TEXT FLY WITHIN
THE BOOK ONLY



UNIVERSAL
LIBRARY

OU_160882

AdVvddl
1VSHAAINN






OSMANIA UNIVERSITY LIBRARY

Call No. 67—“\;{":13?"{! Accession No. Cn. o 2 6

Af'thor Rossex , 7 BM\'JJ-\ yodk ollavy
Tide MaWawalcal Teovy ©f yoekat™ 'kl*w
L‘

This book should be returned on or before the date last marked below. ¢






MATIHTEMATICAIL THEORY
OF ROCKET FLIGHT






MATHEMATICAL THEORY
OF ROCKET FLIGHT

BY

J. BARKLEY ROSSER, PH.D.

Professor of Mathematics at Cornell Universily
Formerly, Chief, Theoretical Ballistics Section
Allegany Ballistics Laboralory

ROBERT R. NEWTON, PH.D.

Mermber of Technical Staff, Bell Telephone

Laboralories, Inc., Murray IHill, N. J.
Formerly, Research Associale
Allegany Ballistics Laboralory

GEORGE L. GROSS, PH.D.

Research Engineer in Applied Mathemalics, Grumman
Aircraftl Kngineering Corporation; Bethpage, N. Y.
Formerly, Research Associale
Allegany Ballistics Laboratory

Office of Scientific Research and Development
National Defense Research Committee

NEW YORK AND LONDON
MCGRAW-HILIL. BOOK COMPANY, INC.
1947



MATHEMATICAL THEORY OF ROCKET FLIGHT

PRINTED IN THE UNITED STATES‘OI-‘ AMERICA



PREFACE

This is the official final report to the Office of Scientific Research
and Development concerning the work done on the exterior ballistics
of fin-stabilized rocket projectiles under the supervision of Section H
of Division 3 of the National Defense Research Committee at the
Allegany Ballistics Laboratory during 1944 and 1945, when the
laboratory was operated by The George Washington University under
contract OEMsr-273 with the Office of Scientific Research and Devel-
opment. As such, its official title is ‘“Final Report No. B2.2 of the
Allegany Ballistics Laboratory, OSRD 5878.”

After the removal of secrecy restrictions on this report, a consider-
able amount of expository material was added. It is our hope that
thereby the report has been made readable for anyone interested in the
flight of rockets. Two slightly different types of readers are antici-
pated. Oneis the trained scientist who has had no previous experience
with rockets. The other is the person with little scientific training who
is interested in what makes a rocket go. The first type of reader
should be able to comprehend the report in its entirety. For the
benefit of the second type of reader, who will wish to skip the more
mathematical portions, we have attempted to supply simple explana-
tions at the beginnings of most seetions telling what is to be accom-
plished in those sections. It is our hope that a reader can, if so minded,
skip most of the mathematics and still be able to form a general idea
of rocket flight.

Although this is a report of the work done at Allegany Ballistics
Laboratory, it must not be supposed that all the material in the report
originated there.  'We have been most fortunate in receiving the whole-
hearted cooperation and assistance of scientists in other laboratories.
Many of them, notably the English scientists, were well advanced in
the theory before we even began.  Without the fine start given us by
these other workers, this report could certainly not have been written.
ITowever, we were fortunate enough to discover two means of avoiding
certain difliculties of the theory. The first is that of using some
dynamiecal laws espeeially suited to rockets in deriving the equations of
motion, and the second is that of using some mathematical functions
especially suited to rockets in solving the equations of motion. The
explanation and illustration of these simplifying devices take up a
considerable portion of the report, although for completeness we have
included material not involving them.
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vi PREFACE

In attempting to acknowledge the contributions of other workers,
we are in a difficult position. Approximately a hundred reports by
other workers were useful in one way or another in the preparatfon of
this report. However, most of them are still bound by military
secrecy, so that only the few cited in our meager list of bibliographical
references can be mentioned here. Many figures are copied from these
unmentioned reports. Sizable portions of our report, such as Chap. 1T
and Appendix 1, lean very heavily on certain of these unmentioned
reports, but no specific credit is given. We ask the reader to bear in
mind that this report, like any comprehensive scientific report, covers
the work of many contributors, and, although we are among the con-
tributors, our present role is that of expositors.

Among the many scientists to whom we are indebted, certain ones
have been especially helpful, namely, Leon Blitzer, Leverett Davis,
F. T. McClure, E. J. McShane, and R. J. Walker. We regret that we
cannot be more explicit as to the nature of their contributions, and the
contributions of others.

For their work in computing Tables 1 to 4, and for their assistance
with computational matters in general, we wish to thank J. A. Brittain
and E. M. Cook.

We wish further to express our gratitude for the willing assistance
furnished by our associates in the Allegany Ballisties Laboratory and
The George Washington University, and for the encouragement that
came from officials of the National Defense Research Committee and
the Office of Scientific Research and Development.

The publishers have agreed that ten years after the date on which
this volume is issued the copyright thereon shall be relinquished, and
the work shall become part of the public domain.

J. BARKLEY ROSSER
RoBeErT R. NEWTON

GEORGE L. Gross
ITHACA, N. Y.,
May, 1947,
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CHAPTER 1
THE EQUATIONS OF MOTION OF A ROCKET

It is often stated that the motion of a rocket can be derived from
Newton’s laws of motion. In the strict sense, to do so would require
considering the motions of all the molecules of gas within the rocket
blast, as well as the motions of those air molecules with which the
rocket comes into contact. This would involve intolerable complexity.

Accordingly, some simplified theory is necessary, both for the gas
flow inside the rocket and for the air flow outside the rocket. The
simplified theories presented herein have been developed by a com-
bination of theory and experience. We have tried to explain these
simplifications fairly fully and have tried to indicate their background
and shortcomings as well as explain their uscfulness.

1. The Jet Forces on a Rocket

Preliminary Ideas.—In Fig. 1.1.1, we picture the essential features
of a rocket. The gas generated in the chamber at high pressure
expands rapidly and so rushes out of the nozzle at a great velocity,
forming the jet. The burning of the rocket propellant fuel continually
furnishes more gas to the chamber, maintzining the gas supply and
the high chamber pressure.

In small rockets, such as the bazooka rocket, current practice is
to use solid fuel. The chamber is filled in advance with solid pieces
of powder of composition similar to that used in large guns. When
the powder is ignited, it burns rapidly, furnishing a continuous supply
of gas at high pressure. A typical chamber pressure I. might be
2,000 1b/in.2 With such a high chamber pressure, the pressure at
the coxit P, is fairly high, for instance, 220 1b/in.2 A typical value
for the velocity at the exit ». might be 6,200 ft./sce.

In large rockets, it is more common to use liquid fuel.  For instance,
in the German V-2, which was used against London in the fall of 1944,
aleohol and liquid oxygen are continuously pumped into the chamber,
where they combine chemically to produce an ample supply of gas
at high pressure. A typical chamber pressure for a liquid-fuel rocket
might be 300 1h/in.?  With this smaller chamber pressure, we have a
smaller exit pressure, say perhaps approximately sca-level atmospheric
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2 MATHEMATICAL THEORY OF ROCKET FLIGHT [CHar. I

pressure, or 15 1b/in.2  For liquid fuels, a typical value of v, might be
6,000 ft/sec.

We shall not be concerned further with the mechanism by which
gas is supplied to the chamber at the proper pressure and in the proper
amounts. This is part of the ‘““interior ballistics”’ of rockets. We
merely state that rockets are commonly designed so that the chamber
pressure is constant. However, this is not always desirable or feasible;
instead, some rockets burn progressively, that is, the pressure increases
as the rocket burns, while other rockets burn regressively, that is,
the pressure decreases. Nevertheless, for a first approximation, it is
usual to assume a constant chamber pressure.

NOZZLE EXIT

CHAMBER
\ NOZZLE THROAT

\_,//i'

!

PRESSURE HIGH

VELOCITY NEAR ZER PRESSURE MUCH LOWER

VELOCITY VERY GREAT
Fia. I.1.1,—The essential features of a rocket.

PRESSURE LOWER
VELOCITY GREATER
0

We shall nced certain information about the behavior of the gas
in the jet. To supply this information we have given in Appendix 1
a simplified theory of the motion of the gas through the nozzle. We
here present a few high points of this theory. At the throat, the
velocity of the gas is the so-called “local velocity of sound.” This is
the velocity with which a normal disturbance in the gas, in particular
a sound wave, would be propagated through the gas. The adjective
“local”’ is adjoined because the velocity of sound depends on the condi-
tion of the gas (mainly the temperature), and this is changing as we
proceed along the nozzle. Incidentally, the condition of the gas at
the throat is such that the local velocity of sound there may run as
high as two or three times the velocity of sound in normal air (see
Appendix 1).

Before the gas gets to the throat, its velocity is below the local
velocity of sound; after the gas passes the throat its velocity is above
the local velocity of sound. This fact is of the utmost importance,
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since, as a result, conditions outside the rocket usually do not affect
conditions in the nozzle or interior of the rocket. The explanation is
very simple. If a variation of conditions or other disturbance in the
gas outside the rocket is to be felt inside the rocket, this disturbance
must be propagated through the gas in the nozzle to the gas inside
the chamber. That is, the disturbance must move upstream against
the blast of the rocket jet. As the jet at the exit of the nozzle has a
velocity well above the local velocity of sound, whereas the disturbance
is propagated at the local velocity of sound, the disturbance will be
swept downstream and so cannot affect conditions inside the nozzle
or chamber.

Accordingly, in computing jet forces, we need not consider external
circumstances at all.

The above comforting generality, like all generalities, is untrue in
extreme cases. If the chamber pressure is less than twice the external
pressure or if the exit pressure is less than the external pressure, the
flow pattern presented in Appendix 1 breaks down, and then external
conditions can affect conditions inside the rocket. This would have
an adverse effect upon the behavior of the rocket, so that rocket
designers take pains to avoid such extreme conditions. Accordingly,
we shall proceed with full confidence that external conditions do not
affeet the thrust of the jet.

The Classical Treatment.—In the classical derivation of jet forces,
the principle of conservation of momentum is used. One assumes that
the gas is issuing out the rear of the rocket with a velocity of v rela-
tive to the rocket. Thus in time d¢, a mass dm of fuel is burnt and
the gaseous products are hurled out the rear at a relative velocity of vz.
At the beginning of the time df, our rocket and unburnt fuel have a
total momentum of Mw, where v is the velocity of the rocket and M
is the mass of the rocket and unburnt fuel. We let m denote the
amount of fuel already burnt. At the end of time d¢, the momentum
of this same system now consists of two parts, the momentum

(M — dm)(v + dv)
of the rocket and remaining unburnt fuel plus the momentum
(v — vg) dm

of the mass of fuel that was burnt in time df and hurled out the rear.
Equating total momenta before and after burning gives

My = (M —dm)(v + dv) + (v — vg) dm

This reduces to
vgdm = M dv — dm dv
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Dividing by dt and taking limits, we get
M = nwg, (I.1.1)

where a dot represents a derivative with respect to time. This is
the classic equation for the acceleration of a rocket.

Other Considerations.—This formula is qualitatively right and can
be used for rough predictions as to the behavior of rockets in general.
However, many refinements are necessary before onc has a complete
picture of the jet forces acting on a rocket.

We have spoken of vz as the velocity of the gas in the jet relative
to the nozzle, which would make vz the same as ».. However, if
(I.1.1) is to be correct, vz cannot be the same as v, as we shall see in
detail below. Nevertheless, if we define v, as the velocity that makes
(1.1.1) a true equation, then vz becomes a very useful coneept in rocket
theory. In the usual terminology, 1. is called the “exit velocity,”
whereas vz is called the “effective gas velocity.” Typical values for
a rocket might be

v = 6,200 ft/sec
ve = 7,300 ft/sec
(see Appendix 1).

The physical reason for the discrepancy between », and v, is that,
at the exit of the nozzle, the gas is still under considerable pressure.
This pressure is responsible for an appreciable amount of the thrust
on a rocket, which is why one cannot take vz equal to ¢, in (I.1.1).
Because of this pressure at the exit of the nozzle, the gas will continue
to expand and accelerate (relative to the rocket) after it leaves the
exit. Thus, in a vacuum the gas will finally attain the velocity ve,
but in the atmosphere it cannot attain the velocity ve because of
collision with stationary air molecules.

One can compute the ultimate velocity that the gas could attain
upon complete expansion in a vacuum (see Appendix 1). One must
not suppose that this ultimate velocity can be used as a value for vg
ceven in a vacuum. When the gas is freed of the restraint of the
nozzle, it will expand sidewise as well as to the rear, so that when it
has expanded completely and accelerated to its ultimate velocity,
much of the gas will be moving at a considerable angle to the axis of
the rocket rather than straight to the rcar. Thus vx is probably the
average rearward component of the ultimate velocity of the various
particles of gas. However, to find vx by solving the gas-flow equations
of the expanding gas and then averaging the rearward components
of the ultimate velocity will involve great complication, so much so
that it appears that we shall have to abandon the simple momentum
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argument used in the classical derivation of jet forces. However,
before we do so, it will be instructive to obtain certain further quali-
tative information.

We saw above that vz falls short of the ultimate gas velocity because
after the gas leaves the nozzle it can expand sidewise as well as straight
back. If the nozzle were not cut off but were extended on back
indefinitely, the sidewise expansion would be restrained (except for a
small amount permitted by the divergence of the nozzle). Thus a
larger value of vz would result. Iowever, with an actual metal
nozzle, one cannot extend the nozzle indefinitely. In fact, considera-
tions of weight of nozzle and the like will compel one to use a much
shorter nozzle than would otherwise he desirable.

The ratio of the cross-section area at the cxit to that at the throat
is called the ‘““expansion ratio.” Current expansion ratios do not run
much over 4 and are sometimes as small as 2. Let us go back to the
question of how long a nozzle should be. We recall that a basic
desideratum is to curtail sidewise expansion of the gas in the jet.
For a nozzle that diverges slowly, this can be done by lengthening
the nozzle, which results in an increase of the expansion ratio. There-
fore, it has hecome customary to say that increasing its expansion
ratio will make a nozzle more efficient. In the sense just explained,
this is true. Unfortunaiely it has become a pat saying, and onc hears
it stated uncategorically that a large expansion ratio will automatically
give an efficient nozzle. Certain unthinking designers, accepting this
as gospel, have proposed making extremely divergent nozzles, so as
to get a large expansion ratio. Ilowever, a very divergent nozzle will
permit much sidewise expansion of the gas, and, as we saw above, this
is not desirable. It may be truc that in some cases a widely divergent
nozzle is a uscful compromise among the various desiderata of light
metal parts, large value of vg, ete. Nevertheless, the proper choice
of nozzle shapes is difficult and cannot be solved merely by the
unthinking application of rules of thumb in situations where they do
not apply.

Such considerations as the above illustrate the value of the type
of reasoning used in the derivation of (I.1.1), while at the same time
they point out the difficultics of trying to estimate vx from simple
gas-flow considerations. We might note further difficulties that arise
when the rocket is fired in air, namely, that the blast from the jet
will entrain a considerable amount of the surrounding air and also
will pass through a very complex set of shock waves. These effects
further complicate any attecmpt to make a simple momentum argu-
ment more cxact.
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A General Principle of Mechanics.—When one abandons the
simple momentum argument, it seems that one can proceed most
expeditiously by first deriving a special principle of mechanics par-
ticularly suitable for use with rockets. We have not been able to
find this principle stated elsewhere, but we hesitate to call it new
because no great originality was involved in its discovery. In faect,
it is very closely related to the momentum theorem of hydrodynamics
(see Reference 11, Chap. XIV). This special principle is a generaliza-
tion of the following well-known principle, which we quote from
Reference 9, page 58:

PrincipLE I. The time rate of change of the total momentum of
the system is equal to the vector sum of all the exterior forces that
are acting on the system.

If one checks through the proof of this principle, one finds that it
refers only to a system that always consists of the same set of particles.
However, a burning rocket is not such a system, since it achicves its
propulsion by throwing particles out the rear.

We enunciate our special principle in the following form:

PrincipLE II.  If one has a system 8 of particles, then the vector
sum of all the exterior forces acting on S is equal to the time rate of
change of the total momentum of 8 plus the rate at which momentum
is being transferred out of S by the particles that arc leaving S.

This follows rather casily from Principle I. Consider a particular
time = at which we wish to establish the principle. Definc an auxiliary
system S* as always consisting of exactly those particles which are in
S at time 7. For the remainder of this proof, it will be convenient
to denote the vector sum of the exterior forces acting on S at time ¢
by ZFe(t), the total momentum of S at time ¢ by M (), and the total
momentum of S* at time ¢ by A*(f). Now since 8$* always consists
of the same set of particles, we can apply Principle I to it, and we
choose to do so at time 7. At this time, S and S* coincide and so are
acted on by the same set of exterior forces, namely, 2F+(r). So, by
Principle I,

ZFe(r) = % M*(t) ]‘_f
Using differentials, we write this in the form
ZFe(r) dt = M*(r + dt) — M*(7)
Since S and S* coincide at time 7,

M*(r) = M(r)
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Now let us consider M *(r + df). At time 7 + df, S* consists of those
particles which are in 8 and in addition those particles which have
left S in the interval from 7 to 7 + df. Therefore, the momentum
of 8* M*(r + dt), consists of the momentum of S, M(r + df), plus
the momentum AM removed from S by those particles which left S
in the interval from 7 to 7 4+ df. Thus we have

SFe(r) dt = M(r + dt) + AM — M(r)

and

M@z + dt) — M(7)
dt

aM
dt

SFe(r) =

+

If now we let dt — 0, we shall have established Principle II as holding
at time 7. IIowever, we have not introduced any restrictions on the
time r, and so Principle IT holds in general.

Principle IT holds for systems that gain particles as well as systems
that lose particles, provided we affect the momentum of the incoming
particles with a minus sign.

Another Equation for the Acceleration of a Rocket.—We now use
Principle TT to derive an cquation for the acceleration of a rocket.
Let us consider a rocket motor such as that illustrated schematically
in Fig. I.1.1. The dotted line across the exit of the nozzle in Fig. I.1.1
represents a geometric surface fixed relative to the metal parts. For
the application of Principle II, we define our system to consist of the
metal parts of the rocket, the unburnt fuel of the rocket, and the
gas inside our geometric surface. The momentum of the system is
equal to the mass of the system times its velocity, that is, Mv. The
rate at which the departing particles remove momentum from the
system is just the rate at which momentum crosses the exit surface.
If the velocity of the gas relative to the rocket at the exit of the nozzle
is v,, then the gas crossing the exit surface has a velocity of v — v,.
So if m is the rate at which gas is streaming through the exit surface,
then the jet is taking momentum from our system at the rate of
m(v — v.), and, by Principle II,

IPe(t) = % (Mv) + m(v — v.)

Now since m is the rate at which fuel is being burnt, we have

d

"l—tM = —n,
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Therefore

d . . . . . .

i M) + m — v.) = Mo — mv + m(@ — v) = Md — nw,

and
Mi = nmw. + SF(t)

It remains to analyze XF<(f). Among the exterior forees acling
on our system are the gas pressures over the surface of the system and
gravity acting through the center of gravity. The gas pressures con-
sist of atmospheric pressure over the outside of the rocket and the
jet pressure over the exit surface. If A, is the area of the exit plane
and P, is the jet pressure at the exit surface, then the force due to
jet pressure is P A..

The atmospheric pressure is composed of the static atmospheric
pressure plus the aerodynamie forces due to motion through the air.
The static atmospheric pressure is not considered as part of the aero-
dynamic forces. For rockets this creates rather an anomalous situa-
tion, so that it is worth while to explain why this is done. IFor shells
and airplanes and such nonrockets, the net force due to the air is
zero when there is no relative air motion. Only in cases of relative
motion do the aerodvnamic forces need to be considered. So, as a
matter of historical precedent, it came to be considered that aecro-
dynamic forces are zero on a body at rest. lowever, for a rocket at
rest the force due to the static atmospheric pressure is not zero.
Therefore, to preserve the fiction that at rest the acrodynamic forces
are zero, the force due to the static atmospheric pressure must be
segregated from the aecrodynamic forces. Strangely cnough, it is
counted as part of the jet forces.

The argument given to justify this runs so: Let us put a rocket in
a test stand, lying horizontal on rollers that counteract the gravitational
forces, with the nose against a thrust gauge, and firc the rocket. Since
the rocket is held stationary, the thrust registercd by the thrust gauge
must be due to jet forces alone. The reader will observe how this
argument appeals to the notion that aerodynamic forces must be
zero on any stationary body and so forces us to include static atmos-
pheric pressure in the jet forces. It is hardly good logic, but it is
tradition. We abide by it and proceed with the derivation.

If static atmospheric pressure should act on the entire surface of
a body, there is clearly no net force. Ilence the force due to static
atmospheric pressure over part of the surface is just the negative of
the force that would be produced by static atmospheric pressure over
the rest of the surface. Applying this result to our rocket, we see
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that the force due to static atmospheric pressure over the outside of
the rocket is just the negative of the foree that would be produced by
static atmospheric pressure over the exit surface, that is, —P,A4., where
P, is the static atmospheric pressure.

The remaining forces due to atmospheric pressure are due to
motion through the air and so are considered as acrodynamic forces.
We denote them by F, and consider them in detail in Sec. 2.

We now collect together the above and other forces and write

20(t) = Pode — PoA, — Fy — My, — F

The terms appearing in this equation are appropriate components of
the forces. We have attached a minus sign to F, to accord with the
usual conventions as to the direction of application of the acrodynamie
forces. By g. we understand the component of gravity in the appro-
priate direction. The term F includes all other exterior forees, for
instance, if our rocket is towing out a line, or the like. Rather com-
monly /' will be zero.  So we have finally

My = nw. + (Pe — Po)de — Fo — Mg, — F (T.1.2)

We proceed to make a useful deduction from (I.1.2). Let us con-
sider a rocket fastened in a test stand.  Since the rocket is held motion-
less by the test stand, ¥ = 0. Also, there are no aerodynamic forces
on a stationary rocket, so that F, = 0. We further assume that the
rocket is held in a horizontal position, so that ¢, = 0. Naturally,
I is just the thrust 7' of the rocket, as measured by the thrust gauge.
So ([.1.2) reduces to

T = wv. + (P — P,)A, (I1.1.3)
This tells us that ww. + (I°. — P;)A. is the thrust due to the rocket
jet. So by means of the theory of Appendix 1, one can compute the
jet thrust from theoretical considerations alone. The computed
value agrees reasonably well with the experimental value as deter-
mined on a test stand, thus validating the theory of Appendix 1.
(1.1.3) also refutes the opinion, which is common among the unin-
formed, that a rocket operates by “pushing on the air.”” More than
that, it shows that atmospheric pressure decreases the thrust of a
rocket, giving the lic to our carlier dictum that the jet forces are inde-
pendent of conditions external to the rocket. We purposely left this
dictum incorrectly stated at the time in accordance with the principle
of not bringing in too many new ideas at once. At that point in the
discussion, we and the reader were assuming as jet forces only those
forces really due to the jet, and in that sense the statement was genu-
inely true because it is certainly the case that flow in the nozzle is
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independent of exterior conditions. Since then we have asked the

reader to modify his notion of jet forces to include explicitly the static

atmospheric pressure, thus replacing our earlier statement by (I.1.3).
Combining (I.1.2) and (I.1.3), we get

My=1T—-F,— Mg, —F

We express this important conclusion in words:

PrincipLE III. The total of exterior and jet forces acting on a
rocket is equal to the mass of the rocket times the acceleration of the
rocket.

This sounds suspiciously like Newton’s law that force equals mass
times acceleration. For this reason, Principle IIT was at one time a
source of considerable misunderstanding, since a number of investi-
gators, having Principle I in mind, wished to state Principle ITI in
the incorrect form that the total force acting on a rocket is equal to
the time rate of change of momentum of the rocket.

If we ignore F,, Mg, and F in (I.1.2) we obtain the analogue of
(I.1.1), since in deriving (I.1.1) only jet effects were considered.  Thus
we are enabled to write

mwg = My = nw, + (P, — P)A, =T (I.1.4)

This gives a means of determining vx experimentully or computing it
theoretically. One should note that vz depends on the atmospheric
pressure, so that in stating a value of vx one should state the relevant
air pressure. Thus one may speak of the value of vy at sea level, at
an altitude of 5 miles, ete.

Another way of determining vk experimentally is in common use
in those cases where vx is essentially constant throughout the burning
of a rocket. Multiplying (I.1.1) by dt and recalling that

. d
we get
Mdv = —Vg dM
So
dy = — Uk (—I}l;[

Assuming that the rocket starts from rest, and integrating both sides
over the period of burning of the rocket, we get

M
vy = vg In =

M,
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where v, is the velocity at the end of burning, and M, and M} are the
masses of the rocket (plus unburnt fuel) at the beginning and end of
burning. By mecasuring v,, M,, and M;, one can detecrmine vg.

Besides assuming a constant value of vz, the above equation
neglects air drag and gravity. Nevertheless, there were many artillery
rockets for which the accuracy of the equation was as great as the
accuracy with which v, could be measured. Should more accurate
measurements of v, hecome available, one would perhaps wish to
integrate (1.1.2) instead of (I.1.1).

There are circumstances in which one may expect a reasonably
constant value of vz. Suppose we have a fixed design of nozzle.
Then A. and v, are fixed, whereas 7 and P, are both proportional to
the chamber pressure (see Appendix 1). Thus P.A. and mw, are both
proportional to m. Ilence mw, + (I’ — P,)A. is proportional to
except for the term —P,A.. In case this is relatively small, which is
usual, we see by (I.1.4) that vg will be nearly constant.

On the other hand, if onc allows the expansion ratio to vary, P4,
will not remain proportional to a2, and ». will vary, so that (I.1.4)
gives quantitative expression to the fact noted earlier that vz varies
if the expansion ratio varies.

Equations Governing Rotation.—Iecre one can make a simple
argument based on the conservation of angular momentum. How-
ever, it is not so successful as the corresponding argument based on
conservation of momentum was for translatory motion. We shall
discuss this point in some detail later. Ilere we procced to give the
more valid treatment. As in the case of translatory motion, it is
most expeditious to proceed by deriving a special principle of mechan-
iecs. This principle is a generalization of the following important
principle, which we quote from Reference 9, page 64:

PrincieLe IV.  The time rate of change of the moment of momen-
tum of the system with respect to any axis which passes through the
center of gravity (and thereforec moves with the system) and is fixed
in direction is equal to the moment of the exterior forces with,respect
to that axis.

For the benefit of the reader who is unfamiliar with these terms
and who does not wish to look them up in Reference 9, we shall give
an explanation later on when we apply Principle V.

As with Principle I, Principle IV is valid only for a system that
always consists of the same set of particles.

We cnunciate our special principle in the following form:

Princiere V. If one has a system S of particles, then the moment
of the exterior forces acting on S, taken with respect to any axis which



12 MATHEMATICAL THEORY OF ROCKET FLIGHT [CHar. I

passes through the center of gravity of S and is fixed in direction, is
equal to the time rate of change of the moment of momentum of S,
taken with respect to that axis, plus the rate at which the particles
that are leaving S are transferring moment of momentum, taken with
respect to that axis, out of S.

The proof of Principle V involves considerable difficulty because
of the fact that the axis is allowed to move with the center of gravity
of S. Because of this difficulty, we have removed the proof of Prin-
ciple V to Appendix 2. We proceed now with the applications of
Principle V.

Our first application will be to the spinner rocket. In a spinner
rocket, the stability necessary to keep the rocket pointing head-on
during flight is achieved by spinning the rocket rapidly about a longi-
tudinal axis, in precisely the same way that an artillery shell is kept
stable by fast rotation. In the case of the shell, the rotation is
imparted to the shell by the spiral rifling of the gun bore. In the
case of the rocket, at least two different methods of producing the
desired spin have been used. An early American rocket designer,
William Hale, used slanting vanes in the nozzle to produce rotation.
A 16-1b spinner rocket designed by Hale is described in the U.S.
Ordnance Manual for 1862. None of the Ilale-type spinners is cur-
rently in use.

The modern type of spinner apparently originated with the
Germans in the past war. In this spinner, the customary single
nozzle at the rear of a rocket is replaced by a ring of small nozzles. If
all the nozzles of the ring are given a sidewise cant, they will tend to
rotate the rocket at the same time that they thrust it forward.

Two distinct types of construction are used. In the first, one
starts with a flat plate, drills a small hole through on a slant, and
widens out each end of the hole with a conical reamer (see Fig. 1.1.2
on page 14). In the second, one drills a large hole through on a
slant and then drive-fits a small nozzle into the hole (see Fig. 1.1.3
on page 14). The two types of nozzles are referred to as ‘“drilled
nozzles” and “insert nozzles,” respectively. We shall see that the
two types of nozzles should be expected to give slightly different
rotation characteristics. It has been verified experimentally that in
fact they do.

In applying Principle V, we proceed as we did in applying Prin-
ciple II. We imagine geometric planes across the exits of the various
nozzles. Then we take our system 8 to consist of the metal parts of
the rocket, the unburnt fuel of the rocket, and the gas inside the
various geometric surfaces, This system is essentially all rotating
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at the same rate of rotation w as the metal parts. There may be
some variation from this duc to the flow of gas inside the rocket
motor. However, one cannot take account of this without a knowledge
of the flow conditions inside the motor, which are likely to be very
complicated./ In any case, it is doubtful if such internal flow con-
tributes more than a very minor variation of the simple picture. So
we picture our rocket as all rotating at the same rate w. Also, we
assume that this rotation is about a central longitudinal axis of the
rocket that preserves its direction in space and passes through the
center of gravity of the rocket. This axis we use for the axis about
which we are taking moments in applying Principle V.

We now have to compute the moment of momentum about this
axis. By definition, the moment of momentum of a particle aboutan
axis is the product of three factors, namely, the mass of the particle,
the distance of the particle from the axis, apd the sidewise component
of velocity of the particle relative to the axis. In our rocket, rotating
at a rate w, the sidewise component of velocity is rw for a particle at
distance r from the axis. So the moment of momentum of such a
particle is 7?w dM. Summing this over all particles of the rocket, we
get Mk%» as the moment of momentum, where k2 is the average value
of r2, averaged over all particles of the rocket. By definition, £ is
just the radius of gyration about the longitudinal axis.

A simple way of looking at this is to recall that M%? is the moment
of inertia I, so that the moment of momentum is just Iw. In this
form, we draw an analogy with the linear momentum My, taking the
moment of inertia I as analogous to the mass M, and the angular
velocity w as analogous to the linear velocity v. For this reason,
the moment of momentum is often called the ‘angular momentum.”
To complete the analogy, we note that Iw plays the same role in
Principle V that Mv plays in Principle II.

When we come to compute the moment of momentum that the
jet is carrying out with it, we again face the problem of averaging
over various values of r, this time for the jet. With sufficient accuracy
for the present discussion, we can take the average value of r to be the
distance from the axis to the center of the exit, and this we denote
simply by r.

Let = be the angle between the axis of the rocket and the axis of
the nozzle. Moreover, let 72, be the mass rate at which gas is flowing
through that particular nozzle. The sidewise component of velocity
of the gas is wr — v, sin 7, so that the rate at which the nozzle is
removing moment of momentum from the system is m,r(wr — v, sin 7).
One now sums this over all the nozzles. If, as is usual, all nozzles
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have the same 7, the same v., and the same r, the total rate at which
moment of momentum is being lost through the nozzles is
mr(wr — v 8in 7)

The moment of a force about an axis is just the sidewise component
of the force times the distance from the axis; in other words, the twist-
ing torque due to the force. So if F{? are the sidewise components of
the various exterior forces and r; are their distances from the axis,
then Z(r; X F§”) is the moment of the exterior forces.

Combining the above results, we have, by Principle V,

2(r, X F®) = % (Mk%) + tr(wr — v, sin 7)

We still need to analyze =(r; X F§?). Gravity does not contribute
anything to the moment of the exterior forces, since our axis runs

F1a. 1.1.2.—Dirilled nozzle. Fia. 1.1.3.—Insert nozzle.

through the center of gravity. The various aerodynamic torques we
shall denote by J.. Any other torques will be denoted by J. Rather
commonly, J will be zero, but drag on a launcher and such items would
come into J.

So far, we have disclosed no difference between drilled nozzles
and insert nozzles. It is when we come to the jet pressure over the
various exit surfaces and the static atmospheric pressure that we
find the difference between the drilled nozzles and the insert pozzles.
By the same arguments that were used in deriving (I.1.2),Ythe net
force on each. exit surface due to jet pressure and static atmospheric
pressure is A..(P, — P,), where A., is the exit area of the particular
nozzle. Note that this force is directed perpendicular to the exit
surface. For the drilled nozzles, the exit surface is perpendicular
to the axis of the rocket (see Fig. 1.1.2), so that the jet pressure and
static atmospheric pressure on a drilled nozzle act directly forward
and give a zero component of torque for turning the rocket. On the
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other hand, the exit surface of the insert nozzle is canted just as much
as the nozzle (see Fig. 1.1.3), and so it does have a component tending
to produce rotation. Summing the contributions of all the nozzles in
the case of the insert nozzles, we get a torque of A.(P, — P,)rsin 7,
where A. is the combined exit area of all the nozzles.

Combining the above, we get two alternative equations:

4.

i (ME*w) + tir(wr — vo8in7) = —Jg — J (1.1.5)

for drilled nozzles, and

g—t (Mk?w) + mir(wr — v, sin 7)

= A,(Ps — P)rsint —J, — J (1.1.6)
for insert nozzles.

One might ask if there is an analogue to Principle III. As a
general thing, the answer is No. However, for many existing rockets,
one is able to make certain simplifying assumptions that permit one
to state an analogue of Principle III for these special rockets. We

remember that

d ,
d—iﬂ[ = —m
So

% (Mkw) = —rik% + sz%k’ + Mk

Usually the burning of the fuel makes little difference in k2, so that it
is often permissible to neglect the terin Mw(d/df) k2. When the term
—mik?w is combined with the term 7r(wr — v, sin 7), it can be written
in the form mw(r* — k?) — mrv, sin . For a typical spinner,

= 1.45in.
k = 1.59 in.
v, = 6,000 ft/sec
r=17°

and w is at most 360r rad/sec. We see that w(r? — k%) will not run
much over 1 per cent of v, sin 7. So we neglect 7w(r? — k?) in com-
parison with 7y, sin 7. Thus for certain rockets we can replace
(1.1.5) and (1.1.6) by the approximate equations

Mk = mygrsint —J, — J (1.1.7)
for drilled nozzles, and
Mk = mvrsin r + A(Ps — Po)rsint — J, — J (1.1.8)
for insert nozzles.
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One can treat these equations as we treated (I.1.2). Suppose we
fasten our rocket in a test stand and measure its thrust and torque
with thrust and torque gauges. Then & would be zero since the rocket
is held motionless. For the same reason J, would be zero. J would
be exactly the torque T, registered by the torque gauges. So we
should get

T; = twer sin T (1.1.9)
for drilled nozzles, and

T; = [vw, + (P, — Po)A]r sin 7 (I.1.10)

for insert nozzles.

These give a determination of the torque due to the canted nozzles
of a spinner rocket. By comparing these with (I.1.7) and (I.1.8),
we can conclude:

The total of exterior and jet torques acting on a spinner rocket is
equal to the moment of inertia of the rocket times the angular accelera-
tion of the rocket.

This is the strict analogue of Principle III. However, it is not
strictly true, although it is approximately true for many types of
rockets, and so we do not dignify it by calling it “Principle VI.”
However, because it is a handy principle, to which we shall wish to
refer from time to time, we shall call it the ‘“analogue of Principle ITI.”

A Simple Physical Picture.—It might be well to pause and collect
our ideas. From the various equations that have been derived so
far, one is entitled to set up a very simple physical picture of the jet
forces of a rocket. One must distinguish two kinds of forces, which
we shall designate as ‘““momentum forces” and ‘pressure forces.”
The momentum forces are equal in value to 7w, and are applied in the
direction just opposite to the direction of the gas flow. The pressure
forces are equal in value to (P. — P,)A. and are applied in the direc-
tion perpendicular to the nozzle exit, pointing inward.

The momentum forces arise from the transfer of momentum due
to the flow of gas out the exit of the nozzle. The pressure forces arise
from the fact that, because of jet action, the pressure across the exit
area A, is P, — P, greater than it would be if the jet were not acting.

For determining the effect produced by these forces, we have
Principle III and its analogue.

This picture is so simple that one has the feeling that it could not
fail to be obvious to anyone considering the problem of rocket motion.
Nevertheless, historically such was not the case. In the classic
approach only one jet force was considered, namely, a momentum
force mvz. In (I.1.4) we showed how to define vy so that in certain
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cases it would be correct to replace the two kinds of jet forces by the
single force 7wz, Nevertheless, there are cases where one cannot
combine the two kinds of jet force into the single force nwas. We
prepare to consider such a case in some detail.

Neglecting all but jet forces, we see from (1.1.7) and (I.1.8) that
the angular acceleration of a spinner would be given by

Mk?e = nw.r sin 7 (I.1.11)
for drilled nozzles, and

Mk = [rw, + (P, — P,)AJr sin v (1.1.12)

for insert nozzles.

Take the forward components of the jet forces in the case of a
spinner. Since the nozzles arc canted, the momentum forces are
likewise canted, so that the forward component of the momentum
forces is v, cos . For drilled nozzles, the pressure forces are directed
straight forward (see Fig. 1.1.2 on page 14) and so the forward com-
ponent is (P, — P,)A.. For the insert nozzles, the pressure forces
are canted (see Fig. 1.1.3 on page 14), so that the forward component
is (P, — P,)A.cos . So if we neglect all but jet forces, we see by
Principle III that the forward acceleration of a spinner would be
given by

Mb = rw, cos v + (P, — P,)A, (1.1.13)

for drilled nozzles, and

My = [mv, + (P, — P,)A.] cos 7 (1.1.14)
for insert nozzles.
By (I.1.11) and (1.1.13) or (I.1.12) and (I.1.14), we see that through-
out the burning period w/v will be constant for a rocket starting from
rest and will be given by

e

my.r sin 7
v [v, cos T + (P, — Po)A.Jk? (1.1.15)

for drilled nozzles, and

w rtanr
; = %2 (1.1.16)
for insert nozzles.

It is easily seen that w/v will be smaller for the drilled nozzles
than for a set of insert nozzles with the same values of r, 7, and k2.

The constant quantity /v has a simple physical significance.
The fact that w/v is constant means that, despite the varying speeds
and rates of rotation during burning, the rocket will always turn
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through an angle proportional to the distance traveled, the factor of
proportionality being w/v. It is fairly easy to verify this fact experi-
mentally. One paints one side of a spinner white and the other side
black and photographs the rocket in flight with a high-speed motion
camera. Then by measuring the distances traveled between suc-
cessive apparitions of the white side of the rocket, one can measure
w/v. It is found that w/v is constant. It isfurther found that w/vis
smaller for drilled nozzles than for insert nozzles, and within the accu-
racy of the experiment the respective values of w/v are given by (1.1.15)
and (1.1.16).

There is a bit of history in connection with these experiments.
At the time they were performed, it had not become widely known
that jet forces had to be separated into momentum forces and pressure
forces. It was_ still common practice to lump all jet forces into a
single term 7ws. The value of vz had been determined experimentally
by measurements on a nonspinning rocket. As a result [sce (I.1.4)],
the experimenters were using a value of 7wz such that

thwg = 1w, + (P — Pa)A. (1.1.17)

As they were considering only one jet force, 7wz, which they considered
as being due to momentum effects, they did not distinguish between
drilled and insert nozzles. For both, they put

Mb = vz cos 7 (I1.1.15)
Mk?e = nwgr sin 7 (I.1.19)

The reader will note that they were using Principle ITI and its analoguc.
For their rockets, this was sufficiently accurate.

By (1.1.17), we see that (I.1.18) and (I.1.19) are the same as
(1.1.12) and (1.1.14). Thus (1.1.18) and (I.1.19) are correct for insert
nozzles but not for drilled nozzles. From (I.1.18) and (I.1.19), the
experimenters deduced

w rtan7
3= 7 (1.1.20)
the same as (1.1.16). For insert nozzles, they verified (I.1.20), but
for drilled nozzles they got a smaller experimental value of w/v than
that predicted from (I.1.20). To explain this, they conjectured that
because of the sharp edges and lopsided shape of the drilled nozzles,
the gas did not actually go through at the angle » but at some smaller
angle r,, which they called the “effective cant’’ as distinguished from
the true cant 7. The effective cant was to be determined experi-
mentally so as to make
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o_rtar (1.1.21)

There is one interesting aftermath of this bit of history. Though
we now explain the deviation from (I.1.20) very easily by using (I.1.15)
rather than by assuming any difference between effective cant and
true cant, nevertheless it may be asked why there should not be a
difference between effective cant and true cant, in view of the lop-
sidedness of the nozzle. There is the further question as to whether
the angular rotation and acceleration of the rocket might not throw
the gas flow out of line in some way or other. These are hard ques-
tions to answer. If one computes a theoretical value of the effective
cant by combining (I.1.21) with (I.1.15), the theoretical value agrees
with the experimental value within the accuracy of the experiment.
This indicates that the gas does actually go through at the angle 7,
despite the rotation of the rocket and the lopsidedness of the nozzles.
However, the experimental determination of the effective cant is not
highly accurate, so that the evidence is not conclusive.

One can make a rough argument as to the effect of the lopsidedness
of the nozzle, as follows: When the gas reaches the exit of the nozzle,
the gas at the outside of the jet can begin to expand very rapidly
sidewise. Thus an expansion wave begins at the edge of the nozzle
exit and is propagated into the jet stream with the speed of sound.
However, the jet is moving at perhaps twice the speed of sound, so
that the expansion wave gets swept downstream faster than it can
proceed across stream. Even with a very canted nozzle, the expansion
wave does not go across the jet fast enough to get actually inside the
nozzle, so that the flow down the long side of the nozzle will be the
same as if the other side had not been cut off short.

Now, of course, we can no longer divert the reader’s attention
from the fact that, with a drilled nozzle, different parts of the exit
surface are not all at the same distance from the throat, and so do
not all have the same value of v, and P,, Thus the simple products
myv, and P,A, have to be replaced by complex integrations. Not
that this fact alters the basic picture; it just makes the formulas more
elaborate. The bright side to the picture is that it seems easier to
manufacture the insert nozzle than the drilled nozzle, so that perhaps
we can soon forget the drilled nozzle and confine our attention to the
insert nozzles, for which these complications do not arise.

Jet Damping.—We have been discussing spinners, which rotate
about a longitudinal axis. However, a rocket can rotate about some
other axis instead. Let us consider such a rotation. To be specific,
suppose that the rocket is rotating about an axis perpendicular to its
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longitudinal axis. That is to say, it is turning end over end, but very
slowly. In ballistic parlance, this type of rotation is called a ‘“yaw-
ing” motion, whereas rotation about a longitudinal axis is called a
“gpinning’’ motion.

The ballistic effects of yawing and spinning motions are quite
different. When a rocket yaws, the result is to turn it more or less
crosswise in flight, instead of head-on. This causes an increased air
resistance, with resultant disturbance of the flight. By and large,
yawing motion is to be avoided as far as possible. On the other hand,
a fast spin has practically no deleterious effect on the flight and,
because of gyroscopic action, tends to prevent yawing motion. Thus
a fast spin is frequently desirable. This is precisely analogous to the
situation with regard to spinning shells. As it happens, even a spin
too slow for gyroscopic effects can also be quite helpful for rockets,
as we shall show in later chapters.

For nonspinning rockets a common means of preventing, or at
least of restraining, a yawing motion is by the use of fins at the rear
end of the rocket. These fins play a role analogous to the feathers
on an arrow. When the rocket becomes yawed, so that it is moving
crosswise through the air, the wind action on the fins at the rear tends
to push them back into line and so restores the rocket to head-on
flight. The net result is that for fin-stabilized rockets a yawing motion
is usually oscillatory in nature; in fact, the rocket rotates back and
forth in some plane as though it were a pendulum performing simple
harmonic oscillations.

A rocket can yaw in two different planes at once. Commonly
the yawing motions in the two planes will be out of phase. The result
is a sort of corkscrew motion of the rocket, known as ‘‘conical yaw.”
Since this gyration is compounded of two simple harmonic yawing
motions, one in each of two different planes, it will suffice to work out
the equations of motion for yawing in a single plane.

¢In this plane we fix an axis of reference. We denote by ¢ the angle
between the reference axis and the longitudinal axis of the rocket,
and by 0 the angle between the reference axis and the direction of
motion of the rocket. We denote by é the angle between the longi-
tudinal axis of the rocket and the direction of motion of the rocket.
Then § is the angle of yaw, and we have

b=¢—0 (1.1.22)

These angles are illustrated in Fig. 1.1.4. One designates the
positive and negative directions for ¢, 6, and & in such a way that all
three are positive for the configuration shown in Fig. I.1.4.
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“Yawing motion consists of rotation about an axis through the
center of gravity and perpendicular to the longitudinal axis. Such
an axis is called a “transverse axis,” and the radius of gyration about
this axis is called the “transverse radius of gyration.” We shall denote
it by k. Although % has already been used for one of the other radii
of gyration, no confusion will result.

We proceed to apply Principle V. The moment of momentum of
the rocket is Mk2$. Since we are now dealing with a nonspinning

REFERENCE AXIS

F1a. 1.1.4.—Angular coordinates for a yawing rocket.

rocket, we assume that the nozzle (or nozzles) has no cant. Thus the
sidewise component of velocity of the gas issuing from the nozzle is
just r.¢, where r, is the distance from the center of gravity of the rocket
to the exit of the nozzle. Then the nozzle is removing moment of
momentum from the system at the rate nir?¢. The moment of the
pressure forces due to jet action is zero, because the nozzle has no
cant. The aerodynamic torques we shall denote by J, and any other
torque forces by J. So we get finally

& (Mkg) + rirp = ~Ju — J (1.1.23)
We put
& (Mk) = —niké + Mo T2 + M kg
We are probably justified in neglecting M¢ (d/dt) k2. We do so,

and get
Mk = —mp(rd — k) —Js — J (1.1.24)
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Earlier, when we were going from (I.1.5) and (I.1.6) to the approxi-
mate equations (I.1.7) and (1.1.8), we found it justifiable to neglect
the term mw(r? — k?). In the present case, it is probably not per-
missible to neglect the analogous term

me(rs — k*?) (1.1.25)

in (1.1.24), since it is of the same order of magnitude as J, and J.

Since M, m, k2 and (r} — k?) are positive, the term (I.1.25) in
(1.1.24) tends to give ¢ a different sign from ¢. That is, the effect
of (I.1.25) is to decrease the absolute value of ¢, or in other words to
slow up the rate of rotation. For this reason, (I.1.25) is referred to
as a “jet damping term.” It has the effect of helping to damp out
any yawing motion.

We see that if we should try to combine the simple physical picture
of the preceding section with the analogue of Principle III, we should
wind up with an equation from which the jet damping term would be
missing. So it is not permissible to use the analogue of Principle ITI
when dealing with yawing motion.

Let us pause to review the status of the analogue of Principle III.
It does not give the jet damping term when applied to yawing motion.
It also fails to give the term mw(r? — k2), analogous to the jet damping
term, when applied to spinning motion. However, the jet damping
term cannot be neglected for yawing motion, whereas the analogous
term can usually be neglected for spinning motion. So we conclude
that one cannot use the analogue of Principle III for yawing motion,
although it is usually permissible to use it for spinning motion.

We call attention to one tacit assumption made in deriving the
formula for jet damping. When we gave the sidewise component of
velocity of the gas issuing from the nozzle as 7.4, we were assuming
that the gas was going ‘‘straight” through the nozzle. Actually,
this has not been proved so fas as we know. The rocket walls have a
sidewise motion of 7.¢, but it needs to be shown that the main stream
of gas going through the nozzle shares this sidewise motion. One
can make a rough argument as follows: Until the gas reaches the throat
of the nozzle, it is moving more slowly than the speed of sound. Hence
disturbances, such as the yawing motion of the rocket, can be propa-
gated into the gas stream faster than they are swept downstream by
the gas flow. Consequently, we may expect the gas stream as a
whole to participate in the yawing motion of the rocket until it reaches
the throat of the nozzle. Thereafter, the gas is going faster than the
speed of sound and probably leaves the nozzle without acquiring any
additional sidewise motion. Thus the sidewise motion of the gas is
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probably r.¢, where 7, is the distance from the center of gravity of the
rocket to the throat of the nozzle. This is multiplied by 7., and so
we conclude that probably r2 should be replaced by 7, in (1.1.23),
(1.1.24), and (1.1.25).

Actually, it would not be difficult to perform an experiment that
would settle the question of what value to use for 72 in the jet damping
term. Suppose we build a two-way rocket with a nozzle at each end.
The two nozzles are to be precisely similar, so that when the rocket is
fired there is no resultant thrust. We put an axle crosswise through
the mid-point of the rocket and mount the axle in bearings so that the
rocket can turn end over end. Finally, we set the rocket whirling
end over end and fire it. The decrease in moment of inertia due to
the loss in mass will tend to increase the rate of whirl and the jet
damping will tend to decrease the rate of whirl. By careful measure-
ments of the rate of whirl before and after firing, a quantitative
measure of jet damping can be made. By use of a stroboscopic
motion camera synchronized with the whirling rocket, the change in
rate of whirl can be measured very accurately, and one should be able
to measure the jet damping to within 10 per cent or better.

Various precautions will occur to the experimenter, such as whirling
the rocket in opposite directions on successive trials to average out
any effects due to accidental malalignment of the rocket nozzles.

Despite the simplicity of this experiment, it has never been per-
formed in this country. In fact the whole question of jet damping
has received little attention.

We recently read a report of the postwar questioning of a German
rocket expert by an Army intelligence officer. According to the
report, it was current German practice to take account of jet damping.
Unfortunately, the report did not indicate the value of r? that was
used and did not say whether the Germans had made any experi-
mental determination of the jet damping term or depended on theory
alone.

We are thus compelled to leave the reader with jet damping in an
unsettled status. For the purposes of the present book, we accept
the formulas (1.1.23), (1.1.24), and (1.1.25) as giving the effect of jet
damping, provided one replaces r2 by rg..

2. The Aerodynamic Forces on a Nonspinning Rocket

Designation of the Forces.—From now on, we shall be dealing with
a nonspinning rocket, which, however, may be yawing. We recall
the angles ¢, 6, and § which were defined for use in this situation
(see Fig. 1.1.4). We also use v, the velocity of the rocket, d, the
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diameter of the rocket, and p, the density of the air. We will use
Kp, K1, Ks, Ku, and Kx to designate dimensionless coefficients con-
nected with the various aerodynamic effects that we now cite.
The rocket is subjected to three aerodynamic forces and two aero-
dynamic torques, or couples. They are
a. The drag,
D = — K ppd®? (I1.2.1)

This acts through the center of gravity and is opposed to the direction
of motion of the rocket, hence the minus sign in (1.2.1).
b. The lift, or cross-wind force,

L = K.pd%? sin 6 (1.2.2)

This acts through the center of gravity and is perpendicular to the
direction of motion of the rocket. With the rocket configuration as
shown in Fig. 1.1.4, L would be upward and to the left.

¢. The cross-spin force, or pitching force,

8 = Kspdvd (1.2.3)

This acts through the center of gravity and is perpendicular to the
longitudinal axis of the rocket. With the rocket configuration as
shown in Fig. 1.1.4, S would be upward and to the left in case ¢ is
positive.
d. The restoring moment,
M = —Kupd®? sin & (1.2.4)

This is a moment or couple tending to decrease the numerical value
of 3, hence the minus sign in (1.2.4).
e. The damping moment,

H = —Kupd%d (1.2.5)

This is a moment or couple tending to decrease the numerical value of
&, hence the minus sign in (I1.2.5).

For stable rockets, all of K5, Ki, Ks, Ky, and Ky are positive.
For unstable rockets, Ks and Ky are negative, but the rest are positive.

It is unfortunate that M is also used for the mass of the rocket.
However, the use of M to denote the restoring moment is confined to
the present section, so that no confusion should result.

The Physical Background.—We propose to give some elementary
physical reasoning to justify the various aerodynamic effects just cited.

The reasoning on the drag goes back to Sir Isaac Newton. An
excellent discussion is given in Reference 12, pages 86 and 87, and we
paraphrase it.
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@The drag law was derived by Newton from a momentum theorem:
The force exerted by the fluid on the body is equal to the rate of change
of momentum in the fluid due to the motion of the body.

Newton assumed instead of air or water a hypothetical medium
of the following properties: The space around the rocket is filled with
a large number of particles having mass but no size. These particles
are at rest and are not connected to each other, nor do they exert any
influence whatever on each other. The rocket moving through this
medium experiences impacts from all the particles in its path and
consequently imparts momentum to them. The total mass of all
the particles coming to impact with the rocket per second is pyrd?/4.
This mass is given a velocity »’, which is proportional to the velocity
v of the rocket. The amount of momentum created per second, which
has to be equal to the resistance or drag of the rocket, thus becomes

. P

For rockets of the same shape, K is reasonably independent of p
and d. However, K, is dependent on the shape of the rocket. One
would expect this from our reasoning above. If the rocket has a
blunt nose, the air has to move aside faster to get out of the way
than it does if the rocket has a sharp-pointed nose and so gets more
momentum. Thus one is led to expect more drag from a blunt-nosed
rocket than from a sharp-nosed rocket. Within limits this is so.

For low velocities, K is fairly independent of ». However, when
the rocket approaches the velocity of sound, it becomes very hard for
the air to get out of the way fast enough, and so K increases suddenly
when » gets to the velocity of sound.

K5 also depends on the yaw. This is understandable, since when
the rocket is yawed it must disturb a greater volume of air because of
being turned somewhat crosswise instead of head-on. By symmetry,
we see that the dependence on yaw must be of the form

Kb = Kn,(1 4+ Kp8? (1.2.6)

More precisely, the reasoning runs as follows: Clearly there would be
the same drag for a positive yaw & as for the corresponding negative
vaw —3. Thus K, is an even function of 8. So the power series
expansion of Kp contains only even powers of 8. For small §, we
neglect all terms of this power series except the constant term and
the term in §2 and thus get (1.2.6).

Actually, in (1.2.6), K, is fairly small, so that it is often sufficiently
accurate to consider K, as independent of é.
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For the explanation of the lift and restoring moment, we first
consider the special situation in which the rocket is moving in a
straight line with a fixed yaw. That is, ¢ is constant but not zero
and ¢ is zero. Actually this situation is not one of equilibrium and
occurs only in wind tunnels where the rocket is held in such a situation
for the purpose of measuring lift and restoring moment.

\/noted earlier, a yawed rocket disturbs more air than a head-on
rocket. ¥ This %uces more drag, and it also produces lift and restor-
ing moment. en the rocket is head-on, it is symmetric about the
line of flight, and so ‘““by symmetry”’ the lift and restoring moment
must be zero. However, when the rocket is yawed, the rear end of it
is exposed to the air stream on a slant and so is pushed sidewise,
producing lift and restoring moment.

For lift, one could try to apply a momentum argument similar to
that which we gave for drag. If one did so, one would come out
with a factor of sin? § instead of the sin & that occurs in (1.2.2).
Furthermore, the resulting theoretical value of K. would be far smaller
than the experimental value of K:. Thus the simple Newtonian
1;y'cture is too oversimplified to be applicable. Actually, viscous
orces come into the lift much more than into the drag, and we have
to pay far more attention to momentum interchange between the
molecules which sweep past the rocket and those which actually
collide with it, in particular those which rebound off the rear because
of thermal agitation. As a result, the theory is quite complicated.
The reader who is interested in a more detailed picture can consult
Chap. VI of Reference 12, which contains much relevant information,
despite the fact that it deals with the lift of airfoils only.

Nevertheless, one can make a roughly plausible justification of
(1.2.2). In the first place, for a rocket with fixed yaw and fixed pro-
portions moving in a straight line, the lift must depend only on p, 8,
v, and some linear dimension such as d. Since lift has the physical
dimensions of a force, p, v, and d must enter into (1.2.2) in such a way
as to give the dimensions of a force. A little trial readily shows that
only the combination pd*? will give the dimensions of a force. We
have now to multiply this by K. and a function of 5. If we reverse
the sign of §, it is clear that we merely take a mirror image of the
original situation, so that we must reverse the sign of L. Thus L is
an odd function of . Consequently, if we can expand L as a power
series in §, we have only odd powers of 8, and so for small § we can
neglect all but the first power of 3, thus getting (I1.2.2).

For rockets of the same shape, K is reasonably independent of p
and d. Naturally, K. depends on the shape of the rocket, particu-
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larly on the size, number, and arrangement of fins. Forlow velocities,
K is fairly independent of v. The behavior of K, at or above the
speed of sound is not really known yet.

For small 3, K, is fairly independent of 5. We should note that
any particular rocket constructed by the usual methods of mass pro-
duction is seldom perfectly accurately constructed. As a result, it
fails to have exact symmetry. Thus the lift force will not be zero
when & = 0, as it should, but when § = §;. Thus we have to replace
(1.2.2) by

L = K1pd%? sin (§ — 81) (1.2.2%)

As a preliminary step in considering the restoring moment, we
appeal to symmetry to conclude that the resultant of all forces and
couples on the rocket lies in the plane of yaw. That is to say, in
Fig. 1.1.4, the resultant force and resultant couple both lie in the
plane of the figure. To see this, we note that conditions in front of
the plane of the figure are just the mirror image of conditions behind
this plane. By combining all the forces in mirror-image pairs, the
resultant force and resultant couple are easily seen to lie in the plane
of the figure.

When the resultant force and resultant couple lie in the same plane,
one can replace them by a single force—mnot through the center of
gravity—and no couple. The point on the longitudinal axis of the
rocket through which this single force passes is called the “center of
pressure.”’

In particular, we have replaced the restoring moment plus the drag

and lift through the center of gravity by simply the drag and lift
through the center of pressure, the center of pressure being so located
that the moment produced by the drag and lift through this off-center
point is just equal to the restoring moment.
‘) For a stable rocket, for which K is positive, the center of pressure
s to the rear of the center of gravity. For an unstable rocket, for
which K, is negative, the center of pressure is in front of the center
of gravity. We denote the distance from the center of gravity to
the center of pressure by I, taking I as positive when the center of
pressure is to the rear of the center of gravity, and as negative in the
reverse case.

It is now very easy to compute the restoring moment. The drag
gives a couple equal to DI sin § and the lift gives a couple equal to
—Ll cos 8. By (1.2.1) and (1.2.2), we get

M = —(Kp + K. cos §)pd®lv? sin § 1.2.7



28 MATHEMATICAL THEORY OF ROCKET FLIGHT [Crmar.1
We see that this has the form of (1.2.4), and that in fact one has

_ (Kb + K. cos 9)l
B d

Ky (1.2.8)
In wind-tunnel measurements, where K5, K., and Ky are measured
directly, the relation (I.2.8) is used to compute the value of /.

The center of pressure and the distance [ are reasonably constant
over considerable ranges of p, d, v, and 8. Thus, for rockets of the
same shape, K, is reasonably independent of p and d. Then from
(1.2.8), we see that [ is proportional to d, quite appropriately, and is
independent of p. Naturally, Ky and ! depend on the shape of the
rocket, particularly on the size, number, and arrangement of fins.
For low velocities, Ky and [ are fairly independent of v. The behavior
of Kux and ! at or above the speed of sound is not really known yet.

For small 3, Ky and [ are fairly independent of 8. However, for
larger 5, Kx and ! will usually decrease rapidly as & increases, even
becoming negative for large 6. The value of § at which K, and ! begin
to decrease depends on the shape of the fins and varies perhaps from
5 to 15°.

For nonsymmetric rockets, particularly those which have had fins
bent by careless handling, the restoring moment is not zero when
8 = 0 but when § = 6. Thus we have to replace (1.2.4) by

M = —Kupd®? sin (5 — dx) (1.2.4%)

In spite of the relation (I.2.8), there is no obvious connection
between 8. and 8.

If we have a rocket of changing yaw, then there must be other
aerodynamic forces besides the drag and lift. This was pointed out
by K. L. Nielsen and J. L. Synge, their argument being as follows:
Condder two rockets of precisely similar external shape with the same
instantaneous motion. Then the total aerodynamic forces on each
must be the same. Suppose that the two rockets have a different dis-
tribution of internal mass, so that they have different centers of
gravity. Then, because of the changing yaw, the centers of gravity
of the two rockets will be moving in different directions, so that the
two rockets have different values of . However, they have the same
values of ¢, since they are externally identical. Thus they have
different angles of yaw and so by (I1.2.2) would have different lift
forces. 8o if there were no sidewise aerodynamic force except lift,
the two rockets would not have identical total aerodynamic forces
acting on them.
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Accordingly there must be some sidewise force dependent on ¢.
A similar argument shows the necessity for a torque or moment depend-
ent on ¢. This side force and torque will turn out to be the cross-spin
force and damping moment, of course, and we proceed to see in detail
just what form these should have.

Clearly the center of pressure is more basic for computing aero-
dynamic effects than is the center of gravity. So we can conjecture
that the total lift and restoring moment are determined not by the true
yaw §, which is the angle between the longitudinal axis of the rocket
and the direction of motion of the center of gravity, but by an effective

TION OF MOTION
%'IBECCENTER OF GRAVITY

Fia. 1.2.1.—Determination of yaw in terms of center of pressure instead of center
of gravity.
yaw &* which we define as the angle between the longitudinal axis of
the rocket and the direction of motion of the center of pressure.
Since our final result is only qualitative, we make free use of various
approximations such as putting

cos d =cos é* =1
sin § =
sin §* = §*

and the like (angles are in radians).

The center of pressure is revolving about the center of gravity at a
speed of 4. By compounding this motion with the forward motion
of the center of gravity (see Fig. I.2.1), we get the resultant motion
of the center of pressure. Thus, with angles in radians, we get as a
reagonable approximation,

s*=a+’§

So by (I.2.2) and (1.2.4) the effective lift and effective restoring
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moment are given by

L* = Kupd'? (s + ’—;-*) (1.2.9)
M* = —Kyupd®? (a + ’g’) (1.2.10)

Now we conceive of L* as being composed of the lift due to the amount
of yaw, plus the cross-spin force due to the changing of the yaw.
That is,

L*=L+ 8
Combining this with (1.2.9) and (1.2.2), we get

S = K.pd?lvd
This gives us (I.2.3) by putting

Kl

Ks = T (1211)

We proceed similarly with M*. By (1.2.10) it also is composed of

two parts, one due to the amount of yaw and the second due to the

changing of the yaw. We identify the first with M and apply (1.2.4).
We identify the second with H and so deduce

= —Kupd*lvd
This gives us (1.2.5) by putting
w = I_%_,g (1.2.12)

In deriving (1.2.11) and (1.2.12), we have oversimplified the pic-
ture, not once but many times. Accordingly, these two equations
are quite unreliable, as will appear from the numerical example which
is to follow. In any case, (1.2.12) must surely be wrong for the special
case where the center of pressure happens to coincide with the center
of gravity, since it would then predict K, = 0, whereas K is always
positive. Nevertheless, the considerations leading to (I.2.11) and
(1.2.12) are useful in deriving qualitative results. By applying the
above reasoning to portions of the rocket separately, such as fins and
body, one can obtain more reliable formulas than (1.2.11) and (I1.2.12).

A Typical Set of Data.—For rockets it is common to measure
K»p, K;, and Ky in a wind tunnel, because these coefficients can be
measured by holding the rocket fixed in the wind stream and measuring
two forces and a torque. All wind tunnels are equipped to make such
measurements. To measure Ks and Kx requires that one have a
wind tunnel equipped to make ‘‘dynamic’’ measurements, that is,
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measurements in which readings are taken while the rocket is allowed
to oscillate in the wind stream. For this, much more elaborate
equipment is needed, and few wind tunnels are so equipped. Among
the rockets for which K5 and Kz have been measured is the Army
MS8. This round is obsolescent, so that we are permitted to quote
the data for it. They are

d =4.5in.
Ky = 0.204
K, =233
Ks = 20.4
Kz =316
By (1.2.8), taking cos § = 1, we get
l
7= 2.50
! =11.251n.
Then (1.2.11) and (1.2.12) would give
.Ks = 582
Ky =158

Thus we see that (I.2.11) and (1.2.12) are off by a factor of 2 or 3

in this case.
We proceed to more details. The variation of Kp with § is given

by
Kb = 0.204 + 4.375°

[see (1.2.6)]. Here and throughout, angles are in radians unless
expressly stated otherwise. We see that even for a large yaw, such
as 0.1 rad, the increase in K, is not striking.

The value of 5. [see (1.2.2*)] is —0.0101, so that we have

L = 2.33pd%? sin (5 + 0.0101)
The value of 5y [see (I.2.4*)] is 0.016, so that we have
M = —6.32pd%* sin (5 — 0.016)

Rockets are not intentionally constructed so as to have values of
6. and 8y different from zero. However, when rockets are mass pro-
duced, perfect symmetry is seldom attained, so that for a set of
supposedly identical rockets one would expect values of 8. and du
distributed randomly about zero.

We should point out that the values quoted above for 8. and 8. are
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probably due to idiosyncracies of the particular wind tunnel in which
the model was tested as much as to asymmetry of the model itself.
Different values might result from measuring the same modelsin a
different wind tunnel. Nevertheless, they are typical values, and we
shall proceed as though they were quite reliably measured.

We have given three significant figures in the above data, for uni-
formity with the report from which they are taken. However, the
reader must not conclude that the data are really known with any
such accuracy. On the contrary, it is unlikely that any of the data
quoted (except d) are correct to nearer than 5 per cent, and at least
one of the items (namely, Ks) may be off by as much as 50 per cent.
Such data as K1 and 3. or Ky and 3, are obtained by fitting a straight
line by least squares to a graph of lift or restoring moment plotted
against yaw. This graph deviates markedly from a straight line for
large yaw, and so we fitted only that portion which seemed fairly
straight. Other workers have gotten somewhat different values of
K1 and K, from the same data by fitting a somewhat different portion
of the graph with a straight line.

Such a lack of precision seems characteristic of aerodynamic data.

The coefficients Kp and Kj are sometimes determined by measure-
ments taken during flight. To determine K5, one makes accurate
measurements of the deceleration of the rocket in flight. For this
purpose one can use the same methods of measurement that have
been developed for measuring K » for shells (see Reference 6, Chap. 8).
To measure Ky, use is made of a fact that we will prove later. This
is that when a rocket yaws, its period of oscillation is inversely pro-
portional to the velocity. As a result, a rocket will traverse the same
distance while performing an oscillation, regardless of velocity. This
distance, for a complete cycle of oscillation, is called the ‘“wave length
of yaw”’ and is denoted by ¢. If M is the mass of the rocket and &
is the radius of gyration about a transverse axis through the center of
gravity, then, as we will show later,

Mk?
g = 21!’ m (1.2.13)

To measure g, one photographs a yawing rocket in flight. Then,
by measuring the film, the distance traversed during each oscillation
can be determined, and this is ¢. For a single oscillation such a
measurement will be quite inexact, but over several oscillations one
can get a fairly accurate value of . Then, by (1.2.13), Ky is readily
computed.

This method could be used over quite a large range of values of v,
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by taking a number of rockets that are externally similar and loading
them so as to achieve different velocities after burning. If systematic
expdriments of this sort were performed for a variety of rockets over a
wide range of velocities, much useful information could be obtained
agout the variation of K with fin shape and velocity.

7 Effect of Jet Action.—There is one question that has never been
adequately answered. This is the question whether the aerodynamic
effects are the same when the jet is operating as when it is not. We
proceed to summarize the best available information on this subject.

Consider first the drag. According to a more sophisticated picture
of the drag than that we gave earlier, the drag is composed of three
parts,\iose drag,\kin friction, and¥ail drag. Because of the rocket’s
flight through the air, air molecules tend to “pile up”’ around the
nose of the rocket, so that the pressure over the nose is above atmos-
pm’l‘his Increase of pressure at the nose produces the
nose drag. At the rear, the air molecules cannot rush into the empty
space left by the flying rocket fast enough to maintain full atmospheric
pressure on the rear of the rocket. Thus there is a suction effect at
the rear, producing the tail drag. The skin friction, as its name indi-
cates, is the friction of the sides of the rocket with the air stream slip-
ping past.

Nose drag is probably unaltered by jet action. For skin friction,
the effect is difficult to assess. The jet action may shift the separation
point of the boundary layer along the sides of the rocket, thereby
changing the skin friction, but it is hard to make any precise estimates.
Probably there is little or no change in the skin friction for most
rocket shapes.

In the case of tail drag, the picture is quite clear. In place of the
suction that would occur at the rear with no jet action, there is the
jet pressure. As we noted earlier, this jet pressurc is independent of
exterior conditions such as velocity. As a result, tail drag disappears
completely when the jet is acting. At low speeds this means a con-
siderable decrease in drag, perhaps'as much as 30 per cent in extreme
cases. However, at low speeds the drag is not great. At high speeds,
especially above the speed of sound, the nose drag becomes much
greater than the skin friction and tail drag, so that the proportional
decrease in drag due to jet action is much less.

We should remark that these variations of drag due to jet action
are usually of little consequence for conventional rockets. This is
because the main effect of drag when the jet is operating is in opposition
to the jet forces, and the jet forces are usually much greater than the
drag. Therefore, minor variations of the drag have little effect.
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Naturally, we are not speaking of such contraptions as a jet-propelled
airplane, where the jet forces just balance the over-all drag for steady
flight. Our analysis of the drag applies only to wingless projectiles
and should not be extended to more complex devices. Moreover,
our remarks about the effect of the jet on the tail drag must be modi-
fied if the exit of the jet is only a small fraction of the tail area.

One could presumably determine the effect of jet action on K,
by measuring the wave length of yaw [see (I.2.13)] both during anc
after burning. Such measurements have not indicated any variatior
of Kx due to jet action. However, we should warn the reader not tc
put too much reliance on this result. As indicated earlier, to get ar
accurate determination of ¢ requires measurements over a consider
able distance, amounting to many wave lengths of yaw. Most rocket:
do not burn that long. In an attempt to improve the accuracy, the
angles of yaw were measured from the films, and then the graph of
angle versus distance was fitted with a sine curve. However, no care-
ful analysis has been made of the accuracy obtainable by this proce-
dure, and it is doubtful how trustworthy the results are. Nonetheless,
present opinion inclines to the belief that Ky is unaltered by jet action,
although this has not been fully established.

No information is available about the effect of jet action on K,
Ks, or Kx. Asis usual in such cases, one makes the simplest possible
assumption, namely, that there is no effect of jet action.

3. Definition of Coordinate Systems

It is no part of our intention to derive the completely general
equations of motion of a rocket. In particular, we will not give any
equations for fast-spinning rockets. Such equations could be derived
by Principle V after the necessary aerodynamic data have been
furnished. However, the difficulties involved are mostly those having
to do with gyroscopic effects and such complications which are pre-
sumably familiar from shell ballistics. The effects due to jet action
alone will be sufficiently elucidated by our earlier discussions and by
our treatment of the nonspinning rocket.

To be explicit, we shall assume that our rocket is nonspinning or
at least is spinning sufficiently slowly so that gyroscopic effects and
werodynamic effects dependent on spin can be ignored.

As a further simplification, we shall assume that our rocket is
‘airly symmetric about its longitudinal axis. In particular, we shall
wssume that the coefficients Kp, Ki, Ks, Ky, and Kx are inde-
sendent of the orientation of the rocket about its longitudinal axis.
This is reasonably true of most rockets, Some wind-tunnel tests have
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shown variations of the coefficients with the orientation of the rocket.
However, in such tests, the rocket was suspended on a spindle protrud-
ing sidewise from the rocket (see Fig. 1.3.1). Thus the air stream is
disturbed by the spindle before it gets to the fins, and so one might
expect the measurements to vary according to the relative positions
of the spindle and fins. One test was made with a rear support (see

< DIRECTION OF AR FLOW
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SPINDLE

F1a. 1.3.1.—Usual type of support for a rocket in a wind tunnel.

Fig. 1.3.2), and in this test the measurements were scarcely affected
by the orientation of the fins. We cite this test as evidence that the
coefficients K»p, K1, Ks, Ku, and K r are independent of the orientation
of the rocket. It would be advisable if further tests of this sort were
made.

The quantities 6. and §,;, which are a measure of the asymmetry of
the rocket, will depend on the orientation of the rocket. We assume
that there is an orientation that gives a maximum value of 8., and

~_DIRECTION OF AIR FLOW
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SPINDLE

F1a. 1.3.2.—Alternative type of support for a rocket in a wind tunnel.

that for any other orientation one merely has to take the appropriate
component of §z. Similarly for 8.

Our final approximation is to assume that the actual yawing motion
of the rocket can be compounded of distinct yawing motions in two
perpendicular planes. This assumption is reasonably good, but we
feel that it is only fair to point out the various minor deviations from
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exactness involved in the assumption. For one thing, the motion of
the center of gravity cannot remain in two perpendicular planes. To
do so, it would have to remain in their intersection, which is a straight
line. However, rockets do not travel in straight lines. Under the
influence of gravity, the trajectory curves earthward. So our two
perpendicular planes must continually change their tilt to match the
direction of the trajectory. However, this change is very slow com-
pared with the yawing oscillations that will be our main preoccupation.
Thus it is fair to pretend that our two perpendicular planes have a
fixed orientation.

The second point is that if the rocket yaws out of a given plane,
its projection on the given plane will be foreshortened a bit. Hence
the effective distance ! between the center of gravity and center of
pressure will be decreased a bit. This presumably changes K. [see
(1.2.8)], and therefore o [see (I.2.13)]. So, if the rocket is yawing in
each of two perpendicular planes, the yawing in one plane will change
the coefficients in the other plane. However, these changes will depend
on the cosine of the angle of yaw. For small yaw, say || < 0.1 rad,
this cosine is equal to unity to within 4 per cent. We do not know the
coefficients well enough to be concerned with variations of 4 per cent.

There are other minor details, such as minute gyroscopic effects
in one plane due to yawing in the second plane. These are far too
small to worry about.

To reiterate, we are assuming that the actual yawing motion of the
rocket can be compounded from distinct yawing motions in two
perpendicular planes. Thus it suffices to restrict attention to the
components of motion in a single plane.

We shall now characterize this plane (not forgetting that there
should be two such planes perpendicular to each other). The plane
should “contain’ the trajectory of the rocket. As we said earlier,
this is not strictly possible, since the trajectory would have to be a
straight line if it is to be contained by each of two perpendicular
planes, whereas actually the trajectory has a general over-all curvature
and a great many small wiggles. However, if we restrict attention
to a limited portion of the trajectory, the over-all curvature will not
make the trajectory deviate too markedly from a straight line. Also
the wiggles are small, and we shall ignore them. Thus we can choose
a straight line that will approximate this portion of the trajectory
reasonably well. Such a line will be called an “approximate trajec-
tory.” We impose the condition that our plane must contain some
suitably chosen approximate trajectory.

The two most convenient planes that contain a given approximate
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trajectory are the vertical plane through it and the plane through it
that is perpendicular to the vertical plane (see Fig. 1.3.3). The
vertical plane will be particularly useful, since it is usually possible to
choose a single vertical plane that will contain approximate trajectories
lying all along the actual trajectory. That is, in dealing with the
vertical components of motion, one can usually deal with the entire
trajectory at one time. However, to deal with the horizontal com-
ponents of motion for a trajectory of considerable length, one will
usually need a succession of planes perpendicular to the vertical plane,
each successive plane containing an approximate trajectory corre-
sponding to each successive portion of the actual trajectory. Alter-

VERTICAL PLANE

PLANE AC GONTAINS
APPROXIMATE TRAJECTORY
AB AND IS PERPENDICULAR
TO VERTICAL PLANE.

ACTUAL TRAJEGTORY

GROUND LEVEL

F1a. 1.3.3.—Mutually perpendicular planes nearly containing trajectory.

natively, one sometimes uses a slowly turning plane perpendicular to
the vertical plane, the slowly turning plane to be moving so as to
contain a very closely approximate trajectory at each point. In a
general manner of speaking, one might say that one uses a moving
plane that stays perpendicular to the vertical plane and is tangent to
the trajectory at the (moving) position of the rocket. However, this
is not strictly true, since if the plane were strictly tangent to the
trajectory, it would have to fluctuate violently to accommodate the
small wiggles in the trajectory. Instead, the plane is to be tangent
to the trajectory in an ‘“average”’ fashion.

The plane perpendicular to the vertical plane is often miscalled
the “horizontal plane.”” Those who speak so are not under any
misapprehensions that the plane is genuinely horizontal. However,
the plane is often nearly horizontal, and so it is a descriptive, if loose,
way of speaking.

Having characterized the plane in which we shall consider that the
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motion takes place, we set up a coordinate system therein. This
coordinate system will be fixed relative to the air for convenience in
dealing with the aerodynamic forces. In case there is a wind, the
coordinate system will move relative to the ground, so that transition
to ground coordinates will involve a transformation of coordinates.
In such case, a constant wind velocity is assumed.

To specify the position of the rocket in the plane, we need the
coordinates (z,y) of the center of gravity. To specify the motion,
one could use the time derivatives of z and y, but it is more con-
venient to use the velocity v of the center of gravity and the angle 6
which the tangent to the trajectory makes with a reference axis (see
Fig. 1.1.4). It is usual to take this reference axis to be the z axis.
Then we have

£ = vcos 0 (1.3.1)
9y =vsin 0 (1.3.2)

To specify the orientation of the rocket, we use first of all the angle
¢ which the longitudinal axis of the rocket makes with the reference
axis (see Fig. I.1.4). In the case of a symmetric rocket, no further
specification of orientation is needed. For an unsymmetric rocket,
one must further specify the orientation of the rocket about its longi-
tudinal axis. For this we use an angle ¢ as a measure of rotation
about the longitudinal axis.

For changes in orientation, we can specify the time derivatives,
¢ and ¥, of ¢ and y.

Useful auxiliary variables are s, the distance traversed along the
trajectory, and §, the angle of yaw.

We proceed to further particulars, such as specifying the positive
directions for our various coordinates, etc. This can best be done by
reference to Fig. I1.1.4, because in preparing Fig. 1.1.4 we oriented
the rocket so that the variables would have all their plus directions
in the familiar directions.

Thus when we choose the reference axis to be the z axis, the plus
direction is to the right, as usual. Incidentally, this accords with the
accepted ballistic doctrine that the direction of motion is that of
increasing . The plus direction for y is upward, giving the usual
zy coordinate system. The position of the origin turns out to be
fairly immaterial. We leave it to be assigned at will. The usual
plus direction for angles is counterclockwise, and we abide by this,
as indicated by our conventions for 6, ¢, and &.

For certain purposes it is useful to choose components along and
perpendicular to the trajectory. Here we keep the familiar configura-
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tion of axes, with the direction of motion serving as the z axis, the
plus direction being in the direction of motion. Thus in Fig. 1.1.4
the plus direction along the trajectory is upward and to the right and
the plus direction perpendicular to the trajectory is upward and to the
left. As the direction of the trajectory changes, this configuration
of directions should turn with it.

This leaves us with the orientation of ¢ to settle. Necessarily, this
takes us out of our single plane. Let us imagine ourselves riding
upright on the rocket in its flight and looking forward. Then the
plus direction of ¢ shall be counterclockwise.

We are now nearly ready to quit the tiresome but necessary speci-
fication of coordinate systems. All that remains is to acquaint our
readers with certain conventions.

In the vertical plane, it is usual to take the reference or x axis as
horizontal, and the upward direction to be plus for the y axis.

In the horizontal plane, the reference or x axis is taken to be the
approximate trajectory, with the plus direction in the direction of
motion. Then we orient the y axis so that when the plane is viewed
from above, the x and y axes will present their usual configuration.
From the point of view of an observer riding upright on the rocket,
the plus y axis in the vertical plane is up and the plus y axis in the
horizontal plane is to the left.

4. Gravity

For the present treatment we consider only trajectories for which
one can neglect such features as variations of the earth’s gravitational
attraction with altitude; nonparallelism of the gravitational attraction
at different points of the earth’s surface; the attraction of sun, moon,
and stars; the centrifugal force due to the earth’s rotation; etc. That
is, we assume a uniform value of g such that a rocket of mass M is
subject to a force Mg in a uniform direction, which direction shall be
called “downward.”

The components of gravitational attraction in the vertical plane
are —Mgsin 6 in the direction of the approximate trajectory and
— Mg cos 8 perpendicular to the approximate trajectory. The com-
ponents of gravitational attraction in the horizontal plane are — Mg sin 0
in the direction of the approximate trajectory and zero perpendicular
to the approximate trajectory.

6. The Equations of Motion of a Nonspinning Rocket

In deriving our equations, we invoke certain simplifying assump-
tions. These were discussed in some detail at the beginning of Sec. 3
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in order to justify our choice of coordinate systems. We review them
briefly. We assume that the rocket is nonspinning, or at least is
spinning sufficiently slowly that gyroscopic effects and aerodynamic
effects dependent on spin can be ignored, that the rocket is fairly
symmetric about its longitudinal axis, and that we can restrict atten-
tion to the components of motion in a single plane.

The reader is perhaps expecting that all that remains is to substitute
the aerodynamic forces into (I.1.2) and (I.1.24). Unfortunately one
further final complication must be considered, namely, the effect of
possible malformation of the rocket. In deriving the jet forces, we
purposely ignered such facts as that often a nozzle is not quite in
line with the axis of the rocket. Actually, if one is to produce a large
supply of rockets at a reasonable price, one must be prepared to find
that most of the rockets will deviate in small particulars from the
prescribed dimensions, and that these deviations will be fairly random.
Far from ignoring these deviations, one of the uses of rocket ballistics
is to compute the discrepancies in flight caused by them. Then, by
choosing the permissible discrepancies in flight, one can determine the
permissible deviations in rocket dimensions. From these, one can
set up acceptance criteria for the rocket manufacturer.

Since large discrepancies in flight are hardly to be tolerated, no
more can large deviations in dimensions be tolerated. So we can
reasonably assume that the deviations are small.

In connection with the aerodynamic forces, two deviations have
already been considered, namely, the deviations from exact symmetry
that are responsible for 4, and &y being different from zero. The
remaining deviations that concern us have to do with the jet forces
and so involve inaccuracies of nozzle construction.

We pause to make the observation that from a manufacturing
point of view the use of many small nozzles has one advantage over the
use of a single large nozzle, namely, that one can allow greater inac-
curacies in the individual dimensions of the many small nozzles as long
as these inaccuracies are random, since no single small nozzle will con-
tribute a large error and the various errors from the different small
nozzles will tend to cancel out. However, we shall continue to talk
as though there were a single nozzle. In case there are many small
nozzles, one can treat the resultant thrust T' as being due to a single
large nozzle.

There are three types of thrust malalignment that can take place.
The thrust may make an angle §r with the axis of the rocket, or it
may miss the center of gravity by a distance L, or it may supply a
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torque tending to spin the rocket about its longitudinal axis at a rate
of v revolutions for each wave length of yaw traveled.

It is unfortunate that L has already been used to denote lift. To
avoid confusion, we shall not use L to denote lift from here on.

Mechanically, 6r and L may arise from a variety of causes. The
rocket itself may be bent, or the nozzle may not be centered, or the
nozzle may be drilled on a slant, or the end of the nozzle may not be
cut off square. With modern machine methods, there is little like-
lihood of a badly uncentered nozzle. The other three causes lead to a
thrust malalignment roughly like that pictured in Fig. 1.5.1, which
may be taken as typical, though exaggerated.

- 7
: C

Fia. 1.5.1.—Malalignment of thrust, greatly exaggerated.

If the nozzle were drilled on a slant but the end were cut off square,
the momentum forces of the jet would be malaligned but the pressure
forces would be nearly aligned (slightly off-center at worst). Thus
the resultant thrust would be malaligned, though less so than the
part of the thrust due to momentum forces. If the nozzle were well
aligned but the end were not cut off square, then the pressure forces
would be malaligned but the momentum forces would be aligned.

Such refinements of the picture can be left for the rocket manu-
facturer to worry about. For our purpose, it suffices to know ér and
L for the resultant thrust.

From Fig. 1.5.1, we derive the simple relation

L = r¢51- (1.5.1)

where we recall that r, is the distance from the center of gravity of the
rocket to the throat of the nozzle. At best, (I.5.1) is approximate,
and it will be seriously in error in the few cases of a badly centered
nozzle. Nevertheless, the formula is of value in estimating the relative
order of magnitude of the effects due to §r and L, respectively.

The convention as to signs for ér and L is that, for the configura-
tion shown in Fig. 1.5.1, both §r and L are positive. It is supposed
that in Fig. 1.5.1 the rocket is being viewed from the same point of
observation as in Fig. 1.1.4.

For rockets that are not intended to spin, the torque will usually
be completely negligible, so that one can safely put ¥ = 0. In some
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cases, a rocket is purposely given a slow spin. In such case, the value
of v is at the discretion of the designer.

To describe the motion of the rocket, it suffices to express z, ¥,
¢, and ¢ as functions of the time ¢.

For nonspinning rockets, ¢ is & constant. In Secs. 12 and 13 of
Chap. III, we shall estimate the effects of a slow spin by assuming
simple forms for ¢ as a function of ¢.

With ¢ thus disposed of, we turn to z, y, and ¢. For their deter-
mination, three independent equations will be needed. We obtain
these by first applying Principle III in the direction of motion of the
rocket, then by applying Principle III perpendicular to the direction
of motion, and finally by applying Principle V to the yawing rotation
about a transverse axis. It simplifies matters to introduce auxiliary
variables v, s, 0, and § defined by

v=1(2)*+ (¥)* (1.5.2)
»=% (L5.3)
tan 0 = % (1.5.4)
s=¢—108 (1.5.5)

First let us take components in the direction of motion of the
rocket and apply Principle III. The component of acceleration in
this direction is #. The jet force is 7', applied at an angle ér to the
axis of the rocket (see Fig. I1.5.1). As the axis of the rocket is at an
angle § to the direction of motion (see Fig. 1.1.4), the jet thrust is
applied at an angle of § — 8r to the direction of motion. Accordingly,
the component of thrust in the direction of motion is 7" cos (§ — 4r).
The component of gravity is —Mg sin 6. The components of the
aerodynamic forces are the drag — Kppd%? and the component of the
cross-spin force —Kspd®vé sin 8. Finally there is the component F,
of any other forces, such as friction with the launcher or the like.

Collecting all these and using Principle III gives

Mi = T cos (8§ — 8r) — Mg sin 6 — K ppd*?
~ Kypd®é sin § — F, (1.5.6)

Now let us take components perpendicular to the direction of
motion. The acceleration in this direction is

ﬂcosﬂ—:&sin0=17§—:i%=vl+:y/£),i'ﬂ(;)’w=po

by (1.5.2) and (1.5.4).
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As noted above, the jet thrust is applied at an angle of § — ér to
the direction of motion. Accordingly, the component of thrust per-
pendicular to the direction of motion is T sin (§ — §r). The com-
ponent of gravity is —Mg cos @ or zero, according to whether we are
in the vertical or the horizontal plane. The components of the aero-
dynamic forces are the lift K;pd%? sin (§ — 8,) and the component
of the cross-spin force Kspd®é cos 8. Finally there is the component
F; of any other forces.

Collecting all these and using Principle III gives

Mvé = T sin (8 — ) — Mg cos 0 + Kppd*? sin (§ — 68)
+ Kspd®é cos § — F; (1.5.7V)
in the vertical plane and

Mvéd = T sin (8 — 87) + Kppd2? sin (8§ — 8.)
+ Kspd®*¢ cos § — F; (1.5.7H)
in the horizontal plane.

In modifying (I.1.23) to take account of jet malalignment, it
suffices to insert the torque T'L due to jet malalignment (see Fig. 1.5.1)
on the right side. To prove this, we proceed as follows:

Because of nozzle malalignment, the gas issuing from the jet will
have a sidewise component of velocity relative to the rocket as well as
a rearward component. We temporarily denote this sidewise com-
ponent by v*. The convention as to sign will be that v* is positive
if it is downward in Fig. 1.5.1. In our discussion of jet damping, we
decided that the rotation of the rocket causes an additional sidewise
velocity of r,¢. Thus the total sidewise component of velocity of the
gas issuing from the nozzle is v* + r¢é. So the nozzle is removing
moment of momentum from the system at the rate wr, (v* + r.).
Because of nozzle malalignment, the pressure forces over the exit of
the nozzle will produce a torque of Jp. Other details are as in the
derivation of (1.1.23), and so when we apply Principle V, we get

4 M) +mr(o* +1d) =Jo—Jo—J  (158)

Now consider the rocket fastened in a test stand. J, and ¢ will
be zero, and J must be just the torque T'L of the rocket jet (see Fig.
1.5.1) as measured by the torque gauge in the test stand. So (1.5.8)
reduces to

TL = Jp — mirp*
Putting this back into (I1.5.8), we get

‘%(Mk%) + i = TL — Jo— J
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This is just (1.1.23) with T'L inserted on the right side [the reader will
recall that we have already replaced 72 by r#, in (1.1.23)].
" We now neglect M(d/dt)k?, and deduce

Mk?*$ = TL — md(rae — k?) — Ja — J

It remains merely to insert the aerodynamic torques, namely, the
restoring moment — Kupd®? sin (§ — dx) and the damping moment
—Kupd*vé. There results

Mk*¢ = TL — Kupd®? sin (8§ — ox) — Kupd'vd
— m(rare — k) — J  (1.5.9)

Our three equations for determining z, y, and ¢ are (1.5.6), (1.5.7),
and (1.5.9). Actually, the procedure is to use them to determine v,
5, and 0, and then get z, y, and ¢ by (1.5.2), (1.5.3), (1.5.4), and (1.5.5).

Certain simplifying approximations can be made. In Mg sin
and Mg cos 0, let us replace 6 by 6., where 6, is the (constant) angle
between the approximate trajectory and the reference axis. If our
approximate trajectory is well chosen, we shall have 6 nearly equal to
6, for the period of time we are considering. Also we shall confine
attention to small yaws and small malformations of the rocket and so
can put

cos (6 —dr) =1
sin (5 - 51') 8 — or
sin (8 — 8,) =8 — &,
Sin(a—au)=5—5u
cos d =1
sin 6 = &

|

Our equations simplify to

My = T — Mg sin 0, — Kppd®? — Kspd®dd — F, (1.5.10)
Mvb = T(6 — ér) — Mg cos 0, + Kppd??(6 — 61)
+ Kspdavtﬁ - Fz (I.5.11V)
Movbd = T(5 — 3r) + Kupd*(5 — 85) + Kspd®vd — Fy (1.5.11H)
MEk*¢ = TL — Kupd®?*(§ — by) — Kupdivd
— thd(rae — k) — J  (1.5.12)

One should recall that these equations must be solved in both the
ertical and horizontal planes. Thus, in the vertical plane, we have
(1.5.10), (1.5.11V), and (I1.5.12) to solve, with initial conditions and
values of dr, 81, 6u, L, F, and J that are peculiar to the vertical plane.
Then in the horizontal plane we have (1.5.10), (1.5.11H), and (1.5.12)
to solve, with different initial conditions and different values of
o7, 81, 8u, L, Fs, and J. Thus one expects to have different values of
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3, ¢, and 0 in the vertical and horizontal planes, though of course the
same value of v and s.

As it happens, we can amalgamate the solutions in the two planes
by a mathematical trick provided that we can justify neglecting the
term — Kspd®@¢s in (1.5.10). This can usually be done. To assess
the situation, we write

_d¢ds _ d¢ _  dd do

S=Za 'd "'t 'E

As the yawing motion is oscillatory with wave length o, the ana-
lytical expression for & will be of the form

8=Asin(——2ﬁj—B)

(1.5.13)

o
We are confining attention to small yaw, say
A <01

To estimate d8/ds, we refer to (I1.5.11V), noting that a similar analysis
could be made on the basis of (I.5.11H). We write (I.5.11V) in the
form

M - K.spd“)v’z—z = T(8§ — &r) — Mg cos 6,

+ Kupd'(s — ;) + Kspd? % — F,

Typical approximate values for the M8 rocket at sea level are

d = 0.375 ft
M =351b
Kgpd® = 0.08 1b
g = 32 ft/sec?
0, =0
K,pd? = 0.02 1b/ft
Fg = 0
o = 200 ft

Kppd? = 0.002 1b/ft
T = 240,000 poundals
or = 0.005 rad

v at end of burning = 1,000 to 1,500 ft/sec, according as the rocket
is fired from the ground or from a fast-moving airplane

8o
vz%g = 0.03T(s — r) — 32 + 0.0079%(8 — 5,) + 0.002”,%_2
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Using this in (1.5.13) and substituting into (I.5.10), we can write
Mp = T[1 — 0.03Kspd?(8 — br)] + 32Kspd? — Mg sin 6,

— pdt [ Kb + 1.002Ks db ‘-;—‘: + 0.0007Ks d5(3 — s,,)] -F

As |8| and |8 — 87! are both considerably less than unity, we can
neglect 0.03K spd?5(6 — 6r) with respect to unity and

0.0007Ks d3(s — 5y
with respect to Kp. We have

2
6Q§=F—é—sin(ﬂ’—23)
P ¢

As A £ 0.1 and o 22 200,
la ‘1—5’ < 0.00016
ds

So 1.002K 5 dé(dé/ds) is less than 1 per cent of K and can be neglected.

One should note that the three terms that we have neglected so
far are all oscillatory, whereas the correlative terms that dominated
them were not oscillatory. Thus the cumulative effects of the
neglected terms over several wave lengths of yaw would be even more
insignificant. We thus feel assured that these terms will be negligible
for a wide variety of rockets, and not merely for the M8.

We are now reduced to

Mip =T + 2.56 — Mg sin 0, — Kppd®? — F,

During burning, the term 7 is so large that 2.54 is utterly insignificant.
After burning ceases, Kppd*? is of the order of 2,000 and 2.55 is again
utterly insignificant. Thus we are able to ignore the term 2.5 at
all times.

Similar approximations are valid for other rockets, so that for
rockets that are likely to be encountered in the usual run of affairs,
one can simplify (I.5.10) to

Mb =T — My sin 6, — Kppd®? — F, (I.5.14)

To amalgamate (1.5.11V) and (I.5.11H) we introduce complex
variables §, ¢, and 6 whose real parts are the values of 3, ¢, and 6 in
the vertical plane, and whose imaginary parts are the values of 5, ¢,
and 0 in the horizontal plane. Similarly for ér, 8., and F;. Then
if we multiply (1.5.11H) by j(= 4/ —1) and add to (1.5.11V), we get
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the single equation

Mvd = T(5 — 8r) — Mg cos 0, + K pd?(5 — 81)
+ Kspd%¢d — Fy (1.5.15)

where 0, 5, 8z, 8., ¢, and F; are complex numbers and all other quantities
are real. Although this looks just like (I1.5.11V), it actually contains
both (1.5.11V) and (I.5.11H) at once. By taking the real part of
both sides, we get (1.5.11V), and by taking the imaginary part of both
sides, we get (I.5.11H). However, it will be far more convenient to
solve (I.5.15) as a single equation in complex variables, and then,
when the answer is obtained, to take the real and imaginary parts of
the solution and have the solutions to (I.5.11V) and (I.5.11H),
respectively.

We proceed similarly with (1.5.12). This is really two equations,
one in the vertical plane with one set of ¢, L, 8, dx, ¢, and J, and the
second in the horizontal plane with a different set of ¢, L, 8, ou, ¢,
end J. If we multiply the second by j and add to the first we get
Mk*p = TL — Kupd®?(5 — )

— Kupd®vd — mé(rere — k?) — J (1.5.16)

where ¢, L, 3, dx, ¢, and J are complex numbers and all other quantities
are real.

We note that from the two cases of (I.5.5) for the vertical and hori-
zontal planes, we can deduce

b=¢—20 (1.5.17)

where 5, ¢, and 6 are now complex variables.

We realize that it is a source of confusion to use the same letters,
5, ¢, and 6 for the complex variables occurring in (1.5.15), (1.5.16),
and (1.5.17) that we used earlier for their real and imaginary parts in
(1.5.5), (1.5.11), and (I.5.12). However, we believe it less confusing
than to increase further our already extensive list of symbols, and we
trust that the reader, having been warned, will not let himself be
confused.

One further transformation of our equations is desirable, namely,
to introduce s as the independent variable instead of ¢. If @ is any
quantity, we have

Q= dQds _ dQ
dsat Vs

G=vgi (%) - h

So (1.5.14), (1.5.15), and (I.5.16) reduce to
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dv

ds
Mv’g2 = T(6 — 6r) — Mg cos 6,

Mv% = T — Mg sin 6, — Kopd®? — Fy (1.5.18)

+ Kupd(8 — 8;) + Kspd's* & ‘i’i’ —F, (L5.19)

Mk’v’g—i’ + Mk % Z"’ TL — Kupd‘v’(s — )

- Knpd‘v’—— - mvd (rere — k%) — J  (1.5.20)

We leave m in (1.5.20) instead of replacing it by v dm/ds because 7 is
usually a constant.
We should perhaps clarify certain points in connection with the

term
— Kspd*dd (1.5.21)

in (1.5.10). If we think about the physical significance of this term
a bit, we realize that for (I.5.10) to be correct, one should probably
have in (I1.5.10) two terms like (I.5.21), one with vertical components
of ¢ and & and the other with horizontal components of ¢ and §, because
if the rocket is yawing in two planes at once, then the forward com-
ponents of cross-spin force from the two components of yawing
motion should be added together. Certainly it makes no scnse to
claim that (I.5.10) is different in the vertical and horizontal planes,
as would have to be the case if only one term like (I.5.21) occurred in
(1.5.10).

An alternative method of correcting (I.5.10) is to say that in the
term (I.5.21) the variables ¢ and & refer to the actual geometric
sizes of ¢ and & rather than to any components. This is doubtless
equivalent to our first suggestion.

In any case, if (I.5.10) is properly written, it will be independent
of whether one is dealing with the vertical or horizontal plane. Thus
it is not strictly necessary to neglect the term (or terms) of the type
of (1.5.21) from (I.5.10) before introducing a complex 5, ¢, and 6
8o as to amalgamate (I.5.11V) and (I.5.11H). Nevertheless, if one
wishes to deal only with the complex 8, ¢, and 6, without reference to
their components, it is probably necessary to neglect the term (or
terms) of the type of (I.5.21) from (I.5.10). It has been suggested
that a proper form of (I.5.21) in terms of the complex §, ¢, and @ is
—Kspd®|$||6|. However, this will not do, because this would be
negative for all values of ¢ and &, whereas in case ¢ and 4 lie in the
same plane and have opposite signs, (I.5.21) should be positive.
The best thing is to neglect (1.5.21) whenever possible.



CHAPTER II
MOTION AFTER BURNING

“//l‘he Three Periods of Motion.—The motion of a rocket, from the
time of firing to the time of impact or of detonation, can be divided
into three periods:“the launching period,"the period of burning after
launching, and“the period of motion after burning is over. These
periods are distinguished by the forces acting on the rocket during
each period.

During the launching period, the rocket moves through a tube or
trough, is suspended from rails, or in general is under the influence of
some device which constrains it to follow a straight path, except for
the awkward instant while the rocket is leaving the launcher and is
only partly subject to launcher constraints. These matters are dis-
cussed in detail in Chap. IV.

After leaving the launcher, the interaction between the rocket and
launcher disappears, and the rocket is then subject to the forces dis-
cussed in Chap. I. This is the period of burning after launching or,
for brevity, the burning period. Occasionally rockets are used for
pushing or pulling some device, but as a usual thing the only forces
acting on the rocket during the burning period are gravity, jet forces,
and aerodynamic forces, so that F,, F,, and J are zero in (1.5.18),
(I.5.19), and (1.5.20). The motion during the burning period is dis-
cussed in Chap. III with this understanding.

Eventually there will be a time when all the rocket fuel is consumed
and the products of combustion of the fuel are completely discharged.
After this time comes the period of motion after burning, during which
the rocket usually moves under gravity and aerodynamic forces alone.
During this period, the rocket obeys the equations of motion derived
in Chap. I, but with all jet effects set equal to zero. The solution of
the resulting equations will be discussed in this chapter.

The reader may wonder why we have chosen to explain the three
periods of rocket motion in just the reverse order to that in which
they occur. The chosen order has certain advantages from the point
of view of exposition.

The division between the burning period and the period after
burning is not sharp; instead, the jet forces dwindle away at the end
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of burning, since the products of combustion remaining in the rocket
when all the fuel is burned need some time to become completely
discharged. For simplicity, we shall assume a definite time called the
““end of burning,” so chosen that we can consider that there is normal
jet activity until this time, and none thereafter. The question of
choosing the end of burning will be considered in Chap. III, Sec. 10.
The phrase “end of burning’’ will also be used to denote the position
of the rocket at the time “end of burning.”

It is possible to construct launching systems such that either of the
first two periods is absent. On the one hand, there have been
launchers of a sufficient length that all the burning is completed within
the launcher, so that the second period is absent. The bazooka is an
example of this type. On the other hand, the launcher can be so
short that the rocket is not constrained during any appreciable part
of its motion, so that the first period is absent. These are called
“ gzero-length launchers.”

So far as we know, there has been no interest in a system for which
the third period is absent.

Dispersion.—A matter that will concern us greatly is the question
of the dispersion of a rocket. The word “dispersion” is used in
different senses, which should be distinguished. One sense is the
notion of ‘“ammunition dispersion.”” Suppose one clamps a rifle in a
vise, so that it stays exactly in the same position for successive firings.
If one then fires a group of rounds of ammunition from this rifle at a
fixed target, it will be seen that the rounds do not all strike the target
at the same place but are clustered about some center of impact in
an irregular pattern. Similarly, rounds striking the ground from a
gun at a fixed elevation do not all strike the ground at the same place
but are scattered on the ground, both along the direction from the
gun to the target and perpendicular to that direction.

It is not surprising that the rounds do not all strike in the same
place. The point at which a projectile strikes depends upon all the
forces that have acted upon the projectile since the initiation of the
firing operation, for instance, the forces exerted by the propellant, by
the gun or launching device, by the air, and by the weight of the pro-
jectile. None of these quantities can be reproduced exactly. The
propellant varies slightly in composition and temperature; a gun has
slight irregularities; there are air currents, and shifts in air density and
in air forces due to variations of projectile shape; and different rounds
have different weights. All these factors, except air, can be more or
less controlled in manufacture, but there is a limit to the precision
that can be demanded, particularly in quantity production.
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From the point of view of the user of ammunition, a fairly rough
statistical analysis of ammunition dispersion suffices. For rockets,
this statistical analysis follows the same lines that are used for familiar
types of ammunition (see Reference 5, Chap. XI and Reference 6,
Chaps. 14 and 15) and we do not consider it here. Military require-
ments will usually dictate that the round shall hit not too far from a
predictable “point of aim.” The question of aiming the round where
it should be aimed can properly be left to the military. However,
the designer and manufacturer of rockets have the responsibility for
achieving the necessary degree of uniformity of the rounds. To do
this they must know the effect on the trajectory of the rocket caused
by each structural feature of the rocket or launcher. Moreover, this
knowledge must be quantitative, in the sense that they must be able
to compute how much a deviation from the structural norm will pro-
duce a deviation from the norm in the trajectory. We shall be much
concerned with this type of question.

To proceed, we need first to establish the notion of a standard tra-
jectory, namely, that trajectory which a ‘‘standard” rocket would
follow. Then we consider deviations from this standard trajectory
due to various factors. Thus we get away from the statistical notion
of dispersion of a group of rounds, the ammunition dispersion, to the
distinct but related idea of the dispersion of a single round. A usual
measure for such a dispersion is the angle between the actual point of
impact of the round and the point of impact of a standard round,
this angle being measured from the point of firing. This angle is
nearly independent of the range. For mathematical convenience,
other measures of dispersion related to this angle may be introduced
on occasion.

At the present stage of development, the dispersion of rockets is
usually greater than that of rifled guns. A dispersion of 0.001 rad is
considered reasonably good for a gun, whereas a dispersion of 0.005 rad
is considered quite good for a rocket. For a rocket, dispersion arises
from three different sources: events that occur at launching, events
during burning after launching, and events after burning. For
rockets, most of the dispersion arises during the burning period after
launching. This is predicted theoretically and is confirmed by experi-
ence. For instance, the bazooka rocket completes its burning before
leaving the launcher, and its dispersion is comparable with that of
projectiles fired from guns, namely, of the order of 0.001 rad, whereas
the best dispersion obtained so far for rockets that burn after leaving
the launcher is of the order of 0.004 rad.

It is not always desirable that the dispersion of ammunition should



52 MATHEMATICAL THEORY OF ROCKET FLIGHT [Cmar. II

be kept as low as is consistent with large-scale manufacture. A
shotgun shell furnishes a good example of a type of ammunition that is
purposely constructed so as to have a high dispersion. Nevertheless,
for present military uses, the dispersions of rockets should be small
enough so that from the mathematical point of view the dispersion
is a differential variation from the standard trajectory. Hence the
dispersions arising throughout the three phases of flight—launching,
burning, and after burning—can be computed separately and then
added algebraically to obtain the net resultant dispersion. However,
in this case we must add not the true but the latent dispersions from
each period. To illustrate the distinction between the truc and
latent dispersion, consider the launching period. As the rocket is
controlled by the launcher until the end of the launching period, it
must necessarily. travel along the standard trajectory until the end of
launching, unless we have a malformed launcher, which is uncommon.
Nevertheless, in coming off the end of the launcher, the rocket is often
given a sidewise yaw, for instance, if the launcher is undergoing an
acceleration. In such a case, we have a rocket in the right position
and going in the right direction but pointed in the wrong direction.
Thus it has no actual dispersion—yet. However, the jet is now pointed
in the wrong direction, since the rocket is pointed wrong, and the jet
is therefore going to force the rocket from the standard trajectory and
cause a dispersion to occur. A properly chosen cstimate of the final
dispersion to be expected from this cause alone is the latent dispersion
at the end of launching.

In the mathematical treatment of this and subsequent chapters,
the combining of the dispersions from the three different periods of
flight will be made quite explicit.

In order to compute the motion of the rocket after burning, it is
necessary to know its circumstances at the end of burning. That is,
we must know the position and orientation of the rocket and how
rapidly these are changing. Mathematically, this means that we
must know the value of each of the various independent coordinates
necessary to describe the position and orientation of the rocket and
the derivative of each coordinate at the end of burning. In Chap. III,
we shall tell how to compute the necessary quantities. Throughout
the rest of this chapter we shall assume these quantities known and
shall be concerned solely with the motion after burning. We shall
derive formulas for the dispersion after burning caused by the three
aerodynamic forces, drag, lift, and cross-spin force. Of these, the
lift contributes the major portion of the dispersion, so that the formulas
that we shall give in Sec. 7 for dispersion due to lift can be considered
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as spproximate formulas for the total dispersion that arises after
burning.

1. The Vacuum Trajectory

The complexity of the equations of motion of a rocket, even in
the absence of jet forces, is such that these equations will probably
never be solved in closed form. We proceed instead to find approxi-
mate solutions that are close enough to the exact solution to satisfy
our purposes.

The simplest solution is in the case of the vacuum trajectory.
To obtain this solution, we neglect all the forces except the weight of
the rocket. This solution is well known; the form of the trajectory
is a parabola lying in the vertical plane containing the velocity of the
rocket at the end of burning. We assume that this solution is known
to the reader.

For projectile velocities of only a few hundred feet per second and
for massive projectiles, the vacuum approximation is fairly good. At
higher velocities the results are rather poor. For example, if the M8
rocket that we are using as our example has a burnt velocity of 1,000
ft/sec at an angle of 45° with the horizontal, the vacuum approximation
gives a range of 31,000 ft. A more accurate solution gives a range of
16,400 ft.

The reason for the poor approximation given by the vacuum tra-
jectory is not difficult to see. At 1,000 ft/sec the drag force on an
MS8 rocket is about 70 1b, whereas the weight of this rocket is only
about 35 1b. Therefore we are definitely not justified in neglecting
the aerodynamic forces in comparison with gravity.

These remarks are intended to apply to firing at or near sea level.
At great altitudes, where the air density is much less, the vacuum
trajectory may give a very good approximation. Even at high alti-
tudes, the aerodynamic forces can produce a cumulative effect over a
very long range.

2. Definition of Dispersion

The approximation that we now consider is called the “particle
approximation,” and the trajectory that it furnishes is called the
“jdealized or particle trajectory.” To obtain it, we replace the rocket
by a mass particle having the same mass, velocity, direction of travel,
and position as the rocket has at the end of burning. This particle
is subject to no aerodynamic forces other than gravity and an air
drag that is the same function of velocity as is the drag of the rocket
with zero angle of yaw.
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The problem of computing the idealized trajectory has been studied
very extensively, and discussions are given in References 1, 5, 6, 7,
and 8. The problem can be solved as accurately as our knowledge
of the drag allows.

Like the vacuum trajectory, the idealized trajectory lies in the
vertical plane containing the velocity at the end of burning. It is
shorter than the vacuum trajectory; as a result of drag, the velocity
decreases below that which the particle would have in a vacuum.
For a particle fired with an upward component of initial velocity,
the descending branch of the idealized trajectory is steeper than the
ascending branch.

In the rest of this chapter, we shall assume that the idealized or
particle trajectory is known; that is, all the coordinates of the particle
are known as functions of time or of each other. We shall distinguish
coordinates of the particle from coordinates of the rocket by attaching
a subscript ¢ (for idealized) to the coordinates of the particle.

Two supposedly identical rockets, fired under supposedly identical
launching conditions, will usually have different idealized trajectories.
The reason for this is that, despite all possible care, the two rockets
will differ somewhat and will be launched under slightly different
conditions. As a result, they will reach the end of burning with
slightly differing masses, velocities, directions of travel, and positions.
As these are the conditions that determine the idealized trajectories,
the two rockets will have different idealized trajectories.

The standard rocket will have a certain mass, velocity, direction
of travel, and position at the end of burning. The idealized trajectory
based on this set of standard conditions will be called the *“standard’
trajectory after burning. It is almost, but not quite, the trajectory
that the standard rocket would actually follow after burning, so that
it might seem slightly misleading to call it the standard trajectory.
Nevertheless, it is properly named, since it is used as the standard
from which dispersions are computed.

We are now in a position to define with complete precision the
latent dispersion at the end of burning. At the end of burning, the
usual rocket will not obey standard conditions, so that its idealized
trajectory after burning will not be the standard trajectory after
burning. The latent dispersion of the rocket at the end of burning is
defined to be the dispersion that it would have if it should follow its
idealized trajectory exactly.

As a rocket seldom follows its idealized trajectory exactly, it will
acquire additional dispersion after burning, namely, the dispersion
due to its deviation from its idealized trajectory. The total dispersion
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is then the algebraic sum of the latent dispersion and the additional
dispersion acquired after burning.

Method of Computing Latent Dispersion.—This chapter is con-
cerned with the dispersion acquired after burning. However before
passing on to that, we wish to say a bit about the computation of the
latent dispersion at the end of burning. In Chap. III we shall learn
how to compute the mass, velocity, direction of travel, and position
of a rocket at the end of burning. Thus we may assume that values
of these quantities will be available for the standard rocket and for any
specific rocket that may be considered. Accordingly, idealized tra-
jectories can be computed for the standard rocket and the specific
rocket, and the latent dispersion determined thereby. However, this
is laborious and is seldom done. Instead, there is an approximate
method in common use which is very quick and which is sufficiently
accurate for most purposes, since a really accurate value of the dis-
persion is seldom required.

As a general thing, any specific rocket will have practically the
same mass, velocity, and position at the end of burning as the stand-
ard rocket, so that the principal cause of the latent dispersion is the
difference in direction of travel. Thus the idealized trajectories for
the specific and standard rockets have the same initial conditions
except that they start off in slightly different directions. There is a
principle of ballistics, known as the principle of the “rigidity of the
trajectory’ (see Reference 5, page 462 and Reference 6, page 15),
which says that in such case the two idealized trajectories are essen-
tially the same shape, so that either can be got by rotating the other
through the angle that separates them. Therefore the angular separa-
tion of the points of impact of the two trajectories, as viewed from the
point of firing, will be the difference in direction at the beginning of
the two trajectories. This angular separation of the points of impact
is a usual measure of dispersion.

As 0 determines the direction of travel of a rocket, the above dis-
cussion boils down to the very simple rule that the latent dispersion
at the end of burning for a specific rocket is just the difference between
the values of 6 for the specific rocket and for the standard rocket at
the end of burning. One of the quantities that we learn to compute in
Chap. III is the value of 6 at the end of burning, and so the com-
putation of the latent dispersion at the end of burning is very
straightforward.

Computation of Dispersion after Burning.—We now return to the
business of this chapter, namely, the discussion of the additional dis-
persion acquired after burning. Hereafter, throughout the present
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chapter the word “dispersion,” if not especially modified, will refer
only to the additional dispersion acquired after burning.

As we said earlier, the cause of this dispersion is the deviation of
the rocket from its idealized trajectory. To set up a precise measure
of this dispersion, we consider the point on the actual trajectory that
is at a distance s from the end of burning, measured along the actual
trajectory, and the point on the idealized trajectory that is also at a
distance s from the end of burning measured along the idealized tra-
jectory. We define dispersion as the distance between these two points,
divided by the arc length s. For small values of s, the dispersion
would be just the angle in radians between the rocket and the particle,
as measured by an aiming circle located at the end of burning, if the
trajectory were a straight line. Actually, because of curvature of the
trajectory, the dispersion will be somewhat different from an aiming
circle reading, by an amount which it is difficult to give in a general
formula, but it would generally be possible to find the aiming circle
reading from the dispersion and the shape of the particle trajectory.

In other words, the dispersion is, loosely, a measure of the angle
between the actual and particle trajectories; precisely, it is what the
angle would be if both trajectories were straight or nearly so.

The definition of dispersion can be seen from Fig. I1.2.1. The
length of each trajectory as shown is s; point O represents the end of
burning. Thus the dispersion is n/s, which is approximately the angle
between the curves, despite their considerable curvature.

y
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(0-6;)

trajectory D
—

o X C
Fie. I1.2.1,—An instance of the Fia. I11.2.2—Mag-
separation, 7, between the actual tra- nified portion of Fig.

jectory and the particle trajectory. I1.2.1,

For purposes of calculation we use an expression for dispersion
which we now derive. Figure I1.2.2 shows a section of Fig. I1.2.1
greatly enlarged. AB represents a short portion of the actual tra-
jectory of length ds, making an angle 6 with the reference axis. CD
represents a section of the particle trajectory, also of length ds, making
an angle 6; with the reference axis, while AE represents CD displaced
but kept parallel to itself. BE is the change dn that occurs in 7 in
the distance ds. Since the angle between AB and AE is (6 — 6;),
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we see that dn = (6 — 0;) ds. Hence, the dispersion is given by

1

1ol e-wa (2.1

Thus »/s is just the mean value of § — 6; taken with respect to arc
length of the trajectory. In other words, the dispersion 5/s is the
average difference in direction between the actual and particle tra-
jectories, which agrees with our basic conception of the dispersion as
being in some sense the angle between the actual and idealized
trajectories.

3. Sources of Dispersion

The sources of dispersion arise from those aerodynamic terms in
the equations of motion which we neglected in computing the particle
trajectory, namely, all aerodynamic terms except the air drag at zero
yaw. Insofar as the motion of the center of gravity of the rocket is
concerned, the aerodynamic forces act in two ways to produce dis-
persion. First, there are the lift and cross-spin forces which have
components perpendicular to the trajectory and hence cause the tra-
jectory to be shifted from the particle trajectory. Second, there is
the term that gives the increase in drag with angle of yaw. The
rocket drag is greater than the particle drag if the rocket is yawed,
so that the rocket loses more velocity, has a greater time of flight to
the same trajectory length, and hence has a greater gravity drop.
Thus drag tends to shift the actual trajectory below the particle tra-
jectory, whereas the lift and cross-spin forces shift it in any direction.

For a stable and well-constructed rocket, the dispersion that arises
after burning is small. For instance, consider the extra drag due to
yaw, which causes the rocket to fall short of the idealized trajectory.
This extra drag varies as the square of yaw [see (I.2.6)]. For the
small yaws encountered with well-constructed rockets, the square
of the yaw is small and the yaw drag is correspondingly small.

For the lift and cross-spin forces, the picture is not so simple, and
we present the discussion in stages. For a first approximation to the
actual picture, let us consider a rocket moving in a straight line and
yawing about that line in a symmetric fashion. The yawing is a
damped oscillation, as will be shown later. The lift is proportional
to the yaw [see (1.2.2)]. Thus the lift acts first in one direction and then
in the other, and the cumulative effect is much less than if the lift
acted always in the same direction. Similar remarks apply to the
cross-spin force.
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Actually, the usual rocket is not completely symmetric. For
instance, it is seldom that &y equals zero [see (I.2.4*)]. Thus the
rocket will seldom oscillate about a position of zero yaw, since it will
tend to oscillate about a position where the yaw equals 3y, with the
result that the lift will act in one direction more than in the other,
and the cumulative effect will be much increased. Fortunately, 8
is usually small, so that this effect does not cause large dispersions.

Finally there are the complications caused by the fact that the
rocket does not travel in a straight line. This gives rise to a yaw
of repose, and the rocket tends to oscillate about the yaw of repose
rather than a position of zero yaw. This results in the lift and cross-
spin force both acting on one side more than the other, with consequent
increase in the cumulative effect. The yaw of repose will be treated
fully in the mathematical sections that follow, but we pause to elucidate
the principle involved.

The Yaw of Repose.—We consider the simplified case of a rocket
moving in & circle at a constant speed. In particular, imagine a
long arm rotating in a horizontal plane about one of its ends and
bearing at the outer end a vertical spindle, on which a rocket is
freely supported at the center of gravity of the rocket, as in Fig. I1.3.1.

F1e. I1.3.1.—Yaw of repose for a rocket pivoted on the end of a rotating arm.

If the arm rotates with constant angular velocity w, the rocket will
eventually assume an equilibrium position with respect to the arm.
Then it too will be rotating with angular velocity w. Thus, by (1.2.5),
the rocket is subject to the damping moment — Kgxpd*vw. Since the
rocket is in equilibrium, the damping moment must be canceled by
the restoring moment, and so the damping and restoring moments
must be numerically equal and opposite in sign. By (1.2.4), the
restoring moment is —Kupd®?sin §. Consequently, we conclude that
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If R is the length of the arm, then v = —Rw (since w is negative), so
that

N &
sin 0 = 275 (IL3.1)

This angle, at which the rocket travels without motion relative to the
arm, is called the “yaw of repose.”

For the yaw of repose, the aerodynamic couples are balanced but
the aerodynamic forces are not. The lift tends to move the rocket
farther out on the arm and the cross-spin force tends to move it closer
in. In general the lift will be the greater of the two, so that there is a
net outward force. In the case of a rocket in flight, the situation is
more complicated, since both velocity and curvature of path are vari-
able. Nevertheless, it will be shown that there is a yaw of repose at
each point of the trajectory, varying slowly from point to point. The
corresponding outward force, due to the lift being greater than the
cross-spin force, is a factor in causing dispersion. For this factor also,
the net dispersion is not great.

Reduction of Dispersion by Means of a Slow Spin.—As noted
above, the asymmetry of the rocket, which makes ) different from
zero, causes the rocket to yaw more to one side than the other, with a
consequent accumulation of dispersion. If, however, the rocket is
spinning about its longitudinal axis, the asymmetry will be turning
and will not always act in the same direction. Thus the accumulation
of dispersion in any given direction will be much reduced. We shall
show that a spin even as slow as one rotation in every 2,000 ft of
travel can make a significant decrease in dispersion for any range as
great as 2,000 ft.

The yaw of repose is determined by the trajectory and not by the
orientation of the rocket, so that it is unaffected by the spin.

In imparting a spin to a rocket to reduce dispersion, one may
encounter the resonance effect. As noted earlier, the yaw tends to
oscillate with a period of ¢, the wave length of yaw. If the rocket
happens to spin at the rate of one rotation per wave length of yaw,
the disturbing effect of the asymmetries of the rocket will operate
at the natural frequency of the yaw oscillation and will build up and
maintain a yaw. This effect is called “resonance,” by analogy with
the effect whereby a taut string subjected to a sound of its natural
frequency will begin to vibrate and will maintain the vibration as
long as the sound persists. We shall see that the yaw caused by
resonance is not great.

We remark in passing that bent fins are common, because of care-
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less handling. A bent fin will cause a value of 8y different from zero
and hence will tend to cause a dispersion. However, the bent fin
will also usually induce a slow spin. This will help diminish the dis-
persion, which is probably one reason why rocket dispersion is no
greater than it is. Nonetheless, one should try to avoid bent fins.

4. An Expression for the Yaw

From the discussion of the preceding section, we see that the first
step necessary in finding the dispersion is to find an expression for the
angle of yaw. We do this in the present section for a rocket that is
spinning slowly about its longitudinal axis. Explicitly, let the rocket
be spinning at the rate of I' rad/ft. Then the asymmetry that gives
rise to 8z and 8, will rotate at a rate I'. Thus the maximum effect
of &; and dx will be applied in an ever-changing direction. To handle
this mathematically we recall that in (1.5.19) and (I1.5.20) the equa-
tions for the vertical and horizontal components have been combined
into a single equation by the use of complex numbers. Thus we are
treating 8y and §. as complex numbers, and so the fact of rotation
can be very easily expressed by writing

O = Ay exp (jTs) (I1.4.1)
o = AL exp (§Ts) (11.4.2)

where Ay and A; are the values of 8, and 3. at s = 0 and exp (jT's)
is used to denote eI,

Define
ko = X2 (11.4.3)
b= 52 (IL4.4)
ks = I;; (11.4.5)
b = e (11.4.6)
ko = o (I1.4.7)
B = %(kupd‘ + kupd? — kopd® — 9—%’;—‘1) (I1.4.8)
A= ",;‘::;f‘_‘i_';]g‘l’,“id}“: (I1.4.9)
3 = K dg cos b (I1.4.10)

kav?
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We shall show that an expression for the yaw is

5 = &z + A exp (jT's) + exp (—Bs) [A1 exp (217.1'3)
+ A, exp (— 2—’;”)] (IL4.11)

where 4, and A; are constants of integration and are to be determined
by the boundary conditions, that is, the conditions at the end of burn-
ing. A determination of A; and A, is given in (11.4.22) and (11.4.23),
and the notation involved therein is explained just before these two
formulas.

One should recall that to get the vertical and horizontal components
of §, one should take the real and imaginary parts of (I1.4.11).

In (I1.4.11), the term 6z is the yaw of repose, the term A exp (5Ts)
gives the effect of asymmetry and spin, and the remaining term repre-
sents a damped oscillation of wave length o.

We shall show that v2/(g cos 6,) is the average radius of curvature
of the trajectory, so that by (11.4.6) and (I1.4.7) we can see that the
definition of 8 agrees with the formula (IL.3.1) for the yaw of repose.

If T =0, then the term A exp (jT's) reduces to 8x. So, for a
rocket with no spin, the yaw is a damped oscillation about the value
o + O0y. If there is spin, then the term A exp (jT's) is an oscillation
with the same frequency as the spin, and this oscillation is superposed
upon the damped oscillation of wave length o. In case the rocket
spins once every wave length of yaw, one would expect some sort of
resonance phenomenon to occur, and it does. In such case I' = 2x /s,
so that, by (1.2.13) and (I1.4.6),

_ [Kupd® _
T = [T = Vhued®

with the result that the denominator of A becomes very small and 4
becomes large. For other rates of spin, A is quite small. Some
notion of the behavior of A is given by Fig. I1.6.1, in which it has been
assumed that Az = 1.5Ax, and then |A/Ax|? has been plotted for the
MS8 rocket against v, which is defined to be oI'/2x. Thus ¥ =1
corresponds to resonance.

Numerical Considerations with Respect to Yaw.—Let us pause for
a few numerical considerations, based on the M8 rocket. Typical
values are v = 1,000 ft/sec, M = 35 lb, and Mk? = 20 Ib ft2. So,
from the values given in Sec. 2 of Chap. I, we compute
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k» = 0.0058 Ib—!
kr = 0.067 1b—!
ks = 0.58 1b—!

kx = 0.316 1b—1ft—2
kx = 1.58 Ib—ft—2

The value of d is 0.375 ft. At sea level, a typical value for p is 0.073
Ib/ftd. The value of B is seen to be quite insensitive to the value of

0., and we get
B = 0.0015 ft!

By (1.2.13), ¢ = 180 ft, but for the convenience of having a round
figure it is usual to use o = 200 ft. We get

= 0.000060 cos 0, rad

Thus for the M8 rocket, the yaw of repose is so nearly zero as to be
essentially negligible.

If we may take the values of dx and 6. from Sec. 2 of Chap. I as
typical, then from Fig. I1.6.1 we see that even when resonance occurs,
the maximum value of A exp (jT's) will be of the order of 0.1 rad, and
for most cases it will be much less. Thus in the usual case, when
resonance does not occur, the important term in the yaw is liable to
be the rightmost term of (I1.4.11), namely, the term giving the damped
oscillation of wave length ¢. Even this dies off fairly quickly, since,
from the value of B that we computed, we see that the amplitude
decreases about 25 per cent each wave length of yaw.

We are assuming that the yaw is not large. Specifically, we are
assuming that the maximum value of § from all causes is of the order
of 0.1.

Derivation of the Expression for the Yaw.—We proceed now to the
derivation of (I1.4.11). Let us set all jet terms and extraneous forces
equal to zero in (1.5.18), (1.5.19), and (1.5.20). We then divide the
first two of these by M and the third by M%2. There results

vg-'; = —g 8in 0, — kppd%? (I1.4.12)
,,a%% = —g co8 0, + kzpd®3(s — 1) + kspd’v’”fi—" (I1.4.13)
d’¢ dvde _ _ — 2 49
v Fog oo = —kupd®? (5 — 8u) — b pdv - (I14.14)

Since ¢ = 0 + & [see (1.5.17)], we can write (11.4.13) in the form
v’% (1 — ks pd®) = —g cos 8, + krpd? (8 — 8z) + ks pdavs‘;”i%
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For the M8 at sea level,
kspd® = 0.0022
and so is negligible compared to unity. Thus, we reduce (II1.4.13) to

,,s%% = —g co8 0, + kipd®* (5 — 81) + kﬂpd"”g‘: (I1.4.15)

We pause to derive a bit of information from this equation. We
recall from calculus that d6/ds is the curvature of the trajectory, the
curvature being defined as the reciprocal of the radius of curvature.
On the right side of (I1.4.15) we have one term, —g cos 6,, which
changes very slowly, whereas the other two terms, because of the
presence of & and its derivative, oscillate with a period of s. So our
curvature consists of a steady term with an oscillatory term super-
imposed. In other words, the trajectory has a fairly constant over-
all curvature but in detail it has small wiggles of wave length 0. In
this connection, see Fig. 1.3.3, where the small wiggles are very appar-
ent and the over-all curvature can be detected by comparison with the
straight line AB.

To find the over-all curvature, we omit the oscillatory terms from
(I1.4.15). Therefore, the over-all curvature is given by

dg _ _ gcosba
ds v?

In other words, the average radius of curvature is v%/g cos 6,.

From (I1.4.15) we can get a numerical estimate for df/ds for the
MS8 rocket. The first term on the right is of the order of 30 ft/sec?.
If we have a small yaw, so that |§ — 8. < 0.1, then the second term
is at most of the order of 70 ft/sec?. Since § oscillates with a period of
o, the maximum value of dé/ds is 2r/s times the maximum value of 5.
Thus the third term on the right of (I1.4.15) is at most of the order
of 7 ft/sec?. So the maximum value of d6/ds is of the order of 0.0001
ft—1.

In a similar fashion, we find from (11.4.12) that the maximum value
of dv/ds is of the order of 0.1 sec™.

We now divide (I1.4.15) by v and differentiate both sides with
respect to s. Most of the terms resulting from this differentiation can
be neglected. Let us consider one case in detail. After dividing
through by v, one of the terms on the right will be

krpd®(s — 81) (11.4.16)
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When we differentiate this term, we get the sum of four terms,

dkz. dv

pd’v(ﬁ — 81) (11.4.17)
dp dy
kbd d dw (6 — o1) (11.4.18)
kLPd2 (5 — 1) (11.4.19)
and
dé dé.
kr pd® (ds ds) (11.4.20)

Since the maximum value of dé/ds is 2r /o times the maximum value of
5, we may consider (I1.4.20) as being of the order of 3 per cent of
(I1.4.16). However, since |dv/ds| < 0.1 and v = 1,000, we see that
(I1.4.19) is only 0.01 per cent of (I1.4.16). So we shall neglect (I1.4.19)
by comparison with (II.4.20).

In trying to estimate (I11.4.17), we are under the difficulty of
knowing practically nothing about dk./dv. However, we shall assume
that it does not behave any worse than dk,/dv, about which something
is known. Taking the Givre drag function for shells as typical (see
Reference 1, pages 110 to 117, and Reference 8, pages 34 to 39), it
appears that even at its worst place (near the speed of sound), dkp/dv
is at most about 0.5 per cent of kp and, for most values of v, dkp/dv
is very small. We shall assume the same for dk./dv. Then (I1.4.17)
is at most 0.05 per cent of (I1.4.16) and is usually much smaller.
So we can neglect (I11.4.17) by comparison with (I1I.4.20).

To estimate (I1.4.18), we note that a good approximation for p is

p = po exp (—ay)

where po = 0.073 1b/ft3, a = 0.0000316 ft~1, and y is the distance
above sea level in feet. Then

dp
EZ = —ap = —0.0000316p

As s is the arc length along the trajectory, dy/ds cannot be greater
than unity. So (I1.4.18) is at most 0.00316 per cent of (11.4.16) and
can certainly be neglected by comparison with (I1.4.20).

Thus we decide that, with adequate accuracy, we can take the

single term (I1.4.20) to be the derivative of (I1.4.16). Arguing simi-
larly for the other terms of (II.4.15), we conclude that if we divide
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(11.4.15) by v and differentiate, we get

dv do s ds
Fagl-d- ’“‘Pd'”( dL) + koo I

We multiply this by » and subtract from (II1.4.14). The resulting
equation has derivatives of both 6 and ¢ on the left side, but these
can be combined into derivatives of § alone by use of the relation
5 = ¢ — 0. There still remains a term on the right involving d¢/ds.
In this we put

d¢ do , dé

s ds T ds

and substitute for d6/ds from (I1.4.15). The result is

2
0 &0 (1 + kapd?) + 0D (;ﬁ; + kupd®s + Kupd® + k:zksp”d’v)
+ 025(kypda + kuk}.pzd“) = kypdsvzau + kupd‘ﬂ cos 0,
+ kukip?d®?8s + kupd®? d—af

Using numerical estimates based on the M8 rocket, it appears
that in this equation we can neglect the terms involving either ks or
the product kxzkz. We substitute for dv/ds from (I1.4.12) and divide
the equation through by v2. Remembering the definition of B from
(II.4.8), the result can be written

61, knpd‘g cos 0,
02

+ 2B + Fupds = hupd®bu + brpd? " d

In order to get this in solvable form, we substitute for 6, and 6.
from (I1.4.1) and (I1.4.2) and make use of the fact that B2 is negligible
compared to kxpd®. Thus we have finally the equation

% + 2B ‘j—g + (kwpd® + B3 = (kupd®Ax

+ jTk1pd?Az) exp (jTs) + k—'ﬂ‘%co—sg‘f

(I1.4.21)

If all terms occurring in this equation were constant except s, 3,
and the derivatives of 8, then (II.4.11) would be an exact solution
(except for neglecting B2 by comparison with kuypd?® in 6z and A), as
can be readily seen by substituting (I1.4.11) into (II.4.21) and recalling
that

% -
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To determine the constants of integration A, and A, we musi
decide on an origin for s. For the present chapter, we take the origin
of s to be the end of burning. The boundary conditions will be the
values of § and dé/ds at the end of burning. These values will essen-
tially be furnished by the results of Chap. III. To be precise, the
equations of Chap. III furnish us with values for & and &. The sub-
script b denotes the end of burning, and the prime denotes differentia-
tion with respect to the dimensionless arc length

S§S=—= '\/kxpd's

So & is the value of & at the end of burning and §; is ¢/2x times the
value of dé/ds at the end of burning. With this meaning for & and
6, and remembering that the end of burning corresponds to s = 0,
we determine the values of 4, and A, to be

Ay == [—;s,, + ( ’B" (& — A — 82) — 1%4] (11.4.22)
Ay = %[.15{ + (1 + ’—f‘r‘—’) (& — A — d2) + ";f] (11.4.23)

More Accurate Expressions for the Yaw.—In saying that (I1.4.11)
is a solution of (II.4.21), we are assuming that &, 4, T, B, and ¢ are
all constant. Actually, none of these is constant, so that when we
substitute (II.4.11) into (II.4.21), many terms, involving first and
second derivatives of §z, 4, T', B, and ¢, will fail to cancel each other.
We can improve this situation somewhat by replacing Bs and 2xjs/o

in (IL4.11) by [ ‘B ds and 2rj f *ds/o. If the resulting form of
(I1.4.11) is substituted into (I1.4.21), there will be fewer terms that
will not cancel. 1In particular, there will be no terms involving second
derivatives of B or ¢.

~An analogous improvement will result from replacing jT's by
j L ‘T dsin (I1.4.1), (I1.4.2), (I1.4.11), and (I1.4.21).

By slightly modifying the definitions of 8z and A, still other non-

canceling terms may be disposed of. For instance, let us take 3z as
a solution of the differential equation

a2 63 déz

S+ 2B D8+ (hupd® + BY)bs = "Ld‘l-“-"ifs (I1.4.24)

This differential equation is arrived at as follows: Substitute (I1.4.11)
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into (II.4.21). Then collect all terms involving 8& or its derivatives
from the left side, and require that they exactly cancel the term
kapd‘g cos 0,/v? on the right. The result is just (11.4.24).

Since 8z is & small term in (I1.4.11), it is not necessary to take great
pains to find an accurate solution of (I1.4.24). The approximate
solution, (I1.4.10), obtained by neglecting derivatives of 8z in (11.4.24),
is accurate enough for most purposes. Should greater accuracy be
desired, one can compute approximate values of d?5z/ds? and dér/ds
from (1I.4.10) and substitute them into (II.4.24), which then would
give a more accurate value for 4z.

By substituting (I1.4.11) into (I1.4.21), collecting all terms involv-
ing A or its derivatives, and requiring that they exactly cancel the
term (kupd®Ax + jTkrpd?AL) exp (§T's), one can get a differential equa-
tion for A, more complicated than (I1.4.24), but similar. (I1.4.9)
is a first approximation to the solution. From (II.4.9), more accurate
solutions can be obtained in the same way that was used for (I1.4.24).

These various suggestions for improving the accuracy of (I1.4.11)
will be of little practical value until information is available about
the variation of K», K1, Ku, Ks, and K x with velocity. Nevertheless,
these considerations indicate that the general form of (II.4.11) is
right and that the relative magnitudes of the terms are about right.
As the phase of the oscillation is more sensitiv