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PREFACE

Tue longer an engincer has heen separated from his alma mater, the
fewer mathematical formulas he uses and the more he relies upon tables
and, when the latter fail, upon graphical methods. Although graphical
methods have the advantage of being ocular, they frequently suffer from
the fact that only what is seen is sensed. But this defect is due to the
kind of graphics used. With the aid of the scientific «rt of graphing pre-
sented in Chapter I, one may not merely make better graphs in less time
but actually draw correct negative conclusions from a graph so made,
and therefore sense more than one sees.  For instance, one may be sure
that a given cubic equation has only the one real root scen in the graph,
if the bend points lic on the same side of the z-axis.

Emphasis is here placed upon Newton’s method of solving numerical
equations, both from the graphical and the numerical standpoint. One
of several advantages (well recognized in Kurope) of Newton’s method over
Horner’s is that it applies as well to nov-algebraic as to algebraic equations.

In this elementary book, the author has of course omitted the difficult
Galois theory of algebraic equations (certain texts on which are very
crroneous) and has merely illustrated the subject of invariants by a few
examples.

It 1s surprising that the theorems of Descartes, Budan, and Sturm, on
the real roots of an equation, are often stated inaccurately. Nor are the
texts in English on this subject more fortunate on the score of correct
proofs; for these rcasons, care has been taken in sclecting the books to
which the reader is referred in the present text. :

The material is here so arranged that, before an important general
theorem is stated, the reader has had concrete illustrations and often also
special cases.  The exercises are so placed that a reasonably clegant and
brief solution may be expected, without resort to tedious multiplications
and similar manual labor. Very few of the five hundred exercises are of
the same nature.

Complex numbers are introduced in a logical and satisfyiag manner.
The treatment of roots of unity is concrete, in contrast to the usual ab-
stract method.

Attention is paid to scientific computation, both as to control of the
limit of error and as to securing maximum accuracy with minimum labor.

An easy introduction to determinants and their application to the solu-
tion of systems of linear equations is afforded by Chapter XI, which is
independent of the earlier chapters.

il



iv PREFACE

Here and there are given brief, but clear, outlooks upon various topics
of decided intrinsic and historical interest, — thus putting real meat upon
the dry bones of the subject.

To provide for a very brief course, certain sections, aggregating over
fifty pages, arc marked by a dagger for omission. However, in compensa-
tion for the somewhat more advanced character of these scctions, they are
treated in greater detail.

In addition to the large number of illustrative problems solved in the
text, there arc five hundred very carefully selected and graded exercises,
distributed into seventy scts. As only sixty of these exercises (falling into
seventeen sets) are marked with a dagger, there remains an ample number
of exercises for the briefer course.

The author is greatly indebted to his colleagues Professors A. C. Lunn
and E. J. Wilezynski for most valuable suggestions made after reading
the initial manuscript of the book. Useful advice was given by Professor
G. A. Miller, who recad part of the galley proofs. A most thorough read-
ing of both the galley and page proofs was very generously made by
Dr. A. J. Kempner, whose scientific comments and very practical sugges-
tions have led to a marked improvement of the book. Moreover, the
galleys were read critically by Professor D. R. Curtiss, who gave the author
the benefit not merely of his wide knowledge of the subject but also of his
keen critical ability. The author sends forth the book thus emended
with less fear of future critics, and with the hope that it will prove as
s{:ﬁnulating and useful as these five friends have been generous of their
aid.

Cuicaco, February, 1914.
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THEORY OF EQUATIONS

CHAPTER 1
TaE GrarH oF AN EQUATION

1. For purposes of review, certain terms already familiar to the reader
are defined here. Through a point O, called the origin, draw a horizon-
tal straight line OX and a vertical straight line OY. These lines are
called the axes of coirdinates; in particular, OX is called the z-axis.
Choose a convenient unit of length. Consider any point P in the plane
and let Q be the point of intersection of the x-axis with the vertical line
through P. By the abscissa x of the point P is understood the number
of units of length in OQ in casc @ lies to the right of the origin O; but, in
case Q lies to the left of O, z is the negative of the number of units of length
in OQ. Similarly, the ordinate y of the point P

is the length of PQ when P is above the z-axis, 191 (¥ a9
but is the negative of the length of PQ when P
is below the z-axis. For the point P in Fig. 1, o a

X

2z =-+4, y =—11. The rcal numbers x and
y which a point determines in this manner are
called its codrdinates. Conversely, any pair of  (0-3
real numbers determines a point.

Figure 1 shows the points which represent
various pairs of valucs of z and y, satisfying
the equation

©~-3)

(Gs8)

(D y=z*—6r— 3. (2
For example, the point P represents the pair @
of values z = 4, y = —11, and is designated Fig. 1

(4, —11). Since the value of z may be as-

signed at pleasure and a corresponding valuc of y is determined by

equation (1), there is an infinitude of points representing pairs of values
1



2 THEORY OF EQUATIONS Jor.

satisfying the equation. These points constitute a curve called the graph
of the equation.

In Fig. 1, the curve intersects the z-axis in two points; the abscissa
of one point of intersection is between 6 and 7, that of the other point is
between —1 and 0. The z-axis is the graph of the equationy = 0. Thus
the abscissas of the intersections of the graph of equation (1) and the
graph of y = 0 are the real roots of the quadratic equation

(1) 22— 6x—3=0.

Hence to find graphically the real roots of the last equation, we equate
the left member to y and use the graph of the resulting equation (1).
For other methods, see §§ 16-18.

EXERCISES

1. Find graphically the real roots of 22 — 62z + 7 = 0.
2. Discuss graphically the reality of the roots of 22 — 6z + 12 = 0.
3. Obtain the graph used in Ex. 1 by shifting the graph in Fig. 1 ten units
upwards, leaving the axes OX and OY unchanged. How
may we obtain similarly that used in Ex. 2?

4. Locate graphically the real roots of 2 + 42> — 7 = 0.

[ ! 2. Caution in Plotting. If the example set were
(2) y=8z'— 142> - 9224112 — 2,

one might use successive integral values of z, obtain
the points (—2, 180), (-1, 0), (0, —=2), (1, —6),
(2, 0), (3, 220), all but the first and last of which are
shown (by crosses) in Fig. 2, and be tempted to con-
clude that the graph is a U-shaped curve approxi-
mately like that in Fig. 1 and that there are just two
real roots, —1 and 2, of

(2) 82t — 1423 — 922+ 11z —2=0.

But both of these conclusions would be false. In

fact, the graph is a W-shaped curve (Fig. 2) and the
additional real roots are } and .

Fig. 2 This example shows that it is often necessary to

employ also values of x which are not integers. The

purpose of the example was, however, not to point out this obvious fact,

but rather to emphasize the chance of serious error in sketching a curve




§3 THE GRAPH OF AN EQUATION 3

through a number of points, however numerous. The true curve between
two points below the z-axis may not cross the z-axis, or may have a
peak actually crossing the z-axis twice, or may be an M-shaped curve
crossing it four times, ete.

For example, the graph (Fig. 3) of
3) y=a+42>—11

crosses the z-axis only once. But this fact can not be concluded from
a graph located by a number of points, how-

ever numerpus, whose abscissas are chosen at Ty
random.

We shall find that correct conclusions re- 0
garding the number of real roots can be de- M’

duced from a graph whose bend points (§ 3)
have been located.

We shall be concerned with equations of the
form

agz” + a4 - - - fapzta, =0
(aO 5£ 0)7

in which ay, a;, . . . a, are real constants.
The left member is called a polynomial in x of
degree n, or also a rational integral function of z,
and will frequently be denoted for brevity by
the symbol f(z) and less often by f. Fig. 3

3. Bend Points. A point (like M or M’ in Fig. 3) is called a bend
point of the graph of y = f(z) if the tangent to the graph at that point
is horizontal and if all of the adjacent points of the graph liebelow the
tangent or all above the tangent. The first, but not the second, condi-
tion is satisfied by the point O of the graph of y = z* given in Fig. 4
(see § 6). In thelanguage of the caleulus, f(x) has a (relative) maximum
or minimum value at the abscissa of a bend point on the graph of y =
J(z).

Let P=(x, y) and Q@ = (x + h, Y) be two points on the graph,
sketched in Fig. 5, of y = f(z). By the slope of a straight line is meant
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the tangent of the angle between the line and the z-axis measured counter-
clockwise from the latter. In Fig. 5, the slope of the straight line PQ is

Fig. 4 Fig. 5
For equation (3), f(x) = 2® 4+ 4 2? — 11. Hence

f@x+h) = (x+h)?+4(+h2—11
=z +422— 114+ B2+ 8x)h + Bz + 4)h? + hd.

The slope (4) of the secant PQ is here
322+ 8x+ Bz +4)h + h2.

Now let the point @ move along the graph towards P. Then h approaches
the value zero and the secant PQ approaches the tangent at P. The
slope of the tangent at P is therefore the corresponding limit 3 22 + 8 x
of the preceding expression.

In particular, if P is a bend point the slope of the tangent at P is zero
and hence £ = 0 or x = —§. Equation (3) gives the corresponding
values of y. The resulting points

M=, —-11), M =(-§, —#})
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are easily shown to be bend points. Indeed, for 2 > 0 and for z between
—4 and 0, 22 (z + 4) is positive, and hence f(x) > —11 for such values of
x, so that the function (3) has a relative minimum at = 0. Similarly,
there is a relative maximum at r = —§.  We may also cmploy the general
method of § 8 to show that M and M’ are bend points. Since these bend
points are both below the z-axis, we are now certain that the graph
crosses the z-axis only once.

The use of the bend points insures greater accuracy to the graph than
the use of dozens of points whose abscissas are taken at random.

4. Derivatives. We shall now find the slope of the tangent to the
graph of y = f(z), where f(x) is any polynomial
(5) f(@) = azr* +az" "+ - - - + a2z + a,.
We need the expansion of f(z + k) in powers of z. By the binomial
theorem,
a(z + h)" = apx” + nax"'h + 7}@;}_) ax"h + - - .

2
(n—1)(n — 2)

a(z+h)vt =azr 4+ (n— Do *h+ —— N Z"3h 4 .

An2( + h)? = @n-22® + 2 @n2th + anoh?,
an-1(T + h) = n1® + an-ih,
an = Q.
The sum of the left members is evidently f(z + h). On the right, the
sum of the first terms (i.e., those free of h) is f(x). The sum of the
coefficients of A is denoted by f'(z), the sum of the coefficients of  h%is
denoted by f”(x), - - - , the sum of the coefficients of
hlc

1.2.. -k

is denoted by f®(z). Thus

(6) f'(x) =naw™ + (n — Daan24 - - - +2a, 0z + and,

7 @) =nn—1Daz?+ (- D0 —2)ax" 4 - - - + 20,
etc. Hence we have \

® S =@+ @ +@]

) ___E__+ e 4 () k.
1-2.3 1.2 --+-n
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This formula (8) is known as Taylor’s theorem for the present case of
a polynomial f(x) of degree n. We call f'(z) the (first) derivative of
f(x), and f”(x) the second derivative of f(x), ete. Concerning the
fact that f''(x) is the first derivative of f'(x) and that, in general, the
kth derivative f®(x) of f(x) equals the first derivative of f¢-D(x), see
Exs. 6-9 of the next set.

In view of (8), the limit of (4) as h approaches zero is f’(z). Hence
J'(x) is the slope of the tangent to the graph of y = f(z) at the point (x, y).

In (5) and (6), let every a be zero except ay. Thus the derivative of
a,x” is napz*', and hence is obtained by multiplying the given term by
its exponent n and then diminishing its exponent by unity. For example,
the derivative of 2 z* is 6 22

Moreover, the derivative of f(x) equals the sum of the derivatives of
its separate terms. Thus the derivative of 2® + 4 2% — 11 is 322 + 8 z,
as found also in § 3.

6. Computation of Polynomials. The labor of computing the value
of a polynomial f(z) for a given value of £ may be much shortened by
a simple device. To find the value of

»4+322—-2x—-5

for z = 2, we note that 2* = .22 = 2 22, so that the sum of the first two
terms is 5 2% This latter equals 5-2 z or 10 «, adding this to the next
term —2 z. we get 8 z or 16. The final result is therefore 11.

Write the coefficients in a line. Then the work is:

1 3 —2 -5]2
2 10 16
1 5 8 Ii.

In case not all the intermediate powers of z occur among the terms of
f(x), the missing powers are considered as having the coefficients zero.
Thus the value —61 of 225 — 23+ 22 — 1 for = —2 is found as
follows:

2 0 -1 0 -2 -1]-2
-4 8 -—14 28 —60
2 —4 7 -—14 30 —61.

For another manner of presenting this method see Ch. X, § 4.
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EXERCISES

1. The slope of the tangent to y =823 — 22 22+ 182 — 2 at (z, 3) is
242? — 44z + 13. The bend points are (0.37,0.203), (1.46, —5.03), approxi-
mately. Draw the graph.

2. The bend points of y = a3 — 2z — 5 are (.82, —6.09), (~—.82, —3.91),
approximately. Draw the graph and locate the real roots.

3. Find the bend points of ¥y = 23+ 6 22 4 8 x + 8. Locate the real roots.

4. Locate the real roots of f(x) = a*+ 28 —x — 2 = 0. The abscissas of
the bend points are the roots of f'(x) = 44>+ 32> — 1 = 0. The bend points
of y = f'(x) are (0, —1) and (—3, —32), so that f’(x) = 0 has a single real root
(it is just less than 3). The single bend point of y = f(2) is (§, —$%), approxi-
mately.

5. Locate the real roots of 2® — 7 a2t — 3224+ 7 = 0.

6. f"(z), given by (7), is the first derivative of f/(z).

7. If fx) = fi(z) + fo(z), the kth derivative of f equals the sum of the kth
derivatives of fi and f,. Use (8). '

8. f®(z) equals the first derivative of f*~"(z). Hint: prove this for f =az™;
then prove that it is true for f = fi + f, if true for f, and f,.

9. Find the third derivative of 8 + 5 «* by forming successive first derivatives;
also that of 22% — 723 + x.

10. The derivative of gk is ¢’k +gk’. Hint: multiply the members of g(z + h) =
gx)+ g @h+ «--and k(x+h) =k(z) +k@)h+ - - - and use (8) for
f=gk.

6. Horizontal Tangents. If (z, y) is a bend point of the graph of
y = f(z), then, by definition, the slope of the tangent at (z, y) is zero.
Hence (§ 4), the abscissa z is a root of /() = 0. In Exs. 1-5 of the
preceding set, it was true that, conversely, any real root @f f'(x) =0
is the abscissa of a bend point. However, this is not alwags the case.
We shall now consider in detail an example illustrating this fact. The
example is the one merely mentioned in § 3 to indicate the need of the
second requirement made in our definition of a bend point.

The graph (Fig. 4) of y = 2? has no bend point since z* increases when
z increases. Nevertheless, the derivative 3 2* of z® is zero for, the real
value £ = 0. The tangent to the curve at (0, 0) is the horizontal line
y = 0. It may be thought of as the limiting position of a secant through
O which meets the curve in two further points, seen to be equidistant
from 0. When one, and hence also the other, of the latter points ap-
proaches O, the secant approaches the position of tangency. In this
sense the tangent at O is said to meet the curve in three coincident
points, their abscissas being the three coinciding roots of 2* = 0. In the



8 THEORY OF EQUATIONS (Ca. 1

usual technical language which we shall employ henceforth, 3 = 0 has
the triple root x = 0. The subject of bend points, to which we recur in
§ 8, has thus led us to a digression on the important subject of double
roots, triple roots, etc.

7. Multiple Roots. In (8) replace £ by « and h by z — o. Then

(x a) flll( )(l‘ a)? +.

9)  J@=f@+] (@@= a)+1"@) o

Thus the constant remainder obtained by dividing any polynomial f(z)
by z — a is f(a), a fact known as the Remainder Theorem. In par-
ticular, if f(a) = 0, f(z) has the factor x — «. This proves.the Factor
Theorem: If « is a root of f(z) = 0, then * —a is a factor of f(z).

The converse is true: If £ — a is a factor of f(z), then « is a root of
f(z) = 0. In case f(x) has the factor (x — @)?, but not the factor
(x — )3, a is called a double root of f(z) = 0. In general, if f(z) has
the factor (x — &)™, but not the factor (x — a)™*!, « is called a multiple
root of multiplicity m of f(x) = 0, or an m-fold root. Thus, 4 is a simple
root, 3 a double root and —2 a triple root of

7@ —4)(z —3)*(z+2)3=0.

This algebraic definition of a multiple root is in fact equivalent to the
geometrical definition, given for a special case, in § 6.

The second member of (9) is divisible by (x — «)? if and only if f(a) =
f'(a) =0, and is divisible by (z — «)® if and only if also f"/(a) = 0, etc.
Hence a is a double root of f(x) =0 if and only if f(a) =0, f'(a) =0,
" (a) # 0; ats aroot of multeplicity m f and only if

(10)  fla) = 0,f(a) =0,f"(e) =0, - + -, f&(a) =0, f™ (a) # 0.

For example, zero is a triple root of 2* + 2 2% = 0 since the first and second
derivatives are zero for z = 0, while the third derivative 24 x + 12 is not.

If f(x) "and f’(z) have the common factor (x — &), but not (z — )™,
where m = 2, then a is a root of f(x) = 0 of multiplicity m. For, « is
a root of multiplicity at least m — 1 of both f(z) = 0 and f'(z) =0, so
that the equalities in (10) hold; also f®™(a) £ 0 holds, since otherwise «
would be a root of both f(x) = 0 and f’(z) = 0 of multiplicity m or greater,
and (z — o)™ would be a common factor. Hence if f(z) and f'(z) have a
greatest common divisor g(x) tnvolving x, a root of g(x) = 0 of multiplicity
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m — 1 is a root of f(x) = 0 of multiplicity m, and conversely any root of
f(xz) = 0 of multeplecity m is a root of g(x) = 0 of multeplicity m — 1. The
last fact follows from relations (10), which imply that « is a root of
f'(z) = 0 of multiplicity m — 1, and hence that f(x) and f’(x) have the
common factor (z — o)™}, but not (x — a)™.

In view of this theorem, the problem of finding all the multiple roots
of f(x) = 0 and the multiplicity of each multiple root is reduced to the
problem of finding the roots of g(x) = 0 and the multiplicity of each.

For example, let f(x) = 2® — 22> — 42+ 8. Then
fl@) =322 —42—4, 9f@)=f"(x) Bz—2)—32 (z — 2).

Since x — 2 is a factor of f/(z) it may be taken to be the greatest common divisor
of f(z) and f’(z), as the choice of the constant factor ¢ in ¢(x — 2) is here immaterial.
Hence 2 is a double root of f(x) = 0, while the remaining root —2 is a simple root.

EXERCISES

28 — 7224 152 — 9 = 0 has a double root.

28 — 822 4 16 = 0 has two double roots.

28 — 622 — 8z — 3 = 0 has a triple root.

Test 24 — 823 + 2222 — 242 + 9 = 0 for multiple roots.
Test 23 — 622 + 112 — 6 = 0 for multiple roots.

Al S

8. Inflexion and Bend Points. The equation of the tangent to the
graph of y = f(z) at the point (a, 8) on it is

y=f'(a) (& —0a)+8 (8 = f(a)].

For the abscissas of its intersections with the graph of y = f(x), we have,
from (9), ( ) ( ¥
” z — a)® rre VAT T @) R —
J(@) i3 + f""(a) 1733 + 0.
If « is a root of multiplicity m of this equation, the point (e, 8) is counted
as m coincident points of intersection of the tangent and the curve (just

as in the example in § 6). This will be the case if and only if *
1) ) =0, (@) =0, ..., f" V() =0, f(a) #0.

For example, if f(r) = 24 and « = 0, then m = 4. The graph of y = 24isa
U-shaped curve, whose intersection with the tangent (z-axis) at (0, 0) is counted
as four coincident points of intersection.

* If m = 2, only the last relation of the set is retained: f”(a) # 0.
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If m is even, the points of the curve in the vicinity of the point of
tangency (a, B) are all on the same side of the tangent and the point («, 8)
is, by the definition in § 3, a bend point. But if m is odd (m > 1), the
curve crosses the tangent at the point of tangency («, 8) and this point
is called an inflexion point, and the tangent an inflexion tangent. To
simplify the proof, take (a, B) as the new origin of coordinates and the
tangent as the new z-axis. Then the new equation of the curve is

y=cz™+damti 4+ - . - (c#0,m = 2).

For z sufficiently small numerically, ¥ has the same sign as cx™ (§ 11).
Thus if m is even, the points of the curve in the vicinity of the origin are
all on the same side of the z-axis. But if m is odd, the points with small
positive abscissas lie on one side of the z-axis and those with numerically
small negative abscissas lie on the opposite side.

For example, (0, 0) is a bend point of the graph of y = z%. But (0, 0) is an
inflexion point of the graph (Fig. 4) of y = 27, and the inflexion tangent y = 0
crosses the curve at (0, 0). Herc f”/(0) = 0, f'”/(0) = 6, so that m = 3, in accord
with the evident fact that 23 = 0 has the root zero of multiplicity 3.

We have, therefore, in the evenness or oddness of m in (11) a practical
test to decide which roots a of f'(x) = 0 are abscissas of bend points
and which are abscissas of inflexion points with horizontal inflexion
tangents.

EXERCISES

1. If f(x) = 32° + 5 2% + 4, the only real root of f'(x) = 0 is z = 0. Show
that (0, 4) is an inflexion point, and thus that there is no bend point and hence
that f(x) = 0 has a single real root.

2. 23 — 322 4+ 3« + ¢ = 0 has an inflexion point, but no bend point,.

3. 25— 1013 — 2022 — 152 + ¢ = 0 has two bend points and no horizontal
inflexion tangents.

4. 32°—402%+ 2402 + ¢ = 0 has no bend point, but has two horizontal
inflexion tangents.

5. Any function 3 — 3 az? + - - - of the third degree can be written in the
form f(z) = (x — a)® + ax +b. The straight line having the equationy = az + b
meets the graph of y = f(z) in three coincident points with the abscissa « and
hence is an inflexion tangent. If we take new axes of coirdinates parallel to the
old and intersecting at the new origin (e, 0), 7.e., if we make the transformation
2z =X+ a, y =Y, of codrdinates, we see that the equation f(zr) = 0 becomes a
reduced cubic equation X* + pX + ¢ = 0 (cf. Ch. III).

6. Find the inflexion tangent to y = 23 + 6 22 — 32 + 1 and transform
r® + 622 — 3z + 1 = 0into a reduced cubic equation.
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9. Real Roots of a Cubic Equation. It suffices to consider
fz) =2 =3z +¢ (= 0),

in view of Ex. 5 above. Then f'=3 (22 — 1), f"=6z. If 1 <0, there
is no bend point and the cubic equation f(z) = 0 has a single real root.
If I > 0, there are two bend points

(V1, ¢ =21V, (= Vi, ¢+ 21V])
and the graph of y = f(x) is evidently of one of the three types:

Y

/
o .
°| ’ /\l\/
g=21lVT qs-2U/T :
Fig. 6 Fig. 7

If the equality sign holds in the first or second case, one of the bend
points is on the z-axis and the cubic

equation has a double root; the condi-
tion is that ¢ — 41® = 0. The third /
case is fully specified by the condition

/ Ol o

¢* < 4 I3, which implies that I > 0.

Hence z® — 3 lx + g = 0 has three dis- 2 1VT<q=<2lVT
tinct real roots if and only if ¢* < 4 I3, Fig. 8
a single real root if and only if ¢ > 4 I3;

and a double root (necessarily real) if and only +f ¢ = 4 I3

EXERCISES.
Apply the criterion to find the number of real roots of:
1 28422 —4=0. 2. B —Tz+7=0. 3. 8 —2z—1=0.
4. 1 —-3zx+2=0. 5, 2*4+6a22—-3x4+1=0.

6. The inflexion point of y = 2 — 3lx + ¢ is (0, ).

10.t Trinomial Equations.
For m and n positive odd integers, m > n, let

flx) =™+ pz* +¢ (p = 0).
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Here x = 0 is a root of f/(z) = 0 only when n > 1 and then the tangent at (0, ¢)
is the horizontal inflexion tangent y = ¢, as shown by (11) with m replaced by n,
or directly from the fact that zero is a root of odd multiplicity n of 2™ + pz™ = 0.
Hence in no case is zero the abscissa of a bend point.

If p > 0, f/ has no real root except x = 0. Thus there is no bend point and
hence a single real root of f(z) = 0.

If p <0, there are just two bend points, their abscissas being b and —b, where
b is the single positive real root of b = —np/m. The bend points are on the
same side or opposite sides of the x-axis according as

fo)=q+ 'pb"(l — 7%), f(=b) =q—pb» <1 - ll)

m

are of like signs or opposite signs. The number of real roots is 1 or 3 in the respec-
tive cases. Hence there are three distinct real roots if and only if the positive

number
n
—7)[) (1 — ;;;)

exceeds both ¢ and —gq, i.e., if

The first member equals b™, so that its (m — n)th power is the mth power of
bmn—n = —np/m. Hence the conditions are equivalent to

o> () ()
m m —n

EXERCISESt
1.t 2% + pr + ¢ = 0 has three distinet real roots if and only if

7) 3 q 2
0 S 2.
g <s> * <2)
2.t If p and ¢ are positive, 2™ — p22" 4+ ¢ = 0 has four distinct real roots,
two pairs of equal roots, or no real root, according as

(@) —<ﬂ> "50,=0,0r <0.
m m-—n -

11. Continuity of a Polynomial. Hitherto we have located certain
points of the graph of y = f(z), where f(x) is a polynomial in z with real
coefficients, and taken the liberty to join them by a continuous curve.
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The polynomial f(z) in the real variable z shall be called continuous at
= a, where a is a real constant, if the difference

D =fla+h) — fa)

is numerically less than any assigned positive number p for all real values
of h sufficiently small numerically.
We shall prove that any polynomial f(x) with real coefficients is con-
tinuous at x = a, where a is any real constant.
The proof rests upon Taylor’s formula (8), which gives
— 7)o @
D = f'(a)h + .9 h* 4+ +1-’2ﬁ>- -'—TTLh .
Denote by g the greatest numerical value of the coefficients of h,
k%, ..., A For h numerically less than k, where k < 1, we see that D
is numerically less than

. k . P
2 .. n N o P,
gk + k2 + +lc)<g1_k<p, 1fk<p+g
The same proof shows that, if ai, . . . , a, are real, ;;h + - - - + a,h?

is numerically less than an assigned positive number p for all real values
of h sufficiently small numerically.

12. Theorem. If the coeffictents of the polynomial f(x) are real and +f
a and b are real numbers such that f(a) and f(b) have opposite signs, the
equation f(x) = 0 has at least one real root between a and b; in fact, an odd
number of such roots, if an m-fold root vs counted as m roots.

The only argument* given here is one based upon geometrical intui-
tion. We are stating that, if the points

(a, f(@)), (b, S (b))

lie on opposite sides of the z-axis, the graph of y = f(z) crqsses the
z-axis once, or an odd number of times, between the vertical lines through
these two points. Indeed, the part of the graph between these verticals
is a continuous curve having one and only one point on each intermediate
vertical line, since the function has a single value for each value of z.
This would not follow for the graph of y* = z.

* An arithmetical proof based upon a refined theory of irrational numbers is given
in Weber’s Lehrbuch der Algebra, ed. 2, vol. 1, p. 123.
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13. Sign of a Polynomial. Given a polynomial
f@) = ax" +a @™ + - - - Fa, (ap # 0)

with real coefficients, we can find a positive number P such that f(z) has
the same sign as aez® when & > .  In fact,

f@) =2 (@+¢), $=2+%4 ... 422

By the last result in § 11, the numerical value of ¢ is less than that of ag
when 1/z is positive and less than a sufficiently small positive number,
say 1/P, and hence when > P. Then ay + ¢ has the same sign as ao,
and hence f(z) the same sign as aox™.

The last result holds also when z is a negative number sufficiently large
numerically. For, if we set £ = — X, the former case shows that f(—X)
has the same sign as (—1)"a,X™ when X is a sufficiently large positive
number.

We shall therefore say briefly that, for © = 400, f(z) has the same
sign as ao; while, for x = —w, f(x) has the same sign as a0 if n is even,
but the sign opposite to a, if n is odd.

EXERCISES
1. 2° + ax® + br — 4 = 0 has a positive real root [use = 0 and z = +oo].
2. 18 4 ax? 4+ bx + 4 = 0 has a negative real root [use x = 0 and z = —w].
3. If ao > Oand nis odd, agt® 4 - - - 4 a, = 0 has a real root of sign opposite
to the sign of a, [use x= —w, 0, +w].

4. 2+ ar® 4 ba? 4+ cx — 4 = 0 has a positive and a necgative root.
5. Any cquation of even degreec n in which the coefficient of z» and the con-
stant term are of opposite signs has a positive and a negative root.

14. The accuracy of a graph of y = f(z) can often be tested and
important conclusions drawn from it by use of the

Theorem. No straight line crosses the graph of y = f(z) in more than
n points if the degree n of the polynomial f(x) exceeds unity.

A vertical line z = ¢ crosses it at the single point (c, f(c)). A non-
vertical line is the graph of an equation y = mxz + b of the first degree,
and the abscissas of the points of crossing are the roots of mz + b = f(z).
The proof may now be completed by using the next theorem.
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(5. Theorem. An equation of degree n,

J@ =ar"+axt+ .- - +a,=0 (a0 # 0),
cannot have more than n distinct roots.
Suppose that it has the distinct roots a1, . . ., @, a. By the Factor

Theorem (§ 7), € — « is a factor of f(z), so that
J@) = (& — o) Q2),

where Q(x) is a polynomial of degrec n — 1. Let 2 = a. We see that
Q(az) = 0, so that as before

Q@) = (. — ) Qu(@), f(2) = (z — a)(x — a2) Qu(2).
Proceeding in this manner, we get
f@)=az —a)z—a) . .. (& — an).

For the root e, the left member is zero and the right is not zero. Hence
our supposition is false and the theorem true.

EXERCISES

1. The curve in Tig. 3, representing a cubic function, does not cross the z-axis
at a second point further to the right, nor does the part starting from M’ and
running downwards to the left later ascend and cross the a-axis.

2. The curve in Iig. 2, representing a quartic function, has only the four cross-
ings shown.

3. Form the cubic equation having the roots 0, 1, 2.

4. Form the quartic equation having the roots =1, 4=2.

5. If ape® + + - - = 0 has more than n distinet roots, cach coefficient is zero.
When would the theoremn in § 14 fail if n = 1?

6. If two polynomials in @ of degree n are cqual for more than n distinet values
of x, they are identical.

7. An equation of degree n cannot have more than n roots, a root of multiplicity
m being counted as m roots.

16. Graphical Solution of a Quadratic Equation. If
(12) 2?2—ar+b=0

has real coefficients and real roots, the roots may be constructed by the
use of ruler and compasses, t.e., by elementary geometry.
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Draw a circle having as a diameter the line BQ joining the points
B = (0, 1)and Q = (a, b); the abscissas ON and OM of the points of
intersection of this circle with the z-axis are
the roots of (12).

The cente: of the circle is (a/2, (b + 1)/2).
The square of BQ is a?+ (b—1)2. Hence the
equation of the circle is

(- -5

Setting y = 0, we get (12).
Fig. 9 If we do not insist upon a solution by
ruler and compasses, we may plot the par-
abola y = #? and draw the straight line y = az — b; if these intersect,
the abscissas of the points of intersection are the real roots of (12).

17. The method last used enables us to solve graphically
¥ —ax+b=0.

We have merely to employ the abscissas of the intersections of the graph
(Fig. 4) of y = 2® with y = ax — b. For the quartic equation

B A+ A2+Bz+C=0A>0,
set z =z VA; we get P22 —ar+b=0.

We now employ the graphs of y = 2* + 22, y = axz — b.

EXERCISES
Solve by each of the two methods
1. 2 —5z+4=0. 2. 22+ 5x+4=0. 3. 22+52z—4=0.
4, 22 —5x—4=0. 5. *—4x+4=0. 6. 22—-3x+4=0.
Solve graphically the cubic equations
7. 2 -32+1=0. 8. *+2x—4=0. 9. -T2+ 7=0.

10. TFind graphically the cube roots of 20, —20, 200.

11. State in the language of elementary geometry the construction of Fig. 9
and prove that OC = TQ = b, T'D = OB = 1, chord BN = chord DM,ON = MT,
ON +0OM = a,0N -OM = 0C - OB =b. Why arc OM and ON the roots of (12)?

12. Any reduced cubic equation x* = pr + ¢ can be solved by use of a fixed
parabola 22 = y and the circle x* 4+ y? = qz + (p + 1)y. (Descartes.)

13. «* = pz? 4 gx + r can be solved by use of a fixed parabola 22 = y and the
cirele 22 4 2 = qr + (p + D)y + r. (Descartes.)

14. Solve the cubies in Exs. 7-9 by the method of Ex. 12.

15. Solve z* = 25 z? — 60 z + 36 by the method of Ex. 13.
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18.t The approximate values of the real roots of a cubic equation
24+pz+q=0

may be found by a graphical method due to C. Runge.* We assign
equidistant values to z. For each 2z, we have a linear equation in p and ¢
which therefore represents a straight line when p and ¢ are taken as rec-
tangular coordinates. On a diagram showing these lines we may locate
approximately the line (and hence the values of 2) corresponding to
assigned values of p and ¢. The method applies alto to any equation
involving two parameters lincarly.

For the solution of a numerical cubic equation by means of the slide
rule {and an account of the use of the latter), sec pp. 43-48 of the book
just cited.

* Graphical Methods, Columbia University Press, 1912, p. 59 (also, Prazis der
Gleichungen, Leipzig, 1900, p. 156). Farlier by L. Lalanne, Comptes Rendus Acad. Sc.
Paris, 81, 1875, p. 1186, p. 1243; 82, 1876, p. 1487; 87, 1878, p. 157, and in Notices
réunies par le Ministdre des travaux . . . exposition univ. Paris, 1878.



CHAPTER II
CompPLEX NUMBERS
(For a briefer course, this chapter may be begun with § 5.)

1.1 Vectors from a Fixed Origin 0. A directed segment of a straight
fine is called a vector. We shall employ only vectors from a fixed initial
point O.

The sum of two vectors OA and OC is defined to be the veetor OS,
where S is the fourth vertex of the par-
allelogram having the lines OA and OC
as two sides. In case A coincides with O,
the vector OA is said to be zero; then
0S = 0C.

A force of given magnitude and given dir-

i ection is convcniently represented by a vector.

: By a fundamental principle of mechanics, two

E forces, represented by the vectors OA and OC,

Fig. 10 have as their resultant a force represented by

the vector OS, as in Fig. 10. Thus if two forces

are represented by two vectors, their resultant is represented by the sum of
the vectors.

x

When referred to rectangular axes OX and OV, let the point 4 have the
coordinates OF = a, EA = b, and the point C the codrdinates OF =
FC = d. Draw AG parallel to OX and SGH perpendicular to OX. Since
triangles OFC and AGS are equal, AG = ¢, GS = d. Hence the coor-
dinates of the point S are OH = a + ¢ and HS = b + d. The sum of
the vectors® from O to the points (a, b) and (c, d) is the vector from O to the
point (a 4+ ¢, b + d), whose codrdinates are the sums of the corresponding
coordinates of the two points.

Subtraction of vectors is defined as the operatlon inverse to addition of
vectors. If OA and OS are given vectors, the vector OC for which 04
+ OC = 08 is denoted by OS — OA, and is determined by the side OC
of the parallelogram with the diagonal OS and side OA.

18
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2.1 Multiplication of Vectors. Let A be a point {r, 6} with the polar
coordinates r, 6. Then r is the positive number giving the length of the
line OA, while § is the measure of the angle XOA when measured counter-
clockwise from OX, as in Trigonometry. Let C be the point {7, 8’} with
the polar coordinates 7/, ¢'.

The product 0A - OC of the vectors from O to A4 = {r, 8} and to C =
{7, 0'} is defined to be the vector from O to P = {rr', 6 4 0'}.

Y P

<

0

@ 92
Fig. 11 Fig. 12

To construct this product geometrically, let U be the point on the
x-axis onc unit to the right of 0. Let the triangle OCP be constructed
similar to triangle OUA, such that corresponding sides are OC and OU,
CP and UA, OP and 0OA, and such that the vertices O, C, P are in the
same order (clockwise or counter-clockwise) as the corresponding vertices
0, U, A. Then OP :r' =r:1, so that the length of OF is r’. The
angle XOP, measurcd counter-clockwise from 0X, equals 0 + 6', and may
exceed four right angles. Ience the produet of the vectors OA and OC
is the vector OP.

If OC = OU, then OP = OA, and OU - OA = OA. Hence vector OU
plays the role of unity in the multiplication of vectors.

Division of veetors is defined as the operation inverse to multiplication
of veetors. If OA and OP are given vectors, the vector OC for which
04 - 0C = OP is denoted by OP/OA. If A = {r,0} and P = {7y, 6:} then
C = {r,/r, 6, — 8}. Division except by zcro is therefore always possible
and unique.

EXERCISES t

1.5 Veetor addition is associative: (04 + 0C) + OL = 0A 4 (OC + OL).

2.+ Vector multiplication is associative: (0A - 0C) -OL = 0A - (OC- OL).

.3.1 Draw the figure corresponding to Fig. 12, when 0OA is in the third quadrant
and OC in the first quadrant.
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3.1 Symbol for Vectors from O. We consider only vectors starting
from the fixed point 0. Such a vector OA is uniquely determined by its
terminal point A = (a, b) and hence by the Cartesian coordinates a, b of
the point A referred to fixed rectangular axes OX and OY. We may
therefore denote the vector OA by the symbol [a, b]. Then

1) [a, b] = [¢, d] if and only if @ = ¢, b = d.

By the definition of addition and subtraction of vectors (§ 1),
(2) la, b] + [c, d] = [a + ¢, b + d],
3) la, b] — {¢, d] = [a — ¢, b — d].

As our definition of the product of two vectors was made in terms of
polar coordinates, we must now express the product in terms of Cartesian
cobrdinates. By Fig. 11, we have

a=rcosh, b=rsind.
Similarly, if the point (¢, d) has the polar coordinates r/, ¢/,
c=1r"cost, d=1"sinf.
Hence the definition (§ 2) of the product of two vectors gives
[a, b] [c, d] = [rr’ cos (8 + 8'), " sin (6 + 0')],
the final numbers being the Cartesian codrdinates of the point with the
polar codrdinates r’ and 6 + 6’. But
rr’ cos (8 + 8') = ' (cosfcos 6 — sinfsind’) = ac — bd,
' sin (0 + 6') = r’ (sinf§ cos §’ + cosfsin @) = be + ad.
Hence, finally,
@) la, b] [c, d] = [ac — bd, ad + bc].
Given q, b, ¢, f, we can find solutions ¢, d of the equations
ac—bd =¢, ad+ bc =,
provided a? + b* # 0, viz., a and b are not both zero. Then
[a, b] [c, d] = e, f]
determines [c, d], its expression being

(5) le, f1 _ [ae +bf o — be].

[a,b] |a*+b" a4 0°

Hence division, except by the zero vector [0, 0], is always possible and

.
nnina
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4.1 Introduction of Complex Numbers. Giving up the concrete in-
terpretation in § 3 of the symbol [x, y] as the vector from the origin to
the point (2, y), we shall now think abstractly of a system of elements
[z, y] each determined by two real numbers z, y, and such that the sys-
tem contains an clement corresponding to any pair of real numbers.
While the present abstract discussion is logically independent of the
earlier exposition of vectors, yet we shall be guided in our present choice
of definitions of addition, multiplication, etc., of our abstract symbols
[z, y] by the desire that the veector system shall furnish us a concrete
representation of the present abstract system. Accordingly, we define
equality, addition, subtraction, multiplication and division of two ab-
stract elements [z, y] by formulas (1)-(5). In particular, we have

la, 0] = [¢, 0] = [a £ ¢, 0],

[a, 0][c, 0] = [ac, 0], [[2 8} - [(fl ,o],
provided a 5 0 in the last relation. IIcnce the clements [z, 0] combine
under our addition, multiplication, ete., exactly as the real numbers z
combine under ordinary addition, multiplication, etc. We shall there-
fore introduce no contradiction if we now impose upon our abstract
system of elements [z, y], subject to relations (1)-(5), the further condi-
tion that the element [z, 0] shall be the real number x. Then, by (4),

[0: 1] [Or 1] = [_1) 0] = —1.
We write ¢ for [0, 1]. Hence ¢2 = —1. Then

The resulting symbol x + yi is called a complex number. For y = 0, it
reduces to the real number z. For y # 0, it is also called an imaginary
number. The latter is not to be thought of as unreal in the sense that
its use is illogical. On the contrary,  + yi is a convenient analytic rep-
resentation of the vector from the origin to the point (z, y), and the sum,
product, ete., defined above, of two such complex numbers then repre-
sent, those simple combinations of the two corresponding vectors (§§ 1, 2)
which are constantly used in the applications of vectors in mechanics and
physics. Since these vectors from O are uniquely determined by their termi-
nal points, we obtain a representation (§ 8) of complex numbers by points
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in a plane, a representation of great importance in mathematics and its
applications.

If in (1)-(5), we replace the symbol [a, b] by a + bt, etc., we obtain the
formulas given in § 5.

b. Formal Algebraic Definition of Complex Numbers. The equa-
tion 22 = —4 has no real root, but is said to have the two imaginary roots
v —4and — V' —4. We shall denote these roots by 24 and —2 1, agree-
ing that ¢ is a definite number for which 2 = —1. Similarly, we shall
write V3 1 in preference to V/—3. If p is positive, V/p is used to denote
the positive square root of p.

If @ and b arc any two real numbers, a + b is called a complex number
and a — bl its conjugate. Two complex numbers a 4 b and ¢ + di are
called equal if and only if @ = ¢, b = d. Thus @ 4 bl = 0 if and only if
a=b0=0.

Addition of complex numbers is defined by

(a+ b)) + (e + &) = (a+¢) +( + d).

The inverse operation, called subtraction, consists in finding a complex
number 2z such that (¢ + i) + 2 = a + bi. In notation and value, z i3

(@+b) — (c+di) = (@« —c)+ (b — d)y.
Multiplication is defined by
(a + bi)(c + di) = (ac — bd) + (ad + bo)i,

and hence is performed as in formal algebra with a subsequent reduction
by use of 2 = —1. If we replace b by —b and d by —d, the right member
is replaced by its conjugate. Hence the product of the conjugates of “wo
complex members equals the conjugate of their product.

Division is defined as the operation inverse to multiplication, and con-
sists in finding a complex number ¢ such that (¢ + bi)g = ¢ + fi. Mul-
tiplying each member by a — bi, we find that ¢ is, in notation and value,

e+ fi _ (e+ fi)(a — i) ae +bf | af —be.

PR e N

Since a? 4+ b2 = 0 implies @ = b = 0 when a and b are real, division except
by zero is possible and unique.
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. The Cube Roots of Unity. The roots of 2 = 1 are unity and the
numbers for which

-1
T i=@tatl=0, @+ir=—f s+i=xiVei

Hence the three cube roots of unity are 1 and
w=—-§+3V3i, o' =-}-1V3i

EXERCISES

1. Verifythat o’ = o 0o’ =1, &® + w+1 =0, o = 1.
2. The sum and product of two conjugate complex numbers are real.
3. Fxpress as conuplex numbers

3+5i a+bi 3+V-5
2380 a—bi' 24v_1
4. If z, y, z arc any complex numbers,
cty=y+e, @ty te=c+@+2),
zy =yx, (vy)z=2x(y2), x(y+2) =ay+z2

What is the name of the property indicated by each equation?
5. 1f the produect of two complex numbers is zero, one of them is zero.
6.1 Deduce the laws in § 5 from those in § 4.

7. Square Roots of a + b7 found Algebraically. Given the real num-
bers a and b, b # 0, we scek real numbers z and y such that

a+bi=(@4y)=a—y+ 2.
Thus
2 —y=a, 2zy=0",

(x‘Z + y2)2 —_ (3.72 —_ y2)2 + 4 r?y? — a? + b2.
Since z and y are to be real and hence z* + 1? positive,
24y = vV + b,
the positive square root being the one taken. Combining this equation
with 22 — 4% = a, we get
Vétbtt+ae , Vietbh-a
gy V=g
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Since these expressions are positive, real values of = and y may be found.
The two pairs z, y for which 2 zy = b give the desired two complex num-
bers = + yi.

Tt is not possible to find the cube roots of a general complex number by
a similar algebraic process (Ch. III, § 6).

EXERCISES
Express as complex numbers the square roots of
1. =74 240, 2. —11 4601, 3. 5 —121.
4 ded+ (2¢ —2d). 52— —2V = e

8. Geometrical Representation of Complex Numbers. Using rec-
tangular axes of codrdinates, we represent* @ + bi by the point A = (a, b).
The positive number r = Va* + b giving the length of 04 is called the
modulus (or absolute value) of o + bi (Fig. 11). The angle § = XO0A,
measured counter-clockwise from 0X is called the amplitude (or argument)
of a +b. Thus
(6) a + bi = r(cosf + Tsin0).

The second member is called the trigonometric form of a+ bi.

If ¢ + di is represented by the point C, then the sum of a -+ b and
¢+ di is the complex number represented by the point S (Iig. 10)
determined by the parallelogram 0ASC. Since OS = 04 + AS, the
modulus of the sum of two complex numbers is equal to or less than the sum
of their moduli,

For example, the cube roots of unity are 1 and

w=—141v34
cos 120° + 4 sin 120°,

]

€
1

t= —1—-3}V3i
cos 240° + 1 sin 240°,

U’

and are respresented by the points marked 1, v, «* in Fig. 13. They form
* 1t will be obvious to the reader who has not omitted §§ 1-4 that the present rep-

resentation is essentially equivalent to the representation of & + bi by the vector from

O to the point (a, ).
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the vertices of an equilateral triangle inscribed in a circle of unit radius
and center at the origin O.

9. The product of the complex number (6) by r’(cos a + 7 sin «) is

' [cos (8 + «) + isin (0 + &)],

since
™ (cos@ + tsinf)(cosa + isina) = cos ( + ) + isin (6 + «).
The latter follows from

cosfcosa — sinfsina = cos (6 + a),

cos 0 sin a + sin 8 cos a = sin (6 + a).
Hence the modulus of the product of two complex numbers equals the product
of their moduly, and the amplitude of the product equals the sum of thewr
amplitudes.

The product may be found geometrically as in Fig. 12.
For the special case « = 6, (7) becomes

(cos@ + isinf)® = cos 26 + tsin29.

This is the case n = 2 of formula (8). In particular, we see why the
amplitude of w? is 240° when that of w is 120° (end of § 8).

10. De Moivre’s Theorem. If n ts any positive integer,
(8) (cos 6 + 7 sin 6)" = cos nf + 7 sin né.
This relation is an identity if n = 1 and was seen to hold if n = 2.

To proceed by mathematical induction, let it be true if n = m. Using
(7) for @« = mf, we then have

(cos8 + tsin 6)™! = (cos 0 + isin6)(cos 8 + isinf)™ o
(cos 8 + 1 sin 6)(cos m6 + 7 sinmb) = cos (m + 1)8 + ¢ sin (m + 1)6.

"""_,‘,is true also if » = m + 1. The induction is thus complete.

v 4 4+ isin 0 represents the vector from the origin O to the point {1, 6},
» -ef - Jlar cordinates, its nth power represents (§2) the vector from O to the
point {1, 76} and hence is cos n6 + i sin ne.



26 THEORY OF EQUATIONS [Cu. II

11. Cube Roots. To find the cube roots of a complex number, we
first express it in the trigonometrie form (6). For example,
4vV2 + 4V2i =28 (cos 45° + ¢ sin 45°).
If it has a cube root of the form (6), then, by (8),
™ (cos30 4 1sin30) = 8 (cos45° + 7sin 45°).
Their moduli 7 and 8 must be equal, so that the positive real number r
equals 2. Since 3 0 and 45° have cqual cosines and equal sines, they differ
by an integral multiple of 360°. Thus
0=15°+k-120° (k an integer).
Since in (6) we may replace 0 by 0 + 360° without changing a +be, we ob-
tain just three distinet cube roots (given by £ = 0, 1, 2):
2 (cos 15° + ¢ sin 15°), 2 (cos 135° + 7sin 135°), 2 (cos 255° + 7 sin 255°).

EXERCISES

1. Verify that the last two numbers equal the products of the first number by
w and «?, given at the end of § 8.

2. Find the three cube roots of —27; those of — <.

3. Find the three cube roots of —3 + 3 V3.

12. nth Roots. Lect p be a positive real number.  As illustrated in
§ 11, it is evident that the nth roots of p (cos A + ¢ sin A) are the prod-
ucts of the nth roots of cos A + 7 sin 4 by the positive real nth root of
p. Let an nth root of cos A + 7 sin A be of the form (6). Then, by (8),

‘ r*(cos nf + 1 sin nf) = cos 4 + isin A.

Thusr = 1,r =1, and n0 = A + k- 360° where k is an integer. Thus
n distinet nth roots of cos A + ¢ sin A are given by

) COSA + k-« 360 ‘.nA + 7\;L- 360

+ it
n
whereas ¥ = n” gives the same root as k = 0, and &k = n + 1 the same
root as k = 1, etc. Hence any number # 0 has exactly n distinct nth com-
plex roots.

(k=01,...,n=1),

EXERCISES

1. Find the five fifth roots of —1.

2. Find the nine ninth roots of 1.  Which are roots of 23 = 1?

3. Simplify the trigonometric forms of the four fourth roots of unity. Check
the result by factoring z* — 1.
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13. Roots of Unity. By (9) the n distinct nth roots of unity are

2kr .. 2kr

(10) cos~ ~ + v sin k=01,...,n—1),

where now the angles are measured in radians (an angle of 180 degrees
equals 7 radians, where = = 3.1416, approximately). For k = 0, (10)
reduces to 1, which is an evident nth root of unity. For k = 1, (10) is

11) r = cos2" +isin".
n n
By De Moivre’s Theorem (§ 10), the general number (10) equals the kth
power of . Hence the n distinct nth roots of unity are
(12) St Lo, =1
The n complex numbers (10), and therefore the numbers (12), are rep-
resented geometrically by the vertices of a regular polygon of n sides

inseribed in the circle of radius unity and center at the origin with one
vertex on the z-axis (Fig. 14).

Fig. 14 Fig. 15

For n = 3, the numbers (12) are v, »?% 1, shown in Fig. 13.

For n = 4, we have r = cos /2 + ¢sinw/2 = 4. The fourth roots of
unity (12) are ¢, 2 = —1, * = —4, ¢* = 1. These are represented by the
vertices of a square inscribed in a circle of ra(‘iius unity (Fig. 15).,

EXERCISES

1. For n = 6, r = —«? The sixth roots of unity are therefore the three cube
roots of unity and their negatives. Check by factoring z° — 1.
2. From the point representing a + b how do you obtain that representing
—(a + b7)? Hence derive from Fig. 13 and Ex. 1 the points representing the six
sixth roots of unity.

3. Which powers of a ninth root (11) of unity are cube roots of unity?
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14. Primitive nth Roots of Unity. An nth root of unity is called
primitive if no power of it, with a positive integral exponent less than n,
equals unity. Since only the last one of the numbers (12) equals unity,
the number 7, given by (11), is a primitive nth root of unity.

For n = 4, both ¢ and —¢ arc primitive fourth roots of unity, while
1 and —1 are not. Just as4® = —1 and ¢* = +1 are not primitive fourth
roots of unity, so r* is not a primitive nth root of unity if & and n have a
common divisor d (d > 1). Indeed,

n k
()i = (=1,

whereas n/d is a positive integer less than n.  But if & and n are relatively
prime, i.e., have no common divisor exceeding unity, 7 is a primitive nth
root of unity. To prove this, we must show that (r)! > 1 if [ is a posi-
tive integer less than n. Now, by De Moivre’s Theorem,
rhl = COS?,,’L'Z’F + 4 sin 2‘]\l1r
n

If this were unity, 2 klr/n would be a multiple of 2, and hence kl a
multiple of n. Since k is relatively prime to n, the second factor [ would
be a multiple of n, whereas 0 <! < n. Hence the primitive nth roots of
unity are those of the numbers (12) whose exponents are relatively prime to n.

EXERCISES

1. The primitive cube roots of unity are » and w2

2. For r given by (11), the primitive nth roots of unity are (i) for n = 6, r, r5;
(i) for n = 12, r, #5 o7, 1,

3. For n a prime, any nth root of unity, other than 1, is primitive.

4. If r is a primitive 15th root of unity, 7%, %, %, 72 are the primitive 5th roots
of unity, and 75, »1% are the primitive cube roots of unity. Show that their 8 prod-
ucts by pairs give all of the primitive 15th roots of unity.

5. If n is the product of two primes p and ¢, there are exactly (p — 1)(g — 1)
primitive nth roots of unity.

6. If p is any primitive nth root of unity, p, p?, 2% . . . , p™ are distinet and give
all of the nth roots of unity. Of these, p* is a primitive nth root of unity if and
only if % is relatively prime to n.

16. Imaginary Roots Occur in Pairs. The roots of 22 + 2cx +d = 0
are

@13) —c+Vet—d, —c—Vi—d.
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If ¢ and d are real, these roots are both real or are conjugate imaginaries.
The latter case illustrates the following

Theorem. If a and b are real numbers, b = 0, and if a + bi is a root
of an equation with real coefficients, then a — bt vs a root.
Let the equation be f(z) = 0. Divide f(z) by

(14) @—a)?+b=@&—a—b)x—a+ )

until we reach a remainder rz + s of degree less than the degree of the
divisor in z. Evidently r and s are real. If the quotient is Q(z), we
have

J@) =Q@) {(x —a) + % +rz+s,

identically in = (Ex. 6, p. 15). Let £ = a + bi. Since this is a root of
f(x) =0, we sce that

O=r(a+bi)+s, 0=ra+s 0=rb.

Since b # 0, we have r = 0 and then s = 0. Thus f(z) has the factor (14),
so that f(z) = 0 has the root a — bu.

16.1 Generalization of the theorem in §15. The sum of the roots
(13) of 22 + 2 cx + d = 0 equals the negative of the coefficient 2 ¢ of =,
and their product equals the constant term d. It follows that 2 + 7 and
—2 are the roots of

P —iz—4—2i=0,

and that 2 — 7 and —2 are the roots of
241z —4+20=0.
We have here an illustration of the following
Theorem. If aandb are real numbers and if a + biis aroot of f(z) = 0,
then a — bt is a root of g(2) = 0, where g(2) s obtained from the polynomial
f(2) by replacing each coeffictent ¢ + dv by its conjugate ¢ — di.

Consider any term (c + di)z* of f(z). Replace z by = + yi, where x
and y are real. The term

(c + di)(z + yi)*
of f(x + y2) has as its conjugate imaginary the product
(¢ — di)(z — yi)*



30 THEORY OF EQUATIONS [Cr. II

of the conjugates of the factors of that term (§ 5). But the new product
is a term of g(x — yi). Hencc the latter is the conjugate A — Bi of
f(x 4+ y7) = A 4+ Bi, where A and B are polynomials in  and y with
real coefficients.

Take z=a, y=b. Then A =B=0 by hypothesis. Hence g(a—bz)=0.

EXERCISES

1.1 The theorem in § 15 is a corollary to that in § 16.
2. Solve 2 — 322 — 6 — 20 = 0, with the root —1 + V3.
3. Solveat — 4234+ 52 —2x — 2 = (), with the root 1 — 7.
4. Find the cubic equation with real coeflicients two of whose roots are 1 and
3+ 21,
+5.T Given that «* + (1 — 9)a? 4+ 1 = 0 has the root 1, find a cubic equation
with the root —7. Form an equation with real cocfficients whose roots include
the roots of these two cubic equations.
6. If an equation with rational cocfficients has aroot a + vV I;, where a and b are
rational, but V/b is irrational, it has the root @ — V5. [Use the method of § 15.]
7. Solve zt — 423 + 4z — 1 = 0, with the root 2 + V/3.
8. Solve 2® — (4 + V3)a2 + (5+4 V3)r—5V3 = 0, with the root V3.
9. Solve the cquation in x. 8, given that it has the root 2 + 4.
10. What cubic equation with rational coefficients has the roots §, § + V272



CHAPTER III
ALGEBRAIC AND TRicoNOMETRIC SoLuTioN oF Cusic EquaTioNs

1. Reduced Cubic Equation. If in the general cubic equation

(1) B+ b2+ cx+d=0,

we set £ = y — b/3, we obtain a reduced cubic equation
) v¥+poyt+aqg=0,

where ,

, _.Y _g_be 2t
3) p=c—g g=d—5+5

A geometrical interpretation of this process was given in Ex. 5, p. 10.
We shall find the roots y1, ¥s, y3 of (2). Then the roots of (1) are

( 1= 3’ 2 = Y2 3’ T3 = Y3 3

[3

2. Algebraic Solution of Cubic Equation (2). We shall employ a
method essentially that given by Vieta * in 1591. We make the substi-
tution
() y=z—3
in (2) and obtain

p3
3 L =
P +q=0.
Multiplying each member by 23, we get

6 1 gt P
(6) b4 g — o7 = 0.
Solving this as a quadratic equation for 23, we obtain
2= 24 vE R=(PY1(2).
) #=-11VE R <3> + <2>

* Opera Math., IV, published by A. Anderson, Paris, 1615.
31
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By Ch. 11, § 11, any number has three cube roots, two of which are the
products of the remaining one by

® w=—}+3V3i, «*=-}-}V3i

Since
4 B\ -2 — _(_PY
(<§+vE)(-3-vE)=(-5)’
we can choose particular cube roots

9) A= \/ I+ VR, B-= \/ — VR,

such that AB = —p/3. Then the six values of z are
A, wA, w?A, B, wB, »*B.
These can be paired so that the product of the two in each pair is —p/3:
AB = —p/3, wA-wB=—p/3, w?d-0B= —p/3.

Hence with any root z is paired a root equal to — p/(32). By (5), the
sum of the two is a value of y. Thus the three roots of (2) are

(10) p1=A+B, y=0wd+ B, y3=04+wB.

These are known as Cardan’s formule for the roots of a reduced cubic
equation (2). The expression 4 4+ B for a root was first published by
Cardan in his Ars Magna, 1545, although he had obtained it from Tartaglia
under promise of secrecy.

EXERCISES
1. Foryp— 15y —126=0, y==2+4+5/z and
#—12624125=0, HA=10r125 2z2=1 u o5 5w 5
The first three 2’s give the distinct 3’s: 6, w + 5 @?, o? + 5 .
2. Soivey? — 18y +35=0. 3. Solvea®+622+3x+ 18 =0.
4, Solvey* =2y +4=0. 5. Solve 2823+ 922 —1=0.
6. Using o?+ w4+ 1 = 0, show from (10) that
Nt y+ys = 0, Y2 + Y1ys + yays = D, NYYs = —¢.

7. By (3), (4) and Ex. 6, show that, for the roots of (1),

o+ 22+ 23 = =), LTy + Tk + Toks = ¢, Ttz = —d.
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3. Discriminant. By (10) and «* = 1,

yi— 12 = (1 — w)(4 — &B),
n— 1= —w(l—w(d—wb),
v — s = (l —w)(Ad — B).

To form the product of these, note that »® = 1 and, by (8),

(1—wpP=3—0w) = —-3V31.

Since the cube roots of unity are 1, 0, w*, we have

B—1= - 1)(r—wlE—aw),

identically in z. Takingx = A/B, we sce that

(1) A3 — B = (4 — B)(A — wB)(4 — «*B).
The left member equals 2 VE by (9). Hence
(12) (W — o) (Y1 — ¥s) (2 — y5) = 6 VB VRS

The product of the squares of the differences of the roots of any equation
in which the coefficient of the highest power of the variable is unity shall be
called the discriminant of the equation. Thus the discriminant is zero if
and only if two roots are equal, and is positive if all the roots are real.

In view of (12) the discriminant A of the reduced cubic equation (2)
has the value
(13) A=—108R = —4p*—27 ¢

By (4), y — 2, = y1 — ¥, etc. Hence the discriminant of the general
cubic (1) equals the discriminant of the corresponding reduced cubic (2).
By (3) and (13),

(14) A = 18bed — 4 b3d + b*¢* — 4 ¢ —27 4>
It is sometimes convenicnt to employ a cubic equation
(15) axd + baz +cx 4+ d = 0,

in which the coefficient of z? has not been made unity by division. The
product P of the squares of the differences of its roots is evidently derived
from (14) by replacing b, ¢, d by b/a, ¢/a, d/a. Thus
(16) a‘P = 18 abed — 4b%d + b%® — 4 ac® — 27 a2d?.

This expression (and not P itself) is called the discriminant * of (15).

* Some writers define —4% P to be the discriminant of (15) and hence —3 A as
that of (1). On this point see Ch. IV, §4.
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4. Theorem. A cubic equation with real coefficients has three distinct
real roots, a single real root, or at least two equal real roots, according as its
discriminant vs positive, negative or zero.

It suffices to prove the theorem for a reduced cubic equation (2) in
which p and ¢ are real. First, let A =0. By (13), R = 0. Using (8),
we find that the roots (10) are

(17) A+B, —}(A+B)+}(4—-B)V3i.

But A and B, in (9), may now be taken to be real, since R = 0.

If R>0, A% B and A + B is the only real root. If £ = 0, then
A = B and the roots are real and at least two are equal.

Next, let A > 0, so that £ < 0. Since —} ¢ + VR is an imaginary num-
ber it has (Ch. I, § 11) a cube root of the form A = « + 8¢, where a and
B are real and 8 % 0. Then (Ch. II, § 16) B = a — B¢ is a cube root of
~3q— VR. Tor these cube roots, the product AB is real and hence
equals — p/3, as required in §2. Hence

Nn=2a Y= —afﬁ\/g, Yz = —a-l—ﬁ\/g-

These real roots are distinct since A # 0.

EXERCISES

Find by means of A the number of real roots of

1. P—-15y+4=0. 2. p—-27y+54=0. 3. *+422—11z4+6=0.

4. Using A = (¥; — x2)? (x1 — 23)? (xa — 3)?, show that, if x, and 2 are con-
jugate imaginarics and hence w3 real, A < 0; if the «’s are all real and distinct,
A > 0. Deduce the theorem of § 4.

5. Deduce the same theorem {from Ch. I, § 9.

6. Irreducible Case. When the roots of a cubic equation are all real
and distinct, R is negative (§4), so that Cardan’s formule present their
values in a form involving cube roots of imaginaries. This is called the
irreducible case.* We shall derive modified formul® suitable for numer-
ical work. Since any complex number can be expressed in the trigono-
metric form, we can find r and 6 such that

(18) —:}q+\/R=r(§os0+isin0).

* This term is not to be confused with “irreducible equation.”
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In fact, the conditions for this equality are

—31g=rcosf, R = —r?sin?0.
Hence 3
r? =12 (cos’0 +sin’f) = ;¢ — R = 57
/TP, eesg = =9/ TP

(19) r= 57 y cosf = 5 o7

Since R is negative, p is negative and r is real. Since B < 0, the value
(19) of cos 8 is numerically less than unity. Hence 6 can be found from
a table of cosines.

The complex number conjugate to (18) is

(20) ~1¢— VR =r(cosf — isinb).
The cube roots of (18) and (20) arc

—n . 360° . 360°
\/ .z) [(:()s Q:};’%— 3607 +1sin 0_—%;m373§07] (m=0,1,2).

For a fixed value of m the product of these two numbers is —p/3. Hence
their sum is a root of our cubic equation. Thus if R vs negative, the three
distinct real roots are

] Y o
(21) 2\/7[17_ coS o+ m:? 360 (m=0,1,2).
3 3
EXERCISES
1. Solve the cubics in Exs. 1, 2, page 34.
2. Solve y* — 2y — 1= 0. 3. Solvey? = 7y+7=0.

4. Find constants r and s such that
1
v tae=__ b+ —sy+ni

identically in y. Hence solve the reduced cubic equation.

6.1 Algebraic Discussion of the Irreducible Case. Avoiding the use
of trigonometric functions, we shall attempt to find algebraically an
exact cube root z + yt of a + bi, where a and b are given real numbers,
b 0. We desire real numbers « and y such that

(x + y)* = a + bi,
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whence r~3xy*=a, 32% —Y =0
Thusy » 0 and we may therefore set x = sy. Hence
(*—38)f=a @s—DyP=>b

Eliminating 32, we get

- 3a

b

Set s = ¢t 4+ a/b. We obtain the reduced cubic equation

& — s’-—3s+%=0.

a a?
#—3k—23k=0 (k—-b—z+l).

The R of (7) is here — k2. Thus Cardan’s formul® for the roots ¢ involve

NE \’/E yy—pr
A= 3k+k1'= B-\/a-i—bz.

While the first factor is the cube root of a real number, the second is
exactly the cube root which we started out to find.

Hence this algebraic process in conjunction with that in § 2 fails to give
us the real roots of our cubic equation. Conceivably other algebraic proc-
esses would succeed; but it can be proved * rigorously that a cubic equation
with rational coefficients having no rational root, but having three real
roots, cannot be solved in terms of real radicals only. Hence there does
not exist an algebraic process for finding the.real values of the roots in
the irreducible case. ’

A cube root of a general complex number cannot be expressed in the
form z + yi, where z and y involve only real radicals. For, if so, Cardan’s
formulee could be simplified so as to express the roots of any cubic equa-
tion in terms of real radicals only.

7.1 Trigonometric Solution of a Cubic Equation with A > 0. In the
- irreducible case we may avoid Cardan’s formule and the simplifications
in §5. The same final results are now obtained by a direct solution based
upon the well-known trigonometric identity '

cos3zx =4cos®x — 3cosz.

* H. Weber and J. Wellstein, Encyklopddie der Elementar-Mathematik, 1, ed. 1, p. 325;
od. 2, p. 373; ed. 3, p. 364.
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This may be written in the form
' #2—3z—%cos3xz=0 (2 = cos )
To transform cubic (2) into this one, set y = nz.. Thus
2+Ez+5=0.
The two cubic equations are identical if

—\/=4r _—q. /=P,
n—\/ 3 cos3zx = 5 57

Since R < 0, p < 0 and the value of cos 3 z is real and numerically < 1.
Hence we can find 3 z from a table of cosines. The three values of z are

then
cosz, cos(z -+ 120°), cos(z+ 240°).

Multiplying these by n, we get the three roots y. -
ExampLe. For y* — 2y — 1 = 0, we have
n?=8/3, cos3z=V?27/32, 3z=2317"0",
cosx = 0.99084, cos (z + 120°) = —0.61237, cos (z + 240°) = —0.37847,
| y = 1.61804, — 1, — 0.61804.

EXERCISESt
Solve by the last method
1. p—-T7Ty+7=0. 2 2*+322—22—-5=0.
3. B#*+a2—2z—1=0. 4. B2+422—-7=0.

5. The cubic for ¢ in § 6 has three real roots; in just three of the nine sets of
solutions , y, both are real.
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/ ALGEBRAIC SOLUTION oF QUARTIC EQUATIONS

1. Ferrari’s Method. Writing the quartic equation
(1) 2ot +de+e=0
in the equivalent form
@430 =G0 —c)a®—dxr—e
and adding (x% + 3 bx)y + }y? to each member, we get
@ @4ibe+iy=CGl—ctye+Gly—det+iy—e

We seek a value y, of y such that the second member of (2) shall be the
square of a lincar function of . For brevity, write

3) —4c+4yi =1
We here assume that ¢ £ 0 (¢f. Exs. 3, 4, p. 40). We therefore desire
that
1 1 1,,2 2 by1 — d\?

4) e+ Gy —dz+iyt —e=(itx +=)
The condition for this is that the terms free of = be equal:

i (3 by — d)
- 192 _p= 2291
®) iy ¢ b2—4c+4J1

Hence y;, must be a root of the resolvent cubic equation
(6) . P —cyt+ (bd —de)y — b+ 4ce—d*=0

After finding (Ch. TII) a root 7, of this cubic equation, we can easily
get the roots of the quartic equation. In view of (2) and (4), each root
of the quartic equation satisfies one of the quadratic equations

[:c2+ 3b—txr+3 y1—<zle—d)/t"‘O

230+ 4+ i+ Gy —d)/t=0
38

@
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EXERCISES

1. Forz*+4 22 — 1222 — 10z 4 3 = 0, show that (6) becomes
Y+ 1292 — 32y — 256 = 0, with the root y; = —4, and that (7) then become

»4+4r—1=0, 22—22—-3=0,
with the roots —2 + V/5; 3, —1.

2. Solve 2! — 223 — 722+ 8x +12 =
3. Solvex‘—8x3+9L-+ba, 10 =

2. Relations between the Roots and Coefficients. Lect 2; and =z, be
the roots of the first quadratic equation (7), 23 and x4 those of the second.
The sum and product of the roots of a2 4+ lx +m = 0 are —{ and m
respectively (Ch. II, § 16, or Ch. VI, § 1). Hence

®) {xl"f'l‘z: =30 -0, 2=y — Gby—d)/t,
w3t xi=—3 (0 +1), zwa =3y + G by —d)/t.
Using also (5), we find at once that
9 Tt 2+t x= —b, T = Fy’ — Gyl —e) =e,
(10) 212+ @13 + @124 + X225 + TeXaF T3Ts = 21T+ (T1F22) (X3 +10) + 2324 =C,
(11)  1@az3 + T1@os + T304 + T3y = Ty (3 + T4) + 2325(2, + 1) = —d.

It follows from Ex. 3, p. 40 that (9)—(11) hold also when there is no root
1, for which ¢ £ 0.

For any quartic equation (1), the sum of the roots is —b, the sum of the
products of the roots two at a time is ¢, the sum of the products three at a time
18 —d, the product of all four is e.

A proof based upon more fundamental principles is given in Ch. VI, § 1.

3. Roots of the Resolvent Cubic Equation. These are

(12) Y1 = D1 + Tals, Yo = Tudz + BTy, Y3 = Tuly + Tols.

The first relation follows from (8). If, instead of y;, another root of (6)
be employed as in § 1, quadratic equations different from (7) are ob-
tained, such however that their four roots are i, s, @3, x4, paired in a new
way. This leads us to expect that y. and y; in (12) are the remaining
roots of cubic (6). To give a formal proof, note that, by (9)-(11),
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Y+ Y+ Ys = ¢
Yo Fystyays = (@142 + 23 + 20) (Riams + - + - A TaTaTs) — 4 TTTsTs
(13) =bd — 4e,
yeys = (0amaxs + - - - )+ zmrsref (@ + - - ) — 4 @@t - - )
—@tel?—4o).

Hence by Ex. 7, p. 32, or by Ch. VI, §1, y1, v, ys are the roots of (6).

* EXERCISES

1. Why is it sufficient for the last proof to verify merely the first two relations
(13)?

2. In Lagrange's solution of quartic (1), we begin by showing that the num-
bers (12) arc the roots of eubic (6) by using (13) and the theorem of §2. Let a
root 4 be found. Then we obtain x@: = 21 and wgve = 22 as the roots of 22 — yiz
4+ ¢ =0. Next, ri + 22 and 23 + 4 are found from

@+ 32) + (@s+x0) = — b, 22(x1 + x) +21(x3 4+ 20) = —d.

Hence z, and 22, 23 and x4 arc found by solving quadratic cquations. Give the

details of this work.

3. If the ¢ corresponding to each ruot of (6) is zero, equation (1) has all its
roots equal. For, by (3), the o's all equal ¢ — b2 By (13), 311 =¢, 3y* =
bd — 4¢. Hence ¢ = 302 & 0% = bd — 4e. Eliminating e between the latter
and (302" = y® = b% — 4 ce¢ + d*, which follows from 3, = ¢ — }b*and (13), we
get (7 0* — d)? = 0. Then (1) equals (z + } b)*= 0.

4. Prove that Ix. 3 is true by showing that ¢ = (&1 + 22 — a3 — xy)2

5. Solve z® + px + ¢ = 0 (p = 0) by choosing ¢ so that the quartic

(—c)@@+pr+q =0

shall have as its resolvent cubic (6) one reducible to the form 2> = constant. Here
(6) is
¥ —pytFclep +3qy — ¢p* —2epg — ¢+ g = 0.

To remove the second term, set y = 2 4 p/3. We get
BHAz+cq—icpr—cpg — ¢ — HpP=0,
where A = pct 4+ 3¢cqg — 3 p%.  We are to make A = 0; thus

— 2 3
= —19+ VR =L, 7
ipc }¢+ VR, it

.\ _
2= —q(C’+6p+q)+8R=<§\/R>(—%q+ VR),
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since ¢ + ¢p + g = 36 cR/p®. Our quartic has the root ¢ and hence by (8)),
with b replaced by —e¢, also the root }(c +t) — ¢, where 2 =c* —4p +4y.
Hence the given cubic has the root

-0 =Va—ipticd—ig

which may be reduced to Cardan’s form (Admer. Math. Monthly, 1898, p. 38).

4. Discriminants. Replacing y by Y 4+ ¢/3 in (6), we get
(14) P+ PY+Q=0,
in which
(15) P=bd—4e—1%c2 Q= —be+ }bcd+ §ce—d?— 3% .
Hence (Ch. 111, § 3),
(Y1 — ¥2)*(n — ¥)* (Y2 — )* = —4 P3 — 27 Q%

Yo — Yo = (21 — 24) (22 — T3),
(16) Yo — Ys = (@1 — 23) (12 — @),
Y2 — Y3 = (:E1 — .13;3) (.’l"x - .l'4).

The diseriminant A of the quartic (1) is defined to be

By (12)

17) A = (1 — )21 — 23)* (11 — )Tz — 23)* (T2 — T (T3 —T4)"
It therefore equals the discriminant of (14):
(18) A=—-4P—27Q%

Any quartic equation and its resolvent cubic have equal discriminants.

Some writers define the discriminant of (1) to be A/256 and that of a cubic to
be —A/27. In suppressing these numerical factors, we have spared the reader
a feat of memory, simplified the important relation between the diseriminants of
a quartic equation and its resolvent cubic, and morcover sccured uniformity with
most of the books to which we shall have occasion to refer the reader. Finally,
we note that in applications to the theory of numbers, the insertion of the numer-
ical factors is undesirable and in special cases unallowable (c¢f. Bull. Amer. Math.
Soc., vol. 13, 1906, p. 1).

EXERCISES

1. Forazt +bxd +cx2+dr+e =0, P =p/at Q = q/a? where
p=>bd—4ae— /3, q= —b¥e+ ybed + Yace —ad®> — e
The discriminant is defined to be a®a; it equals —4 p* — 27 g%
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2. If x and y are interchanged in
J = axt + bx’y 4 cxty? + dxy? + ey,

a function is obtained which may also be derived from f by merely interchanging
a with e, and b with d. Show that the latter interchanges leave p, ¢ and the dis-
criminant unaltered.

3. Since the sum Yy 4 Y, + Y3 of the roots of a reduced cubic is 410,

Vi=1(YVi—=Y)+3{Vi—=VYy, ...,

and any root and hence any function of the roots is expressible as a function of the
differences of the roots. Thus P and Q in (15) arc functions of Y, — ¥y, cte.,
and hence of 31 — ys, ete. Using (16), show that p and ¢ equal polynomials in
the differences of 2, . . ., 24

4. When z is replaced l)y x + ty, let f of Tix. 2 become

ff=dx+ by + - - - + eyt
Show by Ex. 3 that p and ¢ equal the corresponding functions
pl=0d" —4de — 3, ¢ =-=b%+ -

5. The results in Exs. 2 and 4 are special cases (used in a short proof) of a gen-
cral theorem: When z is replaced by le 4+ my and y by re + sy, let f become f7.
Then, using the notations of Iix. 4, we have p’ = D, ¢ = D%, where D = [s —mr.
Hence p and ¢ are called tnwariants of f. Verify the theorem for the case when x
is replaced by Iz, y by y

6. The discriminant is an invariant, and the factor is D'

7. Using aer* + 4 ai@®y + 6 ax®y? + 4 azey® + aay* in place of the former f,
show that p = —4 1, ¢ = 16 J, where

I =aoas — daas + 3, J = agtsus + 2 masas — agas® — ar’as — ag.
In (14) set Y =22/a; then 2 —1Iz+2J =0. The discriminant is
/ 256 (I* — 27 J?).

6. Descartes’ Solution of the Quartic Equation. Replacing = by
2z — b/4 in the general quartic (1), we obtain a reduced quartic equation
19) . 24qgt4+rz4+s=0
lacking the term with 2*. We shall prove that we can express the left
member of (19) as the product of two quadratic factors *

@+2kz+D(E—2kz+m) =241 +m—4E)22+2k(m — Dz+ Im.
* If the coefficients of z be denoted by k and —k (as is usually done), the expres-

sions (23) for the roots must be divided by 2. But the identification with Kuler’s
solution is then not immediate.
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The conditions are
l+m—4k=¢q, 2k(m—=0=r, Im=s.
If & # 0, the first two give

2m=q+4k2+r !

T - 2
g 2=t Ao
Then Im = s gives
(20) 64k + 32 gk! 4+ 4 (¢ — 4)k> — 12 = 0.

The latter may be solved as a cubic equation for k2. Any root k2= 0
gives o pair of quadratic factors of (19):
@21) 2x2k+iq+2RF -
The 4 roots of these two quadratic functions are the 4 roots of (19). If
g = r = 8 = 0, every root of (20) is zero and the discussion is not valid; but
the quadratie factors are then evidently 22 2%

EXERCISES
1. Forz* —32"+4+ 62z — 2 =0, (20) becomes
G4kS — 332kt + 4-17 42 — 36 = 0.

The value £ =1 gives the factors 22 +2z — 1, 22 — 22 + 2, with the roots
“1+V2 1xV-l

2. Solve 2t — 222 —8z—3=0.

3. Solve zt — 1022 — 202 — 16 = 0.

4. Solveat —8at 49224+ 8x —10=0.

6. Symmetrical Form of Descartes’ Solution. To obtain this sym-

metrical form, we use all three roots k%, kg, ks* of (20). Then
’C]2 + ]('22 + ]\132 = "‘} , ll712 \'22]»'32 = T2/64.

It is at our choice as to which squarce root of k2 is denoted by FFki and
which by —ki;, and likewise as to =k, k3. For our purposes any
choice of these signs is suitable provided the choice give
(22) kJ{:gk;; = —T/S.

Let k; 0. The quadratic function (21) is zero for k = k; if

T ko? + ks? F 8 kakaks

= 09 2
ik ik, ~ TR

(zﬂ:kl)2=—g—k12:t
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Hence the four roots of the quartic equation (19) are
(23) ]Cl + ]Cz + /Cs, kl - kz — k;;, —kl + /(22 - k3, ‘—kl —_ kz + ks.

Writing k2 = y, we see that, if yi, y2, ys arc the roots of

(24) 64y +32q* +4 (¢ —4s)y — 1 =0,
then the roots of (19) are the four values
(25) 2= Vi + Vi + Vi,

obtained by using all of the combinations of the square roots for which,
by (22),
(26) Vi Vip Vys = —1/8.

We have deduced Euler’s solution (Ex. 1) from Descartes’.

EXERCISES

1. Assume with Buler that quartic (19) has a root of the form (25). Square
(25), transpose the terms free of radicals, square again, and show that
A—20n+yat )2 — Sz Vi Vi Vs + @+ e+ ys)?
— 4 (2 + yrys -+ yay) = 0.
From the relations obtained by identifying this with (19), show that 31, ¥2, ys are
the roots of the cubic (24) and that (26) holds.
9. Solve Exs. 14 of the preceding set by use of (23).

3. In the theory of inflexion points of a plane cubic curve occurs the quartic
equation 2¢ — 8z — 3 Tz — #; §* = 0. Show that (24) now becomes

STV [SY
(-3 - e=()-6)

and that the roots of the quartic are
AN FVCENVIS+ eV =V S+ & VC,

where the signs are to be chosen so that the product of the three summands equals
+ T/6. Here o is an imaginary cube root of unity.

4. The discriminant A of the quartic equation (19) equals the quotient of the
diseriminant D of (24) by 4% Tor, the six differences of the roots (23) are
2 (ky % ko), 2 (ky % ks), 2 (k2 = ko). Thus & = 4° L, where

L = (ke — k2)2(k? — kd)2(ke? — k)2 = (g1 — y2)* (1 — ¥2)*(v2 — 9)*

By definition, D = 64‘L. Hence D = 4° a.
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5. Give a second proof of kx. 4 by setting y = z/4 in (24) and thenz =Y — 2 ¢/3.
We obtain (14), in which now b =0,¢ =¢q,d =r,¢ = s. The discriminant of
(14) equals A. Tlence A = (21 — 22)* + + + = 480 = /45,

6. If a quartic cquation has two pairs of conjugate imaginary roots, its dis-
criminant A is positive. lence, if A < 0, therc are exactly two real roots.

7. Theorem.* A quartic cquation (19) with ¢, r, s, real, r = 0, and
with the discriminant A, has

4 distinct real roots if ¢ and 4 s — ¢* are negative and A > 0,

no real root if q and s — ¢* are not both negative and A > 0,

2 distinct real and 2 imaginary roots if A < 0,

at least 2 equal real roots if A = 0.

Since the constant term of the cubic equation (24) is negative, at least
one of its roots is a positive real number.  Let, therefore, y; > 0, so that
s > 0. Thus k; = Vyy isreal.  There arc four possible cases to consider.

(a) y» and g5 positive.  Then cach k; = Viy;is real and the roots (23)
of the quartic equation are all real.

) y2 = ys < 0. Then ky = &l is a pure imaginary. If ky = [,
the first two roots (23) are imaginary and the last two are real and equal.
If ky = —£ky, the reverse is true.

(¢) y. and y; distinet and negative.  The roots (23) are all imaginary.

(d) y» and 3 conjugate imaginaries. Then £ is imaginary and conju-
gate with cither &z or — &y, so that one of the numbers %, + ks and &y — ks is
real and the other imaginary. Just two of the roots (23) are real.

Now, if A = 0, at least two ’s are equal by Ex. 4 of the last set.  Thus
we have case (b) or a special case of (a). In either case, the quartic has
at least two equal roots, by (17), and they are real in hoth cases.

Henceforth, let A # 0. By the same Ex. 4, A has the same sign as
the discriminant D of the cubic equation (24). If A <0, we have case
(d). Tinally, let A > 0, so that ¥y, ¥, ys are real.  If ¢ is negative and
¢ — 45 is positive, equation (24) has alternately positive and qegative
coefficients and hence has no negative root, so that we have case (a).
But if ¢ and 4 s — ¢% are not both negative, the coefficients are not alter-
nately positive and negative, so that the roots yi, 4, ys are not all posi-
tive,** and we have case (¢).

* Proved by Lagrange by use of the equation whose six roots are the squares of the
differences of the roots of (19), Résolution des équations numériques, 3d ed., p. 42.

** The coefficients are — (Y1 + ¥z + va), V¥ + Ui¥s + Yayis, — Yl



46 THEORY OF EQUATIONS [Ca. IV

EXERCISES

1. Apply this theorem to the quartic equations in Exs. 1-4, p. 43.

2. Verify that a quartic ecquation (19) with two pairs of equal imaginary roots
hasr = 0. Deduce the last case of the theorem.

3. Why docs the theorem imply its converse?



t CHAPTER V

THE FUNDAMENTAL THEOREM OF ALGEBRA

1.1 Theorem. FKvery cqualion with complex coefficients
(1) J@e=2"tae '+ - - Fa.=

has a complex (real or imaginary) root.

For n = 2, 3, or 4, we have proved this theorem by actually solving
the equation. DBut for n = 5, the equation cannot in general be solved
algebraically, 2.c., in terms of radicals.

We shall first treat the case in which all of the coefficients are real.
Relying upon geometrical intuition, we have scen in Exs. 3, 5, p. 14,
that there is a real root if n is odd, or if both n is even and a, is negative.
But, as in the cascs of certain quadratic equations and 2t 4- 22 4+ 5 = 0,
an equation of even degree may have no real root. No proof of the
theorem for all cases has been made by such clementary methods.

The proof here given of the theorem that any equation with real co-
cfficients has a complex root is essentially the first proof by Gauss (1799
and simplified by him in 1849).

We are to prove that there exists a complex number z = x + y¢ such
that f(2) = 0. We may write

(2) J) = X + Y4,

where X and Y are polynomials in @ and y with rcal cocfficients. We
are to show that there cxist real numbers z and y such that

3) X=0 Y=o

For example, if f(z) = 24 — 428 + 922 — 16z + 20, then .
X=ot -6+ — 4234+ 12202+ 922 — 992 — 162 + 20,
LY =20% — 2apP — 622y + 2 + 9wy — 8y.
The graph of ¥ = 0 is the z-axis (y = 0) and the graph (indicated by the dotted
curve in Fig. 16, asymptotic to the lines z = 1 and y = & z) of

2@ —1Dy2=22"—622+9x — 8.
47
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Note that there is no real y for & hetween 1 and 1.73. Since X = Oisa quadratic
equation in 32, its graph is readily drawn. There is no real y for z = 0.05 and 1.6

’
1
1
1
1
1
1
i
1
'
I
1
1
!
!
i
'

Fig. 16

and the intermediate values. Cases in which the values of 3 are positive and

rational are
z| —4 l -2 |

| —1
Wt | 5,148 | 25,545 | 2,25

() .
45 | 1,8 | 1,2 |

The graphs cross at the points (0, 2), (0, —2), (2, 1), (2, —1), and the roots of
J@) =0arez = £21,2 £ 1. .

We shall employ also the trigonometric form of z:
©)] 2z =r(cosd + isinb),
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where 0 =6 <2rm. Sett = tan 3 6. Then
2t _ 2tanjé

= o = 28in 5 0. cos 50 = sin
1+ see?30 : 2 ’

_sinf  1—¢

cos 0 T tand 148

21
tan § = r_—__‘t‘z,

LT a1+ tz")'l.

L+ ¢

Thus

Hence by (1) and (2),
A+ X+Y) =r (1+t)tar =t (L+6)2 21+ + - -+ Fa,(142)",
Expanding the terms on the right by the binomial theorem, we get

, 40 0
(5) x= POy G0
(1 +)n (I

where F(t) is a polynomial in ¢ of degree 2 n, and (/(f) a polynomial in ¢
of degree less than 2 n, cach with coefficients involving r integrally.

Each point (z, ), representing (Ch. 1L, §8) a complex number
2 = x + yi having the modulus 7, lies on the cirele &* + y* = 1* with radius
r and center at the origin of the rectangular codrdinate system.  To find
the points on this cirele for which X' = 0 or ¥ = 0, we solve I'(t) = 0 or
G(t) == 0 (in which 7 is now a constant), and note that to each real root ¢
corresponds a single real value of sin§ and a single real value of cos 6,
consistent with that of sind, and hence o single point (¢ = rcosé,
y =7rsing). But an cquation of degree 2n has at most 2n distinct
roots (Ch. I, § 15). Since the degree of G(1) is less than that of the de-
nominator of Y in (5), the root { =w0 of ¥ = 0 must be considered in
addition to the roots of G({) = 0 already examined; fort =, § = 7 and
the point is (—», 0). Thus neither X nor ¥ is zero for more than 2n
points of the circle with center at the origin and & given radius 7. By
proper choice of r, this circle will have an arc lying within aany given
region of the plane. Hence neither X nor Y is zero at all points of a region
of the plane.

From (4) and De Moivre’s Theorem (Ch. II, § 10), we have

2¢ = r* (cos k6 + 1 sin k6).

Hence, by (1) and (2),
Y =r" sin 70+ artsin (n — 1)+ agm2sin (n —2)0+ - -+ +anpar sin 6.
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Let g be the greatest of the numerical values of ay, . . . , a,_;. Then, if
| D denotes the numerical value of the real number D,
1
. 1 T
Y=r(sinnd+ D), |D|=yg < + s+ - +;n_l)<g rl’
1 —
p

provided » > 1. 1If ¢ is a positive constant < 1 and if r > 14+ g/c,
then | D| <e¢. Ience for all angles 6 for which sin 76 is numerically greater
than ¢, ¥ has the same sign as its first term 7" sin 76 when r exceeds the
constant 1 + ¢g/c.

In our example, we have
Y =rsin40 —47sin3 0+ 9r2sin2 0 — 16 rsin 0.
The limit 1 4 16/¢ for r exceeds 17 and is larger than is convenient for a drawing.
But for r = 10,

(
Y—riindot+ D), |D|=E + ~ 4 1’ = 0.4 + 0.0 + 0.016.

Taking ¢ = 0.506 = sin 30° 24, let (' be the number of radians in 7° 36"
Thus ¢ = sin4 (", The positive angles 0 (6 < 2 )

4 o for which sin 4 0 exceeds sin 4 C numerieally are
3. N those between ¢ and )« — C, between 'z 4+ (
7 N\ and 3« — C, between .} r+Cand §»—C, ...,
/_ _'\ hetween T + C mnl 27 — (. I'()r any such
| \ angle 0 and for » = 10, Y has the same sign as
4{' ip sin 40 and hence is alternately positive and
\ /" negative in these suceessive intervals, the solid
\+ _/ arcs in Fig. 17. Denote by 0, 1, 2, . . ., 7 the
\ S points on the circle with center at the origin and
7 92

5N — + A radius 10 whose angles ¢ arc 0, , 7r, e, ZI»

~____* YA 4

6 respectively.
Fig. 17

In the gencral case, denote by 0, 1, 2, .
2n —1 thc points with the angles
T 2T Cn—-1D=
O’I—L’ n’tctc
on the circle with center at the origin and radius a constant 7 exceeding
the above value 1 + g/c. Let nC be the positive angle < /2 for which
sinnC = c¢. We define the neighborhood of our kth point of division on
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the circle to be the are bounded by the points whose angles are kr/n — C
and kr/n + C. In Fig. 17 for our example with n = 4, cach neighborhood
is indicated by a dotted are. In the successive ares (marked by solid
arcs) between the neighborhoods, Y is alternately positive and negative,
since it has in each the same sign as sin nd.

It is easily scen that sin 6, sin 26, . . ., sin nf are continuous functions
of 0 (a fact presupposed in interpolating between values read from a
table of sines). Since r is now a constant, 1 is therefore a continuous
function of 8, and has a single value for each value of 0. But ¥ has oppo-
site signs at the two ends of the neighborhood of any one of our points of
division on the circle. Hence (as in Ch. I, § 12), Y is zcro for some point
within cach neighborhood, and at just one such point, since ¥ was shown
to vanish at not more than 2 n points of a cirele with center at the origin.
We shall denote the points on the circle at which Y is zero by

Py Py, - . o, Pop.

For our example, these points Py, . . ., P7 are given in Tig. 18, which shows
more of the graph of ¥ = 0 than was given in Fig. 16, but now shows it with the

R

Fig. 18

scale of length reduced in the ratio 4 to 1 (to have a convenient circle of radius 10)
We have shaded the regions in which, as next proved, Y is positive.
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Let the constant r be chosen so large that X also has the same sign as
its first term 77 cos né, for 8 not too near one of the values =/(2 n), 3 7/(2 n),
5x/(2n), . .., for which cosnf = 0. Since these values correspond to
the middle points of the ares (01), (12), . . ., no one of them lies in a
neighborhood of a division point 0,1, . . . . Now cos nd = +1 or — 1
when 6 is an even or an odd multiple of 7/n, respectively. Hence X is
positive in the neighborhood of the division points 0, 2,4, . . ., 2n —2
and thus at Py, P, I, . . ., but negativeinthat of 1, 3,5, . . .,2n —1
and thus at Py, Ps, P, . . ..

We saw that Y is not zero throughout a region of the plane. Hence there
is a region in which Y is everywhere positive (called a positive region),
and perhaps regions in which Y is cverywhere negative (called negative
regions), while Y is zero on the boundary lines.

In Fig. 18 for our example, there are three positive (shaded) regions, the two
with a single point in common being considered distinet, and three negative (un-
shaded) regions. Consider that part of the boundary of PaP3a which lies inside
the cirele. At every point of it, ¥ is zcro. Now X is negative at I”; and positive
at I’; and hence is zero at some intermediate point a@ on this boundary. Hence
at @ both X and Y arc zcro, so that @ represents a complex root (in fact, 27) of

f) = 0.

To extend the last argument to the general case, let R be the part in-
side our circle of a positive region having the points %, and I 54, on its
boundary. The points of arc I’ .41 may be the only boundary paints
of R lying on the circle (as for PoPsa and PyPid in Tig. 18), or else its
boundary includes at least another such are P, ;0% .1 (as shaded region
P4PsbP¢P;c in Fig. 18). In the first case, X and Y are both zero at some
point (a or d) on the inner boundary, since X is negative at 25,4, and
positive at /2y, and hence zero at an intermediate point. In the second
case, a point moving from Py, to Py 4y along the smaller included are and
then alopg the inner boundary of R until it first returns to the circle
arrives at a point P, of even subseript (as in the case of PyP:bPs). In-
deed, if a person travels as did the point, he will always have the region
R at his left and hence will pass from Ps ;. to Py x4 and not vice versa. Since
X is negative at Psjqq and positive at Pay, it (as also Y) is zero at some
point b on the part of the inner boundary of R joining these two points.
Hence b represents a root of f(2) = 0. Thus in cither of the two pos-
sible cases, the equation has a root, real or imaginary.
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2.t It remains to prove that an equation F(2) = 0, not all of whose co-
efficients are real, has a complex root. By separating cach imaginary coeffi-
cient into its real and purcly imaginary parts, we have F(z) = P + Qi
where P and Q arc polynomials in z with real coefficients. Let G(z) = P —Qu.
The equation

Fi)- G =r+4+Q*=0
has real coefficients and hence has a complex root z = a + bi.  If thisis a
root of F(2) = 0, our theorem is proved. If it is not, then ¢(a + bi) = 0.
Then by Ch. 11, § 16, (¢ — bi) = 0, and the given equation has the root
a — bi.
EXERCISES

1.+ Tor 2 = 11 + 24, draw the graphs of X' = 0, ¥ = 0 and locate the three
roots of the cubic equation in z.

Py

Fig. 19

2f For2f—42z-—-2=0,Y =5sin50 —4rsino. Using polar codrdinates,
show that the graph of ¥ = 0 gives the boundaries of the regions in Fig. 19: first
plot the horizontal line corresponding to sin 0 = 0, and then, using various angles
6 (0 # 0, =), find by logarithms the corresponding positive 7 from
4sin g

T sin56
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To find the points on these boundaries (Y = 0) for which also
X =1%cosHo —4rcoso —2=0,

replace r by the carlier expression. We get

. . . sin 56
47r(sin0cosbH 0 —cosOsinbo) =2sind6, r=— ——-——-
2sin46

Comparing the fourth power of this fraction with that for 4, we get
sin®5 6 = G4 sin 0sint4 9,

which holds for § = 85° 21’ 30" or its negative. We then get r and therefore

the roots
6 8= 0.11679 4+ 1.43857

On the horizontal line are three real roots, best found by methods of approxima-
tion given later:
a= 1518512, g = —0.5084994, v = —1.2435964.

(1. Weber and J. Wellstein, Eneyklopidie der Llementar-Mathematik, ed. 1, 1,
p- 212, p. 296.)

3.} Other References. Ior proofs of the fundamental theorem by Gauss,
Cauchy and CGordan, see Netto, Vorlesungen iber Algebra, I, p. 25, p. 173, The
shortest proofs are by the use of the theory of functions of a complex variable,
and may be found in texts on that subject. Tor an algebraic proof resting upon
the theory of functions of a real variable, see Weber, Lekrbuch der Algebra, 2d ed.,
vol. 1, pp. 119-142.  Scc also M onoqmphs on Topics of Modern Mathematics, 1()11
p. 201 edited by Young (article by Huntington). In the Amer. Math. M onthh,
vol. 10 (1903), p. 159, Moritz has pointed out hidden as:,umptlons in various in-
complete proofs.



CHAPTER VI
ELEMENTARY THEOREMS ON THE RooTs oF AN EquaTion

1. Relations between the Roots and the Coefficients. Given an
equation in @ of degree n, we can divide its members by the coefficient of
2" and obtain an equation of the form

(1) f@) =z +part+pa2+ - - - +p,=0.

By the fundamental theorem of algebra (Ch. V), it has a root a;, and
its quotient by * — oy has a root a,, ete.  Thus

(2) J@)=@—a)@—a) - - (T —a),
identically in «. Since the polynomial has n linear factors, each having
one root, we shall say that the equation has n roots.  These may not all
be distinct; exactly m of them equal ay, if @ is & root of multiplicity m,
1.e., if exactly m of the linear factors in (2) equal x — ar.  Next,
(JI - OI1>(.1? —_ (X;:) = g2 — (Cll + (Yg\ll + e,
(5'; - 011) ($_ az) (I - a;,) =x%— (a'x + o+ a:;)’ﬁ + (alag + ayars + o) x — oo,
Thus for n = 2 or 3, we see that the product (2) equals
B) zr—(an+ -+ - F )+ (a + onos + cwas - - 0+ anaag)T?
— (st ajanast -+ - Fansaui,) x4 - - (= 1) aay ¢ - - A
Multiplying this by & — an.1, we readily verify that the product is a
function which may be derived from (3) by changing »n into n + 1. Tt
therefore follows by mathematical induction that (2) and (3) are identical.
Hence (1) and (3) are identical, so that
a2+ - - +an: — Py,
ajs + ars + - - 0+ o, = D2,
(4) (300 210 %] + aiaay + - +an~2an—1an = —Ds

ajoy v oy = (—1)"pa.
For n = 3 and n = 4, the complete formule were given and proved

otherwise in Ex. 7, p. 32 and Ch. IV, § 2.
55
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In an equation in x of degree n, in which the coefficient of x* is unity, the
sum of the roots equals the negative of the coefficient of x"~Y, the sum of the
products of the roots two at a time equals the coefficient of x"~2, the sum of the
products of the rools three at a time equals the negative of the coeffictent of
2773, elc.; finally, the product of the roots equals the constant term or its nega-
tive according as n is even or odd.

For example, in a cubic equation having the roots 2, 2, 5, the coeffi-
cient of z equals 2.24 2.5 +2.5 = 24,

Given an equation ayr* + =" 4 - - - = 0, we first divide by a, and
then apply the theorem to the resulting equation. Thus the sum of the
roots equals —a;/ay.

EXERCISES

1. Find the quartic equation having 2 and —2 as double roots.

2. Tind the remaining root in lixs. 1,3, p. 9. -

3. If a real cubic cquation 23 — 6.2 4 + -« = 0 has the root 1+ V=5,
what arc the remaining roots?

4. Torm by the theorem the equations in Tixs. 3, 4, p. 15. .

5. Given that x* — 209 — 52 — 62 4+ 2 =0 has the root 2 — V3, find
another root and, by using the sum and product of the four roots, form the quad-
ratic equation for the remaining two roots (avoid division).

6. IFind, by usc of (4), the roots of w* — 623 4 1322 — 122+ 4 = 0, given
that it has two double roots.

7. Solve x® — 3 x* — 13 ¢ + 15 = 0, with roots in arithmetical progression.

8. Solve 4 &% — 162> — 9.x + 36 = 0, one root being the negative of another.

9. Solve 2® — 92* + 23 ¢ — 15 = 0, onc root being triple another.

10. Solve 2® — 14 22 — 8t x 4 216 = 0, with roots in geometrical progression.

11. Solve 2% — 2% — 21 2% 4 222 + 40 = 0, with roots in arithmetical pro-
gression. Denote them by ¢ — 30, ¢ — 0, ¢+ b, ¢+ 30.

12. Solve 2t — 6 2% + 1222 — 10z + 3 = 0, with a triple root.

13. Find a necessary and suflicient condition that

J@) =2+ px* + pae + ps = 0
shall have one root the negative of another. Note that
(a2 + a3) (ou + a3) (o + a2)

is obtained by substituting z = —p, in (2).
14. If for n = 4 the roots of (1) satisfy the relation eas = asa4, then pi2ps = ps?.
Note that (4) gives )
—ps = aas(as + @) + asas(on + a2) = —proyos.

15. What is the coefficient of y*'in the equation y* + - - -+ = 0 whose roots
are oy — h, + -+, a, — h, when the o’s are the roots of (1)? For what value of
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h is this coefficient zero? Hence to remove the second term of an equation by
replacing by y + h, what valuc of & must we take? Check by the binomial
theorem.

16. Find the cquation whose roots arc the roots of +* — 622+ 4 = 0 each
diminished by 3. Remove the sccond term by transformation.

17. Prove the binomial theorem by taking the o's all equal in (2) and (3) and
counting the number of terms in cach coeflicient of (3).

18. Using (1) and (2), show that

(L—a)(l—a) - (Lmad) =ttt = (b patpst -+
(It +ad) - (I Fad == podpi—- P+ = ptps— -2

19. Since a1, . . ., @, determined by relations (8) of Ch. 1V, give the correct
values of the sums (9)-(11), they are the roots of the quartic cquation.  Why does
this give a new solution of the quartic?

20. Using Ex. 6, p. 32, make a similar argument for the cubie.

2. Upper Limit to the Positive Roots. For an cquation

f@) = ax” + w2+ - -+ +a,=0 (as #= 0)
with real coefficients, we shall prove the
Theorem. If ay, ai, . . . , @1 are each=0, while a;, < 0, and if G 1is

the greatest of the numerical values of the negative coefficients, each real root is
o —
less than 1 4+ V' G/ ay.
For positive values of z, f(x) is numerically greater than or equal to

aoxn — G(.E"—k + xn—k—l + e + T + 1)

o (F L) e — ) G 4G
= d x—1 x—1

But,if z > 1, a* —2* 1= (xr — 1)*. Henceifz=1 4 \‘/(;_/70’

ao(at — a*1) =G, f(x) # 0.

3. Another Upper Limit to the Roots. If the numerical value of each
negative coefficient be divided by the sum of all of the positive coefficients
which precede it, the greatest quotient so obtained when increased by unity
gives an wpper limit to the positive roots of the equation.

If the coefficient of z™ is positive, we replace ™ by

(z—-D@t4+am24 - +2+1)+1.
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The argument will be clearer if applied to a particular case:
f(@) = pox® — prxt 4+ pox® + psx® — pax +ps = 0,
where each p; is positive. Then f(z) is the sum of the terms
po( — D)zt + po(x — Da® + po(x — 12 + po(x — 1)z + po(x — 1) + o

— puzt pa(z — a2+ p(z — Dz +po(x — 1) + p2
ps(@ — D+ ps(x — 1) + ps
— P Ds-

The sum of the terms in each column will be positive, if £ > 1 and
@ —=1)=p >0, (po+p:+p)x—1) —p:s >0,
since only in the first and fourth columns is there a negative part. These
inequalities both hold if

J4! y2
z>1+ = z>1 S -
+I)o’ ‘x +IJ0+P2+P3

EXERCISES
Apply the methods of both § 2 and § 3 to find an upper limit » to the roots of

1, 425 — 82t + 220349822 —73x+5=0. By§2,u=14+73/4 DBys§3,
u=3,since 1 +8/4 =3, 14 73/124 <3. o
A4t —T—40c+1=0. By§2 u=1+ V10 =442 By§3,u=29.
=547 —-8rx+1=0.

4328 — 45t — 6P —T722 =8 = 0.

4225442 —8at - 32 =0.

. If A is the greatest of the numerical values of a1, . . ., a, each root is
less than 1 + A /ag.  In the proof in § 2, sct £ = 1 and replace G by 4.

7. A lower limit to the negative roots of f(x) = 0 may be found by applying
the above theorems to f(—z) = 0. To obtain a lower limit to the positive roots
consider f(1/x) = 0.

8. Tind a lower limit to the negative roots in Iixs. 3, 4.

9. Find a lower limit to the positive roots in Iix. 5.

S ok oo

4, The Term “ Divisor.” In certain texts it is stated that the relation
araz . . . ap = =+ p, in (4) implies that “every root of an equation is a divisor
of the absolute term.” This statement is cither trivial or else is not always true.
It is trivial if it means merely that the absolute term can be divided by any root
(that root being a complex number), yielding a quotient which is a complex num-
ber. For, in this sense division is always possible (except when the divisor is
zero), and a root not zero is a divisor of any number whatever. The statement
quoted was certainly not meant in this trivial sense, with no special force. The
only other sense, familiar to the reader, in which a constant is said to be a divisor
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of another constant is the following: An integer r is a divisor of an infeger p if
p/r is an integer, so that p = rq, where ¢ is an integer. For example, 4 is a divisor
of 12, but not of 6. In this reasonable sense of the term divisor in such a connec-
tion, the statement quoted becomes intelligible only when modified to read: every
1nt£ngl root of an equation with an integral absolute termn lb a_divisor of that
term. ButThis is not always truc. The integral root 6 of 22 — 22 r + 4 = =0 is
fot a divisor of 4; the root 2 of a* — & — 3 = 0 is not a divisor of —3. The
correet theorem is that next stated.

5. Integral Roots. For an equation all of whose coefficients are inte-
gers, that of the highest power of the variable being unity, any integral root is
a divisor of the constant term.

In certain texts, we find a correct statement of this theorem, but an erroneous

proof. When « and p, arc integers and alaz ... an = = Py, it is falsely con-
cluded that «; is a divisor of p,.  But 123+ %1 = 9and 12 is not a divisor of 9. Also

the examples at the end of §4 show the tzlslty of this argument and, indeed, of
any argument not making usc of the hypothesis that all of the ooe(hments are
integers.

A correct proof is very ecasily given. Let d be an integral root of equa-
tion (1), in which now pi, . . ., p, are all integers. Then

(5) d" 4 pd* ™t + pdtt 4 - - 4 puad + pa = 0.
Since d obviously divides all of the terms preceding the last term, it must
divide p,.

Hence if there be integral roots of an equation of the specified type,
they may be found by testing in turn each positive and negative divisor
d of the constant term p,. The most obvious test is to compuve (by the
abridgment in Ch. [, §5) the value of f(d) and note whether or not this
value is zero. We may shorten the work very much by various methods,
and most by a combination of these methods.

Evidently it is unnccessary to test a value of d beyond the limits of the
positive and negative roots.

’/6. Newton’s Method for Integral Roots. Consider an equauion (1)
with integral coefficients. Let d be an integral root. It is a divisor of pa.
and we may set

pn = dQn—-l-
By removing the factor d from each term of (5), we get

A1+ pd 2+ -+ + po2d + Pt g = 0.



60 THEORY OF EQUATIONS {Cu. VI

The left member is divisible by d, and hence
Pat F Gno1 = dqa-2,
where ¢, is an integer. Then
At pd 24 - - -+ pasd + Pt e =0,
P2+ Quz = dns,

where ¢,-3 is an integer, etc.  Conversely, if such a relation holds at
each step and if, finally, 1 + ¢y is zero, then d is a root, and the quotient
of f(x) by x — d is

7 — g =t — s = Quea® — et

Indeed, in the product of the latter by z — d, the coefficient of z»~* for
¢t > 01is dg,1 — ¢, and this equals p, by our relations.

CoroLLARY. If disan integral root of an equation f(r) = 2"+ -+ - =0
with integral coefficients, the quotient of f(x) by  — d is a polynomial
with integral coefficients.

This process is a modification of synthetic division (Ch. X, §4).

Examrre. f(x) = 2t — 923 + 2422 — 232 4 15 = 0. Since cvidently there
is no negative root, and since 10 is an upper limit to the positive roots, we have
only to test the divisors 1, 3, 5 of 15. Now f(1) = 8. Ior d = 3, the work is as
follows:

1 —9 21 —93 15
-1 0 -6 5
0 3 18 - 13

Here we have divided 15 by 3 and placed the quotient under — 23.  Adding, we
get — 18, whose quotient by 3 is added to 24, cte.  Since the last sum is zero, 3 is
a root. The quotient has as its coefficients the negatives of the numbers in the
second line (see the first line below). We test this quotient for the root 5:

1 -6 6 -5
-1 1 -1
0 ~5 5

Hence 5 is a root and the quotient is 22 — 2 + 1. The latter does not vanish for
z = £1. Hence 3 and 5 are the only integral roots and cach is a simple root.
If we had tested a divisor —3 or 15, not a root, a certain quotient would not be
integral and the work would be stopped at that point.

7. Another Method. A divisor d is to be rejected if d — m is not a
divisor of f(m), where m is any chosen integer.
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For, if d is an integral root of f(x) = 0,
@) = (x — d) Qx),

where Q(z) is a polynomial with integral cocfficients (§ 6, Cor.). Then
f(m) = (m — d)q, where ¢ is the integer Q(m).

In the example of § 6, f(1) = 8 is not divisible by 14, so that 15 is not an integral
root.

Consider the new example
S@) =a% — 2022 + 1612 — 400 = 0.
There is no negative root and 20 is an upper limit to the roots. The positive
divisors of 400 less than 20 are 1, 2, 4, 16, 5, 8, 10. The last three are excluded
since f(1) = —255 is not divisible by 4, 7, or 9. Also 16 is excluded since f(2) =
—144 is not divisible by 14. Incidentally we have excluded the divisors 1 and 2.

The remaining divisor 4 is seen to be a root either by Newton’s method or by
computing f(4).

In case there are numerous divisors within the limits to the roots, it is
usually better not to begin by listing all of the divisors to be tested.  For,
if a divisor is found to be a root, it is preferable to proceed with the quo-
tient, as was done in the Example in § 6.

EXERCISES

Find all the integral roots of

1. 22— 10224272 — 18 = 0.

2, =28 =212t 4222440 = 0.

3. b+ 47t + 4230 + 140 2% + 12130 — 420 = 0.
4, 25— 34224+ 29+ 2120 — 300 = 0.

8. Rational Roots. Any rational root of an equation with integral
coefficients, that of the highest power of the variable being unity, vs necessarily
an wnteger.

Let a/b be a root, where a and b are integers with no common divisor
greater than unity. Set = /b in (1) and multiply the membets of the
resulting relation by b1 We get

%_ + plan-—l + p2aﬂ——2b + PR + pn_labn—‘l + pnbn—l — 0'

All of the terms after the first are integers. Hence b divides a*.  Unless
b = =1, b has a prime factor which divides a" and hence also a, contrary
to hypothesis. Thus a/b = =a is an integral root.
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The rational roots of any equation with rational coefficients can now
be readily found. If I is the least common denominator of the fractional
coefficients, we multiply the members of the equation by 1 and obtain an
equation

ay" + a1y”_1 + - Fa= 0)

where g, . . . , @, areintegers. Multiply the left member by a,*~! and set
ay = x. We obtain an equation (1) with integral coefficients, that of
z" being unity. To any rational root y; of the equation in y corresponds
a rational root agy; of (1), which must be an integer, in view of the theorem
just proved. Hence we need only find all of the integral roots of the new
equation (1) and divide them by ao to get all of the rational roots y of the
original equation.

Frequently it is sufficient (and of course simpler) to set ky = z, where k
is a suitable integer less than ao.

EXERCISES

Find all of the rational roots of

1. =42+ 1402 —40y+9 = 0.

2. 63 —11y2+6y—1=0.

3. 1081° — 270y — 42y +1=0. [Usek =6]

4. 3252 — 6y — 1 = 0. [Use the lcast k.]

Form the equation whose roots are the products of 6 by the roots of
5 z2—2zx—4}=0. 6. P—sr2—ixz+41=0



CHAPTER, VII
SymMMmETRIC FUNCTIONS

1. Z-polynomials; Elementary Symmetric Functions. A polynomial in
the independent variables xy, 2 , . . ., @, is called symmetric in them if
it is unaltered by the interchange of any two of the variables. For example,

P4+t tr+3n 43+ 3

is a symmetric function of x, 2, £3. The sum of the first three terms.is
denoted by 2z:* and the sum of the last three by 3 Zx,.  In general, if ¢
is a product of powers of z1, . . . , x,, whose exponents are integers = 0,
Zt denotes the sum of this term ¢ and all of the distinet terms obtained
from it by permutations of the variables. Since such a Z-polynomial
2t is unaltered by every permutation of the variables, it is unaltered in
particular by the interchange of any two variables and hence is a sym-
metric function. For example, if there are three variables «, 8, v,

Zo'By = offy + Py + By,
Zafly = By + BPdy + &¥B + vie'B + Byta + v
Just as in the casc of the initial example, any symmetric polynomial is
evidently a linear combination of X-polynomials with constant coefficients.
The Z-polynomials, of the first degree in cach variable,
(1) E1 = Exl, Ez = .\'.‘4.'1311?2, E;; = E;UL‘U-),.I&, « e ey En =Tix2 « « « Tp—-1Tn

are called the elementary symmetric functions of xy, .. . , T,

Frequently we shall employ the notation ay, ... ., a. for the indepen-
dent variables. By Ch. VI, § 1, ay, . . . , @, are the roots of an’equation
of degree n,

(2) f(x) =" + plxn-l + pzxn-‘l st + Pn = 0)

in which —py, ps, =P, - - ., (—1)"ps equal the elementary symmetric
functions of the roots. It is customary to make the latter statement

also for an equation whose roots are not independent variables.
63



64 THEORY OF EQUATIONS [Ca. VII

But in the latter case it is preferable to say that —py, pa, . . . equal the elemen-
tary symmetric functions formed for the roots, thus indicating that we have in
mind the values of certain functions of arbitrary variables zy, . . ., zafora = oy,

..., Ty = a, Ltmay happen that the resulting polynomialsin ay, . . . , asare
not symmetricin a1, . . . , an. For example, if the three roots are a, 8, 8, we have

—p=a+ 28, p2=2aB + B —ps = ap?, which arc the values of z; + x2 + 3,
cte., but are not themselves symmetric in «, 8, 8, being altered by the interchange

of o and 8.
However, this point will give no trouble in the exercises below, since the roots

arce given distinet notations and_may, if it is desired, be regarded as independent:
variables.

2. Products of Z-polynomials. It is a fundamental theorem that any
symmetric polynomial in the roots is expressible rationally and integrally
in terms of pi, ps, . . ., Pa and the cocfficients of the symmetric poly-
nomial. To prove this, it suffices to show that any =-polynomial is ex-
pressible rationally and integrally in terms of the clementary symmetric
functions. Postponing the general proof, we shall now treat several special
cases and assign others as exercises.

Examrie 1. If o, 8, v arc the roots of & + pe* + e +r = 0,

(a+B8+v)=+ 8+ +2(aB+ ay +8y) = Za® +2¢,
Sat=p2—2q, —pg= Za-Saf = S8+ 3afy, Za¥B=3r— pg,

TaBy = pr, Za?B = (Zap)? — 2aBySa = ¢* —2pr.

=
%
It

The student should carry out in detail the steps here indicated.

Examroe 2. The student should learn how 1o express a product like Za+ Zag
in Ex. 1 as a sum of Z-functions without writing out their expansions, since the
latter method is very laborious in“general.  To obtain the types of Z-functions
in the product, it suffices to use a single term (ealled leader) of one factor, say a.
Then if we use any term of Tag which contains «, we get a term of Za?g; while
if we use any term not containing « (hence gy in this example), we get a term
aBy. It remains to find the cocfficients of these =-functions Ze?8 and aBy. To
get o8, we must take the term « of Sa and the term o of Zap, so that Za?8 has
the coefficient unity. To get a8y, we may take « or 8 or v from Ze and the com-
plementary factor gy or ay or eg, respectively, from Zeg.  Hence

Za-ZaB = Za’B8 + 3 aBy.

3 3 6
As a check, we have marked under cach 2 the number™® of its terms. Then the
total number of terms is 3 X 3 = 6 + 3.

* Found by the theory of combinations in Algebra, and not by writing out in full'.
-the Z-functions.
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ExampLE 3. To find the product of the Z-functions
Saf, = ZaB,

of @, B, v, 5, we use the leader «8 of the first. To obtain the four types of
2-functions in the product, we first use a term of s containing both « and 8;
second, a term of s containing o2 but not g; third, a term with « but with neither
o? nor B; fourth, a term free of @ and B.  The respective types are those in

Zaf Za?B =128+ 228y + 2 Ta2ByE + 3 TaByis.

6 12 12 12 12 4 ,
The coefficient of any Z-function on the right is obtained by counting the num-
ber of ways its leader can be expressed as a product of terms of the Z-functions
on the left.

The coeflicient, of o*8v? is 2 since we must take cither o8 or gy from a8 (for,
we must take a or v, since s does not have a term with two exponents equal to 2;
while if we take ay, the complementary factor a8y is not in s).  To obtain «Bv?%,
we must take a term from s with v2and @ or gors.  The first and sccond coefficients
are evidently correct.

EXERCISES

If «, 8, v, & are the roots of x* + p&* + q2* +re + s = 0, find

1. Za28% [Square ZaB.]

2. T8, [Use Sa?- Sab.]

3. Zat.  [Square Xet.]

If «, 8, v arc the roots of &* + pr? + qr + r = 0, find the cubic equation with
the roots

4. o, 4% ¥ 5. aB, av, Bv. 6. —, 'Z‘! g
a B v
By multiplying Sz by a suitable E-function, express in terms of functions (1)
7. 22 @fn > 1). 8. Srteeif (n > 2). 9. Sxle (if n = 2).
10. Zx® (f n > 2). 11, Sa? (f n = 2). 12, Xuleers.
13. For equation (2) with n > 4, show that
.\.:a12a2a;;a4 = —Ps + 5 Ps, Ea12u22a3 =3 Pips — Pe2psz — 5 Ps.

14. For equation (2) with » > 5, show that
Sotatagas = Paps — A pips + O ps,  TenPedtas® = ps? — 2 paps + 2 pips — 2 pe.

3. Fundamental Theorem on Symmetric Functions. Any polynomial
symmetric in Ty, . . . , T, cquals a polynomial in the elementary symmetric
functions By, . . ., I, of the 2's.

The proof, illustrated in Exs. 1 and 2 of §4, tells us just what elemen-
tary symmetric functions should be multiplied together in sceking the
‘expression for a given symmetric polynomial in terms of the E’s and
hence perfects the tentative method used in the earlier examples.
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It suffices to prove the theorem for any homogeneous symmetric poly-
nomial S, i.e., one expressible as a sum of terms

h = axfixd: . . . Tkn

of constant total degree k =k + k2 + - - - + ka in the z’s. Evidently
we may assume that no two terms of & have the same set of exponents
ki, . . ., k. (since such terms may be combined into a single one). We

shall say that A is higher than the term bz . . . @ab if ky > L, or if
ko=l ks > b, orif ky =1l ko = by, ks > 1, . . ., so that the first one of
the differences ki — b, ks — b, ks — Iy, . . . which is not zero is positive.

If the highest term in another symmetric polynomial S” is
Bo=adxkmk L xh
and that of S is , then the highest term in their product SS’ is
R = ad'zfitR L g katR
Indeed, suppose that SS’ has a term, higher than hh/,
3) cohtW L gt
which is either a product of terms
t=bxh ...z, =0l L x

of S and S’ respectively, or is a sum of such products. Since (3) is higher
than hh', the first onc of the differences

l+l1,—k1—k1/, e e ey ln+ln,"‘kn—'l\'n’

which is not zero is positive. But, either all of the differencesly — k, . . .,
l,— k. are zero or the first one which is not zero is negative, since h is
either identical with ¢ or is higher than ¢{. Likewise for the differences
U=k .., ./ — k,’. We therefore have a contradiction.

1t follows at once that the highest term in any product of homogeneous
symmetric polynomials is the product of their highest terms. Now the

highest terms in £, Eo, E;, . . . , Ea, given by (1), are
X1, T1T2, X1T2X3y + . .-y 12 . . . T,y
respectively. Hence the highest term in Ey»fi%: . . . E % is

x1a|+az+ [P +a,,x2az+ B T 0,
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We next prove that, in the above highest term A of S,
kiZEkeZhs . . . Ek,.
For, if k; < k;, the symmetric polynomial S would contain the term
axFxixsks L
which is higher than h. If ky < k3, S would contain the term
(lxlkll'gk“.’l};kz PR I"k“,
higher than A, ete.
By the above result, the highest term in
o = all frkafike=k F ke ks
is h. Hence S; = S — o is a homogeneous symmetric polynomial of the
same total degree k as S and having a highest term h; not as high as h.
As before, we form a product o, of the E’s whose highest term is this h;.
Then S, = 8; — ¢ is a homogencous symmetric polynomial of total

degree k and with a highest term Ay not as high as h;.  We must finally
reach a difference S, — o, which is identically zero. Indeed, there is

only a finite number of products of powers of z;, . . . , z, of total degree k.
Among these are the parts &', b/, hy', . . . of h, by, hs, . . . with the coeffi-
cients suppressed. Since each h; is not as high as h,—y, the &', b/, b/, . . . are
all distinct. Hence there is only a finite number of 2;. Since S; — o¢ = 0,

S=O’+S1=O'+0'1+Sg= L =0’+UL+O'2+ o +0’¢.
Hence S is a polynomial in £, E,, . . ., E..

4. At cach step of the preceding process, we subtracted a product of
the E’s multiplied by the coefficient of the highesi term of the earlier
function. It follows that any symmetric polynomial equals e rational
integral function, with integral coefficients, of the elementary symmetric func-
tions and the coeffictents of the given polynomial.

CoROLLARY. Any symmelric polynomial with tntegral coeffictents can
be expressed as a polynomial in the elementary symmetric functions wnth
integral coefficients.

Instances of this important Corollary are furnished by the results in
all of our earlier examples and in those which follow.
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ExampLe 1. If 8 = Zzx’rs;and n > 4, we have
o = Euli; = 8 + 3 Za’varans + 10 Zaizamsets,
S1 =8 — 0 = —3 Za2varsry — 10 Zaixexsrars,
o1 = =3 E1Es = —3 (Zx200r524 + 5 Z21290524%5),
Sz = 8, — o1 = 5 Sxxarszars = 5 K,
S=c+8 =0+ + 8= Elis—3EEs+5E;.
Examprw 2. If S = Zzl2r; andn > 4,
o = EPE; = By (2x220ms + 4 Z01202574)
= Zulrars + 2 Tatvles + 3 Zatrersty
+ 4 (Zx2rorsrs + 5 Soi2atsuals),
S =8 -0 = =202 — 7 Zr20aksxrs — 20 Za120T3T4Ts.

Take o; = --2 /5 and proceed ‘L's in Ex. 1.
Remark. The definition of a Z-polynomial in § 1 may be extended to Z-func-

tions in general. TFor instance if tllL[‘C are three variables «, 8, v,

1_1.1.1 B_B y a v a B
Ea-a+ﬁ+7: za“a+a+5+g+7*7
EXERCISES
If a, 8, v, 6 are the roots of x* 4 pa® + qx* + rox + s =,0,

e PRI

1 _q
=1 4. 3 = (02— 24s).
a 8 2(12 s? @ 2(19)

5. 2% = Eaﬂ . 2‘%} - 25 = :], (qr* — 2¢% — prs + 4 52).

6. Find the sums in Exs. 1, 3, 4 from the sum, sum of the products twn at a
time, and sum of the squares of the roots of
' C ldpyt gt syt =0,
obtained by replacing 2 by 1/y in the former quartic cquation.

7. %2 - gﬁ.ff_z_té D ,,2&1_.
4

A Y 3r—pq
8.26;"‘9_12"‘ qzaﬁ_s_.
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0. 323 -Fh+s3 423 1 3 E - Ses—vrt2pe).

12. Prove that the degree in any single x of a homogeneous symmetric poly-
nomial S is the total degree of the equal polynomial in the £’s. Hints: First show
that no term of S has an exponent > ky, so that the degree of S in any single z
is k1. Next, o is of total degree ki in the /’s. Sct by = a’v*’ . . .. Then o
is of total degree ki (- k1) in the £’s and not ever, exponent in o equals the corre-
sponding exponent in o.  Thus o is not cancelled by o1, 02 - . -

13. Given a polynomial i in the I’s of total degree d, show ’rhat the equal func-
tion of the v's is of degree = d in any single root.

5. Sums of Like Powers of the Roots. If a1, . . . , a, are the roots of
(2), we write s; = Zay, 2 = Zay?, and, in general,

Sk = _4(11 = all‘ + ao]‘ + + an".
The factored form of (2) is
4 @)= —a)®—a) ... & — ad).

In this identity in @, we may replace @by x 4+ h.  Thus
fa+h=@@+h—a)z+h—w) . .@+h—a).

In the expansion of f(x 4+ k) as a polynomial in h, the coefficient of the
first power of & is f’(x), by the definition of the first derivative of f(z) in
Ch. 1, §4. In the right member, the coefficient of A is

(z—a)@—a) ... T—a)F - +E@ )@ — @) . .. (@ — an).
Here the first product equals f(z) + (x — a1), by (4), ete. Hence

®) po = SOy 6
If @ is any root of (2), f (a) = 0 and
S) _f@Zf) _wmey etioenty Ly, 2oa
r— a r— « .I: —«a

— xn—l.-_I_ azr"? + a%"” + - .- + 7)1(17"* + a3 4 .. )
+ @t )+,
© T = o (at pet @ pact p)a 4
+ (& +pddt + pad?+ - - - paatp)T T A
Taking « to be ay, . . . , @, in turn and adding the results, we have by (5)

J'(@) = nz"t 4 (s 4 np)en = + (s + pusy + np)am™ -
+ (s +Pise1+ Pesie2 + - 00+ P Fp)TF A e
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By Ch. 1., §4,
/@) =zt (= Dp (= Dpar -+ = R)pir i

Since the coefficients of like powers of = are equal, we get

(M si+p=0, s+ps+2p=0,...,
S+ st psiet - F s +Hhkpe=0 (k=12 ...,n-1).
We may therefore find in turn sy, 82, . . ., Sp1:

(8) Si=—p, S=m>—2p, ss=—p;t+3pp2—3ps . ...
To find sp, replace x in (2) by a1, . . . , a, in turn and add the resulting
equations. We get
) Sp + PiSne1 + Pesu—e + - - - A Pamisi + npa = 0.
We may combine (7) and (9) into a single formula:
(10) s+ pisear F posi—e + - - - F e FEpe=0 (k=1,2,...,n).

To derive a formula which shall enable us to compute the s, for & > n,

we multiply (2) by «*, take ¢ = o, . . ., T=ay in turn, and add the
resulting equations. We get
(11) Skt isk—1 F Pesk— + - 0 F Pasi—a =0 (k> n).

* Relations (10) and (11) arc called Newton’s formule. They enable us
to express any s as a polynomial in py, . . ., pn.

EXERCISES

1. Fora cubic equation, ss = pi* — 4 pi?pa + 4 pips + 2 po2.

2. Foranequation of degreen = 4,54 = pi* — 4 pPpe+ 4 pips + 2 p? — 4 pa.

3. If we define p,y1, Paye, - - . to be zero, relations (10) hold for every k.
Hence if p1, ps, . . . are arbitrary numbers unlimited in number, and if o1, 03, . . .
are computed by use of

ok + piok—1+ ¢ F oo Fhpe B=1,2,...),

,
o becomes sx when we take poyt = 0, page =0, . . . . See Exs. 1, 2..
4, For z® — 1 = 0, sy, = n or 0 according as k is divisible or not by n.

6. Z-functions Expressed in Terms of the Functions s,. We have
SaSh = Zoy® - Ealb = Zal““ + mEal"az”,

(12) Ea{‘azb = %(Sasb - Sa+g,),

wherem =1 ifa>b, m=2if a =b.
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Any Z-function with a term involving just three roots may be denoted
by Zesfabas, a =zbz=c>0. Ifb >,
SaZaa® = mIafalay® + ZattPayt + Zagtead,

for m as above. Sincea+b >c¢, a+ ¢ > b,

mZaPabost = Sq (S8 — Sb+c) - (Sa+b8c - Sa+b+z') - (Su+c-5‘h - Sa+b+c),
1
(13) Sartaday® = m (SaS6Se — SaSbte — SvSate — SeSutd + 2 Satbte) b > c).

But if b = ¢, we have
s,,Ealbagb =7 Ealaagbagb + Ealﬁ‘bagb,
where r =11if a>b,r =3 if a =b. Hence
(14) Satada = 3(8a8? — SaS20 — 2 S4Sars + 2 Say2s) (a > b),
(15) Sofontaz® = (8 — 384820+ 2 834).

The fact that any Z-polynomial can be expressed as a polynomial in the
Junctions si is readily proved by induction. We have

b

SeZadat . .. af = tZafabas ... arp? F 020t L L L o

+ - F LSt .. att,

where ¢ is a positive integer, and t;, . . ., ¢, arc integers = 0 (for example,
.= 0if g = b, since the terms which it multiplies are included in the sum
multiplied by ¢;). Hence if every Za® . . . of is expressible as a poly-
nomial in the functions s, the same is true of every asa® . . . a+°. But
the theorem is true for r = 1 (by the definition of sx). Hence it is true by
induction for every r.

EXERCISES

1. Take @ = b in (13) and then replace ¢ by a. Hence (14) holds also when
a < b. Derive this result just as we did (14). .
2. Lxpress T e®alas’as® in terms of the s, treating all cases. Why are these
formule unnecessary if the equation is of degree four?
3. For a quartic equation express the functions
Tola?, Zaltay, Zalmas, Zolor’as

in terms of the s, and ultimately in termsof the py, . . . , pa.
7. Since any s equals a polynomial in py, . . ., p.(§5), the theorem

of §6 shows that any X-polynomial (and hence any rational integral
symmetric function) of the roots of an equation equals a polynomial in
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the coefficients py, . . ., p. of the equation. Since we may form an equa-
tion with arbitrarily assigned roots, we have a new proof of the funda-
mental theorem on symmetric functions (§ 3).

The method of §§ 5, 6 to express a S-polynomial in terms of the coeffi-
cients is advantageous when a term of £ involves only a few distinet
roots, but with high exponents, while the method of §§ 2, 3 is preferable
when a term of Z«nvolves a large number of roots with low exponents.

8. Waring’s Formula * for s, in Terms of the Coefficients. We shall
first derive this formula by a very briel argument employing infinite
series in a complex variable, and later give a longer but more elementary
proof.

In (2) and (4) replace by 1/y and multiply cach by y». Thus

16)  l1+py+pyr+ - Fpyr=0—ay)(l —ay) ... (1—auy).

Take the natural logarithm of each member, noting that the logarithm
of a product equals the sum of the logarithms of the factors, and that

log(l —2)=—2— {22 —3%2"— - .. —lzf—- ---—-—Zl—zf,

if the absolute value of z1s < 1. Hence

0 l @0
=S (D =yt ey = =3 (e + ey
r=1 r=1

I
|
™

if y 1s sufficiently small in absolute value to ensure the convergence of
each of the series used. The coefficient of y*in (py + - -+ + py™)”
may be found by the multinomial theorem. Henee, after dividing r = r, +
-« + 4 71, into the multinomial coeflicient, we get

PP oL Py

— Dtk () »— D!
(17) Sk=2< 1) ket - =1

IRLE S I

* Edward Waring, Misc. Analyt., 1762; Medilationes Algebraice, 1770, p. 225, 3d ed.,
1782, pp. 1-4. No hint is given as to how Waring found (17); his proof was in effect
by mathematical induction, being a verification that sg, sg—1, . . . , 8 satisfy Newton’s
formule.

But (17) had been given earlier by Albert Girard, Invention nouvelle en Ualgebre
Amsterdam, 1629.
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where the sum extends over all sets of integers ry, . . . , rs, each = 0, for
which

(18) rn+2r+3rs+ - +nr, =k.

Here ! denotes 1:.2-3 . . . rif r = 1, and unity if r = 0.

9. Elementary Proof of Waring’s Formula. Divide each member of
(16) into the negative of its derivative; we get ’

— P —2py— - —npy! o o
1 —_ B - A e e —_—
(19) Ltpy+ - +pay” 1—cny+ Jr1—ozny
In the identity
(20) sttt o L
1-Q 1-Q

set @ = o,y and multiply the resulting terms by «,. Hence the second
member of (19) equals

ey
L+py+ - +puy”
the polynomial ¢(y) being introduced in bringing the fractional terms
a1k+1/(1 - (le),
ete., to the common denominator (16).
In (20), wenowset Q = —pwy — - - - — pay*. Thus

1
L+py+ - +pay”

(21) st sy + -0 syt R

k—1 k.
R v . e Y@
= 20;( Dr(pwy + + Py + TF pyt

where ¢(y) is a polynomial. Expanding this rth power by the multino-
mial theorem, we sce that the left member of (19) equals

r r (r1+”'+r")! r oy +2ry 4 oo Fnr M

A (=t U D iy P

d=p+2py+---),

the sum extending over all integral values = 0 of ry, 72, . . ., 7, such

that ry 4+ + « « 47, <k, while E is a fraction whose denominator is

1+ pw + - - - and whose numerator is the product of y* by a polynomial

iny. Inthe expansion of the part preceding F, the terms with the factor y*

may be combined with E after they are reduced to the same denominator
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as E. The resulting expression* is now of the same general form as (21),
so that the coefficient of ¥*~! must equal s;. This coefficient is the sum of

2(_1)n+- c +1(T'+ ’+Tn) ptipr oL pe

7'1!...7‘

(7’1+2T2+ s +’)’LT" =k — 1))
P !
22("1)714“ .. +r,,+1£r!,,;l_1!4i,,,i ,,_;!7,4") '-pﬂ'xpzrﬁ—l e P
m—+2r+ - +nr,=k—2),

32(—1)n+---+rn+1§-"~+ L)l Sppaps L L pyT

7'1!...7'

(7‘1+27‘2+ st +n7'n=k_3))

In the first sum employ the summation index r; 4+ 1 instead of r;; in
the second sum, 7, 4+ 1 instead of ry; cte.  We get

PR (r1+ +rn—|)! r r
Bt e

('I : rn 1)'
— 1+t 7 7 m. Tn
22( 1) ! (ry = 1)' ”]'pl c e DAy

« r . (rl+ ¢ +Tn_1) r r
32(—1)‘+ 7111»'(7‘;7— nt.o. .o (P Pty

where now (18) holds for cach sum. Adding these sums, we evidently
get the second member of (17).
ExampLe 1. letn=3,k=4. Thenri+2r 4+ 37 =4 and
(Th 2 7‘3) = (4 O O)) (2 1 0)1 (1 O 1); (0 2 O)r

3! 2!
Sy = 4<4'p1 —2’1'7)11) +1‘1‘p1p5+2'p2>

=pt—4pip+ 4 pips + 2 pl.

* The difference between it and (21) is an expression of the form (21). Suppose there-
fore that an expression (21) is identically zero. Taking y = 0, we get s; = 0. The
quotient by y is identically zero. Then s; = 0, ete.
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ExampLE 2. Let n = 2 and write p for —py, ¢ for po, v forrs. Thenr, = k — 2r,
If « is the largest integer = k/2, the sum of the kth powers of the roots of
22— pr+q=0is

0 = K_\g_—:—l)rk.(,]\_t;l)y k—2r,r
w=2 o P

r=0

e (b — ¢ (A=) (k¢ .
= plc — kl)k——2q + ](1732 pk-—4(12 ___l,‘ ( ) 2(%, j) pk—eqa 4+ ...

10.1 Certain Equations Solvable by Radicals. Regarding p as a vari-
able and ¢ as a constant, denote the polynomial in the preceding Ex. 2
by F(p). The equation F(p) = ¢, where ¢ is an arbitrary constant, can be
solved by radicals. Indeed, if x is a particular root of 2* — px + ¢ = 0, the
sccond root is ¢/, and

o = 2+ <{l)".
x

This expression in z is therefore the result of replacing p by = + ¢/x in
F(p), as shown by the quadratic equation. Ience F(p) = ¢ then becomes

o (oY ) :
ak 4 9 22k — cxkb 4 ¢F = 0.

Solving this as a quadratic equation for 2%, we get

c ¢
k= 2 =+ \/‘I — qk.

Since the product of these two expressions is ¢*, definite values

¢ \/Z‘v . /¢ /cé—__,c
stV o=\ Vi~

can be chosen so that po = ¢q. Henee if € be a primitive kth root of unity,
the 2k values of z can be separated into pairs pe”, gf=™ (m=0, 1, ...,
k — 1), such that the product of the two in a pair is po = ¢. Now z +¢/z
is a value of p. Hence the k roots p of F(p) = c are

pe™ + geF—™ m=0,1, ..., k—1).
Thus F(p) = ¢ can be solved by making the substitution
= g.
p=z+

For k = 3, the equation is p* — 3 ¢gp = ¢ and the present method be-
comes that in Ch. III for solving a reduced cubic equation.
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EXERCISES

1.1 Solve DeMoivre’s quintic P® — 5¢p*+ 5 ¢*p = c for p.

2.1 Solve p* — 4 qp? + 2 ¢* = ¢ for p by this method.

3.+ Write down a solvable equation of degree 7. Solve it.
 Solvey® + 103 + 20y + 31 = 0.

‘
d.

4.

11. Polynomials Symmetric in all but One of the Roots. If P isa
polynomial in the roots of an equation f(x) =0 of degree nand if P s sym-
metric in n — 1 of the roots, then P equals a polynomial in the remaining root
and the coeflicients of P and f(x).

For example, P =3 a + a + a + - + &, s such a polynomial and

P=2 ual + 3a|—al“=1)1 '—‘91)2'*-511\‘—‘(11

If « is the remaining root, P is symmetric in all of the roots of the equa-
tion (6) of degrec n — 1, whose coefficients are polynomials in e, py, - . .,
pn. Hence (§3) P equals a polynomial in @, py, . . ., p. and the cocffhi-
cients of P.

Exampere 1. If a, 8, v arc the roots of f(r) = 2* + pz? + q¢ 4+ r = 0, find

zaf‘fﬂ'f B A o Ay e
at B atB ety Bt

Sincegt+yv2=p:—2¢—a* B+v=—p—q

AR Y et L Rl - . 1
atp 2, —p—a 2 (-t +p =P 37’+2q2a+v
But « + p, 8 + p, v + p are the roots 1, yz, ys of the cubic cquation obtained from
f(x) = Oby settingz + p =y, t.c, t =y — p. The resulting equation is
¥-2pr+ P+ Qyt+r—pg=0.

Since we desire the sum of the reciprocals of yi, ys, ys, we set y = 1/z and find the
sum of the roots 2y, 23, 23 of

1-2pz+ (P + 2+ (r — pg)?* =
Hence ’

2+ ‘2+32 22_22+4
Ea_H) Eyl E‘H!‘)T—Z zaa_l_ﬁ: q pqp_qr pr
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Exampie 2. If 2y, . . ., T, arc the roots of f(x) = 0, find
> L
X tc
First, z14+¢ =141, - - . , Tn + ¢ = yn are the roots of
fl=c+y =f—a)+u'(=o+py()+ ... =0
Next, 1/y1 =2y . - - , 1/yn = 2a arc the roots of
(=)t (=) +2 )+ ... =0,

obtained by setting y = 1/z in the preceding equation.  Hence
Lo _— (=0
2;);1—}—1:—2'4— J(—=¢)

EXERCISES
[In Exs. 1-14, a, B, v are the roots of f(x) = &* + p2? +qv + 71 = 0.]

. 1
1. I 1n(lz~ N [) by means of the last formula.
o -

Using 8y + «(8 + ) = ¢, find

By + o 38y —2a%
2 B+ 2 Bty —a
4. Why would the use of 8y = —r/a complicate Exs. 2, 3?  Verify
By = -r =‘ﬁa) -r_ o? + pa+q.
(23 [e3

2 2
5. Why would you use gy = —r/ain ﬁndingz B—: T2
Y

6. Show that the last sum equals 2(v/8).
. - B— Y\
o 2 8. T - — )3, ( { )
7. Tind z 8+ ) 8. Find E (a+8—17) 9. Iind z </3 7)

10. Tind a neeessary and sufficient condition on the coefficients that the roots,
—-3r

. . . . 1 1
in some order, shall be in harmonic progression. If -+ pv =5 then —8=0,
(o4

and conversely.  But

—3r —-3r —37r —3r

fl——)=l"———a\- ——=B)\— ~— )
q q q q
. . . . _ 1 1 1 .
11. Find the cubic cquation with the roots gy ——, av — 5 «8 — —. Hint:
a ¥

since these are (—r — 1)/e, ete., make the substitution (—r — 1)/x = .

Tind the substitution which replaces the given cubic cquation by one with the
roots
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12. o+ ay, aB+Bv, av+ B7v.

2a—1 By +3a
. —————, etc. 14, —————-- 5.
13 B+7_aoc ﬁ+7_2a,ct<‘
If «, 8, v, 6 are the roots of x4 + px* + qz* + rz + s = 0, find
8+ 7+ & By + B85+ vb
15. — o 16. S
V& gyt T3

17. 1If w1, 2, ys are the roots of ¥* + py 4+ ¢ = 0, the equation with the roots
a= W=y, 2= —y)? @= G —y)is
P+06p2+9p2+4p+27¢ = 0.
Hints: since 2y = Zy® =293 — > = —2p + 2¢/y1 — yd, ete.,, we set 2z =
—2p+2q/y —y* By the given equation, 32+ p + ¢/y = 0. Thus the
desired substitutionis z = —p +3q/y, ¥y =3q/(z + p).
18. Hence find the diseriminant of the reduced cubic equation.

12.1 Cauchy’s Method for Symmetric Functions. If z,,. . ., z, are
the roots of (2), any polynomial P in z;, . . ., x, can be cxpressed as a

polynomial in @y, . . . , Zu, D1, . . ., Pu, in every term of which the expo-
nent of x, is less than 2, the exponent of 3 less than 3, . . . | the exponent
of x, less than n. To this end, we first eliminate z; by using Sz, = —p,.
Then we eliminate 2,*(k = 2) by using the quadratic equation satisfied by
z; and having as coeflicients polynomials in a3, . . ., x,. This quad-
ratic may be obtained by dividing f(z) by (x — z3) . . . (x — x,), or by
noting that
T+ Tp=—Pp1—a3— -+ — Ty
T =p— @t @)@+ - ) T = Ty

Next, we eliminate 23%*(k = 3) by using the cubic equation obtained by
dividing f(z) by (x — zs) . . . (x — z,). Finally, we climinate z,*(k = n)
by using f(z,) = 0.

ExampLE. To compute by this method the discriminant,
A= (;E1 - I2)2(4131 - .”53)2(.752 — 173)2
of f(x) = 2* + pr 4+ ¢ = 0, we note that z, and x, are the roots of
@) =Q) =22+ a3+ 22 +p=0.
T — I3
Since Zx, = 0,
@ —22)? = (202 — 23)* = 4Q(x2) — 3! —4dp= —3z2 —4p,
(z3 — 21) (w3 — 22) = Q(x3) = 3z + p,
A= (=328 —4p)Bxd + p)* = —27(28 + pza)* — 477,
A= =27T¢—4p.
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We can now easily prove the fundamental theorem of § 3: if P is sym-
metric in 1, . . ., T, it equals a polynomial in py, . . ., p.. For,
P = A + Bz, where neither 4 nor B involves x; or x;.  Since P is unal-
tered when x; and x» are interchanged,
1f ; # x,, then B = 0; and, by continuity, B = 0 even when z;, = z,. Hence

P =C + Dx; + Exg?,
where C, D, E do rot involve z;, 2; or x3. Since P is unaltered when z;
and x; are interchanged, or when x; and . are interchanged, the equation
0=C—DP+ Dy+ Ey?
has the three roots z;, s, x5. Henee if ,, @, 23 are distinet, D = E = 0,
P = C, and by continuity these relations hold also if two or all three of
these a’s are cqual, so that P is free of xy, @y, ;. Similarly, /> can be re-
duced to a form which is free of each a;.

13.1 Tschirnhausen Transformation. We can climinate x between (2)
and

(22) X = uo+ wix + uex®> + - - - Fup_xr!

and obtain an equation in X of degree n. Tirst, from the expressions for
X2, X3, . .., we eliminate 27, 2+, . . . by use of (2) and get

X? = wupo + un® + U + - ¢ -+ UV

(23)
Xr = tno+ Uni® + Uno2® + - -+ U T
where the w;; are polynomials in w, . . . , w.— and the coefficients of (2).

In any one of thesc equations (23) we set x =2y, . . ., © =z, In turn
and add the resulting relations. If X, . . ., X, are the values of X for
=Ty . .., T = Ty sct

Sk = E.T/lk, Sk = EXII‘.
Then
Sy = nue + wist + Ugss + - - 0 A+ Un—1Sa-y

Sz = nu + UaiS1 + Uz 4+ -0 A U p1Sneyy

(24)

Sn = NUno + Un181 + Un2S2 + ¢t + Un n—18n—1.



80 THEORY OF EQUATIONS (Ca. VII

Since the elementary symmetric functions of X3, . . ., X, arc expres-
sible in terms of S;, Sy, . . ., S. (§6), we can find the coefficients of the
equation having the roots Xy, . . ., Xa:

(25) X"+P1X"_1+P2X"_2+"'+Pn=0.
Another method of forming this equation is given in Ch. XII, § 9.

If we seek values of wo, uy, . . . , Wazy, such that Py, Py, . . ., Py shall”
all vanish and therefore S; = S, = - -+ = Sy = 0, by Newton’s identities
(7), we have only to satisfy a system of £ equations [sce (24)] homogeneous
inu, ..., U and of degrees 1,2, . . ., k, respectively. In partic-
ular, S; = 0 enables us to express o in terms of uy, . . ., so that

L n

(26) X=w (:v - 8_11) + uz (.L’ - %) + - U <x"“ - gﬂ)

ExameLe. TForn =3, X = w(x — §s1) + weax? — §89),
Sy = ZX¥ = w?(s2 — §812) + 2wua(ss — 3 5182) + u2?(ss — §82).

Thus S, = 0 gives

A = 505984 + 2 818283 — Sg83° — 8128y — st
Hence the cubic equation is reduced to X3 4+ P; = 0 by the substitution
X=(s;s2— 38+ V—=38)Bz—5) + Bs—s2)Ba2— s).

By Ex. 6, p. 158, A is the discriminant of the eubic equation.

EXERCISES
1.} For n = 4, take uz = 0 in (26) and find the cubic equation for w;/ue which
results from P =0 (e, S; =0, since Sy = 0). The new quartic equation
X* + PoX? + P4 = 0 may be solved in terms of square roots.
2.1 For n = 5, the condition for S; = 0 is that a certain quadratic form ¢ in

u, . . ., usshall vanish. Now ¢ can be expressed as a sum of the squares of
four lincar functions L; of w, . .., w. Taking L, = il L3 = L, where
12=— 1, we have S; = 0. By means of the resulting two linear relations between
w, . . ., w, we may express S; as a cubic function of w, us, for example. We

must therefore solve a cubie equation in /1, to find the «’s making also S; = 0.
The new quintic cquation is X4 PoX 4+ Ps = 0. If Py 0, set X =y V Py
Then 3° + v + ¢ = 0. (Bring, 1786; Jerrard, 1834.)



CHAPTER VIII

REeciprocal EqQuaTioNs. CoONSTRUCTION oF REGULAR PoLyGons.
TRISECTION OF AN ANGLE

1. For certain types of equations, such as reciprocal and binomial
equations, there exist simple relations between the roots, and these relations
materially simplify the discussion of the equations.

An cquation is called a reciprocal equation if the reciprocal of each root
is also a root. Apart from possible roots 1 and —1, each of which is its
own reciprocal, the roots are in pairs reciprocals of cach other.

For example, the equation
@=@-DEt—-52+1)=0

is a reciprocal equation having the roots 1, 2, 1. If we replace x by 1/x and multi-
ply the resulting function by a*, we get —f(x). IHere (1) holds for n = 3 and for
the minus sign.

In general, if

fy ="+ - - - 4+¢c=0
is a reciprocal equation, no root is zero, so that ¢ % 0. If r is any root of
f(x) = 0, 1/r is a root of f(1/x) = 0, and hence of
x" <:>E 14+ -+ Fcxr=0.

Since the former is a reciprocal equation, it has the root 1/r. Hence
any root of the former equation is o root of the new equation.  Thus, by
(1) and (2) of Ch. VI, the left member of the latter is the product of f(z)
by ¢. Then, by the constant terms, 1 = ¢%. Hence ¢ = +1 and

0 2y (1) = 1.

Thus if p; 7~ is a term of f(z), also == px?is a term. Hence

(2) f@) =z 1+ p@txz) + plen?E2?) + - - -
81
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If nis odd, n = 2t + 1, the final term is
Pt (xt+1 + xt),
and x + 1 is a factor of f(x). In view of (1), the quotient

=72

has the property that
1
z"'Q (;} = Q(z).

Hence Q(z) = 0 is a reciprocal equation of the type
3) 2t 14 a@ ) +e@ Tt +2?) + - - - Fcat =0.
Indeed, the highest power x?* of x has the coefficient unity and the con-
stant term is unity, so that it is of the form (2) with the upper signs.

If n is even, n = 21, and if the upper sign holds in (1), we have just seen
that (2) is of the form (3). Next, let the lower sign hold in (1). Then
p. = 0, since a term pat would imply a term —p,zt. The final term in

(2) is therefore
D@ttt — gt-).

Hence f(x) has the factor 22 — 1. As before, the quotient is of the form (3).

In each case we have been led to a reciprocal equation of type (3).
The solution of the latter may be reduced to the solution of an equation of
degree t and certain quadratic equations. 'To prove this, divide the terms
of (3) by zt. Then

1 1 1
4 (13‘ + E) + ¢ <CIJ°"1 + E:i> + e <$‘_2 + x‘—‘2)
1
+ - +0H<x + }I‘:>+Ct =0.
To reduce this to an equation of degree ¢, we set

1
) x+;—z.
Then
Phh=s-2 Dto=FA-3s ...,

while the general binomial in (4) ean be computed from

(6) T+ + 511 = z<xk—l + 173—‘1) - (xk—z + iil—?)
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For example,

x4+51—4=z(z3—3z)—(z2—2)=z“—4z‘3+2.

However, we can obtain an explicit expression for 2% + 1/z* by noting
that it is the sum of the kth powers of the roots z, 1/x of

p- (ot Jute =y —a+i=o0.

The sum of the kth powers of the roots of 3* — py + ¢ = 0 was found
in Ex. 2, p. 75. Taking p = 2, ¢ = 1, we have

1 e M=) R =5)
(7)xk+xk__zk kak—2 4 L3 2k 1-2.3,_,_,_st_|_,,,
gk —r =Dk —r—=2). .. (k=2r41) .,
+(=D 1.23. . . r AT

Hence (4) becomes an equation of degree ¢ in z.  From each root z we
obtain two roots x of (3), which are reciprocals of each other, by solving
the quadratic equation 2? — zz 4+ 1 = 0, equivalent to (5).

ExampLE. Solvez® — H5at + 923 — 9224+ 52— 1 =0. Dividing by z — 1,
weget xt —4a3 4+ 522 —4x+1=0. Thus

xz+l2—4(;v+~1->+5=0, 2—4z+43=0, z=1lor3.
T X

Forz=1 a?—z+1=0, z= 1(1 :1:\/:‘3). Torz=3, z*—3z+1=0,
=403 xV 5). These with = 1 give the five roots.

EXERCISES

Solve by radicals the reciprocal equations

1. =7+ —at+72—1=0. 2. =1.

3. 8= 1. 4, »+1=0.

5. Find the z-cubic for 27 = 1.

6. Find the z-quintic for z!t = 1.

7. The z-quartic for 2 = 1isz* +2 —32* — 2z + 1 = 0. It has the root —1
since the z-cquation for z* = 1 is 2 + 1 = 0. Verify that, on removing the facto
2z + 1 from the quartic, we get the z-cubic 2° — 3 z+1 = 0for (z* —1)/(2* — 1)=0

8. What are the trigonometric representations of the roots of the z-equations i1
Exs. 5and 6? Hint: if # = cos 0 + isin 9, 1/x = cos 6 — ¢ sin 4.
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2. Binomial Reciprocal Equations. A rcciprocal equation with only
two terms is of the form z* = 1 = 0. Tts roots were expressed in terms
of trigonometric functions in Ch. II. But now we wish to use only alge-
braic methods.*  We might proceed as in § 1, first ** removing the factor
z 41 (f nis odd) or 22 — 1 (if n is even and the lower sign holds), and
then applying substitution (5) to obtain the z-cquation. Except for special
values of n (as those in Exs. 2-6, § 1), there is a more effective method,
leading to auxiliary cquations of lower degree than the z-equation.  For in-
stance, it will be shown that 7 —1 = 0 can be solved in terms of square
roots; it is only a waste of effort to form the z-cquation of degree 8.

3. The new method will first be illustrated for 7 — 1 = 0 since it then
differs only in form from the earlier method of treating reciprocal equations.
Removing the factor £ — 1, we have

(8) 44ttt 4+ 1=0.

If r is a particular root of (8), its six roots are (Ch. II, §13),
9) T, v vt )l

By the substitution (5), we obtain the cubic equation

(10) 242 —-22z—-1=0,

whose roots are therefore
(11) z1=r+7]7 =7 47" z,2=7'2+7712 =124+, 2z =r3+;%=ﬂ+r4.

The new method consists in starting with these sums of pairs of the
six roots and forming the cubic equation having these sums as its roots.
Since r is a root of (8),

Zy=r+r+ .- +r=—1, Zaa=20+- -+ = -2
22 =241+ - - - Fr8=1.

Hence z), 2, 2 are the roots of (10). If a root z, be found, we can obtain
r from the quadratic equation 72 — zr + 1 = 0.

* Tt is an important fact, not proved or used here, that z® 4= 1 = 0 is solvable by
radicals, namely, by a finite number of applications of the operation extraction of a
single root of a known number. Cf. Dickson, Introduction to the Theory of Algebraic
Equations, John Wiley & Sons, pp. 77, 78. Note that it suffices to treat the case n
prime, since £??7= A is cquivalent to the chain of equations y? = A, x? = y.

** If n = pg, we may remove the factors P += 1 if pis odd. See Ex. 7, §1.
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We can, however, find r by solving first a quadratic equation and after-
wards a cubic equation. To this end, set

(12) n=r+r4+ry Yo =18 4 10 415,
Then
nt+ =1 Yyyp=3+r+ - +r8=2
so that y; and y, are the roots of
v¥+y+2=0.

Then r, 72, r* are seen to be the roots of
P — yip* + 0 — 1 =0.

4.1 The Periods. We now explain the principle discovered by Gauss
by which we select the pairs from (9) to form the periods 2y, 2., z; in (11),
and the triples to form the periods y,, y» in (12).  To this end we seek an
integer ¢ such that the six roots (9) can be arranged in the order
(13) r, 19, o, et ot o,
each term being the gth power of its predecessor. The choice ¢ = 2 is
not permissible, since the fourth term would then be »= r. But we may
take ¢ = 3, and the desired order is

(14) r, v, 2 st

each term being the cube of its predecessor. To form the two periods
i1 and y,, cach of three terms, we take alternate terms of (14). To form
the three periods 2, 2, 2, cach of two terms, we take any one of the first
three terms (as %) and the third term after it (then r4).

5.1 Solution of «'7 =1 by Square Roots. Let r be a root # 1.
Then
= e 1= 0.
As in §4, we may take ¢ = 3 and arrange the roots, r, . . ., r'® so that
each is the cube of its predecessor:
T, 7.3’ 7'0, /,-10’ rl37 T5, 1'15, 7-11’ 7'16, 7‘14, 7«8’ T7, T4, le, T?‘, Tﬁ.

Taking alternate terms, we form the 2 periods each of 8 terms:

yl — r+r9+7v13+T15+T!6+r8+r4+1~2’

s = 3 10 S ol Pl T g2 S,
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Hence y1+12= —1. Wefind that yuye =40+ - - - +rif) = —4.
(15) y, ¥o satisfy y*+y—4=0.
Taking alternate terms in 3, we form the two periods
=1+t oz =P 8k
Taking alternate terms in 12, we form the two periods
wy =145t w, =04t 4 7 478,
Thus 2z + 2 = y1, Wi +ws = ya. We find that 2.2, = ww, = —1.

Hence
(16) 2, 2, satisfly 22—z —1=0,

(17) wy, wy  satisfy  w? —yw — 1 =10,
Taking alternate terms in 2, we have the periods
v=r4+r8 v=7r%4r.
Now, vy 4 vy = 21, ve = wi.  Hence
(18) v, ve satisly 0 —zw +wr=0,
(19) r, 7% satisfy o2 —wvp+1=0.

Thus

Hence we can find 7 by solving a series of quadratic equations. Which
of the sixteen values of 7 we shall thus obtain depends upon which root
of (15) is called y; and which 1, and similarly in (16)-(19). We shall now
show what choice is to be made in each such case in order that we shall

finally get the value of the particular root

27 .. 27
r—c()siA7+1511117-
Then '
L 52—-1£—z'sin2—7r v—r+—1-—2 0‘2—7r
p = 00S 7 TSIy METTL = SC0S
8r ., .. 8w 1 8T
4 = eo8 - N oy =t 4= § e
T cos 17+’Lbln 17 Vg =T +r4 2 cos 7
Hence »; > v, > 0, and therefore 2z, > 0. Similarly,
1 1 6T 107 6w Tr
— 3 = 51 — 900 L9 e0s e = 2 9cos——
wy r+T3+r +r5 2(,0517—{—2@0&5 17 2cos17 2cosl7>0,
6 10w 127 147
yz-—2c0s-1-—7—+2cos—ﬁ-+2cos—1~7—+2cos—17-<0,
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since only the first cosine in y. is positive and it is numerically less than
the third. But yiy» = —4. Hence y1 > 0. Thus (15)—(17) give

y=4 (V17T = 1), we =13 (= VIT=1),
a=3n+Vi+iyd wy =Ly +V1+ Iyt

We now have the coefficients of (18) and know that v; > v2 > 0. These
results are sufficient for the next problem. Of course, we could go on
and obtain the explicit expression for »; and that for r in terms of square
roots.

6.7 Construction of a Regular Polygon of 17 Sides. In a circle of
radius unity, construct two perpendicular diameters AB, CD, and draw

B
P Q
M
0
0 X e T
s 3 HF H
Fig. 20

tangents at A, D, which intersect at S (Fig. 20). Find the point E in
AS for which AE = 1 AS, by means of two bisections. Then

AE =1, OE=1V1l.
Let the circle with center E and radius OF cut AS at F and F'. Then
AF =EF —EA =0E — % =}y,
AF' =EF +EA =0E+ 1= —%u,
OF = VOAT+ AF? = V1§ iy, OF =vV1+1yt
Let the circle with center F and radius FO cut AS at H, outside of F'F;
that with center F’ and radius F’O cut AS at H' between F/ and F. Then
AH = AF +FH = AF +OF =y, + Vit 1yt = 2,
AH'= F'H' — F’A = OF' — AF" = w..
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It remains to construct the roots of equation (18). This will be done
as in Ch. I, §16. Draw HTQ parallel to AO and intersecting OC pro-
duced at 7. Make TQ = AH’. Draw a circle having as diameter the
line BQ joining B = (0, 1) with @ = (21, wy). The abscissas ON and OM
of the intersections of this circle with the z-axis OT are the roots of (18).
Hence the larger root v, is OM = 2 cos 27 /17.

Let the perpendicular bisector L of OM cut the initial circle of unit
radius at P. Then

‘ y 27 5 2T

cos LOP = OL = cos 17" LOP= 7
Hence the chord CP is a side of the inseribed regular polygon of 17 sides,
constructed with ruler and compasses.

EXERCISES

1. For n = 5, ¢ = 2, the periods are r 4 %, 12 4+ 3. Show that they arc the

roots of the z-quadratic obtained in lix. 2, p. 83.

2.1 For n = 13, find the least g, form the three

periods each of four terms, and find the cubic having
them as roots.

3. For n=25, Iix. 1 gives » +r'=2cos27/5 =

ANl (\/:) —1). TIn a circle of radius unity and center O

Al o ™ . :
draw two perpendicular diameters 4047, BOB'.
With the middle point M of 04’ as center and radius
MEB draw a cirele cutting OA at C (Fig. 21). Show
that OC and BC are the sides s and s; of the
B’ inscribed regular decagon and pentagon respectively.
Fig. 21 Hints:

MB=13V5 0C=13(H5-1), BC=\/W=%\/10—2{7§,

s10=2sin18° = 2003251 = 0C,

s = (2sin 36%)2 = 2 (1 - cos%’i> =1(10-2v5), s =BC.

7.1 Regular Polygon of n Sides. If n be a prime such that n — 1 is
a power 2* of 2 (as is the case when n = 3, 5,17), the n — 1 imaginary nth
roots of unity can be separated into 2 sets cach of 24~ roots, each of these
sets subdivided into 2 sets each of 2"~ roots, etc., until we reach the
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sets r, 1/r and 72, 1/7%, ete., and in fact * in such a manner that we have a
series of quadratic equations, the coefficients of any one of which depend
only upon the roots of quadratic equations preceding it in the series.
Note that this was the case for n = 17 (§ 5) and for n = 5. It is in this
manner that it can be proved that the roots of * = 1 can be found in
terms of square roots, so that a regular polygon of » sides can be inscribed
by ruler and compasses, provided n be a prime of the form 2% 4 1.

If » be a product of distinet primes of this form, or 2* times such a prod-
uct (for example, n = 15, 30 or 6), or if n = 2™ (m > 1), it follows readily
that we can inscribe by ruler and compasses a regular polygon of n sides.
But this is impossible for other values of n. This impossibility will be
proved for n = 7 and n = 9, the method of proof being applicable to the
general case.

8. Regular Polygons of 7 and 9 Sides; Trisection of an Angle. For
brevity we shall occasionally use the term “ construct ” for “ construct
by ruler and compasses.” If it were possible to construct a regular poly-
gon of 7 sides and hence angle 27/7, we could construct a line of length
2 cos 27/7, the base of a right-angled triangle whose hypotenuse is of
length 2 and one of whose acute angles is 27/7. Sct

27 .. 27
T = COS 7~+wmf7m-

Then

2w 1
7-’; 7+;—20057~

|

27 ..
= €08~ — Usin

Hence 2 cos 2 /7 is a root of the cubic equation (10). This equation has
no rational root. For, if it had a rational root, it would have (Ch. VI,
§8, §5) an integral root which is a divisor of the constant term —1,
whereas neither + 1 nor —1 is a root. Hence we shull know that it is im-
possible to construct a regular polygon of 7 sides by ruler and compasses
as soon as we have proved (§ 10) the next theorem.

* See the author’s article “Constructions with ruler and compasses; regular poly-
gons,” in Monographs on Topics of Modern Mathematics, edited by J. W. A. Young,
Longmans, Green and Co., New York, 1911, p. 374. In addition to the references there
given (p. 386), mention should be made of the book by Klein, Elementarmathematik vom
Héheren Standpunkte aus, Leipzig, 1908, vol. 1, p. 125; and ed. 2, 1911.
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Theorem. It is not possible to construct by ruler and compasses a line
whose length is a root of a cubic equation with rational coefficients but having
no rational root.

This theorem shows also that it is not possible to construct a regular
polygon of 9 sides and hence that it is not possible to construct the angle
40° by ruler and compasses. Indeed, if 7= cos 40° +¢ sin 40°, then
r+ 1/r = 2 cos 40° is a root (Ex. 7, p. 83) of

#2—3z24+1=0.

The same equation follows also from the identity
cos3A =4co’ A —3cosd

by taking A = 40° replacing cos 120° by its value —1, and setting

2z = 2 cos 40°.  Since neither divisor 1 nor —1 of the constant term is a
root of the z-cubie, there is no rational root.
COROLLARY. It is not possible Lo trisect every angle by ruler and compasses.
Indeed, angle 40° cannot be constructed, while angle 120° can be.

9. Duplication of a Cube. Another famous problem of antiquity was
the construction of a cube whose volume shall be double that of a given
cube. Take the edge of the given cube as the unit of length and denote
by « the length of an cdge of the required cube. Then 2 —2 =0.
Since no one of the divisors of 2 is a root of this cubic equation, the theorem
stated in § 8 implics the impossibility of the duplication of a cube by
ruler and compasses.

10.1 Cubic Equations with a Constructible Root. It remains to prove
the theorem in § 8 from which we have drawn such important conclusions.
Suppose that

(20) B4 axt+pBr+y=0 (e, B, v rutional)

is a cubic equation having a root z; such that a line of length z or — 2,
can be constructed by ruler and compasses. We shall prove that one of
the roots of (20) is rational.

The construction is in effect the determination of various points as the
intersections of auxiliary straight lines and circles. Choose rectangular
axes of coordinates. The coordinates of the intersection of two straight
lines are rational functions of the coefficients of the equations of the two
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lines. To obtain the coordinates of the intersection of the straight line
y = mx + b with the circle

@—pP+y—gr=r

we eliminate y and obtain a quadratic equation for . Thus z, and hence
also y, involves no irrationality (besides irrationalities in m, b, p, ¢, 7) other
than a squarc root.  Finally, the intersections of two circles are given
by the intersections of one of them with their common chord, so that this
case reduces to the preceding.  Hence the coordinates of the various points
located by the construction, and therefore also the length -+ x; of the seg-
ment joining two of them, are found by a finite number of rational
operations and extractions of real square roots, performed upon rational
numbers and numbers obtained by earlicr ones of these operations.

If 2, is rational, (20) has a rational root as desired.  Heneeforth, let x,
be irrational.  Then 2y is the quotient of two sums of terms, cach term
being a rational number or a rational multiple of a square root. A term
may involve superimposed radicals as

r=N10-2v35, s=V10+2V5, t=Vi-2V3.

But ¢ equals V3 — 1 and would be replaced by that simpler value. As a
matter of fact, 7 is not expressible rationally * in terms of a finite number
of square roots of rational numbers, and is said to be a radical of
order 2. A term having n superimposed radicals is of order n if it is not
expressible rationally in terms of radicals cach with fewer than n super-
imposed radicals.  In case xy = 2r — 7 5, we would express z; in the form
27 — 28 V/5/r, involving a single radical of order 2; indeed, rs = 4 V/5.
If z; involves V3, V5 and V15, we replace V15 by V3« V5.

We may therefore assume that no one of the radicals of highest order
n in x; is 9 rational function with rational coefficients of the remaining
radicals of order n and radicals of lower order, that no one of the radicals
of order n — 1 is a rational function of the remaining radicals of order
n — 1 and radicals of lower order, cte.

Let vk be a radical of highest order n in z;. Then
_a+tbVk
c+dVik

Xy

* That is. as a rational integral function with rational coefficients.
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where @, . .., d do not involve Vk, but may involve other radicals of
order n. If d# 0, Vk #c/d, in view of the preceding assumption.
Thus we may multiply the numerator and denominator of z; by ¢ — d Vk.
Hence, whether d # 0 or d = 0, we have

o =e+fVk (f #0),

where neither e nor f involves Vk. Since z; is a root of (20), we have
A+ BV'k =0, where A and B are polynomials ine, f, k, o, 8, v. If B30,
we could express Vk as a rational function —A/B of the remaining
radicals in the initial ;. Hence B = 0 and therefore A = 0. But the
result of substituting e — f V& for z in the cubic function (20) is evidently
A — BVk. Hence

n=c—fVk

is & new root of our cubic equation. The third root is
Lz=—a— L —T=—oa—2e.

Now « is rational. If e is rational, zy is a rational root of (20), as desired.
The remaining case is readily excluded. Kor, if e is irrational, let Vs be
one of the radicals of highest order in e. Then, as above,

r3=g+hVs (h #0),

where neither g nor A involves Vs, while ¢ — h Vs is a root # a3 of (20),
and hence identical with z; or 2. Thus

exfVk=g—hVs.

Now Vs and all the radicals appearing in g, h, s oceur in 23 and hence
ine. But Vk is not expressible in terms of the remaining radicals of z,.

We have now proved that if the constructible root z; of (20) is irra-
tional, there is a rational root xs.

11.7 Problems such as the trisection of any angle can often be solved
by means of certain curves. We note, however, that there exists no plane
curve, other than a conic section, whose intersections by an arbitrary
straight line can be found by ruler and compasses.*

* J. Petersen, Algebraische Gleichungen, p. 169.



CHAPTER IX

IsoLaTioN OoF THE REAL RooTs or AN EQuaTioN wiTH REAL
COEFFICIENTS

1. Method of Rolle.* There s at least one real root of f'(x) = 0 be-
tween two consecutive real roots a and b of f(x) = 0.

For, the graph of y = f(x) has a bend point between a and b.

CoroLLARY. Between two consceutive real roots r and s of f'(z) = 0,
lies at most one real root of f(z) = 0.

For, if there were two such real roots a and b of the latter equation, the
first theorem shows that f/(x) = 0 would have a real root between a and b
and hence between 7 and s, contrary to hypothesis.

Now f(z) = 0 has a rcal root between r and s if f(r) and f(s) have oppo-
site signs (Ch. I, § 12). Henee the Corollary gives the

Criterion. Ifr and s are consecnutive real roots of f'(x) = 0, then f(x) = 0
has a single real root between v and s if and only if f(r) and f(s) have opposite
stgns. At most one real root of f(x) = 0 s greater_than the greatest real root
of f'(x) = 0, or less than the least real root of f'(x) = 0.

The final statement follows at onee from the first theorem.

iQXAMPLE. For f(x) = 3 2% — 252 + 60 & — 20,
Sf(x) =2t =522+ 4 = (a2 — 1)(x2 — 4).
Hence the roots of f'(x) = 0 arc £1, £2. Now
J(—w)= —w, f(=2)=-36, f(=1)= =358, f(1)=18, f(2)=—4, f(+2)= 1.
Ilence there is a single real root in each of the intervals
(=1, 1, (1,2), 2, + =),

ax/ld two imaginary roots. The 3 real roots arc positive.

2. The first theorem of § 1 is a special case of

Rolle’s Theorem. Between two consecutive roots a and b of f(x) = 0,
there 1s an odd number of real roots of f'(x) = 0, a root of multvplicity m
being counted as m roots.

* Traité de Valgeébre, Paris, 1690. Hudde knew the method in 1659.
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We may argue geometrically, noting that there is an odd number of
bend points between a and b, the abscissa of cach being a root of f'(x) = 0
of odd multiplicity, while the abscissa of an inflexion point with a hori-
zontal tangent is a root of f/(z) = 0 of even multiplicity.

To give an algebraic proof, let

f@) = (z — a)(x — 0)Q(x), a<b,
where Q(x) is a polynomial divisible by ncither £ — @ nor x — b.  Then
@ OC O 2 16— )+ stz = ) + @ = )@ =) o

The second member has the value 7(a — b) < 0 for x = a and the valuc
s(b — a) > 0 for = = b, and hence vanishes an odd number of times be-
tweenaand b (Ch. I, §12). But, in the left member, (x — a)(x — ) and
f(x) remain of constant sign between a and b, since f(z) =0 has no root
between @ and b. Hence f'(z) vanishes an odd number of times.

CoroLLARrY. If f(x) = 0 has only real roots, f’(x) = 0 has only real
roots distributed as follows: an (m — 1)-fold root equal to cach m-fold
root of f(x) = 0 for m = 2; a single root, which is a simple root, between
two consecutive roots of f(x) = 0.

For, if the roots of f(x) = 0 are a, b, ¢, . . ., arranged in ascending
order, of multiplicitics 7, s, ¢, . . . , respectively, then a, b, ¢, . . . are
roots of f’(z) = 0 of multiplicitics r — 1,s — 1,{ — 1, . . . , and between
a and b lies at least one real root of f’(z) = 0, cte. The number of these
roots of f/(x) = 0 is thus at least
r-D+14+-D+1+0t-1D+ -+ =r+s+t4+ --- —1l=n-—1,
if n is the degree of f.  But f” is of degree n — 1 and hence has only these
roots. Thus only one of its roots lies between a and b.

EXERCISES

1. 25 — 5x 4 2 = 0 has 1 negative, 2 positive and 2 imaginary roots.

2. a8 4+ a2 — 1 = 0 has | negative, 1 positive and 4 imaginary roots.

3. 2 —32*+ 242 — 5 = 0 has two imaginary roots, and a real root in each
of the intervals (—2, —1.5), (—1.5,— 1), (1, 2).

4, f(r) =425 —32*— 22>+ 42 — 10 = 0 has a single real root. Hint:

Fi)=1if(x)=5ut—-33—ax+1=0

has no real root, since F’(x) = 0 has a single real root and for it I is positive.

5. If f®(z) = 0 has imaginary roots, f(z) = 0 has imaginary roots.

6. If f'(x) = 0 has exactly r real roots, the number of real roots of f(x) = 0 is
r -+ 1 or is less than 7 4+ 1 by an even number, a root of multiplicity m being
counted as m roots.
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3. Sturm’s Method. Let f(x) = 0 be the given cquation with real
coefficients, and f'(z) the first derivative of f(x). The first step of the
usual process for seeking the greatest common divisor of f(z) and f/(x)
consists in dividing f by f" until we obtain a remainder r(z), whose degree
is less than that of f’. Then, if ¢ is the quotient, we have f = q.f” + r.
We write fo = —r, divide f’ by f,, and denote by f3 the remainder with its
sign changed. Thus

S=af' = J'=@f—f =¢fli—fy....

The latter equations, in which ecach remainder is exhibited as the nega-
tive of a polynomial f;, yield a modified process, just as effective as the
former process, for finding the greatest common divisor G of f(z) and f’(z)
if it exists.

Suppose that —fs is the first constant remainder, If f; = 0, then f; = G, since
S divides f» and henee also f7 and f (by using our equations in reverse order) ; while
conversely, any common divisor of f and f* divides f, and hence also fs.

But if f4 is a constant = 0, f and f* have no common divisor involving z. This
case arises if and only if f(z) = 0 has no multiple root (Ch. I, § 7), and is the only
case considered in §§ 4-6.

Before stating Sturm’s theorem in general, we shall state it for a numerical
case and illustrate its use.

Examrre. f(o) =2 +4x*—7. Thenf' =322 4 Sz,

S=Ga+ DS =/, fo=2Pa+]T,
fr=0e+ 00— fy fi= 1L

Tor x = 1, the signs of f, f/, f», 5 arc — + + +, showing a single variation of
consecutive signs.  For v = 2, the signs are + + 4 4+, showing no variation of
signs.  Sturm’s theorem states that there is a single real root between 1 and 2.
For x = —oo, the signs are — + — 4, showing 3 variations of signs. The
theorem states that there are 3 — 1 = 2 real roots between —o0 and 1. Similarly,

r ‘ Signs ! Variations
— 1| —=++ | 1
-2 | +-—+ 2
-3 | ++-+ :
—4 |-+ -+ 3

Hence there is a single real root between —2 and —1, and a single one between
—4 and —3. Each real root has now been #solaled since we have found two num-
bers such that a single real root lies between these two numbers or equals onc of
them.
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4. Sturm’s Theorem. Let f(x) = 0 be an equation with real coefficients
and without madtiple roots. Modify the usual process for seeking the great-
est common divisor of f(x) and its first dertvative* fi(z) by exhibiting each
remainder as the negative of a polynomial fi:

) Sf=ah—fiui=@h—J fo=q@fs—fy -« ., faca =gn-1fn1— fa,

where ** f, is a constant = 0. If a and b are real numbers, a < b, neither
a root of f(x) = 0, the number of real roots of f (x) = 0 between a and b equals
the excess of the number of vartations of signs of

@) J@), fit@), fi@), . - . faa(@), fu

for x = a over the number of variations of signs for x = b. Terms which
vanish are to be dropped out before counting the variations of signs.

For brevity, let V. denote the number of variations of signs of the num-
bers (2) when z is a particular real number not a root of f(x) = 0.

First, if z; and x; are real numbers such that no one of the continuous
functions (2) vanishes for a value of z between z; and =, or for x = z; or
Z = %, the values of any one of these functions for x =z, and z = «,
are both positive or both negative (Ch. I, § 12), and therefore V,, = V,,.

Second, let p be a root of fi(x) = 0, where 1 = ¢ < n. Then

(3) Jim1(@) = qif (@) — fin(x)

and the cquations (1) following this one show that f;_(z) and f;(z) have
no common divisor involving z (since it would divide the constant f,).
By hypothesis, fi(z) has the factor x — p. Hence fii(x) does not have
this factor x — p. Thus, by (3),

Jiealp) = —fini(o) # 0.
Hence, if p is a sufficiently small positive number, the values of
Jia(®@), [fi(x), fin(z)
for # = p — p show just one variation of signs, since the first and third

values are of opposite signs, and for x = p 4+ p show just one variation of

* The notation fi instead of the usual [, and similarly fo instead of f, is used to reg-
ularize the notation of all the f’s, and enables us to write any one of the equations (1)
in the single notation (3).

** If the division process did not yield ultimately a constant remainder # 0, f and f;
would have a common factor involving z, and hence f(x) = 0 a multiple root.
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signs, and therefore show no change in the number of variations of sign
for the two values of z.

It follows from the first and second cases that V, = Vg if « and 8 are
real numbers for neither of which any one of the functions (2) vanishes and
such that no root of f(z) = 0 lies between « and .

Third, let » be a root of f(x) = 0. By Taylor’s Theorem (8) of Ch. I,

foe—p)=—pf ) +30¥"'() — ...,
fo+p)= pf )+ 3p¥'(r)+ . ..

If p is a sufficiently small positive number, cach of these polynomials in p
has the same sign as its first term. For, after removing the factor p,
we obtain a quotient of the form ay + s, where s = ap + ap? + . . .
is numerically less than ao for all values of p sufficiently small (Ch. I,
end of §11). Hence if f'(r) is positive, f(r — p) 1s negative and f(r + p)
positive, so that the terms f(z), fi(x) = f'(x) have the signs — + for
x = r — p and the signs 4+ + for 2 = r 4+ p.  If f'(r) is negative, these
signs are + — and — — respectively. In each case, f(z), fi(x) show one
more variation of signs for x = r — p than for v = r 4+ p. Lvidently p
may be chosen so small that no one of the functions fi(x), . . . , f, vanishes
for either 2 = r — p or x = r 4+ p, and such that fi(x) does not vanish
for a value of = between r — p and r 4 p, so that f(x) = 0 has the single
real root r between these limits (§1). Hence by the first and second *
cases, fi, . . . , f»show the same number of variations of signs forx = r — p
and xr = r + p. Thus, for the entire series of functions (2), we have

(4) Vr—p - V'r{—,, = 1.

The real roots of f(z) = 0 within the main interval from a to b (i.e., the
aggregate of numbers between a and b) separate it into intervals. By
the earlier result, V. has the same value for all numbers in the same
interval. By the present result (4), the value of V, in any interval ex-

* The argument in the sccond case when applied for ¢ = 1 requires the use of
fo = f and hence does not indicate the variations in a series lacking f. To avoid the
necessity of treating this case ¢ = 1, we restricted p further than done at the outset so
that fi(x) shall not vanish betweenr — p and 7 + p.  This necessary step in the proof is
usually overlooked. Morcover, we have not adopted the usual argument based upon
the continuous change of = from a to b, in view of the ambiguity of V; when z is a root
of f(x) =0, cte.
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ceeds the value for the next interval by unity. Hence V. exceeds Vs by
the number of real roots between a and b.

CoroLLaRY. Ifa<b, V,=E TV,

EXERCISES

Isolate by Sturm’s theorem the real roots of
1. 8+2x+20=0. 2. ¥+ —3=0.

6. Simplifications of Sturm’s Functions. In order to avoid fractions,
we may first multiply f(z) by a posttive constant before dividing it by
fi(x), and similarly multiply fi by a positive constant before dividing it by
fs, cte. Morcover, we may remove from any f; any factor k; which is
cither a positive constant or a polynomial in x positive for*a =z =0,
before we use that f; as the next divisor.

To prove that Sturm’s theorem remains true when these modified
functions f, Fy, . . ., F, are employed in place of functions (2), consider
the equations replacing (1):

fl = lel, C‘.‘f = (11F1 - k'ze, alfy = Q‘:Fz - kslps,
ety = g Fs— kiFyy oo oy Cnlns = qued"nimt = kmlm,

in which ¢, ¢, . . . are positive constants and I, is a constant > 0. A
common divisor (involving z) of F,— and ['; would divide I, , . . .,
F,, Iy, f, fi, whereas f(z) = 0 has no'multiple roots. Hence if p is a root
of Fy(x) = 0, then Fi_i(p) # 0 and

cipiFii(p) = —kini(p) Fii(p), civ1 >0, kin(p) > 0.
Thus F;_; and Fi; have opposite signs for £ = p. We proceed as in § 4.

ExameLe 1. If f(z) = a8+ 62 — 10, fi=3 @+ 2) is always nwositive.
Henee we may employ f and Fy = 1. For z = —, there is onc variation of
signs; for z = +, no variation. Hence there is a single real root; it lies between
1 and 2.

Exampre 2. If f(x) = 2% — 1322 — 10z — 19, we may take

fi=42"—13z—5.
Then :
2f = afi — fo, fo= 1322+ 152+ 38 = 13(z + 13)* + 143,

* Usually we would require that k; be positive for all values of z, since we usually
wish to employ the limits —o0 and +w.
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Since f» is always positive, we need go no further (we may take F» = 1). Tor
z = —w, the signs are + — +; for z = +%, + + +. Hence there are two
real roots. The signs for x = 0 are — — +. Hence one real root is positive and
the other negative.

EXERCISES

Isolate by Sturm’s theorem the real roots of
P43t —2x—5=0. 2. 412224+ 52—-9=0.
P—=T7x—7=0. 4. 320 —06224+8x—3=0.

254+ 62— 3022 — 122 — 9 = 0 [stop with fa].

=8+ 252 —36x+8 = 0.

Torf=4pe+q(p#0), H=32+p, fo=—2pr—3q,
4pfi=(=6pr+99 fo—fs, fs=—4p" —21¢,

50 that f3 is the discriminant A (Ch. 1T, §3).  Let [p] denote the sign of p.  Then

the signs of f, f1, f2, f5 are

— 4+ +1p] [A] forx= —»n,

+ + —=[p] [A] forz= +w.

N o -

For A negative there is a single real root.  For A positive and therefore p negative,
there are 3 distinet real roots. For A = 0, f2 is a divisor of fi and f, so that
x =—3¢q/(2p) is a double root.

8. If one of Sturm’s functions has p imaginary roots, the initial equation has at
least p imaginary roots.  (Darboux.)

6. Sturm’s Functions for a Quartic Equation. Tor the reduced quar-
tic equation f(z) = 0,
[ =2+q?+rzts,
5) fi=4242¢+r,
fo= —2¢22 — 31z — 4s.
Let ¢ ## 0 and divide ¢*fy by fo.  The negative of the remainder is

/

(6) fs=Lz—12rs —r¢, L=8¢s—2¢— 0% /

Tet L % 0. Then f; is a constant which is zero if and only if f = 0 has
multiple roots, 7.c., if its discriminant A is zero. We therefore desire f,
expressed as a multiple of A, By Ch. 1V, §4,

2

() A= —4P-21Q, P=—4s—%, Q=3¢ -1~
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We may employ P and @ to eliminate

2

®) 43=_P“‘q§: rt=—Q—3qP — 1 ¢
We divide L*f; by

9) fs=Lz:+3rP, L=9Q+4qP.
The negative of the remainder is

(10) 18 72qP% — 91°LP + 4 sL*= ¢A.

The left member is easily reduced to ¢*A. Inserting the values (8) and
replacing L? by L(9 Q + 4 ¢I’), we get

—18qQP? — 122P3 — '$ ¢* P* + 2¢qP?L + 4 ¢*PL — 3 ¢°QL.
Replacing L by its value (9), we get ¢A.  Hence we may take
(11) fa=A.

Hence if gLA # 0, we may take (5), (9), (11) as Sturm’s functions.
Denote the sign of ¢ by [¢]. The signs of Sturm’s functions are

+ — —¢l —I[L] [A] for x= — oo,
+ o+ —ld L[] forz=+ow.

First, let A > 0. If ¢ is negative and L is positive, there are four real
roots. In each of the remaining three cases for ¢ and L, there are two
variations of signs in either of the two series and hence no real root.

Next, let A < 0. In each of the three cases in which ¢ and L are not
both positive, there are three variations of signs in the first series and one
variation in the sccond, and hence just two real roots. If ¢ and L are
both positive, the number of variations is 1 in the first series and 3 in the
second, so that this case is excluded by the Corollary to Sturm’s Theorem.
To give a direct proof, note that by the value of L in (6), 4 s > ¢ and
that P is negative by (7), so that each term of (10) is = 0, whence A > 0.

Hence, if gLA # 0, there arc four distinct real roots if and only if A
and L are positive, and ¢ negative; two distinct real and two imaginary
roots if and only if A is negative. See Ex. 5 below.

i

EXERCISES

1. If gA £ 0, L = 0, then f; = 3P is not zero and its sign is immaterial in
determining the number of real roots: two if ¢ <0, none if ¢ > 0. By (10),
¢ has the same sign as A.
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2. If rA 52 0, ¢ = 0, obtain —j3 by substituting z = —45/(37) in f;. Show
that we may take f; = rA and that there are just two real roots if A < 0, no real
root if A > 0.

3. If A #0,q=r =0, there are just two real roots if A < 0, no real root if
A > 0. Since A = 256 s*, check by solving z* + s = 0.

4. If A # 0, gL = 0, there are just two rcal roots if A < 0, no real root if
A > 0. [Combine the results in Exs. 1-3.]

5. If A <0, there are just two real (distinet) roots; if A >0, q <0, L > 0,
four distinet real roots; if A > 0 and either ¢ = 0 or L = 0, no real root. [Com-
bine the theorem in the text with that in 1ox. 4.]

6. Apply the criterion in Iix. 5 to kxs. 2, 4, 6, p. 99.

7. Apply to Exs. 1-3, p. 39, and Exs. 1-4, p. 43.

8. Show that the criterion of Iix. 5 is equivalent to the theorem in Ch. IV, § 7.
IfA>0,L>0,q<0,then4s —¢* <0by (6). Conversely, if A >0, ¢ <0,
4s — @ <0, then L >0. For,if L=0,90Q = —4¢P <0, since P < 0 by the
value (7) of A. Thus 81 Q* = 16 ¢3P?, A = 5, where

§=—4P—1F@P*=4P(—P — $¢*) =4P4s— ¢) <0,
— P having been replaced by its value in (7). Thus A < 0, contrary to hypothcsis.
The two criteria for four real roots are therefore equivalent. The criterion for
2 distinet real and 2 imaginary roots is A < 0 in each theorem. By formal logic
the criteria for no real root must be equivalent.

9. If «, B, v arc the roots of a cubic equation f(z) = 0, Sturm’s functions*
f, 11, f2, fs equal products of positive constants by

@E—a)x—B)x—7), Z@—F—7), Z(a—B)z—17), (a—B) a—7)*B— )™
Why 1s it sufficient to prove this for a reduced cubic equation?
Take fas in 1ix. 7, p. 99. Proof is needed only for the third function. In it
the coefficient of x equals 2 Za? — 2 2o = —6 p, while the constant is
—Ea27+6a67 = —3q— 6q,
by Ex. 1, p. 64. Thus the third function equals 3 fo.

10. Sturm’s functions for any equation with the n roots @, 8, . . ., 7, w equal
products of positive constants by

(r—=a) ... @—w), Z@—6)...@—w, Z(a—B2(x—7) ... (& —w),
Za=B) a—y)B—MHr—18) ... @—w), ..., (@a=8)?F...(F—w

Verify this for n = 4, using § 6. A convenient reference to a proof for any = is
Salmon’s Modern Higher Algebra, pp. 49-53.

11. There are as many pairs p of imaginary roots as there are variations of
signs in the leading coefficients of Sturm’s functions, i.c., p = V4. Hints:
Of any two consecutive Sturm’s functions, the one of even degree has the same
signs for t = — o0 and z = 400, while the one of odd degree has opposite signs.

* In Exs. 9-12, it is assumed that there are n + 1 Sturm’s functions for the equation
of degree n.
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Hence, for the two functions, V_w 4 V4w = 1. There are n pairs of consecu-
tive Sturm’s functions. ) B

Hence V_w + Vi = n, the degree of the equation.

Subtract V_, — V4w = r, the number of real roots.

Thus 2 Vi =n — 17 =2p.

12. By Iixs. 10, 11, the number of pairs of imaginary roots is the number of
variations of signs in the scries

L, Z(a— 8% Z(a—Fa—B—7% ...,
provided no one of these sums is zero.

7.1 Sturm’s Theorem for the Case of Multiple Roots. Let* f,(x) be
the greatest common divisor of f(z) and f; = f'(x). We have equations
(1) in which f, is now not a constant. The difference Vo — Vi ts the num-
ber of real rools between a and b, each mullipla root being counted only once.

If p is a root of fi(x) = 0, but not a multiple root of f(x) = 0, then
fie1(p) # 0. For, if it were zero,  — p would by (1) be a common factor
of f and fi.  We may now proceed as in the second case in § 4.

The third case requires a modified proof only when 7 is a multiple root.
Let 7 be a root of multiplicity m, m = 2. Then f(r), f'(r), . . ., f™ ()
are zero and, by Taylor’s Theorem,

fr+p) =19 P e AL O R e

, _ ! -
f'r+p) = 1.2... (m—lsf( LR
These have like signs if p is a positive number so small that the signs of
the polynomials are those of their first terms. Similarly, f(r — p) and
f'(r — p) have opposite signs. IHence f and fi show one more variation of
signs for x = r — p than for x = r 4 p. Now (z — 7)™ is a factor of
fand fiand hence, by (1), of f2, . . ., fa. Let their quoticnts by this factor
be ¢, 1, . . ., ¢ Then equations (1) hold after the f’s are replaced by
the ¢’s. Taking p so small that ¢:(z) = 0 has no root between » — p and
r 4+ p, we see by the first and second cases in § 4 that ¢1, . . ., ¢, show
the’ same number of variations of signs for ¢ = r — p as for z = r 4+ p.

The same is true for fi, . . ., f. since the products of é1, . . . , ¢ by
(x — r)! have for a given x the same signs as ¢, . . . , ¢, or the same
signs as —¢y, . . ., —$.. But the latter series evidently shows the

same number of variations of signs as ¢, . . . , ¢.. Hence (4) is proved
and consequently the present theorem.
* The degree of f(z) is not n, nor was it necessarily » in § 4.
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EXERCISES

1f Forf=of —~822+16,fi = 2> ~4a,fo =22 — 4, fi = zfo. Hencen = 2.
Then V_ = 2, Vo = 0, and there are only two real roots, each a double root.
2% f=(z — 1)@ —2). 3.1 (@ = 1)z +2). 41 2t —22—22+ 2.

8.1 Budan’s Theorem. Let a and b be real numbers, a < b, neither
a root of f(x) = 0, an equation of degree n with real coefficients. Let V,
denote the number of variations of signs of

(12) J@, f@, ["@), ..., fo0)

for x = a, after vanishing terms have been deleted. Then V, — V, is either
the number of real roots of f(x) = 0 between a and b or exceeds the number of
those roots by an even integer. A root of multiplicity m is here counted as m
T00ts.

In case Vo, — Vy is O or 1, it is the exact number of real roots between a and b.
In other cascs, it is mercly an upper limit to the number of those roots. While
therefore the present method is not certain to lead to the isolation of the real
roots, it is simpler to apply than Sturm’s method. Indeed, for an equation of
degree 6 or 7 with simple coeflicicnts, Sturm’s functions may introduce numbers of
50 or more figures.

The proof is quite simple if no term of the series (12) vanishes for
2 = a or for z = b and if no two consecutive terms vanish for the same
value of x between a and b. Indeed, if no onc of the terms vanishes for
Ty =& = Xy, then V., = V,, since any term has the same sign for z = 2,
as for = . Next, let 7 be a root of f((z) =0, a <r <b. By hy-
pothesis, the first derivative fO+D(x) of f()(x) is not zero for z=7r. Asin
the third step (now actually the case ¢=0) in § 4, f©O(z) and fE+(x) show
one more variation of signs for x = r — p than for = r 4+ p, where p is
a sufficiently small positive number. If ¢ > 1, f® is preceded by a term
6D in (12). By hypothesis, f¢=9(z) £ 0 for z = r and hence has the
same sign for £ =7 — p and z = 7 4+ p when p is sufficiently small
For these values of z, f(9(x) has opposite signs. Hence f¢=Y and f©
show one more or one less variation of signs for £ = r — p thane for
x =71+ p, so that f¢=0, fO fG+) show two more variations or the
same number of variations of signs.

Next, let no term of the series (12) vanish for x = a or for z = b, but
let several successive terms

(13) FfO), (@), ..., [EHED()
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all vanish for a value r of z between a and b, while f G+ (r) is not zero,
say positive.* Let I, be the interval between r — p and r, and I, the
interval between r and r + p. Let the positive number p be so small
that no one of the functicns (13) or f(+)(z) is zero in these intervals, so
that the last function remains positive. Hence f (i+i-1(z) increases with
z (since its derivative is positive) and is therefore negative in I; and positive
in I,. Thus f(+~2(x) decreases in I; and increases in I, and hence is
positive in each interval. In this manner we may verify the signs in the

following table:

f(v') f(i+1) f(i+2) L. f(i+j—3) f(i+j-2) f(i+i—l) f(i+1)
L| (1) (=) (=D .. — - - +
L | + + + R + + +

Hence these functions show j variations of signs in I, and none in .

If ¢ > 0, the first term of (13) is preceded by a function f¢~Y(z) which
is not zero for = r, and hence not zero in I; or Iy if p is sufficiently small.
If j is even, the signs of fG~0 and f® are + + or — + in both I, and Iy,
showing no loss in the number of variations of signs. If 7 is odd, their

signs are
L] + - - =

or

L | ++ -+
so that there is a gain or loss of a single variation of signs. Hence
fa=D, £ fEED D

show a loss of j variations of signs if j is even, and a loss of 7 4= 1 if j is
odd, and hence always a loss of an cven number = 0 of variations of
signs.

If { = 0, f& = f has ras a j-fold root and the functions in the table show
7 more variations of signs for @ = r — p than for x = r + p.

Thus, when no one of the functions (12) vanishes for 2 = a or for z = b,
the theorem follows as at the end of §4 (with unity replaced by the mul-
tiplicity of a root).

Finally, let one of the functions (12), other than f(z) itself, vanish for
xz=aorforz =b. Ifsisa sufficiently small positive number, all of the
N roots of f(x) = 0 between a and b lie between a + & and b — 6, and

* If negative, all signs in the table below are to be changed; but the conclusion holds.
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for the latter values no one of the functions (12) is zero. By the above

proof,
Va+5—‘ V{,_ = N+2t,

Vo= Vars =27, Vs — Vp =25,
where ¢, j, s are integers = 0. Hence V. — V,= N +2(t+j + s).
Exampre. Forf=a2' -7z -7,
fl=322-17, f"=0z f"=6.

There is one variation of signs for x = 3, but none for z = 4, so that just one real
root lies between 3 and 4. For

z E f f » f n f e
—2 -1 45 =12 46 3 variations
—1 -1 —4 - 6 +6 1 variation.

Thus there are two real roots or no real root between —2 and —1. The former is
the case. The reader should isolate the two roots by finding an intermzdiate value
of x for which the series shows two variations of signs.

EXERCISES
Isolate by Budan’s theorem the real roots of
1f 8—22—224+1=0. 25 ¥¥+322—22—-5=0.

3.1 If f(a) = 0, V, equals the number of real roots > a or exceeds that number
by an even integer.
4.1 There is no root greater than a number making each of the functions (12)
positive, if the leading coefficient of f(x) is positive. (Newton.)
5.1 Divide f(x) = 2"+ ax" 1+ - - - by — «; then
f@) =@ — o)t + 2 q(a) + - - -+ gaa(a)+f(a),
where gi(a) = a + @1, goa) =+ a4 a5 .. .. If « is chosen so that

g(a), .. ., gn-1(a), fle) are all positive, no positive root of f(x) = 0 exceeds e.
(Laguerre.)

9. Descartes’ Rule of Signs. The number of positive roots of an
equation with real coefficients either equals the number V of variations of
signs in the series of coefficients or is less than V by an even integer. A root
of multiplicity m is here counted as m roots.

For example, 8 — 32> + z + 1 = 0 has either two or no positive
roots, the exact number not being found. But — 32* + z+ 1 = 0 has
exactly one positive root.
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Consider any equation with real coefficients
() = ax" + aix"'+ - - - + iz +a. =0,
with a, # 0. Forz = 0 the functions (12) have the same signs as
Gny Gty - - - , G1, G,

so that Vo = V. For z = 4o, the functions have the same sign (that
of ap). Thus Vy, — V, = Vis either the number of positive roots or
exceeds that number by an even integer. Next, the theorem holds if
f(0) = 0, as shown by removing the factors x.

CoroLraRrY. The number of negative roots of f(x) = 0 is either the
number of variations of signs in the coefficients of f(—z) or is less than
that number by an even integer.

Thus 28 — 322 + z + 1 = 0 has cither two or no negative roots, since
8 — 322 — z 4+ 1 = 0 has two or no positive roots.

EXERCISES

7* — 3z + 2 = 0 has one negative root and two equal positive roots.

28 + a?x + b? = 0 has two imaginary roots if b % 0.

For n even, z* — 1 = 0 has only two real roots.

For n odd, 2* — 1 = 0 has only one real root.

For n even, 2 + 1 = 0 has no real root; for n odd, only one.

244 1222 + 5z — 9 = 0 has just two imaginary roots.

78 + a2 + b2 — 2 = 0 (¢ # 0) has just two imaginary roots.

To find an upper limit to the number of real roots of f(x) =0 between a and b, set

t_a—f—b_// < _z—a>
T 14y R —

multiply by (1 + )", and apply Descartes’ Rule to the resulting equaticn in y.

08O O i oD

10.1 Fourier’s Method. If Budan’s Theorem gives a loss of two or
more variations of signs in passing from a to a larger value b, and hence
leaves in doubt the number of real roots between a and b, we may employ
a supplementary discussion. ‘

First, let f, f’, f” show two variations of signs at a and no variation at b,
while the series beginning with f”/ shows no loss in variations (as in the
Example in § 8). Then f” is of constant sign between a and b, and the
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graph of y = f(z) has a (single) maximum or minimum point between
a and b, according as f”’ is negative or positive. If the sum

J) _ f(a)

S/ J'(a)
of the subtangents at the points with the abscissas a and b is > b — a,
the tangents cross before meeting the z-axis and the graph does not inter-
sect the z-axis between a and b, so that there are two imaginary roots
in view of Budan’s Theorem and

(14) n=V_ ,=Vo=WV_0=V)+TVa= Vi) +.(Vo—=T,).

In the contrary case, we examine the value half way between a and b,
ete. Clearly the case of imaginary roots will disclose itself after a very
few such steps.

Next, in the general case, we shall find, after a suitable subdivision of
the interval, three consecutive functions

f, JuEy - feA
showing two variations of signs at @’ and no variation at b’, while the
later terms of the series show no loss in variations of signs. We may
thercfore decide as in the first case whether there are two real roots of
f@ = 0in the interval [¢/, b’} or not, and in the latter alternative conclude
that f = 0 has two imaginary roots.*

ExampLE.  Let J@) =2 =hat— 162"+ 122* — 9x — 5. Then
Sy =52t =202 —48 22+ 242 — 9,
') =5a% — 1522 — 240 + 6,
£ f" () =522~ 10x — 8§,
o f"@) =2~ 1, jO@) = 120.
There is just one real root in cach of the intervals (— 3, —2), (=1, 0), (7, 8). The
interval (0, 1) is in doubt, the signs being
- — 4+ = = 4+ forxz=0,
- = = = - +4+ forz=1,
where 0 is read —. The j of the text is here 1. Now
SO_Fo_ =18 9
Fry 10y 4(=28) 0 4(0)
* For further details, see Serret, Algebre Supérieure, ed. 4, 1, pp. 305-318.

3 3
*7+§<1,



108 THEORY OF EQUATIONS (Cr. IX

so that we must subdivide the interval. For z = }, the signs are the same as
for x = 1. Thus the loss in variations of signs occurs in the interval (0, ). Now
A SO -1 3 1
573 f0) 4(—9%) 87 2

Hence there are two imaginary roots.

EXERCISES

1.f 28 — 324+ 223 — 822+ 3z — 25 = 0 has 4 imaginary roots.
2.1 28+ a8 — 2t — 23 + 2> — z 4+ 1 = 0 has 6 imaginary roots.



CHAPTER X
SorLuTiOoN OF NUMERICAL EQUATIONS

1. Newton’s Method. To find the root between 2 and 3 of
2 —2x—5=0,
Newton * replaced z by 2 + p and obtained
pPP+6p>+10p—1=0.
Since p is a decimal, he neglected** the first two terms and set 10 p—1=0,
so that p = 0.1, approximately. Replacing p by 0.1 4- ¢ in the preceding
cubic equation, he obitained
¢* + 6.3 ¢ + 11.23ig + 0.061 = 0.
Dividing —0.061 by 11.23, he objained —0.0054 as the approximate
valuc of ¢. Neglecting ¢* and replacing ¢ by —0.0054 + r, he obtained
6.3 72 + 11.16196 r 4 0.000541708 = 0.

Dropping 6.3 7%, he found r and hence
z =2+ 0.1 — 0.0054 — 0.00004853 = 2.09455147.

This value is in fact correct to the seventh decimal place. But the
method will not often lead as quickly to so accurate a value of the root.

The method is usually presented in the following form. Given that a
is an approximate value of a real root of f(x) = 0, we can usually find a
nearer approximation a + h to the root by neglecting the powers k2, k3, . ..
of the small number A in Taylor’s formula

flat 1) = J@) + J@h+ 5@ 5 + .

and hence by taking o
’ _ _ —Ja .
f@) +f'(a)h =0, h= ey

We then repeat the process with a + A in place of the former a.

* Isaaci Newtoni, Opuscula, I, 1794, p. 10, p. 37 [found before 1676].
** At this early stage of the work it is usually safer to retain also the term in p? and

thus find p approximately by solving a quadratic equation.
109
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Thus in Newton’s example, we have, for a = 2,
) b

h —f(2)——L’ a=a+h=21,

T @ 10
,_ —f21) _ —0.061_
B = FoD T 12 0.0054 . . . .

2. Graphical Discussion of Newton’s Method. Using rectangular
coordinates, consider the graph of y = f(z) and the point P on it with the
abscissa 0Q = a (Fig. 22). Let the tangent at P mcet the z-axis at T

P

Fig. 22 Irg. 23

and let the graph meet the x-axis at S. Take kb = QT, the subtangent.
Then
QP = f(a), f'(a) =tan XTP = —f(a)/h,
— [(@)
h = —
J'(@)

In the fictitious graph in Fig. 22, OT = a + h is a better approximation
to the root OS than OQ = a. The next step (indicated by dotted lines)
gives a still better approximation OT'.

If, however, we had begun with the abscissa @ of a point P, near a bend
point, the subtangent would be very large and the method would probably
fail to give a better approximation. Failure is certain if we use a point

%, such that a single bend point lies between it and S.

We are concerned with the approximation to a root previously isolated
as the only real root between two given numbers @ and 8. These should
be chosen so nearly equal that f’(x) = 0 has no rcal root between « and 8,
and hence f(z) = 0 no bend point between « and 8. Further, if f/(z) = 0
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has a root between our limits, our graph will have an inflexion point
with an abscissa between o and 8, and the method likely will fail (Iig. 23).

Let, therefore, neither f/(x) nor f"/(x) vanish between « and 8. Since
J” preserves its sign in the interval from « to 8, while f changes in sign,
7 and f will have the same sign for one end point.  According as the
abscissa of this point is « or 8, we take @ = a or @ = 8 for the first step of
Newton’s process. In fact, the tangent at one of the end points meets
the x-axis at a point T with an abscissa within the interval from a to 8.
If f'(x) is positive in the interval, we have Fig. 24 or Fig. 25; if f” is nega-
tive, Fig. 26 or Fig. 22.

A\‘\
a T | r\ T B
% l/ B a TS \l

B
Fig. 24 Fig. 25 Fig. 26

In Newton’s example, the graph between the points with the abscissas o = 2
and B = 3 is of the type in Fig. 24, but more nearly like a vertical straight line.
In view of this feature of the graph, we may safely take a = o, as did Newton,
although our general procedure would be to take @ = 8. The next step, however,
accords with our present process; we have « = 2, g = 2.1 in Fig. 24 and hence
we now take a = g, getting
0.061
T = 0.005
1123 = 00004

as the subtangent, and hence 2.1 — 0.0054 as the approximate root.

If we have sccured (as in Fig. 24 or Fig. 26) a better upper limit to the
root than B, we may take the abscissa ¢ of the intersection of the chord
ADB with the z-axis as a better lower limit than «. By similar triangles,

—fl@)ic—a=Jp):8—c¢

' af(8) — Bf(a)

1 = .,
W =16 - 1@
This method of finding the value of ¢ intermediate to o and 8 is called the
method of interpolation (regula falsi).
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In Newton’s example, a = 2, g = 2.1,
fle) = =1, f(B) = 0.061, c = 2.0942.

The advantage of having ¢ at each step is that we know a close limit of
the error made in the approximation to the root.

We may combine the various possible cascs discussed into one:

If f(z) = 0 has a single real root and f'(x) = 0, f"'(x) = 0 have no real root
between o and B, and if we designate by B that one of the numbers o and B
for which f(8) and f”'(B) have the same sign, then the root lies in the narrower
interval from ¢ to 8 — f(8)/f'(B), where ¢ is given by (1).

It is possible to prove* this theorem algebraically and to show that by
repeated applications of it we can obtain two limits «’, 8’ between which
the root lies, such that o’ — B’ is numerically less than any assigned
positive number. Hence the root can be found in this manner to any
desired accuracy.

Examrie. f(x) =23 — 222 —2, a=21, B=2} Then
Jla) = =1, f(B) =%.
Neither of the roots 0, 4/3 of f'(x) = 0 lics between « and g, so that f(z) = 0 has
a single real root between these limits (Ch. IX, §1).  Nor is the root } of f”'(x) = 0

within these limits. The conditions of the theorem are therefore satisfied. For
a <& < B, the graph is of the type in Iig. 24. We find that

= §82 = ! = —_ "—fr(ﬁﬁ) = 2.0
o= 81 =239, ¢ =8 -5 = 23714,
,_TB) _
B ) 2.3597.

For x = 2.3593, f(x) = —0.00003. We therefore have the root to four decimal
places. For a = 2.3593,

f(a)

f’((l,) =7.2620, a — jT,(TL)

=2.3593041,

which is the value of the root correet to 7 decimal places. TFor, if we change the
final digit from 1 to 2, the result is greater than the root in view of our work, while
if we change it to 0, f(x) is negative.

* Weber's Algebra, 2d cd., I, pp. 380-382; Kleines Lehrbuch der Algebra, 1912, p. 163.



53 SOLUTION OF NUMERICAL EQUATIONS 113

EXERCISES
(Preserve the numerical work for later use.)
1. Find the root between 1 and 2 of 23 +4a* — 7 = 0 correct to 7 decimal

places.
2. Find the root between —1 and —2 to 5 decimal places.
3. TFind a root of #* + 2 + 20 = 0 to 5 decimal places.

3. Systematic Computation by Newton’s Method. Set

! 1 ’ ’ 1 7
=31 f8=2f'gf”='§f'zy f4=§§'.‘4f'" =if, .. ..

Then, by Taylor’s formula,
fx+h) =f@) + '@+ BLe) -+ Bhe)+ @)+ -
fll@e+h) = f'(x) + 2 hfo(x) + 3 Rfs(x) + 4 hfa(x) + - - - .
folz +h) = fo(x) 4 3 hfs(x) + 6 A fa(x) + - - - .
Sl +h) = @) +4hfi(z) + - -
The second formula may also be derived from the first by differentiation
with respect to i (or if we prefer, with respect to x), and likewise the
third from the second, with a subscquent division by 2, cte.
The work of finding f(z 4+ k), f'(x + k), . . . from f(z), f'(z), folx), .
may be arranged as follows for the case n = 3, whenee fy = 0:

fs J2 J | S
A NS (R R O TR )
F A R (i VAR 1 I VU S G A
L kA ARt 2h) =z + k)
fo - 2hfs| A 2hfA 3RSy =@+ h)
+ hfs

Here we have added hfs to fo.  This sum is multiplied by h and the
product added to f’. To the resulting sum is added & times the second
sum f: + 2 Afs in the second column; cte.

ExampLe 1. flx) = 8 — 222 — 2. Then
f(x) =3t — 4z, folx) =3x—2, fa(z) = 1.
Their values for z = g8 = 2} arc given in the first line below. Since*
= —f/f’ = —0.129, the work is as follows:
* Ordinarily we would usc at this step the value h =—.13, which is sufficiently
exact and simplifics the numerical work.
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1 5.5 8.75 1.125
—0.129 —0.69286 —1.03937
5.371 8.05714 0.08563
—0.129 —0.67622
5.242 7.38092
—0.129
1 5.113

The numbers at the bottom are the values of
fs 8), ['(8), f(8) forg =p+h=2371.
Exampre 2. Netto treats in his Algebra the cquation

f@y=at+¥ -3 —x—4=0.

Then

@)y =423+ 322 - 62— 1, L2=6224+32—-3, fi=4z+1, fi=1.

Since f(1) = —6, f(2) = 6, there is a root of J(@) = 0 between 1 and 2.
Descartes’” Rule, f'(x) and fu(x) cach have a single positive root. Since S =0,
Jo(1) = 6, f>(2) = 27, neither has a root between 1 and 2. Since f(2) and f"(2)

are of like sign, we take 8 = 2. The values of fy, . .

in the first line below.

1 9 27 31 6 -6
0.2 —1.76 — 5.048 —5.1904 3y = 702
8.8 25 .24 25.952 0.8096
—0.2  —1.72  — 4704
8.6 23.52 21.248
—-0.2  — 1.68
8.4 21 .84 —0.8096
—0.2 21.248
1 8.2 =—0.04
—0.04 — 0.3264 — 0.860544 —0.81549824
8.16 21.5136  20.387456 | —0.00589824
—0.04 — 0.3248 — 0.847552
8.12 21.1888 | 19.539904
—0.04 — 0.3232
8.0S 20.8656
—0.04 0.00589824
- or 19 539004 = 0-000302—

[Cr. X

By

., Jfor x = 2 are given
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The root is 2 — 0.2 — 0.04 4 0.000302 = 1.760302, in which only the last figure
is in doubt. Indeed, it can be proved that if the quotient f/f'" begins with k zeros
when expressed as a decimal, the best approximation vs obtained by carrying the division
to 2.k dectmal places.

EXERCISES

1. Extend the work of Example 1 above.

2. Apply the present method to Iixs. 1, 2, 3, page 113.

3. Treat in this way Newton’s example (§ 1).

. In the four long formulas at the beginning of § 3, any arithmetical coefficient
cquals the sum of the one preceding it and the one above that preceding one, as
6=3+34=1+3.

!p .

4. Horner’s Method.* To find the root between 2 and 3 of
r—-2xr—5=0

by the method now to be explained, we shall modify in two respects the
process used by Newton (§ 1).  While in the latter process wesetx = 2 + p
and found the cube of 2 4 p, cte., in order to form the fransformed equation

P+6pP+10p—1=0

for p, we shall now obtain this equation by a different process. Since
P=r— 2:

P-=22-5=@—-2P+6@—-22+10(x —2) —1,

identically in z. Hence —1 is the remainder obtained when 23 — 22 — 5
is divided by = — 2; the quotient Q evidently equals

(x — 22+ 6 (x — 2) + 10.

Similarly, 10 is the remainder obtained when this Q is divided by z — 2

and the quotient @, equals (x — 2) + 6. Another division gives the

remainder 6. Hence to find the coefficients 6, 10, —1 of the terms after

p* in the new equation in the variable p = @ — 2, we have only to divide

the given function 2* — 22 — 5 by ¢ — 2, the quotient @ by = — 2, etc.,

and take the remainders —1, 10, 6 in reverse order. However, when the -
work is performed as tabulated below, no reversal of order is needed,

since the cocflicients then appear on the page in their desired order.

* W. G. Horner, London Philosophical Transactions, 1819.
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Synthetic Division. We next explain a brief method of performing a

division by  — 2 and, in general, by  — h.  When we divide
flx) = ax" + a4 - - - +an
by z — h, let the constant remainder be r and the quotient be
g(x) = bzt + bz + -+ -+ + ba

Comparing the coefficients of f(z) with those in
(x—h)ql@) +r

=boz"+ (by— hbo)x" 14 (b — kb)) "2+ -+ = 4 (b1 —hba2)T+7—hbs_s,

we obtain relations which may be written in the form

bo=ao, by=a1+ hbo, by=as+ hby, . .., Dpo1=Cp_1+ hbp 2, r=a,+ hbn_1.
The steps in the work of computing the b’s may be tabulated as follows:
7 R S (R
R L

bo b1 by...bay, T
In the second space below a, we write by (which cquals a). Then mul-
tiply b by h and enter the product under a;, add and write the sum b,
below it, ete. This process was used in Ch. I, §5, to get the value r
of f(h). See also Ch. VI, §6.

In our example, the work is as follows:

1 0 -2 -5 2
2 4 4

1 2 2 -1
> s
2

1 6

Thus 1, 6, 10, —1 are the coefficients of the equation in p.

But there is a more essential difference between the methods of Horner
and Newton than the detail as to the actual work of finding the trans-
formed equations. Newton used the close approximation 0.1 to the root
of the equation in p. As this value exceeds the root p and hence would
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lead to a negative correction at the next step, Horner would have used
the approximation 0.09 (taking a decimal, with a single significant figure,
just less than the root). The next steps of Horner’s process are as
follows:

1 6 10 -1 10.09
0.09 0.5481 0.949329
1 6.09 10.5481 —0.050671
0.09 0.5562 <J
1 6.18]  11.1043 0.05
0.09 11.1
1 6.27 =0.004
0.004 0.025006 0.044517584

1 6.274 11.129396 | —0.006153416
0.004 0.025112
1 6.278 11.154508

1 6.282

Hence z=2.094-+(, where { is between 0.0005 and 0.0006. Thus 346.282 ¢?
1s between 0.0000015 and 0.0000023, so that the constant term should be
reduced by 2 in the sixth decimal place.  We now have

11.154508 ¢ = 0.0061514-, ¢ = 0.0005514+,
with doubt only as to whether the last figure of ¢ should be 4 or 5.

Exampre 1. Find the root between 1 and 2, correct to seven decimal places, of
P42 —-7=0.

See p. 118. The figure in the fourth decimal place is evidently 2. Thus
z= 1164 4+y, 0.0002<y<0.0003, y*+7492y*+ - - =0,

0.000000299 < 1* 4 7.492 y* < 0.000000675,
0.003316381 < 13.376688 y < 0.003316757,
0.00024792 < Y < 0.00024795.

Henve x = 1.16424794, in which all of the figures are correct. But this work may
be abridged. The sum of the terms in ® and 42 has its first significant figure in the
seventh decimal place, as shown by 7.5 (0.0003)2.. Hence, returning to the final
numbers in our transformation scheme above, we carry the division of 0.0033170
by 13.376688 until we reach a remainder whose sign is in doubt in view of the
doubt on the seventh decimal place of the dividend. Doubt would here first arise



118 THEORY OF EQUATIONS (Cm. X

1 4 0 -7 L
1 5 5
1 5 5 -2
1 6
1 6 11
1
17 0.1
0.1 0.71 1.171
1 7.1 11.71 —0.829
0.1 0.72
I 72 ] 1243
0.1
173 [0.06
0.06  0.4416 0.772296
I 736 12.8716 | —0.056704
0.06  0.4452
I 7.42 | 13.3168
0.06
748 [0.004

0.004  0.029936 0.053386944
1 7.484 13.346736 | —0.003317056
0.004  0.029952
1 7.488 | 13.376688
0.004

1 7.492°

in the case of the figure 9 in the seventh decimal place of the quotient ; but this
doubt is removed by noting that the correction to be subtracted from the seventh
decimal place of the dividend is a figure between 2 and 7 (as shown by the above
examination of the terms in 3% and y2).

ExampLe 2. TFind the root between —4 and —3, correct to seven decimz!
places, of the equation in Ex. 1.

Using the multipliers —4, 40.6, +0.008, we find that £ = —4 + 0.608 4- ¥
where

¥ — 6.176 32 4+ 7.380992 y — 0.004556288 = 0.

Thus y just exceeds 0.0006. The sum of the terms in ¥* and 32 is —0.000002 to
six decimal places.  Carrying the division of 0.004558 by 7.381 until the sign of
the remainder is in doubt, on account of the doubt in the sixth decimal place, we
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get ¥ = 0.0006175, with the slight doubt duc to the approximate value of the
divisor and that of the 2 term. Since the cube of 6.176 is just less than 235.6
(as shown by logarithms), the sum of the terms in 3 and * is —0.000002356
to nine decimal places. Carrying out the division of 0.004558644 by the exact
coefficient of y, we get y = 0.0006176, correct to seven decimal places. Hence
z = —3.3913823.

EXERCISES

1. Find to 7 decimals the root of «* + 4a? — 7 = 0 between —1, —2.

2. TFind to 7 decimals all the roots of x* — 72 — 7 = 0.

Find to 5 decimals all the real roots of

3. ¥*+2x+20=0. 4. B4+32—2x—-5=0.

5 2 4at—22—1=0. 6. vt 43— 1750 — 182 + 58.5 = 0.

7. x4 — 11727 x + 40385 = 0. (G. H. Darwin.)

8. Tind to 8 decimals the root between 2 and 3 of 23 — v — 9 = 0 by making
only three transformations.

6.1 Without the intermediation of the idea of division by z — h, we
may show dircetly that the process of § 4 yields the correct transformed
equation. For simplicity, we take a cubic equation

f@)=a®+ bz +cx+d=0.

Our process was as follows:

a b c d
ah ah? + bh ah’ + bh2+ ch
a ah+0b ah? +bh + ¢ ah® + bl + ch + d
ah 2 ah? + bh = f(h)
a 2ah+b 3aht+ 2bh + ¢ = f'(h)
ah

a 3ah+b =1f"(h)
Hence the transformed equation is
L (pt 4+ 5 (p + S (Wp +f(R) = 0.

The terms of the left member, read in reverse order, are those of Taylor’s
formula for the cxpansion of f(h + p). Hence the above process yields
the *quation obtained from f(z) = 0 by setting 2 = h + p.
6.1 Numerical Cubic Equations. After finding a real root r # 0 of
f@y=a*+b2t+cx+d=0,
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we may obtain the remaining roots r; and r; from
—d
ntre=—-b—r, rr= = 24 br + c.

We have
(2) (Tl el r§)25 (T1+7'g>2"‘ 47‘17'2 =b2—4¢c—2br — 312

Thus r, — r, is either real or a pure imaginary. Making use also of
r1 + 72, we shall have the real or imaginary expressions of 7y, r.. As it
would be laborious to compute the right member of (2), we may make
use of a device. We have
(7"1 — 7'2)2 =0 -3¢ “"f/<l)

The value of f’(r) for the approximate value of r obtained at any stage
of Horner’s process is the coefficient preceding the last one in the next
transformed equation (§ 5).

Exampre. Let f(x) =22+ 42> — 7. By Ex. 1, p. 117,
S(1.164) = 13.376688S.
If we continue Horner’s process, using the multiplier m = 0.000248, and retaining
only six decimal places, we sce that we must twice add 7.492 m = 0.001858 to the
preceding /' to get
S/(r) = 13.380404, r = 1.164248.

But this continuation of Horner’s process is unnceessary.  Using f/”/(x) = 6 and
the work on p. 118, we have

f@+m) =/ () +mf’@@)+3m, Lf7(1.164) = 7.492,

/) =1337 . . . 4 2m (7.492) 4 0.0000002 = 13.3804042.
Hence we get

(T] - 7'2)2 = 26195958, T — Ty = 16185165,

e = —5.1642479, 7 = —1.7728657, r,= —3.3913822.

71. Numerical Quartic Equations. Let
f@)=x'+bx*+cx*+dr+e=0

have two distinet real roots 7 and s. When these are found approximately
by Horner’s process, we get at the same time f'(r), f'(s), approximately.
Call the rema,ining roots r; and r.. Then
T+ r=—b—1r—s,
rre=c— (r+8)ri+nrn) —rs=c+br+s)+r2+rs+

(i —mr)?=0—4c—2b(r+s) —3rt —2rs—3s

(ri—=m)Pb+2r+2s)=—(r—mr)?2n+2r+b)
=b —4bc—8c(r+s) +b(—7r2—10rs—7s%)—06r3—107%5—10 rs2— 633
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To the second member add the product of 10 by
s+ £ 8 b0 4 rs 4+ 8% +cr +9) 4 d _fi'—)u_i(s—)_ 0.
Hence
(r— )20+ 2r+2s) =b—4bc+ 8d +f'(r) + f'(s).

From this equation we get r; — 7. and then find r; and ry, approximately.

EXERCISES t

1. After finding one of the real roots of the cubic equations in Exs. 2, 3, 4, 5, 8,
p. 119, find the remaining roots by § 6.

2. Treat the quartic equations in Iixs. 6, 7, p. 119, by § 7.

Find two and then all of the roots of

3. 2+ 12247 =0. 4. at — 802 + 1998 x* — 14937 = + 5000 = 0.

8.1 Graffe’s Method. TFirst, let all of the n roots oy, . . ., x, be real
and distinet numerically. Choose the notation so that z; exceeds z, nu-
merically and z, exceeds x; numerically etc. In
3) =™ (1 + + *"+ <. );

x m /C m
each fraction approaches zero as m increases, so that x™ is an approxi-
mate value of Zx™ if m is sufﬁciently large. Similarly,
. T m T3 L™
(4) lemx2m —_ xlmxzm <1 + 2 - {— x - + + _m._c_m + v e e ,
a
so that z,mr,” is an approximate value of Zz™z;m for m large. Now
™, . . ., x,™ are the roots of

(5) y _S‘xl n—[ + xlmxzm . yn—Z_ . O'

As illustrated in the examples below, it is quite casy to form this equation
(5) for values of m which arc the successive powers of 2. After obtaining
the equation in which m is sufficiently large, we divide cach coefficient

by the preceding coefficient and obtain approximate values of the nega-
tives of 21", zy™, . . . . Indeced, the coefficients are approximately

1, - x{", xl"‘:vg"', —xl"‘:cg"‘xa"‘, PN

ExampLe 1. For 23+ 2 —2x — 1 =0, we first form the cubic equation
whose roots are the squares of the roots 1, s, 23 of the given equation. To this
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end, we transpose the terms z2, —1, of even degree, square, replace x2 by y, and get*
¥ =5y +06y—1=0,
whose roots are i, = 2.3, 2 = %, ys = x;2. Repeating the operation, we get
2—13224+262—1=0, ¢®*—1172*4650v — 1 =0,

with the roots 2z = 412, . . . ,and s, = 22 . ... Hence the roots of the v-cubic
are the 8th powers of 2y, 2, x;. By logarithms, the 8th roots of 117, 13, 515 (the
approximate values of %, x.%, z¥) are 1.813, 1.239, 0.4450, which arc therefore
approximate numerical values of 2y, x2, ¥;.  The next step gives the equation

wd — 12389 w* 4 422266 w — 1 = 0.

The 16th roots of 12389, cte., are —1.80225, 1.24676, —0.44504, to which the proper
signs have now becn prefixed (their product being positive and sum being —1).

Instead of repeating the process, we may now obtain as follows the values of the
roots correct to five decimal places.  We had the logarithms of the last approxi-
mations to the roots and henee sce at once that (rs/.c2)' affects only the 8th decimal
place and that (z3/2)is still smaller. The coefficient of w is Zr16x,'%, whose
expression (4) involves only the first three terms.  Ience

000 = 422266,
correct to 7 decimal places. The reciprocal is 3'%, whence z; = —0.44504 to

5 decimal places. By the approximate values of r, and x; from the w-cubic,
(zz/x1)® = 0.002751. Thus

1.002751 ,1¢ = 12389 = Zxr,'5,

whenee z, = —1.80194 to 5 decimal places. By the displayed equations,
9 o705
T = 4%2—:(—36 X 1'00-2?31 2 = 1.24698.

12389

We have now found each root corrcet to five decimal places. As a check, note
that the roots are (Ch. VIII, § 3, § 8)

20033?71-, 20054—1,—71, 2008971-

The above process requires modification if several of the largest roots
are equal or approximately equal numerically. If x, and z, are approxi-
mately cqual, but sufficiently different from s, . . ., ., numerically, an
approximate value of 2™ is § Zz,™.

Next, consider a cubic equation with two conjugate imaginary roots

* We may use symmetric functions: Zy, = Zz? = (Z2.)? — 2 Stz = 5, ete.
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z; and z3, whose modulus (Ch. II, § 8) is r, and a real root z; numeri-
cally greater than r. Then the real number

", B

F A

is numerically less than or equal to the sum

of the moduli of its two parts, and hence approaches zero as m increases.
Thus, by (3), an approximate value of z,™ is 2z

ExampLE 2. Forad — 21 —2=0, x> 1.7, 2z =12=2/z;. Since 2 < (1.7)3,
r < 1.7 < z;. Forming the equation whose roots are the squares of the roots of
the z-cubic, that whose roots arc the fourth powers, etc., we get

P-4y +4y— 4=0,
2 —822—162—16 = 0,
» — 96 0% — 256 =0.
Thus z, is approximately
V96 = 1.7692 . . . .
By two more steps, we get
7 = V85032960 = 1.769293,

correct to six decimal places.

For a cubic equation in which z; < r, we employ the equation in X
obtained by setting z = 1/X. Itsroot 1/z, exceeds numerically the mod-
ulus 1/r of the imaginary roots 1/z;, 1/xs. Hence the equation in X is of
the type last discussed.

EXERCISES

1. The equation whose roots are the 8th powers of the roots z1, 25, s o
B —42—2z+3=0is -
wd — 74474 w? + 46213 w — 6561 = 0.

Dividing the negative of cach coefficient by the preceding coefficient and extracting
the 8th root of each quotient, we get 4.06443, 0.94, 0.78. The first is a good
approximation to z.. The last two are approximately equal and hence not good
approximations to —as, z;. To avoid this inconvenience, add unity to each root
(i.e., replace x by X — 1). Treat the equation in X and so obtain good approxi-

mations to zi, %z, Zs.
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Treat by the present methods

2. 22 —2x—-5=0. 3. ¥ —21>—-2=0. 4, ?+422—-7=0.
5. ¥+22x+4+20=0.

For further details on the determination of imaginary roots by this method,

see Encke, Crelle’s Journal, vol. 22 (1841), p. 193, and examples by G. Bauer,
Vorlesungen diber Algebra, 1903, p. 244; and C. Runge, Praxis der Gleichungen,

1900, p. 157.

9.f To determine the imaginary roots of an equation f(z) = 0 with
real coefficients, expand f(x + yi) by Taylor’s Theorem; we get

J@) + f(@) yi — " (2) /‘)——f”’( OB ’/2’ s+ =0,
Since z and y are to be real, and y # 0,
© J@) = 1@ Y5+ @ fzéq{?ﬂ_ —Y
1@ =@y gt o Y- ~o.

By ecliminating y? between these two cquations, we obtain an equation
E(z) = 0, whose real roots  may be found by one of the preceding
methods. In general the next to the final step of the elimination gives
y? as a rational function of z, so that each real z which yields a positive
real value of y? furnishes a pair of imaginary roots x & yi of f(z) = 0. But
if there are several pairs of imaginary roots with the same real part z, the
equation in y? used in the final step of the elimination will be of degree
greater than unity in 2.

ExampLE. For f(2) = 2t — z + 1, equations (6) are

-+ 1—-06222+y'=0 43—1—-4xy2=0.
Thus
1
2 — 22— = __ Ay 2 | =
Y T i’ 428 4 2% 4 16 0.
The cubic equation in 2 has the single real root

= 0.528727, x = +0.72714.

Then y? = 0.87254 or 0.184912, and
z=uz+yi =072714 £ 0430012, — 0.72714 4+ 0.93409 .
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EXERCISESt

1. For the quartic equation in Ch. V, § 1, eliminate y* between equations X = 0,
Y = 0, corresponding to the present pair (6), and get
(@ —2)(16 x4 — 64 2° + 136 2> — 144 ¢ + 65) = 0.

Show that the last factor has no real root by setting 2z = w + 2 and obtaining
(w? + 1)(w* 4+ 9) = 0. Hence find the four sets of real values z, y and hence the
four complex roots x + yt.

2. If r and s arc any two roots of f(z) = 0 and we set

r+s r—s

o YT o

we have r =z + yi, s = x — ¥, so that f(x £y7) = 0. Hence E(z) = 0 has

as its roots the 1 n(n — 1) half-sums of the roots of f(2) = 0 in pairs. If, however,

we eliminate = between equations (6) and set —4 y* = w, we obtain an equation

\iyhosa roots are the & n(n — 1) squares of the differences of the roots of f(z) = 0.
10

. Lagrange’s Method. The root between 1 and 2 of
B?+42—-7=0
may be expressed as a contin 1ed fraction. Set z =1+ 1/y. Then*
2P+ 11y 4+7y+1=0.
Since —29? + 11 12 must be negative, we have y > 5. We find by trial
that y lies between 6 and 7. Sety = 6 + 1/

—2 1 7116
12 -6 6
7 1 i 7
—12 -8
-2 = '1-3:]% 7T
—12
-2 -2
2B Ti7=0, 14-TI2-2:-2=0.

Since 72* — 7722 > 0,2 > 11. The value of z lies between 11 and 12.

Now
1 Tz+1
r=14+—=
6+§ 6z+1

* We may of course first set = = 1 + d, find the cubic equation in d by our earlier
method, and then replace d by 1/y.



126 ‘'THEORY OF EQUATIONS [Cr. X

Using z = 11, we find that « is just smaller than 1.1642. But z is in fact
just greater than 11.3. Using z = 11.3, we find that

80.1
Hence z = 1.1642 to four decimal places.

There is a rapid method of evaluating a continued fraction and a means
of finding the limits of the error made in stopping the development at a
given place. For an extensive account of the theory and applications of
continued fractions, see Serret’s Cours d’Algébre Supérieure, ed. 4, 1,

pp. 7-85, 351-368.



CHAPTER XI
DETERMINANTS; SYSTEMS OF LINEAR [EQuaTIiONS

1. In case there is a pair of numbers 2 and y for which
(1) a4 bly ":‘ kl,
asx + boy = ks,

they may be found as follows. Multiply the members of the first equa-
tion by b, and those of the second equation by —by, and add the resulting

equations. We get
(a;bg - Grzbl).’ll = klbg - kgbl.

Employing the respective multipliers —a, and a;, we get

(a162 - agbl)']j = Clez - azkl.
The common multiplier of z and y is
(2) Cleg - a2bl,
which is called a determinant of the second order and denoted by the
symbol *
@)
The value of the symbol is obtained by cross-multiplication and substrac-
tion. Our earlier results now give

ki b
(3) 1 1

ko b
We shall call &, and k&, the known terms of our cquations (1). Hence,
if D 1is the determinant of the cocfficients of the unknowns, the product of D by
any one of the unknowns equals the determinant obtained from D by substi-
tuting the known terms in place of the coefficients of that unknown.

ay bl

(02 b2

ay bl ay l)l

)

ial kl

[¢2] b2 ¢ [)3 as ]Cg

* The symbol for an expression should show explicitly all of the quantities upon
whose values the value of the cxpression depends. Here these are ay, by, as, b The
advantage of writing these in the symbol (2) in the order in which they oceur in the
equations is that the symbol may be written down without an «ffort of memory by a
mere inspection of the given equations.

127
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Exampre. For 2z — 3y = —4, 6r —2y =2, we have

2 -3 —4 -3
z = ) 14z = 14, z=1,
6 —2 2 -2
2 —4
14y = 6 2 | = 28, y=2
EXERCISES
Solve by determinants the systems of equations
1. 8z —y =34, 2. 3x+4y =10, 3. ax + by = a?,
x4+ 8y =53, dx+y =0 bx — ay = ab.

4. Verify that, if the determinant (2) is not zero, the values of z and y deter-
mined by division from (3) satisfy equations (1).
2. Consider a system of three lincar equations
ax + by + a2z = ky,
4) s + bsy + coz = ks,
azr + byy + ¢z = ks.
Multiply the members of the first, second and third equations by *
(5) b203 —_ ban, })301 — b163, b162 — bng,
respectively and add the resulting equations. We obtain an equation
in which the coefficients of y and z are found to be zero, while the coeffi-
cient of x is
(6) a1b203 — (lxb:;Co_ + (12b361 — a2b163 + a3b162 — (131)261.
Such an expression is called a determinant of the third order and denoted
by the symbol

ar by ¢
6") az by ¢
az by ¢
The nine numbers a;, . . ., ¢ are called the elements of the determi-

nant. In the symbol these clements lie in three (horizontal) rows, and
also in three (vertical) columns. Thus as, by, ¢; are the elements of the
second row, while the three ¢’s are the elements of the third column.

* A simple rule for finding thesc multipliers is given in § 3.
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The equation (free of y and z), obtained above, is

ay by ¢ | ki by ¢y
a by ¢ | T = k2b202,,
| as bs cs k3 bs cs I

since the constant member was the sum of the products of the expres-
sions (5) by ki, ks, ks, and hence may be derived from (6) by replacing
the a’s by the &’s. Thus the theorem of §1 holds here as regards the
value of z.

3. Minors. The determinant of the sccond order obtained by eras-
ing (or covering up) the row and column crossing at a given element of a
determinant of the third order is called the minor of that element. For
example, in the determinant D given by (6), the minors of ay, as, as are
be ¢ by ¢ I b o }
bs ¢; by c3 ’ b ¢ |
respectively.  The multipliers (5) are therefore A;, —A4,, A.. Hence the
first results obtained in § 2 may be stated as follows:

) D = a A, — ad» + a3,
(8) biAy — boAy + 03A; = 0, A — Ay + c3ds = 0.

The minors of by, by, by in this determinant D are

4, = ) Ay =

)

A3=|

By = asc; — ascy, By = a,c3 — asey, B3 = a160 — ascy.
Multiply the members of the equations (4) by — By, By, — Bj, respectively,
and add. In the resulting equation, the coefficients of x and z are seen to
equal zero:

9) —aBy + @By — ;B3 = 0, —ciBy 4 6By — ;B3 = 0,
while the coefficient of y is seen to equal the expression (6):
(10) D = —blB1 + szg — I):;B;;.

Hence the theorem of § 1 holds here for the variable y.
The reader should also verify that, if he uses the multipliers Cy, —Cs, Cs,
where C; is the minor of ¢; in D, he obtains an equation in which the co-

efficients of x and y are zero:

(1 1) (1101 _ (IQC-), + 0303 = 0, 1)101 - szz + b303 = 0,
while the coefficient of z equals the expression (6):
(12) D = ¢,C1 — &:Ca + &Cs,

and then conclude that the theorem of § 1 is truc as regards 2.
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4. Expansion According to the Elements of a Column. Relations (7),
(10), (12) are expressed in words by saying that a determinant of the third
order may be expanded according to the elements of any column. To obtain
the cxpansion, we multiply cach element of the column by the minor of
the clement, prefix the proper sign to the products, and add the signed
products. The signs are alternately + and —, as in the diagram.

+ - 4

+ +
6. Two Columns Alike. A determinant * is zero of any two of uts

columns are alike.
This is evident for a determinant of the second order:

cc
adl= cd —cd = 0.
To prove it for a determinant of the third order, we have only to expand
it according to the elements of the column not one of the like columns
and to note that cach minor is zero, being a determinant of the second
order with two columns alike.

I+

EXERCISES

Solve by determinants the systems of cquations (expanding a determinant having
two zeros in a column according to the elements of that column):

1. z4 y+ z=11, 2.2+ y+ 2=0,
2z —6y— z2=0, r4+2y+3z2=—1,
3z+4y+22=0. r+3y+62=0.

3. Noting that A, Az, A; of §3 do not involve ay, ap, as, we may obtain the
first expression (8) from (7) by replacing cach a; by b;, and the second expression (8)
from (7) by replacing cach a; by ¢;. Hence (8) arc the expansions of

l)1 1)1 Cy C1 bx C1
bz bg C2 = 0, C2 bz Cy | = 0
bs by ¢ s by ¢

according to the elements of the first column.
4. Prove similarly that (9) and (11) follow from § 5.

* Here and in §§ 6-11 we understand by a determinant one of the second or third
order. After determinants of higher orders have been defined, it will be shown that
these theorems are true of determinants of any order.
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6. Theorem. A determinant having a» + qi, as + qz, . . . as the ele-
ments of a column equals the sum of the determinant having ai, as, . . . as
the elentents of the corresponding column and the determinant having qi, ¢,

. as the elements of that column, while the elements of the remaining
columns of each determinant are the same as in the given determinant.

For determinants of the second order, there are only two cases:

a1+¢]1b1 _ a1b11+‘q1b1
as + ¢z b, as by | g2 by ’
by a1+ ¢ _ b, al]+ by ¢
b a2 + @2 by a by gy |

For determinants of the third order, one of the three cases is’

a+ q b o a by o q1 b o
Gt@bo|l=|abc|+|qbecl
as + ¢] bs ¢ as by ¢ qs bs cs

To prove the theorem we have only to expand the three determinants
according to the elements of the column in question (the first column in
the first and third illustrations, the second column in the second illustra-
tion) and note that the minors arc the same for all three determinants.
Hence ay + ¢ is multiplied by the same minor that a; and ¢ are multi-
plied by separately, and similarly for a; + ¢, cte.

7. Removal of Factors. A common factor of all of the elements of the
same column of a determinant may be divided out of the elements and placed
as a factor before the new determinant.

In other words, if all of the clements of a colurn are divided by =, the
value of the determinant is divided by n. For example,

ay 'nbl C1 a b1 C1

na, b1 ay b1
= , as nbe ¢ | =n| as by ¢

nay be az b,
az ')’Lb‘; C3 az b3 C3

Proof is made by expanding the determinants according to the elements
of the column in question.
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8. Theorem. A determinant is not changed in value if we add to the
elements of any column the products of the corresponding elements of another
column by the same number.

a; + nby by

as + nbe by

as follows from the first relation in § 6. Similarly, by the third,

a; + nby by & a, by ¢ ! by b a

+n*‘ by by 2 |
| bs bs e

For example, ay by

)

Qs b2

ay+nby by ¢2 | =| az by ¢ |
az + nb; bs c; as by ¢ ‘\

in which the last determinant is zero by § 5.
In general, let ai, as, . . . be the elements to which we add the products
of the clements by, bs, . . . byn. Weapply § 6 with o = nby, g2 =nbs, . . ..
Thus the modified determinant equals the sum of the initial determinant
and a determinant having by, bs, . . . in one column and nby, nbe, . . . in
another column. But the latter determinant equals (§7) the product

of n by a determinant with two columns alike and hence is zero (§5).

Exampre. Multiplying the clements of the last column by 2 and adding the
products to the clements of the second column, we get

1 —2 1 1 01 ;001 | —2 8|

< _ e o :[_lz—
123 )=1 83 = -2 83/=1 3 4 .
6 4 3 6 10 3, | 3 10 3

For the next step, we have multiplied the clements of the third column by —1
and added the products to the clements of the first column.  Expanding the third
determinant according to the clements of the third column, we note that two of
the minors are zero (having a row of zeros), and hence obtain the determinant of
the sccond order written above. The last step is simplified by use of § 10.

9. Interchange of Rows and Columns. A determinant is rot altered
if in its symbol we take as the elements of the first, second, . . . rows the
elements (in the same order) which formerly appeared in the first, second, . . .
columns:

alb1|_ ay Qe

a by “blbz’

a; by ay ay a3
D=|a bycc|=|b b bs | =A.

as bs ¢ €1 C C3
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The proof is evident by inspection for the case of determinants of the
second order. For those of the third order, we expand A and find that its
six terms are those in the expansion (6) of D.

10. Expansion According to the Elements of a Row. To prove that
determinant D, given by (6'), may be expanded according to the elements of
any row (say the second *):

D = —(LgAz + bng - 6202,

with the same rule of signs asin § 4, we note that (§ 9)
bl bg |

€ C3

n a:,i .
k“' 2

a; as

D=A=—‘(12 bl)
1 U3

+ b2

b

€ G

since A can be expanded according to the elements of its second column.
After interchanging the rows and columns in these three determinants of
the second order, we have the minors As, Bs, Cy of az, by, ¢2 in D.

lixampre., The third determinant in the Txample of §8 is best evaluated by
expanding it according to the clements of its first vow, sinee two of its elements are
zero.  Indeed, we obtain +1 multiplied by its minor.

11. Theorem. A determinant is not changed in value if we add to the
elements of any row the products of the corresponding elements of another
row by the same number.

We shall show that D, given by (6'), equals

ay bl Cy
D'=\{ a; + na; b, + nby ¢+ ney .
as bs C3

Now D = A. where A is given in §9. By §8,
ay a;+nay as
A=|b by+nb by
e ct+na o
Interchanging the rows and columns of A, we get D’. Hence
D' =A=D.

* While for concreteness we have here (and in § 11) treated but one of several cases,
the proof is such that it applies to all the cases.
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EXERCISES

1. Evaluate the numerical determinant in § 8 by removing the factor 2 from
the second column and then getting a determinant with two zeros in the second
row.

Solve the systems of equations (by removing, if possible, integral factors from a
column and reducing each determinant to one with two zeros in a row before
expanding it):

2.2 -2y+ z=12 3. 3x—2y=17,
c+2y+3z=43, 3y —2z =06,
6r+4y+3z=84. 3z—2x=—1.

Factor a single determinant, and solve

4. 4+ y+ z2=1, 5 ax+ by + cz =k,
ar+ by + cz =k, @ + by + 2 =k
a’r + by + ¢z = k2 a‘r + by + ctz = kA

6. Obtain in its simplest form the value of x from
ax+ y+ z=a-3,
rtay+ 2= —2
r+ y+ta= —2,
7. Deduce the case n = 2 of § 7 at once from § 6, by taking ¢; = a;.
8. Give the proof in § 10 when the third row is used.
9. Give the proof in § 11 for a new case.
10. A determinant of the third order is zero if two rows are alike.
11. Hence prove that D’ = D in § 11 by expanding D’ according to the elements

of its second row.
12. Prove the thcorem about rows corresponding to that in § 6.
13. From Ex. 12 deduce Ex. 11.

12. Definition of a Determinant of Order #. In the six terms of the
expression (6), which was defined to be the general determinant of order 3,
the letters a, b, ¢ were always written in this sequence, while the sub-
scripts are the six possible arrangements of the numbers 1,2, 3. The first
term aibsc; shall be called the diagonal term,* since it is the product of the
elements in the main diagonal running from the upper left hand corner to
the lower right hand corner of the symbol for the determinant. The
subscripts in the term —ajbsc, are derived from those of the diagonal
term by interchanging 2 and 3, and the minus sign is to be associated
with the fact that an odd number (here one) of interchanges of subscripts
were used. To obtain the arrangement 2, 3, 1 of the subscripts in the

* Sometimes called the leading term.
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term —agbse, from the natural order 1, 2, 3 (in the diagonal term), we
may first interchange 1 and 2, obtaining 2, 1, 3 and then interchange
1 and 3; an even number (two) of interchanges of subscripts were used
and the sign of the term is plus.

EXERCISES

1. Show that a like result holds for the last three terms of (6).
2. Discuss similarly the two terms of a determinant of order 2.

While the arrangement 1, 3, 2 was obtained from 1, 2, 3 by one inter-
change (2, 3), we may obtain it by applying in succession the-three inter-
changes (1, 2), (1, 3), (1, 2), and in many new ways. To show that the
number of interchanges which will produce the final arrangement 1, 3, 2
is odd in every casc, note that any interchange (the possible ones being
the three just listed) changes the sign of the product

P = (21 — 22) (21 — a3) (22 — x3),

where the 2’s are arbitrary variables.  Thus a succession of k interchanges
yields P or —P according as £ is even or odd.  Starting with the arrange-
ment 1, 2, 3 and applying k successive interchanges, suppose that we
obtain the final arrangement 1, 3, 2. But if in P we replace the subscripts
1, 2,3 by 1, 3, 2, respectively, i.e., if we interchange 2 and 3, we obtain
—P. Hence k is odd.

Consider the corresponding question for n variables. Form the prod-
uct of all of the differences x; — x; (¢ < j) of the variables:

P=(x,—x)(xi—x5) ... (@ —uzx)
(s —x3) . .. (X — )
’ . . . . (.fn-:l — X,).

Interchange any two subscripts ¢ and j.  The factors which involve neither
¢ nor j are unaltered. The factor +(z; — ;) involving both is changed
in sign. The remaining factors may be paired to form the products

@ —x)@ —a) (k=1,...,n; ki ks#j).
Such a product is unaltered. Hence P is changed in sign.
Suppose that an arrangement @, ¢, . . ., ¢, can be obtained from

1,2, . .., n by using a successive interchanges and also by b successive
interchanges. Make these interchanges on the subscripts in P; the
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resulting functions equal (—1)°P and (—1)"P, respectively. But the
resulting functions are identical since cither can be obtained at one step
from P by replacing the subscript 1 by ¢, 2 by 42, . . . , n by i.. Hence

(=P = (=1)P,

so that a and b are both even or both odd.
We define a determinant of order 4 to be

a byoa dy i
4] bg Cy (lg f

= E + agb.c.d,

as by c3 dy [eD)

(13)

ay by ¢y dy

where ¢, 7, s, t is any onc of the 24 arrangements of 1, 2, 3, 4, and the
sign of the corresponding term is + or — according as an even or odd
number of interchanges are needed to derive this arrangement ¢, 7, s, ¢
from 1, 2, 3, 4. Although different numbers of interchanges will produce
the same arrangement ¢, 7, s, ¢ from 1, 2, 3, 4, these numbers are all even
or all odd, as just proved, so that the sign is fully determined.

We have scen that the analogous definitions of determinants of orders
2 and 3 lead to our earlier expressions (2) and (6).

We will have no difficulty in extending the definition to a determinant
of general order n as soon as we decide upon a proper notation for the n?
elements. The subsceripts 1, 2, . . ., n.may be used as before to specify
the rows. But the alphabet does not contain n letters with which to
specify the columns.  The use of ¢, ¢”, . . ., e for this purpose would
conflict with the notation for derivatives and besides be very awkward
when exponents are used. It is customary in mathematical journals and
scientific books (a custom not always followed in introductory text books,
to the distinet disadvantage of the reader) to denote the n letiers used to
distinguish the n columns by ey, e, . . ., e, (or some other letter with
the same subscripts) and to prefix (but see § 13) such a subseript by
the subscript indicating the row. The symbol for the determinant is
therefore

€11 €13 . . . €1n

(14) D = €1 €2 . . . €29

€n1 €n2 . . . €np
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By definition * this shall mean the sum of the n! terms
(14") (—Diegeiz . . . €

in which 4y, %@, . . . , 2, is an arrangement of 1,2, . . . , n, derived from
1, 2, ..., n by ¢ interchanges. For example, if we take n =4 and
write a;, bj, ¢;, d; for ey, €2, €;3, €1, the symbol (14) becomes (13) and the
general term (14’) becomes (— 1) a;, b;, ¢;, d;,, the general term of the second
member of (13).

EXERCISES

1. Give the six terms involving a; in the determinant (13).

2. What are the signs of asbscadies, asbscadeer in a determinant of order five?

3. The arrangement 4, 1, 3, 2 may be obtained from 1, 2, 3, 4 by use of the two
suceessive interchanges (1, 4), (1, 2), and also by use of the four successive inter-
changes (1, 4), (1, 3), (1, 2), (2, 3).

4. Write out the six terms of (14) for n = 3, rearrange the factors of ecach term
so that the new first subseripts shall be in the order 1, 2, 3, and verify that the
resulting six terms are those of the expansion of D" in § 13 for n = 3.

13. Interchange of Rows and Columns. Determinant (14) equals

€l €1 . . . €x1
D = €2 €2 . . . €n2
€inCp « - . Cnn

Without altering (14”), we may recarrange its factors so that the first
subseripts shall appear in the order 1,2, . . . , n, and get

(—1)i(?1/\-182k2 c e . Onpye

Since this can be done by 7 interchanges of the letters e (corresponding to
the 7 interchanges by which the first subseripts ¢, . . . , ¢, were derived
from 1, . . . , n), the new second subscripts ki, . . . , k, are derived from
the old sccond subsecripts 1, . . ., n by 7 interchanges. The resulting
signed product is therefore a term of D’. Hence D = D’

* We may define a determinant of order » by mathematical induction from n — 1
to n, using the first cquation in § 17.  The next step would be to prove that the present
definition holds as a theorem.
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14. Interchange of Two Columns. A determinant is changed in sign
by the tnterchange of any two of its columns.

Let A be the determinant derived from (14) by the interchange of the
rth and sth columns. The expansion of A is therefore obtained from
that of D by interchanging r and s in the series of second subscripts of
each term (14’) of D. Interchange the rth and sth letters e to restore
the second subscripts to their natural order. Since the first subscripts
have undergone an interchange, the negative of any term of A is a term
of D, and A =—D.

16. Interchange of Two Rows. A determinant D is changed wn sign
by the tnterchange of any two rows.

Let A be the determinant obtained from D by interchanging the rth
and sth rows. By interchanging the rows and columns in D and in A, we
get two determinants D’ and A’, either of which may be derived from the
other by the interchange of the rth and sth columns.  Henee, by §§ 13, 14,

A=A"=—D'=—D.

16. Two Rows or Two Cclumns Alike. A determinant vs zero iof any
two of its rows or any two of its columns are alike.

For, by the interchange of the two like rows or two like columns, the
determinant is cvidently unaltered, and yet must change in sign by §§ 14,
15. Hence D= —D,D = 0.

17. Expansion. A determinant can be expanded according to the ele-
ments of any row or any column.

Let £;; be the minor of e;; in D, given by (14). Thus E;; is the deter-
minant of order n — 1 obtained by erasing the ith row and the jth column
(crossing at e;;). We first prove that

D = eyliy —enlo + ey — - - - + (—1)" e Eny,
so that D can be expanded according to the clements of its first column.
The terms of D with the factor ey are of the form
("‘1)i(311('3[22 v e . ein,.,

where 75, . . ., 1, is an arrangement of 2, . . . , n derived from the latter
by 7 interchanges. Removing from each term the factor ey, and adding
the quotients, we obtain the (n — 1)! properly signed terms of Ey.
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Let A be the determinant obtained from D by interchanging the first
and second rows. As just proved, the total coefficient of ey in A is the
minor

€12 €13 . . . €1y

€32 €33 . . . €3p
€n2 €n3 « o« Cun

of e in A. Now this minor is identical with Ky, But A = —D (§ 15).
Hence the total coefficient of ey in D equals — .

Similarly, the coefficient of e 15 I, ete.

To obtain the expansion of 1) according to the elements of its kth col-
umn, where £ > 1, we consider the determinant 6 derived from D by
moving the kth column over the earlier columns until it becomes the new
first column.

Since this may be done by k£ — 1 interchanges of adjacent columns,
8 = (=D 'D. The minors of the elements ey, . . ., ¢ in the first
column of § are evidently the minors K, . . ., Kol e, . o ., e in D,
Hence, by the earlier result,

(15) D=2, (= 1)ty h=1,...,n).

=1

Applying this result to the cqual determinant D’ of § 13, and changing
the summation index from j to k, we get

(16) D=2 (= 1)ieeuliy G=1,...,n).
k=1

This gives the expansion of D according to the elements of the jth row.
One decided advantage of the double subscript notation is the resulting
simplicity of the last two cxpansions. Of course the sign may also be
found by counting spaces as in § 4.

18. The theorems in §§ 6-8, 11 now follow for determinants of order n.
Indeed, the proofs were so worded that they now apply, since the auxiliary
theorems used have been extended (§§ 13, 16, 17) to determinants of
order n.



140 THEORY OF EQUATIONS (Ca. XI

EXERCISES
1. Prove the theorem of § 15 by the direct method of § 14.
2. ‘b—}-c ¢c+a a-++b a b ¢
bh+a ata a+b (=2 m b oc |
I 4+ 2t a: a + b2 az by ¢
By reducing to a determinant of order 3, ctc., prove that
3. 2 -1 3 =2 4, 11 1 1
1 7 1 -1 1 2 4
= —42, =1.
3 5 -5 3 13 6 10
4 -3 2 -1 1 4 10 20|
5 |a b ¢ d i
a? B¢t
= abed(a — b)(a — ¢)(a — d)(b — ¢)(b — d)(c — d).
B B B
at b o &
6. ae +bg af + bh a b e fl
= . . [use § 6].
ce+dg cf +dh c d| |g h)]

7. mer +biee + cies afi+ bifa+cfs g+ bige + cigs
asey + baca + 263 azf L+ ’)-zf'.' + <72f3 axgy + bzgz + cogs
azer + bsez 4 cses asf L+ baf 2 + Csfa azgh + bagz + csgs
ay 1)1 C1 €1 fl 'R
=|a b c ‘}(32 fr 92

a bz ¢ ies f:s gs

Write out only the 6 of the 27 determinants (§ 6) which are not necessarily zero.

8. Hence verify that the product of two determinants of the same order (2 or 3)
is a determinant of like order in which the element of the rth row and cth column
is the sum of the products of the elements of the rth row of the first determinant
by the corresponding elements of the cth column of the second.

9. Express (a? 4 b 4 ¢ + d?)(e* + f2 + ¢ + h?) as a sum of 4 squares by

writing
e+ fi g+m
—g+m e—fi

a+bi c+di
—c+di a—b

as a determinant of order 2 similar to each factor.
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10. If s; = o + 8 + v,

11 1 | 1 a o 3 s 8
a B vy |11 B Bl=8 2 8
[ o B o ’ 1 v Sz Sz &4

11. Using the Factor Theorem and the diagonal term, prove Ex. 5 and

1 1 R | !

T To PR n n(n—1)

112 I22 Yoo . CL',L2 = H(Z. - 1"1') = (_1) 2 P’
. i j=1

ol L, 1>

where P is given in § 12.
12. With the notations of § 3, and using (7)-(12), prove that
111 —A2 As [ a bl C1 | D 0 O l
—B, By —B; ! =0 D 0].
Cy —-Cy (s | ’ 0 0D

(42 l)2 Co

| a3 b3 Cy
Hence the first determinant equals D2

19. Complementary Minors. The determinant D of order 4 in (13)
is said to have the two-rowed complementary minors

’ a, b] Co dz

J[ =

as bs ’

, J[’zi
I

Cy d4 |

since cither is obtained by crasing from D all the rows and columns having
an clement occurring in the other. Similarly, any r-rowed minor of a
determinant of order n has a definite complementary (n — r)-rowed
minor. In particular, any clement is regarded as a one-rowed minor
and is complementary to its minor.

20. Laplace’s Development. Any determinant D equals the sum of
all the products &= MM’, where M 1is an r-rowed minor having its elements
in the first v columns of D, and M’ is the minor complementary to M, while
the sign is + or — according as an even or odd number of interchanges of
rows of D will bring M into the position occupied by the minor M, whose
elements lie in the first r rows and first r columns of D.
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For » = 1, this development becomes the known expansion of D according to
the clements of the first column (§ 17); here M, = ey
If r = 2 and D is the determinant (13) of order 4,

D . ' a bl C3 ds (7% bl [ Ca d2 ( ay b1 ! ! C2 dz I
[47) b2 C4 d4 az b:; I Cy d4 i a4 b4 C3 (la
+ az bz C1 dl _ } as bz C1 dl + ) az l)a . 1 dl .
as I)3 C4 (14 I ay b4 C3 d3 | [n ’)4 Co dz

The first term of the development is MM ,’; the second term is — MM’ (in the nota-
tions of § 19), and the sign is minus since the interchange of the second and third
rows of D brings this M into the position of ;. The sign of the third term of the
development is plus since two interchanges of rows of D bring the first factor
into the position of M,.

If D is the determinant (14), then

Cit -« . . €1y Critryl o o « Cryln
]‘11 = . . . . y ﬂ[}_l = . . . . . . .
€r1 -« . €y €artl « « « €nn

Any term of the product MM, is of the type
(—l)iem €2 o0 Cigt (— l)l'c.“,mﬂ « e e Ciny

where 75, . . . , %, is an arrangement of 1, . . . | r derived from 1, . . ., r
by 7 interchanges, while 2,41, . . . , 7, is an arrangement of 7+ 1, . . . , n
derived by j interchanges. Hence 7, . . ., 7, is an arrangement of
1, . . ., n derived by ¢ 4+ j interchanges, so that the above product is a
term of D with the proper sign.

It now follows from § 15 that any term of any of the products = MM’
of the theorem is a term of D. Clearly we do not obtain in this manner
the same term of D twice.

Conversely, any term ¢ of D oceurs in onc of the products 4+ MM’.
Indeed, ¢ contains as factors r clements from the first 7 columns of D,
no two being in the samec row, and the product of these is, except per-
haps as to sign, a term of some minor M. Thus ¢ is a term of MM’ or
of —MM’'. In view of the carlier discussion, the sign of ¢ is that of the
corresponding term in =4 MM’, where the latter sign is given by the
theorem.
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21. There is a Laplace development of D in which the r-rowed minors
M have their elements in the first r rows of D, instead of in the first r
columns as in § 20. To prove this, we have only to apply § 20 to the equal
determinant obtained by interchanging the rows and columns of D.

There are more general (but less used) Laplace developments in which
the r-rowed minors M have their clements in any chosen r columns (or
rows) of D. It is simpler to apply the carlier developments to the de-
terminant =+ D having the elements of the chosen r columns (or rows)
in the new first 7 columns (or rows).

EXERCISES
l.la b ¢ d
e f g h a b J k
00j/c—cf"|lm‘
0 0 Il m
2.la b ¢ d
1cfghﬁab.cd\_ac‘bd ad.bc\___0
2la b ¢ d ¢ f g h| le gl |f k| e | |f g
e f g h

3. Check § 20 by showing that the total number of products of n clements i3
C, -+ ri(n — r)! = n!, where €, is the number of combinations of n things r at a
time.

Tor Laplace’s development of many special determinants, see Ch. XII.

22. Product of Determinants. The important rule (Iix. 8, p. 140),
for expressing the product of two determinants of order »n as a determi-
nant of order n is found and proved casily by means of Laplace’s develop-
ment. For brevity we shall take n = 3, but the method is seen to apply
for any n. We have

ay bl C1 0 00
. 1123 bz C2 0 0 0
m b oo e fi ¢ a b ¢ 0 0 0
as by al-le fi g |= —1 0 0 e fi ¢
as by | | e f3 g 0 -1 0 e f: ¢

0 0 —1 e f3 g3
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In the determinant of order 6, multiply the elements of the first column
by e, fi, g1 in turn and add the products to the corresponding elements of
the fourth, fifth and sixth columns, respectively (and hence introduce
zeros in place of the present elements ey, fi, g1). Then multiply the ele-
ments of the second column by e, f, g2 in turn and add the products to
the corresponding elements of the fourth, fifth and sixth columns, re-
spectively. Finally, multiply the elements of the third column by es, f3, g3
in turn and add as before. The new determinant is

o b a aeatbetcae afitbfitafs agitbigetcgs
[22] ba ;. Gze1+baest-coes aef 1 +b2f 2+cafs A2g1 +b292+0293
az bs ¢ azert+bgeat-cses asfi+ bsf 2+ C:sf 3 a3t bsgz +cs93

-1 0 O 0 0 0
0 -1 0 0 0 0
0 0 -1 0 0 0

By Laplace’s development (or by expansion according to the elements of
the last row, cte.), this equals the 3-rowed minor whose elements are the
long sums, and written in Ex. 7, p. 140.

23. Systems of Linear Equations. In the n equations

anty + apts 4 - - - +l11n$n=k1,
7) o e

11 F Arols + + + + F ApaZn = kn,
let D denote the determinant of the coefficients of the n unknowns:

Ay iz « . . A1n

An1 An2 « « . Qnp

Let A;; be the minor of a;;in D. Multiply the members of the iirst equa-
tion by A1, those of the second equation by — A, . . . , those of the nth
equation by (—1)*'A,,;, and add. The coefficient of z; is the expansion
of D according to the elements of its first column. The coefficient of z,
is the expansion, according to the elements of the first column, of a deter-
minant derived from D by replacing ay by @i, . . . , @n1 by aa2, so that
this determinant has the first two columns alike and hence is zero. In
this manner, we find that

(18) Dxl = K1, sz = Kz, o« e ey D:Cn = Kn,



§ 241 DETERMINANTS 145

in which (see (8) of §24) K is derived from D by substitutingky, . . ., kn
for the elements a1y, . . . , @u; of the ith column of D. Another proof of
(18) follows from

auZy Q2 . . .Gin any ++ - -+ AaZn . . . Gin

= . . . . .. ... . .|=K

A1+ - AunZa . . . Qpa

D.’[l =

| An1Ty An2 . . . Qan

We have now extended to any n results proved for n = 2 and n = 3
in §§ 1-3.

If D # 0, the unique values of z, . . ., z, determined by division
from (18) actually satisfy equations (17). For instance, the first equation
is satisfied since

l ki au @i ... Qs |
i ki an Q2 . . . Qi

kD — auK, — apK, — - - - — a1Kn = ke Q91 Q2 « . . G2a |,
kn An1 Ap2 . . . Apn

as shown by expansion according to the clements of the first row; and
the determinant is zero, having two rows alike.

24. Rank of a Determinant. If a determinant D of order n is not
zero, it is said to be of rank n. In general, if some r-rowed minor of D is
not zero, while every (r -+ 1)-rowed minor is zero, D is said to be of
rank .

For example, a determinant D of order 3is of rank 3 if D = 0; of rank 2 if D = 0,
but some two-rowed minor is not zcro; it is of rank 1 if every two-rowed minor
is zero, but some clement is not zero. It is said to be of rank 0 if every clement is
Z€ro.

In the discussion of the three equations (4), five cases arise:

‘a) Dofrank3,.e.,D = 0.

8) D of rank 2 (i.e., D = 0, but some two-rowed minor > 0), and

IC1 b1 C1 ay k1 C1 ay b1 kl '
Ki=|k b c | Ki=|a ko ¢ | K; = | G2 by ke
ka b3 C3 az ks C3 I as b3 ks

not all zero.
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(v) D of rank 2 and K, K, K; all zcro.
3) D of rank 1 (i.c., every two-rowed minor = 0, but some element < 0), and

I a; k.’ b.‘ ki
| a; kj bi k;

not all zero; there are nine such determinants K.
(¢) D of rank 1, and all nine of the determinants K zero.

In case (a) the equations have a single set of solutions (§23). In cases (8) and
(8) there is no set of solutions. In case (y) one of the equations is a linear com-
bination of the other two; for example, if @b, — aby 5= 0, the first two equations
determine & and # as lincar functions of z (as shown by transposing the terms in 2
and solving the resulting equations for x and y), and the resulting values of @ and
y satisfy the third equation identically as to z. Iinally, in case (e), two of the
equations are obtained by multiplying the remaining one by constants. TFor
(8) the proof follows from (18).  For (v), (8), (), the proof is given in § 25.

The reader acquainted with the clements of solid analytic geometry will see
that the planes represented by the three equations have the following relations:

(a) The 3 planes interseet in a single point.

(8) Two of the planes interseet in a line parallel to the third plane.

(y) The 3 planes interseet in a common line.

(8) The 3 planes arc parallel and not all coincident.

(¢) The 3 planes coincide.

C; /C.'

) (¢, j chosen from 1, 2, 3)

¢ ki

26. Fundamental Theorem. Let the determinant D of the coeffictents
of the unknowns in equations (17) be of rank r, r < n. If the determinants
K obtained from the (r + 1)-rowed minors of D by replacing the elements
of any column by the corresponding known terms k; are not all zero, the equa-
tions are inconsistent. But if these determinants K are all zero, the r equa-
tions involving the elements of a non-vanishing r-rowed minor of D determine
uniquely r of the variables as linear functions of the remaining n — r vari-
ables, and the cxpressions for these r variables satisfy also the remaining
n — r equations. .

For example, letr = n —1. Then D = 0 and the K's are the K;, . . .,
K, of §23. Hence, by (18), the equations arc inconsistent unless
K, ..., K, are all zero. This affords an illustration of the following

Temma 1. If every (r + 1)-rowed minor M formed from certain
r + 1 rows of D is zero, the corresponding r 4+ 1 equations (17) are incon-
sistent if therc is a non-vanishing determinant K formed from any M
by replacing the elements of any column by the corresponding known
terms k.
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For concreteness,* let the rows in question be the first r + 1 and let
Ay e Uy kll

K=. « « <« « < . #~ 0.
Ary11 « o o Qpprr ]\"r+1¥

Let dy, . . ., d.iq bethe minors of &y, . . ., k1 in K. Multiply the
first r + 1 equations (17) by dy, —ds, . . ., (—1)" d.4y, respeetively, and
add. The right member of the resulting equation is = K. The coeffi-
cient of z, 1s

! a1 .. a1y ay 5

+
Arp11 o o - Apprp Qg !

and is zcro, being an M. Henee 0 = £ K.

Liemma 2. If all of the determinants M and K in Lemma 1 are zero,
but an r-rowed minor of an M is not zero, one of the corresponding r + 1
cquations is a linear combination of the remaining 7 cquations.

As before let the r + L rows in question be the first » 4+ 1. Let the
non-vanishing r-rowed minor be

ayp . . . Ay,

(19) dpr=|. . .

Qe o o o Ayy '

#= 0.

Let the functions obtained by transposing the terms £; in (17) be
Li = anxi+ apre + - - - + ainx, — ki
By the multiplication made in the proof of Lemma 1,
dilny — bl 4 - - - + (=) dpilpn = FK =0.
Hence L,y is a linear combination of Ly, . . ., L.

The first part of the fundamental theorem is true by Lemma 1. The
second part is readily proved by means of Lemma 2. Let (19) be the
non-vanishing r-rowed minor of D. For s > r, the sth cquation is a
linear combination of the first r equations, and hence is satisfied by any
sct of solutions of the latter. In the latter transpose the terms involving
Tept, - - - 5 Tne  Since the determinant of the coefficients of z, . . . | a,
is not zero, § 23 shows that xy, . . ., x, are uniquely determined linear
functions of 2,41, . . . , %, (which enter from the new right members).

* All other cases may be reduced to this one by rearranging the »n equations and
relabelling the unknowns (replacing z; by the new z1, for example).
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EXERCISES

1. Write out the proof of the theorem in § 25 for the cases (v), (5), (¢) in § 24.
Discuss the following systems of equations:

2. 2x4+ y+3z=1, 3. 224+ y+32=1,
4r+2y— 2= -3, 4dr4+2y— 2=3,
204+ y—4z=—4. 22+ y—4z=4.

4. z— 3y+ 4z=1, 5 z— 3y+ 4z=1,
4r—12y+ 162 =3, 4 —12y+ 16z =4,
3z — 9y +12z2=3. 3r— 9y +12z2=3.

6. Discuss the equations in Iixs. 4 and 5, p. 134, when two or more of the num-
bers a, b, ¢, k are equal.
7. Dlscuab the equations in Ex. 6, p. 134, when a = —2.

26. Homogeneous Linear Equations. When the known termsky, . . .,
k. in (17) are all zero, the equations are called homogeneous. The determi-
nants K are now all zcro, so that the n homogeneous equations are never
inconsistent. This is also evident from the fact that they have the set of
solutions ¢ = 0, . . ., xz, = 0. By (18), therc is no further set of solu-
tions if D 0. If D = 0, there are further sets of solutions: if D is of
rank r, there occur n — 7 arbitrary parameters in the general set of solu-
tions (§ 25). A particular case of this result is the much used theorem:

A necessary and sufficient condilion that n linear homogeneous equations
wn nunknowns shall have a set of solutions, other than the trivial one tn which
each unknown is zero, is that the determinant of the coefficients be zero.

27. The case of a system of fewer than n linear equations in n un-
knowns may be treated by means of the Lemmas in § 25.

In case we have a system of more than n lincar equations in n unknowns,
we may first discuss n of the equations. If these are inconsistent, the
entire system is. If they are consistent, the general set S of solutions may
be found and substituted into the remaining cquations. There result
conditions on the parameters occurring in S, and these linear conditions
may be treated in the usual manner. Ultimately we get either the gen-
eral set of solutions of the entire system of equations or find that they are
inconsistent. To decide in advance which of these cases will arise we have
only to find the maximum order r of a non-vanishing r-rowed determinant
formed from the coefficients of the unknowns, taken in the regular order



§ 28] DETERMINANTS 149

in which they occur in the equations, and ascertain whether or not thLe
(r 4+ 1)-rowed determinants K, formed as in § 25, are all zero.*

28. An important case is that of # non-homogencous linear equations
in n — 1 unknowns z,, . . . , r,_;. By multiplying the known terms by
z, = 1, we bring this case under that of n homogencous linear equations
in n unknowns (§ 26). Then (18) gives Dz, = 0, D = 0, so that the given
equations are inconsistent if 1) £ 0.

There vs no set of solutions of the n equations

any + apTs + ¢ - -+ Gam1Thoy = ]v'x, fan .« . Qo ks
.o #~ 0.
An 1T+ Anolo+ © + A Up a1 Tam1 = ki, An1+ « « Qn n—-1 kn,
EXERCISES
Discuss the following systems of equations:
1.4+ y+32=0, 2. 2r— y+ 4z2=0, 3. rr— 3y+ 4z=0,
z+2y+2z2=C -+ 3y— 2z=0, 4r—12y 4162 =0,
c+5by— 2z =0. r—1ly+ 14z = 0. 3r— 9y +122=0.
4. 6 +4y+32—84w =0, 5. 204 3y— 424 Sw=0,
r+2y+3z—48w =0, 3r+4+ Sy— z4+ 2w=0,
r—2y+ z—12w =0, 7+ 11y— 92+ 12w =0,
4r+4y— z2—24w=0. 3r+ 4y—11lz+ 13w =0.
6. 2+ y+32=1, 7. 20— y+4+3z2=2
442y — z= -3, z+T7y+ z=1,
204+ y—4z=—4, 3r4+5y—5Hz= -3,
10z 45y —62= —10. 4er—3y+2z=1.

8. Obtain a consistent system of cquations from the system in Ex. 7 by replac-
ing the term —3 by a new value.

9. In three linear homogeneous equations in x, y, 2, w, the latter are proportional
to four determinants of order 3 formed from the coeflicients.

* For an abbreviated statement, the coneepts matrix and its rank are needed. Cf.
Bocher, Introduction to Higher Algebra, p. 46.



CHAPTER XII
RESULTANTS AND DISCRIMINANTS

1. Introduction. If the two equations

ar +b =0, cx+d=0 (@0, c#0)
are simultaneous, t.e., if « has the same value in each, then
x=—Q:—(~I, R=ad — bc =0,
a c

and conversely. Ience a necessary and sufficient condition that the
cquations have a common root is £ = 0. We call R the resultant (or
eliminant) of the two equations.

The result of eliminating x between the two equations might equally
well have been written in the form be — ad = 0. But the arbitrary
selection of R as the resultant, rather than the product of B by some
constant as —1, is a matter of more importance than apparent at first
sight.  We seek a definite function of the cocfficients a, b, ¢, d of the func-
tions ax + b, cx 4 d, and not merely a property B = 0 or R £ 0 of the
corresponding equations.  Accordingly, we shall lay down the definition
in § 2, which, as the reader may verify, leads to £ in our present example.

Methods of elimination which seem plausible often yield not R itsclf,
but the product of R by an extrancous function of the coefficients. This
point (illustrated in Ex. 3, p. 156) indicates that the subject demands a
more careful treatment than is often given.

We may even introduce an extraneous factor zero. Let « 5 0,
J@)=a*—2ar — 3 o2, g@X)=2 — a.

From f subtract (z 4+ a)g. Multiply the remainder, —2 a(z + a), by t — 3«
and add the produet to 2af. The sum is zero. But the resultant is —4 o2 (the
value of f forx = a) and is not zero.  As we used g only in the first step and there,
in eflect, replaced it by a2 — «?, we really found the resultant of the latter and f.
The extraneous factor introduced (¢f. Ex. 7, p. 152) is the resultant of z + «
and f and this resultant is zero.

150



§2) RESULTANTS AND DISCRIMINANTS 151

2. Resultant of Two Polynomials in . Let

1) g f@) = ax™+ a@m '+ - - - +am (a0 5% 0)

g(@) = box” +bx* 4 - - - 4+ b, (by # 0)
be two polynomials of degreesm and n. Let ay, . . . , am be the roots of
f(x) =0. Now a; is a root of g(z) =0 only when g(a;) = 0. The two
equations have a root in common if and only if the product

glen) glew) . . . glem)

is zero. This symmetric function of the roots of f(x) = 0 is of degree n
in any one root and hence is expressible as a polynomial of degree n in the
elementary symmetric functions (Chap. VII, §3), which equal —a,/ay,
az/ao, . . . . To be rid of the denominators ae, it suffices to multiply* our
polynomial by ao". We therefore define
2) R(J, 9)= a'g(a)g(es) . . . glam)
to be the resultant of f and ¢. It equals a rational integral function of
Q, . .., Am by, . .., bn

EXERCISES

1. If m = 1, n = 2, R(f, g) = bnalz - b[(lo(ll + b2(102.
2. If m = 2, n = 1, lﬁ(f, y) = (Io(boaq + bl)(boaz + b1) = (101)12 - all)ol)l + agboz,

Since (10((11 + (Xg) = —, My = (.
3. If g, . . ., B are the roots of g(x) = 0, so that
g(ai) = bo(as — Br) (i —B2) . . . (ai — Ba),
then

R(f, g9) = a"by™ (a1 — B1)(en — B2) . . . (a1 — Ba)
(o — B)(og — B2) . . . (a2 — Bu)
¢ (am - ﬂl)(am - ﬁ.*) . e (am - Bu)~
Multiplying together the differences in cach column, we see that

R(f, 9)=(=1)""bo" [(8:) f(82) . . . f(Ba)=(=1)"" R(g,])-
4. If m=2,n=1, R(g, /)= b2 f(—b1/bo) = achy* — arboby + @b, which equals
R(f, g) by Iix. 2. This illustrates the final result in Ex. 3.
5 If m=n= 2, R(f, g) = aptbotaan® + (1021)01)1041&2((11 + a-g)
+ 04)2()0’)2(&12 + 012"’) + atbPoner + U-'Jeblb‘z(al + Ot'z) + agtbs?
= byas? — bobrayay + beba(ai2 — 2 agts) + ity — bibsttoty + ao*b2®.
This equals R(g, f), since it is unaltered when the a’s and s are interchanged.
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6. R is homogencous and of degree n in ao, . . . , am; homogeneous and of
degree m in by, . . ., bn. R has the terms
aﬁnbnmy (__ l)mnbomamn.

7. R(f, gg)) = R(f, ¢1) * R(], gv).
8. R(f,z")=(~1)""ax"

3. Irreducibility of the Resultant of Two Polynomials in One Varia-
ble.* The resultant of two polynomials f(z) and g(x) was seen (§ 2) to
equal a polynomial 7 (ag, . . . , @, by, . . . , ba) in the cocflicients of f and g.
Let these coefficients be regarded as independent variables. Then r is
irreducible, i.c., is not equal to the product of two polynomials 7 and
inap, ... ,b,withnumerical cocflicients, if neither 7, nor r2is a numcrical
constant.** Suppose that r = rpu. Since r is homogeneous inao, . .« m,
each factor r; is.  Likewise, cach 7; is homogencous in by, . . ., b.. Hence

a, a by b a N
o (T T ) R X1 (P PRT -
[0 ay l)o bu Uy @y

Replace ai/aq, . . . , @n/ao by the corresponding symmetric functions of
the T00ts ay, . . . , am, also by by, . . ., ba/by by the corresponding sym-
metric functions of 8, . . ., B.. Let the factors on the right become
the polynomials P; and Py in ey, . . ., Bu.  Then (Ix. 3),

(al - ﬁl) o e (al - ﬁ1t>(a2 - /jl) . e e <am - /jn) = PIPZ,

identically in the o’s and @’s. Apart from numerical factors, Py is there-
fore the product of certain of the differences ey — B1, . . . , and P the
product of the others. But this is impossible since P, is symmetric in
ay . .., anand symmetricin By, . . ., Ba

4. A Correct Conclusion to be Drawn from Any Method of Elimina-
tion. Since the determination of 7 by means of symmetric functions of
the roots is excessively laborious unless m or n is very small, we shall later
give other methods. But we shall not know, without a careful enquiry,
whether or not such a new method introduces an extraneous factor. Each

* In place of §§ 3, 4, the reader may use §9. But this substitution should be made
only if the briefest course is desired.

** This is evident for the resultant ad — bc in § 1. For, if it were the product of two
linear functions, the one not involving a would necessarily be d (or a numerical constant
times d) and similarly the other factor would then be a.
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method leads in fact to a polynomial F(ao, . . ., b,) with the property
that every set of solutions ag, . . . , b, of r = 0 is a set of solutions of
F =0. It then follows that r is a factor of F.

For example, if R(f, g) = 0,
f=a?+ax+a=0, g=ba2+ba+b=0
have a common root z. Then
baf — asg = (aghy — ahy)x? + (bs — ab)r = 0,
—=bof + ag = (aehy — aiby)x + aghy — azh, = 0.
Exclude for the moment the case ¢, = by = 0. Thenx # 0 and
agby —axby by —agh,

| (lubl —a,bc (lobz '—(lgl)o !

Tt is casily verified that F = 0 also in the excluded case. Ience any set of solu-
tions @y, . . ., by of r = 0 is a set of solutions of F = 0. We found 7 in Ex. 5
above. It is seen to be identical with this F.

To prove in general that 7 is a factor of F, set
T e T

where ¢y, . . . , ¢, are polynomials in a1, . . . , b,, while ¢y is not identi-
cally zero (Iix. 6 above). Express also I as a polynomial in ao and apply
the greatest common divisor process to P and r.  Suppose that r is not
a factor of F. If * the degree of I in ay Is Zn, we may write

koF' = qor + 1, k= qury + 1y Fory = qure + 13,

where qo, qi, g2, 71, 72 May involve ao, while ko, ki, k2, 3 do not (for sim-
plicity we assume that 75 is the first 7; not involving ag). If r; were iden-
tically zero, ry (or a factor actually involving a,) would be a factor of r,
as shown by the last two of our threc equations. Since rz is of lower degree
in @ than r, this contradicts the irreducibility of r (§3). Hence there
exist constants a//, . . . , b, such that

T3((L1’, e .oy bn’) # 0, Co((ll,, c e ey bﬂ’) # 0.

TFor a;=ay, . . ., b, = )./, r becomes a polynomial in ao with constant
coefficients and hence (Ch. V) vanishes for some value ay’ of a. By

* In the contrary case, we drop the first equation and set r, = F.
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hypothesis, any set of solutions, as a,a’, . .., ba of r=01is a set of
solutions of F = 0. Hence F(as, . .., ba) = 0. For these values
al, ..., b of a, ..., by wec have n = 0 by the first of our three
equations, then r, = 0 by the second, and 73 = 0 by the third. The last
result contradicts r3(ay, . . ., ba) # 0.

If any method of eliminating x between two equations in z leads to a rela-
tion F = 0, where F is a polynomial in the coefficients, then F' has as a factor
the true resultant of the equations.

5. Sylvester’s Dialytic Method of Elimination. Let the equations
ad + ax® + axx + a3 = 0, b2+ bx+b=0

have a common root z, so that their resultant r is zero.
Multiply the first equation by x and the second by z? and z in turn.
We now have five equations

aex? + a2® + agx? 4 asw =0,
apx® + a2 + axx + a3 =0,
bext + b + bea? =0,
box® + bix® + bz =0,

boxt + bz + b, =0,
which are linear and homogeneous in z*, 23, 22, x, 1. Hence

a a a az 0
0 a a1 ay a3
€)) F=]b b b 0 0
0 b b b O
0 0 b by b

is zero. By § 4, ris a factor of F. But the diagonal term ag’d,® of F isa
term of r (Ex. 6, p. 152). Hence F is the resultant.

In general, if the equations are
azm+ -+ - +am=0, bz"+ .- +b.=0,

we multiply the first equation by "1, z*%, . . ., z, 1, in turn, and the sec-
ond by ™1, z»2, . . ., z, 1, in turn. We obtain » + m equations which
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are linear and homogeneous in the m + n quantities ™1, . .., z, L.
Hence the determinant

G G Q. ..an 0. ... ... 0

0 a a a an 0 0

0 0 a a a an 0 .0 [T rows
(5) F= 0..... 0 dg Ay as . . . . Uy

bo by « oo oo b, 0. . ... 0

0 bo b1 ........ l),,, 0 M TOWS

0 0 by by . ... ..... b,

is zero. By §4, ris a factor of F. But the diagonal term ag"b.™ is a
term of r. Hence F is the resultant.

EXERCISES

1. For m = n = 2, the resultant is

a a a 0
0 a a a
bo bt ba O
0 bo b bs

r =

Interchange the second and third rows, apply Laplace’s development, and prove
that
r= (aobz)"’ - (aobx)((llbz),

where (ab;) denotes ah, — axbo, ete.  Compare with (3).

9. For m = n = 3, show by interchanges of rows that

@ o @ a 0 O
bo by b b 0 O
a a a a O
bo by b b3 O
QG ar a2 a3

bo b1 b2 ba

o o o ©
(]
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Apply Laplace’s development, selecting minors from the first two rows, and to the
complementary minors apply a similar development. This may be done by
inspection and the following value of — 7 be obtained:

(aobl) § (albz) ((lzba) - (alb.’i)2 + (112{)3) (aﬂb3) }
- (dobz) { (aobz) (ashs) — ((101)3) (c1bs) f
+ (aobs) § (aoh:) (azbs) — (wobs)?s.

The third term of the first line and the first term of the last line are alike. Hence,
changing the signs,

T = (ahs)® — 2 (agh)) (ohs) (azbs) — (atoh2) (aohs) (aibs)
+ ((lobg)ll ((12[)3) + ((lo[)l)((hl)(;)2 bt ((Lob])(albz)(azbs).

3. Form = n = 3, the method which led to (3) gives
— bof 4 awg = (aohy) 2* + (aoh2) x + (aobs),
(bsf — asg) /x = (aohs) 2% + (aibs) & + (aabs).

By (3), the resultant of these two quadratic functions is

_ (aobs)  (aob) ‘2_} (aohs)  (aob1) . (aibs)  (aob2)
(abs) (aobs) |~ | (abs) (ahs) || (asbs) (aohs)

This is, however, not the resultant r of the cubic functions f, g. To show that
(aohs) is an extraneous factor, note that the terms of F not having this factor

explicitly are
((Iob]) ((LQbs) g (aobl) ((lzba) - ((lobz) ((111)3) ; .

The quantity in brackets equals — (ags)(aibs), since

Gy a1 Qa2 das

b b by b

0=13 = (aohi)(azbs) — (aoh2)(mbs) + (aobs) (a:bs).
o ay 47 asz
bo b1 by b

We now see that F = r - (acbs), where r is given in Tix. 2.

4. Verify that (aghs) is an cxtraneous factor by showing that if 23 — 1 =0,
28 — x = 0, then 7 = 0, (aobs) = 0.

5. The resultant of L = ax + By and L' = o'z + B’y is R = af’ — o/8. The
determinant of the coefficients of 22, zy, y* in L? = 0, LL’ = 0, L’ = 0 is

. o? 2 a8 i
R =|ad op+a8 pp
a/g 2 a' ﬂ, Blg
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If R = 0 there exist values not both zero of x and y such that L = L’ = 0 and
hence values of 22, zy, ¥, not all zero, such that L? = 0, ete. Thus B = 0 implies
R’ = 0. Since R is irreducible, it is a factor of R’. But if R’ = 0, we are not to
infer hastily that the values of x*, xy, y* obtained from the three equations linear in
them are consistent (i.e., the product of the first and third equals the square of
zy) and hence have no right to conclude that R" = 0 implies R = 0 and thus that
R’ is a power of R (as done in some texts).

If R = 0, the three linear homogencous equations whose coefficients are the
elements in the three rows of the determinant B’ have solutions not all zero, which
may be designated 2, xy — 2, y*. Then the equations may be written in the form

L?=2aB2, LL = (o + &/B)z, L*=2dp".
Thus
0 = (LL)* — L*L* = R%*2.

IfR»#0,thenz=0,L =1/ =0, Rt = Ry = 0, whereas z, y, z are not all zero.
Hence R’ = 0 implies B = 0. Thus each irreducible factor of R’ is a numerical
multiple of B. By cxamining one term of R’, we see that B’ = R,

6. The determinant of the coefficients of &, 2%y, xy?, ¥* in

L3 =0, L)L =0, LL”? =0, L3 =0,
equals R%. Prove as in Ex. 5 and also as in Ex. 7.

7. Reduce the determinant R’ in Iix. 5 to the form R?. If 8 = 0, R’ is evidently
R3. If g = 0, multiply the clements of the sccond column by —a/8, those of the
third column by o?/8%, and add the products to the elements of the first column.
The elements of the new first column are 0, 0, £2/8:. Hence

2 ap B
af’ +a'g B

a B
a/ﬂ ﬁl

I?

2
R =— =1,{_ =R?-R.
B B

8. If for F = 0 we omit onc of the cquations in § 5, we have a consistent set
of equations which determine = in general. Thus if m=n =2, 5f =0, f =0,
g = 0 give a(ab)r = — a(ah,). The latter is in agreement with the linear
equation in the example, p. 153.

6. Discriminants. Let oy, . . . , am be the roots of
(6) f(@) =am+axmt+ - - - +an=0 (a0 % 0)
As in Ch. III, § 3, we define the discriminant of (6) to be
D = aozm—2(al - a2)2(a1 - (;!3)2 “ . (oq - am)2(ag - a3)2 .« o (am_l - am)z.
Evidently D is unaltered by the interchange of any two roots. Since the

degree in any root is 2 (m — 1), the symmetric function D equals a poly-
nomial in ag, . . . , @m. Indeed, a®™? is the lowest power of a sufficient
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to cancel the denominators introduced by replacing Zey by —ai/ao, - « «
oy . . . am by &£ am/as. Now*

f'(o) = aoar — az) (s — az) + . . (o1 — ),

I(aw) = aolay — ar)(ae — az) . . . (02 — am),

I (as) = ao(as — ) (os — ) (s — @) - . . (a3 ="Am)y « « o
Hence
a™f (ar) . . . f'(om) =qgml(— 1)1k et (g —ap)? L L (otm—1— tm)?

m{m—1)

= ('—' 1)~ 2 aoD.
By (2), the left member is the resultant of f(z), f'(x). Hence

Q) D=(=1) * R(.I).

m(m—1) 1

For another proof that D is a numerical multiple of R/aq, see Ex. 9 below.

EXERCISES

1. Show that the discriminant of f =1+ py+q=101is —4p* —27¢* by
evaluating the determinant of order five for R(f, f').

2. Find the relation between the discriminant of f(z)= 0 and the resultant of
mf(z) — zf'(z) and f'(2).

3. Hence the discriminant of agx® + aiz? + asv + a5 is — 3§ r, where
r= (ma — 9 aots)? — (2 a2 — 6 a103) (2 ar> — 6 aga)t

is the resultant of @x? + 2axx + 3as = 0, 3age? + 2aww + @ = 0, by (3).

4. The diseriminant of the product of two functions equals the product of their
discriminants multiplied by the square of their resultant. Hint: use the expres-
sions in terms of the differences of the roots.

5. aois a factor of R(f, f") by the first column of its determinant.

6. For ay = 1, the discriminant equals

1 ay a12 PR alm—-l 2 So St S2 e e o Sm—1
1 a a? ... ag™ ! =1 81 S 83 e v . Sm

’
1 am omt...ap™! Sm—1 Sm  Sm4l - - « S2m—2

where s; = ai* + - -+ + an’. See Exs. 10, 11, p. 141.

* By differentiating f(x) = @o( — 1) . . . (£ — am) or by the first part of § 5,
Ch. VII. .
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7. Hence the discriminant of z® + px + ¢ = 0 equals

3 0 —-2p
0 —-2p —3q |==—4p*-=27¢.
—2p =3¢ 2p°
8. The discriminant D(ao, . . . , @w) is irreducible. Asin § 3, a factor would
equal a product P of powers of the differences a; — «; such that P is symmetric
in o, ..., an. Thus every difference would be a factor. But the product

of the first powers of all the differences is changed in sign by any interchange of
two roots (Ch. XI, § 12). Hence P is divisible by the square of the last product.

9. Prove that D is a constant times R(f, /') + a0 by use of §4. Since D=0
implies R = 0, the irreducible D is a factor of B.  But D is of total degree 2 m — 2
inay, a, . ..,and Ris of total degree 2m — 1. Hence R/D is of the first degree
and thus (Ex. 5) a numecrical multiple of aq.

7.1 Euler’s Method of Elimination. Let f and g be given by (1).

If f(x) = 0 and g(z) = 0 have a common root ¢, then
f@)=(@—0ofiz), g@)=@—c)n),
identically in z, where fi(x) is a polynomial of degree m — 1, and gi(z) is
of degree n — 1. Hence
f@)gi(2) = g(@)fi(x),
identically in . Hence if ay, . . . , b, are any numbers for which R(f, g)
=0, there exist constants qi, . . . , qu, P1, - - - , Pm DOt all zero for which
(azm+axmt+ - - Fan) (@@ et e )
=(bex + bzt 4 - - - Fba) (Pt 4 porm i - - - o+ Pa),

identically in . Equating the coefficients of like powers of z in the two
products, we obtain the relations

Qo1 - Z)02)1 = 0,
a1 + o2 — bipy — bope =0,
AmGn—1 + Am—1Gn - bnpm—l - bn—lpm = 0,
AmQn - bnpm = 0.
Since these m-+n linear homogeneous equations in the unknowns ¢i, . . . ,

Qn, —P1 - - - , —DPm have a set of solutions not all zero, the determinant
of the coefficients is zero. Interchanging the rows and columns of this
determinant, we get (5). The proof that (5) is the resultant follows as in
the last two lines of § 5.
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8.1 Bézout’s Method of Elimination. When the two cquations are
of the same degree, the method will be clear from the example
f=a®+ a? + ax +as = 0, g =ber® +ba? + b +bs = 0.
Then
aog — bof,
) (a0 + ar)g— (box + b1) f,
(aoz® + a1x + az)g— (box®* + bix + by) f
equal respectively

(aoby)2? +(aobs) © +(achs) = 0,
(aobe) 224§ (aghs) + (arbs) $x+ (a1bs) = 0,
(aghs) 2 + (a1bs)x +(azb;) = 0,

where (agh)) = aphy — aiby, ete. The determinant of the coefficients is the
negative of the resultant R(f, g). Indeed, it is divisible by B (§ 4) and
has a term of —R. The negative of the determinant is seen to have the
expansion given as r in Iix. 2, p. 156.

The three equations used above are evident combinations of
?f=0, of=0, f=0, 2%=0, zg=0, g=0,

the latter being the equations used in Sylvester’s method of elimination. The
determinant of the coefficients in these six cquations is

@ a a a O
0 @ @ a @
0 0 a a a as
bo by b, by 0 O
0 b0 by by by
0 0 b b by by

The operations carried out to obtain the above three quadratic equations are
seen to be step for step the following operations on determinants. First, ai®R
is derived from the determinant B by multiplying the clements of the last three
rows by ap. To the elements of the new fourth row add the products of the ele-
ments of the Ist, 2nd, 3rd, 5th, 6th rows by —by, —b;, —bs, a1, a. respectively
[eorresponding to the formation of the third function (8)]. To the elements of
the fifth row add the products of the elements of the 2nd, 3rd, 6th rows by —bo, b,
a; respectively [corresponding to the second function (8)]. Finally, to the ele-
ments of the sixth row add the products of the elements of the third row by —bo
[corresponding to aeg — bof]. Hence
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QG a az as 0 0

0 G Q1 az asz 0
o R = 0 0 [¢5)] ‘ ay az as .

0 0 0 i (aobs) (aibs) (azbs)

0 0 0 . (aob) (achs)+ (aibs) (abs) |

0 0 0  (ah)  (aoh) (aobs) |

so that R equals the 3-rowed minor enclosed by the dots. The method of Bézout
therefore suggests a definite process for the reduction of Sylvester’s determinant

oF order 2 n (when 11 = 1) o-oue of order .

Next, for equations of different degrees, consider the example
f = a4 0@ + a:x? + asr + ay g = bex® + bix + be.
Then
apxtg — bof, (aox + ar)x2g — (box + b)f
equal respectively
((lobl) z? + (aobz) 22— (13’)0.’U - (14’)0,

(aobg) 3 + g ((111);) - (13b0£ z — §a3b1 + (Iv.;bog T — (l4b1.

The determinant of the cocfficients of 23, 22, , 1 in these and zg, g, after
the first and sccond rows are interchanged, is the determinant of order 4
enclosed by dots in the second determinant below. It is the resultant

R(f, g) by § 4.

As in the former example, we shall indicate the corresponding operations on
Sylvester’s determinant
Ay ay a; dz Qay 0

0 a @ a a a
bo by b O O O
0 b b b O

0 0 b b b O
0 0 0 b b b

Multiply the elements of the third and fourth rows by a. 1In the resulting deter-
minant a2, add to the clements of the third row the products of the elements of the
first, second and fourth rows by —bo, —bi, a respectively. Add to the elements
of the fourth row the products of those of the second by —bo. We get
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@G o az az as 0

0 a a az as a4
o R = 0 o0 (aghs)  (aib2) — asby —azhy — asby —ash

0 0 (aoby) (@ob2) —azbo "'adbo_i

0 0 i b by b 0 |

0 0 0 bo by by

Hence R equals the minor enclosed by dots.

EXERCISES t

1. For m = 3, n = 2, apply to Sylvester’s dcterminant R exactly the same
operations as used in the last case in § 8 and obtain

[ (aghy) (aib2) — asbo  —ashs
R = (aby) (aob2) —asho |.
by b by
2. Hence show that the discriminant of aex® + aix® 4+ axx + a; = 0 is
2a00; wmar + 3aaz 2 maz
- W 2ay 3as
3ao 2a a
= 18 aoiaa; — 4 apa® — 4 aius + afa? — 27 agtalt.
3. Form = n = 4, reduce Sylvester’s I (as in the first case in § 8) to
(aoby) (aob2) (aobs) (aobs)
(aob2)  (aohs) + (b))  (aohs) + (aibs) (aibs)
(aubs)  (aohs) + (@ibs)  (aibs) + (azbs)  (azby)
(aoby) (a1bs) (@2bs) (asbs) |

4. For f and g of degree n, the ¢th function (8), when written as a determinant
of the second order, is seen to equal

dig" '+ dig" P - -+ dig,

where
dij = (@bitj—1) + (@biyj2) + + + - + (ai=id;).
Then
n(n—1) du PN d“,
R=(-1) * D, D= Nt
dnl s e e dnn

This D is called the Bézout determinant of f and g. Show that d;; = d;;.
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5. Hence verify for m = n = 5 that R can be derived from

(ach1)  (aob2) (acbs) (aohs)  (aobs)
(achs)  (achs) (acbs) (aohs) (aubs)
(acbs)  (achs)  (achs) (aibs)  (ashs)
(0»054) (aobs) (Chbb) (azbs) (aabs)
(aghs)  (aibs)  (azbs)  (ashs)  (aubs)

by adding to its nine central clements the clements of

(o) (abs) (a1bs)
(a1bs) (@1bs) + (azbs) (azbs)
(aibs) (azbs) (azby)

6. If R(f,g) = 0, we obtain a consistent sct of cquations by omitting one of
Bézout’s equations. Hence they determine . If m =n =2, findx. If m =n
= 3, find .

7. If m = n, set gi(x) = 2™ "g(z). Then

R(f, 9) = R(f, ¢1) + (=1)"C""a,m".
8 If m=n, R(cf+dg, sf + tg) = x(ct — ds)"R(f, g). [Find the new (ab;).]

9. Express as a determinant of order m the resultant of f(x) = 0 and z™ = 1.
[Multiply f by z and reduce by 2™ = 1; repeat.] :

9.1 Without employing the results of §§3, 4, we may give a direct
proof that the determmant (5) is the resultant of f and g, given by (1).
While the method is general, we shall present it only in the case m = 3,
n = 2. In the equation

a a a az—z2 0
0 a a1 a: az— 2
9) bo by b, O 0 =0,
0 by b be 0
0 0 b b be

take z = f(8;). Multiply the eclements of the first four columns by
B, B3, BE, Bi, respectively, and add the products to the last column.
All of the elements of the new last column are zero. Hence f(8;) and
£(8.) are the roots of (9). Since the equation is of the form

bi + ()2 +F =0,
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where F is given by (4), we have

F = b’f(B)f(B2)-

Hence the Sylvester determinant F is the resultant R(f, g).
Moreover, the equation in z is the eliminant of

z = f(z),
and hence gives explicitly the equation obtained from g(z) = 0 by apply-

g(x) =0,

ing the transformation z = f(x) of Tschirnhausen (Ch. VII, § 13).

[Cx. XI1

10.1 Theorem. Necessary and sufficient conditions that f(z) and g(x)
shall have a common divisor of degree d, but none of higher degree, are B = 0,
R, =0,..., Riy=0, Ry %0, where R is the determinant (5), and Ry, is
the determinant derwed from R by deleting the last k rows of a’s, the last k

rows of b’s, and the last 2 k columns.

For example, if m = n = 4,

AQ a az
0 a a
0 0 a
1 R, =
10 YT be b b
0 b b
0 0 b

az
a2
a
by
b,
by

ay
ag
[¢2)
by
bs
b,

0
Q4
as
0
by
bs

To prove the theorem for the case d = 1, set

fi=pam?+ -+ Py,

=g+ ¢ +ga

The conditions for an identity of the form

(11) : fn—gh=cx+¢
are

0. — bopr

a1 + aogs — bip; — bops

aan—2 + am—lq n—1
AmQn—1

- bnpm—2 - bn—lpm-—l =¢

— bupma =¢.
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Omitting the last equation, we have m + n — 2 linear equations for the
same number of unknowns ¢;, —ps. The determinant of the coefficients
equals R, with the rows and columns interchanged. Hence if R, # 0
we may choose ¢ = R; and find values not all zero of the unknowns satis-
fying all of the above equations except the last, and then choose ¢’ so that
the last holds. Let R = 0. Then f and ¢ have a common linear factor,
but no common factor of degree > 1 since the right member of (11) is of
degree unity.

But if & = R, = 0, we may take ¢ = 0 and find values not all zero of
i, pi satisfying all but the last of the above equations. The resulting
value of ¢’ is zero by (11), with ¢ = 0, since f and ¢ have a common factor
 —r. Then .

Since not all of the m — 1 lincar factors of the first fraction are factors
of fi (of degrec m — 2), at least one is a factor of the second fraction.
Hence if R = R, = 0, f and ¢ have a common factor of degree > 1.

To prove the theorem for d = 2, we employ functions f; and ¢, of de-
grees m — 3 and n — 3, respectively.  Of the conditions for the identity

(12) Jor—gfs=ca*+ cx+ ¢,
we omit the two in which ¢’ and ¢’ occur and see that the determinant
of the coefficients of the remaining equations is B;. Then if

R = R1 = O, Rz # O,

we may take ¢ = R, and satisfy all of the conditions for (12). Thus
fand ¢g have no common factor of degree > 2.

EXERCISES t

1. By performing on (10) exactly the same operations as used in § 8 to reduce
a determinant of order 6 to one of order 3, show that

(aabs) (ahs) + (abs)  (wibs) + (azbs)
R, = (aobz) (aoba) + (alb2) (aobt) + (alba) .
(aoby) (aob2) (tobs)

Note that if as = by = 0, the present work reduces to the former.
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2. In the notation of Ex. 4, p. 162, the preceding R, with its first and third rows
interchanged becomes D,:

dll d12 dlS
Dl = d21 d22 d?}} ) RI = —Dlo
d31 dae d33

3. Form = n,
d]l o . . dl n—k
Ry = (_1)(n-k)(n—k—l)/21)k, D, = e e e
dn—ki D dn—kn—k |

4. Hence, if m = n, f and ¢ have a common divisor of degree d, but none of

degree > d,ifandonlyif D = 0, D, =0, . . ., Dy_y = 0, Dy = 0.
5. Give a direct proof of Ex. 4 by multiplying the ¢th function in Ex. 4, p. 162,
by a variable y; and summing forz =1, . . . , . Thus
g-fant(ar + adyet « - - (a7 - - )y — f{bant(box + By + - -}
=&z + S TP - - - Fby,,
where S=dupi+- - +dayy ..., da=diai + - - -+ dinye
The determinant of the coefficients of %, . . .,y in&, ..., 8 i8 Dy If

D = 0, take t = n; then we canchoosey,, . . ., Jn not all zero so tlnt 5=0,...
on = 0 Then gf1 Jo1 = 0 for functions f; and g1 of degree n — 1, so that f
and g have a linear divisor. If also D, = 0, take { = n — 1; then we can make
6=0,..., 8- =0. Hence gf: — fg. = 5, for functions f:and g, of degree
n — 2. Since f and g have a common divisor, the constant s, is zero, and hence
they have a common divisor of degree= 2. But if D, > 0, we can make

gfe — fg2 = n—rx + 5,;,' Sp—17 0,

so that the only common divisor is linear.
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MISCELLANEOUS EXERCISES

1. Find a necessary and sufficient condition that the roots «, 8, v of
28 + pr?+ gxr + r = 0 shall be in geometrical progression.

2. For the same cquation find Ze?s?.  [Replace @ by 1/x.]

3. Find the equation with the roots o + g%, & 4+ 42, 82 + 72

4. Find the equation with the roots a? + g2 — +* o* + v — g2, ete.

5. IYind the equation with the roots o* 4+ o -+ £ cte.

6. Solve the equation in Iix. 1 by forming and solving the quadratic equation
with the roots (a + wf + o?v)* and (« + o8 + »v)?, where o+ w + 1 =0.
(Lagrange.)

7. Solve 2* — 28z + 48 = 0, given that two roots differ by 2.

8. Tind a necessary and sufficient condition that

f@=2t+pt+qtt+re4+s=0
shall have one root the negative of another root.  When this condition is satisfied,
what are the quadratic factors of f(x)?

9. Solve f(x) =at —6a2*+ 132> — 142+ 6 = 0, given that two roots «
and g are such that 2o + g = 5. Hint: f(¢) and f(5 — 2x) have a common
factor.

10. Diminish the roots of a*+ gu? 4 rx + s = 0 (s # 0) by such a number
that the roots of the transformed equation shall be of the form a, m/a, b, m /b, and
show how the latter cquation may be solved.

11. Solve z* — 2 2% — 16 x + 1= 0 by the method of Ex. 10.

12. By use of the equation whose roots are thej squares of the roots of
43— 224 22 — 3 = 0 and Descartes’ rule, show that the latter equation
has four imaginary roots.

13. Similarly, 2* 4+ 2* + 82 4+ 6 = 0 has imaginary roots.

14. If all of the roots of " + ar™ '+ bx*"2+4 - - - = 0 are real,

a?—2b>0, B¥—20c+4+2d>0, ¢¢—2bd+2ac—27>0,....

Hint: Form the equationiny = xz2

15. Solve 2® + pz + ¢ = 0 by eliminating = between it and 22 +vx +w =y
by the greatest common divisor process, and choosing ¢ and w so that in the result-
ing cubic equation for y the coefficients of y and y* are zero.  The next to the last
step of the elimination gives z as a rational function of y. (Tschirnhausen, Acta
Erudit., Lipsiae, II, 1683, p. 2041.)

16. Find the preceding y-cubic as follows. Multiply 22 + vz +w =y by z
and replace x* by —pr — ¢; then multiply the resulting quadratic equation in z
by zand replace 2® by its value. The determinant of the coeflicients of %, z, 1
must vanish.

17. Eliminate y between 33 = v, x = ry + sy?, and get

2 — 3rsvr — (¥ + s%%) = 0.

Take s = 1 and choose r and v so that this equation shall be identical with z® + pz
+ ¢ = 0, and hence solve the latter. (Fuler, 1764.)
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18. Eliminate y between y* = v, = = f + ey + y* and get
1 e f—=z
e f—z v =0.
f—= v ev

This cubic equation in  may be identified with the general cubic equation by choice
of ¢, f, v. Hence solve the latter.
19. Determine 7, s and » so that the resultant of

= _ztr
¥ =1y, y= y + s
shall be identical with 2® 4+ px 4+ ¢ = 0. (Bézout, 1762.)
20. Show that the reduction of a cubic equation in z to the form * = v by the
substitution
_r+sy

xr =
I+y

is not essentially different from the method of Ex. 18. [Multiply the numerator
and denominator of x by 1 — y + 2]

21. If the discriminant of a cubic equation is positive, the number of positive
roots equals the number of variations of signs of the coefficients.

22. Descartes’ rule gives the exact number of positive roots only when all the
coefficients are of like sign or when

f(x)= "+ plx"_l + R pn—sl‘“ — Pn—s Hxa_.l_ T Pa = 0,

each p; being = 0. Without using that rule, show that the latter equation has one
and only one positive root 7. Hints: There is a positive root » by Ch. I, §12
(@a=0,b= o). Call P(x) the quotient of the sum of the positive terms by z?,
and call —N(x) that of the negative terms. Then N(x) is a sum of powers of
1/x with positive coefficients.

f az>n, P@)> P(r), N@)<N@), fx)>0;
If z <, P@) < P(r), N(@)> N(r), f(x) < 0. (Lagrange.)

23. If f(x)= filz) + - - - + fu(x), where cach f;(z) is like the f in Ex. 22, and
if R is the greatest of the single positive roots of fy =0, . . ., fx = 0, then R is
an upper limit to the positive roots of f = 0.

24. Any cubic or quartic equation in z can be transformed into a reciprocal
equation by a substitution x = ry 4 s.

25. Admitting that an equation f(z)=az" 4+ - - - = 0 with real coefficients
has n roots, show algebraically that there is a real root between ¢ and b if
f(a) and f(b) have opposite signs. Note that a pair of conjugate imaginary roots
¢ £ di are the roots of (r — ¢)*+ «* = 0 and that this quadratic function is
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positive if x is real. Henceif z,, . . . , z, are the real roots and ¢(z) = (x — 1)
. .. (x —=z,), then ¢(a) and ¢(b) have opposite signs. Thus a — z; and b — z;
have opposite signs for at least one real root z;. (Lagrange.)

26. If s; is the sum of the jth powers of the roots of an equation of degree n
and if 7 is any integer, the equation is

A A R 1

sm+n Sm+n—l e oo St Sm

Smint1  Smipn e o Smt2 Smia = 0.
Smt2n-1 Sm42n—2 - « . Sm4n  Smtn-1

Hint: Use the second set of Newton’s identities. (Jacobi.)
27. fa<b<c... <l,and &, B, . . ., A are positive,

(o4

B Y A
x—a+:c—b+x—c+ +x—t+t_0
has a real root between @ and b, one between b and ¢, . . ., onc between & and I,
and if ¢ is negative one greater than [, hut if ¢ is positive one less than a.

23. Verify that the equation in Ix. 27 has no imaginary root by substituting
r 4+ st and r — st in turn for z, and subtracting the results.

29. In the problem of three astronomical bodies occurs the equation

P+ @ttt @ =2 — =2 — =0,

where 0 < u < 1. Why is there a single positive real root? As u approaches
zero, two complex roots and the real root approach zero.

30. Discuss the equation obtained from the preceding by changing the signs of
the coeflicients of r* and r. '

31. By Newton’s identities,

1 0 yut
ss=—p 1 2p|=—pP+3pp—3ps

P2 1 3

1 0 0 .0 m

n 10 .0 2p,
=P P 1 .0 3ps ’

Ps P2 .0 4ps

Di—1 Dk—2 Pr—3 - - - Dr kp

where all but the last term in the main diagonal is 1, and all terms above the diagonal
are zero except those in the last column. If & > n, we must set p; = 0(j > n).
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32. By Newton’s identities,
1 0 0 ... 0 S1

1 0 & Si 2 0 .. 0 s
3! Ps= —| 1 2 S2 1, k! Pr= —| 82 S1 3 ... 0 s |y
S2 81 83 . .o

_ Sk—1 Sk—2 Sk—3 . - - kS
ifk =n. Butifk =n,

Sk Sk—1 Sp—2 e oo Sg—n
Sk+1 Sk Sk—1 oo Sk—n1 | _ 0
Sk4n  Sk4n—1 Sk4n—2 . . . Sk

33. Let si = a4+ - - - + i, Let o ..., a2 be the roots of
Z/"+Pry"'l+"'+1’n=0-
Set y=a;? and multiply the result by «;*~2", wherc 4=2n. Sumforj=1, ..., n.

Thus
Sk + PiSp—2 + Posp—a+ -+ + + Ppsp—2n, = 0.

Hence
Sk Sg—2 Si—4 .« o o Sp—2n
Sk41 Sk—1 Sk—3 o0 Sp—2n4r | _ 0
Sk+n  Sk4n—-2  Sktn—4 . . . Sk—p

34. Obtain a vanishing determinant similar to that in Ex. 33 but having tne
subscripts of the s’s in each row decrcased by 3.

1 0 0 O

35. So 81 Sy
0 s 81 82
S1 S S8 | =
So 81 S22 83
82 83 84
81 8 83 84
1 m Y2 Ds
0 s s1+ piso sz + pisi + paso

So St piso Sa pisi+ paso S+ pise + pesi + Paso
st St pst St S+ Post S+ Piss + Pose + Past
1 m 2! Da
0 n (n=1pr  (n—2)p,

mn=—Dp (n—2)p: (n—3)ps
n 2p: 3 ps 44
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36. If n = 3, the last determinant may be obtained from the Sylvester resultant
R of 28 + pia? + paxr + ps and its derivative by multiplying the elements of the
first row of R by —3 and adding the products to the elements of the third row.

37. Express the determinant of order 4 in the s; (analogous to the first one in
Ex. 35) as a determinant of order 6 in the p’s. For n = 4, identify the latter with
the resultant of «* 4+ pd® + pax? + psxr + ps and its derivative.

38. Let s; be the sum of the kth powers of the roots @, . . ., z, of a given
equation. The coefficients of the equation having as its roots the }n(n — 1)
squares of the differences of the @’s can be found from Sy, S, . . ., where S, is
the sum of the pth powers of the roots of the latter equation. Lixpand by the
binomial theorem

(¢ =2+ (x — )P+ - -+ (v — )P,
setx=ay, ..., =1, n turn, add and divide by 2. Thus

@pep -1

S,, = NSap — 2 PS2pist +- 1.2 “82 p—oSe
2pC2p—=1) ... (p+1
_ 2r@p =1 ... G .
* 1:2...p Su-
(Lagrange.)

39. Inparticular, S; = nse — 8% Sy = nsy — 4 5853 + 3 822
Sz = nss — 6 515 + 15 o84 — 10 52, Henee give the equation whose roots are
the squares of the differences of the roots of a given cubic equation. Deduce the
discriminant of the latter.

40. ,The equation whose roots are the n(n — 1) differences x; — x;. of the roots
of f(2) = 0 may be obtained by climinating « between the latter and f(z + ») = 0
and deleting the factor y* (arising from y = x; — x; = 0) from the ecliminant.
The equation free of this factor may be obtained by climinating x between f(x) = 0
and

U +9) ~ @iy =@+ s+ @ S

This eliminant involves only even powers of y, so that if we set y? = z we obtain
an cquation in z having as its roots the squares of the differences of the roots of
f(x) = 0. (Lagrange.)

41. Compute by Ix. 40 the z-equation when f(z) = 2® + px + ¢.

42, Except for b = 0, the equation

a—z b !

=0,
b f—=xz|

has a real root exceeding a and f, and one less than a and f. [Substitute a and f
for x in turn].
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43. Let the equation in Iix. 42 have distinet real roots «, 8, where @ > 8. Then
there are three real roots of*

D(x) = b f—z g =0.

c g h—z
Hint: The results of substituting « and g for x in D(x) are
eVa—fj+gVa—af, —levVi-p-gVa-sl,

where the product of the radicals in each is +0. Ilence if neither « nor g is a
root, there is a root > «, one < g, and one between o and 8. If « is a root,
there is a root < g and hence three real roots.

44, If « = g in Iix. 43, then @ = fis a root of D(x) = 0 and there are two
further real roots.

45. l aa’ + bb' 4 ¢’ e + f0" +gc" | "y |a' ¢
la+b7 v e | e 1+ag| ¢yg
Y b o ;+l)gi b +('(:; ¢ o o v J
fe} ¥ g ¢ g s
Combine the first and third, second and fifth, fourth and sixth:
ab ‘la’b' ac| |d ¢ ]fbr;.lb’c’l
efilef col leg ! el lrel
46. Hence, in particular,
a +b0+c  ae+bf +cg _"ab 2 'ac"’ becl?
acbf + g e2+f2+(f{“[cf Tleg! Tlral

47. Hence if a, b, ¢ and ¢, f, g are the direction cosines of two lines in space, and
if 0 is the angle between them, so that cos 0 = ae + 0f -+ ¢g, then sin? 0 equals the
above sum of three squares.

48. For the determinant in 1x. 43,

A+ 04+ -2 a0+ g ac + bg + ch
D(z) - D(—=z)=| ab+Uf + g U+ g —a* be+fg+ gh
ac + bg + ch be + fg + gh 4+ ¢+ b — x?
= =28 4@+ 24+ R+ 202+ 2+ 2¢2) — 22Dy + D2 + Dy) + D%(0),
* This theorem is important in many branches of pure and applied mathematics.

Besides this proof and that in Ex. 48, other more advanced proofs, including that by
Borchardt, are given in Salmon’s Modern Higher Algebra, pp. 48-56.
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where Dj; is the first determinant in Ex. 46 for ¢ = b and D, and D, are analsgous
minors of clements in the main diagonal of the present determinant of order 3
with z = 0. Hence the coefficient of —a? is a sum of squares (Iix. 49). Since
the function of degree 6 is not zero for a negative value of x2, D(r) = 0 has no
purely imaginary root. If 1t had an imaginary root » 4+ si, then D(x +r) =0
would have a purely imaginary root st.  But D(x + ») is of the form in Iix. 43 with
a, f, b replaced by @ —r, f —r, h —r. Hence D(r) = 0 has only real roots.
The method is applicable to such determinants of order n.  (Sylvester.)
49, In Ix. 48, Dy + D2 + Ds equals

(af = 1) + (ah — 2+ (fh — g2 + 2 (ag — be)? + 2 (o] — bg)? + 2 (b — cg)*.
50. Without using its solution by radicals, prove that
b e dr te

has a factor 22 — sx + p, where s is a root of a sextic equation, and that p is a
rational function of s and the coeflicients.
Hints: There are six functions like s = 2; 4+ 2; next,

¢ = Juwe = sy + x9) + p + aspy,
—d = Zuary = sty + (U3 + To)p.

Replace x; + a4 by —b — s and solve for p the resulting linear equations in
xsts and p. The case b 4 2 s = 0 may be avoided by starting with another pair
of roots.

51. Prove Ex. 50 by dividing the quartic by the quadratic funetion and requir-
ing that the linear remainder shall be zero identically.

52. Prove Ex. 50 by use of (3) and (S) in Ch. IV.

53. a8+ ba® + et + dad -+ ex® + fo + ghas a factor a? — st 4+ p, where s is a
root of an equation of degree 15, and p is a rational function of s and the coefficients.
Hints: Write

o1 =23+ T+ Ts+ T, ocr=alaA - -, og = Xalats - 0 0, 04 = TglalsTe
for the elementary symmetric functions of s, . . . | g and show that
—b=s+a, ¢=p-+ so1+ oy —d = pay + Sz + a3,
¢ = pog+ Sa3 + a4, — f = sas+ pos, = pos.

The first four relations determine the o’s.  Then the last two give a cubic and a
quadratic equation in p, by means of which we may express p as a rational function
of s and then obtain an equation in s alone.  Why must this be of degree 15?

54. 1f Ex. 53 were solved as in I9x. 51 (if the quotient of 2% 4 -+ - by a? 4+ - - -
be denoted by 2! — 612® + 0a? — o3¢ + o3, we obtain the above six relations),
why could we conclude that any equation of degree six with real coefficients
has two complex roots (independently of the fundamental theorem of algebra)?
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55. 3 ‘
ate e ) [SeoFx. 46.]

at et o altalta? | 3

56. The determinant in Ex. 55 equals

E(l a;l Zw 1 o "+’l ay IZ_E 2 ar + a _ 1l o 2
6‘a1a2} s”mdz"‘;j azdxz’s 3 | a1t ax a’t af 3|1 o )
57. For n roots, n = 3,
nos s 1 o o .
LiL,k=1...,n
D=|s s s |=2| o of o . :
i, j, k distinct.
S Sz 81 a? af oyl

Add the six determinants given by the permutations of fixed ¢, j, k. Then
141 41 aita+a adtafta
b= 2 i+ ajtar ettt al ol +aft+ad
N it ap b w? adt ot o et et ot
. Lo af

|

= 2 a;  aj  ag % °‘ 1 o af ;=).:(a,'—aj)2(a,-— ) aj — ap)t
<)<’ I
i

a® af a;® 1 1 o o \

58. Comparing the theorems in Exs. 55 and 57 and their extensions with Fx. 12
p. 102, we sce the nature of a proof of Borchardt’s Theorem: An uluatwn of degree
n w1th real cocflicients and distinet roots has as many pairs of imaginary roots as
there are changes in signs in the series

} So St | So 81 82 ‘ ‘ So St .« .« .« Sp—1
S = N, L’ ‘
| 818 SISz 83 |y .. e, St S ... S
S2 83 S84

Sn—1 Spn .+ . . S2p—2

If two consecutive terms are zero, the theorem may fail, as x* 4 1 = 0 shows.
But it holds if an isolated zero oceurs and is suppressed.

59. Denote the last series by Dy = so, D2, Dy, . . ., D,. There are exactly
r distinet roots of the given equation of degree n if and only if D, is the last non-
vanishing determinant of this series. For, as in Ixs. 55-57, D is the sum of the
various products of the squares of the differences of & of the roots a1, . . ., an.
If k > r, each product involves two equal «'s and hence Dy = 0. If k = r, the
only term not zero is that involving the r distinet o’s, so that D, < 0. (L. Baur,
Math. Annalen, vols. 50, 52.)
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60. The n roots are all real and distinet if and only if Do, . . ., D, are all
positive. (Weber, Algebra, 2d ed., I, p. 322.)
61. If each c; is real and if the numbers

{
€ € Cg € . ..Cp
Co, y e e ey
ct C Cy (&) e Cpg
Cn Cntte -« C2pg2

are positive, all of the roots of
o+ cx+ext+ - - F ettt =0
are imaginary, and all but one of the roots of
ot artett - F ettt =0
are imaginary. (Van Vleck, Annals of Math., 4 (1903), p. 191.)

62. The results in Ex. 61 follow if the ¢; and o Crim
(Kellogg, Annals of Math., 9 (1307), p. 97.)

63. If the terms with negative coefficients in an cquation of degree n are —azx™,
—Bx™b, —yx" . . ., no positive root exceeds the sum of the two largest of
the numbers

are all positive.

Cogp1 Coi42

Va V8, Vi, o (Lagrange.)

y
64. In Ex. 63, no positive root exceeds the greatest of the numbers
Vika, ks, ...,
where % is the number of the negative coefficients —a, . . . . (Cauchy.)

65.% Define Vg as in Ch. IX, §8, and let f(@) = 0, f(b) # 0. If f(x) = O has
imaginary roots, V. — V, cannot give the exact number of real roots in every
interval [a, b]; but, if f(x) = 0 has no imaginary roots, V. — 'y gives the exact
number of real roots in every interval [a, ). Hint: Use (14), Ch. 1X.

66. Budan’s Theorem gives the exact number of real roots of f(x) = 0 in
[a, b] if f(a) = 0, f(b) 5 0, provided that, for r =10, 1, . .., n — 2, real roots of
f®(x) = 0 separate those of f0)(x) = 0 in that interval from cach other and from
wand b, The term “separate” here excludes the ease of coincidence.  Hint: At
a root of ) (x) = 0, the functions 0 (x) and 2 (x) must be of opposite sign.

67. Descartes’ Rule gives the exact number of real roots only when Budan’s
Rule is exact for every positive interval [, bl Thus it is exact for an equation
having only real roots.

68. We define as generalized Sturm’s functions for an interval [a, b] a scquence

of polynomials f(z), fi(z), . . ., f.(2), with the following properties:

* The author is indebted to Professor D. R. Curtiss for Exs. 65-72.
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(a) No two consccutive functions vanish simultancously at any point of [a, b];

(b) f:(x) does not vanish in [, b];

(¢) When, for 1= ¢ = r — 1, fi(z) vanishes for a value of z, in [a, b], fi-:(z:) and
fira(x1) have opposite signs;

(d) When f(x) vanishes for a value @ in [a, 0], fi(x:) has the same sign as f’(x;).

Prove that the number of real roots of f(x) = 01in [a, b] is cqual to the difference
between the numbers of variations of signs in such a sequence for x = a and for
T =0

Prove the corresponding statement for an interval [e, d] within [a, b].

69. Prove that generalized Sturm’s functions for any interval [a, b], where
a and b are both positive or both negative and f(x) = 0 has no multiple roots, may
be obtained as follows: Take fi(x) = f'(x). Arrange f(x) and fi(z) in ascending
powers of x, and divide the former by the latter (using negative powers of z in the
quotient, if necessary); let the last remainder of degree equal to that of f(z) be
designated by r.(2); then fo(z) = —re(x) =+ 22 Define fi(x) similarly by division
of fia(x) by fi(xr), both being arranged according to ascending powers of x;
the last remainder of degree cqual to that of fi () is divided by —a? and the
quotient taken as fi(z). Show that the sequence thus obtained is valid for
[—a0, ], provided no one of the functions vanishes for z = 0.

70. Prove that gencralized Sturm’s functions for any interval [a, b], where
a and b are both positive or both negative and f(r) =0 has no multiple roots, may be
obtained by the greatest common divisor process for f(2) = agx™ +a "'+ « - + Fa,
and fi(x), with the signs of the remainders changed (as in Sturm’s method), if we
take

Jix) =¢@) =ax" '+ 2@ 24 - - + + na, (x < 0),
but fie) = —¢(x) if x > 0. Hint: af’(x) + o) = nf(x).

71. Prove the analoguc of Ex. 69 when fi(z) is taken as in Ex. 70.

72. For the cubic f(x) = aer? + a:x? + asx + a3 without multiple roots, discuss
the validity of the sequences in Exs. 6971 for any interval [a, b], where a < 0,
b > 0. Iint: If as ¢ 0, discuss whether variations of signs for x very near zero
and negative =variations of signs for  very near zero and positive.
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