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TRANSLATOR’S PREFACE.

———

For some years I had used a rough English manuscript
summary of Professor CREMONA’S works on t1%" Ghaphical
Caleulus and Reciprocal Figures, while reading ®ith engineer-
ing students of University College, Londen. As English’
versions were much wanted, I was advised by Professors
Pranrson and KENNEDY to ask the consent of Professor
CRrEMONA to my undertaking their translation, and at the
same time they supported my application to the Dclegates of
the Clarendon Press that they should become the publishers.
To both applications a most cordial consent was given; and
I take the opportunity of thanking both the Author and the
Delegates for the trust they have reposed in me. The trans--
lations have heen revised by Professor CREMONA and certain
portions (in particular Chap. I. of Reciprocal Figures) have
heen entirely written by him for the present English edition.
I regret that a long delay has occurred in the appearance
of this book, due chiefly to pressure of work both on the
part of myself and Professor CREMONA.

I feel sure that the translation will supply a long-felt want,
and be found extremecly useful by students of engincering and
the allied sciences, cspecially by those whose work compels
them to pay attention to graphical methods of solving pro-
blems conneccted with bridges, roofs, and structures presenting
similar conditions.

THE TRANSLATOR.

Her1o1-WaTT COLLEGE, EDINBURGH.
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ELEMENTS OF THE GRAPHICAL CALCULUS






AUTHOR’S PREFACE

TO THE ENGLISH EDITION.

A GREAT many of the propositions, which form the Graphical
Calculus of the present day, have been known for a long
time; but they were dispersed in various geometrical works.
We are indebted to CuLMANN for collecting and placing
them at the head of his Graphical Statics; a branch of science,
created by him, which is such a powerful help in engineering
problems.

The first chapter of this small work, which now appears in
English, treats of the use of signs in Geometry, as MoEsIus
conceived them. The succeeding chapters, on Graphical
Addition and other arithmetical operations, contain chiefly
the graphical calculation of a system of forces in a plane
when they are represented by rectilinear segments. The
research on centroids, to which the reduction of plane figures
serves as an introduction, refers equally to the same subject,
being nothing else but the determining of the centres of
systems of parallel forces. A special chapler is dedicated to
LirL’s method of graphical resolution of numecrical equations.

As M. BEARE expressed a wish to translate my little
treatise Il Caleolo Qrafico,and also Le Figure Reciproche mella
Statica Grafica, for the use of English students, and as the
Clarendon Press authorities kindly agreed to publish them, I
have been happy to give my consent, as I gave it, some time
ago, to Mr. LEUDESDORF for the translation of my Geometria
projettiva. Whilst reading the translation I have profited by
the opportunity to revise the text, and to introduce some
improvements.

I take the opportunity of thanking both the Translator,
and the Delegates of the Clarendon Press.

THE AUTHOR.
Rour, July 1888.






ELEMENTS OF THE GRAPHICAL CALCULUS,

———

CHAPTER I

THE USE OF SIGNS IN GEOMETRY.

1" LET O, 4, X be three points in a given straight line
(Fig. 1), of which O and 4 are fixed points whilst X
moves from O in the direc-
tion O4. Further let the o A

segments (limited portions of X

the straight line) 04, 0X -2 4
contain a, # linear units 0 X
respectively*. Then as long 3 %
as X remains between O and Fig. 1.

4, we have z < a; when
X coincides with 4, # =a; and as soon as X has passed
beyond 4, we shall have z > a.

If the point X instcad of moving from O towards 4, were
to travel in the opposite direction (Fig. 2), the number # of
linear units contained in

the segment OX would be 9 A
considered negative, the X
number ¢ remaining posi- = 9 A

tive. For example, if X
and 4 were equally dis-
tant from O, we should have z = —a.

A straight line will always be considered to have been
described by a moving point. One of the two directions in
which the motion of the generating point can take place is
called positive, the other negative. Instead of positive or negative
direction we may also speak of positive or negative sense.

When a segment of a straight line is designated by the

Fig. 2.

* The linear unit is supposed to be a segment of unit length measured in the
same direction as 04.
B
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number () of linear units it contains, its sense is shown by the
sign + or — of the number .

A segment may also be designated by means of the two

letters which stand at its ends; for example 4B (Fig. 3). In

this case we agree to write

A c B 4B or BA, according as

the generating point is

conceived to move from 4

c A B to B, or in the opposite

Fig. 3. sense. In accordance with

this convention, the sym-

bols 4B, BA denote two equal magnitudes of opposite* sense,

hence the identity

AB+4 B4 =0,
or AB = -—.BA, B4 = —AB.

Of the two points 4, B, the extremities of the segment 4B,
the one 4 is called the izitial, and the other B the final point of
the segment. On the other hand for the segment B4, B is the
initial point, and 4 the final point.

2. Let 4, B, C be three points in a straight line. If C lies
between 4 and B (Fig. 3), then

AB = AC + CB,
and therefore —CB—AC+ AB = 0,
or, since [Art. 1] —CB = BC,and —4C = C4,
BC+CA+ 4B = 0.
If C lies on the prolongation of 4.B, then

AB -+ BC = AC y
hence BC—AC+ AB =0,
and therefore BC+C4+ 4B = 0.
And, finally, if C lies on the prolongation of B4,
CA+ 4B = CB,
hence —CB+CA4+4 4B = 0,
or BC+CA+ 4B =o.

We therefore conclude that t :

If 4, B, C are three points (in any order whatever) in a
straight line, the identity

always holds. 'BOTI' CAd+4B=0

* Thatis to say, two magnitudes of equal arithmetical values, but with opposite
algebraical signs, such a8 + @ and —a.

*+ Mos1vus, Barycentrischer Caleul (Leipzig, 1827),§ 1, Gesammelte Werke, Bd. 1.
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8. From this proposition we obtain an expression for the
distance between two points 4, B in terms of the distances
of these points from a third point O collinear with them
which we choose as the inifial point of the segments. In fact,
since O, 4, B are three points in a straight line, we have

04+ 4B+ B0 = o,
therefore = 4B = OB— 04,
or AB = A0+ OB.

4. If4,B,C, ..., M, N are pomts in a straight line, a,nd if
the theorem expressed by the equation

AB+BC+ ... +MN{+ N4 =0
is true for them ; then the same theorem is true for % + 1 points.
For if O is another point of the same straight line, then
since between the three points &, 4, O there exists the relation
N4 = NO+ 04,

the above assumed equation becomes

4B+ BC+...+ NO+ 04 =o. Q.E.D.
Now it has already been proved (Article 2) that the theorem
is true for # = 3, therefore it is also true for » =4, and
80 on.

6. The sign of a segment 4B is undetermined, unless a
positive segment of the same straight line has already been
given; the direction of this latter segment is called the
positive direction of the straight line.

For two different straight lines the positive direction of the
one is in general independent of that of the other. But if the
two straight lines are parallel, we can compare their directions
and say that they have the same positive direction when,
after having displaced the one line parallel to itself until it
coincides with the other, the two directions are found to be
identical.

Hence it follows, that two parallel segments 4B, CD have
the same or opposite signs, according as the direction from
4 to B coincides with the direction from C to D, or not. If,
for example, 4BCD is a parallelogram, then

AB+CD = 0, and BC+ D4 = 0.

If we draw through # given points of a plane 4,, 4,, ..., 4,,
segments 4,4,, 4,4;, ..., 4,4, all parallel to some given
direction in the plane untll they intersect a fixed straight line
4,4y ... 4,/, then the sense of one segment determines that

B2
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of all the others, Two segments 4,4,’, 4,4, have the same
or opposite sense, according as the points 4,, 4, lie on the same
or opposite side of the given straight line 4,"4, ... 4,.
Two equal parallel segments, with the same sign, are called
equipollent, after Bellavitis.
8. If 4, B, C, D are four collinear points, we kave the identity
AD.BC+BD.CA+CD.AB = 0.

For the segments BC, C4, 4B can be expressed as follows,

BC = BD—CD,
C4 = CD—AD,
AB = AD—BD;

now multiply these three equations by 4D, BD, and CD re-
spectively and add the results, the right-hand side vanishes,
and we obtain the identity we wished to prove.

7. Let p, ¢, 7 be three straight lines intersecting in the
point O (Fig. 4). Through any point M of the plane draw a

Fig. 4.

transversal, cutting », ¢, 7 in 4, B, and C respectively; then
from the proposition just proved, we have
MA.BC+MB.CA+MC.AB = 0.

Now draw, parallel to the transversal 4BC, a straight line
cutting p, ¢, » in the points P, @, B; then the segments BC,
CA, 4B are proportional to the segments QR, RP, and PQ
respectively, and the above equation may therefore be written

MA.QR+MB.RP+MC.PQ =0. "
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If we now draw through any other point M’ a new
transversal in the fixed direction PQR, cutting p, ¢, 7 in
4', B’, and ¢’, we have similarly

M'A’.QR+M’B’.RP+M’C'.PQ = 0;
that is to say:

If we draw, through any point M, in a given direction, a trans-
versal which cuts three given comcurrent straight lines in A, B, C
respectively, then the segments MA, MB, MC are connected by the
relation

a. MA+b. MB+c. MC = 0,
where a, b, ¢ are constants.

From the point M let fall perpendiculars MD, ME, MF
upon the three straight lines p, ¢, »; and also from some
arbitrarily chosen point § of the line PQR perpendiculars SU,
8V, SW upon the same given straight lines. Then since the
triangles MAD, SPU are similar we have

MA: MD = SP:8U.

8P
M4 =—.
Therefore 50 MD,
and similarly MB = 59 - ME,
4
SR
MC = S - MP.

The equation
MA.QR+MB.RP+MC.PQ = 0,
may therefore be written
QR.SP . RP.SQ PQ.SR
MD. v T ME. 57 + MF. T
that is to say :

If we drop from any point M perpendiculars MD, ME, MF upon

three concurrent straight lines, the following relation holds
a.MD+B.ME+y.MF =0,
where a, B, y are constants.

The lines MD, ME, MF, instead of being perpendicular to
the given straight lines, may be inclined to them at any
the same arbitrarily chosen angle; we should then obtain a
relation of similar form, by merely altering the values of the
constants a, 8, y; the proof however remains the same.

The proof does not necessarily presuppose that the intersec-
tion of the three straight lines p, ¢, r lies at a finite distance ;

=0;
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the proposition is therefore true even if the three given straight
lines are all parallel to one another.

8. A plane has two sides which face the two regions into
which it divides space. Let a perpendicular be drawn through
any point O of the plane, and let the positive direction of this
perpendicular be fixed. If O/ be any positive segment of this
straight line, then the region in which 7 lies is called the
positive region, and the side which looks toward 7 is called
the positive face.

Now let an observer, standing with his feet at O, and his
head at / observe a rotational motion in the plane (Fig. 5);
this can take place in two senses, either from left to right [dex-

/\

Fig. 5. Fig. 6.

trorsum, in the sense of rotation of the hands of a wateh], or
from right to left [sinistrorsum]. The former sense is called
positive, the latter negative.

Let P, Q, R be three points on a circle in the plane (Fig. 6); the
points P, @ divide the circumference into two arcs PQ, one of
which contains B. If we take as positive the sense in which
one of the two arcs has been described, the other are has
negative sense. If we fix the positive arc P¢, then the
sense of any arc, and of any rotational motion in the plane
will be fixed; and thereby the positive face of the plane is
also fixed, as it is the one on which the observer must stand
in order that the positive arcs may seem to him to be
described in the sense of the motion of the hands of a watch.
The positive sense of a plane is that of its positive arcs.

9. Let a, & be the positive directions of two straight lines
in a plane, intersecting in the point O (Fig. 7), and let OP,
0Q be two positive segments of these straight lines, each of
length equal to unity. By the angle ab between these two
lines, we mean the circular arc PQ described in the positive
sense of the plane. In order that the angle may be fixed
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it is necessary to fix both the positive directions of the two
straight lines and the positive sense of the plane; but we
may add to any angle any number of
complete rotations either positive or
negative, i.e. (if # is an integer),
ab+360°x n = ab.

If 04, OB are two positive segments

of the straight lines @, 6, the angle al

can also be denoted by OA/.\OB, or
more briefly by 40B.

The sum of the angles ab, ba is equal
to any number of complete revolutions;
we may therefore write Fig. 7.

ab +ba = 0,
or ba = —ab, or ab = —la.
that is to say, ab and la can be regarded as of equal magnitude
and opposite sense *.

This leads us to consider the positive rotation ab as equiva-
lent to the negative rotation —da ; or in other words, the angle
ab is the circular arc PQ described in the positive sense of the
plane, or the circular arc @P described in the negative sense
and then taken with the — sign: PQ = —QP.

A negative angle is one described by a negative rotation, or
by negative arcs.

Analogously we have

AOB+B0O4 =0
that is, 40B, BOA are two angles of equal magnitude and
opposite sense.

10. Let the directions a, J, ¢ of three straight lines in the
plane be given, and suppose them to be drawn from the same
point O, and to be extended on only one side of it, for the
angle between two straight lines is independent of their
absolute position. Then if in turning round O in the positive
sense of the plane, we meet with the three straight lines in
the order acb (Fig. 8), we have the identity

ca = cb+ba,
hence —cb+ca—ba = 0.
But —cb = be, —ba = ab,
and therefore bc+ca+ab = 0.
* BALTZER, Analy. Geometrie, § 9.
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If the order of the succession is abe (Fig. 9), then
be+ca = ba,
or be +ca—ba = 0,
and therefore  bc+ca+ab= 0.
Accordingly we have this proposition :
If a, b, c are three straight lines in the same plane, in any
order whatever, the identity

. be+ca+ab=0
18 always true.

(4

Fig. 8. Fig. 9.

11. From this we obtain, by & procedure similar to that for
segments (Art. 3), an expression for the angle between two
straight lines a, 4, in terms of the angles, which they make
with a third straight line o, taken anywhere at pleasure in the
given plane. In fact if o, @, i are directions in one and the
same plane, we have

oa+ab+bo =0,
therefore ab = o0b—oa,
or ab = ao + o0b.

12. Three points 4, B, C which do not lie in one straight line,
are the vertices of a triangle (Fig. 10). Let us consider that
we pass round its periphery con=
2 tinuously, thatis, passing through
each point once and through no
point more than once : then each
vertexisthefinal point of one side
~C _  and the initial point of the follow-
ing side. This can be done in two
ways, that istosayin two opposite
directions ; namely in the sense 4BC or in the sense 4CB.
The sense .BCA or CAB does not differ from 4BC, and
similarly neither CB4 nor BAC is different from 4CB.

Fig. 10.
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The area of the triangle lies to the right or to the left hand,
according as we go round the periphery in the positive or
negative sense; for this reason we consider the areas 4BC,
ACB as equal but opposite: the first as positive, the second
negative. We may suppose the area 4BC (or 4CB) to be de-
scribed by a revolving line of variable length, of which one end
is fixed at 4, whilst the other describes the segment BC (or
CB). Now this rotation takes place in the positive (or nega-
tive) sense of the plane; for this reason also we consider the
area as positive (or negative)*.

The necessary and sufficient condition that three points
4, B, Cmay lie in one straight line, is that the area 4BC is zero.

18. ProrosITION. If O @5 any
point whatever, in the plane of the
triangle ABC (Fig. 11), we always
have the identity

OBC+ 0CA4+ OAB = ABC 1.

Progf. If O lies within the
triangle 4BC, then of course
the latter is the sum of the
triangles 0BC, OC4, O4B.

If O lies within the angle
BAC, but upon the other side
of BC, we have

0CA+ O4AB—0CB = ABC;
but OCB = — OBC,
therefore OBC+ 0CA+ O4B = ABC.

Finally, if O lies within the opposite vertex of B4C, we have

0BC—04C—0B4 = 4BC,
and hence OBC+ 0CA + OAB = ABC. Q.E.D.

It follows from the remark at the end of Art. 12, that if
4, B, C are three points in a straight line, then wherever O
may be we have

OBC+ 0C4+4 04B = 0.

14. It follows from this proposition, that the area of the
triangle 4BC may be regarded as generated by the motion of
& revolving line of variable length (radius vector), of which one
end is fixed at O (the pole), whilst the other describes the

* MOBIUS, loc. cit. § 17, + Ibid. § 18.
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periphery (outline) in the sense denoted by the given oxpres-
sion 4BC.

This remark and the above proposition would remain un-
altered, even if BC were no longer a segment of a straight
line, but an are of a curve ¥,

16. If O s any point whatever in the plane of the parallelogram
ABCD (Fig. 12), we have

04B+ 0CD = } ABCD,
For, using § to denote the point, in
which the side BC is cut by the
straight line, drawn through O
parallel to 4B, we have (Art. 13),
SAB+8BC +8C4 = ABC.
But 8BC =0, §C4 = 8CD,
SAB = 04B, 8CD = 0CD,
therefore
0d4dB+ 0CD = ABC = %ABCD. QE.D.
Since } ABCD = DB, the above equation may also be written
0DC = 04B—DAB.

18. Let (Fig. 13) p, ¢, 7 be three straight lines, which form a
triangle 48C; and let O and M be two points in its plane, of

which the first is considered as
r fixed or given, and the other as
variable. Draw from the points
O and M to the straight line p in
any direction the two parallels OU,
MD, and similarly to ¢ the paral-
lels OV, ME, and to r the paral-
lels OW, MF, also in any directions
whatever.

The areas of the triangles OBC,
MBC are proportional to the dis-
tances of their vertices O, M from
the common base BC, and therefore
Fig. 13. also to the segments OU, MD:

hence we have
OBC: MBC = OU: MD,

Fig 12.

* And therefore also, if BC, C4, AB were three arcs, which do not intersect
see Art. 19.
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OBC

or MBC: ~0—U~ . M.D,
and similarly Mc4 = 900_;’ . ME,
04B

But from (Art. 13)
MBC+ MCA+ MAB = ABC,
OBC oc4 04B
therefore ov MD + o7 ME+ o .MF = ABC.

If we vary the position of the point M in the plane, whilst
keeping the directions OU, OF, OW fixed, then in the above
equation only the lengths MD, ME, MF change; we obtain
therefore this Theorem :

If we draw in given directions from any point M in the plane
of a given triangle, the straight lines MDD, ME, MF meeting the sides
of this triangle, then these straight lines are connected by the relation

(f) . MD+B.ME +y. MF = 3,
the quantities a, B, y, d being constants.

The proposition is still true if two of the three given
straight lines p, ¢, » are parallel to one another. For example,
let ¢, » be parallel, and let us draw a straight line s, which is
parallel neither to ¢, 7, nor to p. If now we draw through
any point M, in directions chosen at pleasure, the straight
lines MD, ME, MF, MG to the straight lines p, ¢, 7, s, then
from the proposition just proved, since p, ¢, ¢ form a triangle,
MD, ME, MG are related by an equation of the form (}),
which may be written thus

a.MD+B.ME+MG=23;
and similarly since p, r, s form a triangle, we shall obtain
a relation of the same form
o/ . MD+yMF+ MG ="
between MD, MF, MG.
Subtracting this equation from the foregoing one, we have
(a—a’)MD+B.ME—y . MF = 3-¥,
that is to say, MD, ME, MF are also connected by a relation of
the form (). Q.E.D.
This proposition is a generalisation of the one (in Art. 7)
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concerning three straight lines p, ¢, » which intersect in a
point situated at either a finite or infinite distance. In the
special case mentioned the constant & is zero.

17. We shall call that line a circwit which a point describes
whilst it moves in a plane from one position (the initial) to
another position (the final) continuously, that is without
ever leaving the plane. The circuit is closed if the final
position coincides with the initial position ; it is open if this
is not the case. If the circuit intersects itself, we call the
points of intersection nodes, and the circuit a self-cutting one.

If the circuit is formed of rectilinear segments, it is said to
be polygonal, or simply a polygon.

Any circuit can be described, like the periphery of a triangle
(Art. 12), in two opposite senses. In order that the sense
of a circuit may be fixed, it is sufficient to know the order
of succession of ‘wo points of it, if the circuit is open, and of
three, if it is closed.

18. A closed circuit without nodes encloses within itself an
internal finite region of the plane, and divides it from the rest
of the plane, which is exfernal and infinite. The area bounded
by the circuit is the measure of the interior region, and it
is considered to be positive or megative, according as it lies to
the right or left of an observer on the plane, who passes along
the circuit in the given sense.

19. ProrosiTioN. If ABCD...MNA (Fig. 14) is any closed
cireuit, and O a point in its plane, then the sum of all the triangles
(or sectors),

2= 04B+0BC+0CD+ ...+ OMN + ONA,
is a constant quantity for any position whatever of the pole O*.
Progf. Let O be another point in the plane; then from the
proposition in Art. 13,
0’AB = 04B+ OBO’+ 00’4,
0’BC = OBC+ 0C0’ + 00’B,
0’CD = 0CD+0D0’ + 00°C,
&e. &e.
O’MN = OMN +ONO’ + 00’ M,
O’N4 = ON4 + 040’ + O0'N,

* MoBIUS, Barye. Calcul, § 165, Ges. Werke, Bd. 1; Statik (Leipzig, 1837),
§ 45, Ges. Werke, Bd. 3.



-20] THE USE OF BIGNS IN GEOMETRY, 13

Adding we have,
0’AB+0'BC+0°CD+...+ 0O’MN + 0’N4
= 04B+ OBC + OCD +...+ OMN + ONA4 = %,
since all the other terms cancel, because they occur in pairs of
equal and opposite terms, as, for example, 00’4 and 040, 00’ B
and OB0’, and so on. We may consider the magnitude X as

Fig. 14.

generated by the motion of a revolving line OX (radius vector)
of variable length, which has one end fixed at the pole O,
whilst the other describes the given circuit in the given sense.

20. If a radius vector @ ¥ be rotated in a given plane about
a fixed point O, and if it pass over any point O of the given
plane, we shall call the passage, positive or negative, accord-
ing as the radius vector ® Y in passing through O is in the
act of describing a positive or negative rotation.

Lemma. If a radius vector @Y, moveable in a plane about
a fixed point ©, starting from the original position ©4,
describes successively the angles a,, a,, &c., &c...., and if after
having passed p times positively, and » times negatively,
over a given point O it returns to its original position @ 4, then
the difference p— is independent of the order of succession of
the angles a.

It will be sufficient to show, that if we interchange a,, a,,,
the difference p—n is unaltered. We are at liberty to suppose
that the angles a are less than 180°, because if a, were greater
than 180° we could divide it into parts each less than 180°.
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If o, and a,,, are of the same sign, the radius vector @Y
will either describe the angle «,+a,.,, or the angle a,,, +a,,
hence it will pass over the same positions and in the same
sense ; and therefore neither p nor # will be changed.

Now suppose that a, and @, ,, are of opposite sign. Before
the interchange, let us suppose that at the completion of the
angles @, ,, a,, a,,,, the moving radius vector takes respec-
tively the positions ® Y, ;,07,, 071, (Fig. 144), and after
the interchange at the completion of the angle a, ., let it take
up the position ® ¥,’. Then, if the point O lies in one of the

Fig. 14 a.

angles ¥, 07Y,,, =Y, ,0Y'=aq,,,, the interchange will de-
crease or increase by unity each of the numbers p, . If, on
the other hand, O lies outside these angles, both these numbers
will be unaltered. In every case therefore the difference p—»
is unchanged.

CoroLLARY.—The difference p—# is equal to the number
(positive or negative) of revolutions contained in the sum
a;+az+... Infact, let x.360+y be the sum of the positive
a’s,and — (%360 +y’) the sum of the negative a's. Now y and
v’ are each less than 360°, and as the final position of the
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radius vector @ Y'is supposed to coincide with its original posi-
tion @ 4, we must necessarily have y =y’. But by virtue of the
preceding lemma the difference p—# will remain unaltered
if, instead of describing the angles ay, a,, a4, &e., in succession,
we describe the rotation y—3y' + £360°—£360°, or the rotation
£360°—/%360° (as the equal and opposite angles y and —y can
be neglected), since this leaves the numbers p,# unchanged, or
inereases or diminishes each of them by unity. Now, in describ-
ing each of the £ (or 4) positive (negative) rotations, we make a
positive (negative) passage through the point O; therefore
pP—n= k—"k.

21. THEOREM. Let any given closed circuit whatsoever, in
a plane, be described in a given sense by a point X, returning
to its original position, after having passed over all the points
of the circuit. Take a point O in the plane, and let = be the
algebraic sum of the sectors deseribed in succession by the
radius veector OX. Then the sum 3 remains constant
wherever O may be taken *.

Let us imagine the plane divided by a close network of
lines into very small areas, which we shall call elementary areas,
so small that the circuit does not pass through the interior
of any one of them, with the exception of those that form part
of the contour. If while the point X describes the circuit it
happens that the radius vector OX in passing through certain
positions changes its sense of rotation, we shall suppose that
the straight lines forming these special positions of the radius
vector form part of the network. Then it is not possible for
any elementary area to be partially described by the radius
vector OX, but it will be either totally described or not at all.

Having premised this, then, during the whole movement of
the point X in the circuit, let any elementary area whatever w
be described by the radius vector OX, p times positively, # times
negatively. Then the area » will be contained p—z times in
2, or 2 will be the sum of (p—n) 0 extending over all the
-elementary areas of the plane. It will be therefore sufficient
to show that the coefficient p—n does not vary with the
pole O.

* Dr MoRraAN, Extension of the word area, (Cambridge and Dublin Math,

Journal, vol. v. 1850). For the treatment of this argument the author is indebted
to the suggestions of Professor Gabriele Torelli, of Naples.
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If we join the point X to a point ® taken inside the area
w, and if we produce the straight line ®X beyond ®, for
example, to meet the circuit in ¥, then it is evident that every
time the radius vector OX describes the area » in one sense, the
straight line ®Y passes through O in the same sense, and con-
versely. Therefore the number of times OX passes through
o will be equal, in sense and absolute value, to the number of
times ©Y passes through O. Therefore if (£—4) 360° are the
number of complete rotations of the radius vector ® ¥, the co-
efficient of the elementary area » in the sum = will be £—17,
that is, is independent of the pole O.

22. A given closed and self-cutting circuit (Fig. 15) divides
the plane into a definite number of finite spaces §;, &§,,...
contiguous to one another. Each of these is bounded by a
circuit without nodes; so that the whole planc consists of

Fig. 15.

these spaces and of the remaining (external) infinite region,
which latter we shall denote by ;.

Let o and o’ be two elementary areas or elements of the
plane, which can be joined by a straight line that does not
cross the circuit, and let us take the pole O upon the con-
tinuation of the straight line w’w. It is evidént that the
radius vector OX cannot pass over o’ without at the same time
passing over o in the same sense ; » and «” will therefore enter
into S with the same coefficient. The elements »”, ... have
also this same coefficient, if the circuit does not pass between
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o’ and o”, or between o” and w”, &c. Since we can thus
conjoin all the elements in succession of one and the same
space 8, therefore all the elements of § will appear in the
sum = with the same coefficient ¢. That is to say, § appears
in the sum = with the coefficient ¢. If therefore ¢, c,,... are
a.nalogous\coeﬁicients for the spaces §;, §,, ..., we have
=8 +¢8+...,

if we understand that &8, §,,... at the same time express
the areas of the spaces represented by these symbols.

Next let w, w, be two elements, between which the circuit

passes once; and let o lie on the right and o, on the
left of the circuit which passes between w and w,, in the
given sense. Take the pole O upon the continuation of the
straight line w; w...; now if X traverses that part of the
circuit which lies between w and «,, the radius vector OX
will describe w once with a positive rotation, without describ-
ing o, whilst for all other parts of the circuit the elements w
and «, will be described simultaneously in the same sense.
The coefficient of » will therefore exceed that of o, by 1;
that is to say, if in passing from one space to a neighbouring
one we cross the circuit once from right to left*, then
the coefficient of the first space exceeds that of the other by
unity. .
The infinite region &, has the coefficient zero ; for if w, is
an element, which lies outside the spaces §,, §,, &c...., then it
is clear, that we can give the pole O such a position, that
the (finite) radius OX never passes through w,, wherever X
may lie on the circuit.

Any space from which we can get to §, by crossing the
circuit only once, has the coefficient +1 or —1, according
as the crossing takes place from right to left, or from left to
right. In general if we draw from a point in any space § a
straight line to a point of §,, and if this straight line crosses
the circuit = times from right to left and # times from left to
right, then the coefficient of § is equal to m—n.

23. If the circuit has no nodes, we have a single finite space
8, and this has the coefficient +1 or —1, according as the

* From right to left is always to be taken in the sense of a person describing

the cirouit in the given sense; the particular sense is indicated in the figure
by an arrow.

o
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circuit has been described positively (Fig. 154) or negatively
(Fig. 156). In this case therefore we have

S=+4,
that is to say, If the circuit is not a self-cutting-one then the sum
S i3 the area of the space enclosed by the circuit.

A, A

S

D C
B B

Fig. 15 a. Fig. 15 8.

This property naturally leads us to consider the sum = as
defining the area of any self-cutting circuit .

24. A self-cutting circuit can be decomposed into circuits
which are not self-cutting, by separating the (curvilinear)

Fig. 16 a. Fig. 16 5.

angles, formed by the branches which intersect at each node
without altering at all the sense (i.e. the direction of the arrows

Fig. 17 a. Fig. 17d.

of the branches themselves. Consider, for example, Figs. 1
and 17; in each a self-cutting circuit is resolved into tw
* Besides the paper by DE MoRaAN previously mentioned, see MoBIUS, Ueb

die Bestimmung des Inhalts eines Polyeders [Berichte der Konigl. Stichs Gesellsc
der Wissenschaften zu Leipzig, 1865), § 13 and following ; Ges. Werke, Bd. 2.]
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simple ones; also Fig. 18, where a self-cutting circuit is
resolved into four simple ones.

The spaces with negative coefficients are in this way
separated from those with positive coefficients; and of two

SO <D
,] @3 | (<0

Fig. 18 a. Fig. 18 5.

spaces whose coefficients have the same sign, the one whose
coefficient is greater in absolute value, lies wholly within
the other. Thus, for example (if we denote by 8, the space
whose coefficient is 7), §, is inside §,;; §; inside §,,..., S—p
inside 8_,,.... Hence it follows that the area = can be ex-
pressed as a sum of spaces, which all have positive or negative
unity for their coefficient. ~For this purpose it is sufficient to
take the area S, once for itself, and once more with the
area S,_,, within which it lies; that is to say, we sum the
spaces S, and §,_,+ 8, instead of 28, and §,;, and so on.
Consider for example (Fig. 18) where the area is equal to
Syt (Sp+ 55) + (8, + 8+ 8)— 8.

By the area of a system of closed circuits we understand the

algebraic sum of the areas of the single circuits. Thus, for

Fig. 19. Fig. 20.

example, the ring inclosed between the two oval curves in Fig.
19 is the area of the circuits 4BC, 4'C’B’; on the other hand, the

* CULMANN, Graphische Statik, 2d ed. (Zirich, 1875), N*. 26.
02
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ares of the cireuits 4 BC, 4’B’C’ (of Fig. 20) is equal to that ring
plus twice the internal area 4’B’C’. In both cases we can sub-
stitute for the two circuits a single one 44’C’B’BCA4 (Fig. 19) or
AB’C’4A’BCA (Fig. 20), where the points B, B’ are considered
as infinitely near to 4, 4” respectively. In (Fig. 21) the two

circuits intersect; the area of the circuits 4BC, 4’B’C’ is equi-
valent to that of the circuits 44’B°C, ABB’C’. In Fig. 22 the
area of the circuits 4BC, 4’B’C’ is equivalent to that of the
circuits 4B4’B’, AC’A’CA. The two circuits can, in each
case, be replaced by a single one.

25. If the two closed polygons CDE ... M, C’'D’E’... M’,in a
plane, have their sides CD, C’D’, DE, D’E, ... MC, M’C’ re-
spectively equipollent, the sum of the parallelograms CDD’C’
DEE’D’ ... MCC'M’ is zero. It will be sufficient to prove
this for the case of the triangle CDE.

Taking D as the pole of the contour CC’D’E’E, we have
from the theorem of Art. 19,

DCC’'+DC’'D’+ DD'E’ + DE'E+ DEC = CC’D’E’E.

But the two first triangles together form the parallelogram
DCC’D’; similarly the third and fourth triangles form the
parallelogram EDD’E’. Also

CC’'D'E’'E—DEC = CC'D’E’E—D’E’C’ = E’ECC’,
which is a parallelogram.

Wherefore:

DCC’'D"+ EDD’E’ +CEE’'C’ = o.

From this it follows that if CDE... M is a closed polygon
whose 7 sides are the bases of # triangles whose vertices are the
points 4, 4, ... 4,, respectively, (which are taken anywhere in
the plane of the polygon,) the sum of the triangles

4,CD+ 4,DE+ ...+ 4, MC,
does not change when the polygon is moved parallel to itself in
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its plane. In fact, if C’D’E’ ... M’ is another polygon, whose
sides are equipollent to those of the given one, we have
4,CD = 4,C'D’'+C'DD’,
4,DE = 4,D’E’ + D’EF’,

4,MC= 4,M'C’'+M’CC’;
summing up we have,
4,CD+ 4, DE+... A, MC = A,C’D’ + 4, D’E’ +...,
because, as we have shown above, the sum
2[C’DD’+D'EE +...M’CC")
is equal to zero.

26. THEOREM. If the rectilinear segments A, B,, A,B,,
A4,B,, ... A, B, of given magnitude and position in a plane are
equipollent to the sides of a polygon (i.e. of any rectilinear closed
circuit, whether self-cutting or not), then the sum of the triangles

O4, B, + 04, B, + 04, B, + ... + 04, B,,
18 constant wherever the pole O may be taken, at a finite distance.
But if the given segments are not equipollent to the sides of a closed
polygon, then this sum is not constant except for suck points O, as
are equidistant from a fized straight line*.

Progf. Construct the crooked line CDE ... MN, of which the
successive sides CD, DE, .., MN are respectively equipollent to
the given segments 4, B,, 4, B,, 43 B;, ... 4, B, ; so that the
figures 4, B, DC, 4,B,ED, ..., 4,B, NI are parallelograms.

Then from (Art. 15),

’ 04,B,= 0CD—4,CD,
04,B,= ODE—4,DE,
&e. &e.
04,B,= OMN- 4, MN,
and also from the proposition in Art. 19
OCD+ODE +... OMN +ONC = CDE ... MNC,
hence by addition we have
04,B,+ 04,8B,+... + 04,B, = CDE ... MNC + OCN
—(4,CD+ 4,DE + ...+ 4,MN).

If the given equipollent segments form a closed polygon,
that is, if the point NV coincides with C, then the area of OCN
is zero, provided that the point O remains at a finite distance,
and therefore the sum 04, B, + 04, B,+ ...+ 04,B,

* AroLroNrus, Loci Plani, lib. 1. L'HuUILIER, Polygonométrie, 1789, p. 92.
Mos1us, Statik, § 46.
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has a value independent of the position of O. Hence it
follows that, in the special case where CN is zero, the above-
mentioned sum either has the value zero for every point O of
the plane, or else it vanishes for no single point O (lying at a
finite distance).

If N does not coincide with C, the above sum will remain
unaltered, so long as the area of the triangle OCN does not
alter ; that is, so long as the point O remains at the same
distance from the straight line CNV.

If we change this distance, and take a new pole 0’, we shall
have

0’4,B,+0°4,B,+ ...+ 0°'A,B,= CDE ... NC+ O’CN

—(4,CD+ 4,DE+... + A, MN).

Take the pole O’ at such a distance from CN, that the
area of the triangle O’CN is equal to

4,CD+ 4, DE+ ...+ 4,MN-CDE ... NC,
then the sum 0’4, B, + 0’4, B,+...4+ 0’4, B, = 0.

The straight lipe (parallel to CN), which is the locus of those
points O for which this sum is zero, we call 7. If we take
the point C, i.e. the arbitrary initial point of the crooked line
CDE ..., upon 7, then the area of O’CN is zero, and therefore
the sum of the triangles

4,CD+ 4,DE+ ...+ 4, MN
is equal to the area CDE ... MNC. If we keep to this choice of
C, i.e. if we agree that C shall be a point in the line 7, then
for any point whatever O we shall have

04,B, + 04,B,+... = OCN.

27. Conversely, if the sum 04,B;, 04,B,, &c.... is the
same for every point O in the plane, the segments 4, B,
4,B,, &c. ... are equipollent to the sides of a closed polygon.
If there are two segments, they will therefore be parallel,
equal, and opposite in sense. If we take the point O on one
of them, we see that the sum is half that of the parallelogram
formed by the two segments.

28. In the special case, where all the given segments meet
in & common point C, the sum of the triangles

4,CD+ 4,DE+ ... + A, MN, or else CDE+ ...+ CMN
is identical with the area of the polygon CDE ... NC (Art. 23);
and therefore the common point C must also be a point in the
straight line ». This is tantamount to saying that in this case
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coincides with the straight line CV, which joins the ex-
tremities of the crooked line CDE ... MN. '

The same conclusion holds good if the given segments lie
upon straight lines, which all intersect in the same point C;
since we can substitute for the triangle 04, B, the triangle
OCF',, because the segments 4, B, and CF’, lie on the same
straight line, and are equal to one another in magnitude and
similar in direction.

20. From this property of the straight line 7, for the case
where all the segments lie upon straight lines which meet
in the same point, we obtain a construction for the straight
line 7 in the general case, when the segments lie anywhere
upon the plane.

Let C be the point in which 4, B, and 4, B, intersect. With
C as the initial point construct the triangle CDE, whose sides
CD, DE are equipollent to the straight lines 4, B,, 4, B, ; then
from what has just been proved for every position of the point O

OCE = 04, B, + 04, B,.

Now let 2 be the point, in which CF cuts the straight line
4, By; with P as initial point construct the triangle PQR, whose
sides PQ, QR are equipollent to the segments CE, 4, B,, then

OPR = OCE + Ody B; = 04, B, + 04, B, + 04, B;.

And so we proceed continually until we ultimately reach a

segment 4B such that

OAB = 04,B,+ 04, B, +...+ 04, B,,.
This segment 4B lies on the required straight line r, and is
equipollent to the straight line CN, which joins the extremities
of the crooked line CDE... MV, whose sides are respectively
equipollent to the given segments.

80. As in the general case, when CN is not zero, all the
points O, for which the sum

04, B,+ 04,B,+... 04,B,
has the same value, lie upon a fixed straight line (par. 26), so
there is only one straight line r, the locus of the points O, for
which the above sum is zero. Hence it follows, that whatever
be the order, in which we take the given segments in the
above construction, we shall always arrive at one and the
same straight line 7.



CHAPTER II.
GRAPHICAL ADDITION.

8L To geometrically add or combine a number of segments
1,2,3,...,n given in direction and magnitude, we must con-
struct a polygonal circuit, whose sides, taken in order, are
equipollent to the given segments (Fig. 23).

The straight line s),..,, which joins the first and last
points of the circuit so constructed, is called the geometrical sum

0 1
1 i
3 403
2 203
4 4
Fig. 23. Fig. 24. Yig. 25.

or resultant of the given segments*; and these are called its
components. If the given segments are all parallel to one
another, the polygonal circuit reduces to a straight line,
whose successive segments 01, 12, 23, ... (Fig. 24), or 11, 22,

* CHELINI, Saggio di Geometria Analitica, trattata con nuovo metodo (Roma,
1838), p. 35.
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83,... (Fig. 25) are respectively equipollent to the given
segments. In this case the resultant of the given segments is
identical with their algebraical sum. The two figures show
two different methods of denoting a series of segments which
follow one another consecutively upon a straight line.

82. From the definition given above, it follows that the
resultant &, ... , of the = given segments 1,2, 3,...,% is iden-
tical with the resultant of the two segments ¢, ..., $,,,...,n, Of
which s, ..., is the resultant of the first » given segments, and
$41,..,n Of the n—7r remaining segments. For since the
straight lines s, .. , and &, , start from the same point as
the segment 1, and the straight lines &, ... , and 8., .. . end
in the same point as the segment #, therefore the straight line
8,....n begins at the same point
with ¢;, ..., and ends at the same
point with s, ., ... ..

Fig. 26 corresponding to » = 8,
and r = 5, shows that the result-
ant of the segments 1, 2, 3, 4, 5,
6, 7, 8 coincides with the geo-
metrical sum of two components,
one of them the resultant of the
segments 1,...,5, the other the
resultant of the segments 6, 7, 8.

From this we infer that, if we
divide the given segments [always Fig. 26.
taken consecutively, i.e. in the
given order] into azy number of groups, and if we sum the
segments of each group, the sum of the partial resultants
thus obtained will coincide
with the resultant of all the

s
given segments. \ \
83. Theresultant of a number N
of given segments is independent \ \
of the position of the point as- ¥ \/
o ¢

sumed as the initial point of

the circuit. .
In fact the cireuits drawn e

from two different initial points, O and O, are equal

similar and similarly situated (congruent) figures, and the
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second may be found by moving the first parallel to itself, so
that each of its points describes a straight line equipollent to
the straight line 00, (Fig. 27).

84. THEOREM. The resultant s, ... , of several given segments
1, 2, 3, ..., n 18 independent of the order in whick they are
combined.

Progf. We begin by proving that two consecutive seg-
ments, for example 3, and 4 (Fig. 28), can be interchanged.
In the given order, the resultant
of all the segments is also the
resultant of the three partial
resultants 8; o, 85 4, %,...,n. In
like manner, in the new order,
the resultant of all the segments
will be the resultant of the par-
tial resultants s; 2, & 3, %,...,n-

Fig. 28. But s34 and s, g are the same

straight line, namely the dia-

gonal of the parallelogram, which we obtain by drawing first

two consecutive segments equipollent to the given ones 3,

and 4, and then, starting from the same point, two other

consecutive segments equipollent to the same given seg-

ments with their order changed 4”3’. Thus the interchange

of the segments 3, and 4 has no influence on the required
resultant.

If we interchange first 3 and 4, then 3 with 5, and finally
5 and 4, the total effect is the same as if we had interchanged
3 and 5 (Fig. 29). In gen-
eral we interchange any
two non-consecutive seg-
ments we please by means
of interchanges of consecu-
tive segments. Therefore
the resultant of any num-
ber of segments is unal-
tered if we interchange any
two segments we please;
or the resultant is inde-
pendent of the order in
which the segments are taken to form the figure.

Fig. 29.
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Fig. 30 shows several circuits, constructed with the same
segments, taken in the different orders 12345, 13254,
15234.

Fig. 30.

85. If a closed circuit can be constructed with the given
segments, then from the proposition just proved it follows, that
all the circuits obtained by changing the order of the seg-
ments have this same property. In this case the resultant
of the given segments is zero, or

The resultant of any number of segments vanishes when they are
equipollent to the sides of a closed polygon.

The simplest case in which the resultant vanishes is that of
only two segments, one of which is equipollent to the other
taken in the opposite sense.

86. If, out of some of the segments whose resultant is
required, a closed polygon can be
formed, then all these may be neg-
lected without affecting the required
resultant.

In Fig. 31 the resultant of the seg-
ments 1...9 coincides with that of
1,2,8,9, because the resultant of
3,4,5,6,7is zero.

If the component segments are in-
creased in any given ratio, then the :
resultant is increased in the same Fig. 31.
ratio, without changing its direction.

87. Two series of segments have equal (equipollent) result-
ants, if, after constructing the corresponding circuits starting
from the same point the final points of the two circuits coincide
(Fig. 32). If we combine the segments of the one series with
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those of the other taken in the opposite sense, the total
resultant is zero.

88. Two series of segments have equal resultants, but of
opposite sense, when, the corresponding polygonal circuits being
so constructed that the initial
point of the second coincides
with the final point of the first,
the final point of the second
also falls on the initial point of
the first. If we combine the two
series of segments, their total
resultant is zero. Conversely,

Fig. 32. if the resultant of several seg-

ments is zero, and if we split

them up into two distinct groups, the resultant of the one

group is equal, and of opposite sense, to that of the other
group.

89. Subtraction is not a distinct operation from addition.
To subtract a segment 1 from a segment 2 is the same as
adding to 2 a segment equipollent to the segment 1 taken in
the opposite sense.

40. If two series of segments have equal (equipollent)
resultants, by adding to, or taking away from, both the same
segment, we shall obtain two new series whose resultants will
also be equal (equipollent)¥.

41. Given a segment 4B (Fig. 33), and a straight line 7; then
if we draw through 4 and B in any arbitrarily chosen direction

two parallel straight lines to
8 meet 7 in the points 4” and B’,
the points 4’, B’ are called the
\ projections of the points 4 and
ry \ B, and the segment 4’B’ the
B T~ projection of the segment AB.
Fig. 33. The straight lines 44’ BB’
are called the projecting rays.

The projections of two equipollent segments are themselves
equipollent (so long as we neither change the direction of 7,
nor that of the projecting rays).

* The properties of Art. 32 and Art. 40 can be both deduced without further
proof from those of Art. 30,
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42, Let 4BC... MNA be a closed circuit (Fig. 34), and
A4’,B’,C’,... M’, N’ the projections of its vertices ; then since
4’, B’, &e. are points in a straight line, it follows, from (Art. 4),
that 4’B’+ B’C’+... M'N'4+ N’4’= 0 ; i.e. the sum of the pro-
Jections of the sides of a closed circuit is zero.

Let 4, B,, 4,B,, ..., 4,B, be n segments in a plane, whose
resultant is zero, that is to say, # segments which are equal in
magnitude and direction to the sides
of a closed polygon. Then since the ...
sum of the projections of the sides

B
of a closed polygon is zero, and since lfr*“”‘\" M
the projections of two equipollent _.‘\

segments are equal, therefore the 4
sum of the projections of the given x| o
segments will vanish. £ B

A number of given segments to- | \/
gether with a segment equal, but P D

of opposite sense, to their resultant, Fig. 34.
form a system of segments whose
resultant is zero. Hence the following proposition:

The projection of the resultant of a number of given segments is
equal to the sum of their projections.

From this we at once conclude that :

If two series of segments have equal resultants, the sum of the
projections of the segments of the one series is equal to the sum of
the projections of the segments of the other.

43. Let 4,DB,, 4,B,, ..., 4,B, be n given segments in a
plane, whose resultant is zero (Fig. 35). If we take an
arbitrary point O as pole, then we may suppose 4, B, to be the
resultant of the segments 4,0, 0B,; therefore the resultant
of the segments 4,0, 0B,, 4,0, 0B,,..., 4,0, OB, will vanish
(Art. 38), ie. the resultant of the segments 04,, 04,,..., 04,
is equal to that of the segments 0B,, 0B,, ...,0B,.

Conversely. Given two groups of #» points 4,, 4,, ..., 4,,
and B,, B,, ..., B,; if the resultant of the straight lines
04,, 04,, ..., 04,, obtained by joining any pole O to
the points of the first group, is equal to the resultant of the
straight lines OB,, 0B,, ..., OB,, got by joining the same pole
to the points of the second group: then the resultant of the
segments 4, B, , 4, B,, ..., 4, B,, which join the points of the
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one group to those of the other, is zero. (It is here supposed
that the points of the one group can only be properly united
to those of the other, when no point is left out, or used more
than once.) In fact it follows from the proposition of Art. 37

A B

B, B < i
w\ : N
Ay
1
rd H s
.4\\ {
|

¥, 4, A, 5, K¥
Fig. 35.

that the resultant of the segments 4,0, 4,0, ...,4,0,0B,,
0B,,..., OB, is equal to zero; but the resultant of 4,0 and
OB, is 4,B,, therefore also the resultant of the segments
4,B,,4,B,,...,4,B, is zero.

44. Hence it follows from the first proposition (Art. 43),
that when a new pole O’ is assumed, the resultant of the
segments 0’4,, 0’4,, ..., 0’4, is equal to the resultant of the
segments 0’B,, 0’B,, ..., 0'B,.

‘Wherefore ¥

If, for two groups of n points 4y, 4y, ..., 4,5 By, By,.ius B,
and a fiwed pole O, the resultant of the segments O4, , 04,, ..., 04,
is equal to the resultant of the segments OBy, OB,, ..., OB, ; then
the same equality holds for any other pole O’. Moreover the
resultant of the n segments, which join the points of the one group
with those of the other taken in any arbitrary order, is equal to zero.

46. Retaining the supposition just made as to the two
groups of # points, project them into the points 4,, 4;',..., 4.,
B/,B/,...B/ on a straight line » by means of rays parallel
to any arbitrarily chosen direction. Now take the pole O
on the straight line 71, then we may suppose the ray 04, to

* GRASSMAN, Die Ausdehnungslehre (Leipzig, 1844), p. 41.

+ See Fig. 35, and imagine the straight line » so displaced, that the points O
and ¢ coincide.
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be formed by combining the two lines 04’,, 4%, 4,, and so on ;
the resultant of the segments 04/, 04, ..., 04, 4,4,
4/4,,...,4,/4, is therefore equal to the resultant of the seg-
ments 0B/, OB;, OBy, ... O0B,/, B/B,, B/B,, ...,B,/B,. But
(Art. 41) the resultant or sum of the segments 04/, 04,,...
04,/ is equal to that of the segments OB/, OB/,..., OB, since
all these segments are the projections of two other series of
segments, whose resultants are equal ;

Therefore

If for two groups of n points 4;, 4,, &c.; By, B,, &e. and a
Jiwed pole O, the resultant of the segments 04y, O4,, &e. is equal to
the resultant of the segments OB, OB,, &e., and if we project ail
the points by means of rays parallel to an arbitrarily chosen direclion
on to the same straight line, the sum of the projecting rays of the points
of the one group is equal to the sum of the projecting rays of the
points of the other group.

468. So far, we have been speaking of the resultant of a
number of segments, considering only their magnitude,
direction, and sense, but not their absolute position. We shall
now give a more general definition, which includes the
one previously given (31), and takes account of all the
elements of the resultant straight line of a number of given
segments.

If » segments 4,B,,4,B,,...,4,B,, are given (in sense,
position, and magnitude) their resulfant will mean a segment
AB of such magnitude, position, and sense, that, for any
pole O, the area of O4B is equal to the sum of the areas
04,B, + 04,B,+...+04,B, (26, 30).

47. For shortness we shall call the triangle O4 B, tke triangle
which joins the segment AB to 0. The sense AB of this seg-
ment shows the way in which the circuit O4B is traced out,
and therefore shows the sense of the area 04B.

This being premised, our definition may be expressed as
follows. By the resultant of a number of given segments, we mean
a segment such that the area of the triangle whick joins it to an
arbitrary pole O, is equal to the sum of the areas of the triangles
which join the given segments to the same pole.

Since the area of the triangle O4B does not change, if we
displace the segment 4B along the straight line on which it
lies, therefore the resultant of & number of segments will not
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change, if we displace each of them in an arbitrary manner
along the straight lines on which they respectively lie.

48. We know already from Art. 26 that if we construct a
polygonal circuit CDE ... MN, the sides of which are respect-
ively equipollent to the given straight lines 4, B,, ..., 4, B,,
then its closing side NC is equipollent to the resultant 4B.
If the circuit is closed, i. e. if NV coincides with C, but if the
sum of the areas 04, B, + 04, B,+...04, B, is not zero, then
the magnitude of the required resultant is zero and it is
situated at an infinite distance. If the circuit is closed, and
the above sum also zero, then the magnitude of the resultant
is still zero, and its position is indeterminate. In this case
therefore it may be asserted that the given series of segments
has no resultant.

49. But if C does not coincide with X, then the problem
is uniquely solved by a segment 4B of finite magnitude,
situated at a finite distance. As we already know its magni-
tude, its direction, and its sense, it will be sufficient, in order
to completely determine its position, to find one point in the
straight line of which it forms a part. For this purpose we
may use either the construction in Art. 29, or else the much
simpler one following (Fig. 36).

v
/ﬁ*{:""-m...h

,v -
-
AN
3

Fig. 36.

We begin by constructing a polygonal circuit, with its sides,
which we shall now denote by 1, 2,...,%, respectively, equi-
pollent to the given segments; then their resultant is equi-
pollent to the segment 0, which closes the circuit, taken in
the opposite sense, i.e. it is equal, but of opposite sense, to
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the segment which joins the final point of the side # to the
initial point of the side 1. We now choose at pleasure a pole
U, and draw from it the rays UV, UV, ..., U7, * to the
vertices of the circuit; where 7] ;,, means the vertex which
is the final point of the side ¢ (equipollent to 4;B,), and the
initial point of the side i+ 1 (equipollent to 4,,; B, .,).

We next construct a second polygonal circuit with its
vertices 1,2, ..., # lying respectively on the lines to which
the segments 4,B,, 4,B,, ..., 4,B, belong, and with its
sides 01, 12, ..., 20 respectively parallel to the rays U7,
UV ...y UV,,. The extreme sides 01,20 of this polygon will,
if sufficiently produced, meet in a point 0 which lies on the
required line of the resultant .

Progf. We suppose the segment 4, B, to be resolved into 2
others, situated in the sides 01, 12 of the second polygon,
and equipollent to the rays 7, U, U, of the first; in like
manner we suppose the segment 4,B, resolved into two
others, situated in the sides 12, 23 of the second polygon,
and equipollent to the rays 7, U, U7,; of the first ; and so on,
till finally 4, B, is resolved into two segments situated on the
sides #—1.2,20, and equipollent to the rays 7,_, .U, U7,,.

If we take any pole O, then the area of the triangle, which
joins it to one of the given segments, is equal to the sum of
the two triangles which join its two component segments
to the same pole; and consequently the resultant of the =
given segments 4,B,, 4,B,, ..., 4,B, coincides with the re-
sultant of the 2 # component segments into which the given
ones have been resolved. Now the first of these 2 # segments
issituated on 01, and equipollent to /U, and the last is situated
on 70, and equipollent to U7,,, whilst all the rest, 2 (n—1)
in number, are equal to one another in pairs, are of opposite
sense, and are situated on the same side of the second polygon.
For example, the second and third component segments lie
on the side 12, and are respectively equipollent to U/, and
VeV

The areas of the two triangles, which join these pairs of
segments to O, are equal to onme another but of opposite
sense ; the resultant of the given segments is therefore no other

* In Fig. 36 all the lotters V, 4, B are loft out, and n = 4.
+ CULMANN, 1. ¢, Nos. 41 & 42.
D
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than the resultant of the first and last component segments,
of which the first is situated in 01 and equipollent to 7, U,
and the other is situated in #0 and equipollent to U7,,.
But the resultant of two segments passes through the common
point of (Art. 28) the straight lines to which they belong,
therefore the required resultant passes through the common
point of the two extreme sides 01, 20 of the second polygon.

50. If the pole U were taken in a straight line with the
two extreme points 7, 7,, of the first polygon, then the
two extreme rays U7,,, UV,, would coincide, and therefore
the two extreme sides 01, #0 of the second polygon would be
parallel. In this case therefore the construction would not
give a point at a finite distance in the required resultant.
But this inconvenience could at once be remedied by choosing
a new pole U’ not lying in the straight line 75, 7,, and then
proceeding as above.

61. Even if that is not so, it may happen (Fig. 37) that the
points 7., and 7, coincide, and then, wherever U may be,

Fig. 37.

the extreme rays coincide, and therefore the sides 01, #0
are either parallel or coincident. If they are parallel, the
sum O4,B,+ 04, B, +&ec. is equal to the sum of the two
triangles whose common vertex is O, and whose bases are
equipollent to the equal and opposite rays 7y U, U¥,; and
lie in the sides 01, 20, or is equal to the half of the parallelo-
gram (Art. 15), of which those bases are the opposite sides.
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In this case the resultant is zero and situated at an infinite
distance ; and the sum 04, B, + &ec. has a constant value not
zero, wherever (at a finite distance) the pole O may lie.

62. If, on the contrary, the sides (Fig. 38) 01, #0 coincide,
i.e. if the opposite sides of the parallelogram coincide, then the
sum 04, B, + 04, B, + &c. vanishes for every position of the
pole 0. In this case any one segment taken in the reverse
sense is the resultant of the remaining (»—1) segments.

53. If we take the given segments 4, B,, 4,B,, ... all parallel
to one another, then the first polygon 7, 7y, ¥y ... Vo
(Fig. 39) reduces to a straight line, but the construction of the

..
~

"""""

Tig. 38.

second polygon is just the same as in the general case. The
resultant is parallel to the components.

54. If there are only two segments 4,5, d,B,, the con-
struction may be simplified as follows (Figs. 40, 41). In the
unlimited straight line 4, B, ... take a segment C.D equipollent
to 4,B,, and in the unlimited straight line 4,5, ... a segment
C'IY equipollent to 4,B,. Then the common point O of the
straight lines C1/, and C'D lies on the required resultant. For
if we draw I'F parallel to C’D and join O to E, then C, D, E
represent the vertices 7y, y,, 7, of the first polygon, and O
takes the place of the point U; the points 2V, E are the vertices
1, 2 of the second polygon, which is here represented by the

D 2
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triangle OI’F, and O represents also the point of intersection
of the extreme sides of this second polygon.

(N
0
) N ¢
RN ~0
E D
4\1 A3
B;l
B‘ Bs A: Ba
A
¥
Fig. 40. Fig. 41.

From the similar triangles 0CD, 00'C’ we have
0C’: 0D =CD:DC
=A4,B,: BA,;
that is to say:
The ratio of the distances of the resultant of two paraliel segments
Jrom these segments is the negative reciprocal of the ratio of the

component segments,



CHAPTER III.

GRAPHICAL MULTIPLICATION.

65. To multiply a straight line a by the ratio of two other
straight lines &:¢, we must find a fourth straight line # such
that the geometrical proportion holds:

c:b=a:a.

For this purpose it is sufficient to construct two similar
triangles OLM and O’PQ with the following properties.

In the first there are two lines (two sides, or base and
altitude, and so on) equal or proportional to ¢, 4; and in the
second the line homologous to ¢ is @ ; then # is the line in the
second triangle homologous to 4; or else

In the first there are two lines proportional or equal to ¢
and ¢; and in the second the line homologous to ¢ is &; then
# is the line of the second triangle homologous to a.

56. The relative position of the two triangles is purely
a matter of choice ; and the particular choice made gives rise
to different constructions. The choice will be chiefly deter-
mined by the position occupied by the given segments a, §, ¢,
or of that which we wish « to occupy.

(@) In (Fig. 42), for example, the two triangles have the angle

Oin common and the sides opposite to it parallel. If in them
P e

/
L {
{

1.
q Q
Fig. 42. Fig. 43.

we take OP, OM, OL to represent the segments a, b, ¢, then
0Q =2. Butif OL=¢, OP = a, LM =}, then PQ = .
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(3) In (Fig. 43), on the contrary, the sides opposite to the
common angle O are antiparallel, i.e. the angles OML and 0QP
are equal (and therefore also the angles OLM and OPQ).

(¢) (Fig. 44). We may take ¢ and & to be the altitudes of the
two triangles; and then, on the supposition that & is a side
OM or LM of the first triangle, 0Q or PQ will be equal to .

(@) Or again, let c and @ be represented by OL, OP, or by
OM, 0Q, and let & be the altitude of the triangle OLM, then
is the altitude of the triangle OPQ.

0 M Q Q
Fig. 44. Fig. 45.

(¢) If (Fig. 45) the lines OM = b and O’P = a are drawn per-
pendicular to one another, supposing that ¢ >4, we may proceed
as follows. Construct the triangle OLM, so that the side LM
is parallel to O’'P, whilst the hypothenuse OL =¢. Then if
we draw P@Q parallel to 0L, and 0’Q perpendicular to P@, the!
right-angled triangles OLM, O'PQ are similar because of the
equal angles Z and P; and therefore 0'Q = .

The straight line 0’Q, the orthogonal projection of O'P
upon a straight line at right angles to OZ, is called the Anfi-
projection of OP on OL. If therefore ¢ and & are perpen-
dicular to one another, then # is the antiprojection of @ upon c.

67. To divide a straight line & by the ratio of two other
straight lines 4:¢, is just the same as to multiply ¢ by the
ratio c: 4.

The division of a straight line ¢ into # equal parts is the
same thing as multiplying ¢ by the ratio c:8, where ¢ is
an arbitrary segment, and & is equal to ¢ repeated = times,

If a straight line 4 is to be divided into parts, which are
proportional to the given segments a,, 4,, a3,...,,, lying in
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the same straight line, then we have only to multiply these
segments by the ratio &:e¢, where c=a,+a,+ ... +a,
(Art. 59).

58. If we draw from a centre or pole O radii vectores, each
consecutive pair of which contains the constant angle w, their
lengths forming the Arithmetical Progression,

a,a+b,a+2b, &e., &e.;
then their extremities M, 3, M,, &c. are points on a curve,
called the Spiral of Arckimedes ; which is the name given to the
curve described by a point M which moves uniformly along the
radius OM whilst the radius itself rotates about O with constant
velocity, in such a manner that 37 describes the rectilinear seg-
ment 4 in the same time that the radius O describes the angle .

If we take the angle w small enough, we shall obtain
points sufficiently close together to be able to draw the curve
with sufficient accuracy for all practical purposes.

After we have drawn the Spiral of Archimedes, we are able
to reduce the problem of dividing an angle to that of the
division of a straight line. For if two radii vectores are drawn,
which enclose the angle we wish to divide into # parts pro-
portional to z given straight lines, we need only divide the
difference of the radii vec-
tores into # parts propor-
tional to the same magni-
tudes; and then the dis-
tances of the point O
from the »—1 points of
division will be the lengths
of the n—1 radii vectores
to be inserted between
the two given ones, in
order to obtain the divi-
sion of the angle. Fig. 46
shows the division of the
angle MOM; into five Fig. 46.
equal parts*.

59. Ifseveral segments 4B, 4C, ..., BC, ... of a straight line
« have to be multiplied by a constant ratio &:¢, the problem

* Parrus, Collectiones Mathematicae, Lib, iv. Prop. xx, xxXV.



40 GRAPHICAL MULTIPLICATION. [e1—

resolves itself into finding a series of points 4, B, ¢, &e. on
another straight line »”; such that the equations

AB™ AC™ BC T U e )

The straight lines u, «’ are called similar point-rows, and the
points 4 and 4’, B and B',..., and also the segments 4B and
A'B ..., are said to be corresponding.

60. If the straight lines u,

0 4" are parallel (Fig. 47), then

all the joining lines 44’, BF,
CC’, &c., pass through a fixed
point O (the centre of projec-

/ 1 \ tion). If, for example, we make
. / AP = ¢, AP’ = b, then A4’ and

AR E D v PP give by their intersection

, / / x the point O, and every radius

e \P"  vector drawn through the point
Fig. 47 O cuts # and #" in two corre-
sponding points.

61. If » and 4’ are not parallel (Fig. 48), and if their common
point represents two coincident corresponding points 4 and
4’, then the straight lines BB, CC’, &ec. are all parallel to one
another. The common direction of these parallel lines may be

u [¢]

A

d - ~
n emean am e me e oee e X

Fig. 48.
found, for example, by taking 4B =¢, /B = b; then every
straight line parallel to BB’ cuts  and #’ in two corresponding
points.

62, If, finally (Fig. 49), » and «’ are not parallel, and their
common point represents two non-corresponding points 2, @,
then all the straight lines 44’, BB’, CC’, ... are tangents to the
same parabola. If, for example, we take PQ =¢, P'Q =,
then the parabola is determined from the fact that, it must
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touch # in @, and 4" in P’. Every tangent of this parabola
cuts 4" and » in two corresponding points.

In order to obtain pairs of corresponding points, such as 4
and 4’, B and B’, &c., we need only draw from the different

ky' ¥

>~
=)

7/
Fig. 49.

points 4”7, B”, &e. of the straight line P’ Q the straight lines 4”4,
B” B, &c. parallel to #/, and the straight lines 4”4, B”B’, &e.
parallel to ». For then clearly we have

4B PQ 4B PQ.

A”_B”=.P’Q’ A”_B”-:P-_,Q’
4B _PQ

and therefore

Fig. 50.

If we wish to avoid drawing parallels* it is sufficient to
consider two tangents (Fig. 50) of the parabola as given, i.e.
two straight lines #, 4”, in which two similiar point-rows (they

* COUSINERY, Le calcul par le trait (Paris, 1840), p. 20. For another method

of solving this problem see SAcHERI, Sul ¢racciamento delle purteggiate projettive
sumilt (Atti dell’ Accademia di Torino, Novembre, 1873).
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may be equal) 4BCDE, ..., A”B”C”, &e. are so situated that
the common point of the two straight lines represents two
non-corresponding points £, 4”, and that the segment 4Z of
[which is contained between the parabola and «”] is equal to
the denominator ¢ of the given ratio. If we want now to
multiply the segments of » by the ratio 4: ¢, we must place a
line 4’F’ of length & between « and #” in such a manner that
it joins two corresponding points BB”. Then the straight
lines CC”, DD”, &e. which join corresponding points of » and
«”, determine upon 4'E’ the required segments

BC:C'D:D'E:AF =

BC :CD : DE : AB.

If, for example, it were required to divide a given length
BE into n equal parts, we should draw through B the straight
line +, and lay off on it # + 1 equal segments,

AB'=B'C'=C'D’, &e.;
then having joined £ to E’ we should, in like manner, lay off
upon the joining line #”, # + 1 segments each equal to ZE’, or
A"B"=B"(0"= C”I)”.._ &c., &c. The z+ 1 straight lines C’C”
D'D”, &e., &e. will meet BE in the required division-points
C, D, &ec.

63. Let(Fig. 51) 2y, a,, ..., a,be # segments given in magni-
tude, direction, and sense, which have to be respectively
multiplied by the ratios

b, b, g, b
e Cn

We construct a polygonal circuit B, whose sides are re-

spectively equipollent to the given segments 4,, a,, &c., and

call its successive vertices 1, 12, 23, ... n— 1.%, , beginning
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at the initial point of the first side 2, and ending with the
final point of the last side a,.

Then we construct two other circuits P, and P,; of which
the first is formed by the # straight lines 1, 2,...,% respectively
parallel to the sides of F,, and at the respective distances ¢;,
Cgy+ersCn from them, each measured in a constant direction which
may be fixed arbitrarily, provided that ¢, be not parallel to , *;
and the second P,, must have its vertices 1, 2, ..., n respect-
ively upon the sides of £, and its sides 1,12,23,...,2—1.n,2t
must respectively pass through the similarly named vertices
of B,. The combination of these three circuits is called ¢the
First Figure.’

Now construct a ‘Second Figure,” which similarly consists
of three circuits B, B, B,, having the following properties
(Fig. 510):

Fig. 51 0.

1. The sides of P, are respectively parallel to the sides of
P,; the sides of R parallel to those of P, (and therefore to
those of P, and E,) ; the sides of 7, to those of £,.

2. The distances of the sides 1,2, ..., of B, from the
similarly named ones of B, are &;,4;, ..., b, measured parallel
to the distances ¢, ¢,, ..., Cp

3. Each of the wvertices 1, 2, ..., » of B, lies on the

* According as ¢, is positive or negative, we draw the straight line  to the
right or left of a person who travels along @, in the sense belonging to that segment.

+ The side 1 is that which goes through the vertex 1; the side 12 joins the
vertices 1,2; ... ; the side # passes through the vertex #. In order toconstruct this

polygon, we can take the side 1 at pleasure, provided it passes through the vertex
1of P,.
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similarly named side of 2, and each of its sides 1, 12, 23,
vevy #—1 n, » must pass through the similarly named vertex
of B.

In order to construct the ‘ Second Figure’ we may, for ex-
ample, proceed thus. The vertex 1 of B, is taken arbitrarily,
and through it two straight lines are drawn, respectively
parallel to the side e, of P, and the side 1 of P, These
determine the positions of the side 1 of P, and the side 1 of
E,. If now, at a distance 4, from the side 1 of B, a straight
line is drawn parallel to this side, then this line will b the
first side of B, and the point where it meets the side 1 of P,
will be the vertex 1 of P,.

From this point draw (parallel to the side 12 of B,) the side
12 of B;, then the intersection of this with the side 1 of
E,, will be the vertex 12 of £,. From this point we draw the
side 2 of the polygon B, in the direction of the segment a,,
and afterwards the side 2 of B, in the same direction, but at a
distance &, from it, then the intersection of this with the side
12 of B, gives the vertex 2 of P, and so on.

The polygon P, whose sides we shall call By By s eany Dy,
gives the result of the required multiplication. For the
triangle, which has #, for its base, and for its opposite angle
the vertex » of P, is, on account of the parallelism of the
sides, similar to the triangle of the ¢ First Figure,” which has
a, for base, and the vertex 7 of B, for the opposite angle. The
dimensions of these triangles in the chosen directions are b, ¢,,
and therefore

ca =b: — br.
&.:q,=0,:¢, Or w,—a,x;—
»

Q. E. D,

64. With regard to the sense of the segment », we remark,
that the two triangles are similarly situated when ¢, and b,
have the same sense, i.e. when the vertices » lie both to the
right or both to the left of the bases (a, or ,) respectively
opposite to them ; if, on the contrary, ¢, and &, are of opposite
sense, then the two triangles have opposite positions. For this
reason in the first case the segments a, and @, are of the same
sense, in the second case of opposite sense. Hence it follows,
that the segments # are placed consecutively taking account
of their sense, i.e. in the way which is required by Geo-
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metrical addition. Wherefore their resultant, i.e. the re-
sultant of the segments a, - g—', will be, in magnitude, sense, and

direction, the straight line which closes the polygonal contour
E (i.e. the straight line which joins the initial point of #, to
the final point of @,).

85. Special cases.

Let all the segments & become parallel ; then each of the two
circuits Z and F, reduces to a rectilinear point-row (Fig. 52)

<

<

a >
Fig. 53, Fig. 524.

and each of the circuits 7, and B, becomes a pencil of parallel
rays. That is to say, the construction reduces to the following.

We set off the consecutive segments 01 =a,, 12=a,, 23=aq,,
&c., along a straight line a; parallel to this line and at
distances ¢;,¢,, ¢3,.44,¢, (measured in some constant direc-
tion, different from the direction of the a’s, but otherwise
arbitrary) we draw as many straight lines 1, 2, ..., #, which we
may consider as rays of a pencil whose centre lies at infinity ;
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then draw a polygonal circuit, with its vertices 1, 2,...,% on
the similarly named parallel rays, and with its sides 01, 12,
23, ..., #—1 n, n passing through the corresponding points
0,1,2,..,nof the point-row « [i.e. through the extremities
of the segments a,, a,, ..., a,].

Now construct the second figure, by drawing, first, & pencil
of rays 1, 2, ..., n, parallel to ¢, and at distances &,, &,, ..., 5,
respectively from a straight line # (also parallel to ¢); and
then a circuit whose sides are respectively parallel to the
sides of the first polygon, and whose vertices fall on the rays
of the second pencil. The segments 01, 12, 23, &e. of , which
are enclosed between the successive sides of this new polygon,
will be

b, b, by . :

T=a.=, x,=a, -2, @, =ay -2, &, respectively,

& Co ‘s
and the segment, that lies between the side r—1-7 and the
side s-8+1, is equal to

i=s i=g

b
Zw‘ = E a" "é" .
i= i=r o

In the case just considered it is an immediate deduction
from the remarks made about the sense of the segment z,,
that two segments ,, #, have the same or opposite sense,
according as amongst the three pairs «, 4,, 4, §,, ¢, c,, an even
number (none or two) or an odd number (one or three) are
formed by segments of opposite sense. This agrees with the
rule of signs in algebraic multiplication.

66. If all the ¢’s become equal, in addition to all the a’s
being parallel, then the first pencil of rays reduces to a
single straight line, and therefore all the vertices of the first
polygon coincide in a single point of this straight line; ie.
the first polygon degenerates into a pencil of rays proceeding
from a point O situated at a distance ¢ from the straight line a.

In this case the problem may be stated thus. To reduce
the given products a,.%,, a,.0,,..., a,.0, to & common base ¢,
by determining the segments #,, #,, ..., #, proportional to
them.

The solution is as follows (Fig. 53). Draw the rectilinear
point-row 4, whose consecutive segments are 01 =a;, 12 =a,,

* JAEGER, Das Graphische Rechnen (Speyer, 1867), p. 15.
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&e., &ec., and join each of the points 0, 1, 2,...,,2—1, 2 of
this point-row to a point O taken at a distance ¢ from a;
the distance being measured perpendicularly, or obliquely

a

0

4

a

Fig. 53. Fig. 53 a.

at pleasure. Then construct a pencil of rays 1, 2,...,%,
parallel to @, and at distances 0,, &,,..., &,, respectively,
measured in the direction of ¢ from a given line 2, also
parallel to a. Finally, draw a polygon whose vertices fall
respectively on the above-mentioned parallel rays 1,2, ..., =,
and whose sides 01, 12, 23, ..., z—1.#, » are respectively
parallel to the rays 00, 01, 02, ..., Ou—1, On of the pencil
O. The segments 01, 12, 23, ..., which the sides of this
polygon intercept upon the straight line @, will be the re-
quired segments ;, @,, ..., 2,*.

87. If instead of all the ¢’s, all the &’s are equal, and all the
«’s still parallel, then the problem may be stated thus:

Given the ratios

4 8
R
e Cy Cu
to determine segments =, @,, #;, ..., #,, proportional to

them, so that the product of the multiplication of any by its
corresponding ratio 2 shall be the constant segment .

* CULMANN, L, ¢., No. 2.
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After we have constructed (Fig. 54) the point-row a, with
the segments 01 = ¢;, 12 =a,, &ec., and the pencil of rays
1,2, 3, ..., 2 parallel to the straight line 4, their respective dis-
tances from it being ¢,, ¢;, ¢;, &ec. (all measured in a constant
direction), we draw a polygonal circuit, whose vertices 1, 2, ...,
n fall on these rays respectively, and whose sides 1,12, 23, ...,
n—1 n, n pass through the similarly named points of the
point-row a.

We then construct a second pencil of rays, diverging from
a point O, and respectively parallel to the sides of the poly-

a

0 0
1&
FINN 1
2
. b= 0
4 3 7 .
2 2 =
a Fig. 54 a.
Fig. 54.

gonal contour ; finally, cut this second pencil by & straight line
#, parallel to o, and at a distance & from O measured in the
direction of the ¢’s. The segments 01, 12, 23.., which we thus
obtain on # are those required.

The first and last sides of the polygonal circuit intersect in
a point whose distance from a in the direction of the ¢’s we

shall call ¢, and then we shall have %a =3 % . For it is clear
that 2;3 = %a—’, and from the two similar triangles, one of which
is bounded by « and the first and last sides of the polygonal
circuit, and the other by # and the first and last rays pro-
ceeding from O, we have %‘Z = %{f .

This problem is substantially the same as that of trans-
forming a number of given fractions,

ay a,
U ] &c°:
Cc; Cq



—88] GRAPHICAL MULTIPLICATION. 49

into equivalent ones = %‘- , %’, &c., with a common denom-
inator &.
68. PROBLEM. 70 multiply a straight line a by the ratios
b by b
e ’ ¢ 9 e0ey ‘n

Draw (Fig. 55) two straight lines or axes &6, cc which cut
one another, at any angle whatever, in the point O.

8
1/

-
[ A,
7
’,

Fig. 55.

From O set off along the first axis the segments ¢, and along
the second the segments ¢, so that we have on the first axis
bb: 01 =10, 02 =1, ...... , On = b,; and on the second axis
cc: Ol=¢;, 02=0¢, ...... , On = ¢,. Join the homonymous
points of the two axes, ie. 1 and 1, 2 and 2, and so on, and
parallel to the joining lines draw through O the same number
of straight lines /7, /,, /; &c. (which are only denoted in the
figure by the numerical index). Two segments 6,, ¢, with the
same index, and the line 7» which joins their final points, form
a triangle. Construct a triangle similar to this, in which
the two sides corresponding to ¢, and rr are set off from O
along cc and 7/, respectively; the third side corresponding to
b, and parallel to &4, is called @,. In order to completely deter-
mine this triangle, we need only fix one side, that lying on
cc; this is equal to 4 in the first triangle, 4, in the second, 4,
in the third, and a,_, in the last. Then a,, that is, that side
of the last triangle which is parallel to 45, is the result of the
multiplication we wished to perform.

For comparing the 7 triangle of the second set, of which the
sides parallel to cc and 46 are a,—, @,, with the similar triangle

B
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of the first set, whose corresponding sides are ¢, and §,, we
b

a
have: —— = -~; and therefore
r-1 Cy
o_b a_b o b
=-1, =2, ..., =
a 6 6 G4 Oy1  Cn

Multiply all these equations together, and we have
b b

e, e, Q. E. D.
69. We shall now prove that the result is not altered by the

interchange of two factors, for example, gl and iﬁ Taking
1 2
them in the order gl and gg, the construction is as follows
1

2
(Fig. 56): on cc take 04 = a; from 4 draw a parallel to 2,
cutting 7, in 4,; the segment A4, = a,;, carry this over on to
ec, i.e. set off 04, = a;, and from this new point 4, draw a
parallel to 24, cutting 7, in 4,; the segment 4, 4, thus obtained

is a,, Now take the factors in the other order by and f—};
2 1
Make O4 = a as before, and
draw through 4 a parallel to
b6, let it cut /, in the point 4,,
and call the segment so ob-
tained a”; then set off on ce
the segment 04,= o, and draw
“TA A A, /o 4, 4, parallel to 64 cutting 7,
3 in 4,; the straight line 4, 4,
Fig. 56. is @”. The similar triangles
contained between /, and cc, 04, 4,, 04, 4 give the following
relations, 4,4, _ % o ‘ﬁ B a_' .
A4y, — 04’ " a4y T a’
and the similar triangles 04,4,, 044, lying between /, and
ce, give in like manner
A4, A4, a, a’
0L =01 " a=7
And therefore ¢” = a,, Q. E. D.¥*

and proceed as follows :

* EacERrs, Grundziige einer graphischen Arithmetik (Schaffhausen, 1865), p. 12.
JAXGER, 1. c., p. 11.
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70. In constructing the triangles of the first set, instead of
jetting off the segments & on the straight line 45, we might, after
aking on cc the side 01 = ¢,, find on 0¢ a point 1,such that the
oining line 11 would be equal in absolute length to 4,. Then
1aving drawn through O, /, parallel to 11 we might, as above,
sonstruct a triangle of the second set, similar to 011, setting off

m cc a side equal to . Then the product (Fig. 57) ¢, =a. f_—'
1

Fig. 57.

s given not by the side parallel to 2, but by the side lying
on /; 5 and similarly for the other triangles.

In this construction the signs of the segments & are not
taken account of, since they are all set off in different directions ;
it is therefore necessary in carrying over the segments, for
sxample a,, upon ce, in order to proceed with the construetion
of the next triangle in the series, to give ¢, the same sign as 4, or
the opposite according as 4, and ¢, have the same or opposite
signs.

In this method the segments 4, a,, ..., a,, which we have
respectively obtained on 7, /,, ..., /, (the parallels to &, &,,

, b,), are carried over to cc by means of circular ares de-
seribed around O as centre.

71. A third method of performing the required multipli-
cation is as follows. Set off from the common point O along
one of the two axes (40) the segments &,, &3, 05 &e., and
"gs Cyy Cgy &C. 3 ] and along the other axis (cc) (Fig. 58), 4,, 54, &e.
and ¢, ¢;, ¢;, &¢., always joining the extremities 11, 22, 33, &e.

E 2
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of the segments & and ¢ with the same index. Then it is only
necessary to inscribe between the two axes a crooked line
whose successive sides are respectively parallel to the
joining lines 11, 22, &c., and whose vertices lie alternately on
cc and 66,

Fig. 58.

If we take the first vertex, so that it is the final point of
that segment of cc which is equal to ¢, and has its initial point
at O, then the second vertex, and the third, fourth, &ec., are
likewise the final points of the segments

“1=“';:" a2=al.%, a3=a2~%&c.,
whose common initial point is O*.

This is evident, when we consider that in this construction
all the triangles of the second set have one side on cc and the
other on 44, whilst the third side, on the crooked line, is parallel
to the third side of the similar triangle of the first set.

72. When there is no need to take account of the signs of
the segments a, 4, c, i e. when they may all be considered
positive, we can so order the construction, that both the
triangles of the first and of the second sets are placed con-
secutively around a common vertex O (Fig. 59) (just like a

* In Figs. 58, 59, and the following, each of the segments whose common
initial point is O, is marked at its final point with the letter 4, b, or ¢, which
indicates its measure.
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fan). Through O draw #+ 1 straight lines, or radii vectores,
making arbitrary angles with one another. Between the first
and second radii construct the first triangle of the first set,
and the first of the second; between the second and the
third radius vector the second triangles of both sets; between
the third and the fourth radius vector the third triangles;
and so on; in such a manner that two consecutive triangles
of the second set always have
one side in common. That is to
say, starting from O, take on
the first radius two segments
equal to ¢ and ¢, respectively;
on the second radius a segment,
with the same initial point, equal
to &, ; join the final points of &,,
¢, and draw a parallel to the
joining line through the final
point of the segment a, this de-
termines a segment @, on the
second radius, such that

"= a;:_l' Fig. 59.
Now take, in the same way, the segment ¢, on the second
radius, and the segment &, on the third radius, and we deter-
mine on the latter a segment

a2_a1-93=aél-é—2.&c.
cg ¢ ¢

Continuing this construction, we finally get, on the (n+ 1)t

radius, & segment with its initial point at O, whose value

will be



CHAPTER 1IV.

POWERS.

78. Ir,in the last problem, we make all the &’s equal to one
another, as also all the ¢’s, then the constructed segment g, is

the result of multiplying a by the a*® power of the ratio g
In this case, either in the first construction Art. 68 (Fig. 60),

% Z
\
N,
AN
[
73 . N
2 % %4 aaqe, 0 ¢
Fig. 60.

or in the second, Art. 70 (Fig. 61), all the triangles of the
first set coincide, and form a single triangle, two of whose

sides are the given segments & and ¢. The » triangles of
the second set are all similar to one another and to the
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single triangle Obe. The sides lying on Oc are respectively
a, ay, @y, ..., G,—y, whilst the sides parallel to & are a,, a,,
«ees @4, and therefore

b b\2 5\3 b\"
G=a, a2=a(z), a3=a(2),..., an=a(5) .

This series of similar triangles can also be prolonged on the
opposite side, so as to give the product of « by the negative

powers of é In fact, constructing the triangle whose side
parallel to 4 is equal to a, the side which lies upon Oc is
b N
@ y=a-_=a (5) ;
next, constructing a triangle with its side parallel to 6 =a_,,

-2
the side on OC =a_, = a(g) » and so on*,

74. In the third method (Art. 71) the triangles of the first
set reduce to two equal, but differently situated, triangles Obe
(Fig. 62); the one has its side ¢ on the first axis and its

Fig. 62

side ¢ on the second; whilst the other has its side 4 on the
first axis and ¢ on the second. The directions of the third
sides are therefore antiparallel, and the sides of the crooked
line, inserted between the two axes, are parallel to them.

* FGGERS, L. c., p. 16. JAEGER, L. c., pp. 18-20.
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The vertices of this crooked line determine on the first axis
segments, measured from O, which have the values

N N
o g=a(2), e=a()) ...
and on the other axis
b b3
a1=a(g), a8=a(2) , &e. ¥
Moreover the sides of the crooked line form a geometrical pro-

gression ; for, if we call the first side o/, the second is &’ g,
w1 ,r0\2 , b\3
the third a ( 5) , the fourth « (5) , &e.
Hence we conclude that the given segment, which has to be

multiplied by (g) , instead of being set off on the first axis,

may be placed in the angle between the axes so as to form the
first side of the crooked line; its (z+1)*™ side will then be
the result of the multiplication.

Continuing the crooked line in the opposite direction we
obtain the products of the given segment (2 or ") by the
negative powers of the given ratio

b1 p-2
((;) ’ (E) » &e.

If we wish to continue the progression between two suc-

cessive sides of the crooked line, for example, between the

two first (¢’ and a’. Z), then we need only draw between them

a new crooked line, whose sides are alternately parallel to
the axes; and we obtain a figure analogous to the foregoing
one.

Let the segment of the first axis, which is intercepted by
the first two sides of the first crooked line, be called a”, then
the sides of the new crooked line are respectively

4 Ilb 4 & 2
a’, o 5 @ (E)’&O'T
75. Finally, if we employ the fourth method of construetion

* COUSINERY, 1. c., p. 24, 25.
+ COUSINERY, 1. c., p. 24, CULMANN, L ., No. 8.
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(Art. 72) and take the angle between consecutive radii vectores
constant (Fig. 63), all the triangles of the first series become
equal and their vertices (opposite O) lie on two concentric
circles whose radii are respectively equal to & and ¢. The
triangles of the second series are all similar to one another,
because each is similar to the corresponding triangle of

Fig. 63.

the first series; their vertices (opposite 0), and their sides
(lying opposite O) are the vertices and sides of a polygonal
spiral circuit.

The radii vectores of this spiral, i.e. the straight lines drawn
from O to the vertices, are the terms of a geometrical pro-
gression

b b\2
a, a1=a‘—:, a2=a(z),&c.
This progression may be continued in the opposite direction, so

as to give the products of @ by the negative powers of (g) :
I B e
a(z) , a(;) &e., &e.

Also the sides of the polygonal circuit form a geometrical

. . . b
progression with the same common ratio - *,

* JARGER, 1. c., p. 20.
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If the constant angle between two consecutive radii vectores
is a commensurable fraction of four right angles, which has the
denominator » when reduced to its lowest terms, then the

Fig. 64.

(p+1)™ radius coincides with the first, the (p + 2)™ with the
second, and so on. If, for example, the given constant angle
were a right angle*; the angles between every pair of conse-
cutive sides of the spiral polygon would also be right angles
(Fig. 64).

* REULEAUX, Der Constructeur, 3rd edition (Braunschweig, 1869), p. 84.

K. vo~ Orr, Grundziige des graphischen Rechnens und der graphischen Statik,
(Prag. 1871), p. 10.



CHAPTER V.

EXTRACTION OF ROOTS.

76. ConsipEr the spiral polygon 4BCDEFG ... (Fig. 635),
whose radii vectores 04, OB, OC, 0D, &c. represent the pro-
ducts of a constant segment O4 by the powers (corresponding

OB d
= -(')—Z s an
whose sides 4B, BC, CD, &c. subtend a constant angle at the

to the indices 0, 1, 2, 3, &c.) of a given ratio cé

Fig. 65.

pole O (Art. 75). As already remarked, all the elementary
triangles, which have O for a vertex and a side of the polygon
as base, are similar; also all the figures, obtained by combining
2, 3 or 4, &c. consecutive triangles, are similar, because they
are made up of the same number of similar and similarly
situated triangles. Therefore all the angles 4BO, BCO, CDO,
&c. are equal; also the angles 4C0, BDO, CEO, &c.; and so
on. In general all the triangles around the vertex O, the
bases of which are chords, joining the extreme points of the
same number of consecutive sides of the polygon, are similar ;
these chords also subtend equal angles at the pole O.

These properties are quite independent of the magnitude
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of the angle 40B, which in the construction of the first
elementary triangle is chosen at pleasure. They would not
therefore cease to be true if this angle were made infinitely
small: in which case the polygonal circuit becomes a curve.
From the similarity of the elementary triangles we have
already deduced the equality of the angles at the bases 045,
OBC, &e.; but if the angles at the point O become infinitely
small, the sides of the elementary triangles lying opposite
to O will become tangents to the curve; the curve obtained
hags therefore the property, that its tangents (produced in
the same sense, for example, in that of the increasing radii
vectores) meet* the radii vectores, drawn from the pole O to
the point of contact, at equal angles. From this property
this curve is called Tke Equiangular Spiral 1.

77. Since the figures, which are made up of an equal
number of successive elementary triangles, are similar, so
also, if we draw in the equiangular spiral the radii vectores
04, 0B, 0C, &c., at equal angular intervals, the triangles
04B, 0BC, OCD, &c., will be similar to one another. There-
fore the radii vectores in question form a geometrical pro-
gression, i.e the polygonal circuit 4BCD... inscribed in
the spiral is exactly the same as the one constructed by
the rule of Art. 75, starting from the eclementary triangle

A AOB. 1If therefore we
take the triangle 408 at
pleasure, and construct
the polygonal circuit
ABCD.,., all its vertices
lie on the same equi-
angular spiral with its
pole at O. Hence it
follows, that the pole
and two points of the
curve completely deter-

s m—

-

mine an equiangular spiral.
78. Any two points B, C (Fig. 66) of an equiangular spiral,

* COUSINERY, 1. ¢, p. 41, 42. CuLMaxN, |, ¢, No. 5.

+ WuirwortH, The equiangular spiral, its chief properties proved geome-
trically (Oxford, Cambridge, and Dublin Messenger of Mathematics, vol. i. p. 5,
Cambridge, 1862).
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the pole O, the point of intersection 7' of the tangents at those
points, and the point of intersection N of the corresponding
normals, are five points on the circle whose diameter is N7.
Of the truth of this we are easily convinced if we consider,
(1) that the circle drawn on N7 as a diameter will pass
through the points B and C, since the angles NBT and
NCT are right angles; (2)that the angles 0BT and OCT being
supplementary (since the angle made by a tangent with the
radius vector drawn to its point of contact is constant), the
four points OTBC belong to the same circle. Hence it
follows that NOT is a right angle.

79. Now take the points B and C so close together, that
the spiral arc between them can be replaced by a circular
arc. Since this are must touch BT and CT in the points
B and C, its centre lies at N; the tangents BT, C7 are equal,
and therefore the chord BC is bisected at right angles by the
straight line N7'; hence also, N and 7' are the points of
bisection of the arcs BC of the circle OBC, i.e. OT is the
internal, and ON the external bisector of the angle BOC.
The point N, which will serve as a centre from which to
describe the arc BC substituted for the spiral are, can there-
fore be constructed as the extremity of that diameter of the
circle OBC, which is perpendicular to the chord BC. The
centre P of the next arc CD, which must be the point of
intersection of the normals at ¢ and D, will be the point of
intersection of the straight line CN, with the straight line
which bisects the chord CD at right angles, or with the
external bisector of the angle COD. And so on.

80. From this we obtain a construction for the equiangular
spiral by means of circular arcs. We divide (Fig. 67) the
angular space (four right angles) round the pole O into a
certain number of equal parts, so small that the spiral are
corresponding to each part can be replaced by a circular are.
On two consecutive radii vectores points 4 and B are taken,
through which the spiral must pass. The centre 3/ for the
arc AB is then the end of that diameter of the circle 045,
which is at right angles to the chord 4B. Let N be the point
where BM cuts the external bisector of the angle between OB
and the next radius vector. With the centre N describe the
arc BC. Similarly let P be the point, in which CN cuts the
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external bisector of the angle between OCand the radius vector
immediately following it; then with P as centre we describe

the arc CD; and so on¥*.

Fig. 67.

81. Instead of assuming the point 4 (as well as O and B),
we may suppose the constant angle between the tangent
and radius vector to be given. In this case, having drawn
BS inclined to OB at the given angle, let § be the point
of intersection of this tangent BS§ with the internal bisector

Fig. 68.

of the angle between OB and its pre-
ceding radius vector; then the point
A is given by the intersection of that
radius vector with the circle OBS.
After we have found the point 2/
of this cirele, which is diametrically
opposite to S, we proceed with the
construction in the manner explained
abovet.

82. We are often able to avoid
drawing these circular arcs, and to
restrict ourselves to finding a series
of points on the curve sufficiently
near together to be united to one

another by a continuous line. For this purpose we take the

* For this construction I am indebted to Prof. A, SAyYNo, of Milan.
*+ For this construction I am also indebted to Prof. A. Sayno.
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elementary triangle 04, B, (Fig. 68), of which the angle at 0 is
very small, and between the sides 04, and OB, construct the
crooked line 4, B; C, D, ..., with ils sides alternately parallel
and antiparallel to 4, B;. Then, upon the radii vectores
04, OB, OC, &c., drawn at angular intervals each equal to
the constant angle 4, O B,, take points 4, B, C, &ec., in such a
manner, that 04, = 04, OB, = OB, &e.

88, This spiral when drawn serves for the solution of
problems involving the extraction of roots.

We want, say, the 4* root of the ratio between two given

segments a;, a. Write ¢, = a (g )', then the question becomes
that of finding the ratio - Take on the spiral (Fig. 69,

where ¢ = 5) the radii vectores @ and 4,, and divide the angle
included between’ them into 4 equal parts. Thei—1 dividing
radii vectores a;, a,, &c., will be the intermediate terms of a
geometrical progression of 7+ 1 terms, the first of which is
a and the last .. The ratio ¢,:¢ of the two first terms is

therefore the required ratio (g) .

84. Two radii vectores containing a constant angle have
a constant ratio. From this
it follows, that, if we take %
the sum or difference of the
angles contained by two pairs
of radii vectores a; 6, and
a, b,, the resulting angle is
contained by two radii vec- \\ 0
tores, whose ratio is in the \
first case equal to the pro- \
duct, in the second to the N \
quotient, of the ratios a,: 4, \ )
and a,:5,. Thatisto say,the .
equiangular spiral renders
the same service in graphical
calculations which a table of logarithms does in numerical
methods. The ratios of the radii vectores correspond to
the numbers, the angles to their logarithms.

On account of this property the curve we are speaking of is
also called the Logarithmic Spiral. If we take a radius vector

Fig. 69.
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equal to the linear unit as the common denominator of these
ratios, it is obvious that the radii vectores themselves may be
considered instead of their ratios to unity.

If, for example, we wish to construct the segment », given

by the equation
z=/0,.0,.....0,

then z is the radius vector of the spiral, which makes with the
radius 1 an angle equal to the arithmetic mean of the angles,
which the radii ,, a,, ... 2, make with the same radius 1.

85. But when the extraction of a square root only is
wanted, instead of employing the spiral, it is much easier to
use the known constructions of elementary geometry. If,
for example, # = v/ab, we construct @ as the geometric mean of
the segments a and &. ’

If the segments Od = a, OB = b are set off on a straight
line in the same sense, then (Fig. 70) # is the length of the
tangent OX, drawn from O to a circle described through 4 and
B or (Fig. 704) a circle may be drawn with diameter = 04
(the greater segment), and then  is the chord OX, whose pro-
jection on the diameter is the other segment 4.

X
. /0
o/
(1] B 0 3 A

Fig. 7o. Fig. y0a.

Again, if the segments 04 =a, OB =1 lie in a straight
line, but have opposite sense (Fig. 71), we describe a semi-

— circle on 4B, and then # is the ordi-
= nate erected at the point 0.
86. The same ends for which the
! 1 equiangular spiral serves, are easily
B

attained by using another curve called
¢ The Logarithmic Curve.

Draw (Fig. 72) two axes Oz and Oy; and on the first of
them, starting from the origin O, take the segments 00, 01,
02, 03, &c., respectively equal to the terms

Fig. 71.

m my 2 m 3
T, @ = 2o — a‘2=a'o(;;) , By= &, (—n-),&c.,
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of a geometrical progression, of which the first term is #,, and
the common ratio %Z (where m is supposed greater than z);

and on the second axis take the segments 00, 01, 02, 03,
&e., also measured from O, 7

and respectively equal to
the terms y, =0, y, =/, 3 0
Yy=20, y,=38l &e., of M
an arithmetical progres-
sion, with its first term A e
equal to zero, and the e NN
common difference® =7 1 /7 \ \
The terms of the two / | \
progressions, which corre- "
spond to the index 7, are  ©° i ] %

Fig. 72.

/

z, =, (%)r, ¥, =1l;

yr
m [
and therefore z, =, (;) .

Between each pair of consecutive terms in each of the
two progressions we can interpolate a new term, so as to
obtain two new progressions, of which the first has a common
ratio (%l); or 1/;:-”-? > and the other a common difference —;—
This follows, from the fact that in every geometrical (arith-
metical) progression any term whatever is the geometrical
(arithmetical) mean between the terms preceding and follow-
ing it.

If we construct, for example, the geometrical mean between
z,, and #,,,;, and the arithmetical between y, and y,,.,, we
obtain the two corresponding terms

(2, #,41) ¥ = o, (%)

(9 +9ra) = (7 +1)¢
of the two new progressions.
In these progressions we can in like manner interpolate a

r+d

* In the succession of numbers on Oy, the zero coincides with the origin O,
because y, was taken = 0.
F
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term between each pair of consecutive terms, and so on, until we
1

3
arrive at two progressions, for which the ratio (g) and the
difference él; are as small, as we please®. If we use # and »
to denote two corresponding terms, we have always

(1) z=wm, (%)7 )

@
log—a-}—

or (2) y:l ”:J
log-;;

the logarithms being taken in any system whatever. We
shall call those points of the axes Oz, Oy corresponding points,
in which corresponding segments # and y terminate. We
draw parallels to the axes through these corresponding points,
i.e. through the final point of # a parallel to Oy, and through the
final point of y & parallel to Oz. The straight lines so drawn
will intersect in a point M; 2 and y are then called the co-
ordinates of the point M, and in particular z is called the
“abscissa’ and y the ‘ordinate’ The equation (1) or (2) ex-
pressing the relation between the co-ordinates of the point M,
is called the eguation to the curve which is the locus of all
points analogous to M. We call this curve the ¢ Logarithmic
Curve’ because the ordinate is proportional to the logarithm
of & number which is proportional to the abscissa.

87. We construct this curve ‘by points’ in the following
manner. After drawing the two axes Oz, Oy (Fig. 73) (usually
at right angles) we take on Oy a segment OB = 0 (2%) = /, where
¢ may be considered as the unit of the scale of lengths on Oy;

and, upon Oz we take a segment 04 = 0 (2%) =, -:?, where
00 = x, is the unit of length of the scale for Oz, and —Z—L
the base of the logarithmic system (the number 10),

¥ { is the number of interpolations.
* Since @ increases much faster than y, it is convenient, in order to keep
the construction within reasonable limits, to take the unit #, much smaller than

7, for ex., 2Pl
0” g
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Let OB be divided into 2¢ equal parts, and let 1,2, 8, ...,
2¢-1,,,,, 2¢(= B) be the points of division.
K4
B

N

Fig. 73.
In order to find the corresponding points of Oz, take the
geometrical mean between #, and z, %, i.e. describe a semicircle

on 04 as diameter, and set off along 04, starting from O, the
length of the chord of this semicircle, which has 00 for a pro-
jection; we shall thus obtain the point 2i~! of Oz, which
corresponds to the similarly named point of Oy (i.e. to the middle
point of OB). Similarly by taking the geometrical mean of 00
and 027, and the geometrical mean between 02! and 04,
we shall obtain the points on Oz, corresponding to the middle
points of the segments 02¢-1, and 2¢-1B of Oy; and so on.

Now draw parallels to Oy through the points of division of
Oz, and parallels to Oz through the points of division of Oy;
the points, in which the lines drawn through similarly named
points intersect, lie on the logarithmic curve we are con-
structing. Since to the value y =y, =0
corresponds the value # = », = 00, the
curve passes through the point marked
0 on Oz.

88. It is also very easy to construct
a tangent to the curve at any one of
its points (Fig. 74). Let M and N be Fig. 14-
any two points on the curve, at a small distance from one

F 2
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another; MP, NQ parallels to Oz, MR a parallel to Oy, and 7
the point in which Oy is cut by the chord MN. The similar
triangles 7PM and MEN give
TP: MP= MR:NR,
or TP:MP= 0Q—OP:NQ—MP.
Let OP =y, PQ =%, then MP and NQ are the abscissae
corresponding to the ordinates y, y + 4, and therefore

y+h

T

¥
MP =2, (%), NQ=a, (%)

y
t h
i _"_’) n
whence 7P = ( d =1 ¢

yth y A
my * mN¢ my*
) -G )

Now let the point NV approach continually nearer and nearer
to the point M, i.e. until 2 approximates to the value zero,
then NMT will also continually approach towards the position
of the tangent at 3/, and the segment T'P, the projection of

TM upon Oy, has for its limiting value what is usually called
the ¢ swblangent.” But the limit* which the fraction

()1

)

l
approaches, when % tends towards zero, is the natural

logarithm of 7—::-, which we shall denote by A —7;3 ; therefore in the

limit we have 1
TP = —

A ﬂ H)
n

i.e. the subtangent is constant for all the points on the curvet.

Hence it follows, that a single construction suffices for
drawing tangents at all the different points on the curve.

89. Having thus constructed the logarithmic curve, we
can solve by its aid all those problems for which the
ordinarylogarithmic tables are used. We want for instan ce

* BavrzER, Elemente der Mathematik, i. 4 ed. (Leipzig, 1872), p. 200.
+ SaLmoN, Higher plane curves, and ed. (Dublin, 1873), p. 314.
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to construct the 7t root of the ratio between two straight lines
2,9. Take upon Oz the abscissae 2’ = p, 2’ = ¢,and find by
means of the curve the corresponding ordinates 3 and y”.

The abscissa corresponding to the ordinate ; (' —9") has the

value g, V 2,
q

Secondly, say we want the 7% root of the product of the
straight lines p,, p,, ..., p,. Take on Oz the abscissae 2, = p,,
@, = p,, &ec., and find the corresponding ordinates y, 7,,
Y5, ... 9, ; then the abscissa 2 corresponding to the ordinate

1
;(.71 +p+ o0 +3)
is equal to the required quantity

'(/ﬁn]”zi.?’a’ vo0 Ppe



CHAPTER VI

SOLUTION OF NUMERICAL EQUATIONS¥.

90. LET ay,a,,4,, ..., 4, be #+ 1 numbers given in magnitude
and sign, and let (Fig. 75) a polygonal right-angled circuit
be constructed, the lengths of whose successive sides 01, 12,
23, ... are proportional to the given
numbers. The sense of each side
is determined by the following law :
the 7t and the (7 +2)* sides, which
are parallel to one another, have the
same or opposite sense, according as
the signs of the numbers a,_,, 2,,,,
which are proportional to these sides,
are unlike or alike .

Assume a point 4, in the straight line 12, and take
04, as the first side of a second right-angled circuit of « sides,
whose respective vertices 4,, 4,, 4;, ... lie on the sides 12,
23, 34, ... of the first circuit.

Fig. 75.

* LiLy, Résolution graphique des équations numérique d'un degré quelcongue &
une inconnue (Nouvelles Annales de Mathématiques, 2° série, t. 6, Paris, 1867),
p. 859.

+ In order to fix with the greatest possible precision the sense of each side of
the crooked line, the following convention is useful. We take two rectangular
axes X0X, YOY, and determine for each of them the positive sense; and we
agree to give the number, which expresses the length of a segment, the coefficient
+1, or —1, according as it is in the positive or negative direction of X0X, and
the coefficient +14, or —i (where ¢ = 4/~1, i. e, = —1), according as it is in
the positive or negative direction of ¥OY. Now let a circuit be formed whose
successive sides,

01, 12, 23, 34, 45, 56, ....
are equal to Oy, 10y, Py Pty Py, Py ...,
i.e. equal to @oy 101y — gy =103, Gyy 10y o1 s
then the 1st, 374, 5tb, sides will be parallel to X0X, and the others to YOY;
moreover two parallel sides, separated by a single side at right angles to both,
will have the same, or opposite sense according as the corresponding numbers @
have opposite signs or the same sign.
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The triangles 014,, 4,24,, 4,3 4,, 434 4,, ... are all similar
to one another, and therefore give
01 4,2 423 Ag4 Ay g

-—._ ___.—-__._.—-

whence, remembermg the 1dent1t1es,

01 = ay, 4,2 = 4,1+a,,
12 = a,, A23=A22+a2,
23 =a,, 434 = 4,3 +a,,
n—=l,n=a,,, 4,.24+1=4,.0+a,,
z.n+1=a,,
. 4,1
and putting oL Hor 4,1 = gy,

we obtain :
4,2 =ayx +ay,
4,2 = aowz-{-alw,
4,3 = aya® +a,x +ay,
A33 = a,2° + a, 2% + a,2,

A = aoaf'-l-dl mn—l'l"uo +an—1$’
4,.2+1=a2"+a,2" ... +a,_,2+a,

Thus the segment 4,.7+ 1, included between the final
points of the first and second polygonal circuits, represents
the value which the polynomial

F () =apa"+a, 2" +...+q,
takes, when we substitute for 2 the ratio of the segment 4,1 to
the segment 01 or ¢;,, Keeping 4, positive, the signs of # and
a, will be equal or opposite, according as 4,1, 12 have the
same or opposite sense.

If the final points of the two circuits coincide, we have the
identity F(«) = 0; and then # is called a roof of the equation
F(z) = 0. The real roots of the equation F(z) = 0 are there-
fore the ratios 4,1: 01, which correspond to those right-angled
inscribed circuits whose final points coincide with the point
W7

On account of this property we say, that the circuit
0123 ... 0+ 1, represents the whole polynomial F(z).

91 Ifin 0123... %+ 1 we inscribe a new right-angled circuit,
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0B, B,...B,, and if we denote the ratio of B,1:01 by y, we
shall have in like manner
Br.a+1=F(y)=ay"+a,y" ' +...+a,.
For the coefficients @ we substitute their values

a, = 01,

a,=12=4,2—4,1 =4,2-01.2,

a, =23 =A4,3—4,2 =A4,3—4,2.2,

a; = 34 = 434— 4,3 = A;4—4,3. 2,
=a—1lan=d,_n—4,_jn—1=4,,. n—A”_c.;a—:Iw,
a,,:n.ﬁﬁ:z.l”n+l Adn=A4An+1—4, ;.n.2;
and thus obtain

B,.n+1=01.9"+(4,2—01.2)y"!
+(4,3—4,2. m)y”"2

%

+ . . .
+(4,_y.n—4, 2”—‘1"”).?

+(A,,n+1 4, n.x)
= (y—)[01.9" 14 4,29" 2+ 4,3y* 3+ ...+ 4, 0]+ Adn+ 1.
But Bu+1—A,n+1= B,4,,
Bj1—4,1 B4,

and  g-w=—-F o1
therefore
01. B,4, 01 "‘1+A 2.2 4,3.9 n—3 A
-31/11— i I+ IVt e+ 4, 0.

This result may be expressed as follows (Fig. 76, where
n=26): In a rectangular circuit of n+1 sides 0123..n+1,
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two other rectamgular circuits of n sides 04,4,...4,, OB, B,
. B, are inscriled ; we then form a mew rectangular circuit
012'8'...2" of n sides, whick are respectively parallel to the sides of
the first circuit and equal fo 01, A,2, 4,3,..., A,_yn. In this
inscribe the rectangular circuit of n—1 sides OB, By ... By,
kaving the side OB, in common with the circuit already described

0B, B, ... B,.
n—l”, — -BnAn .
Then we have o1 = B——_x 4,

That is to say, the segment B',_,.n’ is the result of the division of
F(y)— Hx) by y—n: where T significs the Polynomial represented
by the first circuit 0123.,.n+ 1, and @ and y are the ratios 4;1:01;
B;1:01. -
Or, in other words,
Tle circuit 01273’ ,,.n" represents the polynomial
F(2)—F(x)
i—aw
or, in the case where  is a root of the equation F(2) = 0, the
polynomial F(z):(z—a).
92. The similar triangles considered above give
01 4,2 4,3 44 = d,,m
0= DAy~ 44, dody = T Ay dy
so that our equation may also be written,
04, . _'g:i’: =04, 9"+ A Ayt + Ay Ay YV 34+ 4,1 4,.
This result may be interpreted as follows (Fig. 77):

B

If we inscribe in the rectamgular circwit 0123...n+1 of n41
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sides (Fig. 77, where n = 6) two new rectangular circuits of n sides
04,4,...4,, 0B, B,... B, and then inscribe in the first of these
a rectangular circuit of n—1 sides0C, C,...C,_4,

Ci4, ___ Bl
where 04, =Y="or”
B4, C,_,4
then nn . n—1"a.,
B4, od, ’
that is to suy, C,_; A, is also equal to the quotient
F(y)—F(2)
y—=
multiplied however by goATl .

In other words:
The circuit 04, 4, ... A, represents the polynomial
F(o)-F(z),
-z
or, in the case where  is a root of the equation F (2) = 0, the poly-
nomial F(z):2—w, provided the lengths be reduced in the ratio
04,:01.

Every rectangular circuit of # sides inseribed in the given
circuit, and having the same extremities, is therefore a re-
solvent circuit in regard to the given one, because it represents
the quotient, obtained by the division of the Polynomial
represented by the given circuit, by one of its linear
factors.

93. Again, let the entire polynomial of the #* degree F'(2) be
represented by the circuit 0123...n+41. In it let the two
circuits 04, 4,...4,, OB, B,...B, (Fig. 78) be inscribed. We
assume that both the points 4,,, B, coincide with the extremity
n+1 of the given circuit} ie. let 04, 4,...4,, 0B, B,...B,
be two resolvent circuits of the given circuit. Moreover let
Ly, L,,...,L,_,be the points of intersection of the pairs of sides
4,4,,B,B,; 4,45, B,By; ...; 4, 44, 1, B, ,B, ;. Then the
triangles 04, B,, L, 4, B, are similar, since their corresponding
sides are perpendicular to one another ; for the same reason the
triangles 4,B,1,, 4,B,L, are similar, and therefore also the
quadrilaterals 04,B,L,, I,4,B,L, are similar, whence it
follows that the sides' 0Z,, I, L, are perpendicular to one
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another. In the same way we show that the angles L, Z,Lj,
L,L,L,, ..., L,_3L, ,n+1 are right angles.

R

A

Fig. 8.

Hence it follows that the points 0L, L,... L, ,n+ 1 are the
vertices of a circuit of #— 1 sides, which is right-angled, and
is inseribed both in the circuit 04,4,,..., and in 0B, B,...;
that is to say, 0Z, L, ... is a resolvent circuit in regard to each
of the circuits 04,4,..., 0B, B,.... In other words, if we
reduce the lengths in the ratio (—)OLTI, the cireuit 0L, L, ... L,
represents the polynomial of the (z— 2) degree

=2) -=9)
where 2 = 04,:01, y = 0B,:01.

94. Let an equation of the second degree
be given a2t +a,2+a, = 0.

After constructing the circuit 0123 (Fig.
79), whose sides 01, 12, 23 represent the
coefficients ¢,, «,, ¢,, it is sufficient, in
order to find a root, to construct a right
angle, with its vertex 4 upon 12, and its

Fig. 79.
legs passing through 03. We describe’ therefore a semicircle
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on 03 as diameter ; if this cuts 12 in the points 4,, 4,, the roots
of the given equation will be -
4,1 "Az 1
o ey
From known properties of the circle we have :
A2 1=24,,
and therefore
4,14 4,1 =24, +4,1 =21,
41+4,1  a
2% - Z)

or ’

that is to say, the sum of the roots is — ‘.:1.

0
Further the similar triangles 014,, 4,23 give
01:4,1=4,2:32,

or ay: 4,1 = —4,1: —a,,
1.

and therefore ‘il._f‘él =%
a, a,

i.e. the product of the roots is equal to % .
0
A simple apparatus depending on the foregoing theorem

(Art. 91) bas been designed by Lill, with the object of
determining the roots of a given numerical equation. The
apparatus consists of a perfectly plane circular dise, which
may be made of wood; upon it is pasted a piece of paper
ruled in squares. In the centre of the dise, which should
remain fixed, stands a pin, around which as a spindle another
disc of ground glass of equal diameter can turn. Since the
glass is transparent, we can, with the help of the ruled paper
underneath, immediately draw upon it the circuit corresponding
to the given equation. If we now turn the glass plate, the
ruled paper assists the eye in finding the circuit which deter-
mines a root. A division upon the circumference of the ruled
disc enables us, by means of the deviation of the first side of
the first circuit from the first side of the second, to immediately
determine the magnitude of the root. For this purpose the
first side of the circuit corresponding to the equation must be
directed to the zero point of the graduation.



CHAPTER VIIL

REDUCTION OF PLANE FIGURES¥,

98. To reduce a given figure to a given base &, we must
transform the figure into a rectangle whose base is 4, or deter-
mine a straight line f, which when multiplied by & gives the
area of the given figure. Instead of constructing a rectangle
on the base & we may construct a triangle on the base 24;
the height of this triangle is the straight line /. The segment
b is called the dase of reduction.

When several figures are reduced to the same base &, their
areas are proportional to the corresponding straight lines
fis Jo»r Jo» &ec.; whence it follows, that the reduction of a
figure to a given base is the same thing as finding its area.

Let the given figure be the triangle 04.B (Fig. 80), whose base
04 is denoted by «, and its height by 4. Then, since the area
must remain unaltered by the transformation, f% = }a#,

k. a
and therefore f=a. Yin =4£. 27’
that is to say, we have either to multiply « by the ratio Z: 24,
or % by the ratio a: 24.

We therefore take OC = 28,
join C to B, and draw 4D
parallel to CB.

Or else, take on OB the
point D, whose distance from
04 = 2 b, join D4, and draw
BC parallel to D4. Fig. 8o.

If we join CD), the triangles O4B, and OCD are equivalent,
because we obtain them, if we subtract the edual triangles
4DB, ADC from, or add them to the same triangle 04D
(according as OC is smaller than, or greater than 04). The
required segment f is therefore in the first construction the

* CULMANN, L c., No. 15 ct seqq.
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height of the point D above OC, and in the second is the
length OC.

96. It is not necessary that one of the dimensions f or 25,
should fall along & side of the given triangle. We may take
as the doubled base 24 a straight line BC (Fig. 81) drawn
from the vertex B to the opposite side 04, provided 25 is not
less than the distance of B from O4; the corresponding
height / will then be 0D, the antiprojection of 04 on BC*.
Or if 26 is not greater than 04, we can take as the doubled
base 26 a chord OD of the semicircle drawn on 04 as
diameter In this case the parallel BC to the supplementary
chord DA is the required height f.

Fig. 82.

" 97. Let it be required to reduce the quadrilateral 4BCD to
the base 4 (Fig. 82). Draw CO parallel to the diagonal BD;
then the quadrilateral reduces to the triangle 04B, and we
proceed as above, viz. we make BC’ = 25, and the antipro-
jection 01 of 04 upon BC’ is the required length f.

98. The reduction may also be performed without first
reducing the given quadrilateral 4BCO to a triangle. Take
the diagonal OB (Figs. 83, 84, 85, 86), which must not be
less than 24, as hypothenuse, and construct the right-angled
triangle ODB of which the side BD = 24. Let the points
4 and C be projected, by means of rays parallel to OB,
into 4’, ¢’ on 0D, the other side of the triangle OBD; the

* The triangles BPC, DOA are similar, hence BP;BC = OD: 04, or

hi2b=f:0; thereforef=a.§—hb. Q.E D,
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triangles OCB, OB4 are equivalent to the two triangles OC' B,
and OB4’; but in each of these the distance of the base OC, or

Fig. 84.

04’, from the opposite vertex = 25,and therefore the required
height f for the quadrilateral is equal to OC’+ 4’0 = 4'C".

0o

Fig. 85. NE
Fig. 86.

In the crossed quadrilateral (Fig.87) if 4C is parallel to
BO, the points 4" and C’ coincide, and therefore f=0. In
fact, in this case the area 4BCO is equal
to the sum of the two triangles U4B,
and UCO, which are of equal area but
of opposite sign.

99. The length fis also equal to that
segment of the straight line drawn
through 4 or C parallel to 4’C’ which is
intercepted by the straight lines 44',CC'.

100. The foregoing construction assumes that 24 is not
greater than the greatest diagonal OB of the quadrilateral.
If 24 is > OB, the lengths 24 and f can be interchanged.
We draw, namely, 4F parallel to OB and make CE = 2§;

Fig. 87.
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then, construct on the hypothenuse OB a right-angled triangle
ODB, of which the side 0D is parallel to CE; and then the
other side BD = f.

101. In order to reduce a polygon to a given base, whether
its periphery is self-cutting or not, we begin by reducing it
to an equivalent quadrilateral. We then apply the above
construction to the quadrilateral and thus obtain the segment

/, which multiplied by the base & gives the area of the
polygon proposed.

Fig. 88.

Let the given polygon be 0123456780 (Fig. 88). Draw
the straight line 8 7’ parallel to the diagonal 07,

”» ”» 7,6, ” » 06 ’
9 » 6,5’ 3 ”» 05 ’
” » 5’4, 12 ” 04 1)
” » 4,3, ” 9 03 H

and the polygon is successively transformed into the equiva-
lent polygons 01234567/, 0123456', 012345, 01234/, 0123,
each of them having a side less than the preceding one*. We
finally arrive at the quadrilateral 0123".

102. In this construction the new sides 07/, 06’, 05’,... of the
reduced polygons are rays proceeding from the fixed vertex
0. But we can also proceed in such a manner, that all the
new vertices 7/, 6/, 5, &ec. lie on a specified side. If we have,
for example, the polygon Aabede C012345, and if we draw

11’ parallel to 20

29/ . 31

33’ » 42’ \ till each intersects the side 0C,

44’ » 53

5D ” 4¢

* The triangles 087, 077’ are equivalent, because the straight lines 07, 87’ are

parallel ; if we take the first triangle away from the given polygon, and add the
second one to it, we obtain the new polygon 01234567'0. And so on.
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we determine & straight line 40 which can be substituted for
the crooked line 4543210.

For, since 11°, 20 are parallel, the triangles 120 1’20 are
equivalent, and if we subtract the former from the given
polygon, and add the latter to it, the polygon reduces to
Aabede C 172345, Similarly, from the equivalence of the tri-
angles 1’23, 1’2’3 the latter polygon reduces to dabede C 2'345,
and proceeding in this manner we finally arrive at the poly-
gon Adabede CD.

Fig. 89.

In order to effect a like transformation for the crooked line
AabedeC, we draw
04 parallel to ca

ec’ ” av

ad’ ; ed till each intersects the side Aa,

eB » cd
and now the whole polygon dabede C012345 is reduced to the
equivalent quadrilateral 4 BCD.

108. This is the easiest and most convenient way of
finding the areas of figures, the perimeters of which take the
most different forms. With a little practice we learn to
perform the reduction quite mechanically, and without paying
any attention to the actual form of the proposed circuit. This
construction moreover permits us to take account of signs,
so that in dealing with areas of different signs, the result
gives the actual sign belonging to their sum without further

G
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trouble*. Take, for example, the self-cutting circuit (Fig. go)
ABC 01234, which represents the cross section of an embank-
ment and excavation in earthwork.

Fig. go.
Draw 11 parallel to 20,
22’ 31/,
33’ » 42,
4D 43,

until they meet the side C0, then the given polygon is re-
duced to the equivalent quadrilateral 4BCD, which there-
fore represents the difference between the areas 4 BC74 of the
embankment and 70123 of the excavation, which have neces-
sarily different signs. The circuit 4B8CD has the same sign
as the circuit 4BCI4, or as the circuit 70123, according as the
embankment or the excavation is the larger.

104. Circular Figures. A sector of a circle (Fig. 91) OAB is
equivalent to a triangle 04C, with its vertex at the centre O
and its base a portion AC of the tangent equal to the arc 4B.
In order to obtain approximately the length of the arec 4B

. measured along the tangent, we take an
A O arc a, so small that it can without any

sensible error be replaced by its chord

a; we then apply the chord  to the given

arc AB starting from its extremity B,

o i and continue doing o as long as necessary

Fig. 1. till we reach 4 or a point 4" very near A.

Then starting from 4 or 4’ we set off the chord & the same

number of times along the tangent 4C+. The sector O4B is
now replaced by the rectilinear triangle 04C.

* CULMANN, L ¢, No, 17.

% CuLMmaNN, L. c.,, No. 21. In Chapter IX is given a method of Rankine for the
approximate rectification of circular arcs, and also some methods of Professor
Sayno.
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The segment 4B (i.e. the area between the arc 4B and its
chord) is the difference of the two triangles 04C, O4B, and is
equivalent therefore to the crossed quadrilateral OBAC.

. 105. It is not necessary that the tangent upon which we
set off the arc should pass through an extremity of the arc;
instead of doing so it may (Fig. 92) touch the arc at any other

aQ

"o
Fig. 9a. Fig. 93.

point 7. In such case we set off the are A7 on CT, and BT
on DT. The sector O4B is transformed into the triangle OCD,
and the segment 4B is the difference between OCD and 045,
i.e. is equal to the doubly crossed figure OCDOBAO, which
may be considered as a hexagon (Fig. 93) with two coinci-
dent vertices at O. If we draw OB’ and OdA’ respectively
parallel to .LC and BD, the triangles 04C, OBD are transformed
into the two other triangles B’AC, 4’BD, and therefore the
segment is equal to the quadrilateral 4’5CD.

108. Erample—

Let the figure to be reduced be the four-sided figure 4C20 3,
contained between two
non-concentric  circular
ares, AC and 3 D, and the
straight lines CD, 43
(Fig. 94).

Let 0, 1 be the centres of
the two circles ; the given
figure is then equal to the
sector 0 4C—the sector
13 D—the quadrilateral
041C. Change the sectors
into the triangles 04B,
132, by setting off the two
arcs along their respective tangents 48 and 32, starting from
corresponding extremities 4, 3; and now the given figure is

G2

Fig. 94.
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equal to the triangle 04B—the area 04321 C0, i.e. is equal to
the self-cutting polygon 4 B0C123 4.

Draw 11’ parallel to 2C :

22/ ” 317} till they cut the fixed side Co,

3¢, 42
and the polygon reduces to the crossed quadrilateral 4B 0C".
The area & f of this quadrilateral is found in the usual manner;
i.e. on the diagonal 40 as hypothenuse a right-angled triangle
is constructed, of which one side 4% = 26; the length f is
then the distance, measured parallel to the other side, of the
point B from a straight line parallel to 40 and passing
through C".

107. As another example suppose we wish to determine the
ares of Fig. 95, which represents the cross section of a so-called
U-iron.

It consists; (1) of & lune-shaped area 4EA’F, bounded by two
circular arcs, one having U as centre, the other 0; (2) of a
crown-shaped picce CBFB'C’ bounded by two concentric cir-
cular arcs BB, CC’ drawn with O as centre; (3) of two equal
rectilinear pieces ¥ BCJIII and B'C'J'I’H’, symmetrically
situated with regard to the straight line OUFE, which is an
axis of symmetry for the whole figure.

The lune is equal to the sector UAE4’ plus the quadrilateral
0AUA’ minus the sector OAFA’, i.e. it equals the sum
UAEA'+ 04UA’+ AOA’F. After transforming the two sectors
spoken of into the triangles U4D, O4G (where 4D, AG are
the arcs 4FA’ and 4FA’ set off along their respective initial

* We say rectilinear, because we suppose the small arcs CJ, C'J’ to be
replaced by their chords.
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tangents), the lune becomes equal to the sum UAD+ 04U4’
+40G, or finally, if we merge these three circuits in one, it is
equal to the area of the circuit 4DU4'040G4. Here we can
neglect the part 04, which is twice passed over in opposite
senses ; and consequently (Art. 23) the lune is equal to the
self-cutting hexagon 4DUA’0GA.

The crown-piece we consider as the difference of the sectors
OBB, 0CC’. After setting off the arcs along their middle
tangents PP, Q@’, since PQ, P'Q’ both pass through O, the
crown becomes equal to the trapezium PP’ Q’Q, which is the
difference between the two triangles OPP’, 0Q@’, equivalent
to the two sectors in question.

If we now reduce the hexagon 4DUA’OG, the trapezium
PP'Q’Q, and the two pentagons BCJIII to a common base s
and find their corresponding segments to be f;, f1, 2f;, then
U(fy+f1+2f,) will be the required area of the given figure*.

Or we may consider the given figure as an aggregate of
triangles and trapeziums made up in the following way

UAD+204U—04G+ OPP' —0QQ +2 BCKH + 2 CJIK,
where CK is drawn parallel to BH, and JI. We consider the
areas of these triangles and trapeziums as the products of two

o
1 673 524 3
o 5
SN\ 1\
6|
1 A z
N 7
2T
5
6{/" 4
7 Fig. 954,
4
Fig. 95 @.

factors, and reduce these products to a base 4/ by means of the
multiplication polygon (Fig. 95a). It is, of course, understood
that for each area to be subtracted, one of the two factors
must be taken negatively.

* In Fig. 95 we find 2, directly, if in the reduction of the figure B'C'J'I'H’
we substitute b for 2 b.
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108. Curvilinear figures in gemeral*. It is a well-known
property of the parabola, that a parabolic segment (Fig. 96) is
equivalent to 4 of the triangle, whose base
is that chord of the parabola which forms
Z - the base line of the segment, and the
vertex of which is that point of the arc
where the tangent is parallel to the base;
that is to say, the segment of a parabola is equal to a triangle
whose base is the chord, and whose altitude is 4 the Sagitta:
where we understand by Sagitta the perpendicular distance
between the chord and that tangent of the arc which is
parallel to the chord.

109. One method then of reducing curvilinear figures, con-
sists in considering each small portion of the curved periphery
to be a parabolic are.

If a curved line (Fig. 97) is divided into small arcs each of
which may be approximately regarded as a parabolic arc, and
if the parabolic segments between these arcs and their respec-
tive chords are reduced to triangles on these chords as bases;
then the vertices of all these triangles can be taken anywhere
at pleasure on the straight lines drawn parallel to the chords
at distances from them equal to 4 their respective Sagittae.
Let these vertices be taken so that
the vertex of each new triangle lies
on the prolongation of one side
of the preceding triangle, i.e. so
that the vertices of two successive
i triangles and the point of intersec-

Fig. o7. tion of their bases always lie in the
same straight line. Then the curvilinear circuit is reduced to
an equivalent rectilinear circuit formed of sides whose number
is equal to that of the parabolic segments into which the given
circuit was divided. The rectilinear circuit or polygon is next
reduced to its equivalent quadrilateral, and finally this is
reduced to the given base in the manner previously explained.

110. Suppose, for example, we wish to replace the irregular
boundary line 4B between two fields by another consisting
of two rectilinear segments which form an angle with its
extremities at 4 and B (Fig. 98). We consider the curve 4B

* CurMaANN, L. ¢., No. 23.

Fig. 96.
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and the straight line B4 as a circuit,and reduce it to a triangle
on the base B4. ]

Fig. o8.

For this purpose we divide the curve into small ares ; draw
their chords and for the segments thus formed substitute
triangles, by the method we have just given above. In this
way we transform the given circuit into the rectilinear polygon
40123458, Then we draw

11’ parallel to 20

22 3l

33’ ” 42"} till each cuts the fixed line 40;
44’ » 53’

s¢c . )

and thus transform the polygon into the triangle 4CB. We
have therefore substituted tho two rectilinear segments 4C, CB
for the given irregular line. The point € can be displaced at
pleasure along a line parallel to 4B, since by doing so we
do not alter the area 4BC.

111. The reduction of areas to a given base furnishes another
construction for the resultant of a number of segments 4, B,
Ay By, &e., &c. given in magnitude, sense, and position (Fig. 9g).
Take a point O as the initial point of a polygonal circuit whose
sides are respectively equipollent to the given segments; let N
be its final point. Now transform the triangles 04, B,, 04, B,,
&e., by reducing them to a common base ON, and let them be
so transformed that they have a vertex at O, and the side
opposite to it equipollent to ON. Then the sum,

04, B, + 04, B, + &c., &e.,
will also have been transformed into & triangle 04 B, where 4B
is equipollent to ON. The segment 4B is the required re-
sultant (Art. 46).
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In order to effect the above-mentioned transformation, it
will be convenient to take the initial points 4,,4,, &ec., &ec. of

Fig. 99.

the segments in a line with O. Project the points B, B,,
&e., &c. into the points B/, B/, &ec. &c. upon ON, by rays
parallel to 04, 4, ...,and then the triangles 04, B,, 04, B,, &.,
are transformed into the triangles 04, B, 04, B/, &. Then
draw the straight lines B/C,, B, C,, &ec., parallel to N4,, Nd,,
&c., respectively, and let the points in which they cut the
straight line 04, 4, ... be C,, C,, &e.

We thus obtain the triangles OC, N, OC,N, &e., respcctively
equivalent to 04, B/, 04,B,/, &ec., &c. Therefore, if the seg-
ment 04 = OC, + 0C,+&e., is taken on 04,4, ..., and if
through 4 the straight line 4B is drawn equipollent to O,
then 04B is equal to 04, B, + 04, B, + &e.



CHAPTER VIIL

CENTROIDS.

112. LET us suppose that, in the theorems of Articles 43 and
44, all the points B;, B,, ..., B, coincide in a single point G;
these theorems may then be stated as follows:

If 4,6, 4,6, 4,G, ..., 4,G are n segments, whose resultant
vanishes, and O is any arbitrarily assumed point in the plane, the
resultant of the segments OA,, O4,, ..., 04, is equal (equipollent)
to n times the segment OG (Fig. 100).

Fig. 100.

Conversely :

Let there be given n points Ay, Agyiiy Ay, and lot the resultant
of the straight lines 04,, OA,, ..., O4,, whick join the pole O to
the given points, be equal to n times the straight line OG drawn
from O to G, then the same equality holds for any other pole 0;
that is to say, the resultant of ihe straight lines O'4,, O'4dy, ...,
0’4, is equal to n times the segment O'G ; and the resultant of the
straight lines GA,, G4y, ..., G4, is equal to zero*.

118. The point G is called the Cenfroid of the points 4,
4y, ..., 4, Let the (Fig. 101, where # = 4) points 4,, 45, ...,
4, be given, to construct their centroid G we proceed as
follows. An arbitrary pole O is taken, and a circuit

* GRASSMANN, L ¢, p. 141, CHELINI, Sui centri dé’ sistemi geometrici
Raccolta scientifica; Roma, marzo 1849), § 1.
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04,23 ... n constructed, whose initial point is O and whose
successive sides are equipollent to the segments 04,, 04,,...,
OA,. The straight line On, which closes the circuit, passes

through the point @, and 0G = %’ Instead of dividing On

into 7 equal parts in order to obtain G, we may construct a
second circuit starting from another initial point 0’; the
straight line which closes this new circuit will cut Oz in the
required point G.

114. The system of # given points cannot have another
centroid ¢. For if both the resultant of G4,, G4,,..., G4,
and the resultant of G'4,, @’4,, ..., G’4, should vanish, then the
general resultant of all the segments Gd,, 4, &, G4,, 4, @, ...,
GA,, 4,G would also vanish. But if we combine the two
segments G4, , 4, @, we obtain the segment GG’ ; and therefore
GG’ must vanish, that is to say, ¢ must coincide with G.

115. Again, if in the proposition of Article 45, all the points
B,, B,, ..., B, are supposed to coincide with & single point @,
the theorem may be stated as follows:

If G is the centroid of the points 1, 2,3, ..., n, and if all these
points are projected by means of parallel rays into the points @,
U, 2, 8,..., % upon one straight line, then the sum of the straight
lines 11, 22', 33', ..., un’ is equal o u times the straight line GG’
(Fig. 102).

As a result of this proposition, since 7 is

1'[,,—01 the (oblique) distance of the point # from the
|____—oz straight line upon which we project, the point
g I G is zf,lso ca,ll'ed the centre of mean distances* of

——03  the given points 1, 2. 3, ..., z.

118. Instead of supposing in the pro-

L positions of Articles 43 and 44, that all the
points B, B,, ..., B, coincide with a single
point (7, we now imagine some of them B,, B,,
...y B; to remain distinct, and the rest to coincide with a
single point ¢; so that the resultant of the segments 4,5,
4, By, ..., 4;B;,4,,,G, ..., 4,G vanishes; and, whatever the
position of O may be, the resultant of 04,, 04,, ..., 04, is
equal to the resultant of 0B,, OB,, ..., 0B,,.(n—i).0G. The

L)

S

Fig. 102.

* CarNot, Corrélation des figures de géomtrie (Paris, 1801), No, 209.
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first of these equalities does not change, if we substitute for the
segment 4, B, the two others 4,@, GB, or 4,G,—B,G; the
second equality will also continue to subsist if we add to both
resultants the segments B, 0, B,0, ..., B,0, so that it becomes
an equality between the resultant of 04,, 04,, ..., 04,, B, 0,
B,0, ..., B,0 and the resultant of OB,, 0B,, ..., 0B,, B, 0,
B, 0, ..., B0, (n—3).0G; that is, between the resultant of
04,, 04,, ...,04,, —O0B,, —0B,, ..., — OB, and (n—i) . OG.

Hence:

If the resultant of the segments A,G, 4,G, ..., 4,G, — B, G,
—B,G,..., —B; G vanishes ; then, for any point O whatever, the
resultant of the segments 0A,, Od,, ..., 04,, —O0B;, —O0B,, ...,
— OB; is equal to (n—13). OG': and conversely if this equality sub-
sists for any pole O, it will also hold for any other pole O, and the
resultant of the segments 4, G, 4,G, ..., 4,6, —B, G, —B,G, ...,
— B, G will vanisk.

117. Now let us assume that of the » points 4,, 4,, ..., 4,
some coincide with one point, others (in like manner) with a
second point, and so on; and that the points B, B,, ..., B,
also unite in groups and coincide. Then if we use ,, a,, a5, ...
to denote positive or negative integral numbers whose sum
is m, the foregoing proposition may be stated as follows:

If the points 4,, 4,, 4, ... and the point G are so situated, that
the resultant of the segments o, . 4, G, ay. 4, G, ag. 43G,... vanishes,
then, wherever the pole O may be,m . OG will be equal to the resullant
of the seqments a, . 04, , a,. 0d,, ag. 04,, ... &e.

And conversely :

If this property holds for any pole O, viz.that m . OG is equal to the
resultant of ay. Od,, ay. 0d,. ag. Ods, ..., then the same property
kolds for every other pole O, that is to say, the resultant of a,. O'A,
ay. 04,, a,. 0’4y, ... is equal to m. O'G; and the resultant of
the segments a, .GA,, 0,.Gd,, c3. GAg, ... vanishes.

118. The point G is called the centroid of ¢tZe points 4,, A,, 4,

. weighted with the coefficients ay, ay, 0g,.... For shortness
however we say that G is the centroid of the points a,.4,,
ay. 4y, ag. 4, ..., writing before each point the coefficient
which belongs to it.

119. Furthermore, from the proposition of Article 45 we
obtain the following theorem :

If G is the centroid of the points a,. 4y, ay. Ay, ag. 4, ... and if,
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by means of parallel rays, the points G, 4,, A,, 4, ... are projected
into the points G, A\, 4'y, A'y, ... whick lie on o straight line, then
the sum of the straight limes ay. A\ A), 0y. 4,4, a5 . A3 A, ... is
equal to m . G&', where m = a, 4+ ay+ag +....

On account of this property @ is also called the centre of
mean distances of the points a,. 4,, a, . A,, a5. 43, ... %.

120. Hitherto the coefficients a;, a,, oy, ... have been positive
or negative integral numbers; we shall now extend the idea of a
Centroid to the case where a,, a,, ay, ... are any numbers whatever,
or rather parallel segments proportional to any given homo-
geneous magnitudes

Let then the points 4, 4,, 4;,... be given, weighted with
the numbers or parallel segments a,, a,, a,.... Project the
given points on to a straight line ', by means of rays parallel
to some arbitrarily chosen direction, into 4’;, 4%, ...; and by
means of rays parallel to another direction chosen at pleasure,
project the same points into 4”;, 47,, 4”;, ... on a second
straight line »”, not parallel to . Now determine a straight
line + parallel to p’, such that the distance from # to p’
measured parallel to the rays 4,4, 4,4’,, 4, 4, ...,1s equal to

oy did\ oy Ay d'y+ag. dy A’y + ...
a,+a,+ag... -
similarly determine a straight line 77 parallel to p”, such
that the distance from »” to »”, measured parallel to the rays
A, 47, 4,4, ..., is equal to
oy A"+ 0y Ay Ay 40y Ay A"+ ...
o +o,+az+...

Let G denote the point of intersection of the straight lines
7, 7", and @', G” the projections of G upon the straight lines
?, v” (by means of rays parallel to A4’, 44" respectively),
then we shall have:
ay My A + 0oy A Ay +ag AL+ ... =(0,+ 0y +ag+...). GF
o A" 4 ay 44"yt ag. A A"+ .0 =(0y + 0y +ag+...) . GG,

Next, let »” be any third given line, let us project upon it
the given points and the point G, into the points 4™, 47,,
4"3,..., @, by rays parallel to a new direction. Between the
three rays which project the same point 4, or 4, or 4,, there

* L'HuiLier, Klémens d’analyse géométrique et d'analyse algébrique ete,
(Paris, 1809); § 2,
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exists (Article 16) a linear relation with constant coefficients,
i.e. we have:

KA A\ +1 4,47, +F". 4, 4", = §k,

oAy A g+ ¥ Ay A"+ B 4,47, = F,

KA A s+ B A3 A7 + K7 4,475 = F,

GG +¥.GQ".+k. Q@ Q" =¢k

Multiply these equations by a;, a,, ag, ..., —(a; +a,+ a5+ ...)
respectively, and add the products; then we obtain, taking
the equations already established into account,

B’ {0y 4, 4" +ay. 4,4" 4 ay. A3 A"+ ...
—(a,+a;+a3+...). GGZ”} =0,

or,

a4y 47 +ay. 4y A7, + ag Az 4”5+ ... = (0, + ay+ ay+...).GG™.

That is to say:

If we project the points A, Ay, 4y, ..., G upon any straight line
whatever by means of rays, which are parallel to an arbitrarily
chosen direction, then the product of the ray which projects @
by (ay+a,+ay+ ...) 38 equal to the sum of the products formed by
multiplying each of the rays whick project A\, 4,, 4,... by a,, a,,
ag, ... respectively.

We call the point @, so defined, the centroid of the points 4,,
4,, 4,,... loaded with the numbers or segments a,, a,, ag, ....

The centroid does not change if we substitute for the coeffi-
cients a;, a,, as, ... others proportional to them, for by so doing
we do not change the ratios of a;, a,, a5..., t0 @, +a,+ag+....

121. If the points A, 4,, 4s, ..., and G are projected, by means
of rays parallel to a straight line p”, on to another straight line p’, and
if we use O/ to denote any point whatever of p', we have identically:

0. 04 +a, Ody+a3.04 54 ...= (0 + 2,4+ a3+...) O G

If we draw through O’ a straight line parallel to »”, and pro-
Jject on to it, by rays parallel to p’, the points 4,, 4,, 4;, ..., G
into the points 47, 4”,, 4”5, ..., G”, we have the identities
A A" = A\O, 4,4", = 4,0, 4,4",=4",0 ..., Q" = G'0';
but from the foregoing theorem we have .

a,. 4,4", +a,. 4,4",+ a5 . 4g 4”5+ ...= (a, +a,+ a5 +...). GG,
and therefore the above proposition is true.

122. If O is an arbitrary point, the resultant of the segments
a,.04,, a;. 04,, a3. 04, ..., 18 (a; + ay+ a3 +...) . OG.

By the segment a. 04 we understund a segment parallel to
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04, drawn either in the sense of 04 or in the opposite sense,
according as a is positive or negative, and whose magnitude is
equal to that of O4 increased in the ratio of a:1. Draw
through the point O a straight line p’, and project upon it, by
means of parallel rays, the points 4;, 4;, 43, ..., G into the
points Ay, A'y, A’s,..., G’. Then the segment O is the resultant
of the segments O4’, 4’4, and therefore if we increase these
sogments in the ratio a: 1, the resultant of a. 04, a. 4’4 will
be a.04. It follows, that the resultant of a,.04,,a,. 04,,
ag. 04,, ..., may be obtained by combining all the segments
a,. 04y, 0,. 04, ay. 04’s, ... with the segments o,.4,'4,,
a,. 4 Ay, a5. d's4,, .... But the resultant (ie. the sum) of
a,.04},a,.04,, ay. 04’5 ... is (a;+ ay,+ ag+...). O@’, and the
resultant (or sum) of o,.d4'14,, ay. Ay dy, ag. A4, ... is
(ay+ay+a;+...). GG ; therefore the resultant of the segments
a;.04,,a,.04,, ay. 04y, ..., can be obtained by combining
the two segments (o, + a,+ay...). OGF, (a;+a,+03...). @G, and
consequently, it coincides withthe segment (a; + a5 + a3 +...). OG.

128. If I is the centroid of the points ay . 4,, a,.dy, e5. 45, ...,
and K the centroid of the points By . By, By. By, ..., then the centroid
of all the given points ay. d,, ay. Ay, ..., By. By, By. By, coincides
with the centroid of the two points m . I, n. K, where

m= (g +ay+...), 7= (B+B.+...)

For, taking an arbitrary pole O, if we combine the straight
line 7. OH, the resultant of the segments a, 04,, a_0d,, ...,
with the straight line ». OK, the resultant of the segments
BBy, B, B,, ..., we find that (m+2).0G, the resultant of
m.OH, and 7. OK, is also the resultant of all the segments
a,.04,,a,.04,, ...,8,. 0B}, B,: 0B, ....

124. If all the points 4y, 4,, 43, ... lic on a straight line, their
centroid G lies in the same straight line.

This is clear, if we take the pole O upon the straight line
A,4,4,...; for then all the segments a,. 04, , a,. 04,, a;. Od,,...
lie in this straight line, and therefore also their resultant
m. 0@ lies in the same straight line.

From this it follows:

If we project A,, 4y, A, ..., 4., G upon an arbitrarily chosen
straight line into the points A'\, A'y, A's..., 4, @, then the point
@ is the centroid of the points ay Ay, 0y. Ay, ag. A'g.us, ay Ay

Let there be only two points ., 4, (Fig. 103, where the
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segments a;, a, are simply denoted by the numbers 1, 2) with
coefficients a;, oy, then their centroid @ is a point of the
straight line 4,4,. Since the resultant
of the straight lines a,.G4,, a,. G4,
is equal to zero, we have

0,.G4,+0a,. G4, =0,
or 4,G: G4, =a,:a,
and therefore

4,G: G4y A, dy = a,:0,:0,+0;;
that is to say, the point G divides the segment 4,4, into
two parts, which are inversely proportional to the numbers
a,, 0y, and it lies inside or outside the given segment, according
as a,, a, have the same or opposite signs.

If a, = o,, then 4, G = G4,, i.e. G is the middle point of
4,4, If a,+0a, =0, we obtain from the proportion 4,G:
4,4, = ay:0,+0a, the value 4, G = ,i.e. G is the point at
infinity of the straight line A, 4,.

125. Let there be three given points 4,, 4,, 4; not in one
straight line (Fig. 104); and let a;, ay, ay,
whose sum is not zero, be their coefficients.
The centroid of the points a,. 4, a3. 4,
is a point B, on the straight line 4,4,
and the centroid of the given points o, . 4,,
ay .4y, ag. 4, is therefore the centroid of
the points o;.d,, (0,+0;) . By, that is, it
is the point G on the straight line 4,5,
which is determined by the relation

GB,:4,B, = a;:a;+ 0,4+ a5,

But the triangles 4, 4, 4;, G4, 4, are proportional to
their altitudes, therefore also to the oblique distances 4,3,
GB, of their vertices from the common base 4,4, ; therefore

Gdydy:4, 4,45 =a,:a;+a;+ag.

Similarly we prove that

GAgd,: dydg Ay = 0g: 0y + ay+ag,
GAd,4y: Agd 4, = ag:ay + ag+ ag,

and therefore

GA,45: GAz4,: G4, 4y = 010y ay.
That is to say ; the centroid @ of the three points o, . 4y, ;. 4,
¢y. 4, divides the area 4,4,4; into three triangles GA,d,,
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GA434,, G4, 4,, which are proportional to the coefficients o,,
Ggs O3.

Given the points 4,, 4,, 4;, every system of values for the
loads a,, a,, a5, determines a point G on the plane 4, 4,4,, and
conversely to every point G of the plane there corresponds
a fixed system of values equivalent to the above. This is the
principle of the calculus of the centroid of Mobius.

126. It follows (from the foregoing articles) that if we wish
to find the centroid @ of the given points 4,, 4,, 4,,... (Fig. 105)
weighted with the coefficients
(numbers or segments) a;, ay,
a, ..., we must construct two
circuits starting from two
different initial points O, O’;
the sides of the first being
equipollent to a,.04, ,a,.04,,
ag. 04,, ..., and those of the
second to a,.0'4,, a,. 0'4,,

Fig. 105. a;.0'4,, .... The straight

lincs OR, O’ R’ which respect-

ively close the two circuits, intersect in the required point
G, and we have

= (o +ay+ag+...). 06,
O'R'— (a1+a2+a3+ ). O'G*,
If the coefficients a;, a,, &ec., &c. are proportional to given
segments al, ag, &c., &e. they will also be proportional to

loads % ——,— ’ &ec., &e, where % is any arbitrary segment; we
can therefore make the sides of the first circuit equal to
the lengths 21 04,,204,, &e., &o., and if OR is the closing

line then %.0R = (a;+ay+ag+...). 0G. Hence it follows,
that G is found, without constructing a second circuit, by
determining on the closing line the segment
k.OR
0= ————— .

G+t ast...

If the coefficients a,, a,, &e., ... are proportional to the areas
8), 85, &ec., &c., which when reduced to a common arbitrary base
k are equivalent to the rectangles Za,, ka,, ..., &e.; they will

* GRASSMANN, l.c, p. 142,
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also be proportional to the segments a,, a,, ..., or to the loads

%—‘ s Z——”, ..., and if the circuit be constructed with the sides
a %&.0OR

a.
75_1 04,, -ZzOAz, &e., ..., &ec., then 0G =

127. If G is the centroid of the points a,.4,, a,.4,, a;. 4,
..., and O any point whatever, we have seen that the resultant
OR of the segments a,.04,, a,. 04,, a;. 04,, ..., is given by
the equation

OR = (a,+a,+a3+...). OG,
whence 06 OR ‘
ay+o;+ag+...

If ay+a,+a3+...=0, while OR is not zero, then
O@G = oo, or the centroid G is at an infinite distance. To
find in what direction G lies, let B, be the centroid of the points
aydy, azdy, ..., a,4,. Then B, is at a finite distance, because
a,+45+ ...,a,is not equal to zero, but is equal to —a,. Let
OR be the resultant of —a; OB, and a,04,, this resultant will
be equipollent to a, B 4,, that is it will be independent of
the point O. Consequently the resultant of ¢,04,, ¢,04,, ...,

a,04,, where a,+ay, ..., a, = 0, is constant in direction and
in magnitude wherever O may be, and is equipollent to the
segments o, B4, = a, B4, = ... 0, B,d,;

where B, is the centroid of the points a,4;, a,4,, ..., a,,4,_;,
414415 ooy 03d,.  The point at infinity common to the
segments B 4,, B,4,, ..., is the centroid G of the given
points.

Let parallel straight lines be drawn through each of the
points 4,, 4,, ..., By, B,, ... in any arbitrary direction, and
let them be cut by a transversal in 4/, 4/, ..., B/, B/ ..., the
theorem of Art. 121 applied to the points a,4,, a;4;...a,4, and
to their centroid B, gives
a2A2A2,+a3A3As” s0e) auAnAn’ = [a2+ 035 ea0y an] -BlBl’

= —a, B, B/.
Therefore a, 4,4, +a,4,4) + ... = a,[4,4— B, B/],
consequently a, 4,4/ +a,4, 4+ ... a,4,4,/ =0
if the transversal is parallel to B, 4,, i.e. is drawn towards the
centroid G at infinity.

In the particular case when OR = 0, or when B, coincides

H
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with 4,, B, will also coincide with 4,, &e., &e. The centroid
G is then quite indeterminate ; or, in other words, the system
of points a,4,, a,4,, ... has no centroid. The sum

A A +agdy A + ..., 0 A, A
is then zero, whatever the direction of the parallel lines
4,4, 4,45 ..., and of the transversal 4,4, ...*.

128. Through the points 4,, 4,, 4;, ..., and through their
centroid G segments 4, B,, 4,B,, 4, B,, ..., GH are drawn in
an arbitrary direction parallel to one another, and proportional
to the co-efficients a), 05,05, ..., =a; + 2, + ..., taking account
of signs; that is, having chosen the positive direction of the
segments, let the segments proportional to the positive co-
efficients be drawn in that direction, and those proportional to
the negative coefficients in the opposite direction. Let O be-
an arbitrary point, and through it draw a straight line parallel
to the segments 4B, and upon this line project the points
4,, 4,, 45, ..., G by parallel rays into 4/, 4, 4/, .... &’
then by the theorem of Art. 119 we have

oy A +ay. Ay 4) +ay. A, A + ... = m. GG
But the numbers q,, a,, a3, ..., = are proportional‘to the bases
of the triangles 04, B, 04,B,, 04,B,, ..., OGIl, and the
segments 4,4/, 4,4/, 4,47, ..., G& to the heights of the
same triangles, hence the following theorem ;

The sum of the triangles whick join the segments 4, B, 4, B,,
A3 By, ..., to O, is equal to the triangle whick joins the straight
lme GH to the same pole 0. Whence it Jollows that GH is the
resultant of the segments 4, By, 4, B,, 4y By, ..., (Art. 47).

120. This furnishes another construction for the centroid G.
After drawing through 4,, 4,, 4, ... (Fig. 106) the segments

SO
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Fig. 106.

@, Gy, @y, ..., in an arbitrarily chosen direction, we combine
them in the manner of Article 53.

* Mosius, Bary. Calcul, § 9, 10. BALTZER, Stereom., § 11,
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We shall thus obtain & straight line 7, in which the result-
ant segment lies, and which must therefore pass through G.
We now repeat this combination, only changing the common
direction of the segments a;, ay, ay, ..., and obtain another
straight line +”; the lines » and #* intersect in the required
centroid.

130. A figure (linear, superficial, or solid) is called Zomogeneous
if all its points are weighted with equal coefficients. Geo-
metrical figures are understood to be homogeneous, unless the
contrary is stated.

If the points in a figure are collinear two and two with a
fixed point, and situated at equal opposite distances from it,
the fixed point is evidently the centroid of the figure. For
instance, the centroid of a rectilinear segment is its middle
point ; the centroid of a parallelogram is the point of inter-
section of its diagonals; the centroid of a circle, of a circum-
ference, and of a regular polygon, is the geometrical centre of
the figure (Figs. 107 and 108).

ISR é‘é;
Fig. 107.

Fig. 108,

If the figure has an axis of symmetry, that is, if its points
are two and two on chords bisected normally by an axis, this
axis will also contain the centroid.

131. Let the figure be the triangle 4BC (Fig. 109). If Dis the
middle point of BC, the straight line 4D divides the area 4BC
into two equal parts. To every point X in one half there cor-
responds a point X’ in the other half, such that the segment
XX’ is parallel to BC, and bisected by 4D.
The centroid of every couple XX’ is there-
fore on 4D, hence the centroid G of the
area ABC lies on 4D. Therefore @ is the
point of concourse of the three median
lines 4D, BE, CF. It divides each of the
three median lines into two segments which are in the pro-
portion of 2:1. For, since the triangle 4BD is cut by the
transversal FGC, we have

Fig. 100,

H2
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AF BC DG _
FB'CD G4~ ~
But 4F = FB, BC = 2 DC, therefore
e |
m =2
or GD =} 4D, and similarly GF = % BE, GF = } CF. The
point @ is also the centroid of the three points 4, B, C.

132. If a (linear or areal) figure is made up of a system of
rectilinear segments, or triangular areas, then its centroid
is that of the points a,.4,, a,.4,, a5. 43, ..., Where 4,, 4,, 4, ...
are the centroids of the segments or triangles, of which the
figure is made up, and the (numerical or segmental) co-
efficients oy, a,, ag, ... are proportional to the segments or
triangles themselves.

133. Let the figure be a circuit with rectilinear sides. Let
d,, 4,, 43, ... be the middle points of the sides, and a;, a,,
ay, ... segments proportional to the sides. Then, if we find
by one of the methods already described (Articles 126, 129)
the centroid G of the points 4,, 4,, 45, ..., weighted with
the segments a;, a,, ag, ...; @ is the centroid of the given
circuit.

134. If the circuit is part of the perimeter of a regular
polygon (Fig. 110), its centroid can be found in & much simpler
way. Draw a diameter of the inscribed circle, and let the
sides of the circuit be projected orthogonally upon it. Let o
be a side, A its projection, » the radius of the circle which is
drawn through the middle point of o, and p the perpendiculad
let fall from the latter point on to the diameter; then the
right-angled triangle of which o is the hypothenuse and A one

1.

1| e 7
o’/ ---------
n PN R A “.-
D 0 H--=]
----- ¢

R
=1 < /; s

——

M
A
Fig. 110,

of the other sides, is similar to the triangle, whose hypo-
thenuse is » and one of its other sides .
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Therefore we have
A
p
Write down equations corresponding to these for all the sides
of the circuit, and by addition we get
= pi0y+ P05+,
where 7 is the projection of the whole cireuit.

Let G be the centroid, y the perpendicular let fall from
G upon the diameter. Since G is the centroid of the middle
points of the sides, supposed to be loaded with the co-
efficients o, 0,, &c. respectively, we have (120, 133)

P10+ Po00 + 0 = 98
where ¢ means the length of the whole circuit. Therefore

[
=, or Ar=po.

rl=ys ie y=—

This equation gives the distance of the point G from the
diameter; the point G must also lic on that radius (OC) of
the circle, which bisects the eircuit, since this radius is an axis
of symmetry of the circuit. Draw a straight line ZF = s, of
which one extremity Z lies on the diameter, and the other
extremity " upon the tangent of the circle, which is parallel
to this same diameter; and then take upon %ZF a scgment
FH =1, and through H draw a parallel to DF, cutting the
axis of symmetry OC in G; then, since the straight line ZF is
cut by the parallels £0, H(@, DF, we obtain :

_I_L”F_ _ distance of DF from KO
FH ~ distance of H{ from £0’

r r
distance of £0 from G ,? ’

and therefore @ is the required centroid. We notice in the
formula obtained above, that / is the projection of the (unclosed)
circuit upon any diameter chosen at pleasure, and y is the per-
pendicular distance of the point G from the same diameter.
Another construction. Upon the tangent CM, drawn at right
angles to the axis of symmetry OC, set off a segment
CM = }s, join OM, and draw from that extremity (4) of the
given circuit, which lies on the same side of the axis of
symmetry as M, a parallel to OC, to cut OM in N'; through N
draw a parallel to CM till it cuts OCin G. In the similar

01'8
=
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triangles OCM, OGN the bases are respectively;-s él’ where

by 7 we understand the projection of the circuit’ upon the
diameter perpendicular to OC. The altitude of the first
triangle is 7, and therefore that of the second is equal to the
distance of @ from the centre O*.

185. This construction is applicable even when the regular
polygon, of whose perimeter the given circuit is a part, has
an infinite number of sides, that is, when it becomes a circle.
Hence let the given line be an arc 4B of a circle whose centre
is O (Fig. 111); let ¢ be the length of the are, the half of
which CHM is set off along the tangent at
its middle point. Project the extremity
4 into N upon OM by means of a parallel
to the axis of symmetry OC, and through
N draw a parallel to MC cutting OC in G,
then G is the centroid of the arc 4B.

For we have

CM:C0 = GN: GO,

CM=1}s, GN =11, C0 =,
therefore GO =y.

136. If the given circuit is the perimeter of a triangle
4BC (Fig. 112), its centroid @ is the centre of the ecircle
inscribed in the triangle DEF, whose vertices are the middle
points of the sides of the given
triangle. For, D, F, F are the cen,
troids of the rectilinear segments
BC, C4d, AB; and therefore G is the
centroid of the pointsa. D, 3. E,y.F
where

a:B:y=DBC:04: AB.
Fig. 112. The centroid 4’ of the points
B.E, y.F divides the segment E1
into two segments £4’, 4'F, such that
EA":A'F=vy:B=AB:0C4d =3} 4B:1C4d = ED: DF.
Therefore D4’ is the bisector of the angle ZDF, and conse
quently @, which is the centroid of the points a.D, (8+7). 4’
lies on the (internal) bisector of the angle D of the triangle

* CULMANN, L. c., No. 94.
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DEF. Similarly ¢ must also lie upon the bisectors EB’, FC’
of the other two angles, and therefore @ is the centre of the
circle inseribed in the triangle DEF. q.E.D.

187. Let the given figure be the quadrilateral 4BCD (Figs.
113, 114, 115), which may be regarded as the algebraical sum
of the two triangles 4BD, CDB into which it is divided by the
diagonal BD. Let E be the middle point of BD. The centroids
Gy, G, of the two triangles are respectively so situated on the

A D

Fig. 114.

Fig. 1135.

straight lines A, CF, that G, E=34F and G,E = 4CE. There-
fore the centroid @ of the quadrilateral is the centroid of the
two points a,. @, a,. Gy, where a,: 0, = ABD:CBD = AF: FC,
where F is the point of intersection of the two diagonals BD,
AC. Since G G, divides two sides of the triangle 4EC into
proportional parts, it is parallel to the third side 4C; whence
it follows, that the straight line £G divides @, @, and 4C in
the same ratio, namely GG :GG,=a,:0,=FC:4F. In
order to divide 4C in the ratio FC:AF, it is sufficient to
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interchange the segments AF, FC, that is, to make 4H = FC,
and HC = AF. The line joining Z to H divides G, G, in the
required point G. .

The parallels @, G, and 4C divide E4, EC, EH in the same
ratio; and therefore GE =3} HE, since G,E =} 4E, and
G,E =1} CE.

If instead of BD we employ the diagonal 4C, whose middle
point is K, and if we interchange the segments BF, FD of BD
(i.e. if we take BL = FD, and LD = BF); then the point &
is so situated on ZK, that GK = 4 LK,

But Z, the middle point of BD, is also the middle point of
FIL, and similarly K is the middle point of FH; hence G is
the centroid of the triangle FLIH, that is to say:

The centroid of a quadrilateral coincides with that of the triangle,
whose vertices are the point of intersection of the diagonals, and
the two points obtained by interchanging the segments on each of the
two diagonals,

Hence it follows that the straight line FG' passes through
the middle point J of HL*,

1388, If 4D, BC are parallel (Figs. 116, 117), and if we draw
through the centroids of the triangles BCD, 4ABD parallels to

Fig. 116,
4D, these parallels divide the straight line MN which joins
the middle points of 4D, BC into three equal parts. Since
the straight line MN contains the middle points of all

* CuLmany, Le., No. 95, Cfr. Quarterly Journal of Mathematics, vol, 6
(London 1864), p. 127.
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chords parallel to 4D, it is a diameter of the figure,
and therefore the point @ lies in it, and divides its central
segment into two parts proportional to the areas of the
triangles in question, i.e. proportional to BC, 4D. The parts
of this central segment (since their sum is 4N, and their
ratio 4D : BC) are respectively equal to
MN.AD MN.BC
3(4D+BC)’ 3(4D+BC)’
and consequently

MG =3}MN+

MNxAD _ MN(BC+2A4D)

3(dD+BC)” ~ 3(dD+BC) ’

. MNxBC _ MN(4D+2BC),
OV =3UN+ 5 4p+ BC)= 3(AD+BC) °

whence MG:GN = BC+24D:4D+2 BC.

Every straight line therefore which passes through G, and is

contained between the parallels 4D, BC, will be divided by G

into two parts proportional to BC+2 4D and 4D+ 2 BC re-

spectively. If now on BC we take CP = 4D, and if on 4D

we take 4Q = CB, it follows that the straight line P @ will be

divided by M into two segments proportional to M P, QN ; but

MP = 1 BC+ 4D, QN = BC+ 1} AD,

or . MP:QN = BC+24D:4D+2 BC.

Hence P@Q passes through G. Since BP, @D are equal and
parallel, PQ and BD bisect one another; therefore P passes
through Z the middle point of BD, that is, PQ coincides
with I1Z.

If moreover we take on 4D

D8 = CB, 4.6’ =} 48,
and if on BC we take CC’ = AA’; then, because
A'N=AN—A44d" = }4D—} (AD—BC) = } (4D +2 BC)
and MC' = MC+CC' = }; BC+}(4D—BC) = % (BC+24D);
therefore A’N: MC'=AD+2BC:BC+2 4D,
that is 4’C’ passes through G.

Hence we obtain two simple constructions for the centroid
of a quadrilateral with two parallel sides (i.e. a trapezium),
either as the intersection of MV with P@, or as the intersection
of MN with 4'C’*,

* CUuLMANN, tbid. WALKER, On an easy construction of the centre of
gravity of a trapezium. (Quarterly Journal of Mathematics, vol. 9, London,
1868, p. 839.)
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189. The construction given above for the centroid of a
quadrilateral fails in the case where the diagonals 4C, BD are
parallel (Fig. 118). But in this case the

[ triangles 4BD, BCD are equivalent, and of
E opposite sign, so that a;+0,= 0. It fol-

L lows that the area of the figure is zero, and
the centroid lies at infinity in the direction
common to 4C and BD.

140. Now let it be required to find the centroid of any recti-
linear figurc whatever. We may consider the area of the figure
to be the algebraic sum of the triangles, formed by joining the
sides of the circuit to an arbitrary point 0. Having found
the centroids 4,, 4,, 43, ... of these triangles, and reduced their
arcas to a common base so that they are proportional to the
segments ay, a,, ag, ..., the centroid in question is the centroid
of the points a,. 4,, a,. 4,, 0. 43, ... which may be constructed
by one or other of the methods already explained.

If the pole O is taken quite arbitrarily, then the number
of triangles is equal to the number of sides of the circuit;
but if we take O upon one of the sides, or at the point of
intersection of two of them, then the number of triangles is
reduced by one or two units respectively.

Instead of regarding the proposed figure as the sum of
triangles, we may also consider it as the aggregate of the
quadrilaterals and triangles, into which it can be decom-
posed by means of straight lines conveniently drawn.

141. Emample. Let the given figure be the self-cutting
hexagon 4ABCDEF (Fig. 119), which is the sum of the triangles
OBC, OCD, ODE, OF4, O being the point of intersection of
the sides 4B, EF. Of these four triangles, the first and last
are positive, the other two negative. Let their centroids
Gy, Gy, Gy, G, be found, and let the areas of the triangles,
reduced to a common base, be proportional to the segments
@y, 0,03, a,. These segments a have the same signs as the
triangles, the first and last of them are positive, the second
and third negative. If now we wish to employ the method of
Art. 126, we must first reduce the four products a,.0G, to &
common base 4. In the figure, an arbitrary straight line @ is
drawn through O, its positive direction is fixed, and upon it
the segments Z, a,, ay, ag, o, are set off from their common initial

Fig. 118.
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point O (%, a0, in one sense; a,,a, in the opposite sense*).
Then the final point of % is joined to @,, and through the

Fig. 119.

final point of , a parallel is drawn to this joining line cutting
0@, in H,. Thus we obtain 0G,:% = OI,:a,, and therefore
0,.0G,=%.0H,. Now construct a circuit starting from O
with its sides equipollent to OII,, OH,, OII,, OIl,; the closing
line is OR. Finally to construct the point @, given by the
relation 06— }.0R ,
oy +aeytazta,

we set off along Oz from its initial point O the segment

08 = a,+ ay+ a3+ a,
join its final point to R, and draw through the final point
of % a parallel to this joining line cutting OR in G.

142. Again, let the figure be the cross-section of a so-called
Angle-iron (Fig. 120). Divide it into six parts, four trapeziums,
one triangle, and one parallelogram, denoted in the figure by
the numbers 1,2, 3,4, 5,6. Construct the centroids of these six
parts, and reduce the areas to a common base, determining the
proportional segments 1,2,3,4,5,6; and set off these six segments

* In Fig. 119 the final points of the segments %, a are denoted by these letters
themselves. Some of the straight lines mentioned in the text are mot drawn in
the figure.
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in succession along a straight line zz. Then through an arbi-
trarily chosen pole U draw rays to the points of 2z, which

Ny
Fig. 120.

bound the segments; next draw through the centroids of the six
component figures parallels to 2z, and construct a polygon, with
its vertices lying on these parallels, and its sides respectively
parallel to the rays cmanating from U. The two extreme sides
of this polygon will intersect in a point; through which if
a parallel to 2z is drawn, then this straight line must
contain the required centroid. In order to obtain a second
straight line, possessing the same property, we either repeat the
above detailed operations for another direction different to 2z
or else construct, as shown in the figure, a new polygon, whose
vertices lie upon straight lines drawn through the centroids
1,2, 3,4, 5,6 perpendicular to 2z, and whose sides are respect-
ively perpendicular to the corresponding rays of U. Itis quite
clear that this is just the same thing, as if we drew a new
straight line 2z perpendicular to the first, and then dealt
with it just as we formerly dealt with the first zz. It should
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be remembered, that in setting off the segments 1, 2, ..
along 2z, attention must be paid to their signs if the partial
areas into which the figure is divided are not all of the same
sign *,

148. In the foregoing construction two polygons were used
for the purpose of finding two straight lines, passing through
the centroid we were in search of.
But whenever we know & priori one
straight line in which the centroid
must lie, one polygon is sufficient,
for example, when the figure has a
diameter. This case is illustrated
by the example (Fig. 121), where
the figure possesses an axis of
symmetry.

The figure represents the cross-
section of a double Tee-iron.

144. We proceed now to the case of centroids of curvilinear
figures, and first we examine that of a cn*cular sector OAB
(Fig. 122). We consider it to
be divided into an indefinitely
large number of concentric ele-
mentary sectors. The centroid
of each of these, regarded as a
triangle, lies upon a circle
drawn with radius 04’ = 304.
The required centroid is there-
fore the centroid G of the arc 4’B’. In order to find that
point (Art. 135), set off the semi-
arc C4 along the tangent CM, join
OM, and draw 4N parallel to
OC until it intersects OM in N.
Then @ is the foot of the perpen-
dicular let fall from XN upon the
mean radius OC t.

145. Next, let the circular seg-
ment 4BC (Fig. 123) be given.
This is the difference between the
sector 04B and the triangle O4.B, or the sum of the sector 048

* CULMANN, l.c., Nos, 96 & 116. 4 CuLMANN, L c., No. 96,

Fig. 121.

Fig. 123.
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and the triangle OB4. Therefore the centroid @ of the segment
lies on the straight line (the mean radius OC) joining the
centroids @, G, of the sector and triangle, and divides the
segment @, G, into two parts inversely proportional to the
areas of these figures. If we take 04’ = 304, and find the
point N as just shown (Art. 144), then @,, G, are the feet
of the perpendiculars let fall from N and 4’ upon the mean
radius OC. Let I be the point of intersection of 4B and OC,
and H the foot of the perpendicular let fall from ¥ upon OA4.
Then the areas of the sector and triangle are respectively
equal to CM. 04, and FH. 04, that is to say, they are pro-
portional to the lengths C}f and FH; therefore, if through @,
and G, two paralle] segments G,/ and G,K are drawn in the
same sense, equal or proportional to £, and CM respectively,
KT and OC will intersect in @, the required centroid. In
fact from the similar triangles GG, I, GG,K we have
G,G:G,G=G,I:G,K=FH:CM*.

146. If the perimeter of the figure, whose centroid we are
finding, consists of rectilinear segments and circular arcs, we
decompose the figure by drawing the chords of these arcs
or radii to their extremities; then we know how to find the
centroid and area of each part, and are able to apply the
process of Art. 142. '

Example. Let us find the centrvid of the figure already
dealt with in Art. 107 (Fig. 124). For this purpose we first
consider it to be broken up into three parts, the lune, thg
crown-piece, and the sum of the rectilinear parts; then,
regarding the lune as the algebraic sum of two sectors and
one quadrilateral, the crown-piece as the algebraic sum of
two sectors, and having divided the rectilinear parts by means
of the straight line KCC'K’, we finally have the given figure
equal to the sum of the following parts :

1......8ector U4AEA’,

2......Quadrilateral 04U4’,
L T Sector 404'F,
4., Sector OB’B,

5......8ector 0C'C,

* CULMANN, ibid,
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6......Trapeziums BCKH+ H'K'C’B’,
7......Trapeziums CJIK + K'I'TC’.

Fig. 124.

We know how to determine the areas of all these, and by
reducing them to a common base we are also able to construct
their centroids. In order to find the centroid of the sum of
BCKH and H'K'C’B, it is sufficient (Art. 138), to find the
centroid of the trapezium BCKH, and then to draw through
it a parallel to XC until it intersects the axis of symmetry
EO; the point of intersection is the centroid required.
Now to apply the process of Art. 142, we draw, in a direction
different to £O, say in that of KCC’K’, a straight line 2z, on
which we set off in succession the segments 1, 2, 3,4,5,6,7
respectively proportional to the areas of the seven partial
figures, noticing that the segments 3 and 5 must be set off in
the opposite direction to the others, because they represent
negative areas. Through any point whatever 7 lying outside
22, draw rays to the limiting points of the above segments;
then draw lines parallel to 2z through the centroids of the
partial figures, and construct a polygon whose vertices lie on
these parallels, and whose successive sides are parallel respec-
tively to the rays emanating from 7. Now draw through the
point of intersection of the first and last sides of this polygon a
parallel to zz; this line cuts the axis OU in the required
centroid of the given figure. This point G falls in our figure
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very near to the point 2, the centroid of the quadrilateral
0AUA’. If we produce the sides of the polygon sufficiently, in
order to find the point in which the first side cuts the fourth,
and also that in which the fourth and sixth intersect, and if
through these points we draw parallels to zz till they intersect
the axis of symmetry, these latter points of intersection will
be the centroids of the lune and the erown-piece.



CHAPTER IX.

RECTIFICATION OF CIRCULAR ARCS.

147. I order to develope a circular arc 4B along its
tangent (Fig. 125) we may proceed in the following way.
On B4 produced mark off a part
AC = } B4, and with C as centre and
CB as radius, describe an arc cutting
the tangent 4D in D. Then 4D is the
length of the given are, with a negative B>,
error, whose ratio to the whole arc is

04 6°
1080 54432 """ SN
0 being the ratio of the arc to the ¢

radius ¥, Fig. 125.

Otherwise (Fig. 126): let D be the middle point of the are
AB, and E the middle point of the arc 40; let the radius
OF intersect the tangent at 4 in
C, and join CB; then AC+CB
is the length of the given arc with
a positive error, whose ratio to
the whole arc is

04 68
4320 T 3484648

Since 4320 = 4x1080, if we 4
add to # of the length found by
the second construction % of that found by the first, the sum
obtained will be very approximately equal to the length
of the are, with a positive error, whose ratio to the whole
length of the arc is

+

Fig. 126.

176°¢

870912 et

* RANKINE, On the approzimate drawing of circular arcs of given length
(Philosophical Magazine, October, 1867), p. 286.

4 RANKINE, On the approximate rectification of circular arcs (Philoso-
phical Magazine, November, 1867), p. 381.

I
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For the proof of these rules we refer the reader to the
original memoirs of Professor Rankine, cited in the foot-
notes.

148. In regard to this question, it will be convenient to
mention at this point some methods suggested by Professor
A. Sayno, of Milan.

The method given by Culmann for developing a circular
arc 4B along the tangent at one of its points is much too long.
The length of a circular arc may be found graphically in
a much simpler fashion, by having recourse to auxiliary
curves, which drawn once for all can be employed in every
example.

Consider a convolution OMRS of the Spiral of Archimedes,
which when referred to its polar axis OX and its pole O, has

2

Fig, 127. ‘

the equation p = a w*, and the circle drawn with centre O and
radius 04’ = a. Let OM be any radius vector of the spiral,
which cuts the circle in M’ ; then the are 4’M' = OM. If now
we wish to find the length of an arc 4”73” of any radius what-
ever 04”, it is sufficient to place the spiral (supposed moved
from its previous position) so that its polar axis coincides with
the radius 04” of the given are, to mark on 04” the point 4,
and on the other radius OM” the point M/ in which it cuts
the curve. Now take the spiral away and draw through 4”
a parallel to 4'M, cutting OM” in M"”, then OM™ is the
required length of the arc. We can construct this spiral
upon a thin plate of brass, horn, or ivory; it is sufficient

* p is the radius vector OM, and w the corresponding vectorial angle 4'OM.
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to mark upon it the pole and the point 4’. This would be a
new instrument, which might be added as a ¢ Graphometer’ to
the case of drawing implements of an Engineer.

The Spiral of Archimedes p = aw (Fig. 128) enables us also
to develope the arc along the tangent. Having drawn the

Fig. 128.

circle whose radius 04 = a, and the circle whose diameter OC
=04, if B, H are the points in which these circles are
cut by any radius vector OM, then OM=the arc4B=
arc OH. Therefore, if we wish to set off the arc O7 along
the tangent OX, we need only place the spiral in such a
manner that the pole and the polar axis coincide respectively
with the point of contact O and the tangent OX of the given
arc, and then mark the points H, M in which the chord 07
cuts the circle on OC as diameter, and the spiral. We then take
away the spiral, and mark off on OX the segment OM’ = OM;
draw through 7 & parallel 77’ to HM’, and OV’ is the
required length of the arc.

In order to increase the stiffness of the plate which
forms the instrument, it is best to use the circle of radius

I2
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OC’ = 0C, and then, supposing the chord 70 to be produced,
we obtain OH" = HO. )

Another curve, which serves the same purpose, is the Zyper-
bolic spiral, whose equation in polar coordinates is @ = po.
Draw (Fig. 129) & convolution of this curve NMDCB4, and

Fig. 129,

mark off a point 4’ on the polar axis, such that 04’ = @. Then
the length of the circular arec M/, of radius OM, is 04’ ; hence
the length of any circular arec whatever M 1", drawn with its
centre at O, is 04”, where 4” is got by drawing M” 4” parallel
to M4'. This curve however is of no use in determining the
lengths of small arcs, so that for practical purposes the first
curve is to be preferred.

The hyperbolic spiral enables us also to divide angles in a

very elegant manner. Thus, to find the are M’V = 7—lz /g8

(Fig. 129), we need only produce the radius vector OX, take
OM” = n- OM, and draw an arc of radius OM” to cut the spiral

g’ in V; the radius ON meets
the are MM in the required
point N,

In order to set off the
arc along the tangent we
can also employ another
auxiliary curve, namely the
involute of the circle. Take
(Fig. 130) a circle of radius
04, and let A'MBCID
be its involute. From the

D figure we have at once
Fig. 130. the are MA’=MM’, where
MM is the tangent of the circle at M. If now it is required
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to set off the arc M” M” (whose centre is O), along its
tangent from M”, we need only draw OM’, which if sufficiently
produced cuts the tangent in question in M”Y, and M” M'v
is the required length of the arc.

149. By far the simplest method of rectifying the semi-
circumference is that of a Polish Jesuit, Kochansky, which was
published in the Acta Eruditorum Lipsise, year 1685, page
397, according to Dr. Bottcher*. Let O be the centre and

B

Fig. 131.

AB a diameter of the circle of radius = 1, the angle CO4 =30°.
Then if we take CD = three times the radius, we have
BD? = BA®+(CD—CA4)? = 4+ (3—tan 30°)%,

ie. BD = 3.14153,
a value of the semi-circumference true to four places of decimals.

By means of this method, the rectification of an arc greater
than 90° can be reduced to the rectification of its supplementary
arc.

* [In the XVI vol. (Leipsic, 1883) of Hoffmann's Zeitschrift fiir math, und
naturl, Unterricht.]
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AUTHOR’S PREFACE

TO THE ENGLISH EDITION,

AT a time when it was the general opinion that problems
in engineering could be solved by mathematical analysis only,
Culmann’s genius suddenly created Graphical Statics, and
revealed how many applications graphical methods and the
theories of modern (projective) geometry possessed.

No section of Graphical Statics is more brilliant or shows
more effectually the services that geometry is able to render
to mechanies, than the one dealing with reciprocal figures and
framed structures with constant load.

It is to this circumstance that I owe the favourable
reception my little work (ZLe figure reciproche nella statica
grafica, Milano, 1872) met with everywhere; and not the
least from Culmann himself. It has already had the honour
of being translated into German and French. Having been
requested to allow an English version of it, to be published
by the Delegates of the Clarendon Press, I consented with
pleasure to Professor Beare undertaking the translation.

I have profited by this occasion to introduce some improve-
ments, which I hope will commend themselves to students of
the subject.

L. CREMONA.
RoME, October, 1888,






CHAPTER 1.

POLE AND POLAR PLANE.

1. THAT dual and reciprocal correspondence between figures
in space, discovered by Mobius¥,in which, to any plane what-
soever, corresponds a pole situated in the same plane, and all
planes passing through any one point have their poles on the
polar plane of that point is called a Null-system by German
mathematicians.

Such a correspondence is obtained in the following manner.
Let there be a plane 9, and four pointsinit 4, B, C, D, no three
of which are in one straight line; and let there be three
other planes a, B, y passing through 4D, BD, CD, respectively.
These will be the fixed elements in the construction.

Draw any plane whatever o cutting the straight lines By,
ya, af in P, @, R respectively, then the planes PBC, QC4,
RAB will all intersect in the samo point § of the plane o.

Denonstration. Let X, Y, Z, X,, Y,, Z; be the points in
which the straight line o3 intersects the sides BC, CA, AB,
4D, BD, CD of the complete quadrilateral 4BCD; these
points form three pairs of conjugate points of an involutiont,
by Desarguc's Theorem. Since the planes 3, o, ¢, meet in
X, the straight line QR common to the planes o, o passes
through that point; similarly RP passes through ¥, and
PQ through Z,. Of the six points in involution, taken now
in the plane o, three, X;, I3, Z,, belong to the sides QR, RP,
PQ of a triangle PQR; thereforef the straight lines XP,
Y@, ZR meet in one point §, which with PQR forms a com-
plete quadrilateral.

* Mon1us, Ueber eine besondere Art dualer Verhalinisse zwischen Figuren in
Raume, in vol. x. of Crelle’s Journal, Berlin, 1883, or in vol. i. p. 489, Gesam-
melte Werke, Leipzig, 1883.

In reality this system of reciprocal figures in space had been already discovered
by GIORGINT (1827), (Memorie della Societh Italiane delle Scienze Modena, vol. xx).

* CREMONA, Projective Geometry (Oxford, 1885), Art. 131.

1 CREMONA, Projective Geometry (Oxford, 1885), Art. 185.
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Therefore the planes BCPX, CAQY, ABRZ meet in a point,
8 of the plane PQR,

This theorem may be expressed as follows.

If the faces of a tetrahedron 4BCS pass respectively through
the vertices of another tetrahedron PQRD, and if three faces
of the latter pass through three vertices of the former, then
the fourth face of the second tetrahedron will pass through
the fourth vertex of the first (Theorem of Mcbius*).

2. Starting from the fixed elements 4, B, C, a, 8, y, let any
plane ¢ whatever be given, and let it be required to determine
by means of this theorem the point § lying in it.

The plane o meets the straight lines By, ya, af in three
points P, Q, R, and the three planes PBC, QCA, RAB inter-
sect in the required point 8.

Conversely, given any point § whatever, to determine the
corresponding plane o, which passes through 8,

The planes SBC, SC4, S4B intersect By, ya, af in three
points P, @, R, the plane of these points is the required
plane,

The point § is called the pole of the plane o, and the latter
is termed the polar plane of 8.

8. If the plane ¢ change its position, the points @, R in it
remaining fixed, the planes QC4, R4B will remain fixed, and
therefore the point § will move on the straight line (which
passes through 4) common to these two planes. Whe
the point P falls on D, that is, when o coincides wit.
QRD (i.e. a), the plane PBC coincides with 4BCD, and §
falls on 4. Then 4 is the pole of the plane a, and similarly
B and C are the poles of 8, y.

If the arbitrary plane o passes through BC, the traces of the
planes QCA, RAB on it, will be the straight lines QC, RB
which are the traces of the planes y, 8; therefore the pole
falls in the straight line By, i.e. on P, The points P, @, R
arc consequently the poles of the planes PBC, QCA, RAB.

If the arbitrary plane coincides with 4BC, the point P falls
on D, i.e. D is the pole of the plane 4BC.

* MoBius, Kann von zwei dreiseitigen Pyramiden eine Jede in Bezug auf die

andere um und ein-geschreiben zugleich heissen? vol, iii. of Crelle's Journal
(Berlin, 1828), or Gesammelte Werke, vol. i. p- 439,
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4. The pole § of the arbitrary plane « (or conversely the polar
plane o of the arbitrary point §) has been determined starting
from the system, supposed given, of three planes a, 8, y
(having no straight line in common) and their poles 4, B, C.
But in the tetrahedron 4BCS the relations between the vertices
(or the faces) are perfectly reciprocal, that is, are interchange-
able ; so that just as § has been deduced from 4BCaBy, so 4
may be determined from 8BCoBy; and so on. From this it
follows that if §,, §,, §; are the poles of any three arbitrary
planes oy, 0,, o3 (not passing through the same straight line),
deduced in the manner above described from the system
ABCaBy, the pole 8 of the plane o, determined from this
same system, coincides with that which would be determined
by a similar construction starting from §,8,8;0,0,05 as the
given system.

5. From the theorem of Mébius it follows that if the plane «
be drawn through the pole P of a plane n = PBC, the pole §
of the plane o falls in 7 ; therefore :—

If a plane passes through the pole of another plane, con-
versely the latter contains the pole of the former, that is
to say :—

If a point lies in the polar plane of a second point, the latter
lies in the polar plane of the former.

From this it follows that the poles of all the planes passing
through a point § lie in a single plane ¢, the polar plane of §;
and the polars of all the points of & plane o pass through one
and the same point §, the pole of o.

6. Let a, 8 be two planes, and 4, B their poles. Any plane
whatever through 4B will have its pole in a and in B, that
is, in the straight line aB; conversely, the polar plane of any
point whatever of a8 will pass through 4 and B, i.e. through
the straight line 4B. And any plane whatever through the
straight line o83, which contains the poles of the planes through
4B, will have its pole on the straight line 4B ; and conversely,
any point whatever of 4B, being on the polar plane of the
points of a8, will be the pole of a plane through ag.

Two straight lines, such as o and 4B, each of which is the
locus of the poles of planes passing through the other, are
called reciprocal straight lines.
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Hence it follows that if a straight line r passes through a
point 4, its reciprocal #” lies in a, the polar plane of 4 ; and
conversely.

7. A straight line », which lies in a plane a and passes
through 4, the pole of q, coincides with its reciprocal, that is
to say, it is reciprocal to itself. In fact, if M is any other
point whatever of 7, since M lies in a, the polar plane of 4,
then p, the polar plane of M, passes through 4. And since u
must also pass through M, the polar plane of it or of any
point whatever of the given straight line, » passes through
the straight line .

From this it follows, that two reciprocal straight lines
r and 7/, which are non-coincident, cannot lie in one plane. If
a plane a passes through both 7 and 7, the pole 4 of the plane
will be on both » and 7’, and 7 would lie in a plane and
contain its pole, therefore » would be reciprocal to itself.

All straight lines reciprocal to themselves and passing
through a given point 4 lie in a, the polar-plane of 4. All
straight lines reciprocal to themselves and lying in a given
plane a pass through 4, the pole of a.

A system of straight lines reciprocal to themselves is
called a Zinear compler, and the straight lines are called 7ays of
the complex.

Each ray of the complex which meets a given straight line
7 (not itself a ray) meets also its reciprocal straight line +".
In fact, if 4 is the point common to the ray and to 7, the
plane o, the polar of 4, must pass through the ray and
the straight line #/,

Conversely, if a straight line ¢ meets two reciprocals » and
7, the straight line ¢ is necessarily a ray. For, the point ¢7
is the pole of a plane which passes through this point, and
through #/; therefore the plane also passes through ¢. Hence
¢ lies in a plane polar to one of its own points, or ¢ is a ray.

From this it follows that all the straight lines (necessarily
rays) cutting two reciprocal straight lines » and #/, and
another line s, also meet the straight line & reciprocal to s.
Two pairs 7/, 8’ of reciprocal straight lines are therefore
situated on the same hyperboloid, the generators of which are
all rays of the complex of another system.
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8. All planes parallel to the same plane may be considered *
a8 having in common a line » situated at infinity, therefore
their poles all lie on a straight line 7, the reciprocal of .
Changing the bundle of parallel planes, the straight line 7 re-
mains parallel to itself, because it passes through a fixed point
I'lying at infinity, that is, through the pole of the plane & at
infinity, in which the straight line + is always situated.

Such lines #, whose reciprocals lie at infinity, are called
diameters of the complex.,

Planes perpendicular to the common direction of the dia~
meters are parallel to each other, therefore their poles are on
a diameter. This diameter @, which is distinguished from the
other diameters by being perpendicular to the planes whose
poles it contains, is called the central axis of the complex.

Straight lines parallel to the central axis are reciprocals
to straight lines in the plane at infinity ¢; and in particular
the central axis is reciprocal to the line at infinity common to
all planes perpendicular to the central axis itself. The point
I, at infinity on the central axis, is the pole of the plane
at infinity.

9. If » and # are any two reciprocal straight lines whatever,
the straight line which passes through their points at infinity
will be a ray of the complex, and will therefore pass through
the pole I of the plane at infinity; that is, the points at
infinity of two reciprocal straight lines and of the central axis
are all three in one straight line. Hence it appears that
two reciprocal straight lines and the central axis are parallel
to the same plane.

Therefore, planes parallel to the central axis and passing
through two reciprocal straight lines are parallel to each
other.

From this it follows that:

If two reciprocal straight lines are projected parallel to
the central axis, on a plane, not containing the direction of
the central axis, their projections will be two parallel straight
lines.

We shall suppose that the projection is made on a plane
perpendicular to the central axis.

* CREMONA, Projective Geometry (Oxford, 1885), Art. 26.
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Moreover, it follows that the straight line meeting two
reciprocal straight lines and perpendicular to them cuts the
central axis orthogonally.

10. Suppose the central axis horizontal, and let us call that
plane of projection which intersects the central axis in its
own pole the orthographic plane.

Take that point as the origin of a system of rectangular
coordinates @, y, 2, and let the axis of z coincide with the
central axis: then the preceding theorems and laws of re-
ciprocity will be expressed by the following equations.

The point (#;, 71, 2,) is the pole of the plane

zy,—~yx,+k(z—~2) =0
where 4 is some constant.

Conversely the plane

ax+bytez+d=0
corresponds to the pole

m=—ﬁ’ y=lﬂ: 2= _‘Z.
e ¢
The straight line
av+by+ec =0
pe+qy+rz =0
is reciprocal to the straight line
aa:+by+c’ =0
pe+qy+7re=0

where 7¢’ = ¢ = k(ag—bp).

11. Hence:

(@) To any number of straight lines r in space, the projections of
whick coincide in a single straight line, straight lines r' correspond,
whose projections are coincident or parallel, according as the straight
lines r (necessarily lying in a plane parallel to the central axis) are
parallel or not.

(8) To any number of straight lines r in space, the projections of
which are parallel, straight lines » correspond, whose projections are co-
incident or parallel,according as the straight lines r (necessarily parallel
to a plane passing through the central azis) are parallel or not.

12. If the points 4, B, C, D...in space are considered as
vertices of a polyhedron, the polar planes a, 8, y, 3, ... are
the faces of a second polyhedron, whose vertices afy,...
are the poles of the faces 4BC,... of the first. The two
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polyhedra are called reciprocal ; to the vertices of each corre-
spond the faces of the other, to the edges the edges. Each
polyhedron is simultaneously inscribed and circumscribed to
the other (Art. 1). Two corresponding edges are reciprocal
straight lines (Art. 6).

Let the two polyhedra be projected on the orthographic
plane ; the projections will be two figures possessing reciprocal
properties. To each side of the first figure there will cor-
respond a parallel side of the other, since two corresponding
sides are the projections of two reciprocal edges of the two
polyhedra. If one of the polyhedra has a solid angle, at
which m edges meet, the other will have a polygonal face of
m sides; and therefore, if in one of the orthographic figures
there are m sides diverging from a point or zode, the m
corresponding sides of the other orthographic figure will be
the sides of a closed polygon.

In a polyhedron, each edge is common to two faces, and
joins two vertices; each face has at least three edges, and
in each vertex at least three edges meet; hence in both
orthographic figures, each side is common to two polygons,
and joins two nodes, three sides at least meet in every
node, and each polygon has at least three sides.

Suppose that one of the polyhedra, and consequently the
other, belongs to the class of Eulerian polyhedra*; then the sum
of the numbers of vertices and faces exceeds by two the number
of edges, from the well-known theorem of Euler. Hence, if
the first orthographic figure possesses » nodes, " polygons, and
s sides, we have p+p =s+2.

The second figure will have p” nodes, » polygons, and s
sides. '

18. If one polyhedron has a vertex at infinity, the other
has a face perpendicular to the orthographic plane, and con-
versely ; consequently, if one of the orthographic figures has
a vertex at infinity, the other contains a polygon whose sides
all lie in the same straight line, and conversely.

If the point I at infinity on the central axis is a vertex
common to # faces of the first polyhedron, then the other

* TODHUNTER, Spherical Trigonometry, Chapter xiii, Polyhedra.
K
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polyhedron has in the plane at infinity a polygonal face of
n sides. In this case, the first orthographic figure has p—1
nodes, p"—n polygons, and s—» sides; and the second (not
reckoning the straight line at infinity) possesses »—1 polygons,
' —n nodes, and s—n sides: where the numbers p, z/, ¢ are still
connected by the relation

P4y =842,



CHAPTER II

POLYGON OF FORCES AND FUNICULAR POLYGON AS
RECIPROCAL FIGURES.

14, THOSE reciprocal diagrams, which are obtained as the
orthographic projections of two reciprocal polyhedra, present
themselves directly in the study of gruphical statics. The
mechanical property of reciprocal diagrams is expressed in the
following theorem due to the late Professor Clerk Maxwell*:

If forces represented in magnitude by the lines of a figure be
made to act between the extremities of the corresponding lines of the'
reciprocal figure, then the points of the reciprocal figure will all be in
equilibrium under the action of these forces.

The truth of the theorem is at once apparent, if we observe
that the forces applied at any node whatever of the second
diagram are parallel and proportional to the sides of the corre-
sponding closed polygon of the first diagram.

The theorem is particularly useful, in the graphical deter-
mination of the stresses, which are developed in frame-work
structures. '

16. The first germs of the theory are met with in the
properties of tho polygon of jforces, whose sides represent in
magnitude and direction a system of forces in equilibrium
applied at any point; and also in the well-known geometrical
constructions which enable us to determine the tensions of the
sides of a plane funicular polygon . But the first to apply
the theory to frame-work structures was the late Professor
Macquorn Rankine, who, in Art. 150 of his excellent work
Manual of Applied Mechanics (1857), proved the following
theorem :

< If lines radiating from a point be drawn parallel to the lines of
resistance of the bars of a polygonal frame, then the sides of amy

* Philosophical Magazine, April 1864, p. 258.

+ VaRIGNON, Nouvelle Mécanique ou Statique, dont le projet fut donné en
1687 : Paris, 1725.

K 2
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polygon whose angles lie in these radiating lines will represent a
system of forces, which, being applied to the joints of the frame,
will balance each other ; each such force being applied to the joint
between the bare whose lines of resistance are parallel to the pair of
radiating lines that enclose the side of the polygon of forces, repre-
senting the force in question. Also, the lengths of the radiating lines
will represent the stresses along the bars to whose lines of resistance
they are respectively parallel*®’

Rankine afterwards published an analogous theorem for a
system of polyhedral frames .

18. The geometrical theory of reciprocal diagrams is specially
due to the late Professor Clerk Maxwell, who first in 18641,
and again in' 1870§, defined them generally, and obtained
them from the projections of two reciprocal polyhedra.

But his polyhedra are reciprocal in respect to a certain paraboloid
of revolution, in the sense of the theory of reciprocal polar figures
of Poncelet|| ; so that, projecting orthogonally and parallel to
the axis, the corresponding sides of their projections are not
parallel, but perpendicular to one another. Hence we must
rotate one of the diagrams through 90" in its own plane, in
order that it may assume that position which it ought to take
in statical problems.

On the contrary, by the more general process, explained in
this treatise, the orthographic projections of two reciprocal
polyhedra give precisely those diagrams which occur in
graphical statics. ‘

17. The practical application of the method of reciprocal
figures was made the subject of a memoir by the late Professor
Fleeming Jenkin, communicated in March 1869 to the Royal
Society of Edinburgh¥. In that memoir, after quoting

* Page 142 of the sixth edition (1872).

4 Philosophical Magazine, Feb. 1864, p. 92.

1 On reciprocal figures and diagrams of forces (Philosophical Magazine, April
1864, p. 250).

§ On reciprocal figures, frames and divgrams of forces (Transactions of the
Royal Society of Edinburgh, vol. xxvi. p. 1). See also a letter of Professor
Rankine in the ¢ Engineer,” Feb. 1872.

{| Or, rather, that of MoNGE. (See CHASLES, Apergu historique, p. 378.)

9 On the practical application of reciprocal figures to the calculation of
strains on framework (Transactions of the Royal Society of Edinburgh, vol. xxv.
p- 441). See also, by the same author: On braced arches and suspension bridges,
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the definition of reciprocal figures, and their statical pro-
perty, as enunciated by Maxwell in his memoir of 1864, he
adds :

‘Few engineers would, however, suspect that the two paragraphs
quoted put at their disposal a remarkally simple and accurate method
of calculating the stresses in framework ; and the author's attention
was drawn to the method chiefly by the circumstance that it was
independently discovered by a practical draughtsman, Mr. Taylor,
working in the Office of the well-known contractor Mr. J. B. Cockrane.

He also presents several examples, accompanied by figures,
and finishes with this observation :

“When compared with algebraic methods, the simplicity and
rapidity of ewecution of the graphical method is very striking ; and
algebraic methods applied to frames, suck as the Warren girders, in
which there are numerous similar pieces, are found to result in
Jrequent clerical errors, owing to the cumbrous notation which is
necessary, and especially owing to the mecessary distinclion between
odd and even diagonals’

18. But, whilst speaking of the geometrical solution of
problems relating to the science of construction, it is impos-
sible to pass over in silence the name of Professor Culmann,
the ingenious and esteemed creator of graphical statics¥, for
to him are due the elegant methods of that science, which,
issuing from the Polytechnic School at Zurich, are now taught
in technical schools throughout the world.

Numerous questions of theoretical statics, as well as many
others which relate more particularly to certain branches of
practical science, are solved by Professor Culmann by & simple

read before the Royal Scottish Society of Arts (Edinburgh, 1870) ; and the memoir
On the application of graphic methods to the determination of the efficiencies of
machinery (Transactions of the Royal Society of Edinburgh, vol. xxviii. p. 1,
1877).

* Dig graphische Statik, Zurich, 1866. In 1875 appeared the second edition of
vol. i. with rich additions. The reader is advised to read the Preface to that second
German edition, also Nos. 81 and 82. Graphical Statics have been treated since
in a whole series of elementary works. See UNWIN, Wrought Iron Bridyes
and Roofs, London, 1869 ; Bow, Economies of construction in relation to framed
structures, London, 1873 ; CLARKE, Giraphic Statics, London, 1880 ; EDDY, New
constructionsin Graphical Statics, in Van Nostrand’s Engineering Magazine, New
York, 1877-8, and American Journal of Mathematics, vol. i., Baltimore, 1878,
&e., &e.
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and uniform method, which reduces itself in substance to the
construction of two figures, which he calls Kriftepolygon, and
Seilpolygon. And although he has not considered these figures
as reclprocal in Maxwell’'s sense, still they are so sub-
stantially ; in particular the geometrical constructions which
Culmann gives in Chapter V of his work, devoted to systems
of framework (Das Fachwerk), almost always coincide with
those derived from Maxwell's own methods.

Moreover Culmann’s constructions include certain cases,
(which are not treated by the English geometer,) in which it is
impossible to construct the reciprocal diagrams.

19. First of all, I wish to show that the Kriftepolygon and
the Seilpolygon (polygon of forces and funicular polygon) of
Culmann can be reduced to reciprocal diagrams.

Let there be given in a plane (which suppose always
to be the orthographic plane) # forces B, B, ..., B in
equilibrium, then by the polygon of forces we understand a
polygon, whose sides 1, 2, ...,% are equipollent* to the straight
lines which represent the forcest.

Take in the same plane a point O, which will be called the
pole of the polygon of forces, and join the vertices of the
above polygon to that pole; denote by (rs) the ray connecting
O with the vertex common to the two sides » and s. The
Junicular polygon corresponding to the pole O is a polygon,
whose vertices lie in the lines of action (which we shall
call 1,2, ...,n) of the forces B, B, B, ..., B,, and whose
sides are respectively parallel to the rays proceeding from
0%, in such a manner that the side comprised between
the lines of action of Z, and B, is parallel to the ray O(rs).
this side will be denoted by the symbol (rs).

The funicular polygon will be a closed one, like the
polygon of forces.

20. If the lines of action of the given forces meet in the
same point (Fig. 14), we have two reciprocal diagrams, since
evidently the two polygons will be the orthographic pro-

* FEquipollent, that is, equal in magnitude, direction and sense, a term due to
Professor Bellavitis.

4 The position of the first side of that polygon is a matter of choice.
1 The direction only of the first side of that polygon is determinate.
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jections of two pyramids, having each a polyhedral angle
of « faces.

If the forces are parallel, the polygon of forces is reduced to a
straight line, which corresponds to the case where the base of

Fig. 1a. 2\
the first pyramid is perpendicular to the orthographic plane,
and the vertex of the second is at infinity, that is to say, the

second polyhedron is a prism having only one base at a finite
distance. This case is illustrated in Figure 24, in which the

\

Y v
4

J
Fig. 2a.

sides of the polygon of forces are not designated by onme
number only, but by two numbers, placed at the ends of
each segment; so that the segments 01, 12, 23, 34, ..., cor-
respond to the straight lines 1,2,8, 4 of the second diagram.
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Here, as in all which follows, we adopt in the text two
series of numbers, 1,2,3,7...,5...; 1, 2, 8, r, 8, to distinguish
the lines of the one diagram from the corresponding lines
of the other.

21. Let us consider now the general case, in which the forces
do not all meet in the same point.

Take a second pole O’; join it by straight lines to the
vertices of the polygon of forces, and construct a second

funicular polygon corresponding to the new pole 0, that
is to say, a polygon with its sides parallel to the rays
proceeding from 0, and its vertices situated in the lines of
action of the forces. See Figs. 3 and 5, in which the rays
proceeding from the second pole 0’, and the corresponding
sides of the funicular polygon, are denoted by dotted lines,
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By operating in this way, it is plain that the two diagrams,
the one formed by the polygon of forces and the rays issuing
from the poles O and O’, and the other formed by the
two funicular polygons and the lines of action of the forces,
are two reciprocal figures. The first is the projection of a
polyhedron¥*, formed by two solid angles of # faces, whose
corresponding faces form by their respective intersections
a twisted polygont of z sides; the second is the projection
of a polyhedron comprised within two plane polygons of
n sides, in such a way that the sides of the one meet
the corresponding sides of the other. The straight line, in
space, which joins the vertices of the two solid angles of
n faces of the first polyhedron is conjugate to the straight
line, which the two plancs of the bases of the second
polyhedron have in common. As a result of this, and
of the property that two conjugate straight lines are or-
thographically projected into two parallel straight lines,
it follows, that any two corresponding sides whatever (rs),
(rs)” of the two funicular polygons, intersect in a fixed
straight line, parallel to that which joins the two poles
0 and 0.

This theorem is fundamental in Culmann’s methods.

22, If we make the two poles O and 0’ coincide, the corre-
sponding sides of the two funicular polygons are parallel
(Fig. 4a). In this case the straight line which joins the
vertices of the solid angles of the first polyhedron is per-
pendicular to the orthographic plane, whilst the bases of
the second polyhedron are parallel.

23. The diagonal which joins the vertices of two tetra-
hedral angles of the first polyhedron (Art. 21), or what is the
same thing, the diagonal between two vertices of the twisted
polygon, is conjugate to the line of intersection of the corre-
sponding quadrilateral faces of the second polyhedron, which

* This polyhedron has 8% edges, 2# triangular faces, 2 polyhedral angles
of « faces, and n of 4 faces; the other polyhedron has 3 # edges, 2 # trihedral
angles, 2 bases which are polygons of # sides, and n quadrilateral faces,

4 If this polygon degenerates into a continuous curve, the polygon of forces,
and the funicular polygon become respectively the curve of forces, and the
funicular curve (catenary) of a plane continuous system of forces.
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line unites the point common to two sides of the one of the
bases to the point common to the corresponding two sides
of the other base. In an orthographic projection, the first
straight line is a diagonal joining the two vertices (r, 7+ 1),
(s, s+ 1) of the polygon of forces, that is to say, a straight
line equipollent to the resultant of the forces 2, 2., ..., P;
the second straight line is the line of action of the same

resultant. Hence the line of action of the resultant of any

Fig. 4a, \
2

number whatever of consecutive forces 2,,, B,y ..., P
passes through the point common to the sides (r, r+1) (s, s +1)
of the funicular polygon; another fundamental theorem of
graphical statics. (Sce, for example, Fig. 34, the resultant of

the forces 6, 1, 2.)

24. If the diagonal in question of the first polyhedron is
perpendicular to the orthographic plane, the conjugate straight
line is at infinity. Two vertices of the polygon of forces
(r, 7+1), (s, $+1) will then coincide in one point . (see
Fig. 54, where 7 = 1, s = 4), and the sides (r, r+1), (s, s +1)
of each of the funicular polygons are parallel,

The magnitude of the resultant of the forces By, By, ..., P,
will be infinitely small, and its line of action the straight
line at infinity of the orthographic plane; it is consequently
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an infinitely small force, acting at infinity, equivalent to a
couple acting in the aforesaid parallel sides of the funicular
polygon, and represented in magnitude by the straight line
which joins the corresponding pole O to the point 4. Since
these two forces are equivalent to the system of forces P,
F9 ..., B, the one which acts along the side (r, r+1) is

Fig. 5a.

directed from .f towards O; and the one which acts along the
side (s, s +1) is directed from O towards 4.

256. Given the forces A, F,, B,..., P_, (Art. 19), the
two polygons (that is the force and funicular polygons) serve
to determine the force Z,, equal and opposite to the resultant
of the given forces (sce Fig. 3, in which # = 6). In fact, if we
construet a crooked line 1,2, 3,..., (z—1), whose sides are
equipollent to the given forces ; it is clear that the straight
line » which joins the extremities of the crooked line (when
its direction is from the final to the initial point) is equipollent
to F,. Next take a pole 0, and construct a funicular polygon,
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whose first z—1 vertices 1, 2,3, ..., (n—1), lie in the lines
of action of the given forces B, B, B, ..., P,_;; and whose
sides (n,1)(1,2)(2,8)...(n—1,n) are respectively parallel to
the rays connecting O with the similarly named vertices of
the first polygon. Then the straight line drawn through the
last vertex n of the funicular polygon, (that is to say through
the point where the first side (n.1) meets the last (n—1,n),)
parallel to the last side » of the polygon of forces, is the line
of action of B,.

If the first side of the funicular polygon passes through a
fixed point, and the pole O moves in a straight line, then all
the sides pass through fixed points situated on a straight line
parallel to the one described by the pole O (Art 21). This
is contained in the celebrated porism of Pappus:

¢ 8i quotcumque rectae lineae sese mutuo secent, non plures quam
duae per idem punctum, omnia autem in una ipsarum data sint, et
reliquorum multitudinem habentivm triangulum numerwm, kujus latus
singula habet puncta tangentia rectam lineam positione datam, quorum
triwm non ad angulum evistens trianguli spatii unumquodque reli-
quum punctum rectam lineam positione datam tanget*.

26. If we consider the point O to be capable of occupying
any position whatever in the plane, the properties of the two
polygons (that is the polygon of forces and the funicular
polygon) may be compendiously stated in the following ged-
metrical enunciation : ‘

Let a plane polygon be given of » sides 1, 2, 3, ..., (n—1),
n; and, in the same plane, #—1 straight lines 1, 2, 3,...,
(n—1), respectively parallel to the first #—1 sides of the poly-
gon. Join the point O (i.e. a pole, moveable in any manner
whatever in the plane) to the vertices of the given polygon.
Imagino further a variable polygon of » sides, the first z— 1
vertices of which 1, 2, 8, ..., (n—1), lie in the corresponding
similarly named straight lines, whilst its # sides (n.1), (1.2),
(2.8)...,(n—1, n) are parallel to the rays which join the simi-
larly named vortices of the given polygon to the pole O.
Then the intersection of any two sides whatever (r, r+1),

* [Mathematicae Collectiones, preface to Book VIL p. 162, of the edition of
COMMANDINO ( Venice, 1689). See also the translation or paraphrase of the porism,
given by PONCELET in No. 498 of his T'raité des propriétés projectives (Paris,
1822)].
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(s.8+1), of the variable polygon lies on a determinate straight
line, parallel to the diagonal which joins the vertices (r.7+1),
(8,8+1) of the given polygon.

This theorem, which is not very readily proved by means
of the resources of Plane Geometry alone, is on the contrary
self-evident, if we consider the two plane figures as ortho-
graphic projections of two reciprocal polyhedra.

27. The polygon of forces is the projection of a plane poly-
gon, or twisted polygon, according as the directions of the
forces P do or do not meet in the same point. As we have
seen in Art. 20, one of the two reciprocal diagrams in the first
case is formed by the polygon of forces and the pole O, the
other, by the lines of action of the forces, and the funicular
polygon corresponding to the pole O. In the second case,
on the contrary, another pole O’ must be added to the first
diagram, and to the second a funicular polygon corresponding
to this pole 0’; we have further seen from Art. 22 that the
two poles may be made to coincide, and that then the first
diagram becomes as simple as possible. But, if we wish on
the other hand to simplify the second, it is best to remove the
pole O’ to infinity in an arbitrary direction; and then the
polyhedron, of which the first diagram is the orthographic
projection, has the vertex of vne of its polyhedral angles at
infinity ; and since the polar plane of a point at infinity is
parallel to the central axis, the new funicular polygon cor-
responding to O’ has all its sides on the same straight line
(whose point at infinity is 0’). The absolute position of this
straight line in the orthographic plane is still arbitrary, and
therefore it may be removed to infinity.

Very simple results arc also obtained by the following
method :

Suppose that the previously mentioned polyhedral angle of
the first solid coincides with the infinite point of the central
axis; in the first diagram the pole O alone appears, since the
edges corresponding to the other polyhedral angle are pro-
jected orthographically into the vertices of the polygon of
forces. The polar plane of the vertex O’ is now at infinity ;
hence the whole of the second funicular polygon is at an infi-
nite distance (see Art. 13).

28. We conclude from these very simple cases, that it is
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possible to consider the polygon of forces, and the funicular
polygon, of a system of forces in equilibrium, situated in a
plane (the orthographic plane), but not meeting in the same
point, as reciprocal diagrams. The one diagram is formed by
the polygon of forces and the rays joining its vertices to a
pole O, and the other by the lines of action of the forces,
the funicular polygon relative to the pole O, and the straight
line at infinity; the first diagram is simply the projection
of a polyhedron, whose faces arc obtained by projecting the
n sides of & twisted polygon perpendicularly to the orthogra-
phic plane, from a point in space at infinity. The reeiprocal
polyhedron, which has for its projection the second diagram,
is the infinite portion of space, limited by a plane polygon
and the # planes passing through the sides of that polygon
and prolonged everywhere to the plane at infinity.



CHAPTER III.
APPLICATION OF RECIPROCAL DIAGRAMS TO FRAMEWORK.

29. LET us pass on now to the study of the more com-
plicated diagrams, which present themselves in the theory of
frames*. Consider two polyhedral reciprocal surfaces £ and
=’, which possess an ‘cdge,’ are simply connected T, and whose
edges arc two closed twisted polygonsi; let IT be the poly-
hedron enclosed by the surface ¥, and the pyramidal sur-
face whose vertex is a point Q, taken arbitrarily in space, and
whose basc-line is the polygonal edge of =; let I1” be the
polyhedron reciprocal to II, i.e. the polyhedron enclosed by
the surface X', the polar plane w of 2, and the planes of the
angles of tho polygonal edge of £’. Project orthographically
the two polyhedra, and we obtain two reciprocal diagrams,
which we will now proceed to study.

Suppose that the polygonal edge of = has # sides, and that
the surface has besides these m ordinary edges§, and p faces.
The polyhedron IT will have #+p faces, and 22+ m edges,
and therefore m+n—p+2 verticess. Hence 3 has, besides
those on its polygonal edge, 7z —p+ 1 vertices ||.

* A Frame is a structure composed of bars or rods attached together by
joints, which are considered merely as hinges or pivots. Let 4D be any one
bar (whose weight is neglected) of such a frame; and assume that no force
acts upon it, except at the joints 4, B. Then the whole of the forces (some
external, some consisting of pressures from the bar or the bars which meet it at
the joint A) acting on 1t at the joint 4 can be reduced to a single resultant: so
may those at the joint B; and these resultants being necessarily equal and
opposite, must act along the bar 4B. Hence the bar is in a simple state of
tension, when these resultants act outwards; or of compression, or thiust, when
they act inwards. A bar is called a Zi¢ when in tension; a s{rut when in com-

pression (CrOFTON, Lectures on Applied Mechanies, at the Royal Military
Academy, London, 1877).

+ A surface with an edge is simply connected, if its edge is a single closed
continuous line which does not intersect itself.

4 If the edge of X is a plane polygon of  sides, that of =’ will be a point,
the vertex of a polyhedral angle of n faces.

§ We have evidently m =~ .

)| Therefore m can never be less than p —1.
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Reciprocally, [1” has m +z—p+2 faces, #+p vertices, and
22+ m edges.

80. Suppose now that the projection of =’ is the skeleton of
a frame with p joints, and m rectilinear bars, and that the
external forces which are applied to it have for their lines of
action the projections of the sides of the polygonal edge of =/,
and are represented in magnitude by the z sides of the pro-
jection of the polygonal edge of £¥*, Then the projection of
the face of 11/, which lies in the plane w, will be the funicular
polygon of the external forces, corresponding to the pole O,
the projection of ©; and the projections of the m cdges of
2, not pertaining to its polygonal edge, represent the values
of the internal forces or stresses to which the corresponding
bars of the structure are subjected, in consequence of the
given system of external forces.

31. If the point Q is removed to infinity in a direction per-
pendicular to the orthographic plane, the plane » will coincide
with the plane at infinity. Then the first diagram reduces to
the projection of 2, i.e. to the entire system of the straight
lines which represent the magnitudes of the external and
internal forces; and the second diagram, from which the
funicular polygon has completely disappeared, merely contains
the skeleton of the structure (i.e. the lines of actions of the
internal forces), and the lines of action of the external fordes.
In the figures which accompany the text, the first diagram is
indicated by the letter 6, and the second by the letter a.

32, If the external forces are all parallel to one another, as
very frequently happens in practice, the edge of = will be
a polygon situated entirely within a plane perpendicular to
the orthographic plane; and therefore the sides of the polygon
of external forces will all fall on one and the same straight
line.

83. The diagrams may be formed by other degenerate poly-
gonal figures arising from analogous degenerations of the
figures in space.

Suppose, for example, that we have in space a solid tetra-
hedral angle, corresponding to a quadrilateral face in the

* This is only possible when 3 has no vertex at infinity ; i.e. when 3’ has no
face perpendicular to the orthographic plane.
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reciprocal figure; and let two edges (not opposite) of the
solid angle approach one another indefinitely, in their plane,
and ultimately coincide. The solid tetrahodral angle will
be replaced by a system composed of a trihedral angle and a
plane passing through one of its edges. Conscquently the
quadrilateral face of the reeiprocal figure will have two sides
which, without ceasing to have a common vertex, will be super-
posed and may have cither the same or the contrary direction.

Passing from the figures in space to their orthographic
projections, we shall have in onc of the diagrams a point from
which four straight lines diverge, two of which will be super-
posed; and in the other diagram a quadrilateral with threc
collinear vertices*.

84. Given the skeleton of a framework and the system of
external forces, it is nccessary first of all to construct the
polygon of these forces, i.e. a polygon whose sides are equi-
pollent to them. In the figures contained in this work both
the external forces and the sides of their polygon are denoted
by the numbers 1, 2, 3,..., so disposed that, if we go round
the contour of the polygon in the increasing order of the
numbers, each side is passed over in the sense of the force
which it represents. This way of going round the polygon is
called thoe cyclical order of its contour.

When we wish to construct the diagram reciprocal to the
one formed by the bars of the frame and by the lines of
action of the external forces, the order in which the forces
are made to follow onc another when their polygon is con-
structed is not arbitrary; this order is determined by the
following considerations:

In the polygon of external forces, whick forms part of the diagram
b, the sides equipollent to two forces will be adjacent, when the lines
of action of those forces belony to the contour of the same polygon in
diagram a, because that polygon corresponds to the vertew whick is
commion to those two sides.

Let us then give the index 1 to any one whatever of the
external forces ; the line of action of the selected force is a
side common to two polygons of diagram « ; the contour of

* Examples of these degenerate forms are to be found at p. 444 and in the first
two tables of the mewoir of Professor Fleeming Jenkin, already cited on p. 132,
1869, and in Fig. 9 of our examples.

L
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each of these contains the line of action of another external
force; thus therc are two external forces which may be re-
garded as contiguous to the force 1, and the index 2 may
be attributed to cither of them indifferently, and the index
n to the other, where # is the number of cxternal forces.
After this, the order of the other sides of the polygon of
external forces is completely determined. Suppose that
the joints, to which the external forces are applied, all lie
on the contour® of the skeleton of the framework, then
the forces must be taken in the order in which we meet
them in passing round the contour. When we do not follow
these rules, as well as those previously laid down, we are
still able to determine the internal forces graphically, but
we no longer have two reciprocal diagrams, and the figures
will be very complicated; since any secgment which does not
lic in its proper place will have to be repeated or removed
to another place in view of furthert constructions; just
what happens in the old method, which consists in con-
structing a polygon of forces for each scparate joint of
the framework.

35. The polygon of external forces being thus constructed,
we complete the diagramn 0, by constructing successively the
polygons which correspond to the difterent joints of the
framework.

The problem, of constructing a polygon all of whose gides
have given directions, is soluble when only two of the sides
are unknown. For this reason we ought to commence at
a joint through which only three straight lines pass; the
lincs of resistance of two bars, and the line of action of an ex-
ternal force. The scgment equipollent to the external force will
be a side of the triangle corresponding to the joint in question,
and consequently we are able to construct the triangle.

* The contour of certain structures (trusses) is composed of two systems of
bars, an upper and lower, The bars which unite the joints of one of these systems
to those of the other (we consider them as going from the upper to the lower) are
dragonals or braces, if they arc inclined from left to right, and if inclined in
the opposite sense contra-diagonals. We call the upright bars 1erficals.

+ For this reason Figs. T and 3 of PL. xvi. in the atlas of Culmann’s Graphical
Statics are not reciprocal, and similaly Figs. 7 and 7, of pl. xix., &e.; on
the other hand, diagrams 168 and 169 of p. 422 (Ist edition) are perfectly
reciprocal.
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The construction presents no ambiguity, if we remewmber
that to a bar of the framework belonging to the contour of a
polygon of*the diagram a, to which the lines of action of two
external forces also belong, corresponds in the diagram 4 a
straight line passing through the vertex common to the sides
equipollent to those two forces.

Then we pass on successivoly to the other joints, taking
them in such an order that in each new polygon to be
constructed only two unknown sides remain.

In the figures given, all the lincs of each of the diagrams
have numbers attached to them indicating in what order the
operations are to be performed.

“The figure can be drawn we a few minules, whereas the alpebrai
computation of lhe stresses, though offering no mathemalical diffi-
cully, is singularly apt, from mere complerily of notation, (o resull
w error®)

86. A superficial consideration might lead us to conclude
that the solution of the above problem is possible and deter-
inate, even in the case where the framne has no joint at which
three straight lines only interseet 1.

Suppose, for examplo, that the skeleton of the structure is
formed by the sides 5,6,7,8 of a quadrilateral and the
straight lines 9,10,11,12 which join its vertices to a fifth
polnt; and let the external forces 1,2,3,4 be applicd at
the vertices (8, 5, 9), (5, 6,10), (8, 7,11), (7, 8,12) of the
quadrilateralf. Construct the polygon 1,2, 3,4 of external
forces and through the points (1, 2), (2, 3),(3,4), (4,1) re-
spectively, draw the indefinite straight lines 5,6, 7, 8.

Then our problem is, to construct a quadrilateral, whosce
gides 9,10, 11, 12 are respectively parallel to the lines denoted
by thesc numbers in the given diagram, and whose vertices
(9,10),(10,11),(11,12), (12, 9) lic respeetively on the straight
lines 5, 6,7, 8. Since the problem of constructing a quadrila-
teral whosc sides have given dircctions (or pass through given

* Professor Fleeming Jenkin, p 443 of the volume of the Trancactions of Edin-
burgh already cited on p. 132.

+ The frame or truss is always supposed to be formed by triangles only.

* Txactly the same reasoning applies to the structmie formed by any polygon
whatever, and the straight lines joining its vertices to a fixed point.

We have given no figures for this axticle, but the 1eader can casily supply
them for himself.

L2
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points on the same straight line), and whose vertices lie on
four fixed straight lines admits in general of ome, and only
one, solution ; we might at first sight suppose that the diagram
of forces is completely determined.

But this illusion vanishes when we remember that the geo-
metrical problem presents certain cases which are impossible
and indeterminate. In a word, suppress one of the con-
ditions, that is, assume that the quadrilateral has its sides
parallel to the given directions, and that its first three vertices
only lie on given straight lines 5, 6, 7; then we know that
the fourth vertex describes a straight line »* whose point of
intersection with the given straight line 8, will determine
the fourth vertex, and give the required solution. Now if the
data are such that » is parallel to 8, we arrive at an impossi-
bility. Again, making a still more special hypothesis, if the
straight line # coincides with 8, the problem is indeterminate,
and an infinite number of quadrilaterals will satisfy the con-
ditions of the problem.

In order to show that the construction of the diagram reci-
procal to the given diagram is indeterminate or impossible, it
is enough to reflect, that if we consider the given diagram as
the polygon of forces whose magnitudes are represented by
the segments 5, 6,7, 8, the pole of the polygon being the
point (9, 10, 11, 12), then the reciprocal diagram (9, 10. 1,
12) is simply the corresponding funicular polygon. Rut,
in order that the construction of the funicular polygon
may be possible, it is neccssary that the forces should be in
equilibrium : if then we suppose the magnitude of the forces
5,8, 7, 8 given, and also the lincs of action 5,6, 7 of three of
thewm, the line of action of the fourth is perfectly determined,
and is the straight line » of which we have just spoken.
Hence if » and 8 do not coincide, the forces in question 5,6,7, 8
are not in equilibrium, but are equivalent to an infinitely
small force at an infinite distance, and the problem is impos-
sible; if, however, » and 8 do coincide, that is to say, if
the forces in question are in equilibrium, the problem is inde-
terminate, since for a given pole and system of forces we are
able to construct an infinite number of funicular polygons.

* This is the Porism of PAPPUS, for which see CREMONA’S Projective Geometry,
Art. 114,
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In the first of these two cascs, equilibrium might be
obtained by combining the forces &, 8, 7, 8 with a force
equal and opposite to their infinitely small resultant, situated
at infinity, i.e. by considering the polygon 5, 8,7,8 as the
projection not of a quadrangle but of a pentagon, two succes-
sive vertices of which project into one and the same point
(7, 8,12). The straight line 12 would then be the projection
of two distinet straight lines in space, and conscquently in
the reciprocal diagramn, to the point (9,10, 11,12) there would
correspond an open pentagon 9,10, 11, 12,12’, having its
vertices (9, 10), (10, 11),(11,12), (12".9) situated respectively
on the straight lines 5, 6,7, 8, and its vertex 12, 12” at infinity.

87. Each gectilinear bar of a framework is the line of
action of two equal and opposite forces, applied respectively
at the two joints connected by the bar. The common magni-
tude of these two forces, that is to say, the mecasurc of the
stress which they exert on the bar, is given by the length of
the corresponding straight line of diagram 4. These two
forces may either be considercd as actions or as reactions:
to pass from one case to the other, it is only necessary to
reverse their directions¥®.

38. Each joint of the framework is the point of application
of a system of at least three forees, in equilibrium ; one of them
mdy be an external force, the others are the rcactions which
are called into play in the bars which mect at the joint in
question. It is sufficient to know the scnse of onc of these
forces in order to obtain that of all the others. Two cases are
possible.

First, if an oxternal force be applied at the joint con-
sidered ; then if we pass along the corresponding side of the
polygon of forces in the sense of that force, each of the other
sides of the polygon will be passed over in the sense which
belongs to its corresponding internal force, considercd as a
reaction applied at the joint in question. If, on the con-
trary, we wish to find the sense in which the internal forces
would act when considered as actions, it is sufficient to reverse
the direction of the external force.

* In the figures of this work the ties are shown by finer lines than the struts.

In the figures of Culmann and Reuleaux the struts are shown in double lines, the
ties By single ones. See the first note on p. 143.
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If the only forces which act at the joint in question arc
internal foreces, it is likewise suflicient to know the sense of
one of them in order to tind by the process just explained the
sensc of all the others.

We shall call that order which corresponds to the internal
forees considered as actions the cyelical order of the contour of
a polygon of the diagram 4. We see then, that by commenec-
ing at any joint at which an external force is applied, we are
able to determine in succession the magnitude and sense of all
the internal forces. By considering one of the internal forces
as an action applied at one of the two joints between which it
acls, we arc able to recognise at once whether the bar connect-
ing the same joints is in compression or tension.

Every straight line in diagram ¢ is a side common to two
polygons : in going round the contour of cach of them in their
respective cyclical order, the sides will be described once in
the one sense, and once more in the contrary sense *,

This corresponds to the fact that the straight line in ques-
tion represents two equal and opposite forces acting along
the corresponding bar of the framework.

89. We know that the algebraic sum of the projections of
the faces of a polyhedron is equal to zero. By applying this
theorem to the polyhedron IT (Axt. 29), remembering that the
projection of the surface X forms the polygons of the diagram
4, corresponding to the joints of the structure, whilst the pro-
jection of the rest of the polyhedron IT is simply the polygon
of external forces, we arrive at the following theorem :

Regarding the area of a polygon as positive or negative according
as that area lies to lhe right or to the left of an observer passing
round its contour in the cyclical order which belongs to it, then the
sum of the areas of the polygons of diagram b which correspond
to the joints of the framework is equal and opposite to the area of
the polygon of cxlernal forces.

Clerk Maxwell has arrived at this theorem in another

* This property is in accordance with the so-called Law of Edges (KANTEN-
GESETZ) of polyhedra possessing one internal surface and one external.

See Momius, Ueber dic Bestummung des Inkalls eines Polyeders (Leipziges
Berichte, 1565, vol. 17, p. 33 and following), or Geswmmelte Werke, 2nd Band,
P 473 ; also Banrzim, Stereometiie, § §, Art. 16,
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way by investigating whether it is possible or not to con-
struct the diagrams of forces * for any plane frame whatever.

40.'The method of sections generally employed in the study
of variable systems furnishes a valuable means of verification.

If an ideal section be made in the structure, then in eack of the
parts so oblained, the external forces are in equilibyium with the
reactions of the bars cut across by the section.

If only three of the reactions are unknown, we can deduce
them from the conditions of equilibrium, since the problem
of decomposing a force I’ into three components, whose lines
of action 1, 2, 8 are given and form with 0, the line of action of
P, a complete plane quadri-
lateral, is a determinate pro-
blem and admits of only one
solution.

In fact (Fig. 6) it is only
necessary to draw one of the
diagonals of the quadrilate-
ral, for example, the straight
line 4 which joins the points
(0,1), (2, 8); to decompose
the given force 0 into two
components along thestraight
ljnes 1,4 (we do this by con-
structing thetriangle of forces Fig. 6
0,4, 1 of which the side 0 is
given in magnitude and direction); and finally to decompose
the force 4 along the straight lines 2 and 3 (by constructing
in like manner the triangle of forces 4, 3, 2).

This method, which may be called the static method, is all-
sufficient for the graphical determination of the internal forces,
cqually with the geometrical method, previously explained,
which is deduced from the theory of reciprocal figures, consists
in the successive construction of the polygons corresponding
to the different joints of the structure. The static method is
at least as simple, it can be rendered very useful in combina-
tion with the latter method, and it permits the rapid verifica-
tion of the constructions. The external forces applied to a
portion of the structure, obtained by means of any section

* Memoir of 1670, p. 80, already cited on p. 132.
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whatever, and the reactions of the bars that are cut, must have
the property that the corresponding lines of diagram 4 form a
closed polygon. This polygon must be the projection of a
closed twisted polygon, and not merely of an open crooked
line whose extremities are situated in a straight line perpen-
dicular to the orthographic plane; this condition requlres
that the twisted reciprocal polygon shall also be closed, i.e. we
are able to unite the corresponding lines of the dmgra,m a by
a closed funicular polygon.

The method of sections may also be presented in another
form. Denoting again by 0 the resultant of all the known
forces applicd to the portion of the structure considered, and
by 1, 2, 3 the three unknown reactions, the sum of the moments
of these four forces in regard to any point whatever is zero.
Now, by taking as the centre of moments the point where
two lines of resistance meet, for example, the point (2, 8), the
moment of the third reaction 1 will be equal and opposite
to that of the force 0. We thus obtain a proportion between
four magnitudes (the two forces and their moments) among
which the only unknown quantity is the magnitude of the
force 1. This is the method of statical moments, by which
the internal forces developed in the different bars of a frame-
work can be calculated numerically, instead of being con-
structed graphically *.

* Sce A. Rirrer, Elementare Theorte und Ierechnung eiserner Dachs z‘nd
Biucken-Construclionem, 2nd edition (Hannover, 1870).



CHAPTER 1IV.

EXAMPLES OF FRAME- AND STRESS- DIAGRAMS.

41. WE will now pass on to the study of some suitable
examples to show the simplicity and elegance of the graphic
method. We do not always adhere to regularity and sym-
metry of form in the structures which we are about to study,
although in practice engineers hardly cver depart from these
conditions. But the symmetrical forms of practice are only par-
ticular cases of the irreqular ones of abstract geometry : and there-
fore the forms which we shall trcat include all the cases
which are possible in practice. In what follows, the expres-
sion ‘framed structure’ will be used in the general and
theoretical sense which Maxwell attributed to the word
frame.

‘A frame i3 a system of lines connecting a number of points. A
stiff frame is one in which the distance lbetween any two points
camitot be altered without altering the length of one or more of the
connecting lines of the frame—A frame of s poinls in a plane
requires in general 28— 3 connecting lines to render it stiff ¥

We confine ourselves to the study of plane figures formed
by triangular parts.

42. As a first (general and theoretical) example, let 1,2,
3, ..., 10 (Fig. 7 a) be a system of ten external forces in equi-
librium ; construct the corresponding polygon of forces, and
join its vertices to an arbitrary pole O (Fig.7 4, in which the
polygon of forces is represented by double lines). Draw next
a funicular polygon, having its sides respectively parallel to
the rays from O (Fig. 4), and its vertices lying in the lines of
action of the forces 1, 2,3, ...,10. The forces in question aro
applied at the different joints of a framed structure, the bars
of which are numbered from 11 up to 27 (Fig. 7 2).

* Page 204, Phil. Mag., April 1864.
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We commence by constructing the triangle corresponding
to the joint (10,11, 12), drawing through the extremities
of the straight line 10 two straight lines 11, 12, tespectively

™~

10 B e Y

6

parallel to 11 and 12; we notice that the straight line 11
must pass through the point (1, 10), because in the dia-
gram e, the lines 1,10, 11 belong to the contour of the same
polygon*; for the same reason 12 must pass through the
point (9,10). Passing round the contour of the triangle just

* This polygon is a quadrilateral, whose fourth side is the side of the funi-
cular polygon comprised between the forces 1 and 10. As previously stated
(Arts. 27, 31) the whole of the funicular polygon might have been removed to
infinity.
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obtained, in a sense contrary to that of the force 10, we
obtain the sense of the actions called into play at the joint we
are dealing with, along the lines 11 and 12 ; and it is thus seen
that tho bar 11 is in a state of compression and the bar 12 of
tension.

Now construct the quadrilateral corresponding to the joint
at which the force 9 is applied, and for this purpose, draw 13
through the point (11,12) and 14 through the point (8,9).
The bar 13 is in compression, 14 in tension.

Next construet the pentagon corresponding to the joint at
which the force 1 is applied, by drawing 15 through the point
(13, 14), and 16 through the point (1,2). The pentagon thus
obtained is a crossed one. The bar 16 is in tension, 18 in
compression.

Then construet the pentagon corresponding to the joint at
which the external force 8 is applied; by drawing the line
17 through the point (15, 16), and the line 18 through the
point (7, 8). The bar 17 is in compression, 18 in tension.

Continuing in this manner we find all the other internal
forces. The last partial construction gives the triangle which
corresponds to the point of application of the force 5. The
bars 20, 21, 24, 25, 27 are in compression; 19, 22, 23, 26
are in tension.

43. Figure 84 represents a bridge girder, at the joints of
which are applied the forces 1,2, 3,...,8,9,10,...,18 all
vertical; the forces 1 and 9 acting upwards represent the
reactions of the supports; the forces 2,3, ..., 8 are the weights
applied at the joints on the upper platform; and 10,11,...,
16 the weights applied at the joints of the lower platform.

These forces are taken in the order in which they are met
with in going round the contour of the structure; and in
diagram J the sides of the polygon of external forces are
disposed in tho same order. This polygon has all its sides
lying in the same vertical straight line; the sum of the
segments 1, 9 is equal and opposite to that of the scgments
2,3,...8,10,11,..., 16, because the system of external forces
is necessarily in equilibrium.

The diagram 4 is completed by following precisely the samo
rules as those just laid down. Commence at the joint (1,17,
18); draw the straight line 17 through the point (1, 2), where
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the upper extremity of the segment 1 meets the upper
extremity of the segment 2 ; and the straight line 18 through
the point (16, 1), which is both the lower extremity of the
segment 16 and that of the segment 1.

Fig. 8a.

Pass on to the joint (2,17,19,20). Draw 19 through the
point (17, 18), and 20 through the point (2, 3), the lower end
of 2 and upper extremity of 3; and we obtain the polygon
2,17,19, 20, which is a rectangle.
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Fig. 8D.

Construct the polygon corresponding to the joint (18, 18,
19, 21, 22). For this purpose draw 21 through the point
(19, 20), and 22 through the point (15, 16); we thus obtain
a crossed pentagon. Continue to deal in the same manner
with each of the points of application of the forces 3,15, 4,
14,13,5,12, 6,11,7,10, 9, taken in succession.

Since the diagram a, which represents the skeleton of the
structure and all the external forces, has for its axis of sym-
metry the vertical which passes through the centre of the
figure, the diagram & has for its axis of symmetry the median
horizontal line. For example, the triangle 9, 45, 44 is sym-
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metrical to the triangle 1, 17, 18; the rectangle 8, 45, 43, 42
to the 1ectangle 2,17,19,20: and so on.

All the upper ba,rs are in compression, and all the lower
ones are in tension.

The diagonals and contra-diagonals are all in compression ;
finally two of the verticals 28, 89 are in tension, and all the
rest in compression.

44. Figure ga* represents one half of a locomotive shed.
The external forces are the weights 1,2,8,4,5 applied at

.9 J
8\ 17 4
A
12 s o
X ,}’6 7
8
Id 6

Fig. ga.

the upper joints of the frame, and the reactions 6 and 7 of the
wall and column. Again, all the external forces are parallel,
and consequently the polygon of forces reduces, in diagram
b, tp one straight line. The force 8 (taken in the opposite
sense to that in which it really acts) is cqual to a certain part
of the weight 5; by adding the difference
to the other weights we get the magni-
tude of the force 7.

In the diagram & tho direction of the
lines 8 and 13 coincide; the first is a
part of the second. Here then we have
for the polygon corresponding to the joint
(8, 10, 12, 13) one of those degenerate
forms about which we spoke in Art. 33; the
polygon is in fact a quadrilateral 8,10, j°
12, 13, having three of its vertices (13, 8),
(8, 10), (12, 13) in one straight line.

The polygon 5,17, 18, 6, corresponding to the point where

. S |

Fig. 9b.

* This example is taken from P1. xix. of the atlas of Graphische Statik of CULMANN,
1st edition. As previously stated, the two diagrams are not rigorously reciprocal.
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the roof is supported by the wall, presents an analogous
degenerate form, since the vertices (6, 5), (upper Eoint of the
segment (6),(5,17), and (18, 6) all lie in the same straight line,

The lower bars 8, 13, 18 are in compression, as well as
the diagonals 10, 14,186, the column 7 and the wall 6 ; while
the upper picces 9, 11,15, 17 and the diagonal 12 are in tension.

45. Diagram ¢ of Fig. 10 represents a truss at the upper
joints of which are applied the oblique forces 1, 2, ..., 7, which

Fig. 10a. Fig. 10D,

may be considercd as the resultants of the dead-loads and
wind pressure; the forces 8, 9 represent the reactions at
the supports. ‘

The polygon of external forces is drawn in diagram 4 with
double lines.

We construct successively the triangle 1,10, 11, the quad-
rilateral 9,10,12,13, the pentagon 2,11, 12,14, 15, the
quadrilateral 13,14,16,17, the crossed pentagon 3,15,16,
18, 19 ; tho crossed quadrilateral 4, 19, 20, 21, the pentagon
17,18,20, 22, 23, and so on.

The upper bars 15, 19, 21, 26 are in compression, as well as
the lower bars 10,18, 30, and the verticals 12, 16, 24, 28 ;
whilst all the remaining bars of the structure are in tension.

46. The diagram a of Fig. 11 represents a suspension
bridge, loaded at each of its upper joints with weights 1, 2,
...,8, and at each of its lower joints with weights 10,11, 21.
..., 18; the weights are kept in equilibrium by the twc
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oblique reactions 9, 17 at the two extreme points of the
structure*,

The polygon of external forces has its first cight sides in
succession along the same vertical straight line, and its seven

Fig. 110,

last sides situated in another vertical straight line. The
oblique sides 9 and 17 intersect, so that the polygon is a
crossed one. We construct successively the polygons 1,17,
19,18; 16,19,20,21; 2,18, 20, 22, 23; 15, 21, 22, 24, 25;
3,23, 24,26, 27; and so on; most of which are crossed.
Diagram & shows that the upper bars are all in tension,
and that the tension decreases from the ends towards the

SO N QN N

Fig. 11d.

middle of the structure; the bars of the lower boom are also
all in tension, but in them the tension decreases from the
middle towards the ends.

The extreme diagonals and contra-diagonals are in tension;
in the portion situated to the left of the axis of symmetry, the
diagonals or braces are alternately in tension and compression ;
similarly they are on the right but in the reverse order. Con-
sidering separately the tics and struts, we see that the intornal

* This example is analogous to one of those studied by Maxwell in his memoir
of 1870.
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forces decrease from the ends towards the middle of the

structure. ,
In this example again the diagrams have axes of symmetry.

-

Fig. 12

47. Diagram e of Fig. 12 represents a framed -crane-
post; the weight of the machine is distributed over the
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different joints, and is represented by the sum of the forces
1,2,8,...,9; the force 5 also includes the load the crane is
requir ed bo lift.

All these forces are kept in equilibrium by the rea.ctlons at
the supports, the magnitudes of which are obtained by re-
solving the resultant weight into three forces acting along the
lines 10,11,12. These forces, taken in the contrary sense,
furnish the pressures which are supported by the strut 10,
and the column 11, and the tension in the tie 12.

48. These external forces may be determined as follows:

We take on the same vertical line segments representing
the magnitudes of the forces 1, 2,3 ... 9, and choose a pole
arbitrarily ; join the pole to the points (0, 1), (1, 2), (2, 3),

. (8,9),(9, 0%, and construct the corresponding funicular
polygon. The vertical through the point where the extreme
sides (0,1), (9,0) meet will be the line of action of the total
weight of the crane and load, & weight represented in magni-
tude by a segment, which has the same initial point as the
segment 1, and the same final point as the segment 9. If now
we decompose the resultant weight, which is now known,
into three components, whose lines of action are the straight
lines 10, 11, 12, employing the construction of Art. 40 (Fig. 6),
we obtain the three forces 10,11,12. That is to say, these
taken in the opposite sense and the given weights complete
the system of external forces.

In order to obtain the diagram &, we construct first the
polygon of the external forces, taking these forces in the order
in which we encounter them in going round the contour of the
structure. Then construct in succession the polygons corre-
sponding to the joints: (5,13,14), (4,13,15,186),(6,14,15, 17,
18),and so on in the manner just described.

The diagram thus obtained enables us to see that the bars
of the upper part are in tension, and those of the lower
part in compression; while the diagonals are alternately in
tension and compression.

* Here (0, 1) represents the initial point ot the segment 1, and (9, 0) the
final point of segment 9. 1In the figure the rays, from the pole O and the sides of
the corresponding funicular polygon, are shown by dotted lines
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Baghda,d durmg the Abbasid Caliphate, from contemporary
sources. By G. Le Stranee, With eight plans, 8vo. 16s. net.

Scngta Minoa. ByA. J. Evaxs. Royal dto. Vol. I Hieroglyphic
an

Primitive Linear Classes. With plates, figures, and many other illus-
trations. £2 2s. net.

Archaeology

Ancient Khotan. Detailed report of Archaeological explorations
in Chinese Turkestan carried out and described under the orders of H.M.
Indian Government by M. AvreL SteiN. Vol. I. Text, with descriptive list
of antiques, 72 illustrations in the text, and appendices. Vol. II. 119 collo-
type and other illustrations and a map. 2 vols. 4to. £5 5s. net.

Catalogue of the Coins in the Indian Museum, Calcutta. (Published

for the Trustees of the Indian Museum.) Royal 8vo, with collotype plates.

Vol. I, by V. A. Smrrs, 30s. net ; or in parts (grices on application). Vol II,

V H. N. Wrignr (the first section of Part IT by Sir J. BournirLox), 30s. net.
ol. III, by H. N. WrienT, 40s. net.

Meroé. The City of the Ethiopians. By J. Gansraxe, A. H.
Saxce, and F. Lv. Grirrrra.  With 74 plates.  Demy 4to.  31s. 6d. net.

Byzantine Art and Archaeology. By 0. M. Daurox. With 467
illustrations, Royal 8vo. [In the press.]

Ancient Coptic Churchesof Egypt. ByA.J. Borues. 2vv. 8vo. 30s.

A Catalogue of the Cyprus Museum. By J. L. Mynes and
Max Onveralsce-RicaTer. 8vo, With eight plates, 7s. 6d. net.

A Catalogue of the Sparta Museum. By M. N. Tog and
A.J. B. Wace. 8vo. 10s. 6d. net.

Catalogue of the Greek Vases in the Ashmolean
Museum. By P. GarDNER. Small folio, linen, with 26 plates. £3 3s. net.

The Cults of the Greek States. By L. R. Farvew. 8vo.
Five volumes, 207 plates. I-II, 32s. net; III-IV, 32s. net; V. 18s. 6d. net.

The Stone and Bronze Ages in Italy and Sicily. By
T. E. Peer. 8vo, illustrated. 16s. net.

Classical Archaeology in Schools. By P. Garoxer and J. L.
Myres. 8vo. Second edition. 1s. net.

Introduction to Greek Sculpture. By L.E. Urcorr. Cr.8vo. 4s.6d.

Marmora Oxomensm, inscriptiones Graecae ad Chandleri exempla
editae, cur. Gur. Rosents, 1791, Crown 8vo, 3s, 6d,

De Antiquis Marmoribus, Blasii Caryophili. 1828. 7s. 6d. net.

Fragmenta Herculanensia. (Oxford Fragments.) By W. Scorr.
Royal 2;'01 £1 18, Engravings from the Fragments, Folio. 10s. 6d., large -
paper.£11s. .

Herculanensium Voluminum Partes II. 1824 8vo. 10s.
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English History: Sources

»

Baedae O};era Historica, edited by C. Promuzz. Two volumes,
Crown 8vo, leather back. £1 1s. net.

Asser’'s Life of Alfred, with the Annals of St. Neot,
edited by W, H, Srevexson, Crown 8vo, 12s, net.

The Alfred Jewel, an historical essay. With illustrations and a map,
by J. EarLe, Small 4to, buckram. 12s, 6d. net.

Two of the Saxon Chronicles Parallel ; with supplementary

extracts from the others. A Revised Text, edited by C. Prummer and
J. Earte. Two volumes. Crown 8vo. Vol. I. Text, appendices, and
glossary. 10s.6d.net. Vol. II. Introduction, notes, andindex. 10s. 6d, net.

The Saxon Chronicles (787-1001 a.p.). Crown 8vo, stiff covers. 3s.
Handbook to the Land-Charters. By J. Esnie. Crown 8vo. 16,

The Crawford Collection of early Charters and Documents, now in

the Bodleian Library. Edited by A. S. Narier and W. H. Stevexsox.
Small 4to, cloth. 12s. net.

The Chronicle of John of Worcester, 1118-1140, Edited by
J. R. H. Weaver. Crown 4to. 7s. 6d. net.

Dialogus de Scaccario, Edited by A. Huenss, C. G. Crump, and
C. Jonxsox, with introduction and notes. 8vo, 12s, 6d. net.

Passio et Miracula Beati Olaui. Edited from the Twelfth-century
MS by F. Mercarre. Small 4to, 65,

The Song of Lewes. Edited from the MS, with introduction and
notes, by C. L. Kinesrorp, Extra fcap 8vo, 5s.

Chronicon Galfridi le Baker de Swynebroke, edited by Sir
E. Maunpe Taomrson, K.C.B. Small 4to, 18s, ; cloth, gilt top, £1 1s.

Life of the Black Prince. (See p. 29.)

The First English Life of Henry V. Edited from the MS. by
C. L. Kinesrorn. 8vo. 8s. 6d. net.

Chronicles of London. Edited, with introduction and notes, by
C. L. Kivesrorp, 8vo, 10s. 6d. net.

Six Town Chronicles of England. Now printed for the first
time. Edited from the MSS. by R. Frentey. 8vo. T7s. 6d. net.

Gascoigne’s Theological Dictionary (‘Liber Veritatum®): selected

passages, illustrating the condition of Church and State, 1403-1468, With
an introduction by J. E. Taororp Rocers, Small 4to. 10s, 6d,

Fortescue’s Governance of England. A revised text, edited,
with introduction, ete, by C. PLumMER, 8vo, leather back., 128, 6d. net.
Stow’s Survey of London. Edited by C. L. Kivasrorn. 8vo, 2 vols.,

with a folding map of London in 1600 (by Exery Warker and H. W. Criss
and other illustrations. 30s. net.

The Protests of the Lords, from 1624 to 1874 ; with introductions.
By J. E. TaoroLd Rocers. In three volumes. 8vo. £2 2s.

Historical Evidence. By H. B. Georee. Crown 8vo. 3.
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The Clarendon Press Series of Charters,

Statutes, etc
From the earliest times to 1307. By Bishop Stuszs,
Select Charters and other illustrations of English Constitutional History.

Eighth edition. Crown 8vo. 8s, 6d,
From 1558 to 1625. By G. W. ProrrERo.

Select Statutes and other Constitutional Documents of
the Reigns of Elizabeth and James 1. Third edition.

Crown 8vo. 10s. 6d,
From 1625 to 1660, By S. R. GArpINER,

The Constitutional Documents of the Puritan Revolu-
tion. Third edition. Crown 8vo. 10s. 6d.

Calendars, etc

Tudor and Stuart Proclamations, 1485-1714. Calendared
by Rosert STEELE under the direction of the Earl of Crawrorp, K.T. Royal
4to, two volumes. £5 5s. net.

Calendar of Charters & Rolls in the Bodleian Library. 8vo. S1s. 6d. n.

Calendar of the Clarendon State Papers preserved in the
Bodleian Library. In three volumes. 1869-76.

Vol. I. From 1523 to Jan 1649. 8vo. 18s. net. Vol. Il. From 1649

to 1654, 8vo. 16s, net. Vol III, From 1655 to 1657. 8vo. 14s. net.

Hakluyt’s Principal Navigations. (Seep. 12.)

Aubrey’s ¢ Brief Lives,” set down between the Years 1669 and 1696.
Edi from,the Author’s MSS by A. Crarx. Two volumes. 8vo. £1 58,

Whitelock’s Memorials. (1625-1660.) 4 vols. 8vo. £110s.

Ludlow’s Memoirs. (1625-1672.) Ed. C.H.Firra. 2 vols. 8vo. £1 16s.

Luttrell's Diary. (1678-1714.) Six volumes. 8vo. £1 10s. net.

Burnet’s History of James I1. s8vo. 9s. 6d. -

Life of Sir M. Hale, with Fell’s Life of Dr. Hammond. Small 8vo. 2s. 6d.
Memoirs of James and William, Dukes of Hamilton. 8vo. 7s. 6d.¢

Burnet’'s History of My Own Time. A new edition, based on
that of M. J. Rours, by Osmunp Arry. Two vols., each 12s. 6d. net.

Supplement, derived from Burnet’s Memoirs, Autobiography, etc., all
hitherto unpublished. Edited by H. C. Foxcrorr, 1902, 8vo. 16s, net.

The Whitefoord Papers. (1739-1810.) Ed. W.A.S. Hewnss. 8vo. 12s.6d.
History of Oxford

A complete list of the Publications of the Oxford Historical Society
can be obtained from Mr. Frowbk.

Manuscript Materials relating to the History of Oxford ;
contained in the catalogues of the Oxford libraries. By F. Mapax. 8vo. 7s, 6d.

The Early Oxford Press. A Bibliography of Printing and Publishing
at Oxford, ©1468°-1640, By F. Mapax. 8vo, 18s,

Bibliography
Cotton’s Typographical Gazetteer. First Series. 8vo. 18s. 64. net.
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Bishop Stubbs’s and Professor Freeman’s Books

o

The Constitutional History of England, i its Origin and
Develozment. By W. Stumes. Library edition. Three volumes, Demy
8vo. £28s. Also in three volumes, crown 8vo, price 12s. each,

Seventeen Lectures on the Study of Mediaeval and Modern History
and kindred subjects, 1867-1884. By the same, Third edition, revised and
enlarged, 1900, Crown 8vo, half-roan, 8s. 6d.

History of the Norman Con%est of England ; its Causes

and Results. By E. A. Freeman. Vols, I, II and V (English edition) are
out of print. Vols, III and IV, £1 1s, each. Vol, VI (Index). 10s. 6d.

A Short History of the Norman Conquest of England.
Third edition. By the same. Extra fcap 8vo. 2s. 6d.

The Relgn of William Rufus and the Accession of Henry the
First. By the same. Two volumes. 8vo, £1 16s,

School Books

A School History of England. By C. R. L. Frercaen and Ruo-
varD Krrrive.  Crown 8vo, cloth, with 11 coloured and 12 black and white
illustrations by H. J. Forp, and 7 maps, 1s. 8d. An Edition de luxe, printed
on superior paper, and containing additional illustrations, 4to, 7s. 6d. net.
This book contains many new and original poems by Mr. Runvarp Kirrivg,
bearing on the various periods of history.

School History of England. By 0. M. Eowarss, R. S. Rar, and
others. Second edition (1911), to the death of Edward VII, With maps.
Crown 8vo, 3s. 6d. ; also in 2 vols, (Vol. I to 1603, Vol. II to 1910), each 2s.

Companion to English History (Middle Ages). Edited by F. P.
Barvarp, With 97 illustrations. Crown 8vo. 8s. 6d. net.

The Storyof England. ForJunior Forms. By M.0.Davs, [In the press.]
Pegspective History Chart, By E. A. G. Lausorx,  8s. 6d. net.

Oxford County Histories

Crown 8vo, with many illustrations, each 1s. 6d. net. (Also in superior
bindings, 2s. 6d. net.)

Berkshire, by E. A, G. Lausors. Cheshire, by C. E. Keisev. Dur-
ham, by F. S. Eoex.  Essex, by W, H. Wesrov. Hampshire,

by F. CLaRkE. Oxfordshire, by H. A, LippELL
Others in preparation.

Leeds and its Neighbourhood. By A. C. Price. Cr. 8vo. 3s. 6d.

A History of Southampton. By F. J.C.Heanwszaw and F. Crarxe,
Crown 8vo. 2s. net.
Bucks Blographles. By Lady Verney. (In the press.]

Also, for junior pupils, illustrated, each 1s.
Stories from the History of Berkshire, ByE. A. G. Lausoxx.
Stories from the History of Oxfordshire. By Joux Invive.
5



Special Periods and Biographies

Ancient Britain and the Invasions of Julius Caesar. By
T. Rice HoLmes, 8vo. 21s. net.

Life and Times of Alfred the Great. ByC. Prummer, 8vo. 5s. net.
The Domesday Boroughs. By Avotrmus Battazn, 8vo, 6s, 6d. net.

Villainage in England. Essays in English Mediaeval History. By
P. VinoeraDorF. 8vo. 16s. net.

English Society in the Eleventh Century. Essays in
English Mediaeval History. By P. VinoerapOFF. 8vo. 16s. net.

Oxford Studies in Social and Leﬁal History. Edited by

PauL Vinoeraporr, 8vo. Vol. I. English Monasteries on the Eve of the
Dissolution. By ALExANDER SavINE. Patronage under the Later Empire.
By F. e Zuruera. 12s. 6d. net. Vol. II. Types of Manorial Structure. By
F. M. Stexton. Customary Rents. By N. Nemson. 12s. 6d. net.

The Gild Merchant : a contribution to British municipal history. By
C. Gross. Two volumes, 8vo, leather back, £1 4s.

Ireland under the Normans, 1169-1716. By G. H. Orrex.
Two vols., 8vo. With two maps. 21s. net.

The Welsh Wars of Edward I; a contribution to mediaeval
military history. By J. E. Morris. 8vo. 9s. 6d. net.

The Great Revolt of 1881, ByC.Omax. 8vo. 8s 6d. net.

Lancaster and York. (a.n. 1399-1485.) By SirJ. H. Rassar. Two
volumes, 8vo, with Index, £1 17s. 6d. Index separately, 1s. 6d.

Life and Letters of Thomas Cromwell. By R. B. Merrouax.

In two volumes. [Vol I, Life and Letters, 1523-1535, ete. Vol. 11, Letters,
1536-1540, notes, index, etc.] 8vo. 18s. net. ¢

Edward Hyde, Earl of Clarendon. By C. H. Fiara. 8vo, 1s. net.

A Hlstory of England, principally in the Seventeenth Cent.ury. By

L. von Ravke, Translated under the superintendence of G. W. Krrcmw
and C. W. Boase. Six volumes, 8vo, £33s. net. Index separately, 1s.

Sir Walter Ralegh, a Biography, by W. Sresmmve, Post8vo. 68, net.
The Life and Works of John Arbuthnot. By G. A. Arrxex.

8vo, cloth extra, with Portrait. 15s. net.
Sir Henry Wotton. By L. Pransatt Surra. 8vo. Two vols. 25s. met.
Great Britain and Hanover, By A. W. Warp. Crown 8vo. 5s.
Henry Fox, Lord Holland. By T. W. Rixer, 2vv. [In the press.]
History of the Peninsular War. ByC. Oxax. To be completed
in six volumes, 8vo, with many magz, plans, and portraits. Already published:

Vol. I, 1807-1809, to Corunna. L. I1. 1809, to Talavera. Vol. III. 1809-
10, to Torres Vedras. Vol. IV, 1810-1811, to Tarragona. 14s. net each.

British Statesmen of the Great War, 1793-1814. By
the Hon. J. W, ForTescue. 8vo. 7s. 6d. net.

Anglo-Dutch Rivalry, 1600-1658. By G.Epmuxpsox. 8vo. 6s.n.
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Progress of Japan, 1858-1871. By J.H.Gussws. 8vo. 10s. 6d. n.

Anglo-Chinese Commerce and Diplomacy : mainly in the
nineteenth century. By A. J. Saneent. 125, 6d. net.

Frederick’ York Powell. By Ouven Exrox. 2vols. 8vo. With
illuptratiqns. 21s. net,

Dayvid Binning Monro. By J. Coox Wisox. 8vo. . net.

F. W. Maitland. Two lectures by A. L. Surra. 8vo. 9s. 6d, net.

Hem'y Birkhead. By J. W. Macgar. 8vo. 1Is. net.

Biographical Memoir of Dr. William Markham, Arch-
bishop of York, by Sir CLements MarkHAM, K.C.B. 8vo, 5s. net,

Memoir of Sir John Burdon Sanderson. By the late Lady
Burpown Sanxperson. Kdited by J. S. and E. S. Harpaxr. [In the press.]

European History

Historical Atlas of Modern Europe, from the Decline of the
Roman Empire. 90 maps, with Ietterﬂress to each: the maps printed by
W. & A. K. Jonnsron, Ltd., and the whole edited by R. L. PooLg.

In one volume, imperial 4to, half-persian, £5 15s. 6d. net; or in selected
sets—British Empire, etc, at various l}:‘rgces from 30s. to 35s. net each;
or 1n single maps, 1s. 6d. net each. spectus on application,

Caesar’s Conquest of Gaul. By T. Rice Houes. Second edition,
revised throughout and largely rewritten. 8vo. With map and 8 plans. 24s. n.

Genealogical Tables illustrative of Modern History. By H. B.
Georee. Fourth (1904) edition, Oblong 4to, boards. 7s, 6d.

The Life and Times of James the First of Aragon. By
F. D. Swrrr. 8vo. 12s. 6d.

Documents of the Continental Reformation. Edited by
B.J. Kion, Cr. 8vo. 12s. 6d. net.

A HiStOl'y of France. By G. W. Krrcuin, Cr. 8vo ; revised, Vol 1
(to 1453); Vols. I1 (1624), 111 (1795), 10s. 6d. each.

De Tocqueville’s L’Ancien Régime et la Révolution,
Edited, with introductions and notes, by G. W. HEapLam, Crown 8vo. 6s,

Speeches of the Statesmen and Orators of the French
Revolution. Ed. H. Morse Stepaens. Twovols. CrownS8vo. £11s, net.

Documents of the French Revolution, 1789-1791. By
L. G. Wicknam Leae. Crown 8vo. Two volumes. 12s. net.

Napoleonic Statesmanship: Germany. By H. A, L. Frsaza.,
8vo, with maps, 12s. 6d. net.

Bonapartism.  Six lectures by H. A, L. Fsmzr,  8vo. Ss. 6d. net.

Thiers’ Moscow Expedition,ed. H. B. Georor. Cr. 8v0,6 maps. &s.
The Oxford Text-books of European History.
Crown 8vo, with maps. Each 4s. 6d.

Mediaeval Europe. 1095-1254. By Keswera Berr.
TheRenaissance & the Reformation. 1494-1610. By E. M. Taxxex.
The Fall of the Old Order. 1763-1815. Byl L. Prunxer.
From Metternich to Bismarck. 1815-1878. By L. Crcr Jaxe.
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History and Geography of America
and the British Dominions

For other Geographical books, see page 59; for Legal and Constitutional
works, see page 63.

History of the New World called America. By E.J. Pavxe.

Vol. I.” 8vo. 18s. Bk. I. The Discovery. Bk.II, Part1. Aboriginal America.
Vol. II. 8vo. 14s. Bk, II, Part II. Aboriginal America (concluded).

A History of Canada, 1768-1812. By Sir C. P. Lucas, K.C.M.G.
8vo. With eight maps. 12s, 6d. net.
The Canadian War of 1812. By Sir C. P. Lucas, K.C.M.G. 8vo.
With eight maps. 12s. 6d. net.
Historical Geography of the British Colonies. By sir C. P.
Lucas, K.C.M.G. Crown 8vo.
Introduction. New edition by H. E. Ecertox. 1903. (Origin and
groxg;h of the Colonies.) With eight maps. 3s.6d. In cheaper binding,
Se .
Vol. I. The Mediterranean and Eastern Colonies.

With 13 maps. Second edition, revised and brought up to date, by
R. E. Stusss. 1906. 58.

Vol. II. The West Indian Colonies. With twelve
maps. Second edition, revised and brought up to date, by C. ArcuiEey,
1.S.0. 1905. 7s. 6d. .

Vol. III. West Africa. Second Edition. Revised to the
end of 1899 by H. E. Ecerroy. With five maps. 7s. 6d.

Vol. IV. South and East Africa. Historical and Geo-
graphical. With eleven maps. 9s. 6d.

AlsoPart 1. Historical. 1898. 6s.6d. PartII. 1903, Geographical.
3s. 6d.

Vol. V. Canada, Part I. 6s. Part1I, by H. E. Eecerron. 4s!6d.
Part I1I (Geographical) 4s. 6d., and Part IV, Newfoundlapd, by
J. D. Rocers. 4s. 6d.

Vol. V1. Australasia. ByJ. D. Rocers. 1907. With 22 maps.
7s. 6d. Also Part I, Historical, 4s. 6d. Part II, Geographical, 3s. 6d.
History of the Dominion of Canada. By W. P. GreswerL, Crown8vo. Ts, 6d,
Geomhy of the Dominion of Canada and Newfoundland. By the same author.
ith ten maps. 1891, Crown 8vo. 6s.
Geography of Africa South of the Zambesi. By the same author. With maps.
1892, Crown 8vo. 7s. 6d.

The StudyofCol onial History. Alectureby H. E. Ecerrox. 8v0. 1s. .

Historical Atlas. Europe and her Colonies. 27 maps. 35s. net.

Cornewall-Lewis’s Essay on the Government of Depen-
dencies. Edited by Sir C. P. Lucas, K.C.M.G. 8vo, quarter-bound, 14s.

Sierra Leone : a bibliography. By H. C. Luxacu. 8vo, with intro-
ductory essay and maps. 8s. 6d. net. ,
Federations and Unions within the British Empire. By H.E. Esrtox.
8vo. 8s, 6d. net,
8



India

The Imperial Gazetteer of India. New edition, 1908. The
entire work in 26 vols., cloth £5 net, morocco back £6 6s. net. The 4 vols.
of ‘The Indian Empire’ separately, cloth 6s. net each, morocco back
78, 6d. net; Atlas, cloth 15s. net, morocco back 17s. 6d. net; the remaining
21 vols., cloth £4 4s. net, morocco back £5 5s. net.

Vol. I, Descriptive. Vol. V-XXIV. Alphabetical Gazetteer.
Vol. II. Historical. Vol. XXV, Index.
Vol III. Economie. Vol. XXVI, Atlas,

Vol. IV. Administrative.
Each volume contains a map of India specially prepared for this Edition.

Reprints from the Imperial Gazetteer.

A sketch of the Flora of British India. By Sir Josepr Hooker., 8vo. 1s. net.
The Indian Army. A sketch of its History and Organization, 8vo. 1s. net.

Rulers of India

Edited by Sir W. W. HuNter. Crown 8vo. 2s. 6d. net each.
(There is also a special Indian Edition.)

Bébar. S. Laxe-Poors. Amherst. Axyxe T. Rircme and
Albuquerque. H. MoRrsE STEPHENS, R-‘EVM‘S-

Akbar. Colonel Marresox. Bentinck. D. C. Boursxs.
Aurangzib. S. Lave-Poor. Auckland. Captain L. J. Trorrer.
Dupleix. Colonel Mavresox. Hardinge. Viscount HarbinaE.
Clive. Colonel MatLesox. Ranjit Singh. Sir L. Grrrrry.
Hastings. Captain L. J. Trorrzs. | Dalbousie. Sir W. W. Hunres.
Sindhia. H.G. Krexe. Thomason. Sir R. TemrrE.

Cornwallis. W. S. Serox-Kazr. Colvin, Sir A. CoLvix.
Haidar Ali and Tipd Sultén. | Henry Lawrence. Lt.-Gen. J. J.

L. B. Bownine. Me°Lop INNEs.
Wellesley, W. H. Hurrox, Clyde and Strathnairn, Major-
The Marquess of Hastings. Major | _ Gen. Sir O. T. Burxx.
Ross-or-BLApENSBURG. Canmng. Sir H. S. CuNNINGHAM,
Elphinstone. J. S. Corrox. Lawrence. Sir C. Arrcason.
Munro. J. Bransuaw. Mayo. Sir W. W. Huvrer.

Asoka. By V. A, Surra, Second edition, 1909.  3s. 6d. net.

Sketches of Rulers of India. Abridged from the Rulers of India

by G. D. OsweLL, Vol. I, The Mutiny and After; Vol. II, The Comgan s
ernors ; Vol. III, The Governo neral ; Vol. I'V, The Princes of In
Crow; 8vo. 2s. net each. Also in two vols., 7s. 6d. net ; separately, each

4s, net.

Macaulay’s Clive and Warren Hastings, with introductions by
V. A. Sy, the former with notes by the same editor. 2s. each.
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India (continued)

The Government of Indla, being a digest of the Statute Law relating
thereto; with historical introduction and illustrative documents, By Sir
C. P Iueert. Second edition, 1907, with a quplementary chapter (1910)
on the Indian Councils Act of 1909 (also separately, 1s. net). 11s, 6d. net.

The Early History of India from 600 5.c. to the Muhammadan Con-
%{;est. including the invasion of Alexander the Great. By V. A, Surra, 8vo.
ith maps, plans, and other illustrations. Second edition. 14s. net.

'The English Factories in India: By W.Fosres. Med. 8vo, (Published
under the patronage of His Majesty’s Secretary of State for India in Council.)
5 Vols., 1618-21, 1622-3, 1624-9, 1630-33, 1634-36. 12s. 6d. net each.
(The six previous volumes (Vol. II is out of print) of Letters received by
the East India Company from its Servants in the East (1602-1617) may
also be obtained, price 15s. each volume.)

Court Minutes of the East India Company. By E. B.
Saivssury. Introduction by W. Fosrer. Med. 8vo. 12s. 6d. net each.

Two Vols., 1635-39, 1640-43.
The Court Minutes previous to 1635 have been calendared in the Calendars
of State Papers, East Indies, published by the Public Record Office.

Wellesley’s Despatches, Treaties, and other Papers relating to his
Government of India. Selection edited by S. J. Owen. 8vo. £1 4s.

Wellingbon’s Despatches, Treaties, and other Papers relating to
India. ~Selection edited b 5. 7. Owen. 8vo. £14s.

Hastings and the Rohilla War. By SirJ. Sacaer. 8vo. 10s. 6d.

A Brief History of the Indian Peoples. By Sir W. W. Huvres.
Revised up to 1903 by W. H. Hurrov.  Eighty-ninth thousand. 3s. 6d.

'The Oxford Student’s History of India. By V. A. Surrs.
Crown 8vo. Third Edition. With 7 maps and 11 other illustrations, 2s. 6d.

The Oxford India Reader. Authorized selections from the Imperial
Gazetteer of India (Indian Empire). By W. BeLr. Cr. 8vo. [In the press.]

GEOGRAPHY

Historical Atlas of Modern Europe. (See p. 55.)

Economic Atlas. ByJ. G. Bartsoromew. Introduction by L. W. Lyoe.
4to, with over 180 coloured maps. 3s. 6d. net. School edition, 2s. 6d. net.

The Dawn of Modern Geography. By C. R. Beaziev. In three
volumes. £2 10s. net. Vol. 1 (to a.n. 900). Not sold separately. Vol. 11
(a.p. 900-1260). 15s. net. Vol. II1. 20s. net.

Regions of the World. Ed.H.J.Macxivoes. Med. 8vo. 7s.6d. n. pervol.
Britain and the British Seas. Ed. 2. By H. J, Macxixoen,
Central Europe. By Joux Partscn. Nearer East. By
D. G. Hoearrn. North America. By I. Russerr. India. By
Sir Tromas Hotoier, 'The Far East. By Arcamsao Lrrree.

Frontiers: RomanesLecture(1907) by Lord Curzon or KEpLEsTON. 8v0, 28.1.

The Face of the Earth. By Eovanp Susss. (See p. 92.)
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The Oxford Geographies

Xdited by A. J. HerBerTsoN. Crown 8vo.
The Preliminary Geography. Ed. ¢, 72 maps, 1s.6d.

The Junior Geography. Ed.s, revised, 166 maps and diagrams, %.
With Physiograxhical Introduction, 8s, With Questions (by F. M. Kirk),
and Statistical Appendix (by E. G. R. Taylor), 2s. 6d. With both, 3s. 6d.
Quests. and Stat. App. separately, 1s.

The Senior Geography. Ed.s, 117 maps and diagrams, %. 6d. With
Physiographical Introduction, 3s. 6d. With Questions (by F. M. Kizk), and
Statistical Appendix (by E. G. R. Tayror), 3s. With both, 4s. Quests. and
Stat. App. separately, ls. .

Physiographical Introduction to Geography. With 63 maps
and diagrams, 1s. 6d.

The Clarendon Geography. ByF.D. Herserrsox. In 2vols. Vol.I:
Principles, British Isles, and Kurope. 1In the press. Vol. II. In preparation.

"The British Empire. By R. L. Tuonrsox. [In the press.]

A Geography of Ireland. By 0.J. R. Howarra. 2s.6d.

Australia. Initsphysiographicand economic aspects. ByT.G.Tavuor. 3s.6d.

The Elementary Geographies. By F.D. Heaseamow. [, Ed. 2:
Physiography. 1s. II: In and About our Islands. 1s. III: Europe. 1ls.
IV: Asia. 1s. 6d. VII: The Bntish Isles. 1s.9d. Others in preparation.

Practical Geography. ByJ.F. Ussreap. Part 1, 27 maps, Part I1,
21 maps, each 1s. 6d.; together 2s. 6d.

The Oxford Wall Maps

Edited by A. J. HerertsoN, Drawn by B. V. DArBisHIRE.

British Isles: Physical Features ; do. with physical names; do. with
routes ; Geology ; Rainfall. Five maps, 60 x 40, scale 1 :1,000,000.

Continents (Europe, Asia, Africa, N. America, S. America, Australasia) :
1;ll|lysical Features ; do. with physical names ; do. with political names ; Rain-
fall; Vegetation. Thirty maps, 60 x 40 (except Asia, 60 x 60), scale, Europe
and Australasia, 1 : 5,000,000, others 1 : 7,500,000,

World : Physical Features ; Structure ; Thermal Regions ; Pressure and
Winds ; Rainfall; Vegetation; Natural Regions ; Political. Eight maps,
40 x 60, scale 1 : 33,300,000,

Price net per map: Unmounted 7s. net ; mounted on cloth to fold 8s. 6d. net ;
on cloth and rollers (varnished or unvarnished) 10s. 6d. net, except Asia, 10s. 6d.
net, 12s. 6d. net, 15s. net.

In Sets (prices net): British Isles, Europe, Africa, N. America, S. America.
Australasia, each in five maps, 32s. 6d., 40s., 50s. Asia, §0s., 60s., 72s. 6d
World, the eight maps, 55s., 65s., 80s. Physical Features of the eiﬁht maps
with or without names, or with political names (the British Isles with routes)
57s. 6d., 70s., 85s. Rainfall, the eight maps, 57s. 6d., 70s., 85s. Vegetation
the seven maps, 508., 60s., 758,

Detailed Prospectus on application to Mr. Frowde.

Relations of Geography and History. By H. B. Groner
With two maps. Crown 8vo. Fourth edition. 4s. 6d.

Geography for Schools, by A. Hueres, Crown 8vo. $s. 6d.
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Anthropology

Transactions of the Third (1908) International Congress
for the History of Religions. Royalsvo. 2vols. 25s. net.

Anthropological ESS&}’S presented to Epwarp BurnNerr TyLor in
honour of his seventy-fifth birthday. Imperial 8vo. 21s. net.

The Evolution of Culture, and other Essays, by the late
Lieut.-Gen. A. Lane-Fox Prrr-Rivers; edited by J. L. Myres, with an
Introduction by H. BaLrour. 8vo, with 21 plates, 7s. 6d. net.

Anthropology and the Classics, Six lectures by A. Evass,
A. Laxg, G. G. A. Murray, F. B. Jevons, J. L. Mynes, W. W. FowLEr.
Edited by R. R. Marerr. 8vo. Illustrated. 6s. net.

F olk-Memory + By WarTer JonnsoN. 8vo. Illustrated. 12s. 6d. net.
Celtic Folklore: Welsh and Manx. By J.Rags. 2 vols. 8vo. £1 1s.
Studies in the Arthurian Legend. ByJ. Ruts. 8vo. 1s.6d.

Iceland and the Faroes. By N. Axxawpaie. With an appendix
on the Celtic Pony, by F. H. A. Marsaarr. Crown 8vo. 4s. 6d. net.

Dubois’ Hindu Manners. Translated and edited by H. K. Beau-
cuaMp, Third edition. Crown 8vo. 6s. net. On India Paper, 7s. 6d. net.

The Melanesians, studies in their Anthropology and Folk-Lore. By
R. H. CopriNeToN. 8vo. 16s. net.

. )
The Melanesian Languages. ByR. H.Covrivetox. 8vo. 18s.net.

]
The Masai, their Language and Folk-lore. By A. C. Hotus,
With introduction by Sir CHarLEs Evior. 8vo. Illustrated. 14s. net.

The Nandi, their Language and Folk-lore. By A. C. Hous.
With introduction by Sir CuarLEs Ertor. 8vo. Illustrated. 16s. net

The Suk, their Language and Folk-lore. By M.W. H. Beeca.
With introduction by Sir Cuarces Erior. 8vo, Illustrated. 12s. 6d. net.

The Ancient Races of the Thebaid : an anthropometrical study.
By Artaur Traomson and D, Ranparr-MacIver. Imperial 4to, with 6 collo-
types, 6 lithographic charts, and many other illustrations, 42s. net.

The Earliest Inhabitants of Abydos. (A craniological study.)
By D. Ranparr-Maclver, Portfolio. 10s, 6d. net.

Bushman Paintings. Copied by M. H. Toxeus, and printed in colour.
With a preface by H. Barrour. In a box, £3 3s. net.
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LAW

Jurisprudence

Bentham’s Fragment on Government. Edited by F. C.
MonTAGUE. 8vo. 7s. 6d.

Bentham’s Introduction to the Principles of Morals and
Legislation. Second edition. Crown 8vo. 68, 6d.

Studies in HistorXWOand Jurisprudence. By the Right Hon,

JamEs Bryce. 1901, volumes, 8vo. £1 5s. net.

The Elements of Jurisprudence. By T. E. Hortaxn. Eleventh
edition. 1910, 8vo. 10s. 6d. net.

Elements of Law, considered with reference to Principles of General
Jurisprudeng.e. By Sir W. Marksy, K.C.LLE. Sixth edition revised, 1905,
8vo. 12s. 6

Roman Law

Imperatoris Iustiniani Institutionum Libri Quattuor;
with introductions, commentary, and translation, by J. B. Movie. Two
volumes. 8vo. Vol I (fourth edition, 1903), 16s.; Vol. II, Translation
(fourth edition, 1906), 6s. .

The Institutes of Justinian, edited as a recension of the Institutes
of Gaius. By T. E. HoLLanp. Second edition. Extra feap 8vo. 5s.

Select Titles from the Digest of Justinian. By T. E. Howuaxo
and C. L. SuaoweLL, 8vo. 14s.

Also, sold in parts, in paper covers: Part I. Introductory Titles. 2s. 6d.
Part I1. Family Law. 1s. Part IIL. Property Law. 2s.6d. PartIV.
. _Law of Obligations. No. 1. 3s. 6d. No. 2. 4s.6d.

Gai Institutionum Iuris Civilis Commentarii Quattuor :
with a translation and commentary by the late E Poste. Fourth edition.
Reyised and enlarged by E. A. Wurrruck, with an historical introduction
by’A. H. J. GREENIDGE. 8vo. 16s. net.

Institutes of Roman Law, by R. Somm. Translated by J. C.
Lepue: with an introductory essay by E. Gruerer. Third edition. 1907,
8vo. }6s. net.

Infamla; its place in Roman Public and Private Law. By A. H. J.
GREENIDGE, 8vo, 10s. 6d. .

Legal Procedure in Cicero’s Time. By A. H. J. Gezexoce. 8vo.
258. net.

Six Roman Laws, Translated, with Introduction and Notes, by E. G.
Haroy. 8vo. 6s. net.

The Roman Law of Damage to Property: being a commentary
on the title of the Digest ¢ Ad Legem Aquiliam’ éix. 2), with an introduction
to the study of the Corpus Iuris Civilis. By E. Grueses. 8vo. 10s. 6d.

Contract of Sale in the Civil Law. ByJ. B. Movie. 8vo. 10s.6d.

Trichotomy in Roman Law. By H. Gouoy. 8vo. 4s. net.

The Principles of German Civil Law, By EawesrJ. Scaverea.
1907. 8vo. 12s. 6d. net.
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English Law

Law and Custom of the Constitution. By Sir W R. Awsow.
In two volumes. 8vo.
Vol. I. Parliament. Fourth edition. 1909. 12s. 6d. net.
Vol II. TheCrown. Third edition. PartI, 1907. 10s. 6d. net. PartII,
1908. 8s. 6d. net.

Principles of the English Law of Contract, and of Agency io

its relation to Contract. By Sir W, R. Axson. Twelfth edition, 1910, revised
by M. L. Gwyer. 8vo. 10s. net.

Introduction to the History of the Law of Real Property.
By Sir K. E. Diesy. Fifth edition. 8vo. 1%s. 6d.

Legislative Methods and Forms. By SirC. P. [usesr, K.C.S.1
1901, 8vo. 16s.

Modern Land Law. ByE. Jewxs. 8vo. 15s.

Essay on Possession in the Common Law. By sirF.
Porrock and Sir R. S, Wrient. 8vo. 8s. 6d.

Outline of the Law of Property. ByT.Raumen. 8vo. 7s. 6d.

Cases illustrating the Principles of the Law of Torts,

with table of all Cases cited. By F. R. Y. Rapctirre and J. C. MiLes, 8vo.
1904. 12s. 6d. net.

Law in Dally Life. By Rup. voN JueriNg, Translated with Notes
- and Additions by H. Gouby. Crown 8vo. 3s. 6d. net,
T'he Management of Private Affairs. By Josers Kive, K. T. R.

Brcaam, M. L. Gwyer, Epwin Cannax, J. S. C. Bripge, A. M. LaTrER.
Crown 8vo. 2. 6d. net.

Calendar of Charters and ROHS, containing those preserved in the
Bodleian Library. 8vo. £1 11s, 6d. net.

Handbook to the Land-Charters, and other Saxonic Documents.
By J. EarLE. Crown 8vo, 16s.

Fortescue’s Difference between an A bsolute and a Limited
Monarchy. Text revised and edited, with introduction, ett, by C.
.Pw?mnn. t}vo, leather back, 12s. 6d. net.

Villainage in England. By P. Vixooravorr. 8vo. 16s. net.

Welsh Mediaeval Law: the Laws of Howel the Good. Text.
translation, etc, by A. W. Wape Evans. Crown 8vo. 8s. 6d. net.

Constitutional Documents

Select Charters and other Illustrations of English Constitutional History,
from the earliest times to Edward I. Arranged and edited by W, Stusss,
Eighth edition. 1900, Crown 8vo. 8s. 6d.

Select Statutes and other Constitutional Documents,
illustrative of the reigns of Elizabeth and James I. Edited by G. W.
Proraero, Third edition. Crown 8vo. 10s. 6d.

Constitutional Documents of the Puritan Revolution, selected and
edited by S, R. Garoixer. Third edition. Crown 8vo. 10s.
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International Law

Internationgl Law. By W. E. Haww, Sixth edition by J. B. Arrar.
1909. 8vo. £1 1s, net.

Treatise on the Foreign Powers and Jurisdiction of the
British Crown. By W. E.Haw. 8vo. 10s. 6d.

The European Concert in the Eastern Question, a collection
of treaties and other public acts. Edited, with introductions and notes, by
T. E. Hotanp. 1885, 8vo. 12s. 6d.

Studies in International Law. ByT.E.Howiaxp. 1898. 8vo. 10s.6d.

The Laws of War on Land. ByT. E. HoLtaxp. 1908. 8vo. 6s. net.

Gentilis Alberici de Iure Belli Libri Tres edidit T. E.

Hovrtaxp. 1877. Small quarto, half-morocco. £1 1s.

The Law of Nations. By Sir T. Twiss. Part 1. In time of peace.
New edition, revised and enlarged. 8vo. 15s.

Pacific Blockade. By A. E. Hooax. 1908, 8vo. 6s. net.

Colonial and Indian Law

The Government of India, being a Digest of the Statute Law relating
thereto, with historical introduction and illustrative documents. By Sir C. P.
Iusert, K.C.S.I. Second edition, 1907, with a supplementary chapter (1910}
on the Indian Councils Act of 1909 (also separately, Is. net). 1ls. 6d. net.

British Rule and Jurisdiction beyond the Seas. By the late
Sir H. Jexxyxs, K.C.B., with a preface by Sir C. P. ILsert. 1902. 8vo, 155. n,

Cornewall-Lewis’s Essay on the Government of Depen-
dencies. Edited by Sir C. P. Lucas, K.C.M.G. 8vo, leather back, 14s.

An Introduction to Hindu and Mahommedan Law for
ths use of students. 1906. By Sir W. Marxsy, K.CL.LE. 6s. net.

Land-Revenue and Tenure in British India. By B. H.
Bapex-Powewt, C.ILE. With map. Second edition, revised by T. W.
Horoerwess, C.S.1. (1907.) Qrown 8vo. 5s. net.

Land-Systems of British India, being a manual of the Land-
Tenures, and of the systems of Land-Revenue administration. By the same.
Three volumes. 8vo, with map. £3 3s.

An%lo-lndlan Codes, by Warrvey Sroxes. 8vo.

ol. I. Substantive Law. £110s. Vol II. Adjective Law. £1 15s.
1st supplement, 2s. 6d. 2nd supplement, to 1891, 4s. 6d. In one vol., 6s. 6d.

The Indian Evidence Act, with notes by Sir W. Marxsy, K.C.LE.

8vo. 83. 6d, act (published by Mr. Frowde).

TheUnionofSouth Africa. Bythe Hon. R. H. Braxn(1909). 8vo. 6s.n.

Corps de Droit Ottoman : un Recueil des Codes, Lois, Réglements,
Ordonnances et Actes les plus importants du Droit Intérieur, et d’Etudes sm
le Droit Coutumier de I'Empire Ottoman. Par Georce Youna. 1805. Seven
vols. 8vo. Cloth, £4 14s. 6d. net; paper covers, £4 4s. net. Parts I (Vols,
I-I11) and IT (Vols. IV-VII) can be obtained s&i)arately; price per part,
in cloth, £2 17s, 6d. net, in paper covers, £2 12s. 6d. net.
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* Political Science and Economy
For Bryce’s Studiss ard other books on general jurisprudence and political
science, see p. 61.
Industrial Organization in the 16th and 17th Centuries.
By G. Unwiv, 8vo. 7s. 6d. net.
Relations of the Advanced and Backward Races of

Mankind, the Romanes Lecture for 1902. By J. Brvce. 8vo. 2s. net.
Cornewall-Lewis's Remarks on the Use and Abuse
of some Political Terms. New edition, with introduction by
T. RaLeon.  Crown 8vo, paper, 3s. 6d. ; cloth, 4s. 6d.
Adam Smith’s Lectures on Justice, Police, Revenue, and Arms.
Edited with introduction and notes by E. Caxxan. 8vo. 10s. 6d. net.

Bluntschli’s Theory of the State. Translated from the sixth
German edition. Third edition. 1901. Crown 8vo. 8s. 6d. net.

Second Chambers, By J. A. R. Marntorr. 8vo. 5s. net.

English Political Institutions. ByJ.A.R.Marriorr. Cr.8vo. 4s.6d.

Biological Analogies in History : the Romanes Lecture for 1910.
By Turonore RoosevELr. 8vo. 2s. net.

A Geometrical Political Economy. Being an elementary

Treatise on the method of explaining some Theories of Pure Economic
Science by diagrams. By H. Cuxy~cHamg, C.B. Cr. 8vo. 2s. 6d. net.

The Elements of Railway Economics. By W. M. Acworm.
Crown 8vo. Second impression. 2s. net.

Elementary Political Economy. By E. Caxxax. Third edition.
Extra fcap 8vo, 1s. net.

Elementary Politics. By Sir T. Rateien. Sixth edition revised. Extra
fcap 8vo, stiff covers, 1s. net. .
The Study of Economic History. ByL. L. Paice. 1s. net.

Economic Documents
Ricardo’s Letters to Malthus (1810-1823). Edited by J. Boxax.
gvo. 7s.6d. l.ettersto Trower and others (1811-1828). Edited
by J. Bonar and J. H. HorraNper, 8vo. T7s, 6d.
Lloyd’s Prices of Corn in Oxford, 1583-1830. 8vo. 3s. 6d. net.

First Nine Years of the Bank of England. ByJ. E. Taorown
Rocers. 8vo. 8s. 6d.

History of Agriculture
The History of A%riculture and Prices in England,

A.D, 1259-1793. By J. E. Tuororp Rocers. 8vo. Vols. I and II (1259-1400
84s. net. Vols. Il and IV (1401-1582). 32s, net. Vols. V and VI (1583-1702
32s.net. Vol VIL. In two Parts (1702-1793). 32, net.

History of English Agriculture. By W. H. R. Curmes.
Crown Bvo. 6s. 6d. net.

The Disappearance of the Small Landowner. By A. H.
JounsoN. Crown 8vo, 5s. net.
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