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INTRODUCTION
HISTORICAL SUMMARY

1. By an isogonal (winkeltreu) representation of two areas on one
another we mean a one-one, continuous, and continuously differentiable
representation of the areas, which is such that two curves of the first
area, which intersect at an angle « are transformed into two curves
intersecting at the same angle &. If the sense of rotation of a tangent
is preserved, an isogonal transformation is called conformal.
Disregarding as trivial the Euclidean magnification (4 knlichkeitstrans-
JSormation) of the plane, we may say that the oldest known transformation
of this kind is the stereographic projection of the sphere, which was used
by Ptolemy (flourished in the second quarter of the second century ; died
after o.D. 161) for the representation of the celestial sphere; it trans-
forms the sphere conformally into a plane. A quite different conformal
representation of the sphere on a plane area is given by Mercator’s
Projection; in this the spherical earth, cut along a meridian circle, is
conformally represented on a plane strip. The first map constructed by
this transformation was published by Mercator (1512-1594) in 1568,
and the method has been universally adopted for the construction of

sea-maps.

2. A comparison of two maps of the same country, one constructed
by stereographic projection of the spherical earth and the other by
Mercator’s Projection, will show that conformal transformation does not
imply similarity of corresponding figures. Other non-trivial conformal
representations of a plane area on a second plane area are obtained by
comparing the various stereographic projections of the spherical earth
which correspond to different positions of the centre of projection on
the earth’s surface. It was considerations such as these which led
Lagrange (1736-1813) in 1779 to obtain all conformal representations
of a portion of the earth’s surface on a plane area wherein all circles of
latitude and of longitude are represented by circular arcs(1).

8. In 1822 Gauss (1777-1855) stated and completely solved the
general problem of finding al/ conformal transformations which trans-

form a sufficiently small neighbourhood of a point on an arbitrary
I



2 INTRODUCTION

analytic surface into a plane area(2). This work of Gauss appeared to
give the whole inquiry its final solution; actually it left unanswered
the much more difficult question whether and in what way a given finite
portion of the surface can be represented on a portion of the plane.
This was first pointed out by Riemann (1826-1866), whose Dissertation
(1851) marks a turning-point in the history of the problem which has
been decisive for its whole later development; Riemann not only intro-
duced all the ideas which have been at the basis of all subsequent
investigation of the problem of conformal representation, but also showed
that the problem itself is of fundamental importance for the theory of
functions(3).

4. Riemann enunciated, among other results, the theorem that every
simply-connected plane area which does not comprise the whole plane
can be represented conformally on the interior of a circle. In the proof
of this theorem, which forms the foundation of the whole theory, he
assumes as obvious that a certain problem in the calculus of variations
possesses a solution, and this assumption, as Weierstrass (1815-1897)
first pointed out, invalidates his proof. Quite simple, analytic, and in
every way regular problems in the calculus of variations are now known
which do not always possess solutions(4). Nevertheless, about fifty years
after Riemann, Hilbert was able to prove rigorously that the particular
problem which arose in Riemann’s work does possess a solution; this
theorem is known as Dirichlet’s Principle(s).

Meanwhile, however, the truth of Riemann’s conclusions had been
established in a rigorous manner by C. Neumann and, in particular, by
H. A. Schwarz®). The theory which Schwarz created for this purpose
is particularly elegant, interesting and instructive; it is, however, some-
what intricate, and uses a number of theorems from the theory of the
logarithmic potential, proofs of which must be included in any complete
account of the method. During the present century the work of a
number of mathematicians has created new methods which make possible
a very simple treatment of our problem ; it is the purpose of the following
pages to give an account of these methods which, while as short as
possible, shall yet be essentially complete.



CHAPTER I
MOBIUS TRANSFORMATION

5. Conformal representation in general.

It is known from the theory of functions that an analytic function
w=f(z), which is regular and has a non-zero differential coefficient at
the point z = 2,, gives a continuous one-one representation of a certain
neighbourhood of the point 2, of the z-plane on a neighbourhood of a
point w, of the w-plane.

Expansion of the function f(z) gives the series

w—u:o=A(z—zo)+B(z—-zo)'-’+...,} )
. A%O; ------ (5 1)
and if we write

z—zy=ré, A=ad, w-w=pe®, ... (5°2)

where ¢, A, and u are real, and 7, @, and p are positive, then (5:1) may
be written )
pott = ard {1+ ,0),) .
lim ¢(r,8)=0. S (5'3)
r-»0

This relation is equivalent to the following two relations:

p=ar{l +a(r,f)}, u=A+t+B(r?), } &4)
lim «(r, t)=0, limo B(r,ty=0.f
-0 -
When 7 = 0 the second of these relations becomes
w=h+t, e (5°5)

and expresses the connection between the direction of a curve at the
point z, and the direction of the corresponding curve at the point w,.
Equation (5'5) shows in particular that the representation furnished by
the function w =/ (2) at the point z, is isogonal. Since the derivative
/' (2) has 1o zeros in a certain neighbourhood of 2, it follows that the
representation effected by f () of & neighbourhood of 2, on a portion of
the w-plane is not only continuous but also conformal.

The first of the relations (5'4) can be expressed by saying that
“infinitely small” circles of the z-plane are transformed into infinitely
small circles of the w-plane. Non-trivial conformal transformations
exist however for which this is also true of finite circles; these trans-
formations will be investigated first.
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6. Mdbius Transformation.

Let A, B, C denote three real or complex constants, 4, B, C their
conjugates, and z, % a complex variable and its conjugate; then the
equation

(A+A) 2%+ Br+BE+C+C0=0 ... (6:1)
represents a real circle or straight line provided that
BB>(A+4)(C+0). ... (62)

Conversely every real circle and every real straight line can, by suitable
choice of the constants, be represented by an equation of the form (6°1)
satisfying condition (6'2). If now in (6'1) we make any of the sub-
stitutions

y=z+N e (6:3)
y=px, e (6°4)
or Y= ‘%‘ s e (6'5)

the equation obtained can be brought again into the form (6°1), with
new constants A, B, C which still satisfy condition (6'2). The substitu-
tion (6'5) transforms those circles and straight lines (6°1) for which
C+C=0, i.e. those which pass through the point #=0, into straight
lines; we shall therefore regard straight lines as circles which pass
through the point = .

7. If we perform successively any number of transformations (6°3),
(6°4), (6°5), taking each time arbitrary values for the constants A, p,
the resulting transformation is always of the form

az+ 3 .
=5 (7°1)

here &, B, y, & are constants which necessarily satisfy the condition
B—By#0, e (12)

since otherwise the right-hand member of (7'1) would be either constant
or meaningless, and (7°1) would not give a transformation of the z-plane.
Conversely, any bilinear transformation (7'1) can easily be obtained by
means of transformations (6'3), (6'4), (6°5), and hence (7°1) also trans-
forms circles into circles.

The transformation (7°1) was first studied by Mobius (1) (1790-1868),
and will therefore be called Mobius’ Trangformation.

8. The transformation inverse to (7:1), namely

z=%yg§, (-8 (-0)-By#0, oo (81)
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is also & Mobius’ transformation. Further, if we perform first the trans-
formation (7-1) and then a second Mébius’ transformation

+
z= :1';—4_%: 0,8 - Bin#0,
the result is a third Mobius’ transformation
_Az+B
2= Tz+a’

with non-vanishing determinant

AA =BT = (a3 - By) (% 8, ~ Biy)) #0.
Thus we have the theorem: zke aggregate of all Mibius transforma-
tions forms a group.

9. Equations (7'1) and (8°1) show that, if the z-plane is closed by the
addition of the point z = o, every Mobius' transformation is a one-one
transformation of the closed z-plane into itself. If y # 0, the point y=a/y
corresponds to the point =, and y =  to z=—38/y; but if y=0 the
points 2 =  and y = = correspond to each other.

From (7°1) we obtain

dy _ ad - ,37

dz (yo+ &)
80 that, by § 5, the representation is conformal except at the points # = o
and 2 =-8/y. In order that these two points may cease to be ex-
ceptional we now extend the definition of conformal representation as
follows : a functiony =f (<) will be said to transform the neighbourhood
of a point 2, conformally into a neighbourhood of y = c if the function
n = 1/f(z) transforms the neighbourhood of &, conformally into a neigh-
bourhood of 7 =0; also y =/ («) will be said to transform the neighbour-
hood of z = w conformally into a neighbourhood of , if

y=9()=/Q1/¢)
transforms the neighbourhood of £ =0 conformally into a neighbourhood
of 4. In this definition y, may have the value .
In virtue of the above extensions we now have the theorem: every
Msbius' transformation gives a one-one conformal representation of the
entire closed x-plane on the entire closed y-plane.

10. Invariance of the cross-ratio.

Let 2, @5, 25, «, denote any fopr points of the z-plane, and yy, ¥,
¥s, ¥« the points which correspond to them by the Mobius’ transforma-
tion (7'1). If we suppose in the first place that all the numbers 2, y,
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are finite, we have, for any two of the points,
“z,+B_oaw+f_ od-By
yop+8  yxy+8  (yay+d)(ywi+38
and consequently, for all four,

B=9)@=9) _(m-2)(@=z) (10'1)
=9 @—y) (@ - 22) (25— 2,)

Ye—Yi= ) (a2 — ),

The expression

(-2'1 — x,) (25— )

(21— @) (05— )
is called the cross-ratio of the four points 2;, 2,, #s, 24, s0. that, by (10:1),
the cross-ratio is invariant under any Mobius’ transformation.

A similar calculation shows that equation (10°1), when suitably modi-

fied, is still true if one of the numbers z; or one of the numbers y; is
infinite; if, for example, 3= © and ¥, = w,

W moa
11. Let 2,, 2,, 2, and v,, ¥,, ¥; be two sets each containing three
unequal complex numbers. We will suppose in the first place that all
six numbers are finite. The equation

(."/1“?/)(3/3"'%).__(_“_’1—1')(‘1'3“@'2) (11°1)
=9 (Ys~y) (@-2)(B—2) 7
when solved for y yields a Mébius’ transformation which, as is easily
verified, transforms each point «; into the corresponding point y,*, and
§ 10 now shows that it is the only Mébius’ transformation which does so.
This result remains valid when one of the numbers 2; or %, is infinite,
provided of course that equation (11°1) is suitably modified.

YY1 T (102)

12. Since a circle is uniquely determined by three points on its cir-
cumference, § 11 may be applied to find Mébius’ transformations which
transform a given circle into a second given circle or straight line. Thus,
for example, by taking z,=1, #;=4, 2s=—1and ,=0, ga=1, ys= o0,
we obtain the transformation

i.e. one of the transformations which represent the circle | # | = 1 on the
real axis, and the énferior | 2| <1 of the unit-circle on the upper half
of the y-plane. By a different choice of the six points @;, y we can
represent the exterior | #| > 1 of thé unit-circle on this same half-plane.
* The determinant of this transformation has the value
ad - By = (¥~ ¥3) (V1= ¥s) (¥~ ¥3) (21 - %) (@1~ 23) (2, - 7).
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In particular by taking the three points y; on the same circle as the
points z; we can transform the interior of this circle into itself or into
the exterior of the circle according as the points z,, #,, 25 and ., ¥s, ¥s
determine the same or opposite senses of description of the perimeter.
If, for example, in (11'1) we put %, =0, 3,=1, y,= %, and then success-
ively &,=1, #,=0, 23=0 and 2, = 0, 2,=1, 2, =0, we obtain the two
transformations

y=(x—-1)/z and y=1/x; ... (12-2)
the first transforms the upper half-plane into itself, whereas the second
transforms it into the lower half-plane.

13. Pencils of circles.

Since a Mobius’ transformation is conformal it transforms orthogonal
circles into orthogonal circles. We shall now show that, given any two
circles A and B, we can find a Mobius' transformation which transforms
them either into two straight lines or into two concentric circles.

If 4 and B have at least one common point P, then any Mébius’
transformation whereby P corresponds to the point « transforms 4
and B into straight lines; these lines intersect or are parallel according
as A and B have a common point other than P, or not.

b
\ﬂé,
Fig. 1
If A and B have no common point, first transform the circle 4 by a
Mébius’ transformation into a straight line 4,, and let B, be the circle

corresponding to B; 4, and B, do not intersect. Draw the straight line Z
through the centre of B, perpendicular to 4,; let the foot of this per-
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pendicular be . With centre M draw the circle C cutting B, orthogon-
ally. By a second Mibius’ transformation we can transform the circle ¢
and the straight line / into two (orthogonal) intersecting straight lines;
A,, B, are thereby transformed into two circles 4,, B,, which cut both
these straight lines orthogonally and are therefore concentric.

14. Given two intersecting straight lines there is a family of concentric
circles orthogonal to both; given two parallel straight lines there is a
family of parallel straight lines orthogonal to both ; and given two concen-
tric circles there is a family of intersecting straight lines orthogonal to
both. Each of these families of circles or straight lines consists of all circles
(or straight lines) of the plane which cut both the given lines or circles
orthogonally. Since a Mobius’ transformation is isogonal it follows that:
given any two circles A, B, there exists exactly one one-parametric family
of circles which cut A and B orthogonally; thisfamily is called the pencil
of circles conjugate to the pair A, B.

If the circles A and B intersect in two points P, @ of the plane, no
two circles of the conjugate pencil can intersect, and the pencil is then
said to be elliptic. No circle of the pencil passes through either of the
points P, @, which are called the limiting points of the pencil.

Secondly, if 4 and B touch at a point P, the conjugate pencil consists
of circles all of which touch at P, and is called parabolic; P is the
common point (Knotenpunkt) of the pencil.

Lastly, if A and B have no point in common, the conjugate pencil
consists of all circles which pass through two fixed points, the common
points of the pencil, and is called Ayperbolic.

1B6. Considering the three types of pencils of circles as defined in § 14,
we see that if 0, D are any two circles of the pencil conjugate to 4, B,
then 4, B belong to the pencil conjugate to C, D. This pencil containing
A, Bis independent of the choice of the two circles C, D, and we there-
fore have the following theorem: there is one and only one pencil of circles
which contains two arbitrarily given circles; i.e. a pencil of circles is
uniquely determined by any two of its members.

We see further from the three standard forms of pencils that : through
every point of the plane whick is neither a limiting point nor a common
point of a given pencil of cireles thore passes exactly one circls of the pencil.

16. Bunadles of circles.

Let 4, B, C be three circles which do not all pass through a common
point P. If 4, B have no common point we can transform them (§13)
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by a Mobius’ transformation into concentric circles 4,, B;, and that
common diameter of 4, and B, which cuts C, (the circle into which C
is transformed) orthogonally is a circle of the plane cutting all three
circles 4,, By, C, orthogonally. Hence a circle exists which cuts all
three circles 4, B, C orthogonally.

Secondly, if 4 and B touch, there is a Mobius’ transformation which
transforms them into two parallel straight lines, and C into a circle C;.
Since O, has one diameter perpendicular to the two parallel straight
lines, a circle exists in this case also cutting all three circles 4, B, C
orthogonally.

Finally, if 4 and B have two points in common, there is a Mobius’
transformation which transforms them into two straight lines intersecting
at a point 0, and C'into a circle €, which does not pass through 0. Two
cases must now ke distinguished : if O lies oufside the circle C, there is

E

Fig. 2 Fig. 8

again a circle cutting 4,, B,, and C, orthogonally; whereas if O lies
inside C, there is a circle T such that each of the circles A4,, B;, C,
intersects I' at the extremities of a diameter of T

We have thus proved the following theorem: any three co-planar circles
must satisfy at least one of the following conditions: the three circles have
a common orthogonal circle K, or they pass through a common point, or
they can be trangformed by a Mobius’ transformation into three circles
which cut a fized circle T at the extremities of a diameter of T. It follows
readily from the proof given that if the three circles 4, B, C do not
belong to the same pencil the cirele X is unique; further, it will be
proved below that three given circles cannot satisfy more than one of the
three conditions enumerated.
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17. We now define three types of families of circles which we call bundles
of circles.

An elliptic bundle of circles consists of all circles of the plane which
cut a fixed circle I' at the extremities of a diameter of I. The circle
T itgelf belongs to the bundle and is called the equator of the bundle.

A parabolic bundle of circles consists of all circles of the plane which
pass through a fixed point, the common point of the bundle.

A hyperbolic bundle of circles consists of all circles of the plane which
cut a fixed circle or straight line orthogonally.

These three figures are essentially distinct: every pair of circles of an
elliptic bundle intersect at two points; every pair of circles of a parabolic
bundle either intersect at two points or touch one another; but a hy-
perbolic bundle contains pairs of circles which have no common point.

18. Bundles of circles nevertheless possess very remarkable common
properties. For example: {f A, B are two circles of a bundle, all the
circles of the pencil which contains A, B belong to this bundle. For a
parabolic bundle the truth of this theorem is obvious; for a hyperbolic
bundle it follows from the fact that the orthogonal circle of the bundle
cuts the circles A, B—and therefore cuts every circle of the pencil
containing 4, B—orthogonally; and for an elliptic bundle it follows
from an elementary theorem of Euclid.

The proof of the following theorem is equally simple: if & plane
contains a bundle of circles and an arbitrary point P, which, if the
bundle is parabolic, does not coincide with the common point of the bundle,
then P lies on an infinite number of circles of the bundle, and these circles
through P form a pencil.

19. Let A4, B, C be three circles of a bundle which do not belong to
the same pencil, and let D be any fourth circle of the bundle; then,
starting with 4, B, C we can, by successive construction of pencils,
arrive at a pencil of circles which contains D), and all of whose members
are circles of the bundle. For there is on D at least one point P which
is neither a common point nor a limiting point of either of the two pencils
determined by 4, B and by A4, € and which does not lie on 4 ; we can
therefore draw through P two circles E, F, so that £ belongs to the
pencil 4, B, and F' to the pencil 4, C. The circles E, F are distinet,
since 4, B, C do not belong to the same pencil, and the second theorem
of §18 now shows that D belongs to the pencil determined by E, F.
It follows that a bundle of circles is uniquely determined by any three
of its members which do not belong to the same pencil, and in particular
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that three circles of an elliptic bundle which do not belong to the same
pencil cannot have a common orthogonal circle; for if they had they
would define a bundle that was both elliptic and hyperbolic.

20. The circles obtained by applying a Mobius’ transformation to all
the circles of a bundle also form a bundle, and the two bundles are of
the same kind.

For parabolic and hyperbolic bundles this theorem is an immediate
consequence of the definitions of these figures. We therefore denote by
M the aggregate of circles obtained from the circles of a given elliptic
bundle by means of a Mobius’ transformation; all those circles of 2/
which pass through the point « form a pencil of straight lines, inter-
secting at a point O of the plane. Let 4, B be any two straight lines
through O, and let C be any third circle of M. Since, by § 19, the circles
A, B, C cannot have a common orthogonal circle, the point O must be
interior to C, and consequently, by §16, the circles 4, B, C belong to
an elliptic bundle, the circles of which can all be obtained from 4, B, ¢
by successive construction of pencils. And this bundle must be iden-
tical with M, since M is obtained by precisely the same construction.

21. This last result, together with § 16, shows that any three co-planar
circles which do not belong to the same pencil determine exactly one
bundle.

22. A bundle of circles cannot contain an elliptic pencil together with
its conjugate hyperbolic pencil. For since, by § 17, neither an elliptic
nor a parabolic bundle can contain an elliptic pencil, the given bundle
would necessarily be Ayperbolic, so that there would be a circle, the
orthogonal circle of the bundle, cutting all members of the two given
conjugate pencils orthogonally; but this is impossible.

23. Inversion with respect to a circle.

Given a straight line @ and a point P, let P* be the image-point of
Pin a; weshall call P* the inverse point of P with respect to a. More
generally, given a fixed circle 4, we can, by a Mabius’ transformation,
transform A4 into a straight line; consequently for every point P there
is a point P* inverse to P with respect to 4, and P* is characterised
by the fact that every circle through P and orthogonal to 4 also passes
through P*,

The operation of inversion is irtvolutory ; further, the figure formed
by a circle 4 and two inverse points is transformed by any Maobius’
transformation into a circle 4 and two inverse points. Thus, since
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inversion with respect to a straight line gives an isogonal but not a
conformal representation of the plane on itself, inversion with respect
to a circle 4 does so also.

24. If ¢ is an arbitrary point of the complex ¢ plane, its inverse with
respect to the real axis is given by the conjugate complex number #;
more generally, the points

=69, y=6% ... (24°1)
are inverse points with respect to the straight line through the origin
obtained by rotating the real axis through an angle 6. The first of
equations (24°1) gives Z=¢""¢, so that

y = Baw 5. ...... (242)
Similarly, since the equation

a1 +if) ,

=== (24'3)

transforms the real axis of the ¢-plane into the circle |z |=a, it follows
that the points )
x__a(1+it) _a(l+4)
I 7 S
are inverse points with respect to |z|=a; from this we at once deduce
that

y:a’/ﬁ_ ...... (245)

25. Two successive inversions are equivalent either to a Mobius’ trans-
formation or to the identical transformation. If, for example, the in-
versions are performed with respect to the straight lines through the
origin O which make angles 6, 6+¢ with the real axis, we have, by (24'2),
y=6"p, z=6%019y,
and consequently
z=eMz. . (25°1)

The resulting transformation is therefore a rotation of the plane about
the origin through an angle 2¢; thus the angle of rotation depends only
on the angle between the two given straight lines, not on the position of
these lines.

Similarly, for two inversions with respect to the concentric circles
|#|=a and |z|=b, we have, by (24'5),

y=a’lz, z=0by,

and 8o
(9

z= ;;x . eeeees (25'2)

The resulting transformation is therefore a magnification (Ahnlichkeits-
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trangformation) which depends only on the ratio b : @ of the radii, not
on the lengths of the radii themselves.

Similarly it is seen that two successive inversions with respect to
parallel straight lines are equivalent to a translation, which depends
only on the direction of the parallel lines and the distance between them,
but not on their position in the plane,

Since, by §13, any two circles can, by means of a suitable Mobius’
transformation, be transformed into one of the above three figures, we
have proved the following theorem: Zwo successive inversions of the plane
with respect to an arbitrary pair of circles A, B are equivalent to a
Mibius’ transformation ; the same trangformation is obtained by successive
inversions with respect to two other suitable circles A,, B, of the pencil
defined by A, B; and one of the two circles A,, B, may be taken arbi-
trarily in this pencil. Further: the resulting Mobius' transformation
leaves all circles of the pencil conjugate to A, B invariant.

26. Greometry of Mébius Transformations.

Points of the complex plane exist which are invariant for the trans-
formation
y:jﬁ—:—g ...... (261)
For these points y=x; i.e. they are the roots of the equation
y2+(@-)z-B=0. ... (26°2)
If all the coefficients in this equation vanish, the given transformation
is the identical one y = 2, and every point of the plane is a fixed point.
If y # 0, let ,, #, be the roots of (262), so that
_a—38+,/D

= )

2y b (26°3)
D=(o+8P—4(x8-Ly);

thus the number of fixed points is one or two according as D =0 or D + 0.

If y=0, the point #= o is to be regarded as a fixed point, so that
in this case also the number of fixed points is one or two according as
D=0orD=*0.
27. Suppose first that D=0. If also y=0, thena =3, and (26'1) is of
the form

B

y=w+&. ...... (27'1)

"This is & translation and can be obtained by two inversions with respect
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to parallel straight lines. If however y + 0, (263) gives
)

m=m=tgt e (27°2)

But on solving the equation

for y, we obtain a Mobius’ transformation identical with (26:1)*. If we
now introduce new coordinates

mzl/(y"wl)) t=1/($*—.@‘1),
the transformation again becomes a translation, namely

2y
m——t+g;—8.

We therefore have the following theorem: any Mobius’ transformation
(26°1) for which the discriminant D is zero can be obtained by two suc-
cessive inversions with respect to two circles which touch each other.

28. Suppose secondly that D + 0. Ify =0, then & + 8; and by putting
B

o=y-5ow TP @

®
we obtain, on elimination of # and y,
w3t e (28°1)
If on the other hand y =* 0, write
il Y (28°2)

y—z’ = x-a
with the new coordinates the points ¢ =0, ¢= o must be fixed points of
the transformation, which must therefore be of the form

o=pt. (28'3)

Corresponding to the point # = we have y=a/y, ¢ =1; thus (28'3)
shows that
il 7

pru=g— o

This equation may also be written
_x+3+,/D
P=asd= gD
* This is seen, for example, by noting that both transtormations transform the
points z'=z,, &= @, 2" = — 3]y into the points y’ =z, ¥y’ =afy, y"'= .
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Since, if y=0, equations (28'3) and (28°4) reduce to (28°1), the case
when y =0 need no longer be treated separately.

29. If p is real and positive, the transformation w = pt is a magnification
and can be obtained by two inversions with respect to concentric circles.

Secondly, if | p|= 1, i.e. if p=¢®, the transformation is a rotation of
the plane, and can be obtained by two inversions with respect to two
intersecting straight lines.

If neither of these conditions is satisfied, then p =a¢'®, where 0 £ 0
(mod 27), >0, and a+1. The transformation can be obtained by a
rotation followed by a magnification, i.e. by four successive inversions
with respect to circles. Since, as is easily seen, no circle is transformed
into itself, it is not possible to obtain the transformation by two inversions
only. The transformation is in this case said to be lowodromic.

30. The various cases can be clearly distinguished by introducing the
parameter

o + 8)?
= ﬁﬁ:‘—%{w - e (30'1)
Equation (28'4) now takes the form
_ WA+ JA-1)
GV ENES

and on solving this for A we obtain
(p+1) (p—1)
)\_--470- =1 +—4—P-—.
If now p is real, positive and different from unity, A is real and greater
than unity ; secondly, if p=¢% (6 F 0 mod 2r), A =cos’ 46, i.e. A is real,
positive and less than unity; finally A=1if D=0. Thus: the trans-
Sormation is always loxodromic if X is not real or if X is real and negative.
If N is real and positive, the transformation can be obtained by inversions

with respect to two circles of an elliptic, parabolic, or hyperbolic pencil
according as A>1, A=1, or A<L.



CHAPTER II
NON-EUCLIDEAN GEOMETRY

31. Inversion with respect to the circles of a bundle.

We shall now consider the aggregate of Mibius’ transformations which
are obtained by two successive inversions with respect to circles of a
given bundle. It will first be proved that these transformations form a
group.

In the first place, the transformation snverse to any one of the trans-
formations considered is obtained by inverting the order of the two
inversions; for four inversions with respect to the circles A4, B, B, A,
taken in the order indicated, clearly produce the identical transformation.

82. To prove that the transformations considered form a group, it re-
mains to prove that four successive inversions with respect to the circles
A, B, C, D of the bundle can be replaced by two inversions with respect
to circles of the same bundle.

Suppose in the first place that the two circles 4, B intersect in two
points P, @, thus defining a hyperbolic pencil. It follows from §22 that
P and @ cannot both be limiting points of the pencil determined by C
and D, and consequently there is at least one circle C, of this pencil
passing through one of the points P, ; suppose C, passes through P.
By §18 the circles A4, B, C, belong to the same pencil, and consequently
(§25) the two inversions with respect to 4, B can be replaced by in-
versions with respect to 4,, C,, where 4, is a circle of thig pencil.
Similarly, the inversions with respect to C, D can be replaced by inversions
with respect to C,, D, where D, is a circle of the pencil determined by
C, D. The four inversions with respect to 4, B, C, D are therefore
equivalent to four inversions with respect to 4,, 1, 1, D;, i.e. to two
inversions with respect to 4,, D, since the two successive inversions
with respect to C; destroy one another.

In the general case the pencil determined by B, C contains at least
one circle B, which either coincides with A4 or intersects A at two points.
The inversions with respect to B, C may now be replaced by inversions
with respect to B,, C;, and consequently the inversions with respect to
A, B, C, D by inversions with respectto 4, By, Ci, D; then either the
inversions with respect to 4, B, destroy one another or the problem has
been reduced to the case already dealt with.
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The groups of transformations, the existence of which has just been

established, are fundamentally distinct according as the bundle con-
gidered is elliptic, parabolic, or hyperbolic.
83. The circles of an elliptic bundle can be obtained by stereographic
projection of the great circles of a suitable sphere. Any inversion of the
plane with respect to a circle of the bundle corresponds to an ordinary
inversion of the sphere with respect to the plane of the corresponding
great circle, and the group of Mobius’ transformations obtained is
isomorphic with the group of rotations of the sphere.

84. The circles of a parabolic bundle can be transformed by a suitable
Mobius’ transformation into the aggregate of straight lines in the plane.
Since every ordinary motion of the plane can be obtained by successive
inversions with respect to two straight lines, the group of transformations
is now isomorphic with the group of motions of a rigid plane.

35. Representation of a circular area on itself.

The most important case for us is that in which the bundle is yper-
bolic, so that the group considered is obtained by inversions with respect
to two circles which cut a given circle (or straight line) orthogonally.

It is seen immediately that for each single inversion, and therefore for
every operation of the group, the circumference of the orthogonal circle
is transformed into itself, and the interior of this circle into itself*.
We will now prove that, conversely, every Mobius' transformation of which
this is true is a transformation of the group. 1t is convenient to prove
this theorem step by step; we shall suppose that the circular area which
is transformed into itself is the unit-circle |z| < 1.

We first prove that any interior point @ of this area, with coordinate
z=a(|a|<1), can be transformed
into the origin P, z=0, by a trans-
formation of the group. The point @\

Q, inverse to @ with respect to the
unit-circle O has coordinate 1/a, ‘\
and the circle C with centre 1/ and

radius \/ (a,l-ﬁ_ 1) is orthogonal

to 0. Now invert first with respect
to the circle C and then with re-
spect to the straight line PQ, both

* If the orthogonal circle is a straight line, each operation of the group transforms
each of the half-planes defined by this straight line into itself.

Fig. 4
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of which are circles of the hyperbolic bundle considered. The first inver-
sion transforms @ into P, and the second leaves P fixed, so that the final
result is to transform @ into P.

The following observation will be of use later: the above Mobius’
transformation transforms the points @, a/./(2a), 1/G@ into the points
0, —a//(ad@), = respectively, and is therefore (§11) given by the
equation oz

T1-az’

Since rotations about the origin belong to the group considered, the
result that has just been proved may be stated in the following sharper
form: we can, by an operation of the group, transform the area | 2| <1
into itself in such a way that a directed line-element through an interior
point of the area is transformed into a given directed line-element
through the origin. In particular the transformation

_ax-a
Y=1"a»
being obtained from (35°1) by rotation through 180°, belongs to the group.

The complete theorem will have been proved if we show that a Mobius’
transformation which represents the circle on itself in such a way that
a given line-element through the origin (and consequently every line-
element through the origin) is transformed into itself must of necessity
be the identical transformation. But, for such a transformation, the points
Z=0, x=oo are fixed points, and the point # =1 is transformed into a
point 2 = 6%, The transformation must therefore be of the form y = ¢* 4,
and it follows from the invariance of line-elements through the origin
that 6 = 0.

86. Non-Euclidean Geometry (8) ().

The group of Mébius’ transformations which represent a circular area,
(or a half-plane) on itself has many properties analogous to those of the
group of motions of a rigid plane. In this comparison certain circular
arcs in the circular area take the place of straight lines in the plane;
these circular arcs are in fact the portions of the circles of the hyperbolic
bundle which are inside the circular area or half-plane.

Thus, corresponding to the fact that a straight line in the
Euclidean plane is determined uniquely by two points on it, we have
the immediate theorem that through any two points in the upper half-
plane (or inside the circle | z| = 1) one and only one circle can be drawn
to cut the real axis (or the unit-circle) orthogonally. Again, it follows
from what has already been said that one and only one circle of the
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hyperbolic bundle can be drawn through any given line-element in the
upper half-plane (or in the circle | 2| < 1); a precisely analogous state-
ment holds for straight lines in the Euclidean plane.

In virtue of this analogy, the circular arcs in question will be called
non- Buclidean straight lines, the half-plane (or circular area) the non-
Euclidean plane, and the Mobius’ transformations which transform the
non-Euclidean plane into itself will be called non-Euclidean motions.
37. One fundamental contrast with ordinary geometry is however seen
at once. For in Euclidean geometry, by Euclid’s 11th postulate, through
any point which does not lie on a given straight line one and only one
straight line can be drawn which does not intersect the given straight
line; whereas, in the non-Euclidean plane, through any point P which
does not lie on a non-Euclidean straight
line « aninfinitenumber of non-Euclidean
straight lines can be drawn none of which
intersect «. Further, there are two non-
Euclidean straight lines 8 and y through
P which divide all the remaining non-
Euclidean straight lines through P into
two classes : namely those which intersect
o and those which do not. Two non-
Euclidean straight lines such as « and 8,
which are in fact two circles which touch
at a point of the orthogonal circle, are
called parallel (Lobatschewsky, 1793-1856).

38. Angle and distance.

Non-Euclidean motions, being Mébius’ transformations which inter
change the non-Euclidean straight lines,
leave unaltered the angle between two inter-
secting straight lines, and consequently ke S
ordinary angle can also be taken as the non-
Euclidean angle.

Theordinary distance between two points,
on the other hand, is not invariant for non-
Euclidean motions, and an invariant func- T
tion of two points must be determined to
replace it if the idea of distance is to be
employed in non-Euclidean geometry. Let Fig. 6
P, Q be two points of a non-Euclidean plane, and let S, T’ denote the
extremities of the non-Euclidean straight line joining P and @. Then




20 NON-EUCLIDEAN GEOMETRY [cHAP. 11

the cross-ratio A of the four points (S, P, @, 7) is uniquely determined
by the two points P, @, and this cross-ratio is invariant for all non-
Euclidean motions; hence any function ¢ () of X is also invariant. We
shall now choose the function ¥ (A) so that, if it is denoted by D (P, @),
and if R is any point whatever of the segment P of the non-Euclidean
straight line through P and @, then
D(P,R)+D(R,Q)=D(P,Q).  .... (381)
39. Let 4 and A% be two positive .numbers whose sum is less than
unity ; denote by O the centre of the orthogonal circle | 2| =1, and by
P, Q the points 4, £+ Ak. Then (381) gives
DO,Q=DO,P)+D(P, Q). ... (391)
Now the cross-ratio of the four points — 1, 0, 4, 1 is a function of 4, so
that we may write
D(O,P)=¢(k), D(O,Q) =¢(h+AR). ... (39-2)
To calculate D (P, @) we apply the
non-Euclidean motion (§ 35)
— $ - k -
Y= 1"ha’
this transforms 2 into O and @ into the
point
AkJ{1—h(h+ AR)},
and consequently, since distance is to be
invariant,

pP,Q=4(1=; (hT a5
Thus, by (39°1), the functional equation

Ak
d(h+oh)=¢ (k) +¢ (ij ”h"(’ﬁm) ------ (39°3)
maust be satisfied identically.

If we now assume that ¢ (%) is continuous and differentiable at » =0
and that ¢ (0)=0, ¢’ (0) =1, (39°3) cannot hold unless

¢(h+bh) - (k) _ 1

Ah—»o Ak 1=
It follows that ¢ () is differentiable for all values of £, that
, 1
¢ ()= =%

and hence, by integration, that
¢ (M =3log : A (39°4)
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Direct substitution in (39°3) then verifies that that equation is satisfied
identically.

40. If 2, z, are two arbitrary points of the non-Euclidean plane, the
non-Euclidean motion (§ 35)

transforms 2, into the point 0, and z, into the point (z,—2,)/(1 — £ 2,).
By a rotation about O this last point can now be transformed into
lzz—zl‘/l 1 —zlz:x ly S0 that) by (39.4)1
_ |1 -2z, + |2~ 2|
D(21,22)"%10g|1~£lz2|_lzz_zd; ...... (40.1)
[z| <1, |2]|<1.

41. In the case when the orthogonal circle coincides with the real axis
the non-Euclidean distance between two points z, 2, in the upper half-
plane can be deduced as follows: the Mobius’ transformation
2—2
==t . 11
® %5 —2z (1)
transforms the real axis of the z-plane into the circle |[w| = 1, the point
#z, into the point w, =0, and the point 2, into the point
. . Wy = (22— 21)/(2 — 2a).
In this way we obtain

N |Z21—2] +| 21~ 2]

D (2, 2,) =} log |2 = 2| = |7~ 2] »}
E(z)>0, #(z)>o0.

42. The triangle theorem.

It is easy to show by direct calculation from (40°1) that, for any three
points of the non-Euclidean plane,

D (21, )< D (z1y20) + D (23, 2), .oon. (42°1)
where the sign of equality holds if and only if 2, lies on the non-Euclidean
segment which joins z, and z;. But the following proof of (42°1) is much
more instructive.

All the axioms which Euclid postulates at the beginning of his work,
excepting only the parallel postulate, hold also in the non-Euclidean
plane. Hence, since the parallel postulate is not used in the earlier
theorems, we can apply the first sixteen propositions of Euclid’s first
book without change to our figures; in particular, theorems concerning
the congruence of triangles, the theorem that the greatest side of a
triangle is opposite to the greatest angle, and, lastly, the triangle theorem
expressed by (42°1).
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43. Non-Euclidean length of a curve.

The conception of the length of a curve can at once be extended in the
sense of this geometry to curves in the non-Euclidean plane. We suppose
that the curve is given in terms of a parameter. On the curve
take a finite set of points arranged in order so that the parameter always
increases (or always decreases) from one point to the next. Let these
points in order be taken as the corners of a polygon whose sides are
non-Euclidean straight lines, and define the length of the polygon as the
sum of the lengths of its sides; the upper limit (when finite) of the
lengths of all such inscribed polygons now defines the length of the given
curve.

Replacing 2;, 2, in (40°1) by 2, z + Az, we obtain, as Az tends to zero,
D(z,z+802) ~ il—ATzz2||’
and it follows that the non-Euclidean length of an arc of the curve which
is given by the complex function z (#) is expressed by the integral

b |Z®]
LA VAR
o 1=[2(9)]
The analogous formula for the case in which the orthogonal circle is the
real axis is obtained in a similar way from (41-2); this formula is

14 |2
7 t, (5 - z} .
44. Geodesic curvature.

It has been shown by P. Finsler (10) that, with the most general metric,
the geodesic curvature of a curve (' at a point £ on it may be obtained
as follows: consider any family of curves which contains C, and con-
struct that geodesic line of the metric which touches Cat P;let B be any
point of this tangent geodesic, and let s denote the extremal distance PR
and 6 the angle of intersection* at K of
the geodesic PR with that curve of
the family which passes through R;
then the geodesic curvature at P is

F=lim 2. ....(421)
>0 8 : P
It can be shown that the number £ so
obtained is independent of the particu-
lar choice of the family of curves. Fig. 8
* It is assumed that the measure of angles is suitably defined in the metric.
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Applying the above definition of curvature to our non-Euclidean
geometry, we see that curvature is invariant for non-Euclidean motions.
Further, if the orthogonal circle is |z| =1 and if, according to §39,
¢’(0) =1, the curvature of a curve at the centre of this circle is the same
as its ordinary Euclidean curvature, since the non-Euclidean straight
lines through this point are ordinary straight lines and the value of
angles is the same in both geometries. The non-Euclidean curvature of
a curve z(¢) at a point 2, may therefore be calculated by writing

22—z
=30
and then determining the ordinary curvature of ¢ (£) at {=0. But this
is known to be N
I St 4 (44'3)
2i (LT)%
and consequently, from (44'2), we have, on replacing z, by 2, the final
formula

= g

po 29 (3 - 28) + (1-22) (2 - 2'%
2i (27)}
45. Non-BEuclidean motions.

It was shown in § 32 that every non-Euclidean motion can be obtained
by two successive inversions with respect to non-Euclidean straight lines ;
there are three essentially distinct types of non-Euclidean motions,
corresponding to different relative dispositions of these two straight lines.

Suppose first that the inversions are with respect to two non-Euclidean
straight lines which intersect at a point P, where they make an angle
16 with one another; the motion is in this case a non-Euclidean rotation
about P, the angle of rotation being 8. By keeping P fixed and letting
6 vary we obtain a one-parameter group of non-Euclidean rotations.
Let P, be the point inverse to P withrespect
to the orthogonal circle; then every circle
of the elliptic pencil which has the points
P and P, as limiting points is transformed
into itself by every operation of this group,
so that the circles of this pencil, in so far .‘ﬂ
as they lie inside the non-Euclidean plane, L)

are non-Euclidean circles with common "’

non-Euclidean centre P. If C is any one
of these circles, all points on C aro at the
same non-Euclidean distance from P; this Fig. 9
distance is the non-Euclidean radius of C.
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46. Suppose, secondly, that the two inversions to which the motion
is reducible are with respect to two non-Euclidean straight lines which
neither intersect nor are parallel in the sense of Lobatschewsky. The
conjugate pencil, consisting of all circles which are transformed into
themselvesby the motion, ishyperbolic;
its common points M,, M, lie on the or-
thogonal circle. Among the circlesof this
pencil there is exactly one non-Euclid-
ean straight line. It intersects the non-

Euclidean straight lines with respect Mo
to which the inversions are performed q

at the points 2,, P,. If the non-Euclid- /

ean distance P,P, is denoted by 34, '

the motion can be regarded asa trans- ‘

lation of the plane through distance 2 M,

along the non-Euclidean straight line
M, P,P,M,. By keeping the non-Euclidean straight line M, fixed
and letting & vary we obtain a one-parameter group of motions, such
that every motion of the group transforms into itself every circular arc
which lies inside the non-Euclidean plane and joins the points M,, M,.
These circular arcs are called Aypercycles; a hypercycle can also be de-
fined as the locus of a point whose non-Euclidean distance from the
non-Euclidean straight line M, M, is constant.

Finally, if the two successive inversions are with respect to parallel
non-Euclidean straight lines (§37), whose common end-point is L, we
obtain a non-Euclidean motion which is called a timit-rotation (Grenzdre-

hung).
Given two pairs of parallel non-Euclidean straight lines LM, LN and
LM, LN, there is always a non- N,

Euclidean motion which transforms
each pair into the other pair, so that the
points L,, M,, N, or L,, N,, M,. It
follows that from the point of view of non-
Euclidean geometry all limit-rotations
are equivalent, or rather that they can
differ only in the sense of the rotation.
in the sense of the rotation.
For the limit-rotation obwineduby I
inversions with respect to LM and LN, M
L is the only fixed point. Circles inside Fig. 11

M,

L,

N
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the non-Euclidean plane which touch the orthogonal circle at L are
transformed into themselves ; these circles are called oricycles.

47. Every ordinary circle which lies wholly within the non-Euclidean
plane is also a non-Euclidean circle, and it is easy to find its non-
Euclidean centre. Similarly every circle which touches the orthogonal
circle is an oricycle, and every circular arc whose end-points lie on the
orthogonal circle is a hypercycle. The curves of these three types are
the only curves of the non-Euclidean plane which have a constant non-
zero curvature, By §44 the curvature of the oricyele is (disregarding
sign) equal to 2, while that of a hypercycle is less than 2, and of a non-
Euclidean circle greater than 2. If £ denotes the curvature and 7 the
non-Euclidean radius of one of these circles, we obtain the relation

St
k=2 ;a;-_"e—_g_ =2coth2r.* ... (471)

48. Parallel curves.

Consider the aggregate of non-Euclidean circles with given non-
Euclidean radius » whose centres are at the points of an arbitrary set 4
of points of the non-Euclidean plane. These circles cover a set of points
B (r), whose frontier, if it exists, contains all points of the non-Euclidean
plane which are at a distance ~ from 4.

If we take as the set 4 a curve C of finite curvature, and if we let »
vary while remaining less than a sufficiently small upper bound, we
obtain a family of parallel curves (in the sense of the non-Euclidean
metric). It can be proved in just the same way as with other similar
problems of the calculus of variationst that the orthogonal trajectories
of such a family of equidistant curves are non-Euclidean straight lines.
Conversely, if a portion of the non-Euclidean plane is simply covered
by a family of non-Euclidean straight lines, the orthogonal trajectories
of the family are parallel curves in the sense defined above. Thus the
simplest examples of families of parallel curves are the following :

(@) non-Euclidean circles with a common centre;
(b) oricycles which touch the orthogonal circle at a common point;
(¢) hypercycles having the same end-points M,, M, (see Fig. 10).

* For r<;-' we have
1 4 16
k—; +-31‘. - 4—5'7"+ cees
+ See Frank and v. Mises. Die Differential- und Integralgleichungen der Mechanik
und Physik. Vol. 1, ch. 5.



CHAPTER III
ELEMENTARY TRANSFORMATIONS

49. The exponential function.
The function
w=6 (49°1)
gives rise to two important special transformations. On introducing
rectangular coordinates @, ¥ in the z-plane and polar coordinates p, ¢
in the w-plane, i.e. writing 2= + ¢y and w = pe'¥, we replace (49°1) by
the two equations
p=€, ¢= Y-

A horizontal strip of the z-plane bounded by the lines y=y, and y=¥a,
where | 4, —y, | <2, is transformed into a wedge-shaped region of the

%,

Fig. 12
w-plane, the angle of the wedge being a=|¢,— ¢ |=|1—m|. The
representation is conformal throughout the interior of these regions,
since the derivative of ¢* is never zero.
As a special case, if |y~ |=7 (e.g., . =0, ¥s=7), the wedge be-
comes a half-plane.
The restriction on the width of the strip, namely that |y, - .| < 2=,
may be dropped. If, for example, 3, = 0 and y, = 2, the strip is repre-

/ N X

/ :
27|  O=—F 2m

\ F \
\ / ¥

\\ //

w-plane z-plane
Fig. 13

sented on the w-plane cut along the positive real axis; and if
|% —%.|> 2= the wedge obtained covers part of the w-plane multiply.
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The cases when |y, — 7,| is an integral multiple of 2= are of particular
importance; for the strip is then transformed into a Riemann surface
with an algebraic branch-point, and cut along one sheet.

50. We obtain the second special transformation furnished by (49°1)
by considering an arbitrary vertical

strip bounded by the lines 2 = 2,

& = &,. This strip is represented

on a Riemann surface which covers 2

the annular region p, <|w|<p, an x4
infinite number of times; this
Riemann surface may be called the
(simply-connected) overlying sur-
Jace (Uberlagerungsfliiche) of the
annular region. If now, keeping z,
constant, we let z, tend to — o,
the strip #, < <&, becomes in the limit the half-plane R (2) <z,, and
instead of the overlying surface of an annular region we obtain a
Riemann surface which covers the circle |w|<p, except at the point
w =0 where it has a logarithmic branch-point.

X9

AN

w-plane 2-plane
Fig. 14

61. The function inverse to (49'1), namely
w=logz, ... (51°1)
gives, of course, on interchanging the z-plane and w-plane, precisely the
same conformal transformations as (49°1).
A number of problems of conformal representation, important in the
proofs of general theorems, can be solved by combining the above trans-
formations with the Mobius’ transformations discussed in Chapter 1.

b62. Representation of a rectilinear strip on a circle.

The strip 1R ()| <h

can be represented conformally on the interior of the
circle |z| <1 in such a way that w = 0 corresponds
to =0 and parallel directions through these two )
points also correspond. For, by §49, the strip can
be transformed into a half-plane, and then, by §12,
the half-plane into the circle. In this way we ob-
tain, taking the half-plane to lie in the complex
u-plane, Fig. 15

oTh oy Ltz
1-1¢2’
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and hence
2k 1+ 1z .
w=" log 8y, e (52°1)
This gives p "
w .
e N (52'2)

which is positive when z = 0, as the conditions of the problem required.
If the point z describes the unit-circle z = ¢, then

dw 2

d9  wcos6’
a pure imaginary as the circumstances require. If the point z describes
the circle |z|=7 < 1, w describes a curve which lies inside a finite circle
and whose form is easily determined ; for this curve, by (52°1),

2/1 1 +7r 0-
|E()|< Tlog =0 (52:3)

The inequality (52'3) has many apphca.tlons.
63. An arbitrary wedge, whose angle we denote by wx, and whose
vertex we suppose to be at w =0, can be trans-
formed into a half-plane. For, on introducing polar

coordinates
z=9re% w=pe® ... (53°1)
in the relation
w:z“:e‘l"”', ...... (532)
this relation takes the form I,
p=re p=af; ... (53°3)

hence (532) effects the desired transforma-
tion*. Hence, by combination with a Mobius’
transformation, a wedge can be transformed into the interior of a
circle. The relations (53-3) show that the representation of a wedge on
a half-plane (or on a circular area) is conformal at all points inside
or on the boundary of the wedge except at its vertex w=0. Two
curves which intersect at w =0 at an angle A are transformed into two
curves which intersect at an angle A/, so that at the origin corresponding
angles, though no longer equal, are proportional; in these circumstances
the representation at the origin is said to be quasi-conformal.

Fig. 16

b64. Representation of a circular crescent.
The area between two intersecting circular arcs or between two circles

* If the wedge is first transformed into & strip (§ 49), and this strip into a half-
plane (§52), the same function (53-2) is arrived at.
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having internal contact is transformed, by means of a Mobius’ trans-
formation whereby a point P common to the two circles corresponds to

ol

Fig. 17

the point «, into a wedge or a strip respectively. Hence, by the fore-
going, each of these crescent-shaped areas can be represented conformally
on the interior of a circle. In the same way the exterior of a circular

Fig. 18

crescent or the exterior of two circles having external contact can also
be represented on the interior of a circle.

66. Representation of Riemann surfaces.

If, in equation (53'2), & is a positive integer n, the equation effects
the representation of the unit-circle |z| <1 on a portion of a Riemann
surface of n sheets, overlying the circle |w| <1 and having an n-fold
branch-point at w=0.

66. It is important to determine the function which represents the
unit-circle on a Riemann surface which has the point w, as its branch-
point but is otherwise of the kind described in § 55. We require, further,
that =0 should correspond to 2=0 and that parallel directions
drawn in the same sense through these two points should also
correspond.

Suppose first that w, is a positive number % (k< 1), and displace the
branch-point of the Riemann surface to the origin by means of the
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Mobius’ transformation (§ 35) bt
1-fu’
By §55 the equation u =¢" represents this new Riemann surface on the
simple (schlicht)* circle | ¢| <1, andin this way ¢ = hlﬁ corresponds to w = 0.

Hence the desired transformation is
l

w=

hr—z
t=—"iv,
1-h"2

i.e., in terms of the original variables,

1 1
h <1:k_1n_z)”_—,(.1::h<,nf)_“_ ...... (56.2)
1=k 2)"-K(Q-h "2z)
The binomial theorem shows that
1
_nh(h_ ") "—lz") ,

(dz R e N (56'3)

In the general case when w,= ke* the required transformation is
1 1
_ i'-ﬂo n_ T -~ )1
_pUzh e -0k e PN o (56°4)

(1 _ kﬁe_“’z)" - (1 _ }z_ie'“z)"
57. The case in which the Riemann surface has a logarithmic branch-
point at w, = & may be treated in & similar manner. We first, by means
of (56°1), transform this Riemann surface into the surface already con-
gidered in § 50; then, in virtue of the same paragraph, the transforma-
tion u = ¢ transforms this surface into the half-plane 3 (¢) <0, making
w =h, i.e. w=0, correspond to ¢ =log . Finally the half-plane I (¢) <0
is transformed into the circle |z| < 1 by means of the relation
t=1"2logh,

80 that the function producing the demred transformation is seen to be

142 2
k- e‘"‘lon 113"
L Y e (57°1)

) =
1-hei=s" 1—APel-®
From this equation we obtain at once
dw —2hloghk
(‘«E =T e (57-2)
* A Riemann surface is simple (schlicht) if no two points of the surfacehave thesame
coordinate u.
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68. If nis made to increase indefinitely, the Riemann surface dealt with
in §56 becomes, in the limit, the Riemann surface of §57, having a
logarithmic branch-point. It is therefore to be expected that, if ¢, (2)
denotes the right-hand member of (56-2), and ¥ (z) that of (57°1), we

shall have lim ¢ () =v(2). ... (58°1)

The truth of (58°1) can in fact be deduced from a general theorem ; but
the equation can also be verified directly, as follows. In

1
v 1

n 1 el
Lh:i_—_lz)“ = 4" {log(hn=2)~log 1=A"2)} (;582)
1 (1-A"2)"
put A*=1-¢,, so that lim ¢,=0; the exponent of ¢ in (58-2) can
N~

now be written as log )~ log )
0g(l—2z-¢)—log(l —2+¢2
Ing{ log (1) }
and when ¢, tends to zero this tends to the limit
1+2
1-z
Equation (58'1) now follows at once. It can be shown in the same way
that the limiting form of (56°3) is (57°2).

69. It can also be shown that, for all values of =,
$n(0)> Fnin(0), e (59'1)
and thisinequality may perhapsrest upon some deeper, as yet unremarked
1

log 4.

property of the transformations. To prove (59°1) write log ™ = — A, 50
that A,.; <A,; but, by (56°3),

' (o)< (= 2R1og Y /'n — 67w
) ¢n(0)"‘ 1At )("‘—.j‘x:— )’
and the function Poeh_ N A
ot tet

steadily decreases as A decreases.

60. Representation of the exterior of an ellipse.

We start with the problem of representing the w-plane, cut along the
finite straight line — & <w <a, where « is an arbitrary positive number,
on the extorior | z| > 1 of the unit-circle, so that the points w = and
2= o correspond.

The Mobius’ transformation

w—o 1+u
U=——, W=l —
w+o 1-u
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transforms the cut w-plane into the u-plane cut along the negative real
axis, and the further transformation % =#* transforms this into the half-
plane I (¢)>0. To the point w = correspond the points %=1 and
¢t =1, so that the required transformation is obtained by writing
g LHY
1--¢

« 1 .
w—§<z+z), ...... (60°1)

the relation (60°1) is very remarkable in that it represents the cut w-
plane not only on the ezterior but also on the interior of the unit-circle.

Thus finally

61. Ifin (60°1) we write ,

z=1re9,

where (for example) 7> 1, we obtain

o 1 1N )
w=§{<r+;>cosﬁ+c(r——;) snna}, ...... (61°1)

hence to the circle | z| = r there corresponds in the w-plane an ellipse
with semi-axes

L. ¥ 1 :
a:§<7+;>, b-2<r ,~>' ...... (61-2)
Conversely, if @, b are given, (61'2) determines «, r:
a+h )
a=J(a—t?), rz\/(d_ib)' ceerr(81°3)

Thus equation (60°1) transforms the exterior of the circle | z|>7>1
or the interior of the circle | z| < % < 1) into the eaterior of the ellipse

(61°1).

The representation of the interior of an ellipse on the interior of the
unit-circle cannot, on the other hand, be obtained by means of the
elementary transformations so far employed. But it is to be noticed that
the function (60°1) represents the upper half of the ellipse (61°1) on the
upper half of an annular region cut along the real axis; this last area,
however, and therefore the semi-ellipse also, is easily (by a method
similar to that of §50) transformed into a rectangle. The details of this
calculation, which leads to trigonometric functions, are left to the reader.

62. Representation of an arbitrary simply-connected
domain on a bounded domain.

By a domain we understand an open connex (zusammenkiingend) set

of points of the complex plane; thus an open set of points is a domain
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if and only if every two points of the set can be joined by a continuous
curve all of whose points belong to the set. The frontier S of a domain
7 is defined as the set of limiting points of 7' which are not also points
of T The set 8+ 7 of points of a domain and of its frontier is called
a closed domain and will be denoted by 7. In conformity with the
conventions already made (see Chapter 1, §9), the point = is to be
treated like any other point and may, in particular, be an interior point
of a domain 7'

If a one-one transformation is continuous at every point of a domain
7T, it transforms 7 into another domain 7”. If 7 is not identical with
the whole complex plane, its frontier contains at least one point, and
hence we can, by means of a Mobius’ transformation, represent 7' con-
formally on a domain 7™ which does not contain the point z= .

63. The classification of domains according to their connectivity is
important. A domain 7, which may have the point « as an interior
point, is said to be m-ply connected if its frontier S consists of m distinct
continua. The degree of connectivity is, of course, a topological in-
variant, that is to say, it is not altered by any continuous one-one
transformation,

Our main concern here is with simply-connected domains, whose
frontier consists of a single continuum. The property expressed by the
words “simply-connected” can be specified in many other ways. It can
be proved by topological methods that all these specifying properties
are equivalent to one another. A few examples of such properties are:

(a) If the domain 7* does néot contain the point o, then 7'* is
simply-connected if and only if the interior of every polygon, whose
frontier belongs to 7'*, consists entirely of points of 7'*.

(b) A domain 7 is simply-connected if and only if every curve v,
which joins two points of the frontier S and lies within 7} divides 7’
into at least two domains.

(¢) The same is true if every closed curve within 7" can be reduced
to a point by continuous deformation in 7. (In the course of the
deformation the curve may possibly have to be taken through the
point «.)

(d) A domain 7 is simply-connected if it can be represented on the
interior of a circle by means of a continuous one-one transformation.

(e) The monodromy theorem may be regarded as giving a specifying
property for a simply-connected domain 7* which does not contain the
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point o. This characterisation is especially important in the theory of
functions. The theorem states :

A domain T* which does not contain the point o is simply-connected if,
whenever f (z) is an analytic function which can be continued along every
curve in T%, f(z) i3 a single-valued function(11),

By this is meant: If an arbitrary functional element is assigned to
a point of 7'*, then analytic continuation of this element along paths
entirely within 7* must eitker lead to the same functional value at any
point of 7%, by whatever path that point is reached, or 7* must contain
a singular point of the function obtained by continuation.

Every circle, for example the unit-circle | z | < 1, is, by this definition,
a simply-connected domain. Koebe, in his lectures, proves this as follows :

A function f(2), which can be continued along every curve within
the circle, must be expressible in the neighbourhood of z =0 by a power-
series

S@E)=ay+taqz+ a2t +.... ... (63°1)

The radius of convergence of this series is at least unity, for if it
were less than unity analytic continuation of f(2) along every radius
within | 2| <1 would not be possible. It follows that, for all analytic
continuations within | z| <1, the value of the function f(z) may be
calculated from the relation (63°1), and the function is seen to be
single-valued.

From this it follows that a domain is simply-connected if it can be
put into one-one correspondence with the D C
unit-circle |2| <1 by means of a conformal trans-
formation. Thus, for instance, the half-plane P
(§12), the semi-circle (§ 54), and hence also the /

M

quarter-circle (§ 53), are simply-connected. It
can now be shown that the square is simply- o)

connected, for it can be regarded as the sum of N
two quarter-circles; every common point P
of the two quarter-circles can be joined to the
middle point O of the square by means of a
segment which lies entirely in 4 BCM and en-
tirely in A NCD and the monodromy theorem applies.

Fig. 19

64. Now let 7 be a simply-connected domain of the complex z-plane,
such that the frontier of 7" contains at least two points 4,, B,, and let
2, be an interior point of 7', other than the point o. Consider the
circular arc (which may be a finite or infinite straight line) which joins
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A, to B, and has 2, as an interior point, and denote by A the first
frontier-point of 7" which is met in describing this arc from z, to 4.,
and by B the corresponding point of the arc from 2, to B;,. Thus all
interior points of the arc Az, B are interior points of 7, and its end-
points are frontier-points of 7. If we now apply to the z-plane the
Mgébius’ transformation whereby the points 4, z,, B correspond to the
points 0, 1, « in the #-plane, the domain 7’ is transformed into a simply-
connected domain 7', which is such that # =0 and = o are frontier-
points of 7', but all other points of the positive real axis are interior
points of 7.

By means of the transformation % =1v* we now obtain four different
domains in the v-plane corresponding to 7); let T, denote that one ot
them in which the straight line »>0 corresponds to the straight line
u>0% We shall prove that 7’ lies in the half-plane IR (v) > 0, and is
therefore transformed by
v—1
v+l
into a domain 7" which lies inside the circle | w | < 1. For if T, were to
contain a point v, for which & (v) < 0, we coulddrawin 7, a curve joining
v, and v, =1; let P be the first point of intersection {counting from v,)
of this curve with the imaginary v-axis, and @ the last intersection of
the arc from v, to P with the real axis, so that the arc P@), which we
will denote by y,, lies either in the first or in the fourth quadrant of the
v-plane. The relation % =* transforms the arc v, into a curve y, all of
whose points belong to 7%, and whose end-points lie on the real axis
u>0; by adding to vy, a portion of the axis >0 we therefore obtain
a closed curve which lies wholly in 7', and surrounds the point »=0.
But ng such curve can exist, since 7' is simply-connected and does not
contain either of the points =0, u= .

Thus: any simply-connected domain whose frontier contains at least
two distinct points can, by stmple transformations, be conformally repre-
sented on a domain which lies entirely inside the unit-circle.

A multiply-connected domain can be treated in precisely the same
way provided that its frontier contains at least one continuum of more
than one point.

w =

65. A theorem which, though in appearance but little different from
that of § 64, is, on account of the value of the constant involved, of the
greatest importance in the general theory, is due to Koebe(12).

* Each of the four domains corresponding to T, in particular T, is simple (schlicht)
(cf. § 56, footnote).
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Let T be a simple simply-connected domain of the w-plane not con-
taining the point w = o ; suppose further that all points of the circle
| w| <1 are points of 7, but that w=1 is a frontier-point of 7. Any
such domain 7'is transformed by the same function

w= L1+ 202
f1+Q+J2722 7
into a simplesimply-connected domain 7" which lies inside the unit-circle
| 2| <1 but always contains the fixed circle | z | < (1 + /2)7%

Consider in the w-plane the two-sheeted Riemann surface which has

branch-points at w =1 and w = o ; the function

l-w=w ... (65°2)
transforms this surface into the simple %-plane, making the two points
u=+1 correspond to w =0, and transforms any curve drawn in 7" and
starting from w =0 into fwo curves in the u-plane. The aggregate of all
curves in the u-plane which correspond to curves in 7" and which start
from u = + 1 fills a simply-connected domain which we will denote by 7.

We shall prove that, if #, is any complex number, the domain 7
cannot contain both the points +u,. For if it did, these two points could
be joined by a curve vy, lying inside 7}, and to y, there would correspond
in the w-plane a closed curve vy, lying inside 7}, some point w, of v,
corresponding to the end-points + #, of y,. Since 7'is simply-connected
we can now, by continuous deformation, and keeping the curve always
inside 7', reduce vy,, to an arbitrarily small curve passing through w,.
But as, in this deformation, the end-points of y, remain fixed, we have
clearly arrived at a contradiction.

66. Equation (65°2) transforms the circle || =1 into a bicircular
quartic curve whose equation in polar coordinates is
p’=2co820. ... (66°1)
This curve is symmetrical with respect to the origin; and, of the two
domains bounded by its loops, one must lie entirely inside 77, and
hence, by § 65, the other must lie entirely outside 7.
The function

1-u

1+u

transforms the curve (66°1) into the curve C of Fig. 21, having a double
point at ¢£=1; and it transforms 7', into a domain 7', which lies entirely
inside the curve C, since the exterior of C corresponds to that loop of
the curve (66°1) which contains no point of 7. It therefore follows that

t=
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the inner loop of (" lies entirely inside 7%. But (65'2) and (66°2) give
1=V -w)  {1-J/0-w) .

. = ) o S (66°3)
and from this we obtain at once that, if [w|=1, | #]| <(1+J2)%. Con-
sequently 7, lies entirely inside this last circle; also, since the curve ¢
is its own inverse with respect to the unit-circle | #| = 1, we see further
that T; must contain the whole circle | ¢ | = (1 + /2)~* in its interior.

u-plane
Fig. 20

The theorem enunciated at the beginning of §65 is now obtained on
using (66°3) to express w as a function of ¢ and then writing

t=(1+4202z. .. (66°4)
Cc
—
(1+v2)? -1 1
t-plane
Fig. 21

Since we supposed that 7" does not contain the point w = oo, T} does
not contain the point » = o ; hence ¢=—1 lies outside 7}, and, finally,
z=—(1+ 4/2)"? lies outside 7".
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Remark. Let T™ be a simply-connected domain contained in 7' and
containing the point w =0, and denote the frontier of 7* by v,,. The
transformation (65'2) gives two distinct domains in the u-plane cor-
responding to 7™. One of these contains the point = + 1 and the other
the point w=—1, and their boundaries may be denoted by v.’ and v.”
respectively. If #' is a point of y,’, the relation «” =—u’ transforms it
into a point «” of y,””. The relation (662) transforms these two domains
into distinct simply-connected domains in the ¢-plane. One of these, say
T;*, contains the point #=0 and consists of the points lying within a
certain continuum v,’; the other consists of the points lying outside a
continuum v,”. Since the domains have no points in common, y,”
surrounds ;. The relation ¢’ = 21,— transforms v, and v,” into one

another.



CHAPTER IV

SCHWARZ’'S LEMMA

67. S8chwarz’s Theorem.

We take as starting-point the observation that if an arbitrary
analytic fanction f (2) is regular in a closed domain 7' the maximum
value of | f(2)| in 7' is attained at one point at least of the frontier S of
T. The familiar proof of this theorem depends upon the elementary fact
that every neighbourhood of a regular point 2, of a non-constant function

S (2) contains points 2, such that | /(z)|> ]/ (2) |-

Consider now a function f'(2) satisfying the following three conditions:
(1) f (2) is regular in the circle |2]| <1; (ii) at all points of this circle
|f(2) ]| <1; (ili)) £(0)=0. From conditions (i) and (iii) it follows that

(2)=f(2)}z .. (67'1)
is also regular in |z| < 1; consequently, if 2, is any point inside the
unit-circle, and » denotes a positive number lying between | z,| and unity,
there is on the perimeter of the closed circle | 2| <r at least one point
2, such that | ¢ (z)] > | ¢ (%) |. But, by hypothesis, | f(2,)] <1 and
| 2,| =7, so that we may write

@) | 1
@) Sl (@) ]|="7 <=;
[2] r

hence, since r may be taken arbitrarily near to unity,

XA IR (672)

Thus for all points inside the unit-circle | ¢ (2) | < 1; but if ¢ (2) is not
constant, this may be replaced by | ¢ (2) | < 1 for all interior points. For
if, ¢ (2) not being constant, there were an interior point 2, such that
| ¢ (2) | =1, there would necessarily exist other interior points for which
|$(2)|>1, and this contradicts (67-2). On use of (67°1) there now
follows :

THEOREM 1. ScHWARZ'S LEMMA. If the analytic function f(2) is regular
Jor |z| <1, if | f(2) | <1 for |z| <1, and if further f (0) =0, then either

If@l<lzl (67°3)
Jor |z| <1orf(2)is a linear function of the form
S(®)=6%2, .. (67°4)

where 0 is real(13).
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By (67°1) ¢ (0) =£7(0), and our former reasoning therefore gives at once
the further theorem:

TuroreM 2. If f(z) satisfies the conditions of Schwarz's Lemma, then
either | f'(0) | <1orf(2)is of the form (67°4).

68. Theorem of uniqueness for the conformal representa-
tion of simply-connected domains.

One of the simplest but most important applications of Schwarz’s
Lemma is the following. Let G be a simply-connected domain in the
w-plane, containing, we will suppose, the point w = 0 in its interior; and
we assume that a function w = £ (2) exists which represents G conformally
on the circle |z] <1, and is such that £(0) =0 and f'(0) is real and
positive. We shall prove that the function f (2) satisfying these conditions
18 necessartly unique.

For if there were a second function g (¢), distinct from f(2), but
satisfying the same conditions, the equation

g()=f(2 ... (68°1)
would transform the circle |¢| <1 into the circle |2| <1, making the
centres ¢ =0, z=0 correspond to each other. Hence botk the functions

t=¢(2), 2=y, ... (68°2)
obtained by solving (68°1), would satisfy all the conditions of Schwarz’s
Lemma, and hence, by §67, both the inequalities |¢]<|z], |2|<]|¢|
would hold for all values of z and ¢ satisfying (68°2). Thus [¢]|=| ¢ (2)|=]|z|
and, again by Schwarz’s Lemma, ¢ (z) would be of the form ¢%z. But it
follows from the original hypotheses that ¢'(0)> 0, and hence ¢ (2) = z;

that is to say
S () =9(¢(2)=9 (=),
80 that the function f (2) is unique.

69. Liouville’s Theorem.

A large number of important theorems follow readily on combining
Schwarz’s Lemma with earlier theorems. As an example we may mention
the theorem of Liouwille that a bounded integral function is necessarily
& constant.

For if F (2) is an integral function such that | #'(z) | < M for all values
of z, and we write z = Ru,

say=TALO
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the function f(u) satisfies the conditions of Schwarz’s Lemma for any
positive value of B. Hence, if |u|<1,|/(u)| <u;ie. if |z| <R,

1F&)-FO)] <212,

Keeping z constant and letting R tend to infinity we obtain F'(2)=F (0),
as was asserted.

70. Invariant enunciation of Schwarz’s Lemma.

In the circle | z| <1 let the function w = f(2) be regular and let
| £(2)] <1; we no longer suppose, however, that f(0)=0. Denoting by
2 any point inside the unit-circle, transform the unit-circles in thez-plane
and in the w-plane into themselves by means of the Mobius’ transforma-
tions (cf. § 35)

=

Lot S S AC B S@O=S@) | (q01)
1-%2 1-fz)w 1-f(2)f(2)

The function o = w (£) obtained by elimination of z from equations (70'1)
satisfies all three conditions of Schwarz’s Lemma, and consequently

@] <t e (10°2)

This inequality can be expressed by the statement that the non-Euclidean
distance D (0, w (£)) of the two points @ (0)=0 and w (t) is not greater
than the non-Euclidean distance of the points 0, ¢, so that, remembering
that, as was proved in Chapter 11, non-Euclidean distances are invariant
for the transformations (70°1), we obtain the following theorem, which
includes Schwarz’s Lemma as a special case and which was first stated
by G. Pick(14).

Taroren 3. Let f(z) be an analytic function whick is regular and
such that | f(2) | <1 in the circle |z| <1, and lot 2, 2 denote any two
points inside the unit-circle; then either

D(f(zl)y f(za» < D(zl, z,) """ (70.3)
Jor all such values of z, and z,, or
D(f(z), f(z)=D(2,2) ooeee (70°4)

Sfor all such values of % and z,. Further, if (10°4) holds, the JSunction

w=(z) is necessarily a Mobius' transformation whick transforms the

unit-circle tnto itself.

71. Comparing (70-2) with (70-1) we obtain
f@)-Sf@) | lz=al I[!f).?_f_(f‘x)
U-f(z).f(2)| 1= 502] T2

I"Zo:

< ‘ 1-/(20)f(2)
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and if we let z converge towards z, this gives

1f )] < Lol

1-]z °

Thus, since z, is arbitrary, we now have the theorem :

THEOREM 4. [f.f (2) satisfies the conditions of Theorem 3, then either

|f'(z)|<11—|_flglz—l—, ...... (11°1)
Jor all points z inside the unit-circle, or
reldEt (1)

Jor all points z inside the unit-circle; further (11'2) holds if and only if
(70°4) holds.

From (71°1) and (71°2) it follows at once that, if |z| <r <1,
: 1. .
1" )| SR e (71'3)

hence, denoting by 2, and 2, any two points of the closed circle |z| <7,
and integrating along the straight line from z, to 2,, the relation

%3
L7 @de=rte~f )
gives at onoce, by the Mean Value theorem,
TaroREM 5. If the function f (2) satisfies the conditions of Theorem 3,

and if 2,, 2, are any two points of the closed circle |z| <r <1, then

f(zz:i(%) gl_l’g, ...... (11°4)

72. As a last application of equations (70°1) and (70°2) we take the
following: if we solve the second of equations (70°1) for f (2) and take
%= 0, we obtain
_w+f(0)
f(2) 1/ 0)e’
but, for 2,=0, the first of equations (70°1) becomes ¢=2, so that, by
(70'2), |w| €| 2|. Also (72°1) is a Mobius’ transformation which transforms
the circle || < | 2| into another easily constructed circle, and by con-
sideration of the figure so obtained we arrive without difficulty at the
theorem :
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THEOREM 6. If f (2) is reqular and | f(2) | <1 in the circle |z| <1, then
|2| +1/(0)] .
S e O 722

at all points z inside the unit-circle.
Finally we deduce from (72'2), by an easy manipulation,
1-1f@ 1, 1-1/O)] 1-1/0)] (azs)

i-[z 27O /@ 7

73. Theorem 3 of §70 may be regarded as a special case of a more
general theorem which we will now prove. If the function w=/(2) i8
regular for | z| < 1, every curve y, in the z-plane which lies entirely inside
the unit-circle corresponds to a curve y,, in the w-plane, which will also
lie entirely inside the unit-circle provided that | £(z)| <1 for the values
of z considered. If the curve y, is rectifiable (in the ordinary sense) it
has, by §43, a non-Euclidean length L (y;) which is defined as the upper
limit of the non-Euclidean lengths of certain inscribed curvilinear
polygons; to any non-Euclidean polygon P, inscribed in 7y, there
corresponds a curvilinear polygon P, inscribed in y,, and, by §70, the
non-Euclidean distance between two consecutive vertices of P, is never
greater than that between the two corresponding vertices of £,. From
this it follows at once that the curve y,, is also rectifiable and has a non-
Euclidean length L (y,,) which cannot exceed L (vs).

If now the two curves have the same non-Euclidean length, corre-
sponding elementary arcs of v, and v, must also be equal, so that (71°2)
must be satisfied at all points of y,. Thus, on using Theorem 4 of §71,
we obtain the required theorem:

TueoREM 7. Pick’s THEOREM. If the function w=f (2) is reqular and
|f )| <1 in the circle | z| <1, and if L (vs), L (yw) denote the non-
EBuclidean lengths of corresponding arcs v, v drawn in the unit-circle,

then either

L(yw)<L(y) e (73°1)
Jor all such arcs, or else the function w=f (z) defines a non-Euclidean
motion, and in the latter case

Lyo)=L(ys) e (78°2)

Jor all such arcs.

74. Functions with positive real parts.
In the circle | 2| < 1 suppose that f(2) is regular, that 3/ (z) > 0 and
also suppose f(0)= 1. By the Mobius’ transformation
+w u—1
“itw YTurr
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the half-plane 8« > 0 is transformed into the unit-circle |w|<1, and
=1, w=0 are corresponding points. Schwarz’s Lemma can therefore
be applied to the function

wl @) =1 .
f(Z)+1 ...... (14°2)

Consequently, the figure in the w-plane, which corresponds, by means
of the relation u =f(2), to the circle | 2| <7 (0 < <1) must lie inside
the circle which corresponds, by means of the Mobius’ transformation
(74°1), to the circle |w| <. If the figures are drawn, it is seen at once
that, with our assumptions, |2z| < leads to the relations

@< w0 < 1T (g
1Bf (@) <is. e (14°4)

75. Harnack’s Theorem.

It will now be shown that a theorem of Harnack, the fundamental
importance of which has been long recognised, is an almost obvious con-
sequence of our last result, so that Harnack’s Theorem may without
loss be replaced by Schwarz’s Lemma.

Harnack’s Theorem may be stated as follows: If U,, U,, Us, ...
denote a monotone increasing sequence of harmonic functions in the circle
|2| < 1, and if U, tends to a finite limit at z = 0, then U, tends to a limit
untformly in the circle |z| < r <1.

We write
Uy = Un+l" Un, ------ (75'1)

Sa(@)=untiva, e (15°2)

where v, is the harmonic function conjugate to u, and vanishing at the
origin, so that, by hypothesis, 3/, () =u, >0, and consequently
%y (0) =/ (0)>0 unless f,(z) is identically zero. The functions
Jn (2)/uq (0) therefore satisfy the conditions of § 74, so that, by (74'3),

1+
12 @) < (0)3 57
if | z| <7; hence also
u..<u,.(0)1 +r

and Harnack’s Theorem follows at once from this.
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76. Functions with bounded real parts.

Suppose the function f(2) to satisfy the following conditions:
(1) (0) = 0; (ii) f () is regular for | z| < 1; (iii) there is a constant 4 such

that
R <2 . (76°1)
if |2]<1.
Write f(z) = w and, using (52°1),
2k 1+ 0 .
w=;.;rlogl_iw. ...... (16-2)

These relations determine o as a function o (2) of 2, and o (2) satisfies
the conditions of Schwarz's Lemma. From this fact and the relation
(52-8) for |z| <7 that
Ii}fz)|<—l 1” ...... (76°3)
77. Surfaces with algebraic and logarithmic branch-
points.

The functions ¢, (z) and ¢ (2), by means of which, in §56 and §57,
the unit-circle was represented on the circular areas having algebraic or
logarithmic branch-points, satisfy all conditions of Schwarz’s Lemma ;
therefore they must satisfy the inequalities

lea () <l2l, lv@I<|zl; ..o (171)

I (0)]<1, |¢¥'(@)]<1. ... (77°2)
The inequalities (77-2) can also easily be verified directly; for in §59
it was shown that, if n> 2, |y (0) | <|#a (0)|<| ¢’ (0)]. But, by (56°3),

o 0=y,

78. A further property of the function used in § 57,

k-
Y (u)= R Ui (h<1), ... (78°1)
1-hel-w'"

may be obtained as follows. Consideration of the Mobius’ transformation
employed shows that, if |u|<r<1,

T logh< a(l——logk)<~—1ogk<o, ...... (182)

and hence, in particular

+
[>e- "% = (18'3)

Consequently, by (78°1), the values assumed by y (u) for these values

| 1+ “log h
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of u must lie outside a non-Euclidean circle with non-Euclidean
centre 4, and from this we at once obtain, remembering that p < 1, the
inequality

W@ -kl 22> (1= D,

1+7
ie. 1y ()= h]> (L~ hyel7 " L. (18'4)
79. Consider now a function w=f(2) having the three properties (i),
(i1), and (iii) of § 67, and having also the further property that there is a
real number A, (0 <% < 1) such that the equation f(z) = % has no solution
inthe circle | z| < 1. With these assumptions it may be shown that if from

the equation
vw=,(= .. (79°1)
(where y (v) denotes the same function as in (78°1)) we obtain that
solution « = ¢ (z) which vanishes at z =0, the function ¢ (z) possesses
all the properties (1), (ii), (ili) of §67. Hence |u|<r if |z|<r, and
comparison of (78'4) with (79°1) yields the following theorem :
TrEOREM. If f(2) is regular for |z|<1, and if in this circle | f (2)| <1,
f@)*h (0<h<l), and, finally, if f(0)=0, then in any circle
J#2]<r<1
. L 1ogk
|f@)=hk|>(Q~k)et-7" . ... (19-2)
80. Representation of simple domains.
Let the function
w=£) .. (80°1)
represent the simple domain 7, which was discussed in §65, on the
interior of the unit-circle | 2| <1, and suppose that £(0) =0. If in (65'1)
we replace z by — o, and if we denote (1 + \/2)* by 4, §§ 65 and 66 show
that the function

w=¢(2), ... (80°2)
obtained by solving the equation
—4ho
w=gap~ @ (80'3)
h=(1+2)%

effects a conformal representation of the domain 7" congidered at the
end of §66 which lies inside the unit-circle | » | <1 and does not contain
the point w=A. Since ¢ (0) =0 it follows from Schwarz’s Lemms that
|w|<7if | 2] <r, and also, by the Theorem of § 79, that

l-ﬂ'
lo—hl>(1-h) e " L (80°4)
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But, from the second of equations (80°3),
1-h=2 /A,
and hence, from the first equation of (80°8), using the inequalities
|w]| <7 and (804),if | z| <,
2 1gn
| f@@)|<re -+, L (80°5)
Observing that 1 + \/2=241... <2'T ... <¢, so that
-2logh=4log(1+./2) <4,
we see that (80°5) includes the inequality
11T
| f@|<ret—. (80°6)
Thus we have proved that, in the conformal representation (80°1), the

domain corresponding to the circle |z] < 7 <1 is bounded and lies wholly
17
within the fixed circle |w| < re 1T

On the other hand the domain 7" contains, by hypothesis (see §65),
the circle |w| <1 in its interior, and hence, by Schwarz's Lemma
applied to the function z=¢ (w) inverse tof(z), the figure corresponding
to | 2| < r must contain the circle |w| < 7 in its interior. If we now apply
an arbitrary magnification, we obtain the following general theorem :

TreOREM. Let T be a simple domain of the w-plane containing w= 0 in
its interior but not containing w = ; let a be the distance of the point
w=0 from the frontier of T, and let f(z) denote a function which
represents T conformally on the circle|z| <1, making w=( correspond
to z2=0. Then, for any value of z inside the circle | 2| <1

@ = I——-—f(z)l <0.'e‘1 :%:‘;“2
z
The formulae already established can also be used to obtain limits for

the difference quotient {/ (z,) —f (2:)}/(2, — 2) of the function f/(z). For
1+4+r

example, by (80°7), the function f (ru)/owe‘l'_—r has modulus less than

unity inside the circle [« |< 1. Hence by Theorem 5 of §71 inside the

circle || <, i.e. inside the circle |2]| <%,

!_.‘1
() =S (@) | _ | S (rwm) —f (ru) Sae“"‘
R r(m—u) (~ 1-r"’

|z |<r, |z|<r

81. By letting |z| tend to zero in (80'7) we see that the function f (2)
of § 80 satisfiesthe inequalitiesa < | /'(0)| S ae*. Itisknown by Schwarz’s
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Lemma that a is the true lower bound for | /' (0)|; we shall now deter-
mine the true upper bound for this same number, using a very ingenious
method due to Erkard Schmidt. 1t is published here for the first time (15).
The considerations which follow form the basis of the proof :
(a) Suppose that the function /(z) is not a constant and that it is
regular within and on the frontier of a simply-connected domain D, whose
frontier is a regular curve y. Then, if /(2) = u + v, where % and v are real,

jymh»O. ...... 81°1)

For, if account is taken of the Cauchy-Riemann equations, Green’s
Theorem shows that

f udv = ﬂ;) (u? +u,?) de dy

(b) The inequality (81°1) can be extended to multiply-connected
domains provided f(2) is regular and single-valued in the domain con-
sidered. Let ¥’ and y” be two closed curves such that y' lies within »”
and itself surrounds z = 0. Then the function log z is regular in the an-
nular domain between y’ and y” but it is not single-valued. If however
2= pé* and log z = log p + i, then log p and dy are single-valued func-
tions in the annular region, and hence

/"log pay ;/ logpdy. ... (812)
Y Y

(c) Ifthecurvesy andy” aresuch thatthe relation2”= ;—, transforms

¥ into y”, it is easy to see that

/"logpdlp+/’10gpd|ll=0. ...... (81-3)

Y Y

From (81°2) and (81'3) it is seen that in this special case
Llogpd.//so. e (81°4)

(d) Let F(2)=2¢ (2), where ¢ (2) is regular and differs from zero
throughout the closed circle | z| <1. We write
F(@)=p(@)ev®, ... (81'5)
The hypothesis shows that the function log ¢ (2) is regular for |z| <1,
and, if |z|=1, then log ¢ (¢“)=log (F (¢*) ) =log p +4 (¥ — 6). By
(81°1)
/logpd(¢—0) 50, e (81°6)

where « is the circle | z|=1.
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On the other hand, by the Mean Value Theorem,

2
log|¢(0)|=aﬁlog¢(0)=2l—-1rL logpdb, ...... (81'7)

and, further, ¢ (0)=F"(0). Comparison of (81'6) and (81°7) shows that
1
loglF(O)IS‘z—’;llogpdt[l. e (81°8)

82. Let f(z) be the function considered at the end of §80. If <1 we
write
1
g(2)= af(rz) ...... (82°1)
and

Py=1"Y19@___ 96 e (82°2)

1 +J1 9@ +Vl-g@F
By (66°3), the function F'(z) transforms | z| < 1 conformally into a simple
domain 7%* which lies within the domain 7; of §66. Thus -__(l does not
vanish in the unit-circle. If therefore
F(6%)=pe+
the inequality (81'8) holds. By (82'2) and (82-1)

r o
=/ (0.

' _ g’ (0) _
F'(0)= =
Thus

Reference to the last part of § 66 now shows that y' has all the properties
assumed for this curve in (b) and (c) in §81, so that (81-4) holds. From
this and (82'3) it follows that | (0) | < 4a/r, and, since this holds for
all r<1,

| (0)] <4a. . (82:4)

This upper bound cannot be improved upon, for the function

4z
w=f(z)=a(1+~—-—~272

transforms the circle | 2 | <1 into a simple domain whose frontier is at a
distance @ from w=0.
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83. Representation upon one anotherof domains containing
circular areas.

Let R, and R, be two simply-connected domains which lie entirely
inside the circles |w| <1 and |z| <1, but contain the circles |w]| <k <1
and |z| <4 in their interiors. Suppose further that there is a function
w (z), which of course need only be defined inside R,, such that w (z)
represents R, on R,, making z=0 correspond to w=0, and making
parallel directions through these two points correspond; i.e. w (0)=0,
and w' (0) is real and positive. If then 0 <r <1 we shall show that, in
the circle | 2| < Ar,

|lwz)—z|<m,»), ... (83°1)

where the function m (%, r) is independent of the configurations of the
parts of R,, and R, which lie outside the circles |w| <4 and | 2| <4, and

where, further,
hlin: m(h,r)=0. ... (832)

In the first place, by Schwarz’s Lemma,
< 1

“h

w (z)

2

at all points of | z| <k; but this inequality is satisfied at all other points
of B, as well, since at these points |w| < 1 and |z| > £ By interchanging
the domains R, and R, we find that at all points w of R, (i.e., since
the correspondence is one-one at all points z of R.)|2z/w| < 1/k Thus

w(2)| 1 .
N R S T (83'3)
at all points of R,.
But, if | 2| <Ar,
| w w .
lw—z|=,;—1 12| < hr ;—1'. ...... (834)
To obtain an upper bound for this expression we now write
e @ _ F(t) _ .
z“ht) _z— - F (t)’ 117(0) - ¢ (t)t “““ (83 5)
8o that, by (833),
h<IFOI<), B<lo@l<h [FO-11<72,
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the last inequality holding since F'(0)=w’(0) was supposed real and
positive. With this notation

|2-1|<1P@-11<1FO- FOI+ | FO-11,
and hence, by (83°6),
7-1]<le@-115+ 52 (837)

84. If a is an arbitrary complex num-
ber, represented (say) by the point P, P .
the number | @ — 1|, being equal to the
length of the segment UP, is not greater
than the length UMP, where MP is an
arc of a circle with centre O. We there-

fore have the inequality 1
o U M
la—1|<]la|-1]+|a||Elogal. Fig. 22
...... (84'1)

86. By (84'1),
l¢@ -1l <[l6@®)]-11+|6@)||Elog (¥)|-

But since, by (83°5), ¢ (0) = 1, the branch of the function y (¢) = log ¢ (¢),
which vanishes for £ = 0, satisfies, in consequence of (836), the inequality
[ Ry (£)| <—2logk;

and therefore, by §76, if [ ¢] <7,

| Elogs (5] < ~218%

1+r .
IOg r_; e eeeea (85 2)
Also, by (83°6),

1 1-42
|¢(t)ISP: ”‘,’(t)l_llS B
It now follows from (85°1), (85°2) and (85°3) that

1-4 4logh, 1+r
I ()~ 1] <= — =55 log 7 —,

and on using (83'4) and (83'7) we obtain finally
|w"z| sm(k, ),

~h8 .
mh, r)=(1 hf)r"”:thbgiéf? ...... (85°4)

From this expression it is seen that not only is liml m (k, r)=0 for
A~

every fixed r, as was to be proved, but also }lim1 m (hy, k) =0.
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Remark. By longer calculations than the above it can be shown that
the function m (k, r) of (85°4) can be replaced by a much smaller
function,

86. Problem.

The reader may now make use of the results of §§82-85 to establish
the following theorem.

Let R, and S, be two simply-connected domains of the u-plane which
contain the point » =0 in their interiors and which are represented on
the interior of the unit-cirele | z| < 1 by the functions » =/ (z), (f(0)=0,
S (0)>0),and w=g (2), (g (0)=0, ¢’ (0) > 0), respectively. Itissupposed
that the functions w =/ (2) and » = g (2) represent the circle |z| <A <1
on domains which lie entirely inside S, and R, respectively, i.e. that
all points of R, or of S, whose non-Euclidean distances from u =0 are

less than 3 log %_—t% are common to both the domains, Then it is to be

proved that, if | 2] <Ar <A, there is a relation | f(2) — g (z)| S p(k, 7),
where ’lllml w(# r)=0, What is the geometrical interpretation of this

relation?

87. Extensions of Schwarz’s Lemma.

Let w =/(z) again denote a function which is regular and such that
|f(2)] <1 at all points of the circle |z| <1. Together with any non-
Euclidean circle C'(z) with non-Euclidean centre z and non-Euclidean
radius p (z) we consider the circle I' (2) in the w-plane whose non-
Euclidean centre and radius are w =/(2) and p (2). If A, denotes the
set of all points belonging to an arbitrary set of such circles C'(2) (and
their interiors), and A4, that covered by the set of corresponding circles
T (2) in the w-plane, it follows from Theorem 3 of § 70 that any interior
point of A, is transformed by the function w=/(2) icto an interior
point of 4.

If the set of circles C (2) is enumerable we can also consider the set
of points B, consisting of all points which lie in all but a finite number
of the circles C (z), and compare it with the set of points B,, obtained
in the same way from the corresponding circles T'(2) in the w-plane.
It follows from the theorem quoted that w =/ (2) transforms any point
of B, into a point of B,,.

Various applications of the above considerations can be made, and
those applications are particularly interesting which throw light on the
behaviour of f(2) in the neighbourhood of the frontier |2]|=1.
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88. Suppose first that the centre z of the circle C'(z) describes that
diameter of the circle | z| <1 which lies

along the real axis, and that all the circles

C () have the same non-Euclidean radius.

In this case the domain 4,, consisting of

all points interior to any of these circles 4 B
C(2), is the area bounded by two circular
ares, and is symmetrical with respect to the
real axis (see §48).

If then f(2) is a function which is

regular and such that | /(2)| < 1if | 2] < 1,
and if also f(2) 4s real whenever z s real, the circles I'(z) in
the w-plane correspouding to these circles C (2) will have their non-
Euclidean centres also on the real axis, and, since their non-Euclidean
radii are the same as the non-Euclidean radii of the circles C(z), must
lie inside precisely the same area 4,, but in the w-plane. We therefore
have the following theorem :
THEOREM. Let f(2) be a function which is reqular and suck that
|f @) <1 |2| <1, suppose also that f(z) is real when z is real. De-
noting by A and B the points -1 and + 1, let AMB be a circular arc
lying inside | 2| < 1, and let ANB be the image of A MB in the real azis.
Then if z has any value inside the area AMBN the value of f(2) also
lies within this same area.

89. Julia’s Theorem.

The method of § 87 leads without difficulty to an important theorem
which is due to G. Juliz(16). We note in the first place that two real points
z, h (2 <) in the circle | z| <1 are at the same non-Euclidean distance
as two real points y, & in the circle [w| <1 if the cross-ratio of the
numbers (— 1, , &, 1) is equal to that of the numbers (-1, y, £, 1), i.e. if

(1-2)(1+h) _ (1-g) (1+k)

Fig. 23

(%2 (i-h) - Qrga—k (89°1)
or, writing 1 -k=u, 1 —-k=v, if
-y _v»@-w)l-z (89-9)

1+y u(2-v)l+z’
Consider now two sequences of positive real numbers u,, u,, u,, ... and

v, s, s, ..., satisfying the following conditions:
lim %, =lim v,=0, lim 2= o, .. (89°3)
n-=w N0 n-»o Un

where « is finite. Denote by K, the circle having the point A, =1 -u, as
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non-Euclidean centre and the point # on its circumference, and by I';' a
circle of the same non-Euclidean radius and having the point £, =1 =,
as non-Euclidean centre.

The circle T’ cuts the real axis of the w-plane at a point y, which is
obtained by replacing u, v, y in (89°2) by u,, v., .. The circles K,

K

Fig. 24

converge, in consequence of (89'3), to an oricycle K of the non-Euclidean
plane | z| <1, passing through the points z=1 and 2=, and the circles
T, to an oricycle I' of the non-Euclidean plane | w | < 1, passing through
w =1and w=y; here y, being the limit of y,, is given by the equation
[see (89°2) and (89°3)]

1-y_,1-=

1+y 1+z°
If r and p denote the Huclidean radii of K and T, then z=1-2r,
y=1-2p, 8o that, by (89°4),

90. Now let/(z) be an analytic function which is regular and of modulus
less than unity in the circle |z| <1, and suppose further that there is
a sequence of numbers 2,, 2,, 2;, ... such that

limz,=1, limf(z)=1, ... (90°1)
1= f(za)] .
and 11112» = Tol = & (90-2)
where « is finite. It follows from (72:3) that
1= 1) .
a>1+|:/.-(0)-!>0. ...... (903)

Write now #,=1—|2,|, 9.=1~]|/(2,)|, and construct the circles K,’,
T, of §89. Still using K and I' to denote the oricycles to which K, and
Ty’ converge, let K, and T, denote circles with the same non-Euclidean
radii as K, and T, but having their non-Euclidean centres at z, and
JS (2a) respectively, instead of at |2,| and | f(z4)|. Thus K, is obtained
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from K’ by a rotation about the origin; but since, by (90°1), the angle
of rotation tends to zero as n tends to infinity, the circles K, tend to
the same limiting figure A as the circles K. Similarly the circles T
tend to T.

Thus, by §87, if the point z lies inside K, the point w =/ (z) cannot
lie outside I'; we can in fact show, by an argument similar to that of
§67, that f(z) must lie inside T.

The above result constitutes Julia’s Theorem* (16).

91. The work of §90 may be completed by adding that if there is a
point 2, of the frontier of K which is transformed into a peint f(z,) of
the frontier of T, then f(2) must be a bilinear function. For, by §48,
any two oricycles which touch the circle |z|=1 at z=1 are parallel
curves in the sense of non-Euclidean geometry; also equation (89°4),
which represents a non-Euclidean motion, transforms the two oricycles
through the points @, and @, (7, <a,) into the two oricycles through z,
and 7., and the distances between these two pairs of oricycles are the
same, say, 8. If then z is a point on the oricycle through a, such that
the corresponding point w,=f(z) lies on the oricycle through #,, and
we determine on the oricycle through z, the unique point 2, for which
D (2, 2,) = 8, then, by Julia’s Theorem, the point w,=/(z,) cannot lie
outside the oricycle through y.; that is to say, D (w,, w,) > 8. But, by
Theorem 3 of §70, D (w,, w,) < 8. Hence D (w,, w,) =3, and this cannot
be true for a single pair of points unless w =/ (2) represents a non-
Buclidean motion. Since also /(1) =1, f(z) must be of the form

22—z l_‘fé“ .
f(z)—l—z'ozl—zo' ...... (91°1)

92. Julia’s Theorem may be interpreted geometrically as follows: in
Fig. 25 we see that
AP Az 1-w
PB ok 1+2’
and similarly that
:/_1_1£! < 1-y
P B " 1+y’
Thus, if P, P, denote the points z, f(2) respectively, Julia’s Theorem
gives, on using (89°4), the relation
AP, _ AP
St it
PB, PB
* In his own proof of this theorem Julia requires that f(z) should be regular at
z=1. It is remarkable that it should be possible to prove the theorem without
agsuming regularity at z=1.
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But by elementary geometry

AP AP AP*  |1-2z]
PB=AP PB~CP.PD 1-[0

so that Julia’s Theorem is equivalent to the following inequality :

llv‘f<z)|2 L=zl )
< LR (92'3)

B

0 ) Py

E é A E 7 4,

Q

Fig. 25

93. A number of interesting consequences follow from Julia’s Theorem.
If we continue to denote, as in (89°5), the Euclidean radii of the circles
K and T by r and p, then, by the theorem, the r¢al point

r=1-2r .. (93°1)

corresponds to a point f(z) lying inside or on the frontier of T, i.e. such

that
1-|f(@)| <|1-Sf(@)|s2p.
Thus, by (89°5) and (93°1),

“f@| J1-f@)| @
1—2 -z 1 —r(l—o) ;
hence immediately

fim L@ B=F@ (93-2)
- -z =i 1-2
El 1lf;pz)l <fm |11—f<wﬂ ...... (93°3)

But « may be any number for which an equation such as (90-2) holds;
thus the most favourable choice of & will be made by choosing the
sequence 2, of (90°1) and (90°2) so that

~|f (@)

alxm g

z-1
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When this is done, inequalities (93'2) and (93°3) at once establish the
existence of the limits

lim 1-1/@)] _ lim 1-/@)] =a, ... (93°4)
z-»1 1-x 1 1-2
Since, by (90'3), « >0, the last equation shows that
M 1 —.If(w)‘ — Qe
. ' lﬂlml ~Fa| " oo (98°5)
But, if we write
1-f(z)=\e®, .. (93°6)
where A> 0 and 0 is real, we have
1-|/(@)| _ 2c086-2 . (93°7)

[1-f(z)] 1+ J(1=2Xcos 0+ \?)’
also, when z tends to unity, A tends to zero, and therefore, by (93°5)
and (93°7), cos 6 (and hence also ¢¥) must tend to unity. From this it
follows, on using (93°5) and (93°6), that

liml_f(x)zlimll_f(x)lew=a. Q-

z>1 1—-2 Tl l1-2

We may collect what has been proved in the form of the following

theorem :

TueoREM. [f f(2) i3 regular and suck that |f(2)| <1 in the circle

| 2| <1, and if there exists inside the unit-circle a sequence of points z,

23, ... for whick lim z, =1, lim f(2,) =1, and

. 1- |f (zn)l

lim SR
an 1- | Zn ‘

i3 finite, then the following limit-equations hold, wherein & tends to its

limit through arbitrary real values and & is a real positive constant

1-lf @] _ o =@ 1=/ @)

lim - S '
lm S i I 10

o (98°9)




CHAPTER V

THE FUNDAMENTAL THEOREMS OF CONFORMAL
REPRESENTATION

94. Continuous convergence.

If A is an arbitrary set of points in the complex plane, we consider
a sequence of complex functions f, (2), /;(2), ... which are defined and
finite at all points of 4; and we introduce the following definition : if
%, i8 a limiting-point of 4 the sequence f; (z) will be said to be con-
tinuously. convergent at 2, if the limit

m £, (z)=F(z) ... (94°1)

exists for every sequence of points 2, of A having z, as its limit.

It is readily proved that the limit f (z,) is independent of the particular
sequence 2y, and that every sub-sequence f,,, /n,, --- of the given sequence
also converges continuously to f(z,) at the point z,, i.e. that

l:l—llrulo S (2) =f(2,), (m<ma<...). ... (94:2)

The following theorem also follows immediately from the definition of
continuous convergence :

TueoREM. [f (i) the sequence of functions w=f, (z) is defined in the
set of points A and converges continuously at the point z, to the finite
lUimit wy=J (z,), (1) for all points z of A and for all values of n the point
w =1, (2) belongs to a set of points B of the w-plane, and (iii) the sequence
of functions ¢, (w) is defined in B and converges continuously at w,,

then the sequence
Fn (Z) = ¢n {f;l (z)}
converges continuously at z,.

95. Limiting oscillation.

Let £ (2),./2(2), ... be an arbitrary sequence of complex functions which
are defined in a domain R and uniformly bounded in a neighbourhood
of every point %, of R. Denoting by z, a point of R, let O™, O, ...be
a sequence of circles lying in &, having their centres at z,, and such that
their radii decrease steadily to the limit zero. Further, let 0,* denote
the oscillation of £, (2) in the circle C*¥, i.e.,

0.8 =sup| fo () =Sul2)], e (95°1)
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where 2/, 2’ are any two points of the domain C*®, If we now write

o®=Tm 0» ... (95°2)

n>»o0

we have, since C**V C O™, o*+1) < »® ; hence the limit
o (z) = lim o®
k==

exists. We see also that this limit depends only on the sequence f,, (2)
and on the point z,, but not on the choice of the circles C*.

The number w (z,) is called the limiting oscillation of the sequence
Jfa(2) at the point z,.

96. We now prove the following theorems:

Tarorem 1. If w(2) and o (2,) denote respectively the limiting oscilla-
tions of a sequence of functions [, (2) and of a sub-sequence f,, (z) at the
point z,, then

() <o(z). (96°1)
For, by (95°2), for every circle O

o'®) < P,

THEOREM 2. If at a point z, the limiting oscillation o (z) >0, the
sequence [, (z) cannot converge continuously at z,.

For, by hypothesis, for every integer £ an infinite number of functions of
the sequence have, in the circle C™®, an oscillation greater than w® —4w(2,),
i.e. (since o™ > w(z,)) greater than w(z,). Hence there are two sequences
of points 2, 2 ..., and 2", z,", ..., and also an increasing sequence of
integers n, <n, < ... such that simultaneously

lim o =20, Jim o’ =20, [y () =g (38") | > o (o).

k>

Hence, of the two sequences
wkl =f"k (Zk’), wk" =f"k (Zk“), ...... (96'3)

either at least one is not convergent, or, if both converge, their limits
are unequal ; and each of these possibilities excludes continuous con-
vergence, by § 94.
THEOREM 3. The sequence fy(2) converges continuously at z, provided
that o (2,) == 0 and that every neighbourhood of z, contains @ point { such
that the sequence f, ({) is convergent.

Thus, in particular, the sequence converges continuously if w(z)=0
and Lim f,(z,) exists and is finite.

n-=wn
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Let z,, 2,,... denote an arbitrary sequence of points of R having z,
as its limit. We have to show that, when the hypotheses of Theorem 3
are satisfied, the sequence

wa=Sul(2a) 0 (96°4)
is convergent. Denoting by € an arbitrary positive number, we can, since
lim o™ =0, define a circle C** for which

k-»o

oP<le, Ll (96°5)
In C™ there is, by hypothesis, a point ¢ at which the sequence f, (2)
converges ; and hence there exists a number N, such that, if n> N, and

m> N,
O~ n@l<de (966)
Further, by (952) and (96°5) there is a number X, such that if n> XV,
the oscillation 0, < 1¢; finally, suppose that for n> Ny the point z,
lies in C™. Thus if NV denotes the greatest of the numbers N,, N,, V;,
we have, provided only that »> N and m> N, in addition to (96°6),
the inequalities
|fo (@) =fuQ | <3 [fm(zm) =S (D] <de ......(96°7)
In view of (96°4) to (966),
|wn—wn|<e (,m>N). ... (96°8)
Hence, by Cauchy’s criterion, the sequence w, converges, so that
Theorem 3 is proved.
THEOREM 4. If B denotes the set of points z of A at whick the sequence
Ja () converges to a function f(z), then every limiting point 2, of B such
that w(2,) =0 belongs to B, and the function f(2), 'wluck 1s defined in B,
18 continuous at z,.

From Theorem 3 we have at once not only that the functions f, (z)
converge at 2o, 80 that 2, is a point of B, but also that the convergence
at 2,18 continuous. Now consider an arbitrary sequence of points 2y, 2;, - ..
of B, having z, as limit; to establish the continuity of /(z) at 2, we
have only to prove that

lim f(z) =/ (). e (969)
n-»0
Since the sequence f, (2) converges at each of the points z, we can find
an increasing sequence of integers #,, n,, ..., such that for every %

@ =f@) <y e (96°10)

Equation (96'9) now follows on combining (96°10) with the fact that,
on account of the continuous convergence of the sequence at z,

l}im SuE)=f(z). e (96:11)
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97. Normal families of bounded functions (17) (18).

We consider a definite class {f (2)} of functions f(2), which are defined
in a domain R and are uniformly bounded in certain neighbourhoods
of every point z, of B. For such a family of functions we can define for
each point 2, of B a number w (2,), which we shall call the &imiting oscilla-
tion of the family. We again consider the sequence of circles C* defined
in §95, and we denote by » ™ the upper limit of the oscillations in O™
of all functions f(2) of the given family; thus o® has the following
two properties: if p> o™ at most a finite number of distinct functions
belonging to {f(2)} have oscillations in C® which are greater than p,
whereas if ¢ < ¥ an infinite number of distinct functions of the family
have in O™ oscillations greater than ¢. Finally, we define the limiting
oscillation by the equation

W (zo) = khm (u(k). ...... (97.1)

The following theorem is obvious:

TrrorEM 1. The limiting oscillation at 2, of any sequence of functions
S1 (@), f2(2), ... which belong to { f(z)} cannot be greater than the limiting
oscillation o (2,) of the family {f(2)} ut z,.

98. We now introduce the following definition: a family {f(z)} of
Junctions defined in B and uniformly bounded in detail (im kleinen) is
said to be normal on R if the limiting oscillation o (z,) vanishes at every
point z, of R.

We have

TueoreM 2. If fi(2), f2(2), ... 8 a sequence of functions all belonging
to a family { f(2)} whick is normal on R, then the given sequence contains
a sub-sequencef,,l (2), Su, (2), --. which is continuously convergent at every
point of R (19).

Consider a countable sequence of points z2,, 2, ... of R which lie
everywhere dense on B. By the diagonal process (Cantor and Hilbert),
a sub-sequence [, (2), fa,(2),.-- can be picked out from the given
sequence in such a way that, at each point of the countably infinite set,
the limit

kl_i..n:o N € (98°1)

exists. The conditions of Theorem 3, §96, are satisfied by this sub-
sequence at every point of R; this proves the present theorem.
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99. It is easy to show that the two conceptions, (a) continuous conver-
gence of a sequence of continuous functions at all points of a closed set y,
and (b) uniform convergence of this sequence on y, are completely
equivalent (18).

The following theorem is a consequence of this equivalence, but we
shall give a direct proof.

THEOREM 3. If @ sequence f1(2), f2(2), ... of Sfunctions converges con-
tinuously to the function f(2) at all points of a bounded closed set y, and
i F(z) #+ 0 on y, then there is a positive number m and a positive integer
N, such that, at every point of y and for each n> N,

|fo@)|>m. Ll (99°1)
If this were not so, it would be possible to find an increasing sequence
of integers, », <m, <..., and a sequence of points z,, 2, ... of v, such
that
1
| ezl <3 (RB=12..). ... (99-2)

By omitting some of the points z; and ordering afresh those that re-

main we can ensure that
limzy=2. ... (99-3)

w00

Since y is closed, 2, belongs to y and therefore the sequence
S1(2), f2(2), ... converges continuously at z,. Hence

S (20) _/}ﬂ Su=)=0, (99°4)

and a hypothesis is contradicted. This proves the theorem.

100. Existence of the solution in certain problems of the
calculus of variations.

Weierstrass’ Theorem that a continuous function defined on a bounded
closed set in z-dimensional space attains its maximum at some point of
the set can be extended, in certain circumstances, to function-space,
that is, to space in which any element is defined not by a system of n
numbers but by a definite function. For instance, suppose that a family
{f(2)} of complex functions is given, all the functions being defined in
a domain R. The family is said to be compact if every sequence

S1(2), fa(2) ..., of functions of the family, contains a sub-sequence
Sy (2), fa, (2), ... which converges in R to a function f, (z), where /; (2)
also belongs to the family (20).
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Secondly, we consider a functional J (f), by means of which a finite
number is associated with each member f (2) of {/(z)}. The functional
J(f) is said to be continuous if the convergence in B of the sequence
f1(2), f2(2), ... to the function fo(2) of { /' (z)} alwaysimplies J (/) = J (fo).
We now have:

TuroreM. If J (f) is a continuous functional defined in thecompact family
{f (2)}, then the problem

| J(f)] =Maximam ... (100°1)
has a solution within the family {5 (2)}.

That is to say, therc is at least one member f; () of the family {f(z)}
such that all members /(=) of {f(2)} satisfy

[JOI<ITU] (100'2)
For if « denotes the finite (or infinite) upper bound of | J (f)], as.f(2)

varies in the family {7/ (z)}, then there arec sequences f](z), /2 (z), --. of
members of {f(z)}, such that

lim [J ()= . (100°3)

Now, since {f (2)}is compact, a sub-sequence fy, (2), /5, (), ... can be
selected from the sequence f; (z), /2 (2), ... in such a way that the sub-
sequence converges to a member £, (2) of {f(2)}. The continuity of J (f)

shows that . _
(] = T | T () =
This not only proves the theorem but also shows that « is finite.

101. Normal families of regular analytic functions.

We now consider families {/ (2)} whose members f () are all defined,
analytic and regular, in theinterior of a domain R. For these families
the following theorem holds:

Taeorem 1. If {f(2)} is a family of analytic functions, whick are all
regqular in the interior of a domain R, and whick are uniformly bounded
on the circumference of any circle lying strictly within B, then {f (z)} is
normal in R, and the same s true of the family {f'(z)} of derived
JSunctions, obtained from the functions f (2).

Let 2z, be a point of B and |z—2z,| <p a closed circle lying strictly
within R. There is a positive number M such that all members of {f(2)}
satisfy the relation | 7 (2)| < M atall points of |z — 2,| =p and hence also
at all points of |z-2,| <p.
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Account being taken of Theorem 5, § 71, it is seen that, if » is any
number between 0 and 1, the relation
M|z -2"| 2Mr

V- Ty <o o orD

is satisfied by every pair (2, 2”) of points of the circle |2 - 2,| <pr
and by every member of {f (z)}. From this it follows immediately that
the limiting oscillation of {f(z)} vanishes at the point z,. By §98 the
family {f(z)} is normal.

To prove that the family {#’ (z)}, consisting of the derived functions
of the given functions, is also normal, we need only remark that by
Theorem 4, § 71, the derived functions f’ (z) are uniformly bounded in the
circle | z - z,| < pr.

102. We shall now show that the boundary function £, (2) of a conver-
gent sequence f; (2), /3 (2), ... of functions of the family is analytic. For
this, as is well known, it is sufticient to show that £, (2) is differentiable
at every point of R.

Take a closed circle |z —z,| <p, lying in R, and in it consider the
sequence of regular analytic functions ¢, (z), which is defined by the

equations
éa(z ),_’ﬂ‘) =) aa), (102°1)

2 =2,

ba(2)=So () e (102-2)
The sequence of functions ¢, (z) is uniformly bounded on the circum-
ference |2 —z,| =p of the circle in question, and hence, by the result of
the preceding paragraph, it is normal. The sequence obviously converges
at all points of the circle other than z,, and therefore it converges con-
tinuously at the point #, itself (Theorem 3, §96). Let the boundary
function be denoted by ¢ (2); then (102°1) and (102°2) yield

¢ (2)= ol ”; f’(%), (%20, oo (102-3)
¢(z)=lm f'(z). . (102°4)

Further, by Theorem 4, §96, ¢ (2) is continuous at the point z,. The
above equations therefore assert that
Jo ()= (20) =”l_i.m S (z). (102°5)
This gives

TrEoRrEM 2. If @ sequence of analytic functions is uniformly bounded in
a domain in which the sequence converges, then the boundary function is
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analytic and its derived function is the limit of the dertved functions of
the functions of the approximating sequence.

Keeping this theorem in mind, we shall, for the sake of brevity, de-
scribe a convergent sequence of regular functions which is uniformly
bounded in detail as regularly convergent.

Suppose that a given sequence of analytic functions, defined in a
domain &, is uniformly bounded in detail; the sequence is regularly
convergent in R provided only that the points at which it converges
possess a limiting point in the interior of . For, if the given sequence
did not converge everywhere, it would be possible to select from it two
sub-sequences converging totwo distinct analyticfunctions /' (2) and g (2).
But, ateach point at which the given sequence converges, (f(2) — g (2)) = 0.
These zeros cannot possess & limiting point within R.

103. The following theorem relating to regularly convergent sequences
of analytic functions is a special case of a well-known theorem due to
Hurwitz:

TuroreM 3. If, in a domain R, the sequence of functions f;(2), ./ (2), .-
converges reqularly to the function f (z), none of the functions f, (z) van-
tshing at any point of R, then either f(z) =0 or f (2) does not vanish at
any point of R.

For suppose that f (z) does not vanish identically in R. Correspond-
ing to each point z, of R there is at least one circle |2 — 2| < p lying
within & and such that on its circumference f (z) +0.

By Theorem 3 of §99, there must be a number m > 0 such that

fa@l>m (103'1)
for all points on the circle |z —z,| = p, provided that n is sufficiently
large. But in this circle £, (z) + 0, and therefore, if n is sufficiently large,

|fa@)2m. (103-2)
Thus I/ (z)| = lim |fa (20)| > m,
and it follows that f(z,) =+ 0.

An immediate corollary of this theorem is:

TreoreM 4. If in a domain R a sequence of functions f,(2), /s (2), ..
converges regularly to a function f(z) which is not a constant, then any
neighbourhood N, of a point 2, of R contains points z, such that

fn (Z,.) =f (zo),
if n s sufficiently large.
If this were not so, the given sequence would yield an infinite sub-
sequence, f,, (2), fn, (2), .-, such that, in the neighbourhood IV, of z,,
the functions (f, (2) —f (2)) all differ from zero. Since the boundary
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function (f(2) —f(2)) of this last sequence vanishes at the point z,,
Theorem 3 shows that (f(2) —f (2,)) vanishes identically, i.e. the func-
tion f(2) is a constant, and a hypothesis is contradicted.

104. Application to conformal representation.

The following theorem is of fundamental importance in the theory of

conformal representation :
TaEeOREM. If f, (2), f2(2), ... is @ sequence of functions whick converges
regularly in a domain R, and if the functions give conformal transfor-
mations of R into simple domains 8y, S,, ... respectively, which are uni-
Jormly bounded, then, either the boundary function f(2) is a constant,
or it gives a conformal transformation of It into a simple domain S.

By hypothesis, £, (2) # f, (z,) when 2z and z, are points of R, z+z,. The
functions ¢, (2) =/, (z) — /. () do not vanish in the pricked (punktiert)
domain A -z,. These functions converge continuously in this domain,
towards the function ¢ (2) = f (2) — f (2,). By Theorem 3 of §103 either
¢ (2) is identically zero, and / (z) is then a constant, or ¢ (z) is different
from zero and so £ (2) +/ (2,).

105. The main theorem of conformal representation (21).

Let R be an arbitrary bounded domain in the z-plane, containing the
point 2z = 0 and therefore also a circular area « defined by
lsl<p e (105°1)
in its interior. No assumption is made as to the connectivity of E.
Consider a family {f(2)} of functions which are regular in the circle
(105°1). The family is assumed to be made up of the function f(z) = 0
and also all functions £ (z) which satisfy the following conditions:

(a) £(0)=0,

(b) analytic continuation of £ (z) is possible along every path y
within R and the function f (z) is always regular,

(¢) if y and y" are two paths joining z =0 to the points 2" and 2"
respectively, and if ,F (2') and ,.F" (#’) are the values obtained at 2’
and 2" by continuing f (2) along these paths, then if 2" +2"

&)+ () e (105°2)
(in particular, , #'(z) + 0 provided 2+ 0),
(@) with the above notation
,F@)|<1. (105°3)

106. It will first be proved that the family {/(2)} is compact (§100).
Condition (d) shows that any sequence of functions of the family contains
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a sub-sequence f, (z), /3 (2), ... which satisfies the relation
nlin; Su@) =Sz (106°1)

in . We have to show that £, (z) belongs to the family {f()}.

It is obvious that f, (0) = 0, so that either condition («) is fulfilled or
Sf@@)=0.

To verify condition (b)) we must show that if y' is a path within B
joining z =0 to a point 2, and if for every point { of ¥/, other than 2/,
the analytic continuation of £, (z) gives a function ., ({) which exists,
is regular and can be obtained as the limit of the analytic continuations
v P () of the functions £, (2), then all these conditions are satisfied at
the point 2’ itself and in a certain neighbourhood of that point.

It is easy to show this, for the functions y /% () are regular in a
certain neighbourhood of 2’ and by condition (d) they form a normal family
which converges to , ¥, (2) at all points of a certain portion of y' (§102).

To prove condition (¢), consider two paths y" and y” with distinct end-
points 2" and 2", and let IV, and V- be non-overlapping neighbourhoods
of 2 and z” respectively. By Theorem 4, §103, there are points z,’ in
N, and z,” in N such that the equations

' yFul(@) =y Fo(2), ybu(z) =y By (Z") oo (106°2)
hold simultaneously, » being suitably chosen. By hypothesis the terms
on the left in these equations are unequal. "The required result,

o (&) * y B, (27),
follows.
Finally, it is obvious that f, (2) satisfies condition (d).

107. Consider now a particular function f(2) of the family and its
analytic continuations ,#'(z) in £. Suppose that there is a number w,

where we=he®, (0<h<l, freal), ... (107°1)
guch that, for all points z of R and all possible paths y joining the origin

to the point z, @) +w. (107-2)

We construct, in succession, the functions
Al =e®F ), . (107°3)
o= hf12) -
a()=] iAGY e (107°4)
B()=Na(z), BO)=+~E), ... (107°5)
Nh—B(2)
S NRCER) 107'6
@=1"h B (2) 1ore)

and proceed to investigate their properties.
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The function f, () clearly belongs to the family {f(2)}, and neither
the function nor its analytic continuations takes the value % The
function « (z) is connected with £, (2) by a Mobius’ transformation which
transforms the unit-circle into itself. The conditions (3), (¢), (€) of § 105
are all satisfied by «(z). The same is true of B8(z). Neither « (2) nor
its continuations take the value zero, so that 8(2) is regular on every
path y. To verify condition (¢) we notice that if analytic continuation
of B(z) along paths ¥ and y” leads to coincident values at 2" and 2",
the same must hold for « (z), which would lead to the conclusion that
2 =2"

Finally we see, from (107°6), that g (2) satisfies the conditions (b), (c),
and (), and further, since 3 (0) = /4, the function g (z) vanishes at z = 0,
8o that it is a member of the family {/(z)}.

108. If the equations (107'3) to (107'6) are solved, B(z), *(2), f;(2)
being successively determined as functions of

g=¢ (108°1)
it is found that
2 Vh-(1+h)¢
(1+h) -2kt
The expression on the right-hand side of this equation coincides with
one of the functions investigated in §56. It satisfies all the conditions
of Schwarz’s Lemma (as can also be verified by direct calculation) and
therefore, for every value of ¢ in the domain 0 <|¢] <1,

t2~/1?-(1+k)t -

Sf@)=¢t

1+ k-2 Jht gl (108°3)
From (108°1) to (1083) it follows that
£ @)] <] g2)]| oo (108°4)

at all points of the circle x except the centre.

The results so far obtained may be summarised as follows:
THaeorEM 1. The family { f(2)} is compact. If the family contains a
Junction f(z) whick is not a constant but which is such that neither it
nor its analytic continuations in R take the value w,, where |w,| <1,

then there is a member g (2) of the family such that (108°4) holds when-
ever 0 <|z| <p.

109. Let 2, be a fixed point of «, 2,+0, and define a continuous
functional J(f) (see §100), by means of the equation

J(f)=\f (@) — (109'1)
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Since the family {/(2)} is compact, § 100 shows that it has at least one
member f; (2) such that

Vo@) 21 (109-2)

as f(z) varies in the family. The domain R being bounded, the
function f () = Az belongs to the family, if A is a positive number taken
sufficiently small, and thus, from (109°2),
|fo(z)] 22 || >0,

which shows that f; () is not a constant.

Using the theorem of § 108 we obtain at once:
Traeorem 2. The family { f(2)} contains at least one function f, (z) which,
with its analytic continuations, takes every value in the circular area
|w| <1.
110. We now consider functions f(z) which satisfy conditions (b), (¢)
and (@) but not necessarily condition (@) of §105, and which have in
addition the following property :

(6) To every point w, of the unit-circle |w| <1 there corresponds
a path y,, joining 2 =0 and some point 2,, such that, with the notation
used above,
W@ =w. (110°1)

The last theorem proves the existence of such functions. Further, by
the property (c), the number 2, in (110°1) is a single-valued function of
w,, defined throughout the interior, |w]| <1, of the unit-circle. This
function is the inverse function of .,oF (2) = w in some neighbourhood of
each point w,, and it is therefore regular. Thus it is seen that the
function, which we denote by ¢ (w), is single-valued, regular and analytic
throughout the circle |w| <1 (§63). The equation

z=¢(w) . (110-2)

therefore gives a conformal transformation of the circular area | w| <1
into a Riemann surface which covers the whole domain A.

111. A second function g (), satisfying (b), (c), (d) and (), yields an
inverse function
z=y(w) L. (111°1)

which has the same properties as the function ¢ (w) of (110°2). By
means of (110°2) a correspondence is set up between the points w, within
the unit-circle and points z,, with associated paths y,. The paths may
be obtained, for instance, as the paths in the z-plane resulting from the
transformation of straight lines joining 0 to w,. If we write

Wy = Yo G (Zo),
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then w, is a single-valued regular function of w,. In what has just been
said » and w are interchangeable, and it follows from §68 that the
equation ¢ (w)=1y (v) gives a non-Euclidean motion of the unit-circle
on itself.

112. The monodromy theorem (§63) shows that if the given domain
R is simply-connected the inverse of the function (110°2) must be a
regular single-valued function of z in B. The equation z=¢ (w) then
gives a one-one conformal transformation of the interior of the unit-circle
on the domain R.

It has already been shown (§64) that any simply-connected domain
with more than one frontier-point can be transformed conformally into a
bounded domain. Combining this with the results just obtained, we have

THEOREM 3. The interior of any simply-connected domain R with more
than one frontier-point can be represented on the interior of the unit-circle
by means of a one-one conformal transformation. The representation is
not unique. A given directed line-element in E can be made to correspond
to an arbitrary line-element in |w| <1. When such a correspondence is
assigned the transformation is determined uniquely.

113. On the other hand, if the inverse of the function (110'2) is a
single-valued function of z in 72, then by §63 the domain R is simply-
connected. Thus if R is multiply-connected there must be at least two
points @' and 20” in |w| <1 such that ¢ (w')=¢ (w"). Hence there is
at least one non-Euclidean motion of the circle |w| <1 for which ¢ (w)
is invariant (§111). The aggregate of such non-Euclidean motions
forms a group, and ¢ (w) is an automorphic function.

The points w of the circle | w| <1 such that ¢ (w) = ¢ (w,) are called
the points equivalent to w,. If w,is any point of |w| <1 there is a
neighbourhood &, of w, for which 2z = ¢ (w) gives a one-one transforma-
tion into a portion of . No two points of V., can be equivalent, and
it follows that no member of the group of non-Euclidean motions is a
non-Euclidean rotation (§45) about u\, as fixed point. Since w, was an
arbitrary point of |w| <1, the group contains only limit-rotations and
non-Euclidean translations (§-46). Repetition of a non-Euclidean trans-
lation never leads back to the original figure. The same is true of a
limit-rotation, and the group is therefore infinite. The points equivalent
to a given point of the circular area | w| <1 form an infinite set.

TrEOREM 4. If the domain R is multiply-connected, then the function
(110°2) is automorphic, and it is invariant for certain transformations
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whose aggregate forms an infintte group of non-Euclidean translations
and limit-rotations.

114. In the case where R is doubly-connected it is easy to form the
group of transformations.

Suppose first that 2 is a simply-connected domain from which the
single point 2, has been removed. Then a one-one conformal transforma-
tion can be found, to transform R into the pricked (punktiert) circular
domain

o<|¢l<1. L (1141)
By means of elementary functions it can then be shown that the group
is a cyclic group of limit-rotations.

The following very useful observation, first made by T. Radé, is of
service in this connection :

Let z=¢ (¢) be a single-valued, regular, analytic function defined in
(114:1) and bounded in some neighbourhood of ¢=0. Suppose also that,
if ¢, and ¢, are any two distinct points of (114°1), then ¢ (¢,) + ¢ (£,). By
Riemann’s Theorem, there is a number z, such that on writing ¢ (0) = z,
the function ¢ (¢) obtained is regular and analytic in the whole circular
area |¢| <1. Also, for ¢+0, ¢ (t)*2,. For if ¢ (#)=2,, then z=¢(¢)
transforms a neighbourhood of ¢ into a neighbourhood of z,. From this
it is readily seen that it would then be possible to satisfy the equation
¢ (t,) = ¢ (¢,), where ¢, and ¢, are two distinct points of (114'1). Thus
the function 2 = ¢ (¢) gives a one-one conformal transformation of (114°1)
into a pricked simply-connected domain.

Now assume that the points equivalent to a point w,, where |w,| <1,
are generated by a cyclic group of limit-rotations. A Mébius transforma-
tion can be found which transforms the circle |w| < 1 into the half-plane
Ru <0, while at the same time the limit-rotation from which the group
is generated becomes a Euclidean translation determined by the vector 2.

If now ¢=¢* the domain R is represented on the pricked circular area
0<|¢| <1 by a one-one conformal transformation. Then, by Radé’s
result, B coincides with a simply-connected domain from which a single
point has been removed.

1156. Next let the frontier of R consist of two distinct continua €, and
0, each containing more than one point. Regard C, as the frontier of
a simply-connected domain containing ¢,. This domain can be con-
formally transformed into the interior of a circle. In this transformation
R becomes a doubly-connected domain whose frontier consists of a con-



72 THEOREMS OF CONFORMAL REPRESENTATION [CHAP. V

tinuum €’ and a circle C;. The simply-connected domain exterior to
(Y and containing Cj' in its interior is now transformed into the interior
of the unit-circle. In this transformation C, is transformed into an
analytic curve. It can therefore be assumed, without loss of generality,
that the doubly-connected domain & has as its frontier the unit-circle
C, and an analytic curve C,, without double-points, surrounding the
point z=0,

By means of the transformation z=¢% a certain periodic curvilinear
strip B, in the w-plane is conformally transformed into the domain R.
The set of points corresponding to a given point 2, is of the form

W=+ 2kr (k=0,+1, +2,...).

Thus the points equivalent to u, are generated by a cyclic group. Since
R, is simply-connected, a one-one conformal transformation u = ¢ (w)
can be found which represents it on |w| <1. The points of |w| <1
which are equivalent to w, are obtained as the images of the points u, .
The corresponding group is certainly cyclic and is generated by repeti-
tion of a certain non-Euclidean translation, the possibility of a limit-
rotation being excluded by the result of § 114.

116. A non-Euclidean translation is a transformation with two fixed
points, 4 and B, on the circumference of the circle. Let

w=y(t)
be a function transforming the interior of the strip | ¢ | <% con-
formally into the circular area |w| <1 (§52), in such a way that the
parts of the strip remote from the origin correspond to neighbourhoods
of the points 4 and B respectively. It is easy to see that, in these
circumstances, the non-Euclidean translation considered above corre-
sponds to an ordinary Euclidean translation of the strip within itself.
The value of % can be so adjusted that the shift in the strip is 2ui.
Let £ =log w. The function
2=V 0%8e) = P(w)
gives a one-one conformal transformation of an annular region into the
doubly-connected domain R.
TrgoreM 5. A doubly-connected domain R whose frontier consists of two
continua each containing more than one point can be represented, by a
one-one conformal transformation, on an annular region whose frontier
consists of two concentric circles.

117. Let R be a simply-connected domain on which the circular area
Jw| <1 is conformally represented. Two fixed points, 2 and 2, of R,
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correspond to two points w, and w, which are uniquely determined for
any possible conformal representation of the circle on R, and whose
non-Euclidean distance D (w,, w,) is always the same. This number
may therefore be regarded as the non-Euclidean distance of the points
2, and 2,, and in this way a non-Euclidean metric is set up for R.

It is also possible to set up a non-Euclidean metric for a multiply-
connected domain R, but the process is somewhat different, for here
an infinite number of points w correspond to a single point 2. Let y,
be any rectifiable curve in B. It is transformed into an infinite number
of CUTVES Yy, Yy, --- in the w-plane. All these curves can be transformed
into one another by non-Euclidean motions, and thus they all have the
same non-Euclidean length. This length we associate with the curve y,.
In the multiply-connected domain R curves have length, but the conception
of a distance between two points has no meaning.

118. Consider an annular region
n<|lw|<r, .. (118°1)

and in it a closed curve y which makes just one circuit round the smaller
circle. This curve has non-Euclidean length L,. As y varies let the
lower bound of L, bea. The number « can be calculated, by the methods
of Chapters 11 and 111, and is found to be

o= 4n’flog (ry/r).
This shows that conformal transformation of one annulus into another
is possible if and only if the two annuli are similar figures.

119. Normal families composed of functions which trans-
form simple domains into circles.

Let {7} bea family of simple simply-connected domains in the -plane,
each domain containing the point w =0 while none of them contains
the point w=o. A family {f(2)} is formed of analytic functions by
means of which the domains 7" are transformed into the circle [z]| <.
We assume that for all these functions /(0)=0.

Results already obtained show that the functions of the family {f (2)}
are uniformly bounded in the circle |z| <76, where 6 is any positive
number less than unity, and that in consequence the family is normal in
the circle | z| < r if one or other of the following conditions is satisfied :

() for each domain 7' the distance @ of the point w =0 from the
frontier is not greater than a fixed number 3 (§80and §101),
(B) all the functions f (2) satisfy the relation | £’ (0) | < M (§ 81).
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The theorem of § 104 shows that the addition of the function f(z) = 0
makes these families compact. In case (B8) there is no need to add this
function if the condition | f” (0)| < Misreplaced by the stricter condition
O<m<|f(0)| <M

120. The kernel of a sequence of domains.

Take a family {7} of domains, and, to fix the ideas, suppose it satis-
fies condition (&) of §119. In it choose a sequence 7, T, ... of domains
such that the corresponding functions f; (2), /. (2), ... converge regularly
to a function £, () in | 2| <7.

We assume that £, (z) does not vanish identically. Then § 104 shows
that it provides a conformal transformation of some domain 7 into
|2] <7

Let 4, be a continuum (a closed connex set) which lies within 7, and
contains the point w=0. It will be shown that if » is sufficiently large
A, also lies in T,.

Denote by 4, the image of 4,,, formed by means of the transforma-
tion w =/, (2). Then A4, is a closed set in the circle | 2| < 7 and there is
a number 7 < 1 such that 4, lies in | 2| <77,

Either the above statement holds, or there is an infinite sequence of
integers, m, < n, < ..., such that, for each n;, the function

w=fu ) (120°1)
transforms the circle | 2| <7t into a set of points which does not con-
tain the whole continuum 4,,. Consequently the w-plane contains at
least one point w,, which is at the same time a point of 4, and the
image, by means of (120'1), of a point z,, of the circle | 2| =rr. The
sequence n; contains a sub-sequence #;’ such that kl_igx° 2w, exists. Denote
the limit by z,.
Since the sequence /i (2), f: (2), ... is continuously convergent

Jo(2) = kl_l_rg Sty (Za'y)-

Also the point lim Wa, =W, belongs to the closed set 4,. Reference
to the construction of the circle |z| =+ shows that this is impossible.
121. We now assume that 7'* is a domain which contains the point
w=0 and has the property which has just been proved to hold for

T, namely, any continuum A4, which lies in 7* and contains the
point w =0 lies in every domain 7, from some n onwards. We shall
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then show, first that £, (z) is not a constant, and, secondly, that T* is
contained in 7',.

Let w, be an arbitrary point of 7*. Consider a domain A4,,, containing
the points w, and w=0 and such that both A4, and its frontier are
contained in 7*. By hypothesis, -, is covered by 7', whenever n is
sufficiently large; for these values of n, the inverse functions ¢, (w) of
Jn (2) are all defined in 4,,. These functions are all less than r in absolute
value and so form a normal family.

The sequence {¢,(w)} yields a sub-sequence {¢,, (w)} of functions
which are all defined in A4, and converge continuously to a function
¢ (w). By §104, the function y (w) is either a constant, and, in that case,
since  (0) =0, it vanishes everywhere, or the equation 2=y (w) gives
a conformal transformation of 4, into a domain lying within the domain
|z] <r.

In both cases the point 2, =y (w,) lies in this circle. Thus, if

Z=dn (w), (121°1)
it follows that z,— 2, and, since 2, is & point within | 2| <7, £, (21) =/0(20)
also holds. But, by (121°1),

S (7)) =y,

Wy :f 0 (zo)-
Now w, was an arbitrary point of 7*; thus f; (2) is not constant, and,
further, the equation w =/, (2) gives a conformal transformation of | 2| <»
into a domain 7}, which must have 7* as a sub-domain.

The domain T,, obtained from |z| < » by means of the transformation
w =/, (2), where f, (2) is the boundary function, has the following property :
it ts the largest domain such that every continuum, containing the point
w =0 and contained in the domain, is covered by all the domains T, from
some value of n onwards.

It has incidentally been shown that, if the sequence f; (2), fa(2), ...
tends to the function which vanishes everywhere, there is no neighbour-
hood of w = 0 which is covered by all the domains 7', from some » onwards.

from which it follows that

122. Let an arbitrary sequence 7}, 7%, ... of simply-connected domains
each containing w = 0 be given. We may suppose, for example, that the
domains satisfy condition (x) of §119. We associate with the sequence
a certain set of points K, called the Zernel of the sequence.

If the sequence{T,} is such that no circle with w =0 as centre is covered
by all the domains T, when n is sufficiently large, then its kernel consists
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of the single point w=0. In all other cases the kernel K of the sequence
is the largest domain having the property that every continuum, contain-
ing w=0 and contained in K, lies within every domain T, for sufficiently
large values of n (22).

The kernel of a sequence of domains is uniquely determined. Suppose
that w,, a point of the w-plane, has a neighbourhood which is covered by
all the domains 7', from some # onwards. Let ,, be the largest circle with
centre w, and such that all smaller concentric cxrcles are covered by 7,
for sufficiently large values of n. Now let w, vary within the w-plane.
The sum of the interiors of all the circles ,, is either the null-set or an
open set which may be regarded as a sum of non-overlapping domains.
If one of these domains contains w = 0, then that domain is the kernel X.
Otherwise the kernel is the single point w = 0.

123. A sequence { Ty} of domains is said to converge to its kernel K if every
sub-sequence T\, , T,,, ... has the same kernel as the original sequence { T}
Since the domains 7}, are assumed to be simply-connected, there are,
by § 112, functions f; (2), /i (2), ... which give conformal transformations
of 7, T, ... on the circle |z| <1 and satisfy
£ (0)=0, £/ (0)>0. veer(128°1)
Suppose that the functions f, (2) converge regularly to a function
/o (2) in this circle. Then, if /3, (2), /a, (2), --- is any sub-sequence,
lim fo, (5) =fo (). e (1232)
k~sm00

The function f; (z) transforms the circle | z] < 1 into the kernel K~ of the
sequence {7y,}. From this it follows that K" = X, thatis, the sequence
{7} converges to its kernel.

The converse of this result also holds: the convergence of a sequence
of domains to its kernel implies the regular convergence of the sequence
{f~ (2)} in the circle | z| < 1. For the functions f, (2) form a normal family.
If the sequence {f, (2)} were not convergent it would be possible to find

two sub-sequences,
Sy (B)y San(2)y s e (123°3)
fml (z)1 fm, (Z), L (1234)

converging regularly in [z| <1 to two distinct functions ¢(z) and
¥ (2) respectively.. But this gives a contradiction, for both functions ¢ (2)
and ¢ (z) transform the kernel of the sequence {7’} into the circle | 2| <1,
and also, from (123°1),

$(0)=0, $(0)>0; ¥(0)=0, ¥ (0)>0. .....(1285)
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The uniqueness theorem for conformal representation (§68) shows
that ¢ (2) = ¢ (2).
124. Examples.
(@) Let the w-plane be cut along the negative real axis from the
point — « to the point — % . Denote by £, (z) the function which gives

a conformal transformation of the circular area |z| <1 into this domain,
Ja (2) satisfying the conditions (123°1). Then f, (2) converges continu-
ously to zero, for the kernel of the sequence of domains is a single point.
Actually, we find

Fula)=- 4z

n-zl —z);'

(6) Let the w-plane be cut along those parts of the imaginary axis
which lie above the point i¢/n and below the point — %/ respectively.
Consider the function f; (2) which transforms the half-plane IR (z) >0
into this domain and satisfies the conditions

S()=1, f(D=0 ... (124°2)

The general theory shows that f, (2) converges continuously to z in the
half-plane. This can be verified at once ; for calculation shows that

z 2n z/

2

@=L (e D) YIER (1

(c) Let the w-plane be cut along an arc of the unit-circle joining the
points ¢ and ¢~ and of length 2= (1-1/r). A simply-connected
domain is thus formed, with the point w = o as an interior point. Let
the interior of the unit-circle, |z| <1, be transformed into this domain
by means of a function £, () which satisfies the conditions (123°1). The
problem is analogous to (b), and it is found that

fo(g)=g loZSm2n (1244)

cosw/2n— 2z

As we might anticipate, each of these functions has a pole within
|2] <1. However, they form a normal family. This is most readily seen
if we observe that our domains can all be transformed into those of
example (b) by the use of a fized Mobius transformation.

126. S8imultaneous conformal transformation of domains
lying each within another.

The solution of the following problem is important for the theorems

by which arbitrary analytic functions are represented by single-valued
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functions (cf. Chap. vir). Consider an infinite sequence of complex
planes, z,, z, ..., and let each plane contain two simply-connected
domains, one within the other and both containing the origin.

C(m:)

n+i

- (n)
cy N\Cn

z,-plane Fig. 26 Z,4,-Plane
The two domains in the z,-plane are denoted by C™ and C{*~" respec-

tively. Take a w-plane and attempt to find in it a sequence OV, C?, ...
of domains each lying within the next, all containing the point w = 0, and

such that the function ¢ (z,), with
¢.('l) (()) =), ¢’(") (0) >0,

which transforms ¢™ into O, also transforms C&~ into ¢V, The
sequence {C™} is to be such that this holds for all values of n.

Suppose that the domain €™ is transformed conformally into a domain
I‘:‘”) in the same plane, by means of a function y (2,) with ¢ (0) =0 and
¥ (0)> 0, and that the same function transforms 051""1) into the domain
=Y. Then the two original domains may be replaced by their images
without materially affecting the problem just stated. From this it follows
that there is no loss of generality involved in the assumption that the

domains C™ are the circles
n

(ol <7 (R=1,2,...). ... (125°1)
Let the relation which transforms the circle | 2,| <7, into the domain
()
Oy be
=G e (1252)

where it is assumed that :_)H (0)=0and f ’:’ll (0)>0. If », is fixed,

then f '53-1 (0) is proportional to 7y.+1, and 74, can be determined so as to

ensure that
fs:l-:.l(()):O' f’i’il(o)=1 ...... (125°3)

We take r, =1, and require that conditions (125°'3) shall hold for all
values of n. Then the numbers r, are all uniquely determined.
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126. The system of equations

SO @) =fOE (S G (126°1)
PRSI CATV A WAUINCH) NI (126°2)

()
n+k

if the functions /"), (z,) are known for all values of n. From (125°3) it
is seen that

defines new functions f ™ (2,) which can all be calculated in succession

O =0, SOO=1 .. (126°3)
Now observe that the relation
IO .
w=f @) e (126°4)

transforms the circle |2, | <7, conformally into a simple domain of the
w-plane. By (1263), the functions /), (z.), (=1,2, ..., n=1,2,...),
satisfy condition (B) of § 119, so that they form a normal family.

127. If n is given, a sequence £, &, ... of natural numbers can be
found such that the functions

SO (@) (p=1,20) e (127°1)

»
form a sequence which converges continuously in the circle |z, <7,.
Then, by means of the diagonal process, a choice of the numbers Ic(:’ can
be made which satisfies the condition for all values of n, i.e. a fized
sequence of natural numbers &, <4, < ... is found such that

lim £ %, () =" (z) (R=1,2,.00) oo (127-2)
p-uc

within the domain |z,| <7,.
By § 104 the equations
w=¢" (2,)
give conformal transformations of the circle | 20| <7, into domains C™),
We shall show that these domains give a solution of our problem. For
on writing &, for £ in (1262) and then proceeding to the limit, as in
(127°2), we find
™ (z,) = ™) (f g:[ NICA) M (127°3)

This is exactly what was required.

128. The setof particulardomains C, which has just been found, forms a
figure about which some further observations may be made. From (1252)
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using Schwarz’s Lemma, it is seen that, if ,,,, < 74, then | /' ml (0)] <1.
Thus (125°3) shows that 7, < 7,,, and either

lim rp=wo, ... (128°1)
n-»>oco
or there is a finite number R such that
lim r,=R. ... (1282)

n-»x

These two cases must be considered separately.

129. Denote by a, the distance of the boundary of C* from the point
w=0. The function ¢™ (2,) transforms the circle | z,| <, into a simple

domain, and, by (824),
a,>ru/e. (129°1)

Thus, if (128-1) holds, the sequence a,, a,, ... tends to infinity, so that
the sequence of domains C'™ covers the whole w-plane.

130. Now assume that (128-2) holds. The construction shows that
\/ (,:'_)'_ ¢ ()| <7nyx< R, s0 that, on proceeding to the limit,
| | (2)| <R
for all values of #. Thus the domaius €0, O, ... lying each within the
next, are all contained in the circle |w| < I, and the same is true of the
set D formed by all points belonging to at least one of them. This set
D is itself a simply-connected domain. Let

t=yw) ... (130°1)
be the relation which transforms D into the circular area |¢| <R, ¥ (w)
being such that y (0) =0, ' (0) > 0. Schwarz’s Lemma shows that

Yoy =1L . (1302)
On the other hand, the functions
t=W, (z) =y (d"(z) (n=1,2,..) ... (130°3)

give conformal transformations of the circles | z,| <7, into domains which
lie within |#| < B. By Schwarz’s Lemma

¥,/ (0)< ;If e (130°4)
Since ¢ (0) =1, (130°3) shows that
¥, (0) =y’ (0), vee e (180°5)

so that ¢’ (0) < B/r,. From (128-2) it follows that ¢'(0)<1, and in
(180'2) the sign of equality holds. But this can only be the case if .D
coincides with the circular area |w| < R, i.e. if the domains C™ tend
uniformly to the domain |w| < R.



CHAPTER VI
TRANSFORMATION OF THE FRONTIER

131. An inequality due to Lindeldf.

Let B be an arbitrary domain in the z-plane, containing the point 2,.
The domain B may be multiply-connected. Suppose that there is an
arc of the circle | z— z,| =7, subtending an angle

2w

oxL> -
n

at the centre 2, and lying outside the domain £. Here 7 is a positive
integer. By means of rotations about z,
through angles

2m 4w 2(n—1)m

EO Jle
<

the domain R gives rise to new domains

Ry, R,, ..., R,_, respectively. The common

part RR\R,... R,_, of all the domains ‘

is an open set which contains the point

2, but which has no point of the circle Fig. 27

| 2—2,|=r as an interior point or as a frontier-point.. Among the domains
whose sum makes up this common part there is one, R,, which contains
the point z,. The frontier y of R, lies in the circular area |z—z,| <7,

and every point of vy is a frontier-point of at least one of the domains
R, B\, R,, ..., R, ,.

132. Let /' (2) be a bounded analytic function defined in &, and suppose
f&l<M (132°1)
in R. Assume further that if {is an arbitrary frontier-point of Z, lying

within the domain | z — 2, | <7, and if 2,, z,, ... is any sequence of points
of R tending to ¢ then

Em |f(z) | <m, (m<M), ... (132°2)

where m is independent of the particular sequence {2,} and of the choice
of £. Consider the functions
ki

L@ =f(m+e® (z-z), (k=1,2,..., (5=1)). ......(1323)
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The function fy(2) is analytic in the domain R,. It follows that the
function

F@)=f() AR) . fua(z) e (182-4)

is analytic in RB,. Thus, if {z,} is a sequence of points of R, tending to
a frontier-point ¢ as limit, our hypotheses show that

lim| F(z) | <M ™'m, ... (132'5)

and hence, since (132'5) holds for all frontier-points of R,,

m

M
F(z) = (f ()",

| F(z)| s M
By (182°3) and (132°4),

80 that, finally,
1

|f)| <M (%)" ...... (132°6)

133. The following theorem follows almost immediately from Lindelof’s
inequality (132°6):

TueorREM. [If f(2) is bounded and analytic in an arbitrary simply-
connected domain B whose frontier contains more thanone point, and if there
1s a frontier-point { with a neighbourhood N; such that f (z) is continuous
at those points and frontier-points of R which lie within N;, and takes
the constant value & at those frontier-points, then f(s) = a.

First suppose that ¢ is a limiting point of points which do not belong
to R or to its frontier. Then, if 2, is any point of R sufficiently near ¢,
we can construct & circle | z -z, | <  lying entirely within V; and having
points which do not belong to & or its frontier on its circumference. On
applying Lindelof’s result to the function (f (2) — &) we obtain f(z,) = a,
and the required result follows at once.

If ¢ does not fulfil the above condition, we consider the function
F(t)=f ¢+ ¢*) — «. Comparison with a similar substitution used in § 65
shows that this function is defined in domains R, which have the
property that ¢ =0 is a limiting point of points exterior to E,. The
argument used above therefore serves for this case.

134. Lemma 1, on representation of the frontier.
Let a bounded simply-connected domain R, be given in the w-plane

and suppose that the function
w=f(2) ceeen(134°1)
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rapresents it conformally on the domain R, in the z-plane. We assume
that the frontier of R, is a closed Jordan curve ¢, and that the origins
0,, and O, lie within the respective domains R,, and R,, and are corre-
sponding points in the transformation.

Let v, be a cut into the interior of the domain R,,. By this is meant
a Jordan curve joining an interior point of R, to a point w of the
frontier, and such that any infinite sequence of points of y,, either has
at least one limiting point within R,, or else has w as its only limiting
point.

We shall prove that: The cut vy, s transformed into a curve v,
whick is a cut into the interior of the domain R, bounded by the Jordan
curve c.

135. To prove this lemma we use Jordan’s Theorem, which states that
¢ divides the plane into two and only two domains, and also the simplest
properties of the domain 2,. These are, that every point of the Jordan
curve ¢ is a limiting point of points exterior to 2, and that every point
of ¢ can be joined to any interior point by means of a cut into the interior.

-Suppose, if possible, that sequences of points of y, can be found, which
have two distinct points M and N of ¢ as limiting points. It will be
shown that this leads to & contradiction.

The two points M and N divide the Jordan curve ¢ into two arcs,
¢, and ¢c;. Imagine the curve ¢ described in the positive sense and choose,
in order, four points 4, B, C'and D, of which the first two lie on ¢, and
the others on ¢,. Let the four points be
joined to O, by four cuts without other
intersections than that at O,. These cuts
divide R, into four sub-domains. By hypo-
thesis, we can find on y,, a sequence of points
which converges to », but such that the D
corresponding points in the z-plane lie
alternately in the domain O, DA and in the
domain 0,BC. An arc of vy, joining two
successive points of the transformed se-
quence must cross one or other of the Fig. 28
domains 0,48 and 0,0D. To fix the ideas suppose that there is an
infinite number of these arcs crossing O, 4 B, and let the parts of the

arcs which lie in this domain and have their end points on 0,4

and O, B be Ail), a® ... The corresponding arcs Auw), A(:,), ...0D v, are

N B a A

2
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all distinet and tend uniformly to w. The arcs A(:), A(:', ... tend uniformly

to the arc AB of ¢. Consider the domain 0,4B. On 4B choose a
point /' whose distance from the arcs BO, and 0.4 may be denoted by
27> 0. In the domain O, 4 B take a point 2, whose distance from £ is
less than 5, and with centre z, draw a circle K of radius ». The point £

Oz
Fig. 29

lies within K and is a limiting point of points exterior to &, so that
there is an arc K, of K lying outside R,. Let a be the angle subtended
at z, by this arc, and choose a positive integer n such that a> 2=/n.
Join O, to z, by means of an arc 7 lying within 0,4 B. If k is sufficiently
large, say & > k,, A has no points in common with 3, so that the domain
0, FA(';)G (Fig. 29) is a sub-domain of 0,4 B containing 2, but not con-
taining any point of K either in its interior or on its frontier.

Let € be an arbitrary positive number. Denote by M the (finite)
diameter of R, and choose £ greater than £, and also such that the arc
A" Jies entirely within the circle

|w-w|<Me.

We now apply Lindelof’s inequality to the function (f(z)— w), con-
sidered in the domain O, FA®'G. The points of the frontier of this
domain which lie within X are all points of A";), 80 that we may write

m = Me".
The relation (132°6) shows that | f(2,) —w | < Me. Since e was arbitrary,
S (zo)=w.
This gives the desired contradiction; for the point w, = f (z,) lies within
R,,, whereas  is a frontier-point of this domain.

136. Lemma 2.
Consider two cuts y,,’ and y,,” into the interior of the domain R,,.
We suppose that they join the point O, to the points o’ and w” of the
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frontier and have only the point O,, in common. The result just proved
shows that v, and v, are the images of two cuts into the interior of
R,. These cuts y," and v.” join the point O, to the points ¢ and ¢” of
the Jordan curve c. We now investigate necessary and sufficient con-
ditions that { and U’ should coincide.

The curve (v, +7,") divides B, into two domains R and R?. If ¢
and {" coincide, then, since ¢ is a Jordan curve, one of the domains, say]?,(i’,
is such that all its frontier-points are points of y.' or of y,” or of both.
This domain corresponds to a domain, R say, which may have points
of the frontier of B,, as frontier-points, but such a frontier-point @ of £
cannot be at a positive distance from the curve (y,)’ +y,"). For suppose
that o is such a point. There is a neighbourhood N, of  such that
if w,, ws, ... is a sequence of points converging to a point of the frontier
of R(:,) within NV, , then the inverse of the function f(2), say ¢ (w), takes
values converging to £. By §133, ¢ (w) is constant ; but this is impossible.

On the other hand, if 2" has the property in question, so that, in
particular, o' =", then {'={". This is readily proved if the above
argument is applied to the transformation w =/ (z) and the domain
RY.

137. Transformation of one Jordan domain into another (23).

We now assume that the frontiers of both the domains &,, and R, are
Jordan curves, which may be denoted by ¢, and c.. Let » be an
arbitrary point of ¢,, and let w,, w,, ... denote an arbitrary sequence of
points of R, tending to ». The corresponding points of R, are 2, 25, ... .

Since ¢, is a Jordan curve the points w,, w,, ... may be joined, each
to its successor, by a sequence of arcs whose aggregate forms a cut y,,
from o into the interior of &,,.

By § 135, y,, is the image of a cut v, from some point { of ¢, into the
interior of B,. Also, v, contains the sequence of points z,, 2,, ..., 80 that
this sequence must converge to { The convergence of the sequence
{zn} to { is simply a consequence of the convergence of {w,} to w. It
follows that the point { to which {{,} converges depends only on w, not
on the choice of the sequence {w,}. A point { corresponds uniquely to
each point o, and, since R, and R,, may be interchanged without modi-
fication of the reasoning, a point o of ¢,, corresponds uniquely to each
point ¢ of ¢,.

It is seen at once that two distinct points o, and o, of ¢, have two
distinct corresponding points {, and ¢ of c,. (This also follows from
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§136.) Further, the transformation of one frontier into the other is
continuous. For let w,, w,, ... be points of ¢,, converging to w,, and let
&, &, ... be the corresponding points of e,.

If & is a positive integer, a point wy can be found in &, such that the
relations

1 1
Izk"‘ck'<“_) lwk_“’k‘<k

are satisfied simultaneously by w; and its image 2. But the points
Wy, Wy, ... converge to w,. It follows that z,, 2, ..., and therefore also
the points ¢, &, ..., tend to a point £,.

Finally, let o, w,and v, be three points of ¢,, which are passed through
in this order when the curve is described in the positive sense. Suppose
that threecutsinto theinterior of R,, join O,, to therespective points o, v,
and oy, and that these cuts do not intersect one another except at O,,.
We consider the corresponding figure in the z-plane and observe that the
transformation is conformal at O,,. Then it is clear that the points ¢,,
& and & occur on ¢, in this order when the curve is described in the
positive sense. These results may be summarized as follows:

TueoreM. If one Jordan domain is transformed conformally into another,
then the transformation is one-one and continuous tn the closed domain,
and the two frontiers are described in the same sense by a@ moving point
on one and the corresponding point on the other.

138. A slight generalization of this theorem is easily made. Let R,
be a domain, and ¢, a Jordan curve (with or without its end points),
and suppose that the following conditions are satisfied: (a) every point
w of ¢, is a frontier-point of R,, (b) every point w of ¢, can be joined
to any interior point O, by a cut into the interior of R,, (c) every
Jordan domain whose frontier consists of a portion w,w, of ¢, and two
cuts into the interior, O,w, and O,w,, lies entirely within R,. Then
R, is said to contain a free Jordan curve.

Suppose that o, + w;. Then §136 shows that the cuts O,w, and
O,,w, are the images of two cuts 0,¢, and 0,{,, where {, + ;. The trans-
formation w =f(z) then transforms the interior of the Jordan domain
0.4,8,0, into the interior of the Jordan domain Opw,w,0,. By §137,
any arc of the free Jordan curve c,, and hence the whole curve, is
a one-one continuous image of an arc of the frontier ¢, of R..

Just as in §136 it may be shown that c,,is not the image of the
whole frontier of B, except when c,, is the whole frontier of £,,, i.e. when
R, is a Jordan domain.
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139. Inversion with respect to an analytic curve.
A real analytic curve in the zy-plane is given either by an equation

Flz,y)=0 ... (1391)
or in parametric form by two equations
z=¢(), y=¢@. ... (139°2)

Here it is supposed that if the functions F'(z, y), ¢ (¢) and ¢ (¢) are
expanded in power-series in the neighbourhood of any point of the curve
the coefficients in the expansions are real. Further, we suppose that at
each such point at least one of the partial derivatives F, and F} and
at least one of the derivatives ¢’ (¢) and v’ (¢) differs from zero.

Consider the function
z=ft)=d @)+ ) ... (139°3)
as an analytic function of the complex variable ¢ in the neighbourhood
of a real point ¢,. By hypothesis f"(¢,) +0, so that a circle | £ —¢| <7 can
be chosen which is conformally represented, by means of (139'3), on a
certain neighbourhood of the point z,=f(¢,). The circle has a diameter
lying on the real axis, and this diameter is transformed into part of the
curve (139'2). The following definition is due to Schwarz: Two points
z and 2* are said to be inverse points with respect to the curve (139-2),
if they are the images of two pomts ¢ and ¢ of the circle |£-¢,| <7,
where ¢ and f are conjugate complex numbers. Thus, to (139'3) we can

add the equation B i
MA@ riv@. e (139°4)
Let the complex number conjugate to z* be denoted by w. Since
¢ (¢) and y (¢) can be expanded in the form of power-series with real

coefficients, ¢ (£) and ¢ (¢), ¢ (f) and ¢ (¢) form pairs of conjugate
numbers. Hence

w=*=¢ )~ (E); e (139°5)
(189°3) and (139°5) give
Z+w zZ-w QQ-
x=¢(t)=~-w2~“, y=y(t)= TR (139°6)
Substitution of these values in (139°1) gives
Zrw Z—w\ _ .
F( e, —5-2.—)-0, ...... (139°7)

and from this relation w can be calculated as an analytic function of 2.
'The relation (189°7) shows, in particular, that the operation of inversion
depends only on the form of the curve (139°1), and is independent of
the choice of the parameter ¢ in (139°2) (24).
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140. The equation (139°7) is especially convenient when an algebraic
curve is given. If (139°1) represents a straight line or a circle, then the
corresponding formulae (139°7) are exactly the inversion formulae given
in Chapter 1.

In the case of the ellipse

2
z;j N %2,: , e (140°1)

(139°7) becomes
(@®—b%) (w* + 2%) — 2 (a? + %) 2w + 4a*H*= 0. ......(140°2)
If this is solved for w a two-valued function of 2 is obtained. This
function is regular throughout the z-plane except at the foci of the ellipse
(140°1). The corresponding transformation
(a2 —b%) (2% + ) — 2 (a® + bY) 2% + 42 =0 ......(140°3)
can only be regarded as an inversion with respect to the ellipse when
the points transformed lie within the ellipse confocal to (140°1) and
passing through the point
xr = ,.9?,“;!)?4 = 0
= e B
141. The inversion principle.

Let 2, be a simply-connected domain in the v-plane, containing a
segment A4, B, of the real axis, and symmetrical with respect to this
axis. Suppose that the relation o=y (¢) gives a conformal transforma-

/
R t
Ot
4, B, 4, + B,
" Oy
Ry R"
t
v-plane Fig. 30 t-plane

tion of R, into the interior of the unit-circle in the ¢-plane, the trans-
formation being such that the origin £=0 corresponds to some point O,
of A, B,, and that ' (0)>0. The function y (¢) i3 uniquely determined
by these conditions (§112). Further, if the two figures are inverted
with respect to 4, B, and A4, B, respectively, they are transformed into
themselves. From this it follows that

vB=y (@), . (141°1)
where ¢ and  are the numbers conjugate to ¢ and ¢.
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The relation (141°1) shows that ¢ (£) may be written in the form of a
power-series with real coefficients, so that the segments 4, B, and 4, B,
correspond to one another. Hence R, and R/ are corresponding
domains.

142. To obtain a conformal transformation of R, into the interior of
a unit-circle |2z| <1, we may first use the relation v =y (¢) to transform
R, into R, and then a relation ¢= ¢ () to transform R, into |z| <1.

The function ¢ (2) is already known (§ 54); it transforms the circular
area |¢| <1 into the z-plane cut along an arc of | 2] =1. Two points, 2,
and z,, which are inverse points with respect to |z| =1, correspond to
two points which are symmetrical with respect to the real axis in the
¢-plane.

The transformation v =y (¢ (2)) therefore transforms |z| <1 into R,
in such a way that the points z; and z, correspond to points v, and o,
which are symmetrically placed with respect to 4,B,. The segment
A, B, is transformed into an arc of the circle |2| =1, and the function
¥ (¢ (2)) is analytic on this arc.

143. Let ¢, be a regular analytic curve, and suppose that the relation
' w=x@® e (1431)

transforms it into a segment of the real axis in the v-plane. Let a domain
R, in the w-plane, having an arc of c,, as a free Jordan curve, be trans-

B
Ry
A
Cw 4, Ba
4
Ry
w-plane Fig. 31 v-plane

formed by (143°1) into a domain R,. Let the domain R,”, which is
obtained by inversion of R, with respect to c,, be transformed con-
formally, by means of (143°1), into the inverse R,” of R,

In order to obtain a conformal transformation of R, into the circle
| z| <1, it is only necessary to substitute the function v = y (¢ (2)) of § 142
in equation (143'1). We obtain the transformation

w=£(@), e (1432)
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which has the following properties: the arc 4 B of ¢,,, which is part of
the frontier of R/, is the image of an arc of |z| =1 and on this arc £(z)
is an analytic function; if z, and z, are inverse points with respect to
| z| =1, the corresponding points w, and w. lie one in B, and the other
in R,", and w, and w, are inverse points with respect to c,,.

144. Let R, be the domain just considered, and let R, be a domain
lying within some circle and having an arc A, B, of the circle as part of
its frontier. Suppose that the relation w= F(v)

gives a conformal transformation of R, into B,/ - N
in which the circular arc A4, B; corresponds to 2\Bs
the arc AB of ¢,. Then F(v) has, on 4,B,,
exactly the same properties as were found to !
hold for f(z) in § 143. For F(v) is obtained by

- ~

elimination of 2z between the equations w = (z) \\
and v = g (), the latter being a relation bv which 4,
R, is transformed into |z| < 1. Fig. 32

Now let R? be an arbitrary simply-connected domain in the w-plane,

having an arc MV of an analytic curve c,, as a free Jordan curve, Let
w=F@® ... (144°1)
transform R? into the circular area |v| <1.
In general it is not possible to invert the whole
domain R? with respect to ¢, so that the
method of §143 cannot be used. We know,
however, that the arc MN of ¢,, is transformed
into an arc of the circle | »| =1, and that this
is a one-one continuous transformation (§138). Fig. 33
Now let o be an arbitrary point of MN. We
can find a sub-domain R, of R?, which can be inverted with respect
to ¢,, and which has, as part of its frontier, an arc A B of ¢,,, where A B
has w as an interior point and is itself part of MN. The relation (144°1)
transforms R, into a domain &, which has all the properties mentioned
at the beginning of this paragraph.

Thus #(v) is analytic at all points of the arc of |v| =1 which corre
spouds to ¢,,. Further, every interior point of this arc has a neighbour-
hood such that a pair of inverse points v; and v;, both lying in the
neighbourhood, are transformed into a pair of inverse points with respect
t0 4.

These facts constitute the famous Principle of Symmetry, or Inversion
Principle, associated with the name of Schwarz (25).
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145. Let R be an arbitrary simply-connected domain whose frontier
consists of more than one point. Suppose that the function
w=[,(z .. (145°1)

gives a conformal transformation of the circle | z| <1 into the domain R.
As in Chapter 11, we now regard the circle as a non-Euclidean plane.
The non-Euclidean straight lines in | 2| < 1 are such that if the circular
area is inverted with respect to one of them it is transformed into itself.
An analytic curve in the w-plane which corresponds to one of these non-
Euclidean straight lines divides R into-two sub-domains B’ and R”, and
these are interchanged when they are inverted with respect to the curve.
Thus all these curves may be regarded as lines of symmetry in R.

146. Transformation of corners.

Let R, be a domain whose frontier contains the free Jordan curve
MN, and let 4 be an interior point of MN at which the portions AM
and AN of the curve both possess tangents, which we denote by AP
and A @ respectively. Then R, hasa corner at 4, and this is measured
by the angle « between the two directions AP and 4Q.

If R,, is transformed into the circular area | z| <1, the point A corre-
sponds to a certain point A4, of the circumference |2| =1. It will now
be proved that any curve in 2, which ends at 4 and has a tangent
at A making an angle 6« with 4@, (0 <68 <1), is theimage of a curve
in the z-plane, this curve having at A4, a tangent which makes an angle
O with the circular arc 4, V,.

It is easy to deal with the case where A M and AN are both straight
lines. For a circular sector 8, can be found, having its straight sides on

M
N

4 A

Fig. 84 Fig. 85

AMand 4 N and lying entirely within B,,. The function 2 = ¢ (w), which
transforms R, into| 2| <1, transforms S, into a sub-domain S; of the unit-
circle, and this sub-domain has 4, as a frontier-point. Itisonlynecessary
to show that angles at 4 are transformed proportionally into anglesat 4,.
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”
Now if A is the point w,, the transformation u = (w —w,)> represents
S, on a semi-circle §,, and S, can then be transformed into S,. But the
ratio of the angles in question is clearly preserved in the transformation
of S, into S, and the second transformation, S, into S, 18 analytic
(§ 143) and therefore conformal.

147. Our proof of the general theorem depends upon the following
lemma:

Let the domain R contain the domain S, but suppose that 2 and §
have the free Jordan curve ACB as part of their respective frontiers.
Let R and S separately be transformed into the same circular area K
in such a way that in both cases the ends 4 and B of the Jordan curve

; |
A C1
Fig. 36

ACB are transformed into two fixed points 4, and B, of the circum-
ference of XK. Now let y be a circular arc within X, joining 4, and B,
and let yp and yg be its images. It will be shown that y; lies within the
domain whose frontier consists of ACB and y.

If, by a conformal transformation, the circle K is transformed into a
semi-circle, the arc 4,C, B, being made
to correspond to the diameter 4B, of
the semi-circle, then the curve y is
transformed into a circular arc passing
through 4, and B,. We may assume
that A, B, lies on the real axis. From 4, B,
this it is seen that a transformation of
Rintoasemi-circle, with correspondence
between the Jordan curve ACB and the diameter, transforms yg into
a circular arc yx' passing through A, and B,. The same transformation
represents S on a domain & lying within the semi-circle, while ys is
transformed into a curve ys’ within the semi-circle and joining 4,and B,.
We have only to show that v, lies between yz' and 4,B,.

Now ys’ may be regarded as the curve obtained from yx' by means of
the transformation which represents the semi-circle conformally on S

Fig. 87
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and transforms the diameter 4, B, into itself. The inversion principle
shows that the function which sets up this transformation is analytic
throughout the circle whose diameter is 4,5,. The function takes real
values on 4, B,. It is now seen, as a direct consequence of the theorem
of § 88, that y¢ lies between y4 and A4,B5;.
148. We are now in a position to prove the theorem of §146 in the
casewhere R has a corner 4, one of whose arms, say 4 IV, is a straight line.

As before, let @ denote the measure of the cornerat A. Now construct
two new domains, B’ and R", as follows: R’ is a domain containing R.
Its frontier contains .4 N and also a segment A M’ which makes an angle
(x +€)with AN. The domain R" is contained in R. Itsfrontier contains
AN aund also a segment A M" which makes an angle (—¢) with AN,
Take threefunctions by means of which
the three domains R, R and R" are
transformed into a fixed circle, in such
a way that the segment AN corre-
sponds to the same circular arc 4,2V,
in each case. Let y, be a circular arc
joining 4, and N,, lying within the
circle and making an angle = with
the arec A;N,. Consider the images Fig. 38
v, ¥ and y” of this arc in the three domains R, R', B". By §147, y lies
between y' and y”; §146 shows that the curves ¥ and y” both have
tangents at 4, these tangents making angles 6 (& + ¢) and 6 (x - ¢) re-
spectively with A N. Since e is arbitrary and y always lies between y/
and v”, it is seen that y itself has a tangent at A and that this tangent
makes an angle 6 with AN; for the contrary assumption would lead
to a contradiction.

This proves the theorem of §146 for domains which have a straight
line as one arm of the corner A.

149. The general case of § 146 can be made to depend on the result just
obtained. Let R be the domain with a corner at A.
Consider a domain R which contains R and has
a gorner at 4, one of whose arms is AM and the
other o straight line A K. First transform & into a
half-plane ; at the same time R is transformed into
a domain R, with a corner at 4,, the arm 4,M, 4 N
which corresponds to 4 3 being now a straight line.

In this transformation of R into R,, and a further
transformation of £, into a cirele, the ratio of angles K
at A is unaltered, as is shown by §148. Fig. 39

M
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150. In particular, if the frontier of the domain R has a tangent at 4,
so that A is a corner with & =, then the transformation is isogonal at
A. If f(2) is the function which gives the transformation, and if { is
the point of the circumference corresponding to A, then isogonality is
expressed analytically by the statement that the function

arg ‘f—;(%)—::é—(f—) ...... (150°1)

tends to a constant as z tends to {. An analytical proof of isogonality at
A has been given by Lindelof, whoused (150°1) and Poisson’s integral (23).
He further showed that if the curve MAN is smooth (glatt) at A, then
the function arg f” (z) is continuous at £ (A curve which has a tangent
at A is said to be smooth at A if every chord BC tends to the tangent
as B and C tend to 4 simultaneously*.)

It should be noticed that the function /' (z) is not necessarily finite
in the neighbourhood of { even in the case considered by Lindel6f. For
instance, the function

w=-2 log Z, (150°2)
where z=1r¢*, transforms the domain lying between the imaginary axis
z=0 and the curve
gl "_" _T
logr= sin g’ (O<</><2 and 2<<f><0>,

into the domain lying between the convex curve

m

2r$'h logr, (0<r<1),

w =

and the real w-axis cut between the points w = (—1 and w = 12—5 But the
derivative of (150°2) is
w=-=-(1+logz), ... (150°3)

and tends to « as z tends to zero; arg w', however, tends to zero.

151. The theorem of §93 may be completed and can then be applied
in many cases, and leads to a more precise result than that just
given.

* The curve y=f(z) with £(0)=0, f(z)=2? sin% for <0, has y =0 as tangent
at the point =0, but is not smooth at this point.
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Let £ (2) be a function regular in |z| <1 and such that |f(2)| <1 in
this domain. Consider the function f(z) at
points within the triangle A BC, where 4 is
the point 2=1, BC is perpendicular to the
real axis, lies entirely within the unit-cirele,
and is at a distance 4 from 4. There is a M4
positive number M such that, for all values
of z within the triangle 4 BC,

[1-2] <M (1=]z]), ...(1511)

and hence Fig. 40
1-1f(2) -f(z
—IJ:TEIJ <M ’ 1—:(;) C (151-2)
Thus either
1-f(2)
1-2

tends uniformly to infinity as » tends to A4 by values within the triangle,
or there is a sequence of points z, z,, ..., lying within the triangle and

tending to z=1, such that i l—;é(:z—) and, by (151-2),
1-[f(z)]

1z
are bounded ; the theorem of §93 can then be used.
In the latter case, let 2, 2, ... be an arbitrary sequence of points
within A BC tending to z=1. Let two sequences of numbers, Py, Ty o
and p,, p,, ..., be defined by the relations

_1-Re, - % :
Ta="p"" p”_l—;-;;_(.l_—;_)’ .....(151°3)
where « has the same meaning as in (93°10). Further, let
l—z=r,(1-8), ... (151-4)
1-£ (@) =pa(L=¢a (@)  ooroen (151°5)

The functions ¢, (¢) form a sequence each of whose members is regular
in|¢| <1,and Julia’s Theorem (§ 90) shows that at all points of this circle,
and forn=1, 2, ..., |$, (£)] <1.

By (151°4) z is real when ¢ is real. If ¢ is fixed, z—~1asn—w. By
(93°10) and (151°3)

lim 1= % $a(8) lim 1-/() o1
neo 1—t¢ neo 1l—2 p,

Thus, when # is real, the functions ¢, (¢) satisfy the relation
ﬂn e()=t. ... (151°6),
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Algo these functions form a normal family within |£] <1. It follows
that (151'6) holds uniformly in any closed set of points lying within
J¢) <1.

Now consider the original sequence of points 2,, 2, ... and define &
sequence of numbers #, £, ... by means of the equations

1-2zp=r,(1=t); (n=1,2..); ... (151°7)

(151-3) shows that #,, ta, ... all lie on the base BC of the triangle A BC.
Thus, if ¢, (£a)=tn+ Tn, then 7,->0, for BC is a closed set of points
within the unit-circle.

The relations (151°'4) and (151°5) yield

1-f () _ P.“(; _ T ,)
1-2, T 1—¢,7°
and this gives
T e (151'8)

N~ 1- Zn
In conclusion, we observe that since {¢,, (£)} is anormal family, so also
is {éa (1)}, and that lim ¢, (#,) =1. Now differentiate (151'5) with
N—~p~0

respect to ¢, and, taking account of (151°4), substitute ¢, for ¢ This
gives f' (2x) Tn = paba’ (¢,). Thus
lim £/ (2,)=o. we.-(151°9)

We have proved the following theorem :

TreoreM. If, in | z| <1, the function f (2) is reqular and | f (z) | <1, and
if 2, 2a, ... 5 any sequence of numbers lying within the triangle ABC
and tending to z = 1, then

lim 1=/ ()

nwo 1 =25
exists. This limit is either + © or it is « number o> 0. In the latter
case

lim f (2,) =.

152. Conformal transformation on the frontier.

Let R be a simply-connected domain and P a point of its frontier
through whichtwo circles K and K’ canbedrawn, K'lying entirely outside
and K entirely inside R. We now make a conformal transformation of
R into the circular area | z| < 1. It will be shown that there is a point
A on |z|=1 such that, if z approaches 4 from within a triangle 4 BC,
whose base BC lies within the circle, the corresponding point f(z) in R
approaches P, and also the derivative f*(z) tends to a unique, finite, non--
zero limit. It is therefore legitimate to speak of a conformal transforma-
tion of frontier-points.
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By means of & Mébius transformation, let the interier of the circle X~
be represented on the exterior of the unit-circle | w | = 1, in such a way
that P is transformed into the point w=1. Then R is transformed into
a domain R, lying within | w| <1. The circle K is transformed into a
circle K, with centre C, lying within £,. We need only show that if
the function giving the transformation is suitably chosen the number
of § 151 is finite. Ta . that transformation w = £ (z) which makes 2=0
correspond to the centre C, of K, and let p, denote the radius of X,.

. K’

Fig. 41 Fig. 42

By Schwarz’s lemma, every circle | z| =6, (0 <1), is transformed into
a curve surrounding the circle [w — (1 —p)|=p0. Thus this curve
passes through at least one point %' which lies on the real axis and
satisfies 1 —w'<p, (1-6). If 2 is the point corresponding to =, then
(L= )1 -|2'|)<p. We can construct a sequence of points z,, z,, ...
converging toa point £ of | 2z | = 1 and such that the corresponding points
wy, Wy, ... all satisfy the relation (1 - |, |)/(1 —| 2s|) <p,. Finally, a
rotation of the unit-circle ensures that {=1. The conditions of the
theorem of §93 are all satisfied and it is seen that, in the theorem of
§151, « <p,.

153. Attention should be called to the fact that P may be a frontier-
point at which the transformation is conformal and yet not lie on a free
Jordan carve. For example, consider the unit-circle |w| <1, and in it

circular arcs joining ~ 1 to + 1 and making angles + z n_;_l’ (n=1,2,..))

2
with the real axis at these points. Now cut the circle along each arc
between the point w = — 1 and the first intersection of the arc with the
circle |w~(1—=p,)| = p,. The unit-circle, with these cuts, is a domain to
which our theorem applies. The function f (), considered in the whole
circle | 2| <1, is not even continuous at z=1. But, within an angle at
z =1 whose arms are chords of the circle, both f(2) and f’ (z) are con-
tinuous and bounded (26) (27).



CHAPTER VII
TRANSFORMATION OF CLOSED SURFACES

164. Blending of domains.

In a u-plane let three Jordan arcs @, b and ¢, all passing through P
and @ but with no other common points, define three Jordan domains
A, B and (A + B). In a v-plane let three circular arcs &, ¢’ and &, all
passing through P’ and @, define two crescents B’ and C’; the sum of
these domains, (B’ + C’), is a circle whose circumference is faade up of
the two arcs " and . Further, the angle between the arcs & and ¢’ is

21,., where n is a positive integer. Suppose that a known function

u = (v) represents B’ on B in such a way that b corresponds to & and
¢ to ¢. It will be shown that two functions z =/ (u) and z = g (v) can be
found, such that the former transforms (4 + B) into a domain (4" + B")
and the latter transforms the circle (B’ + C’) into a domain (B” + C”).
Here (A" + B" + C") is a circular area. 'The transformations are to be
such that 4 and 4", C'and C” are corresponding areas, while B” corre-
sponds both to B and to B’. Given any point of B” the corresponding
points in the %- and v-planes are to satisfy the relation u =y (v).

o o
<
a” d”
a
¢ br dl
P P
u-plane v-plane z-plane
Fig. 48

First take a function u, = ¢, (») which transforms (A4 + B) into the
circular area | %, | <1, in such a way that the centre of the circle is the
image of an interior point of A. Let the new domains corresponding to
A and B be 4, and B, respectively. The frontier of B, consists of a
Jordan curve b, and & circular arc c,.

The function u, = ¢, (y (v)) = ¢, (v) transforms the domain B’ into B,
in such a way that the two circular arcs ¢’ and ¢, correspond. The in-



§§1564-156] REPRESENTATION OF A SURFACE 99

version principle shows that y, (v) is defined not in B’ alone, but in a
crescent which has angles =/2"-! at P’ and . We may suppose that
this crescent is bounded by arcs &’ and ¢’. The function u = ¢, (v) trans-
forms this new crescent into a domain made up of B, and its inverse B,
with respect to the circle a, + ¢;. Our problem has thus been reduced to
another of the same kind in which the number » has been replaced by
(n-1).

By repetition of this process we obtain in succession the functions
Uy=y (), ..., =ty = b, (U,-,), and from these z = 7 (u) can be calcu-
lated. It is easy to see that g (v) =/ (¥ (v)).

155. The special domains B and C’in the v-plane can now be replaced
by much more general ones. We assume that the frontiers of B and ¢’
consist of three Jordan curves joining the points 7 and ' and having
distinet tangents at these points. Let v=x (w) be a function which
transforms | w | < 1into (B + C'). Then B’ is transformed into & domain
whose frontier consists of a circular arc 8’ and a Jordan curve which
meets either end of B’ at an angle which differs from zero. This shows
that the domain just described contains a crescent 8’y whose angle is
#/2" The function « =y (x (w)) transforms ' into a curve in the u-plane
and, if we cut away the domain that lies between y and ¢, our problem
is the same as that of §154.

166. Conformal transformation of a three-dimensional
surface (28).

Let a surface 8 in three-dimensional X ¥ Z-space be represented, in

the neighbourhood of some point of 8, by means of the equations
X=X(@pRB), Y=Y(B), Z=Z(xPp),..... (156°1)

where « and 8 are parameters. The same surface can be represented in
terms of other parameters « and v by substitution in (156°1) of the
functions & =& (v, v), B =B (v, v). We assume that the functions « (u, v)
and B (u, v) can be so chosen that the new equations for S,

X=¢t,v), Y=y, Z={(uv), ... (156°2)
have continuous first partial derivatives in some domain R, of the
uv-plane, and at the same time

dst = Au, v)(du+do?), ... (156°3)
where A+ 0 at all points R,,. It then appears that the domain R,, is

represented on a portion Bg of S by a one-one continuous correspondence,
that any two curves in R,, which have continuously turning tangents
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and cut at an angle « correspond to two curves which cut at an angle
a on Rg, and that the scale of the representation at the point of inter-
section is independent of direction. In other words the representation
of R, on Rg is conformal.

It is known that it is always possible to introduce parameters » and »
such that (1563) holds in a certain neighbourhood of a point (a,, 3,) of
(156°1) provided that in some domain of the oB3-plane the functions
X («, B), Y («, B)and Z(x, B) have continuous first partial derivatives
which satisfy a Lipschitz condition, and that the three Jacobians,

WX, Y) oY, Z) ¥Z X)

%P’ P’ (P’

do not all vanish at (%, 8,). It is conceivable that the equation (1563)
may be satisfied, for a suitable choice of parameters, even on surfaces

which do not satisfy all the conditions just mentioned.

157. Conformal representation of a closed surface on a
sphere.

Suppose that § is a surface which can, by a one-one continuous trans-
formation, be made to correspond to a closed sphere =. Further let every
point P of 8§ lie within a portion of § which can be conformally repre-
sented on a portion of a plane (§156). It will be shown that the whole
surface S can be represented conformally on 3.

Consider an arbitrary one-one continuous transformation of S into 3.
The north pole N, of = corresponds to a point V of S. Stereographic
projection from XV, represents = on a plane 7, and there is a one-one
continuous correspondence between 7" and the pricked surface $* obtained
by omitting the point N from S.

158. Now consider in 7" an infinite sequence of triangles 7%, T, ...
arranged spirally (like the peel of a peeled
apple) and covering the whole plane 7'
The sum o, =7y + T4 + ... + T}/ of the
first » triangles always covers a simply-
connected domain. The figure gives a
simple example of what is meant. The
triangles may have curvilinear sides;
they are drawn with straight sides purely
as a matter of convenience. The triangles
T, are,however, tobe so chosen that their

Fig. 44
images 7', on S* satisfy the two following conditions: (a) the sides of



§§ 167-161] REPRESENTATION ON A SPHERE 101

T, are curves on 8* which have tangents at their end-points, and two
intersecting sides have distinct tangents; (b) any two triangles with a
common side lie within a portion of § that can be represented conformally
on a plane domain.

159. It will beshown thatfor n=1,2, ... thesum o, =7, + T, + ... + T,
can be represented conformally on a circle | z, | <7, in a complex z,-plane-
Assume that o, ., has already been represented on a circle | z,_, | < 7p_y,
and that the figure (7, + 7) has been represented on a domain of a
v-plane. The triangle 7, appears in both representations, and if the
image of a point of 7, in one is made to correspond to the image of the
same point in the other, & new conformal representation is set up. The
representation of o, on | z| <7, is thus reduced to the problem which
was solved in § 154, 155.

160. The transformation of the whole pricked surface S* has now
been reduced to the problem cousidered in §§ 125-129. The results there
obtained show that §* can be transformed either into the circle | w| < R
or into the whole w-plane. We shall show that the second possibility
is the true one.

Take a simply-connected neighbourhood of the point N, that was
removed from §, and transform it couformally into a circle | #| <1. A
hypothesis shows that this is possible. The transformation may be so
chosen that the pricked circle 0 < | | < 1 consists of the images of points
of 8*. If now w=1/w, there is an analytic function w= ¢ («), such that
two points » and o satisfy this relation if they correspond to the same
point of §*. The function ¢ (u) is single-valued in the pricked circle
0 <|u|<1; it is bounded in the neighbourhood of « = 0 and therefore
(§114) it gives a representation of a pricked domain in the w-plane.
But this can only be the case if S* has been transformed into the whole
w-plane.

If we now assume that the w-plane is the stereographic projection of
a sphere 3, the transformation will be conformal even at the north pole
of the sphere. The closed surface § has been conformally represented
on a closed sphere.

The transformation is determined uniquely if three points are chosen
on the surface and are made to correspond to three given points on the
sphere.

161. Conformal transformation of polyhedral surfaces into the surface
of a sphere was one of the earliest applications of the theory to be

7-3
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attempted. Schwarz showed that both the general tetrahedron and the
cube can be transformed into the sphere. The transformation of the
most general closed polyhedron into the closed sphere is a problem which
is almost identical with the one just treated. We cannot require pre-
servation of angles at edges and corners of the figure, and to specify our
intentions we make the following conventions as to representation of
neighbourhoods of these singular points.

Along an edge two faces meet. We suppose them rigid, cut them from
the figure and spread them out on a plane. Thus a neighbourhood of
any point of the edge is represented as a plane neighbourhood.

If C is a corner we make a quasi-conformal representation of a neigh-
bourhood of C onto a plane domain, as follows: By means of a small
sphere, centre C, a small neighbourhood of C is cut off. The pyramid-
like figure so obtained is cut open along one of its edges and spread out

on the u-plane, the point C corresponding to # = 0. If now w« is the sum
2

of the superficial angles of the polyhedron at C, then the function v = us
gives the required quasi-conformal representation of the corner C.

The method used above now gives a solution of our problem (29).



CHAPTER VIII

THE GENERAL THEOREM OF UNIFORMISATION

162. Abstract surfaces.

We take a finite or infinite collection of triangles Ty, T,, ..., and sup-
pose that with each side of each triangle T is associated exactly one side
of some other triangle 7,. We may picture associated sides as being
welded together; when this has been done, any vertex P will belong to
several triangles. We assume that the triangles adjoining a common
vertex form a finite cycle of adjacent triangles.

The welding operation need only be done mentally; the abstract poly-
hedral surface S consists merely of the triangles T';, the pairs of associated
sides (the edges of S), and the vertices.

163. We shall consider polygonal paths PP, ... P,_,0, directed from
P to @, containing a finite number of adjacent edges of S. We call S
connected if any two of its vertices P and @ can be joined by such a path.

A connected surface is closed if it contains only a finite number of
triangles, open if it contains an infinite number.

Given a path o from P to ¢, we shall denote by «~! the same path
described from @ to P. If Bis a path from @ to R, we shall denote by o8
the path PQR obtained by describing « from P to @ followed by 8 from
Q to R.

We deform a path « by making a finite number of operations of the
following two kinds:

(@) An edge of « which corresponds to a side 4B of a triangle ABC is
replaced by AC + CB, or AC + CB is replaced by AB.

(b) A pair of successive edges corresponding to 4B + B4 is inserted
or deleted.

If « can be deformed into B in this way, 8 is called homotopic to «.
Clearly this is an equivalence relation, so that the paths joining P to @
are divided into classes { PQ} of homotopic paths.

For most surfaces, there are several classes {P@}, generally an infinite
number. If there is only one class {P@}, i.e. if all paths joining P to @
are homotopic (for any choice of P and @), the surface S is called simply
connected.
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164. Now consider a fixed vertex O of S, and two paths « and 8
joining O to P. The path af~! then begins and ends at O, and « and 8
are homotopic if and only if «8-! is homotopic to the path consisting of
the single point O.

It follows easily from this that we can choose a set of closed paths
containing O

oM w® . (164-1)
such that, given any paths « and B from O to P, exactly one of the paths
«, oV, W0, ... L (164-2)

is homotopic to B.

166. The universal covering surface.

Consider two surfaces § and S, formed with triangles T, and 7,
respectively. Suppose that each of the triangles 7,0, T, ... is related
to the same triangle 7';, which is called the projection of T;*). Suppose
further that, if 7, and T,‘# are adjacent on S, their projections T'; and
T} are adjacent on 8. Then S is called a covering surface of S.

A covering surface S of S is called unbranched if every cycle of tri-
angles adjoining a vertex P of § projects on to a siwmilar cycle on S, both
cycles having the same number of triangles.

166. We shall now show that any surface S has a simply connected,
unbranched covering surface S, called the universal covering surface of 8.

To construct S, we first choose a vertex O of S and a set (164-1) of
closed paths on S containing 0. Next, given any triangle T, of S, with
vertices P, Q and R, we associate with it triangles

T, T T® . (166-1)
where T, corresponds to the path w®a« (or any path joining O to P
homotopic to w!«). This involves selecting a definite vertex P from each
triangle T',; we restore symmetry by associating with 7, not only a
class {8} of paths from O to P, but also classes {8’} and {8"} of paths from
O to @ and O to R. The classes are related in pairs by the rule:

A path g8’ is homotopic to 8 + P@, a path 8” homotopic to 8 + PR.
Finally, we arrange that the vertices P%, @, R of T, project on
P, Q, R, and similarly for the sides.

To complete the definition of S, we must decide how to associate pairs

of sides of triangles on S. Let T, and T, be triangles of S with a common
edge PQ, and let « be any path from O to P. This path gives rise to well
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defined triangles 7',*, T, and we associate those two sides of 7',
and 7,,'» which project on PQ. This makes the collection of triangles
T, into an abstract surface § which is clearly an unbranched covering
surface of S.

To prove that S is simply connected, take any two vertices P and @
of 8 projecting on P and @, and let B and  be any two paths joining P
to @ projecting on to 8 and y joining P to Q. To P corresponds a path a
from O to P, and both the paths «f and ay joining O to @ must corre-
spond to . (Forif f = PP, ... P, ;@and B = PP, ... P, ,Q, the paths
a+ PPy ... P,and a + PP, ... P, belong to related classes as defined
above. It follows easily by induction that « + P ... P; corresponds to
P, and in particular that af corresponds to @.) Now since af and ay
both correspond to @, they must be homotopic, and hence so are a~'af
and a—lay, and therefore 8 and y are homotopic.

But the operations (2) and (b) which deform B into y will deform g
into 7 if transferred to S. Thus § and 7 are homotopic, and S is simply
connected.

167. Domains and their boundaries.
Given any finitecollection T',,, Ty, ..., T's, of triangles on S, their sum
taken modulo 2 will be called a domain X of S and denoted by
E=Ty t Togt oot T e (167-1)
Any finite number of domains Z;, 3,, ..., Z,, can also be added modulo 2,
so that the symbol £, + X, + ... + Z,, has a meaning.
The boundary B (T) of a triangle is the sum of its sides; the boundary
of the domain (167-1) is then defined by the equation
B(()~B((T,)+B(T,) + ... +B(Tp) ... (167-2)
This is a very convenient formalism for proving the theorems which
follow:
If o and B are homotopic paths, and if [«] and [B] are the sums modulo 2
of their sides, then [«] + [B] ts the boundary B (Z) of some domain X.
For if a triangle T is used for operation () of § 163, [«] is transformed
into [«] + B (T), whilst operation (b) leaves [o] unchanged. Hence if
B is homotopic to @ we can write
) = [«] + B(T,) + ... +B(Ty,) =[]+ B(2),
and therefore

(] +B1=BE). (167-3)
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Every non-empty domain Z on an open connected suiface S has a non-
empty boundary B (T).
Since S is open there exist triangles T of S which do not belong to X,

and since S is connected at least one such triangle is adjacent to a triangle
of Z,

Two different domains X and ' on an open connected surface S canmot
have the same boundary.

For if B (Z) = B (Z'), then B(Z + ') = 0, and this contradicts
the previous theorem since ¥ + X’ is not empty. It should be observed
that on a closed surface there are always pairs of (complementary)
domains with the same boundary.

On an open simply connected surface, every simple closed polygon s the
boundary of exactly one domain.

Two distinct vertices P and @ of the polygon = divide it into paths
a and B from P to Q. Since S is simply connected, « and 8 are homotopic.
Also (since the polygon is simple) o = [«] and 8 = [B], and therefore
by (167-3)
m=[a] + [B] = B (Z).

168. The Theorem of van der Waerden (30).

Given a simply connected open surface S, its triangles can be arranged
in a sequence

Ty Ty ooy Ty o e, (168:1)
in such a way that each domain
=Ty +To+..+T, n=12.) ... (168-2)

has a simple closed polygon as boundary.

Suppose that T}, ..., T, have already been chosen. We must then find
T,,, adjacent to Z,, such that B (X, + 7,,,) is a simple closed polygon.
This will be so if 7,,,, has one or two sides in common with the polygon
B (Z,) but not one side and the opposite vertex. We must also ensure that
every triangle of S occurs in the sequence (168-1).

Choose any triangle A of S adjacent to Z,. The sides p, ¢ and 7 of A
cannot all lie on B (X,), because if they did B (X,) would not be a
simple closed polygon. Therefore one of three things must happen:

I. Two sides of A lie on B (Z,).
II. One side of A lies on B (X,), the opposite vertex does not.

III. One side p of A and the opposite vertex P both lie on B (,,).
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If A satisfies I or 11, we take T,,, = A. In case III, the polygon
B (Z,) splits into three parts p, « and B, and « + ¢, B + r are simple
closed polygons, bounding domains I and IT* (see Fig. 45).

Thus
B(M)=a+gq BI*)=B+r

B+ =-(pt+tat+pPtptqgtn

and

It follows that
n+mn*=2,+4a. ... (168-3)
The triangles T\, ..., T, belong to ¥, and so each of them belongs
either to IT or to [1*. Butif T, belongs to [1*, say, thensodo T,, ..., T',
and A, because no side of the polygon B (I1*) ~ 8 + r belongs to more
than one of these (n + 1) triangles. Thus [T consists of triangles outside
Z, + A; we now try to choose T,,, from one of these triangles.

P
{ o
P
zll
b e *®
Fig. 45

Let A’ be a triangle in IT adjacent to «. We repeat the argument above,
with A replaced by A’, and find that: either we may choose T, = &/,
or there is a polygon ¢’ + o bounding a domain TI’. But all the vertices
of ¢ + o lie in &, and so " is obtained from « by removing at least one
side. We now repeat the argument, starting with a triangle A" in IT’
adjacent to o', After a finite number of steps, we must arrive at a suitable
triangle T', ., which, being adjacent to «, belongs to II.

Now replace, in the original figure, Z, by Z,.,, = Z, + T,,, and IT by
Il - T,,,, and repeat the argument. After a finite number of steps, we
obtain

S+ =2 +Ton+ ...+ Tppn = Zym
and are now ready to adjoin the triangle A = T, ...

To show that S can be exhausted by this process, we start with any
triangle T’ of S, adjoin all adjacent triangles, then adjoin all triangles
adjacent to those obtained already, and so on. In this way we obtain
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a sequence {T,'} of triangles exhausting S. If we now arrange, at each
stage of the process described above, that A is chosen to be the first
suitable triangle T',’, it is clear that every triangle T’ will appear
somewhere in the sequence (168-1).

169. Riemann surfaces.

So far, our arguments have not involved any individual points on S
except the vertices; the edges of S may be regarded as ordered pairs of
vertices, the triangles as triples of vertices.

In order to obtain a Riemann surface, we must convert this framework
into a two-dimensional topological space which carries the local angular
metric of the ordinary plane(31)(32).

This is done most simply by assigning to each triangle T; a Jordan
curve ay lying in the plane of a complex variable ¢;, On «, we mark three
points P;, Q; and R;, and we regard the interior of «; as a conformal
representation of T;. Since any two Jordan domains can be transformed
conformally into each other, the transformation being continuous if
extended to their frontiers (§ 137), we see that both the shape and size
of a;, and the positions of P;, @; and R;, are irrelevant. Nevertheless,
we can now identify individual points of T;: we transform the interior
of a; conformally into a circle, so that any point of T'; is mapped into
a point 4, of the circle and is characterised by the cross-ratio

(P;, @, R;, ;) (see §5).
The angular metric which we want to set up is then well defined at all
wnner points of T}, i.e. those for which (P;, Q;, R;, 4,) is not real.

We must still define the angular metric on the sides and vertices of all
our triangles. To do this, we need further assumptions which are best
dealt with by considering a special case.

Suppose that the triangle T, with sides p, [, ¢ is to be welded along ¢
to T, with sides ¢, m, r (Fig. 46 a, b). We assume that there is at least one
conformal representation of T, such that the angular metric of the
t,-plane is valid on the side ¢ of T, and that a strip o between ¢ and y
(Fig. 46a) is the conformal image of a part of T, (Fig. 46b). Then the
welding of 7', and T, along ¢ can be performed by the method of § 154
(Fig. 46¢). This process is uniquely defined if we know the images in the
t,- and ¢,-planes of a particular point M of q.

Suppose further that three triangles 7', T, and T, form a cycle around
a vertex 4, and that accordingly T'; has sides p, r, n (Fig. 46d). We apply
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the preceding method, with the difference that now the part (» + 4 + p)
of the frontier of Ty must be welded to the corresponding part of the
frontier of T, + T, and that A takes the place of M. The common vertex
A lies inside the resulting circle (Fig. 46e), so that the angular metric is
certainly defined there.

The case when the cycle around 4 contains more than three triangles
is treated by the obvious extension of the method above,

Yo—e

Fig. 46
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170. The Uniformisation Theorem.

Let S be a Riemann surface. If S is closed and simply connected, the
developments of Ch. vir apply.

In all other cases, the universal covering surface 8 of S is an open,
simply connected surface for which the theorein of van der Waerden holds
(see § 168). Applying the methods of § 169, we can represent the succes-
sive domains

=T+ T+ ...+T, n=2,3,..)
conformally on a circle | ¢, | < 7,, and find on this circle the image of
Z,.-1. Having done this for all », we may use the results of §§ 125-130
to establish the

Uniformisation Theorem.

The universal covering surface S of any open or closed Riemann surface
S can always be represented conformally on

(1) a closed sphere,

(2) an Euclidean plane,

(3) the interior of a circle | t] < R,
these possibilities betng mutually exclusive.

In this way we obtain a complete conformal pattern in the t-plane of
the triangulation of S. Its edges are Jordan curves and do not neces-
sarily have tangents at their end-points, so that in general the angles of
the triangles are not defined. However, the given triangulation can
always be replaced by an equivalent one for which the edges are analytic

ares or, even more specially, are geodesics in the particular metric
involved.

Remark. Care must be taken always to weld adjacent triangles of S
together in the same way as their projections on 8. The resulting tri-
angulation of S in the ¢-plane then admits a group of displacements
transforming equivalent triangles into one another.

171. The uniformisation theorem shows that we can always introduce
a local metric on S which is spherical in the first case, euclidean in the
second and hyperbolic (Lobatschewskyan) in the third. We can even define
the distance between any two points of S as the distance between their
images in the ¢-plane.

Since two triangles of S which have the same projection on S have
the same metric at equival:nt points, we can transfer the local metric
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from S to S. But we cannot do this for the distance between two points,
since in general any point of S has an infinity of corresponding points
on S.

172. Conformal representation of a torus.

It is often important to determine which kind of metric is introduced
on a given Riemann surface by the method described above. This can
sometimes be done with very little effort.

Consider for instance a torus S in three-dimensional space. By com-
bining the method of § 156 with that of the present chapter, we hnd that
the universal covering surface S is represented either on the infinite
t-plane or on a finite circle | ¢ | < R. The metric induced on 8 is either
euclidean or hyperbolic.

We now consider two closed paths o’ and 8" on S which are homotopic
neither to zero nor to each other, and which intersect at a point O of S.
The images of a” and B in the ¢-plane are arcs joining a point 0, to two
different points 0, and O,. We replace o’ and 8’ by curves « and g which
are mapped on the segments (euclidean or non-euclidean as the case may
be) 0,0, and 0,0,. Since a and B are the shortest closed curves on S
passing through O and homotopic to " and 8, they cannot intersect
on S except at O.

If we cut S along « and B, we obtain a surface S" which is mapped on
a quadrangle in the t-plane. This mapping is conformal at (), so that the
quadrangle has angle-sum 27. But the angle-sum of a non-euclidean
triangle is less than =, hence the angle-sum of a quadrangle is less than
27, Therefore the metric must be euclidean.

Moreover, opposite sides of the quadrangle have equal length, so that
the quadrangle is in fact a parallelogram. Any segment parallel to one
side and joining two opposite sides is the image of a closed geodesic on S.
Hence S is covered by two systems of geodesics which form a net on S.
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It is well known that an infinity of such nets can be constructed on S.
Among them is a “reduced’ net, characterised by the fact that the
triangle 0,0,0; is acute-angled. The shape of the reduced parallelogram
is a conformal invariant of S: two such surfaces can be transformed con-
formally into each other if and only if their reduced parallelograms are
similar. Since any given point of the t-plane can be moved to another
given point by a translation, it follows that any torus S can be trans-
formed conformally into itself in such a way that a given point P is
transformed into a second given point .
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