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PREFACE

AT one time the study of elliptic functions began with the inversion
of Legendre’s integral. Every young mathematician was familiar with
snu, cnu, and dnw, and algebraic identities between these functions
figured in every examination. But a growing realization that the
inversion of a complex integral raises issues which are not all elementary
brought about a change. To-day, many a good teacher says nothing
of the Jacobian functions until he can utilize theta functions, and many
a good student learns nothing of them at all. Moreover, a theory in
which the definition of the fundamental function takes the form

By ,(u/5%)
&y B4(w/53)

starts with a handicap of artificiality from which the older treatment,
whatever its faults, was free.

This book is an attempt to restore the Jacobian functions to the
elementary curriculum by exhibiting them as functions constructed on
a lattice. In the course of the general theory of doubly periodic func-
tions, we find that the lowest order possible for such a function is the
second, and that therefore the simplest functions have either one double
pole or two simple poles in a primitive parallelogram. The investigation
of the first possibility is the invariable method of introducing the
Weierstrassian function gz. It is seldom—the first edition of Modern
Analysis was an honourable exception—that the investigation of the
alternative is recognized as the natural sequel. This is our starting-
point. We associate with an arbitrary Weierstrassian function a sym-
metrical group of functions of the second kind, ang this group becomes
a Jacobian system by an appropriate specialization of one of the para-
meters fundamental in the theory. So found, the Jacobian functions
are known in advance to be doubly periodic, no parameters are re-
stricted to be real, and simple functional proofs of addition theorems
and of the transformations of Jacobi and Landen replace the algebraical
proofs demanded by the inverted integral.

For a moment we are tempted to think that the problem of inverting
an integral need not be faced. The classical functions have come easily
into analysis, they display a multitude of fascinating properties, and
their relations to their derivatives imply that they can be used for the
evaluation of integrals of the forms with which they are traditionally
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associated. Let them be studied, and they will be available when
wanted. But will they? If b and c are certain critical constants in the
theory of a known system of elliptic functions, the integral

f V(w? b2 (wz—cz)}

is identifiable as an inverse function. But if it is b and ¢ that are given,
as is almost always the case, in both pure and applied mathematics,
when the integral turns up first, have we any reason to suppose that
a system exists in which the given b and ¢ do play the essential parts?
We are back at the fundamental question. Every elliptic function is
the inverse of an elliptic integral; is it true also that the inverse of
every elliptic integral is an elliptic function?

There is no logical objection to postponing the consideration of this
question. Even if we ignore the problem altogether, our theory is no
less satisfactory than the elementary theory of pz, where precisely the
same problem is ignored: we find that if w = gz, then

2 = f o ,il.w.,~ I
J J{d(w—e;)(w—e,)(w—ey)}
but we do not discuss whether for arbitrary values of e, e,, e; subject
to the condition e,+e,4e; = 0 a Weierstrassian function must exist.
For practical purposes, only the answer* to the question is required,
and there is no difficulty in explaining the answer. Nevertheless, even
in an unambitious course something more than a simple question and

* Together naturally with the solution of the more elementary problem, also described
sometimes as the problem of inversion: assuming that the system exists, to determine
from tho constants in the integral either the elliptic function itself or the lattice on
which it hangs. To find the only possible lattico is, as will be seen in the text, a simple
matter; the difficulty is to prove that the functions on this lattice do provide the
assigned constants. Merely to construct an inverse function by direct operations does
not solve the theoretical problem. For example, Hancock’s exceedingly thorough
account of inversion on a Riemann surface (Theory of Elliptic Functions, I) is boyond
criticism as a golution of the practical problem, but begs the whole theoretical question
in the one sentence (p. 163): Instead of the variable v we may introduce any variable

quantity, say 2,8

u(z, 8) = d_z
8
20,8
No reason is adduced for supposing that u(z, s), so defined, can take an arbitrary value,
but u presently becomes the independent variable. If a complete solution of the inver-
sion problem along Riemannian lines is wanted, Hancock’s treatise needs a supplement
equivalent to the excellent ninth chapter of Neumann’s Riemann’s T'heorie der Abel’schen
Integrale (Die Umkohrung des elliptischen Integrales), where the problem of ubiquity
is stated very clearly.
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a straightforward answer seems wanted. We dare not say that we
understand the relation between the function and the integral unless
we see how the double periodicity of the function is implicit in the
integral form of the relationship, and in the discovery of double
periodicity from this end the origin of the constants is not relevant.
Since also definition by inversion of an integral is equivalent to defini-
tion by a simple form of differential equation and is not in itself a
suspicious process, a mystery remains for the student unless we put
a finger for him on the ultimate difficulty. In point of fact, the more
precisely the problem of inversion is analysed, the narrower the crucial
gap becomes and the less formidable the task of bridging it appears.

The design of this treatise will now be intelligible. There are three
divisions of the subject, first the direct theory of functions with simple
poles derived from a Weierstrassian function whose periods are arbi-
trary, then the theory of the inverted integral and the solution of the
problem of inversion, and lastly the fertile theory of the classical
system. To the writer the order of exposition is almost inevitable, but
the reader impatient to make the acquaintance of Jacobi’s functions
can pass to Chapter X from Chapter IV or even from Chapter III, and
he can return at any time to read Chapter VI, on the connexion
between integration and periodicity, as an independent chapter and
not necessarily as a stage in the inversion argument.

Far from being new to analysis, the three ‘primitive’ functions
defined in Chapter I have often been studied. Jordan in his Cours
d’Analyse and Tannery and Molk in their Fonctions Elliptiques allow
a few pages to them and define the classical functions in terms of them;
in papers on Poncelet’s poristic polygons, Chaundy and Baker* use the
same three functions, instead of relying explicitly, as does Halphen in
the account of this problem in the second volume of his treatise, on the
Weierstrassian functions gz, oz. The point to be emphasized is the
deliberate construction of the functions as functions with simple poles.
As algebraic functions of @z, important in the development of the
theory of gz itself, the functions go back to Weierstrass.

The primitive functions belong to a group of twelve, and it is this
group which is the subject of Chapters II-IV. My notation for the
functions is new, and is designed to reflect both the structure of the

* Chaundy, Proc. London Math. Soc. (2), 22 (1924) p. 104 and 25 (1926) p. 17; Baker,
Proc. Cambridge Phil. Soc., 23 (1926) p. 92. Chaundy takes a knowledge of the functions
for granted, Baker derives an addition theorem for them from a differential equation.
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functions and their relation to the Jacobian system. If I rewrote
the book, I should perhaps develop the theory of these functions at
much greater length, but at least I have avoided the extremes of pre-
senting the theory merely as an elaboration on that of %z and merely
as a preparation for that of snu.

Chapters V-VIII are devoted to a standard elliptic integral and its
inversion. In Chapter V we see precisely what relation between an
elliptic function and an elliptic integral is established in the direct
theory of the elliptic function. Chapter VI deals, as I have said, with
the periodicity of the inverted integral. In Chapter VII two proofs are
given of the existence theorem which has been shown to be crucial for
the inversion problem. The first of these is an application, new in
principle as far as I know, of the theory of aggregates; the second is
essentially Goursat’s, with adapted notation. Whether the first proof
or the second is the ‘simpler’ depends entirely on the reader’s equip-
ment. Given the requisite knowledge of the theory of aggregates, the
first proof is brief and straightforward: the line of argument, once
indicated, is obvious, and the details are easily filled in from an
examination of the integral to be inverted. Goursat uses only the
familiar processes of analysis, but economical presentation of his proof
calls for considerable algebraical ingenuity; the formulae required
belong to the theory of the function with which the inverted integral
is to be identified, and are not suggested by mere inspection of the
integrand. Incidentally, this proof shows that as a problem in analysis
the inversion problem is not as deep as the better-known solution by
means of a modular equation inclines us to believe. Chapter VIII
brings together the main threads from Chapters VI-VII and completes
the solution of the fundamental problem; to read this chapter pro-
fitably, it is necessary to accept the conclusion of the principal theorem
in Chapter VII, but it is not necessary to have mastered a demonstra-
tion of this theorem.

The essence of Chapter X, which introduces the classical functions,
is that the functions are regarded as functions constructed on a canoni-
cal lattice. The condition which a ‘Jacobian’ lattice is to satisfy is laid
down after a comparison of integrals; this presents the condition as
a natural condition, while ensuring that the functions will be the
classical functions. An arbitrary lattice is rendered Jacobian on multi-
plication by a ‘normalizing factor’, which is found as the value at a
particular point of the lattice of a definite elliptic function attached
to the lattice; whatever the lattice, the normalizing factor exists and
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is unique. That is to say, a Jacobian lattice may have any shape, but,
for a given shape, is determinate in size and orientation.

Since it is the lattice rather than the system of functions attached
to it that is standardized, the theory of the Jacobian functions tends
in its opening stages to repeat the theory developed in Chapters I-IV.
The repetition, however, is slight, for the utter lack of symmetry in
the Jacobian system introduces a new element: formulae may be dis-
covered in a typical form, but if they are to be readily available they
must be tabulated in detail.

In one respect the influence of the earlier theory permeates the later
chapters. We see* the subject of investigation not as a set of three
functions but as a group of twelve; in a variety of senses this group is
complete, it stratifies naturally into four triads of copolar functions,
and since the four triads are closely interrelated, any attempt to
express all formulae in terms of the members of one triad is a false
economy in the language. Jacobi’s original functions snu, cnu, dnu
constitute one of the four triads, but the poles of these functions are
congruent with ¢K’, not with the origin, and from the functional point
of view a treatment in which this triad plays the leading part is strictly
analogous to a version of the Weierstrassian theory which should be
written round the function @(z—w,) instead of round the function 2.
It is only in deference to tradition and for the sake of readers who will
expect this book to prepare them for the general literature of the
subject that I have frequently given the same prominence to formulae
relating specifically to the classical triad as to the corresponding
formulae relating to the triadf csu, nsu, dsu.

Although few details of mathematical notation are accepted with
the same unanimity as the use of X and (K’ for Jacobian quarter-
periods, I usually write instead K, and K,. For this iconoclasm I offer
in advance three reasons. F¥irst, using K; for —(K,+AK),), with A, as

* That this view was not long ago universal is one of the minor mysteries of mathe-
matics, or perhaps one of tho major examples of mistaken subservience. It was in 1882
that Glaisher recognized that the group should be completed, and devised the perfect
notation, but outside England, from Bobeck in 1884 to Tricomi in 1937, Glaisher’s nine
functions have been completely ignored, in spite of the suggestive table on p. 30 of the
Weierstrass-Schwarz Formeln und Lehrsdtze. The strangest case is that of Tannery and
Molk, since they have an explicit notation for the twelve functions on an arbitrary
lattice. But Cayley could speak of ‘the elliptic functions properly so called, the func-
tions sn, cn, dn’, and dismissed the other nine functions with a curt ‘These are not

-required’.

1 It is significant that when M. Roberts in his Tract on the Addition of Elliptic and
Hyper-elliptic Integrals (1871) applics a general theorem of Jacobi's to the elliptic
integrals, it is the formulae for this triad that he finds first (p. 10), although his work
is wholly in the real domain.

4767 b
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an alternative symbol for the origin, we promote Glaisher’s notation
from a mere algebraical mnemonic to a structural notation, for pqu is
a function with a zero at K, and a pole at K,. Secondly, a typical
symbol for a cardinal point opens the possibility of typical formulae,
and this, in a subject threatened with suffocation by the sheer multi-
tude of individual formulae, is no light relief. Thirdly, when the
modulus of the system is arbitrarily complex, the two quarterperiods
are alike complex, and the insertion of a factor 7 in the second of them
is for most purposes inconvenient if not misleading. But details of
notation are to be judged pragmatically, not logically, and I can only
ask the reader to postpone criticism. There is of course work for which
the classical notation is wanted, and my intention has been to revert
without hesitation whenever the occasion invites.

The fundamental transformations, the subject of Chapter XIII, are
found by a comparison of patterns of poles and zeros. In every case
the functional relations are obvious, and the ratio of one variable to
another is simply a normalizing factor by which a lattice is made
Jacobian. In this treatment of the transformations, rather than in any
more abstract considerations, is the most powerful argument for an
innovation of which a hint has already been let fall. To say that the
ratio of 1K’ to K is arbitrary implies that the customary convention
that Im(:K’/K) is intrinsically positive has been abandoned. To replace
this convention I introduce into the formulae a constant v which is +4
or —i according as Im(¢K’/K) is positive or negative. The device
sounds childish, and I did not incorporate it without misgiving, but
I hope it will commend itself by its effects.

The heading of the next chapter will mislead; the subject is not the
reduction of algebraic integrals, but the integration of Jacobi-Glaisher
functions and their products. Only one new transcendent is necessary,
but surely it is anomalous to welcome the increase from Jacobi’s three
functions to Glaisher’s twelve as an advance but to insist that at all
costs twelve corresponding integrals are to be expressed in terms of one
of their number. For each of the twelve functions pqu I denote the
integral of pq?x, with the natural constant of integration, by Pqu.
A table, XIV 2, gives the integrating function Pqu in terms of the
classical function E(u), which is Dnu, and another, XIV 3, gives Pqu
in terms of Dcu, a function which on theoretical grounds has the same
standing as Dnu. -

Chapter XV deals with dependence on the modulus. Hermite’s for-
gotten method of writing down the derivatives of the Jacobian functions
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with respect to the parameter ¢c immediately in terms of integrating func-
tions is revived. The results lead naturally to a discussion of the quarter-
periods as functions of ¢, and the linear differential equations satisfied
by K and K’ and by E—c¢’K and E'—cK' are solved completely.

Theta functions are the subject of Chapter XVI. In accordance with
the general outlook they are introduced as integral functions with
specified lattices of zeros. Partitions of the four fundamental functions
lead by logarithmic differentiation to series for the twelve Jacobian
functions; except for an anomalous first term in six cases, these series
are Fourier series. The reader must be warned that much of the nota-
tion in this chapter, though so natural as to seem inevitable in the
context, is new; in particular, the functions &,(u), 3.(«), &,(u), $;(u)
are constant multiples of Jordan’s 0(u), 6,(u), 0,(u), 05(%).

The book is an essay in the theory of functions of a complex variable,
but the nature of the functions and integrals as real functions of a real
variable, when the parameters involved are real, is considered in
Chapter IX for the functions of the opening chapters and in Chapter
XVII for the Jacobian functions. In this last chapter dissections of
pq(u—+tv) and Pq(u+iv) are tabulated for application to conformal
representation. A few pages touch on numerical evaluation, first by
Legendre’s original process, which uses a succession of Landen trans-
formations, and lastly by direct use of ¢g-series. The type of convergence
of a Landen chain is superior in the long run to that of a g-series, but
initially the chain and the series are about equally efficient. It is to
be remembered that the Landen process comes to an end when the
square of a modulus is negligible, and that if £ > &’ the transformation
can be operated in the direction* in which &’ tends to zero. On the
other hand, whereas the Landen transformation, valid always in theory,
is of no practical value unless £ and %’ are real, g-series can be used
when £ and « are complex.

For the reader already acquainted with the general theory of doubly
periodic functions and with the theory of the Weierstrassian functions
the book begins on p. 50, but I have been persuaded to prefix a sum-
mary of the elements of these theories and of the theory of lattices
rather than to take for granted or to prove incidentally the results
I happened to need. The sole purpose of this introduction is to carry
the work back logically to Cauchy’s theorem.

* Cayley, Elliptic Functions, takes as an example k = sin 75° and reduces k to
0-0%28260 in three steps and to 0-0°20 in four, but in the other direction k’ is reduced
to 0:04751 in two steps.
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A collection of annotated exercises at the end of the volume provides
an informal outlet of which I have been glad to avail myself. Some
of the exercises lead to other proofs of theorems in the text: addition
theorems turn up more than once, and Fourier series are found by
contour integration. Numerical examples demonstrate that the pro-
cesses recommended in the text for reducing and inverting an integral
are eminently practical. Some standard transformations illustrate the
importance of elliptic functions in the field of conformal representation.
The theory of the functions defined in the first two chapters is carried
a little way forward by means of a number of formulae extracted for
the most part from Tannery and Molk. Also there are short excur-
sions beyond the range of this treatise; readers to whom the develop-
ments are not new may still be interested to see the results under
a changed perspective or with a structure exposed by a systematic
notation.

Manifestly this treatise makes no pretence to be in any sense com-
plete or impartial, but there is one omission which does call for explana-
tion. As surely as a lattice is the proper background for an elliptic
function, a Riemann surface is the proper background for an elliptic
integral, but Riemann surfaces are not even mentioned. Several dis-
tinctions must however be borne in mind. The lattice is indispensable
to our conception of the subject, but to introduce the surface would
be to improve the language rather than to modify the arguments. The
rudiments of lattice theory are simple and are extensively applied, and
every mathematician must acquire them sooner or later. Even the
most slovenly description of Riemann surfaces can not be brief, a
student who is not particularly interested in algebraic functions and
their integration need never know what a Riemann surface is, and a
theory of elliptic functions dependent on an understanding of Riemann
surfaces is relegated to the category of specialized studies even more
fatally than a theory dependent on a knowledge of theta functions.
The incidental uses of the theory of aggregates in Chapter VII and of
symbolical solutions of differential equations in Chapter XV are not
dangerous in the same way. In the first case, it is the result that
matters, not this particular proof; also another proof is given. In the
second case, a reader to whom the method is strange can verify the
conclusions for himself.

Designed to present the subject from one point of view, the book is
almost without references. It would not be hard to asterisk the formulae
which occur explicitly in Fundamenta Nova, and to find others in
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Glaisher’s writings and in examination papers of the last half of the
nineteenth century, but this would not be to trace the evolution of ideas.

To illness in 1940 I owe six months’ uninterrupted leisure, and a
long-projected work, without introduction or exercises, was completed
early in 1941 ; in accepting the book at the most depressing moment of
the war, the Delegates of the Clarendon Press paid me a compliment
which I appreciate at its high value. Production has been slow and
correction difficult. I am not one of those fortunate—or maybe
unfortunate—writers to whom print never reveals defects unnoticed in
manuscript, and I am grateful to the compositors for their patience in
very trying circumstances.

In preparing the volume I have had the best assistance I could have
wished. To enlist my old pupil and friend Mr. W. J. Langford gave
me peculiar satisfaction, since it was for his benefit, so to speak, that
I devised long ago all that is original in my presentation of the subject;
I am proud that he was eager to labour for me, and that his enthusiasm
has not dwindled. He undertook the specific task of verifying formulae
and cross-references, but he was marvellously alert to every detail of
phrasing and printing, and I am confident that few minor blemishes
can have evaded his scrutiny.

My last word belongs to Professor T. A. A. Broadbent, formerly my
colleague. From the roughest of manuscript notes to the printed page,
every sentence and every symbol has come under his eye, and we have
argued about grammar as well as about mathematics. If I say that he
has checked the Tables and verified the Exercises, that the treatment
of the elliptic integral in Chapter VI is the result of his dissatisfaction
with my first draft, and that it was he who insisted that a chapter on
theta functions must be inserted, it is not that these items exhaust the
account but only that they are easy to enumerate. From first to last,
making use in every possible way of his craftsmanship, his knowledge,
and his wisdom, I have exploited gladly and shamelessly the friendship
that has put his help uncalculated and incalculably at my disposal.

READING, E. H. N.
August 1943
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INTRODUCTION: PROLEGOMENA

(i) LATTICES

0-1. It is a fundamental principle in the theory of functions of a com-
plex variable that in the absence of a barrier of singularities a function
is determined intrinsically over the whole plane by the distribution of
its values near any one point; more precisely, a single Laurent series,
which may or may not be a Taylor series, determines a function. But this
is not to say that if we know one series we have immediate knowledge
of significant properties of the function. The series —1—z—22—
belongs, so to speak, to the function 1/(z—1), not the function to the
series, and there is nothing in the series 1—2%/2!4-2%/4!—... to indicate
that the function which it represents is a periodic function whose only
zeros are real, or in the series

1.3.5
246

‘to suggest a branchpoint at z = 1. We know a function when we can
describe its behaviour, not when we can somehow specify it.

A simple relation between the values of a function in one region and
the values in another can be regarded in two ways: we may be content
to say that the relation enables us to evade the direct examination of

2.

ERRATA

Page

27, -507: insert lower limit 2, to integral

38, 0-755_,: for gy, g5 read g,, 195

85, 4:73: for g%h* read g}h}

110, -402: insert upper limit f to fourth integral
124, 6-82: for (2) dz read f(z) dz
205, 1. below 12-42,: for K, read K,
220, 1. below 517: for -514 read ‘517

317, 24 (ii): insert upper limit ¢ to integral
318, 26 (i), (ii): insert upper limit ¢ to integral
327, 32: insert lower limit ¢ to integral
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function one region is a copy of the other. If the whole plane is dis-
sected into congruent regions, and if the functional equality holds
between every pair of these regions, then one region represents the
whole plane.

There are numerous ways of dissecting the plane into congruent
regions. Examples, which need not be described in words, are indicated
in Figures 1-2.

Fia. 2.

In Figure 1,, suppose that the number of the sectors is n, denote the

angle 2z/n of a sector by 2«, and denote the region
(2r—1)a < 0 < (2r+1)a

by Z,; the region includes one of the bounding radii of a sector, but
not the other. Except that the origin occurs in each region, the n con-
gruent regions X, X,,..., X, _; together just fill the plane; X, may be
derived from X, by a simple rotation through the angle 2r«, and if 2
occupies any position in X, then w'2, where w = e*%, occupies the
congruent position in X,.. The function f(z) has the same distribution
of values in every sector if f(w’z) = f(z) identically, for all values of z and
for r = 1, 2,...,a—1. This condition can be simplified to f(wz) = f(2),since
the more general condition follows by iteration from the simpler form.

In Figure 1, the number of regions is infinite, but this circumstance
does not complicate either the geometry or the analysis. If z,, 2, are
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corresponding. points in adjacent strips I, I,, the difference z,—z, is
a number w independent not only of the position of z, in I, but also
of the choice of I, though the difference is replaced by its negative
if I, is replaced by the strip on the other side of I,. Assigning the
symbol I, arbitrarily to one of the strips and I; to one of the two neigh-
bours of I, we can correlate the strips with the series of symbols
vy Loy I_4, I, I, L,..., endless in each direction, and w, regarded as
a vector, defines a displacement which converts I, into I.,, simul-
taneously for all values of . The points congruent with a point z con-
stitute geometrically a paling, which will be said to have w for a basis;
analytically the numbers z+rw, for all integral valuest of r, compose
a congruence of which w is a modulus. If y and w are bases of the
same paling, the aggregates rw, sx coincide; since y is a member of the
second aggregate there is an integer r, such that y = r, w, and since
w is a member of the first aggregate there is an integer s, such that
w = 8, x; sincer, s, = 1, eitherr, = s, =lorr, = s, = —1: theonly
alternative basis to w is —w.

The functional relation appropriate to Figure 1, is f(z+Q) = f(2), to
be satisfied if Q is any step in the characteristic paling, that is, if Q is
any multiple of a basis w. This relation is secured by the relation

-101 fz4w) = f(z):

the function f(z) has w for a period.

The two examples which have been considered illustrate the control
which the geometrical form of the congruence exercises over the func-
tional relation. The existence of a functional relation exercises an
equally strict control over the geometry, for if f(z) is an analytic func-
tion of 2, a function like f(wz)—f(2) or f(z+w)—f(z) can not be zero
throughout a restricted region of the plane and different from zero else-
where; in other words, a relation such as f(wz) = f(z) or f(z+w) = f(2)
can not hold throughout one division of the plane and not be universal.
Hence, for example, there can be no functional relation corresponding
to the dissection in Figure 15, for although a rotation round the origin
which carries one of the halfstrips into another carries every component
of the pattern into another component, an oblique translation which
carries one of the halfstrips into another changes the pattern completely
except in one or two sectors.

The sectors of Figure 1, and the strips of Figure 1, extend to infinity.

t Negative, zero, and positive; integral, unqualified, is usually to be taken in this
general sense.
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The elements of the patterns in Figure 2 are bounded, and functions
whose distributions of values are repeated from cell to cell of such
patterns as these run their whole gamut right under our eyes. These
functions are peculiarly accessible and possess a multitude of fascinating
properties.

From the point of view of a functional relation there is far less
difference between Figure 2, and Figure 2, than a casual glance sug-
gests. We are concerned ultimately not with the shapes of the regions
into which the plane is dissected but with the pattern formed by a set
of congruent points, and if the geometrical congruence is taken in its
simplest form, that is, without reflection or rotation although the cell
in Figure 2, has the symmetry which admits both these operations, the
configuration of corresponding points is of the same kind in the two
diagrams. This configuration is known as a lattice. Figure 2, as the
foundation of a functional relation, presents difficulties, but we can see
at once that in this dissection corresponding points compose a pair of
congruent lattices.

A lattice is perhaps described most easily as the set of points of
intersection of two families of equidistant parallel lines. But we must
recognize that the lines, however convenient, are not fundamental. It
is not merely that our concern is with the points themselves; we can,
as indicated in Figure 3, change the lines completely without changing
the aggregate of points.

For analytical purposes a lattice is best specified by an origin and
two vectors, for in the plane of the complex variable points and vectors
alike are identifiedt by complex numbers. The origin is any point O
of the lattice. If the lattice is determined by two families of parallel
lines, one member a of one family and one member b of the other family
pass through O; let A be one of the two points adjacent to O on a,
and let B be one of the two points adjacent to O on b. Then if «, 8 are

+ No attempt is made to maintain a consistent distinction between the language of
geometry and the language of analysis; ‘number’, ‘vector’, and ‘point in the complex
plane’ are interchangeable terms.
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the vectors of the steps OA, OB, the steps from O to the lattice points
are those whose vectors have the form ma-+npB, where m, n are independent
integers.

We call the pair of vectors «, B, or the pair of complex numbers
2 4—20, 2g—2o for which the same symbols may be used, a basis of the
lattice. A basis at one origin is a basis at any other origin. The basis
is of less significance in the theory of functions than the lattice itself,
for a change of basis does not necessarily affect the lattice and may
therefore have no effect on functions which are being studied. A basis
is none the less essential to the development of analysis.

The pairs of vectors «, 8 and y, & are bases of the same lattice if the
aggregates of vectors ma+nB and py-+¢8 coincide, the coefficients in
each case being integers. Since y and 8 are members of the second
aggregate, there are integral coefficients such that

-102 y = m,a+n,B, = mga+tngfB;

since « and B are members of the first aggregate, there are integral
coefficients such that

-103 «=p,y+4¢.8, B =pgy+yqpd.
Substituting from one pair of formulae in the other, we have the matrix
relation

e

ms, Ns/\Pg, Qg 0, 1
whence
105 my’ ’n}, P 9o = 1,

ms,  Ts||Pg 9B

and since the elements of the two determinants are integers,
-106 m, ng—mn,ms = Poqp—9q,Pg = 1.
The condition
107 m,ng—mn,ms = +1

is sufficient as well as necessary to secure that y and 3, defined by -102,
together form a basis of the lattice built on «, B, for with this condition
we have from -102,

108 +a=ngy—mn,3, 4B = —msy+m,8.
From -108, every vector of the form ma-+nB is of the form py+g¢é;
from -102, every vector of the form py+-¢3d is of the form ma+-nB: the
aggregates ma+nf, py+¢é are identical.

Interchange of « and B or of y and & reverses the sign of m, ng—mn,, ms.
It follows that if we are to attach significance to this sign we must
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regard the basis as an ordered pair of vectors. If «f and o8 are ordered

pairs, the function m,ns—n,ms is known as the discriminant of the

transformation of «f into y8. Obviously the alternative of sign pre-

sented in -107 divides the possible bases into two classes, but this

division is in the first place a division in relation to «B. Let a basis
{ be derived from y8 by the pair of formulae

e=pyt+ees,  {=prytaes
nd also from of by the pair of formulae
€ = m, a—{—’neﬁ, z = my a+’n€ﬂ

Me M P Y4e
mg My Py
It follows that if two bases €'(’, "{” have the same discriminant in
relation to of, then they have the same discriminant in relation to 3.
The division of the bases into two classes by the sign of the discriminant
is therefore absolute, not relative to «f. Thus

0-11. The bases of a lattice fall into two classes such that the discriminant
of yd with respect to off is +1 if off and y8 are in the same class and s
—1 4f of is in one class and y3 is in the other.

Then

My Ty
ms, ng

To find the geometrical meaning of the basal condition, let 04, OB

as before be steps with the vectors «, 8, and let OC, OD be steps with
vectors y, 8 given by
-109,_, y = my,a+n,p, 8 = mga+ngp.
For the moment we make no assumption about the coefficients except
that they are real numbers, and we write m, ns—n,ms = J. Then the
areal product of the vectors y, 8 is J times the areal product of the
vectors «, B. Hence the area of the parallelogram determined by OC, OD
18 J times the area of the parallelogram determined by OA, OB. This
relation is algebraical, and can be broken into two parts: The numerical
value of the ratio of the area of the parallelogram of which OC, OD
are sides to the area of the parallelogram of which OA, OB are sides
is |/|, and minimum rotationt from OC to OD is in the same direction
as minimum rotation from OA to OB or in the reverse direction
according as J is positive or negative.

A more elementary investigation shows well how the sign of the area
and the sign of J are connected with the direction of rotation. Assuming
that ng # 0, the line through C parallel to OD cuts OA in a definite

t That is, rotation through an angle numerically as small as possible.
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point C’, and the line through D parallel to OA4 cuts OB in a definite
point D’; the parallelograms (O; CD),
(0; C"D), (0; C'D’) have the same area.

Also the relation J« = ngy—n, 8, writ- D’ D
ten in the form
B

Y= (']/nﬁ)o"'i—(ny/ns)si j
shows that the vector of OC’ is (J/ng)a, ¢
and -109, implies that the vector of . c A
oD’ is nsﬁ. Fia. 4.

Returning to the lattice, and remark-
ing that if the coefficients in -109,_, are integers then J is necessarily
aninteger, we see that if the vectors of OA, OB constitute a basis, and
if C, D are any two points of the lattice, the area of the triangle OCD
is an integral multiple of the area of the triangle OA4 B.

0-12. The vectors of OC, OD constitute a basis if and only if the area
of OCD 1is numerically equal to the area of OAB,

and further,

0-13. An undegenerate triangle whose vertices belong to a lattice can not
be smaller than a basal triangle.

When vectors are replaced by complex numbers, the concept of a
direction of minimum rotation must be replaced by a definite analytical
concept. In a sense we know what this concept must be. An angle of
rotation from « to B is an angle of B/«, the complex number which
multiplies « to produce B, and minimum rotation from « to B is there-
fore positive or negative according as B/« is on the positive or the
negative side of the real axis, that is, according as Im(B/«) is positive
or negative. Since however this account of the concept belongs to the
intuitional formulation of the theory of the complex number, it may
be supplemented. Let «, B be two complex numbers such that B/« is
not real, and let y, 8 be derived from «, 8 by the pair of formulae

«110 Y = mya—i—nyﬁ, d = mg a-i—n,sB,

in which the coefficients are real; assuming y not to be zero there is
no loss of generality in assuming n, # 0. We have now

8 _ my+ns(Ba)

y  m,tnBla)
that s, n.(Bl) (8y)+m, (8]y) —ns(Bo) = ms,
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and this relation may be written in the form

{ny(ﬁla)+my}{ny(8/y)_n8} = —J,
where J = m,ns—n, ms. But J is real, and the product of two complex
numbers is not real unless one of them is a real multiple of the con-
jugate of the other; also the product of two conjugate numbers is
essentially positive. Hence n,(8/y)—ns is the product of the conjugate
of n,(B/x)+m, by a real number k, and the sign of k is opposite to
the sign of J. But since the coefficients are real,

Im{n,(8/y)—ns} = n, Im@/y),  Im{n,(B/a)+m,} = n,Im(B/x),
and since n, # 0, the condition
Im{n.(8/y)—ng} = —kIm{n(B/a)+m,}
is equivalent to Im(8/y) = —kIm(B/a):

0-14. The imaginary parts of B/a and 8]y have the same sign or opposite
signs according as the discriminant of the transformation from of to y8
with real coefficients is positive or negative.

Thus when the basis «f of a lattice is regarded as a pair of complex
numbers, the two classes described in -11 are composed simply of those
bases for which Im(B/«) is positive and those bases for which Im(8/«)
is negative.

It follows from -13 that if OCD is a basal triangle, there can not be
a lattice point between O and C. To investigate the converse of this
result, let C be any lattice point such that there is no lattice point
between O and C. Then the integers m,, n, are prime to each other,
for if these integers had a common factor d, the vector y/|d| would
lead to a lattice point. But if m,, n, are integers prime to each other,
there exist integers z, y satisfying the equation

m,y—mn,r =1,

and if x = mg, y = ng is any solution of this equation, and OD is the
step from O with vector mg a+ngB, then OCD is a basal triangle. Hence

0-15. T'wo lattice points can serve as vertices of a basal triangle if and
only if there is no lattice point between them on the line joining them.

If the ratio of 8 to y is not real, the ratio of py-+¢é to y is not real
unless ¢ = 0, and therefore the only members of the aggregate py—+¢8
which are real multiples of ¥ compose the aggregate py. But if O, P
are any two points of a lattice, there can be only a finite number of lat-
tice points between O and P, and therefore there is a point C in OP,
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which may coincide with P, such that there is no lattice point between
O and C. It follows that the steps from O to lattice points in the line
OP are the integral multiples of the one step OC. In other words,

0-16. If a line contains more than one point of a lattice, the lattice
points which it contains constitute a single paling.

If OCD is one basal triangle, -12 implies that the other basal triangles
with O and C for two of their vertices have their third vertices either
on the line through D parallel to OC or on the parallel line at the same
distance on the other side of OC'; any lattice point on either of these
lines will serve, and the possible positions of the third vertex therefore
constitute two palings. This is in agreement with the algebraic solution
of the equations

my,y—mn

=1, m,y—mn,x = —1;

Y Y
if x = mg, y = ng is one solution of the first of these equations, the
general solution of the first equation is z = ms+rm,, y = ns+rn,,
and the general solution of the second equation is x = —mgs+rm,,

y = —ng+rn,, where r in each case is an arbitrary integer.

0-2. If, as in Figures 2, and 2,, the points geometrically congruent
in a dissection of the plane compose a lattice, the distribution of values
of the function f(z) is the same in every cell of the pattern if

-201 fz+Q) = f(2),

for every value of z and for every value of Q which is a step in the
lattice. The functions to be studied in this book are functions subject
to a condition of this form.

We say that a function f(z) which satisfies -201 belongs to the lattice
Q. The fundamental condition is sometimes expressed differently. If
2,—2, is a lattice step, the two values z,, z, are said to be congruent,
to modulus Q, and we write z; = z,, or, if necessary, z; = z,, mod Q;
the condition -201 is then: The congruence z, == z, implies the equality
f@) = fizy).

If of is a basis of the lattice, the congruence z; = z,, mod of, asserts
the existence of integers m, mn such that z, = z,+ma-+npB, and the
functional relation -201 becomes

-202 | flz+ma+nB) = f(2),

to be satisfied for all integral values of m and ». In the form -202 the
relation is an immediate consequence of the two simpler relations

+203 flz4a) = f(2),  flz+B) = f(2),

4767 ~
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of which the first expresses that f(z) has the period «, the second that
f(z) has the period B. That is,

0-21. A function which satisfies a relation f(z+Q) = f(z) in which Q is
the typical step in a lattice is a function which has two periods whose ratio
is not real.

Since the number of independent periods is two, such a function is
known as a doubly periodic function. It need hardly be said that a
doubly periodic function possesses an infinity of distinct periods; every
number of the form ma-+nB, including zero, is a step in the lattice and
is a period of the function. No two periods are the periods in any more
important sense than that they are the periods we happen to be using;
this being understood, we may speak of the periods as freely as we
speak of the coordinates of a point.

Two questions now present themselves. (1) Can a function possess
two periods whose ratio is real? (2) Can a function possess more than
two periods? These questions are bound up with two of a more ele-
mentary kind. (1) What is the nature of the aggregate ma+nf if «, B
are fixed complex numbers whose ratio is real? (2) What is the nature
of the aggregate ma+nB+py if «, B, y are fixed complex numbers ?

Let B = ua, where u is real. We can suppose u positive, for the
aggregate ma+nf is identical with the aggregate m(—a«)+nB. With
each value of the integer / associate the integer p, such that

-204 7 < lu < p+1,

and the point E, for which the step OF, is If—p,«; the point E, either
coincides with O or lies between O and 4 on the line 04. If two
points E., E, coincide, then r8—p,a = s8—p, «, and therefore u has
the rational value (p,—p,)/(s—7). Conversely, if v = h/k, where h, k
are positive integers, the inequalities -204 are equivalent to

205 prih < (b < pt-ht1,
and therefore
-206 Pk = Prth, (+k)B—prij o = IB—py .

Thus the sets of values py, p,,..., p;._, and of positions E,, E,,..., B, _, recur.

0-22. If B/a is real, the number of distinct points in the set ..., E_,, E_,,
E,, E,, E,,... 13 finite or infinite according as B/« is rational or irrational.

If P, @ are any two aggregate-points on the line, the step PQ is of
the form ma+nB, and an equal step from any aggregate-point leads
again to an aggregate-point. It follows that if the number of aggregate-
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points between O and A is finite, the distance between adjacent points
is everywhere the same. If E, is the nearest to O of those of the points
E,, E,,..., E,_, which are distinct from O, the step OE, is a number 0,
given as #f—p, «, which is such that « is an integral multiple a8 of 6 and
every number of the form If—p,« is an integral multiple g,0 of .
Since in particular the number B—p, « is expressible as g, 6, we have
B = b0, where b = p,a+g,. Since 0§ = iB—p,a = (tb—p,a)d, we have
tb—pa =1, and @ and b have no common factor: the ratio b/a is the
ratio B/«, known to be rational, expressed in its lowest terms. Since
« and B are multiples of 6, every number of the form ma+nf8 is a
multiple of 6; since 6§ is given as {8—p,«, every multiple of 8 is of the
form ma+nfB: the aggregate ma-+nf is identical with the aggregate of
multiples of 6.

0-23. To say that a function has two periods whose ratio i3 rational
implies no more than that the function has one period of which these two
are integral multiples. '

Consider now the case in which B/« is irrational. If N is any whole
number, the N+ 1 points K, E,, E,,..., Ey are all distinct, and if we
divide the interval OA into N equal parts, at least one of these parts
includes as many as two of the points; also if A is the length of 04,
the distance between two points in the same division is not greater than
A/N. Since the step from one aggregate-point to another is a number
of the form ma-+npB, it follows that whatever the value of N, there is
a number py of the aggregate ma+nf such that 0 < |uy| < A/N. Now
let z, be any point in the plane, and let p be the radius of any circle
with centre z,. Take a value of N greater than A/p, and with this value
of N choose py. Then the point z,+puy lies inside the circle. Hence
if f(z) is a function satisfying the condition f(z+4+ma+nB) = f(z), an
arbitrary circle with z, for centre contains a point z; distinct from z,
such that f(2,) = f(z,). It follows that if f'(z,) exists, the value of f’(z,)
is zero. Thus if f(2) is an analytic function, the derivative f’(z) is zero
at every point at which it exists:

0-24. An analytic function with two periods whose ratio is an irrational
number 18 an absolute constant.

With 23 and -24 the question of functions with two periods whose
ratio is real is answered completely, and we proceed to the question of
functions with three periods, «, B, y. We can assume at once that no
two of the periods have a real ratio, for a rational ratio would reduce
the number of periods to two at most, and an irrational ratio would
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reduce the function to a constant. If the ratio of « to B is not real,
any third number y can be expressed as wa-+vB, where u, v are real;
this is only to say that any point in the plane can be identified by
coordinates referred to any two axes. If the ratio of « to v is rational,
we have u = wh, v = wk where h, k are integers; then y = w(ha+£kB),
and since ha+kpB is a period, this relation reduces the periods to two
or the function to a constant according as w is rational or irrational.
Similarly if » has a rational value h/k, the relation kvf = ky—h«
reduces the periods or trivializes the function according to the character
of v, and if v has a rational value, the same result follows according
to the character of u. Thus the only case that remains for examination
is that in which %, v, and the ratio of « to v, are all irrational.

We can suppose % and v positive, for we can replace « by —a or
B by —B if necessary, and we repeat, with little modification, the con-
struction and the argument leading to -24. With each value of the
integer | we associate the integers p,, ¢, which are such that

-207 < lw < ptl, q <l <gq+l;

if I # 0, equality is impossible in either case. The integer ! now deter-
mines a number ly—p,«—¢q,B, and a point K, such that this number
represents the step OF,. The point E is the origin O, and for all other
values of /, positive and negative, £, is inside the parallelogram (O; 4 B).
No two of the points ..., E_,, £_,, E,, E,, E,,... coincide, and any step
from one to another of these points is represented by a number in the
aggregate ma+mnB-+py. If N is any whole number, the parallelogram
(O; AB) can be divided into N? equal compartments by means of N—1
lines parallel to OA and N—1 lines parallel to OB, and if A is the
greatest distance from one point to another of the parallelogram
(0; A B), that is, the length of the longer diagonal of this parallelogram,
the distance between two points in the same compartment is not greater
than A/N. The N2+4-1 points E,, K, E,,..., Ey. can not all be accom-
modated in different compartments, and therefore at least one com-
partment contains as many as two points. Hence the aggregate
ma-+nB+py includes a member py such that 0 < |uy| < A/N, and it
follows as before that if f(z) satisfies the condition

fet+matnB+py) = f(2),
he derivative f'(z) is zero wherever it exists. Thus

0:25. To say that a singlevalued analytic function has three periods
tmplies no more than that the function s doubly periodic.
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To sum up, the restriction to two periods and the condition that the
ratio of one of these periods to the other is not real are not arbitrary
limitations but limitations inherent in the subject.

The investigation just completed is not superfluous to our main sub-
ject, for it enables us to deal with such dissections as the one in
Figure 2;. If the parallelograms in this diagram have sides « and B,
as now indicated, there are displacements ) ) ,
with vectors « and 2B, and there is also a7 / / /

displacement with a vector y which is of / B/ "/ )
the form ua+pB. A function f(z) can not / B UOY(

satisfy the condition f(z+7y) = f(z) for all / “w /
positions of z in one parallelogram without ’ /Fm s f

satisfying this condition everywhere, that
is, without having y for a period, and then the function is trivial and
the pattern ineffective unless u is rational. If 28 and ux+B are periods,
s0 also is 2u«, and if 2u, in its lowest terms, is h/k, the periods a, 2ua
are multiples k6, h0 of a single period §. We have now the three
periods 6, 28, 1h6+4B, and we distinguish two cases. If A is even, 6
-and B are periods. If A is odd, 16+p is a period ¢, and we have the
three periods 6, 2¢—0, ¢, of which the second is a direct combination
of the other two. The two cases are illustrated in Figures 6,_,, and we
see that the pattern in terms of the smaller parallelograms is of the
same simple form as the patterns in Figures 2,_,.

Y VRV
IJ.., ..-J , , p - ,"/,",*'7_"/";' % __-__.L. -t +---¢- /- L ¢/+ +--j---, -
( I / ’ ’ l L A
-75~'~,--v--;-7r-#-r--,-'--,fﬂ,éf-;--,-'--,‘ B e S / R R A T e
1’ A l' II /' // ) - : l’ S A A l ] 1 i
4 4 T T ) ] 1
PRI IR TR T a/#--*.----r“-ir E=
PN LAV A F A A AT 1) L ' L i b
7 T = Ls - AR
,/.-/&'-/--/4-/ -)<~:F:F7/’,‘:"-7-7’-'—,~/ - —8—---?----+ -e-X- /- ---.I-- - 7-/4 -- ? r~ >
gk ARV Y J A A, L —_ 1 h ! n |
777 7 J¥7 7 77T 7 ' 7 ’
6, 62
Fia. 6.

To put differently the point just illustrated, the periodicity of any
particular function we construct may turn out to be better than we
anticipated. The functions sinz and cosz have the common period 27,
and any rational function of these two has this period, but tanz, defined
as sin z/cosz, is found to have the smaller period =. To say that f(z)
belongs to the lattice QQ means only that the identity f(z+Q) = f(2) is
satisfied; f(z) may in fact possess a period w which does not belong to
the aggregate 2. What we have shown is that in this case f(z), unless
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trivial, belongs to a lattice Y of finer mesh than Q, and thatt the points
of Q are among the points of Y. But the determination of the minimum
lattice is not necessarily the first problem to be attacked when a func-
tion is introduced, and if several functions occur in the same investiga-
tion, it is a lattice large enough for them all to belong to it that we need,
whether or not finer lattices for the individual functions are known.

By a primitive region for a lattice or for a function which belongs
to the lattice we mean a region which just represents the whole plane;
no two points of the region are congruent, but every point of the plane
is congruent with one point of the region. In other words, if A is a
primitive region, and if Ag is the region to which A is moved by a dis-
placement € which is a step in the lattice, every point in the plane
belongs to one and only one of the regions Ag. In terms of the dis-
section of the plane, with which our discussion began, a primitive region
is one of the congruent regions into which the plane is dissected, but
unless our definition is formal we have difficulty in dealing with the
boundary of a region; a point on the common boundary between two
regions, or a point where more than two regions meet, must not be
assigned to more than one of the regions, and in consequence only part
of the boundary of a region belongs to that region.

In no sense is there a unique or fundamental primitive region. We
have only to substitute for any part A of a primitive region A a region
Ag congruent with A, and the combination of A—A and Ag is another
primitive region. In practice this change usually takes the form of
a change of contour of A, part of A being transferred to adjacent regions
and the loss being made good by a corresponding transfer on the other
side. For example, in Figure 7, the lower halves of the hexagons are
all congruent, and by uniting to the upper half of one hexagon the
lower half of one of its neighbours we can form a primitive region
which is a parallelogram. In Figure 7,, joining the two ends of each
circular arc and replacing the seg-
, ment in each region by the opposite
segment which originally belongs
to an adjacent region, we have a
primitive region bounded by six
straight lines, and this can be fur-
ther transformed into a parallelogram. In these examples the purpose
of the change is to simplify the shape of the region. We can use the

t The lattice with the finer mesh is a multiple of the lattice with the coarser mesh.
This is the fundamental notion in the theory of ideals.
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change also to avoid particular points on the contour. If a function
to be integrated has a pole at a point @ on the contour of A, we can
replace the contour near ¢ by part of a small circumference which
brings @ inside the region; the congruent

changes necessarily remove from the

actual boundaries all points congruent

with @, and we have one pole definitely

inside the new primitive region and the

congruent poles definitely outside. As 8 8
Figure 8, illustrates, the inclusion of Fia. 8.

one pole may involve the exclusion of more poles than one; that is why
we operate by inclusion, not by exclusion.

If of is a basis of the lattice characteristic of the pattern, any
parallelogram 7'U WV in which the adjacent sides TU, T'V have vectors
a, B is a primitive region. Only one of the four corners is to be included.
Opposite sides are congruent, and if we include a point P on one side
we must exclude the corresponding point on the other side. As a rule
we include the whole of the sides T'U, T'V, except
the points U, V, and exclude therefore the sides VW,
UW. The namet of cell is sometimes reserved for a
primitive region so constructed. If the vertices of the
parallelogram belong to the actual aggregate ma-+np,
the parallelogram is called a period parallelogram or
a mesh. If T is the origin O, the mesh is said to be F1c. 9.
fundamental. The fundamental mesh o«B consists therefore of the
interior of the parallelogram whose vertices are the four points 0, a,
a-+pB, B, together with the point 0, the points between 0 and «, and the
points between 0 and ‘8.

There is a distinction to be borne in mind between a parallelogram
which is a primitive region and a period parallelogram. If in Figure 9,
for example, P is any point on the line VW and @ is the point such
that W@ is congruent with V P, the triangles TV P and UWQ are con-
gruent, and the parallelogram 7TUQP is a primitive region, but this
parallelogram is not a period parallelogram unless P is a lattice point.

It is to be noticed also that a region is primitive with regard to a
lattice, not with regard to any particular function f(z), which belongs
to the lattice. There may be a repetition of values of f(z) inside a region

1 Although precise definitions have been laid down, language is free and seldom
misleading. Often any primitive region is called a cell, and any parallelogram z,, z,,
2y+23—2g, 23 in which 2,—z,, 23—z, is a primitive pair of periods is called a period
parallelogram.



18 INTRODUCTION: PROLEGOMENA

which is primitive for the lattice. A cell of the lattice may be divisible,
with reference to f(z), into a number of compartments in each of which
f(2) takes an assigned value not more than once, but there is no reason
to suppose that even when this is possible different compartments in
one cell are congruent geometrically.

(ii) ELLipTic FuNcTIONS IN GENERAL

0-3. By a theorem known as Liouville’s, a singlevalued function of
the complex variable, unless a sheer constant, must tend somewhere to
infinity. The function may be, like a polynomial or the exponential
function, bounded in any finite region of the plane, but in that case
the limits as z — oo are not all finite. Since a doubly periodic function,
if bounded throughout a primitive region, is bounded throughout the
whole plane, and can not tend to infinity with z,

0-31. A singlevalued doubly periodic function which is not a constant
has at least one singularity in each cell,

or in other words,

-301. If f(2) ts a singlevalued doubly periodic function which is not a
constant, there is at least one lattice whose points are singularities of f(z).

Every lattice extends to infinity, and a limiting point of singularities
is an essential singularity, even if the individual singularities are poles
or branchpoints; hence

0-32. A4 doubly periodic function which is not a constant has the point
at infinity for an essential singularity.

From -31 we learn that the most elementary doubly periodic func-
tions which we can hope to construct are singlevalued doubly periodic
functions whose only accessible singularities are poles. These are the
functions which, for historical reasons with which we need not concern
ourselves, are called elliptic functions. We demonstrate the existence
of elliptic functions by particular constructions, but first we prove a
few general theorems.

. The number of poles of an elliptic function in any bounded region
is finite, since otherwise the region would include a limiting point of
poles, and this would be an essential singularity of the function.
Furthermore, if f(2) is a function not identically zero whose only acces-
sible singularities are poles, then with any finite value of a is associated
an expansion

-302 f(z) = (z—a)co+c (z—a)+cy(z—a)i+-...},



INTRODUCTION: PROLEGOMENA 17

with n an integer and c, not zero, valid throughout some neighbour-

hood of a. The point a is a zero of order n, a neutral point, or a pole

of order —mn, according as m is positive, zero, or negative; c, is the

leading coefficient of f(z) at a. For sufficiently small values of z—a,
et ez—a) 3] < lol,

and therefore within this range f(z) = 0, except at a itself if a is a zero;

that is to say, whether or not a is a zero, a is not a limiting point of

zeros, and therefore in any bounded region the number of zeros is
finite. Hence

0-33. The number of poles and the number of zeros of an elliptic function
tn any cell are finite.
In other words,

-303. The poles of an elliptic function constitute a finite number of lattices,
and so do the zeros of the function unless the function is identically zero.

A set of poles or zeros which includes one and only one member of each
pole-lattice or zero-lattice is called an irreducible set; the pole or zero
is of course given the appropriate multiplicity.
- If the only accessible singularities of f(z) are poles, the only accessible
singularities of 1/f(z) arise from the zeros of f(z); a zero of f(z) of order
n implies a pole of 1/f(z) of the same order, and if f(z) is not identically
zero the zeros of f(z) have no accessible limiting points and can not
introduce accessible essential singularities into 1/f(z). Alternatively we
may say that if ¢, % 0, then
1/{cotci(z—a)tcy(z—a)2+..} = dg+-d, (z—a)+-dy(z—a)?+...,

where d, = 0 and the radius of convergence of the scries on the right
is not zero; hence the existence of the expansion -302 for f(z) implies
the existence of the expansion
304 1/f(z) = (z—a)™{dy+d,(z—a)+dy(z—a)?*+...},
and since a is arbitrary in -302, a is arbitrary in -304 also. Thus

-305. If f(z) s a function mot identically zero whose only accessible
singularities are poles, then 1/f(z) is a function whose only accessible singu-
larities are poles.

If f(z), not identically zero, is periodic, 1/f(z) has the periods of f(z).
Hence

0-34. If f(z) 18 an elliptic function not identically zero, then 1/f(2) is
an elliptic function belonging to the same lattice as f(z),

which, taken with -31, implies that
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0-35. An elliptic function which s not a constant has at least one zero
wn each cell.

If f(2), 9(2),... are elliptic functions, finite in number, with a common
lattice, any polynomials P{f(z), 9(z),...}, Q{f(2), 9(),...} in these func-
tions are elliptic functions with this lattice, and it follows from -34 that
1/Q{f(z), g(z),...} also is an elliptic function unless Q{f(z), 9(2),...} is
identically zero; hence P{f(z), g(2),...}/Q{f(2), 9(2),...} is an elliptic func-
tion:

0-36. If a finite number of elliptic functions have a common lattice, any
rational function of these functions that is not infinite everywhere is an
elliptic function with that lattice.

The common lattice is not necessarily the fundamental lattice for any
of the individual functions. For example, if Q is a typical period of
f(z), then 1Q is a typical period of f(22) and 4Q is a typical period of
f(32), but the typical period of f(2z)+f(3z) is Q.

If f(z) is an analytic function, the singularities of the derivative f’(z)
are located at the singularities of f(z), and a pole of order n of f(z) gives
rise to a pole of order n+1 of f'(z). Also the relation f(z+Q) = f(2)
implies the relation f'(z+Q) = f'(z). Hence

0-37. The successive derivatives of an elliptic function f(2) are elliptic
Sfunctions with the same lattice as f(z).

Integration introduces questions of detail. The relation f(z+Q) = f(z)
implies of course

[ 10y dz = [ s,

provided that the path of integration is the same in the two integrals.
But it is only if the residues of f(z) are all zero that the integrals are
independent of the path and that we can define a singlevalued function
F(z) by the formula

-306 F(z) = ff(z) dz.

Moreover, when this definition is pz;ssible, F(z4Q) is not
fz fz4Q) dz,

which can be identified withzoF(z), but
2+Q

f f(z) dz.
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We have, still on the assumption that the paths are irrelevant,
2,+ 0 2+0Q

FetQ) = [ j@dz+ [ fla)dz
that is, ot
-307 F(z4Q) = F(2)+ F(2+Q),

and it is only if F(2,4Q) = 0 for every period Q that F(z) is an elliptic
function. If Q" and Q" are any two periods, we have, on substituting
2o+’ for z and Q" for Q in -307,

308 Flag+Q +Q") = Flag+Q)+ F(z+Q").
Hence if of is a basis of the lattice, and if Q = ma+nf, then
-309 F(z+Q) = mA+4nB,

where :

-310 A = F(zy+a), B = F(z,+R)-

Substituting from -309 in -307, we have the most general theorem to
be expected:

0-38. If f(z) is an elliptic function whose residues are all zero, belonging
to a lattice of which of is a basis, the singlevalued function F(z) defined
by the formula 2

* satisfies the relation
F(z4+ma+np) = F(z)+mA+nB,

2 b Zo+

: B
where A= f f(z) dz, B = J. fz) dz.

A change in z; adds a constant to F(z) and is without effect on the
functional relation or on the values of A and B, but we must leave z,
arbitrary, since any particular point we might choose for z;, such as
the origin, might sometimes be a pole of f(z) and would then be
unsuitable.

If the basis is changed from of to y8 by the pair of formulae

-311 y = mya+n,p, 3 = mgatmngp,

the corresponding constants I', A are derived from A, B by the same
transformation:

312 I'=m,A+n,B, A = mygA+nsB.

In general we can say that the constant F(2+4Q)— F(z) is the typical
member of a lattice which is correlated with the period lattice, but we
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have to remember that the one lattice may degenerate when the other
does not. A
A function G(z) which satisfies a relation

-313 G(z+a) = G(z)+A

is said to possess pseudoperiodicity of the first or additive kind, with
A for modulus. The integral in -38 is a doubly pseudoperiodic function
of the first kind, with «, B for periods and A, B for corresponding
moduli. Since the derivative of a pseudoperiodic function of the
additive kind is a periodic function, the converse of -38 is true:

0-39. A doubly pseudoperiodic function of additive type which has no
accessible singularities except poles is the integral of an elliptic function
whose residues are all zero.

It is to be noticed that the function = itself is additively pseudo-
periodic; any period may be assigned to this function, and the corre-
sponding modulus is equal to the period.

0-4. Let off be a basis of the lattice to which the elliptic function
f(z) belongs, and let O’A’C’ B’ be a parallelogram in which 0’A’, O'B’
have the vectors «, 8. Since the number of poles of f(z) in the parallelo-
gram or on its boundary is finite, it is possible to draw a line a parallel
to O’'A’, between O’'A’ and B'C’, which does not pass through any of
these poles, and from the periodicity of f(z) in « it follows that «¢ does
not pass through any poles of f(z); similarly it is possible to draw a line b
parallel to O’ B’, between O’'B’ and A'C’, which does not pass through
any poles of f(z). The lines a, b intersect in a point O, and the parallelo-
gram OACB for which OA, OB have the vectors «, 8 has no poles of
f(z) on OA or OB, and therefore has no poles of f(z) on BC or AC: this
parallelogram is a period parallelogram with a pole-free contour.

If OACB is a period parallelogram with a pole-free contour, the
function f(z) can be integrated round the contour. If z, is the value
of z at O, we have

201 B ta Zo+a
[f@yde= [ fe)de= [ fetB)de= [ f(z)dz,
BC 20 +B 20 04
and similarly : f f(z) dz = f f(z) dz:
40 0B

-401. If a period parallelogram of an elliptic function has a pole-free
contour, the integral of the function round the contour 18 zero.

Applying Cauchy’s theorem, we see that
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0-41. The sum of the residues of an elliptic function at the poles in
a primitive region 18 zero.

From -37 and -36, the logarithmic derivative f’'(z)/f(z) is an elliptic
function belonging to the same lattice as f(z). In the neighbourhood
of a point a, from the expansion -302,

fR) _ n | c+2c(2—a)+3cs(z—a)’+-...
fe) " z—a " cotey(z—a)tey(z—a)+...

and since ¢, # 0, the point @ is a neutral point of f'(2)/f(z) if n = 0,
a simple pole with residue n if n = 0; that is, the poles of f'(z)/f(2), all
simple, are the poles and the zeros of f(z), and the residue of f’(z)/f(z) is m
where f(z) has a zero of order m and is —n where f(z) has a pole of order

n. Applying -41 to f'(z)/f(z) and interpreting the result in terms of f(z), -

b

0-42. The sum of the orders of the zeros of an elliptic function in a
primitive region s equal to the sum of the orders of the poles.

Replacing f(z) by f(z)—c, an elliptic function with the same poles as
f(z), we have

0-43,. If f(z) is any elliptic function, the sum of the orders of an trre-
ducible set of roots of the equation f(z) = c is independent of the value of
c and s equal to the sum of the orders of an irreducible set of poles of f(z).

The number whose importance is shown by this theorem is called
the order of the elliptic function; the order of the function is the sum
of the orders of incongruent poles. A multiple root of the equation
f(z) = c is a root of the equation f'(z) = 0; this equation has a finite
number of incongruent roots, z,, 2,,..., 2, and unless ¢ has one of the
k values f(z,), f(z5),--., f(2;), the roots of the equation f(z) = ¢ are all
simple. Hence

0-43,. The order of the elliptic function f(z) is the number of incongruent
roots of the equation f(z) = ¢ for an arbitrary value of c. : :
A function of order 1 would be a function with one simple pole and
no others'in a cell, and by -41 the residue at that pole would be zero:

' 0-4'4.. There are no elliptic functions of the first order.

But, for every value of n from 2 onward there are elliptic functions
corresponding to every partition of », from the one extreme of func-
tions with a single pole of order » to the other extreme of functions
with » distinct simple poles; this is established in due course by the
construction of the functions. Since a pole of order p in f(z) implies a
pole of order p+-1 in f'(z), the derivative of a function of order n may
have -any order from n+41 to 2n.
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Let G(z) be any analytic function which has no singularities on the
pole-free contour OACB and no singularities except poles inside this
contour. Using the same transformation as in the proof of -401 we have
the integral of the product f(z)G(z) round the contour expressed as

[ 1{Ge+2) =GR} dz — [ f){(G(+B)—GC(2)} dz.
OB 04

If then G(z) is doubly pseudoperiodic, with A, B for moduli corre-
sponding to the periods «, B, this integral reduces to

A ff(z) dz —B ff(z) dz.
OB o4
On the other hand, integration round the contour OACBO is in the
positive direction or the negative direction, in the sense required for
the application of Cauchy’s theorem, according as the direction of
minimum rotation from OA to OB is positive or negative; that is to
say, the sum of the residues of f(z)G@(z) must be multiplied by 274 or
—2m1 according as the basis of is positive or negative. We introduce
v to denote ¢ or —1 as the case may be, and we call v the signature of
the basis.

0-45. Let off be a basis of the elliptic function f(z), and let G(2) be a
doubly pseudoperiodic function belonging to the same lattice as f(z), with
A, B for moduli corresponding to the periods o, B. Then if OA, OB are
steps, with vectors a, B, on which neither f(z) nor G(z) has any singularities,
and if G(z) has no singularities except poles inside the parallelogram
(0; AB), the value of

A f f(z) dz —B f f(2) dz
OB 04
18 2mv times the sum of the residues of the product f(z)G(z) at poles inside
the parallelogram, v being the signature of the basis of.

In general the residue of a product is the sum of a number of terms,
but if the pole under consideration is a simple pole of one factor and
a neutral point or a zero of the other, the residue of the product is the
product of the residue of the one function and the value of the other.

The cases of -45 which are of immediate importance are two in which
one or other of the functions f(z), G(z) is in a sense trivial.

Taking f(z) as constant, we have:

0-46. If G(2) s a doubly pseudoperiodic function of additive type with
moduli A, B corresponding to the periods o, B, whose accessible singularities
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are all poles, then AB—Ba is 2mv times the sum of the residues of G(z) in
any cell of the of lattice, v being the signature of the basis.

The distribution of finite values of G(z) differs from cell to cell, but
the poles occupy congruent positions in the different cells and the
residues of congruent poles are everywhere the same. To this theorem
we shall presently return.

Next we take G(z) in ‘45 as z, and we replace f(z) by a logarithmic
derivative f'(z)/f(z). The factor z has no poles, and the poles of f'(z)/f(z)
are simple; if a, is a pole of f(z), of order p,, the residue of zf'(z)/f(z) is
—p,a,; if b, is a zero of f(z), of order g,, the residue of zf'(2)/f(z) is ¢,b,.
The sum of the residues is therefore

g qs bs_ ; 23U

extending to all the zeros and poles in the parallelogram. On the other
hand, since f(z) has the same value at B as at O, and the same value
at A as at O, each of the integrals
J'f'(Z) dz () dz
f)’ f(2)
‘ oB 0
is the difference between two values of the logarithm of the same
number f(z,,), and is therefore an integral multiple of 2a:. Giving A, B
their values «, 8, we can say that the integral round the contour is
_ of the form 27i(ma-+npB), where m, n are integers, and since we are not

attempting to identify these integers, the sign of v is irrelevant and the
factors 27, 2nrv can be removed:

0-47,. If the poles of an elliptic function in any cell are a,, a,,... with
multiplicities py, p,,... and the zeros of the function are by, b,,... with multi-
plicities q,, qs,..., then the sum q,b,+q,b,+... differs from the sum
PO+ Py 0y+... by a number which s a step in the lattice to which the
function belongs.

We may allow repetition in the enumeration of poles and zeros to
replace the explicit use of multiplicities:

0-47,. If a,, a,,..., a, 18 an irreducible set of poles and b,, b,,..., b, 8
an irreducible set of zeros of an elliptic function, each pole and each zero
being repeated according to its multiplicity, then 3 a, = Y b,.

If we say that Y a,— > b, is a period, we must remember that zero is
being admitted as a possibility.

When repetition is allowed in enumeration, a slight extension of
vocabulary is convenient. If the point a is in fact p-fold, an irreducible
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set ‘'must inelude p points. congruent with a, but there is no reason to
suppose that these points are identical. With this extension we may,.
for example, secure an equality > a, = 3 b, to replace the congryence
> a, = 3 b, for if with the sets as originally assigned } a,— 3 b, = Q,,
we have only to replace a, by a,—Q, If the pole at a, is simple, the
change is possible on any convention, but if the pole at a, is of multi-
plicity p, this pole is now being enumerated p—1 times at @, and once
at a’n“'Ql' . ,

Replacing the function f(z) by f(z)—c, where ¢ is arbitrary, we have
a corollary to +47,: '

0:473. If f(z) 18 an elliptic function and z,, z,,..., 2, 18 an irreducible
set of roots of the equation f(z) = c, the congruence to which the sum
2,425+ ... 42, belongs is independent of ¢, being the congruence of which
the sum of any irreducible set of poles of f(z) 1s @ member.

- From the simplest cases of -36 we derive, following Liouville, two
theorems which give analytical effect to the consideration that an
elliptic function can be identified by its behaviour in one cell.

Let f(2), g(2) be two functions with a common pole a, and let the
functions have the same principal part at a: the finite series of negative
powers of z—a in the Laurent series representing the functions in-the
neighbourhood of a are identical for the two functions. Then the dif-
ference f(z)—g(z) is represented in the neighbourhood of a by a con-
vergent series of positive powers of z—a, beginning as a rule with a
constant term, and a is not a pole of f(z)—g(z). If then f(z), g(z) are
elliptic functions with a common lattice and with the same poles, and
if at every pole in one cell the principal parts of the two functions are
identical, the difference f(z)—g(z) is an elliptic function with no singu-
larity in the cell, and is therefore, by -31, a constant. We may replace
any pole by a congruent pole for examination, and the result can be
enunciated as follows: ,

0-48. If two elliptic functions have a common lattice and the same poles,
and if at every point of an irreducible set of poles the principal parts of
the two functions are identical, then the difference between the two functions
i8 a constant. , .

The poles of -the quotient f(z)/g(z) are among the poles of f(z) and
the zeros of g(2). If ¢y # 0, dy # 0, and if each of the series

¢yt (z—a)tcy(z—a)?+..., dy+d,(z—a)+dy(z—a)?+...
‘has a radius of convergence that is not zero, the quotient

v {egteq(z—a)tey(z—a) 4. Y f{dogHd (2 —a) - dy(z—a)2 ..}
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is expressible as a power series in which neither the constant term nor
the radius of convergence is zero. It follows that a pole of f(z) of order
p is not a pole of f(z)/g(z) if it is also a pole of g(z) of order not less
than p, and that a zero of g(z) of order ¢ is not a pole of f(z)/g(z) if it
is also a zero of f(z) of order not less than ¢q. If f(z), g(z) are elliptic
functions with a common lattice, then f(z)/g(z) is an elliptic function:

0-49,. Let f(z), g(z) be elliptic functions with a common lattice; let
@y, Ay,..., @, be an irreducible set of poles of f(z), of orders Py, Pos--.r Ppms
and let by, b,,..., b, be an irreducible set of zeros of g(z), of orders q,, gs,..., ¢y,
Then if each pole a, is also a pole of g(z), of order not less than p,, and
if each zero b, 1s also a zero of f(z), of order not less than gq,, the function
f(z) s a constant multiple of the function g(2).

It follows from the conclusion of this theorem that the two functions
have all their poles and all their zeros the same, in order as well as in
position; that is, the order of a, as a pole of g(2) is exactly p, and g(z)
has no poles incongruent with the set a,, a,,..., a,,, and the order of b,
as a zero of f(z) is exactly ¢, and f(z) has no zeros incongruent with the
set by, by,..., b,. These results follow at once from -42; the order of g(z)
is not less than the sum of the orders of a,, a,,..., a,, as poles of ¢g(z), and
is therefore by hypothesis not less than the sum of the orders of these
points as poles of f(z), that is, not less than the order of f(z); on the
other hand, the order of f(z) is not less than the sum of the orders of
by, by,..., b, as zeros of f(z), and therefore not less than the sum of the
orders of these points as zeros of ¢g(z), which is the order of g(z). Hence
the two functions have the same order, and there is no margin for
inequality in the orders at any pole or at any zero, or for additional
poles of g(z) or zeros of f(z). We may therefore logically break the
theorem -49; into two:

0-49,. If two elliptic functions f(2), g(z) have a common lattice, and if
every pole of f(z) is a pole of at least as high an order of g(z) and every
zero of g(z) 18 a zero of at least as high an order of f(2), then the two func-
tions have the same poles and the same zeros, to the same multvplicity in
every case;

0-49,. If two elliptic functions with a common lattice have the same
poles and the same zeros, to the same multiplicity in every case, one
function is a constant multiple of the other.

The latter of these theorems is the vivid form of the result. We speak
of the distribution of poles and zeros as the structure of the function,

and we say that an elliptic function is determined, except for a con-
4767 E
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stant multiplier, by its structure. But -49; remains the form in which
the theorem is used: we seldom investigate a pole or a zero, as -49,
would require, to verify that its order is not higher for one function
than for the other.

(iii) THE WEIERSTRASSIAN FUNCTIONS
0-5. The construction of specific elliptic functions, to which we pro-
ceed, is rendered easy by the observation that if Q is the typical step
in a lattice, any function that is symmetrical in the whole aggregate
of arguments z—Q satisfies the fundamental condition

-501 f(z4Q) = f(2).

For example, the distance of z from the nearest lattice point is such
a function. To be analytic in z, and actually to involve the infinity of
arguments €, the function must be a limit, and we have to find a con-
vergent sequence.

Fia. 10.

Let a lattice be determined by two families of parallel lines, and let
P be any point other than a lattice point in or on the boundary C, of
a cell B,. The cells which immediately surround B, form with B, a block
B, of 9 cells, the next ring of cells forms with B, a block B, of 25 cells,
and so on. The boundary C, of B, contains 4(2r--1) lattice points, and
if p is the shorter of the perpendicular distances between opposite sides
of a cell, the distance of P from any point on the boundary C, is
greater than or equal to rp. The series > (2r+1)r—* is convergent if &
has any real value greater than 2. It follows that, if K is the sum of
this series, if ¢ is any number smaller than the distance of P from the
nearest corner of C,, and if A is the distance of P from a typical lattice
point, then for k£ > 2,

502 S A < 4(o7* 4 Kpk),
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the summation being extended to any selection whatever of lattice
points. Now A = [z—Q|, and (2—Q)~* is singlevalued if k is a whole
number. Hence

-503. If k is any whole number not smaller than 3, the series 3y (z—Q)~*
extended to all the points of a lattice is absolutely convergent at every point
z which 1s not a lattice point and i3 uniformly convergent throughout any
closed region which does not include any lattice points.

Thus )

0-51. For any positive integral value of k not smaller than 3, the series
Y (2—Q)* defines a function {, z of z which is analytic for all finite values
of z except the lattice values €).

From its construction,

0-52. The function {, z defined for k = 3 by the summation
fke =2 (—Q)*

extended to all the points of a lattice s an elliptic function whose only
poles are the lattice points themselves; these are poles of order k.

. Although there is an arbitrary whole number in this theorem, only
a single function is really being introduced into analysis, for

-504 d{,zldz = —k{y 12,

and the convergence becomes stronger on each differentiation. Once
{32 has been defined as > (z—€2)-3, the other functions would follow
without independent definition:

-505 dnlyzldz™ = (—)"3(m—+2)1L,, 432
- The condition k£ > 2, which is essential for the convergence of the
series Y (:—Q)~*, raises an urgent question. The function {32 is of the
third order, and we know that there are no elliptic functions of the first
order. Are there functions of the second order?
Consider the passage not from {,z to {,,,z by differentiation but
from {,z to {,_,# by integration. We have

-506 f {2 d; = — I;::l-_l Z {(2,—Q)~k-D— (2, —Q)~&-D},

and if k—1>3 the two series > (3,—Q)~*-D, 3 (2,—Q)~*-D are
separately absolutely convergent, and we can write

507 ; Lz dz = —k—l—i{i (2,—Q)*-D— 3 (2, —Q)~*-1},
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that is,

A 1
508 f lpzdz = —k—_“l’(Ck—x 23—Lk121)-
The formula ‘506 remains true if k = 3:

-509 f Lzde = —3 Y {(2,—Q)2—(2,— Q)2

But now, although the series on the right is convergent for any two
values of 2, and z,, the separate series ) (2,—Q)2% > (2,—Q)-2 are
not convergent. With an arbitrary value of 2, we may introduce the
function

2
—2
z{g‘z dz

and identify this function with

-510 > {(z—Q)2—(2,—Q) 3},

but whatever value of 2z, we choose we can not avoid the composite
form of the typical term in the sum.

To define a standard function from the series -510, we take z, = 0.
This choice, although almost inevitable, involves us in a difficulty on
each side of the equation -509, because the origin is a lattice point:
near the origin, {,z ~ 273, and therefore 0 can not be used as a limit
of the integral; the series includes a term in which Q = 0, and in this
term we can not put z; = 0. To meet the difficulty, we segregate the
term in which Q = 0. We have

liz =273+ 3 (2—Q)73,
where the prime attached to the symbol of summation indicates that
the term in which Q = 0 is omitted, a convention that is maintained,
with products as well as with sums, throughout this subject. Since

~dz_ 1
283 22

where the integral is indefinite, or more strictly has co for lower limit,

fZ @—Qp = 22{ —Q) 92}

the function {3z can be integrated by means of the singlevalued analytic
function 2z defined by the formula

1 ff1 1
0-53 oz =S+ Z {(—z:ﬁ?—@}
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We have
0-54 $'z = =202,
511 f {32 dz = —}(p2,—p2,),
512 [ Goz—2%) dz = —}(gz—22);

0
we can define gz from its derivative —2{,z if we add the condition
-513 Pz—2"2 >0,
which is implied by -512; the weaker condition gz ~ z-2 is often useful,

but it is already implied in -54 and does not distinguish gz from any
other integral of p'z.

Being the integral of an elliptic function without simple poles, gz
is known in advance to have pseudoperiodicity: if B is a basis, the
equations

P t)—pz=0, Petp—pz=0
imply Plto)—pz=A,  p@t+p)—pz=B
where A, B are constants. But if Q is a lattice step, so also is —Q,
and therefore
0-55. The function (z is an even function.
Also }«, 4B are not lattice points and are therefore not poles of @z.
Substituting 2 = — }« in the formula for A and z = —}8 in the formula
for B we have
A=pGy—@P(—4a) =0, B=p{p)—p(—1p) =0,
whence go(z-{—oc) = fz, Pe+p) =

0-56. The function gz is an elliptic function with the lattice points for
double poles.

Thus gz is an elliptic function of the second order with coincident
poles; it is the Weierstrassian elliptic function. The residue of the func-
tion at its pole is zero, as required by -41. We can in fact convert the
expansion -53 into the Laurent expansion for %z in the neighbourhood
of the origin. If |z] < |Q|, then

1 322
—Q)E Q2 +Q3+ Q4 T
For any odd value of », 3’ Q- = 0, and if we write, for r > 1,
514 8, =3 Q¥
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we have ,

0-57 2 = 272435, 22+ 58328+ T8, 28+ ..., ,
valid inside the circle whose centre is the origin and whose circum-
ference passes through the nearest of the other lattice points. The
descriptive formula

0-58 Pz = 2724 0(2?)

adds to -513 only as much as can be inferred from -55, but presents
the result in the form which is usually the most convenient to use.

If the lattice is referred to a basis of, every step Q is of the form
ma+nf, and the powers Q-%, (z—Q)~* arc homogeneous functions of
degree —k, the former in the pair of variables «, B, the latter in the
set of three variables 2z, «, 8. This homogeneity, and its degree, are
independent of the choice of basis, and we may say simply that the
functions are of degree —k in Q, or in z and Q:

0-59,. The elliptic functions .z, gz are homogeneous functions, of

degrees —k, —2, in z and Q).
The homogeneity of gz, in the neighbourhood of the origin, is apparent
also in the expansion -57; the sum s, is homogeneous of degree —2r
in Q, and therefore the sum of terms of the form s, 2% -2 is homogeneous
of degree —2 in z and Q.

If we indicate the dependence of the functions {, z, ¢z on the lattice
by writing them in the form {,(z]Q2), £(z|Q2), we can express -59, sym-
bolically:

05953  {(A2[AQ) = A (21Q);  p(A2|AQ) = AP0 (2(Q2).
If the homogeneity is known, its degree is given immediately by the
forms of the functions near the origin.

We can arrive at the homogeneity of the elliptic functions somewhat
differently. Whatever the complex number A, the lattice AQ which has
Aa, AB for a basis is geometrically similar to the lattice Q which has the
basis «fB; the former lattice js derived from the latter by rotation
through the angle of A and nlagnification by the factor |A|. Let w = )z,
and regard the function 2z as-a function f(w) of w. Addition of Q to
z is equivalent to addition of AQ to w; hence f(w+2AQ) = f(w), and f(w)
is a doubly periodic function belpnging to the lattice AQ. A singularity
of f(w) arises only from a singularity of gz; near z = 0,

fw) = 224+0(2) = Now24-0(w?).
Hence A-2%f(w) is a function doubly periodic on the lattice AQ, with the
lattice points for double poles and with no other accessible singularities,
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and such that near w = 0, A-%f(w) = w~%4-O(w?). These properties are
sufficient, by -48, to identify A-%f(w) with @(w|AQ2), and replacing w by
Az we have p(Az]AQ) = A-20(2|Q), as in -59,. To adapt this argument
to {,z we must take into account the value of the limit of {z—27% as
z - 0; alternatively, 59, follows from -59, by differentiation.

The homogeneity of these elliptic functions can be expressed geo-
metrically. The two lattices AQ, Q are similar, in the elementary
geometrical sense, and the point Az occupies in the one lattice the
position similar to that occupied by the point z in the other lattice.
Apart from constant factors, homogeneous functions are functions of
position relative to the lattice, rather than of absolute position in the
plane. If z,, 2z, are associated with the lattice Q, then Az,, Az, are
associated similarly with the lattice AQ, and the ratios

PN XQ)[HA2AQ2),  0(2]Q)](211Q)

are identical. This is only to say that p(Az|AQ) = «g(z[Q), where « is
expressible as ((Az,[AQ)/((2,]Q) and is independent of z.

0-6. Since the residues of @z are zero, to repeat the process of integra-
tion does not introduce a manyvalued function. We have

2 1 1 L 1 ] i l
f {m_ﬂl == {éiﬁ+ﬁ+ﬁél
0

and we therefore define a function {z by the formula

1 1 1 z
.6 —_ RN
0-61 =+ {z—s‘z+sz+s’z2}
With this definition
0-62 : {2 = —po,
601 f (pz—2"2) dz = —({z—z1),
0
-602 (z—2"1-> 0,

and from -57 or -61 the Laurent expansion is
{z =2"1—8,28—8325—s,2"—....
Although the condition & > 3 is indispensable to -51, and gz and {z

can not fit into the sequence {;z, the formulae -54, -62 extend the
sequence 504, and we can replace ‘505 by

-603 dmlzjdzm =" (=y"m! {02, m > 2.

Since every residue of {z is 1, the sum of a number of residues can
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not be zero and the function is not an elliptic function. Hence, being
the integral of an elliptic function,

0-63,. The function [z is pseudoperiodic on the lattice Q.

In repeating the argument by which the periodicity of gz was demon-
strated, we take the basis as (2w;, 2w,). This form of basis, in which
the explicit symbols are for halfperiods of the Weierstrassian function
attached to the lattice, not for periods of these functions, proves to be
incomparably the most economical throughout the theory, and is now
to be adopted as the standard form. We have, since {z is an odd
function,

604, Uzt2wy)—Lz = 29y, L(z+2w,)— Lz = 2m,,
where

+605,_, = Ly, Mg = {w,,

and for the effect of addition of a general period,

0-63, {(z+2mw;+2nw,) = L{z-+2mn,+2n7n,.

To the function {z we can apply the result of -46, or we may repeat
the argument of that theorem, taking for the cell the parallelogram
whose corners are the four points +w,4w,. The function has only one
pole in the cell, and the residue there is 1. Hence 4%, w,—47n,w, = 27,
that is,

0-64 Mwy— 1y w; = v,

where v is the signature of the basis 2w,, 2w,. The presence of the
signature in this formula is easily understood: if the basis is changed
from 2w;, 2w, to 2w’, 2w” by the pair of formulae

(.U, — m'w1+n'w2, w// — 'm"w1+n"w2.
the moduli n’, »” are given by the pair of formulae

7 =m'ntn'n, " =m"py+n"y,
with the same coefficients, and therefore

”

’ n
m', m
!’ ”

n', mn

7, 7

’
w, w

M M2

wy, Wy

4

Since the function {z has residues which are not zero, integration of
{z produces a manyvalued function, but since the principal part of {z
near z = Q is 1/(z—), the multiplicity of the integral is the multiplicity
of the logarithm of a singlevalued function. In other words, we can
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regard {z not as a derivative but as a logarithmic derivative, and the
function oz defined by the formula

2 1
0

is singlevalued. Performing the integration, we have

’ 2
log(oz) = logz+ Z {log(l—é) +é+§§?},

whence

0-65 oz =2 H' { (1 _ 6)ezlﬂ+z'l20’} )

The definition of oz is equivalent to definition by the relation

0-66 2% L2
oz

coupled with the condition

oz

+606 — =1
2
Otherwise expressed,
z
607 0z = zexp“ (Lz—271) dz}.
[\]

It follows from the uniform convergence of the series for {;z that
the series for 2z and {z also are uniformly convergent, and therefore
that oz has no accessible poles and no zeros except those which are
immediately in evidence:

0:-67. The function oz 13 an integral function which has the lattice points
for simple zeros.
The effect on oz of addition of a period to z is to be found from -66

and -604. We have
o'(2+2w,) o'z _

sl it = 29,
o(z+2w;) oz M
and therefore
+608 ?(?.t%_) = (O, e2m?
oz 1 ’

where C| is a constant to be determined. But since {z—z~! is an odd
function,

exp{ f (§z—21) dz}
0

4767 F
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is an even function, and oz is an odd function, and putting z = —w,
in :608 we have ]

-609 C, = —ePme,

Thus

0-68, (24 2w,) = —e*mE+wigy,

and similarly

0-68, 0(242w,) = —e*Mnetwlgy,

These formulae are often conveniently taken in the form

068, , o(z24w,) = —e*Me(z—w,), a(ztw,) = —eM:%g(z2—w,).

If we substitute 242w, for z in -68; and z+42w, for z in -68, and
compare the results, we find etm®: = e, that is,

eXmwi-mw) — 1,

whence 7, w,—n,w, is a multiple of }=¢, in agreement with -64, but
this argument does not lead to the former precise result.

The functions {z, oz, like the elliptic functions @z, {;2, are homo-
geneous in z and Q. As in some other respects, {z is in sequence with
the elliptic functions, and {z is of degree —1; the homogeneity of oz,
and the degree of this function, are most evident in the explicit formula
-65, which shows oz as the product by z of a function of degres 0:

069,  L02XQ) = AU(Q),  o(]MQ) = A o(z|).

Elliptic functions in general, and the Weierstrassian functions in
particular, depend fundamentally on the shape of the lattice to which
they belong, and only to a trivial extent on its size and orientation,
for the distribution of values of a function attached to a lattice Q can
be deduced immediately from the distribution of values of the function
attached in the same way to any lattice geometrically similar to Q.

0-7. A zero of the derivative §'z is a value of b for which the equation
$2z—pb = 0 has a multiple root. Since gz is of the second order, no
root of this equation can be of higher multiplicity than two, and there-
fore the zeros of £’z are necessarily simple. Since the only poles of 'z
are the triple poles at the lattice points, 'z is of the third order. Hence
'z has three simple zeros. To locate these zeros, return to the equation
pz—pb = 0, taking the equation in the form @z = @b. One root of
this equation is z = b, and since the function is even, another root is
2z = —b; in general these two roots are incongruent, and every root
is congruent with one or other of them. Congruent roots can not
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coalesce, and therefore if b is a double root, b = —b, that is, 2b = 0;
conversely, this condition is sufficient, provided that b is not a pole:

“701. The zeros of 'z are the points other than the lattice points which
satisfy the congruence 2z = 0.

The points given by 2z = 0 are the midpoints of steps from the origin
to the lattice points. Since the congruence . ,
can be expressed also as 2(z—Q,) = 0, the - e e T
same points are also the midpoints of steps e e T
to the lattice points from any other lattice [
point. The points given by 2z = 0 are the .. * . et
midpoints of steps from one lattice point to  * - = . * L
another. If the lattice is referred toa basis . ~ . * . °
(2w,, 2w,), the condition 2z = 0 becomes T

22 = 2mw,+2nw,, R R
that is, z = mw, +nw,, and can be decom- -~ - " - '
posed according to the parity of m and . Fra. 11.

If m and n are both even, the aggregate mw,+nw, is the original
lattice; if m is odd and » even, the aggregate is the congruent lattice
which includes the point w,; if m is even and » odd, the aggregate is the
congruent lattice which includes the point w,; if m and » are both odd,:
the aggregate is the congruent lattice which includes the point w;+w,:

*702. The midpoints of steps in a lattice compose the lattice itself and
three lattices congruent with it.

We usually apply the name of midpoint lattice only to the three lattices
which are distinct from the original lattice.

If OACB is a cell in the lattice, the midpoints of 04, OB, and OC
are three points of which no two are congruent, and the three midpoint
lattices can be identified as the three which include these points. But
it is to be emphasized that the midpoint lattices depend only on the.
original lattice, not on a particular cell or basis.

If we express 701 in the form that

0-71. The zeros of 'z constitute the three midpoint lattices of the lattice
to which gz belongs

we foresee that the set of three lattices plays a leading part in the
theory of the functions. Two of the midpoint lattices are associated
with the halfperiods w,, w,, and since there is no intrinsic difference
between the three lattices we associate with these halfperiods a half-
period belonging to the third lattice, that is, a halfperiod w, congruent
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with w;+w,. To take w; a8 w,+w, involves a lack of symmetry which
ultimately becomes extremely tiresome; we define w; instead by the
symmetrical relation
-703 w;twy,+w; = 0.
We can use (2w,, 2w;) or (2w;, 2w,) as a basis for the lattice instead of
(2w;, 2w,), and it is sometimes useful
to exhibit the lattice as the set of
points of intersection of three families
of parallel lines.

The signature v is the same for the
- bases (2w,, 2w,) and (2wg, 2w,) as for
the basis (2w, 2w,), and may be re-
garded as the signature of the triplet
of halfperiods. We may admit the
result intuitively, but it is evident
analytically from -703, which, written in the form

1+ (wp/wy) +(ws/w,) = 0,
implies that Im(ws/w,) has the opposite sign to Im(w,/w,), that is, that
Im(w,/w,) has the same sign as Im(w,/w,). The result follows also from
-64: writing n; = {w,;, we have from -703 and -63,
*704 Mtn2+m3 =0,
which with -703 implies

*705 MW NgW; = NpW3— N3 Wy = N3 W77 W3-
It is sometimes worth while to replace ‘63, by
0-72 {(z+2mw, + 2nwy+2pws) = Lz+42mn;+2nmy4-2p7;.
To -68 we may add
706, (24 2w,) = —eXMEtwigy, o(2+ws) = —eM2o(z—w,).
These formulae can be generalized immediately; we have, by -72,

o' (z+mw; +nwy+paws) o' (z—mw, —nw,—powy)

o(z+Mmw,+nw,+pwg)  o(z—mw;—nw,— pws) = et 2yt 2ps,
and from this, since
o(mw;+nw,+pw,) = —o(—mw,—nw,—pws),
integration implies
073 a(z+mw;+nw,+pwy) = —eEMN+IANFIINRG(2—mw; —Nwy— Pws),

for all integral values of m, n, p. Hence also
707 o(z+ 2mw1+ 2nw2+ 2:0‘03) = — 2mM 42N+ 2NN MW NWe+DWs) gy,
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We have seen that gz— B has a double zero if and only if B has one
of the three values pw,, Pw,, fw,; these three values, the values of
2z on the three midpoint lattices, are denoted by e,, e,, ;. Since pz—e,
has a double pole at the origin and a double zero at w,, the product
(pz—e,)(fpz—e,)(foz—e;) has a sextuple pole at the origin and double
zeros at w;, w,, wz. On the other hand, g’z has a triple pole at the
origin and simple zeros at w,, w,, wz. That is to say, (’% has the same
structure as (pz—e,;)(pz—e,)(z—e;), and by Liouville’s theorem, -49;,
one function is a constant multiple of the other. Near the origin,
Pz ~ 122, 'z ~ —2/z3. Hence
0-74, §'%2 = 4(pz—e,)(Pz—e,) (2 —e5).

This fundamental relation between @z and £z can be expressed in

another form by means of Liouville’s other identification theorem, -48.
From the Laurent expansion -57,

P2 = 2724 38,22+ 53,24+ 0(28),

we have
032 = 2784 32-%(38,1 585 2%) - O(2?)
= 2764 98,272+ 158, O(2?),
and also
P’z = —2273468,2-+208; 234 0(2%),
P'% = 4275—24s5,272—80s;+ 0(2?).
Hence
-708 0'% = 4p3%—60s,272— 140854 0(2?)
= 4%2—g, pz—g31 0(2"),
where g, = 608, gs = 140s,,
that is,
-709,, g, = 60 > Q-4 g; = 140 3" Q-6

But p'%— (4% —g, 02—¢,) is an elliptic function with no possible
poles except the lattice points; the formula -708 proves that the origin
is not a pole but a zero of this function, and it follows that the function
has the constant value 0:

0-74, "% = 4% —g, pz—9s.
Comparing the two formulae for f'2z we deduce that
0-75,. The three midpoint constants e,, e,, e; are the roots of the equation
413 —g,t—g; = 0.
In other words, the midpoint values e,, e,, e; satisfy the relation
0-75, e;tetey =0,
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and the constants g,, g5, which are called the invariants of the lattice,
are given in terms of e, e,, e; by
0755 4 G2 = —€3€3—€3€,—€, &y, g3 = €1€3€3.

Differentiating 74, we have
110 0"z = 6p%2—1g,,
whence, substituting the complete Laurent expansions,

3274+1.1.38,+2.3.58,22+3.5.75,2*+4.7.98;25+...

= 3274+ 6(38,+ 58522+ T8, 24+ 9s5284-...)
+32%(8s,+ 583 2%+...)2— 195,
implying g, = 60s, as before, and
11 1.7.98,42.9.118,224-3.11.13 5,24 +...
= 3(38, 159322+ T8, 20 4-...)%

identically, whence

*712. The sums s,, S;,... are polynomials in s, and s, with rational
coefficients independent of the lattice.

It follows that while a basis is needed for the evaluation of the in-
variants of the lattice, the later sums can be deduced from the invariants
without further reference to the basis.

When the invariants are known, 74, becomes a differential equation,

713 ' (dw/dz)? = 4uwd—g,w—gs,
from which @z can be determined as the one solution which satisfies
the condition w ~ 1/2% near z = 0.

An alternative argument, leading to simple general theorems which
we shall find useful, shows very clearly why the zeros of 'z, but not

those of gz, can be identified in the lattice. For any lattice step €2,
an elliptic function f(z) of which }Q is not a pole satisfies the condition

714 ‘ f(—10) = 3.
If f(2) is odd, it satisfies also the condition
715 f(—3Q) = —f(3Q),

and we have therefore  f(1Q) = —f(3Q),

implying that 3Q, not being a pole, is a zero. Further, if the order of
this zero is n, the derivative f®(z), which is an even function or an
odd function according as n is odd or even, is an elliptic function of
which }Q is neither pole nor zero, and therefore is not an odd function:
that is, » is odd. Lastly, if f(z) is an odd function which has }Q for
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a pole of order m, then 1/f(z) is an odd function which has 3Q for a zero
of order m, and therefore m is odd:

0-76. Every odd elliptic function has every lattice point and every mid-
point for either a pole of odd order or a zero of odd order.

One corollary, since the derivative of an even function is an odd
function, is

*716. If an even elliptic function has a lattice point or a midpoint for
a pole or a zero, the order of this pole or zero is even,
and another, which leads immediately to -71, is

<7117, If an odd elliptic function of the third order has one of the four
points 0, w,, w,, wy for a triple pole, it has the other three points for
stmple zeros.

Also

718. Every odd elliptic function of the second order has two of the four
points 0, w,, w,, wy for simple poles and the other two for simple zeros.

If f(z) is any function of which }Q is not a singularity, f(z)—f(}€)
has 1Q for a zero. It follows from -716 that

0-77. If f(2) is an even elliptic function, f(z)—f(3Q) has }Q either for
a pole of even order or for a zero of even order.

The theorem with which this section began, which can be enunciated
in the form

0-78. The function pz—e, has the midpoint w, for a doublezero,

is a particular case of this general result, but it is a case of fundamental
importance in the sequel.

Since gpz—e; has the origin for a double pole and has the point w,
for a double zero, (24 w,;)—e, has the origin for a double zero and
has —w,, and therefore w,, for a double pole. Neither function has any
‘other poles or zerost, and therefore their product, which has the periods
of gz, has no poles, and by -31 is a constant; but, when z = w,,

P2tw,) = p(—wg) = Pws;
hence
0-79 {pz—eH{p(ztw)—e} = (e,—e))(e5—ey),
a formula which shows more clearly than an explicit formula for
(z+w,) the effect of the addition of a halfperiod to the argument of
the function. '

1 That is, any incongruent with these. This is a laxity of expression which can do
no harm.
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0-8. Unless C = 0, the function 4+ Bgpz+Cgp'z, in which 4, B, C
are constants, has a triple pole at the origin and no other poles; this
function has therefore three zeros, and their sum is congruent with 0.
To determine A : B: C by the equations

A+ Bpx+Cp'x = 0, A+ Bpy+Cep'y = 0,

where z, y are given complex numbers, is to take the function in the

form 1, ez, @'z
1, gy, oy
1, gz, @'z

in which the two zeros z = z, 2 = y are already obvious. Hence
0-81. If x+y+2z = 0, then

1, px, Px|=0.
L oy, @y
1, pz, @'z
A more complete enunciation is
0-82. If x, y are given, the equation
1, pz, px|=0
L, oy, ¢y
1, @z, 'z

18 satisfied if z 18 congruent with x, with y, or with —(x+y), but not
otherwise.

It follows from -82 that the equation

(@x-—pyﬂ@’zzz I, Hx, g),x 2:
L, oy, @y
1, gz, 0
that is, the equation
(px—py)2(4g)3z—92@z—g3)= 1: g‘)x’ @'IE 2!
1, oy, 9y
1, gz, 0

is satisfied if z is congruent with 4=z, with 4y, or with F(x+y), that
is, if gz is equal to Pz, to Py, or to p(x-+y), but not otherwise: px, Hy,
$(x+y) are the roots of the cubic equation

(fpx—py)2 (43 —g,t—gy) = | 1, oz, p'z |2
1, py, o'y
1, ¢t 0

Any relation between the roots and the coefficients of this equation is
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a relation between @(x+y) and functions of the separate variables z, y.
In particular, expressing the sum of the roots, we have one addition
theorem which does not involve the invariants:

0-83. For any two values of the variable,
P+y) = H(@'x—'y)/(x—py))—pz—0y.

0-9. The function gz having been constructed, a function f(z) can,
we proceed to show, be built on the same lattice to an assigned speci-
fication. Since @z is an even function, any rational function of gz is
even also, and we suppose first that f(z) is even. Then if b is a zero
of f(z), of order ¢, so also is —b, to the same multiplicity, and if 2b = 0,
these two zeros are incongruent. Under the same condition, the zeros
of z— b are simple zeros at the points congruent with b or —b, and
the zeros of (pz— b)? are zeros of order g at these points. If 26 = 0,
there are two cases to distinguish. It b = 0, no function of the form
@z— b is available; this case is left aside for the moment. If b = w,,
the function gz— b becomes pz—e, and has a double zero; the zeros
of any integral power of gpz—e, are of even order. But we have seen
that w,, if a zero of the even function f(z), is a zero of even order, and
if this order is 2¢’, then (pz—e, )¢ has zeros equivalent to those of f(z)
at the points congruent with w,. Thus if f(z) is an even function, an
irreducible set of zeros of f(z), excluding a zero congruent with the
origin, can be taken to be +b,, 4b,,..., 4-b, with orders ¢,, ¢s,..., ¢,,
and w,, w,, wg with orders 2¢’, 2¢”, 2¢”, the last three orders not being
necessarily different from zero, and if we write
901 Z(2) = (fpz—e))? (pz—e,)? (92 —ey)?" 1 (02— b,)%,

8
then Z(z) has, except possibly for the lattice points, which may be zeros
of f(z) but are poles of Z(z), the same zero-structure as f(z), and has
no poles except at the lattice points. Similarly an irreducible set of
poles of f(z), excluding possibly a pole congruent with the origin, can
be taken to be -+a,, +a,,..., +a, with orders p,, p,,..., p,,, and w,, w,,
wy with orders 2p’, 2p”, 2p”, and if P(z) is defined by
902 P(2) = (pr—e) (pr—ey) (2 —ex)” TT (2 —pa, ),

r
the function 1/P(z) has, except possibly for the lattice points, the same
pole-structure as f(z), and has no zeros except at the lattice points. It
follows that Z(z)/P(z) has, except possibly at the lattice points, the
same pole-structure and the same zero-structure as f(z), and therefore
the quotient of f(z) by Z(z)/P(z) is an elliptic function with no poles

4767 G
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and no zeros incongruent with the origin. But, from 31 and -35, an
elliptic function which is not a constant has both poles and zeros, and
the origin, whick could serve in one capacity, can not serve in both
capacities. Hence the quotient of f(z) by Z(z)/P(z) is a constant, that is,

0-91 f(2) = fo Z(2)| P(2)
where, since both Z(z) and P(z) have unity for leading coefficient at
the origin, f, can be identified with the leading coefficient there of the
function f(z) itself.

The argument just used, which is due to Jordan, can be amplified.

Let {=4q+¢+¢"+ 29 P=p+p"+p"+ 2P

Then if f(z) has the origin for a zero of order q,, the sum of the orders
of the zeros of f(z) is g¢,+2¢q and the sum of the orders of the poles is
2p; these sums are equal and therefore p > ¢, ¢, = 2(p—q). If f(z) has
the origin for a neutral point, the sum of the orders of the zeros of
f(z) is 29 and the sum of the orders of the poles is 2p, and therefore
p = q. If f(z) has the origin for a pole of order p,, the sum of the
orders of the zeros of f(z) is 2¢ and the sum of the orders of the poles
is po+2p, and therefore p < ¢, p, = 2(¢—p). Thus the origin is a zero
of order 2(p—gq), a neutral point, or a pole of order 2(¢—p), according
as p is greater than, equal to, or less than, ¢. On the other hand, near
the origin Z(z) is dominated by % and therefore by 1/2%2, and P(z) is
dominated by Pz and therefore by 1/22?. Hence Z(z)/P(z) also has the
origin for a zero of order 2(p—gq), for a neutral point, or for a pole of
order 2(q—p), according as p is greater than, equal to, or less than, g.
That is to say, Z(z)/P(z), constructed to have the same structure as
f(z) except possibly at the lattice points, acquires automatically the
character of f(z) at the lattice points themselves, and Liouville’s struc-
tural identification theorem -49, is applicable without modification.

The formula -91 gives us the descriptive theorem

0-92,. Any even elliptic function belonging to the same lattice as §z is
a rational function of gz.
If f(z) is odd, then f(z)/g’z is even, and therefore

0-92,. Any odd elliptic function belonging to the same lattice as z is
the product by 'z of a rational function of z.
Lastly, any elliptic function f(z) can be expressed as the sum of the

two functions }{f(2)+f(—=)}, 3{f(2)—f(—=2)}, of which the first is even
and the second odd. Applying -92, and -92,,
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0-92,. Any elliptic function f(z) can be expressed in the form

R(g2)+ 2 8(pz),
where foz belongs to the same lattice as f(z), and R(gz), S(gz) are rational
Sfunctions of gpz.

If f(2), g(z) are two elliptic functions bélonging to the same lattice,

wehave  f_ R(p)+@'S(p), 9= B,()+0'S,9),
where R (0), S(¢), B,(¢), S,(f¢) are rational functions of p. Between
these equations and the relation

= 40>—g, 0 —g,
the two auxiliary functions @, ¢’ can be eliminated algebraically, and
therefore

0-93. Any two elliptic functions with a common laltice are connected by

an algebraic equation with constant coefficients.
If m, n are the orders of f(z), g(z), an arbitrary value of f(z) implies
not more thant m possible values of g(z) and an arbitrary value of g(z)
implies not more thant n possible values of f(z). It follows that if f, g
are connected by an irreducible algebraic equation ¢(f,g) = 0, the
degree of ¢ in g is not greater than m and the degree of ¢ in f is not
greater than n.

It is possible to establish -93 by general functional and algebraical
reasoning without the use of the special function gz, but the argument
is delicate.

From -93 we have the corollary

0-94. Every elliptic function is connected with its derivative by an
algebraic equation.

In other words, if w is an elliptic function f(z) of z, there is a differential
equation ¢(w’, w) = 0 satisfied by w. The function ¢ is polynomial in
w as well as in w’ and does not involve z explicitly. Usually, if the
order of the elliptic function f(z) is n, the degree of ¢ in w’ is n, and
the degree of ¢ in w is the order of the elliptic function f'(z), and may
have any value from n+1 to 2n.

A second corollary to -93 comes from taking f(y+2) as a function
of z, where y is independent of z. We infer the existence of an equation
#{f(y+=),f(z)} = 0, polynomial in the two functions f(y+2), f(z), with
coefficients dependent on y; let us write the equation in the form

‘903, O{f(y+2),f(2);y} = 0.

+ Usually the numbers are exactly m and n, but we have only to suppose g(z) defined
as {f(z)}? to see that reductions in these numbers are possible.
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Since this equation is satisfied for all values of y and 2z, we have also

*903, O{f(y+2).f(y);2} = 0.

The two equations -903,, -903, are identical, since otherwise we could
eliminate f(y-+z) algebraically and obtain a relation satisfied identically
by y and 2z, contradicting the assumption that y is independent of z.
Hence the function ®{f(y+z),f(z); ¥} is a polynomial in f(y) as well as
in f(2):

0-95,. If f(z) s any elliptic function, there is an algebraic equation
Y{f(y+2),f(y).f(2)} = 0, with coefficients independent of y and z, con-
necting f(y-+2z) with f(y) and f(2)

This result is expressed briefly in the form
0-95,. Every elliptic function possesses an algebraic addition theorem.

Theoretical interest is focused rather on the converse of this theorem,
which, with the obvious exceptions, was established by Weierstrass:
the only singlevalued functions to possess algebraic addition theorems
are rational functions, functions which in a wide sense may be called
circular, and elliptic functions.

The function W' of -95; is symmetrical in f(y) and f(z). Also the
relation W'{f( y+z J(—y),f(z)} == 0 is identical with the relation
Y{f(z),f(y),f(z—y)} = O, but this identity does not express symmetry.
If however we apply the argument leading to -95, to the function
f(—y—=z) instead of to the function f(y+z), we have succinctly

‘904, If f(2) is any elliptic function, there is a polynomial F(X,Y, Z),
symmelrical in the three arquments X, Y, Z, such that the relation
x+y—+2z = 0 implies the relation F{f(x),f(y),f(z)} = 0.

If the order of the function f(z) is n, the degree of the equation -902
in f(y+2) is usually n, and therefore as a rule the degree of the poly-
nomial ¥ in -95, in each of its arguments is n, and so also is the degree
of the polynomial F in -904. Algebraically this result is somewhat sur-
prising. For example, it is evident that if g’y and 'z are removed
from the relation

(Py— P2y +2)+ pu+ o2} = HP'y—p'2)°
by means of the relations
0%y = 40%—9, 0y —gs, "% = 4% —g, Pz —4s,
the resulting equation is of degree two in @(y+2); it is by no means
evident that the coefficients of this equation are not of higher degree
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in gy or gpz. Or to put the matter differently, the eliminant of X',
Y’, Z’' from the four equations

905, 1, X, X'|=0,
1, Y, v
\, 2, Z

X?2=4X3—g,X—gq,, Y?=4Y3—-g,Y—gq, Z'®=4Z3—9,Z-¢,
is obviously symmetrical in X, Y, Z; it is not obviously the product
of {(Y—Z)(Z—X)(X—Y)}? by a function quadratic in each separate
variable. To find algebraically the significant factor of the eliminant,
we remark that -905, implies that there exist numbers A, . such that

X' = XX +p, Y =AY +pu, Z' = A+p,

and that therefore, from -905, ,, X, ¥, Z are the roots of an equation
of the form Mgy t—gy — (N4p)?,
whence, relating the coefficients to the roots and eliminating A and p,
we have

(YZ4ZX+XV41g,)* — A X+ Y+ Z) (XY Z—1gy),
a condition of the fourth degree in the set of variables X, Y, Z but
quadratic as required in X, Y, Z separately. Thus

906, If x+y+2z = 0, then
(Py§z+ pzpr+prpy+19,)° = HPr+ Py -+02)(ErPYHz—19,).

The importance of 92, is for general theorems rather than for parti-
cular applications, for whereas the determination of the functions Z(z),
P(z) in the formula -91 depends directly on the structure of f(z), the
same can not be said of the rational functions in -92,; the poles of
H{f(z)+f(—2)} and ¥{f(z)—f(—z)} are among the poles of f(z) and the
poles of f(—z) and can be identified, but the zeros of these functions,
that is to say, the roots of the equations f(z) = —f(—=z) and f(2) = f(—=z),
are not necessarily discoverable in practice. For example, taking f(z)
as @(y+-z), we can solve the equation @(y+z) = @(y—=z) but we have
no means of solving the equation f(y+z2) = —g(y—z); we can there-
fore express ((y+2)—gp(y—z) in terms of fz and 'z, but we can not
proceed to obtain a formula for g(y+2). The details of the evaluation
of p(y+2)—p(y—2) are simple and instructive. The function @(y+-2)
has a double pole at z = —y; the function @(y—z) has a double pole
at z = y. Hence p(y+2)—g(y—2) is a function of the fourth order,
its poles are the zeros of (z—gpy)?, and one irreducible set of poles
has the sum zero. Because the function is an odd function, three of
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its zeros are the halfperiods w,, w,, w; whose sum is zero; hence a fourth
zero is the origin, and {{(y+2)—p(y—2)}/§'z has no zeros incongruent
with the origin. We have therefore
Ply+2)—py—2) = 4p"2/(0z—py)*,
where 4 is independent of z. As z —> 0,
{p(y+2)—ply—2)}/22 > 'y,

that is, Ply+z)—ply—2) ~ 220"y;
on the other hand, 0'z)(foz—y)? ~ —2z.
Hence 4 = —gp'y, and finally
*907 Py—2)—py+2) = P'yp'z/(Py—p2)%
in agreement with -83.

There are developments of a function in terms of {z and of ¢z to
which the criticism directed against -92, does not apply, and with these
developments we conclude our introduction. First let a, be a pole of

the elliptic function f(z), of order m,, and let the principal part of f(z)
in the neighbourhood of a, be

A A, AP Ap L Ap
oy eayt T o  ea Tama

With the function {,z defined as in -52, the principal part of each of
the functions {, (z—a,), {,,1(2—a,),..., {3(2—a,), P(z—a,), {(z—a,) near
a, consists of a single term whose numerator is unity, and the principal
part of the sum
Ag: Cmr(z—ar)"{_A'%:—l Cm,—l(z—‘ar)“{‘
+APL(z—a)+ APPl—a)+ AP —a,)

is identical with the principal part of f(z). Denote this sum by Z,.(z—a,).
In Z,(2—a,) every term except A{"{(z—a,) is an elliptic function. Hence
> Z.(z—a,), where the summation extends to all the members of an
irreducible set of poles of f(z), is the sum of an elliptic function and
the function #(z) defined by

$(z) = 2 APl(z—a,).

Now if Q is any lattice step, {(2+Q) = {z+, where 7 is independent
of z. Hence
U+ Q—a,) = {(z—a,)+,
$(z+Q) = $(2)+1 2 A7
= ¢(Z),
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for > A{, the sum of the residues of f(z) at an irreducible set of poles,
is zero. That is to say, although the individual functions {(z—a,),
{(z—a,),... and the individual functions Z,(z—a,), Z,(2—a,),... are not
elliptic functions, the particular combinations ¢(z) and ) Z,(2—a,) are
elliptic functions. The second of these combinations is an elliptic func-
tion whose principal part at every pole in an irreducible set is identical
with the principal part of f(z). Hence, by -48,

0-96, f@) = e+ 3 Z,(a—ay),

where c is a constant. Conversely, whatever the constants on the right
of +96,, subject to the condition 3 A’ = 0, this expression defines an
elliptic function:

0-96,. An irreducible set of poles of an elliptic function may be assigned
arbitrarily, together with the principal part of the function at each pole,
subject only to the condition that the sum of the assigned residues is zero.

As a first example, take f(2) = 1/(py—gz). Near z =y,
y—pz~ —@—yP'y,  PYfE) ~ —GE—y,
and near z = —y, '
PY—pz~ +y)ey,  Oyfe) ~ +y)
Hence, since f(z) tends to zero with z,
+908, §'y/(py—pz) = Ly—2)+Ly+2)—2Ly,

from which -907 follows by differentiation. Interchanging y and z in
-908,, we have

*908, §'2/(y—2) = L{y—2)—L(y+2)+2L,
which gives, in combination with -908,

-909 Ly+2)—Lly—Lz = L(Q'y—9"2)(py— =),
and by differentiation

d ’
910 plr—2+p0+2) = 1[5 )+2pe

an unsymmetrical correlative of -907.
From -83 and -909 we have

911 {Lly+2)—Lly—{2}* = ply+2)+py+ 2,

or in a more symmetrical form
912, If x+y+2z = 0, then

(Le+Ly+L2)? = pr+py+pz.
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To develop 1/(foy—=z)? we have to take into account another term
in each Taylor series, and we have
%Y/ (9y—2)* ~ (y—2)*+(p"y /O Y)y—2)"
near z = y, and
£y (Py—2)* ~ (y+2) 7+ (P"yY/OyY)(y+2)!
near z = —y. Hence
0%y (fy—z)* = Ply—2)+py+2)—20y+
+(0"y1'Y{Ly—2)+ Ly +72)—2Ly},

which on substitution from -908; becomes

O3 ply—2)+py+2) = 9%Y/(Ey—2)— "y (y— =)+ 20y,

that is to say, -910 with y and z interchanged. Since "z = 6p%—1g,,
h 4 ” »

e have ("y—9")/(@y—2) = 6py+6pz,

and therefore

914 py—2)+py+2) = L9+ 9 (py— 23— 20y — 202,

a formula which combines with -907 to reproduce the addition theorem

in the form given in -83.

If the poles and zeros of an elliptic function f(z) are assigned, the
properties of the function oz are utilized for the construction of f(z).
Let a,, a,,..., a, and by, b,,..., b,, be irreducible sets of poles and zeros of
f(z), subject to the equality Y b, = > a,, a condition which, as we have
seen on p. 24, imposes no restriction on the function f(z) itself. Then
since o(2—a,) has the points congruent with a, for simple zeros, and
a(z—b,) has the points congruent with b, for simple zeros, and neither
function has any other zeros or any accessible poles, the quotient

B(z)/A(z), where
915, A(z) = T] o(z—a,), B(z) = T o(z—b,),
is a function with precisely the poles and the zeros of f(z). If 2w;, 2w,

is a basis of the lattice, we have from -68, ,, for each value of w and
the corresponding value of 7,

Aztw) = (=) 2 [T o(z—w—a,) = (—)"e*E"A4(z—w),
and similarly
916 B(z+w) = (— )" 2@ B(z—w).
But S (z—a,) =nz— Y a,=nz— 3 b, =3 (2—b,).
Hence
917 B(z+w)/A(z+w) = B(z—w)/A(z—w),
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for all values of z, and therefore the quotient B(z)/A(z) has the period
2w. Thus B(2)/A(2) is an elliptic function with the structure of f(2),
and from Liouville’s second identification theorem -49,

0-97, f(2) = gB(2)/A(2),

where g is a constant. Conversely, if only the constants implicit in the
definitions of A(z) and B(z) by -915,_, satisfy the relation

Z b, = Z s
the expression on the right of -97, defines an elliptic function,; and
therefore

0-97,. The poles and the zeros of an elliptic function may be located at
arbitrary points and have arbitrary multiplicities, subject only to the con-
ditions that, multiplicity being taken into account, the number of poles is
the same as the number of zeros and the sum of the poles is congruent with
the sum of the zeros.

As simple examples of -97, we have
0-98 PY—pz = —o(y—2z)o(y+2)/o%y o,
from which we can recover -908,, and
0-99 0’2 = 20(z—w,)o(z—w,)o(2—w;) [ow, ow, ow; 632,

which, so to speak, extracts the square root in -74,.
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THE THREE PRIMITIVE FUNCTIONS

1-1. The simplest elliptic functions are of the second order, and of
these there are two kinds, functions with one double pole in each cell,
and functions with two simple poles in each cell. The Weierstrassian
function gz, of which a brief account has been given in the introductory
essay, is the standard function of the first kind. This book is a study
of standard functions of the second kind.

The existence of an elliptic function with one double pole is demon-
strated by the actual construction of gz. The existence of a function
with two simple poles is established in the course of the development
of the theory of the Weierstrassian function. By the general theorem
0-96,, the function
-101 c+A4,{(z—a,)+ A4, {(z—a,)
is an elliptic function if 4,44, = 0; it is a function of the second
order with simple poles at @, and a, and an assigned residue at one of
these poles, and it includes an additive constant ¢. Similarly by the
general theorem 0-97,, the function
102 foo(z—by)a(z—b,)[o(z2—a,)o(z—a,)
is an elliptic function if a,+a, = b,+b,; it is a function of the second
order with simple poles at a, and a, and simple zeros at b, and b,, and
it includes a constant factor f,. In each form the function involves
two arbitrary constants in addition to the numbers a,, a, which locate -
the poles.

We might obtain standard functions with simple poles by choosing
constants in -101 or -102. But appropriate constants are not easily
recognized in advance. Also it is one thing to use the functions {z and
oz for evidence of existence, but to rely on these functions for the
definitions and for the most elementary properties of the functions
which are to be fundamental is another matter. We approach the
problem of construction in a more direct fashion.

1-2. Given a function whose poles are all double, we have only to
take a square root to obtain a function whose poles are all simple, but
this function is doublevalued unless the zeros as well as the poles of
the original function are of even order. The zeros of (z are simple,
and the branches of ({z) can not be separated. But pz— B, or gz— b,
where b #£ 0, has the same poles as z; it is a function of the second
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order, whatever the value of b, and as we have seen in 0-7 its zeros
are double if b is congruent with one of the midpoints w,, w,, w;. Thus
for r =1, 2, 3 the function pz—e, has all its poles and all its zeros of
precisely the second order, and

-201. The function (fpz—e,)t has no branchpoints.

It follows that the two values of (pz—e,)t are not branches of one
function but, like the two square roots of 2%, are separate singlevalued
functions. We can discriminate between the two functions by their
behaviour in the neighbourhood of z = 0; here gz resembles 1/22, and
therefore one square root of gz—e, resembles 1/z and the other re-
sembles —1/z. It is with the first of these square roots that our study
begins. This function Jordan denotes by f.(z) and Tannery and Molk
denote by £,,(z), but to avoid having a suffix as part of the functional
symbol we denote the functions that correspond to the three half-
periods w,, w,, ws by fjz, gjz, hjz; then we replace w,, w,, w; and
ey, €, €3 by w;, w,, w, and e, e, ¢,, a departure from current practice
which is trivial in itself but far-reaching in its effect on our notation.

The three functions which we call the primitive functions and denote
by fjz, gjz, hjz are thus three singlevalued functions definable in terms
of gz by the formulae

121, 3 fj% = pz—e, gi%z = Pz—e,, hj% = pz—e,,
or in another form
1-21, fj%2+e, = gj%+4-e, = hj%zt-e¢, = gz,
coupled with the conditions that, as z — 0,
1-22,., z2fjz >1, 2gjz—>1, zhjz —>1,
which also have an alternative form
122, ¢ fjz ~1/z, gjiz~1/z, hjz ~1/z.
The notation allows us to speak of a typical function pjz, defined by
the formula -
1-23, pPi% = fpz—e,
with the condition
1-23, . Piz ~1/z.
The definitions of the primitive functions can be expressed somewhat
differently, in terms of the Weierstrassian function ¢z, which has no

accessible poles and has simple zeros at all the lattice points of 2.
The quotient ¢(2—w,)/0z has the zeros and poles of pjz, and therefore

-202 pjz = e¥o(z—w,)/oz,



52 JACOBIAN ELLIPTIC FUNCTIONS

where A, (2) is an integral function, a function without accessible poles.
To obtain A, (z) and to see this formula in relation to the definition of
Pj 2, consider the factorization theorem 0-98, which we may rewrite in
the form

) _p _ _ a(z—b)o(z+b)

203 Pz—pb = Cthot

The basis of this theorem is that the roots of the equation gz = pb
fall into two classes, the roots congruent with b, which are the zeros
of o(2—b), and the roots congruent with —b, which are the zeros of
a(z+b). In choosing a value of b so that every root of the equation
gz = pb is double, we arc choosing b so that the functions o(z-}b),
a(z—0b) have the same zeros. This is easily verified; for all values of z,
as we have seen in 0-68; ,,

o(ztw,) = —e¥Po(z—w,),
and substituting for o(z-+w,) in -203 we have

e27],z02(z_w1’)

'204: 2—e, — — A
SO » o’w, 0% ?
whence, since o(—w,) = —ow, and oz ~ 2z as z > 0,
. er%g(z2—w.
1-24 piz= —— ( Vl’)

ow,, 02
This is the required formula of the form -202, with A, (z) identified as
the linear function —log(—ow,,)+7,,2, the selection of the branch of the
logarithm being irrelevant.

We make very little use of the explicit formula -24; the distribution
of poles and zeros is shown clearly, but otherwise the fundamental
properties of the function pjz are not in evidence, and two constants
7p> 0w, are involved. It is only in the light of the deduction from -23,
that the function seems well chosen, and we can almost always base
our arguments immediately on the more fundamental definition.

From -21, ;4 we see that we can express the square of one primitive
function in terms of the square of another. For brevity we write e,—e,
as e¢;, and so on. Then we have

1-25,, gi*%z = fj*z—e,, hj%z = fj%—e,,
and also identically
-205 e fi% ey, 8j%+e,, hj% = 0.

1-3. Since f(—z) = gz, identically,
{fi(—2)—fjz}{fj(—2)+fjz} = O,
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and one of the two functions fj(—z)—fjz, fj(—z)+fjz is zero for all
values of z. As z— 0, fj(—z)/fjz—> —1. Hence this ratio is not identi-
cally 1, that is, fj(—z) is not equal to fjz in the neighbourhood of the
origin, and therefore the equality that is valid everywhere is

-301 fj(—2z) = —fjz:
1-31. The three primitive functions are odd functions.

Since fjz is odd, so also is fjz—z-1, and the value at the origin of
this function, which is regular in that neighbourhood, is zero: near the
origin
302 fjz = 2714+ 0(2).

An improvement on this result is derivable immediately from the rela-
tion of fj% to pz. Since fjz is odd, we may assume

fjz = 27140z 0(23),

implying
fj%z—2"2 = {a+ 02+ 0(2?)} = 2a+ 0(2?),
and since pz—22 = 0(z?),
we have from -21,, 2« = —e,, that is,
-303 fjz = 271 —1e;24-0(23).

The poles of each primitive function are the poles of gz. Within
a parallelogram that is primitive for gz, each of the primitive functions
has only one pole, and that a simple one; we know therefore that if
the functions are doubly periodic, their periods must differ from those
of the Weierstrassian function from which they are formed.

To discover the effect of adding one of the Weierstrassian periods,
we repeat the argument leading to -301. The identity p(z42w,;) = 2
implies that either

-304 fj(z+2w,) = fjz
everywhere, or
305 fj(z4+2w,;) = —fjz

everywhere. If in -304 we substitute —w, for z, we have on the one
side fjw,, and on the other side, since fjz is an odd function, —fjw,.
But fjw, and —fjw, can not be equal if w,, is neither a zero nor a pole
of fjz. Hence -304 is not an identity if w, is w, or w,, and the alter-
native to -304 being -305 we have

1:32, fi(e+2w,) = —fiz,  file+2w,) = —fiz,
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whence further

fi(z—2w,—2w,) = —fj(z—2w,) = fjz,
that is,
1-33 fj(e42w)) = fj2.
Also from -32,

fi(z+4w,) = fjz, fjz+4w,) = fj2.
Thus

1:34. The function fjz is doubly periodic, and 2w, 4w,, 4w, are three
of its periods.

A parallelogram with sides 2w,, 4w, contains only two poles of fjz,
namely, 0 and 2w,, and these are s1mple hence a primitive parallelo-
gram for the functlon can not be smaller than this, and we infer that
2w, 4w, is a primitive pair of periods for this function. The pair 2w,
4w, also is primitive, but the pair 4w, 4w, is not.

With 2w, 4w, as a primitive pair of periods, the midpoints of the
primitive period parallelogram are w,,
2w,, w;42w, To describe fjz as an
odd function with the two points 0,

20y 2w, for poles and the two points w,,

w;+ 2w, for zeros is therefore to illus-

0 trate the general theorem 0-76; each

of the four points 0, w,, 2w,, w;+ 2w,

must be either a pole or a zero, and

therefore, since the function is of the

second order, two of them must be

4wy simple poles and the other two must
be simple zeros.

Since 4w, 4w,, 4w, are periods of all
three of the primitive functions, while 2w, is not a period of gjz or
hjz, we call w,, w,, w, quarterperiods of the set of functions, not for-
getting that they are halfperiods of gz and that each of them is a
halfperiod of one primitive function. We continue to call the poles,
which are common to all the functions, the lattice points of the theory.

A doubly periodic function whose poles are all simple is determinate,
save to an additive constant, by the poles and the residues attached
to them. It is important to be familiar with the patterns formed by
the residues of the primitive functions. These three patterns are
attached to the same lattice, and there is no qualitative difference
between one and another; each pattern consists of alternate rows of

dug

Fra. 13.
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positive and negative units. But we must recognize the arrangements
of the three patterns relative to one another, and relative to the primi-
tive triad of quarterperiods w,, w,, w,. ‘

“Residues of fiz - 7 Residues of 9jz "Residues of hjz
: Fia. 14.

The point 2lw;+42mw,+2nw, is a pole of fjz for all integral values
of I, m, n; if this point is Q, the principal part of fjz in its neighbour-
hood is 1/(2—Q) or —1/(z—Q) according as m-n is even or odd, and
Q may be called in the one case a positive pole, in the other case a
negative pole. Since fjz is an odd function of z—Q, to subtract the
principal part is to obtain a function, fjz—1/(z—Q) or fjz+1/(z—Q),
in which the pole Q is not merely removed but replaced by a zero; the
function is of course no longer periodic.

1-4. Since the poles of fjz in the primitive parallelogram 2w, 4w, are
simple poles at 0 and 2w, there are two values of z at which fjz takes
an assigned value B and the sum of these values is congruent with 2w,.
Hence if b is any point in the parallelogram, the only other point in
the parallelogram for which fjz has the same value as at b is the point
congruent with 2w,~—b, which is one of the four points 2w,—b, 6w,—0b,
2w+ 2w,—b, 2w;46w,—b.

1:41. The solutions of the equation fjz = £jb fall into two sets,
z = 2lw;4-2mw,+2nw,+b  with m+n even,
z = 2lw;+ 2mw,+2nw,—b  with m-+n odd.
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Since w, is one zero of fjz, another is w;+2w,, and every zero is
congruent with one of these, mod 2w,, 4w,, that is to say, is congruent
with w;, mod 2w, 2w,. The zeros of the primitive function pjz com-
pose a lattice geometrically congruent with the lattice of poles, but
with the point w,, for one of its points. :

A doubly periodic function being determinate, save to a constant
factor, by the distribution of its poles and zeros, we can identify each
primitive function, but for such a factor, by a characteristic pattern.

“Poles and zeros ® Poles and zeros ® Poles and zercs
of fjz of gjz of hjz
Fiec. 15.

The poles have the same positions in the three patterns, but the loca-
tion of zeros serves instead of the distribution of residues as a means
of discrimination, and we do not now distinguish between positive poles
and negative poles in the diagrams. In the pattern for fjz, lines through
F parallel to OG and OH accommodate ranks of zeros; on the line OF,
poles and zeros alternate.

1-5. Neither w, nor w, is a pole or a zero of fjz; the values fj w,, fjw,
of the function at these points are fundamental parameters in the
theory. We denote them by f,, f; and call them the critical values of
fjz; the critical values are finite constants, different from zero. If
b = w,, the two points b, 2w,—b coincide; that is, w, is a double root
of the equation fjz = fjw,:
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1:51. The roots of the equation fjz = f, are double roots at the points
congruent with wy, mod 2w, 4w,,

from which it follows that the roots of sz = —f, are double roots
congruent with —w,. Similarly the roots of fjz = f;, and of fjz = —f,
are double roots congruent with w, and with —w,. Incidentally we
notice that f, can not be equal to f; or —f3:

1-52. The squares of the critical values f,, f, are unequal.

The last two theorems are evident algebraically from the identities

-501 fj%+e, = gj%+e, = hj%z+te,.
When gjz = 0, fj% = ¢,—e,. That is,
-502--503 f=e, fi=enmn

and since e, ¢,, e, are all different, f7, f are different from zero and
from each other.
From -501 we have alternatively

97 = ¢y b} = ey,
whence

504 fi=—k, g=—fi h=—g

Although not expressible rationally in terms of e, e, e;, the six
constants of the form f, are intrinsically determinate, for they are the
values of definite singlevalued functions at specified points. We have

in fact from -24,
Nfw,
1.53 fg — _edifrvawh
O'(Uf aw

We shall return in a moment to an examination of relations between
the six constants. _

The converse of the set of results typified by -51 is true also. If b is
a double root of the equation fjz = fjb, then 2b = 2w,, mod 2w/, 4w,,
and b is congruent with one of the four points w,, 3w,, w,+w,, w,43w,,
that is, with one of the four points w;,, —w,44w,, —w,;, w,+ 20,4 4w,:

1:54. The root b of the equation fjz = fjb is a double root if and only
if b is congruent with one of the four points +w,, +w, and £jb has one

of the four values L-f,, L f;.

1-6. It follows from -54 that the zeros of the derivative fj'z are the
points congruent with 4w, or +w,. This derivative is an elliptie
function with the same periodicities as fjz and with the poles of fjz
for double poles. It is therefore of order four, and each of the four

distinct zeros must be simple. Thus fj’z has the zeros of each of the
4767 1
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functions gj z, hj z for simple zeros, and has the poles which are common
to these functions for double poles. In other words, the derivative fj'z
and the product gjzhjz have the same zeros and the same poles, and
since the functions have the same periodicity, one is a constant multiple
of the other. Near the origin, fj’z ~ —2-2, gjzhjz ~ z-2. Hencef}

1-61 fj'z = —gjzhjz.

This result may be derived directly from the relation of the functions
to z. The fundamental formula 0-74, for "%z is equivalent to
-601 0'% = 4fj%2gj% hj%,
and since 'z ~ —22-3, this implies
602 'z = —2fjzgjzhjz,
whence, from -21,
-603 fjzfj'z = gjzgj’z = hjzhj’z = —fjzgjzhjz.

The zero w, of fjz is simple, and near this point fjz resembles
fj'w;. (2—w,); that is, from -61,
1-62 fjz ~ —g,h)(z—w)).
Since 2w, is a period of the function, the form is the same near —w,
as near w;. Generally, for all integral values of I, m, n, the point
(214 1)w;+2mw,+-2nw,, is a zero of fjz, and if T denotes this point,
the function resembles —g,h,(z—7Y) or g,k (2—T) in the neighbourhood
of Y according as m-+n is even or odd.

Since the step w, is a step from any zero of fjz to a pole and from
any pole to a zero, the product fjzfj(z+w,) is a doubly periodic func-

tion without poles, and is therefore a constant. We can calculate this
constant in two ways. Firstly, putting z = w,, we have

1-63 fjzfjzt+w)) = —f, [
Alternatively, as z - 0,

fjz ~ 2z, fj(w,+2) ~ 2fj'w,,
and therefore

1-64 fj2fj(z4-w)) = fjw,.
From -61,

t By choosing as a standard function the square root of gz —e, which resembles — i/z
we could remove the negative sign from this fundamental formula. Tradition apart,
there seems little to recommend one choice rather than the other.
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and comparing ‘63 and -64 we have the identity

1-65 fgfh =9 h/’

implying

-605 In 9 _ 1ty
h’/ jg 9n

since the third fraction can be added by symmetry. We have seen
already in 504 that the square of each of the fractions in -605 is —1,
but the equality of the fractions themselves is a much less trivial
theorem. Kach fraction is the same square root of —1, and we write

606 P 9 _ by,
hy fy  9n
where v> = —1. To interchange the symbols f and g is to replace v by

1/v, that is, by —v. There is therefore no question of replacing v by 1,
for unless we impose some condition on the sets of quarterperiods to
be used, v is 7 for some sets, —1 for the others.

The significance of v, both geometrically and analytically, can be
deduced from -53. The two formulae

f o e"ﬂf“-’ﬂgwh g e"’lnwfawh
9 — > f= T T
. . 0'60/0'(1)” owfcwg
give

607 v = eNi% MWy,

and we have seen in 0-64 that %, w,—n,w; is {7 or —}=i. It follows
from -607 that v is ¢ in the one case, —1 in the other, and therefore v,
as defined by -606, is the signature of the basis 2w, 2w,, as defined in
the course of the proof of 0-45. The equalities -605 might have been
inferred from the equalities 0-705, and the signature can be described,
as on p. 36, as the signature of the triplet w,w, w,; the signature is i or
—t according as minimum rotation w; - w, - wj, is positive or negative,
or in analytical terms according as Im(w,/w,), Im(w,/w,), Im(w,/w,)
are positive or negative.

Since v can be identified without reference to the elliptic functions,
-606 can be regarded as a set of relations

1:66,.4 Jn = vhy, 9, = vf, hy = vy,

giving three of the critical values in terms of the other three. Identi-
cally, e/, +e,,+¢,, = 0, and to -66,_; we can add by -503 the relation
1-67, Ji+g3+h; =0,

or in the alternative form

1-67, fr+gi+hi = 0.
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Of the six critical values only two can be independent, but we retain
symbols for them all, since any elimination destroys the symmetry of
the analysis. We may note however that if we suppose f,, g, h;, con-
nected by -67,, to be given, we have not only the other three critical
values from -66, but also, by solving the set of equations

e,—e¢ =f:  e—e,= —h}  ete,te, =0,
the Weierstrassian constants:
008 o= {H—fD o=1S—od e =)
But a more symmetrical form of the last set of formulae is
609 e = ¥gft+h}), e =dRGES) e = 3(fRH9R).
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THE SET OF ELEMENTARY FUNCTIONS

2-1. As we have seen, the functions fjz, gjz, hjz have common poles
at the lattice points of gz, and have zeros at the points congruent with
wy, w,, w,. Subtraction of w, from z interchanges the lattice points
with the points congruent with w,, and interchanges the points con-
gruent with w, with the points congruent with w,; also this subtraction
brings the particular point w, to the
origin. Hence the functions fj(z—w,),
gi(z—w,), hj(z—w,) have common poles
at the points congruent with w;, and
have zeros at the points congruent with
0, wy, w,; for each’function the principal
part near w, is 1/(z—w,).

To secure a comprehensive notation,
we introduce w; as an alternative symbol
for the origin. We are then able to say
that fjz, gjz, hjz have a positive pole at w; and zeros at w;, w,, w,, and
that fj(z—w,), gj(z—w,), hj(z—w,) have a positive pole at w, and zeros
at w;, wy, w,. To perfect the analogy, we may write the functions fjz,
gjz, hjz as fjlz—w;), gj(z—w;), hj(z—w;). The functions fjz—w,),
gi(z—w,), hj(z—w,) have a positive pole at w, and zeros at w,;, w;, w,,
and the functions fj(z—w)), gj(z—w)), hj(z—w,) have a positive pole at
w), and zeros at w,, w, w;.

By associating with the three primitive functions the functions
obtained by subtracting a quarterperiod from the independent variable,
we have therefore a set of twelve functions each of which has simple
poles congruent with one of the four points w;, w;, w,, w; and simple
zeros congruent with another of these points. Since the pole and the
zero can be selected in only twelve ways, the set regarded from this
point of view is complete. We call the twelve functions the elementary
elliptic functions, distinguishing still the three which have a pole at the
origin as the primitive functions. We denote the elementary function
which has a zero at w, and a pole at w, by pqz, a notation which
exposes the structure of the function and is consistent with the nota-
tion for the primitive functions. Thus

Fiq. 16.

2:11, 5 fj(z—w) = jfz, gj(z—w,) = hfz, hj(z—w,) = gfz.
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2-2. Like any other elliptic function of assigned periodicities, the
function pqz is determined, but for a constant factor, by its distribu-
tion of poles and zeros, or, as we may say, by its morphology. The
constant factor is fixed in the first instance at the pole w,, but we need
to be able to make comparisons at any fundamental point. We must
therefore record the leading coefficient of pqz at each of the four points
w;, wy, w,, wy, that is, the coefficient of the first significant term in the
expansion of pq(w;+1) in powers of ¢, for the four positions of w. If
wy, is the pole w,, the expansion is a Laurent series, the first term is
the dominating term 1/¢, and the coefficient is 1. If w, is not w,, the -
expansion is a Taylor series; if w,, is not the zero w,, the first term is the
constant pq w,, which is not zero, and this is the leading coefficient; if w,
is w,, the first term is ¢ pq'w,,, and since the zero is simple, pq’w,, does not
vanish and the leading coefficient is now this value of the derivative. The
coefficients are to be expressed in terms of the six critical constants.

For the primitive function fjz, the values of fjw, and fgw, define
the constants f;, and f,, and the value of fj'w, is given by 1-61 as —g,h,.
Addition of 2w, to w; leaves the leading coefficient of fjz unaltered,
but addition of 2w, or 2w, replacest the coefficient by its negative.
The leading coefficients of fj(z—w,) at w;, w;, w,, w, are the leading
coefficients of fjz at w,, 2w, w;tw,, w;+wy, that is, at w;, 2w;, —w,,
—uw,, or again at w;, w;+2w;, w,—2w,, w,—2w,. The following table
gives the fundamental leading terms of the three functions fj(z—w),
gj(z—w,), hj(z—w,), now denoted by jfz, hfz, gfz.

TasrLe 111
Near w; Near w; Near w, Near wy,
ifz —grhyxz 1+ (z—awy) —fh —fy
hfz ~gy 1+ (2—a) In hofo (2—an)
gfz ~— by 1+(z—wy) Srgnx(z—awy) by

Instead of arguing analytically we may read these results from a
diagram. Figure 17 shows the manner of determining the entries in the
second row. The origin is now marked J, and F, G, H mark the quarter-
periods. Inserted are the coefficients of gj z for the lattice points. Since
hfz is defined as gj(z—w), the value of hfz at the point marked Z is
the value of gjz at the point marked U, the fourth corner of the
parallelogram J FZU, and we have only to note the position of U when
Z comes to one of the cardinal points J, F, G. H.

4+ Loosely, ‘changes the sign of the coefficient’, but there is no real justification for
this phrase; a complex number has no sign, but ‘the negative of 2’ is a perfectly good
function of z. However, we need not always lapse into pedantry, and the elementary
phrase must often be interpreted conventionally.
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There is no purpose to be served by adding tables corresponding to
Table IL1 for the sets of functions with poles at w, and w;, for only
transliterations are involved, but it is useful to have a table showing

the leading coefficients of the twelve functions at the origin. Functional
factors in the dominant term are not given.

TasLE II2
fjz 1= ifz  —gshyx hgz —fy ghz —fn
gjiz 1+ hfz — 95 g2 —hyfyx fhz —gn
hjz 1=+ gfz —hy fgz —h, jhz  —frgnx

The arrangement of the twelve functions in this table follows a
natural cross-classification: functions in the same column have the
same poles, and functions in the same row have the same periods.

2-:3. The twelve elementary functions have similar morphology; the
function pqz has simple zeros and simple poles alternating at equal
intervals along the line through w, and w,, and has this same alternation
repeated indefinitely along a succession of parallel lines. Addition of
a quarterperiod transfers the zeros and poles of one function to zeros.
and poles of another, and since every residue is either 1 or —1, no
constant factor except 1 or —1 can be introduced: pq(z+w;) is either
one of the elementary functions or the negative of one of them.

For the functional change due to the addition of a quarterperiod
a rule can be framed: addition of w, is an interchange of f with j, and
is necessarily accompanied by an interchange of g with h. Thus
fg(2+w,) is a multiple of jhz, and hg(z+w,) is a multiple of ghz. To
determine whether the factor is 1 or —1, we may return to the primitive
functions, using such deductions as

fg(z+w;) = hj(z—w,+w;) = —hjz4w,+w;) = —hj@z—w,) = —jhz,
hg(z+w)) = fje—w,+w)) = —fj@zt+w,+w,) = —fjlz—w,) = —ghz,
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or we may discover from a figure whether the translation moves a
positive pole of one function to a positive pole or to a negative pole
of the other. A complete set of results for the addition of w, is recorded.

TaBLE I13

filz+wy) = jfz  jf(z+wy) = fjz hg(z+w) = —ghz gh(z+w;) = —hgz
gi(z+wy) = —hfz hf(z+wy) = gjz  jglz4-w;) = fhz fh(ztw) = —jgz
hj(z+w;) = —gfz gf(z+w;) = hjz fg(z4+w;) = —jhz  jhz+w) = fgz

2-4. Since the poles of the elementary functions are all simple, the
product pqzqpz is an elliptic function without poles, and is therefore
a constant. If w, is one of the two. cardinal points distinct from w,
and w,, the constant is given immediately as pq w, qp w,. Alternatively,
near w, we have qpz ~1/(z—w,), pqz ~ (2—w,)pq'w,. Hence

2-41 PA249pz = pq'w,.
Incidentally,

-401 Pq'w, = qp’w,.

In particular,

2:42 ifz = —g,h,/fjz,
-402 if'0 = —g,h,.

If p and r are different, the product pqzqrz is a function with the
zeros of pqz and the poles of qrz, and is therefore a constant multiple
of prz. Asz—> w,, qrz/prz —1; hence

2-43 PQzqrz = pqw,prz.

For example, ghz is a multiple of gjz/hjz, and since by definition
gh0 = fj(—w,) = —f,, we have

2-44 ghz = —f,gjz/hjz.

By referring to Table II2 we can avoid direct determination of the
constant factors in such formulae as -42 and -44. When we knowt that
jfz is a constant multiple of 1/fjz and that ghz is a multiple of gj z/hjz,
we have only to compare the leading terms at the origin to infer the
exact relationships.

We have defined the functions fjz, gjz, hjz directly, and completed
the set of elementary functions from these three, but the set could be
completed equally well from other triads. For example if jfz, hfz, gfz,

1 If we regard the group of twelve functions as completed algebraically from the three
primitive functions by the use of reciprocals and quotients, we are in effect using a
modification of Glaisher’s device for simplifying the notation of Jacobian elliptic func-
tions. See 10 4 below.
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sharing a common pole w,, are regarded as fundamental, fjz, gjz, hjz
are definable as jf(z+w,), hf(z+w,), gf(2+w;) and are seen immediately
to be multiples of 1/jfz, gfz/jfz, hfz/jfz. Or we may use a triad with
a common zero: in terms of jfz, jgz, jhz, we can recover the primi-
tive functions as jf(z+w,), jg(z+w,), jh(z+w,) or as —jfw, jfw,/jfz,
—Jjgwpigws/igz, —jhw;jhwy/jhz. It is in transformations from one
system to another that these considerations become important; to
express a transformation completely, we need not find the primitive
functions if some other triad is more convenient.

2-5. Like the primitive function pjz, and for the same reason, the
function pqz can be expressed in terms of the function oz, with an
exponential factor. Writing for convenience, in agreement with the
formulae 0-604,

501 n; = 3H{L(z+2w;)—Lz} = 0,
identically, we infer from 1-24 that pqz is a constant multiple of
eTr¥o(z—wy)
eno(z—w,)
Near Wy, Pq2z ~ 1/a(z2—w,); hence, writing w,, = w,—w,, Mg = Ng—Np»
we have the general formula
Ngp@—wy), _
2-51 pqz = € véa(z AiUJL)
0w, 0(2—w,)
It is not to be expected that the constant factor in this expression,

namely e

owy,,
can be put into the same symmetrical fractional form as the functional
part, for the condition which determines this factor is entirely unsym-

metrical as between w,, and w,.

2:6. Ultimately the functions which we are studying depend no less
on the periods than on the argument 2, and as functions of the four
variables 2, w;, w,, w, they are all, like the Weierstrassian function gz,
homogeneous. Exposing the dependence on the periods by writing
Pa(2; wy, w,, w,) or less explicitly pq(z, w) instead of pqz, we can assert
that for any value of A, pq(Az, Aw) = A pq(2, w), where A is independent
of z and the w, and since pq(Az, Aw) ~ (A2—Aw,)~! near w, and
Pa(z, w) ~ (2—w,)~! near the same point, A = A~! and we have
2:61 PaA(Az, Aw) = A-1pq(z, w).

4767 K
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The assertion of homogeneity which we have made can be justified in
two ways. Since §(z, w)is homogeneous, soin turn are §(2, w)— f(w;, w),
which is kj%(z,w), and kj(z—w,,w), which is the function with the
periods of kj(z,w) and a positive pole at w,. Alternatively, since the
periods, the poles, and the zeros, of pq(z,w) are all of the form
lw;+mw,+nw,, the function pq(Az, Aw) has the same periods and the
same structure as the function pq(z, w) and the quotient of one by
the other is a constant A.

The homogeneity of the functions may be expressed and utilized in
many ways. We have been considering the functions as dependent
on the three quarterperiods w), w;, w, connected by the relation
w;+w,+w, = 0. We see now that at the cost of symmetry but at no
effective cost of generality we can assign one of the quarterperiods
arbitrarily; a second quarterperiod remains as an independent variable,
and the third in this manner of treatment becomes a mere function of
the second. For example,

-601 apq(z; o, Byy) = pq(— 1, B —l—‘g)

(61

and the function on the right is explicitly a function of the two variables
z/a, B/a. If we are in search of trigonometrical analogies, we may replace
w; by 17 and use the identity

o e - L -5

More generally, the factor A in -61 is entirely at our disposal, and if
we agree on a normalizing factor A and write u for Az, we express
PA(2, w) as the product of a canonical function pq(w,Aw) by a factor
independent of the variable ». This process gives rise to the classical
elliptic functions associated with the name of Jacobi, with which later
chapters are to deal; the choice of the factor is discussed in Chapter X.

Geometrically, the homogeneity in z:w,:w,:w, means that the
dependence of the functions on the size and orientation of the period
parallelogram is trivial. Any alteration in the shape of the parallelo-
gram disturbs the distribution of the numerical values of the functions,
but if the lattice is merely rotated or enlarged, the subsequent value
of any of the functions at any point is deducible immediately. Thus
a ratio such as fj(3w,)/hg w, is dependent only on shape, or if we divide
all our functions by any such constant as f, we shall have, again at the
cost of symmetry, functions of the two variables z/w,, w,/w,.
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3-1. The relations between the squares of the primitive functions are
unaltered by a change in the argument z, and there is therefore a linear
relation between the squares of any two copolar functions. Substituting
z—w; for z in 1-501 we have

311 if*2+e; = hf%z{-e, = gf%2{-¢,,
or.in terms of critical values
312 if%2 = hf%+4f2 = gf%+f3.

The square of any elementary function can be expressed rationally
in terms of the square of any other. If the functions are copolar the
typical formulae are included in -12; a general formula is
3-13 Pa*% = rq%—rqw,.

If pqz, rsz are not copolar, then

. 2 2

3-14 2% — pqew, S Yp
PA% = pde, rs%z—rs?w,’

since the form of the relation is implied by -13 and identity at the
three points w,, w,, w, determines the constants.

The squares of the elementary functions are all even. Each of the
functions is therefore either an odd function or an even function, and
since an odd function has the origin either for a zero or for an infinity,

3:15,. T'he six elementary functions of which the ortgin is neither a zero
nor a pole are even functions.

Since the primitive functions are odd, so also are their reciprocals:

3-15,. The siz elementary functions of which the origin is either a zero
or a pole are odd functions.

3:2. The derivative fj'(2—w,) is given in terms of the two functions
gj(z—w,), hj(z—w,) copolar with fj(z—w,) by the formula 1-61 which
gives fj’z in terms of gjz and hjz; that is, if rqz, sqz are the two
functions copolar with pqz,

3-21 Pa'z = —rqzsqz.
A formula for integration is evident from -21: we have

rq'z = —pqzsqz, 8q'z = —pqz2rqz,
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whence
rq'z+sq'z
paz rqz+sqz’
and therefore
2
rq2,+8q2,
3-22 zdz = log— L1271
J:Pq grq22+sq22

the integral having the same multiplicity as the logarithm.

The step w,, from a zero to a pole of pqz is a halfperiod of the
function and is also a step from a pole to a zero. Hence the product
Pa2pq(2+w,,) is a constant, and the value of this constant is the limit
of the product as z - w,,, which is pq’w,,. Alternatively, ifz = w,, then
2twy, = w,—w,~+w,; but if kjz is the primitive function coperiodic
with pqz, then
202 PA(+w,) = kjz = —kj(—2) = —pq(w,—2);
hence

PA(w,+wyg) = —Ppqwptw,—w,) = —pa(ws+2w,+2w,),

and since 2w,+-2w,, being expressible as 4w,+-2w,,, is a period of pqz,
we have PA(w,+w,g) = —Pq
and therefore
3-23 Pq'w, = —pqw,pquws
whence from -21,
3-24 P, pqu, = rqw, sqw,.
From 1-21, we have at once
23
3-25 f fi22 dz = ({2y+¢€,2))—({2p+e;2,),
2

where {2 = —z and ¢, may be expressed as —(f2-+f7). Integration
of higher powers of fjz depends on a recurrence. From the formula

203 % = (fj%—f(fj%=—f})
we have
-204 fj"z = 2fj3%2—(f2+fAfiz

and therefore
3-26 %(fjm—lz fj’z) = (m+1)fj™+22—m(fi4-fR)fim2+ (m—1)fEfEfjm22.

If m is a positive even number we can therefore determine for f fjmz dz
an expression of the form

3-27, (@, _3fim3%2+a, fj"%+..+a,fj2)f]'2+a’'{z4a",
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with constant coefficients. If m is odd, the recurrence brings us to the
integrals of fj%z and fjz, and the former of these is expressed in terms
of the latter by means of -204, which is -26 for the case m = 1; thus
for an odd index the general form of J' fjmz dz is
32Ty (@poafi™ 32+ Gy Fim 52+ ..+ 0, Fi2+ a0)fj 2+ a log(g] 2+ hj 2).
Since in 203 we can substitute z—w), for z, we can replace fjz in -204
and -26 by any one of the coperiodic functions jfz, hgz, ghz, and there-
fore we can express the integral of any odd power of one of these
functions by means of the integral of the function itself, as given by

-22, and the integral of any even power by means of the integral of
the square of the function. If in -26 we take m = 0 we have

d fj'z . .
-205 S E iz if2

dztjz  VFTIA
whence, jfz fjz being constant,

. if'z
3-28 f]f2z dz = ljf-z-—ﬁz—e,z,
while
3-29 hg?z dz = | (jgz—g?%) dz = !gf—Cz—e z.
f g f 18 s jgz /

Thus all positive integral powers, odd or even, of an elementary
elliptic function, can be integrated, and since negative powers of one
function are positive powers of another, the problem of the integration
of integral powers, positive or negative, is completely solved.

3:3. The derivative fj'z has simple zeros congruent with w, and w,,
and double poles congruent with w;. The structure of the logarithmic
derivative fj’z/f]jz is simpler, for this quotient has the two points w,, w,
for simple zeros and the two points w;, w, for simple poles. Again,
while fj’z has the periodicity of fjz, addition of 2w, or 2w, replaces
fjz and fj’z by their negatives, and therefore the quotient has the
periods of the original function ¢z. More generally,

3-31. The logarithmic derivative pq'z[pqz has simple poles at w, and
w, and simple zeros at the other two cardinal points, and has 2w, 2w, 2w,
for periods.

Since one of the two functions pqz, pq’z is even and the other is odd,
the logarithmic derivative is odd, and referring to 0-718 we recognize
that the logarithmic derivatives are, but for arbitrary constant factors,
the only odd functions of the second order with the Weierstrassian
periods.
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If we compare the diagram of poles and zeros for the function fj'z/fjz
with the corresponding diagram for gjz, which also has simple zeros
congruent with w, and simple poles congruent with w;, we see at once
that the difference is a difference of scale in the direction from the
origin to w;. To be precise, if in fjz the quarterperiods w;, w, have

[ of, . ° .
Poles and zeros of fjz /fjz Poles and zeros of gj z
Frc. 18.

the values 2«, 28, we obtain a pattern identical with that of the poles
and zeros of fj’z/fjz by constructing gjz from a Weierstrassian function
with periods 2«, 4B, instead of with periods 4«, 48. Exhibiting the
dependence of each function on its quarterperiods, we can say that
the function gj(z; «, 28, y—pB) has the same morphology as the function
fj'(z; 2a, 2B, 2y)/fj(z; 2a, 2B, 2y). Moreover, 4« and 48 compose a pri-
mitive pair of periods for both functions, and the leading terms at the
origin differ only in sign. Hence
332, fi'(z 20, 28, 29)/fi(: 20, 2B, 29)

= —gj(z; o, 2B, y—B) = —hj(z; ¢, f—7y, 2y),
the argument with regard to the third function being the samet.

To replace the logarithmic derivative fj'z/fjz by jf'z/jfz is only to
change the sign, since jfz is a constant multiple of 1/fjz. If we sub-
stitute z— 2y for z, we have

fj(z—2y; 24, 28, 2y) = gh(z; 20, 28, 2y),
gi(z—2y; o, 28, y—B) = —gi(z—2B; 28, y—B) = —ig(z; « 2B, v—P),
hj(z—2y; o, B—y, 2y) = jh(z; o, B—v, 2),
and therefore
333,  gh'(z; 2, 2B, 29)gh(z; 20, 28, 2y)
= jg(z; o, 2B, y—PB) = —jh(z; o, f—y, 2y).
1 There is a temptation to write -32, in the form
£'(2 1 wpy wg, wp)/fj(2; wp, @y, wp) = —gi2; Faryp, wy, Fewgy),

but the notation in the function gjz is logically indefensible. In Table XIII1 below,
the economy is considerable and the fault perhaps venial.
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The connexion between the logarithmic derivatives of fjz and ghz is
brought to the surface by -32 and -33; the poles of one of these func-
tions are the zeros of the other, and the product of the functions is
constant.

3-4. In -32, we have evidently a second means of integrating a pri-
mitive function. With a change of notation we can write -32; as

fj(z’ a, ,B’ ‘)’) = —g]’(z’ ) 2,3) )’—ﬁ)/gj(Z; o, 2B) ‘)”"ﬁ),
and we have therefore

3.41 z.f' ; ’~’ iz — 1o gj(z1; o, 2B, y— /3)
,f iz, Boy) d %8 gj(243 o 2B, y—B)’

Comparing this formula with the formula included in -22 for the same
integral, namely

, hj(zy; &, B,7)
fi(e &y — log]zlaﬁ’}’+]l
f iz B,y) gg] z2.oc,/3‘y+h](z2’°"ﬁy

we see that gj(z; «, B, y)+hj(z; «, B, y) is a constant multiple of

gj(z’ o, 2ﬁa ‘y—ﬁ),
and identifying the factor from the form near z = 0, we have

3-42 gi(z; o, B, Y)+hj(z; o, B y) = 28j(2; @, 2B, y—P)-

The source of this relation is easily detected. The primitive functions
gj 2, hjz have the same poles, which fall into three groups. Some, like
the origin, are positive for both functions, some, like 2w, are negative
for both functions, and some, like 2w, are positive for one and negative
for the other; but for the existence of poles of the last kind, the func-
tions would be identical. If we add the functions, the unlike poles
disappear, and halving the sum we have a function with a positive
pole at the origin and a negative pole at 2w,. The function has periods
4w, 4w, 4w, and since it has no poles except 0 and 2w, in the parallelo-
gram 4w,, 4w, this parallelogram is primitive and the periods 4w, 4w,
4w, form a primitive set. Further, the removal of the principal part
4 1/(2—Q) near any pole Q of a primitive function leaves a function
which is not merely finite but zero at Q; hence the poles of gjz and
hjz which disappear when the functions are added are replaced by
zeros. That is, 2w, and 2w, are zeros of gjz+hjz, and since this sum
is of only the second order, these zeros are simple and every zero is
congruent with one or other of them. To sum up, gjz+hjz is an elliptic
function with periods 4w, 4w,, 4w;, and with simple poles at the origin
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and 2w, and simple zeros at 2w, and 2w,; on the other hand, fj'z/fjz
is an elliptic function with periods 2wy, 2w,, 2wy, and with simple poles
at the origin and w; and simple zeros at w, and w,. The similarity is
perfect, and comparing the forms near the origin we have

343 gi(z; o B,y)+hj(z; 0, B,y) = —21j'(2; 2, 2B, 2y)/fj(2; 2, 2B, 2y),

a symmetrical relation which combines with -32, to give -42.

- Subtraction of hjz from gjz replaces the poles at 0 and 2w, by zeros,
leaving the poles at 2w, and 2w, effective. In fact, since the product
(gj 2+hjz)(gj z—hj2) is a constant, the poles of one factor are the zeros
of the other. We have now, comparing residues at 2,

344 gj(z; 0, B,7)—hj(z; o, B,y) = 2hg'(z; 20, 2B, 2y)/hg(2; 20, 2B, 2y),

in agreement with the relation which we have already noticed between
the logarithmic derivatives of fjz and ghz. For the same difference we
have also '

3-45 gJ(z! L3 /3’ ‘}’)——h](z, Qy B’ ‘)’) = 2Jg(2, &, 23’ ‘)’_,3),

and we can combine -42 and -45. The formulae

346,  gizx B y) = gz« 28, y—B)+ig(z; «, 28, y—B)
= hj(z; o, B—y, 2y)—jh(z; o, f—7, 2y)

are typical of a group.

Since « plays the part of w; in all the functions, substitution of z—«
for z gives
3:465 4 f(z; o, B, y) = hf(z; «, 2B, y—B)—fh(z; «, 28,y —B)

= gf(z; o, B—y, 2y)+18(z; o B—y, 2),

formulae which may be found by direct combination of the copolar
functions gfz, hfz with a view to the removal of one set of poles. There
are no results of this kind to be found by combining jfz with one of
the functions gfz, hfz, for although we can find a function with periods
4w;, 4w, and with two simple poles, this function has no symmetry
with respect to the origin; it is neither even nor odd, and therefore it
can not be a multiple of an elementary function, however the primitive
pair of periods is selected.

3-5. It is interesting to discover the integrating formula -41 by
investigating the functional character of the integral

fsz dz.
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Since the poles of fjz are simple, the singularities of the integral are
logarithmic, and since every residue of fjz is a whole number, the
function F(z) defined by

2z
-501 F(z) = exp f fjzdz
%

is singlevalued. Since every residue of fjz is numerically unity, positive
poles of fjz give rise to simple zeros of F(z), and negative poles of fjz
to simple poles of F(z). Near the origin, F(z) ~ Az, where 4 is a con-
stant dependent on z,;, and this condition, with the relation
-502 F'(2)|F(z) = fjz,
leads at once to
F(—z) = —F(z), F(z+2w;) = —F(2),
F(2+4-2w,) = B[F(z), F(z+42w,) = C[F(2),

where B, C are constants of integration. The identification of F(z)
with a multiple of a function jgz follows immediately, and since
F(z) =1, we have
.503 F(z) = ;]gﬁ(f;ﬁi’_’?,’.)’l ,

: ( Jg(zl; [+ ) B’ Y)
where, in terms of the quarterperiods of fjz, « = w;, 8 = 2w,, and
therefore y = w,.

4767 L
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ADDITION THEOREMS FOR THE
ELEMENTARY FUNCTIONS

4-1. The process by which, in the last introductory section, an arbitrary
elliptic function is expressed in terms of gz and 'z, is a special case
of a process devised by Liouville for expressing an elliptic function f(z)
in terms of any coperiodic function ¢(z) of the second order.

If the pole-sum of ¢(z) is 2y, the sum of incongruent zeros of ¢(z)—C
for any value of C, is congruent with 2y. That is to say, if ¢(c) = C
then also ¢(2y—c) = C'; in other words,

-101 d(2y—z) = ¢(2),

for all values of z. It follows that f(z) can not be a rational function
of ¢(2) unless f(z) satisfies the same condition, f(2y—z) = f(z), and since
this condition is not implied by the periodicity of f(z), we consider first

a function g(z), coperiodic with ¢(z), for which the condition does hold.

If ¢ is a zero or a pole of g(z), of any order, and if
*102 9(2y—2) = g(2),
then 2y—c is a zero or a pole of the same order. As in 0-9, we must
examine separately the case in which ¢ is a pole of ¢(z), and the case
in which the two points ¢, 2y—c are congruent, that is, the case in
which 2¢ = 2y. These cases left aside, the zeros of g(z) are the zeros
of a product T {¢(z)—¢(b,)}* and the poles of g(z) are the zeros of a
product T {¢(z)—&(a,)}? .

The points given by the congruence 2c = 2y are the four points
y+w,, where w; is zero or a halfperiod} of ¢(z), and with regard to
these points we have a number of theorems analogous to 0-76 and 0-77.
Differentiating -102, we have, for any value of =,

‘103 (=)"g™(2y—2) = g"(2),
from which it follows that if n is odd, every point which satisfies the
condition z = 2y—z is either a pole or a zero of g¢”(z). Hence, if a point

y-+w, is a zero of g(z), it is a zero of even order, and since 1/g(z) is an
elliptic function which also satisfies <102, it follows that if y+4w) is
a pole of g(z), it is a pole of even order:

1 Not the Weierstrassian halfperiod ; as yet the function ¢(z) is not specialized, and
when we take ¢(z) as one of the oclementary functions, two of the Weierstrassian half-
periods are only quarterperiods of ¢(z).
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-104. If g(2) satisfies the condition g(2y—z) = g(z), the point y+wy, if
not neutral for g(z), is of even order, whether as a zero or as a pole;

-105. If g(z) satisfies the condition g(2y—z) = g(z), the point y+w,, 18
etther a pole of even order of g(2) or a zero of even order of g(z)—g(y+wy).
In particular,

-106. The point y+w;, 18 either a double pole of $(z) or a double zero
of $(2)—(y+wy),
and therefore if y-+w;, is not a pole of ¢(z), we can allow for a zero of
g(z) located there, of even order 2p, by including with the zeros a
factor {¢(z) —P(y+w,)}?, or for a pole of g(z) located there, of even order
2¢, by including with the poles a factor {$(z) —$(y+w;)}?. Thus we con-
struct functions Z(z), P(z), polynomials in ¢(z), such that the zeros of
Z(z) are those zeros of g(z) which are not poles of ¢(z) and the zeros
of P(z) are those poles of g(z) which are not poles of ¢(z). Let F(z)
denote the function ¢(z)P(z)/Z(z); then F(z) is a function coperiodic
with ¢(z), and the only points which can serve either as poles or as
zeros of F(z) are the poles of ¢(z). But F(z) satisfies the relation
F(2y—z) = F(z); if one pole of ¢(2) is a pole of F(z), sois the other pole
of ¢(z), and if one pole of ¢(z) is a zero of F(z), so is the other pole
of ¢(z). Hence there can not be both poles and zeros of F(z) among the
poles of ¢(z), and F(z) either lacks poles or lacks zeros, from which it
follows that F(z) is a constant.

4-11. If ¢(2) ts an elliptic function of the second order whose pole-sum

is 2y, and if g(z) is any function coperiodic with ¢(z) which satisfies the
condition g(2y—z) = g(2), then g(z) ts a rational function of ¢(z).
It must not be thought that g(z) can not have the poles of ¢(z) for
zeros or poles; the character at these points is determined automatically
if the character at all other points is determined deliberately. The
factor ¢(2) may appear in the explicit formula for g(z), but this will be
because the zeros of ¢(z) are zeros of ¢g(z) and have introduced ¢(z) into
Z(z), or because the zeros of ¢(z) are poles of g(z) and have introduced
#(2) into P(z). Also the poles of ¢(z) are zeros or poles of g(z) if Z(z)
and P(z) are not of the same degree in ¢(z).

Whatever the function f(z), the half-sum }{f(z)+f(2y—z)} satisfies
the condition -102 and is therefore a rational function of #(z). To
complete the representation of f(z) we must deal with the half-difference
3{f(2)—f(2y—=)}, and this is a function A(z) which satisfies the con-
dition
-107 h(2y—2) = —h(2).
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This condition, like -102, implies that the zeros and poles of a function
subject to it, other than any that may be located at one of the four
points y+w,, fall into pairs. Also, by arguments which need not be
repeated,

-108. Any function h(z) which satisfies the condition h(2y—z) = —h(z)
has each of the four points y+w, for a pole of odd order or for a zero of
odd order.

Allowing for this peculiarity, to discuss the analysis of a function
satisfying -107 is only to repeat in substance the arguments leading to
11, but we can take a short cut. From -101,

*109 ¢'(Zy—2) = —¢'(2),
h(2y—z) _ h(z)

and therefore : = .
$'(2y—2) ¢'(2)
That is to say, the quotient i(z)/¢’(z) is a function to which -11 applies:

4-12. If ¢(2) 13 an elliptic function of the second order whose pole-sum
18 2y, and if h(z) is any function coperiodic with ¢(z) which satisfies the
condition h(2y—z) = —h(z), then h(z) is the product of the derivative ¢’'(z)
by a rational function of ¢(z).

Combining -11 and -12 we have the general theorem of Liouville’s
of which 0-92, is a special case:

4-13. If $(z) 18 an elliptic function of the second order, any elliptic
function coperiodic with ¢(z) is expressible in the form

Ri{g(2)} + ¢'(2) S{g(2)},
where R{¢(z)}, S{¢(z)} are rational functions of $(z).

4-2. If pqz, rsz are coperiodic elementary functions, -13 asserts a
relation between them, but this relation is in every case evident enough
when attention has been called to the form of relation required. We
have for example

fj'z fnfi'z
421 he — _Nfiz _ hiiz
ghe hitz ~ fi—fi%
It is different when we change the argument of one of the functions
from z tot y+2; the function rs(y+2), as a function of z with y playing
a parametric part, has the same periods as rsz, and this function also
can therefore be expressed in terms of pqz and pq'z, with coefficients

1 Throughout this chapter, as in 0-8 and 0-9,  and y denote independent complex
numbers, not real numbers related to z.
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dependent on y. When the functions rsz, pqz are identical, the analysis
of rs(y+-2) is the discovery of addition theorems for pqz.

The application of Liouville’s process to rs(y-+z) requires the deter-
mination of zeros of functions of the form rs(y+2z)4-rs(y+2y—=z), that
is, the solution of equations of the form rsu = Frsv. Now not only
can we solve the equation rsu = rsv, but since —rsv can be expressed
as rs(v+2w,) we can solve the equation rsu = —rsv also. For this
reason processes which fail to lead to an addition theorem for gz are
effective when applied to the elementary functions.

Being coperiodic, the functions pq 2, rsz are derivable from the same
primitive function, and if this primitive function is kjz, we have

+201—202 kjz = pq(z+w,) = r5(2+w,).

Since kjz is odd, pq(z-+w,) = —pq(w,—2), as in 3-202, and we can
take this result in the form

203 —pPqz = pq(2w,—2).

A fundamental parallelogram can be formed with 2w, for one side; if
the other side is 4w,, then

-204 P4(z+2w) = —pqz.
The function rsz also satisfies the same two conditions:
-205—206 —T182 = 18(20,—2), rs(z42w,) = —rs2.

The two poles of pqz are w, and w,+2w, Hence the pole-sum of
this function is 2w,+-2w,, and to analyse the function rs(y+-z) we write
rs(y+z) as g(z)+h(z), where
207 2g(z) = rs(y+2)+18(2w,+ 2w,y —2) = r3(y+2)—r8(2w,+y—2),
-208  2h(2) = rs(y+2)—18(2w,+ 2w+ y—2) = r8(y+2)+r8(2w,+y—2),
y being regarded as a constant.

The functions g(z), k(z) have the same poles, namely, the poles of
rs(y+2z), which are —y+4w, and —y+w,+2w, and the poles of
r8(2w,+y—2), which are y+2w,—w, and y+2w,—w,+ 2w, Except for
special values of y, which need not now be considered, these four poles
are distinct and simple, and the functions are of the fourth order. The
two points —y+w,, y—w,+2w,+ 2w, whose sum is the pole-sum of
paz, are zeros of pqz—pq(w,—y), and the two points —y—+w,+ 2w,
y—wy+ 2w, are for the same reason zeros of pqz—pq(w,—y+2w)), that
is, of pqz+pq(w,—y). Hence each of the functions g(z), A(z) has for its
poles the zeros of the function pq%—pq*(w,—y).

Since rsz is of the second order and has the two poles w,, w,+ 2w,
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the equality rsw = rsv implies either v =v or u+v = 2w, 2w,
Hence the roots of the equation g(z) = 0 are the solutions of the
congruence

+209 Ytz = 20,+y—z,

and the roots of the equation A(z) = 0 are the solutions of the con-
gruence
210 Y12 = 20,1+ 2wty —2,
for in each case the alternative congruence does not involve z.
Since -209 is simply 2z = 2w,—z, it follows from -203 that the zeros

of ¢g(z) are the zeros and the poles of pqz, and therefore, since the poles
of pqz must be omitted in the construction of g(z) in terms of pqz,

211 ge) = AWraz

P92 —pq*(w,—Y)
the unknown factor being a function of y; the poles of pqz enter as
zeros of ¢g(z) because the degree of the denominator is higher than that

of the numerator. Near w,, pqz ~ 1/(z—w,); hence

Ay) = lim 9By T WHRTI oy =2)

z—)qu—"‘wq z—rwy ya
= pq’ (2w, +y—w,) = pq'(w,—Y),
from -202 and -203.

The congruence -210 is equivalent to z = 2w,—2w,—2, since 4w, is
a period. From -203 and -204 we have

= 18"(wy+¥)

212 Pq(2w,—2w,—2) = pqz,
whence ‘
-213 P4’ (2w,—2w,—2) = —pq'z,

and it follows, since the poles of pq'z are the poles of pqz and satisfy
the congruence z = 2w,—z which is incompatible with z = 2w,—2w;—z2,
that the zeros of h(z) are the zeros of pq'z. This could have been pre-
dicted from the general discussion in the last section, for A(z) and pq'z
are both of the fourth order, and therefore h(z) can have no zeros in
addition to those of pq'2z. We have now

B(y)pa'z
'214 h Z2) = — R
@) Pq*2—Pq*(ws;—Y)
and since pq'z/pq*% - —1 as z - w,,

B(y) = —h(w,) = —18(w,+y) = —pq(2w,+y—w,) = Pq(w,—Y).
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Replacing z by x to emphasize that it is only for the purposes of the
proof that y has been subordinated, we have

422 13(x+y)—13(20,—2+y) = 2pq2pq’(w,—y){Pa’r —pq*(w,—¥)},
423 1s(x+y)+18(20,—2+y) = 2pq’ 2 pq(w,—y){PP**—Pg*(w,—y)},
and finally the one general formula

424 rs(@+y) = PATP4 (w;—?/)w:m 2pq(w,—y)
Pq*r—pq (ws—y)

4-3. Before elaborating this result, we will investigate an equivalent
theorem for the elementary functions by a modification of the method
used in 0-8 in the discussion of the Weierstrassian function gz, which
is due in essence to Abel.

Squaring the fundamental expression —gj zhjz for fj’z and substi-
tuting for gj?z and hj% in terms of fj%2, we have

*301 (fi'2)? = (fiPz—e;,)(f]%2—ep),
and since this equality is unaltered if a quarterperiod is subtracted

from z, we can say that if jz is any one of the twelve elementary
elliptic functions,

-302 (i"2)* = (j%2—A4)(§%—B),
where 4, B are constants of the form e,,. If ¢z is the function j%, then
303 (¢'2)? = dda(pe—A)(¢2— B)

Since the addition of one of the halfperiods 2w, 2w,, 2w, to z either
leaves jz unchanged or changes jz to —jz, this addition leaves ¢z
unchanged; that is to say, ¢z has 2w;, 2w,, 2w, for periods. Within
a parallelogram that is primitive for these periods, jz has only one
pole, and this is a simple positive pole w; hence within such a parallelo-
gram ¢z has only one pole, which is double, and the only pole of ¢z
is a triple pole at the same point, w. Further, if a, b, ¢ are any three
constants, a-+bdz-+cd’z is an elliptic function whose only pole in the
fundamental parallelogram is a triple pole at w, and therefore
a-+bdz+ch’z is a function F(z) with three zeros whose sum is congruent
with 3w, that is, since 2w is either zero or a period, is congruent with w.

If a+bp+-cd’ = 0, then

304 (a+b)? = 4e*$(¢—A)($—B),

where A, B are the constants in -302. Hence if z, y, t are the three
values of z in the fundamental parallelogram which satisfy the equation

305 F(z) =0,
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then ¢, y, $t are three values of ¢ which satisfy the equation
-306 (a+b¢)? = dc*¢(p—A)(4— B),
and since this is a cubic equation in ¢, these three values are simply

the three roots of the equation. Thus while ¢ is determined from « and
y, save for multiples of the halfperiods 2w, 2w,, 2w,, by the congruence

-307 rty+it = w,

¢t is determined from ¢x and ¢y by any formula which gives one root
of a cubic equation when two roots are already known; in the present
case the simplest formula to apply is that for the product of the roots,
since this does not involve 4 or B, and we have

-308 dx dy pt = a?/4c?,
whence
-309 jzjyit = +al2c.

But if « and y satisfy the equation
a+bez+cd'z = 0,
the ratios a : b : ¢ are determined by the pair of equations
a+bdxr+cd'x = 0, a+bdy-+tcéd'y = 0,
and therefore we have
o z$y—dy b
-310 2jxjyjt = :f:é-‘— , ,
$r—dy
or in another form, since j¢ is either j(—¢) or —j(—¢),
) : _ L iziy—iyi'x
311 @+y—w) = :{':—sz_—]zy—-—

We can remove the ambiguity of sign from this last equation; near
the positive pole w, j’2 ~ —1/(z—w)?, and therefore as y - w, the
fraction on the right tends to jx. Hence the positive sign must be
taken, and we have definitely

: izj'y—iyi'x
4' 1 —_ = = S

3 je+y—w) ity
To see that this formula is identical, except in notation, with -24, we
have only to substitute y+w,—2w, for y in the latter; on the right,
Pa(ws—¥), Pq’(ws—Yy) become pq(2w,—y), pq'(2w,—y), that is, —pqy,
Pq'y, and on the left, rs(x+y) becomes rs(x+y—2w,+2w,), that is,
Pq(x‘i‘?/—wq)-

It follows from -31 that in -310 we must take the positive or the
negative sign according as the function jz is even or odd; the simpler
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plan is to regard the formula with a positive sign as giving j(—t). We
can express the result differently. The condition x+y-+2 = w is sym-
metrical in z, y, 2; so also is the product jzjyj(—=2), which whether
jz is odd or. even may be written as j(—=z)j(—vy)j(—z). Hence we
may replace  and y by y and z or by z and « in the fraction to which
2jzjyj(—=) is equated.

4-32. If jz 18 any one of the twelve elementary elliptic functions, and
if the sum of three arguments x, y, z 18 congruent with a positive pole of
jz, then
prd'y—dyd'x _ dydz—dady deda—dudz oo i N

do—dy T dy—dr  dedx 2i(=2)i(—=9)i(—2),

where ¢z denotes j%z.

But the equalities of the fractions in -32 do not really contain additional
results, for each of the equalities is equivalent, but for a factor ¢z, ¢y,

or ¢z, to
|1 ¢z o'z
’1 $y ¢y
1 ¢z ¢z
1 ¢z 'z
1 4y ¢y
1 ¢z ¢’z

is the simplest linear function of ¢z and ¢’z that is zero when z is x or y.

=0,

and

4-4. If w is a pole of jz, the origin is a pole of j(z—w); thus the
function for which -31 provides a direct addition formula is not jz
itself but the primitive function coperiodic with jz. In other words,
-31 gives in the first place four formulae for each of the three primitive
functions, not one formula for each of the twelve elementary functions.
In -24 no restriction is imposed, but the functions pqz, pq(w,—z) are
effectively different functions unless w, is zero, that is, unless rsz is
primitive. The explicit formula for fj(x+y) involves pq(—y) and
pa’(—y), and the ultimate simplification depends on whether pqz is
one of the two odd functions fjz, jfz or one of the two even functions
ghz, hgz. We can avoid the complication by taking as the standard
form

. (z—y) — PATPAY+PAYPY’”
4-41 fj(x—y) P —pqly
which holds if pq 2 is any one of the four elementary functions coperiodic

4767 ™

b
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with fjz. The generality of this formula when the argument is taken
as a difference is trivial, for the result is only the particular formula
: fjzfj'y+fjyfi'=
4-42 —y) = AT J TSI
1 filx—y) fitr—fjty
with x—w,, y—w, substituted for z, y.

The fundamental addition theorem for fjz is this last formula with

the sign of y restored, when we havet}
. fjaefjy—Lfjyfij'x
442 =T I I
2 fi(x+y) Fitz— fizy
As we have already had occasion to remark, if pqz is an elementary
function coperiodic with fjz, then

401 Pq'% = (Pq%—e,)(paiz—ey),

whence for any two arguments,

402 pq*rpq’?y—pq®y pq'?x = (pa®>x—pq?y)(e;, ¢ —Pa*x Pq?y).

We may therefore, so to speak, rationalize the numerator in -41, and
we have an alternative formula:

4-43. If pqz is coperiodic with fjz, then
e en—PA P’y

fj(x—?/) = . .
. Parpqy—pqypqx
In particular, we have
—fi2 12
4-44 fjx+y) = epen—Iizfi%y

fjaefj'y+fijyfia’

the addition formula given for these functions by Jordanj}, whose proof
is that verification of poles and zeros which is of so little value to the
average student if no hint of a process for discovering the result is
provided.

4-5. Addition formulae for the elementary functions whose poles are
not congruent with the origin may be inferred in two ways. Since jfz
is —f,fu/fiz, a formula for fj(x—y) gives us at once a formula for
jf(x—y); similarly, since gh z is —f, gj z/hj 2, we can write down formulae
for gh(x—y) from those for gj(x—y) and hj(x—y). Alternatively, by
regarding jfz as fj(z—w,) and ghz as fj(z—w,), we can express jf(x—y)
in terms of functions of x and functions of y4w, and gh(x—y) in terms
of functions of z and functions of y+w,, and we can then replace the
functions of y+w; and y+w, by elementary functions of y; in effect,

+ This is the formula used by Chaundy and by Baker in the papers cited in the
Preface.
$ Cours d’Analyse, 2 (3 éd. 1913), p. 458.
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this is to use the general formula for rs(z+y) in terms of pqz and
Pd(ws—y) which we found by Liouville’s process.
By the first method we have at once for jf(x—y) the general formulae

451,
jfw—y) = — Joh(Pa=—PAY) _  [,fi(PazPq’y—Paypq’z)
Pa2pqy+pqypqc €, €, — P92 Pq’y
where pqz is any one of the four functions fjz, jfz, ghz, hgz. The
addition theorem, in the strictest sense, is
_ Jolnlif?2—if%) [ fi(ifzif 'y +ifyjf'z)
ifxjf'y—jfyjf'x egen—if2xifty

452, jflat+y) =

Since the functions in terms of which gj(x—y) is expressible are
coperiodic with gjz and those in terms of which hj(x—y) is expressible
are coperiodic with hjz, we can not express gj(x—y) and hj(z—y) in
terms of the same function. Nevertheless we can choose expressions
for gj(x—y) and hj(z—y) with a common denominator, for the relations

fj%2+e, = gj*%+e, = hj%+te¢,
remain true if 2—w, is substituted for z and imply that if rqz, sqz are
copolar, then for any two arguments z, y,
-501 rq®r—rq%y = sq*x—sq?y.
We take then one of the four cardinal points, w,, and we use *41 to
express gj(x—y) by means of the function rqz which has a pole at w,

and is coperiodic with gjz, and hj(x—y) by means of the function sqz
which has a pole at w, and is coperiodic with hjz; thus we have

4-538 gh(x_y) — ____fh(rqxr(’l'y_*—rqyrq,'x)’
sqrsqy+sqysqx

a formula which. in spite of its simplicity does not exhibit well the
structure of gh(x—y), since neither of the functions rqz, sqz is co-
periodic with ghz. To modify the formula, we rationalize the deno-
minator or the numerator. The derivative rq'z is the negative of the
product of the two functions different from rqz but copolar with rqz;
one of these is sqz2, and the other, which we will denote by pqz, is the
function which has a pole at w, and is coperiodic with fjz, and there-
fore with ghz. The derivative 8q’z is the negative of the product of
rqz and this same function pqz. Hence

502 (rqzrq'y-+rqyrq'z)(sqxrsq'y—sqysq'z)
= (rqxrpqysqy+rqypqrsqx)(sqrpqyrqy—sqy pqarrqx)
= (pa®y—pa*x)rqzsqrrqysqy—+(rq® sq*r—rq®rsq®y)pqzpqy.
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But the product rqzsqz is —pq’z, and since pqz, rqz, sqz are the
functions fj(z—w,), gj(z—w,), hj(z—w,), we have

rq% = pq’z—e,, 8q% = pq*z—ey,
503 rqysqir—rq®rsq’y = (e;,—e;)(Pq*Y—Pq*r)

= —eu(pq’y—pqe).
On the other hand,

Sq'% = (8q%+¢,,)(5q% +e50),
whence
504 sqPrsq?y—sqPysq'i = (sqPy—sq’r)(sq®rsqy—e €5)
= (PQ*Y—Pq*)(3Q*2 84y —e/3, €51);

and removing the common factor throughout we have the required
simplification. The steps involved in rationalizing the numerator are
the same, but for the interchange of rqz and sqz, and they are also
the steps involved in rationalizing the denominator of hg(x—y). Thus

4-54. If pqz is any one of the four elementary functions copertodic with
ghz, if sqz s the function copolar with pqz and coperiodic with hjz, and
if rqz 18 the function copolar with pqz ami coperiodic with gjz, then

54 h(z— _ e Pazpay—pq'zpa’y)
12 ghlx—y) = e gh—Sq2xSq2y

_ SlrgPzrqPytese)
€ PAZPqy+pq'rpq’y

In terms of the one function pqz and its derivative,
fn(€nPazpqy—pqzpqy)
Pa% Pa%y —e(pa%e+Da%y) +eg e
_Spa*ePaY —eyy(Pa’ 2+ PAY) Fepg e}
¢ PAZPqy+pq'zrpq’y
The addition theorem for ghz is explicitly
_ fulegnghxghy+gh'zgh’y)
e, e,n—jh2x jhy
Sa(fh2zth2y+ee5) ;
epghazghy—gh'zgh'y’

4-55, , gh(x—y) =

456, , ghlz+y) =

where if we wish to have no other function than gh z we must substitute
jh%r = ghr—ey, jh?y = gh¥y—e,

in the first fraction and
fh2r = gh?r—e,, fh?y = gh?y—e,,

in the second.
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4-6. If we derive addition formulae for the functions other than the
primitive functions directly from -24, the expressions which we find are
unsymmetrical in appearance, since the functions pqz and pq(w,—z)
are essentially different if w, is not zero. If rsz is the same function
as pqz, then pq(z—w,) becomes the primitive function coperiodic with
pqz. We have for example

4-61 if@+y) = (ifefj'y—1jyif'z)/(ifPx—1j%),

4-62 hg(z+y) = (hgzfj'y+fjyhg'z)/(hg’x—fj%).

These formulae have the advantage of involving no constants, and they

are easily converted into more symmetrical forms by direct algebra.
In this connexion we may notice the result of trying to avoid one

of the two steps in Liouville’s process for obtaining -24. We shall be

able to infer rs(z+y) directly from -22 if the interchange of z and y
converts rs(2w,—x--y) into its negative; since

r8(2w, 42 —y) = rs{dw,— (2w,—r+¥)}
and 4w, is either zero or a whole period, the requisite condition is that
rsz must be an odd function. In this case we have immediately

63 Pq2pq’(w,—y) _ PAyPq(w,—2)

YOS Y = e paw,—y) el —2)—pa’
but algebraical manipulation is necessary to provide a common de-
nominator unless w, is zero, that is, unless we are dealing with the
primitive functions, which from this point of view also are seen as the
simplest of the group.

4-7. A peculiarly terse form of the addition theorem, derivable imme-
diately from -42,, is

hjy+gjyhjx
4-71 x hi(x -]x 1Y .
1 gi(e+y)+hj@+y) -= fjo+fjy
Addition of 2w, to y gives
. . hjzgjy—hjygjx
471, gi(@+y)—hj(+y) = fiz—fiy
and therefore the whole mass of addition formulae is recoverable from
-71, alone.
Results away from the origin are again more complicated:
fy—+h;hfxhf
472 gf(@+y)+he(aty) — IEZEY H Moy,

jijfy—gfhf

]f2x]f2y —g*h?
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THE NATURE OF THE PROBLEM OF INVERSION

5-1. In a form which we have already found useful, the relation between
the function fjz and its derivative is

‘101 (fi'2)* = (fi%e—fo)(fi%2—f}).
In other words, if w = fjz, then

5-11 (dw/dz)* = R, (w),
where, in a notation which we shall retain,

-102 R/(w) = (wi—f2)(w?—f}).
Written as
dz 1
103 dw — TR w)
-11 can be integrated immediately, and we have
w dw

where the path of integration in the w plane is determined by the
transformation w = fjz from some path in the z plane from the origin
to the point z. Also, near z = 0 we have w ~ 1/z, dw/dz ~ —1/22, and
therefore dz/dw ~ —1/w?; that is, if we make the radical in the inte-
grand precise by requiring it to resemble w? towards infinity along the
path of integration, and to be continuous along that path, we must
prefix the minus sign or interchange the limits. Thus with no ambiguity,

5:-12. If w = fjz, there is a path of integration in the w plane such

that along this path ®

dw
- = 2.

\/R}(w)

For a given value of w, the relation w = fjz is satisfied as we know
by an infinity of values of z, and it follows from -12 that if the path
of integration is arbitrary, the integral

@

~

| Hiw

which, with the understanding that the radical resembles w? towards
infinity along the ‘path, we shall denote by I,(w), is susceptible of an
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infinity of values: the aggregate of solutions of the equation fjz = w 1s
contained in the aggregate of values of the integral I,(w), but the identity
of the two aggregates is not yet asserted.

Consider now the relation

o]

dw

-10 = | ——
b % VR (w)’

where the path of integration is given and w is a current point of that
path. This relation implies

dl 1
.1 2
06 dw VR (w)’
whence

and by hypothesis dw/dI, resembles —w? for large values of w. In other
words, if I, has a given value, the corresponding value of w is the value
when z = I, of a solution w(z) of the differential equation -11,
(dw(dz)* = R,(w),
which is such that w is large and dw/dz resembles —w? for small values
ofz. ~
If in -11 we write for a moment w = 1/y, this equation becomes

‘108 (dy/d2)* = A—f3y")(1—fiy?)-
This equation has two particular solutions for which y = 0 whenz = 0.
The initial values of dy/dz for these two solutions are 1 and —1, and
therefore the only solutions which vanish at the origin are one that is
expansible near the origin by the power series
24-ay22taz23+...
and onet that is expansible near the origin by a power series
—z+tay2? a2+ ...
It follows that the only solutions of -11 which are large at the origin
are one that is expressible near the origin in the form
1/(z4ay2*+a32°4-...),
and therefore, since 1/(14+a,2-+ag2*4...) can be converted into
14-by2+b,2%+..., in the form
2 14byg+b 2+,

1 Obviously the second of these solutions is the negative of the first, but this relation
is so irrelevant to the argument that it is hardly worth while to use it to shorten the
algebra.
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and one that by the same argument is expressible near the origin in
the form —2 1 4-bg+by 2.

For the first of these, but not for the second, dw/dz resembles —z~32
and therefore resembles —w?: the equation -11 possesses one and only
one solution which is such that for small values of z, w is large and
dw/dz resembles —w?. Since fjz satisfies the equation and has these
characteristic properties, the unique solution is identified as the known
function fjz, and it follows that if the relation -105 is satisfied, then
w=fjl:

5-13. If z is the value of the integral

dw

VR (w)

w
along any path, then w = fjz.
Combining -12 and -13 we have a fundamental theorem:

5-14. When the multiplicity of values due to a possible variation of
path 18 taken into account, the relation

f dw s
| T o)

18 equivalent to the relation w = fjz, provided that the radical in the
integrand resembles w? towards infinity along the path of integration.

5-2. As special cases of -12 we have the three theorems collected in
the following enunciation:

5-21. There are curves in the w plane, from 0, from f,, and from f,,
to infinity, such that if these are taken for the paths of integration, then

@ o} @

dw dw dw

VB = ¥R =) T

]
the radical in the integrand in each case resembling w? towards infinity
along the path.

From -14 we have the more complete results:
5-22. The aggregates of values of the integrals
dw m_ dw Fdw
VR (w)’ VR, (w)’ VR, (w)’
0 7] n
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if the radical in each integral resembles w? towards infinity along the path,
are respectively (@m+ Doyt (2n+ Laog,
(2m~+4-1)w,+2nw, with m+-n even,
2maw,+(2n+1)w, with m+-n even.

The integral of —1/VR (w) along any path from w to co is the negative
of the integral of 1/vR (w) along the path from —w to co obtained by
reflection in the origin. The aggregate of values of the integral from
0 to oo is therefore unaltered if the condition on the radical is reversed;
in fact the aggregate —(2k+1)w,—(2l41)w, is converted into the
aggregate (2m+1)w,+(2n+1)w, by the substitution of m, n for
—(k+1), —(I+1). More simply, in describing the aggregate of values
of the integral from 0 to co we may omit any specification of the radical.
But in the integrals from f, and f, the specification of the radical is
essential; the aggregate —(2k+-1)w,—2lw, is expressed in the form
(2m+1)w,+2nw, by the substitution of m, n for —(k4-1), —I, and if
k+-1is even, m-+n is odd. That is, the aggregates (2m--1)w,+ 2nw,,
2mw,+(2n-+1)w; with m+-n odd consist of the values of the integrals
from —f,, —f), to co, with the radical subject to the familiar convention.

If p and ¢ are whole numbers, pw,+qw, is an integral of 1/VR (w)
from 0 to o if p and ¢ are both odd, from f, or —f, to co if p is odd
and q is even, from f, or —f, to co if p is even and ¢ is odd. If p and
q are both even, pw,+-quw, is a typical pole of fjz. Hence

5-23. The aggregate of values of the integral of 1/VR (w) along a path
which comes from and returns to infinity is 2mw,-}-2new,,.

Reflection in the origin does not alter the nature of the path, and
therefore no specification of the radical need be included.

5-3. The relation w = fjz is a particular solution of the differential
equation -11; the general solution is w = fj(8+4z), and we have an
elementary function again as a solution if the constant 8 has one of
the values wy, w,, wy. If the equation is taken in the form -103, the
general integral becomes

w d
w
=k [ gpes
' ; VR (w)
where in effect it is the fixed limit of integration that is the constant
of integration of the differential equation; the integrand is unaltered.

With 8 = w,, the elementary function involved is jfz, and since this

function vanishes with z, the fixed limit of integration is zero. The
4767 N
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value of jf’z at the origin is —f, f;, and the value of the radical to be
selected at any point of the path of integration is determined if the
initial value is selected. For an integration from zero it seems natural
to take the factors of R (w) in the form fZ—w?, fi—w? We need not
repeat the details of the argument developed at length for the function
w = fjz; no transformation of the dependent variable in the equation
-11 is now necessary:

5-31. If the value of the radical involved 1s f, f; at the origin, the relation

[

18 equivalent to the relation
w = —jfz.
As a matter of elementary calculus we can convert the integral in
one of the theorems -14, -31 into the integral in the other by sub-
stituting f, f,/w for w:

5-32. If wyw, = f,f, then

J"‘“ dw B J‘ . dw
; Vfs—w?)(fi—w?)} _w W(@r—f)(wr—f3)}
In virtue of -14 and -31, the functional theorem

jfz f.] 2= —fgfh
is fundamentally this relation between integrals expressed in a different
language.

With the function fj(w,—z), which is —hgz, the fixed limit of
integration is f,, and the point f, in the w plane is a branchpoint of
the radical in the integrand. We have therefore no means of specifying
the radical by a universal rule applicable to an arbitrary path from f,
though we must necessarily specify it in some particular way along any
proposed path before the integral can have a meaning. With a chosen
path in the z plane from 0 to 2, and the corresponding path in the
w plane determined by the transformation w = —hgz, the value of
dz/dw along the w path is either 1/vR (w) or —1/VR,(w), supposing
vR,(w) to be a value of the radical specified for the path. Hence if J
s the value of the integral

w

dw
VR (w)’
Ty
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2 has one of the two values +4J, or in other words, J has one of the
two values 4-z. Since hg(—z) = hgz, we have w = —hgJ in either
case:

5-33. If w= —hgz, there s a path of integration such that for an
appropriate selection of the radical

dw

VR w)
7
At first glance, the deferred selection of the radical is a restriction
on the possibility of discovering a path, but this is not really true.

Fia. 19.

With a selected radical, let J be the value of the integral along a path
from f, to w, and let p be a point of the path such that the arc f, p is
simple. Let y be a circuit through p which surrounds the point f, and
the whole of the arc f,p, but has none of the points —f,, +f; in its
interior. Let ¢ be a point of the arc f,p so near to f, that the circle &
through ¢ with f, for centre is entirely inside the region surrounded by
y. Then the arc gp and the circuit y form with the circle § and the
arc ¢gp the complete boundary of a region throughout which 1/vR,(w)
is regular. It follows that the integral of 1/¥R,(w) has the same value
K along the path f,qp+y-+pw as along the path f,¢-+8+4gpw, if the
integrand has the same values along the initial arc f, ¢ in the two cases.
On the second path, the value of the radical at ¢ is changed into its
negative by the description of the circle 8, and therefore the value of
the integrand at every point of the path ¢pw in this second integral
is the negative of the value at that point in the original integral along
the path f,gpw: the contribution of the path gpw to the value K is
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the negative of the contribution of the same path to the value J.
Hence

o (e ) b )

that is to say, K = —J+ L where

¢ dw

Now K, as defined by means of the circuit y, is independent of ¢, as
also is J. Hence L is in fact independent of the position of ¢ on the
arc f,p, and can be evaluated as the limit when ¢ tends to f,. The
substitution w—f, = ¢* renders the integrand finite while the trans-
formed paths still tend to disappear. Hence L = 0 and K = —J.

5:34. If there is a path from f, to w along which the integral

w

dw
; VR (w)
has a value z, there is also a path from f, to w, coincident with the first
from f, to a point p distinct from f,, along which the integral has the value
—z, although the radical in the integrand has the same value in the two
integrals at any point of the common arc f,p.

Once a second path has been found, it can be deformed out of all
obvious relationship to the first.

It is now clear that not only is it impossible to discriminate naturally
between the two values of the radical ¥R (w) in the neighbourhood of
the point f,, but no artificial discrimination would restrict the values
which the integral from f, to a variable point w can assume. In asso-
ciating the function hgz with an integral it is in fact unnecessary to
pay any attention to the ambiguity of the radical involved. This
difference between hgz and fjz or jfz is seen equally well from the
standpoint of the differential equation

-303 (dw[dz)? = (w—f2)(w2—f3).

As an equation of the first order this equation has only a finite number
of solutions with a given initial value of w; the number depends entirely
on the number of initial values of dw/dz available, and if ambiguity
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disappears from the first derivative, it is not in any sense transmitted
to a derivative of higher order. We have in fact from -303

-304 d*w/dz? = 2w —(f2+fhw,

an equation which has one and only one solution with given initial
values of w and dw/dz; this solution of -304 is a solution of -303 if and
only if the initial values of w and dw/dz satisfy -303. If the initial value
of w is f,, the initial value of dw/dz, to satisfy -303, is necessarily zero.
Thus there is one and only one solution of -303 with initial value f,,

and this unique solution we know to be w = —hgz:
. w
5-35. I B
535, 1f VEw) ~ *
fo
then w = —hgz, whichever choice is made of the radical in the integrand.

Combining -35 with -33 we have

5-36. If mo restriction is placed on the path of integration, the relation

f ,,__,____dw o,

; W= —fR)y -
9

s equivalent to the relation w = —hgz.

Formally this theorem does not include -34, but -34 is certainly essential
to a real grasp of -36.

5-4. The theory of elliptic functions had its origin in problems of
integration. Legendre made an exhaustive study of integrals involving
the square root of a polynomial of the fourth degree, and in particular
of the integral -

ff_w‘.
. V(1 —a?)(1—k2%?)}

and integrals closely allied to it, k being for him a real parameter
between 0 and 1. Making in -31 the substitution w = f,x, we have
the direct relation between an elliptic function and an integral of
Legendre’s standard form:

5:41. The relation

_ ¢ dx
Ol e T
0 TR .
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18 equivalent to the relation
fg r = _jf(u/fh)
if k = f,/fy and if the value of the radical in the integrand is 1 at the origin.
Or, since

) e —

.fﬂu—wzu—w%z .fﬂ ey
we may connect Legendre’s integral with the function which we have
treated as fundamental:

5:42. The relation

x

f 1= x"') 1—k2x2)}

0
18 equivalent to the relation

Jule = fj(u/fs)
if k = f,|f;, and if the value of the radical in the integrand at the origin is 1.

Historically the elliptic functions were discovered when Legendre’s
relation

x
dx
o “= | ya—esia )
0
was taken to express x as a function of %, and it follows from -14 that
the elementary functions which we have studied could in a sense be
defined by the inversion of the integrals, whatever the values of f, and
fn- Whether the fundamental integral is takeu in the symmetrical form
which appears in -14 or in the form standardized by Legendre is not
a matter of principle.
But it is to be observed that in the relation

dw

0 wf (T )

the constants f, f;, are already derived from the function fjz: they are
the numbers fjw,, fjw,. The whole of the theory which identifies the
integral relation -403 with the functional relation w = fjz rests on
the particular association of the numbers f,, f;, with the function fjz.
It follows that unless the function fjz is already known, the integral
in -403 is itself unrecognizable and definition by means of this integral
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means nothing. In other words, although we are justified by -14 in
asserting that there exists an integral of the form

¢ dw
f V(w2 —b2)(w?—c?)}

by means of which the function fjz could be defined, in order to
identify the necessary integral we must know the constants fj w,, fjw,.
In fact, if we are to use the relation

©
dw

o [Fe=rEos
w
as the fundamental relation between w and z or specifically as a defini-
tion of w as a function of z, we must regard the constants b, ¢ as given
parameters, leaving the parts which they play in the theory of the
function w(z) to be discovered; we can not assign these parts in advance
while professing ignorance of the nature of the function. Whether we
think of -402 with Legendre as defining » as a function of x or with
Jacobi as defining x as a function of u, we think of £ in the first instance
as an arbitrary constant, not as a parameter whose value is determined
by a part played in a theory already developed. Even if the functions
obtained by inversion of the integrals are the elliptic functions with
which we are already acquainted, their discovery from the integrals is
not just a formal alternative to their definition in terms of a lattice.
The problem of the inversion of the elliptic integral requires the deter-
mination of the lattice if it exists, not merely a proof of its existence.

However approached, the problem of inversion presents difficulties
of a higher order than those of sheer manipulation. Nevertheless, it
should be explained, if not solved, in any account of elliptic functions,
not so much for its historical interest as for its practical importance.
It is the integrals to which the knowledge of the functions was due
which operate to bring the functions into many branches of analysis
and geometry, to say nothing of applied mathematics, and we cut
away from the theory of elliptic functions all its applications if we can
not pass from integral to function.

5-5. For the standard form of the integral to be considered we

shall use o
J‘ dw
VR(w)
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where R(w) = (w?—b2)(w?2—c?)

and it is understood that the radical resembles w? towards infinity
along the path of integration. To emphasize that an integral, either
directly or inversely, is the basis of discussion, we shall denote the

integral by I. We have then a relation between I and w expressed
initially in the form
501 I = I(w) =
and the problem with which we are concerned is the nature of the
function w(/) defined by this relation if I is taken as the independent
variable.

There are two ways of attempting to identify the function w(I) with
a function fj I. We may look for a suitable lattice without considering
the function w(I) itself, or we may investigate the properties of the
function w(I) with a view to establishing that w(Z) must be an elliptic
function. In the first method, the argument is to be concluded by an
appeal to ‘14, a suitable lattice meaning indeed a lattice which renders
-14 applicable to the integral. In the second method, we anticipate
that the proof that the function has the essential property of periodicity
involves a determination of periods.

The first method involves the solution, which for practical purposes
must be explicit, of the pair of equations

0

_dw
VR(w)’

-502 f](wa; —w,—wy, W, w,) = b, fj(w,; —w,—wy, w,, wp) == ¢,

or rather, since it is 4%, c? that are given, of the pair of equations

503 fj¥w,; —w,—w), w,, w;,) = b2, fi%(w); —w,—wy, w,, w;) = c?,
as simultaneous equations in w, and w,. Supposing w,, w, to be the

pair of halfperiods from which the function is constructed, we have
from the definition of gz,
504 pw,
1 ’ 1 1

= b 2 Nt bt T~ s, i)

505 o,
1 ’ 1 1

“ut Z {’{(27»:‘+ 17«Tg+"2?z5h}2_(2mwg+2nwh)2} ’

506 fow,

1 ’ 1 - 1
=at ; {{2mwa+(2n+l)wh}2—(2mwa+2nwh)2}’
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and therefore the equations 503 are explicitly

1 1

507 . e _ — b2
> ,,Z),,({(zm+1)w,,+2nwh}2 {<2m+1>w,,+<2n+1)wh}2} ’

: 1 L 1 , — 2
b08 ; {{2mwg—}—(2n+l)wh}2 {(2m+l)wg+(2n+l)wh}2} =

where the term for which m = 0, » = 0 is now included in the sum-
mation.

There is nothing in the form of -507—508 to suggest that a solution
is always possible. The functions f,, f;, are homogeneous functions of
w, and w,, and the equation

500 e
fi(wy; —w,—wy, w,w)
is an equation in the single variable w,/w,. If w,, w, are any two values
satisfying -509, and if
A=b1 fj(wg; —w,—wy, W, wy),

then Aw,, Aw, satisfy f, = b, f, = c¢. Thus, functionally speaking, the
distinction between the pair of equations -507—-508 and the one equa-
tion -509 is trivial. But again it can not be said that from the form
of the two series in -507—508 their ratio is obviously susceptible of an
arbitrary value; the result is true, but it is in establishing it that the
difficulty of this attack on the inversion problem lies.

It may seem at first glance that the solution of the pair of equations
f, = b, f, = c is implicit in -21 or -22. The integrals 1(b), I(c), that is,

J V(w wbz (w2—c?)} f V(w53 wz—cz)}’

determine, not indeed two definite numbers, if the paths of integration
are unspecified, but two definite aggregates. Does not the existence of
these aggregates prove the existence of a lattice, and is not the detection
of a primitive pair of periods a problem likely to demand only some
quite elementary technique? On this question the first comment to be
made is that we have not proved, except in the case in which b, ¢ are
derived from a lattice, that the aggregates of values of the integrals
I1(b), I(c) are connected in any simple way with a lattice; the direct
investigation of the multiplicity of values of these integrals is as much
part of the process now proposed for the solution of the problem of

inversion as it is part of the process which depends entirely on the
4767 o
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study of the integral I(w). But this is no point of principle; the diffi-
culty comes later. Suppose that we have found particular values 8, y
of the two integrals I(b), I(c) which we are satisfied form a primitive
pair in relation to the aggregates of values. We can form a function
fj(z; —B—1v, B, y) on the lattice determined by 8 and v, and this function
has determinate values fg, f, for the values B, y of z. Have we any
reason to assert that fg, f, are equal to the constants b, c? We can not
hope to answer this question by inserting B, y as values of w,, w,, into
the series in -507—508. The alternative is to appeal to the relation
between B, y and fg, f, in the form +21: There are paths of integration
Jrom fg, f, to o0 on the one hand and from b, ¢ to o on the other hand
such that

[ee]

~ - dw L w» o dw -
o ff N ) bf =)0 — e}

B

511 f* B dw - _ Jc‘o - dw o

R O P RN e SN

Y

Unless we can prove that these conditions alone are sufficient to
identify fg, f, with b, ¢, the theorem which directs us to the only lattices
in which b, ¢ could play the required parts supplies us with no reason
for concluding that b, ¢ actually play these parts.

It is the second method of attacking the inversion problem, namely,
the study of the functional character of the relation defined by the
integral, that we shall pursue. Although we have proved the identity
of the functional relation w = fjz with the integral relation

@

dzq .
VR, (w) 7

we have said nothing to explain it, that is, to show how the form of
the integrand imposes on the aggregate of values of which the integral
becomes susceptible when the path is arbitrary a quality corresponding
to double periodicity in the inverse function. Without this explanation,
-14 remains unintelligible, and with it, since the origin of the constants
[y [y, is irrelevant for the purpose and we can deal throughout with the
integral I(w), we are taking one step towards the solution of the larger
problem along the proposed lines.

To avoid misapprehension, it should be said as clearly as possible
that there is no difficulty intrinsic in the notion of inverting an integral
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to provide a function. On the contrary, a functional relation between
two variables, whatever its formal expression, can not be one-sided. To
say that the relation

=4 —_ 3 w7
512 I—fVR(w)

can be regarded as defining w as a function of I is logically a platitude,
if mathematically it was a revolutionary discovery. We can go farther:
this relation, from its form, implies the existence of dI/dw, and there-
fore the existence, except possibly at certain discoverable points in the
w plane, of dw/dl; we can safely say that w is, generally speaking,
regular in the sense that if w, corresponds to I, then w—w, is expres-
sible for sufficiently small values of /—I, as a power series in [ —1,.
To put the matter differently, -512 is equivalent to

dw/dI = VR(w),

or in rational form to
513 (dw/d1)* = R(w),

coupled with boundary conditions, and the existence of solutions of
differential equations is guaranteed by a mass of general theory.

It is true that integrals in a complex plane require paths of integra-
tion for their precise determination, but this is not a potential com-
plication of the function w(I). To suppose the path in -512 arbitrary
is to admit that to an assigned value of w corresponds an aggregate
of possible values of I, but this remark, read in the reverse direction,
says only that the function w(I) may have a common value for a
number of distinct values of the argument 1.

After this digression the fundamental difficulty in the study of the
inverted integral will not be misunderstood. Although we can define
w(I) by -512, this formula gives us no clue to the range of values of
1 for which the function w([) exists. In the construction of the Weier-
strassian function gz and of the functions which we have defined in
terms of @z, an arbitrary value can be given to z; the functions exist
over the whole of the z plane. But there is nothing whatever in the
form of the relation -512 to justify us in taking for granted that if we
equate the integral I to an arbitrary complex number, there necessarily
exist a limit and a path from which the integral acquires the assigned
value; the domain of existence of the function w(I) defined by -512
may well fall short of the complete I plane, and there is no obvious
means of finding the extent of this domain of existence. We are no
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better off if we replace the integral by a differential equation. The
function w(I) is a particular solution of the equation -513, identified
by its character near the origin. All that we learn from the theory of
differential equations is that there is some circle round the origin
throughout which this function exists, and that if the function can be
continued analytically across the circumference of this circle it does
not cease to satisfy the equation. If the continuation is held up by
a line of singularities, the particular solution with which we are con-
cerned exists only in a restricted domain: there are values of I which
can not serve as arguments to the function w(I).

Here is the drawback to the classical uset of the integral as the basis
of the theory. We can prove by elementary methods that the function
w([l) is regular where it exists and that it is doubly periodic where it
exists. But these properties are entirely consistent with the possibility
that the domain throughout which the function exists is some com-
plicated pattern of perforated shreds and patches, and to dispose of
this possibility is a mathematical problem sufficiently serious to be
deferred as long as progress is made without its solution. Only, as we
have said, however much we learn about elliptic functions before
solving the problem of inversion, we can not learn when and how to
use them.

5-6. The course of the next three chapters follows the account we
have given of the problem to be investigated. In Chapter VI we examine
the dependence of the integral I(w) on the path of integration, and
deduce that the function w(I) is doubly periodic. In Chapter VII we
prove first that any point near which a branch of the function exists is
either an ordinary point or a pole of that branch, and next that there
are no finite values of I near which the function does not exist; we infer
that w(7) is meromorphic. Of the existence theorem, which as we have
explained is at the heart of the problem of inversion, two proofs are
given. The first proof derives w(I) from I(w) and depends on proposi-
tions in the theory of aggregates; these propositions are assumed to be
known. As an appendix to this proof an argument is given in which the

+ It must not be thought that the original introduction of the elliptic functions was
wildly illogical: Abel and Jacobi were not blind to fallacies that to us are glaring. But
at first only real variables were involved; to reverse the functional relation when the
limit and the integral are both real requires little more than the determination of ranges
throughout which the integral is a monotonic function of the limit, and these ranges,
by Rolle’s theorem, are bounded by zeros and infinities of the integrand. The difficulty
of the inversion problem as well as the beauty of the lattice theory belongs essentially
to the domain of the complex variable.



THE INVERSION PROBLEM: ITS NATURE 101

multiplicative axiom is used, for this is the argument which is most
easily invented; the axiom may be invalid, but its use supplies the clue
to the construction of the proof which dispenses with it. The second
proof of the existence theorem takes w(I) as a particular solution of a
differential equation and shows that there can be no upper limit to the
radius of the circle round the origin within which this solution is a
meromorphic function of I. This proof depends on analytical formulae
peculiar to the function under consideration; one feels that it is arti-
ficial, that no recollection of it is likely to be helpful in any problem
except the one for which it was invented, but undeniably it is the easier
of the two proofs to understand, if the harder to reconstruct. In
Chapter VIII the various threads are gathered together, and the solution
of the inversion problem is complete.



VI

THE AGGREGATE OF VALUES OF AN
ELLIPTIC INTEGRAL

6-1. The subject of this chapter is the integral

_ [ dw
Iw) = fVRM’,

where R(w) denotes (w?—b2%)(w?—c?) and the radical is a continuous
function asymptotic to w? towards the end of the path of integration.
For a given value of w the value of the integral depends to some extent
on the path of integration, and it is the nature of this dependence that
we are to investigate. If [ (w,), L(w,) are different values of the
integral, corresponding to different paths from the same point w, to
o0, then when we look at the relation between I and w from the other
side, I, and I, are different arguments for which the function w() has
the same value w,.

The integral I(w) is elementary if b or ¢ is zero, or if 6% = ¢%; we
therefore assume that none of these conditions is satisfied, that is, that
in the w plane the four points b, ¢, —b, —c are all distinct.

We find that discussion of the multiplicity of values of I(w) for an
arbitrary value of w can be made to depend on evaluation of the
integral along a path which comes from and returns to infinity; we
first find a canonical shape into which such a path can be deformed
without alteration in the value of the integral, and we then evaluate
the integral in terms of the necessary constants, which are only two
in number. Returning to the integral I(w), we describe the aggregate
of values of the integral associated with one and the same lower limit
w by means of these constants, which are themselves values of 7(b) and
I(c) and which we now find to be quarterperiods of the inverse func-
tion w(I). In the last section of the chapter we prove that the ratio
of a value of I(b) to a value of I(c) can not be real.

The integral I(w) is regular at infinity, and the branchpoints b, c,
—b, —c of VR(w) are its only singularities. We assume throughout
that no path of integration- passes through a branchpoint. This
assumption is wanted not to keep our integrals finite but to keep them
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unambiguous. Near b, for example, R(w) resembles a multiple of w—b;

the integrals w,
dw dw

Jaw—=by’ VE(w)

w, w;

remain significant and finite if one of the limits tends to b, and there
is no reason why b should not be inserted as a limit. But if we have
a path of integration w, bw,, each value of VR(w) tends to zero as w
tends to b in any way, and it is not possible to specify the function
to be integrated along bw, by saying that it is continuous at b with
the function integrated along w;b. If a path passes through branch-
points, the integrand requires a separate specification on each section
of the path, and this is a complication seldom worth incurring.

6-2. If p, ¢ are points on a path of integration, the arc between p
and ¢ can be replaced by another arc joining these points if the two
arcs together form the boundary of a simply connected region which
includes no singularities of the integrand. Hence the relation between
the integrals I;(w), I,(w) from the same point w to oo along two different
paths W, W, is bound up with topographical relations between the two
paths W, W, and the four points b, ¢, —b, —c.

A preliminary reduction of the analytical problem simplifies the topo-
graphical problem. The two paths W, W, together form a path S which
comes from and returns to infinity. Let ¢(w) denote temporarily the
function such that {$(w)}> = R(w), that ¢(w) ~ w? towards infinity
along W,, and that ¢(w) is a continuous function of w along §; since
W, and W, avoid the branchpoints, so also does S, and ¢(w) has a definite
value at each point of S. Integrating along S in the same direction
as along W;, we have

dw ‘ dw dw
20t J %)~ ) g~ | gy
W, W,

since the direction of integration along W, is opposite to the direction
of integration along S. Now the integral along W, in -201 is I;(w) as
already defined. But whether ¢(w), which resembles w? towards one
end of 8, resembles w? or resembles —w? towards the other end of S,
depends on topographical relations of § to the branchpoints; in the
former case the integral along W, in -201 is I,(w), but in the latter I(w)
is the integral along W, of —¢(w) and the last integral in -201 is — I(w).
Thus defining Jg as dw

$(w)’
N
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we have Jg equal in the one case to I,(w)— I(w), in the other case to
I,(w)+Iy(w). In other words

6-21. If the paths W), W, together form a path S, and if the radical
VR(w) is the same along the part of S which coincides with W; as along
W, then if Jy is the integral of 1/VR(w) along S, the integral L(w) is equal
to I,(w)—Jg or to Jy— I ,(w) according as variation of w along S from one
end to the other restores or reverses the asymptotic resemblance of vR(w)
to w2,

This theorem reduces the discussion of the multiplicity of values of
I(w) at the accessible point w to the discussion of the variation of
YR(w) and the integration of 1/¥R(w) along a path which comes from
and returns to infinity, and our next task is to express suitably the
topographical relations of such a path to the four branchpoints; as we
accomplish this, we can see that the evaluation of the integral Jg will
follow naturally.

6-3. To describe the relevant topographical relations between the
four fixed points b, ¢, —b, —c and a variable path § which comes from
and returns to infinity, we suppose paths B, C, B’, C' to be drawn to
infinity from the four points; the four fixed paths are subject to the
conditions that B’, C’ are the reflections of B, C in the origin, that

\K.'b &-‘b
bx C bx

Fia. 20,. Fia. 20,.

none of the paths have multiple points, that no two of them have any
points in common, and that any sufficiently large circle with its centre
at the origin cuts each path in only one point. These paths are drawn
once for all, and we call them the critical paths.

There is no difficulty in finding a set of critical paths. If the points
b, ¢ are not in line with the origin, that is, if 6/c is not real, we may
take for B, C the half-lines which prolong beyond b, ¢ the radii to these
points from the origin. In the excepted case, if b is the more distant
of the points b, ¢ from the origin, we may take B as before; C can not
now lie along the line joining the origin to ¢, but may be any half-line
from ¢ which does not lie along this line. Half-line paths are geometri-
cally the simplest, but it is not at all necessary that the critical paths
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should be of this form, and to stipulate half-line paths is to invest with
significance details that are accidental.

The purpose of introducing a circle round the origin is easily seen.
If |w| > max(|b], |c]), the product of the binomial series representing
the values of the two square roots

b2\ -# c2\ -t
(-

which tend to 1 as w — 00 is a convergent series

1+ 4y

w?

@y
e
and at any point the integrand 1/vR(w) has one of the two values
A(w), —A(w), where

. 1 a,  a,

301 A(w) = ;vi(l+§)2+&)4+...).

The two functions A(w), —A(w) are distinet functions throughout
the region of convergence of the series in the definition of A(w), and
the integrand is specified unambiguously if it is identified with one of
these two functions. To say that on a path to infinity the radical
VR(w) is ultimately to resemble w?, or to write VR(w) ~ w?, is only
a way of expressing that beyond the last intersection of the path with
the circle [w| = max(|b], |c|) the function denoted by VR(w) is 1/4(w).
Outside the circle of convergence we can identify vR(w) with one or
other of the functions 1/4(w), —1/A(w) at an isolated point or along
a path which does not extend to infinity; only the assertion of identity
can not then be expressed in the form vR(w) ~ w? or VR(w) ~ —w?
without violence to the strict use of the asymptotic symbol. If a path
crosses into the circle |w| = max(|b], |c|]) from outside, the identifica-
tion of 1/VR(w) with one of the two functions 4(w), —A(w) is inter-
rupted, and if the path recrosses and identification with one of the two
functions again becomes possible, there is no reason why the same
function should serve a second term; it is only if the representation of
the integrand with the help of the series is uninterrupted that it is
impossible for one of the functions 4(w), —A4(w) to give way to the
other.

If a path pgq is entirely outside the circle {w| = max(|b], |c]), then

q
302 [ Aw) dw = Gw)—6),

4767 P
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where
303 0w = (1 g+ ).

Two conclusions can be drawn. Firstly, the value of the integral depends
only on the endpoints; in other words, any two paths from p to ¢ are
reconcilable if neither of them penetrates the circle of convergence.
Secondly, if |p| = p, Ig] = p, then

< —
P

where ¢ - 0 as p - o0: if p, ¢ can be taken upon or outside a circle of
arbitrarily large radius, the integral from p to ¢ along a path which
does not penetrate the circle |w| = max(]b],|c|) is then negligible.
These conclusions apply also to the integrand — A (w), and apply there-
fore tu the integrand 1/¥R(w) which necessarily either coincides with
A(w) along the whole path or coincides with —A(w) along the whole
path:

6-31. If the path of integration pq lies wholly outside the circle
|lw| = max(|b|, |c]), the value of the integral

} 2+e

dw
VR(w)

p
18 independent of the path, and if also |p| = p, |q| = p, then the absolute
value of the integral is less than (2--¢€)/p, where € > 0 as p —> 0.

Given a circle I' whose centre is the origin and whose circumference
cuts each of the critical paths in one and only one point, any path S
which comes from and returns to infinity can be deformed, without
passage across a branchpoint, into a path 7" such that every multiple
point of T' and every intersection of 7' with a critical path is outside I'.
The path 7' may cross and recross the circle I' any number of times;
if T' enters the circle at p;, p,,..., p,, and leaves it at gq;, g,,..., ¢,, We
have T expressed as

0P +01 @1+ PetPe@et -+ Tu-1 PntPn T+ 3
where each of the portions

OP1, 41 P2s+++s In—-1Pns In®
is wholly outside the circle, and each of the portions

P19 P292-s Pnn
is wholly inside the circle and is a path without multiple points which
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joins one point of the circumference to another without cutting a criti-
cal path.

Before considering the integration, let us examine a little more closely
the forms of path inside the circle I'. A simple path o joining two
points p, q of the circumference divides the interior into two regions
%,, X,, and if o does not cut any of the critical paths, the part of each
critical path inside I' lies wholly in one of these regions. We say that:
o is impeded on the side of a region X, or X, by the critical paths
which are partly in that region, or, less exactly, by the branchpoints
from which those paths are drawn. Three cases are distinguishable:
(i) One region contains no branchpoints and the other contains four;
the path is unimpeded on one side, impeded on the other side by the
four critical paths. (ii) The path is impeded on one side by a single
critical path, on the other side by three critical paths. (iii) The path
is impeded on each side by two critical paths.

We can recognize these three cases in other ways. The critical paths
cut I' in four points f, g, f’, ¢’; the two points p, q divide the circum-
ference into two circular arcs, and each of these forms with o the

q
Fia. 21,. Fic. 21,. Fia. 21;.

boundary of one of the regions X;, %,. A region contains part of the
critical path B if the circular arc which forms part of the boundary
of the region includes the point f. (i) The path ¢ is unimpeded on one
side and impeded on the other side by the four critical paths if one of
the two circular arcs pq includes none of the points f, g, f’, g’ and the
other includes them all, that is, if the two points p, ¢ are in the same
one of the four circular arcs fg, gf’, f'9’, ¢'f. (ii) The path ¢ is impeded
on one side by one critical path and on the other side by three critical
paths if one of the two circular arcs pq includes one of the points f, g,
f’, ¢’ and the other includes three, that is, if the two points p, ¢ are in
adjacent arcs of the set fg, gf’, f'¢’, ¢'f. (iii) The path ¢ is impeded on
each side by two critical paths if each of the circular arcs pq includes
two of the four points f, g, f’, ¢’, that is, if p and q are on diametrically
opposite arcs of the set fg, f'g, f'9’, g'f.
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The classification of loops inside the circle I' is applicable to the arcs
inside I' of the path 7' by which the original path of integration S has
been replaced. (i) If the T-arc p,,q,, is unimpeded on one side, the
circular arc p,,q,, on that side of the T-arc forms with the 7-arc the
boundary of a simply connected region containing none of the branch-
points, and the integral has the same value along this circular arc as
along the T-arc. To replace the T-arc from p,, to ¢, by an arc of T’
joining the same two points is to remove p,, ¢,, from the second set of
T-arcs, and to replace the two arcs q,,_; P ¢n Pimsq in the first set by one
arc ¢,—1 Pm9m Pm+1> that i8, ¢, 1 pn.p: the form of the two sets is un-
changed, and the unimpeded arc is eliminated from the second set. (iii) If
the T-arc p,,q,, divides the interior of the circle into two regions each
of which contains parts of two critical paths, we can divide one of these
regions, by a curve joining a point r in p,,q,, to a point s in the circum-
ference of I', into two regions each of which contains a part of one
critical path and no part of any other; the arcs of the set fg, gf’, f'q’, 9'f
to which p,, and g,, belong are diametrically opposite, and s must be
taken on one of the other two arcs. The construction is illustrated in
Figure 21,. Integration along the 7-arc p,,q,, is then equivalent to
integration along p,,7s, srq,, in succession, and on account of the con-
struction each of these paths is impeded by one critical path only. The
number of arcs in the second set is increased by one, and for con-
venience an evanescent arc ss may be added to the first set.

Briefly, a path of type (i) can be ignored, and a path of type (iii)
can be replaced by two paths of type (ii):

6-32. Gliven a circle of sufficiently large radius with the origin for centre,
integration of 1/VR(w) along a path S which comes from and returns to
infinity is equivalent to integration along a succession of paths

0OP1s P19 91 P2 Pa2s-> n-1Pns Puns €n®
in which each of the paths

mpl’ 91 P25+ Qn—1Pn> n®©
18 outside the circle, reducing possibly to a single point, and each of the

ths
pa P191> P2925-+5 Pnn

s a simple loop inside the circle and is impeded by one only of the four
critical paths.

6-4. There is now only one type of path inside the circle I' to be
taken into account, and we proceed to investigate the integral along



THE AGGREGATE OF VALUES OF I(w) 109

a path of this type. We take a path pg which joins a point p in one
of the two arcs fg, fg’' to a point ¢ in the other of these two arcs, and
is therefore impeded by B alone. The integrand has everywhere one
of the values of 1/VR(w), and for the sake of definiteness we specify
the value at g; we select, in the notation already adopted, the value
A(q), the function A (w) being the sum of a series

1 a «a

w bttt
which is convergent if |w| > max(|b], |c]).

The path pq is deformable into a path which begins with the circular

arc pf, then follows the critical path B from f to a point ¢ between

Fia. 22.

The paths of integration, in this figure and in Fig. 23, are the boundary lines themselves,
not curves vaguely ‘just inside’ the boundaries. The dotted lines are merely guides to
the actual paths.

fand b, describes a complete circuit y round b, returns from ¢ to f along
B, and finishes with the circular arc fg. As we have said in ‘1, we may
take ¢ as near to b as we wish; near b the dominant part of 1/VR(w)
is one of the branches of 1/,/{2b(b*—c?)(w—b)}, and the integral of this
function along a path inside a circle of radius = round b tends to zero
with 7, notwithstanding the infinity of the integrand. But however
small the circuit y may be, the passage round this circuit multiplies
J(w—b) by —1, and in the return from ¢ to f the integrand 1/vR(w)
has at each point of B the negative of its value there during the
approach from f to ¢. This change has two consequences.

Firstly, the value of the integrand at f when f is the end of the path
if and the beginning of the path fg is the negative of the value of the
integrand at f when f is the beginning of the path ft and the end of
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the path pf. But on account of the choice at ¢, the integrand along the
concluding arc fg is the function 4(w), whose value at fis A(f). Hence
the value at f of the function integrated along pf is —A(f), and the
function is — A(w):

-401. Because the value of the integrand at q is A(q), therefore the value
of the integrand at p is — A(p).

Secondly, the multiplication of the integrand by —1 cancels the
effect of the change in the direction of integration along B, and the first
integral, from f to ¢, is equal to the second integral, from ¢ to f: we
can write

q f q
[=f+]ef+]
» P Y t I

Since the integral along B is convergent at b, we can replace the integral
from ¢ to f by the difference between two integrals from b, and we have

q f t ! q
[=[+([—2)2]+]
» » y b b f

Since ¢ does not occur, implicitly or explicitly, outside the bracketed

terms, the difference
t

I

has a value independent of ¢, and since each term tends to zero with ¢,
this value is zero, whence more simply

q 4 I q
403 [=[+2[+].
» bJ b !

This formula does not require the circle I' to be in any sense ‘large’:
for example, if the critical paths are radial, I' may have any radius
greater than max(|b], [c|). If however we do anticipate applications in
which integrals along paths that are not inside the circle are to be
disregarded, we see that the significant part of the integral from p to
g comes entirely from the integral along the critical path B. We can
go farther. The integral from b to f still involves I', but if we replace
this integral by the difference between two integrals to co, one of these
integrals is independent of I', and the other has its path outside I'.
We write therefore

r dw
404 f m‘) = B,
b
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the path of integration being the critical path B and the radical in the
integrand being asymptotic to w? towards infinity along the path; g8 is

F1a. 23.

a constant, a value of I(b), and is independent altogether of the path
pq. We have now, since the integrand at f is A(f),

dw 7
TR~ P [ Atw) du,
F i
and substituting in -403,
" q
< dw _
405 [ s 2/3+f{ AQw)} dw 2fA ) dw + fA(w)dw

p
Expressing this result more symmetrlcally, in a form whlch suggests
Figure 23, and incorporating 401, which is vital to the result, we have
the fundamental theorem:

6-41. A circle I' round the origin as centre cuts each of the critical paths
wn one point only; pq is a loop joining one point of I' to another, lying
wholly inside T', and impeded only by the critical path B. If the value of
the integrand 1/VR(w) at q is A(q), then the value of the integrand at p 1s
—A(p), and

g ;] @ 1 q
VR(w) 28 <J+J)A(w)dw +<!+!)A(w)dw

where B = f TR dw

and f 18 the point in which the circle T' cuts B. The path of integration
for B is the critical path B, and vR(w) resembles w? towards oo in this
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integral; the paths of integration pf, fq are arcs of the circle I', and the
path of integration between f and co lies along B.

We can evaluate the integrals along the circumference and outside
the circle I' as in -302, and we have explicitly

q
dw
‘4 6 —_—— = 2 —_ —_
0 TRy = B0,
y2
_ 1, e  a
where as before G(w) = ZU-_}_BE:.’ 5_1;5+_.__

Very serviceable is the descriptive theorem, which indeed was foreseen
in the proof of -41:

-407. If pq is a loop inside T, impeded only by the critical path B, the
value of .
dw
VR(w)
»
along the loop differs from 2B by a sum of integrals along paths wholly
outside I, if the integrand has the value A(q) at q.

To replace the integrand in -41 at one point by its negative implies
replacing it by its negative throughout, and as we do not change the
meanings of Band 4 (w) we have to change signs throughout the formula:

6-42. If, with the notation of -41, the value of the integrand at q 1is
—A(q), then the value of the integrand at p s A(p), and

f\/_;‘(‘;_u_) - _2,9+( f._ f)A(w) duw.

pfo w©fq

An enunciation similar to that of -407 is of course possible.

In -41 the circular arcs on which p and ¢ are situated are not specified
more precisely than that one of them is fg and the other is fg'. To
reverse the situations is in effect to interchange the allocations of the
symbols C, C’, and since these allocations do not enter in any way into
the argument, the value of the integral is not altered. This does not
mean that we have an integration in which the direction in which the
path is described is immaterial. In -41 we can not interchange p and ¢
without altering the value of the integrand at any point, for to retain
the value A(q) is to alter automatically the rule by which the integrand
is selected. If we write ¢’, p’ for p, ¢, with the condition that the value
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of the integrand at p’ is A(p’), it is -42 that is relevant if p’ is to be
the lower limit of integration, and we have

¢
dw
TR = ._2‘3-|-( f — J)A(w) dw,
>

pfo wofq’
Fod
. w
that is, TRaw) ——2,34—(\ f — f)A(w) dw,
q pfo ofq

in agreement with the formula in -41, since now the path is reversed
and the integrand is unchanged.

To change the critical path by which a loop is impeded is to make
only a formal change in -41, replacing the integrals along B and the
point of intersection f by integrals along one of the other critical paths
and the point in which I' cuts that path. We write

- dw
408 | Ve =

the path of integration being the critical path C and the radical
resembling w? towards co along the path; y is a value of I(c). The
paths B’, €’ do not introduce new constants, for if W is any path from
a point w to oo, and W’ is the reflection of W in the origin, the integrand
1/vR(w) has the same value at corresponding points of W and W’ if
its asymptotic form is the same on the two paths; since the element
of one path is the negative of the element of the other, the integral
from —w to oo along W' is the negative of the integral from w to oo
along W. In particular

o] [eo]

dw : dw
.40( : —— =— — —_————— == —
) JRw) ~ P VEBw) ~ Y
=b —c
if the paths of integration are B’, ¢’ and if VR(w) ~ w? towards oo on
each path.

6-5. We can now resume the evaluation of Jg, the integral, along
a path § which comes from and returns to infinity, of the continuous
function 1/vR(w) which resembles 1/w? towards the end of S. Having
drawn a circle I' which cuts each of the critical paths once only, we
have § deformed into a succession of paths

0 P1> P19 91P2 P22+ Qn—-1Pns Pnns In -

The form of a path outside I' is irrelevant, and we may suppose each
4767
Q
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of the paths ¢; Py, ¢aPs)--s n-1Pn to be an arc of I'; it is not necessary
to lay down a rule by which to make the choice between the two arcs
of I" joining ¢,,_, to p,,, since integrals along these two arcs are in any
case equal. Each of the paths p, q;, 24s,-.., P, ¢, 1 a simple loop inside
I" impeded by a single critical path.

By hypothesis, the integrand along g, 00 can be identified with the
function A(w); hence the value of the integrand at ¢, is A(g,), and it
follows from -41 that the value of the integrand at p, is —A(p,); hence
the integrand along g¢,_,p, is the function —A(w), the value of the
integrand at ¢, _; is —A(g,_;), and by -42 the value of the integrand

at p,_, is A(p,—;), whence the integrand along ¢, _,p,_, is the func-
tion A (w):

6-:51. The function integrated along the paths

9005 Qn-1Pn> In—-2Pn-15+-> 91 P2 © Py

outside the circle T is alternately A(w) and — A(w); in particular, the
integrand at the beginning of the path resembles 1/w? or —1/w? according
as the number of loops inside the circle 18 even or odd.

Knowing now the terminal values of the integrand on each loop, we
can apply 41 or -406 or a corresponding theorem with a change of
sign. The result to be anticipated is perhaps clear if we first apply the
descriptive theorem -407. If the integral, from the branchpoint to
infinity, along the critical path which impedes the loop p,,q,,, has the

value A, a constant independent of the path S, it follows from -51 and
407 that

-501. The integral Jg differs from
27, — 20, 1427, o—... 20, F2);

by a finite number of integrals along paths which do not penetrate the
circle T,

Since the values of Jg and of A, A,_;,..., A; do not involve the radius p
of the circle I, and the values of the integrals outside I' are negligible
if p is sufficiently large, we are tempted to say that the difference
between Jg and 22, —2X,,_,+...F 2], is arbitrarily small and is therefore
zero. But the argument is not quite as simple as this, for the original
deformation of § depends on the choice of the circle I', and we have
no reason to assert that with a different circle the deformation would
have led to the same set of impeding paths arranged in the same order.
To rescue the argument we must make a deformation accommodated
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to the larger circle from the path as we now have it, and we must use
the precise results of -41 and -42.

We take then a circle IV round the origin, with radius p’ greater
than p. Let the critical path which impedes the loop p,,¢,, cut I in f,,
and cut I' in f,,; the initial and final arcs oo p, and ¢, 00 of S may be
deformed in any manner, subject to the conditions of lying outside T,
and they may therefore be assumed to cut IV only once, in points p,
and ¢,. In -41 we have the difference

q
dw
VR@w)
P
expressed as —( f — J‘ )A(w) dw,
pfo  ofq

or, as we may say for brevity, as —pf co-+o0 fg. In this form, with the
integrand A (w) throughout and with the initial sign — or + according
as n iIs even or odd,
Jg— (F2A,4+20,F...—2X,_1+2]7,)
= 400 P+ (p1f10—0 f191) F1 P2 F(P2fo 0—0 fo45) +-¢, P3+ ...
et o PurH (Purfu-190—0 f 1@ 1) — Q-1 Pn—
—(Pufa0—0 f,9,)+4, 0
= 400 p, f00F 0 fy fy00+...—0 f, 1 f, 00400 f,¢,0
= 400 p; P fif10F 0 f1fifofs004k ...
=00 fr 1 fu-1fufn 040 fof 40 4n o0,

since py, f1, fas--» [ns 45 are points in the paths p, oo, f, 00, f,0,..., f, 00,
g,00. But the paths p;pyfyfis fififofas faorfusfufun fofutnda and
the circular arcs pifi, fifer-rs fr-1fn> frdq, are all outside the circle
|w| = max(|b], |c|), and therefore the arcs of the circle I may be sub-
stituted for the three-sided paths which include arcs of the circle T,
and we have

502 J—{(Fa 42, TF...— 2\, +22,)

= 400 p f100F 0 fify004...—0 f, 4 f, 00400 f, ¢ 0.
Since the left-hand side does not involve the radius p’, the value of the
right-hand side is independent of p’, and since the right-hand side con-
sists of not more than n+1 integrals each of which tends to zero as

p’ — o0, the constant value of the right-hand side for all values of p’
not less than p is zero, and the value of the left-hand side is zero:
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6-52. If a circle I" whose centre is the origin cuts each of the four critical
paths in one point only, and if the path S which comes from and returns
to infinity is deformable into a path of which the portions inside I' are
a succession of loops oy, 0y,..., 0,_y, 0, each of which is impeded by one
and only one critical path, then Jg, the integral of 1/VR(w) along S, is

given by Jg = 20, — 2,1+ ... 20, F2),,

where A, is the integral of 1/NR(w), from the branchpoint to infinity,
along the critical path which impedes o,,, provided that the radical in every
integral is asymptotic to w? towards infinity in the direction of integration.
Strictly speaking it is superfluous to specify the asymptotic form of the
radical in this theorem, for if w? is replaced throughout by —w?, each
term is replaced by its negative and the formula remains valid.

We should perhaps remark that what we have shown in the course
of the proof of -52 is not that any. deformation of S which is adapted
to the circle I must resemble closely a deformation which is adapted to
the circle 1', but that there must exist one deformation with the appro-
priate degree of resemblance. The value of the integral Jy is perfectly
definite, but the steps of its evaluation offer infinite variety.

The proof of -52 suggested by -407 is instructive, but the result is
cstablished much more casily by the actual evaluation, by means of
the function G'(w), of the integral along each of the paths which together
compose the path into which § has been deformed. Allowing for the
alternation in integrand, we have, by -302 and -406,

an
dw dw
= e = 2\ — —@
VR(w) G(q.); VR(w) A, —G(p,)—0G(q,),
an Dn
Dn d
w ,
[ iy = — Dt ew,),
an-1 Qn-1
dw
e ;
«/R(w) An—l_f G(pn—l)"{"('(Qn—l)’
Pn-1

.

q,

dw
f ) = FOWEC@, [ = FALCR)EC@),
Dy
1’)1 dw

[20]

and addition recovers at once the formula for Jg.
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The simplest case of -52 is that in which only one loop occurs. The
path S comes from infinity to a point on a circle whose radius is greater
than max(|b|, |c]), forms inside this circle a loop impeded by only one
of the critical paths, and returns to infinity; the value of the integral
along § is then 2A, where A is the value of the integral along the com-
plete critical path; the integrand, which resembles 1/w? towards the
end of S, resembles —1/u? towards the beginning of S.

Since each of the terms 2A,, 22, _,,..., 2, in -52 can be recognized
as the value of the integral along a simple infinite loop, we may express
-52 by saying that , I

6:53. An arbitrary path which comes from and returns to infinity is
equivalent to a succession of infinite loops each of which is impeded by
one and onl Y one of the critical paths.

But if we break the geometrical contmulty of the path we must add
explicitly that the asymptotic form of the integrand is the same towards
the beginning of éach loop as towards the end of its predecessor, for
this relation is no longer secured automatically. Nevertheless the lan-
guage of -33 is convenient.

The three'cases of -52 in which only two loops L,, L, are required
call for separate comment. Taking the loop L, to be impeded by B,
the loop - &; may be impeded by B, by B’, or by one of the other two
paths. .

If both Idops are impeded by B, then A| = A, = B, and Jg = 0.
‘Hssentially this result is implicit in the discussion, after -42 above, of
the mter(‘hange of the arcs on which the endpoints p, ¢ are situated.
If we return along a path without altering the integrand at any point,
we naturally annihilate the integral. But if the integral from p to ¢
with the integrand specified as A(p) has substantially the same value
as the ‘integral from ¢ to p with the integrand specified as 4(g), a repeti-
tion of the path from p to ¢ is ultimately equivalent to a return from
q to p along the path that has already been followed. -

The repeated loop is derived from a continuous path

o p+o+qq’f'p'p+o+q o,

where ¢ is d loop pg inside the circle I', impeded by B, and ¢'f'p’ is
an arc of a-larger cirele IV which cuts B in f’. The repeated infinite
loop is the limiting form in which p’ and ¢’ have tended to infinity
along p av-and qrco. The path p’p+o-+qq’ is described twice, once with’
the integrand whose value at p is —A(p) and once with the integrand
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whose value at p is A(p). These integrals from p’ to ¢’ cancel out, and
there remains only the sum

(T~ f+ T)A(w) du,

© s T
which is identically zero, since the value of A(w) at any point is
independent of the path of integration. When we have proved that
the integral along the path

© p+o+qfptotqoo

is zero, the result can be extended by the usual methods to any path
into which this can be deformed. For example, instead of elongating
the circuit o+¢fp into an infinite loop we can shrink it to a coil, as
small as we please, round the branchpoint b; if |b| < |¢|, this coil
may be wholly inside the region of divergence of the series which
defines A (w):

6-54. The value of the integral f dw/vR(w) along any path which comes

from infinity, describes a complete coil round one of the branchpoints, and
returns untmpeded to infinity, is zero.

This result shows that we do not multiply the value of an integral
along a single loop by repeating the loop. In the formation of a suc-
cession of simple loops from a path 8, the same loop may occur k times

oC
.b oC ry oC
b >
o-b ob
e-C

o-C o-C

Js =28 Jg=0 Jy = 28
Fic. 24.

consecutively. If k is even, the repeated loop makes no contribution
to the value of the integral, and the integrand has the same value at
the end of the last loop as at the beginning of the first loop: the set
of loops has no effect, direct or indirect, on the integral, and may be
ignored altogether in the evaluation. If k is odd, the set of loops makes
the same contribution as its first member, both to the value of the
integral and to the variation of the integrand. In other words, although
the deformation of a path S may lead to a succession of loops k, L,,
ky L,,..., k,, L, in which k,, k,,..., k,, are any whole numbers, the most
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general form for evaluation is L,, L,,..., L, in which consecutive loops
are not impeded by the same branchpoint, and the value of the integral
takes the corresponding form 2A,—2X,_,+...F 2], in which consecutive
terms are not formallyt equal.

If L, is impeded by B’ and L, by B, the path § is equivalent to
a path which has the two points b, —b on'one side and the two points

Js = 4B Js = 68 Jy = 88
Fia. 25.

¢, —c on the other side; the value of A, is —B, and J; = 48. Herein
lies the possibility of multiplying to any desired extent the value of
the integral. The integrand has the same asymptotic form towards the
end of the path as towards the beginning, and if instead of allowing
the path to proceed to infinity we cast coils round b and —b alternately,
each coil adds 28 to the value of the integral. If k is any whole number,
we can express 2k8 as 28— (—28)+28—(—2B)+..., to k terms, and the
casting of coils round the two points alternately translates this identity.
In this construction 28 is essentially a positive multiple of 28; to obtain
a path along which the integral has the value —2kB, we cast coils
round b and —b alternately as before, but ending with a coil round —b.

For the third case of a path equivalent to two loops, let L, be im-
peded by C’ and L, by B. The value of the integral is 282y, and
we must take L, to approach between —b and —c¢ and to recede between
—c and b, and L, to approach between —c and b and to recede
between b and ¢. The pair of loops is therefore equivalent to a path
which comes from infinity between B’ and C’ and returns to infinity
between B and C, that is, which separates b and —c¢ from ¢ and —b.
The integral in this case can be expressed in another form, for we may
take for the path a path passing through the origin and symmetrical
with respect to the origin. If we denote the half of this path from the

1 We have not yet proved that 8 can not be accidentally equal to y or to —y; this is,
however, true, as we shall see in ‘8 below.
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origin to infinity between B’ and C’ by 4, and the other half by A4’,
and if the value of the integral from 0 to co along 4 is «, the integrals
from oo to 0 along 4 and from 0 to co along 4’ both have the value
—o. Hence if the asymptotic form of the integrand is the same along
A’ as along B, we have 2842y = —2q, that is,

-503 a+B+y = 0.

The asymptotic form of the integrand is the same towards each end
of the composite path 4A4’. It follows that if the path is repeated
again and again in one direction, the value of the integral is multiplied.
We obtain a continuous path equivalent to a repetition of A4’ by
casting a coil round the two points —b, ¢ or round the two points
b, —c, and we can find in this way a path to give to the integral the
value 2k« where k is any assigned whole number, positive or negative.

The integral along a path which comes from infinity between B’ and

']S =3 2(x JS = 4(\/_ z’S s 6(1
¥F1a. 26.,

C and returns to infinity between B and C’, thus separating b and ¢
from —b and —c, has the value 28—2y, and any positive multiple of
this value can be obtained by the insertion of coils cast round b and ¢
orround —b and —c. For negative multiples of 28—2y the direction
of integration must be reversed.

Since B, —y are integrals from b, —c to oo, it is to be expected that
B-+v is an integral from b to —c, as well as an integral from 0 to oo.
In fact the substitution 2w b2

2 wi¢?
impli S )
implies E—b)(—c)  (wt—b2)(wi—c?)’
and ¢t = 0, oo correspond to w = b, —c. But to discuss the relations
between a path from b to —c and a path from 0 to co would take us

a long way from our present subject, since { = 0 corresponds to w = —b
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as well as to w = b, and ¢ = o0 corresponds to w = ¢ as well as to
w= —c.

In the general expression 2\,—2X,_;+...F2X; for the value of the
integral Jg, each A has one of the four values +B, +y. The value of
Jg is therefore of the form 2mpB-2ny, where m, n are integers, not
necessarily positive. Conversely, if m, » are integers, 2mpB+2ny can be
expressed, in an infinite number of ways, in the form 2A,—2A,_,+...F2),,
and since any succession of loops inside a circle can be joined by arcs
of the circle to form a continuous path, every sum of the form 2mpB-+-2ny
is the value of the integral Jg along some path or other. Thus

6:55. The values of the integral f dw/vVR(w) along paths which come
from and return to infinity are the numbers of the form 2mB-+-2ny.

The aggregate of values is the same whether or not the asymptotic
form of the radical is prescribed.

6-6. We can now complete the statement of the multiplicity of values
of the integral I(w). The integral Jg of -21 is the integral evaluated
in -52. The integrand which is A(w) towards the end of § is. 4(w) or
—A(w) towards the beginning of S according as the number of
terms in the expression for Jy is even or odd, and this number differs
from the number m-+n in -55 by an even number. Hence from -21
and -55,

6-61. If I is one value of the integral 1(w) for a given value of w, the
aggregate of values of the integral for that value of w consists of all the
numbers of the form 2mB-+2ny—+ I vn which m+-n is even and all the num-
bers of the form 2mB+2ny— I in which m~+n 18 odd, m and n being whole .
numbers, positive zero or negative, and B, y being the values of the integrals
I(b), I(c) along paths subject to certain topographical conditions which are
satisfied in particular if the paths are reconcilable with half-lines.

From the present point of view no special significance attaches to
rectilinear paths, but if for any purpose paths must be specified pre-
cisely, rectilinear paths are naturally the simplest to use.

6-7. Reversed to express properties of w(I), -61 combines the two
relations

6-71 w(2mB+2ny+1) = w(l) if m4n is even,

6-72 w(2mB+2ny—I) = w(l) if m4-n is odd,
4767 R
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with the theorem that
6-73. All the solutions of the equation w(J) = w(I) are of one of the

two forins J = 2mB+2ny+1  with m+n even,
J = 2mB+2ny—1 with m~+n odd.

It is from -71 that periodicity of the function w() is to be inferred;
for this purpose -72 is irrelevant. Clearly 48 and 4y are periods, for
m-+n is even if m and n are both even: the function w(I) is doubly
periodic. But 48 and 4y can not constitute a primitive pair of periods,
for since m-+n is even if m and » are equal, -71 implies that 2842y
is a period, and the parallelogram (28-+2y, 48) has only half the area
of the parallelogram (48, 4y). Since the integral « satisfies

6-74 a+/3+‘y =0,
we can replace -71 by
6-75 w(2ha+4kB+1) = w(l)

with no restrictions on the integers &, k, and since from -73 this formula
gives all the values of Q such that w(Q+ 1) = w(I) for every value of
1, it follows that the pair of periods 2«, 48 is primitive. Equally 2«, 4y
is a primitive pair, and, incorporating the definitions of «, B, y as
integrals, we have the theorem that

6-76. The function w(I) is a doubly periodic function, of which values
of 21(0), 41(b), 41(c) are periods; with suitable restrictions on the paths
determining the integrals, the first of these periods constitutes with either
of the others a primitive pair.

If m+-n is odd, mB+mny has the form ha+(2k+-1)B; we can therefore
express 73 in the alternative form

6:77. The aggregate of values of J satisfying the equation w(J) = w(I)
consists of the numbers congruent with I and the numbers congruent with
2B—1, to moduli 2« and 4.

In general the congruences to which I and 28— I belong are distinct,
but they coincide if w has either of the four values -4-b, 4-c, when I is
congruent with one of the four corresponding values +p8, 1.

Neither 0 nor oo, as a value of w, creates an exception to -77. If
w is 0, one value of I is «, and the general value of [ is the sum of odd
multiples of 8 and y. If w is oo, one value of 7 is 0, and the general
value of [ is the sum of even multiples of 8 and y; in fact the values
of I for which w is co are precisely the values of those integrals whose
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paths begin and end at intinity with which this chapter has been pre-
dominantly occupied.

6-8. A genuine doubly periodic function can not be built on two
periods if the ratio of one period to the other is real. We can hardly
doubt that for arbitrary complex values of b and ¢, the ratio of one of
the integrals B, y to the other is in general complex, and on investiga-
tion we are able to dispose of the possibility of exceptional cases, within
the conditions imposed on b and c.

We take for the paths of integration the prolongations of the radii
from the origin to b, c; the case in which b/c is real is therefore reserved
for subsequent examination. We make the substitution

-801 w? = W,

and we have

. aw - aw
681 28 = f WOV — by —eyy Y f (W —b2)(W —c?))’
J

where the paths of integration are again the prolongations of radii from
the origin. Since for the present purpose a change of sign throughout
is immaterial, we need not attempt to specify the radical, but the
integrand is of course continuous along each path.

In general the half-lines in the W plane from the origin through the

Fia. 27.

points b2, c? are the two arms of a simple angle whose measure is
between 0 and 7. For definiteness we suppose that rotation through
this angle from 0b2 to Oc? is positive; interchange of the symbols b2, ¢?
does not affect the conclusion of the argument. We denote by 2u, 2v
the angles of the complex numbers b2, ¢ which are positive and less
than 27; then 2(v—p) is the angle of the sector determined, in the most
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elementary sense, by the half-lines along which the paths of integration
lie. In the extreme case in which b2/c? is real and negative, 2(v—pu) = =;
this case can be admitted.

On the first path of integration, dW/J{W (W —b2)} is everywhere real,
and the possible angles of the element of the integral at any point are
the angles of the complex number 1/,/(W—c?). At any point on the
path, W—c? has an angle not less than 2v—m=, the angle of the step
from ¢? to the origin, and not greater than 2u, the angle of the step
from c? to the point at infinity on the path. Hence 1/,/(W—c?), and
the element of the integral, can be taken to have an angle not greater
than —(v—47) and not less than —p.

On the second path of integration, dW |{W(W —c?)} is everywhere
real, W-—b? has an angle not less than 2v and not greater than 2u-|-,
and 1/,/(W—b2),"and the element of the integral, can be taken to have
an angle not greater than —v and not less than —(u+3n).

We appeal now to a simple lemmar:

6-82. If at every point of a path of integration the element of integral
(2) dz has its angle within an assigned range, then the angle of the
tntegral f f(z) dz also s within that range.

From this it follows that the angle of one of the complex numbers 4+
is in the range from —pu to —(v—17) and the angle of one of the com-
plex numbers -y is in the range from —(u~-}7) to —v. Since

—(pt+in) < —v < —p < —(v—im) < —(pt+in)+m,
these ranges do not overlap and they are on the same side of one
diameter; in other words, no angle which belongs to one of them either

belongs to the other or differs by 7 from an angle belonging to the
other:

6-83. If the ratio of b to ¢ is not real, and if the critical paths radiate
from the origin, the ratio of B to y is not real. ™

If 2(v—p) = m, that is, if the ratio of b2 to c? is real and negative,
one integral has the angle —v and the other has the angle —u, and
these, in this case, differ by iz:

6-84. If the ratio of b to ¢ vs purely tmaginary, so also is the ratio of
B to v, if the critical paths radiate from the origin.

If the ratio of b to c is real, let |b] > |c|. The prolongation of the

t With the transformation w = f(z), this is merely the theorem that if every tangent
to an arc has its direction within a given angular range, tho chord of the arc also has a
direction within that range, an immediate corollary to the theorem that there is a tangent
parallel to the chord.
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radius from the origin in the w plane to ¢ passes through & or —b and
can not be used as a critical path. But this prolongation indented at
the point which must be avoided is reconcilable with a half-line from
¢ to oo, and in this form it can be used for the evaluation of a quarter-
period y: the indent is needed only to connect the radical on one side
of the branchpoint with the radical on the other side. In the W plane,
the ratio of b2 to c? is real and positive. The path of integration for
2y is the prolonged radius from c?, and 2y is the sum of an integral
from ¢? to b? and an integral from % to co. The second of these
integrals is +2B; to the first, which has therefore one of the four
values 42y 2B, is applicable the argument which establishes -84,
and the ratio of either y—f or y+4 8 to B is a purely imaginary number
which can not vanish:

6-85. If bjc is a real number numerically greater than unity, and if the
critical paths are rectilinear, then y|B is a complex number whose real part
18 1 or —1 and whose imaginary part is not zero.

The steps y+pB, y—pB are steps in the lattice built on 8 and y, and
therefore this lattice does contain steps at right angles to B; the differ-
ence between this case and that of -84 is that y is not itself one of
these steps.

Since -85 deals with the only case omitted from -83, the conclusion
of -83 is general with respect to the values of b and ¢. Also we can
remove the restriction on the paths. By -61, the general values of the
integrals I(b), I(c) are given in terms of particular values B, v by

I(b) = (2m;+1)B+2n,y, I(c) = 2m, B+ (2ny+1)y.
Since the ratios (2m,+1)/2m,, 2n,/(2n,+1) can not be identical, a real

ratio of any value of 1(b) to any value of I(c) would imply a real ratio
of B to y. Hence .

6-86. If b% c? are different and neither of them ts zero, the ratio of one
of the integrals

dw
J ey f =)

to the other can not be purely real, whatever the paths of integration.



VII

THE UBIQUITY OF THE FUNCTION INVERSE TO
AN ELLIPTIC INTEGRAL

7-1. The sense in which the function w(7) has been shown to be doubly
periodic is as follows: If w, is a value of w associated with a value I,
of I, then w, is associated also with every value of [ that is of the
form 2ha~+4kB+I,. This does not imply that there are not other values
of w associated with the same set of values of I, or that there are not
values of I with which no value of w is associated; in other words, the
property of double periodicity may belong to a manyvalued function
or to a lacunary function, and indeed it must belong to any function
that is an algebraic function or a lacunary function of an elliptic func-
tion. For example, if w3 = gz, the three values of w associated with
a value z, of z are all associated also with every value of z that is of
the form 24 2mw;-+2nw,. Similarly, for the function defined by the
expansion

-101 w = 14 pz+ p%+ P2+ pfz+t-...,

if the value w, is assumed by w when z has the value 2, the same
value w, is assumed when z has any value congruent with z, but in
this example w has no meaning unless |(z| << 1, and since there are
no values which gz does not take, it follows that there are values of
z for which w does not exist. The function defined by w?® = @z and
the function defined by the expansion -101 are doubly periodic func-
tions of z in precisely the sense in which the function w(/) has been
shown to be a doubly periodic function of I, but they are not elliptic
functions. An elliptic function is required to be singlevalued, and to
have no singularities other than poles except at infinity. These con-
ditions are not mere simplifications adopted in a first approach to the
subject only to be abandoned if they become irksome; they are essential
to the arguments that depend on integration round the perimeter of
a period parallelogram, and the whole general theory presupposes them
in one way or another.

To suppose that every value of I is possible as an argument of the
function w(I) is to suppose that to a value of I given arbitrarily must
correspond at least one path to infinity along which the integral of
1/¥R(w) has the given value. To suppose that w as a function of I is
singlevalued is to suppose that integrals to infinity from different points
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of the w plane can in no case be equal. We have only to state the
assumptions in this explicit language to know that nothing that we
have yet said has any bearing on either of them.

Taken literally, the question whether integrals from different points
of the w plane can be equal is not a local question: the whole plane,
not only the immediate neighbourhood of one point, is involved. We
recall however that in constructing the function fjz we did take into
account that a singlevalued function was required, and that in that
case we secured the result by conditions each of which was purely
local: we could see that a branchpoint must be either a zero or an
infinity, and by direct inspection of the zeros and infinities of the
function we proved that there could be no branchpoints; we concluded
that the function was singlevalued. The inference seems immediate,
but there is a tacit assumption, which it would have been pedantic
to emphasize then, that if a function has branches it has branch-
points.

Let us analyse this assumption. If a function w of z is not a single-
valued function or a formal aggregate of a number of distinct single-
valued functions, there is some simple closed circuit I' in the z plane
with the property that if the point z describes the circuit and w varies
continuously, nevertheless the value of w after description of the circuit
may be different from the starting value. To reduce this characteristic
of the function to the local property that there is some point ¢ such
that the function is not singlevalued within a circle drawn round ¢ as
centre, however small the circle may be, we may talk naively of con-
tracting the circuit I', or we may apply the Heine-Borel theoremt to
a reticulation, but however it is conducted the argument breaks down
if the region in which it is applied is not simply connected, that is, if
the mutating circuit surrounds points at which the function is not
defined. The function fjz is defined from the beginning for every finite
value of z, and is proved to be singlevalued as soon as it is proved to
have no branchpoints. To search the I plane for branchpoints of the

1 Briefly, the argument is as follows. If there are circuits that are not conservative
for the function, we can associate with a variable point P of the z plane the largest circle
with P as centre which does not surround such a circuit. The radius of this circle is a
continuous function of the position of P, and in any closed region this function attains
its lower bound. If the lower bound is zero, a point where the bound is attained is a
point in whose immediate neighbourhood a passage can be made from one branch to
some other. If the lower bound is not zero, the closed region can be covered by a finite
number of overlapping circles no one of which contains a mutating circuit ; if the region
is simply connocted it then follows that the region as a whole does not contain such a
circuit, but this concluding step can not be taken if there is multiple connectivity.
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function w(/) 1s premature until we know whether the function exists
throughout the whole plane.

As we shall see, to discuss the relation between w and I near a value
of I which the integral is known to take is a simple matter. The diffi-
culty in discussing a value of I which the integral is not known to take
is that we do not even know how to connect that value by any expan-
sions with a value which the integral does take. While this is true in
general, there must be at least one point in the I plane where the
difficulty does not arise. For the points of the I plane which are values
of the integral I(w) compose an aggregate A. If there are finite values
that the integral can not take, the aggregate A does not cover the
whole plane, and there is at least one accessible boundary point to this
aggregate; that is, either there is at least one accessible point which
does not belong to A but is a limit of members of A, or there is at least
one accessible member of A which is a limit of points that do not belong
to A. As far as logical classification can tell us, there may be any
number of points of each kind, but unless there is one point of one
kind or the other there can be no finite values impossible for I(w).

We proceed to investigate the alternatives, and we consider first the
neighbourhood of a member of A, because results obtained by working
outwards from a known centre are needed in the subsequent more
difficult discussion.

7-2. Assuming the relation

( dw

we are to consider the neighbourhood of I, or rather, to consider
together the neighbourhoods of I, and w, in their two planes.

The definition of [ as an integral implies the existence of dI/dw, and
therefore implies the analytic character of the branch of I(w) involved,
near any point at which w, I, and the integrand are all finite, and
implies also the analytic character of the corresponding branch of w as
a function of I unless the integrand dI/dw is zero. In detail, there is a
number ¢ such that if | w—w,| < o the relevant branch of 1/vR(w) is
expansible in a series

kotky(w—wy )+ Eo(w—wy)+..., »
and if 7 is the integral along a path which comes from w to w, inside
the circle jw—w,| < o and then follows the path of I, we have

202 I—I, = —ky(w—wy)—3k(w—wy):— Lk (w—w,)3—....
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Unless k, = 0, this expansion is reversible in the form
203 w—wy = hy(I—L)+hy(I— 1)+ hy(I—1,)3+...,

valid for sufficiently small values of |I—1I].

That is, there is a number p, not zero, such that if I is any number
satisfying the inequality |I—I,| < p, the expansion in -203 is con-
vergent and determines a value w for which |w—w,| < o; for this
value of w, the integral to co has the value I if the path of integration
is the path ww, co.

721, In general, if I, = I(wy), there is @ number p such that if
|I—1I| < p, then there exists a point w such that I is a value of I(w).

We must examine the cases, of zero or infinite integrand, not covered
by our proof of -21 to see if there are any exceptions, to the result.

First, the integrand 1/vR(w) is zero at w, only if w, is infinite, that
is, if I, is the value of the integral along a path S which comes from
and returns to infinity. This is the type of integral to which the greater
part of the last chapter was devoted. If w is any point of S, one value
of I(w) is the integral from w along S, and one value of I,—I(w) is
the integral to w along S. Since 8 comes from infinity, there is a point
v of S before which every point of S is outside the circle

|w| = max(|b], |c]),
and in the notation of 6-3 the integrand along S from oo to v is one
of the two functions A4 (w). Thus for any point w of S before v, we
have I(w) = I, where

204 LT = [ A@w)dw = %‘—;—}(Hﬂ

Sw?

42 +>

Swt

For sufficiently small values of I—I, this expansion is reversible in
the form

1
205 = +(I—L){1+hy(I—L)*+hy(I— L) ...},
which is further equivalent to
1
-206 w= + 1 {14-g,(I — L) +-go(I— L) ..}
*

From this expansion we can argue as from -203. For any sufficiently
small value of I—I,, the expansion gives a definite value of w, and
we can secure the condition |w| > max(|b], |c|) by a reduction if neces-

sary of the limit imposed on |I—I|. Then it follows that for this
4767 S
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value of w, given by -206, the integral I(w) has the value I if the path
of integration lies along S. That is to say, the case in which w, = oo
13 no exception to -21.

Incidentally, since the upper sign or the lower must be taken in -204
according as passage along S restores or reverses the integrand at in-
finity, that is, according as the form of I, is 2ha-}4k8 or 2ha+(4k-+2)8,
we have proved that

7-22. The infinities of the function w(I) are simple poles; those con-
gruent with the origin have residue 1 and those not congruent with the
origin have residue —1.

Next, the integrand 1/VR(w) is infinite at w, if w, has one of the
critical values +b, 4-c. We have already seen that the integral remains
finite if the path starts actually from the critical point; the value of
the integral is of the form mB-+ny, with m odd and n even at +b and
with m even and » odd at 4c. Writing

w—b = 12
we have B(w) = t3(2b+-12){(b*—c?)+-2b£24-14},

and since b(b*—c?) # 0, 1/VR(w) is expansible for sufficiently small
values of ¢ in the form

1
Vgl B4 Ry ),

where k, 7 0; more generally, this is the form of 1/vR(w) near any
critical point w,, if £ denotes either value of \/(w—w,). Since dw/dt = 2¢,
integration gives

w

dw 3 2. 45
TRw) = 2kot42k, 342k, 1514 ...,

w,
if the path of integration remains inside the circle |w—w,| = 82, where
3 is the radius of convergence of the series ky+k, t*+k,t4+.... If then
the path of integration to oo from a point w inside this circle consists

of a path to w, inside the circle followed by the path which provides
the value I, the value I of I(w) is given by

207 I—-I, = —8(2ky+ 3k, 22k, 10 4-...),
implying a reversal
-208 t = (I=L){ho+hy(I—L)2+hy(I—1,)4+..}

and therefore an expansion
-209 w—wy = (I—L)¥gy+9,(I1—L,)%+g5(I—L,)*+...}.
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As before, any value of I sufficiently near to I, is a value for which
a point w and a path of integration ww, 0o exist: the case in which w,
18 a branchpoint is no exception to -21.

We have dealt with the only possible cases: there are no exceptions
to -21, and we can assert that

-210. Any finite value which the integral I(w) assumes is completely
embedded in values which it assumes,

or in other words that

7-23. A finite value taken by the integral I(w) can nmot be a limit of
values which the integral does not take.

In the language of -1, we have disposed of one alternative regarding
boundary points of the aggregate A.

7-3. From the formulae -202, -204, -207 used to establish 23, it
followst that

7-31. If I, vs a value of the integral I(w,), then I, is a limit of values
of I(w) as w tends to w.

What we have now to prove is the converse theorem, that if J is a
limit of values that I(w) can take, then there is some value w, of w
such that J is a value of I(w,). The proof is simple in principle, but
in detail complications arise because I(w) is not a singlevalued function
of w, and w(I) must not be assumed to be a singlevalued function of 1.

We first show that we can, in effect, treat I(w) as singlevalued: we
can surround J by a circle within which there can not be two distinct
values of I associated with the same value of w. The evidence is
naturally to be drawn from the conclusions in 6-77 regarding the
multiplicity of values of I.

If I is at a distance less than p from J, then 2ma-4nB+1 is at
a distance less than p from 2ma+4nB+J, and 2ma—+(4n+2)8—1 is
at a distance less than p from 2ma-(4n+2)B—J. Let us surround
each point of the form 2ma+4nB-+J and each point of the form
2ma-+(4n+2)B—J by a circle of radius p. Then if one value of I is
inside the circle round J, there can not be a second value of I inside
the same circle unless this circle is overlapped by one of the other
circles, and we ask if p can be chosen small enough to make overlapping
impossible.

Since, as we have proved in 6-8, the ratio of 8 to y is not real, the
points 2ma+4nB form an undegenerate lattice. A distance between

1 The reader will notice that -31 is not a corollary of -23.
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one point of the form 2ma-+4nB+J and another, or between one point
of the form 2ma-}+(4n+2)B—J and another, is the same as a distance
between two points of this lattice, and is at least as large as the smaller
of the perpendicular distances between opposite sides of the period
parallelogram 2«, 48; this distance has therefore a minimum value §,
which is not zero.

Again, since

{le a+4n, B+ J}—{2m2 a+(4n2+2)ﬁ—~]}

= 2(my;—my)a+t4(n,—ny)B—2(B—J),

identically, a distance between a point of the form 2ma-+-4nB-+J and
a point of the form 2ma+- (4n-+2)B—.J is the same as a distance between
the point 2(8—J) and a lattice point. As we have just seen, the mini-
mum distance between two lattice points is not zero; hence the aggre-
gate of lattice points can not have 2(8—J) for a limiting point, and
either 2(8—J) is an actual lattice point, or the distances from 2(8—.J)
to lattice points, that is, the distances between points of the form
2ma-+4nB-+J and points of the form 2ma+-(4n+-2)B—J, have a mini-
mum value 8, which is not zero.

It 2(B—J) is the lattice point 2ma+4nB, then J = —ma—(2n—1)B;
if m is even, J is congruent either with g or with —pB and is a value
either of I(b) or of I(—b); if m is odd, J is congruent either with y or
with —y and is a value either of I(c) or of I(—c). Thus if 2(8—J) is
a lattice point, J is known already to have the form I(w,), and further
argument to this end is unnecessary.

Setting aside the case in which 2(8—J) is a lattice point, we have
a distance min(3,,38,), not zero, which is the least distance between
two points each of which has one of the two forms 2ma-+4nB+J,
2ma+(4n+2)B—J, and therefore if every point of each form is the
centre of a circular region of radius }min(8,,8,), no two of these
regions overlap, and if, for a given value of w, there is a value of
I(w) inside one of these circles, then, for that value of w, there is
one and only one value of I(w) inside each circle.

We can now suppose the point J, which is a limit of values taken
by I(w) as w varies, to be the centre of a circle within which there is
at most one value of I(w) corresponding to any one value of w. The
radius p of this circle is not zero, and in dealing with J as a limiting
point we may ignore altogether points outside the circle.

Let p be any radius between 0 and u, and denote by P(p) the interior
of the circular region with centre .J and radius p. Inside the region
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P(p) there is an infinity of values that I(w) can take, since J is a limit
of these values; since one value of w can not be the source of more
than one value of I(w) inside P(p), the values of w which give values
of I(w) inside P(p) form a set W(p) which also contains an infinity of
members, and therefore has at least one limiting point. That is, the
limiting points of the set W(p) compose a set D(p) with at least one
member, which may be the point at infinity in the w plane. Now if
0 << o < p, the circular region P(c) forms part of the circular region
P(p), and the sets W(co), D(o) therefore form partst of the sets W(p),
D(p); also the set D(p) is closed, since the w plane is completed by the
point at infinity. The collection of sets D(p), for all values of p in the
open interval 0 << p << p, determines a set Il composed of the values
of w that belong to every member of this collection, and because the
individual sets are closed and the collection is a nest, the set II is not
empty] but has at least one member. Let w, be a member of II and
therefore a limiting point of W(p). By -31, any value of I(w,) is a limit
of values of I(w) for values of w belonging to W(p), and therefore each
circle of radius p round a point of one of the forms 2ma-+4nB+J,
2ma-+ (4n+2)B—J includes, possibly on its circumference, one and only
one of the values of I(w,). That is, if 0 < p << p, there is one and
only one value of I(w,) in or upon the circle round J with radius p.
But w, and the values of I(w,) are independent of p; the value of
I(w,) belongs therefore to the only point which is common to all the
circles, namely, the centre J itself.

7-32. If J 4s a finite limit of values which I(w) can take, then J is
ttself a value which I(w) can take.

Or, in the form of the enunciation of -23,

7-33. A finite value which the integral I(w) does not take can not be
a limit of values which the integral does take.

An alternative method of reaching the conclusion -33 will seem simpler;
logically it is less satisfactory, since the controversial multiplicative axiom is
assumed.

Since J is a limit of values that I(w) can take inside the circle round J with
radius u, we can select from these values a sequence I, I,,... of which J is the
only limit. These valucs belong to arguments w,, w,,..., and since one value of

1 Perhaps the whole, as far as we know at present, but this is immaterial.

1 If the collection was formed for values of p in an interval A <{ p < p closed at the
lower end, the set 1T, of common members would be simply D(), and the fact that D(p)
is closed would be irrelevant. But since our whole object is to find a set I, and p can not
actually be 0, it is essential to have an argument which allows the interval of values of p
to be open.
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w can not account for more than one of the values of I, the sequence w;, wy,...
consists of an infinite number of distinct terms and has at least one limit, finite
or infinite. If w, is a limit of the sequence w,, w,,..., there is a subsequence
W Wy ...y Where my < My < oy of which w, is the only limit. By -31, if L is
a value of I(w,), then I; is a hrmt of values of I(wy,), I(wp,),.... Since every
value of each of the integrals I (W), I(wy),... is in some circle with radius n
round a pomt of one of the forms 2ma+4nﬁ+J 2ma+(4n-+2)B—J, the limiting
point I; is in or upon one of these circles, and therefore each of the circles con-
tains one and only one value of I(w,). In particular, there is one value I, of
I(w,) in or upon the circle round J, and this value is a limit of the values I"';’
,,,, .. of I(w,, ), I(w, ), which are inside the same circle. But Im , Im, are
terms of the sequence 1,, I,,... which by hypothesis has only the one limit J.
Hence I, coincides with J, that is, J is identified with a value of I(w,).
Essentially what is done in the earlier proof of -33 is to transform this argument
into a form in which picked sequences are not invoked, without losing the thread
which runs so clearly through the unsophisticated version.

7-4. The combination of the two results :23, -33 is the theorem that

-401. There exists no boundary to the aggregate of values taken by the
integral I(w) if the range of w is unrestricted.
This implies that these values cover the whole of the I plane:

7-41. There is no finite value which the integral I(w) does not take for
some value, finite or infinite, of the lower limit w.

In other words, with the convention that a function exists at a point

where its value is unequivocally infinite as well as at a point where it
has a finite value,

7-42. The function w(I) exists for every finite value of I.

It follows now that the discussion in -2 of the character of w(I) in
the neighbourhood of a point determined by an arbitrary value of w
was also a discussion of the function in the neighbourhood of an
arbitrary value of I, and from an inspection of the three types of
expansion -203, -206, -209, we see that

7-43. The only accessible singularities of the function w(I) are simple
poles with residue 1 or —1.

In particular, w(I) has no branchpoints, and therefore

7-44. The function w(I) 18 either a singlevalued function or an aggregate
of distinct singlevalued functions.

The second alternative recognized in this theorem will be under-
stood from the example of such simple relations as w? =1/22 and
w? = csc®z—1. In each of these relations w, regarded as a function of
z, satisfies the conditions of both -42 and 43, and it is only our previous
acquaintance with the functions that enables us to see at once that the
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one function is the combination of the two distinct functions 1/z, —1/z
and the other the combination of the two distinct functions cotz,
—cotz.

7-5. For the last step in determining the character of w(I) we replace
the integral relation defining I(w) by the differential equation
-501 (dw/dI)? = (w?—b?)(w?—c?).
The argument is a repetition of that used in 5-1 and 5-3. Substituting
w = 1l/y, we have

*502 (dy[dI)? = (1—b%?)(1—c?),
whence
-503 d2y[dI? = —(b%4-c?)y+2b%c%y3.

In -502, y = 0 implies dy/dl =1 or dy/dI = —1, and there is one and
only one solution of -503 for which initially y = 0, dy/dI = 1, that is,
one and only one solution expansible near I = 0 in the form

504 y = I(1+b, I+b, I2+...).

Hence there is one and only one solution of -501 expansible near I = 0
in the form

505 . w = %-l—co-l—cll—i—czlz-i—....
That is to say, near the origin w(I) is one singlevalued function, whence
from -44

7-51. The function w(I) is singlevalued throughout the I plane, except
possibly at infinity,

implying with -43 the fundamental theorem to which we have been
working:

7-52. The function w(I) obtained by inverting the integral relation

w

¢ d
1= T =)’

in which the radical s asymptotic to w? towards infinity along the path
of integration, 13 a meromorphic function.

7-6. In 5-1, the identification of the function fjz with a particular
solution of the differential equation

601 (dw[dz)? = (w2—f2)(w2—f3)
over the whole z plane was made without comment, and it is worth
while to remark on the difference between -601 and -501 in respect of
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the use that can be made of a particular solution selected at the origin.
The solution of -501 is not necessarily confined to the circle of con-
vergence of the series c,+¢, I+4c, I2+... which constitutes the regular
part of the Laurent expansion -505. If p is any point inside this circle,
the expansion

602 TS +60+61{p+(I—p)}+02{p+(l—]))}2—}—...

can be rearranged as a power series in I—p, and the function repre-
sented by -505 can be continued analytically from the new series; thus
continued, the function nowhere ceases to satisfy the differential equa-
tion -501. The function exists at a point I, if there ist a curve D
joining p to I, with a finite sequence of overlapping circles such that
each point of D lies inside at least one of the circles, that the centre
of each circle is inside the preceding circle, and that each circle is the
circle of convergence of the Taylor series constructed at its centre from
the function defined in its predecessor. Whether such a curve and such
a sequence of circles exist for a specified point I, depends ultimately
on the sequence of coefficients ¢, ¢,, ¢,,..., and in this sense the domain
of existence of the function w(I) is undoubtedly determined theoreti-
cally by the constants %, c2. From this point of view the extent of
the domain is a subject for investigation, and the proper assumption
to make is that it is only if the constants b2, c? satisfy some set of
conditions at first unknown that the domain of existence of the function
as a meromorphic function extends over the whole plane, except per-
haps at infinity.

In the case of the equation ‘601, we make no effort to continue the
solution analytically. The solution being identified with a known func-
tion fjz, the expansion obtained by rearrangement from

1
-603 e ot {p+ 2—p) e p+ (2—p) 2+ ...,
T —p) T AP P}+eofp 2

where the coefficients depend on f,, f; in precisely the same way as the
coefficients in -602 on b, ¢, is the expansion of fj(p+ %) as a power series
in A, and any continuation of fjz from the centre p is equally a con-
tinuation from the series -603. Knowing that fjz can be continued to
any point that does not belong to its lattice of poles, we infer that
whatever conditions are necessary for the continuation of -603 must in

1 This is the classical form of continuation. For a meromorphic function, continuation

by means of overlapping Laurent circles is more efficient, and no more difficult to justify
theoretically.
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fact be satisfied. In other words, if there are any conditions which b, ¢
must satisfy in order that a solution of the pair of equations f, = b, f, = ¢
should exist, these conditions certainly include conditions sufficient to
ensure that the domain covered by the continuation of the series -602 is the
whole plane with the exception of the points forming a single lattice. This
result helps us not at all in the determination of the domain of existence
of the continuation of -505 for arbitrary values of b and c.

There is however a method, altogether different from that of analytic
continuation, due in principle to Weierstrass and applied in detail by
Goursatt, for dealing with the inversion problem by extending the region
of existence of w(l) as a meromorphic solution of the differential
equation

-604 (dw/dI)? = (w2—b?)(w?—c?).

We know that ¢f w(I) is an elliptic function, then w(I+J) is expressible
rationally in terms of w(/), w(J) and their derivatives, and in particular
w(21) is expressible rationally in terms of w(I) and w’(I). A rational
function of two meromorphic functions is itself meromorphic. If then
we can calculate w(I) as a meromorphic function of I throughout a
region |I| < p, we can calculate w(2I) as a meromorphic function
throughout the same region, that is, we can extend the calculation of
w(I) to the larger region |I| << 2p, and it follows that there can be no
maximum to p. We propose therefore to use the following lemma:

7-61. If the function w(l) exists as a meromorphic function throughout
some circle round the origin, and if w(2I) can be expressed rationally in
terms of w(I) and w'(I), then w(I) exists as a meromorphic function
throughout the whole plane, the point at infinity perhaps excepted.

If w(I) is the solution of -604 for which
-605 w(l) ~1/I
near the origin, the first condition in -61 is satisfied, as we have proved
in -505. For the second condition, we are not at liberty simply to quote
an addition theorem for fjz or a formula for fj2z; whatever formulae

we need we must establish from the definition of w(I) in terms of the
differential equation. We can however say that because, from 4-44,
£j22 = (fEfi—fi)2fiz 1]z,
it follows that if w(I) is fj I, then w(2I) must be {b?c2—w*(I)}/2w(l)w'(1);
t Cours d’Analyse Mathématique (1st ed., 1905) II, 505. The notation and the
details of the analysis are adapted to our own treatment. Goursat deals with the

Jacobian function snu.
4767 T
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the glance forwardt does its work in suggesting a formula for veri-
fication.
Suppressing the argument I throughout, we accept for examination

the function W defined by the formula

202yt
-606 W= »bi’_lf’ ,

2uww
where w satisfies the differential equation -604 and the initial condition
-605. Writing also

/2 2,2
607 =" b._c2_(b2+c2)+w2
w w
we have
b2c?
608 T = —2(—-?-—10)10’ = —4WT.
w

On the other hand, since -606 can be written
20'W b2 0
=z = w

w  w
we have from -607
AW = {T+ (b2 c?)}2—4b%?,

that i (62 02)
at is, 4W?2 = T42(b24c?) 4>

whence
609 4(WE—bY)T = {T—(b2—c?)}2,  AW?—e)T = {T-f (b2—c?)?

and also, from -608,
. (b2—c2)?
2W' = —T(l— 7T )

that is,
610 2W'T = —{T%*—(b*—c?)3}.

From :609, -610,
W2 = 4(W2—b2)(W2—c?),

so that if J = 21, then

-611 (AW /[dJ)?* = (W2—b%)(W2—c?).
Also, near I = 0, from 605, W ~ 1/21, that is, near J = 0,
612 W(J) ~1/J.

t Historically, addition theorems were discovered in the form of relations between
integrals before the integrals were inverted.



THE UBIQUITY OF w(l) 139

Hence W, as a function of J, satisfies precisely the conditions which
define w as a function of I. That is to say,

W(I) = w(2l),
and the second condition in -61 is satisfied as well as the first:
7-62. The solution of the equation
(dw/dI)? = (w?—b2)(w?—c?)
which resembles 1/1 near I = 0 exists as a meromorphic function through-
out the whole I plane, except perhaps at infinity.

It will not be disputed that the deduction from -61 is simpler than
the series of proofs in -3—-5. On the other hand, while the earlier pro-
positions depend on general principles that can be expected to have
applications elsewhere, the later proof depends on the exact form of the
differential equation, on a formula that is peculiar to this equation and
not to be discovered without some trouble, and on a lemma of which the

range of usefulness is necessarily limited, since addition theorems are
rare.



VIII
THE SOLUTION OF THE PROBLEM OF INVERSION

8-1. The characterization of the function w(I) inverse to the integral
I(w) is now complete. By 7-52 the function is meromorphic except at
infinity, and by 6-76 it has two periods whose ratio, by 6-86, is not
real. By 7-22 the poles are simple, and by 6-55 and 6:76 there are only
two poles in a primitive parallelogram. Hence

8:11. The function w(I) s an elliptic function of the second order with
distinct simple poles.

Once known to be an elliptic function, w(I) is readily identified by
its structure. By 6-55 the poles form the lattice built on 28 and 2y,
and since 2« is a period, « is a step from a pole to a zero, and therefore,
the origin being a pole, « and —« are zeros.

8:12. If b2 and c? are unequal and neither of them is zero, and if

I j‘o . dw
- J{(wz—b2)(w2—62)}
w
where the radical resembles w? towards infinity along the path of integra-
t'le?'l/, tken w = fj(I; o /8, ‘y)’

where o, B, v are appropriate values of 1(0), I(b), I(c) connected by the

relation a—+B-+y = 0.
In particular,

‘101--102 b = f](ﬁ: —/3—')’,/3, ) ¢ = fj(')’; —/3"’}’,/3, 7)-
But this pair of formulae is a corollary of -12, not, as it might be if the
formulae were proved independently, the foundation of the theorem.

8-2. The restrictions imposed in 6-3 on the paths B, C from b, ¢ to
oo, the paths by which B, v are defined, had the sole purpose of clearing
the ground for the subsequent discussion. It is easy to see that they
do not render the integrals B, y determinate: without infringing the
restrictions, we can change the paths in such a way as to change the
integrals also. For example, without altering the path B we may
replace C by a path C, such that C and C, together form a simple loop
impeded by B. The integral along C,, which then replaces y throughout
the discussion, has the value 28—y, which is necessarily different from
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y, but the resultant function fj(I;y—3B,B,28—7y) is identical with
£i(I; —B—v.B.7)-

¢
G
~ch
-5 ~b b. 8 -
(o
C’”
C
Fia. 28.

If B,, C, are any two paths from b, ¢ to oo, the integrals along these
paths are values of I(b), I(c) and are given by

201 - By = (2my+1)B+2n,7, Yx = 2my B+ (2ny+-1)y,

where m,, n;, m,, n, are whole numbers, not necessarily positive, and
my+n,, my+n, are even. The function £j(1; ay, By, v«) is identical with
fj(L; «, B,y) only if B, v, is a primitive pair of quarterperiods of the
latter function, that is, only if

202 (2my+1)(2ny+1)—dnymy = +1.
It follows that some restrictions on the paths from b, ¢ are essential

to the identification of w(I) with fj(I;«,8,y). But the restrictions in
6-3 are of no intrinsic significance.

8:3. The definition of w(I) as a particular solution of the differential
equation (dw/dI)* = R(w)

is almost equivalent to definition as the inverse of I(w). Since the
Weierstrass-Goursat proof that the function is meromorphic avoids the
topographical problems inseparable from the study of the integral I(w),
it is of some interest to see how the double periodicity of the function
can be established from the differential equation alone.

Given a function f(2), if we can express f(2+w) in terms of f(z), with
functions of w playing a parametric part, we can easily see if any choice
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of w reduces f(z+w) identically to f(z). The periodicity of a function
can therefore be verified immediately if an addition theorem is known.

As we verified in 7-6 that w(I) satisfies the duplication formula of
fjz, so we can verify that w(I) satisfies the addition formula

w(Iye' (J)—w(J)w' (1)

<301 =
% ) = ) k()
Write temporarily W = kw—he'

W B2’

where &, k are constants and the argument I of the functions w, w’, W
is understood. Since

+302--303
w'2 = (w?—b2)(w2—c?), w" = 2uw3—(b%4-c)w,
we have
(w?—h2)2 W’ = (kw'—hw")(w?—h?)—2ww' (kw—hw')
= —kw'(h*+w?)+hw{2(h*w+b%c?) — (b%-+c?)(h2+w?)},
on substitution and reduction. Hence simultaneous interchange of A
with w and of & with w’ leaves W’ unaltered. It follows that if

-304 = w(J), k= w'(J)
then

505 oW _ oW

305 ol ~ o’

whence, with A, k given by 304, W(I, J) is a function ¢(I+J) of I+J.
Since I can be connected continuously with the origin, and since W — k
as I —» 0, the function ¢(J) is w(J), that is, W(I,J) = w(I+J), and
+301 is proved.

Attention may be called to the part played by 7-62 in this argument. Without
7-62 we reach the point that the function on the right-hand side of -301 is some
function of I-4-J, but if I and J could belong to domains separated from the
neighbourhood of the origin, a condition derived from some point in one of these
domains would be necessary before this function of I+J could be identified.
It is for this reason that investigation of periodicity by means of the addition
theorem could not be included in Chapter VI, where it would seom appropriate.

It is a curious feature of the formal development of the theory from the
differential equation that the duplication formula, or some other weakened form
of the addition theorem, appears to be essential to the proof of the general
theorem.

Since w'(I) is an irrational function of w(I), the expression for
w(I+J) can not reduce to w(I) for all values of I unless the term
w(J)w'(I) disappears, on account of the value of J, either absolutely
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or, as we shall see is possible, in comparison with w(I)w’'(J). We have
to consider the two possibilities,

306 (1) w(J)=0 when J = w,
-307 (i) w(/)w'(J)—>0 asdJ ->38.
Firstly, if w(w) = 0, that is, if w is a value of I(0), then from -302

w'(w) = b2%c? # 0,
and we have from -301,

-308 w(l+w) = w'(w)/w(l).
Hence w is not a period, but writing -308 in the form
w(l) w(I+w) = ()
and replacing I by 74w we have, since w(I-+w) is not identically zero,
w(I+2w) = w(I).

8:31. If w is any value of 1(0), that 1s, is the integral of 1/VR(w) along
any path from 0 to oo, the function w(I) is periodic in 2w but not in w.

Secondly, to the condition -307 we may add w(8) +# 0, since we do
not need to recapitulate the first case. But with this condition added,
-307 requires

-309 w'(J) - oo,

implying, from the differential equation, w(J) — co, and further
2 J)

-310 1_&_(_ 1.

3 i) -

Hence from -301,
311 w(I+8) = Fw(l)

according as
. w'(J)

-312 lim 20 = 41
Jl—%wz(J) +

Now from the duplication formula, in the form
_ brt—widJ)
2w w'(3J)’
it follows that an infinity of w at 8 is associated with three possibilities

at 38; we may have there (i) a zero of w, (ii) a zero of w’, or (iii) an
infinity of w.

313 w(J)
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Differentiating -313 logarithmically we have

314 2w’ (J) _ 4wdw’ _u_)’_?:
w(J) bt —uwt w W
and therefore, from -303,
g1 W) dwhw®  w? 2wt (bt
w(J) (b2c2—w?)?  b2c2—wt b2i—wt

the unwritten argument on the right of -314 and -315 being every-
where 4J, and this formula gives us, in each of the three cases, the
value of the limit required for applying -312 to -311.
(i) If w(38) = 0, then w'?(48) = b3%c?, and -315 gives
w'(J)
wi(J)
as J - 8; hence w(I+38) = w(I). This is -31, reached from the other
end.
(i) If w'(}3) = 0, then from -302
2wh(38) — (b*+cP)w($8) = —{b%c*—w(}3)},
w'(J)
wi(J) "
whence w(I+68) = —w(I); the condition w’(38) = 0 implies that w(}3)
is +b or +4c: _
8-32. If 16 vs any value of I(b) or any value of I(c), then w(I) is
pertodic in 28 but not in 8.
(iii) If w(3J) > oo as J — 8, then w'3(}J)/w*(3J) — 1, and therefore
from '315, wl(J) .
w¥(J)
implying w(I-+8) = w(I). This however is only a deduction from -31
and '32 combined, since & is now of one of the forms 271(0), 4-2"1(b),
+271(c), with n > 2.
The cumulative argument establishes that

L

and from 315

L

8:33. Hvery period of the function w(I) s of one of the three forms
21(0), £41(b), £4I(c),

but does not indicate how a primitive pair of periods is to be found.

The proof of periodicity from the differential equation possesses the doubtful
merit of invoking the minimum of theoretical principles, neither the theory of
aggregates nor the topography of paths being used. But the comment made in 5-5
on 5-14 is again apt. When we construct (z as a doubly infinite series, we are
deliberately constructing a function that will be doubly periodic. When we have
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investigated the effect of varying the path of the elliptic integral, we understand
why the aggregate of values is a pair of doubly infinite congruences. But double
periodicity emerges from the addition theorem as an inexplicable accident, and
the addition theorem though easy to verify is hard to discover. And is not the
use of the duplication formula in the proof of -32 ingenious enough to be pleasing
but too ingenious to be satisfying ?

8-4. The introduction of an elliptic function with simple poles has
now been effected in two ways, radically different. If the sole purpose
is to have such a function to study, there can be no doubt that it is
simpler to construct the function by means of doubly infinite series
than to invert an integral. But, as we have seen, the construction and
the inversion do not really solve the same problem: one process is not
an alternative to the other. The direct process discovers a function
with assigned quarterperiods; in the inverse process the function is one
for which given parameters play in the end the part of the critical
values f,, f,. In the one case, f,, f;, are implicitly determined from

w,, wy, in the other case, w,, w, are implicitly determined from f,, f;.

It is important to remark that in each case the primary object is
the function fjz itself; any evaluation of parameters associated with
the function is incidental. As we have said, the determination of w,, w,
from f,, f; is not unique. This is not because the function fjz is not
unique: the relation

a0

dw
401 —
0 VEw) ~ ©

determines w as one deﬁmt,e elliptic function, not as one or other of
a group of elliptic functions; it is because the lattice to which the
function fjz is attached can be constructed from any primitive pair
of its periods. The points at which fjz has the values f,, f;, or in other
words the solutions of the two equations
'402 fj(Qg; _wg'—wh, wg, wh) = fﬂ’ fj(Qh; '—wg—wh, (U”, (Uh) == fh
in Q, Q,, are
403 Q, = (2m;+ 1w, +(2m,+4n, )wp,

Q, = (4my+2n5)w,+(2n,+1)w,,.
This is therefore the solution of the pair of equations
404 fJ(Q Q Qh’Q fg’ f]( ho —Q '—Qh)Q fh
if the lattice built on Q, Q,L is geometrically identical with the lattice
built on w,, w,, that is, if

-405 (2m,+1)(2ny+ 1) —(2my+4n,)(4my+2n,) = 1.
4767 U
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The significance of the sign in the last condition was investigated in
the first section of the introduction. Applying 0-14 as a criterion to
-403—405, we see that

841. The pairs of quarterperiods €, €, such that the function
fi(z; —Q,—Q;,Q,, Q) ts identical with the function fj(z; —w,—wy, w,, wy)
and that rotation from Q, to Q, is in the same direction as rotation from
w, to wy, are given by
41, Q, = (2m+ 1w+ (2my+4n,)w,,

‘ Q;, = (4my+2n,)w,~- (20,4 1)wp,
with the condition
41, (2my+1)(2n,+ 1) — (2my+4m, ) (4my+2n,) = 1,
the pairs such that the functions are identical and that rotation from Q,

to Q, is in the opposite direction to rotation from w, to w, are given by
the same pair of formulae with the condition
41y (2my+1)(2ny+-1)—(2my+4n,)(4my+-2n,) = — L.

It follows from the way in which the formulae have come into our
work, and it can be verified immediately by elementary algebra, that
the aggregate of pairs of numbers given by -41, with the condition -41,
can be constructed from any one of its members by precisely the same
formulae subject to precisely the same condition. For this reason the
aggregate is called automorphic, and because there is no ambiguity of
sign in -41, the aggregate is said to be definite. The aggregate given
by the same formulae with the less restrictive condition -405 also is
automorphic: it too can be reconstructed from any one of its members
with the same formulae and the same condition. The aggregate formed
with the ambiguous sign is said to be extended from the definite
aggregate.

There are many types of automorphic aggregate, but since we are
dealing with only one problem we shall not attempt a general definition.
If the formulae 403 are understood, the aggregate can be said to be
conditioned by -41, or -405. Alternatively we can speak of the definite
aggregate and the extended aggregate generated by -403.

Every pair of complex numbers belongs to one and only one definite
automorphic aggregate with the generating relation -41;, and to one
and only one extended automorphic aggregate with the same generating
relation. Each aggregate, though it has an infinity of members, is
determined by any one of them.

If the ratio of w, to w,, is real, w, and w, are real multiples of one
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complex number w, and every pair of numbers determined by formulae
such as -403 is a pair of real multiples of w. Conversely therefore, if
there is one member of the aggregate for which the ratio of Q, to Q,
is not real, there are no members for which the ratio is real: either the
aggregate degenerates completely, or it has no degenerate members.
We are not concerned with degenerate automorphic aggregates.

We must be on guard against supposing that because the condition
-405 is resolved into the exclusive alternatives -41,, -41,, the extended
automorphic aggregate is the sum of two aggregates of different kinds,
a ‘positive’ aggregate conditioned by -41, and a ‘negative’ aggregate
conditioned by -41,. Geometrically, the mistake is clear enough: the
aggregate of pairs of quarterperiods for which rotation from w, to w,
is in one direction is just the same kind of aggregate as that in which
rotation is in the reverse direction. Analytically, the fallacy lies in
overlooking that whereas -403 and -405, or ‘41, and -41,, define an
aggregate in relation to one of its members, describing as we may say
the internal structure of the aggregate, -41, and -41; define an aggregate
by a relation of its members to an external term: -41, is not satisfied
if my, ny, m,, n, are all zero, and w,, w, do not constitute a member
of the alleged ‘negative’ aggregate. As they stand, ‘41, and -41; give
us no reason to suspect that the aggregate which they define is auto-
morphic. To determine the internal structure of this aggregate, we
must find the relation of the member Q,, Q, to some member of the
aggregate itself. Since -41; is satisfied by m; = 0, n;, =0, m, =1,
n, = —1, the pair w,, 2w,—w; belongs to the aggregate conditioned
by -41,, and if we write

@, = w,, @y, = 20,—w,
the generating formulae become
Q, = (6m,+8n,+1)&,—(2m,+4n, )i,
Q,, = (4my+6ny+2)0,— (21,4 1)&,

that is,
Q, = (2my+ 1)@, + (2m, + 471, Qp, = (41My+21,) @+ (27054 1)@y,
where iy = 3my-dny, 7oy = —2m,—3n,,
g = Mmy+2n,+1, flg = —Ny—1.
Reciprocally,
my = 3+ 44, ny = — 21, — 3,

my = My+20,+1, ny = —f;—1,
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and therefore the condition that m,, n,, m,, n, are integers is equivalent
to the condition that m,, @i, m,, 7, are integers, and since identically
omy+1 = (2my+1)+2(2m,+47,),  2m,+dn, = — (2, +47,),
dmy+2m, = (4y+27))+2(27y+1),  2mp+1= —(2M,+1),

the ‘negative’ condition

(2my+1)(2ny4-1)— (2my+4n,)(4my+-2n,) = —1
becomes the ‘positive’ condition

(2174 1)(2iy- 1) — (217, + 447, ) (41734 285) = 1.
That is to say, the internal structure of the aggregate determined by <41,
and -41, is expressed by a condition of the form -41,. The aggregate
determined by -41, and -41, is a definite automorphic aggregate, definite
in the same sense as the aggregate for which the positive sign is chosen
from -405. The extended aggregate is composed of two mutually
exclusive definite aggregates.

The poles and zeros of fjz form in the z plane lattices which exist
independently of the notation by which the function is studied, but
the notation is governed to some extent by the uses to which it is to
be put. To take the simplest example, neither w, nor w, can be used
as a symbol for a zero of fjz. If w,and w, are to be replaced by another
pair of quarterperiods without the meanings of f, and f, being changed,
-403 and -405 give the conditions to be observed.

8:42. If the function fjz is given, the pairs of quarlerperiods w,,
with which it can be associated form an extended automorphic aggregate.

wp,

The fundamental existence theorem of the inversion problem can
now be put succinctly:

8:43. If b% and c? are unequal and neither of them is zero, the pair of
equations
43, fi(wy; —w,—w), w,, wp,) = b, fiwp; —w,—wy, wy, wpy) = ¢
18 soluble, and the solutions compose a single extended automorphic
aggregate.

In -42 and -43 we recover in the automorphic aggregate the unique-
ness which one pair of quarterperiods can not display. Of course it is
always possible to secure verbal uniqueness in the solution of any
problem by speaking of the aggregate of solutions rather than of an
individual solution, and we need not even assume that the problem is
soluble if we remember that logically an aggregate may have no mem-
bers, but there is much more in ‘42 and -43 than a verbal trick: the
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aggregate has been shown not to be nul, and its structure has been
discovered.

The significance in the analytical theory of the geometrical inter-
pretation of the distinction between the two conditions -41,, -41; was
seen on p. 59:

8-44. If the function fjz is given, the pairs of quarterperiods w,, w,
for which the signature of (—w,—wy,w,, wy) i 41 compose a definite
automorphic aggregate, and the pairs for which the signature is —i com-
pose the complementary definite aggregate.

That is to say, for every member of the first aggregate,

406 fo=14p  gn=ihy b= ify,
and for every member of the second,
-407 fy = —1g,, gp = —th,, h; = —ify,.

The two definite aggregates of -44 together form the extended aggregate
of -42.

We have broken the aggregate defined by -403 and -405 into two
halves by taking a definite sign in -405. There is another line along
which we can divide this aggregate. Let us require the function denoted
by gjz as well as the function denoted by fjz to be unaltered. Since
g, and f, are to have the same value in every specification, their ratio
is always the same, and is either ¢ for all pairs of quarterperiods or —3
for all pairs of quarterperiods. Hence the aggregate is necessarily
definite. Also f;, g, and the ratios &/f,, h,/g,, have the same values
for all pairs of quarterperiods. Hence &, h, are unaltered, and the
third function hjz is unaltered.

8:45. If two of the three functions fjz, gjz, hjz are given, the third
function is determinate, and the pairs of quarterperiods w,, w, with which
the set of functions can be associated compose a definite automorphic
aggregalte.

The values of Q, which satisfy the equation
hj(Q,; —w,—wy, w,, w,) =k,
are given by Q, = (4m+1)w,+ 2nw,,
and therefore in -403 the number m, is even if hjz is unaltered; because
gj z also is unaltered, n, is even, and
8:46. The aggregate of pairs of quarterperiods w,, wy, such that the three
functions £j(z;Q), gj(2;Q), hj(z;Q) are identical with the three functions

1 More simply, if we introduce derivatives, hjz = —fj’z/gj .
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fj(z; w), gj(2; w), hj(z; w) is the definite automorphic aggregate generated
by the pair of relations
Q, = (4m' + Dw,+4n'w,,  Q, = 4m"w,+(4n"+ 1w,
with the condition
(4m’'+1)(4n"+1)—16n'm" = 1.

8:5. To modify -43 to concern one complex variable, not a pair of
variables, we may write
501503 20 = 5, s memenepe) g0
wy, fi(wy; —w,—wy, w,, wy)

= k.

[SE~

The pair of equations -43,_, is then replaced by the one equation

504 B(r) = I,

and the pair of formulae 403 by a single formula

505 T = (%Mj‘@mﬁ“iﬁﬂ
(4my+-2n,) 7+ (2my+-1)

By an automorphic aggregate we now mean an aggregate of values of
one complex number. Examples of automorphic aggregates in one
variable are the aggregates generated by -505 with coefficients subject
to one or other of the conditions -41,, -405, the aggregate being definite
in the one case, extended in the other. If the aggregate is definite, it
follows from -41 that its members lie all on one side of the real axis.
The generating relation and condition being given, every complex
number belongs to one and only one definite automorphic aggregate,
and to one and only one extended automorphic aggregate; an unde-
generate automorphic aggregate has no real members.

Translated into terms of one variable, -45 becomes

8:51. If k2 is finite and neither O nor 1, the equation ¢(v) = k s soluble
and the solutions compose an undegenerate extended automorphic aggregate.

In other words,

8-52. If k2 1s finite and neither 0 nor 1, the equation ¢(r) = k is an
automorphic equation with one and only one solution.

It is to be remembered that the function ¢(r) is a defined function of
7, involving no parameters whatever.

If the inversion problem is attacked as the problem of satisfying the
conditions f, = b, f;, = ¢, the fundamental theorem to establish is -52.
The function ¢(r) has the property, easily verifiable, that its value is
unaltered by the substitution -505 if the coefficients are subject to the
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condition -405; for this reason the function itself is called automorphic.
That the equation ¢(7) = k is automorphic is almost trivial; the diffi-
culty lies in proving that it has a solution.

From a slightly different point of view, the theorem -52 asserts that
if the variable 7 is subject to no restrictions except that it is not to
be purely real, there are no finite values except 0, 1, and —1 which
the function ¢(r) does not assume. Essentially this is a theorem on the
correspondence established between the two complex variables 7, k.by
the relation ¢(r) = k. It is a theorem of exactly the same kind as the
theorem we have proved in Chapter VII regarding the correspondence
established between w and I by the relation

jvg%)___z.



- IX

FUNCTIONS AND INTEGRALS WITH REAL
CRITICAL VALUES

9-1. If b2 and c? are real, consideration of the possible reality of quarter-
periods falls into three cases.
(i) If b2 > ¢ > 0, with b > 0, the integral

f Vi@? bz) (u?—c?)}
is real, and the integral
Cidy
J @) )
is imaginaryf; thus, in the notation of 6-4 and 6-5, 8 has a real value

and « an imaginary value.
(ii) If 82 > 0 > ¢?, with ¢ = i¢, b > 0, ¢ > 0, the integral

J«/{ b2 )(u+-g?)}

is real, and the integral

1 dv
f T )

is imaginary; 8 has a real value and y an imaginary value.
(iii) If 0 > b2 > ¢?, with b = ip, ¢ = iq, ¢ > p > 0, the integral

f Ni( u2+p )(u2-+g2)}

is real, and the integral

J’ 1 dv
V{©*—p?)(*—g?)}
is imaginary; « has a real value and y an imaginary value.

1 Throughout this chapter, and again in Chapter XVII below, it is important to
remember that ‘imaginary’ is not synonymous with ‘complex’; an imaginary number is
& complex number whose real part is zero, and to call such a number purely imaginary is
redundant if emphatic. A complex number can be called pure if it is either real or
imaginary.
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Thus in all cases the system includes one real quarterperiod and, as
might have been inferred from 6-84 and 6-85, one that is imaginary.

The three cases are not as distinct as they have been allowed to
seem. If fZ, f? have the real values C, — B, then g}, A} have the real
values —C, B, and since

-101 fe+g5+h; = 0,
g3, h2 have the real values A, —A, where
102 AL B4C = 0;

that is, g3, g7 have the real values A, —C, and A}, hZ have the real
values B, —A4. Of the three real numbers 4, B, C subject to -102, the
one which is algebraically greatest is necessarily positive, and the one
which is algebraically least is necessarily negative. If then 4 > B >C,
the pair of numbers 4, —C belongs to case (i); if further B > 0, the
pair of numbers B, — 4 belongs to case (ii) and the pair of numbers
C, — B to case (iii), while if B < 0, the pair of numbers C, — B belongs
to case (ii) and the pair of numbers B, —A4 to case (iii). That is to
say, the three cases must occur together, one of the three primitive
functions fjz, gjz, hjz satisfying the conditions associated with each
case, and it is the simultaneous occurrence of the three cases in the triplet
of inseparable functions with which we are really dealing. If the triplet
possesses this property, then the system has a real and an imaginary
quarterperiod.

That the converse is true follows immediately from the definition of
fz. If w; has a real value w and w, an imaginary value ',

103 p(z-+iy)

1 ' : 1 1
R 2, {{G¥2mw)+i<y+2nw')}2"(2_7nc3?é‘2‘i7€$'5é}‘
If y = 0, the first term and the terms for which » = 0 are real, and the
terms for which » 7% 0 can be added in conjugate pairs; if + = 0, the

first term and the terms for which m = 0 are real, and the terms for
which m # 0 can be added in conjugate pairs:

9-11. If gz has one real and one imaginary period, then z is real if
z 18 etther real or tmaginary.

In particular, @w, and @w,, that is, ¢, and e,, are real, and since
e,+e,1¢, = 0, ¢, is real, and so also are the differences which are the

squares of the critical values of the primitive functions. Hence
4767 x
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9:12. A system in which the squares of the critical values of the primitive
functions are all real is a system which has one real quarterperiod and one
imaginary quarterperiod.

9-2. In our direct investigation into the inversion of the integral I(w),
we have identified the particular integrals «, 8, y with the quarter-
periods w;, w,, w;, and the function w(I) with fjI. To allocate the
integrals differently is to permute the symbols «, B, y, but to permute
the symbols w;, w,, w, would be to deny the notation of which these
symbols form part. To put the matter differently, the six functions

fj(z; o B, y), gz, B), hj(z; B, y, a),

£j(z; &, 7, B), gi(z;B, o, y), hj(z;y,B, «)
are identically the same function of 2, but such a collection of symbols
as gj(z; wy, w;, w,) is literally a contradiction in terms.

If then we are to translate the results of -1 into results concerning
a set of functions in which w, is real and w, imaginary, it is the func-
tional symbol which is different in the different cases, corresponding
in each case to the part played by «: in (i), « is imaginary and coincides
with w,; in (ii), « is complex and coincides with w; in (iii), « is real
and coincides with w,.

9-21. If w, is real and w, imaginary, then f, and f, are both tmaginary,
g, and g, are both real, h; is real and h, is imaginary.

We can render these results almost self-evident by locating more
completely the real values of gz. We suppose as above that w, has
a real value w and that w, has an imaginary value iw’; we do not
assume that the real numbers w, o’ are positive, for we have presently
to make comparisons in which this restriction would have to be re-
moved.

One period parallelogram for the function gz is now a rectangle of
which one side extends along the real axis from 0 to 2w and one along
the imaginary axis from 0 to 2iw’. By the midlines of the rectangle
we mean the lines * = w and y = «’, which cross at right angles at
the midpoint w—+iw’, which is —w,,.

Since e/, ¢,, e, are real, two formulae typified by 0-79, namely
201 {pr—epetw))—e} = (¢,—e¢/)(e—¢)),

-202 {pz—e }{p(z+w,)—e,} = (e,—¢,)(e,—e,),
imply that if @z is real, so also are @(z+w) and @(z+iw’). Hence

9-22. If @z has two pure periods, then (z is real along the midlines

of a period rectangle.
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It is convenient to denote the four points 0, w, tw’, w+iw’ now by
J, F, G, H, and to call the rectangle of which these points are the
vertices the fundamental rectangle. The function @z is real at every
point of the perimeter of the fundamental rectangle, and if z describes
this perimeter continuously in the direction JGHFJ, the value of pz
varies continuously from —oo to 400, being dominated by —1/y% on
the imaginary axis near the origin and by 1/2% on the real axis near
the origin; hence gz assumes every real value at least once on the peri-
meter. If z,, z, are two incongruent points where gz has the same
value, 2,42, = 0, and therefore }(z,+2,) is congruent with 0 or with
a halfperiod of gz; but if 2,, z, are two points on the perimeter of the
fundamental rectangle, }(z;-+z,) is either inside the rectangle or on
the perimeter and can not be zero or a halfperiod unless z,, 2, coincide
at a corner—in any case }(2,+2,) is not zero or a halfperiod if z,, 2,
are distinct, and (z does not assume any value more than once on the
perimeter. Hence

9-23. As z describes the perimeter JGH FJ of the fundamental rectangle,
£z increases steadily through all real values from —oo to +oo0.

Incidentally we have established the inequalities
203 e, < e, <e,

which taken with e,4-¢,+e¢, = 0 imply that e, is positive and e, nega-
tive, and therefore that in the case under consideration z 18 positive for
all real values of z and negative for all vmaginary values of z.

Since gz = (2, implies z = 4-2;, we can complete -22 from -23:

9-24. If oz has the pure periods 2w, 2iw’, then §(x+-1y) is real if x is
a multiple of w or y of ', but not otherwise.

To subtract e, e, or ¢, from 2z does not affect the monotonic pro-
perty expressed in -23 but brings the zero to a known point. Hence

9-25. On the perimeter of the fundamental rectangle, the squares of the
functions fjz, gjz, hjz are everywhere real; fjz is real along FJ and
imaginary along FHGJ; gjz is real along GHFJ and imaginary along
QJ; hjz is real along HFJ and imaginary along HGJ.

On the perimeter, each function has only one zero and only one
infinity, and these are the points which divide the real stretch from
the imaginary stretch. Hence there is no change of sign along a real
stretch or along an imaginary stretch, and the signs which the function
has near the origin persist along the two stretches. Near the origin each
function is dominated by the term 1/z, which is positive for positive



156 JACOBIAN ELLIPTIC FUNCTIONS

real values of z and negatively imaginary for positively imaginary
values of z. The sign of z along JF is the sign of w, and the sign of
y along J@ is the sign of '.

9-26. The real values of fjz, gjz, hjz along the perimeter of the funda-
mental rectangle have the sign of w, the tmaginary values are negatively
or positively imaginary according as w’ 18 positive or negative.

The results of -25 and -26 can be extended immediately to the whole
set of elementary functions. To the function pqz, where p, q are two
of the four letters j, f, g, h, there correspond two points P, @ which
are two of the four points J, F, G, H.

9:27. The function pqz s real with a definite sign along one of the
stretches into which the points P, Q divide the perimeter of the fundamental
rectangle, imaginary with a definite sign along the other of these two
stretches; the function is purely real or imaginary if x ts a multiple of w
or y of o, but not otherwise.

Near the point @ the function resembles 1/(z—z,) or —1/(z—zy),
and of the two sides of the rectangle which meet at @, one is parallel
to the real axis and the other is parallel to the imaginary axis. The
real stretch for the function pqz is the stretch P@Q which includes the
former of these sides, the imaginary stretch the stretch PQ which
includes the latter. If @ is J, F, or G, the pole is necessarily positive,
but H is —w, and is a positive pole of jhz and a negative pole of fhz
and ghz. Hence the two functions fhz, ghz are real and have the
opposite sign to x—xy at points near H on the line y = y; on the
line x = x these functions are positively imaginary for small positive
values of y—yy and negatively imaginary for small negative values of
y—yg. In each of the other ten cases, the function has the same sign
as x—x, near  on the line y = y, and the opposite sign to i(y—y,)
near @ on the line x = x,. So far the determinations are independent
of the signs of w and w’, but the signs of x—x, and y—y, on the
perimeter depend on the signs of w and ' as well as on the position
of @. Results are most easily read from a diagram.

9-3. Combining -25 and -26 to determine the nature of the six critical
values, remembering that the values of fjz and gjz at H are —f;, and
—@» we see that if w and w’ are positive, f, is negatively imaginary,
fr is positively imaginary, g, is real and positive, g, is real and negative,
h, is real and positive, and h, is negatively imaginary. Thus g,/f,, k,/9x,
Julhy are all positively imaginary, and since the square of each of these
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fractions is —1, the fractions have the common value 7. If the sign
of w is changed, the three critical values that are real change sign
together, and if the sign of ' is changed, each of the imaginary critical
values is replaced by its negative. That is, in agreement with 1-66,

9-31. According as w’|w is positive or negative,

'311 gj/fg = g/gh =fh/h/ =1

or

‘31, 9ilfy = holgn = fulb; = —i.

The relation between the three real constants g,, g,, k; is
9-32 ga+h? = g5

To put the results of -31, -32 differently, let b, ¢, d be the positive
square roots of the positive real numbers e,—e,, ¢, —e,, e,—e,; then

-301 b? = c*4-d?,
identically, the three real critical values are given by
-302—304 g, = 40, g, = Fe, by = +d,

the upper or the lower signs being taken according as w is positive
or negative, and the three imaginary critical values are given by

-305--307 f,= Fib,  h,= TFic, f,= +id,

the upper or the lower signs being taken according as w’ is positive
or negative.

It will be noticed that -302—307 rostrict the values possible simultaneously to
the critical values. Naturally gjz and hjz must have the samo sign at F, if they
are rcal along JF, for they have the same approximate form necar J and no
chango of sign takes place. They are distinct functions, and there is nothing in
our previous work with which this result scems to clash. But g; and g;, are the
critical values of the same function gj 2z, and the qualitative restriction, that these
values must have different signs, needs explanation. It is quite possible to define
a function with real critical values that are both positive; in fact it is quito
possible to arrange for b and ¢ to be the critical values of the very function gjz
with which we are dealing. And there is no fallacy in the proof that the function
has both a real and an imaginary quarterperiod. But what is implied by -302—-303
is that a choice of a real period and an imaginary period to constitute a primitive
pair for the function is incompatible with a choice of critical values with the
same sign: the point —w, is the corner opposite to the origin in the parallelo-
gram wy, wy, and therefore if w, is on the imaginary axis, w; and wy, are on lines
equidistant from that axis and the values of gjz on these lines have opposite
signs. Without changing the function gjz or the quarterperiod w we can take
wy, = w+iw’ and secure g; = b, g, = ¢, but now w, = —2w—iw’ and neither w,
nor wy, is purely imaginary.

If we refer to the conditions imposed in 6-3 and 6-5 on paths from which the
integrals a, f, y are made definite, we see that the first of these paths and its
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reflection in the origin divide the plane into two distinet parts, and that the
paths to oo from b, ¢ lie wholly in the same division. If b, ¢ are real, with 2 > c2,
weo can satisfy these conditions whether or not b and ¢ have the same sign, but
the proof that « can be real depends on using one half or the other of the imaginary
axis itself as the path of integration from
Af 0 to oo, and this particular choice is impos-
! 7N sible if the signs of b and ¢ are different.
/o ¢ e | @—————— That is to say, if the signs of b and ¢ are
different, the transformation in -1(i) is
iy impossible and we have no reason to
expect & primitive pair of quarterperiods
of the form w, iw’; what wo have now
learned is that in this case such a pair can not in fact exist.

F1a. 29.

We can write down both w and w’ in terms of b, ¢, d from any one
of the functions fjz, gj2, hjz. The immediate theorems are

9-33,3. Ewpressions for +w as integrals are

lee]

f o du f - duw e
(e S S N (e I df J{w4-c?)(ur—d2)y’

9-33, 4. Expressions for 4w’ as integrals are

dv

J‘\/{(vz b2 (2)2 dz \/{ v2+b2 v2+c2)} f\/{ —02)(v2+d2)}

The implied equalities between integrals are made obvious by a pre-
liminary substitution 4% = U, v = V.
Since the integrals -

b

w
fd{(w2+b2)(w2+d2)} J{(wz b2 (wz 02 J.J{ w2_|_02 w2— d2)}

are combinations of an integral in -33,_, with an integral in -33, ¢, each
of them has a value +w-iw’ for an appropriate path in the complex
plane. It follows from the investigation in Chapter VI that a path which
does not surround any of the branchpoints is appropriate in this sense,
and therefore that we may take the first path along the imaginary
axis, the second path along the real axis, and the third path to the
origin along one axis and away from the origin along the other axis.
The first two paths pass through branchpoints, and although the sub-
stitution has the same form along the whole path, the radical is real
on one side of the branchpoint and imaginary on the other side; on
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the third path the substitution changes form at the origin. Thus we
have 4 w+7w’ expressed in the three forms

. dv dv
| deat f VE= o=y
0

du 4 du
f (B2 —u?)(c2—u?)} f (O2—u?)(ut—c?))’
0 ¢
du

_ dv 4
Of JE— )@ o) f AT @E—a)y
and to -33,_4 we can add

9-337 o Hxpressions for +w as integrals are

f x/{(b2—u2) u?—d?)} f Vi —ug) —ul)}’ f Vite —uz)(dz+u2)}

9-33,0-10. [Hxpressions for +w’ as integrals are

dv
f (2 — ) (@2 —ot)}’ f V{02 —?), v%(v*—c? f 4{(c2+v2)(d2_v2)}

The formulae -33;, -33, for w come from -33,, -33; by the substxtutlons
of bcju, cd/u for u, and the formulae -33,,, -33,, for w’ from -33,, -33,
by the substitutions of dd/v, cd/v for v.

Interchange of ¢ with d interchanges the sets of formulae for w with
the sets for w’. This was to be anticipated, for if pqz is a function
with quarterperiods w, iw’, then pqsz is a function with quarterperiods
tw, »'. To put w’, tw into the parts of w;, w, involves minor adjust-
ments equivalent to a change of sign of one quarterperiod, but sub-
stantially the change is from a system in which the critical values
97> —Gn» by are b, ¢, d to one in which these values are b, d, c.

Detailed descriptions of the behaviour of the twelve elementary func-
tions are better incorporated in diagrams than tabulated or formulated,
and a set of diagrams for positive values of w and ' constitutes
Figure 30. Lines along which the function is real are continuous, lines
along which it is imaginary, broken. Zeros and infinities are indicated,
and critical values are inserted, with the notation of -302—307: b, ¢, d
are positive real numbers definable as g,, —g,, ;. Barbs show the
direction of algebraic increase, and therefore the values along a stretch
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between a zero and an infinity are positive or positively imaginary if
the barbs point from 0 towards oo, negative or negatively imaginary
if the barbs point from oo towards 0.

The diagrams are extended to cover a complete period parallelogram
of each function. All that is necessary for this extension is to remember
that a direction of increase is unchanged at a zero or an infinity, since
the zeros and infinities are all simple, but is reversed at a critical point
which is neither one nor the other. For the functions fjz and gjz we
naturally choose as period parallelograms the rectangles 2w, 41w’ and
4w, 2iw’; for hjz no rectangle is available, but by choosing 4w,
—2w+2iw’ as the primitive pair of periods we secure that the funda-
mental rectangle JFHG@ is included in the period parallelogram.

9-4. We can express -27 as a property of the transformation w = pqz2
rather than of the function pqz:

9-41. In the transformation w = pqz, there is a point to point corre-
spondence between the perimeter of the fundamental rectangle in the z
plane and the pair of half-lines bounding a definite quadrant of the w
plane.

This theorem prompts us to ask, before turning to the classification of
real integrals, if the transformation associates points inside the rect-
angle with points belonging to the quadrant.

The lines x = mw, ¥y = nw’ dissect the z plane into rectangles each
of which is congruent geometrically with the fundamental rectangle;
we will call these rectangles cells. Each of the period parallelograms
2w, 41w’ and 4w, 2iw’ is dissected into eight cells. The period parallelo-
gram 4w, —2w-+2iw’ of hj 2 is dissected into six cells and four triangles,
and the triangles have to be associated in pairs to form regions equi-
valent to two more cells. For our immediate purpose we can however
avoid even verbal conventions by recalling the distinction between a
period parallelogram and a parallelogram which is a primitive region.
The rectangle 4w, 2iw’ is not a period parallelogram for hjz, for 2iw’
is not a period of the function. But the triangle (0, 2iw’, —2w-2iw’) is
congruent with the triangle (4w, 4w-2iw’, 2w+ 2iw’), and therefore the
rectangle 4w, 2iw’, like the period parallelogram 4w, —2w-2iw’, ist
a primitive region for hjz: of any set of points z-+m.4w+n(—2w-+2tw’)
congruent for the function, this rectangle contains one and only one.

1 The reader is invited to consider why both the rectangles 2w, 4iw’ and 4w, 2iw’,

which are period parallelograms for fj z and gj 2, are primitive regions for hj z, whereas
the first is not a primitive region for gj z or the second a primitive region for fj z.
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Thus we can say that each of the twelve elementary elliptic functions
has a primitive region consisting of precisely eight cells.
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