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PREFACE

ManNyY chemists have expressed to me the need for a book on mathe-
matics for chemists, a view supported by the popularity of the book
by Mellor with those fortunate enough to possess a copy, although it
was published about forty years ago. Moreover, the use of mathe-
matics in chemistry is steadily increasing, so that students learn far
more mathematics nowadays, and older chemists are often in need of
a link between their chemistry and the new types of mathematics in
vogue.

This book has three purposes: one, to meet the needs of students
taking advanced or Honours Courses in Chemistry at universities
and technical colleges; two, to provide a text where the empha-
sis is on the applications of mathematics, using the language of
chemists wherever possible; and three to provide a reference book
for practising chemists and biochemists who themselves wish to apply
mathematics and understand new theories.

To students I would say: here you will find nearly all the syllabus
for the Honours Course in Chemistry at the University of London,
also some other items which will be useful later. There are no
long lists of examples to work, but there are many examples relating
the mathematics to the chemistry which you are learning. The
mathematical principles are explained briefly. I have often been
told that chemists do not want proofs, but do want to know when a
method can be used and when it cannot. I have compromised, so
that bald statements about conditions are amplified to make them
intelligible where this is desirable.

To practising chemists I would say: the two questions you have
most frequently put to me have been: How did he do this? and,
How would you do this? So you will find here the formulae which
seem so elementary to the student fresh from school, and many of the
short cuts loved by the mathematically inclined. Mathematics, like
many other things, is forgotten if it is not practised, and the elemen-
tary parts seem most difficult (as I found myself recently when trying
to do some very, very elementary chemistry). As far as possible every
step in the worked examples has been included.

I regret that numerical integration and other numerical tech-
niques have not been discussed more fully. In my opinion
chemists often know far too little about these matters, but the
detailed working of examples, which is so necessary to a proper
explanation, would have made the book too long. To make up for

v



PREFACE

this the numerical background of the work included has been empha-
sized as much as possible. Chapters on the theory of probability and
errors have been omitted for the same reason.

A book for chemists cannot be written without help from chemists,
and this book owes much to the chemistry students who have suffered
from my lectures but gave me a better understanding of their
difficulties, and the many colleagues in chemistry departments who
have refused to accept the simplest mathematical answer to their
problems but demanded an account intelligible to them.

More especially I wish to thank Drs ManseLL Davigs, Bircum-
suaw and OrviLLE TuHoMAs who have read all or part of the
manuscript. Their criticisms and suggestions have led to many
improvements in the exposition and choice of examples.

My thanks are also due to the publishers for their help and advice
in the preparation of the diagrams and manuscript.

G.J K.
University College of Wales
Aberystwyth, Wales

Iebruary 1954



N et bt bt s e b e e e

© ©° N o ook w N

CONTENTS

PREFACE .

INTRODUCTION .

APPROXIMATE SOLUTION OF EQUATIONS
SEQUENCES AND LiMITs
DIFFERENTIATION

APPLICATIONS OF DIFFERENTIATION
RaTionaL Funcrions

CircuLAR FUNCTIONS

ExpoNENTIAL, LocariTumic AND HypERBOLIC FUNCTIONS
ProperTIES OF CURVES

INTEGRATION

METHODS OF INTEGRATION

. INTEGRALS

. SERIES

. ComPLEX NUMBERS

. DiFreRENTIAL EQUATIONS .

. FuncTIiONs OF SEVERAL VARIABLES

. SURFACE AND VOLUME DISTRIBUTIONS
. DETERMINANTS .

. VECTORS .

. ParTiaL DIFFERENTIAL EQUATIONS

INDEX

PAGE

14
25
35
51
63
79
90
105
124
144
162
178
210
223
254
278
301
318
337

351






CHAPTER 1
INTRODUCTION

Functions—Dependent and independent variables—Notation—Constants—

Errors—Significant figures—Errors in variables—Arithmetical approxi-

mations— Approximate formulae—Graphs— Use of log and log-log graphs

—Terminology for graphs—~Polar diagrams—Equations of curves—
Curve sketching—Odd and even functions

1.01. Funcrions. If one quantity 4 is determined by another
quantity B, then 4 is said to be a function of B, or symbolically, that
A4 = f(B)*. Itis sufficient to give a table of values of 4 and B, but
tables can be condensed by the use of formulae. When the relation
between 4 and B is given by a formula then the form of the function
f(B) is known.

If B has a discrete set of values it is called a discrete variable, and
if it has a continuous range of values, it is a continuous variable.

Example 1. Table I is a list of boiling points of normal fatty hydro-
carbons, C,H,,,, for various values of n. Here 4 is the boiling point
(b. pt) and B the value of n. Each hydrocarbon is obtained in a
pure form so that the points only correspond to integral values of 7.

Table I

n 5 6 8 10 11 12
B.pt (°K) | 309 342 399 447 469 489

The relation between the b. pt and n, within the accuracy of
Table 1, is

B. pt = 745-4 log (n + 4-4) — 416-3.

This can be used to predict values of the b. pt for other values of n
cither between those given (interpolation) or outside the range of
values in Table I (extrapolation), assuming that the formula is
generally true. Care must be taken. Sometimes the curves for even
and odd values of » are different.

Formulae of the type given by this example are very useful in

* f(B) is read ‘function of B’. The use of parentheses in a functional relation of
this sort is not to be confused with their use in multiplication, e.g. a(b + ¢).
Experience and context help to distinguish the two uses.

1



§1.03 INTRODUCTION

organic chemistry to summarize vast tables. In physical chemistry
it is more common for the variable B to be continuous. Since experi-
mental data are of necessity only obtained for a limited choice of
values of B, except in very few cases, it is necessary to assume
regularity to deduce a formula.

Example 2. Table II gives the volume v of a given mass of gas at
constant temperature, for various pressures. The formula

(p + a/v?)(v — b) = R(O + 272'5),

due to van der Waals, fits this and other data with a = 0-00874,
b = 0-0023, R = 0-00369 and 6 = 32. The constants ¢ and &
depend on the gas, R only on its mass, and 0 is the temperature in °C.
In this formula » is measured as a fraction of its value at standard
temperature and pressure (s.t.p.).

Table 11

v 01 005 0025 0020 0010 0-0075 0-005
Y 106 234 346 41-9 58-7 62-0 67-2

1.02. DEPENDENT AND INDEPENDENT VARIABLES. The independent
variable is the quantity B adjusted experimentally. The quantity 4
then measured is the dependent variable. From the mathematical
point of view they are interchangeable: if 4 is a function of B, then
Bis afunction of 4. Informulae also their roles can be interchanged.

Example 1. If y = ax + b gives » as a function of x, then
x = (y — b)/a gives x as a function of y.

1.03. Norarion. The equation y = f(x) always means that there is
a formula for calculating y from x. Thus f(x) = #% 4 3x 4 4 means
that four is added to three times the value of x and then to the square
of x. This same procedure is carried out whatever symbol takes the
place of x inside the parentheses.

Example 1. If f(x) = x® 4 3x + 4, then f(a) = a* + 3a + 4,

or f@2) =224+32+4=14,

or f(0) =0+0+4 4 =4,

or flx+1)=@x+1)2+3x+1)+4=2x*+5x+38,
or S(x?) = 2t 4 3x2 + 4,

or So) = 2% + 3y + 4.

2



CONSTANTS § 1.04
Example 2. If f(x) = sin x, then f(90°) = sin (90°) = 1.

Thus in one sense the form of the function is more important than
the symbol occurring in it. It is common to speak of quadratic
functions, exponential functions, and so on.

The notations f(x), g(x), F(x) are all used to denote ‘some
function of x.’

1.04. CoNsTANTs. A variable can be given a number of values, but
a constant has only one value in a given problem, i.e. a numerical
value. This remains true even when symbols are used to denote
constants. Sooner or later the correct value has to be inserted for
the symbol.

Experimentally, when 4 is found to be a function of B, the appara-
tus is controlled so that other quantities are kept constant in value.
If these quantities are C, D . . . then it is clearly implied that 4 is
also a function of these and that circumstances may arise sooner or
later where C, D . . . are variables (see Chapter 16). Thus a symbol
may denote a quantity which is constant in one problem and variable
in another. The mathematician, who is not concerned with what
the symbols represent, can avoid this difficulty by always choosing
symbols such as x, », u, v . . . at the end of the alphabet (any alpha-
bet!) as variables, and a, b, ¢ . . . at the beginning as constants.
This is not possible in applied mathematics, where it is customary to
use a special symbol for each quantity. The result is that a symbol
such as ¢ is naturally chosen for concentration, even though it is in
universal use to denote a constant. A golden rule with a formula,
then, is first to decide which symbols denote constants and which
symbols denote variables.

Finally, an arbitrary constant means a number or constant the
value of which is not yet known, but must be determined before a
problem is completely and uniquely solved. Arbitrary constants are
usually denoted by capitals 4, B, C . . . but reasons for not doing
this are given in section 10.11.

Example 1. The equation pv = RT, for a perfect gas, is a relation
between the pressure p and volume v, when R and T are constants.

Example 2. In y = ax + b, a and b are unspecified, but known,
constants, i.e. it may be that y = 2x + 3, or y = x 4 1, or even
y = 2x (when b = 0).

If, however, we write = ax + B, then we imply that a is known
but B has still to be found.

3



§ 1.06 INTRODUCTION

1.05. Errors. In the calculation of y using a formula y = f(x) and
a derived value of x, errors can appear in the result on account of:

(f) mistakes in arithmetic,
(#i) the use of an approximate value of x,
(#1f) approximations due to the method of calculation.

The important thing is that the error should be within the desired
limits.

Mistakes in arithmetic are often difficult to discover even when
checks can be made using another method. They are avoided only
by systematic and careful work. This cannot be overemphasized,
since the time spent on a fresh calculation is just that time wasted.
It does not mean that checks are not valuable to correct the occa-
sional mistake. Two types of checks are advisable:

(1) a rough answer to prevent ‘coarse errors,” and
(iz) checks at important stages of the work.

The absolute error is defined as the correction to be added to the

approximate answer y, to give the correct answer y, or
E=y— )

The relative error is (» — ¥o)/Yo-

The percentage error is 100 . (3 — yo) [

Note that y, and not y is used in the denominator.

‘To an accuracy of 0-05° means that the error E lies between
— 0:05 and + 0-05, i.e. y = y, 4+ 0-05.

“T'o an accuracy of 5 per cent,’ or = y,(1 4- 5/100), means that
the percentage error lies between — 5 and + 5.

‘An accuracy of one part in 75,” i.e. y = yo(1 & 1/75) means that
the relative error lies between — 1/75 and + 1/75.

Unless otherwise stated ‘error’ always means absolute error.

1.06. SienrFicanT Ficures. Tables of values such as sines or logar-
ithms give only approximate values. Their accuracy is usually
assessed by the number of significant figures. A table giving values
to, say, six significant figures gives the six-figure number nearest to
the correct answer, not counting any initial zeros.

Example 1. 0-5738147 is 0-5738 to four significant figures and
0-574 to three significant figures.
Example 2. 0-008726 is 0-00873 to three significant figures.

Thus a table giving sin 26° = 0-4384 does not tell us more than
that
0-43835 < sin 26° < 0-43845.

4



ERRORS IN VARIABLES § 1.07

The error (or correction) in using a table correct to four significant
figures is 4 5 in the fifth significant position.

In reducing the number of significant figures there is sometimes an
ambiguity when the last figure is a 5 which is resolved as in the next
example.

Example 3. 0-00785 becomes 0-0079 on reduction to two significant
figures: 115 becomes 120.

Another point to be noticed is the distinction between the number
of decimal places and the number of significant figures. If two num-
bers are given to the same number of decimal places their absolute
errors are about the same, whereas two numbers to the same number
of significant figures have about the same relative error.

1.07. ErRrORS IN VARIABLES. An error in a variable or function of a
variable carries through a calculation and combines with other
errors. The rules for combining errors in algebraic processes are
simple:

(#) in addition or subtraction (z 4 &), the possible absolute
errors are added,

(#) in multiplication (ab) and division (a/b) the possible relative
errors are added, when small*.

These results follow from the table below, where a has an approxi-
mate value a,, an absolute error as large as 4 ¢, or relative error
r = (g4/a,) ; and b has an approximate value by, an absolute error as
large as + ¢, and relative error s = g,/b,.

a+b| can | (a)— €) + (bp — &) | or |(ap + €a) + (bo + )
a—b| be |(a— ) —(by+ &) | as |(a+ ) — (bo — &)

ab as ag(l —1)by(l —s5) |large| ap(l + 7)bo(l + 5)
a | small a 1 —7r as 9 147
b as by 1+ by 1 —35

Hence in the sum or difference the absolute error can be as large as

+ (ca + &)-

In the product ab the relative error lies between
—(r+s)+rs and 4 (r+s) 475

or + (r + s) when r and s are small.

* The true errors do not combine in this way.

5



§1.08 INTRODUCTION

In the quotient the relative error lies between

T+ s d r+s
T 1+ e

or + (r + s5) when s is small.

Example 1. If y = 64 sin 6, where 0 = 29°, the relative error in y
is that in sin 29°. To four significant figures sin 29° = 0-4848, with
an error of 0-00005 and a relative error of 0-00005/0-48 or 1 in 10%.

Example 2. If y = 64 sin 0, the relative error in using tables with
four-figure accuracy is 0-00005/sin 0, i.e. greater than 1 in 104 if § is
less than 30°, and less than this if 0 is greater than 30°.

When several algebraic operations are involved, the absolute errors
can increase very rapidly. The relative errors do not increase as
rapidly unless subtractions are involved.

Example 3. Consider y = ax® + bx + ¢ where a =1, b =2,
¢ = 1 and x = 3 with possible small percentage errors of «, 3, y and
P respectively.

The assumed values of ax2, bx and ¢ are 9, 6, 1 and y = 16.

Using the rules given above, the percentage errors in these terms
are (2P + &), (P + «f) and v respectively. The absolute errors
(x 100) are 9(2P + «), 6(P + PB), y- Hence the possible absolute
error in y is

(24P + 9« + 68 + v)/100.

If « =P =7y =P =2 per cent this is 0-8, so that y = 16 £ 0-8
with a relative error of 5 per cent, the bulk of which comes from the
biggest term.

Example 4. However, when y = ax® — bx -+ ¢, using the same
values of the constants and of x, the relative error is considerably
larger. The absolute error is still 0-8 but, sincey = 9 — 6 + 1 =4,
the relative error is now 20 per cent.

More general methods of calculating errors appear in Sections
4.09, 5.07 and 16.05.

1.08. ARITHMETICAL APPROXIMATIONS. Ifa and b are known only to
an accuracy of 1 per cent and y = ab, then y is known only to within
2 per cent. Hence an arithmetical process of multiplying a by b need
not retain all the figures, and the process of contracted multiplication
is used. The degree of contraction should not be such as to affect the
error in the answer appreciably, and this often means that it is
necessary to work to four significant figures. By proper study, the
errors implicit in a problem can be used to simplify the calculations.

6



USE OF SINGLE AND DOUBLE LOGARITHMIC SCALES §1.11

1.09. APPROXIMATE FORMULAE. An alternative approach to the
problem of calculation is to replace an exact formula by an approxi-
mate formula giving the same answer to the desired accuracy. Find-
ing such formulae is an important part of applied mathematics, but
it is relatively advanced and is considered in later chapters.

Example 1. The equation » = sin x can be replaced by
y=x — 23/6 4+ x5/120

with an accuracy of 0-5 per cent when x < 4r radians (90°). This is
very useful when the book of sine tables is lost.

1.10. Grapms. These not only give a concise picture of the relation
between two variables but they can be used to read values of the
variables, when many are required to no very great accuracy. Thus,
when y» = x/(1 4 x?) is needed for a large number of values of x, it
is easy to calculate it for simple values of x, plot the results on a graph
and read from the graph the values of y for other values of x. A
well drawn curve on a sheet of graph paper 10” by 8” should give an
answer accurate to almost 0-1 per cent. When greater accuracy is
required the graphical method is not possible. Moreover, to achieve
this accuracy certain simple rules must be applied. These are:

(i) The scales should be chosen so that the curve covers the
paper available.

(1) The scales should be convenient so that mistakes are not
made in plotting or reading values.

(¢it) Accurate plotting is essential.

(iv) Plotting known values with a cross of two fine lines involves
some error, which determines the accuracy of the curve
drawn through the crosses. Hence the calculated values
which are plotted need be no more accurate than they can be
plotted, nor can the readings from the graph be mose accurate
than this*.

(v) A graph sometimes shows up simple mistakes in calculations;
then it appears to contain kinks when it ‘ought to be’ smooth.

1.11. Usk oF SINGLE AND DouBLE LoGARITHMIC ScaLEs. When one
or both variables cover a wide range of values it is often advisable to
plot the logarithms of their values, e.g. logy against x, or logy
against log x. The resulting graphs have different shapes from the
elementary graph of y against x, but even this is usually an advantage,

* We are not discussing graphs of experimental points subject to experimental
errors, but graphs summarizing calculations.

7



§1.12 INTRODUCTION

the shape often being simpler. In the examples given below it is
shown when a straight line is obtained in these modified graphs, but
the reader should always be certain that the lines are straight before
using the graph to determine an approximation to the function. For
certain ranges of values special graph paper can be obtained.

It should be realized that equal absolute errors in log y in different
parts of the graph correspond to equal relative errors in y, so that it
is an advantage to use this form of graph when it is desired to main-
tain a given relative accuracy.

Example 1. If y = a x 10m, then logyy = logy,a + mx. A
straight line of slope m is obtained when log,, y is plotted against x.

Example 2. If y = ax®, then log;py = logyga + nlogye x. A
straight line is obtained when log,oy is plotted against log;, #, the
slope being .

Example 3. 1f the relative error in measuring y is r then the true
value is y = yo(1 = ), where y, is the approximate value. Hence

log,py = logio30 + 10810 (1 £1).

There is an absolute error in log; y determined by r. It is shown
later that log;e (1 & 7) = 4 0-42r (approximately) when r is small.

1.12% TERMINOLOGY FOR GRAPHs. At this point a summary is given
of some terms commonly used to describe graphs and functions. It

c
t 4
¥
£ e/
Af
Py Y
8 Ar |1
K
b 4
¥ N l
0 ! '
o, —webze T
- z, .
Figure 1.01

is assumed that y is plotted vertically against x horizontally as in
Figure 1.01.
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POLAR DIAGRAMS §1.13

Abscissa, e.g. ON, measures a value of x.

Ordinate, e.g. NP, measures a value of y.

As x changes from ¥, to x,, y changes from y, to y,. The suffix 1
denotes the initial value, and suffix 2 the final value.

Ax = %, — x, and Ay = y, — », (final less initial value) are the
changes in x and . The symbol Ax is read ‘delta x’ and not delta
times x, just as f(x) means ‘function of x* and not f times x.

|#| or | Ax|, read as ‘mod #’ or ‘mod Ax,’ means the numerical
value of x or Ax as the case may be, ignoring its sign, so that a ‘mod’
or modulus is always positive.

The slope of a tangent or chord (m = tan {) is determined by the
angle { that it makes with the positive x axis. Both m and { are
positive when y increases with x along the chord or tangent, and
negative when y decreases as x increases.

The variable y has a greatest value (C) and a least value (B) in any
limited range of values of x. If x is unlimited this may not be so.

A maximum (4) of y occurs where it exceeds the value at neigh-
bouring points on the curve.

A minimum value (B) occurs where y is less than at neighbouring
points.

On some curves » has several maxima and minima. If the curve
is continuous they must occur alternately. The greatest and least
values may not be maxima or minima, respectively.

At a maximum or minimum ¢ = 0 and m = 0 for curves with a
continuously turning tangent.

» = |%| has a minimum at x = 0, but m is not defined.

The equation m = 0 may be true at other points on the graph
such as F.

A graph has positive curvature where it is concave upwards, and
negative curvature where it is convex upwards. For positive curva-
ture m increases with x, and for negative curvature m decreases as
x increases.

A point of inflection occurs where the curvature changes sign.

1.13. PoLar Diacrams. A relation r = f(0), where 0 is an angle
specifying direction, is conveniently represented on a polar diagram.

On this diagram the graph is such that a line OP drawn at any
angle 6 with a given line 04, intersects the curve at a point P, and
the length of OP represents the value of r calculated from the
formula r = £(0). A variation of r with 6 now appears as a varia-
tion of the distance from the origin of the point P as the angle 6
changes (cf. Figure 9.05, p. 110).

9



§ 1.15 INTRODUCTION

In this diagram (7, 6) are called polar coordinates, and suitable
graph paper can be obtained on which to draw it.

1.14. EquaTions or Curves. Given any plane curve, it is possible
to choose an origin and Cartesian axes, and, by using the properties
of the curve, to deduce the equation of the curve, i.e. the relation
between the coordinates x and y of points on the curve.

It is also possible to use polar coordinates to describe the same
curve, or indeed one of a number of other ways, each having its
special advantages for certain purposes.

1.15. Curve SKETCHING. A theoretical approach to a chemical or
physical problem leads to a formula, e.g. y = f(x). This formula
may, and generally does, contain arbitrary constants. A comparison
with experiment is made in at least two stages, (7) to find ifqualitative
agreement is possible, and (i) to adjust the arbitrary constants to
give a good fit.

If this comparison is made using graphs, then in the first stage, a
graph of the theoretical result is needed which shows certain critical
features, but need not be correct numerically. Such graphs are
called sketches.

The crucial test of a theory often lies in extreme conditions. Hence
the important features of a graph are:

(i) behaviour near the origin (when x and y are small);
(1) changes of sign of the dependent variable;
(i) behaviour for large values of x;
(iv) behaviour for large values of y;

By behaviour we mean the answer to such questions as: ‘Is the
variable almost constant, corresponding perhaps to saturation, or
does it increase or decrease?’ If it decreases numerically, does it
decrease as (1/x) or (1/x?) or ¢7*, as x increases ?

(v) the greatest and least values, or maxima or minima if there
are any;

(vi) more rarely, the curvature and change of sign of curvature
are significant.

Example 1. 1t is of great importance to know whether the vapour
pressure of liquid helium varies as the first or third power of the
absolute temperature at very low temperatures.

Example 2. The force between two atoms or particles is quite
different in form for charged and uncharged pairs when they are
widely separated.

10



EVEN AND ODD FUNCTIONS §1.16

Example 3. An exponential law of decay is an inevitable result of
some theories.

Example 4. When a substance is being made by one process and
lost by another, then its amount is steady (in many problems a
maximum) when the two rates are equal. Then the conditions for a
maximum can be compared with experimental conditions.

In sketching curves, therefore, the particulars (i)—(v) are first
obtained, and any others of importance, and the results inserted
roughly on a graph. A smooth curve is roughly sketched to fit these
features, without worrying too much about numerical values, and
this is usually a good enough approximation to the true graph for
the purposes required.

1.16. Even anp Opp Funcrions. A function f () is an even function
of x if its value is unchanged when the value of x changes sign.

Even: Sl—x) = f(x).
It is an odd function of « if it only changes sign when the value of »
changes sign.

Odd: f(—x) = —f(%).
The product or ratio of two even or two odd functions is even: the
product or ratio of an odd and an even function is odd.

Example 1. Even functions: x2, 1/(x2 + 1), ™, cos x, x sin x.
Example 2. Odd functions: x, sin x, x cos x, x/(x* + 1).

Any function f(x) can be expressed as the sum of two functions,
one of them even and the other odd. For it is the sum of

Se(®) = ¥ f(x) +f(— %)} allx
and Solx) = HS(x) —Sf(—= )} all x.

f.(%) is an even function of x since

Sl— %) = Hf(—x) +f(®)} = L)

f+() is an odd function of x since
Sl —x) = Hf(—2) —f(*)} = —fol#)-

1 —«

Example 3. f(x) = A/i—:}:—: Then f(— x) = Jl gk
s =3 (e Jiradmal s o=

ICR N = i;z}zél{(l e vy
1

I
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INTRODUCTION

EXAMPLES I

1. Fit the data of Table I as accurately as possible with a linear relation
b. pt = an + b, and compare its accuracy with the formula given in the text
by plotting the relative errors against n for the two approximations.

2. The heat of crystallization (@) of saturated monocarboxyl acids is a
function of the number (n) of carbon atoms:

A : 6 7 8 9 10 11 12,
Q : 360 358 511 485 669 599 875,

Extend this table if you can, and show that (approximately)
neven: @ = 1:030n — 3-61,
nodd: @ = 0-965n — 4-49.

Does the error justify the use of three figures in these approximate formulae?
Find the melting point (m. pt) (T°A) of the substances, and show that
they oscillate in the same way as @, but the ratio (Q/T) (entropy change) is
a ‘continuous function’ of n.
3. A bar of iron 100 cm long is heated through 100C° and its increase in
length is measured. The coefficient of linear expansion is

o = 106 x 10-%/C°.

Find the percentage error in o if an error of 1 mm is made in the increase in
length, and the absolute accuracy of this measurement if « is to be correct
to 1 per cent.

4. To find the equivalent of sodium, x parts of sodium chloride are preci-
pitated with 1 part of silver and weighed as silver chloride. Show that the
relative error in the equivalent is a factor K greater than that in x, where

(equiv. of Na) 4 (equiv. of CI)

K= (equiv. of Na) : 25

5. If x g of a metallic carbonate reacts with hydrochloric acid and pro-
duces y cm® of carbon dioxide at s.t.p., the equivalent of the metal is

E = 11:2xy — 30.

Find the absolute and relative errors in the calculated values of E if there is
a relative error of 1 per cent in », when (i) E = 20 and (i) E = 44.

6. What is meant by the assertions (i) the volume of a gas at constant
pressure is a linear function of temperature, and (i) the resistance R of a
platinum wire is a quadratic function of the absolute temperature 7?

7. Sketch y = x/(1 4 x?) for positive values of x. Describe how it differs
from y = 2x%/(1 -+ x8) () for very small values of x, and (i) for large values
of x.

8. A square bar of specific gravity s, floating lengthwise in water with two
sides vertical, is in stable equilibrium if (1/6s) > 1 — s. By sketching the
two curves y = (1 — s) and y = (1/6s) illustrate the range of values of s

12
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satisfying this condition. What s the effect of changing the liquid from water
to a liquid with specific gravity less than unity?

9. The negative energy of an ion of polarizability a,, in the field duetoa
molecule of dipole moment y, directed at an angle 8 with the line joining
their centres, is E = }p,2a,(1 + cos? 0)/r%, where r is the distance between
them. Draw a polar diagram of E as a function of 6.

10. Draw polar diagrams of the Legendre polynomials r = P,(cos 6)
and their squares r = P,%, when (i) P, = 1, (ii) P, = cos 0, (iii) Py =
$(3 cos® 6 — 1), and (i) Py = (5 cos® 6 — 3 cos 0).
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CHAPTER 2
APPROXIMATE SOLUTION OF EQUATIONS

Introduction—Use of graphs—Chord method—Newton’s tangent method—

Chord and tangent method—Iterative methods—Chord and tangent iterative

method—Newton’s tangent iterative method—General remarks—Compari-

son of methods—Decimal method—Square roots—General iterative
method—Small roots and large roots

2.01. InTrODUCTION. The problem of solving an equation is a very
common one and some methods of doing so are given in this chapter.
Just two illustrations must suffice of the ways in which solutions are
obtained. First, from an equation y = f(x) it may be necessary to
find a value of x where y is zero, or a maximum, or satisfies some other
condition. Secondly, it may be necessary to solve an equation to
obtain the values of the dependent variable.

To solve an equation of the general form f(x) = 0, it is usual to
sketch f(x) and calculate it for simple values of x near a likely root
of the equation f(x) = 0. It may happen that one of these values is
a root, but the primary purpose is to use these values to calculate the
root approximately, using the rule: if f(x) is continuous and has
values of opposite sign for two values of x, then f(x) = 0 for at least
one intermediate value of x.

2.02. Use oF GrRaPHsS. A graph of y = f(x) cuts the » axis at values
of x where f(x) = 0.

Example 1. The following table gives some values of y = cos x — x
(# in radians) obtained from elementary tables:

%1 05 0-6 0-7 0-8 09
» | 03776 02250 00648 — 0-10303 — 0-2784 4- 0-00015

A graph drawn using this table gives x = 0-739 as the root of
cos x = x. (The reader should check or improve this, by drawing
the graph. The author used centimetre paper.)

The roots of an equation which is written in the form f;(x) = f3(x)
are the values of x at the points of intersection of the graphs y = f;(x)
and y = fy(s).

14



USE OF GRAPHS § 2.02

Example 2. The equation x2 — 10x + 1 =0 can be written
10 — x = (1/x) and its roots are the values of x at the intersection of
the line x +» = 10 and the curve y = (1/x). Both of these are
easily drawn (draw them!) and the roots are approximately x = 0-1
and x = 9-9.

In each example the roots are found by the intersection of two
curves, or a line and a curve. The greater the angle between the
curves on the graphs, the more accurately the roots are located. If
necessary the scale can be adjusted to achieve this.

This method is especially useful with equations involving an
adjustable parameter.

Example 3. A rod of length 2/ resting with one end on a plane of
inclination & and the other passing through a smooth ring, makes an
angle ¢ with the horizontal given by

{cos ¢sin? (b + a) = a,
where a is the distance of the ring from the plane.

The roots ¢ of this equation can be estimated by drawing
y = (l/a) cos ¢ and y = cosec? (¢ + a) against ¢, for various values
of the ratio k = (I/a) (Figure 2.01). It is at once clear that these

4

Figure 2.01

curves do not intersect if £ is too small, that they touch if £ reaches a
certain value, and intersect at two points if £ is not much larger than
this. For even bigger values of & there is only one root. It is assumed
that ¢ lies between 0° and 90°.

15



§2.02 APPROXIMATE SOLUTION OF EQUATIONS

Example 4. Consider the positive roots of the equation tan x = mx
(Figure 2.02) for various values of m, by plotting the curves y = tan x
and y = mx.

When m = 0, the roots are x = 0, =, 27, 3n. . .

t N /
Iy
¥ Y W
&
sk
A
sl A
o , A/
m=r
2k
0 x-—»/
10 1 m=0
tan x =mx

Figure 2.02

Now consider the lowest root ¥ = 7 as m decreases and becomes
negative. This root decreases steadily until, when m is very large and
negative, it has descended to little more than x = .

Now switch m to a large positive value. This root is now a little
less then 7 and still decreases with m until it is zero when m = 1,
since the slope of y = tan x is unity at x = 0. The role of lowest non-
zero root is now taken over by the next root which lies between ©
and 4w, and as m decreases from 1 to O this root decreas=s to .

For the same cycle of values of m, every root follows the same
cycle. It should be noticed, however, that the root which is 27 (or
any larger root) when m = 0 very quickly descends to §m as m
becomes negative, remains approximately §m when m switches to

16



CHORD METHOD §2.03

positive values, and only decreases still further to 7 when m is quite
small, i.e. for all except very small values of m, the larger roots are
approximately (n 4+ })m.

2.03. Cuorp MetHOD. If 4 and B are two points on a graph
» = f(x) (Figure 2.03) on opposite sides of the x axis, the chord 4B
intersects the axis at a point M, not far from the point P where the
curve cuts it. Hence the value ¥ = x at M is an approximation to
a root of f(x) = 0.

!
f [

e/
5 X
K N8 v
4 4 P N L X
A ¢ %y Zg
A
Figure 2.03

An algebraic formula for x5 can be used to calculate it without
reference to the graph. From the diagram,

KM xo _— xA
£0 =~ = £ 74,
VT UR T (=)
KL —
and cot O = Tz — 4

AK+LB=_yB — Y4

Equating these two

4,
I —JVa

Example 1. Using the table in Example 1 of Section 2.02 with
%4 =07 and x5 = 08,

xg = 07 + (0-1) x

Xapprox. = X¥g = X4 — (xB - xA) X

0-0648
0-1678
The graph ought to give a better answer than this since it allows for
curvature, but it is not easy to read accurately.

3 17

= 0-7386 4- (0-0001 ?).



§2.07 APPROXIMATE SOLUTION OF EQUATIONS

The error 4 0-0001 refers to the value of x5: the error between
%o and the root is not known.

2.04. NEwroN’s TanceNT METHOD. The tangent at any point B
(Figure 2.03, p. 17) cuts the axis at a point N near the root P pro-
vided B is not too far away. Thus x = x, is the tangent approxi-
mation to the root.

If mp = tan { is the slope of the tangent at B, then ON =
OL — NL, or
Xapproz. = ¥p = Xp — 2z
mp
2.05. CHORD AND TanGeNT METHOD. This method depends on the
fact that if 4 and B lie on opposite sides of P and not too far away,
then M and N lie on opposite sides of P. If xp, is greater than the
root and x, is less, presumably the mean of the two is a better
approximation than either. Hence the suggestion that the root is

Xapprox. = %(xC + xD)
1 { Xp — X4 }’B}
=gixy — —= X +xp —=1
21" g —4 4 Bomy

2.06. ITerative METHODs. The following methods are designed to
give successive approximations of greater and greater accuracy. An
iterative method uses each approximation to obtain a better one.

2.07. CHORD AND TANGENT ITERATIVE METHOD. Graphically the
chord and tangent method starts with two points 4 and B on either
side of the root at P, and leads to points M and N on the x axis on
either side of P (Figure 2.03).

Now there are two points C and D on the curve, corresponding to
M and N, and they can be used instead of 4 and B for a second
application of the chord-and-tangent method, leading to two more
x coordinates of points E and F. Algebraically, the steps are:

(?) calculate y 4 and yp using x 4 and xp;

(%) calculate xp = x4 —y (¥ — x4)/(¥g —r4) and
Xp = *p ~ (yBImg);

(i) calculate yg and yp, from xp and xp; |

(tv) caleulate xg = x¢ — ye(xp — #¢)/(yp — yc) and
xp = xp — (yp/mp)-

The last calculation (iv) is similar to (if).
18



COMPARISON OF METHODS §2.10

This process can be repeated any number of times, the error being
reduced each time. It need be continued only until the two values
of x obtained are equal, to the required accuracy, since the root lies
between them.

2.08. NEwtoN’s TANGENT ITERATIVE METHOD. This is similar to
the previous method but uses tangents only. The procedure is to
calculate:

(i) yp from x5 and find mp, the slope of the tangent;

(@) xp = (x —y/m)p;

(1i1) yp from xp and find mp;

() xp = (x —y/m)p, etc.
This is quicker than the chord-and-tangent method but suffers
from the defect that the error at any stage is unknown. Itis custom-
ary to proceed until two successive answers are equal to the required
accuracy.

2.09. GENERAL REMARKs. When tangents are used in these approxi-
mations, their slopes m are either measured graphically or calculated
(Section 5.03). Small errors do not matter for a simple reason. The
main purpose of the method is to produce successive pairs of values
of x between which the root lies. Their exact position does not
matter. Hence small errors in the calculation do not matter. For
example, in Newton’s tangent method, iterated, it is possible to use
the same slope my at every stage without attempting to calculate
mp, etc. This is an extreme example, however, and borders on
laziness!

This argument must not be carried too far. Unnecessary errors
may mean further iterations.

2.10. ComparIsoN oF MeTHODS. We apply these methods to a simple
problem, e.g. the calculation of 1/2, i.e. the root of y = #* — 2 = 0.

The reader should draw a graph of y = 1 — 2 between x = 0
and ¥ = 3 and convince himself (i) that the root lies between
x = 1-4 and x = 1-5, (i) that the slope of the tangent at x = 1-5 is
very nearly m = 3 and does not vary very much between x = 1-4
and x = 1-5.

(!) Chord method:
Let x 4= 14, xg =15,
Then y4 = — 004, yg = 025,

19



§2.10 APPROXIMATE SOLUTION OF EQUATIONS

Hence
kg mxy—y, ETEA 14 1 008 x DL
Xoppror. = Xg = X 4 yA}’B . 1-4 4 0-04 x 029
= 1-4 4 0-0138 = 1-414.
(i7) Tangent method:
xg =135, y5=025 mgz=3,
xp = xp — yg/mp = 1-5 — 0-25/3 = 1-417 approx.
neglecting extra decimal places.
(#it) Chord and tangent method:
Xgpprow. = ¥(xo + xp) = 1-416 approx.
Let us now use iterative methods to calculate the root to four
decimal places. Notice that we use the slope m = 3 for all tangents

to simplify the division, even though it is slightly inaccurate. The
graph is not accurate enough to improve this value appreciably.

(iv) Chord and tangent iterated. We start with the calculated

values:
%0 = 1414, xp = 1-417.

Then  yo = (1-414)2 — 2 = — 0-00060.
yp = (1-417)2 — 2 = + 0-00789.

Xp — X
Then Xp = Xg — x 2 ¢
E o —Jo Jp —Jeo

0:00300

= 1-414 4+ 0-00060 X 0700849

= 1-414 + 0-00021 = 1-41421.
xp = xp — yp/m = 1-417 — 0-00789/3
= 1-417 — 0-00263 = 1-41437.
e = (1-41421)2 — 2 = — 0-00001
op = (1-41437)2 — 2 = 4 0-00044.
Comparing these two it is clear that the root is very close to xz so
that we can say that
v/2 = 1-4142 to four decimal places.
(v) Tangent method iterated. As above we should calculate:
xp = (x — y/m)g = 1-411.
7p = 0-00789.
’ 20



SQUARE ROOTS §2.12
xp = (x —y/m)p = 1-417 — 0-00263 = 1-41437.
yp = 0-00044.
xg = (x —y/m)p = 141437 — 0-00015 = 1-41422 etc.
giving /2 = 1-4142.

2.11. DecimaL MeTHOD. This iterative method is practicable with
polynomials only and advances step by step in a definite way, in-
creasing the accuracy by a known amount each time. These quali-
ties are shared with any good numerical method.

We simply calculate successive decimal places in the answer, and
illustrate the method with the well known equation x2 — 2 = 0.

(f) The root lies between 1 and 2.

(t1) Let x = 1 4+ y,. The equation for y, is (1 + )2 —2 =0
i.e. 2 +29),—-1=0
which has a root between 0 and 1. (Why?)

(111) Let 2z, = 10y, so that (z,/10)%2 + 2(z,/10) —1 =0 or
22 + 20z; — 100 = 0. This equation must have a root
between O and 10. By trial it is found that it lies between 4
and 5 since the left-hand side (LHS) = — 4 when 2, = 4
and 25 when z; = 5.

(iv) Put z; = 4 + y,. The equation for y, is

(72 + 4)* + 20(4 +35) — 100 = 3,2 + 28y, — 4 = 0.
(v) Put z, = 10y,, i.e. 2,2 + 280z, — 400 = 0.
This equation has a root between 0 and 10, which is nearer
0. Actually it is between 1 and 2.

(v1) Put 2 = 1 + yg, 23 = 10y It is found that zg lies between
4 and 5.

This may seem complicated: but the nearest integers to 2;, 2y, 23

are the figures in successive decimal places in the root. Since these
are 1, 4, 1, 4 in order we find

V2 =1414 . ..

2.12. Square Roorts. The usual method of calculating square roots
on a calculating machine is little different from the following
iterative method. Let x, be an approximation to /M. Ifxy < 4/M,
then M/x, > 4/M, and a better approximation is

%y = §(x%o + M]x).
Other approximations are calculated by the same rule
= }(x, + M/x,) etc.
21



§2.13 APPROXIMATE SOLUTION OF EQUATIONS
This method is a good one. For if x = /M, then
x —x = x — $(x + M/x)
= (2xxy — %% — x2)[2x, since M = x*
= — (x — x9)2/2x,.
X —x X —%
x —xy  2x,
Now if |x — x| < 1 the RHS is less than 1/24/M, so that the
errors go down by a factor not larger than 1/24/M at each stage.

Actually the gain in accuracy is bigger than this. If x, is correct to
¢ decimal places, then |x — x,| < 1/10? and

|#, — x| < 1/10% if M > 1,
i.e. x, Is correct to 2p decimal places.

1.e.

2.13. GENERAL ITERATIVE METHOD. The last section is an example
of a general method applicable to an equation of the form

x = f(x).
Successive approximations to a particular root are calculated
according to the rule

Xn41 =f(xn)’

starting from some value x,, e.g. x; =f(x,), o =f(%,), ¥3=f(%g). . . .

y Y=z,
H Il y?/{’/
f(‘x'l) ! E Z
P V)
.
0 X, X X, &g €X —
Figure 2.04

A graph of the line y = xand y = f(x) near the root not only gives
an initial approximate value x, but shows whether the method will
yield a result. It is essential that the curve y = f(x) should not rise
more steeply than y = x, nor fall more steeply than y = — x, near
the root.

The reader should try to understand the meaning of Figure 2.04.

22



SMALL ROOTS AND LARGE ROOTS §2.14

9.14. SMALL RooTts aND LARGE Roors. For small roots an equation
is separated into large terms and small terms.

Thus when x < 1, it follows that x2 < x, x® < x, so that some
terms can be neglected, if their coefficients are not too large.

Example 1. Find the smaller root of x* — 10x 4 1 = 0.
When x is small, 2 < x and we write approximately

—10x +1=0 ie x=01.

To improve on this we introduce x% as a correction:
+ 10x =1 + a? .
ie. x = 01(1 4 x?)
= 0-1(1 + (0:1)%) = 0-101.

and again x = 0-1(1 + x%) = 0-1(1 4 (0-101)%) = 0-10102 etc. . ..
This is an iteration

Zpga = 0-1(1 + x,%).

Large roots are dealt with in the same way after changing from
x toy = (1/x). Ifxis large, y must be small.

EXAMPLES II

1. Solve the equations y = 1 — x and y = 1/6x by the iteration formula
%p41 = 1 — 1/6x, using x, = 1 as the initial approximation. Compare the
results of four iterations with the graphical method (Chapter 1, Example 8)
and the exact solution. Can the other root be obtained by the same iteration
method ?

2. A unit sphere is divided into three equal parts by two planes distant
x from the centre, if 3x2 — 9x -+ 2 = 0. By a graphical approximation and
iteration (x,,, = 2 + ¥x,2) show that x = 0-2261 to four decimal places.

3. A donkey is tethered to a peg at the edge of a circular field of unit
radius. The length of tether  is such that the donkey can graze on one half
of the field. Show that x = 1-159.

4. The angle x between two chords 4B and BC dividing a circle into
three equal parts satisfies the equation y = x + sinx — {= = 0. Draw a
graph of y accurately between 25° and 40° (N.B. work in radians), and use
Newton’s method (if necessary twice) to obtain x = 0-536 radian, correct
to three decimal places.

5. Use the decimal method to solve x* — 2 = 0 correct to three decimal
places.
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CHAPTER 3
SEQUENCES AND LIMITS

Sequences—Infinity—Limits and convergence—Sequences of ratios—
Orders of magnitude—Convergence tests— Washing precipitates—Com-
ments—~Functions of a continuous variable—Limits of functions. Continuity
—Indeterminate values—Functions of sequences— Three important limits

3.01. SEQUENCES. Successive approximations s;, s,. . . . can be
written in the form of a table:

n: 1 2 3 4 5

S: 5 Sy Sy Sq S5

where they appear as the values of a function § of a discrete variable.
A graph can be drawn to represent this function, or a formula
obtained of the form § = f(n).

The numbers s, 53, 53 . . . form a sequence and the expression
f(n) is called the nth term of the sequence. Its values forn =1, 2,
3 . . . give successive terms.

In this chapter we discuss the terms in the sequence S as n gets
larger and larger, a process which is called ‘allowing n to tend to
infinity’ or more briefly ‘as n - c0.” The following examples illus-
trate how this problem can arise. .

Example 1. Given a set of numbers s, s, . . . obtained by an
iterative method of solving an equation, how can it be shown that
they are successive approximations to the correct answer, and what
is this answer?

Example 2. A series of melting points M is known for the hydro-
carbons C,H,,. What happens to M for very heavy hydrocarbons

(n large) ?
./ Example 3. The energy of a vibrating molecule has a sequence of
values E,, E;, E,, . . . arranged in order of increasing magnitude.

E, is the lowest energy of the zero-point vibration and E, is the
energy of the nth vibrational level (n = 1,2, 3 . . .). The value of
E, — Eyas n — o is the dissociation energy of the molecule, What
is this value?

3.02.'[INFINITY. A very brief discussion of this concept is necessary.
Here we use infinity (o0) only in the sense of the previous section.
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§3.03 SEQUENCES AND LIMITS

A quantity ‘tends to oo’ or ‘becomes infinite’ when it assumes a suc-
cession of values getting larger and larger, so that ultimately it
exceeds any number, however large that number may be. See also
the discussion of divergence below.

3.03. Livits anp ConverGeNcE. The behaviour of a sequence §
as n — oo cannot be determined from a finite number of values,
since these are not necessarily typical of what happens when n is
really large. It is therefore absolutely necessary to have a formula
S = f(n) from which every term can be calculated, or a rule which
explains in some other way how the terms can be derived.

There are three possibilities, for large n:

(i) The terms oscillate.

(#) The values s, get closer and closer to some definite value s.

(i#i) They get larger and larger (either positive or negative).
Usually the problem is to distinguish between (i) and (3i).

When (i) occurs, the sequence is said to be convergent, and the
number s is called the ‘limiting value’ or ‘limit’. We write

limit s, = limit f(n) =5,
n—r n—> o

which is read, ‘the limit, as » tends to infinity, of 5,”. Normally the
limit s is not any of the numbers s,,.

The following is a formal definition of convergence:
A sequence S converges to a limit s if only a finite number of the
differences s — s, exceeds in magnitude any chosen number, how-
ever small.

When (42i) occurs the sequence is said to diverge:

A sequence S diverges to (+) infinity if only a finite number of terms
is less than any chosen positive number, however large. The defini-
tion of a sequence which diverges to minus infinity is similar. We
write

limit f(n) = co.

N> 00
There remain sequences which neither converge nor diverge in the
defined sense of these terms. These are usually termed divergent by
the mathematician, but the term oscillatory is more descriptive.

Example 1. When s, = (—)*/n the sequence is — 1, }, —3, },
— %, . . . and converges to the limit 0.

Example 2. The sequence s, = (—r)*is —r, 1%, —r® . . ., which
converges to zero when 7 is less than one, and oscillates when r is
equal to or greater than one.
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SEQUENCES OF RATIOS § 3.04

Example 3. Lets, = A(1 — ¢~™/4"), where A, ¢ and a are constants.
As n gets larger, e~™/%" gets smaller, so that the sequence has the
limiting value 4. Hence

lim A(l — e-iat) — 4,

n—r
Example 4. The sequences s, =2n —3; —1,4+1,3,57 ...
s, = logn; 0,log2,log3, ...

both diverge. The latter is said to diverge slowly (see below).
Example 5. Any polynomial 5, = a + bn 4 ¢cn? 4 . . . diverges.

1 1 1 1
Example 6. The sequence s, = T + 22 + 3 + ...+ ot i.e.

1
Sn — $n_y = -3, converges to the limit =%/8. (See Chapter 13.)
Example 7. The sequence s, = (1 4 1jn)" is 2, 9, 84, 8258 . . .
and tends to the important number ¢ = 271828 . . ., the so-called
natural number. This answer is not obvious, as (1 -+ 1/a) decreases

as the power z increases, and it is not clear which gains control (cf.
Section 8.01).

Many limits are obvious, but the last two examples show why a
definition of convergence is necessary. Such a definition can give a
test of convergence, and sometimes gives the value of the limit.

3.04. SEQUENCEs OF RaTios. The behaviour of a sequence of ratios
of the form s, = (a,/b,) is usually clear when that of the separate
sequences a, and b,, is known.

Example 1. s, = r"[n(r < 1). Herea, =1 - 0andb, = n — ©
as n — co. Hence s, converges to zero.

In general, if lim a, = 4, and lim b, = b, then lim (a,/b,) = (a/b)
asn — o, unless b = 0, when the sequence diverges, or both ¢ = 0
and b = 0, when the ratio is indeterminate.

Doubts only arise when a,, and b, either both converge to the limit
zero, or both diverge. The following example shows one way of
dealing with this situation:

w_n+l @ o a_l+y
o mrl T w O 21 1)
a, ljn+41/m* 0 )
5 nrim o )
These three sequences being identical, they have the same limit }.
27
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§ 3.05 SEQUENCES AND LIMITS

The moral is that a sequence and its limit are not changed by any
algebraic alteration of the form of the function f(r) describing the
terms.

Ratios such as 0/0 and co/co should in fact never be used. They
have no meaning and to reach such an impasse implies erroneous
reasoning.

. B+ 4 . L +4p 1
Example 2. U g~ 24 T Y
%4 +a
. aytan+...4an? . n? el -
Example 3. 11;1:: Botbnt . . . b ~mb——~——o nP-q,
r_l‘;+' .+ b,

As n — o0, the numerator tends to a,, and the denominator to b,
Hence the sequence diverges if p > g, converges to a,/b, when p = ¢,
and to zero if p < g.

Example 4. Lim n/log;on = oo in spite of the large denominator.

n—rco
(This cannot be proved without using the ideas of later sections.)
Let n = 10™ so that the limit is that of 10™/m, which is obviously
divergent.

3.05. ORDERS OF MAGNITUDE. If the sequence a,/b, has a finite
limit, the sequence a, is said to be of the same order of magnitude as
b,, when = is large.

If the sequence a,/b, tends to zero, then g, is said to be of lower
order of magnitude than b, when 7 is large; or when both diverge,
then a, tends to infinity more slowly than &,.

This characteristic enables us to compare sequences with the
same limit zero or infinity.

Example 1. If a, = 1[n?, b, = 1{(r + 1), then

Sa = pfby = (n + 1)/n® >0
as n —> oo. Hence the sequence (1/n?) is of a lower order of magni-
tude than 1/(n + 1).
Example 2. Ifa, = (n + 1)/n? and b, = (n% 4 1)[(2n® 4 1), then
@ (4 D2+ 1)
=T B 1)
tends to the limit 2 so that the two sequences are of the same order of
magnitude, that of (1/n).
Example 3. If a, = 1000/n and b, = 1/(n + 1) then
Sp = @u[b, = 1000(n + 1)/n — 1000,
28



CONVERGENCE TESTS §3.06

so that a,, is said to be of the same order of magnitude as b,, when n
is large, even though it is 1000 times as large numerically.

3.06. ConVERGENCE TEsTS. Many of these tests are simple enough,
though they should be proved to be consistent with the definition of
convergence. The following tests are amongst the more useful:

() A sequence converges if every term lies between the two

(i)

(iii)
(iv)

(®)

preceding terms, and the difference between successive
terms tends to zero [Figure 3.01 (a)].

A monotonic increasing sequence (each term bigger than the
one before), where every term is less than some number M,
converges to a limit s < M [Figure 3.01 (b)].

A monotonic decreasing sequence, every term greater than a
number M, converges to a limit s > M.

If two sequences S and T are such that s, — ¢, — 0 as
n — o0, and § is convergent, then T converges to the same
limit.

If the ratio of successive terms | 5,,4/s, | < , where a <1,
after a finite number of terms, then the series converges to
zero.

Comparison test: If S and T are two monotonic increasing
sequences such that ¢, < as, for every n, after a finite number
of terms, where a is some constant, then T converges if §
converges.

1
1 X + +
e N LN AN X
' N AN e
! < @ !
! X \ !
] sz [} :
I ‘ o
1
——-T“""—-""'—"_:-—_;:_:_;::—x———:f"-'YM
sa| | P (v :
l/x/ i H
i ! |
I 1 1
] ' 1
- 1 ] H ! Lo | H
0 7 2 3 4 5 & 7 I g 170
n»
Figure 3.01

More advanced tests are to be found in advanced books. The
reader should notice how they compare with the definition of con-
vergence, and also note the severely arithmetical nature of the
definition.
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§ 3.07 SEQUENCES AND LIMITS

3.07. WasHING PreciprtaTEs. The solvent left in a precipitate after
draining may contain an impurity in concentration ¢,. If the volume
of solvent left is a the amount of impurity is (¢,a).

Washing the precipitate reduces the concentration. By adding a
volume x of pure solvent, shaking and draining, the concentration of
impurity is reduced to

acy

a4+ x

both in the solvent removed and in the drained precipitate.
A further washing using a volume x, of pure solvent reduces the
concentration to

‘G

a a
Cy = (g ———*
2T T at Ay
and after n washings,
a a a
cﬂ — Co « — . e .
a+ % a-+ x a—+ x,
A total volume » = x; + %3 + . . . x, of pure solvent has been used.
Ifx, =2, =...=x, =%, then

a n
cmale)

The concentrations form a sequence tending to zero with increasing 7.
Let us now consider the concentration after a volume v of pure
solvent has been used in n washes. Then x = (y/n) and

Y L
= ‘o (a—}-v/n).

This is another sequence which decreases as n increases, i.e. a large
number of small washes removes more impurity than a small
number of large washes. When = is large

Cn v\ ™" v \"alv| ~via na
L= I+E ={{1 4 — -—>e"""’,as—;—->oo,

o na

using Example 7 of Section 3.03 (and 8.01).

According to the definition of a limit ¢,/¢, does not differ much
from e—*/% when n is large, so that the value can be used to measure
the effect of a large number of washes. Thus, to reduce the concen-
tration by a factor of 1000, ¢/* must be greater than 1000, or v/a
must be greater than 7.
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LIMITS OF FUNCTIONS. CONTINUITY §3.10

3.08. ComMeNTs. The reader has probably noticed that we have
not yet used the convergence tests, nor have we evaluated any limits
of a difficult nature. This is deliberate. They appear later in this
chapter. The most important things to remember about sequences
are (i) the simpler tests, so that they can be rapidly applied when
there is doubt of the convergence, and (ii) that the later terms of a
sequence are very close indeed to the limit when it is convergent, so
that either can be used as an approximation to the other.

3.09. Funcrions oF A COoNTINUOUS VARIABLE. A function y = f(x)
of a continuous variable x can converge, diverge, or oscillate as x
tends to infinity, just as can a function of a discrete variable.

Example 1. y = sin x/x: lim (sin x/x) = 0.
XT—> 0
Example 2. y = »*/(x + 1): lim (x%/(x 4 1)) = co.
Z—>
Example 3. y = sin x: oscillates as x — o0,

It is not possible to ‘put x = o0’, although it is convenient to talk
loosely as though it is. Hence to say ‘when x — oo’ always means
‘when x is given any sequence of values tending to infinity’.

The statement lim f(x) = a means that the same limit is obtained
22— 0
for any sequence of values of x tending to infinity and not merely the

sequence 1,2, 3, . . . This is the real distinction between limits of
functions of a continuous variable and functions of a discrete vari-
able. It can be made clearer by the following.

Example 4. For x = 1,2, 3, . . . the function f(x) = sin 7x has
the values 0,0, 0, . . . convergingtoO! Butwhenx =4,3,%, . . .
it has the values + 1, — 1, +1, — 1, . . . which oscillate as x

tends to infinity. In fact by choosing a suitable sequence of values
of x, any limit between — 1 and + 1 can be obtained.

3.10. Livrts oF Functions. ContiNurry. When x has a sequence of
values a,, a5, . . . converging to a limit a, then y = f(x) has a
sequence of values

n=[f(@), y.=/f(as), »s = f(as), -

Normally these converge to a limit, which is the value of y = f(x)
when x = a.

lim f(x) = f(a).

—>a

If this is true for all sequences of values of x converging to a, then the
function f(x) is continuous at x = a.
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§3.12 SEQUENCES AND LIMITS

It is not always true. For some discontinuous functions one limit
is obtained for x values less than a, and another limit for values of x
greater than a. These two limits are

Jim f(x) =f(a —0) and lm f(x) =f(a +0).

Other difficulties arise when f(x) is a fraction, or is not determined
for some reason at x = a.

L x+1] 1+1
Example 1. I;Lrilg_*_ Y1 14141

Example 2. Lima®» = oo (n>0), =1(n=0), =0(r<0).
Eamd )

_2
=3

3.11. INDETERMINATE VALUES. In physical and chemical problems,
when a function is not determined for some reason at x = g, it is
usually best to use either

lim f(x) or #{lim f(x) + lim f(x)},

the second reducing to the first if the two limits in it are equal.

The commonest functions of this type reduce to the form 0/0 if x
is put equal to some particular value. These are dealt with as in
Section 3.04.

Example 1. f(x) = (x* — 4)/(x — 2) is not defined at x = 2, but

lim = _;=lim(x+2)=4.

22 X —
x4 14
X+ a° l;_r,nol—i-x

Example 3. Lim Y@ T ") -
-0

1.

Example 2. L'

e (Ve + %) — Vel (e + 8 + va)
lim V@t + va)

o (@+=x) —a

=l V@t Y+ va

1 1
=l e T va 2va

3.12, Funcrions oF SEQUENCEs. When it is necessary to combine
two sequences, as in Section 3.04, or by any other algebraic method,
the limit of the combination is obtained by combining the limits of the
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THREE IMPORTANT LIMITS §3.13
sequences. The same, of course, is true for a function of the numbers
of a sequence, provided the function is continuous at the limit, e.g.

(¢) lim {a, + b,} = lim a, + lim b,
n—>co 7n—> 0

N~

(##) lim {log a,} = log {lim a,}.
7> n—» 00

3.13. THrREE IMpPORTANT LIMITS.
aﬂ — bﬂ
= na"1l.

(2) allbn—lvo a—b

For by long division

a® — b = (a — b)(a" + a"%b + "% 4. . . 4 b°Y).
This limit can be expressed, when & = xand a = x 4 4, as

. (xR —xm

lim ——F——

= nx"-1,
h—0 h

(#%) lim s—x;le-(; = 1, when 0 is in radians.
60

Since sin 6 is defined geometrically, the proof is geometrical.
From Figure 7.01 (p. 79) it is clear that
A OBN < sector AOB < A OBC,
ie. jacos0.asin 6 < (6/2x) . ma® < 4a.atan6,
or cos0 < Ofsinf® <sec.

As 0 tends to zero, cos 6 — 1, sec 6 — 1, hence 0/sin § — 1.
(¢%) lim (a* — 1)/h = log, a.
B0

Let 4 have the sequence of values 4, = log, (1 4 1/n), i.e.
a —1=1/n
Then lim 4, = 0.

17— 0
b log (L4 1/
Hence lim P ——-311;!010 )

h—0
= lim {log, (1 + 1/n)"},
= log, {lim (1 + 1/n)"},

>0

td

= log, e.
The required limit follows on taking reciprocals, using
log, e = 1/log, a.
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SEQUENCES AND LIMITS

EXAMPLES III

1. According to the Morse approximation, the vibrational energy of a
diatomic molecule can have one of a finite sequence of values,

E, = (n+ Hhv — (n + $)*(m)*/(4D),

where & is Planck’s constant, v the frequency of small vibrations, D the
dissociation energy and 2 an integer.

This formula is to be used only as long as E increases with n. Find the
largest value 7, of n in the sequence, and show that E, = D.

2. The value of a sequence of determinants D,, (n =10,1,2,3, .. .)
are obtained from a recurrence relation D, = 5D,_, — 6D,_,;. Find the
sequence of values up to n = 5, when Dy = 1 and D, = 2.

Prove, by direct substitution in the equation, that the values could be of
the form D, = Ak*, provided that k = 2 or k = 3.

3. A sequence of numbers s, satisfies the recurrence relation,

asy + bsp_y + s =0 (n=2,3,4,...).

Show that the possible values of the sequences must have a formula of the
type s, = Ap™ + Bg", where p and ¢ are the roots of the equation
ax? + bx + ¢ = 0 (assume b > 4ac). Express A and B in terms of 5, and s,.

REFERENCE

The author has found useful information on the subject matter of this
chapter in the following book:

BromwicH, T. J. An Introduction to the Theory of Infinite Series. Macmillan
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CHAPTER 4

DIFFERENTIATION

Changes and rates of change—Graphical representation— Instantaneous
rates of change—Differentiation—Derivative or derived jfunction—Basic
derivatives—Derivatives from first principles—Changes in related func-
tions—Laws of small changes—Rules of differentiation—Relations
between rates of change—Examples of use of rules—Derivatives with
respect to functions—Function of a function rule—Chain rule—Differen-
tials— Equality of terms to first order—Higher derivatives— Functions with
simple higher derivatives—Leibnitz rule—Higher derivatives of functions—
Notation—Logarithmic  differentiation—Implicit  differentiation—Inter-
change of variables

4.01. Cuances aND RaTes oF CHANGE. The differential calculus is
the result of a particular attitude to three familiar ideas, namely,
change, the possibility of relationships between changes, and rate of
change. The essential concept is that it is much easier to work with
relations between changes, when these relations are considered in
the limit where the changes tend to zero. To correspond with this, a
distinction is made between an average rate of change, which is the
ratio of two changes, and an instantaneous rate of change, which is
the limit of this ratio. To make this clear let us consider some
examples. In this chapter, we assume that only two quantities are
involved, one a function of the other.

An average rate, or rate of change, is the ratio of two changes
which occur during the transition from an initial to a final state, and
it depends on both the initial and final state. For example, an
average rate of burning is measured by the ratio of the fuel consumed
over a definite period to the time taken. Similarly, average velocity
is the rate of change of position with time, which is measured by
the ratio (distance gone)/(time taken), both these quantities being
changes. Its dependence on the initial and final circumstances
appears in the fact that there are many average velocities. The
average velocity of a car on a journey need not be the same as its
average velocity between two telegraph poles, or the indication of a
speedometer, which gives an average speed over a distance of a few
feet.

Let us now consider two examples where time is not involved.
The specific heat of a substance is measured as the rate of change of
heat content with temperature, per unit mass. Normally the change
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§4.02 DIFFERENTIATION

in temperature is quite small, and for some purposes it must be small,
e.g. to find the change of the specific heat of a substance with tem-
perature, the change of temperature used for the determination of
the specific heat should be smaller than that used when comparing
specific heats.

This dependence of average rates on both the initial and final
circumstances is eliminated experimentally by making the changes
very small, and theoretically by the use of the differential calculus,
where the changes considered tend to zero. It may happen that,
experimentally, extremely small changes have little meaning; for
example, the rate of burning of a gas has no meaning unless the time
involved is sufficiently large for the reaction of a fairly large number
of the molecules taking part. This does not alter the value of the
idea of infinitesimal changes, just as the abstract geometrical point
or line is a valuable idea even though it differs from a real point
or line. As long as its limitations are realized, the ideal viewpoint
has the tremendous advantage of simplicity in use.

4.02. GRAPHICAL REPRESENTATION. Graphically, rates of change
appear as the slopes of lines. Assume that a graph is drawn of the

c
¥
A
Chord
¢
. e Tangent
¥4 -
Z7 |by
g #
Ax
rd
7
P 4
s k2
o x, x, zr—
Figure 4.01

relation between » and x. A change of x from the value x, to the
value x, corresponds to a change in y from the value y; to the value
%, or from the point P to the point @ on the graph (Figure 4.01).
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INSTANTANEOUS RATES OF CHANGE § 4.03
The average rate of change of » with x is measured by
Ay/Ax = RQ/PR,

or the slope of the chord PQ.

As the change Ax gets smaller, either by moving P on, or @ back,
or both, the chord shifts its position, and in the limit when Ax — 0
it becomes a tangent.

The instantaneous rate of change of y with x is therefore the slope
of the tangent.

Difficulties can be expected at certain points, e.g. in the region of
the point 4 or the point B. These can be removed by admitting
the possibility of drawing two tangents at some points. A more
serious difficulty arises at C, if y tends to infinity, since P and @ must
be on the same side, but the definition is maintained by the introduc-
tion of a vertical tangent with infinite slope. Finally, a smooth curve
has been assumed, whereas the actual curve may vary so rapidly
that no tangent can be drawn at certain points.

4.03. InsTaNTANEOUS RATEs OF CHANGE. The definitions of the
previous section can be expressed analytically for precise calcula-
tions.

The change in any quantity is defined as the final value less the
initial value. Consequently its sign, when it is not zero, indicates
whether the final value is greater than or less than the initial
value.

Denoting the changes in x and y which correspond to one another
by Ax and Ay, the average rate of change of y with x is

Ay[Ax,

and the instantaneous rate of change is denoted by

if the limit exists. Whereas the average value depends on both
the initial and final values of x, the limit only depends on their
common value as Ax — 0.

The reason for the notation dy/dx is that by definition Ay/Ax
differs from its limit by an arbitrarily small amount if Ax is suffi-
ciently small. From one point of view Ay/Ax is a very close approxi-
mation to the limit dy/dx, and from another point of view dy/dx is a
very close approximation to the actual ratio Ay/Ax of the very small
changes. Both points of view are valuable.
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§ 4.06 DIFFERENTIATION

If Ap)Ax = (@ld) (1 + 1),
then Ay = (dy/dx) Ax(1 + 7).
Thus r is the relative error in using the limit instead of the actual

ratio; it is the relative error, not the absolute error, which tends to
zero with Ax.

4.04. DIFFERENTIATION. In the calculation of the limit it is custom-
ary to use the symbol x as the initial value, so that x + Ax is the
final value of the variable (this double meaning of x as initial value
and variable sometimes causes confusion). The corresponding
values are y and y 4+ Ay.

Thus, if y = f(x), theny + Ay = f(x + Ax). In taking the limit
the initial value is kept fixed.

b Ay L S+ A ()
dx Az—0 Ax Az—>0 Ax
where f'(x) is the limiting value.

As explained in Section 4.02, functions which are not smooth
can give different tangents, and dy/dx can have different values, for
positive values of Ax and negative values of Ax. If this happens
the two limits are denoted by f'(x + 0) and f'(x — 0).

In the calculation of £/ (#) it is not necessary to use the symbol Ax
for the change in x. If any other symbol simplifies the expressions
obtained, it is better to use it. The value of the limit does not depend
on Ax but only on the initial value of x. In a few of the following
sections we find it convenient to use

dy . flx+h) —fx)
R /z

=J'(%)s

.

4.05. DERIVATIVE OR DERIVED FuncTion. The limit f7(x) is a func-
tion of the initial value x, which is called the derivative of f(x), i.e. the
function derived from it. Its value for a particular value of x, say

x = a, is written
dy ‘
(@).~r o

4.06. Basic DerrvaTives. We can prove, using the three limits
of Section 3.13, the three basic derivatives:

(f) y = an: dy/dx = nx"L. (Cf. Sections 4.12 and 4.24.)
(i) » = sin x: dy/dx = cos x. (Section 7.08.)
(i) y = e®: dyldx = e*. (Section 8.06.)
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LAWS OF SMALL CHANGES § 4.09

Most derivatives can be calculated from these using the rules given
below.

4.07. DerivaTives FROM First Princrpres. This is the calculation
of derivatives without using the rules given below or the basic
derivatives given above, It is a test of manipulation to find limits.
As several examples are given in the course of this text only one is
reproduced here.

Example 1. y = x1% = 4/x. Some juggling is required to remove x
from the denominator before taking the limit (Ax = h).

Ay flx+h) —fx) (E+mVE—x2 1
Ax h N h 9

as explained in Example 4, Section 3.11.

4,08. Cuances IN RELATED FuncTiOoNns. If one quantity # changes
to u -+ Au and another v to » + Aw, the product » = uv changes to

¥+ Ay =uw + Alw) = (u + Au)(v + Av),
Le.
Ay = A(w) = (u 4 Au)(v + Av) — wv = ulv 4 vAu 4 Aulv.

This formula gives the change in a product due to changes in its
factors. Other simple relations derived in the same way are given in
Table I1I. They are the same as those given in Section 1.08, when
discussing errors, provided Au and Av are regarded not as changes
but as errors, i.e. the differences between the true and approximate
values (see also Section 5.08).

4.09. Laws oF SmMaLL CuaNGES. The two expressions,
A(w) = ulv + vAu 4+ Aulo,

1 1 A Av)? Av)®
FRCTNO

and —— —- 204 1297 (Av < v),

v+ Av v v? o3

can be divided into terms of various orders in Au, Av.

Zero order: not containing Au or Av.

First order: containing either one factor A, or Auv.

Second order: containing (Au)?, (AuAv) or (Av)? as a factor.
And so on for higher orders, if they occur.

The ratio of two terms of the same order, such as #Av and vAu,
remains finite as Az and Av get small, whereas the ratio of a higher
order to a lower order term tends to zero.
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§4.09 DIFFERENTIATION

Table 111
fem |y &y By Ay
I'lutuw Au + Av Au + Av 0
| u—v Au — Av Au — Av 0
ur cu cAu cAu 0
v w ulv + vAu + Aulv | ulv + vAu Aulv
v| 1 B A (Ao)?
v v(v + Av) v? P
u vAu — ulv uldv — ulv 1
SR oo T B0) = 1 w(do — oaute)

Thus, when Au and Av are sufficiently small, the higher order
terms are numerically negligible compared with the lower order
terms. Hence, if Ay is divided up in the same way, as given in

Table 111,
Ay = (A»); + (A9)2 + (A9)s + . . .

then the first term (Ay), is a first approximation to Ay for small
changes, (Ay), a second order correction, and so on.

Example 1. To first order the change in an area 4 = ab of a rect-
angle with sides a and b is A4 = aAb + bAa.

Example 2. To first order the change in the area 4 = 4nr? of a
sphere of radius 7, due to a small change Ar in the radius, is

(A4), = 4r . 2rAr = 8rrAr.

The average rate of change of y = f(x) due to a change Ax in x can
be separated in the same way,

Ay _ (B
Ax Ax

where (Ay), is first order in Ax, (Ay), is second order, etc. Hence
(Ay),/Ax is zero order, (Ay)y/Ax is first order. The calculation of
these terms is given in Section 13.10, where the whole matter is dis-
cussed thoroughly. For the present it is sufficient to notice that the
instantaneous rate of change, obtained by allowing Ax — 0, reduces
to

(Ay)e
+ Ax + ..

Ay (Ay),
m A= TAx

i.e. the first order change divided by Ax.
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RELATIONS BETWEEN RATES OF CHANGE §4.11

4.10. RuLEs or DirFereNTIATION. More complicated functions can
be obtained from simple ones by addition, multiplication and divi-
sion, and their derivatives can be calculated using the rules of
Table IV for just these combinations.

Table IV

Item b dy|dx

1 u+v Z—:’:+Zz

n cu c%

ur uy u%—{—v%
v -5 &
vl sl
vI u? 2u%

vir ww . . . %vw—l—u%w...

+uuj—;—w

As a typical example, let y = uv, where u and v are functions of x.
Then using the first order change of y,

dy . (N)y . uwBo+ovAu do du
il vl Ly VR M N

4.11. ReLaTIONS BETWEEN RATES OF CHANGE. The rules just given
can be summarized by saying that the rate of change of y with x is
the sum of the rates due to the separate components of y, whether
they be factors or terms.

Example 1. The mass of a body is the product of its density p and
its volume ». Hence m = py, and the rate of change with time

dm dv dp
Z=Pat'w

Example 2. The amount M of a substance increases at a rate @ due
to a process 4, at a rate b due to a process B, and decreases at a rate
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§4.13 DIFFERENTIATION

¢ due to a process C. Then due to 4 alone dM|dt = + a, due to B
alone dM/dt = b, and due to C alone dM/dt = — ¢ (the minus
because M decreases). Due to all three

dMldt = a + b — c.

4.12. ExaMpLES oF UsE oF RULEs.
Example 1. y = a + bx + ¢x® + dx® + . . . + k",
dyldx = b + 2cx + 3dx® + . . . 4 nka"l,
Example 2. y = xsinx (u = x, v = sin «, so that du/dx = 1 and
dv/dx = cos x). Then dyjdx =1 .sinx + x . cos x.

Example 3. y = ¢* . sin x, where u = ¢%, v = sin x and du/dx = ¢,
dvjdx = cos x. Thendy|dx = ¢ . sin x + €% . cos x = ¢%(sin x + cos x).

1
Example 4. y = o (v = sin x);

dy 1

= — = COs ¥ == — COSEC x . Cot x.
dx sin? x

Example 5. y = x™ = 1/x* (v = a");

dy 1
e (;"‘)E (nxn1) = — px—nHD,
Example 6. y = sin x/x% so that (u = sin x, v = x?),
duldx = cos x, dvjdx = 2x,
B _vdufds — u s
dx v?

x2cosx —2xsinx xcosx — 2sin x

and

xt x3

Example 7. y = sin® x = u?, where u = sin x,

dyldx = 2u du|dx = 2 sin x cos x.

4.13. DerivaTives witH RespecT TO FuncTIONs. A relation giving
a derivative, such as y = sin u, (dy/du) = cos u, is true whether u is
an independent variable or depends upon another. It gives the rate
of change of y with u, whatever the cause of the latter. When zis a
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FUNCTION OF A FUNCTION (FF) RULE §4.14

given function of x, the derivative dy/du is taken with respect to that
function. For example:

u=x: y =siny, dy|dx = cos x.
u = x% » = sin (x2), dyld(x?) = cos (x%).
u=1logx:  y=sin (logx), dy/d(log x) = cos (log x).

Expressed verbally, the derivative of a sine is always a cosine.

Similarly using the exponential function y = =%, dy/du = — e7¥,
U= x: y=ce"% dyldx = — e~ 2.
u = x% y =% dyld(x?) = — ¢~ %,
u=ofT: y = e~ @D dyld(a|T) = — e~*/T,
or, with a simple power,
dy
— (sin )%, —2— — 3(sin x)2
v = (sin x)3, eins = 3(sin x)2.

4.14. Funcrion oF A Function (FF) Rure. This is a very useful
rule. Let y be a function of «, where u is a function of x, as in the
previous paragraph. By the elimination of , » can be expressed in
terms of x alone. The FF rule gives a relation between the deriva-
tives,

dy _dy du

dc  du dx
To prove this, note that a value of x determines both « and y. If »
changes by Az, let the changes in the other variables be Au and Ay.
Provided the derivatives exist, so that the changes Ax, Au and Ay at
least tend to zero simultaneously, the relation between the deriva-
tives is obtained by considering the identity

& _ &y M
Ax ~ Au Ax
in the limit when Ax — 0.
Example 1. If y = (1 + x2)V2 = 412 where u = 1 + #2, then

dy dy du ] —1/2@-—1 2y~1/2 x

o et Ty (LA =
The working can be abbreviated by not introducing the symbol u, as
in the previous paragraph.
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§4.16 DIFFERENTIATION

d dy d(x?
Example 2. y = sin (x%): by _ b A = cos (x%) . 2x.

d
—inr. L — < M 77 ein
Example 3. y = " *: e (sin %) » e¥B% . cos x.

4.15. CHAIN RuLe. The FF rule is easily extended to a series of
successive derivatives, when necessary. Thus if y is a function of u,
which is a function of v, which is a function of x, then

dy d du du dv
) dy dy du dv
ie. Rl A
Example 1. y = sin? 3x, then
@ d(sin 3x) d(3x)

dx  d(sin3x) d(3x)  dx
= 25sin 3x . cos 3x . 3 = 6 sin 3x cos 3x.

Example 2. y = (1 + ¢7%)5/2, i.e. a five-halves power,
B dy  dl4e®) de=) d(—=x)
dx d(l +e=) de®) d(—=x) dx
=51 432, 1. e=.(—1)
= — Se7%(1 + %)%,

After some practice this sort of calculation is simple.

4.16. DrrrereNTIALS. The differential of a variable x is written dx
and represents the change in the variable to first order in small
quantities.

The differential of a function f(x) is defined as

df (x) = f'(x)dx,
where f’(x) is the derivative of the function.
Example 1. If f(x) = x3, then df (x) = f'(x)dx = 3x%dx.

Example 2. d(sin x) = cos xdx; d(log x) = (1/x)dx; d(xsin x)
= (sin x + x cos x)dx.

According to the section on small changes, with y = f(x), the
differential f’(x)dx is the change in y to first order, when x changes
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HIGHER DERIVATIVES §4.18

by dx. Hence differentials of functions represent small changes in
the functions, to first order of small quantities.

The notation dy/dx, for the derivative, views it as the ratio of two
differentials. For if y = f(x), their differentials are equal, i.e.

& =f()dx or dydx =f(x).

Table 1V, giving changes to first order, can also be written in terms
of differentials, e.g. if

9 = wv, then dy = udv + vdu.

4.17 EguaLity oF Terms To FirsT OrRDER. Two quantities which
differ by a small quantity of the second order are equal to first order
in small quantities.

Thus for a small change in x, the changes Ay and dy are equal to
first order, although they differ by a small amount.

Similarly, when y = f(u) and « = g(x), a change Ax in x results in
changes Au and Ay in the other variables. The relations between
the differentials are as follows:

du

() dy = (% ) dx, (i) du = ( dx) dv, (i) dy = (%) du.

Let us now assume that dx = Ax, the actual change in x. The
calculations of dy and du from (i) and (i) are then made. The same
value of the differential dy is obtained from (i) by using this
value of du.

However, a differential of y can be calculated using the actual
change Au of the variable u rather than the approximation du. This
gives a different value of dy, but the two are equal to first order.

Thus we see that, whilst the differentials are consistent amongst
themselves, it is permissible at any point to replace them by the
correct changes, without changing the results to first order.

4.18. HicHER DErvaTIves. The derivative of y = f(x) is a function
of x which may be differentiable. The result,

d (D) _dy _ ,
d‘x(a;) = =)

is called the second derivative of , or of the function f(x). By further
differentiation higher derivatives are obtained.

Except for polynomials and a few other functions, higher deriva-
tives are cumbersome expressions. Consequently is it usually better
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§4.19 DIFFERENTIATION

not to evaluate each as a function of x, but to find recurrence
relations between the derivatives. Only when a derivative is
required for all values of x is it worth while collecting the whole
expression and simplifying it.

4.19. Funcrions wiTH SiMPLE HiGHER DerivaTivEs. A few func-
tions have derivatives easily expressed to any order. Proofs by
induction (Section 6.18) are simplest, as in the two worked examples.
The reader should prove the others.

Example 1. y = 2x% + 2, dy|dx = 4x, d%|dx?® = 4, d%[dx® = 0, etc.
1 dy 1 d® 2

Examﬁle 2. Yy = x—-—i-”_Q, 2; = — "-‘————(x + 2)2y Jx—z == + (x + 2)3-
&y _ o aml A"y yngy ot Dn!
Let = (—) T then e (=)(—) (x + 2™
= (-_)'"+1 ('l + 1)! .
(x + 2)n+2

Hence this is the general form of the derivative.

Example 3. y = ¢**sin (bx + ¢).

dn
Let d—x{ = (a® + b2)#mem sin (bx + ¢ + ne),
. b
where cos € = sin € =

a
Za—i ':b2>1/2’ (@ + b2)1/2'
This is certainly true for n = 0: assuming that it is true for any n,

n+1
d = (a® 4 b%)™{ae®® sin (bx + ¢ + ne) + b cos (bx + ¢ + ne)},

a'x”‘”
= (a® + b%)¥"¢?2(a + %) ¥{cos e sin (bx + ¢ -+ ne)
-+ sin € cos (bx + ¢ + ne)},
= (a® + bR ¥+ Dz sin {bx + ¢ + (n + 1)¢}.
It is therefore true for the next value of n.

List of formulae :

n

) y=2%52 = mm—1). .. (n—n+ Damr (2> 0),

I mis an integer,
amy , Y
=" =0 @>m.
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HIGHER DERIVATIVES OF FUNCTIONS §4.21
.. 1 d™y nla®
@r=atv dx"_( Py
o 1_ dry (n4+a—1)! am
(1) y = (ax + b)* dx" =(=r (x — 1)1 (ax + b=

n

(i) y = e, d—% = mhe™,

(v) y = sin (bx + ¢), ZT?: = b sin (bx + ¢ + 3nm).

(vi) Rational functions can be expressed as a sum of terms (i)
and (ii).
1 1{ 1 1 e e
Example 3. y = o Q{x 17 xx 1}. Hence, using (i7),

dr 1 1 1
_._).)=__n!(__)n . — -\,
dxm 2 (x — 1)n+l (x -+ 1)n+1
4.20. Lemenitz Rure. This is similar to the Binomial Theorem
(Section 6.12) and is proved by induction in the same way.
0y = oy BT sl =l e &
GOl e e S O R = I v S L

It is useful when all but a few terms are zero, i.e. when u is a poly-
nomial of low degree.

Example 1. If y = x%*, let u = x? and v = ¢*. Then
ar d ( ) dr1(e®)  a(n — 1) _ dr%(e®)
202
e ) = R S R
= x2e°° + 2nxe® 4 n(n — 1)e=.

+0

4.21. Hicaer DErivaTiveEs oF Funcrions. The FF rule is often
employed when the form of the final function is unknown.

d(y’) dy
2 =,
Example 1. ( ) = & de =2y o

d (dy\* _dy dy dy d%
Example 2. dx (dx) =2 dx dx (dx) =25 dx di?

d dy d dy d (dy
2 Z) = Z. 2 2 = (2
Example 3. 7 (y a’x) T (»% o +y o ( o (as a product),

H\E . dy
=2y('y) T 2dx2
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§4.23 DIFFERENTIATION

Example 4. j—dx (e¥) = ev =
a2 d (. dy %
dxz()_;f( _) (ﬂ>dx+edz

- |(&) =

4.22. Norarion. Alternative notations used for higher derivatives
have as their aim the simplification of expression, e.g. " or y, for
dy|dx, and " or y, for (d2/dx?).

Example 1. (Cf. Examples 1 and 3 above.)
d
Z(4?) —
7 () =2

d
7 D00 = (2o + 5% =22n" + )

Example 2. d(uyv,)/dx = .10, + #pvy.q, and Leibnitz’s rule is
(uv), = uv, + nuyv,—q + dn(n — Dugv,_y + . . . + u,0.
In mechanics, where suffices are employed for other purposes and

derivatives are usually taken with respect to time, a dot notation is
employed.

b Ay
a =P aE =
4.23. Locaritamic DIFFERENTIATION. When » = uow . . . so that

logy =logu + logv + logw + . . ., then (Section 8.08),
ldy_1du_ 1do 1w
ydr wdx ' vdx | wdx

This is very convenient when y has a number of factors, and numeri-
cal values of the derivatives are required.
Example 1. y = (1 + x)%/(1 + x?), and
logy = 3log (1 + x) — log (1 + #2).
1 dy 3 2x 3 —2x 4 x2
yax 11z 142 (Q+x0+4
This can be differentiated again to give higher derivatives.
d (l dy) ____l d%y (dy)z__ 3 2 + 4x?
dx\ydx)  ydt 3 \dx A 4+x2 1442 (14 a3
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INTERCHANGE OF VARIABLES §4.25

4.24. ImpricrT DIFFeRENTIATION. Using the FF rule we can find
dy|dx from equations such as y? = sin x, without first solving for y.

Example 1. If * —2xp +1 =0, then y =x 4 /(1 + »%).
Rather than differentiate this solution we can find the derivatives
from the quadratic equation directly. It gives

dy dy
22 —2(+Z+5) =0

d;
so that 2_ 2.
d« y—x
dy y x + /(1 + 47
= 2 b -
Ify = x + 4/(1 + %), then &y —= VT )
@ _ x = V(1 + )
— 2 = = .
Ify = x — 4/(1 4 %), then i 7S Q)
It is also possible to calculate highcr derivatives from
(y—@~— =0.

Differentiating this equation, which has no fractions,

(o-9g+(a- 1)%}—9

. dy\*
1.C. ( )dx2 2 dx (a) .

For example when x = 0, it is easily found that
y=1, dylde=1, d¥lds®=1.

Example 2. The derivative of » = x® has been shown to be
dy/dx = nx"', when n is a positive integer (Sectlon 3.13) or a
negative integer (Section 4.12). To prove that it is true when n is
a rational fraction, i.e. the ratio p/q of two integers, we write y = x"
in the form » = x? and then differentiate.

de =~

4.25. INTERCHANGE OF VARIABLES. Itis quite common in theoretical
work to interchange the independent and dependent variables, to
regard x as a function of y rather than y as a function of x. The
derivatives of x with regard to y are related to those of y with regard
to x.

They can all be obtained using the FF rule, but dx/dy can
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DIFFERENTIATION

easily be obtained from the definition. Since Ax/Ay = 1/(Ay/Ax) it
follows, in the limit when Ax — 0 and Ay — 0, that

dx|dy = 1/(dy/dx).
The next relation is more complicated. Let dy/dx = p, so that
dx/dy = (1/p). Then
v _d(ly_ 1d
dp dy (P) Y
But p = dy/dx is a function of x, so that %b) = o dx =—l P,

Lo 1 (1Y) /(D)
ody T prdx dx? dx)

For third derivatives a similar method is employed.

EXAMPLES IV

1. Water falls at a constant rate » cm®/sec on to a horizontal circular plate,
of radius r cm, and flows over the edge at a rate kx® cm3/sec per unit length
around the edge, where x is the depth of water at the edge. Find the rate of
increase of x with time (¢) as a function of x, assuming that the water on the
disc is in the form of a flat disc of depth x everywhere, and that the two
flows balance when x = d, if r = 1.

2. The frequency of light emitted by a hydrogen atom has one of the
values

22ty (1 1
= ()
where the quantum numbers n, and n, are integers. What does this become,
approximately, if 7, — n; = 1 and both n; and n, are large.

3. In special relativity the energy E and momentum p of a free particle
are related by the equation E? = ¢2(m2? + p*), where m is the mass and ¢
the velocity of light. If the velocity is v = (dE/dp), prove that

p = mo(l — o212,

4. If x = siny, prove that (1 — x2)(d%*/dx*) = x(dy/dx). Differentiate
this equation once, twice, and then n times using the Leibnitz theorem, and
deduce from these equations the values of all the derivatives of », when
x=0.
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CHAPTER 5
APPLICATIONS OF DIFFERENTIATION

Introduction—Geometrical interpretation—Approximations to curves. New-
ton’s method—Increasing, decreasing and stationary functions—Curvature—
Small changes—Calculation of errors—Maxima and minima—Second
derivatives—Alternate maxima and minima—Greatest and least values—
Other stationary values—Equilibrium conditions and stability—Rolle’s
theorem— Mean value theorem—L’ Hépital’s rule for limiting values

5.01. InTrRODUCTION. Having discussed ways of finding derivatives,
we now consider their uses. Amongst the applications are those
methods of solving equations already discussed in Chapter 2, where
the slopes of curves were required and found graphically. More are
given in this chapter. Some require lengthy discussion and are left
to later chapters.

5.02. GEOMETRICAL INTERPRETATION. It has already been men-
tioned that the slope at any point P on the graph of the function

» = f(x) is given by
dy
m = tan L[j = (a)P-

Assuming that the coordinates of P are (xp, yp), the equation of the
tangent to the curve at P is

d.
y—Jyp=m(x —xp) = (;;)P(x — xp),

and the equation of the normal, which is perpendicular to the
tangent and has a slope — (1/m), is

m(y —yp) + (x —xp) = 0.

5.03. ApproxmaTIONs TO CurvEs. NEWTON’S METHOD. Any
curve which is to approximate to a given curve near a point P is,
in general, first made to pass through P. Then it is made to have the
same slope at the point P. The simplest of such curves is the tangent
at P. The next step would seem to be to make the values of d2/dx?
the same at the point P, but this cannot be done using a straight
line, for which this derivative is zero. The process can be continued
and is discussed in full in Chapter 13.

The tangent approximation can be very useful. It is the basis of
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§ 5.04 APPLICATIONS OF DIFFERENTIATION

Newton’s method of solving equations given in Section 2.04. Given
an approximate root xg of the equation f(x) = 0, we obtained a
better approximation

xp = xp —Ip/mp,
where my is the slope of the tangent at B. Using the relation
m = dy|dx, this becomes

xp = {x —y/(dldx)}p;
which can be worked out arithmetically without using a graph. The

iterative method, and the chord-and-tangent method, can be modi-
fied in the same way.

5.04. INCREASING, DECREASING AND STATIONARY Funcrions. In

Section 4.03 it was pointed out that —2—% = % (1 4 r), where r

tends to zero with Ax. Hence, when Ax is small and positive, Ay
has the same sign as dy/dx.
(dy/dx) positive: p increases with x.
(dy/dx) negative: y decreases with x.
(dyfdx) = 0:  Is stationary.
Example 1. The viscosity w of a mixture of fluids 4 and B in
concentrations ¢ and (1 — ¢) respectively, is

1 c 1 —¢

H

o 2]
where 4 and p.j are the viscosities of the pure fluids.
1 dup 1 1

so that . increases steadily with concentration if u, > pp, and
decreases steadily if w4 << pp.

Example 2. In a reversible reaction A + B = C + D, the con-
centration x of the products increases with time according to the
formula

dx[dt = ky(a — x)(b — x) — kox?,
where k,, k,, a and b are positive, and a < b.

If x = 0, initially, then dx/d¢ is positive. Thus » increases and
continues to increase until dx/dt = 0. This must occur before x = a.
The equilibrium or stationary value is given by the equation

ie. k(@ —x)(6 —x) = kpx?, (0 <x<a).
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Example 3. In a first order chemical reaction the amount x of the
material changes according to the equation (dx/dt) = — kx, where
k is the rate constant. That the equation gives a steady decrease is
shown by the fact that (dx/dt) is negative.

5.05. CurvaTure. The graph of y = f(x) is:
concave upwards when dy/dx increases algebraically with x,
d%y

Le. > 0;

convex upwards when dy/dx decreases as x increases,

42
1€ "‘1}% <0
Thus:
: dy o
concave to the x axis when g and y have opposite signs;

2

. d .
convex to the x axis when Zx_yz and y have the same sign.

a2
Example 1. 1If y = sin x, then 2;%’ = — . Hence its graph is

concave towards the x axis.
d?
Example 2. The graph of y, where gﬁ +{E —f(x)}y =0, is

concave to the x axis for those values of x for which f(x) < E. If
this is true for all x, then » must oscillate about the x axis (cf.
» =sin x); for, starting from the origin, it must bend round to cut
the x axis at some point (since it is concave to that axis). Past this
point, y changes sign, but the graph is still concave to the x axis and
cuts it again, and so on.

Example 3. In Example 3 of the previous section, dx/dt = — kx, so
that (d?x/dt?) = — k(dx|dt) = k®x. Hence not only does x decrease
with decreasing time, but the curve is everywhere convex to the
x axis.

Points of inflection, where there is no curvature, are points where
d¥|dx® = 0.

5.06. SmaLL Cnances. Combining the results of Sections 4.16 and
4.03, we see that the differential dy = f'(x)dx is an approximation
to the change in y = f(x) as x changes to x + dx. The values of dx
for which it is useful depend on the accuracy required but, provided
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§5.07 APPLICATIONS OF DIFFERENTIATION

dy/dx exists, it is correct to any accuracy for some small range of
values of dx.

This can be put in a different form by a change in notation. Let
the initial value be x = ¢ and the final value x + dx = @ + h. The
approximation is now

fla+h) —f(a) = Ay = kf'(a),
or Sfla+ k) =fla) 4 #f'(a),

to first order.

If asked to calculate sin 31°, we normally react by assuming that
it is not far from sin 30° = }, and follow this up by an inquiry about
the difference between sin 31° and sin 30°. The above formula
gives the answer to this question (approximately).

Let f(x) = sin x (x in radians), so that f(x) = cos x. The values
of the variables are @ = }= radians (30°), and & = (7/180) radians

(1°). Thus
sin 31° — sin 30° = f(a -+ h) — f(a) = &f'(a)
T R T 3
= i——(-).COS 30 —-1‘8—'0 —2—' —00151,
ie. sin 31° = 0-515 approximately.

(There is no point in adding further decimal places.)
The difficulty about this approximation is that the error is
unknown (cf. Section 5.15).

5.07. CaLcuLATION OF ErrORs. If y is evaluated from the formula
y = f(x), using a value x with an error of + dx, the true value of y
lies between f(x - dx) and f(x — dx). The error in y lies between

Sl +de) —f(x) and f(x) —flx — dv).

Using the simplest approximation for these differences, the error in
y is between + E, where (apart from sign)

E = f'(x)dx = dy.

In other words, when the errors are small, the relation between
them is that between the differentials. This is an extension of the
result of Section 1.08.

The relative error in y is the differential of In y (Section 8.08). It is

Ely = dly = d(In y).
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Example 1. According to Poiseuille’s law, the viscosity u of a
fluid can be calculated from the volume flow @ down a circular
tube of radius 7, using the formula

= (mpCl8Q)r,

where C is the pressure drop per unit length and p is the density of
the fluid. A measurement of r being liable to error, the error in p. is

dy = (mpC[8Q) . 4r3dr.

The relative error is
dufp = 4(dr|r).

To measure y correct to 1 per cent, it is necessary to measure the
radius of the tube to an accuracy of } per cent, i.e. 0:0025 mm for a

capillary of 1 mm radius.
Example 2. 1f y = kx(1 — x) is used to determine the constant &

from given values of y and x, then

k=y/{x(1 —x)}, ieelnk=Iny —Inx —In (1 —x).

For small alterations in y and x, the relative error in £ is
dklk = dyly — dx[x + dx[(1 — x),
= dly + (dx/x){(2x — 1)/(1 — x)}.

Assuming that y is known accurately, so that dy = 0, then an error dx
in the measurement of x gives a relative error (dx/x){(2x — 1)/(1 — x)}
which is least when x = } (this approximation actually gives zero),
and becomes very large when x is small or nearly equal to unity.

Notice that the relative errors of x and k£ have a ratio which is
finite when x is small.

5.08. MaxmMa aND MiNmMA. A function y = f(x) has a maximum
at x = aifits value there is greater than for neighbouring values of x,
and a minimum if it is less than at neighbouring values. For simple
functions their position can be guessed, and proved by algebra.

Example 1. y = cos x has a maximum at x = 0, since cos » < 1.
Example 2. y = ax® — 2bx + ¢ has a maximum at x = b/a when
a is negative, and a minimum there when ¢ is positive. For

9 = (1/a){a®x® — 2abx + ac} = (1/a){(ax — 6)% + ac — b2},

which is greater than its value for ¥ = b/a when a is positive and less
than this value when q is negative.
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Example 3. The functiony = x/(1 + x?) obviously has a maximum
somewhere, because it is zero when x = 0 and when ¥ — 00, and is
positive between. This maximum value is 4 when x = 1; for

Py =% —«/(1 + ) = (1 —2)?2(1 + %),
which is always positive, except at x = 1, where it is zero.

When a function y has a derivative, maxima and minima are
amongst the stationary values of y, i.e. dy/dx = 0. Otherwise for
small values of dx, Ay = (dy/dx)dx would change sign, in contra-
diction to our definition. For the converse of this, see Section 5.12.

In point of fact, if the function is continuous, it is dy/dx which
changes sign at a maximum or a minimum*. It changes from plus
to minus as x increases through a maximum and from minus to
plus as x increases through a minimum.

Example 4. The function y = xe~® is zero whenx = 0, and as
x — c0. Differentiate to find the maximum.

(@y/dx) = e=*(1 — x),

which is zero at x = 1. As there is only one stationary value it
must be the maximum. The maximum is therefore y = (1/¢) when
x =L

Example 5. For some molecular processes, the velocity of the
reaction is proportional to

S(E) = p(E) . aEV2 . ¢~EIT,

Roughly speaking, the second and third factors give the probability
that the molecular system has an available energy E for the reaction,
and p(E) is the probability that the reaction occurs when it has that
energy. Normally p(E)EY? increases steadily with E from the
value 0 when E = 0, whereas the exponential decreases steadily to
zero as E — co.

The product f(E) therefore increases steadily with increasing E for
small values, and in general decreases for large values. It has a
maximum when df/dE = 0, or, since f is not zero, when

d(log f)/dE = (1(f)(df]dE) = O,
ie. (1/p) (dp/dE) + 1)2E — 1/kT = 0.

* This is true even for a function such as y = |x|, which is continuous, but has
the two derivatives f/(0*) and f7(0-), at x = 0.
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Example 6. If y = x[(1 4 %), then

d 1 a2
7‘% 1+ z)z {1.(1+#%) — 224} = (11 :z)z

The stationary values (dy/dx = 0) occur whenx = 4 land x = —1.
As x increases through + 1, dy/dx decreases from positive to negative,
i.e. this is a maximum.

As x increases (algebraically) through — 1, dy/dx increases from
negative to positive, i.e. this is 2 minimum.

5.09. SEconp DERIVATIVES. Since dy/dx is decreasing at a maximum,
normally d2y/dx? is negative. At a minimum dy/dx is increasing and
d2y/dx? is positive. Thus it is possible to distinguish a maximum or
a minimum by the sign of the second derivative.

Sometimes it happens that this second derivative is zero even at a
maximum or minimum, When this happens, the conditions given on
page 55 should be used.

Example 1. Use the last example y = x/(1 + %), where
dyldx = (1 —7)[(1 + #7)*

ay - 2x . 2x

dt (1 + 2%)® — (=) T (1 FoR

At x =1, dy/dx = 0 and d%/dx? = — }; this, being negative,
indicates a maximum.

Atx = — 1, dy/dx = O and d%/dx* = + }; i.e. positive, indicating
a minimum.

Example 2. If y = x4, then dy/dx = 4x%, and d%/dx® = 12x%
At x = 0, all three are zero but there is clearly a minimum.

and

5.10. ALTERNATE MaximMa aNDp MinimMa. A useful practical point
is that a continuous function must have a minimum between two
maxima, and vice versa, i.e. maxima and minima occur alternately.
Hence, arranging the values of x where f(x) is either a maximum or
a minimum in order of magnitude, it is only necessary to decide
whether one of them is a maximum to answer the question for
them all.

5.11. GreATEST AND LEasT Varues. The following remarks are
fairly obvious, but are worth mention.

If dy/dx is positive and tends to zero as x —> o0, the greatest or
least value of y may be reached asymptotically as x — co.
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§5.13 APPLICATIONS OF DIFFERENTIATION

Example 1. y = a(l — e*t), so that dy/dt = ake™*'. For this
function the derivative is positive for all values of ¢ so that y steadily
increases with ¢, but the derivative tends to zero as ¢ increases,
corresponding to the fact that y tends asymptotically to the value a
in this limit.

When the range of values of the variable appropriate to a problem

is limited, the greatest and least values may not occur at the maxi-
ma or minima, if they exist, but at the extremes of the range.

5.12. OTHER STaTIONARY VALUES. The derivative (dy/dx) may be
zero at a point where y is neither a maximum nor a minimum, but
increases (or decreases) with x on both sides of the point.

At such stationary values dy/dx is zero but does not change sign,
so that dy/dx is either a maximum or a minimum. Hence these
values only occur where d%/dx® is zero as well as dy/dx.

Note, however, that d%y/dx? = 0 does not exclude the possibility
of a maximum or a minimum, as is shown by Example 2, Section
5.09, the reason being that dy/dx can change sign, even when
d?p/dx? is zero.

5.13. EquiLiBrium CONDITIONS AND STABILITY. Problems of this
type are excellent examples of the work of the last few sections.
Usually there is a system having its state described by a variable ().
For each value of x it has a potential V from which there is derived
a force F acting on the system and tending to change the value of x.
This force F is a function of x, the sign of which is normally chosen
so that F is positive when it tends to increase the value of x and
negative when it tends to decrease the value of x.

Assume that
F = — dV|dx.

Then F is positive when V decreases with increasing x and it is
negative when V increases with x. Hence the system is acted on by a
force tending to change x so that the potential V decreases. It
tends to a state where V' is as small as possible.

The equilibrium positions of the system are those where no force
acts, i.e.

dV/dx = 0.

These are the states where V has its stationary values, and is a
maximum, minimum or neither.

A stable position of equilibrium is one where a slight movement
or change of state brings into play small forces tending to restore
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ROLLE’S THEOREM §5.14

the system to the equilibrium position. Stable equilibrium therefore
occurs where V is a minimum.

Other equilibrium positions are unstable since, if V'is 2 maximum,
any slight change decreases V and brings into play forces tending to
decrease V still more, and if the stationary value is neither a
maximum nor a minimum, then a slight movement one way does
the same thing*.

The only exception to these results arises when the values of the
variable x are limited. A position of stable equilibrium may then
occur at one of the extreme values of x where the potential has a
least value, but dV/dx is not zero.

Example 1. The potential of the forces between the two atoms of
a diatomic molecule in its normal state is a function of the distance
x between the atoms. It is a good approximation to write

A B
=~ AB>0),

TR
where n = 12, though it may have other values between 9 and 13
for some molecules. The equilibrium distance is that where

v . nd | 6B a4
'a:O,l.C.—;n—‘_u-‘-'—:O, orx”“-_—-éz-

x7
If this distance is called x = a, so that a"~® = (r4[6B), then we
can let A = Ca so that B = (nda®"/6) = nCa®/6. Then V has the

form
n 6
V—cC (a, _ ze.).

It is easily verified that ¥ has a minimum when x = a.

5.14. RovLLe’s TuEorEM. This simple but useful theorem states that
a continuous curve y == f(x) cutting the x axis at two points x = a
and x = b has at least one maximum or minimum at some point
between, or is zero for all values of x. An analytical proof is hardly
necessary.

More formally, if y = f(x) is zero when x = a and x = b, and is
continuous and differentiable between these values, then dy/dx = 0
for at least one value ¥ = &, between a and b. (It may also be zero
atx =aorb.)

* Sometimes the forces are so related to the potential that F = +(dV/dx). Then
the positions of stable equilibrium are those where V is greatest.
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§5.15 APPLICATIONS OF DIFFERENTIATION

5.15. MEaN VALUE THEOREM. If 4 and B are two points on a
continuous curve y = f(x) with a continuously turning tangent, then
the chord AB is parallel to the tangent at some point between
(draw a diagram to illustrate this).
This theorem is a disguised form of Rolle’s theorem, and its
proof depends on that theorem, applied to the new function,
x—a

S@) = f(a) =y, 1f(6) —S(a)},

which gives the difference between the y values on the curve and on
the chord. Differentiating this function, which vanishes at x = a
and x = b, and applying Rolle’s theorem,

FE =7 176 — 1@ =0,
i £ ~f@) = (b — f (B,

where £ lies between a and 4. An alternative form, obtained by
putting b = a + A, is

Sla+4) =1(a) + 4 (8).

The difficulty that £ is not known can be turned to advantage.

Example 1. The theorem indicates the possible error in the
approximate formula (where £ is replaced by a),

S+ h) =fla) +h.f(a),

given in Section 5.06. Since § lies between a and &, the value of
f’(E) lies between the greatest and least values of the derivative
f(x) between these values of ». Hence the error in using the
approximate formula is certainly no greater than 4 times the
difference between these greatest and least values.

For example, in the calculation of sin 31° of that section the
answer is not in error by more than

I
180

Example 2. Giving £ an arbitrary value in the expression
f(a) + &' (E) may give the right value of f(a + 4) but normally
only gives an approximation. One such has already been considered,
namely, £ = a, because it is simple and convenient. It is shown in
the examples that, in one sense, the best value is £ = @ + }4.
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L’HOPITAL’S RULE FOR LIMITING VALUES §5.16

5.16. L’HoprraL’s RuLe ror Lmmrting Vavrues. This rule states
that the limiting value of the ratio f(x)/g(x) as ¥ — a, when both
f(x) and g(x) are zero at x = a, is
timZ) — ),
o0 &(%)  zra & (%)
From the Mean Value Theorem,
J0) =f(@) _ (x — a)(dfjdn)s,
¢() —g(@)  (x —a)(dfdn,
where £, and £, certainly lie between 2 and x. Since f(a) and g(a)
are zero,
() _ o W18 _ o (@) _

lim™— = lim ——2 = == y
e g(%)  mn (de[dn)s,  gva (ddX);  aaw dgldx

1 b3

the second step being allowed by Section 3.12. If the derivatives
are not both zero at x = g, the limit is known at once. Otherwise
the theorem is applied a second time.

I
Example 1. Lim xe~ = lim = = lim — = 0.

r—> w0 T—> 0 em >0 ez
. 1 —cosx . sin x . Ccosx
Example 2. Lim ——; = lim —— = lim —(— = 4§,
20 x 20 2% 0 2

applying the rule twice.

EXAMPLES V
1. If y increases as x decreases, what is the sign of the slope tan ¢?

2. Sketch a curve with a minimum and a least value, the two being distinct.

3. A function y satisfies the equation d%/dx® + f(x)y = 0, where f(x) is
positive when ¥ < g, and negative when x > a. Sketch y for positive values
of x given that y = 0 when x = 0, that it is zero for one other value of ¥, and
that y — 0 as x — .

4. The curve y = ax® + bx® + cx + d passes through the point (1, 1),
touches the x axis at (2, 0) and has slope 4 at x = 0. Find g, b, ¢ and d and
prove that » has a maximum when x = £.

5. The rate of discharge @ from a circular pipe is

Q = KD**/{(6 — sin 0)*/0},
where D is the diameter of the pipe, K is a constant and 0 the angle subtended

at the centre by the wetted perimeter. Show that, for maximum rate of
discharge, 6 satisfies the equation

6(3 cot® — 2 cosec 8) = 1 or 3 cos 6 — 2 = (sin 6/6),

and solve this equation approximately.
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6. The velocity of capillary waves on relatively deep water is given by the
formula

¢ = g\2n + 2xT/xp.

For what wavelength A is this a minimum?

7. Van der Waals’s equation for a gas is (p + a/v?)(v — b) = RT, where
a and b are constants. This is a cubic equation for v given p and 7. Show
that there are three equal roots v, when p = p,, T = T,, where a = 3p3,%
3b = v, and R = 8p.0,/3T,.

From the derivative dp/dv, show that the p/v curve at constant temperature
T has two stationary values when RT = 2a(v — b)%/1?, and by plotting this
function deduce that they only occur when T < T, = (8a/27Rb).

8. From the gas equation of Dieterici p(v — b) = RTe~4/RT? find the
maxima and minima in the p/v curve, and show that they do not exist above
a temperature T, = A/4bR, the corresponding values at this limit being
the critical values v, = 2b and p, = RT,/e?v,, where ¢ is the natural number.

9. Using L’Hépital’s rule prove that, when f(x) has two equal roots at
x = a, then f(x)/(x — a)? tends to a finite limit at ¥ = a.

Deduce that y = f(x) touches the x axis at x = a.

10. Prove that, when  is a variable,

lim f_‘,«:_@)_—f(:i — @AM ) e,

Deduce that the approximation f(a + h) = f(a) + hf’(a + M) is correct
to second order in the small quantity & when ) = %, provided f(x) can be
differentiated three times.

11. According to the elementary kinetic theory of gases, the root mean
square molecular velocity of a gas is v = (3p/p)V/? at pressure  and density p.
If p is accurately known, but p is known to 0-1 per cent, what is the relative
error in v?

12. In the Birge-Sponer method the energy levels of a molecule are
assumed to satisfy the equations

E,=x— (x*a), x= (n+ Hhv, (n=0,1,2..),

where E increases with x, the dissociation energy being the maximum value
of E, namely }a.

If in fact E, = x — x®/a + Bx%/a?, and the dissociation energy is the
maximum value of E, find the value of f so that the new value does not differ
by more than 10 per cent from the previous value. Also deduce the relative
accuracy of measurements of E, if the existence of the term {8 is to be detected
for values of x equal to }a.
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CHAPTER 6

RATIONAL FUNCTIONS

Linear functions—Quadratic functions—Polynomials— Remainder theorem

—Factorizing polynomials—Identical polynomials—Graphs of simple

powers—Comparison of powers—Graphs of polynomials—Approxima-

tions near roots—Simple extension—DBinomial theorem—Rational func-

tions—Graphs of rational functions— Method of partial fractions—Rules

JSor partial fractions—Sums involving integers— Method of mathematical
induction

5.01. LiNeAar FuNcTIONs. y is a linear function of x if y = ax + ,
where a and b are constants, and a is not zero.

Example 1. According to Charles’s law the volume vof a gas at con-
stant pressure varies linearly with temperature, i.e. v = yo(1 + at),
where v, is the volume when ¢ = 0 in °C, and « is the coefficient
of expansion.

6.02. QuabpraTic FuncTIONs. y = ax? 4 bx + ¢, by completing the
square, can be written as a square plus a number,
» = (l/a)(a®* + abx + ac),
= (1/a){(ax + $8)% + (ac — $b%)}.

It is a complete square if b% = 4ac.

The quadratic equation ax? + bx + ¢ = 0 has:

(1) one root x =0, if ¢ = 0;
(%) equal roots x = — (b/2a), when it is a complete square;
(77) two unequal roots, when 5% > 4ac, which are

— b £V/(b® —4ac)  — b 4 V{(3h)* — ac}
2a a ’
2¢

T b £ /(8% — dac)

The form involving $b is useful when & is even;
(i) no real roots, when 5% < 4ac, but two conjugate complex

X =

roots
— b 4 i4/(4ac — b?)
== Qa 2
where 7 can be put inside the root with 2 = — 1.
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§ 6.05 RATIONAL FUNCGTIONS

6.03. PoLyNoMiALs. A polynomial in x is a sum of multiples of
powers of x, the degree being the highest power. A quadratic
function ax?® 4 bx + ¢ is a polynomial of the second degree, a
cubic function is a polynomial of the third degree, and so on.
The function

P(x) = ay + ayx + agx® + . . . @™,

for any values of ay, a, @y, . . . @, (except a,, = 0) is a polynomial
of the mth degree.

6.04. REMAINDER THEOREM. If P(x) is any polynomial in x, then
P(a) is the remainder when P(x) is divided by (» — a).

For by long division P(x)/(x — a) = Q(x) + R/(x — a), where
Q(x) is the dividend and R the remainder. R is simply a number,
independent of x. Hence P(x) = Q(x)(* — @) + R. Put x =g,
then P(a) = R.

Corollary. When P(a) = R =0, then P(x) = Q(x)(x — a), so
that (x — a) is a factor of P(x).

6.05. Facrorizinc PoryNomiaLs. A fundamental theorem of
algebra states that the equation ay + a;x + . . . a,x™ = 0 has
exactly m roots, real or complex, and no more. If the coefficients
@y . . . a, are real, the complex roots occur in pairs of conjugates
as in quadratic equations with complex roots. According to the
Remainder Theorem it follows that every polynomial can be expressed
as a product of factors. A real root x = q implies a factor (x — a)
of the polynomial, and a pair of complex roots & + i corresponds
to a quadratic factor (x — 5)% 4 ¢2

Example 1. x* — 1 = (x — 1)(x 4+ 1),
B—1=@x—-1D+x+1),
B l=@E+1E—x+1),
#—1=(x—1(x+ 124 1),
241 = (x® —x4/2 + 1)(x® + x4/2 + 1).

The Remainder Theorem can be used to factorize polynomials.

Example 2. y = 3 — 3x® 4 2x — 6 is zero when x = 3, so that
(x —3) is a factor. By writing y = (x — 3)(as® 4 bx 4 ¢) and
multiplying out it is easily seen that ¢ = 1, ¢ = 2 and finally b = 0.
Hence y = (x — 3)(x* 4+ 2) and there is one linear factor.

Example 3, y =x% —3x + 2 is zero when x =1 and —2.
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There must be a third factor, and examination of the terms in x?
and the number -+ 2, shows that this must be (x — 1). Hence

W —3x+ 2= (xr — 1)%x + 2).

Relations between the coefficients in the polynomials and its roots
are found in the following manner. Let %, and x, be the roots of
ax® + bx + ¢ = 0. Then

ax? 4 bx + ¢ = a(x — x,)(x — x,),
= ax? — a(x; + x5)% + axyx,.
Hence (see next section),

%+ = — (bla), and wx, = (cfa).

The product of the roots is ¢/a and their sum is — (b/a). This is
true even with complex roots.

6.06. IpEnTICAL PoLvyNoMIiaLs. Two polynomials of the same
degree n which are equal for (n + 1) or more distinct values of x
are identical, i.e. the coefficients of each power of x are the same.

This is so because their difference is a polynomial P(x) of degree
m<a Ifx, %, ...x, are among the values of x which make
the polynomials equal, then they make P(x) zero. Hence

Plx) =k(x —x)(x — x9) . + . (* — Xp,),

where £ is the coefficient of the highest power of x in P(x). But the
polynomials are equal for at least one more value of x, and this
value can only make P(x) = 0 if £ = 0. Thus P(x) = 0 and the
two polynomials are identical.

This result can be used to express polynomials in various forms.

Example 1. Express x% + 3x + 4 in the form A(x — 1)(x + 3)
+ B(x — 1)2 4+ C(x + 3)2

Since these are to be equal for all values of x, they are equal when
x =1, i.e. 8 =16C, so that ¢ = }. Similarly when x = — 3,
4=B(—4)?0r B=1}.

To find A4 the coeflicients of x% on both sides are equated. This
gives ] =4 4+ B+ C,sothat 4 = }. Inall

4 3%+ 4 =3 — (s + 3) + kx — D2 + 4(x + 3.

6.07. Grarus or SiMPLE Powers. y = x". Several of these are
shown in Figures 6.01 and 6.02. It is very useful to be able to sketch
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3 o.U/ RATIONAL FUNCTIONS

them quickly, especially the negative powers, and to notice such
simple points as the following (it is assumed that x is positive):

(t) For positive powers x" increases steadily with x, the curves
for n > 1 being concave upwards, and those for n < 1 being
convex upwards.

(1) Only y = x cuts the axis at an angle. Curves for n > 1
touch the x axis at the origin and those for n < 1 touch the
» axis there. For dy/dx = nx"~1 tends to zero at x =10
when n > 1, but tends to infinity when n < 1.

oo

x

& —

e

4 /3 7 T —
Figure 6.01

(11) The curve for simple fractional powers, e.g. y = x1/2, are
obtained from those for integral powers, e.g. y = x2, simply
by exchanging x and .

(iv) When « is large, » = 1/4% is smaller than y = 1/x2 which has
the smaller power in the denominator, but when x is very
small y = 1/43 is the larger.
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The values of these powers for negative values of x are easily
deduced, except that for some powers they do not exist, i.e. for
xm/n, where m and 7 are integers, and £ is even.

The curves,

y = mx*,
are similar in shape to those given above except that the scale of
 is changed.

Jr

Yy
7
1/x
7/2t
7/z’ -
0 7 é 3
X e——
Figure 6.02
The curve,

y=b+mx—ar,

is obtained by moving the curve y = mx" bodily so that the origin is
now at the point x = g, y = b. Hence it is said to have the same
shape near the point (g, b) as y = x™ has near the origin.

6.08. ComparisoN oF Powers. Consider two functions y = ax™ and
y = ba"™.
If n > m, the second is larger than the first when x is large

enough, since

bxar b nm

— = X" — 00,

e 00 as ¥ = 0
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On the other hand, the first is the larger when x is small enough,
since

bxm
ERS——— 1 as .
——ax""—>0 x—>0

This is true whatever the numerical values of a and b.

Example 1. y = a|x® — b/x5. When x is very large the first term
is the more important, so that y = a/x® approximately.

When x is small enough the second term is the larger and
y = — b/x% approximately, since x® < #® when x is small. The
complete function changes sign once and is zero when x* = (b/a).

6.09. GraPHS OF POLYNOMIALS.
y=P@x) =a+bx+c®+.. .+ k"
These are easily drawn:
(i) find and plot the roots of P(x) = 0, where y = 0. This

may involve numerical work;

!

y

0

~1 0 ] -

(D) y=(x+)c12+)
(ii)y ~(z+ )z 32+3)
(l'it')y=(rr7)(x|a-zxf.?)

Figure 6.03

(#) find the sign of y (4+ or —) between these roots;
(1#) draw a continuous curve to cut the x axis only at the roots,
with the correct sign between the roots, and going to
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infinity with x. Since y is continuous it can only change sign
by the curve crossing the x axis;

(i) it helps to note that y changes sign across a single or triple
root of P(x) = 0, but retains its sign across a double or
quadruple root;

(v) if n is even, y —» o0 as ¥ —> 4 0. If nis odd, y - o0 as
x— o and y > — 0 as x > — .

In sketching these curves no more bends should be intro-
duced than are absolutely necessary.

(vi) A bend due to a maximum and minimum without the curve
crossing the x axis is detected by examining the derivative
dy[dx.

(vii) Similar bends without a maximum or minimum can occur
with a quadratic factor in the polynomial with complex
roots. To illustrate this we have drawn in Figure 6.03 some
curves of functions which differ by the variation of one
parameter. :

6.10. ApproxmMATIONS NEAR RooTs. The remark (iv) of the previous
section arises from the result: when x = a is a simple root of

P(x) = 0 then

) =P(x) = (x —9)Q(»),
where Q(x) is a polynomial not zero when x = a. When (x — a)
is small, @(x) = Q(a) + small correction and

y = (¥ — a)Q(a) approximately.
Hence y changes sign as x passes through the value x = a.
Similarly near a double root, x = b, say,
y = P(x) = (x — b)*R(x),
= (x — b)2R(b) approximately,

when (x — b) is small, so that y does not change sign as x passes
through the value 5.

6.11. SiMpLE ExtENsioN. The graph of »® = f(x) can be derived
from the values of f(x) given by its graph. The values of y, where

y =+ {f@}",

are obtained by imagining what happens to f(x) on taking a square
root and remembering that the two signs (4) correspond to two
points on the curve, one above and one below the x axis. Where
f{x) is negative, » has no real values.
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§6.12 RATIONAL FUNCTIONS

The shape of the curve near the roots of f(x) often causes trouble,
but there is no need for this if the approximations of the previous
section are used, and a continuous curve is drawn (with no
unnecessary bends!).

1)y =(z-a)*{x-b)
(2) y?=(x-a)?(x-b)

Figure 6.04

Example 1. In Figure 6.04 we have drawn f(x) = (x — a)2(x — b),
where @ is greater than b, together with the graph of
P = (x — a)¥(x — b).

Near x» = g, according to the previous section,

P = (x —a)*(a — b) ory= 4 (x — a)y/(a — b) approximately,
giving two straight lines crossing the x axis as shown.

Near x = b, »* = (b — a)%(x — b) approximately. The curve
does not exist for x < b because the RHS is then negative; near

x = b it has the same shape as > = x near the origin, as discussed
in Section 6.08 (see Figure 6.01).

6.12. BinomiaL THeoREM. This well known theorem states that,
when 7 is a positive integer,

(@ + b)» = a™ + na"1b + "_(fl:_il) a4+ ., 4 bn,
(n—1)

(l+x)”=l+nx+n—l—'§——x’+. ..+ oan,

The second form is obtained from the first by writing ¢ = 1 and
b = x. The coefficient of any power »™ (or a"~7d") is

n.(n—1).. .(n—r+l).
1.2.3...r

It has just r integers above and below.
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To prove this, note that
(@+b)"=(a+b)(a+ b)(a+ ). ..nfactors,

and when multiplied out consists of a lot of terms obtained by either
taking an a or & from each factor. The coefficient of a»~7b" is there-
fore the number of ways of taking a from (n — r) factors and b
from the remaining r factors, which is »C, in the usual notation, or

the expression given above. It is also denoted by (’:) and satisfies

the relation
n+1 n n
(7)=0+(2)

Example 1. The biggest term in (1 + x)® is the first term, when
x < 1/n. Otherwise it is the first term which is greater than the
next. Now the term in a7+ is the term in a7 multiplied by
(n —7)/(r + 1) . x and is the smaller when (n —7)x <7 + 1, ie.
r> o = (nx — 1)/(x + 1). Hence the value of r for the greatest
term is the integer between « and a + 1. This result is used in
probability theory and also in statistical mechanics, where 7 is very
large and x small in such a way that nx > 1. Then a = nx.

Example 2. In the expansion of (a -+ b)" the quantities ¢ and &
can be replaced by any expressions, e.g. (1 + sin x)7, (1 + **)",
{1 — (x — x%}® and so on,

6.13. RationaL FuncTions. A rational function of x is constructed
by multiplication and division and addition of polynomials in x.
The result simplifies to either a polynomial in x or a ratio of two
polynomials.

For rational functions such as (2 + x2)/(1 4 %), where the
degree of the numerator is higher than that of the denominator, a
process of long division gives a polynomial and a proper algebraic
fraction, in which the degree of the numerator is less than that
of the denominator, e.g.

(2 4+ 2B)/(1 4 x) = (x — 1) + 3/(1 + %).

6.14. Grapns oF RaTioNaL Funcrions. If they are not polynomials
these functions can be written as a single fraction. To sketch such a

function y, remember:
(?) thaty = 0 when the numerator is zero;
(1) thaty — oo when the denominator is zero, or when x — oo,
if the numerator has the higher degree;
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(i) to find y when x — 0, and its sign;
() to find the sign of y between values of x and y derived from
() and (iz) ;
(v) to find dy/dx where necessary, and the stationary points
where dy/dx = 0.

The data from (i) to (iv) above are usually sufficient to sketch the
curve, but () is sometimes helpful to determine difficult features.
It is also occasionally useful to find the points of inflection
d¥[dx® = 0.

Example 1. y = ax[(x® 4 b%):

(1) » = 0 only when x = 0;

(i) y —> oo nowhere;
(i) as x — o0, y — (ax[x*) = a/* — 0 and y is positive;
(iv) » < 0 when x < 0; x> 0 implies y > 0.

a _:’/
25
1 4 1 L -l o 1 Jd I | |
~5b  -4b  -9& -2b -% b 2b 36 48 50
T —
1 _@a
13
Figure 6.05

The curve based on these results is shown in Figure 6.05. It clearly
has a maximum and a minimum, which occur at x =& and
x = — b (cf. Example I, Section 5.09).

6.15. MeTHOD OF PARTIAL FrACTIONS. The algebraic analogue of
the arithmetical equation, 2/35 = 1/5 — 1/7, is to express a proper
rational fraction as a sum of terms the denominators of which are
factors of the original denominator.

The following examples show how this is done for such fractions.
Of the various methods described, Method I can always be used, but
the others speed up at least part of the calculation. The main
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problem is to factorize the denominator, and then find the numera-
tors of the various terms. In the examples it is always assumed that
the factors are simple, to avoid a great deal of the numerical work,
but this is by no means true in practice.

Method I. Find 4 and B if

4x =11 4x — 11 _ 4 B
A5k 16 (—x—3) r—2 " x_3

Multiply both sides by the whole denominator (x — 2)(x — 3),
4x — 11 = A(x — 3) + B(x — 2).

This equation is true for all values of x. Hence the coefficients of
each power of x on the two sides are equal, i.e.

1= —34 —2B, ie.A=3B=1.
4x — 11 3 1

F_5xri16 x-2Ti-3
This general method can be used to prove that the numbers
4, B, . . . inserted according to the rules given below are deter-
mined uniquely. The general proof is lengthy and full of symbols,
so we prefer to give examples to illustrate the method.

Method II. For single linear factors

4x — 11 4 B
G —Dx_8) r—2 " x_3

Multiply by (x—2):4::;1 ==A+B;:§-

Put x = 2: 82:131 =4, ied=

Multiply by (x——3):4::él =A:::g+B.
Put x = 3: l—i——:—:—;:B, 1e. B=1.

4x — 11 3 I

(x—2)(x—3) x—2
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§6.15 RATIONAL FUNCTIONS

Mothod I1I. A combination of I and II, with a quadratic factor.
3(1 + %) 31 + ) A Bx +C
8 —1 =(x-—l)(x’+x+l)=x—-l+x2+x+1
Multiply by (x* — 1):
314+ x) =4 +x+1) + (Bx+C)(x — ).
To find A,putx=1: 6 =41 +1+1), ie. 4d=2
To find B, use coefficients of x2: 0 =A4 4+ B, ie.B=—4= -2,
To find C, equate numbers: 3 =4 —C, ie.C=4-3=—1.
The coefficients of x on both sides should also be equal,
3=A4A—-B+C
We have not used this equation to find C, but it could be so used.

As A, B and C have been determined, it can be used as a check on
the arithmetic: thus A ~B 4+ C=2 — (—2) + (—1) = 3.

Method IV. For multiple factors. As always, factorize the
denominator first.

5»+1 5x + 1 4 I B n Cc
B _3xt+2 (x—DFx4+2) x—1 " x-12 x+2
Multiply by (x — 1)%(x + 2):

x4+ 1 —=A(x — 1)(x +2) + B(x + 2) + Clx — )2

Find C by putting x = — 2: — 10 + 1 =C(—3)%ie.C= — L
Find B by putting x = 1: 54+ 1=B(1 +2), ie. B=2.
Equate coefficients of 4*: 0 =4+ C, ie d= —-C=1

As a check, the numbers on the RHS are
—24+2B+C=—-2+4—-1=1,
which is correct.

Method V. Occasionally useful, this method uses symmetry of the
functions. According to the rules (below),

1 _Ax+B Cx+ D
(R + 1)(x2+4) 2241 x? 4 4
Changing » to — x on both sides (this leaves x* unchanged):
1 _—4x4+B, -G+ D
(+DEE+4) 241 %2+ 4
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These two expressions are compatible only when 4 = 0 and
C = 0. Dropping 4 and C we proceed:

1 B D

RIDNETd Aritara

. x4 1

Multiply by (x2 + 1): PR B+Dx2+4
Putx”:-—l(') 3} =B,ie. B=1}.

Sumla.rly, multiplying by (x2 4 4) and putting x? = — 4 gives
D=1

1 1 1 1
(x4 1)(x2 + 4) =§{x2+ 1 ~x2+4—}'
In general, however, use Method I1I with quadratic factors.

Method VI. 1In this method, ;:luadratic factors are factorized using
conjugate complex numbers (see Section 14.02).

1 1

G-NE@ET)  G—DE—jE+y -
4 B c
T x l+x~—z+x+1
1 1
Multlply by (x——l) and putx:l A= a—?i—)*('l*mi-l*)‘:i'
Multiply by (x — 7) and put x = 3:
1 1 .
B=G-ney~al- 1+
and similarly C = }(—1 —1i).
1 R 1(—14i —1—i
(&‘fl)(x2+1)“x.~1+74‘ x—i T x+z}
1 x 41

2x — 1) 22+ 1)

6.16. RuLes For ParTiaAL FracTions. In these examples the
following rules are used:

(t) in each partial fraction the degree of the numerator is
assumed to be ome lower than that of the factor in the
Ax + B A

24 x4+ 1 (x-—l)";
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§6.18 RATIONAL FUNCTIONS

(#) there is one term for each linear or quadratic factor;

() a multiple factor in the denominator has a number of terms,
one for every power of that factor which can occur, e.g. a
factor (x — 1)% in the denominator gives the two terms
A4/(x — 1) + B/(x — )%

These rules ensure that the number of unknowns 4, B, . . . is
initially just one greater than the degree of the original denominator,
which is the condition that these unknowns are determined uniquely.

6.17. Sums InvoLvING INTEGERS. The following results are useful:

142 +3 4+...4n = Inn+1);

124224324, . .4 nt= dnn+ 1)2n+1);

13423 433 4 . | 4+ 8= jn(n 4+ 1)%;

144204304 . L 4+ nt= &nn + 1)2n 4 1)(3n2 + 3n — 1).

6.18. METHOD OF MATHEMATICAL INDUCTION. The formulae of the
previous section are easily proved for n =1, 2, . . . . To prove
them for large values of n, a step-by-step method can be used, known
as the method of mathematical induction. Assuming a formula is
true for n = 1, a method is devised to show that it is true for n = 2.
Then knowing it to be true for n = 2, the method is used to prove it
true when n» = 3, and so on.

The practical objection, that the time taken to prove in this way
that the formula is true for, say, n = 1000 is excessive, can be
avoided quite simply. Ifall the steps are of the same type, they can
all be carried through in one operation, if the method can be used
to prove that the formula, being true for n = m, is also true for
n = m -+ 1, whatever the value of m. If the formula is in fact
true for » = 1, then it is true for n = 2, 3, . . . and as large as we
please.

Expressed in symbols we assert: if f(n) and F(n) are two func-
tions of » which are certainly equal when n = 1, then they are
equal for all integral values of # if, assuming f(m) = F(m), it can be
proved from their definitions that f(m + 1) = F(m + 1).

Example 1. Prove that
124224324+, . . +a2=3an+ 1)(2n + 1).
Letf(n) =124+ 22+ ., .+ n?and F(n) = §n(n + 1)(2n + 1).
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They are equal when n = 1. Assume that they are equal when
n = m. Then from the definitions,

Fm+ 1) = §(m + 1)(m + 2)(2m + 3),
and f(m4+1)=12+22 432 ... 4+ m?+ (m+ 1)

—f(m) + (m + 1),
= F(m) 4+ (m + 1)* (cf. assumption),
=im(m + 1)2m + 1) + (m + 1)
— }m + 1){(@2n2 + m) + 6(m + 1)},
= }(m + 1)(2m® + Tm + 6),
=(m+1)2m+2)(2m 4 3) =F(m + 1). Q.E.D.

Example 2. Prove that
$+cosd+cos2p 4. ..+ cosnd=sin (n + 3)¢/(2 sin §d).

This equation is true when n = 0.
Let f(n) = LHS and F(n) = RHS and assume f(m) = F(m).

Then
S(m + 1) = f(m) + cos (m + 1) = F(m) + cos (m + 1)¢,
= sin (m + $)¢/(2 sin ) + cos (m + 1),
= {sin (m 4+ })$ + 2 cos (m + 1) sin $¢}/2 sin 34,
— {sin (m + )b + sin (s + ) — sin (m + $)$}/2sin $0,
(cf. Section 7.02.)
=sin (m + 2)¢/(2sin ) = F(m + 1).

N.B. Itshould be mentioned that this is neither the only nor the
best method of proving the results in these examples.

EXAMPLES VI

1. Sketch the following functions over the ranges of values of x indicated
for each: (i) y = ax*® (—o0 < x < ®); (i) y = b(x — a)®? (x > a);
(fi) y = bf(x — a)®2 (x > a); (W)y =1 —a/(x—a) (a> 0,0 < x < ).

2. The efficiency of a screw is E = (1 — pt)/(n + t) where ¢ is the pitch
of the screw and u the coefficient of friction. Plot E between ¢ = 0 and
¢ = 1/u and find ¢ for maximum efficiency.

3. The equilibrium constant of the reaction PCl; = PCl; + Cl, is
K = »%/{(a — x)V}, where x is the amount of PCl; and Cl,, @ the original
amount of PCl; and V the volume. Plot ¥ against x for 0 << x < a.

4, Starting with 1 mole of ammonia, the reaction 2NH; = N, + 3H,
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proceeds at pressure P until there are 3x moles of nitrogen and §x moles of
hydrogen, where
P2 = 16(1 — x)3(1 + x)2/(27Kx%),

and K is the reaction constant. Plot P against x between x = 0 and x = 1.

5. Sketch the curve known as the cissoid, y2(2a — x) = x. Where does it
cut a circle of radius a having its centre at the point x = a, y = 0?

6. Sketch the strophoid ) = x%*(a + x)/(a — x), and the parabola
X2 4 glls — g1z,

7. The equilibrium constant for a reaction A + B &« C + D is

K = x%/(a — x)(b — x).

Plot K against x over a suitable range, assuming that a < b.
8. Sketch the three curves:

y = ax/(a® + x%), y = x%/(a® + %), y = x/(a + x).
9. Express n® + 6n2 + 151 + 15 in the form
An(n — 1)(n — 2) + Bn(n — 1) + Cn + D,

using the Remainder Theorem as much as possible.
Find a general method of expressing a polynomial in n of the mth degree,
in the form

4 B M
=n! R et
P n{(n—m)!+(n—m+l)!+ +n!}
. . . 4x — 2 . x—3
10. Express as partial fractions: () TR (i) gy
1 x4+ x x(x2 + 3)

% . .
P e O eToE sy @ o
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CHAPTER 7
CIRCULAR FUNCTIONS

Geometrical definitions—Identities—Graphs of functions—Finding values—

Relations in a triangle—Solution of triangles—Solution of equations—

Derivatives—Inverse sine function—Other inverse functions—Addition of
inverse functions

7.01. GeEomeTRICAL DEFINITION. The circular functions of an
acute angle 0 are defined in terms of a right-angled triangle with one
angle O (Figure 7.01). There are other definitions not depending on
geometry but using the differential equation, d?/dx? = — 3, or
integrals. Their properties can also be easily obtained using
de Moivre’s theorem (Chapter 14).

In general, if P is a point on a circle of radius r with its centre at
the origin of Cartesian coordinates, then its coordinates are

x=rcosf, y=rsinf.

Thus » and cos 0 are negative together, and so are y and sin 6. The
angle 0 is measured anticlockwise from 0X. As P moves round the

4

Figure 7.01

circle anticlockwise, 0 increases. Angles larger than 360° or 2n
radians, are obtained when P has traversed the circle once and begins
again. Negative angles are measured in the opposite sense.

79



§7.02 CIRCULAR FUNCTIONS
The other circular, or trigonometric, functions are
1 sin 0 1 1

tan 0 = —— = —— sec 0 = —— cosec O = —=-
cot® cosB cos 6 sin 0

Occasionally the following are met (e.g. in astronomy)

versine § = vers O = 2 sin? 40, haversine 6 = hav 6 = sin? }6.

The trigonometric (or circular) functions of the angles 6, 6 + 2,
0 4 277 (n any integer) are equal because they are all represented
by the same point P on the circle.
sin 0 and tan 6 are odd functions of 0, and cos 0, sec 0 are even
functions. Furthermore:
sin (— 6) = — sin 6, cos (— 0) = cos 6,
tan (— 0) = — tan 0.
sin (0 + 3m) = cos 0, cos (8 + 3n) = —sin 0,
tan (0 + 4n) = — cot 6.
sin (0 + n) = —sin6, cos (0 4+ 7) = —cosb,
tan (6 + =) = tan 6.
sin (r — 0) =sin 0, cos (t — 0) = — cos 0,
tan (r — 0) = — tan 0.

7.02. IpEnTITIES. The last-mentioned equations are special cases
of the following identities which are true for all values of 4, B and 6.
sin (4 & B) = sin 4 cos B 4 cos 4 sin B.
cos (4 + B) = cos A cos B F sin A sin B. (N.B. signs.)
tan A 4 tan B

ta"n(A:':B)=lq:ta.nAta.nB.

sin A cos B = }{sin (4 + B) + sin (4 — B)}.
cos 4 sin B = }{sin (4 + B) —sin (4 — B)}.
cos A cos B = }{cos (4 + B) + cos (4 — B)}.
sin 4 sin B = }{cos (4 — B) — cos (4 + B)}.

sin 4 + sin B = 2 sin }(4 + B) cos $(4 — B).

sin 4 — sin B = 2 sin (4 — B) cos }(4 + B).

cos A + cos B = 2 cos }(4 + B) cos $(4 — B).

cos A — cos B= — 2sin }(4 + B) sin §(4 — B).
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GRAPHS OF FUNCTIONS §7.03

sin 20 = 2 sin 6 cos 6.

sin? 6 4 cos?2 6 = 1. 2 cos?2 § — 1 = cos 26.
cos? 6 — sin? 6 = cos 26. 1 — 2 sin% 6 = cos 26.
sec2 § = 1 + tan2 0. cosec? O = 1 + cot? 0.

tan 20 = 2 tan 6/(1 — tan?® 0).
sin 6 = 2 sin 40 cos 46 = (2 tan $6)/(1 + tan® $0).
cos B = cos? 30 — sin? 30 = (1 — tan? 40)/(1 + tan® $0).
2 cos? 40 = 1 + cos 6. cos 6 = {#(1 + cos 20)}/2.
vers 0 = 2sin? 46 = 1 — cos 0. sin 6 = {}(1 — cos 26)}V/2
tan? 46 = (1 — cos 6)/(1 + cos 6).
tan 6 = {(1 — cos 26)/(1 4 cos 20)}V/2.
4 sin® 6 = 3 sin O — sin 30. 4 cos® 0 = 3 cos 6 + cos 36.
45in® 0 cos® = cos® — cos 30. 4 cos?0sin 6 = sin 0 -+ sin 36.
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Figure 7.02

7.03. Grarus oF Funcrions. See Figures 7.02 and 7.03. These
functions are all periodic functions with a period of 2, i.e. they are
functions f(0) such that
f(0 + 2n) = f£(0).
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§ 7.05 CIRCULAR FUNCTIONS

The graphs are only plotted, therefore, from 6 = — §m to 6 = g=.
In addition tan 6 is periodic over an interval m, i.e.

tan (0 + w) = tan 6.

Numerically, sin 6 and cos 6 have values between 4 1, whereas
sec 6 and cosec 0 exceed the value 1 numerically, and tan 6 and cot 6

have all values.
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Figure 7.03

7.04. Finping VaLues. The simplest problem of all, to find cos 0
or any other function, given the value of sin 6, is best solved by
drawing a right-angled triangle as in Figure 7.0 and inserting
suitable values for the sides. This is easier than using a formula

such as cos 6 = 4 (1 — sin? 0)Y2.
7.05. RELATIONS IN A TRIANGLE. Sides a, b, ¢ and angles 4, B, C.

Sum of interior angles 4 -+ B + C = 180°.

Perimeter (2s) 2s =a—+ b+
. sind sinB sinC
Sine law = = .
a b c
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SOLUTION OF EQUATIONS §7.07
Cosine law
a® = b2 + 2 — 2bccos A or cos A= (b%+ ¢ — a%)[2bc.
Area

in B sin C
A = 3besin A = 3@t om0

sin (B 4+ C)
Radius of inscribed circle

r = Als = (s — a) tan }4.

= s — a)(s — D) — e

Radius of circumscribing circle
R = abc|4A.
. s —b)(s — ¢c)|V? s(s — a)|V?
sin 344 = {(————25(—2} , cos 34 = {—(——b?——)} s
a—b tan$(4 —B)
a+b tan}(4 + B)

hav 4 = (s — b)(s — ¢) /b,

7.06. SoLuTioN oF Triancres. Right-angled triangles are solved
by inspection (Figure 7.01). A condition for a right-angle at 4 is
a? = b2 4 (2.

Other triangles are solved as follows:

1. Given one side and two angles, e.g. a, B, C. The procedure is to
find A = 180° — (B + C); then b = asin Bfsin 4, ¢ = a sin C/sin 4.

II. Given two sides and the included angle, e.g. b, c, 4.
Find B and C from }(B + C) = 90° — }4,
and tan $(B —C) =tan }(B + C) . (b —¢)[(b + o).
Then find a = b sin A[sin B.

Alternatively, a® = b% + ¢ — 2bc cos 4, then sin B = b sin Ala,
C =180° — (4 + B).

III, Given three sides: a, b, ¢. (i) Calculate r and s (above).
Then tan 34 = r/(s — a) and similarly for B and C, or use the

formula
tan 34 = V[{( — b)(s — }/{s(s — @)}]-

() Calculate the largest angle using the cosine law.

7.07. Sorution oF EquaTions. (i) Given both sin 8 =s and
cos O = ¢, where 52 + ¢2 = 1, there is only one solution, 6 = a,
between 0 and 2w. Other solutions are
0 = o -+ 2nm, (n any integer).
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§7.07 CIRCULAR FUNCTIONS

(#) The equation sin 6 =5, where |s| < 1, has an infinity of
solutions & 4+ 2am, where « is any solution between 0 and 2x. In
fact there are two solutions between 0 and 27: if « is one the other is
(7 — &), sincesin (r — o) = sin o = 5. Altogether the solutions are

0=a+2nr and 6= (2n 4+ )m — a.

The equation cos 6 = ¢ has solutions

0= 4 a + 2nm,
where « is one solution.
The equation tan § = ¢ has solutions

0 = a + nm,

where tan o = t.

(1) Given any two numbers a and b, positive or negative, there
is an angle B such that

cos B = af(a® + b2V sin B = b/(a® + B2)V2.

(iv) The equation a cos 0+ 5 sin 6==¢ has solutions if ¢ < (a® 4 b%).

Using (1iz) it can be written
(a® + b2)V%(cos 6 cos B + sin O sin B) = ¢,

i.e. cos (6 — B) = ¢[(a® + b¥)1/2

(v) To solve such an equation as sin 40 = cos 20 we write it as

cos (3 — 40) = cos 20,
i.e. either
v — 40 =20 + 2an or imw — 40 = — 20 + 2nm,

i.e. 6 =33 +2n)r or 0= 3}(} &+ 2n)m.

(vi) Quadratic equations, such as 2 cos? 0 4 cos 0 — 1 = 0, are
solved first for cos 6 (two values) and then for 0 from those roots
which are not more than unity.

The equations 4 cos? 6 — 2H sin 0 cos 6 + B sin? 0 = 0 can either
be written in terms of ¢ = tan 0,

A — 2Ht 4 B2 = 0,

whence ¢ and 0 can be found provided H® > 4B; or it can be
written as

34A(1 + cos 20) — Hsin 20 + 3B(1 — cos 20) = 0,
ie. 3(A — B) cos 260 — Hsin 20 + $(4 + B) =0,
an equation for 20.
Most equations, however, have to be solved numerically, and this
is always true of “mixed” equations such as x = n(l — cos x).
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7.08. DERIVATIVES.

_d_ 1 —_ d - t
7 (sin x) = cos x, = (cosec x) = — cosec x cot x,
ii_ — 1 d — ta.
o (cos x) = — sin x, 7 (sec x) = sec x tan x,
d ta; = 2 1 t —_ 2
dx( n x) = sec? x, A (cot x) = — cosec? x.
The first is proved from first principles using the limit (Section
3.13), lim -35%9 =1 (0 in radians). Let y = sin ;
80
Ay _sin (x + Ax) —sinx _ 2 cos (¢ + }Ax) sin $Ax
Ax Ax o Ax '
d .
If 0 = }Ax, then 2 lim cos (x 1 ) sin 0 = COS Xx.
dx oo 6

The other derivatives are proved either from first principles using
the same limit, or by using the derivative of sin ¥ and the rules of
differentiation, e.g.

%c(cos x) = dixsin (* + 47) = cos (x + 47) = —sin x.

( ) d{ 1 in ) sin x ¢
—(secx) =5 | — | = — —sinx) = = sec x tan x.
dx dx \cos x cos?x ( cos® x

It is best to learn these derivatives by heart, even though in practice,

. . sin x

for example, it is more convenient to use —- (sec x) = —— than
dx cos? x

sec x tan x.

Example 1.
d d
I (sin 2x) = 2 cos 2x and T (2 sin x cos x) = 2 cos® x — 2 sin? x.

Since sin 2x = 2 sin x cos ¥, then cos 2x = cos? x — sin? x.

d
Example 2. o (cos 2x) = — 2 sin 2x = — 4 sin x cos x,
d
and p (2 cos® x) = — 4 sin ¥ cos x, since cos 2x = 2 cos? x — I.
d
Example 3. o (cos™ x) = — m cos™1 x sin «x.
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Example 4 d tan®
xample .dx(an x)

CIRCULAR FUNCTIONS

= n tan"! x sec? x,

n tan®! x(1 4 tan® x),
= n(tan™! x 4+ tan"t! x),

7.09. InversE SINE FuncTiON. A knowledge of the inverse trigono-
metric functions is necessary for integration. The inverse tangent is

\

2
A
AS]

=71

Figure 7.04

-
N
7%

“ven

Figure 7.05

the most important but in this section the inverse sine is discussed

as a better illustration.
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The solution of the equation sin y = x is written

y =sin"1x,

o 1 . . .
It is not to be confused with e (sin x)~1. Some scientists avoid

this confusion by the use of the notation y = arc sin «.

The function y = sin—? x is called the inverse of y = sin x because
the roles of x and y are interchanged. The graph of the function
(shown in Figure 7.04) is most easily obtained this way. It is
multi-valued.

There is one angle y between — 3w and + = such thatsiny = x
for every value of x between — 1 and + 1. This is the Principal
Value yp, and the graph of Principal Values increases steadily as
x increases from — 1 to + 1.

There are other values, solutions of sin y = x = sin yp, given by

either (i): Yy =29p + 2nw

or (#): y=m—yp + 2nw n=123...

Hence in any problem it is always necessary to say which values are
to be used, and if this is not done it is assumed that Principal Values
are to be used. This is to ensure that y is a continuous function of x.

From the graph it can be seen that tangents to the curve at values
(i) are parallel and slope one way, whereas tangents at values (i)
slope the other way. These two values appear when the derivative
is calculated.

The derivative of sin y = x is

dy o1
cosy = 1, L e T cosy
For Principal Values, cos yp is positive and
dp_ |

cos yp = {1 —sin®ypt = (1 — ¥ 0 = T —aym
This is also true for all values (i). For the values ()

»__ 1
- (T—m

A constant use of Principal Values (P.V.) removes this ambiguity.

cosy = —cos yp = — (I — x%)V2;

7.10. Otuer Inverse Funcrions. The graphs of these functions
are given in Figure 7.05 and their properties are tabulated in
Table V. They are derived as in the last section.
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CIRCULAR FUNCTIONS

Table V
Principal Principal Oth General
y Value derivative val z derivative
Jp dypldx “ dyldx
sin1 x — 90° to + 90° S (=)p + nm L
(1 — a2)1s 4 cosy
1 1
—1 ] o —_ [ - [
cos~l x 0° to 180 (T 0 + yp +2nm sny
tan~! x — 90° t0 90° —l——_%—x—g yp + nw same
1 1
-1 —_ o o —— e e e — [ —
cosec™! x 90° to 90 PP (=)%p + nm Foosy
1 1
1 o L N S
sec™! x 0t 180 PP VY 4+ yp + 2nm Fsiny
cot™l x — 90° 10 90° - 1—_}_—;2 yp + nm same

The Principal Value of tan-! x rises gradually from — }= to
+ 4 as x increases from — oo to + oo. The graph is S-shaped.
At the origin the Principal Value is zero and the slope is

(2).= (r),~
de), \1 + 2%,

By shifting the origin and changing the scale, a curve of similar
shape can be obtained which rises from 0 to any value b as x
increases from — oo to + oo, and has the value 4 at x = a. Thisis

3 =${l + @) tant (x — a)}.

The slope at x == a is (b/n). To obtain a similar curve with a given
slope m at x = a, we write

¥y = }b{l 4 (2/n) tan~! (mm/b)(x — a)}.

7.11. ApprrioN oF INVERSE FuncTions. The sum (tan™! « + tan~! §8)
is the sum of two angles the value of which can be expressed as a
single inverse function. Thus

tan=? o + tan~1 B = tan~? {(« + B)/(1 — aB)}.

To prove this, let tan~! o = 4, tan~! § = B. Then tan 4 = «,
88



EXAMPLES

tan B = B. The simplest function of the angle (4 + B) that can
be found is
tan 4 4+ tan B « +
tn (A +B) =A@ B 1 -fgs’
whence the result follows. In the same way
cos7lx = in + sin-lx, (P.V.)
tan~!x + cot'x = §n. (P.V.)

EXAMPLES VII

1. Solve completely the equations cos § = cos 20 and cos 6 = sin 26.

2. Prove the formula sin 30 = 3sin® — 4sin® 0. By the substitution
x = 24 5in 0, show that the cubic equation x® — 34% + B = 0 can be
written B = 243 sin 30. Explain how to solve the equation when B < 248
and solve the equation x® — 3x + 1 = 0 in this way.

Adjust the procedure to show that a cubic equation,

ax® + 3bx3 + 3¢cx +d =0,
known to have three roots, can be solved with x = b/a 4+ 24 sin 6, and
ac — bt a*d — 3abc + 2b°
o B= 3 .

a a

3. Show by two methods that the maximum value of a cos 6 + b sin 8 is
(a® + %1,

4. A sphere is dropped into a full conical glass of depth a and semi-
vertical angle «. Find the radius of the sphere for maximum overflow.

5. Sketch as accurately as possible between® = 0and 6 = =: (i) y =sin0,
() » = sin 0 + § sin 30, (iii) y = sin 6 + § sin 30 + 3 sin 50.

Compare each with the line y = 26.

4 =

6. Sketch the graphs of y = s_n; and y = EE:Tx — %{i‘.

7. A curve to be fitted, using the formula
y=a+ ptan7{(x — a)/b},
has (i) y - 6 as x - oo, (ii) y - 0 as x - — oo, (iii) a point of inflection
at x = 2 where (iv) the slope is 3. Sketch the curve and find y when x = 0.
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CHAPTER 8

EXPONENTIAL, LOGARITHMIC AND
HYPERBOLIC FUNCTIONS

Natural number e—Exponential functions—Exponential increase—Expo-
nential decay—Combination of exponentials—Derivative of y = e*—
Logarithmic function—Derivative of y = In x—Hyperbolic Sunctions—
Derivatives—Hyperbolic and circular functions—Properties of hyperbolic
functions—Inverse hyperbolic functions—Derivatives of inverse functions

8.01. NaturaL NuMBER. ¢ = 2-71828.
log,o € = 0-434294, log, 10 = 2-302585.

In the following chapters log, a is written In g, loge @ is written
log g, unless there is ambiguity.

The number ¢ is defined as
1 L3
e = lim (l + —) .
n—© n

1 n
To prove that the sequence, S, = (l + ;) , is convergent, we
use the Binomial Theorem,

woree )2 )

pres e (b,

.+ s I
n

I Bl

Thus §, is expressed as the sum of (n + 1) terms. Consider any one
term, say the third or fourth. If n is increased by one, each of its

1 1
ey (-Y)

1 2
factors (l — ;), (1 - ;), increases in value, and therefore the

term increases in value. In fact, every term in S, is greater than
or equal to the corresponding term of Sy, and Sy, has an extra term
at the end. Hence S,,, > S, i.e. the series is monotonic increasing.
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EXPONENTIAL INCREASE §8.03
Also by comparing terms

1 1 1 1
S<lt+ltys+trostiaest taa

< 3.

Hence from the convergence test in Section 3.06 (i7) the sequence
converges.

8.02. ExronenTiAL Functions. These are of the form y = o® or
y = a~®, where a is a given number. Graphs are drawn in Figure 8.01
fora=1,2,¢ 10.

As long as a > 1, ¢® increases with x, and «=® decreases to zero.
Thus o° is exponentially increasing and a—* is exponentially
decreasing.

Example 1, y = a® can be written y = ¢™ where m = In a. The
number m is positive when a > 1 and negative when ¢ < 1.

11
Example 2. Graphsofy = b*, (b =57 T%) ,are derived from those

of Figure 8.01 by reversing the sign of x,

X —

Figure 8.01

8.03. ExponNENTIAL INCREASE. Let us assume that a repetitive
process, such as a chain reaction, increases the amount of a substance
by a fraction 1/n at each operation.
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§ 8.04 EXPONENTIAL, LOGARITHMIC AND HYPERBOLIC FUNCTIONS
If the original amount is a,, the amount after one operation is
a, = ag ( 1+ %), and after the second operation a; = a, (1 + -:—l)s.
After NV operations it is .
ay = a, (l + ;lz-) .
When the fractional increase in any operation is small, so that n is
large, this can be changed to an exponential form. By definition,

1\»
the natural number ¢ differs little from ( I+ ;l) when 7 is large.

lnN/n
aN=”o{(l+;)} = a¢¢%,

where x = N/n. Thus the amount increases exponentially with the
number of operations, in this approximation.

The variation with time is obtained by introducing the time <
of each operation. The gain per unit time in one operation is

Aay _ %+ —an _ (ay[n) = N,
T T T nt

and the time for /N operations is { = Nt = (n1), so that

ay = aye*, approximately,
where & = 1/nr.

An exponential increase is also obtained in any continuous
process where the rate of increase is proportional to the amount
present. This corresponds to the limit + — 0 and 7 — oo in the
last two equations, £ remaining finite, so that they become

?:lim—é‘f:ka and a = gyt
t —0 T

Such a process occurs in any chain reaction or autocatalytic
reaction, where the active agent is reproduced by the action of the
products rather faster than it is used up.

8.04. ExproneNTIAL DECAY. By the same method it is possible to
show that a distillation or a washing process leads to an exponential
decrease when the amount of a substance is reduced by a given
fraction at every operation. This has been considered already in
Section 3.07.

The corresponding continuous process is one where the rate of
loss is proportional to the amount present. For example, in a
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DERIVATIVE OF ) = ¢* § 8.06

unimolecular decomposition (a first-order chemical reaction) the
concentration ¢ at time ¢ changes to (¢ 4+ Ac) in a small time At

where
Ac = — keAt, ie. dejdt = — ke.

The minus sign indicates a decrease with time. The variation of ¢
with time is
¢ = g™,
where ¢ = ¢, at time ¢ = 0.
Another example of this type of process is radioactive decay,
where the number of atoms decaying per unit time in a given
sample is proportional to the number present at that instant.

8.05. CompiNaTION OF ExponenTiaLs. In a complicated decay
process, it often happens that the quantity of importance is a sum of
several decreasing exponential functions,

Y= a;e™™ + ae™™ 4 age™™ 4. L.

It is assumed that the terms are arranged in order of increasing
exponents, Le. m; <My < Mg. . . .
When ¢ is small the important term is clearly that with the largest
value of g, since any exponential ™ = | when ¢ is small.
When ¢ is large enough, however, the first term, with the smallest
m, is most important, i.e.
= aqe™,

approximately, so that In y = In g, — m;t and the graph of In y
against ¢ becomes a straight line.
The reason for this lies in the result e — 0 as x — oo, for this
implies that
e~tm—mt 5 0 as ¢ — o0, if my > my.

Thus all the terms become small compared with the first if ¢ is
large enough.

8.06. DERIVATIVE OF y = ¢*. It has been shown in Section 8.03
that
y=2¢, dydx=e" =y,

but a formal proof is now given.
- o
b St =) _ e e

—1
= lim = lim ——— = &
B0 h 0 h o h

The limit has already been found in Section 3.13 (i).
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§ 8.07 EXPONENTIAL, LOGARITHMIC AND HYPERBOLIC FUNCTIONS

Geometrically this value for the derivative implies that the sub-
tangent (y < dy/dx) equals unity at all points of the curve y = ¢*.
Other exponential functions are differentiated using the FF
rule, e.g.
7 =aem, dydx = maem=;
=10 =210 gy/dx =1n 10. 210 = 10*. In 10.

8.07. LocariTeMIic FuNcTION » = In x. This means x = ¢ and is
the inverse of the exponential function. It is defined for positive
values of x only, since e¥ > 0 for all values of .
Logarithmic functions occur in various forms:
y=oualnx, (x> 0),
y=a+kln(x —¢c)=kln (x —¢)/b, (x>¢),
y=a+kln(c—x)=kln (c —x)[b, (x<cec),

where a = kIn (1/b), ie. b = %k,

1
log.x.
7
‘ logso
¥
g ! T T
7 2 J L
X —
-7
=2
Figure 8.02

The graph (Figure 8.02) illustrates the following properties of In x:

(¢) it increases steadily with x;
(%) Inx > — 0 as x - 0;
(#) In x = 0 when x = 1;

(%) In x > + o0 as x — o0,
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HYPERBOLIC FUNCTIONS § 8.09

The increase with x is very slow when x is large, e.g. increasing «
from 1 to 2:7 and increasing x from 1000 to 2700 increase In x by
the same amount. The slow rate of increase can also be made clear
by comparing In x with a small power of x, say x*. By L’Hopital’s
theorem (for the derivative see the next section),

n x . lx
— = lim
X~

el lim — = 0,
z—>

however small » may be, as long as it is positive. In other words
In x increases more slowly than any positive power, if x is sufficiently
large.

8.08. DERIVATIVE OF y = In x. Since x = ¢¥, then
y_ 1 _1

dx v

dx  dxjdy

!
=

N

Thus x~! = 1/x is the derivative not of a power of x, but of In x.
Using the FF rule we derive

d 1 du
"1; (ln u) = ;‘ 'd—x ’
which is extremely useful and is the basis of logarithmic differentia-
tion (Section 4.23).
To differentiate logarithms with another base we simply change
the base, e.g.
= logy, x = log, x/log, 10,

dy _ 1 _logye e
dx  xlog, 10 =x

8.09. HyperBoLric Funcrions. In Section 1.16, it was shown that
any function f(x) can be separated into f,(x), an even part, and
Jo(x), an odd part.

The hyperbolic cosine (cosh x) is the even part of ¢# and the
hyperbolic sine (sinh x) is the odd part.

cosh x = }(&& + ¢79), sinh x = (e — e79),

cosh (— x) == cosh x, sinh (— x) = —sinh »
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§8.10 EXPONENTIAL, LOGARITHMIC AND HYPERBOLIC FUNCTIONS

Other hyperbolic functions are derived from these as for the circular

functions:
tanh x = 1/coth x = sinh x/cosh x,

sech x = 1/cosh x, cosech x = 1/sinh x.

These curves are drawn in Figures 8.03 and 8.04.

¢
3 -
cosh x
2F sinh x
7 tenh x
| ] 1 L_x
-2 -7 0 7 2
—7 -

Figure 8.03

8.10. DerivaTivEs. From the definitions in terms of exponentials:

Z-‘i (sinh x) = d%'}(c” — e®) = §(# + ¢®) = cosh x,

d-d; (cosh x) = %%(ﬂ + %) = }(¢® — ¢®) = sinh x.
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HYPERBOLIC AND CIRCULAR FUNCTIONS §8.11

Using the product and quotient formulae, the derivatives of the
other hyperbolic functions are obtained, e.g. from Section 8,12,

d d (sinh
= (tanh x) = (fin——’f)

dx \cosh »
__cosh x(cosh x) —sinh x(sinhx) 1
- cosh? x "~ cosh? x’
= sech? x.
Similarly:
d cosh x
o (cosech x) = — e coth x cosech x,
d sinh x
o (sech x) = — coshiz— tanh x sech x,
d
= (coth x) = — cosech? x.

It is usually best to express these in terms of sinh x and cosh x.

8.11. HyeerBoric AND CircurarR Funcrions. The similarity
between these two groups of functions, suggested by their names and
properties, can be described geometrically using the rectangular
hyperbola and a circle. An analytical method is also given in
Chapter 14, where the circular functions are expressed as exponential
functions of complex numbers.

A third method, similar to the second, shows that they play
identical roles in similar problems. For this we need the derivatives.

Consider: (i) ¥y = a cos mx + b sin mx,
dyldx = — am sin mx + bm cos mx,
d?[dx® = — am? cos mx — bm? sin mx,
= — m¥.
(%) ¥ = a cosh mx + b sinh mx,

dy|dx = ma sinh mx 4 mb cosh mx,
d%[dx* = m%a cosh mx + m?b cosh mx,
= my.
For both functions it is clear that
Y = a, dy/dx = mb, when x = 0
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§ 8.12 EXPONENTIAL, LOGARITHMIC AND HYPERBOLIC FUNCTIONS

Comparing (i) and (if) we see that a solution of
d¥/dx® = oy,
such that y = 1 and dy/dx = 0 (a =1, b = 0), when x = 0, is:
y = cos mx, when a = — m? is negative;
y = cosh mx, when « = + m? is positive;
and a solution such that y = 0, dy/dx = 1 (a = 0, b = 1), when

x=0,is:
y = (1/m) sin mx, when o« = — m? is negative;

y = (1/m) sinh mx, when & = 4 m? is positive.

8.12. ProperTiEs OF HyperBoLic Funcrions. The hyperbolic
functions satisfy identities similar to those of the trigonometric or
circular functions. A simple rule for obtaining the former from the
latter is: place an ‘h’ after the symbol and note that a product
containing one sine remains unchanged, but a term containing two
(and sometimes three) sines changes its sign. The reason is given
in Section 14.14.
From the definitions, cosh x = }(¢* -+ ¢~%) and sinh x = }(e* — %),
all the following results are proved.
When x = 0, ¢ = =% = 1, so that
cosh (0) =1, sinh (0) = 0.
When x is large and positive, ¢ is large and e~* small;
sinh x — 6%, cosh x — ¢~
Also it follows that |sinh x| << cosh x and |tanh x| << 1. Adding

and subtracting:
cosh x + sinh x = %,

cosh ¥ — sinh x = 7%,

and multiplying these two
cosh? x — sinh? x = 1, (cf. cos® ¥ 4 sin® x = 1),

From this equation there follows:

tanh® x 4 sech?x =1,

coth? x — cosech? x = 1.
As |tanh x| < 1 there is always an angle 6 such that:
tanh x = sin 6, sech x = cos 6, [6] < 90°;

sinh ¥ = tan 6, cosh x = sec 0.
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INVERSE HYPERBOLIC FUNCTIONS §8.13

The relations given below are proved directly as in the example
sinh (4 4+ B) = sinh 4 cosh B + cosh 4 sinh B.

Proof: RHS = }(¢4 — e~ 4)}(eB + ¢ B) +4(ed + e=4)}(eB — e~ )
= H(eA+B — ¢~4+B | ,A-B _ ,—4-B)
G (eATB 4 ¢~4+B _ (A—B _ ,~4-B)}
— %(eA+B _— e—(A+B)),
= sinh (4 + B).

sinh (4 4 B) = sinh 4 cosh B £+ cosh 4 sinh B.

cosh (4 4+ B) = cosh 4 cosh B + sinh 4 sinh B
(note signs).

Hence: 2 sinh 4 cosh B = sinh (4 4 B) 4 sinh (4 — B).
2 cosh 4 cosh B = cosh (4 + B) + cosh (4 — B).
2 sinh A4 sinh B = cosh (4 + B) — cosh (4 — B).

sinh 4 + sinh B = 2 sinh (4 + B) cosh $(4 — B).

sinh 4 — sinh B = 2 cosh (4 + B) sinh }(4 — B).

cosh A 4 cosh B = 2 cosh }(4 + B) cosh (4 — B).

cosh 4 — cosh B = 2 sinh $(4 + B) sinh (4 — B).

tanh (4 + B) = (tanh 4+ tanh B)/(1 4 tanh 4 tanh B).

By writing 4 = B = x, we deduce that:

cosh? ¥ 4 sinh? x = cosh 2¢x and 2 sinh x cosh x = sinh 2x,
cosh x = cosh? }x -+ sinh? }x and sinh x = 2 sinh }x cosh {x.

Using cosh? }x — sinh? {x = 1, the last formula but one gives:
cosh? 4x = }(cosh x + 1),
sinh? }x = }(cosh x — 1).

Also  sinh x = 2¢/(1 — #2), coshx = (1 + /(1 — #3),

where ¢ = tanh 4x..

8.13. Inverse HyperBoLric Functions. Each hyperbolic function

has an inverse, which can be expressed in logarithmic form:

(1) y=sinh-1x =In{y/(x2+1) +a} = — In {/(x®+1) — x},
Thus sinh y = x,

*. cosh y = 4/(1 + sinh? y) = 4/(1 + x?), (since cosh y > 0).
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§8.13 EXPONENTIAL, LOGARITHMIC AND HYPERBOLIC FUNCTIONS
¢ = sinh y + cosh y = x + 4/(x® 4 1),
¢V = cosh y —sinh y = 4/(x® + 1) — x.
L y=h{yE+]) = —In{v(+1) —ah

2
sinh™ ' 2
7+ cosh™'x
1 (4 ] L L x
-1 7 2 J 4
-’ —
2
Figure 8.05

In {x + 4/(x® — 1)}, (when sinhy > 0),

(it) » = cosh1 x = In {x — 4/(x® — 1)}, (whensinhy <0).

1 2k
| |
l |
|
| [
} 1+ |
| I coth-1x
! {
' i
! 0 L i 1
-7 7; 2 3 X
A
| /S
coé‘) | < :
@\ | -7l |
! |
I |
| |
] |
bk
Figure 8.06

This function is double-valued because cosh y = cosh (— y). The
Principal Value is the positive value.
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INVERSE HYPERBOLIC FUNCTIONS §8.13
This is proved as follows:
cosh y = x,
sinh y = 4/(cosh? y — 1) = 4/(s® — 1), (wheny > 0).
ev = cosh y + sinh y = x + 4/(x% — 1).

The other value is obtained by changing to sinh y = — 4/(x® — 1).
The two values of cosh~! x are equal and opposite since

FrvVE-DHr —VE -1} =2 - (1) =1,

so that the sum of their logarithms is In (1) = 0.

cosech™'x
sech™
1 1
-7 0] 7 2 I x
cosech™\x

(1) y=tanh"'x =}In (1 4+ %)/(1 —x) =In/{(1 +x)/(1 —x)}.
Since tanh y = x,
sech y = 4/(1 — tanh?y) = /(1 — a2).
sinh y = x/4/(1 —4?) and coshy = 1/4/(1 — 2.
& = (s + D)/l — ) = v{(x + D(x — ).

The graphs of these functions are given in Figures 8.05, 8.06 and
8.07, together with those of

cosech™! x, sech-lx, coth-!zx,
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§8.14 EXPONENTIAL, LOGARITHMIC AND HYPERBOLIC FUNCTIONS

These results are summarized in Table V1.

Table VI
y Logarithmic form Values of x Derivative
o \

sinh-1 x In {x + (1 + %103} all 1/(1 + %)
cosh=1 x In{x + (x* — 1)12} ¥l >1 | 1j(x — 1) (P.V.)
tanh-1 x $in (1 + 2)/(1 — x) x| <1 1/(1 — a%)
cosech x In {1 + (1 + x®)*} —Inx all — 1/{x(1 + x9)2/3}
sech-tx | In{l 4+ (1 =)W} —Inx | |x]<1 | — I/{x(1 — x2)13}
coth™! x tIn(x+ 1)/(x — 1) x| > 1 1/(1 — «%)

8.14. DerivaTives oF INVERSE Funcrions. These can easily be
obtained using Section 4.24, e.g.

y =sinh~1 ¥ means x = sinh y, or cosh y(dy/dx) = 1.
But cosh y = /(1 + %),
: dyjds = 1/3/(1 + ).

The same result is obtained in a longer way by differentiating the
logarithmic form.

The relation between tan—! x and tanh~? x is very close. Their
graphs are not very similar, if the Principal Value of tan—! x is used,
but their derivatives are similar:

1

d d 1
o= (tan~!x) = ——— — (tanh~1x) = —— (|| < 1),
dx 1 4 2% dx 1 —x

(Ix] > 1).

d 1
= -1 ) =
A (coth=1 x) = [

EXAMPLES VIII
1. From the definition of a logarithm prove (i) if y = €182, then y = x,
(%) if log y, — logy = ket, theny = yge~*¢, (iit) if a(x -+ logy) = b log x + m,
then #? = y22-m,
2. Aradioactive substance decays exponentially. The time for the amount

to decrease by a factor %, i.e. the half-life, is 7. Ify, is the amount present at
t = 0, show that the amount at time ¢ is

7 = 2o} = yoe= (108 DI,
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3. Iff = ae~*T, where a and b are constants, find d(log f)/d(log T ).

4. The Magnus formula for vapour pressure p is p = ab®®+7, Find
dp/de.

5. Find the ratio of successive stationary values of x = 4¢~ sin wf, and
sketch this function by multiplying the curves 4e~» and sin wt.

6. According to Wien’s law the energy between wavelengths A and
(A + d)) emitted per unit time by a ‘black body’ at temperature T is ExdA
where Ej = (k/A8)e—(@AT),

Plot E) against ), and prove that it tends to zero as A - co and as A — 0
(hint: put A = 1/x), and has a maximum when A = (¢/57).

7. According to the one-vibration model of Einstein, the energy of a
crystal at temperature T is E = 3R(hv/k)/(¢V/FT — 1),

Plot E/R against T assuming that A/k = 4-8 X 10-** and v = 10'%, Find
the specific heat ¢ = dE/dT and plot this against 7.

8. Show that the values of the sequence S, defined by the recurrence
relation,

Sp = 208,_; — B¥y_g,
are of the form
S, = p* {A'e”6 + Be_ne}y

where « = B cosh 0, if « > B. Find S, when §; = 1, §; = 2a. (cf. Qn 8,

Chapter 14.)
9. Prove that the derivative of sinh~! (4/x) is one-half that of

log{x + ¢+ + v(** + x)}

and explain why, by expressing sinh—! (1/x) in logarithmic form.
10. Repeat Qn 7, Chapter 7, when the curve is fitted by the formula

y = a + B tanh~! (x — a)/b.

11. Sketch Langevin’s function y = coth ¥ — 1/x for positive values of x.

12. The speed of water, flowing from a tap which is suddenly turned on,
varies initially according to the law a(dv/dt) = (v,® — v%), where a is a
constant. Show that v = v, tanh (yyt/a) is a solution such that v = 0 when
t=0.

13. Sketch graphs to show that each of the following equations has an
infinite number of roots, the larger roots having the approximate values
stated (n is an integer):

() x = tanx, [3(2n + D)r]: (i) tanh x = tan x, [(n + })7],
(#) cosh x = sec x, [(n + §)=].
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CHAPTER 9
PROPERTIES OF CURVES

Introduction—Curves in Cartesian coordinates—Change of origin—Rota-
tion of axes—Change of origin and rotation of axes— Tangent and normal
—Distance along curves—Curvature—Polar coordinates—Short list of
curves— Triangular coordinates—Curvilinear and generalized coordinates—
Two points—The straight line—Two straight lines—Conic sections—
Circle—Parabola—Ellipse—Hyperbola

9.01. InTrODUCTION. This chapter is a collection of the properties
of curves, discussed first in terms of Cartesian coordinates, and
then in terms of polar coordinates. At the end of the chapter the
properties of conic sections are collected together, since these arise
in mechanical problems and especially in the ‘classical’ pictures used
in atomic physics. Between the two there is a section containing
lists of curves of various types.

9.02. Curves IN CArTESIAN CoORDINATES. The equation of a curve
in Cartesian coordinates has the form y = f(x), or ¢(x, y) =0,
where ¢(x, y) stands for a function of the two coordinates.

The equation can also be given in parametric form, i.e. both
x and y may be given as functions of a parameter, e.g. ¢ or 8, which
has a value at each point of the curve. The relation between x and y
is obtained by eliminating ¢ (or 0) between these two expressions.
This method not only has the advantage that ¢ often has a definite
meaning for the curve, but it leaves the symbols x and y free for
general purposes.

Example 1. Parametric equations of the circle x2 + y2 = a? are
x =acos 0, y = asin 0.

The form of the equation, or equations, naturally depends on the
position of the curve relative to the axes and the origin. If the
position of these is optional, it may be possible to choose them relative
to the curve so that its equation is especially simple for the discussion
of its properties. This is the standard form of the equation in
Cartesian coordinates.

9.03. CuanGge oF ORIGIN. Let a new origin O’ be chosen with
coordinates (h, k) relative to the old axes, and new axes 0'X’,
0’Y’ be drawn parallel to the old axes (Figure 9.01). The coordinates
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§9.04 PROPERTIES OF CURVES

of any point P relative to the old axes and to the new axes are
related by the equations
x=x4+h y=3 +k

Hence the equation of a curve y = f(x) becomes 3’ + k = f(x' + 4)
in the new coordinates. The parametric equations x = f(t),
» = g(t) become

¥ =x—h=f@) —h

Y=y —k=gt) —k

9.04. RoraTioN oF Axes. New axes can be introduced at an
angle 0, anticlockwise, with the old, without changing the origin
(Figure 9.02). The old coordinates of any point P in terms of the
new are

x = x"cos 6 — 3" sin 0,

y = x"sin 0 + »" cos 0.
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To change parametric equations it is better to find ¥” and »" in
terms of » and y. This can be done either by solving the above
equations or more simply by arguing that a return from the axis
0X” to the axis OX means a rotation in the opposite sense, and is
obtained by changing 6 to — 6 in the above equations.

x" =xcos 0 4+ psin@, »" = —xsin 6 + ycos 6.
Example 1. If § = 45°, then
x= (1/v/2)(x" — "), and y= (1/4/2)(x" +)°).
The equation xy = k2 becomes
" —y")(x" 4+ ") =k or x"— "t =22
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TANGENT AND NORMAL § 9.06

Example 2. The equation #? + »* = a* becomes "2 4 y"® = a?
for all values of 6. Thus the curve (a circle) has the same shape
relative to all axes.

9.05. CHANGE oF ORIGIN AND RoraTiON OoF Axes, If O'X’ and

O'Y’ are new axes obtained by shifting the origin to (k, &) and

rotating the axes anticlockwise through an angle 6, then
x=h+ x" cos & — ' sin 6,
y=k+ x'sin 0 + »' cos 0.

9.06. TANGENT AND NoORMAL. At any point P on y = f(x) the
slope of the tangent is (dy/dx) = f'(x) and that of the normal is

— 1/(dy/dx) = — 1}/{f'(x)}. Their equations are therefore (cf.
Section 5.02):
Tangent: » —yp = (Bdx) p(x — xp),
Normal: (d/dx)p(y —yp) = — (x — xp).

Given the parametric form x = f(t), y = g(2),

B\ _ (7 &
(d—x)P = (k)P’ where y = 7 and x = P
and the equations become:

Tangent: (y —yp)ip = (x — xp)Jp,
Normal: (y —yp)yp = — (x — xp)%p-.

Example 1. For the ellipse ¥%/a% + »%[b% = 1, by implicit differentia-
2

. 2 2ydy dy X )
tion, —3 + T = 0 or pri Hence the equation of the
tangent is
bzxp
J—Jop= T ayp (x —%p),
*p  Wyp _xp* | P
or 2T =t =t

The equation of the normal is

_ b

a%p

or a¥ypx — b%xpy = (a® — b%)xpyp.
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§9.07 PROPERTIES OF CURVES

Example 2. The parametric equations of the ellipse of Example 1
abovearex = acosbandy = bsin 0. Hencex = dx[d) = — asin 6,
¥ = (dy/d0) = b cos 6 and the equations given above become

ay sin 0 + bx cos 6 = ab (Tangent),
by cos § — ax sin 0 = (b% — 4?) sin 0 cos 6 (Normal).

As checks on these equations, we note that they represent lines
through the point x = a cos 0, y = b sin 6, the coordinates of which
satisfy them, Moreover, when ¥ = 0, i.e. cos § = 0, the tangent
is parallel to the y axis, as it should be.

The equation of the normal can be derived from that of the
tangent, ay sin 0 + bx cos 6 = ab, by the argument that any line per-
pendicular to the tangent has an equation by cos 6 — ax sin 6 = C
(Section 9.15). C is then fixed by the condition that this line must
pass through P if it is the normal.

9.07. Distance aLoNG CurvEs. A good parameter to use (when it
can be calculated) is the distance along the arc of a curve from any
chosen point 4 on the curve. If s is the distance to a point P and
(s + ds) the distance to @, then ds is the arc length from P to Q.
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If the curve has a continuously turning tangent and @ is near to
P, then (Figure 9.03)

ds = chord PQ, to first order = {(Ax)2 4 (Ay)2}!/2,
To the same accuracy, we can also use

(ds)? = (d)* + ()™
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CURVATURE §9.08

If a tangent drawn from P in the sense s increasing makes an
angle ¢ with the x axis, then
dx = ds cos §, dy = dssin {.

Example 1. For the circle x = a cos 0, y = a sin 0, the arc distance is
s = af, if measured from the point 0 = 0. The slope of the tangent
requires that ¢ = s/a + }m.

Example 2. The curve x = ¢ sinh~1 (s/c), y = 1/(s® + ¢?) is the
coshine curve (catenary) y = ¢ cosh (x/c). For

¥ = 4/(s% + ¢2) = ¢ cosh (x/c).

M dx ¢ & H_ s _S
oreover —- a,s ’\/ (62 + 52) == )’, ds = \/ (52 + 6‘2) -—-J:
so that (dx)? + (dy)? = (ds[y)2(c® + s%) = (ds)2.

9.08. CurvaTure. This has already been discussed qualitatively
(Section 1.12). A quantitative measure of curvature is the rate of
change of direction of the tangent with distance along the curve.

Curvature = d{/ds.
Now d{ is not only the angle between the tangents at P and @
(Figure 9.04) but also the angle between the normals. If these

normals intersect at a point C distant R from the curve (N.B.
CP = CQ to first order) then ds = PQ = Rd{, i.e.

R = ds[dy = 1/Curvature.

R is called the radius of curvature and C the centre of curvature.
For a curve in Cartesian coordinates, (dy/dx) = tan {,

d? d: d
dx)‘: seczq;dq"—s - q’ o secd § - %
Hence the curvature is

1 _d d%y|dx?

1_db_ _ dyld?
R %= V= (1 (e
Using parametric equations,

b bldt_§ dy_ d()dt i — i

dx  dxjdt i d*  dt %
1 yx — iy
Curvature = R T @A
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§9.09 PROPERTIES OF CURVES

In practice, dy/dx is often small, and d%/dx? is a sufficient approxima-
tion to the curvature.

The coordinates (e, 8) of the centre of curvature C for the point
P(x, y) on the curve are

. d 1+ (d/dx)? . x4 gt

a=x—Rs1n¢=x—d—x—W=x—yy.—.—————k_k.y,:
_ _ oy LA (dfde)? R
B=y+ Rcosy=y-+ Fyjd = %

Jx — Xy
The second and third of these formulae are valid, whatever the sign
of the radius of curvature R.

The evolute of a curve is the locus of the centres of curvature
C(a, B) for all points on the curve.

The curve itself is an involute of this locus.

9.09. PoLAR CoOORDINATES. Where the curve has a natural centre,
it is often more convenient to use polar coordinates. The centre is
chosen as the origin or pole O, and a line O4 through the pole is
the fixed line from which angles are measured (Figure 9.05). The
polar coordinates of any point P are

r = OP, and 6 = /£ POA.
{r from 0 to o) (6 from 0 to 2w or — 7w to + w)

The circles r = constant, and straight lines, 6 = constant, through
the origin, form the background of curves on which polar coordinates
are plotted.

P'(-r,8) o PIr,0+71)
Figure 9.05
These coordinates are often compared with Cartesian coordinates
with the same origin and with OA as the x axis.
Then x=rcosB, y=rsin0.

A curve is described by a relation r = f(0) between the polar
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POLAR COORDINATES §9.09

coordinates of points on the curve. Curves having simpler equations,
using polar rather than Cartesian coordinates, are closed curves,
such as ellipses or ovals, flower or petal-shaped curves and spirals,

A point moving along a spiral (e.g. r = a/0) goes more than once
round the origin. Instead of making r a multi-valued function of 6,
it is better to allow 0 to have values which are greater than 2r, or
negative. This means, however, that the same point P is obtained
for (r, 0), (r, 6 & 27), etc.

For a similar reason it is a simplification sometimes to allow
negative values of 7, when they are naturally obtained from the
equation, though normally they are excluded on the grounds that
there are no points in any direction 6 with negative values of .
Negative values of r are measured in the opposite sense to positive
values. Thus the point P’ in Figure 9.05 has coordinates, either
(=7, 0)or (r, 0 + n).

Geometrical properties not involving angles are not easily
discussed in polar coordinates, because the equation of a straight
line is not simple. A line parallel to the line 6 = « at a distance d
from the origin has the equation

r = dfsin (8 — a).

With certain changes, curve sketching follows the same pattern
as in Cartesian coordinates. In the next two examples we discuss
the two possibilities, r = 0 and 7 — 0, as 6 — a.

Example I. r = a cos 26. As 0 increases from 0 to i, r decreases
from a to zero. Note that this part of the curve does not cross the
line 8 = « at any point, but is tangential to it as it comes into the
origin. This is a trivial but an easy pitfall.

Example 2. In the reciprocal spiral r = a/(6 — «), r — 00 as
0 decreases to . Hence the curve is asymptotic to the line 6 = « or
another line parallel to it. This asymptote can be found by com-
paring the equation of the curve with the equation of a line in this
direction. If the asymptote is a distance d from the origin its
equation is 7 = dfsin (0 — ). From the equation of the curve,

d=limrsin (6 —«) =lima S}EO(Q~~~-°Q = a.
0—a 0o —

Now let us consider small displacements along a polar curve.
A displacement (Figure 9.06) from P(r, 8) to Q(r + dr, B 4 d) can
be made by first increasing 6 and then changing 7, e.g.

a change df means a transverse displacement (arc PN) = rd0;

a change dr means a radial displacement ¥Q = dr,
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§9.09 PROPERTIES OF CURVES

Replacing the arc by a straight line gives a triangle PNQ with a
right-angle at J, in the limit d6 — 0.

Figure 9.06

Hence ¢, the angle between the radius vector produced and the
tangent drawn in the sense 6 increasing, is such that

NQ dr dg _
cot¢—>m—- 40 ——‘-1—6,whcreq = log r.
The angle between the tangent and the fixed line 04 is
b=+,

The stationary values of r are those where (dr/df) = 0 and
¢ = }n. They usually correspond to points on the curve which are
a maximum or minimum distance from the origin. In mechanics
they are known as apse points.

An expression for the arc length ds follows from the relation
PQ? = NP2 + N@2 Itis

ds = {dr® + r:d02}12
or ds|r = {dg® + dO%}/2,
dr = ds cos ¢, dB = (ds/r) sin ¢.
To calculate curvature we use the similarity between the equations

for ¢ and (ds/r) and those in Cartesian coordinates, and proceed as
in Section 9.08, using (dg/df) = cot ¢,

. 2)8/2
ZT&= —cosec’<l>%= —cosecsd)(r%) = ""%{l +(%)} '

Hence the curvature is
dy _d8 | db _ 11 4 (dgfdO) — (d%g/dD")
ds ds ' ds  r {1l 4+ (dg/d0)%}3?
An expression using parametric equations is obtained in the
examples at the end of this chapter.
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SHORT LIST OF CURVES §9.10
Example 3. Cardioid r = a(1 + cos 6): then

cot¢=—}g{— — asin 0

d9  a(l + cos 6)
= — tan $¢ = cot (6 — w) = cot (6 + =).

Of the two possibilities, ¢ = $(0 + =) and ¢ = (0 — =), the first
is seen to be correct for the upper half of the curve, where 0 lies
between 0 and =, and either the first or the second is correct for the
lower half, according as 0 is negative or is greater than .

Example 4. For the equiangular spiral r = ae?, (dr/d0) = br.
Hence cot ¢ = b, i.e. the tangent makes a constant angle with the
radius vector. Hence the name. The curvature is

dy _dp dO b 1 1

ds ds " ds ds  r(1+ 6"

and is inversely proportional to 7.
Example 5. For the reciprocal spiral r = a/(6 — «),

d__ & _ T
9~ (6 —«)?  a
Hence tan ¢ = r(d0/dr) = — a/r and $ -0 as § — « and r — c0.

This also shows that there is an asymptote in the direction 6 = a.
(Cf. Example 2.)

9.10. Suort LisT o Curves. It would be satisfactory to include a
selection of diagrams of well known curves at this point. This would
mean repeating a large number which have been given in various
parts of this text. Such curves are listed by name in the index, but
as an aid to the reader who is not familiar with the names and also
to the reader who is looking for curves with certain characteristics,
these and other curves are collected below under various headings*.

(1) Curves passing through zero at x = 0 and x = oo, with one
maximum, include:
cx[(x® + b%), cx™[(x™ + a*) (n>m), xe™?,
(2) Decay curves tending steadily to zero include:

al(x + b)*, ¢/(x? + b%) (witch of Agnesi), ae=™®, a sech mx,
a/(l 4 em@=-2), tractrix y = a sech ¢, x = a(t — tanh ¢).

* See also REFERENCES, p. 123.

. 113



$9.11 PROPERTIES OF CURVES

(i) S-shaped curves, zero at the origin, are:

a(l — ¢™), atanh mx = a(l — ¢~2™=) (1 4 £2™®), g tan—1mx.
al/(1 + e*™*) decreases from a4, when x - — o0, to zero as
x —> 0.

(iv) Potential curves with a minimum, tending to zeroas x — <0

d-de (-2 ),

(usually used in kinetic theory).

D{l — eo@-=)}2__ D (Morse function).
e~m(1 — mx)/mx.

(v) Potential curves without a minimum:
4+ 1/x (Coulomb), < e~"//r (meson).
(vi) Ovals:
r=a-+ bcosB, r=a(l+ cosB),
r(1 + e cos 6) = ! (eccentricity ¢ < 1), (ellipse).
(viz) Spirals:
r = ab (Archimedes, or parallel), r = ae®® (equiangular);
with asymptotes, r = afsin 20, r = a/0 (reciprocal),
r = a/sinh 6.
(viti) Roses:
2 = a? cos 20 (lemniscate),
r=acosnf (n=2,3,...),r=asinnd (n=2,3,...).
(ix) Special curves:
Cissoid: »%(2a — x) = %; x = 2asin?¢, y = 2asin¢. tant.
Folium of Descartes: a3 4 »® — 3axy = 0;
x = 3at/(1 4 8),
» = 3a?/(1 + 8).
Strophoid: y%*(a — x) = x%(a + x);
X = a cos 2.t,
y = a cos 2t cos L.

9.11. TrRIANGULAR COORDINATES. Draw a triangle with sides a, b
and ¢. Let P be a point inside the triangle, distant x, ¥ and z from
the sides taken in order (Figure 9.07).
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TRIANGULAR COORDINATES §9.11

Let A be the area of the triangle. The areas of the smaller
triangles CPB, CPA, APB are }ax, by and }cz respectively. Hence

ax + by + cz = 2A.

Figure 9.07

As P moves about inside the triangle, the triplet (x, y, 2) takes on all
sets of positive values consistent with this equation, e.g. the maximum
value of x is the perpendicular from 4 to BC. The triangle can
therefore be used to represent three quantities satisfying a condition
of this sort and is so used to represent the amounts of the components
involved in phase changes.

Example 1. Consider a gas mixture with three components
enclosed in a volume V. Let x, y and z be the volumes of the
components. Then

x+y+z="
The maximum value of x or y or zis V.
If an equilateral triangle (2 =5b =¢) is drawn, its area is
A = }a%4/3. Ifx, y and ¢ are the distances from the sides of a point
P inside the triangle, then

% +y+ z2=2A/a = }a+/3.
If the scale is chosen so that the length a represents a volume

2V/4/3, then any possible mixture is represented by a point P,
whose distances from the sides give the volumes of the components.

Example 2. If three gases have densities d;, d; and dg and their
masses are m;, my and mg, then

my[dy + myldy + mgldy = V.

Draw a triangle with sides a = k/d;, b = k|d,, ¢ = k|ds, where k
is a scale factor. For this triangle
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The values (%, y, z) represent the masses of a mixture, if the scale
is properly chosen. The maximum value of % is Ad, [k, and that of
m, is d,V. Hence the scale for measuring m, in terms of the distance
x is such that

my = d\Vx[(Ad, k) = (kV]A)x.

This is the same for all three components.

Example 3. In the previous example the scales required for the
lengths of the sides and the lengths of the perpendiculars are not the
same. Since they represent different quantities this does not matter.
If it is necessary that the same scales should be used the following
procedure is adopted.

In the equation ax + by + ¢z = A, the area is

A= {s(s —a)(s — b)(s — c)

in units which are the square of the units of length of side. Any
equation ax 4 By -+ vz = 3 can be put in this form by introducing
a factor K such that a = K, b = Kf, ¢ = K¥, where K is so chosen
that A = K3.

If 6 = }(oe + B + v) and s = K0, then

K2 = A2 =5(s —a)(s —b)(s —¢) = KO0 —o)(6 —B)(B — )
or E? = 3{6(6 — «) (6 — B)(6 — )}

If three quantities », » and ¢z, satisfying the equation
ax + by + ¢z = A, are also subject to a further restriction imposing
another relation between the variables, the point P is in general
restricted to a curve lying within the triangle. It is easy to see thata
linear equation Ax + By 4 Cz = D restricts P so that it moves on a
straight line. To find the position of this line it is only necessary to
find the points where it cuts the sides, i.e. either x =0, y =0 or
z=0.

9.12. CurvILINEAR AND GENERALIZED COORDINATES. In Cartesian
coordinates one set of lines, x = constant, are drawn and another
set of lines, ¥ = constant, at right angles to them. Any point P lies
at the intersection of two lines, one from one set and one from the
other, and its coordinates are the x and y values attached to these
two lines.

Polar coordinates can be described in the same way. A set of
concentric circles ¥* + 3* = r? can be drawn for values of r from
0 to o and a set of lines y = x tan 0 from the origin for values of 0
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TWO POINTS §9.13

from 0 to 2%. Every point P lies at the intersection of one circle and
one line, and the polar coordinates of P are the corresponding
values of r and 0.

Otbher sets of curvilinear coordinates are used for special purposes.
In every case there are two sets of curves, e.g. f(x, ) = A and
g(x, ¥) = , for various values of A and y, such that only one curve
from each set passes through each point P (except possibly at special
points such as the origin in polar coordinates). The appropriate
values of A and p are the curvilinear coordinates of P. Usually the
two sets of curves are such that every member of one set intersects
every member of the other set at right angles. For example, let

x = ¢ cosh A cos u, y=csinh Asin p.

The curves A = constant are the ellipses with a common focus
x2/(c® cosh? A) + »?/(c? sinh? A) = 1,
and the curves p. = constant are the hyperbolae
x%[c? cos? u — »¥[¢c? sin? p = 1.
Every ellipse intersects every hyperbola at right angles.
Two other ways of specifying plane curves are also mentioned
briefly:

(?) The intrinsic equation of a curve is s = f({§), where s is the
arc length along the curve and ¢ gives the direction of the
tangent (cf. Section 9.07).

(%) The pedal equation is r = f(p), where r is the distance from
the origin of any point P on the curve, and p is the length of
the perpendicular from the origin to the tangent at P. This
form has considerable merit for some curves and is useful in
discussing collision problems in molecular physics.

9.13. Two Points. The projections of AB on the axes are (see
Figure 9.08, p. 118)

MN =2, —x, and KL=y, —y,
and 4B = r = {(x, — %)% + (y; — yo) 212
The direction cosines of AB are:

cos o = (¥ — %)/r
cos p = (;2 —yi)/r} O<ap<m).
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§9.15 PROPERTIES OF CURVES

A point @ dividing AB into segments in the ratio AQ: QB
= m, : m, has coordinates,
x = (mpxy + myxg)[(my + my), » = (meyy + myyy)[(my + my).

The slope of 4B is tan § = (y3 — 31)/(¥s — %) (N.B. 0 and a are
not always the same).

The area of OAB is §(x, 7, — x31), apart from sign.
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Figure 9.08 Figure 9.09

9.14. THE STrRAIGHT LINE. Let a and b be the intercepts on the

axes (Figure 9.09), m the slope and p the perpcndlcular from the
origin which is inclined at an angle ¢ to the x axis.

A line x = ais parallel to 0%, and a line y = b is parallel to OX,
General equation: 4dx + By + C = 0.
Slope form: y =mx + b, (B # 0).
Intercept form: x/a + y/b = 1.
Perpendicular form: x cos ¢ + y sin ¢ = p.
In terms of 4, B and C,
m= —A[B, a= —CJ|4, b= —C/B,
cos tb sin <l> 1
A B — C V(42 + By
The distance of A(x,, y;) from the line (see Figure 9.09) is

z=xcosd 4y sin$ —p = (dr + By + C)/(4° + BYA.

9.15. Two StraiGHT LiNes. Two lines with slopes m and m’ are
parallel if m = m’, and perpendicular if mm’ = — 1: otherwise an
angle $ between them is given by
tan B = (m — m")/(1 + mm').
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CONIC SECTIONS §9.16
The two lines Ax + By + C =0and A'x + B’y + C' = 0 are:
(¢) identical if A:B:C = A4': B':C';
(1) parallel if 4: B = A": B, butC # C’;
(1) perpendicular if A4’ = — BB/,
e.g. Ax + By 4+ C = 0 and Bx — 4y + C’' = 0 are perpendicular.
Theline (4x 4 By + C) + A(4'x + B'y + C') = O passes through
the point of intersection of the two lines, for all values of A (or is
parallel to them, if they are parallel).

9.16. Conic SECTIONs. A conic section is the curve of intersection
of a plane and a cone. It is also defined as the locus of points P
the distance of which from a fixed point, the focus F, is a constant
multiple of its distance from a fixed line, the directrix (Figures 9.10,
9.11 and 9.12, pp. 121 and 122), i.e.

PF =¢.PM.

The latus rectum is the chord LL' = 2| parallel to the directrix.
The axis is a line XFD through F perpendicular to the directrix.
The curves are symmetrical about the axis.

The polar equation, where FP = r and XFP = 0, is

r=1/(1 —ecos 0) = I/(1 + ¢ cos ).
In Cartesian coordinates the equation is of the second degree
ax® + 2hxy + by? 4+ 2gx 4+ 2fy + ¢ = 0.
The different curves are:

(¢) Circle: e=0; a=10bh=0.
(#5) Ellipse: 0<e<1; ab> h2
(i) Parabola: ¢=1; ab = h2,

(i) Hyperbola: ¢ > 1; ab < k2.

In Cartesian form the tangent to the curve at P is
axxp + h(xyp + yxp) + byp + &(x + xp) + f(y +p) +¢=0.
Chords of slope m are bisected by the diameter

(ax+hy+g) +mbx+ b +f)=0.

For a parabola (k? = ab) the diameters for all m are parallel: other-
wise they all pass through the centre, the point of intersection of
ax +hy+g=0 and hx 4+ by+ f=0.
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The major and minor axes are those diameters which are perpendi-
lar to the chords they bisect: hence the corresponding slopes m
satisfy the equation (cf. Section 9.15)

{— (a+ mh)[(h + mb)}m = — 1,
ie. m? + m(a — b)[k — 1 =0.

The term in %y is eliminated from the general equation by rotating
the axes anticlockwise through an angle 0, where

tan 260 = 24/(a — b).
If the resulting equation is
a'x® + b’y + 2¢'x + 2f'y + ¢’ =0,

the terms in x and y are removed by changing the origin to the
centre x = — g'fa’, y = — f'[b’, unless a’ or b’ is zero (parabola).

9.17. CircLE. If the centre is at the origin,
x=uacos 0, y=asin0, %4 y?=a2

a is the radius, 0 is the angle between the radius and the x axis.

If the centre lies at (4, k): (x — A)2 + (» — k)% = a2

The general second order equation represents a circle if there is
no term in xp and if the coefficients of #% and »* are equal.

The tangent is xpx + ypy = a? or £ cos 0 + y sin 6 = a.

The normal is y/x = yp/xp, or y[x = tan 6.

9.18. ParaBora. With the axis of symmetry as the x axis, and the
tangent at the vertex as the y axis, the equation is

9% = 4ax.

The distance of the focus F from the vertex 4 is a.

Parametric form: x = at?, y = 2at.

Latus rectum: LL' = 4a.

Directrix: AD = a.

Tangent at P(t) is ypy = 2a(x + xp), or ty = x 4 af’.

Normal is 2ay + xyp = yp(2a + xp), or y + tx = at® + 2at.

Tangent bisects the angle FPN (0T = ON).

If the axis of the parabola is vertical, i.e. axes interchanged, the
equation is #? = 4ay, and x and y are interchanged in all the equa-
tions given above.

The equation ax® + 2hxy + by? + 2gx + 2y 4 ¢ = 0 represents
a parabola if 4% = ab, i.e. if the quadratic terms form a perfect
square.
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ELLIPSE
Polar equation: if FP = r, XFP = 0,

If FP = r, AFP = ¢,
r=1If(1 + cos ¢) = ¥ sec? }d.

Y

-

r=1[(1 — cos 0) = }/ cosec? 0.

~
)
i~

Figure 9.10

§9.19

9.19. Ervrese. This is a closed curve with a second focus F’. The
major axis A4’ = 2a passes through F and F’. The minor axis BB
bisects A4’ and FF” at right angles.

Y
8
/— P ~
b 3
V= a""’; f
g T b\ 9\

S[7

{|—
; A

L

p————

DE—— 7 —“—-——«7

Figure 9.11

Eccentricity (¢ < 1): 8% = a%(1 — ¢2).

Directrix through D: OD = OD' = afe.
Focus at F: OF = OF' = ae.
Focal distances: FP=a — ex; F'P = a + ex.
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§9.20 PROPERTIES OF CURVES
Their sum is constant: FP = F'P = 2a.
Semi-latus rectum: [/ = b%ja = a(l — e).

AF = a(1l —e) =1/(1 + ).
A'F = AF" = a(l +¢) =1/(1 —¢).

AF AF = b2,
Area of ellipse: mab = ma®(l — e?)V/2 = wb?[(1 — £2)V/2
= mad/?1/2,

Parametric equations: x = a cos 6 = a(l — #)/(1 + #),
y=bsin 6 = 2bt/(1 + ).

Tangent: xxpfa® + yyp/b? = 1.
Normal: a%/xp — b%*[yp = a® — b2

The tangent bisects the angle between FP and F'P produced.
The director circle has the equation x* + y = a2
The mid points of chords y = mx + ¢ of slope m lie on the dia-
meter y = m’x, where mm’ = — (b%/a?), provided ¢® < a®m® + b2. If
¢ = a®m? 4 b2, the line touches the ellipse at x = — a?m/c, y = b?/c.
Polar equations: referred to focus F: r = [/(1 — e cos 8);
referred to focus F’': v = [/(1 + ¢ cos 0').

9.20. HyperBoLA. This has two branches (Figure 9.12). Each
branch has an interior and an exterior focus (e.g. F and F’). The

o
S’ 8 5
W
r=ex-a
. P
10 [ (]
rad 474 afe DA /|"
[
2
7 |
ae -
Figure 9.12

major axis A4’ = 2a lies on FF' and the minor axis BB' = 2b
bisects 44’ at right angles. Using the major and minor axes as
coordinate axes the equation is

gt — y2fb% = 1.
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Eccentricity (¢ > 1): 52 = a?(e? — 1).
Asymptotes OS and 0S’:
0S8 = 0S8’ = qe.
Angle 2o between asymptotes: cos « = 0A4/0S = /e,
b = ae sin «.

Focus at F: OF = OS = ae.
Perpendicular from focus to asymptote:

p=ON=OFsina=25b ON=04=a.

Focal distances: FP = ex — a, F'P = ex + a.
Their difference is constant: F'P — FP = 2a.
Directrix through D: OD = afe, passes through N.
Semi-latus rectum: FL = ! = b2ja = a(e® — 1).
Parameters: (i) x = a cosh ¢, y = b sinh ¢;

(%) x=asec P, y=~btan f;

(#5) x = 2a(* 4 1)/(2 — 1), » = 2bt/(2 — 1).

Tangent: xxp/a®* — yyp[b? = 1.

Normal: a*/xp + b%[yp = 1.

The tangent at P bisects the angle FPF’.

The mid points of parallel chords y = mx + ¢ of slope m (> tan «)
lie on the diameter y = m'sx, where mm’ = b%/a?, provided
3> a’m® — b2 If ¢® = a®m?® — b? the line touches the hyperbola
at x% = a’mfc, y = — b¥e.

Polar equations: with pole Fand 6 = / XFP, r = /(1 — ¢ cos 0);

with pole F’ and 0’ = /XF'P, v’ = l|/(1 + e cos §’).
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CHAPTER 10
INTEGRATION

Introduction—Numerical integration—Approximations to an area— Mean
values—Limits of sums—Integrals—Evaluation of definite integrals—
Indefinite and particular integrals—Applications— Motion of a point—
Forms of the constant of integration—Interpretation of arbitrary constants—
Charge and current—Summation over parts—Areas—Volumes—Lengths of
arc—Areas of curved surfaces— Work done by pressure—Mass of a rod of
variable density— Mass of suspension— Time for a reaction—Heat given to
substance—Numerical evaluation of definite integrals—Euler— Maclaurin
summation formula

10.01. INTRODUCTION. Integrationisamethod of summing oradding
a sequence of small changes or small parts. Rather surprisingly, the
following three examples are mathematically almost identical:

(2) Find the kinetic energy T of a particle moving on a line and
acted on by a force F = f(x) when its position is x. It
starts from the origin with kinetic energy T,.

(%) Find the area between the graph of y = f(x), the x axis and
the ordinates at x = 4 and x = b.

(@) A great many temperature recordings are made at equal
intervals over a period of several days. When plotted as
points on a graph (temperature 7 versus time ¢) these points
lie on a curve T = f(t). Find the average temperature.

Under each of these headings there is a large group of similar
problems and the fact that they are all treated the same way explains
the importance of integration. The similarity is clear when we try
to solve the problems numerically, and this we now do.

10.02. NuMEeRICAL INTEGRATION. In the first problem the relation
between force and kinetic energy is dT/dx = F = f(x). Geometri-
cally, the problem of finding T is equivalent to constructing a graph
of T against x through the point 4 (x = 0, T = T,) given the slope
of the curve for every value of x (Figure 10.01).

An approximate graph can be drawn as follows. Calculate
[f(x) for a series of equidistant values of x, e.g.

x=005 015 025 035 ...

fB=H H fi N
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NUMERICAL INTEGRATION § 10.02

Draw a line 4B of slope f; from x = 0 to x = 0-1 (Figure 10.01):
then a line BC of slope f, from x = 0-1 to x = 0-2: then a line CD
with slope f; from x = 0-2 to x = 0-3, and so on.

Figure 10.01

The result is a continuous curve, but one with the correct slope
only at the points x = 0-05, 0-15, 0-25, etc. Since the slope is correct
at these points the curve is not badly in error, especially at the start,
but there are errors, and these almost certainly increase with x. To
reduce them we can increase the number of points where the slope
is correct by reducing the intervals in x, so that the lines 4B, BC,
CD . . . are shorter. If there is any meaning in taking the limit as
the intervals tend to zero, presumably the result is a curve with a
slope f(x) everywhere.

It should be noted that the starting value T, does not affect the
shape of the curve in this problem. Altering its value merely shifts
the curve up or down the T axis.

In effect we have summed the small changes in T using the
approximate formula

T(a+h) — T(a) = AT = k. f(a + }h),

where every £ = 0-1. Writing dx instead of %, the change in T from
x = 0to x = 0-1 is fydx; where dx; = 0-1; the change from x = 0-1
to x = 0-2 is f,dx,, where dx, = 0-1, and so on. The total change in
T at the end of n steps, when x = (0-1)7 is then

T — T, = fidx, + fad%s + « « « + fud¥n (approximately),
n
= Z Sm@%ms
m=1

where T means ‘sum’. The rule for calculating each f’ is the ‘half-
way’ rule, f,, = f(x) at the mid point of each interval dx.
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;10.03 INTEGRATION

There is the expectation that, for a fixed value of x, the sum X
ends to a limit which is the true value of T as the intervals dx are
jecreased and the number #n correspondingly increased.

It is not really necessary to draw the graph. Given the rule for
:alculating the numbers f,,, the sums can be found numerically.

10.03. APPROXIMATIONS TO AN AReA. If the graph y = f(x) is
irawn on squared paper, the area between the curve, the x axis and
>rdinates at ¥ = a and x = b can be found by counting squares.
Three methods of counting are in use: (i) number of squares
wholly inside the area, (if) number wholly or partly inside, (i)
number wholly inside plus an estimate of the area of those cut by
the curve. The accuracy of the method is related to the differences
between these counts, and increases as the size of the squares de-
creases. The answer for smaller and smaller squares gets close to
what we intuitively feel to be the area, and we can meet the difficulty
of defining an area with a curved boundary by defining the area
as the limit of the area of the counted squares as their size tends
to zero.

To express this in the form of a numerical calculation we do not
quite follow this procedure (which is left until Chapter 16) but use a
simplified version. Divide the interval from a to b on the x axis into
n parts each of length dx = (b — a)/n. They are numbered dx,,
dxy, . . . dx,. The ordinates at the ends of all the parts divide the
area into n strips each of width dx (Figure 10.02).

3 s

X —

Figure 10.02

In an approximate calculation of the area each strip is replaced
by a rectangle on the same base, with a height f suitably chosen for
each one. Thus the first strip is replaced by a rectangle of area
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MEAN VALUES § 10.04

fidx,, the second by a rectangle of area, f,dx, and so on, the sum being

n
S =ﬁdxl ‘+‘fadxn 4. +fndxn =m§1fmdxm-

This is an approximation to the area. A decrease in the size of the
squares of the graph paper now corresponds to a decrease in the
width dx of the strips, and an increase in the number 2.

It remains to give the rule for choosing the values f,, for each
strip. Let x, =a + d% +ds, + . . .+ dxp—y. Then f, is a
mean height for the mth strip, and is related to the values of f(x) in
the particular interval from x,, to %, 4+ dx,,.

e

S
p-%

=2

7%
Y

-

]
%
o
L

/7.

Zm, .Tm'/'dnrm
Figure 10.03

Let @ and b be the parallel sides of the strip and ¢ the height
midway between them. Three simple rules are:

Half-way rule: f=c

Trapezium rule: f=i(a + b).

Simpson’s rule: S=1@a+4c+b).

In terms of f(x) we see that
@ =f(tm), b =f(tn + din), ©¢=F(xm + 3d%n).

If we use the half-way rule the expression obtained for the area is
identical with that of the previous section, for equal intervals dx
and the same number of strips n, apart from a change in the initial
value of x. If one sum, obtained in the previous section, tends to a
limit as n — o0, then so does the other, obtained in this section, and
it is reasonable to define the area required as this limiting value
as n —> 0.

10.04. MEeaN Varues. Finally we turn to the third problem. The
temperature readings are at intervals 7 of time. Let us measure time
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§ 10.05 INTEGRATION

t so that the first reading is half-way through the first interval =,
the second half-way through the second interval 1, and so on. If
there are n readings, then the time at the end of the last interval is
t = nt.

Now the recorded temperatures can be obtained from the formula
T = f(t). Since each time is half-way through an interval they are
clearly identical in form with the values f;, f3, . . . f,, used in the
previous examples.

The average recorded temperature is now

F= Uit St o+ o) = Gl =M+ fot - + )
= (U6 — ) hdty + S+ . o} = (0 =} 3 fudtm

if we use dt;, dty, dtg, . . . dt,, all equal to 7, to represent the time
intervals in order.

The difference between this sum and those of the previous
sections is that now © = d¢ is a given size. It is possible to take the
readings more frequently and in the limit v — 0, the recording is
continuous and the correspondence is complete. If t is small,
however, the analogy is useful because, from the definition of a
limit, this limit, if it can be calculated, is an approximation to the
value of the sum, which is closer the smaller the value of 7.

10.05. Limits oF Sums. In the three previous sections a sum has

been obtained
b

S = fide; + fodxy + . . .+ fudi, = 2 fldx,

Tr=a
b
where dxy +dxy +. ..+ de,= Jde=0b—a.
r=a
The notation for the sums X is different from that of the previous
sections. The suffix is omitted for simplicity, and f is written f.
The interval x,, to x,, + dx,, is now described as any interval from
xto (x + dx).
Four questions about such sums are:
(1) whether a limiting value exists as the number of intervals
n — oo,
(%) if the limit depends on the rule for choosing f’, in view
of the variety of the choice suggested in the section on areas,
i7) does the limit exist and have the same value when the
intervals dx are not equal, and
(iv) most important of all, how do we obtain the limiting value
when it exists?
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EVALUATION OF DEFINITE INTEGRALS § 10.07

The answers to the first three are left as exercises at the end of the
chapter, except for one point in (if). For any interval x to (x + dx)
the choice of f” must clearly be one of the values of f(x) in that
interval, because it represents the mean height of a strip (see Figure
10.03). Thus f' = f(«'), where & < ' < x + dx. It therefore lies
between f,, and f;, the greatest and least values of f(x) in the
interval. Consequently S lies between S, = X fp,dx and S; = Zfydx.
We prove in the examples that these two have the same limit, and
that § has this limiting value, provided:

(1) every dx — 0 in the limit,
(#%) the total variation of f(x) up and down, between x = a and
x = b, is finite.

10.06. InTEGRALs. This limit is called the definite integral of f(x)

b
fromx=atox=0>5. Itis writtenf f(x)dx, i.e. as every dx — 0,
a

b b
> fldx —~ f S(x)dx.
T=a a

The numbers a and b are the limits of integration. The upper limit
is b and the lower limit is a.

Its evaluation has been suggested in Section 10.02. In that
example the integral is the change in the kinetic energy T from
% = ato x = b, when dT[dx = f(x).

If any function F(x) exists such that dF/dx = f(x), then the value
of the integral

-

Lbf(x)dx = [F(x)]: = F(b) — F(a).

Any function F(x) of this sort is called an integral of f(x),
F(x) = [f(x)dx.

Thus all three types of problem are reduced to a single question:
to find an integral of the function f(x) and its values at ¥ = 4 and
x=b.

10.07. EvaLuaTioN oF DErFINITE INTEGRALs. This is quite simple
when f(x) is recognized as the derivative of another function.

2 2
Example 1. f 4x3dx = [x‘] =2¢ — 14 =15.
1 -

1
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§10.08 INTEGRATION

Common integrals of this sort are called standard forms. They
all correspond to standard derivatives, although the form may be a
little different and adapted for integration.

There are rules of integration, derived from the rules of differentia-
tion, making it possible to change vast numbers of integrals into
combinations of simpler ones. These rules, methods and results are
given in the next chapters.

There remain vast numbers of functions, even simple expressions
such as ¢, sin x[x, which are not derivatives of simple functions.
This is often worrying to students who have been led to believe at
school that all integrals are functions they can recognize, but there is
no reason for this. Such integrals are evaluated numerically. If any
occurs frequently enough it is given a name and tabulated, e.g.
y=erf x is a function having the derivative dy/dx = ¢~*'. Some
definite integrals are evaluated by tricks peculiar to integration. It
is these more difficult integrals, which establish integration as a
subject quite distinct from differentiation.

What is really surprising is the extent to which we can get along
without complications, relying on simple functions.

10.08. INDEFINITE AND PARTICULAR INTEGRALs. An integral
F(x) = [f(x)dx has been defined as a function such that dF/dx = f(x).
The integral is not unique, but two integrals only differ by a
constant, since their derivatives are the same. If F(x) is one integral,
then F(x) -+ C is another, for any value of C; the number C is called
the constant of integration and is an arbitrary constant. This means
that its value can be adjusted to suit other requirements.

The integral [f(x)dx = F(x) + C'is called the indefinite integral of
J(x), and a particular integral is one that can be derived from it by
giving C a definite value, e.g. F(x), F(x) -+ 2.

The particular integral which is zero when x = a is

F@)—F@)=f?wwn

obtained by choosing € = — F(a).
The particular integral with the value § when x = a is

F@) + b —F@ = + [ e,

obtained by choosing C = B — F(a).

To omit Cis equivalent to writing C = 0, i.e. choosing a particular
integral which may not suit a problem. Without definite evidence
that C = 0, as in one of the examples below, never assume that it is so.
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MOTION OF A POINT §10.10

Example 1. Both (¥ + a)®and (x® + 2ax) are integrals of 2(x + a).
Their difference is (¥ + )2 — (¥ 4 2ax) = 42, which 1s a constant.

Example 2. Since d(x%)/dx = 4x3, then F(x) = x* is an integral of
443, The indefinite integral is x* + C. The integral which is 1
when x = 2 is x4+ 1 — (2)4 =x* — 15.

Example 3. Since d(sin x)/dx = cos x, the indefinite integral of
cos x is (sin x + C). The particular integral which is unity when
x=14imnis

sin x + 1 — sin (37) = sin x,
so that C = 0.

10.09. AppricaTioNs. The applications listed below fall into three
groups, as they resemble the three examples of Sections 10.02, 10.03
and 10.04:

(¢) solution of equations dy/dx = f(x) (Sections 10.10-10.13),
(#i) problems involving sums of parts (Sections 10.14-10.24),
(#%i) problems involving averages and sums (Section 10.25).

10.10. MotioN oF A PoiNT. Let us find the position at any time
later, of a point which starts from the origin x = 0 with a velocity #,
and has an acceleration f cos pt at time ¢, where f and p are given
constants.

If x is the position coordinate, the velocity » = (dx/dt), then the
acceleration is (dv/dt), in the sense x increasing. Thus

dv/dt = f cos pt,

andx=0,v=wuatt=0.
Integrating the acceleration equation we obtain the indefinite
integral
v = {fcosptdt= (flp) sin pt + A,

where A is the constant of integration. The condition » = u when
¢t = 0 (and sin p¢t = 0) requires that 4 = u. The particular integral
needed is therefore

v = dx[dt = (f]p) sin pt + u.
A second integration gives
x = — (f]p*) cos pt + ut + B,
where B is to be chosen so that x = 0 when ¢ = 0, i.e. so that

= — (fIt’) + B, or B=fp*
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§10.12 INTEGRATION
Hence . x = (f]p¥) (1 — cos pt) + ut,

is the expression required. To obtain this we need enough
information to determine two constants of integration.

10.11. Forms oF THE ConsTANT OF INTEGRATION. This constant
can always be written in many equivalent ways. Thus the equation
(dx[dt) = (f]p) sin pt + u can be integrated to:

() x = — (f]p?) cos pt + ut + B;
(#) x = — (fIp*) cos pt + u(t — B);
(#5) x = (f]p?)(1 — cos pt) + ut + b.

The integrals obtained from all three are exactly the same. For
example, putting B = a in the first gives the same integral as putting
B = — a/u in the second, or b = a — (f]p? in the third.

The form of the constant of integration is therefore a matter of
convenience.

10.12. INTERPRETATION OF ARBITRARY CONSTANTS. Integration of
the equation dv/dt = f cos pt gives

v = (flp) sin pt + A.

The constant 4 has a definite meaning or interpretation; v = 4
when ¢ = 0, so that 4, however determined, is always the initial
velocity.

Now it is not necessary to use symbols such as 4, B, etc. to denote
constants of integration. It is more sensible to express them in a
form suggested by their meaning. Instead of 4 in the above
equation it is better to use , so that it is written

v = (fIp) sin pt + 26,

since v, suggests an initial velocity (v when ¢ = 0).
Similarly, on integrating this equation to find x, the results

%= — (fIp") cos pt + vt + B,
5= (fIF)(1 — cos pf) + oot + o

are equivalent if B = (fJp? + x,). We prefer the second, or some-
thing like it, because x, has a definite meaning, being the value of x
when ¢ = 0 (cf. end of Section 10.08).

These considerations are not important mathematically, but they
are to the scientist who wishes to bring symbols to life.
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SUMMATION OVER PARTS §10.14

10.13. Cuarce ANp CuUrreNT. The current from a discharging
condenser is found to decay exponentially with time according to
the law i = ie~M. If it is completely discharged at the end of the
experiment, what is the charge on it at any time ¢, and what is the
initial charge?

Let ¢ = f(¢) be the charge on the condenser at time ¢, At time
(¢ + dt) it has changed to (¢ + dg). In this time the charge which
has left the condenser to flow round the circuit is ¢ — (¢ + dg)
= — dg. The current = (charge)/(time), so that

i = — dg/dt.
(The minus sign arises because ¢ decreases with time.)
dgldt = — i = — de™™.
Integrating,
g = — [ige™Mdt = (ip/N)e ™ + A.

As the condenser is finally discharged, ¢ >0 as ¢ - co. But
¢~ >0 as t — o0; hence we must choose 4 = 0. The current at
time ¢ is therefore

= (ig/M)e ™,
and the initial charge, obtained by putting ¢ = 0, is ¢ = (7p/}).

10.14. SuMMATION OVER PARTs. As might be expected from the
example on areas in Section 10.03 the technique in these problems is
quite different from that employed in the previous group. The
technique used is explained now to prevent repetition later, and to
enable the reader to refer back to it. First re-read Section 10.03.

Integration can be applied to the calculation of a quantity such
as an area if:

(#) it can be divided into parts labelled by a coordinate x, which
lies between a small interval x and (x + dx) for each part;
and the whole is the sum of the parts, as x increases from a
smaller value a to a larger value &;

(&) the value for each part can be written f . dx or f(x)dx approxi-
mately, in the sense that the relative error tends to zero with
dx, where f is some value of f(x) between x and (¥ + dx).

The total value is then given by the limit

b
3 fds | S

z=08
In most examples we do not evaluate the integrals, but construct
them up to the point of evaluation.
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§ 10.15 INTEGRATION

10.15. Areas. The following questions arise in the calculation of
areas.

Example 1. Find the area between the x axis andy = x/(l + #2)
from the origin up to the ordinate where y is a maximum. The
curve is shown in Figure 6.05.

Since the derivative dy/dx = (1 — x®)/(1 + x2)% is zero when
x = 4 1, the maximum is at x = 1. Dividing the area into strips
by ordinates at intervals dx, as in the last diagram, the area of each
strip is p dx to first order, and the total area is

: L oxdx 1
— e N
xg()y dx _J(‘) l _+_ x2 [% ln (l 'Jl' X )JU % ln 2.

Example 2. To find the area between the two curves, y = x and
» = x%, when x is positive, we notice that these two curves intersect
atx = 0 and x = 1, so that the area required lies between these two
values of x (Figure 10.04). When it has been divided into strips by
ordinates at intervals dx, the strip between x and (¥ + dx) extends
upwards from the curve y = x? to the curve y = x, so that its
length is (x — x%). To first order, its area is d4 = (x — x®)dx.
The total area is

1 1
> (x —x2)dx=f (x —x%dx =4 — 3 =1}.
=0 0

Y

x=y /el

~"’~“'!/*il : s

| | \3

! |

I

| !

|

| I A

yrdy (----- : g

yr—> 3
0

Figure 10.04

Example 3. The area calculated in the previous example can be
divided into strips by lines parallel to the x axis at intervals dy, as
shown in the Figure 10.04. The strip between » and (y + dy)
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VOLUMES § 10.16

extends horizontally from the line x = y to the curve x = y'2, so
that its length is (y¥/2 — ) (NV.B. this is positive as y is less than one).
The total area is

5 (M b =[ (M —p=1—t=1
y=0 0

With a little ingenuity areas can often be expressed in simple
terms. Sometimes definite integrals can be regarded as areas and
evaluated this way.

x
Example 4. The integral f 4/(r? — x%)dx is the area between the
0

x axis, the circle x% + %% = 72 and an ordinate, in fact the area
ONBR in Figure 7.01. This area is the sum of a sector ORB and a
triangle OBN the areas of which can be written down at once. Hence

X
J; (r2 — x9)V2dx = 3720 4 fxy = dr2sin7t (xfr) + x(r® — x2)2

In order that all integrals can be regarded as areas it is necessary
to introduce the convention that areas below the x axis are negative.
For example, the area between the curve y = sin x and the x axis,
fromx=0tox=m,is

fya’x:[—-cosx]:Q.
o o

The area between the curve and the axis between x = ® and

x = 2w is
271 2710
fydx:[—cosx] = —2,

which is negative because y = sin x is negative. Hence the integral,

2n 2r
f_ydxz[——cosx] =0,
0 0

does not give the sum of these areas in the usual sense but their
difference, i.e. the area above the x axis equals the area below.

10.16. VoLumes. Volumes can be calculated by an integration.
Consider the sphere obtained by rotating the circle x* 4 y* = a?
about the x axis. By taking cross sections normal to the x axis at
intervals dx along it, this sphere is divided into slices. (The reader
should draw this for himself, cf. Figure 10.05, p. 138.) The section
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§10.17 INTEGRATION

at a distance x from the centre is a circle of radius y and area
A = my* = w(a® — x%).

The slice between x and (x -+ dx) is not a cylinder, but its volume
only differs slightly (first order) from that of a cylinder of uniform
section 4, and thickness dx. To first order, therefore, its volume is
A dx = m(a® — x%)dx.

The total volume is defined as

+a
V = lim ZA4 dx =f nt(a? — #%)dx = 4ma®[3.
-a
L3
The limits x = -+ a define the ends of the sphere.

The same method can be applied to any volume having cross
sections 4 normal to a particular direction which can be given by a
formula, as in the case of the sphere. Instead of giving further
examples of this, however, we calculate the volume of the sphere
by a different method.

By drawing concentric spheres of increasing radius r inside the
given sphere it can be divided into spherical shells. The shell
between two spheres of internal radius r and external radius
(r + dr) is approximately a curved sheet of thickness dr and area
47tr® (the area of a sphere). To first order, therefore, its volume is
4nr2dr. Summing up over such shells making up the whole sphere,
from r = 0 to 7 = a, we obtain a total volume

a a
> dmridr =f 4nridr = 4wa®(3.
r=0 0

10.17. LencTas oF Arc. The length of a curved line cannot be
found algebraically in the same way as the length of a straight line.
It is defined as follows. Divide the given curved line, which is
assumed to be the segment 4B of a given curve, into short lengths
PQ (Figure 9.03, Section 9.07). The length of the arc PQ is not
known, but the length of the chord PQ = As can be calculated as
explained in Section 9.07 and the difference is slight, for short
lengths, if the slope of the curve changes continuously. The sum of
B

all the chords such as PQ from 4 to B is, say, 2 As.
4

The length of the curved line is now defined as the limit of this
sum as the number of divisions increases and the length of every
part tends to zero,

B B
lim (3 As) =J. ds.
A0 4 4
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AREAS OF CURVED SURFACES § 10.18

(f) Cartesian coordinates. Let the curve be x = f(t), y = g(?),
where ¢ is a parameter increasing steadily from 4 to B. Then
to first order (Section 9.07)

As = ds = {(d)* + (&)™,
— {(dxfdt)® + (dyjds)?}iah.

Arc 4B = Sds = j  (dx]di)? + (dyjdt) e,
4 t,

If the equation of the curve is y = f(x), put t = x, dx/dt = 1.

(#)) Polar coordinates. If the curve is r = f(6) in polar coordi-
nates, then ds2 = dr? 4 12402 (Section 9.09), and

B (‘]
Arc AB = Jds = f B{(d,/de)z + 1211240,
A 0 4

Owing to the square root, arc lengths are usually impossible
to evaluate, except numerically.

Various properties of arcs can be expressed in terms of integrals.
Thus the mean distance of a curved line from, say, the x axis, is
obtained by first dividing it into short lengths PQ, multiplying the
length of each by its distance from the x axis (y ds to first order)
adding all the results and dividing by the length of the curve, i.e.

B
B ;yds _ 1 [ dx\ 2 dy 21/2dt
Yo = rcAB  arc ), ?\\@& + dt ’

ta
Similarly,

B
XA ey () AN
“=mw‘RL4@y%ﬂ}k

The point with coordinates (x,, y,) is the mean centre of the arc.
If the equation is given in polar coordinates both x (or y) and ds
have to be expressed in terms of polar coordinates but the method
is the same.

10.18. Areas oF CURVED SURFACES. Consider the sphere of Figure
10.05, divided into slices. The curved surface of the slice between
x and (¥ + dx) is a strip of length 27y (the perimeter of the section)
and width PQ = ds (approximately). Its area is therefore 27wy ds,
to first order. The total curved surface is

X2ny ds — [2my ds,
with suitable limits of integration.
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§10.19 INTEGRATION

The surface of the sphere can also be divided into zones corres-
ponding to values of the angle 0, where x = a cos 0, y = a sin 0.
The part between values 0 and (8 + dB) has a perimeter 2na sin 6,
and a width PQ = a d9, resulting in an area

dS = 2a? sin 0 d0.
¥
as

Radius
Y
a0

ax

Figure 10.05

The curved surface of the whole sphere is obtained by summing
from 0 = 0 to 6 = =, thus,

T T
area of sphere ==f 2ra sin 0. a df = 2ma® [— cos 6] = 4mat.
0 o

The zone between 6 = 0 and 0 = «, i.e. from x = a cos « to
x = a, has an area 27a?(1 — cos ).

This integral is one where a serious error can be made. Although
the volume of a slice is that of a circular cylinder of thickness dx
and radius y, to first order, its surface area does not equal that of the
cylinder, which is 2ny dx. In fact the ratio of these two approxi-
mations is ds/dx which does not tend to unity as dx — 0, but to
sec {, where ¢ is the inclination of the tangent. The approximation
2wy ds is correct to first order, the approximation 2wy dx is not.
The reader should convince himself about this.

10.19. Work DonE By Pressure. The pressure of a certain mass of
gas expanding adiabatically is p = kv¥ when its volume is », where
k and vy are constants. Let 4 be the area of a part of the boundary
which moves outwards a small distance % during the expansion. The
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TIME FOR A REACTION § 10.22

force on it is [)A and the work done on this force is p4#, to first order,
any variation in pressure being a higher order effect if 4 is small.
Now Ak = volume covered by this part of the boundary, so that,
adding up over the whole boundary, the total work done against the
pressure is p times (total volume covered by boundary),

= p (increase in volume of gas),
= p dv, say.

Thus the total work done when the gas expands from a volume
v; to a volume v, is
Vs
a8
LA

2 pdv—f pdv—f kvtdy =
(va*t — o) = Y+ T+ 1 (Pav2 — p101),

Y+1

where p, and p, are the initial and final pressures, respectively.

10.20. Mass oF A Rop or VariaBLE DEnsity. Let m(x) give the
mass per unit length of the rod at a distance x from one end. The
total length is L.

If the rod were divided into short lengths, that between » and
(x + dx) has a mass m(x)dx to first order. The total mass is therefore

L L
zgom dx =J; m(x)dx.

10.21. Mass or SuspensioN. The concentration ¢, or mass per unit
volume of solution, of suspended particles, in a suspension in a
cylinder of height % and cross section 4, may depend on the depth
x below the surface.

Imagine the suspension from x = 0 to x = / divided into a num-
ber of layers of thickness dr. The layer between x and (x + dx)
has a volume A4 dx, containing a mass dm = ¢4 dx of suspended
particles, to first order. The total mass is therefore

Tdm = > cAdx f cd dx.

x=0
10.22. TiME For A REacTioN. In a chemical reaction the rate of
decrease of one component is given by the formula

dxjdt = — kam,
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§ 10.25 INTEGRATION

where x is the concentration of the component, k is a constant and
n is the order of the reaction. The time T for half-reaction is the
time for the concentration to be reduced to one half of its original
value x,.

The time for the concentration to change from x to (x + dx) is
dt = — dx/kx». The time for the required change is, therefore,

T & apmy = [ & [ ! ]*

T=1I, N £ ,;;'; k(n - l)xn-l Lo

e 7= g -G

on-1 1
or kT = -

o D
Experimentally the value of # is found by plotting In T against In x,.

10.23. HeAT GIVEN TO SubsTance. The specific heat ¢, of a sub-
stance is defined as ¢, = lim (AQ/AB), where AQ is the heat
260

required to raise the temperature A, at constant pressure.

The heat required to raise the temperature from 6, to 6, can be
calculated in terms of ¢,. Dividing the temperature rise into a
number of small steps d6, the heat required for each step is
dQ = mc,d0, to first order, where m is the mass. The total heat
required is

0, 05
Q= 2 mcdd= mf ¢,d0.
0=0, o,

10.24. NumericaL EvaLuaTioN oF DErFINITE INTEGRALS. We shall
not dwell on this important subject. The simplest method is to
replace the integral by a sum, using the approximate formulae
given in Section 10.03. The accuracy depends on the number of
intervals chosen, and Simpson’s rule is often used because it is
usually sufficiently accurate for most purposes. Fuller discussion of
these points is to be found in books on numerical analysis.

10.25. EuLerR-MacLAURIN SummaTioN Formura. Using the tra-
pezium rule to evaluate a definite integral (cf. last section and
Section 10.03),

+nh
[ i = A+ A ATt 1D B

where £, is the value of f(x) when x = %, + rA, and E is the error.
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EULER-MACLAURIN SUMMATION FORMULA § 10.25

This formula also gives the value of a sum in terms of an integral,
and is used very frequently for this purpose. It is the answer to the
problem, discussed in Section 10.04, of how to find the mean value of
a large number of readings f,, f3, f2, - - . which can be expressed by
a formula f(x). For this purpose it is changed to

E 1 Ty +nh
St bttt Rt [ A

Zo

The Euler-Maclaurin formula gives an expression for E,

hz ? ’ h‘ ” " he
E=Ba'2‘! (fn “f;))'*‘BtZ'!(f;» —Jo )+Be'§‘! (¥ —Sfo") +...

where f7, f”, . . . are the first, third, . . . derivatives of f(x), and
B,, are the Bernoulli numbers,
By =1, B = — i, By =, By = — 35, By = LLTR

This shows that the error is small when f(x) and its derivatives
are small or zero at both ends of the range of integration.

Example I. Thesum 1 + ¢ 4 ¢72 4. . . ¢ is obtained when
%o = 0, & = a and f(x) = ¢*. The Euler-Maclaurin theorem gives
the value

1 E 1([m 1 1 E
E(l+e"‘“)+;+;£ e““dx=§(l+r‘”")+;(l ——e‘““)—l——;

where
a? at ab
E=—q™—D+ggE™-—D-gagpEe™—D.-
In the limit n — oo, the geometric series
1+ —a+ -?a+ _.].'__i_l_jr_g
€ € ...——2 p a’
a? at ab
E=q—30.at@.720 "

In this example, the answer is known. It is in fact
{1 —e9),

and the expression given is an expansion of this in powers of a. This
example is not a good one, but is useful because the answer is known
and can be used to determine the numbers By, B, . . .
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EXAMPLES X

1. Prove, by two distinct methods, that the volume of a right circular cone
of height & and base radius a is §ra®h.

2. The density of population of a town is nr/(a? 4 %) per square mile at
a distance r miles from the centre of the town, where z and a are constants.
Show that the population of a town with perimeter radius ka miles is

ka
2rnrtdr
e I —_— -1 .
J; g 2nna(k — tan~' k)

3. Derive the formula {277 sin 6{(dr/d8)? + r%}1/2d0 for a surface of revolu-
tion about the line ® = 0, when the generating curve is given in polar
coordinates.

Deduce the area of (i) the sphere r = a, and (i) the sphere r = 2a cos 6.

4. The mean moment of a collection of magnets, each of moment p. at
temperature T in a magnetic field of strength H is, according to Langevin,

T K
o= y.f eH c08 8/kT cos 0 sin O de/f enH 08 8/kT sin 6 46,
0

0
Find .

5. A perfect gas expands isothermally from a volume ¥ to a volume Vs
Prove that the work done. against the pressure is RT In (Vy/V}).

6. In the notation of Section 10.05, show that fy — f for each interval
dx is less than or equal to the variation of f(x), up and down, in the interval.

Prove that Sy — S, = Z(fx — f1)dx < dipZ| fur — fi| < Cdx, where
dx,, is the largest of the n intervals dx, and C is the total variation of f (%), up
and down, between s = a and x = b. Deduce that Sy — 8§, >0 as
dx,, — 0 if C is finite.

7. Prove that S, decreases and S, increases, when the number of intervals
n is increased by dividing one interval into two smaller intervals. Deduce
that Sy, Sy, S tend to limits as n — oo by this method and, using the
previous example, deduce that these limits are equal.

8. Show that the limit of Sy and S, is independent of the choice of
intervals dx by comparing (i) values Sy for a division dx,, dxs, . . . dx, with
n intervals (n = ny, g, 1, . . . —> 0), (i) values Sy” for a division dx,’,
dxy’, . . . dx,’ into m intervals (m = m,, my, mg, . . . = ©0), (iii) a super-
position of (i) and (ii) giving S,,” for a division into n” intervals (n” = n + m,
in general = n; + my, 0y’ + my/, . . . > ).

Using the previous example prove that S; <S8 < Sy" < Su,
Sy < 8 < Sy” < Su’, and deduce that in the limit n — o, m — 0,
§S=8 =" n

9. Use the Euler-Maclaurin theorem to sum Inn!= > Inm and to
derive the Stirling approximation m=1

n! = enrtie—n(l 4+ 1/12n),

where ¢ is a constant (N.B. ¢® = 2x).
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10. The quantum partition function for a rigid rotator is
0
Z= 3 2j+ le—Hi+t1a
j=0

where « = (h?/8n2lkT). Using the Euler—-Maclaurin formula up to B, with
f(x) = ¢e~ox=+1D) and h = 1 (the integration is direct), prove that, when «
is small,

Z_I(l”<x_+~<:c2 4a3+
T F3 T 157375 )
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CHAPTER 11
METHODS OF INTEGRATION

Introduction—Algebraic  changes—Logarithmic  integrals—Change of
variable—Extensions of standard formulae—General remarks—Integration
by parts—Substitution to simplify integrals—Different answers—Definite
integrals—Positive and negative integrals—Change of variable—Even and
odd functions—Periodic functions—Mean value theorems for integrals—
Infinite limits and infinite integrands—Derivatives with respect to limits—
Mean values of functions—Reduction formulae—Gamma jfunction—
Integrals as functions—Integrals in the kinetic theory of gases

11.01. InTrODUCTION. The first part of this chapter includes
methods of obtaining integrals of various functions, or expressing the
integrals in a convenient form. The second part discusses various
problems relating to definite integrals, and their properties.

Some of the standard formulae SF 1-27 (pp. 162-164) are used in
the worked examples. In the main, however, only the simplest are
used. Remember that the value of an integral can always be checked
by differentiation.

11.02. Arcesraic CHANGES. The integrand, or function to be
integrated, is changed in form by the use of algebraic or other
identities.
J{(1 —x)/x}dx = f(1/x — 1)dx = Inx — x.
Jtan® x dx = f(sec?x — 1)dx = tan x — x.
J 2sin x cos 2x dx = [(sin 3x — sin x)dx = cos x — } cos 3.

11.03. LocaRrrTHMIC INTEGRALS. A fraction having as its numerator
the derivative of the denominator can be integrated by the formula,

f%dx=ln (u),

u

which results from d(In u) /dx = (du/dx)[u.
_1! d(l + 2 l
f1+x2dx 2] T4 o+

1
fm—:adx fl+e“’dx In (1 4+ ¢).
144



CHANGE OF VARIABLE §11.04

co .
fcotxdx =fsinx dx = In (sin ).
t
f tan x dx =j At i =1In (sec x).
sec x

11.04. CHANGE OF VARIABLE., If« is a function of x, or vice versa,

and
§ flx)dx = [ g(u)du,

we say that the variable of integration has been changed from x to 4.
Let F denote either integral: then dF/dx = f(x) and dF/du = g(u),
or, in terms of differentials,

dF = f(x)dx = g(u)du.

In a change of variable, using the chosen relation between x and
u, the product f(x)dx is changed to the form g(u)du.

g
x u
o du f

Figure 11.01

Graphically (Figure 11.01) this means that, by a change from one
graph with x as abscissa to another with u as abscissa, any strip
between x and (x + dx) on one graph determines a strip between
corresponding values u and (u + du) on the other. Thus the width
of the strip is changed from dx to du. To obtain a strip of the same
area the height must be changed from f(x) to g(u) where

Sx)dx = g(u)du.

Given this change in heights, an area in one diagram equals an

area in the other.
The limits of integration must also be changed. The first strip
at ¥ = a in one starts at the corresponding value u = a in the
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§11.05 METHODS OF INTEGRATION

other, and the last strip x = b ends at the corresponding value
u = [ in the other.

[ro0ae = [ wran.

11.05. ExTENsIONs OF STANDARD ForRMULAE. Using a simple change
of variable many integrals can be expressed as standard forms (cf.
Section 12.03).

un+1
fu"a’u= (1 £0), (SF).
4 = cos x; [ sin®x cos x dx = [ sin®x d(sin x) = } sin® x
u=2x%+43; [(x® + 3)%dx = [}(x* + 3)%d(x® + 3)
— 4 + 3"
fe“du = ¢*, (SF 3).
u = sin x; [0 % cos x dx = [¢¥°% d(sin x) = 7,
u= —x2; [xe~Tdx = — }fe="d(— 1) = — }e~".
du .
J-V(*l‘:““ug = sin~! u, (SF 24).
e [ooxax 1 odx
“=A ) U T v = 2T
cos 0 d d(e sin 6)
u=esinb; f\/1~e251n29) J‘\/(l—ezsmze)

= ; sin~! (e sin 0).

—{x. f —_ ¥ dx — 2 sin-1 (e~ ¥
= JE— DT JI —emr T T sin~t (e7*).
The substitution ¥ = ax + b, du = a dx, is very common.

J.f(ax + b)dx = % ff(u)du
1
f(ax + b)rdx = m (ax + b)"tL,  (n 5= — 1),
f dx d(x + 2) 1 x+2
x

P 4x 120 J(x 12216 4™ T4
146
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11.06. GEnerAL Remarks. The methods given so far, and certain
‘forcing’ methods, which ensure the evaluation of certain classes of
integral (some are given in the next chapter), are the only methods
which guarantee that an integral can be expressed in terms of known
functions. It is true, of course, that their scope is extended by a
greater knowledge of differentiation or of special functions.

For the rest we proceed by trial and error, trying to change the
integral into another which we can integrate. A certain amount of
judgment enables us to assess the chance of success, but there remains
some doubt as to the result in many cases. To a large extent such
judgment is obtained by experience, but this is the point where the
art of the mathematician comes into play.

11.07. INTEGRATION BY PArTs. One integral can be related to
another, when part of its integrand can be integrated, by the formula

du dv
f(v 2;) dx = w —f(u Zc) dx,
or Jvdu = uv — fudv.

This formula is obtained by integrating d(uv) = v du -+ u dv.
The same formula for definite integrals is illustrated in Figure 11.02.

14
8
R ¢
%2
yf——————
i '
h |
5 Z |
A |
[}
by
'l
0 L b “ u
Uy lil, uz

Figure 11.02

Area PLMQ - Area PSRQ = uyv, — u,0,

Us Vs 2
ie. j vdu + udv=[u].
Uy N 1
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If the curve AB relating u and v is defined by parametric equations
u = f(x), v = g(x) with x as parameter, this equation is

% du 1 gy
J;, v;i—’; dx = [uv]x,—.’;‘ u (_1; dx.

This formula is normally used only when the derivative of v is
simpler than v itself.

fxedx = [ xd(e) = xe® — [ £ d(x),
= xe* — ¢~
fxcosxdx = fxd(sinx) = xsinx — | sinxdx,
= xsin x | Cos x.
If there is a choice of factors v and du, one usually gives a worse
integral, the other a better. In doubtful cases, work out both and

see which is the better.
In the example above

[ xcos xdx = f cos x d(}x2) = 4x® cos x — [ 4x® d(cos x),
= }x2 cos x + 4fx2sin x dx.

This is quite correct, but the last integral is no better than the first.
In the next two examples, integration by parts is used to remove
an awkward function by differentiation.

I=fxIlnxdy = [Inxd(}+?) = 322 Inx — § (3x%)d(log x),
= $x?Ilnx ——J}x%l/x) dx,

= 422 lnx — §x%

I=ftan"'xdx = xtan~'x — [ xd(tan"'x), [N.B. dx = d(x).]

x
= 1y | —
xtan~lx f i +x2dx,
=xtan~lx — §1n (1 + #?%).
Sometimes repeated integration by parts is needed to complete a
process started by the first application. From two of the above

examples
fx?sin x dx = — %% cos x + f2x cos x dx,

= —x2cosx -+ 2xsinx + 2 cos x.

The large part of an integral can sometimes be obtained by integra-
tion by parts.
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SUBSTITUTION TO SIMPLIFY INTEGRALS §11.08

fe*2f(x)dx = i- e=f(x) _1 fe“ d'—fdx

1 1 ‘
= - of(x) — + = fe” Gl

If the derivatives of f(x) are not much largcr in value than f(x), the
first term is the biggest for large values of a.

The following result is used in Chapter 13 (f'(x) = %, etc.).

b b
1@ ~ (@) = [ 1elde = - [Fwde -,

= [—rewe -0l +[rwe -,
[ [+

—r@e —a - [ro 2]
+ §‘| af'”(x) (b — x)%dx,

— 6 —af(@ + 55 (b — @)
1 b
+ 3 J;f’”(x)(b — x)%dx.

Integrating by parts z times,

) =1@ + (6 = f @) + 9 b — @) + 37 (b — %" (@)
R % F™ (@) (b — a" + % f ) (x) (b — x)nd.

11.08. SussTITUTION TO SIMPLIFY INTEGRALS. A change of variable
can eliminate an awkward feature, such as a surd or logarithm.

Example 1. I = [Inxdx. Put x = ¢¥, theny = Inx, dx = e¥dy.
I=§y(edy) =y — [evdy = &¥(y — 1) = x(Inx — ).

dx
Example 2. 1= fx V=4
surd. Then x = £ + 4, dx = 2t dt.

2t dt _
@+ 4t

Put ¢t = (x — 4)1/2 to remove the

x — 4
—

2dt
f At = tan~! } = tan~!
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Example 3. 1 -—f Ty Put x = 4 tan 0, whence
a? + x% = a® 4+ a%an2 0 = @%sec? 0, and drx = a sec? 6 d6.
I— aseczede__ . Y.
) a?sec?6 = T LBy
Example 4. 1 ———fsi—n—e (SF 11, and Section 12.04). Put¢= tan }6.
2dt
Then sin 6 = 2¢/(1 + #2) (Section 7.02) and d6 = d(2 tan~1¢) = e

1 2 [ 2dt dt
j + (m) —_—f— = In ¢ = In (tan $0).

Example 5. ]_f(l—{— )4dx Putu=1 4 x. I~f du,etc.

An example follows where two surds are removed.

dx
(I + 0+ (1 + 2
Put 1 4+ x = ub, dx = 6u®du.

ubdu 6ud 1
— — 2
fus 7 f du = Gf{u u 41 I ; du,

= 2u® — 3u® + 6u —61In (1 4 u),
= 2(1 + x)V2 — 3(1 4+ 2)18 4 6(1 + x)¥® — 6 1n {1 + (1 + x)V/%}.

Example 6. I =

dx
Example 7. f @ —oG —Hpe
Put x =asin20 + bcos? 0, (b <x <a).

Then (a2 —x) =a —asin?0 — bcos? 0 = (a — b) cos? b,
(x —b) = asin?0 + bcos? O — b = (a — b) sin? 6.

(a —b)2sinbcos 06 on _ (:c—b)"2
(@ — b)sinBcos O = 246 = 26 = 2 tan”! a—=x)

I =

11.09. Dirrerent ANswers. If different methods give different
answers, this may be because the constants of integration are differ-
ent. (The value of this constant is easily found by putting x = 0 or
some other value.) It may also be because of an identity.
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e 1 (dr 1 de 1 [d(3x) 1
Example 1. J‘a-—:—a 7_§lnxandf§c_§f N ——jln(?»x\

differ by a constant, namely } In 3.

d.
Example 2. J(_lm—l—wfﬁ—)*i/ﬁ" =1In{x + v/ (»®*+ 1)},

= —In {/(s® + 1) — a} = sinh~tx.
Cf. Section 8.13.

A more subtle difference arises when the integrals are different
because they apply for different values of x. This occurs when the
integrand has a discontinuity.

d
Example 3. f;—_—ita =In(x —a) when x> g,
In(a —x) when x<a.

d: 1
Example 4. f~§x—2 = — tanh~! T When x< a,
a? — x a a

IS R

x
coth—1 z when x > a.

11.10. DerintE INTEGRALS. The evaluation of a definite integral
by an analytical method involves the insertion of limits as well as the
discovery of the indefinite integral. There are problems connected
with the limits and also with the whole process, which are discussed
in the following sections.

First some elementary results, which can be proved either regard-
ing the definite integral as the limit of a sum, or using the equation

L ’ flx)dx = [F(x)]i: F(b) — F(a).

(¢) Division of range of integration:

s = [ foods + [ S
[ esae= [\ + |

This is used when f(x) is expressed by different formulae in the two
parts of the range.

b (]
(&) Reversal of limits: J; Sf(x)dx = —J; S(x)dx.

This is usually used to make the upper limit the larger.
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§11.13 METHODS OF INTEGRATION

11.11. Posrmive AND NEGATIVE INTEGRALS. If dF/dx = f(x), then
F(x) increases with x, if f(x) is positive, and decreases when f{x) is
negative. Consequently the definite integral,

b
j flx)dx = F(b) — F(a), (a < b),
a
is positive if f(x) is positive when a < x <),
negative if f(x) is negative when a < x < b.

This result is useful to check integrals when a negative sign may
be forgotten.

T ul
f sin x dx = [—- cos x] = — cos ® + cos 0 = 2 must be positive.
0 o

11.12. CHANGE OF VARrIaBLE. The change of the limits when the
variable of integration is altered has been explained in Section 11.07.

One point, which deserves mention, only arises with definite
integrals. The value of a definite integral does not depend on the
symbol used for the variable of integration, but only on the limits
and the form of the integrand. Thus:

f e%dx =J’ e~vdy =J- etdt. (Putx=1t=y.)
0 0 0

z x T
f e%dx =f e~vdy =f e~tdt =1 — ¢,
0 0 0

Such simple changes of variable simplify the appearance of
integrals.

m \V2 © 2% 1R
—_ [ — o —-mo' 2k Ty — | —— —z*
Put x (QkT) v: J; e dv ( mT) J; e~ %dx.

11.13. Even anp Opp Funcrions. If f(x) is an even function of x,
a a
*fooie =2 sas,
and if f(x) is an odd function of x (Section 1.16),
+a
flx)dx = 0.
—a

These results are obvious from the graphs (Figure 11.03). For an
even function the areas on either side of the y axis are equal and can
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PERIODIC FUNCTIONS §11.14
be added, since the graph is symmetrical about the y axis. If the
function is odd, they are equal and can be cancelled. -

v k4

-a
-a 0| a a

even odd

]
&

Figure 11.03

Analytically, for the first, when f{x) = f(— x), by a change of
variable to ' = — x,

ff uf (x)dx = f i af(— x)dx = -—J:f(x')d(x’) = J; af(x')dx' - j; af(x) dx.

11.14. Periopic Funcrions. If f(x) is periodic, with a period L in x,

then
Sx + L) = f{x), (all x).
-|7/21, BL
!

| P : |/
) b \
: L :

0 a L fa+d)

Figure 11.04

It follows (Figure 11.04) that
a L+ta
ff(x)dx = S(x)dx, etc.
0 L

Moreover
L L+ea 2L+a L
[reses =" ot = s = =] pinas,
and f(x Vdx = nf f(x)dx, (n an integer).
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§11.16 METHODS OF INTEGRATION

in in
Example 1. J. cos 0 46 = 2f cos 0 d6,

—in 0

in i
f sin® 6 d6 = Qf sin® 0 40 if n is even, but 0 if n is odd.
—3m 0

11.15. MEAN VALUE THEOREMS FOR INTEGRALS. To obtain approxi-
mate values of integrals and avoid numerical work, the Mean Value
Theorems can be used. If f{x) is continuous,

b
ﬁ S = (b — ) AE), (a<E<b).

Another form is probably more useful. When g(x) > 0,

b b
[ ode = 10) [(sas, @<t <.

To prove the first, let A and L be the greatest and least values of
f(x) between x = a and x = 4. Then

f b(M —f(x))dx > 0 and f b( Ff(x) — L)dx > 0.

Hence the integral lies between M(b — a) and L(b — a), and is
therefore f(E) (b — a), where & is between a and b.

d in
Example 1. e~ gin x dx = e“w"f sin x dx = %2, where
0 0
0 < £ < }n. Since %20 lies between ¢ = 1 and e ™40 = 0-93,

the value of the integral is 0-96, within 4 per cent.

11.16. INFINITE LiMITs AND INFINITE INTEGRANDS. Infinite limits do
not normally give trouble, but one should always remember the
definition when there is difficulty.

f “fx)ds = lim F(b) — F(a).
a b—>w

Example 1. f ¢ ERT JE = [ _kTe-E"‘T] = — (— kT) =kT.
0 0

If F(b) diverges as b —> oo the integral has no meaning, but when it
oscillates a mathematical physicist should be consulted. For example

)
f sin x dxr = (1 — cos b) oscillates as ¥ — co: but when this occurs
0
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MEAN VALUES OF FUNCTIONS §11.18

in physical problems, there are often reasons to believe that it means

K
lim e~™ sin x dx = lim

— = 1.
m—0 JO m_,ol—{—m"’

The factor e=™ is called a convergence factor.

Similarly, integrals across a point where the integrand diverges
should not normally occur in elementary work, but the integrand
sometimes diverges at one of the limits. Let the divergence occur at
x = ¢. Then we define

[t = tim [ s,

and the integral has a meaning when the limit exists. E.g.,

1 dx N 1——E
o (I =iz — M0 72

11.17. DerivaTives witH Respect To Livrts. The definite integral,
b
f f(x)dx = F(b) — F(a), is a function of its limits. From this equa-

a
tion, or the definition of the integral as a sum,

d [? d
db J;f(x)dx = 75 F&) = f(6), (a constant),
dia J;bf(x)dx = B‘%F (@) = — f(a), (b constant).

Thus i fxt"dt = x3, and _fd_ fwe""dt = — ¢~
dx 0 ’ dx T

11.18. MEan VaLugs oF Funcrions. The mean value of a function
y = f() between x = a and x = b is defined as

1 J‘ b
y o= x)dx.
F= = |
The mean square value of the function is
— 1 b
2= x) }2dx.
Py [
Example 1. The mean value of sin x between 0 and = is
AR
— | sinxdx =— | —cosx| =—
T T

T Jo 0
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§11.19 METHODS OF INTEGRATION

Example 2. The mean square values of sin x and cos x between
0 and = are equal.

1 ™. 1 . = 1
— | sin?xdx =— |x —sinxcosx| = 5
T Jo 21: 0 2

1 [ 1=
— in2 2 —_—— —_
TCL (sin? x + cos® x)dx wJ;dx 1.

The root mean square value is {»%}1/2, which is not usually the
same as J.

11.19. Repuction FORMULAE. A group of integrals, such as
I, = fame=dx (n =10,1,2,8,. . .),

is likely to have such values that there are relations between the
members of the group.

A reduction formula expresses an integral with a given value of n
in terms of others with lower values of n. By using a reduction
formula for different values of 7 it is possible to build up the value of
any member of the series. For the example above

§ anedx = — xme® 4+ nf x""le~%dx,
1.e. I, = — xme< + nl,_,.
Now I, = f e~# dx = — ¢~*. Hence using the formula,
withn=1, L= —xe*+Lj=— (x4 1)",
n=2, I,= —x%* 4 2], = — (x® + 2x + 2)e 7%,
n=3, Ij= —x%*+ 3= — (x®+ 3x 4 6x + 6)e™".

The notation I, is used for an integral containing a parameter n.
Examples appear in .34, 39, 48, 49 of the next chapter.
Integration by parts is a common method of obtaining reduction

formulae, and altering the integrand is another.

I, = f tan" 6 d§ = { tan"~2 6 tan?® 6 40, (n>=2)
= [ tan"2 0 (sec? 6 — 1)d0,

1
= — 1 tan"'l e - In_,.

Integration by parts sometimes leads back to the original integral
with a different coefficient.
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GAMMA FUNCTION §11.20
I, = fsec* 6 d6 = { sec"20 (1 + tan? §)d0,
= [sec"~20 df + f(sec”~2 0 tan 0) tan 6 46,

n—3
=1, ,+ ( ! 3 secn—2 9) tan 0 —-J.S:c__ 26 sec? 0 df,

1 1
= n—-2+n — 2scc”'26tan9 — ;1—_—'[,,.

2

So(n—=2L, = (n—2)I, ,+sec20tan 0 — I,
ie. I, =sec*20tanO/(n — 1)+ {(n —2)/(n—1)}1,_,. (n >2.)
A more elegant method is to think of an expression, the derivative

of which is a combination of the integrands of I,. This is similar to
integration by parts, but it is more flexible.

Example 1. I, = [ cos" 0d0: cos® O appears in the derivative of
cos™1 § sin 6.

d (cos"! 0sin 0)/d0 = cos"~1 0 cos § — (n — 1) cos"~2 0 sin? 0,
= cos" § — (n — 1)(cos"26 — cos” 0),
=ncos"§ — (n — 1) cos"2 0.
nfcos"0do — (n — 1) cos”~2 0 db = cos™1 6 sin 0,
ie. I, = (1/n) cos"10sin 0 + {(n — 1)/n},_,.
Recurrence relations between definite integrals are often simpler
than those between indefinite integrals, e.g.
/2

in 1
f cos™ 6 df = [; cos™1 0 sin 6] +
0

0

n—1

i
f cos™2 0 40,
0

__n-—l

in
= f cos™2 0 d0.
n 0

A list of recurrence relations appears in the next chapter.
11.20. Gamma Funcrion. The gamma function I'(n) is defined as
-]
I'(n) =f x-le=%dx  (n > 0),
0

when n is positive, and by the recurrence relation
nl(n) = '(n + 1)

when n is negative, unless it is a negative integer or zero, when I'(n)
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§ 11.21 METHODS OF INTEGRATION

becomes infinite. We can prove that this relation is also true when
n is positive.

I'n+1) =J; xte%dx = [—- x"e—”]o +J; nx"~le—%dx,

= nf xle~%dx = al'(n), (n > 0):
0

po = [oae= [ =1

When 7 is a positive integer,
Fn+4+ 1) =nTn) =nn—1DIn—-1)=an—1) ...211(1)
=-n!
The gamma function is a generalization of the factorials. Even when
n is not an integer, the same method is used to express I'(n) in terms
of another I'(n) with 0 < n < 1.
The value of I'(3) can be found by changing the variable of
integration to y, where x = 32

o) = [Ceeeis = [ "L ovra) =2 vy = Vi,
0 o J ()

(cf. Section 17.10).
It has been proved also that

I'(n) . T'(1 —n) ==xfsinnx, 0<n<l).
11.21. INTEGRALS as FuncTions. Definite integrals are functions of
parameters in the integrand other than the variable of integration.
The dependence of the integral on the parameter can often be

found by a change in the variable of integration, without evaluat-
ing the integral completely.

Example 1. Put ax = y: then
@® @
I(a) =f ate—dx = a"‘"“’f e vdy,
0 0
i.e. the integral is inversely proportional to a™+2.

The integral, as a function of a parameter «, has a derivative.
b b
I(o) =f Slx, )dx,  I{a + dot) =f S(x, o 4+ do)dx.

J’ Mmoot do) —flx @)
G. d¢—>0 do
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If f(x, &) is a continuous function of both variables (cf. Section

16.06) u 1o 0
do a( da )

This is illustrated in Figure 11.05, together with the effect of changing
the limits. This formula suggests a method of evaluating integrals.

a 12
Figuse 11.05

0
Example 2. 1 =f e~=dx = (1/a) is a function of «. The deri-
0

vative with respect to « is

LI L ,% (e~ dx =Lm(~ xe=o=)dx.

o2
@ 1
f xe~%dx = —-
0 o
Proceeding in this way, after n differentiations, we deduce that
@
f xme~*2dx = (n!)[an+1,
0

Example 3. Evaluatef = Consider the integral,

2+ a2)2
® dx _ l t -1 f w—- _‘E
yEta |2 ey 2
. . ® 2a _ T
Differentiate: J; — -(x2 aporr dx = — 52

g _ T
o (+a¥)?  4a
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§11.22 METHODS OF INTEGRATION

11.22. INTEGRALS IN THE KINETIC THEORY OF GasEs. The following
integrals constantly appear with &« = (m/2kT).

-] -]
A, ==f vme~dy, B, = j p2n+lg—ov'dy,
0 0
and their values a, and 4, when & = 1.
Both 4, and B, are functions of a; their dependence on « can be

obtained by changing the variable of integration to x = al/%, so
that 2? = a?, e.g.

o © xn dx a
—_ 20, ~av® Jy) — —_—e T — = T . - +1
4, —J; vhe o —J:) an * aliz gt By = byjar,
] @
since a, =f xre—%dx, b, =f x+lg—%dx  (in terms of x).
0 0

When n = 0 the values are:

® . a, 1 /=
ao —L ¢ zdx.— %\/n‘ e AO-_ ;m _§ ;.
@ 3 bo l
—z —_——
by —J; xe Tdx = 4. By = < %

The other values are obtained by differentiating 4 and B with
respect to o (cf. Section 16.01).

dA d [® ®
= 2n,—av Jy 242, —av® Jy — __
o~ dx ) v¥re~*dy J; vintle—avdy y:
dB
Similarly, —;i—ag = — B,,;.
In this way we obtain:
o 1.35...(2n 1) T
Ap(@) =fv?.ne *dy = on+1 o2n+l’
1L.3...(@2n — 1)y/n
ap = on+1

!
By(o) = J Antlg—avt gy — 5:_'.:1, b, = }(n!).

EXAMPLES XI
1. Integrating by parts, show that
fsect0d0 = tanBsec® — f(sect® — 1) sec 0 40.
Deduce the value of { sec?d 46 in terms of { sec 0 d.
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2. Using Wien’s law (Example 6, Chapter 8) show that the total energy is
o
f Eyd\ = 6kT*/at.
0

Use x = a/AT as a variable.
3. In the virial expansion pv = const. (1 — S + ;‘; . .), for the pressure

of a gas in terms of the volume, the coefficient 4 for a gas at low pressure is
(-]
b =f 2nr2(l — e~ VIkT)dr,
0

where V = f(r) is the potential energy of the interaction of two molecules.
Using x = (Aa®/r®) as a variable, evaluate this when V= o (r < a),
V = (A\2a%T/r%), (r > a). (Use the results of Section 11.22.)

4. The Sommerfeld theory of the atom asserts that the angular momen-
tum pg has values kh where k is an integer, and the radial momentum, p, is

such that
1 [ o

dr
do
and deduce that k = n(1 — ¢2)!/2 (use SF 83).

5. The elastic scattering of electrons by neutral heavy atoms has an
approximate cross section,

Y
c =f 2rf%sin 6 46,
0

Given p = ‘f—: , evaluate this integral for the ellipse r(1 + ¢ cos 68) = [

@
where f(0) = (2mZe3/R%K) j sin Kr . e~*/adr, and K = 2k sin'36.
0

_ 16mm?J%e%at
Prove that S = 341 & 4k%a% 1 + 4%

6. Optically active solute rotates the plane of polarization, of a beam of
light passing through a solution, through an angle 6 = acyl, where ¢ = ¢, is
the concentration and [ the length of the path of the beam. If ¢ is not
uniform, show that the same formula holds if ¢, is the average value of ¢
with respect to distance over the whole path.
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CHAPTER 12
INTEGRALS

Introduction—Standard jforms—Rational functions— Trigonometric inte-

grals— Exponential functions—Logarithmic functions—Integrals involving

linear surds—Quadratic surds (i)—Quadratic surds (ii)—Definite
integrals—Reduction formulae

12.01. InTrRODUCTION. This chapter is primarily a list of indefinite
and definite integrals, but it contains also formal and other methods
of integrating:
(?) rational functions of x,

(zt) trigonometric functions not involving surds,

(#i7) hyperbolic functions not involving surds,

(tv) functions involving x and surds of the forms 4/(bx + ¢) and

v (ax® + bx +¢).

For reference the integrals are numbered, the standard forms having
letters SF and the remainder the letter I. For reference, symbols are
used instead of numbers in the integrands.

The reader who needs practice in integration should work them
using numbers instead of symbols. If he encounters difficulties,
he should differentiate the answer and work backwards.

This list is by no means complete and it is advisable for the reader
to prepare his own list to meet his special needs.

12.02. StanpARD Forwms. Integrals, which are not the reverse of
formulae for derivatives already given, are proved in the sections
indicated. The notation is used to remind the reader of the change

of variable | f(u)du = { f(u)(du/dx)dx.

L §urdu = (n+ 1 5£0).

un+

PR T

%: logu, (u>0).
=In(—u), (1 <0).

3. [ evdu = ev.

4. f cosu du = sin u.

5. [sinudu= —cosu.

N
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6.
7.
8.
9.
0.

12.
13.
14.
15.
16.
16.
18.

19.

2

o

21,

[

22,

23.

w

24.

STANDARD FORMS §12.02

Jsec®u du = tan u.
J cosec? udu = — cot u.
Jtan u du = In (sec u), (Section 11.03).
Jcotudu =In (sinu), (Section 11.03).
§ sec u du = In (sec u + tan u),
= In {tan (Ju + %m)},

1 + sin u

cos u

. J cosec u du = In (cosec u — cot u),

= In {tan u},

1 —_—
—In—>2%" (Section 11.08).

sin u
J cosh u du = sinh u.
J sinh u du = cosh u.
J sech? u du = tanh u.
J cosech? u du = — coth u.
J tanh u du = In (cosh u), (cf. Section 11.03).
f coth u du = In (sinh ), (cf. Section 11.03).
J sech u du = sin~! (tanh u) = 2 tan~! (tanh }u),
or 2 tan™! (e¥).

§ cosech u du = In (tanh }u).
_i_ ———!_ta -1 2
“Ja+u? 2a Sl V"
du 1 a+4u 1 u
fag—__-;‘; (Iul < a) =2—alna __u=‘—ltanh'1;-

du 1 wud4a 1 LU
fm(]u|>a) —Q—alnu_a—— —-;coth .

f ou + B - Cv+ D

au® 4 bu + ¢ “= v“'+7\dv’

where v = au + b, A = ac — }b%

udu '—-l'l 1 y_“’
u"-}—a”—-Qn +a2.
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d

25. J‘-;/-(—a;i‘;';é')' = sinh—?! -Z-’ cor In {u + (u‘l + a!)ll!}'
di

o [gam =y o —eny

27. J‘\_/Gzit_‘-:_aé_)— = cosh?! g’ or In {u + (uz _— az)l/a}.

12.03. RaTioNAL FuNcTION OF x. By the method of partial fractions
(Section 6.18), a rational function can be expressed as a polynomial
plus a sum of fractions, i.e. SF 20-24, or

f A df Bx+C d_J‘B(x—i—b)—}—(C—bB)d
@b )@ vt or ) (@ 2x 40 *

(¢ > b% n>0).

The following types of integral occur:
28 J.——di———ll b b); ll b b
. ax__b—an(ax——), (ax > ),oran( — ax), (ax < b).

dx 1 1
N A =
dx

1 bx
— T — -1 —
30. faz b = b tan~! —, (SF 20).

(n > 1).

31. f X in (@ + ).

2 [ = et oy
33. j (azx:xxey =@ l+ )
" J‘(n——l)dx 1 { s (2n—3)dx}’ —

xdx 1 1
)@ raAr T T 2 —1) (a4 A

35

36.

(=]

x+ b
f;mdx=§ln (x2+2bx+c).
164



RATIONAL FUNCTION OF X § 12.03

I x4+ b —1 1 |
(x® 4 2bx + 0)” 2(n — 1) (x® + 2bx + )V (n #1).

38 f e _ d(x + b)
x2+2bx+c_- (x+b)l+(c+b’)r
1 L x—b
(c — b®1R tan € — o
39 j dx - x+b
C ) (x® 4 2bx 4 o) - (n — 1)(c — b%)(x® + 2bx + (.‘)"‘1,
2n — 3 dx
ta-ne—mlEr o o @1
The following integrals are examples of the method.
x dx x b
dx 1 x
4 [ =5
xdx x2 bx bhe ax
42. ax———-—_b=§;+;;+‘§1n 1 vy
dx 1 1 ax + b
43. J‘x(ax + b)g - b(ax + b) - Fln ——x——
44 dx - 1 1 ax + b (i” b
" J(ax 4+ b)(dx +b) T ab’ —a'b "rx+ b \d _b-').
dx % 1 o+ x
o [t e a5
dx 1 %2
. j"(“"“F“) =§:'lnax*+c'
47 e __ 1 _a f dx
. xz(axi + C) cx p axa + c.
n—1)dx
48. l)fx"(ax2 +¢) == xﬁ-l - f(ax’ Fom® (n>1).
b 2n —3
= l)-“ (a® + o 2c(ax® + P f (ax* + o™V

(n >1). (cf 1.4L.)
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50. __idf__=_.l_f{l . x + 2a }dx,

x —a® 3a®J\lx —a 2+ ax + a®
and using (1.36) and (1.38),

21In (x —a) — In (x* + ax 4 a?)

3 2 x+4}a
— a-a\/stan Tav3’

3
=-l—{ln( _a) —2\/3tan‘12 +a}.

= 6a? {

642 x3 av/3
xdx 1 (= ) 22 +a
51. m—-a{ln————-—x 3 + 24/3 tan av/3 }

 dx
59. f’h: 3ln (2 —a¥), (x<a)

dx
x% 4+ a8

53. etc.: change (a) to (— a) in (1.52)-(1.54).

12.04. TricoNoMETRIC INTEGRALs. The use of identities and inte-

gration by parts is very useful.

Difficult rational functions of sin 6 and cos 0 (cf. SF 10and 11) are
reduced to rational functions of ¢ = tan 40, and then integrated.
The quantities occurring are (Section 7.02):

. 2t 1 —22 2
Slne=1—+—t-2, Cose=-l——_{:7, d0='i—_—+_—t—2dt.

There are first the standard formulae SF 4-11.
54. [ sin?0d0 = [3(1 — cos 20)d0 = 46 — } sin 26,
= (0 — sin 0 cos 0).
55. [ cos? 6 df = §(0 + sin 6 cos ).

56. [ sin?p0 d6 = 2ip (99 — sin p0 cos p0).

57. [ tan? 046 = tan 6 — 6, (Section 11.02).

58. [ cot?0db = — cot 6 — 6.

59. (sin®6dB = 75 cos 30 — cos 6.

60. f cos® 0d = 1; sin 30 + £ sin 6.

61. [tan®0d0 = [(sec2® — 1) tan 6 46 = } tan? 6 4 In (cos 0).
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62. fsec®6d0 = }sec 6tan 6 + } In (sec 6 + tan 6).
(Example I, Chapter 11, and SF 10.)

63.

J’l +cos6
sin 0

o = f°°s 39 16 — 21n (sin 36), orIn (1 — cos 6).

sin 0
64.f C-éﬁdﬂ_ln(l——cose)

n"

65.jsinnecosede_s’+1,(n+1;e0)
. cos"tl @
66. | cos™ 0 sin 0 d6 = Ty (n+10).

(There are many reduction formulae, used mainly as definite
integrals, see Section 11.19 and below.)

{sm (b —a)0  sin (b + a)ﬁ}
b—a b+ a ’
a # b (cf. 1.58).

67. | sin a0 sin 66 d6 =

__lfsin (6 —a)f  sin (b + 2)6

68. jcosaecosb9d9—2{ b 2 b T a }, a # b.
. __lfcos (a+b)8  cos(a —b)6

69.§sma0cosb6d0—-—2{ s P }, a#b.

7

[

40 L R SO

* Ja?cos? 6 + b2sin26 a2+bztange——abtan ~tan ).
71 do 1
" Jatcost® — bsinz 6  ab

b
tanh—! (—ta.n 0), tan 6 <l-1‘
a b

1
= — coth—? étan 6), tan0 > 2
ab a b

72. {sin~lxdx = xsin~lx + (1 — x?)V/2, (integration by parts).
73. fcos~lxdx = xcoslx — (1 — x?)1/2,
74. ftan~lxdx = xtan"'x — §In (1 + x2).
75. fcotlxdr = xcotlx + }1In (1 + 42).
76. § cosec™ x dx = x coseclx + In {x + (x* — 1)1/3}
= x cosec™! x + cosh— x.

77. fseclxdx = xseclx —In {x 4+ (x* — 1)V3}

= xsec™! & — cosh~ x.
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§ 12.05 INTEGRALS
For (1.78)-(1.83) see beginning of this section.
db

78. o= In (tan $6) = — In (cosec 6 4 cot 0), (SF 11).

do

prer i = In {tan (46 + }m)} = In (sec 6 + tan 0), (SF 10).

79.

J’ dod _ J' do
asin0 + bcos® [ (a® + 4%)V3sin (8 + o)

(where a = (a* + b%)V2cos «, b = (a* + b2)1/2 sin &)

In tan (30 + }a).

8

e

1
TR
J' do 1 {(a® + 6%t —a} + btan 46

In

Z5n0 L bcos® (@ + 691 "{a+ (a8 + b} —btan 6

db _ 2 (a’ — bl)l/ﬂ ,
82. fa—}-bsinﬁ_ (an._bs)m‘a“ { WEY (10 — im)
a® > b,

81.

( b2 — aﬂ)l/!

2
=(T,~:;,—);,—,tanh-l{ a+

orcoth-1if { . . . } > 1.

tan (40 — i)

at < b,

d0 .
83. fm. replace 46 — $x in (1.82) by 16.
12.05. ExPoNENTIAL FuncTiONS.

84. Ia’dx-_:a’/]_na.

85. [ xems dx = (me|m?) (mx — 1).

i asin bx — b cos bx
87. [ ¢ sin bx dx = € ppnr

in (bx — b
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HYPERBOLIC FUNCTIONS § 12.07

a cos bx 4 b sin bx

88. f e® cos bxdx = >

o 1 b?
1
= W)T/ie“ cos (bx — ).
¢ sin"-1 b
89. § e sin” bx dx = —;,—s—_—mk_n—%; (@ sin bx — nb cos bx)
n(n — 1)b? -
+ gy Je“ sin®~2 bx dx.
&= cos"1 bx

90. | ¢ cos™ bx dx = 2 (a cos bx + nb sin bx)

n(n — 1)b*

a® + nzbz

a +n
+ fe“" cos™~2 bx dx.
1 1
91. fe=sinhaxdx= 4—a(e’”——2ax), je‘“coshaxdx=4—‘z (%= 4 2ax).
‘“
92. {e*=sinh bxdx= promyr i C sinh bx — b cosh bx), |a| # |b].

(N.B Tt is better to express sinh bx in terms of exponentials.)

12.06. LocArrraMic FUNCTIONS.
93. {In (ax) dx = x In (ax) — x.
94, J (ln ax)" dx = x(ln ax)” —n j (ln ax)’l—l dx.

95. f In (@) 4 — 3(in ax)?.

X

xn+l Antl
96. _fx"lnaxdx:m(lnax) —-m, (ns —1).

dx
97. fx e = In (In x).

12.07. Hypersoric Funcrions. These are integrated in the same
way as trigonometric functions. A change into exponentials is often
convenient, and answers are often more easily used in that form.

Difficult rational functions of sinh 6 and cosh 6 are reduced to
rational functions of ¢ = tanh }0, and then integrated. The
quantities needed are

smh6=-l—§_£—~, cosh 6 =

t
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§ 12.07 INTEGRALS

There are first the standard formulae SF 12-19.

2 2d (e
98. [ sech 6 d0 =L—e————_—e 4 = ;2—0% — 2 tan-? (), (SF 18).
J sech 6 46 -—fl TE TR 2 tan-! (¢) = 2 tan~! (tanh }0).
By putting 0 = 0 we find that these integrals differ by #=.
99. (sinh?0d6 = { }(cosh 26 — 1)d6 = }(sinh 6 cosh 6 — 0).
100. § cosh? 6 df = }(sinh 6 cosh 6 + 0).
101. {tanh? 6 d6 = 6 — tanh 6.
102. § coth? 6 d6 = 6 — coth 6.
103. f sech? 6 d6 = tanh 6.
104. { cosech? 6 d6 = — coth 6.
inhn+1
105. { sinh™ 6 cosh 6 df = sinh"2 6,
7+ 1
+1
106. f cosh® 0 sinh 6 d6 = cosh™ 6,
n+ 1
. . _ sinh (a + 6)0  sinh (a — b)O
107. { sinh a0 sinh 66 d6 = et b 20—t
(a # b).
) _cosh (a + 6)8  cosh (a — 5)6
108. { sinh ab cosh 46 46 = 5 T b) e —b)
__sinh (@ 4 6)8  sinh (a — )6
109. f cosh a6 cosh 56 d6 = 3@+ 5) 5 —5)
110, §sinh-1 xdv = § In {x + (1 + x2)"/2}dx,
= xsinh~1x — (1 + #?)1/2,
111. fcosh - xdx = [In {x + (x* — 1)¥/2}dx,
= xcosh-1x — (x® — 1)1/ (x| > 1).
112. ftanh-1xdx = [In v/{(1 + x)/(1 — x)}dx,
= xtanh-1x + $In (1 — %), (|x <1).
113. fcoth2xdx = [ In 4/{(x + 1)/(x — 1)}dx,
=xcoth 'z + §1n (2® — 1), (|5} > 1).
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QUADRATIC SURDS §12.09

df 2du
= — 40
4. J.a+bsinh0 bu® + 2au — b’ when u = ¢

12.08. INTEGRALS INVOLVING LINEAR SURDS. (ax -+ )2,

dx 2
115. f(m = t_l (ax + 6)1/2.

xdx b
—(—ax + b)n+i =2 J.(ax + pn—i T a j(ax + bn+t

116.

dx 1
1. fx(ax YOt (n—Dbax L 5"t T b fx(ax TR

dx 2 ax + b\1/2
s A -1
118. J~x(ax+b)m bmtanh ( b ) , b>ax +b>0,
2 b\12
and bl/xcothl(axz_ ) , ax +b>b> 0.
e dx (ax + Bz
P(ax + b2~ T (p — 1)ba"?
_ 20 — 3 a dx
2 —2 b Jx?1(ax + )1/

The general method of evaluating integrals of rational functions
of x and (ax 4 b)V/2 is to use the substitution

1
t = (ax + b)12, x = - (8 —b), adx=2tdt.

12.09. QuapraTic SurDS (i), involving 4/ (Ax2 + B).

f (a® +" :c”)lla = (@ + 29, f (Ax® + B)” 2 (sz + By

The standard formulae SF 25-27 and most of the examples below
are obtained using substitutions of the following form:

V(@ —x?), x| < a: putx =asinb, (6 — %)Y =acos,
dx = a cos 0 d0,

or x = a tanh 0, or x = asech 0.
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§12.09 INTEGRALS
V/(a* + 4%, all x:  putx = asinh 0, (a® + x*)'* = acosh 6,
dx = a cosh 0 40,
or x = a tan 6, or x = a cosech 0.
V(x2 — a?), |¥| > a: put x = acosh 6, (x* —a?)'/* =asinh 6,
dx = asinh 0 40,
or x = asec 0, or x = a coth 0.

The first substitution in each case is the most useful, but the
others are needed occasionally.

120. f(a® — 2?)Y2dx = }a?sin~! (x/a) + }x(a® — *h)1e,
121. f(a® + x%)V2dx = }a?sinh-? (x]a) + dx(x* + a®)'1,

or }a?ln {x 4 (a® + *2)1%} + }x(a® 4 #%)'2.
122. f(x® — a?)2dx = }x(x® — a?)'® — }a? cosh™? (x/a),

or }x(x* — a®) — jadIn {x + (s* — a*)V2},

dx 1 x 1 a
. * )= = -1,
123. fx(a” — ik - sech (a) 2 cosh o
(x = asech 6).
dx 1 x 1 a
& - a(2) = — -~ ginh—t (=)
124, fx @+ ) 7 2 cosech (a) p sinh (x)

dx 1 x 1 a
S R -1 == cos! {-)-
125. J; = )112 7 5¢¢ (a) -~ €08 (x)

Functions involving x and one of these surds can be integrated
using the same substitutions.

1
126. f (@ — x’)”’ — %R
x
127. J(ag — xg)s[g = aa(as — x’)l/a.
1
128. f( T xz)x/! T T @+ AR
129. J. g aﬂ)tli = a(a® _T_ PO
1
130. I( e Py
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QUADRATIC SURDS § 12.10
dx x
131. j(x’ — a2 T g3(xd — g¥)ift

. [ e = s )

1 1
=34d sin~t (2) — 5 x(a® — ) 12,

x — (a® + )12
5. [ = e e
_[x—(a®*+ :472)1/2
_f BT

= 1/a® f{(a® + »®)V/? — x}dx,
Ly 1 @+

=-2-ln a

+ —

2
x(a® + %12 — i’i

242 a2

The last example illustrates the fact that surds can always be
removed from the denominator.

12.10. QUADRATIC SURDS (i), involving 4/ (4x* + Bx + ¢). Simple
integrals involving 4/(4x® + Bx + ¢) can be reduced to standard
forms by the substitution u = x + (B/24) (or a multiple of this to
avoid fractions). This expresses the quadratic as a sum of squares
of a type discussed in the previous section.

dx d(x +
134. f @ —8r—aB  J{25— (st *}m ‘f & —

- Ll oo T
(u—x+4-—-sm 5——sm 5

135 J‘ dx -—-f V3 dx ,
© ) (7 —4x — 3x2)12 (21 — 12x — 9x2)1/2
V3. 3d(3x + 2)
{25 — (3x + 2)2%
1 a 3x + 2
= 7‘5 sin~ 5 .
136 f dx _ d(x — 3)
") —6x+ 10)12 J{(x —3)2 + 1}
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§12.10 INTEGRALS

General formulae are:

137f—~———dx =L [? LI b
. (ax2+bx+c)1/5_7én§5+x+ x+;x+a s

(a > 0).
1
= Va sinh-1 (—gff———;z—;);,—z, where 4ac > b2,
1 b
and = -\7a-cosh-1 ( Eégg——————i-)m, where 4ac < b2
dx 1 . 2ax — b
138. fm;:m = 7{‘1 sin~?! (mz, (a > O b2 > 4-ac)

139. fz—-ﬁ—t%—b—— dx = (ax® + bx + c)V2

ax® + bx + ¢)1?
(4/a)(ax + 3b) + (B — 4b/2a)

Ax + B
f(u2+bx+c)1/2 (ax® + bx + )12 ’
= ;— (ax* + bx + ¢)1i2

Ab dx
+ (o5 [
More complicated integrals can also be solved using this substitu-

tion to remove the term in x, and the earlier substitutions then
remove the surd.

dx

x + 1 _
(x2 4+ x + )12
Since 24+ 1=x+Ht+ 1
let x + 4 = (1/3/2) sinh 0, (double substitution).
(x® + x + 1)1/2 = (§sinh? 0 + §)V2 = (4/3/2) cosh 6,
= (4/3/2) cosh 0 d6.

{(+/3/2) sinh © — 3} + 1 (4/3
(v/3]2) cosh 6 ( g cosh® de)

—[(Lamo— D)o,
= (4/3/2) cosh 6 — 16,

= (x® + x 4+ )12 — }sinh-? (2x + 1)/4/3.
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DEFINITE INTEGRALS §12.11

By means of algebraic tricks, such as those given, it is always
possible to reduce integrals to simple forms, although the algebra
may be heavy.

1 2ax + b .
e -1
140. \/{x ax+b)} \/ac osh~ , a>0.
2ax — b
-1
141. jV{xb ) \/asm T a>0.

142 f dx
P J(x — a)v/(ax® 4+ bx + )

ll A (ax® + bx +¢) + A b+2am]
)\n X — o -t 2A ’

when ao? 4 ba 4+ ¢ = A2 > 0:

1. (b + 2aa)(x — a) — 272
o { (x — o) (b® — dac)2 }

when ao? + ba + ¢ = — A'2 < 0 and b2 > 4ac.

12.11. DeFmniTE INTEGRALS. See also: Reduction Formulae,
Section 12.12,

©  dx T
143, J;) a——~———2+x2—— %

144, "‘”_ dx T
(@ T+ x2)(b% + %)  2ab(a + b)
o r 1 !
145. f X" dx = (Z”}) = ;1-:—‘;1, (n integral).
«© 1/2
146, f ot dy — & (’E) :
0 o
© 1.3.5...(2n—1) +/mn
147. J; xine = dx = on+1 Tt

148. fwx —aat gy — 1/(2a).

0

© ]
149, J; xintlg—oa® gy — 2:n+1'
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§12.12 INTEGRALS

150. f xPe~ 210" dy = }a?H1T (p+ 1), r@g) = v=.

151. J s‘n‘”‘dx— in, (a>0).
0

2
152.J SO = jam, (a>0).
(1]

x2

©gin ¥ © m\ 2
153. J; Ty dx = 2J. sin (x*)dx = (-2—) .

154. ——J sin m6 sinn6 d0 = } (m = n), 0 (m # n) mand n
integers

2r
lSS.Ef cos m0 cos n6 d0 = } (m = n), 0 (m # n) > 0.
0

1 21
156. ——f sin m0 cos n6 d0 = 0.
27: o

i LS (n—1)(n —3). L
157.J; sm”ﬁde—J; cos™ 6 dO = n—2). . .2 "
(n even),
=32,
n(n —2) . ?
(n odd).
0 i T ir
158, j sin® 6 d6 = Qf sin™ 0 40, f cos" 6dO = QJ‘ cos® 0 d6,
o 0 0 ()
(n even),
=0, (n odd).
12.12. RepucTioN FORMULAE.
1
159. I, —jx"e“”‘dx I, ———;—e—“-"—{- ]”_1 I,= ___;e—eu:_

160. I, _J. ame gy I, = (nfa)l,_y = n!fam+,
I, = 1/a
161. I, = {tan" 0 d0: I, + I, o= {1/(n — 1)} tan"1 6:
I, =In (sec9), I, = 0.
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162. I, = | cos® 6 d0: nl, — (n — 1)I,_, = cos™2 Bsin 6.
§n

163. I, =f cost 0d0: I, = {(n — \)/n}l,_: I, =1, Iy = }m.
0

164. I, = [ sin" 6 d6: nl, — (n — 1)[,_y = — sin"~* 6 cos 6.

i
165. I, ==f sin" 0d0: I, = {(n — 1)[n}l,_y: I, = 1, Iy = }m.
0
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CHAPTER 13
SERIES

Series—Series of positive terms—Series of positive and negative terms—
Absolute convergence—Approximations and errors—Estimate of length of
calculation—Partially known series—Series of functions—Power series.
Radius of convergence—Taylor’s theorem and Maclaurin’s theorem—
Examples of Maclaurin’s series—Evaluation of power series. Errors—
Linear and quadratic approximations—Approximations near x = a—
Calculation of Maclaurin’s series—Legendre polynomials—Divergent
JSunctions—Asymptotic expansions—Fourier series—Sum of a Fourier
series—Errors of Fourier series—Alteration of range—Arbitrary functions
and Fourier series—Numerical series obtained from Fourier series—
Expansions in series of orthogonal functions—Fourier sine series—Fourier
cosine series—Legendre polynomials—Proof of Fourier’s theorem

13.01. Series. A series is a sum of numbers, or terms,
al+a2+a3+' - e Ay,

with a rule for calculating each terma, (n=1,2, . . .m). Sum-
ming the series means finding its numerical value, or a short formula
for that value. A parameter appearing in the terms also appears in
the sum. Typical examples are:

Arithmetic series: 1 +2 4+ 3. . .4+ m = {m(m + 1).
1 — ym+1
Geometric series: 1 +r 4+ 4+ ¥ 4. . . mMm= .

— 1
Binomial series: (1 4 %)™ = 1 + mx + Z'L(_’FIT_Z

Series with large numbers of terms appear in most molecular
statistical problems, e.g.

1+24+3+. ..+ N=NWN+1),
1L+ 1/22 4 1/32 + . . . + 1/N? = =n?/8 (approximately ?),

where JV is very large, as large as 10° or more. These two sums are
treated in very different ways. When N is very large, the first
sum is also large, and approximately }/N2, with a relative error of
1/N, which is very small, whereas the later terms in the second
would not appear to affect the answer very much, so that it makes
little absolute error to replace N by any other very large number, or
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SERIES §13.01

even to imagine that it is infinite. Sums of the first type are dis-
tinguished by the order of largeness of the approximate values
attributed to them, i.e. the sum given is of order /%,

Finally, series are obtained which are infinite, e.g. in the molecular
theory of solids, the sum,

e-—E’,lkT + 36-E./ET + 5e—E./kT 4.,

appears in a calculation of the specific heat, where the energies E,
increase steadily with n and appear to be defined for all positive
valuesn=1,2,3. ...

Such series are also obtained by a method of successive approxima-
tions which leads to successive corrections, e.g. starting with s; = a;
a correction a, is calculated to give the next approximation
5y = a; -+ a,, then another correction ag to give s3 = a; + a, + a,,
and so on. Although such a calculation is always stopped at a finite
stage, in principle it is believed that it could be carried on indefinitely
to give an infinite series @, + a; + a3 + . . . which would be the
correct answer.

Example 1. In decimal approximations, each decimal added is a
correction;

2-71828 = 2 + 0-7 + 0-01 + 0-008 + 0-0002 4- . . .

In this chapter we shall be concerned mainly with infinite series,
although much of our explanation applies to finite series, especially
that part connected with approximations. By analogy with the last
example, given an infinite series

ay +ay+ag+ ...
we construct the partial sums of the series,
Sp=a+ay;+a;+...a,forn=41,2,...

If the sequence s, tends to a limit s, then the series is said to be con-
vergent and to have the sum s. If the sequence s, diverges, then the
series is said to be divergent. For divergent series, we try to get the
order of magnitude of the partial sums when 7 is very large.
Although ‘divergent’ series appear in theoretical work, usually
only a partial sum is required and can be dealt with as just described.
Much more frequently series are obtained which are believed to be
convergent. When convergent, they can be used to obtain approxi-
mations: the fact that the sequence s, has a limit s means that
(s — s,) becomes small when n is large, i.e. that the partial sum is an
approximation to the correct answer. In view of later work in this
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§13.02 SERIES

chapter we now consider rather carefully what series are convergent,
and the errors involved in using partial sums as approximations. To
do this we distinguish different types, but there is one simple condi-
tion affecting them all, namely that a series cannot be convergent
unless a, > 0 as n — o0.

13.02. Series oF Positive Terms. When all the terms of a series
Za, (an abbreviation for ¢, 4 a; 4 . . .) are positive the partial
sums s, increase steadily with n. To prove convergence (Section
3.06) it is only necessary to find an upper bound. There are three
simple tests for convergence in terms of the numbers a, which the
reader can easily verify. They are:

(i) Comparison Test. Every term a, of Za, is less than the cor-
responding term &, of another sequence Xb, which is known
to be convergent.

(i) Ratio Test. The geometric series 1 -7 472473 4. . . s
convergent when r < 1, so that, by comparison, any series is
convergent when (a,,,/a,) <7 <1.

(i#i) Limit Ratio Test. This takes advantage of the fact that con-
vergence depends on the later terms of a series. It asserts
that a series is convergent if im (g,4;/a,) = & < 1.

fn—r o

The ratio tests do not express any opinion on series where a,,,/a,
tends to 1. For these more sensitive tests are required.

The alteration or rearrangement of a finite number of terms does
not affect the value of the later partial sums by more than a finite
amount, and therefore does not affect the convergence. Hence the
tests given above can be applied, even if they are not satisfied for the
earlier terms, and even when a finite number of terms are negative.

It can be proved that an infinite rearrangement of a series of
positive terms does not affect the sum. Thisisveryimportant because
it means that such series can be added, subtracted and multiplied by
rearranging the terms in any way, without affecting the answer.
The rearrangement required is usually that of moving all the large
terms to the beginning. For example, a product of two series might
be calculated as follows

(ay+ a3+ ag. . )b +byg+b3...)
= ayby + (ayby + agb;) + (ashy + agby + a1dy) + . . .

eg. (l+r+rr 4. . Y1 4r+r24r35. . )
=14+2r4+37 443 4. ..
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ABSOLUTE CONVERGENCE §13.04

13.03. Series oF PosiTIVE AND NEGATIVE TERMs. It is necessary to
distinguish series with a finite number of negative terms from those
with an infinite number of negative terms.

As explained in the last section, the convergence of a series with a
finite number of negative terms is not essentially different from that
of the series obtained by making all the terms positive. The change
merely alters the sum by a finite amount. This is not true when the
series has an infinity of both positive and negative terms.

Amongst such series there is an important class which is always
convergent. These series have successive terms with alternate signs
and decreasing in magnitude. Examples are given below.

Other series, with runs of positive and negative terms, are often
very difficult to handle and it is not easy to prove their convergence.
However, when the positive terms by themselves form a sequence
Za, which is convergent, and the negative terms by themselves form
a sequence — Xf, which is convergent, then the actual series is
merely a rearranged form of o, — Zf, and, according to the pre-
vious section dealing with the combination of series of positive terms,
this rearranged series is not only convergent, but its sum is the differ-
ence of the sums of the two series.

To test convergence it is not necessary to test the two series Za and
XB separately. It is simpler to start with the original series
a, + ay + ag. . . and make all the signs positive. This gives the
new series |a;| + |ap| + |ag] + . . ., which is simply a rearrangement
of Za + XP. If this series is convergent then Za and Zf must be
separately convergent, as they are all series of positive terms.

Since series of this type can always be expressed as the difference
of two convergent series of positive terms, they can be added and
subtracted and multiplied with rearrangement of the terms without
altering the answer.

13.04. AssoLuTe CONVERGENCE. A series @, + a3+ a3+ . . . is
said to be absolutely convergent when the series of positive terms
|ay| + |as| + |as| + . . . is convergent. Thus a series which is
absolutely convergent is either a convergent series of positive terms,
or a series of positive and negative terms of the type considered at
the end of the last section. To emphasize the importance of this
concept it is worth while considering those series of positive and
negative terms which are not absolutely convergent.

Any rearrangement of such a series is liable to give a series with a
different sum. In fact, it can be proved that it is always possible to
find an infinite rearrangement such that the sum of the rearranged
series has any value previously assigned.
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This is not odd. The really odd thing is that a series of positive
terms or an absolutely convergent series can be rearranged without
radically changing its sum, and to show that there are difficulties we
consider quite a simple example.

Example 1. The series 1 + 1/2 4+ 1/3 4+ 1/4 4 ...+ 1/n. . .is
not convergent. To prove this it is only necessary to note that the
partial sums increase steadily with the number of terms, and that the
partial sum of 2* terms is

sp=1 4124134+ 14+ 1/5+ ...+ 1/2n,
>14+1/2 4+ (1/4 + 1/4) + (1/8 + 1/8 + 1/8 + 1/8) +
ce 12,
>+ 1240124124004 1/2
ie. s > 1 + in.

Hence the partial sums can be made as large as we please by
choosing n sufficiently large.
It follows that the series

1—1/24+1/3—1/4+1/5—1/6+...=2a

is not absolutely convergent. It is concergent, however, because it
consists of terms of alternate signs decreasing in magnitude.

Now consider the following series obtained by rearranging the
terms of the last

14+1/3—1/241/54+1/7 — 14+ 1/9+1/11 —1/6 + . . . = A

As indicated, the sum of this rearranged series is 50 per cent larger
than that from which it was obtained. There is no trick in this. To
obtain this result, after the subtraction of a term with an even
denominator, enough positive terms are added, taken in order, to
make the partial sums just greater than 3)/2; then another negative
term is inserted. Since the series of positive terms by itself diverges
this can always be done.

13.05. ApproxiMATIONS AND ErrORrs. The partial sums s, of a
series, .

Sp =0+ ay+azs+ ...+ a,

are approximations to the sum of the complete series, whether finite
or infinite. If the calculation of the sum only proceeds as far as n
terms, the error involved is

E,=5s—sp=ayn+ g+ s+ ..
182



ESTIMATE OF LENGTH OF CALCULATION §13.06

and the problem is to estimate this error, remembering that the sum
§ is not known.

When a formula for all the terms a,, is given, then a convergence
test often provides an upper limit for E,, as in the following example.

Example 1. A series for the number ¢ is
1+ 14+ 124+ 1/30 4+ 1/41 4. .

where a,,, = (1/n!). A calculation of ¢ using only seven terms of
this series means an error

E=1/7'4+1/84+1/9!+ ... =/7) (1 +1/8 +1/89 +. . .),
< (171) (14 1/8 4+ 1/82 4. . ), (ratio test)
ie. E < 8/(7.7!) = 0-0003 approximately.

By the comparison test, the fact that £ has an upper bound shows
that the series is convergent.

When the numbers a,, are found by a method of successive approxi-
mations, the calculation of E,, is a little more difficult. The terms a,
after those calculated are not known precisely. Only the method of
calculating them is known.

Example 2. The solution of the equation x = cos x by the recur-
rence relation s, ., = cos s, gives successive corrections

a1+a,+a3+. LYY
ie. Gy = Spp — Sp = COS 5, — COS Sp_1,
= —sins' (s, — Sp_y) = — @, siny’,
where s’ lies between s, and s,_;, by the Mean Value Theorem
(Section 5.15). Thus successive terms of the series alternate in sign
and decrease in magnitude. If we explicitly introduce the signs of
the terms, the error after m terms is
E,=6m4y — a3+ apys —. . .

= Gp41 — (Gny2 — Gnis) — (Fnsa — Gnys) —

=Gy — Gnyg + (Gnag — @nyd) + . - .
which is certainly less than a,,, (and therefore a,) and greater than
@n,1 — Gp,g, because the terms decrease in size. As these limits

tend to zero as n — O this proves that the series converges, as well as
evaluating the error.

13.06. EsTiMATE OF LENGTH OF CaLcULATION. When the error E,
is known even approximately as a function of », it is possible before
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commencing the calculation to estimate how many terms are needed
to give the required accuracy, and therefore the amount of work .
involved. This is an important factor in deciding between two
possible methods of solving a problem, and may provide an incentive
for finding a quicker method.

Example 1. Using the series for ¢ in Example 1 of the previous
section let us suppose that e is required to 6 decimal places. Then,
as before,

1 1 1

E=trmteroitTerai T
1 1 1
<(n+1)!{1+n+2+(n+2)3+"'}’
. E < 1 1 o n+2 ]
Le. " r CERCEEY

(n+ D' —1/(n+2)

For this accuracy, it is usually sufficient that E, and therefore the
upper bound should be less than 5 x 10-7. Hence

(n4+2) <5x%x1077(n+1). (n+ 1)!

and after a little arithmetic we find that 2 > 9, i.e. nine terms are
sufficient.

13.07. ParTiaLLy KnowN SEeries. After examining these exact
methods for calculating errors, it is advisable to review two tech-
niques which are often employed, although there is little to be said
for them unless they are backed up by ‘theoretical intuition’, or
additional information.

When a few terms a; + a;, + . . . + a, of a series are known or
calculated, it is still possible to use the methods just described if the
remaining terms can be estimated, using some care when the signs
of the terms change. If nothing useful can be discovered about the
terms we proceed by experience and faith.

For example, if the terms already known are decreasing satis-
factorily, it is assumed that this decrease continues at the same rate,
i.e. that the remaining terms decrease no less rapidly than a geometric
series. Thusifa, = 6,a, = 11, a3 = 3-2, a4 = 125, a5 = 0-23, then
it might be guessed that the remaining terms decrease by a factor ¢
from one to the next. This guess leads to an estimated error of

ag+0,+...=a+%+...)=1g=01
Another ‘practical’ definition of convergence is that a series is
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POWER SERIES. RADIUS OF CONVERGENCE §13.09

convergent if the Nth term is less than the desired error. The
number N depends on the person using the series, how much time
he has, and whether any other methods are available for doing the
calculation. For an accuracy of 1 : 1000, N usually is of the order
4 or 5, and rarely exceeds 10. In effect, the terms are going down
rapidly and the test issimilar to that given in the previous paragraphs.

It is often difficult to criticize these methods, as they may be
based on other knowledge or experience, but they should be avoided
when possible, and any additional knowledge should be used quanti-
tatively to allow an estimate to be made which is reliable. They are
unsound mathematically and the results should not be relied upon.

13.08. Series oF Funcrions. When the terms of a series depend on
a variable x the result is a series of functions 2a,(x), which may
converge for certain values of x.

There are two important groups of series of this type. The first is
the Power Series of the form

ag + a;x + axx® + agx® + . . .
or ay + a(x —a) + ay(x —a)t + ag(x —a)d +. ..

where the approximations obtained by using partial sums improve
near x = 0 or x = g respectively, because of the properties of
powers. This is called a point expansion. The second is an expan-
sion such as a Fourier series

a;sin x + a,sin 2x 4- agsin 3x 4 . . .

where the error involved in using a partial sum is an average error.

One general difficulty with such series is that their sum S(x) is
not necessarily a continuous function of x, even when each term is
continuous and the series is convergent. (This applies only to the
sum of the series and not to the partial sums S, (x) of # terms, which
are necessarily continuous when each term is continuous.) We do
not wish to discuss this problem, except to mention that criteria can
be found so that the sum S(x) itself is continuous, and that this is
satisfied by power series, provided that x lies within the range of
values for which the power series is convergent. This means that
power series have sums which are continuous and differentiable any
number of times, term by term, as explained below.

13.09. Power Series. Raprus oF ConveErgence. Only power
series in x are discussed below, A power series in (¥ — a) or any
other quantity is treated in exactly the same way.
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§13.09 SERIES

A power series of integral powers of x is
S(x) = ag + ayx + agx? + agx® + . . .

(fractional or negative powers can also be used). This series is
absolutely convergent, by the Limit Ratio Test, when

an-f-l""‘”—'_1

— 1al lim %o =
P = |x| lim =7 < 1.

n—>w 4n

lim
n— o

The number R = lim (a,/a,,,) is called the radius of convergence.
n—

The series is absolutely convergent when [+| < R, and divergent
when [x] > R. This test is not sensitive enough to consider the con-
vergence when x = R. We shall not discuss the case x = R any more
as power series are rarely used for values of x nearly equal to the
radius of convergence.

For some series R is finite, for others infinite, which means that
the series converge for every value of x, and for other series R may
be zero, so that the series is useless.

When |x| < R, the sum S(x) of the series is a continuous function
of x, as explained in the previous section, and has derivatives which
can be obtained as series by differentiating term by term the series
for S(x).

dSjdx = ay + 2apx + 3azx® 4 4a® + . . . + nagt 4L
d2S/dx2 = 2!13 + Gaax —+ 12(141‘2 4+ ...+ n(n.... 1)a,,x"‘2+ .

d3S|dx® = 6a; + 24a,x + . . .
+nn —1)(n — 2)aam3 + ...
and so on. It can be shown easily that all these series are also

absolutely convergent when [x| < R.
Similarly the indefinite integral is

JS(x)dx = C + apx + $ay2® + Ja® + . . . +%a,,x"+‘+. ..

These results lead to the following relations between the coefficients

a,, of the series and the derivatives of the sum §(x). For when x = 0,
we find that

ds 1 (d*S 1 (d"§
0= 50,0 = () o= 51 () o= (&),
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TAYLOR’S THEOREM AND MACLAURIN’S THEOREM § 13.10

13.10. TavLor’s THEOREM AND MAGLAURIN’S THEOREM. It has
ilready been proved in Section 11.07 that

0 =s@ + 6 —a (£) + 55,

4 b=ar (d—"f) + E,,

n! dx"

where E, =

b (b —t)m (dr)

( py ) (at—ﬂ;{) dt (in the definite integral the
variable of integration has been changed for convenience). This is
Taylor’s theorem.

By writing x instead of b, another form of the theorem is obtained

d (x — a)? (d%

Sx) =f(a) + (x —a) (3; T (asz)

(x —ar (d“f)
tomr e ), B

A third form is obtained by writing x —a = A.

d h® [d¥f h (d
f(a+h)=f(a)+h(d—£)a+2‘(dx2> R e (a’x" + E, (k).
Finally, when @ = 0, Maclaurin’s theorem is obtained

50 =10 + (L) + 5 (Z) + -+ 51 (52), + Enlo

These results are of considerable importance, for they assert that
any function that can be differentiated (n + 1) times can be ex-
pressed as a power series (in b — a, x — a or k), up to terms of the
nth degree, with an error E,, and an explicit expression is given for
this error. This error cannot be calculated exactly, but it can often
be estimated when the nth derivative is known approximately,
using the Mean Value Theorem for integrals. For an approximation
with a given accuracy, the procedure is obviously to choose the least
value of » which makes E,, as small as required. Of the various pos-
sibilities in the behaviour of E, as n varies, only two are mentioned.

For some functions E, first decreases as a increases, and then
starts to increase and goes on increasing indefinitely. In this case
the best approximation is obtained with the value of » that makes
E, least, and it must be hoped that this is within the bounds allowed.

On the other hand, for some values of x (or &), E, may tend
to zero as n — 0. When this happens, all the right hand sides
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§13.11 SERIES

become infinite power series, the first in (b — a), the second in
(» — a), the third in % and the last in . The function has then been
expressed as a power series, within the radius of convergence of the
series, e.g. Maclaurin’s series

Sx) =gt ax+ax®+.. . .Faa"+. ..
1 [d*f

;i (a’;)o, le < R, En — 0.

This can only be done when the function has an infinity of deriva-
tives, all finite at x = 0.

The theorem is necessary for this reason. The series on the right
has a sum S(x), when |¥| < R, and its derivatives at x = 0 are

(previous section)
@ _ e = (¥
e ]y = \dan o

It does not, however, follow that S(x) is identical with f(x). This
is the problem mentioned earlier, that successive approximations
may converge to an answer but it may be the wrong answer.
Maclaurin’s theorem (or Taylor’s theorem for the other series) gives
an assurance that there is no ambiguity when £, — 0; two functions
with the same derivatives at x = O are identical.

To make the implications of this result quite plain, consider the
Maclaurin’s series for ¢%, i.e. 1 + x + (¥3/2!) 4+ (x3/3!) + . . . with
an infinite radius of convergence R. This means that the value of ¢
even for x = 10° is determined by its value and those of all its
derivatives at the origin x = 0, a result that is not obvious.

where a, =

13.11. ExaMPLES OF MACLAURIN’S SERIES.

Binomial Series:
m — ﬁ_(ﬁ:_}_) 2 n n
A+xm=14+mx+ 12 x+...(m)x + ...

where (:l)="(""1)' L omED) 1 ana

12...m

This series terminates at x® when n is a positive integer, and
becomes the Binomial Theorem (valid for all x). Amongst the com-
mon special series derived from it are:

1 . nn+1) , nn+DE+2)
T i W R 123  * t---
|«] < L.

VA+x)=143s—32+ha—tgrt+... |d<lL
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Trigonometric Series:
X xb &7

sinx=x—§~!+a——:ﬂ+... any |x|.
x2 xt xt
cosx=1—§—!+4—!——-é—!+... any x.
% 248 T
tan'x=x+—§+ﬁ-+... ]x|<z-
tan"lx = x — 3 4+ 325 — . . . (P.V.). ¥ < 1.
Exponential Series:
x% a8 X"
= 1, a8
€ =l—-x+2—!-x —a-}-... all x.
x Xt
coshx=l+—2—!+21-—!+...
x® ab
sinhx———x—}-g—!—i-g—!—i—...
Logarithmic Series:

x X% At
log,(l+x)=x——§+§——z+... ¥ < 1.
1 1 _ x2+x3+x4 i
og,,(l___x)—x—}-—2 gtz ¢ < 1.

1
tanh—1x=§10ger—i;z=x+§x3+§x5+. < L

13.12. EvaLuatioN oF POoweR Series: Errors. Power series are
used to evaluate functions.

Example 1. The series for ¢* gives

1 1/1\2 1 /1\3 1 /1\* 1/[1\3
‘”2=1+§+§(§)+3_!(§)+?ﬁ(§)+5(§)+“

= 1-6487 to six terms.
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§13.12 SERIES
Example 2. Usingln (1 + %) =x —§22 + . . .,

1 1 1 1 1 1
ln(3/2)=§—ﬂ+€é~m+m*m+...

= 0-40 (4 ?) to six terms.
It is better and quicker to use In {(1 + x)/(1 — x)} with x = 1/5.
1 4+« 1 1 s
ol L1
=25 tsmtEs )
= 0-40546 to three terms.
Example 3. mj4 = (tantx),;=1—1/34+1/5 —1/7 4. ..

In

The convergence of a power series ensures that the partial sums
are approximations to the sum of the series, the accuracy increasing
with the number of terms evaluated.

The error in using the partial sum s, = g4 + ayx + . . . + ax",

is E, (x) = a, 12" 4 g, 2" . .
It is clear that:

(¢) for given x, E,(x) finally decreases with increasing n;
(%) for given n, E,(x) decreases as x decreases.

The series is said to converge rapidly when only a few terms are
needed for a given accuracy (few here usually means less than 10).
When many terms are needed it is said to converge slowly.

(i#i) for given accuracy, more terms are needed for large values
of x than for small.

A discussion of errors is exactly the same as in Section 13.05,
except that x occurs in the expression for the error. The remarks in
Section 13.07 also apply, but only with the same force when x is
nearly equal to the radius of convergence R. The wise chemist
does not use a power series in this region, but looks for an alternative
expression.

At this point it is convenient to mention that we are discussing
theoretical formulae. Fitting experimental data by means of a
power series is a powerful tool, e.g. at low temperatures, vapour
pressure might be expressed in the form

p=aT +bT?+cT3+. ..
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LINEAR AND QUADRATIC APPROXIMATIONS §13.13

The numbers a, b, ¢ are now chosen empirically to fit the data and
their values often depend on the number of terms included. Our
considerations do not apply to these polynomials, until the experimen-
ter, as mathematician, begins to extrapolate his results, when he is
probably quite aware of the deficiency of the method.

Example 4. How many terms of the series for sinh x are needed to
give an accuracy of 10~% when x < 0-1? Ifn terms are used (Section
13.11) the error is

x2n+1 x2n+3 x2n+l
E=mrnitT@msry T <@mygmdta+.)
x2n+1
i.e. E, < - (k< 1),

(2n + DI — 22)

This is greatest when x = 0-1: to obtain E, < 0-5 X 10~ only
requires n = 2, i.e. ¥ 4 (x%/6) gives the desired accuracy.

Example 5. The approximation sinh ¥ = x + (%3/6) + (¥%/120) is
accurate to 104 provided x is such that £; < 0-00005. From the
previous example, this requires

7!
71 — 2%, or &7 < g———~4 X 104,

7
x < 2% 10

1
2 x 108
Le. x < 0-3.
Example 6. 1f sin x is only required to ! per cent accuracy, the
following approximations are adequate:
() sin x = x, % < 0-3 radian (18°)
(1) sinx = x — } a3, x < 1 radian (60°)
(#ii) sinx = x — } 2% + 1}y 2%, ¥ < }w radians (90°).
Since the terms alternate in sign, the error in this series for sin x is

always less than the last term omitted, provided x is not very large.
Thus E,, < x7/7! in (ii7), is less than 0-05 when x7 < 71/200, i.e. 25-2.

13.13. LINEAR AND QUADRATIC APPROXIMATIONs. If

S(x) = ag + ayx + apx® + . .
and not all of ay, a,, a, are zero, the simplest approximations are
often useful, on the assumption that x is sufficiently small:
linear: f(x) = ay + ayx;
quadratic: f(x) = ag + a;x + azx®.
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Example 1. sin x = x, In(l 4+ &) ==,
cosx = 1 — a3, sinh x = x,
tan x = x, cosh x = 1 4 $x8,

(14 x"=1+nx, or 14 nx+ jn(n —1)s%

13.14. APPROXIMATIONS NEAR x = a. Taylor’sserieswithx =a + £
gives a series of approximations to a function near x = a, when £ is

small.
Linear: f(x) = f(a + k) = f(a) + hf'(a);
Quadratic: f(x) = f(a + &) = f(a) + &f'(a) + $h¥f"(a),

and so on. The greater the number of terms included, the greater
the value of & can be for a given accuracy.

These equatlons form the best starting point for a discussion of
maxima and minima. At a statlonary value ¥ = a, f'(a) = 0 and
the quadratic approximation is

Sf(x) =fla+ k) = f(a) + 3" (a),

for very small h. This shows that there is a minimum when
f"(a) > 0 and a maximum when f”(a) < 0.

If f"(a) = O the next approximation must be used. If /™(a) is
the first non-vanishing derivative at the stationary point, then

fla+ k) =f(a) + f"”’(a)

This gives a maximum or minimum only when m is even; but not
when m is odd.

13.15. CALCULATION OF MAGLAURIN’S SERIES.
d 1 d? xn fdn
s =50 + (%), +2~ (%) ++5 () + -

=£(0) +£'(0)x + ﬁ FrO)x 4. . .+ % ™0 + .

The calculation of many derivatives by direct differentiation is very
tedious. There are ways of reducing the labour.
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CALCULATION OF MACLAURIN’S SERIES §13.15

Recurrence relations between the derivatives, using Leibnitz’ theorem if
necessary

Example 1. To find f(x) = tan~! x in powers of x up to terms in
x4, use
Y _
=
whence f(0) =0, f'(0) = 1.

Differentiating this equation, (1 4+ x%)f"(x) + 2xf"(x) = O:
i.e. when x = 0, f"(0) = 0.

Again, (1 + )" (x) + 42" (x) + 2f"(x) = 0.

Putx = 0: f”(0) + 2/'(0) =0, ..f"(0) = —2.

Again, (1 4 23" (x) 4 62" (x) + 6f"(x) = 0.

Putx =0, f™(x) + 0 + 0 =0, £™(0) = 0.

S@ = o (A6 =1

1
tan*1x=0+l.x+0.x2+?j(——2)x3+0.x4—|—. ..
= x — }x8 + Ox%, to terms in x%

In general, however, it is better to use Maclaurin’s theorem as a
proof that a function can be expressed as a power series

fx) =aq + ayx +ax® + . . .

and to use the properties of f(x) and the series to find the coefficients
directly. The following examples offer some methods of doing this.

0dd or even functions
The power series of odd or even functions are also odd or even,
respectively, and therefore contain only odd or even powers of x.
folx) =fu(—x) = ag+ apx® +apx* + . . .
fol®) = —f(—x) = ayx + agx® +apx® + . . .

Use of derivatives
Example 2. Sin x is an odd function of x. Let
sinx = a;x + agx® +agx® + . ..
Differentiate: cos x = a; + 3agx? + Sagxt +. . .
Again: —sin x = 3.2a5x + S5.4agx® 4. . .
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§13.15 SERIES
Since there is only one series for sin x:
320, = — ay: 5.4ag = — ag: 7.6a; = — a5 etc.
Now g, can be found from the series for cosx: when x = 0,
cos (0) = 1; therefore
ay = 1,a3 = —1/3!, a5 =1/5!, 2, = — 1/7},. .

We now have series for sin x and cos x
siny = x — x3/3! + «5/5! — %7/7! +
cosx = 1 —x2/2! 4+ x4/4! — 286! + . . .

The radius of convergence is R = lim (@z,_1/@n+1)

n—r oo

= lim (2n — 1)(2n + 1) =

n— oo

N.B. In calculating R we use successive terms in the series.

Derivatives or integrals of known series (especially binomial)

Example 3. Since

I-Lx=1—-x+x”—x3+x‘—--- (Il < D).

l __i 1 _l 2 32 43

T i e Rk AR
(4 < D).
z dx x? x3 x

ln(l+x)=J;1+x=x———2~+—§—'z+... (x| < 1).

tan"lx—J‘l_,‘_xz f(l——-xz—l—x‘—— )dx,
=x— 3+ 32— 4. .. (Ix| < 1).

T
sin—1 x =f (1 — x2)~V2 dx
0

=L L+ 324+ 820+ 35284 . . )dx,

x3  3xb 15x7
s+ttt
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LEGENDRE POLYNOMIALS §13.16

Substitutions in known series (cf. Section 13.11 for series)
. 1 1
& =l+(x2)+ﬁ(x3)z+§-! A3 4.

1 1 1
sin (v/#) = xl — o008 4 gt

In (14 x4+ #0) = (x4 #8) — be+ 4+ 4G+ 290 — . . .
(|x+x2|<l),
=x 4 322 — %3 4. .. (] < 1).

N.B. Change of radius of convergence after rearrangement.

Algebraic operations on known series
In(l4+x+2)=In(1—5) —In(l —x)
= — (B4 R0 L) (e R R L)
=x 4 $x% — Ba® + Fad 4 xS — xS . L
esinxe = (1 + x4+ 32+ 33+, . J(x —$234+...)
=%+ x% + 3x% + 0% + . .
Example 4. Lettanx = ax + azx® + . . ..

Since sin x = tan x (cos x), then
(x — 323+ 1325 —. . )
= (g% + agx® +agx® + . . (1 — 32 4+ A xd— . L)
Multiply out and compare coefficients. Then a =1, ¢4 =
$a, — 3 = 4, etc.

tanx = x + 33 + H A8+ ...

13.16. LEGeNDRE PoryNomiars. The potential at P (Figure 13.01)
due to unit electric charge at 4 is

1 1 1

p (a® —2aRcos § + RY)V2 ~ a(l — 2xcos 6 + x5
(x = (R/a)).

When x < 1 this can be expanded in powers of x
aV = {1 — (2x cos 6 — x?)}-1/2
=14 3(2xcos 0 — x?) + §(2x cos O — #2)2
+ 5 (2xcos 6 — 23 + . . .
=14 xcos 0 + $x2(3cos20 — 1) + 3235 cos®® — 3) + . . .
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The coefficient of A" is called the Legendre polynomial Py (cos 6)

in cos 0.
Py(cos 8) =1,

P,(cos 6) = cos 0,
Py(cos 6) = }(3 cos? 6 — 1),
Py(cos 6) = }(5 cos® 6 — 3).

S V= (a®—2aRcos 6+ R} = § RrP,(cos 0)[a+, (R <a).
n=0

P

o 4 A
Figure 13.01

When R > a, we can expand in powers of (a/R). Interchanging R
and a everywhere,
V = (a® —2aR cos 8 + R?)~2 = 3 a"P,(cos 0)/R™+, (R > a).
n

=0

13.17. Divergent Funcrions. Functions such as log x and e®/x
have no Maclaurin series, since they diverge at the origin, and so do
their derivatives: x In x has divergent derivatives.

This difficulty can often (but not always!) be met by isolating the
terms which cause the trouble, e.g.

Inx(1 —#) =Inx+In(l —2) =Inx — (x+ §* +. . Js

e 1 1 x x2
— TR — — 2_ — o — — — —
o x(l x+§x ) = l+2 6+...

The part isolated is the ‘divergent’ part of the function and indicates
the nature of the divergence, e.g. In x(1 — x) has a logarithmic
divergence near x = 0 and x = 1, whereas ¢~*/x diverges as (1/%)
near the origin. Note that

sinhx__}_ x3 x5 1 f __x_‘_
— sty tyate-)=ltgtpt

has finite derivatives in the limit x — 0.
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13.18. Asymerotic Expansion. This type of expansion cannot be
discussed at all thoroughly here. It is a series having partial sums
which give successive approximations for large values of x. Some-
times it is a power series in (1/x), but usually other functions are
involved. Ifit is a power series in y = (1/x) the usual methods are
employed, using y as variable, e.g.

1 1 oy B .
=iy x0TS0 O
1 1 1 1
=~ ata—at - >N

By integration by parts we find when x is large

@© «© 1 1 ) wl
¥t =I — 2t~ (—-) dt=[—-—- —"] —~I sme v,
J; ¢ , (20~ %t ), "), 2t

1 1 ® © 3
—_ g2 — gt —
2 € + [4t88 ]x + ; 4lse dt

— g7 _l_. _1_+ 3_
= 2% 4x3 ' 8x8° T )"

13.19. Fourier Series. A Fourier series is a finite or infinite series
of the form,

S(0) = a, + a, cos 0 + aycos 20 + a3 cos 30 + ... a,cosnf + ...
4 by sin O 4 bysin20 4 bysin30 + . .. b,sinnf + ...

or

S(0) = ¢, + ¢y sin (0 — ;) + ¢p8in (20 — o) +. . .

These two are completely equivalent.

Assuming that the series converges, or is finite, the sum §(6) has
various properties. It is a periodic function, with a period 27 in 6,
because

sin n(0 + 2n) = sin 70, cosn(6 + 2x) = cos nf,
ie. S(6 + 2m) = S(0).

It is an odd function of 6 when every coefficient a, is zero, and an
even function of 6 when every coefficient b, is zero.

These coefficients can be expressed in terms of the sum by inte-
gration, because of some remarkable properties of the circular func-
tions embodied in the integrals 1.154-56. Briefly, these state that
the mean value of the products of any two of the sequence of func-
tions used in the Fourier series between 6 = 0 and 2= is zero, and
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§ 13.20 SERIES

the mean value of the square of each is 4 (except 1 = cos 00, which
has a mean value 1).

1 2re 1 2 1 2
ﬂf cos*m9d0=§1;f sin? m6 db = 4, om do =1,
¢ 0 o (m, n, integers).

1 27 1 2
2—‘n:f cosmﬂcosn@d(‘):%J sin m0 sin n6 d6 = 0
0 0

(m £ n) (m £ n)

1 27
e J; sin m0 cos 76 d0 = 0.

Consequently, the average between 0 = 0 and 2n of every term
in a Fourier series multiplied by sin m0 is zero, except the term
b,, sin mf, the average of which multiplied by this function is }b,,.
Assuming that the average of the whole series multiplied by sin m0
is the sum of the averages of the individual terms, we find that

2
36, = 5_% j{; S(0) sin m6 d6.

Similarly by averaging every term multiplied by cos m0 (including
m = 0)

1 27 1 2m
ia, = ﬂj;, S§(0) cos m6 d0, ay = —27:_[; S$(0)d6.

By giving m the values 1, 2, 3, . . . we obtain every coefficient, in
terms of the sum §(8) multiplied by that sine or cosine which multi-
plies the coefficient in the series. This rule is even simpler than
Maclaurin’s theorem for power series.

Because $(0) is periodic, only its values over a range of 27 are
required. Also the range of integration need not be 0 to 2w, as

given, but — 7w to 4 7 or any convenient range of 2r (cf. Section
11.14),

13.20. Sum oF a Fourier Series. If the above Fourier series is
written down with coefficients a, and b, calculated by the above
formulae, with any periodic function f(0) in the integrands instead
of §(6), it can be proved that the series does in fact have f(6)
as its sum for an extraordinary variety of functions. Owing to the
fact that the coefficients are obtained by integration the function
can be discontinuous. Suppose the function f(0) has a discontinuity
at = «, changing from f(a — 0) for values slightly less than « to
f(a + 0) for values slightly greater than a.

As 6 increases to «, the sum of the Fourier series equals £(0) all the
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ERRORS OF FOURIER SERIES §13.21

time and therefore tends to the limit f(« — 0). As 0 decreases to «,
the sum of the series tends to the limit f(a + 0). But when 6 = «a,
the Fourier series has a sum which is a compromise,

S(a) = ${f(x — 0) +f(x + 0)}.
Thus the Fourier series has a discontinuous sum. This distinguishes
Fourier series from power series, which are continuous and differen-
tiable within the radius of convergence.

Example 1. f(0) = sin? 0 can be expressed as a finite series without
the use of the general method.
sin? 0 = 1 — % cos 20.
Example 2. The periodic function which is f(0) = 6 between
0 = — m and + = can be expressed in the form
0 =2{sin® — }sin20 + 1sin 30 — }sin46 + . . .}
By elementary integrations
1 ( . ])m+l
J}bm=2 Gsmmedﬂ—-— 6smm6d6—- et

There are no terms in cos rn0 becausc the function is an odd function
of 6.

13.21. ERRORS oF Fourier Series. Let the Fourier series be
S0) = ay + Z (a, cos n9 + b, sinnB). If only the partial sum

S,.(6) up to terms in (mB) is used as an approximation, there is an
error

E,(6) = S(8) — S,(0) = S(6) — ap — é (aycos 1 4 b, sin n0).

Whereas for a power series the effect of takmg more terms is to
improve the accuracy near a particular point, in a Fourier series it
has the effect of improving the average accuracy over one period.
In fact, the mean square error over one period, from 6 = 0 to
0= 27: is

=g [ 18— S8
=5 f [52(0) — 285(0){a, + % (a, cos nf + b, sin n6)}
T Jo 1

+ {ay + % a, cos n + b, sin n6}?]d06.
1
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§13.21 SERIES

Except the first, all these integrals are mean values which have
already been calculated, and

_ 2
E?"=§1;L S2(0)d0 — 248 — Z(an+b)+a +i2(“ + 83)

= §%(6) — %Za + ba}-

Thus the inclusion of each term, a, cos 70 reduces the mean square
error by 342, and the inclusion of each term, b, sin 70 reduces it by
$b2.

We now prove that the coefficients are so chosen that the mean
square error is least for a series expansion of this sort. Let us
assume that the coefficients of the terms up to m0 have been
chosen in this way, and an attempt is made to reduce the error
still further by adding an extra term in cos (m + 1)0, making
in all the series

S.(8) = a +"§l(a,, cos 10 —+ b, sin n) -+ 4 cos (m + 1)0.

The new mean square error with this extra term is

2n
B =F — é-l; 24 cos (m + 1)6{S — S,,(6)}d0
0

1 2n
— 2 2
+ QTtJ; A% cos? (m + 1)6 40

B — Aapyy + 347

which is a minimum when 4 = a,,,;.

In this connection it should be noticed that the working shows that
this value of 4 is obtained, whatever terms may have been included
in the sum. That is to say, even if some of the terms before
cos (m + 1)6 have been omitted, or later terms have been included,
the value of 4 which reduces the mean square error by the greatest
amount is always the same.

If the series converges to the function f(6), then the error tends to
zero as m tends to infinity, so that

e MECEEE RS JERYE)
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ARBITRARY FUNCTIONS AND FOURIER SERIES §13.23

13.22. ALTERATION OF RANGE. By the substitution 6 = 27x/L, the
Fourier series S(0) becomes a function with a period L in x:

27cx 47tx 2nnx
f(x) =ao+alcosT+a,cosT+. . .+ a,cos 12 +.

. 2mx . 4nx . 2mnx
+blmn_—L—+bsSIn_L_+'”+b"51n_L—+”'

The formulae for the coefficients in terms of mean values are the
same as before, since mean values are clearly not affected by the
change in scale involved in going from 6 to x.

1 (£ 1 [z 2
w1 [ =1 [ 10 e T b
36, = % LLf(x) sin 2"—-;"" dx.

13.23. ArBITRARY FuncTIONs AND FOURIER SERIES. The fact that a
Fourier series happens to be a periodic function should not blind us
to the fact that quite general functions can be expressed in terms ofa
Fourier series whose sum equals the function over a limited range.

For example, a function f(6) which is only required in the limited
range 0 to 27 can be expressed as a Fourier series by substituting
£(6) for S(6) in the formulae for the coefficients given in Section
13.19. Then:

(i) the sum of the Fourier series obtained is £(0) between 6 = 0
and 27;

(i) the sum of the Fourier series is a periodic function with
period 2r in 0, and is therefore not equal to f(6) outside this
range unless (8) is also periodic with the same period.

By changing the beginning of the range, and by alteration of the

range, the same can be done for f(x) over any range.

Example 1. Between — wand + m, f(0) = cos 0 is

2
T

cos 0 = {l —}-%cose——?—’z—scos%-l—%cos?;e—. . .},

(— T < 0 < n)s
the coefficients being

b, =0, ay = —1—7; cos 4046, a, = :rl—c J- cos 0 cos n6 6.
-
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§13.24 SERIES

Between 0 and 2w the same function is

4(2 | 4 6 .
cos%@:;{ﬁsm6+§3mn20 + 55 sin 30 +.. .},
0 <6 < 2m),
the coefficients being ( )
4n

1 2n .
ay=a, =0, }b, =§EL cos 30 sin 76 40 = @ =D T

(M.B. At 6 = 0 the two are not equal, cf. Section 13.20. Draw a
diagram.)

13.24. NUMERICAL SERIES OBTAINED FROM FOURIER SERIEs. By
giving the variable special values, the sums of some useful series are
obtained. For example we find, putting 0 = 4n in Example 2 of
Section 13.20, that
T

4“—'1“%4‘%‘“1}'}'--

Rather surprisingly, the same result can be obtained by putting
= 0 in the completely different series in the last section,
2

=21 —gg e =200 G=D + .,

4
=-{l-4+¢-..}

Similarly, from the series (— © < 0 < =n),

cos m0
me

6 20
g pa[-mt )

02 = jn2 + 4"21 (—)m

we find the following results:

1 1 2
0 =0: I — g5+ 55 — =15
1 1 2
0 =m: 1+'2-2+3—,+---='6"
Adding these two,
1 1 T2
1+32+5,+ =3



EXPANSIONS IN SERIES OF ORTHOGONAL FUNCTIONS § 13.25

Finally, using the result at the end of Section 13.21,

1 [~ 4 mé 1 1
ﬁf_n°‘”’°=€=“3+%2“3=3+8(ﬁ+§z+° ' )

Tt

. 1 1
1.C. l+‘2f“+3—4+,_.=—9—6.

13.25. Expansions IN SEries oF, OrRTHOGONAL Funcrions. The
expansion of an arbitrary function in terms of a Fourier series over
a limited range of values is not the only expansion of this form. A
problem which often arises in the solution of partial differential
equations is that of expressing a function F(x) between, say » = a
and x = b in a series of the form

F(x) = e fi(x) + apfo(®) + . . - +anfulx) +. ..

where f,(x), fo(®), - - - fu(#), . . . form an ordered sequence of
orthogonal functions.

By orthogonal we mean that, for any two different members of
the set,

b
[ s =0, m 2.
We shall also require
b
[as =20 m=1,25,. ..
a

The orthogonality condition is satisfied by the functions 1, cos 6,
sin®, . . .usedin a Fourier series ifa = 0, b = 2x. These functions
therefore form an orthogonal set, and a brief reference to earlier
sections shows that it is this very property which makes it easy to
obtain the coefficients in a Fourier series.

This suggests that the same method should be employed to find
the coefficients in the new type of series. To find any coefficient a,,
multiply both sides by the function f,(x) associated with it in the
series and integrate from x = @ to x = b.

b b
[P0 suras = [@ne +ane +. . dawa

b
= a, f JSu(x)%dx, other terms being zero.
a
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§13.26 SERIES

This leads to a series of the form Za, f,(x), where
1 [o b
o= [P L, Vo= Ul

N, is often called a normalizing factor, and the functions Ju(x) are
said to be normalized to unity if N,, = 1.

The series with these coefficients may or may not converge to the
function F(x) when x lies between a and 4. In either event, it can be
shown that the partial sum,

Fo(x) = ayfilx) + .« - + aafu(2)s
is an approximation to F(x) with an error F(x) — Fy(x) = E, (%)
whose mean square value between x = aand x = b is

— b
b — B = j (Blx) — Fofo))Pd,

= [(repas — @+ v+ .+ a0

Thus the error diminishes with every term included.
If the series converges to the function required,

. @© b
lImE2 =0, ie. DaiN, =J’ F(x)2%dx.
1 a

n~» o

When this is true the set of functions f;,(x) is said to form a complete
set. (If it is not true there is at least one function F(x) which is
orthogonal to all the members of the set.)

13.26. Fourigr SINE SERIES. The sine functions
J) =sin=, (n=1,2,3,.. ),

form a complete orthogonal set over the range 0 < x < a. They
are orthogonal, since
J‘“ mwx . nnx 0, (m = n).
0

sin SIS b (m= ).

Thus a function F(x) can be expanded in the form

F(x) =alsin€£+a2sing—?+. ..

a
where }a. a, =J- F(x) sin -’%f dx.
o
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LEGENDRE POLYNOMIALS §13.28
Example 1.
1 3nx

4
Fix) =1=- {smlzﬁ—l-gsin—;——i—. . .}, 0 <x<a).

13.27. Fourier CoOSINE SERIES. f, = cos (nmxfa) (n =0,1,2,...).

F(x) = ay + ga,, cos (nmx/a),

1 a
ay =~ f F(x)dx, a,= 2 f F(x) cos 1T .
a Jo a

These cosines are such that their derivatives vanish both at x = 0
and at x = a.

It may seem odd that the same function can be expressed in the
same range as either a Fourier series of sines, as in the previous
section, or as a series of cosines. This is because the two series
only equal the function in the given range of values of x. Outside
this range the two series are not always equal, e.g. betweenx = — a
and x = 0, and they are only equal to the function F(x) outside the
range if it has some special property.

Example 1.
2 cos20  cos40 = cos 60
smO—-;—;{ 3 T 33 57 . .}, (0<06<m).

13.28. LecenDRE PorynNomiaLs. The polynomials defined in Sec-
tion 13.16 form an orthogonal set.

Py=1,P, =x Py=4(3x2 — 1), Py = 3(5x — 3x), . . .

) = Sabu), (15 <0 @ =200 [ sp o
1] -1

1 (m ).
f_l m(x) Pu(x)dx = 2/<2n +1), (m=n).

They are often used with distributions in direction, where x = cos 0.

f(6) = Za,P, (cosB), (0<<O0<<n):
2n + ! f (8)P, (cos 6) sin 6 4.
205
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13.29. Proor oF Fourier’s THEOREM. The following proof is
simple and interesting. We prove that the partial sums F,,(6) tend
to f(0) as m — o0.

F(0) = by + 2 (b, cos n0 + a, sin n8),

n=3

+7 +n
where by = il; f F(0)do, b, = 511? f S(6) cos nb db,

+7
and }aq, = -2—1—1: f-ﬂf(e) sin n0 d0.

We write 6 = o in F,,(«) and substitute these expressions for the
coeflicients

1 +n m
F,(a) = o _ﬂf(ﬁ) r+2 121 (cos n0 cos no + sin 20 sin na)}d6,

+n m
= El; f_ﬂf(ﬁ) [+ 721 2 cosn(0 — «)]d0.

This can be simplified using the identity

l 4+ 2cosB 4+ 2cos2B8 4. ..+ 2cosnf =sin (rn 4+ 1)B/sin B,
with = 0 — . Then

1 sin (m + 1)(0 — «)

F(e) =5 | f( O —n = d6

)
1 [m+1)r—a) ( 4 o ) sin ¢ dd
= 5= o —) = —
2x —(m+1)m+a) m + 1 sin d) m 1
m -+ 1
where ¢ = (m + 1)(0 — «).

The integrand is now divided into the factors which change
relatively slowly over the range of integration, and factors which
oscillate rapidly. In case f(0) is discontinuous at 6 = «, it is ad-
visable to divide the range of integration into two parts for ¢ positive
and ¢ negative.

For ¢ positive, the integral is simplified using the Mean Value
Theorem for integrals (Section 11.15). We assume that « is neither
T nor — .
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This integral is
(m+1)n—a) ¢

o f(“

0

sin d)

dd

_
/—\5

1 ¢ (m+1)(1t——a) sm¢

é=¢

where ¢, lies between 0 and (m + l)(n — a). This is a very large
range, but as (sin ¢/¢) oscillates §(m + 1) times in the range of
integration and decreases steadily as ¢ increases, it would seem that
the value of ¢, should be finite and fairly small whatever the value
of m. Hence, in the limit m — oo,

L(m“)(n ) snntb db - J“” smcbdd)__n’
b
et 5t) wrer o, o
sin (m)

The whole expression tends to

1
5 Sl + 0)m = 1f(o + 0).

The integral for negative values of ¢ is treated in the same way and
in the limit m — o0 becomes  f (e« — 0). Hence, in all,

limit F () = ${f( + 0) + f(x — O)}.

m—> 0
This is the value predicted earlier, which becomes f(«) when the
function is continuous.

EXAMPLES XIII

1. In Einstein’s approximate model of a crystal the partition function f is
the series

f=e'" 4 e gtm |
where x = hv/kT. Sum the series and calculate the internal energy

E = NkT? :—7 (log f),

where N is the number of atoms.
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2. Given the heat constant
AH=AHy+ aT + BT yT3+ .. .,
calculate AF from the Gibbs—Helmholtz equation,

F)
AF — AH = T == (AF),

as a function of temperature at constant pressure.

3. If the pressure change p, — p, is small, show that

b2 Py — b — N
gt b —h 1
gy =Bl g (BB)
b —h by —
P|+Px+ (1’:+91)+.
4. Expand the Langevin function in powers of y,

1 1 1
== — - omm - — — 9% 4 .
L(y) = cothy 5 32 g

and verify that L(y) — 1 as y — 0.
in—1
= 3 where y = 0 when x = 0,

(1 — xs)/
proving and using the equation (1 — #%)(dy/dx) = 1 4 xy.

5. Find a power series for y =

6. Show that the power series y = a, + ag*? + a¥* + . . . satisfies the
equation xy” + 3" + xy = 0 if
1 1 1
ag = —‘2‘;%, at=2T4,ao, Qg = _m;ao

7. Expand (e — 1)~ in powers of ¢=* (N.B. not ¢®) where x > 0. Hence
find the value of the Debye specific heat function

3 | nt P %3
=35 e
to the first terms in ¢~%, where a = (6/T") > 1, 6 being the Debye tempera-

ture, and 7 the absolute temperature.

8. From the Fourier cosine series for 6¢ between 0 and =, prove that

@ 1 TB‘
? i =1 + + e
[-+]
Use this to evaluate f dx.
o & — 1
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CHAPTER 14
COMPLEX NUMBERS

Introduction—Algebra of complex numbers—Conjugate complex numbers.
Modulus—Division—Argand diagram—de Moivre’s theorems—Complex
circular_functions—Complex numbers as vectors— Modulus and argument—
Power series—Complex exponential function—Logarithmic function—
Hyperbolic functions—Circular functions—Powers and roots of z

14.01. INnTRODUCTION. It is easy to obtain expressions involving
v/ — 1 = (— 1)12 by ordinary algebraic processes. For example,
%% 4 2bx 4+ ¢ = (x + b)%2 4 (¢ — b2) is not zero for any positive or
negative value of ¥ when ¢ > 4% but the formal solution of the
quadratic equation %% 4 2bx 4+ ¢ =0 is

x=—b (B == —b (c— bty — 1.

It is a triumph of mathematicians to find not only satisfaction in
the formal discussion of quantities of this sort but practical advan-
tages in their use, and even a theoretical necessity in the case of
Schrédinger’s wave mechanics.

Consider one formal advantage in allowing such quantities. An
equation of the nth degree in 2,

a+bz+c24+ ...+ k=0,

now possesses exactly n roots, so that the LHS can always be
written as a product of n linear factors, by the Remainder Theorem
(Section 6.04). This means in turn that quadratic denominators
need not appear in the method of partial fractions (Section 6.15).
It also means that a number has n nth roots.

Example 1. The square roots of — 1 satisfy 22= — 1, ie.
z = 4 (— 1)V2, The cube roots of -+ 1 satisfy 23 = 1, or

B—1l=r-1E+2+1)=0,
ie. z=—1 or }—14 (—3)2,

The fourth roots of — 1 are obtained by solving the equation

d+l=(—-2v2+ 1R+ 2v/2+ 1) =0.

As a second example, consider the two equations obtained in
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ALGEBRA OF COMPLEX NUMBERS § 14.02

Section 8.11, when the hyperbolic and circular functions were
compared:
d*z|d? = m2z: d?z/dt? = — m2z.

If z = cosh m¢ or e™tis a solution of the first, then z = cosh (mt4/ —1)
or ¢mv~1 gught to be a solution of the second.

The purpose of this chapter is to elucidate and give the general
principles in the use of these quantities, beginning with their treat-
ment as numbers.

14.02. ArLceBra oF CompLEx NuMBERs. Fundamentally a complex
number z is a pair of numbers, one called its real part () and the
other its imaginary part (b). Combinations of two complex numbers
z1(ay, by) and zy(ay, by) are defined as follows:

Real Part Imaginary Part

Equality zy = 2, implies a; = a, by = b,
Addition 2+ 2z  has a; + a, by + b,
Subtraction z; — z, has a — a, by — by
Product 2128 has (a8, — 0;0,)  (ayby + asby)

Note especially that the equality of complex numbers gives two
ordinary equations. These complicated rules are more conveniently
expressed using a change in notation. If the complex numbers are
written in the form z; = ¢; + ib; and z, = a, + ib, and combined
according to the ordinary rules of algebra, then all the above rules
are satisfied provided that:

(¢) 42 is replaced by — 1 whenever it occurs, and
(i) the real part of the answer is the part which does not contain
i and the imaginary part of the answer is the coefficient of 7.

Equality a, + by, = a, + ib, implies a; = a,, b, = b,.
Addition  (a; +1by) + (a3 +iby) = (a3 + a,) +1(b, + by), cf. above.
Subtraction (g, +iby) — (ag+1iby) = (a, — ay) + i(by — by).
Product (ay+1by) (ay +1by) = ayay + thya, + a1iby 4 12b,b,,

= (18, — byby) + i(bya, + a1by).
This list corresponds exactly to the earlier list. The symbol ¢ dis-
tinguishes the real and imaginary parts and 2 is replaced by — 1 to
fit the law of multiplication.

An ordinary, or real, number can be regarded as a complex
number with its imaginary part zero (e + 0i), because such
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§ 14.04 COMPLEX NUMBERS

complex numbers combine in the same way as real ones (put
b, = b, = 0 in the list above!).

Complex numbers 0 + & = b having their real part zero are
called pure imaginary numbers.

Any complex number a -} tb is the sum of a real number a + 0i
and an imaginary number 0 4 5.

14.03. ConjucaTeE ComprLEx NumBers. Moburus. The two com-
plex numbers z = a -+ ib and 2* = a — ib are said to be conjugate,
i.e. the conjugate complex of z is obtained by changing the sign of
its imaginary part, or changing the sign of ¢, which comes to the
same thing.
The sum and product of conjugate complex numbers are both
real:
2+ z* = (a+ i) + (a — ib) = 2a,
z2z* = (a + 1b)(a — th) = a® — i%h® = a® + b2
The modulus of z is defined as |z| = (a% + #%)V2 = (zz*)V2 It
is positive.
Example 1. |3 + 4i| = (3% + 4%)V2 =5,
|cos O + i sin 0] = (cos? 6 + sin® 0)1/2 = 1.
|27 is (zrz*m)l2 = (zz*)fn — IZI"-

14.04. Drvision. The quotient (z,/z,) is defined from first principles
as a complex number z such that zz, = z;.

Hence, as in ordinary algebra, the quotient can be multiplied
above and below by the same complex number z; without changing
its value (for zz, = 2, implies 22,25 = 2,25, 1.€. 2 = 2;25/2525).

This rule makes it possible to find the real and imaginary parts of
a fraction without any trouble. Division by a real number is easy,

(ay + iby)[ay = ay)ay + i . by[ay,
and the denominator can always be made real by multiplication
above and below by its conjugate complex.

c+id (c+id)(a—ib) (ca+ bd) + i(ad — bo)

a+ib—(a+ib)(a—ib)_ a? + b2
i il —d) 144
Example 1. - 1—# 3
1 e
Example 2. cos § — isin § = cos 6 — isin 6.

cos 0 4 isin 6 = Cos20 — 2sin? 0
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ARGAND DIAGRAM § 14.05

Example 3. The absorption of light by a dielectric can be described
by a complex dielectric constant 7 = n(1 — ik). The real part # is
the usual refractive index, and £ is the absorption index. On the
simplest theory of the dispersion of light of frequency (®/27),

=1+ a/(0} — 0+ iyo),
where «, wy and vy are characteristics of the medium. Then
(0 — 0?) —iyn
(@3 — o%)? + viu¥
wj —of kn = Yo .
(af — o2+ yiu? ™ T (0] — o) + yio?

n(l —ik)=n=1+a

ie. n=1+4«

14.05. ArcanDp Diagram. On the Argand diagram a complex
number z = a + ib is represented by a point P with coordinates
x = a,y = b. Itis also represented by the directed line OP, or any
parallel and equal line.

In Figure 14.01, two complex numbers z; and 2, are represented
by points P, and P, and their sum by . Itis clear that OP,QP,is a
parallelogram.

The modulus of a complex number represented by P on the
Argand diagram is the length of the line OP from the origin. From

J
Ofx, +Z, 4 4Y2)

Figure 14.01

the Figure 14.01 it follows that the modulus of the sum of two com-
plex numbers is less than the sum of their moduli

0Q < OP, + OP,,

and greater than their difference.
213



§ 14.07 COMPLEX NUMBERS

Example 1.
lap + a1z + @92 + . . . a2 < ag| + |ap2] + |agz? +
+ [a.27.

14.06. pe Moivre’s THEOREMS. By direct multiplication it is easy
to verify that

(1) (cosa + isin a)(cos B + tsin ) = cos (o £ B) +¢sin (o 4= B).
By repeated application of this rule, with a0 = 8,

(2) (cos o + isin a)? = cos po + isinpa, (p=1,2,3,...).

Us}ng the result (cos § + isin B)~1 = cos B — isin B, from the
previous section,

cos o + 7sin &

(3) cosB L isinp — (0 — B) + isin (@ — B), from (I).

4 Zé'b?éi:“i?i{ gy — pB — isin pB, from (2).

These are known as de Moivre’s theorems.

14.07. CompLEx CircuLAaR Funcrions. The complex circular
function ¢® is defined by a general method as the function whose
Maclaurin series is that of ¢* when x = i6. We then find, using

#= _1,8=—iit= 1+ 1, etc, that
) . (20)2 ~ (10)®  (i6)* = (i0)°
=143 + 5 + 73 +(4!) T 5
. 02 6% 64 0°
=+ d g it atis -
62 04 . 6 08
ie. 60 = cos 6 4 sin 0.
The conjugate complex is
e % = cos O — isin 0,
%9 —i0 0 __ ,—ib
so that cos § = ° te ,sin9=e—.-e-—-
2 2i

These results have widespread implications, since exponentials
are so easy to handle. The reader should verify that de Moivre’s
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theorems now become trivial, e.g. (I) becomes ¢ . ¢ = (i@+8),
The properties of circular functions given in Section 7.02 can all be
proved using these formulae in the same way as properties of the
hyperbolic functions were proved (Section 8.12). Some formulae
are more easily obtained by this new method.

Example 1. Express cos® 0 in terms of cosines of multiples of 6. By
the Binomial Theorem,
49 —i9)\ 4
(cos B)% = ("__'ZL) — d (640 4 4630, =10 4 620 o—20
+ 4410  g—30 + e—“@)’
= 1 {(¢*® + e74) + 4(20 + ¢720) 1+ 6},
= (cos 40 + 4 cos 20 + 3).
Note the 3, rather than 6, from the last term.
Example 2. Sum the trigonometric series,
1 + cosa -+ cos2e + . . .- cosna.
(N.B. There is a quicker alternative solution to this problem.)
This is the real part of 1 - ¢ 4 ¢ 4 8ix | | | 4 ¢
glnt+a __ ] gnt+ba __ p—tia fntha __ p—¥a
T T 1 T Tebie — g #x T 2isina
sin (n + $)o
2sin & b

N.B. the useful result e — 1 = 2ie¥ sin .

The real part of this is

These formulae can also be used in the calculation of derivatives
and integrals, using the relation

a%(cos() + isin 0) = — sin 6 4 ¢ cos O = i(cos O + isin 0),
ie. ;1% (%) = ie®.

14.08. CompLEx NuMBERs As VEcrors. In an Argand diagram

(Figure 14.02) the directed line or vector OP represents the complex
number
z=a -+ ib = r(cos 0 + isin ) = re®.
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Multiplication of z by (cos a -+ isin &) = ¢* corresponds on the
diagram to a rotation of the vector OP anticlockwise through an
angle « to the position 0Q. For the complex number becomes

26 = re‘ﬂ(6+a)’
which is represented by 0Q.

Similarly the division of z by ¢ rotates the vector clockwise
through an angle «.

iz /Ze )
Alz)

r

6

b4
-lz

Figure 14.02

In the diagram three special cases are shown: (i) multiplica-
tion by 7 (a = 90° ¢*=1) means an anticlockwise rotation
through 90°; (i) division by ¢ (or multiplication by — i) implies a
clockwise rotation through 90°; (i) multiplication by — 1 = 2
(e = 180°) rotates the vector through 180°.

Oscillating functions, such as ¢ cos wf, can also be represented
by vectors. The function ¢ cos wt is the real part of the complex
number ce™?, which is represented by a vector OP, as above, with
r = ¢ and 0 = wt. Its variation with time means that the vector
rotates with angular velocity & about the origin.

The original quantity, being the real part of the complex number,
is represented by the projection of OP on the x axis.

Example 1. In a dielectric a static electric field E leads to an
electric induction D, the ratio D/E = x being the dielectric constant.

In an oscillating electric field E = E, cos wt, the induction often
has the form D = D,cos (wt — ¢) where ¢ is a constant. The
dielectric properties clearly involve both Dy/E, and é. They are
conveniently combined if we regard E and D as the real parts of

E = Eyt and D = Dyeilwt—9),
Then R = (D|E) = (Dy/Eg)e=".

(A circumflex accent is used to denote this transition from real to
complex quantities.)
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14.09. MopuLus AND ARGUMENT. As in the previous section, any
complex number can be represented in the form (Figure 14.02)

z=a -+ th =r(cos 0 4 isin 0) = re®,

This is most easily done on the Argand diagram, where (r, 6) are
polar coordinates of the point (a, b).
The modulus of z is |z| = r, and the argument of z is 0 = arg z.
They are chosen so that @ = rcos 0, & = rsin 0, i.e.

r = (a® + b%)Y2; cos 0 = (ar), sin O = (b/r).
The modulus is unique, but not the argument 0, which can be

increased or decreased by a multiple of 2 without changing the
complex number. In particular,

™ — cos (2mn) + isin (2mn) =1, (n=0,4 1,42, .. .).

Multiplication and division are very easy when the complex
numbers are known by their moduli and arguments.

zlzz == (flei0)> (fzeioi) 3 (flrz)ei(°1+°'): —_— I —_— T — ei(el—el)-

Summarizing the results:

(1) Equal complex numbers have equal moduli, and their argu-
ments are equal or differ only by a multiple of 2.

(2) In multiplication, moduli multiply and arguments add.

(3) In division, moduli divide and arguments subtract.

(4) Multiplication by cos « + ¢ sin « increases the argument by a.

(5) The modulus of a sum is not greater than and is usually less
than the sum of the moduli (Section 14.04),

|21 + 2o <zl + |22l

14.10. Power Series. To obtain a function of a complex number 2
which is an analogue of a function f(x) of a variable x, it is usual to
express f(x) as a power series ay + a;x + apx? + . . . and then
replace x by z.

Sf(2) =ap+ @z + a2 + 3322 +. .. +a*+. ..
These power series have real coefficients 4,,: there are other power
series in z with complex coefficients.

The partial sums
Sh=ay+t+az+a+...4+a,2" (n=012,...),
can be separated into their real and imaginary parts, s, = u, + iy,
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and the series is said to converge to the value s = u -+ v if the real
and imaginary parts converge to # and v respectively. These two
conditions can be reduced to a single condition which is equivalent:

( —up)?+ (v —v,)2—>0,0r s — 35, >0asn— oo

In the same way, the condition for the absolute convergence of s,
that » and v are absolutely convergent, reduces to the single condi-
tion that

lag) + lar2] + |a2? + .« « 4+ lan" + . . .
= |ao| + |a|r + la]r® + . . A4 a™ ..

is convergent, where |z] = r. Now this is a real series, which con-
verges (Section 13.09) when

.

|z| =7 <R, where R =lim

n—w | ni1

The results previously given for the real series Za,x" now appear
as special results for Za,z" when « and z are real.

The radius of convergence R has a definite meaning on the Argand
diagram. Points which represent values of z for which the series is
absolutely convergent lie inside a circle of radius R about the origin
as centre, since |z| << R. The series usually converges at most points
on the circumference of this circle, but the series, and the function it
represents, diverges at some point or points.

14.11. CompLEx ExpoNENTIAL Function. This function is
FAD SR o &
ez=1+z+ﬁ+_37+ﬁ+' ettt

It is absolutely convergent for all values of z. (Why?)

When z = x is real, it is the ordinary exponential function and
when z = iy is imaginary it is the complex circular function (Section
14.07). In general, when z = x + i,

€% = ¥+ = ¢%(Ccos y + 1 sin p), 6% = ¢ W = ¢®(cos y — isiny).
Thus complex exponentials correspond to real oscillating functions
having amplitudes which increase or decrease exponentially.

Example 1. When o is real, the function £ = Ey** represents an
oscillating electric field in complex form. When w =p + iq is
complex, with a positive imaginary part, it represents an oscillating
clectric field with a decaying amplitude

E=E 0etPHIOE — F g—~atgint,
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14.12. Locarrramic FUNCTION. w = In z. This can be defined as
a solution of the equation ¢¥ = £, or, indirectly, by the series

In(142)=2z—4%2+%2—...
The first is more direct: let w = u + i and 7z = re®*. Then
W — ¥tV — ypi,
ie. u=Inr, v=a-+2mn, (=0+1,+2...).
Thus In z is not single-valued. The real part is unique, but not the
imaginary part. To make v unique it is customary to restrict its
values to some range of 2m.
14.13. HypersoLric Funcrions. These functions are defined by
cosh z = }(e? + ¢7%), sinh z = }(e* — ¢77),

and satisfy all the formulae given in Section 8.12.
The hyperbolic functions with imaginary argument, z = iy, are
related to the circular functions:

cosh iy = (e 4 ¢~%) = cos y,
sinh iy = }(e® — ¢~%) = isin y.

Thus cosh iy isreal, in spite of appearances, and sinh iy is imaginary.
The real and imaginary parts of cosh z and sinh z can now be found.

cosh z = cosh (x + iy) = cosh x cosh &y + sinh x sinh 3y
= cosh x cos y + i sinh x sin y.

sinh z == sinh x cos y + 7 cosh x sin y.

14.14. Circurar Funcrions. By analogy with sin 6 and cos 6
1
sin z = % (¢ — e~%%), cos z = $(e** + 7).

These definitions ensure that they reduce to the usual functions when
zisreal. All the usual trigonometric formulae hold for both real and
complex values of z.

The circular functions with imaginary argument z = iy are
related to the hyperbolic functions.

1
sin (iy) = % (v — ev) = }i(ev — ¢v) = isinh y,

cos (i) = $(e¥ + ¢¥) = cosh y.
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Thus sin (ip) is imaginary and cos (iy) is real. It might be added
that these relations also hold when y is not real, but replaced by a
complex number!

The real and imaginary parts are:

sin (x + 7y) = sin x cos {y + cos x sin &y
= sin x cosh y - i cos x sinh y,
cos (x + 1y) = cos x cosh y — i sin x sinh y.

14.15. Powers anp Roots oF z. According to Section 14.09, the
positive and negative powers of z have the properties,

2" = ||, arg (%) =nargz.
The argument can be increased or reduced by multiples of 2= to
bring it to a convenient size.

It follows from these relations that other complex numbers have
the same nth power, if (i) they have the same modulus as z and (i)
their arguments differ from arg z by a multiple of (27t/n).

Including z itself, there are just n different complex numbers with
the same nth power. For starting with z and increasing its argument
by 27/n, we obtain a second number with the desired property, and
repeating this process twice, three times and more, we finally at the
nth stage arrive at a number having its argument 27 greater than z.
This number is identical with z, and going any further gives no new
results. Furthermore, by decreasing the argument of z no new
numbers are obtained with the same nth power.

To find the ath roots of a complex number a + b, therefore, we
first express it in the form ry(cos « + 7 sin ). One root is

zo =13 | cos _°_‘_+ i sin—
n n

as may easily be verified. This is the Principal Root. The other
roots, making n altogether, are obtained by increasing the argument
of zy by multiples of 2x/n.

27 ., 2m\*
Z, =2 cosT—{—zsm—n- ,

o+ 2nr oc+21tr}
<+ ¢ sin ————
n n

=1,2...0—1).

— ylin
=1, {COS N

Example 1. The n complex nth roots of unity (¢ = 1) are obtained
by writing r, = 1 and « = 0,
2
(cos~;5f+ ism?—r’;‘—'), r=0,1,2...0—1).
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Example 2. On an Argand diagram the roots are equally spaced
on the circumference of a circle (see Example 2, Section 14.04).

Thus, any complex number has exactly n complex roots. A real
number must also have just n complex nth roots, but usually one of
these is real, sometimes two (even roots of a positive number) and
sometimes none (even roots of a negative number).

Approximate values of principal roots of a complex number with
a very small modulus, |2] € 1, can be found using the Binomial
Theorem,

A4+2m=1+4+mz+ dm(m — 1)2%. ..
with m = (1/n).
EXAMPLES XIV

1. Show that the locus of z = a¢®® in the Argand diagram, where 0 is a
real parameter, is a circle of radius a.

1 1
Find the real and imaginary parts of w = 3 ( z+ z) as functions of 0,

and show that the locus of w in its Argand diagram is an ellipse (assume
a > 1). What property of the ellipse remains fixed as a changes? What
happens whena = 1?

2. Prove that the series 1 + 7cos6 4 r2cos 20 + . . .,

and rsin0 4 72sin20 4+ . . .,

are convergent when r < 1 and find their sums.
3. Show that the Fourier coefficients a, and b, in the expansion

0

f(x) = > (agcos nx + bysinnx), (—w<x<w),
[}
are the real and imaginary parts of
1 f+m
- j Fl)ensds, (n>0).
-7

4. If z = ¢, prove that
R 1 1\» 1 n
cos =§;'(z+z)=é”—_1{cosn0+ Cycos (n —2)6 + . . .}

and deduce the last term when n is odd or even.
5. Prove that cos n0 = ¢® — "Gy 2% 4 *Cyen 45t — . . .,
and sin n0 = ne"1s — "Cyc"3s% . | ,
where ¢ = cos 0, s = sin 0, using ¢® = ¢ 4 is.
6. Find the modulus and argument of w = adz/dd + bz, when

z = Ae@+P9® when 4, a, B, a and b are real.
Obtain the real and imaginary parts of z and w.
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7. Solve Qn 8 of Chapter 8 when « = B cos 6 < B.
8. Express 1/(x? 4+ a?) in partial fractions using complex roots of
(%2 + a®) = 0, and deduce that

f d = imagina atoflfdx
%2+ a gumary part o o Jx — i
Evaluate the integral by this means.
9. If z = x + iy is a function of ¢ such that

d*z dz

-= = =0

Tt a tE=0
where g, b and ¢ are real functions of ¢, show that x and y separately satisfy
this equation.
What equations do x and y satisfy if 4 is imaginary ?
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CHAPTER 15
DIFFERENTIAL EQUATIONS

Introduction— Terms used for differential equations—First-order equations
—Absorption processes—Chemical reactions—First-order reaction—Second-
order reaction—Reversible reactions—Some general remarks—Linear equa-
tions—Special linear equation—Further remarks—Successive reactions—
Simultaneous equations—Steady heat flow—Diffusion equation—Cooling
sphere—Second-order differential equations—Simple harmonic equation—
Diatomic molecule—Exponential solutions—Damped harmonic motion—
Heavily damped motion—Forced oscillations—Chain theory of reactions—
Reducible equations—Bessel’s equation—Solution by power series—
Equations reducible to Bessel’s equation

15.01. InTrRODUCTION. In this chapter the main emphasis is on the
various applications of differential equations, although the solution
of all the common types is given. An attempt is also made to discuss
the various types of difficulty which can occur in obtaining the
solutions and how they are overcome.

15.02. TErRMs useD FOR DIFFERENTIAL EQuAaTIONs. An ordinary
differential equation contains two variables, e.g. » and y, and one is
chosen as the independent variable, the other as the dependent
variable.

Order: the index (n) of the highest derivative (d"y/dx").

Degree: the highest power of the highest derivative in the
equation.

Solution: any function y = f(x) which satisfies the equation.

General solution : the general solution of an equation of order n is a
solution containing r arbitrary constants.

Particular solution: a solution obtained from the general solution
by assigning special values to some or all of the arbitrary constants.

Singular solution: any solution which is not a particular solution,
i.e. obtained from the general solution. These rarely occur, but
when they do, are usually of considerable importance and physical
significance.

Solution of problem: this is usually a particular solution, obtained
by using the conditions imposed by the problem to determine the
arbitrary constants in the general solution.

Guesswork : this plays an important role in obtaining the general
solutions of many equations, but not in finding the solution of many
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§ 15.04 DIFFERENTIAL EQUATIONS

problems, because the particular solution obtained by guesswork
may not satisfy the conditions of the problem.

15.03. FirsT-orDER EQuaTiONs. Here is a list of the types of first-
order equation the solutions of which can be expressed in terms of
integrals (which then have to be evaluated). Examples of them
appear in the sections below.

A first-order equation contains only x, », and dy/dx, and can be
written (dy/dx) = ¢(x,»), where ¢ is some function of x and y.
Equations of degree higher than one have to be solved for dy/dx to
express them in this form. It can also be expressed as

dy = (x, y)dx.

(z) Simple. An equation dy = f(x)dx, which can be integrated at
once.

(%) Exact. The equation can be written Pdx + Q dy = 0, where
P and Q are functions of x and y such that dP[dy = 3Q/dx (cf.
Section 16.16).

(t15) Separable. The equation can be written f(x)dx = g(»)dy, and
is solved by integrating both sides.

(tv) Homogeneous. In this context this term means that ¢(x, y) can
be reduced to a function of v alone, by writing y = vx. This type
rarely occurs in practice and when it does, it is solved as a separable
equation with v and x as variables. It is worth mention as the first
equation which is more easily solved by changing the dependent
variable from y to another variable, in this case v.

(v) Linear in y. Equation can be written dy/dx 4+ Py = @, where
P and Q are independent of » (see Section 15.10).

Equations linear in x can be written as dx/dy + Px = @, where
P and @ are functions of y.

(vi) Bernoulli’s equation. (dy/dx) + Py = @y". This can be ex-
pressed and solved as a linear equation in z where z =y, Its
terms contain either dy/dx or y or one other power of y.

If an equation, e.g. dy/dx = y/x, can be put under a number of
these headings the easiest method of solution is generally the method
which appears earliest in the list.

15.04. AssorpTION PROGESSES. A typical absorption process is that
of light passing through a solution. In its simplest form, the intensity
of light decreases away from the source owing to interactions with
particles or molecules, each interaction causing a definite loss. The
probability of each interaction is proportional to the intensity of the
light, and the number of interactions is proportional to the number
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of absorbers, i.e. concentration times volume. Hence the decrease in
intensity I of a parallel beam, per unit area, in a distance dx along
the beam is

— dI = constant (intensity) (conc.) (volume)
=k.I.c.dx,

where £ is a constant depending on the medium and ¢ is the concen-
tration. This leads to a differential equation,

dljdx = — kel.

When ¢ is a constant, this is an equation for exponential decay

with the solution
I= I,

where I is the intensity at x = 0.
In general, as a separable equation, it is put in the form

dl|lI = — ke dx.

Integrate, choosing the constant of integration such that I = I
when x = 0 (cf. Section 10.08);
z

lnI=lnIo—kfcdx,
]

ie. I= It,e_k-‘:c *,

When ¢ is constant, this reduces to the answer given earlier.

15.05. CuemicaL Reactions. The velocity of a single chemical
reaction is measured by the rate of change with time of the concen-
tration x of one of the reacting substances. This concentration
determines the extent to which the reaction has occurred and the
concentrations of all the other reactants, provided the volume is
known or is determined by x. From the Law of Mass Action or
simple kinetic theory it is usually inferred that the reaction rate is
proportional to products of the amounts of the reacting molecules.
Then the differential equation for x has the form of a separable
equation,
dx[dt = f(x).

In the following example it is assumed for simplicity that there are
no complicating factors, such as a variation with temperature, which
affects the constants of proportionality, or mixtures of gases at
constant pressure.
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15.06. FirsT-oRDER REAcTION. 4 — B + C. (The order of a
reaction is a chemical concept and not to be confused with the order
of the differential equation.) In a spontaneous decomposition of this
sort, the reaction rate is proportional to the concentration of 4 and
is independent of the substances formed. If this concentration is
initially a, decreasing to x at time ¢, then its rate of decrease is

dxjdt = — kx,
with the solution
x = ae™*, or kt=In (a/x).
If x is measured in mole/cm3 or similar units, then
a—x=a(l —e*)

gives the amount of B and C formed in the same units.
Since
Inx =Ina — ki,

experimental data would be used by plotting In x against ¢. Alter-
natively the values of (1/¢) In (a/x) could be calculated at various
times. The values of £ deduced in this way should be the same.

15.07. SEconD-ORDER REAcTIONS. A + B — C 4+ D. The reaction
rate is now proportional to the product of the concentrations of 4
and B. Let these be a and b initially and let x be the concentration
change at time ¢, all in moles/unit volume. Then (¢ — x) and
(b — x) are the concentrations at time ¢, respectively, and

dx|dt = k(a — x)(b — x).
If a # b we separate the variables as follows,
dx _ dx 1 1
(@a—x)(b—x) b—ala—x b—zx

Integrate term by term, choosing the constant of integration so that
t = 0 when x = 0;

kdt =

k,.;})_i_a{_ln(a_x)+1n(b—x)+1na—1nb}

l X

1 alb —x) 1 )
”‘b—al“b(a—x)‘b—al“l p
a

As a check on the calculation, note that x/a > x/b when x > 0 and
a < b, so that ¢ is positive and tends to infinity as x — a.
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If B is in excess initially (b > a), then its concentration hardly
changes during the reaction: the change from & to the final value
(b — a) is small. If this is so, the differential equation is hardly
distinguishable from the equation

dx|dt = kb(a — x), (b> a),

and the same can be verified for the solution. As this equation is
that of a first-order reaction with a velocity constant kb, the solution
is very similar to that of the previous section.

When b = a, the equation is

dxjdt = k(a — x)?,  ie. kdt = dx[(a — x)%
Integrating, so that { = 0 when x = 0,
kt =1/(a — x) — 1/a = x/{a(a — x)}.

15.08. ReversiBLE REAcTIONS. 24 % B + C. The velocity consists
of two terms (i) k(e — x)2 due to the decomposition of 4, with

S

\ K al>kyb
4

\ \\\ 2

\ ~

~. SO

N Z
N
N Full: k< k.
kat<k,bec > 102
] \ Dotted:4k >k,

Y—-

Figure 15.01

concentration a initially and x at time ¢, and () — k,(b + 4x) (¢ + 4x)
due to the recombination of B and C, the initial concentrations of
which are b and ¢ respectively (in moles/unit volume),
ie. de|dt = ki(a — x)2 — k(b + }x)(c + ¥x) =f(x).
If the reaction proceeds so that x increases, then ka2 > kybc and
increases until dx/dt = 0, i.e. until

ki(a — %)% = ky(b + $2)(c + %),
which must occur for ¥ < a. In Figure 15.01 the graph of f(x) is
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plotted against x, when f(x) is either positive or negative initially.
If 4k, > k,, we find that the curves are concave upwards. If
4k, < k, the curves are convex upwards (full lines in figure). If
4k, = k, they are straight lines, and the equation is

dx[dt = ky(a® — 4bc) — 2k,(a + b + o),

which resembles that of a first-order reaction.

15.09. Some GENERAL REMARKS. A reaction, such that dx/dt = f(x),
has an initial velocity f(0) = « and proceeds until x = 3, the first
positive root of f(x) = 0 (if « > 0). Except in the initial stages the
increase in x depends on the shape of the graph of f(x) between
x = 0 and x = B. Ifitis approximately a straight line, x increases
as in Section 15.06, if approximately a quadratic as in Section 15.07,
and so on. Since f(x) is sensitive to the values of the initial concen-
trations a, b, . . . and can behave in various ways depending on
their relative magnitudes, it is desirable to use this fact, when
investigating a reaction.

One way of doing this is to make all the initial concentrations
equal: for example, for an irreversible reaction between rn different
molecules of equal initial concentration,

dx[dt = k(a — x)",

an equation which was considered in Section 10.22.

15.10. Linear EQuATIONs. An equation is linear in the dependent
variable when the variable and its derivatives are never multiplied
in the same term and do not occur above the first power. Hence a
first-order equation for y is at the worst of the form

ady/dx + By =¥,

where a, {3, v are constants, or functions of x. (The terms containing
dy/dx are collected together, those containing y, and finally those
containing neither.)

(t) The equation is separable when § and y are constants.
Example 1. x dyldx + y = 1,1.e.dy[/(1 —y) = dx[xorx(1 —y)=C.
(%) The equation is separable when y = 0.
Example 2. edyldx 4+ ycosx =0, or dy[y = — e®cos x. dx.

log y = }¢~*(cos x — sin x) + C.
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(#i) It can be integrated at once when B = dua/dx; the equation
then has the form

dy  da d .
ad_x-{-ay:a(ay):y, ie.ay= fyde 4+ C

Example 3. cos x(dyjdx) — sinx .y = x, is d(y cos x)/dx = x.
Hence y.cosx = $a% + C.
(iv) In general, first divide by « so that the equation is
dyldx + Py = @,
where P and Q are functions of x. Then multiply by ¢ [#4,

Pz . .‘{'Z + PeIPda:y = er.Pd:c.
dx
The LHS is the derivative of a product,
d
7 Delr ey = Qelr e,
ie. yelPde = C 4 [QeIPa= 4y,

15.11. SpeciaL LINEAR EQUATION. dy/dx 4 ay = Q, where a is a
constant. With P = g, the solution is

y.e® =C+ [Qe* dx,
ie. y =% {C + [Qe* dx}.

Several examples are given below.

15.12. FurtHER REMARKs. This section is separated from the others
because the following observations apply to all linear equations of
any order.

The solution of a linear equation shows that it contains:

() one term for each term in the function @, and
() a term which appears even when @ = 0.

This can be proved directly. Let

dyjdx + Py = @, + Q. ()

Let », be any particular solution of
dy/dx + Py, = @, ce e (2)

and , be any particular solution of
dyy/dx + Py; = @, e (3)
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§15.13 DIFFERENTIAL EQUATIONS

and finally y, be the general solution (with an arbitrary constant) of
dyoldx + Pyy = 0. s (4)

Then, by adding equations (2), (3) and (4) it is clear that

y=Jo+n+tri

is the general solution of equation (1)—general because it contains
one arbitrary constant.

It is therefore possible to solve equation (1) without using the
general method, by solving the homogeneous equation (4) with
@ = 0, and then adding any solutions of equations (2) and (3). The
latter can often be guessed, for simple functions @, by an elementary
knowledge of differentiation. If they cannot be guessed, the general
method can always be used.

15.13. Successive REacTIONs. A simple solution can be obtained
for a series of first-order irreversible reactions,

A->B->C—...

such as occurs in a radioactive decay series.
The concentration of A is calculated as in Section 15.06,

F(t) = a(l —e™™),
where A is the velocity constant, and « its initial concentration.
The concentration of B at time ¢ is {b + F(f) — x} where (i) b is
the initial amount, (iz) F(t) is the amount gained by the first reaction,
and (7)) x is transformed by the second reaction. The velocity of
the second reaction is
dx/dt = k(b + F(t) — x),
i.e. dx/dt + kx = k(a -+ b) — kae™™.
To solve this equation, first use the method of the last section. We
add
() the general solution of (dx/dt) + kx = 0, i.e. x = Ae*t;
(%) a particular solution of dx/dt + kx = k(a + b),i.e.x =a + b;
(i) a particular solution of dx/dt + kx = — kae™™,
One might expect the last equation to have a solution of the form
x = Be™™, unless £ = A (why not?), provided B is suitably chosen,
so we substitute this in the equation and find
dx|dt + kx = B(k — N)e ™ = — kae™™,
This is true if B = ka/(A — k), (A # k).
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In all, therefore, the general solution (k 7 A) is
x =Ce™* + (a + b) + kae /(A — k).
To make x = 0 when ¢t = 0 requires C = — (a + b) — ka/(A — k).
x=(a+ b)(1 —e*) —ka(e® — e M)/(N — k), (kF#DN.

As one might expect, since it arises from a negative term — kae™ in
the differential equation, the last term is negative whether & is
greater or less than A.

This guesswork method breaks down when £ = 2, but the general
method gives

x=e*[C + [{k(a + b) — kae™}e*t dt].
When £ and A are not equal this gives the earlier result. When
k = 2, then ¢ ¢kt = | and
x=e*{C + (a 4 b)e** — kat},
= (@ + b)(1 — e7*) — kate™®, (x =0,¢=0).

The reason why the trial method failed is now obvious: we looked
for the wrong type of particular solution.

If there are further reactions, their products are calculated in the
same way.

When the first reaction is second-order, the expression for F(t) is
so complicated that the next step needs numerical evaluation. If
the second reaction is second-order it has to be integrated numeric-
ally. When the reactions are reversible the equations are usually
extremely complicated except when they are first-order both ways,
as sometimes happens when radiation is involved.

15.14. SmmurTaneEOUs EQuaTions. In a cyclic reaction it is possible
to obtain several equations which cannot be solved successively, but
simultaneously. This also occurs for two reversible reactions such as

'A ks
A=B=C,
Bk
x Ty 'z
where the concentrations satisfy such equations as
dx/dt = kz_y - klx,
dyldt = kyz — ky 3,
x + » 4+ z = constant.
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The procedure is to eliminate all the variables except one and
solve the equation for that one. The other variables can then be
determined.

15.15. STeapy HeEaT FLow. If the two sides of a flat plate of thick-
ness d are maintained at temperatures 6, and 0, (less than 0,), there
is a steady flow of heat from the hot to the cold plate of amount
Q@ = x(0, — 0,)/d per unit area, where « is the thermal conductivity.
Fourier’s law asserts that this can be generalized, so that tempera-
ture variations cause a heat flow in any direction which is x times
the rate of decrease of temperature in that direction, per unit area
normal to it. When the temperatures are not changing with time
the heat flow is steady, and there is the further condition that there
must be no accumulation of heat with time at any point.

Consider a uniform circular tube of inner radius a and outer
radius b, containing fluid at a constant temperature 6,, placed in
surroundings at a temperature 6,. The temperature § in the body
of the tube only varies with the distance r from the axis of the tube
and heat flows either radially from, or towards, this axis Per unit
length, the heat flow @ outwards across a cylindrical surface of radius
r about the axis is

@ = x(area)(radial temperature decrease),
= —«.2nr. (d0/dr).
As there is no accumulation of heat, this is the same for all radii and
equals the rate of loss of heat from the fluid inside the tube.
Separating the variables
— 27tk dO = Q dr/r.
Integrating, so that 6 = 6, when r = g,
27k (0, — 0) = Q In (r/a).

If heat is lost by convection to the surroundings, then 6 = 6, at
r = b, i.e. @ is given by the equation

27k (0, — O,) = Q In (b/a).
If heat is lost by radiation, Newton’s law of cooling states that @ is

proportional to the temperature difference between the outer surface
and the surroundings. Hence, if 0 = 0, at r = b,

Q = k(0; — 6,),
where £ is a constant. From the earlier equation,
27k(0; — 6,) = Q In (b/a).
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Eliminating 0,, the heat loss is now given by

2mx{6;, — 0, — Q/4} = @ In (b/a).

15.16. Drrrusion EQuaTion. Diffusion is a process which tends to
remove concentration differences. According to Fick’s law a varia-
tion of concentration ¢ in the x direction causes a flow of amount
— D(dc/dx) per unit area in the x direction. The sign gives the
direction of flow as in the heat problem.

This law is identical with that of heat flow. Consequently
problems where the concentration does not vary with time are also
the same if the diffusion constant D is substituted for the heat
conductivity k.

15.17. Cooring SPHERE. By Newton’s law of cooling, a sphere with
a surface temperature 6 in surroundings at temperature 6, loses in
time d¢, by radiation, an amount of heat

dQ = h(0 — 0,)dt,
where £ is a constant. If the sphere has a mass m and specific heat ¢

and cools so slowly that the temperature is uniform throughout, this
causes the temperature to change from 6 to (0 + 40), where

dQ = — mc db.
Equating these two expressions for 4@,
d6/dt = — k(0 — 6,), where £ = hfme.

In isothermal surroundings, 6, = constant, and the sphere ulti-
mately attains that temperature. To emphasize this we write the
equation

d(0 — 0p)/dt = — k(0 — B,), ie. 6 — 0, = de™,
as in Section 15.06. The constant A is the initial temperature
difference. If the sphere has a temperature 6, initially, 4 = 6, — 6,
and
0 —_— 00 - (01 - eo)e-k‘.
The temperature difference decreases exponentially to zero with
time.

If the temperature of the surroundings varies with time, then,

from Section 15.11 with a = k and @ = k0, the solution is

¢
0 = e*{0, +f kO ekt dt},
0
where 0, is a function of ¢
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§15.18 DIFFERENTIAL EQUATIONS

In certain cases, however, we can proceed in a simpler manner.
Assume that 0, = a + b cos pt, and therefore oscillates. Then

d0/dt + kO = kO, = ka + kb cos pt.
The general solution is (Section 15.12)
0 = Ade* + a + f(1).

The origin of the first two terms should now be obvious. The last
term f(¢) is any solution of

dO/dt 4 kO = kb cos pt.
An oscillating solution seems likely: let
6 = f(t) = Ccos (pt — ).
(Both C and « are necessary: one could try A cos pt + B sin pt.)
Then
do/dt + k0 = C{— psin (pt — &) + k cos (pt — a)},
= C(p? + k®)Y2 cos (pt — « + &),
where (k2 + p2)V2cos e = k and (k%2 4 p?)V2sine = p {Section

7.07 (iv)}.
This expression equals kb cos p¢, and the trial is a success, if

C(p? + kY2 = kb, ie.C=0bcose and « =
The solution is, altogether,
0 = Ae™** 4+ a + b cos £ cos (pt — €).
Choosing 4 so that 6 = 6, when ¢ = 0,
6= (0, —a — bcos? e)e* + a 4 b cos € cos (pt — &).
Thus 6 does oscillate with 6, but it lags behind by a time (¢/p) and
its amplitude of oscillation is & cos € rather than b. This amplitude

is approximately the same when p <€ £ and ¢ is a small angle, but it
is much smaller when p >> £ and cos ¢ is small.

15.18. SecoND-ORDER DIFFERENTIAL EQuATIONs. By successive
differentiation of
y =e¢*(4 4 Bx)

expressions for the derivatives are obtained containing 4 and B.
Any relation between these, which is independent of 4 and B, is the
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expression of a common -property of all the functions » that can be
obtained by giving special values to these two arbitrary constants.
To obtain such a relation at least two derivatives are required, e.g.

dyldx = —ke**(A + Bx) -+ Be* = e~**{(B — Ak) — kBx};
dPdx® = — ke**{— kA — kBx + B} + e*(— kB)
= ¢~*5(k24 — 2kB + k?Bx).

Eliminating 4 and B between the three equations,
d%[dx® + 2k dy/dx + k% = 0.

From examples of this type it is deduced that a function with two
arbitrary constants cannot satisfy a differential equation of less than
the second order, and conversely, that an equation of the second
order has a general solution with two arbitrary constants.

Consider the linear second-order equation (Sections 15.10 and
15.12)

a d®p/dx® + b dy|dx + ¢y = F(x),

where a, b, ¢ are at most functions of the independent variable x.
As explained previously, the general solution is the sum of a

Particular Integral (PI, any solution of the equation) and a Comple-

mentary Function (CF) which is the general solution when F = 0,

adyjdx® + bdyldx + ¢y = 0.

The CF is divisible into parts. If y; and y, are any two solutions of
this equation which are independent (one is not a multiple of the
other), then it is easily proved that

y =4 + By,

is a solution. This is true only because the equation is linear and its
RHS is zero. As this expression contains two arbitrary constants it is
the general solution of its equation and the desired CF.

The solution of a linear second-order differential equation is
therefore resolved into the discovery of three functions, or only two
when F = 0,

15.19. SmvpLE Harmonic EQUATION. A mass m is suspended by a
spring obeying Hooke’s law, i.e. if its length is greater than the
natural length there is a tension = k(extension), where  is the force
constant, or stiffness. In equilibrium the weight of the mass just
balances the tension, and the extension is d, where mg = kd (in
absolute units).
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If the mass is moving and is a distance y below the equilibrium
position, the extra tension ky gives it an acceleration upwards, i.e.

di2 = — ky/m = — w¥, where ©? = k/m.
%y g

Any equation of this form is a simple harmonic equation, and the
variation of y with ¢ is called a simple harmonic oscillation even when
y and ¢ have different meanings.

It is satisfied by y = ¢! = cos wt¢ + ¢ sin wt, so that cos w? and
sin w¢ are each a solution. According to the last section and
Examples XIV, No. 9, the general solution is

y = 4 cos wt + Bsin wt.

If A = C cos ¢, B = C'sin ¢, the solution becomes
9 = Ccos (0t — ),

where C and ¢ are new arbitrary constants. This function is periodic:
the periodic time 27/w is the increase in ¢, to increase the phase angle
(wt — ¢) by 2x. The frequency is v = w/2m, C is the amplitude
and ¢ the phase. If the mass starts from rest ¢ = 0, whereas if it
starts from the origin ¢ = 4 90°.

15.20. DiaTomic MoLEcULE. In Figure 15.02 there is plotted the
potential energy V(x) of a diatomic molecule as a function of the

14
A=)
0
Figure 15.02
internuclear distance x. The corresponding force F = — (dV/dx) is

also plotted.
If the atoms have masses m; and my and move along the line of
centres, without rotation, the equations of motion are

my d%,[di = F(x), my d%y/df® = — F(x),
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where #; and x, are the coordinates (Figure 15.02). Since x = x — x{,
we find
u d%[dt* = F(x),

where y = mym,/(m, + m,) is the reduced mass. F(x) is positive for
a repulsive force and negative for an attractive force.

The equilibrium distance x = a is given by d2¢/df2 =0, i.e.
F(a) = 0; and when x does not differ much from a, by Taylor’s
theorem,

F(x) = F(a) + (x — a)(dF/dx)gma = (x — a)(dF[dx),.

If the atoms form a stable molecule, this force is attractive when
% > aand repulsive when x << a. Hence (dF/dx), = F'(a) is negative.

Let us consider the motion when x — a is small. Lety =x —a
and (dF/dx), = — k. Then

@ d%c[dt® = (x — a)(dF[dx), becomes p. d¥[dt* = — ky,

which represents simple harmonic vibrations, j = — w?, with
o? = k/u and a frequency

v = (1/2m)+/(k[u).

When the molecule is rotating with an angular momentum H,
there are modifications to the value of the equilibrium distance a
and the frequency. The equation of motion along the line of centres
is now

u d?x/di? = G(x), where G(x) = F(x) + H?/ux3,
so that F(a) + H?/ua® = 0 and k = — F'(a) + (3H?/pat).

In general the small oscillations of any mechanical system, with-
out friction, about a position of relative equilibrium which is stable
are always simple harmonic (this is not generally true for large
amplitudes).

15.21. ExPoNENTIAL SoLutions. The result of the last section
depends completely on the fact that the equilibrium is stable so that
dF|dx was negative at the equilibrium position. If it had been
positive the equation for y would have been

dyldi* = %,

which has exponential solutions e~“* and ¢*%, and therefore a general

solution
y = Ae®t 4+ Be~t,
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This does not oscillate with time. If the system starts from the
equilibrium position, 4 cannot be zero (why?) and y increases
rapidly with ¢ until the approximations are no longer valid.

15.22. Dampep Harmonic MoTioN. Frictional forces introduce an
extra term into the oscillation equation proportional to the velocity
(at low speeds) and tending to prevent the motion. The result is an
equation of the form

d|dit 4+ 2\ dyjdt + wfy = 0.

This equation has been solved when A = 0 (Section 15.19), A = ,
(Section 15.18), and can easily be solved when wq = 0. From these
three solutions and the fact that A and o are constants, the mathe-
matical approach is to find solutions of the form y = emt, After’
substitution, we find that m must satisfy the equation,

m? 42+ w =0,iee.m= —h+ /(A — w}).

A more experimental approach is to argue that a small value of A is
not likely to change appreciably the oscillatory character of the
motion, but is likely to reduce the amplitude. We try

y=2z.e ¥
choosing p so that z represents an oscillation when A is small. Then

d d? dz
oy + 27\2{ -+ (Tt)é = wlze ™ + 2A {EZ eTH — p.ze“W}

d*z dz _
G G e ] =0

. a2z dz

ie. e {W + 20— ) iy (03 — 2pN + uz)z} =0.

Since e~* is not zero, the required equation for z is obtained if
p=A e 03 —2hu 4+ A2 = ® — 2%

The equation and the solution become

azzldir = — w¥*%, 2z =Ccos (ot — ),
where w2 = 0§ —A%2>0.
Hence y = Ce™ cos (ot — ).

The effect of the damping factor A, when A < @, is to introduce a
decaying amplitude Ce—™ and reduce the frequency (w,/27) to
027 = (03 — A2)V2/2r.
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Using Example 3, Section 4.19, and A* + w? = w},
dyldt = — ¢ MCwysin (w0t — ¢ + €), where tan e = Ao,
so that stationary values of » (maxima and minima) occur when
ot — ¢ + & = nm,

i.e. at intervals of mt/w. At the stationary values,

ty = (ljw)(nm + ¢ — ¢),

I = €~ MC cos (o, — &) = e~M(C cos (nm — €),

= (—)me MC cos &.

The logarithmic decrement is the logarithm of the ratio of two

successive stationary values,

I Mt —ta) = e
In

log dec = log ].yn/.yni-ll = M o.

The decay time is the time in which the amplitude Ce~* decreases by

a factor (1/e), namely,
T =1/A

15.23. HeaviLy Dampep Motion. When A = «,, the equation for
z is d2z/di* = 0, giving
y=eMNz=e"N4l + B), (A= ),

as given in Section 15.18. This is critical damping.
When A > w,, the equation for z is

d2z)dt = (A — wd)z = ¢°%2, 9= (A2 — w})l%;
whence 7z = de=t 4 Bt and y = Ae~*+Dt - Be—(—k,

Since (A — q)(A + ¢) = }, then A — ¢ < w,, so that the second
exponential decreases more slowly than the exponential e~ for
critical damping. In other words, the value of A which gives the
least value of y after a very long time is that for critical damping.

15.24. ForcEp OsciLLATIONs. Mechanical systems are often set
into oscillatory motion by outside forces, as when an electron bound
in an atom is acted upon by the electric field of a light wave. When
the free system performs damped (or undamped) oscillations the
resulting motion is called a forced oscillation.
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Consider a system with an external force mF(t) so that its equation
of motion is

d¥[d® 4 2\ dy/dt 4+ iy = F(t).
Let us assume that this external force is periodic,
F = bsin pt.
The general solution, which gives all possible motions, is a sum of the

complementary function and a particular integral. The former is
now known, so we concentrate on the latter. We postulate a solution

y=Csin (pt — ).
& 4y
Wiy + 205 + 75
= C{(w§ — p°) sin (pt — &) + 2hp cos (pt — &)},
= C{(0f — %) + 4P} sin (pt — & + ¢),
co P —p
where  {(af — g + anprun S £ = (984
If this equals F = b sin pt, then & = ¢ and
»=Csin (pt — €); C = bf{(wf — p9? + SNpR)I,

In Figure 15.03 we have plotted values of ¢ and (Cw}/b) against
b/, for two values of A. The phase ¢ increases steadily with p from
0 to =, but the increase is greatest near p = w, when A is small.

- 780°

Figure 15.03

The C/p curve has a maximum when A is not too large and is
called a resonance curve. The position of the maximum gives the
free oscillation period approximately, and the height and width of
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the peak in the curve are a measure of A. In fact the amplitude C has
the value (b/w}) when p = 0 and tends to zero as p — c0. From its
derivative with respect to p we find that it has a maximum value

Croz = b[2hw, when p? = 0 — 202, (02 = w} — A%).
The maximum only occurs if this value of p? is positive, i.e.
A2 < ol

15.25. CraNn THEORY OF REACTIONS. A chemical reaction occurs
because there are several ‘active’ molecules with sufficient kinetic
energy to react. In each molecular reaction this kinetic energy first
becomes internal energy and is then reconverted into the kinetic
energy of the products.

Ordinary kinetic theory, as used to obtain the equations of
Section 11.05, assumes that this is shared out, or dissipated, but is
not lost, and by ordinary thermal collision processes results in some
‘passive’ molecules being made active. If n is the number of active
molecules at any instant and  the mean lifetime before each reacts,
the velocity of the reaction, or number of reactions per unit time, is
n/t. The variation of » with time is described by the equation

dnldt = ny — njx,

where, per unit time, n, is the number of active molecules created
thermally and r/t is the loss by reaction. If n, does not depend on
the time, the solution is

n=1ny, + (N — tng)e ",

where n = /N at t = 0. Hence n — 1n,, and the rate of the reaction
is (n/t) = n,.

In fact 7, is not constant, but decreases as the reactants are used
up, and may increase in an exothermal reaction when the mean
kinetic energy of the products is greater than the average, so that the
temperature rises. When 7 is quite small, however, n = 1ny approxi-
mately and this is used in the Section 15.05 ff.

The essential feature of this theory is that there is no spatial
relation between one molecular reaction and another for which it is
ultimately responsible.

In some reactions this type of theory is useless, Thus, in nuclear
reactions, a large energy is needed to cause a reaction, and the
reaction only goes at a reasonable rate without outside help if some
of the products have even larger energy and cause another reaction
before they dissipate their energy by collisions.
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The chain theory of chemical reactions discusses fast reactions
between these two extremes. In addition to the active molecules
created thermally, it is assumed that there are chains of molecular
reactions where the products of one reaction are the creators of
active molecules, by handing their relatively large kinetic energy
directly to passive molecules. These react, and their products
continue the chain with a succession of reactions, spatially related.

At any instant, the end of a chain is an active molecule which may
continue the chain (or not) and there are active molecules, thermally
produced, which may start new chains. Thus the rate of change of
the number of active molecules n—or chains and potential chains—

is
dnjdt = ny — an + «fn,

where (a + B) is the total probability (per unit time) that the active
molecules react, an is the number of molecules which have their
energy dissipated thermally, Bn the number which hand their
energy to passive molecules which can react, and « the average
number of active molecules produced in each process of that type.
The velocity remains n/t = n{a + B).

When «, 8 and « are constants, the solution of this equation is

Ty

n =

T o — kP ® —K

where n = Nat ¢ = 0. If the thermal process is dominant « > 3,
n tends to the value ny/(x — k), and the velocity tends to
no(x + B)/(x — xB),

which may be considerably greater than the ‘thermal’ rate n,,
obtained when 3 = 0.

When xf > «, however, n increases exponentially with time. The
solution can better be written with y = xf3 — «, i.e.

n = (N + nofY)er — noly
The equation has often to be modified, e.g. so that « and «f vary
with n. We shall not discuss these in detail as they are all first-order
separable equations from the mathematical point of view. For
example, if & = agn and § = 0, the equation becomes
dn|dt = ny — agn?,
so that n tends to the value n; = (no/ag)Y2. The solution is
ot = [dn[(n} — n?) = 4 + tanh1 (n/ny), (L.21).
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*. nfn, = tanh (ayt 4 4)
= (tanh oyt + tanh 4)/(1 + tanh ag tanh 4).
If n = N when ¢t = 0, then tanh 4 = (N/n;), whence
n/ny = (ny tanh oyt + N)/(n; + N tanh agt).

This equation has been derived assuming n <, and therefore
N < ny; but the final result is obviously true whatever the value of N.

For a reaction between two plane walls, a term must be added to
allow for those ends of chains which reach the walls and cannot
continue by the direct process. This is in the nature of diffusion and
the equation becomes

dn|dt = D d®n|dx® + ny — (x — xB)n,

where n = 0 at the walls (x = + }d, say). This can be solved in the
steady state dn/dt = O for n as a function of x, when a« and 8 are
constants. Proceeding as in Sections 15.20-23, we find that the
solutions such that n = 0 at the walls are

« —xp=Dp>0, n —"i{ C°Sh‘°x}'

T Dp2|  cosh $wd ’
ny [ cos wx
—_ = — 2 _—{— 1
o« —wp Do <0, n Dw? {cos tod 1}

15.26. RepuciBLe EqQuaTions. The equation d%/di* = F(x) of
Section 15.20 often occurs in mechanics and can be reduced to two
first-order separable equations. This is achieved by introducing

v = dx/dt, dv|di = F(x),
ie. dt = dx[v = dv[F(x).
The second equality yields the equation v dv = F(x)dx, which can be
integrated at once to give
302 = [F(x)dx 4 constant.

This is of the nature of an energy equation. The first equality
dt = dx[v can now be integrated to give ¢ in terms of x.

15.27. BesserL’s EQuaTioN. Although Bessel’s equation,
dy ldy n?
BT xds (1 —;ﬁ)f—"’
cannot be solved in terms of elementary functions, in general, some
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properties of the solution can be obtained without solving the
equation,

The equation for u = yx1/2 contains no term in du/dx (it is in
normal form). Thus,

%‘c = % A2 4oy damlle
d%u dy dy dy
—_— == /2 e —1/2 = ~1/2 __ —8/2
s (dxz'x + dx'éx + dx'%x .3 ,
(@ 1D J_}
dx? ' xdx  4x%)
n? y
== (1= 5)o ~Za)
n? — 1
= ( praa 1) u
If n = 4, then d%/dx* = — u, i.e. u = Asin x + Bcos x,
or y = (4sin x -+ B cos x)[+/x.

This solution oscillates with a period 27 in %, and an amplitude
decreasing slowly as x increases.

When r has some other value, similar deductions can be made.
Using the method of Section 5.05, (d%«/dx?) has the same sign as u
when %2 << (n?2 — 1), and the graph is convex to the x axis, starting
from the origin. When x* > (n? — }), d%/dx? is opposite in sign to
u, the graph is concave towards the x axis and oscillates about it.
When x? is very much greater than (n? — }) the equation is
approximately

dPujdx® = — u,

which is the same as for n = } and has the same solution.

15.28. SoruTioN BY POWER SERIES. A solutionof the Bessel equation,
x2d%[dx® + x dyldx + (x* — n%)y = 0,
can be obtained in the form of a power series, which we write as
0
P =8+ G a2 L = T g™
m=c

The first term y = a,x° is the approximation to y near the origin,
neglecting higher powers of . The value of ¢ can therefore be
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obtained by the condition that #° is a solution of the equation, when
x is small:

ie. atd¥dx® + x dyldx + (x® — n?)y
= ¢(¢c — 1)ax® + cax® + (x® — n?)axe,
= (¢ — n?)ax, neglecting the term in x¢+2,
This is zero, and y = a° satisfies the equation, when¢ = 4- n. The

negative power is unexpected, but the two values give two distinct
solutions, unless 7 is an integer.

. Ll
The complete power series y = > a,x™ is a solution when
m=c

x2 d?y)dx® 4 x dyldx + (% — n?)y

= % [m(m — 1)a,x™ + max™ + (2% — n®)a,x™],

o
= 3 [(m® — n?)ax™ + a,x™t?] = 0.
m=c
If this is zero for every value of x, the coeflicient of every power of x
must vanish. Examination of the complete coefficients of the higher
powers x™ shows that they vanish, if we choose the coefficients so that

(m* —n¥a, +a, , =0, m=(+2),(+3),...
The only terms left are those in 2° and x°+!, namely
(¢ —nax® + {(c + 1)? — n¥ap 2.

The first vanishes because we choose ¢ = + n; but then the second
only vanishes when
ac+1 = 05

except in the special case ¢ = — }, n = - }, which we have solved
already. This gives two series, forc = +nand ¢ = —n.

The recurrence relation a,,(m? — n?) + a,_, = O relates alternate
coefficients in the series as multiples of one another. They form two
groups, one determined by the first coefficient a, and the other by
the second coefficient a,,,. As a,,; = 0 all the second group is zero,
and only the other group of powers remains.

Am—2

DRk

It is now necessary to use the values of ¢.

m=c+2,c¢c+4c¢c+6,...

Qy, =

(Y ¢ =+ n: leta, =a, = 4.
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Th = = — T
N ni2= T 9on +2) 22+ 1)
_ dnig —_ 4 .
It = T4+ 4) 202+ 1)(n + 2)
_ Aniq —_ 4
it = T E@n 1 6) 20.31(n+ D(n+2)(n+3)

—-A”{l x2 x4
y=A N\ - e T T W A D £ 2)

xs
R E EP L }

The particular solution with 4 = 1/2"T'(n + 1) is the Bessel function
of the first kind.

L . }
T =mrmr | T 2e sy T
AP xn+2 xn+4

=T 1) PPl 9) T @T(n+3)
2 x8
7T g T i

The series are convergent for all values of x.

Jo(x) =1 — +..

() ¢ = —n: leta, = a_, = B. Then,

_ a_, . B
Gnre = T (Ton 1 2).2° T 21 —n)
Oy . B
Gnts = T T on+ 4).4 2,211 =@ —ap S
x2 xt
y=ber(l =g g = }

It is obtained from the previous solution by substituting — n for 4 n.
In particular, when B = T ) the solution is
X" x-2n+2

Tl =g3pa = ~anr@ —m)
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Given these two solutions, the general solution of Bessel’s equation is
> = aJy(x) + bJ _4(x).

Instead of J_,(x), a second solution is often used which is

Yo(x) =

o {cos am I, (x) — J_u(#)}.

When 7 is an integer, the second power series J_,(x) is useless
because the coefficients in the series Xa,,x™ become infinite when
m = n. A second solution can then be obtained from Y,

Y,(x) = lim Y, (x), when n is an integer.
r—n

This is important because Bessel functions of integral order n are
very common.

The solution J,(x) is finite or zero at the origin and the other
solution Y, or J_,, diverges there. In problems where the solution
is finite at 7 = O only the first solution J,(x) is required.

Other solutions are the Hankel functions:

HP(x) = Ju(x) + i¥,(x),
HP(x) = Ju(x) — i¥,(x),

which reduce to the complex exponentials, e£%/x1/2, when n = }.

15.29. EquaTions REDUCIBLE TO BEsseL’s EQuaTtioN. The equation,

d? 1 d n?
—3+~1+(k2~;-2)y=o,

dx? ' xdx

becomes Bessel’s equation by changing the independent variable to
x' = kx. The solution is

» = aJp(kx) + bY,(kx).
The following equation appears in spherical problems,
d  2dy
e T i
By the substitution u = yx1/? it becomes

dw  1ldu (n + 3)2

20y 2 2 M T 2/ —

dx® ' xdx (k x? u=0

with the solution

+(k2—”—(12x—7:1—))y=0, (n=0,1,23,...).

U dunalk) | Yaralk)

I=ar=4  az T b PETE)
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For large values of x,

1 2\Y2 cos (kx — 4(n + 1)7)
"\7;'11:-}—}(/"") = (;;) x ’

1 2\Y2sin (kx — }(n + 1))
V;Yrﬁ}(kx) = (;c—k) S

These solutions can be expressed in terms of sines and cosines, as in
Section 13.18.

Another equation, which appears at regular intervals, is obtained
by replacing k2 by — 42, i.e. k by ik,

2dy n(n+)
dxz P (“r ) =0

The solution is
1 . .
)) £ -;/—; {aJ,,_,,i(th) + an+}(1kx)},

which can be expressed in terms of hyperbolic sines and cosines.

EXAMPLES XV

1. Assuming that the vapour has a much lower density than the liquid
and behaves as a perfect gas, the Clausius~Clapeyron equation for the
vapour pressure of a liquid as a function of temperature reduces to dp/dT
= gp/RT?, where g is the latent heat of vaporization, which is assumed to be
constant. Find p as a function of T.

2. If the problem of Section 15.15 is modified by the liberation of heat
between the walls of the tube, due to an electric current, at a steady rate
¢ per unit volume, show that the heat flow per unit length at radius r is
Q + m(r* — a?)q, where Q is the loss from the inside. Deduce the value of
@ when the inside and outside temperatures are 6, and 6,.

3. In a ‘Maxwell’ solid, the relation between stress § and strain o is
dS/dt = k do/dt — S/r, where k and 7 are constants. If o is a given function
of the time, find § as a function of time. Obtain solutions when (i) 6 =
constant, (i) ¢ increases linearly with time.

4. In a simple theory of dispersion of light by atoms, the following
equation is used for the motion of an electron oscillating due to the electric
field of the radiation,

m(d®x/di?) = — kx + eE cos wt.
Find the amplitude of the forced oscillation of frequency «/2x.

5. Find the values of w so that the solutions of d?y/d6%® = — w? have the
same values at § = 2rasat 6 = 0.
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6. A function y is required such that
x < a: dylde® = — oY,
x> a: d¥yjdet = kY,

andy = Oatx = Oandasx — . Atx = abothyand dy/dx are continuous.

Show that this is only possible if wa cot wa = — ka.

7. Reduce the Debye equation, d?{/dx?* = K'sinh (Zey/kT), to a first-
order equation for p = dy/dx as a function of § and integrate it to find p.

Solve the equation completely when ey <€ kT, if ¢ — 0 as x — o0, and
¢ = o when % = a, by assuming that sinh (Jey/kT) = Zey/kT, approxi-
mately.

8. Using the method of Section 15.19, find the frequency of small oscil-
lations of a diatomic molecule about the position of equilibrium (r = a),
using the expression for the potential energy due to Morse,

V() = D{l — e—tr=a)}p,

9. A rather more difficult problem than the previous one is to calculate
the period of small vibrations, when the diatomic molecule is rotating about
its mass centre with angular momentum H. The effective potential energy
is now

V(r) = D(1 — e~r—)2 4 (H?2ur?),

where u is the reduced mass. Find an equation for the new position of
relative equilibrium (d¥/dr = 0), and the new expression for the period.
By an expansion in powers of HZ, which is assumed to be small, obtain the
corrections to the formula of Example 8.

10. Find a solution in series of the equation,

(1 — 22y — 20" 4+ Il + )y=0,

which is a finite series with a highest power ' in x, when [ is a positive integer.
Compare the results for [ =0, 1,2, 3 with the Legendre polynomials of
Section 13.28.

11. Solve the problem of damped simple harmonic motion, given in
Section 15.22, by looking for a solution x = e™¢, where m is a complex
number, and taking real and imaginary parts of the result.

12.If y=em is a solution of y” — 2my’ + m*x = 0, prove that
y = d(em*)/dm = xe™? is also a solution.

The following series of examples contains solutions of the simpler first-
order differential equations arising from chemical reactions: x denotes the
amount of reactant lost and ¥ = 0 at t = 0. In reversible reactions it can
be negative. a, b, ¢ denote initial concentrations, and it is assumed that
a<b<ec

13. A—-B dx x VR a
A—+B+C...}E"k(a-—x)’a—l ¢ ’k—tk)ga—x
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d
4 A+B>C+D... Btf-——‘k(a—x)(b—x),

e—kat __ p—kbt ] — g~k®—a)e
: be—kat . gp—kbt =a 1 — (a/b)g—k(b—-a)t

(b — a)kt = In {a(b — x)}/{b(a — x)}.

x = ab

When b > a (cf. Example 13), x = a(l — ¢?), bkt = log a/(a — %)
(approximately).

I5. A+ B—...(a=b)dx 2 ¥_ 1 X
2A — . .. }dt—k(a x)’a—_1 l+akt’kt~a(a—-x)'
(2a = amount of A)

16 A4+ B+ C—. . . dx/dt = k(a — x)(b — x)(c — x).

1 a 1 b

kt

b6 =5 %=

=(b——a)(c——a)lna——x
c

! 1
+(c—a)(c——b) gL J—

. 1 alb — x)
c>b>a ckt——b_alogb(a —

(cf. Example 14).

¢c>b>a: bckt:loga_a_x, (cf. Example 13).
172 A+B+C—->D+...: A+2B—->D + ...
(a< b=y (a < b)
dx/dt = k(a — x)(b — x)2.
. 1 a(b—x)_x(b——a)
k=g {lnb(a—x) b(b-x)}’
reducing, when a < b, tokt=b—121na _a_x, (cf. Example 13).
18 A+B+C—->D+...:0r2A4+C—>D4 ...
a=b<c a<c

dx/dt = k(a — x)%(c — x).

kt =

alc —x)  x(c —a)
(¢ —a)? {log cla—x)  a(a— x)}’

reducing, when ¢ < ¢, to kact = x/(a — x), (cf. Example 14).
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19A+B+C->D+...: A+2B->D+...: 3A>D+. ..
(@a=b=y¢) (a = 3b) (@4 b+ ¢ = 3a)
dxldt = k(a — x)8.

e

T2\ =% a”(a—x)z.
SR S
a (1 + 2a%t)1/2
20. nA - D + . . . or similar reactions with n molecules:

dxfdt = k(a — x)*: (n — 1)a" %kt = {a/(a — x)}*! — 1.
21. Reversible reactions, A = B: dx/dt = k,(a — x) — ky(a + x).
ka — kb ky(a 4+ b)  ky(a+ b)
Ttk T Tkt k hth
x = M1 — e~*), where « = k; + k,.

b.

Ast—> 00, x > A=

A is positive when a/b > ky/k, and negative when a/b < k,/k,.
22. A =B+ C: dyfdt = ky(a — x) — ky(b + %)(c + x).

= 2 B bt ki
T A ¥ Boothkpr  at BeothkBt® et kifky
B =+ (a4 N2
Bl Rt O SN LR}
1 — (« + B)x/2 1 — /(e —B)
apply even when 1 is negative.

23. A+ B =C+ D: defdt = ky(a — x)(b — x) — ky(c — x)(d — %),
(ky # ky).

2k,Bt = log A= (ky/ky)a — be.

22

7 % B coth Bk, — k)t
o? — p32 9 — ki(a 4 b) + ky(c + d)’

" & + Booth Bk, — kp)t b — &,
B =+ (a — 20a)8,

1 — (« — 2\

1 —x/(e + B) kyab — kycd
= — T 20\ = ————=
Bl ¥e—0 7 h—h

apply even when o and X are negative: B is always positive.
When &, = k;, x = A1 — ),
where A is defined above and £ = k,(a + b) + ky(c + d).
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ky ks
24. Successive reactions: A -> B — C. This reaction proceeds according

z Y
to the equations dx/dt = k,(a — x), dy/dt = ky(x — »), where a is the initial
concentration of A, x the amount transformed to B, and y the amount of B
transformed to G, only A being present initially.

Prove that

xfa = (1= e=h0), pfa = (1 = e=b) + {ky(ky — k) He bt — ek,

25. In the hydrolysis of succinyldichloride by cholinesterase the following
set of equations is used:

z = 2xy — 2x — y: ke, = xE, kyey = YE, kyeg = 2E,
E=1¢)— e, — e — ey: dx/dt = — key, dy/dt = ke; — K'e,.
ky, kg, ks, k, k' and ¢, x, are constants. Given x = x, y = z=0at ¢ =10
the equations determine x, , 2, €, €;, €3 as functions of the time.

Find dy/dx as a function of x and y by eliminating the remaining variables
and solve the equations completely.

(0 = D)y =x — 2%/x*7, o= kk[ks,

(1 +2"")ln’i'-+{l —3+—1——-(i—¢—1)}(xo—x)

) x g e (x—1)

A ()
ale — 1) \egg & xo*
. . . 1 [* dx é(x)
L1 ti th vel dx/dt = k k=— —_—
26. In a reaction with velocity dx/ kf (%), : ), 7@ ;
If k is calculated from one simultaneous measurement of x and ¢, find the
error, due to an error Ax in the measurement of x and an error At in the
measurement of £ {Ak = Ax[tf(x) — Atp(x)/t2}.
Find the relative error in £ in Example 20, when f(x) = (a — x)",
assuming At = 0, and Ax the same for all times, and prove that it is least
when x/a = 1 — (1/n)t/tn-1),

k,_
ko

1
¢

k, k,
27. In the successive reversible reactions A = B = C show that
(@-2) ks (z—y) ke v

dx[dt = kya — (ky + ka)x + Ky, dyfdt = kex — (ks + K0) ).

Find the equilibrium values of x and y, and by eliminating y show that x
satisfies the equation

d*x/dt* + (ky + Ky + kg + k)dx/dt £ {(ky 1+ ka) (ks + ko) — Koky)x

= k,(ky + k,)a.
What form has the solution of this equation?
28. The following equations were used to trace the metabolism of benzoic
acid, and to determine the amount (gr) excreted.

— da/dt = k,a, dm/dt = dg[dt + k,, dg/dt = kgn’,m + m’ =B + A — a.
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Solve these equations assuming m’ > 0 and &, < k,a, given a = 4 and
m = 0 when ¢ = 0. Find an equation for the time T"when m’ = 0, and show
that at this time gr = A(1 — éT) 4 B — k,T.
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CHAPTER 16
FUNCTIONS OF SEVERAL VARIABLES

Introduction—Solid representation—Contour representation—Higher deri-
vatives—Small changes. Differentials—Calculation of derivatives— Total
derivatives—Function of function rules— Thermodynamic functions—Rela-
tions between derivatives—Order of differentiation—Maxwell relations—
Integrals—Heat changes— Work done by a force—Condition of integra-
bility—Potential energy—Functions of state—Integrating factors— Mac-
laurin’s and Taylor’s series—Stationary values. Undetermined multi-
pliers—Maxima and minima—Repeated integrals

16.01. InTrRODUCTION. The number of degrees of freedom of a
system is the number of variables needed to specify it completely,
and it depends on the conditions applied to the system. For example,
a particle moving in space has three degrees of freedom, because
three coordinates are needed to specify its position; when restricted
to move in a plane it only has two degrees of freedom, because only
two coordinates are then needed. If it moves along a line it only
has one degree of freedom.

Similarly the beginnings of thermodynamics lie in the observation
that the volume and temperature of a substance can be varied inde-
pendently, that these two describe the state of the substance, and
other properties of the state such as the pressure, internal energy,
etc., can be expressed in terms of them. In this system there are two
degrees of freedom. Later on, when investigations are made of
other characteristics, such as surface or magnetic properties, it is dis-
covered that there are other independent variables, but for many
purposes the conditions imposed do not allow these to vary.

In earlier chapters we have only discussed functions of one vari-
able, describing systems with one degree of freedom. The problem
in this chapter is to extend these results to functions of several
variables, describing systems with more than one degree of freedom.
It is found that the new features which arise when more than one
variable is changed can be expressed in terms of earlier results: a
new notation is used to make this easier.

A function of two variables, p and v, is written ¢(p, v) with a
comma between the symbols p and v. For a system with more than
two degrees of freedom, extra symbols are inserted in the parentheses.

The derivative, or rate of change, of ¢ with respect to p, when v
is fixed, is now written (3¢/dp), and called a partial derivative. This
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CONTOUR REPRESENTATION § 16.03

new notation shows that ¢ is a function of two variables, that p is
varied and v is fixed. There is another partial derivative (3¢/dv),,
the rate of change of ¢ with v when p is fixed. (The suffices are often
omitted when they are obvious or cumbersome to insert.) A func-
tion has as many partial derivatives as there are independent
variables.

Example 1. U = pv: then (U[3p), = v and (3U/d), = p.
If V = tan-1! (x[y): then dV/[dx = y/(x* 4+ »*) and

oV 1 *\ _ x
y 14+ pr\ 2 TRt
Integral notation is the same as before: [ (p, v)dv means the

integral with respect to v, keeping p fixed, unless the contrary is
indicated.

16.02. SoLp REPRESENTATION. A function of position in a plane,
V = &(x, »), can be represented by a solid model on the plane as base,
with an upper surface the height of which above the plane at any
point equals the value of V at that point.

Similarly, any function U = ¢(p, v) can be illustrated by a solid
model on a plane base, using p, v as coordinates in the base rather
than x, ».

Example 1. In Figure 16.01 the function V = sin (¥ — ¢t) is shown
in perspective with ¢ = 1, using coordinates (x,f). Sections at
t = 0, 3=, 7 are the curves V = sin x, — cos ¥, — sin x respectively.

4

T PN N\ T

e

7!/\/\../'\

¢
Figure 16.01

16.03. CoNTOUR REPRESENTATION. It is more convenient to illus-
trate V = ¢(x,7) or U = §(p, v) by drawing contours, which are
level sections V = const. of the solid model, projected on to the plane
base, as in an ordinary map. The contours are drawn for convenient
values of V and labelled accordingly.
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§ 16.05 FUNCTIONS OF SEVERAL VARIABLES

In Figure 16.02 contours are drawn for V = #* +- %, which are
circles, and V = x? — »2, which are the rectangular hyperbolae
x3 — »® = g® when V is positive and the hyperbolae »* — 1* = a*
when V is negative. (The contour ¥V =0 consists of two lines
x = +.) Notice that the solid model of the first would have a
minimum at the origin, whereas the second would have a saddle

774

014

[

R\,
X/

shape where V increases both ways along the x axis and decreases
both ways along the y axis.

The contours of V = ¢ V" are the same circles as V = x% + 32,
but labelled differently.

16.04. Hicuer Derivatives. With a function of two or more
variables, a new feature appears in ‘mixed’ higher derivatives. Thus,
given U = ¢(p, v) we calculate dU/3p and dU/dv. Generally, each
is a function of p and v and has two derivatives, making four in all,

2 BU) ) aU) e BU) o (U
S 2 30 309

RU XU U U
3% wdp oo ot

i.e.

It is unreasonable to insert suffices in higher derivatives.
The number of higher derivatives increases very rapidly with
their order, but there is one simplification discussed in Section 16.06.

16.05. SmaLL Cuanges. DirrerenTiaLs. The change in a function
due to changes in several variables can be expressed as a sum of
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changes due to each variable, the contribution of each being inde-
pendent of the rest (Distributive Law). Consider (Figure 16.03) the
changeinF = ¢(v, T) from A(v, T) to C(v + 8v, T + 8T). Either

AF=Fy; —F, = (Fg —F,) + (Fg — Fg),

or AF =Fg —F 4= (Fg — Fp) + (Fp —F ).
;
i dv
0 —
d’/V 57 ar
A K2
dv
4 v

Figure 16.03

In each equation, the first term is due to a change of v only, the
second due to a change in T only. Consider the first equation: to

first order,
Fg — F 4 = (0F/dv) 4dv,

Fo — Fy = (3F[dT) pdT = (3FJ3T) ,8T.

In the second expression, the difference between (JF/0T)p and
(3FJ3T) 4 is only of first order and is neglected when multiplied by
37. Inall

= (JF/dv) 48v + (OF[oT) ,8T.

The same result is obtained from the other expression for AF. Thus
we have proved the initial statement.
The total differential of F = ¢(v, T) is defined as

= (3F|3v) pdv + (F[2T),dT,

with one term for each independent variable. If one or more terms
are omitted it is called a partial differential, e.g. dF, = (JF/dv) pdv.
When dv and dT are the changes to first order in v and T, respec-
tively, then dF is the change in F to first order.
This definition is an extension of the differential of a function of
one variable and does not conflict with the rules given there.
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§ 16.06 FUNCTIONS OF SEVERAL VARIABLES
Example 1. V = x® + 3xp + 8.

() dV = (IV|ox),dx + (3V]3p).dp,
= 3(s* + y)dx + 3(x + ).

(i) dV = d(+*) + 3d(») + d(5%),
= 3x%¥dx 4 3(x dy + y dx) + 3* dy,
= 3(« +y)dx + 3(x + »%)dy.

Example 2. (For the reader.) Repeat the remarks of this section
for V = $(x, 9, 2).

16.06. CarcuraTioN oF DERivaTIVES. The basic distribution law
for differentials given in Section 16.05 has to be adapted to different
problems. The two elementary principles in the calculation of
derivatives are:

(i) a derivative dU/ds can be obtained only under conditions
which allow s to be varied and U to vary with it. If these
conditions, whatever form they take, are denoted by a suffix

C, then
U\ _ o (AU} _dUe
o5 c—AﬂTo As)o — dsg’

where dU,, and dsg;, are the differentials of U and s, since the
second-order corrections vanish in the limit.

(@) IfU, V, W,. . . are all functions of s alone under the same
conditions C, then a relation between their differentials
dU, dV, dW, . . ., on division by ds, becomes a relation
between their derivatives (dU[ds)¢, (AV[3s)¢g, - - -

Example 1. By the first law of thermodynamics 3Q = dE + pdv.
Hence, under any conditions C so that all quantities are related to
temperature, the specific heat is

(8-, 3,

At constant pressure ¢, = (g%_) +p (%) .
? »
At constant volume (dv = 0), 8Q = dE and
oE
(),
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TOTAL DERIVATIVES § 16.07

16.07. TotaL DervaTives. Let V = (%, 2, . - -), wherex, , 2,

. . . describe the state of the system. Assume that it is so controlled

that , %, 2, . . . are all functions of a single parameter /. Then
1% v oV

dV:s;dx+—33‘l})+—a_zdz+. .

Divide by df and take the limit d¢t — 0;

dV__anx in{y BV_d_z
dt~ oxdt ' Jpdt | dzdt e

This is the total derivative of ¥ with respect to t. Each variable
contributes one term to the total rate of change, and the total rate of
change is the sum of them all. It should be noticed that each contri-
bution is independent of the others, e.g. the term (3 V/3x)(dx/dt) due
to the change of x appears whether or not the other variables
9 Z,. . . change with ¢. This is a generalization of Section 4.14,
An important special case is that where ¢ is one of the independent

variables, e.g. if » and z are functions of x,

v 3V+ Vdy dVdz

dx ~ Ox | Jydx  dzdx
(3V/3x) is the partial rate of change of V' with x; (dV/dx) is the total
rate of change when y and z also vary with x.

Example 1. p = (v, T). If v and T change with time, then

& - () ).

g \ao)pat T\3T), &

Example 2. p = ¢(v, T). When a gas expands with increasing
temperature, the rate of increase of pressure with temperature is

@ _ (%), (%) &

dT — \aT/), \ov),dT
Example 3. Elements of fluid moving in the x direction have
velocities # = ¢(x, ¢) depending on their position ¥ and the time ¢

when they arrive there. The acceleration, or rate of change of velocity
of one element, is in part due to its change of position, by dx = u dt

in time dt.
di_ () (W) &
- \3),7\&) & “Ta
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§ 16.08 FUNCTIONS OF SEVERAL VARIABLES

16.08. Funcrion or FuncrioNn Rures. Some further examples are
given of these: the similarities should be noted rather than the
differences. The reader should try to interpret Figure 16.04 p 261
using these sections.

(1) A system is partially controlled so that everything depends on
two parameters s and ¢.

Let U = &(x,9, 2,. . .), as in the previous section, and keep s
constant. Then everything depends on ¢.

U\ U U (3| U
(3?) > (at) T3 (at) ) (Bt) T

Similarly,

oU oU (ox U [y U (dz
5)-5 65 @)% 6
When U = ¢(x, ») is a function of only two variables, these formulae
are used for a change of variable from (x, y) to (s, t).

Example 1. Let (%, y) be Cartesian coordinates and (r, 6) polar
coordinates, so that x = rcos 6 and y = rsin 6. If U = ¢(r,) is
expressed in terms of 7 and 0, then

oUY aU (ox U [y oU
(37)0“5?(5)-'_3) (3)“(:086 +sin55
U\ _dU (dx\ | AU (¥ U U
(a“e‘), (ae) % (3%),: —rsinO 5 freos g

(i) A property Uofa system is a function of a second property S:
to find dU/dx, etc., given S as a function of x, 3, z.

dU
Under all conditions dU = T dS. Hence for variations due to x

alone (y, z,. . . fixed),
(9U[3%)y,s,. . . = (dU/dS)(3S/3x),,,, . . .
and similarly
oU[dy = (dU/dS)dS/dy, dU[dz = (dU/dS)dS/dz, etc.

Example 2. The internal energy E of a substance is a function of
temperature alone, and T = ¢(p, v). Then

(?55)= %(aaT) ‘ (ap) (a:)
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THERMODYNAMIC FUNCTIONS § 16.09

A more general example is the following.

Example 3. Owing to external forces the pressure in an isothermal
gas varies with coordinates (x,, z). Find (JE/dx), . in terms of
the known derivatives, given the internal energy E and temperature
T as functions of pressure and volume.

Using an extension of (i),

OE OE\ 9 + ( ) o
% (ap o
To eliminate dv/dx we use the isothermal nature of the gas.
T 4 T\ v
w35 (3),5-0
E BE) ( ) (3T/3p), }
ax  \\op/, v/, (8T/ov),) o
/¥\\ |
/{\\ N g /\
P S B
Figure 16.04

16.09. TuerMopynaMic Funcrions. The position here is compli-
cated by the numbers of functions used. Consider the simplest
system with two degrees of freedom. In addition to pressure p,
volume v and absolute temperature T, there are the entropy § and
the internal energy E such that

dE = TdS — pdv. (1)

There are three other energy functions:
F=E —TS: dF =dE — TdS — 8dT = — SdT — pdv, ....(2)
H=F 4 pv: dH = dE + pdv + vdp = TdS + vdp, el (8)
G=H—-TS: dG = dH — TdS — SdT = — SdT + vdp. ....(4)

Any two of these can be used to describe the state, and there is the
general problem of expressing derivatives in terms of those with
simple meanings, which ‘everyone’ can recognize. This usually
means derivatives with respect to v, T, and p.
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§16.10 FUNCTIONS OF SEVERAL VARIABLES

An elementary method which follows the general procedure
described above is the following. From the meaning of differentials
we can derive from the differential equations above (e.g. from
equation (1)) such results as

(3E3S), = T, (3E[dv)s = — p.
Let us now assume that we require a derivative such as
X = (3H/2G),

using p and 7 as independent variables. This is equivalent to the
two equations

XdG = dH, dS = 0.

We now express both in terms of dp and dT and equate the two
ratios dp/dT obtained. Using equations (3) and (4) they become

X(— SdT -+ vdp) = TdS + vdp = vdp (dS = 0),

and dS = (38/0T),dT + (3S/3p) pdp = O.
From these two equations,
ap _ (38T), — XS
dT —  (3S/3p)p v — Xv
The solution of this equation for X gives
Y- oH\ v(38/0T),
~\3G)s v(3S3T), + S(3S]3p)r

These formulae are usually expressed in terms of known quantities
using such relations as those for the specific heats or compressibility,

¢p = (dQ[dT), = T(38/3T),,
¢, = (dQ[dT), = T(38/aT),.
See also Sections 16.10 and 16.12.

16.10. ReLATIONS BETWEEN DERIVATIVES. The equations
p= (o, T) and dp = (3p/3) pdv + (3p/3T),4T,
relate the three variables p, v and T and their differentials. They
can be used to obtain other derivatives.
At constant temperature (d7 = 0), we obtain the rate of change

of pressure with volume, or the rate of change of volume with
pressure,

2), 4 (-
)y o p)pr \dp)ar—o (/)7
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ORDER OF DIFFERENTIATION § 16.11

Similarly,
(#).= (&)= woms:
/s \dp o (3T),

Finally, when dp = 0, we obtain the rate of change of volume with
temperature at constant pressure

(ﬂ) — (2) _ _ (@pT), _ (311) (i’f) .
o1/, dT )sp—o  (36/30)r oT ), \op/r

The minus sign is due to the different conditions for the various
derivatives.

1/2
Sincek:;( v

B—T) is the coefficient of thermal expansion and
»

1 /ov) . L
k= —-|5;) is the isothermal compressibility,
v \op/ r
op v v )
(37-)0~~ B (aT)D/(gﬁ)T~4 )\/k

16.11. ORDER OF DiFrerRENTIATION. In Section 16.05 the change in
F = ¢(v, T) was calculated to first order. The same result was

7
dv
Vid
4 M
ar i 57 ar
A K 4
dy
4 v

Figure 16.05

obtained for the two paths ABC and ADC (Figure 16.05). Of course
the same result must be obtained to any order, since

AF = &(v + 80, T + 8T) — (v, T)

is unique. This has remarkable consequences! To second order
(Section 5.15)
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§ 16.12 FUNCTIONS OF SEVERAL VARIABLES

AF = (Fg — F4) + (Fo — Fp) = agdv + B,3T;
AF = (Fo — Fp) + (Fp — F4) = a8 + By3T,
where o = (OF[dv)p, B = (OF[T),.

The difference of the two, to second order, is
(op — ag)80 — (B — BN)ST = (/0T ) a8 T 80 — (3B/dw)¢duvdT.
The two values of AF are equal only if this is zero, i.e.
(92/3T ), = (3B/3v) 1,

2 (3F) _2 (oF
o aT\%) T % \3T)
This important result means that in the calculation of higher

derivatives the order of differentiation does not affect the final
result.

The differences AF for various paths can be equated to third or
higher order but no essentially new result is obtained. For example,
third-order terms show that

RF  PF  FF  F
DT~ dwdwdT  wdTdw dTwdw

which merely corresponds once again to the assertion that the order
of differentiation does not matter.
Summing up, if dF = a dv 4 B dT is the differential of F = ¢ (v, T),

then (3a/3T), = (3B/30) p.

When an expression (o dv + B dT) satisfies this condition it is
said to be an exact differential.

16.12, MaxweLL ReLATIONs. The thermodynamic relations given
in Section 16.09 combined with the last result give the following
Maxwell relations:

dF = — SdT — pdv: (08/90) p = (3p[0T),,

dE = TdS — pdv: (8T Jov)g = — (3p/dS),,

dH = TdS + vdp: (0T /op)g = (9v/aS),,

dG = — SdT + vdp: — (35/3p) p = (30/0T),,.

Three Variables. If V = ¢(x,, z) and

dV = adx + Bdy + ydz,
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HEAT CHANGES § 16.14

then o = dV/[dx, P =23V/[dy, y =23V|dz
B _d 3y _ O o O

d = — = T _— == e
an o0z Iy ox 0z o ox
16.13. INTEGRALS. Any function of two or more variables can be
integrated with respect to one, keeping the others fixed, by the
methods of integration described in Chapter 10. In fact, most of the
integrals evaluated were of that form.

a a
Example 1, f xy dx = [éxzy] = }a¥y.
0 0
b b
f xydy = [éxy”] = }b%.
o o

Constants of integration are less well defined. An integral
F = [ (x, y)dx (y constant) is any function with the partial derivative
dF/dx = ¢(x, ). Integrals can differ by any function independent
of x, i.e. not only constants, but any function of y.

Example 2. (xy dx = $x% + g(y), where g(y) is an arbitrary
function of y.

A new type of integral is
F=f(ade + Py,

such that dF = « dx + P dy. This only exists where da/dy = JB/9x,
as we now show.

16.14. Heat Cuances. To raise the temperature of a substance 46
at constant volume, the heat required is 8Q = ¢ 6, where ¢ is the
specific heat at constant volume. To raise the temperature from 0,
to 6, at constant volume, the heat required is

0y
Q =f ¢ d0, (v constant).
6,

Similarly to increase the volume from , to v, at constant tempera-
ture, the heat required is

L 2% L2

where ! is the latent heat for volume changes at constant temperature.
Now suppose the temperature is raised from 6, to 0, and the
volume also changed from 2, to v,, i.e. the substance changes from

265



§ 16.15 FUNCTIONS OF SEVERAL VARIABLES

the state A(0,, 1,) to the state B(0,, v,) (Figure 16.06). This can be
done in various ways. We could increase the temperature first and
then the volume (ACB), or the volume first and then the temperature
(ADB).

In practice it is more likely that they both change together, e.g.
at constant pressure. Unless ¢ and / are constants, it is necessary to
specify the relation between volume and temperature during the
change. This relation corresponds to a definite path from 4 to B in

i)
0, }---$ 8
&
O
4 /?\ 4
A
6, % > b
1
|
1
! v
0 % v
Figure 16.06

Figure 16.06. For each small step in the total change we can calcu-
late dv, ¢ and / in terms of 6 and d0, calculate 3Q = ¢ d6 + [ dv and
by summing obtain the total amount of heat,

B
Q=J;(cd6+ldv).

The result depends in general on the way the change is carried out,
i.e. on the ‘path’ from 4 to B.

16.15. Work DONE BY A Force. Let a and 8 be the x- and y-
components of a force acting on a particle at the point (x, y) in a
plane. If the particle moves to the point (x + dx, y + dy), the work
done on the body by the force is defined (Figure 16.07, p 268) as

W = adx + B dy.

If the body moves along a chosen path from A4 to B, the total work
done is

B
W=ZSW=f (a dx + B dy).
A
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CONDITION OF INTEGRABILITY § 16.16

To evaluate this when the force varies, we need to know how («, B)
depend on the position of the body (x, ») and the equation of the
path, as well as the position of 4 and B.

16.16. ConprTioN oF INTEGRABILITY. The meaning of ‘line inte-
gral’,

B
[t pa,
A

should be clear from the two examples just given, as well as the
method of evaluation.

In certain circumstances the integration is very easy. In the sim-
b

pler problem with one variable, | f(x)dx was evaluated in the form
a

F(b) — F(a) by finding a function F(x) such that dF = f(x)dx. By
exactly the same argument we can write

B
[+ 8 = FB) — FOt) = Fsa 3 — i),

for all positions of B(x,, »,) and A(x,, ), provided it is possible to
find a function F(x, y) such that

dF = o dx + (B dy,

for all dx and dy, i.e. 0F/dx = o and 3F/dy = B.
In Section 16.11, it was shown that this cannot be done unless

d0/dy = 3B/dx.

This is called the condition of integrability, since the function F(x, y)
can always be found when it is satisfied. One method of proving
this is given in Example 10 (p 276). When this condition is satisfied
(e dx + B dy) is called an exact differential.

That some condition must be satisfied is clear, since we are in
effect integrating simultaneously with respect to two variables.
There are severe limitations on the integral. If the integral is
F(B) — F(A) it depends only on the position of 4 and B and not on
the path from one to the other. This fact explains why the condition
of integrability is the same as the condition which was obtained in
Section 16.11.

Consider Figure 16.07. It was shown in Section 16.11 that the
value of (a dx + B dy) was exactly the same for the two paths EFG
and EHG between neighbouring points £ and G when

da/dy = IB/ox.
267



§ 16.16 FUNCTIONS OF SEVERAL VARIABLES
Hence,
B
W= (s + 68

is the same for the two paths AEFGB and AEHGB. Now a succession
of small distortions of the path such as that from EFG to EHG would
change the path AEB into any other path ACB, and the integral does

N "

Figure 16.07 Figure 16.08

not change in value as long as the condition of integrability is
satisfied.

We can go further. If this condition is not satisfied, it was shown
in Section 16.11 that the change in W is a change in path from EFG
to EHG represented by

da P
(5~ 3 e
which is proportional to the area dx dy covered by the distortion.
For a large deformation in the path the total change in W is
da I
AW =X (a—y —é;) dx dy,

which is a multiple of the total area between the old and the new
paths. This proves that the change in W is in fact appreciable, in
general, unless the condition of integrability is satisfied everywhere
between paths. Italso proves that W is the same for any two paths,
even when this condition is not satisfied everywhere, provided the
regions R where this occurs do not lie between the paths.
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FUNCTIONS OF STATE § 16.18
Example 1. Consider (3x + y)dy + (3 + 2x)dx where
o=23 +2x, B=3x-+).
Then da/dy = 3and 3B/dx = 3, so that this is an exact differential.
In fact
dh = (3p + 2x)dx + (3x + y)dy = 2x dx + 3(x &y +ydx) +y dy,
dp = d(x*) + 3d(w) + d(1)),
¢ = x* 4 3xp + 4% 4 const.
Example 2. Consider 3%dx + xy dy, where « =3* and B = ».

Then 9a/dy =2y and 9B/dx =y, so that this is not an exact
differential. In this case it is easily verified that the integral,

fOrdx + o dy),
depends on the path between two points.

16.17. PotenTiaL ENErGY. When « and B are the components of a

force (Section 16.15), W=f (e dx + B dy) is the work done. If
4

da/dy = OB/dx, then there is a function V = ¢(x, y), known as the
potential energy, such that

®= —3dV[ox, B= —0V/)y, and adx + Bdy = — dV;
the work done is

B
W=f (—dV) = V4 — Vg
A

16.18. Funcrions oF STATE. In thermodynamics it is necessary to
distinguish between such quantities as pressure p and internal energy
E, which are functions of state, and those which are not.

If the state is defined by volume and temperature, then there is an
internal energy function E = ¢(v, 9) such that the change in internal
energy is measured by the change in this function. For a small
change,

dE = p' dv + ¢’ db
is an exact differential.

There is no such function to determine the heat given to a body
since this depends on the change of state, and the manner in which
it is accomplished ;

3Q =¢db + ldv,

is not an exact differential.
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§ 16.20 FUNCTIONS OF SEVERAL VARIABLES

16.19. INTEGRATING FacTors. Even though a dx 4 (B dy is not an
exact differential, it can be proved that it is always possible (though
not necessarily easy) to find a function p(#, y) such that

(no)dx + (uB)dy

is an exact differential. This function is called an integrating factor.
In thermodynamics,

3Q = ldv + cdb

is not an exact differential. The second law of thermodynamics
(Kelvm s principle) shows that there is an integrating factor which
is a function of the temperature alone. Denoting this by (1/7),
where T is a function of 0, we derive

dS = 8Q|T = (I T)dv + (c/T)db.

This is an exact differential: S is the entropy.
For three variables, « dx -+ B dy + vy dz is an exact differential if
L ) BY oy _ O

3y ax 0z 9 ox 3z

Otherwise there is an integrating factor only when

da I B oy dy Oa
Y(ay Bx) T (3z By) tEle T =0
In thermodynamics, because of the second law, (1/T) is always an
integrating factor, however many variables there may be.

16.20. MacrLaurIN’s AND TavLOR’s SERIES. Power series are essen-
tially the same as those considered in Chapter 13 but everything is
now in terms of two variables, each raised to a power. Problems of
convergence are much more involved and are not discussed here.

Using the suffix 4 to indicate that the derivatives are calculated
at x = a, y = b, Taylor’s series for ¢(x, y) becomes

d(a+h b+ k) = d(a, b)

+( a<l)J:-k%) +é!7( a%—}—th a% +k’a2¢)

1. 3% % % )
+ = (hs R R Lo vy - Rt ) ..
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Maclaurin’s series is

$(%.9) = $(0,0) + (xg(—erJ%)
1 a! o2
+2|( ¢+2fa:g +7 ayd)) e

Proof: given a, b, h, k, there is a function f(t)= ¢(a + th, b + tk)
which becomes f(0) = ¢(a, b)) whent = 0, and f(1) = ¢(a+h, b+k)
when ¢ = 1. By Maclaurin’s theorem,

50 =50 +2(5) + 3o (F) +or () -

n'
and if this is convergent when ¢ = 1,
&
50 =50 + (%) + 51 () +-
Now f(t) = cb(x,y), where x = a + th, y = b + tk. Hence,

_%dx  Xd % %,
dt xadt T yd e Y

= (@) =2 (@) + 5 (@)

‘342) a¢ +k33(£,etc.

Putting ¢ = 0 on both sides leads to the result stated.

+ 2hk

16.21. StaTioNaARY VALUES. UNDETERMINED MULTIPLIERS. A
stationary value of a function ¢ of a number of variables occurs for
a set of values of the variables such that d¢ = O for small changes in
any or all of the variables. For example, the stationary values of
&(x, 3, 2) are determined by the condition,
3 34>
do = 3 dx +

% _, a¢_0 3

1.€. §;=,'37——, 3z

2o+ Raz=0, (@las, by do),

These three equations give all possible sets of values of (x, y, ).
Stationary values are often required for a function of several
variables which are not independent, because of a condition imposed
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§ 16.21 FUNCTIONS OF SEVERAL VARIABLES

upon them. The obvious method is to use the condition to eliminate
one variable.

Example 1. Find the stationary values of ¢ = xpz, when
x+y+2z=a.
Eliminating x, then ¢ = yz(a —» — 2z), which is stationary when
3¢/ = az — 2yz — 222 = 0 and 3$/dz = ay — y* —4yz = 0.

Hence either z=0 } d {either y=0,
an
or y+4+z=1a or y-+4z=a,

ie. (@) y=0,:=0,x=a, ()y=0,2=14ax=0,
@) z=0,y=a,x=0, (v) y = }a, z = }a, x = 4a.

The elegant method of undetermined multipliers due to Lagrange
carries out the elimination after differentiation. Thus stationary
values of ¢(x, ¥, z), subject to a condition f{(x, 3, 2) = ¢, occur when

PR DO P

d + dz-—O

w .f_lrfd_0

where f(x, y, 2) = ¢, and 4}"-— dx +

If we wish to eliminate x, we also eliminate dx using the last equation
to express it in terms of dy and dz. To do this first combine d$ and
df using a multiplier A,

420 (e (FZor (s

Now choose A so that
% ¥ _
x Bx

The rest of the expression must now (after eliminating ) vanish for
all values of dy and dz, i.e.

% Y o % Y

& o >
Since the form of these equations is the same whether we actually
eliminate x or not, we have a beautifully symmetric result:
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stationary values of &(x, », z), subject to f(x, %, 2) = ¢, occur for
those values of (x, y, z) which make

L% o % ¥ %Y
f(x,y,z)—-—c, Ix ax 0 ay_)\g—o, 52_)\52'_‘0
Example 2. The stationary values of ¢ = xyz subject to
x+y+2z=a
occur when
x+y+22=a;, yz—A=0, xz—A=0, x»—2A=0,
i.e. A =yz = xz = §xy.
*. either x=0,y=0, (z=4%a);
or x=0,z=0, (y=4a); y)(A=0).
or »=0,2=0, (x=a);
or x=y=27=14%a (A= a?/18).

When there are two conditions, there are two functions f and two
multipliers.

16.22. MaxmMa aNp MiniMa. When a function ¢(x, ») is known to
have a maximum, this can be found by making it 2 maximum with
regard to one variable, keeping the others fixed; having found this
maximum, then make ¢ a maximum for variations of the remaining
variable.

A more satisfactory examination of maxima and minima is aided
by Taylor’s theorem. The maxima and minima are amongst the
stationary points ¥ = a, y = b where

o4/dx =0, 3¢/dy = 0.
Near such a point, the Taylor series asserts that
Ad=d(a+h b+ k) —d(ab),

_ 2 2% 2
_§{h23x2+2hkaxa)+ B }+. ..

= §(4h* + 2Hhk + Bk?) to second order.

The first derivatives vanish, and extra symbols have been introduced :

2 2% M
axn,H é—;‘a;),B-—-BF, atx-a,y—-—b.
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§ 16.23 FUNCTIONS OF SEVERAL VARIABLES

Unless 4, B, H are all zero, the higher-order terms are negligible for
small £ and k. Now

Ah® 4 2Hkk + Bk® = (Ah + Bk)2/4 + {(AB — H?)|A}2,
Hence thereis at x = a, y = b:
(#) Maximum: A¢ > 0,allh, kwhen 4 > 0,B > 0, AB > H?;
(#) Minimum: A < 0, all &, s when 4 < 0, B < 0, 4B > H?;
(#ii) Saddle point: AB < H?2,

Near a maximum or minimum the contours are ellipses, as indicated
by Figure 16.02. The saddle point is a new idea. It arises because
Ad is positive for some values of (%, k) and negative for others. From
the stationary point, ¢ increases in some directions and decreases
in others. The two lines along which Ad¢ = 0 are given by the
equation,
2A¢ = Ah® + 2Hhk - Bk* =0, (4B < H?);
hlk = {— H 4 +/(H? — AB)}/A.

These are the ‘level’ lines.

The neighbouring contours, where A¢ is small, are asymptotic to
the level lines and are approximately hyperbolae (Figure 16.02). The
major and minor axes of these curves bisect the angles between the
level lines, and ¢ decreases most rapidly along one and increases
most rapidly along the other.

16.23. ReEPEATED INTEGRALs. A repeated integral is the result of
integrating a function more than once, not necessarily with respect
to the same variable. Consider especially the definite integral,

fbtb (x,)dx, (»y constant),

where a and b are independent of x. It is in general a function of y,
either because ¢ is a function of y or because the limits a and b can
be functions of y. Its integral with respect to y, between limits ¢ and
d, is a definite integral which is written

J;d Lbd’(x,)’)dx dy, or J: d@yj;b(b(x’ 9)dx.

If the first is used, and it is preferable for some purposes, the inner-
most limits and differential refer to the first integration (a, b and dx)
and the next set (¢, d and dy) to the second. Since a and b need not

274



EXAMPLES

be constants it is important to attribute them to the right variable
(see the next chapter).

Example 1.

1 1 2 f1 2 1 2
j?:gydx:[xzy] =y f J‘Qx_ya'xa'y“——J~ [xzy] a_’y=f_ydy=2.
0 0 0 Jo 0 o o

Example 2.

v v 2 ry 2 v 2
f2x_ydx=[x2y] =_y3:f f2:gydxdy=f [x?y]dy=f_y34y=4.
0 0 o Jo 0 ) 0

EXAMPLES XVI

1. Show that V = (Ar" 4+ Br—")sin (n@ — ¢) satisfies the differential
equation,

Y 1V 1%

or? rdr ' 12002
where A, B, € and n are arbitrary constants. What limitations are imposed
on Vif (i) it is to be single-valued and (i?) finite at the origin?

2. Show that ¢ = 1/r, where r* = x3 + »? 4 22, satisfies the equation

A SR
axt 2 a2

Show that the functions 2 (l), 2 (1), 2 (1) and higher derivatives also
Ix\r/) I \r/) Oz \r
satisfy this equation.

Calculate these quantities as far as the third derivatives, and show that
there are four relations between the nineteen new solutions obtained in this
way.

3. Find z, given 0%z/(dx dy) = sin « sin », where dz/dy = — 2 siny when
x = 0, and z = 0 when y = =n(n + }), where n is an integer.

4. A uniform beam of length ! is clamped at one end and supported at a
distance y from it. It carries a load W at a distance x from the clamped end.
The deflection at the free end is

S = (WEED{y — x)(E —=))D-

Find its maximum value as x varies and y is kept constant and its maximum
value for any value of y, together with the values of x and y for this maximum.

5. A factory has a rectangular floor plan and a flat roof, enclosing a
volume of 864,000 ft®. The front wall costs 3 times, and roof 1:5 times as
much per unit area as the other walls. Find the length of frontage and the
height for the least cost.

6. A box is tied once each way by a string of length /, excluding knots.
Find the maximum volume of the box, using the method of undetermined
multipliers.
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FUNCTIONS OF SEVERAL VARIABLES
7. For any substance,
3Q = TdS = ldv + ¢, dT = ldp + ¢,dT.
Prove that:

(i) €5 = ¢o + L(O0[3T),;

(i) I, = T(3S/dv)r, I, = T(38/3p)z;
(iii) ¢ = — 1,(30/3T)s, ¢, = — 1,(3p/0T )s;

.\ Cp op/dv)s
@ & = G

8. Prove that, at constant temperature,

, using Section 16.10.

Ep — E4 =fa{7'(31>/37’)n — pldv.

9. Debye’s theory of the specific heat of a solid yields a formula for the
thermal energy,
n[Y x3dx
E=E, + QNV—S'J; @ 1) ]),

where E, and v are constants.
Find the specific heat ¢, = (3E/0T) and prove that

E=E, + %RT{%-}- 3%(&/7” - 1)},

where R = Nk and 6 = (hv/k).

10. Given a differential a dx 4 8 dy and a function F(x,y), such that
9F/dx = a, show that either 3F/y = B or (3 — dF/J) is a function f(y) of
y alone, if 90/dy = IB/dx. Deduce that d¢ = a dx + B dy, if

$=F(x ) + [fOd + G

where C is a constant.

Use this method to find ¢ when dé = (52 + »)dx + (»* + x)dy.

11. Prove that (3E/v)r = T2(3(p/T)[dT), and find a general form for
E when pv = F(T), where F(T) is an arbitrary function of the absolute
temperature 7.

12. Legendre polynomials. Find G = 0F/dx and H = 3F/oh, where
F = (1 — 2xh + h?®)~12, Prove that (x — h)G = hH and

(1 — xh)G = hF + R*H.

Writing F = Zh"P,(x) in these equations and equating powers of &,
prove that .
dP, dP,,

L dP, dP,_,
dx dx

=Py G T
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CHAPTER 17
SURFACE AND VOLUME DISTRIBUTIONS

Introduction—Fluid flow—Electric potential due to a surface charge—
Hydrostatic pressure. Properties of areas—Variable pressure—Double
integrals—Volume of a solid—Polar coordinates—Separable functions—
Integrals over the whole plane—Mass distributions—Volume integrals—
Cartesian coordinates—Axial coordinates—Spherical polar coordinates—
Velocity space—Solid angles. Distribution in direction—Phase space

17.01. InTrODUCTION. This chapter is concerned with properties of
distributions over areas and volumes. In the definitions of total
values of, for example, a distribution over an area, it is necessary to
divide the area into very small areas dS each centred on a point, and
obtain a sum 2¢ dS where ¢ is determined by the distribution. In
the evaluation of these sums by integration (cf. Chapter 10), it is not
necessary that dS should be centred on a point, but only so small
that ¢ does not vary over the element of area by more than a
first-order small quantity.

17.02. FLuip FLow. Water flowing slowly along a circular tube of
radius a has a velocity,
v = vo(a® — 1%)[a?,

at a distance r from the axis. The flow per unit time across a small
part dS of a normal section (Figure 17.01) is v dS and the total flow is

Q = ZvdS.

Figure 17.01

As v only depends on 7, we can choose as a suitable element of area
the ring between two circles of radius r and (r + dr),

dS = 2rr dr.
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HYDROSTATIC PRESSURE §17.04

The total flow is obtained by summing over rings from r = 0 to
r = a,
a?

2
— 7

- 2
P 2nr dr = }v, . At

a a
Q= SvdS= f Yo
r==0 0
The mean velocity of flow is therefore 3u,.

17.03. ELecTRIC POTENTIAL DUE TO A SURFACE CHARGE. At a dis-
tance R from a point charge ¢, the electric potential is g/R. Consider
the potential due to a charge ¢ distributed uniformly over a circular
disc of radius a, i.e. a charge density ¢ = g/ma?, per unit area.

At points a long way from the disc, the charge can still be treated
as a point charge. At points P nearer the disc some allowance must
be made for the variation of R from one point on the disc to another.

Divide the disc into small areas dS (Figure 17.01). The charge
6 dS can be regarded as a point charge, with a potential (g dS/R) at
P. The total potential at P is

V = Z(c dS/R) = cX(dS/R).
Assume that P is on the axis of the disc, OP = x. In the summation
an area dS can be chosen so that R is constant over it. Now R is
constant for points on the disc on a circle with O as centre. Hence

we divide the disc into concentric rings. For the ring between
circles of radii r and (r + dr),

dS = 2mrdr, R = (s + r)12,
& 2mrdr 2q el 2¢
V= "L (RO [(x2 + ,_)1/2]'5 — (@ + @) — 2
2q
(e 4 a-";)T/2 +x

Hence V — g/x, as x — o0, as required at long distances.

17.04. HYDROSTATIC PRESSURE. PROPERTIES OF AREAs. The force
on one side of a plane vertical area immersed in a liquid is distri-
buted over the area. When the pressure variation is appreciable,
the resultant force is obtained by adding the forces on small elements
dS. Since the area is plane these forces are parallel. The force on
each element is p dS normal to the area, so that the total force is

F=XpdS.

According to the laws of statics, the resultant force acts at a point C,
the centre of pressure, so that its moment about any axis is the total
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§17.04 SURFAGE AND VOLUME DISTRIBUTIONS

moment of the distributed forces. Choosing horizontal and vertical
axes Ox and Oy as in Figure 17.02,

Fx,=XxdS, Fy, = X ypdS.

e

>~ Surface

4
z X

as
pds
I'd
Figure 17.02

Let us first assume that the pressure is in fact uniform. In practice
this is very often true as an approximation. The total thrust is

F = pS,

where § is the area; the coordinates of G, the centre of pressure,
are x, = %y, Yo =y, [Figure 17.03 (a)],

Sx, = Zx dS, Sy, = 2y dS.

The pressure p does not appear in these expressions.

Cy "r
. 8
|
|
|
e N
) G‘: £
|
x
0 x iz Y]
a —

Figure 17.03 (a)

This point G is the mean centre of the area, and only depends on
its shape. Itscoordinates x, and y, are the average values of x and
over the area. The two sums Xx dS and Xy dS are called the first
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HYDROSTATIC PRESSURE §17.04

moments of the area about the y- and x-axes, respectively, and it can
easily be deduced that their values are known at once when G is
located.

That the position of G is unique is a consequence of the laws of
statics, but it can be proved directly. The moment of the resultant
thrust on the area about a line LL is X zp dS, where z is the distance
of the area dS from the line. Now in Figure 17.03 (b)

z=uxsina 4+ ycosa + d.
Hence .
Zpz dS = psin o Bx dS + p cos o Ly dS + pd X dS,

= pS(x, sin o + y, cos &« + d),
= Fz,,

where z, is the distance of G from the line. Thus a force F acting at
G has the correct moment about any line.

Figure 17.03 (b)

The position of G is often easily determined without long calcula-
tions. If the area is symmetric about a line LL then G lies on that
line, since it is obvious that the moment of the forces due to a uniform
pressure must be zero about it. (The same result can be proved
more formally using the sum and reversing the direction in which z
is measured positive.) Thus the position of G is partially determined
when the area is symmetric about one line, and its position is com-
pletely determined when it is symmetric about two distinct lines, as
in the case of a circle or rectangle or any regular polygon.

Example 1. Prove that the mean centre of a triangle lies on a
median, by dividing the triangle into strips parallel to one side and
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§17.06 SURFACE AND VOLUME DISTRIBUTIONS

considering the forces on each strip. Deduce the position of the
mean centre.

A useful point to remember is that, for any area, 2xdS=0if
the y axis passes through G, and that Xy d§ = 0 if the x axis passes
through G.

17.05. VARIABLE PrESSURE. In many problems the liquid pressure
varies with depth below the surface and this variation must be
allowed for in the calculation. Since it does only depend on depth,
however, the calculation of the total force F and the value of y, for
the centre of pressure can be made, dividing the area into strips
parallel to the surface. The calculation of #, is more difficult. How-
ever, it is zero for any area with a vertical axis of symmetry, which is
chosen as the y axis, by the same argument as was used to fix the
position of the mean centre in the last paragraph.

For a liquid of uniform density p, the pressure increases linearly
with depth. Let us assume that the mean centre has been found and
that axes Gx and Gy are drawn through it. Then the pressure at a
depth y below G is p = p, + pgy. The total force on the area is

F = X(p, + p)dS = p,5 + oy = 1S

since y, = 0, i.e. the total force is the area times the pressure at the
mean centre of the area.
The coordinates of the centre of pressure are:

Fx, = Zx(p, + pg)dS = pgH,
where H = X xy dS, and

Fy, = Zy(ps + p@)dS = pgb,
where B = Xy%dS.

The second sum Xy2dS and the similar sum % x24S are known as
the second moments (or moments of inertia) of the area about the
axes. When divided by the area they give the mean square values
of y and x over the area. The other sum H is called the mixed second
moment, and is zero, as noted above, for areas with a vertical axis
of symmetry.

17.06. DousLE INTEGRALS. In the foregoing sections we encoun-
tered, but did not evaluate, integrals of the form
2 ¢ ds,

where dS was a small area near a point P and ¢ was a function of the
coordinates (x, y) of P. Such sums lead to double integrals in general.
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DOUBLE INTEGRALS §17.06

To carry out the summation it is first necessary to divide the area in
an orderly fashion.

Using Cartesian coordinates this is most conveniently done by
means of a network of lines normal to the x axis at intervals dx and
lines normal to the y axis at intervals dy. The whole plane is divided
into small rectangles and the element of area is one of them.

dS = dx dy, (Cartesian coordinates).

Any area § (Figure 17.04) contains a large number of them. The
sum X¢ dS over these rectangles differs from the sum X¢ dS over the
whole area by the omission of small areas near the boundary. In

N

1) <

as

ay

™
a
: x+y=a\\

Figure 17.04

the limit, all dx, dy — 0O, the sum of the areas omitted normally tends
to zero and with it the contribution to the sum. Hence we write

lim X4 4§ =fj¢(x, y)dx dy.
dz, dy—0 S

This is a double integral, evaluated by repeated integration, as
explained below. Once this stage is reached the method of evalua-
tion depends not so much on the function ¢(x, y) as on the shape of
the area.

Example 1. Calculate the mixed second moment,
H=ZXw»dS, ($=un)

for the area bounded by the x axis, the y axis and thelinex + y = a
[Figure 17.04. The sum over the rectangle must be carried out
in an orderly fashion. Let us first sum elements in rows parallel to
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§17.07 SURFAGE AND VOLUME DISTRIBUTIONS

the x axis. The row between y and (y + dy) (marked in the diagram)
extends from x = 0 to x = a — y, where it meets the line x + y = a.

SedS='3 ddrdy—>|

row x

-y
¢ dx dy, (» and dy constant).

This holds for every row from y = 0 up to the corner y = a. Sum-
ming the results for every row,

a a—-y a fa—y

spas= 3 (Soa)o=[ [Teano
S y=0 \z=0 0 Jo

The inner limits refer to the first integration dx, the outer limits to

the second integration dy. Since ¢ = xy,

If the integrals are summed first in rows parallel to the y axis, the
row between x and x -+ dx extends from y = 0 toy = a — ¥, giving

a-z 6—z
( > dy) dx =f ¢ dy dx, (x and dx constant),
y=0 0

and the sum over rows, from x = 0 to x = q,

a a—z
> dS _———-f f ¢ dy dx, (y first, then x).
s o Jo

Although the limits have changed with the order of integration, the
integral has the same value as before, whatever the function ¢, as
long as the area of integration is the same.

Example 2. If the area of integration is a rectangle enclosed by the
linesx = @, x = b,y = ¢, y = d, the limits remain the same when the
order of integration is changed.

spas=[* oo nacay = [otnnm an

17.07. VoLuME oF A Sorip. The double integral of U = ¢(x, »)
over an area equals the volume between the upper surface and the
base of a solid model representing the function, and vice versa.

To define the volume more closely, let us assume it to be a vertical
cylinder (Figure 17.05) of base area § in the base plane. The area §
is that between two curves y = u(x) and y = v(x), extending from
x=atox==b.
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VOLUME OF A SOLID §17.07

The volume is divided into slices by vertical planes normal to the
x axis, at intervals dx. If A(x) is the area of the section at x, the

U

I4
/

yd—— dx
Figure 17.05

volume of the slice between x and (x + dx) is A(x)dx, to first order,
as in Chapter 10, so that the total volume is

b b
> A(x)dx = | A(x)dx.
z=a a

Now the section A(x) is an area with a line as base from y = u(x) to
y = v(x), the height of which at every point from the base is U(x, ),
where x is fixed and y varies along the base line. Dividing this area
into strips by vertical lines at intervals dy, its area by integration is

»z)
Ax) = J.m)<[>(x, 9)dy, (x constant).

Substituting this formula in the earlier expression, the volume is

J;b { u::)‘b(x,)’)(b’} dx =J;b J;::)d)(x,y)dy dx =f1;¢ ds.

Example 1. (The reader should draw this to make it clearer.) Find
the volume between the planes ¥ + » + 2z = 1 and the coordinate
planes x = 0,y = 0, 2 = 0. This is a tetrahedron.

The plane x + y + z =1 intersects the base plane ; =0 in a
line ¥ + y = 1, so that the base area § is triangular, and lies between
y=0and y=1—1x, from x =0 to x = 1. At any point in this
area the height of the tetrahedronis z =1 — x — ».
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§17.08 SURFACE AND VOLUME DISTRIBUTIONS

The area of the section normal to the x axis between x and

(v + dx) is
1-z R
A(x) =J; z dy.

The total volume V = ZA4 dx is

I R R e
=ng(1 s — 1.

17.08. PoLArR COORDINATES. It is neither necessary nor advisable
always to divide an area into rectangles using Cartesian coordinates.
Other divisions using curvilinear coordinates are possible.

In polar coordinates, the plane is divided by lines drawn radially
from the origin (6 = constant) at intervals 0, and by circles around
the origin (r = constant) at intervals dr. The former divide it
into sectors and the latter into circular strips (Figure 17.06). The
two together give small areas with two straight sides of length dr and
two curved sides of lengths r d0 and (r + dr)df. To first order the
latter are equal and the element of area is a small rectangle with

dS = r df dr, (Polar coordinates).
Then Z¢ dS becomes

Figure 17.06

Example 1. The first moment of the circle 7 = 2a cos 6 about the
tangent at the origin (Figure 17.06) is
XxdS=2XrcosB.rdbadr
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Keeping 6 and d6 fixed and summing radially from the origin
(r = 0) to the circle (r = 2a cos 0), gives the first moment of a
sector of the area. Then adding up for different values of § from
— 47 to 47 covers the whole area and gives the first moment of
the circle.

i 2a cos 6
J. f 2 cos O dr db,
—§m JO

in i
= 4(2a cos 0)3cos 0 d6 = §. 2f cos? 6 40,
—3r 0

= ma’%, (using 1.157).

N.B. The double integral of ¢(r, 6) with respect to r and 6 means
the integral [f¢(r, 0)d0 dr. The integral over an area | [¢(r, 0)r d6 dr
is therefore the double integral of rd(r, 6).

17.09. SeparaBLE Funcrions. When a function ¢(x, y) is separable
in the variables, it can be written in the form

b(x2) =S(x) - 20)-

When a repeated integral has a function of this sort as integrand, and
constant limits,

J;d _[:,4’ (%, 9)dx dy =J;d { J;b fxe(y) dx}y com.dy,

=fg(y) {ff (x)dx} dy = fc dg( »dy. fa ' f(%)dx,

i.e. the integral can be factorized.
Similarly, when ¢(r, 8) = f(r) . g(8), with constant limits,

a (*2r a 2r
L J; Sf(ng(0)r do dr =J;f(r)r dr .J; g(0)do,
over a circle r = a.

17.10. INTEGRALS OVER THE WHOLE PLANE. An integral over the
whole plane means an integral over a large area § the perimeter of
which tends to infinity in all directions. In Cartesian coordinates
the area chosen for this purpose would be a rectangle, and in polar
coordinates the area chosen would be a circle, but the integral only
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has a meaning if the answers are the same whatever the shape of the
area.

f:e J._:(# (x, y)dx dy (Cartesian): J;m J:ntb(r, 0)r d0 dr (polar).

Example 1. Over the whole plane the integral of
4) — 6—" — e_(x|+”:)’
is: (Polar coordinates)

o 2r ® @
f f g""rde dr ::'_J‘ e"' 27'[7 dr == 27': [—" %e-—"] = T.
o Jo 0 0

(Cartesian coordinates)

@ 0 o @©
f f e~V dx dy =f e~ dx I e~V dy = A%,
— 0 J~ — —

©
where A4 :f e~ dx. Since the integrals are equal, 4 = /7.
-

17.11. Mass DisTRIBUTIONS. A mass dm of small dimensions at a
distance z from a plane is said to have a first moment zdm and a
second moment z2dm about the plane. Ifitis a distance 7 from a line
it has a moment of inertia r%dm about the line.

To define these quantities for a large body of density p, which need
not be uniform, although it often is, we divide the body into small
volumes. If dv is a small volume near a point P, where the density
is p, then its mass is dm = p dv. By summing the moments of these
small volumes the moments for the whole body are obtained, e.g.
the first moment about the plane is X 2p dv. The distance of the
mass centre from this plane is defined as z, where mgz, is the first
moment about the plane.

Example 1. The density of a right circular cone is proportional to
the distance z along the axis from the vertex, and reaches a maximum
po at the base, which is a distance & from the vertex O and has a
radius @ (Figure 17.07). Its volume is §na®h = V.

The density at z is p = py2/k: the mass of a volume element dv
is pdv. Hence the total mass is Zpozdv/h.

Divide the volume into slices over which p is constant. The slice
between z and (z + dz) has a radius (az/h) (why?), so that its area
is ma%z2(h? and its volume is

dv = ma®zidz[h®.
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Hence
k 2,2
- - 2 maR T ey
m—Zpdv-—‘;poh 3] d€—4Poah'—§PoV-

&

P ¥

Figure 17.07

The mass centre G lies on the axis. Its distance from O is z,, where

Z2 na2z2

h
mz, = 2zp dv =f Poy T dz = $p,ath? = imh.
0
Thus 2z, = 4h/5.

17.12. Vorume INTEGRALs. If F is any quantity with a value at
every point of a volume, then the volume integral of F over the
volume is the sum, over all parts of the volume, of the products F dv
of the volume dv of each small part and the value of F there. The
volume Sdv must be so small that F is constant over it to first order.

We write
> Fdv »fff F dv.
v v

This integral, divided by the volume V, is the mean value of F over
the volume. Sometimes, of course, as in the previous section, the
volume integral itself has a definite meaning.

The evaluation of these integrals depends on the shape of the
volume and the form of the function F as a function of position.
There are three types of coordinate system in fairly common use
which we now describe.
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§17.13 SURFACE AND VOLUME DISTRIBUTIONS

17.13. CarTEsIAN CooRrDINATES. Using Cartesian coordinates with
perpendicular axes 0X, 07, OZ, a volume is divided into slices by
planes x = constant, at intervals dx; these are divided into rods by
another set of planes, y = constant, at intervals dy, and finally into

Z
dz
T X
dy
4 dz

Figure 17.08

small rectangular blocks by planes at intervals dz (Figure 17.08). The
volume element is

dv = dx dy dz, (Cartesian coordinates)

and YFdv :fff F(x,9, 2)dx dy dz.
v

The summation proceeds as in earlier sections over first one coordi-
nate, then another and finally the third, inserting the appropriate
limits on the way which correspond to the given volume.

Example 1. For the rectangular block with sides a, b and ¢ (Figure
17.08) we can sum first over small blocks with different z but the
same x and y. This gives a rod extending from £ = 0 to z = ¢. The
value for this rod is

13 (3
SFdxdydz = dxdyfF(x,y, 2)dz.
z=0 0

We now sum over rods with different values of y but the same value
of x and dx to form a slice. The value for the slice is

s (ipdz)dydx - dx_[:fp(x,y, 2)dz dy.

y=0\z=0
Finally by a summation over slices, the value for the whole block is

obtained
a rb fc
f [ (73, 9tz dy d
0 JO JO
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For example, if the block is of material of uniform density p, the
moment of inertia of a volume element about the 2 axis is

dl = (x® + y%)p dv.

The total moment of inertia is

a b
Z(x? 4 e dv =f f rp(xz + y?)dz dy dx,
0 JO JO

a b ¢ a b ¢
= pf X2 de dyf dz + pf de > ({yf dz,
o o ~Jo o Jo o

=p.3a. b.c+p.a.}b®.
= }(a® + b¥)pabc = %(a® + bE)m.

Note that the integral with constant limits factorizes when F does.

17.14. Axiar CoorDINATES. These are more suitable for cylinders,
or volume integrals of functions with axial symmetry.

The coordinate z is measured along an axis as before (Figure 17.09)
but polar coordinates (7, $) are used in the plane normal to this
axis: 7 is the distance from the axis, and ¢ the azimuthal angle
about it.

Figure 17.09

(i) Planes z = const. at intervals dz divide space into slices.
(1) Planes ¢ = const. through the axis at intervals d¢ divide
space into sectors.
(iii) Cylinders r = const. at intervals dr divide it into thin
cylindrical shells.
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§17.14 SURFACE AND VOLUME DISTRIBUTIONS

Combining these into pairs we can get various volume elements.
Using all three gives a small block near P of volume

dv=rdd.dr.dz (Axial coordinates).

Example 1. A mass of gas m is in a circular cylinder of radius ¢ and
length L, rotating about its axis with angular velocity w. The pres-
sure in the gas satisfies the equation dp/dr = pw?r and for an isothermal
gas p = pRT| M, this integrates to p = pye*”, where k = (Mw?/2RT)
and p, is a constant (the density at the axis). To express py in terms
of m we use the formula m = Zp dv. As p is a function of r, we
divide the cylinder into cylindrical shells. The shell between r and
(r + dr) has a volume

dv =2mnrdr.L. .

a a a
Hence m= 2 pdv =I poe 2mr dr . L = npoL[e”"/k] .
=0 0 0

r
po = mk/nL(é — 1)
= mMw?2nLRT (eM®«"2RT _ 1),
Example 2. The electric charge density in an infinite cylinder of

radius 2 from z =0 to z = o0, is p = Ae"*r2cos? ¢. The total
charge is

g=2Zpdv=Zprdddrdz.

The order of summation does not matter much. For given r and 2
the cylinder contains volume elements from ¢ = 0 all the way
round to ¢ = 2, forming a ring of rectangular section dr dz. The
charge in this ring is

2rc
rdr dzj p db, (r, z constant).
0

Summing over rings with the same z but different radii r gives the
charge in a slice between z and (z + dz),

a 2
dz f pr dd dr, (zand dz constant).
o Jo
Summing from z = 0 to z = oo gives the total charge,
® fa (2n
f f J. Ae~¥2 y2 cos? & . v d dr dz,
o Jo Jo

@ a 2n
= Af e~k dzf r drf cos?  dp = mAat[4k.
0 0 0
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SPHERICAL POLAR COORDINATES §17.15

17.15. SpHERICAL PoLAR COORDINATES (R, 0, ). These are used
for problems with a natural centre, or involving spheres.

R is the distance of a point P from the origin O.

An axis OZ is chosen in a suitable direction when necessary and
6 = £ ZOP.

The angle ¢ is the azimuthal angle about the axis 0Z.

O0<SKR<oo; 0K 0<K<¢ < 2.

The angles 6, ¢ give the direction of OP (comparing with axial
coordinates z = Rcos 0,r = Rsin 0). (4= — 0) is the latitude, and
6 is sometimes called the co-latitude on a sphere.

Two spheres of radii R and (R + dR) enclose a spherical shell of
thickness dR and volume,

dvp = 4mR? dR.

S~ dd _Rsinbdd

ar

Figure 17.10

Cones of semi-vertical angle 0 at intervals d0 divide this shell into

zones of volume
dv = 2R sin 0 . Rd0 . dR

= 27tR?sin 0 d dR.
Further division by planes through the axis, e.g. between ¢ and
¢ + d, divide this into small blocks of volume

dy = R?sin 0 d} db dR.
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§17.16 SURFACE AND VOLUME DISTRIBUTIONS

Example 1. An electric charge distribution of density p has an
electric dipole moment with a component in the z direction

p, = Zpzdv = X pR cos 0 dv,

relative to a given point 0. If the charge extends over the whole of
space and p = pye ¥ cos 0, this is

. = Zpge *Bcos 0. R cos 0 dv = [ [pye ~*BR cos? 6(R?sin 0 dd dO dR).

In an integration over all space, all values of the coordinates are
possible and

® fr [f2r
e =f f f pot "*% . R3 cos? 6 sin 0 d¢ d6 dR,
0 Jo Jo
© r 2m
=f f 27pge ¥R . R3 cos? 0 sin 0 d0 dR, (f dy = 21:),
o Jo o

=f (4mpo/3)e 2 R3 dR, (J—"cos2 0sin 6 46 = 2/3),
o o
= 8mp,/k*.

Example 2. 1f the total charge density is p = p,e *F/kR at a
distance R from O the total charge can be evaluated using the volume
¢lement,

dv = 4mR? dR,

between spheres of radii R and R + 4R, since p is constant over the
volume. Hence the charge inside a sphere of radius a is

¢ —kR 2 4”90 —ka
g = A (poe "*2/kR)4mR? dR = B {1 —e~%2(1 + ka)}.
The total charge is

g = lim g, = 4mp,/k®.
a—» oo

An interesting point is that the total charge in the whole of space
is finite, even though p diverges at the origin R = 0. The reason is
that the region in which p is very large is only a very minute one,
as shown by the fact that dv = 4nR? dR - 0 as R decreases, for a
given thickness dR.

17.16. VeLocrry Space. Velocity space is the name given to a
three-dimensional diagram where the coordinates represent the
velocity of a body. A body with velocity components (v, v, 2,) in
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VELOCITY SPACE §17.16

the x, y and z directions is represented by a point P with these three
components as Cartesian coordinates. Remembering that distances
now represent velocity components we can use the previous diagrams
(Figures 17.08-10).

For example, Maxwell’s kinetic theory of gases states that the
number of molecules with velocity components between (v,, v, v,)
and (v, + dv,, v, + dv,, v, + dv,) is

dN = Qe300 gy dy, dv,, (0 = m[2kT).
Every one of these molecules is represented by a point in velocity
space, in the small element of volume dv = dv, dv, dv,, near the
point P, i.e. if
dN = fir,
where f= Ae~X*-'+2/+9% then f is the number of points per unit

volume, or the density of points in velocity space.
The total number of molecules (points) is

e} (oo} @D
N=%Sfdt— f f f Ao o053 10D 4y o o,
—® J—0 J—w

© 3
= A[ f e-av" dx] s

= A(n|a)¥? = A@2nkT|m)®?, (cf. Section 17.09).

If we do not carry out the final integration over v,, but only over v,
and v,, the answer is the number of molecules with a velocity in the
x direction between v, and v, + dv,, whatever their other velocity
components.

dN, = Ae= dy,(n[a) = N(a/7) 2" du,,.

i.e. the fraction is dN, /N = (a/m)V2e~% gy,

The mean value of any function of the velocity, &(v,, v, v,), is
defined as the sum of its values for all the molecules, divided by N.
For points in a volume clement dtv the sum of the values is just
(df dv) to first order, and the mean value is therefore

4T e

Example 1. The mean square velocity in the x direction is

1 1 kT

— 2 —_— == —

fofv”fd1_2m m
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§17.17 SURFACE AND VOLUME DISTRIBUTIONS

It is not necessary to use Cartesian coordinates in velocity space.
The line OP (Figure 17.10) represents the velocity in magnitude and
direction. If spherical polar coordinates are used (g, 0, ¢), then
g = (02 + v2 + v2)V/2 is the speed and the angles (6, ¢) give the
direction. The density of points is unchanged by a change of
coordinates, and is therefore, in spherical polar coordinates

f=A4e77,

which is independent of direction. Using the volume element
dt = ¢%sin 0 d0 d$ dg in polar coordinates (cf. Section 17.15) we
find that

dN = fdr = Ae~" . ¢%sin 0 do dO dg,

is the number of molecules (points) with speeds between ¢ and
(¢ + dg) travelling in directions between (0, ¢) and (6 + d9, ¢ + db).
By integration over ¢ we obtain the number moving in directions
making angles between 0 and 6 + d0 with the z axis;

dNy = 2rcde—4" g%sin 0 d0 dg.

Finally let us find the velocity distribution function F(g) such that
the number of molecules with speeds between ¢ and (¢ + dg) is

dN, = F(q)dg.

In velocity space dN, is the number of points between two spheres of
radii ¢ and (¢ + dg). Now the volume between the two spheres is
dv = 4mg? dg and the density of points is the same throughout the
volume. Hence the number of points is

dN, = Ae=*" . 4nqt dg, ie.F(q) = 4mAgle .

It can easily be verified that f F(q)dg = .
0

17.17. SoLip AncLes. DistriBuTioN IN Direcrion. Consider a
number of molecules, or particles, emitted from a point, or leaving
a very small volume. Their directions are represented by lines
drawn from the point. Consider those lying within a small cone
with the point as vertex (Figure 17.11).

The spread of the directions is measured by the area cut by the
cone from a unit sphere with O as centre. This area is called the
solid angle subtended at O by the cone. A small solid angle is
denoted by dQ). Given enough particles, the number with directions
lying within the cone is

dn = fdQ,
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SOLID ANGLES. DISTRIBUTION IN DIRECTION §17.17

where fis a function giving the distribution of the particles, and its
value depends on the direction of the axis of the cone. By summing
over cones in all directions we obtain the total number of particles
being emitted n = X fdQ. (The sum of the values of d(Q is 4r, the
area of the unit sphere.)

Z

NP L
sin6d ¢

Figure 17.11

Direction is normally specified by the polar angles (6, ¢) measured
relative to a convenient axis 0Z. From the previous section the area
of a unit sphere cut off by the cone limited by the directions

6 > (6 + db), b — (b + do) is
dQ = sin 0dd dO, i.c. dn = f(0, §) sin 6 d dO.

If this number is integrated over all values of ¢, we obtain

on
dng =J; £(6, d)dd . sin 0 46.

This is the number emitted in directions at angles between 6 and
(6 + d0) with the axis, irrespective of their ¢ values. It is usually
written dng = F(0)dQ,,

2n

where F(0) = —21; f F(6, ¢)dd and dQq = 2 sin 6 d6.
0

F(8) is the mean value of f(0, ¢) over all values of ¢, and d€dg is the

solid angle between 6 and (6 + d0).
The total number emitted is

n =an(0) 27 sin 6 d6.
0
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§17.18 SURFACE AND VOLUME DISTRIBUTIONS

17.18. PHASE SPACE. In general, as a particle moves along a line,
its coordinate x and its momentum p = mo both change. The motion
can be illustrated by a graph of p against x, using the time as para-
meter along the curve.

Since v = (dx/dt), the slope of the curve is

b_dld _1d
& dxd ea ™ =

where F is the force on the particle.

Example 1. For simple harmonic motion, where F = — kx, the
curves are the ellipses ($2/2m) + }kx? = constant = E.

The two-dimensional space in which the curve is drawn is called
the phase space of the motion. The motion is described by a curve
in phase space.

Given a large number of particles moving along the same line, or
parallel lines, each has a motion described by a curve in phase space.
At any instant they are all represented by points in phase space. If
there are enough of them, the distribution can be described by a
density function f(p, x), where dN = f(p, x)dS gives the number
of points on an area dS. For example f(p,x) dxdp gives the
number between x and (x 4 dx) with a momentum between p
and (p + dp).

Let all the particles be acted on by the same force. If we follow a
group of neighbouring particles, initially occupying a region
dS = dx dp of phase space, it is found that the laws of mechanics are
such that they continue to occupy the same area of phase space,
when the force is conservative, although the shape of the area is
changing.

There are extensions to this law and for this reason phase space
plays an important part in statistical mechanics, which deals with
the motion of a large number of particles,

A particle moving in space with coordinates (x, y, z) and
momentum components (p,, p,, p,) has a six-dimensional phase
space with a volume element

dv = dx d.y dz dpw dpﬂ dpn
or dv = R%sin 6 d0 d¢ dR . p®sin 0’ 4O’ d’ dp,

using polar coordinates (R, 0, ¢) for position and (p, 0’, ¢) for
momentum.
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EXAMPLES

EXAMPLES XVII

1. In classical statistical mechanics the partition function for rotational,
motion of a rigid diatomic molecule (rigid rotator) is

2 v e 2 0
J = 55 V/@nIKT) f f ¢—P*IIKT sin*6) g 46,
0 - ©

where 6 = 2 for a symmetric molecule and 6 = 1 for an asymmetric mole-
cule. Prove that f = (8r2lkT/ks).
2. Evaluate the integral,

+o [+
f f e~ ~2y+y") dy dx.
—© —

Evaluate it by inserting x = x” cos 6 -+ »"sin 6, y = — x"sin 6 4 3" cos 0
and choosing 0 so that x® — xy + y* = a’x"2 + B’y’? where «” and p’ have to
be determined.

+ o + o©
[Hint: f e—w—a) gy =f e Vdy = \/-n:.]
— .

3. Prove that the moment of inertia of a uniform sphere of radius a and
density p about the z axis (6 = 0), in spherical polar coordinates with the
origin at the centre of the sphere, is

a [ [2n
f f (pr? cos? 0)r2 sin 0 d¢ d0 dr.
o Jo Jo

Show that it is §Ma?, where M is the mass of the sphere.
4. Using coordinates as in the previous example, prove that the mean
centre of a uniform hemisphere of radius a is a distance z from the plane

face, where
a [in [2m
gnadz = f f f 7 cos 0 72 sin 6 d¢ d0 dr.
0 Jo 0

5. The wave-function ¢ = Are—(/® sin 6 cos ¢ is to be normalized, i.e. the
volume integral of {2 over the whole of space is to be unity,

© fr 2r
f f 2 r2sin 0dp d dr = 1.
0 0 JO
Find A.

6. Find the average value of sin? 0 sin? ¢ on the surface of a unit sphere,
7. Verify that the volume integral of f = ¢~(#@"+¥"+2") over the whole of
space has the same value in either of the forms

+ © + © + + © 2m
f f fdxdydz, f j ffrdﬂdrdz,
— —® —© —® 0 0
© fr (2r
f f ffr"sinﬂd:#dedr
0 0 0

corresponding to Cartesian, axial and spherical polar coordinates,
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CHAPTER 18

DETERMINANTS

Linear simultaneous equations— Determinants—Solution in terms of deter-

inants—Homog s equations—Characteristic equation—Theory of

vibrations—General theory of vibrations—Energy levels of molecules—

Symmetric and antisymmetric determinants—Variational derivation of a

symmetric determinant—Permutations— Minors and cofactors—Expansion

of determinant—Higher-order determinants—Solution of simultaneous
equations— Homogeneous equations

18.01. LiNEAR SIMULTANEOUS EQUATIONs. Any pair of simultaneous
cquations for two variables x, y is of the form

ax + by =,
ax + byy = ¢,.
By eliminating one or the other variable, we obtain for x and y,
(a1dy — ashy)x = (b — ¢3by),
(a1dy — aghy)y = (a16n — ayty).
Thus the coefficients only appear in certain combinations. Both x
and y are multiplied by the same combination. The solution can be
written
x . b . 1
(erby — caby) (@6 — asy)  (ahy — a2b1).
The same happens when we solve the three equations,
ax + by + 6z =d,
agx + byy + 32 = dy,
agx + bgy + c3z = ds.
The solution is tedious, and we merely state the answer for x.
{ay(bacs — byca) — an(byes — bsty) + ag(byey — byey) }x
= {dy(bacs — byea) — da(bres — bgy) + d(b1ey — byey)}-
Here again the coefficients only occur in certain forms. When we

have examined these forms, a simple method of solving simultaneous
equations can be given.

Example 1. Prove the last formula for x.
Example 2. From the solution for x, guess the solution for y and
check your result by actually solving the equations for y.
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§ 18.02 DETERMINANTS

18.02. DETERMINANTS. A determinant is a combination of numbers
or symbols of a certain type.
A determinant of the second order contains four numbers.

a, by
It is written and stands for (@03 — ayb,).
ay by
Example 1.
1 4 3 -5
=19—-24=1: =3(—2) —1(—=5)=—1
2 9 1 =2
A b
Example 2. 1f = 0, then A2 = b¢, or A = 4 (be)V2,
c A
a; by a b
Example 3. 1If = 0, then a;b, — ayb; = 0 and 2 = L.
a, b, ap 2

A typical determinant of the third order is

a b ¢

by ¢, by ¢ b, ¢
a by ¢ |=a — 4y + ag

by ¢4 by ¢4 by ¢y
ag by ¢

= ay(bges — bacy) — ay(byes — byey) + as(bica — bycy).

Since the position of a number or symbol in the determinant
determines how it appears in the answer, the correct placing of the
numbers in the array is of some importance. The reason for usmg a
square array is clear from the method of evaluation.

Notice the alternate signs -+, —, + in front of the a’s.

Example 4.
1 31
1 4 31 31
21 4|=1 -2 + 3
2 1 2 1 1 4
3 21

= —7—-2+433=24.
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SOLUTION IN TERMS OF DETERMINANTS §18.03

Example 5.
0 b —c¢
0 a b —c¢ b —c¢
-b 0 a |=0 —(—0b) +¢ =0.
—a 0 —a 0 0 a
¢c —a O
Example 6.
A b —c
A a b —c¢ b —c¢
—b A a |=1A —(—0b) +¢
—a A —a A A oa
¢ —a A

= AMA% 4 a?) 4 b(b\ — ac) + c(ab + Xc),
= AA% 4 a® + b% 4 ).

3.03. SoruTtioN IN TERMS OoF DETERMINANTS. In terms of deter-
inants, the solution of the two equations,

ax + by = ¢,
ayx - byy = ¢y,
Dx = A, Dy = B, where

a, b o b a ¢
D =

N A: s B:

ay by €y by az C

In the same way the solution of the equations,
ax + by + 6z =4d, (x=12,3),

now Dx = A, Dy = B, Dz = C, where 4, B, C and D are third-
crder determinants.

a b ¢ d by ¢ a d ¢
D=|ay, b, ¢, |, A=|dy by ¢;|, B=|ay dy ¢ |

ag by ¢ dy b3 ¢ as dy ¢

can be written down by analogy with 4 and B.
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§ 18.05 DETERMINANTS
18.04. HomoceENEOUs EQuaTiONs. When it is applied to the three
homogeneous equations,

ayx + by + 62 =10,

agx + byy + ¢z =0,

agx + bsy + ¢c32 =0,
the method of the last section gives the three equations,

Dx=0, Dy=0, Dz=0.

These equations have no solutions other than x = y = z = 0, unless

aq b g
D=ja by ¢, |=0.
ag by ¢

The same condition can be considered in a different light. The
equations do not determine the absolute values of x, y and z but only
the ratios x : y : z. These ratios are found by solving only two of the
three equations. They are either compatible or incompatible with
the remaining equation. If they are incompatible, then D # 0 and
the variables are necessarily zero. If they are compatible, then
D =0.

18.05. CuaracterisTic EQuaTioN. The characteristic equation of
the third-order determinant D is

a; — A b, 6
AN =| a by—r ¢ |=0.
as bs 53 - 7\

The determinant differs from D by the appearance of A on the
principal diagonal.

The roots of this equation are the characteristic roots of the
determinant. They are the values of A for which the following equa-
tions have non-zero solutions,

ax + by + 6z =M,

agx + byy + iz =My,

agx + bgy + ¢35z = 2.
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THEORY OF VIBRATIONS § 18.06

The characteristic roots can always be found by expanding the
determinant A(A). They can sometimes be guessed, using some of
the properties of determinants, especially those which say when
determinants are zero!

18.06. THEORY OF VIBRATIONS. A symmetric linear molecule ABC
can vibrate along its length. The displacements in this direction
from the equilibrium positions are x, y and z as shown in Figure 18.01.

The changes in the distances 4B and BC due to these displace-
ments bring into play forces F and G between the atoms. These
changes are (» — ) and (z — ), respectively, so that the forces are

F=ky—=x), G=kz—2),

where £ is a force constant, or force per unit extension, which is the
same for F and G since the molecule is symmetrical and the atoms
A4 and C are identical. It is assumed that forces are proportional to
extensions, which is only true for small displacements, and also that

A g £
—e & —
| x rry |2
| | }
—-L-o—l-—-o—-r—-o pi=o
' T=lY=Z |
|

Figure 18.01

a change in the length of 4B does not affect the force between B and
C, and vice versa. Otherwise we should write, for example,

F=ky—x)+hz—)), G=4kz—y) +h(y—u),
where 4 is smaller than k. The equations of motion, assuming that
h =0, are

mi =F = k(y — x),
Mj=G—F=k(x+z —2)),
mi= —G=k(y —z).
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§ 18.06 DETERMINANTS

We now look for solutions of these equations for undamped vibra-
tions, where all the atoms vibrate in phase, with the same frequency
v = p[2m, e.g.

x=acos (pt + €), y=bcos(pt+ e), z=ccos(pt+ e).

E=—p j=—pY I=—p%
If we substitute these expressions into the differential equations, we
find that every term contains a factor cos (p¢ + €). This shows that
our assumption might be a correct one. Divided by this common
factor the equations become
— mp*a = k(b — a),
— Mp* = k(a + ¢ — 2b),

— mp% = k(b — ¢).
If (kjm) = « and (k/M) = §, then
(x — p?)a — b =0,

—Ba+ (28 -6 -8B ¢=0,
— b + (o0 — p?)c = 0.

These equations have a non-zero solution only when

o — p? — o 0
~p 2p—p —B =0
0 —a o —p?
According to Section 18.02, this is
28— —B —a 0
(x =9 + +0=0
—a o —p? — o o —p?

or (a0 —pA){p* — (2B + )p® + 20f} — «f(x —p*) =0,
Le. (¢ —pB)p*{p* — (2B + o)} = 0.
The roots of this equation are
p2=0, pP=ua, p*=(20+ o).
None of these roots is negative, so each gives a possible value of p.
For each root, the corresponding values of a, b, ¢ can be found.
(i) p* = 0. This givesa = b = ¢ and x = y = 2. If all atoms
move in the same way, there is motion of the molecule as a
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GENERAL THEORY OF VIBRATIONS § 18.07

whole along the x axis, the atoms remaining at their equilib-
rium distances. Although it is not a vibration, it is a pos-
sible motion and therefore appears in the answer. It often
appears in vibration problems, and could be avoided by
choosing different coordinates to describe the motion. Its
appearance does not matter as long as it is recognized for
what it is.
(#) p% = a: the equations give in order,
—ab=0, —Ba+c¢)+ (2B —a)b=0, 5=0.
so that b=0anda= —¢,or
9=0, x= —z=acos (pt + ¢).
The middle atom remains at rest and the end atoms move in
and out together, the same distance in opposite directions.
(¢i1) p® = 2B + a: the equations now give,
—28a—af =0, —B(atc)—ab=0, —ab—20c=0.

These are consistent (if they are not, there is a mistake) and

a_ b _¢
@« —28 o
_’f_=_;y—=—z—=icos(pt+e).

This vibration is such that 4 and C move together the same
way, and B moves just far enough in the opposite direction
to keep the mass centre of the three at rest.

If we had assumed initially that the mass centre did not move,
i.e. mx + My 4+ mz = 0, the solution (i) would not have appeared.

18.07. GENERAL THEORY OF VIBRATIONs. If the small motion of

any system is described by coordinates xy, %, 3, . . . %y, of any type

whatever, and the kinetic energy is

T=—‘ %(mnxf + mzzkg + P + 2m12k1k2 + . e .),

and the potential energy,

V= §(by#® + bgpx2 + . . . 4 2byxyxy + . . L),
it has been proved by Lagrange that the normal vibrations, where

all the coordinates are of the same form x; = a; sin (pt 4 ¢€)
(i =1,2,...n), are obtained from the n equations

(bga — P°mea) %1 + (Do — PPmya)%a + .+«
+ (ban — )k, =0 (x=1,2,3,.. ).
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§ 18.08 DETERMINANTS

These equations (see below) can be solved by means of determinants,
and the condition for non-zero solutions obtained, just as above, to
yield the required values of p2.

18.08. ENErGY LEVELs oF MoLECULEs. In the chemical theory of
valency, electrons are distributed to the molecules so that the energy
is 2 minimum, in order to get the ground state, or equilibrium state
of the molecule. It often happens that a number of distinct struc-
tures of this sort all have the same energy E, or practically the same
energy E, provided certain interactions between the electrons are
ignored. In order to find the correct ground state it is necessary to
include these interactions.

Let there be three such structures, labelled 1, 2, 3. When the
interactions are included, quantum mechanics asserts that there are
states of energy E + ¢, involving mixtures of the three in the propor-
tionate amounts x:y:z, provided the following equations are
satisfied :

(011 — eny)xy + (v1g — enya)xy + (v1s — emyg)ay = 0,
(V1 — eng)) %y + (Vag — engg)xy + (Vo — engg)xy = 0,
(vg1 — eng;) %, + (vsg — enga)xy + (vss — emgg)xy = 0.
The numbers v,; are due to the newly introduced interactions, n;

are normalizing factors and n,,(i # j) are overlap integrals. Often
the overlap integrals are zero and the calculation made so that
My = ngp = figg = 1.

The equations are compatible when the determinant of the
coefficients of x,, %y, x5 is zero. In general, this gives three values of e.
The lowest value of e (algebraically) corresponds to the ground
state, and the corresponding values of x}, x%, 3 measure the fractions
of 1, 2, 3 in that state. The difference between the smallest of
(9115 Vag, Uss) and e is called the resonance energy.

Example 1. The equations
(v — )% + Bx, =0,
Bry + (w —e)xy + P %3 =0,
Bry + (v —€)xg =0,
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VARIATIONAL DERIVATION OF A SYMMETRIC DETERMINANT § 18.10
This equation has three roots
o =0, e, e.=3%v+w) + v —wf{l + 88% (v — w)2}2,

The order depends on the values of v, w and f but e_ is always the
lowest. The resonance energy is

§o —wl{v(l + 88 (v —w)®) — 1}.

This depends on the difference of v and w, but not on whether one
or the other is smaller.

18.09. SYMMETRIC AND ANTISYMMETRIC DETERMINANTS. The deter-
minant,
a5y Gyp a3

D=1|ay a ay |

ag; Qsgp dagg
is symmetric when a,; = a,,; for all i and j. In detail,
a)2 = dgy, Gy3 = dgy, A3 = Qgg.
It is antisymmeiric when a;; = — ay;, for all i and j. In detail,
ay; = agy = ag3 = 0,
Qo = — Qgy, a3 = — dg;, Qg3 = — Q3.
18.10. VARIATIONAL DERIVATION OF A SYMMETRIC DETERMINANT.

When there are relations between the coefficients, a,, = ay, a;3 = ag,
and a,3 = a3, the equations,

anX + apy + a2 = M,
g% + @0y + 8332 = Ny, RN Y]
agx + agpy + a2 = A2,

are identical with the equations,

3 3
S(I—w) =0, 5 (I—N)=0, 3 (I—W)=0,

P
3
thrc I = anxz '+‘ aggyz + asszg + 2algx)’ + 2a13xz + 2a”yz,
and 12 = x% + y*+ 2%
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§18.10 DETERMINANTS

The solutions of the simultaneous equations are therefore the
points where (I — M?) has stationary values. Normally there is only
one point, namely the origin x = » = z = 0, but when A is one of
the characteristic roots of the determinant of the coefficient a,; there
are other stationary points.

For each root, the equations (1) can be solved for the ratios
x:y: z. For the root A = A let the result be

LA A )

L my n

The common ratio r is the distance from the origin, if the numbers
l,, my, n; are so chosen that 2 + m} + n} = 1, which can always be
done as only ratios are involved.

Hence, for A = A;, we obtain d(I — M\r?) = 0, for any small change
(dx, dy, dz) starting from a point on the line defined by equations (2).
Some interesting results can be obtained from particular types of
small change.

(#) d(I — Mr?) = O for a displacement along the line (2). Thus
I — )yr? is constant along this line: since it is zero at the
origin it is zero all along the line. In other words, when A, is
a characteristicrootand x : y: z =1, : m; : ny, then \; = ({/r?).

(i) The line through the origin described by equations (2) meets
the surface I = constant at two points. For any displace-
ment from one of these points d(I — Ar?) = 0. If the dis-
placement is along the surface I = constant, then dI = 0 as
well, and therefore d(r?) = 0. This means that the surfaces
I = constant are normal to the line (2).

(717) The values of the ratio I/r? only depend on the ratios x/r,
y[r, z[r; and its changes, as %, » and z are varied, are not
altered by the limitation that r = constant. But then the
stationary values of I/r? are those of I or of I — A2, which are
in the directions (2). :

In all, therefore, to each root A,, there is a direction in which 7jr?
is stationary for changes in #, y, 2, and this direction is normal to the
surfaces I = constant.

Example 1. The directions normal to the surface I = constant are
the directions of the principal axes of this quadric surface.

Example 2. The problems discussed in Sections 18.06 and 18.08
can be rephrased using an expression /; so that the values of the
characteristic roots appear as the stationary values of a ratio (I/r2).
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PERMUTATIONS §18.11

This method of calculating the values of the roots is called a variation
method.

18.11. PermuraTIONs. In this section and the next we discuss third-
order determinants in such a manner that the discussion applies to
high-order determinants, such as arise from the solution of more than
three simultaneous equations. The necessity for such an extension
has already been suggested in Sections 18.07 and 18.08.

a by ¢
D =|a, by, ¢ | = aybocg—abgcy+ aybgc, — ashics+ aghic, — aghye,.
ag by ¢

Every term in D is a product of numbers or elements, one from
each column, so that no two elements come from the same row. D
itself is obtained by adding all possible products of this sort with a
+ sign attached.

Since an ‘@’ can be chosen in three ways and, when this is done,
there remain two rows from which to choose the ‘b°; there are alto-
gether 3.2.1 = 6 terms.

The principal term a;b,¢; is the product of the elements on the
principal diagonal. When the others are written (as above) in order
of letters or columns from which the elements come, their suffices
form some rearrangement or permutation of the numbers 1, 2, 3.

The principal term has a 4 sign. The signs attached to the other
terms are determined by a simple rule: if one product differs from
another simply by an interchange of the suffices on two letters, it has
the opposite sign. (In terms of the array, this means that the two
terms contain the same elements from all the columns except two,
and for those two the rows are interchanged.)

Example 1. aybsc, and a,bge, have opposite signs.

This rule leads to no contradictions owing to the group property
of permutations, and it gives the sign uniquely.

Now consider the expression for D in the light of these remarks.
Exchanging two suffices, say 1 and 2, changes every term to another
term with the opposite sign. Hence if D’ is the expression after the
exchange, then D' = — D. In terms of the array of elements, this
corresponds to exchanging the elements of the two rows 1 and 2
(keeping the elements in the same columns, of course).

Thus changing two rows of a determinant D leads to a determi-
nant D' = — D.
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§18.12 DETERMINANTS

Example 2.
1 2 3 4 5 6 7 89
4 56|=—]12 3| =+112 31
1
7 8 9| 7 89 4 5 6‘
1t follows at once that D = 0, if two rows are identical.
Example 3.
|1 2 3 l] 2 3|
1 1
45 6 =—4 5 6!.
12 3 1 2 3]
Hence both are zero.
Example 4. When expanded
a b c
D = a? b2 c?

b+¢c c+a a+t+b

must have (a2 — b), (b —¢), (¢ — a) as factors, since it vanishes
whena=borb=cor¢=a.

18.12. Minors AND CoracTors. The minor of any element is the
determinant left, when the row and column containing that element
are deleted, and the remainder is closed up to a smaller square array
without altering the relative positions of the parts. The minor of an
element such as b, is denoted by the symbol B,.

Example 1.
by ¢
a b o The minor of a, is 4, = ,
by ¢
D=|ay, by ¢
4G G
ag bg ¢4 and that of b, is B, =
az ¢

The cofactor of an element is its coefficient in the expansion of the
determinant. Cofactors are denoted here by Greek letters.

312



EXPANSION OF DETERMINANT §18.13

Example 2. The cofactor of a, is oy = bge; — bycs and that of by is
Be = aycy — a5ty

Since the terms in which an element occurs contain no two
elements from the same row or column, its cofactor is a sum of all
products of elements from other rows and columns, satisfying the +
rule for a determinant. Thus the cofactor and minor of the same
element are almost identical.

The cofactor is a minor with a + or — sign attached, the sign
being easily found by considering the sign of the principal term in
the expansion of the minor.

Example 3. The principal term in the minor of g, is by;. Since
the product a,byc, has a positive sign in D, then bycy has a positive
sign in the cofactor of a;. Hence

o = Alo

Example 4. The principal term in the minor of by is a,¢c;. Since the
product a, by, has a negative sign in D (it is opposite in sign to a,by¢s)
then a,c, has a negative sign in the cofactor. Hence 83 = — B,

The cofactor of an element is obtained from the minor by attach-
ing a sign, which is placed in the position of the element in the
following array.

18.13. ExpansioN oF DETERMINANT. We return to the rule given in
Section 18.02. In terms of the cofactors of the elements of the first

column,

D = a,a; + a3%; + 850,
because every term in D contains one factor from that column, and
must therefore occur in one of the cofactors, and no term occurs

twice.
Any other column of elements could be used equally well.

D = bf; + byfy + 8By = c1Yy + €aYs + CaYs

Finally we note that the symmetry in rows and columns means
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§18.14 DETERMINANTS

that any property of the determinant which applies to columns also
applies to rows. Hence we can write

D = a;0; + 5,8 + v
= ay%y + byfe + C5Ys,
= agug + byfs + ¢5vs

The advantage of being able to choose between different ways of
expanding a determinant is that it is possible to take advantage of
any zeros in some of the rows or columns.

It may now be noted that if the cofactors of any row (or column)
are multiplied by the elements of another row (or column) and
added the result is zero.

For example

by b ¢
byoty + byxy + byoz = | by by ¢, | =0,
by by ¢

because the sum is a determinant with two columns identical.

18.14. HiGHER-ORDER DETERMINANTS. A determinant of order n is
the value of a combination of n X n elements in n rows and n
columns.

lay, byeg oonnn k, 4+ -+ —
ay b2 Co vvvnnn k2 Signs ’—; i :; *i—-
D= " . of For T
oo e ' cofactors . .
, .
| a, by c, ky |

As in the previous two sections, D, is defined as the sum of !
terms each containing z factors or elements, one from each row and
column. It changes sign when two rows are exchanged and is zero
if two rows (or columns) are equal. Minors and cofactors are defined
as before, and the signs to be attached to minors to convert them to
cofactors are given above. The determinant can be expanded in
terms of the elements of any row (or column) multiplied by their
cofactors, e.g.

D, = a,07 + az0 + . . .+ @y,
- alAl - a2A2 + aaA3 T e e e + (—')”anA"-
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18.15. SorutioN or SmurTanNeous EqQuaTtions. Consider the n
equations,

ax+by+teozt+.. .+ hw=p,

agx + by + oz 4 . . .+ Ko = Py,

ax + by + iz + . .+ k= py.

The determinant D,, of the previous section is the determinant of the

coefficients of the unknowns XY, . . .W.
The equations can be multiplied in order by the cofactors a;, o,
®g, . . .of the elements a, a,, . . . a,, in this determinant and then

added. The total coefficient of x in the sum is

a; %y - ayxy + . . .+ G, = D.
The coefficient of y in the sum is

byoy + bpoty + . . .+ bty =0,

because it is the expansion of a determinant with two columns the
same. In exactly the same way the coefficients of z,. . . w are all
zero, so that the sum reduces to

(a1 + agoty + - . . + Ay0,)% = (P10 + Patts + . . . + ppty)

or Dx = A.
A is the same as D with the numbers py, po, . . . pp, in the first
column in place of a, a,, . . . @,.

The value of y is obtained by multiplying the original equations
by the cofactors By, By, - . . Br and adding. Then we find that

Dy =B,

where B is the determinant D with the elements by, by, . . . b, in
the second column replaced by p,, ps, . . . py.

Repeating this for all the unknowns we write the final solution in
the form
1

il

N
%
)
~lg

18.16. Homoceneous Equations. The homogeneous equations,
obtained by putting p; = p, = p3 = . . . = p, = 0in the equations
of the previous section, have a solution where not all of x, 3, 2, . . . w
are zero only if

D = 0.
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EXAMPLES XVIII
1. Solve the equations: Ax = kx + gy — w,2,
N = — ogx + ky + w2z,
Az = 0gx — ¥ + kz,
assuming that they have a non-zero solution. Use the abbreviation
(0f = w,® + o, + wy?. (N.B. the solutions are complex.)
2. The component, in a given direction, of the angular momentum of an
atom has a value mh, where m is a root of the equation

| —m 1 0

Find the values of m.
3. The potential energy of a particle, with coordinates (x, »), is
V= }ax* + 2hxy + »%),

and its kinetic energy is T = $m(x* + 3?). Find the periods of normal
oscillations when A% < ab, and the ratio x : y for each type of oscillation,

4. To a 50 cm® sample gas mixture of carbon monoxide, methane and
acetylene, a volume of 150 cm? of oxygen is added. After combustion and
cooling, the residual volume is 1225 cm3. Absorption of carbon dioxide by
caustic potash solution reduces the volume to 57-5 cm3. Find the composi-
tion of the sample, the oxygen consumed during combustion and the oxygen
unused, assuming the reactions:

2CO + O, = 2CO,, CH, + 20, - CO, + 2H,0,
2C,H, + 50, — 4CO, + 2H,0.

5. By guessing values of x, a or b which make the determinant zero, or
otherwise, show that

x x3 a+ b
a a? x+b|=(b—a)(x —a)(x —b)(x + a+ b).
b b3 a+ x

6. Determinants D,, with n rows and columns (n=1,2,3,. . .) have
the form

20t ) 0 0
P 2 B 0
0 ¢} 2a
D, =| |, .

n : : B
. . : 2a g
0 0 0 ] 2o
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Prove that
Du = 2“Dn—1 - B’Dn—!'

Using Example 8, Chapter 8, prove that
D, = pn(4 cosh nf + B sinh n8) = B sinh (n + 1)8/sinh 6,

where « = Bcosh® > and 4 = 1, B = coth 6. Find the corresponding
formula when & = B cosa < B. (N.B. 6 = ix.)
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CHAPTER 19
VECTORS

Scalars and vectors—DPosition vector—Areas as vectors—Rotations—
Velocity and flux vectors— Thermal gradients—Heat floww—Potential gradi-
ents—Concentration gradients—Vector algebra—Vector algebra using
components—Definition of vectors—Vectors in mechanics— Moments.
Vector products—Fields—Scalar fields—Vector fields—Activity—Conser-
vative fields—Irrotational fields—Circulation—Flux or flow across an
area—Divergence of a vector field—Solenoidal fields—Vector fields in
general—Double derivatives—Generalized vectors

19.01. ScALARS AND VEGCTORs. A scalar is a quantity with magnitude
only, such as temperature or any form of energy.

A vector is a quantity with magnitude and direction, such as
velocity or the flow of energy or material.

The idea of a vector was developed by Gibbs, the vector being
regarded as a single quantity, and it gives such an excellent pictorial
representation that it is now in common use.

19.02. Position VEcTorR. Given an origin O and Cartesian axes
0X, 07, 0Z, the coordinates of any point P are (%, y, z). The line
OP in the sense from O to P has magnitude and direction, and is
therefore a vector, the position vector of P. The magnitude of this
vector is its length r = OP.

The projections of the line OP on the coordinate axes (Figure 19.01)
are the coordinates of P, with suitable signs attached. These are the
components of the vector along the axes. If «, 8, y are the angles
XOP, YOP, ZOP, to be chosen so that they are less than 180°, then
OL = x = r cos a and similarly,

X = 7rCOos = 7 COS 2 =rcosy.
td b Y

These components, or coordinates, are positive when the angles are
less than 90°, and negative when the angles are greater than 90°.

The three numbers cos a, cos 8 and cos y are called the direction
cosines of OP relative to the axes and usually denoted by the symbols
({, m, n) in that order.

The component of the vector ¥ = OP in any other direction 0A
is defined as r cos 6, where 6 = POA.

The magnitude of the vector is determined from its Cartesian
components by the relation,

rl=x2+),2+z2‘
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POSITION VECTOR § 19.02
It follows that there is a relation between the direction cosines,
cos? @ + cos? B + cos?y = 1.

Now consider changes in the position vector. Let @ be another
point with position vector »' = 0Q, with Cartesian components
(«', ', 2'). The displacement PQ from P to @, in that sense, is also
a vector d. Its Cartesian components are (x" — x, ' — 3, ' — 2).

Figure 19.01

Similarly the component of d in any direction is the difference of the
components of r’ and r. We therefore write

d=r" —r,
or r=r+d

This is the law of addition of vectors. If r = OP and d = PQ,
then r 4+ d = OQ. The points O, P and @ do not necessarily lie
in a straight line, so that the magnitude of x’ is not the sum of the
magnitudes of r and d. In fact, using the cosine theorem,

r'? =12 4 d2 4 2rd cos 0,
where 0 is the angle between OP and PQ.

The displacement QP should obviously be — d. That is, chang-
ing the sign of a vector gives an equal vector in the opposite direc-
tion. Similarly PO = — r and the equation d = r’ — r can be
written

d=r+(—r) or PQ=PO + 0Q.
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§ 19.05 : VECTORS

19.03. ARreas as VECTORs. A plane area can be represented by a
vector along its normal. The magnitude of the vector is the magni-
tude of the area, but the direction of this vector along the normal is a
matter of choice. It is usually related (Figure 19.06) to a certain
direction of travel around the boundary of the area, so that a right-
handed screw moves in the direction of the vector when twisted in
the direction of travel around the boundary. The component of
this vector in any direction equals the area of the projection of the
given area on a plane perpendicular to the direction.

19.04. RoTATIONs. A rotation through an angle da about an axis
04 can be represented by a vector of magnitude da along the axis.
Once again the sense of the vector along this axis is a matter of choice,
and it is usually chosen, as for areas, in the direction of motion of a
right-handed screw which undergoes the rotation.

19.05. VeLocrTy AND FLux VEcTtors. The velocity of a point P is
a vector v. Since velocity is displacement per unit time, it is easy
to show, using the results of Section 19.02, that its components along
three Cartesian axes are the rates of change of the coordinates of P
with time.

To describe the motion of a fluid, the velocity v needs to be known
at all points in the fluid, and in general it varies from point to point.
The fluid crossing a small area dS near a point P per unit time is the
fluid contained in a cylinder on the base 4§ and of length v in the
direction of the velocity (Figure 19.02). The volume of this cylinder
is (base) (height) = dS. v cos 6.

Figure 19.02

The angle 6 is that between the vector v and the vector d$
representing the area. The combination just obtained is called the
scalar product of these vectors and is written

v.dS = vdScosH.

The flow per unit area, or volume flux, is the component of v normal
320



THERMAL GRADIENTS § 19.06

to the area. Hence v is also called the volume flux vector, to be used
to calculate the flow across any area.

The mass flux vector is pv where p is the density. Itis just p times
as large as v and in the same direction.

19.06. THERMAL GRADIENTs. Variation of temperature in a body
implies temperature gradients and heat flow. The temperature at a
point P is a function of the position of P and T = f(x, », 2), if the
position is given by coordinates (x, y, z).

Consider two isothermal surfaces at temperatures T and T 4 d7T.
From a point P on one to a point @ on the other is a distance PQ = ds.
If PN is the normal at P, then PN = dn = ds cos O (Figure 19.03).

Figure 19.03

The temperature gradient at P in the direction PQ is defined as
the rate of change of temperature with distance in that direction, i.e.

dT _  dT  dT 0
ds ~ (dnfcos ©) ~ dn cos U

Now (dT/dn) is the temperature gradient, in the same sense, along
the normal. Hence (d7/ds) is the component of a vector of magnitude
(dT/dn) along the normal to the isothermal at P, in the direction in
which the temperature increases. This vector is the

gradient of T = grad T.

If PQ is parallel to the x axis, then ds = dx. The partial derivative
0T /dx is the rate of change of temperature with distance in the
direction x-increasing. Thus the three partial derivatives d7/dx,
dT/dy, 3T|dz are the components of grad T in the directions of the
coordinate axes. Just as in the example of the position vector in
Section 19.02 the magnitude of the gradient vector is therefore

aT\* | (3T\* | (3T\?
wmate= (5) + (5) + (5)°

22— 20 DP. 321



§ 19.10 VECTORS

The partial derivatives, divided by this magnitude, are the
direction cosines of the vector relative to the three Cartesian axes.

19.07. HEaT FLow. According to Fourier’s law, the heat flow by
conduction across an area dS normal to a direction PQ is — x(dT/ds)
per unit area, where « is the thermal conductivity, i.e. in all,

— « (3T|9s)dS = — xgrad T .dS.

Thus — k grad T is a heat flux vector.

19.08. PoteNTIAL GRADIENTS. A force F on a body is a vector. If
the force on a body at a point P is such that:

(1) it depends on the position of the body,
(i) its components are those of — grad V,

where Vis a function of the position of P, then Vis called the poten-
tial energy of the force.

19.09. CoNcENTRATION GRADIENTS. Fick’s law of diffusion, in its
general form, says that a concentration variation from point to point
gives rise to a flow of material, which can be calculated from a flux
vector — D grad ¢, where D is the coefficient of diffusion and ¢ is the
concentration. This means that the flow across an area dS due to
diffusion is

— Dgradc.dS

or — D(d¢/dn)dS, where (d¢/dn) is the rate of change of concentration
with distance along the normal to the area.

19.10. VEcTor ALGEBRA. Formal rules for combining vectors are
now stated. Most of them have already been illustrated.

The vectors a and b can be represented in magnitude and direc-
tion by two lines 04 and AB, respectively; the line OB then repre-
sents their sum. A line parallel and equal to 4B, such as OC, would
also represent the vector b. The difference b — a is represented by
AC (Figure 19.04).

The component of the sum a + b of two vectors, in any direction,
is the sum of the components of a and b in that direction.

The scalar product of two vectors is

a.b=b.a=abcosH,

where 0 is the angle between them, that is, the angle between any
322



VECTOR ALGEBRA USING COMPONENTS §19.11

two lines which represent them. The scalar product equals the
magnitude of a times the component of b in the direction of a, and
is zero when the two vectors are perpendicular.

8

Figure 19.04

The component of (b + ¢) in the direction of a is the sum of the
components of b and ¢ in the direction of a. Multiply the three by
the magnitude of a. Then we obtain the equation

a.(b+c)=a.b+a.c,

i.e. in scalar products, parentheses can be removed as in ordinary
- algebra

19.11. VEcTor ALGEBRA UsING COMPONENTS. Letn,, n,, n, be three
unit vectors (i.e. vectors of unit magnitude), perpendicular to one
another. For example, they may point along the three axes OX,
07, OZ, when Cartesian coordinates are being used to specify
position (Figure 19.05, p 324).

The components (a,, a,, a5) of a along these three directions are
referred to as orthogonal components of the vector a. Because the
vectors m are unit vectors,

a,=a.m, ad,=a.n, d,=a,n,
Moreover, a is the sum of three vectors,
a = gmn, + an, | agn,.

Similarly, if b is a second vector with orthogonal components
(by, by, bg) in the same directions,
b = bm, + by + bgm,.
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§19.12 VECTORS
Adding and multiplying these two vectors a and b,
a+b=(a + b)n + (2, + by)my +: (a5 -+ by)m,.
a.b=a. (bn, + b, + byny),
= albl + a2b2 + asbaa

In this way the scalar product can be obtained directly from the
orthogonal components.

M3l Mg
- n’l
an;
(]
AT
a1n1
Figure 19.05

Referred to the three unit vectors, the direction cosines of a are:
|l = a;la, m = ayla, n = asla.

Divide both sides of the expression for the scalar product by the
magnitude a, and introduce these direction cosines;

(b.a)/a=bcos O = bl + bym + bgn.

This is the component of any vector b in the direction (/, m, n).

19.12. DeFINITION OF VECTORS. A vector has a value associated
with every direction, which has been called its component in that
direction. Not every quantity with a value associated with every
direction is a vector, but only those having components obtained
according to the law given above (component = g cos 0). Thus if
a has three components (a;, a,, a5) in three orthogonal directions,
then its component in any other direction with cosines (I, m, n) must
be
a, = la; + ma, + na,.

Geometrically, if a line OA represents a vector a, and OP its com-
ponent g, in some direction making an angle 6 with 04, then the
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relation a, = a cos 6 implies that P lies on a sphere with 04 as
diameter.

If these relations are not satisfied, the quantity is not a vector.
A body has a moment of inertia about every axis through its mass
centre, and these are not related in the same way as the components
of a vector (e.g. they are never negative).

19.13. VEcTtoRrs IN MEcHANIGS. In mechanics the position vector of
a moving point r is a function of the time. Its velocity v = dr/dt is
a vector, and its acceleration f = dv/dt. Newton’s law of motion
takes the form,

Force = F = nf,

where m is the mass. Forces are vectors.
The work done by a force F acting on a body which moves a
distance d is defined as

Fcos6.d=F.d.

It is the product of the displacement and the component of the force
in the direction of the displacement.

19.14. MomenTs. VeEcTorR Propucts. Consider a force applied at
a point P of a large body, free to rotate about a point O. This force
tends to turn the body about an axis O4 through O normal to the
plane of the vectors OP and F. Let the direction 04 be such that
the sense of rotation is clockwise looking along that line. (Draw this.)

The moment of the force about OA4 is defined as the product
Fp = Frsin 0, where 6 is the angle between r = OP and F. This
moment is represented by a vector along the line 04 of magnitude
Frsin 0, namely

rAF.

It is the vector product of r and F, in that order.

Vector products are defined for any two vectors. In Figure 19.06
the vector products a A b and b A a of two vectors a and b are
represented. They are constructed by the same rulesasr A F. It is
very obvious that they are in opposite directions,

arnb= —baa.

Thus the order of the vectors in a vector product is very important,

This diagram illustrates another example of a vector product.
The area of the parallelogram OABC is a vector 8 = a A b, if the
normal is drawn one way, or the vector S = b A a if it is drawn the
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§19.14 VECTORS

other way. Both these have the right magnitude (ab sin 6) and they

are directed along the normal.
The vector product a A b is zero when sin § = 0, i.c. a and b are

parallel or opposite (e.g. a A & = 0).

Figure 19.06

Draw three unit orthogonal vectors m;, m,, ng such that n, A ng
is in the direction of m;. Then it is found that m; A m,; is in the
direction of n, and that m; A m, is in the direction of m;. The three
vectors (m;, my, ng), in that order, form a right-handed set. Their
vector products can now be easily written down. The magnitude of
n, A ng is |ny||nglsin O = sin 90° = I, and the same for the other

two. Hence
n, Ang =m, n; A n; = ny, n;, A ng = ng
n,Ang= —Mn;, N AD= —M, N AN = — Ny
Also
nAn =mn,An, =mngAng =0,
In terms of the orthogonal components
a /b= (an + am, + agng) A (bym; + by + bymy)
= my(azby — aghy) + my(ash; — aybs) + my(a1by — azdy).

n, n, n
arb=|a a a
b, by by

It can be proved that it is permissible to remove the parentheses in
the first line.
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19.15. FieLps. The assertion that a quantity, either scalar or vector,
has a value at every point in a certain region is equivalent to saying
that the scalar, or the components of the vector, are functions of
position. Even more explicitly, their value or values at any point P
are functions of the coordinates of P. Viewed as a whole, the values
at all points form a collection, or field, of values.

In the next few sections we examine some properties of fields,
cither by forming the derivatives of the functions describing them,
which give local properties of the field, or by calculating integrals
which give properties of the field as a whole.

Examples of scalar fields are temperature, mass density, electric
charge density, and potentials. Examples of vector fields include
the velocity of a moving fluid, and gravitational force, the values
of which at every point are vectors. The electromagnetic field
consists of the values of both the electric and magnetic field at
each point.

19.16. ScaLAR FieLps. A scalar field ¢ can be expressed as

d) = f(%2, 2),

where (x, y, z) are the Cartesian coordinates of the points, or it can
be expressed in terms of other coordinates. The properties of ¢ in
which we are interested are those which do not depend on the parti-
cular coordinates used. An abbreviated notation ¢ = f(r) can be
used, where r is the position vector of the point.

When a scalar field is integrated over a volume, it is being treated
in the same way as a density, and the result is a bulk property. For
example, the density p of a body is a scalar function of position and
is used to calculate properties of the body as a whole, such as the
mass or its moments of inertia, by means of volume integrals (see
Section 17.12).

Scalar fields can also be regarded as potentials. Our chief interest
then lies in their variation from point to point, which gives rise to
forces producing motion of one sort or another in the direction of
decreasing (or sometimes increasing) potential. The gravitational
potential gives rise to the mechanical force of gravity, and the electric
potential to electrical forces. Variations in temperature give rise to
thermal forces and a flow of heat to regions of lower temperature. (In
a reaction at constant volume, the thermodynamic potential tends to
decrease to a minimum.)

The variation of a scalar ¢ is described by its gradient vector
grad ¢. As described in Section 19.09, the scalar product m . grad ¢
gives the rate of change of ¢ with distance in the direction n.
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Some quantities behave as potentials in one context and as den-
sities in another. Thus on the one hand, by integration, the function
describing the local concentration of solute gives the total amount
of solute, and on the other hand, by differentiation, it gives rise to
diffusion.

19.17. Vector FieLps. In earlier sections it has been explained that
the volume flow of a liquid is described by a velocity vector v, that
heat conduction is described by a gradient — « grad ¢, and so on.
All these are examples of vector fields of flow.

The other main type of vector field is the field of force, where the
vector at every point represents a force at that point.

Vector fields of either type can be divided into:

(f) conservative and irrotational fields;
(i) solenoidal or source-free fields;
(#it) those which can be expressed in two parts, one solenoidal
and one irrotational.

These terms are explained in the following sections.

19.18. Acrivity. IfF is a mechanical force acting on a particle, the
work done by the force when the particle is displaced dr is the scalar
product F.dr (see Section 19.13). The total work done by the
force, as the particle moves along some path from a point 4 to a
point B, is the sum of small amounts for all the small displacements
making up the whole path.

B B
W=ZF.dr=fF.a’r.
4 4

An identical calculation can be made using any vector field F
although the result may not have such a well defined meaning. We
call the scalar product F . dr, and the integral, the activity of the field.

Example 1. If F = E is the electrostatic field, then the activity
JE . dr is the electromotive force from 4 to B.

In evaluating such an integral using Cartesian coordinates

(%9, 2),
F.dr=oadx 4 Bdy + ydz,

where «, B, y are the Cartesian components of F in the x, y and 2
directions. The integral is therefore the line integral discussed in
Section 16.16 and is evaluated in the same way. The value usually
depends on the path from 4 to B.
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For the reverse motion from B to 4 along the same path, every
dr changes sign, so that the integral, or the activity, also changes
sign.

19.19. ConservATIVE FIELDs. In mechanics, a force field is conser-
vative if the work done by the force on a particle which moves from

4 to B is independent of the path.
The same definition is applied to all fields, that they are conser-

vative when the activity,

B
F . dr,
A

is independent of the path from 4 to B.
This can be expressed in another form. Consider two paths ACB
and ADB, and let W(ACB) and W(ADB) be the activities along

them. Then the difference is zero.
W(ACB) — W(ADB) = W(ACB) 4+ W(BDA) = W(ACBDA) = 0.

Thus the activity (or work) along the closed path 4CBDA is zero.
This is usually written
§ F.dr =0.

19.20. IrroTATIONAL FIELDS. In Section 16.16 we considered the
limitations on the field, when it is conservative only near a point. The
conclusion, using Cartesian coordinates, was that this is only true
if F . dr is an exact differential; in full

ade + Bdy + ydz = — db,
ie. x= —dd/ox, P= —3/dy, Y= —/dz
It is customary to insert a minus sign, so that the force is in the
direction of decreasing potential ¢, but it is not necessary to do so.

In vector form, which is preferable because it is true in any system

of coordinates,
= — grad ¢.

For a path which crosses a region where this is true,

LBF.dr=LB—d¢=¢A-—¢B.

In such a region the force field is said to be irrotational. A con-
servative field is one which is irrotational everywhere.
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Example 1. The gravitational force is a conservative field, and so
is the electrostatic force field.

Example 2. The forces between atoms or molecules are electrical
in origin and have a potential in the static approximation where
radiation terms are neglected.

Example 3. The magnetic field H due to a loop of wire carrying an
electric current is irrotational in the space outside the wire, but it is
not in the space occupied by the wire.

The condition that a field is irrotational, i.e. that F.dr is an
exact differential, was given in Section 16.19. It is that
dy OB de vy B O 0
dy dz % x & oy
It can be shown that the three quantities on the left-hand sides of
these equations are the components of a vector, in the x, y and ¢
directions respectively. This vector is known as the curl or rotation
of the field F and is written rotF, or more usually curl F. Its
Cartesian components are*,

IF, OF,, OF, OF,.
(Cul‘lF)x= ay ———a‘—z‘a (CllI'lF)«——a—Z —Ec-:
OF, OF,
(curl F), == Fri

19.21. CircuratioN. To explain the name rotation or curl, given to
the vector introduced in the previous section, we shall consider a
field of flow, e.g. the vector v describing the velocity of a moving
fluid. The circulation around a closed curve is defined as,

F=§V.dr.

The name activity is hardly applicable, because v.dr = v, ds,
where v, is the component of the velocity along the tangent to the
curve, but it gives what is vaguely described as the flow along and
around the closed curve.

Circulation is associated with rotation. Consider a liquid rotating
in a bucket as a rigid body, with angular velocity w about a vertical

* Because of the form of these components, the notation V A F is widely used,

where V has Cartesian components It can, however, be mislead-

3 3
i’ Yy 3z’
ing when Cartesian components are not used.
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FLUX, OR FLOW ACROSS AN AREA §19.22

axis. The velocity at a distance r from the axis is v = wr, along the
tangent to a circle of radius r about the axis.
For this circle the circulation is

I' = 2, ds = Zor.ds = wr(Z ds),

since the velocity is constant along the circle. Finally X ds = 2nr,
the circumference of the circle, so that

I' = wr. 2nr = 2w(area of circle).

The same result, circulation = 2w(area), can be proved for any
horizontal closed curve, for this type of motion.

A similar result can be obtained for more general motions than
this simple one, provided that the area is small. Around a small
area dS, near a point P, having its normal in the direction #, the
circulation is

dl’ = 2w, dS,

where w,, can be calculated and is independent of the size and shape
of the area, provided only that it is small. From the vector proper-
ties of the areas, it can be proved that , varies with the direction
of the normal to the area as if it were the component of a vector.
This vector is called the vorticity vector w for the flow.
Comparing this sort of calculation with that made in Sections
16.11 and 16.16, in a very similar problem, it can be shown that

w = }curl v.

Thus the component of the curl of a vector field in a given
direction is calculated from the circulation around a small area
normal to the given direction, the shape of the area depending
on the position coordinates being used.

19.22. FLux, or FLow Across AN AREA. In dealing with fields of
flow, such as the velocity of a moving fluid, a natural quantity to
calculate is the flow across an area.

In Section 19.15 it was shown that the volume flow of a fluid
across an element of area dS was given by the scalar product
(v.dS): the flow across a large area § is therefore obtained by
dividing it into small parts, and summing the flows across these

parts.
Flow = X, dS =ffv,, as =jfv . dS.
A s

Since v, is positive for flow one way across the area and negative for
flow the other way across the area, it follows that the integral is
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positive when there is flow one way and negative when there is flow
the other way across the area, and that it gives, in general, the net
flow across the area.

In the same way the flux of any vector field F across an area is

defined as

ZF,,dS=”F,,dS=ij.ds.
S

19.23. DivERGENCE OF A VEcToR FiELD (div F). When the surface
S is closed, i.e. it is the bounding surface of a volume V, the surface
integral f[F, dS represents the net flux out of the volume, when the
normals are drawn outwards from the enclosed volume, or the net
flux in when the normals are drawn inwards.

The divergence of the vector field at any point P is defined as the
net flux, per unit volume, from a small volume near the point P:
that is, given a small volume V around P with a surface S,

(divF)p = lim {—1— JSF, dS}~
s,v—o0 |V

This is independent of the shape of the volume.

[
[} /4
z +—
4 8/ dz
{7 —
e

// !

y dx;
0 X

Figure 19.07

We can calculate the scalar div F, in Cartesian coordinates, using
a small rectangular block with sides dx, dy, dz parallel to the axes
(Figure 19.07). The flux out of the face B less the flux in across the

face A is
(Fo)p & dz — (Fo) 4 dy dz = (3F,Jox) p dx dy dz.

The flux out across D less the flux in across C is
(F))p dzdx — (F,)¢ dz ds = (3F,|3) p dy dz dx.
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The flux out across F less the flux in across £ is
(Fo)p dx dy — (F,)g dx dy = (3F,[32) p dz d dy.
Adding these three and dividing by the volume dx dy dz,

. OF, OF, OF,
divF = 3x+ > 5%
19.24. SorLeEnomAL FieLps. A vector field is solenoidal when
div F = 0, or the flux across all closed surfaces is zero.

The simplest example of a solenoidal field is the flow of an incom-
pressible fluid. Since the amount of fluid in a given region is fixed,
the flux into the region across one part of the boundary is balanced
by the flux out across the rest.

Another field which is solenoidal is the magnetic induction B and
a third is the electric induction D when there are no electric charges.

The properties of solenoidal fields can be illustrated in another
way. In a vector field F, lines can be drawn in space which are in
the direction of F at every point through which they pass. For a
flow field these lines are called streamlines, and for a field of force
they are called lines of force.

A tube of force is a tube formed from the lines of force passing
through a closed curve. There is no flux across the curved surface of
such a tube because F is everywhere along the surface and its normal
component is zero. The only flux in or out of the tube between two
sections 4 and B is that across these two sections. For a solenoidal
field, therefore, the flux across 4 must be equal to that across B.
This is true wherever the section B is cut: hence the flux across any
section of a tube has a unique value which is called the strength
of the tube.

This means that the tube cannot end in space at a place where F
is finite. Its cross section at the end would tend to zero and with
it the flux across the section there. Thus these tubes, for a solenoidal
field, either go to infinity, or form closed rings, or end at a region
where F is infinite. These regions are the sources of the field.

19.25. Vector FieLps IN GENERAL. The types of vector field dis-
cussed so far have been irrotational or solenoidal. The first implies
that there is a scalar potential ¢;

curl F = 0, then F = — grad ¢.
The second can be proved to imply that there is a vector potential A;

div F = 0, then F = curl A.
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Many fields are neither, but it is generally true that any vector ficld
can be expressed as the sum of two parts, one irrotational and the
other solenoidal.

This division into two parts is not unique, because the two condi-
tions are not mutually exclusive. It is quite possible for a vector
field to be both irrotational and solenoidal.

19.26. DouBLE DERIVATIVES. Since grad ¢ is a vector field, we form
V2$ = div (grad ¢) and curl (grad ¢) = 0.

The last equation has already been used. The first, in Cartesian
form, can be obtained as follows:

3¢ 9p 99,
F = grad ¢ and has components ol v
. oF, JF, OF,,
divF = I -+ 3)’_ + 3
2% A I
2, — —— S —
Hence Vi = 322 + > + 32

This combination of double derivatives is called the Laplacian of ¢.
Since curl F is a vector field, we can form

div (curl F) = 0,
and curl (curl F) = grad (div F) — V?F,

where V?F has e.g. Cartesian components V2F,, V2F,, VIF,.
All these results are easily verified, using Cartesian components.

19.27. GENERALIZED VECTORS. Any two variables u, v can be
plotted in a u/v diagram as the Cartesian coordinates of a point P,
of which the position vector OP is a vector having Cartesian com-,
ponents u and v. Any changes in 4 and v can now be discussed in
terms of the changes in this position vector.

Similarly, any three functions can be treated as the components of
a three-dimensional vector.

Example 1. Consider the simultaneous equations
(dey[dt) = Beg — Yoo
(deofdt) = Yo — o,
(degfdt) = acy — Pey.
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If (cy, ¢4 ¢;) are the components of a vector ¢ and («, B, y) are the
components of a vector w, then these equations are the Cartesian
components of the vector equation

de/dt =w A e, ie dec=wAncd.

The second equation shows that any small change in ¢ is perpen-
dicular both to w and to ¢. Thus in a diagram where a point P
represents the vector ¢, the point moves with time on a circle of
unknown radius (¢) with O as centre, in a plane perpendicular to w,
moving clockwise about the direction of w.

EXAMPLES XIX

1. In Cartesian coordinates, the equation of a surface is z = f(x,).
From the differential equation, dz = (3f/dx)dx + (3f/dy)dy, deduce that the
direction of the normal at any point P on the surface is that of a vector with
components (3f/dx, 3f/dy, — 1).

What form would this result have if the equation of the surface were
é(x, 9, 2) = 0.

2. Find grad V, when V = (* + »* + 2%~V and

V= {(x — a)® + 3% + 22}V
Illustrate the results.

3. Atoms lie at the points of a rectangular lattice with coordinates x = la,
y = mb, z = nc where l, m, n are integers. Three atoms 4, B, C lie at the
points (4, 0, 0), (0, mg, 0), (0, O, ny) respectively. Using symbols i, j, k for
unit vectors along Ox, Oy, Oz, write down vectors AB, BC, CA representing
the lines joining them, and a vector normal to the plane ABC (e.g.
AB 1 AC).

4. The sides 04, OB and OC of a unit cube are three vectors a, b, ¢.
Obtain vectors representing the diagonals of the faces, and the four body
diagonals joining opposite corners. What is the angle between any two of
the body diagonals? (Use the scalar product.)

5. The position vector r of a moving point varies with time ¢. Draw a
diagram to illustrate its change Ar, in magnitude and direction, in a short
time At.

Prove that d = lim ar is a vector in the direction of motion of the
dt a0 O
moving point, with a magnitude equal to its speed.

6. An electron of charge ¢ moving with velocity v in a magnetic field H,
is acted on by a force (¢/c)v o H. Show that no work is done on the charge
as it moves and its speed is constant.

7. Show that the work done by a force F in a small displacement equals
F times the component of the displacement in the direction of the force.

A central force is a force at a point P directed along the line OP from the
origin, Show that the work done in a small displacement is F dr, where dr
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is the increase in distance from 0. Deduce that the work done by a central
b
force of magnitude f(r) in a displacement from 4 to B is f f(r) dr where
a

a = 0A, b = OB, and that the force has a potential.
8. The magnetic field due to an electric current 7 in a long straight wire
is derived from a vector potential A by the formula H = curl A, where

4, =4, =0, 4, = (i/c) log («* + »*).
Find the Cartesian components of H and show that H = — grad ¢-
where ¢ = tan-! (x/y).
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CHAPTER 20
PARTIAL DIFFERENTIAL EQUATIONS

Introduction—Diffusion equation—Diffusion between plates—Heat equa-

tion—Cooling sphere— Temperature oscillations along a bar—Separation

of variables— Two-dimensional heat flow using polar coordinates—
Propagation or wave equations—Conclusion

20.01. InTrRODUCTION. The solution of partial differential equa-
tions by simple methods is not easy, because the fitting of the
solution to the initial conditions is a difficult operation. The general
method is to obtain as many solutions of the equation as possible, of
a type likely to be required, and then to combine them to give the
actual solution. This is possible because most theories give linear
equations. It can be made more formal as the method of separating
the variables, or in other ways.

20.02. Dirrusion EQuaTion. In Section 15.16 a brief mention was
made of diffusion problems which were time-independent. It is now
possible to discuss time variations.

During the flow of particles or molecules in solution, the total mass
is conserved. The flow into a given volume across part of the surface
and the flow out across the rest either balance, or the difference equals
the change of mass inside and causes a change in the concentration.

If the concentration is ¢ the amount of material in a small volume
dv is ¢ dv. If the flux vector F describes the flow of particles, the net
flow from this small volume per unit time is (div F)dv. Equating
this to the rate of decrease of the amount inside leads to an equation

(div F)dy = — d(c dv)[3t = — (O¢/ot)dv,
ie. divF = — o¢/ou.

When the flow is governed by diffusion, it satisfies Fick’s law, as
stated in Section 15.16. The general form of this law is

= — Dgradyg,

where D is the diffusion coefficient. These two equations are com-
bined to eliminate F.

div (D grad ¢) = d¢/ot.

This is the Diffusion Equation.
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When D is a constant it simplifies to
D div (grad ¢) = DV% = ¢/oL.

The form of V2 depends on the coordinates used to describe the
flow and the form of the flow. When the flow is in the x direction
due to a concentration variation in that direction, then

F, = — D(9¢|ox).
Also div F = (0F,/dx), since F has only one component, so that the
diffusion equation becomes

D(3%[ox2) = dc)at.

20.03. DrFrusioN BETWEEN PLATEs. Consider a solution between
two plates at x =0 and x = d, the concentration of particles
depending on x. Then

D(d%[ox?) = oc[at.

For steady flow d¢/dt = 0, and this equation becomes d%/dx? = 0,
i.e. ¢ = Ax + B.

The numbers 4 and B depend on conditions at the boundaries.

When the initial concentration is not of this form, the flow
takes time to adjust itself. For example, when the solute cannot
pass through the plates,

D(oc/ox) =0atx =0and x =d, (all?),

and the steady state is ¢ = constant. If the initial concentration is
¢ = f(x), so that the mean concentration initially is

1[4
=7 [ £
0
then presumably ¢, is the steady value to which the concentration
tends as time goes on. We therefore write
c=1¢y+ ¢,

where ¢ -0 as ¢ - oo, and also satisfies the diffusion equation.
This equation involves ¢/d¢, so we assume that

¢ = e~Mp(x).
To determine ) and ¢(x) we equate
%’ _,,d% o' _
Dﬁ=D€ sz; and -§E=—M7‘t¢,
d%p[dx® = — p%*p, where A = Dp2
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This equation has the general solution ¢ = 4 cos px + B sin px,
whence
¢’ = ¢~M(4 cos px + B sin px).

The conditions that d¢/dx = 0 at x = 0 and at x = d become

0 = e ~M(— Ap sin pd + Bp cos pd),

0 = ¢(0 + Bp),
so that B = 0, and either 4 = 0 or sin pd = 0. Rejecting 4 = 0
which leads to no solution at all, we are left with the condition

sinpd =0 or p=nn/d, A=n*n?D/d®, (n=1,2,3,...).
Thus A is determined, but not uniquely, and
¢ = A, e~""DUE cos (nmxld), (n=1,2,3,...).

We have obtained a number of solutions but unfortunately none
of them agrees with the remaining condition, that

¢ =¢—cog=f(x) —cq att =0,

unless f(x) has a special form.

However, it is not necessary to look for further solutions. As the
diffusion equation is linear, not only do these solutions separately
satisfy it but their sum also satisfies it, i.e.

¢ =c¢ —cy= D Apue~""DU cos (nmx/d).
n
This gives, when ¢ = 0, between ¥ = 0 and x = d

¢ —¢g=f(x) — ¢ ='§1An cos (nmx/d),

and by Fourier’s theorem it is possible to find numbers 4, for this to
be true. Their values are (Section 13.27)

1 (e nwx
An == EJ;f(x) COSde.

(N.B. The term n = 0 in the Fourier series is the number c,.)

The whole problem is now solved. The concentration has been
expressed as ¢, together with terms tending to zero as time increases.
The only criticism which can be levelled at the solution is that the
series may converge slowly when ¢ is small, and the numerical
evaluation may be tedious. This is a valid criticism, but an alter-
native method to be used for small values of ¢ takes us beyond the
limits of this volume.
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20.04. Heat EQuaTion. According to Fourier’s law, heat flow by
conduction is measured by a flux vector F = — « grad 0 where « is
the thermal conductivity and 0 is the temperature.

Now — div F dv is the rate of flow of heat info a small volume d,
and if p is the density and ¢ the specific heat the corresponding rate
of increase of temperature is

/ 1
d  pcdv (
= (1/p¢) div (x grad 6).
If the material is homogeneous, « is independent of position and

26
Y D div (grad 6) = D V20, where D = «/pc.

This equation is identical in form with the diffusion equation and
has identical solutions when D is constant in both cases. Hence
problems of heat flow and diffusion correspond even to their time

variations.

1
—divF dv) = —‘—);divF,

20.05. CooLING SpHERE. This problem was solved in Section 15.17
assuming that « is so large and the rate of heat loss so small that the
temperature in the sphere is uniform. It is now solved exactly.

It is assumed that the initial temperature of the sphere, if it varies
at all, only varies with distance r from the centre. If the sphere is
isotropic, there is no reason why the temperature should not remain
a function of r, so that the flow of heat is then radially from the
centre. The flux is

F = — x(36/ar).
Consider two spheres, one of radius r and the other of radius
(r + dr), both inside the sphere. The heat flow from the region
between them across the larger sphere, less the heat flow into this
region across the inner sphere, is .

)
(4nr?F ), gy — (4r?F), = 47w 3 (r*F)dr.
The volume of the region is 47r2 dr, so that for this type of flow
10
WF = — — (12
divF = i (r?F).

The diffusion equation is

sze=Da(aae) _ a0

2a\" ) T
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Because of the Leibnitz theorem,

129 20 220 6 22
S e ) 2,2 T2
r or (' ar) =3 t25 =300

and the equation can be written

o2 H 9
D5~—r2 (9) = Vi y (r9).
This is similar in form to the equation D(3%0/dx%) = 96/d¢ for
linear flow.
Assuming that 0, is constant, and 6’ = 6 — 0, we find, as before,
(p 339) that there are solutions of the form

10" = e"M(A cos pr + Bsinpr), A= Dp2.

The boundary condition is that the heat flowing to the outer surface
at r = a is lost by radiation, i.e.

ob
_ 2 — —_— p— = !
4ma® (ar),za k(B — 6y) = hO'".

A second condition satisfied by the solutions is not immediately
obvious. Near the centre of the sphere, where r is very small, the
value of §' is

0’ = e~ M4 + Bpr)]r,

which remains finite at r = 0 only when 4 = 0. Thus the condi-
tion that the temperature is finite at the centre is an important
restriction on the solutions.

The final condition is that the temperature is correct initially, say,

6’ = f(r) initially, at ¢ = 0.

To satisfy the second condition the original solution reduces to
(4=0)
0" = e (B sin pr),

and the first condition requires that

_4,:0,2“_@3(8“1__&) - ,,MB(sm__ﬁ_') ,
or r r=a r r=a

1
or tan pa = mﬁa = mpa.

The solutions of this equation are obtained by plotting the curves
341
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9 = tan x and y = mx (Section 2.02). Corresponding to each posi-

tive root there is a possible value of p and of A = Dp? = (xp?/pc).
In general the third condition cannot be satisfied by 6’ for just one

value of p, but only by a sum of the solutions with all values of g,

0 = >BeMisin (p,rfr). -
1t then takes the form "
S Bysin pur = 1f().
n=1

To find a particular coefficient B,, it is necessary to proceed as in
Section 13.10 on Fourier series, that is, to multiply by sin p,,r and
integrate from r = 0 to r = a. This gives

J‘arf (r) sin ppr dr = f a(ZBn sin p,r) sin p,r dr.
0 0 =

We must prove that every term B,, in the series, except B,,, gives zero.
In fact the integral multiplied by (p2 — %), which is not zero, is

a

(b2 — p2)B, f sin pr sin por dr

0
a

= B, [ b SID pr €OS P 7 — Py, sin p,,.7 COS p,,r]
0

= (1/a)B, sin p,a sin pa{p.a cot p,,a — paa cot p,a}.
The expression in the bracket is zero, because the condition which

determines the values of p ensures that (pa cot pa) has the same value
for every root.

a a
f rf(r) sin p,r dr = BmJ‘ sin? p,.r dr,
0 0

a a
ie. B, = f tf (r) sin p,,r dr / f sin? p,,r dr.
0 ]

The formula for B,, gives all the coefficients m = 1,2,. . . Itis
no accident that only one term remains after integration as in the
Fourier series. It always happens when the solutions satisfy a con-
dition on the boundary which is linear in 6, and independent of

the time.
Let us now examine the roots of the equation

tan pa = m . pa, where m = 1/(1 — h/drax).

This has already been done in Section 2.02. When x < (h/4ma) m is
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negative but small, and the roots are approximately pa = ax, or
A = (n*nk/pca?). The mass of the sphere is M = $na®, so that

A = n¥nc . 4ma/3 Me = 4n?n? dmax/Me.

As x increases, m remains negative but gets larger, and the roots
diminish in magnitude. When x = (k/4wa), m becomes infinite and
the nth root has decreased to pa = (n — 4)n. The decrease in the
roots continues as k increases, even although m is now positive.

Finally, if x is much larger than (k/4ma), i.e. heat conduction
within the sphere is much faster than the heat loss from the surface,
the conditions are those considered in Section 15.17. The function
m is now only a little greater than unity, and the smallest root p is
a small number. Using the expansion, tan pa = pa -+ }(pa)3, when
pa is small, the equation for this root is

1 h ,
pa + (pa)® = T——ml]a = pa (l + a—ﬂ—ﬂ—(), approximately,

3 w®  3h ok
dmax <1 and A= ¢ 4mdlc  Mc

ie. (pa)? =

The other roots give much larger values of p and A, the nth root
still being approximately pa = (n — $).

We can now justify the method of that earlier section. As ¢ in-
creases, the terms with large values of p and A decrease most rapidly,
so that for large values of ¢

sin p,,r sin p,r
0 = ZB,e Mt LN Bt i 24
r r

where 1, is the smallest value. Using the smallest value and remem-
bering that p;r < p,a < 1, then
B = By pe~ MO,

which is the form of solution used previously.
To complete the demonstration the value of B, has to be obtained.
Since p,a < 1, for the lowest root,

fa(f (r) sin p,r dr J;ar"p,f (r)dr
B,p, = *° a b == b1,
f sin? pr dr f it dr
0 0

far’f(r)dr e
=0 Rl v J; 4nr¥f (r)dr,
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which is the average temperature of the sphere initially. In fact, it
was assumed in Section 15.17 that the temperature of the sphere
was uniform, so that this new result is rather more general, although
it is an obvious generalization.

20.06. TEMPERATURE OSCILLATIONS ALONG A BAR. An insulated
rod, extending from x = 0 to x = L, is at a uniform temperature 7.
If the temperature at x = 0 is now made to oscillate,

T = T, + asin wt = Ty + i.p. of a ¢,

we expect the temperature ultimately to oscillate at every point of
the bar. This problem is easily solved when L — oo.
In view of the periodicity w a trial solution T = giwi+mz g
assumed. This satisfies the heat equation D(3*T[dx?) = 9T /ot if
© _ pw

2 i = ; 2 - B2
Dm? = iw, ie.m = 4 (1 4 i)p, where p? = 5D = 9%

Combining these two solutions with (complex) constants,
T — Ty = i.p. of Aeiot+(1+iwz 4 Bgiot—(1+ipz,

Now T should remain finite even as x — L — 00, so that 4 must be
zero. Taking the imaginary part of the term in B = B, + iB,,

T — Ty = e P*{B, sin (wt — px) + B, cos (wt — px)},

which satisfies the condition at x = 0 when B, = «, B, = 0.
Thus the temperature oscillation at the point x has an amplitude
oe ~ %,

20.07. SEPARATION OF VARIABLES. This is a generalization of the
method used so far, which makes it easier to obtain solutions. The
essential points are that, amongst all the solutions which are func-
tions of several variables, (z) it seeks only those which are products of
factors, each a function of one variable, (i) it obtains differential
equations for these functions, and (##) from all the solutions obtained
this way those are chosen which satisfy certain general conditions in
the problem.

For example, the heat equation 327 /0x% = (1/D)3d T/t has solu-
tions of the required form T = f(x) . g(¢t) if

) = f. %

344



TWO-DIMENSIONAL HEAT FLOW USING POLAR COORDINATES §20.08

To obtain equations for f(x) and g() separately, we use the fact
that they are functions of different variables, which can be varied
separately. Division by the product f(x) . g(t) puts the equation
into the revised form

Fx) d* ~ Dg(t) dt

Now, as x varies, the RHS does not change, so that f(x) must be
chosen so that the LHS does not change, i.c.

1d2 2
f=C or 4

where C is a constant. But this also requires that
1 dg
Dg(t):i?—c r E_CD

Thus we have separate equations for f and g. Their solutions are
f= Ae&VC 4 Be—2VC, g = KDt
1.e. e = eCDt(A’tx«/C + B’e~f¢1/0),

the numbers AKX and BK being replaced by 4’ and B’

This expression holds for any value of C, positive, negative, zero
or complex, and sums of such expressions for various values of C are
also solutions. In Section 20.03 we used solutions with ¢ = 0 and C
negative, and in Section 20.06 a solution where C was complex.

20.08. Two-DIMENSIONAL HEAT Frow usiNG PoLAR COORDINATES.
Let there be heat flow around an axis and radially from it; the
temperature is assumed not to vary along the axis, so that there is no
flow in that direction. Taking a section of unit length along the axis
and using the element of volume shown in Figure 20.01, the reader
should be able to prove that

) 1 ] ]
div S = 779_1-1; ('a‘; (rS, dO)dr + 56 (SO df)de},

12 138,

=75 5 T35

T dT

where §, = — x 3, o= —x =5
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The radial and transverse flux of heat are proportional to the rate

of decrease of temperature with distance. Hence
19/ oT 1 *T 19T

2 — —_— _————m } =X ——

kVIT = d“’s"“‘ 3r< ar) r aez, oc o

(5.rde),,
(5975 1 e J i

\\\\,>>>>>”>\\\\\\\
S0 )

rd@

Umi? Jength
Figure 20.01

We solve this equation by the separation of variables, assuming a
solution of the form 7T = f{r) . g(6) . h(t). We substitute this into
the equation and find that

%dgr(:{)g talimph g D=%
Dividing by T = ( fgh),
1 d [ df 1 d¢ 1 dh
;]Z(’E) tgde " Dhar
Variation of ¢ leaves the LHS unchanged, so that

where C is any constant. Therefore

1d/ df d%
73 8) * =
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Multiply by r? to separate the variables, and rearrange,
d ( d 142
r ( f ) _"_ 07‘2 _ _g

Fa\"ar g do?
The LHS does not vary with 6; hence
1 d?%g . d¥yg
240t —a e g= —ag
where a is any constant. Finally
%% (rgj;) + Cr? = a,
d*f  lar

1.€e.

.
;17'34";2]7‘1' (C —r—z)fz(),
which is Bessel’s equation of order a!/2. The whole solution is

T = f(r)g(6)e 7,

dg L @f  ldf «\ ,
where Jhr = T % Er—2+-“-1;+(0——ﬁ)f—0.

For the steady state C = 0, and for most other problems it is
positive, but it can be negative or complex. The allowed values of «
also depend very much on the particular problem. For example,
assume that the flow is across a circular tube around the axis. Then
6 can go from 0 to 27 and, much more important, the solutions must
be periodic with a period 27 in 6. Now the equation for g(8) only
gives periodic solutions when « is positive, or zero. (If « is negative
it has exponential solutions which are not periodic.) If a = p? the
solutions are of the form,

g = Acos (p0 — B).

These have the correct period of 2r only when p is an integer n,
n=0,1,2,...(n =0 gives the solution independent of 6).
For this problem therefore

T = Ae~ %Dt cos (nb — B) f(r),

af  ldf n?
where xR (C — ;E)f_ 0.

When C = 0 this equation for f(r) has the solution

f= 4r" + B[r",
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and when C is positive it is Bessel’s equation of order n with the

solution
S =A4J,(r/C) + BY,(rvC).

If the temperature is finite at the origin, the coefficients B must be
zero.

20.09. ProPAGATION OR WAVE EqQuaTions. In this section flows
are considered which do not satisfy the Diffusion Law.

Consider particles in a fluid, the concentration at time ¢ =0
being ¢ = f(x). Let us assume that they all move in the x direction
with the same velocity u. Then at any later time ¢ all the particles
have moved the same distance ut, so that the concentration of particles
at the point x is that of particles initially at the point (x — ut).
Hence, at any time ¢,

¢ = f(x — ut).

This function describes the propagation of concentration values with
velocity # in the x direction.

Let us now express this in terms of the conservation equation
38/dx = — dc/dt given in Section 20.02. The flux of particles in the
x direction is § = cu per unit area, so that

9¢/ot + u(de/ox) = 0,

which is the differential equation having the solution ¢ = f(x — ut).
Similarly the expression ¢ = g(x + ut) is the solution of the
equation
/ot — u(dc/ox) = O.

It is easily verified that the combined expression,
c=f(x —ut) + g(x + ut),
satisfies the more complicated equation,
0%/dt? = u?(d%¢/dx?).

This is known as the Wave Equation.
The wave equation is obtained when

®_ % a8
= o a- TV

The first of these is the Conservation Law. The second is an alter-

native to diffusion when (J¢/dx) is in the nature of a mechanical

force and is therefore equated to the rate of change of flow with time.
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This implies, for example, that uniform concentration means steady
flow (rather than no flow, as in diffusion). It arises in the small
compression waves in a gas, which can be superposed on the general
motion of the gas. The function ¢ is then the density of the gas, and
4%(9c/dx) is a pressure gradient.

20.10. ConcrusioN. As in other chapters of this book, there are
equations which could be discussed more fully, and some which
have not been discussed at all. The wave equation has whole books
devoted to it, and Laplace’s equation V2¢ = 0 has not been discussed
atall. I hope that this chapter will enable the discerning reader to
understand more comprehensive books on the subject.

EXAMPLES XX

1. Owing to diffusion, solute flows steadily from one plate (x = 0) where
the concentration is ¢; to another (x = d) where the concentration is c,.
Find the concentration between the plates. The concentration at x = d is
suddenly reduced to zero and remains zero. Find the concentration between
the plates as a function of x and ¢, and the flow across the plate x = dasa
function of time.

2. A bar is heated to a temperature 0, and then insulated, except at the
ends where the temperature is reduced to zero. The length is L and the
cross section is uniform. Assuming heat conduction across the ends, calculate
the temperature everywhere as a function of time.

3. State the diffusion problem which corresponds to the heat problem of
Section 20.05.

4. In a spherical cell of radius a one substance of concentration ¢ is
converted into another at a rate k¢ per unit volume, and is replaced by
diffusion across the boundary r = a. Show that the equations governing
the concentration are

dfot = — divS —ke; S= — Dgrade.

Assuming radial flow, {V? = 3%/3r* 4 (2/r)(3/ar)}, find the concentration
everywhere in the steady state, assuming that the concentration ¢, on the
boundary r = a is constant. Determine the variation with time if the
boundary becomes impermeable to the substance.
5. Heat flow along a bar which is incompletely insulated along its length
is given by
o6 %0

=D — O — ),
Terms due to the radial variation in temperature can be neglected when A

is small.
Find solutions of this equation for a bar of length /, insulated at one end
and maintained at a given temperature at the other.
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o
6. Show that the diffusion equation -a—f = 2— ( -f) , where D is a
ot ox ox
function of ¢, has a solution of the form ¢ = f (u) where u = xt-1/2, if
dc
DG =
du ( du éu
Prove that one solution of this equation, when D is constant, is
2 w2y D
c:%a{l —_——— e"”'dv},
vT Jo

and verify that this solution, in the limit ¢t — 0, gives ¢ = 0 where x is
positive, and ¢ = a where x is negative.

What diffusion problem does this illustrate ?

7. Show that Laplace’s equation in polar coordinates,

RV 1V 1 22V
T Trar a6

has solutions of the form V = (4 + Br—") sin (n0 + «).
8. Solve the wave equation 0%¢/d% = u?J%¢/dx® by the method of

separating the variables, and find solutions so that either (i) ¢ = Oatx = 0
and x = a, or (ii) ¢ = ] whenx = 0 and ¢ - 0 as x — co.

zo,
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A page number in italics gives the main position of the item to which it refers.

ABSOLUTE convergence, 181
Absorption of light, 224
Activity in a field, 328
Adiabatic expansion, 138
Ap{)roximations, 5, 182

— linear, 191

— quadratic, 191

— to functions, 191

Arbitrary constants, 3, 132
Arc lengths, 108, 136

— mean centre, 137

Areas, approximate values, 126
— as vectors, 320, 325

— by integration, 134

— mean centre, 280

— moments of, 281-2

— of curved surfaces, 137

— properties of, 279

Argand diagram, 213
Argument, of complex number, 217
Asymptotic expansions, 197
Atomic theory, 161

Averages (se¢e Mean values), 124
Axial coordinates, 291

BerNouLLI, 224

— numbers, 141

Bessel functions, J,(x), Y,(x), 246-7
Bessel’s equations, 243

Binomial theorem, 70, 188
Black-body radiation, 103

CALCULATIONS, estimate of length, 183

Cartesian coordinates, in plane, change
of origin, 105

— — rotation of axes, 106

— in space, 290

Centre of curvature, 110

Centre of pressure, 280, 282

Chain reactions, 91, 241

Chain rule, 44

Change of variable, 152

— differentiation, 43

— in integration, 145

— multiple integrals, 286

Changes, 35

— in related functions, 39

—, small, 40, 44

Characteristic equation, 304

Characteristic roots, 304

— variation method, 309

Chemical reactions (se¢ Reactions), 225

Circle, coordinate geometry, 119-20

Circular functions, 79

— (complex), 214, 219

— derivatives, 85

— expansions in terms of, 204-5

— graphs, 81-2

— identities, 80

— integrals, 163, 166-8

— inverse functions, 86, 88

— — addition of, 88

— solution of equations, 83

Circulation, 330

Cofactors, 312

Compatiblesimultaneous equations, 304

Complementary function, 235

Complex numbers, 210

— conjugate, 212

— modulus and argument, 217

— powers, 220

— roots, 220

Configuration space, 290

Conic sections, Cartesian, 119

— polar equations, 119

~— (see also Ellipse, Hyperbola, Para-
bola, Circle)

Conjugate complex numbers, 212

Conservation laws, 337, 348

Conservative forces and fields, 329

Constants, arbitrary, 3

— of integration, 130, 132

Continuity, 31

Continuous variable, 1

Contour maps, 255

Convergence, 26

— absolute, 181

— of series, 179

— radius of, 186

— tests, 29

Cooling, Newton’s law of, 232

Coordinate geometry, 117

— of lines, 118

— of points, 117

Coordinate, arc lengths (see Arc)

— (”i lgartesi:m, Polar), generalized,

— polar, 9
Corrections, 18, 40, 179
— first order, 40

— second order, 40
— simultaneous, 256
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Critical damping, 239

Crystals (see Molecular properties), 207
Cubic equations, 89

Curl, 330

Curvature, 9, 53, 109

Curved surfaces, areas of, 137

Curves, in polar coordinates, 110-12
— properties of, 105 ff

— sketching of, 9, 10

Cylindrical polar coordinates, 291

DawmpInNG factor, 238

Debye, 208, 276

— equation, 249

Decay curves, 92, 102, 113

Decreasing functions (see Functions)

Definite integrals (see Integrals), 129 ff

Degrees of freedom, 254

De Moivre’s theorem, 214

Density, variable, 292

Dependent variables, 2

Derivatives, 38

— applications, 51

— circular functions, 85

— functional, 42

— higher, 45

— implicit, 49

— interchange of variables, 49

— interpretation of, 51

— logarithmic, 48

— notation, 38, 48

— of integrals, 155, 159

— relations between partial derivatives,
262

— several variables, 258

Derived function (see Derivative), 38

Determinants, 301

— antisymmetric, 309

— cofactors, 312

— evaluation, 34

— general theory of, 311

— minors, 312

— symmetric, 309

Dieterici, 62

Differential equations
222

— change of dependent variable, 224,
238, 244

— first-order, 224 ff

— linear, 224, 228

— power series solution of, 244

— reducible, 243

— terminology, 223

Differentials, 44

— exact, 270

— integrable relations, 268

— non-integrable relations, 268

— several variables, 256

— total, 257

(see Partial),

Differentiation, 37

— implicit, 49

— rules of, 41, 45

— several variables, 254
Diffusion, 322

— equation, 350

— — steady, 233

Direction cosines, 318
Direction, distribution in, 296
Discrete variable, 1
Dispersion of light, 213, 216, 248
Displacement vector, 319
Divergence, 2

— of field, div F, 332

— of functions, 196

— of series, 179

— types, 196

Donkeys, 23

Double integrals, 282

e, natural number, 27, 90

Electric charge, 279

— distribution, 292, 294

— potential due to, 196

Electricity, currents, 133

Electron scattering, 161

Ellipse, coordinate geometry, 121
Energy (see Potential, Work)

— levlcésl (see Molecular vibrations),

— relativistic, 50

Equations, cubic, 89

— graphical solution, 14

— of conic sections, 119-22

— solution of, 14, 51

Equilibrium, 58

— constants (see Reaction rates)

Errors, 4, 8, 54

— combinations of, 5

— Gaussian integrals, 160

— in series, 182

— logarithmic, 54

— mean square error, 199

Euler-Maclaurin summation formula,
140

Even functions, 11

— and odd functions, 152

— series, 193

Evolute, 110

Exact differentials, 264, 270

Exponential decay, 92, 133, 224

Exponential functions, 30, 90

— (complex), 218

— graphs, 91

— integrals, 168

— series, 189

Exponential increase, 91

Exponentials, derivatives, 93

— sums of, 93
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FACTORIAL representation of poly-
nomials, 78

Factorials, 142, 157

Factorization, 64

Fields, scalar, 327

— vector, 328

First moment, of area, 281

— of mass, 288

First order (see Orders of magnitude
and Changes, small)

Fluid, flow, 278

~— motion, acceleration, 259

— — rotation, 330

Flux vectors, 320-1, 331

Formulae, derivatives, 38, 39

— errors, 5, 39

— higher derivatives, 46

— rules of differentiation, 41

Fourier series, 185, 197, 221

Fourier’s heat law, 232

— theorem, proof, 206

Functions, approximations to, 191

— complex, 214, 218

— continuous, 31

— decreasing, 52

— definition, 1

— even, 11

— even and odd, series, 193

— increasing, 52

— limits of, 31

— notation, 2

— odd, 11

— of sequences, 32

— of several variables, 254

— — contour and solid models, 255

— — integration, 265

— — Maclaurin’s and Taylor’s series,

270 )

— — maxima and minima, 273

— — power series, 271

— — stationary values, 271

— periodic (see Periodic), 153

Gamma function, I'(x), 157

Gas equations, 62

Gradient vector, grad T, 321

Graph plotting, 6

Graphs (see also Curves), 6, 9, 105

— hyperbolic functions, 96

— inverse circular functions, 86

— inverse hyperbolic functions, 99-100

— logarithmic, 6

— of polynomials, 65, 67

— of powers, 66

— of rational functions, 71

— two variables, 255

Graphical solutions, 14 .

Greatest and least values (sec Maxima),
57

Havr-lifetime, 102

Hankel functions, HV(x), H'® (x), 247
Haztérgonic oscillator (see Oscillations),
Heat equation, 340

Heat flow, 232, 233, 322

Higher derivatives, 45

— of functions, 47

— simple forms, 46

H%rgggeneous simultaneous equations,
Hydrostatics, 279

Hyperbola, coordinate geometry, 122
Hyperbolic functions, 95, 109

— derivatives, 96

— graphs, 96

— 1dentities and properties, 98-9

— integrals, 169

— inverse functions, derivatives, table,

— — graphs and logarithmic forms,
99-101
— relation to circular functions, 97
— series, 189

ImpLicIT differentiation, 49
Increasing functions (see Functions),
52

Indefinite integrals, 130

Independent variables, 2

Indeterminate values, 27, 32

Index, 351

Induction, mathematical, 76

Infinite integrals, multiple, 287

Infinite series (see Series)

Infinity, 25

— in integration, 154

Inflection, 53

Integers, sums of powers, 76, 202,

208

Integrability, 267

Integrals (see also Double, Multiple,
Surface, Triple, Volume),

— as functions, 158

— definite, 129

— derivatives of, 155, 159

— double, 282

— indefinite, 130

— Mean Value Theorem, 154

— particular, 130. 235

— properties of definite integrals, 151

— standard forms, 130

— surface, 278

— triple, 289

Integral tables, 162 ff

— definite integrals, 175

— exponential, 162, 168

— hyperbolic, 163, 169

— linear surds, 4/ (ax + b), 171
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Integral tables, logarithmic, 169

— quadratic surds, 4/(ax?* + bx + ¢),
172-4

— rational functions, 1634

— reduction formula, 176

— standard forms, 162

— trigonometric, 163, 166

Integrating factors, 229, 270

Integration (see also Arc lengths, Areas,
Mass, Volumes), 124

— numerical, 124, 127, 140

— techniques, algebraic changes, 144

— — change of variables, 145, 153

— — integration by parts, 147

— — integration by substitutions, 147

— — logarithmic, 144

— — periodic functions, 154

— — reduction formulae, 156

— — standard formulae, 146

Intermolecular forces (see Molecular

vibrations), 59

Intrinsic equation of curve, 117

Inverse functions, addition, 88

— circular (trigonometric), 86

— hyperbolic, 99-102

— —, table of, 102

Involute, 110

Irrotational field, rot F = 0, 329

Isothermal expansion, 142

Iterative method, 18

KiNETIC theory, 295
— of gases, integrals, 160

LAGRANGE multipliers, 271

Langevin function, 103, 208

Laplace’s equation, V3¢ = 0, 350

— solutions, 276

Laplacian operator, V2, 334

Latent heats, 248

Legendre polynomials, P,(x), 195, 205,
249, 276

Leibnitz rule, 47

Lengths of arc, 108

L’Hépital’s rule, 61

Limits, 26

— evaluation of, 61

— of functions, 31

— of integration, 129

— of summations, 128

Linear differential equations,
228 ff

Linear surds, integrals, 171

Lines, relations for straight line, 118

— relations for two lines, 118

Logarithmic differentiation, 48

Logarithmic function, 94

— (complex), 219

— derivative, 95

224,

Logarithmic function, graphs, 94
— integrals, 169

MACLAURIN’S series, 187

— errors, 187

— methods, 193 ff

— several variables, 270

Magnetic properties, 142

Mass Action Law, 225

Mass calculations, 139

Mass centre, 288

Mass distributions, 288, 292

Mathematical induction, 76

Maxima and minima, 55, 192

— several variables, 273

Maximum, 9

Maxwell relations, 264

Maxwell solid, 248

Mean centre, areas, 280, 286

— of arc, 137

Mean values, 127, 140

— of functions, 155

Mean Value Theorem, derivatives, 60

— for integrals, 154

Mechanics, 325

— linear motion, 131

Melting points, 25

Minima (see also Maxima), 55

Minimum, 9

Minors, 312

Mixed second moment, 283

Modulus, 9, 212

Molecular distribution, 296

Molecular properties, 142

Molecular velocities, 295

Molecular vibrations, 25, 34, 62, 103,
207, 236, 249, 308

Moment of force, 325

Moment of inertia, 282, 291, 299

Monotonic sequences, 29

Morse, 34, 247

Multiple integrals, 278

— repeated integrals, 274

NATURAL number (see ‘¢’), 27, 90
Newton’s law of cooling, 232
Newton’s method, 19, 51

Newton’s tangent method, 18
Normal, equations of, 51

Normal vibrations, 305

Normals, 107

Normalization, 299

Numerical integration, 124, 127, 140

Obpp functions, 11

— series, 193

Optical absorption, 213
Optical rotation, 161

Order of differentiation, 263
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Orders of magnitude, 28, 40, 45, 67
— exponentials, 93

Orthogonal functions, 203
Orthogonality, 203

Oxcillations, 305

— about stable equilibrium, 237
— critically damped, 239

— damped, 238

— forced, 239

— simple harmonic, 234
Oxcillatory sequences, 26

ParaBOLA, coordinate geometry, 119,
120

Parameters, 105

Parametric equations, 107-8

Partial derivatives, 254

— change of variables, 258

Partial differential equations, 337

— polar coordinates, 337, 345

Partial fractions, 72

Partial sums, 182

Particular Integral, 235

Particular solutions, 223

Partition function (see Statistical mech-
anics), 207

Pedal equation of curve, 117

Periodic functions, 153, 197 ff

Phase, 234

— changes, 115

-— in resonance, 240

-— space, 298

Plasticity, 248

Points of inflection (see Inflection), 53

Poisseuille, 55

Polar coordinates, 9, 110, 345

-— curvature, 112

— double integrals, 286

— slopes of curves, 112

Polynomials, 64

Position vector, 318

Potential energy, 236, 269

Potential functions, 114

Potentials, 58, 327

— electric, 279

Power series, 185 ff

— complex numbers, 217

— derivatives and integrals, 186

— methods, 193

— two variables, 271

Precipitates, 30

Pressure, 138 .

Principal Values of inverse functions,

QUADRATIC equations, 63

Quadratic surds, integrals, 172-4
Quantum mechanics, 53, 142, 299, 308
Quantum theory, 161

RADIOACTIVE decay series, 230 (see also
Sums of exponentials, 93)

Radius of convergence 185

Radius of curvature, 110

Rates of change, 3¢

— relations between, 41

Rates of reaction, 225 ff

Ratio test, 180

Ratios, sequences of, 27

Rational functions, 71

— integrals, 1634

Reaction, half-lifetime, 139

Reaction rates, 52-56, 77

— differential equations, 225 ff

— solution of equations, 249-53

Reactions, chain theory, 241

— first-order, 225

— reversible, 227

— second-order, 226

— simultaneous, 231

—— successive, 230

Recurrence relation, 34, 103, 183

Reduction formulae, 156

— table of, 176

Remainder Theorem, 63

Repeated integrals (sez Multiple in-
tegrals)

Resonance, 240

— curve, 240

— energy, 308

Rolle’s theorem, 59

Roots of equations (see Solution of

equations), 14, 51

— complex, 220

Rotations, as vectors, 320

—rot F, 330

S-SHAPED curves, 114

Scalar fields, 327

Scalar (quantity), 318

Scalar product, 320, 323, 324

Second moments of area, 282

Semi-convergent series, 187

Separable functions, 287, 344

Separation of variables, 344

Sequences, 25

— functions of, 32

— monotonic, 29

— of ratios, 27

Series, 178

— addition and multiplication, 180

— convergence tests, 180

— numerical, 202

— powers of integers, 76

Sigmoid curves, 113

Simple harmonic motion (se¢ Oscilla-
tions), 235

— period, 236, 237

— phase, 236
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Simpson’s rule, 127

Simultaneous equations, 315

— homogeneous, 315

Simultaneous linear equations, 301

— homogeneous, 304

Simultaneous reactions (see Reactions)

Slope, 9

Small changes (see Changes), 53

— simultaneous, 256

Solenoidal, 333

Solid angles, 296

Solid models, 255

Solution of equations, 51, 301

— trigonometric, 83

Space coordinates, 290

Special curves, 78

— list, 112

— spirals and ovals, 111

Specific heats, 140, 208, 276

Sphere, 135, 138, 337

Spherical polar coordinates, 293

Stability, 58

Standard forms for integration, 162

Standard formulae, extensions to,
146

Stationary values, 52

Statistical mechanics, 71, 142-3, 161,
202, 207, 295, 298

Stirling’s formula for n!, 142

Substitutions in integrals, 149, 168-74

Successive approximations, 25, 179

— (see Iterative methods), 18

Summations, 133, 140

— (see Integration), 125

Surds, in integrals, 171 ff

Surface integrals, 278

TABLEs, 1

— of integrals, 162 ff
Tangents, 9, 107

— equations of, 51

Taylor’s series, 187 ff

— several variables, 270
Taylor’s theorem, 149
Tetrahedron, volume of, 285
Thermal capacity, 140, 265
Thermodynamic relations, 260-¢, 276
Thermodynamics, 103, 161

Thzeéénodynamics, functions of state,

Total derivative, 259

Total differential, 257

Trapezium rule, 127

Triangles, solution of, 83

— trigonometric relations, 83

Triangular coordinates, 114

Trigonometric functions (see Circular
functions), 79

— integrals, 163, 166-8

Trigonometric identities, 80

Trigonometry, relations for triangle, 83

Triple integrals, 289

Tube of force, 333

UNDETERMINED multipliers, 271

VAN pER WAALS’ equation, 2, 62
Vapour pressure, 103
Variable, continuous, 1

— dependent, 2

— discrete, 1

— independent, 2
Variation method, 309
Vector algebra, 319, 322
Vector components, 318, 323 ft'
Vector gradient, 321
Vector product, 325
Vectors, 215, 318

— generalized, 334

— scalar product, 323
Velocity, distributions, 295
— mean square, 295

— space, 294

— vectors, 320

Vibrations, 305

Virial coefficients, 161
Viscosity, 52, 55

Volume integrals, 284
Volumes, 135

Vorticity, 330

WasHINGs, 30

Wave equation, 348
Waves, capillary, 62
Work, done by force, 266
— evaluation of, 138
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