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PREFACE.

THE aim of this work is to give a brief exposition of some
of the devices employed in solving differential equations.
The book presupposes only a knowledge of the fundamental
formflee of integration, and may be described as a chapter
supplementary to the elementary works on the integral
calculus.

The needs of two classes of students, with whom the author
has been brought into contact in the course of his experience
as a teacher, have determined the character of the work. For
the sake of students of physics and engineering who wish to
use the subject as a tool, and have little time to devote to
general theory, the theoretical explanations have been made as
brief as is consistent with clearness and sound reasoning, and
examples have been worked in full detail in almost every case.
Practical applications have also been constantly kept in mind,
and two special chapters dealing with geometrical and physi-
cal problems have been introduced.

The other class for which the book is intended is that of
students in the general courses in Arts and Science, who have
more time to gratify any interest they may feel in this subject,
and some of whom may be intending to proceed to the study
of the higher mathematics. For these students, notes have
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vi PREFACE.

been inserted in the latter part of the book. Some of the
notes contain the demonstrations of theorems which are
referred to, or partially proved, in the first part of the work.
If these discussions were given in full in the latter place, they
would probably tend to discourage a beginner. Accordingly,
it has been thought better to delay the rigorous proof of
several theorems until the student has acquired some degree
of familiarity with the working of examples.

Throughout the book are many historical and biographical
notes, which it is hoped will prove interesting. In order that
beginners may have a larger and better conception of the sub-
ject, it seemed right to point out to them some of the most
important lines of development of the study of differential
equations, and notes have been given which have this object
in view. For this purpose, also, a few articles have been
placed in the body of the text. These articles refer to
Riceati’s, Bessel’s, Legendre’s, Laplace’s, and Poisson’s equa-
tions, and the equation of the hypergeometric series, which
are forms that properly lie beyond the scope of an introductory
work.

In many cases in which points are discussed in the brief
manner necessary in a work of this kind, references are
given where fuller explanations and further developments
may be found. These references are made, whenever possi-
ble, to sources easily accessible to an ordinary student, and
especially to the standard treatises, in English, of Boole,
Forsyth, and Johnson.

For students who can afford but a minimum of time for
this study, the essential articles of a short course are indicated
after the table of contents.
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Of the examples not a few are original, and many are taken
from examination papers of leading universities. There is
also a large number of examples, which, either by reason of
their frequent use in mechanical problems or their excellence
as examples per se, are common to all elementary text-books on
differential equations.

There remains the pleasant duty of making confession of
my indebtedness.

In preparing this book, I have consulted many works and
memoirs; and, in particular, have derived especial help for
the principal part of the work from the treatises of Boole,
Forsyth, and Johnson, and from the chapters on Differen-
tial Equations in the works of De Morgan, Moigno, Hotel,
Laurent, Boussinesq, and Mansion. I have in addition to
acknowledge suggestions received from Byerly’s “ Key to the
Solution of Differential Equations ” published in his ZIntegral
Calculus, Osborne’s Ezamples and Rules, and from the trea-
tises of Williamson, Edwards, and Stegemann on the Calculus.
Use has also been made of notes of a course of lectures deliv-
ered by Professor David Hilbert at Gottingen. Suggestions
and material for many of the historical and other notes have
also been received from the works of €raig, Jordan, Picard,
Goursat, Koenigsberger, and Schlesinger on Differential Equa-
tions ; from Byerly’s Fourier’s Series and Spherical Harmonics,
Cajori’s History of Mathematics, and from the chapters on
Hyperbolic Functions, Harmonic Functions, and the History
of Modern Mathematics in Merriman and Woodward’s Higher
Mathematics.  The mechanical and physical examples have
been obtained from Tait and Steele’s Dynamics of a Particle,
Ziwet’'s Mechanics, Thomson and Tait’s Natural Philosophy,
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Emtage’s Mathematical Theory of Electricity and Magnetism,
Bedell and Crehore’s Alternating Currents, and Bedell’s Prin-
ciples of the Transformer. These and many other acknowledgz-
ments will be found in various parts of the book.

To the friends who have encouraged and aided me in this
undertaking, I take this opportunity of expressing my grati-
tude. And first and especially to Professor James McMahon
of Cornell University, whose opinions, advice, and criticisms,
kindly and freely given, have been of the greatest service to
me. I have also to thank Professors E. Merritt and F. Bedell
of the department of physics, and Professor Tanner, Mr.
Saurel, and Mr. Allen of the department of mathematics at
Cornell for valuable aid and suggestions. Professor McMahon
and Mr. Allen have also assisted me in revising the proof-sheets
while the work was going through the press. To Miss H. S.
Poole and Mr. M. Macneill, graduate students at Cornell, I am
indebted for the verification of many of the examples.

D. A. MURRAY.

CorNELL UNIVERSITY,
April, 1897.

PREFACE TO THE SECOND EDITION.

I Take this opportunity of expressing iy thanks to my
fellow-teachers of mathematics for the kind reception which
they have given to this book. My gratitude is especially
due to those who have pointed out errors, made criticisms,
or offered suggestions for improving the work. Several of
these suggestions have been adopted in preparing this edition.
It is hoped that the answers to the examples are now free

from mistakes. D. A. MURRAY.

CorNELL UNIVERSITY,
June, 1898.
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DIFFERENTIAL EQUATIONS.

——00 Q00—

CHAPTER 1.

DEFINITIONS. FORMATION OF A DIFFERENTIAL
EQUATION.

1. Ordinary and partial differential equations. Order and
degre®. A differential equation is an equation that involves
differentials or differential coefficients.

Ordinary differential equations are those in which all the
differential coefficients have reference to a single independent
variable. Thus,

dy = cos xdu, @)
ay '
=0 @)
W =0
@+ >dz+ dz @ +a)=0, C)
_ .y ‘/ dy\?
y_a;d—i'i‘T 1+<a7v>7 (4)
3
dy\? |*
1+ () 5
ay =7 ( )
da?
d
y_wa—g+ v ()
da:

are ordinary differential equations.
B 1



2 DIFFERENTIAL EQUATIONS. [Ch. 1.

Partial differential equations are those in which there are
two or more independent variables and partial differential co-
efficients with reference to any of them; as,

2
ox

The order of a differential equation is the order of the
highest derivative appearing in it.

The degree of an equation is the degree of that highest deriv-
ative, when the differential coeflicients are free from radicals
and fractions. Of the examples above, (1) is of the first order
and first degree, (2) is of the second order and first degree,
(4) is of the first order and second degree, (5) is of the second
order and second degree, (6) is of the first order and s2cond
degree. In the integral calculus a very simple class of differen-
tial equations of which (1) is an example have been treated.

Equations having one dependent variable y and one inde-
pendent variable « will first be considered. The typical form
of such equations is

d ar
f(x’ Y C‘i‘g’:"': a‘;?.)zo '

2. Solutions and constants of integration. Whether a differ-
ential equation has a solution, what are the conditions under
which it will have a solution of a particular character, and
other questions arising in the general theory of the subject are
hardly matters for an introductory course.* The student will
remember that he solved algebraic equations, before he could
prove that such equations must have roots, or before he had
more than a very limited knowledge of their general proper-
ties. This book will be concerned merely with an exposition
of the methods of solving some particular classes of differential
equations; and their solutions will be expressed by the ordi-
nary algebraic, trigonometric, and exponential functions.

Y + xygi = NIZ.
9y

* For a proof that a differential equation has an integral, and for
references relating to this fundamental theorem, see Note B, p. 180.



§2.] CONSTANTS OF INTEGRATION. )

A solution or integral of a differential equation is a relation
between the variables, by means of which and the derivatives
obtained therefrom, the equation is satisfied.

Thus y = sin« is a solution of (1);

Z+yt=1 and y=mz+rv1+m?

are solutions of (4) Art. 1.* In two of these solutions, y is
expressed explicitly in terms of «, but in the solutions of dif-
ferential equations in general, the relation between x and y is
oftentimes not so simply expressed. This will be seen by
glancing at the solutions of the examples on Chapter II.

A solution of (1) Art. 1 s y =sinx; another solution is

y=sinz + ¢, @

¢ being any constant. By changing the value of ¢, different
solutions are obtained, and in particular, by giving ¢ the value
zero, the solution y = sina is obtained.

A solution of P y=0 2
solution o azty= @

is ¥ = sin z, and another solution is y = cosz. A solution more
general than either of the former is y = A sinz; and it includes
one of them, as is seen by giving A4 the particular value unity.
Similarly y = B cos« includes one of the two first given solu-
tions of (2). The relation

y=Acosz + Bsinz 3)

is a yet more general solution, from which all the preceding solu-
tions of (2) are obtainable by giving particular values to 4 and B.
The arbitrary constants 4, B, ¢, appearing in these solutions
are called arbitrary constants of integration.
Solution (1) has one arbitrary constant, and solution (3) has
two; the question arises: How many arbitrary constants must
the most general solution of a differential equation contain ?

* See page 12.
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The answer can in part be inferred from the consideration of
the formation of a differential equation.

3.* The derivation of a differential equation. In the process
of deriving (2) from (3) Art. 2, 4 and B have been made to dis-
appear. To eliminate two constants, 4 and B, three equations
are required. Of these three equations, one is given, namely,
(3), and the two others needed are obtained by successive
differentiation of (3). Thus,

y = Asinax 4+ Bcosw,

dy .
“ — Acosx — Bsin A
dx
) .
I — _ Asine— Beosz;
d?y

whence, e + =0.

Now consider the general process. The equation
f(w; Yy €y Copoeey C,.) =0 . (1)

contains, besides @ and y, n arbitrary constants ¢, ¢y «-+,c
Differentiation n times in succession with respect to z gives

of | ofdy_
dxr ' Oy dx
Ff ., Of dy  &f(dy\e of &%
a;?+~myd—x+aj< >+6de‘
of afd"
g ’ ’ ) +3ydw"

Between the original equation and the n equations thus ob-
tained by differentiation, making n 4+ 1 equations in all, the

* See B. Williamson, Differential Calculus, Art. 311; J. Edwards,
Differential Calculus, Arts. 506, 507,
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n constants ¢, ¢y +++, ¢, can be eliminated, and thus will be
formed the equation
y d%y "
ol o
Therefore, when there is a relation between « and y involving
n arbitrary constants, the corresponding differential relation
which does not contain the constants is obtained by elimi-
nating these n constants from the n + 1 equations, made up of
the given relation and » new equations arising from = succes-
sive differentiations. There being » differentiations, the result-
ing equation must contain a derivative of the nth order, and
therefore a relation between « and y, involving » arbitrary
constants, will give rise to a differential equation of the nth
order free from those constants. The equation obtained is
independent of the order in which, and of the manner in
which, the eliminations are effected.*

On the other hand, it is evident that a differential equation
of the nth order cannot have more than n arbitrary constants
in its solution; for, if it had, say n + 1, on eliminating them
there would appear, not an equation of the nth order, but one
of the (n 4- 1)th order.f

Ex. 1. From 22+ y?+2ax+20y+c¢=0,
derive a differential equation not containing a, b, or c.

Differentiation three times in succession gives

dy dy _
Tyt et =0,

dy\2 _d{{/> <d2y>_
1+(Zza;> +”<(m o (G) =0

dyddy %y a3y
SV gt e
* See Joseph Edwards, Differential Calculus, Art. 507, after reading

Arts. 6, 6, following.
t For a proof that the general solution of an equation of the nth order

contains exactly n arbitrary constants, see Note C, p. 194.

=0.
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The elimination of b from the last two equations gives the differential
equation required,
dy ’J ddy  ,dy d“’y)z_
[++(@) e s () =

Ex. 2. Form the differential equation corresponding to
y?—2ay + 22 = a?,
by eliminating a.
Ex. 8. Eliminate « and g from (x — a)?2+ (y — 8)2 = 7%

Ex. 4. Eliminate m and ¢ from y2 = m (a? — 2?).

4. Solutions, general, particular, singular. The solution which
contains a number of arbitrary constants equal to the order of
the equation, is called the general solution or the completg inte-
gral. Solutions obtained therefrom, by giving particular values
to the constants, are called particular solutions. I.ooking on
the differential equation as derived from the general solution,
the latter is called the complete primitive of the former.

It may be noted that from the relation (1) Art. 3 several
differential equations can be derived, which are different when
the constants chosen to be eliminated are dilferent. Thus, the
elimination of all the constants gives but one differential equa-
tion, namely (2), for the order of elimination does not affect the
equation formed. The elimination of all but ¢, gives an equation
of the (n — 1)th order; elimination of all but ¢, gives another
equation of the (n — 1)th order; and similarly for ¢ ---,¢,. So
from (1), n equations of the (n —1)th order can be derived.
Therefore (1) is the complete primitive of one equation of the
nth order, and the complete primitive of n different equations
of the (n — 1)th order. The student may determine how many
equations of the first, second, .., (n — 2)th order can be derived
from (1).

The general solution may not include all possible solutions.
For instance, (4) Art. 1 has for solutions, 2°+ y*=+% and
y=mz+rvV14+m: The latter is the general solution, con-
taining the arbitrary constant m, but the former is not deriva-
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ble from it by giving particular values tom. Itis called a sin-
gular solution. Singular solutions are discussed in Chapter IV.

The n arbitrary constants in the general solution must be
independent and not equivalent to less than n constants. The
solution y = ce*** appears to contain two arbitrary constants ¢
and «, but they are really equivalent to only one, for

Y = ce*te = ceve® = Ae7,

and by giving 4 all possible values, all the particular solutions,
that can be obtained by giving ¢ and « all possible values, will
also be obtained.*

The general solution can have various forms, but there will
be a relation between the arbitrary constants of one form and

those of another. For example, it has been seen that the gen-

2,
eral solution of (d%% +y=0 is

y=Asinz + Bcosz.

But y = ¢sin (z + «) is also a solution, as may be seen by sub-
stitution in the given equation; and it is a general solution,
since it contains two independent constants ¢ and «. The lat-
ter form expanded is

9 = ccosasinx + ¢ sin a cosz.

On comparing this form with the first form of solution given,
it is evident that the relations between the constants 4, B, of
the first form and ¢, &, of the second, are

A=ccoswa, and B=csinaea,
that is,

R B
c=VA*+ B, and « = tan !~

If the solution has to satisfy other conditions besides that
made by the given differential equation, some or all of the
constants will have determinate values, according to the num-
ber of conditions imposed.

* See Note D for a criterion of the independence of the constants.
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5. Geometrical meaning of a differential equation of the first
order and degree.

, d
Take N (az, 7, Rﬁ): 0, )

an equation of the first degree in le—z: It will be remembered,

that when the equation of a curve is given in rectangular
co-ordinates, the tangent of its direction at any point is %
For any particular point (), y,), there will be a corresponding
particular value of Zi, say m,, determined by equation (1). A

point that moves, subject to the restriction imposed by this
equation, on passing through (x;, ;) must go in the dimction
m,. Suppose it moves from (2, y,) in the direction m, for an
infinitesimal distance, to a point (@, ¥;); then, that it moves
from (x,, 7,) in the direction m,, the particular direction asso-
ciated with (x,, ¥,) by the equation, for an infinitesimal distance
to a point (wy y,); thence, under the same conditions to (x,, ¥,),
and so on through successive points. In proceeding thus, the
point will describe a curve, the co-ordinates of every point of
which, and the direction of the tangent thereat, will satisfy the
differential equation. If the moving point starts at any other
point, not on the curve already described, and proceeds as
before, it will describe another curve, the co-ordinates of whose
points and the direction of the tangents thereat satisfy the
equation. Through every point on the plane, there will pass

a particular curve, for every point of which, «, ¥, Zl%’ will sat-

isfy the equation. The equation of each curve is thus a par-
ticular solution of the differential equation; the equation of
the system of such curves is the general solution; and all the
curves represented by the general solution, taken together,
make the locus of the differential equation. There being one
arbitrary constant in the general solution of an equation of the
first order, the locus of the latter is made up of a single infinity
of curves.
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Ex. 1. The equation dy_ _=
dx Y
indicates that a point moving so as to satisfy this equation, moves per-
pendicularly to the line joining it to the origin ; that is, it describes a
circle about the origin as centre.
Putting the equation in the form
xdx + ydy =0,
it is seen that the general solution is
224+ yt=c.
The circle passing through a particular point, as (3, 4), is
22 4 y2 = 25,
which is a particular solution. The gencral solution thus represents the
system gf circles having the origin for centre, and the equation of each
one of these circles is a particular solution. ‘That is, the locus of the
differential equation is made up of all the circles, infinite in number, that
have the origin for centre.

Ex. 2. xdy +yde =0

has for its solution, xy = ¢,

the equation of the syséem of hyperbolas, infinite in number, that have
the x and y axes for asymptotes.

Ex. 8. W _ m,
dx
having for its solution, Yy = mx + ¢,

has for its locus all straight lines, infinite in number, of slope m.

6. Geometrical meaning of a differential equation of a degree
or an order higher than the first.

It s ) =0

)=
; in i dy
is of the second degree in . there will be two values of o

x x
belonging to each particular point (x},y;). Therefore the mov-
ing point can pass through each point of the plane in either of
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two directions; and hence, two curves of the system which is
the locus of the general solution pass through each point.
The general solution,
¢, y, 0) =0,
must therefore have two different values of ¢ for each point;
and hence, ¢ must appear in that solution in the second degree.
In general, it may be said: A differential equation,

dy,
f(wy Y, J;i) =0,

which is of the nth degree in g_'/ , and which has
X

¢ @y c)=0
for its general solution, has for its locus a single infinity of
curves, there being but one arbitrary constant in ¢; n of these

curves pass through each point of the plane, since % has n
XL

values at any point; and hence the constant ¢ must appear in
the nth degree in the general solution.
The general solution of a differential eqtation of the second

order,
dy d?
f(m) Y, dal:’ djl%) =0,
contains two arbitrary constants, and will therefore have for
its locus a double infinity of curves; that is, a set of curves
oo? in number.

o a2y
Ex. 1. - =
da? 0
has for its solution, Yy = mx + ¢,

m and ¢ being arbitrary.

A line through any point (0, ¢), drawn in any direction m, is the locus
of a particular integral of the equation. On taking a particular value of
¢, 8ay ci, there will be an infinity of lines corresponding to the infinity of
values that m can have, and all these lines are loci of integrals. Since to
each of the infinity of values that ¢ can have there corresponds an infin-
ity of lines, the complete integral will represent a doubly infinite system
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of straight lines ; in other words, the locus of that differential equation
consists of a doubly infinite system of lines.
This can be deduced from other considerations. The condition
2
a;fé:O requires, and requires only, that the curve described by the
moving point shall have zero curvature, that is, it can be any straight
line ; and there can be w2 straight lincs drawn on a plane.

Ex. 2. All circles of radius r, o2 in number, are represented by the

equation
(x—a):+ (y—-0)=r?

where @ and- b, the co-ordinates of the centre, are arbitrary. On elimi-
nating @ and b, there appears

dy\2 ¢ dy
1 t4 —p o,
{ + (dm) } r dua?

Thus, the locus of the latter equation of the second order consists of the
doubly infinite system of circles of radius 7.

Ex. 8. The locus of the differential equation of the third order, derived
in Example 1, Art. 3, includes all circles, 2% in number; for it is
derived from a complete primitive which has «, b, ¢ arbitrary and thus
represents circles whose centres and radii are arbitrary.

It will have been observed from the above examples on
lines and circles, that as the order of the differential equa-
tion rises, its locus assumes a more general character.

EXAMPLES ON CHAPTER I.-

1. Eliminate the constant ¢ from VI —a?+ V1—y2=a (x —¥).

2. Form the differential equation of which y = ce™ 'z is the coms
plete integral.

3. Find the differential equation corresponding to
Yy = ae? 4+ be—3= 4 ce=,
where a, b, ¢ are arbitrary constants.

4. Form the differential equation of which ¢ (¥ + ¢)2 = «3 is the com
plete integral.

6. Eliminate ¢ from y = cx + ¢ — c8.
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6. Eliminate ¢ from ay? = (x — ¢)3.

7. Form the differential equation of which e% + 2cxev +¢c2=0 is
the complete integral.

8. Eliminate ¢ and ) from zy = ae* + be—=.

9. Form the differential equation which has y —~ @ cos (mx + b) for
its complete integral, ¢ and b being the arbitrary constants.

10. Form the differential equation that represents all parabolas each
of which has a latus rectum 4 «, and whose axes are parallel to the x
axis.

11. Find the differential equation of all circles which pass through the
origin and whose centres are on the z axis

12. Form the differential equation of all parabolas whose axes are
parallel to the axis of y.

13. Form the differential equation of all conics whose axes coincide
with the axes of co-ordinates.

14. Eliminate the constants from y = ax + bz2

Nore. [The following is intended to follow line 6, page 3.]

Ex. 1. Show that x2 + y2 = 1‘3 is a solution of equation (4) Art. 1.

() c
Differentiation gives x + Jd =0, whence ZZZ —:—;.

e . - dy . . oz x?
Substitution of this value of = in 4 gives y = — =+ r\/1 +=>,
dx Y y?

which reduces to 2+ yr =12

Ex. 2. Show that y = mx + »V1 + m? is a solution of (4) Art. 1.

oo S dy _

Differentiation gives w=m
Substitution of this value of c_Zg in (4) gives y = mx + rv1 + m?
Ex. 8. Show that x2 + 4y = 0 is a solution of (d ) + ng; y=0.

az

. } . . a2y 2 dy 2y

X, 4. = ] S =

Ex. 4. Show that y = ax? + bx is a solution of o R dx+ =0
Ex. 5. Show that v = fi— + B is a solution of Qz—v +% % =0.

Ex. 6. Show that y = aet + be—** is a solution of — k% =0.

d
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CHAPTER II.

EQUATIONS OF THE FIRST ORDER AND OF THE
FIRST DEGREE.

7. In Chapter I. it has been shown how to deduce from a
given relation between «, %, and constants, a relation between
z, y, and the derivatives of y with respect to «. There has
now to be considered the inverse problem: viz., from a given
relation between @, y, and the derivatives of g, to find a re-
lation between the variables themselves. As, for instance,
the problem of finding the roots of an algebraic equation is
more difficult than that of forming the equation when the
roots are given; or as, again, integration is a more difficult
process than differentiation; so here, as in other inverse proc-
esses, the process of solving a differential equation is much
more complicated and laborious than the direct operation of
forming the equation when the general solution is given.
An equation is said to be solved, when its solution has been

reduced to expressions of the forms f S (@)dw, f o (y)dy, even

if it be impossible to evaluate these integrals in terms of
known functions.

. dy d"y .
The equation f(w, b gy ’dT")z 0 cannot be solved in
every case. In fact, even sz + @ =0, where P and @ are

functions of x and %, cannot be solved completely. It will be
remembered how few in number are the solvable cases in
algebraic equations; and it is the same with differential equa-
tions. The remainder of this book will be taken up with a
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consideration of a few special forms of equations and the
methods devised for their solution.
This chapter will be devoted to certain kinds of equations
of the first order and degree, viz.:
1. Those that are either of the form fi(z)dx + fi(y) dy =0,
or are easily reducible to this form ;
2. Those that are reducible to this form by the use of
special devices : —
(a) Equations homogeneous in x and .
(b) Non-homogeneous equations of the first degree in x
and y;
3. Exact differential equations, and those that can be made
exact by the use of integrating factors;
4. Linear equations and equations that are reducible to the
linear form.

8. Equations of the form f; (¢)dx + f;(y)dy=0. When an
equation is in the form
H(@)dz + f(y) dy =0,
its solution, obtainable at once by integration, is

ffl (x) dee ~|—jvfZ (y)dy =c.

If the equation is not in the above form, sometimes one can
see at a glance how to put it in that form, or, as it is com-
monly expressed, to separate the variables.

Ex. 1. 1) A-z2)dy—-A+y)de=0
can evidently be written

dy dx
2) A __ =0
(©)) 1y -z

* The student who is proceeding to find the methods of solving dif-
ferential equations with no more knowledge of the subject than that
imparted in the preceding pages, is reminded that he does this, assuming
(1) that every differential equation with one independent variable has &
solution, and (2) that this solution contains a number of arbitrary con-
stants equal to the number indicating its order.
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whence, on integrating,
3) log(1+y)+1log(l—2)=c,
@ (Q+y)d-z)=e=c

In equations (3) and (4) appear two ways of expressing a general
solution of the same equation. Both are equally correct and equally
general, but the one has the advantage over the other in neatness and
simplicity, and this would make it more serviceable in applications. In
some of the examples set, the reduction of the solutions to forms neater
and simpler than those which at first present themselves, may require as
much labour as the solving of the equations. The solution (4) could have
been obtained without separating the variables, if one had noticed that
(1 — 2)dy —(1 + y)dx is the differential of (1 —2)(1 + y). Here, as in
the calculus and other subjects, the experience that comes from practice,
is the begt teacher for showing how to work in the easiest way. Equa-
tion (1) can also be put in the form

and hence

dy — dx —(xdy + ydx)= 0,
and another form of the solution obtained, namely,
Y — % — XY = Ca.

Solution (4) reduces to this form on putting ¢, for ¢; — 1.

dy 1—y2
Ex. 2. Solve d_x+\/~1 — m‘l—o‘
Ex. 8. Solve (y - x%) = a(y’l + %)

Ex. 4. Solve 3ertanydx + (1 — e*)sec?ydy =0.

9. Equations homogeneous in = and y. These equations can
be put in the form
dy _fi(x, 9)

dz " fo(x, y)

where f), f;, are expressions homogeneous and of the same
degree in # and y. On putting

Y = V%,
this equation becomes

dv
—= ’v\
v+a-—=F(),
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since each term in f), f,, is of the same degree, say =, in x; and
2 is thus a factor common to both numerator and denominator
of its right-hand member.
Separation of the variables gives
dv __dr
Foy—v 2’
the solution of which gives the relation between z and v, that

is, between y and Y. which satisfies the original equation.
x

Ex. 1. Solve (a®+ y*)dx — 2zydy =0.
Putting y = vx gives (1 + v2)dr — 2v(xdv + vdx) = 0, which, on sepa-
ration of the variables, reduces to

dr 2

z 1—92

dv = 0.

Integrating, logz(1 —v?) = logec.

On changing the logarithmic form to the exponential, and putting ¥
z

for v, the solution becomes
x? — y? = cx.

Ex. 2. Solve y2dx + (xy + 22)dy = 0.

Ix. 8. Solve x2ydx — (a3 + y3)dy = 0.

Ex. 4. Solve (4y + 32) ';-” fy—2z=0.
dx

10. Non-homogeneous equations of the first degree in = and y.
These equations are of the form

dy _ ax+by+c )
de a'z+ by +c
For 2 put '+ h, and for y put y'+ k, where h and % are
constants; then dx = dz' and dy = dy', and (1) becomes

(ﬁ/_’= ax’+by'+ah+b7c+c.
de'  a'z'+b'y' -ra'h + bk +c'
If h and k are determined, so that

ul + bk 4+ ¢ =0,
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and ah+bk+4c'=0,
dy' _ ax'+ by'
then (1) be 2 -0 T T
( ) comes dz' a'z' + b']/" (2)

which is homogeneous in ' and y', and therefore solvable by
the method of Art. 9.
If (2) has for its solution

f(x" y') =0,
the solution of (1) is f{(@ — %), (y —k){ =0.
This method fails when a: b =a': ¥, h and %k then being
infinite or indeterminate. Suppose
a_b_1
a'” v w

then (1) can be written

dy _ ax+by+c

de m(ax + by)+ ¢
On putting v for ax + by, the latter equation becomes

@=a b’v+cy
dx mv + ¢’

where the variables can be separated.

Ex. 1. Solve 3y —Tax+T)de+(Ty— 32+ 3)dy=0.

dy 4

Ex. 2. Solve (y—3x+3)d—x:2y—z— .

11. Exact differential equations. A differential equation which
has been formed from its primitive by differentiation, and with-
out any further operation of elimination or reduction, is said to
be exact; or, in other words, an exact differential equation is
formed by equating an exact differential to zero. There has
now to be found the condition which the coefficients of an equa-
tion must satisfy, in order that it may be exact, and also the
method of solution to be employed when that condition is

c
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satisfied. The question of how to proceed when the condition
is not satisfied will be considered next in order.

12. Condition that an equation of the first order be exact. What
is the condition that
Mdxz + Ndy =0 @
be an exact differential equation, that is, that Mdx + Ndy be
an exact differential ? In order that Mdx 4+ Ndy be an exact
differential, it must have been derived by differentiating some
function » of = and y, and performing no other operation.
That is,
du = Mdx + Ndy.

But du = %dw + g;dy.

Hence, the conditions necessary, that Mdx + Ndy be the differ-
ential of a function w, are that

d d
M= bg’ and N= 5- @)
The elimination of w imposes on M, N, a single condition,
M _dN
e @

since each of these derivatives is equal to .
oz dy

This condition is also sufficient for the existence of a func-
tion that satisfies (1).* If there is a function u, whose differ-

ential du is such that
du = Mdx + Ndy,

then on integrating relatively to z, since the partial differential
Mdx can have been derived only from the terms containing «,

U= f Mdzx + terms not containing =,
that is, w= f Mz + F(y). @

* For another proof see Note E.
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Differentiating both sides of (4) with respect to y,

du_ 9 dF(y)
dy ayf Mz + Tdy

But by (2), %—‘ must equal &, hence

Y _ Ny 9 f M. )
dy dy
The first member of (5) is independent of x; so, also, is the
second ; for differentiating it with respect to  gives (?92!— %A[,
& Y

which, by condition (3), is zero. Integration of both sides of
(h) with respect to y gives

F(y) =f{ N — %fMda: E dy + a,

where a is the arbitrary constant of integration. Substitution
in (4) gives
u =fMdm +f f N——ifﬂ[tlm ! dy + a.
1 dy )

Therefore the primitive of (1), when condition (3) is satis-

fied, is
[+ { N— a% B bay=c. ©6)

Similarly, dey + f { M— (%fl\ﬁly } dr=c
is also a solution.

13. Rule for finding the solution of an exact differential equation,
Since all the terms of the solution that contain # must appear in

f Mdz, the differential of this integral with respect to y must

have all the terms of Ndy that contain x; and therefore (6)
can be expressed by the following rule:

To find the solution of an exact differential equation,
Mdzx + Ndy = 0, integrate Mdx as if y were constant, integrate
the terms in Ndy that do not give terms already obtained, and
equate the sum of these integrals to a constant.
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Ex. 1. Solve (x? —4xy —2y*)de + (y* —4xy —22%)dy =0.

M_

Here, 6 —4dr—4y= %V hence it is an exact equation.
x

3
fde is % — 2x% — 2.y?; y*dy is the only term in Ndy free from zx.

Therefore the solution is
2?50 ¢ yB
——2x% 272+ L =¢,
3 Y y° + 3 1
or 23— 6ay —6ay? + Y3 =c.

The application of the test and of the rule can sometimes be simplified.
By picking out the terms of Mdx + Ndy that obviously form an exact
differential, or by observing whether any of the terms can take the form
f(w)du, an expression less cumbersome than the original remains to be
tested and integrated.

For instance, the terms of the equation in this example can be rear-
ranged thus:

a?de + y2dy — (day + 2yD)dx — (dxy + 222)dy = 0.

The first two terms are exact differentials, and the test has to be applied
to the last two only.
xdy — ydx _

Ex. 2. zdr + ydy + Ty

becomes, on dividing the numerator and denominator of the last term
by x?,

zdr + ydy + ————==0,

each term of which is an exact differential. Integrating,
2 + y a¥_
—5 + tan 2=
Ex. 8. Solve (a%—2zy — yt)dx —(x + y)%dy =0.
Ex. 4. Solve (2ax + by + g)dx +(2cy + bx + e)dy = 0.
Ex. 5. Solve (22 + 423 — 1222 + 32 — xev + e2)dy
+(122% + 22y% + 423 — 48 + 2ye? — e)dx =0,
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14. Integrating factors. The differential equation
yde—axdy=20

is not exact, but when multiplied by l“, it becomes
7

de —ad
ydx E zdy _ 0,
which is exact, and has for its solution
w —
Y=

‘When multiplied by ;}3;, the above equation becomes

dr _dy _ 0,
& Yy

which is exact, and has for its solution
loga—logy=c¢,

which is transformable into the solution first found. Another

factor that can be tised with like effect on the same equation
1

is =-
x?
Any factor u, such as i_,, l, 12, used above, which changes
Y oxy X
an equation into an exact differential equation, is called an
integrating factor.

15. The number of integrating factors is infinite. ~The num-
ber of integrating factors for an equation Mdx + Ndy =0, is
infinite. For suppose u is an integrating factor, then

w(Mdr + Ndy)=du,
and thus « = ¢ is a solution.
Multiplication of both sides by any function of w, say f(u),

gives
() (Mds + Ndy) = £ () du
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but the second member of the last equation is an exact differ-
ential ; therefore the first is also, and hence pf(u) is an inte-
grating factor of the equation

Mdx 4 Ndy =0;
and as f(u) is an arbitrary function of w, the number of in-
tegrating factors is infinite. This fact is, however, of no
special assistance in solving the equation.

16. Integrating factors found by inspection. Sometimes inte-
grating factors can be seen at a glance, as in the example of
Art. 14.

Ex. 1. Solve ydx — xdy + logxdx =0.

Here logxdx is an exact differential, and a factor is needed for
ydx — xdy. Obvmusly — is the factor to be employed, as it will not affect

the third term mjuuously, from the point of view of integration. The
exact equation is then

yde —xdy | logex ,
T T =0

the solution of which reduces to
cx+y+loge+1=0.

Ex. 2. Solve (1 + zy)yde + (1 —2y)xdy = 0.
Rearranging the terms, ydx + xdy + xy?de — 22y dy = v,
that is, d(xy) + xy?de — 22y dy = 0.

For this, the factor ;,1-2— immediately suggests itself, and the equation
Y

becomes
d
(f'?i) n de _dy _ o
2y x oy
Integrating, - 1_ + 1009_5 =0
xy Tty
,1..
and transforming, x = cye™.

It will be well to try to find an integrating factor by inspection, before
having recourse to the rules given in Arts. 17, 18, 19,
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Ex. 8. a(xdy + 2ydx)=xydy.

Ex. 4. (zte* — 2may?) dx + 2malydy = 0.

Ex. 5. y(2zy + e*)dx — e*dy = 0.

17. Rules for finding integrating factors. Rules I. and II.

Rules for finding integrating factors in a few cases will now
be given.*

Rure I. When Mz + Ny is not equal to zero, and the equa~
tion is homogeneous, ————— is an integrating factor of

g ' Mzt Ny g g

Mdx + Ndy = 0.

Rute II. When Mz — Ny is not equal to zero, and the
equatmn has the form

filay)ydo + fi(@y) wdy =0,

1 . . .
-— = is an integrating factor.
Mx — Ny 8 °
Proor :
Mdz + Nay = } { (Mz + Ny)( d’/>+(m Ny) (%@_ f;y) }

is an identity. This may be written,
(@) Mdx + Ndy = %{ (Mx + Ny)d - logxy + (Mx — Ny)d - logg}-
Division of (a) by Mz + Ny gives

Mdx + Ndy Mr — Ny

x
._____—-1 d-log=.
Mz + Ny ¢ logxy"L“M + Ny ¢ %y

Now if Mdx + Ndy is a homogeneous expression, ;g —:_—]1:7— is homo-

geneous and equal to a function of 27 and

Mdx + Nay _ ()d~lo§
Ny =1d-logzy + 3S g 7
or, since L glor?,
y vy

For a discussion on and determination of integrating factors, see
George Boole, Differential Equations, pp. 56-90.
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Mdr 4 Ndy _ " ( a_c) z
Mzt Ny =}d-logzy + 3 F logy d logy,

which is an exact differential.
On dividing (a) by Mx — Ny, it becomes,

Mdx 4+ Ndy _ 3 Mx + Ny
Mz — Ny ~ “Mx — Ny

d-logxy + }d-logg,

and if Mdx + Ndy is of the form fi(xy)y dx + f2(xy)x dy, this will be

Mdx + Ndy -3 Ni(xy)xy + fa(xy)zy

x
: Y =y JOIIII T IR g ooy 4 3 d - log S,
Mr— Ny~ fiey)ey — falay)ay® 108 - logy

= Fi(xy)d -logzy + 4 d - log%,

= Fy(logxy)d - logxy + 3 d - log g,
which is an exact differential.

M y s M .
When M Ny =0, —=—<Z. Substitution for == in
en et =0 y="% N

Mdx + Ndy =0
and integration gives the solution z = cy.

When Mx — Ny =0, %{ =£. Substitution for % in the differential

equation and integration gives the solution xy = c.

Ex. 1. Solve (z%y — 2 zy?)dx — (28 — 322y)dy = 0.
Ex. 2. Solve Ex. 3, Art. 9, by this method.
Ex. 8. Solve y(ay + 2 2%?)dx + z(xy — x%?)dy = 0.

18. Rules III. and IV.

dM dN

Rure TII. When ‘h/_N_‘?f is a function of x alone, say f(x)

eJ/®% is an integrating factor.
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For, multiplication of Mdx + Ndy =0 by that factor gives,
say, Mydae + Nydy = 0; and differentiation will show that

aM, _dan,
dy dx

Ex. 1. (@42 +2x)de+2ydy =0.
Ex. 2. (22 + y?)dx —2xydy = 0.
aN_am
de dy . o
Rure IV. When ———sa function of y alone, say F(y),
elfwr is an integrating factor.
This can be shown in the same way as in the preceding rule.
Ex. 3. Solve (3x2yt + 2xy)dx + (2233 — x2)dy = 0.
Ex. 4. Solve (y* +2y)dx + (xy® + 2yt — 4x)dy = 0.

19* Rule V. axm-1-eyn—1-6 where « has any value, is an
integrating factor of

xryB (my de + nxdy)=0,
?
for on using the factor, the equation becomes

1 A<y = 0.
K

Moreover, when an equation can be put in the form
xoyB(my dz + nx dy) + xayb (myy de + w2 dy) =0,

an integrating factor can be easily obtained. A factor that will
make a*yB (my dr + nx dy) an exact differential is a*m—1-aysn=1-g,
where « has any value; and a factor that will make

ey (myy de + mx dy)

an exact differential is @™ '-eay<m~'=8, where , has any value.

* See L'Abbé Moigno, Calcul Différentiel et Intégral (published 1844),
t. IL, No. 147, p. 355; Johnson, Differential Equations, Art. 32,
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These two factors are identical if
om—1—o=xm —1—a,
and kn—1—B=xn;—1—f,
Values of « and «, can be found to satisfy these conditions.

Ex. 1. Solve (y% — 2yx¥)dx +(22y? — z3)dy = 0.
Rearranging in the form above,
yi(yde + 2xdy) — 222y dx + xdy)=0.

For the first term a =0, 8 =2, m = 1, » = 2, and hence z«x—1y%-1-2jg
its integrating factor. For the second term a =2, =0, m =2, n=1,
and hence x2'-1-2yx'-1 ig jts integrating factor.

These factors are the same if

k—1=2k—-1-2,
and 2k—1—-2=«'—1.
On solving for « and «/, xk =2 = «’, and therefore xy is the common

integrating factor for both terms.
The equation when made exact is
2y {y*(ydx + 2xdy) — x*Qydx + xdy)} = 0.
%y: - %ﬂ =¢, or #%2(y2 — 2?) = c.
Ex. 2. Solve (2x% — 3y*)dx + (323 + 22y*)dy = 0.
Ex. 8. Solve (y%+ 22%)dx + (228 —zy)dy =0.

20. Linear equations. A differential equation is said to be
linear when the dependent variable and its derivatives appear
only in the first degree. The form of the linear equation of
the first order is

dy
dx +Py=Q, @®
where P and @ are functions of « or constants.
The solution of % +Py=0,

that is, of %’l = — Pdzx,
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is y=ce JP= or yelr& =g,
On differentiation the latter form gives
el (dy 4 Pydzx) =0,

which shows that ef?* is an integrating factor of (1).
Multiplication of (1) by that factor changes it into the exact
equation,
efP= (dy + Pydzx) = e/ Qdx,

which on integration gives

yeIPdt =fef”d‘Qda: +e

or y=e‘f"“‘{fef”‘(2da:+c}. ¢))

The latter can be used as a formula for obtaining the value
of ¥ in a linear equation of the form (1).* The student is
advised to make himself familiar with the linear equation and
its solution, since it appears very frequently.

Ex. 1. Solve x% W=z + 1.

This is linear since it is of the first degree in y and z—ll% Putting it in
the regular form, it becomes

@y _a 2+l
dr « x

Here P=—2, and the integrating factor S s i;-
z p

Using that factor, the equation changes to

Yy x+1dx.

xatl xat+l

. l:fx+]d,c+c,
xs xo+l

1
o dy —

whence y=-% - 1 exo,
a

1—a

* Gottfried Wilhelm Leibniz (1646-1716), who, it is generally admitted,
invented the differential calculus independently of Newton, appears to
have been the first who obtained the solution (2).
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The values of > and @ might have been substituted in the value of y
as expressed in (2).
Ex. 2. Solve Jy+ y=e =
dx

Ex. 8. Solve cos?z (ZZ‘I( +y=tanux.
dx

Ex. 4. Solve (x + l)ggl —ny = ex(x + 1)n+l,
x
Ex. 5. Solve (x% + 1):;;/; + 2%y = 422

21. Equations reducible to the linear form. Sometimes equa-
tions not linear can be reduced to the linear form. In particu-
lar, this is the case with those of the form

dy

dx
where P and @ are functions of . For, on dividing by y" and
multiplying by (— n + 1), this equation becomes

+ Py = Q" )

(Cnt W (ot Py = (—n 1) Q;
on putting » for ="', it reduces to
%—{-(1 —n)Pyv=(1—-n)Q,
which is linear in ».

dy 1 o5
Ex. 1. Solve%+5y_acy.

-5 .
Division by y® gives y L Ay + Lo 3
dx r
-
On putting v for y-5, this reduces to %: — Z) v = — b2, the linear form.
5 23
Its solution is v=y"b=cxb + ‘léx—-

* This is also called Bernoulli’s equation, after James Bernoulli (1664-
1705), who studied it in 1695.
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Nore. In general, an equation of the form

dy
7' ot B = @,
where Pand @ are functions of x, on the substitution of » for f(y) becomes

(h)+ Po = Q,

which is linear.
Ex. 2. Solve (1 + y¥)dxr =(tan~ly — x)dy.
‘This can be put in the form

723 1 tan-ly
=

dy U T g

which is a linear equation, y being taken as the independent variable.
Integration as in the last article gives the solution

x=tan-ly — 1 4 ce-tan”'y,

Ex. 3. Solve +ﬁj—‘;@2./1

=

du xy
Ex. 4. Solve -7 4 7/ __,
i

Ex. 5. Solve 3x(1 — x2)y2 :5):/; + (222 - 1)y? = ax’.

EXAMPLES ON CHAPTER Il
Equations can sometimes be reduced to standard forms by substitutions.
1. (x+y)2fl—y =a? [Putz+y=v.] 5. (2% —yx?) % + Y2+ xy<=0.

2. dy 2
xé“"y Va4 dy 1—2zx
6. N oY= 1.
d dr o
y R
3. xd——yzac\/x~’+y2.
x 7 "L’+ 2 3
4. sectrtanydrtsectytanxzdy=0. = “dz z+ 17T 5

8 (2x—y+ Ddr+@Ry—z—1)dy=0

9 (Lu oy _x+ \/1 [
T odx (- y._,)g T e
dy 1/2
10. T4
dz+

11 (22 4 y2 — a?)arde + (2 — Y2 — bD)ydy = 0.
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12.

13.
18.
117.

18.
18.

20.

25.
26.

21.

28.

85.

36.

DIFFERENTIAL EQUATIONS. [Cu. I
y , 4w 1 21— L (222 — 1)y = azb
ot e 1V @ T W z(1-2))) + @2 - y=az
22y de — (2 4 y3)dy = 0. 16. (22 + y2+ 1)dxr — 2xydy = 0.
zdr 4 ydy = m(xdy — ydx).

Integrate Ex. 16, after changing the variables by the transformation
z=7rcosf, y =rsinb.

z T
(l + e")dm + e"(l - zx;)(ly =0. 21 dy =z33 — .

dx
::Z + yecosx = ynsin 2. 22. ydx+(aa?y —2x)dy = 0.
(@ + 1)d~y+ 1=2¢ 7. 23. (1"'6-’/2_3752.’/)%23171/”—22.

2. y(=® + 92 + a2) +x(ﬂ+ﬁ~a2)—

(=% + xry)dy = dx. 29. ydy + by*dr = a cos xdx.
1y
Z/:l! = ax. 80. 2zxydr + (y2 — r2)dy =0.

2 a2y 2 L
Vattaty ty=vaetat-x gy (zy2 — )iz — a2y dy = 0.

dy — = dy LAY
(x+?/)dx+(x y)=0. 32. y—:)cz\ :b(1+:::2dx)-

83 By+2x+4)dr—(4z+6y +5)dy=0.

4. (2P + 2%+ xy + Dy + (2% — 22% — 2y + l)zdy—

ly a
9 222 3 _ ¢ n, -a.
(22224 y)de — (2Py—-3x)dy=0. 87. de + y o

PENpPLL fl_'! oW,
!I+xdx de 88. (x —y) =
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CHAPTER III.

EQUATIONS OF THE FIRST ORDER, BUT NOT OF
THE FIRST DEGREE.

22. Equations that can be resolved into component equations
of the first degree. In what follows, 3{;/; will be denoted by p.
The type of the equation of the first order and nth degree is
P+ Ppt+ Ppt it e+ Pp+ P =0, 1
where P, P, ..., P,, are functions of z and y.

Two cases appear for consideration, viz. :

(a) where the first member of (1) can be resolved into
rational factors of the first degree;

(b) where that member cannot be thus factored.

In the first case (1) can take the form
(p = B)(p — Ry) - (p — R) =0. @)

Equation (1) is satisfied by a value of y that will make any
factor of the first member of (2) equal to zero. Therefore, to
obtain the solutions of (1), equate each of the factors in (2) to
zero, and obtain the solutions of the n equations thus formed.
The n solutions can be left distinct or combined into one.

Suppose the solutions derived for (2) are

fl<xy Y, cl) = Oyfﬂ(m; Yy €)= 0, "'an(% Y, cn) =0,

where ¢, ¢, -+, c,, are the arbitrary constants of integration.

These solutions are evidently just as general, if ¢, = ¢, = ...
= ¢, since all the ¢’s can have any one of an infinite number
of values; and the solutions will then be
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h@ oy, 0)=0, i@y, ¢) =0, fu (2, 9, ©) =0.
These can be combined into one equation; namely,
S (& Y5 ) Sa(0 Y5 €) - Su (2 Y, ©) =0, ©)
Ex. 1. p% + 2ap? — y*p? — 22y% = 0, can be written
p(p+22)(p-yH=0.
Its component equations are

p=0, p+2x=0, p—y2=0,
of which the solutions are

y=¢ y+at=c, and 2y +cy+1=0,
respectively. The combined solution is
Y- +ar—c)(xy+cy+1)=0.

When the equation in p is of the second degree, sometimes the solution
readily presents itself in the form (3) as in the next example,

Ex. 2. Solve (@f— axd =0.
dx
g;; == a%x’}.
Integrating, y+ec==+ %a‘%x;’. .
Rationalizing, 25(y + ¢)? = 4 axd,
or 256(y + ¢)2 — 4 axb =0.

Ex.8. Solve p3(x +2»)+3p*(x+y)+ W +2x)p=0.
8
Ex. 4. Solve ({l‘lf) = qut.
dx
Ex. 5. Solve 4y%p? + 2pry(3x + 1)+ 323 =0.
Ex. 6. Solve p2—T7p +12=0.

23. Equations that cannot be resolved into component equations.
Methods which may be tried for solving equation (1) of the
last article, when its first member cannot be resolved into
rational linear factors, (case (b) Art. 22), will now be shown.

That equation, which may be expressed in the form

Sy, p)=0,
may have one or more of the following properties.
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(@) It may be solvable for y.
(b) It may be solvable for .

The case where it is solvable for p has been considered in
the preceding section.

(c) It either may not contain z, or it may not contain y.

(d) It may be homogeneous in x and y.

(¢) It may be of the first degree in z and y.

24. Equations solvable for . When the condition (a) holds,
J(x, y, p) =0 can be put in the form

y = F(x, p).

Differentiation with respect to x gives

d
pr= ‘f’(x’ D, d—€>)
which is an equation in two variables  and p; from this it
may be possible to deduce a relation

Y (z, p, ¢) =0.

The elimination o€ p between the latter and the original
equation gives a relation involving =z, y, and ¢, which is the
solution required.

When the elimination of p between these equations is not
easily practicable, the values of = and y in terms of p as a
parameter can be found, and these together will constitute the
solution.

Ex. 1. Solve z — yp = ap%

x — ap?
p

Differentiating and clearing of fractions,

Here y=

d,
(ap? + x) %lz =p(1 —p?).

This can be put in the linear form
de 1 . @
dp p(1—pH"  1—p*
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Solving, r=—"——(¢c+ asin-?
\/1 ( p).

Substituting in the value for y above,

y=—ap+

1
in-1
Vl_pg(c+asm p).

Ex. 2. Solve y =z + atan-1p.
Ex. 8. Solve 4y =a? + p2
Ex. 4. Solve xp? —2yp + ax = 0.

25. Equations solvable for @. When condition (b) holds,
S (@, y,p) =0 can be put in the form

z=F(y, p)-

Differentiation with respect to y gives

1 dp
]) ¢<y’ 1’ dy)’

from which a relation between p and y may possibly be
obtained, say,
f(?/) y 2 C) =0

Between this and the given equation p may be eliminated, or
and y expressed in terms of p as in the last article.

Ex. 1. Solve z =1y + p2
Ex. 2. Solve x =y + alogp.
Ex. 3. Solve p% + 2px =y.

26. Equations that do not contain 2; that do not contain %.
When the equation has the form

S, p)=0
and this is solvable for p, it will give

d" =$(®),

which is integrable.
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If it is solvable for y, it will give
y="F(p),
which is the case of Art. 24.
‘When the equation is of the form
S (@ p)=0,
and this is solvable for p, it will give

= ¢ @),

which is immediately integrable.
If it is solvable for @, it will give
T = F(]’):
which is the case of Art. 25.

It is to be noticed that in equations having either of the
properties (¢) Art. 23 and not solvable for p, on solving for
« or y the differentiftion is made with respect to the absent
variable.

By differentiating in cases («), (b), (¢), there is a chance of
obtaining a differential equation, by meaus of which another
relation may be found between p and @ or ¥ in addition to the
original relation. These two relations will then serve either
for the elimination of p, or for the expression of z and y in
terms of p.

Ex. 1. Solvey=2p + 3p2 Ex. 8. Solve x2 = a?(1 + p?).
Ex. 2. Solve z(1 + p?)=1. Ex. 4. Solve y2 = a2(1 + p?).

27. Equations homogeneous in  and y. When the equation is
homogeneous in « and 7, it can be put in the form

du Y
=0.
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It may be possible to solve this for g—‘z
Y

;, and obtain
y =af (p),
which comes under case (a) Art. 23.
Proceeding as in Art. 24, differentiate with respect to «,

p=f(p)+wf’(p)%.’;

dz__ f'(p)dp
whence - = pr(—p)’

where the variables are separated.

, and then to proceed

as in Art. 9; or to solve it for

Ex. 1. Solve y2 + ayp — a2p2 = 0.
Ex. 2. Solve y = yp? + 2 px.

28. Equations of the first degree in = and y. Clairaut’s equation.
When the condition (¢) Art. 23, holds, the equation, being
solvable for @, and for y as well, comes under cases (a) and (b)
considered in Arts. 24, 25. However, there is one particular
form of these equations of the first degree in « and y that
is of special importance, namely,

y=pz+/(p)
which is known as Clairaut’s equation.*
Differentiation with respect to z gives

p=p+§w+f’(p)§§%

whence x4+ f'(p)=0,
dp
or = 0.

* Alexis Claude Clairaut (1713-1765), celebrated for his researches on
the figure of the earth and on the motions of the moon, was the first
who had the idea of aiding the integration of differential equations by
differentiating them. He applied it to the equation that now bears his
name, and published the method in 1734.



§28.] EQUATIONS OF FIRST DEGREE IN z AND y. 87

A

From the latter equation, it follows that p = ¢, and hence
y=cz+ /()
is the solution.
The equation & + f'(p) = 0 is considered in Art. 34.
Any equation satisfying condition (e) can be put in the form

y=xfi(p) + f:(p)

If fi(p) =p, it is in Clairaut’s form. By proceeding as in
Art. 24 and differentiating with respect to « there is obtained

p=F(D) + =R D) + 5 ()} 2L
w_ ), W

BT A COMSTEN A
whieh is linear in ; and from this a relation between « and p
may be deduced.
The student should be familiar enough with Clairaut’s form
to recognize it readily.
Some equations are reducible to this form; Ex. 2 is an
] illustration. °

Ex. 1. Solve y=(1+p)x + p2.

Differentiating, p=14+p+(x+2p) gg
dx
B +x=—2p,
which is linear. Solving,
£ =2(1~ p)+ ce?;
and hence y=2-—p24+(1+ p)cer

from the given equation.

Ex. 2. Solve 22(y — px)=yp%
On putting 22 = u, and y2 = v, the equation becomes

dv dv\?
v_udu+ ((ﬁ) N

which is Clairaut’s form.
L v=cu+c?

and hence yi=ca?+ch
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Ex. 8. Solve y=2ap + sin-1p,

Ex. 4. Solve et=(p — 1)+ e¥p? =0.

Ex. 5. Solve xy(y —px)=x + py.

Solving for z or y may be of service in the case of equations of the first
degree in p ; this is illustrated in Ex. 6.

Ex. 6. Solve % + 20y = x* + ¥

The solution for y gives the equation y =+ Vp,

which is of the form discussed in Art. 24.

c+(-‘
¢ — e

The solution is =x+ T

29. Summary. What has been said in this chapter con-
cerning the equation f(w, 3, p) =0, of degree higher than the
first in p, may be thus summed up:

Either solve f(x, y, p) = 0 for p, and obtain a solution cor-
responding to each value of p; or,

Solve for y or @, and, by differentiating with respect to a or
¥y, obtain an equation, whence another relation between p and
x or y can be found. This new relation, taken in connection
with the original equation, will serve either for the elimina-
tion of p, or for the evaluation of 2 and y in terms of p; the
eliminant or the values of « and y will be the solution.

EXAMPLES ON CHAPTER Il

of Ay dy
1. 22( % . _
z (dx> 2oy, 208 —22=0
2 - —-Yy=
2. y=p(e—1b) +;. 6. ayp +(2f/ b)p y2 02
7. x =V1 + pZop(x? +
3. ay?(p? 4+ 2) = 2py® + as. Yy —Dp ] p:( ) yz)%
8. —y2=qa(1 i
4 y=—up .yt (xp—y)t=a(l+p )fc +9?)
— 2—mn2__9VY
6. pP-9p+18=0. 9. (@p-9)?t=p-2.p+1

10. 3p%2 —2xyp + 492 — 22 = 0.
1L @ +y)(1+p)2 -2z +y)A +p) (= +yp)+ (@ + yp)2 = 0.
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EXAMPLES.

12.
18.
14.
15.

22.
23.

(py+nx)?=(y*+n2?) (1+p?).

¥*(1—pH)=0.
(pz — ) (py + 2)= M.
P2+ 2py cotx = y%

19. xyp? + p(322 —292)— 6ay = 0.

20. pd—4xyp +8y2=0.

1
16. (p“ — 717:?3) (p -

D
17 24+ —-"—=a
V1 + p2
18. y — 2px = f(xp?).

2L P — (2 + 7y + Y)P? + (2% + 28 + 2yP)p — 2yt = 0.
P8 4+ mp? = a(y + mx).
e*(p — 1)+ ple¥ = 0.

(1—y2+

¥

72

a9V p ¥
)p 2xp+x2_0'

[

25. y—(1+p3)72 =b.

2. y=pr+ .
y=pet

21. y=2px+ y¥pd
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CHAPTER 1V.
SINGULAR SOLUTIONS.

30. References to algebra and geometry. In this explanation
of singular solutions,* use will be made of a few definitions
and principles of algebra and geometry; particularly of the
discriminant in the one, and of envelopes in the other. Arti-
cles 31 and 32 will serve to recall some of them. The student
is advised to consult a work on the theory of equations and a
differential calculus concerning these points.

31. The discriminant. The discriminant of an equation in-
volving a single variable is the simplest function of the coeffi-
cients in a rational integral form, whose vanishing is the
condition that the equation have two equal roots. For exam-

—b+ Vb —4dac,

2a
the condition that the equation have equal roots is that 4* — 4 ac

be equal to zero. The diseriminant is > — 4 ac; the equation
U* — 4ac=0 will be called the discriminant relation.

ple, the value of # in aa® + bx +c =0 is — ; and so

* Leibniz in 1694 (see footnote, p. 27), Brook Taylor (1685-1731), the
discoverer of the theorem called by his name, in 1715, and Clairaut (see
footnote, p. 36) were the first to detect singular solutions of differential
equations. Clairaut refers to these solutions in a paper published in the
Memoirs of the Paris Academy of Sciences in 1734. Their geometrical
significance was first pointed out by Lagrange (see footnote, p. 155) in
an article published in the Memoirs of the Berlin Academy of Sciences
in 1774, in which he also showed a way of obtaining them. The theory
at present accepted is that expounded by Arthur Cayley (1821-1895) in
an article in the Messenger of Mathematics, Vol. 1., 1872.
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When the equation is quadratic, the discriminant can be
written immediately ; but when it is such that the condition
for equal roots is not easily perceived, the discriminant is found
in the following way. The given equation being F = 0, form
another equation by differentiating F' with respect to the vari-
able, and eliminate the variable between the two equations.

For example,

¢, y,0)=0
may be looked on as an equation in ¢, its coefficients then being
functions of z and y. The simplest rational function of « and
¥, whose vanishing expresses that the equation ¢ (z, y,¢)=0
has equal roots for ¢, is called the ¢ discriminant of ¢, and is
obtaingd by eliminating ¢ between the equations,
¢ (@, y,¢)=0, %f =0.

Thus the ¢ diseriminant relation represents the locus, for each
point of which ¢ (z, , ¢) = 0 has equal values of c.

Similarly, the p diseriminant of f(x, y, p) = 0, the differential
equation corresponding to ¢ (=, y, ¢) =0, is obtained by elimi-
nating p between the equations,

f(w; !/,p)=0, 3—;: 0.
Thus the p discriminant relation represents the locus, for each
point of which f(z, y, p) =0 has equal values of p.

In order that there may be a c and a p discriminant, the above
equations must be of the second degree at least in ¢ and p. In
Art. 6 it was pointed out that these equations are of the same
degree in ¢ and p, and hence, if there is a p discriminant, there
must be a ¢ discriminant.

32. The envelope. If in ¢(z,y, ¢) =0, c be given all possible
values, there is obtained a set of curves, infinite in number, of
the same kind. Suppose that the c¢’s are arranged in order of
magnitude, the successive ¢’s thus differing by infinitesimal
amounts, and that all these curves are drawn. Curves corre-
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sponding to two consecutive values of ¢ are called consecutive
curves, and their intersection is called an ultimate point of
intersection. The limiting position of these points of intersec-
tion includes the envelope of the system of curves. It is shown
in works on the differential calculus, that the envelope is part
of the locus of the equation obtained by eliminating ¢ between

9”(“’: Y C) = 0)

d¢
and Q= 0;
that is, the envelope is part of the locus of the ¢ discriminant
relation. This might have been anticipated, because in the
limit the ¢’s for two consecutive curves become equal, and the
¢ discriminant relation represents the locus of points for which
¢ (x, y, ¢) =0 will have equal values of c.

It is also shown in the differential calculus, that at any
point on the envelope, the latter is touched by some curve of
the system; that is, that the envelope and some one of the
curves have the same value of p at the point.

33. The singular solution. Suppose that

S, 9,p)=0 (1)
is the differential equation, which has
¢ @y c)=0 ¢))

for its solution. It has been seen, in Arts. 4-6, that the system
of curves which is the locus of f(x, y, p) =0 is the set of
curves obtained by giving ¢ all possible values in (2). The
x, 9, p, at each point on the envelope of the system of curves
which is the locus of (2), being identical with the z, y, p, of
some point on one of these curves, satisfy (1). Therefore the
equation of the envelope is also a solution of that differential
equation. This is called the singular solution. It is distin-
guished from a particular solution, in that it is not contained
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in the general solution; that is, it is not derived by giving
the constant in the general solution a particular value.

The singular solution may be obtained from the differential
equation directly, without any knowledge of the general solu-
tion. For, at the points of ultimate intersection of consecutive
curves, the p’s for the intersecting curves become equal, and
thus the locus of the points where the p’s have equal roots
will include the envelope; that is, the p diseriminant relation
of (1) contains the equation of the envelope of the system of
curves represented by (2). In the next article, it will be shown
that the p and ¢ discriminant relations may sometimes repre-
sent other loci besides the envelope: that is, they may contain
other equations besides the singular solution. The part of
these relations that satisfies the ditferential equation is the
singular solution.

Ex. 1. y=x§‘1+a\]1 + (3—1)2,

which is in Clairaut’s form, has for its solution
y=cx+aVvVl+
This, on rationalization, becomes
c2(a? — o)+ 2cxy + 2 —y2=0,
and hence the condition for equal roots is
x2 + y2 = a?

This relation satisfies the given equation, and hence is the singular
solution.

In this examplp, the general integral represents the system of lines
¥y = cx + aV1 + ¢2, all of which touch the circle 22 + y2 = 2.

Ex. 2. Find the general and the singular solutions of p2 4 a2p —y = 0.

Ex. 8. Find the general and the singular solutions of dy vz = dx V7.

Ex. 4. Find the singular solution of 22p2 —3xyp + 292 + 23 = 0.

Ex. 6. Find the general and the singular solutions of

dy\s_ 21 ( _o_lg)ﬂ
(1+3) =g +n(1-2)"
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34. Clairaut’s equation. In finding the solution of Clairaut’s
form in Art. 28, there appeared the equation

z+f'(p)=0, 6)

which is as important as the equation %:O, that appeared

with it. The foregoing shows what part equation (3) plays in
solving Clairaut’s equation. On differentiating y = px + f(p)
with respect to p, (3) is obtained. The elimination of p
between these two equations gives the p discriminant relation,
which here represents the envelope of the system of lines

y=cx+ f(c)

represented by the general solution.

35. Relations, not solutions, that may appear in the p and ¢ dis-
criminant relations. It has been pointed out that the p dis-
criminant relation of f(a, y, p) =0 represents the locus, for
each point of which f(x,y, p) = 0 will have equal values of p;
and that the ¢ discriminant relation of ¢ (x, ¥, ¢) = 0, the gen-
eral solution of the former equation, représents the locus for
each point of which ¢ (, y, ¢) = 0 will have equal values of c.
It is known also that each point on the envelope of the system
¢ (=, y, ¢) =0 is a point of ultimate intersection of a pair of
consecutive curves of that system; and, moreover, that at each
point on the envelope there will be two equal values of p, one
for each of the consecutive curves intersecting at the point;
and that, therefore. the singular solution, representing the
envelope, must appear in both the p and the ¢ discriminant
relations. But the question then arises, may there not be
other loci besides the envelope, whose points will make
f(=,y, p) =0 give equal values of p, or make ¢ (x, y,c)=0
give equal values of ¢? In other words, while the p and the
¢ discriminant relations must both contain the singular solu-
tion, which represents the envelope if there be one, may they
not each contain something else ?
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36. Equation of the tac-locus. At a point satisfying the p
discriminant relation there are two equal values of p; these
equal p’s, however, may belong to two curves of the system
that are not consecutive, but which happen to ‘cach at the
point in question. Such a point of contact of two non-consecu-
tive curves is on a locus called the taclocus of the system of
curves. The equations representing the tac-locus, while thus
appearing in the p discriminant relation, will not be contained
in that of the ¢ discriminant; since the touching curves, being
non-consecutive, will have different ¢’s.

Ex. Examine ¥2(1 +p2) =12
2 2
Solvixg for p, = l/r_y_y_

Integrating and rationalizing,
Y2+ (x+c)2=1%

The general solution, therefore, represents a system of circles having a
radius equal to r and their centres on the z axis.

The ¢ discriminant relation is y2—1r2=0,
and that of the p discrfminant is »2(y? — 72)=0.

Thus the locus of the latter is made up of the loci y = + » and of
y = 0 counted twice.

The equations y = 4 #, that appear in both the p and the ¢ discriminant
relations, satisfy the differential equation, and hence form the singular
solution; they represent the envelope.

The equation y = 0, as is apparent on substitution, does not satisfy the
differemtial equation. Through every point on the locus y =0, two circles
of the system can be drawn touching each other; that equation, there-
fore, represents the tac-locus.

The student is advised to make a figure, showing the set of circles,
their envelope, and the tac-locus, as it will help him to understand this
and the preceding articles.

37. Equation of the nodal locus. The ¢ diseriminant relation,
like that of the p diseriminant, may contain an equation having
a locus, the z, y, p, of whose points will not satisfy the differ-
entia’ equation.
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The general solution ¢ (x, %, ¢) =0 may represent a set of
curves each of which has a double point. Changing the ¢
changes the position of the curve, but not its character. These

Fic. 1.

curves being supposed drawn, the double points will lie on a
curve which is called the nodal locus. In the limit two con-
secutive curves of the system will have their nodes in coin-
cidence upon the nodal locus. The node is thus one of the
ultimate points of intersection of consecutive curves; and,
therefore, the equation of this locus must appear in the ¢ dis-
criminant relation. But in Fig. 1, whers A, B, ---, are the
curves and L is the nodal locus, at any point the p for the
nodal locus L is different from the p’s of the particular curve
that passes through the point; and hence the =, 7, p, belong-
ing to L at the point, will not satisfy the differential equation.

Fiag. 2.

And, in general, the =, y, p, at points on the nodal locus will
not satisfy the differential equation; for the case would be
exceptional where the p at any point on the nodal locus would
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coincide with a p for a curve of the general solution passing
through that point; where, in other words, the nodal locus
would also be an envelope, as in Fig. 2, in which 4, B, ..., L,
have the same signification as in Fig. 1.
Ex. ap? — (¢ — a)? = 0 has for its general solution
y+c=§:c‘§'—2ax%;
that is, fw+ o)t =x(x —3a)

The p discriminant relation is z(x — @)? =0,
and that of the ¢ discriminant, x(x —3a)2=0.

The relation z = 0 satisfies the differential equation; hence it is the
singular solution and represents the enve-
lope locus.

The ®elation z — @ =0, which appears Y
ounly in the p discriminant, does not satisfy
the differential equation ; it represents the
tac-locus. And z — 3« =0, which is in
the ¢ discriminant, does not satisfy the
original equation ; it represents the nodal
locus.

Figure 3 shows some of the curves of

the system, the envelope, the tac, and the
nodal loci.

38. Equation of the cuspidal locus. :
The general solution ¢ (, y, ¢) =0 /\/
may represent a set of curves each . ;
of which has a cusp. These curves ¢ i ; x
being supposed drawn, the cusps !
will lie on a curve called the cuspidal
locus. It is evident that in the
limit two consecutive curves of the system will have their
cusps coincident upon the cuspidal locus, the cusps thus being
among the ultimate points of intersection; and hence the euspi-
dal locus will appear in the locus of the ¢ diseriminant relation.
Moreover, the p’s at the cusps of consecutive curves will evi-
dently be equal; and therefore the cuspidal locus will appear

F1c. 3
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in the locus of the p discriminant relation. Like the nodal
locus, it will not, in general, be the envelope.
Ex. 1. The differential equation
pr4+2zp—y=0 ¢))
has for its general solution
Qa8+ 3xy + )2 —4(x2+y)3=0. 2)
The p discriminant relation is
2?4y =0, ®)
and the ¢ discriminant relation is
(2 +y)*=0.

Equation (1) is not satisfied by (8), and hence there is no singular
solution ; 2 4 y = 0 is a cusp locus.

Ex. 2. The equation 8ap3 =27y Y
has for its general solution ay? = (x — ¢)8; < <
the p discriminant relation is y=0,

and the ¢ discriminant relation is y* = 0. Fre. 4.

The equation y = 0 satisfies the differential equation, and therefore is
the singular solution. It is also the equation of the cusp locus. Figure
4 illustrates this example. This is one of the very exceptional cases
where the cusp locus coincides with the envelope.

39. Summary. When the loci discussed above exist, then
in the p discriminant relation will appear the equations of the
envelope locus, of the cuspidal locus, and of the tac-locus; and
in the ¢ discriminant equation will appear the equations of the
envelope locus, of the cuspidal locus, and of the nodal locus.*

* See Edwards, Differential Calculus, Arts. 364-366 ; Johnson, Differ-
ential Equations, Arts. 456-54; Forsyth, Differential Equations, Arts.
23-30; an article by Cayley, ¢ On the theory of the singular solutions of
differential equations of the first order '’ (Messenger of Mathematics, Vol.
I1. [1872], pp. 6-12) ; an article by J. W. L. Glaisher, “ Examples illus-
trative of Cayley’s theory of singular solutions' (Messenger of Mathe-
matics, Vol. XIL [1882], pp. 1-14).
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The p discriminant relation contains the equations of the envelope,
cuspidal and tac loci, once, once, and twice respectively ; and the ¢ dis-
criminant relation contains the equations of the envelope, cuspidal and
nodal loci, once, three times, and twice respectively.

EXAMPLES ON CHAPTER IV.

Solve and find the singular solutions of the following equations :

1. zp?2—2yp + ax =0. 8. 2 —2pxy + p2(2?2 —1)= m.
2. %%+ 2%yp + a® =0, 4. y=1xp+ViE+ apt
5. y =xp — p>

6. Examine Exs. 2, 4, 20, 26, Chap. III, for singular solutions.
7. Solve 4p? =9z, and examine for singular solution.
8. In.vestiga,tc for singular solution
dx(c — 1)@ —2)p*—@Ba?2—-06x+2)2=0.
9. Solve and examine for singular solution (8 p3 — 27)x = 12 p%y.
10. p2(x2 — a?)—2pry + y> — 02 =0.
11. (pz — y) (e —py)=2p.

»

* This is proved in an article by M. J. M. Hill, **On the ¢ and p dis-
criminant of ordinary integrable differential equations of the first order ™
(Proc. Lond. Math. Soc., Vol. XIX. [1888], pp. 661-5689). This article
supplements Cayley's, mentioned above.

Professor Chrystal has shown that the p diseriminant locus is in gen-
sral a cuspidal locus for the family of integral curves. (Nature, Vol. LIV,
1896, p. 191.)
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CHAPTER V.

APPLICATIONS TO GEOMETRY, MECHANICS,
AND PHYSICS.

40. The student will remember that, after deducing the
methods of solving various kinds of algebraic equations and
working through lists of these equations, he made practical
applications of the knowledge and skill thus acquired, in the
solution of problems. In the process of finding the solution
of one of these problems, there were three steps: first, forming
the equations that expressed the relations existing between the
quantities considered in the problem; second, solving these
equations; and third, interpreting the algebraic solution.

In the case of differential equations, the same procedure
will be followed. The three preceding chapters have shown
methods of solving differential equations of the first order.
This chapter will be concerned with practical problems, the
solution of which will require the use of these methods. The
problems will be chosen for the most part from geometry and
mechanics; and it is presupposed that the student possesses
as much knowledge of these subjects as can be acquired from
elementary text-books on the differential calculus and me-
chanics.

As in the case of algebraic problems, there are three steps
in obtaining the solution of the problems now to be considesed:

First, forming the differential equations that express the
relations existing between the variables involved.

Second, finding the solution of these equations.

Third, interpreting this solution.
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There will be only two variables involved in each of these
problems, and hence but a single equation will be required.
The choice of examples for this chapter is restricted, because
differential equations of the first order only have so far been
treated.

41. Geometrical problems. The student should review the
articles in the differential calculus that deal with curves; in
particular, those articles that treat of the tangent and normal,
their directions, lengths, and projections, and the articles that
discuss curvature and the radius of curvature. This review
will be of great service in helping him to express the data of
the problem in the form of an equation, and to interpret the
solutioms of this equation. The character of the geometrical
problems and the method of their solution will in general be
as follows. A curve will be described by some property be-
longing to it, and from this its equation will have to be deduced.
This is like what is done in analytic geometry, but here the
statement of the property will take the form of a differential
equation ; the solution of this differential equation will be the
required equation of the curve.

42, Geometrical data. The following list of some of the
principal geometrical deductions of the differential caleulus is
given for reference. It will be of service in forming the dif-
ferential equations which express the conditions stated in the
problems, or, in other words, give the properties belonging to
the curves whose equations are required.

Suppose that the equation of a curve, rectangular co-ordinates

being chosen, is y =7 (), or F(2,7)=0,
and that (z, y) is any point on this curve. Then ‘_11.31 is the
dx

slope of the tangent at the point (, ¥), i.e. the tangent of the

angle that the tangent line there makes with the a-axis; — -‘-Il-af
ay
is the slope of the normal; the equation of the tangent at (z, y),
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X, Y, being the current co-ordinates, is ¥Y—y = y (X —2); and
the equation of the normal is ¥ —y=— (-@ (X — ); the mter-
cept of the tangent on the axis of @ is & —y —7 the intercept
of the tangent on the axis of yis y — %} ; the length of the
tangent, that is, the part of the tangent between the point

and the wx-axis, is 3/\/1 +<;l_x>'~; the length of the normal
Y

2
13 y\/l +<d_y) ; the length of the subtangent is y Z—;‘;; the

length of the subnormal is y % ; the differential of the length

of the arc is \/1 +< ) dy, or 4/1 +<d?/> dx; the dlffelentlal

of the area is y dx or xdy.
Again, let the equation of the curve in polar co-ordinates be
J(r, 6)=0, or r = F(6),

and (7, 6) be any point on the curve. Then the tangent of the
angle between the radius vector and the part of the tangent
to the curve at (r, §) drawn back towards the initial line, is

r Z’—o; if 6 is the vectorial angle, ¢ the angle between the radius
r

vector and the tangent at (r, 6), and ¢ the angle that this
tangent makes with the initial line, ¢ =y + 6; the length of

the polar subtangent is rg(cli—o; the length of the polar sub-
r

normal is c%; the differential of the length of the arc is

\/1 +1-2(gg>2dr, or \/(d;> +72d; if p denote the length of

the perpendicular from the pole upon the tangent,* then

* Williamson, Differential Calculus, Art. 183; Edwards, Differential
Calculus for Beginners, Art. 95.
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1 1 1 /d°e,
P —+_<w>

that is, 1_ =u? 4 <d“> , where u = 1
-

™~

P
43. Examples.
Ex. 1. Determine the curve whose subtangent is n times the abscissa
of the point of contact; and find the particular curve which passes
through the point (2, 3).

Let (z, y) be any point upon the curve. The subtangent is y dr,

There-

fore, the condition that must be satisfied at any point of the required
curve, in other words, the given property of the curve, is expressed by
the equation

dx

3 Yy d_I) = nXx.

Integration gives n logy = log cx, whence,
y" = cx.

This represents a family of curves, each of which passes through the
origin. For the particular curve that passes through (2, 3), ¢ must be :?—“,
and the equation is 2

2yn=3nax.

When n = 1, the required curve is any one of the straight lines which
pass through the origin; the equation of the particular line through
2, 3)is

When n = 2, the curves having the given property are the parabolas
whose vertices are at the origin, and whose axes coincide with the z-axis ;
the particular parabola through (2, 3) has the equation

292 =9z,

When n = §, the required curve is any one of the system of semi-
cubical parabolas that have their vertices at the origin and their axes
coinciding with the axis of y.

What curves have the given property when n=1? Whenn =3?

Ex. 2. Find the curve in which the perpendicular upon the tangent
from the foot of the ordinate of the point of contact is constant and equal
to @ ; and determine the constant of integration in such a manner that
the curve shall cut the axis of y at right angles.
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_—

Let (z, y) be any point on the curve. The equation of the tangent at
(x, ) is .
Ay
Y — ¥ = (ZIL(‘X T) ’

the length of the perpendicular from («, 0), the foot of the ordinate,

-y
upon the tangent is _| dy\ ¢
i+ (u)
Therefore, the given property of the curve is expressed by the equation
S —— ; from this, (2) _edy =dx;
_\/ ((/1/) vyt — a?
1+

dx
integration gives * cosh 1Z = S +c;
whence 3) Y = cosh (g + c)-

a a

It is also required that there be found the particular one of these
curves that cuts the y-axis at right angles. This means that for this

curve, 4y _ 0 when x =0. Now differentiation of (3) gives

dx
Tdy = 1 sinh (_{: -+ c) ;
adx a a .

therefore ¢ = 0; and hence
Y z
=cosh ",
a a

the equation of the catenary.

Ex. 8. Determine the curve in which the subtangent is n times the
subnormal.

Ex. 4. Determine the curve in which the length of the arc measured
from a fixed point A4 to any point P is proportional to the square root of
the abscissa of P.

Ex. 5. Find the curve in which the polar subnormal is proportional to
the sine of the vectorial angle.

Ex. 8. Find the curve in which the polar subtangent is proportional to
the length of the radius vector.

* See McMahon, Ifyperbolic Functions (Merriman and Woodward,
Higher Mathematics, Chap. 1V.), Arts. 14, 15, 26, 39 ; Edwards, Integral
Calculus for Beginners, Arts 28-44.
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44. Problems relating to trajectories. An important group
of geometrical problems is that which deals with trajectories.
A trajectory of a family of curves is a line that cuts all the
members of the family according to a given law; for example,
the line which cuts all the curves of the family at points equi-
distant from the z-axis, the distance being measured along the
curves of the family. Another example of a trajectory is the
line that cuts the curves of the family at a constant angle.
When the angle is a right angle, the trajectories are called
orthogonal trajectories; when it is other than a right angle,
the trajectories are said to be oblique. Only these two classes
of trajectories will here be discussed.

45. T.:ajectories, rectangular co-ordinates. Suppose that
f(‘v; VA (L) =0 (1)
s the equation of the given system of curves, a being the
arbitrary parameter; and that « is the angle at which the tra-

jectories are to cut the given curves. The elimination of a
from (1) gives an equation of the form

dy
¢‘ <‘7’a Ys ('l;l)) = 0’ (2)

the differential equation of the family of curves.

Now through any point (z, %) there pass a curve of the given
system and one of the trajectories, cutting each other at an
angle «. If m is the slope of the tangent to the trajectory at
this point, then

g% —tan «
m= '—T'/—' (3)
1+ az‘tan
By definition m is ZZ: for the trajectory; hence the differ-

ential equation of the system of trajectories is obtained by

substituting this value of m for gl in (2); this gives
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1
o) yr—_é =0, )

for the differential equation of the system of trajectories; and
the solution of this is the integral equation.
If « is a right angle,
dx

m=——
dy’

and hence the differential equation of the system of orthogonal

trajectories is obtained by substituting — EI_  for d” in (2); this

gives

dx
‘#(‘Ey Y — 77:): 0. (5)

Integration will give the equation in the ordinary form.

46. Orthogonal trajectories, polar co-ordinates. Suppose that

J(@, 6,c)=0 1
is the polar equation of the given curve, and that
Ir
L6, 52 )=0 2
s(- ) )

is the corresponding differential equation, obtained by eliminat-
ing the arbitrary constant ¢. The tangent of the angle between
the radius vector and the tangent to a curve of the given sys-

tem at any point (7, ) is r Zj If m is the tangent of the angle
r

between this radius vector and the tangent to the trajectory

through that point,
1 dr

T rae

since the tangents of the curve and its trajectory are at right
angles to each other. Hence the differential equation of the
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required trajectory is obtained by substituting - 1‘11. for rq—‘q,
-
or, what comes to the same thing, — »*—= a8 for d_o in (2); this
gives dr
10
L6, — 1 2)=0
¢<’I‘ s r d7‘> (3)

as the differential equation of the required system of trajecto-
ries.

47. Examples.

Ex. 1. Find the equation of the curve which cuts at a constant angle

whose tangent is ™ all the circles touching a given straight line at a
n

given point.

Takegthe given point for the origin, the given line for the y-axis, and
the perpendicular to it at the point for the xz-axis. The given system of
circles then consists of the circles which pass through the origin and have
their centres on the x-axis ; its equation is

y¥P+at—2ax =0, 1

a being the variable parameter. The elimination of a gives the differen-
tial equation of the system of circles ; namely,

dy _y*—a?

o 2
dx 2xy Q)
The differential equation of the system of trajectories is obtained by
substituting for % in equation (2) the expression
dy
dr ' n .
mdy?
n de
and this gives on reduction
(nx? — ny? 4+ 2 mxy)dx + (my? — mx* + 2 nxy)dy = 0. 3

The integration of this homogeneous equation gives
2% + y? = 2¢(my + nx), (C))

¢ being the constant of integration ; this represents another system of
circles.
The trajectory is orthogonal if n = 0; equation (4) then becomes

22 + y% = o,
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which represents the orthogonal system of circles; these circles pass
through the origin and have their centres on the y-axis.

Ex. 2. Find the orthogonal trajectories of the system of curves
™ sin né = an.
Differentiation eliminates the parameter a, and gives

dar
— 4 rcotnd =0
do + ’

the differential equation of the system.
The differential equation of the system of trajectories is obtained by

substituting — 1290 for 41 ; this gives
dar do

—r‘ld—g+rcotn0=0;
dr
separating the variables, integrating, and simplifying,
rmcos nd = c,
¢ being an arbitrary constant; this is the equation of the system of
orthogonal curves.

Ex. 8. Find the orthogonal trajectories of a series of parabolas whose
equation is y2? = 4 ax.

Ex. 4. Find the orthogonal trajectories of the ‘series of hypocycloids
Ayt d

Ex. 5. Find the equation of the system of orthogonal trajectories of a
2a

1 + cos )
Ex. 6. Find the orthogonal trajectories of the series of curves.
r=a+ sinbo.

series of confocal and coaxial parabolas r =

Ex. 7. Given the set of lines y = cx, ¢ being arbitrary, find all the
curves that cut these lines at a constant angle 6.

48. Mechanical and physical problems. The student should
read in some text-book on mechanics the articles in which the
elementary principles and formule relating to force and motion
are enunciated and deduced. The truth of the following defi-
nitions and formule will be apparent to one who understands
the first principles of the calculus and the principles of me-
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chanies as set forth in elementary works that do not employ
the calculus.

If s denotes the length of the path described by a particle
moving in a straight line for any period of time;
¢, the time of motion, usually estimated in seconds; and

v, the velocity of the moving particle at any particular
point or instant; then will

ds
a=Y and
gtg= the acceleration of the moving particle at any point

of its path.

Ex. ! A body falls from rest; assuming that the resistance of the
air is proportional to the square of the velocity, find

(a) its velocity at any instant ;
(b) the distance through which it has fallen.

In this case the equation for the acceleration is

v .oon?
(4_! = g — kv%, or, putting é— for «,
g 3;2 = g? — n%?,
whence g _ de.
g% — n2o?

Integratin, ,ta.nh-*llll}: nt + ¢ ; whence, " _ tanh(nt + c).
grating, g g

But ¢ =0, since v =0 when ¢t = 0.

as _
dt

Therefore v= i tanhnt ;
whence, on integration,
=9
s+c= i log cosh nt.

But s=0whent=0, .. c=0;

therefore s$= % log cosh nt.
n
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Ex. 2. Find the distance passed over in time ¢ by a particle whose
acceleration is constant, determining the constants of integration so that
at the time ¢ = 0, vy is the velocity and s, the distance of the particle from
the point from which distance is measured.

Ex. 8. The velocity possessed by a body after falling vertically from
rest through a distance s is found to be V2 g¢s. Find the height through
which it has fallen in terms of the time.

EXAMPLES ON CHAPTER V.

1. Determine the curve in which the length of the subnormal is pro-
portional to the square of the ordinate.

2. Determine the curve in which the part of the tangent intercepted
by the axes is a constant @. [Hint: Find the singular solution. ]

8. Determine the curve in which the length of the subnorm.al is pro-
portional to the square of the abscissa.

4. Find the equation of the curve for which a differential of the arc is
x times the differential of the angle made by its tangent with the z-axis,
multiplied by the cosine of this angle; and determine the constant of inte-
gration so that the curve touches the xz-axis at the point from which the
arc is measured.

5. Find the equation of the curve where the length of the perpendicu-

. 1
lar from the pole upon the tangent is constant and equal to —-
K

6. Find the equation of the system of curves that make an angle whose
tangent is % with the series of parallel lines x cosa + y sin e = p, p being
the variable parameter.

7. Find the orthogonal trajectories of the system of parabolas y = ax2.

8. Find the orthogonal trajectories of the system of circles touching
a given straight line at a given point.
2 2
9. Find the orthogonal trajectories of E:;+ 6—g/~~= 1, where A is
arbitrary.

10. Find the orthogonal trajectories of the series of hyperbolas zy = «2.

11. Determine the orthogonal trajectories of the system of curves
™ = @"cos nf ; therefrom find the orthogonal trajectories of the series
of lemniscata 72 = a% cos 2 6.

2
12. Find the orthogonal trajectories of (r + ;‘) cos § = a, a being the
parameter.
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13. Find the orthogonal trajectories of the series of logarithmic spirals
» = @, where a varies,

14. Determine the curve whose tangent cuts off from the co-ordinate
axes intercepts whose sum is constant.

15. The perpendiculars from the origin upon the tangents of a curve
are of constant length @. Find the equation of the curve.

16. Find the equation of the curve in which the perpendicular from the
origin upon the tangent is equal to the abscissa of the point of contact.

17. Find the equation of a curve such that the projection of its ordi-
nate upon the normal is equal to the abscissa.

18. Find the equation of the curve in which, if any point P’ be taken,
the perpendicular let fall from the foot of its ordinate upon its radius
vector shall cut the y-axis where the latter is cut by the tangent to the
curve at®P.

19. Find the curve in which the angle between the radius vector and
the tangent is n times the vectorial angle. What is the curve when
n=1? Whenn=1?

20. Determine the curve in which the normal makes equal angles with
the radius vector and the initial line.

21. Find the curvesthe length of whose arc measured from a given
point is a mean proportional between the ordinate and twice the abscissa.

22. Find the equation of the curve in which the perpendicular from
the pole upon the tangent at any point is & times the radius vector of the

poiut.
23. If ! 1 <2a l) find the equation of tl bei
. —_—— e | — — , a i o
peaa e\ q he curve, r being
the radius vector of any point of the curve, and p the perpendicular from
the pole upon the tangent at that point.
24. Find the orthogonal trajectories of the cardioids r = a(1 — cos 8).
25. Show that the system of confocal and coaxial para.f)olas y*=4a(x+a)
is self-orthogonal.
26. Show that a system of confocal conics is sclf-orthogonal.

27. Find the curve such that the rectangle under the perpendiculars
from two fixed points on the normals be constant.

28. Find the curve in which the product of the perpendiculars drawn
from two fixed points to any tangent is constant.
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29. The product of two ordinates drawn from two fixed points on the
xz-axis to the tangent of a curve is constant and equal to «2. Find the
equation of the curve.

80. Determine the curve in which the area enclosed between the tan-
gent and the co-ordinate axes is equal to a?

81. Find a curve such that the area included between a tangent, the
x-axis, and two perpendiculars upon the tangent from two fixed points on
the z-axis is constant and equal to «2

82. The parabola y2 = 4 ax rolls upon a straight line. Determine the
curve traced by the focus.

338. Determine the curve in which s = ax?.

84. The equation of electromotive forces for an electric circuit contain-
ing resistance and self-induction is

E=nRi+ L%
dt

where E is the electromotive force given to the circuit, B the resistance,
and L the coeflicient of induction. Find the current i: (a) when E = f(¢);
(b) when E=0; (¢) when E =a constant; (d) when E is a simple
harmonic function of the time, E, sin wt, where E, is the maximum
value of the impressed electromotive force, and w is 2= times the fre-
quency of alternation ; (¢) when E = E;sin wt + Ez sin (bt + 6).

85. The equation of electromotive forces in terihs of the current %, for
an electric circuit having a resistance I, and having in series with that

-i-d—t, which reduces on

resistance a condenser of capacity C, is £ = Ri +j- C

differentiation to the form
di, i _14dE
dt RC R dt
E being the electromotive force. Find the current i: (¢) when E =f(?);
(b) when E=0; (¢) when E = a constant; (d) when E = E, sin wt.
86. Given that the equation of electromotive forces in the circuit of
the last example, in terms of the charge g, is

dq g
E=R (*1? + bv
find ¢: (a) when E =f(¢t); (b) when E=0; (¢) when E = a constant;
(d) when E = E, sin wt.

87. The acceleration of a moving particle being proportional to the
cube of the velocity and negative, find the distance passed over in time ¢,
the initial velocity being vy, and the distance being measured from the
position of the particle at the time ¢ = 0.
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CHAPTER VI

LINEAR EQUATIONS WITH CONSTANT
COEFFICIENTS.

49. Linear equations defined. The complementary function, the
particular integral, the complete integral. Iiquations of an order
higher than the first have now to be considered. This chapter
and the next will deal with a single class of these equations;
namely, linear differential equations. In these, the dependent
variable and its derivatives appear only in the first degree and
are not multiplied together, their coefficients all being con-
stants or functions of . The general form of the equation is

_+Pld ._1+1d,.-z+ -+ Py=X, )

where X and the coeﬁieients P, P, ..., P, are constants or

functions of . If the derivative of highest order, g:{, has a
coefficient other than unity, the members of the equation can
be divided by this coefficient, and then the equation will be in
the form (1). The linear equation of the first order has been
treated in Art. 20.

It will first be shown that the complete solution of (1) con-
tains, as part of itself, the complete solution of

dry arly

Y ¥ P+ + Py =0. &)

If y=1y, be an integral of (2), then, as will be seen on
substitution in (2), y = ¢;y;, ¢; being an arbitrary constant, is
also an integral; similarly if ¥y =y ¥ =93, ---, ¥y =1, be inte-
grals of (2), then 'y = ¢y, +++, ¥ = CoYn Where c,, -+, ¢, are arbi-
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trary constants, are all integrals. Moreover, substitution will
show that
Y=+ Yo+ oo Gy 3)
is an integral. If y,, ys, -+, y,, are linearly independent, (3) is
the complete integral of (2), since it contains n arbitrary con-
stants and (2) is of order n.
If y = u be a solution of (1), then

Y=Y+, (4)
where Y=cpn+cpp+ -+ + Yn

is also a solution of (1); for the substitution of ¥ for y in the
first member of (1) gives zero, and that of « for y, by hypothesis,
gives X. As the solution (4) contains n arbitrary constants,
it is the complete solution of equation (1). The part ¥ is
called the complementary function; and the part u is called the
particular integral.t The general or complete solution is the
sum of the complementary function and the particular integral.

50. The linear equation with constant coefficients and second
member zero. The equation

dny dn—ly
Zl‘x"+Pldx,.,,)+ A +])ny=0) (1)

where the coefficients P, P, ..., P,, are constants, will first be
treated.

On the substitution of em™ for y, the first member of this
equation becomes (m® + P '+ ... + P,)e™; and this will be
equal to zero if

m* + Pm"' 4 ... 4+ P, =0. @

* See Note F for the criterion of the linear independence of the inte-
grals Yy Y25 >*y Yn.

t This use of the term particular integral is to be distinguished from
that indicated in Art. 4.

1 The method of solving the linear differential equation with constant
coefficients, shown in this article, is due to Leonhard Euler (1707-1783),
one of the most distingnished mathematicians of the eighteenth century.



§ 50, 51.) LINEAR EQUATIONS. 65

This may be called the auxiliary equation. Therefore, if m
have a value, say m,, that satisfies (2), y = ¢™* is an integral
of (1); and if the n roots of (2) be m,, m,, --- m,, the 