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PREFACE

The preparation of this report has been beset with difficulties owing
to the magnitude of the subject and the rapidity with which it is develop-
ing. At the present time, many new research workers are entering the
field and our primary concern has been to give them an introduction to
the subject combining an adequate historical background with as full an
account of the present situation as possible. The authors have definitely
abandoned, however, all attempt at encyclopedic completeness.

The preparation of the report has extended over several years, and
much of it was written a year or two ago. Many alterations have been
made in those parts which were finished first, in order to bring them into
line with recent developments, but the various sections of the report are
of necessity unequally up-to-date. All the chapters were completed before
July, 1926, except Chapter VII, which was wholly rewritten during July
and August.

The committee is deeply indebted to Professor R. S. Mulliken whose

suggestions and criticisms have been numerous and mvaluable.
Epwin C. KEMBLE.

September 28, 1926
10NV 000 |Gk 191
PREFACE TO SECOND PRINTING

Because of the important and extensive developments which have
occurred in the field of band spectra since the first issue of this Report,
and because of the rapidity with which the subject is being augmented at
present, the Committee has-not deemed it feasible to revise the Bulletin
at this time. But it has seemed worth while to make a second printing,
with certain changes and correctiqns, and with the addition of an index;
and Professor Raymond T. Birge has kindly prepared a supplementary

list of recent general references on molecular spectra which follows.
E.C. K.

May, 1930.



SUPPLEMENTARY REFERENCE LIST

Any attempt to bring the subject of band spectra up to date by means
of a brief discussion would be futile. But there is given herewith a list
of certain general references from which, collectively, the reader can
obtain the desired information.

R. S. Mulliken, in Chemical Reviews, 6:503 (1929), has written a
very clear and hon-mathematical account of recent developments, em-
phasizing especially the applications to chemical problems. This article
may well be recommended as the best simple introduction to the entire
subject of molecular spectra now available.

The theory of the structure of diatomic molecules has reached the point
where it is possible to devise a systematic and logical nomenclature.
Professor Mulliken has recently initiated discussions among the band
spectroscopists of the world, regarding this matter, and as a result there
has been obtained a very definite consensus of opinion on practically all
important points. An article giving a complete nomenclature, with spe-
cific definitions in each case, is about to be published by Mulliken in the
Physical Review.

He has written also a general summary of our present knowledge of
band spectra. The first two parts of this review have appeared in Reviews
of Modern Physics, 2: 60-115 (January, 1930). The third, and conclud-
ing portion, will appear in the April number. .

The writer has published in the International Critical Tables V: 409-
418, tables of constants for diatomic molecules, including all material
available in December, 1927. This carries the data forward only one year,
as compared to the table beginning on page 230 of this Report, but the
1. C. T. table is almost twice as long. Since 1927, progress has been slower,
and not many new molecules have been studied, although more accurate
and much more extensive data have been obtained, in many cases. No
complete table of band spectra data, bringing the material up-to-date, is
now available.

The Faraday Society, in September, 1929, held a symposium on Mo-
lecular Spectra and Molecular Structure. More than forty papers were
presented, and these are published in Trans. Faraday Soc.. 25:611-949
(1929). They arc also published in book form by Gurney and Jackson.
These papers cover a very wide field, and collectively give a general idea
of the status of the subject at the present time.

R. Mecke, in Fortsch., d. Chem. Phvx., ete., vol. 20: no. 3 (1929), has
published a review entitled Bandenspektra und ihre Bedeutung fiir die



REFERENCE LIST

Chemie. This contains tables of constants, as well as a discussion of the
theory. Essentially the same information is given by Mecke in the Geiger
and Scheel Handbuch der Physik, 21: 493-573.

R. C. Johnson, in his monograph on Spectra (Methuen, 1928) devotes
28 pages to band spectra.

Atoms, Molecules, and Quanta (McGraw-Hill, 1930), by A. E. Ruark
and H. C. Urey, contains 80 pages on band spectra, with numerous refer-
ences to the original literature.

R. Ruedy, in the Sammlung Vieweg, has published a book of 124 pages
entitled Bandenspektren auf experimenteller Grundlage.

Certain theoretical developments in molecular spectra, from the stand-
point of the new mechanics, are contained in Quantum Mechanics, by
E. U. Condon and P. M. Morse (McGraw-Hill, 1929), and also in Som-
merfeld’s Wellenmechanischer Engénzungsband (Vieweg, 1929).

Raymonp T. BIrGE.

March 28, 1930.
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NOTATION

Some discrepancies in minor details of notation will be found from
chapter to chapter in this report. The following major items, however,
have been followed consistently :

Spectroscopic frEQUEDCY «...v.veriveerineeneeeneasereeneeneneanneennnans »
Mechanical frequency (where it is to be distinguished from spectroscopic
3T o D3 1) 2 IO w
BTy -ttt e e e E
Upper energy level........ .. e e e e e (prime) '
Lower energy level........ ... i (double prime) ”
Phase integral ...... ... it i et e, J
Vibrational quantum number for diatomic molecule...................... n

Effective rotational quantum number (i. e., nuclear angular momentum in

. h

units o ) .......................................................... m
Electronic angular momentum in units 2_}:} ............................. 8
True rotational quantum number (measuring resultant of m and s)........ ]
Electronic quantum numbers (in general) ............... ..o Ll
Component of electronic angular momentum parallel to nuclear axis

(ir. units ‘.{%r) ...................................................... a
Component of electronic angular momentum perpendicular to nuclear axis

(in units 2% ) ...................................................... e
Magnetic quantum number or component of j parallel to magnetic field. .. r
Empirical ordinal number of line in band series........................... M
Mass coefficient for diatomic molecules (i. e., product of masses divided

DY SUIM) oot i @
Distance between nuelei...........coiiiitiiiii it r
Equilibrium value of r... ..o e 1)
Morment of inertia for diatomic molecule................................. 1
Equilibrium value of J.......viiiiiiiiir i e Io
8:’1‘ (1. e., coefficient of Am? in formula for energy of diatomic molecule).. B
Electronic €nergy .......c.veieeiiieinineiiiie et b Ee or E°
Vibretional energy ....oviiiiiiiii ittt ettt i e En or E®



6 NOTATION

Rotational energy ......... et eaee heeaeeeeeeaeraee e Em or Em
Vibrational energy “ term " (i. e, %—') .................................... G
Rotational energy “ term” (i. e, %’—") ................................... F
Positive band branch (7' = 3" 4+ 1)..cooiiiiiiiiiiiiiiii i R
Negative band branch (7' =7" —1)...cooviuiinneniins tiiiiiieiiinnn, P
Ziero band branch (7 == 7") . cc ittt i e Q

A spectrum includes all bands due to a given type of molecule.

A system includes all bands due to a given electronic transition.

An n’ progression is a series of bands in which n” is constant and n’ varies.
An n” progression is a series of bands in which »’ is constant and n” varies.
A sequence is a series of bands in which n’ — n” is constant.






CAPTION OF FRONTISPIECE
Fine Structure of Typical Electronic Bands

(a) AlO, 24842 (0-0) band. Spectrogram by R. T. Birge, 2d order, 21 ft. grating,
University of Wisconsin. Quantum analysis by W. C. Pomeroy. Illustrative
of CN type of doublet (Chapter 1V, Figure 8A). P and R branches only,
medium weight molecule, small change in moment of inertia.

(b) Swan band, 15165 (0-0). Spectrogram by R. T. Birge, 2d order, 21 ft. grating,
University of Wisconsin. Quantum analysis by J. D. Shea. Illustrative
probably of OH type of doublet plus normal singlet (Chapter IV, Figure
8C). P and R branches only, medium weight molecule, small change in
moment of inertia.

(¢) Runge bands of oxygen, A\3370, 3516, and 3672 (0-14, 0-15, 0-16), degraded
to red (i. e., to the left). Spectrogram by C. Runge, 1st order, 21 ft. grating,
University of Gottingen. CN type doublet (analysis of G. H. Dieke).
P and R branches only, medium weight molecule, large change in moment
of inertia.

(d) Comet-tail band (CO*), 23997 (3-0), degraded to red. Spectrogram by F.
Baldet, Observatoire de Mendon. P, Q, and R branches, double electronic
level, medium weight molecule, medium change 1n moment of inertia.

(e) MgH, 25211 (0-0), degraded to violet. Spectrogram by W. W. Watson and
P. Rugnick, 2d order, 21 ft. grating, University of Chicago. OH type of
doublet (Chapter IV, Figure 8C). P, Q, and R branches. Light molecule.

(f) Helium, A5730 (0-0 band, P-D transition). Spectrogram by W. E. Curtis,
1st order, 10 ft. grating, Royal College of Science, London. (Published by
permission of the Royal Society of London.) Two P, two Q, and two R
branches. Light molecule, small change in moment of inertia.

(g) Hydrogen, ultra-violet bands, N1100 to 1650, degraded to red (. e., to the
left). Spectrogram by G. H. Dieke and J. J. Hopfield, 1st order, 50 cm.
grating, vacuum spectrograph. (Hydrogen-argon mixture.) (Q branches only
(quantum analysis of G. H. Dieke), very light molecule.

(h) Nitrogen, First Positive Group, 6544 (7-5) and head of A6468 (8-6) bands,
degraded to violet. Spectrogram by R. T. Birge, 2d order, 21 ft. grating,
University of Wisconsin. Fine structure analysis now in progress.

(1) CN, A3883, in arc (below) and in active nitrogen (above). Spectrogram by
W. E. Jevons, 1st order, 10 ft. grating, Imperial College of Science, London.
Effect of low temperature (active nitrogen) on the distribution of rota-
tional energy.
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CHAPTER 1
INTRODUCTION

Epwin C. KEMBLE

Although the theory of quanta has marvellously illumined all branches
of physics connected in any intimate way with atomic and molecular
processes, few subjects have been more strikingly clarified than that of
band spectra. The extreme complexity of this type of spectrum, the
difficulty of ascertaining with any certainty the nature of the emitting
molecules, and the lack of any fundamental unifying law such as Ritz’s
combination principle for line series,' made progress exceedingly slow
until about ten years ago. At the present time, however, many of the
most fundamental questions involved in the study of gaseous band spectra
have been answered and advances in this field are being made much more
rapidly than ever before. It is now quite certain that band spectra are
the characteristic spectra of molecules containing more than one atom,
and that their emission is a quantum process like the emission of line
spectra, but more complex, since it involves changes in the vibrational
and rotational quantum numbers of the atomic nuclei as well as in the
quantum numbers of the excited valence electron. One may also assert
with considerable confidence that the individual lines which form the
components of any one band series involve the same changes in electronic
and vibrational quantum numbers and differ merely in the initial and
final nuclear or molecular rotational quantum numbers. The theory
enables us to calculate with precision the moments of inertia and vibra-
tional frequencies of diatomic molecules from their spectra, and it is
altogether reasonable to expect from the study of bands in the near future
a great quantity of new information regarding molecular structure and
the details of chemical reactions in gases.

The foundation for the present theory of band spectra was laid in 1892
by the elder Lord Rayleigh(}) when he pointed out that if an oscillator,
which at rest emits and absorbs light of frequency v,, is caused to rotate
with a frequency v, ahout an axis perpendicular to the direction of vibra-
tion, it should emit and absorb in about equal proportions the two frequen-

*'This principle has only recently been employed with success in the study of
bands.

9



10 MOLECULAR SPECTRA IN GASES

cies vo+vr and vo—»,." He remarked that the absence of a corresponding
broadening of spectrum lines due to molecular rotations constituted an
outstanding difficulty in the theory of spectra. It is, indeed, self-evident
that if the distribution of angular velocities of gas molecules followed the
Maxwell-Boltzmann law, and if radiation were emitted in accordance
with the classical electromagnetic theory, each emission and absorption
frequency in a multi-atomic gas would be spread out into a continuous
band whose width would depend on the moment (or moments) of inertia,
but would always be large compared with the width of a normal spectrum
line. The absence of such continuous bands in the spectra of gases® is
one of the most incontrovertible evidences known that there is something
radically wrong with the classical mechanics, or the classical electro-
dynamics, or both.

As early as 1904 Drude(®) from the study of the dispersion of various
crystals was led to the conclusion that the infra-red abscrption and
emission bands of most substances, including gases, must be due to the
vibrations of electrically charged atoms and molecules rather than to the
oscillations of the electrons inside the atoms, and in 1912 Niels Bjer-
rum(3) called attention to the fact that the breadth of the as yet
unresolved infra-red absorption bands of gases was of the order of
magnitude to be expected from the superposition of molecular rotations
on molecular vibrations.

The form and width of the band required by the Rayleigh-Bjerrum
theory is most easily calculated for diatomic molecules. The generalized
Maxwell-Boltzmann law then requires that in a group of n molecules in

? Let the scalar magnitude of the electric moment be 4 -+ B cos 2w»t. Choosing
rectangular coordinates in the plane of the motion, let the angle between the
center line of the molecule and the z-axis be 2m»rt. The components of the
electric moment along the z and y axes are then

P, = (A -+ B cos2nwtl) cos2mv,t = A cos 2mr,t
-+ i:— Leos 2w (v + v, )t + cos 2w (o — »,)t],

Py = (A + B cos 2xwt) sin 2xv,t = A sin 27wyt
+ —g— [sin 27 (v + »,)t — sin 2w (v — »,)t]

* There is now every reason to believe that all gaseous band spectra would
be resolved into fine lines if examined at low pressures with spectroscopes of
sufficient resolving power. Broad regions of continuous absorption or emission
limited on the long-wave side only, are not classified as bands and are probably
always associated with the last step in the process of the ionization of a molecule
(monatomic or multiatomic) or with the first stage in the process of recombination.



INTRODUCTION: KEMBLE 11

thermal equilibrium at the temperature 7" the number having rotational
frequencies between v, and vr+ dv, shall be

2n3y 2
_ 4nr'nl . i

dn="7"" vedy, 1)

where I is the moment of inertia and & is the gas constant for a single
molecule. The quantity dn/dy. should be proportional to the absorption
coefficient for either of the frequencies (vo+vr) or (vo—w»r). Since
dn/dv, is zero for v,=0, showing a maximum when v, has the value

%« LTF , it follows that the absorption band should be a doublet with
v
maxima separated by an interval

Av:_}'\]%@ (2)

on a frequency scale. "The predicted doublet structure was found experi-
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Figure 1.—Infra-Red Absorption Spectrum of CO (Burmeister).

mentally by Burmeister (4) and v. Bahr(®) [Cf. Figare 1]. The spacing
of the maxima of the absorption doublets of HCI, HBr, and CO at 3.5y,
3.9n and 4.6p, respectively, may be used to calculate the moments of
inertia of these molecules and hence the nuclear separations r,. Using

‘Bjerrum’s 1nitial rough computation set the frequency difference equal to

N7 Cf. E. C. Kemble, Phys. Rev. N. S., 8: 689 (1916).
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Burmeister’s observations and equation (2) one obtains the plausible
values of Table 1.

TABLE 1
Gas Wave lengths of max. abs. Ix104° rox 108
HCI ‘340 3554 29 1.34
HBr 3.84 401 3.7 1.50
CO 4.60 472 14.7 1.14

Two other sources of evidence for this theory were the discovery that
the separation of the maxima of tha absorption doublets varies at least
approximately as the square root of the absolute temperature (%), (8) as
required by (2) and the rough verification of a correlation between the
width of the absorption bands in the near infra-red and the width of the
region of absorption which exists in the extreme infra-red spectrum of
many gases. This absorption region in the extreme infra-red is believed
to be a pure * rotation ”” spectrum. On the basis of the Rayleigh-Bjerrum
theory its frequencies are to be identified with the frequencies v, ol the
rotations of the molecules. Tt should accordingly extend on a frequency
scale from zero up to a value which is half the width on the same scale
of the vibration-rotation band in the near infra-red. This theoretical
prediction was shown by v. Bahr(®) to be in accord with the meagre
experimental data available on the extreme infra-red.

It seems desirable at this point to call attention to the three classes
into which bands are naturally divided on the basis of the -present theory.
They are (a) the pure “ rotation ” bands 1 the extreme infra-red involv-
ing (in terms of the Rayleigh-Bjerrum theory) only the rotational fre-
quencies of the molecules; (b) the “vibration-rotation »” bands which
involve both vibrational and rotational frequencies; and (c) the “elec-
tronic ” bands involving the electronic frequencies in addition to the
others. Bohr’s correspondence principle correlates quantum transitions
in which only the rotational quantum number changes with the rotational
frequencies of the molecules, those in which both rotational and vibra-
tional quantum numbers change with the vibration-rotation combination
frequencies, and those in which the electronic quantum numbers also
change with Fourier components of the motion which combine electronic
and nuclear ® frequencies. The quantum theory as now applied to hand
spectra therefore interprets the three classes of bands as due to jumps
between molecular stationary states accompanied, respectively, by changes

Tt is convenient to designate the frequencies associated with the rotation of
the molecule as a whole and with the vibrations of the atoms as wholes, as
nuclear frequencies since the kinetic energy of these rotations and vibrations is
primarily nuclear kinetic energy.
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in the rotational quantum numbers, rotational and vibrational quantum
numbers, and in the last case rotational, vibrational, and electronic
quantum numbers. The first two classes of bands are absent in the
absorption spectra of the diatomic gaseous elements whose molecules
presumably have no electric moment. In absorption spectra the three
classes of bands commonly lie in well separated regions of the spectrum,
viz., the extreme infra-red, the near infra-red, and the ultra-violet.®
In emission, on the other hand, we have to do with transitions between
highly excited states in which the electronic energy levels lie close together
and the electronic frequencies are low. Hence, the electronic emission
bands may extend down into the infra-red and overlap the rotation-
vibration bands. The rotation and vibration-rotation spectra, however,
are apparently confined under all circumstances to the infra-red region.
The differences in the character of the three types of band will be con-
gidered later.

Simultaneously with the qualitative verification of Bjerrum’s theory
by Burmeister and v. Bahr came the discovery by the latter that the infra-
red bands in question are not really continuous as required by the theory,
but are resolvable into a fine structure.” This resolution was first effected
for the water-vapor band at 6.3 (%), then for the HCI band at 3.5u(7).
It was immediately evident that the existence of this fine structure must
be regarded as conclusive evidence of the quantization of the rotational
motion of the molecules. But since the Bohr form of the quantum theory
had not vet won complete acceptance, it was at first supposed that the
frequencies of the lines were to be interpreted in terms of the Rayleigh
formula

v=vy . (3)

The observations on HCI showed the central band lines to be spaced at
approximately equal distances on a frequency scale aund this fact was
assumed by Bjerrum to be a direct proof that the angular velocity of a
diatomic molecule is always an integral multiple of a certain unit of
angular velocity.

The first suggestion regarding the quantization of the rotational motion
of diatomic molecules was that of Nernst(®) and Lorentz(®) who pro-
posed to set the energy equal to an integral multiple of Planck’s constant
h times its rotational frequency. This hypothesis leads to the formula

_ mlz,
T2t

* The eclectronic absorption band system sometimes extends down into the visible
region. Br. and I, are familiar examples.
" See Figure 1, Chapter III.

m=0,1, 2, ... (4)

Vr
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in which I is the moment of inertia and v, is one of the possible fre-
quencies of rotation. Later developments indicated that the energy should
be set equal to an integral multiple of 3hv, and hence that (1), (1!)

mh

4]
Either of the formulas (4) or (5) when combined with (3) gives an
expression for the absorption frequencies in general agreement with the
observations. A more definite experimental test of the two rules is
obtained by a comparison of the values of the moment of inertia I cal-
culated from the spacing of the “ quantum ” lines by (4) and (5) with
the value obtained in a wholly different way from (2)." The agreement
in the case of HCl is within the limits of experimental error if the
formula (5) is used, and the corresponding moment of inertia of the HCI
molecule, viz., 2.7 X 107%° gm. ¢cm.?, is reasonable.

One of the most important steps in the history of this subject was the
extension of Bjerrum’s theory by Heurlinger to the interpretation of
electronic bands. As an introduction to a brief account of his work we
shall indicate the two most striking differences between the typical
electronic band spectrum ° and the infra-red absorption spectra discussed
above. These differences are more apparent than real, but have played
an important part in the history of the theory. The first concerns the
structure of the individual band. The lines of the typical electronic band
are not spaced at approximately equal distances on a frequencv scale as
are those of the infra-red bands, but converge toward a head such as one of
those shown in Frontispiece, figures (a), (b) and (d). The law of con-
vergence is quite different from that which governs the series spectra of
atoms, and if the lines are numbered from the head, the frequencies fit
approximately into a simple empirical formula of the type

v=wp+CM? M=0,1,2,3, ... (6)

where v is the frequency of the head and C is a constant characteristic

m=0,1,2, ... (5)

vr=

® Quite recently a further modification of the rule for the quantization of such
rotational motions has been mmtroduced and we now use (5) with the scries of
m values «

m=j—e, j=1,2.3,...
where e is a constant for electronically unexcited molecules and equal to 4 for HCL
Ct. Chapter III, p. 55.

° By “typical electronic band spectrum ” we mean one of the simple class illus-
trated in the frontispiece, which has outstanding regularities in structure lending
themselves naturally to theoretical analysis Many band spectra, perhaps owing
to the superposition of numerous faint bands, are so confused and characterless
as to defy analysis.
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of the band. Formulas of this type were first devised by Deslandres(12)
and the quadratic term CM? is frequently called a “ Deslandres ” term.
There may be one, two, or more, series of lines apparently diverging from
a single head.

The second difference between the electronic and the infra-red bands
comes from the arrangement of the former into systems. Each system
is a two-dimensional set of bands of similar structure arranged in a
regular way so that the frequencies of the heads fit approximately into
a formula of the type

nm=K+an/+b'n*— (a"n” +b"n"?). n,n"=0,1,2,3, ... (7)

The different bands in a system usually overlap to a greater or less extent,
as will be seen by reference to Frontispiece. Often a’ and a” are nearly
equal. In this case those bands for which n’—n" has a given value will
lie close together, constituting what is called a “band sequence.” The
spectrum of a given molecule usually contains several systems.

The infra-red absorption spectra of diatomic gases also contain one
series of bands whose centers have frequencies approximately in the
harmonic ratio 1:2:3: . . . . The first member is by far the strongest
and the intensity drops so rapidly as one passes up the series that the
third member can be observed only under the most favorable condi-
tions(1%), (1*). On theoretical grounds the development of a two param-
eter family of absorption bands in the infra-red is to be expected at high
temperatures, and the discovery of a new band in heated HCI underlying
the first member of the normal absorption series confirms this expecta-
tion(!®). The difference between this incipient infra-red  system ” with
its marked intensity differences and such a highly developed system as
that shown in Figure 2, Chapter 1V, is very striking, however, and of
considerable theoretical importance.

Heurlinger’s principal contribution (1) consists in showing that the
structure of some, at least, of the electronic bands is more like that of
the infra-red bands of diatomic gases than a superficial view would
indicate. He observes that if the moment of inertia of the molecule is
treated as a variable (in view of the elastic nature of the interatomic
bond) the fundamental equations of the Bjerrum theory (3) and (5)
lead to a frequency formula of the type

v=votoM+eMix . . . M=0,1,2 3, ... (8)

which differs only superficially from (6). », may denote either the
frequency of the nuclear vibration or a combination of the frequency

* Cf. Figure 1.
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of an electron with that of the nuclear vibration. 1f |c;| is small,
as would be expected for a fairly rigid molecule, the lines will be
nearly equidistant in the neighborhood of the frequency v, where the
parameter M ™ is zero. This assumption covers the case of the halogen
hydride infra-red bands. The existence of a small quadratic term in the
formula is in conformity with the empirical observations on these bands.

On the other hand, if |c.| is relatively large, the lines of one of the two
branches will crowd together as M increases and the band will eventually
double back on itself, forming a head. Figure 4, Chapter TV, shows a plot
of the frequencies of the components of such a band plotted against
M-values. 'T'his type of graph is known as a Fortrat diagram. The exis-
tence of a large value of |c.| must be aseribed to a large variation in the
moment of inertia of the molecule, due, perhaps, to the fact that the
molecules under consideration are in electronically excited states.

If the heads of bands with two branches are to be accounted for in this
way, it is clear that the experimental facts must conform to two require-
ments, viz., (a) the head cannot be a point of discontinuity in the band
structure, and (b) the intensities of the band lines must be distributed
in a fairly symmetrical manner on either side of a point of minimum
intensity which is the logical center of the band and has the frequency
vo of formula (8). The second of these theoretical predictions comes from
the fact that the two lines corresponding to any given value of M are
supposed to originate in the same group of molecules. An experimental
study of a namber of bands has shown that both of these requirements
are fuliilled. One or more lines are missing at the point of minimum
intensity and these help to give it a definite location. Additional evidence
in favor of Heurlinger’s choice of the band “ center ” is derived from
a study of the fine structure of hand components and from the small
deviations of the experimental frequencies from those required by such
simple formulas as (8). In a more complex type of band the two branches
indicated by the elementary theory are supplemented by a third which
diverges like the others {from the intensity center and has the form

v=v,+c(M—3)* M=1,2,3,... (9)
Figure 7, Chapter 1V, is a Fortrat.diagram of such a band.

But despite its many early successes the semi-classical theory of
Bjerrum has been displaced by an interpretation of hand spectra based
entirely on the Einstein-Bohr hypothesis that spectroscopic frequencies

In Heurlinger’s first theory the A of equation (8) was identified with the m
of equation (5). As (8) is empirically correct, though later developments change
its interpretation, we use the symbol Af which, m this and later chapters, always
stands for an empirical parameter.
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are the measures of energy differences and are not identical with the fre-
quencies of the motion of the emitting system. The abandonment of the
initially successful Bjerrum theory has been brought about primarily
by the necessity of unifying our interpretation of line and band spectra,
but there is internal evidence against the older point of view to be obtained
from the study of infra-red bands alone. A diatomic molecule can
obviously have but a single vibrational frequency. It was assumed that
this frequency was to be identified with that of the center of the strong
band which is the first member of the series described on page 15. The
first suggestion regarding the interpretation of the fainter bands was that
they were due to harmonics in the vibrational motion of the atoms caused
by the asymmetry of the restoring force brought into play by compression
and extension of the molecule. This assumption seems to be the only one
compatible with the Bjerrum theory and requires that the harmonic
relationship between the frequencies of the centers of the bands be exact.
On the other hand, it is a requirement of the Bohr form of band spectrum
theory that this relationship be approximate only. Experiment shows that
the frequency of the second band in the series is just a little less than
double the frequency of the first, or “ fundamental,” thus definitely
deciding against the Bjerrum theory(17). Tt is nevertheless a striking
and important fact that the predictions of this semi-classical theory are
in substantial accord with the major experimental facts and, as it turns
out, with the predictions of the Bohr form of theory. The numerous
points of agreement are, of course, bound up with the intimate correla-
tion hetween classical and quantum theories which is the basis of Bohr’s
correspondence principle.

The basic work in the application of the Bohr form of quantum theory
to band spectra was done by Schwarzschild and Heurlinger. In a remark-
able paper (18) published on the day of his death Schwarzschild gave a
beautiful treatment of the problem of the quantization of a conditionally
periodic motion with applications to the Stark cffect and to the problem
of band spectra. The formula (5) contains implicitly the following
expression for the energy of a quantized rotating non-gyroscopic diatomic
molecule :

E=m*h?/(8x*[) m=0, 1,2, ... (10)

I denotes the moment of inertia about an axis perpendicular to the line
joining the nuclei. The moment of inertia about the nuclear axis is
treated as infiniteximal. .\n expression of the same form as (10) is easily
derived for the energy of a molecule having three equal principal moments
of inertia. After applying the quantum conditions to the more general
case of the motion of a symmetrical rotating rigid body with principal
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moments of inertia 4, 4, C, Schwarzschild showed that quadratic terms
of the type appearing in Deslandres’ empirical formulas for the fre-
quencies of electronic band lines can be obtained by combining (10) with
the Bohr-Einstein frequency formula

hv=E—E". (11)

The resulting expression for the frequencies emitted in consequence of
a jump from one rotational stationary state to another is

h ,
v= - (m2—m"?). 12
car € ) (12)
If it is assumed that, in addition to the change in rotational energy,
emission is accompanied by a change in electronic and vibrational energy
of magnitude lva, the frequency formula

— h’ m’2 ”2
v=wn+ 8mtl (m’2—m"?) (13)

is obtained. If either of the quantum numbers m’ and m” is treated as
a constant (13) passes over into the Deslandres form (6), but Schwarz-
schild had no explanation of the reason for such a limitation on the
values of m’ or m”.

The difficulty was met by Heurlinger(!®) with the aid of Bohr’s
correspondence principle. It follows from this principle that only a few
of the many conceivable transitions between stationary states may be
expected to yield actual spectrum lines. It is not difficult to show that
the Fourier analysis of the motion contains no combination tones cor-
responding to transitions in which (m’—m") has any other value than
+1 or 0. Tence, only these jumps are to be regarded as permissible.
Heurlinger pointed out that the three branches of such a band as that
shown in Figure 7, Chapter IV, may be accounted for as due to these
three possible types of transition. Without introducing explicit expres-
sions for the energies of the stationary states he wrote down the general
frequency formula

v=¢(m, 0y, 0y . .. W) —p(m”,n"y, . n"), (14)

in which ¢ denotes E/h and ny, n,, . . . n, are vibrational and electronic
quantum numbers. If the energy of a molecule is independent of the
sign of its rotational motion, it should he expansible in a power series
in m containing even powers only. Heurlinger therefore assumed the
formal expansions
e(m', 'y, ... W)=do+ dam?+ .. } (15)
p(m”,n"y, . . . n")=a"o+a"m"F+ . ..
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and derived from them formulas for the frequencies of the lines in the
two branches of the simplest type of bands in which m'—m” has the
values +1 and —1 respectively. They are

yv= (a'o-—a”o-*-alz) +2d',m + (a’g—(l”g)m2+ e
V= (u,'o-—a"o-{-a'g) —20,2m+ (alz—a’,g)nlz+ « .o

}m:m":O, 1,2, ... (16)

These expressions are of the same form as (8) which had previously
been derived from the Bjerrum theory and shown to fit the major experi-
mental facts. Heurlinger tested the new theory further by an indirect
application of the Ritz combination principle and obtained fair agreement
with the results of experiment.

The constants of lleurlinger’s formulas receive an important theoretical
interpretation if, following Lenz(#0), we introduce the formula (10)
for the rotational part of the molecular energy. Then

, h " h

S “ T

a (17)
where I” and I” arc the moments of inertia for the states of greater and
less energy respectively. The spacing of the lines near the center of the
band on a frequency scale, viz., 2a’,, turns out to be identical with the
spacing predicted by the semi-classical Bjerrum theory and the moments
of inertia previously calculated from (5) or (2) (‘Table 1) are still valid.
The coeflicient of the quadratic term in the frequency formula is equal to

h ( 1 1
8rt \I” 1"
tion bands where the initial and final states differ only in vibrational
and rotational quantum numbers. On the other hand a considerable
change in the molecular moment of inertia may be expected as a result
of a tranxition involving a change in electronic quantum numbers. Hence,
the new theory predicts the existence of relatively large quadratic terms
in the formulas for electronic bands and yields a satisfactory explanation
of their tendency to form heads.”

To account for the formation of band systems the Heurlinger theory (21)
assumes a quantization of the energy of the nuclear vibration analogous
to that used by Planck for his ideal linear oscillators. In view of the
probable nonlinearity of the law of force governing the vibrational

) . This should be small for one of the infra-red absorp-

The clectronic bands are generally observed in emission and the high tem-
peratures which accompany emission accentuate the tendency to form heads
by increasing the intensities of the lines associated with large rotational quantum
numbers. Cf. Chapter IV, Section 2, part 2c.
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motion of the molecules, Planck’s energy formula cannot be exact and
the more general series expansion

Eyv.=h(an+bn*+ . . ) n=0,1,2, ... (18)

is used. Here « is equal to the frequency of vibration for infinitesimal
amplitudes and bn® is a presumably small correction term. In order to
locate theoretically the positions of the centers of the different bands due
to different final and initial values of n the small terms in m?® may be
dropped from equations (15) and the terms o/, and a”, may be replaced
in view of (18) by

ao= A"+ a'n" + b'n'*;

a"(,=A"+a"n"+b”n””.} (19)

The general frequency formula (14) now yields
Veenter =4 — A" +a'n'+b'n"" — ((1‘” n” + b”ﬂ":); (20)

which is identical in form with equation (7) previously deduced empiri-
cally by Deslandres for the band heads. As the centers and heads are
never far apart, equation (20) is in obvious accord with the results of
experimental measurement.

We have already noted that the infra-red vibration-rotation spectrum
of a polar diatomic gas consists of a single series of bands whose fre-
quencies are approximately in the ratio 1:2:3:. . . and which decrease
rapidly in intensity as one passes up the series. All these facts are simply
accounted for by the Bohr-dleurlinger theory of molecular spectra. Tt
is assumed that these bands are due to transitions which do not involve
any changes in electronic quantum numbers. Hence the constants
A',a’, b of equations (19) can be set equal to A”, a”, b” for this special
case. Furthermore, we may assume, in view of an elementary statistical
calculation, that at ordinary laboratory temperatures practically all the
molecules are in the lowest vibrational energy level, so that zero is the
only value of n” to be taken into consideration. (20) now degenerates into

Veenter =an’ 4+ bn'=. n=0,1,2, ... (21)

As b is assumed small, equation (21) accounts for the approximately
harmonic relationship between the frequencies of the band centers. The
rapid decrease in intensity is taken care of by Bohr’s correspondence
prineiple, which associates the higher members of the series with weak
overtones in the vibrational motion.”

2 The absence of a corresponding rapid decrease in the intensities of the elec-
tronic bands correlated with successive values of n’ — n” is discussed in Chapter
IV, Section 8 and in Chapter VII.
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To sum up, though many serious difficulties have yet to be solved, the
quantum theory in its present form gives a satisfactory account of the
main features of the simpler molecular spectra in complete harmony with
the Bohr theory of atomic spectra. There are no such accurate quantita-
tive checks between theory and experiment in this field as that involved
in Bohr’s theoretical evdluation of the Rydberg constant, but this is to be
expected in view of our lack of definite a priori knowledge of the structure
of molecules and the forces binding the atoms together. The order of
magnitude of molecular constants derived from the study of bands has
always proved to be reasonable and the number of qualitative checks is
so considerable that we can hardly doubt that the main lines of the theory
are now permanent. The succeeding chapters of this report are devoted
to a detailed discussion of the quantum interpretation of band spectra,
the main lines of which have been sketched herein.
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CHAPTER 1I

QUANTUM DYNAMICS AND THE CORRESPONDENCE
PRINCIPLE

LEeign Pace
SECTION 1. POSTULATES OF THE BOHR THEORY

Investigation of the structure of matter reveals the atom as a massive
positively charged nucleus about which are circulating a number of
electrons equal to the ordinal number of the element in the periodic table.
In its normal condition the atom as a whole is uncharged. If, now, an
atom which has lost one of its quota of electrons and therefore possesses
a residual positive charge comes into the proximity of a second gtom to
which an extra electron has attached itself, the two will attract one
another and may unite to form a molecule. A molecule which has a
permanent electric moment, such as would be the case if it were com-
posed of two ions of opposite sign, is called polar. Iydrochloric acid
(HC1) is an example. On the other hand atoms may combine to form
a molecule which, in its normal state, has no electric moment. Such a
molecule, of which nitrogen (N) is an example, is known as non-polar.

In the study of atoms and molecules there are three regions of investi-
gation. First, comes the nucleus and the laws governing its structure.
Next, the region of the outer atom attracts attention. In investigating
this region, the nucleus, on account of its comparatively minute dimen-
sions, may be treated as a point charge, and, as its mass is much greater
than that of one of the electrons revolving about it, it may in most cases
be considered as immobile. The final region of interest is that occupied
by the molecule. The center of mass of each atom coincides very exactly
with its nucleus, but as the electrons in the outer atom are at distances
from the nucleus comparable-with the linear dimensions of the molecule
itself, an ionized atom cannot be treated as a point charge except as a
very rough approximation. Moreover, the overlapping of the atomic and
molecular regions causes the structure of the outer atom to be appreciably
modified when the atom enters into molecular combination. As different
atoms have masses of the same order of magnitude, no one atom in a
molecule can be considered as immobile, but all must be supposed. to move
about their common center of mass.

Each of these regions has a characteristic type of radiation associated
with it. The gamma rays accompanying radioactive transformations are

22
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the result of structural changes in the nucleus. With changes in the
orbital configuration of the electrons outside the nucleus of an atom are
associated the X-ray and optical spectra of the elements. Finally, when
two or more atoms are combined into a molecule, alterations may occur
in the velocity of rotation of the molecule as a whole or in the vibrations
of the constituent atoms, which may be accompanied by changes in the
configurations of the electrons in the outer portions of the atoms them-
selves. Changes in the energy of the structure due to these causes give
rise to molecular or band spectra.

Classical electrodynamics is inherently incapable of accounting for
either the stability of an atom or molecule, or for the emission from it
of monochromatic radiation. On the basis of classical ideas, a negatively
charged electron, coming into the region of influence of a massive posi-
tively charged nucleus, would be expected to revolve about the latter
in an approximately elliptical orbit. While so moving, its acceleration
would result in the emission of radiation, and the accompanying loss
of energy would be evidenced by a decrease in the size of its orbit and
an increase in the frequency of revolution. Thus the frequency of the
electromagnetic waves emitted, which on the classical theory is identical
with the frequency of revolution of the electron, would increase gradually
with the time, giving rise to a continuous spectrum. Finally, the electron
would fall into the nucleus, neutralizing its positive charge. The results
to be expected in the case of a molecule consisting of two oppositely
charged ions revolving about an axis through their common center of
mass, are quite analogous.

Recognizing these limitations of the classical theory, Bohr concluded
that the emission of monochromatic radiation and the stability of the
atom or molecule are quantum phenomena. The theory which he pro-
posed is based upon the following two fundamental postulates:

Postulate 1. Of all conceivable motions of the particles of which the
atom or molecule is composed, this postulate selects certain ones and
specifies that they and they alone are stable. Each such stable motion
determines a definite value of the energy E of the atomic or molecular
configuration. Thus, the stable states which the structure is capable of
assuming may be specified by a series of energy levels. To calculate the
quantitative value of the emergy of a stable state, the following two
auxiliary hypotheses are necessary:

(a) In stationary states the laws of classical mechanics hold good
(Cf. ?), however much they may be deviated from in intermediate
regions. The classical electrodynamics is adhered to, also, in these states,
with the exception of the radiation reaction which the electromagnetic
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equations, as usually interpreted(?), (®), impose upon the orbital motion
of a charged particle; for emission of radiation and its attendant
reaction would negative the possibility of a state of motion of constant
energy.

(b) The stable motions are selected from the infinitely greater number
dynamically possible by a rule which will now be stated. Let the system
(atom or molecule) have f degrees of freedom. Then its configuration is
completely specified by f generalized coordinates ¢, ¢q. . . . qr. Let L
be the Lagrangian Function (normally the kinetic energy 7' less the
potential energy V) expressed as a function of the ¢’s and their time
derivatives the ¢’s. Then the momentum p; conjugate to the coordinate
g+ is defined as the partial derivative of L with respect to ¢;. This
derivative gives p; as a function of the ¢’s and ¢’s. In quantum dynamics
the types of motion of chief importance are those in which each momen-
tum p; can be expressed as a function of the conjugate coordinate g
alone, and the following discussion is limited to such types of motion.

Consider now the positive quantity

-]thpqut (1)

known as the i'* phase integral. The path of integration is one which will
bring the system back to its initial configuration after ¢; has passed
through a complete cycle of values or has increased by 2wx. Two cases of
importance arise. First, p; may not contain g¢;; that is,"it is a constant.
In this case ¢: is known as a cyclic coordinate, and usually. appears as
an angle specifying an azimuth. When this is the case, the integral
must be taken between the limits 0 and 2x. For example, if the polar
coordinates ¢ and r are chosen to describe the motion of a single electron
around a massive nucleus as in the case of the hydrogen or ionized helium
atom, ¢ is a eyclic coordinate since the conjugate angular momentum pgy
remains constant during the motion. Second, p; may be a function of
¢+- In such cases, for the types of motion with which we are concerned,
¢t appears under a radical sign, and p; is real only for values of ¢; lying
between two fixed limits. This means that during the motion g; oscillates
to and fro between a fixed minimum and fixed maximum value. In this
case the integral is to be extended from the minimum value of ¢: to the
maximum and back again. In the illustration just cited the radius
vector r oscillates in the manner described from a minimum value at
perihelion of the elliptical orbit to a maximum value at aphelion and back.

In general each of the f coordinates has a fundamental period different
from that of any of the others. In such cases the rule for determining
stationary states specifies that each of the f phase integrals given by
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(1) is equal to a positive integral multiple of Planck’s constant
h[6.56(10)~*" erg sec]. Provided this condition is fulfilled, the state
of motion is one which can persist without radiation of energy. In
degenerate cases, however, where two or more coordinates have the same
period and therefore the number of such periods is less than the number
f of degrees of freedom, those phase integrals corresponding to coordi-
nates of the same period are to be added together and their-sum put
equal to a positive integral multiple of . Thus, if the variation of mass
with velocity is ignored, the coordinates ¢ and r used to describe the
motion of the electron in the simple hydrogen atom have the same period
and therefore only one quantum condition for specifying stationary states
is afforded. As the energy in such a case is a function of the sum of the
phase integrals, the energy of a stationary state is unambiguously deter-
mined even though the form of the electronic orbit is not. The necessity
for stating the rule for quantizing the motion in such cases in the form
indicated arises from the fact that in degenerate types of motion the
phase integrals may be cxpressed in more than one set of coordinates.
Placing each phase integral equal to a multiple of h leads to different
orbits with each different choice of coordinates, though the energy is
the same function of the sum of the phase integrals whatever set of
coordinates may be used.

Postulate 2. With each of the stable states of the atom or molecule
defined by the first postulate is associated a certain emergy E of the
system calculated on the basis of the classical laws of dynamics. Under
conditions which have not yet been completely formulated a transition
from one stationary state to another may occur. If this transition is
from a state of greater to one of less energy, the principle of conservation
of energy requires that an amount of energy equal to the difference
between the energies of the two states shall be given out by the system;
whereas, if the transition is in the opposite direction, an equal amount
of energy must be taken in. Suppose this change in energy to be due
to the emission or absorption of radiation of frequency v. Then the
second postulate of Bohr’s theory puts the energy emitted or absorbed
equal to hv. If the energy of the atomic or molecular configuration of
greater energy content is denoted by E’, and that of the configuration
of less energy content by E” then

hv=E'—E" ()
specifies the frequency of the radiation emitted during a transition

from E’ to E”, or the frequency of the radiant energy which the system
is capable of absorbing during a transition from E” to E'.
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The second postulate bears a striking resemblance to Ritz’s combination
principle. According to this principle, the frequency of a spectral line
is expressible as the difference of two frequencies or spectral terms.
Characteristic of each element are a number of such terms, from which
the frequencies of the lines emitted or absorbed can be calculated by
combining the terms into pairs and subtracting the smaller from the
greater of each pair. While not every such difference gives the frequency
of an observed line, yet the same term generally occurs in the expressions
for the frequencies of a number of observed lines, and the number of
terms needed is usually less than the number of lines observed. For
all the lines in a single series the first term remains the same.

Bohr’s second postulate gives an interpretation of the spectral term
as the negative of the energy of the atomic configuration® divided by
Planck’s constant h. That this interpretation is correct is borne out
by the fact that the energy which an electron must have to ionize an
atom by impact agrees within the limits of experimental error with the
negative energy of the most stable configuration of the atom as calculated
from the limiting frequency of the principal series(3).

SECTION 2. FIXATION OF STATIONARY STATES OF
CONDITIONALLY PERIODIC SYSTEMS

Insomuch as the component charged particles constituting the atom
or molecule generally have velocities small compared to that of light, the
forces which they exert on one another can be taken as approximately
the same as if they were permanently at rest in their instantaneous posi-
tions. Tlence, it is necessary to take into account only the electrostatic
attractions and repulsions specified by Coulomb’s inverse square law.
Consequently, the forces acting are derivable from a scalar potential
function of the coordinates, and the dynamical methods developed for
the solution of problems in celestial mechanics are directly applicable to
the atomic problem.

In order to fix the stationary states, it is mecessary to evaluate the
phase integrals defined by equation (1) and to put each equal to an
integral multiple of 2. In the case of a cyclic coordinate measuring an
wizimuth, pe is constant and

-],/, = 21rp¢.

In general, however, p; is a function of ¢; which may be determined
mnost readily from the Hamilton-Jacobi partial differential equation.

*In the case of line spectra the energy of the atomic configuration is taken as
1egative, whereas in the case of band spectra the energy of the molecular con-
jguration is taken as positive. The technical expression “spectral term ” refers to
:he absolute magnitude of the energy regardless of sign.
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The dynamics involved in this method of treating the problem will now
be briefly outlined for the non-relativistic case.

The action § is defined as the time integral of twice the kinetic energy
T integrated from a fixed initial instant O to a time ¢. If dr is an element
of time,

§=2 j’ Tdr. (3)
0
Now it may be shown by varying this quantity that
38 =Ypidqi—Xpi°8q:° + 3K (4)

where E is the total energy of the system, p:° and ¢,° the momentum and
coordinate corresponding to the i'* degree of frecedom at the time 0,
and p; and ¢; the same quantities at the time ¢£(1). Incidentally Hamil-
ton’s principle and the principle of least action are immediately de-
ducible from this equation, which expresses the more general principle
of varying action. Now suppose § to be given as a function of the ¢’s
and the energy ¥ of the motion together with f constants such as the
¢%’s which specify the initial configuration. These 2f+1 parameters
completely determine S. Then it is evident from the expression for 8§
that

oS8 oS
"Zoq  Toap- (5)

We are now ready to consider the I{amilton-Jacobi partial differential
equation. Let H="7T+4V be the total energy expressed as a function of
the p’s and ¢’s. The p’s will occur only in the kinetic energy 7' since T°
is a function of the coordinates alone. As the system is conservative, H
is equal to the constant /. Putting for p; in II the partial derivative of
S with respect to gi, we have the Hamilton-Jacobi equation

oS oS )_ :
II<aQ1 ’ ’aqz e (jh qg, « e _L" (G)

In the case of the hydrogen atom this is simply

1 ([/28\z 1 as>'-' e
ﬁﬂa*ﬁﬂa -5 =5

where u is the mass of the electron and e its charge.

A complete solution of the Hamilton-Jacobi equation can generally be
obtained only when the variables can be repeatedly separated so that a
single variable and the corresponding derivative of S appear alone on the
left hand side of the equation, all the other variables and derivatives being
on the right hand side. If a variable is cyclic, as ¢ in the illustrative
example, it is absent from the equation and hence the derivative of §
with respect to this variable can always be separated from the other
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variables. In the illustrative example this is effected by writing the
equation in the form

() = () -2 o),

and a complete solution is obtained by putting each side equal to a
constant a, and integrating. In general, however, more than one variable
will remain on the right hand side, and the process of separation has
to be repeated. In this way a number of subsidiary equations equal to
the number of variables is obtained, and as each such equation involves
only a single ¢, it can be integrated. The value of § is obtained by
adding together the solutions of the subsidiary equations and appending
an additive constant a,. From the nature of the process described it is
evident that this expression contains a number of constants of integration,
including ao, equal to the number of variables. Hence, it is a complete
solution of the Hamilton-Jacobi partial differential equation.
From the complete solution

S:S(ql ... gy, I, Az « « & af)+ao, (7)
it may be shown that the equations of motion can be obtained by simple
differentiation with respect to the parameters £, a, . . . a;. For the

purpose of computing the energies of the stationary states, however, it
is unnecessary to know the equations of motion. For the phase integral is

Js =fp¢dQ¢
=P 5, v (8)

J

and for each ¢ one of the subsidiary equations gives gg- as a function
i

of ¢¢ and the constants F, as . . . ar. In the illustrative example, the
two phase integrals are

Jo=§ g_j dp=§ azd,

— o8 — I .‘"‘ez ap’
Jr= —a—r dr—ﬁ\/ 2’LE +2 ‘;:’* - "—;2— dr.

Eliminating a, after performing the indicated integration, the energy
E is obtained in terms of the phase integrals. This leads to the familiar
expression for the energy of the hydrogen atom

2mipet
(Jo+T+)*
2ripet 1

h*  nz’

where n is the total quantum number of the orbit.

EF=—
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In general, the parameters a; . . . ar have to be eliminated from the
f phase integrals (8), giving the energy E as a function of the J’. Then
each Jy is to be put equal to A multiplied by an integer n;. This pro-
cedure gives the energy of the stationary state in terms of the quantum
numbers 75, 7, . . . ny. Although deduced on the basis of the classical
dynamics, the procedure of this section applies equally well when the
relativity variation of mass with velocity is taken into account provided
that a more general definition of the action § is substituted for (3).
The phase integral (8) is a relation between J; and the f parameters
E, a, . ..as. The f of these integrals can be used to eliminate F, a; . . . ar
from the expression (7) for S, giving S as a function of the ¢’s and the
J’s, thus
SIS(q1 . .. gy J1 ...Jf), (9)

where the additive constant a, has been chosen as zero. Furthermore,
if the parameters a; . . . a; are eliminated from the f phase integrals,
the energy I may be expressed as a function of the J’s alone. This
function of the J’s will be denoted by If. Now if we put w; for the
partial derivative of S with respect to JJ;, it may be shown * that
dw; oH
i = oy 10)

*For, as S is expressed as a function of the ¢’s and the J’s alone
as 28
S=3_-——08q,+3 —3dJ,,
: %aqy ; 9Jy !
and
dS .
,dt— = ;piq‘ + IEU)JJ’.
L3
Therefore as
'H=H=E,
. . ds
Spig— H= —ijlj —H+ Zl—t_
i j

But
[

=T-—V.
Now Hamilton’s principle requires that
¢
BJ (T —V)dr=0
0

provided the terminal configurations are the same for the varied and the original
motion and corresponding configurations are reached at the same time. Hence,

t . .
a!‘ S (J 0wy + wdl; + oH 8J)dr — [38],=0.
0y 3y
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As H is a function of the J’s only, the right-hand member of this
equation is a constant independent of the time. If o is put for this
constant and the equation is integrated,

IL'j=(0jf+Sj, (11)

where w;, as it increases uniformly with the time, is known as an angle
variable. From (10) it is seen that the increment in energy produced
by arbitrary increments in the phase integrals is given by

81130.)1&]1'{"0)28(]2'!" .« e e (l)fsr][. (12)

Now it will be shown that when ¢, goes from its minimum to its
maximum value and back again, the other ¢’s remaining unchanged,
w; increases by unity while the other w’s are unaltered. For let S" and
S” be the initial and final values of the action respectively. Then from
the equation (8) defining the phase integral

8" —8"=d.. (13)
Differentiating partially with respect to J,,
os" o8 _|
oJ., oJ:i 7

and, referring to the definition of w,,
w"—wi=1.
If, however, (13) is differentiated with respect to any other one of

the J’s such as J;,
w”i—w',=90.

Hence, the important conclusion is reached that the ¢’s are periodic
functions of the angle variables w of period 1 and that the o’s are the
fundamental frequencies of the motion.

In the simple case of the hydrogen atom

~ 211'"‘#(’,4
H=FK=— 7" .
('/q"“*‘Jr)2 ’

Integrating the second term in the integral by parts and making use of the fact
that the termini of the path are fixed,
¢ , q
{; dw ; aH) |
Jow, —(-. 7 — -)ed; Ldr =
LJE.) s <(u 3y, ) Mg T =0
from which it follows that
jj = 0,
de T Al
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_OF _ et _ B
YT s (Jet+dr)?® O
is the frequency of revolution of the electron.

As the ¢’s are periodic functions of the angle variables w of period 1,
they may be expressed as f-fold infinite Fourier series of the form

and =our (14)

— i 211 (811 F82W2. . 48, W)
qi'“ZCsl.ag.. 5:€ bttt e,
8

where the s’s are positive and negative integers. The time comes in only
in connection with the w’s and there linearly, as shown by (11). Sub-
stituting the values of the w’s given by this expression,

¢ i 2. . .
(Il:EDs;,sz...s;cz’”(“w‘”‘w' waf)t’ (15)
8

where

i — 29 { (810148202, . . +8¢8p)
D31,32...3f_0.“,82...3fe 1014852 e,

While ¢, is periodic in the w’s, it is not periodic in ¢ unless the o’s
are commensurable. Hence, the motion is said to be conditionally or
multiply periodic. It is only to such types of motion, whether of the
“ separable ” type under discussion or not, that the quantum conditions
are applicable. If the ’s are commensurable, the motion is spoken of as
degenerate. More exactly, if there are g independent relations of the type

S0+ 802 o . . +Sr0r=0,

the motion possesses a g-fold degeneration. For complete degeneration,
f-1 such relations are required, because this number of relations permits
the elimination of all but one w from (15), and q is therefore completely
periodic in ¢.

The hydrogen atom under consideration is an example of a com-
pletely degenerate system. Iere there is only one frequency present, as
wp and o, are the same. Denoting this frequency by w, the first two
terms of the Fourier series expressing ¢ and r as functions of the
time are

¢=2mrwt —Resin 2rwt . . .,
r=a(l+ecos 2mat . . .),

where @ is the semi major axis and e the eccentricity of the elliptical
orbit.

If, however, the relativity variation of mass with speed is taken into
account, the motion of the electron in the hydrogen atom is no longer
degencerate (provided it is considered as taking place in two dimensions

only). For in this case, to a first approximation,
= 2miuet 1 1
H=F=- 2Tk _ [1 ppal o o _a L

(Jo+Jr)? et %J¢(,}¢+J,) P (Je+dr))

I

—
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2mre?
he ’

where a=
and
aH 4,”2#‘,2
T8, T eIt
a]f 4n3uet Jr ]
T T (Je+d))? (Jo+Jr)? T
Here wg is greater than o, ¢ goes through its cycle of values more
rapidly than 7, and the perihelion advances. The frequency o of this
advance is the difference between wg and oy, or
a?h?

[1+'2'ah (s iJ )? %Jh: . ],

[1 +$a2h?

Wr.

Since the elliptical orbit rotates slowly as the electron revolves around
the nucleus, the path described by the electron, after a sufficiently long
lapse of time, will fill completely the portion of the plane included
between two circles whose centers are located at the nucleus and whose
radii are equal to the minimum and maximum values of r. This is a
characteristic of non-degenerate systems.

SECTION 3. THE CORRESPONDENCE PRINCIPLE

It has been shown that if the energy £ of a conditionally periodic
system of f degrees of freedom is expressed as a function of the f
phase-integrals J,, J2, . . . Jy, each of the fundamental frequencies
wy, wg, . . . wy of the motion is obtained by differentiating E partially
with respect to the J of the same subscript.

Now, on the classical electromagnetic theory the mechanical vibration
frequencies w; . . . oy are at the same time optical frequencies; for
the electric intensity in the radiation emitted by a charged particle is
proportional to the acceleration of the particle, and the Fourier series
for the components of acceleration contain the same fundamental fre-
quencies as do the series expressions for the coordinates. Moreover, it
has already been noted that in the terms of these series there appear
not only the simple frequencies w,, g, . . . oy but also the combinations

S10y + S0 . . . +Srwy.

Hence, on the classical theory, the optical frequencies to be expected
are first the fundamental frequencies

_OF
“T o,
second the overtones
oF
O=8 -5,

oJ
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and third the combinational tones
oL

w= g&’( -a—:]—‘ N

the letter s in each case standing for an integer.

Now on the quantum theory, the phase integral J cannot change
continuously, but only by the discrete amount A(n's—n";), where n’;
is the ¢**» quantum number pertaining to the initial orbit and n”; that
pertaining to the final orbit. Putting s; for the integer n'; —n”; measur-
ing the quantum change,

1_ 8
h— Ay

Suppose, now, that all the phase integrals except J; remain constant
during the transition. Then if J; changes by one quantum only, s, is
unity, and the second postulate of the Bohr theory gives for the frequency
of the radiation emitted

AF
v=——,

AJ
which bears a striking resemblance to the expression obtained above for
the fundamental frequency on the classical theory. If, however, J
changes by more than one quantum,

AE
PTEAT
which, by analogy with the classical theory, may be called an overtone
of the previous frequency, even though it is not an integral multiple
of the same. Finally, if several J’s change during the transition the
frequency
AFE
=¥si -
v=28, 0
is obtained, resembling in form the combinational tone on the classical
theory. Comparing, then, the quantum theory with the classical theory,
the following remarkable correspondence is observed:

Classical theory Quantum theory

. °E AE

Fundamental frequencies .. .. .. .. .. .. 0= 57, y= ZJ—‘
_ oF AE

Overtones .. .. ..... .. «. cuv cove oo W= g a:l, y= 337‘
L oF AE
Combinational tones .. .. .. ..... .. .. 0= §3¢ 37, y= ?s‘ a7,

3



34 MOLECULAR SPECTRA IN GASES

Now, the greater the quantum numbers of the initial and final orbits,

the more nearly does the difference quotient _2% coincide with the

derivative —gJE‘ . Hence, the fundamental frequency calculated on the

quantum theory approaches asymptotically the fundamental given by
the classical theory, and likewise with corresponding overtones and
combinational tones.! For the simple hydrogen atom, for instance, (14)
gives for the fundamental frequency as calculated on the classical theory

4x’pet
w= ) (16)

where J has been written for the sum of the two phase integrals J4 and
Jr. On the quantum theory the frequency emitted during a transition
in which the quantum number changes by s units is

E—E"
=y

h

_ 2nPpet [_1_ _ 1 ]
h

- J: o (J4AJ)?
AJ

1+ =
47’ pet
e J (17)

i)

*The quantum frequencies may also be regarded as mean values of the cor-
responding classical frequencies averaged over a continuous series of unquantized
motions permitted by the classical theory and intermediate between the initial
and final stationary states. (Cf. “Quantum Principles and Line Spectra,” J. H.
Van Vleck, Bull. Nat. Research Council 54:28 (1925). Thus, if we treat the
energy as a function of the J's, we may calculate the quantum frequency by
means of a line integral in a space in which the J’s are laid out as Cartesian

coordinates.

= —

E—E" 1M
h_—_::h,[

n Jry
The path of integration is arbitrary. Introducing the classical frequencies,

we have
1 ]’Jﬂ oF 1 Jl’c al
= — = — =
W2, = b o STy

1
where 7, is the integer —;—(J’,—J”‘) and the bar denotes a mean value defined by

_ 1 I’y a
Wy = ~ ————— .
[ =T, o, wiaJy

This result is conveniently referred to as the “ mean frequency theorem.”
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Consider now a one quantum leap. In this case s is unity, and comparison
of (17) and (16) shows that the fundamental calculated on the quantum
theory approaches asymptotically the fundamental given by the classical
theory as J becomes very large. In the same way the quantum overtones
approach the classical overtones. Now Bohr assumes that for large
quantum numbers the quantum theory must yield statistical results in
all cases identical with those obtained from the classical theory. “Hence
the k** quantum overtone can occur only if the k** overtone is present
in the classically determined motion. Thus a transition in which J;
changes by sh is.possible only if the harmonic of frequency sw; is present
in the classically determined motion. Similarly, the combinational tone
in which simultaneously J; changes by s;h, J, by s;h, . . . J; by s¢h,
can arise only if the frequency s;w;+$:0; . . . +8s0r is present in the
Fourier analysis of the motion as determined on the basis of the classical
laws. Now these conditions governing the possibility of a transition,
which must be true for the case of large quantum numbers if the quantum
theory is to agree statistically with the classical theory, are assumed to
be valid as well in connection with transitions in which small quantum
numbers are involved. Furthermore, the asymptotic approach to the
classical theory for high quantum numbers is assumed to hold for the
amplitude and phase of the electric vector as well as for its {requency.
Thus in addition to a selection principle determining the permissible
changes in quantum number during a transition, it is possible to formu-
late a rule for determining the polarization of the radiation emitted
and to obtain an estimate of the probability of a transition and therefore
of the intensity of the light emitted.

Although the correspondence between the frequencies calculated on
the quantum theory and those calculated on the classical theory is very
striking, emphasis must be laid on the difference in the manner in which
waves of these frequencies are radiated. On the classical theory all the
frequencies involved in the motion of the svstem appear in the emitted
radiations, the overtones as well as the combinational tones being radiated
at the same time as the fundamentals. On the quantum theory, on the
other hand, the entire energy is emitted in the form of monochromatic
waves. A fundamental, or one of the overtones, or one of the combina-
tional tones may be radiated, but not more than one during a single
transition.

In order to understand the significance of the correspondence principle
in detail, it is necessary to consider the expression for the electric moment
of the atom or molecule expressed as a Fourier series. Evidently the
fundamental frequencies involved are the same as those coming into the
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expansions of the ¢’s, so that the X component of the electric moment
takes the form
P,:Z.D,l,,”,,,ezﬂ('“"””w"""’“"” (]8)
k4

with similar expressions for the ¥ and Z components. On electromagnetic
theory the amplitude of the X component E, of the electric vector in
the train of waves emitted is proportional to the second derivative of
P, with respect to the time. Denote this second derivative of the electric
moment by Q. Then . will differ from P, only in that each coeffi-
cient @,,, . ,, will be greater than the corresponding coefficient D,,,.. 4,
in P, by the factor

—4r?(s101+ 202 . . . FSpwp)2.
Now consider the transition in which on the quantum theory, J,
changes by sk, J, by s;h, . . . J¢ by sih. Let G’y ., be the coefficient
in the expansion of Q. of the term of frequency syo;+8:w, . . . +Sroy

for the motion in the initial stationary state, and G”,,,, .,, the cor-
responding coefficient for the motion in the final stationary state. Then
the correspondence principle may be interpreted to mean that the
amplitude of £ in the emitted radiation depends upon the average
Goee . 50 Of @rse  ary G"4ee . 5, and of the values of G for classically
permissible intermediate states. Just what average is to be taken is
somewhat uncertain, but-in the important case where (Vys, . o, @ siso.. o
and intermediate values are zero, it is not necessary to define exactly
the process of averaging, for G,,, ., vanishes whatever this process
may be. Now the energy emitted by a single particle during the transition
under consideration is quite definitely * the difference between the energies
of the initial and final stationary states. Hence G, . ,, measures the
probability of the spontaneous occurrence of the assumed transition.
Therefore, if G,,, ., vanishes, the transition is interdicted.

The correspondence principle, therefore, furnishes a method of cal-
culating the probabilities of the transitions allowed by the fundamental
postulates in such a way as to make the quantum theory agree statistically
with the classical theory for large quantum numbers. Then by a process
of extrapolation an estimate is obtaihed of the probability of a transition
even for the case of motions with which small quantum numbers are
associated. Furthermore, as the polarization of the emitted radiation
must agree with that predicted by the classical theory for large quantum
numbers, the process of extrapolation employed indicates how the
radiation should be polarized in the case of small quantum numbers.

* See, however, (2).
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The correspondence principle will be illustrated by applying it to the
simple hydrogen atom. If the initial and final orbits are circular and
lie in the XY plane,
P;=ae cos 2wwt,
Py=aqe sin 2not.

As s has only the value unity in the Fourier expansion, one quantum
transitions alone are allowed, and give rise to circularly polarized waves
advancing in the direction perpendicular to the plane of the orbit, and
to plane polarized waves with the electric vector parallel to the plane
of the orbit advancing in directions parallel to this plane.

If, however, either the initial or the final orbit is elliptical, then, if
the major axis is taken in the X direction,

P:=ae[§ e+ cos 2mut —3e cos 4rwt+ . . ],
Py=ae[sin 2ot —Jesin 4rat + . . .],

and the presence of terms with all values of s indicates the possibility
of transitions in which the quantum number changes by any integer.
Whatever the transition may be, waves advancing in directions parallel
to the plane of the orbit will be polarized with the electric vector parallel
to this plane. The absence of a component of the electric moment in
the Z direction precludes the possibility of radiation in which the
electric vector is perpendicular to the plane of the orbit.

The most important application of the correspondence principle is to
the case of a cyclic coordinate ¢ measuring an azimuth. It has already
been noted that in the case of such a coordinate

oS Jg

—a—¢-:p¢___ 21{,
and therefore the action S has the form
1
S= —2—;J¢¢+S((]2 e qndes Ja oL Ty),

where the second term on the right is not a function of ¢,=4¢.
Hence,

o8 Os .
1[),-—5]”*;—*677, ]—2,3,...f,
_ _ ¢ Os
We= 5745 T R + oJy "
The first of these equations represents f —1 relations between g, . . . g
and w; . . . wy. Solving them for the ¢’s, it is seen that each ¢; may be
represented as a function of w, . . . w; and the constants J,J, . . . J 1

the variable w, being absent from these functions. Substituting these
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functions for the ¢’s appearing in the second term on the right of the
second equation and solving this equation for ¢,

¢=2vwe+y(ws . . . wr, Jgp, J2 . . . Jt). (19)

Let the XY plane be that in which the azimuth ¢ of the system is
measured, the origin coinciding with the center of mass of the system.
Take a set of rectangular coordinates X’, ¥’, Z’ which are rotating around
the Z axis at the same rate as that at which ¢ is increasing. Then the
coordinates /, y', 7 of each particle are functions of g, . . . gr only,
that is, their Fourier expansions involve the angle variables w, . . . wy
alone. Hence, the coordinates of the k** particle are given by

! 12 5. — 2 N
zk+1yk—'2Aag...a' e i (8awg u,w,),
8
s\ 27{ (8aWsa. .. +8¢W¢)
zk—LBag...J;etu'uS ot 7,
8

and
Tt i =eORA, €T e e,

— 2
2 __EBM. 8 e2Ti (82102, . . +8p0F)
8

The components of the electric moment of the system are obtained
by multiplying the rectangular coordinates of each particle by the charge
on that particle and summing up over the particles. If now ¢ is replaced
by the right hand member of (19), and each w is replaced by wt+43$, the
components of the electric moment are seen to be

P1+ipv= 62"""1"21)42. 8 27 i (82wz. . .u;w,)t’ (20)
[

Pz—__-ZE’z. .y 271 (82we. . 487w eI T
]

As wp appears in P, and P, only with the coefficient unity, and in P,
only with the coefficient zero, the azimuthal quantum number can change
only by one or zero. If the radiation emitted in a direction parallel to
the XY plane is under consideration, a change of the azimuthal quantum
number by one will give rise to plane polarized waves with the electric
vector perpendicular to the Z axis, while a zero change in azimuthal
quanta will result in plane polarized waves in which the electric vector
is parallel to the Z axis. If all the charged particles move in a single
plane, P, is zero, and consequently a zero change in the azimuthal
quantum number is interdicted.

In applying the above principle to systems made up of several particles,
¢ may be identified with the azimuth of any particle measured in a plane
perpendicular to the resultant angular momentum. (See Born, Atom-
mechanik, §17, Chapter 2.) The correlated and quantized angular mo-
mentum p, is then the total angular momentum of the system and not
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the angular momentum of the individual particle whose azimuth is ¢.
In dealing with diatomic molecules the azimuth of the internuclear axis
is usually identified with ¢. If the electronic angular momentum is zero,
the total angular momentum py is the same as the nuclear angular
momentum and the latter is quantized. The corresponding quantum
number is designated as m and is subject to the principle of selection

/m+1
m ———>m
T~m-1

On the other hand, if the electronic angular momentum is not zero, the
nuclear angular momentum is not quantized though its value in units

%— is still frequently indicated by the symbol m. In this case the quan-
(o

tum number associated with the total angular momentum (sometimes
called the true rotational quantum number) is in this report designated
by the symbol j and is subject to the principle of selection

j+1
ISt
In this chapter the electronic angular momentum is assumed to vanish so
that the symbol j need not be introduced.

SECTION 4. THE DUMB-BELL MOLECULE

The simplest type of periodic motion which a system consisting of
two point masses may possess is a rotation about an axis through their
center of mass and at right angles to the line joining them. If I is the
moment of inertia of such a system and @ its constant angular velocity,
the angular momentum G is

a=1IQ,

and if ¢ is the azimuth of the line joining the two masses, the phase
integral becomes

I =¢§ Gdp=2xIQ.
Therefore the kinetic energy T" of the system is
J2
— 2 -
T=3I10*= 87T (?1)

In a stationary state the phase integral is equal to mh and hence the
kinetic energy of the m?®* state is
T= Ll

a1 ™" (22)
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The following two cases may arise:

(1) The moment of inertia I may depend upon the angular velocity,
as in the case of an electron moving in a circular orbit around the nucleus
of a hydrogen atom. For the m** quantum orbit

I".:Mmz —’:Ilﬂqzm‘,
where a.,. is the radius of the m** orbit and u the mass of the electron.
This gives for the kinetic energy from (22)
_k? 1 _ 2x%pe* 1
= 8rfpat m* . hF m®’
which has the form of a Balmer term in the formula for the line series
of hydrogen.

(2) The moment of inertia may be constant, or nearly so, whatever
the angular velocity may be. In this case (22) gives (?)

Rz,
i

Consider, now, a polar molecule consisting of two rigidly connected
atoms with an electric moment of constant magnitude. Such a system
has a constant moment of inertia, and therefore its kinetic energy in
the m!* stationary state is given by (23). As the moment of inertia is
the same for all values of m, a transition from one stationary state to
another involves no change in the potential energy of the system, and
consequently the only energy to be considered is the kinetic energy 7T'.
Hence

T

T= (23)

h? , 2
Em: 78;;5? m*=Bhm?. (24)
Applying the second postulate of the Bohr theory,
v=B(m'?—m"?)

gives the frequency of the radiation emitted during a transition from
the m'** to the m”t* state, or absorbed during a transition in the reverse
direction. Now, as ¢ is a cyclic coordinate, m can change by one unit
only, a conclusion which can be reached directly in this simple case from
a consideration of the components of the electric moment P of the
molecule. For if the rotation is about the Z axis

P;=P cos 27 (wl +39),

P,=P sin 2w (et +3),

Pz = 0,
and as the fundamental frequency » appears in the Fourier expansions
for the components of P only in the term in which s is unity, the quantum
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number m can change during a transition by one only. Moreover, as v
must be positive m” must be greater than m” ; therefore

m/= m” + 1,
giving *®
v=B(2m+1). (25)

The spectrum described by this formula consists of evenly spaced lines
and is known as a pure rotation spectrum. It can exist, however, only
in connection with polar molecules. For if the atoms of which the
molecule is constituted are electrically neutral, the electric moment of
the system vanishes, and hence the emission or absorption of electro-
magnetic radiation is prohibited by the correspondence principle.

The frequency interval between successive lines is constant and equal to

h .
Av=2B= Wi (26)
From measurements of this interval the moment of inertia I of the
molecule may be calculated.

The rotation spectrum affords an especially simple illustration of the
asymptotic approach of the quantum frequency to the classical frequency
as the quantum number increases in value. As no overtones or combina-
tional tones are involved, only fundamental frequencies need be con-
sidered. Referring to the table on page 33, it is seen that

__ Ok
©= By
on the classical theory; and that
__ AE
v

on the quantum theory. On Figure 1 the energy E is plotted against
the phase integral ./ according to equation (21), and the stationary
states are indicated by dots on the curve. On the classical theory, the
frequency of the radiation emitted is given by the slope of the tangent
to the curve. Thus, if a transition from state 2 to state 1 should occur,
the frequency of the electromagnetic waves emitted by a polar molecule
would be expected to decrease gradually from the value of the slope
of the tangent at point 2 to the slope of the tangent at point 1. This
would result in radiation covering a considerable range of frequencies.
The quantum theory, on the other hand, puts the frequency equal to the

®The primes are dropped in formulas involving only the quantum numbers
referring to a single state. The m in the formula is the same as the m” used above.
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slope of the chord joining the two points, or, in this case, to the slope
of the tangent at the point on the curve where J has a value midway
between its two extreme values. It is evident from the figure that as J
increases, the curve straightens out and ultimately becomes indistinguish-
able from the broken line made up of the chords joining the points repre-
senting successive stationary states. Hence the classical and quantum
frequencies become identical for very large values of the phase integral.

E 6

Figure 1.

SECTION 5. THE ANHARMONIC OSCILLATOR

The molecular radiation considered in the preceding section arises
from a change in the energy of rotation of two rigidly connected atoms.
It is to be expected, however, that the atoms in a diatomic molecule
should be able to execute oscillations along the line joining them at the
same time as they partake in the motion of rotation of the molecule.
In this section such oscillations will be discussed on the assumption that
they exist alone, unaccompanied by motion of rotation.
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If the oscillation is simple harmonic, the electric moment varies with
the time according to the equation

P,=P cos 2r(wt+8),

and the correspondence principle permits the associated quantum number
to change by only a single unit during a transition. As the phase
integral is

J =@ pedr=2n*ud’o,

where A is the amplitude of the vibration and 1/p the sum of the
reciprocals of the masses of the two vibrating particles, the energy of
the motion is

I J
E=nVkpd?o= o \/k/p.,

where k is the coefficient of the force of restitution. In this case E
is a linear function of J, and hence

A= L Vi (27)

Therefore, the fundamental frequency of the radiation emitted is the
same on the quantum theory as on the classical theory, and as only one
quantum transitions are permitted, no overtones can be present. Thus
the frequency of the radiation which the simple harmonic Planck
oscillator is capable of emitting or absorbing coincides with its frequency
of vibration.

In many molecular spectra, however, overtones of the fundamental
frequency are observed. Therefore the electric moment of the molecule
must contain terms involving harmonics of the fundamental frequency.
This means that the vibrations of the constituent atoms are not strictly
simple harmonic, and therefore the forces of restitution are not accurately
proportional to the displacements of the atoms from their positions of
equilibrium. In the following preliminary discussion of the anharmonic
oscillator, the molecule will be supposed to have no motion of rotation.

If r is the distance between the two atoms, the mutual potential energy
¥V may be assumed to have the form

e? c c c
V=—7(1+;‘+;;+r—§...), (28)

where the terms involving ¢;, ¢, ¢s . . . are due to the structure of the
ions. Let 7, be the equilibrium distance between the ions. Equating the
gradient of V to zero for this value of r, a relation is obtained which may
be used to eliminate the coefficient ¢, from (28). Finally, if p is used for
the ratio of r to 7, and ¢ for the small quantity p—1, and if ¢, and ¢,
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are assumed to be small, the expression for the potential energy may be
put in the form *

1 1
Vea (ot ghe berar ), (29)

giving for the force of restitution

oV a 1
S (e )
=— Fa—:, (r—mo). (30)
0

Hence if w, is the natural frequency for very small amplitudes, the
constant a has the meaning
a=41rzw02m'02
=4nwo?l,, (31)

a8 pro? is the moment of inertia /, of the molecule when there are no
oscillations along the line joining the two atoms.
Now the kinetic energy of the vibration is

_ta_ Tl
T-—-2 T 2P

and therefore the momentum conjugate to p is

oT
B= 5 =Iop.

The Hamilton-Jacobi equation, then, is

i(fj_S)” -
ials) +V=F (32)

or
28
3, = VR(E=V),

and the phase integral ' is

= fVRL(E=V)d. (33)

* The details of the following analysis may be found in Appendix 15, p. 833,
of Sommerfeld’s book on Atomic Structure and Spectral Lines (4th German
edition).

" For an alternative procedure for evaluating (33) sce E. C. Kemble, Proc. Nat.
Acad. Seci., 7:283 (1925).
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Substituting the value of V given by (29), expanding by the binomial
theorem in powers of the small quantity ¢, integrating and solving for
E, it is found that’®

2
E+a(a+§)=on——z;72~I<(%‘,+-‘,ib+%c+-‘;5b"). YS!
0

So far as the calculation of frequencies is concerned, only the difference
in the energies of two stationary states is of import. Therefore the
constant a(a-+3) may be discarded, and the energy of the n** stationary
state is obtained by putting nh for J, giving

Er=nhoo(l—2zn . . .) (35)
where |
h .
— (3415480152
Tr= 4t Lomg (3+1Pb+3c+120%).

The frequency of the radiation emitted or absorbed is obtained from
the second Bohr postulate. If, for instance, the transitions are from
states in which n has the values 1, 2, 3, etc., to a final state in which =
is zero, the corresponding frequencies are

wo(l-—-z), 20)0(1-—2.'1'), 30)0(1—30)), etc.,

representing the band centers in a system of bands. In the sense in
which the term is used in the quantum theory, the second, third, etc.,
of these frequencies are overtones of the first, even though they are not
integral multiples of the same. Tn fact, it is seen that the frequency
interval between successive band centers decreases as the frequency
increases.

SECTION 6 ROTATION-VIBRATION SPECTRA

In the preceding section the energy of a stationary state of a diatomic
molecule was calculated on the assumption that the motion consists
simply of anharmonic vibrations of the atoms along the line joining
them. " More generally the molecule would be expected to be in rotation
about an axis through its center of mass at the same time that the atoms
are executing these oscillations, a transition involving a change in the
energy of rotation as well as in the energy of vibration. In this more
general case a term due to the interaction between rotation and oscilla-
tion appears in the expression for the energy of the stationary state in
addition to the expressions F, given in (24) for the energy of rotation

* Sommerfeld seems to have a mistake in sign of the term in b* in the following
expression.



46 MOLECULAR SPECTRA IN GASES

alone and E» in (35) for the energy of oscillation alone. For the
Hamilton-Jacobi equation (32) becomes(®)

G+ G) Hr-
21, 3 2/ 7 \04 %*V‘E' (36)
and, as V is a function of p only, the variables are separated if we write

(g§>2= —*] (%‘E)ZMIOV—MOE L

Putting each side equal to the constant p? the two phase integrals
are seen to be

J¢=fpd4”
Jy=§ \ ALE—2L,V — E dp.

Substituting the value of V given by (29), integrating, eliminating
p and solving for E, and discarding the additive constant a(a+3%), it is
found that

J Jp?
E:Ipw0<1—x—h—p> + 8l —yJ%pJp. . .,
where the constant z has the same meaning as in the last section, and
3

Y= Gl i, (HRO)-

The energy of the stationary state characterized by m quanta of
angular momentum and n quanta of vibrational momentum is obtained
by putting mh for J4 and nh for J,. It may conveniently be written
in the form:

]gnm:"h(l)o(l—l'n) +Boh7n2—anhm2’ (37)
where
h
B()— 87?210 ’
an=nh?%y
=an.

As ¢ is a cyclic coordinate, m can change during a transition by only
one or zero, and the latter only in case the molecule has an electric
moment at right angles to the plane of rotation. As w, generally pre-
dominates over B,, an increase in n during emission would lead to a
negative value of the frequency, and is therefore excluded. Provided n
decreases, however, m may either increase or decrease by unity without
resulting in an increase in energy of the system.
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Suppose the transition accompanying emission of radiation is from
a state of energy E' to one of energy E”. Then the frequency calculated:
from (37) on the basis of the second postulate of the Bohr theory con-
tains a term v, involving n’ and n” alone, which arises from the decrease
in energy of the oscillatory motion. In addition there is a term containing
m’ and m” which arises from the change in energy of the rotation, and
finally a term involving both the n’s and m’s due to the change in the
mutual energy of the two types of motion. Hence (37) leads to the
expression
v=vp+Bo(m?—m"?) — (¢/sm’*—a" ,m"?) (38)

for the frequency of the radiation emitted when the transition is from
E’ to E”, or absorbed when the transition is in the reverse direction.

If the molecule has no electric moment perpendicular to the plane of
rotation, a transition in which m remains unchanged is excluded, and

m=4 3 2 1 0 1 2 3 H

334 23 152 0511150 2>1 332 Y>3 $>4
‘Vn —>
Ficure 2.

hence either m'=m"+1 or m’=m”—1. As a first approximation a,
may be neglected as compared to B,. Then if the energy of rotation
decreases during the transition, the frequency of the emitted radiation is

v=va+Bo(2m+1) (39)

where m has been put for m”. The series of lines obtained by giving
positive integral values to m constitutes the positive (R) branch of the
band. If, however, the energy of rotation increases as a result of the
transition,

v=vp+Bo(—2m+1), (40)

constituting the negative (P) branch. For absorption, the transition,
in each case, is in the reverse direction to that for emission.

The two branches merge into one another, as is shown in the diagram,
the negative branch lying to the left of the center of the figure and the
positive branch to the right. The line obtained by putting m equal to
zero in (39), may be called the zero line of the series. The nuclear
vibration frequency v, which determines the origin, does not coincide
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with it, but lies half way between it and the first line of the negative
branch. The frequency interval between adjacent lines is constant and
the same as in the case of the single branch of the pure rotation spectrum.
If, now, the mutual term containing @, is taken into account, the
general form of the series of lines remains unaltered, but the frequency
interval decreases in the direction of increasing frequency. For, as o',
is greater than a”,,
v=va+ (Bo—a'n) (Bm+1) — (a/n—a”",)m? (41)
for the positive branch, giving for the frequency interval between the
Et» and &+ 1% line
Av=2(B,—a's) — (¢'n—a"s) (Rk +1),

and, for the negative branch

v=va+ (Bo—a'n) (—2m+1) — (a'n—a”r)m?
and
Av=2(By—a'n) + (a'n—a"y) (Rk+1).

It may be noted that (41) may be used to represent the negative branch
as well as the positive branch by substituting negative integers for m.
Thus the two branches may be described by a single formula.

Rotation-vibration spectra of the type described (except for the
absence of a line near the center) are observed in the near infra-red,
and the closing together-of the lines in passing from the long wave-length
side of the band to the short wave-length side is in good accord with the
theory.

While the theory just described gives a satisfactory account of the
principal facts of the infra-red rotation-vibration bands of diatomic
molecules, a close study of the empirical facts in connection with these
bands and also in connection with the electronic bands discussed in the
next section has made one important modification necessary. From the
experimental standpoint this modification may be said to consist in the
substitution of j—e for m in energy formulas such as (37) where € is
a constant for each electronic energy level of the molecule, frequently
approximately equal to one-half, and j is an integer. The simplest
theoretical interpretation of this change in the energy formulas identifies
e with an assumed electronic angular momentum parallel to the nuclear
angular momentum and j with the total angular momentum of the
molecule (both in units h/2x). It may be shown theoretically that this
change is in harmony with the fundamental principles stated at the
beginning of this chapter provided that an electronic angular momentum
eh//2= perpendicular to the nuclear axis actually exists. We have reason
to believe, however, from the study of line spectra and of the complex
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Zeeman effect that the total angular momentum may have the series of
values 4, 4, §, . . . times h/2x instead of the series of integral multiples
of h/2r usually assumed. This interpretation of the empirical facts
involves a modification of postulate 1b, but since the differences between
the values of the quantum number for total angular momentum are still
integers the correspondence principle is unaffected.

SECTION 7. ELECTRONIC BANDS

In the pure rotation spectra, the motion of the molecule consists
solely of a rotation about an axis through the center of mass. In the
rotation-vibration spectra, this rotation is accompanied by a vibration
of the two ions along the line joining them. To account for the ordinary
bands of the visible and ultra-violet, it is necessary to assume that a
change in the electronic configuration of the atoms accompanies the
changes in the motions of rotation and vibration which occur during a
transition. In fact, in the case of a non-polar molecule, an electric
moment exists only by virtue of this electronic configuration, and there-
fore the correspondence principle requires it to change during a transition.

An alteration in electronic configuration will change the forces holding
the atoms together and therefore change the equilibrium distance between
them. Hence it is no longer legitimate to assume the moment of inertia
I, in the final and initial states to be the same. Let the term in the
frequency of the emitted radiation due to the change in energy of the
electronic configuration be denoted by ve. Then if we neglect the mutual
energy of rotation and oscillation (¢),

hm'? hm”?

V:V3+th+8_7;é"170 - —8;21,,;- (42)

For the positive () branch, if the electronic angular momentum
vanishes, m’=m" +1, and hence
v=A,4+R2Bym+Cm?, (43)

where m is put for m” and

A;=ve+vn+ é;ﬁo‘ P
h
Bo= gap,

_"ZL_<<1 1)
€= \1, 7 1,7/

from which it is evident that C is generally small compared to B,.
C may be either positive or negative.

4
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The negative (P) branch, due to transitions in which the energy of
rotation increases, is obtained by putting m’'=m" —1, giving

v=A,—2Bym+ Cm?, (44)
The molecule may, however, have an electric moment at right angles

to the plane of rotation. Hence m may remain unaltered during a
transition. This gives rise to the zero () branch

V=Ao+0m2, (45)
where
AoEVc"*‘l’n-

—
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Ficure 3.

Equations (43), (44) and (45) are parabolas in m. On the accompany-
ing diagram v is plotted against m for the three branches(*), the points
for which m is an integer being projected to the diagrammatic spectrum
in the lower part of the figure. The zero branch meets the axis of
abscissas at the frequency ve+vn, while the point of intersection of the
other two branches lies at a distance h/8x%I'; to the right of this
frequency.
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The head of the band is the line nearest to the vertex of the parabola
representing the negative branch in the case where C is positive. Putting
the derivative of (44) equal to zero, the value of m corresponding to the
head of the band is seen to be the whole number nearest to Bo/C.

The theory shows that the significant line in the band is not the line
at the head, but the origin A,=ve+vs at the point when the zero branch
meets the axis. In a system of bands, v, may be supposed to remain con-
stant while v, changes. If the quantum number associated with the
vibratory motion changes from n’ to n”, reference to (35) shows that

A9=vg+n'm'o(1—z'n') —'n”w”o(l-ﬂf”n”), (46)

where the natural frequency w, of small oscillations has to be assumed
different in the final and initial states on account of the change in elec-
tronic configuration. This is Deslandre’s law of the band edges, although
the present theory applies it not to the head of the band but to the origin.

If, now, n'—n" is a constant, a sequence of bands is obtained lying
close together. For instance, when n’'—n" =0, the transitions

0>0, 11, 2>2, 3->3, 44,
each gives rise to one of a sequence of bands. The transitions
10, 2>1, 3>2, 4>3, 54,

likewise give rise to a second sequence. These sequences are well illus-
trated in the case of the cyanogen bands. (Cf. Figure 3, Chapter IV.)
In view of the fact that v, is large compared to wo, » may increase as well
as decrease during a transition resulting in emission of radiation.
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CHAPTER 11I
INFRA-RED ABSORPTION BANDS

WaLter F. CoLBY

The greatest ultimate detail.and precision of measurement in infra-red
bands has been attained in the case of the hydrogen halides in the
vicinity of 3u. The measurement of the strong band due to HCI at 3.4n
(Figure 1) has had a fairly long history and has led toward a general
interpretation of absorption of this character. The history of this early
work both in experiment and theory has been outlined in the introductory
chapter.

In spite of the fact that these bands are due to an increase both of
rotational and vibrational energy, they are in their main characteristics
much more simple than most other bands. This is due partly to the fact
that the molecule is diatomic. The nuclear vibration occurs along the
line of nuclei and may be thought of in first approximation as simple
harmonic. In regard to rotation the molecule has very restricted possi-
bilities. If the moment of inertia about the line of nuclei is very small
and if electronic angular momentum, at least about this axis, is excluded,
then for moderate energy the rotation will be restricted to an axis normal
to the line of nuclei. This restriction was assumed in the early work
and later work has justified the assumption, at least for the hydrogen
halides.

The main features of interest in the quantization of this mpotion have
been described in Chapter II. It was there pointed out that with the
help of the correspondence principle, one may prophesy permitted
transitions from an analysis of the motion. If in this case the vibration
had a component along the axis of rotation, we should expect a possible
increase of vibration quantum number unaccompanied by a change in
rotation quantum number. Such.a transition should give rise to a
so-called zero, or Q branch, of the band.

Figure 1 indicates the characteristic arrangement of lines in the
hydrogen halide bands. Aside from the convergence on the short wave
length side due to coupling, the two parts of the band at either side of
the missing center are quite symmetrical. It was stated in Chapter II
that these two parts are identified as the positive and negative, or R
and P, branches of the band; that is, they consist (in absorption) of

52
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lines due to an increase of vibrational energy
accompanied by an increase of rotational energy
for the positive branch, and by a decrease of rota-
tional energy for the negative branch. Those lines
due to an increase of vibrational energy alone
would be expected to lie between the observed
branches and are missing for the hydrogen halides.
Thus we may conclude that the nuclei move in
the invariable plane. '

Another favorable situation in these bands is
the comparatively large spacing of the lines, an
advantage which led to their early resolution with
a prism. Tt has been shown that in first approxima-
tion the lines differ in frequency by h/4x2I where
I is the moment of inertia of the molecule about
its axis of rotation. The mass coefficient of hy-
drogen and halide is nearly equal to the mass of the
hydrogen and the moment of inertia is consequently
small. lence the wide spacing.

The moderate requirements of resolution and
sensitivity together with the comparative simplicity
of motion, have permitted both experiment and
theory to advance further with the hydrogen halides
than elsewhere in infra-red bands. In 1913, Bur-
meister (1) investigated a group of gases for absorp-
tion between 3p and 15u. lle was able to resolve
into doublets the fundamental bands of HCI, HBr
and CO. Later in the same year, Eva von Bahr(8)
published a paper in which she reported the reso-
lution for the first time of the HCI band into its
component lines. In 1917, DBrinsmade and
Kemble(®) analyzed further the fine structure of
the fundamental band of HC1 at 3.4 and detected
as doublets the first harmonics of HCl, HBr and
CO. Tmes(%) using a grating which gave him
greater dispersion and resolution, was able to deter-
mine the fine structure of the two HCl bands and
of the fundamentals of HBr and IIF with con-
siderable detail. Schaefer and Thomas(%) have
since detected the second harmonics of CO and
HCI and the first harmonic of HF but not their
fine structure.
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In the case of the strong band of HCl at 3.4u, the precision of these
wave-lengil measurements and the number of lines measured have been
sufficient to warrant .he empirical statement of frequencies as an ascend-
ing power series in the nuclear rotational quantum number m in which
coefficients could be determined up to and including the cubic term. A
knowledge of these coefficients assists in the analysis of the coupling of
rotation and vibration and of the departure of the vibration from simple
harmonic motion ; in other words, they ¢ontain the constants of the force
function of the system if that could be satisfactorily expressed as a
function of the displacements of the nuclei from their rest positions.
More simply, they permit one to build up approximate energy terms, a
calculation which has been so fruitful in line spectra. The energy
expression will contain only even powers of m and we may write

En, m=a+bm*+cm*

where a, b and ¢ contain the vibrational quantum number n. In the
cage of HCI there exist considerable data for the strong band at 3.4u
for which n changes from 0 to 1 and for the first harmonic at 1.%u for
which n changes from 0 to 2. With these results, one should be able to
predict the constants of another band which would occur for the transition
from 1 to 2. Such a band was calculated by Kratzer(®). In 1923, Colby,
Meyer and Bronk(?) undertook the measurement of the 3.4u band of
HCl with the absorbing gas at 300° C. The gas was heated in order to
increase the rotational energy of the molecules and thus occasion absorp-
tion corresponding to higher initial values of m. It was- possible at
300° to extend the'band on both sides to the twentieth member—forty
lines in all. This large number of lines added greatly to the accuracy
of determination of the empirical formula mentioned above.

In addition to new lines in the strong band, five lines were disclosed
which apparently belonged to a weaker overlapping band. These new
lines were only measurable at the higher temperature and must therefore
be believed to have an initial state very infrequent under ordinary
conditions. This would be the case for the vibrational transition 1 to 2
which, moreover, should fall close to the fundamental band 0 to 1. The
individual lines, however, were displaced about one-third of their spacing
from the positions predicted by Kratzer from the constants of the other
two HCl bands. Such a discrepancy greatly exceeds experimental uncer-
tainties. An explanation of this displacement came later and was in
accord with a more satisfactory explanation of the missing first line of
the positive branch.

It will be recalled that in the diagram of these bands shown in
Chapter II, not only the line v, was absent but also another line of
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slightly higher frequency, there described as a transition of m from 1 to 0
(0 to 1 absorption). The reverse transition, 1 to 0 absorption, is present—
a fact very difficult to reconcile with the possibility of thermal equilibrium.
This was an annoying difficulty for some time until it was finally pro-
posed to alter the numbering so ds to make the initial values of m odd
multiples of 3. This might be interpreted physically as due to an elec-
tronic angular momentum of magnitude h/4m, fixed in the molecule and
directed along the invariable axis of the previous motion. In order that
the total angular momentum should still be integral multiples of h/2x,
the nuclear momentum must now have half values. Transitions will still
be in units. This yields the following numbering for the absorption
band :

3-3 3% -4 -3 -3 §-7

|
FiGure 2—Diagram Correlating Quantum Transitions with Lines for HCL

and places the missing v, at the center of the band.

The nuclear energy is again expressed by an equation of the form
of (37) in which m is replaced by (m—3). For the case of absorption
we have

v=vn+Bo[ (m—3+Am)*— (m—4)7]
—[an(m—3+am)?—an(m—1)?],
where m indicates the total angular momentum of the initial (lower
energy) state and Am==1 for the positive and negative branches
respectively.
If an empirical ordinal number, M, is used having positive and nega-
tive integral values starting with unity, we have for the two branches
y=vat 2 40'""
The electronic angular momentum now forms-a reference direction
with respect to which the nuclear momentum might be expected to be
either positive or negative though always in the same line. Kramers
and Pauli(®) have discussed this motion in detail. For a given total
angular momentum, the energy is least when the electronic and nuclear
angular momenta have the same direction. For greater values of the
energy but the same angular momentum, the axis of electronic angular
momentum will swing back and forth in a narrow loop about the

+2(Bo—a,.).M+ (a,,,.—-a,,u)Mz,
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invariable axis. If the energy is great enough so that the electronic axis
reverses with respect to the total angular momentum, the system finds
itself in a condition of unstable equilibrium. Hence they excluded this
as a stationary state. The intermediate states involving nutation do not
fulfil the quantum conditions for this more general rotation if the
molecule is diatomic. The state of zero total angular momentum is to be
excluded as a limiting case of the unstable equilibrium. Thus the lines
indicated in the preceding diagram are the only possible ones and as
will be noted, every transition is permitted in both directions.!

It can readily be seen that the new numbering will alter the values of
the energy terms previously computed. If from the revised values, the
combination band, 1 to 2, is recomputed, the observed lines agree very
closely with the calculated ones. This is a strong argument for the use
of the half numbers.

Very little experimental work has been done with other diatomic
molecules in this region. The bands found for carbon monoxide have
not been resolved beyond a doublet, the positive and negative branches.
The apparent absence of a zero branch is again evidence of rotation about
an axis normal to the nuclear line.

As experimental evidence accumulates, one should perhaps expect to
find cases where the motion is not so restricted as that just described.
If, for example, due to some essential dissymmetry in the molecule, the
electronic angular momentum should make an acute angle with the
nuclear line, the invariable axis would then not be normal to the nuclear
line nor parallel to the axis of electronic angular momentum. For a
given total angular momentum and minimum energy, it would neverthe-
less make a fixed angle with the nuclear line. The nuclear vibration
would then have a component along the invariable axis and a zero branch
should be expected. Greater values of cnergy would again introduce
nutation as described above. The motion then becomes doubly periodic
and must fulfil two quantum conditions. This is, as before, impossible
for the diatomic molecule. A more detailed discussion will be given for
the polyatomic case.

! Very recent work on the problem of rotation for the diatomic molecule by
Dennison and Kronig according to the Heisenberg and Schrodinger Mechanics
requires the energy expression to be of the form

E=G+p M.
8r*I

The use of integers in this formula yields the same empirical formulation as the
use of half integers in the older formula. It is therefore possible to account for
the HCI bands without the introduction of an electronic angular momentum.
This is also in accord with recent work of Mullikan (see p. 102 of this report).
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It has been shown in the introductory chapter that the distribution
of intensities of the lines within a band of this type is symmetrical and
that each branch apparently follows the Maxwell-Boltzmann distribution
law for the rotation velocities of diatomic molecules in thermal equi-
librium. This experimental observation was plausible until the recent
introduction of half units of nuclear angular momentum into the theory.
According to the older theory corresponding lines on the two sides
of the center were supposed to originate in molecular transitions having
the same initial state, one increasing and the other decreasing its angular
momentum by one unit, e. g., 152 and 1->-0. This assumption, together
with the hypothesis that the two types of transitions (Am=+1 and
Am= —1) were equally probable, explained the symmetry of the two
branches; and statistical theory gave a satisfactory account of the inten-
sity variation inside each branch.

A new theory of intensities is required, however, by the newer « ign-
ment of initial and final quantum numbers to the band lines. We now
attribute corresponding lines in the two branches to a change in angular
momentum wherehy the original value for one transition is the same
as the final value for the other and vice versa, e. g., 1> 3 and §>1. The
number of molecules in the two different initial states will always be
different and in the case just mentioned is very markedly different, so
that the intensities of corresponding lines would not be the same if the
two types of transition associated with the two branches were equally
probable.

The problem has recently been discussed by Kemble from the stand-
point of the Bohr correspondence principle. He finds that the amplitudes
of the Fourier components of the motion associated with the two branches
of the band are nearly the same, so that according to the usual formula-
tion of Bohr’s principle, the emission transitions for the two branches
should be of nearly equal probability. Tt follows that the probabilities of
absorption for any pair of corresponding lines should not be equal, but
should be in the ratio of the a priori probabilities of the two final states.
This modification of the theory leaves the intensity distribution unsym-
metrical, however, and is not in accord with the experimental facts. He
concludes that the method of calculating transition probabilities is wrong,
and locates the source of difficulty in the fact that the molecular model
is a degenerate system with fewer quantum conditions than degrees of
freedom.

To avoid the complication of degeneracy, he assumes a slight perturb-
ing force field which breaks each of the normal stationary states up into
a group of subsidiary states of unit a priori probability and nearly
equal energy. Such a field would split each of the original absorption
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lines into a group of closely spaced components the sum of whose inten-
sities should equal the original intensity. He recalculates the theoretical
intensities on this basis and finds that they depend on the a prior
probabilities of the initial and final states (degenerate) in such a way
as to make the branches of the band approximately symmetrical when
the more recent numbering of the lines is used. The result clears up
the initial discrepancy between the observed intensities and the new
assignment of quantum numbers to imtial and final states but leaves the
correct method of calculating transition probabilities for degenerate
molecular systems uncertain.?

The correspondence principle predicts pure rotational bands in the
far infra-red for molecules which possess an electric moment when at
rest. This is doubtless the case for many diatomic molecules including
the hydrogen halides. The only band which has been observed for this
class of molecules is that due to hydrogen chloride which has recently
been recorded by M. Czerny (22).

With a very ingenious adaptation of Rubens’ equipment, he has been
able to measure the wave lengths of seven absorption maxima between
40p and 100p. As was expected from the near infra-red spectrum, these
maxima form an approximate arithmetic progression. A small cubic term
gives their slight convergence which is due to the change of moment of
inertia of the molecule with angular velocity. The frequencies are satis-
factorily given by the formula

v=20.794m — 0.00164m?>.

These constants agree with those predicted from the near infra-red
within a small systematic difference which is probably experimental in
one or the other of these two technically difficult regions.

The most striking result of this excellent work is the fact that the
formula for the frequencies has no constant term. If the rotational energy
of the diatomic molecule were written

_Jeme
T 8nl
the frequency should be given by
" h
If, however, one writes

B= 4 (m—4)°

© T 8x2l ’
th ——l—2m
en V=g 2m.

* A discussion of the recent application of the summation rules of Dorgelo and
Burger to band line intensities will be found in Chapter IV, Section 6.
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This work therefore leaves no doubt of the necessity of the use of half
quanta in the formulation of these bands. Heisenbe 33) recent work

in Quantum Mechanics leads us to believe that t of 4 in the
energy expression may have a very fundament? nd may
need to be considered much more generally in the future.”

The rotation and vibration of polyatomic molecules present consider-
ably more intricate problems and, as one might expect, the bands are
on the whole much more complicated. A great deal of expenmental work
has been done in this region for the greater part, however, without
sufficient resolution to reveal the fine structure due to changes in the
rotational state. Yet the work is of greatest importance in the study
of molecular models as revealed by their normal modes of vibration.
As has been pointed out, we may expect for harmonic oscillators, ab-
sorption or emission of -radiation of the same frequency as that of
the motion itself. For the anharmonic oscillator, overtones may also
occur. If the molecule has several normal frequencies of vibration, we may
expect emission or absorption of the frequencies approximately given by
Zravn. It is unfortunate that for many of the materials investigated by
Coblentz(®) and others, the molecules, chiefly organic, have fundamental
frequencies much lower than those included in the regions investigated.
The importance of this information makes further observations greatly
to be desired. For some of the simpler molecules, however, we possess
sufficient data to draw some conclusions. Hettner(1®) has contributed
a very valuable list of combination frequencies, a list which contains most
of the material for which sufficient data existed at that time. For example,
for water vapor about ten bands are known between 7u and 0.7p, all of
which he is able to account for as multiples and additive combinations
of the two lower frequencies corresponding to the strong bands at 6.3
and 2.7u. These are all absorption bands. At room temperature one
would not expect to find an appreciable number of molecules vibrating
with frequencies which lie in this region. The normal state will therefore
be vibrationless and difference combinations absent. The triangular
model has three normal modes of vibration. Since two frequencies are
sufficient to account for the observed bands, either one of the three fre-
quencies has an integral relation to the others or it corresponds to a
motion for which the electric moment remains unchanged. For five of
these bands, those nearest the fundamentals, fine structure has been
obtained, first by von Bahr(®), later by Hettner(!!) and again by
Sleator (12) with the help of a grating and with very considerable
dispersion. E. R. Phelps(!®) has continued the work of Sleator with
an echelette grating designed for this region. He has added considerably
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to the number of lines and to the resolution of the regions already mapped.
Considerable resolution has been obtained for NH,, CO,, CH, and HCN.

Before discussing these bands in detail it will be necessary to analyze
somewhat the main characteristics of this more general vibration and
rotation. With the present meagre knowledge of molecular structure it
is out of the question to hope for a complete solution of the problem of
nuclear vibration. Wherever it is possible from the symmetry of the
molecule and with the help of information derived from physical or
chemical behavior, to set up energy expressions without too many undeter-
mined constants, it may nevertheless be possible to solve for the normal
vibration frequencies and identify them with observations. Triatomic
molecules lend themsclves to this treatment, particularly such molecules
as 0, and H,0. NH, has been similarly treated, likewise CII, which
doubtless has a regular tetrahedral structure. On the analysis of the
normal modes of vibration of these models, it has been possible to identify
particular motions of the nuclei with definite observed band frequencies.
The correspondence principle allows one also to predict the relative
intensities of the bands and to check against observations. The simplified
assumptions make the agreement between calculation and experiment
only approximate but the results are nevertheless of great importance
in the interpretation of outstanding differences among bands of the same
molecule. For example, the direction of the electric moment called out
by different vibrations is essential in accounting for the accompanying
rotational transitions. TIn triangular models information may also be
gained concerning the relative distances of the atoms—a most important
point in a study of the rotation.

The problem of the quantization of gencral rotation was undertaken
by Hettner even before the theory of stationary states had taken its
present form. The problem has since been treated by Epstein(*) and
by Kramers(!®) who also included the case of an electronic angular
momentum fixed in the body. The general rotation of an unsymmetrical
body is doubly periodic. If the Eulerian angles 6, ¢, and y indicate in
the customary manner, 6, the angle between the principal axis (4) of
the body and the invariable axis, ¢, the angle between the principal
axis (B) of the body and the nodal line, ¥, the angle between the nodal
line and a radial line fixed in the invariable plane, the two quantum
conditions may be written

Jq,:’-‘ 277)\9 =mh

Jo=pu | cos 0dep=1ih
where py is the total angular momentum, m and ¢ integral quantum
numbers.
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The general character of this quantization may be seen from the special
case of a body which is symmetrical about the axis A. The above integral
may then be evaluated and the spectrum described in detail. As is well
known, the motion of the symmetrical rotator is one-of steady precession.
The angle ¢ is constant. Consequently,
b
p¢— 21!' .
where ps=py cosd, the component of py along the symmetry axis of
the body. The expression for the energy is

_ <i2 m:'—i’)
=Tt T
where A is the moment of inertia about the axis of figure.and C the

moment of inertia about an axis normal to it. Spectral frequencies are
then given by

}Lv=Em+A7m i+A1 Em, i

_ h (2mAm o= .(1 1) (Am)?— (A1)? (Ai)z)

v=vp+ 8#2 *"CT~— +/2/'LA’L _fT - —(':' + '*“”—C"‘ e o *"-A'— .
The character of the motion is not altered if the molecule has an elec-
tronic angular momentum which lies in the symmetry axis. The energy
expression then hecomes (approximately)

o 0 (G0t )
= 4r?

where sh/2~ is the electronic angular momentum. In this case

_ h <2mAm . .<1 _ 1) (Am)2—(Ai)* | (A1) 2sAi)
v=va+ 81r2 0 +2®A'L Z E + 0 +"—14— h‘A— .
One may think of the electronic angular momentum as producing a
larger number of lines by separating pairs which otherwise fall together.
Thus for s=0 the line t=1, At=1 falls on 1=—1, At= —1, whereas
for s#0, they are separated by sh/2#24. The lines Ai=0 remain
unchanged.

Permitted transitions may be determined by analyzing the motion
of the electric moment whose three components referred to the principal
axes of the body may be written

a=a co8 (2mwat)
B="0 cos (Rmuwat)
y=0.
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The two components of the motion along the invariable axis and normal
to it have the form

z=a cos 6 cos (Rwwnt) + %ﬂ co8 27 (wn+wi)t

bsin @

t

a sin 0 asin 6

=" €08 27 (wn+om)t+ - 3 - €08 R (wn—owm)i

_ b(1+cosb)
4

_ b(1+cos¥)
4

cos 27 (wn—w;)t

€08 27 (wn+ om+wi)t

€08 27 (wn —wm—wi)t

b(1—cos )
t—

b(l—;O—S—Q cos 2ﬂ(mn—w,,,+w¢)t.

€08 27 (wn + om—wi)t

-+

on gives the frequency of vibration and is associated with n, wm the
frequency of precession about the invariable axis, associated with the
transitions of m, w; the frequency of rotation about the figure axis 4
referred to a set of axes rotating about the invariable axis with the
angular velocity wm. This is related to the quantum number 7. We see
therefore that for b=0 "(electric moment always in the symmetry axis)
the following transitions are permitted
Am=0 Ar=0
An_l{Am:i—l Ai=0"
No transitions of 7 are permitted in the vibration-rotational (near infra-
red) band (An=1). All three branches of the band should appear.
(Am==1,0.)
For a=0, electric moment always parallel to the B axis, we have
Am=0 Ar==+1
An-‘l{Amz-tl Ai==+1"
For the more general case where both a and b are different from zero,
all the above transitions are permitted. The particular type of vibration
involved appears here more important in determining the multiplicity
of lines throughout the band than in determining the presence of the
zero branch.
Turning again to the equation for the frequency of the lines and
examining first the case where A =C (sphere of inertia) we have for s=0
h <2mAm + (Am)’)

v=wt g\ 7o 0
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a series of lines with constant spacing h/4#x*C. It is obvious that if the
molecule has spherical symmetry, any axis is a principal axis and it will
always execute a simple rotation as was the case for the diatomic molecule.
But if s3>0 and fixed in the molecule, there is then a preferred axis
which must not be expected in general to have the direction of the total
angular momentum. Now

v=vy+

h (2mAm | (Am)?*  2sAi
Wit et

If the electric moment lies in the direction of the electronic rotation
Ai=0 and the new term disappears. If the electric moment is normal
to the axis, Ai==+1. Each of the previous lines separates into a pair
displaced equally from the old position. The separation of the pair is
2sh/4x*C and this becomes equal to the original spacing for s=34. Then
the spacing is again constant and the same as before but the new lines
lie midway between the old positions. For the electric moment oblique
to the electronic axis, both systems of lines are present. For s=4, the
spacing is now h/8=2C. .

The methane molecule is an illustration of the case described above.
J. P. Cooley(16) has been -able to resolve some of these bands with
great detail and to reveal characteristics which appeared clearly in no
other bands of this type. The strong bands at 7.7x and 3.3 yield a large
number (more than 40 at 7.7u) of almost equidistant clearly defined
single lines. At the center of each band is a strong absorption region
covering two to three of the band lines. Its short wave length edge falls
at the supposed center of the band. If the mass of the absorbing gas
is increased, the maximum shifts to longer wave lengths indicating that
it is an unresolved group of fine lines whose intensities rise more sharply
on the short wave length side than on the long wave length side. All
of these facts lead to the conclusion that we have here a zero branch.
Another striking departure from the hydrogen halide bands is the faet
that the spacing of the lines in the 3.3x band is roughly twice that in
the 7.7 band.

An analysis of the probable behavior of this molecule has been made
by D. Dennison (*%). We have every reason to believe from chemical data
that the methane molecule has a regular tetrahedral structure with
the H atoms at the vertices and the C at the centroid. Chemists have
been able to find no evidence of a preferred direction in this system.
Such a model would have no electric moment when at rest and this
accords well with physical evidence. Dennison has analyzed the possible
normal vibrations of such a system for infinitesimal displacements
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and because of the symmetry has found that the nine degrees of
freedom (15-6) yield only four distinct frequencies. Of these, two
would involve no change of the electric moment and might not be
expected to appear in the spectrum. The other two, however, may
be expected to occur. Hettner has already shown that the strong bands
of methane may be accounted for with the help of two fundamental
frequencies. But there is evidence of very faint absorption which may
be related to the other two frequencies and which may indicate a slightly
preterred axis in the molecule, perhaps to be associated with an electronic
rotation. The computed frequencies involve only three constants, but
one may fit them to the four observed fundamentals with satisfactory
agreement both in position and intensity. The occurrence of the zero
branch should indicate that the electric moment does not always lie
parallel to the invariable plane. The tetrahedral model has a sphere of
inertia, i. e., all three moments of inertia are equal. In spite of this the
bands have sharp equispaced lines with two spacing constants, one double
the other. In the light of the previous discussion, this can only be
explained on the basis that this molecule also has an electronic angular
momentum of a half unit along an axis fixed in the molecule. The
rotation of the molecule is therefore similar to that of the symmetrical
rotator. Calling the frequency of vibration v, neglecting the coupling
of vibration and rotation and setting A=C, s=14, the previous formula
becomes

v=vn+ ,"’LC' (2mAm + (Am)*—A).

For the positive and negative branches Am= =1 and for the zero
branch Am=0. (The lines of the zero branch do not fall precisely
together because of changes in the moment of inertia which are neglected
here.) If the electric moment does not lie in the axis of electronic angular
momentum nor normal to it, transitions Ai= =1, 0 may all be allowed.
This may be supposed to be the case for the richer spectrum at 7.7u.
The formula for the positive and negative branches then becomes

. M
il

a series of lines with the spacing —~ = h 0 But if we assume for the band

at 3.3x that the electric moment called out by this vibration lies either
in the axis of electronic angular momentum or normal to it we have
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the alternative possibilities of Ai=0 or A¢= 1. This would give either
the series

=yt ST
Y=V 8x2C
* iy R 2mh
VEWT 80 T 8a*C .
The spacing constant is then 4"’:0 , double that just considered.

Returning to the more general case of axial symmetry and assuming
now either that A is slightly greater or slightly less than C, At and ¢
reappear in the frequency formula even for s=0. Where for the spherical
model there was a series of equispaced lines, each of these lines now
breaks up into a group whose multiplicity increases with m. For A= +1,

there are 2m+1 equispaced components with spacingz’;—z (_}T - %)

For 1=0, there is a single line slightly displaced from the center of the
Ai= =1 lines. For s>0, the At=0 line is undisturbed but the Ai=+1
groups separate into two groups each displaced equally from the old
position.

Such a fine structure within the m lines might easily escape experi-
mental resolution where A and C are nearly equal and result only in a
broadening of the lines. The separation of the components depends on
the departure of the ellipsoid of inertia from a sphere either toward a
prolate or oblate spheroid. For A greater than C where A is the moment
of inertia about the axis of symmetry, the limiting ratio of 4 to C is
2 which may occur when the nuclei of the molecule lie in a .plane with
axis of symmetry normal to the plane. The separation of components
is then h/8x2C, half of the spacing of the m lines themselves. The
interpretation of bands of this type becomes very difficult because of the
wide overlapping of components from the various m lines. It may give
rise to apparently two-fold spacing in a single band.

For C greater than A, there is no upper limit for the ratio of C to A.
For C much larger than A, we have a most interesting case. The molecule
is now to be thought of as a long and thin distribution about the axis
of figure. The spacing of the ¢ lines is great compared with that of the
m lines, with the result that for a given vibrational transition we now
have a series of bands, each associated with a single initial value of «¢.
Each of these bands will contain lines for all initial values of m as was
the case in the single fundamental band of HCl. For such an array of
bands we may think of the band Ai=0 as the central one. On either
side will occur the Ai= +1 bands in pairs of probably comparable inten-

" - Wor the special transitions described above, the central band may
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be absent or it may be the only one present. Since for small values of 4
the energy grows rapidly with 1, there might be only one or possibly
two pairs of the Ai= =1 bands with observable intensity under ordinary
conditions.

A striking example of this case has been pointed out by Dennison (28),
viz.,, the CO, molecule. Carbon dioxide has three chief regions of
absorption at 2.7p, 4.25p and 14.7u. The two shorter wave length regions
were investigated in detail by Barker(!?) with a grating. He was able
to resolve the band at 4.25u into a doublet but could not get the fine
structure. In the other region were two bands centering at 2.69u and
at 2.77u (Figure 3). They appeared as doublets with some evidence of
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FiGure 3.—Absorption Curve for CO..

fine structure. It was not possible to find any simple multiple relations
of these frequencies to each other nor to the band at 14.7u. Dennison
has since solved the vibration problem for this isosceles triangle and has
been able to fit its frequencies to these three spectral regions only by
making the angle at the carbon very large. There is other evidence that
this molecule is almost-linear. Such a model is approximately sym-
metrical about an axis parallel to the line of the 0 atoms and the moment
of inertia about this axis is small. Moreover an analysis of the vibrations
showed that for the band at 4.25u only the transition A1=0 is permitted.
This is therefore a 'single band. For the band at 2.7u, only At=+1 i3
permitted and the pair of doublets is to be expected. It is possible to
associate these two bands with the fransitions of i, 01 and 1-0. Both
of these initial states may be expected to occur abundantly under ordinary
conditions if the moments of inertia are taken as those given by the
spacing of the bands. Higher values of 4 should be comparatively in-
frequent. The absence of a zero branch is in accord with the analysis,
since at no time will ¢+ have a value greatly different from zero.

. The spectrum of NH; has recently been examined by Schierkolk (18).
He finds a considerable number of bands which have been associated with
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each other in subsequent papers in different ways. A more certain
knowledge of the band centers may assist in this classification. The bands
show some similarity to those of methane, chiefly in the presence of a
zero branch and two spacing constants. The molecule also has axial
symmetry and its rotation may be quite similar in character to that of
methane,

HCN was investigated by Barker(1?), but the fine structure’ was not
revealed. A double band was found at about 7u which seems to point
to a degeneration toward the linear model. These bands have very
interesting shapgs and will doubtless yield much on further resolution.

The absorption spectrum of water vapor has the longest history of
all, and the recent work of Sleator and Phelps has carried the resolution
very far indeed. Nevertheless, the fine structure of these-bands presents
a bewildering array of lines with apparently unsystematic spacing and
intensities. This is a case of rotation which is less accessible than those
just discussed. It is quite possible that the two systems of m and i lines
have spacing of the same order of magnitude. This may be complicated
by the fact that the molecule has not axial symmetry. The stationary
states for the unsymmetrical case are defined by the equations given above
for m and 4. The evaluation of the integral { cos 8d$ now involves
elliptic functions and the altered intensities and wave-lengths of i com-
ponents are not simple to predict for a general case. A Fourier analysis
of the nutation leads one to believe that only the transitions Ai= =1, 0
need still be considered under ordinary conditions.

The only pure rotation band for a polyatomic molecule which we
know in even approximate detail is that of water vapor which has been
studied by Paschen and by Rubens and his co-workers. Absorption due,
doubtless, to this class of band was found from 9u to 100 w. In spite
of incomplete resolution, definite maxima were obtained for nearly
forty lines. Eucken(®) found that these lines fitted the two series

_ P P+3
T 400 424

with about equal success. The lack of resolution made a choice between
them impossible. Moreover, intense lines chosen from the above set,
particularly in the region 9u to 20y, fitted either of the two formulas

14

The equispaced intense lines may possibly be due to maximum within the
m groups and have the spacing of the m groups ; whereas the weaker lines
may correspond to fine structure within the m groups and be approxi-
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mately in step with them. It has been impossible, however, to interpret
the band conclusively.

Very recently, Witt(?!) has made measurements of this band in the
region 50u to 180u. He has used gratings of 1 mm. and 4 mm. grating
space and has been able to push the resolution very much further in this
interesting region. He adds considerably to the number of lines found

p+3

by Rubens. The formula 200 which he uses, contains insufficient lines.

p 6-(;-01} succeeds better, but needs some readjustment in Rubens’ shorter
wave length region.

It is apparent that the fine structure of the m lines is still not com-
pletely resolved and that the overlapping makes the band a difficult one

to analyze.
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CHAPTER IV
ELECTRONIC BANDS
SECTION 1. GENERAL INTRODUCTION

RavyMmonp T. Birce

In the previous chapters two different types of bands have been dis-
cussed in detail ; namely, a type which logically can be ascribed to a simple
change in the amount of rotational energy of the molecule, corresponding
to a definite change in the value of the rotational quantum number, and a
type which can be ascribed to a simultaneous change in nuclear rotational
and nuclear vibrational energy, designated by changes in hoth the rota-
tional and vibrational quantum numbers. In the present chapter we shall
consider in some detail the third, more complex type of band, which has
been designated in previous chapters as an electronic band. Many of the
characteristic properties of electronic bands have now been given a logical
explanation by the assumption of a simultaneous change in at least three
different quantum numbers. A comparison of the properties of these
bands on the one hand with the structure of rotation and vibration-:
rotation bands of the infra-red, and on the other hand with the structure
of line spectra, has led to the conclusion that the three quantum numbers
concerned here are connected respectively with nuclear rotational, nuclear
vibrational, and electronic energy.

The change in the electronic energy is thus assumed, just as in the
case of line spectra, to be due to the transition of an electron from one
quantum orbit to another. To speak more correctly, we could say that
there is a change in the energy of the molecule as a whole, due to the
electron transition. In view of recent developments in connection with
line spectra, it seems quite possible that two or more electrons may
simultancously change quantum states, but at the-present time the only
experimental data that we have concerning the electron change relate
to the amount of energy connected with this change. As will appear
later, it is now possible to evaluate a series of electron energy levels,
in the case of a few molecules, but it is not yet possible to assign electronic
quantum numbers to these various levels. Hence, it is really unnecessary
even to refer to such quantum numbers. We shall, however, for the sake
of analogy, introduce the hypothetical electronic quantum numbers

69
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¢', e”, referring respectively to the higher and lower energy levels. The
energy associated with these numbers may be denoted by E’. and E”,,
and the contribution to the emitted frequency, due to an electron transi-
tion, by ve where
EI — El”e

vo= o= Ee, (1)
Therefore, in an electronic band, the frequency of a given line, v, may be
considered as a first approximation,’ to be separable into three portions,
connected respectively with the change in electronic energy, change in
vibrational energy, and change 1n rotational energy, i. e.,

E’—_E” E'G—E”e E’"_EII" Elm—E"m

v=——— =vetvatim= Bt 5 + W (2)

where
E=F:+E.+Epnand E"=E".+E" 2+ E" . (3)

The literature upon the subject of electronic bands is very extensive,
and several accounts of the structure of such bands are available, refer-
ences (1), (%), (3) having been written before the advent of the quantum
theory, and (*), (%), (%), (7), (8) and (?) more recently. No detailed
account has appeared, however, since the introduction of the quantum
theory of molecular spectra.” Now in the case of line spectra, the intro-
duction of the quantum theory involved no fundamental changes in view-
point regarding the structure of such spectra as far as the numerical
relations are concerned. This, however, is not the case as regards band
spectra for which "almost all of the previously known empirical facts
appear in a quite different aspect. Hence it seems desirable to open the
chapter with a general account of the more important empirical facts
regarding band spectra, giving in each case, as far as convenient, the
restgtement of that fact in terms of quantum theory.

is section is followed by a discussion of the combination principle,
as applied to electronic bands, and an analysis of the formulas for the
energy levels, based mainly on Kratzer’s theory of the non-harmonic
oscillator. These formulas are then applied, first to the relations among
the heads of a system of bands, and then to the relations among the
lines of individual bands of various types. The chapter closes with a

1 The method of representing the energy and energy change given here neglects
the various mutual action terms which are considered in detail in Section 3,
ahead. See equations (22), (24) and (27), page 107, for the more general form
of the energy.

* Another brief account of the quantum theory, by Kratzer, has just appeared.
Encyk. Math. Wiss. Band V, Teil 3, Heft 5 (1925).
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brief summary of some of the more practical applications of the quantum
theory of electronic bands, including much very recent work.

It may be noted, at this time, that the really exact relationships
involved in the combination principle, ag applied to band spectra have
been discovered, almost without exception, since the advent of the
quantum theory, and as a result of the predictions of that theory. This
fact indicates the value of the theory, but the truth of the relations is
of course quite independent of any theory.

No attempt is made to give a systematic account of known band spectra,
such as has been done by Konen(?). Instead of this, typical cases are
cited which collectively constitute a general survey of our present knowl-
edge of band spectra. Unfortunately the type of bands here discussed
is very complex, and the amount of available results relatively meager.
Although much work has been done on band spectra, it is in general
necessary to repeat work done before 1918 in order to obtain complete
data regarding the relations which we now know are of real significance.
Much new work has, however, appeared during the writing of this report,
and, as will be seen from the results given particularly in Section 8.
the present status of the subject has now greatly improved.

SECTION 2. REVIEW OF CERTAIN EMPIRICAL FACTS
WITH THEIR QUANTUM INTERPRETATION

PaArT 2A. INTRODUCTION

The great majority of electronic bands appear, under low dispersion,
as broad lines, with an exceedingly sharp edge on one side, but with a
gradual diminution of intensity on the other. With high dispersion
each of these broad lines is resolved into a group of lines, whose distribu-
tion of position and intensity is such as to give, under low dispersion, the
characteristic appearance just mentioned. Because of the faintness of
most bands, only & small minority have as yet been obtained with gpffi-
cient dispersion to give anything like a complete resolution into lines.
It is believed, however, that all these bands are actually composed of a
large number of lines, each representing a monochromatic radiation.
Moreover, there is good reason to believe that, -with sufficiently high
dispersion and resolving power, the lines of most band spectra as pro-
duced under ordinary laboratory conditions, would be found to be uni-
formly quite sharp and symmetrical. Actually many lines appear rather
wide and non-symmetrical, but in a few cases where a detailed study has
been made of this point it has been found possible to explain the result
as the superposition of two or more lines of nearly coincident frequency,
but usually of different intensity. In portions of a band where the lines
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are more widely spaced, and hence the chance of such overlapping is
relatively small, the lines are quite uniformly sharp and symmetrical.*
We have emphasized this general sharpness of band spectra lines for
the following reason. In studying the numerical relations in band
spectra, many lines appear to be irregular in position and in intensity.
There is no question as to the fact that many lines in band spectra are
quite irregular in position, such lines forming the so-called “ perturba-
tions.” But when a line appears irregular in intensity, this phenomenon
should be scrutinized with especial care. Thus in the case of the 3883
CN band, it has been found that all such irregularities in intensity are
due merely to the overlapping of two or more lines. The complete
analysis of this band into its component series immediately indicates
which lines are really single, and in all such cases the intensity of the
line is found to be as expected, even when the line in question is quite
irregular as regards frequency. On the other hand, the work of Des-
landres and d’Azambuja(1®) and more recently of Lindau(!!) on the
second positive group of nitrogen, indicates that in many perturbations
the intensity is quite irregular. We assume then, for the present, that
all bands are eomposed of a number of sharp lines. In the typical band
these lines can be arranged in series, the successive intervals between
the lines of a series expressed in wave numbers diminishing in an
arithmetic progression to a value of zero, or approximately zero." The
“head ¥ of a band may be defined as the point where the frequency
interval between successive lines becomes equal to zero. If the head is
on the longer wave-length edge of the band, that band is said to be
degraded or shaded to the violet. In other words the hand is said to
be degraded in the direction of increasing values of the frequency
intervals (Av), although it was historically the intensity change and
not the relative values of Av that defined the direction of degradation.
Of the known electronic bands, about equal numbers are degraded to
the red and to the violet.® This is in contrast to the vibration-rotation

* All spectrum lines are slightly broadened, due to Doppler effect. This, how-
ever, is a uniform effect and very small in the case of most band spectra lines.

* Several spectroscopic texts state, quite incorrectly, that the frequencies them-
selves form an arithmetic progression.

$See Kayser’s Handbook, 6: 1034-1054. Kayser’s very interesting statement
(p. 1034) that, in the great majority of cases, bands in the red are degraded to
the red, while those in the violet are degraded to the violet, has as yet no
theoretical interpretation and is probably not true. On the other hand, his
statement that the bands of nearly all elements are degraded to the red is certainly
not true. (See Section 8.) Many of the bands which he lists (p. 1035) as due
to elements are according to recent investigations more probably due to
compounds.
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bands of the near infra-red where the quantum theory predicts that all
bands will be found to be degraded to the red, as is in fact the case
for all which have been accurately analyzed.

Parr 2B. THE RELATIONS BETWEEN THE BANDS FORMING A SYSTEM

As has been indicated in the introductory chapter, electronic bands
generally occur in clearly related groups, usually called “ systems.” In
terms of the quantum theory, a system is defined as a collection of bands
corresponding to a common transition between two major electron levels.
Sets of bands in a system can be selected such that the frequency intervals
between successive bands in the set change in an arithmetic progression.
These sets can be chosen in two different ways, the frequency intervals
increasing in opposite directions in the two sets. Deslandres, who did
the pioneer work in this fleld, called one series of such sets ¢ first progres-
sions,” and the other series “ second progressions.” An entire system
of bands, often eighty or more in number, can thus he represented as
a function of two parameters p and n. The parameter n varies in a first
progression, p remaining constant. The parameter p varies in a second
progression, n remaining constant.

The heads of a typical system of bands (the second positive group of
nitrogen)® are shown in Figure 2, page 78, which presently will be con-
sidered in more detail. Kach of the five horizontal rows constitutes a
Deslandres’ first progression, the frequency mterval increasing to the right
as indicated. The bands connected by the long dotted line, and indicated
as “Av 2nd,” form a second progression, with the frequency interval (Av)
increasing in the direction of the arrow. If now each horizontal row is
shifted until the various bands forming the indicated second progression
are coincident, the various first progressions will he found to be identical.
Conversely, all lines roughly parallel to the long dotted line form second
progressions, and the intervals of the first progression give the necessary
shifts to bring the several second progressions into coincidence. As an
actual fact, when one uses the “head ” of each band, the various progres-
sions are usually not exactly identical. But the quantum theory indicates
that it is the so-called “ origin ” of the band.’ rather than the head, that
should be used, and in the very few cases where such origins have been

® Deslandres used the word “group ” for what is now usually called “system,”
and all names given by him thus include the word “group.” We shall not use
this latter word in any other sensec, and so the two words are to be considered
as Synonymous.

" The definition of the term “ origin ” is given in Section 4, equation (72), p. 122.
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definitely located, the Deslandres’ progressions are found to be really
identical. Conversely, the fairly accurate relations given by the heads
indicate that as a rule the distance from the head to the origin, in each
band of a system, is fairly constant. Practically all of the data on
Deslandres’ progressions given in this chapter are based on the position
of the heads, because of lack of data as to the origins of the respective
bands.

While the law of spacing of the bands in a Deslandres’ progression is
therefore the same as that for the spacing of the lines in a series of a
particular band, i. e., an arithmetic progression in both cases, the dis-
tribution of intensity in the two cases is quite different. Thus the lines
of a band series can normally be followed to a “head ” where the spacing
is zero, but the bands in a progression as indicated in Figure 2 have
never been followed * to an analogous head. Deslandres, however, used
an analogous numbering for the parameters in the two cases. Thus, since
the frequency intervals form an arithmetic progression, the frequencies
themselves are represented by a second degree parabola, in terms of the
parameter. Deslandres gave the value zero to the line of a band series
lying closest to the vertex of the parabola. In the case of the progressions,
the portion of the parabola near-the vertex is missing, but the experi-
mental curve was extrapolated to this point, and the parameters numbered
from there. Thus, in a band series, the Deslandres’ parameter mj has
values 0, 1, 2, 3, etc., and each of these values corresponds, normally,
to an observed line, while in the progressions of bands, the actually
represented values of the parameters p and n normally range from 30
to 100 or more.’

Now in the quantum theory, n and p are replaced by the vibrational
quantum pumbers n’ and n»” of the upper and lower energy levels.
According to theory the intervals Av in each type of progression should
decrease as the absolute value of the corresponding quantum number
increases. 'Hence these quantum parameters are always numbered in a
direction opposite to that of n and p. Moreover, unfortunately there can
be no uniform correlation of n’ with either p or n. As we shall see later,
several distinct lines of evidence point quite conclusively to the fact that
in all systems thus far analyzed in terms of quantum theory, bands with

* However, in the case of iodine, the heads have been followed until so closely
adjacent as to be no longer resolvable. See p. 107 of reference (12). A similar
situation has recently been found in oxygen. See note e’ of Section 7.

* There is no such range in any particular band system, but among the many
known systems one can find values extending over this range.
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a common initial vibration state exhibit similar perturbations.” Des-
landres designated a set of bands showing similar perturbations as a f(n),
and referred to the set as a first progression. He found, in additicn,
that first progressions were normally long, well- deﬁned sets of bands, and
that, with a fair degree of accuracy

f(n) =a+bn+cn2 R C))

On the other hand, the second progressions were normally short, and a
plot of f(p) showed that it often deviated radically from the simple para-
bolic form of equation (4). From the preceding relations, it follows that
in general
n'=c,—p
n"=c¢c,~n

(3)

where ¢; and ¢, are constants. Let us designate a set of bands in a given
system having a common tnitial vibration state as an n” progression.
An n” progression thus includes bands showing similar perturbations,
and normally constituting a Deslandres’ first progression (=f(n)). Like-
wise, we designate a set of bands having a common final vibration state
as an n’ progression, so that an n’ progression is normally a Deslandres’
second progression (=f(p)). As will appear later, a certain set of
vibration levels in the nitrogen band spectrum forms the initial levels
for the first positive group, and also the final levels of the second positive
group. Deslandres called this common set of levels a first progression,”
because, in the second group, similar perturbations were found in the
bands composing each progression.” Thus equations (5) are correct for
the second positive group of nitrogen, but for the first positive group,

we must write ,
n=c,—n

nu =C,— p (6)

* As will be shown presently, the initial state for one system of bands is
sometimes the final state for another system (and theoretically may always be)
The fact that the hitherto observed perturbations are found to be connected
with the initial state indicates that in many cases the final state is the unexcited
state of the molecule, for which the perturbations are doubtless very small, if
not zero.

Tt should be noted that, due to the fact that a progression of bands possesses
a common terminal state-—initial or final—the spacing of the bands themselves is
likewise the spacing of a set of levels, so that the term “ progression” may be
applied either to a set of bands or to a set of energy levels. The same relations
occur in line spectra, where, however, it is always the final state which is common
to the lines of a series.

* The first group has not yet been analyzed satisfactorily into series.

* Fortrat, in his Report(8), introduced the terms “family’® and *class?”
referring them to Deslandres’ f(n) and f(p) respectively. He then unfortunately
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Fieure 1 —Scheme of Vibrational Energy Levels.

(a) n” progression = f(n").
This is usually a Deslandres’ first progression = f(n) and all bands show
similar perturbations.
(b) n’ progression = f(n').
This is usually a Deslandres’ second progression = f(p).
(¢) A sequence. n” — n' = constant.
(d) Vibration-rotation bands.
1 — 0 = fundamental
2 — 0 and 3 — 0 = overtones.
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Finally we shall adopt the term sequence for a set of bands having a
common value of n” —n' (or of n—p), and shall designate the sequence
by the value of (n” —n'). Bands corresponding to successive values of
n” (and of n") but a common value of n” —n' usually are adjacent to
one another. Hence the grouping of bands by sequences is the most
obvious one, especially as the intensity distribution in the sequence also
tends to indicate such a grouping. Thus in the first positive group of
nitrogen, the so-called green, yellow, and red “ groups ” of bands, actunally
form the three sequences, —4, —3, and —2, respectively. Where the
An value of the sequence is small (especially 0, +1, and +2) the inten-
sity usually decreases as n” (and n’) increase. The sequence can then
be said to degrade to the red or violet, according to the direction in which
the intensity decreases. But since in some sequences the intensity dis-
tribution is fairly symmetrical, it is convenient to define the direction of
degradation as the direction of increasing n. Now it is very significant
that apparently, without exception in the case of bands presumably due
to diatomic molecules, a sequence degrades in the same direction as the
bands composing it. The theoretical interpretation of this fact, as will
appear later, is that an increase in the moment of inertia of a diatomic
molecule, caused by an electron transition, is invariably accompanied
by a decrease in the frequency of vibration of the dipole, and vice versa.
This is to be expected if the electron transition causes a loosening of the
bond between the two atoms.

The foregoing relations are indicated schematically in Figure 1, where
a hypothetical assignment of values for p and n is assumed. The vertical
lines in this figure represent two sets of vibrational energy levels, the
right-hand set corresponding to the more stable state of the molecule.
The horizontal distance between the vertical lines #»” =0 and n'=0 is
proportional to the energy associated with the common electronic change
for a system of bands. Each horizontal line thus represents one band.*
The spacing of the levels in the initial set is always different from that

used the first positive group of nitrogen in obtaining the quantum interpretation
and arrived at the conclusion that a “family ” indicates a common final state,
and a “class” a common initial state. This led him to the quite erroncous
conclusion that bands with a common final state have common perturbations.

* When such a figure is drawn to scale, the length of each horizontal line should
be proportional to the frequency of the point in the band which we have referred
to as the “origin” of the band. The origin of the particular band 00 will be
defined as the “ origin ” of the system, because its frequency is proportional to the
change in electronic energy. Since the origins of very few bands are as yet known,
the frequencies of the heads may be used as a first approximation. This causes a
first order error in the separation of the two sets of levels, but only a second
order error in the spacing of each set.
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in the final set. Ir other words, the constants in the equations of the
two Deslandres’ progressions are not the same. This fact is interpreted
by the quantum theory as evidence that the vibrational frequency of the
molecule is altered by the change in electronic configuration which accom-
panies the emission of the bands, for the distance between any two
successive levels of a set (Av) will be shown later to be equal to the mean
frequency of vibration of the molecule for these levels. According to
Kratzer’s theory of the non-harmonic oscillator the frequency of vibration
should normally decrease as the amplitude increases. Hence the value
of Av should decrease with increasing n’ and n”, as previously stated.
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F1cure 2—Second Positive Group of Nitrogen. Band Heads Arranged in
Progressions

Figure 1 shows clearly that the direction of degradation of a sequence
depends on the relative values of the spacing of the initial and final
vibration states, and hence on the relative frequency of the oscillator in
these two states. If the mean ogcillation frequency is smaller in the
initial state, the sequence degrades to the red. This must always be true
for the vibration-rotation bands if the frequency of vibration decreases
with increasing amplitude, and is indicated in Figure 1(d), where the
bands 150, and 2->1" may be considered as the first two members of a
sequence. In the case of such bands there is no electronic transition, and

% Recently found by Colby, Meyer and Bronk(18), in HCI, as discussed in
Chapter III of this report.
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hence the two sets of levels coincide, giving a single set, in which n’
now represents merely the left-hand level, and n” the right-hand level,
in a given transition. Furthermore, the series of vibration-rotation bands
designated as a fundamental with its overtones (1->0, 20, 3->0) would
be designated as the n’ progression (n”=0), or more briefly as n’ pro-
gression(0), and the fact that the frequencies of the overtones are less
than expected in the case of true harmonics is in agreement With the
figure. The sets. of electronic bands here represented may be designated
as n” progression (1), n’ progression(2) and sequence(+1), the numbers
indicating the common value of 7/, n”, and n” —n/, respectively.

Figure 1 indicates also the origin of the following two rules, which
have been found useful in assigning vibrational quantum numbers.”

(A) When, in a Deslandres’ progression, Av decreases in absolute
magnitude as v decreases, we have a f(n”), with n” increasing as Ay
decreases. This represents a single n” progression and each band exhibits
the same type of perturbations.

(B) When, in a Deslandres’ progression, Av increases as v decreases,
we have a f(n'), with n’ decreasing as Av increases. This represents a
single n’ progression.

Some of the relations just described are shown in another manner in
Figure 2, which, as already mentioned, represents the heads of the bands
of the second positive group of nitrogen, drawn to scale.” The actual
values of the vibrational quantum numbers (n'-»n”) are given for each
band,” the arrow indicating the process of emission. Each of the five
horizontal rows represents the bands of one n” progression, or in this
case, of one Deslandres’ first progression. The value of Av increases to
the right (i. e., to the violet). The long dotted line indicates n’ pro-
gression(6), or in this case, a Deslandres’ second progression, with Av
Increasing to the red, as indicated. The steep dotted line indicates the
sequence (+7), and the values of the various sequences are shown below
the last member of each. The range from +7 to —3 indicates that the
vibrational energy may increase as well as decrease, in the process of

*Just as in the case of the direction of degradation of all vibration-rotation
sequences, the validity of these rules depends upon the assumed law of force for
the nuclear binding.

" See Fowler and Strutt(14), Plate 10, Figure 2a for a photograph of a portion
of this system, under low dispersion. Figure 2 is from Birge(18).

*The assignment of vibrational quantum numbers for the first, second and
fourth groups of nitrogen was made by Birge(15), before the American Physical
Society, December 1923, for the second group by Hulthén and Johansson(16)
and (17), before the Swedish Academy of Science, February 1924, and for the
same system by Mecke and Lindau(18) in June 1924.
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emission. In the case of vibration-rotation bands, members only of
negative sequences can exist, since in that case there is no electronic loss
of energy to more than counterbalance a possible increase in vibrational
energy, in the emission process. In this particular system there is a
sharp upper limit to the initial vibration number (here n’=4), as if the
molecule became unstable for more violent vibration, and the resulting
successive diminution in the number of bands composing each negative
sequence is a very significant feature of this type of spectrum.

From Figure 2 it will be noted that near the less refrangible end of
the system, the successive sequences overlap somewhat; but near the
violet end each sequence is quite distinct from its neighbors. These two
conditions are found often in a much more exaggerated degree. Thus in
the first positive group of nitrogen, each sequence is very long and over-
laps considerably on the adjacent sequence.” The yellow sequence ( —3)
can be followed for at least five bands into the green sequence (—4),
and each of these sequences consists of at least 15 observed bands. The
other extreme is illustrated by the violet CN group, which is shown in
Figure 3, in the same form as employed for Figure 2. We see here that
the different sequences are so widely separated that a grouping together
of the series of bands forming each sequence is a most natural one. In
fact, it has been customary to speak of each of these sequences as a band
composed of several “subheads.” This nomenclature is unfortunate as
it is convenient to reserve the word “subhead ” or “subsidiary band ”
to denote the various heads or bands having the same vibrational quantum
numbers, but compounded as a result of the existence of multiple initial
or final electronic quantum numbers. It is impossible to decide whether
a set of neighboring related hands are subheads in this technical sense,
or successive members of a sequence, except upon the basis of a logical
assignment of vibrational quantum numbers for the whole system.”
Criteria for making such assignments will be discussed later.

* See drawing on p. 71 of Birge(19). The true vibration quantum numbers can be
obtained from the equations n” =50 — p, n’ =57 — n, for as already noted,
equations (6) apply to this group. This assignment of quantum numbers indicates
immediately the true position of the four bands which, in the drawing, are placed
simultaneously in two different sequences.

*Thus the lines lying between A3883 and A3590 are referred to usually as the
3883 CN “band,” with its five “subheads.” This, however, is actually a sequence
of five bands. On the other hand, each band of the first positive group of
nitrogen has several true “subheads,’ by the above definition. See Birge(18)
Plates 2 and 3 for this latter system under high dispersion, and Fowler and
Strutt(14) Plate 10, Figure 1a, for the same system under low dispersion.

6
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Part 20. THE RELATIONS BETWEEN THE LINES ForRMING A BAND

Let us now consider briefly the structure of the series of lines forming
a “band,” each line corresponding in general to a distirictive change
of the rotational quantum number. Fortrat(3°) was the first investigator
to suggest the correlation of lines which the quantum theory has since
shown to be the correct one. In this arrangement as shown in Figure 4,
all of the lines of a band form one series, beginning at the point 4. This
point, as will be shown in Section 5, is practically coincident with the
“origin ” of the band. The series has two branches, the R or positive
branch proceeding from A toward the violet, the P or negative branch
toward the red. The lines of the two branches form essentially a con-
tinuous series, except that the line which should fall at A is missing and
is sometimes referred to as the “null-line.” The intensity of the lines
of the two branches is roughly symmetrical with respect to the point A4,
rising rather rapidly to a maximum and then decreasing more slowly.
The lines of both branches can be represented, to a first approximation,
by the parabola
v=A4+2BM+ CM? (7)

where M =0 for the missing line at 4, and has successive integral values
+1, +2?, 43, etc., for the B branch, and —1, —2, —3, etc., for the
P branch.” It is evident that when M = —B/C the frequency interval
between successive lines becomes zero. This point is defined as the
“head ” of the band. By the method of numbering M, B is always
positive, but C' may be positive or negative. If it is negative, the head is
formed by the R branch, as in Figure 4, and all other lines of the band lie
to the red, the band then being said to degrade to the red. If C is positive,
the head lies in the P branch, and the band degrades to the violet.

If the intensity in the branch forming the head does not rise to its
maximum value and fall again too rapidly, this branch returns across

' This figure is a drawing to scale as regards both position and intensity of the
lines for a portion of the N280 Cu band, shown by Mulliken(21), from the
isotopic effect, to be due to CuH.

* Both branches are often plotted against positive values of M. As shown in
Fig. 4, we shall, when necessary, use P(M) to denote the frequency formula for
the negative branch in terms of positive values of M, and P'(M) to denote the
formula for the same branch in terms of negative values. Thus P'(M) is obtained
from P(M) by reversing the sign of every odd power term in M, if these functions
are assumed to be polynomials in M. It is the mirror image of P(M), formed by
the axis M =0. If it is found that P'(M) and R(M) are identical functions,
we say that P'(M) is the smooth continuation of R(M). In this case the function
R(M), which gives the real lines of the R branch with positive values of M, gives
also the real lines of the P branch with negative values of M.
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the origin, as indicated in Figure 4, so that on the left side of the origin
one finds an intermingling of the lines of both branches. This returning
branch tends to obscure the origin, since the initial lines in each branch
are weak, while it frequently happens that the strongest lines of the
branch occur in the immediate vicinity of the head. Moreover, in many
if not most bands it would appear that A is so close to the head that it
is impossible to resolve the lines between A and the head. Hence we have,
historically, a quite different view-point regarding band structure, origi-
nally formulated by Deslandres. According to him a band was composed
of two series, both proceeding from the head, although it was usually
not possible to trace one of these series in the vicinity of the head. Thus,
in Figure 4, all of the P branch and that portion of the B branch between
A4 and the head form one Deslandres’ series. This is the dominant seriea
at some distance from the head and was often called the main or primary
gseries.® The other Deslandres’ series comprises the remaining portion
of the R series, and since it dies out quickly, as it proceeds from the
head, it was called the secondary series. For bands degraded to the
violet it is of course the P branch which is thus divided between the
two Deslandres’ series.

Since Deslandres numbered the lines of each of his series from the
head, in terms of what we shall call mp, his equation can be written H

v=a+b(mp+c)? (8)

where ¢ is less than 0.5 and constitutes the * phase” in Thiele’s(%)
theory of band series. Unless the observations are very accurate, one can
assume ¢=0, and we thus obtain the distinctive Deslandres’ “term ”
bm?p. But according to the quantum theory, the distinctive term is
2BM, in equation (7), where 2B gives the separation of successive lines,
at the origin. As can be seen, this has no relation to Deslandres’ term.
We mention this fact because in the first formulation of the quantum
theory of band spectra an attempt was made to obtain a second degree

8 This series can normally be followed until it is lost in some adjacent strong
band. Occasionally, however, a series seems to go to pieces, even when no such
neighboring band is present, and when the exposure is sufficient to carry it further.
This is true of all the series of the A3883 CN sequence. These first become very
irregular as regards frequency, and then disappear at about A3640, although it
should be possible to observe them for some distance further. A very striking
example of the sudden disappearance of a series at a definite line is that of the
calcium hydride band A3534, recently discussed by Mulliken(88), who ascribes
the phenomenon to resulting instability of the molecule, when the rotational
energy reaches a certain limiting value—in this case a relatively low value.

% See Birge(23), pp. 86-89 for a critical review of Deslandres’ original statement
of this relation, and of the various forms in which it may be expressed.
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term in the quantum parameter, to agree with Deslandres’ term, and
even considerably later this assumed requirement has caused some
confusion.”

According to equation (7), both branches of the series can be repre-
sented by one formula. Recent work seems ta indicate, however, that
there is often a slight discontinuity at A, so that different formulas are
needed for.the two branches. Moreover, as has long been known,.a simple
parabolic formula is far from accurate. Thus the successive separation
of lines, instead of being a linear function, was found by Birge (%), to
be accurately a hyperbola, in the case of the main (A,) series of the
3883 CN band, the longest series thus far known. The lines of this band,
at a point far distant from the head, instead of continually increasing in
separation, actually begin to draw together again. This fact led to the
theory that each band had a “tail ” as well as a head. It has since been
found that there is no experimental evidence in favor of such a theory,
and no such phenomenon is to be expected, according to the quantum
theory.

Now if the lines of a band are numbered symmetrically about the
point A, of Figure 4, and if the intensity is plotted as a function of M,
using positive and negative values, we obtain an intensity distribution
precisely similar to that observed in the vibration-rotation bande.® This
similarity is perhaps the strongest evidence in favor of an analogous
interpretation of the two types of spectra. The actual appearance of the
spectrum of the two types is usually quite different because the intensity
in the vibration-rotation bands, due largely to the low temperature of
the molecules concerned, reaches a maximum for low values of M, and
then falls so rapidly that the “ head > has never been reached in any such
band. Therefore the missing line A is a conspicuous feature of these

* See Sommerfeld’s “ Atomic Structure,” 4th Ed., p. 706.

* See Frerichs'(88), Figure 1, for an illustration of such a plot, for electronic
bands. The data for the intensities in Figure 4 are taken from Frerichs’ work.
It should be noted that while the distribution of intensity is quite similar in the
P and R branches, the P branch is somewhat stronger. This is true in the case
of nearly every electronic band thus far analysed quantitatively. In the case of
vibration-rotation bands, it is as yet impossible, because of difficulties of inter-
pretation, to say whether a corresponding condition holds true. Fowler(86) and
Dieke(87) in recent articles, predict that the P branch should be stronger in
emission, and weaker in absorption. Note added in proof. This prediction has
now been verified by Kemble and Bourgin (Nature 117: 789, June 5, 1928) for
the fundamental HCI band, as obtained in absorption. The R branch is definitely
stronger than the P branch, and the quantitative distribution of intensity in each
branch is in good agreement with equation (179) or (182) of Section 6 ahead,
under the assumptions given in footnote (151).
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bands, while in the case of electronic bands, as already noted, this point
is usually well concealed by the returning branch.” An arithmetic dis-
tinction between the two types is as follows. In the case of the vibration-
rotation bands the frequency of the point of minimum intensity of a set
of bands is given approximately by va, 2va, and 3vs, while in the case of
electronic bands, a Deslandres’ progression is given approximately by
Ve + Vn, Ve+ 2vn, ve+ 3va, etc., OF bY ve—va, ve—2va, etc., where v, is many
times as large as v, and, as already noted, has been interpreted as pro-
portional to the energy change involved in an electron transition. The
quantum interpretation of the P and R branches of an electronic band is,
however, precisely similar to that of the P and R branches of the vibration-
rotation bands, as discussed in earlier chapters.”

Certain electronic bands, even at ordinary excitation temperatures,
have a head which is very weak, or entirely missing, so that the intensity
distribution is quite similar to that of the vibration-rotation bands. In
such cases it has been customary to speak of the two branches, R and P

= As already discussed in Chapters I and III, the distribution of intensity is
s function of the temperature, and therefore the various types of intensity
distribution just noted can be obtained in the same band, by merely varying the
temperature. Thus in the 13883 CN band, as usually obtained in the arec, the
maximum of intensity occurs just at the head, which is therefore very pronounced.
But in active nitrogen, where the temperature might be expected to be practically
that of the room, the main A, series of Deslandres has a conspicuous *‘ hole ”
at the true origin of the band. See Figure 4b, Plate 6, of Strutt and Fowler(28),
a8 discussed by Birge(%9).

21t may assist the reader if at this point we make the following brief statement
regarding nomenclature. There is still some uncertainty as to the correct quantum
designation of the lines of an electronic band, especially in the case of the more
complex bands. Hence the matter of nomenclature is frequently the source of
muck confusion. The nomenclature used in this chapter will be defined more
precisely in a later section. We will merely note at this time that Kratzer and
many others use m for the number of quanta of angular momentum of the whole
molecule in the final state (emission), which in this report is called j, writing
P(m) for the line m — 1->m, and R(m) for the line m + 1->m. On the other
hand, it is very common practice to use m also for the empirical parameter
or “Laufzahl ” which we have just designated as M, and to write P(m) and
R(m), where we would write P(M) and R(M). In discussing the experimental
facts it is very convenient to use this parameter M, whose values can usually be
ascertained from a study of the intensity distribution. In order to distinguish
it from our j, we write P(M) and R(M), in contrast to P; and R;. Thus, if j
is not identical with M, P, and P(M) represent different functions. Moreover,
it is possible for M and j to be identical for the R branch, while in the case of the
P branch, let us say, 7=M -+ 1. This condition would be expressed as follows:

RM)=R()=R, P =PG—-1=P,
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as the “head ” and “ tail ” of the band.® Examples of this type are the
atmospheric oxygen bands, as shown so beautifully on Rowland’s maps
of the solar spectrum, and the C+H bands.” More recent examples are
the bands of hydrogen™ and helium® where the low value of M for
maximum intensity is due primarily to the small moment of inertia of
the molecule, rather than to low temperature.

As already mentioned, Deslandres assumed that, as a first approxima-
tion, the v: mp curve of a band series was a second degree parabola. It
is probable that there is no band series in which this condition is strictly
true for either the v: mp or v: M curves, and frequently the deviations are
very great.

Even in the case of CuH A4280, where the deviations from a yarabola
are relatively small, a rigorous investigation * has indicated that it is
necessary to use different functions for the two branches, and at least a
fourth degree polynomial, in each case. Frerichs(?0) attempted to fit
both branches to a common fourth degree parabola, but the deviations
are very great for values of +M or —M greater than 12. This require-
ment of different analytic functions for the two branches of a series
seems to be a general one, although the magnitude of the discrepancy
may be so small as to escape notice, without a rigorous least squares
investigation. Thus, in Figure 4, the two branches B and P’ of the
A4280 band seem to be continuous in every respect. But the actual
equations required are,™

R (M) =23,311.080 + 14.60723[ — 1.078343* —0.001155M°
+0.0000364}*.  (9)

P’ (M) =23,310.976 + 14.4439} — 1.09105M2 — 0.003657 >
+0.0000138M*.  (10)

#® The head referring to the branch which returns, or tends to return, on itself.

* See Figure 3, Kayser’'s Handbuch, 5: 231; and Strutt and Fowler(28), Figure
7, Plate 6. In this A4300 C 4 H band, the confused mass of lines between the
head and tail forms a complex “ Q ” branch. This additional branch is discussed
later in the chapter.

1 Dieke(39), Kiuti(31), H. S. Allen(32), Richardson and Tanaka(38), Curtis(84)
and others. See Part 5e ahead. .

* Curtis(368), Plate 1. Here also a “Q ” branch occurs between the P and R
branches.

* Unpublished work by Birge and Shea, using their rapid method for obtaining
the least squares’ solution of a polynomial of any degree. See reference (36).

*In using the method of least squares, it is necessary first to smooth out any
obvious irregularities in the measurements. For this band, the only change thus
made was in the case of P(21), where 22,663.06 was used in place of Frerichs’
22,562.86r. In each branch the first 25 lines were used, i. e., to P(25) and R(25)
inclusive.
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The average residual is 0.023v for the P branch, and 0.028v for the &
branch. The discontinuity in v at M =0, is only 0.104v, or 0.024 and may.
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be within the limits of experimental error. The differences between the
two functions may be shown graphically by plotting the Av: M, A%: M,
and A% : M curves, and this is done in Figure 5. As will be shown in a
later section, these various differences, when plotted against the mean
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value of M concerned, are essentially equal to the respective derivatives
of the functions given by equations (9) and (10).

In Figure 5, the Av: M curves for R and P’ are discontinuous at M =0
by only 0.163, and again this may be within the limits of error. But the
Av: M curve for the R branch is almost linear, while that for the P
branch has a pronounced curvature. This appears more prominently in
the A% : M curves, where that for the R branch is roughly vertical, while
that for the P branch has a large slope. According to Deslandres’ law
as given by equation (8), this A% curve should be a-vertical line. In
Figure 5, the continuous curves correspond to equations (9) and (10)
while the broken curve is Frerichs’ solution. Here again the two A%
curves may be continuous at M =0, but if so, a very complex function
would be required to represent simultaneously the two branches. The
A% curves are linear, since a fourth degree polynomial was used, and
it is again evident from the great discontinuity of these two curves, at
M =0, how difficult it would be to obtain a common analytic function for
the two branches.

Therefore, assuming that the P and R branches are to a certain degree
discontinuous at M =0, we reach the interesting conclusion that while
according to the original idea concerning band spectra, each band was
composed of two serf&s which were presumably discontinuous at the
head of the band (mp=0) it now appears that there are indeed two
series (or branches), but the point of discontinuity, if present at all,
is mot at the head, but at or near the point of minimum intensity, M =0.
It is to be emphasized that the most careful investigation has revealed no
irregularity in a series as it turns back on itself to form the head of a
band.” The theoretical aspects of the above relations are discussed at
the end of Part 5b ahead.

We have mentioned two deviations from the simple parabolic formula
for the v: M curve—one the more complex functional form necessary—the
other the fact that different equations are needed for the two branches
P’ and R. These irregularities concern the series as a whole. There
remain further types of irregularity which concern particular lines;
these are illustrated in Figure 6, which gives the residuals for the C,
series of the 3883 CN band, as calculated by Birge(37), from a hyperbolic
formula for the Av: mp curve. The so-called C, series is the main series
of the band A3862, commonly referred to as the third sub-head of the

*In most bands the lines are so crowded near the head that it is impossible
to follow the series around this point of reversal, and no definite conclusion can
be drawn as to the question of continuity. But in other bands, such as the
A3084 water band (probably due to OH), the lines are far less crowded and the
absence of any discontinuity at the head can definitely be proved.
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A3883 band but actually the third band of the 3883 “sequence.” The
true point of minimum intensity, M =0, of the band is at mp=30. Thus
the C, series includes the entire R branch and a portion of the P branch,
the band being degraded to the violet.

Figure 6 illustrates quite vividly the discontinuity at the point M=0.
In this investigation (reference (37)), which was carried out previous
to the advent of the quantum theory of band spectra, an attempt was
made to fit the entire C, series into a single analytic formula. But it
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Ficure 6.—\3883 CN. Difference between Observed and Calculated Frequencies
of C, Series. Deslandres Type of Nomenclature

was found that the portion of the series for which mp is less than about
30, could not be brought into harmony with the remainder of the series.
This is shown in Figure 6 by the large values of (O —C) for this portion
of the curve. In the case of the A, series (the main series of the true
3883 band), the deviation from a smooth curve is far less—so small in
fact as to be practically unnoticeable, as is shown by a corresponding
representation.”

* Figure 3, p. 97 of reference (33).
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The outstanding irregularities in Figure 6 represent the “ perturba-
tions ” so well known in many band series. In the case of the 3883 CN
sequence, the perturbations increase in size and complexity from 13883
(the 00 band) to A3862 (the 2-»2 band) here shown, and this increase
with increasing value of n is always found. The figure illustrates
an additional irregularity, evidently connected with the perturbations.
The lines of the series do not fall on a smooth curve, such as that
employed, but periodically deviate from it, beginning above the analytic
curve after each perturbation, and ending below it, before the next per-
turbation is reached. The points marked with circles represent spectrum
lines which are not confused with other lines, and which therefore are
alone trustworthy. The dotted lines represent the limits of error
(=%0.0034). This is the only known case of this type of what might be
called “ periodic ” irregularity, but very few series have heen examined
with enough care to reveal such a condition, even if it did exist.

Two facts in connection with these perturbations are of importance in
the quantum theory. One of these, found by Deslandres, as already
mentioned, is that the bands forming a Deslandres’ first progression
possess perturbations of a similar character. The bands of such a series
are now known, in all the cases examined, to have the same initial con-
dition of vibration, and hence the perturbations may be assumed to be
due to an irregularity in certain initial (higher energy) levels of the
molecule. The other fact, discovered by Fortrat(®°), and stated more
precisely by Heurlinger (38), is that in the same band, the perturbations
occur in pairs, the lines R{M) and P(M+1) showing similar irregu-
larities of position and structure.”

This similarity of the perturbations formed the basis of Fortrat’s
division of the entire series into two branches, now called P and R.

* Heurlinger’s(38) work on the 3883 CN band indicates that the two related
perturbations are qualitatively but not quantitatively similar. But a more detailed
investigation of this band by the writer (unpublished), indicates that the agree-
ment is quantitative. This agrees with the results of Bachem’s(39) investigation
of the effect of a magnetic field upon these perturbed lines. In the case of the
triplets of the second group of nitrogen, the quantum interpretation has not yet
been carried far enough to decide whether certain corresponding perturbations
are actually somewhat different, as is indicated by Lindau’s(11) results. It should
be noted also, that the occurrence of similar perturbations at R(M) and
P(M + 1), where M has the meaning just given, furnishes a very precise method
for obtaining the relative values of M for the two branches. It does not, however,
give any information as to the absolute values, such as may be obtained from
a study of the intensity distribution, but it is an important fact that in every
case investigated, the relative numbering of M, as determined by these two
criteria, is in agreement.
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Heurlinger (38) in his masterly analysis of the empirical facts of band
spectra, adopted this idea, and added the additional criterion of the
symmetrical distribution of intensity about the same point of division.
With this work by Heurlinger as a basis, the application of the quantum
theory to electronic bands was inevitable. Later it was realized by
Kratzer (), that the two lines R(M) and P(M +1) comprising the two
gimilar perturbations must be interpreted in such a way that they cor-
respond to the same initial condition, as regards the rotational quantum
number, as well as regards the vibrational. This necessitated the intro-
duction of half-integral quantum numbers, in the case of series with
one missing line.” The correctness of such a procedure has since been
proved by more direct and convincing lines of evidence, but the perturba-
tions must be credited with having initiated at least two of the most
important advances in this field.

Parr 2p. THE “Q ” BRANCH

Thus far we have tacitly assumed that each true quantum band con-
sists of one series (the lines of which may be multiple in structure) com-
posed of two branches R and P. By taking the point of zero intensity as
an origin, and numbering the lines of the two branches with positive and
negative values of M, as we have done, one may represent both branches
by a single v: M curve, although in general there may be a more or less
pronounced discontinuity at 3/ =40. As has been shown in Chapter II,
these two branches correspond, on the quantum theory, to transitions
in which the rotational quantum number (j) during emission increases
by one unit (the P branch), or decreases by one unit (the E branch). In
the same chapter it was shown that this quantum number which is taken
to represent the resultant angular momentum of the molecule, can also
remain constant, during the absorption or emission of radiation, if the
resultant angular momentum is not in the same direction as the nuclear
angular momentum. The zero change in the value of j gives rise to the
so-called @ branch, or zero branch. Kratzer(4!) in a discussion of the
correspondence principle, as applied to electronic bands, concludes, on
the other hand, that the presence of a @ branch does not necessarily
imply the existence of angular momentum about the figure axis. He
concludes also that under special conditions any one of the three branches,

# Thus, if M =j”, for both branches, as had been supposed up to that
time, R(M) indicates the line (M 4 1)'>(M)”, and P(M +1) the line
(M)'>(M +1)". The two lines are thus seen to have no condition in common,
when we remember the difference in electron configuration in the initial and final
states, making M’ a quite different configuration from M”.
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P, Q, and R, may be absent. The @ branch occurs in many bands, notably
the A3064 water band(38), the C+H bands(*®), the Zn, Cd, and Hg
hydride bands(%®), the Angstrom CO bands(*), and the helium
bands(38). It does not occur in the analyzed bands of N, and O,, but
does occur in He, and H,.

The observed relation of the @ branch to the R and P branches in the
case of a band with one missing line between the P and R branches is
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Friure 7—Schematic Representation of P, P', Q, Q’, and R Branches. » Plotted
against M. Spectral Lines and Relative Intensities also Indicated.

shown in Figure 7, which is drawn in a manner similar to Figure 4,
except that Figure 7 relates to a band degraded to the violet. The A5610
CO band(**) is an actual example of the relations shown in this figure.
The ordinates are values of M and we number the ¢ branch in the same
manner as the other two, calling the first actual line M=1. The v: M
curve for this new branch is then a parabola with its vertex at M= 43,
The first observable line of the @ branch—the @ (1) line, coincides in
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frequency with the missing line M=0 for B or P. The theoretical
(missing) line Q(0) also coincides with Q(1). The frequency given by
the vertex of the Q branch parabola defines the “origin » of a band, and
hence is almost, but not exactly, coincident with the missing line between
the P> and R branches. Since the real Q(l) line coincides with this
missing line, we can of course not verify the fact that this latter line
is actually missing, but can only assume it by analogy with bands in
which the @ branch is absent. It may be noted that in order to make
clearer the position of the vertex of the @ branch parabola, we have, in
Figure 7, extrapolated this curve into the region of negative M’s, calling
the extrapolation Q'. Thus @’ and Q are symmetrical with respect to their
vertex at M =14, but P’ and P, as previously noted, are symmetrical with
respect to M =0.

Figure 7 shows also the actual position and relative intensity of the
lines of the three branches, for the hypothetical case of the maximum
intensity at about M/ =3. While considerable work has been done on the
distribution of intensity in the P and R branches, there are practically
no published data for the case of the @ branch.” We assume, however,
that the distribution in the @ branch is very similar to that in the
P and R branches.

ParT 28. INTENSITY RELATIONS

We have mentioned, in Part 2c of this chapter, the fact that the
distribution of intensity in a given series is a function of the temperature,
so that the general appearance of a given band can be radically altered
by suitably varying the temperature. This variation is to be expected,
on either classical or quantum theory, from the statistical distribution
of rotational energy, and agrees essentially with the predictions of this
theory when the conditions are such as to give thermal equilibrium.
There is also a predicted variation of intensity of each entire band,
compared to other bands of the system due to the distribution of vibra-
tional energy. The predicted intensity variation, for a given change of
temperature, is far less in this latter case and accordingly difficult to
detect. It seems, however, to be actually present in certain cases where
this question has been investigated.

But the experimental evidence indicates quite clearly that the relative
intensity of the various bands of a system is a function of other condi-
tions besides temperature; and as yet very little progress has been made

* Heurhinger's data, pp. 31 and 34, of (38) form one exception, but the intensities
given are not sufficiently accurate for any theoretical deductions. See also
Watson(45).
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in the theory of this phenomenon even to the extent of identifying the
controlling agencies. Finally, in the case of multiple bands, described in
the next section, the relative intensity of the two or three components
forming each line of the band can be made to vary, by mixing the gas
being investigated with other gases. This may be connected with the
distribution of energy among the various closely spaced electronic levels
which seems to cause certain band multiplicities. All of these intensity
variations can be discussed more conveniently after we have considered
in more detail the actual quantum interpretation of the bands in question.
We accordingly defer the matter to later sections of this chapter.

PArT 2F. MULTIPLE BAXNDS

Thus far we have considered each band as though the series were
composed of single lines. Such a condition is represented by the Ang-
strom CO bands(%*) and apparently by the negative carbon bands(*8)
(due probably to CO*), but is quite exceptional, the great majority of
series being composed of doublets, triplets, or even higher multiplicities.
These multiplicities can be divided, from a practical standpoint, into
two distinct classes. Class one consists of a multiplicity in which the
spacing of the component members is essentially independent of the
value of M, but in class two the spacing is distinctly a function of M.
It is probable that in many bands both classes are superimposed. In
class one, the spacing, in several of the cases thus far noted, is large
(even up to 3600» in HgH) and thus one finds, experimentally, double-
headed bands of constant doublet spacing, such as the B bands of
nitrogen (1), (Av=8%). In so-called “ double-double-"headed bands,
such as the y bands of nitrogen(1%), the « bands of BO(*), and the
comet-tail bands(48) (due probably to CO'), and many others, the large
constant separation (about 120y for all three) of cach of the close
doublets doubtless belongs to this class.” The separation is due probably
to a double electronic energy level, in either the initial or final state, or
both, thus giving a double “origin ” for the band. This may be inter-
preted as due to various possible space quantizations of a valence electron,
in analogy to the interpretation of the doublets and triplets of line

“ Baldet’s recent analysis (48) of the comet-tail bands shows that these arc
really double bands of constant frequency separation. The two closely adjacent
heads of each component of the doublet are due respectively to the turning
point of the R branch (ordinary “head” of the band) and the head of the Q
branch (the “origin” of the band). It is therefore probable that double-headed
bands of constant frequency separation, and double-double-headed bands, differ
only in the fact that the latter have a Q branch, while the former do not.
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Fiaure 8.—Types of Doublets.

A The Hg and CN type of doublet, discussed in detail in Part 5¢c. Curve drawn to scale
for Hg 4017 (degraded to the violet) except that the M scale is slightly displaced
to make the doublet separation equal zero at M =0. See Figure 21 for a more
accurate drawing.

B. The doubling due to a rotational isotopic effect, discussed in Chapter V.

C. The water-band (OH) type of doublet, discussed in detail in Part 5d. Curve drawn
to scale for A3064, except that this band dcgrades to the red.

D. Schematic drawing of C+H 24300 (degraded to violet) with doubling greatly
exaggerated. A combination of type C and type A’ doubling. A’ differs from A on;ly
in the fact that in 4’ the separation increases as M3, while in A it increases as M.
With the omission of the broken curves one obtains A3800 C-}+H, except that
this band is degraded to the red.
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spectra. This idea has been suggested by Mulliken (4?), to whom is due
also the general division into classes one and two, now being discussed.

The class two type of multiplicity, in which the spacing varies with
M, has been the subject of considerable investigation. Obviously this
class may include also class one, and from a theoretical standpoint it
may be convenient to define any multiplicity in the “origin ” of a band
as an example of class one. This is not a practical working rile, since
the calculated position of the origin, in a complex band, depends greatly
upon the exact theoretical interpretation of the multiplicities, and in
many bands it is not yet possible to state definitely whether or not the
origin is multiple in character. For the present, class two will be con-
sidered from the experimental standpoint, ignoring the question as to
whether it may, or may not, include class one.

Class two is divisible into several distinct types of multiplicity, some
of which have been studied in detail, and are illustrated in Figure 8.
In this figure only the P and R branches are shown, even when the band
actually possesses a @ branch. The values of 3 as used are not always
such as to agree with the true numbering of M for which the intensity
is symmetrical with respect to M =0.

Taking up first the question of doublets, we find three different types,
illustrated by curves A4, B, and C." Curve (A4) is drawn to scale for
the Hg A4017 band, from the data of ILiese(°), as arranged by
Kratzer (*%). In this type of band, each branch consists of doublets whose
separation is, approximately, proportional to M. The doublets may be
considered as the symmetrical opening out of two superimposed lines
in such a fashion that P’* is the smooth continuation of R-, while P~ is
the smooth continuation of R*. The quantum interpretation of such rela-
tions is discussed in Part 5c. Tleurlinger calls such bands, “singlet ”
bands, since the doublet separation is zero at or near the origin.” The
violet CN bands, according to Kratzer (#3), form further examples of this
type of band. In these CN bands the doublet separation is about 0.002
as large as in the ITg band plotted in the figure, and within limits of
error, the separation is the same in the two branches for equal values
of M.® This equality of separation includes the perturbations, and since

“* All of the curves of this figure are drawn as if the bands were degraded to
the violet, but the actual A3064 OH band (curve ) is degraded to the red.

“ Since there may be some uncertainty as to the position of the origin, a more
general statement would be—a band in which the doublet separation decreases
as the origin is approached, and becomes zero at or near the origin, is defined by
Heurlinger as a “singlet ” band

“*See p. 280 of reference (29) and Part 5¢ ahead. for further details concerning
the doublet separation in the CN bands. It increases to a maximum value and
then decreases toward zero, as M increases.

7
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these occur at R(M) and P(M +1), as already noted, it would be more
accurate to say that the equality of separation is with respect to £(3).
Certain significant differences between the CN and Hg doublets are
discussed in Part 5c.

Bachem (%) has found that in a magnetic field the two components of
the doublets of the CN bands are drawn together and may become
practically ‘single lines. Moreover, the abnormally wide doublets com-
posing a ‘perturbation are abnormally sensitive to the effect of the field,
so that the field tends to obliterate these abnormalities. With respect
to this magnetic property, the doublets may be compared to the doublets
of line spectra, which in the Paschen-Back effect are reduced to single
lines, upon which the normal Zeeman splitting is superimposed. This
normal splitting is absent in the series lines of band spectra. Magnetic
relations such as these are considered in Chapter VII of this report.

Curve B represents the theoretical doubling of lines due to the rota-
tional isotopic effect, in the case of two species, and is an adaptation of
Mulliken’s(51) drawing, in his theoretical paper on this subject. No
such doubling is actually observed in the spectrum except in the case
of the 0—0 band, for in other cases one has superimposed upon it a
relative lateral displacement of the two curves B; and B., due to the
vibrational isotopic effect. In the rotational isotopic effect the doublet
separation is proportional to the frequency distance of each doublet from
the origin (i. e., its horizontal distance, in Figure 8), while in curve 4,
the separation of each doublet is proportional to M (its vertical distance
from the origin at M =0). In curve B, this doublet separation is 20 per
cent of the distance of one component from the origin, and represents
roughly the actual isotopic effect, assuming zero vibrational effect, in the
case of two diatomic molecules in which the common atom has a mass
of 10, and the two isotopes masses of 8 and 12.

A third type of doublet is illustrated by curve C. In this case the
doublet separation for large values of M approaches asymptotically a
constant value, but for small values of M it rapidly increases as M
decreases, becoming a maximum for M =0 and generally giving the band
a definite double “origin.” Heurlinger called such bands “ doublet”
bands. Curve C is drawn to scale for the A3064 water band, from the
data of Heurlinger(38).“ The correct quantum assignments for this
band are discussed fully in Part 5d ahead. We may note here that by
giving half integral values to M as has been done in plotting the figure,
the P and R branches for each component coincide at M =0. The mean

“ A second band of this same system (A2811) has recently been measured by
Watson(48).
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position of each doublet is shown by the dotted line, which has a slight
discontinuity of slope at M =0.

Deslandres and d’Azambuja(58) found that the doublets of the A3064
band become wider in a magnetic field. It does not necessarily follow
that this is a different phenomenon from that shown by most bands where
the doublets become united. One must first know the true quantum
assignments of the lines forming the doublets.

If the dotted line in curve (C) is considered to be a real series, then
this curve may be taken to represent in a general way certain “ triplet ”
bands, such as thosc composing the second positive group of nitrogen.
There is still considerable uncertainty as to the relative values of M
for the three components of these triplets, but the middle component of
the triplet is similar in every way to the mean position of the A3064
doublets, while the two outer components of the triplet probably form
a doublet of this same type. The mean position of the outer components
does not, however, coincide with the middle component, and the relative
position seems to be different, for different bands of the same system.

Curve D illustrates a still more complex type of band, of which the
A4300 C+H band is the best, and perhaps at the present time, the only
known example. An inspection of this curve seems to indicate that we
have here merely the combination of curves A and C. In fact in the
A3900 C+ H band, which as Kratzer (58) has shown corresponds to the
same final condition of the molecule, the broken curves of Figure 8 are
missing, giving a resulting plot precisely like curve C* except that A4300
degrades to the violet, and A3900 to the red. An accurate analysis,
discussed in Part 5d ahcad, shows that one type of doublet is in fact
precisely like that for the bands illustrated by curve €. But in the other
type of doublet, the separation increases quite accurately proportional to
M2, while in curve A it increases proportional to M. Hence the theo-
retical interpretation is not the same, and we have here a fourth type
of doublet, which we may call type A’. In the case of curve D the repre-
sentation is purely schematic, the doubling being greatly exaggerated.

At the present time it would thus appear that a majority of the
analyzed multiplicities of class two could be classified as singlets and
doublets, or combinations of singlets and doublets. The doublets may
be divided into the four classes illustrated by curves 4, B, (', and a portion
of . The theoretical explanation of curve B is definitely known. The
suggested explanation of the remaining curves is considered in some
detail in Parts 5c and 5d of this chapter.

In conclusion it may be noted that the foregoing discussion does not by
any means exhaust the question of multiplicities in bands. Thus, in the
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second group of nitrogen one of the components of the triplet is itself a
narrow doublet,” and in many cases the two components of this narrow
doublet are of quite different intensity. Moreover, the line of greater
intensity is alternately the red and violet component of successive
doublets. Thus, if the faint component were not observed, the resulting
strong lines would appear to form a series in which half the lines were
slightly displaced.” This latter phenomenon is actually observed in the
case of one component of the triplets found in the A5165 Swan band.
These triplets are otherwise much like those in the nitrogen bands.
Again, the complex effects found in many bands, under the action of
a magnetic field, indicate that many seemingly single lines may actually
be quite complex.”

SECTION 3. THE MATHEMATICAL FORMULATION OF THE
QUANTUM THEORY OF ELECTRONIC BANDS

PArRT 3A. TuHE COMBINATION PPRINCIPLE AND THE SPECTRAL TERMS
or ELECTRONIC BANDS

The two fundamental postulates of the modern form of the quantum
theory are: (1) any mechanism capable of absorbing or emitting
radiation can exist in a series of discrete energy states ¥,, E,, E,, etc.;
(2) the mechanism can pass from one energy state to another, and if the
energy absorbed or emitted during this transfer is in the form of radia-
tion, the frequency of the radiation is proportional to the energy change
of the mechanism.

4 7
v:%—(]b"——E"):71——~1%L—:v'—v". (11)
The two frequencies v and v” are called spectral “terms,” and the
expression v=»'—»"” is merely the statement of the well-known Ritz
combination principle. (See Chapter II.)

The modern form of the quantum theory thus interprets a spectral
term as a number proportional to the energy of a possible state of an
emitting or absorbing mechanism, and Bohr in fact introduced the above
postulates mainly to obtain an agreement witlt the combination principle.
But it is to be emphasized that this principle is an experimental fact,
entirely independent of any theory, and one may undertake the neces-
sarily laborious task of isolating and evaluating the entire set of terms

“ Mecke(54) has recently concluded that a second component is also double,
giving the band a quintuple structure.

“ See Figures 2 and 3 of reference (10) and Figure 1 of reference (11),

“" See references (56), and many other articles.
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connected with a given spectrum without committing one’s self to any
particular theory. However, we must remember that the important
matter in connection with any theory is not the question of its truth
or falsity, but the question of its usefulness in correlating previously
known facts, and in suggesting methods of obtaining new and signifi-
cant facts.

Now in the case of line spectra, the main facts concerning the com-
bination principle were known before the advent of the quantum theory,
and as just stated, the theory was introduced to account for these facts.
In the case of electronic band spectra, the order of events has been
reversed. Previous to the introduction of the quantum theory, not a
single accurate example of the combination principle was known in
electronic bands, although the relations furnished by the Deslandres’
progressions formed approximate examples. There are two main reasons
for this dearth of information. (1) Electronic bands are so complex in
structure that the labor involved in isolating and evaluating the spectral
terms is so enormous as to be prohibitive, unless one has a definite idea
how to proceed upon such a task. (2) The outstanding regularities in
the structure of electronic bands, such as the heads, are actually of no
theoretical significance, and hence the previous endeavors to link all of
the numerical relations to these heads never led to an exact combination
principle. On. the other hand, the truly significant features of an elec-
tronic band, as far as the combination principle is concerned, are usually
rather concealed. IHence the quantum theory of electronic bands has
given a brilliant illustration of the usefulness of theories, for it has,
besides many other achievements, indicated a systematic method for
analyzing a band or system of bands into its spectral terms, and has in
the very few years of its existence led to the discovery of literally
thousands of accurate illustrations of the combination principle. There
are still, however, relatively meager experimental results on which to
base any general conclusions, due jointly to the complexity of the subject
and to the scarcity of workers in this field.

We have given the preceding statements because it might appear that
the logical method of procedure would be to consider in some detail the
type of spectral terms found in electronic bands, and then to discuss
possible methods of explaining such types. Actually, however, it is more
convenient to present first a theoretical formulation of the spectral terms,
and then to compare the results with experimental data. The chief reason
for emphasizing the spectral terms, rather than the spectral lines, is that
the formulation of the former is not only simpler, but gives immediately
the latter, by the joint use of the combination principle and the cor-
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respondence principle. That is to say, a series of spectral terms indicates
the possibility of a very large number of spectral lines, but when these
terms are interpreted on the quantum theory, only certain combinations
of terms are permitted.

While the energy values or spectrum terms associated with the emis-
gion of the infra-red vibration-rotation bands are functions of the rota-
tional quantum number j and the vibrational quantum number n, the
corresponding terms for the electronic bands are functions of certain
electronic quantum numbers, €, €, . . . (which will frequently be
referred to collectively as e), in addition to j and n. In the infra-red
vibration-rotation bands we have to do with a single “ electronic energy

Lnrssion
—_—

(«)

77

n= 20 ” " ” IZ3 ”

L]
RERRRR AR RN

Ficure 9.—Energy Levels of a Molecule.
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(a) Set of electronic levels, drawn to scale for the neutral nitrogen molecule.
A — D =55,110 cm™.

(b) Set of vibrational levels attached to electronic level B, and constituting
initial states of the first positive group of nitrogen. 205 — 05 = 28,477 cm™".

(c) Partial sct of rotational levels attached to vibrational level 4s, and consti-
tuting final states of the A3710 band of the second positive group of
-nitrogen. In the A3371 band, this set has been followed to j =96.

rl

level” and the associated vibrational and rotational sub-levels. The
emission of the electronic band spectrum of a given type of molecule, on
the other hand, involves more or less numerous electronic energy levels,
each accompanied by a full set of vibrational and rotational sub-levels.
As the energy of a given molecule is supposed to be determined by its
quantum numbers, we may assume that some general formula of the type

E=f(es, €3, .. .5 my 7) (12)

must exist which will give all the term values when the quantum numbers
are permitted to take on all integral values. But we have practically no
knowledge of the nature of the electronic quantum numbers for molecules,
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nor of the way in which the energy depends upon them.” Hence formulas
are useful only in expressing the dependency of the energy on n and j
for a fixed set of electronic quantum numbers. Each such set thus has
its own empirical energy formula of the type

Ex=fa(n, §), Es=fa(n, j), - - . . (13)

The energy values given by these formulas when n and j are set equal
to zero, viz., f4(0, 0), fs(0, 0), etc., are sometimes called the electronic
energy levels of the molecule. The principal electronic energy levels are
rather widely spaced (usually 10,000 to 30,000v) as indicated by 4, B,
C, D, in Figure 9“ and cover a total frequency interval sometimes as
great as 125,000v. At the present time, such a set of levels is known only
for a few molecules, and with the exception of helium (to be discussed
later) no conclusions can be drawn as to the law of spacing.” In the
case of certain multiple bands, each primary electronic level is itself
multiple, the 8 intervals for the subsidiary energy levels being usually
rather small.

The values obtained by setting j equal to zero®™ in (13) are called
vibrational terms or levels. These levels form a Deslandres’ progression
and are approximately equally spaced (usually 500 to 2500v) as indicated
by the formula

f(n, 0)=kn+c, (approx.) (14)

and cover a total frequency interval sometimes as great as 40,000v. The
set of vibrational levels associated with electronic level B is shown on
a magnified scale in (b) of Figure 9. If the electronic level is itself
multiple, each of the electronic sub-levels has its own set of vibration
levels. The law of spacing f(n, 0) of the vibrational levels is, of course,
different for each electron level 4, B, C, D,

It e=constant and n=constant, the resulting f(j) consists of a set
of so-called rotational terms or levels, spaced so as to give approximately
a parabolic law

f() =K (j—€)*+¢. (15)

“ Very recent advances in this subject are discussed in Section 8.

“ This figure is intended as a schematic representation, but is actually drawn
to scale, for the case of the neutral nitrogen molecule, except that the probable
multiple character of certain sets of levels is not indicated, and the normal level is
a fifth level, to the right of A. Compare with Figure 26. ahead.

* Important new information on this point is presented in Section 8 ahead.

* More accurately, the vibrational levels are given by the condition m =0,
as per equation (26) ahead, and the electronic levels by m =0, and n=0, as
per equation (23) ahead.
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Here the intervals vary from zero, or a very small number, up to possibly
400y, and the set of levels covers a total frequency interval sometimes as
great as 30,000v. Thus each vibrational level has attached to it a set of
rotational levels, and the spacing of the rotational levels, f(7), is itself
a function of the particular vibrational level to which it is attached, and
thus indirectly, also of the electronic level to which the vibrational level
is attached. A small portion of the set of rotational levels for n=4 of
the general electron state B, is shown in (¢) of Figure 9, on a further
magnified scale.

In the simplest case of line spectra—that due to the hydrogen atom—
we have a set of so-called electronic levels (actually multiple in character)

which are spaced =0 as to follow the law f(e) = ?IL; . For other atoms,
k
[F(e)]
may be a rather complex function. The Bohr atom constitutes a
mechanism which leads to such a set of spectral terms, when the terms
are interpreted as energy levels.
Similarly we desire mechanisms which will yield a set of energy levels
obeying at least approximately the laws of spacing just stated. As has
been shown in Chapter II, the application of the quantum conditions

the spacing follows the more general law f(e)= - Where F

Ji=pidq =70 (16)

to a harmonic oscillator, leads to a possible set of vibrational energy levels
E,=nhe® (17)

where 7 is an integer, and ° is the frequency of the oscillator. Similarly,

a rigid dipole,” rotating about an axis perpendicular to its figure axis
with frequency wn possesses a set of rotational energy levels.

m2h?

W= = 18

/ 8x%1 (18)
where m is an integer, and I is the moment of inertia for the axis of
rotation. The frequency of rotation . is given by
mh
4n?l *
If then we calculate the value of each actual level of what we have called
a set of vibrational levels, relative to the electronic level to which the set

Wm =

(19)

* The term “ dipole ” is in this report applied to a diatomic molecule, regardless
of its polar or non-polar character. Some writers reserve this word for a strictly
polar molecule, as judged by its electric moment.
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is attached, we obtain approximately the law for a harmonic oscillator,
and hence it is natural to interpret such sets of levels as due to the
nuclear vibration of a diatomic molecule. If, further, we calculate the
value of each level of what we have called a set of rotational levels,
relative to the vibrational level to which it is attached, we obtain ap-
proximately the law for a rotating rigid dipole, except that m is in general
not integral, and may be written as (j—e), where j is an integer. Hence,
assuming for the moment that e=zero, it is natural to interpret such
sets of levels as due to the nuclear rotation of a diatomic molecule.

It has already been shown that such interpretations lead to a satis-
factory explanation of the near infra-red bands. We need only an
additional assumption to explain the existence of a number of sets of
vibrational levels (with their attached rotational levels), whose spacing
gives us what has been called a set of electronic levels. Since the spacing
of successive levels in this latter set (usually 10,000 to 30,000v) is of
the order of magnitude found in the spacing of electronic levels in line
spectra, it is natural to give a similar interpretation. Hence a molecule
is assumed to be capable of existence in a series of electronic energy
states, just as is an atom.

Each line of an electronic band is thus assumed to be due to the energy
emitted or absorbed as a result of a change in electronic energy of a
molecule and this may or may not be accompanied by simultaneous
changes in ‘vibrational energy, and rotational energy. The addition of
the electronic energy change greatly complicates the resulting phenomena,
and in particular produces several important modifications in the theory
as developed for near infra-red bands.

(1) When an electron changes from one energy state to another, the
entire molecular configuration changes, thus causing every molecular
constant (such as the moment of inertia, and the frequency of oscillation)
to change in magnitude—sometimes very considerably.

() Since the emitted energy correlated with the electron change is
so much larger than that due to the vibration change, this latter accom-
panying change may involve either emission or absorption of energy,
whereas in the vibration-rotation bands of the near infra-red, since the
vibrational change is the largest, it can ocgur only in one direction. In
addition, the rotational change may take place in either direction, for
electronic, just as for vibration-rotation bands.

(3) Due to the presence of electrons, we may have angular momentum
associated with their motion, so that it is the fofal resultant angular
momentum which should be quantized, rather than that due to the
rotating dipole alone. This was found true in the case of vibration-
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rotation bands, and led to the modification of equation (18) by the intro-
duction of (j—e), in place of m. But in electronic bands we have the
possibility of the additional complication that the various electronic states
may correspond to different amounts of electronic angular momentum,
i. e., to different values of e. This possible change in the value of ¢, during
emission, offers a wide latitude and considerable uncertainty in the
interpretation of certain results, as will appear later.

In this connection we may note a further generalization of equation
(18) which applies equally to vibration-rotation bands but which it has
not yet been found necessary to use in the case of such bands. Kramers
and Pauli (%), assuming a model of the diatomic molecule in which the
electronic angular momentum makes a fixed angle with the figure axis,
but has a component o/t/27 parallel to that axis in addition to the com-
ponent eh/2x perpendicular to the axis, find that equation (18) is still
valid if m is calculated from the formula

m=ViE—¢*—ec (20)
In the form
7F=(m+e)*+0o? (1)

equation (20) is immediately seen to represent the application of the
Pythagorean law to the triangle formed by the resultant angular momen-
tum and its components parallel and perpendicular to the axis of figure.

It is commonly assumed, in accordance with the Wilson-Sommerfeld
quantum conditions, that j is an integer, though half integral values of
§ seem to be necessary to account for some of the facts regarding atomic
spectra, and this alternative assumption will be considered later, for
the case of at least one type of band. Furthermore, the experimental
evidence suggests that e is a rational fraction, though no theoretical
explanation of this fact has been given.

Part 38B. ForMuLAs FOorR THE ENERGY LEVELS oF A MOLECULE

Assuming then the presence of a set of energy levels given by at least
three distinct parameters, let us endeavor to obtain a more general
expression for the energy connected with a definite level. If each type
of energy (electronic, vibrational, and rotational) were independent of
the other two, it would be relatively easy to obtain such an expression.
But as already noted, a change of electronic configuration changes all
the molecular “ constants,” sometimes by considerable amounts. Like-
wise, a change of vibrational energy changes the molecular “ constants,”
but by a smaller amount. Finally, a change in rotational energy changes
the same constants, but (usually) by a still smaller amount.
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Thus in the previous expressions for E, and En—equations (17) and
(18)—the so-called constants «° and I are in reality functions of the
parameters e,, n, and m (or j). As far as any direct experimental test
is concerned, the total energy can be considered as divided only into
the three parts

E=E(e, n, m)::Ee+E’.,.+}2',.,. (22)
These three portions are defined as follows: If the molecular dipole is
neither rotating (m=0), nor vibrating (n=40), then the total energy is
a function of e only, i. e.,
E,=E(e 0,0). (23)
This gives what has just been called a set of electronic terms, or levels.
If the dipole is vibrating, but not rotating, the energy will be greater,
due to the vibration, and the total additional energy is denoted by
Ea, i e,
Ea=E(e, n, 0) —E,. (24)

Kratzer (4) has formally divided the energy E., into two parts

E‘n:En*"Ecn (25)

calling E.. a term expressing mutual energy of vibration and electronic

configuration ; but such a division of the energy has no simple physical

meaning, so long as we have no definite model of the molecule, and in

this report no attempt will be made to distinguish between E, and E..
The total energy is thus

E=E.+E.=Eo+Ex (26)

and represents what we have called a vibrational energy level, while
E:‘,, or E, represents the separation of a vibrational energy level from
its parent electronic level E..

If, finally, the dipole is both vibrating and rotating, then, due to the
rotation, there will be an additional amount of energy Em, given hy

E:'m:E(e, n,m)—E,—E. (R7)
This additional energy represents, therefore, the separation of a rota-
tional energy level from its parent vibrational level, the rotational level
itself being given by the first term in equation (27), i. e., by equation
(22). The term Enm may be considered, formally, as made up of three
portions

i’szm+Enm+Eem (28)

where E., is to be considered as a function of m, but not of n, while Eppm
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is such a function that it becomes zero when either n or m equals zero,
and may be considered to represent the mutual influence of rotation
and vibration. In addition to ¥, and E.m, defined as just stated, i’m
includes a further amount of energy which we represent by E.,. Kratzer
refers to this term as the effect of rotation upon the electronic configura-
tion and attempts to evaluate it in a manner to be discussed presently.
The entire expression for the energy may then be divided formally
into the five parts
E:EC+EH+EM+E11M+ECM- (29)

The formal character of this division of the energy is immediately
evident when one considers that every molecular constant, such as °
and I, is necessarily a function of the electronic configuration. Thus
every coefficient of equation (29) is at least an implicit function of e
and has in general a different value for the initial and final state of the
molecule, in the case of electronic bands.

Kratzer(®7), (#8) and (*) has examined various terms in equation
(29), both individually and collectively. The only strict calculation,
based upon the usnal quantum conditions, that has becen made by
Kratzer (87) is for the case of a rotating non-harmonic vibrating dipole,
with the term F.» not specifically considered.” The result is as follows:

= En+Em+Enm
m=h?

:n/l(,,0(1—1-71+ .. .)+8"210(1_

0

-mPui+ .. L) —minak (30)
where *
r=G+%b0+3c+100%)u

h
— 31
u 172 0 : ( )
a=3oW (14204 . . .). J

I, indicates, as usual, the moment of inertia for no vibration and in-
finitesimal rate of rotation. ® denotes the frequency of vibration for

® Certain of the details of this work are given only in Sommerfeld(7).

® The quantization of a rotating dipole, vibrating non-harmonically, was first
carried out by H. Sponer, using the Hamilton-Jacobi partial differential equation,
in an unpublished dissertation (Gottingen 1920). The problem of the intensity
distribution among the vibration states, and among the individual lines of the
P and R branches was also considered. The work of Kratzer was quite independent
and since it represents a somewhat greater development of the subject, is fol-
lowed in this report.

* The expression for z is given correctly by Kratzer in equation (13) p. 297
of (57), where ¢s=b, ci=c; but in the “ Atombau,” the term *%b* is given
incorrectly with a negative sign.
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no rotation and infinitesimal amplitude of vibration. b and ¢ are con-
stants of the assumed law of force of the molecule.

Kratzer (48) later discussed in more detail the question of electronic
energy. The term E, was assumed, as in equation (23), a function of
e only. In the term ¥, there was introduced an important modification,
as noted earlier in this section—namely the substitution of j—e, in place
of m, if the resultant electronic momentum is taken as perpendicular to
the figure axis. Thus, m as used in equation (30) is not confined to
integral values. I, is of course always a function of e. Kratzer’s main
object in this paper was to, evaluate the term E.,. This he succeeded
in doing in a rather formal manner ® obtaining

Eom=28h(j—e) =28hm. (32)

In this expression e is intrinsically positive when it is in the same
direction as m, and negative when in the opposite direction. Kratzer in
order to explain certain types of “ doublets,” assumes that ¢ may be
either positive or negative, and finds that 8 changes sign with e. Hence
he writes, more generally

Fom= t28/l(]—4-¢) (32/)

For the present, e and 8§ will each be considered to include its own
intrinsic sign, so that equation (32') reduces to equation (32).

In thus assuming a possible double sign for ¢, Kratzer ignores one of
the demands of the theory of Kramers and Pauli(3¢). These investigators
found that the molecular motion was unstable, when e and m had opposite
signs. Arguments bhased on considerations of mechanical stability are,
however, of doubtful value in quantum theory, and since Kratzer’s
assumption seems to be supported by certain experimental facts, too great
weight need not be attached to the ohjections of Kramers and P’auli.
Kratzer(#!) in a discussion of molecular models and band spectra, has
taken this same position.

Retaining for the present Kratzer’s expression for K., the entire
energy of the molecule is given by equation (29) where

Fe.=f(e) only (33)
E,=nho®(l—zn+ . ..) (34)
m2h?

Em'*'Enm‘*‘Ecm:]}m:

—— 2.2 _— 2 ~
871, (1—u*m*+ . . .)—m?nah+28hkm. (35)

® Grave objections to the form of this solution, from the theoretical side,
will be mentioned presently.
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In comparing this last equation with the experimental results, it is
customary to employ certain abbreviations, as follows,

Em=28hm + Bohm?— Bohutmé+ . . . (36)
where
h .
Bn:Bo_dn: m (deﬁnlng In). (37)
h

Equation (30), with the notation of equation (38), is merely equa-
tion (37) of Chapter II, since na, as defined by equation (31) of this
chapter, is identical with @, as defined in Chapter II.

In considering the physical significance of the various terms in (33)
to (35), it is convenient to use a further equation of great theoretical
importance, which has already been mentioned in Chapter II (p. 32).
If a system possesses a number of periodic motions of frequency w; and
if the energy can be expressed as a function of the various phase integrals
Ji(={p.dq.), then

OF _ 1 oK

The first equality is true according to the classical theory, and the second
follows from it if the symbol =; is used to denote the classically permissible
nonintegral values of J;/h as well as the integral values of the quantum
theory.”

Thus if the effective vibrational energy E. is given in general by a
function of the form

E,=nho"(1+an+an*+an*+ . . .) (40)
then
ﬂ_laE_laE,.__0 . -
W= w5 T A (14 Rayn+3a0*+ . . ) (41)
T The relation - 3E
w1= a;

assumes that E is a continuous function of the 7’s given by classical theory.
Empirical observations give us only a finite number of values of E for correspond-
ing quantized values of the 7’s. If the number of points is sufficient to permit
the setting up of a continuous function of the 7’s interpolated between the
discrete experimental values, the above equation may be applied to this empiri-
cally evaluated expression for E. Clearly, however, this procedure is inexact if
the function E (r,) is not smooth, e. g., when perturbations occur.
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where o" is the frequency of the nuclear vibration as a function of n,
for zero rotation of the molecule.”

Similarly, since the resultant angular momentum of the molecule is
conserved and consequently can be quantized, the frequency.of rotation
about the invariable axis, for any value of j and =, is given by

(ny= L O _ 1 0fin
Y= 9 T h 9y

When o in equation (R0) is zero, the axis of j coincides with the per-
pendicular to the figure axis, and there is no precession. Hence w; becomes
merely the frequency of revolution of the nuclei about that axis,” and may
be written w, where m =j—e¢, as usual, and e is assumed constant. Or we
may write (42) as

(42)

1 2 _ 1 3k,
Tom= N om
Since m measures the amount of nuclear momentum, the frequency of
revolution e, must necessarily equal zero when m is zero. But Kratzer’s
first power term in m, as given in equation (35) makes v, =28 when
m=0. IHence any formula for rotational encrgy which contains a first
power term in m (or j) necessarily conflicts with the very general
equation (39). Moreover, Kratzer’s (%3) derivation of this 28km term
in equation (35) is based on an alteration of the “inner energy” H,
because of a perturbative term which gives rise to the Coriolis or rota-
tional forces. But the “inner energy > 11, is, to terms of first order, an
adiabatic invariant unaffected by the perturbative potential.” Conse-
quently any change in H, should be of the order (m/AM)? where m/M
is the ratio of the mass of the electron to that of the nucleus. As the
rotational energy is of the order m/M compared to the electronic energy,
this means that 8§ at best could be a small quantity of the order m/AM,
whereas, as appears in ’art 5¢ ahead, Kratzer uses values as large as R.5.
Now it is shown by equation (65) ahead that any apparent first power
term in m can be eliminated by a suitable change in the values of m
from the customary integral or half-integral values. It is, however,
convenient in handling the experimental data to assume at first these
customary values, and then, if a finite value of & results, to eliminate
this by appropriate transformation. In the following discussion it is

om(n) = (43)

* Since E‘m contains all the terms in m, and m = 0 for zero rotation, we can
replace E by E,, in equation (41).

*®I. e, we associate the frequency of nuclear rotation with the quantum
number j. See Born, “ Atommechanik,” pp. 117-119, for a discussion of this point

* See Bohr, “ Quantum Theory of Line Spectra,” p. 48.
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necessary to assume that 8=0, whenever equation (39) is employed;
but in such cases it is to be understood that the real assumption is merely
that the values of m have if necessary been so adjusted as to make §=0.
In other equations, in which § appears, the values of m have not been so
adjusted.”

Equation (43), holding for the case of no precessional motion, not
only evaluates the frequency of nuclear rotation, but gives also at least an
average value for I, as a function of m and n. Thus, since e is assumed
constant, in m=j—e, the nuclear angular momentum is constant and
is given by . mi
¢l=- 9n (44)
where ¢ denotes the instantaneous angular velocity. Let the average I
be defined by the equation

_ v
S )
Then
L 2 2
o e i o
™ om A2 QE_ 42 a_E_"l
om 7]

From equation (36), under the stated condition of no precession (¢=0),
and the necessary condition =0, one obtains, for very small values of m,

Ohm .
a—‘r’n:‘ = ZB"]Lm. (47)
Substituting this in equation (46), and using equation (37), we have
- h

Thus the quantity I, defined by equation (37) represents actually the
average value of the moment of inertia, as a function of n, for the case
of vanishingly small rotation. Moreover, by equations (37) and (38),

2
—11—"=710~ (1— —8—’1172“—’{), (49)

proving that I increases with =, since « is found by experiment to be
always positive.”

®The writer is indebted to Prof. J. H. Van Vleck and Prof. E. C. Kemble
for much of the foregoing theoretical discussion of the “5” term, and to the
latter for the following discussion concerning 7.

“ This result is at variance with Kratzer’s statement on p. 319 of reference (%)
that the vibration produces a decrease in the mean value of I. Boguslawski(58)
obtained in 1914 a result agreeing in form with equation (49). See p. 76 of
Born, “ Atommechanik.”
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The above results show that, to a very close approximation, the Enm
term of equation (35) might be omitted, if I, were substituted for I,.
Hence this mutual energy term can be thought of as resulting from the
change of average value of the moment of inertia with vibration. But it
may also be thought of as resulting from the change of the frequency
of vibration with m. Thus the frequency of vibration, as a function of
m and n is, by equations (29), (34) and (35), assuming §=0,

m"(m,):-»llz %%:a)o(l—zicn-i- ... )—am? (50)
Hence,
w(m)=a (1= ) =ut (1—ym2), (51)

the last member giving the form in which this relation is stated by
Kratzer(%). Thus again, to a very close approximation, the Fum term
of equation (35) may be omitted, provided »® in (34) is replaced by
w®(m), as defined by equation (51). Equation (50) shows that the
frequency of vibration decreases as the amplitude of vibration increases.
This is the usual deviation from Hooke’s Law, and follows from any
reasonable law of force.

Let us now use the equation (46) to evaluate I as a function of m,
for n=0, in which case the average value T, is of course a constant value.
From equation (36), assuming §=0, and n=0,

mh =L, (1+2uw'm*+ . . .), (52)

I=ln= 4n? (2Bohm —4Bohu*m®+ . . .)

giving a quantitative measure of the “stretching ” of the dipole, due to
rotation. This result may be used to interpret the ¥, term of equation
(35). This term includes not only the ordinary kinetic energy of rotation
(E;), for the condition of zero vibration, but also the potential energy
(U,) stored up as a result of the above-mentioned expansion of the
dipole. Since the angular momentum (p) is here constant and equal to
mh/2m, the kinetic energy of rotation equals

. 1p2 27,2
Ev= 30 (2mom)* = %’L S (53)
Therefore, from equations (53), (52) and (353),
_ m*L? - mh: ., __
En=E,+U,= 8271, (1—=2u*m?*+ . . .)+ oy (wm*+ . . .). (54)

The last term of equation (54) thus evaluates the potential energy due
to expansion of the dipole, and is of importance in determining the field
of force of the molecule, as deduced from rotational energy data. This
is discussed in Section 8 ahead.

8
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It has been stated, earlier in this section, that from the experimental
data one can determine a set of spectral terms, interpreted as energy
levels, and that by finding the separation of each level from certain parent
vibrational and electronic levels, it is possible to evaluate the three portions
of the energy in equation (22). As a matter of fact, the experimental
data yield directly ® only the values of the separation of one level from
another—i. e., the values of AI;',,. and of A, (or AE,, by equation (26)).

We have derived an expression for Enasa f(m), where m is given in
general by equation (R0). In this latter equation j indicates the resultant
angular momentum of the molecule, and has hitherto been considered to
be integral. This assumption is open to question as previously stated,
but regardless of that matter, there seems to be convincing evidence
that j can vary in the process of emission or absorption of radiation only
by +1, —1, or 0. Equation (20) shows that if o is not zero, the corre-
sponding variation in m is not +1, —1, or 0. Hence the experimental
data give us the values of AEnand AE, corresponding to integral changes
in the parameters j and n, but to unknown changes in m, so long as o
is unknown.

®In anticipation of certain difficulties of interpretation in the case of the
helium bands, the negative nitrogen bands, and others, the following statement
may be made. Only in the case of bands having three branches (P, Q, and R)
connected by the expected relations.of the combination principle, is it possible
from the data to evaluate a complete set of spectral terms, independent of any
theory. In such a case either the P and Q, or R and Q branches, are sufficient to
make the evaluation, the other pair giving an absolute check upon the work.
If one branch is missing (usually, from appearances, the @ branch), there is in
the first place a possible ambiguity in the interpretation of the two branches
actually present. By assuming a value for € different from that for €”, it is
possible to make the theoretical @ branch (Aj=0) appear in the spectrum
exactly like a P or like an R branch. -Hence apparent P and R branches may be
interpreted theoretically as actual P and @, or @ and R branches, as has been
done by Dieke(59) in the case of the negative nitrogen bands. But in this case,
as in the case of all bands having only two branches (apparently P and R) it is
not in general possible to obtain the complete set of levels, in a purely arithmetic
fashion. Instead, we find that alternate lines of each branch of each band of
a system, or even of several systems, may be combined to give a set of levels,
or terms. The remaining lines of all the bands' concerned then yield another
set of terms which may, as far as the arithmetic relations are concerned, be
displaced any arbitrary distance with respect to the first set. Only in case we
have “combination” bands, such as Mulliken(47) seems to have found in the
BO band groups and Birge(89), in the case of the first negative group of carbon,
comet-tail bands, and a new set of bands (all due to CO*), is it potentially possible
to obtain the actual relative displacement of the two sets of levels, independent
of any theory. The details of this matter are given in Section 5 ahead, in
connection with Figure 17.
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Now as will be shown in the following section, by properly defining
AE,, in relation to the initial and final values of j correlated with it,
we have, very approximately

dEm _  » :
o =AE, for Aj=1. (55)
Hence it is possible, from the experimental data, to obtain the numerical

dFm . L dE,
values of a4’ as a f(j), and also of in

by unity, between adjacent vibrational energy levels. In evaluating the
molecular constants, 8, ¢, o, By, om, «°, and z, these derivatives are of
the highest importance.

In discussing them it is convenient to use the energy divided by &,
since this, with the proper choice of origin, corresponds to the various
spectral terms. We shall accordingly define

as a f(n), since n varies always

I}m Al E" 1 4
7& ——1’, 'R‘——(I (06)
iy e
and can then say that fd? and (Jn— are the important quantities, for

evaluating molecular constants.
We have now from equations (34) and (41)
1 o, ol .
o =3 =o"=’(1-2n+ . . . )=AG, (approx. 57
T on = an (12 ) « (approx.)  (57)
where A(Z, is the experimental value of the separation of adjacent vibra-
tional spectral terms. Hence one can obtain immediately the value of
o, the frequency of vibration for zero rotation, as a function of n. «° is
the speeial value of this quantity for mfinitesimal amplitude, and 2z
its initial percentage rate of variation with n.
From equations (36) and (43) we have
*
1 dl¥  OF
h dm — om

Because of the small magnitude * of w, it is only the first two terms

= (R8) +2B,m—4Bouwm*+ . . .. (58)

“u is defined in equation (31) and equals the spacing of adjacent lines in

a band series, in the vicimity of the origmm of a band (:: )dividcd by the

=N
spacing of adjacent bands in a Deslandres’ progression (= «°). Another mode
of expression is to say that it equals the frequency of rotation for one Bohr unit

of angular momentum [:: ilil by equation (19)] divided by the frequency
wio
of vibration «°.
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of equations (36) and (58) which are of real importance, especially
when m is small. Hence we may write, for small values of m

F =28m + Bam?® (59)
ar
o =2+2B.m (60)
where in general m=V—o*—e

These last two equations are of fundamental importance for the
determination of the molecular constants 8, ¢, o, B, and wm, connected
with rotational motion, just as is equation (5%) for the vibrational

constants «° and z. It must be recalled, however, that only 71— can be

determined directly from experimental data. Therefore certain addi-
tional assumptions are necessary in order to make the evaluation. We
shall confine the present discussion to certain special cases.
Let us first assume ¢=0 (no angular momentum about the figure

axis). Then

aF _ dF

dm —&— =AF; (approx.) (61)
where AF; is the experimentally determined separation of adjacent
rotational spectral terms. From equations (60) and (61) we have

CZ’ 25+ 2Ba(j—¢) (62)
or
dF . 8 .
g]—-=43n (J—<+ B, ) =2Ba(i—%) (63)
where
. 8
ce—e— B, (64)

Now it should be noticed that from the ezperimentally determined value

of ffg, as given in equation (63), we may deduce

F=B,(j—%)* (65)

and by defining m=4j—¢, we get rid of the first power term in m, or j,
of equation (35), and hence of the difficulties concerning Kratzer’s “3.”
In other words, equation (65) differs from (59) only by a constant
quantity, and this quantity is experimentally indeterminate. We may
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therefore assume that (65) is the correct expression,” rather than (59),
but for the sake of consistency, we shall in this section continue to present
Kratzer’s theory. Equation (63) is linear and from its slope we can
immediately evaluate B,. This quantity gives us, by equations (37),
(48) and (49), the average value of the moment of inertia, as a function
of n. According to Kratzer’s theory, this quantity should vary linearly
with n, and this Kratzer(49) (48) (%) has found to be true, especially in
the case of the violet CN bands. In connection with equation (63) it
is to be noted that on Kratzer’s theory, ¢ may have equal positive and
negative values since 8 changes sign with ¢, according to equation (32').

It is evident from equation (63) that € and & cannot be evaluated
separately, since 8 can always be combined with e to give an effective €.
But it is to be recalled that equation (62) or (60) holds only for small
values of m, or of j. For larger values, where equation (58) takes the
place of (60), 8 still occurs, to the given degree of approximation, only
in the constant term, while ¢ appears now in the form of higher powers
of (j—e) or m. Hence € and & can no longer be considered equivalent to
an effective &. In the case of the Hg bands, Kratzer(48) found certain
numerical relations between various lines for larger values of m which
apparently could be explained in terms of equation (58) only by assuming
a definite value of e. Hence from equation (62), 8 could be evaluated.
This constitutes Kratzer’s experimental justification for his “8” term.”

dF
In the general case given by equation (63), we have j=¢ when a =0.

If the absolute values of j for the initial and final states associated with
the various band lines were known, this would permit a graphical evalua-
tion of &. If the j values are not known, it is still possible to determine
the difference between ¢ and the nearest integer. Now it is usually
assumed that e is a proper fraction, and if we also assume that §=0,
the above scheme leads to a definite value of € and finally to the location
of the absolute values of j. Another method of determining the absolute
j values by assumptions concerning missing lines is discussed in Section 5
ahead.

* Some investigators use p, in place of € in equation (65) but use e for all
higher (even-power) terms. In order, however, to avoid the objections to the
“3” term, we must write m = j — ¢ and hence must use ¢ jn all terms. In order
to avoid confusion we therefore employ the symbol ¢, rather than p, although the
two are equivalent when terms in F above the second power are not considered.

* This work is discussed in detail in Part 5¢ of the chapter.
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Let us next assume that neither € nor ¢ is zero. Then we have, from
equation (59)

ar

S F

This is evidently not a linear equation, except for ¢=0, when it reduces

to equation (62). But since o is small, it becomes rapidly linear, as j

23%(\/;'2-—&?—:”3,, %(\/’jﬂ—af—e)ﬂ. (66)

becomes large. Conversely, a rapid deviation from linearity of the %l; 1

plot, as j becomes small, should constitute definite evidence that o is not
equal to zero.” Now, in most of the bands thus far analyzed, no such
deviation is found, and the analysis is thus greatly simplified. For the
few cases where there seems to be evidence of curvature, it is convenient
to expand equations (59) and (66) into an approximate form, as
Kratzer (5%) has done in the case of the C+ H bands. In order to obtain
any determinate result it is necessary to assume 8=0. Then equation
(59) becomes

. B 0'2
F =B, []2—02-}-(2—2:](1— 2—]—2 + ... )]
2
:Bn[—ou(j-e)wi‘;.— — ] (67)
Therefore we have
dF . €0’
T _B,,[Lz(]-e)—-j?Jr .. ] (68)

This last equation shows that the deviations of the value of ‘g— from the

linear curve are proportional, as a first approximation, to the inverse
square of 7, and have the same sign as e. If from relations among the
lines corresponding to higher values of m, we can again evaluate e,
equation (68) apparently allows the evaluation of & to a close approxima-
tion. But in order to carry the scheme through, the value of B, and the
absolute values of j are needed, and in general these are not known for
bands of this type. Hence Kratzer (53) in his work on the C+H bands
has apparently used a cut-and-try method, assuming a value of o, and
then comparing the observed and calculated results, especially in respect
to what lines are missing. This question can be discussed to better
advantage in a later section. (See Part 5c.) It should be noted in

addition, that when ¢ is not zero, the %—1 : § curve is not linear for either

* Obviously, equation (60) is always linear, but since, from the experimental

data when ¢4-0, we know neither ﬁdg nor m, it cannot be plotted.
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small or large values of j. Hence we cannot directly evaluate B, from
its slope. Instead we may use intermediate values of j to obtain an
approximate value, and then, after a value of o has been tentatively
adopted use equation (68) in the region of rather small values of §,
to obtain ® a corrected value of B,.

We have now considered the particular form of equations (59), (60) in
the two special cases ¢=0, and §=0. A third special case corresponds
to e=0. If & is not zero we obtain from equation (66), by a process
similar to that employed in deriving equation (68)

%:28+Bn(2]‘+ jf"B: o). (69)
If now & can be either positive or negative, as assumed by Kratzer, it is
evident by comparing equations (68) and (69) that it is impossible to
distinguish the case 8=0, ¢$0, from the case 840, e=0. Kratzer has
assumed that the latter case is relatively improbable but that it occurs
in the Cd bands. [Pp. 100-101 of reference (#*).] From the standpoint
of molecular structure, one would not expect 8 to occur, implying an
asymmetry with respect to two possible directions of rotation, unless
there is a definite electronic structure capable of producing the asym-
metry. But this latter is shown by the presence of e.
Let us assume now that both ¢ and & are zero. Then we have

dar .

This equation is identical with (62), under the same conditions regarding

e and 8. In other words, in the case that the (—fg :J curve passes through

the origin, it is not possible to decide whether or not o is present. This
conclusion may have a bearing on the question of whether j is to be

* Hulthén and Johansson(17), assuming the form of equation (67) and assuming
that the absolute values of j are known, have attempted to evaluate I as a
function of n and of j, for the second positive group bands of nitrogen. But
the values of j used by them are apparently not correct and the method is not,
I believe, feasible except when ¢ =0. (See discussion at end of Part 5b ahead.)
In fact a direct plot of the middle component of the triplet, using their data

for these bands, yields a nearly linear %?:j curve, regardless of the absolufe

value of j, thus showing that ¢ — zero for this component. From the slope of
this curve, for the A3371 band (0->0) one obtains immediately, with considerable
accuracy, B's = 1.82, B", = 1.63 [giving I's and I”, by equation (37)], as compared
to 1.88 and 1.68 given by these authors (i. e., B/4 and B’/4 of their notation,
page 322 l. ¢).
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considered an integer, or a half-integer. For, as explained in Chapter II
(p. 50), the presence of a @ branch suggests precessional motion, result-
ing from a real value of o. Yet bands like the Angstrom CO bands, as
analyzed by Hulthén(%*) have a @ branch, while the %g : 4 curve is
linear even for large values of j and passes through the origin only if j
is assumed to have half integral values. It has been assumed in the past
that a linear %1 : j curve indicated that ¢=0. We now see that this is
not necessarily the case, but if o is not zero, this curve should pass
through the origin and from the experimental results for CO and other
molecules, this occurs only with half-integral values of j—contrary to
previous assumptions regarding this quantity. On the other hand,
Kratzer (4!), as stated on page 92, concludes that the presence of a Q
branch does not necessarily imply the existence of 0.”

In the general case where o, 8, and e are all not zero, equation (60)
is incapable of indicating the evaluation of any of thesc quantities, and
this case has not yet been assumed by any investigator.

The results of Part 3b may be summarized as follows: From the
experimental data, by applying the combination principle, it is possible
to calculate a set of spectral terms such as is shown in Figure 9. The
data for a given band yield directly the spacing of successive rotational
terms, as shown in (¢) of Figure 9, this spacing being denoted by AF.
Similarly, the spacing of successive bands of a Deslandres’ progression is
denoted by A@, and is indicated in (b) of Figure 9. By multiplying
these quantities by %, we obtain the change of rotational energy Alim
for Aj=1, or of vibrational energy AE, for An=1. These finite differ-
ences may be converted to derivatives, and the theoretlcal form of these
derivatives and their corresponding integrals Epm and B, has been studied
by Kratzer, and others. The total energy E is given by equation (22),
as the sum of the three portions Fe, F,. and E,,, which can thus be experi-
mentally determined, to within an additive constant. Kratzer’s theoretical

® Mulliken (Proc. Nat. Acad. Sci. 12: 144 and 151, 1926) is the first investigator
to make use of the above relations, by postulating relatively large values of o
in the case of certain bands, such as the Angstrom CO bands, which yield an

apparently linear 3—? curve. (See also footnote at end of Part 5¢.) The large

values of o seem necessary, in order to explain the missing lines, and conversely
it now seems possible in certain cases from a study of the missing lines, to deter-
mine the absolute magnitude of o. In conformity with the above relations,
Mulliken also, for certain molecules (like CO) assumes half integral values of j.
This very recent work of Mulliken is summarized briefly in Section 8.
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formulas for these three portions are given by equations (33), (84) and
(35). From equation (34) one can obtain the frequency of vibration
as a function of n, as indicated in equations (39) and (41) while from
equation (35) one can similarly obtain, except for the difficulty concern-
ing “3,” the frequency of rotation, as indicated by equation (42). Most
of the various molecular constants appearing in equation (35) can be
evaluated only under special conditions. These conditions and the
resulting equations giving the various constants appear in this section
from equation (41) to equation (70). At least a mean value of the
moment of inertia I can be evaluated for all values of n and j, and the
actual calculations have been shown for the simple case of ¢=0. The
evaluation of the constants ¢, ¢ and 8 is more uncertain, and in many
cases indeterminate. The absolute value of j, the resultant momentum,
is dependent upon the value of e and of o, and so in turn is uncertain.

The entire theory of energy levels here presented applies equally in the
case of near infra-red hands, but bhecause of the simplicity of the bands
analyzed thus far and the relative inaccuracy of the experimental data,
in that region of the spectra, it has not yet been necessary to consider
many of the refinements required in the case of electronic bands.

Aside from the question of the theoretical frequencies of the spectral
terms or energy levels, there i1s the equally important question of the
relative wetghting of these terms, and of the probability of transition
from one energy level to another—-in other words, the whole question
of the intensity of spectral lines. It seems more convenient, however, to
discuss this matter incidentally, in connection with the analysis of the
experimental facts. We accordingly now turn to such a discussion, con-
sidering first all matters concerned with nuclear vibration (i. e., assum-
ing zero nuclear rotation), and then proceeding to the far more complex
subject of simultaneous rotation and vibration.

SECTION 4. THE VIBRATION QUANTUM NUMBERS AND RELATIVE
INTENSITIES OF THE BANDS FORMING A SYSTEM

In Section 3 we have given the mathematical formulation of the energy
states of a diatomic molecule, according ‘to the quantum theory. We
shall now discuss in more detail the actual radiation resulting from a
transition from one of these energy states to another. The frequency of
such radiation has been given in equation (2), where the energy of the
initial and final states was defined by equation (3). But in this definition
all mutual action terms were omitted. The more general form of the
energy of any quantum state is given by equation (22). Hence the
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correct form of equation (2) becomes, by using also equations (26)
and (56)

E’ _E” EI"_E”" ‘.E" _E’!”
v=ve+vn+vm= ---—-q~h~'—-°— + 7 + == i =

=ve (G'—G") + (F'—F") (71)

where E., E, and Enm are defined by equations (33), (34) and (35),
respectively. In these equations every constant, aside from A, has, in
general, different values for the initial and final states. In equation
(71), if ve=va=0, we have the pure rotation bands of the far infra-red.
If v.=0, we have the vibration-rotation bands of the near infra-red.
When v, is not zero, we have the electronic bands discussed in this chapter.

A constant value of v, gives a system of electronic bands. A constant
value of ve and v, gives one band of a system, the variation in v, giving
the various lines of the band. In the present section we shall discuss
only the relations concerning the various bands of a system. These assume
the simplest form when we let B'm=E"n=0, i. e., vn=0. The frequency
of the emitted radiation then defines the “origin > of a band. Hence,
denoting this frequency by v,, we have

VO:VGJH":E:—}L?_Z + E;%EJ=VG+(G'_G"). (72)

The physical meaning of the origin of a band is then that frequency
emitted when the molecule has no effective rotational energy in either the
initial or the final condition. Actually such a radiation does not occur,
but its theoretical frequency can easily be computed by extrapolation,
in most cases.

Similarly we shall define the “origin ” of a system of bands as the
origin of that band which has no effective vibrational energy (») in
either the initial or final condition. Hence the origin of the system is
given by ve.

We shall therefore proceed first to discuss the mathematical relations
among the origins of the bands of a system. Since v, is a constant, these
relations may be indicated in general by equation (72). Each E, is
given by equation (34) and we have, therefore ™
vo=ve+ (@ — Q") =ve+ (00 —”2'n* 4+ . . .)

—(""n” —0®z"n"24+ . . .) (73)

™ The possible values of n” (or n’) and of (n” —='), in equation (73), are
much more extensive than in the case of the near infra-red bands, as has previously
been noted. Thus, in the case of iodine (see Figure 16 ahead) »’ becomes as
large probably as 59, and (n” — n’) also as large as 59.
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Now we have mentioned in an earlier section that there is as yet scarcely
any data as to the frequency of the origins of bands, so that in testing
equation (73) we are forced to use the frequency of the heads. The
compatibility of most of the results indicates that in general the distance
from the head to the origin of any band in a system is roughly constant.
When this is true, the substitution of heads for origins makes our
calculated ve in error by just this constant quantity, but produces little
error in the determination of the remaining constants of equation (73)."

The most convenient method of studying equation (73) is to keep
either n’ or n” constant. The former condition gives an n” progression
of bands, as discussed in Section 2b, and ordinarily coincides with a
first Deslandres progression. The equation of an n” progression is, by
equation (73)

Varr =Ve+ An— (00" —®’2"n"2+ . . ) (74)

where A, is positive, and as indicated, is a function of »’. Similarly,
when n” is a constant, we obtain an n’ progression, which ordinarily
coincides with a second Deslandres progression. The equation of an n’
progression is, by equation (73)

e =vet+ A+ (0 —o¥T0 4 . . ) (75)

where A, is negative, and as indicated is a function of n”.

But the various different Deslandres progressions, in a given system
of bands yield average values, not of va or va~ but of the variation of
these quantities, when the parameters of equations (74) and (75) change
by unity. These differences of frequency, Ava(=|AG.|), if properly
defined, are almost identical in absolute magnitude with the first deriva-
tive of the frequency with respect to the parameter. We therefore define
these finite differences, as follows,

dv
= at n+3 (approx.)
or (76)

Y

Avm; = Vns1—

dG .
AGuy=Gny—Gn= 37: at n+3 (approx.)
so that each Av, or AG, is correlated with the mean value of n concerned,

™ Blackburn(48) has recently measured the positions of the origins for the
entire first negative group of carbon. The variations in the distance of the head
from the origin, in the various bands, are very small and quite irregular, and
thus apparently' due entirely to experimental error.
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and refers to a unit change in n. Hence we have from equation (73)
approximately ”

Av,,::AG,..:w°’—2w°’z’n’+ e (79)
and

Avpr= —AGpr= — (0®” —20°"2"n" + . . .) (80)

"If equation (73) is of the second degree only, AQG, and fid_z are identical.
This may be shown by direct substitution. Thus, more generally, let us write

Yn = Yo+ An -+ Bn’,
Ynpy =W+ A(n+1) + B(n+ 12
CAY =Y —Un=A+2B(n+4),
or, Ay, = A+ 2Bn= gi:
In the case of a fourth degree polynomial, which seems sufficiently accurate to

represent any data on the Deslandres progression now available, let
'ﬁ— = ao + a;n + a:n* + an® + an’.
n

But from the experimental data we obtain values of Ay, and these, when fitted,
usually by the method of least squares, to a fourth degree polynomial in n, give

Ay, =das+a'n+ a'n' 4 a'n’ +a'm'.

The following relations easily follow from a comparison of the above cquations.

ao = a’ —rlg a2+ 1}]7 a's )
a=a"— id's l

a:=a'"» — 3a's 77)
as=a's

a=a's

Thus the finite difference curve AG,,: n can be transformed into a true derivative,
and this derivative, integrated with respect to n, and multiplied by h, gives
immediately, by equations (75), (74), (73) and (56), the vibrational energy
states, E', and E”, of the system of bands under investigation. With the present
obtainable accuracy of data as to the Deslandres progressions, it has been found
that the corrections given by equations (77) are in general entirely negligible.

Finally, in the case of the effective rotational energy E’m, as discussed in the
next section, we shall find that certain experimental data give directly the values
of y;,, —y;_, =24y, If these values are halved, and then fitted to a fourth
degree polynomial in j (with constants a”, a”; ete.) the resulting equation may be

transformed to the true equation for %}1 by the equalities
= a" — {a”: +1%5a”,
al — alll — all!
a: = a"; bl 2(1”4 L (78)

a3 =a"s
ai=a".
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for any value of n." Equations (74), (75), (76), (79) and (80) state
analytically the relations illustrated schematically in Figure 1, and also
the origin of the two rules (A) and (B), for the assignment of vibra-
tion quantum numbers, given on p. 79 of Part 2b. Thus in equation
(80) Ay decreases in absolute magnitude as n” increases, while by
equation (74) wa decreases, since the third term is small compared to
the second. This gives rule (A) for an n” progression. On the other
hand, by equation (79) Av. decreases as n’ increases, while by equation
(75) var increases. This gives rule (B) for an n’ progression. Finally,
it should be noted that the largest absolute magnitude of Av (or AG)
gives the spacing between the 0 and 1 vibrational levels and so is denoted
Avy (or AGY).

The preceding equations assume that A(G decreases as n increases.
This follows, as previously noted, from any reasonable law of force for
the molecular vibration. The required condition is that the fourth power
coefficient in the usual power series expansion of the potential energy
be negative or not large in comparison with the third power coefficient.”
It seem possible, however, in certain cases to obtain conclusive evidence
for the correct assignment of vibrational quantum numbers, by an
entirely independent method.

As an example let us consider the numerical relations given by the
Deslandres progressions of the first, second, and fourth positive groups
of nitrogen.® These are given to scale in Figure 10, which is plotted
in the form of Figure 1, and of Figure 9. This latter figure represents
incompletely the same systems of bands, and, as noted, is drawn also to
scale. Thus in Figure 10, the set of vibrational energy levels near the
center (n=0 to 20) is represented in Figure 9 as set B (05 to 20p). The
set on the left side of Figure 10 (n=0 to 4) is the set attached to the
electronic level €' of Figure 9 (the level C itself corresponding to n=0).
Electronic level D is not shown in Figure 10. It forms the common initial

®y, and Ap, represent the frequency and increase in frequency, respectively,
of the successive bands of a progression, for increasing n. Thus Ay, is normally
positive for the n' progression, and negative for the n” progression. On the other
hand, G and AG represent the frequency of the spectral term, and the increase
in frequency of successive terms, respectively, of vibrational energy levels, for
increasing values of n. Thus AG is always positive. By equation (57), AG, also
equals approximately the frequency of vibration, as a function of n.

™ See equations (4), (8) of Kemble(82).

™ As interpreted by Birge(18).

" The horizontal lines of Figure 10 give the successive bands of each system
arranged by sequences—hence essentially in the order in which they occur n the
spectrum. A more compact form of this type of diagram has since been intro-
duced by Mulliken(47).
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level of the seven bands of the fourth group. On the right of Figure 10
we have a long set of vibrational levels (n=0 to 16) attached to level
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4 ot Figure 9-—so long in fact that the set overlaps oun level B, and
produces some confusion in Figure 10.

The levels of set I3 are thus common to all three of these systems of
nitrogen bands, and thus constitute a common Deslandres progression,
This proves that all three systems of bands are due to the same chemical
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molecule, in merely different states of electronic excitation.” Figure 10,
however, indicates the very significant fact that all of the levels of set B
are not represented in all three groups. Only levels 0 to 6 appear in the
fourth group, 0 to 11 in the second group, while the entire-set, 0 to 20
appears in the first group. Moreover, the band A3371 is the strongest in
the second group, and-the band A9108 is the strongest in the first group.™
These two bands involve the three levels marked zero, and in general
the levels marked zero are associated with the strongest bands, and the
intensity of the bands decreases as the designated number of the level
increases.” If now we assume that each set of levels in Figure 10, because
of its approximate equal spacing, represents a set of vibrational energy
levels, then, according to the generalized Boltzmann distribution fune-
tion,” the state of zero vibration is always the most probable state, and
the bands associated with transitions from such a state should be especially
intense. All of these facts point inevitably to the conclusion that the
right-hand level of the middle set is really the zero vibration level.
Similarly, the right-hand level for each of the other sets has been taken
as the zero level.
This assignment of zero to the right-hand level indicates that the
energy value of all the levels increases from right to left, while emission

" In view of a recent note by Duffieux (Nature 117, p. 302 (1926)) this point
may be emphasized. One may say that the chemical origin of these three systems
of bands is a matter of theory, and that it is conceivable that all three are due
to an entity other than the ncutral nitrogen molecule. It 1s, however, impossible
ta conclude that they are due to different entities, as Dufficux has done.

™ According to Pfund’s(83) recent energy curve of this system. (Figure 2 of his
p. 195)

® It is to be recalled that Figure 10 represents merely the experimental facts
connected with the Deslandres progressions, and we are assuming, for the moment,
that the numbering of the vertical hines indicated i the figure is a purely
empirical one.

% This distribution function, in its quantum theory form, may be written

Ne KT

Nr= iy (81)
.‘.‘c—_"i‘
T

where N is the total number of molecules, N_ the number 1n a given quantum
state = and the 3 is to be extended over all possible states. In a degenerate
system, where a given quantum state consists actually of a number of coinciding
states of a non-degenerate system, the number of such states gives the so-called
“a priori probability ” p, of the degencrate state, since each non-degenerate
state is assumed to have unit a prior: probability. An oscillator constitutes a
non-degenerate system. Hence p, = unity.
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thus takes place from left to right. The decrease in the spacing of set B,
as well as in the other sets, as n increases, is then in agreement with
Kratzer’s theory. Figure 10 thus indicates that the fourth and second
nitrogen groups have a common final set of vibrational energy levels,
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and that this set is simultaneously the initial set for the first group.
Now it is well known that all of the bands of the second group proceeding
from any particular level of set C' have similar perturbations. We thus
have proof of the fact that the perturbations are connected with the
initial energy state—at least in this particular system of bands. Des-
landres accordingly designated the common set of levels as f(n) and
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hence sets C and A were designated in each case as f(p). In this case
then, Deslandres’ f(p) represents the initial energy states for the second
group, and equations (5) are true, while his f(p) represents the final
energy states of the first group.

Unfortunately this first group has thus far defied analysis. Otherwise
it would be interesting to investigate it for perturbations. The perturba-
tions of the second group bands indicate that there are seemingly no
irregularities in set B, while set 4, representing a still more stable state
of the molecule, should also be free from irregularities. Hence the first
group bands should possibly show no perturbations. These ideas are in
agreement with the numerical relations of the various progressions, as
given in Figure 12 ahead. Set C is a typical set of initial vibration
levels—short, and giving a AG:n’ curve which requires several higher
terms, in equation (79). But set B is an especially long set of levels,
indicating an especially stable molecular form, and is represented by an
almost linear AG : n” curve, as is also set 4.

Figure 10 thus shows one method of indicating the quantum relations
of bands, and especially of the relations between several systems of bands.
On the other hand, the actual bands of a system composing each pro-
gression are better indicated by the type of representation of Figure 2.
This figure illustrates another criterion for assigning vibration quantum
numbers, provided we assume the theory of the non-harmonic oscillator.
The criterion is the successive shortening of the sequences, at the violet
end of the system. The shortening is very pronounced since the top
horizontal row, forming n” progression (0), represents in general the
strongest bands. Thus it is the strongest band of a sequence that suddenly
disappears, as we proceed to the violet. The strongest band of the last
sequence which possesses a normal number of bands is therefore the
(0, 0) band. All the other assignments then follow immediately by the
application of rules (A) and (B) of Section 2b.

There 15 a third method for representing the Deslandres progressions
of a given system of bands, and this is the type of representation usually
employed by investigators. This 1s illustrated by Tigure 11, where &
small portion of the second positive group of nitrogen is given. The listed
frequencies are in vacuum, from the data by Ames(®6). In this method
of representation the horizontal rows vepresent first Deslandres’ pro-
gressions or n” progressions, giving the spacing for the final vibrational
levels. The vertical columns represent second Deslandres’ progressions
or n’ progressions, giving the spacing for the initial vibrational levels.
The numbers in brackets give the frequency differences hetween adjacent
members of the progressions. The constancy of the differences in each

9
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horizontal row and vertical column is a verification of the combination
principle and of the fact that the table is built up so that »’ is constant
along each horizontal row and n” down each column. Thus, clearly,
if n" is constant along each horizontal row, the frequency difference
between adjacent bands of any such row is independent of the initial
state and is equal to the interval between adjacent vibrational levels for
the final state. Also, if n” is constant down each column the horizontal
differences between adjacent columns are the intervals between the same
pair of final levels and must be the same.

The bands for n’'=4 are omitted since Ames’ data are poor, in this
case. The variation among the various Av’s which should be constant,
is due partly to experimental error, and partly to the fact that the heads
are used, in place of the “origins.” In Figure 11 each diagonal repre-
sents a sequence. The fact that the upper left corner of the diagram
is fully occupied then corresponds to the successive disappearance of
the members of the sequences in Figure 2. The bands must be so arranged,
in Figure 11, that in any horizontal row the frequencies decrease, and
Av decreases, as one proceeds to the right, while in any vertical column,
the frequencies increase and Av decreases, as one proceeds down the
column. This fulfils the conditions of rules (A) and (B) of Section 2b.

As an example of the assignment of vibration quantum numbers by this
method, we may copsider Table IT of p. 180 of Jevon’s(%) analysis of
the silicon oxide band heads. These are arranged in the general form
of Figure 11, but with the usual Deslandres” assignment of p and =
values. The direction of decrease of v and of Av, compared to Figure 11,
shows that the correspondence is exact, Jevon’s p parameter corresponding
to »”, and his n parameter to n’. Deslandres would probably have inter-
changed p and n, since Jevon’s f(p) is the longer one. Evidently the
42643y band is the (0, 0) band, and the correct quantum assignment is

given by
n”=103—p } (82)

n= T{—n

Another criterion for the assignment of vibrational quantum numbers
results from the vibrational isotopic effect, thenever such an effect is
present. As shown by Mulliken (%), this method should vield the absolute
values of the vibrational quantum numbers, in contrast to all other
methods which without additional assumptions yield only relative values.
The assumptions made in this chapter are that the vibrational quantum
numbers are integers and that the molecule is not permanently endowed
with any finite amount of vibrational energy. This question will appear
again later in the report.
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Having thus made the assignment of vibrational quantum numbers
for a given system of bands, we may calculate the average values of each
AGy, i. e., w*, for the two progressions, and plot these as a f(n). Such
a plot is shown in Figure 12, for a number of different band systems.
Because of the amount of material that has recently become available for
such plotting, the curves of Figure 12 are restricted to band systems
believed to be due to carbon, nitrogen, or oxygen, and their inter-
combinations. These systems include, however, the majority of cases of
identical progressions, which are of great value in determining the
chemical identity of the.emitting molecule. The notes accompanying
this figure give the sources of information and other particulars. IHeur-
linger(87) was the first investigator to apply the quantum theory to the
question of amounts of vibrational energy, in the case of the bands of
a system. On p. 89 of the reference cited, he gives equations correspond-
ing to equation (73), which contain implicitly the assignment of vibra-
tional quantum numbers for the violet and red CN groups, the first and
fourth positive, and negative nitrogen groups, and in part for the second
positive group. These equations are only approximate and in the case
of the first positive nitrogen group his equation is incorrect. Kratzer (1)
later made a more careful study of the violet CN group as well as
certain others.

Now, as already noted, graphs such as those shown in Figure 12, give
the frequency ™ of the diatomic vibrator o™ as a function of n. On the
other hand, the area included between each of the curves of Figure 12
and the n axis, between n =0 and n=n, equals (7, and by equation (56)
is proportional to the effective vibrational energy F..

An examination of Figure 12 reveals in general two different types of
curves. In one the frequency w* (or AG,) changes nearly proportional
to n, while in the other it decreases more rapidly than n increases, giving
a graph with a pronounced curvature. This latter type, in Figure 12,
always represents the initial state of the molecule, and seems to indicate
a relatively unstable state. Tt was this type of curve which Deslandres
represented by f(p). There are usually irregularities in the rotational
energy levels, associated with this type of vibration, as revealed by the
perturbations. The rapid curvature, in some cases, seems to point to a
limiting value for n, as well as for the included area—i. e.. for the energy
of the oscillator.

Assuming that the w”:n curve actually runs to o"=0, the limiting
value of the included area is proportional to the work required to separate

8 We as usual give the frequency in terms of the so-called wave number (em™)
The true frequency is obtained by multiplying this number by 3 X 10"
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FIGURE 12.

Frequency of Vibration «w* (in Wave Numbers) as a Function of the Vibrational
Quantum Number n.

Broken curves, with usual numbers, refer to initinl states for the emission process.
Continuous curves with primed numbers refer to final states. Mecke(9) has independently
made assignments of values of n, in a few cases where Birge(15)(68) is given as
the source,

Curves 1, 1’. B bands of nitrogen (due to NO). Data from Fowler and Strutt(l4
Birge (68) and Sponer and Hopfield(188). Assignments by Birge(68). The S8 ugd)-;
bands of nitrogen (NO) have a common final state (the stable state of NO) as
recently proved by Sponer and Hopfleld (loc. cit.).

Curves 2, 2’. 4 bands (third positive group) of nitrogen (due to NO). Data by
Schniederjost(69) and others. Assignments by Birge(68). Curve 2’ (n=0 to 6)
equals curve 1’ (n=3 to 12). Curve 2 (1n=0 to 3) almost equals curve 17’ (n=0
to 11). (See note at end of this chapter.)

Curves 3. 3’. Violet CN bands. Data arranged by Heurlinger(87), Kratzer(61) (43)
and Birge(15). Assignments by Heurlinger(67). From data on origins, only the
first point of curve 3 is known. Kratzer assumed a linear relation. The plotted
curve is based on an apparent relation between the origin and the head of each band.

Curves 4, 4. Red CN bands. Data and assignments as for 3, 3’. Curve 3'=4’,

Curves 5, 5’. Angstrom bands of carbon (due to CO). Data by Hulthén(44), and
McLennan, Smith and Peters(160), as interpreted by Birge(72). Only first point of
gurlv;)f) may be real. Curve 5 (n=0 to 6 with fair accuracy)=curve 21 (n=0
o .

Curves 6, 6’. First negative group of carbon (due to CO+). Data by Blackburn(48)
and especially Johnson(70). Assignments by Blackburn(46) and Birge(68). Curve
6’ (n=0 to 12) =curve 7’ (n=0 to 3). Curve 6 (#=0 to 9) =curve 8 (n=0 to 3).

Curves 7, 7'. Comet-tail bands (due to CO+). Data by Baldet(48). Assignments by
Birge(71). Curve 7 (n=0 to 11) =curve 8 (n=0 to 2).

Curves 8, 8. ‘ Combination” bands, measured by Johnson(70) (due to CO*). Assign-
ments by Birge(60).

Curve 9. High pressure CO bands. Data by Fowler(73). Assignments by Birge(71).
(I])ata (indicated by solid circles) very inaccurate. Linear least squares solution
rawn.

Curve 10. Triplet system of carbon. Data by Merton and Johnson(74). Assignments
by Birge(71).

Curves 11, 11’. Third positive group of carbon (due to CO). Data by Wolter(75) and
Deslandres(78), Assignments by Birge(71). Curve 11°, indicated by solid circles,
(n=0 to 7) equals curve 22 (n=0 to 4). Curve 11 is entirely spurious according
to Wolter(78), but see note at end of this chapter.

Curves 12, 12’. Swan bhands of carbon. Data on page 222, Vol. V, Kayser's ‘** Handbuch.”
Assignments by Birge(18).

Curves 13, 13’. Nitrogen, second positive group (due to N:). Compiled date. Assign-
ments bv IHeurlinger(67), Birge(15). Hulthén and .Johansson(17), Mecke and
Lindau(18). Curve 13’ (n=0 to 11) =14 (n=0 to 20) =15 (n=0 to 6).

Curves 14, 14°. Nitrogen, first positive group (due to N2). Compiled data. Assignments
by Birge(15).

Curve 15’. Nitrogen, fourth positive group (due to N;). Data by Fowler and Strutt(14).

Curves 16, 16’. Nitrogen, negative bands (due to N;*). Compiled data (see note a’ of
Section 7, ahead). Assignments by Fassbender(77) and Birge(88).

Curves 17, 17’. Nitrogen, ultra-violet bands (‘‘ resonance” system of N,). Data and
assignments by Birge and Hopfleld(78), and unpublished work (see note at end
of this chapter).

Curves 18, 18’. Oxygen, ultra-violet (first negative group) (due to O,*). Data by
Johnson(79) and Ellsworth and Hopfield (hote g’ of Section 7, ahead). Assign-
ments by Birge(68), but see note g’ (loc. cit.).

Curve 19, Oxygen, atmospheric absorption bands (due to 0O:). Data compiled by
Heurlinger (38). Assignment by Kratzer(61).

Curves 20, 20°. Schumann-Runge bands of oxygen (due to O;). Compiled data. See
note (c’) of Section 7 ahead.

Curves 21, 21’. Fourth %ositlve group of carbon (due to CO). Compviled date, arranged
and interpreted by Birge(78). See note g of Section 7, ahead. Curve 21’ (n=0 to
22) =curve 22’ (=2 to 8).

Curves 22, 22’. Cameron bands of CO. See note | of Section 7, ahead.
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the two atoms from the initial equilibrium position to infinity, and hence
is proportional to the heat of dissociation D. Now as Kratzer (%) pointed
out, in answer to Tartakowsky (%), the »":n curve becomes asymptotic
to the n axis, if the law of force between the two atoms becomes an
inverse square or inverse cube law, for large values of the separation.
The inverse square law may be expected in the case of polar molecules.
On the other hand, if the limiting form of the law of force is represented
by the inverse fourth or higher powers, the w”: n curve runs into the n
axis at a finite value of n. This latter condition may be expected for

o
non-polar molecules. Thus, for polar molecules D:hj o™dn, while
(1}

for non-polar molecules D="h Eo o™dn, where n, is the value of n for

which o"=0. At the present time, the only known cases where the o™: n
curve can be followed almost to w"=40 are those for the excited states
of the iodine bands and of the Schumann oxygen bands. The latter
case is shown in curve 20 of Figure 12. The iodine curve has a precisely
similar shape, and in both cases it is evident that a complex function is
needed for its proper representation. The actual evaluation of the heat
of dissociation, from spectroscopic data, is discussed in Section 8.

All of the graphs of Figure 12 show that o is far from constant,
indicating that the coefficient of the first degree term in n, in equations
(41), (79) or (80) is of appreciable magnitude. But it is found on more
detailed analysis that the graphs which are more nearly linear, such as
graph 14, representing the common nitrogen progression, tend to become
linear, for small values of n. Or, in analytic terms, the coefficient of the
second degree term in n, in the three equations just cited—or of the third
degree in the energy form—as given by equation (73) is zero, within
limits of error, though higher degree terms in n must be retained. It is
not possible to test the precision and generality of this statement until
more accurate data are available. It appears to be true for the nitrogen
progressions, within the limits of experimental error.

Passing now to the question of the distribution of intensity among the
various bands of a system, one finds what appears at first to be a great
variety of phenomena. Very recent work has, however, shown that in its
major aspects, the intensity distribution of all known band systems can
be definitely correlated with the change in the value of the moment of
inertia of the molecule, between the initial and final electronic states
for the system in question. The theoretical aspects of this are discussed
in Section 8, but the recognition of the correlation has in itself greatly
aided the empirical study of intensity distribution.*

* See Birge(88) and Mulliken(83) for previous empirical work.
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The most common type of intensity distribution may be illustrated
by the second positive group of nitrogen, as shown in Figure 13. In
this figure the bands are arranged in the same manner as in Figure 11,
except that intensities are recorded, in place of frequencies. A few weak
bands near the longer wave-length end are indicated merely by a cross,
as is also the extremely weak (4, 0) band at AR692, recently found by
Hulthén and Johansson(!7). This band forms the theoretical violet
terminus of the system, and is omitted in Figure 2. The intensities
correspond to the ordinary excitation of these bands by an induction
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Ficurg 13.—Distribution of Intensity Among the Bands of the Second Positive
Group of Nitrogen.

* as judged from visual inspection of a number of

coil or transformer,”
spectrograms.

Each sequence lies along a diagonal line, and the constant defining
each sequence is given at the bottom of the diagram. (Compare the same
numbering in Figure 2.) We note from the diagram that the strongest
band of the system is the (0, 0) band. The intensity can then be pictured
by two ridges AB, and AC, running down from a maximum elevation
at A.* Between these two ridges there is a trough, AD, almost coin-
ciding with sequence (0). Thus every horizontal row, or n” progression,

% The relative mtensity of the bands in this system is very sensitive to changes
in self-induction, capacity, and other experimental conditions. Hence it is very
difficult to give a “normal ” intensity distribution.

% Sometimes A is not the maximum elevation, and the ridges at first rise, and
then fall. See Mulliken(47) and (83).
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except n” progression (0), has two maxima of intensity, with a pro-
nounced minimum between. Since, however, the bands of a sequence
are adjacent in the spectrum, it is simpler ® to note the intensity dis-
tribution in each sequence. The significant point here seems to be that
while in the case of sequences 0, =1, and even =2, the first member
of the sequence is the strongest, this is not true for sequences of higher
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Ficure 14 —Same as Figure 13. for the Aluminum Bands (AIQ) of the Blue,
Green and Yellow.

number, the maximum of intensity tending to shift down toward the
center of the sequence.

This last tendency explains the distribution of intensity in the first
positive group of nitrogen which, it now appears, is very similar to that

* There are at the present time practically no trustworthy data on relative
intensities of bands. Because of the great spectral extent of any given n” pro-
gression, the estimation of relative intensities from visual inspection of a photo-
graphic plate is highly uncertain.
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in the second group. Valuable information concerning the first group
is furnished by Pfund’s(®8) energy curve for this system. It will be
noted from Figure 10 (drawn previous to Pfund’s work) that the positive
sequences are missing, and this condition is true also as regards the
red CN bands. But in both cases the missing sequences lie further to the
red than the hitherto explored region. Pfund’s curve shows clearly the
extension of the first positive group to the red of A9100, giving two more
sequences +1, and +2. From the theoretically predicted position of
the bands of these sequences, it is possible to obtain the intensity dis-
tribution in each sequence. The result is that the (0, 0) band at 29100
is found to be the strongest of the entire system, while in the + 1 sequence
the first band is the strongest and in the +2 sequence, the first or second
band, as in the second group. On the other hand, the strongest band in
the —1 sequence is the (2, 1) band—the second of the sequence—while
in the —2 sequence, the third band is the strongest, and in the —3
sequence the seventh band is the strongest. The —4 sequence has the
peculiar intensity distribution of a maximum at probably the ninth band,
and a secondary maximum at the fifteenth band. Because of this double
maximum, Datta (8%) considers that we are here dealing with two different
sequences. Such a distribution is, however, found in other instances, such
as the B bands of nitrogen, and hence is not justification for such a
division.”

As a further example of the normal distribution of intensity in a
sequence, we cite the strong group of aluminum bands (probably due
to AlO). The most complete experimental data are by llagenback
and Morikofer(8%). The quantum assignments are A4812=(0, 0),
A50TY= (0, 1), A4618 =(1, 0). From these all the other assignments
immediately follow. The general intensity course is indicated very
roughly in Figure 14, the figures having been made on the basis of a
visual inspection of a small dispersion spectrogram, with an attempt to
allow for the minimum sensitivity in the green. All bands marked with
a cross have an intensity less than unity, on the assumed scale

The systems of bands just discussed are all examples of what the
writer (reference (88)) has termed the “mnormal” distribution of in-
tensity in a band system. It appears now that this is merely the char-
acteristic distribution accompanying a small change in moment of
inertia. The maximum of intensity falls on a sort of narrow parabolic
curve having the zero sequence for its axis, and consequently a minimum

* Datta’s assignment of vibrational quantum numbers differs from that given by
Birge as shown in Figure 10, and arguments in favor of Datta’s assignment are not
apparent to the writer.
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of intensity is found for this zero sequence. This latter phenomenon is
quite characteristic. Thus, in Figure 13, the (1, 1) band is very weak,
compared to the (0, 0) band, and the same condition is true in Figure
14. However, in Figure 13, the (2, 2) and (3, 3) bands are again some-
what stronger, while in Figure 14 the intensity falls rapidly from (0, 0) to
(4, 4). This rapid decrease in intensity is still more pronounced on a
large dispersion spectrogram, even the (1, 1) band of aluminum being
scarcely visible, and the (2, 2) band cannot be detected.

Lenz (%) following a procedure originally outlined by Heurlinger (7),
has made an attempt to account for the distribution of intensity among
the various sequences, by assuming a simple harmonic oscillator and
ronsidering the perturbations produced by the oscillation in the orbit of
in encircling electron whose transition from one stationary state to
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F16Ure 15—Same as Figure 13, for g Bunds of Nitrogen (Due to NO).

another causes the band emission. The intensity is then connected with
the perturbations by means of Bohr’s correspondence principle. ITis
results give merely the variation of intensity from one sequence to another
for some constant value of n'. They depend greatly on the assumed
strength of the coupling between the electron and oscillator, and it would
appear as if this mode of attack might furnish a possible explanation
of the various known types of intensity distribution.

A second type of distribution, it now appears, is characteristic of a
large change of moment of inertia. It is illustrated by the 8 bands of
nitrogen, originally found in active nitrogen. The intensity distribution
is shown in Figure 15. The figure contains, besides the bands listed by
Fowler and Strutt(*),” a number of others which have been found

* In this system the successive n” progressions were designated by Fowler and
Strutt as 8, B, B:. and Bs. The B progression shows an unusually great intensity.
compared to the others, thus indicating an unusually large number of molecules
in an initial state of zero vibration. But this is just what would be expected,
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on spectrograms taken by E. P. Lewis. Because of the small intensity of
the bands on the left side of the figure, the assignment of the values
of n” is uncertain. That given in the figure leads to the identification
of the final state of the 8 bands with that of the y bands.” The essential
point about Figure 15 is the rise and fall of intensity as one proceeds
along a horizontal row. In the case of n” progression (2), there are
unquestionably three different maxima of intensity, and one or more
bands are definitely missing at each of the two intervening minima.
In a very rough sort of way, there seems to be a tendency for the maximum
of intensity to lie un rectangular hyperbolas about the (0, 0) origin.
This tendency is shown in a far more pronounced fashion in the case
of the bands of iodine, as arranged by Mecke (12). A portion of the bands
of this system is shown in Figure 16, where merely the presence of each
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Ficure 16.—Same as Figure 13, for the Iodine Bands, except that n’ and n”
are Interchanged with Respect to the Horizontal and Merely the Appearance of
Bands Indicated by Cross. Wood’s Resonance Lines Form, First Vertical Column,
Running to n” = 27.

band is indicated by a cross, as no definite values for the intensity are
available to the writer.

The series of doublets originally found by Wood(®7) in his work on
resonance spectra, corresponds to ' =26, n” =0 to 27, and is denoted by

according to the Boltzmann intensity distnibution, for the indicated intensities
correspond to the bands as produced in active nitrogen which, from other evi-
dence (see Birge(29)) seems to have a temperature scarcely above 100° C. On
the other hand, as Fowler and Strutt remark (p. 383, loc. cit.) this dominance of
the B series is entirely lost when the bands appear (faintly) in the ordinary air
discharge. In this case evidently we have a high temperature and an intensity
distribution quite similar to that of iodine.

* The actual molecule is NO. See Mulliken(47). The correctness of the quantum
assignments used here has recently been established by Sponer and Hopfield(188).
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circles. The exciting line corresponds to n'=26, n” =0, and the so-called
“ anti-Stokes » lines (corresponding to megative values of n”) have thus
been omitted. This is in agreement with recent (unpublished) work by
Loomis,” who finds that, with a sufficiently narrow exciting line, these
anti-Stokes lines are absent, thus proving that they belong in reality to
some other progression. A set of bands such as this, forming a “ resonance
series,” constitutes what has been called in this report an »n” progression.
Mecke(18) calls them a “ Querserie,” while the set for n”=constant,
here called an »’ progression, he refers to as a “ Lingsserie.” Mecke
considered the assignment of vibrational quantum numbers in the case
of iodine very doubtful. It would now appear that the newly assigned
values of n” are rather certain, but the values of n’ are still somewhat
doubtful. Aside from this point, it appears that in iodine, as in the 8
bands of nitrogen, the maximum of intensity tends to lic on a wide,
rather than on a narrow parabola or hyperbola, having again the zero
sequence as an axis. A third example of this distribution is the oxygen
ultra-violet group, analyzed by Johnson ("), and probably due to O,*.
Recent work indicates that the band v=26822 should be omitted and
that the true quantum numbers may be derived from Johnson’s empirical
parameters n and p, by the relations ” n'=33—n, n” =55—p.

In these three cases, the vertex of the parabola representing the
maximum of intensity tends to withdraw from the ‘origin (n'=0,
n” =0) as the parabola widens out. Tt is this phenomenon which intro-
duces the uncertainty in the numbering of n’ and n”, since all bands
in the vicinity of the origin are so weak as to be as yet undetected.

All other band systems, for which the intensity distribution is even
qualitatively known, secem to fall in one of the two classes, or at some
intermediate point. The general relations may then be summarized as
follows. Aside from the Boltzmann temperature factor, the distribution
of intensity is such as to give in a general way a maximum of intensity
along a parabola whose axis coincides with the zero sequence. The width
of the parabola and the distance of its vertex from the “origin ” of the
gystem increases with increased change in the moment of inertia of the
molecule, accompanying the electronic jump which characterizes the
system. Franck (Trans. Faraday Society, 1925) has recently given a
simple mechanical explanation of this correlation, which he first noted
for the case of iodine, and Condon (March 1926 meeting of the American

® [full details of this work are given in Chapter VI of this report.

% See curves 18 and 18 of Figure 12 and note (g’) of Section 7. The values
of n' are fairly certain, but the true values of n” may be given by 56 — p, or
even 57 or higher numbers.
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Physical Society) has extended the theory and tested it on a number
of band systems. This is discussed in Section 8.

The Boltzmann temperature factor then modifies the initial distribu-
tion among the various n” states, in the case of absorption spectra, or
among the various n’ states, in the case of emission spectra. Specific
examples of this may be of interest. If the absorption spectrum of a
cold gas or vapor is examined, only those bands comprising the »n’ pro-
gression for n” =0 may be expected to appear. If the change in the
moment of inertia is rather small, the 0 —0 band may be the strongest,
the intensity decreasing as‘n’ increases. This phenomenon is illustrated
by the ultra-violet absorption bands of cold CO, as photographed by
Leifson, and interpreted by Birge(?®), (see Section 8). On the other
hand, if the change in the moment of inertia is large the 0 —0 band may
be too weak to detect, and the intensity may steadily increase as n’
increases. This is illustrated by the Schumann bands of O, [see note
(e’) of Section 7]. For such a case the numbering of n’ is very uncertain,
unless the system can be obtained also in emission. This has been done
for the O, system just noted. If the emission bands are produced at a
relatively low temperature, the n” progression corresponding to »'=0
will be particularly strong. If at the same time the change of the moment
of inertia is large, the 0 —0 band will be very weak or missing, and the
intensity will increase as n” increases. These last two conditions are
fulfilled in the case of the B bands of nitrogen, as obtained in emission
in active nitrogen, the effective temperature of which is little above room
temperature. The same system has been obtained in absorption in cold
NO, by Leifson, as identified and interpreted by Sponer and Hopfield (seé
note d’ of Section 7), and the phenomenon is then similar to that of the
Schumann bands of 0,. On the other hand, as the temperature is raised,
the Boltzmann factor causes the appearance of other n’ progressions, in
the case of absorption, or of other n” progressions, in the case of emission.
The first phenomenon has been observed in the Schumann bands of 0,
(see note ¢’ of Section 7) and the =ccond in the case of the 8 bands, as
noted ecarlier in this section. The temperature distribution shown in
Figures 13 and 14 is for emission at high temperature, that in Figure
15 for emission at low temperature, that in Figure 16 (with Wood’s
“ resonance ” progression omitted) for absorption at (relatively) high
temperature. The first two figures are for small changes in the moment of
inertia, the last two for large changes.

In addition to the intensity phenomena thus far discussed, there are
variations in appearance for which no explanation has thus far been
offered. A study of the intensity distribution in the violet CN bands,
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(shown in Figure 3), as they appear in the arc (emission—high tem-
perature), in the electric furnace (emission—moderate temperature),
in active nitrogen (emission—Ilow temperature), in the sun (absorption—
high temperature), and in various type of stars (absorption—varying
temperatures), reveals radical and unexpected variations of relative
intensity. Figure 31, p. 192A, of Foote and Mohler’s “ Origin of
Spectra,” illustrating the second positive nitrogen group, as excited by
high and low speed electrons, shows variations of relative intensity of
which only a portion seems to have a temperature basis. Mulliken (47), (%),
has discussed other similar cases. A final example is the effect of
admixtures of foreign gases upon the first positive group of nitrogen,
as studied by Rayleigh(88). This phenomenon will be discussed in a
later chapter.

As contrasted to the question of intensity distribution, the assignment
of vibrational quantum numbers would seem rather trustworthy. If
integral values of this quantum number are used, and if it is assumed
that the molecule is not permanently endowed with some finite amount
of vibrational energy, then the assigned values for the near infra-red
bands are inevitable. But at the present time there has developed, in
several quite diverse fields, the apparent necessity of introducing half-
integral quantum numbers. Thus, in the case of all elements showing
even multiplicity in the line spectra, Sommerfeld uses for the value of
the resultant angular momentum of the atom j=3, 14, 2}, ete. We shall
find it possible to make a similar assumption regarding j, in the case of
certain hands.”

Furthermore, Mulliken(47), in the case of the BO bands, finds it
necessary to use half-integral vibrational quantum numbers, in order to
explain the vibrational isotopic effect. By this assumption, the molecule
is permanently endowed with a half unit of vibrational energy, and if
true in general, would necessitate the raising by a half unit of all values
of n given in this report. This question is considered in greater detail

in Chapter V, Section 4.

SECTION 5. THE QUANTUM STRUCTURE OF INDIVIDUAL BANDS
PART 54. GENERAL DEDUCTIONS FROM THE COMBINATION PRINCIPLE
In Section 4 we have considered the special form of equation (71)

when vy, =0. In this section we shall consider in some detail the various
possible values of vm for a constant value of ve-+v,—in other words the

" A systematic assignment of integral and half integral values of j has recently
been made by Mulliken (Proc Nat. Acad. Sci. 12: 144 [1926], etc.), as discussed
in Section 8.



ELECTRONIC BANDS: BIRGE 143

structure of an individual quantum band. vm, it will be recalled, is the
frequency of any given line relative to the origin of the band to which
it belongs and is related to the initial and final rotational energy values
by the equation

l’,m:(é’,n—I;'”m)//L:FI—F". (83)

Since, in the present section, this frequency relative to the origin is alone
of interest, we may for convenience assume that the frequency of the
origin (ve+vy) is zero, so that v, becomes the actual frequency and is
written merely as ».

Because of the great complexity of the phenomena now to be discussed,
it seems simpler to calculate the band structure to be expected according
to various theoretical assumptions, and then to compare these results
with the structure of typical bands. But, as has previously been noted,
the quantum analysis of a given band involves two distinct steps. (1) The
evaluation of the spectral terms, (2) the quantum interpretation of
these terms. Step (1) may again be subdivided into (1a), the evaluation
of the finite differences of successive spectral terms, (1h), the evaluation
of the spectral terms by appropriate summation of successive differences.”
Step (1) is independent of quantum theory and is merely a test of the
combination principle, but as a matter of fact the predictions of the
quantum theory have been essential in order to indicate the method of
procedure. We shall accordingly first discuss step (1a), beginning with
a brief account of the predictions of the quantum theory which have led
to a standardized process for obtaining the spacing of the spectral terms.

Tt has been shown in Chapter 1T (p. 43) that the vibrational quantum
number 7, in the case of a non-harmonic oscillator, can change hy any
integral amount. But in the case of the rotational quantum number j,
the experimental evidence indicates that it changes only by the amounts
+1, —1, 0or 0. The theoretical basis for this has been given in Chapter I1
(pp- 10 and 50). The vital step in the quantum interpretation of electronie
bands was taken simultanecously by IHeurlinger (82) and by Lenz(20), and
consisted in the identification of the known 72, (), and £ branches of
electronic bands with changes in the rotational quantum number j of
+1, 0, and —1, respectively, for the case of emission.

Without any further assumptions as to the emitting mechanism, it
is possible to predict certain mathematical equalitics, which form, essen-
tially, a test of the combination principle. As indicated by equations (71)
and (83), we denote by F” any spectral term corresponding to the initial

2 QOr, as discussed in Section 4, by transformation of the finite differences into
derivatives, and then by integration.
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econdition of the molecule, and by F” any term corresponding to the final
condition so that v=F'—F” =vn. Let us further designate any spectral
line by the value of j in the final state, in the case of emission, since
this nomenclature * is now used by the majority of investigators. Accord-
ingly we define

Pj=F;,—F"; (84)
Qi=F;—F"; (85)
R;j=F'y,—F";. (86)

Thus j” =j for all three branches, while j=j—1, , and j+1 respectively.

It is sometimes convenient to express each line in terms of the effective
quantum number m. In order to distinguish this nomenclature from
the above, we write

P[m"1=F[m']| —F"[m"], where m’=m" —cp (87)
Q[m"=F'[m'] —F"[m"], where m'=m" +¢cq (88)
R[m"]}=F'[m']—F"[m"], where m'=m" +cp (89)

As denoted by these three equations, m does not necessarily change by
+1, 0, and —1, for the I’, Q, and R branches respectively. Hence the
statement of the value of m” for any line does not always give any

*One of the greatest sources of confusion in the analysis of the detailed struc-
ture of electronic bands is the matter of nomenclature. From the previous sections
it can be scen that there are numerous different ways of denoting a given line.
We may, first, denote it by its initial quantum numaber, or by its final. Some
investigators have used one, some the other, and some have used the initial
for one branch and the final for the other. We shall adopt Kratzer’s custom of
denoting a line always by the final quantum number for the emission process,
i. e., by the lower of the two energy levels. The next question concerns which
quantum number to use. Kach line has a true final rotational quantum number
7", measuring the total angular momentum, and an effective final rotational
quantum number m”, measuring the nuclear angular momentum. The line
may be denoted also by the purely arbitrary parameter or ¢ Laufzahl” M,
mmtroduced in Section 2. Since at the beginning of an investigation, the values
of 77 and of m” are unknown, this arbitrary parameter 1s very convenient. Our
convention as previously stated 1s to number the lines with integral values
of M, in accordance with the symmetrical distribution of intensity, so that
P(0), R(0) and Q(0) represent missing lines, while P(1), R(1) and Q(1) repre-
sent the first theoretically observable line in each branch’® Methods for actually
carrying out this numbering will be given presently. Now 1n all cases, so
far as we know, the value of M, in each branch, differs from the true value
of 7” by a constant quantity, although the constant is usually different for
the different branches of the same band. Hence our general method of procedure
will be to obtain experimental relations between the Immes of a band, in terms
of M, and then determine, for each branch, the connection between the value of
M and the true quantum number of the final state, j”.
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information as to the value of m’. The experimental data indicate that
cp and cx are small positive quantities, equal to unity in certain simple
cases, while cq is a small positive or negative quantity, equal to zero in
certain simple cases. The method of representation in terms of m is most

convenient in discussing AF, or F (i. e, AEn or 12',..) since we have seen,
from the equations of Section 3, such as equation (59) that these quan-
tities ™ are especially simple functions of m.

Finally, we shall continue to use the nomenclature P (M), Q(M ), and

R(M) to designate the various lines in terms of M, and when plotting,
we shall sometimes use negative values of M (or even for the other
parameters j and m), denoting the graphs by P’, Q" and E".

If, now, the fundamental assumptions of the quantum theory regarding
the origin of the P, @, and R branches are true, as expressed by equations
(84), (85), and (86), it follows that *

R, —P;=F, —F;,=2aF", (90)
Rys— Py =F" 0 —F" 5 =2AF",, (91)
—Qi=Qjn— P =F10 —Fj=0F,, (92)
Ri—Qijn=Q;—Pju=F",,—F",=8F",;. (93)

These four equations contain the various pairs of lines which not only
test the combination principle, but enable us to isolate the initial and
final spectral terms. Equation (93) is merely a rearrangement of terms
in equation (92) and so both equations must be true, if one of them is.
Morecover, the definitions of R;— P’; and of R;_;— Pj,; in equations (90)
and (91) may be derived directly from equations (92) and (93). Thus,
in (92),

—Q, = j—Fj=AF .,
QJ'—I =1, —F'j =4l } (94)

and by addition we get equation (90).

™ Just as in the case of the spectral lines, the spectral terms, F' and F”, or their
spacing AF’ and AF”, can be expressed as functions of j or of m and as discussed
in a footnote in Part 2¢ and now illustrated, we will distinguish these different
functions by writing #; or Flm]. It 1s convenient also to express AF’ and AF”
as a function of M where each value of M is derived from the R line entering
into the determination of AF’ or of AF”, as explained later. In this case we write
AF'(M), or AF"(M).

®Tn connection with equations (90) to (93) and many similar equations,
attention may again be directed to equations (77) and (78) and accompanying
discussion. 2AF, as obtained from the R and P branches is not mathematically
twice the value of AF, as obtained from the R and Q, or @ and P branches, and
neither 1s exactly twice the value of the derivative of F at the value of j noted
in the subscript. But for the bands thus far analyzed these discrepancies are
in all cases within limits of experimental error and hence need not be considered.

10



146 MOLECULAR SPECTRA IN GASES

Now, if, in a given band, the equalities (92) and (93) are not found,
it is certain that there is more than one set of initial levels (F’) or of
final levels (F”) or of both, and that the three different branches P, Q,
and R, do not have common initial or final sets of levels, so as to make
these equalities possible. Experimental evidence on this point will be
presented later. _

On the other hand, if the band has no @ branch, equations (90) and
(91) are the only ones that can be tested, and for this purpose it is
necessary to have data on a series of bands in a given system. Thus all
of the bands forming an n” progression must give identical values of
2AF’; while all bands forming an »’ progression must give identical
values of 2AF”;. Equation (91) may be written

By—Pyy=F" 0~ F";=20F" .. (95)

By comparison of equations (90) and (95) we are led to expect the
following phenomena. There should be certain sets of bands (called n”
progressions) in a given system for which the difference in frequencies
of each line of the R branch (R;) and a certain corresponding line of
the P branch (P;) give a series of values (2AF";) which are identical
for each band of the set. Then by taking the same lines of the E branch
(Rj) with a different corresponding line of the P branch—the second
line to the red in the P series as compared to the line previously used,
i. e., Pj,, in place of P;—we should obtain another set of values, 2AF" j,,,
which will be found identical for all bands of certain sets. These new
gets are different from the previous sets, and constitute the various »’
progressions of a system of bands.

By assuming Kratzer’s theory of the non-harmonic oscillator, we have,
in Section 4, equations (79) and (80), arrived at criteria for arranging
the bands of a system in n” and 2’ progressions. From the relative
intensities of the bands in certain nitrogen groups in relation to the
Deslandres’ progressions, we have deduced an independent criterion for
this assignment, as illustrated by Figure 10. We now, from the equalities
among the various lines of each band given by the combination principle,
obtain a third criterion for the classification of the bands of a system.
If there are perturbations in the given system of bands, these form a
fourth partially independent method for classifying the bands into pro-
gressions.” The isotopic effect, already mentioned, forms a fifth method.

*In practice, it is usually assumed by investigators that the perturbations are
connected with the same initial state, so that a study of the character of the
perturbations indicates which bands are to be classified as one n” progression.
Then one should find in any band similar perturbations in the P and R branches,
and this immediately indicates that these two perturbed lines are to be used in
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Now, when the lines are numbered with respect to a symmetrical
intensity distribution, using the empirical parameter M, it is normally
found experimentally that

R(M)—P(M—1)=20F (M) (96)

gives a set of identical values of 2AF for all bands forming any one n”
progressions and

R(M) —P(M+1)=2aF" (M +1) ‘ (97)

gives a set of identical values of 2AF” for all bands forming any one n’
progression.

In this case we have followed the convention agreed upon—to call the
first real line of each branch, B(1) and P(1) respectively. If, in addi-
tion, each band of the system under consideration has a @ branch, and
if, as agreed, we call the first real line of this branch Q(1), then the
following additional equalities are found experimentally to be true for
each band of the system.

R(M)—Q(M) =Q(M+1)—P(M)=aF (M+}), (98)

or
R(M)—Q(M+1)= Q(M)—P(M)=aF"(M+3}).  (99)

Moreover it is found that all bands of any one n” progression give iden-
tical values of AF'(M+4) in equation (98) and all bands of any »’
progression give identical values of AF” (M +}) in equation (99).

Let us, however, assume that we have made no analysis of the bands
of the system into progressions, by means of the theory developod in

equat,non (95). From this are known all the othcr pairs of llncs giving the values
of 24F”, ;. Then by taking the second P line to the violet, and the same R line,
we have the pairs of lines to be used in equation (90), and the values of 24F'
thus found should be identical for all bands with similar perturbations. If thls
is found to be the case, it proves the original assumption that the perturbations
are connected with the initial condition. If, however, it should happen that the
perturbations were actually connected with the final state, then the set of values
of 2AF found by starting with a pair of perturbed lines would be values of 2AF,
and in order to get any other set of values 2AF which would occur also in other
bands, it would be found necessary to use the sccond P line to the red, with the
same R line, thus getting a set of values of 2AF” which would be found to be
identical in all bands with similar perturbations

Thus the perturbations are an invaluable guide in starting the investigator on
a test of the combination prineiple and in arranging bands in sets, but equations
(90) and (95) must actually be used, in order to decide whether it is the initial
or final state that is perturbed; or we may use any of the theoretical deductions
of Scction 4 to decide which state is perturbed. The perturbations thus form a
connecting link between the theory of Section 4, and the theory of this section.
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Section 4, and that the experimental evidence at our disposal consists
solely of the relations given in equations (96) and (97), if the bands
have no @ branch, and of the additional equalities of equations (98)
and (99), if a Q branch occurs. Let us now consider what theoretical
deductions can be drawn from this evidence, assuming the general
quantum interpretation of the three branches, as expressed by equations
(84) to (86), which lead in turn to equations (90) to (95) inclusive.

We first compare the experimental equations (96) and (97) with the
theoretical equations (90) and (95). We see immediately that a certain B
line has been used with two different P lines, separated by two units of M,
whereas the theory indicates that the two P lines thus used are separated
by two units in j. This leads to the important cpnclusion that the values
of M which we have assigned to each P line (which values we may here
call Mp) differ from the true final quantum number (;”) of each P line
by a constant quantity. By transforming the experimental and theoretical
equations so that the same P line is used with two different R lines, we
can similarly deduce the result that the values of M applied to the R
branch (here called Mz) also must differ from the true value of j” of
each R line by a constant quantity. Let us assume that

j=Mg+c (100)

where, as in the previous equations of this section, we use merely j for
the final quantum number j”, and where ¢ is a constant to be determined.

Then by comparing equations (96) and (90) we see that this eonstant
is not the same for each branch. If, by chance, Mr equals the true j”
for the R branch (as we shall find is actually the case), so that ¢=0 in
equation (100), then, evidently we must set Mp equal to ;7 —1 in order
to harmonize the two equations. Therefore, in general, for the P branch
with the values of Mp actually used

j=Mp+1+ec. (101)

Next, by comparing equations (98) and (92) we see that for the @

branch

It should be noted, finally, that the designations 2AF’, and 2AF”, etc.,
used in equations (96) to (99) are purely arbitrary, but have been
written down by analogy with equations (90) to (93). Thus, if the
theory of these latter equations is true, the 2AF'of equation (96) must
be interpreted as referring to a double interval in a set of initial rota-
tional levels, while 2AF” of equation (97) must have a similar relation
to the final rotational levels.
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By finding which bands give identical values of 2AF” and of 2AF”
respectively, we then have an analysis of the bands of a system into
progressions which is entirely independent of such a classification based
on the methods of Section 4.

The parameters in the functions 2AF’, 2AF”, etc., given by equations
(96) to (99) are likewise arbitrary. They have been introduced in such
a manner, however, that the relation of the argument of AF in each such
equation to the argument of R in the same equation is exactly the same
as the relation of the corresponding arguments in the analogous equations
(90) to (93). Hence, if we wish to express the AF values in terms of
the j’s as in equations (90) to (93), we must use the same transformation
equation (100) as we would use in converting R(}M) into a function of j.
Thus from our empirical designation R(M), Q (M), and P(M ) for the
various lines we can obtain the true quantum designation /- j”, and from
our empirical functions 2AF' (M), 2AF" (M +1), etc., of equations (96)
to (99), we can obtain the true quantum functions 2AF';, 2AF",,, ete.,
of equations (90) to (95), as soon as we know the value of c.

In order to determine ¢, we must make additional theoretical assump-
tions as to the intensity distribution, and these will be considered later,
in connection with individual cases.

Meanwhile, it should be noted that the fact that M and j differ only by
a constant is in itself an important clue to the theoretical structure of
certain bands. Thus, in the second positive group of nitrogen, and in
the Swan bands of carbon, there are, in one series, certain repeated
irregularities of intensity. These were mentioned near the end of Part 2f.
The phenomenon is such that several investigators have suggested that
what had been called one series is really two series, -each composed of
the alternate lines of the original series. But now Lindau(!!) has shown
that equations (96) and (97) are true ” for the bands of nitrogen, using
the questionable series in its original form. Tf the double series were

* It should be noted that Lindau made no attempt to evaluate the ¢ of equa-
tions (100) and (101), and in fact did not carry the series close enough to the
point of minimum intensity, except in two instances, to determine the absolute
values of M by the method of intensity distribution. He determined the relative
values by making the usual assumption that lihes R(M) and P(M -+ 1) have
similar perturbations. This assumes, as already noted, that the perturbations are
connected with the initial state, but the assumption was immediately justified
by the verification of equations (96) and (97).

A preliminary study by the writer indicates that in some cases Lindau’s absolute
numbering of M (which should lead to ¢ =0) is incorrect, and actually leads to
values of ¢ not only different for different bands, but different for the three
component series (forming the triplets) of a single band. This result agrees with
the still more recent work of Mecke(54) on this band system.
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assumed, the two P lines combined with the same R line in equations
(96) and (97) would differ by only one unit in M, in contradiction to
the theoretical expectation. ¥. D. Shea(®!) has shown the same relations
for the Swan bands. However, in this case as in others in the preceding
pages, the entire validity of the argument rests upon the assumed
theoretical interpretation of the P, Q, and R branches as corresponding
to Aj=41, 0, and —1 respectively. As mentioned in a footnote of
Section 3, it is possible, by assuming ¢ different from ¢”, to obtain an
actual @ branch having the appearance of a P branch or of an R branch.
This Dieke(%®) has done, in the case of the negative nitrogen bands.
Thus the alternate lines of apparent P and R branches of these bands are
interpreted as actual @ and R branches and P and  branches, respec-
tively. In this case, equations (92) and (93) for instance show that a
certain E line (£;) is to be combined with two different Q lines (Q; and
Q,+) differing by only one unit of j, to give values of AF’ and AF”
respectively, instead of with two P lines differing by fwo units in j, to
give values of 2AF” and RAF” respectively. Hence on Dieke’s assump-
tion, we are led to interpret the apparent P branch as in reality two
branches, composed respectively of alternate lines. One is a true P branch,
the other a true @ branch. Similarly, the B branch consists actually
of two branches, one an B branch and the other a Q branch.

The preceding relations connected with the combination principle,
as stated in equations (90) to (95) are shown graphically in Figure 17,
assuming that ¢=0 in equations (100), (101), and (102). The rota-
tional levels (vertical lines) are not drawn tc scale, in order purposely to
avoid the rapid confluence of the levels near j=0. The figure shows
three vibrational levels, of which two are accompanied by several of the
attached rotational levels, all for a given electron configuration, and a
similar set of levels for another electron configuration. Taking for both
configurations the vibrational quantum numbers as 0, 1, and 2, we have
represented, by horizontal lines, the first three lines of each branch of the
three bands (0, 0), (0, 1) and (1, 1). The first two bands belong to the
same n” progression (n'=0), and the last two to the same n’ progression
(n"=1).

In each branch the first possible line*has j=0 for either the initial
or final state, or both. In order to explain the experimental results, it
has been customary to assume that the rotational state j=0 has zero
probability. Hence this first possible line in each branch is missing, and
is indicated in the figure by a broken line.

As drawn, the spacing of the vibrational levels is less in the initial
state than in the final, corresponding to sequences degraded to the red.
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This condition occurs, as has previously been noted, only in the case of
bands degraded to the red. This latter condition is represented by a closer
spacing of the rotational levels in the initial than in the final state
(since I'>1"), for corresponding values of n. Also, in agreement with
equations developed in Section 3, the spacing in the sets of rotational
levels always decreases, as n increases. Finally, from the theory developed
in Section 3, the spacing of the rotational levels increases at least
approximately proportional to j, while the spacing of vibrational levels
decreases slowly, as n increases. The diagram therefore shows qualita-
tively the relative spacing of the levels for a system of bands degraded
to the red.

The illustrations of the combination principle are as follows: (1) The
value of (R,—P;) for bands (0, 1) and (1, 1) is identical, because both
bands have the same final vibrational state, while the two lines in ques-
tion, R, and P;, have the same initial rotational state, in each band.
Therefore (R,—P;) gives 2AF”,, in agreement with equation (91).

(2) The value of (R,—/P;) for bands (0, 0) and (0, 1) is identical,
for both bands have the same initial vibrational state, while the two
lines R, and P, have the same final rotational state, in each band. There-
fore, (R,—DI,) gives 2AF';, in agreement with equation (90).

(8) The value of (R,—Q,) is identical with that of (Q,—2P.) as illus-
trated in band (1, 1) since the final state is the same for the two lines
of each pair, and the same two initial states occur in each pair. There-
fore either of these two differences gives AF;;, in accordance with
equation (9%).

(4) The: value of (R,~@.) is identical with that of (Q.—P:), as
illustrated in band (0, 0), since the initial state is the same for the two
lines of each pair, and the same two final states occur in each pair. There-
fore, either of these two differences gives AF”y;, in accordance with
equation (93).

This figure is convenient also for discussing more fully the remark
made in a footnote of Section 3, to the effect that if all three branches
of a set of bands are present, one can calculate a complete set of energy
levels, such as that illustrated, by the combination principle alone inde-
pendent of any theory ; but if the @ branch is missing, one can in general
compute only two independent sets of levels, by the respective use of
alternate lines of the various series.

Assuming, first, the presence of all three branches, but using only the
Q and R branches of, let us say, the (0, 0) band, one obtains from @, the
levels /=1 and j” =1, of which one (let us say j') may be assigned any
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arbitrary value. Then R, locates the level /=2 and Q, the level ;" =2.
Thus, using the succession of lines Q,, R,, @, R,, etc., one may locate
every level (except j=0) for the initial and final state of this band.
Another band with the same initial state, such as (0, 1), then checks the
values for this initial state, and simultaneously locates a new set of final
levels, corresponding to n” =1. Thus we may build up the complete set
of levels, for all of the bands of a system. If we have in addition, a series
of electronic levels, a, b, c, ete., such that a->b, and b-»c, etc., correspond
to known band systems, then having obtained all of set b in terms of an
arbitrary assumed value of some level of set ¢, we may similarly obtain
all of set ¢, etc. Finally, by using the lines of the P and ¢ branches,
instead of R and @, in the order @Q,, P,, Q., Ps, etc., one may obtain a
completely independent evaluation of the entire set of levels.

But now let us assume that the @ branch is missing. In such a case
only alternate lines of each of the two branches P and R have any level
in common. Thus, starting as before with an assumed value of /=1 for
any given band, the series of lines P, B,, P,, R,, etc., gives the evaluation
of =1, 3, 5, etc., and j”"=2, 4, 6, etc. By using other bands of the
system, these same values of j may be evaluated for all values of n’ and
n” actually represented. Thus one-half of the lines of the bands lead
to the evaluation of the odd-numbered levels of the initial state, and the
even-numbered, of the final state. If, now, we have a set of systems of
bands, a>-b, b->c, c>d, etc., it is possible, by an obvious extension of the
above calculations, to obtain the odd-numbered rotational levels related to
alternate electronic levels, such as a, ¢, e, etc., and the even-numbered
rotational levels of the remaining electronic levels b, d, etc. Finally, by
using the remaining half of the lines of each branch of every band, one
can obtain the even-numbered levels of the sets corresponding to a, ¢, e,
etc., and the odd-numbered levels of the remaining sets. But there is no
arithmetic connection between the fwo sets. To be sure, one can adjust the
relative positions of the two sets so that, as in Figure 17, the combined
effect is that of one set obeying certain relatively simple laws. This,
however, is a matter of theory.

But now let us assume we have “combination ” bands, due to the
transition from electron level a to level ¢ in addition to the two systems
of bands a—»b, and b—>c. Then the odd-numbered levels of set a can be
arithmetically connected with the even-numbered levels of set ¢, and
vice versa. This gives the desired connection between the odd- and
even-numbered levels of sets a, b, and c.



154 MOLECULAR SPECTRA IN GASES

Unfortunately, such “combination ” bands seem to be very rare, and
in their absence, certain possible ambiguities of interpretation, in the
case of complex bands, seem unavoidable.”

ParT 58B. SPECTRAL DiaGraMs

In the preceding portion of this section we have considered the general
form taken by the combination principle, using only the most general
assumptions as to the quantum origin of the P, @, and R branches of a
band as given by equations (84) to (86). We have considered, also,
what has been found experimentally to be the actual form of this prin-
ciple in terms of a convenient empirical numbering of the lines of a
band, and have made several theoretical deductions from the empirical
facts. In order, however, to obtain the true quantum numbers to be
assigned to each line of a band—in other words, to make a real quantum
analysis—it is now necessary to introduce some or all of the theoretical
assumptions made in Section 3. In many cases, these assumptions are
presumably correct. In other cases, there is as vet too little experimental
evidence to draw any definite conclusions. In yet other cases, the whole
matter is still in a highly speculative stage.

The simplest and most convenient method of procedure consists in
using the theoretical equations for ¥’ and /7, in Section 3, together with
certain assumptions as to intensity distribution, in order to calculate the
expected appearance of an entire band, and then to enquire whether
known bands have such an appearance. We then indicate how the data
should be handled in each case to obtain finally the theoretical equations
for F” and F” which we originally assumed. We shall accordingly begin
with the simplest conceivable type of molecule, and pass progressively
to more complex types, illustrating the results by means of a series of
diagrams.

“In plotting these diagrams, we give only the data relating to the
immediate vicinity of the origin of the band; for, in general, only such
data are needed in order to derive the essential facts regarding the
quantum analysis of a band. Conversely, it is generally impossible to
obtain the quantum analysis without such data, for it is then necessary

* As noted under Part 3b, two cases of “combination” band systems are now
known, (1) in the BO bands, found by Mulliken(47), and (2) in the CO* bands,
photographed by Baldet(92) and by Johnson(70) and identified by Birge(60).
In the former case, none of the bands have as yet been photographed under high
dispersion, while in the latter case the a—>c (first negative group of carbon) and
b—>c (comet-tail bands) have been photographed under high dispersion and
analyzed; but the new “combination” bands have not as yet been obtained
under high dispersion.
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to extrapolate the empirical equations into the region of the origin and
this, in the case of all but the simplest types of bands, is a highly uncer-
tain procedure.

Now for this region in which j and m are small, as has been shown
in Section 3, the formulas become much simpler, except when neither
o nor e vanishes, in which case the reverse is true. Aside from this latter
case, the only formulas which are used are those for a straight line and
for a second degree parabola.

In the diagrams, we begin at the left side by plotting F'; and F”,
as a function of j, where j is the ordinate scale, and F the abscissa scale.
j as usual is assumed to be an integer. We then shift F’ up and down
one unit to give the new equations #’;_, and F’;,,. Then by equations
(84) to (86), we can graphically or analytically subtract F”; from
each of three functions F';, F';; and F’,,, to obtain respectively, Qj,
Pj and E;. These resulting frequency values are then plotted in the
center of the diagram as a function of j, using the same ordinate scale,
as indicated by the form of equations (34) to (86). In order to show
certain symmetries, we plot P, Q and R also in terms of negative values
of j, denoting the curves as usual by P, Q’, and R’

From these v: j plots of @, R, and P we next obtain the actual appear-
ance of the spectrum, as far as the relative frequency of each line is
concerned. When it comes to the matter of intensity, it is necessary to
introduce additional assumptions. The theoretical aspects of this ques-
tion have already been discussed in Chapter ITI for vibration-rotation
bands, and will be mentioned again later in this chapter. Meanwhile,
it has been noted earlier that in all cases the intensity seems to be approxi-
mately symmetrical with respect to a point between the R and P branches,
thus furnishing the basis for the values of M to be assigned to each line.
As will appear more clearly from a study of these diagrams, the experi-
mental * results are approximately satisfied by the following two empirical
rules: (1) The intensity in each branch is distributed according to the
general distribution function.

Intensity = me-+m*, (103)
where £ is a function of I and of 7T, the absolute temperature, and m

is the algebraic mean of m’ and m” for the line in question. (2) All lines
for which either j’ or j” is zero, have zero intensity.

" These results, at the present time, are scarcely more than qualitative and
consist in general of microphotometric curves of a number of electronic bands.
More accurate quantitative material is greatly needed, in connection with several
proposed theories of the intensity distribution in various types of bands. More
searching data are needed, also, concerning the missing line, for as shown in
Part 5d, rule (2) is found to break down in certain more complex bands.
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The distribution function has such a form that for very small values
of m, the intensity is nearly proportional to m. But as is shown in foot
note 104 in connection with the discussion of Cases I to IV (ahead),
the distance of any line in the P or R branch from the origin of the
band is approximately proportional to the algebraic mean value of m,
for small values of m. Hence, there results the very convenient rule that,
for small values of m, the lines of the P and R branches have an intensity
proportional to their distance from the band origin. This, it may be
noted, is exactly the original form of the classical theory ** of near infra-
red bands, (assumed continuous), since the distance of any portion of the
band from the central zero point is, on that theory, proportional to wm,
the frequency of rotation, and the theoretical distribution of w, with
temperature is given by equation (103) with m replaced by wm. This is
only another example of the seemingly general  correspondence ” be-
tween classical and quantum theory.

Each spectral line is accordingly drawn beneath the »:j curve, and
labelled with its theoretical value of j>j”. Its intensity is indicated
by the length of the drawn line. Missing spectral lines are indicated
by broken lines. At this point we drop the theoretical aspect and assume
the viewpoint of the experimental investigator. We assume ourselves
in possession only of the spectral lines with intensities as indicated, and
wish to analyze these in such a manner as to obtain the theoretical
F’ and F” functions. The details of this process will be given after we
have discussed the theoretical treatment of Cases I to IV as given in
Figures 18 and 19.

Case I. Figure 18 (Theoretical)

This illustrates the simplest conceivable type of molecule where the

rotational energy Emis given by equation (18) and where the molecular
constants are the same in both the initial and final states. (This is of
course a most improbable assumption, in the case of an electronic band.)
Hence in equations (59) and (60)

F'=F", €=¢"=0, ¥=38"=0, ~=¢"=0. (104)
and equation (59) becomes

F=F =F"=Bym?=B,j? (105)
and
AF'=AF" =2B,j. (106)

1 See Kemble, reference (98).
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o =o' =0. Case II. F'>F7,
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In order now to plot all quantities in terms of the final quantum
number j”, here designated j, we keep F”; fixed and vary F;, as described
above, and thus obtain

Q;=F;—F";=B,j*— Byj* =0, (107)
Rj=F'y—F"y=B,(j+1)*— B,* = 2B, (j+1), (108)
P,=F,~F";=B,(j—1)*=B,j*=2B,(~j+3).  (109)

We see from these equations that P’; is the extrapolation of R;, since
changing the sign of odd powers of j in I, makes it identical with R;.
The @ branch, plotted with v against j, is the vertical straight line, v=0.
The R; and P; graphs are straight lines of slope 4 2B, and —2B,, meeting
each other at j=0, v=DB,, and crossing the @ branch at v=0, ]_—}
and + 3 respectively.

Beneath the v: j curves for the three branches are plotted the actual
spectrum lines, the ¢ branch being reduced to a single line v=0. The
R and P branches form a continuous sequence of equidistant lines, with
interval 2B,. Above each spectral line is given its designation in terms
of the empirical parameter M, i. e., R(M), P(M), and Q(M). This is
done for each of the cases I to IV, and these values of M will be discussed
later. For Cases I, III and IV there is given above each line, also, the
values of j'->j”. These follow immediately from the P, Q, and R graphs.

It we now make the general assumption that only those lines are
missing for which j=0 in either the initial or final state, we see that the
1->-0 line of the R branch (i. e., R,), the 01 line of the P branch
(i. e, Iy), and the 0->0 line of the @ branch (i. e., Q) are missing.
These three lines will be missing regardless of the functional form
assumed for F” or F'”. In the present case we find that in the continuous
sequence of lines given by R; and P’j, there are {wo missing lines, R,
and P,. The @ branch forms a single strong line at »=0, the origin of
the band, and the two missing lines are situated on each side of this
point at v==B,. On the other hand, if the perturbations are due to
the initial conditions, then two lines such as R;(2>1) and P5(2->3)
may show similar perturbations,™ and such pairs of lines are equidistant
from the missing line P, i. e., from v= — B,.

Case II. Figure 1S (Theorelical)

This case is similar to Case I, except that we assume different func-
tions for I and ', keeping F’, for convenience, geometrically the same
as for Case I. The actual plotted functions are

=Bt (110)
and =B",* =43 J* (111)
*** This pair of lines is indicated by cross-hatching, in Cases I, II, and UL
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where the same linear scale is used for F' and for j. The relative magni-
tude of B’y and B”, is that for a band degraded to the violet, and the
per cent variation is quantitatively that frequently found in electronic
bands. Hence the spectra plotted in this and succeeding diagrams can
be considered to represent certain actual spectra, so far as the relative
spacing of the lines is concerned.

As before, F” is kept fixed, at the left side of the diagram, and F’
placed in the three positions which will give the three branches of the
series. The equations of these branches, letting C,=B';— B”,, are

Qu=F"y—F" = Boft = B o = Cof, (112)
By=F = F" = Bo(j+1) =B (j)*=Cof +2B0(j+4),  (113)
Py=F'yi—F"y=Bo(j=1)"=B"o(j)*=Cof +2Bo(~j+4). (114)

A comparison of equations (112), (113), (114) with equations (107),
(108), (109), shows that every line of the three branches has a frequency
Coj* greater in Case II than in Case I, due of course to the fact that
we have used, for each branch, an '” smaller by C,j? than that for Case I.
Hence the three branches are now represented by parabolas, differing
from the previous linear graphs by Cyj%, and hence tangent to these lines
at j=0. Thus the @ branch is now a parabola with its vertex at j=0,
v=0, defining the “origin” of the band. In fact, the vertex of the Q
branch parabola always locates the origin of a band, in cases where
€ =¢", 0=0, the only type discussed in Figures 18 and 19. The relations
in more complex cases will be discussed individually.

As in Case I, P’; is the continuation of I,, as is evident from a com-
parison of equations (114) and (113); and P; and R; cross at j=0,
v=DB',. This is the frequency of R, while P; (the other missing line)
is at v=—B"”,. Hence the two missing lines are at equal distances from
v=+0C,/?, instead of from the origin, as in Case I. Moreover, E; and
Py intersect Q; at j= —3% and j= 4+, respectively, as in Case I, but
at v=C,/4 instead of at the origin."”

For this case the frequencies of two similar perturbations are given by
equation (113) for pairs of values of j (using positive and negative
Jatge

2
no longer symmetrical, in ferms of frequency, with respect to any given
frequency, but are symmetrical in terms of j from j= —1, on the E;P’;
curve, as plotted.

values) such that = —1. That is to say, the perturbations are

12 The corresponding curves for bands degraded to the red are obtained by
making C, negative, so that the parabolas of Case II lie on the left side of the
straight lines of Case I, and the intersection of R; and @, is just to the red of
the origin, instead of to the violet, as drawn here.
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The spectral lines obtained in Case II are similar to those of Case I,
save that the spacing of the lines of the R and P branches increases uni-
formly to the violet, while the Q branch has become a real series. It is
unnecessary to give the j>j;” values for the @ branch, since j=7 =j"
always. The intensity distribution assumed for this branch is the same
as that for the R and P branches—in lieu of definite experimental or
theoretical evidence on this point. The j->;” values for the P and R
branch lines are identical with those in Case I, and therefore are not
given.

Case II1. Figure 19 (T'heorelical)

This case differs from the preceding in that we assume ¢ =¢"=+4,
i. e, m=j—3 for both initial and final conditions.™ Therefore equation
(59) becomes ‘

Fy=Bym"? =B,(j—1)% (115)
By =B"om"=B",(j—1)*. (116)

These equations, compared with equations (110), (111), show that m
(or j—3%) has replaced j. Making the same change in equations (112),
(113), (114), we obtain

Q,=Com*=Co(j—13)% (117)
"R, =Com* 4285 (m+3) =Co(j—1)*+ 2B, (118)
W Py=Cgm? + 2B o (—m+3) =Co(j—1)*+2Bo(—j+1).  (119)

In obtaining these expressions graphically, we first plot equations (115)
and (116). These parabolas are shifted up one-half unit in j, as com-
pared to the parabolas of equations (110), (111), since the vertex is at
j=4 instead of at j=0. The same shift applies in Case III to all
parabolas on the left side of the diagram. Ilence the Rj, I’; and @
curves also are identical with those of Case TI, except that they are
shifted up one-half unit in 7. This shift, however, destroys the symmetry
of the I’ and P curves, with respect to the j=0 axis. lence now P’y
is the smooth continuation of I, as can be verified from equations (119)
and (118). Morcover, this shift produces a profound change in the
actual appearance of the spectrum, for our fundamental assumption is
that each speetral line corresponds only to infegral values of j* and j”.
Thus, while the v:j curves of Case IT are moved up one-half unit, to
obtain those of (ase TI1, the obscrved points must remain opposite the
same values of 7, and hence must move down the v: j curves by one-half

1 Obviously this is equivalent to assuming ¢ =¢” =0 and j= half-integer.
This alternative assumption 1s considered in Part 5¢ ahead.

11
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unit. This movement along the v: j curves shifts the P and R branches
closer together, so that the two missing lines B, and P, now coincide in
position. This position as given by equations (118) and (119) is v=C,/4.
This is also the frequency of @, and @,. The P; and R; curves cross at
j=+3%, (i. e, m=0), v=B, while the vertex of Q; is at j=+3, »=0.
Since Case ITI, representing a series with one missing line, seems to
be a type commonly found in the case of diatomic molecules, it may be
well to note that P; crosses Q, at j=+1, v=C,/4 and E; crosses it at
j=0, v=C\y/4, while the missing lines Ry, Qo and P, all coincide at this
same point v=C,/4, which is thus not identigal with the origin v=0.
Just as for Case TI, the perturbations are not equidistant in terms
of frequency from any given point. In Case 1II, they are equidistant in
terms of j from j= —3, on the R;P’';, curve, and are thus given by

equation (118) for pairs of values of j such that L—;—i =—3

Case IV. (Theoretical)

This case differs from Case ITI in that we assume ¢ =¢” = —3, instead
of +3. Equation (59) becomes

F,=B'm"* =B,(j+1)3 (120)

.FWII].:Bllomfl.z:Bllo(j+%)2. (121)

Hence, as in Case III, we use equations (112), (113), (114), revlacing
j by m, i. e., by j+13, thus obtaining

Q) =Com*=Co(j+3)%, (122)

Ry=Com?*+ 2B o(m~+3)=Co(j+3)*+2B(j+1), (123)

Pj=Com?+ 2B o(—m+3)=Co(j+3)*+2B(—]). (124)
The graphical solution in this case differs from Case IT in the same
manner that Case IIT differs from Case II, except that all the parabolas
are shifted down one-half unit in j, instead of up and it seems unnecessary
to repeat them. In this case it is />’,,; which is the smooth continuation
of B;. The shift causes the K and I’ branches to draw apart, so that the
two missing lines B, and I’; occupy the positions of R; and I’; of Case
ITI. Hence hetween R, and I’, there is a third missing line, correspond-
ing to the transitions —1->0 and 0->—1. Thus every line in cach of the
three branches, for Case 1V, coincides in frequency with a line of Case
III, but the value of j/ and of j” in Case IV, designating a given line,
is always one unit lower than in Case III. In other words, there is no
difference between Cases III and IV except that one is a * one missing
line ” case, and the other a “ three missing line ” case. In Case IV, the
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pairs of similar perturbations on the R;I”;,; curve are given by the pairs

of j values 15;]2— = — 14, using equation (123).

If now, in Case 111, € is slightly less than 0.5, all of the plotted lines
in Figure 19 will be slightly displaced away from the origin—the single
missing line breaking up into two adjacent missing lines. A similar
decrease in the absolute value of ¢, in Case IV will cause all the plotted
lines of Figure 19 to move slightly nearer the origin. Hence the com-
bination of Cases ITI and IV with these changes in e gives a series of
doublets, the center doublet being composed of two missing lines, and
the first doublet on each side of one missing and one real. line. We have
seen in equation (64) that the introduction of “8,” due, according to
Kratzer, to the mutual influence of electronic and rotational energy, is
equivalent effectively to a small decrease in the absolute magnitude of e.
Hence we have a possible explanation of a series of doublets, and in fact
Kratzer introduced this quantity 8§, in order to explain such doublets.
This matter is considered more fully in Part 5c.

In concluding the theoretical discussion of Cases I to IV, we may
summarize the relations as follows: Excluding Case I, which is intro-
duced merely to define the tangent linear graphs of the other cases, we
find, from equations (105) to (124) that in terms of m, the equations
for all three cases are identical. Because of this fact it is common prac-
tice to write and plot the equations for the @, R, and I” branches in terms
of m.

Since in Case IT, j=m, these common equations are actually equations
(110) to (114), of Case IT, with j replaced hy m, and the graphs of these
equations are actually the graphs of Case TI, with j replaced by m.*
Moreover, the introduction in these new equations of j (=m4e¢) in
place of m merely shifts all of the graphs up or down. IHence the
frequency values of the various intersections are independent of the
value of e Thus R, and I’, (or /#; and ;) intersect @ (or Q;) at
v=C_,/4, while the vertex of Q.. (or @,) is at v=0, defining the origin
of the band. R, and P, (or I, and I’,) intersect one another at m =0,
v="D0'. Two similar perturbations are given by equation (113), with
j replaced by m, for pairs of values of m given by Mabme —-1.

2

* Equations (113) and (114), with j replaced by m, give in analytic form, the
basis of a previous statement in connection with equation (103), to the effect
that, for small values of m, the distance of any P or R line from the origin
is proportional to the mean value of m' and m” for the particular line. Thus in
equation (113), R,, indicates the transition m -+ 1->m, giving m + { as the mean
value. P,, indicates the m — 1->m transition, giving m — % as the mean value.
Neglecting the small Com?® term, R, = 2B',(m + %) and P,, = — 2B's(m — }).
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On the other hand, the appearance of the spectrum depends decidedly
upon the value of € and of €”. Beginning with ¢ =¢” =4, the I’ and B
branches form a continuous sequence of lines, with one missing. As
¢ and ¢’ decrease, the two branches move apart so that they cannot be
plotted as a continuous sequence, until ¢ and €¢” equal zero. In that
case the sequence is continuous, with two missing lines. It is again
continuous at ¢ =¢” = — 4, with three missing lines. All of the cases just
discussed are for the condition ¢ =¢”, so that Am=Aj, in any transition.
The phenomena introduced when ¢'=¢” will be considered presently,
in connection with the CN and 1lg doublets.

Cases I to IV. (FExperimenlal)

Let us consider now that we have found, experimentally, spectra cor-
responding to those plotted in Cases T to 1V, in respect both to the fre-
quency of the lines of the various branches, and to the presence or absence
of lines. We wish to analyze these spectra in such a manner as to obtain,
either graphically or analytically, the appropriate functions #”; and F”;.

To do this, we first label each line with its value of M, m the form
P (M), R(M) or Q(M), using values of M such that M =1 for the first
real line. Lines showing similar perturbations should then correspond
to R(M) and P(M+1), the relation announced by Heurlinger (%8).

Figures 18 and 19 show immediately that in all cases R(%) =Ry,
P(1)=P, Q(1)=0Q,, so that equations (100) to (102) are satisfied,
with ¢=0. If, then, it is possible to decide, experimentally, just what
lines are and are not missing, it is possible to obtain definite informa-
tion as to the values of j/ and j”, on the assumptions made here concerning
missing lines. Unfortunately, in the case ol high temperature sources,
the lines corresponding to small values of M are exceedingly weak, so
that it is often very difficult, if not impossible, to decude whether a line
is really missing or only too faint to be detected with the experimental
Tesources available. '

Because of this difficulty, let us, for the moment, assume the values of
M given in Figures 18 and 19. We now plot the curves I2(M), R(M)
and Q (M), as a function of M, using the same ordinate scale for M as
for j.* The scale for M is indicated on the right side of the diagrams.
Tn each case the experimental R(M) and Q (M) curves, drawn on this
basis, are identical with the 12, and ¢); curves, already drawn. But the

18 Wo here, for convenience, note the relations hetween 7 and M, as shown in
Figures 18 and 19, although the (xnerimenter is assumed, at this stage, to be
unaware of the correet values of J and j”.
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P (M) curve lies one unit beneath the P; curve, so that this latter curve
represents P (M —1).

Let us now test the combination principle for the particular spectrum
under consideration, by the use of equations (96) to (99). The values
of RAF'(M), in equation (96) appear in Figures 18 and 19 as the
difference of the two curves already drawn, R(M) and P(M—1). The
sample value 2A/”(1) is indicated for each case. The resulting curves
are drawn on the left side of the diagram, using a new abscisse scale
for 2AF”. In each case the curve is linear.

If the relative numbering for the different branches is correct, identical
RAF": M curves should be obtained for all bands of an n” progression.
Assuming that this is found to be the case, Figure 18 shows that for
Cases 1 and II, we may write

RAF'(M)=kM or F'= T]i M?+ constant. (125)

A comparison of equation (125) with (60), (59) and (61) indi-
cates ™ that we may assume 8'=0, M=m=j, and k=4B. We thus
obtain equations (105) and 110), the theoretical equations for F’ for
these two cases.

1f, now, the relative numbering of M were correct, but the absolute
numbering incorrect, the 2AF’: M curve would be given by

2AF (M) =k (M +c) (126)

where ¢ is an integer, equal to the error in numbering. Since in all cases
it is desirable to present as simple an explanation as possible for a given
set of facts, it would be natural to renumber the lines in such a manner
as to make ¢=0. This is equivalent to making ¢=0 in equations (100)
to (102). The simplest method for ensuring this result is to make the
P(M—1) and E(M) curves intersect always within the limits M= +}
(i. e, at m=0, v=D,, the theoretical intersection of P; and Rj).
A similar use of the data, in Case I1I, gives

RAF (M) =k(M—13) (127)

** As noted in the discussion of equation €70), of Section 3, a linear equation
for AF, as a function of j, passing through the origin, is satisfied by e=0,
7 = Integer, while ¢ may have any value. The simplest assumption is, of course,
o =0; but, as stated in the footnote at this place in Section 3, Mulliken has
recently used this possible latitude regarding the value of ¢ as the basis of a
quite different explanation of missing lines. The present discussion thus gives
the simplest possible assumption for Cases I and II, but by no means the only
possible one. This ambiguity does not, however, arise in connection with Cases
III and IV.
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and by comparison with equation (60) we infer that
M—}=m=j—¢, k=4B'.
Here, again, the simplest interpretation of the results is obtajned by
assuming j=M, €=4.
For Case IV, we find
AF (M) =k(M+13), (128)

from which we infer that ¢ = —3, and as usual k=4B".

Returning again to the combination principle, as given by equation
(98), we see that in Figures 18 and 19 we have B (M) and @ (2), ready
to be subtracted, to give AF'(M+3). The sample result AF’(R.5) for
M =2 is indicated for each case. From equation (98) we have

Q(M)—P(M—1)=AF (M—}). (129)

Using these two curves, with 3/ =3, we obtain AF"(2.5), and this result
is indicated on Figures 18 and 19, for each of the four cases.

On the right side of the diagrams are plotted the resulting values of
AF'(M +1}), for each of the four cases. Cases I and II give

AF (M +3) =K (M+3),
or (130)
AF (M) =k (M).

This agrees with equation (125), if k'=Fk/2, as will be found, experi-
mentally, to be the case. Case I1I gives
AF' (M +3)=k (M),
or (131)
AF'(M)=kK(M—-1%),
agreeing with equation (127), while Case IV gives
AF'(M+3) =K (M+1),
or (132)
AF'(M)=k(M+3}),

agreeing with equation (128). On Figures 18 and 19 are shown also the
graphs for F'(3M +4), resulting from integration, after the substitution
of a derivative for the finite difference AF'. In each case, raising
F'(M+14) by one-half unit in M, to give F'(3), results in a parabola
identical with F'; when M =j.

These results may be summarized as follows: The I’ and B branches
should be numbered so as to give a symmetrical intensity distribution,
in terms of M, for small values of M. Pairs of lines with similar perturba-
tions, according to all cases thus far investigated, will then correspond
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to R(M) and P(M +1). The numbering of the @ branch must then be
made in such a manner that equations (98) and (99) hold true. This
makes the relative numbering of M, for all three brafxches, in accordance
with equations (100) to (102). The values of AF'(M +4) or of 2AF' (M)
may then be obtained analytically, from equations (96) to (99), or
graphically, as indicated in Figures 18 and 19. The resulting functions
according to the combination principle must be identical for all bands
in the same Deslandres progression. Finally, in order to make ¢=0
in equations (100) to (102) so that M in 2AF’(M) may be replaced
by 4, the absolute numbering of M should be so chosen as to make the
P(M—1) and R(M) curves intersect at as small a value of M as
possible. This will make the 2AF' (M) curve pass as close to the origin
as possible. The value of M for AF'=0 should not fall outside the range
M= +1}. This procedure is based on the assumption that we wish to
confine ¢ within the range of values +=3. In the great majority of cases
tested experimentally, the foregoing procedure is consistent with a
numbering of the first real line of each branch as M =1, and with the
assumption that the missing lines are those for which either j or j”
equals zero.

The calculation of AF” and F” cannot be shown graphically on Figures
18 and 19. The proper combinations of lines, for this calculation, are
given by equations (97) and (99). Starting with the R(M), Q(M)
and P(M —1) curves needed for obtaining AF”, the simplest procedure **
seems to be as follows. Raise R(M) one unit to give R(}M —1). Lower
P(M—1) one unit to give P(M), and Q (2} ) one unit to give Q (M +1).
Then subtract P (M) from R(M—~1) to give BAF” (M), which may be
plotted in the manner employed for 2AF'(M), in Figures 18 and 19.
The subtraction of Q(M+1) from R(M) gives AF”(M+13), while
Q(M)—P(M~—1) gives AF"” (M —1), the procedure again being the same
as in Figures 18 and 19, where, however, only the AF'(}M +34) results
are shown.

Illustration of Case III.

It seems probable, at the present time, that at least the great majority
of bands due to diatomic molecules aré represented by Case III, aside
from the multiplicity of the lines. The combination principle, in the
form given by equation (98), was first tested on electronic bands by
Hulthén (#), using the Angstrom CO bands. Hulthén derived an explicit
expression only for F’, from the data on three bands giving identical

T An alternative procedure, using equations (96) and (97) as written, is given
in the illustration immediately following.
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values for AF'(M+4). In the present nomenclature * his final result is
F=1.943(j—1)" (133)

This equation shows that these bands form an example of Case 111, as
far as the initial condition is concerned. Hulthén then assumed n'=2
for these three bands, from an assumed intensity relationship. But
according to the intensity relations given in Section 4, it is more probable
that n’=0. Therefore,™ by equations (37) and (113), I';=14.26 X 10™°
gm. em.2 Ilulthén did not represent, analytically, the final state, for
n" =0.

The structure of these (O bands is especially simple. A much more
typical example of Case IIT is furnished by the Cull bands, for which
there are available accurate experimental data, by Frerichs(28), and by
Bengttson (%), The problem of the best method of handling data of
this type, so as to obtain a suitable theoretical formulation, 1s very
involved, and until recently hut little work has been done upon it. In
reality, two distinct problems are concerned in this question. The first
is, what particular fungtional form will best represent the data, or, con-
versely, will any of the proposed theoretical expressions properly represent
the data? 'The second is, having decided upon the proper functional
form, what are the most probable values of the rotational molecular
constants, as deduced from a given set of experimental data? The real
difficulties lie in the first problem. The second, while possibly tedious
in its actual application, involves merely preriously known methods for
the reduction of observations,

18 Hulthén's actual result contains an additional term, — 3, due to the manner
in which he summed the AF’ values. As has been suggested, an integration is
far more convenient, and should be taken with m =0 as the lower hmit of the
definite integral.

1w Ag already shown by equation (37) and the discussion, B, yiclds a true
average value of the moment of inertia of the molecule as a function of n. But
in the case of the (0, 0) band, one obtains B’ and B”s, which by equation (38)
give the true value of the moment of inertia, perpendicular to the figure axis,
for the mtial and final state of the molecule 1espectively, for no vibration, and
infinitely slow rotation. Using the most probable values of A and of c¢ Isee
Burge(9%)], cquation (38) becomes

. h 277010 2
lo= SriBic = B gm. ¢ (134)
where B, is expressed in wave numbers In the previous equations of this chapter,
the form is such as to require frequency in sec™ units, but in stating numerical
values, the more customary “ wave numbers "’ (em~') have been used. These latter,
as indicated in equation (134), must be multiplied by ¢, before being inserted
in the usual formulas.
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Three methods of handling the data will be given here, in rather brief
form. The full details of these methods will be published elsewhere, in
the near future. What may be called method one has been carried
through by the writer for the case of the A4280 (0, 0) Cull band, but
has not been published. Method two has been applied to several bands,
and preliminary statements have been published [references (°¢) and
(?7)]. Method three is now being applied to the Swan bands by J. D.
Shea, to the AlO bands by W. C. Pomeroy, and to the CuH bands by
the writer. Preliminary results for the Swan bands and for Cul have
been published [references (°8) and (2)] and the final results for AlO
have just heen obtained, reference (974).

All three methods involve finding analytic expressions for F’ and #”,
by means of the combination principle, from the experimental data for
the > and R branches. Method one yields expressions for /' and F”
which, when uged in equations (81) and (86), give satisfactory caleulated
values of the various spectrum hnes. The analytic form of F' and K7
is, however, essentially empirical, and the molecular constants deduced
from it are not especially trustworthy, particularly as regards the higher
power terms. Method two uses a strietly theoretical formulation of £
and F” and is a very rapid method for obtaining surpricingly accurate
values of certain molecular constants, chieflv B and B” (and hence of
I' and [”). Method three is much more involved, but is designed as a
critical test of the proper functional form for K and F”, as well as a
method for obtaining the most probable values of all of the rotational
molecular constants. The weakness of both methods two and three lies
in the fact that the expressions for ¥’ and F”, when used in equations
(84) and (86), arc likely to show small systematic deviations between
observed and calculated values of the actual spectral lines. From the
theoretical standpoint, however, the real problem is not that of repre-
senting spectral lines by accurate analytic expressions, but rather it is
that of finding expressions for ¥’ and F” from which deductions can be
drawn as to the structure of molecules. Judged by this latter criterion,
methods two and three have led to some interesting conclusions, which
are mentioned in later sections.

Method One.—The first step in method one iz to obtain, usually by
the method of least squares, a suitable empirical formulation of the
P and R branches. In the case of the A4280 Cull band this has been
done, in equations (9) and (10), and the results are plotted in Figure 4.
Attention has been drawn to the fact that it would appear at the present
time that different numerical coefficients must be used for the P and R
branches, in all cases. For this particular band, a fourth degree poly-
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nomial is entirely satisfactory, although one of any lower degree is quite
unsatisfactory. Equations (9) and (10) are now to be transformed,
and then combined, analytically, to give finally expressions for ¥’ and F”.
The first step is to transform P’(M) to P(M), by changing the sign of
every odd power term in M. The second is to obtain from P (M) the
expressions P(M —1) and P(M +1), in the form of new functions of M.
This is done by substituting (M —1) and (M +1) in P(M), and mul-
tiplying out. In the case of polynomials, standard expressions for the
coefficients of the various powers of M in the new equations, in terms

I o | I | |

zar'(M)

zarF¢)

l | | I |
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Ficure 20.—24280 CuH Band. Curves to Illustrate Mcthod One of Calculating
the Rotational Energy Function.

of those of P (M), are easily obtainable and greatly facilitate the work.
Using equations (96) and (97) we next analytically subtract P (M —1)
and P(M+1) from R(M), to obtain 2AF'(M) and RAF” (M +1).
2AF” (M +1) may then be transformed into 2AF” (M ). The results are

2AF (M) = —13.246426.8581} +0.02359 M
—0.004757M*+0.0000226 M*

RAF” (M) =—15.581431.2043M +0.01639.M*
—0.004957M3+-0.0000226 11*

A quantitative plot of a small portion of the various functions just
discussed is given in Figure 20. By halving the expressions of equation

(135)
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(135) and applying the corrections given by equations (78), one obtains
dF’ ar”
¥iTa and i
(101), so that, as previously discussed, M may be replaced directly by j.
The resulting expressions for j show that e is very closely 0.5, i. e.,
that if we write j=m+0.5, the resulting f(m) will pass very close to
the origin. These expressions are also nearly linear, especially where j

One then assumes that ¢=0, in equations (100) and

is small, and it is therefore evident that =0, and that ?j = gg , 8
in equation (61). Substituting (m+0.5) for ; one obtains
drF’ 2
e =0.0913 +13.4414m + 0.00822m*—0.002356m?
+0.0000113m*
dF/l (136)
am =0.0110415.6109m + 0.00447m* — 0.002456m®

+0.0000113m* |

The results indicate that Kratzers “8,” of equation (60) is very small,
but apparently real in the case at least of the initial state. As discussed in
Section 3, we shall interpret this situation as due to a true value of e
(written ¢) slightly different from 0.5, and shall for convenience write

m=j—e=j—05—a=k—a, (137)

110

where j is an integer, and & a half-integer.” When Kratzer’s e equals 0.5,
a equals —8/B,, by equation (64).

In equations (136), m=j—0.5 and is therefore to be replaced by k.
A new m, defined by equation (137), is then to be formed, by choosing
a value of « which will eliminate the constant term in (136). The
results are

ar =13.4413m 4 0.00825m* 4 etc.,

dm (138)

%%{ =15.6109m + 0.00448m?+ etc.,

the remaining terms being identical with those of (136). This trans-
formation was made by means of the equalities

m =k +0.006793, m” =" +0.000705. (139)

°Obviously, the “a” introduced in equation (137), and used repeatedly in
the remaining portion of this chapter, is not related to Kratzer’s “a,” as defined
by equation (37). In the rare cases where ambiguity might arise, Kratzer’s “a”
may be written as a.
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The final expressions for F’ and F” are, by integration of (138),

F' =6.7206m2>+0.275 X 102m®—5.89 x 10*m*+ 2.26 X 10-°m?® 140
F”"=7.8054m2+0.149 X 10*m®—6.14 X 10*m*4+2.26 X 10 ®m* |’ ( )

”

where m =k —a and the values of «’ and «” are given by equation (139).

The question of the interpretation of these equations is best postponed
until after the presentation of methods two and three.

Method Two.—Method two is partly graphie, and is believed to be the
most rapid method for obtaming a fairly accurate value of the moment
of inertia. In this method the individual numerical values of the I’ and
R branch lines are used in equations (96) and (97) to obtain the
numerical values of 2AF" and 2AF”. In the case of the A4280 Cull band,
the resulting sets of values, which are listed by Frerichs(%8), have ap-
proximately constant first differences, especially for small values of I,
and thus again it is evident that o=0. It is evident, also, that if these
sets of values are considered as f(k), where & is a half-integer, a par-
ticular choice of & will give curves passing at least very close to the
origin. With the & thus chosen, one may compute and plot AKF'/k and
AF” /k, as a function of A. The resulting curves are quite accurately
parabolas, with the vertex at A=0.

The discussion of Section 3 has shown that # should be an even-powered
function of m, and in connection with the determination of the constants
of the law of force for the molecular dipole, as will be explained in
Section 8, it was found necessary to assume only even powers in m, in
order to obtain any solution whatever. We accordingly write for the
rotational energy function, for the case of no vibration,

F=B,m*+ Dym?*+ Fom®+ Hym5. (141)

Kratzer and other investigators have considered only the first two terms
of this equation. By comparison of equations (36), (56) and (141),
Dy = —u*B,. Also from equation (31),

4B,°

Dy=— —- . (142)

This connection between the rolational energy comnstant D, and the

0 11

vibrational energy constant o, is of considerable importance, and will
be mentioned again.

“t B, evaluates the moment of inertia and hence the nuclear separation, for the
condition of zero vibration and zero rotation. It is therefore technically neither
a rotational nor a vibrational encrgy constant. But to evaluate it, one must use
data for rotational cnergy. Most of the difficulties connected with method three
are due to this fact.
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From equation (141), assuming m =%k —a, one obtains, to a very close
approximation, when o is small,

AF/k=2B,— zlz"—"-‘- +4DkP+6F k. . . (143)

1f both a and F, are very small, ax in the case of most hands, equation
(143) represents essentially a parabola with vertex at k=0. The effect
of the term in a is mainly evident for very small values of &, and that
of the term in ¥, for very large values of k. By eliminating such values
from consideration, one may easily obtain, from the plotted A¥/k curve,
quite reliable values of B, and of I),. The results for A4280 Cull are,
Bo=06.7445, B",="7.8105, D'y=—4.55 X 10", D"= —5.08 X 10~*. These
may be compared with the coefficients of m? and m* in equations (140).

The superiority of method two is immediately evident when we con-
sider the relation given by equation (142). Using the known values of
0® and «°” (see table of constants, Section 7), one obtains from equation
(142) the “ calculated ” values, I)Vy=—4.48X10*, D",= —5.26xX1074,
which agree closely with the results of method two, but are quite different
from those obtained in method one. By means of method two, Birge (8)
obtained equally good agreements between calculated and observed values
of D, for the (0, 0) band of the violet CN group, the negative bands of
nitrogen (N,*), and the second positive nitrogen group (N,). The
mean position of the doublets was used for the first two, and the middle
component of the triplet, for the last. In the case of Cull, CN, and N,*,
it was not possible, by method two, to detect the presence of a. But for
N, m is definitely different from a half-integer, and the results obtained
are o’y =+0.01451, a”y= 4 0.0564. The values of the moments of inertia
obtained in this way, for the (0, 0) bands of CN, N,*, and N,, are given
in Section 7. For Cul the more accurate results of method three
are used.

The foregoing agreement in the observed and calculated values of D,
leads to certain interesting theoretical conclusions which are considered
in Part e, and n Section 8.

Method Three—~This method is based essentially upon assumed theo-
retical relations hetween the rotational and vibrational energv constants,
and was suggested by Kemble(®®). The first relation of this character
is due to Kratzer and is given in equation (142). Birge(®®), by assuming
equation (141), obtained similar expressions for #, and 1{,. These are
given in Section 8, equations (198), (199). They involve, besides By,
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only constants connected with the vibrational levels of the molecule.”
From the plotted AF/k curves for n=0 and n=1, one can obtain fairly
accurate values of B, and B; and thus of D,, ¥F,, and H,. The more
accurate values of B, and B, are then obtained by successive approxima-
tions. The process is involved and the most expeditious procedure, under
the circumstances, is now being investigated. The essential points are
as follows: If, in equation (141), one knows the values of Do, Fo, and Ho,
then one may write,

—((;:LL—~LD011L3—-6F0nt5—8H0m7:2Bom, (144)

where m =k —a, and a is usually very small. Assuming a constant and
very small, and using the relations of equation (78), one obtains, to
a high degree of accuracy,

QAR =2AF — 8Dok® — 12F k" — 16 Hok™ = (4B, +8D,) (k—a). (145)
All the terms on the left side of the equation (defining 2AF ) are known,

at least to a close approximation. If the above assumptions are true, QAL
should be found a linear function of %, and from its least squares solution,
the most probable values of B, and « are obtainable. A similar process,
with slight modifications, can be employed for B, and the new values
of B, and B, can then be used to obtain more accurate values of D,,
F,, and H,, and so, by successive approximations, of B, and a.

The actual numerical values of oAk show, in some cases, a distinet
trend from linearity, and this may be interpreted as due to a variable a.
The trend has been found much larger in the initial, excited state of
the molecule, than in the final state, especially if this latter is the normal
state. Now if « is assumed a function of & (or of j), then equation (141),
expanded as a function of & (or of j) contains odd as well as even powers.
This explains the presence of apparent odd power terms in the function
for the rotational energy, for hitherto m has been taken as equivalent
to our k, or j."* Hence the present conclusions on this subject are that

22 Opne of these constants, Kratzer’s “a” of equation (37) equals B, — B: and
measures the ncrease in mean nuclear separ;xtion, with increasing vibrational
energy. Unfortunately, however, it can be evaluated only by means of rotational
cnergy data.

 Thus in equation (59), if m, instead of being the exact integer or half-
mteger postulated by Kratzer, is assumed equal to (k —a), or (j — &), where
a and € are constant, then the first degree term can be eliminated, as shown in
the resulting equation (65). Similarly, higher odd power terms in m, in the
cquation of rotational energy, may be eliminated by the further assumption that

m =k — a, where o = ao 4 tok® -+ 6k*, etc, (146)

and k, instead of m, is an exact half-integer.
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the rotational energy function F=f(m) may contain only even powers
of m, and the coefficients of the higher power terms may be calculated
from theoretical considerations. In order to attain this result, it may
be necessary to set m=k—a, where o is itself a function of k. This
variable o may be taken as an indication of a varying amount of elec-
tronic angular momentum. Such a variation is to be expected, owing
to the warping of the electron orbits by rotation, and is believed by the
writer to be the actual evidence of the mutual effect of rotation and
electronic configuration, formulated by Kratzer as the first degree “8”
term.

The results for CuH, by method three, are subject to further revision,
but stand at present as

F'=6.7603m>—4.507 X 10~*m*+0.9676 X 10-*m?®, ]
where m =% —5.914 X 10-*—5.816 X 10-%k2,

F”="7.8153m*—5.278 X 10*m*42.318 X 10~*m?,
where m =k 4 0.00010.

It was found unnecessary to consider the H,m® term. These values of
B’y and B”, should be correct to less than 0.05 per cent. They are
certainly correct to 0.1 per cent, and show that the values obtained by
method two are in error by 0.24 and 0.06 per cent respectively, while
those by method one are in error by 0.59 and 0.13 per cent respectively.
Because of the small (probably zero) value of o for the final state, the
first two methods give fairly accurate values of B”,, while the larger
value of &’ leads to inaccuracies in B’,. Incidentally, these results show
that the odd power terms obtained in method one have no theoretical
significance.

A more striking example of the use of method three is furnished by
results for the A10 bands. The calculations for the (0, 0) (A4842) band
have just been completed by W. C. Pomeroy (°74). He finds that equation
(141) is accurately true for the entire band (maximum m =140.5) with
the * calculated ” values of D,, ¥, and H,, and with m =k —a where
&= +40.0074, o” = +40.010. A direct calculation of D, from vibrational
data and from rotational data gives results agreeing to 0.2 per cent.
(See note b* of Scction 7.)

It may be noted, in conclusion, that any value of «’ or of «”, other than
zero, leads to a “ break ” between the R(M) and P’'(1[) curves at M =0,
and to the necessity of employing different numerical coefficients for the
two branches. In other words, any value of m, other than an exact
integer or half-infeger, in a rotational energy function of the form
given by equation (141) leads to such a break, and this phenomenon
seems to be present, in greater or less degree, in every band where the

(147)
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matter has been carefully examined. On the other hand, an accurate
evaluation of a, even by method three, is very difficult, and in the case
of AlO, just cited, the probable error in o’ and a” is fully as great as
the quantities themselves.™

Part 5c. DouBLeETs oF THE Hg AND CN TYPE

In Figure 8, Curve 4, we have illustrated one common type of doublet
for which the doublet splitting becomes zero at or near the “ origin ”
of the band. Since there is still some uncertainty as to the theoretical
interpretation of this type of doublet, an attempt will be made to present
the experimental facts from a somewhat empirical standpoint, as far as
the doublet character of the series is concerned.

The most interesting known example of this type of doublet is furnished
by the Zn, Cd, and Hg bands (probably due to the hydride), since here
the doublet separation is very large and all lines of the various series can
actually be measured. It is probable that the A4017 band of Hg is the
0, 0 band of the system, and this band, previously used for Curve A
of Figure 8 (omitting the @ branch), will now be considered in more
detail.

In Figure 21 are plotted the first few lines of the six branches found
in the band using the frequencies in air, as given by Liese(5). The basis
of the designations R*, B-, P*, P-, @, and @° appears {rom equations
(154) to (159) ahead. Previous investigators have used varying designa-
tions, and the relations are shown in the following table. Several of the

TABLE

This chapter ............. R+ | R-| Pt | P-| Q°| QF | F'+| F'~ | F"+| F"-
Licse(%0) .. .. .. ..... | B: | B, | 4, | 4. | A, | Bs
Hulthén 1922(100) . .. ., R, |R, | P, | P | Ry | D

Kratzer(43) .. .. .. ....| R | Ry, | P. | Py | Q.| @ | Fo | Fy | 3| fu

Huithén 1925(101) ... l R IR | P, | P.| Q| Q| F,|Fa| | fa

series, as given by Liese, who used the Deslandres’ scheme, include one
branch and several lines of another branch, according to the quantum
interpretation. The table gives also the designations of the rotational
energy function.

Combination relations between the lines of the Zn, Cd, and Hg bands
were found first by Hulthén (2%), using the data of Liese(%?), and were
later interpreted in detail, in accordance with the quantum theory, by

4 Compare footnote at end of Part 5c.
12
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Kratzer (#). New measurements and computations for all of the Hg
bands have recently been made by Hulthén (191). In terms of the present
nomenclature, the observed combinations are

Bi=Q; =Qjn—"Pju (148)
R;—Q;]:QT — P (149)
Rj—Qjn=0Q; —Pja (150)
Ri—Q] =Qjn—DLju (151)

where (150) and (151) are derived from (148) and (149) by mere
interchange of terms, just as equation (93) is derived from (92). We
note that aside from the double character of each branch, as indicated
by the + or — index, equations (148) and (151) are merely equation
(9?), and that (149) and (150) are equation (93). Moreover, if (148)
and (151) are added together, the resulting equation is equation (92),
in terms of the mean position of each doublet. Similarly, equations (149)
and (150) give (93) in terms of the mean position. On Figure 21 are
indicated the equalities of equations (148), (151), and of their sum,
for j=2, 3, and 5 respectively, by means of parallelograms, as was done
in Figures 18 and 19. The mean position of each doublet is indicated
by the dashed curves B™, P™ and Q™.

These curves of mean positions are especially significant for, as can
be seen from Figure 21, they are in every respect identical with Case II,
Figure 19.™ The two missing lines of the continuous R™P'™ curve are
each formed from a missing doublet, while the @™ curve has its vertex
at j=0 with a missing line at that point. The resulting values for what
may be called AF'™ and AF"”™ are shown by dashed curves, on the right
side of Figure 21. The relative numbering of the P, @, and R branches
adopted here is due to Kratzer (%), and is such as to be in conformity
with equations (92) and (93). That used earlier by Hulthén (1%) can
be indicated on Figure 21 by raising the R* graph one unit, and lowering
P- one unit.

In agreement with Case II, we have; therefore, for small values of j,

AFm=2Bj or Fm=B7p, (152)
AF"m=2B"j or F'm=B"j. (153)

The question then becomes, how are these very simple functions to be
modified, in order to account for the doublets? It will be noted that

i This indicates that the frequency of the lines represented by these curves,
relative to each other, is the same as in Case II. It does not mean, necessarily,
that the frequency of all the lines, relative to the “ origin ” is the same as in
Case II, as we shall see in a moment.
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the doublet separation in the P, Q, and R branches, for a given value
of j, is not the same, but the separation is such that P"*, P™- and Q'*
(i. e., as plotted against negative values of j) are respectively the smooth
continuations of B, B*, and @*. It can be shown, analytically, that this
relation is accurately true, at least for small values of j, in the case of
the bands under consideration. Such a relationship may be fulfilled by
assuming two F” and two F” functions, each pair of the type F*=f(j+a),
where the argument (j+a) or (j—a) occurs only in even powers. Thus
Jj—a, for negative values of j, is numerically the same as j+a, for positive
values of j. Finally, Kratzer(%3) found that in order to satisfy the actual
combinations just noted in equations (148) to (151), it was necessary
and sufficient to assume

R,=F.,—F}, ' (154)
Ry=Fj.,—F;, (155)
Py=Fy,—Fj" (156)
Pi=F7,—F (157)
0;=F) —F} (158)
Qi=F; —F;" (159)

From these assumptions it follows that the equalifies given by equations
(148) and (149), for example, are equal, respectively, to F},, —F} and
Fi,—F,; . The quantities evaluated by these two equations do not
therefore isolate the various term differences for the rotational energy,
and cannot be added to obtain the actual values of F’-, F'*, F”- and F"*.
These four functions can be obtained, however, by using the P’ and R
combinations only, as given by equations (90) and (91). Thus we have,
corresponding to (90),

Rj—DP;=F}.,—F},=24F}, (160)

R;—P;=Fj.—Fy,=2AF7, (161)
with two similar expressions corresponding to equation (91). The values
of AF} and AF] evaluated by equations (160) and (161), as well as
the values of AF]* and AF]~, are plotted on the right side of Figure 21.
For the small values of j shown, we find in the case of the A4017 band

AF*=2 X 6.55(j+0.130) =28y (m*)
AF-=2X6.55(j—0.130) =28, (m")
AF"+=2X5.37(j+0.405) =2B",(m*)
AF"-=2X5.37(j—0.405) =2B",(m").

(162)

These results, when substituted in equations (154) to (159) explain the
relative appearance of the six different branches, which depends, not on
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the value of Aj, but on the value of Am. Thus in the case of the two Q
branches, while Aj=0, Am= +0.54 and —0.54 for @~ and Q* respectively.
For P+ and P-, Am= +1.28 and + 0.72, respectively, and for B* and R-,
Am=—0.72 and —1.28, respectively. Thus Q% appears like a P branch,
and Q¢ like an R branch, and were so designated by Hulthén (199).

A further point of interest here is in regard to the location of the
“ origin,” the frequency of which, beginning with Section 5, has arbi-
trarily been taken as zero. For Cases I to IV, as discussed in Part 5b,
i. e., for any case where € =¢”, 0=0 (or a’=a" as used here), the head
of the Q branch has the frequency v=0, while the RB; and P; graphs
intersect at v=PB’, either point thus enabling the origin to be located.
In the present case, however, it appears by substitution in equations
(154) to (159) that every spectral line represented by the mean curves
Rm, Qm and P™ of Figure 21 is greater than the corresponding theoretical
frequencies of Case I to IV by (B'a’?—B"a”?). Hence the origin may
be located if we proceed as usual and apply this correction.

The experimental values of the various functions of equation (162),
for all known values of j, are listed either by Kratzer(*?) or by Hul-
thén (101), and as expected, they indicate curves deviating considerably
from linearity for larger values of 7, especially as the value of n increases.
[See Figure 2 of Hulthén(01).] The essential point here is, however,
that there are evidently fwo sets of initial rotational energy states, and
fwo sets of final states,” which we have designated as + and — respec-
tively, and that while B* and P* are due to the transition between two
“ 4 ” states (and similarly R~ and P- between two “ — ” states), each
of the Q branches must be considered as the transition between a “ +
and a “ — 7 state.

In the case of doublets such as the above, the constants o’ and «” can
be evaluated most simply from the values of the doublet separations, as
pointed out by Birge(19%). Thus, if

F*= B'(j+d')*
F-= B (j—a)?

F”+=B”(]‘+a”)2 ’ (163)

F”—:BII (j—a")2

we have, using equations (154) and (155),
R;—R;=4j(a"B" —a'B’) —4dB". (164)

1 There 18, however, only one initial and one final electronic energy level,
giving a single “ origin,” since the doubling vanishes with the rotation. This
doubling is then purely of class two character, as defined in Part 2f of this
chapter.



ELECTRONIC BANDS: BIRGE 181

It is convenient to let y=aB, so that this equation becomes

Bj—R=4j(y"—7) -4 (165)
Similarly, we may obtain from equations (156) and (157)
P;j—P;=—4j(Y"—-Y) -4 (166)
If, then, we use negative values of j, there results
Py —Py=4j(y"—Y) 4%/, : (166°)

which is identical with equation (165). This must necessarily be so,
since P} and P} are the smooth continuations of E; and Ry, respectively.
It is convenient thus to plot the doublet separation as a continuous
function of j, using equation (165) and negative values of j for the P
branch.

This is a linear equation in §, from which y’ and y” can be calculated
with great accuracy. The slope of the AF curves then evaluates B’ and
B”, so that o’ and «” may be obtained. In this manner the writer(108)
has obtained for the A4017 Hg band.™

y'=+0.852+0.03, y"=2.175+0.03,
which with the values of B’y and B”, noted in equation (162), give
a’=+0.130+-0.005, a” = +40.405+0.006,

as used in this same equation.

Several special cases of equation (165) are of interest. If y” =0, the
doublet separation is zero at j= —1, while if y'=0, the separation is
zero at j=0. If y'=y”=y, the separation is constant and equal to
—4y (i. e., B* and P~ lie parallel to, and on the high frequency side
of B- and P'*).” This, however, is a distinctly different type of constant
separation, as far as the theoretical interpretation is concerned, from that
defined as class one, in Part 2f of this chapter.

Before considering Kratzer’s explanation of the Hg doublets, it seems
convenient to discuss the doublets of the violet CN group bands. Here
the doublet separation is far smaller. Within limits of error the separation
for equal values of j for the two branches is the same. The actual

"The graph of the doublet separation for this band is quite accurately linear
for j less than 10. -

It should be noted that in this case of constant doublet separation, the red
component of the R branch is to be combined with the violet component of the
P branch, to obtain AF-, and vice versa for AF*, But if there is a point of zero
doublet separation near j =0, as in Figure 21, the two red components are to be
taken together. Whether they give AF- or AF* depends upon the relative magni-
tude of 4’ and.".



182 MOLECULAR SPECTRA IN GASES

separation cannot be measured below j=28, and increases from that
point to a maximum at j=75, and then diminishes until again too small
to measure.™ In the region of small values of §, the width of the unre-
solved doublets is consistent with the assumption that the separation is
proportional to j. The actual point of zero separation is, however, indi-
cated definitely by the perturbations. These occur as usual at B; and P;,,,
and in certain cases are in the form of an abnormally great doublet
separation, equal for the two doublets in question. Hence it is‘a double
initial state which causes the doubling of the lines, i. e., y” =zero.”™

But the mean position of each doublet in the violet CN bands, when
plotted, gives a typtcal Case III of Figure 19. Hence the two AF'
functions are, for small values of j, of the form

AF*=2B'(j—4+a') =28 (k+d'), (167)
AF"':zB'(j— —a,l):zB’(k—a’). (168)

Therefore equation (165) may be used also in this case, if k is substituted
for j. We have then as a general formula holding for doublets of this
type, whose mean positions correspond to any of the Cases I to IV of
Figures 18 and 19,

Rj—RB;=r} -1 =4k("—Y) -4, (169)

where k=j—e. Thus for the CN bands, the doublet separation is zero
at k= —1 (the point midway between the two perturbations at % and
—(k+2)) and by equation (169), y”=0. For the 3883 CN band,
y'=+0.00225 from which, since B'=1.959, a'=+0.00115, («”"=0)."
The AF'+ dnd AF'- curves are parallel and separated by 4y’ or 0.009 cm™.

The above treatment is essentially an empirical formulation of the
experimental facts, and may be summarized as follows. The doublets

® See p. 280 of Birge(%9).

T4 is quite possible that the final state also is double, but if so, the quantum
transitions are such that this doubling does not affect the doublet spacing of
the lines. On the other hand Pomeroy(97A) has just found that in the case of
the analogous AlO bands, the observed doublets must be attributed to a double
final state.

131 As in the case of the Hg mean curves, all frequencies of these mean curves
are higher by B’a”® — B”a"* (which becomes merely B’a’ in this ease), than those
of Case III, and this fact must be noted, in an accurate location of the ‘ origin.”

1 See reference (108). For this case v =38 of Kratzer, and equation (15) of
Kratzer(48) is equation (169) above, except for sign, since his A= R*—R-.
These results are therefore quite different from Kratzer’s published values of
8 =0.05, 3 = 0.05 — 0.0011. His values, as shown by Figure 2 of reference (43),
lead to a doublet separation which becomes zero for a large negative value of j,
and therefore predict an entirely non-symmetrical doubling for the two branches.
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of the type found in the Hg or in the CN bands yield, in general, a double
get of rotational energy terms for both initial and final states of the
molecule. This doubling, for small values of j, may be represented by
a two-fold rotational energy term of the form F*=B(k=+a)2 For the
Hg bands, k& has integral values, for both initial and final state, and may
be identified with j. All lines having j=0 for initial or final state
are missing. For the violet CN bands, # has half-integral values and
may be written as (j—34), with the same rule for missing lines. The
doublet separation, expressed as a f(k) is given by the linear equation
(169), holding accurately only for small values of k. This equation
applies to both P and R branches, provided negative values of k are
used for the P branch. In it y'=a'B’, y" =a”B”, and thus o’ and a” may
be easily and accurately evaluated. For the CN bands, a” =0 and o’ is
very small, while for the Hg bands both o’ and o” are finite and large.

In this connection we may consider the suggestion mentioned earlier,
that in bands illustrating Case III, such as the CN bands, j itself may
have half-integral values, just as it seems to have in certain atoms,
according to the evidence of line spectra. With such an assumption
k=j always, and one may write the rotational energy as B(jzxa)2.
This suggests as a qualitative explanation of these doublets, an electronic
effect which may be positive or negative according to the direction of
revolution of the nuclear dipole, with respect to the electronic configura-
tion. There is, however, only one electronic configuration for either initial
or final state. On this assumption j+a=m, so that the frequency of
nuclear revolution is zero, when m=0, as it should be, while j= Fa,
indicating permanent resultant electronic momentum of amount a, per-
pendicular to the figure axis. For larger values of j, we may then assume
any even-powered function of (jxa).”

This explanation differs from that of Kratzer (%) for both the Hg and
the CN bands. Kratzer’s explanation has already been mentioned in
connection with the theoretical discussion of Case IV, and, by comparison
with equations (36), (56), (63) and (64), is cquivalent to writing
the rotational energy in the form

F:=B,(j¥&)*—Buw?(jFe)*+ . . ., (170)

where €=e— Bi , and & represents a so-called mutual effect of nuclear
n

rotation and electronic configuration, in addition to the permanent

electronic momentum given by e. For the Hg bands this equation,

assuming é=a, differs numerically from the above assumptions only in

2 See, however, footnote at end of this part.
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the substitution of e for ¢, in all higher power terms, as necessarily must
be done, from Kratzer’s formulation of 8 (equation 36). Kratzer
assumes that ¢=0.5, for the Hg A4017 band, giving &=2.42, since

’
a’=0.130=¢ — ;, . The basis for this assumption as to ¢ is the curious
0

experimental fact that

AF] —AF}, =constant (171)
for all values of j. (Table 8 of Kratzer(®).) For by assuming in the
ol
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Ficure 22.—Schematic Representation of Violet CN Bands Type of Doublet,
Illustrating Two Proposed Theories Concerning Its Origin.

expression for AF, as obtained from equation (170), that ¢=0.5, all
higher power terms in AF} and AF}, are numerically identical, while
the linear terms have a constant difference of 45. When now the final
molecular state for A4017 is considered, it is found necessary to assume
¢=0.25, from the observed values of AF”- and AF”*. Kratzer’s published
value of 8" (+0.411) corresponds, however, essentially to ¢=0.5, as
noted by the writer (192),”™ while e=0.25 yields 8”=—0.833. A more

™ Hulthén(101) also has noted that Kratzer's published constants do not agree
with his data, and the error, due to the omission of a factor of —2, has been
rectified in a recent detailed discussion of these bands by Ludloff(108).
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extended investigation, using the complete data now made available by
Hulthén (191) seems necessary in order to decide whether or not the
relation given in equation (171) is purely accidental, and whether the
assumption of a function of (k=a), especially if odd powers are included,
would not be equally satisfactory.

Kratzer’s explanation of the CN doublets, as contrasted with the
alternative suggestion preceding, is best shown by means of a diagram,
applying only to small values of j. For simplification wé will assume
y'=y"” and B'=B", so that a’=a” (=0.1 assumed), thus giving a series
of doublets of constant separation and equally spaced. This is shown
in Figure 22. In this figure, (A) gives the series of single equidistant
lines for which m=j. (B) gives the result when m=j—e=3j—0.5, for
both initial and final states. (C) gives m=j—0.5+0.1=k+0.1=k+a,
for both states. (D) gives k—a. The combination of (D) and (C)
gives (E), the (k=xa) form suggested above. (C) as noted gives
j—05+01=j—-04=j—¢ of Kratzer. (F) gives j+0.5. (G) gives
j+0.5—0.1=j4+0.4=j+¢ The combination of (C) and (G) gives
(H), which is Kratzer’s assumption of (j=e).

One distinction between (E) and (H) is that in (H), besides the
missing central doublet, there is one component missing for each adjacent
doublet, thus giving these doublets half-normal intensity, if unresolved.
But all measurements thus far made show clearly that these first doublets
have normal intensity, and this would seem to be a definite objection to
Kratzer’s theory. Dieke(®7) has, however, been able to overcome this
difficulty, as discussed in Section 6. A further distinction arises in
connection with the perturbations. If we assume, for instance, that state
=2 is irregular in position, then the cross-hatched lines in each set
will be irregular. Set (E) corresponds to the experimental facts, while
set (H) does not. If, however, we assume that the perturbation is con-
nected with a definite value of m’, rather than of j, then either theory
will give sct (E), as far as the perturbations are concerned.™

In obtaining a physical explanation of this type of doublet, as con-
trasted with a purely formal explanation, there seem to be at present
only two guiding facts. (1) The doublet separation of the two spectral
ltnes is due to the two-fold character of the initial, or of the final, or
of both rotational energy terms of the molecule. The doublet separation

15 Hulthén, in his recent analysis of the Hg bands(101), finds the expected
pumerical relations for the B and P branch perturbations, but curious results for
the Q branch perturbations that do not agree with any previous theory as to
their formation. The discrepancy has, however, now been explained by Lud-
1off (103) as due to an incorrect assignment of these particular Q branch lines.
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of the ferms is a function of the nuclear rotation, and vanishes for zero
rotation. (2) The doublet separation of the terms is a function of the
magnetic field, and vanishes, or tends to vanish, for strong fields. This
latter point was mentioned in Part 2f of this chapter, and is treated
in more detail in Chapter VIIL

The explanation just considered is that the total doublet separation is
due to a variation of rotational energy, for a given value of j, with the
direction of revolution of the dipole with respect to the permanent elec-
tronic configuration. Kratzer’s explanation is that this effect, which is
represented by the assumed value of ¢, is very large, while another effect
(large in some cases) tending to cancel the first effect, as shown by

e=ec— 78;—, is due to the mutual influence of rotational energy and elec-
n

tronic configuration. There must naturally be such an effect but it should
be very small, while in the form postulated by Kratzer, it is large and

leads to a contradiction with the very fundamental equation wi= jf« ,
‘

as already discussed in Section 3. Hulthén (1) has just recently sug-
gested a third, quite different, type of explanation, which the writer is
not prepared to discuss critically. Dieke(1%%), (#7), also has discussed
the CN doublets, and has suggested a modification of Kratzer’s theory.™

17 As has been noted in earlier sections of this chapter, Mulliken, in a series
of papers in the Proc. Nat. Acad. Sci. (Vol. 12, p. 144, etc.) has very recently
presented a- systematic interpretation of electronic bands. In the case of the
HgH, CdH, and ZnH bands, he adopts the interpretation just given, as shown
by equation (162), i. e, j an integer, and ¢ = * 0.13, " = %= 0.405. He assumes,
however, that the resultant electronic momentum s of all molecules is an integer
or half-integer, in analogy with atoms. For these bands he assumed s,(= V¢* + &)
to be 0.5 for both initial and final states. Hence, o’ = 0483, ¢” =0.294. Now
as shown by the linearity of the AF curves of Figure 21, we apparently have
o =0. Actual calculations, using Mulliken’s new constants, show, however, that
the calculated deviation from linearity at the last observed point (j =2) is too
small to be proved or disproved with present existing data.

It may be noted, in addition, that Hulthén(101) has measured a fainter set of
HgH bands, in the vicinity of A3500. In a recent note [reference (168)], he
interprets the two sets of HgH bands as due to a double electronic level in
the initial state, of wide spacing (3683 cm-'). Now, as Mulliken states in the
above noted articles, the AF’: for this second initial level (designated P:) is
given by 2 X 6.61(; = 0.00). For such a case, ¢ may have any arbitrary value,
and cannot be detected from frequency measurements. In accordance with his
system. Mulliken assumes s=o¢=15. Such an assumption does, however,
affect the number of missing lines, for as shown by equation (20), 7 can never be
less than o, in absolute value. For the older HgH bands, either the arbitrary
rule, j =0 gives missing lines, or the new rule j > o, leads to the same predic-
tions (5 or j” > 1) and this is in agreement with the known experimental
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Part 50. DoUBLETS OF THE WATER-BanD (OH) TyPE

In Figure 8, Curve C, we have indicated a second type of doublet,
characterized by the fact that for large values of j the doublet separation,
to a first approximation becomes asymptotically constant, while for small
values of j, the separation increases rather rapidly, as j decreases. This
type of doublet is illustrated by the ultra-violet water vapor bands (of
which A3064 is the strongest), by the C+H bands (A4300_ and A3900),
and by the two outer components of the triplets of the second positive
group of nitrogen (of which A3371 is the strongest band). The type
of rotational energy function derived theoretically by Kramers and

facts. For the new bands, the data are somewhat incomplete, but apparently
may be explained only by the assumed value of ¢’. In the next section it will
appear that the j = 0 rule for missing lines definitely breaks down for the A3064
OH band, and it would seem at the present time that an appreciable o must
be invoked, in many cases, in order to explain the missing lines.

In the case of the CN bands, Mulliken’s system demands integral values of j,
in agreement with Kratzer. This requires for the initial state m = j % 0.49885,
if (H) of Figure 22 is assumed. But we may equally well assume m = j * 0.50115,
giving a set of doublets of precisely the same frequencies, and differing from (H)
only in that the two outer components of the doublets adjacent to the center
should be missing, in place of the two inner components. From the absence of
a Q branch in these bands, Mulliken concludes that o' = ¢” =0, and that s(=g¢,
here) may consequently deviate very slightly from exact integral or half-integral
values. He then explains the ohe missing line by assuming that the direction of
rotation of the molecule can never reverse during the radiation process (i. e.,
that e cannot change from plus to minus, or more ge.nerally, that the direction
of precession of the molecule cannot reverse). Such an explanation has already
been suggested by Kratzer, in the case of certain missing lines in the C+ H
bands [pp. 315-316 of reference (58)].

In the preceding interpretation, it is tacitly assumed that m’=j" =* 049885,
so that the mean position of the violet CN doublets is given by m =j %= 0.50.
But as noted at the end of Part 5b, the apparent “break” in the R(M) and
P'(M) curves at M =0 (an undoubted fact for the violet CN bands, the CuH
bands, and probably many others), indicates definitely that m for the mean
doublet position is not an exact integer or half-integer for either the initial or
the final state. For the violet CN bands this means that, with ; an integer,
m' =j' -+ €1, and j/ — €, where ¢ and ¢, are slightly different, but both nearly
equal to 0.50. Similarly, in the case of the AlQ bands (see note b* of Section 7
ahead), there are two values of ¢ for the final state, one corresponding to the
parallel position of e and m, the other to the anti-parallel position.

This explanation of the violet CN bands the writer now accepts in preference
to his own earlier suggestion that j =k = half-integer (reference 108) 6 as given
in the main body of this section. On the other hand, Mulliken’s system requires
half-integral values of j for the simple CuH and HCl bands, and accordingly
for these cases j =1k, e=a = zero, or almost zero. The general theoretical basis
for these assumptions is given at the end of Section 8, ahead.
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Pauli(®®), in which m is given by equation (20) if used for either
initial or final state, seems at first glance capable of representing such
doubling provided we use the double sign before ¢, as suggested by
Kratzer, i. e.,

F=B(Vj—o%xe)2 (172)

We shall in the future refer to equation (172) as the Kramers and Pauli
formula, even though these authors ruled out the positive sign, on
grounds of mechanical instability.

Kratzer(33) has applied this equation with apparent success to the
C+H bands. On the other hand, Mecke (%) states that this formula will
not apply, in the case of the second positive group of nitrogen, while
Dieke (1%) makes the same statement regarding the water bands. Now
a plot of the AF values for representative bands of these three systems
shows that all three are essentially similar in structure. Since the
Kramers and Pauli formula is the only one as yet proposed which is based
on a definite molecular model, it seems worth while to consider with
some care just what this formula demands, and how actual spectra deviate
from these demands, if such be the case.

For this purpose we shall consider chiefly the A3064 water band
(probably due to OH), since for this band there is no question as to
the series assignment of every line, nor as to which lines are present or
missing. This band possesses also historical interest, for Heurlinger used
it in his first test of equations (92) and (93), after giving his original
quantum interpretation of the P, @, and R branches. As is well known,
these equations, embodying the combination principle, are found true for
this band, for very small values of 7, but a “ quantum defect > immediately
sets in, and increases rapidly in size, as j increases. In this situation
the matter rested until Watson (#*) measured and analyzed the series of
the A2811 band of this same system. Each of these bands is accompanied
by a fainter band, and with the then available data for the four bands,
Dieke (1%) and Birge(1%®) independently showed that equations (90)
and (91) were accurately true, for each component of the doublet, when
the red components of the B and P branches were taken together, and
likewise the violet components. The expected equalities were based on
a reasonable assignment of vibrational quantum numbers to the four
bands in question (A3064=0, 0;A3126=1,1;A2811=1,0;A2875=2, 1).
Furthermore, as Dieke points out, each side of equation (93) has equal
values for the two bands (A3064 and A2811), where this is to be expected,
but the two sides of the equation are no¢ equal to each other except for
very small values of j, as just noted. This may be interpreted by the
assumption of a double set of rotational energy levels (just as in the
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case of the Hg and CN doublets) which are concerned with the doublet
lines of the P and R branches. The @ doublets employ this same double
set for the initial condition, but a new double set for the final condition.
Watson (107) has, however, recently measured the previously known
satellites of the Q branch lines, and has found that these satellites give
the usual combination relations with the R and P branches. The differ-
ence between each main Q branch line and its satellite thus measures
the “ quantum defect ” found by Heurlinger.

The spacing of the new final set of levels (Af?’") differs only slightly
from the spacing of the regular final set (AF"), according to the values
listed by Dieke. The difference, for small values of j, is proportional to j.

Hence, as Dieke(19) suggests, B may be represented by the same
functional form as F”, with merely a slightly different value of B”
(0.1 to 0.2 per cent), thus indicating a slightly ditferent moment of inertia
for the two sets of final states, but no other distinction.™

Turning now to the matter of the functional form required for F’
and F”, we recall that the combination principle gives the relative values
of j for the P and R branches, for each component, but does not give the
relative values of j for the two components. In order to simplify the
discussion, we shall, in the case of all bands of this type, assume at first
the same value of j for the various components forming the “natural ”
doublet or triplet, i. e., the doublet or triplet whose spacing becomes
asymptotically constant for large values of j. Likewise, we shall assign
absolute values of j in such a manner as to obtain as nearly as possible
Case 1T or Case III of Figures 18 and 19.

Figure 23 gives a plot of the first few lines of the series of the A3064
water band, using the data as arranged by Heurlinger (38) together with
the AF” and AF” graphs, from the analysis of Dieke and Birge. The
mean values of all doublets are shown also, by broken curves. The
values of j are the same as Heurlinger’s values of the “ Laufzahl”
m adopted by all subsequent investigators. The six branches (¥, E-,
Pr, R, Qv, and Q7)™ have been extrapolated by the writer, to j=0. The
extrapolation is “quite certain, to the limit of accuracy of the figure. All
lines of all series are present down to and including j=-R.

“ If we had two spectral lines with the same initial state, but two finul states
differing only in respect to the value of B”, the separation of the two lines would
increase as the second power of 7. There are no such pairs of lines in the OH
bands, but the pairs R.R., PiPs, and Q.Qs of the 2300 C + H band, form an
example of this type of multiplicity, which was called type A4’, in the discussion
of Curve D, Figure 8. This will be mentioned again later.

2 . denotes the red, and v the violet component, P = P,, P" = P., of Heur-
linger, and similarly for the other branches.
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Considering first the AF graphs, we find that the two functions AF™
and AF'" are too closely the same to be distinguishable in the figure.
AF" is larger than AF’" by the small constant amount v=0.2. Both func-
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tions equal zero for j=+0.50+0.01. They are thus precisely similar
to, and may be explained in the same manner as, the corresponding

" functions for the CN violet bands, for which as already noted, the con-
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stant separation is 0.009cm™. Aside from this trifling separation,”™ we
have, as far as the initial state is concerned, an example of Case III
of Figure 19, for each component of the doublet, separately. In agreement
with this, as shown by equation (90), R* intersects P?, K" intersects P,
and Rmeen intersects Pmee” at j= +0.5. Also, since all of the P, @, and R
combinations of equations (92) and (93) hold for small values of j,
each Q graph intersects the corresponding P graph at j=+1, and the
corresponding R graph at j=0." The AF’ curves approach linearity for
small values of j, and deviate from linearity in the usual manner, for
large values. There is no more need here to assume a “sigma ” in the
Kramers and Pauli formlfla, than in the case of the violet CN bands.

In the case of the A4300 C+ H bands the conditions are somewhat more
complex, but again there secems to be no real indication of a *“sigma ”
effect in the initial states, although Kratzer employed a value of ¢'=0.5,
in representing these states. This matter will be considered later.

On the other hand, the two AF” graphs for A3064 definitely show
something at least analogous to the “sigma effect,” in that they become
asymptotically identical for large values of j, but deviate with increasing
rapidity for small values. Within limits of error, AF”"r=0 for j=+1,
while almost within limits of error AF”*=0 for j=0. These simple
values of j take on added significance when we find, in the case of the
A3371 nitrogen band, that for both the initial and the final states, the
three AF' functions become zero, for the simple values j=1.5, 0.5, and
—0.5, respectively (using the same value of j for the “ natural ” trip-
lets),”™ but become identical for large values of j. For the A4300 C+H

" Due to it, the doublet separation of the “natural doublets” cannot be
exactly constant, for large values of j, but must vary slowly and constantly with ;.

*Tn agreement with Figure 19, Case III, we have folded over the P and Q
graphs on the j=405 axis. The P'; ; and R; intersections are then discon-
tinuous in slope, at j= 0.5, even for the mean value, as already noted in the
discussion of Curve (, Figure 8. The one striking divergence from Case III is,
however, the fact that in the P';_,R; gruph there are two missing lines, at j =10
and -1, while in Case III there is one missing line, at j=0. This divergence
must evidently be due to the fact that the final state conditions are quite
different from thoserassumed in Case III.

131 Z.eit(108) measured this band and arranged the lines in series, according to the
older Deslandres’ scheme, except in the vicinity of the head of the band. Birge(15),
using Zeit’s data, traced the series through the head, back to the “origin,” and
thus showed that the band had the expected quantum structure. Independently,
Lindau(11) and Hulthén and Johansson(18), (}7), measured a number of other
bands of this system, and proved the combination principle. The latter investi-
gators carried the series, in general, much closer to the origin than did Lindau.
On the basis of their results, a portion of the assignments by Birge arc incorrect;
however, because of the crowding of the lines near the head of each band, the
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band, however, each pair of functions (AF”,, AF”,, and AF";, AF",) be-
comes zero for the less significant values of j=4§ and § respectively, the
two members of each pair becoming identical for large values of j, but the
two pairs not identical.

analysis, even with the aid of the combination principle, is somewhat uncertain.
The exact form of the AF curves in this case can therefore not be considered as
necessarily final, but in the case of the water bands, the lines are so widely
spaced that there is no question as to the correct series assignment, nor as to
the form of the resulting AF curves. The writer has not studied the C + H bands
with sufficient care to venture an opinion in’ their case.

The values of j for A3371 of nitrogen, to give the AF intersections just quoted,
are in all cases greater by unity than the values of “ m,” given by Hulthén and
Johansson(17).

31t has been noted, in the discussion of Curve D, Figure 8, that the A4300
C+4 H band consists of a combination of what we have called Type A’ and
Type C doublets. The quantum structure of this band has been studied in great
detail by Kratzer(53). Because presumably of its theoretical importance, and
because the writer does not agree with all of Kratzer’s conclusions, the following
brief summary is given.

Corresponding to the four-fold multiplicity of each branch, (P, Q, and R), we
assume, as a starting point, four different initial and four different final rotational
energy functions. Thus R:, P, and @, are connected with AF’'; and AF”;, in the
usual manner. In the case of the initial functions, we find for all four, as a first
approximation F' = B'(j — })?, the same functional form as for the initial state
of the OH bands. Within limits of error, AF', = AF's, AF'. = AF'.. But, within
limits of error, the difference between AF’,,s and AF'., « is linear, and is about
—0.10 for j =22, and -} 0.27 for j=0. This type of difference can be explained
only by assuming two different values of B’, and also two different values of a'.
Thus we may write, for the initial states of A4300,

1'"1,S=B'1(].—%+a,'1)’+ e 1
Fiu=B.2(G—3+a)'+ ... J (173)

From the numerical values quoted, one obtains

a': —ai= + 0008, B, — B’z = — 0.009
approximately.

Kratzer, however, assumes that the F'; ; and F’,,, values are given by the
double Kramers and Pauli formula, with ¢ =14, ¢’ =14. As shown in Figure 24
ahead, the separation of the two AF’ curves, with the values of j used here,
should then be zero for all large values of j, and increase with sudden and
enormous rapidity, for very small values. The writer cannot see how this assump-
tion of an actual ¢’ is justified by the experimental facts. Mulliken (private
communication) has independently concluded that ¢’ =0, for this band, from the
evidence furnished by missing lines. 3

For the final rotational states, the relations are very definite. Here we have
AF”y — AF”, =0, and AF”y — AF”,=0, for all large values of j, with these two
differences increasing from zero with great rapidity, as j becomes small. Hence
this indicates at least qualitatively, an example of the double Kramers and
Pauli formula, for each pair of functions. Kratzer assumed ¢’ =14, ¢” =1, for
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In considering the type of spectral doublet found in the A3064 OH
band, the approximately constant frequency difference for large values
of j suggests the case mentioned in the preceding part, where if y'=y",
(¢/B'=a"B"”) one obtained such a constant separation, the two AF
graphs having also the same constant separation (=4y). But as noted
there, this separation is obtained when one in obtaining the values of
AF combines the red component of the R branch with the violet com-
ponent of the P branch, and vice versa. Now in the OH bands, the writer
finds it possible to make such a combination, and to satisfy the combina-
tion principle, as far as the values of AF” are concerned. But this method
breaks down for AF’. On' the other hand, combining the two red com-
ponents leads, as already noted, to a consistent fulfilment of the combina-
tion principle. But for this method of combination, the two AF graphs
are identical, when the doublet separation becomes constant. Hence
vy=0 and there is no possibility of explaining in this way any constant

each, and Mulliken (private communication) also has adopted these values. On
the other hand, AF”, — AF”y =0 and AF”; — AF”,=0 for j =0, and this value
increases from zero, linearly with ;. We thus have a definite case of a two-fold
value of B”, for each pair, and this was assumed by Kratzer.

Now 1n connection with the definition of the various types of spectral doublets,
in Figure 8, (Types A, A’, B, and C) it must be remembered that in general the
observed separation of the two spectral lines is due to a combination of the
differences of the two wnitial rotational energy functions concerned, of the two
final functions, and of the two possibly different electronic levels in either initial
or final state. Hence it is only when one of thesc effects is operating alone that
one can correlate immediately the observed doublet difference with the character
of a two-fold energy state.

Such a condition is exemplified here, for in the case of the R.Ri, P;Ps;, or Q:Qs
doublets, forming the type A’ doublets of Curve D, Figure 8, the initial state
has been found to be precisely the same, and therefore the doublet separation
indicates, independently, the character of the double final state. As noted by
Kratzer, Ry — Rs= P, — Py = Q1 — @s, and these differences are given accurately
by a quadratic in j (the definition of a type A’ doublet), thus verifying the
above relation between AF”; and AF”;. For R — R:= (B, — B)[f(j)1*. Aside,
then, from the ecffect of the presence of o, in f(;), an effect which is manifest
only for very small values of j, the doublet separation should be accurately
proportional to 7 On the other hand, the R.I2: or P,P. doublets are due almost
entirely to the “sigma effect” of the double Kramers and Pauli formula for the
final state, since the effcet due to the two different initial functions F’, and F’.,
already evaluated, is very small. Hence these doublets represent, very closely, a
true example of type C.

Finally it may be noted that this N300 band has overlying it another band
of similar structure, the two being possibly the 0. 0 and 1, 1 bands of a system.
The closely adjacent position of the two bands adds greatly to the difficulty
of the actual series analysis, made so brilliantly by Heurlinger and Hulthén (109)
and by Hulthén(42).

13
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Ficure 24.—Graphical Representation of the Double Kramers and Pauli Formula for Small Values of j only. Plot
of F and of its Derivative. Also a Hypothetical Band, Using the Above Formula for the Final State Only. » =0 for
the “ Origin ” of the Band.
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separation other than zero. In other words, if we assume the validity
of equation (172), then in the limiting region of large values of j the
presence of o does not affect the doublet separation and the relations
derived for this separation in Part 5c still apply. But these, as noted,
cannot lead to a constant doublet separation other than zero except in
the case of bands for which the combination principle equalities indicate
that the red component of the I’ branch is to be combined with the
violet component of the R branch, and vice verse. In the C+H bands the
doublet separation of the two type C doublets evidently does approach
zero, but in the other bands cited it remains quite large.

Mecke (%) has represented this limiting separation, analytically, by
adding a constant term E to the ordinary rotational energy function.
[See equation (177) ahead.] By giving K various values for the various
components, it is possible to obtain any constant doublet separation
which is desired. This is essentially equivalent to assuming a double
or triple “origin” for these bands, the spacing of the multiple origin
equaling the constant spacing of the doublets and triplets for large values
of j. Thus we may assume that the limiting real constant separation
in the OH and N, bands is an example of the “class one” type of
multiplicity attributed in Part 2f to a multiple electronic energy level,
as evidenced by a multiple “origin.” This separation is then super-
imposed upon a “class two > type of doubling, which is a function of j
and which may be capable of being represented by the Kramers and Pauli
formula. According to Kratzer, it is so capable, in the A4300 C+ T
band, which therefore has a single “origin.” It should be noted, in this
connection, that the points of intersection of the I” and R branches, which,
in all previously discussed cases, can conveniently be used to locate the
“origin ” of a band, as noted in connection with the several cases, cannot
be so used here, since in general this point of intersection involves
imaginary values of F’ or F” aud may be located, as we have done, only
by an arbitrary extrapolation. llence the only general method of locating
the origin of a band is to evaluate by means of the combination principle,
and appropriate summation, expressions for' #’ and F” of acceptable
theoretical form, and then from the known spectral frequencies
v=vo+F'—F”, as per equations (71) and (72), to evaluate v,, the desired
frequency. The actual value of this frequency is thus obviously dependent
upon the theory adopted, and is very uncertain, in the present case.

In order now to test the validity of the Kramers and Pauli formula,
we indicate in Figure 24 a set of relations calculated on the basis of this
formula. The theoretical equation has been taken as closely as convenient
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to the apparent actual equation for the A3064 band, in order to facilitate
comparison. That is, we have assumed for the final state

F":=B"(Vj*—}=})" (174)

This double function is plotted on the left side of Figure 24. For large
values of j, the two curves for #* and F- become parallel to the functions
obtained by placing ¢=0, in equation (174). We shall call these the
parent functions. They are shown by broken lines. In the center of the
+ -
figure are given the “ derivative ” curves (———?5 ) and (—g) , together
with their parent functions—here straight lines. All values of the func-
tions, for j less than o, are of course imaginary. Because of the rapid
change of slope of the derivative curves, for j close to o, the experimentally
determined values of AF may be quite different from the true derivative.
Numerical calculation of the former shows, however, that the first effective
difference appears at j=2, and a reasonable extrapolation of the AF-
curve is shown by the dashed curve just to the left of the (—%Ij——y curve.
It will be noted that the discrepancy in the determination of the value

of j for which (iﬂ? )— equals zero ™ is not very great.

dj
The two derivative curves ar¢ given by the equation
dF \ -+ . 2Bje

We have then the essential result that the mean curve passes through
the origin. But as shown by Figure 23, the actual mean curve passes
through a point one-half unit above the origin. Hence, in order to agree
in any way with the Kramers and Pauli formula, we must lower by one
unit the values of j which we have assigned to the wviolet components, in
each branch of the A3064 band. This will of course lower the AF'* curve
by one unit. Since this band has already been plotted in the most
symmetrical fashion, in Figure 23, we may more conveniently leave this
plot as it is, and in order to ebtain the corresponding theoretical formula-

. dr \* . . L
tion, raise the (—;f;—) curve of Figure 24, by one unit. This gives

* This value of j is important, if the Kramers and Pauli formula is true, for
according to this formula, j then equals Vo + ¢ =s, the resultant electronic
momentum of the molecule.- The fact that this value is essentially unity, for the
23064 band, therefore might be considered significant. Also, if we assume that
e =14, then necessarily ¢’ = % as used in equation (174).
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(—‘—1‘-5—- : . which is shown in Figure 24 by a dashed curve. In the case

of the C+ H bands, Kratzer obtains this result by writing

F*=B"(V(j—1)*-d’+})% (176)
where, however, this indicates merely a renumbering of the lines in terms
of the “ Laufzahl ” (Kratzer’s “ m > or our “ M ”’) and not a modification
of the Kramers and Pauli formula.

We now assume for F' the same type of function found for A3064, i. e.,
F'=B'(j—1%)? and calculate the frequencies of the lines of a hypothetical
band. The results are plotted on the right side of Figure 24, with then
the same value of j for the natural doublets. (Note that the scale of
Figure 24 is twice as large as for Figure 23.) As already mentioned,
the doublet separation becomes asymptotically equal to.zero, as j increases,
although since the curves of Figure 24 are carried only to j=35, this fact
does not appear so clearly. The curves for the P, Q, and R branches
have been extrapolated to zero, even though the rotational energy term
is imaginary for such a value. Because of the form assumed for F’, the
P and R branches must intersect at j= + 0.5 (and the other intersections
similar to Figure 23), even though the frequency of the intersecting
point is purely arbitrary, depending upon the extrapolation. As in the
case of Figure 23, the mean values for the P, @, and R doublets are
indicated by broken curves, and in further analogy, the P and @ curves
have been folded over on the j= + 3} axis,™ to give P’y; and @'y, a8 in
Case III.

We are now in a position to examine the question of missing lines. As
already noted, it is definitely known that all lines are present for which
j=2, in Figure 23, but all lines are missing, for which j=1. The true
values of 7 for the violet components of each branch are to be taken as
less by unity than those indicated in Figure 23, and these true values
are hereafter used in the designation of individual lines. In accordance
with the preceding discussion, we assume ¢ and ¢€’=+4 and —3 for
violet and red components respectively, while o’=0, ¢” = V§.

In the case of the analogous C+H bands, Kratzer(53) has assumed
as usual that j=0 gives one condition for missing lines, while obviously

Tt is possible to use such a common axis for the folding, and preserve the
symmetry, only when the AF’ curves all equal zero for the same value of 7—here
+ 4. In contrast, in the case of A3371 of nitrogen, the points of intersection of
the P and R curves, as already noted, are j = + 14, 4 % and — 3, respectively,
and therefore, in order to preserve the symmetry, each P curve must be folded
over at its own intersection with the corresponding R curve, the resulting folded
curves being P’y ;, P' 4 8nd Py for the three components of the triplet,
respectively.
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j<o leads to an imaginary value of m, in equation (172), and hence
to missing lines. But in the case of the A3064 OH band, the j=0 rule
definitely breaks down, for P’,* (32,440.49 cm™) is present, although
7 =0. Incidentally, this proves that ¢'=0 since otherwise m’ would be
imaginary for this line. Mulliken (private communication) finds a
similar condition for the A3900 C+H band, and therefore ¢' must be
zero for this band also, contrary to Kratzer’s assumption.

On the other hand, the lines B," and @, are absent, and with the values
of e and o just assumed, there is no obvious explanation for this fact.
Thus these lines correspond to j'=2, 77 =1, and j’=j" =1, respectively.
If ¢"=V13, as Figure 23 quite definitely indicates, they correspond to
m'=1.5, m"”" =0, and m'=0.5, m"” =0, respectively. The only distinctive
value here is the m” =0 of the final state, but none of the assumptions
concerning intensity distribution, discussed in Section 6 ahead, give zero
intensity for a line corresponding to zero rotation of the molecule in the
final state. Mulliken (private communication) avoids this difficulty by
assuming o¢” =—unity, or essentially unity, in analogy with the C+H
bands. The lines just considered then correspond to a reversal of the
direction of rotation of the molecule, and therefore fall in the same
category as the missing line in the violet CN bands.™

* The question of missing lines is considered at many places in this report.
The present status of the matter may be summarized as follows. The j=0
exclusion rule evidently breaks down in certain cases. The realization of this
fact is, however, of such recent occurrence that in the main body of the report
the older interpretation is in general assumed, and footnotes are added where
necessary to give the newer interpretations. These new interpretations are mainly
the result of Mulliken’s recent work, and as pointed out in Section 3, and at the
end of Part 5¢, many missing lines can now be explained by assuming a fairly large
value of ¢ (0.5 or 1.5) in cases where it had not previously been realized that
any real o existed.

The rule, j < ¢ gives missing lines, will not account for the one missing line
of the violet CN bands, the CuH bands, the HCI bands, and other bands of this
common type. Mulliken has suggested for this case the criterion that the nuclear
rotation cannot reverse direction, during the radiation process. It may be pointed
out, however, that in the case of bands composed of single lines, such as the HCI
and CuH bands, both Kemble and Dieke have implicitly explained this one
missing line by deriving theoretical formulas for the distribution of intensity
in the P and R branches which predict zero intensity for this line. These formulas
are given by equations (179) and (182) of Section 6 ahead, and are discussed
there. The two equations are equivalent, under certain conditions, and are in
essential agreement with the observed intensity distribution, as given empirically
in equation (103) of Part 5b. Equation (182) takes on a slightly different form,
when applied to the unresolved doublets of the CN bands, as interpreted by
Kratzer and by Mulliken, and the argument accordingly does not apply in
such cases.
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It thus appears that the Kramers and Pauli formula is fairly satis-
factory, so far as missing lines are concerned. Unfortunately, the same
statement cannot be made in regard to the predicted frequencies. ' Aside
from the essentially constant doublet separation for large values of j,
which may be considered, as already noted, as due to a double electronic
level, it is evident that in the A3064 band, the increasing doublet separa-
tion for small values of j begins to manifest itself at higher values of j,
but increases more slowly than is predicted by the formula.” This is even
more true in the A3371 nitrogen band, where the increased separation
is quite evident even for j=20, and the continued increase for the R
branch triplets ™ is very slow and almost uniform down to the smallest
values of j. The discontinuities in slope of the P’R curves, in the A3371
band, are very small, compared to the enormous discontinuities of Figure
24. It would thus appear that the Kramers and Pauli formula, although
with suitable modifications qualitatively of the form needed to explain
the band structure now under discussion, is quantitatively unsuitable.

A new formula for the rotational energy terms of the nitrogen bands,
with only a formal theoretical basis, has been proposed by Mecke(%4),
as follows:

Fi(m)=E,+B(Vm*+A—¢)*

F,(m)=F,+ Bm? ) (177)

Fy(m)=Es+B(Vm:+A4+e)?
where m is a half integer, e=1, A =81, in the case of the second positive
group of nitrogen. The values of the other constants are not given.
By this numbering of m, which Mecke uses in place of j, the three AF: m
curves coincide for small values, a relation that could be obtained, in our
previous notation, by lowering F, one unit; and raising Fg one unit,
with m=j7—3.

** The doublet separation in the “natural” doublets of A\3064 is really due
then to three separate causes, (1) the small constant difference in the initial
AF'v and AF'" (using the same value of j for the two lines in question), giving a
separation proportional to j, and equalling about 4 cm-?, for 7=20; (2) an
assumed constant effect (due to a double electronic level) which, except for
effect (1) would indicate an essentially constant doublet separation for large
values of j; (3) an effect manifesting itself only for small values of j, and given
at least qualitatively by the double form of the Kramers and Pauli formula for
the final state, providing one uses different values of j for the two lines concerned.
(In that case it is of course necessary to make a corresponding change in j
for the initial rotational cnergy functions.) :

“'In the case of the P branch triplets, the separation increases just as in the
R branch, down to the “head ” of the band. From that point to the origin it
rapidly decreases, according to the series assignment of Hulthén and Johans-
son(17), while it continues to increase, according to the assignments by Birge(18).
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These equations, regardless of theory, indicate for the nitrogen bands,
according to Mecke, the type required to fit the experimental facts. Mean-
while, as long as there is uncertainty in this matter of the rotational
energy formula, it is not possible to evaluate the double or triple
“ origins ” of such bands, and consequently it is not possible to decide
just what portion of the multiplet spacing is due to a multiplicity of
electronic configuration, and what portion is due to other causes.

ParT 58. THE HyDrROGEN AND HELiuM BANDS, AND OTHER BANDS
DuE TO SYMMETRICAL MOLECULES

Some of the most puzzling, and possibly for that reason the most
interesting phenomena, evidenced by band spectra occur in the case of
diatomic molecules composed of two like atoms such as N,, Nz*, O,, Co,
He, and 1I,. These phenomena, to be described presently, seem to be,
to greater or less extent, an invariable accompaniment of this type of
molecule, as noted by Mecke (119). Conversely, no such phenomena have
been observed in the case of any band known to be due to a diatomic
molecule composed of unlike atoms. If this turns out to be an invariable
rule, it should be of great service in the determination of the chemical
origin of bands.™

As examples of symmetrical molecules, we shall discuss in some detail
the bands due to N,*, He,, and H, the order given corresponding to order
of increasing complexity.

The negative bands of nitrogen have recently been photographed under
high dispersion, and analyzed according to the quantum theory by Fass-
bender (7). The bands of this system are in all respects similar to the
violet CN bands, with the following single exception. The successive lines
of the P and R branches (there is no @ branch) are alternately strong
and -weak, this variation applying to both components of the doublet.
Thus, if one plots an intensity curve, using only alternate lines, there is
obtained the usual variation of intensity with j (or m). If one plots
the other half of the lines, a similar curve is obtained, but the ordinates
of one curve are roughly twice those of the other. Such curves are given
on p. 90 of reference (™).

18 Thus, for instance, the Al band system, of which 4842 is the strongest band,
must be due either to AIO or Al.. The bands arc exactly like the violet CN bands,
showing no trace of the phenomena in question, and therefore must be due to
AlQ, a conclusion which Mulliken(49) has reached on other lines of evidence.
Similarly, the first negative group of carbon bands has commonly been attributed
to C.*, although it is now believed to be due to CO* (see references (71) and
(48)). This system, also, does not show these new phenomena, and therefore
cannot be due to C: or C.*.
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Figure 25 illustrates schematically the phenomena in these bands, as
well as in certain helium bands to be considered later. In the lower half
of the figure is shown the continuous sequence of lines of the P and
R branches (one line being missing), with the alternating intensity
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indicated. The continuous change of intensity due to temperature dis-
tribution is here ignored. Above these lines are given the values of m’
and m” according to the usual assumptions. They are marked m'->m”
(old). Beneath the lines are given the double set of values of j->j”
used by Kratzer to account for the CN doublets. Only the lower set has
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been used by the writer, as discussed in Part 5c. With either set of values,
the central line, ;(1) or R,(0), is missing. The designation of the
various lines is that proposed by Dieke(®?). In the upper half of the
figure is shown a portion of the initial and of the final rotational energy
levels, spaced arbitrarily at equal intervals. The alternating intensity
of the N,* lines may be accounted for by an alternation in probability
of either the initial or final set of levels. It is shown, in the figure, for
both sets. In addition there are given the transitions corresponding to
the two lines on each side of the central missing line, as well as the
transitions for two @ branch lines which occur in the helium bands, but
not in nitrogen. Each transition is designated according to the nomen-
clature used in the lower half (R,R,, etc.) and also according to
Kratzer’s(111) notation for the A5730 helium band. Above the energy
levels are given the usual values of m and of j marked “old.” Again,
only the lower set of values of j has been used by the writer, in the case
of the CN bands.

As can be seen from Figure 25, the strong lines can be considered
as associated with the values m'=1}, 334, etc., or with m” =}, 2%, etc.,
while the weak lines are associated with the remaining alternate levels.
It has seemed difficult to explain this apparent alternation in the a priori
probability of successive quantum states. Hence, Dieke(%®) suggested
an entirely different interpretation, to which reference has already been
made in Parts 8b and 5a. He merely halves all previous values of m,
for hoth initial and final states, obtaining the values marked in Figure 25
as “new.” One may now make various assumptions as to the values
of j to be associated with the various values of m. The validity of these
assumptions can be tested by an examination of the “ missing ” lines,
although as we have previously noted, there is some question as to the
correct criterion. We shall for the present adopt the usual rule that
j=0 gives a missing line.

Four sets of possible values of j are indicated in the upper half of
Figure 25 and are designated as A, B, C, and D, respectively. Each
scheme may be assumed for either initial or final state. Thus the true
state of affairs may be a combination of scheme A in the initial state
with scheme B in the final state, etc. Using the same scheme for both
states, it may be noted that scheme A4 predicts one missing line [P,(1)
or R,(0)]. Scheme B (and also scheme D) predicts five missing lines,
centered on the line just mentioned, and thus including all the P and R
lines shown in the upper half of Figure 25, while scheme C predicts
three missing lines, also centered on the same line. It may be noted
further that scheme A gives e=+3 and +} where m=j—e In the
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nitrogen bands, e=1 gives a weak initial or a strong final state, with
the reverse conditions for e=%. Similarly, scheme B gives e= —} and
—%, while scheme C gives e= +} and scheme D, e= +=4. The realization
of two different values of ¢, with presumably different ¢ priori prebabili-
ties, is the chief reason for Dieke’s hypothesis.

To explain the doublets of the negative nitrogen bands, Dieke uses
a combination of schemes 4 and B, one scheme for each component. Thus
both components of the central doublet should be missing, and one
component of the ¢wo adjoining doublets on either side. This is analogous
to Kratzer’s interpretation of the CN doublets, his values of j (given at
the top of Figure 25) indicating one missing doublet, and one component
of the adjoining doublet on either side. The same objection holds in
the case of both band systems. Fassbender’s intensity curves are precisely
like those for the CN bands, the intensity of lines near the central
missing line being proportional to the value of M, as previously discussed,
with only the line M =0 missing.™ The writer suggests the use of scheme
4 only, with the doublets explained in & manner similar to that proposed
for the CN doublets.

For either scheme A or B, we have the following results. The apparent
R branch for which Am= —1} is to be broken into two branches R, and
R, for which aj(=j"—,)=—1, and 0, respectively. The apparent P
branch for which Am= 414 is to be broken into two branches P, and P,
for which Aj=0, and +1, respectively.” Without attempting for the

** Dieke(27), (104), has applied the intensity rules of Burger and Dorgelo
(see Sommerfeld’s Atombau, 4th Edition, pp. 649-659) to the case of band spectra,
and has obtained results which avoid the above difficulty. For according to these
rules, the sum of the intensities of all lines corresponding to transitions from
a given initial state is proportional to the a priori probability of that state.
Therefore, if certain transitions are prohibited, the others are relatively that
much stronger, and 1 the case cited above this leads to the prediction that the
single remaining component in the first line should have an intensity equal to
the sum of the intensities of the two normal components of other lines (aside
from the customary temperature effect). Dieke’s work on intensity is discussed
more critically in Section 6, ahead.

** Dieke(58) has proposed that the names P, Q-and R be used to designate the
appearance of a branch, just as Heurlinger originally intended these letters,
while positive, negative, and zero be used for transitions for which j/ — ;" = +1,
— 1, and 0 respectively. The writer thinks that in general the names P, @, and
R should indicate both meanings. That is, unless otherwise specified, an R branch
should be taken to mean a positive branch, a P branch to mean a negative branch,
etc. But in the present case it is convenient to use Dieke’s nomenclature. Hence
the R branch is actually a combination of a positive and a zero branch, while
the P branch is a combination of a zero and a negative branch.
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moment any critical discussion of this new formulation, let us consider
the phenomena in other similar cases.

In the second group of nitrogen, we have apparent triplet lines, as
already discussed at length in Part 5d. Higher dispersion shows that
one member of these triplets (the violet member R, P,) is actually double,
and the doublet components are of unequal intensity, with the violet
component alternately the stronger and weaker.'® The combination
principle has been found to hold for the strong members, in the P and
R branches, taken together, although this leads to staggered values for
AF. The mean doublet position gives a smooth AF curve. If the weak
member were entirely suppressed one would have a series of lines alter-
nately slightly displaced, and such a phenomenon occurs in one component
of the triplet, in the Swan bands, where Shea(®!) has found that the
combination principle similarly holds. The phenomenon in the case of
the atmospheric, and of the Runge (ultra-violet) bands of oxygen is
generally similar to that in the case of helium, and has been summarized
by Mecke (p. 233 of reference (®)). We turn, therefore, to the case
of helium, which typifies the second stage of complexity for the phe-
nomena under discussion.

The very fact that helium has a band spectrum is an interesting
example of the usefulness of the quantum theory of band spectra. Thus,
from the structure of the bands, we can be sure that they are due to
a diatomic molecule, while the experimental evidence indicates that
only helium is needed for their production. Hence we have proof of at
least the temporary existence of the He, molecule.

This band spectrum has been measured and analyzed in detail by
Curtis(®), (13) and Curtis and Long(114), and certain bands have been
further interpreted by Kratzer(!!!). Other published articles have con-
gidered a possible molecular model, but that topic will not be treated
here. A reproduction of the greater portion of the known bands is given
by Curtis(118), while the more recent articles by Curtis contain enlarge-
ments and diagrams of various individual bands. All of the helium
bands are characterized by a strong @ branch, which is a dominating
feature in their appearance. In the A5730 band there are two R, two P,
and two @ branches, each pair of equal intensity, but requiring different
formulas. In all other bands there is only one R, one P, and one Q
branch, according to recent work. The band spectrum of helium consists,

1 When nitrogen is mixed with argon, however, all members of the triplet show
the alternating intensity characteristic of the negative nitrogen bands. See curves
XIII, XIV, XVI, and XX of Toussaint(112),
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first, of two series of double-headed bands all degraded toward the red,
one series consisting of the bands AA4650, 3680, 3350, 3200, 3120, 3070,
3036, and 3012, as extended by Curtis and Long(11*), and the other of
the bands AA5130, 4000, 3630, and 3460. There are also two strong
bands at A6400 and A5730 and a weaker one at A4550, which do not
belong in any series and which may be called the “non-conforming ”
bands. All of the above bands are degraded to the red, with the exception
of A5730. A number of additional bands have not as yet been studied.

Fowler (11%) made the first examination of the helium bands, and
arranged the two series of bands just noted. He made the very important
discovery that successive bands in each series obeyed a line series law.
He found that the less refrangible head of the doublet could be satisfac-
torily fitted by an ordinary Hicks formula (and almost as well with
the simpler Rydberg formula), but that the other head could not be
well fitted, even with a four constant formula. We know now, thanks to
the analysis by Curtis, that the less refrangible head is really the head
of the @ branch, or branches, and therefore locates the origin of the band.
The other head is merely the turning point of the R branch, and has
no theoretical significance, so that the inability to fit it into a simple
formula is not surprising, as has been noted by Curtis(?13). The fact
that the successive origins follow a line series law is, however, of funda-
mental importance. It indicates that each band constitutes a separate
system, with its own electronic transition, and that the series of electronic
energy levels in the helium molecule is quite analogous to a set of spectral
terms of an atom. This certainly might be expected, and the failure
to observe long series of such levels in other molecules must be due to
their more complex character.*”

Curtis (%) first analyzed the three “non-conforming” bands. 'The
results showed many apparent discrepancies with the quantum theory,
and Curtis was not able to prove the combination principle. Kratzer(111)
later found the combination principle equalities, and on this basis made
a searching analysis of these three bands. Curtis(1!3) in a still later
paper gave an analysis of the first three (“ double ”) bands of the first
“line ” series, and of the first four of the second series. In a very recent
paper, Curtis and Long(!!*) have extended the first series to eight
members and have re-analyzed the entire series, using an interpretation
virtually the same as that adopted by Kratzer for the three non-con-
forming bands. Dieke(®?) has indicated the close similarity of the doublet
bands and of the non-conforming A5730 band to the negative nitrogen
bands already discussed.

**In line spectra, the more complex the atom, the shorter the sequences of
spectral terms. New evidence on the above matter is discussed in Section 8.
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The phenomena are so complex that only an incomplete statement can
be given here. Considering first the A5730 band, the only helium band
of those analyzed which is degraded to the violet, we find six branches,
two P, two R, and two Q branches. Although the lines of the two similar
branches are of equal intensity and interlace roughly, quite different
formulas are required for the two, as already noted. The relations for
this band are shown in the diagram on p. 56 and the reproduction on
Plate I, of Curtis(3). Dieke has noted the points of resemblance to
the N,* bands, and these are shown in the lower half of Figure 25. There
are four lines absent in the P— R sequence as indicated in the figure.
The designations are those proposed by Kratzer(!!) and used by
Dieke (5). Curtis’ R(M)=XKratzer’s B(M —1), Curtis’ ¢, (M) =Kratz-
er’s Q,(M+1). Otherwise, Curtis’ designations agree with Kratzer’s.
The lines @,(1) and Q.(1) are shown in the upper half of Figure 25.
Q.(2) is the first real line of this branch, while Q;(1) is the first real
line of the other.

In order to account for the missing lines, using the j=0 criterion it is
necessary to assume scheme B for the initial states. For the final, we
may have either scheme 4 or scheme (. The former seems objectionable
since it makes the R branch a true negative branch, Aj increasing by
one unit, while Am decreases by a half unit. We therefore assume scheme
C for the final state. Kratzer(}!!) originally postulated scheme (' for
both initial and final states, and his values of j, throughout the entire
article, correspond to this. Later in the article he discusses various
methods of enumeration, one of which is scheme D,” and decides that
no decision can be made between them.

In the case of all the double! helium bands, the phenomena are much
simpler. In this case there is only one P, one @, and one £ branch. The
relative position of the P and R branches can be obtained by wiping out
all the strong lines of the N,* bands. This analogy was pointed out by
Dieke (%) and is shown at the bottom of Figure 25. The lines R'(0)
and P(1) are missing. In addition there is the one Q branch, correspond-
ing to @, in Figure 25, of which ,(1) is the first real line. In order
to account for the missing lines it is now necessary to assume scheme C
for both initial and final states, except that for the final state only one-half
the energy levels—those corresponding to e= +}—are used. This result
seems more rational than any of the preceding for we have only the one
numerical value of e=}. In this case also there is no artificial division

** By this scheme, which does not agree with the data on missing lines, the
values of j, from right to left are 1, 0, 2, 1, etc., and for several lines A7 and Am
have opposite signs. The writer believes that this should be avoided, if possible.
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of the branches into two sets of lines and the assumption of e=} seems
almost inevitable with the quarter-quantum interpretation. This formu-
lation has been adopted by Curtis and Long (%) in their recent paper
on these doublet bands.

The remaining helium bands, A6400 and A4550, have been analyzed
by Curtis(3%) and discussed by Kratzer(11!). In each there is one P,
one R, and one @ branch.* All three branches (called R, P’ and Q)
are strong, and correspond in every way to the branches marked R, I”,
and @, in the A5730 band. Thus the R and P’ sequence comprises just
those lines not found in the doublet helium bands. The first real lines
of each branch are R(1), P'(1) and @(1). An examination of Figure
25 shows that scheme (' must again be used for both initial and final
states, except that the value €= +% is alone needed, as contrasted to
¢”=+1% for the doublet bands. Kratzer(!*!) found that the three
“non-conforming ” helium bands had a common final state, with
I"=0.944x10*° on the present interpretation. A6400 and A4550 he
assumed belong to the same system, but differ in the initial vibrational
quantum number. A5730, which is degraded in a direction opposite to
the other two bands, must have a different electronic initial condition,
i. e., it belongs to another band system. As already noted, each of the
doublet bands forms the sole representative of an entire system. The
analysis of Curtis(113) indicates that each (line) series of doublet bands
has a common final state, while Curtis and Long(!1%) conclude that
different radiating electrons are concerned with the two different series.™

Reviewing now all of the facts presented in Part 5e, it might appear
that the use of quarter-integral values of ¢, in the case of the helium
bands, first suggested by Kratzer(}!), is most probable. With this
assumption, the close analogy of these bands to the relations in the N,*
bands favors Dieke’s interpretation of the latter, as shown in Figure 25.
Yet there is one important and probably vital distinetion. In the helium
bands there is no case of a series composed of lines of alternating intensity.

* This is in agreement with new work by Curtis (private communication) who
finds that the weak and rather irregular P branch previously assigned to these
bands actually belongs to other faint bands. Curtis now assumes the strong
A6400 and A4546 bands to be (0, 0) bands, and the new bunds to be (1, 1). If this
interpretation is correct, it constitutes the first valid evidence of the actual
existence of vibration, for the helium molecule.

* Mulliken (Proc. Nat. Acad. Sci. 12: 158, 1926) on the basis of the new
developments presented in Section 8, has recently found the true interpretation
of these bands. The A6400 and A4550 bands belong to different systems and are
in each case the (0, 0) band. The entire system of electronic encrgy levels
corresponding to the known helium bands is strikingly similar to that of the
helium atom. (See Section 8 for further details.)
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Neither are there any two series which can be combined into a single
formula. Mecke(®) therefore suggests as an alternative hypothesis, the
older interpretation of the N,* bands, with the alternating intensity left
essentially unexplained. Then for the helium bands he assumes that
each series is composed actually of lines of alternating intensity, but
that every alternate line is so weak that it has not yet been observed.
Mecke makes a similar assumption in the case of the atmospheric (ab-
gorption) bands of oxygen, and the Runge (emission) bands of oxygen.
This assumption has at least the strength of consistency, since we thus
assume alternating intensity in the series of every symmetrical molecule.
Another argument in favor of Mecke’s assumption is that it would
preserve the older value of the moment of inertia, in the case of the N,*
bands, while Dieke’s assumption gives a value just one-fourth as large.™

Rather convincing evidence on this point is now available, for
Birge(®®), has found in the case of N,*, that the “ observed ” and “ cal-
culated ” values of D, agree to within a few per cent, when calculated
by Method Two, as discussed at the end of Part 5b, using the older
interpretation of these bands. The new interpretation by Dieke would
give a “ calculated ” D, just four times as large as the “ observed ” D,.
Moreover, the very striking similarity in the numerical values of the
moment of inertia, for molecules of similar mass, and the relation between
the values of the moment of inertia and of the vibration frequency, shown
by Table 1 of Section 8, hold true only if half-integral values of m,
rather than quarter-integers, are used for the N,* and O, bands. The
values of I, given in the table of Section 7 are based on such an assign-
ment. On the other hand, consistency then demands that only half-
integers be used for the helium bands. This procedure gives values of I,
for helium just four times as large as those listed by Kratzer(11!) and
by Curtis and Long(!!%). The apparent objection to this change is that
it immediately contradicts all the explanation of the missing lines, as
just given for the various helium bands. However, as already noted in
Part 5d, the rule j=0 for missing lipes definitely fails in certain cases,
and therefore one of the advantages of the use of quarter-quantum num-
bers disappears. On the other hand, by consistently adopting half-integral
(i. e., not quarter-integral) values of the effective quantum number m,
Mulliken (Proc. Nat. Acad. Sci. 12:144, 1926, etc.) has given a new
interpretation of various electronic bands, which yields uniformly satis-
factory results. All of the values of I, and r, listed in Section 7 are
based on half-integral, rather than on quarter-integral quantum numbers.

. . - 3
¢Since the numerical values of the rotational energy terms (Sﬂ_‘ are
w

known, halving the value of m necessarily divides the value of I by four.
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Slater (Nature, 117: 555, April 1926), has just suggested a possible
theoretical explanation of the alternating intensities found in symmetri-
cal, or essentially symmetrical molecules, and the theory of this is dis-
cussed in Section 8. His explanation leads to the assumption that in a
perfectly symmetrical molecule the alternate lines will be entirely missing,
as seems to be true for O, and He,, but that in a slightly non-symmetrical
molecule, like N,*, the alternate lines are merely weaker. Only in an
entirely non-symmetrical molecule, like HCI, would there be no weaken-
ing of alternate lines.

One theoretical aspect of this problem may be mentioned here. As
discussed by Mecke (%), and particularly by Mulliken (#°), the question
of the electronic multiplicity in band spectra seems to be definitely
related to the number of free valence (i. e., easily excited) electrons
in a molecule, just as in the corresponding phenomena of line spectra
and atoms. This is discussed in some detail in Secction 8. But the
phenomena described in the preceding pages are seemingly independent
of the number of valence electrons. Hence the seat of the phenomena
must be in the inner electronic configuration which presumably char-
acterizes a symmetrical molecule, as contrasted to a non-symmetrical, or
polar, molecule. This point has been mentioned by Mecke (117).

The third, and most complex, type of spectrum due to a symmetrical
molecule, is that illustrated by the secondary or many-lined spectrum
of hydrogen. Since at the present time the analysis of this spectrum
has not progressed to the stage where it casts any real light on the
problems mentioned above, it may be considered separately. It is probable
that this spectrum is a composite, and may have as its source any two
or more of a number of possible molecular species, such as H,, H.*,
H,, H;*, etc. A number of investigators are now working on the hydrogen
spectrum, and many papers on the subject have appeared during the
past few years; but as the conclusions of various investigators are very
conflicting, even in regard to the most fundamental points, we shall
merely summarize as briefly as possible the main points at issue, and
discuss incidentally some of the possible reasons for the present situation.

The recognition of the secondary spectrum of hydrogen as a band
spectrum is due initially to Fulcher(!®). It has now been established
beyond question that this spectrum is due to the molecular form, and
not the atomic. The most complete published measurements of the
spectrum are given by Merton and Barratt(!1®). These investigators
publish, in addition to a list of about 750 lines between A6540 and A3368,
also the behavior of each line under high and low pressure, condensed
discharge, etc. Such information is an invaluable clue in unraveling

14
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such a complex spectrum where in general it is possible to obtain many
purely fortuitous numerical relations. This is especially true when the
measurements are not of the highest accuracy. Merton and Barratt
photographed this spectrum with a dispersion of only 10A per mm.,
giving possible errors of measurement of 0.01 to 0.02A. Gehrcke and
Lau (1#%), however, publish a photograph extending from A6800 to A3650,
taken with a dispersion of 2A per mm., but they have apparently made
no wave-length measurements. Such measurements are greatly needed.
About 565 additional lines have been measured recently by Tanaka (128),

Among the papers dealing with the series analysis of the spectrum we
may mention in addition to those just quoted, articles by Allen(3%);
Bury(1804) ; Croze(1#1) ; Curtis(3); Dieke(3%), (122); Gehrcke and
Lau (1), (1%4); Kiuti(3!); Richardson and Tanaka(33), (128); Taka-
hashi(1#) ; Richardson (1#7) ; Sandeman (122); Nicholson (1#94); and
Curtis(1%®8), Much work has been done also on the specific heat of
hydrogen at low temperatures, leading to an attempted evaluation of the
molecular constants. Among the papers dealing with such an evaluation
may be mentioned those by Kemble and Van Vleck (13), by Tolman (131),
and by Dieke(1314). Finally, the subject of an exact molecular model
for hydrogen has naturally attracted much attention, since H, is the
simplest of all molecules. Among the more recent papers on this topic
are those by Allen(1%2), Born{(1%), Kucken(3%), Marshall(135) Nies-
sen (188), Nordheim (1364), Pauli(137) and Urey(1%8).

The secondary spectrum of hydrogen, so far as investigated, extends
from about A7700 to the extreme ultra-violet. That there is a close
connection between this spectrum and the Balmer series is shown by a
curve drawn by Glitscher and reproduced on p. 210 of Sommerfeld’s
“ Atomic Structure” (English translation). This integrated intensity
curve shows a number of maxima bearing a definite relation to the
Balmer lines. This would indicate an analogous phenomenon to that
shown by the doublet bands of helium. In that case, also, the line series
law followed is rather similar to that of the actual helium line series,
but the connection is not as close as in the case of hydrogen.

Fulcher (18) found two groups of low-pressure lines, showing no
Zeeman effect, one in the red and the other in the green, which obeyed
a band spectrum law. That is, the red group could be arranged in seven
parallel series of from six to four lines each, the lines of each series
being separated by an almost constant wave-length interval. The green
group is similarly composed of three series of four lines each. (AA=100A
for the red group, and 118A for the green.) These two groups are usually
referred to as the first and second Fulcher bands, and the seven series
are designated Sy, §,, S,, etc. Since all seven series run parallel, one
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finds repeated sets of seven lines, with the same relative spacing within
the set. Begihning at the red side, the first three lines, S;, S,, S;, form
an evident triplet, with spacing Av=20 and 14 approximately. Then after
an interval of 60 frequency units, there occurs the quartette S, to §; with
spacing Av=35, ¥, and 37 approximately. S; is the strongest line of the
seven, and the S; series has been extended to the red, four additional
members, by Gehrcke and Lau (123). These investigators also find a third
“band ” in the blue. The two Fulcher bands may be considered as
related to Ha, at A6563, according to Glitscher’s curve. The third band
has the same relation to Hg that the first has to H, .

In addition to these three bands Richardson and Tanaka(®®) using
only high pressure lines, have found P, @, and R branches which have the
proper intensity distribution and for which the usual combination prin-
ciple holds. They have evaluated the F' and F” functions and calculate
I'=0.624 X107, [” =0.480 X 10-4°, y,=17,307. Ina later paper (128), they
give a number of sets of series, some of which they consider quite definite,
others extremely doubtful. These series yield values of I varying between
the values just given and that for the second Fulcher band, I =0.12 X 10-*°
(see ahead). They are actively at work on this problem at the present
time and it is impossible to give the present status of the matter.
Croze (121) lists long series of lines, including those forming the Fulcher
bands, but according to Dieke(3°) most of these additional lines repre-
sent only fortuitous regularities.

One may now take the seven series of the first Fulcher band to be a
P branch of at least seven-fold multiplicity, while the series of the second
Fulcher band (composed only of S, S,, S;) form a three-fold R branch.
Kiuti(3!) believed he had found a singlet @ branch related to the
strongest component (8;) of the P and R branches just cited. But the
relations are far from exact, as pointed out by Allen(3) and Curtis(3*),
and furthermore the lines of Kiuti’s ¢ branch are strengthened at high
pressure, instead of at low pressure. There seems to be little doubt that
Kiuti’s correlation is not justified.

I{ one assumes that the two Fulcher bands are indeed P and R
hranches, respectively (whether related or not), then it seems to the
writer that the multiplicity must be ascribed to a multiple electronic
level, as in the case of all bands with multiple “ origins.” Curtis, how-
ever, assumes that we have here a “sequence ” of bands such as 150
2->1, etc, each band composed of a singlet series. In regard to the
actual relations holding for the series of the first band, Allen(32) finds
that by the use of half-integers for m, in the case of S, to S, and integers
for the other four series, all seven geries yield nearly the same values
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of B’ and B”. Curtis(**) finds that by interchanging the whole and
half-integers, the agreement is even better. From this analysis, Curtis
obtains,™" for the first band, I’=0.179 X 10-4°, 1" =0.186 X 10-%°, and for
the second band I’=0.125 X 107%°, I” =0.129 X 10~*°. Because of the great
difference between the constants for the two bands, they cannot be
considered as forming the B and P branches of a single band. We are
thus confronted with the peculiar situation of two or more bands each
consisting of a single branch, and that of most complex character.

The multiplicity of each branch also has a structure of its own.
Allen(28) found that the S,—S; triplet could be extended to the red
into at least a quintette or sextette, and that these five or six lines
themselves fitted a parabolic formula, thus giving what Allen called
“ vertical ” series. Dieke(3?) independently found these new relations
and suggested that these were the true series, the sextette being a true
Q branch. Dieke found further that by using only S, and S;, additional
lines to the wviolet could be found which gave collectively an R branch,
with the proper relation to his @ branch. On this interpretation, the
former multiplicity becomes the true band structure, while the former
succession of sets of seven lines becomes a succession of bands. The new
interpretation gives a series of numerical relations agreeing in nearly
all respects with that predicted by the Kratzer formulas, and from them
Dieke calculates I” =0.82 X 107%, a value over four times that of the
previous interpretation. Dieke then interprets his series of bands as due
to various vibration changes—the older interpretation of the line mul-
tiplicity. In this case, the greater spacing of Dieke’s so-called successive
bands makes the alternative suggestion of a multiple electronic level
rather improbable.

In a second paper, Dieke(1%8) presents a very strong argument in
favor of his general interpretation of the series, as against the older
interpretation. Goos(!*®) and McLennan and Shrum(14%) had mean-
while made intensity measurements at varying temperatures. Dieke finds
that according to his interpretation there occurs the expected redistribu-
tion of intensity with temperature among the rotational quantum states.
With the older interpretation there is no.redistribution. This latter
fact really means, according to Dieke, that the redistribution of intensity
among the vibrational quantum states with temperature is very small—
in agreement with the facts for other band systems. Important new in-
formation concerning hydrogen is given in footnote 148a, and in note (j’)
of Section 7.

Meanwhile Gehrcke and Lau (%), (1%2), (1#4), have obtained sets of
lines which are placed like object and mirror image with respect to a

“ Lenz(20) made the first rough calculation of this quantity, obtaining
019 % 10-%
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given frequency. But in the last paper(#%) the sets thus presented
constitute a complete rearrangement of those given in the earlier
paper (1#3), using many of the original lines, and many additional lines.
Hence in both cases the relations may be fortuitous.

In all of the foregoing analysis, the numerical relations are not as
exact as might be desired. The first Fulcher band gives the best regulari-
ties. It would appear that, aside from the previously noted actual
experimental errors, there are many real irregularities, indicating possibly
a rather loosely constructed molecule. One point in this connection may
be of interest. Kemble and Van Vleck (139), from specific heat data, have
calculated the moment of inertia and vibration frequency of the hydrogen
molecule in its stable condition. The values are admittedly only approxi-
mate, but nothing more is needed here. Now, as Kemble (141) has noted,*
with this data one can calculate immediately the amplitude of vibration,
for any given number of quantum units of vibrational energy. The
writer finds that this amplitude, in the case of molecules like N, is
only six per cent of the original nuclear separation, for one unit of
energy, the amplitude increasing of course as the square root of the
energy, hence approximately as Vn. But for hydrogen, the amplitude
for a single unit is 34 per cent of the nuclear distance. Hence, unless
the hydrogen molecule can withstand an unusually large deformation,
it is no more likely to have over one unit of vibrational energy than is
the nitrogen molecule to have over 30 to 35 units—much greater than
the actually observed limit. Even iodine, with a maximum observed
n=0>59, has essentially no greater per cent awplitude than has hydrogen
with n=1. For this reason, the assumption of comparatively large values
for n, as made by Curtis and Dieke in the case of the hydrogen spectrum,
requires the possibility of a relatively large deformation of the molecule.

In conclusion it may be noted that none of the above spectrum lines are
connected with the normal state of the hydrogen molecule, since cold hy-
drogen gas is entirely transparent to all of them. The work of Duffen-
dack (12), and others, on the voltage required to produce these secondary
spectrum lines (about 13 volts) indicates that the fundamental band
system lies in the extreme ultra-violet. Urey’s(12®) interpretation of the
ionization potential work of Olsen and Glockler is also along this line.

A noteworthy addition to our knowledge of the hydrogen spectrum
has just been made by Witmer(2434). He finds on plates taken by Lyman,
using a mixture of hydrogen (small proportion) and argon (large
proportion), a series of twelve bands, running from A1063 to A1635.
Each band is degraded to the red and the entire set forms definitely

- See also pp. 15-16 Buchwald “ Korrespondensprinsip.”
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a single Deslandres progression with n’'=constant. Since the band of
highest frequency coincides with the “ resonance” lines of argon, it
would appear that the excitation energy is limited to the corresponding
voltage (11.6 volts), and the transitions are thus from this common
initial level (which Witmer takes to be n’=0) to the various final
vibrational levels. The resulting constants are ®” =4260, z"0°” =112.5
cm. The observed o": n curve runs almost to »"=0, and shows in fact
that the last observed band, corresponding to n” =11, is almost the last
possible band of this progression. The area of the curve thus obtained
is equivalent to 4.34 volts (100,100 calories) which according to the
theory developed in Section 4, equals the heat of dissociation of hydrogen.
This value agrees with the best chemical data now available.

Witmer further finds from these bands a value of v, corresponding
to 11.61 volts. Then using the Glitscher diagram already mentioned,
he obtains a series of electronic levels given by a Rydberg formula, with
a limiting value of 15.2 volts. This should correspond to the jonization
potential of the molecule, and although uncertain to several tenths of
a volt, is probably more reliable than the direct measurements. The
original paper should be consulted for further details.*

52 Note added in proof. Rapid progress in the analysis of the hydrogen spec-
trum has continued since Part 5¢ was written. Hopfield and Dieke (Nature,
118: 592, 1926) have for the first time obtained the absorption spectrum of the
hydrogen molecule. With this and with much new material on the emission
spectrum, Dieke and Hopfield (Z. Physik, 40:299, 1926) have been able to
analyze almost completely the ultra-violet spectrum of hydrogen. Three elec-
tronic levels, which may be called X, A4, and B, are evaluated. A lies 11.1 volts
(90,083 ¢cm-*) above X, and B lies 122 volts (99,039 cm™) above X. The vibra-
tional constants are

X 4 B
«° 4248 1337 2377
W’z 114.5 18 67

where the data run from n=0 to n=11, 10, and 5, for levels X, A, and B,
respectively. (Dieke and Hopfield adopt the new quantum mechanics, and their
published values of «° and of »e therefore correspond to n = — 0.5 in the notation
used here and elsewhere in this report.)

Witmer’s initial level turns out to be n' =3 of state A, but the absorption
spectrum proves that his n numbering of the final states is correct and that the
heat of dissociation is thus definitely 43 to 44 volts. Continuous absorption
begins at 14.53 volts (A849.4) and this gives 4.38 volts for the heat of dissociation,
assuming that the products of dissociation are in this case one normal and one
10.15 volt excited hydrogen atom. (See Section 8 ahead for details concerning
such a process.) Within limits of error this voltage (14.53) is the point of
confluence of the vibrational energy levels of state A and also of state B. Dieke
and Hopfield therefore conclude that the radiating electron moves in a 2, path
instate 4, in a 2, path in state B, and in a 1, path-in the normal state X. Witmer,
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SECTION 6. THE INTENSITY DISTRIBUTION AND ITS VARIATION
WITH TEMPERATURE

As mentioned in Part 2e, the relative intensity of the various lines
of a band varies with temperature, and if the conditions are such as
to give approximate temperature equilibrium, the distribution of intensity
may be predicted. On the basis of the classical theory, the intensity
with which a certain frequency is emitted is given by the amplitude of
the corresponding term in the Fourier development of the motion, and
by the number of molecules which are capable of emitting the frequency
in question. According to the quantum theory, the intensity, in the case
of emission, is given by the number of molecules in the initial state and
the probability of the transition (A4;) from this state to the final state.
The relative number of molecules (N») with an energy En is given by
the Maxwell-Boltzmann distribution function

En
Nm=pme ™ T, (178)

where p,, is the probability a priori of the particular state. (Compare
equation (81) and discussion.) For large quantum numbers, the transi-
tion probabilities (4, ) can be calculated by means of Bohr’s correspon-
dence principle from the coefficients of the Fourier development of the
motion. For small quantum numbers, the correspondence principle
applied in its usual form can give us only approximate values for the
intensities.

Kemble (°3) was the first investigator to calculate the relative intensities
of the lines of one band, and he found that good agreement with the
observations could be obtained by the use of whole rotational quantum
numbers. If, however, as the development of the theory has made neces-
sary, half-integral quantum numbers were used, his results were in sharp
disagreement with the observations.™ The formula postulates an intensity
distribution non-symmetrical with respect to the missing line, while the
observed distribution is strictly symmetrical for small values of m, as

in 8 very recent article (Phys. Rev., N. S. 28:1223, Dec. 1926) accepts this
interpretation, and recalculates the ionization potential as 1586 volts, a value
agreeing more nearly with the most probable experimental value of 162 volts
(Kwei, Phys. Rev. N. 8., 26: 537 (1925)). See also note (j’) of Section 7.

The hydrogen bands seem to consist of Q branches only. It is therefore not
possible to calculate the moment of inertia, but only its change during the
radiation process. The rule that the moment of inertia increases when the fre-
quency of vibration decreases is here obeyed (contradicting preliminary work
which seemed to indicate a violation of the rule). As yet it has been impossible
to correlate these ultra-violet bands with the Fulcher bands.

“ See Kemble(148),
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noted in connection with equation (103). The relative intensities of
the lines of one branch also do not agree with the observations.

In two recent papers Kemble(14), (148), gets a much better agreement
between the theoretical formulas and the observed intensities by removing
the degeneration of the motion by means of an external magnetic field.
He then applies the correspondence principle to each non-degenerate
motion and adds the intensities of the Zeeman components in order to

obtain the intensity of each band line. He thus finds, for emission,
E'
Intensity =const. pxe  *T, (179)

where pm is the average a priori probability of the initial and final states.
This procedure is a great improvement ; the only uncertainty arises from
the fact that there is very little known experimentally about the behavior
of molecules in a magnetic field. As already mentioned, it must be kept
in mind that the nature of the correspondence principle enables one to
obtain only approximate values of the intensities for small quantum
numbers. By Kemble’s method of calculation, the approximation is,
however, much closer than when the correspondence principle is applied
directly to the degenerate system. The results which Fermi (14¢) obtained
by analogous calculations in the case of multiplet lines clearly illustrate
this. He showed that a much better approximation to the true intensity
results if one calculates first the Zeeman components and then adds
them ; but that even then the correspondence principle is inadequate to
give the exact values for small quantum numbers.

There has, however, been suggested recently a new method of obtaining
the exact intensities, which is based on a more general application of
the correspondence principle, and which, as was shown by Heisenberg (147)
leads to the summation rules found experimentally by Burger and
Dorgelo (148). If, for instance, we bring a radiating atom into a magnetic
field, the motion of its electrons is only slightly changed by the induced
Larmor precession. This indicates, on the basis of the classical theory,
that the total intensity which is emitted by the atom in that particular
state is practically independent of the strength of the magnetic field and
of the angle between the magnetic axis of the atom and the field—the two
factors which determine the magnitude of the Larmor precession. Heisen-
berg now assumes, as suggested by the correspondence principle, that for
quantum radiation also, the sum of the intensities of the lines which come
from a certain magnetic quantum level is independent of the amount of
the Larmor precession, i. e., of the strength of the field, and of the angle
between the magnetic axis and the field, as specified by the magnetic
quantum number r.
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Now the emission of the lines of a given band presents an analogous
case. The motion of the electrons is in general only slightly changed
by the rotation of the nuclei and this indicates that the sum of the transi-
tion probabilities of the lines issuing from a certain level should be
independent of the rotational quantum number; i. e., that the summation
rules of Burger and Dorgelo are valid also for band spectra.”™ In the
case of bands with only a positive and a negative branch, one can derive
the exact formulas for the intensities of the band lines. This was shown
independently by Fowler(%¢) and by Dieke(*). Thus, if u; and w; are
the factors in the intensity formulas for the lines j>j+1 and j+1->f
which are independent of temperature, and if p; is the a priori probability
of state j, then an application of the summation rules yields the equations

Uy = Py =Wy,
180
Wyt Uz =P2=Us + W2 } ( )
These equations are sufficient to calculate the u; and wj;. The result is,
if one assumes that p;=2;—1,

uy=w;=2j, (181)
go that the intensities of the lines j>j+1 and j+ 1->; are given by
E' E"‘#l
I}_>j+1:2j'f’_rk? and I,,,,_N:Zj-e— T, (182)

If the a priori probabilities were chosen differently, we should find that
the intensities of all the lines of one branch do not lie on a smooth curve,
but that all even-numbered lines, for example, are a little weaker than
should be expected from the intensities of the odd-numbered lines. The
intensity distribution is, for small values of m, symmetrical with respect
to the missing line, in agreement with the observations.” The presence
of the Boltzmann factor causes the P branch in emission to be a little
stronger than the R branch, as is actually observed in the CN, CuH,
and N,* bands. For absorption, the R branch should be the stronger one.
In this respect, equation (182) differs from equation (103) and seems
to be more accurate than (103).

 These rules may thus be expected to hold only for small values of m, such
that the electronic motion in the molecule is not appreciably changed by the
nuclear rotation.

™ Equations (182) and (179) become identical, if the a priori probability p,
of state j is taken equal to 2j — 1. For the common case m =j— 0.5, both

’

E
equations become I =2m e~ ﬁ, in essential agreement with the empirical
equation (103).



?18 MOLECULAR SPECTRA IN GASES

If a Q branch is present also, the intensities are not determined by the
summation rules alone, but special assumptions as to the model of the
molecule must be made.™

Dieke considered also the case of bands with a fine structure. If
Kratzer’s explanation is accepted, we find that in the case for instance
of the CN doublets the factor 2j in (182) must be replaced by 2j—1.
There should be, therefore, a difference in the intensity distribution of
bands with single lines and with (unresolved) doublets. If the same
intensity distribution occurs in both classes of bands, as seems now to
be the case, this can be regarded as evidence that Kratzer’s explanation
of the fine structure (as due to “false” doublets) must be modified.
On the other hand, from the derivation of the above intensity formulas,
it follows immediately that the unresolved doublets in the vicinity of the
missing line must have normal intensity, even though one component is
missing. Hence the objection to Kratzer’s theory, based on this point,
as given in Part 5c, is no longer valid. This was noted, at the time, and
was mentioned again in Part 5e.

Kemble, in a recent paper(14?), has objected to the application of the
summation rule to band intensities because of an apparent conflict with
the correspondence principle. The objection was based on Fowler’s con-
clusion that according to the summation rule the P and R branches must
have equal intensities even when there is a  branch. Honl and Lon-
don (1484)  however, have shown that this conclusion is incorrect and
that in the case of bands with a @ branch the summation rule may yield
differing intensities for the P and R branches in accord with the cor-
respondence principle.* Kemble has therefore withdrawn his objection.

The relative intensity of the various branches of an electronic band,
as predicted by the correspondence principle, is briefly as follows. The
R and P branches are to be correlated with circular Fourier components
of. the electronic motion ™ in the invariable plane, one rotating in the
same sense as the nuclei (R branch), and the other in the opposite sense
(P branch). The @ branch, on the other hand, is to be associated with
a linear Fourier component vibrating perpendicular to the invariable
plane (i. e, parallel to the j axis). These three components have the
same frequency when observed with reference to a system of coordinates
rotating with the nuclei and unite in the most general case to form an

* See Fowler(26) and Honl and London(148A),

*» Recent work by Mulliken (forthcoming paper in the Physical Review)
shows that there is much experimental evidence for the Honl-London summation
rule formulas.

¥ Strictly speaking, these Fourier components are “combination tones” con-
taining the nuclear vibrational frequency as well as the electronic frequency.
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elliptical orbit in that coordinate system. (This statement follows from
the relationship between the principle of selection, Aj=0, or =1, and the
harmonic analysis of the motion.) It is thus evident that in general the
two circular components correlated with the R and P branches will be of
unequal amplitude, and hence these two branches will be of unequal
intensity.

In fact, if the two circular components are of equal amplitude, they
will unite to form a rectilinear motion in the invarjable plane, from
which we conclude that the Fourier component of the resultant electronic
motion correlated with the band system in question represents a rectilinear
motion. But this seems actually to be the situation in the case of many
of the most familiar band systems, such as the violet CN bands, the first
negative group of carbon, the first negative group of nitrogen, etc. In
all these cases we now believe (see Section 8 ahead) that the electronic
transition is similar to that denoted as an S to S transition, in the case
of atoms. Such a transition, for which Ak=0, is to be correlated with
a linear Fourier component perpendicular to the plane of the electronic
precession. Hence the component of such a motion in the invariable
plane is likewise linear, and breaks up into two equal circular components,
as just noted. The essential equality of the P and R branches of these
well-known band systems is thus in entire accord with the correspondence
principle.”

The whole question of intensity distribution is now put in a new light
by the recently developed quantum mechanics of Heisenberg and Born,
and the related “ wave mechanics ” of Schrodinger. These new theories
allow unique calculations of intensity in the cases to which they have
been applied, in contrast to the older rules, which do not yield unique
solutions.

Without attempting any further analysis of this theoretical work,
we shall turn to the experimental material, confining our attention to
bands with one missing line. For such bands m in equation (103) equals
the empirical parameter M and also equals j as used in equation (182).
All of the micro-photometric curves thus far published seem to show that
equation (103) is experimentally true, for very small values of M. We
shall merely assume that it is true for at least moderately small values
of M (including Mmss.) It is the equation derived by Kemble(®®) from
classical theory, and is also, by chance, the quantum formula resulting
from the older interpretation of the CN band lines (integral values
of m). As such it was used in 1922 by Birge(®®), in a comparison of
theory and experiment.

*® This is diseussed by Mulliken in the paper cited in footnote (153) and had
been deduced independently by the writer.
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The violet CN bands havg been obtained in emission, in active nitrogen,
by Strutt and Fowler (%), in the furnace in emission at 2300°, 2500°
and 2700° C., and in absorption at 2900° C., by King(%?), in the arc
in emission, with varying current and voltage, and in the sun’s reversing
layer, in absorption. Birge found that the line of maximum intensity,
in the R branch, corresponded to M =8, in active nitrogen, to M =23,
in the 2500° and 2700° furnace, to M =28 in a 4 ampere arc, and M =30
in a 13 ampere arc. Now with m replaced by M, equations (81) and
(103) give

M
I=cMe™ *0IiT (183)

where there is considered only the rotational energy, and that in the very
simple form of equation (18). From (183) there results, by differ-
entiation,

Mupar. = —3—:-’ VEIT. (184)

From the definition of B,, in equation (38), and the known values of k
and h, one obtains, for the 0, 0 band

T =2.862BoMmas.. (185)

Obviously these equations can be only approximately true, since the
moment of inertia I is assumed constant, regardless of the amount of
rotational energy. The error thus introduced is, however, in the case of
equation (184) or (185), probably less than theé present experimental
error in the determination of Mmes. (one to two units). It is therefore
of interest to note that the value of Mmer. found by Birge gives 70° C.
for the temperature of active nitrogen, while conversely the known
furnace temperatures give 22.9 and 23.7 for the predicted values of Mmgz.
Equation (184) thus dppears in this case to be experimentally correct,
within the rather wide limits of experimental error. Assuming its
correctness, one obtains for the arc under the current conditions men-
tioned, 3900° C. and 4500° C. respectively, and for the sun, 4000° C.
(about 1000° below the usual estimates). In this latter case, however,
a direct observation of Mms,. is not possible, and the result quoted is
based on the fact that, at various observable values of M, the relative
intensity of this band in the sun is the same as that in the 4 ampere &re.
Birge found, however, that equation (183) predicted intensities several
times as large as observed, for very large values of M, in the case of
the 13 ampere arc. Hence the deduced solar temperature may be con-
siderably in error.



ELECTRONIC BANDS: BIRGE 221

Other experimental results are summarized by Fowler (%¢), all based
on published micro-photometric curves of spectrum plates. It is probable
that the values of M. from this type of data, are reasonably accurate,
but little can be concluded as to the exact form of the intensity distribu-
tion, in view of the uncertainty as to the properties of the photegraphic
plate. Using equation (184), one obtains temperatures of 2000° C. and
up, for various metal arcs, for emission spectra. It may be of interest
te note that the distribution of intensity in the A3371 N, band, as
obtained by E. P. Lewis(!81), with self-induction, corresponds to about
8000° C.!

In the above discussion we have assumed a statistical (thermal) dis-
tribution of rotational energy, and any deviation from such a condition
will cause more or less error in the temperatures deduced. Yet it would
appear that even in the case of emission, the distribution in many instances
at least approximates a thermal distribution, so far as the rotational
energy is concerned.

In the matter of vibrational energy, as dependent on temperature,
only the following brief statement is given. This effect concerns the
relative intensity of entire bands. The writer(%?) has stated that the
relative intensity of the bands of the zero sequence (0-—0, 1—1, ete.)
of CN, is practically unaffected by temperature. The temperature effect
is theoretically rather small, but from later work it would appear that
it is present.

Thus one may find two closely adjacent lines (each a doublet), one
belonging to the 0—0, and the other to the 1—1 band, which have equal
intensity in the solar spectrum (assumed 4000° C.) but unequal intensipy
in King’s ahsorption furnace spectrum (roughly 2900° C.). For such
a case there can be little dispute as to the correct theoretical expression,
for we are concerned here only with the form of the exponent, in equa-
tion (81). By using the zero sequence, it is immaterial whether we use
the initial (n’) or the final (n”) vibrational quantum number, in the
expression for vibrational emergy (nho® by equation (17)). On the
other hand, for moderately large values of M, it is impossible to dis-
tinguish from intensity measurements between m’, m”, or m(=M ). in
the expression for rotational energy. Under these limitations, the expres-
sion for the relative intensity (K) of two lines (M,n,) and (M.n.), as
a function of temperature, is
» ‘.JL (MJ-MJH(n,-ng)m"L

R=Ae™ * VUsri f. (186)

The two closely adjacent lines tested were M,= +58, n,=1, M,= 4173,
n,=0, in the A3883 CN “sequence.” With R=1 for the sun, it is
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theoretically 1.21 for the 2900° furnace, and this agrees with the observa-
tions, as nearly as can be judged. But if the vibrational energy term
were neglected, R should be 1.53; and this is certainly in disagreement
with the observations. Hence a thermal vibrational energy effect is at
least present. But as stated earlier in this chapter, the major cause, or
causes, in the matter of the distribution of vibrational energy in elec
tronic bands, is certainly not temperature, in the case at least of emss-
ston spectra.

SECTION 7. TABLE OF CONSTANTS
GENERAL NOTES

This table of molecular constants, chiefly for electronic band systems
of diatomic molecules, is reasonably complete, up to the date of compila-
tion (March 1926, with revisions up to November 1926), but does not
claim to be entirely so. A very few values for vibration-rotation bands,
and of triatomic molecules have been added for sake of comparison.
In many cases, the constants here listed are merely those previously
published by other investigators. In other cases, however, they have
been computed by the writer directly from the original data, and in
practically all cases an attempt has been made to verify in a general
way the correctness of the analysis and of the numerical values here given.

The first column gives the usual name of the system, the second, the
probable carrier. This latter is rather definitely known in the great
majority of cases. The third column gives the direction of degradation
of the bands composing the system. In all cases, as previously noted,
bands degraded to the red have »” <w®” (and necessarily I'o>1",) and
vice versa for those degraded to the violet.

The fourth column gives the origin of the system v, in terms of the
wave number in vacuum. If the wave number of the true origin of the
0—0 band is known, it is followed by (0). Otherwise the wave number
of the head is given, followed by (H). In the case of certain isolated
bands, the n'n” values are unknown. In the case of the helium line series
bands, each band is the sole representative of a system, and should be
listed separately. Ounly the least refrangible band of each series is, how-
ever, given. See footnote (t).

The fifth and seventh columns give o® and °®’, the frequency of
vibration (in terms of wave numbers) for infinitesimal amplitude for
the higher and lower energy condition respectively. These two, of course.
become identical for near infra-red bands, v, becoming zero. When only
two bands of a progression are known, the single resulting value of o" is
given in parenthesis. Similarly, columns six and eight give »°2’ and

4
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«””z”, the negative of the coefficients of n’? and n”2, in equation (73).
Twice these quantities, by equations (79) and (80) gives the negative
of the rate of change of frequency of vibration with n. When these equa-
tions are not linear, the direction of deviation from linearity is indicated
by — or 4 in these same two columns. Thus the usual deviation is
an increasing rate of variation of w® with n, and is represented by the
negative sign. :

Column nine gives the reference to articles, and also to the special
notes accompanying the table. If one investigator only has worked out
the quantum analysis, that reference alone is given, since it usually
contains references to all necessary previous work. Where there are
seemingly conflicting results or conclusions, all the references are given,
with a notation as to the values here adopted.

Columns ten and eleven, when multiplied by 10-#°, give the moment of
inertia in gram - ¢cm?, for the band whose origin is given in column four.
These values are obtained from B’, and B”, by equation (134), and in
practically all cases the B’s have heen obtained from the data by applica-
tion of the combination principle—equations (96) to (99). Columns
twelve and thirteen, when multiplied by 10-%, give the resulting values
of the nuclear separation in c¢m., with the carrier assumed in column

two, using
"o:\/ Lo (187)
I3
m,m,

where p.=1.650 %X 10-**——~ "~ and m, and m, are the atomic weights
my+m,

of the two atoms. 1.650 X 10-** grams is the mass of a hypothetical atom
of unit atomic weight.

Column fourteen gives the references and notes applying to columns
(10) to (13).

SrecianL NoTES

(A) See note added in proof, at end of Section K.

(a) Hulthén and Zumstein, in a recent article on “ The Absorption
Spectra of Some Hydride Compounds in the Ultra-Violet” (1518),
have for the first time obtained in absorption the AgH, AIH, Aul, and
Cul bands. Their work proves that these bands arc due to the hydride,
as hitherto assumed on internal evidence (size of moment of inertia, etc.).
It also verifies the n'n” assignments hitherto assumed for Cull and AlH,
and for the first time makes possible definite n’'n” assignments for AgH
and AuH. In the case of AgH the values of o’ and »” are calculated by
the writer from their published data, and are relatively inaccurate. The
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values of I', and I”, are calculated by the writer directly from the data
of Bengtsson and Svensson (162), for the A3330 (0, 0) band, and differ
somewhat from the values of B’ and B” given by these investigators. The
new absorption data by Hulthén and Zumstein are somewhat less accurate.

(b) Caleulated directly from Erickson and Hulthén’s (153) published
data. See also note (a).

(b*) As noted in Part 5c, and at the end of Part 5b, this system
consists of doublets of the violet CN type, due, however, to a double level
in the final state. The rotational energy functions for the (0, 0) band
are given, according to Pomeroy (*74), by

F'=0.6019m2—1.1630 X 10-°m*+ 0.44 x 101*m¥,
where m =k —0.0074,

F"*=(0.6386 6.0 X 10"%) m?-- (1.1094 X 10-*+ 3.1 X 107**) m*
—0.53 X107*?m8 — 5.2 X 10"1%m?8,
where m =k —0.01 +0.00482.

(c) o and o2’ calculated by the writer from new data by Hulthén
and Zumstein. [See note (a).] Also, all values of I, and 7o, using the
A3652 (0, 0) band. Values of «®” and »®”z” from Bengtsson (154).

(d) For the three BO band systems, Mulliken(*") presents definite
evidence in favor of half-integral values of the wvibraftonal quantum
number 7, and this interpretation has been adopted here. Thus in the case
of all other band systems listed in this table, the origin of the so-called
0—0 band cotncides with the origin of the system (v.). But for the BO
gystems, the corresponding band is designated 3—3, and its origin is
accordingly obtained by substituting n'=4, n” =4, in equation (73) of
this chapter, i. e., in equations (8), (9), and (10) of Mulliken (47).
These latter equations are not entirely correct, as Dr. Mulliken has
kindly pointed out to the writer. Thus the a« bands have double-double
heads, and Mulliken originally assumed that these represented four R
branch heads. Equation (8) of Mulliken (") was obtained from equation
(1) not only by shifting the value of »’ and #” by 0.5, but also by
shifting from the observed R head to a calculated position of the assumed
origin. It is, however, probable that these four heads represent two R
branch heads, and two ¢ branch heads, just as in the case of the comet-
tail bands. The second and fourth heads of Mulliken’s equation (1) thus
represent very closely the origin of the $—3 band, and need only the
shift to 0—0 to give the true double origin of the system. The resulting
revised constants, as given in the table, indicate that the two observed
heads of the “ combination ” bands are actually @ branch heads, as
originally assumed by Mulliken.
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When half-integers are assumed for #, the true origins of the various
BO systems are practically identical for the two isotopes, and arithmetic
means are used in the table, the values of v. for the combination bands
being calculated from the vs of the « and B bands. On the other hand,
the actual origins of the $ —3 bands are definitely different for the two
isotopes, and this fact constitutes the strong evidence in favor of Mulli-
ken’s interpretation. It may be noted, finally, that the numerical relations
of ve and w° to the observed frequencies, given here for the BO bands, are
probably those required by the new quantum mechanics. (See end of
Section 8.)

(d*) The quoted values of I, and 7, are more recent, and slightly
more accurate, than those given in reference (°8). C, is assumed as the
carrier, but there is no certainty on this point, as yet.

(e) Origin assumed as second and fourth heads, in analogy with comet-
tail bands, but uncertain whether the band quoted is the 0 —0 band.

(e*) Values of o” and o calculated by equation (142) from
Kratzer’s(53) values of B, and Do. @;,°” =2797, ws,*” =2815.

(f) New data and calculations giving 28’ =3.9180, 2 B” =3.7824 [see
Birge(®)]. Kratzer(43) gives 2B’ =3.918, 2B"” =3.783.

(g) The vibration frequency for the stable state of CO is known both
from the fourth positive group of carbon (electronic), and from the
infra-red bands at 4.67u, 2.35p and 1.573u. The results agree well within
limits of error, the positions of the infra-red bands, as calculated fiom
the data on the electronic bands being 4.679u, 2.354p and 1.578.

The moment of inertia for the stable state is known only from the
infra-red bands (14.9 x107*%), but from the usual relations between
I, and o°% it is to be expected that the initial state of the Angstrom CO
bands («°=R158, I,=14.3) and the final state of the fourth group
(«°=2150) will give about the same value of I,, thus roughly checking
the infra-red value.

The value of I”, for the Angstrom bands is from B”,=1.600, extra-
polated from Hulthén’s(%%) observed values, B”;=1.529, B”,=1.551,
and B”,=1.576; the last value having been calculated by the writer from
Hulthén’s published data for A4835. Recent measurements by Jassé (19%4)
are in agreement with these conclusions.

The constants quoted for the initial state of the fourth positive group
and for the final state of the Angstrom CO bands are calculated from the
data for the former system, reference (72), since the data for the final
state of the Angstrom bands—references (1%9), (%), and especially
(189) —are less accurate, although agreeing with that for the fourth group
within limits of error. All of the CO constants given in the table agree

15
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with reference (™) (Phys. Rev.) and occasionally differ in minor respects
from those shown in Figure 26 (ahead).

(h) Assuming Mulliken’s(%?) values of B,=1.80, and B”,=1.9%,
to be correct.

(i) Cameron(1®#B) has obtained this new band system. Each band
has five heads, the most refrangible of which is given in the table, with
the spacing 37.8, 18.3, 17.2, and 29.8 cm™. Johnson (1¥2€) has noted that
this system has as its initial level, the final level of the third positive
group of carbon. This latter system also consists of bands with five heads
of the same spacing as the Cameron bands. Johnson found, also, that
it was possible to assume an extrapolation of the Cameron bands such
that their final state is well within limits of error the same as the final
state of the fourth positive group, as analyzed by Birge (7). This relation
is undoubtedly correct, and although the expected n” =0 sequence
(AA2060.4, 1990.2, 1925.3, 1866.1, etc.) does not appear on Leifson’s
absorption spectrum of CO, it has very recently been found by J. J.
Hopfield in absorption in cold CO. For a critical discussion of all these
relations, see Birge(7®) (Phys. Rev.).

(i*) Wolter’s data (") are used for the n” progression, and the values
of ©*” and »®”z” are accurate and trustworthy. The n' progression (curve
11 of Figure 12) is from Deslandres’ data(7®) and is entirely spurious,
according to Wolter. A reproduction of one of these bands is given by
Wolter and on p. 254 of Konen (3).

(i) These data, except v, are taken directly from the two preceding
systems.

(k) «°” calculated from known value of Dm* term. See equation
(142) and Birge (®¢).

(1) Calculated from data of Kratzer(*3), using Hulthén’s(283) inter-
pretation.

(m) Recalculation of Frerichs’(28) data.

(n) New calculation of Frerichs’ data, giving B'4=6.7603,
B”,=17.8153 as discussed near end of Part 5b (page 175).

(o) Mulliken (%) gives also the equations and measurements of the
corresponding Cu®T bands. All five systems have a common final state,
within limits of error.

(p) o from specific heat data, and therefore extremely uncertain.
Values of v, and of I, are in accord with Curtis’(®*) interpretation which,
a8 discussed in Part 5e, is very uncertain. Dieke’s(1#?) interpretation
gives I, about four times as large, and s the correct interpretation, accord-
ing to the very recent work reported in note (j').

(q) See discussion in Part be.
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(r) New calculations, assuming half-integers for m.

(s) Kratzer(!1) concludes that the A6400 and A4546 bands (degraded
to the red) belong to the same system, with n’ differing by two units; and
that A5730 (degraded to the violet) has the same final state as the
others, but belongs to a different system. The data for the two “line
series ” bands indicate, however, that only the non-vibrational state of
the helium molecule can exist; and Mulliken(8%) has, on the basis of
new developments, now re-interpreted all of these bands. This is dis-
cussed in Section 8. The values of I, and 7, here listed are obtained
by multiplying by four the values given in references (%) and (111).
This is in keeping with the new interpretation of the bands of sym-
metrical molecules, first suggested by Mecke, and now adopted by Mulliken
and by the writer, as already discussed in Part 5e.

(t)Each band of the series is the sole representative of a “ system ”
of bands. The entire main series is given by the line series formula

109,678.3
vo=34,301.82 — (m+0.928075 —0.000449,/m )?’

where m=2 to 8 inclusive. The second series is given by

, 109,678.3
ve=131,958.14 — (0964366777
where m=2 to 5 inclusive. Mulliken’s interpretation of these bands is
given in Section 8.

(u) Hulthén’s(101) data give 1203.7, 965.6, and 632.4 for the o
values of the final state, an unusually rapid variation with =, indicating
a very unstable molecule.

(v) Calculated from Hulthén’s (11) data. The two sets of HgH bands
form an electronic doublet, just as in the case of CdH and ZnH. -See
Hulthén (163).,

(w) The values quoted are recalculated from the data of Mecke (%)
and Wood (87), with n” =n,—4 and n’=n,, in accordance with the recent
work of Loomis, as mentioned in Section 4. The initial state, as there
noted, requires a complex function for its proper representation. The
values of I’y and I”, are based on Loomis’ data for B',, and B”,, as
given in equation (43) of Chapter VI, ahead, and on the recent cal-
culations by Loomis (Phys. Rev., N. 8., 29: 112, 1927).

(x) Values of I, as given by Smith(1%®) and of resulting 7, calculated
by the writer, using the apparent 0—0 band. As the combination
principle was not used in obtaining I,, its value is uncertain.
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(y) Calculations by the writer on the basis of the Hulthén and
Johansson (17) series assignments, giving 2B',=3.634, a'o= +0.0451,
2B”,=3.262, a"o= +0.0564, as discussed on pages 119 and 173.

(z) These bands seem to have at least five heads. That quoted is the
least refrangible.

(2’) The recent data of Merton and Pilley (1) show definitely that
the initial state corresponds to a curved ":n graph, as shown in 16 of
Figure 12. The constants quoted are from these data (for the heads),
except in the case of v¢, where Fassbender’s(") value is used.

(b’) New calculation of Fassbender’s(7?) data, giving 2B”,=3.844,
2B’,=4.148. See Birge(®®). If Dieke’s interpretation were adopted,
B, would be four times as large, as discussed in Part 5e.

(¢’) Second and fourth heads assumed as origins, in analogy to comet-
tail bands. Values of »” and »”z’ not identical with the final state of
the ultra-violet N, bands, as explained in note at end of Section 8.

(d') Final state same as for y bands and constants from averages of
B and y bands, as discussed in Section 4 (see Figure 15). v, calculated
on this basis. Sponer and Hopfield (188) have found n”" =0, n'=2 to 5
on Leifson’s(1%?) absorption spectrum of NO, thus proving the correct-
ness of these assumptions.

(¢’) Fiichtbauer and Holm (172), by using varying temperature brought
out successive n’ progressions, and thus established the chief relations for
these Schumann absorption bands. The intensity distribution is similar
to that for the iodine bands, making the »’ numbering uncertain. Mulli-
ken (unpublished work) has now found that the Runge(8°) emission
bands of oxygen are a portion of this same system, those actually
measured by Runge corresponding to n’=0, n” =11 to 17. Bands cor-
responding to lower values of n” are on Runge’s plates, but have not been
measured. From this new relation it appears that the »’ numbering of
Fiichtbauer and Holm (1) should be raised by two units. Ilopfield
and Leifson (173), (169), have measured in absorption bands which the
writer has identified as corresponding to n” =0, n’=9 to 18. The result-
ing o™ : n curve for the excited state (curve 20 of Figure 12) is thus known
from =708 at n'=0, to w=94 at n’=17.5. The curve has a point of
inflection, and is precisely like the curve for the excited state of the
iodine bands. The constants quoted give as usual only the first two
terms of the required power series equation. The evaluation of the heat
of dissociation of oxygen from this curve is discussed in Section 8.

(f') Values of I, in accordance with Mecke(?), as discussed in Part
Be. The only alternative possibility (quarter-integers for m) would give
I, one-fourth as large. Actual values of I, are due to Mulliken (see
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note €'). The agreement of I”, for the Runge bands, on Mulliken’s inter-
pretation, with that for the atmospheric bands, is a proof of the correct-
ness of this interpretation. Thus the Schumann bands and the atmos-
pheric bands, since both appear in absorption in cold oxygen, must have
as a common lower level the normal state of the molecule, and now the
Runge bands evidently have this same common final state, as far as the
moment of inertia is concerned, while their derived vibration frequencies
prove that they are a portion of the Schumann band system.

(g') This system, as noted in Section 4, has the characteristic intensity
distribution for a large change of moment of inertia (which may be pre-
dicted because of the large change from % to »®”). Both Mecke(®) and
Birge (%), omit the A3727 band of Johnson (™), in giving the quantum
interpretation, since this band seems to be of a different character and
is 3A out of position. Mecke omits also the A2318 band, and thus obtains
0°” =1826.8. But recent work by Ellsworth and Hopfield (1734) shows
the presence not only of this band, but of a number of others of this same
n” =0 progression. Moreover, there are additional bands to the violet,
too faint to measure, so that the true value of «°” as well as of v, is in
all probability larger than that listed. See footnote (173) of Section 8,
and Birge and Sponer(187).

(h’) Origin probably double.

(i) Calculated from the analysis of Dieke(1%%) and Birge(198), using
Watson’s (46) data.

(i') (Note added in page proof.) A very important paper by Richard-
son has just appeared (Proc. Roy. Soc., 113A: 368 (1926). Richardson
obtains an almost complete theoretical analysis 6f parts of the secondary
spectrum of hydrogen. He finds that the Fulcher bands each form a
sequence of bands, the true band series being the “ vertical series ” of
Allen and Dieke. Accurate values for the frequencies of vibration are
obtained. Richardson flnds not only one complete band system, com-
posed of sequences in the green, red, and deep red, the origin lying at
16,611 cm™, but also a whole series of such systems, evaluating a set of
electronic energy levels such as Witmer (see page 214) has assumed
for H,. The “ terms” of this set of levels are almost tdentical with those
of the principal doublet series of the helium atom. If this analogy
between the hydrogen molecule and the helium atom is general, it gives,
in the writer’s opinion, the explanation of the still lacking contact between
the visible and ultra-violet band systems of hydrogen. In analogy to the
helium atom, the ultra-violet band levels probably all belong to the
singlet system, while Richardson’s levels all belong to the doublet (true
triplet) system. The original paper should be consulted for numerous
additional results.
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SECTION 8., THE STRUCTURE OF MOLECULES

In thig, the concluding section of the chapter, a brief survey is given .
of some of the applications of the study of the structure of electronic
bands. Much of the work about to be discussed is not only very recent,
but is constantly being augmented. Much of it has appeared since the
earlier portions of the chapter were written and, in many cases, only
minor necessary changes have been made in these earlier sections, with
a reference to the present section for a fuller discussion.

The most important result of the analysis of band structure is un-
doubtedly the information ,obtained as to the value of certain molecular
constants ; notably, the frequency of vibration and the moment of inertia
of certain diatomic molecules. This information has been collected in
Section 7. Certain outstanding relations among these numerical values
seem worthy of notice.

As has been pointed out by Birge (%) and by Mecke("’), an increase
in «° is invariably correlated with a decrease in I,, and vice versa.
Mecke (15%) has gone a step further and has given a table which seems
to indicate that the proportional change in these two quantities is,
roughly, even quantitatively the same. There is, undoubtedly, a striking
similarity in the change of w and of I, especxally for molecules of the
same type, but the correlation can hardly be called quantitative. Using
the more complete results given in Section 7, the following table (Table
1) lists these relations, in a form differing from Mecke’s(15%) Table 2

TABLE 1
1) (2) 3) 4) (5)
“mean Imean

Name W%’ — w0’ 1"’ —1o’ Wy X I gy W'’ x I

AgH .... .. .. ......... —79 — 235 7,120 7,400
AIH .. .. .. ............ — 249 - 264 6,080 7,170
AlO ..... .. .. ..ol — 873 — 169 41,000 42,100
AuH .. ....... ..... .. —313 —5.36 8,410 8,840
BO () .e0vvv vv vv v oo —251 — 6.5 20,450 22,600
Swan (C.?) .. .. ........ + 121 4 14.1 28,700 27,700
violet CN ..... .... .. . +238 + 284 30,200 30,100
Angstrom CO .. ..... . 4277 +5.18 28,850 26,000
negative C .. ....... ... — 397 — 109 28,700 30,850
CuH .............. ..... —7.18 — 691 6,800 6,750
Todine .......... ..... .. — 1908 — 405 144 300 158,700
2d pos. N........... ... -+ 6.23 +9.83 30,100 29,200
B e e e . 4110 +13.1 31,850 31,500
Schumann (0:) .. ....... —1.327 —1.78 30,350 30,100
SIN i — 840 — 625 40,550 42,0600

only in minor aspects. Column 1 gives the name of the band system,
column 2 the ratio of the mean value of w” and «°” to the value of
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(0¥ —w*"). Column 3 gives the ratio of the mean value of I’ and I” to
the value of (I” —1I')."™ Because of the invariable relation just mentioned,
the sign of both the ratios is the same, but as may be seen, the numerical
values are sometimes quite different.

Another relation, pointed out by Mecke (188), is given in columns four
and five of this same table. This concerns the product of the moment of
inertia and the frequency of vibration, using the mean values for column
four, and the final state values for column five. In most cases, but not
in all, this final state is the normal state of the molecule. The relations
shown in these columns are very striking. Thus, all of the hydrides give
essentially the same product (6000 to 9000), while the molecules C,, CN,
CO, CO*, N,, N,*, and O,, all of which are of about the same mass, and
the same mass distribution, give products confined within the narrow
range 26,000 —31,500. This certainly seems to indicate that the moments
of inertia adopted for these various molecules are at least relatively
correct. Thus, in the case of CN and CO, because of the simplicity of
the band structure, there seems to be but one possible interpretation with
its resulting value of I,. But in the case of N,*, O,, and other non-polar
molecules, the use of quarter-quantum numbers has been suggested, as
already discussed in Part 5e.” The present data are all based on half-
integral values of m, and a change to quarter-integral values would give
a number in column (4) or (5) just one-fourth as large. The table
certainly presents strong evidence against any such change, unless it is
made for all molecules.

In order to obtain additional evidence as to the absolute values of the
moments of inertia, we may consider the field of force of the molecule.
The discussion in Section 3 has shown that the frequency of vibration
of the dipole depends upon the strength of the nuclear binding, and its
change with the amplitude of vibration depends upon the deviation from
an elastic law of the force acting on the two nuclei, when displaced from
their normal separation. It was also shown (as in equation 52) that
when the dipole rotates, the moment of inertia increases. The amount
of this increase naturally depends not only upon the rapidity of rotation,
but also upon the strength of the nuclear binding. It is thus evident that
from a study of the frequency of vibration, as a function of n, as well as
of the moment of inertia, as a function of m, it should be possible to
obtain information as to the law of force of the molecule, in the neighbor-
hood of the equilibrium position. The first method of attack (that using

*1If 1" had been used in place of Imean, this ratio would have been equal to
B's/Cs which, from the theory given in Part 5b, measures the number of lines
from the origin to the head of the 0 — 0 band.
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vibrational data) has been formulated by Kratzer(%7), Kemble ("), and
Born and Hiickel (177). The results of these investigators may be given,
in a slightly modified form, as follows:

Let r represent the nuclear separation in general, and r, the special
equilibrium value. Let us now assume that the force called into play by
any variation of r from r,, so long as (r—r,) is small, may be repre-
sented by

F=ky(r—ry) +ko(r—ro)2+ka(r—r,)®+etc. (188)

Then it may be shown that the constants of this equation are given,™
using the most compact form, by

1=0%p(2ma®)?, (189)
3k °
he=— (7;%0? +1), (190)
h .
, — 2 "W
where [,=pro?= 82280’ as per equation (134).
1 /10k,2 8k,%z
k=35 ( 3~ ch‘oﬁ)' (191)

Here h, 0% By, a, z, and p have their usual meaning (see equations 30,
31, 38, and 187) and c is the velocity of light."™ In these equations B,,
a, and «° are in em™?, %k, in dyne-cm™, k; in dyne-cm2, k; in dyne-cm™3,
p in grams, F' in dynes, (r—7,) in cm. (z has no dimensions).

Equations (189) to (191) show that in order to evaluate the coeffi-
cients in equation (188) one must know not only " as a function of n
(i.e., »® and z), but also the value of B, and its change with n (i. e., a).
The fact that one has a dipole makes the force different for equal positive
and negative values of (r—7,). This difference is indicated by the
presence of even powers in equation (188). But the amount of this
variation is connected in turn with the average value of the nuclear
separation, for any given value of n. To know this we must know B,
as a f(n). Thus while we are evaluating the constants of the law of force
from the properties of the dipole for a series of positions in which it is
vibrating, but not rotating, we must actually use constants (B, and a)
which can be obtained only from an analysis of rotational energy data.

¥ These equations agree with Kemble's results. In the equation for “z,” as
written on p. 4 of Born and Hiickel(177), the “ 48 ” should be replaced by “ 96.”
The equation for W, on p. 3, from which “z” is derived, is correct. The error
is repeated by Hund (Z. f. Phys. 32: 1, 1925) where on p. 3 his equation for ¢.(*
should have “32” in place of “16.”

¥ The numerical values adopted in this report are ¢ =2.9986 X 10 cm/seec,
h = 6.556 X 10-" erg. sec.
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This point was mentioned in eonnection with Method Three, at the end
of Part 5b.

One may also evaluate the constants of equation (188) by means of
rotational energy data alone. This has recently been pointed out by
Birge(®®). The derivation is based upon the fact that one may evaluate
the potential energy of the dipole U,, produced by the swelling of the
dipole as it rotates. The first approximate expression for this has been
given as a f(n) in equation (54) of Section 3. But

_dU, _ aU, dm
T dr T dm dr
Now Im=pr*=f(m), as given in equation (52). Hence we may obtain
r as a f(m), and from this dr/dm or dm/dr. By repeating the differ-
d dm
dm dr
(i. e., r=r,), one obtains the successive k’s, since

U, ” asu, "
"“(ddr2 ),_f.,”U o "F%(d—,a)m,fw o ete.  (193)

Writing the rotational energy of a non-vibrating molecule in the form
of equation (141)™ the results, in their most compact form, are

(192)

entiation with respect to r, using -‘% = , and then placing m =0

2h B 2
3’51
kzz 27‘D 2z (3[)0 —BoFo), (195)
ky=— é—r—f—b—; (18FBoDy*—25D*—9F *B2+4H,D,B,?). (196)
[ o

In these equations all the units are the same as for equations (188) to
(191), i. e., By, Do, Fo, and H, in cm™.

In general, the rotational data yield a far less exact evaluation of the
k’s than do the vibrational data. This is to be anticipated, for in the case

of CN, for instance, the maximum available value of T—To , a8 obtained
o

by rotational data, is about three per cent, hut from vibration it is about

# This equation contains only even powers of m. It has been shown in
Section 3 that the inclusion of a first degree term in m in the rotational energy
function contradicts the very fundamental equation (39). Similarly, the presence
of a third degree term leads to k. = 0, although higher odd powers do not affect k.
A fifth power gives ks =0, but higher odd powers are without effect. It is thus
evident that equation (141) must be restricted to even powers in m, and any
apparent odd powers may be interpreted as due to the warping of electronie
orbits, as discussed at the end of Part 5b.
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15 per cent. However, using equations (189) and (194), Birge(®) .
showed that the two values of ¥, agreed within a few per cent, for the CN,
CuH, N, and N,* molecules. For CN values of k, were obtained, using
equations (190) and (195), and these also agreed within the rather
large limits of error.’”

The results for N, and especially for N,* have an immediate theoretical
significance, for if quarter-quantum numbers had been used, as had been
suggested by Dieke (%), the value of k,, as derived from equation (194)
would have been just four times as large, while the value as derived from
equation (189) would have been unchanged. Hence this comparison of the
constants of the law of force, as derived from rotational and from vibra-
tional data, furnishes a method of establishing the correctness of the
absolute values of the moments of inertia. The results prove that it is
necessary to use half-quantum numbers for the N, and N,* bands, and
then the data in Table 1 indicate that the values of I, for O, and for
other non-polar molecules are also correct. Data of sufficient accuracy
for making a direct test are not in general as yet available.

By equating the two expressions for the respective %’s, given in equa-
tions (189) to (191) and (194) to (196), one obtains

B 3
Do=— é(71)0,0 = —u’B,, (197)
D 2 0
Fo= 5 (2= ). (188)
1 . N 8Dy*B,?
Ho: T))?D~0—<3B<\F0Doz—OD0‘+B0'F02_ ‘*;;"oo L2 ) (199)

These equations give the “ calculated ” values of D,, F,, and H,, which
are the basis of Method Three, as discussed at the end of Part 5b. Equa-
tion (197) is the same as equation (142), and was derived by Kratzer (57),
by considering only the first two terms of equation (141). Equations
(195), (196), (198) and (199) were derived by Birge(°¢).

#° Tt is to be anticipated that when the molecule rotates, the electronic orbits
are more or less warped. This warping will in turn play a réle in determining the
law of force. Similarly, when the molecule vibrates, the electronic orbits will be
warped, but in a different manner. Hence the force acting on the two nuclei,
when at a given separation 7, will depend on whether this separation has been
achieved as a result of rotation, or of vibration. In other words, the constants of
the law of force may be expected to have more or less different values, as deter~
mined from vibration and from rotation. But the value of ki, depending only
upon infinitesimal displacement, must be the same, while in order to detect any
reasonable discrepancy in the k, values, experimental data must be used of far
greater accuracy than any at present available.
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We turn now to an entirely different matter—the question of the
general system of electronic energy levels of a molecule. The curves of
Figure 12, and the constants listed in Section 7, together with the
accompanying discussion, have indicated that in many cases two or more
gystems of bands are found to have a common set of vibrational energy
levels. Provided that the data are sufficiently accurate to be certain
that the o":n curves, as obtained from the two systems, are really
identical,”* this relation is certain evidence that the two systems in
question are due to the same molecule, and from data of this character
one obtains the relative position of at least three electronic energy levels
of the molecule. In the case of BO and COY, the correctness of such a
relation has been further checked by the finding of “ combination ”> bands,
as previously discussed.

As a result of this line of investigation, there are now known five
electronic energy levels for CO, four levels for N, and NO, and three
for molecules such as BO, CN, CO*, and O,. (See Figure 26 ahead.)
For helium, two long series of levels are known, each given by a Rydberg
formula as discussed in Part 5e. It is of great interest to investigate
as to whether a similar formula holds in the case of other molecules.
To test this matter, one needs a number of related electronic levels, for
which a limit can be calculated, and thus the spectral “terms,” in the
manner employed by line spectra.”” Unfortunately such data are available
only for helium. Now in many cases the position of electronic levels
relative to the normal state of the molecule is known (by obtaining bands
in absorption, etc.). Hence, if the ionization potential of the molecule
is known,' the separation of each level from this limiting value can be
calculated, and from this the * denominator ” of the term (D=V R/v).
The Rydberg formula corresponds to a series of values of D each differing
by an integer.

“Birge(") has recently obtained the three electronic energy levels for
CO associated with the fourth positive group of carbon, and the Angstrom

#1 Thus it was for a time thought that the initial state of the red CN bands
(curve 4 of Figure 12) was identical with the common nitrogen progression (curve
13’, 14, 15’ of Figure 12) and that therefore the CN bands must be due to
nitrogen. The curves, as drawn in Figure 12, show clearly the error of such an
assumption.

*33ce A. Fowler “ Report on Line Spectra.”

3 Values of the ionization potentials of molecules are particularly scarce. (See
pp. 111-127, of National Research Council Bulletin 48, “Critical Potentials,”
1924). Some work has recently been done on the excitation potentials of various
band systems (see Duffendack(1774) for a general account) ; but it would appear
from the discrepancies of certain of the recent results of different observers that
the experimental difficulties are very great.
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CO bands (CO, levels X, 4, and B, of Figure 26). The ionization
potential is known both from direct and indirect observation and with
14.2 0.3 volts as the most probable value, the “ denominators ” of the
three levels are 0.976+0.02, 1.48+0.10, and 1.97+0.15. It is evident
that the first and third levels may be a portion of a Rydberg series, and
that the intermediate second level bears the usual relation of a P level
to the adjacent § levels, found in the case of atoms in the first two
columns of the periodic table. Sponer(178), in her work on the excitation
potentials of the various nitrogen band systems, had previously noted
that the N, levels given by 4, C, and D of Figure 9, can be fitted to a
Ritz formula, giving a series limit of 16.3 volts, in fair agreement with
the value of the ionization potential obtained directly. Olson and
Glockler (1) have obtained a series of critical potentials in hydrogen
that can be interpreted as a series of electronic energy levels of the
molecule, and which closely follow a line series law.” The above rela-
tions have been noted and discussed by Birge(18®), in connection with
the following additional analogies between atoms and molecules.

Mulliken (#*) has shown that there are multiple electronic levels in
molecules similar to those in atoms. This has been discussed in Part 2f
of the present chapter. Thus, in the molecules CO*, BO, CN, and NO,
there is a double level which may be designated as a double “ P ” level.
Mulliken (88) found such a double level also in the alkaline earth halides,
and noted that the doublet separation was of the same order of mag-
nitude as in a certain “ corresponding ” atom having the same number
of valence electrons. Mecke (18!) independently investigated these alka-
line earth halides, and applied the Landé formula for the doublet separa-
tion of the alkalies. In this way he obtained an “ effective quantum
number ” and an “ effective nuclear charge ” for these molecules, and
by analogy with atoms, deduced from these data that the valence elec:
trons of the molecules actually penetrated close to the two nuclei. Then
Hulthén (188) found doublet separations in HgH, CdH, and ZnH which
were roughly the same as the 1P, —1°P, separation of the Hg, Cd, and
Zn atoms.™

Now in the case of molecules like CO, N, etc., it is quite probable that
certain molecular electronic orbits should be different from those in
either atom. For such molecules, Mulliken (4®) has assumed that each atom
retains its own K electrons, but that the remaining electrons may possibly
form a “shell ” of eight electrons, as in the atomic rare gas configuration,

# The work of Witmer(1484) on the spectrum of hydrogen, as mentioned in
Part 5e, leads to a similar set of levels.
3 Notation of Russell and Saunders (Astrophys. J. 61: 38, 1925).
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the two remaining electrons (in CO and N,) being the valence electrona
It does not seem necessary to assume that all of the eight electrons
encircle both nuclei, to form a shell practically identical with that found
in atoms. We may assume merely that the eight electrons form some
sort of a firmly-bound symmetrical group,” while the two remaining
electrons (in the case of CO or N,) are more loosely bound and therefore
possess a set of energy levels similar to those correlated with the valence
electrons in atoms. From this standpoint, CO and N, may be termed
“two-valence ” molecules and may be compared with the atom, Mg.
Similarly CO* and N,* may be compared with Mg*, NO with Al, O;*
with Si*, and O, with Si. On such a basis the three single levels of CO
just cited may be designated as 1*S, 1'P, and 2'S, in analogy with Mg.*”
In the case of NO the recent work of Sponer(%) and of Sponer and
Hopfield (18%) has shown that the lower level is double, as in the case of
the valence (*P) level of Al, while the two closely adjacent excited levels
are gimilar to the 28 and 2D levels of Al. (NO, levels X, 4, and B of
Figure 26.) Mulliken first suggested (private communication) that it
was the lower, rather than the higher level that was double, in the case
of the y bands of NO.

On the basis of evidence such as that just cited, Birge(1%9) announced
the following generalization—* The energy levels associated with the
vaience electrons of molecules agree in all essential aspects with those
associated with the valence electrons of atoms.” The levels may be
designated S, P, D, etc., and similarly lettered levels obey line spectra
laws, and have the same multiplicity as in the ‘“corresponding ” atom.
In deciding whether a level is an S, P, or D level, the following addi-
tional relation has been noted, for molecules of the type under discussion.
As Mulliken (#°) has suggested in the case of BO, CN, CO* and similar
molecules, the molecule appears to be less stable for the P state than for

% Mulliken in a later paper (Proe. Nat. Acad. Sci., 12: 338, 1926) reaches a
similar conclusion.

7 The fine structure analysis of the Angstrom CO bands by Hulthén(44) proves
that the 1P and 28 levels are single, and it is a natural assumption that the
lowest (18) level is also single. If this assumption is correct, the fine structure of
the fourth positive group of carbon may be predicted to be similar in every
respect to that for the Angstrom CO bands.

Furthermore, the two new levels recently found by Johnson (see note i of
Section 7), giving the initial states of the new Caineron bands and of the third
positive carbon group, respectively, are evidently, by similar analogy with Mg,
the 1°P.s and 1°S levels. (See CO levels a and b of Figure 26.) Johnson finds
the 1°Pi» level five-fold. The writer believes it to be six-fold, due to three Q
branch and three R or P branch heads, and hence truly a triple electronic level.
The 1'S level is evidently single.
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the S states above and below it. This is indicated by the smaller value
of ° for the P state. Birge(18?) expressed this more definitely as follows:
In an atom a series of § levels (or of P or D) corresponds to a set of
electronic orbits for which the * penetration ” is roughly the same. The
calculations on atomic force fields have shown that any constant pene-
tration of a set of orbits into a fixed distribution of charge leads to the
Rydberg formula as a representation of the energy of the set, and a
constant azimuthal quantum number, but varying total quantum number
(as in a set of § orbits) corresponds to such a set of orbits of roughly
constant penetration. The values of o for each of the molecular electronic
orbits for which it seems possible to assign letter designations, indicate
that for molecules like CO, N,, NO, etc., all S levels correspond more
or less to a large but constant value of w, I” levels to a smaller value, and
D levels to a still smaller value.

More recent work by Mulliken has shown that these relative values
for the §, P, and D levels are not a general characteristic. Thus, in HgH,
CdH, etc., the o for the excited P level is much larger than for the normal
8 level. The essential point is, however, that the value of o is roughly
the same for various S levels, but has a different roughly constant value
for P levels, ete. Birge(18%) suggested that the relative values of » for the
8, P, and D levels might be taken as a measure of the penetration of
the electron, and that the observed numerical relations just quoted could
thus be explained in terms of actual electronic orbits. It is probable that
this is too literal an interpretation. More generally, we may conclude
that a set of S levels does correspond to some roughly constant penetra-
tion of the orbit of the valence electron, just as in the case of atoms,
and that there is some definite configuration of the remaining electrons
which alone is in stable equilibrium with this particular penetration of
the valence electron. The entire configuration of the molecule then leads
to seme roughly constant value of the frequency ot vibration o. When,
however, the valence electron is in a I? level, it has a different penetration,
and to this there corresponds a different configuration of the remaining
electrons leading in turn to a different value of . Whether this new value
of o is greater or less than the former depends upon the type of molecule
under discussion, and no general rule can as yet be given.™

1% This difference 1 value of «° (and hence of 7,) for the S, P, and D levels
gives the rcal theorctical significance of the direction of degradation of bands.
Thus all bands due to a given molecule, or to molecules of a given type, are not
degraded in the same direction, as Kayser seems to have assumed. (Sec Part
23.) On the contrary, an 8 — P transition gives one direction of degradation, a
P — 8 transition the opposite direction. Because of the near equality of values
of «® and I, for successive S. or of P states, the direction of degradation of S — 8
or P — P transitions cannot be predicted.
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Since the paper by Birge(189) appeared, Mulliken (168), (184), (185),
has been working along the same line, and has found many new rela-
tions which support the general conclusions. In particular, he finds (ref-
erence(18%)) that the bands forming the main “line series ” of helium
may be considered to originate in the set of levels 3P, 4P, 5P, etc., and to
have 28 for a common lower level.”® The calculated value of 2P shows
that the 28— 2P band would be at 20,900 4, and so is not known. Then
the “non-conforming bands” A6400, A4546, and A5730 (see Part 5e)
can be represented by 21> — 38, 2P —48, and 2P —3D. The known limit
of the P levels allows the calculation of the denominators of each of
these atomic levels, and the results are given in the accompanying Table 2,
together with the denominators of the corresponding terms in the helium
atom. The correspondence between the atom and molecule is very striking

TABLE 2
Total Molecule He; *“ Main”’ series Atom He ‘‘Doublet ' series
quantum - T o T T 0T T T T
number s ) P D S | P l D
| ——

2 1.788 1.928 1.689 1937

3 2.810 2.928 3.013 2 697 2933 2997

4 3818 3.928 3700 3.932 3.997

5 4.928 4701 4932 4997

6 5928

ete.

and shows clearly that the helium molecule consists of two very loosely
bound He atoms, each having its electronic orbits virtually unchanged.
The essential absence of all observed vibration proves the weakness of the
binding in this case. Mulliken, similarly, shows the analogy between the
“second ” line series of the molecule, and the “singlet ” series of the
helium atom.

The lowest term of the singlet (“crossed” orbit) series of the atom
(18) has a denominator 0.744 and corresponds to the normal state of the
atom (1, orbit). It should particularly be noted that the corresponding
term in the molecule does not occur so far as is now known. The lowest
term of the “ singlet ” series of the molecule has the denominator 1.853,
corresponding evidently to a 2, orbit for the radiating electron. As in the
case of the helium atom, the 2, orbit of the “parallel ” configuration

*® An earlier, but less successful, attempt to correlate the electronic energy
levels of He and He, was made by Takahashi(126),
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gives a spectral term still lower (denominator 1.788), and so this con-
figuration, which corresponds to the so-called “ metastable ” state of the
helium atom, is apparently the normal configuration of the helium mole-
cule, and yields an ionization potential of 4.24 volts. These deductions
conform with the known fact that one electron in the helium atom must
be excited from its normal 1, state to at least a 2, state, in order that the
helium molecule may form.

Returning now to the maore stable diatomic molecules, we give, in
Figure 26, the known facts regarding the energy levels of CO, CO*, N,
N.*, 04, O0,%, and NO. Each electronic energy level is given an arbitrary
designation, following out the scheme used by Birge (18¢), (%) and (%),
in the case of N, CO, and CO*, respectively. The frequency of vibration,
for infinitesimal amplitude, is given at the right of each electronic con-
figuration, preceding the letter designation of the level.™

In addition, all of the known vibrational levels connected with each
electronic level are shown. On the left of the figure is given the scale
in em™!, running from 0 to 200,000, and the corresponding scale in volts,
running from 0 to 24. All of the data used in plotting these vibrational
levels are given more accurately in Figure 12, and the relations between
Figures 26 and 12, and the band systems listed in Section 7, are given
in the caption of Figure 26.

Now, as noted in Section 4, the curves of Figure 12 may be extrapolated
to the point w”=0 (n=mn,) and if the extrapolation is correct, the included
area, when multiplied by “2,” i. e.,

D=1 r“w"dn, (200)

0

gives the maximum vibrational energy possible for each given electronic
configuration, and represents physically the energy required for dissocia-
tion of the two atoms. The extrapolation of the curves of Figure 12 to
the point w"=0, is equivalent to the extrapolation of the vibrational
levels of Figure 26 to the point where the spacing of successive levels
becomes zero. This point is shown on Figure 26, for each electronic level
for which dala are available. These results are due to Birge and
Sponer(187) who used them for a direct determination of the heat of
dissociation of the molecules indicated.

The first attempt to obtain a heat of dissociation from bhand spectra
data was made in the case of iodine, and the general problem has heen

" In the case of the B’ level of CO*, 1697 8, as given in Section 7, is n slightly
better value than 1704.4. Similarly, for A’ of N.*, 2392.3 is better than 2395.0.
Certain changes in Figure 26 resulting from very recent work are discussed in a
note at the end of this section.
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FIGURE 26.
Electronic and Vibrational Energy Levels of Certain’ Molecules.

The designations (X, 4, B, etc.) of each electronic level are purely arbitrary. The
probable true quantum designation and the curve of Fig. 12 giving the o values for
each of these levels are as follows (see note at end of this chapter for certain revisions),

(84] X=1 18=curve 21’, 22'.
a=1 P=curve 11’, 22 (triple, Av=172).
1 1P=curve 5, 21.
3§—=curve 11,

1

2

1 28=curve 6’, 7'.

1 3P=curve 7, 8 (Ar=128).
2 3§=curve 6, 8.

[}
[=]
+
b o

Iin

Na =1 1§=* unknown.

=1 3P=curve 14’ (Av=20 and 40 ?).
113P ?curve 13’, 14, 15'.
3p—curve 13 (Av=2 and@ 2 7).

2
3 3P 7 no vibration known.
1
2

EQ@FTN

nn

Ngt+ 28 =curve 16’

3§ =curve 16.

e

i

(o Y X= 1 =curve 20'.
A= 1? =curve 19.
= 17 =curve 20.

0.+ X’=1 3P=curve 18’ (Av=about 200)
B’=13D=curve 18 (Av=12?).

NO X=13P=curve 1’, 2’ (Av=121).
A=13=curve 2, 17".
B=12D=curve 1 (A»=33).

C= ? =curve 17.

The known band systems connected with these electronic levels are

co A—X Fourth positive group of carbon.
a—X Cameron CO bands.
B—A Angstrom CO bands,
db—a Third positive group of carbon. .

Co+ A’'—X’ Comet-tail bands.
B’'—X’ First negative group of carbon.
B'—A’ *““Combination '’ bands of Baldet-Johnson.

N3 A—X Predicted ultra-violet bands of nitrogen.
B—A First positive group of nitrogen.
g—g Second positive group of nitrogen.

Fourth positive group of nitrogen.
Ng* A’—X’ First negative group of nitrogen.
0, A—X Atmospheric bands of oxygen.
B—X Schumann-Runge bands of oxygen.
Og* B’'— X' Pirst negative (ultra-violet) bands of oxy&en.
—X Third positive group (v bands) of nitrogen.

A
B—X B bands of nitrogen.
C—A Ultra-violet bands of nitrogen.
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reviewed by Franck(1#). The iodine band system is precisely like that
given by the Schumann-Runge O, bands (transition B—X of O, in
Figure 26. Curves 20 and 20" of Figure 12). The nuclear binding is
far weaker in the initial (excited) state than in the final state and, as
discussed in Section 4, such a condition allows a large change in the
value of the vibrational quantum number n, when light is absorbed. Thus,
starting with the cold gas, for which n” =0, one may obtain by absorption
of light, values of n’ corresponding to «"=0, or even larger. In other
words, the set of absorption bands (0—1, 0—2, 0—3, etc.) can be fol-
lowed in the spectrum until it is no longer possible to separate them.
Then, just beyond the last resolvable band, continuous absorption sets in.
Dymond (1#?) has shown clearly that the absorption of light of any part
of this continuous spectrum corresponds to dissociation of the molecule.
Now the long wave-length limit of this region is equivalent to 2.47 +0.01
volts ;" but the chemically measured heat of dissociation of iodine is only
1.5 volts. Franck(!®) and Dymond (1%?) explain this as due to the fact
that the iodine molecule, when in an electronic excited condition, dis-
sociates into one normal and one excited atom. The excited atom in this
case must possess about one volt of energy, and Franck (188) gives evidence
that the lower level of the iodine atom is in fact a double P level of about
one volt separation.” Hence the excited iodine atom is in a metastable
P state.

These results have been extended by Birge and Sponer(187). The
probable form of the w®:n curve, for non-polar molecules, has been dis-
cussed in Section 4. In the case of the normal state of the molecule, the
w":n curve is always strictly linear, within the experimental range. Its
linear extrapolation to the point o"=0 gives an area which should
measure the heat of dissociation of the molecule, providing the extra-
polation is correct, and assuming that the molecule dissociates into two
normal atoms. The numerical results obtained by Birge and Sponer (187)
could be checked with each other and also with various chemical data
and seemed to indicate the validity of these assumptions.

When the molecule is in an electronic excited state, one cannot predict
the products of dissociation. The limiting values of the vibrational plus
electronic energy, are, however, often almost identical with the limiting
value of the vibrational energy of the normal state, as indicated in Figure
26. In all such cases it is significant that at least one oxygen atom is

M One volt = 23,070 gram calories per gram mol. i

 Turner (Phys. Rev. 27:397, 1926) has since found a recurring doublet
separation of 7600 cm-' (0.94 volts) in the arc spectrum of iodine, and uses this
to obtain as a more accurate value of the heat of dissociation of iodine,
247 — 094 =153 volts.
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present in the molecule. Now the lower level of the oxygen atom has
been shown by Hopfield (199) to be a triple P level, of 0.01 and 0.02 volts
spacing. Hence, if the products of dissociation include an excited oxygen
atom in one of these metastable P states (in analogy with iodine), the
extra energy (0.02 or 0.03 volts) would be too small to recognize. Thus,
from the “ B ” level of O,, one obtains, with great accuracy, a total energy
for dissociation of 7.05 volts. The first level of the oxygen atom above
the valence P level represents 9.1 volts excitation. Therefore the products
of dissociation, in the case of this excited molecule, must be neutral
oxygen atoms, or, at the most, oxygen atoms in these very low-lying
metastable P states; and the true heat of dissociation must be 7.02 +0.05
volts. The extrapolation of the w":n curve for the “ X ” normal level
of O, gives 6.65 volts, and this indicates the probable error cf such
an extrapolation. :

In the case of NO, the extrapolated energy value for state “A” is
greater than the most probable value of the actual heat of dissociation
(8.3 volts) by 8.9 volts. In this case it thus appears likely that one of
the products of dissociation is an oxygen atom in the 9.1 volt excited
state.

The value of the heat of dissociation of nitrogen has been assumed by
Sponer(178) as 11.4 volts. This is the energy of “active nitrogen ” [see
Birge (186) and (1°1)], corresponding to n=11 of state “B” of N,, as
indicated on Figure 26. Sponer assumes that this amount of energy is
released by the association of two neutral nitrogen atoms, in a three-body
collision. The long-discussed question of the identity of active nitrogen
does not properly concern the present report ; but it may be noted that this
value of 11.4 volts checks with other evidence, as discussed by Birge and
Sponer (187). Other values of heats of dissociation obtained in this work
are: CO, 10.8 volts; CO*, 9.8 volts; N,*, 9.1 volts; O,* 6.5 volts; NO, 8.3
volts. All of these are uncertain to 0.5 volts.™

" In this connection, attention may be called to the fact that there is a close
relation between heats of dissociation and ionization potentials. Thus, if a
neutral molecule AB dissociates into two neutral atoms A and B, and the ionized
molecule AB*, into A and B*, then the change from AB into A 4 B*, may occur
(at least hypothetically) in two different ways, but the total energy must be the
same since the initial and final products are the same. Thus, if

In D’
AB—>AB*—>A + B*,
and
D In
AB>A + B>A + B,
then

I,+D'=D+1I,. (201)
In the case of CO, all four quantities have been determined independently, if
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We pass now to another topic, that of the theoretical distribution of
intensity among the bands of a given system. This question has already
been discussed empirically in Section 4, where it was pointed out that
the distribution of intensity was very definitely correlated with the change
in the frequency of vibration, or of the moment of inertia, of the molecule
which occurred at the instant of emission of the radiation. Franck(1#8)
in .his discussion of ‘the photo-chemical activity of molecules, gives a
purely mechanical explanation of the correlation of large possible changes
of vibrational quantum number, with large changes of the moment of
inertia, pointed out in Section 4. This theory has since been extended
and tested by Condon (%) and is, brietly, as follows: In the case either
of electronic impact or of light absorption, the electronic jump in the
molecule presumably takes place almost instantaneously, compared to the
slow vibration of the nuclei. If the gas is initially cold and so in its normal
state with no vibration, and if the electronic jump results in a greatly
changed strength of binding (and hence of a greatly changed moment of
inertia) the two nuclei originally in equilibrium, suddenly “ find them-
selves ” far from equilibrium, and hence possessed of a large amount
of potential energy. This energy immediately sets up a vibration, and
this may be great enough to dissociate the molecule. Such .a condition
seems to exist in the iodine and in the Schumann-Runge oxygen bands,
and explains the region of continuous absorption at the short wave-length
limit of these band systems.

The Franck explanation, according to Condon’s results, undoubtedly
explains the correlation of large change of n with large change of I,.
It is, however, necessary to assume other factors, in order to obtain the
entire observed intensity distribution. Thus, if a gas is initially cold,
with all the molecules in the state n” =0, Franck’s explanation would
give only one possible value of n’. This value would be n’'=0 for infra-red
bands, for which there is no electron transition. But the intensity

one assumes that the dissociation of CO* gives C and O*. Equation (201) using
the results of Birge and Sponer(187) becomes

142 +98=108 41356, or 240 =2436.

The discrepancy is well within the limits of error. Similarly, equation (201) can
be used to calculate any one of the four quantities, if the other three are known,
and the value of the ionization potential of Q. (I, = 14.1 volts) used in plotting
Figure 26 was obtained by this indirect method. It should be recalled that, as
indicated in note g’ of Section 7, the n numbering of the X' level of O} should
probably be raised several units, and additional vibrational levels added below
that marked n =0. The true value of I, would then be less than 14.1 volts (and
the value of D' more than 6.5 volts) by just these added levels, and hence more
in accord with the value of 13 volts for I,, recently obtained by Hogness and
Lunn(192). All of the above relations are discussed fully by Birge and Sponer(187).
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distribution for such bands (0—1, 0—~2, 0—3) is at least qualitatively
that expected on the correspondence principle. In the case of the 8 bands
of NO, as observed in the active nitrogen afterglow (see Figure 15)
n'=0 for the initial state of nearly all the molecules, but n” has a range
from 3 to 14. Hence we may assume that the Franck explanation gives
the most probable transition (i. e., most probable value of An) ‘with the
néighboring values of An possible, but less probable. It is difficult at
present to see how such an explanation can be correlated with the work
of Lenz (%), as discussed in Section 4, but the new treatment undoubtedly
brings out significant relations that the older treatment did not. Much
more experimental data are needed, especially of a quantitative nature, in
order to reach a definite conclusion.

One of the phenomena which was left unexplained, in the earlier
sections, is that of the alternating intensities in lines emitted by essen-
tially symmetrical diatomic molecules. Slater (%) has recently suggested
the following explanation. If a diatomic molecule is perfectly symmetri-
cal, two positions of the molecule differing by 180° in phase cannot
be distinguished. Hence the correct period for the {pdg=jh may be
0 to =, instead of 0 to Rx. On that hypothesis, the angular momentum
is restricted to 0, 2, 4, etc., Bohr units. In other words, alternate rota-
tional energy levels of the older scheme are missing. This is exactly the
apparent situation in the case of the He, and the atmospheric and the
Runge oxygen bands. In the case of the N,* bands, the alternate levels
give weaker lines, indicating merely a smaller a priort probability. Slater
notes that there must be some transition frem exactly symmetrical to
entirely non-symmetrical molecules, given by a change of a priori prob-
ability of the alternate levels from zero to the normal value.

It might be thought that the alternate strong lines were due to changes
of two units in the rotational quantum number, instead of the usual
one unit change. The two similar poles (nuclei) of a symmetrical mole-
cule would give an electric field fluctuating at twice the fundamental
frequency of the rotator. By Bohr’s correspondence principle this would
permit Aj==+2, in addition to =1. In the special case of B’=B",
the new spectral lines thus possible would coincide with alternate old
lines, but would be placed symmetrically-with respect to the origin of
the band. This, however, is contrary to fact. The stronger lines never
correspond to symmetrical transitions (such as 2->1 and 1->2) but
always to the same initial (or final) state, such as 2>1 and 2->3.
Actually B’ is never equal to B” and the new lines would not coincide
with any of the old. Hence this second explanation is quite untenable.

We may appropriately close this section with a very brief reference to
Mulliken’s recent results in systematizing electronic bands (references
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183, 184, 185, 1854, 1888, 1856)  Pgrticular results of this work have already
been noted at various places in the present chapter. The general results
are as follows:

Following Birge(189), a definite designation is given to each elec-
tronic level, similar to that in the case of atoms. The resultant electronic
momentum correlated with each such level is denoted by s [=Ve+¢?
in terms of the Kramers and Pauli formula, equation (20)]. This s is
substantially identical with Sommerfeld’s inner quantum number j for
the corresponding atomic energy level.™ In some cases, however (i. e.,
CH) each atom may have its own individual s, uncombined with that
of the other atom. Although the vector s, according to the Kramers and
Pauli formula, may form any angle with the vector m (giving the nuclear
momentum), the actual tendency is for s to be nearly parallel to m
(making e the chief component) or nearly perpendicular to m (making
o the chief component).

Since, according to Sommerfeld, j has integral values for atoms with
an even number of valence electrons, and half-integral values for atoms
with an odd number, the same situation is postulated for the “ correspond-
ing ” molecule. This gives the value of s for the molecule. The resultant
angular momentum of the entire molecule is, however, given by j, the
vector sum of s and m. In the very common case that s and m are
essentially parallel (o=zero or very small), it is known that m has
half-integral values. Hence, there results the rule that j has integral
values for molecules with an odd number of electrons, and half-integral
values for those with an even number. Mulliken. postulates this as a
general rule, independent of the mutual direction of s and m. Hence m
has essentially half-integral values only for special types of bands.

Aj=0, or +1, only, and the actual occurrence of the corresponding
Q, P, and R branches is determined by the correspondence principle.
This is the usual selective principle for the inner quantum number j
of line spectra. On the other hand, as emphasized also by Birge (18°), the
gelective principle for the azimuthal quantum number % does not operate
in the case of molecules (possibly due to the fact that the second atom
of a molecule causes a strong electric field acting like a Stark effect in
the case of a single atom). Thus, transitions from § to § orbits are
freely permitted, as in the case of the violet CN bands, and the first
negative groups of carbon and of nitrogen. Each transition from a given
type of electronic orbit to another given type, results in an electronic
band system of a definite structure. Hence, all band systems between
similar types of electronic levels have identical structure, and it is hoped,

" See Sommerfeld “ Atombau ” 4th edition pp. 575-594.
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in the near future, to be able to state the character of the initial and
final levels, from the observed band structure, just as now can be done
for atomic lines, from the observed complex Zeeman effect.

Mulliken, as a result of the above ideas, has already reached rather
definite conclusions as to the value of j and of s (and even of ¢ and o
separately) for most of the known band systems. It is hardly jpossible,
as yet, to give a critical estimate of these conclusions, except in certain
specific cases, as already discussed earlier in the chapter. The writer
believes, however, that they are substantially correct and that this work
marks a distinct advance in the theoretical interpretation of molecular
spectra.

CONCLUSION

The results presented in this and preceding chapters of the report,
show that the observed relationships found in molecular spectra can be
used to obtain a considerable amount of information, quantitative as
well as qualitative, regarding the structure of certain types of molecules.
Certain discrepancies still remain, and some at least are likely to augment
in number, rather than diminish, with increased experimental data.
Similar discrepancies are known to exist in the case of atoms, and
although they often are very small, numerically, they are of such a
fundamental character that there is now a wide-spread conviction that
it is necessary to re-formulate the fundamental postulates of the quantum
theory in such a way as to employ “ quantum ” rather than “ classical ”
mechanics for the description of the stationary states. A notable be-
ginning for such a system of quantum mechanics has recently been made
by Heisenberg, Born, Jordan, and others; but as yet this new theory
has not been developed to the point where it can be applied in any detail
to the questions of molecular structure. For that reason, it has purposely
been ignored in the preceding discussion. It must be remembered also
that the difference between the new and the old mechanics, although very
fundamental in character, is usually very small, numerically, and it is
doubtful if the two could be distinguished save in exceptional cases, in
the present state of knowledge regarding molecular spectra. For example,
the values of »° have been obtained, in Figyre 12, by the extrapolation of
the curves to n=0. It is probable that the new mechanics will indicate
that a value of » corresponding on the curves as now drawn to n=—0.5,
should be used in the various formulas in place of our value of »°. The
actual change in the value of v would then be 2w of columns 6 and 8
of the table of Section 7.

It is thus most probable that some new form of mechanics must be
employed, to obtain a consistent interpretation of molecular spectra; but
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it is also probable that the general interpretation of such spectra pre-
sented in the preceding pages, and the numerical magnitudes of the
various molecular constants quoted in Section 7, are at least essentially
correct.”™

 Note added in proof. The main object of this added note is to call atten-
tion to certain recent work which contradicts or modifies statements made in
Chapter IV. No attempt is made to discuss in a general way work which has
appeared during the printing of this report.

Sponer (Nature, 118: 696, 1926) has obtained the absorption spectrum of the
nitrogen molecule, using Hopfield’s vacuum spectrograph. The spectrum consists
of two progressions of bands, one stronger than the other. The strong progression
is merely the n” =0 progression of the ultra-violet bands of nitrogen, analyzed
by Birge and Hopfield(78), and extends this system to n' =10 (as compared
to n' = 3 of curve 17 of Figure 12). More accurate measurements of the v bands
of NO, by Sponer and Hopfield (unpublished) show that the identity assumed
by Sponer(88) for the vibrational intervals of these two systems (curve 2, 17’
of Figure 12) is not true. The revised data for the v bands are given in Section 7.
Still later work by Hopfield and the writer (unpublished) has shown that these
nitrogen bands form the true resonance system of nitrogen and correspond in
every way to the fourth positive group of carbon, the resonance system of CO.
Level C of NO, in Figure 26, is therefore spurious, and with its removal there
disappears the only evidence in favor of double electron jumps in molecules. The
vibrational levels of state X of N. are, however, now known (i. e., the plotted
level 4 of NO, of Figure 26, or curve 17’ of Figure 12) and the extrapolation to
w® =0 gives 11.75 volts for the heat of dissociation. This is a direct confirmation
of Sponer’s assumption as to the identity of active nitrogen (giving D =114
volts) and in the opinion of the writer, makes this assumption practically a
certainty.

On the other hand, the recent work by Hopfield and the writer shows that the
weak absorption bands obtained by Sponer occur in the discharge tube and not
in the vacuum spectrograph (which was filled with nitrogen for this work), and
accurate measurements show that they are merely the known absorption bands
of CO, evidently occurring as an impurity in the discharge. It seems probable at
the present time that levels 4, B, C, and D, of N., in Figure 26, represent the
triplet system (small letter levels of CO) while the initial and final levels of the
ultra-violet bands represent the singlet system. As in the case of CO, transitions
between these two systems are not in general to be expected. The A-X transition
of N. thus corresponds to the a-X transition of CO and may possibly be obtained
by mixing nitrogen with neon.

In Figure 26, four vibrational levels are shown for level b of CO. As recorded
in note i* of Section 7, these are spurious, according to Wolter(76). Duffendack
and Fox (Nature, 118: 12, 1926) have, however, shown that the n’ =4 level is
actually the n' =0 level of a new system of CO bands, which they call the 34
bands. This system is accordingly given by

v = 43,656 — (1724.78n” — 1447n"*)

and thus locates a new electronic level of CO at 92,086 cm-* in Figure 26. The
n' =0 and 1 levels of the third positive group of carbon may be real, and give
the single value of ' (2214) listed in Section 7. In a later article, Duffendack
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CHAPTER V
THE I1SOTOPE EFFECT
F. W. Loomis
SECTION 1. INTRODUCTION

Soon after the discovery of isotopic elements their line spectra were
compared by a number of observers(?) and found to be sensibly identical,
as is to be expecled in the light of present theories of atomic structure—
since a line spectrum is believed to be emitted by electrons revolving about
a nucleus which is nearly stationary and whose mass therefore cannot
greatly affect their motion. The effect of the nuclear mass is not, how-
ever, entirely absent, even in line spectra, the most famous example
being the minute differences between the wave lengths of certain lines
of hydrogen and ionized helium which would exactly coincide if it were
not for the differences in nuclear mass.

In this case, as in the most general case which can be treated as
a two-particle problem, the masses of the particles, M and M’, enter the
‘equations only through the effective mass, u=MM'/(M+M"). It will be
seen from this expression that the difference between the values of p,
corresponding to slightly different values of M, will be small if M’ is
small in comparison to M. Hence the possible values of u in the case
of line spectra, where M’ is the mass of an electron and M that of a
nucleus, differ very little; and, while the consequent wave length differ-
ences are measurable in the case of He versus H, they become less than
the resolving power of spectroscopes for the isotopes of even compara-
tively light elements. The above argument is rigorous only for atoms
with a single electron, but it seems probable that in atoms with
several electrons their attractions of the nucleus more or less cancel each
other, rendering its motion and hence the isotope effect even smaller
than the above. However, Aaronberg(!) and Merton (%) have found
differences between wave lengths of .certain lines from isotopic samples
of lead and thallium, which, while barely measurable, are nevertheless
about eighty times as great as would be calculated on the basis outlined
above. These differences have not been fully explained, but Bohr(7) has
suggested that they may be due to a difference in the structure of the
nucleus affecting an electron which penetrates especially near it.

Realizing that much larger effects were to be expected in cases where
the two particles are of more nearly equal mass, the writer in 1920
sought the effect among the spectra of isotopic molecules and found it

260
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in the data of Imes on the absorption spectrum of HCl, where it was
also noticed by Kratzer.

Recently Mulliken has worked with electronic spectra, where greater
accuracy is possible and more spectra available, and has found and
measured the theoretically predicted isotope effect in the spectra of BO,
CuH, SiN, and Cul.

Detailed consideration of these cases will be postponed until a general
theory of the isotope effect has been outlined in the next section.

SECTION 2. THEORY OF THE ISOTOPE EFFECT IN BAND SPECTRA

The isotope effect is measured by the isotopic displacement w;—vy,
the difference in frequency between like numbered lines of the two
isotopes, where the subscript 1 is used to denote the more abundant
isotope, corresponding to the stronger lines. An expression for the iso-
topic displacement can be deduced by simply examining the way in which
mass enters any theoretical expression for the frequency.

Just as in earlier chapters it was convenient to divide the frequency
somewhat arbitrarily into electronic, vibrational, and rotational terms,
y=1€ 4" 4™, where

B —E°" EY — B~ Ew —Em"
YW= — = -
R h ’ b ?
it is here convenient to divide the isotope effect into electronic, vibra-
tional, and rotational effects,

o= = (mf—n?) + (2" —n") + (v, — ™). (1)

TaE ErecreoNic EFFECT

The arguments advanced above as to the smallness of the isotope
effect in line spectra apply with equal force to the electronic term in
the isotope effect of band spectra, for this term (v.®—v,°) depends upon
the difference in energies of the two species in states where the nuclear
vibration and rotation quantum numbers are zero, and hence where the
nuclei are stationary except for slight unbalanced attractions of the
electrons as in line spectra. It seems quite safe, then, to conclude that
v2°—n® will in no case be much larger than the effect calculated for a
hydrogen-like line spectrum, which is quite negligible in comparison
with the rotational and vibrational effects treated below.

Consequently, since the vibrational and rotational displacements vanish
when the vibrational and rotational terms do, the origins of band systems
of a pair of isotopes must coincide. This furnishes a rigorous test,
independent of other theory, for the correct location of origins.
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VIBRATIONAL EFFECT

Equation (37) of Chapter II contains all the terms of importance for
the isotope effect. Consider first the part which represents the vibrational
energy

E*=hnwe(1—zn) (2)
where

R AR LR L (3)

and is small. It will be seen, since b and ¢ are constants of the potential
energy function and hence do not contain the mass, that the mass enters
only through I, and w,, which are proportional to u and p* respectively.
Thus the first, or linear, term in E® is proportional to u¥ and the second,
considerably smaller quadratic term, to u™'. The vibrational isotopic
displacement can now be calculated by expressing separately the vibra-
tional part of the frequencies emitted during a given transition by isotopes
1 and 2, and subtracting. Thus

E ”,—E n’ ’ ’ ” ”
= *l_hA e =[(w'o)in' = (0"0)1n |
—[(0/0)1'1n"?— (0" o)1 z"1n"?].  (4)
Letting * e
p=Vp/pa ()

v,® can be written as
=p[ (@)1 — (0”0) 17" ] —p*[ (0%0)12" 10" — (0”0) 12" "] (6)
and
"—nt=(p—1)[(s0)1n"— (0"0)1n"]
—(p*=1) [(w0) @10 — (0"0) 12" "*].  (7)
For approximate purposes the second term can be neglected and the
expression for the vibrational isotope effect becomes
== (p—1)n". (8)
Equation 8 describes the chief characteristics of the vibrational isotope
effect. The isotopic displacement is zero at the origin of a band system,
where »,"=0. If p—1 is positive, the displacement will be positive on
the high frequency side of the origin (»* positive) and negative on the
low frequency side (v* negative). Corresponding band systems of two
isotopes are identical in pattern of band origins, but differ in the scale
of that pattern. This scale is greater, in the ratio p, for the lighter isotope,
so that every band of the lighter isotope lies farther from the origin than
the corresponding band of the heavier isotope. The distance |v.*—v,"|
between the origins of corresponding bands of two isotopes increases

*The notation follows Mulliken(88).
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approximately linearly with the distance, v*, in either direction from the
origin ; and may reach fairly large values, since p—1 is commonly of the
order of the magnitude of 1 per cent.

Figure 1 illustrates the characteristics of the vibrational isotope effect
in a comparatively simple case in which the sequences do not overlap.
Each vertical line represents the position, on a frequency scale, of the
origin of a particular band, corresponding to the values n’ and n”
indicated above it. The full lines indicate the more abundant isotope 1,
the broken lines isotope 2. The situation pictured is much like that
in the Cul bands, except that the magnitude of the isotopic displacement
is exaggerated about fourfold.

Actual photographs of band spectra of course appear much more
complicated than in Figure 1, due chiefly to the structure of the bands,
and to the overlapping of band sequences on band systems. And, of

7 23456 12345 012 0123 01234
n 01234 01234 012 1234 23456
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FIGURE 1.

course, it is the band heads and not the origins which strike the eye.
In the spectra of compounds having more than two isotopes, each line
will be split into a more complex isotope pattern.

RoraTiONAL EFFECT

Consider now the last part of equation (37) of Chapter II which
represents the rotational energy.
Em=h[B,m*—anm?] (9)
where
B,=h/82*1, and a=38h%(1+Rb)/32n*Io *w,.

\
Again the mass enters only through I, ‘and w, and here the first and
principal term is proportional to x* and the second term to p-1.

Em,—E m ’ ’ ” ”
nm=-—————=[(B)1m"*~ (B"5)m"?]

h
—[a'in'm?—a"n"m"?]  (10)
V.m =p2[ (B’o) lm’z -_— (B”o) lm”z] - p’ [Glln,m’z el a"lﬂ”m"z] (11)

v —nm=(p?—1) [(B'e)m"*— (B"o) m"*]
—(oA=1)[aan'm’  o"sn"m"™]  (12)
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which, neglecting the small last term, becomes
v,m—nm=(p*—1)n,™. (13)
A good idea of the nature of the rotational isotope effect can be obtained
by considering a hypothetical band of simple type with three branches,
and neglecting all but the Bym? term of equation (9) for E™. Then
for the positive and negative and for the null branches, for which
m'—m”= =1 and 0, respectively,
=B +2B m+ (B,—B";)m* or (B,—B";)m* (14)
and
I,zm:p‘.’vlm' (15)
The result is pictured in Figure 2 which shows v plotted against m
for the three branches of an imaginary typical band having half integral

A e

124 I[ /

:;i Po.sm\y);ﬁnAHCH _
si // ' /r =
”h I/ / ZI /»‘/

/ &
% / " 2l [/ ~
e

\ -

3 o [ =
24 \ } // /" zeaTive BrancH.
i AN VA<
\ <
z ™\
Y BT VIPENS” a 1

FIGUure 2.

rotational quantum numbers and no vibrational displacement, a (0, 0)
band. The continuous line parabolas represent the more abundant, and
the broken line parabolas the less abundant, of the two isotopes, which
have been assumed to have an isotopic displacement coefficient, p*—1,
of 20 per cent. The rotational effect for the lines in a band is seen to
be very similar to the vibrational effect for the bands in a system. The
pattern is the same for each isotope, but the spacing is greater, approxi-
mately in the ratio p?, for the lighter isotope. A band in which the
vibrational effect was present would differ from the above by having the
entire set of lines for one isotope displaced along the frequency axis, in a
direction depending on the sign of the underlying vibrational effect.
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SECTION 3. INFRA-RED ABSORPTION SPECTRUM OF HCl

Figure 3, which is the absorption curve reported by Imes(“) for HCI1
in the region of the so-called *first harmonic” band (n'=R2, n"=0)
at 1.76u, quite definitely shows each structure line of the band to be
really a doublet, consisting of a strong line, accompanied by a fainter
satellite of longer wave length. Imes pointed this out (I. ¢., p. 275),
and remarked: ¢ The apparent tendency of some of the maxima to
resolve into doublets may be due to errors of observation, but it seems
significant that all the secondary maxima are on the long-wave side of
the principal maxima which they accompany.” This, together with
the absence at that time of any theory to lead one to expect these satel-
lites, may be taken as excellent evidence that they are real, and not
experimental irregularities in the absorption curve.

Wiz #o [ ™ J';l ﬁT
A A AU
d ./"V\JWUUU MAYANATLAR
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Figure 3.

It was pointed out by Loomis(®) and independently by Kratzer (14)
that these doublets are undoubtedly due to the isotopic nature of HCI.

It can be seen by inspection, that the relative intensities are about
right; for chlorine, whose chemical atomic weight is 35.46, has been
found by Aston(® 3) to consist of two isotopes of atomic weights 35
and 37, which must therefore occur in the ratio of 3.5:1; and this
appears to be roughly the ratio of the intensity of each line to that of its
satellite.

Moreover, the sign of the displacement is correct, for the fainter line
has the lower frequency, as it should if it is to correspond to the heavier
isotope.

In calculating the magnitude of the isotopic displacement to be ex-
pected, only the vibrational term is worth considering. Here

_ M(M,—M;) _, 1.008(35—37) _
p—1=4(" 1) =4 F- 1" (M, +2M") =% ~37%36.008
Hence
vt — vt = (p—1)n*= —0.000749 X 5682 = —4.26 cm™.,

= —0.000749.

which agrees excellently with the average doublet interval measured
from the curve of Figure 3, viz.,, —4.5+0.3 cm™.

This agreement with calculations from the theory, in sign and magni-
tude as well as approximately in relative intensity, is sound evidence
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that the doublets are truly isotopic in origin, especially since they occur
in these simple bands whose theory is practically complete.

Calculation of the isotopic displacements to be expected in other
vibration rotation spectra makes it seem unlikely that other instances
of this sort of isotope effect will be found without a considerable improve-
ment in experimental technique; unless it should be in the “funda-
mental ” of HC], in which the conditions are only a little less favorable
than in the “first harmonic.”

SECTION 4. BORON MONOXIDE

The discovery of further examples of the isotope effect came several
years later, after considerable progress had been made in the theory and
systematization of electronic band spectra. In 1923 Mulliken (17 18)
after a search of the literature on the subject reported a case in the
spectrum photographed by Jevons(!®) in 1914 and attributed by him
to BN. Jevons had arranged the band heads into an « and B, 8, and 8,
systems, which have a band structure of the simple sort typical of a
diatomic molecule.

Now Aston (® %) has found boron to consist of two isotopes of atomic
weights 11 and 10, which, since the chemical atomic weight is 10.82,
must occur in the proportion of 4.6: 1. We should therefore expect, in
accordance with Section 2, that its band spectrum, whether emitted by
BO or BN, would consist of comparatively strong systems of bands due
to B!, with each of which should be associated a.fainter system, due to
B°, having the same origin but spaced out from the origin at wider
intervals. And indeed, Jevons’ 8, and B, systems have just this relation
to his B system, the B, bands Iying on the low and the B8, bands on the
high frequency side of the origin. But he made no reference to any bands
which could be attributed to a light isotope a system.

Mulliken (% $)_ however, has made new photographs of this spectrum
under improved experimental conditions, and has succeeded in showing
that the whole spectrum can be analyzed into an «, a 8, and a new
combination system, a8, each with its appropriate o', 8’ and '8’ com-
penion system due to the lighter isotope. Part of the B system is repro-
duced in Plate I(a), which shows the well separated band heads and
structure lines of both isotopes. Plate I(b) is the 23-2} band, showing
weak B!°0O structure lines among the strong B''O lines. Not only has
he located an a' head corresponding to each a head, and a B’ head to
each B head, and o'8’ heads to many of the a8 heads, but he has found his
measurements sufficiently accurate, on account of the very favorable
value of p, to settle the following two important points:
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(a) Location of the system origin; half-quantum numbers. When
the band origins are expressed as a power series in n’ and n”, the values
of the coefficients of all powers below the highest, and especially of the
constant term, will depend on the assumed location of the system origin.
If it were assumed to coincide with some band origin, the criteria of
Heurlinger and Kratzer (Chapter IV) would suffice to decide which
one. But it turns out, when quantum numbers are assigned in this way,
that the constant, i. e., electronic, terms in both the o« and B systems
differ from those in the «’ and B’ systems by considerably more than the
experimental error. These differences are far too large to be attributable
to an electronic isotope effect. And they cannot be diminished by any
renumbering of bands which retains integral quantum numbers. But if
the vibrational quantum numbers are assumed to be integers plus 3, then
the difference between the electronic terms for the two isotopes becomes
small enough to be attributable to experimental errors. The criterion
that the electronic isotope effect must be zero is sufficiently cogent to force
us to accept these vibrational half-quantum numbers. The equations
for the o and o’ heads and the 8 and 8’ origins are now:*

23974.5; R3961.2

ve = {23848.3: 23835.0
_[R3972.9: 23959.6

”“"‘{23846.7; 23833.4

vg =43166.2 + (1280.3n"—10.07n"?) — (1885.7n" —11.77n"?)

ver=43168.6+ (1316.7n"— 10.53n"?) — (1941.5n" — 12.58n"*)

(b) Identification of the emitter. It appears from equation (6) that
the value of p for the emitter of these bands can be found from the ratio

\r + (1258.50'—10.6n"%) — (1884.9n” — 11.68n"?)

IH (129730~ 11.70?) — (1939.0n" — 12.21n"%) (16)

TABLE 1

Term p p2
n(a) .. .. .. .. ... .. .. 10308 1.104
n"(a) .. .. .. .. ... ..., 10287 1.045
n(B) oo e e e e 1.0284 1.046
nB) .. .. .. v oo ... 10296 1.069
Weighted(24) mean ..... .. .. 1.0293 * 0 0003 1.062 * 0.008
Theoretical, BO .. ..... .. ... 10292 1.059
Theoretical, BN .. ..... .. .. 10276 * 1.056

of the linear terms, and the value of p* from the ratio of the quadratic
terms in n’ and n” in the equations (16). The values so obtained are
given in Table 1, together with the theoretical values on the assumptions
that BO and BN are the emitters. .

* The data for locating the band origins are given in the table in Section 7 of
Chapter IV. See also footnote (d) of that section.
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The differences between the experimental values of p and p*? and the
theoretical ones for BN are enough larger than the probable error to
render it extremely improbable that BN can be the emitter, although it
was so reported by Jevons on plausible experimental grounds; especially
sinte the agreement with the theoretical values for BO is so excellent.
This evidence, fairly conclusive in itself, led Mulliken to undertake
further study of the conditions of excitation, details of which are to be
found in his papers(1® #9) and which, despite some criticism by
Jevons(13), seem also to point conclusively to BO as the emitter. It is
safe to say that this would hardly have been discovered, in the face of
Jevons’ prima facie case for BN, had it not been for the quantitative
evidence of the isotope effect.

All the structure lines of three 8 bands of both isotopes were measured,
found to check roughly with the predicted isotope effect, and analyzed
enough to furnish data for a small correction needed to convert the
measurements, which were made on band heads, into data on band
origins.

SECTION 5. COPPER HYDRIDE

Another instance in which measurements of the isotopic displacement
have settled the question of the emitter of a spectrum is the copper bands
reported by Frerichs(?) which are probably due to CuH, he considers, on
account of the large spacing of the structure lines and corresponding
small moment of inertia. Mulliken(1®) points out that measurements
of the isotope effect are conclusive on this point, for, in the (0, 0) and
(1, 1) bands which he investigated, the separations of the doublets, which
Frerichs had noted, agree with the predicted isotopic displacements
between Cu®*H and Cu®H, where 1—p=0.00024, but not at all with
those of any other possible emitters, such as CuO whose 1—p=0.0031.

SECTION 6. SILICON NITRIDE

The study of the isotope effect in SiN has led to the discovery of a new
isotope of silicon. For although Aston(® %) made mass spectrograph
measurements on silicon and found species with atomic weights 28 and
29, he reported that the existence of Si®*® was doubtful on account of the
presence of hydrogen compounds. But Mulliken’s photographs (18 21. 26)
of its spectrum show that each principal band head, in the regions where
resolution is possible, is accompanied by a pair of fainter heads; and
values of p computed for these subsidiary heads show that if the principal
ones are due to Si?®N, then these are due to Si*N and Si®*°*N. Aston(?)
has since confirmed the existence of Si®*® with the mass spectrograph.
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SECTION 7. COPPER IODIDE

Recently Mulliken (28) unravelled the spectrum of Cul, arranging
the heads due to the more abundant Cu®I into five band systems with
a common final electronic term, and expressing them as power serios of
the form (4). He was then able to calculate, by equation (6), expressions
for the corresponding Cu®I heads and to compare the calculated with
the observed positions. The agreement with theory is perfect, for every
Cu®I head is found within the experimental error of its calculated posi-
tion and all calculated heads which might be expected to have sufficient
intensity are found, and no gthers. Mulliken’s success with this spectrum,
which consists of complicated overlapping band systems and had baffled
several previous investigators, is undoubtedly largely due to his use of
the vibrational isotope effect as a guide.

SECTION 8. MAGNESIUM HYDRIDE

Watson (27) has recently reported further evidence for vibrational half-
quantum numbers from measurements of isotopic displacements in the
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Figure 4—Isotope Effect in MgH 25211 Band

A5211 band of MgH. When first measured by Watson and Rudnick (),
this band was numbered (0, 0); but Watson(?”) now points out that
the data agree much better with the numbering (3, 3).

Figure 4 shows the isotopic displacements, Av, between the lines of the
most abundant isotope, Mg?4, and the corresponding lines of Mg*. Lines
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due to Mg* are omitted to avoid confusing the figure and also because
they are less accurately measured. The solid line represents the displace-
ment to be expected, according to equation (13), on the assumption that
this is the (0, 0) band and hence that the effect is purely rotational.
The broken line represents the same rotational displacement with an addi-
tional vibrational displacement of 0.082 c¢m™ which is that calculated
from (7) on the assumption that this is the (3, 1) band. The average
excess of the observed displacements over the theoretical rotational
displacement is —0.073 and —0.029 em=! for isotopes 26 and 25 respec-
tively, as compared with theoretical values of —0.082 and —0.042.
Within the limits of experimental error this is satisfactorv agreement.

SECTION 9. CONCLUSION

It will be seen that the isotope eftfect has been found useful in the
discovery of one new isotopic species, S1%°, and in the identification of
the emitters of the spectra of BO and Cull. And in each case it has
served as a key to the arrangement of structure hines into bands and of
bands into band systems, to the location of band and systems origins,
and to the assignment of rotational and vibrational quantum numbers.

But the most interesting aspect of the isotope effect and the one which
promises to be of most value in future work 1s that it furnishes data for
the testing of theories of band spectra, additional to and mdependent
of the frequencies, or energy terms, which, with usually dubious estimates
of intensities, have formed practically the whole of the experimental
evidence ; since essentially, the isotopic displacement gives the derivative
of the frequency of cach line, head or origin with respect to mass. In this
way the isotope effect can serve to confirm the broad outlines of the theory
of band spectra, through its general agreement with predictions, and to
furnish a decisive answer to such specific questions as the use of half-
quantum numbers; in fact, it furnishes the only experimental evidence
to date on the question of the vibrational half-quantum numbers which
are demanded by the recent theories of Heisenberg (1) and Born and
Jordan (8).

Discovery of new isotopes is on the whole simpler with the mass spectro-
graph, and Aston has already progressed so far that probably not much
remains to be contributed by the study of the 1sotope effect, though it
may furnish some evidence on the relative abundance and relative weights
of different isotopes of the same clements.

But so many elements have been found to be isotopic(®), (30 of the
56 so far investigated, not counting the radioactive clements), and so
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many of their compounds must be carriers of band spectra, that it is
safe to prophesy for the isotope effect an increasingly important part in
the study of band spectra and in the development of their theory.
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CHAPTER VI
FLUORESCENT BAND SPECTRA
F. W. Loomis
SECTION 1. INTRODUCTION

The only band spectrum which has been intensively investigated in
fluorescence is that of iodine. The complex iodine fluorescent spectrum
excited by white light has been known and studied for a long time,
but the researches of chief theoretical importance are those of R. W.
Wood (1 12) who used for excitation, light which was monochromatic
or nearly so. The spectrum which resulted was very much simplified,
consisting of a series of equally spaced doublets of constant interval; but
it stood absolutely unexplained until the application of the Bohr postu-
lates and the modern quantum theory of band spectra by Lenz(3®) who
showed that this spectrum constituted a clear example of the working
of the Bohr selection principle for rotational quantum numbers.

SECTION 2. EXPERIMENTS WITH MONOCHROMATIC EXCITATION

For the most part Wood used the green mercury line at 5460A for
excitation. This line, as it comes from a quartz mercury arc at high
current densities, is broad enough to cover seven measurable iodine lines,
which are extraordinarily numerous in this region ; but by using an arc
designed to run at low current densities, with comparatively cold mercury
vapor, and made of glass which cut out the ultra-violet lines, he obtained
light so monochromatic that it covered only one iodine line.

The resulting fluorescent spectrum is shown in part on Plate Ia. It con-
sists of a series of 27 doublets of 5 wave numbers separation and with an
approximately constant spacing of 200 wave numbers. The line of
shortest wave length coincides exactly with the exciting line and is called
the resonance line.

SECTION 3. THEORY OF THE FLUORESCENT SERIES

These results are entirely in accord with present theories of band
spectra. For, if the exciting light is sufficiently monochromatic to cover
only one absorption line, then all the molecules which emit the fluorescent
spectrum must be in the same initial state; that is, must have common

-

272



ww § e
wni[ay ut
autpof
‘ww gt v
UOuAX ul
autpo]

1 3LVId

wnnoeA ul
autpoy

s8a1gd £1184941U) BIQUIN(O,) Y3 }JO A633INOD A
8013d( |B1SAYJ ul SaYyol1easay,, S,pOOA w0y pajulidoy

wnajdads
uotidiosqy
sanoy 0z
wnnoga ul

sijajgnop

|Raw
-epuny

[,

1+



wuartz
Arc

Band at 2460
lodine + 260 mm. N

PLATE 1I

35 volts

60 volts

110 volts

110 volts

120 volts

60 volts

Oldenberg,
Z. Physik 25:142 (1924)

Reprinted from Wood’s ‘‘Researches in Physical Optics’'
by courtesy of the Columbia University Press



FLUORESCENT BAND SPECTRA: LOOMIS 273

¢/,n’ and §’. And the possible final states are limited by the correspondence
principle to
j=y=t (1)

(7" =7, corresponding to a ¢ branch, which is possible in many spectra,

apparently does not occur in iodine. See, however, Section 4 below.) As

the vibrational motion is non-harmonic all values of n” are possible. But

it seems that the molecules excited by A5460 must always revert to the

original unexcited electronic state, since there is only one fluorescent

gseries and it contains a line which coincides with the exciting line.
Equation (37) of Chapter II

E=Ee+BEr4En=FE+h[osn(1—azn)]+h[(Bo—an)m?]  (2)

will serve as a basis for quantitative discussion. Iere, in the simpler
band types
m=j—¢ (3)

where ¢ is usually small and may depend on the electronic state but not
on n or j. Since the upper level, I, is constant throughout a fluorescent
series, as is also I¢”, the expression for any series, say the i**, can be
written

n=Ci—o"n"i(1—a"n";) — (B"s—a"n")m" 2. (4)

This represents a series of doublets because m” can take on the two
values corresponding by (3) to the two values of j” in (1); 1. e,

m’"=(m'+e—€")F1 (3)

while n” can take on any integral value.

Let 7, j and m be the values of n”, j” and m” corresponding to the
resonance line; i. e., the values of n, j and m of the fluorescent molecule
before it was excited. Other values of n” can be represented by

n =T+ p. (6)

Then, since the correspondence principle applies both to absorption and
re-emission,
j=j=1 and j'=j or j=x2. ")

(Wherever there is a double sign, = or T, the upper ome will consis-
tently, throughout this chapter, correspond to the case where the ezcited
line is on an R branch.) Hence by (3)

m’=j"—" =j—¢€" or j—& =2
m or m+2. (8)

18
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The doublet separation will then be the difference between the two values
of the last term in (4) which correspond to the two values of m” in (8)

Avi=v(s=2) —v(m) = — (B"o—a"n"s) (=4, +4).  (9)

It will be seen, since B”, and o” are constant throughout a fluorescent
geries, and «” <€B”,, that the doublet separation, while nearly constant,
should really decrease slowly and linearly along the series. That it
actually does so, can be seen from Figure 1, page 278, which is like
Mecke’s Figure 2(8) and represents the doublet separation in four
different fluorescent series, plotted against p, the ordinal number of the
doublet counted from the resonance line. In fact Kratzer and Sudholt(?)
have calculated B”, by comparing the theoretical expression (9) for A,
with the numerical values expressed in the empirical equations of the form

Aw:d;—mp, (10)
taking «” from Mecke’s(7) analysis of the absorption spectrum. Since
n” and p are equal within a few units at most (in fact it will be shown

below that their difference, 7, is zero for all the fluorescent series formu-
lated by Mecke) it is clear that

di=—4B",(xm,+1) (11)
n=—4a"(xm,+1) (12)
B"o=a"di/n.. (13)

Table 1 gives the empirical formulas for the four doublets which can be
followed along the series, and the values of B,” deduced from them.

TABLE 1
Series Doublet interval d/m By’
Avo 443 — 0.0175p 253 030
AY'y —(5.20 — 0.0231p) 225 027
Arn 11.85 — 0.053p 223 027
Ar, 16.08— 0.057p 282 034
AVErage .........vv e ve n e A % 1 |

The values here tabulated constitute a revision of those given by
Kratzer and Sudholt, using a corrected value of a” (see footnote 1) and
corrected expressions for the doublet intervals. The revision of the
doublet intervals was needed because Mecke identified each interval of
order zero with the distance from the outer member of the doublet to the
center of the broad exciting mercury line. The width of the mercury
line, which measures the spectral range of the various resonance members
of the doublets of order zero, is so large that this is not a very satisfactory
approximation.
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SECTION 4. THE ABSORPTION SPECTRUM

Before going on to study the more complex fluorescent spectra, we
shall need the information obtained from analysis of the. absorption
spectrum. Mecke(”) has reported a series expression of the form

v(ny, ne) =vo+ (@any+ bany® + can2®) — (auny + biny2+c4n ) (14)

which represents all the band heads in the region 5000 —7000 A. From
the variation of intensity along the n, series (7, constant), and from
their insensitiveness to temperature changes, and from the relative small-
ness of the linear term, he c¢oncludes that n, corresponds to n’, the upper
level vibrational quantum number but increases as n’ decreases. As
n, =26 seems to be a limiting value (see Figure 16 of Chapter 1V), he
concludes that it is the zero of n’ and sets n'=26 —n,. Whether this is
correct need not concern us here, as n’ is constant in fluorescence.
Similarly, from the way in which the intensities of the lines of the n,
series (n, constant) vary with temperature he concludes that n, cor-
responds to and increases with n”, the vibration quantum number in the
unexcited state. Now the coeflicients of n,, n,%, and n,® are sensibly the
same as those of p, p? and p® in the expression (20) for Wood’s fluorescent
doublets, and it is therefore justifiable to identify Mecke’s n; with the
p of Wood’s fundamental serics. Mecke, however, concludes from the
occurrence of four antistokes members in Pringsheim’s experiments,
discussed below, that the zero of n” must be at least at n,=p= —4. But,
while it is true that the zero of a series having antistokes members must
be at least as low as the lowest member, the fundamental series, for
which p=n,, apparently does not contain any antistokes members; while
the frequencies of the antistokes lines which appear in Wood’s reprodne-
tions do not fit any of the series (21) into which Mecke has analyzed the
fluorescent spectrum. The correct assignment should therefore be
n” =n,=p for the fundamental series and others having no antistokes
members. For other series n” =p+n, where 7 is the number of antistokes
members. Using this numbering, the series formula which represents all
Mecke’s band heads hecomes:

y(, ") = 15597.70 + (126.59%" —0.755n" —0.0033n"* )
— (213.760" —0.596n"2—0.0021n"%).  (15)

Mecke has also measured the individual lines of four bands in the red,
where the lines are less numerous and resolution easier than in the
neighborhood of the green mercury line. He has found that they can

be expressed in the form
v=vuy+CM? (16)
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where vy is the frequency of the head, M represents the ordinal number
starting from the head, and C'(4, 8) = —0.008. The values of C vary from
band to band, however, as indeed they should, since by (2)

C=B—B"=(B',—a'n') — (B"s—a"n") 17)

and it appears® that
C(4,9) —C(4,8)=C(5,9) —C(5,8) =0.00012=a".  (18)
C(4,9)—C(5,9)=C(4,8) —C(5,8) =0.00017=ad". (19)

It is worthy of note that Mecke’s values of C, o’ and o, above, do not
depend on the correctness of the absolute numbering, either in M, n’ orn”.

It should be mentioned, however, that Mecke considers that his red
absorption bands consist of @ branches only. This, if true, definitely
disproves Lenz’s theory, which attributes the doublets to pairs of lines
from the R and P branches (j”=j71). And, indeed, Mecke found no
trace of lines from a second, branch between any of the four red bands he
measured. But it is entirely possible that the lines of the B and P
branches of the bands he measured overlap within the limits of his
resolution, which is only sufficient to resolve the lines for which M>30.
In fact, the position of the band heads in the green is calculated from
fluorescent spectrum data in Section 6, and it turns out that the head
occurs within two lines of the origin. This accounts for the similarity
of the R and P branches and indicates that if the R and P lines happen
to coincide at all they will coincide fairly closely throughout that band.
Moreover, Mecke has measured Wood’s reproduction of the iodine absorp-
tion spectrum, taken with high resolution, in the neighborhood of the
green mercury line, and analyzed it into three overlapping series, two
of which are very similar and look like parts of R and P branches, though
Mecke considers them probably. electronic doublets. Comparison with
the fluorescent spectrum (see Section 6) leaves no possible doubt that
they are actually R and P branches.

SECTION 5. EFFECT OF MIXTURES OF OTHER GASES

The series of doublets resulting from monochromatic excitation can
be thought of as picked out from the very cc;mplex emission bands by the
limitation to a single initial state. That this is the case is checked by
several variations of Wood’s experiments in which the rest of the bands
begin to appear.

1 Mecke gives a” =0.00011 and o’ =0.00015, but a computation from his data
by the author, using the method of least squares, makes it appear that 0.00012
and 0.00017 are better values. There is also an error of 4 4 in Mecke’s numbering.
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If iodine is mixed with helium at 4 mm. pressure or with xenon at
1.25 mm., complex bands appear as shown in Plates Ie and Id. This is
interpreted by Lenz(3) as due to “ collisions of the second kind ” between
helium or xenon atoms and excited iodine molecules, in which a transfer
of energy takes place between kinetic energy of translation and the
energy of rotation and vibration of the iodine molecules; leaving the
latter still in the same electronically excited state, but with a range of
values of n’ and j/, each of which will correspond to a series of doublets
on re-emission. Two or three new bands appear on each side of each band
of the original (n”) series at intervals of about 81 wave numbers; indi-
cating that the vibration quantum numbers of the excited molecule, n’,
have been changed by collisions of the second kind, from 26, which is the
value of n’ in the fundamental series of doublets, to 28, 27, 25, 24, etc.
The interval between successive n’ terms in Mecke’s absorption series is
80.7 in the region n’=26, and its agreement with the spacing of these new
fluorescent bands indicates that the upper electronic levels in fluorescence
and absorption are the same.

The same thing must take place to some extent, even in the absence of
a foreign gas, when iodine molecules collide with each other; but, owing
to the comparatively low vapor pressure of iodine, such collisions will
be rarer during the life of an excited iodine molecule, and the correspond-
ing lines will be fainter. However, they are clearly shown in Plates IB
and IC, which are the fluorescent spectra of pure iodine, monochromati-
cally excited and exposed for one and for twenty hours respectively, so
that the original doublets are over-exposed.

SECTION 6. EXCITATION WITH THE BROAD LINE FROM THE
QUARTZ ARC

A somewhat similar, but less complete and less regular, filling out of
the bands occurs when the green mercury line is made wider by using a
quartz mercury arc at high current densities. The resulting spectrum,
excited by the green mercury line at its widest, when it covered seven
jodine absorption lines, is shown in Plates IIJ and IIK. It has been
analyzed by Wood (11 1#) and Mecke(”) into {en series of doublets, includ-
ing the one discussed above which they call the fundamental series. These
series all consist of doublets whose separation decreases slowly and linearly
with the ordinal number, p. See Figure 1. And each series contains a
resonance line, i. e., one coinciding with some part of the exciting green
mercury line. Wood has named the component of any doublet which is
on the same side as the resonance line, the “ main line ; and the other
component the “companion line.” And he has assigned an arbitrary
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number, p, to the doublets, starting with 0 for the one which contains
the resonance line and running to p=27 for the longest wave-length
doublet observed. Obviously, the main line is due to a return to the
original rotational state, m”=m,; while for the companion line,
m” =m +2. And the doublet of 0 order is due to a return to the original
vibrational state, n” =n ; while the p** doublet corresponds to n” =n+p
In five of the series the main line is the short-wave component of the
doublet, in the other five it is the long-wave component. Which it shall
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be in any particular series will depend on whether the absorption line
by which it is excited belongs to an R or a P branch.

The complete formulation of these series follows. It is due to Mecke(?),
with revision by Kratzer and Sudholt (), who computed the linear term
in the doublet interval, and by the writer, who has computed the small
constant terms from the slight differences in the positions of the absorp-
tion lines, all within the green mercury line, which excite the various
series. See Section 7. Denote by

F(p)=18307.5—213.667p+0.592p* +0.00207p° (20)
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the expression which represents the main line of the so-called funda-
mental series. Then the entire group of series is given by

vw=F(p)—0.53 +( 4.43-0.0175p) )

Yo=F(p) +0.26 +(424........ )

v =F(p) ~0.65+0.66p+ (11.85—0.053p )

v,=F(p) ~0.17+1.33p+ (16.08 —0.057p )

vs=F(p) +1.95p+ (19.0......... ) | (1)
vo=F(p) —( 5.20—0.0231p)
Vo=F(p)—0.84 —(516........ )
Vi=F(p)4+0.46+0.75p— (12.8......... )

va=F(p) +1.5p — (?)

Vs=F(p) +22p —(19.7......... )

where the quantities in parentheses represent the doublet intervals and
if omitted leave the expressions for the main lines but if included give
the companion lines. .

It will be seen, that, since the coefficients of p, p? and p® in (20) are
sensibly the same as those of n”, n”2, n”% in (15), all the fluorescent
series belong to the group of n” series; that is, each series has a single
upper state and a lower electronic state identical with that in the normal
unexcited molecule. The small linear terms in (21) are accounted for
below.

The expressions (21) represent twenty series of lines. Now the green
mercury line, if it is narrower than the interval between successive lines
in a branch in the region it covers, can at most give rise to four series
of lines from one band; i. e., a series of doublets excited by a line in
the R branch and another by one in the P branch. And this is the case
in all except the v, series; for the intervals between successive lines near
5460A, calculated from results below, are about 0.8, 2.2, 3.1, and 3.8
cm™ in the vo, v1, vo and v, series respectively, while the width of the
mercury line is about 1.3 em *. We conclude that the series (?1) belong
to at least four bands which overlap the green mercury line ; that, because
of the sign of the doublet separation, the series labelled » are excited
by lines belonging to an R branch, those labelled v by & P branch; and
that the v, and the ¥, series are excited by successive lines in the same
band.

Kratzer and Sudholt(?) have accounted for the linear terms, which
they call yip, in the expressions for the main lines, as follows. The main
lines of the i** series are given by

v (nll‘) ﬁ‘) — C'¢—¢u"0n”¢ (1 —:z:"n";) _ (B”o—a”n”g) "—'“2 (22)
which can be changed into a function of p by substituting from (6).
(P, M) =wi(ne, Mg) —w”op+0”oz” (P*+204p) +a"pmit.  (23)
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Subtracting from this a similar expression for v's(p, m’y), the main lines
of the fundamental series, and denoting the resonance line of the i**

series by
vi(fi, my) =F(0) + g4 (24)

we get for the difference between the main lines in the p** order
vi(p, mi) —vo(p, m'o) =gs+p[R" 02" (i~ o) +a” (M*—m4?)],  (25)
since ¢'o=0. Now by comparing Mecke’s absorption series (15) with the

theoretical expression (4) or (22) it appears that o”,z”=0.596. And
by (18) «”=0.00012. Hence,

ye=1.192 (75s — 6) +0.00012 (mi42 — 72’2 ). (26)

The last term in (26) has been calculated by Kemble and Witmer(?),
assuming that the successive fluorescent series in (21) are excited by
lines of bands having successive values of n'. That this assumption,
rather than the alternative, the variation of n”, is correct, is highly
probable; first, because none of the series (21) seems to have any
antistokes members ; and, second, because this assumption leads to results,
below, which fit the facts, while the alternative does not. In equation
(15) the band which lies nearest the green mercury line and which
presumably gives rise to the fundamental series is (' =26, n”=0). We
shall denote n’ for the other bands by

n=26+1 (27)
and the origin of band (2641, 0) by ovs. Then the frequency of the main
line in the zero order (the resonance line) of the ¢*» series will be

w(p:O, ;7_14)ZF(O)+g,=w¢+B’t2B'ﬁ¢+C1ﬁ¢2 (28)
where
C=B—-B".

Subtracting from this a similar equation for the resonance line of the
fundamental series
Vo(p=0,m's) =F(0) =evo+ B +2B'ms+ Cm,'? (29)
one obtains
Gs=ovi— ovo = 2B'my— 2B’/ o+ C (M — Mo'?) (30)
which can be solved for the second term in (26) yielding
=) | a0 2B 2B

—C c 0 C
first term on the right-hand side of (30), which is much the largest,

be calculated entirely from Mecke’s data- on absorption. For, since

o (M4? ~My'?) = . (81)
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the origins are sensibly coincident with the heads, ovi —ovo can be cal-
culated from (15). And, by equations (1%-19),

C(26,0)=C(4,8) —22a'—8a" = —0.013;  &”=0.00012. (32)

The g, can be taken from equations (21) and the m’s, as well as
B’'=B"+(C=0.024, from Table 3, with more than sufficient accuracy
for the calculation of the other terms, which are small. The value of the
last term, so calculated, is —0.015. The resulting values of a” (m2—m,'?)
are shown in column 6 of Table 2 for comparison with the observed values
of y; in column 7. The agreement of the last two columns is close enough

TABLE 2
a’’ (o¥ ¢—oVo) a0 — 2a"B'm,

i oVi—o¥g —C C [ a” (m ?—mo’4) Y
0 0. 0.000 -+ 0.005 — 0.014 —0.03 0
0* 0. 0.000 — 0.002 — 0013 —0.03 0

1 79.65 0.736 -} 0.006 — 0.036 + 0.69 0.66
2 157.25 1.452 — 0.002 — 0.049 . +-1.39 133
3 232.78 2.15 ? — 0.058 -+ 2.08 1.95
o' 0. 0.000 0.000 -+ 0.015 0.00 0
o* 0. 0.000 -+ 0.008 -+ 0015 + 001 0

1 79.65 0.736 — 0.004 -+ 0.038 +0.76 0.75
2' 157.25 1.452 ee (1.5)
3 232.78 2.15 ? -+ 0.060 + 22 22

to make it certain that ny—n',=0 in (25) and (26). And this accounts
for the fact, to which Mecke called attention without offering an explana-
tion, that y; is proportional to 4; for, since the bands are approximately
equally spaced, ovs —ovo, the variable factor in the principal term in (31),
will be proportional to «. Moreover, since none of the series (21) appear
to contain any antistokes members, it is probable that the common value
of n is the least possible. We shall, for simplicity, call this minimum
value 0, though it is more probable that % is correct.

The values of y; could be checked by calculating m; and m’, directly
from (11), using the average value of B”, in Table 1, and would be found
to agree only fairly well. But y; is much larger, and consequently more
accurately known, than 7, so that it is preferable to use the equations
so obtained to deduce a presumably more accurate value of B”,.
From (11)

mm (it 41) (59

”r= = ” dﬂ_do'z nd—'d’
o (M=) =o" “pepo ey, = (34)




282 MOLECULAR SPECTRA IN GASES

Table 3 gives in the second and fifth columns the value of B”, calcu-
lated from (34), and in the third and sixth columns, the values of m;
calculated from (33) using the average value of B”(=0.0366. The

TABLE 3

< By my g By’ i’ m'y
0 313 o’ 345 1.94
o* 30.0 o 342 148
1 0367 819 1 0387 864 248
2 0366 1108 2
3 0362 131. 3 0349 134.

Average* ... .....iieiiiin er ee ciee 0366 197

* Weighted according to number of doublets in the series.

discrepancy between these values of B”, and those in Table 1 is rather
unsatisfactory, but is undoubtedly attributable to the large experimental
errors in the determination of the 5¢ which enter (13).

It is of interest to calculate the location of the band heads, m”y, which,
of course, depends on the ratio of the coefficients of the linear and
quadratic terms in (28).

- B
m g =" (35)

Substituting B'=B" +C from (28) and taking C= —0.013 from (32)
and B”,=0.0366 from Table 3 we obtain

m” _ B” +C
- =C
m”y can be calculated in another and independent way from B”, and

the d;. For, subtracting the two equations represented by the upper
and lower signs in (28)

=1.82. (36)

g’i—g,zzB'(ﬁ"-i—ﬁ‘)+0(17“’2—1_'~Hz) (37)
or
vy _ B _miy—my g's—ge
(m'm)i=—5 =" 2(m's+me)C
= mdi-di y 2ge—g)B g

8B", (—=d+di)C
The values of (m”x): calculated by (38) are given in the seventh column
of Table 3, and are seen to agree well with the value in (36). Had B”,
been taken, from Table 1, as 0.030, the value of m”y from (36) would

have been 1.3 and the average value from (38) 2.5; which is unsatis-
factory. This confirms our opinion that 0.0366 is the better value of B”,.
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SECTION 7. CORRELATION OF THE FLUORESCENT AND
ABSORPTION SPECTRUM

We can now identify, in Wood’s reproduction, Plate IF, of the iodine
absorption spectrum, the lines which excite the stronger fluorescent
series (21). Mecke(”) has measured this reproduction and found
that most of the strong lines fit into three series, Ia, Ib, and II,
shown in Figure 2. Now the fluorescent series v,, v's, vo and 1, must,

06 millimeters

0 50 10 150 200

FiGuRre 2.

on our theory, belong to the same band, since they all have y=0. And
this is quite possible, since the spacing,
dv

- —= 4 m" = — -1
dm +2B +2Cm 0.82 cm™!, (39)

calculated from Table 3 and equation (32), between successive lines in
either the B or P branch of the band {=0(26,0) is small enough to
allow two lines of each branch to fall within the wide green mercury
line. It is an obvious step to identify Mecke’s series Ia and Ib with the
P and R branches of this band. They have the right spacing, about 7.45
mm. on the reproduction, which corresponds to dv/dm=-0.83 cm-.
And they supply the four absorption lines within the green mercury line,
which are needed to account for the four series of doublets. One of them,
Ib 11, is Wood’s absorption line 3 which nearly coincides with the narrow
green mercury line, and which certainly excites the fundamental series
¥o. Now serfes v/, and +, have a negative doublet interval and their main
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lines must therefore belong to the R branch. It follows that series Ib
is the R branch, and that Ib 12, the other line in this series within the
green mercury line, excites #,. Lines Ia 11 and Ia 12 must excite series
vo and ¥,. That they are to be assigned as in Table 4, and not in the
alternative manner, is provec by the fact that this assignment gives
corrected doublet intervals Av,=4.43, AV,=4.24, which agree, while the
alternative assignment does not.

It is natural to expect that the next strongest absorption series in the
AB460 region will be the B and P branches of the band (27, 0) =1,
to which +;, and v, belong. The spacing between successive lines in either
branch of this series calculated by (39) should be 2.11 ecm™, whereas
Mecke finds the single series, II,’with a spacing of 10.0 mm. correspond-
ing to 1.12 cm™ or about half what one should expect. The natural con-
clusion is that alternate lines of this series II belong to the R, the others
to the P branch. Series v; should be assigned to line II 12, rather than
to IT 11, which also lies within the green mercury line, because this gives
a corrected doublet interval in the zero order which agrees well with
the Ay, in higher orders, whereas the alternative assignment does not.
This leaves II 11 to excite series v';.

Series v, is assigned by Wood to absorption line number 4 because it
is the lirst new series to come out when the green mercury line, which
lies between absorption lines 3 and 4, is broadened, either by raising the
potential from 30 volts, which excites only the fundamental series, to
60 volts, or by using end-on emission. We can now be sure of this point
because line 4 is the only absorption line shown on the reproduction
within the green mercury line, which has not been assigned by Mecke to
his series Ia, Ib, or II.

Mecke’s series v, is probably illusory. Tt is based on only 5 main lines
and -no companion lines, although the intensity of the two components
of a doublet should be equal. Moreover, most of the supposed main lines
fit about equally well into other series. Moreover, an extrapolation of the
relative positions of adjacent P and R lines in the zero and first bands
(series I and II) indicates that no line of the R branch of the second
band can lie within Hg 5460.

No lines within Hg 5460 are left to account for series v; and v's which
must be excited by absorption lines either too faint to be detected, or
in coincidence with others, or possibly by absorption line 0 which is in
coincidence with a satellite of Hg 5460.

The above assignments are summarized in Table 4.

Having identified the main lines in the absorption spectrum, it is easy
to pick out the corresponding companion lines by adding or subtracting
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the known doublet interval. The resulting correspondence is also shown
in Table 4. The fact that both main lines in the Ib series turn out to
have companion lines in the Ia series, and vice versa, and that the com-
panion line of IL 11, an odd-numbered line, is IT 22, an even-numbered
line, is a good check on our interpretation of these three series.

Wood (11 p. 85) has investigated the rotation of the plane of polariza-
tion of mercury arc light passed through iodine vapor parallel to a strong
magnetic field and has reported that the direction of rotation in the
neighborhood of five of the absorption lines is as shown in the seventh
column of Table 4, where a + sign indicates the normal direction of
rotation, the same as for ‘the D lines of sodium. It will be seen that we

TABLE 4
CORRELATION OF ABSORPTION WITH FLUORESCENT LINES IN THE ZERo ORDER
Exciting (main) line Compamon hne
T s ] [ Sy S
[ - gg 2 o8& - f = g§
s | 28| =2 53 S |52 =2 (=8| 8 23 53
22 |3E| %% = @ 25 2 | %E = LE 5
S| 8 | o3| S8 33 ! e 2 | 32 [ EE g2
] -3 3 - [ a = ® = a = a
vo | P | 5 | la12 73.5 |—0.526| + | R | 5 |+ 3.9[Ib 6 34.5
vp*| P | 2 | lal11 | 66.4 [40.255 + | R | 4 |4+ 46| 1Ib 5 23.3
vy P 6 | IT 12 74.9 |{—0.650, + | R 3 |4 11.4 ...
ve | P | 4 . 70.4 |—o0.174| 4+ | R | 2 |4 16.1
I P e | R 1
» | R 3 | Ib11 68.7 0.000 — | P 7 |— 5.0 la17 | 114.5
'l R 7 | Ib12 76.2 |—0.838 .. p 8 |— 6.1 1a18 | 123.5
v | R 1 | 1111 64.9 |+ 0.460 .. P 9 |—12.2 | 11 22 | 178.6
vw | R | — — — — .. p — — — -
vy R P

have been forced to assign to a P branch every line which shows +
magnetic rotation, and to an R branch the line which shows — magnetic
rotation. For the interpretation of this result the reader is referred to
Chapter VII.

Having identified in the absorption spectrum both lmes of the fluo-
rescent doublets, we know which lines in the 2 and /> branches have the
same m’, and can easily deduce which have the same m”. We are now
in a position to plot the corresponding frequency differences

Vn(m' ) —llp(m' ) =4B" (m" p+ 1)=
vi(b) —va(b +6) =4B"[m”(b) +1] (40)
and
ve(m”) —vp(m”)=4B" (m'r —1)=
w(b) —va(b+4)=4B [m' (b)—1] (41)
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against b, the arbitrary number which Mecke has assigned to lines in the
R branch; to find 4B’ and 4B” from the slopes of the graphs; and to

=4Blmib)+1]
5 | —
41—
A
3 —
Lh)-24(b+4)
=4Bmnb)-1]
24—
1
O lllllllllLlllll_llLlll |llll]lll|lljllllllJlll
-20 -10 0 +10 +20
Fiuure 3.

determine the absolute numbering of the lines from the line number at
which the frequency differences extrapolate to zero. See Figure 3.

This the author has done, using the wave lengths of the fluorescent
lines as reported by Wood to determine the scale of his absorption spec-
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trum reproduction, on which comparison lines are lacking: with the
following results:

B'=0.0248  B”"=x0.0384 C=B-B"=-00136. (42)

Results much better then the above have, however, been ohtained by
analyzing some plates of the iodine absorption spectrum taken by Wood
and Khngaman for a forthcoming paper(*®) and kindly made available
to the author in advance of publication. The analysis has not yet been
completed but it has already proved possible to identify some 100 or 200
lines in each of seven bands overlapping the green mercury line and to
deduce therefrom accurate values of the constants of the iodine molecule,
of which the following are of interest here:

B'(29) = 0.023368 = 0.000005
B” (0) =0.037300 +: 0.000C03
C(29,0) = —0.013932
B’ (0) extrapolated *= 0-0891

I'y=951 X107 g. em?,
I"y= 742 X 107*° g. cm®*.
r'e=3.01xX10"% em.
ro=2.66X10"% ¢m.

(43)

The absolute values of m’ for the zero order fluorescent lines are given
in Table 5, together with their probable errors. Also, the frequencies
of the companion lines reported by Wood are given in column 4 for
comparison with the frequencies of the corresponding absorption iines
in column 5.

TABLE 5

Frequency oiﬁg{n[):nr\:on line

Band i m’ T;:ﬂuorcsccnce n nbsm-mion‘
(26, 0) 0 29 551 18311.4 18311 37
0* 28.551 + 0055 18312.1 18312 v4
0o’ 34 551 18302 5 18302.36
o*' 35 551J 18301.4 18301 36
(27,0) 1 80.515 Vs 0.03 18318.9 18318 82
1’ 85515 J— 18295.31 18295.22
(28,0) 2 108.5 183236 18323.45
2' none  Lioeee e
(29,0) 3 129 5 18326 3 18326 23
3 134.5 183879 off plate

+ Wood gives 18204.8. The value in the table is from a remeasmement of his reproduction.

Figure 3 shows the frequency differences which occur in equations (40)
and (41) plotted, for hand (26, 0), against Mecke’s . The frequencies

3 For the method of extrapolation see a paper by the writer in the Physical
Review for January 1927.
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were measured on Wood and Klingaman’s plates. The numbers in (43)
are based on more data than are shown here, including measurements
of several other bands, some of which were followed to values of m as
high as 150. In these bands cubic terms had to be added to equations
(40) and (41).

The values of m’ in Table 5 are evidence for the doctrine of “ half-
quantum numbers ”; or at least they definitely disprove the earlier
hypothesis of integral numbers and are consistent with half-integral ones.

The relation of the fluorescent doublets of zero order to their absorp-

1150 (30,0) o . : N . . o
L (90r oAV, ., |4 °
5T 4 - .
@9 - . . .|| e
I N AT
1100 .
@70. . A ) AV
, . —T e .,
m 6 l ° ° ° ° °
AV
> Wide green mercury line
{50 Cea, .
@607 "« v e el o, | AR
g-zu °°o o ©q
AV? T o,
Oog,
0 18290 V 18300 18310
Ficure 4.

tion bands is shown in Figure 4 wherein m’ is plotted against observed
values of v in the region near Hg5460 for the bands (26, 0), (27, 0),
(28, 0), (29, 0), (30, 0), the first four of which are responsible for the
fluorescent series 0, 1, 2 and 3 respectively. The fluorescent doublets are
indicated by horizontal lines.

It should be noted that the unravelling of the complex iodine absorption
spectrum, and particularly the assignment of absolute quantum numbers,
would probably have been impossible without the clues furnished by data
on fluorescence. For, particularly in the green, the lines are so crowded
and belong to so many overlapping bands that other methods of number-
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ing them are out of the question. A perturbation of sufficient magnitude,
for instance, would probably result in misidentifying the line. And the
origins come so far within the unresolved regions near the heads that
the “missing line ” could not be located.

SECTION 8. ANTISTOKES DOUBLETS AND THE EFFECT OF
TEMPERATURE

The occurrence, in Wood’s experiments with the quartz arc, of two
groups having greater frequency than the exciting light, the so-called
antistokes groups, p= —1*and —2, means that some iodine molecules
must be able to radiate more energy than they absorb, and must therefore
have possessed cnergy equivalent to at least two quanta before being
struck by the mercury light. It is natural to attribute this to thermal
energy since two quanta is about the average state of vibration at the
temperature of Wood’s experiments. This has been confirmed by some
experiments which Pringsheim(1®) has made with fluorescent iodine
vapor at varied temperatures. e found that, while the doublets of any
particular series changed all together with the varying temperature,
keeping the same relative intensity, the several doublet series varied with
respect to each other, some being weakened and some enhanced by rise of
temperature. He even found new series to appear at high temperatures,
one at least of which showed antistokes members as high as p= —4. This
is significant, for it means that the molecules which emitted them must
have had four vibrational quanta before absorption, i. e., must have
belonged to a class which is comparatively rare at low temperatures and
becomes more common as the temperature 1s raised. Presumably, on the
other hand, those ceries which are weakened by rise of temperature are
due to molecules which before absorption have low thermal energy, and
which therefore hecome relatively rarer at higher temperatures.

SECTION 9. INTENSITIES AND THE CORRESPONDENCE PRINCIPLE

The long fluorescent series of lines with « «cmmon initial state offers
a splendid opportunity for the study of relative probabilities of transition.
The intensities of the doublets vary in an irregular manner, orders 2, %,
14, 21, 24 and 26 being missing from the fundamental series according
to Wood (' p. 39) and the estimated intensities of the doublets from
0 to 19 being given by Lenz(*) as 10, 9, 1, 3,8.2,9,0, 8, 3,2, 7, 0, 7,
0,2,1,0 . ... This irregularity cannot he accounted for by reabsorp-
tion of the fluorescent light, for it is highly improbable that both
components of each doublet should coincide with other absorption lines

19
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and be effected equally. But Lenz(*) has applied the correspondence
principle to a simplified molecular model emitting a hand spectrum, and
has shown that the combination tones in the electronic motion due to a
non-linear coupling with the nuclear vibration may, if certain constants
have suitable values, be such as to correspond to very irregular vari-
ation with »n” of the probability of transition. For instance, he gives
one set of calculated values as : 0.97; 0.03; 1.02; 0.055; 0.77; 0.88;
0.003; 0.75; 1.62; 1.36; 0.69; 0.16; 0.063; 0.013; 0.0023; 0.0003;
0.00004. This is qualitatively very similar to the above set of observed
values, even to the characteristic occurrence of very weak lines between
two strong ones. For further discussion see Chapter IV Section 8,
and Chapter VII, Section 1.

SECTION 10. ULTRA-VIOLET EXCITATION

Todine fluorescence has been studied by MecLennan (%) using various
sources of ultra-violet light for excitation. The resulting spectra are much
more complex than Wood’s and have not yet been analyzed in detail;
but a number of interesting qualitative relations have been noted. The
fluorescence begins in the ultra-violet with series apparently similar
to those excited by the green mercury line, but merges into a com-
plex band spectrum in the visible. This band spectrum, quite unlike
the fluorescence in Wood’s experiments, does mot depend either in
position or intensity distribution on the particular source of ultra-
violet light used to excite it; provided the source supplies strong light
in the region 1800-2000A. Undoubtedly the essential difference between
Wood’s and McLennan’s experiments is that absorption of the green
mercury line leaves the iodine molecule in a state from which only a direct
return to the normal electronic level is possible; but the greater amount
of energy available after ultra-violef excitation makes possible a return to
the normal level by several stages. The series of doublets in the ultra-
violet would then correspond to the direct return to the normal electronic
level, as in Wood’s experiments. But molecules which fell first to an
intermediate electronic level would oeccupy a series of vibrational and
rotational states which would be initial statey in the subsequent fall to
a still lower level. Tn other words, they would emit a group of bands
in the second stage. And this group would be independent of the original
excited state, and hence of the exact line used for excitation.

SECTION 11. IONIC RECOMBINATION SPECTRUM

Another interesting aspect of the iodine fluorescence excited by ultra-
violet light is the continuous band at 3460 A which has been studied by
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Oldenberg(?) and which he attributes to the recombination of the ions
I* and I~. His reasons are as follows. In the first place, on the addition
of a foreign gas this band behaves quite differently from the ordinary
band spectrum fluorescence. The effect on the ordinary fluorescent spec-
trum of adding any other gas such as Ife, Ne, H,, O, or (0, but
especially N, is, as explained in Section 5, to transfer energy by collizions
of the second kind between excited iodine molecules and molecules of,
say, No. This, if the N, pressure is not too great, merely results in a
multiplicity of initial states for fluorescence and a more complex fluo-
rescent spectrum; but ab large N, pressures co much of the energy 1s
transferred to the N, and dissipated, that the fluorescent spectrum is
completely extinguished. On the other hand, the 3160 band is not
weakened, possibly even brightened, by the addition ¢f foreign guases even
at atmospheric pressure. The only effect on it is to shift its intensity
towards the low frequency edge at high pressures and to cause it to
separate into continuous partial bands. (See Plate T1M.) Tt seems certain
that the initial state for bands which behave in this way must be some
sort of ions; for any sort of excited molecule must surely become a prey
to collisions of the second class, while a pair of ions cannot lose their
energy of separation until they come near enough to recombine. Other
coneeivable pairs of jons are eliminated by various considerations such
as insufficient energy, ete., (2). That the final state in the emission of
this band is an jodine molecule follows from the resolution into partial
hands by pressure of foreign gases. The interval between these partial
bands is about 95 wave numbers, which is the order of magmtude of
the intervals between successive bands in the »’ series and indicates that
the molecule left after the recombination of the ions and the emission
of the 3460 bands is still excited. The continnity of this band m pure
iodine, and of the partial bands into which it is resolved by pressure, is
undoubtedly due to the continuous range of kinetie energies possible in
the separated state of the ions, which is the upper level in emission.
Oldenberg does not offer any plausible explanation of the effect of pres-
sure in bringing out the structure, which of course is the opposite of the
usual effect. But it seems Tikely that it is due to a limitation, by collisions,
of the speeds with which the ions approach each other, and hence of
the range of energies in the initial state. This ix confirmed by the fact
that a rise of temperature causes these bands to lade out again; and that
while different foreign gases need to bhe at different pressures to bring
them out, the bands are always at the same positions.

The rather sharp low frequency edge of this band, corresponding,
of course, to high final vibration quantum numbers, is attributed by
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Oldenberg to an approaching instability of the molecule; the evidence
for which is the considerable drop in the frequency interval between the
bands near this edge. An apparently analogous phenomenon has been
noticed by Mulliken(®) in the spectrum of CaH.
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CHAPTER VI1

MOLECULAR MODELS, GYROSCOPIC MOTION, THE ZEEMAN
EFFECT, AND RELATED TOPICS

Epwin C. KEMBLE
SECTION 1. THE FORCES WHICH GOVERN MOLECULAR VIBRATIONS

Part 14. TaE DuMms-BELL MobEL

The first model of the molecule to which the student of band spectra is
usually introduced consists of a pair of heavy particles (nuclei) with a
mutual potential energy V (r) dependent only on their separation (cf.
Chapter IT, Section 5). In this model we may consider that the electronic
orbits associated with the atoms have been replaced by a weightless spring
with a somewhat complicated law of force. In justification of the use of
this artificial picture one may observe that, whatever the nature of the
orbits, a very slow relative displacement of the nuclei produced by ex-
ternal forces applied directly to them will be reversible (Ehrenfest’s
adiabatic principle) and will require an amount of work depending only
on the initial and final values of the internuclear distance . The energy
supplied in this manner in order to change thie internuclear distance from
its equilibrium value to any other is to be identified with the potential
energy of the spring. It actually goes partly into mutual potential energy
of nuclei and electrons and partly into kinetic energy of the electrons.
The “ potential ”” energy function governing such slow displacements will
also govern the rotary and vibratory motions of the nuclei provided that
the vibratory variations in r take place slowly enough to permit the
electron orbits to adjust themselves to the instantaneous value of r.

It seems probable that the above idealization of the molecule will cease
to work when the frequency of the internuclear vibration becomes com-
parable with one of the electronic frequencies. The action of an external
light wave on an atom presents an interesting analogy. If the wave has a
frequency low compared with that of the first absorption line of the atom,
the polarization produced by this varying external influence, as recorded
by dispersion, is sensibly the same as for a static field. On the other hand,
if the frequency of the light wave is close to that of an absorption line,
the atom not only ceases to react statically, but ceases also to react in
accordance with the Newtonian mechanics.

293
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This observation lends point to the study made by Birge* of the effec-
tive potential energy functions governing the vibratory and rotary
motions of molecules, for in dealing with the rotational energy levels for
the state of zero vibration we are observing the effective potential energy
under essentially static conditions. In the cases examined by Birge, the
two energy functions seém to be the same, but the foregoing argument
would suggest that the result would be different in the case of a molecule
in which there is an electronic frequency as low as the vibrational fre-
quency. Presumably there is such a low frequency in case the energy level
whose effective potential energy is under consideration is a member of an
electronic multiplet.

It is of interest to inquire regarding the effect on the electronic orbits
of changing internuclear distance. The most obvious result of such a
change is a distortion of shape such as that which accompanies the polari-
zation of an atom in an external electric field. An effect of even greater
importance from some points of view, however, is the change of kinetic
energy and frequency. It is a well-known theorem of the classical
mechanics that in a system of particles attracting or repelling each other
according to the inverse square law the total energy is equal to the nega-
tive of the mean kinetic energy. Assuming, for the moment, the validity
of the classical mechanics for the stationary states of a molecule, we may
apply the theorem to the electrons alone if we imagine the nuclei held
rigidly in place at some arbitrary relative distance r by forces external
to the system.’

The mean kinetic energy of the electrons is then equal to the negative
of their total energy or to the work required to remove them all to rest
at infinity. The value of this energy as a'function of r can be obtained
by subtracting the nuclear potential energy from the effective potential
energy V(r) of the spring of the equivalent dumb-bell model. Denoting
the atomic numbers by Z, and Z,, we thus obtain the expression

Ee=—T=V(r)—

2
i;zi + const. (1)

for the kinetic energy in question. As the product Z,Z, is large, the

2
variation of —i— Z,Z, with r is probably always much larger than the

variation in V(r) for any internuclear distance to be considered in con-
nection with a band spectrum problem. Reference to the V (r) graph for

! Chapter 4, Section 8, p. 236.

* An inspection of the proof of the theorem (cf. Van Vleck, “ Quantum Principles
and Line Spectra,” p. 20) shows that it is applicable if some of the particles are
held fixed provided that the mutual energy of the fixed particles is not included
in counting up the “ total ” energy. [This statement is incorrect. Aug., 1930.]
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the HCI molecule given by Kemble(!) gives convincing evidence on this
point. The curve shows V plotted against 7,/r. The function e?Z,Z,/r
when plotted against the same independent variable would give a straight
line with a slope 17 times the limiting slope of the V() curve for infinite
r or zero ro/r. Hence the mean kinetic energy of the electrons must in-
crease as r decreases and we may infer that the frequencies of the elec-
tronic motions also increase as the atoms in a molecule are brought closer
together.

The latter inference is supported by introducing the quantum condi-
tions in the form

T =3nxhor (?)

in which 7% and nx denote respectively the mean kinetic energy and the
quantum number associated with the frequency wi. According to the
adiabatic principle the n’s will be unchanged during a slow variation
in 7 and, as the quantum numbers may always be chosen in such a way as
to be intrinsically positive, it is clear that

. 2 or
> = e <0 3)
k
Thus the assumption that the classical mechanics may be used to describe
the stationary states leads to the conclusion that in general the {requencies
of the electrons increase with decreasing nuclear separation. Individual
frequencies may, however, depart from the general rule.

Fortunately there is another line of attack which gives us information
about the variation with » of the electronic frequencies associated with
the various band systems. The band spectrum data enable us to determine
the first terms in the power series expansion for the apparent potential
energy V(r) in the neighborhood of the equilibrium point(!). In some
cases the general course of the entire curve may be determined for
both the upper and lower energy levels connected with a band system.
Figure 1a shows a pair of such curves drawn up for a band system in
which the more excited state has about the same moment of inertia
(equilibrium value of r) and vibrational frequency as the less excited,
while Figure 1b shows a case in which the upper energy level has a larger
moment of inertia and a lower vibrational frequency. The difference
between the ordinates of such a pair of curves for any given value of »
has the following simple interpretation.

Let the nuclei be assumed to be held fixed by external forces so that
they cease to form a part of the system to which the quantum conditions
are applied. Then let the electronic transition e’->e¢” associated with the
band system take place with 7 subject to constraint. The energy change,
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in accordance with (1), must be equal to the difference in the correspond-
ing ordinates of the two V' (r) curves. By the mean frequency theorem *
it is also proportional to a mean value of the electronic frequency w,
associated with the transition. Hence

"

V(D -v(r)=3 Lu %?— de =i, (4)
where the sum is to be extended over all the electronic quantum numbers
involved and @, is the mean obtained by averaging . over a continuous
series of classically permissible non-quantized orbits or states intermediate
between these determined by ¢’ and e”. (. itself is, of course, not neces-
sarily one of the fundamental electronic frequencies, but may be a com-
bination tone formed from them). Hence the variation in @, with r is
measured by the V'— V" curve. It is easy to see graphically that when

VI("\

- t
FIGure 1la. Frovre th.

ro (the equilibrium value of r) is greater for the excited state, V'— V"
must decrease with increasing r in the neighborhood of the points r=r,
and r=r",; while, if r, is least in the excited state, V' — V” must increase
with increasing r. We may conclude that if the moment of inertia of a
molecule is increased by excitation, the corresponding mean electronic
frequency ws (and probably also v’c and o”¢) must decrease with increas-
ing nuclear separation, and vice versa.

Empirically we find that the moment of inertia may either increase
or decrease when a molecule passes from a lower to a higher electronic
energy level. Equation (3) indicates that the former case should be the
more common and the experimental facts seem to corroborate this
prediction.

The variation in the electronic frequency with » thus correlated with
the V' and V” curves is to be identified with the variation postulated by
Lenz(®) in his attempt to explain by the correspondence principle the

! Cf. Chapter 1I, Section 3.
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large changes in vibrational quantum number which accompany an
electronic transition. He found that if the restoring force governing the
motion of a linear oscillator of frequency w. is subjected to periodic
fluctuations with the frequency o* of the nuclear vibration, the perturbed
motion is expressible as & sum of periodic terms with the frequencies
Q.+ 7o"™ where 7 is a positive or negative integer and €, is the unperturbed
value of we.. These components are to be correlated with transitions for
which #'—n"” =7. Their amplitudes a, are Bessel’s functions of order =

and argument —A-" where A is the maximum difference between w, and its
o

mean value Q.. If —‘%— is small, the amplitude a, is the largest and the

transition for which n’—n” =0 should be most prominent, but if f—; is

. A
large, the coefficients vary irregularly as r increases from 0 to ey beyond

which point they drop gradually to zero. The occurrence of transitions
with large values of ' —n" is thus to be correlated with a large variation
in the electronic frequency.

Our present point of view goes beyond that of Lenz in showing that
such large changes in frequency should accompany transitions in which
there is a large change in the molecular moment of inertia. This is the
same condition as that required by Franck’s “ mechanical ” theory for
large changes in n and is in accordance with the observed facts.* A may
be taken, as a first approximation, equal to the product of the amplitude

2

. . 1 a r ” —_ re — yrn s
of the nuclear vibration and W —a7(V v”y. 1t 3 (V'—=V") is treated

as constant and if V is treated as a quadratic function of r—r, near the
equilibrium point, the following rough approximation for the change in
internuclear distance may be derived

a ’ ”

o (V' =V

v
or?

A simple calculation shows further that for a vibrational motion of
quantum number n

(5)

rro _rno_____

_""_ =V4nP (6)
(0]
where P is the number of vibrational quanta required to make the
amplitude 7o —r",. The crudity of the approximations involved in deriv-
ing (6) will be evident if we observe that the variation in the vibrational

¢ Cf. Chapter 1V, Section 8, p. 248.



298 MOLECULAR SPECTRA IN GASES

frequency o® from one electronic state to the other is neglected. In the
case of iodine where large values of n'—n" are especially prominent, -Z‘;-
[}

works out to be 10V n if we base the estimate on the vibrational frequency
in the lower electronic level, but 8\/n if we use the vibrational frequency
for the upper level. These values are ample to account for the large
changes in the vibrational quantum number actually observed.

On the other hand, since the Bessel’s function of order zero and argu-

ment —A"- is not necessarily small compared with Bessel’s functions of
(7

higher order with the same argument, this theory is not able to account
for the complete absence of transitions in which n’—n” is small as does
the theory of Franck. It is not unreasonable to hope, however, that this
difficulty may be overcome by the application to the problem of the new
quantum mechanics of Heisenberg and Born.

Part 18. PorLArR MOLECULES

The typical polar molecule of the chemists is composed of positive and
negative ions, its formation having been accompanied by the transfer of
one or more electrons from one atom to another. Molecules of this type
have normally such large electric fields that they are difficult to vaporize
and have not been studied to any great extent in the gaseous form. The
non-metal hydrides, however, form an exception to this rule due to the
small size of the hydrogen ion which may permit it to imbed itself in the
outer portion of the electron-sphere of the negative ion to which it is
attached; thus reducing the electric moment to a moderate value.

There can be no doubt, in view of the work of Born, Debye, and others
on the properties of solid ion-aggregates and of ions in solution, that
molecules of this type are held together by electrostatic forces. At very
large distances each ion may be regarded as a point charge and the
attractive force is governed by the Coulomb inverse square law. When
the distance between the ions is smaller, the polarization of each by the
electric field of the other must be taken into account. As a first approxi-
mation, the induced atomic dipole moment may be assumed to be given
by an equation of the form

P =qaF

where ¥ is the external electric field (assumed uliiform) and a is a con-
stant called the atomic polarizability. The value of « may be determined
from dispersion measurements(3). As the electric force at a point on the

axis of a dipole and distant  cm. from it is g,,.‘li), and as the inducing field
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is approximately e/r?, the additional attractive force due to I’ is

Rae?
Fp= =
A natural step forward consists in the investigation of the extent to which
the properties of molecules of this type can be accounted for in terms of
an ion-model consisting of a charged polarizable sphere with a repulsive
field varying as some large inverse power of r. The recent work of
Hund (%) in this direction is notable since it shows that the triangular
form required for the molecules of H,O and H,S by several lines of
evidence may be accounted for by an ion model of spherical symmetry.
It would seem at first glance as if a symmetrical rectilinear arrangement
of the atoms in these molecules would be required by the assumption of
symmetrical force fields and that the triangular form must indicate
“ directed valence.” Happily for the simplicity of the theory, this is not
the case. In shifting from the symmetrical rectilinear arrangement to a
suitable isosceles triangle, the increment in the mutual potential energy
of the hydrogen nuclei is offset by the decreased mutual energy of the
hydrogen nuclei and the oxygen or sulphur ion brought about by the
polarization of the latter. If the polarizability of the negative ion is large
enough, the triangular configuration is therefore the stable one. In the
same way Hund shows that if the polarizability of the N~~~ ion in NHj,
is large enough, the stable configuration is a polar one of tetrahedral form.

A rough approximation to the energy of dissociation into ions for polar
molecules can be made either by treating the ions as rigid polarizable
spheres or as polarizable spheres carrying a repulsive force field varying
as some large inverse power of the distance. In the case of 1,0, for
example, Hund, using data based on Kucken’s determination of the
moments of inertia and C. P. Smyth’s measurement of the electric
moment, calculates the heat of dissociation into ions from the model
and obtains good agreement with the value computed from thermo-
chemical data. The method is a crude one, however, and Hund in a later
paper(®) makes use of the band spectrum data on the course of the
potential energy curve in the neighborhood of equilibrium value of r.
This is combined with the theoretical curve for large values of r deter-
mined from the charges and polarizability to.yield a more reliable estimate
of the heat of dissociation.®

Most discussions of the forces exerted on each other by the atoms or
ions which compose a molecule or by atoms and ions in collision, assume

5 Hund finds that in the case of HCI the potential curve determined in this way
is in harmony with Born’s calculation of the energy of dissociation from thermo-
chemical data and the grating energies of chlorine salts. The more recent work of
Kemble(1), however raises serious doubt as to the validity of Hund’s conclusion.



300 MOLECULAR SPECTRA IN GASES

a repulsive force varying inversely as some large power of r, without
discussing the origin of this force. In the case of the polar halides, the
repulsive force at short distances may be accounted for by assuming that
the H nucleus penetrates the outer boundary of the electron-swarm which
surrounds the nucleus of the negative ion. If so, it enters a region in
which the outermost electrons no longer attract it strongly so that the
repulsive force between the two nuclei exceeds the net attractive force of
the electron-swarm and the H* ion. The hypothesis is plausible in view
of the small size of the H* ion and permissible from the standpoint of
the distances involved. In HC], for example, the internuclear distance
is 1.28 x 10" cm. and the mean radius of the sphere occupied by the
outermost group of the chlorine electrons is estimated to be about
0.95 x 10-® em. The latter figure refers to a Cl- ion undistorted by ex-
ternal action. The measurements of the electric moment of the HCI
molecule show that the Cl- ion ° has an induced electric moment equal to
that of a proton and electron about 10-® cm. apart, and since most of this
moment must come from the loosely attached 3, and 3, electrons, it is
possible that orbits of these electrons are sufficiently distorted to pass
around the II nucleus.

The foregoing explanation of the repulsive force is not wholly satis-
factory, however, since it is not applicable to the repulsive force exerted
at short distances by two atoms or ions both of which have electron shells.
It seems to the writer fairly certain that in most cases there is no ap-
preciable penetration of the outer shells. Such a penetration would
involve an apparently hopeless distortion of the orbits in which electrons
originally belonging to one atom would jump over to the other. More-
over, if such a penetration occurs, there is apparently nothing to arrest
it until it has become large enough so that the outer electrons of one
atom pass around the core of the other. The possibility that some of the
electron orbits do enclose both nuclei and are thus shared by both atoms
is a familiar suggestion for such non-polar and semi-polar molecules as
N, and CO. The hypothesis of the sharing of valence electrons is not
plausible for such crystalline salts as NaCl, however, and cannot possibly
be regarded as a universal characteristic of the formation of molecules.
In fact it is open to serious question for such typical non-polar molecules
as H, and I,. The evidence will be discussed in Part 1c.

We are thus led to the conclusion that in many molecules each atom
retains its own electron orbits and that the two electron spheres do not
interpenetrate. To account for the absence of penetration we must postu-
late the existence of a force of repulsion between the electron shells of

¢ The moment of the molecule as a whole is equal to that of charges e and —e
separated by the internuclear distance minus the moment induced in the CI- ion.
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atoms and ions strong enough at short distances to overcome the attrac-
tive force and ultimately to maintain the identity of colliding atoms at
whatever relative speed they may strike each other.

The mention of collisions in connection with this force of repulsion
should serve as a warning that we are here concerned with a question
which does not lie wholly within the realm of the classical mechanies and
the Bohr theory of stationary states. The repulsive force between the
atoms in a molecule can hardly be considered as distinct from the repul-
sive force exerted by free atoms in collision, and the latter, in turn, can
hardly be differentiated in principle from the repulsive forces exerted in
collisions between free electrons and atoms. But impacts of the last men-
tioned type lie clearly outside the realm of ordinary mechanics. The
experiments of Ramsauer, Townsend, and others show that atoms are
transparent to electrons moving with very low velocities, though they act
as if rigid in impacts with electrons of intermediate speed. When the
energy of the impacting electron reaches the first excitatfon potential of
the atom there is a sudden transition from the elastic to the inelastic type
of collision and finally, when it reaches a very high value (cathode and
beta rays), the atom once more becomes relatively transparent.

Perhaps the most hopeful suggestion bearing on this puzzling situation
is the “mechanical correspondence principle ”(®), (%), (), (?), first
formally enunciated by Pauli. This principle asserts the existence of a
correlation between the transitions which accompany an actual collision
between an electron and an atomic system, or between two atoms or mole-
cules, and the changes which would occur if the classical mechanics were
valid, such that in the limiting region of large quantum numbers the
actual statistical result of the collisions asymptotically approaches that
to be expected from the classical mechanics. This point of view has been
applied with success to the study of atomic collisions by Born, Jordan,
and Nordheim. (%), (?). 1t harmonizes obviously with the success of the
classical theory of the scattering of alpha particles on which the nuclear
conception of the atom is based.’

"1t is of interest to note that the mechanical correspondence principle suggests
the probability that changes in the nuclear energy which result from the impact
of an electron with a diatomic molecule must be essentially incidental to the
electronic changes produced by the collision The argument rests on the fact that
the period of vibration of the typical diatomic molecule (10-** scconds) is lamge
compared with the time of collision with an electron of moderate cnergy. For
example, the velocity of an electron with five volts of energy 1s about 10° cm./sec.
and the duration of the collision with an atom, estimated as the time required to
travel 10 cm. would be 10- seconds. As this is only a hundredth part of the
period of vibration, the change in the internuclear distance during the collision will
normally be quite small. It follows that if the electron actually strikes only one
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If there is such an asymptotic agreement between the results of actual
collisions and the predictions of the classical theory, we may suppose
that each of the forces actually operative between atoms in collision has a
classical analogue. The first steps toward understanding the repulsive
forces between atoms or molecules may therefore be made on a classical
basis.

In his crystal lattice theory, Born has used a static atom model with
the outer electrons arranged at the corners of a cube. Two neutral cubic
atoms of this type repel each other when placed face to face and oppositely
charged ions of similar construction and orientation will do the same
at very short distances. They attract, however, when placed corner to
face and the average force hetween neutral atoms for all orientations is

atom (as will usually be the case) the other will have little part in the encounter.
From the classical point of view cach atom would therefore be expected to react
to the colliding electron as if frec and the transfer of momentum from the electron
to the atom struck should therefore be subject to the same restrictions as those
which operate during the collision between an electron and a free atom. The
fraction of its energy which an electron can convert directly into nuclear kinetic
energy should therefore be very small (of the order of magnitude of the ratio of
the mass of the clectron to that of the atom). The argument thus leads to the
conclusion that changes in the vibrational gquantum numbers of molecules pro-
duced by electronic collisions must be incidental to the electronic changes just
as vibrational changes are incidental to clectronic changes in Franck’s theory
(Chapter IV, Seetion 8) of the absorption of light by molecules (collisions between
light quanta and molecules). The existence of an analogy between the effects pro-
duced by colliding electrons and colliding hight quanta 1s not new (cf. Birge and
Sponer(10).

The validity of the theoretical conclusion is supported by the experimental
observation that the dissociation of nolccules does not begmm when the energy
of the impacting clectrons reaches a valuc equal to the work of dissociation.

An important corollary is that when an electron with energy below the first
electronic excitation potential strikes a molecule the energy loss should be of the
same order of magnitude as 1f the electron had struck a free atom. In other words,
the colhision should be essentially elastic though the electron has sufficient encrgy
to change the vibrational quantum number by many units. In such 1mpacts,
changes of a few units of rotational angular momentum may easily oceur though
the corresponding energy transfer would be quite small. Thus, if an electron,
under favorable conditions, strikes a molecule af a distance of 10-* em from the
center of gravity and has its velocity reversed, it may deliver to the molecule an
angular momentum of the order of magnitude of VV (in units h/2x), where V 1s
the energy of the electron in volts. Unfortunately, it appears (private communi-
cation from Professor K. T. Compton) that there 1s some experimental evidence
for the occurrence of inelastic collisions between electrons and molecules at
voltages below the first electronic excitation potential. It scems highly desirable,
in view of the above considerations, that further experimental work be done to
determine, if possible, the magnitude and frequency of the energy losses of
clectrons under these conditions.
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zero. The device used to account for the force of repulsion at short dis-
tances is therefore unsatisfactory.

A suggestion due to Debye(11), however, is more promising. He calls
attention to the fact that if a free negative charge is brought near to
the orbit of a second electron rotating about a nucleus, the free electron
will tend to execute forced oscillations with the period of the orbital
motion and of such phase that its distance from the orbit is least when
the rotating electron is at the nearest point of its path. Hence the average
force of repulsion between the two clectrons is greater than 1t would be if
the free electron were stationary. A similar excess repulsion would be
produced by the changes in'the speed of the orbital electron due to the
proximity of the free electron. The former would tend to slow down as it
approached the latter, spending more time in the part of 1ts orbit near the
free electron than in the opposite part. Thus the time average of the
repulsive force would be increased. The resulting added force of repul-
sion increases very rapidly with decreasing distance. Lvidently the
same considerations will lead to a similar repulsion between atoms or
molecules.

The above argument neglects the changes in the shapes of the electron
orbits due to the external forces. These changes m shape should work
in the opposite direction to the effect considered above, and are to be
correlated with the polarizability of an atom or ion previously men-
tioned. To complete the discussion a general proof should be given
that the attractive force due to the change in orbital shape unler
the influence of a neighboring ion or dipole varies less rapidly with
distance than the repulsive force due to the Debye effect. This proof
is lacking at present, as the discussion of atomic polarizability by
Born and Heisenberg is based on the empirically measured dielectrie
constants of gases rather than on an analysis of the effect of external fields
on the electron orbits. The detauled study of various possible models
of the 11,* ion by Pauli(8) and Niessen (12) as well ax the examination by
Nordheim (}3) of the mutual perturbations of two hydrogen atoms as they
slowly approach each other shows, however, that the attractive force
should actually exceed the repulsive force at large distances aceording to
the classical mechanics. On the other hand, these authors have not
attempted to separate the contributions of the change in orbital shape
and of the Debye effect to the total force.

Although the above considerations suggest classical analogues to the
attractive and repulsive forces which must eaist at large and small dis-
tances respectively, it does not seem possible to carry through a complete
theory by applying the classical mechanics to the slationary states. This
is indicated by the work of Nordheim on the hydrogen molecule just
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mentioned (13). He has examined the forces between two hydrogen atoms
as they approach each other adiabatically in various orientations which
conform to the quantum conditions. It turns out that from the stand-
point of the classical perturbation theory there can be no equilibrium
position for those relative orientations which have the greatest energetic
stability. Before the atoms get close enough for the repulsive forces to
balance the attractive forces, a sudden discontinuous change in the char-
acter of the orbits takes place and the electrons cease to revolve solely
about their parent nuclei.

It seems reasonable to suppose that right here we face the breakdown
of the classical mechanics as a satisfactory means for the description of
the quantized states of an atomic system. Bohr has called attention to the
fact that the stability of the excited penetrating orbits in the alkali metal
atoms (and others) is not to be accounted for on a purely classical
basis (1¢). The orbits in question have such a small negative energy that
a slight perturbation or exchange of energy between the valence electron
and one of the interior electrons would suffice to throw the former into an
hyperbolic orbit and thus to produce spontaneous ionization. The energy
transfer required for this purpose would be exceedingly small compared
with the mutual energies of the inner group electrons which the valence
electron approaches at its perihelion point. If the suggested perturba-
tions actually took place, the orbits would lose the simple multiply
periodic character which is a necessary concomitant of the existence of
phase integrals and quantum numbers. Hence we may infer that one
of the outstanding differences between quantum mechanics and the
classical mechanies consists in a tendency on the part of orbital electrons
to “ignore ” the detailed variations in the forces which act on them and
to follow that multiply periodic motion which hest fits the average field
in which they find themselves. The actual orbits are thus simpler than
those required by a stfict application of the classical mechanics. A similar
conclusion may be drawn from the study of Ramsauer’s experiments on
the long free paths of slow electrons in argon and krypton.

Returning now to the problem of the repulsive forces between atoms
and molecules, we observe that the sudden transition from one type of
orbit to another to which Nordheim’s classfcal theory calculations lead
is incompatible with the maintenance of a multiply periodic motion and
it therefore seems probable that the laws of quantuin mechanics prevent
the transition and maintain inviolable the fundamental character of the
orbits even when the atoms are pressed closely together as in a collision.
Tf we grant the existence of quantum forces of the nature of constraints
which permit the deformation of an orbit but prevent it from * break-
ing,” the Debye forces should suffice to account for the repulsion which
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atoms exert on each other at short distances. It is altogether improbable
that the stability of atoms and molecules in collision can be accounted for
without the aid of such forces or of mechanical laws which take their
place.

Part 1¢. No~n-Porar MOLECULEs

We shall confine our attention in this section to diatomic molecules and
primarily to the symmetrical molecules of the elements. The fundamental
problem in setting up a model of a non-polar molecule is to account for
the attractive force which holds it together. In the case of polar molecules
composed of oppusitely cha.rged jons this force is supplied primarily by
the net charges on the ions. In the case of a molecule ion, in which one
atom is charged and the other neutral, the charge on the former and the
polarization which it induces in 1ts companion may be sufficient to account
for the attractive force. Some other explanation must be sought for the
neutral symmetric molecule, however.

The hypotheses regarding the origin of the attractive force for non-
polar molecules fall into two primary classes in one of which the link
between the atoms is supplied by electrons which are thought to be shared
in some way by the atoms, while in the other ecach electron is thought to
move in an orbit attached to one atom only, as in the polar molecules.
There are two possible ways in which shared clectrons might serve to
bind molecules together. The first of these is an arrangement in which the
shared electrons move in the plane which forms the perpendicular bisector
of the internuclear axis. The well-known hydrogen molecule models of
Bohr and Langmuir belong to this class. Electrons so placed attract both
the atoms toward themselves and thus act as a binding cement. The
crossed orbit model of the hydrogen molecule proposed by Born is bound
together in essentially the same manner.

Bohr’s model of the hydrogen molecule in which two electrons each
with angular momentum //2x rotate in a common circular orbit in the
median plane ol the molecule is open to several objections but not all of
these seem to the wriler as serious as commonly supposed. The dia-
magnetic behavior of hydrogen, for example, is frequently cited as evi-
dence against this Bohr model sinee the electronic angular momentum
must be corrclated with a magnetic moment according to the classical
electromagnetic theory. Moreover, calculations based on the classical
mechanics using this model give the wrong heat of dissociation. The
uncertainties introduced into ihe quantum theory by the introduction of
the Uhlenbeck-Goudsmit spinning eleciron and the new quantum me-
chanics are <o great, however, that these objections can hardly be con-
sidered decisive. A more serious difficulty comes out of the recent work

20
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of Witmer (%) in analyzing the ultra-violet Lyman bands of hydrogen.
His investigations show that the heat of dissociation of hydrogen may be
identified with the limit approached by the vibrational energy when the
vibrational frequency approaches zero. The implication is that the
hydrogen molecule breaks up into two normal atoms when it dissociates
as a result of taking up too much vibrational energy. Dissociation through
the absorption of vibrational energy should yield the same products and
require the same amount of work as dissociation thrgugh the slow
adiabatic separation of the nuclei by an external force, hut clearly the
adiabatic separation of the nuclei of the Bohr model would leave the
electrons moving in ever widening circular orbits in the median plane
so that the final product would be two ionized hydrogen atoms in-
stead of two mormal atoms. Hence the writer regards Witmer’s con-
clusion as definitely incompatible with the Bohr model. The models of
Langmuir and Born are open to the same objection and the failure of
models of this type for the neutral hydrogen molecule tends to discredit
the related Langmuir model of the molecule ion recently revived by
Urey (18).

The idea thatsymmetrical molecules might be held together by the
sharing of electrons seems to be due to (. N. Lewis, and is essential to the
Lewis-Langmuir static atom theory. The conception has heen so {ruitful
in correlating chemical facts that it is natural to try to translate it into
the dynamical language of the Bohr theory." \ccording to the static atom
theory the outer electrons in atoms tend to form groups of eight of cubie
shape and have great stability when this tendency is fulfilled. The groups
of eight may be completed in a molecule in either one of two ways. In the
tvpical non-polar molecule from two to four electrons play a double rdle,
entering simultaneously into the structure of each of two groups of eight,
one associated with each atom. In a few cases, such as that of nitrogen,
the two atoms are thought to join forces in such a way that their valence
electrons form a single group of eight which surrounds both nuclei and
the inner groups of eclectrons. The logical dynamical equivalent of the
static shared electrons of the Lewis-Langmuir theory would seem to con-
sist in orbital electrons revolving about both nuclei. Such “binuclear ”
orbital electrons would tend to act as interatemic cement if the electrons
spent most of their time in the region between the nuclei. We may regard
the molecule as made up of two positively charged ions and two or more
shared electrons. The ions will repel each other continuously, but when
the shared electrons are in the above-mentioned region they will exert

* The apphcation of this idea to BO, CN, N.*, CO* by Mulliken(17) has plaved
an important part 1n the development of our 1deas regarding the relation between
electronic energy levels in atoms and molecules.
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a strong force drawing the ions together. If the orbits are symmetric and
elliptic and lie in a plane through both nuclei, it is evident that the
electron velocity will be a minimum at a point half way between the
nuclei, and, hence, that electrons should spend the major portion of their
time in the region in which they are effective in holding the ions together.
It is also evident that the attractive force will rapidly decrease as the
orbits decrease in eccentricity.

The analysfs of the various possible models of the hydrogen molecule
ion by Pauli(®) and Niessen(!?) is of interest in connection with the
general problem of shared orbits. As there is only one electron, definite
conclusions are attainable as to the types of orbit permissible according
to the classical dynamies. Pauli divides the orbits into two fundamental
classes, viz., those in which the electron has an angular momentum parallel
to the molecular axis, and those in which there is no such angular
momentum and which therefore lie in meridian planes. There are orbits
of both classes in the plane which forms the perpendicular bisector of
the internuclear axis. As these orbits have already been I:ri«-ﬂy considered
and are not binuclear we need not discuss them here.” The remaining
types ol clectron path without axial angular momentum meclude orbits
which pass around both nuclei and completely fill a zone between two
ellipses and others which enclose one nucleus only. The last-mentioned
tvpe must eventually strike the nueleus and is discarded on that account.
The symmetrical orbits enclosing both nuelei turn out to be meapable of
holdmg them together. This suggests that even in the heavier neutral
molecules, such bhimuclear electrons are poor cement: but 1t is quite
possible that several such electrons might prove “strong ” enough where
one ix a failure. Another difficulty with orbits passing around both nuclei
comes out of the rapid precessional motion characteristic of penetrating
atomic clectron paths. On account of this precession it would seem that
an electron coming out of one atom and plunging into the other would
emerge from the second atom at a point o far removed from the first
that 1t would be unlikely to veturn o its starting pont until it had made
two or more loopx around the second atom. The path would be very
complicated indeed and 1t is havd to see how such an electron could act
as a binding foree hetween atoms or how it could be equivalent to other
electrons with <impler orbits in building up a stable group.”

Y Pault diseards these median plane orbats and also all those with zero o on
account of then dvnanmneal mstability, but the writer eonsiders the importance of
this requirement doubtful.

¥ From the speetroscopie standpoint, the most mmportant evidence for the
sharing of electrons 18 Mulliken’s correlation of the spectra of Na, Mg, and Al,
respectively, with the spectra of certam corresponding molecular species (e. g.,
BO, CO, NO)(17). This corrclation was established on the basis of the shared
clectron theory, but Dr Mulliken in a recent important paper on moleeular
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The space orbits with axial angular momentum for H,* are of both
symmetric and asymmetric types. Kquilibrium of the nuclei is possible in
either case. The symmetric orbits unite a rotary motion around the mole-
cular axis with a vibrational motion parallel to the axis in such a way as
to fill out a barrel-shaped zone bounded by two ellipsoids of revolution
with the nuclei as foci and cut off at the ends by confocal hyperboloids.
In the asymmetric case the electron revolves in a distorted orbit about
one nucleus only. A special quantized orbit of the symmetric class is
regarded by Pauli as the most promising model of the molecule ion. Orbits
of this general type should make strong connecting links between the
atoms in heavier diatomic molecules such as O, and N,, but on account of
their peculiar shape it is doubtful whether they could act as the equivalent
of simpler orbits in building up such stable groups as are suggested by the
Lewis-Langmuir theory.

In connection with the Bohr model of the hydrogen molecule we have
already mentioned the apparent possibility of dissociating hydrogen
adiabatically into two normal T atoms. This possibility stands as an
equally forceful objection to any model of the molecule in which the
electrons are shared by the two atoms. The work of Birge and Sponer (19)
(cf. Chapter 1V, Section 8) indicates that other molecules previously
thought to be bound together by shared electrons may also be dissociated
adiabatically into normal atoms without an electron jump. The con-
clusion is not absolutely certain, hut their evidence shows that the heat
of dissociation calculated on this hasis cannot differ greatly from the
true heat of dissociation. Tlence it is important to inquire whether, or not,
the experimental facts regarding the homopolar molecules cannot be
accounted for in terms of models in which there are no symmetric orbits.

Any explanation of the attractive force between the atoms in a non-
polar molecule consistent with the possibility of an adiabatic dissociation
into normal atoms must depend on the electric field due to the polarization
of the atoms whether that polarization be of the simple dipole type or of
the quadrupole type(2?). Kach individual electron in an atom in con-
junction with a corresponding charge element in the nucleus may be
regarded as a dipole whose magnitude and direction varies with the time.
If two electrons execute similar orbits with the same period and a suit-
able phase relationship their dipole moments may cancel, but there will
still be a varying electric field of the quadrupole moment type. The field
due to a quadrupole fades away more rapidly with the distance from the

formation(18) hus pomted out the possibility that a similar correlation may
originate in the mteraction between the two atoms n each of the molecules under
discussion which does not ivolve the formation of orbits about both nuclei.
Hund’s theory (Section §) shows in part how such an interaction might take place.
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atom than the field due to a dipole and is therefore likely to be less effec-
tive in producing an attraction between atoms. Fields corresponding to
poles of still higher order may arise from symmetric groups of electrons
whose orbits have the same frequency.

The force exerted by one dipole on another varies inverselv with the
cube of the distance and depends on the time averages of the products of
corresponding components p:p’s, pypy, P:p’.- Each of the components
will be expressible as a Fourier’s series and in the case of a precessing
orbit the mean value of each will be zero. Hence the time average of
the product vanishes unless the two dipoles have the same frequency.
The major forces of attraction between two neutral atoms will there-
fore arise as the result of the interaction of synchronous terms in the
Fourier expansion for the electric moment of each. These synchronous
terms may be due to the existence of two equivalent electrons, one in
each atom, or to an induced or perturbative polarization in one resulting
from a primary polarization in the other.

As an example of binding through the mutual interaction of naturally
synchronous orbits the work of Nordheim (!3) on the adiabatic approach
of two normal hydrogen atoms may be mentioned. He has shown that all
of the various modes of approach which satisfy the quantum conditions
involve definite phase relations. The greatest attractive force is obtained
when the electrons rotate in opposite directions in the same plane, their
phases so adjusted that when either atom is polarized along the molecular
axis the other is polarized in the same way. It is therefore at least
plausible to attribute the strong binding of the atoms in such symmetric
molecules as N,, Oz, F, to phase relations between equivalent exterior
electrons. The absence of a correspondingly strong binding in the case
of the diatomic molecules of the alkali metals is not so easy to explain,
but if our present point of view is correct, it must be due in some way to
the rapid precessional motion of the valence electrons in these strongly
clectro-positive atoms.

As the polarization which one molecule induces in another has been
used by Debye to account for the attraction which produces the
Joule-Thomson effect, it seems plausible to suppose that the atoms in a
molecule may be held together by this type of synchronous polarization.
The formation of molecules by the union of excited and unexcited helium
and mercury atoms may be interpreted as evidence in favor of this
assumption. We may, perhaps, suppose that in the normal atoms of these
elements the two most loosely bound electrons (in helium the only two)
are moving in equivalent orbits of such phase that together they give the
atom a quadrupole instead of a dipole moment. This is not able to hold
a molecule together, but when one of the electrons is excited, the periods
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of the valence electrons are no longer the same and their dipole moments
do not combine to form a quadrupole moment. Hence they can act
inductively on a normal atom and so form a loose molecule. These con-
jectures are, however, as yet very uncertain.”

Calculations by Mensing(*0) seem to indicate that the magnetic forces
between magnetic atoms are not strong enough to play an important
part in molecular formation.

SECTION 2. GYROSCOPIC MOTION—RIGID MOLECULE THEORY

PArT 2A. ProOF OF KRAMERS AND PAUuLl FORMULA FOR ROTATIONAL
ENERrRGY oF DiaTtomic MOLECULES

The gyroscopic properties of molecules may be investigated in several
ways. One may, for example, consider the probable effect of electronic
angular momentum on band structure and attempt to deduce the values of
this momentum for the various molecular states from the corresponding
empirical hand spectra. The experimental study of the magnetic suscepti-
bility of gases and of the Zeeman effect for band lines gives additional
data for the determination of the electronic angular momenta. The prob-
lem may also be attacked from a purely theoretical point of view either by
a direct application of, the quantum principles to various hypothetical
molecular models or by an examination of the problem of the formation
of molecules from the constituent atoms in the light of perturbation
theory. Of course it is highly desirable that all these methods of investi-
gation shall be used simultaneously so that each may supplement the
other.

In the earlier chapters of this report (especially Chapter 1V) consider-
able attention has been given to the correlation of the observed band
structures with the gyroscopic properties of molecules. As this correlation
is based on the Kramers and Pauli formula (Chapter 1V, Kquations 18
and 20) for the rotational energy of a gyroscopic molecule it scems worth
while to give here a simple derivation of that formula. The proof given by
Kramers and Pauli(®) is based on a treatment of the more complicated
general case of a multi-atomic molecule(®%) and may be shortened by
restricting the discussion from the beginning to diatomic molecules.

The formula is based on the assumption that to a first approximation
the electronic angular momentum ™ s is constant in magnitude and

 Note added after completion of chapter: Dr. Mulliken calls my attention to
the fact that if an excited He atom has sufficient polarizing power to unite with
normal He, hydrogen and sodium atoms ought also to unite with normal He,
which, so far as we know, does not occur.

*In this chapter vectors are indicated by bold-faced type.
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subject to a rigid constraint which gives it a fixed angle with the molec-
ular axis. The constant total angular momentum j is then the vector
sum of 8 and the nuclear angular momentum m (all expressed in units
h/2x). m is by definition perpendicular to the molecular axis (provided
that the nuclei are not themselves gyroscopic). The first step in the
derivation of the energy formula is to show that the three angular
momentum vectors m, s, j all lie in a common plane with the molecular
axis.

If s happens to be parallel to the nuclear axis there is nothing to prove,
for j, being the vector sum of m and s must lie in the plane which they
define. If s is not parallel to the nuclear axis we may prove the point by
differentiating the vector equation

s=j-m=j— 2y [rr]
ho*
in which r is the vector distance between the nuclei and p is the mass

. mym,
coefficient — 272 -
my+m.,

. Since j is constant,
s

In other words, as the torque reaction of the nuclei is necessarily per-
_ds
dt
since it is rigidly attached to the nuclei, 8 with the nuclear axis defines a
rigid body which rotates about some line in the plane of m and the
nuclear axis. The angular velocity of this rigid body may be resolved
into vector components u’ and u” parallel to m and the nuclear axis
respectively. Then

pendicular to the nuclear axis, -, is also perpendicular to that axis. But

g} =[u's]+[u”s].

Tf s had a component perpendicular to the plane of m and the nuclear
axis, it is readily seen that this component would unite with u’ to yield

a component of ?} parallel to the nuclear axis. As this is impossible,

we conclude that the nuclear axis must lie in a common plane with
s, m, and j. .

Evidently the angle between s and m is fixed so that the vector triangle
formed by 8, m, and j is invariable except for its rotation about j as an
axis. If the nuclei do not vibrate, the motion is a pure precession about j.
In any case there can be no nutation. In spherical coordinates r, 6, ¢
referred to j as an axis, the expression for the nuclear kinetic energy is

T=3 Y mi(re+n? sing?) =12 +1% sin? 647). ()

k=1,2
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The expression for the kinetic energy of the nuclei in terms of the
radial momentum p, and the nuclear angular momentum

Pm=pr® sin O¢ = 1:::'1 (m not integral) (8)

is of the same form as for the non-gyroscopic case. If we assume that the
electronic energy in any given electronic state is a function of » only,
it -follows that the radial quantum condition leads to the same relation
between the energy, the radial quantum number 2, and the nuclear
angular momentum as when 8 is zero. The molecular energy is there-
fore given by an expression of the form

E=FE+FE,+B.m*+D,m* . .. (9)
where B, and D, have the same meanings as in the non-gyroscopic case

o
i\
JINN
’
’
’

\

- Froure 2.

(Cf. equation (141), Chapter 1V) but m is not in general integral.
The value of m is determined by the fact that it is the vector difference
of j and s. If the symbol ¢ and e are used to designate the fixed com-
ponents of 8 parallel and perpendicular to the nuclear axis respectively,
it follows that m may be calculated from the Kramers and Pauli formula

m=Vji—ot—e j=integral. (10)

PART 2B. EXPERIMENTAL CONFIRMATION

The experimental verification of formulas (9) and (10) has been dis-
cussed at length in Chapter IV. The situation may be briefly summarized
as follows. The simpler band types are in essential accord with (9) and
the special cases of (10) obtained by setting either o or e equal to zero
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for both the initial and final states. Multiplet bands of the OH type in
which each branch consists of doublets or triplets with a separation which
increases near the origin, are obviously in qualitative accord with the
general Kramers and Pauli formula when both ¢ and e have values
appreciably greater than zero. The discussion in Chapter IV, Part 5d,
shows that the use of the Kramers and Pauli formula as advocated by
Mulliken helps to account for the missing lines near the origin, but that
there is difficulty in fitting the frequency observations accurately on this
basis. It is probable that the assumption of values of ¢ and e which vary
slightly with the nuclear angular momentum (#) would suffice to account
for the discrepancies in the frequency calculations.

As previously mentioned (footnotes 8 and 10) Birge(3!), Mecke(39),
and especially Mulliken (17), (%), (%) have made a systematic study
of the relation between electronic energy levels in atoms and mole-
cules. They find a similarity between the energy level schemes of many
molecules and corresponding atoms which permits the classification of
the electronic states of molecules in terms of the symbols S, P, D, F,
etc. (Russell-Saunders notation) used to designate the various types of
atomic energy level. An examination by Mulliken of the relationship
between these term types and the values of o and € which are required to
account for the band structures by means of the Kramers and Pauli
theory has led to very interesting and important results. He finds that
in the case of electronic energy levels of the sharp series type (azimuthal
quantum number £ equal to unity) e is zero or approximately zero, while
e is zero or approximately one-half according as the corresponding atomic
level belongs to a singlet or doublet system. In other words, for electronic
levels of the sharp series type, e is equal to the inner quantum number of
the corresponding atomic level as assigned by Sommerfeld. On the other
hand, in the case of molecular electronic energy levels analogous to prin-
cipal or diffuse series atomic levels the value of e is usually quite small,
while o is to be set equal to the corresponding value of Sommerfeld’s inner
quantum number. Cases in which both o and e have values as large as a
half (OH type mentioned above) are ascribed by him to the independent
orientation of the electronic angular momentum of one atom parallel to
the nuclear axis and that of the other atom perpendicular to the nuclear
axis. These systematic results lend support to the Kramers and Pauli
theory.

PaArT 2¢. OBJecrioNs To Ricip MonecvLE THEORY

There are, however, certain theoretical objections to the Kramers and
Pauli formula which must be taken into consideration. First among
these we may mention the objections stated by Kramers and Pauli them-
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selves regarding the use of negative values of e (the vector values of
m and e antiparallel) which correspond to dynamically unstable motions.
(Cf. Chapter 1V, p. 188.) In view of the uncertainty regarding the im-
portance of dynamical stability for quantized motions this objection seems
not to be crucial. Certainly the use of negative values of e is required if
the formula (10) is to be correlated with the experimental facts.

A second objection to the rigorous application of the formula is, that
it assumes a molecular rigidity which is hardly to be expected,” The
electronic angular momentum and its orientation with respect to the
nuclear axis are assumed to he constant. If the angle between the elec-
tronic angular momentum 8 and the nuclear axis is less than 90°, however,
the rotation of the nuclei will create a torque tending to orient s perpen-
dicular to that axis. This torque is given by the well-known formula for
the precession of a gyroscope

Torque=2mo X [component of angular momentum perpendicular
to axis of precession |
=27rwS sin (s, j) (11)
in which o is the precessional frequency or frequency of nuclear rotation
and S is the electronic angular momentum in absolute units.* The
component (Ssin(S, j)) of 8 perpendicular to the vector total angular

/ 7
momentum is equal to A —tni and the frequency o is 1 —a—l.z~ . Hence
J  Rm ¢ h 9j
m2
Torque=2RoBh - —. (12)
m—+e

This torque grows indefinitely with j and m so thdt a gradual change in
the angle” between S and the nuclear axis with large values of j is to be
expected. This objection does not invalidate the formula as a satisfactory
approximation for low values of j.

Another difficulty with the Kramers and Pauli theory is that it assumes
that when the nuclei of the molecule are held fixed the electronic angular
momentum will remain fixed in direction. The rigid orientation of the
vector 8 with respect to the nuclear axis precludes the possibility of a
torque tending to make s either parallel or perpendicular to that axis such
as would be required to produce a precession of s around the line joining
the nuclei. This assumption is reasonable if the angle between s and the
nuclear axis is zero or 90°, but for other angles a precession is to be

* Kramers and Pauli call specific attention to this point.

™ As a result of the precession, the end point of the vector S traces out a circle
of radius equal to the component of S perpendicular to the axis of precession j.
The linear velocity of this end point along the circle is equal to the time derivative
of the vector S and hence to the torque.
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expected. The practical inevitability of such & precession may be made
evident in several ways.

For example, we may observe that if a single electron has a motion
quantizable in either cylindrical coordinates or in spherical coordinates,
the absence of a precession implies the equality of two of the three fre-
quencies associated with the three coordinates. In other words, the motion
is degenerate. Such degeneracy is to be expected in the case of an electron
moving in a central force field, but is removed when an external electric
or magnetic field is applied. In the case of an electron or a group of
electrons moving in the neighborhood of two fixed nuclei, the force field
would have axial symmetry like the field of an atom in the Stark effect,
but not spherical symmetry. Only in case the vector s is either parallel
or perpendicular to the nuclear axis, might limiting degeneracy be ex-
pected which would remove the precession.” This general conclusion is
supported by the work of Nordheim on the hydrogen molecule and the
study of more complicated molecular models by Mensing.

I the orbit does precess about the nuclear axis we may infer the
existence of a torque tending to orient s either parallel or perpendicular
to the nuclear axis. This torque and the corresponding “ potential ”
energy presumably depend on the angle between s and the nuclear axis.

Another inference which may be drawn from the study of the electronic
motion with the nuclei held fixed, is that under these circumstances the
component of the electronic angular motion parallel to the axis will be
definitely quantized so that ¢ is an exact integer (or half integer).” .

Kramers and Pauli also call attention to the failure of their theory to
give a satisfactory account of the Zeeman effect for band lines. This
aspect of the situation will be considered in detail later on.

SECTION 3. THE APPLICATION OF PERTURBATION THEORY TO
MOLECULAR MOTION

In view of the preceding objections to the Kramers and Pauli theory,
it is highly desirable that their arbitrarily chosen model be replaced by
an examination of the behavior to be expected from the actual complex
system of electron orbits and nuclei. As the direct solution of the whole
dynamical problem is hopelessly difficult, the most promising mode of
attack is through the method of successive approximations (perturbation
theory) so skilfully developed by Born and his collaborators. There have
been two sorts of application of this method to the problem of the mole-
cule. One of these is the study of the electronic motion to be expected

* Cf. Footnote on p. 147 of Born’s Atommechanik (Berlin, 1925).
1 This follows from Bohr's study of systems with axial symmetry. Cf. also Born,
Atommechanik, page 28.
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with nuclei fixed by examining the mutual perturbations of the electrons
in two atoms assumed to be initially far apart but permitted to approach
each other slowly and “ adiabatically.” The results obtained in this way
by Nordheim and Mensing have been mentioned several times already
and need not be restated here.

The second application of this method to molecular motion consists in
a study of the effect of setting the nuclei free on the motion and energy
of a multiatomic molecule, as carried through by Born and Heisen-
berg(28). The standard mode of procedure developed by Born and his
collaborators for the solution of problems in perturbation theory involves
the development of the Hamiltonian function, the action function, and
the energy in powers of some small parameter X. The equations are first
solved neglecting terms containing powers of A greater than zero, then
as a second approximation the first degree terms in A are considered, and
so on. Born and Heisenberg choose the ratio m/M of the mass of an
electron to that of one of the nuclei as the parameter A. In the series
expansion for the Hamiltonian function

H=Hy+AH,+NHo+ . . . . (13)

H, is the electronic energy for fixed nuclei. H, has a mean value zero
when averaged over the unperturbed motion and hence has to be elimi-
nated from the problem by a suitable change of variables. H, then con-
sists of three parts of which one gives in first approximation the vibra-
tional energy of the molecule, another the rotational energy, while the
third is a constant term of no great importance for our present purpose.

In order to get a first approximation for the energy of a perturbed
system it is customary to add to the unperturbed energy H, the mean
value of the perturbative energy (or of the first term of the series ex-
pansion) averaged over the unperturbed motion.” Tn this case the mean
value of the rotational energy terms in H, is

(D _ST) (D sv) (Dz_gz)z
+2 L s2-8,) ) v
Y,z

where D and S denote the total angular momentum and the electronic
angular momentum respectively, A.° A4,° A.° being the principal
moments of inertia. The bars over S;, S,, etc., denote mean values. The

¥ The theorem was first applied to quantum theory problems by Bohr (Memoirs
of the Danish Academy of Sciences, Series 8, Vol. IV, No. 1). See Born “ Atom-
mechanik,” Chapter 4, and Van Vleck “ Quantum Principles and Line Spectra,”
Bulletin of the National Research Council, No. 54, articles 62 and 64.
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above expression differs only by a constant term from that which was
derived by Kramers and Pauli for the rotational energy of their mul-
tiatomic model and hence may be regarded as a theoretical justification
of their rigid molecule theory. Unfortunately the proof is limited to mul-
tiatomic molecules whose atoms do not lie on a single straight line and
also by restriction to moderate values of the nuclear angular momentum.

The writer has found it possible, however, to apply their method to
diatomic molecules. In making the computation, which is somewhat long
for reproduction here, the nuclei are assumed to be held at a fixed distance
apart by a rigid constraint. The coordinates used for the nuclei are the
colatitude 6 and the longitude ¢. As the center of gravity of the nuclei
is assumed to be at the origin, the radial distances of the nuclei are con-
stant. The positions of the electrons are specified by means of Cartesian
coordinates referred to axes which rotate with the nuclei. If the axis of
the system of spherical coordinates 6, ¢ is identified with the direction
of the vector total angular momentum, the Hamiltonian function may be
thrown into the form

1 ey
H=Mo+ o] 8,2+ [ Vs =82 —8,)? . (15)

Here I1, is the Hamiltionian function for the electronic motion with fixed
nuclei, py is the total angular momentum of the molecule, and § is the
instantaneous electronic angular momentum. §; is the component of 8
(r]L
2
of 8§ perpendicular to the nuclear axis and lying respectively in and at
right angles to the plane defined by the nuclear axis and the total angular
momentum veector. 1t may be proved that if 8. is constant in the perturbed
motion, as it must be in the unperturbed motion, S, vanishes. If we make

h

. . . . . 12 €
this arbitrary assumption and at the same time substitute %- and o,
m m™

along the nuclear axis to be identified with ;—. 8, and 8, are components

for py and S; respectively, we obtain an expression for the energy,
formally the same as that given by Kramers and Pauli, viz.,

H=I1l,+B[V=o*~c]% (16)

The agreement is romewhat superficial, however, as I/, is the energy of
the electronic motion as perturbed by the nuclear motion, while 8,, S,
and S; in (15) and ¢ and € in (16) are not constants, but instantancous
components ol the electronic angular momentum evaluated for the actual
perturbed motion.

Now according to the theorem used in deriving (14), we obtain an
approximate value of the energy I by averaging the right-hand member
of (15) over the unperturbed motion, i. e, we replace 8,2 by its mean
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value 8,2 evaluated for the motion with fixed nuclei, S,? by §.2, and so on.
In this way the formula

E:E:Eo-f-—zl[(S;?-i*s;z—S;;+p¢2—2mst\/ﬁ?—sz2) (17)

is obtained. Now when the nuclei are held fixed, 8. is constant. Also, the
component of S perpendicular to the nuclear axis will normally execute a
more or less tapid precession about the nuclear axis unless 8, vanishes.
Hence it 1s a natural step to set S,, and hence 5,\/{)5 Z8,% equal to zero.
If this is done, (17) takes the form

1 - .
If‘:E(,+-‘)[ (S:2+8,2 =84+ py?). (18a)

On the other hand, 1f 8 is equal to zero for the unperturbed motion and
if there is no precession, we may assume 8, to be zero for the unperturbed
motion also, thus deriving the alternative formula

1 1 1 Q 2 Q! Q2 2
E=E,=-; (S5 -8+ + (py—8.)2). (18b)

Thux we seem to be able to show that the Kramers and Pauli type formula
always holds as a first approximation, but with either e zero (Kquation
(18a)) or o zero (Kquation (18h)).

There is a flaw in the argument, however, due to the fact that although
the perturbational terms in the- energy vanish when A becomes zero
(infinite nuclear masses) the derivatives of these perturbational terms
which give the corresponding forces need not vanish at the same time.
Hence the motion of the electrons with respeet to the coordinate axes
a, Yy, 2z, does not necessarily approach the motion characteristic of I/,
alone when A approaches zero. Under these circumstances the mean
value theorem used in deriving (141) and®(1%) requires modification. The
real situation may he demonstrated most easily by dropping the perturba-
tion theory equations for the moment and cousidering a model diatomic
molecule of a type somewhat more general and more close {o physical
reality than that of Kramers and Pauli.

SECTION 4. DIATOMIC MOLECULAR MODEL WITH ELASTICALLY
MOUNTED GYROSCOPE
Let us consider a molecular model consisting of a pair of rigidly con-
nected nucelei to which 1s attached a symmetrical gyroscope with an elastic
mounting. This mounting permits the axis of the gvroscope to assume
any angle 6 with the nuclear axis, but ereates a potential energy U which
is a function ol 6. The gyroscope will then be subject to a torque

Q(8) = —dll /de
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which is always perpendicular to the plane defined by the gyroscopic and
nuclear axes and which may tend either to increase or decrease the angle 6.
We further assume, as does Kramers(®2) in the paper on the quantiza-
tion of rotating molecules on which the Kramers and Pauli formula is
based, that the angular momentum of the gyroscope sl /2= is constant in
magnitude.

With fixed nuclei the gyroscope will then execute a motion of pure
precession about the nuclear axis, a nutation being impossible since it
would involve a torque in the plane of the gvroscope and the nuclear axis
which does not exist. The quantization of this precessional motion, like
the quantization of the precession of an atom in a magnetic field, will fix
the possible angles which s may make with the nuclear axis so that the
component of 8 parallel to the axis will be an integer or half integer.

The model is frankly artificial in ignoring the details of the actual
electronic motion and in its assumption of a constant electronic (i. e.,
gyroscopic) angular momentum. It behaves with nuclei fixed, however,
in approximately the same way as an actual system of electrons would be
expected to behave. Tlence 1t scems reasonable to suppose that the be-
havior with nuclei free will approximate more closely to the hehavior of
an actual molecule than does the Kramers and Pauli model.

The simplest type of motion with free nuclei will be that in which the
vectors 8, m, j and the nuelear axis lie 1 a common plane. There will
then be a pure precession of s and m about j. In this case s does not
precess about the nuclear axis and its component parallel {o that axis is
not quantized. A more complicated type of motion mvolving a double
precession of s about the nuclear axis, and of the nuclear axis about j,
is also possible. The component of s parallel {o the nuclear avis s then
quantized and the nuclear axis executes a nutation synchronous with the
precession of 8 1 addition to its own precession. We shall consider in
detail only the simpler type of motion.

If the motion is one of pure precession the torque required to rotate
the vectors m and s about j is supplied by the potential energy U (4).
The angle 6 is determined so that the torque () balances the torque
reactions of the vectors m and s. We proceed to the devivation of an
equation for the determination of # as a function of jand ».

If the torque Q tends to draw the vector s towards the nearest nucleus,”
there are two casex to be considered as illustrated m Figures 3a and 3b.

¥ The above clause 1s, perhaps, ambiguous It would be more acceurate to say
“If the torque Q is so directed that it would draw a mgid bar i the place of S
toward the nucleus, etc.” Owing to the gyroscopie churacter of S the actual effect
of Q is to produce a precession without changmmg the angle between S and the
nuclear axis.
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In case 1 (Figure 3a) which corresponds to the positive value of ¢ in the
Kramers and Pauli theory, j is greater than s; while in case 2 (Figure 3b)
we have a negative e and j less than s. Two other cases are possible if the
torque Q tends to push 8 away from the adjacent nucleus (1. e, if U isa
maximum when 8 points along the nuclear axis).

—

Let ¢ denote the angle between BA and j measured in the same direc-
tion as 8. Let I denote the moment of inertia of the molecule (due to
the nuclei) about its own center of gravity. Then [ sin*¢ will be the

Frourk 3a.—Cuase 1 Figunk 3b —Case 2.

effective moment of inertia about the axis of precession j. Let « be the
frequency of precession. The kinetic energy of the nucler 1=

31 sin? ¢ (Rmw)?
and the nuclear angular momentum is

J , .
g?;r_b_:ilwnm) Sin . (19)

Hence the kinetic energy of the nuclei may be expressed in the torm
. m2h? .
1 nueley == «“;';7 = Bhm? (20)

as in the non-gyroscopic case. The torque @ (#) must balance the torque
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reaction given by the equation (11) above or by the right-hand member
of the equation
au

Qo) =— —0 =2mrw X component of m perpendicular to j
= +2m0 ( ";h >cos¢ . (R1)
Combining the above with (19) we obtain
m2h? 2hBm?

Q(6) = 4x*[ tan ¢ = tan ¢ (22)

In each case tang is positive so that Q must also be positive.

In order to evaluate 6 as a function of j we must express the right-hand
member of (22) in terms of j and 6. The relations

ln— = = (cos 6 tan ¢ —sin 6) ; (23)

A _1 (
tan ¢= \/a cos® 6 (24)

follow directly from the vector diagram of Figures 3a-b. Combining these
with (22) we obtain

Q ) sin® 6 25
ol Bs? = Co8 6 tan ¢ — 2 sin 6 cos 6+ tan ¢ (?5)
or
Q . e sin® @ ,
g BsE —Co8 0 ¢ C](-)S—a- —1—2 sin 6 cos 0+ —_:/—-‘:"—w \26)
\/ s% cos? 6 ’

The above equation may be solved graphically by plotting the left- and
right-hand members as functions of 6 or cos 6. The right-hand member
we designate as F'(6, j/s). A plot of F against cos 6 for various values
of j/s is shown in Figure 4. The positive values of cos 6 go with cases 1
and 2 illustrated by Figures 3a and 3b. The negative values go with the
other two cases mentioned above in which the torque Q tends to push s
away from the nearest nucleus. Curves 4 and B of Figure 4 show possible

forms of —%L%Z_ . From the intersections of the two classes of curves

one may read off the values of cos @ correlated with various values of j
for any assumed torque function ¢ (8) with any given values of B and s.
Then (23) and (24) may be used to determine m as a function of j.
Finally, the energy values may be calculated from

E=Eo+Bhm*+ U (6). (27)

In this last equation E, denotes the energy for stationary nuclei and 4
21
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equal to zero, the potential energy U being measured relative to the
angle 6=0.

We have no information on which to base an exact determination of
the forms of the function U () and of its derivative @ (6). Clearly U (6)
must be a2 maximum or minimum §=0 and §==. Also, a reversal of the
gense of the rotations around the nuclear axis would reverse the sign of
cos 6, but should not change the energy (??). Hence we may infer that
and that U is a maximum or minimunx when 6= —;L . Consequently @

vanishes when s is either parallel or perpendicular to the nuclear axis.

T T
i '

=L0 =8 <6 ~4 =2 0.0 a2 R .6 .8 Lo
Cc05.6 —»
Ficure 4.

The simplest possible assumption regarding the torque function would
then be that it has the form
Q(0) == Asin 26. (28)

Curves A and B of Figure 4 are drawn in accordance with (28) using the
plus and minus signs respectively. (Figures 33 and 3b show the possible
orientations of 8, j, and the nuclear axis for the torque curve 4 only.)

From Figure 4 it will be seen that  may be zero for any value of j/s.
Also, if j/s is not too large, there will be another possible value of 6. This
second value of 8 approaches zero (Curve A) or = (Curve B) as a limit
when j/s approaches unity. If s is greater than 2, j can have integral
values less than s for which the angle between 8 and the nuclear axis may
he shown to approximate one of the values given by

cos =j/s. (R9)
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In other words, the angles of inclination for values of j/s less than unity
tend to approximate those determined by the quantum conditions for
fixed nuclei. If j/s is less than unity, 0< |sin ¢|<|sin 6|. Equations (24)
and (25) show that, as cos § approaches j/s, tan ¢ approaches zero and
the torque reaction becomes infinite. Hence, if the applied torque is not
too small, cos  will approximate the value (29) and at the same time
the angle ¢ between j and the nuclear axis will become very small. Under
these circumstances the nuclei must rotate in very small circles about j
as an axis and the nuclear angular momentum is nearly perpendicular to
j. Though the angular velocity of the nuclei may be large, the orbits are
small and the motion approximates that for fixed nuclei.

Now consider the effect of increasing the nuclear masses towards
infinity as a limit. As B varies inversely with the nuclear masses the
ordinates of the ¢/2hBs? curve will increase with the masses. If jis less
than s, the angle ¢ will approach zero and the radii of the nuclear orbits
will also approach zero. At the same time cos 8 approaches more and more
closely the value given by (29). Thus the indefinite increase in the
nuclear masses carries each of the states for which j/s is less than unity
over into a definite corresponding state with fixed nuclei for which cos 6
is quantized and has a value between 0 and s.

Turning to values of j/s greater than unity, we observe that the critical
value of j, beyond which cos 6 can have only the single value 0, grows
with the nuclear masses. Consider any of the curves of F(6, j/s) on
Figure 4 for which j/s is greater than unity. If the product of nuclear
mass into torque 1s large enough, there will be two intersections of this
Q)
2hBy*
increase, one of these intersections will move to the right if the torque
curve is of type A and the corresponding value of @ will approach zero
as a limit. If the torque curve is of type B, 8 will approach = as a limit.
Thus the states for which j/s is greater than unity may be divided into
two classes. In the one class the vector s is always perpendicular to the
nuclear axis. In the other the vector s makes an angle with the nuclear

Q(9)

axis which depends on the function ol B and approaches zero or = as

the nuclear masses increase indefinitely.

The transition from fixed nuclei to free may be regarded as equivalent
to a reduction of the nuclear masses from infinity to the value appropriate
to the actual chemical constitution of the molecule without removing any
actual external constraint. Let o, denote the value of o or |s cos 8| for one
of the initial states with fixed nuclei. From the above discussion we may
conclude that when the nuclei are set free

curve with the curve for As the nueclear masses continue to
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(a) the state for which o, vanishes gives birth to an infinity of states
for all of which ¢ is equal to zero;

(b) each state for which o, is intermediate between 0 and s becomes
the parent of a single state with j less than s (other states with larger
values of j doubtless occur, but with the double precession previously
mentioned) ;

(c) the states for which o, is equal to s give birth to a class of states
finite in number for which 7 is greater than s and ¢ is intermediate be-
tween s and zero, and in addition, to a class of states for which jmin<<j<< 00
and o=0.

More complicated possibilities are to be expected if the torque function
Q(0) has a more complicated form than that here assumed.

Hund (®7) has recently called attention to the factthat the precessional
frequency of the electronic motion with fixed nuclei is likely to be quite
high on account of the large departure from central symmetry of the field

in which the electrons move. It follows that must be much greater

_Q
2hBs?
than unity for most values of # and hence that cos § will not depart
appreciably from its values for fixed nuclei unless j is very large. Let us
assume, for example, a molecule whose precessional frequency for fixed
nuclei () and an angle 8 of 60° is equal to the rotational frequency with
§ equal to 200. This would make the precessional frequency of the same
order of magnitude as the frequency of vibration of the nuclei. Let s have
the value 2. Then from Equation (11)

Q(60°)

sh sin 60° °

Q(60°) =

When j is 200 the frequency of rotation of the molecule is sensibly the
same as if it were non-gyroscopic. Hence the rotational frequency is

200h
Equating these frequencies and solving for Q/2hBs®, we obtain
Q(60°) _ 200866 _
2hBs®* s =86.6.

An examination of Figure 4 shows at once that if Q/2kBs? has such a
large value as this at #=060°, the complete curve must rise very rapidly

=200%2B.

from the points §=0, §= ’% , == at which the torque vanishes. It fol-
lows that if j has a moderate value greater than unity, § must approxi-

mate one of the three values 0, —g~ , m. In other words, the distortion of

the molecule due to nuclear rotation will be small and it will behave in
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essentially the same way as the rigid model of Kramers and Pauli.*
Such a large torque function also involves a wide range of j values for
which 6 may be greater than zero. The critical value of j at which s must
become perpendicular to the nuclear axis may be shown to be of the order
of magnitude of 200.

This elastically mounted gyroscopic model, it must be frankly admitted,
does not yield a satisfactory explanation of the empirical facts regarding
the more complex band types. Its study does shed light on the perturba-
tion problem of the preceding section, however, and may be made the
basis for the development of a modified model which is more promising.

Returning to the perturbation theory problem, we observe that our
study of the model shows pretty definitely that the electronic motions
with free nuclei must approach corresponding motions with fixed nuclei
ag a limit when the nuclear masses are indefinitely increased. The mean
value theorem for the approximate determination of the perturbational
energy is not always directly applicable, however. This theorem is valid
only if the motion of the electrons-with respect to the rotating z, y, z axes
approaches the motion corresponding to the unperturbed Hamiltonian
function H, when the nuclear masses are indefinitely increased. The
latter motion involves a precession if o, is less than s, while the former
need not. In the perturbed motions which we have discussed, the nuclei,
the z, y, z axes, and the electronic angular momentum vector all precess
together. Thus s has an absolute precession, but does not rotate with
respect to the z, y, z axes. The mathematical explanation of this peculiar
situation is found by calculating the contributions of the perturbational
terms in the Hamiltonian function to the time derivatives of S, §,, S,.
Denoting the values of these derivatives $,, §,, S, for fixed nuclei (calcu-
lated from H, alone) by ($:)0, (Sy)0, (5:)0, the following formulas may
be derived :

; B S. SS
sz‘—'— - 3
(8 I\/ ps® S2
S - 2
8,=(8,)0 + —— Vo, ;{\/pq;’—sz"'—-s@}' (30)

S¢= (Sz)o— ‘I‘y' Vﬁ;pts;?_
Our study of the model shows that V ps*—8.? may approach zero as the

* The above discussion tacitly assumes that the electronic angular momentum 8
is due solely to the orbital motion of the electrons. Hund’s recent application to
band spectra of the Uhlenbeck and Goudsmit hypothesis of a spinning electron
opens up the possibility of a much less rigid type of model than that just described.



326 MOLECULAR SPECTRA IN GASES

nuclear masses are indefinitely increased if ps is less than 8, so that
§,, §, do not approach (S.),, (8y), as limits.

Under these circumstances we may reasonably assume, however, the
legitimacy of calculating the energy of the perturbed system by adding
to the unperturbed energy the mean value of perturbational part of the
Hamiltonian function averaged over the limiting motion which the system
actually approaches as the nuclear masses increase indefinitely. In other
words, we may use (17) if we understand 8,3, 8,2, etc., to denote mean
values of the corresponding components of angular momentums referred
to an axial system z, y, z which rotates with the limiting rotational speed
of the nuclei. If the perturbed motion involves a double precession, it is
easy to see that in the limit as the nuclear masses increase, the vector 8
continues to revolve about the z axis so that 8, vanishes and we have the
simple Kramers and Pauli formula with e equal to zero and o less than s.
If the perturbed motion involves only a simple precession and ps> |8|, we
infer that in the limit 8 becomes either parallel or perpendicular to the
nuclear axis so that again we have the Kramers and Pauli formula with
e or o equal to zero. The gencral formula (17) is to be used only in
connection with those special states involving a simple precession for
which pgs< |S|. As these states are isolated, the practical conclusion is
that € or o must vanish for any complete series of rotational energy levels.

SECTION 5. ELECTRON SPIN AND BAND STRUCTURE

In a recent paper of very great importance Hund(®?) has applied to
band spectra the conception of electron spin (#8) which is proving so fruit-
ful in the interpretation of the multiple energy levels in atomic spectra.
According to this current theory the angular momentum of spin of an
individual electron is one-half & Bohr unit while the corresponding mag-
netic moment is that of a full Bohr magneton, Z}:—l—c—-. Thus the ratio of
angular momentum of spin to corresponding magnetic moment is only
half as great as for the angular momentum and magnetic moment due to
orbital motion. This hypothesis is of fundamental importance for the
explanation of the magneto-mechanical effects and the anomalous Zeeman
effect (%9).

In the case of atoms, the mutual energy of orientation of the orbits
relative to one another is thought to be large. Hence the corresponding
torques create a rapid precession of the angular momentum vectors of
the individual electrons around their resultant k, which is therefore
quantized. The electron spins. in turn, orient themselves first with respect
to one another in such a way that all are either parallel or anti-parallel



MOLECULAR MODELS AND RELATED. TOPICS: KEMBLE 32%

to any one. Then there is a precession of the resultant angular momentum
of spin 8 and the resultant orbital angular momentum k about the in-
variable axis leading to the quantization of the total angular momentum
j. Different values of § due to different orientations of the spins relative
to one another give the different systems of series (singlet, doublet,
triplet, etc.) while different orientations of $ with respect to k give the
different terms in a multiplet. Both k and 8 vanish for any complete
electron group.

Since the similarity between the multiple electronic energy levels asso-
ciated with line and band spectra has been stressed recently by several
workers (24), (28), (39), (81) it is only reasonable to assign the two types
of multiplicity to the same origin, viz., the existence of different orienta-
tions of the angular momentum of spin 8 with respect to the resultant
electronic orbital angular momentum k. As the coupling between k and 8
is thought to be of a magnetic character the change in mutual energy due
to different orientations of 8 with respect to k should be of the same order
of magnitude for molecules as for atoms. This is in accordance with the
empirical observation that the spacing of electronic multiplets in band
spectra for small values of the nuclear angular momentum is of the same
order of magmtude as the spucing of certain corresponding atomic mul-
tiplets. Since the orientation energy of k and 8 is small, the torque tend-
ing to orient 8 parallel to k is small and the molecule should therefore
be of a non-rigid character.

Hund’s conception of the motion and quantization of a diatomic mole-
cule is based on the assumption that the electron orbits in such a molecule
may be regarded as modifications of the plane orbits to be expected in a
central force field. The distortion may be ascribed to the following per-
turbing influences.

(1) The interactions between the various orbital angular momenta
k, of the exterior orbits tending to produce a quantization of their
resultant k.

() The effect on the orbital motion of the double nucleus which trans-
forms the spherical symmetry of the atemic force field into axial sym-
metry. This type of perturbation will evidently present strong analogies
with the Stark effect.

(3) The interaction between the resultant orbital angular momentum
k and the resultant angular momentum of spin 8. The mutual energy is
assumed to be proportional to the cosine of the angle between the two
vectors as in the atomic case.
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(4) The interaction between the nuclear rotation and the electronic
angular momentum.”

The effect of these various interactions on the motion will depend on
their relative order of magnitude. The reader is referred to the original
paper for a detailed consideration of the various possibilities. Here we
note only the general conclusions.

It seems probable first of all that interactions (1) and () are strong
compared with (3) and (4). The relative importance of (1) and (2)
is uncertain, but these two types of perturbation will lead in any case to
a quantization of the component of the orbital angular momentum parallel
to the nuclear axis which we designate by the symbol ox.” The component
of the orbital angular momentum perpendicular to the nuclear axis may
remain approximately constant in magnitude while precessing around
that axis or may fluctuate rapidly in absolute value as well as direction.
In either case its mean value for fixed nuclei will normally be zero. As
noted in the preceding section, one would expect that the case where the
electronic orbital angular momentum k is normal to the nuclear axis
would be an exception to the above rule. Hund, however, gives an argu-
ment based on the quantum mechanics, which the writer does not clearly
understand, purporting to show that it is not possible for the electronic
angular momentum to orient itself perpendicular to the nuclear axis.

It is assumed that the spin vectors 8, unite to form a quantized resul-
tant 8 as in the case of atoms. If the orbital angular momentum k were
constant in direction, the vector 8 would precess about it, but the torque
exerted on 8 by k being small, 8 cannot foliow rapid fluctuations in k.
Hence, in estimating the interaction between 8 and k, we may replace k
by its mean value over a period long enough for 8 to precess around it.
Now there are two natural ways of forming a mean value for k. One
would be to take the mean over a period long compared with the orbital
frequencies but short compared with the time of nuclear rotation. The
mean found in this way would have the direction of the nuclear axis and
would be identical with o in absolute value. The second mean would be
that over a full period of the nuclear rotation and would yield a vector
in the direction of the resultant ji of the orbital and nuclear angular
momenta.

® Hund lists as the fourth of his perturbing actions the influence of the orbital
angular momenta k on the rotation through the modification in the moment of
inertia. The writer fails to understand this statement but finds that if it is
replaced by item 4 above, the rest of the article becomes intelligible.

" Hund uses the symbol ! for orbital angular momentum and 1%; for the com-
ponent parallel to the nuclear axis.
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Hund supposes that if the nuclear angular momentum is small and the
nuclear period of rotation long, the spin vector is quantized with respect
to the first of these two means. Then if 8 is inclined to the nuclear axis,
it precesses around that axis and its parallel component ¢, must be an

integral multiple of h/2x (or, to (v+13) -é%r where 7 is an integer). The

interaction of the nuclear angular momentum m and the mean electronic
angular momentum would finally lead to a slow superposed precession of
m and o(=ox+o0,) about their resultant j.

On the other hand, if m is large enough and the nuclear period is very
gshort, there is first of all a precession of m and o, about their resultant ji
and superposed on this a slow precession of 8 and j. about their resultant j.

In the first case (m small, 8 precessing about the nuclear axis) the
different possible values of o, give a series of electronic energy levels with
energy differences of the same order of magnitude as those obtained in an
atomic multiplet as a result of different orientations of 8 with respect
to k. In the second case (m large, 8 precessing about j), the energy
differences due to different orientations of 8 with respect to j are very
small since the component of ox parallel to j which determines the orienta-
tion energy drops off very rapidly as m increases and the angle 6 (Fig-
ure 3a) approaches 90°. A gradual transition from one type of motion
to the other due to the increase in m and j would lead to a contraction of
the spacing of the levels in the multiplet similar to the contraction in the
spacing of the plus and minus e levels in the Kramers and Pauli theory
and similar to the contraction actually observed in the doublets of the
bands discussed in Part 5d of Chapter IV.

Thus, in the case of the OH bands (Figure 23, Part 5d, Chapter IV)
the double branches may be attributed to the existence of a double lower
electronic energy level whose components get closer and closer together
as the nuclear speed increases, owing to the fact that 8, which is parallel
or anti-parallel to ai for small values of m swings away from the nuclear
axis and becomes almost perpendicular to it for large values of m. Hund
ghows that the spacing of the components of such an electronic multiplet
should be inversely proportional to ji for large values of j if the distortion
of the electronic orbits by the nuclear rotation is neglected.” Actually the
doublet spacing in these OH bands does not decrease so rapidly as 1/j.
The failure of Hund’s contraction law may be accounted for, however,
by the distortion of the orbital motion by the nuclear rotation (Cf. Part
6c, p. 345). This distortion would create a small component of orbital

* The components which draw together in this way have equal values of j, but

not equal values of j. In other words these are really false doublets.
b
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angular momentum perpendicular to the nuclear axis and therefore
nearly parallel to ji. This component of angular momentum through its
magnetic field would increase the orientation energy of 8 relative to ji
and would, tend to keep the doublet spacing more nearly constant than
Hund’s calculation would suggest.

No very satisfactory explanation is given of the existence of the second
superposed type of doubling in the upper energy levels of the OH and
gimilar bands.®

The contraction of electronic multiplets with increasing nuclear angular
momentum is to be expected only in cases in which the nuclear rotational
frequencies are large compared with the frequency differences between the
members of the multiplet. In this respect the contraction is similar to
the Paschen-Back effect. Ilence the distortion of the molecule by rotation
should have little effect on the shapes of bands associated with multiple
energy levels whose members are far apart, as in the case of the ZnH,
CdI, and HgH bands.

Hund’s theory harmonizes very well in a general way with Mulliken’s
conclusions (%), (%) (Cf. Part 2b), provided that in applying the
symbols S, I’, D, ete., to molecular electronic energy levels we interpret
them as indices of the orbital angular momentum parallel to the nuclear
axis (o) rather than of the total orbital angular momentum as in the
case of atoms. (Tt is doubtful from the standpoint of the Hund theory
whether the total electromic angular momentum is sufficiently constant
in most molecules to be quantized in the usual way.) Thus, if we define
S, P, D, F, ete., as symbols denoting energy levels for which oy is 0, 1,
2, 3—roépectively, and identify the index 7 n ’S’, P, TD—with 2841,
the mu]t'ip]icity of each molecular term type for zero m will be identical,
according to Hund, with that of the corresponding atomic term type and
may be expected to have a spacing of the same order of magnitude.
Mulliken’s conclusions regarding the difference in the orientation of the
electronic angular momentum for different term types then follow from
the dynamical theory. For example, in the case of electronic energy levels
of the sharp series type ('S or 28) Mulliken finds that o vanishes and e
is cither zero or =4. This is exactly what would be predicted by Hund’s
theory for such levels. Since oy is zero for states of this type there is no
torque to hold 8'in line with the nuclear axis and in accordance with
Section 4 it might be expected to orient itself at right angles to that axis
forming a positive or negative .

*This second type of doubling with a spacing which increases with j, is respon-
sible, as explained in Part 5d of Chapter IV for the failure of the PQR combina-
tion principle. 1t is a doubling of the energy levels which does not produce addi-
tional spectrum lines owing to a principle of selection.
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In Part Gc of this chapter, reason is given for supposing that even
when oy vanishes a very small orbital angular momentum parallel to m
and proportional to m is developed by the nuclear rotation. The angular
momentum of spin 8 should orient itself with respect to the corresponding
residual magnetic field in exactly the same way that it orients itself with
respect to the nuclear axis when o4 does not vanish and the nuclear rota-
tion is slow. Hence the molecular S levels should show a multiplicity of
essentially e type similar to the multiplicity of the P and D levels but
on a very small scale vanishing with the nuclear rotation. Thus the
dynamical theory and Mulliken’s empirical scheme agree in giving the
molecular S levels a fine structure not observed in the corresponding
atomic levels and indicative of the multiplicity » of the associated system
of electronic levels.

Mulliken and Hund also agree in identifying the value of ¢ for prin-
cipal or diffuse series terms (distortion by nuclear rotation neglected)
with the 1nner quantum number of the corresponding atomic level and
in assigning a zero e to terms of this type. The theory of electron spin
furthermore gives an explanation of the difference noted by Mulliken (8)
between the multiplicity of molecular levels and the multiplicity of the
levels of the constituent atoms. For example, in the case of Cull we have
the union of two doublet atoms to form a molecule of singlet type due to
the anti-parallel orientation of the two 8 vectors which neutralize each
other as do the 8 vectors of the two valence electrons in normal Mg.

To be sure, Mulliken’s conclusions are based in part on the assumed
universal validity of the Kramers and Pauli formula, which fails, accord-
ing to Tlund, in those cases where the electronic multiplets contract with
increasing values of j. This assumption is the cause of the discrepancy
between Mulliken’s interpretation of the OH type band and Ilund’s.
Most of Mulliken’s evidence, however, is valid in the light of the work
of Hund and gives it real support.

The new theory is by no means able to give an immediate solution
to all the important problems related to the fine structure of bands, but
the complete working out of Hund’s suggestions and the correlation of
the theory with the complex empirical situation must of necessity take
time. The theory represents the logical outgrowth of the application to
molecules of those conceptions which have proved the key to the under-
standing of line spectra, and workers in the field of molecular spectra
will await its more detailed development with hopeful interest.

SECTION 6. THE ZEEMAN EFFECT IN BAND SPECTRA

ParT 6A. INTRODUCTION. THE ZEEMAN EFFECT IN LINE SPECTRA

One of the most important means for the investigation of atomiec
dynamics and atomic structure has been the experimental and theoretical
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study of the perturbing effects of magnetic and electric fields on line
spectra. In view of our initial ignorance regarding the laws of atomic
dynamics it has been essential to the progress of the science that we test
our hypotheses on relatively simple problems. These perturbing effects
may be discussed without a detailed consideration of the normal structure
of the atom and hence have given just the sort of research field needed
for orientation regarding fundamental principles.

Bohr’s postulates and the Wilson-Sommerfeld quantum conditions
scored a striking success in the remarkably accurate account which they
gave of both the Zeeman and Stark effects for hydrogen. Their failure
to give an adequate explanation of the complex Zeeman effect in the
elements of higher atomic number is largely responsible for the develop-
ment of the new mechanics of Heisenberg and Born and for the formula-
tion of the spinning electron hypothesis of Uhlenbeck and Goudsmit. (%8).
The recent combination of these two new developments into a complete
theory of the anomalous Zeeman effect and of the complex structure of
spectrum lines (%) forms a climax to a long series of interesting advance
steps in this field.

The corresponding effects of magnetic and electric fields on band lines
have not yet received very extensive study. Tt seems probable that the
magnetic field will soon prove a probe of great importance for the develop-
ment of our ideas regarding molecular structure as well as atomic
structure, but work in this direction has been held back thus far largely
on account of the experimental difficulties involved.

An exact theoretical account of the empirical observations regarding
the Zeeman effect in line spectra requires the use of the new matrix
mechanics of Heisenberg and Born, but fortunately an illuminating
approximate theory may be formulated in terms of the better known

“ conventional ” quantum theory of Bohr. Our discussion of the Zeeman
effect for band lines will be based on this approximate treatment of the
corresponding effect in line spectra. Hence it is convenient to preface
our discussion of the band spectrum case with a brief review of the
theory for atomic spectra.

Equation (11) of this chapter forms a natural starting point. The
application of a magnetic field to an atomic or molecular system creates
a torque on that system equal to the vector product of the magnetic
moment M into the field strength H. This torque would orient a bar
magnet parallel to the field, but as the moment M is associated with an
angular momentum p, the primary effect in the case of an atom or mole-

* Band lines are usually insensitive to magnetic influence except near the origin
where the low intensity and overlapping of different branches present serious
obstacles to the experimental determination of the Zeeman pattern.
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cule is to produce a precession of the system around the vector H as an
axis. The magnetic field may also distort the atom or molecule and in
some cases effectively disrupts it into two systems, but for the present
we shall assume that the field is weak compared with the forces which
hold the system together so that the latter reacts essentially as a rigid
whole. Let 6 denote thé angle between M and H and let wy denote the
precessional frequency. Then in accordance with (11)
torque =~ MH

OHE g sing = 2apy — D (31)

where « is simply an abbreviation for —2—%{—— . The frequency oy is seen
TPy

to be independent of the orientation of the system with respect to the field.
In accordance with the correspondence principle (Chapter II, Section 3)
we may immediately write

or 1 oF
a, =0 o = (32)

where r is the quantum number associated with the precessional motion
and J is the corresponding phase integral. The integration of (32) vields

E=Ey+rhoy=Eo+rhxll. (33)

If 7 is set equal to an integer,” or to an integer plus one-half, we obtain
a series of equally-spaced magnetic energy levels. The uniform spacing
of these levels flows out of the uniformity of the corresponding frequency
just as in the case of the Planck ideal linear oscillator.

To get a physical interpretation of the quantum number », one may
note that the atom or molecule is, in a sense, the equivalent of a small
bar magnet of moment M. Ience it should have an energy relative to the
field of magnitude *

E—Ey= — MII cos 6. (34)
Comparing (33) with (34) we see that
yo _ Mcos8 _ _ 2mpscosf (35)
kh h

In the conventional atomic model without electron spin, the angular
momentum pg is set equal to an integral multiple of 1/2x. Thus

po=jh/2m. j=0,1,2,3, ... (36)

oF
» Strictly speaking (32) should be written in the form 57 —==wy and r should
7
be limited to positive valucs. It is convenient, however, to eliminatc the double
sign by the arbitary introduction of negative values of r.

* This amount of energy is actually supplied to the system by electromagnetic

induction during the building up of the field H.
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j is identified with the azimuthal quantum number of the emitting
electron in the case of hydrogen and with the vector sum of the azimuthal
quantum numbers of all the electrons in the heavier elements. Com-
bining (35) and (36) we obtain

r=—jcosf=jcos (j, H). (37)

Thus r is the component of j in the direction of the field and has the
maximum and minimum values =+j. The number of magnetic sublevels
in each group is accordingly 2j+1.

The correspondence principle shows that only those transitions may be
expected to occur for which r'—7”= =1, 0. Ilence the frequencies of the
Zeeman pattern are given by the formula

Al
La—FE",

v: b + ('’ —r1"k" ) I
:v0+1.x'}[+1‘"(x’-x”)H, 1==1, 0. (38)
If «" and «” are equal, the above formula gives a simple triplet of lines.
Otherwise the pattern which it predicts is complicated. Now according
to the classical electromagnetic theory the conventional atomic model
under consideration should have the magnetic moment

= CPo I (39)

me 4mwme’

Here m denotes the mass of the electron. « then takes on the constant

e .
value Tome which we denote by the symbol x,. The [requency formula
Tm ’ ’

(38) reduces to

v=vo-+1kall, i==+1, 0. (40)
Thus the conventional atomic model gives a “normal ” Zeeman triplet
like that observed for hydrogen. This statement is equally true, as a
matter of fact, if the matrix mechames is used to study the influence of
a magnetic field on this model.

Though the Zecman effect as observed for the lines of atoms and ions
containing two or more eleetrons 15 usually much more complex, it still
has a great similarify to the *normal ” effect produced in hydrogen and
required by the above theory.

In a weak field, each of the origimal energy levels splits into a number
of equally-spaced sublevels as in the normal effect. The spacing of these
sublevels varies {rom one primary level to another, though it is always
a rational fraction of the normal spacing. The same principle of selection
for transitions between the magnetic sublevels holds for the complex
effect as for the normal effect and we may infer that we have to do with
a precessional motion of the atom around the magnetic lines of force
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similar to the normal precession, but with a different angular velocity.
This inference is further supported by the fact that the same polarization
rules hold for the abnormal as for the normal case. The anomalous value
of the precessional frequency may be referred to a corresponding anoma-
lous value of the ratio of magnetic moment to angular momentum.
Additional and more direct evidence for the existence of an anomalous
ratio M/ps is to be found in the magneto-mechanical experiments of
Barnett(32) and of Einstein and de Haas(3). The value of this ratio

. . . . e .
deduced from these experiments is about twice the value - required
c

m
for orbital electrons by (39), and agrees closely with the value —ﬁ—c—

deduced by Abraham (3*) [or an electron with a uniform surface charge
spinning on its own axis. The spinning electron theory of Uhlenbeck
and Goudsmit(2®) is an application of this old idea to the explanation of
the complex structure of spectrum lines™ and the Zeeman effect. Tt
accounts for the variety of abnormal ratios 3//ps found in the complex
Zeeman effect as the result of the separate compounding of orbital and
spin angular momenta on the one hand and of orbital and spin magnetic
moments on the other. The application of classical mechanics to the
stationary states of the modified atomic model of Uhlenbeck and Goudsmit
leads to the formula

=g= 1+ E A ,"“"j" (41)

where 8, k, 7 are the quantum numbers associated with the resultant angu-
lar momentum of spin, the resultant orbital angular momentum. and the
total angular momentum respectively. ¢ is Land¢’s “Aufspaltungsfaktor”
which measures the spacing of the magnetic sublevels associated with any
given parent level. Thus the spinning electron accounts for the fact that
the spacing of the magnetic sublevels varies from one parent level to
another and is always a rational fraction of the normal spacing.

In order to obtain quantitative values of ¢ in harmony with the
empirical observations it is necessary to use the peculiar relation between
angular momentum and corresponding quantum number which comes
out of the matrix mechanics. We must suppose, in fact, that the magni-

PE— /
tude of the orbital angular momentum is not kh/2x, but VA (k+ l)»zzrf

" Cf. Section 5, p. 326. The theory of Uhlenbeck and Goudsmit is really a
revival of the magnetic electron theory of Compton(38) and Parsons, but has a
different motivation and eliminates Compton’s objectionable assumption that the
electron is of a size cornparable with the dimensions of the 1, orbits in the heavier
elements.
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with similar formulas for the spin angular momentum and total angular
momentum. Then (41) is replaced by

£ og=1+ j(+1) +8(8+1) —k(k+1) (42)

n 2j(j+1)

in accordance with the empirical data(38),

If the magnetic field applied to a radiating monatomic gas is increased
until the outer Zeeman components of the adjacent lines in a multiplet
group approach each other closely, the magnetic displacements cease to
be proportional to the field strength and the original weak field pattern
is perturbed. The groups of components coming from the several original
members of the multiplet group become asymmetrical, and finally, when
the magnetic displacements become large compared with the spacings of
the components of the multiplet, the pattern for the entire group is
simplified into a single normal triplet. This simplification is accomplished
partly through the fading out of some of the outer components and partly
through the convergence of the outer components on the three lines of the
ultimate triplet. The central member of the high field triplet is located
at a sort of center of gravity of the original multiplet. This process of
mutual perturbation followed by simplification with increasing field is
called the Paschen-Back effect. According to theory the components of
the high field triplet should have-a fine structure comparable in scale to
that of the original multiple line. As yet there is no definite experimental
confirmation of this theoretical requirement (37).

The explanation of this effect is to be found in the fact that the natural
frequency of precession of the spin vector 8 (or V3(8+1)) is twice as
great as the frequency of precession of the orbital angular momentum
k (or VEk(k+1)). When the magnetic field is small, the atom reacts as a
rigid whole and executes a precession with the compromise frequency
gxaH. But the field has a tendency to make the two vectors precess with
different frequencies and when the torques which it exerts on 8 and k
become comparable with the torqu: exerted by 8 and k on each other, the
atom is distorted and the motion is no longer a superposition of a uniform
precession about H on a primary precession of k and 8 about j. Finally,
when the field is very strong, the coupling between 8 and k is completely
broken and each executes its own independent Tarmor precession, orient-
ing itself with respect to the external field as if alone. Thus the reduction
of a complex Zeeman pattern to a normal triplet in high field is due to the
fact that the orbital angular momentum executes a normal Larmor pre-
cession when disengaged from the influence of the spin vector 8. The
independence of the two precessional motions and of the orientation of
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the two angular momentum vectors does not destroy the mutual energy
of 3 and k, however. This mutual energy is the cause of the residual
high field fine structure.

PArT 6B. THEORY OF ZEEMAN EFFECT FOR BANDS

The observations which have been made on the Zéeman effect for band
lines are rather bewildering. Many of the lines are quite insensitive to the
influence of a magnetic field. In other cases, where the unperturbed band
lines are double or triple, they are displaced by an amount proportional
to the square of the field, without being resolved into a fine structure, in
such a way as to produce a contraction of the original spacing which bears
a strong resemblance to the Paschen-Back effect for line spectra. In still
other cases the lines are diffusely broadened. Many of these effects are evi-
dently second order phenomena more closely related to the Paschen-Back
effect than they are to the Zeeman resolutions of atomic line spectra
in weak fields. We must therefore be prepared to seek their explanation
in the distortion of the molecule by the magnetic field. In many cases,
however, the displacements of the magnetic components of band lines are
proportional to the first power of the field strength as they should be for
an undistorted molecule. It is therefore important to inquire what effects
we should expect for band lines when the molecular distortions are
neglected. The answer to this query in the form of a theory of the first
order Zeeman effect for molecular spectra would seem to be the logical
point of departure for the study of the important second order phenomena.

The first attempt at the development of such a theory is due to
Lenz(%). He deals briefly with the case of a diatomic molecule having

. oh . .
an electronic angular momentum o parallel to its axis of figure and
. ™

derives the following (correct) expression for the magnetic energy of such
a molecule when orientgd with the axis of resultant angular momentum
either parallel or antiparallel to the field:

E—FEy= +x, @g".ﬂ (43)

Unfortunately, Lenz’s discussion is based on the Rubinowicz principle of

selection and not on the Bohr correspondence principle. He states that on

account of the principle of selection all orientations of the resultant

angular momentum of the molecule relative to the external field other
22
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than the parallel and antiparallel ones, are to be excluded. This assump-
tion is quite out of harmony with our present ideas of space quantization
and practically vitiates the whole discussion.

A brief discussion of the application of the conventional quantum
theory to the problem of the Zeeman effect for rigid diatomic molecules
has been given by Kramers and Pauli(*?) and theiy work is here some-
what amplified by the writer. As the experimenta)data are very puzzling,
it seems sufficient for the purpose of initial orientation to assume the

normal value E’;—E for the ratio of the electronic angular momentum to

magnetic moment.”

The physical reason for expecting a Zeeman effect for molecular spectra
is essentially the same as for atomic spectra. The molecule like the atom
has, in general, a magnetic moment and therefore precesses in a magnetic
field. The magnetic moment is determined by the electronic angular
momentum 8. It is convenient to consider the components perpendicular
and parallel to j separately. The perpendicular component rotates around
j with the nuclei. The magnetic field acting on it gives rise to a torque
which changes direction as the nuclei rotate and averages to zero over
the period of that rotation. It produces a small amplitude motion of the
end point of the vector j in a plane perpendicular to the field with the
frequency of the nuclei. On the other hand, the interaction between the
field and the component of the magnetic moment parallel to j yields a
steady torque MH cos (s, j) sin (H, j) perpendicular to H and j which
causes a slow uniform precession of j about H superposed on the above-
mentioned higher frequency oscillation. This precession is slow com-
pared with the Larmor frequency for atoms, since the presence of a rela-
tively large nuclear angular momentum usually reduces the ratio of
magnetic moment to angular momentum for the molecule as a whole to
a small value. The precessional frequency is independent of the orienta-
tion, however. Thus equation (31) holds as in the atomic case if we
replace M by M cos (j, 8), and the value of x becomes

M M cos (j, 8) scos (j,8)
=Kp T

21rp¢ " 7 o
_ j2+s2—m2> <62+¢\/j2—0'2)
=kn (*— ) =«n e 44)
( 2% 7* (

% Kramers and Pauli leave this ratio indeterminate. The contribution of the
nuclei to the magnetic field is, of course, negligible.

Owing to his accidental oversight of the discussion by Kramers and Pauli, the
writer gave & brief summary of his own work in a recent paper(3?) read to the
American Physical Society (April meeting, 1926) without giving due credit to
their earlier work.
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Equations (32) to (38) are also correct for molecules as well as for atoms.
Introducing the above value of x we may throw (33) into the form
2 G2 2
E=Eo+rhnH [‘ifi%/l——‘i] . (45)

Since the maximum and minimum values of r are +j and — j respec-
tively (Eq. (387)), it is clear that the number of sublevels will increase
as j increases just as in the case of atomic spectra. The very large values
of j which occur in band spectra therefore imply the existence of very
complex Zeeman patterns.s The spacing of the magnetic sublevels de-
creases, however, as the number of levels grows, owing to the factor j2
in the denominator of the second term of (45). As in the case of line
spectra, the magnetic quantum number r will take on integral or half-
integral values according as j is integral or half-integral.

It € or ¢ changes during the transition which gives rise to the band,
the maximum and minimum values of the magnetic energy given by

2 N2 2
hnH ("_’_j‘_ﬁ__j]___‘{) will be quite different for the initial and final
states. Hence the maximum displacement of any Zeeman component
from the unperturbed line will be determined essentially by the differ-

(r"’+e\/]:;‘:r'

ence between the values of —~ for the two states involved.

For large values of j this reduces to ¢ so that the extreme width of the
Zeeman pattern for the outer lines should be ¢ —¢” times that of the
normal pattern for singlet lines. On the other hand, if ¢ and ¢ are
constant, it is evident that the width of the pattern will approach zero
as j increases indefinitely. Thus the band lines near the origin will be
the only ones to give a pattern of appreciable breadth unless e changes
during the transition. The scale of the pattern near the origin, how-
ever, where j is not very different from o, will approach that which is
characteristic of atoms.

In the recent paper(??) to which reference has been made so often
above, Hund gives two formulas for the magnetic resolution of the energy
levels in conformity with his theory of molecular spectra. The first of
these formulas is applicable to cases in which the spin vector 8 15 quantized
with respect to the nuclear axis (i. e., the perturbing effect of the nuclear
rotation on the vector 8 is small). In his case the components of k and 8
perpendicular to the internuclear axis average to zero and the effective
electronic angular momentum and magnetic moment are parallel to that
axis. Then

Sert=or+ o3 =o0.
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Since the ratio of magnetic moment to angular momentum is twice as
great for electron spin as for orbital motion, we have

Metr=xn(ox+R0s ) h=xn(o+03)h. (46)
Equation (44) becomes

2 2__m?2
- M,f,.coso =, (mc+‘2crg) (j*+o —m ) =xs (o’ﬁ-‘ag)a (47)
ih ] Raj :
where 0 denotes the angle between the nuclear axis and j as heretofore.™
Finally the energy equation takes the form

ThK,.H(0'+ o3 )a'
7 .
If we set o3 equal to zero in (48), and € equal to zero in (45), the equa-
tions reduce to the same form as they ought.
Hund’s second Zeeman effect formula

E=Eo+ rhx”H

E=E.+ (48)

SRS 4 (Pes—i) ) (a9)

is applicable when the nuclear angular momentum is so large that 8 pre-
cesses about j instead of about the nuclear axis. Ilere again the spacing
of the magnetic levels decreases indefinitely as the nuclear angular
momentum and j increase.

Both (48) and (49) are subject to modification in the light of the
quantum mechanics.

As an illustration of the actual Zeeman patterns to be expected let us
consider a special case. Let

8=0; €=€¢"=0;

o' =0; o"=1.

m

This is the case of the Angstrom CO bands as interpreted by Mulliken.
Either by (45) or (48) we should have

"

v=vo+ % xnH. (50)

Thus the Zeeman pattern is in this case conditioned entirely by the lower
of the two electronic energy levels concerned. The outer components
obtained by setting 7" equal to j” are displaced by an amount xnH/j"
from the unperturbed line. The first observed line of each branch should
show the same Zeeman pattern.

** Note added in proof. An article by J. H. Van Vleck in the November 1926,
Physical Review (p. 180) states that according to the new quantum mechanics 7
in the denominator of (47) should be replaced by (# —4) if the conventional
empirical values of j are used, but by j(j 4 1) if the correct j values of the new
theory are used.
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In the light of the intensity discussion given below it will be seen that
the higher members of the R and P branches, when partially resolved,
should appear as somewhat diffuse doublets in the perpendicular ® polari-
zation and as broad singlets in the parallel polarization. The Q branch
lines, on the other hand, should show the reverse effect, doublets in
parallel polarization and broad singlets in perpendicular polarization.

Magnetic Rotation. In many cases where there are no observations
showing a direct Zeeman effect, we have data on the closely related
Faraday effect, or rotation of the plane of polarization of light passing
near absorption lines in a magnetic field. R. W. Wood and his col-
laborators have shown that this rotation may be observed and its sense
determined when there is no direct evidence of a resolution of the line
into components or of an appreciable broadening(#?). The sense of the
observed rotations is sometimes the same as that for line spectra and
sometimes the opposite, so that it becomes important to inquire when our
theory predicts positive rotations and when negative. Now in the normal
Zeeman effect and in the complex effect for line spectra the components
#=r"41 which emit right-handed circularly polarized light in the
direction of the lines of force have higher frequencies than the left-
handed components #=#"—1. The sense of the rotation of the plane
of polarization of light traveling along the lines of force is then right-
handed.” To get a reversed, or left-hand rotation of the plane of polariza-
tion for light traveling along the lines of force, the appearance of left-
handed circularly polarized emission components on the high frequency
side of the pattern is requisite. As the most cursory examination of our
frequency formulas indicates that circular components of each sign should
be found on both sides of the unperturbed line, it is clear that the answer
to our question about the sign of the rotation of the plane of polarization
involves the solution of the problem of the relative intensities of the
components.

Sommerfeld and Heisenberg(%!) have dealt with the question of the
intensities of the Zeeman components in line spectra on the basis of the
correspondence principle, while H. Honl (**) and independently R. de L.
Kronig(43) have derived formulas for the ititensities from the summation
rule of Ornstein and Burger(%4). From the correspondence principle
standpoint, the problem of the intensity distribution in the weak field
Zeeman pattern of a band line is exactly the same as for an atomic line.
Hence the formulas for line spectra may be applied directly to the mole-
cular case under consideration. The summation rule formulas are in

® Electric vector vibrating perpendicular to the field.

® This statement applies to light frequencies lying just outside the limits of the
Zeeman pattern.
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qualitative agreement with those derived from the correspondence prin-
ciple, but undoubtedly describe the facts more accurately. (There is,
of course, always a certain amount of ambiguity about correspondence
principle formulas for intensity.) As recent advances in the interpreta-
tion of line spectra indicate that the Sommerfeld system of inner quan-
tum numbers (7 values) has greater physical significance than that of
Landé, we give here the formulas in terms of the former as stated by
Honl. Let 3*, II, 3- denote the respective relative intensities in the
transverse effect of components due to transitions of the types »'=»"+1,
¥ =r",and =r" —1. The II components give radiation with the electric
force vibrating parallel to the lines of force in the transverse effect and
contribute nothing to magnetic rotation. The %* and %~ components emit
perpendicular vibrations in the transverse effect and right- and left-
handed circularly polarized light along the lines of force. The relative
intensities depend on the value of j*—j” for the parent line and hence are
different for the P, @, and R branches. We give the formulas in terms of
the mean values of j and 7 for initial and final states. They are

R branch 3*:11:3-

=347 G+r=1): G+ = 3 (-r) (J—r+1); (1)
Q branch S*:T11:3-

=3(J=r+) G+r+3) 17 (J=r+3) (G+r+3); (52)
P branch 3*:1I:3"

=3(G—r)(G—r+1): (1) =2 3G +7) (G+r—1).  (53)

A number of general conclusions may be drawn from these intensity
relations. Let us consider first the magnetic rotation to be expected from
the R branch. In this case the greatest values of 3* and =~ are associated
with the values r=7j, and 7= — j, respectively. If a change in the magnetic
moment M accompanies the electronic transition which produces the band,
the term r” (' —«”)H in (38) will overshadow the term ix'H, and the
strong components with extreme values of r will be farthest from the
center of the pattern. If x’—«”>0, the strong line (3*) #"4+3=r=;
will lie on the high frequency side of the pattern, while the line
" —3=r=—7 (%) will lie on the low frequency side of the pattern. As
the right-handed components lie on the high frequency side of the left-
handed components in the case of atomic spectra, we conclude that if
& —x” >0 the R branch lines will show normal magnetic rotation.

The inversion of the intensity formula (53) with respect to (51) leads
to the association of the greatest values of 3* and 3~ with r=—j and
7=+, respectively, for the P branch. Hence the P branch should always
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show the opposite rotation to the B branch and if ¥’ —x” >0 the P branch
will be abnormal.

In the case of the @ branch the strongest X+ and 3- components are
evidently associated with the small values of 7 which give lines close to
the center of the pattern. The intensities are independent of the sign of ¥
and the magnetic rotation should be much smaller than in the B and P
branches. Writing (38) in the form

l/—l'o+1'(l( —x"YH 41~ (« +K )

H, (54)

we see that the right-handed components for which i= 41 lie on the
high frequency side of the left-handed components with the same 7 and
same intensity if x'+«” is positive. Hence the direction of rotation for

the @ branch depends on the sign of x'+«” and should be positive under
ordinary circumstances.

PArr 6C. EXPERIMENTAL RESULTS AND THEIR INTERPRETATION

The earliest investigations of the effect of a magnetic field on band spec-
tra made by the following—Zeeman (%), Becquerel and Deslandres(#6),
Michelson (#7), and Purvis(%®), all gave a negative result. The relative
insensibility of most band lines to the influence of magnetic fields re-
vealed by these observations is what would be eapected from the theory
sketched above which shows that normally only the lines next the origin
should exhibit a Zeeman pattern of sufficient breadth to be observed.
The failure to note an effect near the origin is easily accounted for
as a result of the low intensity of the early lines in each branch and the
difficulty of observation which frequently results from the overlapping
of the more intense lines of the branch returning from the head. At the
time these observations were made the existence of an origin at a point
displaced from the head was, of course, unknown.

The first discovery of an effect due to the action of a magnetic field
on band lines was made by R. W. Wood (%), who in 1905 established the
existence of the “bright line magnetic rotation spectrum ” of sodium
vapour. In Wood’s experiments, the rotation of the plane of polariza-
tion of wave lengths very near those of certain band absorption lines
was used to detect the presence of an inverse Zeeman effect too small to
observe in any other way. Plane polarized light (continuous primary
spectrum) after passing through the ahsorbing gas in a magnetic field
was analyzed by a Nicol’s prism set with its principal plane perpendicular
to that of the polarizer. Only those wave lengths rotated through an
appreciable angle were transmitted by the system. Under these circum-
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stances, the transmitted light proved to have the structure of a line
spectrum and was designated by Wood as a magnetic rotation spectrum.

The lines in this spectrum are much less numerous than the lines in
the absorption or white light fluorescence spectrum and we may con-
clude that only a few of the band lines (according to our theory those
near the band origins) are magnetically sensitive to a high degree. In
some parts of the spectrum, especially in the blue-green, there are distinct
band heads and in this region the strong magnetic rotation lines lie just
beyond the band heads, i. e., on the relatively transparent side of the
head(%®). These rotation lines are probably due to the combined effect
of all the absorption lines in the neighborhood of the head. As the
analysis of the absorption bands of sodium vapour by Smith(5!) shows
that the origins of these bands are very close to the heads, the existence
of strong rotation at the head is in harmony with our theoretical con-
clusion that the lines near the origin should show a maximum magnetic
gensitivity.

Similar magnetic rotation spectra have been found in the vapours of
potassium, bromine, and iodine(%°). The rotation is particularly strong
for bromine and in this case practically all the absorption lines yield corre-
sponding magnetic rotation lines.

Wood has been able to determine the sign of the rotation of the plane
of polarization for the stronger rotation lines. It is predominantly normal
in the sodium bands which form about the D lines and which are nrob-
ably due to a molecular electronic transition related to the atomic transi-
tion which produces the D lines. On the otner hand, in the red part of
the spectrum there are a large number of cases of rolation with the
reverse sign. These were at first interpreted as evidence of the existence
of positive electrons(52), but this view is clearly permissible no longer.

The theoretical conclusion that the P and R branches should normally
show opposite magnetic rotations is of interest in view of Wood’s
determination of the sign of the magnetic rotation for six iodine absorp-
tion lines which lie under the broad green line emitted by the mercury
arc. He found that two of the six lines showed abnormal or negative
rotations. The recent analysis of the fine structure of the absorption
spectrum of iodine in the region adjacent to the mercury green line by
Loomis(%8) (Cf. Chapter VI, page 285) establishes a definite correlation
between five of the absorption lines whose rotation has been observed and
the P and R branch series of the overlapping bands in this region. The
situation is somewhat confused by the accidental superposition of R and
P branch lines of different bands, but when due account is taken of the
intensities of the various overlapping series, the analysis leads to the
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definite conclusion that the P branch lines show normal rotation and the
R branch lines abnormal rotation.

The existence of any Zeeman effect in the case of these iodine bands is
surprising at first glance in view of their general character, especially as
the lines under consideration correspond to large values of j (from 30
to 115). The bands consist of P and R branches only and all the lines are
single. Bands of this type are attributed by Mulliken to electronic transi-
tions of the *S—>'S type. The absence of a @ branch indicates that o
vanishes for both upper and lower levels. This might conceivably come
about because o3 and o, neutralize each other, but, if that were the case,
the electronic levels should be multiple as a result of the presence of
neighborboring electronic states due to other orientations of 8 with respect
to the nuclear axis. Hence we may conclude in the light of Hund’s
theory, that ox vanishes for initial and final states. Under these circum-
stances 8 should set itself perpendicular to the nuclear axis and the
existence of bands of the type of the violet CN bands (doublets vanishing
at the origin) shows that a fine structure due to the orientation of 8
parallel or anti-parallel to m is to be expected. As no such fine structure
is observed we conclude that 8 vanishes also. In other words, both the
initial and final levels are of the *S type (sharp series, single line system).
This conclusion conforms with the fact that I, has an even number of
electrons and so is capable of developing a singlet system.”™ It is surpris-
ing, however, in view of the magnetic behavior of the iodine lines.

The author ventures the following explanation. The CN doublets show
that there is a certain amount of energy of orientation for 8 relative to m
when oy is zero and e vanishes at zero m. In view of the origin of the
angular momentum $ in electron spin, we may attribute this energy to a
small residual magnetic field parallel to m. Such a field is to be expected
as a result of a molecular analogue of the Barnett magnetization by rota-
tion effect. Asindicated in Section 4 of this chapter, an electronic angular
momentum vector parallel to the nuclear axis will tend to swing away
from that axis into parallelism with m as the molecule is set into rotation.
Now, although the resultant orbital angular momentum parallel to the
nuclear axis vanishes, this is due to the mutual cancellation of the com-
ponents of angular momentum of the individual electrons parallel to
that axis. These individual electronic angular momenta all tend to
twist into parallelism with m and thus form an e&. The distortional
electronic angular momentum thus created and the corresponding mag-

* The reader should compare the above rather dogmatic statement regarding
the CN doublets with the more detailed account given in Chap. IV, Part 5¢. The
discussion here given dates more than two months after the closing of Chap. IV
and a much longer time after the writing of Part 5¢ of that chapter.
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“netic field are presumably proportional to m for small values of m. Hence
the orientation energy of 8 should be proportional to m.”
If we add the orientation energy of 8 to the usual quadratic rotational
energy term, we obtain
F(m)=Bm?=+8m, (55)
where 8 is a small constant. Here
m=jx8—g=jx3—bm

b is another small constant. Solving for m and assuming that j is integral,
we have

P L S S
m= 1+b_1+b’7_%’1&’2é;°---

Let 13 and § be defined by

» B * b)

= ——— - = -

! (1+0)® 8 1+b
Then (55) takes the form

F(m)=Br=br. (552)

The frequency formulas for the 2 and I’ branches now become
=B 2B (B —B")r2 = [§+ (5 —8")1)
=B — 2By (B =By [8— (8§ —8")r]. (56)

The doublet intervals are accordingly linear functions of 7 or m to a first
approximation. To explain the failure of the lincar law for large values
of m, the simple assumption that  is proportional to m must be dropped.”

Turning now to jodine molecules, we note that they also should show
the same rotational effect and that the distortional magnetic field should

= Birge (Chapter IV, Part 5b) has already found evidence from a detailed
analysis of the rotational term formulas for the CuH bands of the existence of a
variation in € with m which he attributes to a “ warping of the electron orbits by
rotation.” Qur present point of view supports his interpretation of the empirical
data for CuH and checks the sign of the effect, for the distortional e is necessarily
positive 1n accordance with Birge’s result (Equation 147 of Chapter IV). Another
application of the same idea will be found in Section 5, p. 329 of this chapter.

% The linear term in m here introduced into the energy formula 1s apparently
open to the same objection as that raised by Birge with reference to Kratzer’s
linear term (cf. Chapter IV, Section 3, p. 111), for its presence violates the theo-
retical rule that g‘:'i, should vanish with m. The writer has not yet fully straight-
ened out this point, but in view of the magnetic nature of the term in question is
of the opinion that the objection is in this case not insuperable.
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produce a Zeeman effect which does not disappear for large values of
m and j. In view of Equation (44) since o is zero we may write

— Kn& _ axaT _
R A B
where a and B are small constants. (38) becomes
v=vw+ (r'f' —r"B")H. (58)

In the case of the B branch, j=7"4+1 and we may set 7 equal to =5
and r” equal to = ;" to get the strong exterior lines which determine the
width of the Zeeman pattern and also the sign of magnetic rotation. For
them

v=vox H[B'+ (8 —B")i"]- (59)

The upper sign goes with the right-handed circular polarization (3*
component). Equation (59) shows that the Zeeman pattern grows in

width as j if Sé:éfm)—L is large compared with unity and that the

senge of the rotation is normal or abnormal according as g’ is greater or
less than B”. The work of Wood and Loomis shows that in the case of
the visible iodine absorption bands we must suppose that 8” is greater
than 8. This again, is surprising at first glance since we should expect
the more excited state to be more deformable and hence to have the
greater 8. But since the moment of inertia of I, is 28 per cent greater
in the excited state than in the unexcited, the angular veloeity connected
with any given value of m must be 28 per cent lower in the excited state.
Hence the lower energy level should be more sensitive to changes in m
than the upper level even if somewhat less sensitive to changes in angular
velocity.

The foregoing theory involves the assumption that in iodine and other
apparently diamagnetic gases there is really a second order paramag-
netism superposed on the inductive diamagnetic effect which is alone con-
sidered in the accepted theory. The writer sees no reason to suppose that
the contribution of the suggested paramagnetic effect to the susceptibility
of the gas need be large enough to conflict with the observed negative sign
of that quantity.

The existence of a direct Zeeman effect for band lines was first proved
by Dufour(®%%) who found it in certain rather peculiar bands in the
spectra of the fluorides and chlorides of calcium, barium, and strontium.
The structure of the individual bands was not resolved by Dufour, but
he found by suitable examination along the lines of force that each head
was doubled in a magnetic field. Each component showed partial circular
polarization. The relative positions of the two circular components were
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such as to indicate a positive magnetic rotation of the plane of polariza-
tion for one group of bands, but a negative rotation for two others. Each
band was resolved into a quartet when viewed transversely. The dis-
placements were proportional to the field strength and of the order of
magnitude of the normal displacements in the spectrum of atomic
hydrogen.

The effects deseribed by Dufour are quite different in character from
those subsequently discovered in other hands and also from the effects
predicted by our first order theory. Apparently all the lines are resolved
into quadruplets of about the same breadth, a result which seems to
demand that the orientation of the electronic angular momentum in the
field be essentially independent of the orientation of the plane of the
nuclear rotation. The situation bears a close analogy to the final stage
of the Paschen-Back effect in line spectra, especially when we consider
that the magnetic displacements are much larger than the spacing of
adjacent band lines, indicating that the magnetic precessional motions
are more rapid than the slower nuclear rotations. The action of a mag-
netic field on these bands deserves further study.

Another phenomenon resembling the Paschen-Back effect in line spectra
is the previously mentioned contraction of doublet and triplet band lines
in a magnetic field first observed by Fortrat(®). This drawing together
of the original non-magnetic components is essentially a second order
effect usually unaccompanied by any tendency on the part of the lines to
broaden or develop a polarized fine structure. Fortrat’s observations on
certain rdther broad doublet band lines suggested the formula

oH?
n

dn= (60)
for the contraction dn of doublet components having a normal spacing n
on the frequency scale. Here a is a constant for any given line and varies
slowly with the term number of the doublet.

More recent precise measurements by Bachem(®¢) on the narrow
doublets of the violet CN band A3883 have shown that the law of con-
traction should be written

=aH". (61)

In this form the law indicates a displacement at first proportional to the
square of the field, but at a rate which gradually decreases so that the
components actually meet only for an infinite field.



MOLECULAR MODELS AND RELATED TOPICS: KEMBLE 349

The occasional doublets of abnormal width (perturbations) show an
abnormal sensitivity to magnetic influence and are regularized by the
field. :

It seems possible that this gradual contraction of doublet and triplet
lines by a magnetic field is a true Paschen-Back effect in the sense that
it indicates a gradual loosening of the bond which links the angular
momentum of spin 8 to the rest of the molecule. According to the theory
of the CN doublets sketched above, we have to do with molecular states
in which 8 is oriented with respect to the rest of the molecule only by the
residual magnetic field due to the rotation of the molecule as a whole.
Under these circumstances 1t is reasonable to suppose that a small external
field should be sufficient to cause the independent orientation 8 and m
relative to the magnetic lines. It should be observed, however, that the
absence of a first order magnetic fine structure makes the observed phe-
nomenon essentially different from the Paschen-Back effect for atomic
lines. Moreover, the theory of the Paschen-Back effect for line spectra
requires that the members of the strong field triplets shall have a mul-
tiplet fine structure of the same order of magnitude as the original multi-
plet structure, and though the data do not as yet permit the confirmation
of this requirement (37) it is probable that this residual multiplet structure
does actually exist. A corresponding fine structure is to be expected in
the case of the CN bands, for if the field is strong and 8 orients itself
parallel or antiparallel to the lines of force independent of the orientation
of the plane of the nuclear motion, this does not eliminate the mutual
energy of 8 and m. On the contrary it should lead to the replacement of
the two initial orientations of § relative to m by 2j+1 such orientations
corresponding to the 2j+1 values of the magnetic quantum number 7.
Hence the final effect should be to replace the original doublet by a very
fine Zeeman pattern equal in width to the original doublet, but having
its greatest intensity in the center so that it would look like a single line
somewhat less broad than the original doublet. This seems not to be the
effect actually observed.

In other bands the existence of a magnetic resolution proportional to
the field strength for lines near the origin has been established. The
Zecman patterns are not usually of the type indicated by our theory,
however, and the first order effect is commonly accompanied by disturbing
second order phenomena. Unfortunately the bands which have been
studied are with one or two exceptions of a complicated structure which
we are just beginning to understand.

The CH band A3900 has been studied by Hulthén(88). This band
consists of three doublet branches having a maximum separation at the
origin indicating a variation in the angle which 8 makes with the nuclear
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axis due to variation in m. When observed transversely, the higher fre-
quency component of each of the three branches (P, Q,, R.) is split by
the magnetic field into an asymmetric doublet. The stronger component
is displaced toward the red and the weaker one about twice as far toward
the blue, as indicated in the accompanying figure. The red component
of the original doublet (P,, Q,, RB,) undergoes a simple displacement
towards its companion line. The displacements are all directly pro-
portional to the field strength and of the order of magnitude of the
normal displacement «,fI. The scparation of the magnetic components
of P,, Q,, R, decreases somewhat as the term number increases, but
approaches the value 2«.// as the term number approaches zero.

The asymmetry in the displacements of the magnetic components is
accompanied by an asymmetry of intensities, the exterior component

Q Field off

I —3— )Y
Q,
Q1 Qz Field on

Fireure 5—Magnetic Resolution of First Doublet in Q Branch 3900 CH Band
after Hulthén.

being the weaker. The intensity djfference is small for the earlier lines
of each branch but with increasing term number the weaker component
gradually fades out and beyond the tenth line is no longer observable. It
is accentuated by an increase in the field strength as if it were a function
of the ratio of the magnetic displacement to the original separation of
the doublet components.

The fading out of the exterior magnetic component or satellite bears a
strong resemblance to the fading out of the exterior magnetic components
in the Paschen-Back effect. It reduces the effect of the field on the
doublets of higher term number to a simple contraction like that observed
in the 23883 cyanogen band but with displacements varying linearly with
the field strength.

The Zeeman effect for the A3900 CH band has also been studied by
Fortrat (%) who reports that some of the lines are split into quadruplets
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with two components vibrating parallel to the field and two perpendicular
to the field. (He describes this as the A3872 Swan band, but his table
of wave-numbers shows that it is the A3900 CII band.) Fortrat reports
that the displacements cease to be proportional to the field sttength when
the latter becomes strong enough to appreciably weaken the exterior
magnetic components: He has made observations of the same general
character regarding the Zeeman effect for the zine, cadmium, and mer-
cury bands.

An even more complicated situation of the same general character is
reported by Fortrat(%) for the A3064 band of OII. This band (Cf.
Chapter IV, Part 5d) is of the same general structure as the A3900 CH
band studied by Hulthén (58). Satellites are split off by the magnetic field
and these sometimes develop in intensity with increasing term number. In
one branch (@,) a satellite increases in intensity from the first line to
the ninth and then decreases and finally disappears simultaneously with
the appearance of a second exterior satellite which in turn increases
rapidly in intensity with increasing term number to & maximum and then
fades out again. The displacements show no general tendency to dimin-
ish toward zero with increasing term number.

The magnetic behavior of the zine, cadmium, and mercury bands has
been studied by Hulthén (58). He reports in detail on the A4326, A4268,
and A4260 bands of ZnH only. The lines of the Ry, R,, @, branches adja-
cent to the origin split into doublets with a spacing which decreases as the
term number increases and approaches a twice normul value when extra-
polated to the origin itself. The first members of the Py, P,, @, series are
too close to the head to study. The higher members of the @, series show
a persistent doubling which has a half normal separation for the fifteenth
line, but the higher members of the other series are magnetically insensi-
tive. The doublets are somewhat asymmetric and in some cases diffuse.

In the case of the helium band A4659, attributed by Mulliken to a
transition of the 1P->18 type, Curtis and Jevons(8) have found a mag-
netic broadening of the early lines in each branch which has a maximum
value (about two-thirds normal) for the lines adjacent to the origin.

These observations confirm the theory to the extent of showing that a
Zeeman resolution of the order of magnitude of that found in line spectra
occurs frequently in the weak band lines next the origin. They show
further that this splitting of the lines is usually accompanied by other
effects of a sort not easy to interpret, but evidently due in part to a dis-
tortion of the electron orbits by the field. The increase in the com-
plexity of the Zeeman pattern with increasing term number which the
theory demands has not been definitely established, the experimental
difficulties involved in securing a satisfactory check on this point being
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very great. Dr. R. 8. Mulliken working in partial collaboration with the
author has very recently obtained some plates showing the Zeeman effect
for the A5610 Angstrom CO band ™ taken particularly for the purpose
of testing this question. The first line of the @ branch is apparently a
doublet in parallel polarization and a triplet in perpendicular polarization,
the other @ branch lines being apparently double in the parallel polariza-
tion, but broad singlets in perpendicular polarization. The P branch lines,
on the other hand, are single in the parallel polarization and broad,
apparently double, in the perpendicular polarization. The R branch lines
are diffusely broadened and show more evidence of complex structure
than either @ or P lines, but are so weak and blurry even with a long
exposure that it is not possible to resolve their fine structure in detail.
In all cases the spacing of the components decreases as j increases. The
R and P branches both show greater breadth of resolution in the perpen-
dicular polarization than in the parallel, while the ¢ branch shows the
reverse effect. This is in accordance with the theory when we take
intensities into account. The low frequency components of the apparent
doublets are the more intense and the separation of ihe components is
less than the normal separation even for the first lines of the three
branches. On the whole, the evidence in favor of the theoretical com-
plexity is strong and the empirical results for this band are in better con-
formity with the theory than in any other case known to date.”*

# Cf. theoretical discussion on p. 340.

* These plates were taken in the first order with a 21-foot Rowland grating at
the Jefferson Physical Laboratory at Harvard University.

s Note added in proof. Measurements of .the spacing of the Zeeman com-
ponents of the first lines of the P and @ branches show that they are approxi-
mately half normal triplets and thereby definitely confirm the Van Vleck formula
based on the new quantum mechanics. (Cf. footnote added in proof, p. 340.) The
formula (50) cannot be fitted to the observations.

As previously stated, the upper electronic level 1s non-magnetic, so that the
Zeeman pattern shows directly the multiplicity of the lower level. The triplet
character of the lines under consideration shows that for them ;" =r,,, =1 and
thus verifies the conclusion drawn from the necw mechanics that the correct j
values for gyroscopic as well as non-gyroscopic rqolecules are smaller by a half
integer than the conventional values determined from the Kramers and Pauli
formula. Using the new j values, Van Vleck’s modification of (50) becomes

., TxH
V=">o-T ]-u(]-n +1)
"
7"G"+1)

For the lines under consideration takes the values *= 4, 0 so that a

half normal triplet is predicted.
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In general, the agreement between the theory of the Zeeman effect
for band lines and the empirical facts is by no means satisfactory, and it
is clear that a revision or extension of the theory taking into account the
distortion of the electron orbits by the field will be needed to account
for many of the observations. On the other hand, the theory is qualita-
tively verified in a number of ways and the evidence as to its essential
validity is particularly good in those cases (such as the Angstrom
CO bands) where we probably have to do with a fairly rigid molecule.

In connection with the discussion of the Zeeman effect for band lines
it may be well to call attention to the fact that our theory of the magnetic
behavior of molecules is in conflict with Pauli’s calculation of the rela-
tion between the magnetic moments of paramagnetic molecules and their
susceptibilities (®). Pauli’s theory, which reconciles the empirical sus-
ceptibilities of O, and NO with the hypothesis that all magnetic moments
are integral multiples of A/2, is based on two assumptions. One of these
postulates the orientation of the electronic angular momentum and mag-
netic moment perpendicular to the nuclear axis, while the other postu-
lates that the space quantization of the electronic angular momentum is
independent of the nuclear angular momentum. The latter assumption,
particularly, is highly improbable unless the magnetic field be strong
enough to produce a molecular Paschen-Back effect. A revision of Pauli’s
calculation is therefore desirable.

SECTION 7. THE STARK EFFECT AND THE DIELECTRIC
CONSTANTS OF DIPOLE GASES

The theoretical problem of the effect of an electric field on the rota-
tional states of polar non-gyroscopic molecules has been studied by
Hettner (%), Pauli (%), and Pauling(%®). Ilettner’s work was primarily
directed to the determination of the nature of the Stark effect to be ex-
pected, while that of Pauli and Pauling had for its object the evaluation
of the relation between dipole moment and dielectric constant. The
more important conclusions regarding the Stark effect may be deduced
without introducing mathematical complications.

The scale of the fine structure pattern produced in an electric field
depends on the energy of the molecules with respect to the field. If there
is a first order effect (separation of components proportional to the field
strength), the perturbation theory of the classical mechanics (Cf. Sec-
tion 3, p. 316) states that the corresponding energy may be calculated by
taking the time average of the mutual energy of the molecule and the
field over the unperturbed orbit. In the case of a polar molecule, the
instantaneous mutual energy is proportional to the component of the
molecular electric moment parallel to the field, and if the molecule is

23
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diatomic and nongyroscopic the mean energy vanishes on account of the
circular character of the unperturbed orbit. Hence we have to do with
a second order effect except when the unperturbed molecule is not rotat-
ing, if, indeed the rotationless state is included among the permitted
stationary states.” The energy of such a rotationless molecule will be
equal to the product of its electric moment into the field strength and
this energy will produce a proportional displacement of any band line
due to a transition between the rotationless state and any other state.
At the time of the publication of Hettner’s paper, the hypothesis of non-
integral values of the nuclear angular momentum was not generally
accepted and it was commonly supposed that one of the lines of each
of the vibration-rotation bands of the halogen hydrides was due to a
transition involving a rotationless final state. In the case of HCI the
effect predicted for this line (the first of the P branch) was large enough
to be observable and the experiment was tried with a negative result by
Barker(%8). The absence of any Stark effect for this line was interpreted
as evidence that no rotationless state exists and hence as a support for the
half-integral quantum number hypothesis.”

The theoretical relation between the dielectric constant and the dipole
moment has had an interesting history. It was first evaluated by
Debye (%) on the basis of the classical statistical mechanics. He obtained
the formula

3 e—-1 _ Nu’

4 etz by TVB (62)
in which e is the dielectric constant, p is the dipole moment, N is the
number of molecules per unit volume, % is the absolute entropy constant,
and 1" the absolute temperature. B is a small constant which gives the
contribution of the induced electric moment due to the distortion of the
electron orbits by the field. Pauli(®) carried through a similar calcula-
tion for the quantum theory using integral quantum numbers, but ex-
cluding the rotationless state. His resuic was of the same form as Debye’s

» The reason for the absence of a first order Stark effect in the line spectra of
the elements of higher atomic number tlian hydrogen is essentially the same. The
precessional motion of the electron orbits takes the place of the nuclear rotations
in averaging out the mutual energy of atom and field.

" Kramers and Pauli(21) have shown that in the case of a gyroscopic polar
molecule (¢>>0) a first order Stark effect is to be expected for all band lines not
too far from the origin. It is doubtful, however, whether the effect is large enough
to be easily observable. Steubing(67) has tried the effect of an electric field on
the band spectra of the several non-polar molecules and one partially polar
molecule (CO). He found an apparent change in the relative intensities of
different parts of the spectrum but observed no displacement or resolution of the
lines.
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2,
but the coefficient of A’:’} was 1.5367 instead of 4. Later Pauling(%)

revised Pauli’s work by introducing the half-integral quantum numbers
which have been the normal stock in trade of band spectrum workers

ut
*T
is a function of IT (here, as usual I denotes moment of inertia) and
varies between the upper limit 4.570 for very low temperatures and
zero for very high temperatures. The large discrepancies between these
results are due to the fact that only the molecules with the lowest
rotational energies contribute appreciably to the first term in the right-
hand member of (62).

Pauling used the statistical weight series 2, 4, 6, 8, . . . . for the suc-
cessive rotational states and reporis that the series 1, 3,5, 7 . . . . leads
to an impossible negative electric polarization. (The statistical weights
give the number of different orientations which the molecules may take up
in the electric field.) This is not surprising since orientations in which
the nuclear angular momentum is nearly perpendicular to the field yield
negative contributions to the polarization analogous to the negative polari-
zation of atoms by the interatomic electric fields used by Debye to account
for the repulsion between atoms and molecules at short distances (Cf.
Part 1b, p. 303). But recent measurements of the relative intensities of
the lines in the infra-red vibration-rotation spectrum of HCI by Dr. D. G.
Bourgin (%84) in collaboration with the author indicate that the correct
statistical weight series is 1, 3, 5, 7, . . . . | This set of statistical
weights is also required by the summation rule theory of infra-red
intensities (¢?), (79). ’

Happily the conflict between these divergent results has been resolved
almost before its existence was known. The new matrix mechanics of
Heisenberg and Born has been applied to the problem of the polar
diatomic molecule by Mensing (™), Schrodinger(?2) and others. They
find that the correct relationship between angular momentum and rota-
tional energy is not that given by the conventional Bohr theory (a
conclusion foreshadowed by earlier work of leisenberg). Thus the
angular momentum is zero for the lowest rotational energy level, though
the rotational energy itself does not vanish. This conclusion invalidates
the work of Pauling, but Kronig("), Mensing and Pauli(7*), and Van
Vleck (") have worked out the problem of the relation between dipole
moment and dielectric constant on the basis of the quantum mechanics
and arrived at a formula in essential agreement with the “ classical ”
one of Debye. The new theories harmonize with the negative result
of Barker’s experiment (Stark effect for HCl) in spite of the fact

during the last few years. According to Pauling the coefficient of
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that they assign the angular momentum zero to the lowest rotational
state of the molecule. The original interpretation of Barker’s experi-
ment is thrown overboard, however, and we ought perhaps to regard that
experiment as a verification of the quantum mechanics as distinguished
from the classical mechanics.
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Carbon monoxide, 245, 252-253
Angstrom bands, 95, 120, 133, 167-168, 225, 352
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‘“ combination ” bands (CO*), 114, 133, 154
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Cyclic coordinates, 24, 37
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Deslandres’ law, 51
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Dielectric constant, 354-355
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“ Double-double ”” headed bands, 95
Double-headed bands, 95, 205
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Electron spin, 326-331, 335-336
Electronic angular momentum, 48, 183, 186, 196, 250, 315, 328
Electronic band, 14-21, 49, 69

energy change for, 70

general appearance, 71

relation to vibration-rotation bands, 14-15, 76, 85, 86
Electronic energy levels, 73, 102-104, 107-109, 238-245

multiple character, 95, 195, 239-240

relation to atomic levels, 239-243, 249-251, 313, 330
Electronic quantum numbers (e, ea..), 69, 70, 102, 250
Emitter identified by isotope effect, 267, 268
Empirical formula for band series, 87, 88, 89

Faraday effect, see Magnetic rotation spectrum
Finite differences

defined, 123

relation to derivatives, 124, 143, 145
Fluorescence, 272-292

antistokes lines in, 275, 289

broad line excitation of, 277-282

correlation with absorption, 283-289

foreign gases, effect of, 276-277

intensities in, 289-290

monochromatic excitation of, 272

of iodine, 272-292

resonance line in, 272

temperature, effect on, 289

theory of, 272-274

ultraviolet, 290
Force law for molecule, 234-237, 293
Forces, interatomic, 300, 305-310
Formula (empirical) for band series, 85, 87
Formulas for energy levels of a molecule, 106-121
Fortrat diagram, 16, 50, 83
Fortrat’s “ family ” and ‘“ class,” 75, 77
Fourier series, 31
Franck-Condon theory of intensity distribution, 140, 248-249
Frequencies, classical, 30, 32-41, 110, 296
Frequency of rotation, from electronic bands, 104, 111
Frequency of vibration, from electronic bands, 108, 110, 113, 222, 246

relation to moment of inertia, 233-234
Fundamental series in I, fluorescence, 277

Gamima bands of nitrogen (NO), see Nitric oxide, gamma bands
Generalized coordinates and momenta, 24

Half-integral quantum numbers, 48, 49, 55, 92, 120, 142, 183, 187, 208, 250, 267, 269
Hamilton-Jacobi equation, 27

Harmonics in band spectra, 15, 17, 53, 59

Head of band, 14, 19, 51, 72, 83, 85, 87, 123

Heat of dissociation, see Dissociation of molecules
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Helium bands (He.), 200, 201, 204-209, 227, 242, 351
Hydrogen (H,), 200, 209-214, 229

absorption spectrum, 214

Fulcher bands, 209-214, 229

heat of dissociation, 214

ionization potentials, 213-215

Lyman bands, 213, 214, 306

molecular model, 210, 305

molecule ion, 307

specific heat, 210, 213
Hydrogen bromide (HBr) infra-red bands, 11, 53
Hydrogen chloride (HCI) infra-red bands, 11, 14, 52-54, 187, 198, 209, 265. 300
Hydrogen cyanide (HCN) absorption bands, 67
Hydrogen monoxide band, see Water band (OH)

Identification of emitter by isotope effect, 267, 268
Intensity distribution in electronic bands, 85, 86, 94-95, 121-142, 147, 155-156, 161,
166, 200, 203, 215-222, 248-249, 287 ; sce also Alternating intensities
in infra-red bands, 11, 15, 57
mn iodine fluorescent spectrum, 289-296
in Zeeman cffect, 341
Interatomc forces, see Forces, interatomic
Iodine bands (I.), 122, 134, 139, 140, 246, 275, 344
fluorescence of, 272-292
Ionio recombination spectrum, 290-292
Ionization potentials of molecules, 238, 239
relation to heats of dissociation, 247
Isotope effect, 260-271
electronic, 261
emitter identified by, 267-268
half-quantum numbers in, 267, 269
in BO, 266-268
m CuH, 268
m Cul, 269
in HCI, 265-266
in line spectra, 260
in MgH, 269
in S1N, 268
isotope discovered by, 268
origin located by, 267
rotational, 96, 98, 263
vibrational, 130, 142, 262

Kramers and Pauli rotational energy formula, 106, 118-119, 187-200, 250, 310-315,
317-318, 325-326, 329

Kratzer, energy formula, 45, 108, etc.

Kratzer’s “ 8" term, 109, 116-117, 163, 171, 183-186

Lagrangian function, 24
Liéngsserie, 140
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Least squares solution of polynomial, 87
Line series law in band spectra, 205, 207, 210, 242-243

M (empirical ordinal number, or “ Laufzahl ), 83, 144, 147-149, 155-159, 164-171,
175, 189, 197
Magnesium hydride (MgH) bands, 269
Magnetic moments, 332, 353
Magnetic rotation spectrum, 341, 343-344
at iodine lines, 285, 344-347
Magnetization of molecules by rotation, 345-347
“Main ” line, 277
Mass, effective, 260
Mechanical correspondence principle, 301
Mecke rotational energy formula, 199
Mercury hydride (HgH) bands, 95, 117
doublets in, 177, 186
M017 band, 97, 176
Methane absorption bands, 63
Methods “ One,” “ Two,” and “ Three,” for calculating moments of inertia, 169-177
Missing lines of bands, 16, 55, 83, 85, 120, 144, 151, 155-156, 159, 160, 162-165, 167,
178, 185-187, 191, 192, 197, 198 (summary), 201, 202, 206
Molecular constants from band spectra, 222-233
Moment of inertia, 11, 12, 14, 19, 39, 53, 104, 112-113, 121, 134, 167-177, 189, 223,
234, 237
methods for calculation of, 169-177
reduction factor for, 168, 223
relation to frequency of vibration, 233-234
Multiple bands, 95-100, 327
Multiply periodic system, 31

“ Natural ” doublets and triplets, 189, 191, 199
Negative branch of band, see P branch of band
Nitric oxide (NO), 245, 253
beta bands “ of nitrogen,” 95, 133, 137, 138, 141
gamma bands (third positive group) “ of nitrogen,” 95, 133, 139
heat of dissociation, 247
Nitrogen (N,) bands, 102-103, 245
absorption spectrum, 252
first positive group, 125-129, 131, 133, 136-137, 142
fourth positive group, 125-129, 131, 133
heat of dissociation, 247, 252
3371 (of second group), 191, 192, 197, 199
negative group (N,*), 131, 133, 173, 200-204, 206, 208, 237
second positive group, 73, 78, 79, 119, 125-131, 133, 135-137, 142, 149, 173, 187,
188, 191, 204, 237
ultra-violet bands, 133
Nomenclature, 5, 6
for electronic bands, 86, 144-145
n', n” progressions, 75, 123, 146, 165; see also Vibrational quantum numbers
Null line of band, see Missing lines of bands
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Orbital frequencies, variation of, 295
Origin of band, », 47, 73, 122, 143, 156, 159, 160, 162, 163, 180, 182, 191, 195, 196, 200,
205
located by isotope effect, 267
Origin of system, ve, 77, 122, 222
Overtones, 34; sec Harmonics and combinational tones
Oxygen (0,), 245
atmospheric bands, 87, 133, 204
heat of dissociation, 247
Schumann-Runge bands, 133, 134, 141, 204, 208, 228
ultra-violet (first negative group) (0.*), 133, 140, 229

P branch of band, 47, 50, 83, 93-94 ; see also Branches of band

Paschen-Back effect (band spectra), 348-349

Paschen-Back effect (line spectra), 98, 336

Perturbation theory, 315-318

Perturbations (irregularities), 72, 75, 89, 90, 91, 128-129, 146-147, 159, 160, 162-164,
166, 182-185

Phase integral, 24

Phase, Thiele’s, see Thiele’s phase

Planck’s constant, 25

Polar molecules, 22, 134, 298

Polarizability and molecular structure, 298-299

Polarization of radiation, 35, 341, 343, 347-348, 352

Positive branch of band, see R branch of band

Potential energy due to rotation, 113

Potential function for molecule, 234-237, 203

Primary Deslandres’ series, 84

Progression, Deslandres’, see Deslandres’ progressions

Progression, quantum, see n’, n” Progressions

Pure rotation spectrum, 12, 41, 58, 67

Q branch of band, 50, 87, 92-94. 120; see also Branches of band
Quantum defect, 188, 189

Quantum interpretation of electronic bands (original), 17-20, 143,188
Quantum mechanics, 56, 59, 251-252, 335, 340, 352

Quantum postulates, 23-25

Quarter quantum numbers (Dieke), 114, 151, 201-203, 207, 208, 234, 237
Querserie, 140

R branch of band, 47, 49, 83, 93-94 ; see also Branches of band
Resonance line, 272
Ritz combination principle, see Combination principle
Rotational analysis of electronic bands (general), 142-177
Rotational and vibrational energy constants related, 172-173, 175, 208, 237
Rotational band spectrum, see Pure rotation spectrum
Rotational energy, 39-42, 102-104, 107-109, 111-121, 142-200

elastic gyroscopic molecule, 318-326

multiatomic molecules, 60-62

odd power terms in, 111, 174-175, 236

rigid gyroscopic molecule, 310-312

See also Kramers and Pauli rotational energy formula
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Rotational quantum numbers, 12-13, 39-40, 55, 60-62, 102, 111, 143-144, etc.
Rotation-vibration bands, 12-13, 15, 45, 52-68

Secondury Deslandres’ series, 84

Selection rules, 18, 35, 39, 62, 143, 273, 334

Sequence of bands, 15, 51,76, 77, 79, 125-126, 135-142

Series 1n bands, 72

Shared electrons, 306-307

Silicon nitride (SiN) bands, 268

Silicon oxide (SiO) bands, 130

“ Singlet ” bands, 97

Spectral diagrams, 154-176

Spectral terms of electronic bands, 100-106
symbols for, 115

Spin, electron, see Electron spin

Stability of orbits in Bohr theory, 304

“ Staggering ” in electronic bands, 204

Stark effect, 353

Stationary states, 26

Subhead, 81

Summation rule, for band spectra, 203, 216-219

Symmetrical molecules, 200-214

Symmetrical rotator, 60

System of bands, 15, 19, 51, 73, 122, 205

“ Tail ” of band, 85, 87

Temperature and intensity variations, 11, 12, 20, 141-142, 155, 215-222; see also
Intensity distribution

Terns of electronic bands, see Spectral terms of electronic bands

Thiele’s “ phase,” 84

Transition probability, 36

“Triplet ” bands, 99

Vibrational energy, 42-45, 76, 102-104, 107-109, 110, 115, 120, 121-142, 243-249
Vibrational frequency curves, 132
Vibrational quantum numbers (n’, n”), 74, 79, 102, 121-142
assignment of, 125-130, 146
probability of large changes, 248-249, 297
Vibration-rotation bands, see Rotation-vibration bands

Warping of electron orbits by rotation, 175, 237, 346
Water band (OH) A\3064, 96, 98-99, 187-200, 329
Water vapor absorption bands, 59, 67

Wave numbers, 131, 168

Zeeman effect, 331
experimental results, 98, 99, 210, 343-353
Angstrom CO bands, 352
CH bands, 349
CN bands, 98, 345, 348
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Zeeman effect—cont’d
experimental results—cont’d
for abnormal doublets, 98
H, bands, 210
He, bands, 351
ZnH bands, 351
intensities, 341-343
theory for atomic spectra, 331-337
theory for band spectra, 337-340
Zero branch of band, see Q branch of band
Zero line, 47
Zinc hydride (ZnH) bands, 239, 351
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of the Grignard reaction, 1900-1921. By Clarence J. West and Henry Gilman.
January, 1922. Pages 103. Price $1.50. [Out of print.]

Number 25. A paltial list of the publications'of the National Research Council to
January 1, 1922. February, 1922. Pages 15. Price $0.25.



Number 26. Doctorates conferred in the sciences by American universities in 1921.
Compiled by Callie Hull and Clarence J. West. March, 1922. Pages 20. Price
$0.20.

Number 27. List of manuscript bibliographies in geology and geography. Compiled
by Homer P. Little. February, 1922. Pages 17. Price $0.25.

Number 28. Investment in chemical education in the Umted States, 1920-1921. By
Clarence J. West and Callie Hull. March, 1922. Pages 3. Price $0.15.

Number 29. Distribution of graduate fellowships and scholarships between the arts
and sciences. Compiled by Callie Hull and Clarence J. West. Apnl, 1922. Pages
5. Price $0.15.

Number 30. The first report of the Committee on Contact Catalysis. By Wilder D.
Bancroft, Chairman. In collaboration with the other members of the committee.
April-July, 1922. Pages 43. Price $0.50.

Number 31. The status of “clinical ” psychology. By F. L. Wells. January, 1922.
Pages 12. Price $0.20.

Number 32. Moments and stresses in slabs. By H. M. Westergaard and W. A.
Slater. April, 1922. Puages 124. Price $1.00.

Number 33. Informational needs in science and technology. By Charles L. Reese.
May, 1922. Pages 10. Price $0.20.

Number 34. Indexing of scientific articles. By Gordon S. Fulcher. August, 1922.
Pages 16. Price $0.20.

Number 35. Amcrican research chemicals. First revision. By Clarence J. West.
May, 1922. Pages 37. Price $0.50. [Replaced by Number 44.]

Number 36. List of manuscript bibliographies in chemistry and chemical tech-
nology. By Clarence J. West and Calhie Hull. December, 1922. Pages 17. Price
$0.25.

Number 37. Recent geographical work in Europe. By W. L. G. Joerg. July, 1922.
Pages 54. Price $0.50. [Out of print.]

Number 38. The abstracting and indexing of biological literature. J. R. Schramm.
November, 1922. Pages 14. Price $0.25. [Out of print.]

Number 39. A national focus of science and research. George Ellery Hale. Novem-
ber, 1922. Pages 16. Price $025.

Number 40. The useflulness of analytic abstracts. Gordon S. Fulcher. December,
1922. Pages 6. Price $0.15.

Number 41. List of manuscript bibliographies in astronomy, mathematics, and
physics. Clarence J. West and Callic Hull. March, 1923. Pages 14. Price $0.25.

Number 42. Doctorates conferred in the arts and the scicnces by American uni-
versities, 1921-1922. Clarence J. West and Callie Hull. March, 1923. Pages 14.
Priee $0.25.

Number 43. Functions of the Division of Geology and Geography of the National
Research Counail. Nevin M. Fenneman. December, 1922. Pages 7. Price $0.20.

Number 44. Fine and rescarch chemicals. Second revision. Clarence J. West.
May, 1923. Pages 45. Price $0.50.

Number 45. List of manuscript bibliographes in the biological sciences. Clarence
J. West and Callie Hull. June, 1923. Pages 51. Price $0.50.

Number 46. Problems in the field of animal nutrition. Subcommittee on Animal
Nutrition. May, 1923. Pages 9. Price $0.15.

Number 47. A statistical study of tuberculosis mortality in Colorado for the
thirteen years 1908 to 1920. Henry Sewall. August, 1923. Pages 33. Price $0.50.

Number 48. Psychological work of the National Research Council. Robert M.
Yerkes. November, 1923. Pages 7. Price $0.20. [Out of print.]

Number 49. Statement of activities of the National Research Council for the year
ggl‘zy5 1, 1922-June 30, 1923. Vernon Kcllogg. November, 1923. Pages 16. Price

Number 50. Second report of the Committee on Contact Catalysis. Wilder D.
Bancroft, Chairman. In collaboration with the other members of the committee.
December, 1923. Pages 141. Price $0.50.

Number 51. The higher agricultural education of the future. E. Marchal. il-
June, 1923. Pages 6. Price $020. archal. April

Number 52. The specific heat and thermal diffusivities of certain explosi 5
A. M. Prentiss. September, 1923-February, 1924. Pages 44. Price 3032. e



Number 53. A list of research problems in chemistry. J. E. Zanetti. March, 1924.
Pages 9. Price $0.15. [Out of print.] -

Number 54. Census of graduate research students in chemistry. J. E. Zanetti.
April, 1924. Pages 4. Price $0.15.

Nun;%e&) 86. Science and business. John J. Carty. June, 1924. Pages 10. Price

Number 56. A suggestion for abstracts of anthropological literature. Albert E.
Jenks. July, 1924. Pages 8. Price $0.20.

Number 57. The role of research in medicine. C. M. Jackson. September, 1924.
Pages 14. Price $0.20.

Number 68. The work of the Committee on Scientific Problems of Human Migra-
tion, National Research Council. Robert M. Yerkes, Chairman. October, 1924.
Pages 8. Price $0.25.

Number 59. Third report of the Committee on Contact Catalysis. Hugh 8. Taylor.
September, 1924. Pages 46. Price $0.50.

Number 60. Mineral nutrient requirements of farm animals. Report of the Sub-
committee on Animal Nutrition. E. B. Forbes, Chairman. December, 1924.
Pages 12. Price $0.20. [Out of print.]

Number 61. Scientific research and state government. Leonard D. White. Febru-
ary, 1925. Pages 16. Price $0.25.

Number 62. Vocational guidance for college students. L. L. Thurstone and Charles
R. Mann. April, 1925. Pages 28. Price $0.40. [Out of print.]

Number 63. Second census of graduate research students in chemistry. James F.
Norris. July, 1925. Pages 3. Price $0.15.

Number 64. International biology. Vernon Kellogg. December, 1925. Pages 11.
Price $0.15.

Number 65. The vital need for greater financial support of pure science research.
Herbert Hoover. December, 1925. Pages 8. Price $0.20.

Number 66. Fourth report of the Committee on Contact Catalysis. Hugh S.
Taylor. February, 1926. Pages 27. Price $0.50.

Number 67. Isolation or cooperation in research. Vernon Kellogg. February, 1926.
Pages 8. Price $0.15.

Number 68. Motive and obligation. F. B. Jewett. December, 1925. Pages 10.
Price $0.20.

Number 69. The scrvice of state-supported agricultural research. Sidney B, Ilaskell.
April, 1926. Pages 12. Price $0.15.

Number 70. Forest research under state auspices. F. W. Besley. April, 1926.
Pages 13. Price $0.20.

Number 71. Science and engineering. William F. Durand. April, 1926. Pages 13.
Price $0.20.

Number 72. A bibliography of the analysis and measurement of human personality
up to 1926. Grace E. Manson. November, 1926. Pages 59. Price $1.00.

Number 73. List of publications of the National Research Council and its Fellows
and partial list of papers having their origin in the activities of its committees
to January 1, 1926. November, 1926. Pages 70. Price $0.75.

Number 74. The need for scientific research in the fishing industrics. Maurice

N I‘I,ollan(;. Dlgcember, 1926.f Pages 8. Price $0.15.

umber 75. Doctorates conferred in the sciences by Ameri iversiti
1926. Callie Hull and Clarence J. West. March, 13’27. r%ir;z:nszmggzgtﬁé&m

Number 76. Directory of research in child development. i esli
Marston. March,?927. Pages 36. Price $0.50. P t. Compiled by Leslie Ray

Number 77. Mathematics and the biological sciences. Horatio B. Williams. -
June, 1927. Pages 21. Price $0.25. s ences. Horatio B. Williams. May

Number 78. Fifth report of the Committee on Contact Catalysis. E. Emmet Reid,
in collaboration with other members of the Committee. August, 1027. Pages 31.
Price $0.50.

Number 79. Third census of graduate research students i istry. .
West and Callie Hull. July. 1927. Pages 3. Price $018. o ry- Clarence J

Number 80. Doctorates conferred in the sciences by American Universities, 1926-

alg?’lm(gglﬁ)goe.d by Callie Hull and Clarence J. West. November, 1927. Pages



Number 81. First report of the Committee on Photochemistry. H. S. Taylor,

- Chairman; W. D. Bancroft, G. 8. Forbes, H. G. De Laszlo, 8. C. Lind, Louis A.
Turner. April, 1928. Pages 97. Price $1.00.

Number 82. The physical causes of deafness. Report of the Committee on Phy-
sical Causes of Deafness. Charles W. Richardson and George E. Schambaugh.
Assisted by E. W. Hagens, J. W. Holderman and R. W. Watkins. May, 1928.
Pages 100. Price $1.00.

Number 83. Sixth report of the Committee on Contact Catalysis. Robert E. Burk.
In collaboration with other members of the Committee. November, 1928.
Pages 47. Price $0.50.

Number 84. I. Fourth census of graduate research students in chemistry, 1927.
II. Support of graduate research in chemistry in American universities, 1927-1928.
Compiled by Clarence J. West and Callie Hull. July-August, 1928. Pages 13.
Price $0.20.

Number 85. Report of the Committee on Sedimentation, 1927-28. W. H. Twen-
hofel, chairman. January, 1929. Pages 83. Price $1.00.

Number 86. Doctorates conferred in the sciences by American universities, 1927-
1928. Compiled by Callic Hull and Clarence J. West. October, 1928. Pages 38.
Price $0.50.

Number 87. Final report of the Committee on Scientific Problems of Human
Migration. Clark Wissler. February, 1929. Pages 21. Price $0 30.

Number 88. Research recommendations of the second conference on problems of
the deaf and hard of hearing. Washington, D C, February 1 and 2, 1929. Issued
under the suspices of the Division of Anthropology aud Psychology. April, 1929,
Pages 53. Price $0 50.

Number 82. Scicnee and progress in the industries. John J. Carty. June, 1929.
Pages 8 Price $020.

Number 90. Seventh report of the Committee on Contact Catalysis. Enzyme
Catalysts, K. F. Armstrong and T. P. Hilditch. October, 1929. Pages 15.
Price $0 25.

Number 91. Doctorates conferred in the sciences by American universities, 1928-
1929. Compiled by Callie Hull and Clarence J. West. September, 1929. Pages
46. Price $0 50.

Number 92. Report of the Committee on Sedimentation, 1928-1929. Prepared under
the auspices of the Division of Geology and Geography. May, 1930. Pages 122.
Price $1 00.

Number 93. Guide leaflet for amateur archreologists Issued under the auspices of
the Committec on State Archwological Surveys, Division of Anthropology and
Psychology. May, 1930. Pages 11. Price $0 25.

Jrders, accompanied by remittance, should be addressed to
PuBLIcaTION OFFICE

NATIONAL RESEARCH COUNCIL
WasHineron, D. C.


















	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif
	00000083.tif
	00000084.tif
	00000085.tif
	00000086.tif
	00000087.tif
	00000088.tif
	00000089.tif
	00000090.tif
	00000091.tif
	00000092.tif
	00000093.tif
	00000094.tif
	00000095.tif
	00000096.tif
	00000097.tif
	00000098.tif
	00000099.tif
	00000100.tif
	00000101.tif
	00000102.tif
	00000103.tif
	00000104.tif
	00000105.tif
	00000106.tif
	00000107.tif
	00000108.tif
	00000109.tif
	00000110.tif
	00000111.tif
	00000112.tif
	00000113.tif
	00000114.tif
	00000115.tif
	00000116.tif
	00000117.tif
	00000118.tif
	00000119.tif
	00000120.tif
	00000121.tif
	00000122.tif
	00000123.tif
	00000124.tif
	00000125.tif
	00000126.tif
	00000127.tif
	00000128.tif
	00000129.tif
	00000130.tif
	00000131.tif
	00000132.tif
	00000133.tif
	00000134.tif
	00000135.tif
	00000136.tif
	00000137.tif
	00000138.tif
	00000139.tif
	00000140.tif
	00000141.tif
	00000142.tif
	00000143.tif
	00000144.tif
	00000145.tif
	00000146.tif
	00000147.tif
	00000148.tif
	00000149.tif
	00000150.tif
	00000151.tif
	00000152.tif
	00000153.tif
	00000154.tif
	00000155.tif
	00000156.tif
	00000157.tif
	00000158.tif
	00000159.tif
	00000160.tif
	00000161.tif
	00000162.tif
	00000163.tif
	00000164.tif
	00000165.tif
	00000166.tif
	00000167.tif
	00000168.tif
	00000169.tif
	00000170.tif
	00000171.tif
	00000172.tif
	00000173.tif
	00000174.tif
	00000175.tif
	00000176.tif
	00000177.tif
	00000178.tif
	00000179.tif
	00000180.tif
	00000181.tif
	00000182.tif
	00000183.tif
	00000184.tif
	00000185.tif
	00000186.tif
	00000187.tif
	00000188.tif
	00000189.tif
	00000190.tif
	00000191.tif
	00000192.tif
	00000193.tif
	00000194.tif
	00000195.tif
	00000196.tif
	00000197.tif
	00000198.tif
	00000199.tif
	00000200.tif
	00000201.tif
	00000202.tif
	00000203.tif
	00000204.tif
	00000205.tif
	00000206.tif
	00000207.tif
	00000208.tif
	00000209.tif
	00000210.tif
	00000211.tif
	00000212.tif
	00000213.tif
	00000214.tif
	00000215.tif
	00000216.tif
	00000217.tif
	00000218.tif
	00000219.tif
	00000220.tif
	00000221.tif
	00000222.tif
	00000223.tif
	00000224.tif
	00000225.tif
	00000226.tif
	00000227.tif
	00000228.tif
	00000229.tif
	00000230.tif
	00000231.tif
	00000232.tif
	00000233.tif
	00000234.tif
	00000235.tif
	00000236.tif
	00000237.tif
	00000238.tif
	00000239.tif
	00000240.tif
	00000241.tif
	00000242.tif
	00000243.tif
	00000244.tif
	00000245.tif
	00000246.tif
	00000247.tif
	00000248.tif
	00000249.tif
	00000250.tif
	00000251.tif
	00000252.tif
	00000253.tif
	00000254.tif
	00000255.tif
	00000256.tif
	00000257.tif
	00000258.tif
	00000259.tif
	00000260.tif
	00000261.tif
	00000262.tif
	00000263.tif
	00000264.tif
	00000265.tif
	00000266.tif
	00000267.tif
	00000268.tif
	00000269.tif
	00000270.tif
	00000271.tif
	00000272.tif
	00000273.tif
	00000274.tif
	00000275.tif
	00000276.tif
	00000277.tif
	00000278.tif
	00000279.tif
	00000280.tif
	00000281.tif
	00000282.tif
	00000283.tif
	00000284.tif
	00000285.tif
	00000286.tif
	00000287.tif
	00000288.tif
	00000289.tif
	00000290.tif
	00000291.tif
	00000292.tif
	00000293.tif
	00000294.tif
	00000295.tif
	00000296.tif
	00000297.tif
	00000298.tif
	00000299.tif
	00000300.tif
	00000301.tif
	00000302.tif
	00000303.tif
	00000304.tif
	00000305.tif
	00000306.tif
	00000307.tif
	00000308.tif
	00000309.tif
	00000310.tif
	00000311.tif
	00000312.tif
	00000313.tif
	00000314.tif
	00000315.tif
	00000316.tif
	00000317.tif
	00000318.tif
	00000319.tif
	00000320.tif
	00000321.tif
	00000322.tif
	00000323.tif
	00000324.tif
	00000325.tif
	00000326.tif
	00000327.tif
	00000328.tif
	00000329.tif
	00000330.tif
	00000331.tif
	00000332.tif
	00000333.tif
	00000334.tif
	00000335.tif
	00000336.tif
	00000337.tif
	00000338.tif
	00000339.tif
	00000340.tif
	00000341.tif
	00000342.tif
	00000343.tif
	00000344.tif
	00000345.tif
	00000346.tif
	00000347.tif
	00000348.tif
	00000349.tif
	00000350.tif
	00000351.tif
	00000352.tif
	00000353.tif
	00000354.tif
	00000355.tif
	00000356.tif
	00000357.tif
	00000358.tif
	00000359.tif
	00000360.tif
	00000361.tif
	00000362.tif
	00000363.tif
	00000364.tif
	00000365.tif
	00000366.tif
	00000367.tif
	00000368.tif
	00000369.tif
	00000370.tif
	00000371.tif
	00000372.tif
	00000373.tif
	00000374.tif
	00000375.tif
	00000376.tif
	00000377.tif
	00000378.tif
	00000379.tif
	00000380.tif
	00000381.tif
	00000382.tif
	00000383.tif
	00000384.tif
	00000385.tif
	00000386.tif
	00000387.tif
	00000388.tif
	00000389.tif
	00000390.tif
	00000391.tif
	00000392.tif
	00000393.tif

