh ¢’
ana=¢,/[2" =2, sn(a, K')=tanh ¢y,
cn (o, k) =sech ¢, dn(a, £')=sech (¢, —¢,).

we have

* This procedure is due to Legendre, Fonctions Elliptiques, Deuxiéme Supplément
(1828), § 1x. p. 146 et seq.
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Thus from (44) and (120) we obtain
cosh ¢,
(0, k)= g cosh (4= )
8, (u — ta)

u sinh ¢’
x [cosh % °¢o) uz ca8inh ¢, + %'IOg@“(qu )

To calculate » we make use of the recurrence formula (17)

tan (du+1 — a) = (bn/@s) tan ¢, giving a,u = $,/2" =
Equation (124) then becomes
2¢ sin 2@ sinh 2&' + 2¢*sin 4® sinh 49" + 2¢° sin 6@ sinh 6@’ +

..(127).

tan ¥ = 1+ 2¢ cos2®cosh 2@’ + 2¢* cos 49 cosh 49’ +2¢° cos 6L cosh 6 + ...
...... (128).
Equation ( 127) then gives
cosh ¢
0, (n b, )= 5 7 cosh (67 —97)
usinh ¢’ ® '
[003h @ — ) —u ? ¢a 8inh ¢, \Il] ...... (129),
and ,
K cosh ¢y’ sinh qSo . ,]
I, (m, £, 3 ) = k"' tanh ¢, cosh (¢, — ;) [cosh (¢ - ?o,.slnh n
...... (129 bis)
Second Method.

If we write 8= K'-a, (113) takes the form
n=—Fsn?(K+iK -if)=—dn* (B, F)=—1+4k"sin’¢, 0<B <K’

...... (130)
We easily find dn (8, 1)
n 1)
Ta(m & 4)=u + k*sn (B8, k) cn (B, k)
x[iuz (K +ik -iB)+}ilog 3&511}? :zgﬁ%
) dn (8, &)
T Fsu (B, F)en (B, F) .
[ B K —i8)- T 4} ilog %:%}%% ......... (131)
___dn(B¥)
Ic;sn ((//39: lck' ))cn B k) B weis) B)
[ UA”Sn L(u+1
|~ a BRI )~ —1wZ (iB) + }ilog € i (u—if) ...(132),

where H, (z) is Jacobi’s Theta-function defined by the series
H, (z) = 292 (c08 @yz + ¢* COB 3aa2 + ¢° €08 5an2 + ¢ COB TanZ + ...)
veeen.(133)
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Writing V=}ilog[H, (u+iB)/H,(u—iB)] ........ (134),
we find
tan ¥’ — sin @, usinha, B+¢*sin 3a, usinh 3a, B + ¢*sin 5a,usinh 5a, B+...

cosa,ucosha, B+g*cos 3a,ucosh 3a, B+¢ cos5a, ucoshsa, B+ ...

The numerical computation may be carried out by two methods.

(1) Use of circular recurrence formulae.

Starting with y, =# in (130), make use of the recurrence formula (67),
8in (20541 — ¥a) = (bu/ay) sin ¢,. From (80) we have

iZ(K+iK' —if)=a,(1-siny,) - f W),
while
sn (B, k) =sinyy, cn(B, £)=cosy,, dn(B, &) =cos (2¢r—¥,).
Thus (131) becomes
2 2 0. ’

T, (n, b, ¢) = u+ —c;(?(—]ng@ [¥ = {amsin g+ 3] ---(136).
As before, » is most conveniently calculated from the recurrence
formula tan (¢pey — Pa) = (ba/a,) tan ¢, giving a,u = d,/2" =&

The use of hyperbolic functions in (135) may be avoided by writing
log @ = a,B =log tan (= + Ly,), so that

2cosha,B=Q + @ 2 cosh 3a,8=@Q°+ Q- } .(137).

2sinha,B=¢ - Q"’} > 2ginh 3e,8=Q°*- Q¢

Thus (135) may be written

(@ —-@N)sin®+¢*(@° - Q*)sin 3@ + ¢*(@°— @ ")sin5®+...

tan ¥’ = (@ + Q@ VNcos®+g*(Q°+ %) cos 3¢ + ¢* (Q° +Q ) cos 5 + ...

Writing w= K in (136), ¥ = }, and we have, since 4 v =a, K,

(o &, ) = K [ 1+ 2000 g, (1-sin ) - 3@} - (139)

(i) Use of hyperbolic recurrence formulae.
Write sin 6’ =sn (8, ') = tanh ¢, and (130) becomes
n=-ksn®(K + iK' —if)=~1+k®tanh’ ¢, ...(140).
Make use of the hyperbolic recurrence formula (37)
tanh (¢'u+l —¢n)= (bn/ a,) tanh ¢y,
and we have

GB==$,/2% (B, F)=tanhdy,
cn(B, £)=sech¢,, dn(B,*)=sech(d’'—¢).
Also -iZ(iB, k)=c,sinh ¢, +cysinh ;) + ... + cosinh @, + ...,
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so that (132) gives
I, (n, k, ¢)
1 cosh ¢’

= T cosh (3~ ¢) tanh g
X [—- uk?sinh ¢, cosh (b, — ¢¢) + u Zl c.8inhe,’ + \Il’:l ...(141).
As before, we calculate u from the recurrence formula
tan ($ns1— bn) = (ba/as) tan ¢y,
giving a,u=¢,/2"=®. Equation (185) gives for ¥
tan ¥ — ginh &' sin @ + ¢*sinh 3@’ sin 3® + ¢* sinh 5&'sin 5& + .

cosh ®'cos ® + ¢*cosh 3@’ cos 3@ + ¢*cosh 5@’ cos 5O +. ( )
...... 142

Writing » = K in (141), we have ¥ = }, and since }7=a,KX,
o, (n, k, 37)
K cosh ¢,
= K*cosh (¢~ ¢, ) tanh ¢y’

[a,.+ % cn8inh ¢,'—A?sinh ¢’ cosh (¢1'—¢o')]

Case IV. % positive, between 0 and . Circular case.
First Method.
Write n=-A*sn®(ia, k) =A*sn? (a, &')/cn? (a, &) = A2 tan?6... (144),
giving sinf=sn(a, k), O<a<K'
Thus ’ )
I, (n, b, $)=u+ " (a(’lf z:nkg;’ £)

[iuZ (i) + §ilog O (u~ z:a)]

® (u + za)

...... (145).
® () is Jacobi’s Theta-function defined by the series
0 (2)=1-2¢cos 2a,z + 2¢* c0s 4@,z ~ 2¢° cos 6a, 2 + ... (146).
Writing ¥ =}ilog[@ (u—ia)/@ (u +da)] ...oovnunnnn (147),
we find .
tan ¥ = 2¢ sin 2a,% sinh 2a,a— 2¢*sin 4@, u sinh 4a,0 + ..

1 — 2¢ cos 2a, « cosh 2a,a + 2¢* cos 4a, u cosh 4a,a -—('1':18)

The numerical computation may be carried out by two methods.

(i) Use of circular recurrence formulae.
Make use of the recurrence formula sin (2yy+; = ¥y,) = (ba/@,) sin ¥,
commencing with y,=6 in (144). We then have
sn(e, k) =siny,, cn(a,k)=cosy,, dn(e,k)=cos(2¢;— ),
and by (78)
1Z (ia, k) = a, sin Y, + ?(4/) —sn(a, £) dn(a, #)/cn (a, ) ...(149).
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Hence ( 145) may be written

_ sin 2y, cos (24 — Y)
0, (n, k,¢) = 2 o5 (29— i) u{ tan g +ansm¢.+2(-l')} +‘l']

As before, u is calculated from the recurrence formula
tan (¢n+1 - ¢n) = (bn/ an) tan ¢,
giving a,u = ¢,/2"=®, while a,a=logtan (3= +1y,). We have
2 cosh 2a,a = @ + Q2 2 cosh 4a,a=@Q* +Q*
2 sinh 2a,.a = 3?_3-«} * 9sinh da,a = 3_3«} , ote. .....(151),
where Q= tan (}r +¢y),
so that (148) becomes

tan ¥ (&= @ 2)sin 20— ¢* (@~ Q)sin4® + ¢* (¢ — Q)sin6d— ..

T1-q(Q@P+ @) cos 20 +¢* (¢*+ Q) cos 4P — ¢* (@ +Q—")coss<l>——
152
Writing » = K in (150), ¥ =0, and (152

__ Ksin2y, cos(2¢h— =) .
Iy (n, k, }m)= Toos (3a—go) L tany, +oesin Yn + f(-/f)]

...... (153).
(1) Use of hyperbolic recurrence formulae.
Write sin@=sn(a, k') =tanh ¢y ...... ......... .(154),
80 that n=—ksn’(ia, k) = k* tan® 6 = &* sinh* ¢,
Starting with ¢, given by (154), make use of the recurrence formula
tanh (¢'psy — Pa) =(bnfan) tanh @, ...ooouneene (155).

We then have
ana =@, 2" = P, sn (a, &) = tanh ¢y,
cn(a, &) = sech ¢,, dn(a, k') = sech (¢ — ),

and ~iZ (ia, k) = é ¢a 5inh ¢
Equation (145) may then be written
tanh ¢, cosh (¢, —

O, (n, k, d)=u+ cosh & ¢0) [‘l’ —-u % ¢x 8inh ¢,.'] ...(156).

As before, « is calculated from the recurrence formula

tan (4’“1 - ¢n) = (ba/ an) tan ¢,
giving a,u = $,/2"=®. Equation (148) then gives for ¥
2¢sinh 2@ sin 2® — 2¢* sinh 44’ sin 4® + 2¢° sinh 6’ sin 6 - ...
tany = 248N SN o
1—2¢ cosh 2&’ cos 2@+ 2¢* cosh 4%’ cos 49— 2¢°cosh 6¢” cos )8 60 + .

...... as57).
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Writing «= K in (156), ¥ =0, and

O,(n, k, x)=K [1 tanh ¢"cf):1h‘§f‘ =% 3 2 Cn smh#:,.] .(158).

Second Method.
If we write 8=K"—a in (145), we have
n=-ksn? (K —iB)=cn®(B, &)/sn? (B, k') =cot?§ ...(159),

giving sn(B,k)=sind, 0<B<K".
We easily find
I (n, k, ¢)
= ﬂn(ﬂ,k)cﬂ(p,k) ’ ( -"ZB u
=+ [ juZ (iK' —if) + }ilog @‘(27('_73773]
sn (B (%w—_)ﬂﬁ zu ‘ (zB) + -ﬁ—zlog ]5[(_(_““-'::2;) ......... (160),

where H (2) is Jacobi’s Theta-function defined by
H (2)=2q* (sin @,z - ¢*sin 3,2 + ¢* 8in 52,2 — ¢ sin Taz + ...)

...... (161)
If we write
V' =Yilog[H(u+iB)H(—u+iB)] ......... (162),
we find
cob ¥ = °% a,usinha,B - ¢* qos 3a,u sinh 3,8 +¢*cos 5a,u sinh 52,8~ ...

sin a,% cosh a,8 — ¢* sin 3a,u cosh 3,8+ ¢°sin 5a,ucosh5a,8~ ...

The numerical computation can be carried out by two methods.
(1) Use of circular recurrence formulae.
Commencing with y,=6in(159), make useof therecurrenceformula(67)

Sin (20,41 — ¥a) = (bn/@,) 8in ¢y,
From (78) we have

—iZ (B, k) = tan ¥ 008 (241~ ¥o) — Ga sin u ~ 3 (¥) -..(164),
while sn (B, £)=siny,, cn(B,k)=cosy,, dn(B,X’)=cos (2¢1— o).
Equation (160) then gives
Ha (”’ k ¢)

As before, u is calculated from the recurrence formula
tan ($ns1 — Pa) = (bn/as) tan ¢,
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giving a,u=,/2" = ®, while a,8=logtan (3= + }y,). Thus

2cosha,B=Q + ¢~ 2cosh 3a,8=Q'*+Q *
2sinh a,8=Q@ - @’ 2sinh 3::,8 Q"+g } etc. ......(166),
where @ =tan (37 +§y,).
Thus (163) becomes
tan ¥ = (§ =@ eos = ¢ (@°—~ @) cos 30 + ¢ (€ - "’)cos5<[>-. :
T @+ @ )sin®—g* (@ + Q%) sin 3% +¢* (@*+ Q") sin 5>~ .
Writing =K in (163), ¥ = }=, and (165) becomes (167)
0, (n, &, 3) = 2--07{-}%——% [tan yocos (24~ ) + aa (1-sin )~ 3 (#)]
-(168).

(ii) Use of hyperbolic recurrence formulae.
Write sin 8 = sn (B, k') = tanh ¢, so that (159) gives

n=-—ksn’ (iK' -iB)=cot’d¢' = 1/sinh’¢,, 0<B<K"'..(169).
Commencing with ¢, in (169), use the recurrence formula

tanh (¢'ns1— Bn') = (ba/as) tanh ¢y ceenee.... 170).
We then have ( ) (70

aB= 4’1;,/ 2=, sn (ﬂ; k') =tanh ¢o,r
cn (B, k) =sech¢,, dn(B,k)=sech(¢,~¢,),
and ~4Z (iB, k)= casinh ¢,’.
1
Equation (160) then gives

tanh ¢, cosh (¢, — ¢, = . R
Oy (n, £, $) = oo ¢ cosh‘g? #,) u 3 cusinh ¢, +w] ..(171).
As before, u is calculated from the recurrence formula

tan (ps1—Pn) = (bn/a,) tan ¢y,
giving a,u = ¢,/2"=®. Equation (163) then glves for ¥’ the expression
ginh @' cos ® — ¢? sinh 3%’ cos 3® + ¢° sinh 5%’ cos 5P — ..
cosh @' sin @ — ¢* cosh 3% sin 3% + ¢° cosh 5&’ sin 5& —

cot ¥’ =

Writing »= K in (163), ¥' =4, and (171) becomes

o, (nk i7)=K - tanh ¢°c(:;;h¢ff‘ —#0) [en+ %c, ginhe,']...(173).
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SECTION X

NOTE ON THE CALCULATION OF THE THIRD ELLIPTIC
INTEGRAL IN TERMS OF THE COMPLEMENTARY A.G.M.
SCALE

When £ is very nearly unity, it may in some cases be advantageous
to make use of the more convergent complementary scale (ay'=1, b, = k).
The problem is to express the various functions appearing in the formula

Mo b)) =u+ e B [0z by +ylog g )
......... (174)

in terms of recurrence formulae involving the complementary A.q.M.
scale. The four cases discussed in Section IX, depending on the values
of m, require separate treatment. The reader will have no difficulty in
adapting the formulae of Section IX to the complementary scale should
the occasion arise. We may note, in passing, the formula

®(a-u) _ 7w (_m(a+u_)_ ®{i(a—u), ¥}
O (atu) =e cn(a—u)’ 9{0(a+u), By
which will be found to be useful.



SUMMARY OF FORMULAE

NUMERICAL CALCULATION OF ELLIPTIC FUNCTIONS
AND INTEGRALS

[Sections containing new formulae are denoted by an asterisk *.]

First Elliptic Integral. u=F(¢, )= f’ T s i K=Flamb.

Second Elliptic Integral. £ (¢, k)= /: (1 —F sin® ¢)do, E= E(} k).

. .. 4 d
Third Elliptic Integral. II;(n, £, ¢) = A T f( T=sing)’

Jacobian Functions.

sing=sn(u, k), cosp=cn(y, k), /(1-Asin®¢)=dn(u,?%).

Scale of Arithmetico-Geometrical Means.
@ =1 bo=F co=Fk
a, =} (@, + by) by = Na,b, ci=3% (a~by)
a; =% (a, + b)) by = Na.b, =3} (0~ b))

@n b, Cn

1. Landen’s Scale of Increasing Amplitudes
tan (¢n+l - ¢‘u) = (bn/ aﬂ) tan ¢,.

Fob-Lt 5] K=o,

(K—E)/K=4%(c?+2c?+4c + ... +2"¢c,* + ...),
Z($, k)= E(s, k)— (LK) F (¢, F)

=¢; 81N @, + €3 81D Py + .o + Cp BIN Py + ...
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*92. Calculation of sn (u, k), cn (u, k), du (u, k) in terms of argument u.
Calculate ¢, = 2"a,u, n being chosen so that ¢, is negligible. Obtain

Pp1 - Pay P, P from recurrence formula sin (2¢,-,— ¢,) = Z—" sin ¢y,
n

Then sn (w, k) =sin ¢,, cn (u, k)= cos ¢,, dn (u, &) = cos ¢, sec (b, — P,).
*3. The Hyperbolic Scale of Increasing Amplitudes
tanh (¢n,1 — ¢n) = (bn/ay) tanh ¢,. Start with sinh ¢, = tan ¢.
F($, )= Lt [1/an. $u/2"),
sinh ¢, K-FE

coh(g-99 T K L ®F)
—(c,sinh ¢, + c;8inh ¢y + ... + ¢, 8inh by + ...).

E($, k)=

*4. Calculation of sn (u, k'), cn (u, k'), dn (u, k') in terms of argument u.

(1/¢) sn (2u, k) =sn (u, &')/cn (u, ¥'), cn (2, £)=1/cn (u, £'),
dn (¢u, k) =dn (¥, £')/cn (u, £).

Calculate ¢, =2"a,u, » being chosen so that ¢, is negligible. Obtain
Paei +-- g, Py, P, from recurrence formula

sinh (24—, — @,) = (Cu/a,) sinh ¢,.
Then sn (u, ') =tanh ¢, en (u, &) = sech ¢,, dn (u, &) = sech (¢, — ¢,).

5. Calculation of K', E', and the nome q = ¢-X'IX,
* Hyperbolic recurrence formula tanh x4, = \/(@n.1/bs.,) tanh 2x,,.

F(p, k)= Lt [1/an.xs/2"], tanh x, = sin ¢.
Put ¢=}r. nK'/K=3log(1/g)=Lt [(;)" log2*| . (Legendre.)

logg= s (3)*log e _ log 4a, (Gauss.)
1 Ap1
K’—E’:,}al(l ~led—ed— Qo= . — PIg I )
o S NN S P S O
X {log . log . 3 log o } an.
6. Landen’s Scale of Decreasing Amplitudes
8in (2 4y — Yp) = % sin Yy, .

F(b, k)= 5 logtan (b + ), Yo=.



NUMERICAL CALCULATION OF FUNCTIONS AND INTEGRALS 33
*EW,E)=ansiny, + §(c2+ 22+ ... + 27,2+ ...)
x t—:;log tan (3 -+ ) + 3 (s 0
tan (2¢ — '/’2)
cos (2, — l/’s)

tan (2,4 n+1
2@ 1) e E.».i,.;_imi

*7. Calculation of sn (u, k'), cn (w, k'), dn (w, k') in terms of arqument .
Calculate ¢, from sin ¢, = tanh (@, ), » being such that ¢, is negligible.
Obtain Y,—; ... Y2, ¥4, ¥, from tan (Y, —yn) = E;" = tan ¢,. Then

tan (2, — ¢1)
cos (2 — )

5 (U Ca) = 2¢, + 6cy

sn (u, k') =sin y,, en (u, £') = cos ,, dn (u, &) = cos (2¢4, — ).
*8. Hyperbolic Scale of Decreasing Amplitudes

sinh (2‘l’n+1 —yp) = (%i sinh Yn.
F(df, k) =1/a, tan~! (sinh ¢,),  tan ¢ =sinh y,,
B, B)~ 5 F (¥, 8) = tanh gy cosh (201 o) — ay sinh Yo~ 3 (4, Gr).

*9. Calculation of sn (u, k), cn (u, k), dn (u, k).

Calculate ¢, from sinh ¢, = tan @, %, % being such that ¢, is negligible.
Obtain Y, ... ¥s, ya, ¥, from tanh (y,,_, — ) = (ca/a,) tanh ¢,,. Then
sn (u, £) = tanh ,, cn (u, £) = sech y,, dn (¥, £) = cosh (2¢, — o)/cosh .

*10. Calculation of Third Elliptic Integral—4 cases.
sn (a, ")_A %ﬂy_@
cn (e, £) dn (a, £) O(a+u k)l
Case I. —4*<n<0. Case II. — w<4?<—1. Hyperbolic Cases.
Case III. —1<n<—%% (Method 1. (i) Circular. (ii) Hyperbolic
recurrence formulae.

Case IV. 0<n<+ oo, |Method 2. (i) Circular. (ii) Hyperbolic
recurrence formulae.

Typical Solution. Case I1I, Method 1 (i).
n=—k*dn® (e, ') =—A*/(1 - k?sin*0), sinf =sn(e, &) O<a< K"
1. Form A.g.M. scale (=1, b,=%').

y(n, k, @) =u+ u (a, k) + } log

2. Derive a,u = ¢,/2" = ® from tan (41 — bn) = %" tan¢,,commencing

With ¢o = ¢.
K 3



34 NUMERICAL CALCULATION OF FUNCTIONS AND INTEGRALS

3. Derive aya=Ilogtan (3 + 4y,) from sin (2¢n, — ) = %i sin Y,
commencing with ¢, =

4. Compute ¢ from log ¢ = % (3)*1og (an/@ns1) — log (4an/cy).

5. Compute ¥ from

ton ¥ = _2q sin 2a, w sinh 2a,a + 2¢* sin 44, sinh 4g,0 + 2¢° +..
1 + 2¢ cos 2@, cosh 2a,a + 2¢* cos 4a, u cosh 4a,a + 2¢° + .

(Legendre )
6. Then,
2 cos (2¢1 — )

I, (n, k, 4)) = - L {;l‘n—z—l[/_‘ [“ {au sin Yu + 2 ('l’m cn) —\I’])

2K cos (2![11
T k®*sin 2y,

M (n, k, 1) = k1) [@a sin ¢, + E (¥ €n)]-
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In the preceding sections only those formulae suitable for numerical
computation have been given. Many interesting and elegant properties
of the arithmetico-geometrical scales in conjunction with recurrence
formulae not specially adapted to numerical calculation are given below
as problems. In some cases the main steps of the proof are briefly in-
dicated, and unless otherwise stated the final results are new.

Properties of the A.a.M. scales (a,=1, by=£F).

1. Prove that @y =ay .1 + Cr41y On = dns1 — Cry1. Hence derive the series

By=qn+C +Ca+ G+ ...,
bo=an—c +c+cs+.... Gauss, G. W. Bd. mr p. 376.
2. Prove that

Newa =3 (Van—Vb,), Nana =3 (Van+ Vb,), Newa=Nay—Van,
and hence Wa, = Va,~Ne;— e, — ...,
NVa, = b+ Nes— e~ .... Gauss, G. W. Bd. mr. p. 376.
3. Prove that ¢, + 2¢%+1 = 2 (@4 + @ny1) Cay1, and hence derive the
expansion
(K-E)K=(ay+a)c,+4(az+a5) ey
+16 (@4 + @) C5+ - + 2% (Gap + Bomr) Cangr + -
4. Prove that 2b,_,¢, = 1¢%-, —2¢%, and hence derive the series
Co? =4 (bye, + 40,6y + 16D5C5 + ... + 2bpCpyn + ...),
a2 =b2+2(bcr +bica+ ... +byCpyq + ... )
5. From the results of Ex. 4, prove that
E|K =0+ 2 (byc, + 20,65+ 4byeg + ... + 2" by i+ ...),
E/K=a+2(bics+8bycs + ... + (2" 1= 1)byyen + ...),
and hence the identity
1=a,2+2 % (2" '-1)byscn + 3 %‘,2"6,.’.

6. From the recurrence formula of Ex. 4 prove that
2(bycy+ byca+ ) =%e -3 (et + el + et +...),
and hence al=br+ e —3(cP+cli+el+..),
alt=al-tel—3(cE+el+et+..)
Gauss, G. W. Bd. 1 p. 376.
7. Derive the recurrence formula

log (@n-1/@,) = log (bufbn-1) — 2 1og (bn+1/bn)
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and hence prove that
17K’ K = log (4ay/c,) — log (ay/a,) — } log (ay/az) — ...
—(1/2") log (@n/@ni1) — ---,
inK'|K =log (4by/c,) + 3 log (ba/by) + § log (bs/ba) + ...
+(8/2") log (bny1/bn) + --..
Gauss, G. W. Bd. 1. p. 377.
[Note that }rK'/K = (1/2") log (au/c.) as n increases indefinitely.]
8. Derive the recurrence formula
(1/2*) log (@n/@n-:) = (3/2"*") log (@n/bn)
+(1/2*) log (an/by) — (1/2") log (@—/bn-1).
Hence prove that
7K'/ K =log (16a,bo/c,?) + 3 12 (1/2™))og (@n/by).
Jacobi, . NV, § 52, p. 201.

9. Show that the A.a.M. scale (@, =1, b,= ') may be calculated from
the trigonometrical recurrence formula
sin 01» +1= tan® } onx
commencing with sin 6,= £, sin 6, = (1 - ¥)/(1 + '), etc.
Hence derive the following formulae :
(1) e=3ktanlb,, c,=}ktan}6,tanll,, c;=3ktan}f,tan’6,tan}0,,
c?=1sinb,, c¢=ksinb,sinb,, c=rk*sinb, sin f,sin 6;,
from which, in general, expressions for ¢, and ¢,? may be formed.
[Note that ¢q/a, = sin 0,, b,/a, = cos 6,.]

(ii) log (2K/x)=3 log (1 +sin6,)=2 % log 56¢ 2 6,
1
(iii) log {/(2KK)} = 3 3 log sec ,..
1
(iv) i=K'|K =-}log q=13log (4/sin6,) - % 3)"log (1 + sin 6,.4,).

[To derive (iv), make use of formula (61).]

10. Show that the A.a.M. scale (a, =1, by= k") may be calculated from
the Ayperbolic scale of decreasing amplitudes
tanh 2xy 4, = tanh® x,, or xu4+: =% log cosh 2x,,
commencing with tanh 2x, = £, or x, = }log {(1 + £)/(1 - k)}.
Hence derive the following formulae :
(i) c¢,=}ktanhy,, e,=lktanhy,tanhy,, ¢,=2%tanhy,tanhy,tanhy,,
o= ;A tanh 2x,, ¢;®={4* tanh 2x, tanh 2),,
¢s’ = ¢ £* tanh 2x, tanh 2x, tanh 2y,
with similar expressions for ¢, and ¢,
[Note that ba/a,=sech 2x,, ca/ay = tanh 2x,.]
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(ii) log (2K]x) = :z log (1 + tanh 2x,).
(iii) log {=/(2KK)} =2 5_ Xn-
(iv) 3rK"/K=log g~ =log (2 coth x,) - i; (2)*log(1 + tanh xp.n).

[To derive (iv) make use of formula (61).]
11. Show that the A.a.M. scale (a, =1, b,= &) may be calculated from
the hyperbolic scale of increasing amplitudes
tanh 2y, = tanh® ¢, or ¥, =1 log cosh 2¢,.,
commencing with tanh 2y, = £, or ¥, = ] log {(1 + &)/(1 = &)}.
Hence derive the following formulae :
(A) cuprfcn=2e2m b, ja, = tanh 2y, c./a, = sech 2¢,.

(ii) log(2K/=) = % log (1 + sech 2¢,).
(iii) log'{r/(2KK)} = :z log coth Y.

(iv) 1mK'/K =log g ¥ =y,/2*", as n tends to infinite values.
[To derive (iv) make use of formula (60).]

12. Writing £, = ! {1+ (1 —e¢-8)}}, show that the recurrence formula
of Example 11 may be written
W — 4¢, =log 2 +log &,.
Hence, denoting 8=(1 — ~&)/(1 + Vk), derive the expansions

(@) logg™=log(2/8) + X (' log éun.

(ii) logg =log (;B)+2(:B) +13(RB) + 252 (ZR) + ...
(i) ¢ =iB+2(1Br+15(1B)+150(FA) + ...
(See also Example 24.)
13. Derive the following series for = from the formulae of Example 12,
r=loga™ — 20* - 182" — 25221 — ..., where = } (2t - 1)/(2} + 1).
[Write £=4"=1/.,/2, then K=: K’ and log ¢~*--=. Note that
x '=28'14086, log z7'=3141602..., 2z*= 0000070,
8o that two terms of the above series give the value of = correctly to
the tenth decimal. The remarkable approximation represented by the
first term of the series was first pointed out by Legendre, ¥\ &. t. 1.]
14. Given the nome q, compute the moduli %, #'.
[The recurrence formula of Example 11 may be written
4y, — 2y yy = —log 2 + log (1 — = Hnt1)
= —log 2 — ¢~n+1— Le-8¥ni1—
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Note that when 7 is sufficiently large (3)**'¢n,,=1logg™". We then
have
4y, =2"log g *—log 2 — g2**".
Choose n so that the last term is negligible compared to the first two.
The repeated application of the above recurrence formula enables us
to calculate successively Y,-; ... ¥ and finally ¢, in terms of which
= tanh 2y, £ = sech 2y,.]

15 Derive the diﬁ'erential relations

Cn cn\ 1 _1_ ) _
- 2d(1 ) 2,,,) . (loga— - 5 cn,d(logb ) d(log -v
for all values of n. Gauss, G. W. Bd. I p. 380.

16. From the results of Example 15 obtain directly the formula
1100 21, %0
Lt (2n log Cn) =T —5.

N —~»0 an
[In terms of the A.a.M. scale (a,, b,, ¢,) and the complementary scale
(), by, ¢), the formula,e of Example 15 give

51; ‘-z-l;,d (Iog z") —d (log and 21,, (—l—i—,zd <log Z—::) = oB (log bo)

But a,- «, b, —-co, co=by and a?=by + ¢, from which it is easily

proved that )
L) (log %:) + -l,w, d (log %f,) =0.

1 1 Cn 1 1 C,.' —
Hence we conclude that ;z—,.id (2,,1 g5 ) Z,,d (ﬁ log b_n') =0.

We also have the identity ———, d (2'5,) + —-1,@ d (ﬁ) =0, from which it
an/ G an

follows that —; log 0 , Cp being a constant independent of

(@, bny Cn), (a,., ns Cn ). In terms of Gauss’ notation for the A.q.M.,
we note from Section III that
ay =M (a,, ¢o) =2"M (@, cs)=2"anM (1, cs/ay),
while a,=M (ao, by) = M (an, b,). Thus when n becomes indefinitely
eat, Cy= ——" 1 log 2 = 1

gr 219 5 = 37CL, o)
M(Q, c,‘/a,.) lr1r/K —1,1r/log (/) as ¥ becomes small. Thus, in the
limit as n increases indeﬁnitely, C,=—1m, so that

noao (2" log a") i Z]

. But if we write ¥’ = ¢,/ay,,
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17. Making use of the result of Example 16, prove that each of the
ratios in Example 15 is given by

v = Lt [im/(asas).dlog (a,/a.)].

18. Derive Legendre’s relation £/K + B'/K' — 1 =3={(KK") directly
from the properties of the A.a.M. scales (@,=1, by=%') and (@, =1, by'= k).

[Differentiating the identity log (@,b,) — l0g (@n-16s-1) = log (@./b,) and
making use of the results of Example 15, we have

dlog (a,b,) — d log (@n-1bn_,) = d log (a,/bs) = 2" (¢s*/¢,) dlog (ao/b,).

Writing down similar equations for n—1, n~2, ... 3, 2, 1 in place of
n and adding, we find
dlog (@.b,) - dlog (a,b,) = (2¢° + 4¢ + ... + 2¢,%) ¢o~* d log (@o/by) (i)
and
dlog (@, b,) - dlog (@, b)) =(2¢,%+ 4¢, + ... + 2"¢a*) ¢y 2 d log (a,'/by)

...... (i1).
Since @,=a, =1 and b, =¢,, we have
d log (a,'b,) — d log (a,b,) = d log (c/b,) = a*cy™ @ log (ao/bs)-

[Ex. 15 with #=0.]
When » becomes large, a, =b,, so that
dlog(a,b,)—d log (@, b)) = 2d1og (an/as’) =— (4/7) anas’ ¢, dlog (ao/bo).

[Ex. 17.]
Note also the identity ¢, dlog (a./b,) + ¢, ~* dlog (a,'/b,) = 0. [Ex. 16.]
Subtracting (ii) from (i) and dividing out by
o~ d log (@o/b,) = — ¢y~ & log (ay'by)
we find
(4/ 7') auan' - au2

But we have (K — E)/K =13} (c?+2¢+ ... + 2"¢c,* + ...), @p =}/ K, a,= 1

with similar expressions for the complementary functions in terms of

accented symbols. Thus (iii) becomes
m/(KK')-1=-2(1-E/K)+c¢*-2(1-FE'|K")+¢,?

or, noting that ¢ + ¢,?= 1, we derive Legendre’s relation in the familiar

form E/K+E|K'-1=}r/(KK").

The equivalent of the series (iii) is given by Gauss (G. W. Bd. 1

p- 380), but it does not seem to have been hitherto pointed out that

Legendre’s relation follows immediately from it.]
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19. Verify the following identities :
(1+2z2+22¢+22°+...)(1 — 22+ 224 - 22°+ ...)
=(1-22"+22°- 22+ ...)},
(1+22+224+22°+..)* + (1 - 22 + 22" — 22° + ...}
=2(1+22°+22°+ 22 + ... )%,
(1+22+ 2%+ 22° + .. )* = (1 — 2z + 22* — 22° + ...)*
= (22t + 228 + 22°¢ + L)
Gauss, Nacklass, G. W, Bd. 1. p. 447.
20. From the results of Example 19, prove that if we form the
A.G.M. scale commencing with
a,=h(1+2z+22+ ...)% bo=h(1—-22+22"—...)},
¢y =h (2% + 228 + 227 + ),
the nth term is given by
an = k(1 + 20, + 22, + .7, bo=h(1 -2, + 22, — ...)%
=h 2z} + 22,8+ 22,0 + ..),
where log 2, = 2" log  and h =M (a,, b,).
QGauss, Nacklass, G. W. Bd. 111. p. 448.
21. Prove that 2 as defined in Example 19 is identical with the
nome ¢ when (#, =1, by=k).
[When » becomes large,

~3logg=4rK'|K = ;z,, log (a./c,)

= Lt = log [(1-2a, + .)’/4&',,1E (1+ 222+ ...)]
=— Lt z"“ log ,
=— 1} log z,
so that #=4q.]
22. From the results of Examples 20 and 21, derive the following
expressions :
Ji = L2t 20 —2¢°+ ... Jh= 2(1-‘t + 2(12 i_?qj" +.
1+2q+2¢*+2¢°+ .. 1+2q+27“+2q°+
K=3r(1+2q+2¢*+. )’ Kl = 3w (1-29+2¢*— )2
[From Example 20 we obviously have @,=1, b, =¥, c,=#, Iz 3r/K.]

23. If we denote 8=(1— NF)/(1+ JF), derive the following ex-

pressions :
B=(q+q+q%+..)[(1+2¢" + 29" + ...),
K=27(1+2¢°+ 29" + ...0Y(1 + JE ) =8m (g +¢°+¢® + ... )*/(1 = VE ).
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24. From the preceding examples derive the well-known expansion
g=38+2(3B) +15(38)° +150 (38)* + ... ete. (See also Example 12.)
25. If we write
a, =1+ 2z, + 22,4 + ..., Bu=1—2z,+ 22— ...,

Yu = 2.71;,.i + 2.2',,* + 2.2',3"‘ +oeeey
where log z,, = 2" log ¢, prove that the recurrence formula

tan Y, =(a1u- /Bn ) tan 2¢,
leads to the result e
Lt (af2) = 3/ K) (8, 8)
where tan ¢, = /' tan ¢, and K is given by the g-series of Example 22.

26. In terms of Landen’s scale of increasing amplitudes (Section IV)
tan (dn.1 — ba) = (bn/a,) tan ¢,, derive the following expansions :

dn (u, k) = A (¢g, k) =@, + €, C08 $y + €2 COS Py + ... + ¢, COS Py, + ..

L]
FBPsnucnu =3 20‘, 2™-1¢%,_, sin @y, €08 (26—, — ).

’

27. When (€,41/@ns1) is sufficiently small, prove that ¢,,, of Example
26 may be computed from the expansion

bui1 = 2¢,— (6,.+1/a,,+1) sin 29,
+ % (Cnya/@nin)? 81D 4y — 4 (Cuyr/@nsa)* SIN 6, — ...

28. Prove that the recurrence formula of Example 26 is equivalent
to A, = 3 (A%, + b%)/A,-1, and hence show that
A |
log [0 (1)/@ (0)] = Z 5 1og (an/A)
[Jacobi, Fundamenta Nova (1881), § 52, p. 204.]

29. Prove that the recurrence formula a,, tan ¢, 4, = A,y tan ¢, where
A, = \J(a,? cos? p, + b,2sin® ¢,,), may also be written in the forms
.sir_l_ib"‘ﬂ — 2(_1_’!'” = tan ¢ﬂ+l = _’\{a—';-:; “/I;n: Au Anil = Nﬁn_+—4;@

8In ¢, a,+A,’ tang, N/(T,, ~/a,:‘+—3:’ Ja,.a,.“ \/an-:l-An'

80. Prove that as a result of the recurrence formula of Example 29,
Aby/Dn=ddp.1/As,:. Hence derive the following formulae :

F(¢,k)= Lt (én/ay), where ¢ =, sin ¢, =sn (u, k),
n -0
Z (¢, k) =2¢, cos ¢, 8in ¢, + 4¢, cOS b, 8In Py + ... + 2"¢,, cOS Py SN, +...,

log [0 (u, £)/@ (0, £)] = 3 2" log [2a,/(é + A)]
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[The recurrence formula which lies at the basis of the results obtained
in Examples 29 and 30 was originally given by Gauss in 1818 in his
paper “Determinatio Attractionis, etc.” G. W. Bd. . (1866), p. 353,
and was further discussed by Jacobi, “Zur Numerischen Berechnung
der Elliptischen Functionen,” @. W. Bd. 1. (1881), p. 351. It is easily
seen that these formulae are not adapted to rapid numerical calculation. ]

31. If sin ¢, =sn (u, £) prove that
A, ... A, ...
Ay Ay +os Gy - tan ¢,.
[The result follows from Gauss’ recurrence formula of Example 29 ;
see also Jacobi, #. N., §36, G. W. Bd. 1. p. 154.]

tan a,u =

32. Prove that Landen’s recurrence formula
tan (v’n - ‘I’n+l) = (6u+1/ an-o-l) tan ‘I’nu
may be written tan 2x,4; = 1/(c./@,) tan x, if we write
tan Y, = J/(@n/c) tan xa.

33. If we make use of Landen’s scale of decreasing amplitudes
sin (2'/’n+l - 'l’n) = (bn/au) sin ‘/’m
commencing with y, = 4, prove that K'=(2K/r) log tan (3= + 3y,,) when
n increases indefinitely. Hence show that the nome ¢ may be computed
from the formula ¢ = cot?(ir + 4y,) =(1 — sin ¢,)/(1 + sin ). Show,
furthermore, that Legendre’s relation leads to the identity
Ay (1 = sin ¢) = (}/K) {1 — tanh (vK'/2K)} = 3 (4n, cu),

where ?(n//,., ¢n) 18 the series of equation (75).

34. Prove that if the A.a.M. scale (a,, b,) is computed, the circum-
ference ? of an ellipse of semi-axes (a,, b,) is given by
I =(2n/a,) (&, — 2¢2 — d¢? — 8Be 2 — ...).

385. If we denote by ~ and 7, the greatest and least distances re-
spectively of a point on one circle to the circumference of a coaxial one,
show that in terms of the A.a.M. scale (@, =7y, by=1,) the coefficient of
mutual induction is given by

M= {27 a,} [e® + 2¢. + 4o+ ... + 2" 2e, 2 + .. ],
or, when the circles are very close together, in terms of the comple-
mentary scale (a) =7, + 7y, b, = —1r,), by the formula
M=2ra,’ (r—2¢,% = des® - ...) 4a; a; ay’

=2na, [ o, (log——ilog ——1log ——,-...)—2].

an 73 as ay

[King, L. V., Proc. Roy. Soc. A, Vol. c. 1921, p. 63 et seq. Several
numerical illustrations are given in this paper.]
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