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Preface

During the past twenty-five years many of the advances in
differential geometry of surfaces in euclidean space have had to
do with transformations of surfaces of a given type into surfaces
of the same type. Before this period Bianchi and Backlund had
cstablished their transformations of a psendospherical surface into
pseudospherical surfaces, the essential feature of which is that
a given surface and any transform are the focal swmfaces of a W
congruence. Furthermore, Bianchi (Lezioni, § 383) established the
so-called theorem of permutability of sueh transformations; that
is, if S, and S ave two transforms of S there can be found a fourth
surface S’ which is a transform of both &, and S.. Later (foot-
note 41) he showed that there is a similar thevrem of permutability
for transformations such that a given swrface and a transform are
the foeal surfaces of a IV congruence.

In 1899 Guichard (f. n. 100) announced two theorems con-
cerning the deformations of a quadric of revolution which led to
the transformations of Darboux ot isothermice surfaces. In such
a transformation a surface and its transform are the shects of
the envelope of a two-parameter family ot spheres with the lines
of curvature corresponding on the two sheets. Families of spheres
of this type are associated with cyclic systems of cireles, which
Ribaucour was the first to investigate extensively, and consequently
two surfaces which are the sheets of the envelope of a two-para-
meter family of spheres with lines of curvature in correspondence
are said to be in the relation of a transformation of Ribaucour.
Bianchi showed that for transtormations of Ribaucour (f. n. 54)
and in particular for transformations of Darboux of isothermic
surfaces (f. n. 64) there is a theorem of permutability in the sense
mentioned above.

When two surfaces are in the relation of a transformation
of Ribaucour, the lines joining corresponding points on the surfaces
form a congruence whose devclopables meet the surfaces in their
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lines of curvature. The transformations of Darboux are a particular
case of transformations of conjugate systems, or nets, with equal
point invariants, such that the lines joining corresponding points
of such a net and a transform form a congruence whose deve-
lopables meet the surfaces on which the nets lie in these nets and
corresponding points of the two nets divide harmonically the focal
segment of the corresponding lines of the congruence; these trans-
formations were first studied by Koenigs (f. n. 17) and are called
transformations K.

When two nets and the congruence of the joins of corre-
sponding points are so related that the developables of the con-
gruence meet the surfaces on which the nets lie in these nets,
we say that either net is obtained from the other by a fundamental
transformation. or more brietly a transformation 7. We have
remarked that transformations of Ribaucour and transformations K
are of this type. The general transformations /' for 3-space have
been studied by Jonas and the author (f. n. 15) and a theorem
of permutability of these transformations has been established.

Most, if not all, of the transformations which have been
developed in recent years are reducible to transformations F' or
to transformations of the type such that a surface and a trans-
form are focal surfaces of a W congruence. It is the purpose of
this book to develop these two types of transformations and thereby
to coordinate the results of many investigations.

October, 1922.
Luther Pfahler Eisenhart.
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Chapter L.
Conjugate nets and congruences.

1. Geometric entities of euclidean n-space. A point in
euclidean space of n dimensions is determined by a system of
n numbers z',....2" called the coordinates of the point, which
are a generalization of cartesian coordinates in euclidean 3-space.
We refer to the point as P(x). Thus 2 typifies all of the coordinates.
In like manner P(y) is the point whose coordinates are y',....y"
The distance d between P(x) and P(y) is defined by the cquation

dt = (' — 2P+ .. —a)? ::2 (y— ).

As thus used X indicates the sum of all terms of the type
(y*— «*)?, but we write it in the above form without subscripts or
superscripts, and shall do so in what follows.

If X' ....X” are » numbers, the points whose coordinates are

of the form
y=ux+ulX,

where w« is a parameter, lie on a line through P(x). The quantities X
are called direction-parameters of the line. Evidently they are deter-
mined only to within a factor. This equation represents each of
the 2 equations 3* = »*+4-«X* It is important that the reader
should become familiar with this notation. It is understood that «
is the same for all » equations.

Two non-coincident lines whose corresponding direction-para-
meters X and Y are proportional are said to be parallel. The angle
of inclination of two non-parallel lines of direction-parameters X?
and Y* is defined to be ] ’

Xy

V3xr 3v

When cos 8 = 0 the lines are said to be perpendicular.
1

cos f =
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The locus of the points whose coordinates are of the form
y=x+uX+1Y,

where u and v are parameters, is a plane. The locus of the points
whose coordinates satisfy a relation of the form

W'+ et ettt et ti= 0,

where the «’s are constants, is called a Zyperplane. For the sake

of brevity we write the above equation in the formZax—Fa""’l == ().

In particular, »; -— 0 is the equation of a coordinate hyperplaic.
Two hyperplanes

n n
Zaiw 4 ar 1= 0, ZbiJ‘+ =0
i=1 1=1
are said to be parallel when the corresponding quantities a® and /¢
(/=1,....m) are proportional. The angle of inclination 6 of two
non-parallel hyperplanes is defined by

n
Za" I

i==1

cos f = -

V S S

When cos 6 == 0, the two hyperplanes are said to be perpendicular.
In particular, any two coordinate hyperplanes are perpendicular.

A line is a special type of cirve, which by definition is the
locus of a point whose coordinates x are functions?) of a parameter .
The tangent to a curve at a point is the line through the point

. . dx
whose direction-parameters are T

A plane is a special case of a surfuce, the latter being defined
to be the locus of a point whose coordinates x are functions of
two parameters « and v. The points of the surface for which
v has the same value is called a parametric curve v = const. There
is a one-parameter family of curves » == const. on a surface.

") In this treatment the parameters may be real or complex, and the only
requirements made of the functions is that they and their derivatives (to such
order as the latter appear in the development) are umniform and continuous.




2. Conjugate nets. Normal parameters 3

When » and v are replaced by functions of two new parameters «’
and ¢, we get new parametric curves, and conversely any two
one-parameter families of curves can be made parametric.

As in the case of 3-space [§ 25]%), it can be shown that the
tangents to all the curves at an ordinary point P of a surface lie
in a plane, called the tangent plane at the point.

2. Conjugate nets. Normal parameters. When the para-
meters of a surface are such that the coordinates o are solutions
of the same equation of the Laplace form,

020 ologa 06 |, 2logb 96
1 LA AR (ot T G T ted - B
(1) dudwv dv  ou + ou ov’

the parametric curves are said to form a conjugate net, or simply
a net. As a consequence of this definition a net in 3-space consists
of a conjugate system of curves [§ 80]. Equation (1) is called the
point equation of the net. We speak of the net as NV(x).

As in the case of ordinary space, if we put

N [ox\r o, dx 0x dx\?
@ E=2 (a—i), =25 5@ =2 (‘5;), H* = EG—F?,

it is readily found that [cf. § 63]

ologa ou
v 2H? ! du 2H?

oG ]
gl¢_ pok
3) alogd — du ov

The functions £, F, G are called the fundamental coefficients of
the net.

. o Lo
The functions %:z— and 5% are direction-parameters of the tan-

gents to the curves v == const. and « = const. respectively, of a net
whose point equation is (1). The same is true of the functions «’
and 8’ defined by

ox , , Ox

——=pa, ,ﬁ_zq;ﬁ/,

2) A reference in square brackets, thus [§ 25], is to the author's Differential
Geometry, Ginn and Co., 1909; in parentheses, thus (§ 25), is to the present volume.

1.
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p’ and ¢’ being functions of » and v. If these equations be dif-
ferentiated with respect to v and wu respectively, we have in con-
sequence of (1)

de’ 08
(4) "a”;‘: ”lla’_{_nlﬂ,, —8—1;: meee’ 4 meB’,
where
0 a " 9logh
my == Wlog;—,, ny = ‘}%, "‘5‘5:*,
my e L Ologa 0, b
2 q/ v y 2 8u g (1/'

The coordinates of points on the tangents to curves v = const.
and # — const. have the respective forms

xtre’, x4t

By means of (4) we find that the derivatives of these functions

with respect to v and w« respectively are linear in o’ and 8'.
Conversely, if a surface is referred to any system of para-

metric curves, a point on the tangent to v == const. has coordinates

0 . . . .
of the form ‘”+t§§' When v varies the direction-parameters of

the tangent are
ot ox 0%x
TRETE rRis

Hence if this tangent is to be in the tangent plane to tho surface,

the preceding expression must be a linear combination of —§~ and 8
’l)

and we have the theorem:

A necessary and sufficient condition that a system of curves on
a surface form a met is that any point on the tangent to a curve
v == const. moves in the tangent plane as v varies.

This theorem gives a geometric characterization of a net in
the sense that the tangents to » = const. are characteristics of
the tangent planes along a curve u = const. It will be convenient
at times to refer to the tangent plane to a surface on which
a given net lies as the tangent plane of the mnet.
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Evidently any functions proportional to «’ and 8’ are also
direction-parameters. We wish to consider now the particular
parameters « and A, such that

) ox - ae, am_bﬂ

o v
in which case equations (4) become

o
(6) AT 7’!,8,

= ma
v !

0
on
where m and » are functions of » and » given by

0b oa
(7 P an, - = bm.

Following Guichard we say that the «’s and 8’s are the normal
parameters of the net.

Conversely, if we have n pairs of functions « and 8 satisfying
equations of the form (6), where m and » are given functions of «
and v, each pair of functions « and b satistying (7) leads by
quadratures of the form (5) to a net: Thus the complete integration
of (7) determines a family of nets, such that at points with the
same values of » and v on the nets the tangents to the curves
v = const. and w == const. are parallel. A representation of all
these nets is given by drawing through the origin lines whose
direction-parameters are the «’s and 8’s. We call this representation
a point net.

3. Determination of nets on a surface. Consider the
differential equation

026 0%6

®) 4 9u? +28 dudv

26
ou

,0%0 060
TOGr TP T By =0

where 4, B, C, D and E are functions of w and v. If we change
the independent variables, putting

w =g ,v), v = @su,v),
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the resulting equation is of the form

®) A, ou't +2BIB 80' + C’ v'? +D,6u' +E’ s
where
ol e
P a2 ot
oo sfiFeentd el

From these expressions it follows that if ¢; and ¢, are resolutions of
9 9
A2 4B 2202 4 o[22 —,

on ou dv
equation (9) is of the form (1). Since ¢; and ¢, must be functionally
independent, they are obtained by solving the two differential
equations of the first order which are factors of

ov

(10) Adv®*—2 Bdudv-+ Cdu® == 0.

Darboux ®) has called (10) the differential cquation of the characteristies
of (8).
There is only one such function ¢ when

(11) AC—B*=0.

If we take it for «’, equation (9) is reducible to the form

= 0.

0%0 o b

Tl T
Let S be a surface in 3-space whose cartesian coordinates
xz are functions of any two parameters » and ». We can find by
differentiation an equation of the form (8) satisfied by the three
coordinates and by any function of them, say F(z', z% 2®). Then

%) Legons, vol. 1, p. 193.
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the curves defined by (10) form a net, which is determined by
the character of F'; or if (11) is satisfied, a family of asymptotic
lines [§ 77].

If § is a surface in 4-space), an equation of the form (8) can
be found which is satisfied by the four coordinates, and this equation
is unique to within a factor. Consequently there is a unique net
on 8, unless (11) is satisfied, in which case equation (10) defines
a self-conjugate family of curves.

When S is a surface in a space of order higher than the
fourth, it is not always possible to find an equation of the form (8)
satisfied by all of the coordinates of S. Consequently in such spaces
there are surfaces upon which there are not any nets.

4. Parallel nets. When the points of two surfaces are in
a one-to-one correspondence of any sort, and two corresponding
systems of curves are taken as parametric, the parameters can be
chosen so that x and v have the same values on the two surfaces
at corresponding points. It is understood that this plan will be
followed hereafter whenever we are dealing with point-to-point
correspondence between two surfaces.

We inquire under what conditions the tangents to the curves
of the parametric systems at corresponding points on two surfaces
are parallel. When these conditions are satisfied we say that the
two systems are parallel. The coordinates z and =’ of the two
systems, expressed as fuunctions of the parameters « and », must
satisfy the equations

oa’ b aa' da

(12) R PR PP

where » and ! are functions of « and » such that the conditions
oy _ 2 (o2
v \ dwu/  du \ dv

are satisfied. These equations show that the x’s satisfy an equation
of the form (1), where now a and b are given by

Y) When we speak of a surface in n-space, it is meant that the surface
is not contained in any space of order less than n.
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a9 2 —q—niEe,

!, alogb
Bu—*(h D %u

).

Hence a necessary condition that a system admit a parallel system
is that it be a nef. Evidently the parallel system also forms a net.
In fact, it follows from (12) that the coordinates z’ are solutions
of the equation

(14) 6% _ ¢ dloga 86" | h dlogh 26’
dudv A v ou I du ov’

which may be written in the form

0%’ _ dloga’ 96’ | odlogh’ 26
(15) dudv | v ou + - au  ov’
where
(16) a = ah, V' =0>l

Assume that we have a net whose equation is (1). Kach pair
of functions satisfying (13) gives by quadratures (12) a parallel net.
If 6 is any solution of (1), the function #’ given by the quadratures
o0’ 00 00 06

AR
ou "’ o or

(17
is a solution of (14); we call  and 6" corresponding solutions of
(1) and (14).

The analytical problem of finding parallel nets may be given
another form. If we define a function ¢ by

(18) h—I1= 9,
equations (13) may be replaced by

ol  ologh BL 0
(19) au T ouw ' ar  The logay.

%) A particular solution of these equations is 2~ = I = const., in which case
the surfaces are homothetic transforms of one another with respect to the origin,
to within a translation. We exclude this case hereafter.
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The condition of integrability of these equations leads directly to

o%g dloga a9 | dlogh 3¢ et .
(20) 8u6v+ dv 8u+ du 81'+q)8n8v logab=0.

Each solution of this equation leads by a quadrature (19) and by
(18) to a pair of solutions of equations (13), and consequently to
the determination of a parallel net.

Equation (20) is by definition the adjoint of equation (1). Hence
we have the theorem:

The determination of nets parallel to a given net N is equivalent
to the solution of the adjoint of the point equation of N.

The functions A and ! are. determined by (18) and (19) only
to within the same additive constant k. Hence if /» and ! are
one set of solutions of (18) and (19), and 2’ the corresponding
solution of (12), the other solutions A%, 1+ % lead to 2’4 kzx.

Suppose now that we have two nets NV and N’ such that the
tangents to the curves of parameter » at corresponding points are
parallel. We shall show that N and N’ are parallel, unless they
are planar nets.

By hypothesis the first of equations (12) holds. Differentiating
it whith respect to v and making use of the fact that o satisfies
(1) and 2’ (15), we get

ologh” o2’ -0 log _}L(f_ oz A ologh oz

ou ov ov a du du ov’

If the coefficient of —Z% is zero, the theorem is established. If it

is not equal to zero, we express the condition of integrability of this
equation and the first of (12). The resulting equation is reducible

to the form
2%x
_ 402

ox
T A B,

Expressing the condition of integrability of this equation and (1),
we get an equation of the form

@ ox ox
o T Cou TP
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In § 40 it will be shown that at most two linearly independent
functions can satisfy two such equations and (1). Hence:
If two mom-planar mets correspond and the tangents to the
parametric curves in one family are parallel, the nets are parallel.
If N(z) and N'(z') are parallel nets, the coordinates of any
point on the line L joining corresponding points are of the form

x+ t(x' — ).

In consequence of (12) the derivatives of this expression are
reducible to

o ot , , N

t A
0 (gt —i4 2=
ov v

Hence the points for which ¢ has the respective values

1 1
Al py AL g
describe surfaces =, and 23 such that the lines L are tangent to
the curves v == const. on 2, and » == const. on ;. The coordinates y
and 2z of 3, and 3, are

) x'—hx ' —lx

A one-parameter family of straight lines tangent to a curve
or meeting in a point, or having constant direction-parameters is
called a developable surface®). Any other one-parameter family of
lines constitutes a skew ruled surface. In a two-parameter family
of lines each relation between the parameters determines a surface,
developable or skew. Each line of the family belongs to an infinity
of these surfaces. In space of three dimensions two of these
surfaces are developable [§ 163]. In spaces of higher order there

second and third types here mentioned.
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are not necessarily two developables of the family through each
line. We call a congruence in n-space a two-parameter family of
lines such that through each line pass two developable surfaces
of the family. Hereafter it is understood that the parameters u
and v of the congruence are such that these developables are given
by u = const. and v = const.

The preceding results may be stated thus:

The lines joining corresponding points on two parallel nets form
a congruence whose developables meet the surfaces on which the nets
lie in the mets.

The points, F; and F;, whose coordinates are given by (21)
are called the first and second focal points of the line of the
congruence on which they lie; that is, the point at which the line
is tangent to the curve of parameter u is called the first focal
point. The focal points are also spoken of as being of the first
and second ramk. The surfaces, 3, and =Z,, the loci of F and F.
respectively, are called the first and second focal surfaces of the
congruence.

We remark that the tangent planes of the second focal surface
are the osculating planes of the curves of parameter » of the first
focal surface, and the tangent planes of the first focal surface are
the osculating planes of the curves of parameter » of the second
focal surface [cf. § 163].

By differentiating equations (21), we obtain

by  x—x dh By _ l—h (81@_1_ x —x Blogg_)
(22)[81( T (—A bu’ v 1—h\ow 1—h  ov /)’
l bz _ h—l1 (_Bi a —ux Blogb) e & —ax 3l
ou  1—1 \ou 1—! ou /) v (1—D® av’
and
'y 0 a 0oh\ 3y , @ h)ﬁ_
dudr o0 lg( —ha)a +—é—10g(b1 ) v’
(23)
8%z ___10 ( oz ( b al)a
dudv g\® du 1—1 o0/ 3

From these equations it is seen that the parametric curves on
2, and 2; form nets [cf. § 163]. In the next section we show that
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any congruence consists of the joins of corresponding points on two
parallel nets. Hence:

The developables of a comgruence meet each of the focal sur-
Jaces in a net.

Following Guichard, we say that a net and a congruence are
conjugate when the developables of the congruence meet the surface
of the net in the curves of the net, provided that the surface is
not a focal surface of the congruence. Accordingly we may state
the next to fhe last theorem in the form:

The lines joining corresponding points of two parallel nets form
u congruence conjugate to these nets.

5. Congruences conjugate to a net. We consider a net
N(x) and a congruence G of direction-parameters X passing through
points of the net. We seek the general conditions to be satisfied
by the parameters X in order that N and @ shall be conjugate.

A necessary and sufficient condition that N and G be conjugate
is that on each line of @ there be two points defined by equations
of the form

(24) y=uo—2iX, 2 =x—pX,

such that as w and v vary respectively the corresponding point moves
tangentially to the line. This is expressed analytically by

25) By ey, 22y
ov

where ¢ and = are determinate functions. Substituting the above
values, we arrive at equations of the form

ox oX ox o0X
Sx _ 0 4y fx_
(26) du du +rX, v b o

+oX.

Expressing the condition of integrability of these equations, we
find that the parameters X must satisfy an equation of the form

8% oalogd 06
dudv  dv ou

blogB 20
ou ov

27

-+ + Ce.
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Hence we have the theorem:

The direction-parameters of a congruence referred to its develop-
ables satisfy an equation of Laplace.

We call (27) the direction equation of the congruence.

When now we require that the point M of coordinates x
describe a net whose equation is (1), we find on differentiating
equations (26) with respect to v and wu respectively that the
coefficients in (27) have the respective values

(28) log B 1 logd logbd
R ﬁ.o_g__»__( ?_gg&__v), C___z(aa @ | e ologh )

N ou A du 2 v ou

and

(29)

ologd _ 1 ih)_gﬁ__) b (8 b z_a_l&g.a)
GRS _p(l dv ¢)s Bmu’ = 8u10g9 e ov /

If these two sets of values of the coefficients be equated, we
get the following equations of condition:

D]oga 1\
v A + /1,0 + (7.' ";) =0,
(50 Blogl 1
)
'sz;;+"‘+ e (w—7) = O
v 0 (’7)
dv A dup

If the last of these equations be replaced by

: v blogt e  dlogt
(31) I P

where ¢ is thus defined, the first two are reducible to

2 aloga( ___t_) —0
v A v \A 0
(32) "
o Ly oleb(t )
Bu w ou \w A/
") We note that if we put —i =, 711— = 1l, v = p = 0, equations (26) and

(80) reduce to (12) and (13).
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Moreover, equations (26) can be written

ox _# 0 vy

ox A
(33) ] 0t oo

8 >

Comparing these equations with (12), we see that the locus of the
point whose coordinates x’ are given by

(34) o= Xt

is a net parallel to V. Hence by a quadrature (31) we can deter-
mine direction-parameters of the congruence which are the cartesian
coordinates of a net N’ parallel to N, and we have the theorem:

If a nmet N is conjugate to a congruence G, a net N' parallel
to N can be found by quadratures whose cartesian coordinates are
direction-parameters of the congruence.

Conversely, if N’ is any net parallel to N and through points
of the latter we draw lines parallel to lines joining the origin to
corresponding points of N', that is, lines with direction-parameters 2/,
the coordinates of any point P on such a line are of the form

(35) c—rx'.

The first derivatives of this expression are of the form
ox or ox or
(36) '™ a—rh)— 5;;2: ' ha 1—7 &

When r takes the values 1/4 and 1/1 respectively, the points are
focal points of the line, and hence the lines form a congruence.
The coordinates of the focal points are of the form

xr, z=zxz—->x.

@37 y=a—- ]

1
h
From these results follows the theorem:

Any congruence congugate to a given net N can be obtained by
drawing through points of N lines parallel to lines joining the origin
to corresponding points of a met N' parallel to the given net; and
cvery parallel net determines in this way a congruence conjugate to N.
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It is evident from the above investigation that lines joining
any fixed point to N’ determine the directions of a congruence con-
jugate to N,

If two congruences with corresponding direction-parameters
equal or proportional are said to be parallel, we have, as a corollary
of the above results, the theorem:

If two mets are parallel, every congruence conjugate to one is
parallel to a congruence conjugate to the other.

From (36) it follows that the point P with coordinates (35)
describes a net parallel to N when » is a constant, and only in
this case. Hence we have the theorem:

A congruence conjugate to a net N is comjugate to an infinity
of mets parallel to N.

Combining this result with the third theorem of § 4, we have also:

Any congruence comjugate to a net N consists of the joins of
corresponding points of N and of a parallel net.

6. Focal Surfaces of a congruence. From (37) we have
by differentiation and reduction by means of (12):

oy 1 ok , By __ ( l)(aa o ﬁ»_l_oga')

du Mt ou’’ av YAV N TR
(38)
0 (1 By (pr sl olorh)  0x 1oL,
du l) du i ouw )7 v Pov
and
% 0. (2 _6_’1) 0y | @ ’t:_l_) Yy
dudv avl (h du/) du + Bu (b h | av’
39)
\ 8% __ 8 (51 22 4, (Li)ﬁ_z.
duov o0 B\* 1) Bu E\7 % v’

From these equations we see again that the developables meet the
focal surfaces in nets.

In order that the point midway between the focal points shall
describe the net N(x) conjugate to the congruence, we must have.
as follows from (37),

(40) l=—h.
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From (13) and (16) it follows that in all generality we may take

gy 1
(41) a——b—V}_l,
42) a'=—b = Vh.

We recall that for an equation of the Laplace form

9%0 06 00
(43) Buse Yo TV T
the functions
(44) :——B—Q—F(lb-l*l‘, = "a’?'+a"+"’
ou ov

arc called the ‘nvariants of the equation, since these functions are
invariant when equation (43) is transformed into an equation of the
same form in 0;, where 6; = 46, A being any function of » and .

From (41) and (42) we have for n-space the theorem announced
by Ribaucour for 3-space:

A mecessary condition that the developables of a congruence meet
the middle surface in a net is that the direction equation of the
congruence have equal invariants; in this case the point equation
of the met on the middle surface also has cqual imvariants.

We are in position now to establish the theorem:

When two congruences are conjugate to a net, the joins of
corresponding focal points of the same rank form a congruence
congugate to the mets described by these focal points.

Let N(x) be the net, and let the direction-parameters of the
congruences be the coordinates =’ and x” of nets N’ and N parallel
to &, determined by solutions %, 7 and A, !, of (13). The coor-
dinates of the focal points of the congruences are of the respective
forms (37) and

x” z

(45) Yy = x— -,;1*', 2y = m—Tl-.

"

The coordinates of any point on the line joining the tocal points
of coordinates y and y, are of the form y4¢(y—y). If we
differentiate this expression with respect to » and » and make use
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of (38) and similar equations for y,, we find that its first derivatives
are proportional to the corresponding first derivatives of y when
t = h,. Consequently the points of coordinates y and

(46) y+h@y—uy)

generate parallel nets, and hence by the third theorem of § 4 the
congruence is conjugate to these nets. In like manner we can
show that it is conjugate to the net of coordinates y;.

7. Laplace transforms. In [§ 165] we have derived for
3-space the expressions for the cartesian coordinates of the second
focal surface of the congruence of tangents to the curves » == const.
or 1w = const. of a net. The method followed is equally valid for
spaces of higher order. If (1) is the point equation of the net, the
coordinates of these respective second focal nets are of the form

. o Lo 1 om
(40) St SRR § P79 VL I ‘dloga jyp°
Ou v
In fact we have
(48) b da
de—y b 0 0(,( a“) bz Bdm _ a9 (j,”_),a_"j
ar ob v = \ab/ ou’ du 0a ju ab/ dv
Ju v

The nets Ny and N_; with the respective coordinates .; and 2
are called the first Laplace transform of N and the minus first
Laplace transform respectively. If the point equation of N_p is
written in the form

8%°0_1 08 80_1 Kl
9 T =, togas + 5y logb-0) 7
we find that
0b
_ ab . « _ bK
GO a-r= g b= b OBy = g
Ou ou

The Laplace transforms of a net parallel to N are defined by
equations of the form
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1 ax , , 1 a8’

L N e A —_ I e
OL 2= =iy By BT T dlogd y
ou ov
From these, (14) and (48) we have
3:}(7:_1 - 0x—1 33?’—1 . BK' 9x—1
ou | ou ov _ RK 0v
52) u u v v
oz, _ WH dw  dw, g, 0@
ou IH 38w’ 0w ov’

where H' and K’ are the invariants of (15).

Hence we have the theorem: ‘

If N and N' are parallel nets, their respective Laplace trans-
Jforms are parallel.

8. Transformations of Levy. By means of (38) equations(37)
can be written in the form

1 1
o Loy o VY
L= Y Q—:l’ 5";, € ==z — 51 '*a—lv“.
duh remi

It is readily shown that 1/ and 1/l are solutions of the respective
equations (39). By a change of notation the second of these

equations may be written
6 ox

Y=2X—7%p 9’
ov
where now the congruence consists of the tangents to the curves
u = const. of N(z) and 6 is a solution of its point equation, and
the ¢’s are the coordinates of a net conjugate to this congruence.
In like manner the first of the above equations may be written

. 6 ox
z = I—-@‘a’l—t‘
0w
Since N(x) in (37) may be any net conjugate to the tangents to
the curves w = const. of N(y) or v = const. of N(z), we have the
first part of the following theorem of Levy:
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The coordinates of any net conjugate to the congruence of tangents
to the curves u = const. or v = const. of a met N(x) whose point
equation is (1) may be expressed in the respective forms

. 0 ox 6 ox
(53) Y=%7%6 300 °= %700 su’
dv ou

where 0 is a solution of (1). Conpersely, every solution of (1) gives
two mets conjugate to the congruences of tangents.

In order to prove the latter part of this theorem, we note
that if 6 is a solution of (1), we have from (53):

oy _ 0logB .ﬁz_alogA —
(54) du  ou y—2) ov e—y),
where
al bo
ou ov

From (54) we have by differentiation

2
%y _ilog(AalogB) 8y+610gB oy

(56) dudv v ou ou v’
8’z dlogd _ai + _1 (B 810gA)__z_
dudv  dv v v’

Hence the points of coordinates (53) describe nets. We call these
nets the Levy transforms of N by means of 6.

As a corollary of the above theorem we have:

There are mets conjugate to any congruence.

It is evident that, if 6 is a solution of (1), the function

1 006
0-1= 0—Fiogt Bu
ou

is a solution of (49), the point equation of the minus first Laplace
transform of N. We call §—; the minus first Laplace transform
of 8. From these equations, (47), (48) and (53), we have

P
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yo O Bxn 6 D
Y1000 Ty YT 00 ou
ov Ou

Consequently the net of coordinates z in (53) is the Levy transform
of the minus first Laplace transform of NV by means of ;. Similar
results follow when we consider the net of coordinates y. Hence:

The Levy transforms of a net determined by a solution 6 of
the point equation of N are Levy transforms of the minus first and
Jirst Laplace transforms of N by means of the corresponding Laplace
transforms of 0.

9. Determination of congruences. We saw in § 5 that
the direction-parameters X of a congruence are solutions of an
equation of the form (27). 1If in (27) we put

pE—
we obtain
9%’ ) A\ oa! ) B\ 52’ .
61 gune ~ ar 98 () o g o8 () Gy O
where
, 1 (dlogd 26 | odlogB 86 , , 2°0 )
(58) (== 0 ( 9 Bu du  dv TC0 dudv/

Hence a necessary and sufficient condition that the quantities z’
are the cartesian coordinates of a met is that 6 be a solution
of (27).

By the above corollary of the theorem of Levy there are nets
conjugate to any congruence. From the second theorem of § 5 it
follows that any one of these nets is parallel to a net whose
coordinates are direction-parameters of the congruence. Hence:

In order to obtain a congruence with a given sct of direction-
parameters X, we find a solution 6 of the equation of Laplace
satisfied by the X’s; then the quantities

X
(H9) al= -

are the coordinates of a net N'; through points of a net N parallel
to N' draw lines with parameters X; these lines form a congruence
conjugate to N; all congruences with direction-parameters X can be
SJound in this way.
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From (38) we find by means of (12) and (16), that the direction-
parameters of the tangents to the curves » = const. and » = const.
respectively, on the first and second focal surfaces defined by (37)
are expressible in the form

@_gi__x, dloga’ 0a’ , 8logl’
ov v ' ow ou

When z’ is replaced by the value (59), the resulting expressions
are reducible to the same form in terms of X and the coefficients
of (27) to within the factor 1/6. Hence:

If the direction-parameters X of a congruence G are solutions
of an equation (27), the functions

o.X dlog A oX ologB

(60) TR .l u ou

ov ov X

are divection-parameters of the tungents to the curves w = const. and
= const., respectively, on the first and second focal surfaces of G.

We say that these congruences of tangents are the first derived
and minus first derived congruences of G, and we denote them by
G, and G—1.

As a corollary of this theorem we have:

When two congruences are parallel, their focal nets of the same
rank are parallel.

Let M,(x,) be a generic point on the middle surface of a con-
gruence with direction-parameters X, the parameters » and v being
those of the developables of the congruence. The coordinates of
the focal points are of the form

(61) y = roteX, z==xo—eX.

Expressing that these values must satisfy (25), we have equations
of the form (26). In order that these equations be consistent, they
must reduce, on the assumption that the X's satisfy (27), to

6(1‘0
ou

= —g o -{—QQX logBl/g,

62
(62) 9 dxy _ 0X

o -
90 9-5‘(7_29X—8';10g1‘1l/9,
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and ¢ must satisfy the equation

ogB d¢ ( 3 L ap_ ) o
v 6v+ log AB—C ) e=0,

0% dlogd de
) —_
(63) + oudv

ol
du dv ov 8u+

which is the adjoint of equation (27).

Conversely, each solution of (63) and = linearly independent
solutions of (27) determine a congruence for which the surface of
coordinates x, is the middle surface.

As a consequence of these results and the preceding corollary
we have:

The determination of mets parallel to the focal nets of a con-
gruence is equivalent to the integration of the adjoint of the direction
equation of the congruence.

10. Congruences harmonic to a net. From (54) it follows
that the points of coordinates y and z defined by (53) are the focal
points of first and second rank respectively of the congruence of lines
joining these points. Hence:

The two Levy transforms of a net N by means of the same
solution 0 of the point equation of N are the focal points of the con-
gruence of the joins of corresponding points of the transforms; that
s, the points defined by (53) are Laplace transforms of one another.

The mutual arrangement of N
and the congruence is shown in
fig. 1 where » and v indicate the

v parameter varying along the curve;
this notation is used in all sub-
Nix) sequent figures.
i v A net and a congruence are said
to be harmonic when the foci of the
Fig 1 Sz)  congruence lie on the tangents of the
net, and the developables of the con-
gruence correspond to the curves of the net. As a consequence of
the above theorem and the first one of § 8 we have:

When a met N s conjugate to a congruence G, the congruence
of tangents to ome family of curves of N is harmonic to ome of
the focal mets of G and the comgrucnce of tangents of the other
family of curves is harmonic to the other focal net of Q.

Rry)
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This situation is illustrated by fig. 2. We have also the theorem:

If N is conjugate to a congruence G,
the osculating planes of the curves of Fa_u
parameter w(v) of the first (second) focal
net of G are determined by the lines of G
and the tangents of the curves u(v) of N.

Suppose that we have a net N
and a congruence whose lines lie in tan-
gent planes of N and the developables
of ¢ correspond to the curves of N, G
taken as parametric. As u varies, the
corresponding focus of a line of the con-
gruence must lie on the characteristic of F. v Fig 2
the developable of the tangent planes
along a curve v == const.?). Since these
characteristics are tangent to the curves u =- const., we have
the theorem:

If lines of « congruence lie in tangent planes of a net and
developables of the congruence correspond to the curves of the met,
the congruence is harmonic to the net.

We shall prove that any congruence harmonic to a net N(x)
may be obtained as in the first theorem of this section. In fact,
the coordinates z and y of the foci X and S of a congruence
harmonic to N(x) are of the form

N

; B L 0

(()4) Z =X ¥ 81(,’ Y == t av.

Now
9z _ox ologra ox ) Blogb)
T P M P (1 "ou )

i g s . ox ox
Expressing the condition that this is proportional to » -é—d-——t—&-’,
we get

. 9 1 1 o0loga 1 alogd 1
(65) 50 7 e T i om ot

") This can be shown analytically by making use of the fact that the x’s
cannot satisfy (1) and two equations of the form referred to in § 4.
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. e . 0
In similar manner the condition that the expression for 29 shall

ou
. ox ox .
be proportional to r—a—ﬁ—tﬁ is
01 _ 1dloga , 15logh 1
bu t  r or t ou tr’

Hence there must exist a function 6 such that

1 b L
01 t 0 v’

16 1 106

00w

Substituting these values in (65), we find that 6 is a solution of
equation (1), and consequently equations (64) become equivalent
to (53). Hence we have the theorem:

A necessary and sufficient condition that a congruence be armonic
to a net N(x) is that the focal nets of the congruence be Levy
tramsforms of N by means of the same solution 0 of the point
equation of N.

Since the direction-parameters of the harmonic congruence are

of the form
060 ox 00 0

du dv  dv ou’

it follows that if a second harmonic congrucnce, determined by
a function 6y, is to be parallel to the given one, 6, must be a function
of 6. Since both must satisfy (1), 6, is a linear function of # with
constant coefficients. Hence we have:

A necessary and sufficient condition that two congruences,
harmonic to a given net N and determined by solutions 0 and 0, of
the point equation of N, be parallel is that 6, be a linear function
of 6 with constant coefficients.

Consider now a congruence G' and two nets .V, and Ny harmonic
to G. Corresponding tangents to &, and N, meet in a point of
a focal net of G, and the congruences of these tangents are con-
jugate to this focal net, by the theorem of Levy. These two con-
gruences and the nets N, and N, are in the relation discussed in
the last theorem of § 6. Hence we have the theorem:
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If two mets are harmonic to a congruence, the joins of corre-
sponding points of the nets form a congruence conjugate to the nets.

11. Derived nets. Derivant nets. Let @; and Gy be con-
gruences harmonic to a net N, determined by solutions 6, and 6,
of the point equation (1) of N, it being understood that 6, is not
a linear function of 6,. The function

0, 96,
=00,
0w
is a solution of the second of equations (56) with 6 replaced by 6,
that is, the point equation of the second focal net of Gy. The
coordinates of the Levy transform N (x) of this focal net by means
of ¢ conjugate to G, are of the form

L,y 0z
roe d¢ po’
v

which in consequence of (53) and (54) is reducible to

00, 00,

0. 00, 06\ 0
B

0 ) o 50 %5 o
06, 06, 06, 06, '
0w Ov 0v Ou

66) x =uao—

The coordinates y, and z of the focal points of G are given
by (53) when 6 is replaced by 6,. The point equation of the second

. . . 6, |0 .
tocal surface of G, admits the solution 6, — 6, 861: -5%2 , which deter-

mines a lL.evy transform of this surface
conjugate to (. The expressions for the
coordinates of this transform are reducible -
to (66). Hence:

If two congruences are harmonic to a
net N, the point of intersection of corre-
sponding lines of the two congruences de-
scribes a met conjugate to the two congruences.

This result is illustrated by fig. 3,
where Lj, and L,, are Levy transforms
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of N by means of 6, and L., and L;, by means of 6;. N is called
the corresponding derived met by Guichard.

We shall prove the following converse of the above theorem:

If two congruences are conjugate to a net N, the planes determined
by pairs of corresponding lines of the congruences envelop a met
harmonic to the congruences.

Liet the coordinates of the focal points of the congruences be
taken in the forms (37) and (45). We have seen that the point of
coordinates (46) describes a net parallel to the net of coordinates y.
and is conjugate to the congruence @ of the lines joining the points
of coordinates y and y,. If the expression (46) is differentiated with
respect to v, the resulting expression is reducible by means of (12)
and (38) to i{;%y where

' - hl,—hyl

L N

If we apply the formulas (21) to his congruence @, we find that
the coordinates of the second focal net are in the form

ythly—p—ly
1—1
which is reducible to
x' (h—h)—a"(1—h)
hyl—hl,

(67) x+

In like manner we find that the coordinates of the first focal point

of the congruence conjugate to the nets of coordinates z and z

are of the form (67). Hence the above theorem is proved. We

say that the net of coordinates (67) is the derivant net of N.
From (66) we have by differentiation

60, 801
oz _ g %%,
Pu 08, 06, 06, 08,
Bbu 0v  0v ou
20, 20, _ 90y 50y 020,90, 20, 90, 90
+ u? v ou? 0v/ ou ou* 0w 0u® Quldv
out 90, 96, 06, 06, !

u ov ov Ou

68a)
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06, 06,
[ TR T
81} - 80, 801 30, 801

;8b)1

+ gvt 9v  0v® Ovldu |\ 0v? dw  0v® oul ov
Bv’ 00, 06, __ 06, 86,
ou Ov ov Ou

(3’0, 00, 920, 86,\ 0z 020, 06, 020, 90,\ 0z

We remark that if we replace 6; by ¢; + const. the expressions in
the parentheses are unaltered. Consequently:

The oo derived nets of N determined by 6, and 6y + ¢, where
¢ i a parameter, are parallel to one another and conmjugate to the
congruence harmonic to N determined by 6.

12. Determination of nets harmonic to a given con-
gruence. We establish the following theorem which may be looked
upon as a limiting case of the second theorem of the preceding
section:

If two congruences are parallel, the point of intersection of
lines joining corresponding focal points generates a met harmonic
to the congruences.

Let N(z) and N'(x") be the first focal nets of the congruences.
The second focal nets are the minus first Laplace transforms of N
and N’, and their coordinates are given by (47) and (51). From
these expressions we find that the coordinates of the points of
intersection of the lines joining the focal points of the first and

/

second ranks respectively are of the form %——__le By (21) this
is the second focal point of the lines joining corresponding points
on N and N'. In like manner it can be shown that it is the
first focal point of the congruence conjugate to N_; and N_..

From these two theorems it follows that the problem of finding
nets harmonic to a given congruence G is equivalent to the deter-
mination of congruences conjugate to a net conjugate to &, or of
congruences parallel to @, or of nets parallel to either focal net
of @. In this section we give another means of finding nets harmonic
to (7, arising from the solution of the last problem.

If G and @' are parallel congruences, and we use the notation
of the above paragraph, we have from (47), (51), (52) and (14),
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J,', z X—1
=y~
l 1’

(69) X =ux—
where z is thus defined. Consequently for the congruences conjugate
to N and N_; with direction-parameters =’ and x_; corresponding
lines meet in the points of coordinates x, which is the second
and first focal point respectively of these two congruences, in con-
sequence of (52). Hence:

If @ and G' are parallel congruences, and through the focal
points of @ lines are drawn parallel to the lines joining a fized
point to the corresponding focal points of G', these lines are tangent
to the curves of a met harmonic to Q.

From these results and the last theorem of § 9 we have:

The determination of nmets harmonic to a congruence is equivalent
to the integration of the adjoint of the direction equation of the
congruence.

13. Congruences harmonic to point nets. If y and z are
the coordinates of the first and second focal points of a congruence,
we have

dy _ ologq
(70) G = o e ),

o0z __ dlogp
50 hy WO

where p and ¢ are determinate functions. These equations are
reducible to the normal form (6), if we put

(T1) a==zp, B=yq
with

¢ op o _
(72) be — 1M Pl 102

Hence we have the theorem:

The lines joining the origin to the foci of a congruence constitute
a poimt met.

We say that the congruence is harmonic to the point net.

The direction-parameters of the congruence are given by

(73) Z = eq—Bp.
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Conversely, suppose wc have any point net of parameters
« and B, and a pair of solutions p and ¢ of the equations (6). The
functions y and z given by (71) satisfy the conditions (70). Hence
the joins of the points whose coordinates are y and z form a con-
gruence for which these are the focal points, and consequently the
congruence is harmonic to the point net. Accordingly we have
the theorem:

If the parameters of a point net are in the normal form, each
pair of solutions of the corresponding equations (6) gives directly
a congruence harmonic to the point net, and all such harmonic
congruences are so determined.

It is readily seen that if the parameters are not in the normal
form the determination of harmonic congruences reduces to the
solution of the equations (4) of the parameters.

Consider a net N with normal parameters of its tangents given
by (6). If p and ¢ are a pair of solutions of (6), it follows from (5)
that 0, given by the quadrature
(74) Zz“ = ap, 'g—v— == bq,
is a solution of the point equation (1) of N. Making use of this
function 6, we get a family of parallel congruences harmonic to
N whose direction-parameters are of the form

buav v pu WO AD)
From (73) it is seen that these congruences are parallel to those
harmonic to the parallel point net determined by p and gq.

Conversely, when a congruence harmonic to a net N is known,
we have by a quadrature at most a solution of the point equation
of N in consequence of the theorem of Levy (§ 8). If the parameters
of the tangents of N are in the normal form, then p and ¢ given
by (74) satisfy the corresponding equations (6). Hence:

When the congruences harmonic to a point net are known, all
the congruences harmonic to a parallel net cam be found by quadratures;
when a congruence harmonic to any met is known, by a quadrature
at most a congruence harmonic to the parallel point net can be found.
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Because of this theorem and the second one of § 12 we have:

If N is a net harmonic to a congruence G, and lines be drawn
through the focal points of a parallel congruence G' parallel to the
corresponding tangents to N, these lines are tangent to a met
harmonic to G.

We have also:

Of all the parallel mets harmonic to the family of congruences
parallel to a given congruence, one is the point met of the family.

Since the direction-parameters of any congruence harmonic
to a net can be given the form (73), we have:

Each pair of solutions p, q of equations (4) satisfied by the
direction-parameters of the tangents to a met N determine a con-
gruence harmonic to N; its direction-parameters are of the form
a'q— B'p, all congruences harmonic to N can be obtained in this way.

From (73) we have by differentiation, and with the aid of
(6) and (72),

0 _ da ap 0Z _ dq o8
o~ w? o e T s s P

0’2 _ 0q de  0p 08

dudv  0v 0w du dv nZ.

Hence the direction equation of the congruence is

8°%Z _ologq 8Z | ologp 0Z , | alogp alogq)
(75) dudv v du a ou 3v+(mn o D) £

This is of the form (27), where now

. v __ologp odlogg
(76) q=AU, p== BV, mn i P = (,

U and V being functions of « and v alone respectively. Hence:

The direction-parameters of any congruence whose direction
equation is (27) are expressible in the form

(17) /= aAlU BBV,
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where & and B are mormal parameters of a met harmonic to the
congruence.

14. Radial transformations. Suppose we have a net whose
point equation is (1) and let 6 be any solution of (1). From (57),
and (58) it follows that the locus of the points of coordinates
given by

— x
(78) xr = ry
is a net N, whose point equation is
a 96 b oo

0 0
= 3518 5w T 30 185 5y

0o
9 dudv
Conversely it follows from (58) that only when 6 is a solution of
(1) does the point z describe a net. We call N the radial transform
of N by means of 6.
The tangents to the curves v == const. at corresponding points
on N and N meet in the point whose coordinates are

1—L
L, b0—10x R 6 bz
- 098 B 9 (}_) ou’

ou ou \ 0

and the curves w = const. in the point

R
__6—10x *+._-__Q_._a'_;
! 90 v r 0 (_) ov’

ov dv \ 6

These points generate the Levy transforms of N by means of the
function 6—-1, and of N by 1—1/6. Hence we have the theorem:

The lines of intersection of the tangent planes of two nets
N and N in the relation of a radial transformation generate
a congruence harmonic to both mets.

Exercises.

1. The coordinates of any point on a line joining two points of coordinates
a2 and a% are expressible in the form (I, o+ Iy x%)/(Li+ o).

2. The coordinates of any point of a plane determined by three points of
coordinates ', x‘y, % are expressible in the form (I, 2,4+ Iy s+ I 2%)/(I; + Lo+ 1s).
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3. The tangents to the curves v = const. of all nets conjugate to a given
congruence at points of the same line of the congruence are coplanar; likewise
for the tangents to the curves u = const.

4. A necessary and sufficient condition that a point P on the join of corre-
sponding points of two parallel nets describe a net parallel to them is that
P divide the segment between points of the nets in constant ratio.

5. Show that if 4 in (12) is a function V of ¢ alone, then (1) must be of
the form

0?6 .00  Ologp 06

duov "7 ou ou  or’
one of whose invariants is zero. In this case { = V+41/o.
6. When in equation (1) we have ¢« = U and b =1V, whereQU and V are

. . . Lo 0
functions of « and v alone respectively, the point equation is by = 0. In

this case we say that N (x) is a net of translation [cf. § 81]. Show that all nets
parallel to a net of translation arc nets of translation.

7. The curves on the surface S of a net N which are defined by Edu?
+2Fdudv+ Gdv?= 0 are called the minimal curves of S [cf. §35]. When the
curves of N are the minimal curves of S, Nis called a minimal net. Show that
every net parallel to a minimal net is a minimal net.

8. If a net N’(x') has equal point invariants, that is b’== «', the equations

b 1 0a' bx 1 0
ou ~ a't 0w’ Ov  a'* Ov

are consistent, and the x=’s are coordinates of a net N. The congruence conjugate
to N and of direction-parameters x' has for focal points x—x'/a’? w+ux'[a’.
Consequently N lies on the middle surface of the congruence.

9. If N and N’ arc parallel nets, and € and 6’ are corresponding solutions
of their point equatious (§ 4), the point of coordinates (£ — x'6)/(6'—6) describes
a net conjugate to the congruence of the lines joining corresponding points on
N and N'. ’

10. If N and N’ are parallel nets, and 6 and 8’ are corresponding solutions of
their point equations (§4), the corresponding Levy transforms of N and N'by means
of these respective functions are parallel nets; also the lines joining corresponding
Levy transforms meet in the points of the net of Ex. 9. .

Martin, Comptes Rendus, vol. 139 (1904), p. 32.

1

. . 1
11. If 6, is a solution of (1), then 6,—6 50| 3o and 0,——0—8—1;» 5u ¢

solutions of the respective equations (56); and the former admits the latter as

its minus first Laplace transform.
12. To each solution ¢ of the first of equations (56) there correspondends

a solution 6; of (1) such that ¢ = 01-—0—8-;}-‘— o

13. If Nis a derived net of a net N, the osculating planes of the curves of
parameter % and v of N pass through the corresponding points of the minus first
and first Laplace transforms of N.
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14. If Nis a derived net of a net N, the first and minus first Laplace trans-
forms of N are derived nets of the first and minus first Laplace transforms
respectively of N. Tzitzeica, Comptes Rendus, vol. 156 (1913), p. 374.

15. If N is the derived net of N by means of solutions 6, and 6, of (1), the

ox 060, 0x 06, )/ 00, 00, 06, 06,

quantities =(—aT‘~ B B0 9u Fu 5o 9o 5;‘—) are the coordinates

of a net parallel to N.

16. A necessary and sufficient condition that a net N and a parallel net N’
defined by (12) be radial transforms of one another, to within a translation of
either net, is that A =l = const., say c; then if N’ is a radial transform, x’' = c.

17. A necessary and sufficient condition that two nets, N’ and N", parallel
to NV and determined by pairs of solutions 4,, /;, and ks, I3 of (13) be radial trans-
%:— = % = const.

18. If more than two ruled surfaces of a congruence are developable, all
the ruled surfaces are developable and the lines of the congruence are concurrent.

19. If N is a radial transform of a net N by means of a solution 6 of
the point equation (1) of N, the minus first and first Laplace transforms of N are
radial transforms of the corresponding Laplace transforms of N, the respective
functions being

forms of one another, to within a translation of either, is that

g_ b 090 _a 06
0b 0w’ 0Oa 0v’
ou ov

20. If N is a radial transform of a net N by means of a solution 6 of the
point equation of N, and 6, is any other solution of this equation, then 6,/0 is
a solution of the point equation of N. Show that the Levy transforms of N
and N by means of 6, and 6,/0 are radial transforms of one another.

21. If G and G, are parallel congruences and lines be drawn through
the focal points of each parallel to the lines joining the corresponding foci of
the other to the origin, the two nets determined by the intersections of these
pairs of lines are in the relation of a radial transformation.



Chapter II.
Transformations F.

15. Fundamental equations. In this chapter we are
concerned with the determination of all nets &, such that for a net
N; and a given net N the lines joining corresponding points form
a congruence (@ conjugate to N and N;®). These transformations
of N into nets N, are fundamental in a general theory of nets.
and we call them the fundamental transformations, or for the sake
of brevity {ransformations F. We say also that N and N, are in
relation F. We call G the comjugate congruence of the trans-
formation!). An example of this relation is afforded by two parallel
nets and the lines joining corresponding points (§ 4). Also the
second theorem of § 6 and the last theorem of § 11 may be stated
as follows:

When two congruences are conjugate to a net, corresponding focal
nets are in relalion I, or are radial transforms of one another.

When two nets are harmonic to a congruence, they are in relation I,
or are radial tramsforms of on another.

We turn now to the general study of this relation. From
the second theorem of § 5 it follows that if NV and N, are in
relation F, the direction-parameters of the conjugate congruence
of the transformation are proportional to the coordinates »’' of
a net N’ parallel to &, and also to the coordinates x; of a net A,
parallel to N;,. Hence these coordinates must satisfy a relation
of the form

(1) "'1, —_

%) A statement of the history of these transformations is given in the Preface.

1) Two nets in the relation of a radial transformation (§ 14) satisfy this
requirement, since all the lines of the congruence meet in a point, and then
every ruled surface of the congruence is developable. However, we exclude
this exceptional case from the definition of transformations F.
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where, as follows from § 14, 6’ is necessarily a solution of the
point equation of N'.
The coordinates x; of N; are necessarily of the form

0
(2) T =Ty x,

where 6 is to be determined. The coordinates 2’ are given by
equations of the form (ef. I, 12)

o’ dxr oa’ ox
: [ ] ——— —_—-- == —_—
(3) o ouw ov v

Hence the first derivatives of x; are reducible to the forms

ox 0’ ox; , (1 06’ 20
1~ (——— — 0) - u + xy ( )’

ou h 0 h ou 0w
4) " ’ NP ’

ury (l’ _(,)?{1 .' (l Eﬂ__?l’,)

v av " \7T aw v/’

From these expressions it follows that N, is parallel to ., if,
and only if, # and 0’ satisfy

/ !
®) 06" __ 500 00,006

bu . “ou oo v

Expressing the condition of integrability of these equations, we find
from (I, 13) that 6 is a solntion of the point equation of N, namely

8*0 _ ologa 86 , dlogh 06

) dudv ~ dv du du ov’

Moreover, from (5) it follows that 6’ is the corresponding solution
of the point equation of N’ (cf. § 4). Conversely, if 6 is any solution
of (6) and 6’ the corresponding solution of the point equation
of N', then (2) defines an F' transform of N. Hence:

Any transformation F of a net N is determined by a net N’
parallel to N, such that the joins of corresponding points of N and N’
are mot concurrent, and by a solution of the point equation of N;
and any such net N' and a solution determine an F tramsform.

-
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In consequence of (5) equations (4) may be written

) oz 7T dm, om0 dxy
du h ou’ dv [ ov’
where we have put

(8) T=h0—6, o=10—86".

By means of (1), (3), and (5) equations (7) are reducible to

v 62"

3:1:1 T ’ 06 3)") 8.’1:, (2 ( 06 ax)
ot SRS “Z ke SN Z7
@ T T (x du du TREAET

which, in consequence of (2), are equivalent to

0xy I 26

Pu 60 {(“" ”“) + Bu]
(10) ) 20 3

_xL-_L[ 26 _ﬁ]

v 06 (@ — "L) v + 6 dvd’

From (9) it follows that the point equation (;f N, is reducible to

(11 2%0, _ ologa, 96, | dlogh, 86,
dudv ov 0w ou ov’
where
T a
(12) a, = d-éT, bl = b-b',—_

This equation may also be put in the form

8%6, ___1(810{;‘&__/2_22)?_0_1 dlogb l 80) 06;
T

(13) dudv v 9 v 8u+ 0‘( ou 0 oul ov’

In consequence of (I, 37) equations (2) can also be given
the forms

(14) Xy = ——F 0, x +

Bhy ___ o s+ Bol’z.

o~
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From (8) and (I, 18) follows
(15) T— 0= ¢0.

Incidentally we observe that z and o satisfy

ot 0 ot 0 0

T 09 g 108V g, T Oyl
(16) :

oo 00

9o, —— -

o i log b’ v 09 9 logay

Suppose we have any congruence (. There is a net N con-
jugate to @ (§ 8), and a net N’ parallel to NV whose coordinates z’
are direction-parameters of G (§ 5). Each radial transform of N’,
say N,, determines an F' transform N; of N, and X, is parallel
to N.. Since there is an infinity of parallel nets N, satisfying
this condition (§ 5), we have the theorem:

If the coordinates of « net are the direction-parameters of
« congruence, there are an infinity of nets parallel to the jformer
net and conjugate to the congruence.

As a corollary we have:

If two congruences are parallel, every met conjugate to the one
is parallel to co' mets conjugate to the other.

For, if N is a net conjugate to the first congruence, there is
a net N', parallel to &V, whose coordinates are direction-parameters
of both congruences, and by the theorem there are oo ! nets conjugate
to the second congruence and parallel to N'.

16. Inverse of a transformation F. Parallel trans-
formations F. Evidently N can be looked upon as a transform
of N; and now we seek the functions 6! and (6')~! giving this
transformation. Since the roles of N’ and N, are interchanged
it follows from (1) that

1
17 (01 == i
Hence if we make (2) conform to
0—-1
(18) T == Iy — ey &y,

(0
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we find that
19) 01— ——.,

It is readily verified that equations (7) are satisfied by these values
of 6—1and (6')"L. Hence 6~ is a solution of (11). Moreover,

we have
0 1y o2 (1
Selat) =rael)
0 1)y 8 /1
15 (a5 =55 (5)

Hence equations (9) can be written
2 (_z;) el (i)

du \0~1) du ’
o) = (5)

—— ) = — ],
ov \6! ov

From these equations follows:

If N and N, are in the relation F determined by a solution 6
of the point equation of N, and 0~ is the solution of the point
equation of N, likewise determining the tramsformation, the radial
transforms of N and N; by means of 6 and 61 respectively are
parallel.

We have observed in § 15 that two parallel nets are in
relation F, since they are conjugate to the congruence of lines
joining corresponding points. We wish to find the form of equation (2)
in this case.

From (9) we see that:

A mecessary and sufficient condition that N; be parallel to N
is that 0 be a constant.

Now 6’ also is a constant, which must be different from zero.
Hence the equations of the parallel transforms are of the form

(20)

0
(21)
x
0

X = x—cx’,
where ¢ is an arbitrary constant.
In a general transformation F' the function 6 corresponding
to a given 6’ is determined by (5) only to within an additive
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constant. Suppose we consider the transforms N; and N, corre-
sponding to the values 6 and 6 4 ¢, where ¢ is a constant and to
the same 6’. Now the coordinates of N; are given by (2) and
those of Ny by

+c ,

P

Lo = X —

From these follows
Xy == Xy — €A,

In consequence of the above results we have:

When the conjugate congruence of two tramsformations is the
same, and the two functions 0 differ by an additive constant while
0’ is the same, the two transforms are parallel to one another.

In the definition of transformations 7' we have required that N’
be not a radial transform of . It is readily shown that in order
that N’, parallel to N, be a radial transform of N it is necessary
and sufficient that »’ == c¢x, where ¢ is a constant. In this case
corresponding solutions 6 and 6’ of the point equations of N and N’
are in the relation #" = ¢# + d. Substituting in (2), we have

xrd
6+ d’

that is NV, is a radial transform of N. Conversely, in order that
(2) define a radial transform of N it is necessary that N’ be
a radial transform of N. Consequently, if the restriction is removed
from the definition of transformations F, radial transformations
form a sub-group of transformations F. But we shall retain the
restriction and thus distinguish between the two types of trans-
formations.

17. Harmonic congruence of a transformation F. From
{20) and (21) we have

A =

‘ 0~ du, o 6 ox
BT e AT 00
©9) on ou
. 91 oxy, 60 ox
S Bt E‘*—a—v— —_ £ — _3___5__?7—)_'
ov v -

Hence the corresponding tangents to the curves u = const. of the
nets N and N; meet in points of a net which is a Levy transform
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of Nby 6 and N; by 6!, and likewise the tangents to the curves
» == const. Furthermore as follows from the theorem of Levy
(§ 8) the line joining these points of intersection generates a con-
gruence harmonic to the nets N and N;. Hence we have the
following converse of the second theorem of § 15:

When tiwo nets N, Ny are in the relation of a transformation F,
their corresponding tangent planes meet in a line generating the
congruence harmonic to N determined by the function 6 and harmonic
to Ny determined by 6~1.

We call this the harmonic congruence of the transformation.

From the above theorem and the second of § 15 follows:

If N is a net and G a congruence harmonic to it, the nets
harmonic to G- are obtainable from N by transformations F involring
the same function 0, or by radial transformations of N.

Since 6’ is determined by (5) only to within an additive constant,
we have as a corollary to this theorem:

All the mets Ny obtained from N by transformations F deter-
mined by the same function 6, and differing only in the additice
comstant of 0', are harmonic to the sume congruence, and consequently
their tangent planes form linear pencils.

The coordinates of the point of intersection of the conjugate
congruence of a transformation F and the hyperplane x%=- 0
(cf. § 1) are of the form

Since 2* and «% are corresponding solutions of the point equations
of N and N’, we have the result:

The developables of any congruence meet a hyperplane in a net.

In the above case the 7¢% coordinate of N, is 7, as follows
from (1). Consequently N, also is a net in a hyperplane.

18. Tansformations F and radial transformations.
Let N() be a radial transform of N(x) by means of a solution w
of the point equation (6) of &, so that u == x/w. From § 14 we
have that the point equation of N is

820 ) a 96 b 26
@3) Guse B e T BB gy
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If 6 is any other solution of (6), then 6 = 8/w is a solution of (23).
Also it can be shown that if ¢ is a solution of the adjoint of (6),
then ¢ = 9w is a solution of the adjoint of (23).

From (16) it follows that if =~ and ¢ are functions of the trans-
formation F' of N by means of 6 and ¢, these functions, : and o,
serve also for the transformation F' of N into a net N, (x,), deter-
mined by 6 and g. Hence similarly to (20) and (21) we have

PV B AEC BN N W T
o\ gt Bu \ g du T obv g1 ao\e)

SRR BTSSR R EAR T N I N
' ou \ g—1 an \ g dul\e) oe\g—1 ov \o/)

From these equations and (21) we have

. 2 S
(26) =

to within an additive constant of integration. If we define a
function w, by

0~ oy = A1,
equations (24) become

n R LR
27) o1 (0—1 ’ 16n 0/ or )w q'dv 0/

Comparing these equations with (21), we note that e, is a solution
of the point equation of N'y. Hence from (26) it follows that N is
the radial transform of NV; by means of w;. Thus by the quadrature (27)
we obtain a net N; which is an F transform of N. Moreover,
there are an infinity of such nets Ny, since w, = w;+ 61, where
¢ is an arbitrary constant, satisfies (27). Hence:

If N and N are nets in the relation of a radial transformation,
and Ny is an F transform of N, there can be found by a quadrature
oo! nets Ny, which are F transforms of N and radial trans-
forms of Ni. B

When in particular 6 = w, then 6 = 1 and consequently N
and the nets N; are parallel, the functions w; being c6—1. Hence:
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A transformation F is equivalent to the combination of a radial,
« parallel and a radial transformation™). -

19. Transformations F with a common conjugate
congruence. Suppose we have two solutions 6; and 6; of
equation (6). We seek the two nets obtained from N by trans-
tormations F' determined by these respective functions and by
a net N’ parallel to N. We denote these nets by N1 and Ny, 1'%).

The point coordinates of Ny 1 and NN, ; are expressible in
the forms

01 02
(28) £y = o—-- T == r—(i—é a2

where 6y, 61 and 62, 63 are pairs of corresponding solutions of the
point equations of N and N’, that is 6{ and 65 are obtained from
61 and 0 respectively by quadratures of the form (5).

We consider the functions

0 03
(29 Og— — 05, —r.
From (2) and (1) it follows that these functions are solutions of the
point equations of Ny i and Ni ; respectively, and their derivatives
are in relations analogous to (7). Hence a transformation of Ny,
is given by

(30) PR L el LY

By substitution we find that this expression is reducible to that
of @31, given by (28). Hence N, is the transform of N1 by
means of Ni i, and the functions (29). It follows then from § 16
that N;1 is obtained from Np; by the functions 6y — 62 01/62
and 61/65.

20. Transformations F determined by the same func-
tion 6. TLet N’ and N” be two nets parallel to a given net N

') In fact Jonas developed the transformations from this point of view
(see Preface); this theorem follows also from the first of § 16.

12) In this notation the first subscripts refer to the subscripts of 6, and 6,
and the second to the subscript of common function, ¢, determining the con-
jugate congruence,
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which are not radial transforms of one another. The coordinates
x and 2” of N’ and N” respectively are given by quadratures
of the form

i —p, 0% oz _, 0z

du 4 or g’
{31)

0" o, bx  dx" 0w

YRR TTE av v’

where 74, l; and 2o, I are pairs of solutions of equations (I, 13). The
coordinates =’ and =" are the direction-parameters of two congruences,
@ and G respectively, conjugate to N. By means of them and
@ solution 6, of the point equation of NV we obtain two transforms
V1,1 and Ny,» of N, whose point coordinates are of the respective
torms

B 01 ’
(52) &Iy 1 = .’L‘——"'e—r‘.)? ) T2 = 7557 X1
1

It is our purpose to show that Ny, and Ny, are in relation 7
There is a net which is the F transform of N” by means
of 6 and N’. Its coordinates are of the form
3) s — o
0!
])ifferentiating and making use of (19), (31) and similar equations
for 61 and 67, we get

0x11 01,1

ILL (oY — 0——-———’~<.
34 du ( 1 01 kz 1) ™
i duiy (1 0 — | 9'),.__. om,

or 1 2% v

Hence N1’y as defined by (33) is parallel to Ny 1'9).

We have seen that the solution of the point equation of N,
giving N by the inverse transformation is —6,/6;. When 2y, in
(34) is replaced by this value, we have by a quadrature a solution
of the point equation of N7i. By means of (20) we find that the

%) We have used the notation w" " to mean that the net is parallel to
N;,, and determines a congruence (’”’ con]ugate to Ny ;.
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corresponding solution of (34) is — 67'/61. Hence a transformation ¥
of Ni,; is given by equations of the form

D
oy

By substituting the above values we find that this expression is
reducible to the second of (32). Thus V7,2 is a transform of Ny
by means of the same function, — 6:/6;, which gives the trans-
formation of N;,; into N. Hence we have the thecorem:

If a net N s transformed into two mels Ny, and Ny by
means of the same function 6,, the latter two nets are in the relation
of a transformation F'; moreover, in the triad of nets N, N1,1 and Ny, ».
any two are the transforms of the thivd by means of the same solution
of its point equation.

Hereafter we say that three nets so related form a triad under
transformations F. Now equation (33) may be interpreted as follows:

If the nets N, N,, and N; form a tiad, and if N and N"”
are the nets parallel to N determining the transformations from N
to N, and Ny vespectively, the net N1\ determining the congruence
of the transformation from N, to Ny can be so placed in space that
it 1s an F transform of N”, the conjugate congruence of the latter
transformation being determined by N'.

As a particular case of this result, suppose we use for 6, the
coordinate »™. Then the two transforms are the nets in which
the hyperplane ™ := 0 is met by the lines of the two congruences,
and in accordance with the above theorem these two nets in the
hyperplane o™ = (0 are in the relation of a transformation £.
In general, we have:

If a net N is conjugate to two congruences @' and G", the
developables of these congruences meet any hyperplane in two nets
in the relation F.

We shall prove the converse of the above theorem:

If two mets Ny and Nz, transforms of a met N by means of
congruences G' and @', are F transforms of one another, the three
nets form a triad, unless Ny and N3 are parallel transforms of N.

Let the coordinates of x; and xa of N, and N be given by

0, "

J— _._eé'_. x

(35) ry1—

6 |,
r =x——75 X, X9 — X
6,
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If these nets are to be in relation F, it is necessary and sufficient
that on the lines joining corresponding points there be focal points,
that is that there exist functions 4;, 4, w1, pe such that

3% [, + 4, (2, —x3)] = 11y (11 —23),
aiu [, + A (o, — )] = g (2, —x3).

When the above values are substituted in these equations, we get
equations of the form

A2’ Bia"+ Gy LA =0, Asz' + By2" 4 Cy oz =0.
ou v
Evidently we must have
4 =B =C0C=4=B=0G=0.

These conditions are equivalent to

(1 +24) 7,60y — 4,230, =0, (1 + &) 0,65 — 4,036, =0,
96 , A 96 )

4,7y a‘;lL + 6,65 (.“1_ “5;2) =0, 47 "6"1:— + 6567 (.“’1—' '5u-1) =0,
20 " 92 26 ' 94

Ay 03 “é*v'l' + 6,603 (.Ue" -5'5) =0, 4y Gz“a‘v‘g— + 6,067 (Ms— *501) == 0.

I 7,==0, =7,=0; =0, then h, = [, = const. and %, == l; = const.
(§ 4), and consequently @ and @” are not distinct. If 6, and 6,
are constants, then N, and N, are parallel (§ 16). Excluding these
cases, we find that the above equations necessitate 6s/6, = const.,
that is &, N;, N, form a triad.

21. The theorem of permutability of transformations F.
The equations (1) and (2) apply to any pairs of solutions of the
point equations of N and N;;. Making use of (1), (2) and (18)
we can show that any solution of the point equation of N is
expressible in the form

6
(36) By = 6y — 7 0},
1
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where 63 is a solution of (6). Incidentally we remark that from
(21) it follows that

) 6’ ) 0,,)
— g L) = — 1 — =
(12, ) (31 (01 ’

9 0! (6
()=o)
l v ( 12 6, 1av \ e,

This function 6,2 determines a transform of N ; such that its
points lie on the lines joining corresponding points on Ny ; and Ny, s,
that is, G'"' is the conjugate congruence. From (33) it is seen
that the corresponding function 61Y is given by

(37)

0//
(38) 9y = 6y ——

92

Hence the coordinates of the transform ANy are of the form

9201_010" ///
39) X1 = L1177 L1
( 12 LT g gr Tl g

The function 6, and the congruences (7' and G” define two
transforms of N, namely No; and N, Wwhose coordinates are

respectively of the forms

— 0 . IR 02 //
(40) X217 7 ax’, X == L —— i x

Corresponding points of the nets N, Ni,: and N, lie on a line,
and from (29), (32) and (40) we have that N, is a transform of
V1,2 by means of the function

(41) fHy,— 0y .

'Oi’

In like manner it follows from (29) and (35) that Ny is obtain-
able from N by means of the function 6;,— 6,013/6Y. But by
means of (36) and (38) we show that this expression is reducible
to (41). Hence N, . and Ny, being transforms of N . by means
of the same solution of the latter’s point equation arc themselves
in relation /. We wish to show further that N2 Dbears to
Nz,2 and Ny; a relation analogous to that born to N;; and Np-o
used to determine .\p..
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Since N2 and N, are obtained from N by 6;, they are in
relation F. The corresponding net parallel to N, is defined by
equations of the form (cf.(33))

Oé ”14)

(42) xply = a'— oy T

.\ solution of the point equation of Ng» is

b5

(43) 091 = 01—-@7

1"
0,

and the corresponding function 63" is given by

05
(44) 02 = 61— 5 67
02
The net N, obtained by this transformation is defined by
equations of the form
6165 — 0567
(45) Xop == Xon U192 291

— i 2.
0105 — o030 " *

Making use of the above values, we find

O 00— 000"+ (6ot 1) "

(46) xip—> == wg— 1 == oL — 0,

Hence the nets Ni2 and Ny coincide and the congruences (7
and @' are conjugate to Nj,1'9).

In view of the above results
we have that when two nets A’
and N” parallel to N are known,
and two solutions 6, and 6, of
equation (6) are given, the four
functions 61, 67, 65 and 6% (each
involving an additive constant of
integration) can be found by as
many quadratures. When these
are known, we have a group of

Mz. ]

14) The mark '’’’ indicates that the net is the parallel to Nz'2 determining
the conjugate congruence G''"".

1) Of. Jonas, Sitzungsberichte Berl. Math. Gesell., vol. 14 (1915), p. 103;
also Transactions, vol. 18 (1917), p. 111.
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six nets pictured schematically in the fig. 4 by corresponding points
of these nets. We say that any four nets as N, Ny, Noo, Ny,
such that the first and fourth are in relations ¥’ with each of the
second and third form a quatern.

We note that N;, and N, determine the additive constants
in 6; and 63, but that the additive constants of 6> and 67 are
arbitrary and consequently there are co® transforms M. of a given
N;,; and N;,. However, it follows from (33) and (42) that when
one of these constants is fixed, the oo' transforms Ny, are conjugate
to the same congruence.

We may gather together the foregoing results into the following
fundamental theorem of permutability:

If Ni,1 and Ny are two transforms of N by means of functions
8, and 0y and congruences Q' and Q", there exist % nets Ny,
each of which is an F transform of Ni1 and Ny s, their determination
involving two quadratures; there are obtaimed incidentally two other
nets Noj1 and Nyo such that Na i, Ny, Noo, Nipis a quatern, and
also N, Np,1, Ny s, Nia, Moreover, the six mets can be associated into
the triads N, Ny1, Nyo; N, Nyjyy Nojo; Nyoy Ny oy Nio; Nojy, Nyjv, Nia

Any set of corresponding points in the above configuration
are the vertices of the complete quadrilateral formed by corre-
sponding lines of the four conjugate congruences of the trans-
formations. Each point generates a net which may be taken in
place of NV as the given net from which the configuration is obtained.

With each net there are associated two parallel nets whose
coordinates are direction-parameters of the two congruences con-
jugate to the former net. These twelve auxiliary nets may be so
chosen that they may be constituted into four groups such that
corresponding points of the three nets of a group lie on a line
through the origin (cf. (1)). These four groups are N', Ni i, N ;
N, Nis, Nia; Ny, Ni, Nigs N3y, Niy, Ny,

In consequence of (32), (36), (38), (40) and (43) equation (46)
can be written

67 6;

021 012
47 0’" =0l’( ) ( III___ 0 —_—
(47) 612 213= 03 A 1,1 N Xo,2) + (012 5 %,

012) Lo

16) In this notation N}'} means that the radius vector is parallel to a line
of G’ and the net is parallel to Ny;.
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From the expressions (36), (38), (43) and (44) we find

01605

(48) 61 615 == 6% 63" =
6, 05

(62 021+ 6, 61— 612 0.y).

Hence the above equation may be written

"

6.
(49) 01 9;')’ XT12 = *“{- (02 021 AT —I" 01 313 X3,2 — 013 021 .li).
2

From (34) it follows that the functions 42 and /12 of the parallel
transtormation determining G, the congruence conjugate to N, ; and
Nz, have the values

s 67— I 61 Lo'—Is 61

(50) /t12 =T " -, 112 = Py

The functions zys, 012, ¢12 of the transformations from N ; into Np»
are given by equations similar to (8) and (15), namely

(D) rp == Mnbip— 017, O1a == l12012— 01, ¢12 6012 = Tr2— 012,

in consequence of the ubove values these functions have the
expressions

o 1 61 03’ 0y )
Tio = -‘;; 0“1 0, (‘(;1— '1[1—{‘ oy 01372+ 01262
161 65 /6 0,
(h2) Oy2 - w00 0, (é? 01014 o—;"’”"”’*' 012 021),
1 0
g1 " s 0; (710515 01+ ¢1 0% 02y).

In an analogous manner the functions A and Iy of the trans-
formation from N, .to Ny» are of the form

[ / 14 ' "

(53) - hg 03— h1 6% Loy == __l”ﬁ_._fl_.e_?_’
T3 O3

and the values of the corresponding functions vz, 021, ¢21, defined by

. J— ner ner
(54)  Tor== hnOn—05", 062 = 1ln0n—0%", ¢n602n= Ty— 0O,
4
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are reducible to

TeTul -~ 11712, 020 == 071012,
(H5) 16y

2 ’
g2 = - == (1301— 1105} ¢ 61 012).
q Gy7s 01 (s g )

Consider in particular the case when N, . is a parallel trans-
form of N. If we take

By == 65— 1, 6= 1),

then
Hro = 01y = 1,

w3

and consequently Ny, is a parallel transform of Ny ;. From (43)
we have

021 - 01'—0;’,
and consequently from (49)

(H6) Oy (rp—ran) — (01— 01) (ryg—).

Sinee 67’ involves an additive arbitrary constant, we have the theorem:
If Ny is any transform of a net N and N is parallel to N, there
are oot transforms Niy of Nv and N, which are parallel to Ny; corre-
sponding points of these nets lie on the line through My parallel to MM,.
Consider also the case where 0, == 6, -} ¢, ¢ being a constant.
We have accordingly

Bh-= 14y 0 = 8,

-
(07) 0o == ¢ b1 J i K 6, " mo___n 01' Y
REEOT O — —« +é‘:)7’ y 612 __,.(, s

where ¢ and " are constants. If ¢ = 0, 6;, is constant; it follows
from § 16 that M. is parallel to Ni;. Also N, . is parallel to N
if ¢"==0.

In order to determine the effect of the additive arbitrary
constants of 6 and 6y, we replace them by 6:- (c—1) and
67+ (e—1) in (33) and (36). If we denote the new functions by

7¢'1 and 6.s, we find in consequence of (1) and (19)

(B8) it = alh—(e—1)al, 62 = b+ (c—1)67L
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Hence the oo! nets N, obtained by varying ¢ and holding e fixed
are conjugate to the same congruence conjugate to INi,; also;
similarly as e varies and ¢ remains fixed the oo! nets N and N o
are conjugate to the same congruence.

The foregoing formulas are interesting also in another connection.
Thus if we look upon N and a net Ny, as F transforms of N o,
there are oo® nets, including Ny,1, each of which forms a quatern
with Nz s, N and Np.. The above results lead to a means of finding
these nets N.. In fact we replace N;; by the transform of V
by means of the functions

(59) 0= 0,-+ (¢—1)0,, 2© = g’ (e—1)a",

the quantities x® being taken as direction-parameters of the con-
gruence of the transformation. Now we have

9 e o o 0
(60) ou T Muar e TH0
where
(61) he = Iy + (¢ —1) hs, lo-—- 14 (e— 1)lo;
also
’ \ nr " r n
(62) 9(,? = 03+((¢—1)(/:. O, —: 6 +(C'—“1)02,

69 = 0+ (c—1) 04+ (e— 1) 65 4 (¢ —1) (e —1) 6.

When these values are substituted in the following expression which
is the analogue of the right-hand member of (46). it is found that
the result is reducible to the latter:

(8¢ 02— 05 60) 2@+ (09 6. — 6'9 03) "
O 6 — 61 9 o

(63)

Hence:

Let Ny,; and Ns » be F transforms of N by means of functions 6,
and 0y, ' and z" being the direction-parameters of the congruences
of the tramsformations; if N is the transform of N by means of
6:+ (c—1) 83 and a congruence of direction-parameters '+ (e—1)z",
¢ and e being constants, the o® nets Ny forming quaterns with N,
M,1 and Ni s form quaterns also with N, N, . and N>, whatever
be ¢ and e.

4°
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22. Derived nets and transformations F. If N(z) ix
a net with the point equation (6), and 6, and 6; are solutions of
(6), they determine a derived net N(z) of N (cf. § 11), whose
equations may be written

_ ox ox
(64) x 93+1?‘8—l;+q—5;y
where
1 00, 26,
‘D‘—//(lav 028?})’
©®) 1 (0,20 — 0, 2%), g 20002000,
T 7\" %% " Do) 1T 5w a0 v ou’

Let 65 be another solution of (6), and N’ a net parallel to NN
An F transform N; of N is given by

(66) iy v r— 03,—1’
03
The functions 6s: and 63 defined by
0 , .
(67) Oyi== 0i——r0i (1 =1,2),
3
where .
; 06; _,00; 80i ,096; 3
(68) du h du’  dv =l dv (G--1,23),

are solutions of the point equation of ;. They determine a derived
net N; of N;, whose coordinates are of the form

— o g T8 LELD
(69) Ly = Xy Py D +Qs PP

where %; and ¢ are given by (65) when 6, and ¢, are replaced
by 63 and 633 respectively.
From (66) and (67) we have

8.’1:3 . 03h—~0§ ( ,_a.q‘s_—e, 8{1;)
du 63 Ou ou)
g _ 03l"—‘0é ( ’ 00 ' BSU)
dv g Yy b v/’
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3031: . 03’2—06 ( ,?ﬁ

30')
. '_—_.z
w64 Y ou ’

3
ou

aosi le—t)g’; ’ 603 ’ 803
- =i 01' i)
ov O3 or onr

On substituting these expressions in (69), the resulting expression
in reducible to

- ,60, 803 303 ox ox

rg=:x+-—-x |—-— —| -} — 0. —_—— 6, 6

‘s x—I—A{a du du du +8u 1 0 s v 0, 0 65 [
06, 96y 065 06, 0965 06g 06, 965 365
ov ov ow ov 0v 0w 01 Ou du

where

Ao (LB ot (00 00, 20, 30

ov ou ou 0w

ov ou ou dv

, (001 86, 06, p_q,_v)
+93(8v ou du ov)/’
Since 61 and 6, are solutions of the point equation of A,
a derived net N’ of N’ is given by equations of the form

— ox’ ou’
P i ’
¥ vt 0 +a v’

where p’ and ¢’ are obtained from (65) by replacing 6; and 6, by
61 and 65. From equations analogous to (I, 68), we find

oz’ _ g 0w o7 yow
du ou’ av o’
where
M s
h=-—6 260 '™ o0, 50,
015, — Oy 1% O

Consequently N’ is parallel to N.
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The functions 65 and 6; defined by

08s
v’

’ 388+ 1803

0 = 65 + p
are corresponding solutions of the point equations of N and N'.
Hence quantities of the form

are the coordinates of an F transform of V. When the above
expressions are substituted in this quantity, it is reducible to (70).
Since 61 and 8, as given by (68) involve additive arbitrary constants,
there are o® nets N;. Hence we have the theorem:

If N is a derived net of N and Ny is any F transform of N,
there can be found by two quadratures oo? nets Ng each of which
is a derived net of Ny and an F transform of N.

23. Derivant net and derived net of two transfor-
mations F. We note that the corresponding points of six nets
in the relation of the theorem of permutability are coplanar. From
the second theorem of § 11 it follows that these planes envelope
a derivant net N of N. Since the four congruences of the con-
figuration are harmonic to N, it is a derivant net of each of the
six nets. By means of (32), (40) and equations similar to (8) and
(15) the expressions (I, 67) for the coordinates of N are reducible to

1,0y — 0 | 0y 01 ) -
T — e | '
71 ( 01 ()» I_ fl 0, "
( ) Tl()'» 12 Gl ;_ ()3’ . l' ¥
. P I S X o=————0o.1'1 1.
0,0, ", e g g

From § 17 it follows that corresponding tangent planes of X,
N:y and N:» meet in the point which generates the derived net IV
of N determined by the solutions 6, and 6, of the point equation
of N. We shall show that the corresponding tangent planes of
the oo® nets MN» pass through this point. In fact from (I, 66) it
follows that the coordinates x of this point may be given the form

0 0,)81: 0 (0; ox
v ou Du v

BN E R EN E N EV N )
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Consider now the net N;; and look upon N and a net N as F
transforms of it by means of 67!= —6,/61 and 6:.. The corre-
sponding formula for this case is

O (opfr) B0 (g, ) B
.L,l_ﬂi — Blu \ ;‘ 01 z'u au - 6, ar
" ou (3—‘ v (01' 01) ov (07‘) o (01-

By means of (9), (20) and (37) this is reducible to the preceding
form. Hence:

The corresponding tangent planes of N, Ny 1. Nou and the oo?
nets Nyg meet in the point which generates the derived nmet of N by
means of the functions 01 and 0. of the transformations of N into
N1 and Ny

24. The extended theorem of permutability. In this
section we extend the theorem of permutability so as to involve
three transforms of N. Let &;, N, and N3 be these transforms
of N by means of the functions 6; and w; (4 = 1, 2, 3), where

a1 4 Y 6"

W = _.“_,, Wiy = v--—~-", Wop = - s eesece

"w
: a0 0 012 0:n

Applying the theorem of permutability to the three pairs of these
nets, we get three families of nets Ny, Nog and Ny, since N;; = Nj,.
From (48) and (49) we have

(72) { 0. 0,jawiy = 16, (8, 0,i + 05 03— 0 6,4),
0,050, w5 == w,(0;0,5.0i+ 0,0j0;— ;5 0j;27) (¢ + 9.

Smce a net N and a net Ny arce transforms of N, there exist
oo® nets N for each of which Ny, N, Nz and N form a quatern.
It is our purpose to show that one of these nets N is such that
Ny, Ny, Nog, N form a quatern; and likewise Ny, Mg, Nog and N.

We denote by 6;; and ws; the functions by means of which
&;j is transformed into N; from their definition it follows that’
6;; = 6j; and iv;; = w;;. According as we look upon N as belonging
to the one or the other of the quaterns, Ny, Nis, Nis, N; N;, Nis,
N,;, N, the coordinates » of N are given by the respective equations
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(13) { O12 012 12T = wns (0135133312 + 0125122313*5126131f1),

02102121 Z == wa3 (028028212 + 021 021225 — 021 B23.25),

which are analogous to (72). When we equate these two values
for z, the resulting equation is reducible by means of (72) to an
equation of the form Az;+ Bxz.+Cx = 0. Since 4, B and C are
necessarily equal to zero, we have the following equations of
condition:

- - 0120 - 091 0 -
112012 (01 wigb15— g 10y -l;:*?-l-> — 011013 01305 w0 '); 2} 031025 21 61103 B -
18 12
. - ' S oy,
112012 (02 Wys 023 — B w3 _3;__@) — B335 023 61105 025+ 012015 013 05w 2; =
2 12

- 10 01
1119 012 (01 103 Bgs — Oy 13 Og1) — B1 w13 B13 0 (0 — 1-;-*1— + O32093 093 0110 By =
12

By subtracting the last of these equations from the first and adding
it to the second we find that the above system is equivalent to

8y B30 10120y5 = Wy (B 021 015 01012823— 03 612051),
(14) 1 010181013013 == ws (O3 Og1 Bx2+ 01 Oy Bgy— By By 03y),
03825 125028 = w03 (03 032021+ B5 025031 — 6 6o 035).

From (38) and (44) it follows that
(75) 10101201012 == Ws 1021 05 01,
so that the above equations are consistent with the requirement
that 6;;= 6. When equations (74) are compared with the second

of (72), it is found that 6;; is a solution of the point equation of N;;.
which is a necessary condition. The analogue of the first of (72) is

B12B192012 == 115813015~ B2 B10— B12615).

Substituting in the right-hand member the expressions for 6;, and 6y
from (74), we have
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-1

6101210 g-é 21012
@ = 2272 g, (012028 + O15 033— Bgo 623)

1091
+ 05 (028 051+ 021 613— 013031)
—+ 05 (031012 + 033021 —— 021 012)
— 012023 631 -— 021 613 g2,

which in consequence of (75) is consistent with the requirement
that wi;= wj.. By means of these results equations (73) reduce to

D7 == 11 (03 0230311 O3 O35 01— 601 623 035)
(76) l + 23 (83 031 012+ 016013 05— 05 031 615)
" ] + 15 (810126023+ 05 031 013— 05 012 021)
— 1 (612003 031+ 621 013 03).

Since this expression is symmetrical in the functions involved, it
follows that N defined by (76) forms a quatern with Ny, Ny, and
Ny and also with N, Nyg and Nos.

25. Transformations K. We inquire under what conditions
a net N and a transform N; meet the lines of the congruence in
points harmonic to the focal points. From (I, 37) and (2) we have
that the necessary and sufficient condition is that

(17 0 = 5 (h+1)6.

When we require that this function satisfy (5), the resulting
equations are reducible, in consequence of (I, 13, 18), to

9 0 dlogd ] 0 dloga
— l e T e ——— Rl 2 2
du 08 9 2 du ’ 0w log ¢ v

(78)
From this it follows that the point equation of XV is necessarily
of the form _

(719) 0% __olog VQ 00

dudv v du

olog Ve 00
ou v’

+

where ¢ is defined by

4

(80) oy

B
f

o

D
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Then from (I, 18) and (77) we have
o ¢ 6,0
(81) Iz—?—(-—o—, l:= 9—{—0.

Now the equations (5) may by written

. o (6'\ 1208 8 o’)m_ 1 26
(82) B (7)-*.,* P an(o = -

From (8) it follows that

2
(83) T=— = =,
€
Hence equations (10) become
By _..-_,,1,_9_( RN “)
l on o 0 (o 'l)Bu o Au)’
(84) 0 1 0
&1 0 () — . he o)
v o 07'<("‘ ) gy T 0 aw)'

and the point equation of N is

(&) 06 _ dlog b e a6, dlog Ve 00,
ouor 0 on 2 u ar "
where
- 02
(86) Voo, = e,
o Voo

We note that the invariants H and K of equation (79) are
equal, or, in other words, N has equal point invariants. Since the
same in true of ,, as shown by (85), we have the theorem:

In order that @ net N and a F transform N, meet the lines of
the conjugate congruence in points harmonic to the focal points, it
i necessary that both N and N, have equal point inrariants.

Koenigs solved this problem for 3-space'”). Accordingly we
call a transformation of this sort for spacc of any order a frams-

Sformation K.

') Comptes Rendus, vol. 113 (1891), p. 1022.
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‘When two nets in the relation of the above transformation are
parallel we say they are associate'®). In all generality equations (84)
are in this case

0xy 1 3x ox, ___1_ ox

(87) T R P P

Suppose now that N has equal point invariants. The know-
ledge of a parallel net N’ gives h and /, and consequently a solution ¢
of the adjoint (I, 20) of the point equation which in this case
is reducible to

0t TN - 9* 1 ) -
(88) véu@j(qb e) = Ve Py (VQ (¢Ve).
Since equation (79) can be written
92 0 - 0% 1 ]
(89) ra( ,,/9) = Ve (7(,‘) Ve

a solution of this equation is given by (80). 1t is readily shown
that 6’ given by (77) satisfies (5), and thus we have:

When N has equal point invariants, each parallel net N' deter-
minmes without quadrature a transformation K into a net N1, the
function 8 of the transformation having the value ¢ -0/2, 8" being
given by (17).

In particular, (p——'“~2- is a solution of (88). In this case

6 =1 from (80) and consequently XN is associate to V.

Suppose conversely that we have a solution 6 of the point
equation. From (88) and (89) it follows that ¢ = 26/¢ is a solution
of the adjoint equation. From § 4 we know that by means of ¢
we find oo! nets N’ parallel to &, of the form x'-+ kx, where 2’
are the coordinates of one of these nets and % is a constant.
Accordingly we have the theorem:

When N has equal point inrariants, each solution of the point
equation determines by a quadrature, an infinity of transformations K,

%) This is a generalization of the idea of associate surfaces in 3-space
[§ 155 and Ex. 22, p. 425].
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such that corresponding lines of the comjugate congruences of the
transformations which pass through a point of N are coplanar.
26. Theorem of permutability of transformations K.
If N, and N, are two nets, each in the relation of a transformation K
with a given net N, we apply the theorem of permutability of
general transformations ¥, and seek the nets Ni;, which are K
transforms of &; and N.. For this case we must have

Tig = — 01y, Tgg == — Oy,
Since
0 0?
(90) T == — 01 = *-*l‘, Tg — — Oy — *—l,

these conditions are equivalent, in consequence of (52), to

03 61
(91) 03y —— + 65— = 0.
65 6,

In consequence of (90) equations (37) for the case of trans-
formations K are reducible to

a ’
. (01221*) _ %_ (gz_aglm 0 ?_QE)’

6 ' ou
92) aau 0t 1 ’ ua 0 ua 7]
1 I R '*‘l - 2
dv (012 01) ) (0‘ v % 81))'

From these equations and similar ones in 6;, we find that the left-
hand member of (91) is necessarily constant. Since each term of
this expression is determined to within an additive constant, there
are oo! sets of solutions satisfying (91). In fact, in consequence
of (36) and (43) we can put (91) in the form

010,

oé, 01 ” ’
—o+ =2 gl =0.
6, 1+ 0, ¢

(93)

From (52), (86) and (93) it follows that

612 6,
g2 = 2 o’ on = 2 —Z’f—

Hence each Ny; for which (93) is satisfied is a K transform of N,
and N;.
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Now equations (48) and (49) become

0,015 = 6y, (91 - —‘02 + 012 )
0 6,
(94) " ’ ’
" 02 01 01
0,615 x12=" 019 |0y —— x3,2— 03—~ 11+ O12—2).
0, 0, 6,
By means of these results the coordinates (71) of the point of
contact M of the plane of the quatern with its envelope are reducible to
. 0267 xp0— 6103211 01507 23— 60108 x

0 63 — 6163 T 6161 —016%

Hence M is the intersection of the lines MM, and M,M;; con-
sequently the points M;s of the oo! nets lie on a line, MM;,. There-
fore in consequence of the theorem of permutability of general
transformations F' (§§ 21, 23), we have the following theorem of
permutability of transformations X:

If Ny and N, are K transforms of a net N with equal point
imvariants, there can be found by a quadrature oo nets Nyy which
are K transforms of N; and Ni; corresponding points Mys of these
nels Nyg lie on a line 1 through the corresponding point M of N and
in the plane w determined by M and the corresponding points M,
and M; of N, and Ns; the plane 7w touches its envelope at the inter-
section of 1 and the line M, My; the parametric lines on the envelope
Jorm a net to which are harmonic the congruences generated by the
lines MM,, MMy, M, M5, M. M5, and the tangents to this net are
harmonic to | and M, M,.

27. Transformations F of applicable nets. We say that
a net NV in n-space and a net N in p-space are applicable, when
their coordinates » and z satisfy the condition

”ﬂ
dx? :fda_c’,
1 1
which is equivalent to
2 {0x\2 ax\? 2 ox 0x dx 0x
E':.:: —~———) = (—) b B
Z(BM $ )’ F du dv - Bu v’

o3[ 5T

1
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From (I, 3) it follows that the point equations of the two nets are
the same. Hence a pair of solutions % and / of equations (I, 13)
determine a net N’ parallel to N, as well as a net N’ parallel to N.
Moreover, it is evident that N’ and N’ are applicable. Hence:

If N and N are applicable nets, the knowledge of a net parallel
to either enables ome to find by quadratures « met parallel to the
other, to which it is applicable.

Suppose now that we subject N to a transformation /' determined
by a parallel net N' and a solution 6 of the point equation of N.
From (9) it follows that the fundamental coefficients of the
new net N, are given by

2 P
E = g;;(Z,x” (89) 223:’3”'4 0’%+0’2E).

o0 ou
Tao 060 00 89& 00 ' ,0r ,00
13 —_ _*( //2 v Yy _ ':/> o 6!___ ’9
! 0’4 ZT Bu v 2 B o av Z’J 9 du +0°F),
o* 06\2 8.'1
(v e /I2_ ___)_ //’ l)()
T 'S (Z‘T (617 2 8’1* 81) +0

We transform N by means of the net N’, applicable to N,
and the same function 6 used above. In order that ]71 and NN,
shall be applicable, the expressions for the fundamental coefficients
for N, must be equal to the above. Equating the corresponding
expressions, we get three equations, which in fact are equivalent
to the two

(2= 2 ,2) 3“ =2 (22—2 81() o,

ou
OV Y- 06 0 a‘ — 37«1'
(>/.’2__. '.12 — = 2( ’,'/ """" ) I-
~7 2” ) v 2’3 v * B 0

By integration we find, to within a negligible constant factor,

(95) 0 ;__.Zxr e __Z;,L—,/g.

It is readily shown that this function is a solution of the common
point equation of the applicable nets N’ and N’. Consequently
the F transforms of N and N by means of 6’ and 6 given by
the quadrature
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00 S podl 00 ox _, 0x
8;:2(2 B Z 61() %—_2(236 ov Zx 817)
are applicable. Hence'?):

If N and N are applicable nets, each net parallel to N deter-
mines a pair of applicable nets Ny and N, which are respectively
F transforms of N and N.

We shall establish a theorem of permutability of these trans-
formations. Let two applicable nets N and N be transformed into
pairs of applicable nets N, N, and N, N; be means of parallel
nets N’, N’ and N”, N” and functions 6] and 65 given by

(96) 6} :Z‘.,./z ___2512’ o ~_anaz __Z‘—uz

We apply the results of § 21 to this case and seek whether N,
and .V, are applicable. To this end we take

0;{—): :_2‘14;112 ___E'Tinz, 0511// 4”’2{1’-’1’”2 ___Z:;é/ug.
Substituting the values of these functions from §§ 20, 21, we get
- .
(97) 07 4 0h— 2 (20 " =25 ") = 0.

in consequence of (96) we find by differentiation that the left-hand
member of (97) is constant. We have observed that in the general
case 67 and 65 involve additive arbitrary constants. Hence they
can be chosen in an infinity of ways to satisfy (97), and we have:

Of the oo* transforms Ny and Ny, o' pairs are applicable,
these cases arising when the constants in 67 and 6% are chosen so
that (97) s satisfied.

28. Nets corresponding with orthogonality of linear
elements. Two nets in n-space are said to correspond with
orthogonality of linear elements, if corresponding directions on the
surfaces of these nets arc orthogonal to ome another. We say
that two such nets are in relation O. A necessary and sufficient
condition that N(z) and N(z) are in relation O is [ef. § 153]

Br BL 8% 8.1 o o Bx B;r

(98) Buw on Bw v + v du 0, v v =0

19) Transactions, vol. 19 (1918) p. 170.
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Let (6) be the point equation of N(x) and let

9% ologa 86
dudy  dv du

alogb 26
du v

+

be the point equation of N(z). If the first and third of (98) be
differentiated with respect to v and » respectively, we have in
consequence of the second of (98) that N and N have the same
point equation. Hence:

When N and N are two nets in relation O, they have the same
point equation.

From this result and § 4 it follows that if // and / are a pair
of solutions of

oh {
ah dloga 0L _ (h—1) Olog v

;= U=n v 7 du o

(99) ov

the nets N'(x') and N’(z'), whose coordinates are given by

pa’ dx  oa’ dx oz’ bx  ox’ B
100 3 "M 30 T %00 w - Maw aw o lan
are parallel to N and N respectively. Moreover, from (98) it
follows that N’ and N’ are in relation O. If we say that A and N
are corresponding parallel nets of N and N, we have:

If N and N are two nets in relation O, corvesponding parallel
nets are in relation O. ]

We seek transformations F' of nets N and N in relation O
into nets N, and N, in relation O. Let N’ and N’ be two corre-
sponding parallel nets of N and N, and let 8 and 6’ be corresponding
solutions of the point equations of M and N’ respectively, that is

96’ . 06 096" 06

(101) S e, 22

The equations of the transformations are

’ - B b -
X, X = .li—“?;i‘ .
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From the first we have by differentia‘tion equations (9) and similar

o .',' 1
expressions for " and a”
When we express the condition that these quantities satisfy
equations of the form (98), the resulting equations give, to within

a negligible constant tfactor.

(103) 0 = Dl

Since N’ and N’ are in the relation O, this function #’ satisfies
their common point equation.-

Hence:

1/ N(x) and N(&) are nets in relation Oy and N'(x') and
I\T’(c? "Y are tiwo corresponding parallel nets, the nets N, and N, which.
ave F transforms of N and N respectively by means of the equations

. —— ’ 0 . .’ ‘-
(104) Jy J _—ZT;/.?I y Il == 1 2:1:,;;_‘1 ,
wheve 8 is given by
~ 30 1 o )1 ' 00 B 1 —Q Y
(105) Bu /', au ' de U ar 2",
are i relation O.

We shall establish a theorem of permutability of these trans-
formations. Let two nets N and N in relation O be transformed
into pairs of nets ANy, N, and N, N, by means of parallel nets
N, N and N”, N” and the functions 6] and 67 given by

(106) 0p = 2005, e = Da"x".

We apply the results of § 21 to this casc and seek under what
condition N, and N, are in relation . For this to be the case

we must have

U Z' " l/l mer__ 2 i
01y == X1 0.1 €y

'_II’

where 21" and 24" are given by (33) and (42) and z7’ and z%” have
analogous expressions. Substituting the values of 0"‘ and 63\ from
§ 21, we have

(107) 00+ 05— D" w o Z") = 0.
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In consequence of (106) we find by differentiation that the
left-hand member of (107) is constant. We have observed (§ 21)
that in the general case of the theorem of permutability the
functions 67 and 6. are determined to within additive arbitrary
constants. Since these can be chosen in an infinity of ways so
that (107) holds, we have:

Of the o F transforms Nys and Mo arising from the theorem
of permutability of any nets N and N in relation 0, there are oo
pairs in relation Oy they wrise when the constants in 65 and 67 are
chosen so that (107) is satisfied; all -these o' pairs of transforms
can Ve found by two quadratures, when Ny, Ny and No. Ny are
kenown.

Exercises.

1. If N is a net of translation (cf. I, Ex. 6), the only I transforms of N
which are nets of translation are parallel to V.

2. If N is a minimal net (cf. I, Ex. 7), the only ¥ transforms of N which
are minimal nets are parallel to N.

3. If N is any net and N, is the F' transform defined by (2), and (N),,
(Ny): and (N'); are the first Laplace transforms of N, N, and N’ respectively, then

Crude = (i — fg)r %
where y |
(0)1 = 6f— 1 (01)1 ) — 1 00

Dloga B0’ Flogal o

dv oev

4. If N, is an F' transform of a net N, any Laplace transform of N admits
as I transform the corresponding Laplace transform of N;, the equations of the

transformation being
D, = (x @), * v
(.l 1)y = (-l )‘, —_ (0,*): (.l )'.

where (0),., (¢'), and (x), are the »" Laplace transforms of 6, #' and x'.

5. If N and N, are in relation F, and ¢ and ¢, are corresponding solutions
of their point equations, the Levy transforms of N and N, on the tangents to
the curves v = const. of N and N, are in relation ¥, and also the Levy trans-
form on the tangents to the curves w = const.; moreover, the lines of the conjugate
congruences of these transformations are tangent to the net which is the F
transform of N by ¢ conjugate to the congruence of the transformation from N
into N;.

6. By means of Ex. 5 and § 11 show that if N and N, are nets in relation ¥,
and ¢, ¢, and ¢, ¢, are corresponding pairs of solutions of the point equations
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of N and .V;, the derived net of N by ¢ and ¢ is in relation F with the derived
net of V; by ¢, and ¢,.

7. If N and N, are nets in relation F, and .V, and N,; are parallel to N
and N, respectively in accordance with the second theorem of § 21, corresponding
lines of the congruences of parameters .. and .x;s conjugate to N and N, meet
in a point describing a net forming a triad with V and N,.

. Show that if in § 24 we take 03 = wy = 1, 04 = 67 = 0, the nets N,

Nis, Nza, N are parallel to N, N,, No, Nys respectively.
9. If N, Ny, Ny, N;» are nets of a quatern, the respective funetions 6, 6,,
— 6,/6%, — 6,,/01%" determine radial transforms N, N, 1y Na, Nya. forming a quatern
under trausformatlons F. Transactions, vol. 18 (1917), p. 123.

10. If NV is a net and @ any solution of its point equation, the equations
xy = « — cB, where the ¢’s are constants define a net N; which is a transform
of N, the congruence of the transformation consisting of parallel lines. The
tangent planes to .V and .V, meet in the harmonic congruence of N determined by 6.

11. If Vand NV are applicable nets, the equations &y =x—c#, ¥y =% — ¢ 6
determine applicable nets Ny and Ny, if 6 =2 (¢ z— Jew)/ (22— I¢?).

12. When the functions ¢ and b in equation (8) satisfy the condition

. 9%a %0 _(a ) da 0b
® “owov  Couds T« Do o
the eyuations

Olog V,o 10b dlog V/: 1 Oa

Tou w 0w’ v b or

are consistent. and the functions

(i) B VP V” 1 !

by

= b= o
« Vea Vb

satisfy equations (I, 13). The two nets N and N, parallel to a net N' with
equation (6) determined by the solutions (ii) have equal point invariants, and
are associate (§ 25) to one another.

Conversely, if a net N' with point equation (6) admits a parallel net with
equal point invariants equation (i) must be satisfied.

13. When the condition (i) of Ex. 12 is satisfied, equation (6) admits 3133

80 a
’ = 2__ ]2 it —_—
sollfmon 0= (a b?). If we put @ =- Vp (a—1), we have - == Vo e
g—%— = ——b—_~ gz . These values satisfy (81), and consequently 6 and 8’ and the
P

congruence conjugate to N whose direction-parameters are the coordinates x'
of N' determine a K transform of N.

14. Let M, M,, M,, M,s be corresponding points of four nets N, N,, Ns, Ny
of a quatern under transformations F. Show that a necessary and sufficient
condition that another net N,; obtained by varying the additive constants of
6Y and 6, be such that its points lie on the corresponding lines MM, is that
the transformations be K.

(3
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15. If N is a net with equal point invariants, N,, N., N; are K transforms
of N, and N,y, Nis, Nuy are the nets with equal point invariants which together with
the respective groups N, Ny, Ny; N, Ny, Ny; N, Ns, N, form quaterns under trans-
formations KA, then N defined by (76) is a K transform of Nis, Nis, Nus.

Transactions, vol. 16 (1915), p. 296.

16. Determine whether transformations K are the only transformations I
of a net with equal point invariants into nets with equal point invariants.

17. In order that the Levy transforms conjugate to the tangents to the
curves of parameter « of a net N with the point equation (6) and determined
by solutions @ and 6, of (6) be K transforms of one another, it is necessary
that 660, = b2V, where V is a function of v alone.

18. If N and N, are two nets in relation K, their respective associates
can be so placed in space that they shall be in relation KA.

19. If in (46) 07 and 0, are replaced by 6y + ¢ and 6, —c, where c is
o parameter, the corresponding points of the oo! nets N, lie on a conic which
passes through the corresponding points of N, N; and N.; this conic is degenerate
when the transformations are X, and only in this case (cf. Ex. 14).



Chapter III.
Sequences of Laplace.

29. Homogeneous point coordinates. If the cartesian
coordinates of a point I’ are x',..... s, the n-1 quantities y, of
which y* ' 1+ 0, satisfying the conditions

are called lomoyeneous coordinates of P. If the coordinates y are
given, I’is determined, but if the cartesian coordinates = are given,
the homogeneous coordinates y are defined only to within a factor.
In homogeneous coordinates the equation of a hyperplane is
of the form (§1)
Wyt et tyr t= 0.

Now y'—= 0 (i =1,....,m) is the equation of a coordinate hyper-
plane. Also y* 1= 0 is taken as the equation of a hyperplane,
namely the lAyperplane at infinity. This hyperplane likewise is
a coordinate hyperplane in homogeneous coordinates. Thus we
have 71 hyperplanes forming a coordinate (n +1)-hedron. More-
over, a point all of whose homogeneous coordinates save one,
say y', are zero lies in all of these hyperplanes except the hyper-
plane y¢ == 0; it is a certex of the coordinate (7--1)-hedron.
Suppose now that we have any » -1 hyperplanes, say

ay'taiyp+ oAty =00 (=1,...,n+1),

subject to the single condition that they do not have a point in
common, that is, the determinant of the a’s is not equal to zero;
thus |&/| 0. If we put

el = ay'-.... @ Tyt (= 1,000, n41),
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where ¢ is a factor independent of ¢, the quantities z¢ serve also
as point coordinates. For when the ¢'s are given for a point the z’s
are uniquely determined except for a factor. Conversely, when
the Z’s are given, the determination of the corresponding y’s requires
the solution of a linear system of equations, whose determinant is
different from zero. We call the z's general homogencous point
coordinates, and as such they are distinguished from the particular
system of ¢’s, corresponding to the case where n of the coordinate
planes are mutually perpendicular, and the other is at infinity. As
in the case of tetrahedral coordinates in 3-space, the transformation
is not completely determined by the (n - 1)-hedron, but is defined
when it is required that a particular point, not on the faces of
the new (»-1)-hedron is to have the coordinates (1,1,...1) in
the new system.

Since the steps used in the preceding are reversible, we have
that there exist linear transformations P, by means of which from
a general system of homogeneous coordinates z we pass to a system y
so that y'/y* 1., .y +1 are cartesian coordinates. Hereafter we
understand that when homogeneous coordinates are used they are
of the general type.

We are prepared to prove the theorem:

The homogencous coordinates of any point on the line joining
two points P, (z,) and P (zy) are of the form

Lzt ez
and conversely. _

Consider the point with these coordinates and apply a trans-
formation P, (referred to above). The resulting expressions will be
of the form Ay,-}py.. Hence the cartesian coordinates of the
point are

Gl /S e o A S S R SR
hyp tpyrtt o Ayt gyt Tt

which shows that the point lies on P, P, (cf. I, Ex.1). Kvidently
.the converse also is true.

In like manner it can be shown (cf. I, Ex.2) that:
The homogeneous coordinates of any point on the plane through
three points P (z,), Ps(ze) Ps(zs) are of the form
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Azy + pzy 4 vay,

and conversely.
From § 1 the locus of a point whose homogeneous coordinates z
are functions of a parameter « is a curve. We wish to prove:
The homogeneons coordinates of any point on the tangent to
« curce z () are of the form

and conversely.
If the coordinates of a point are in this form, and we apply
a transtormation F, we get for the new coordinates of the point

Ay + %;:/; Hence the cartesian coordinates of the point are

dy dat
l'ﬁfﬁ” (A du
, gt T — T T
u,l e T YRS
+u du P —+ Qi logy

As these are of the form . 4 l%, the point lies on the tangent

(§ 1). Conversely, the cartesian coordinates of any point on the
tangent being of this form are readily transformable into the form
of the theorem.

Consider a point on the tangent to a curve with its coordinates

. . l: . .
in the form 2z + p }(Z}}' Two functions ¢ and # are dcfined by

o 4o =
ey Tt
In terms of ¢ and # the coordinates of the point are of the form
d
e im (tz). Hence we have:

The homogeneous point coordinates z of a curve can be chosen
so that the coordinates of a given point on the tangent other than

the point of contact are of the form%-.

The oscilating plane of a curve z(u) at a representative point is
by definition the locus of points whose coordinates are of the form
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de d?z

Ao Vo
e dw + du?
coordinates and proceed as above, we can show that the cartesian
coordinates of any point of the osculating plane are of the form

If we apply a transformation % to the

(l:

l ai —*— p ”"5‘

‘We observe that this is the result 'previous]y found for 3-space [§ T].

30. Laplace transformations. We have seen in § 2 that
a nccessary and sufficient condition that a system of parametric
curves be a net is that any point on the tangent to a curve
v == const. of a system moves in the tangent plane to the surface
as v varies. Given a net N with 2 4 1 homogeneous coordinates .r.
The coordinates of any point £ on the tangent to a curve v = const.

, 0. . . .
are of the form A.c - p As ¢ varies, the point moves in the

du’
. 0 oo\ . . . .
tangent plane, provided T Ar 4w o) 1 expressible linearly in

o o . . .
an and e Hence a net is characterised analyti-
, v

cally by the condition that its homogeneous coordinates are solutions
of the same equation of the form

terms of .,

a0 dloga 86 | dlogh 04
—— - o —— - - ()'
(1) 010 r ar 8n+ on 81;+(

We call this the point equation of the net.

If, in particular, the point P moves tangentially to the tangent
to « == const., that is if P describes the minus first Laplace trans-
form of N, we must have

PRILE L LAY
ou .

Since similar results follow for the first Laplace transform, we have:
The coordinates of the minus first and first Laplace transforms
of a net with the point equation (1) can be taken in the form

ox  ologb - dx Z)lovu

2 xoy = .
‘() T u o o o
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In consequence of the fourth theorem of § 29 the equations
of a Laplace transformation can be put in the simple form indicated
in the following theorem:

The homogencous coordinates ' and y' of the focal points of
« congruence can be chosen so that

07 gy W
(3) P be nz.

From (2) we have by differentiation

- a l .
REES al,‘.)f_’{,,._I + Ko, By dlogh w4 Hir,

) Y ) du du

where H and K are the invariants of (1) namely

8*log a dloga ologh

) He =S T o e 1O
H

_ o*logh |, dloga dlogh |

K= FUEL: -+ X du T

If K ==0, we get on integration «x—; = Uua, where U is an
arbitrary function of « alone. As the. arbitrary function U varies
with the integral but « remains the same, the point M_, describes
a curve, and not a net; we say that N_; is degenerate. Substituting
in the first of (2) and integrating the resulting equation, we find

® e (Y ),

V being an arbitrary function of ¢ alone.
In like manner, if H = 0, the integral of (1) can be given
the form

&) U+J—~d

Hence we have the theorem:

When either invariant of an equation of Laplace is equal to
zero, the equation can be integrated by quadratures.

31. Sequences of Laplace. When the invariants A and K
of (1) are different from zero, by the iteration of the first Laplace
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transformation upon a net N with (1) for its point equation, and
also of the minus first transformation, we get a sequence of nets

CN_py Ne(imty eoe s Nty Ny Ny ooey Ny o

such that any net of the sequence is a first Laplace transform of
its predecessor (sense being from left to right), and a minus first
transform of its successor. We say that these nets form a sequence
of Laplace.

We are interested in finding the Laplace equation of each net
of the sequence. In order to write these equations and others
associated with (1) in abbreviated form, we denote by

(8) 10,5 «, bl} f’ll

the cquation

i 0, Blogu, 26,
Bude  d¢ o +

ologb, 99,
) ou ov
2 ologa; 2logh, ologa dlogd

0
+(6u_5 loge == = 5u T v “57,‘7"+°)""-

"Then from (5) it tollows that

e , . 0loga dlogh
]H' T duov log —di + owv ou +o
(19 | 2 2loga logl
o0 oga ologd |
lKI* dude ;- log b b v on e
If in equation (1) we put
x'
(11) r=-,

where 4 is a function of « and s, the Laplace equation satisfied
by ' is denoted by
(12) 16’5 ai, b, A].

Then from (10) we have H'== H, K'-= K, showing that A and K
are invariants of (1) fop transformations of the form (11).
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In order to find the Laplace equation of V,, we differentiate
the second of (4) with respect to ». Making use of (2), we find
that the Laplace equation of N, is denoted by

(13) [0,; aH, b, :;]
and that

. o* aH .
(14) Hl — H— B"{y‘é"ll;“logvf’;’, Kl = H.

Proceeding in a like manner with the first of (4). we find that the
Laplace equation of N_; is denoted by

(15) [0_1; a b Ix’,—%]
and that

. o : 9* | bK
(16) Hoy =K K o K— o= log= .

The coordinates .o of .V, are given by the equations

(1 Ly — 1

0
o A logaH

analogous to (2), and the point of equation of N, is denoted by

(18) ‘ [0._,; « HH,, b, a”zﬂ}

In general the coordinates of WV, are given by

00y — 0 .
(19) = 8’—[1 ~ %y log(«a HH, . ... Hy—3) xr_1,

and the point equation i

‘ b
(20) [9«,-; aHH ... .H—, b ’aa-Hr:i'fiJ*?...._ii,--e]'
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The equations analogous to (4) and (17) are

- R AR

l 0.1y 8 logd

on ou
(21) o 0
| 8/7 == al" log((lH. o Hy 1) .I‘r-l—.l’,- " 1.
The coordinates of N_, are given by
@2 ,_, o 08 Jog(WKK _yoo. . Ky 9)r—y 1
’ G oun - ° T o

and the point equation is

9: : e T

Also we have

J»d-l'—-r - 8/ l()g’(/)/\y....K_v ' 1) Sy —‘}—.l‘,,/,-» 1y

on o
24
(24) 80—y 0 loga .
g e e Ky

32. Periodic sequences of Laplace. Ordinarily a sequence
of Laplace is unlimited in both directions. If H,. or A _, is zero,
the sequence terminates in the positive or negative sense (cf. IIl,
Ex.5). In the present section we are concerned with the case when
the sequence is periodic, that is when a certain net N, coincides
with V. In this case we must have

(25) dp o,

where m is at most a function of « and ~ which is the same for
all n coordinates «*. Since n is at least equal to 3, the coefficients
of (12) and (20) for = p must be equal. Hence we must have

. cees Gl
[y e —— o e - - DT — m o — (
(26) - log 0, o log m ),

(27 82 1 ) b]) - 0
) Guwor S FH T T Hyms
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Differentiating the first of (26) with respect to » and making
use of the second, we find that

(28) HH[-...H])-—lz: (/f]'}

where {J and I” are functions of « and v respectively. If we change
the independent variables in accordance with the equations

WG, =),
. )

we find that the invariants H', H,,.... H,of the transformed equations
of the nets N, ,,....N, are given by

H =g ()W OH, Hi=g )W H (=1,..p)

where ¢’ and i/ denote the derivates of ¢ and . Hence ¢ and v
can be chosen so that (28) becomes

(29) HH,....H,_1= 1.
Then from (26) it follows that mm in (25) is constant?®?).

Suppose now that (27) and (29) are satisfied for equation (1).
Applying (10) to (20) for » = p—1, we get, in consequence of (27),

B _'a-i“ﬁ ({/7’_‘: Hp ‘j;l 1{’1’~2. cee {l_p—‘_'
I e N TT T =t
(30) 2
f— H___ __a_-_.__ 100‘ Ii = K
T dude Cu ’

In like manner, making use of (27), (29) and (30), we obtain

0* L LAPTPHPE. .. H,y

by - H— O Hr.
Hy— duov log hr—2
0* V*Hy—1 0* Y -
B " a K dude log a = K

w0y Cf. Tzitzéica, Comptes Rendus, vol. 157 (1913), p.908; also Hammond,
Amals of Mathematics, ser. 2, vol. 22 (1921), p. 245.



78 III. Sequences of Laplace

Hence in general we have

(31) Hyp_i== K_, 1.

If we differentiate (25) with respect to «, and make use of (2)
and (21), we can reduce the resulting equation to

(32) Hy_yrp—1 = mar_,
whi.ch gives the analytical form of the condition that the nets N,_1
and N_; coincide. Again differentiating (32) with respect to «,
we get, in consequence of (21), (24), (30) and (32),

H};_l Hp_g Lp—2 =— HLL—2.
And in general because of (31) we have

(33) ,Hp—l }11)-—2. cee f[};.—, Lp— = M —y,

which in consequence of (29) is equivalent to

(34) dp—r = mHHy o Hyeo =
Finally we have
(35) JE Sy

showing that N and N—, coincide.

Conversely if we differentiate (35) with respect to ¢ we get
(34) with 7 = p—1. In general, if we differentiate (34) with respect
to v, we get (34) with ¢ replaced by /— 1. Hence according as
we differentiate (33) or (34) with respect to « or » we increase
or diminish ¢ by 1. In order to point out the significance of this
observation, we note that the expressions (19) and (22) for .r, and
x_, are expressible in the forms

8“"1

dyp = +A¢ r— a Nor—1 +.... +“17'70"'r
N D ol B or
Hr tm’ B Your—1 + oy
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where A’s and B’s are determinate functions of the derivates of a,
b and c obtained by repeated use of (19) and (22). Hence equation
(833) involves the derivatives of x with respect to » of orders
1,....,p—¢, and of x with respect to « of orders 1,....s If
this equation is differentiated with respect to « and all derivatives
with respect to « and v are eliminated by means of (1) and the
equations obtained by differentiating (1), we obtain an equation
involving derivatives of « with respect to v of orders1,....p—i—1
and with respect to « of orders 1,....7-1, which necessarily is
(33) with ¢ replaced by i—1.

Suppose now that we consider a periodic net of odd order,
and write p = 2n-4+1. If in (34) we put ¢ =mx and in (33)
1 =mn-1, we get
l Inr1-—=mHH ... Hyr—p,

36) 1
] L -1 T "m‘ II2nHzn——1 con s Hyap,
. . on iy on ity . .
These two equations express FT IS and FY Y linearly in terms

of the 27 -4 1 quantities

ot ox o o.r

BN g - T TA Fe

We have seen that the consistency of (36) and (1) leads to other
:quations of the series (33) and (34), by means of which and (1)
we can express all the derivatives of order higher than » in terms
»f (37). Since m does not appear in (27) and (29), for each value
»f m there exist p independent solutions of (1), (33) and (34)
ncluding the condition (25); and not more than p independent
solutions.

‘When p is even, and we put p = 2n, we have in place of (36),
Uy = mHHl cee Hn—1 L—ny L—n—1 "-—-‘7;12— Hzn_1 coe Hn_1 Xn—1.

Then all the derivatives of order » and higher are expressible
inearly in terms of the p quantities

" dx on 1y ox
R I ALY A meirrrr Ay X
ou ou’ 0V ov
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Hence we have the theorem:

When an equation of Laplace (1) satisfies the conditions (27)
and (29), an infinity of sequences of Laplace of order p exist in
space of order p—1.

33. Harmonic congruences. We wish to establish the
theorem:

The homogeneous coordinates x of « net N can be so chosen that
homogeneous coordinates of the focal points of any harmonic con-
gruence wre :714 and g% respectively.

Let V(r) be a net with homogeneous coordinates « satisfying (1).
Let Fy and F. be the foci of any harmonic congruence, these

points being on the tangents to the curves v == const., u == const.,
respectively. Kvidently » can be chosen so that the coordinates

of F, are g—f? (§ 29). Then the coordinates of F, according as

it is looked upon as on the tangent to the curves « == const. at M or

on the tangent to the curves « == const. at #) are of the respective
ox o o%x
forms A N e —_— st be pro-
forms Aux 4 p 5’ on + = Suan These forms must be pro
portional to one another in consequence of x being a solution of
the corresponding equation (1). Expressing this requirement, we
. dlogb dx
find that both of these must be proportional to —v&%— bi + e

0 10b gb

Evidently — F 0, otherwise F: and M coincide. Looking upon

F\ as the minus first Laplace transform of /, we must have

Dy (2logh ?l ologlh o )
Bu_"l( ou +“)+m a”( Yy 3L‘+('1,.

As this equation must be satisfied identically, we must have either
0
¢ =0, 0r V Hlogd
on
its derivative with respect to ». In the latter case the coordinates

of F, can be chosen of the form% (Vx). Replacing Va by =,

=: V¢, where V is a function of v alone and V’

which does not change the form Z—':;—of the coordinates of F), we

have the result stated in the theorem.
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Furthermore, when the coordinates of F; and F; are of the
form Z—xu— and Z—f, in the point equation of N we have ¢ = 0.
If we put 6 — 6,60, where 6, is any function of « and v, in
equation (1), the function 6, satisfies an equation of the type (1),
and for this new equation ¢ = O in case 6, is a solution of (1) and
only in this case. As a result we have the corollary:

The homogeneous coordinates of the focal poimts of amy con-

gruence harmonic to a net N(x) are expressible in the form

@ silo) 5 (5)

in which case 0 is a solution of the point equation of N.

We have also the converse theorem:

If 6 is any solution of the point equation (1) of a net N, the
points whose coordinates are of the form (38) are the focal points
of a congruence harmonic to N.

For, as v varies the direction-parameters of the path of the
first of these points are of the form

which evidently are the parameters of the line joining the two
points; similarly when » varies.

We have also the theorem:

When 6 = D a;a', where the a’s are constants, the points of
coordinates (38) lie in the hyperplane X a;a’ = 0.

34. Levy sequences of the first order. If 6 is any solution
of the point equation (1) of a net &, from (2) it follows that the
functions

__ 86  dlogdh __ 86 dloga
(39) 0_1= ——0, 6,= T 0

are solutions of the point equations of N_; and N, respectively.
We call them the minus first and first Laplace transforms of 6.
6
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The points of coordinates (38) are the Levy transforms of N
by means of 8 (cf. I, 53). In consequence of (2) and (39), we can
take as homogeneous coordinates of these respective points
(40) x_1,1=x—0—0-x_1, Zo,1 =x1——&x.

-1 0
Moreover, the net of coordinates x,; is the first Laplace trans-
form of the net of coordinates x_; 1.

By differentiation and reduction by means of (2), (4) and (39),
we find that the point equations of these nets are denoted by
(cf. § 31)

al a
(41) l:e—l,la ‘0:, b, "0':}
0 b
(42) {00,1; _(_10_1_, b 7]-

From the form of (40) it follows that N_;; and N, are
Levy transforms of N_; and »; by means of 6_; and 6,. More-
over, from § 10 we have that the tangents to the curves of para-
meter v of N, 1 are harmonic to &, and consequently this harmonic
congruence (@, is determined by the solution 6, of the point equation
of V. Its focal point of the first order generates a Levy trans-
form Ny,1 of N, whose coordinates are given (analogously to (40)) by

0
(43) X110 = .'1'2’_'"0*?‘ xy,

where 6, is the second Laplace transform of 6. In like manner
the function 6_, determines a congruence G*—1 harmonic to N_;
whose focal nets are N_;,1 and N_,;, where

(44) L9 == Xq— Ty,

62 being the minus second Laplace transform of 6.

Continuing this process we obtain a sequence of Laplace whose
focal nets are Levy transforms of the nets of the Laplace sequence
arising from N. We call it the first Levy sequence of N determined
by 6. The coordinates of the nets N, for positive and negative
values of » are of the form
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(45) Xyl = Lr41— 0;+1 Xy,
r
where 6, is the r*® Laplace transform of 6.

35. Levy sequences of higher order. Derived se-
quences. Let 6 and 6’ be two solutions of the point equation (1)
of N linearly independent of the coordinates of N. By means of
6 and 0 we determine two first Levy sequences N, and Nj 1.
These nets, are the focal nets of two sequences of congruences
G, and G, harmonic to the nets N, respectively of the Laplace
sequence obtained from N. From § 11 it follows that the point
of intersection of corresponding lines of @, and G} describe a derived
net of N,. Morcover, from the results of § 11 it follows that
these derived nets form first Levy sequences of the sequences of
N,1and N;1 and consequently we call them Levy sequences of the
second order. We shall obtain the analytical expressions for their
coordinates.

We consider first the derived net of N by means of 6 and 6’.
The functions 6_;,; and 6,,; defined by

)
(46) 6-11=0— "-6_1, Oo1= 01— ﬁf)lﬁel,

where 6_; and 61 are the minus first and first Laplace transforms
of 6, are evidently corresponding solutions of N_1,1 and Np,1, which
as we have seen are Laplace transforms of one another. Hence
the coordinates of the Levy transform of N_;: by means of 6_1,1
are the form

0,1

01,1

(4-7) X—1,2 = Xo,1 — Xr—1,1.

In consequence of (40) and (46) this is equivalent to '

6_1 01 x_1
o , 1 ,
Z—1,2= 01 6_11 6 0 x =% 0—1,1' 61 0 x|,
6, 61 x

if we make use of the following lemma concerning determinants:
6*
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If D=|aml(l,m=1,....n) is any determinant of the nth

order, and we write
Ar4-1,1 Ar,s
——————————— A’,s,

a —
r+1,8 1
then
Al 2 AI,B ------ Al,n
A2 Asg...... Az n
(48) .D =Qu
An——l, 2 ees 0000 d n—1,n '}

Hence the coordinates of N._; 2 can be taken in the form
(49) Xr—1,2 = l 01 0’ A |.

From the symmetry of this expression it follows that N_, . is also
a Levy transform of N.i;, which shows that it is the derived
net of N for the functions 6 and 6’. Evidently the derived net
of N, for 6, and 61 and of N_; for 60—, and 6, are given by

(50) Zop =[0612 |, @-22=]0_50 ;2|

Since N_i,5 and No o are the Levy transforms of Ny : determined
by 60,1 they are Laplace transforms of one another; similarly N_; »
and N_; . are the Levy transforms of N_,; determined by 6_, i,
Hence the solutions # and 6’ determine a Laplace sequence of nets
N, o which are derived nets of the nets N,.i, and a first Levy
sequence of the nets N, 1. The coordinates of N, , are of the form

(51) T2 == |0r O;.4-1 Zr 42,

for r positive and negative, and where N, = M.
If 6" is another solution of (1) independent 6, 6’ and the
coordinates of N, the functions

0 6
61,1 = 0" — 5= 0ly, 6111 =0"— 0",

solutions of the point equation of N_; i, determine a derived net
of N_1,1. Analogously to (49) we have that the coordinates of
this net are of the form

10'_ 2.1 011‘1 x‘o1!.
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Applying the lemma to this case, we have that the coordinates of
the net may be taken in the form

(52) T—23=|0-20_1 0" z,|.

Hence the functions 6, 6’ and 6” determine a sequence of Laplace
whose coordinates are of the form

(53) Zy,3 == |0y Oy 11 0742 Trysl

We remark that from the symmetry of (52) it follows that the net
N_, 5 is a derived net also of the Levy transforms N.q; and N”,
determined by 6’ and 6” respectively.

In general m independent solutions 6, 6',....6™—D of (1)
determine a Levy sequence of order m whose coordinates are of
the form

—1)

(54) Lr,m — |0r 0;‘—#1 01",+2----0£"’-;-m——1, Tr-+m ',

for positive and negative values of r%).

36. Periodic Levy sequences. Suppose that we have
a Laplace sequence of period p. We seek under what condition
the Levy sequence of the first order determined by a solution 6
of (1) is also of period p. It is necessary that zp 1 = 40,1, where 4
is at most a function of » and ». In consequence of (40) and (45)
this condition is equivalent to

(55) tpp1— L gy — (xl‘ﬁ””)'
From (19), (25) and (29) we have
006 0
(56) Tp+1 = M2y, 0p-+-1 = —é—vl""—“a“v‘ 10ga'0p.
Consequently from (55) it follows that
_ O joe by —
A=m, 6vlogg—-O.

) Cf. Hammond, 1. ¢., p. 252.
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In like manner the condition zp—i; = wx—;,1 is equivalent in
consequence of (21) and (32) to

- 0 O __
o= m, auloge = 0.

Hence we must have
(57) 017 == my 6,

where m; is a constant. We have seen that equation (1) admits
solutions of this type. If we have such a solution, the Laplace
transforms of 6 satisfy equations (33) and (34) with m replaced
by m;. Hence we have

(68) zp—i1= xp—i+1—%:-’~'iflmp_,- =mH....Hp—, x_i1
Therefore: '

If N is a net of period p in (p—1)-space such that xy = mx
and 6 is a solution of the point equation of N such that 6, =m0,
where my is a constant, the Levy sequence determined by 6 s of
period p; when my = m, 0 is mecessarily a linear function of the
2's and the mets of the Levy sequence lie in (p— 2)-space.

The latter part of the theorem is a consequence of the last
theorem of § 33.

If we take two solutions 6 and 6’ of (1) satisfying the con-
ditions 6, == m, 0, 6, = ms0’, the first Levy sequences determined
by 6 and 6’ arc periodic. Also in consequence of (56) and (33)
we have from (51)

Tp, 2 = MMy Mg Lo, 2,
xp—i’2 = mm1M2(HH1 “ e Hp—i—l)aH;)—-in—i-{—l x_i,z.

Consequently the second Levy sequence determined by 6 and 6’ is
of period p.

Similar results hold for the Levy sequences of higher order.
Consider in particular, the case of the Levy sequence of order p
determined by the p independent solutions 6, 6',....6%—D of (1)
for which 0;? = m P> =0,....p—1). From (54) we have

Top =10 0167 ....0P Vap| = (m—m)|061.... 027Dz

Similar results hold for x,, Hence:
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If N s a net of period p in (p —1)-space, such that xp = max
and 6,6',0",....62—Y are p independent solutions of the point
equation of N such that 0;,‘7 =m 09 =o0,....p—1), the p* Levy
sequence coincides with the given sequence®®).

37. Transformations F in homogeneous coordinates.
When two nets N and N, are in the relation F, the tangents to
the curves » == const. at corresponding points M and M; meet in
the focal points of a congruence harmonic to both N and &, (§ 17).
In accordance with the first theorem of § 33 the coordinates of N
and N, can be chosen so that we have

02y ox Oxy __ _ O0x

(59) LY T TR P

where 7, and g, are functions of » and v. Hence the equations
of any transformation /' can be given this form. As previously
remarked, in this case ¢ =0 in (1) and likewise ¢, = 0 in the
point equation of V.

When ¢ + 0 in (1), the equation can be reduced to this special
form by replacing « by 26, where 6 is any solution of (1). Hence
when the point equation of the net N has the general form (1),
the equations of a transformation F' are

om 0 (x) OBxm 0 1)
(60) Bu—"tau((?)’ dv "”av( ’

In order that the conditions of integrability of (60) be satisfied
for any solutions = and 6 of (1), it is necessary and sufficient
that = and ¢ be solutions of

) 0 0 00 _ i i
(61) W = (7/ 6)—3310g;, '5; = (0’ l‘) ™ log b

or in other form
0 Ta ] a T d b
62) Gyl =7 5,18% 3,18 =5 5,185

1) Cf. Hammond, L. c., p. 256.
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If we put
(63) T— 00— ([)0’

we get equations (II, 16), and find that ¢ is a solution of the
adjoint of (1), which is denoted by (cf. § 31)

1 1 1
64) 7 3 sk

Suppose we have any pair of solutions of (61), and the net N,
whose coordinates z, are given by the corresponding equations (60).
The points F; and F; whose coordinates y and z are of the forms

(65) ) yle——r'—z», z:-—xl——o'x

lie on the line joining corresponding points of the nets N and A;.
Moreover, as u, or v, varies the point F}, or F}, moves tangentially
to this line. Hence F; and F, are the focal points of the con-
gruences of these lines, and N and N, are in relation F.

With the aid of (61) we show that the point equation of N, is

- 8201 o 0 Ta 801 O’b 301
(66) dudv v log 6 Bu 0 ov

When we put =1 in.(61), we get the conditions of inte-
grability of (59), namely

a7y

(67) P

0 0
= (6, —7y) Fr loga, —— = (zro— 0dy) u log b.

As a consequence of these results we have:

Whenever the homogeneous coordinates of two nets are in either
of the relations (59) or (60), the nets are in relation F.

From the manner in which equations (59) were obtained it
is evident that the transformations F obtained by taking all possible
solutions of (67) possess the property that all the corresponding
tangent planes of the nets pass through the line of the congruence

whose focal points have the coordinates %:—f- and g—f— Hence in
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order to obtain general transformations F, especially in dealing
with two such transformations, it is desirable to take the equations
in the form (60). However, when a solution of (1) is know1, we
can write (60) in the form (59), and then the analysis of the
transformations F' in homogeneous coordinates is the same as that
of parallel nets in cartesian coordinates.

38. Transformations F with the same conjugate con-
gruence. Triads of nets. Suppose we have a transformation in
the form (59), so that the new net N’ (z') is given by

ox’ oz ox' ox
(68) ow | O%w v P50
Now the point equation of N is necessarily of the form (1) with
¢=0. If 6 is any solution of this equation and 6’ is given by
the quadratures

00’ 00 26’ 00
(69) ALY T PR P

then the functions x,, defined by
(70) T, — $‘_-00—, x',

are the homogeneous coordinates of a net A,, since

o £ (%f’—) — =% = (%),
—:—v (x100 ) = (0/—0, 9)-52—17 (f;—)

From the form of (70) it follows that corresponding points M,
M', M; on the three nets N, N’, N, are collinear. Hence not
only is N; an F transform of N, but also of N’. In the latter
respect it differs from the case of § 15 (cf.III, Ex. 24).

As an application of the foregoing results we prove the theorem?®):

23) This theorem for 3-space is due to Ribaucour, Comptes Rendus, vol. 74
(1872), p. 1491.
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If a net N lies on a hyperquadric
Zaikxmx(") =0,
i,k

each congruence conjugate to N meetls the hyperquadric again in
a met, which consequently is an F' transform of N.

We assume that the given conjugate congruence is conjugate
to a net N’ whose coordinates are given by (68). From the above
equation we have by differentiation

2 ax(i) ax(k) ax(i) ax(k)
am( du v v 8u)— ’

since the coordinates x satisfy (1) with ¢ = 0. In consequence
of this result it follows readily that 6 given by

0 = D ai(x®2/® 4 200,/ ®)
is a solution of (1), and that 6’ where
0’ == Zaikx/(i)x'(k)

satisfies (69). If A, denotes the corresponding transform of N
with the equations (70), it is found that NV, lies on the quadric.

If 7;, 0, and 7y, gy are two sets of solutions of (61) for the
same 6, by means of equations of the form (60), we get by quadratures
two nets, &; and &;, transforms of N. From their equations we find

0y T oxy 0y __ Oy ox,
du T, ou’ ov o 0v'

Consequently &, and N; are in relation F, and form with N a
triad (§ 20).

39. Theorem of permutability. In view of the remarks
of the preceding section it follows that the results of §§ 20, 21
can be translated at once into analogous forms for transformations F'
in homogeneous coordinates.

Suppose then that we have two solutions 6,, 6; of (1) and
two solutions ¢,, ¢ of the adjoint of (1), so that by quadratures
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of the form (II, 16) two pairs of functions z,, o,; s, o0s are to
be found. Transforms N;(x;) and N;(xs) are given by

om0 (o) om0 (2)
I "‘”au(o,-)’ v "oy (oi)’ (@i=1,2).

Solutions of the point equations of N, and N, are given by

00i .l(ﬁi) 00, _ ._3_(,?,1'_) (i=1,2y- )
(13) du  ou\6:) ov = %%y, 0; J-:1,2’21:j.

The coordinates of the transform N,s(x,s) are given by (it being
understood that N;; and Nj; are the same net)

by __ . 0 %) oxyy _ 0 xt) i=1,2, . )
(14) ——r”au( , =0 ]':1:2:2*‘7.

o) o0 %0 ey

Comparing these results with (60), (71) and with (II, 21, 37)
we have from (II, 52, 49)

056057 6,6,57
T1T1g = g — 2Oty + Lo 02034,
0, 05
650y, 0 6,020,
(75) 01013 = 0303 = —EorL + SR 03631,
01 02
P12 = 01_‘ (0316591 + 0,7y — 0y7y)
i 00,7, ’
and
(76) 01010218 = 030,y + 0, 6,529 — 01200, “)-
Exercises.

1. The homogeneous point coordinates of any point of the tangent plane
to a surface are expressible in the form

2. Show that equations (8) hold for the special homogeneous coordinates
such that y/y"** and 2!/z*** are cartesian coordinates of the foci; also that if
the direction-parameters of the congruence are taken in the form

24) In niaking this comparison it must be noted that the quantities x;0;/6;,
0; j0y0i, ®12013//612 of Chapter IT must be replaced by — z;, — 6;; — 12 respec-
tively in order to conform to the usages of the present chapter.
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_ y‘ zf
X= i —
we have

02X dlogy™+* 9X | dlogz™? BX

Gude T v Bu 9w

3. The invariants of the Laplace transforms N, and N_, of a net N are
given by

+C’X-—-O

H=2H—K— log H, K, = H;

ou 8

H..=K, ., =2K— H— log K.

dudv 3

Darboux, Legons, vol. 2, p. 28.

4. The invariants of the Laplace transforms N, and N_—, of a net N are
given by

H, =H, + H—K— lOgH Hr—-l, K, = Hr—l;

0?
udv

H——r:K—r+1, K_..r=K-r+1 +K—H lOgK K—r+1.

0?
Pudv
Darboux, Legons, vol. 2, p. 30.
5. If Hi= 0 for a Laplace sequence, then

w=A(U+[Vpdv)+ 4, (U'+jV—-— ) +....+A‘(Um+jvgf§dv),

where 8, A4,.... Aq are determinate functions; U and V are functions of » and v
respectively, and U® is the #® derivative of U with respect to u.
Darboux, Legons, vol. 2, p. 33.
6. When an equation of Laplace admits a solution of the form

e=AU+ AU +....+ AUO,

where the 4’s are functions of » and v and U® is the i* derivative with respect
to  of a function U of w, then H; = 0. Darboux, Legons, vol. 2, p. 35.

7. If Hi=10 and K_; = 0 for a sequence of Laplace, the point equation
for N admits solutions of the form

x=AU+....+ AU+ BV+....+ BV,

where the A’s and B’s are determinate functions; U and V are arbitrary functions
of w and v respectively, and U and V' denote i* derivatives with respect to » and v.
Darboux, Le¢ons, vol. 2, p. 38.

8. A necessary and sufficient condition that the point coordinates of a net

can be chosen so that the coordinates of the minus first and first Laplace trans-

forms are %% and g——i-c— respectively is that the point equation of the net have

equal invariants.

9. If the parametric curves on a surface S form a net N, the tangents to
the curves defined by 4du?+ Bdv?= 0 meet the lines joining the points M _,
and M, of the Laplace transforms of N in points harmonic to M_, and M,.
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10. Show that if a point equation (1) satisfies the conditions (27) and (29),
it satisfies also the conditions
KK K 1, 00 Cl 0
Ky =1, o — — =0.
‘ ik dude E PR RP. K.,

11. Show that it equation (1) admits solutions of period p, so also does its
adjoint equation [cf. § 87]. Hammond, Annals, vol. 22 (1921), p. 260.
12. The point equation of N, ; defined by (43) is denoted by

O.b b?

(61,15 o 0, o)

This may be obtained from (13) by multiplying the second term by 6,/6,, retaining
the third term, and multiplying together the third and fourth terms of (13) and
dividing by 6,. Show that the same method applied to (1), denoted by [6; a, b, 1]
gives (42).

13. Apply the method of the preceding exercise to (20) and obtain for the
point equation of N, , the following

[0 HE....H_ 72y v ]
rip GHHL- e e 6, " a'H'—lH;—’....H,_,O, '
Verify this result directly for » = 2. Hammond, 1. c. p. 249.

14. The point equation of N__ 2,1 is denoted by

2

6_ a
[0_“, ao , bEK, b0_2J'

This may be obtained from (15), by multiplying the second term of the latter by
6_,/6_,, retaining the third term and taking for the fourth term the product
of the second and fourth of (15) divided by 6_,. Show that (41) is obtained
from (1) by the same method.

15. Apply the method of the preceding exercise to (23) and obtain for the
point equation of N—(r+1),1

af ar+1 ]

-_r
(04,1 I 7 0
K_, 420,

Hammond, L c.
16. Show that for the derived net N_ s,m for m > s the coordinates are
expressible in the form

. ) —1¢' 4 gm—s—1gm—1 M3
—8m aus’ st " [ dym—s—1 ' opym—3 |

Tzitzeica, Comptes Rendus, vol. 156 (1913), p.375.
17. If two nets N and N, are in relation F so also are the nets resulting
from a projective transformation of N and N;.
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18. Show that equation (66) is denoted by

o 5 3)

19. From (65) we have

0 0 0z 0z
"B_Z_ —ZY_ 1 az (w)l "u (x)_lsoa av =z,

where (x); and (x)_, denote coordinates of the first and minus first Laplace trans-
forms of N, and ¢, and ¢__, are first and minus first Laplace transforms of ¢ with
respect to (64). Show that the coordinates of the first Laplace transform of F
and the minus first of F, are of the forms

0 0
@9ty “5;108'“9"—1> (x)_lgo—z-—g; logbe;.

20. If N and N, are nets in relation F, the lines joining corresponding
points of their first Laplace transforms (minus first Laplace transforms) meet the
corresponding lines of the conjugate congruence of the transformation in the focal
points of the first (second) order (cf. Ex.19).

21. When two nets N and N) are in relation F, so also are their Laplace
transforms of the same orders; the equations of these transformations are

8 4y 0 [(x)
(il’l)r = ( 3'), a ( l)r = or 'a—v— ((—3*)
where
Gro_
Tr = Tr—1+ — HH] r? Hr— y Or — Tr—1,
for r positive. Hammond, 1. ¢., p. 260.

22. If the coordinates of a net N of period p satisfy (25), and 6 is a solution
of its point equation (1) such that 6, = m,0 and ¢ is a solution of the adjoint
(64) of (1) such that ¢ = n¢_,, where m, and n are constants, the ¥ transform
of N by means of @ and ¢ is a periodic net of the same period as N.

Hammond, 1. c., p. 261.

23. If N(x) and N,(x,) are nets in relation F on the hyperquadnc

Eka:w(‘)w( ) = o, then aau(x(') ® 4+ 2™ ) =k, where k is a constant. When

k = 0, the congruence of the transformation consists of generators of the hyper-
quadric [cf. § 88].
24, Show that if corresponding points of three nets in relation F are
collinear the relation between their coordinates may be put in the form (70).
25. Show that for a net with the point equation (1) with a = b ='[/,'o—
the equations of a transformation K (§ 25) are

ou e Ou

dw, 6 B (i)_) %_ %“_Bﬁv_ ,E)

26. Let N be a net in 3-space and N; an F' transform of N given by (60).
Let corresponding points M and M, of these nets and the two focal points F,
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and F, of the harmonic congruence of the transformation be taken as the vertices
of a tetrahedron of reference of homogeneous coordinates x, y, z, w such

M(0,1,0,0), M, (,00,1), Fi(1,0.0,0), F:(,0,1,0).

Show that the pencil of conics tangent to the lines M F;, and MF, at the points
(M)—; and (M), of the Laplace transforms (N)—, and (N), of N are given by

S N PO AT YORL e
2xz = mlogT x—-g + BUIOga z),

where 4 is a parameter; also that according as 4 is K, or H, the conic osculates
the curve w =— const. of (N)—1 at (M)—1 or v = const. of (N), at (M),.

Annals, vol. 18 (1916), p. 11.

27. A necessary and sufficient condition that a conic of the pencil of Ex. 26

osculate the curve % = const. at (M)—1 and v = const. at (M), is that N have

equal point invariants. Darboux, Lecons, vol. 4, p. 38.

28. Show that the pencil of conics tangent to the lines M F, and M, F,

at the points of the Laplace transforms of N, are defined, in the coordinates

of Ex. 26, by 5 5
x b z a w\?
2 aylog g + 5 grlog g + 45

2mz:11(a 5w

that this pencil and the pencil of Ex. 26 determine involutions on the line F, Fy;
and that a necessary and sufficient condition that the two involutions be identical
is that the transformation F' be K. Annals, 1. c., p. 12.
29, If N and N, are two nets in relation X, any two conics of the two
pencils of Exs. 26 and 28, meeting on the line ¥, Iy determine a pencil of quadrics
which cut the line MM, in an involution whose double points are the focal
points of this line for the congruence of these lines, and the two cones of the
pencil are the quadrics, tangent to MM, at these focal points.
Annals, L c. p. 15.
30. If N and N, are nets in relation X, the doubly osculating conics of
the pencils of Exs. 26 and 28 meet on the line F, F, and the vertices of the
two cones in the pencil of quadrics determined by these conics are the corre-
sponding focal points of the conjugate congruence of the transformation.
Tzitzeica, Comptes Rendus, vol. 147 (1908), p. 1036; also Annals, 1. c., p. 16.



Chapter IV.
Surfaces and congruences in 3-space.

40. Nets in 2-space. It is evident that any three functions
of two parameters, » and v, satisfy an equation of the form

2
820 dloga 86 + Blogiﬂ_*_co.

dusv  ov du v

(1)

Consequently any two families of curves in 2-space form a net.
It is likewise true that we can find two equations of the form

0%0

W_ + bl + ¢ 6
(2 :

060

‘67)2‘ + be + a6

which the three given functions satisfy.

Conversely, we seek the conditions which must be satisfied
by the coefficients in (1) and (2) in order that they admit three
linearly independent solutions. To this end the following conditions
of integrability must be satisfied:

35 (5] =7a (sl (0] =0 (30

ov \ou?/  du \dudv/ dv \ dudv/ ou \ow?/
Reducing the resulting expressions by means of (1) and (2), we
get two equations of the form

06 06
(3) Al +B1 +C’10—0 A2W+Bs‘5;+029=0;

where 4,, B, ....C; are determinate functions, which must vanish,
if equations (2) are to hold for three linearly independent solutions.
Putting them equal to zero, we get the following conditions:
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da, __ dloga dlogh te +8 loga

@b + v~ 9v  du dudv’
b b ol 0l 2 2
k- S L L B LY
u ou
0 2l dlogd
arc+ bies + ac;= L og -I"——
8by _ 0dloga dlogh o%logd
b + du v du tot dudv’
2
by 8l§ga + ayagt oot aa2 _ alogb 2 + (aloga)+ d loga,
v ov
3 81 b ol 0
SEURRE NI .1 e

When these conditions are satisfied, the system (1) and (2)
is completely integrable and there are at most three linearly in-

dependent solutions. For, the derivatives of the second and higher
00

orders of 6 are linearly expressible in terms of Z, s and 6.
Hence all the integrals are expressible as linear functions, with
constant coefficients, of three solutions. Therefore we have the
theorem:

When the homogeneous coordinates of a net satisfy equations
of the form (2), the net is in 2-space; and all nets whose homogeneous
coordinates satisfy the same equations (1) and (2) are projective
transforms of one amnother.

41. Tangential coordinates of a surface in 3-space.
Let x,y, 2, w be the homogeneous point coordinates of a surface §
in 3-space referred to any system of parametric curves w = const.,
v = const. Since the tangents to the parameteric curves at a point
of the surface lie in the tangent plane to the surface at that point,
the equation of the tangent plane must be satisfied not only by
x, ¥, 2, and w, but also by the coordinates of any point on these
tangents, that is by expressions of the form

ox
1'0+M1 8 y 2$+l"2‘5”r
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for any values of 4,, u;, 43 and ps. Hence there exist four functions,
X, Y, Z W, of uw and v, the tangential coordinates of the surface,
lef. § 67] satisfying identically the three conditions

Xe+Yy+Zz+ Ww =0,

', 0% o
lZX—-~—O Xy =

where 2 indicates the sum of four terms obtained by replacing x
and X by y and Y; z and Z; w and W respectively.

In consequence of the last two we have, on differentiating
the first, the two equations

(5)

. 8)& y X
(6) 2 u =0, ar = 0.

42. Asymptotic lines. An asymptotic line on a surface is
characterized by the property that its osculating plane at a point
is tangent to the surface at that point [§ 55]. Hence along an
asymptotic line d_Z must equal such a function of » and v that
the equation of the tangent plane is satisfied by Az + pdx + vd*z,

for all values of 4, 4, and » |cf. § 30, Hence we must have

DXdtz = 0.

Eliminating X, Y, Z, and W from this equation and (5), we have

W) Law*+2Mdudv+ Ndv® =0,
where
6:1,‘ 81”89_ xax oz oz xiaiiaz %z
(8) T3u 20 oud du dv dudv du dv 9v?
oy oy 0%y
- Bu v du W—'—__—— _y——#_
S Y e D et SRR
0w ov du’
dw 0w 0w
T T w— — — — w——— —




(10)
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This is the equation of the asymptotic lines on S. We have
immediately the theorem [cf. § 77]:

A necessary and sufficient condition that four functions z,y, z, w
be the homogeneous point coordinates of a surface referred to its
asymptotic lines is that x, y, 2, w be four linearly independent solutions
of two partial differential equations of the form

0%0

©) ot a162¢+bl +C’
9%6 +b__+
az;?”“”au Pov 0

We seek now the conditions upon the coefficients of equations (9)
so that two equations (9) shall have four linearly independent
solutions. It is necessary that the following condition be satisfied:

0" (3_29) _ (?ﬁ)
ao* \ou?)  ou \9e?)

When the above expressions are substituted, the resulting equation
is reducible by means of (9) to an equation of the form

gy T B Gy 0=

where A, B, C'and D are determinate functions of the coefficients
of (9) and their derivatives. These functions must be equal to
zero, otherwise we can have at most three linearly independent
solutions of (9) [cf. § 40].

Putting them equal to zero, we obtain the four equations of condition

Bay _ 0by _

v du !
Zia::z: — B;:; + (a1a2)+b2 Bal z;—l;l — (a,bl) +2 = ac’
b:fi - Z;bf 55 (i) +a abj — Z—‘::— = (ayhy) +2 ac,_
i;::‘: o cl+2(18a2 , 2_%%__(1‘23“__2(2 8, blbcg +b28(,

7*
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When these conditions are satisfied, the system is completely

integrable, and as all the higher derivatives are expressible linearly

. dx dx 3’z
in terms of x, _3—17’ —a—v" and W’

pendent solutions, and only four. Hence we have the theorem:
A necessary and sufficient condition that a system (9) admit
Jour linearly independent solutions is that the coefficients satisfy (10).
All surfaces whose jfour point coordinates satisfy the same system (9)
are projective transforms of one another.
When the surface S is subjected to a polar transformation with
respect to the quadric

(11) 224y 22w = 0,

the point and tangential coordinates of S are tangential and point
coordinates respectively of the transform §’. Since asymptotic
lines are transformed into asymptotic lines on §' [cf. § 84], we
have the theorem:

Any four linearly independent solutions of the system (9) are
tangential coordinates of a surface referred to its asymptotic lines;
all surfaces whose tangential coordinates satisfy the same system of
equations (9) are projective tramsforms of ome another.

43. Nets in 3-space. Point coordinates. Consider a sur-
face S referred to any system of curves, « = const., v = const., and
upon it a net, or conjugate system. Any point P on a tangent
at M to a curve of a family of the net has homogeneous
point coordinates of the form

there are four linearly inde-

F—datp (—%du—i——g%dv).

A necessary and sufficient condition (§ 2) that two families of
curves determined by %Z and g—z form a net is that, as M moves

along the curve of the second family through it, P moves in the
tangent plane to the surface at M. Hence the point whose

. — — — z 0
coordinates are of the form x4+ dx =z + —Z—% ou-+ —a—: dv must

lie in the tangent plane. This gives the equation of condition

Xdz+Ydy+ Zdz+ Wow = 0.
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Combining this equation with the identities (5), we get
(12) Ldudu+ M (dudu-+ dudv)+ Ndvdv = 0,

where L, M and N are given by (8). 'This is in keeping with (7)
which defines the asymptotic or self-conjugate directions, and could
have been inferred directly from (7), since these differential equations
in the parameters are independent of the point coordinates and
consequently should be equivalent to the similar equations found
when cartesian rectangular coordinates are used [cf. §§ 54, 55].
As an immediate consequence of these observations and the results
of [§ 56] we have:

A mecessary and sufficient condition that the curves defined by
Rdu*+2 Sdudv+ Tdv® =0 form a conjugate system is

(13) RN+ TL—28M = 0.

From this result, and from (12) also, it follows that a necessary
and sufficient condition that the parametric curves form a net is
that M = 0. But from (8) this means merely that x, y, 2 and w
are linearly independent solutions of an equation of the form (1).
In this case the equation of the asymptotic lines is of the form

(14) dul+rdi®=

where » = N/L is a function of » and ». Comparing this equation
with (7), we have in consequence of (8),

L ox ox 0w o
du v ou® ov®

'y = 0.

g |

w

Hence we have the theorem:
The homogeneous point coordmates of a met in 3-space are
simultaneous solutions of two equations of the form (1) and

2%6 . 2%0 , ,
(15) vt r du? +a +b ov + 0.




17

102 IV. Surfaces and congruences in 3-space

Conversely, we shall show that two equations of the form
(1) and (15) admit at most four linearly independent solutions.
In the first place in order that they admit a common solution it
is necessary that they satigfy the condition of integrability

ENEAN]
dv \dudv/) du \dv?/)

When the expression from (1) and (15) are substituted, the resulting
equation is reducible to

(ORI SYRANE X SR LN )
where

e
N

where K is one of the invariants of (1) [cf. I, 44].
From (1) we have also by differentiation

2%

(18) oy 8u2 + +C’ +D2
where
(19)

bloga , 0'loga 1 2% 0 .
Ag~—~ 9 H+2 8 ov 62 b aug. .Dg--( o 10gbt.

. 8 0%0 . .
Also from (15) we obtain Suavt and I expressed linearly in
2

terms of 6, 20 Zg and %;g There remains the condition

vu (sl = 55 (5ae)
u \dutdv] ~ ow \oud)
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By means of (16) and (18) this condition is reducible to the form

(20) 611” '*‘Qg‘l"t'"l-R—""l'So—O

where P, (), R and S are determinate functions. If the coefficients
in (1) and (15) are not such that

(21) P=Q=R=48=0,

we have a system to be satisfied similar to (1) and (2), which, as
we saw in § 40, admits at most three linearly independent solutions.
Hence we must have (21) satisfied, in which case the third and

higher derivatives in 6 are lincarly expressible in terms of 6, 20
30 09%0 . . . . :
5 Since all further conditions of integrability are satis-

fied, we see that there are at most four linearly independent solutions
of a completely integrable system of equations of the type (1) and
(15). Accordingly we have the theorem:

The homogeneous point coordinates of a met in 3-space satisfy
a system of equations of the form (1) and (15); conversely, a met
whose coordinates satisfy such a system lies in 3-space. Any four linearly
independent solutions of the same system of equations (1) and (15)
are the homogeneous point coordinates of a mnet projective with the
given net.

When the expressions P, @, R and S in (20) are calculated,
it is found that equations (21) reduce to

8AL an

+Cr==2t4+ B,

0 B,

2B | aBtac -—-?’B* +¢, 2oga

+ D2’

30 ologd 2. alogt
26t et B2 o4 0= 20 1 g0+, 2080,

(22)

8D,

D 4D Bt =20

+4; D1 4G
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When the point coordinates of a net N are cartesian, we have
from (14) and [(40) §55) that r = D"/D. Consequently by the elimi-
nation of X from the first and third of the Gauss equations [(7) § 64]
we find that the cartesian coordinates of N satisfy an equation of
the form (15) with

=TT} v={TlR) =0

From (14) and [§ 82] it follows that a necessary and sufficient
condition that N be isothermal-conjugate is that » = U/V, where
U and V are’functions of » and v alone respectively. As a con-
sequence of the preceding theorem, we have:

An isothermal-conjugate net is tramsformed into an isothermal-
conjugate net by a projective transformation.

44. Ray congruence and ray curves. Consider a net N
in m-space, and the system of lines joining corresponding points
of the first and minus first Laplace transforms of N, If this system
of lines is to form a congruence, there must be two points of a line
generating curves to which the line is tangent. The coordinates
of any point are of the form Az_,+ px;. Hence it must be possible
for » and v to vary in such a way that d(Az—;+ pa,) is a linear
function of z—; and 2, From (III, 2, 4) we have

dz—y_ 0*x 1 8% 9logd dx—y  dloga
@3) du 0w Dot bu b L) 21+ Kz,
daoy _blogh g dm 0z 10%a  dloga
du  du ’ v 80t  a 9v? by
where H and K are the invariants of (1). Expressing the above
condition, we get equations of the following form to be satisfied
by the coordinates a:
%z 1 0% o*x 1 o%a
(24) [(61,(,’ —z 5;;{1) du+taxKdv +M[xﬂdu+ (_3—1?—?1/_ W(L’ dv]

oz dlogd ) oz dloga )_
+v(8u du x+6(8v v =0,

where » and o are to be determined.
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’°x 0%z ox 3:1‘
ut’ vt du’
this equation must be satisfied by five or more lmearly independent

functions «, which is possible only when the coefficients of the
2

9
quantities T f, .

from (24) is seen to be impossible.

When n =23, by means of (15), (24) is reducible to an ex-
¥x dx dx
0u®’ ou’ ov’ "
expression must then be zero, which gives the four equations of
condition

Adu+prdv=0, pa' dv+v=0, pb dv+o=0,

Equation (24) is linear in and xz. It n>3,
., x are zero. This gives Adu = wdv =0, which

pression linear in— The coefficients of the latter

1 2% 1 8” P
4y dlogd 1g dloga —o.
ou ov

Eliminating 4, p, v and ¢ from these equations, we obtain

(26) Hdu?*+ Rdudv—r Kdv*=
where

r 9%b 1 o%a , ,alogb ,0loga
27) R = b du? a 9v° ¢t +o v

Hence the system of lines forms a congruence. Following Wilczynski®®)
we call it the ray comgruence of the net N, and the curves on
the surface of the net defined by (26) the ray curves. Since any
one parameter family of lines in a plane has an envelope, the
developables of such a congruence for nets in 2-space have no
significance. Hence we have the theorem:

The lines joining corresponding points of the first and minus
Jirst Laplace transforms of a net form a congruence only when the
net lies in 3-space.

From (13), (14) and (26) we have the theorem of Wilczynski®®):

25) Transactions of the American Mathematical Society, vol. 16 (1915), p. 318.
%) L. c. p. 319.
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A mecessary and sufficient condition thal the ray curves for
a net N form a net is that N have equal point invariants.

In consequence of the fourth theorem of § 10 we have:

The ray congruence of a net with equal point invariants is
harmonic to the corresponding met of ray curves.

45. Nets R. We determine the condition that the tangents
to the curves » = const. of a net N form a W congruence, that
is the asymptotic lines on the surface of N and its minus first
Laplace transform correspond [§ 172).

From (23) we have by differentiation, making use of (16),

?x_y dlogh\ dx—, .\ o o
s = (4= ) B Lo
G ) . ( alogb__aglogb)
(28) + (46— 52+ D)t (4,5 08 0,
o'z—,  odloga dz_, dx , 0K | 0%loga
8t 2w dv +KE’~+BT%+ 20t e

If we replace z and %—Z— by the linear expressions for them obtained

from (III, 2, 4) and then eliminate g{i from these two equations, we

obtain for the net N_, an equation of the form (15), where »_; has
the value K/C,.

From this result and (14) it follows that a necessary and
sufficient condition that the asymptotic lines correspond on the two
surfaces is that C,r = K, which by (17) is equivalent to

. ,0%logh  ab

(29) 2 dudv  du 0

In like manner a necessary and sufficient condition that the
tangents to the curves u = const. of N form a W congruence is

o%loga , 0 [(a'\
(80) 2 uns s () =0
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Tzitzeica?) has defined an R net to be one for which the
tangents to the curves of both families form W congruences.
Equations (29) and (30) are the analytical condition that N be an

R net. When these conditions are satisfied, the first of (22) reduces
2

0 o
tovg 7 log» = 0. Hence we have the theorem of Tzitzeica:

An R net is isothermal-conjugate.

By means of the first of equations (22) we establish the con-
verse theorem due to Demoulin®®):

If the tangents to the curves in cither family of an isothermal-
conjugate net form a W congruence, it is an R net.

Since an R net is isothermal-conjugate, the parameters can
be chosen so that » = —1. Since a and b in (1) are determined
only to within factors, which are functions of » and » respectively,
these can be chosen so that (29) and (30) may be replaced by

0logh , dloga
b = 2— Py y a == 2*‘—57
Hence:

The two differential equations satisfied by the homogeneous point

coordinates of an R met are reducible to the form

20 _ ologa 56 |, dlogh 80
dudr  ov 8u+ ou + 9,
(31) _?*0 + 2% _  dloga 6'{9”{_ _Blogb 8(} 6.
vt dut du 2

We return to the consideration of the net N—;. From (23)
we have by differentiation

0*w—y _ Odloga Buw—y , @ 0x—
[ dudv 0w du 8ul g Kb v
(32) a
N (_a_”logz __dlogK dloga +0)x
dudv du dv -t

27) Comptes Rendus, vol. 152 (1911), p. 1077.
%) Comptes Rendus, vol. 153 (1911), p. 592.
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Since » = —1, it follows from (17) that C;= — K. Making use
of (I11,2,4) and the third of (22), we find from (28)

2
0 Xr—1
ou®

32$_1
ov*

+

(83) 1 dlogKb o
— 9 ologa 0x—1 42 og z_

1 ]
o du du v v Tz,

where ¢, is a determinate function. Comparing equations (31)
and (33), we see that N_; is an R net. Similar results hold for
the first Laplace transform of ». Consequently:

The Laplace transforms of an R net are R mets.

Making use of the terminology of [§ 165], we have:

If either of the first derived comgruences of a W congruence is
a W congruence, then all of the derived congruences are W*°).

46. W congruences. Let S be a surface referred to its
asymptotic lines @ = const., 8 = const. The cartesian coordinates,
0, 2@, 2® of S are given by the Lelieuvre formulas of the
form [§ 79]

Vg Vg Vo V3
(34) ba |2 dnm p T |0n B
da de o8 08

where »,, vy, ¥3 are proportional to the direction-cosines of the
normal to S, such that the total curvature of S is given by

_ 1 N
(80) R O S L

The functions »; are solutions of an equation of the form

0%

(36) Gadf

Mo,

where M is a function of « and 8.

) Cf. Demoulin, 1. c., p. 591.
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If 6, is any solution of (36), the equations [cf. § 172]

— 01 v _ 01 Vi

9(6,v; 9(0,v;
(37) _"ga—la—‘})‘:—' 601 a”i ] _(a—};—')'“—_ 301 31’,’
dee de 08 ap

are consistent, and the functions »; are solutions of

38) 20 9* ( 1 )5

2adf - "oa08 6,
The equations of the form
(39) ) M= .’L‘(D + 1’2;3 - 3’3;2

define the coordinates, z®, of a surface S, such that S and & are
the focal surfaces of the congruence of lines joining corresponding
points on S and §; this is a W congruence, since the asymptotic
lines are parametric on S. Moreover, any W congruence with S
as a focal surface may be obtained in this way. We shall give
this result another form.

From (9) and the first of equations (10) it follows that the
coordinates x® satisfy equations of the form

320 9¢ 96 Y 220 80 8¢ 96
(40) da  de de 28’ aB”““‘anrB'Eaﬂ'

Differentiating (34), we obtain

2% :’ :’3 plad :’ :3
W) = |2 2% = 2% 0 .
dee? de? 98 88°

The functions »; satisfy three equations of the form (1) and (2).
From (36), (40), (41) and the first, second and fifth of equations (4),
it follows that these equations are
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o%v; 09 0w v, ob
P v Py +(b 28 T aﬁ) Yo
9%y, L o%¢
(42) Babﬂ.—(baaﬂ_*—a’b)y”
_~82vi o ov; 22’__3_11' 2(_;__ a_a,l) .
a8 + o8 0B (18a+ g ) T
We write
(43) 0,v, = Icm—{—l o% —tm %2’-

and seek the conditions which ’, / and m must satisfy in order that
this expression may satisfy equations (37) for ¢ =1, 2, 3. By means
of (42) we find

(44) —am =0, 2" _p o,
e (2 o5 4,08
(45) o 3( +8ﬂ+ « T BB)
om—t (-G riizn
and
ok 90, B¢ , 8D
(46) 5w +5‘ﬂ)+m(8 gt =0
ok 96, day
55t o Hilong tout) mlagh + 50 —o

Conversely, if / and m are any pair of solutions of (44), the
functions & and 0,, defined by (45) satisfy (46). Furthermore, if
equations (46) are differentiated with respect to 8 and « respectively,
and the resulting equations are substracted, we find that 6, is
a solution of the second of equations (42), in consequence of (46)
and the equations for (42) analogous to the third and last of (4).
Hence3°):

The determination of the W congruences with a given focal
surface S is equivalent to the solution of equations (44), in which a,

30) Cf. Jonas, Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 29
(1920), p. 52.



47. R surfaces 111

and b are the functions appearing in the equations (40) of the sur-
JSace; when a pair of solutions is known, the coordinates x® of the
other focal surface of the congruence are given by

PYO) 9x®
N 22 " 08
prl() JENIC) -
47) G TR TR TN T
o8 da Oa 08

This expression follows from (39), (43), (45) and (34).

47. R surfaces. In § 45 we established the conditions to be
satisfied by a net N in order that it be an K net. A surface is
said to be an R surface when it contains an R net. In this section
we establish an analytical characterization of R surfaces.

Let S be a surface referred to its asymptotic lines &« = const.,
B8 -= const. Its cartesian coordinates satisfy equations of the form (40).
Any isothermal-conjugate system of curves on S is defined by [cf. § 82]

(48) w=A(«)+ B®B), v= A(e)—B(8),

when A and B are arbitrary functions of « and 8 respectively.
If we effect the transformation of variables (48), equations (40)
become

T e w2 Y,
Srteents tun
where
o () i et )
M=y (g% A’—-bB’—A"), N= 1 (al A’——%;; B’+B”),

the primes indicating differentiation.
From (31) it follows that a necessary and sufficient condition
that the net of parameters « and » be an R net is that

d , 0 0 0
59 E+LD) =7 (K—1), - (M—N)=—"(M+N),
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or in terms « and 8

L oM

1 8N
B 38 0

B op A e t X Ba =

Substituting the above expressions for K, L, M, N, we are brought
to the single condition

uﬂ 204 I:_ail_ 1 4m,, 81
(49) B g +BB b= A" A A ),

Since the quadrics are characterized by the condition that
a;= b =0, we have the theorem **):

Every isothermal-conjugate net on a quadric is an R net.

If the condition (49) is satisfied for two sets of functions
A, B and A4,, B,, it is satisfied also by A, B, where

A=A+ kA2, B*=PB*}kB,

I being a constant. Hence we have the theorem of Demoulin?®3):
If a surface is an R surface in two ways, it is an R surface
in an infinity of ways; that is an infinity of mets R lie upon dt.
If the condition (49) is satisfied by a surface, the parameters
of the asymptotic lines can be chosen so that A =, B= 4.
Consequently:
A necessary and sufficient condition that a surface be an R
surface is that ils cartesian coordinates satisfy equations of the form

ff_’.’__ﬁ.qlﬁﬂ_|__3_¥i?_ﬂ
da® O de dx 98’

3% B8y 00 , dg 06

a8 98 da ' 98 08’

(50)

When the conditions (10) are applied to (50) we obtain the equations
to be satisfied by ¢ and ¥, whose solution gives the complete
determination of R surfaces.

31 Cf. Demoulin, Comptes Rendus, vol. 153 (1911), p. 799.
32) Cf. Bianchi, Rendiconti dei Lincei, ser. 5, vol. 222 (1913), p. 5.
3) L. c.
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For this case equations (44) become

al oy —_— om oy
o8 o8 " 7 o dee

! =0,

of which a solation is 7==m == ¢¥. Making use of (45), the
equation (43) becomes in this case

[ wtm— e+ n)]w
(51)

B 1 ¢
[ttty b2 22— 2

48. R Congruences. Transformations 6,. By definition
the W congruence of tangents to the curves of either family of
an R net is an R congruence. In this section we show that when
an R surface is known, a congruence R can be found by quadratures,
whose lines are parallel to the normals to the given surface R3*).

Equations (H0) can be written

R 30) PO B0 D ( 39) oy 06
oy . % (—elY) _ °_|, o

62) aa(° sa) ¢ ha0f af\ B8 iy aa
Hence if we put

. 9.0 3.

— D" P Tl - p— _ 9 Nl

(53) "],~+7],' = e’ n,—1, 6/3 )
we have
(54) 5*—(11,-1-'1) = —1 (oz,—-n )s 53 —7;) = ﬁ (71 +7,).

Differentiating these equations with respect to 8 and « respectively,
we find that
890_¢' 82-”/ B _¢ 62 ‘rl‘

| Z) 7]/ L '¢,__ . —
(85) bedf ¢ dxdp T Badf ¢ daog 1"

3) Demoulin, Comptes Rendus, vol. 153 (1911), p. 798; also, Jonas, 1. c., pp. 67
et seq.
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Since equations (54) may be written in the form (37) with 6, replaced
by =¥ and », ¥, by 7, 7, it follows that the surfaces = and 3 of
coordinates £ and &9 given by equations of the form (34) in 7, and
analogously to (39) by equations of the form

(56) SII) == & ’*‘ 719"?';—— 7]3{2

are the focal surfaces of a W congruence I In consequence of
(53) we have
7,'(1')

Y o ® SV . 0:
E— gy DY (g w2
2« (& s ) S (& S ) 28

Consequently the lines of the W congruence are parallel to the
normals to the given R surface.
From (53) we have

(9 oD

. — PR
(GYD) 5, = e 9’( —_

Da o8

If we differentiate this equation with respect to « and 8 and add
the resulting equations, we find in consequence of (50) and (53)

on; o, 1 ) . ) \
(5%) - + 3 -I- 5, [5‘; (9'+'/’)+»5-/§-(v‘1‘-t/')]

1 o, 5
o U [60: (¢-+y)— 08 (g jl

C'omparing this result with an equation analogous to (43) written

1) 9 J i 8711 37/‘:
(o) UL P T

we see that 4 === g, and hence from equations analogous to (44)
and (49) it follows that X is an R surface, and consequently the
congruence I' is B. Morcover, from (53) it is seen that the normals
to X and N are parallel to the tangents to the curves of the R net
a—p == const.,, @B == const. on S.

The equations for 3 analogous to (50) for S are obtained from
(50) by replacing ¢ and @ by functions ¢, and ¥, where 2 = pu = %,
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as follows from equations analogous to (44). From (58) and equations
similar to (1), we find that ¢, can be chosen so that

o+t oe4y = 0.

. - , 1 \ .
Also from (54) we have that &, == > e~ ¥. Henee equations (53) can
be written

¢ - L 8.1:“’ . . S a‘l
H (7i+ 7]1.) == pf1 76N S’ P (111——7;,) N T ) 3/3

Suppose conversely that we have an R congruence for which
one of the focal surfaces is & whose point coordinates »'” satisfy (50),
and for which the functions », are given by (51). In consequence
of (37) and (51), the equations

3;.:(/)

=0 )Y,

.0 —») W)
d« v, )¢

@-
0

are consistent, and $9 are solutions of

[

O 0 (ogh— gy 2P _ 0logt; 06

«? de o« ou E)ﬂ’
0% 0log 0, 80 )
D e 2 O ogo—y—y) ]

Hence &9 are the coordinates of a surface K.

Accordingly we have the theorem of Demoulin:

When an R swiface is Imown, an associated R congruence can
be found by quadratures, and conversely; the lines of the congruence
are parallel to the normals of the associated R surfuce, and the
normals to the focal surfaces of the congruence are parallel to the
tangents to the R net on the R surface.

Demoulin has called this reciprocal relation a tranformation 6,.

49. Reciprocally derived nets. Transformations W of
nets R. In § 11 we remarked that if 6, and 6, are solutions of
the point equation

\ 00 ologa 96 | odlogh 96
(60) dusv  dv ou 81 v




(64)
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of the cartesian coordinates of a net N(x), they determine a derived
net N(») of N, whose coordinates are given by equations of the form

(61) R
where
y— (g 2% fl’i) 1 (9 06, _, 06
=7 \"%% ol T A\ T )
62)

06y 06, 06, 26,

BEREY ar ou

From these equations we have

26, 26, 36, ae,

@ oLl 2 g gy g O

Ordinarily V is not a derived net of N. When it is, we say
that N and N ave reciprocally derived nets®). 1f N and N arve
reciprocally derived nets, the tangents planes at corresponding points,
M and M, must pass through M and M respectively. Hence the
surfaces, S and S, on which N and &V lie are the focal surfaces of the
congruence (/ of lines MM. Since the lines of @ are not tangents to
the curves of N or N, there exist upon § and S corresponding nets
to which these lines are tangent, namely the focal nets. Consequently
§ and § are sufaces in 3- -space (§3), and since two nets on S
correspond to two nets on S, the asymptotic lines correspond on
Sand §. Hence G'is a W congruence.

Since 8, and 8, are solutions of (60), we have from (62)

ap aloga 3 8%0, 06,y 8 By 06,

o T + ( ol or 9w av )

op dloga 41 ( _9_";__9 ?__‘21_) P (_3 0y 0 "r__ﬁ_‘il_i’ By
T ovt ot NAR I T du vt
oq -y 810g‘b+ ( a® %6, ok 02) q (69, Aa» 0?_302 0%0,
o 1 ou FAET Youd e oud v ot

LU (] + 4 (6 b 06, 026, 20s
0w ou 3t du 8¢t 824)

%) Cf. Tzitzeica, Comptes Rendus, vol. 156 (1913), p. 666.

7
)
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With the aid of these expressions we show that the point equation
of N is

8%6
(65)

R T TR

If N is to be a derived net of .V, we must have

(66) a= 5"'[" -l-

and the point equation of .\ is, analogously to (65),

2% 0 06 0 00
(67) EI T T e 2 Ay i R LU L

Comparing this equation with (60), we have
(68) pp U, qq — Y,

where U and V are functions of « and ¢ alone. From (61) and (66)
it is seen that the parameters can be chosen so that

— _ 1
(69) pp = ¢ = — -,

.
where ¢ is a constant.

When the expression (61) for . is substituted in (66), the result
is reducible to

L N LY , 0w o
(0 o T o TV gy
where

e — ologp | (7, .1!.) ologa | 1 0p
l ‘- (p+ Ly 2 +(,4q o
(1) dlogq p  q\ologh 1 0q
| v~ —rgt oy + R (B L) OB 2
” pl ou p oun

By means of (64) equations (71) are reducible to

o A o

08 (0°0, | 96, , 06, ) 96, (6202 0ty ., ae2 )
72 /[t S — -l i 72
ou ( ! “h ou + ov? —¥ ¢6

802 0%, | 0%, 06, ) 26, (a‘-’eg 8'6, 06 )
- e e (4 = - e | — p— ———— — -(}_’
(3u2 90° ad o o + @ %2y

T Au

au’ + vt D)
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from which it follows that .9, and 6, are solutions of

00 826 20 26
=V 4.
dut + “ou +0 v +

(72)

In order that equations (60) and (70) shall admit three inde-
pendent solutions, we must have cquations (22) satisfied with
c=¢=-0. When we make use of these results in obtaining
equation (20) for the system (60) and (72), we find that P=Q@=R=0
and consequently S = 0. But this is the last of (22) and it
reduces to

o 8%log

o =2 duor 0.

Then from the first of (22) we have

or RTRRY

From the results of § 45 it follows that NV is an £ net, whose
cartesian coordinates satisfy equations which can be written in
the forms

8% 0%0 ologa 06 ologb 08
Bl + et 2 au ou 2 2r A’
73 o
(73) 00 ologu 86 alow_b 06
dudr o on du  or”

Now equation (72), to be satistied by 6, and 6, is

5 dlogn 06 8logh 8 0

d ~__—_ T 0
ow ou +2 +

(74) 8 0t + 9

Since (60) and (74) satisty the corresponding equations (22), they
admit four independent solutions.

If in (61) the expression (66) for x is substituted, we find in
consequence of (69) and (71) that .- is a solution of

020 a’e av

e = —_— - b) —_
(75) P 2 log ap — 81 -{ 1 0gbq

Hence N is an R net whose equations are (65) and (75).
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In § 50 it is shown that, if #; and 6, are two solutions of
(60) and (74) independent of 6, and 6, the functions 6, and 6,,
defined by

(76) — b p g

15 G =3, 4)

are solutions of (65), and that, morcover, the functions p and ¢ in
(66) are expressible in terms of 6, and (7, in the form analogous
to (62). Hence N is a derived nect of A\' and consequently is
reciprocally derived. We say that A is obtained from N by
a tramsformation W, Since any solution of (60) and (74) is ex-
pressible linearly in terms of four independent solutions, it follows
from the form of (62) that there are co® transformations 117 for
each value of ¢, different from zero, in (74). Hence:

Any R net admits of 8 transformations We into @ nets, for
cucl value of the constant ¢ different from zero®).

50. Theorem of permutability of transformations W.
Let 05 and 9, be two solutions of the equation (60) and

0%0 | %0 aloga a0 +98_li>gli 20

o 7 o on or or

gy - 2 -
B e on o o

’

and consider the functions (76). Analogously to (I, 68) we have

o0, [9*0 1 18“0— (»501 %0, _ 06, 0 aa)
du 118112 du \ar ou® ar dut
__00; (3”" 0%, __ 90, 2?_"?_)]1
817 9 dud o ot ]'
nn ) 00, ER [ao,- 20, 0%0, 06, 2)“02)
(1) —- - - —-h 2 —— R
A o T 7| u (Bn ot v 00

(e oo )|

or \au 0:r® Bu 9 [’

._,,{ ‘a"'+(¢—()0,+(ot}.

p ou

3‘3) Amnls of Mathematics, vol. 22 (1921), p. 170; these transformations are
given in a different form by Demoulin, Bulletin de la Classe des Sciences,
Académie Royale de Belgique, 1920, p. 226, and by Jonas, Jahresbericht, vol. 29
(1920), p. 58.
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Differentiating the first of these equations with respect to «, we get

ant o

2%6; 06, [a_a'_ it ! (i’lg 26, 06, aﬁeﬂ!)]
it

8r oud oy Bud
00, Blogb ’ ( 00, 80,)
=0 du o O telp A T A

. 0 .
Making use of the expression (64) for 65; and (76), we reduce this to

%0, 35,-[ 0, s 1, ¢ 810ga] , 00,
out  du | ou logp*a’ *—p + p o or (=0 8

U
Also we find that

5%, ) 00, . b 00;
OO ogay 7 loghg-.
awar | ap0gap o g clogbg

From the second of (77) we get

q olo;, bq 8(), 80,
ar? p 9w du

2 0, |
0 logu 00 (ology teg |2 g (— 0 2
' ) ou

With the aid of (71) and (77) we obtain

ot i
o, , o* 0, , ologap 06, dloghg 8(9,
== Y —Ee— - - 6
P 2 e o +: v + “

Hence the functions 6; determine a W, transformation of .V.

The
coordinates of the transform NV are of the form

. _oxr | _0x
(78) £ AP a“+qz,,
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where (cf. I, 68)

or + (8",8_310_1_,3,& ?_Q?)
9 Bu’ du\ov ont 9r ou

oo o0 i)
Br(au du? du dud

fq&%%m&)
(Bu o dv dul’

From (77) and (63) we have

PR VA 06, 803) ( 90, aag)l
J—r][((, (,)(B;EL a, ou +eclo,— ™ —h, 5

__Pq { ',[(_@ﬂg 06, 06 801> ( 8”04 —, 82_03)

A ou ov v 9 " du® Yot

n (0 200 _, aoq)(aog 9%, 06, aeg)

“ou " ou) o aur T 50 o
06, 803) (802 2%0, 00, 0° 01)
— . A, ) R
(80) ( D & o 1 du? du 9

06,06, 06,080 00 0%
e e

“Wou a0 8w ou/)\"ou? ou

20, aol)(m 20y 06, 5204)
dv du® dv ou®

4 (o. 80:__ 4,00

ou Tou
@ﬁgﬂNM% wm)
Yov *ov )\ 0w 0u® 9w 0w/ [
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By means of the above formulas equation (78) is reducible to

PO et (S b\, 00, 805) 5 oy 0
Pt {( P g (0 2 — 0, 20 o n— 00 )

¢—¢ ?u 80, ae,) 3%, a*e.;)
o _ pgl— 2, e ),
o+ A M{au {(H’ or Yy (0" dut " out,

00, aos) %0, a’ol)'
lc - P T e r'-"(')::“—‘
(" or oy (0‘ u? > dul

A ( 96, ae)( 0%0, a’og)
— XL, - — Oy-—rn — By -
647[ g ou -0 ou P oud ot

08, ao.{) [ 0%0, 86, )
6 —p, S —
()" B " ou (0‘ Bt gt

¥ [] 06, 501)( 90, ao,)
N -y |0, =8y -
+ 2[(”‘ or "o\ 5 T g

ou
D8, 90,\ (, 06, 804) |
— (0, . —0, (0 — b,
( You  ? au) o dol |l

In consequence of (80) this expression is symmetrical in ¢ and ¢,
and the pairs of functions 6;, 0, and 63, 6,. Hence the net N can
be obtained also by applying to N the W, transformation deter-
mined by 6, and 6,, and then to the resulting net N the trans-
formation determined by the functions

803 804 801 3& 80¢ 50,
B (0‘ s Z’)v) u (01 on — Oy D 8-1:; (i 19)
T 06, 06, _ 00, 60, o= h=h

du 9 0v ou

which are analogous to (76).

If ¢ == ¢, the net N coincides with N. Hence if a net A is
a W, transform of N by means of functions 6, and 6,, solutions
of (60) and (72), and 6 and 6, are two other solutions linearly
independent of 6, and 6;. the functions (76) determine N as a W,
transform of N.

When ¢ 4 ¢, we have that N is a Wy transform of N and
a W, transtorm of N. Hence:
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If N is an R net, and N, and Ny are obtained from N by
transformations We, and We,, there can be found directly an R met
Ny which is a W, transform of N, and a We, transform of N®7).

Exercises.

1. fui(2=1, 2, 3, 4) satisfy equations of the form (9), from the first of (10)
and the first and fourth of (4) it follows that w, @y, xy satisfy an equation of
the form (1) with equal invariants. Hence the projection from a point upon
any plane of the asymptotic lines of a surface is a plane net with equal point
invariants. Koenigs, Comptes Rendus, vol. 114 (1892), p. 55.

2. If xy, .y, £y are the coordinates of a planar net satistying equations (2) and

0% _ Ologs 96 | Ologe 06
Judv — 0v ou o o’
the equations
Oy 1 ( Oy 81») Oy __ 1 ( 0y . 3.1'-_»)

"y O A e P P

Du o
are consistent. In like manner we obtain by quadratures two functions y. and y;
by permuting the subscripts of the .’s cyclicly. Show that the function

Oy =Y e Y s s

satisties equations (2). Hence & (¢ =1, 2, 3, 4) arc the coordinates of a surface §
referred to its asymptotic lines. Annals, vol. 18 (1917), p. 224.
3. The functions ¥, ¥s, ¥;, — 1 in Ex. 2 are the homogeneous point coor-
dinates of the asymptotic lines of a surface which is the polar reciprocal of §
with respect to the quadric «? 4 x2 4+ a3 4 i = 0. Annals, 1. c., p. 225.
4. A necessary and sufficient condition that the surface S whose coordinates
satisfy (9) be a ruled surface is that «. == 0 or b, == 0; in this case the curves
u == const. or ¢ ==const. are straight lines.
Olog4
5. If in accordance with the first of (10) we put ¢, =2 - —a—n , b= 2"“”371' —
then the coordinates ‘== xi/2 satisfy equations of the form
0%6 0%*0
8:_11 l)l +110 a 2 —lha +('0

called by Wilczynski the canonical form of (9). Trans., vol. 8 (1907), p. 247.
6. Let S be a ruled surface for which « = const. are the straight lines and

the quations are in the canonical form (Ex.5). Now a; =0, and from (10) we
Ca

F i 0. The tangents to the curved asymptotic lines at points of a generator

w = const. form a ruled surface R, whose coordinates are given by

have

y=wr+ g‘l—i

37) Annals, L c., p. 172.
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It is readily found that the y’s satisfy the equations

0%y . 0y
- = (' P
0 v? AN
Hence R, is a quadric, which osculates § along the given generator.
7. If two surfaces S and S in 3-space are so related that each net on S is
a radial transform of a net on S, then

D
(i) — x
E= T W g
Sa, a7+ d
J
where «,, d are constants.

8. If two parallel nets in 3-space have arcas preserved, the total curvature

is the same at corresponding points.
Guichard, Comptes Rendus, vol. 136, p. 151,

9. The focal points of a ray congruence are given by Ax_ 4 pnr, where
K22+ R2p—vr Hp? = 0; they are the intersections of the lines of the con-
gruence and the tangents to the curves

Kdw4+Rdude—rHde? =0,

10. A necessary and sufficient condition that the tangents to the ray curves
of a net .V pass through the corresponding focal points of the ray congruence

is that .V have equal point invariants.
GGreen, Amer. Journ., vol. 38 (1916), p. 313.

11. Let N be a net with equal points invariants on a surface S and N its
associate net on a surface S, (§ 25); also let & and J, be the surfaces coire-
sponding with orthogonality of lincar elements to S and S, as determined hy N,
and N respectively [§ 157]). If N, is a K transform of N, it is possible to place the
associate, N, of Ny so that N, and Ny are in relation A (IL. Ex. 18). These nets
determine surfaces 2y and )9 corresponding to Sy and Sin by orthogonality of
linear elements. Show that the pairs of surfaces S, 3y; &, Iy; Jho, Jp and 19 3 are
the focal surfaces of W congruences; that is the A™ transformation from N into Ny
determines a quatern of 11" congruences. Trans., vol. 15 (1914), p. 415.

12. Four nets .V, N1, N,, N2 forming a quatern under transformations K
determine twelve W congruences, forming six quaterns. Trans. L. c., p. 416.

13. The focal nets of the congruence of normals to a surface of constant
curvature are R nets. Tzitzeica, Comptes Rendus, vol. 152 (1911), p.1078.

14. The lines of curvature of a surface of constant curvature and the normals
to the surface are in relation #,. Demoulin, Comptes Rendus, vol. 153 (1911), p. 798. "

15. An isothermal orthogonal system on a sphere and the normals to the
minimal surface, whose lines of curvature admit this system for spherical
representation, are in relation 6,. Demoulin, 1. c.

16. An R net N admits co! parallel nets determining congruences G of trans-
formations ¥ of N into R nets N;; when such a parallel net is known, each
solution A of equations (60) and (74) defines a transform N;.

Annals, vol. 22 (1921), p.176.
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17. If Nis an R net, and N, and N, are two F' transforms of N by means
of functions 6 and 6, which are solutions of equations (60) and (74) for the same
constant ¢, all of the co? nets Ny» which are F transforms of Ny and N, (§21)
are R nets and their determination requires two quadratures; when the constant ¢
in (74) is different for 6; and #,, there is a unique net Ny» which is ap R net and
it can be found without quadratures. Annals, vol. 22 (1921), p.178.

18. If N is a W transform of an R net N by means of solutions 6, and 6,
of equations (60) and (74), and Ny is an R net, which is an F transform of N
by means of a solution 6; of (60) and (74) with ¢ replaced by ¢', there can be found
directly a unique net N; which is a 1V transform of N; and an F transformn
of N; when ¢ = ¢/, there are co? such nets N, obtained by two quadratures.

Annals, vol. 22 (1921), p. 181.

19. I'rom the equation (15) of a net N(r) on a surface S it follows that
the point of coordinates z == ?)ul-’ + 5; g—; lies on the intersection 7 of the oscu-
lating planes of the curves of N at the corresponding point. This line generates
a congruence whose focal points are determined by functions 4 and 2 such that
d(Ar+ p2) is a linear functions of x and z. Proceeding as in § 44, we show
that the developables of the congruence are determined by the equation

i) ‘ rC di*+ Rdude —r (B._.-{- 8817 (("))dl.;»___: ’

r
where R is given by (27). The curves on S defined by (i) are called the auxis

curves and the congruence the a.xis congruence of N. By means of (22) equation (i)
may be written

(i) rC A+ Rdude—r (H-—~K +rCi— 82;1' log‘r) dv?= 0.
Wilezynski, Trans., vol. 16 (1915), p. 316;
Green, Amer.Journ., vol.38 (1916), p. 308.
20. A necessary and sufficient condition that the axis curves form a con-
jugate system is
H—K-— 2 logr =0.
Green, L. c., p.311.
21. When a net has equal point invariants and is isothermal-conjugate, the
ray curves and the axis curves form nets; and conversely.
Green, L. ¢, p. 321.
22. When a net is subjected to a polar reciprocation the axis and ray con-
gruences are interchanged. Wilezynski, L c., p.317.

23. Show that at any point on a surface S the tangents to the two systems
of curves defined by the equations

@ dw*+2h dudo+ado?=0,
2 du 4 2bsdudr + cadv® =0,
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are separated harmonically by the tangents to the curves of the system defined by

lavdu+bhidv, bdu+t+cade] _
azdu+bydv, bidu+cdv|

24. 1f the parametric curves on a surface S form a net N with equations
(1) and (15), the curves defined by

r—rde?=0

form a net, whose tangents at a point separate harmonically the tangents of N
and the asymptotic tangents.
25. A necessary and sufficient condition that a net .N(x) on a surface be
2

isothermal-conjugate, that is Bude log » = 0, is that the tangents to the axis

curves, the curves defined by Ex.24 and the curves defined by H du’>— Rdu dv
—rK dv?>= 0 be pairs of the same involution, provided that the double lines of
the involution are not the tangents of the net.
Green, Amer. Journ., vol. 38 (1916), p. 323.
Wilczynski, Amer. Journ., vol. 42 (1920), p. 216.



Chapter V.
Transformations ). W Congruences.

51. Tangential coordinates of a net. Laplace trans-
forms in tangential coordinates. In [§ 84] we found that
a necessary and sufficient condition that the parametric curves on
a surface in 3-space form a net is that the tangential coordinates
X, Y, Z, W satisfy a Laplace equation

92 ologe 04 ologB oA

- IS T - L A.
(1) onov ov 2)u+ ou 8v+7

From [22, § 66] and (34, § 67] it follows that the tangential coor-
dinates satisfy also the cquation

0% % oA

) v = ot +a ﬂﬁ—+y’l

where in terms of the spherical representation of the net

D", 22 11 22" 11
@ == i e B 5

Conversely, if two equations of the form (1) and (2) admit
four linearly independent solutions, the latter may be taken as
the tangential coordinates of a net N, whose homogeneous point
coordinates =, y, 2z, w are given directly by the equations

(4) 2 Xz =0, Z%‘Z}E =0, 2_83\7 _

We have also the following theorem analogous to the third theorem
of §43:
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Any four linearly independent solutions of equations (1) and (2)
are the tangential coordinates of a met which is a projective trans-
Jorm of the given net N.

We call (1) the tangential equation of the net N. If this
equation has equal invariants, we say that the net has equal tangen-
tiul invariants.

The homogeneous point coordinates x, y, z, «w and the tangential
coordinates X, Y, Z, W of a net in 3-space, satisfy respectively
equations (1V, 1) and (1), and also the relations (IV, 5). If the
second and third of the latter be differentiated with respect to
« and ¢, we have accordingly

0X o
2 81{2 +2- du du
co0X o 0X o
(8) ﬁ ‘5;‘;“87- =0 25 5, O
Vaz\ o
2N 2T g
From the first and last of (5) we have in consequence of (IV, b)
0N dw ' oX 0
6 AT IR I
() TR T

When the second and third of (5) are differentiated with
respect to » and u respectively, the resulting equations are reducible
by means of (1) and (5) to

2(1&... dlog8 X) % =0,

du ou o0®

7

@ Z(BA.__EJQ_&“. X) 0% 'A _—
3 av aut

The minus first and first Laplace transforms of equation (1)
are given by

(8) X = oX _ dlogh X, X, = 02X _ dloge
ov ov

X.
du du !
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From § 30, (5) and (7) we have
ZX—]_.’El =O, ZX]_ .7;_.1=0,
ZX__ Bxl_o, ZXI Bx_.

Tx.f2=0 Zxiz

Hence we have the theorem:

When the Laplace transformations are applied to the tangential
coordinates of a net N, the resulting functions are the tangential
coordinates of the Laplace transforms of N, but in opposite sense.

52. Transformations F in tangential coordinates.
Since the analytical processes of § 37 are independent of their
geometrical interpretation, it follows that if A is a solution of (1)
and @ a solution of its adjoint, namely

8°w _ dloge o  0logh a,u o? )
dudv dv  du du +( 8u8v10gaﬂ e

©)

there exist two functions z and ¢, defined to within additive con-

stants by
or ., @ oz _ ., 8 . A
ou MR BRA gy ARGl
(10) _
% .21 A ode B og pe
™ ® S gﬂ, 70 w5y 108 He.

Consider now a net N with tangential coordinates X, Y, Z, W
satisfying (1). Then the functions X;, Y,, Z;, W;, given by quadra-
tures of the form
Xy — @ (X) oXy, _ 9 (X)

’ =g0 Y ’

an e~ au\2)  The 7

(which are consistent in consequence of (10)) satisfy the equation

+_____ 611+___~ iﬂl____o’

(12) Bubv T 0v €a ou g o0u }9 ov

9
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and consequently are tangential coordinates of a net ;. It is our
purpose to show that N and N, are in the relation ¥, and further-
more to find 2 in terms of the functions defining the transformation F,,
when N and N, are given in terms of homogeneous point coordinates,
x and x.

On the supposition that N and N, are in the relation F, their
homogeneous point coordinates are related as in (I1I, 65). Necessarily
we must have

(13) Z Xy aail :Oy 2{ l“é‘l—‘ - )

which in consequence of (III, 65) and (11) lead to

' 0X
dlogh 21!/‘3‘,4 alogh 23/
ou Dyx’ dv ZyX

From (III, 60, 65) it follows that

2y "y
Z’Xau 0, Z’Xav 0

Hence, to within a constant factor, the integral of the above
equations is
A=2yX.

In consequence of (5) we have by differentiation

94 w’ X aﬂ. 2 0tA 1.4
av duov  “~Y quan’

u . “You =
so that 4 is a solution of (1). From (III, 65) it follows that
(14) A=yX = DzX.
The analogues of equations (III, 65) are
XA
T

»1><

(15) X=X — X=X, —



52. Transformations F in tangential coordinates 131
These functions X, and X, satisfy the equations

X, d 2,

ey 2% = — Xy logud, TSt = —Xuglogy,
LRI ¢ % _ x4 logue
ouw *ou gﬂ’ Bumly v g
We must have also
an 2x2 —o,  Zx—o,

ov
which by means of (III, 60) and (15) are reducible to

ologo _ ZXlau ologe X

du ZAI ov Zle

From these we find that we may take

(18) 0 -LZXM :2)_(214.

Moreover, this expression for 6 satisfies equation (111, 1).

As a consequence of (13) and (17) we have that Z:Xlac1 is
a constant. However, we wish it to be equal to zero. Substituting
from (III, 65) and (15), we find with the aid of (14) and (18) that
this is accomplished, if the additive constants of integration
of 7 and ¢ are chosen so that

v+t —2yX, = 0,
G+ 6”‘25}72:: 0.

Thus we have cstablished that the nct &V, whose tangential
coordinates are given by (11) is in the relation F with N. More-
over, when the transformation is given in point coordinates, the
functions 42 and g follow from (14), (11) and (10); and conversely,
when the transformation is defined in terms of tangential coordinates.

In consequence of (ITI, 65) and (15) the expressions for A and 6
can be given also the forms

(20) A= Xz, 6=2 Xz

(19)

9.
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By making use of the results of § 39, we can obtain the
equations of the theorem of permutability of transformations ¥
from the standpoint of tangential coordinates. The functions ;s
and 13; must satisfy

aki; — 0 (A hij — 0 [\ ,.. Ly
=t () =ty () Gi=12 ik,

The functions o5, 021, 71s, zz1 are given by

_ - Aoho T At
T1T12 — T Ta — . ;1111 + : }_l:” "“)'122'21y
21 _ —
1) - = = - _12}'210'1 Aidis0s Aead
01013 = 020 — }-1 + 12 —— 413431,

and the tangential coordinates X;; of N, are of the form
(22) ll )"12X12: }“2)'21 ,1+ ]"l 1’12 X2—2'12)'21 X‘

If equations similar to (20) are to be satisfied, we must have

{ Ais :ZXI T2 =2X1 Ts— Ogy,

(23) ”,
Asy ::,Z/X2wls =2X2x1— 0:3.

When these equations are differentiated, we find that the resulting
equations are satisfied in virtue of the preceding formulas. Also
we find that x;s, given by (III; 76), and X, given by (22) satisfy
the condition EXH z1s = 0. Hence we may take 4,5 and 45, as
just given.

Equations similar to (III, 65) and (15) are

= gy — g = oy — g
Yij = xzj”—zi‘.‘xz; Zij = Xij ""‘sz,
i .. Ly
;J EJ (G =1,2, 7*#‘7)‘
B A & Yo i
Xy=Xy— 12X,  Koy=Xy—TLX,
ij v

From these equations, (20) and (23) we obtain

2 X1, 4j yij—vij—7i; =0, 20X, ij 21j— 0i;— 63 = 0.
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Consequently when 4,5 and 45, have the values (23), the expressions
(22) are the tangential coordinates of V;;, whose point coordinates
are given by (III, 76). From the form of (22) we are led at once
to the theorem of § 23, namely:

When N, N,, Ny aud N5 form a quatern under transformations F
Jour corresponding tangent planes meet in a point.

When the point coordinates are cartesian, we make use of
the preceding results by taking w = —1, and assuming that X
Y, Z are direction-cosines. Then we have

(24) Xe+Yy+2Zz=W,

so that W is the distance of the tangent plane from the origin.’

From (III, 60) and (II, 20) we have in this case w, = 6'/6
and z; in the formulas of Chapter 3 must be replaced by — x,6'/6,
$0 as to obtain formulas of Chapter 2. From these results, (II, 2)
and (20) we have 4 =2 Xz'%%), so that A is the distance from
the origin to the tangent plane to the net N’ determining the
conjugate congruence of the transformation. If we call it w and
denote by w~! the corresponding tangential coordinate of N7j,
parallel to &;, and determining the same congruence, we have

(25) A= Xa' = w, 22X, 2h = w,

where X, Y;, Z, are the direction-cosines of the normal to N;.
If W, denotes the other tangential coordinate of N;, we can write
(11) in the form

9 [ X\ _— 8 (X o [ X\ - 0
ﬁ(w“l) 1%(5)’ _?)?(w—l) - 6_8—17(
LA 3 (W 3 (W,\ _ _ @
L

ou \w™?
In this case equations (15) become

X, X v _ X X
w1 w’ Xgmw‘1 T

I

(26)

I
oy

(27) X, =

%) When we are dealing with cartesian coordinates, the symbol X' denotes
the sum of the terms in a, y and 2.
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From these expressions it follows that if ¢ denotes the angle be-
tween the tangent planes of N and &,, a necessary and sufficient
condition that the harmonic congruence of the transformation be
normal is that

(28) (w76 —ww 1cose(zt+o)t+wi=

53. Transformations 2 of nets with equal tangential
invariants. From (15) it follows that a necessary and sufficient
condition that the focal planes of the harmonic congruence of the
transformation be harmonic with respect to the tangent planes to
N and A, is that (cf. V, Ex. 8)

T +a=0.

In this case we have from (10)

0 A 0 A 0

— - — h) — . =9~

du lo g logﬂ GRY log v 2 v log e
Recalling that « and 8 are determined only to within factors which
are respectively functions of » alone and » alone, we see that in
all generality the tangential equation (1) can in this case be written

9%a 0 l "y 8 l
(20) Dy oleVeldh alglelly,;
udv v B du

If we put p = — 29w, w being the solution of (29) determining
the transformation, equations (10) can be integrated in the form

(30) T =—0¢ = —ouw’.

0%y 0

(31) ouov ov

Thus the tangential equations of both & and &V, have equal invariants.
We say that N and N, are in the relation of a transformation £3°).

“’) Rendlcontx di Palermo, vol.39 (1915), p.161; cf. also Demoulin, Bull.
Acad. de Belgique, 1919, p. 273.
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If we put
— y)
$=2AVe ¥=—
¢ Vow’
equations (29) and (31) are transformed into
A R ) 323'___( 1 y_
dudv (VE Buavrﬁr)‘l}’ duov Vew 5usn Vow >

These equations are satisfied respectively by

l vy = l/éX; Vy == l/(’ Y, vy = I//QHZ’
(32) l,_” X - g 4

In terms of these functions equations (11) are reducible to

I ( o, aa)
—— P = — P =", - ,
N ou ()’ ) ou Vi o
(33) ) (6-=1,2 3).
- ( v a&)
ey 9) ==, - —
v o, %) or Vi)

Since N has equal tangential invariants, its spherical represen-
tation is the spherical representation also of the asymptotic lines
on a surface = whose point coordinates, &, 7, {, are given by the
Lelieuvre formulas [§ 79], namely

E)E . avg 81/3 B_E . 81’5
on . ou U ou’ P EY, + s

ovy
- B0
Similar equations in the functions »; give the point coordinates
&, my, £y, of a surface 2, with the same spherical representation
of its asymptotic lines as the curves of the net ;. Moreover,
equations (33) express the condition that = and 3, are the focal
surfaces of a W congruence [§ 172]. The surfaces 2 and 2, are
associate to the respective nets N and N, (§ 155].



(36)
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From the theory of W congruences [§ 172] it follows that if
X, Y, Z and X,, Y,, Z, are direction-cosines of the normals to =
and 3, then B _
(34) V= VPX; v = V?l Xy,

where — 1/p* and — 1/? are the Gaussian total curvatures of 3 and
3, respectively. From these expressions, (26) and (32), we have

1

—1 . —
(#) Y ‘VQ ow

Hence equations (26) become

Kl 2 (X

ou ov \w
2 (Voo — ot _W) 9 (Voo 2 0 (W
™ (VgglwW,) = —ow ™ ( ' B (VgglwW,) = ow

w on \w

and we have the theorem:

Each solution w of the tangential equation of a met with equal
tangential invariants leads by quadratures (36) to the determination
of a met Ny which is an 8 transform of N.

From (72, § 172] we have that the coordinates of the surface 2,
associate to N; are given by equations of the form

37) 5 =§8+Vo(YZ —ZY)).

In [§ 172] it is shown that direction-parameters of the normals
to the focal surfaces of any W congruence satisfy equations of the
form (33). Since these are of the form (11) with z+4¢ =0,
we have

If two nets N and N, with equal tangential invariants are in
relation F, and if the surfaces = and 3, with the same spherical
representation of their asymptotic lines as the curves of N and N,
respectively can be so placed in space that they are the focal swrfaces
of a W congruence, then N and N; are in relation 2.

54. Theorems of permutability of transformations 2
and of W congruences. Let N be a net with equal tangential
invariants, and ; and N; be 2 transforms of N by means of
solutions w, and ws of equation (1).

(Voo,wX,) = ——ew’% (—)wé)’ s—;;(V(Ele) = ow'— (—);

)
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The functions w;s and ws, defined by the quadratures

8 - 0 (w;
™ (Veez w; Wij) ow! o ( )

(38) , Gj=127i%))
0 (Vgar wi ) = ow?=- (3&)
v t Wi Wi (] ar w; I}
are evidently solutions of the tangential equations of N, and N
respectively. It is clear that w;; , as thus defined is determined to

within the additive function — The constants ¢; can be

V@Qz wt. .
chosen so that there are oo! pairs of functions w;s and w;, satisfying
the condition

(39) Ve wis+ V(Tée—u’s wy = 0%),

By applying the results of § 52 we shall show that each pair of
functions determines a net N,y which is an 2 transform of N,
and N;. In fact, the tangential coordinates Xis, Yis, Zis, Wis of
Ny, are given by the following equations analogous to (22):

(40) l/ng Xu == l/e (X—_——Xl u;l Xﬁ)r
where
wi Wy
1) o= o1 22 cos & — 2 2 FX, .
) Q12 (’( + wi wh —2 Wyg 008 & cos €2+ Wye Wey 2 !

It is readily shown that, in consequence of (36) and (39), the
functions (40) satisfy the equations

0 [ X;
J—( 0; 0;; Wij Xip) = 0, Wij—— ou (wu)
(42) [ X; (Z;j =1,2, l#])'
3
]——(l/gze“ wij Xm)—gt wij— P ( ),

Hence we have established the theorem:

If N has equal tangential invariants, and Ny and Ns are two
R transforms of N, by a quadrature we can find o' nets Ny, which
are 2 transforms of Ny and Nj.

40) The reason for this choice is to be found in (21).
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If 3, 3, and 3; are the surfaces associate to ., N; and N,
so that 3 and =, are the focal surfaces of a W congruence, and
also 3 and 3, the associate 3;; of a net N,y can be so placed in
space that 2, and 3, are focal surfaces of a W congruence, and
likewise 2, and 3;;. From equations analogous to (34) and (37)
we have for the coordinates, &, 713, 51z, Of 3ie

u)l" (IYI ,43 _‘1'2 Zl).
U1

(43) Sg=§— 1 99l7

Hence we have the theorem of Bianchi®!):

If 2 and =, are focal surfaces of a W congruence and = and 3,
of a second W congruence, there can be found by quadratures an
infinity of surfaces Iy such that 2, and 2,y are focal surfaces of
a W congruence, and likewise 2, and =i,.

55. Nets permanent in deformation. When the harmonic
congruence of a transformation £ is normal, the focal planes of the
congruence are perpendicular, and consequently the angles between
the tangent planes of the nets N and N, are Dbisected by these
focal planes. Now from (28), (30) and (35) we have ¢ = ¢,. Hence:

A necessary and sufficient condition that the harmonic con-
gruence of a transformation 2 be mormal is that the associate
surfaces 2 and 2, of N and Ny have the same total curvature at
corresponding points; moreover, the focal planes of the congruence
bisect the angles between the tangent planes of N and N,.

If o = ¢,, we have from (34)

(44) 2”1 vy == 0 COS &, 2)/? »:2)—'12 = 0.

Multiplying the first of (33) by », and summing; and also by », and
summing, we get

o 1 d¢ o log¥
=27y = gy TS e T
_ v, 1 de o log ¥
Zviau T2 du e (1—cose) du

1) Lezioni, vol. 2, pp. 71—74.
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Adding, we have
0 2 - de
w =N Ty

Differentiating the first of (44), we get

(45) 5% cos e = — (14 cos &) 2 “‘)g"

In like manner from the second of (33) we get

(46) aa cose == (1—cose¢ )alogg

Expressing the condition of integrability of these two equations,
we find that

(47) e =U+YV,

where U and V are functions of » and » alone respectively. Now
the integral of equations (45) and (46) is

€ U—c¢
(48) tan 5=V ¥ + .
where ¢ is an arbitrary constant.

From [§ 141] it follows that in this case both N and N; are
nets which admit an infinity of applicable nets, which we shall call
nets permanent in deformation.

If D and D" are the second fundamental coefficients of X,
the coefficients D; and D¢ of the nets Nj applicable to N are
given by [cf. § 141].

49) Dy = tanh¢ D, D} = cothg D",

where ¢ is defined by

cothg.

alogV e tanh ¢ dp alogVe
’ dv

o9
(50) du ou ov
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Moreover,

dloge _2{12}' dloge __ 2{12}

(51) du 20 v

the Christoffel symbols being formed with respect to the linear
element of the spherical representation of A, namely

(52) do* = Cdu*+ 2 Fdudv+Gdo’.

From the formulas of [§ 83], namely

GD? FDD" ED"?
—ﬂT’ 8‘ = HE G = I

G =

it follows that the coefficients €y, Fx, Gx of the linear element
of the spherical representation of Nj are given by

(53) €, = tanh’y@, %k = %, G = coth’q:@j.

The integral of equations (50) for ¢ given by {(47) is
.

_ ViFrv
(54) tanh ¢ = 1—=%0"

where %k is a constant, such that when # = 0 we have the net
N, that is N, = N.

If we form the Christoffel symbols {112} and {122 } with respect
to (53), the equations analogous to (51) are

ologer __ __2{12\ _ U 14KV

(55) ou 2 U+V1—kU’
ologer __ 9 {12!/ V' 1—kU

v 211 v UFV 1+EV’

from which it follows that we may take

U+v _ 1/ 1 1
®6)  e=G—mHaFEn (1—w 1+kV>'



(59)
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56. Transformations 2 of permanent nets for which
G+}o0 and @+0. We write the linear element of the sphere in
the form

6Y)) do*= Edu*+ 2V EG cos 20 du dv+ G dv?,

where 2w is the angle between the parametric curves,

We denote by X', Y, Z'; X", Y”, Z" the direction-cosines of
the bisectors of the angles between the parametric curves on the
sphere, so that we have

%—)&(— = VE(sinw X'+ coswX"),
(58) 80X
TS = V@ (—sinwX'+ cosw X").

If these equations be differentiated with respect to v and u

respectively and we make use of [(22) § 66], we find

' . / —
% = —AX"—V EsinwX, 0.X = BX"+ V@sincoX,
" _ " _
X" _ AX'—VEcoswX, (2SN —BX'—V®coswX,
ou v
where
_do V € - Blog Vg
ou
(60)

V ® . alog l/g
The direction-cosines, X, Y, Z;, of the normal to an £ trans-
form N; may be written in the form
(61) " X, = Xcose+ sine(sin e X'—cosa X").

Since ¢ = ¢, equations (36) become
o (X a . o (X
60 o) = —ew' (1), Xy —ewt = (2)

When the expressions (61) are substituted in (62), we find the
following equations:



(63)
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Ba

el +v@ in2 M_}_V@sin(a—{—m)cot—e—zo,

+ ——-v—@i 8in2w alog l/g V_sm(a—m)tan—— =0,

ologw & 1___alogg__

R cot V@cos(a—{—w)-{- o5t B =0,

alng—{—t n—lf ®cos(e— o)+ —-?lﬁ’g—"-zo
1+ cose v

The condition of integrability of the first two equations is satisfied,
and by means of them we show that the last two are consistent, and
that w satisfies the tangential equation of N, namely (29) with
7=V@—®0082w. Hence:

If Nis a permanent net with the spherical representation (57),
each pair of fumctions « and w satisfying (63) leads by quadratures
to an L transform N, which is a permanent net; and the associates
surfaces 2 and Iy of N and N, have the same total curvature at
corresponding points and can be so placed in space that they are
the focal surfaces of an W congruence®).

From (37) it follows that the coordinates &, wy, £, of 3 are
of the form
(64) § = &4 sine(cos e X'+ sine X”).

Since w in (63) is not a general solution of (29), we say that
the permanent nets whose tangential coordinates are X, Y, Z and
a function w defined by (63) is a special permanent net.

Suppose that N; and N, are two £ transforms of N by means
of functions a;, w, & (¢=1,2). In order that one of the oo’
£ transforms Ny, shall be a permanent net, it is necessary that
0;s=¢. From (39), (41) and (61) we have in this case

11 (COS &— €08 &) = wy [1 — cOS & COS £&,— sin &; 8in & cos («;—ay)).

It is readily shown that this function w,, satisfies the corresponding
equations (38), namely

1) The existence of such W congruences was established by Bianchi
Lezioni, vol. 2, pp. 74—80.



(66)
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(65) (ewuvw)=-—en :u(“’) ? 55 (0w wis) = Qut :v(Zf)
Hence we have the following theorem of permutability:

If N is a permanent net and N, and Ny are permanent nets
which are 2 transforms of N by means of functions e,, wy, & and
@y, wy, &5 (62} &), of the o' L transforms Nys one is a permanent
net and it can be found without quadratures.

Incidentally we have established the theorem of Bianchi®):

If 3 and 2, are focal surfaces of a W congruence and 2 and
2, are focal surfaces of a second W congruence such that the total
curvatures of 2, 2, and 3y are the same, there can be found without
quadratures a surface 315 of the same total curvature such that 2,
and 25 are focal surfaces of a W congruence, and likewise 23 and 2;5.

When in particular ¢ = const.,, Nis the net of geodesics on
a surface of Voss [§ 141]. In this case ¢ is a constant. Each set of
solutions of the corresponding equations (63) determines an £ trans-
form N, which is a net of geodesics on a surface of Voss. Moregver,
these transformations admit a theorem of permutability. The associated
W congruence is pseudospherical, and the preceding theorem is the
theorem of permutability of transformations of Backlund [§ 121].

57. Transformations 2 of a sequence of permanent
nets. In § 56 we saw that in order to obtain an £ transformation
of a permanent net Ninto a permanent net X, it is necessary and
sufficient to take for the net N’ parallel to N one of the special
permanent nets determined by a pair of functions satisfying (63).
Suppose now that we consider one of the deforms Ny of N (§ 55).
The equations for the £ transformations of Ny analogous to (63) are

LIS v €y s1n2w——log Vor+ VG sin (ax+ o) cot =% —
ou ou 2
M + ,a,"’__v @" sm2w—log Vo —V @psin (ax—w )tan—2— ==
8 log wi & 1 o logo,
O8WEk ootV E =
ou t 2 V6 cos (et w) + 1—cose, ou
0 log Wi ek 1 0 IOng .
~ 4 tan—- V ® cos (e—w)+ TTowe 30 =

43) Lezioni, vol. 2, pp. 80—82.

0,

)
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where €x, O and g, are given by (53) and (56), and analogously
to (48) we have

w7 tkeg
(67) tan-;£ = kU 1 .
kV+1 —key

When the expressions for €, &x and g, are substituted in the first

two of (66), we find that or = « is a solution, if

tan °% — tan—
coth ¢ - tan 5 tan 5

which is consistent with (67), if we take
ke, 1—ck) =1. .
On this hypothesis the last two of (66) are reducible to

dlogwr _ dlogw 1 Uk

l

3 du 2 1—kU’
68) u u ,
ologwx __ dlogw , 1 Vk

ov v 2 14+kV’

of which the integral is wx = owV (1—LkU) (14 %V), where ¢ is
a constant. We shall show that when ¢ = (1—1/%c)~—?! the corre-
sponding net Ny parallel to Ny is applicable to N’. To this end
we remark that the second fundamental coefficients (Dx) and (DY)
of the net with the spherical representation (53) and determined
by wr are given by [cf. § 67]

jlll _
kK Oun +l2fk o,

!
(De) = 3 w’k Jllll} 0wy

(69)

ooy — _0* z_l_/k J22|" dwr , J22| _

(D) = ov? +]1}k ou +{2[k ov Greor,
where the symbols{ s} are formed with respect to (53) When

we put £ = 0 in these expressions, we obtain the expressmns for
the coefficients (D)’ and (D")" for N’ by definition.
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When the epressions (66) are substituted in (69), we deduce
the relations
D) 1—kU (D) (DY 1—I—kV (D")’
wey 1—ke  w '’ wxy 1—ke — w

From (49) and (54) it follows that we must have

/ kV i\
(DY = 3i~~ Dy, (DK

Hence

= 1+kV (D")

V(1—kU) (1+kV)
1—rke

70) Wy =

In § 27 we saw that if N(x) and Ni(xr) are applicable nets,
and N'(z") and Ny(x%) are a pair of applicable nets parallel to N
and Ng respectively, the F transforms, N, and Ny,; of N and Ny deter-
mined by the nets N’ and Ni and the function ' = qu — D't
are applicable to one another. In order to apply this result to
the present case we calculate the expression for 6’. From [§ 67]
we have

Dyt = @_[@k(awn) *Q%k awk dwr +®k(%)z]’

ou ov
2
Sy [ © (2) g v 2w (Bw)]
7 w? + — 5 2% s +€
Substituting the values from the preceding equations, we find that

k w sm2w

[
o= 1—ke

[@@5 (U+7V)sin2e
—V@@icot%siu(a—w) U+ €V S tan -;—sin(a + ) V’].

We note that k& appears in this expression only in the factor
k/(1—kc), and consequently it does not appear in the equation

(/]
Xy = —Fx, since 6 also involves this factor. Hence as k

10



146 V. Transformations . W congruences

varies and consequently Ni, we find that all the transforms Ax
are applicable to N,**).

58. Transformations £ in point coordinates. Nets in
relation 0. In § 28 we saw that if N(z) and N(z) are two nets
corresponding with orthogonality of linear elements, that is are in
relation O, they have the same point equation, say

0%0  ologa 06 , ologh 00
(1) oudv  ov ouw | ou ov

Moreover, if » and ! are any solutions of equations (I, 13), the
corresponding parallel nets N’(«) and N’(z) are in relation O,
and 6, given by

(12) 0 =%,

is a solution of the common point equation of N’ and N’ (cf. § 28).
Furthermore, if 6 is the solution of (71) corresponding to ¢’, then
the nets N, (»,) and N, (z,) defined by

, ~ 6

a, r=x—--F

(78) X = —— P

0/

are in relation O and are respective F' transforms of N and N.

Suppose now that N and N are nets in 3-space. Then, as
follows from [§ 157] they have equal tangential invariants; similarly
N and N,. It is our purpose to show that N and &, are in
relation £, and likewise N and ;, and thus obtain the equations
of transformations £ in terms of the point coordinates.

If N(z) is any net with equal tangential invariants, and N(x)
is in relation O with ]\_7, we have [cf. § 157]

ow 0y . 0z ox 0y 0z

M) =gt P, L=l gL
(74) au . Pou Yo ou’ dv Py Yo v’
and

ox oy 0z o oy 0z
75 —l == gy —L — L ==L —yp —
(75) ou . Pou Lo v %o r AN TR

4) Cf. Transactions, vol. 19 (1918), p. 179. The existence of transformations®
of permanent nets for which € = 0, & + 0 is established also; the restriction in
the theorem of page 183 is not necessary, since the second of equations (61)
should include the term — V'/(1 4 cosa) V.
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where zo, Yo, 20 and o, ¥o, 20 _are the point coordinates of the
surfaces = and 2 associate to N and N, and the asymptotic lines
on 3 and = are parametric. From (74) and (75) we have also

- o0
e Zage =0 Zrgr=o,
() 210 =0 2z L
an ’ 3

Consequently xo, Yo, 2o and ay, ¥y, zo are dirvection-parameters of
the normals to N and N respectively. Furthermore, if the ex-
pressions for the derivatives of y and z as given by (74) are
substituted in (75), we have in consequence of (77)

(78) XoZo+ Yoo+ 2020+1 =10

Hence X and 3 are polar reciprocal with respect to the imaginary
sphere?®)

(79) 2ty 210

If N' and N’ are nets parallel to N and N by means of the
same pair of solutions % and 7 of (I, 13), we have

6x’ _ 8]] o0z’ oa’ _ oy’ 9z’
( i A —_— —_— gy e — o
80) du 3w Y’ v 905,

For the F transforms N, and N, defined by (73) we have

0wy __ — Oy, - 0z, Oy~ By, — 71 _6_{__
(81) T D e L D R T R A T
ox, oy Bz ow, Oy 02
(82) T A Tk a0y T Yng

where o1, Yo1, 21 and Xoi, Yo1, Zox are the point coordinates of
surfaces 3; and =, associate to .V, and N, with their asymptotic

4%) Darboux, Legons, vol. 4, p. 67; also [Ex. 15, p. 891].



kA
ou

LA
ou

(87)

148 V. Transformations £. W congruences

lines parametric, and they are direction-parameters of the normals
to N, and A, respectively. Moreover, we have analogously to (78)

(83) Tor Zo1+ Yor Yor+ 201 Zor+1 = 0.
From (81) we have

Go  SmIR_IRIE o (000503, %)
du 0v v du Zot{ g Bw v oul/’

On differentiating (73) we obtain

E h v 6’ l By

SR AR AL O N ATV
du du/

e oo 6% AT

h g du u

When these expressions and analogous ones in y; and 7z, are sub-
stituted in (84) and 60’ is given the value (72), the resulting equation
is reducible, by means of (80) and the fact that z,, %, 2 are direction-
parameters of the normal to N’, to the form

x yo—y 2o —2'
(85) T = G

0t Z,T/ %

Similarly we have

T

86 =
( ) 201 Z x, :7:"0
From (85) and (86) we have

X Loy +!/o 1701 +20 20 +1 =0, g 3’01+?7o y01+_z_o zn+1=0.

Consider now the surfaces = and 3;. The quantities xy, ¥y, 2,
and Zo,, Yo1, 201, are direction-parameters of the normals to these
respective surfaces. Moreover, from (78), (83) and (87) it follows that

2 Lo (Xoy — ) = 0, 2 Loy (Xr—2) = 0.

Consequently = and 3, are the focal surfaces of the congruence of
lines joining corresponding points on these surfaces, and it is

v

1 (0___{?:) (’.‘.’?_0:___0’3'7_:1)’ .a:)i{ — 1 (0__9’_) (“’E_.g’,a_‘?

v

)
)
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W congruence, since the asymptotic lines are parametric on = and 2.
Hence from the last theorem of § 53 it follows that NV and N, are
in relation £, and also N and N,.

When a net N with equal tangential invariants is known, the
associate surface 3 can be found by quadratures [§ 78]. Then by
equations (74) we obtain a net N, with equal tangential invariants,
which is in relation O to N. Each net N’ parallel to N leads by
a quadrature to an  transformation of N and N. Hence:

Each net parallel to a net N with equal tangential invariants
determines an £ transformation of N, and the determination of
the point coordinates of the transform requires only quadratures*®).

59. Transformations 2 and K of the focal nets of
a W congruence. We have seen that the surface X of the
preceding section is associate to the surface & on which N lies.
Since this relation is reciprocal, there exists a surface S in relation O
to I, its coordinates, 7, 7, Z, are given by quadratures of the form
(analogous to (75))

0& _ 0y Bz 0F _ Dy Dz

u ou Y ou 0 ‘o Yo
From these equations and (75) we see that S can be so placed
in space that
(88) r=ux +Z_’(/o""y2'0.

From [§ 157] it follows that the asymptotic lines correspond on &
and S the surface on which & lies. Also since To, Yo, 20 and x, y, 2
are direction-parameters of the normals to S and § respectively,
it follows from (88) that S and § are the focal surfaces of a W
congruence.

Since § and = are in relation O, there can be found by means
of equations analogous to (74), the coordinates &, 7, Zo of a sur-
face 3 associate to S moreover, from [§ 156] it follows that the
parametric curves on S and 3 form nets with equal point invariants.
Furthermore, since 3 and S bear to S and X relations analogous
to the relations of = and 3 to § and &S, it follows that 3 and §
are polar reciprocal with respect to (79).

46) Cf. the first theorem of § 53.
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When the net N is subjected to a transformation £, in accord-
ance with the preceding section, we get surfaces S,, S, =, S
and 21 related to one another as in the preceding paragraph.
Since S and 2 and S, dnd 21, _are polar reciprocal with respect
to (79), it follows that 2 and 3, are in the relation of a trans-
formdtlon K (V, Ex. 11). Moreover, S and S, being associate
to = and 3, 1espect1vely are also in relation K (II, Ex. 18). Further-
more, S, and ASI are the focal surfaces of a W congruence.

From [§ 172] it follows that if S and S are the focal surfaces
of any W congruence, it is possible to find by quadratures two
surfaces S and 2 associate to one another and in relation O with
S and § respectively. If 2 is referred to its asymptotic lines, the
parametric curves on S and § form nets with equal tangential and
point invariants respectively. Hence:

A W congruence admits of transformations ito W congruences
such that one pair of corresponding focal nets are in relation £2
and the other pwir in relation K*").

60. Nets with equal point invariants and equal tan-
gential invariants. In consequence of [(38) § 83] equations
[(86) § 83] can be written in the form

" tog D — - D gy —
. log D == Py logae, , o log D" = ™ log b 8.

Hence: ,
When a net has two of the following properties, it has the third
also; equal point invariants, cqual tangential invariants, isothermal-
conjugate.
We consider such a net, and put

12y _ dlogVe  j12 _ aloghe —
1/ v’ | 2} o ou D D"
From [(3) § 63] and [(13') § 64] we have

juy 98 g, H 11 a

l1f~'81l10 ]/’ {2} 10 ]/

22| _ 3 j22) __

{]} 6u10 V_’ .2} _logl/e.

) Cf. Deioulin, 1 c., p. 276.
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Consequently the point coordinates of the net satisfy the equations

‘0 ologr 06 dlog» 96
us"" = g "‘+ g

0 o 0w 0 v’
(89) o v v
2%0 __ologV'e 86 | dlog Vg 26
dude dv du du v’
where
e HD
W

From § 25 we have:
If N(x) is a net with equal point and equal tangential in-
rariants, a parallel net of the same kind is given by the quadratures

br 1 ox o 1 2))

B o du’ dv o dr
In order to establish transformations I’ of a net N of this
type into nets of the same kind, we consider N expressed in terms of

homogeneous coordinates, the point and tangential equations being

%0 olog Vo 26 , dlog Ve ao

B Tt - S 8 7 8 ) ==
ouov + ov u ou + ) =0,
(90) —
9%2 dlog Vg a4 | alog Ve i’:+ ) —
oudv ov ou ou

It is readily shown that the equations

= (aulex_”zx’ h)
5
o (——ZX,x 22X, ar)

(91)
80X, -
™ —e( o X — X 2l au)
S5

and similar equations in y, 2, wy, Y3, Z; and W, form a completely
integrable system. For each set of solutions the functloanle
is constant. Consequently each set of solutions, for which



152 V. Transformations 2. W congruences
(92) 2 X, =0,

defines a net N, for which these functions are the point and tangen-
tial coordinates. Furthermore, for a set of solutions the functions

(93) 0 =2 Xz, =2 X

are solution of the respective equations (90), so that equations (91)
are equivalent to (III, Ex. 25) and (36). Consequently N, is both
a K and £ transform of , and therefore has equal point and
equal tangential invariants. Hence, since (92) is bilinear we have:

A net with equal point and equal tangentiul invariants admits
b tramsformations K and £ into nets of the same kind.

If N, and N; aré two of these transforms of N, from (III, 73, 75)
it follows that for a net NV, to be a K transform of &, and ,, we
must have 6,s+ 0y, = 0. In like manner for N, to be an £ trans-
form we have from the equations preceding (21) that 4,, + 4, = 0.
Hence from (23) we have > Xizo+ 0 Xoz, = 0. It is readily
shown that the left-hand member of this expression is constant.
Only when it is zero is therc a net N,, which is both a K and
an £ transform of N, and N, and then there are an infinity of
such nets, since 6, is determined only to within an additive constant,
but 6s;, 4,; and A, are then completely determined.

Exercises.

1. If ) &) @ are the cartesian coordinates of a net N in 3-space

92® 2@ LW
. . ¢ . . dz”  ox”  ox™
and @ is any solution of the point equation of N, then su Bw’ Bu

g—z— are tangential coordinates of a net.

2. A necessary and sufficient condition that the curves v = const. of a net
be plane is that the minus first Laplace transform be a developable surface; the
analytical condition is that the invariant H of the tangential equation of the
net be equal to zero.

3. A necessary and sufficient condition that the curves of a net be plane

is that the tangential coordinates can be taken in the form
X=U+ vy, Y-_—'Us+V:, Z = Us+ Vs, W= U+YV,

where the U7's and V’s are functions of 4 and v respectively.
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4. When two nets N and N in relation F are subjected to a polar reci-
procal transformation, the resulting nets are in relation F'; and the conjugate
and harmonic congruences of the given relation F' are transformed into the
harmonic and conjugate congruences of the resulting relatlon F.

5. In a transformation F defined by (11) the functions - M (X) " Bu (W)
0 X)

8v
focal surfaces of the con]ugate congruence of the transformation.

6. A necessary and sufficient condition that the transformation defined by
(11) be radial is that A= a X+ 0Y +cZ+ dW, where a, b, ¢, d are constants.

7. When in (26) we take w = aX + b Y 4 cZ, where a, b and ¢ are con-
stants, the conjugate congruence of the transformation consists of parallel lines.

8. Show that the functions X and X, given by (15) are tangential coor-
dinates of the focal surfaces of the harmonic congruence of the corresponding
transformation F.

9. Each solution of the adjoint of the tangential equation of a net determines
a congruence harmonic to the net (cf. Ex. 8). What is the dual of this theorem?

10. If the direction equation of a congruence G is the same as the tangential
equation of a net N, the determination of nets harmonic to G and congruences
harmonic to N are equivalent problems, namely the solution of the adjoint of
the given equation.

11. When a polar reciprocal transformation is applied to two nets in
relation &, the resulting nets are in relation K, and conversely.

12. A necessary and sufficient condition that the axis curves of a net N
form a net is that N have equal tangential invariants (cf. IV, Ex. 20, 22).

13. If four nets N, N;, N;, Ni2 form a quatern under transformations £
determined by wi, w,, ;2 and wa, the four nets parallel to them determined by
w0, I/Vp/n wi, wy and 1/} ps pr2 wa form a quatern; likewise the four nets
determined by ws, J/Vpp, ws, wy2 and 1/1/,01 P1z Wa2.

14. Let N(x) be a net with equal tangential invariants and N(@) the net
of the same kind in relation O to N, and N’ (z'), N"(x") and N’(_ ), N' (_")
corresponding parallel nets to N and N. If we put 0! = Sx'z’, 0§ = 3Sx"x"
then the nets Ni(xi) and N,(xs), where

o 2 ( ) are tangential coordinates of the first and second

& =x— X2 ==& — 55 &

0\ '
A
are Q transforms of N. If we draw through points of N and N, lines with
direction-parameters of the respective forms (cf. § 21)

,1, 0[
') I 4 7" — '
Sy =X — X X xr — —2
1 ’ ’ 2 " il
0, 0;

where 6 and 6, are solutions of the point equations of N” and N' corresponding
to 6 and 6,, the point M2 of intersection of these corresponding lines generates
a net Ni2. Show that this net Ni2 will be an £ transform of N; and N if

0y + 0, = 32"z + 3x'T"
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15. Show that all the conditions of the preceding example are satisfied,
if we replace 6 and 0, by 67+ c and 0,—c, where ¢ is an arbitrary constant,
and consequently there are co! nets Ni2 in relation & with N, and N,; that
corresponding points of these nets Ni2 lie on a conic through the corresponding
points of N, Ny and N,; also that the tangents planes to these nets N2 at
cogresponding points form a pencil (cf. § 26 and II, Ex. 19).

16. Let NV be a net with equal point invariants, Ni; and N, be K trans-
forms of N, and N2 one of the K transforms of N; and N, in accordance with
the theorem of § 26; show that the tangent planes to the oo! nets Ni» at
corresponding points envelop a quadric cone (cf. Ex. 15).

17. Prove directly that the surfaces S and 8, of § 59 are in relation K.

18. Two nets N and N with equal tangential invariants which are in
relation O determine twelve surfaces forming a closed system of Darboux [Ex. 19,
p. 391]; similarly two nets Ny and Ni which are © transforms of N and N deter-
mine a second system; find the relations hetween the two systems of surfaces
other than those treated in § 59.

19. If S and S two surfaces in relation O are referred to their common
nets, N (x) and N (Z), the equations of the form

x=uc+ex,

where ¢ is an infinitesimal, define a surface S which is an infinitesimal deform
of S, and the parametric curves form a net N [cf. § 1568]. If N'(z') and N'(@")
are corresponding parallel nets to NV and N respectively, the equations of the form

' =ux'+ex’

define a net N' which is an infinitestimal deform of N'. Then equations of
the form 0

A 2
=12 — 5@,

where '= 3z'%", define a net Ni, which is an F transform of N and an in-
finitestimal deform of N; whose coordinates are given by (73).

20. When the spherical representation of a permanent net is such that
€ + 0, @ + 0, the parameters can be chosen so that either (i) p =a, a constant;
(ii)p = wv; (iii) p = w—+v. In these respective cases the coefficients of the
spherical representation can be given the respective forms

) E=8=1, T = cos2 w;

.. 1 0y _ 9.

@ C=1 ==, 6=

0 _ 0? —
(i) E=pL et Fm—ipy, O=2Lwtot

Determine the conditions which @ and ¢ must satisfy in each case.
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21. When the curves v = const. of a permanent net are represented on the
gaussian sphere by isotropic generators, the coefficients of (52) are reducible

to the form
2 2V

€=0 F=ugror C®=viatww T

where V and V) are functions of » alone; also the tangential coordinates of
such a net are given by

Qas

X= 1+uv th, V= 1+uv th, Z= 14 uv + s,
vetud Y
V = T ——
Wy v=2-" " Tus ¢,

where ¢ and ¢ are arbitrary functions of » and v respectively, and the a’s and b's
are functions of v alone subject to the conditions:

g 5oV 2V’ v
‘?:af == O, _;,a:* == ’U_'“ "2 1)2 (Vl 7 7 " + =7 'T,v—)y
|4 1 .
b, = Z{:‘ ) a,+ ‘;)‘ aj (=123,

the primes indicating differentiation.
Drach, Aun. de Toulouse, ser. 2, vol. 10 (1908), p. 135.



Chapter VL
Orthogonal nets.

61. Nets O and p, O. Congruences I and p, I. A net
N(x), whose cartesian coordinates x satisfy an equation

" 80 _ aloga 36 , dlogh 96 )
dudv  dv du - du ov’

is called an orthogonal net, or for the sake of brevity an O net*®), if

. . ox\? dx dx _ .y [0x\?

(2) E—*Z(@u)*o’ F= Zau ov =0, G_Z(M)#O'
The second of these conditions is equivalent to the requirement
that o, defined by

(3) Qw =, 2

is a solution of (1). We say that a net N is p, O, if its point
equation (1) admits p —1 solutions, ¢, ..., yp—1 linearly independent
of the a’s, such that

=2 262

ou ov
ox dx oy 0y
23, du ov —2 du dv

We call the y’s the complementary functions*®). This means that
Zx —2 y*is a solution of (1). It is understood that none of

(4)

) The results of §§ 61—65 are due to Guichard, Annales de L’Ecole
Norm. Sup., ser. 3, vol. 14 (1897), pp. 467—516; vol. 15 (1898), pp. 179—227.

49 Note that if each y be replaced by iy, where i2= —1, a net p, O is
the projection in n-space of an O net in (n + p—1)-space. It is this point of
view that Guichard takes in considering these systems.
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the y’s are constant. Hence if we have a net so that the z's and
p—1 functions y satisfy > a*— > y® = const., we say that the
net is p, O and not p+41, O.

We say that the equations

(5) Yi=— ai1371+ v + aip—l:—y_P—ly (2 =1... P“‘“l):

define an orthogonal substitution, when the constants e;; satisfy
the conditions

p—1 -1 .
(6) i.;:“?jzly i§1a“ =0, (GFk).

When such a substitution is effected upon the complementary

functions y of a net p, O, we have 2= y® and consequently

the functions y serve equally well as complementary functions.
When there is a linear relation between the y’s, such as

(M Y1 +...+ ap—1 Yp—1 = Q,

where 2 a? ¥ 0, that is, when the relation is non-isotropic, we can
assume that > a? = 1, so that in the new variables y, we may take
51,_1 = a where a is a constant. Hence the net is p—1, O.

If, however, 2 af = 0, that is, if the relation is isotropic, we
can choose the orthogonal substitution so that (7) is reducible to

ap—2 Yp—2t Gp—1 Yp—1=a,
where now a®,_.-+a®_1=0. Hence
?P—l - —_—Ei:’ljp—2+ b,

where b is a constant. Since any complementary function may be
replaced by itself with an additive constant, we have

Pt =T AT

Hence the net is p —2, 0, and we have:
When for a net apparently p, O, there is an isotropic linear
relation between the complementary functioms, the met is in fact
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p—2,0; when there is a mon-isotropic linear relation, the net is
p—1, 0.
We say that a congruence is I, when its direction-parameters X
satisfy the conditions
2 X*=0,

(8) [0 X)2 9 X\?
Z(nlro Z{E)Ho
Since the X’s satisfy an equation of the form
00 __ 9logd 06 , ologB 60
©) dudv v 8u+ ou +00

it follows from the first of (8) that

ZaXaX

(10) ou ov

It is readily seen that these conditions are satisfied also when
each X is replaced by AX, where 1 is any function of % and ».

A congruence is p, I when there are p—1 functions Y satis-
fying (9) such that

2x-21=0
VEEEET e 2@

The functions Y are called the complementary functions of the con-
gruence p, I. We have also

0 X 0X 0Y oY
12 25050 = oy = O
When a congruence is 2, I, we may choose for the parameters
the X’s divided by the single complementary function. In this
case we have

P 2XoX
(13) 2xr=1, 2= =0
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so that a congruence 2,1 is the generalization of the normal con-
gruence in 3-space.

62. Nets conjugate to congruences I and p,I. In §5
we saw that if @ is a solution of (9), the functions z' defined by

R
(14) @ =

are the cartesian coordinates of a net N’ whose radii vectores from
the origin are parallel to the lines of a congruence @ of direction-
parameters X.

If G is a congruence I, we have from (8)

(15) D=0
and
'\t 1 aX\*2 aa’\?
Z(Bu)_?— (_37) + 0, 2(80) 0,
(16) / /
ox o -0
du dv

Hence N’ is a net (). In consequence of the second theorem of
§ 5 and the last of (16) we have:

All mets conjugate to a congruence I are O.

If G is a congruence p, I, the p— 1 functions y’ defined by

(17) Yy = “‘é‘

are solutions of the point equation of N’. In consequence of (11)
and (12) we have

) /\ 2 9 7\ 2 a /\ 2 8 7\ 2
(G =2l +e 2 =25 +o
(18) 0’ aa oy’ oy

&z . y __
du v 2 du ov = 0.

Hence in general N’ is a net p, 0. When, however,

(19) 0= Yi+...+ap1Ypy, (2at+0)
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there is a non-isotropic linear relation between the functions 3/,
and N’ is p—1, O (cf. § 61). When in (19),

(20) 2ai=0,
there is an isotropic linear relation between the functions y’, and N’
is p—2, O.

We have shown that the nets conjugate to the given con-
gruence are parallel to nets of the type (14), and are given by
equations of the form (I, 12). By means of the same equations
we obtain p—1 functions y from the functions 3. It is readily
seen that these functions satisfy equations of the same form as (18).
Hence the nets conjugate to the congruence are of the same type
as the parallel nets &'. In accordance with the fifth theorem
of §5 there are oo! of these nets parallel to each net N'. If we
call them a parallel family, we have:

Of the mets conjugate to a congruence p, I, there are

00?8 parallel families of mets p—2, O,
0?2 parallel families of mets p—1, O,
the others are p, O.

In particular, we have:

Of the mets conjugate to a congruence 2, I there is one parallel
SJamily of nets O, and all the others are 2, O.

The nets O arise from the case when @ in (17) is equal to Y.

For a congruence 3, Z, when 6 is equal to Y, +¢Y, or Y, —:¢ Y,
condition (20) is satisfied, and only in this case. Hence:

Of the nets conjugate to a congruence 3, I there are

two parallel families of mets O,
! parallel families of mets 2, O,
all the others are 3, O.

63. Orthogonal determinants. Since F'= 0 for an O net, it

follows- from (I, 3) that @« and b in (1) may be chosen so that

(21) a=VE b=Va,
in which case the normal parameters & and #° of the net, given by

22) 2z _vmE 2% _vay,

6u= 81):
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are the direction-cosines and are in the relations

(23) 28=2r=1 2ip=0.

In this case (I, 6, 7) become

; 28 g

(34) a0 ==Mnn, ™ = 7’";‘5,

and B -

(25) n = 17-7- 8_!_{9’ m = ——1_ 0 Vé
VE ou Ve ov

Consider now the orthogonal determinant

X! OXE..... X7
X:oX:... .. xn
" PR TR RREESEY
(26) X oXiw... X2
gL, gn
R LA "

the X's being functions of « and ¢ satisfying the conditions
n N n n n
@) 2XP=1 2XiXi=0, &Xi=0, DniXi=0.
i=1 7=1 ! 1=:1 i=1

Therefore we may look upon these functions as the direction-
parameters of » mutually perpendicular lines. Since the first deri-
vatives of the X’s of any row are direction-parameters of some
direction in the space, they are expressible as linear homogeneous
functions of the other terms of the same column. It is our pur-
pose to show that there is a set of X'’s such that the latter ex-
pressions take the simple form

0 Xx 0 Xy

™ = axé, — = by, k=12,.... n—2),

(28) - v

and

29 25 —;ak Xe—my, Z—Z— = — b Xe—n¥,

11
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the & 7 and the X’s in each equation having the same superscript,
and ax, bk, m and n being the same for all values of the super-
scripts of &, # and the X’s.

From (24), (28), and (29) we get

' 8% on
oudv  ou

= —2(——Xk—{— akbm]——-mkak) —7 —5-— +mng,

“—n+mné ’

i/ 3 by _
Budv _;('—Xk'i‘ ahbkl‘—naka)—g_&l_"*_mn,,]
:ME-{—mnvz,
°Xx Ak _ o
auav‘_“E‘F“k n 7]+bkml‘

Since there are n equations of each of these types, obtained by
letting the superscript : take values 1,2,....n, the following
2n 4+ 3 relations must be satisfied:

(30)

In consequence of (25) the last of these is equivalent to

o) 2 (2 E) 4 (G ) + S = o.

Whenever we have a set of functions satisfying these equations,
the system (24), (28) and (29) is completely integrable. Moreover,
from the form of the equations of the system it follows that each
set of solutions satisfies the conditions

X*+ &4 »* = const.,
B

(32)
| T XL XKt 55+ g = const
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Hence by a suitable choice of the constants of integration the
functions will satisfy (27). It can be shown, as in the case of
three dimensions [cf. § 65], that the most general solution can be
obtained from a particular solution by effecting an orthogonal
substitution with constant coefficients on the elements of the
determinant .7; thus

n n n
@8)  X{=eixj, &=, o'=aln.

A determinant of the type (26) satisfying the conditions (24),
(28), (29) and (30) is called an orthogonal determinant in space
of m dimensions.

Suppose we have 2n functions ¥ and % satisfying conditions
of the form (23) and (24). We inquire whether there exists a corre-
sponding orthogonal determinant ./ for which these functions are
the elements of the last two rows.

By purely algebraic processes we can find »n(n —2) functions
YJ‘.', t=1,....n;7=1,....n—2) such that

Yi...... Y»
Yn_z ceee Yx._z
§1. e '§n
7o, i

is the determinant of an orthogonal substitution. Since
n n
2YiE=0, 2Yigf=0,
i=1 / i=1 7

we have equations of the form
0Y:

ou — Tt 4

861;5 = Q¥+ By
(34) - . , oE ;
G = 24 Ti—m, - =1
ot — mE ont — ——ZBkY;i—nP';

ou v

11¢
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wherei =1,...n; j,k=1,...n—2(j ¥ k). Expressing the con-
dition of integrability of the first two equations, we find that the
functions P, Q, A, B must satisfy the following equations :

0 0
o Pjy— m Q1 =;ij . l’kz——;l’jk' Qri,
o B;
04;
“a‘l,J' ZQJI»Ak+ Bjm

We are interested, however, in seeing whether there is a set
of Y’s for which the first two of (34) shall assume the form (28).
Suppose we put

i L 1=—1,2....7n
Xi= i Yityh Yitd....+yh_,Yi_, (k: 1’2....71——2)’

where the y's are the elements of an orthogonal substitution of
order n—2. These functions X; serve with the &'s and 7’s to
make .7 (26) the determinant of an orthogonal substitution of order n.
We have accordingly in the general case equations of the form (34).
If, however, we wish the first two to be of the form (28), the
functions y must satisfy the equations

LD n—2 3?k n—2
(36) Jl +2./ —0, LI,
a/u j=1 J

The conditions of integrability of these equations reduce to the
first equation (35). But all of the latter are satisfied, and hence
there exist solutions of (36). Hence we have the theorem:

When 2 n functions & and 7 are known satisfying (23) and (24),
there exist functions XJz which with & and 7 jform an orthogonal
determinant 4.

From the form of (36) it follows that the functions y are
determined to within an orthogonal substitution with constants
coefficients. The effect of such a substitution on the y’s is equi-
valent to an orthogonal substitution of the form
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n—2
g j 7y
Xi= E 24 )Lj

J=1

on the elements of the columns of the matrix of the first n—2
rows of 4. Hence the last two rows of an orthogonal determinant .7
determine o to within such an orthogonal substitution with constant
coefficients effected upon the matrix of the first n—2 rows of .

When an O net is known, the functions § and % can be found
at once, and the further problem of putting its determinant in the
canonical form requires the solution of 2 (n—2) completely integrable
equations of the form (36). Guichard®) calls this a problem of
the order n—2. In particular for a net in 5-space this is equi-
valent to finding the direction-cosines of an O net in 3-space when
the rotations of its trihedral are known. In [§ 65] we saw that
this requires the solution of a Riccati equation.

64. Determination of O nets. We consider now the deter-
mination of the O nets corresponding to a given orthogonal deter-
minant. Kvidently the coordinates » of any net N arec expressible
in the form

n—2

(37) Z,j}h Xietq& -+,

the superscripts of x, X, ¥, and g being the same, and p,, ¢ and »
being functions of « and v independent of the superscript of 2. We
have now to find the conditions to be satisfied by p,, ¢ and » in
order that (37) be the equation of the net.

By differentiation of (37) we find

2 (--——— a,q )Xk+t (2 a pk+ + m;)—i— i (———-qm)

Bu =1

%% 2:;2( le);k byt )Xk-}-E (— __m)"!'” (2 g p"+ + nq)

Il

Equating these expressions to those of (22), we see that we
must have

50) L. ¢., p.500.
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ap, Opy
Erim U i
B8q __ TVE 04
(38) Au ;ak.pk m7+ E) Y =nr,
o _ _?i___Z'b — g+ V@
du - q, v - kpk q ’

where m and n are given by (25).
By differentiating these equations, we find that they form
a completely integrable system, and consequently their solution
involves » arbitrary constants.
We find also that a function px and the = functions X} are
solutions of the equation
926y ~ ologax 00k dlogbx 86y

(39) duov 0w ou du  ov’

Suppose now that we have a solution of any one of these n—2
_ equations, say p. From the equations

op om 5
o D dv = b

we find two functions ¢ and ». Then from the other » —3 equations
of this type we find by quadratures the functions px. When these
values are substituted in (37), we have an O net corresponding to
the given orthogonal determinant. Hence:

The determination of the O nets corresponding to a given ortho-
gonal determinant s equivalent to the integration of any one of
the n—2 equations of Laplace (39).

We shall speak of pr and X% as the tangential coordinates
of the O net defined by (37).

From (3) and (37) we have

(40) 20 = Dpb+ ¢+
Making use of (38), we find

(41) UL V57 35;’— =V
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As an immediate consequence of these equations we have the
theorem:

A necessary and sufficient condition that an O net corresponding
to a given orthogonal determinant be such that 2:7(:8 s constant s
that its coordinates be given by

n—2

(42) x = Zek Xk,

k=1

in which the ¢’s are constant.
When we have a solution 6 of the point equation (1) of an
O net N, the functions ¢ and » given by

(43) —— = V' Eq, = VG,

satisfy the fourth and fifth of equations (38). These functions and
the functions px(k = 1,....,n—2) obtained by the quadratures
(44) opr 0Pk

= == kg, oy bier,

determine an O net N’, whose coordinates are of the form

(45) o= 2 X+ q& +

and which corresponds to the same orthogonal determinant as N.
Since the p’s are determined only to within additive constants,
there are co”~2 nets N’ corresponding to a solution 6 of (1).

From (41) and (43) it follows that when # = w, N’ coincides
with . When 6 is a constant, we have the case of the preceding
theorem. Hence we have:

Each solution of the point equation of an O net N other than
o given by (3) leads by quadratures alone to "—2 nets N' corre-
sponding to the same orthogonal determinant as N.

By means of (40) and (41) we establish the converse theorem:

Each net parallel to an O net N gives by quadratures a solution
of the point equation of N.

65. Congruences conjugate to O nets. From § 5 it follows
that the direction-parameters of any congruence conjugate to an
O net N can be chosen so that they are the cartesian coordinates
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of a net N’ parallel to N, and therefore corresponding to the same
orthogonal determinant. These nets N’ are of three kinds.

1°. When the coordinates of N’ are of the form (42) with the e's
in the isotropic relation

(46) 2 e =0,

the congruence is I. Evidently there are oo®»—* such congruences.
2°. When in (42) the constants satisfy

(47) D=1,

the congruence is 2, I; there are o0”—2 such congruences.
3°. For the others, if we put

7] 1 ' - i '
Xi= 1% YIZ—‘Z(Z.’EL{-]), Y, = »f;(z.’rg-—]).

we have
Z 4Y2 — 1)’3_{_)722,

I ETRS AN ()40,

B o | o ou
N ?ﬁ)g_ K Xl)z_ (BY:) (,Bf_‘i)z-,
2’(87:, (B’U, v “-2.81) 0.

Hence all the other congruences are 3,1, and we have:

Of the congruences conjugate to an O net in n-space, ™ * arcl,
con=3 gre 2,1, and all the rest are 3, 1.

In view of the second theorem of § 64 and the above resnlts
we remark:

1°. In 3-space of the congruences conjugate to an Onet, onc
is 2,1 and the others are 3, 1.

2°. In 4-space of the congruences conjugate to an O net, two
are I, their parameters being X;-+7X, and X;—iX;; o' are 2, ]
and the others are 3, 1.

66. Transformations F of an O net for which the con-
jugate congruence is normal to the net. A congruence of
direction-parameters X is said to be normal to a net N(x), if

N 0x o
(48) Z,X%—lz — 0, ZXTU = 0.
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When we take for the direction-parameters the cartesian
coordinates =’ of a suitably chosen net N’ parallel to N, these
equations of condition may be replaced by

Zx'éx;“O Zx'ﬁx—‘,—~0
duw ov

from which follow
s o 02’ 02’ dx dx
49 2=k 2 =0,

Bu ov

where k& is a constant. Hence the congruence is I or 2, I, according
as k is zero or not, provided that

ox\? o [0x)\?
(50) 2> (5;) +0, 2 (3;) $0,
which we assume to be the case. Furthermore from (49) we see
that N and N’ are O nets. Hence:

A congruence conjugate to a met for which (50) holds can be
normal to N only in case N is an O net; then the congruence is
Lo 21

Conversely :

A congruence 1 or 2,1 is normal to the O nets conjugate to it.

If a congruence G conjugate to an O net N is normal to N,
it follows from the second theorem of § 64 that the coordinates i
of the parallel net N determining the congruence are of the form

n—2
(51) &= Do Xr,
k=1

where the ¢’s are constants. By differentiation we have in con-
sequence of (22) and (28)

oz ~ D oL a0z
(62) " e oy
where
(63) s SV enax i "Z_:z ex bx
b= > 2Tk = .
=V'E' =LV G
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An F transform N,(x,) of N for which & is the conjugate

congruence is given by (§ 15)

(54) .’L’o——".’l?'_%.’i',

where 6 is a solution of the point equation of N, and

20 . 00 20 .06
(65) [ T TR T
It pr are the solutions of (43) and (44) for this function 6, we
find that these equations are satisfied by

n—2
(56) 6 :k§ ex Pl

We assume that it is this value of # which is used in (54) to
determine N, (cf. § 17).
From (II, 9) we have

dxy T (.06 Aaa:) 9y a (.60 ~691;)
—_— = 00— —_—= -0
(67 ou 02 (l du du/’ dv 62\ dv ov/’
and consequently
8%, 0, w( .3 00 00 Oz ~00 Y ~ao)
—_—— = P 22— 00— —2x—0—).
Eau ov 04 Z‘T ou ov 1811, ov Yov " o

When the congruence is I, that is when (46) holds, then

ou ov
O nets (cf. § 62).

When @ is 2, I, that is when (47) holds, we have from (58)

= (), whatever be 6. Hence all the /' transforms are

Ox Bz 000 06y
(59) 2 du 9w du dv =0,

where 6,, given by
(60) by = — =
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is the solution of the point equation of N, which determines N as
an F transform of N, (§ 16). Since (59) is the condition that
2z —6° be a solution of the point equation of N, we have
that N, is a net 2,0, 6, being the complementary function. Further-
more from (54) and (60) we have

(61) De—azp)® = 02

From (44), (56), (59) and (60) it follows that, when 6 in (43)
is constant, N, is an O net and is parallel to & (§ 16). Hence:

The F transforms of an O net for which the congruences of the
transformations are mormal to N are O nets and 2, O nets; when
the transform is 2, O, the complementary function is equal to the
distance between corresponding points on N and the transform.

When in particular 6 = w, we have from (52) Qx4 = o,
where w is the corresponding solution of (55). Hence Zx?, = 02,
that is, the hyperspheres with centers on A, and radii given by
6y pass through the origin. KEach of the co®—3 congruences normal
to an O net is conjugate to a net of this kind®').

67. Transformations F of O nets into O nets. In § 65
we saw that in n-space the congruences conjugate to an O net
are I, 2,1 or 3,I. In the preceding section we discussed the
transformations ¥ of O nets for which the congruence of the trans-
formation is I or 2,I. We consider now the case where the con-
gruence is 3,I. We recall (§ 62) that in addition to N and its
parallels there is one other family of parallel O nets conjugate to
the congruence. We shall make a study of the transformation F
of N(x) into one of the nets of the second family, say N (xz).

We recall from § 15 that the coordinates of N, are given by

(62) Ty = x———gra;',
where

o’ dx 9 dx
(63) ow " o0 Lo

51) Similar results follow when 6 = %E (x—a)?, where the a's are con-

stant. In this case the spheres pass through the point whose coordinates are
the a’s. We shall refer to this as the case where § = w.
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and
26 00 06’ 00
(64) i e v
Also we have
o T 90 ax ax ¢ 96 o'
3171= 6'%h (xlﬁ_u—ol 810)’ - ( ’——_‘O,_ﬁ_)’

PR

65)

“or e
v and o having the values
(66) r=ho—4¢, c=100—4¢.

From (65) it follows that a necessary and sufficient condition
that N; be an O net is that

/ ’ / / / x
2999 Sye g 20 3000 20 3%,

(67) ou o0v ou *81,_ ov

This equation is satisfied by

(68) § = -i« D,

The coordinates 2’ of the net N’ parallel to N which are the
direction-parameters of the congruence of the transformation are
of the form

(69) 2 =2 pe Xt ¥+,
where px, q and r satisfy equations (38) with £ and G replaced

by E' and &', the first fundamental coefficients of N’. Hence
equation (68) may be written

(70) 0 = %2&:’2 = —%—(Zpﬁ-{- ¢+ ).

The corresponding function 6 of the transformation is given by
the quadratures (64), which are reducible by means of (38) to

(71) 9 _VE, Z_g —VGr.
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From these equations and the results of § 64 it follows that 6 is
the solution of the point equation of N which determines N’. Hence
0 is given by a quadrature and the additive arbitrary constant leads
to a family of parallel nets &, (§ 16). Accordingly:

Each net N' parallel to a given O met determines oo parallel
O nets each of which is an F transform of N; they are obtained by
a quadrature.

Conversely, if 6 is any solution of the point equation of N other
than w, and N’ is any one of the co”~2 nets parallel to N determined
by 6 (§ 64), the function ¢’ defined by (70) satisfies the corresponding
equation (64). Hence:

Each solution of the point equation of N other than o leads to
=2 () nets Ny (1) which are F' transforms of N, the coordinates x,

are given by
!
(72) ay = —2 %ﬁ,
x
where
n—2

\ 30 1 56
(13) x szk it VE’ 8u'£ Va 3—0%

the functions p, being obtained by the quadratures

(74) _d_{?" %006 Q_"_ — by 26
du V' E b0 V@ ov’

Moreover, all of these mets Ny (xy) are harmonic to the congruence
harmonic to N determined by 0.

68. Transformations R. The nets N, and N, defined by (54)
and (62) respectively form with N a triad (§ 20). From (51), (69)
and (56) we have

(75) Z:L‘/ z :Z €Dy = 9.

Consequently we obtain from (65) and (60)

3 r—an) 22 =0, 2 (e —ao) ax‘ =

ou

2(@’1 xp)* = (‘—)2— 85
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From these equations and (61) we remark that the hyperspheres
with centers at points of Ny and radii determined by 6, are tangent
to N and ,. Since there are oo”—% congruences 2,1 conjugate
and normal to N, there are co”—32 nets N, forming such a triad
with N and ;. Hence:

If N and N, are two O nets in the relation of a transformation F,
Jor which the congruence is 3,1, there are oo™ =3 two-parameter famailies
of hyperspheres tangent to N and N; the locus of the centers of
the hyperspheres of any family is a net Ny which is 2, O, the com-
plementary function being the radius of the hypersphere; the mets
N, Ny and N, form a triad under transformations F.

In view of this result we call the transformation from XN into
N, a generalized transformation of Ribaucour®®), or simply a trans-
Jormation B. We call the corresponding net N, a central net of
the tramsformation.

From (63), (64) and (68) we have

oz _ 26 Jox _ 26
(76) 2.’1: du  ou’ Zw v v’

By means of these equations, (57) and (75) we find that

Zx’a—"'”l:o, Z‘x’%—’j’zo

ou
Hence:

The tangent planes of N, are normal bisectors of the joins of
corresponding points of N and N;.

Also it follows from § 17 that:

Corresponding tangent planes to N, Ny and N, meet in a line
generating a congruence harmonic to each of these nets.

By means of N’ we can obtain a transformation R of any net
parallel to NV (§ 67). From the above results we obtain the theorem:

When a transformation R of a net Nis known, a transformation B
of any met N parallel to N can be found by a quadrature; the
transforms of N and N are parallel, as are also corresponding
central nets of the transformations.

52) In his study of cyclic systems Ribaucour considered two-parameter families
of spheres in 3-space upon the sheets of whose envelope the lines of curvature
correspond. The relation between the two sheets has been called a transformation
of Ribaucour.
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When in particular N is N’, the transform of N is the origin,
as follows from (62). This is the case treated at the end of § 66.
From (II, 1) and (68) we have

o 2x'
1= o

OFE
Hence:

When N and N; are Onets in the relation of a transformation R,
the nets N' and N1 whose coordinates are direction-parameters of
the congruence of the transformation may be obtained jfrom one
other by inversion.

In § 75 we shall show that only for certain types of O nets
do there exist transformations F' into non-parallel O nets which
are not transformations K. Hence:

In general am inversion is the only radial transformation of
an O net into an O net.

The function »,, where

(1) 2w, =2 a2,

is a solution of the point equation of N;. We wish to show,
furthermore, that , is the transform of w by an equation analogous
to (62), namely

(78) w, = w——g,»w',
where o' is defined by

dw’ dw d dw
(79) i M PR P

When the expression (62) for z; is substituted in (78), the latter
reduces to

(80) 0+ o' —2 za’ =0.

By differentiating the left-hand member of this equation we find
that it is constant. Hence the additive constant of ' can be
chosen so that (80), and consequently (78), is satisfied.

69. Transformations R in another form. From (65)
and (68) we have

_ a.xl 2_ K . 611}1)2____ GQG
(81) Ex—Z(‘g,‘;) =g 01—2(6—0' =g
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If we choose the algebraic signs of V' E, and V' @y, so that

e _ gl
(82) T=20 E’ c=20 Gv

we have from (66)
@ =T+ VB) =L ).

If we define a function w by

(84) "= Quw,
equation (70) becomes
n—2
(85) kZ it —20mw = 0.
=1

The equations (62) of a transformation B may be written

1 n—2
(86) n=z— (glpk X+ q§+r11),
where the functions involved satisfy (85) and
30 7 26
_ﬁ_l/ﬁq’ av =Var,
op, f_]_’l_c —
ou kD v "
og 'S 1 al/E ;
- { rovlen kglakp,L Y r+w(VE+ V'E, ),
2g 1 V@G o 1 oVE

- v VE du "s v Vg v K

) n—2 — q
o S L AVE L varva),

ov k=1 V'E ou
3 logw = ¢ ologw Va s
du —VE‘e’ 0 L G
53) The expressions for Blgigtrw and algiw follow from (64), (71), (83)

and (84), and those for -—g—% and % are obtained by differentiating (85).
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The integrability conditions of this system of equations are satis-
fied provided that 6 is a solution of the point equation of N and that

(88) v Vg v
2Ve = 1 V@ q
. *I/E,(VE Sy —(Ve+Vva) )

as can be verified readily with the aid of (21), (30) and (31). More-
over, any set of functions satisfying (87) make the left-hand member
of (85) constant, as can be shown by differentiation.

If we write

o sy ou L
) WvEs, B va,
it follows from (65) and (82) that
(90) § = -oq,— 2=, 7y = };7 a'—.
If we define functions Xi i by

(91) Xy )= ngf-x'~xk h=1,....0—2),

the functions &, 7, and X; » satisfy equations of the form (27).
By differentiation we have

o0& 0
0 8—1)1 == Ny Ny 5%‘ = m &,
(92) 0 X1k P 3_)_{1 k1,

du  mESD dv 1k
where

nl—n——(l/G—{— Va,), ml—m——(l/E—F V'E,),

(93) / o .
ay, k= ak——(VE+ VE), b= b,c—"—,;‘(l/aqL V' Gy).

Hence (§ 63) the functions &, 7,, Xi,x are the elements of the
orthogonal determinant corresponding to N.
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70. Inverse of a transformation R. Let p.!, ¢, %,
w1 denote the functions determining the inverse transformation by
means of which N is obtained from A, so that

1
xr == wl—F(Zp;IXl’k+ Q—1§1+7'~17ll)- ’

When this expression for (z—ux;) is equated to that given by
(86), and Xi , & and 7, are replaced by their above values it is
readily found that

Pt = 0Pk, 7 = ey, rot= e, W= —ouw,
where ¢ is to be determined. When we require that these functions
and 6! satisfy an equation analogous to (85), we find that
6—1= —p6. Comparing this with (IT, 19), we have ¢ = 1/6’' -~
1/6w. Hence

1 . P —1.. 4

(94) P 0w’ ow’
1= ~~~':f~, wl==— --1~, 6~ 1= -— ‘1*
6w 0 w

By means of (93) we show that these functions satisfy a system
of equations of the form (87) for N;.
From (51), (54), (56), (60) and (91) we find

(95) 2y — Xy — 0020]{ X],k,

which shows that the parameters of the congruences conjugate to
N; and N, and to N and N, are the same linear functions of the
quantities Xi,x and X respectively.
71. Transformations R in tangential coordinates. [.et
Pr, Q@ and R denote the tangential coordinates of an O-net N(x).
They satisfy (cf. § 64)

oP, 0P
o6 ou = @, dv = be B,
(96) ow ow

—— = E —_— = G
VEQ —-=VGE,
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where o is given by

(97) 2w = X Pi+ Q*+ R
Also we have
(98) x = 2 PcXx+ QE + Ry,

Equation (80) may be written

(99) o =2 P,p,+Qq+Rr—8,

where p,, ¢, » and 6 determine a transformation B of N into an
0O-net N; (x;), whose coordinates are of the form

(100) w =2 Pri Xo.+ Q&1+ Ry,

the functions Py %, . and R, being the tangential coordinates of ;.
In consequence of (86), (90) and (91) we have

’ / /
()

101)  Po= " p—P, @q=-rq—Q R=2r—R
0 0 6

These formulas and (91) define the given transformation R in terms
of the tangential coordinates of N and V.

72. Theorem of permutability of transformations R. We
apply the theorem of permutability of transformations # to the
case of transformations R, and assume that N; and N; are two
R transforms of & determined by functions 6, and 6, respectively,
and nets N’ (') and N” (2").

Now the analogues of (68) are

(102) Dat=26]  Da" = 26}.

Making use of (II, 31), we obtain

90 s 02 06 _s o
ou  “~% dv =2 v’
(108) 080 0 06 0
2% "nox R n9%x
du 2 ou’ v 2 bv’

12*
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By means of these results we establish by differentiation that
gm’ x”— 67— 05 is constant.
From the above and (II, 33) we have

(104) 3 (o) = 2 0y — 2%‘,— O o' — o).
1

The functions 681 and 65 are determined to within additive constants.
Hence there are oo! cases for which

(105) 2 a"—6y—6) = 0.

Then, as follows from (II, 38),
. " 1 ¥ "z
(106) 01f = 5 2 G

Hence, by § 67, Ny is an R transform of .

As (105) is symmetrical in functions of the two transformations,
Ny is an R transform of N, also. Consequently:

If N, and Ny are R transforms of an O net N, there are oo!
O nets Nyg which are R transforms of Ny and Nz, and they can be
Jound by quadratures®®).

The transformations from N into N, and N, are given by
equations of the form

a0 wi=a— ?l];— (Zpi.k Xk+ qi§+ r; 77) (/=12),

where the functions p, ¢ and » are solutions of (87).
If we write the coordinates of N1’ (x}""), which are the direction-
parameters of the transformation of NV, into a net NV;, in the form

(108) xy = ;pm,kXI,k+ Qe &1+ e,

%4) This theorem is the generalization for n-space of the similar theorem for
3-space established by Bianchi by applying the Lie line-sphere transformation to
the theorem of permutability of W congruences; cf. Rendiconti dei Lincei, ser. 5,
vol. 13! (1904), p. 361.
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72. Theorem of permutability of transformations R

it follows from (II, 33), (90) and (91) that

’

65 05 02
(109) prox= PPLET P =Tl =
1 1 1
These quantities satisfy the relation
lprz, kgl +rh = 2617,
I

and also because of (II, 37) the equations

26 — 26 —
vb_z;i =V Eiq, o= VG,
Oprs, i 0 1o,k
‘%%* = 1,k i3y —I;T = bl,k Fs.
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The tangential coordinates of NV, are given by the following

formulas which are analogous to (91) and (101):

n

yatys m w1
Xl?, k= xr _Xl ky P12,7£ == "0"1 1)12,76 ———-Pl,ky

o
(1]0) " "
® w
Q12 = ;;?l]m—Ql, Ry, = 0;1,2; ¥ le_Rly

where 61 is given by (I, 38) and

"
(111) of' = w'—ra

When these expressions and those from (101) and (109) are sub-

stituted in

(05" —6Y 2" ) py, 1. -+ (67 ' — 012"
4¥12,k = ch+ )pl ;-;ISI : ' )Ih k
1U12
Q49 k+ Q k . 2 + 2
Pl). k= P + 2] = 01 oin 1172 ) Ql2 = Q+ ___qé_]la_{?_l_(b
. Ly1y + 275

h R12 - R+ 0{ 0;{; )
where
(113) 'Q] i oil (l),—' oiwll’ !‘.2 — 02&)" oél 0)’,

we find that they are satisfied.
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Since the first of (112) involves the direction-cosines of X,
the coordinates of N’ and N”, and solutions of the point equations
of N’ and N”, we have the theorem:

If N, M, Ns, Ny form a quatern under transformations R, N
is any net parallel to N, and N, and Ny are R transforms of N
parallel to Ny, and N respectively, lines drawn through points of
N, and N parallel to the joins of Ny and Ny respectively with Nys
meet in points of a met Nys parallel to Ns.

73. Cyclic congruences. Let N(x) be any net and , (z;)
an F transform defined by (62). The tangent planes to N and N
meet in the lines of the congruence harmonic to N determined
by 6; the coordinates y and z of the focal points F, and Fj of
the congruence are of the forms (II, 22)

0 ox 0 ox
(114) Y=g gy 2= 2=
ov Bu

If M and 3, denote corresponding points of N and &,;, a necessary
and sufficient condition that Fy M == F, M, is that

06’ oo’
e - iy, —
Zx 3 221 5 0 0.

Hence in order that F, M = F, M, and Fy; M = F; M,, it is necessary
and sufficient that

o' =cD 22 o Dat=0,

where ¢ is a constant different from zero. In this case N is an
O net, and N and N, are O nets. Consequently (§§ 66, 67):

When N and N, are in relation F a necessary and sufficient
condition that each of the focal points of the harmonic congruence
of the transformation be equidistant from the corresponding points
of N and N, is that N and N, be O nets in relation R, or con-
Jugate to a congruence 1.

We consider the case for transformations £. In consequence
of (22) and (87) the expressions (114) are reducible to the forms

(115) y=ax—Ry7, z=ux—R,§
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where

(116) R=" B2

From these equations and the preceding theorem it follows that
the hyperspheres, S; and S;, with centers at the focal points and
of radii B, and R; pass through corresponding points of N and of
each of the oco” -2 R transforms of N by means of 6 (§ 67). More-
over, since

(117) 2 (y—2)* = R*+ R},

S, and S; meet orthogonally. From the fifth theorem of § 10 and
the second of § 67 it follows that the hyperspheres with centers
at the focal points of any congruence harmonic to an O net N and
passing through points of NV meet orthogonally and pass through
the «o”—? R transforms of N determined by the solution 6 of the
point equation of N which determines the harmonic congruence.
We call them focal /iyperspheres of the congruence. In 3-space
S, and 8, are spheres meeting in circles orthogonal to oo! R trans-
forms of N, that is in circles of a cyclic system. Conversely, in
[§177] it was seen that the O nets orthogonal to the circles of
a cyclic system are harmonic to the congruence of axes of the
circles. Hence we say that for space of any order any congruence
harmonic to an O net is a cyclic congruence.

From the last theorem of § 13 we have the theorem:

If the direction-parameters X of a cyclic congruence are solutions
of the equation

00 _ ologd 96 , ologB 06 , ,
(118) dudr  dw 8u+ du Bv+('0’
then
(119) 2 XP= U4+ VE B,

where U and V are functions of w and v alone respectively.

In § 16 we show that the condition (119) is characteristic of
cyclic congruences.

If we put X = y—¢z, equation (117) is a special form of (119).
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In fact, from (I, 54, 55) we have

oy _ ologRy 0z _ olgR,
! v

(120) u ou

If we express the condition that X satisfy (118), we have
(121) R =AU, R; = BV,

where U and V are functions of » and + alone respectively.

74. Multiply cyclic congruences. [.et N and N, be two
O nets in relation ¥ and let G denote the harmonic congruence
of the transformation F. If IV and N, are R transforms of one
another, the focal hyperspheres with centers on the focal nets
of (¢ and passing through points of \" also pass through the corre-
sponding points of N;. If, however, .V, is not an R transform
of N, then there are at least two pairs of focal hyperspheres
associated with . If we denote by R, and R, the radii of the
focal hyperspheres passing through points of .V, it follows from
(121) that £t = U, By and By = V| R, where U, and V; are functions
of w and v alone. From (111) it follows that I* 4 R? = R + R2.
From these two conditions we find that the functions R must be
of the forms

Ri=Ul Ry=Vh R =LV Ui—¢, Ry~ +2V V¥tg

where ¢ is a constant and A is to be determined.
From (114), (115) and (122) we have

(123) 26 _ VE g 9 V@ o
ow U 2 vV i

Since # must satisfy the point equation of N, namely

. %0 ologV'E 00 | dlogV' G 28
(124) dudy  dw du + an  ov’

we must have

(125) 2 10g t — V1 2 VE el U 1 Ve
o BT U Ve v o0 81T TV VR o
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The condition of integrability of these equations is

aze 2 (V 1 al/E) i(_b:__l__ a_l{_@_)
UVeaeg v ou\V V'E ou
From this equation and (81) we have
1 o VE
2 &y T 1 ___
w +V) (l/(' ov )
s 1 ale , 1 o VE .
=UU ‘I—/": ™ —_—T "I—/F Py —U ;akbk,
(127)
1 V@
2 2, - .
@l v )
o ,,1al/G , 1 aVE
= UV = =+ VV e = V2 2 aibr.

When a net N satisfies conditions (127), the function 6/ is
found from (125) by a quadrature and then 6 from (123) by an-
other quadrature. Since these conditions do not involve the con-
stant ¢ in (122), it follows that:

When a cyclic congruence admits more than one pair of focal
Lyperspheres cutting orthogonally it admits an infinity of pairs.

In this case we say that congruence is multiply cyclic.

The constant factor of integration of (125) can be taken equal
to unity in all generality, but the additive constant in (123) gives
a family of parallel multiply cyclic congruences. Hence:

When an O net N satisfies the conditions (127) there is a unique
Jamily of parallel multiply cyclic congruences harmonic to it, which
can be found by quadratures.

75. Transformations F of O nets into O nets which are
not transformations R. We return to the consideration of the
O nets N(z) and N, («;) harmonic to a multiply cyclic congruence,
and such that the focal hyperspheres of radii B, and R, given by
(122) pass through points of N;,. If we put

o mosfE -2
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then from (115) and analogous equations for ; we have

Ry, oz R ox R oz EEN
1 €X=———" - — —_ J— ———— I .
(129)z V§ v =n Va, v’ ! V'E %u h V'E, 2
Substituting in these equations from (62), (122) and (65), we get
(130)VE, = —— VL V=, Va,=7F g,lﬁa-lfvurc.

When these expressions and those given by (65) are substituted
in (128), we get, in consequence of (63), (64) and (123),

e )_ L VE L a(_ln )_ Ve
(131)8“(0,293 b= g g 2t = el 4

0’ 91
It we put _
(132) de VE A de _ ___I{_Gl
bu U ¢ v vV e

we find that these equations are consistent, and that ¢ so defined
is a solution of (124). Consequently o', defined by

: 0 _ 00 0¢ 3¢
(133) du =5 o’ dv ¢ v

is a solution of the point equation of the net A’. Hence the
integral of (131) is
(134) 2at=rc0'y,

where ¢’ is determined only to within an additive constant.
From (129) and (62) we have

.Ro o 0 ) .R—g 0 Xy R] ox 0 ’ 1{1 3:L‘,

Ve v 67 Ve, ov’ VE w60 V'E, du’

Squaring these equations and summing for the 2»’s, we have, in
consequence of (122) and (134),

(135) 22111—7(0—",——%/), 2o k= (”9+ )
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The coordinates 2’ of N' are expressible in the form (69), where
the functions p,, g, r are subject to the conditions (cf. 35):

apk Bpk_
Y Ty D
1 3VE 8g 1 VG
136) ; W o == r+hVE, EE_T/‘E T
ar 1 BVE 87 e —
w Vg ov o Zb"p" VE du +HiVe.

From (135) and (69) we have

_c(6d 6 ,.me__f’e_’,_é’,)
(137) 2q_U(l+01), 2,..1,(/1 1.

Substituting these expressions in the last four of equations (136),
we obtain

WV EU =0 = U 2ep,— U0 g+ (U*+V’>T/% S

?
v !

138)
7 2 V@
VE ou ¢

In consequence of (30), (127) and (136) these expressions for /
and ! satisfy the equations

WVGE(VEto) = V";bkpk—VV’r—l— U+

dl dlog V'E ol dlog V'@
(139) 2= = (—") Oi&‘_’ o= (h—1) %{F"

Hence equations (123), (125), and the following in which ¢, », %

and ! have the expressions (137) and (138) form a completely
integrable system:

8plc_ apk__ .

u D v bt

2 _,VE1L a3 __,VG1
(140) o T o w TV o

20 _,VEo 20 VG2

du v i’ vV 8
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In addition to ¢ the complete integral of the system involves
n 41 constants of integration, since for each set of solutions the
left-hand member of

(141) 2])}-2 + g2+ 1r2—co'e’ =0

is constant, and in order that (134) be satisfied, we must choose
solutions satisfying (141). Therefore we have the theorem:

If an O net N satisfies the condition (127), it admits co™?
transformations F into O nets, which are not R transforms of N
the harmonic congruences of these transformations are multiply cyclic.

76. Nets 2, O. Let N(x) be a net 2, O in n-space, the
complementgry function being y. Then a®,...., 2™, iy are the
coordinates of an O net N in n 41 space. From § 65 it follows
that there are oo”—3 nets N’ parallel to N for which

(142) Dalt=y2

We say that such a net N’ is a special net 2, O. Hence there
are co™®—3 gpecial nets 2, O parallel to N. If N’ is a special net,
we effect the transformation F' of N by means of the solution y
of its equation and the conjugate congruence of direction-para-
meters «/, so that the coordinates x, of the transform N, are of
the form

(143) Ty = :r—l,x'.
Yy

Tn consequence of (142) we have

(144) Dy —a) =y

Also in consequence of (142) and the equations

o' ox ox ox 8y oy 0y dy
1 e == ) —— _—== ) = 5, — = [
(145) ou h du’ ov ! v’ ou : ou’ ow ! ov’
3x1 81'1
ou ov

we have from (143) by differentiation = (), that is &,

is an O net.
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Consider two of these transforms N, and N; by means of
two parallel special nets N'(z’) and N”(x"”) satisfying (142) and
D'zt =y In consequence of (145) and analogous equations we
find that
(146) 2l —y " =

where ¢ is a constant. Since N, and N; are transforms of N by

means of y, the nets &; N, and N, form a triad (§ 20), and N,

is an # transform of N by means of —y/y’, and the corresponding
"

solution — y"/y' of the point equation of the net N7i’, parallel to
N, whose coordinates are given by (cf. II, 33)

(147) ) = " — 25 2,
In consequence of (146) and (142), we have
14
2"y = —20ts,

Hence if ¢ = 0, the conjugate congruence of the transformation
from N, into Ny is I. If ¢4 0, N, and N; are in relation R (§ 67).
Hence in consequence of (144):

If N is a met 2, O in n-space, the complementary function
being y, the net N admits com=3 F transforms N; which are O nets
and the corresponding points of these mets lie on the hypersphere
of radius y and center at the corresponding point of N; moreover,
any two nets Ny and Ny are R transforms, unless the comgruence
of lines joining corresponding points of Ny and Ny is 1.

When, in particular, N is a net 2, O in 3-space, it follows
from the last remark of § 65 that there are two special nets N’
parallel to N. Moreover, there are no congruences I conjugate
to an O net in 3-space (§ 65). Hence:

If N is a non-special 2, O net in 3-space, the complementary
Junction being y, on the envelope of the spheres of radius y and
centers on N the parametric curves form O nets in relation B with
one another and in relation F with N.

We return to the consideration of a net N in n-space which
is 2, (), the complementary function being y. Let N’ be a parallel
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net; then equations (145) hold. If @ and 6’ are corresponding
solutions of the point equations of N and N’, the equations of
the form (62) define an F transform N; of &, and the point equation
of N, admits the solution

/

— g2
y1 y 0/ y .
From these equations we have

2
148) Zat—yt = Zar—y'—2 o (Taa —yy)) + 5 (Za'— ")

Since X x?— y*is a solution of the point equation of N, the
function ¢’ defined by
oa’

90 5 0 (e 90" 0 . s
(149) Bu—hau(zx y)’ av——lav(Zx ]/)

is a solution of the point equation of N’. If N'is a special net,
a solution of (149) is ¢’ =2(2xx’——yy’), and equation (148)
becomes

(150) St —y =2x2—y2—§a'.

Consequently 2 xi—y} is the solution of the point equation of &,
corresponding to the solution 2, 2®—y?* of the point equation of N
whatever be 6.

If N'is not a special net, a solution of its point equation is

0 =5 (Za—y)
and the corresponding solution of the point equation of N is given by

060 , 0z , 0y 00 4, 0x , 0y
du —Zx w7 v —_2@ YRR T

In this case a solution of (149) is
o = 2(xa'—yy —).

By means of this function equation (148) is reducible to (150). Hence:
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If Nis a net 2,0 and N' is a parallel net which is not special,
an F transform N, of N which is 2, O can be found by a quadrature,
if N' is special, each solution of the point equation of N determines
an F transform which is 2, O.

Exercises.

1. A net N’ parallel to a net N which is p, O is p, O, the complementary
functions of N’ being solutions of its point equation corresponding to the com-
plementary functions of N.

2. Of the O nets corresponding to a given orthogonal determinant, those
defined by

n—2
€r= ch X Ee,‘i =0,
E=1 k

where the ¢'s are constants, lie on the hypercone 2x? = 0, and any such O net
is 8o determined; for such a net

VE =3¢, ay VG =2Ze,0,
k k

3. If N is an O net on the hypercone Zx?=0, and G is any congruence
conjugate to N, the developables of G meet the hypercone in a net which is an
R transform of N; for this transformation

8=zekpk, w = 0.

4. If N; and Nj are R transforms of a net N and all of these nets lie on
the hypercone Zx? =0, so also do the nets Ni» which are R transforms of N,
and Na, in accordance with § 72.

5. A congruence parallel to a cyclic congruence is cyclic, and for co! of
the parallel cyelic congruences the circles of the cyclic system pass through
a point (cf. § 18).

6. The equation of Laplace satisfied by the direction-parameters of a multiply
cyclic congruence has equal invariants.

7. If N is an O net harmonic to a multiply cyclic congruence @&, any net N'
parallel to N possesses the same property, and the multiply cyclic congruence
harmonic to N’ is determined by the solution of the point equation of N’ corre-
sponding to the solution determining G.

8. Any congruence parallel to a multiply cyclic congruence is multiply cyclic.

9. If N is a net 2, O and N, is any O net conjugate to a congruence 2,1
conjugate to N, the distance between corresponding points of N and Ni is the
complementary function of N.
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10. In order that the first and minus first Laplace transforms of a net N
with point equation (1) be O nets it is necessary that @ and b can be chosen
so that

@ Y=y, 3()y= (L)

From (I, 8) it follows that we must have

(00 dx dx)*_ (b 0a 0% _ 8%a_ iz 0w
\3u) (81:) ( ou 81») = "\Bu 0v dudv  dudv “ju dv

=b(8b da 0%a a%b ox Bac)

Ou 0v Oudv Ouodv u ov/

The consistency of the equations (ii) necessitates the condition

b Oa . 2q 0%b
(iid) u ov (_~ - —) Buav —b duor
When this condition is satisfied, the equations

. dlege 1 0b dloge 1 da
(@iv) ou

~ a 0w’ ov b 0w

are consistent (Cf. II, Ex. 12) and (ii) may be replaced by

ox Ox 0*
i Fu 5o = P Fuse 08"
When (i), (iii) and (v) are satisfied, the net N possesses the desired property.
We call it a G net.
11. The point equation of a @ net N admits the solutions

O = 2x*— a?, 0y = Zx?— b2

The first Laplace transform of 6, is Sx? and the minus first Laplace transform
of 6, is Sx2,, where x, and x_, are the coordinates of the first and minus first
Laplace transforms of N.

12. Any net parallel to a G net is a G net. From (II, Ex. 12) and (iii)
of Ex. 10 it follows that two of these parallel nets have point equations with
equal invariants, and are associates of one another. If the point equation of
one of them is written

@) 026 Ologs 96 | Ologs 00
dudv 0v 0w ou 0v’

in place of (i) and (v) of Ex. 10, we have
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o Z(Bu) (Bu) Z( ) ( ) %%: 28:?281' g

A net ¢ of tis type we call a net G,.

13. The point equation of a net G, admits the solution 6, = I¢*— o2
The first and minus first Laplace transforms of 6, are S and Sx2,.

14. Show that the radial transform of a net G, by means of the function
0, = Ixr?—a”is a net G,.

15, If a G net N is subjected to a transformation F' for which the direction-
parameters of the conjugate congruence of the transformation are the coordinates x’
of one of the nets Gk parallel to N and the function #' of the transformation is
Sx'?— o? the transform is a G net, and its Laplace transforms are R transforms
of the corresponding Laplace transforms of N.

18



Chapter VII.
Transformations of Ribaucour.

77. Orthogonal determinants and O ngts in 3-space,
In the case of 3-space an orthogonal determinant is of the form

X' X?
(1) Ad=|§E...... g
7 73
Now
0X X b
ou ’ ov "
08 _ _ .x—, K2
(2) Y aX —my, o = M
L/ | N e
B S v bX—ng,

whereas it follows from [§ 65] that

f— D __VE po D _ Ve
' VE e’ Ve 0
3 | m= L 3VE . 2V @
Ve v’ “VE ou
ba b ' 0b
v D w %

where ¢, and ¢, are the radii of principal curvature of an () net
corresponding to 4.

When an orthogonal determinant is known, the coordinates of
a corresponding net are of the form (cf. VI, 37)
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(4) x = PX+Q§+ Ry,
where, as follows from (VI,38), P, @ and R satisfy

0P D oP D’

W= TVEY W v
Q__ D , 1 aVE Q_ 1 aVap
au“ViP Ve B+ VE, v VE ou
oR 1 VE 9R D" 1 V@ :
v vVa ov % = ’l/z;zP VE ou e+Ve.

78. Transformations R in 3-space. In 3-space the equations
of a transformation £ of an Onet N(x) are of the form

®) r = 2—- (pX+qE+r)

where, as follows from (VI, 87, 88), the functions satisfy the equations

Ve =1 aV@
20 ~VE [ﬁ_——(l/g'i‘l/a'x) !

18*

26 — 96
5; — V]Lq, v = Vﬁ),
op VE op Ve
[ A ¢y = =TT
o 0 ov 02
g VE 1 sVE sy a1 aVe
= g ! Ve oo r+w(VE+VE), v VE ou 7,
1 aVE - Ve
Zr SE, w Y8, ) Ve g+u(VE+V &),
w V(; dv v 0 V'E ou
ologw _ yrzra  dlgw g v
ou =V 'k o =Vé 6’
oVE _ 5[ 1 8VE
L =Va [~ VEHVR) )
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and also from (VI, 85)
(8) Pt —2we = 0.

From (VI, 93) we have that the principal radii of curvature
of the net &, denoted by ¢, and ¢, are given by

o e
VE_VE vy g, YO-YE pwgavae
(47 01 6 012 [ 0

From (VI, 54, 56) we have that the coordinates .o, yo, 2o, 0f
the central net and the radius B of the spheres, are given by

b I
(10) Py = ua ’ X, R = 1’1.

We recall from § 68 the following theorem:

When a transformation K of a net N ds known, a trans-
Jormation R of any parallel net N can be found by a quadrature;
the transforms of N and N are parallel, as are also the central mets
of the tramsformations.

The equations of the transformation of N are

T E—l ())X+q§+7"i),

w

Ry

where w satisfies equations of the form (7). Since (8) must be
satisfied, we have

0w = Qw.

Also we have the theorem:

When N and Ny are in relation R, the nets N' and Ni, whose
coordinates are direction-parameters of the congruence of the trans-
Sormation, may be obtained from one another by an inversion.

Conversely:

If two O nets N' and N1 are related by an inversion each net N

T

parallel to N' admits an R transform Ny parallel to N1 which can
be found by quadratures.
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From (VI,91) we have that the direction-cosines of the normals
to a net N and to an R transform M, are in the relation

(11)- X = —X+~5,-.’I"; 0 = wa.

From (VI, 28, 74) we have

odd  VE X 0 VG X
dw  a on’ v b v’
000 _VE op o0 VG op
ou g ou’ ov b av’

where E’ and G’ are the first fundamental coeflicients of N'. Hence
(11) is of the form (II, 2), and we have:

When N and Ny are in velation R, their spherical representations
are in relation F.

Conversely, we have the theorem:

If N(x) is an orthogonal net on the unit sphere and N'(x')
s an O met with this spherical representation, the equations

__—
(12) X, = N+2 Z{‘,{’_f},,].'

7‘ V/
2,:1: 2

define an orthogonal net Ny (xy) on the spheve such that N and N,
are in velation I

From (11) and (VI, 99, 101) it follows that the distance from
a point of any O net IV to the corresponding tangent plane to an
R transform NV, is given by

(13) DX ) == Pt P b B L

79. The cyclic system associated with a trans-
formation R. If N and N, are two O nets in relation K, the
circles orthogonal to N and N, at corresponding points have for
axes the lines of the harmonic congruence G of the transformation,
that is the harmonic congruence determined by the solution 6 of
the point equation of N (§ 73). In § 64 we saw that there are
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oo! nets N’ parallel to N determined by 6. By the last theorem
§ 67 each of these nets N’ determines an R transform N; of N
and all of these transforms are harmonic to G. Consequently the
above circles are orthogonal to all of these nets N, and therefore
form a cyclic system [§ 174]. Incidentally we have established
the theorem:

If N is an O net and G any congruence harmonic to it, the
circles with lines of G for axes and passing through corresponding
points of N form a cyclic system.

We call the planes of the circles orthogonal to two nets N
and N in relation R the circle-planes of the transformation. From
the second theorem of § 11 it follows that the circle-planes envelop
a net N. Since the circle-plane at a point M of &V is determined
by the normal to N at M and the line joining corresponding points
of N and N, it follows that any point on the circle-plane has
coordinates of the form

(14) z=1rt+jr'+kX,

and the direction-cosines of the plane are proportional to »&-—g.
In order that the point M(x) be the point of contact of the plane
with its envelope, the functions j and % must be such that

ox oz
ot—qn 5o =0,  Xer—qn 5, =0.

By differentiation we find

0F ol o K\, 05 0k
e = VB[ i )s e 3 X
(15) 0F k o | o ok
gyl VG(l +Jl“a)ﬂ+wa—v+X~%.

Hence 5 and % are determined by

(16) l+jh—~k—=0, 1+jl-—£=0,
(51 02
and we have
0 _ L, 0j g0k 9F _ 0 4 ok
an n T Du +X6u’ v " +X v’
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If equations (16) are differentiated with respect to » and w»
respectively, we get

][AZ?J 1 8k 0 ,87 1 ok

(18) e @ dv ! du o ou
Making use of these relations, we find from (17) by differentiation

385: L a" 82|/ 8211.
dudv - dudv duov’

(19)

Hence j and % are solutions of sthe point equation of N. We shall
show that e, defined by
(20) o =07 4+pk+0,

also is a solution. 1In fact, we find that

Bm 8/ 9l B Y ok

LAY R L2

21) o TR TUNT 50 T2 0’
( AT B
bude  oudr L audv

Moreover, the linear element of N may be written

(22) ds? = dk*+ 2djdw.
If we put

(23) j == m 4 in, 2w == m-—in,
equation (22) becomes ’
(24) ds®= dk*+ dm®+ dn?.

Since /, m and n are solutions of the point equation of N, they
are the coordinates of a net applicable to N.

This result is in accord with [§§ 141, 176] where it was shown
that the planes of the circles of a cyclic system envelope a net
corresponding to the developables of the congruence of axes. More-
over, it was shown that the applicable net is known intrinsically
when the cyclic system is given, and conversely when the appli-
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cable net is known a cyclic system can be found directly. For
the sake of brevity we say with Guichard that a net is €' when
it admits an applicable net.

We have just seen that N is a net . It is harmonic both
to the congruence normal to N and to the congruence G of the
transformation from N into N; (§ 11). The coordinates of the
foeal points of first rank of these two congruences are of the
respective forms -+ ¢, X and z—=2'/L (I, 37). By means of the
preceding formulas we prove the theorem:

The normal congruence and the congruence G are the harmonic
congruences of N determined by the solutions m -+ in and I of the
point equation of N. ‘ N

Moreover from § 11 it follows that the defived net of N by
means of m -+ <n and A - const. is parallel to V.

Conversely, any net harmonic to a normal congrucnce G, is
enveloped by the planes determined by (5 and by any congruence
conjugate to a net N normal to G,. But in § 65 we saw that
any other congrucnce conjugate to N is 3, 1, and consequently
leads to a transformation R of N. Hence the resulting net harmonie
to (4 is a net C. Since the determination of congruences conjugate
to N is equivalent to finding nets parallel to .V, we have:

The nets harmonic to a mormal congruence are nets C; theo
determination is equéivalent to finding nets parallel to o et orthogonal
to the congruence: when such a parallel net is known, the corre-
sponding harmonic net follows directly and the coordinates of the
applicable net can be found by quadratires®™).

80. When the circle-planes of a transformation R pass
through a point. Consider in particular the case for which the
circle-planes pass through a point. From (17) it follows that j and &
are constant. If the point is taken as the origin, we have from (14)
that in all generality we may take

(25) p = P—d, qg= Q, r= 1,

d being a constant.

) In § 117 it will be shown that every net C is harmonic to co! families
of parallel normal congruences.
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From (VI, 96) and (7) it follows that 8 = @ —¢, where ¢ is
a constant.
From these results and (10) we have

2t = -~—2¢z-~ +2¢.

Hence the spheres cut the fixed sphere with center at the origin
and radius », under the constant angle & where

ra = 2¢, 1o COSE = d,

Conversely, it can bc shown that when the spheres of a trans-
formation R meet under constant angle a fixed sphere with center
at the origin, the functions of the transformation are of the form (25).

It is evident that any O net admits such transformations K.
In consequence of (25) the coordinates of any point on the line
of the congruence ' of the transformation K are- of the form
a+1z+4a- , = — 1, the point lies on the sphere of
radius ¢ with center at the origin and describes the spherical
representation of ». These lines meet the same sphere again in

the point of coordinates d - (X — —f;; .I:'), which describes the spherical

representation of W, (ef. 11).

81. The circles K and congruence K. Let .\, (»,) and
N3 (23) be two R transforms of an O net N(x), and write the equations
of the transformations in the general forms

0
S B Jl"—"‘i)'} .’l',. 01 ) "*2 )’2 01 wy,
1

where N’ (2’) and N” (x”) are the nets parallel to .V determining
the conjugate congruences of the transformations®). If 67 and 6
are solutions of the point equations of N” and N’ respectively corre-

%) Cf. Jonas, Sitz. Berl. Math. Gesell., vol. 14 (1915), p. 109.
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sponding to the solution 6, and 6, of the point equation of N, and
the additive constants are chosen so that

(27) 0"+ 0, =D a' a",
then as shown in § 72 the co! nets N,¢, defined by ({1, 46), namely

(67 85— 65 0,)2’+ (650,— 61 65) "
01 65— 61 03 '

(28) Xyg == w“*—

are O nets in relations £ with &, and N,.

Consider the circle K through three con&pondmg points,
M, My and M; of N, N, and N,. The coordinates of its center
are of the form

(29) a A e’

where 4 and p are determined by the condition that the lines
joining the center to the mid-points of the segments A M, and M M,
are perpendicular to these segments. These conditions are reducible
by means of (26) to

(30) 240]+pu 222"+ 6, =0, A "+ 208 + 6y = 0.

In like manner the condition that the line joining the center
to the mid-point of the line joining A to the corresponding point
of one of the nets N, is perpendicular to this line is

Z(L—Ha + pa"— a4+ af,’} x-l—") 2y = 0.
By means of (II, 33, 36), (VI, 106), and (27) we find that this
condition is satisfied when (30) hold, and consequently the corre-
sponding points of each of the nets N, lie on K. Hence:

If N, Ny, Ny, Nys are four Omnets in the relation of a quatern
under transformations R, four corresponding points M, M, My, M,
lie on a circle K; the four corresponding points on any four of the
possible o' nets Nys, forming a quatern with N, Ny, N are in
constant cross-ratio®).

1) The last part of this theorem is due to Demoulin, Comptes Rendus,
tol. 150 (1910), p.156, and is left as an exercise.
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If we put (§ 21)

(31) 0c = 0,4+ (c—1) 8y, 29 =o'+ (c—1)2",
then
(32) 00 = ,%_ 233(3), thw 2" = 9y 1+ 99,

Hence the transformation F' determined by 6. and the congruence
of direction-parameters z© is a transformation R. Moreover, if
N, is the transform, ecach of the oo! O nets Ny are R transforms
of N, and consequently corresponding points of N, N, N, each
of the oo! nets N, and each of the ! nets N;. lie on a circle K.
Hence:

If 0, and 0y are solutions of the point equation of an O net N
determining two R transforms, corresponding points of N and of
the ' R transforms N, of N by means of 6, -+ (c—1)0; lie on
a circle K, upon which lie also the corresponding points of the oo
) nets Nyy which are R transforms of all the nets N,.

Let Ne, and N, be any two of these transforms of A, and
let Ny, and N, be the central nets of the corresponding R trans-
forms, both being conjugate to the congruence normal to N. From
the third theorem of § 68 it follows that the tangent planes to
Npy and Ny meet in the axis of the circle K, and consequently
these axes form a congruence K harmonic to the nets Ny, and N.
Since the congruence K is determined by the circles K, we have
that it is harmonic to the central net of the transformation R of NV
into any net N, Since N and any net N, may be looked upon
as R transforms of a net N, it follows that the central net of the
transformation from N, into any net V3 is harmonic to K.

From § 23 it follows that corresponding tangent planes to XN,
to all the nets N and to all the nets ;3 meet in a point gene-
rating a net N, the derived net of N determined by 6, and 6..
Since the tangent plane of a central net passes through the inter-
section of the tangent planes to N and a transform N, a point
of N is on the corresponding tangent plane of each central net
of all the transformations R. Consequently the congruence K is
conjugate to &N. Hence:
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Corresponding tangent planes of N, the ' nets N and the
ol mets N,y meet in a point generating a net N conjugate to the
congruence K of the axes of the circles K through corresponding
points of these nets®®).

Since the congruence K is harmonic to the nets Ny, and Ny,
and the tangents to the curves of these nets at corresponding points
lie in the principal planes of N at the corresponding point, the
focal points of K lie in these psincipal planes. In order to obtain
the coordinates of these focal points, we remark (§ 78) that the
coordinates of Ny, and Npe are of the forms

6 by
Xop = &L— '—'X, Xog — X — — X.

¥ De

The point equation of N, admits the solution 6y = 6;— 0, ps/p,.
and from § 19 it follows that Ny is the F transform of Ny, by
means of 6,,. Hence from (IT, 22) and (7) we have for the coor-
dinates of the focal nets F)(y;), Fy(ys) of the congruence K, that
is the intersections of the corresponding tangent planes to Ny, and
Nps, expressions of the forms

bor 9701 __ + (B1ps —02p1) §+ (621 — 65 g2) X

NI B gu P1g: —Peh

i 3u
o B dae o (6ips— Oep) 7+ (Beri — Bire) X
= g gy U Pire— a7y '

ov

From the preceding theorem it follows that the normals to all
the nets N, and to all the nets N, at points of a circle K are
tangent to the sphere S with center at the corresponding point on A
and passing through K. Moreover, the normal to any net N, meets
the normal to any net ;, in the center of the sphere tangent
to N, and N;;. Hence these normals lie on a hyperboloid of
revolution to which S is tangent along K, unless all the normals
lie in the plane of K. We consider the latter possibility.

%8) Cf. Demoulin, 1. c., p. 310.
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If «, 8,  denote the direction-cosines of the congruence K,
we have in consequence of (26) and (27)

(34) a ﬂ y . _!Z/le__?lllzl’ Z/xll_zll xl’ l/I/.I?/II_.Q:II?/’
(3 ’ , — .
46705 — (87 + o33

The direction-cosines of the normals to N, and Vs are of the forms,
by (11), (31) and (VI, 112),

X, — Z’}i_((%‘_llpﬁ- @+ (c—D2")—X,
c

(052" —05 ") p, + (07 2’ — 612") ps

IYI"_’: X+ 0{051_0;.105

In consequence of (VI, 69) we have

S = — SXpa =  —BTDN
(46168 — (o1 + 691

Hence either all the normals lie in the plane of the circle K, or
none do. In order that they do, we must have

(35) qir2—qery = 0.

From § 79 it follows that this is a necessary and sufficient condition
that the circle-planes of the transformations of N into N; and N,
coincide. If we replace (35) by ¢s = A¢y, 7e = 47, from the sixth
and seventh of (7) it follows that 4 is a constant, which may be
taken equal to unity. Then wc have

(36) q: = ¢y, e = 7y, 1)2=101+d, 6 = 6, +e,

where d and e are constants. When these expressions are sub-
stituted in (33), the latter become

e e _.\E e e\
! X+(p‘ ol)qx’ ¥ dX+(p‘d 0’)n
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Hence the congruence K is harmonic to the O net of coordinates
x—eX/d, that is K is a cyclic congruence (§ 79), and the net is
orthogonal to the circles of the corresponding cyclic system.
Accordingly we have the theorem of Demoulin®®):

If Nis any O net and N, and N3 are two R transforms of N,
the circles K determined by corresponding points of N, Ny and N,
are of two kinds; 1° if the circle-planes of the two R transforms
are coincident, the mormals to the oo nets N, and oo nets Ny, lie
in the planes of the circles K, and the congruence K is cyclic, the
circles of the cyclic system being comcentric with the circles K; 2, if
the circle-planes of the two transformations R are distinct, the normals
to the mets N, at points of a circle K form one set of generators of
a hyperboloid of revolution, and the normals to the nets Ny, the other
Jamily of generators®).

82. Transformations D,, of isothermic surfaces. From
(VI, 81) it follows that a necessary and sufficient condition that
the correspondence between the two surfaces of a transformation R
be conformal is that z® = ¢®. From (II, 8) and § 4 it is seen that
7 and o cannot be equal. Also from § 25 it follows that when
-4 ¢ =0 the transformation is X and the O nets N and &, have
equal point invariants, that is they are isothermic. Hence we have
the theorem of Cosserat®!):

In order that the correspondence between two surfaces in relation K
be conformal it is mecessary and sufficient that both surfaces be
isothermic.

We proceed to the consideration of these transformations
and put

(87) VE=VEG= e

where ¥ is a function thus defined. Now the point equation
of N is

06 oy 06 oY 96

(38) dudv  ov du du ov’

%) L.ec.
%) Cf. § 108.
1) Annales de la Faculté des Sciences de Toulouse, vol. 8 (1894), p. E.13.



82. Transformations D of isothermic surfaces 207

Comparing this equation with (II, 79), we have

1
39 i ,me~—2‘!>’
(39) o

where m is a constant.
From [§ 65] it follows that the Codazzi equations of N are

_Q_(L)_(,L_}_)i‘_/’. i’.(i)=(l___1_)?_¢i
dv \ee/  \ex o) 90’ a1 \@s e o) du’
from which it follows that

0K, oo 0L 0 K, oL
— __,—ap 0L OBo gy 0L
(40) du ¢ ' v ¢ v’

where we have put

1 1 1 1
= .l il — 2 =
(41) Ko= ot L=¢ (92 gl).

oxpressing the condition of integrability of (40), we find that L is
a solution of (38).

The net conjugate to the congruence normal to N which is
in relation K to &, that is the harmonic of N with respect to the
centers of curvature of &, is given by

(42) ‘ a4+ ]?,0 X.

From this result, (40) and (II, 82) it follows that the functions 6
and 6 of this transformation K are

(43) b=

We return to the consideration of transformations R of N and
introduce the function » by means of the equation

(44) Y= % = m.
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We have from (II, 82)

v 2000 g e,
(45) R T v ’
Comparing these equations and (7), we get
- . 0 )
(46) VB =—V@=_—"

In terms of these functions equations (7) become

06
o7 R A—
on 9 o “
op ¢ dp &
oun 0 & 5y %
0q  ¢* oy : oq oy
¢ —T Iim —— ) — —— ‘P ] o ~ T 4 K
(47 ou 911 0w rtmlety 4 ) ov on’
ar oy or et o
—_— = L, —— . e ) —— P ad ]
ou o0 v T el T ATy,
ov v
e 4 —_— = — Y
o ¢ v ¢
and (6) assumes the form
] .
48 = r———(p X+ &+ ry).
(48) ry o mv(p\-wls o)

It is readily found that equations (47) form a completely inte-
grable system, and that for any set of solutions the left-hand

member of the following equation is constant:

(49) PP+ rE—2mor = 0.

The complete integration of (47) involves five constants in addition
to m. When these constants are chosen so that (49) is satisfied,
three of these constants are essentially arbitrary. Hence we have

the theorem of Darboux®®):

i ®
52) Annales de L'Ecole Norm. Sup., ser. 3, vol. 16 (1899), p. 503.
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An dsothermic net admits oo transformations R into iso-
thermic nets.

These transformations have been called D, by Bianchi®).

83. Theorem of permutability of transformations D,,.
We consider two isothermic nets, N, and &,, transforms of an iso-
thermie net N by mcans of two sets of solutions, 6, v, p, q, 7, m;
(¢6==1,2) of equations (47) and (49), and apply the results of
§§ 21,72 to obtain a theorem of permutability of transformations D,,.

From (VI, 105) it follows that the additive constants of inte-
eration of @ and 07 must be chosen so that

(H0) PP ge s = 62467

Since in the two transformations of .V we have taken ¢ = *%/m,
equations (1T, 92) become

) 01 . 0 (02)
] o — ) = — ~—2h g2 7 |72
o ( 12 I),) e« o1 5% 6,/

0 01 gy g2 O 02)
il Qs , =20 g2 U 7%
A ((’“’0,) Ny ¢ 67 9w (01 .

From these and analogous equations in §;, we find that the left-
hand member of the following equation is constant; we consider
in particular the case when

(51) Oay 7y + 012 YV, = 0.

From this equation and (Il, 36, 48) we have

0’ 0!
(52) my 615 = my Oy (mx Vy— “1) e 03, ("‘2‘_"&1 Vs);
0, Y1 0,

from which follows, when 6;, and 61% are replaced by their values
(11, 38, 43),
(53) my my (Vg 01+ Yy 92) = Mgy 0é+ my 9;,.
%) Annali, ser. 3, vol. 11 (1905), pp. 93—158.
14
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From (VI, 83) it follows that for any transformation B

%%2- =m» (VE+VE)q, *% =m o (VE@+V ).
(54)30”
Ia?: = myre (V E+ VEﬁ)Qu Bv =mevs (V G+ V@),

When equations (50) and (53) are solved for 6; and 67, and the
results are substituted in these equations, the latter are satisfied.
Since 67 and 65 are completely determined there is only one trans-
form &y, which is isothermic.

Making use of (54), we find

_3 (0{'2') - m vy ‘b(eé ) _6 (‘0"1)—_——"2 E_l_e\p(_g"z_r —)‘)
aulen) — "e C\O DT ) Gu\e,) T T M Cler T )

. . 0V Iy
In consequence of (VI, 109) the expressions for Bu and Y

analogous to the last two of (47) differ from the right-hand members
of (55) only by the factor ms. Consequently

(56) b1 = my Oy vy,

and the transformation from N, into N is D, In like manner
the transformation from N; into N is Dy,.

By means of (51) and (52) the expressions (II, 46) for the
coordinates of NV;, arc reducible to

Mg 02 z'— my 0y 2"
51 L9 = X .
(67) e + my 81(01— ms 63 v,)

Making use of (50) and (53), we reduce this equation to .

—m, ”lgOg.L,—mlel !
58) —a-l-
G mlmg PPt et i —my 0y v—my By v,

From this it is seen that we must have m, + m;. Hence we have
the followmg theorem of Bianchi®):

04) L ¢, p. 120.°
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If N is an isothermic O net, and N, and N; are two isothermic
O nets obtained from N by transformations Dm, and Dm,, there can
be found without quadrature an isothermic O net Nis such that Nie
i$ & D, transform of Ny and Dm, transform of Ns.

84. Special isothermic nets in 3-space. In § 81 it is
shown that in order that two transformations K have the same
circle-planes it is necessary that

59) 63 = 6,4, pe=p+k 92 = q1, ry =1y,

where j and %k are constants. In § 119 we shall show that in the
tangent planes of a deform of a quadric, meeting the circle at
infinity in four distinct points, there are eight points which describe
isothermic surfaces, any one of which is in the relation of a trans-
formation R with three others, the corresponding cyclic systems
admitting the tangent planes to the surface for circle-planes. We
apply the preceding results to the determination of all isothermic
surfaces admitting two transformations D, for which the circle-
planes are the same.

From the last of (47) it follows that v, = v, + n, where n
is a constant. Moreover, since (49) must be satisfied by both
transformations, we must have also

(60) Pk = (0, +) 61 ) — vy,

When this equation is differentiated with respect to » and v, the
two resulting equations are equivalent, by means of (47), to

2 (my—my) vy + 2men = — Lk K,, 2 (me—my) 0, + 2myj == kL,

where K, and L are defined by (41). These equations may be
replaced by

(61) 0, = L-+e, v=—Ky+f,
where e and f'are constants. From the last two of (47) we find that

0K,
ou’

3 Ko

(62) @ = —e® 20

= e®

14*



(64)

(65)

212 VIL. Transformations of Ribauecour

In consequence of (40) these functions”satisfy (47), if we take
1
(63) = — ’ZZLK() “{" b,
where g is a constant. In order that (49) hold we must have
v | [0 Ko\?, [0 K,y J 1 o . .
A== ) =] |+~ K2 L2 -} 2 2CL = (
[& [( o )+( P ) T4 K',I T l]\()] i B’\()+ (/I +I) 0,
where
A== 2myp—y, B = mye, (= —myf, D=g*"—2m,ef.
Eliminating ¢, f and g from these equations, we have that ne

must satisfy
(66) (A-=2m)*m—Dm {-2BC = 0.

If then a net N satisfies the condition (64) where 4, B, C, D are
constants, there are in general three solutions m of (66). When
these are substituted in (65), we have three sets of values of ¢,

Jand ¢ and the corresponding functions (61), (62) and (63) deter-

mine transformations of N into three isothermic nets such that
the circle-planes of the three transformations are the same. The
foregoing results are due to Darboux®’). Bianchi®) also has con-
sidered these surfaces, and in order to put in evidence the essential
constants appearing in (64), he refers to such a surface as a special
wsothermic surface of dass (A, B, C, D).

85. Complementary transformations D, of special
isothermic nets. The three nets obtained from N by the trans-
formations determined by the values (61), (62), (63) have been
called the complementary mets by Bianchi. We shall show that
they are special nets of class (4, —B, —C, D). In fact, in con-
sequence of (9) and (46) we find that the functions Ko and L,
for one of these nets N, defined by equations analogous to (41),
have the values

©)  Koi— :_Vl_%i'_z__l’z_, L — — nKt2n
o L Yy

%) L. c., p. 507.

%) L. c., p. 130.
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From these and the foregoing formulas we find

+2
Li—e=—120 g 4y T2
1 1

1 — (ef+29) P
g Koxla+g = (ef+29)5 4

From these expressions and (VI, 94) it follows that N may be
obtained from N; by a transformation Dy, determined by the
functions

- ; L ..
o7 = Li—e, vil'==—(Kou+Jf), p7l= —-5 KoaLs+g").

Since the effect of changing the signs of e and f'is to change the
signs of B and C, but not to affect (66) we have that A, is a special
net (4, — B, —C, D).

Now we show, as Darboux has done®®), that the circle-planes
of a complementary transformation envelope a surface applicable
to a general quadric. To this end we make use of the results
of § 79. From (VI, 83) and the preceding formulas, we find that
for the present case

h=mQ@+ 911'—2""), [ = m@y— ()8—2\'))’
' e—6 20 — 29+ c¢f—wve
_ ’{ = —— — U 0 =,
J m(()f—el')’ 0,]‘—(}1' ) w 0 ————of_ev

From (23) it follows that if we put

2=k Y-z =j, y—iz =2,

the point (z, y, 2) describes a surface = applicable to the envelope
of the circle-planes. When the above values of j, k and » are
substituted, and # and » are eliminated, we find that I is the
quadric

y—ix+2my+ie)l = 292+ 2ex+2m (29 + ef) 2 (y + i2).

%) If 29 + ef = 0, N has constant mean curvature and the corresponding
equation (64) is - K3 , 13+ 4Ky, Li—2BE, ;—2CLi+D = 0 which is

satisfied because of (65).
%) L. c., p. 508.
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86. Transformations D, of special isothermic nets.
Let N be a special isothermic net of class (4, B, C, D) and N,
a complementary transform by means of the functions given by
(61), (62) and (63). We shall show that it is possible to find solutions
85, v3, ps, gs and 75 of equations (47) such that the net N is a special
isothermic net. This is done by finding under what conditions
a net Ny, arising from ; and &; in accordance with the theorem
of permutability of § 83 is a complementary transform of Ns.

From (II, 43), (VI, 109) and (52) we have

01
3 = ol_o—éros; P = o—z;]’z"}’u
R G W {

nlgyl_o_ .
2

1/21 = ==
my Oy Mms

Also from (50) and (53) we obtain
(mg—my) 0 = ms (pyps + 195 + ¥ 75 — My v5 6, — my v, B).
The analogues of (67) are

_ »mL+2p Lﬁﬁ_02K0+2p%'

Ko, 2 = s
03 Ve
The equations

1
(68) 0y = —L2+0, Vo =— Ko,2+.f, P21 = ‘2“Ko,2 142"0,

are consistent with the above results, provided that

(69) PPt q1getrirs—ms (0 + 105) + (ms—my) (vs e+ 05 f+ 2}’2) =0.

By differentiation we find that the left-hand member of this
equation is constant for each set of solutions g, »s, ps, go and 7,
of (47). Hence if the constants entering in the latter are chosen
so that (69) is satisfied, the net N, is a complementary trans-
form of Ny, The latter is a special isothermic net of class (4,
—B, —C, D). Hence we have the theorem of Bianchi®):

Of the oo* isothermic nets obtained from a special isothermic
net of class (A, B, C, D) by transformations Dm, ®* are mets of
class (A, — B, —C, D).

%) L.c, p. 141. We note that Bianchi showed that N, is of the same
class as N. This is due to his choice of directions in the trihedron of Nj.
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87. Transformations D,, of minimal surfaces. A minimal
surface is isothermic, and the spherical representation of its lines
of curvature is such that we may take [§ 109]

VE Ve ,
01 Q2 ’
where VE=1'G =¢*. From (9) and (46) it follows that the

transform is minimal, if » = p, and only in this case. The equations
of such a transformation are:

(70)

aﬁ-—-e‘/'( — =¥

du av

0 A 0] —

——li = —d y ——1-)— =i — ¢4)"

on or

@y, Dy 9 Dy

°q _ __ ¢, 0¥ Syt o9 __°¥
ou ¢ P, rtm (Fpte o), v du
0r _le 0r —¢, Blp_ ) -
du v o ¢ Py 11 m (Fp —e"78).

These equations form a completely integrable system. Since
P @*+r*—2mpd = 0 must be satisfied, we have:

A minimal surface admits 003 transformations D,, into minimal
.\'m‘f aces 70).

From (56), (52) and (VI, 109) we have », = — p,,, and
therefore:

If a minimal swiface is transformed into minimal swrfaces
S and Sy by transformations Dy, and D, there can be found
without quadrature « minimal surface which is @ Dnm, transform
of Sy and a Dp, transform of S™).

88. Transformations E, of O nets with isothermal
spherical representation. Since the spherical representation of
the O net on a minimal surface is isothermal, each transformation
Dy of a minimal surface into a minimal surface leads by a
quadrature to a transformation B of an O net with isothermal
spherical representation into an O net of the same type, in accor-

%) Bianchi, Rendiconti dei Lincei, ser. 5, vol. 8 (1899), p. 151.
) Cf. Bianchi, L c.
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dance with the first theorem of § 78. These transformations were
studied by the author™) and later by Bianchi®®), who called them
transformations En,. In this section we show that these trans-
formations are the most general transformations R of O nets with
isothermal spherical representation into nets of the same kind.
The tangential coordinates of N satisfy (V,29) with o = ¢?*
and y = 0. From (VI, 94) we have that the functions w and w !
of § 52 are p and p/#’ respectively. Hence if a transformation R
of Nis to be a transformation £, that is if .V, is to have isothermal
spherical representation, its tangential equation must be of the form

0%, 4 O Bh DYy 0k
ou v ov on on or

From (V, 35) it follows that t, can be chosen so that

] H
(12) ot o P,
it we take
(73) 0 = mvé.

If in accordance with (9) we put

. s ] .
14 VEAVE=Ler Lo varr a=Lw_b
v P v P '

we find that the last two of equations (7) are satisfied, and con-
sequently the following system of equations is completely integrable:

' :% =V Ky, Z? =} ar
gg— = —¢"p— ?;lﬁ r4m (p v %:f— e "’), 2(4] = %%, r.
el I i SR e
-g—:%=—(-;”—(pe'4’-l- 501—){ v — VEV), g—%:é—(pv"ﬂ—%}l’-p“l’— I"(}v) .

%) Transactions Amer. Math. Soc., vol. 9 (1908), pp. 149—177.
™) Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 371.
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From these equations we have

i) oy ! 0 07) "
e || = PV —_— ) == W e
.(76) Bn(p) evq, 7o (p, ety

and consequently 6»/p is a solution 6 of the point equation of the
minimal surface N with the same spherical representation as N. In
terms of this function the above expressions for the derivatives
of ¢ and » assume the same form as (71). Consequently the trans-
formation of N by means of p, q, r, 6 is a D, into a minimal
surface. Hence we have the theorem:

When an O net N with isothermal spherical representation admits
a transformation R into a net Ny of the same kind, the minimal surface
parallel to N is transformed into the minimal swrface parallel to N,
by a transformation Dy,

Conversely, if N and N, are O nets on minimal surfaces in
relation D,,, and NV is a net parallel to N, the set of functions p, ¢, »
of this transformation and @ and », where 6» = @ p determine trans-
formations £, of N into <o! nets N; parallel to N,. For 6 is
determined to within an additive arbitrary constant by the first
two of (75) and then » is fixed. Hence:

An O net with isothermal spherical representation admits o® trans-
formations Em, for each wvalue of m, into o' parallel O nets of the
same kind.

From these results and the fifth theorem of § 78 we have:

An isothermic met on a sphere admits oo® tramsformations F into
isothermic mets on the sphere.

Consider a quatern of minimal surfaces in accordance with the
last theorem of § 87, and four nets N, N;, N;, NV, parallel to the
O nets N, N;, N», Nys of the minimal surfaces in accordance with
the last theorem of § 72,

From (56) it follows that

ane n ittt r
O19 == — My Oy P13, 021 = — iy Oz sy,

where 6, and 0;, determine the transformations from N, and N,
into N;;. From equations analogous to (76) and (49) we have

Oiavis = —Pis 0_12, Osy Vgy == —= gy 0.
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Hence, since 601y = 615 and 6%’ = 63y’,

n nne
012 = My 0,5vys, Oz = My Oy vy,

and consequently we have the theorem:

1f N; and N; are obtained from an O net N with isothermal
spherical representation by transformations En, and En,, there can
be found without quadratures a nmet Nyo of the same kind, such that
Nyg is an En, transform of Ny and an Ey, transform of Ny.

89. Nets 2. By definition an O net N is a met 2 if there
exists a net N, with equal point invariants conjugate to the con-
gruence G normal to N. Let N be a net £ and let 6, be the
solution of the point equation of N, namely

1) 0% dlogh K 20 | dlogl/G 26
dudv EXs du du o’

by means of which N (x,) is obtained from & by a transformation #.
The equations of the transformation are of the form

(78) @y = a— R0,
. o
where 6, is defined by
90y _ ~ 06, 260 _ ;06
(79 T =/ 0 5 =] T
and
(80) [— jo L
21 92
since [§ 51]
0 X 1 oz 2 X 1 3
1 ~ = e D
&1 ou 0 du’ dv 0s OV

If the point equation of N, is written in the form

: —086 | 0 — 00
(82) Tuon = 30108 Ve au T o logV e 5
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we have from (77) and (I, 12)

Ve = WV B, %V@

(83)
8o 8o

v,

where U and V are functions of » and v respectively, and from
(1, 8)

w mferd) am—fr)

When these expressions are substituted in (83), we obtain

"0t VVG—UVE) O UV Ee—VV o

(85) éo =

The Codazzi equations for N are [§ 65]

(86) _B__(VE')__LBVE _a_(l/ﬁ)__ial/?i
dv \ @ ! o O8v ' dul g !/ o du

When we require that the function (85) satisfy (79), we find, in
consequence of (86), o

dloghy _ UVE ee 0 (L) o L
= Ve a—e o e + 50 log(UVE—=VV @),
@7

dlogs, VVG o0 __ii_(i) 2 1ogUVE—VVE
v UVE e—e v \e t dv o )

The condition of integrability of (87) is

#9) _E_(E_K_E_ex_ezi(l))=%(vV'@ oo L)

30\ YV @ e—es 0 \er UVE e&—e v\
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When this condition is satisfied, we find that 6, given by (87}
satisfies (77), and consequently N is a net £. Hence we have the
theorem of Demoulin™):

A necessary and sufficient condition that an O net be a net &
is that (88) be satisfied.

In consequence of the second theorem of § 25 we have that
when N is a net £, there is a second net N, with equal point
invariants conjugate to the congruence G' normal to N, and that
the points of N, and N, on a line of G are harmonic to the focal
points of G on this line. Since the coordinates of these focal
points are of the forms, x4 ¢; X and x-+¢; X, we have from (78)
and the analogous equations for N, namely

6
Lo = &— — X,
0o

the equation

(89) i, @UVE+eVV@

’ €1 02 (UVE-{-VVG?)

The equations analogous to (87) are obtained from them by replacing
V by —7V. From these equations we have

UVVEE(Qg_Ql)
UVEe+VV@e

90) 6u0p=PE—TV*@, Vo=

_Since N, and N, are conjugate to the normal congruence to N,
they are nets 2, O, the respective complementary functions being
05/6, and 6,/6, (§ 66). Conversely, if N, is a net 2, () with equal
invariants, the two sheets of the envelope of spheres with centers
on N, and radii given by the complementary function of N, are
surfaces £ in relation 2.

The foregoing results may be stated as follows:

When a net N is a net 2, the nets with equal invariants con-
Jjugate to the congruence normal to N can be found without quadratures;
these nets are 2, 0. Conversely, when a 2, O net Nowith equal invariants
is known, there can be jfound without quadratures two nets £, in
relation R, whose normal congruences are conjugate to Ny.

™) Comptes Rendus, vol. 153 (1911), pp. 590, 7035, 927.
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From (11, 87) it follows that the net Nj(x), where

day 1 8m day 1 9

= - , == ,
ou 0 OUu v 0 00

has equal point invariants. From § 76 we have that Nj is 2, O,
the complementary function # being given by a quadrature, and
that the shcets of the envelope of the spheres with centers on
Np and radius #° arc parallel to the corresponding sheets of
the envelope of the above congruence R of spheres with centers
on N,. Hence:’

When n net £ ds known, a parallel net £ can be found by
quadratures.

go. Transformations R of nets 2. ILet N be a net £
and N, an I transform of N by means of a set of solutions
8, p, y. » and w of equations (7) and (8). As in the preceding
section, we denote by N, one of the nets with equal point in-
variants conjugate to the congruence normal to N; it is an ¥ trans-
form of N by means of 6, and 6,. In accordance with the theorem
of permutability of transformations F (§ 21) there exist co? nets
Ny, which are F transforms of N, and Nj. '

From (11) and § 21 it follows that if we take 6 = p we
obtain oo! nets Ny, conjugate to the congruence normal to N,
as the additive constant of 6y varies. We seek the conditions
that one of these nets be a K transform of N, and thus has equal
point invariants, in which case N, is a net L.

From (II, 43, 44) we have that the functions 6,, and 6¢7" of
the transformation from N, into a net N,, are given by

00 " / 00’ .
(91) 9012 60— —= y 2 001:0—“—‘:—1),
0o o

and from (I, 53) and (80) we have

L6y 416 Loy 416

” 0 0 [ o P2 0 0
e oy = — L

92 hoy - —
92) ‘o1 Ty T
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with
bl 06’{’

0 001 0 0(’),1” 0 001

(93) =l ok, S =g,

A necessary and sufficient condition that Ny, be a K trans-
form of N, is that (II, 81)

m 6y, + 601’ - m 0y, 601’
Yo oy = — 201 Jo1

(94 ho1 =
) o 6o1’ [y 601’
where m is a constant.

From (II, 36, 38) we have that the functions 6,, and 615 of
the transformation from &, into N,, have the form

’
6o "
- _ 0w

(95) 010 = Oo_mvy

where 6" = m»6.

When we equate the expressions (92) and (94) for Ay, and lo,,
the resulting equations are reducible by means of (VI, 83), (91)
and (95)

UVE ——UuVESe _ b1 o 0 0

%o
6 V on 6, 6
(96) 00 vo 0o 00 001
VVG=—VVGE 22 2 Vi — 22
! 6o + vV g 6 601"

From (91) we have by differentiation

200 __ V@( _p 1 660)
ou v \? 6 VE ou/
200 Ve (,,__11 1 890)
dv 14 6 VG ov )/

By means of these equations and the last two of (97), which are
obtained by differentiating (95), we find that the expressions (96)
satisfy the last two of (7). Hence the following system of equations
in which E, and G, have the form (96) is completely integrable:
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00 = 96
'6—u~— VEq, E]"’- V‘G—/r,
ap__l/E Qp___VG
du 0 T dv 0
g _ VE 1 3 VE 9g_ 1 alV@
e Py oo TV ERVE G =
ar 1 oVE o V@ 1 aV@G -
MG~ vG o b e T YE e fTm VTV
o _ gy
Bu—l/El()’ 81;_]/610’
3"& - [g _ 1 26
= 0 010 00 VE au}’
aew 1 96,
= — VG][ 010_00 VE"’B'U‘{I-

When we have a set of solutions 6, », p, q, », 0; satisfying the
quadratic relation

(98) P rt—2mre =0,

the R transform &, is a net £, and the coordinates of NV, are given
by equations of the form (48). The same functions multiplied by
the same constant determine the same transformation. Hence in
addition to m there are four significant constants of integration,
and consequently:

A net 2 admits ° transformations R into nets 29),

From (II, 86) (91) and (95) we find that the function g,, for
N has the expression

— 0 02, 6, 62, 6,
(99) V — 01 __ -0t - — 01
TVttt Vet tli  Vemrool

91. Theorem of permutability of the transformations
of nets 2. Let N be a net 2, and N, and N; two R transforms
of N by means of functions 6;, p;, qi, 7s, i, 850, mi (( =1, 2), solutions

) Cf., Transactions of the Amer. Math. Soc., vol. 16 (1915), pp. 2756—310.
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of (97) and (98). We wish to show that of the oo' O nets N,,.
which are R transforms of N, and N, in accordance with § 72,
one is a net f£.

Consider the nets N;, and Nz, which are K transforms of N,
by means of the pairs of functions 6y, wy, and 6ps, wos. From
§ 24 we have that there is a net Ny which is an F transform of
cach of the nets Ny, Ny and Ny, and the functions 61, and 63
of the respective transformations from N, and N, are given by

0o 0oy o1 B01 = wy (80 o1 B1s + 01 610 Bos — B3 6,0 6p1 ),
B0 003 1003002 == 10y (6o Oog B31 —+ O3 B30 gy — 6 Oy bos).

Moreover, from (II, 91) it follows that Ny will be a K transform of
Nyp and Ny, and consequently have equal point invariants. if

My 00 2wos + Ma 801 ey = O,

Substituting the above values in this equation, we reduce the
resulting equation to

) 0,0,00
l?"s”H my 61 LR {”1 [“1'“10"92 ~02(010—00)}
1

6, 0
(100) 65 059 6
l + vy [ r%"f‘v ~ 0y (8s0— oo)}.
02

If this equation is differentiated with respect to « and », we find
that the resulting equations are satisfied identically.

Since 65 and 67 are completely determined by (50) and (100),
only one of the nets N, is an £ net. Hence we have the theorem:

If N, and N, are £ nets which are R transforms of an 2 net N,
there exists a unique £ net Nyy which s an R transform of N,
and Ny; moreover, Nyg can e found directly, as soon as the coordinates
of Ny and Ny are known.

92. Surfaces of Guichard of the first kind. In order
that the O net N on a surface § be defined by

VE= £ sinhe, V'@ = f coshoe,
(100 l 1 _ ¢ $(cotha + 7), 1 ¢~ ¢ (tanh & -+ h),

01 02
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it is necessary and sufficient that %, § and « satisfy the equations

oh 0& oh b

—87 == (COtha+7&) ‘a—u—, 737' = (tanha—i—h) 50’

%  9F 9E 0§ e 0§ de

dudv 5—1;?17+00t11a du do + tanhe v du’

(102)

de &
81(3 + + Otha +tanh a‘a“; —a—u"
-+ sech®e g:: - -— 4 (cosh @ +4- 7. sinh &) (sinh « 4 % cosh &) = 0,

as follows from the Codazzi equations (86) and the Gauss equation
[§ 64]. These equations are satisfied also by &, «, 2, where

; & 1—h

& —_ S L yh e = - "
(103) e s (1—03), ¢ - +k
An O net NV parallel to NV is defined by

VE = Ff sinh «, V_E'::r — ¢% cosh a,
(104) = _ = _
L % (cotha +h), —93— = ¢~ ¢ (tanh @ + &)
1 2

By means of (101) and (104) we have
O éé+92§1= —2.
Following Calapso™) we call S a surface of Guichard of the first
kind, and the parallel surface § its associate (cf.VII, Ex. 28).
When the expressions for V'E, V'@, ¢, and ¢y from (101) are
substituted in (88), this condition is satisfied, if we take U =V = 1.
Hence we have the theorem of Demoulin):

The surfaces of Guichard of the first kind are surfaces 2.
From (87) and (85) we have

. g
(105) bo=1cf,  Go=1—h, V= ¢ :
-

6) Annali, ser. 3, vol. 11 (1905), p.211.
M) L. c.

15
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We apply the results of § 90 to establish transformations B of
surfaces of Guichard of the first kind. Analogously to (105) we have

"

00 = %, 010 = 1—hy.

From (95) it follows that

(106) h,+%ef-=h+%e5=t,

where ¢ is thus defined. Now 6y, = ()———eép/(l—-k), and conse-
quently (96) are reducible to

&
VB~ f—_% + —f%l —t) e ¢Fa),
(107)

A |
Ve = f—wt _%(1 — )19,

where
¢ == coshea -+ ¢ sinh e, Yr = sinh e 4 tcosh e.

Since ¢f—? = 1—1¢%, when we require that @, —E, = 2%,
we get

(108) o — -y’i ~& (#—1),

If we put Vg = 5T %/m (h;—1) in (99), we obtain

t_l
a ___ ,—a
(109) =T
Hence we find
V' E, = ¢ sinha,, V@, = —c*coshe,.

Furthermore, equations (9) are satisfied by

V B
€11

== — (cosh &, + &, sinh a,),

Y6 _ ginhay+ hucosha,.
1



(110)
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Hence the surface S, is a surface of Guichard of the first kind.
By means of (108) the expressions (107) are reducible to

— 6 _ WA 0 _
VE1==——V—e Spt+y), Ve, =— *(pt+g).
Consequently the functions determining a transformation B of

a surface of Guichard of the first kind into surface of this type
are solutions of the completely integrable system:

20 e 20 _ ¢ :
. ¢* sinh a ¢, PP ¢t coshar,
%% = —(cosha+hsinhe)q, %111_) = —(sinh ¢+ A coshe)r,

24 (cos nh ) — (tanhe 25 4 2%).
P (cosh e 4 Asinha) p (tanha ™ + o)
+m[—0¢ ¢ (9t +¢) +ve¥sinhal,

o9 _ 08 | de) or a8 H)
v (cotha B + Bu) " du (tanhu v " 0]
or .. 9 | de)\ .

e (sinha 4% coshe)p (cotha u + au) q
+m[—0e ¢ (Wt+¢) +vef coshal,

OV B oy -t
e = ¢ ttY)g =t (Yt

The equations of the transformation are of the form (48) in these
functions. Accordingly we have the theorem ™):

A surface of Guichard of the first kind admits oo® trans-
JSormations Ry, for cach value of m F 0, into surfaces of the same kind.

When § is transformed into S, the associate surface § is
transformed into a surface S, parallel to S, by means of the
functions p, ¢, 7, 6 and », where in consequence of (49) 8y = 8.
The equations in 6 are

—a% = egsinh?x"q, 3% = — e?coshir,

%) Annali, ser. 8, vol. 22 (1914), p. 205; also Transactions of Amer. Math.
Soc. vol. 17 (1916), p. 68.

15*
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It is readily found that
2 2
§—y—L L
b= 6’ v —p*’

The associate of S, is determined by equations analogous to (103),
namely

A=t = — G 1’ EA—p),
e e LT t+£}*t+~~e
P —C 1‘Th| = et f____l 1+t
Dy == Iy.

_ It this associate is to be the 72 transform of S by means of
8, », p, q, r, then analogously to (106), (108) and (109) we must
have

It is readily shown that thesc expressions are equivalent to the
preceding. Hence:

When a surface of Guichard of the first kind is transformed into
a surface of the same kind, the associate surfaces are in relation R™).

Exercises.

1. If N is a net 2, O the complementary function being y, the lines of
curvature on the sheets of the envelope of the spheres of radius y and centers
on N are represented on the unit sphere by the central projections on this sphere
of the two special nets 2, O parnllel to N; the coordinates of the spherical
representations are x'/y’ and x"/y".

2. Corresponding tangent planes to two pairs of O nets in relation B whose
central nets are parallel are parallel.

3. A necessary and sufficient condition that the spheres, tangent to a sur-
face S and with centers at the mid-points of the segments of the normals to S

) Annali, 1. c¢. p. 209.
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included between the centers of principal curvature of S, determine an R trans-
form of S is that the lines of curvature of S have isothermic spherical representation
(cf. § 6 and I, Ex. 8).

4. A necessary and sufficient condition that the spheres tangent to a sur-
face S with centers at points harmonic to the points on S with respect to the
centers of principal curvature determine an R transform of S is that S be an
isothermic surface (cf. § 25).

Darboux, Annales Norm., ser. 8, vol. 16 (1899) p. 504.

5. Show that the first three theorems of § 81 are equally true for the
transformations R of nets O in n-space.

6. For a system of circles L of the second kind (§ 81) the focal points of
the congruence K are harmohic to the foci of the meridian sections of the hyper-
boloid of revolution whose generators are the normals to the nets N. and Nja.

Demoulin, Comptes Rendus, vol. 150 (1910), p. 159.
7. If N is an isothermic O net, the point equation of N admits the solution

0 = &V (;1———;1‘), and the corresponding parallel O nets N,(x,) are defined
1 2
by equations of the form
(ﬂ&_ﬁﬁ
ou

X0 = (—;—60K0+6)X+e"’ 5 7

where ¢ is an arbitrary constant and K, = OL + -/—)1~.
i 2 -
8. If N is an isothermic O net defined by (87), the Christoffel transform N

[§ 159] is defined by
VE=-Vg=c?

Show that if Ny is a Dm transform of N, a Dn transform N of N is given by

20

SN S —20
) P1=P¢ ’ Po== e .

P=p q=¢ FT=r, O0=v, T=60, n=nm,
and that N, is the Christoffel transform of Ny. Also if M, M; and M, M; denote
corresponding points on these nets, the product of the segments M M, and M M,
is equal to 2/m. Bianchi, 1. c., p. 105.
9. If M, My, M>, My, are corresponding points of four nets satisfying the
theorem of permutability of transformations Dm (§ 83), the cross-ratio (M My,
M M>) is equal to ma/my. Demoulin, 1. c., p. 157.
10. Show that the O net of a minimal surface may he considered of class

(0,0, 0,0) (§84) and obtain the results of § 87 from those of § 86.
Bianchi, 1 c., p. 149.

11. From [§ 125] we have for a surface of mean curvature K, =1,

1 : 1 —

1 o Y ginn 1 eosho

Py e~ ¥ ginh ¢, P ¢ " cosh¢
In this case from (47) it follows that 6 — v 4-2p = a, where a is a constant.
Show that when @ = 0, the mean curvature of Ny is —1.
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12. Show that the O net of a surface of mean curvature K, =1 may be
considered a special isothermic net of class (—3}, 0, 0, 1), and apply the results

of § 86 to obtain those of Ex. 11. Bianchi, L c., p. 151.
13. The Christoffel transform of a special isothermic surface of class (4, B,
C, D) is a special surface of class (4, —C, — B, D). Bianchi, L c., p. 131.

14. If from a special isothermic net N of class (4, B, C, D), we obtain
two nets of Ni, Na, of class (4, — B, — C, D) by transformations D, and Dpm,,
the surface N2 is of class (4, B, C, D)- Bianchi, 1. c., p. 146.

15. Determine the special isothermic surfaces for which the circle-planes
of the complementary transformations pass through a point.

16. Show that the nets N’ of transformations Dn of isothermic nets and of
transformations En of O nets with isothermal spherical representation have the
property

E—G@ =2m@x'?*+y'2+2'Y.
Calapso, Annali, ser. 3, vol. 26 (1917), p. 168.

17. If Ny is & Dm transform of an isothermic O net N, an isothermic O ridt N

is defined by

VE= l/G-—W, ﬁ——l"*‘p—ly ‘?;—P-I-—-
Bianchi, Annali, ser. 3, vol. 12 (1906) p. 22.

18, If N and N; are two O nets in relation Em, the minimal surfaces
= and =), whose asymptotic lines have the same spherical representation as the
curves of .V and N; respectively, can be so placed in space that they are the
focal surfaces of a W congruence (§ 53).

19. When two O nets N and Ny are in relation Em, the spherical repre-
sentation of these nets are isothermal orthogonal nets on the unit sphere in
relation F, and these two nets are related conformally. The equations of the
transformation are of the form

X = —X+

(» X+q&+ry),

va

where 0, v, p, q and » are solutions of (75).

20. A necessary and sufficient condition that the spherical representations
of two O nets in relation R be conformal is that the transformation be .

Annals, Ser. 2, vol. 17 (1915) p. 69.

21. If four nets N, N, N2, Ny, form a quatem under transformations Ee,
and N, is an E., transform, then the nets N3, Ni3, Nas, N’ of § 24 form a simi-
lar quatern. Transactmns, vol. 9 (1908), p. 170.

22, If N is an O net with isothermal spherical representation, the point
equation of N admits the solution 8, = E — @, and the corresponding parallel
O nets N, are defined by equations of the form

e 1 (3E 1_(9E _3G
xo = [2e (V_+V—)+C]X+V_‘ u 6u>$+ v 80)”’

where ¢ is a constant.
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23. If in (88) we put |/ E =)/ G, U = — V = 1, this condition is satisfied,
that is isothermic surfaces are surfaces £. In this case

1 5 /’1+l’z
6, =¥ |— — , 6, = — 6,
c=e " m ° 20 ps

In order that the transformations determined by (97) be Dm, we must have

e® 6010 )/ po+ 00001 =

24. Determine the character of the surfaces £ which are R transforms of
an isothermic surface other than D transforms.
25. If in (88) we put

VE'_: —M 8—"), VE: P (-,“!’7 U=V=1,

the equation is satisfied in consequence of (86); that is a surfase with isother-
mal representation of its lines of curvature is a surface €. In this case
20, = — 0o (01 +ps); consequently the mid-point of the segment between centers
of principal curvature of the surface describes a net N, with equal point in-
variants; also N is at infinity. When we express the conditionVE =V Gi/pn
we get
2l (e—yE) 1= ) 42 P =0
r Vo

By means of this relation the expressions (74) are obtainable from (96), and
these transformations Rm are En.

26. Determine the character of the surfaces & which are R transforms of
a surface with isothermal spherical representation of its lines of curvature other
than the En. transforms.

27. If Si and Sz are surfaces of Guichard of the first kind obtained from
such a surface S by transformation Rm, and Rm, there can be found without
quadratures a surface S;2 of the same kind which is in relations Rm, and R,
with Si and Se. Annali, ser. 3, vol. 22 (1914), p. 212.

28. In order that the O net N on a surface S be defined by

VE'_: eesin a, V_G_= escos a, —:— = e;e(cota-f-h), 7)1-— = e—e(-— tana+ k),

1 2

it is necessary and sufficient that h, & and a satisfy

ak . ah . af
B (’H‘COW) 8 5y = (h—tana) ==,
e _ 8¢ ae+ g 2208 0a0¢
Buov  ou ov v ou ou ov’
0? d%a 9%& 0*¢& O0a 0& Oa 0&
‘a‘-'i.i“ 2 +00ta 2+t&na5~2"‘03020‘6;" v 8_1;"5—1;

—(cosa+hsma) (sina—hcosa) = 0.
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These equations are satisfied by £, @ and & defined by
& = c—'e(1+h’),

sing = — '1_-11-? [sina (1 —h?) — 2k cos a),
cosa = —ﬁl_ﬁ [cosa 1—h?H +2hsina].
An O net N parallel to N is defined by
E= e?sin a, V.G::: — e?cos a,
{l}—l- — o & (cot@+ h), % — ¢ & (— tand+h)

and p, p,4p, p, = —2. The surface S is called a surface of Guichard of the

second kind, and S its associate. Calapso, Annali, ser. 3, vol. 11 (1905), p. 216.

29. Show that a surface of Guichard of the second kind is a surface £ and

determine the transformations R of such a surface into surfaces of the same kind.

Annali, ser. 8, vol. 22 (1914), p. 205.

30. A necessary and sufficient condition that a surface of Guichard of the

first kind be a spherical surface [§ 115] is that & = a, h =0, where a is

a constant; then p, = a tanha, p, = « coth @. In this case the associate surface

ig homothetic to the given one.

31. If S is a spherical surface (cf. Ex. 30), equations (106), (108) and (110)

.are consistent when v = (a?p?—6?/Ba®. Thus a spherical surface admits ~o?
transformations R,,, for each value of m # 0, into spherical surfaces.

Annali, 1. ¢. p. 230.

32, For the circle-plane of a transformation R, of a spherical surface (Ex. 81),

the functions j, k and @ of § 79 have the values j = a%2m#, k= —pa?h,

@ = (0*—p?a?)/26. Consequently the planes of these circles envelope a surface

applicable to the quadric of revolution 2?4 2m (y2+ 22 = a®
Amali, L ¢. p. 235.

33. If S is a surface of Guichard of the first kind and S; is an R,, transform
of the same kind, a surface of Guichard of the first kind is defined by

— £ £ ’
VE =2 sinh a, Va=2°2- cosha,

0 6
= Oe_e(l—Qm) (cotha—{—h+c$—g- ,

:PII'-‘ }ll»—

=0 ¢ 1—2m) (—tanha+ h+ee%).
Calapso, Annali, ser. 8, vol. 29 (1920), p. 84.



Chapter VIIL
®
Circles and spheres.

93. Coordinates of a sphere. The equation of a sphere
in 3-space can be written in the form

Qe y +2a5ys + 20y i (i i+ yi+1)

W +oos(yi +ye +ys—1) ==

where «,;,....,a; are constants, and ¢, ys, ys are current coor-
dinates. We call the five constants e the coordinates of the sphere.
If @, xs, @3 are the coordinates of the center of the sphere and K
its radius, we have :

oy = ha, oy = liy, oy = Dy,

Ola= L@t tastas—R4n, w= L@ taita—r-1),

where % is a factor of proportionality. These equations can be
written also thus

L1 &y g
e e —— Ao == Sy T — —
(3) - @t iy " o i) ! -+ ey
Za4 .
‘ ]‘ — % — — l T — - 1y ).
e O R = T Fias ) (a5 4 ieey)

An exception arises when
(4) Oy + ial = 01

which is a necessary and sufficient condition that (1) defines a plane.
From (3) we have

Ve
® =

o5+ 1 ie,’
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where we assume the sign of the radical chosen so that R is
positive for a real sphere. It follows that a necessary and sufficient
condition that a sphere defined by (1) be a point-, or null-sphere, is

(6) ol t+alt i+ al+ ol = 0.

By definition the power of a point with respect to a sphere
is the product of the distances to any two points of the sphere
collinear with it, that is the square of the tangent to the sphere
when the point is outside. Hence the left-hand member of (1)
divided by ‘e,-+ a; is the power of the point (yi, ys, ys) With
respect to the sphere (1).

Consider the sphere (1) and another of center (x!, x%, z;) and
radius R’ defined by

@ | 2en T2t ey didit bt
Yo a4 i+ —1) = 0.

The angle under which they cut is given by

8
R R — D (2i— af)?

1=1

2RI

(8) cosf =

With the aid of (3) and (D) one shows that this is expressible in
terms of the coordinates « and «’ of the two spheres in the form

8
el
9) oS = ———— -

(et eyt

In certain discussions it is advantageous to introduce a sixth
coordinate «; defined by

(10) jeg = R(as+iay).
Comparing this equation with (b), we note that

(11) alt. .. +al=0.
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Now equation (9) becomes

5
D!

____i=1
(12) cosf = iy

94. Pentaspherical coordinates of a point. When the
sphere (1) is not a null-sphere, its coordinates @ may be chosen
so that Da® = 1. These coordinates @ are direction-cosines of
a line in 5-space and from (9) it follows that the angle between
two spheres in 3-space is equal to the angle between two lines in
5-space whose direction-cosines are the corresponding e’s and «'’s.
Accordingly we can choose a set of five mutually orthogonal spheres
in 3-space whose coordinates «;; satisfy the conditions

6 5 jk=1...,5
(13) 20{;{;:1) .Zaijaik:()()j :*' k--.., )
i=1 i=1

With this choice we consider the functions

8
24z; =2 Zlauyf—kiau(yi +yitys D4 et vy —1).
1=

The right-hand member is the power of the point (y,, ys, ys) With
respect to the sphere Sj, divided by its radius R; = 1/(ets; + 7 x4;).
When

(15) toegj+a5; =0,

the sphere S; is a plane and 4z is the distance from the point

(41, ys, ys) to the plane.
The quantities z;(j =1, ....5) are called the pentaspherical

coordinates of the point, 4 being a parameter. In consequence
of (13) we have the fundamental relation

5
(16) 27 =0,

Jj=1

From equations (14) we have
5 b 5
Y= l,z;auzj, Yo = ’-_21“2;2;', Ys = 7-},21“8121,
J= J= =

5 b
142 Dlasj Fia)y =0, yityity =1 2o —ien)z
J= =
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Hence when five quantities satisfying (16) are given, they are the
pentaspherical coordinates of a point, whose cartesian coordinates
are given by (17)%),
As an immediate consequence of these results, we have:

The equation of a general sphere is of the form

(18) oz +easzs+. ...+ agz =0,

where 2, are the pentaspherical coordinates of a point on the sphere,
and the &’s are constants.

If z and 2; are the pentaspherical coordinates of two points
M and M’, whose respective cartesian coordinates are y; and ¥},
the distance between them is given by

L 3 5 5
(19) MM =D (y—y) = —2AN D7,z = AN D) (zj—2)%,
i=1 Jj=1 Jj=1

in consequence of (17), where, because of (5) and (14)

b . 5 _»
1444 =0, 1+1X4 =0
R; being the radius of the sphere of coordinates «;.
It M’ approaches M along a curve, the linear element is
given by

D 5
2 j;l(dz,—)’ j;(dz;)’
N P (e +ieo]
=1 B; '=1ZJ 8T

When in (17) we take a;;==1G=1,....D), aij=00 3 j),
these equations reduce to

(21) { n=ha,  p=ia  p=ls
14+ A(z+i2) =0,  yi+yi+yd = A(s—iz).

80) An exception is afforded by 2; = as;+ias; in which case the point is
at infinity (cf. VIII, Ex. 1).
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From (4) it follows that the fundamental spheres of coordinates
@;1, @, a;3 are planes. In this case we say that the 2’s are special
pentaspherical coordinates. For this case equation (20) reduces to

b5 s ___ Z(dZ')2
) RN

95. Pentaspherical coordinates of an O net. If y,, y, s
are the cartesian coordinates of a point on a surface referred to its
lines of curvature, the functions 1z; satisfy the point equation of
the surface, as follows from (14); and consequently, if 4 involves
w« and v, the 2’s satisfy an equation of the form

alogh 20

0.
ou 0w +e

(23) — 82l

ouov ov u

Conversely, if we have five solutions of this equation satisfying (16),
say zj, and an independent solution 1/4, then the functions zj, where
zjA = 2}, satisfy an equation of this form with ¢ = 0, and con-
sequently i, g, ys, ¥% 49395 1, given by (17) or (21), are
solutions of the latter equation. Hence:

If five particular solutions of anm equation of the form (23)
satisfy the relation

(24) d+a+....+4=0,

they are the pentaspherical coordinates of a surface referred to its
lines of curvature.

If the invariants of (23) are equal, the O net is isothermic.
In this case the equation is reducible to the Moutard form

(25) —— = M.

Hence:

If an equation of the Moutard form admits five particular
solutions z; satisfying the relations Zz} == 0, the quantities are the
pentaspherical coordinates of an isothermic met.

96. Congruences of spheres. When the quantities e in (1)
are functions of two parameters u; and v,, we say that (1) defines
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a congruence of spheres. When the e’s are independent, we can
find by differentiation alone an equation of the form

+2 aul:l+ +G +H +K9=0,

of which the five functions « are solutions. If we take as in-
dependent variables » and », defined by

u= ¢ (u, v), v =Y (ug, 1)

such ‘that ¢ and y satisfy the differential equation
2 2
p{gg]eem o) o
ouy

ou, 0vy I
the above equation is transformed into the Laplace form

2’9 _ ologA 96
dudv  dv du

dlogB 80
ou

(26) +—. 5, T O

The determination of u and v requires the integration of the
differential equation

27) Fdu}—2Edu, dv,+Ddvi= 0.

The curves on the envelope of the spheres uniquely defined by
this equation are called the principal curves.

We assume hereafter that the parameters of a congruence of
spheres are such that the spherical coordinates e satisfy an equation
of the Laplace form (26). Then the principal curves on the envelope
are parametric. The equation of the congruence is of the form

b
(28) _Zlaizi = 0.
1=
We consider the congruence of spheres defined by (28). As
u varies a sphere touches a tubular envelope along the circle C—4,
given by

(29) Seizi=0 3 Z‘; s=0,
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and as v varies, along the circle C; given by

(30) Seizi=0, %‘:’ 2 =0.

The intersections 4, and 4; of these circles are the points of tan-
gency of the sphere (28) with the envelope of the congruence of
spheres, that is, the points defined by

B1)  Deizi =0, > g‘:: =20, 2> Oa zi =0,

The circles (29) and (30) are called the focal circles of the first
and second rank respectively of the congruence of spheres.

Differentiating the first two of (31) with respect to » and
making use of the third, we get

02; oo; 025
Sugr=0,  Tgriheo

Hence as » varies the points 4, and 4; begin to move along the
cirele C_;. Similarly as w varies, these points begin to move along C;.
But as » and v vary, the points 4, and 4; trace out the principal
curves on the envelope of the sphere of coordinates «. Hence we
have the theorem of Darboux?!):

On the envelope of a congruence of spheres, when a displacement
is made along one of the principal curves, the four points of contact
of two infinitely near spheres with the envelope lie on a circle which
is a focal circle of the congruence.

We have also from the above that the line 4, 4; and the line
Aj A3, joining nearby points, meet in the plane of C—; or C; as
v or u varies. Hence these planes are the focal planes of the
congruence of lines A4, 4;. Accordingly in view of the preceding
theorem we have the theorem of Ribaucour:

The chords of contact of the spheres of a congruence with its
envelope generate a congruence whose focal planes are the planes of
the circles of contact w = const., v == const., and the developables
of the congruence are parametric.

81) Lecons, 2" ed., vol. 2, p. 335.
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97. Derived congruences of spheres. Since the five
functions « satisfy equation (26), they are the direction-parameters
of a congruence G' of lines in H-space. Con-
versely, the direction-parameters of such a con-
gruence determine a congruence of spheres in
3-space. From (I, 60) it follows that the direction-
parameters of the congruence Gy and G—; of
tangents to the curves of parameter ¢ on the
first focal surface of G- and of parameter » on
the second focal surface may be given the
respective forms

0 o; 0 o;
F: . . ? R i
2 Fl.9'-5 (32) “ov log A’ Y IOgB'

These congruences , and G—; in H-space correspond to the con-.
ruences of spheres in 3-space with the respective equations
: I P

e -2 “i o0 e
33) Z, i 10{_1;74 zi =0, 2, @ log poaT 0.

Hence we speak of these congruences of spheres as the first and
minus first derived comgruences of the congruence defined by (28).

FKvidently the circles (29) are the intersections of corresponding
spheres of the given congruence and its minus first derived com-
gruence, and similarly the cireles (30) of spheres of the given con-
gruence and its first derived congruence.

Consider now the congruence of spheres defined by the first
of (33). As u varies, a sphere describes a tubular surface, to which
the sphere is tangent along the circle defined by (33) and

R 2‘1’). Y —
2 o (0:2 dv 1ogA i=0,

which is readily seen to be the circle (30). In like manner for
the congruence of spheres defined by the second of (33) as v varies
a sphere describes a tubular surface to which the sphere is tangent
along the circle (29).
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From (3) it follows that «,, as, o,
— (@5} 7y) are homogeneous coor-
dinates of the center M of the sphere.
Since they satisfy equation (26), M
describes a net N. When we compare
(32) with (III, 2) we remark that the
) centers M; and M_; of these spheres

Fig6 ) describe nets which are the first and
minus first Laplace transforms of N. Since the lines MM_; and
M M, are necessarily the axes of the circles (29) and (30) respectively,
we have the theorem:

If G is a congruence of spheres, and G—1 and Gy its minus first
and first derived congruences, as w or v varies a sphere describes
a tubular surface tangent to the sphere along a circle which is the
intersection of the sphere and the corresponding sphere of the minus
first or first derived comgruence respectively. The centers M, M_,
and M, of corresponding spheres describe mets im 3-space forming
a Laplace sequence, and the joins MM_, and MM, are the axes
of the circles of intersection.

Consider further the circle (29). We saw in § 96 that its
plane is the focal plane of the congruence A4, A, tangent to the
second focal surface of this congruence. Hence on the envelope
of the plane the parametric curves form a net N. This circle lies
also on the corresponding sphere given by the second of (33). If
B, and B, are the points where this sphere touches its envelope,
this plane is a focal plane of the congruence of lines B, B, and
N is the first focal net of the congruence. Hence:

The planes of the focal circles of either rank of a congruence
of spheres envelope a met whose tangents are the chords of contact
of the spheres and the corresponding derived congruence of spheres
with their envelopes.

98. Congruences of circles. By definition the circles of
intersection of corresponding spheres of two congruences of spheres
determined by the congruences of tangents to a net in 5-space
form a congruence of circles, for which the spheres are the focal
spheres. 'The centers of the spheres are the focal points of the
congruence of axes of the circles (§ 97). Moreover, as we have
just seen, the planes of the circles envelop a net, whose tangents
16
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meet the circles in the points where the focal spheres touch their
envelopes. Equations (29) define a congruence of circles, as do
also equations (30). Moreover, any congruence of circles may be
so defined.

When for the congruences of circles C—; as defined by (29)
the parameter v varies, the circles C_1(n, v) and C—;(u, v + dv)
meet in the points, A, and A4;, where the sphere of parameter ¢
touches its envelope; they are defined by (31). When the parameter u
varies, the circles C'-((u, v) and C—; (u -+ dwu, v) meet in the points,
A;, A., of intersection of the spheres of parameters
8ai aga,-

(34) RCI PR Y

Hence as « and v varies the circle C_; meets the infinitely near
circle in two points.

Consider, conversely, a two parameter family of circles such
that as either parameter, « or ¢, varies, two infinitely near circles
meet in two points. Hence as w or + varies the axes of the circles
generate developables. ILet F) and F: be the focal points of this
congruence. The spheres S; with centers F, and containing the
circles of the system envelope, as » varies, a tubular surface tangent
along the circles. 1f the equation of the spheres S is Zﬂm = (),
s 0
In like manner, the spheres S; with centers F, and passing

through the circles envelop, as » varies, a tubular surface to which
they are tangent along the circles. Thus the circles are defined
also by

the circles are defined by this equation and 2

0o
Zaizi =0, *B-biz, =0,
where the first equation defines the spheres S;.
Since the circles are the same in both cases, we must have

aﬂi . e,
2 teit-mBi, )

= nej+rB,.

But from § 2 it follows that the o’s and A’'s are direction-para-
meters of a net in 5-space. Combining this result with the second
theorem of the preceding section, we have:
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4 congruence of circles is characterized by the property that
as u or v varies a circle meets the infinitely mear circle in two
points, which are the points of intersection of the circle and the
tangents to the met enveloped by the plane of the circle.

We call these points the focal points of the congruence of
circles.

99. Congruences of spheres and circles in cartesian
coordinates. From (3) it follows that the cartesian coordinates
@y, X3, x3 Of the center of the sphere, and also the function

(35) 20 = 22+ x5+ ) —R?
are solutions of the equation

2’0 __ ologa 96 , dlogh 860

(36) dudv  0v ou du ov’

where as follows from (3) and (26)
(37) a = b=

Conversely, if x,, xs, 23 and 6 are four solutions of an
equation (36), it follows that the quantities e defined by (2) are
solutions of an equation of the form (26). Hence:

If 0 is a solution of the point equation of a net N, the spheres
with centers on N and radii given by

(3%) REP=zxl4ta)+x;—26

Jorm a congruence upon whose envelope the parametric curves are
the principal curves.

As a corollary we have:

The points of an O net in 3-space form a congruence of null
spheres.

When the equation of a congruence of spheres is written in
the form

(39) 2(y—a)—R*=0,

16*
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the y’s being current coordinates, the equations of the focal circles
C—1 and C of the congruence are given by (39) and the respective
equations

oR ox oR
(40) 2(./—7‘)—87 RﬁaﬂzT*O’ Z(?/—w)-a—v— R—"—O

which shows that the axes of the circles are tangent to the curves
of the net of centers. Since cquations (39) and (40) are equivalent
to (31), we have:

FEquations (40) define the focal planes of the congruence of lines
joining corresponding points on the envelope of the spheres (39), the
developables being parametric.

By means of (38) equations (40) may be written

o 0x 00 ox 00
4y 2yl =0 Y5 " 50 =0
If we write

b 06 a 060
b1=0=F 50 BT 05 5y
ou ov

in consequence of (I, 48), the preceding equations are equivalent to

dx—1 061 _ Ox 061 __
Zy '.-0) 2?/ au a,u _0

Hence:

If 6 is a solution of the point equation of a net N, the spheres
with centers on the minus first and first Laplace transforms of N
and with radii given by the respective equations

24 ——293—1—-20—1, R =2$f—291

meet the spheres with centers on N and radius given by (38) in
congruences of circles.

When the central net N(x) of a congruence of spheres is an
O net, the congruence of lines joining the corresponding points of
contact on the envelopes of the spheres is normal, since the focal
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planes are perpendicular. A surface N normal to the congruence
is given by equations of the form [§ 67]
aW 1 90X | aW 18X

=Wt T oa T 50 ® 50

where the X’s are the direction-cosines of the congruence and also
of the normal to the given net N. The function W is to be
determined by the condition that the point of N lies on the line
whose equations are (40). Making use of (41), we find that this
condition reduces to

ow 06 ow 06

“2) TOTw T T %o T

where ¢, and ¢; are the principal radii of curvature of N. Hence
W is found by a quadrature.

Conversely, if a net N parallel to N is known, we find by
the quadrature (42) the radius of the corresponding sphere. Hence
we have the following theorem of Ribaucour®?):

If S and S are two surfaces with the same spherical representation
of their lines of curvature, the mormals of cither are the chords of
contact with their envelope of a family of spheres having their centers
on the other surface; the radii of the spheres are found by a quadrature.

100. Congruences R of spheres. We are in a position
now to establish the theorem:

If the principal curves form a met on each of the sheets of the
envelope of a congruence of spheres, they are O mets in relation R,
provided that the radii of the spheres are not constant.

If the quantities y in (39) are the coordinates of the point of
contact of the spheres with one sheet of the envelope, we have

W — Sy—agl=0 Zu—aL=o.

If equation (41) be differentiated with respect to v and u, respectively
we obtain

oy ox _ oy dx __
vabu—o’ Zau.av—_

82) Comptes Rendus, vol. 67 (1868), p.1334.
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Differentiating the first of (43) with respect to v or the second
with respect to u, we get

. 0y By
Z(J x) 6ubv ou ov -

Hence if the y’s are to satisfy an equation of the form (36), we
0y dy _
ou ov
N(y) be an O net. In consequence of this result the central net
is 2, 0, and by the last theorem of § 66 and the second theorem
of § 76, the theorem is established.

By definition a congruence of spheres is a congruence R if the
central net Ny is 2, O and the complementary function of N, is the
radius of a representative sphere.

From § 68 we have:

The spheres of a transformation R form a congruence R.

When two congruences I of spheres have parallel central
nets we say that the comgruences of spheres are parallel. Hence
from the last theorem of § 76 we have:

If G and Q' are parallel congruences R of spheres and the
spheres G' do mot pass through a point, there can be found by
a quadrature a congruence B of spheres Gy such that the central
nets of G and Gy are in relation F.

In this sense the congruences G and Gy are n relation F.

The spheres with centers on any surface S and passing through
a point form a congruence R, the central net 2, O on § being deter-
mined by the equation of the lines of curvaturc of the envelope
of the spheres; it is the net on § determined by the function
Va*+ 4+ 2* (§ 3). In like manner the spheres with centers on
a surface S and tangent to a plane m, or a fixed sphere, form
a congruence I, the central 2, O net on S corresponding to the
lines of curvature on the other sheet of the envelope.

The spheres tangent to two fixed spheres form a congruence K
with centers on a central quadric of revolution, whose foci are
the centers of the fixed spheres. When one of the fixed spheres
is replaced by a plane, the surface of centers is a paraboloid of
revolution.

must have 2 = 0, which iS the condition that the net
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-

If the centers of the fixed spheres are the points (a, 0, 0) and
(—a,0,0) and the radii are »r, and 7, we have

(e—af' o+ = (Btean)? @+ 42 = R+ an)t
where ¢, = 41 and & = 4 1. From these equations it follows

that
e T S

RE=br+te R = drte

where 0, ¢, d and ¢ are constants. Hence these two functions are
solutions of the point equation of any net on the quadric. Similar
results hold for a paraboloid of revolution. Consequently:

On a quadric of revolution any net is 2, O.

Conversely, if every net on a surface S is 2, O, the functions
4 i+ 2*— R®* and R must be linear functions of the coordinates.
Consequently:

If every net on a swrface is 2, O, the swrface is a quadric of
revolution.

101. Plicker line coordinates. If ., s, 43, 2y and y,, ys,
s, Yo are the homogeneous point coordinates of two points P and Q,
the numbers pjs, P13, P14, Pesy Pssy P1e defined by

[
(44) pp=]""

(4 =1,2,3,4,7 %))
Ye Yi
are called the Pliicker coordinates of the line PQ. Evidently the
ratios only of these coordinates are so determined. Since these
ratios are unaltered, if z;, xy, x5, @y, are replaced by Az, + py,,
vevs AZy+pys, any two points of the line determine the same
set of line coordinates. The six coordinates satisfy the equation

(45) P12 Psa +1)13 e +1914 Pes = 0,

as may be seen by expanding in terms of two-rowed minors the
identity
Xy Ly Xy Ty
Yo Y2 Y3 Y
oy Xy I Xy

Yo Y2 Ys  Ya |

|
e
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Conversely, if we have any six numbers p;; satisfying (45), we can
find two points, (xz,, xs, zs, 0) and (y, 0, ys, y,) satisfying (44), and
consequently there is a line with these coordinates.

Consider two lines p and p' meeting in the point (z;) and
determined by Q(y;) and Q'(y!). Since

Ty X Xz Xy

Y Y2 Ys UYs
Xy Xz Xy Xy

‘207
iy s yi'

we have

(46) P12 Pss+ p1s Pio + P1s P28 + Pss Pl2 + paz Pis + pas pra = 0,

where pi; = (ziyj—x;yi). Conversely, if two sets of line coor-
dinates satisfy this condition, any two points on one line are
coplanar with two points on the other. The line coordinates
of the line joining P and the point (Ay;+wyi) are of the form
Apij+wmpi;. Hence:

A flat pencil of lines comsists of the lines whose coordinates are
Apij+wpl, if p and p’ are lines of the pencil.

Consider the lines of space whose coordinates satisfy a linear
relation

(47)  asspis+ @asPis + assprs+ 13 P3a + @i Paz + apss = 0,

where the a’s are constants. If (b, bs, b, b)) is any point of
space, the coordinates (x,, s, xs, x,) of any point of the lines
through the given point for which (47) holds, satisfy a linear
equation whose coefficients involve the a's and the b’s. Hence
all the lines through the given point lie in a plane. Consequently
the lines satisfying (47) form a linear complex. The plane in which
all the lines of the complex through a point lie is called the
null-plane of the point.

When the o’s in (47) satisfy (45), they are the coordinates
of a line which all the lines of the complex meet. In this case
the complex is called special.
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102. The Lie line-sphere transformation. Consider the
relation between two 3-spaces r and B whose cartesian coor-
dinates «; and X; are in the relations

(Xy+ 2 Xs) +Xs -+ 25 = 0,
(48) . 2
(X1—‘7/X2) n—axs—Xy =0 )

To each point of either space corresponds a line of the other.
If (z;) and (zf) are two points of a line of r corresponding to
a point (X;) of R, we find that equations (48) and similar equations
in x; are consistent, provided that

(49) P1e—Pss = 0;

here p,; = x; %j—x; i and 2, = x; = 1. Hence to the points of
correspond lines of the linear complex (49), which is called the
complex of the transformation. If we have any line of the complex
and substitute the coordinates of any two of its points in (48), we
find the corresponding point in R.

In like manner the coordinates X; and X; of two points in R
whose line corresponds to a point in », satisfy the condition

2 (Xi—XiE =0,

that is to a point in » corresponds a minimal line in R.

To the points of a line a of the complex (49) correspond minimal
lines in B passing through the point A which corresponds to a.
Also to the points of a minimal line M in R correspond the lines
of the complex through the point of » corresponding to M. More-
over, since the transformation is continuous, to the tangents of
a minimal curve in R correspond the points in » of a curve whose
tangents are lines of the complex (49).

A general line in r is defined by
(50) {xx Pss + X8 Py + p1s = O,

%3 Pss -+ X5 Pas + pss = 0.

) Lie, Geometrie der Berithrungstransformationen, p. 453 et seq.
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Eliminating the «’s from these equations and (48), we get

(61) 20, X1+ 203 Xy+ 203 X+ iy (X4 X34+ X541)
+os (Xi+ X3+ X5—1) =0,

where

52) {prz'—‘: w3+ iag, P18 = 01+ iy, pu= ez +iay,

P3g = o3—iag, Pag == &1—1i &y, Pog == @510y,

Since the p’s satisfy (45), the a’s satisfy (11), and consequently:
To a general line in r correspond a sphere in R.
From these results and (10) it follows that to a line of com-
plex (49) of the transformation corresponds a null-sphere in R.
From (46) and (52) it follows that to two intersecting lines
of coordinates p;; and pj; correspond two spheres S and S whose
coordinates e and o' satisfy the condition

(53) oy altasah 4., g el =0,

that is, as follows from (12), the spheres are tangent.
From (52) it follows that the line of coordinates pj;, given by

(54)

' . ’ § r
{1)12 = g3~ 1kg, P13 = P13, P14 = P4,

Poa = as+ tag, Piz == P, Pz = P,
corresponds to the sphere (51). The equations of this line are

{ 21 p12+ 28 par-t+ p13 =0,
22 P12+ 23 paz-t- pas = 0.

(55)

The lines of the complex (49) meeting the line (50) form a con-
gruence. The line coordinates p;; of a line of this congruence satisfy
(49) and

P84 P12+ a2 P13+ Pos P14+ P12 Psd + P18 Paz 1 p1a Pos == 0.

It is readily seen that all of these lines meet the line (55). Hence
the lines (50) and (55) are the directrices of the congruence. We
refer to two such lines as conjugate with respect to the complex (49).
Hence:
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To a sphere in R corresponds two lines in r conjugate with
respect to the complex of the tramsformation.

From the foregoing discussion it follows that to the points
on the conjugate lines correspond the minimal lines of the sphere
and to the lines of the complex meeting the conjugate lines corre-
spond the points of the sphere.

Consider two intersecting lines in » of coordinates p;; and pjj,
not of the complex (49), and the two tangent spheres corresponding
to them. The homogeneous point coordinates of the centers, C
and (', of the spheres are (a,, e, o, — ey —iery) and (ef, eb, of,
—a;—iay), and the point of tangency of the spheres is the inter-
section of the line CC’ with either sphere. To a line of coordinates
Zpij-+ wpi; corresponds a sphere of coordinates Ae;-+ pai. Hence:

To a flat pencil of lines in v+ corresponds a pencil of spheres
tangent to one another at the same point; moreover, the centers of the
spheres form a linear pencil of points projective with the given pencil
of lines.

From (4) it follows that the sphere of the pencil which is the
tangent plane to all the spheres of the pencil is determined by
Mp = — (e + i eg)/ (o5 <+ iay).

Suppose that this is the sphere of coordinates «. From (52)
and (b4) it follows that to a plane in K corresponds in » two
lines of the special complex p,, = 0 conjugate with respect to the
complex (49). All the lines of this special complex meet the line /
at infinity in the plane x; = 0, that is the line a2, = 0, ; = 0;
this line is in the complex (49). Hence:

To a plane in R corresponds im » two lines of the special
complex piy = 0 comjugate with respect to the complex of the trans-
Jormation, and to the points of these lines the two pencils of minimal
lines in the given plane.

Let g and ¢’ be the conjugate lines corresponding to a sphere S.
A line a of the complex (49) meeting g and ¢’ corresponds to
a point A of S, and to the minimal generators of S through 4
correspond the points m and m' where a meets g and g'. Since
g and ¢ are conjugate with respect to the complex, all the lines
of the complex through m' meet g: that is, m’ and g determine
the null-plane of m’. In like manner m and g determine the null-
plane of m. .
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If S, is a sphere tangent to § at A, the conjugate lines ¢, and g1
corresponding to S; pass through m and m’ respectively. Hence:

To all the spheres tangent to S at A correspond a pencil of
lUines through m lying in the null-plane of m' and a pencil of lines
through m' lying in the null-plane of m.

103. The Lie transformations of surfaces. A point and
a plane through it constitute a surface element of which the point
is the center. We consider the surface elements consisting of the
points of a surface I in B and the corresponding tangent planes.
By the Lie transformation the minimal curves of = correspond to
two one parameter families of curves ¢ and ¢’ in » admitting lines
of the complex (49) for tangents; these curves lie on two surfaces ¢
and ¢’. To a point A of I corresponds a line a of the complex
tangent to a curve ¢ and to a curve ¢’ at points m and m’ corre-
sponding to the respective minimal tangents to = at 4. Hence ¢
and ¢’ are focal surfaces of a congruence of lines of the complex.
Two nearby tangents to ¢ determine a plane tangent to ¢’, that
is the null-plane of m in the tangent plane to o’ at m’. In like
manner the null-plane at m’ is the tangent plane to ¢ at m. The
spheres tangent to I at 4 correspond to two pencils of lines with
centers at m and m’, as shown in the preceding section. Hence
to the surface elements of X correspond two sets of surface elements
whose centers are the points of ¢ and ¢’, and whose planes are
the tangent planes to ¢ and ¢’ at corresponding points. Therefore:

When a Lie transformation is applied to a surface = in R,
the two corresponding surfaces o and o’ in r are the focal surfaces
of a congruence of lines of the complex of the tramsformation;
corresponding directions in the tangent planes to ¢ and o correspond
to spheres tangent to S; and the surface elements of I correspond to
the surface elements of o and o'.

Thus the correspondence is a contact transformation.

As a point m» moves along a curve y on o, the tangent planes
intersect in directions conjugate to y. Hence only in case y is
an asymtotic line do nearby surface elements have a corresponding
direction in common. Two nearby surface elements of 3 are
tangent to the same sphere only in case the center of the element
moves along a line of curvature of 3. Consequently we have
the following important property of the Lie transformation:
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The spheres with centers at the centers of principal curvalure
of I correspond to the tangents to the asymptotic lines on o and o’;
the lines of curvature of S correspond to the asymptotic lines on
a and o', which are the focal surfaces of a W congruence consisting
of lines of the complex of the tramsformation.

Since the tangents to ¢ at a point m are projective with the
centers of the spheres tangent to = (102), we have:

The centers of spheres corresponding to conjugate directions at m
are harmonic with respect to the centers of principal curvature of 3.

104. Congruences R of spheres. W congruences of
lines. From § 100 it follows that a necessary and sufficient
condition that a congruence of spheres be R is that the radius
R be a solution of (36), which from (10) is equivalent to the
condition that e be a solution of (26). Hence:

A necessary and sufficient condition that a congruence of spheres
be R s that the sixz coordinates of the comgruence satisfying (11)
be solutions of the same equation of Laplace.

If @; and «;(: =1, ....6) are the coordinates of two con-
gruences R of spheres tangent to the same surface, we have

Dat=0, =0 Dad=0.

Hence the quantities o; and «; are homogeneous coordinates of
two nets, N(e) and N'(«'), in 5-space lying on the hyperquadric
Zac’:: 0, and in relation ¥ for which the lines of the congruence
of the transformation are generators of the hyperquadric (cf. III,
Ex. 23).

As an immediate consequence of the results of the preceding
section we have the theorem:

If two surfaces = and Iy are in relation R, and 6,6' and 0y, 01
are the tramsforms of = and =y respectively by a Lie line-sphere
transformation, the surfaces ¢ and o1 are the focal surfaces of
a W congruence and likewise 6 and o1 moreover, ¢ and o are focal
surfaces of a W congruence comsisting of lines of the complex of
the transformation and likewise o1 and o1.

Conversely if o and oy are the focal surfaces of a W congruence,
and X and 3; are transforms of o and o; by a Lie transformation
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thén S and 5; are in relation R. Hence we have the following
theorem of Darboux®) as a consequence of the preceding theorems:

A mnecessary and sufficient condition that a congruence be
a W congruence is that the Pliicker coordinates of the lines be solutions
of an equation of Laplace.

Since a W congruence is transformed into a W-congruence
by a projective transformation, we have:

A net N(x) in 5-space lying on a quadratic variety of fowr
dimensions whose equation is

(56) Zai jw(i).’l)(j’ =0

represents a W congruence.

From the results of § 38 we have:

Each transform F of a net representing a W congruence leads
divectly to a net representing another W congruence.

Consider in particular a surface ¢ upon which there lies an
R net N (§ 45), that is a net for which the tangents to the curves
of the net in each system form W congruences. When a Lie trans-
formation is applied to ¢, to the tangents to either family of curves
of N correspond spheres tangent to = with centers describing nets
2, O conjugate to the congruence of normals to 5. Moreover, corre-
sponding points of these central nets, ¢ and C’, are harmonic to
the centers of principal curvature of ¥ and the nets have equal
invariants (§ 25), that is X is a surface 2 (§ 89). Conversely, if
a Lie transformation is applied to a surface £, there result two
nets k. Consequently we have the theorem of Demoulin®?):

A net R is transformed into an O net 2 by a Lie transformation
and conversely.

Since the nets C and C’ are in the relation of a transformation K
(§ 25), the coordinates e; and «} ( =1,....86), of the spheres with
centers on C and C’ tangent to I satisfy equations of Laplace
with equal invariants. Conversely, if the coordinates «; of a sphere
are solutions of such an equation, the central net C has equal
invariants, and consequently (§ 89) the sheets of the envelope are
surfaces 2. Hence:

8) Lecons, 2 ed., vol. 2, p. 358.
) Comptes Rendus, vol. 163 (1911), p. 590.
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When the Laplace equation of a congruence R of spheres has equal
invariants, the sheets of the envelope are surfaces 2, and conversely.

As a corollary we have:

A mecessary and sufficient condition the a net be R is that the
Pliicker line coordinates of the tangents to either family of curves
of the nmet are solutions of a Laplace equation with equal invariants.

105. Harmonic congruences of spheres and circles.
Suppose we have a congruence of circles Cy, whose axes are tangent
to the curves u -—= const. of a net N, the circles being determined
by a solution 6 of the point equation of N, as discussed in § 99.

Any net N conjugate to this congruence of axes is defined by

equations of the form

ey B0
GY)) @ =g

v

where 6, is another solution of the point equation (36) of N (§ 8).
80 06,

dvl dv
equation of N. Hence the spheres S with centers on points of N
and radii determined by

Si— B =20

Jvidently 6 given by 6 = § —86, -

form a congruence. It is readily found that the circles C, lie on
the corresponding spheres of this congruence.

We say that a congruence of spheres and a congruence of
circles are harmonic, when the centers of the spheres describe
a net conjugate to the axes of the circles, and the latter lie on
the corresponding spheres®®):

We may state the preceding results as follows:

If a congruence of circles is determined by a solution 6 of the
point equation of the net N whose curves u == const. are tangent to
the axes of the circles, and 6y is the solution determining a net N
conjugate to the axes, the congruence of spheres harmonic to the circles
and with centers on N is determined by

0 20
96, v’
ov

8) Cf. Guichard, Annales L'Ecole Norm. Sup., ser. 3, vol. 20 (1903), p.197.

(68) 6 =6—
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Consider the converse problem when the spheres are given
with centers on a net N and radii determined by a solution 6 of
its point equation. A congruence G conjugate to N is obtained
by drawing through points of N lines parallel to the lines ]01mng
the origin to points of a parallel net N’ whose coordinates z’ are

given by _
o’ 0z 0z’ 0z

(59) B0 =" a0 Lo

A function 6’ is given by the quadratures

26 50’ 50
(60) i k'a'}Z 30 = oy

From (I, 37) we have that the focal point generating a net N
whose curves u = const. are tangent to the congruence G is given
by equations of the form

61) xZE—%E

Moreover, 1/1is the solution of the point equation of N determining
N as a Levy transform of N (§ 8), that is the function 6, referred
to in the above theorem. Hence it is readily seen that the function

(62) 6— 9 -—%&9"

enables us to express 8 in the form (58). Consequently the spheres
with centers on the net N and radii determmined by 6 meet the
corresponding spheres of the given congruence in circles harmonic
to the latter. Accordingly we have:

The determination of congruences of circles harmonic to a con-
gruence of spheres is the problem of finding congruences comjugate
to the met of centers of the spheres and a quadrature.

Since 6’ is determined by (60) to within an additive constant,
there are oo * congruences of circles harmonic tothe given congruence
of spheres such that corresponding circles have the same axis.

This result may be obtained in another manner which brings
to light the role of transformations F in this theory. Let YACH
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be an F transform of N by means of a solution 6 of the point
equation of N, thé congruence G of the transformation having
parameters z'. Thus

. _ 6_,
== — _07'_
From (II, 7) we have
oxy  , 0x, dx1 __ , 0x,
du "t ow’ ov ! aw’
where
h l
/L — <. l —_— TR
Y e —hne’ Yo —i6
Consequently from (61) we have
1,
X = ry— 1—3‘1
. 1
We call the functions
L - g
01 == 0-— , 0 y -é:;,

the solutions of the point equations of 1\71 and N} corresponding
to the solution ¢ of the point equation of N. We find from (62) that

— 16
0 == 61— l_l “é/ .
Consequently we have:

If N and Ny are F transforms of one another, and 6 and 6; are
corresponding solutions of the point equations of N and Ny respectively,
the congruences of spheres 8 and Sy with centers on N and N; and
radii determined by 0 and 6, respectively, intersect in a congruence
of circles having the lines of congruence of the transformation F
for axes.

When, in particular, 6 = 6, the function 6; = 0, and the
spheres S; pass through the origin. Hence:

If the central met N of a congruence of spheres S whose radii
are determined by a solution 6 of the point equation of N is sub-
Jected to a transformation F determined by 6, the spheres Sy with
centers om the transform Ny and passing through the origin meet

17
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the spheres S in a congruence of circles harmomic to S; moreover,
the ! congruences of circles harmonic to the spheres S and with
the same axes are obtained in this way by varying the additive
comstant of integration in 6'.

From this result and (38) it follows that the circles are the
intersections of the spheres

S —2 420 =0, Dat—2 Dwi =0,

where

(63) £ = r—-=1r

|

Qilf E

and the «y’s are current coordinates. Moreover, in consequence
of (63) the equation of the planes of the circles is

(64) 2nx'—6 = 0.

Consequently the coordinates x, of the net N, enveloped by these
planes are found by solving (64) and

65)  Swogo— Tl =0, Dot 2=y,
; . v v
in consequence of (59) and (60). From (41) it follows that (65)
are the equations of the chord of contact of the spheres & with
their envelope. Consequently N, is conjugate to the congruence
of these chords of contact and we have the theorem of Guichard®?):
The congruence of lines joining the points of contact of a con-
gruence of spheres with their envelope is conjugate to the net enveloped
by the planes of any congruence of circles harmonic to the spheres.
The quantities z’' and 6’ are tangential coordinates of N.
The tangential coordinates of the net N, enveloped by the planes
of any other congruence of circles harmonic to the spheres are
given by

0w _Wow 0w _ 1w
ou ~ h ou’ av 1 9v’
66) '} " 56’ ry PN
08" _ K o¥ 28" _ L od
du  h ou’ sv 1 oav’

8) L. c., p. 197.
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in consequence of (59) and similar equations defining the other
congruence of circles. But from these equations it follows that N,
and N, are in relation F or are parallel. Hence:

When two congruences of circles are harmonic to the same con-
gruence of spheres, the mets enveloped by the planes of the circles are
in relation F' or are parallel.

Conversely since the tangential coordinates of any two nets in
relation F' can be chosen so that they satisfy equations of the
form (66), it follows that the tangential coordinates of any other
net conjugate to the lines joining corresponding points of N, and
Ny satisfy equations of the form (66). Hence:

If 8 is a sphere describing a congruence and G is the congruence
of lines joining the points of contact of S with its envelope, the
tangent planes of any net conjugate to G meet the spheres S in a con-
gruence of circles harmonic to the spheres®®).

106. Representation in 5-space. When we interpret the
results of § 105 in terms of nets and congruences in 5-space, we
find that a net representing the congruence of circles is harmonic
to a congruence representing the congruence of spheres. We shall
establish this result.

From (2), (32), (37) and (38) it follows that the parameters
of the spheres giving rise to the circles Cy are of the form

) = hai(i = 1,2, 3), ai=z’h<0+—;), ag:k(o-»l—);

2
, ow;  0loga . :
ﬂzzh(”a'vz*—a_f_“ xi) (7'= 1,2, 5))
(20— (o ) 2Loka) g 00, 1) ologa)
ﬁ"—lh(bv (0+2) av /)’ ﬂb_h(bv (0 2/ ov /|

Since the functions «’ and 8’ are the direction-parameters of the
tangents to a net, they are solutions of a system of equations of
the form (I,4). Any other solution 6, of (36) gives two other solutions
of this system, namely

. . ael_aloga )
p—-h01, q—]l(av Y 01.

8) Of. Guichard, L c. p. 197.
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We make use of this fact to obtain the parameters of the con-
gruence in 5-space representing the congruence of spheres.S harmonic
to the circles C; in § 105. In fact, from (57) and (58) it follows
that the parameters @ of the congruence are given by

o / , , .
mzhm:7ﬁgwmuWy> (i=1,2,8),

Yo
— T A 1 ] N r 1
oy = 1h (0 ~+- 7)—) = ——*ljo—'(au] — A4 P ),

Z hﬂ_é_i

v
- EX N 1 7 ' 7 (W
oy = h (0——— —~2—) = -—:5791— (x5 ' —Bs p").
v

Hence (§ 13) the congruence and net in 5-space corresponding to
the congruences of spheres and circles are harmonic.

In order to prove conversely that congruences of circles and
spheres represented by a net and a congruence harmonic to it in
b-space are harmonic to one another, we take the direction-para-
meters, ¢ and B, of the net in the normal form, so that

‘ be _ L, 0B _
67 Ay np, o me.

The parameters of any harmonic net are of the form

(68) o = aqg—B),

where p and ¢ are a pair of solutions of (67). From these ex-
pressions it follows that the spheres § of coordinates e pass through
the circles of intersection of the corresponding spheres of coor-
dinates « and #. Hence their net of centers is conjugate to the
congruence of the axes of these circles, since the curves of the
net and the developables of the congruence are parametric.
From (68) we have by differentiation
b da  p o _0oq 08

69) o Tl T T e YT Py
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When u varies the characteristics of the spheres § are circles,
I, the intersection of the spheres of coordinates & and Z—;x;, which

in consequence of (67), (68) and (69) pass through the corresponding
points, A4; and A4, where the spheres of coordinates @ touch their
envelope. Similarly, when v varies the characteristics of S are
circles Iy passing through the corresponding points B, and Bs,
where the spheres of coordinates @8 touch their envelope. We have
seen that the lines A, 4; and B; B; are the tangents to the parametric
net N on the envelope of the circle C; (§ 97). Moreover, we know
that the lines of intersection of the planes of the circles Iy and
I;, that is the joins of points of contact of the spheres & with
their envelope, form a congruence with the developables parametric.
Hence we have the fifth theorem of § 105.

107. Conjugate congruences of spheres and circles.
We return to the consideration of the congruence of spheres §
whose centers describe a net N and whose radius is determined
by a solution 6 of (36), the point equation of N. By means of
a solution 6, of (36) we determine Levy transforms N_; and N, of
N, such that MM_, and M M are tangent to the curves of para-
meter u and v respectively of N. By means of the functions

i 61 06 N O 06
(70) 0-1=0—%4 50w  "=9"50 7,
ou ov

we determine spheres S_y and S; with centers on N~1 and N, respec-
tively. The spheres § mect the spheres S_; and bl in congruences
of circles C_y and C; respectively, harmonic to S—; and S;. More-
over, corresponding circles C—; and C; meet in the points 4; and
Az where § touches its envelope (cf. fig. 6).

Since the nets N_; and N, are Laplace transforms of one
another, the same is true of the functions 6_; and 6, I, Ex. 11).
Consequently by the fourth theorem of § 99 the circles C of inter-
section of the spheres S_i-and S; form a congruence. Since the
spheres S—; and S; pass through A; and 4, so also does their
intersection C.

From §97 it follows that the points of contact, B_i;, B.,
and B, B:i respectively, of the spheres S—; and Sy with their
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envelopes lie on C, and that the lines
B_; B, and B, Bj are the tangents to
the net N enveloped by the planes
of C. Since S—1 is harmonic to C_j,
it follows from § 105 that the line
B_; B!, passes through the net enve-
loped by the plane of C_,, that is
the second focal net of 4; A,. Simi-
larly the line B; Bi passes through
the first focal net of A4; A (cf. fig. 7).
Consequently the congruence 4; A, is harmonic to N. Hence®):

If Ay and Az are the points of contact with its envelope of
a congruences of spheres S with centers at points of a net N and G
is any congruence harmonic to N, the circles with the lines of G
Jor axes and passing through the corresponding points Ay and A form
a congruence. Moreover, the congruence Ay Ay is harmonic to the
net enveloped by the planes of the circles.

Consider now the representation in H-space. To the spheres S
corresponds a congruence (7, to Cy and C—; the focal nets Fy and
F, of G, to S; and S_; congruences harmonic to F; and F,, which
are tangents to a net I’ representing the congruence of circles C.
Hence the net P is conjugate to G.

Conversely, if we have a congruence
G and a conjugate net P in 5-space,
to G there corresponds in 3-space a con-
gruence of spheres S with centers at points
of a net N. It touches its envelope at
the points, 4; and A, of intersection of
1 and C—;, the characteristics of S when
v and u vary respectively. Since the
tangents 7% and 7» to the curves of
parameter v and « of P are harmonic to
the focal nets ) and F» of G, they gene-
rate congruences represented in 3-spa® by congruences of spheres
harmonic to the circles Cy and C_, respectively, the centers of the
spheres being on nets N; and N_; conjugate to the tangents to

8) Cf. Guichard, 1. c., p. 198.
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the curves of parameter v and u respectively of N. However, since
Ty and T, are tangents to the net P, the two congruences of
spheres with centers on N, and N_; meet in a congruence of circles,
and corresponding points of Ny and N_, are the foci of the axes
of the circles (§ 97). Hence (§ 10) the congruence of axes is
harmonic to N. In view of these results we say, with Guichard,
that congruences of spheres and circles related as in the preceding
theorem are conjugate to one another®),

In order to obtain a congruence of circles conjugate to a con-
gruence of spheres, we note that the coordinates of N; are of the
form (57) where 6, is a solution of the point equation of N, the
net of centers of the spheres. The function 6; determining the
radius of & is given by (70). Hence the circles are defined
by the equations

1) r—2yi)+2e =0, - -a-afj =0,

where the y’s are current coordinates.

Conversely, if we have a congruence of circles, any net har-
monic to the axes of the circles is given by equations of the
form (61) and the radius of the spheres of the conjugate congruence
is determined by (62). The converse may be stated in geometrical
form, if we observe that it follows from the representation in
hH-space that there is a reciprocal correspondence between the
congruence harmonic to N and the nets harmonic to the congruence
of axes of the circles. In view of this fact and the preceding
results we have: i

If G s a congruence harmonic to the net N enveloped by the
planes of the circles of a congruence, and Ay and As are the points
of meeting of a line of G and the corresponding circle of the con-
gruence, the plane determined by the mid-point of the segment Ay As
and the axis of the circle envelopes a net N, the spheres with centers
on N and passing through A1 and A, form a congruence conjugate
to the given comgruence of circles®).

108. Congruences of circles K determined by trans-
formations R. 1In § 81 we found that if N; and N, are R trans-

%) L. ¢, p. 197.
1 Cf. Guichard, 1. c., p. 198.
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forms of an O net N, there can be found by quadratures alone a set
of %! nets N, of which »; is a member, which are R transforms
of a family of oo! nets Ny, of which N is a member; corresponding
points of these oo®nets lie on a circle K; the tangent planes to
the nets at points of K pass through a point Mz which describes
a net N conjugate to the congruence K of the axes of the circles K,
this congruence being harmonic to the central nets of the trans-
formation of N into N.; the normals to the nets N;» and N, at points
of K are tangent to the sphere S with center at M; and passing
through K. We wish to show that the circles K form a congruence
of circles and the spheres S a congruence of spheres harmonic to
the former.

Since w = —%— 2 2% is a solution of the point equation of N,

the function (cf. § 81 and VI, 96)

6,
o == 0 — - P

J 2
is a solution of the point equation of Np, and consequently

O 000 __ 4 (B1pe—60:p1) @ Beqi—0102) P

O 0T B0 e
ou
— _ bn 0wn (01py—0s p1) R+ (0301—0109) I
Wy, = wg T = - g — - .
ov

are solutions of the point equations of the focal nets # and ¥} of
the congruence K, and either is a Laplace transform of the other.

From (VII, 33) it follows that the radii of the spheres with
centers on F; and F; and passing through the corresponding circles
K are given by

o _ (01ps—6s p1)*+ (6: 1 — 61 ¢s)*
Ry. — 2
(P1 gs— s 1)

25— (01]’2 - 08 pl)’—*" (02 r1— 60, ’)'2)’
" (prrs—pem1)* '

)
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From these equations and (VII, 33) we find that

Zylg—R';l =2 Dy, 2./3 = 2(‘)11

Hence (§ 99) the circles X form a congruence, and the spheres &
form a congruence harmonic to these circles (§ 105).

.From the second theorem of § 11 it follows that the lines
joining the focal points of the same rank of corresponding lines
of the congruences of the transformations R of N into two nets of
the class N, meet in a point M which describes the net N enveloped
by the planes of the circles K. If A; and 4, are the points of
contact of the sphere § with its envelope, the lines 4; A; form
a congruence G which is conjugate to the net N (8§ 105).

Since normals to a pair of nets N and N; are tangent to the
corresponding sphere S, the circles orthogonal to N and N; form
a cyclic system (§ 79) and lie on the spheres S. Tn §113 it is
shown that a cyclic system is a congruence, and consequently this
cyclic system is harmonic to the sphere. From the results of
§ 105 it follows that the axes of these circles form a congruence
conjugate to Ng.

109. Orthogonal congruences of spheres and circles.
Consider the congruence of spheres S with centers on N( (z) and
radii determined by a solution 6 of the point equation of N, and
also the harmonic circles whose planes are defined by (64). The
spheres S with centers on the net N enveloped by these planes
and with radii determined by a solution ¢ of the point equation
of N are orthogonal to the corresponding spheres S, when, and
only when,

(72) g o= Zia——é

In consequence of (65) we have

o ox by -0
(13) G =y = 2w

Because of these equations it follows that the spheres S are
orthogonal also to the first and minus first derived spheres of S
(§ 99). Moreover, equations (73), being of the form (41), show
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that the line joining the points where S touches its envelope passes
through the corresponding point of N and hence is the axis of
the circle.

Conversely, let ¢ be any solution of the point equation of N,
and let S denote the spheres with centers on N, and radii deter-
mined by ¢. Let N(z) be any net conjugate to the line joining
the points of contact of S with its envelope, then equations (73)
hold. By differentiating them with respect to » and u respectively,
we get

dx dx __ ox 0x

v du du v

In consequence of these equations 6 given by (72) is a solation
of the point equation of &, and therefore the spheres § with centers
on N and radii determined by 6 meet S and the two derived con-
gruences of spheres orthogonally. We say that the congruence
of spheres § are orthogonal to the congruence of circles in which
the spheres S are cut by the tangent planes of N,

By definition the poles of a circle are the two points on its
axis, equidistant from the plane of the circle, which are the centers
of the null spheres passing through the circle; any sphere with
center in the plane of a circle and orthogonal to a sphere through
the circle passes through the poles of the circle®®). For the present
case the points of contact of § with its envelope are the poles
of the circles, since the spheres S are orthogonal to S and its
derived spheres. Hence:

The circles in the tangent planes of the surface of centers of
« congruence of spheres which have for poles the points of contact
of the spheres with their envelope form a congruence of circles whose
focal parameters are the same as for the congruence of spheres.

Also:

If C describes « congruence of circles, the spheres with centers
on the net enveloped by the plane of C and passing through the
poles of C form a congruence orthogonal to the congruence of circles®).

We have seen that the spheres S orthogonal to a congruence
of circles C are orthogonal to any congruence of spheres S har-

97) Note that when the circles are real the poles are imaginary and vice-versa.
%) Cf. Quichard, 1. c., p. 195.
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monic to C, as are also the first and minus first derived spheres
Sy and S—; of 8. Hence if the equation of S is Zrz =0, and the
equations of C are Zaz =0, Zﬂz == 0, where the «’s and 8's
satisfy (67), it follows from (68) that

Sia=0  Sy8=0, ZZ—Za=0,

N0 o or 0y o
Z’Buﬁmo’ Zav““o’ Zavﬂ—_o'

Consequently the spheres S, S; and S-, are represented in 5-space
by a congruence and its first and minus first derived congruences
whose lines are perpendicular to the tangents to the net represen-
ting C. Conversely, if we have such a configuration in 5H-space,
the corresponding spheres §, Si, S—1, in 3-space are orthogonal to
the congruences of spheres harmonic to the circles C' represented
by the net. Consequently the points of contact of § with its
envelope are the poles of C. Since the centers of the spheres lie
in the planes of C, and these planes are the tangent planes of
the central net of S, the spheres are orthogomal to the circles.
Hence:

A necessary and sufficient condition that a congruence of spheres
and a congruence of circles be orthogonal is that the congruence of
~pheres and its first and minus first derived congruences be represented
m D-space by congruences of lines perpendicular to the tangents to
the curves of the met representing the congruence of circles.

110. Transformations F of congruences of circles.
Consider the congruence S of spheres and the circles ¢’ harmonic
to them, as defined in the preceding section, and in addition a
second congruence of circles C; harmonic to S. Let Ni(z1) be the
net enveloped by the planes of these circles and ¢; be the solution
of the point equation of N determining the congruence of spheres
with centers on N; and orthogonal to S. Then

(74) 1 = 2.1?%1 -——0-,
and

- ] o 0
(75) 91 — 2/93 Oz 91 —_ Z:,. %

du du’ v v



(17)
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From the fifth theorem of § 105 it follows that N is an
F transform of N, or is parallel to N, the nets N and N; being
conjugate to the congruence G of lines joining the points where §
touches its envelope. Consider first the case where N and N; are
not parallel, then

(76) T =x——a,

where @ is a solution of the point equation of N, the direction-para-
meters 2’ of G and 0’ being in the relations

ba’ du o0a’ oz 20" _, 26 08" _, 28

ou "ou’ v ov’ ou ow v or
Since & is normal to the tangent plane to N, we have

' 0% _ 07 _
(78) w0 B =0,

and consequently ¢’ defined by

(19) ¢ =227
satisfies the equations

oy _ Rl 29,09
(80) du h du’ dv =1 av’

From (72), (74), (76) and (79) we have

0
(81) P11 = 9’——07(/”7

that is ¢; is the transform of ¢,

Conversely, let N and N; be two nets in relation F, and ¢
and ¢; be corresponding solutions of their point equations in the
relation (81). Let € and C; be congruences of circles in the planes
of N and N, determined by the functions ¢ and ¢; respectively.
The equations of the axes of these circles are
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bz 29 dx o9
and
Bay _ dgn dar _ 091 _
(83) 2?/ du du =0, 2y v v = 0.

These two lines are found to intersect in consequence of (76) and
(81). If we denote by x the coordinates of the point of inter-
section M, we find that they satisfy (82) and (79).

From (79) and (80) equations (78) follow. In view of this
result and the fact that 2’ and ¢’ are solutions of the point equation
of N’, equation (79) is the tangential equation of a net, and there-
fore M describes a net conjugate to both axes.

From the preceding section it follows that the spheres S with
centers M and radius determined by 6 given by (72) are harmonic
to the circles . But by means of (76), (79) and (81) we find
that (74) is a consequence of (72). Hence the spheres § are like-
wise harmonic to C}.

We say that the circles C and C; whose planes envelope nets
in relation # and which are determined by solutions of the point
equations of these nets in the relation (81) are F transforms of one
another, or simply in relation F. Hence:

Two congruences of circles which are F transforms of one an-
other are harmonic to a congruence of spheres, and two congruences
of circles harmonic to a congruence of spheres are F tramsforms of
one another unless the corresponding circles lie in parallel planes.

Incidentally we have:

When two congruences of circles arc in relation F, corresponding
circles meet in the two points where each circle cuts the corresponding
line of the harmonic congruence of the tramsformation F of the nets
enveloped by the planes of the circles.

If N, Ny, N> and Ny are four nets of a quatern in relations #
(§ 21) and the planes of congruences of circles C, C; and C; enve-
lope the respective nets N, N; and N, and are determined by
functions ¢, ¢; and ¢» respectively, where

02 o

6, 2
1 =945 g2 =9 Gn 9"
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the function ¢, defined by
0”
(84) 6, 017 12 = 0—2 (62 021 91+ 01 012 92— 012 621 ),

is the corresponding solution of the point equation of Ny;, whose
coordinates are given by (II, 49). Hence the circles C1» whose planes
envelope Ny; and which are determined by ¢i» are F transforms of
C; and Cs.

We shall give another geometric interpretation of transformations
F of congruences of circles. Take two congruences of circles con-
jugate to the same congruence of spheres. Since their axes are
harmonic to the net of centers of the spheres, the intersections of
corresponding axes form a net, and consequently the spheres with
centers at points of this net and containing the circles form a con-
gruence of spheres harmonic to the two congruences of circles. Hence:

Two congruences of circles comjugate to a congruence of spheres
are in the relation of a transformation F.

As a corollary we have:

The nets enveloped by the planes of the circles of two congruences
of circles conjugate to a congruence of spheres are in the relation of
a transformation F.

In consequence of the last theorem of § 107 and the second
of § 110 we have:

Two congruences of circles in the relation of a transformation F'
are conjugate to a unique congruence of spheres.

From the foregoing theorems follows the theorem:

Any two congruences of circles harmonic to a congruence of
spheres are conjugate to a congruence of spheres, and comversely.

Since two congruences of circles in relation F' are conjugate
to a congruence of spheres, it follows from that the nets in 5-space
representing the congruences of circles are conjugate to the con-
gruence of lines representing the spheres. Hence:

The nets in 5-space representing congruences of circles in relation F
are I transforms of one another; and any two mets in 5-space in
relation F' correspond to comgruences of circles in relation F.

The theorem preceding this one is a consequence of the latter and
the fact that two nets in relation #' are harmonic to a congruence.
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111. Parallel transformations of congruences of circles.
We consider the exceptional case where the corresponding planes
of two congruences of circles harmonie to a congruence of spheres
are parallel. Now

Ouy _ g 02 Bdu 09
du ou’ oo or’

(85)

and consequently (75) is satisfied by

. 091 __ , 09 opr __ , 0¢
(86) u 4 ou’ v labhvg'

Suppose, conversely, that we have two congruences of circles,
¢ and C;, whose planes envelope parallel nets N(x) and N (z1),
and the circles are determined by corresponding functions ¢ and ¢,
that is in the relation (86), we say they are parallel transforms of
one another.

We consider the point M of coordinates » defined by (73) and

(87) Zw (e1—x) = ¢g1—¢.

By differentiating this equation and making use of (73), (85) and
(86), we find

ox ox
25‘11 (J] —'.'l) = 0, 28—‘0 (.‘L] '“'.1) - 0.

Since x;—.x and ¢1— ¢ satisfy an equation of the Laplace type,
they are the tangential coordinates of a net, the locus of M. From
§109 and (87) it follows that the spheres of center M and radius
determined by 6 given by (72) are harmonic to the circles € and C;.
Hence:

Two congruences of circles which are parallel transforms of
ome another are harmonic to a sphere; and congruences of circles
harmonic to a sphere such that corresponding planes are parallel,
are parallel transforms of ome another.

112. Congruences of spheres with applicable central
nets. Let N(x) and N(z) be two applicable nets in 3-space. Since
they have the same point equation, the function
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(88) 20, = D a*— D r*

is a solution of this equation. If 6 is a solution of this equation,
the spheres § with centers on N and radii given by

(89) R=27"—2¢
form a congruence. Since this may be written
(90) R*=22*—2 (04 6,)

the spheres § of radius K and centers on N also form a congruence.
Moreover, corresponding spheres of these two congruences touch
their envelopes at the same points when N and N are applied to
one another. This result follows from the following theorem of
Beltrami which is a consequence of the last theorem of [§ 164]:

When the surface of cenlers of a two parameter family of
spheres is deformed, the points of contact of the spheres with their
envelope (which itself' changes in the deformations) are fixed points
with respect lo the spheres.

When 6 == 0 in (89), the spheres § pass through the origin.
The envelope of these spheres is the origin O and the locus of the
point ' symmetric to O with respect to the tangent planes to N. In
accordance with the above theorem, when N is applied to N, the
loci of O and O’ are the sheets of the envelope of the spheres.
Since O and O are the points of contact, we have by § 109 that
the null spheres with centers at O and O’ meet the tangent planes
to Nin a congruence of circles orthogonal to the spheres S. More-
over, as N may be displaced in space the null sphere at the origin
may be replaced by any fixed null sphere. Hence:

If N and N are applicable nets, the circles, in which the tangent
planes of N are met by a fived null sphere, become a congruence of
circles when N is applied to N.

113. Generation of cyclic systems. It is our purpose now
to show that the congruences of circles referred to in the last
theorem are cyclic systems (§ 79) and that all cyclic systems can
be obtained in this manner.
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Suppose we have a surface § referred to a general moving
trihedral. From [§ 69, (51)] it follows that if (xo, yo, 2) is a point
fixed in space, it is necessary and sufficient that

3 .

‘axo FEtqzn—rp =0 —>+E+aqzn—ryp =0,

u ov

0 91,

2y g dray—pa =0, Lt gtz piz =0,

ou ov

0 02,

T TPw—am =0, 2 gz = 0.
If we put

o 0 .
4= mauf’-i- §—7ryo, Ay == *a—;? + & —r1y0,

01 01
B = ‘6%:)— + 7+ ra, By = ﬁ'{f‘ + 71+ 1%,

the first four of the above equations may be written
(91) q2y = “’44, T &g == _“Al, Y2 B, P12y = [31,

and the last two

a2
Zo?u— = — (204 + Yo B), Zo "5;?“ = — (o 4, + Yo B)).

It follows from (91) that
wa—p»@2—(AB,— A, B) = 0.

Comparing these results with equations [§ 174, (12), (13)], we
have that the circles of radius ¢z, and center (xzo, %) lying in the
plane z = 0 of the moving trihedral form a cyclic system. KEvi-
dently these are the circles in which these planes are met by the
fixed null sphere

2(@—zp)* = 0.

Conversely suppose we have any cyclic system consisting of
circles, of center (z, y) and radius R, lying in the plane z = 0;
then o, ¥, K must satisfy [§ 174, (12), (18)]. Since these equations

18
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involve only the first fundamental coefficients of S, an infinity of
cyclic systems is obtained by the deformation of the envelope of
the planes of the circles. As the values of p, q, pi, ¢1 given by
(91) satisfy [§ 69, (48)] one of the deforms of S is determined by
these values. The point whose coordinates with respect to its
moving trihedral are xy, o, —¢.R is fixed in space and consequently
we have the theorem of Darboux?®):

A general cyclic system of circles situated in the tangent planes
to a surface S is obtained by taking a deform of S, say S, con-
structing the circles C' of intersection of the tangent planes of S Dy
a fixed null sphere and then taking the positions of C when S ix
deformed into S.

If the center of the fixed null sphere is (ay, as, a3), 26 in (89)
is 22a5&— Za’, and consequently we have:

If N(z) and N(Z) are applicable nets, the circles in the tangent
planes of N(x) determined by the solution Drt— DT —a)® of its
point equation form a cyclic system.

In other words we have:

If N(x) and N(x) are applicable nets, the circles in the tangent
planes of N which have for poles the points of contact with thewr
envelope of spheres with centers on N and radii given by

= D@ —a)
Jorm a cyclic system.

114. Transformations F of cyclic systems. In § 110
we established transformations F' of congruences of circles. Now
we wish to show that certain of these transformations transform
a cyclic system into cyclic systems®®).

Let N(x) be the net enveloped by the planes of the cyclic
system (!, N(z) the applicable net and ¢ given by

(92) 29 = 2at— 2t

the function determining the cyclic system, the point equation of
N and N being (36).

%) Lecgons, vol. 3, p. 354.
) Proc. Nat. Acad. Sci., vol. 5 (1919), p. 555.
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In § 27 we showed that if 2 and 7 is any pair of solutions
of the system

ok aloga

(93) 2% — (1 —p) 2og alogb

—————(—l)

the nets N («’) and V' (z'), whose coordinates are given by

oo’ P ox’ 0w ox' _ , oz ox’ __ oz
22 —px  ZE 9x _pxr X 9%

du du v ov’ du au’ v v’

are applicable, and parallel to N and N respectively.  Also, if 6’
is the solution of the point equations of N’ and N’ defined by

(95) o' = D2 — 27",

and 0 is given by

a6 26 06 906
9 = h— = ]
(96) du Yk v ov’

the nets N, (x;) and N, (z,), whose coordinates are defined by

6 —- _ 6 _
97 r = x—-—erar’, T, =L——Fx

are applicable, and are F transforms of N and N respectively.
The circles C; lying in the tangent planes of NV, and deter-

mined by the function ¢,, given by (81), form a congruence which

is an F transform of C (§ 110). These circles form a cyclic

system, if
g =0t — D0

Substituting the values from (81) and (97), we find

o =Dxd — %% — %

As this function satisfies (80), we have: .
If N(x) and N(x) are applicable nets and N'(x') and N'(z’)
are applicable nets parallel to them, and N, is the F transform of
18*
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N by means of N’ and the corresponding functions 6 and 6' =2 x'*
—2.7'%, the circles in the tangent planes of N, determined by ¢,
where

©98) 29 = Dot — D5t _2_(2M-zﬁ'_*)

Jorm a cyclic system which s an I transform of the cyclic system
of circles in the planes of N determined by 2¢ = Zar —2.z

We remark that similar results hold for the cyclic systems
of circles in the tangent planes of N and N, determined by
¢ = —¢ and ¢, == —¢, respectively.

We shall show that these transformations admit a theorem
of permutability. To this end we take two nets N'(x’) and N"(x")
parallel to N and the nets N’ and N” parallel to N and applicable
to N’ and N” respectively. By means of these we determine two
F transforms, N, and N, of N, and N, and N, of N such that
N, and N, are applicable, and also N, and N,. If we choose the
additive constants in the functions 6 and 6% so that (cf. II, 97)

o7+ 05—2 (' 2" —2%'7") = 0,

there are oo! panb of dpphcable nets N,; and N,s such that N,
N, N;, Nis and N, N, 1, Ng, Ny are quaterns under transformations F..

In accordance with the preceding theorem, we set up a cyclic
system-in the planes of N, with circles determined by ¢, given by
(98), and a cyclic system in the planes of N, with circles deter-

mined by
0 > > )
' I q-,___.__g_.?;_‘;( .’)".’lr'”_' .’I/‘(I""‘"j‘).

Since ¢, and ¢, are transforms of ¢ by (81) and an analogous
equation, it follows that a solution ¢,» of the point equation of
Nys is given by (84).

In order that ¢,s shall define a cyclic system for &V,;, we must
have, in accordance with (98),

_ 6
P12 =— ¢ — m (2 xy Y "233'1 ¥ — m)

Tt is readily found that this condition is satisfied identically. Hence:
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If C, and Gy are two cyclic systems which are F transforms of
a cyclic system C, there can be found by quadratures o' cyclic
system Cys which are F tramsforms of C, and Cj.

115. Cyclic systems in 3-space and nets O in 5-space.
From the theorem of [§ 177] it follows that the spheres focal to
a cyclic system are orthogonal. Consequently a cyclic system is
represented in 5-space by an O net (§ 98). We consider the con-
verse problem, taking an O net N in 5-space corresponding to the
determinant

X Xi....Xxt
D, ¢
(99) A= X3 ...00ivin. .
&
Y N
We recall that
08 on
ErRak ou m&,
00X . 0 Xk
(100) «—5;} = & avk = by (k=1,2, 3),
Bak mb 2bx 7
v L

Let =, and I; denote the spheres of coordinates & and g
respectively. If « are the coordinates of the congruence of spheres S
orthogonal to the circles (' represented by N, we have

(101) Dlak =0, Dlang = 0.

Since the two derived spheres of S must also be orthogonal to
S, and 3, we must have also (§ 97)

o oo la
109) Z2r =0, ZEr0, Zy=0, Ty~
In order that (101) be satisfied, we must have

3
(103) « = o X,
k=1
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where z,, Ts, s are determined by (102). Making use of (100),
we find that they must satisfy

(104) Davar=0, 2 zbp=0,
and consequently they are determined to within a factor, say ¢
Now
dxx 3(12k
8u —2 _Xh 2
(105)

b IREZPA) ziﬁm_o

From these equations it is readily shown that the z’s satisfy the
same Laplace equation as the a’s. If we choose the factor ¢ so
that e,, @3, @3 are the coordinates x,, s, 23 of the net N of centers
of S, this equation assumes the form (36), and consequently x;, zy, Zs
are the coordinates of a net N. Moreover, from (5), (104) and (105)
we have

R =2at=27% Ddet=2dx*—=2 dz"

Hence N and N are applicable, and the conditions of the second
theorem of § 113 are satisfied, so that we have:

A mecessary and sufficient condition that a congruence of circles
be a cyclic system is that it be represented in 5-space by an O net.

From this result and the last theorem of § 110 we have:

The problem of tramsformations F of cyclic systems is the same
as of transformations F' of O wnets into O nmets in H-space.

The centers of the spheres I, and I, are the focal points of
the congruence G of axes of the cyclic system. Their homogeneous
coordinates are

EL kS ES — (85 iEY); 7' 1% 9, — @4 in*).

Since the homogeneous coordinates of the net Ay of the centers of
the sphere Sk of coordinates X are

X}%, 4Y737 Xl}:‘y _(X;c+ ZXlt)y

it follows from (100) and § 33 that the nets Ny are harmonic to G.
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Moreover, the cartesian coordinates & of Ny satisfy an equation
of the form (36), where

ag

I)k
= m?ﬁ’ b ==

’ = X
As Rr= 1/(X;+: X)) and (X;—1X3)/(X;+ i Xf) are solutions, so
also is D, #— R}. Hence the nets Ni are 2, 0.

The equation of the sphere S is

2X12:0.

The pentaspherical coordinates z and 2, of the points where it
touches its envelope are common solutions of this equation, and

(106) 2Ee=0, 2nz=0.

Since they must satisfy Zz’——- 0 also, we have that they may
be taken as

(107) g = Xg + L.Xg, z, =— Xg—’iX;;.

These points lie on the circle of intersection of the spheres
3, and 5, namely (106), and since their pentaspherical coordinates
satisfy an equation of the Laplace type (26), the points edescribe
Onets Nand N, (§ 95). As in the case of Ni these nets are
harmonic to the congruence (7, and consequently the net is ortho-
gonal to the circles. Similar results follow for the spheres S,
and 83, which proves again that the circles of intersection of the
spheres =; and 33 form a cyclic system.

In the same manner it is shown that if a,, a3, ag are any
constants satisfying the isotropic relation Za” = (0, the quantities
Zaka are pentaspherical coordinates of an O net orthogonal to
the circles. Hence:

The last two rows of an orthogonal determinant of the fifth
order determine a cyclic system; any isotropic linear functions of
the terms of the first three rows are pentaspherical coordinates of
an O net orthogonal to the cyclic system.
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116. Cyclic congruences. In § 73 we found that a necessary
condition that a congruence be cyclic is that the direction-para-
meters satisfy the relation

(108) 2X*= AU BV,

where U and V are functions of » and v alone respectively, and
A and B are the functions which appear in the direction-equation
of the congruence (26). Guichard®®) has shown that this condition
is also sufficient for space of any order. We adapt his proof to

the case of 3-space.
In § 30 we saw that the homogeneous coordinates z* and y, of
the foci of a congruence can be chosen so that

(109) oz my, by ne,

ou

in which case the direction-parameters

T N .
)Urr—%;——;;(z=],2, 3)

satisfy an equation (26) with
! 1
A = 1) B == —z"“.

Since A and B are determined to within respective factors U and V,
functions of » and v alone, the condition (108) may be written

1,1
(110) X2 == i +

If we define functions & and 4 by the equations

Ei:y‘i, ”i—_—_—z‘i (L: 1, 2, 3),
—@E+iE) =y, —@+in)=4
5 5

252 =1, 2”]8 =1,

i=1 i=1

%) Annales L'Ecole Norm. Sup., ser.3, vol. 15 (1898), p. 203.
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the condition (110) reduces to

21 =0.

=1
Moreover, from (109) it follows that the functions & and 4 satisfy
the equations (100). Hence the §'s and #’s are the elements of
the last two rows of a determinant .7 of the fifth order. In con-
sequence of the preceding section, we have that the congruence
is harmonic to O nets. Hence:

A necessary and sufficient condition that the direction-parameters

of a congruence in 3-space be cyclic, that is harmonic to a net O, is
that its parameters satisfy a condition of the form (108).

Exercises.

1. Show that zi= % are the pentaspherical coordinates of any point of
i

the plane at infinity not on the circle at infinity; and that a point on the circle
of inflnity has an infinite set of coordinates of the form z,= 2} h/R,, where i
is any comstant and Iz}?= 0, I2}/R;= 0.
Darboux, Legons, 2°¢ ed., vol. 1, p. 270.
2. When two spheres are orthogonal, the center of either is the pole of
their radical plane with respect to the other; consequently any one of the five
spheres of § 94 is conjugate with respect to the tetrahedron whose vertices are
the centers of the other four spheres. Darboux, Principes de Géom. Anal. p. 384.
3. If a sphere S of center (g, b, ¢) and radius R is subjected to an inversion
with respect to the sphere S, of center (0, 0, 0) and radius k, the center (a’, b', ¢')
and radius R’ of the transform S’ are given by

« YV _ o R K
a b ¢ T R a*+b4c2— R
When S is orthogonal to S,, S' coincides with S. Darboux, I c., p. 386.
4. When in Ex. 3 we replace S by S, we have R'= — R. Consequently

the pentaspherical coordinates zx of a point P and its inverse P’ with respect
to the fundamental sphere Si differ in sign, but the other four coordinates of P
and P’ are respectively equal. Hence five successive inversions with respect to
the five fundamental spheres transform a point into itself. Darboux, 1. c., p. 387.

5. From (19) it follows that the equation in pentaspherical coordinates z
of a sphere of radius p and center of pentaspherical coordinates z} is

2. 2!
2322, + p’Z-—RL Zj;“ =0.
i F 14 %
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Hence the pentaspherical coordinates of the center and the radius of the sphere
Saizi = 0 are given by
, 1 2at Vzaf
Thzw Tsw
R; R;
Darboux, 1. c., p. 390.

6. If in (20) we replace dz; by dz;+ kdz; and equate the coefficients of k
on both sides of the equation, we get

Sz 8
dsdscos (ds,ds) = ——%—i;
25
(=%
for the angle between two displacements. Darboux, 1. c., p. 389.
7. A homogeneous equation ¢ (21, .... z5) = O defines a surface. For

a displacement on the surface 2 Op - dz;=0. If we put dz;= l—g{—, we
4

have Sz;82; = A3z g(p = 0, since ¢ is homogeneous. From Ex. 6 it follows
that the displacement Jz is normal to the surface. Darboux, 1. c., p. 403.

8. If o(ar,.... z,.) =0 and H (21, ....2;) = O define two surfaces, the
angle & between their tangent planes at any point is given by (cf. Exs. 6, 7)

op 0¥

aZ( Bz‘

Vz(?::)z(az.

cosf =

Darboux, L. c., p. 404.
9. The equation

6 , 00
2 —v “+_87—0

admits the solutions 6§ = 4 V(u —a) w— a), where A and a are arbitrary con-
stants. If we put f(w) = 3 (w— a;) where a;(i =1 ...5) are constants, the
i

five functions

7= (@ —w (@ —0) (a;—h) i=1,...9)

S (ai)

satisfy (24) and for each value of the constant A are the pentaspherical coor-
dinates of a surface referred to its lines of curvature. The equation of this one
parameter family of surfaces is

z!

@ 2o =0

which, in consequence of (21), is expressible in cartesian coordinates as follows:

3/1 I ' WP+r+E+0: @Bty —1)?
At a—h T a—h T d@—W T(a—h

(ii) = 0.
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These surfaces of the fourth degree admitting the circle at infinity as a double
line are called cyclides. Darboux, Legons, 2°¢ ed., vol. 1, p. 258.
10. Show that
zl

; 2 2
(h_h)z(ai—h) (a;—h") =2 ai:-h —2 a;—h'"’

and consequently two cyclides meet orthogonally along their line of intersection.
Show that three cyclides of the family (ii) Ex. 9 pass through a point, and that
this equation defines a triply orthogonal system of surfaces.

Darboux, Principes de Géom. Anal., p. 478.

11. A cyclide defined by (i) Ex. 9 is transformed into itself by an inversion
with respect to any of the five coordinate spheres (Ex. 4).  Darboux, L. c., p. 421.

12. Show that transformations R of an O net defined in pentaspherical
coordinates is the same problem as finding congruences conjugate to a net in
H-space on the hypercone (24) (cf. VI, Ex. 3).

13. A necessary and sufficient condition that the spheres of a congruence
be orthogonal to a fixed sphere or pass through a point is that @ in (38) be
a linear function of the x’s. Show that in the former case either sheet of the
envelope is obtainable from the other by an inversion with respect to the
fixed sphere.

14, If the spheres S of a congruence cut a fixed sphere 2 under constant angle,
different from O and =, by the addition of a constant to the radius of each sphere S
the new spheres S are orthogonal to a fixed sphere 2y concentric with 2. Hence
the sheets of the envelope of the spheres S being parallel to the sheets of the
envelope of the spheres S; are in relation R.

Darboux, Legons, 2°ed., vol. 1, p. 310.

15. When the equations (50) of a line in » are written in the form x = rz+p,
y = 8z 0, the equation of the corresponding sphere in R is
)= (5

N er P

(x— ”;,3)24- ‘Y—i%)a—i- (z—2

—1

2r

where 3 = sp—roa. Lie, L. c.
16. To the points in R correspond in » the lines defined by the Pfaffian

equation
xdy—yde+dz=0.
Lie, L c.

17. The surface elements of a surface o (§ 103) are defined by =, y, 2, p, q.
From Ex.16 it follows that the null-plane of the point (x,y,2) is yx'—ay'+2—2'=0,
where x', ', 2/ are current coordinates. Since this is the tangent plane to o',
the corresponding surface element of the latter is defined by

a'=—q, y'=p d=z—xp—yq P=y ¢=—ax
Lie, L c., p. 467.
18. The lines through m (x, y, ) of o lying in the tangent plane are defined by

@ —x) =r(z'—2), y—y=2s8(@"—2),
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where z', y', z’ are current coordinates, and » and s are such that pr+qs = 1.
To these lines correspond the spheres «

r(X+-Y+Z2)—(+z—r2) X—i@—ax+r2) Y+ (A —szx+ry) Z+y—sz=0.
Lie, 1 c.
19. The tangent plane to X is defined by (i) Ex. 18 when » =0, gs=1,
that is
@g+1D)X—if@wg—DY+(@—q9Z+2—qy=0.

This plane is tangent to each of the spheres (i) at the point (X, Y, Z), where

X+i¥=—rto 2ty jy— 42 g _prtay

gtz ’ T qta’ gtz ’
and the other functions, P, @, of the surface elements of 3 are
p=24t1 Q= —i%1=L
q—x . q—x

These five equations determine the surface element of Z corresponding to a surface
element of o. Lie, 1. c.

20. Show that when the equations of Ex.19 are applied to the surface o
we get the same result as for o. Lie, 1. c.

21. Let a line d generate a congruence @, its focal points being 4 and B;
and let di and d_; be the corresponding lines of the first and minus first derived
congruences of G. When this configuration is subjected to a Lie transformation,
spheres 8, Si and S_; correspond to d, di and d_,; the spheres S and S\ are
tangent at a point M of one sheet 2y of the envelope of the spheres S, and S
and S_, at a point M_, of the other sheet Z_; moreover, the centers € and C
of S and Si are harmonic to the centers of principal curvature of 2 at M, and
the centers C'and C_, are harmonic to the centers of principal curvature of 2_ |
at M_,. Demoulin, Comptes Rendus, vol. 153 (1911), p. 590.

22, If in the preceding exercise the lines d belong to the linear complex
of the transformation, the spheres S are points M, the two surfaces 5 and 2_,
coincide and are the locus 2 of these points; the spheres S; and S-. coincide,
are tangent to 2 and their centers are harmonic to points of 2 with respect to
the centers of principal curvature of Z; and the lines di and d-, are conjugate
with respect to the complex. Demoulin, 1. c.

23. To a surface with isothermal spherical representation of its lines of
curvature corresponds by a Lie transformation a surface upon which there is
an R net for which the tangents to all the curves is one family meet a fixed
line (cf. VII, Ex. 25). Demoulin, 1. c.

24, To an isothermic surface corresponds by a Lie transformation a surface
upon which there is an R net for which the tangents to all the curves in one
family are lines of the complex of the transformation. Demoulin, 1. c.

25, When a congruence in 5-space is I, the corresponding congruence of
spheres in 3-space is formed by point-spheres, whose centers describe a surface
upon which the parametric net N consists of its lines of curvature. The orthogonal
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congruence of circles consists of circle points with centers on N and in the
tangent plane of N. Guichard, 1 c., p. 199.

26. The spheres of a transformation R in 3-space are represented in 5-space
by a congruence 2, I, such that if the parameters of the congruence are given
by (2) with h =1, the complementary function is R. Conversely any con-
gruence 2, I of spheres gives a transformation of Ribaucour of the sheets of its
envelope.

27. A necessary and sufficient condition that on an envelope of spheres the
lines of curvature in both systems be spherical is that the six coordinates of
the sphere be of the form ai== Ui+ Vi, where U; and Vi are functions of u
and v respectively subject to the condition S(U;+ Vi)?=0.

Darboux, Legons, 2" ed., vol. 2, p. 357.

28. A necessary and sufficient condition that on an envelope of spheres the
lines of curvature in one system be spherical is that the six coordinates a; of
the spheres satisfy an equation of Laplace for which one of the invariants is
equal to zero. Darboux, 1. c.

29. When the envelope S of the planes of a congruence of circles is referred
to a moving trihedral, and the coordinates of the center are (a, b) and the radius
is R, the coordinates of the poles of the circles are («,b,iR) and (a, b, —iR).
The radii of the spheres with centers on S orthogonal to the circles are given
by 1/ a4+ b>—R%: In this case equations (40) assume the form [§ 174, (14)].

30. By means of the preceding exercise and [§ 175, 20] show that a necessary
and sufficient condition that the circles form a cyclic system is that the focal
points of the congruence of lines joining corresponding points on the envelope
of spheres are harmonic with respect to the points of contact.

Ribaucour, Journ. de Math., ser. 4, vol, 7 (1891), p. 260.

31. From the preceding exercise and § 82 it follows that a necessary and
sufficient condition that the circles orthogonal to the spheres of a transformation R
form a cyclic system is that it be a transformation Dm of isothermal O nets.

32, If N and N; are two O nets in relation R, the circles orthogonal to N
and N; form a cyclic system (§ 79); the poles P, and P, of the circles have
coordinates of the form

gitin

§—1iy,
q+ir’ 0 =

Xy= o — :
q—ir’

Ty =ax—
the points Py and P}, describe the sheets of the envelope of the spheres through
P, and P/, with centers on the net N (x) enveloped by the plane of the circles
(cf. § 79); the radius of the spheres is given by

R*=2j(jO0'+ kp+0)+ 1 = 2jw+ k%
also
3z — R? = Sx?4-2j0'+ 2 Pk,

where o' is given by (VI, 80). Show that the right-hand member of this equation
is a solution of the point equation of N. Show also that P, and P, are har-
monic with respect to the focal points of the congruence of axes of the circles.
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33. A necessary and sufficient condition that the poles P, and P, of Ex. 32
describe O nets in relation R is that the point equation of N admit as solution
=)/2jw+k%. This condition is reducible to

@) 0>+ pb (p1+ps) +pips [0 (R +1) — > — 2 = 0.

Show that the two sheets of the envelope are conformally represented upon one
another and the transformation R is Dp.

34, If S and S; are two surfaces of Guichard of the first kind in the
relation of a transformation Rm (§ 92), the condition (i) of Ex. 33 is satisfied
when m = }. The same is true for the associate surfaces S and S;. The points
P, and P, describe isothermic nets No and N, which are Christoffel transforms of
one another; likewise P}, and P} ; and the product of the segments P, P, and
ff.,_P{, is equal to 4. The nets N, and N{, are in relation Dy and likewise
N, and N, Calapso, Annali, ser. 8, vol. 24 (1915), p. 25.

35. If two applicable nets N and N are O, the cyclic congruences deter-
mined by the method of § 112 are normal, and parallel to congruences of normals
to a spherical surface [cf. § 178].

36. The problem of finding cyclic systems whose planes envelope a sphere
is equivalent to the determination of surfaces S applicable to the sphere. If
@1, Xy, s are the coordinates of a surface applicable to a sphere of radius a,
the circles in the tangent planes of the sphere determined by 2¢ = a?— 3¢ form
such a cyclic system.

37. Let S be a surface applicable to a sphere S,, and «; (i =1, 2, 3) the
coordinates of S; then i, @y, 5, Jx? are the tangential coordinates of a surface
whose lines of curvature correspond to the lines of curvature of S. _

Ribaucour, 1. c., p. 55.

38. Consider a G, net N in 3-space as defined by (VI, Ex. 12), and take
the congruence of spheres of radius ¢ with centers on N. Show that corre-
sponding points of the Laplace transforms of N lie on the corresponding sphere;
that the developables of the congruence G of lines joining corresponding points
of contact of the sphere with its envelope are parametric and the focal planes
of @ are tangent to the sphere at corresponding points of the Laplace trans-
forms, Ny and N—, of N; that the focal point of the first rank of G is the center
of the osculating sphere of the curve v = const. of Ny and the center of normal
curvature of the curve 4 = const. of N_,, and similarly for the focal point of
second rank; and that the curves u = const. of N—; and v = const. of N; have
common osculating circles at corresponding points.

Stetson, Annals, vol. 19 (1917), p. 123.

39. If the curves of two nets Ny and N, correspond and the osculating
planes of the curves v = const. of N; osculate the curves « = const. of N; at
corresponding points, then N; and N, are O nets, and N, is the first Laplace
transform and N; the minus first transform of a net N, which is a net G,.

Stetson, Annals, vol 19 (1917), p. 123.



Chapter IX.
Rolling surfaces.

117. Congruences harmonic to nets C. Let N (z) be
a net C in 3-space and N (z) the applicable net. If 6 is a solution
of their common point equation, the congruences G and @ harmonic
to these respective nets and determined by 6 have direction-
parameters of the form
ox; 06 ox; 00 > 0x; 30_85,' 00

YT u ov  6v ouw’ = 3w v ov ou

These functions satisfy the same direction-equation and are in the

relation -
2 x1=2'x2

since N and N are applicable.

If 6 = Zy, then X; = 0; if 6 = z,+ iZ,, then X7+ X2 = 0.
In the latter case G is 2,1, that is a normal congruence. The
intersections of corresponding lines of G and of the harmonic con-
gruence @’ determined by 6 = x3 generate a net N; conjugate to
G and @, being a derived net of N (§ 11). From (I, Ex. 15) it
follows that Ny is parallel to the net of coordinates

ou 0v ov 0u

and the complementary function ¢’, defined by (VI, 17) is equal
to 1. Hence this net and consequently Nz, is an O net. There-
fore the ! O nets normal to @ are determined by the congruences
harmonic to N for which 6 = z;-+ const. Then by applying an
orthogonal substitution to the Z's, or what is the same thing
displacing N in space, we have:
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If N(z) is « net C and N (Z) the applicable net, of the con-
yruences harmonic to N:

o ! families of parallel congruences are 2, 1;
o ? fumilics are 3,1 and the others are 4,1;

in the first and second cases 6 = Za;'i'—l—d with Za’z 0 and
Za + 0 respectively. The O nets normal to a congruence 2,1 are
generated by its points of intersection with the parallel harmonic
congruences determined by 0 = 2 bx -+ e, where 2 ab=0, Zaob =0,
ty being the comjugate imaginary of a. .

If now we consider the congruence G harmonic to V determined
by 6 = x,-+ixs, we find that the lines of this congruence lie in
the plane z;+ixy = 0. Moreover the points of these lines corre-
sponding to the points on the congruence G which generate the
O nets normal to G are the intersections of these lines in the plane
a;+ixg == 0 and the planes xs = const. In the general case when

2,az+d with Ea = 0, the lines of the congruence Q lie
in the isotropic plane 2 axz-d = 0, and the points corresponding
to the points on (¢ describing the O nets are the intersections of
these lines and the oo!isotropic lines lying in this plane.

118. Rolling surfaces. TLet § and S be two applicable
surtaces, and M and M corresponding points. Imagine S held fixed
and § moved in space so that M comes into coincidence with M,
and the tangent planes at M and M come into coincidence, and
likewise corresponding linear elements arising from M and M. For
each pair of points M and M we have a different position of S. Con-
sequently S assumes oo® different positions, unless S and S are
ruled surfaces with generators in correspondence [cf. 142], in which
case there are oo! different positions. In this particular case the
two surfaces do not have a net in common; it will be assumed
that this case is excluded in what follows, unless mention is made
of it. As S undergoes this rigid motion of two parameters it is
said to 7oll on S. The common tangent plane at the point of
coincidence of S and § is called the plane of contact.

The results of the last paragraph of the preceding section
may be stated as follows®"):

97) Darboux, Annales I'Ecole Norm. Sup., ser. 3, vol. 16 (1899), p. 467.
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When a swrface S rolls over an applicable swrface S, u plane i
invaviably fixed to S, cuts the plane of contact of S and S in
@ line & which generates a congruence, which is harmonic to the
net common to S and S. When © is isotropic, the congruence of
lines d is normal to a family of surfaces whose lines of curvature
correspond to the net common to S and S; moreover, cvery isotropic
line in T meets d in the point which describes one of these normal surfaces.

Any line fixed to S_may be looked upon as the intersection
of two planes fixed to S. Since furthermore, there is a unique
isotropic plane through an isotropic line, we have:

When a surface S rolls over an applicable surfuce S, a line |
imvariably fixed to S meets the plane of contact in a point whicl
generates a derived net of the met common to S and S; if | is an
isotropic line this derived met is an O net, the normals to which are
the positions of the intersections of the tangent planes to S and
the unique isotropic plane through l; all derived O nets are so determined.

As a corollary we have: )

If two parallel isotropic lines are invariably bound to a surface S
as it rolls over S, the two O mets generated by the points of meeting
of these lines and the plane of contact have the same spherical
representation.

We may now restate the first theorem of § 113 as follows:

If a surface S rolls over an applicable surface 8 and Q is
« point invariably fized to S, the isotropic lines through Q (null
sphere) meet the plane of contact in points P, on a circle C, which
generate the O metls orthogonal to the cyclic system of the circles C.

Also: _

If S and S are applicable surfaces and lines | are drawn
through a fixed point normal to the tangent planes to S, as S rolls
over 8§ the lines | generate a cyclic congruence whose developables
correspond to the met common to S and S.

If N(x) and N, (z,) are nets in relation ' by means of a net
N'(2) and corresponding solutions 6 and 6’ of the point equations
of N and N’ respectively, and ¢, ¢’, ¢, and ¥, ¢', ¥, are sets of
corresponding solutions of the point equations of &V, N and NV, so that

6 /]
X = 9«"—7&?', ¢ = 9’—‘3799" Yn = —'0—/4"-

19
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the derived nets of N and N; by means of the respective pairs of
functions ¢, ¥ and ¢, ¥, are in relation F' (II, Ex. 6). Suppose
now that N, N’ and N, are nets (', and that the applicable nets
are N, V' and N, so that

O

x,=r——x,

@

the functions 4 and 6’ being chosen in accordance with § 27. If
we take

(p——_—a‘i—*—blil‘j—*-(,‘,'z—-{‘dl, q)"‘alzi'l+blilil+(‘1_',
?P - ag;i’*" bgy+ (72:2""" dg, ‘/) = (’nJ + bo?/ +(’2 ’

where a, b,,....ds are arbitrary constants, then
1= 2+ by + 2+ dy, Y= ap s+ bs 2 2y + do.

In this case the derived nets of N and .\, are the loci of the
points of meeting of the line

ltl.’li—’r bly+f;12’+l11 - 0, a2'1'+ I)g-’[/“}‘('gz—*"dg =0

with the respective planes of contact as N rolls over N and N,
over N,. Hence: )

If Nand N are applicable nets, and Ny and N, are F trans-
Sorms of N and N respectively, by means of 0’ —*2 1""—2, x'%, such
that they are applicable, and lis a line invariably bound to N and N,
as N, rolls on Ny the point where ( meets the plane of contact of
N, and N, generates a net which is an F transform of the met
generated by the point where | meets the plane of contact when
N rolls on N.

If the line  is isotropic, the two nets thus found are O nets
in the relation B. Hence:

If Nand N are applicable nets and N, and N, are F trans-
forms by means of 0’ = 2 a'*— D %", the cyclic systems in which
a point sphere invariably bound to N and | Ny meets the common
tangent planes as N rolls on N and as N, rolls on N, are in
relation F'; moreover, the two surfaces orthogonal to these cyclic systems
determined by each gemerator of the null sphere are in relation R.
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119. Special isothermic surfaces. We apply these results
to the case where § is a quadric Q which meets the circle at
infinity in four distinct points P;. Through each of these points
pass two isotropic generators, d;, d;. The twelve points of inter-
section of lines d; and di, where 7 3 k, are the umbilical points of Q.
If m; and m; are the points where d; and di meet the plane of
contact of @ and S, and 2; and 2 denote the loci of m; and m}
as @ rolls over §, on the eight surfaces =; and = the lines of
curvature correspond to the nets N and N common to Q and S.
Two surfaces 3; and Zx (k + 7) are normal to the circles of inter-
section of the planes of contact with the point sphere having its
center at the umbilical point of intersection Pix of d; and di. Two
surfaces 2; and 2; have the same spherical representation of their
lines of curvature, by the third theorem of § 118. The O nets on
I; and 37 are conjugate to the congruence of the lines of inter-
section of the plane of contact and the plane of the lines d; and d}.
Likewise, the O nets on =; and Ij; are conjugate to the congruence
of lines of intersection of the plane of contact and the plane of
the lines d; and df, that is the tangent plane to @ at Pip. 'The
congruence of lines m; m; is harmonic to the net N on S, and its
focal points divide harmonically the segment m; m}, since the points
m;i and m; lie on the generators of @. Similar results hold for the
congruence of lines m; mi. Hence I; and 37 are isothermic surfaces
in the relation of a Christoffel transformation [§ 159]. Moreover
J; and 3% are in the relation of a transformation K (§ 25) which
is a transformation D, since the nets are O nets. Hence we have
the theorem of Darboux ®®):

When a quadric Q which meets the circle at infinity in four
distinct points rolls on an applicable surface S, the eight surfaces
generated by the points of intersection of the isotropic gemerators
and the plane of contact are isothermic, their lines of curvature
corresponding to the net common to @ and S; two of these surfaces
determined by generators through a point at infinity are Christoffel
transforms of one another: two determined by genmerators through
an umbilical point are in the relation of a tramsformation Dp.

In § 84 we considered these isothermic surfaces from another

%) L. ¢, p. 492.
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point of view and found that they are the type called special by

Bianchi.
120. Rolling of a surface applicable to a surface of

revolution. Let § be a surface of revolution defined by

Z == 7 COS v, y = rsiny, z = ¢ (7).
Its linear element is
)] ds? = (14¢'%) dr*+ 2 do’

Let S be a surface applicable to S. If we put
®) du=V1+t¢dr, U=nr,
the lincar element assumes the form

ds® = du®4 U? dot.

The tangents to the deforms of the meridians of S, that is the
curves » = const. form a normal congruence G for which the other
focal surface, Sy, called the complementary surface to S, is given
by equations of the form [cf. § 76]

. N U ox
3) Ty =X

We recall from [§ 124] that this surface S; is applicable to
a surface of revolution, whose linear element is

1
UI

9 1
) du8+ U/l dw2)

@) dﬂ=U%

that the normal congruence G is a W congruence and that any
normal W congruence may be obtained in this manner.
When we apply equations (3) to S, we obtain

zy =1y, =0, z, = 9—ryg/,

which is the point of intersection of the tangent to the meridian
at a given point and the axis of revolution of . Hence:
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When a surface of revolution S rolls on an applicable sw:face S,
the point in which the axis of S meets the plane of contact generates
the complementary surface Sy of S, and the line joining this point
to the corresponding point of S generates a normal W congruence
of which S and S, are the focal surfaces; moreover, any mormal
W congruence may be generated in this manner.

If we put
(5) n=kV1itg¢? w == kv,

where % is any constant, by means of (2) equation (4) is reducible to

7.8

(6) dst = = dri+ridot.

If § is the quadric of revolution

22 rs
@ 45 =1
we have
e (@a—0b) 7'2—_}:_12
(8) 14 ¢/* = IO

Substituting this expression in the first of (5), solving for »% and
putting %*= b*/(b—a), we have

r? (a—b)ri4b?

Bobe—r

Hence (6) assumes the same form as (1) for the expression (8),
that is 8, is applicable to S.
Similarly, if § is the paraboloid of revolution

9) 2z = mr?,

we have 1+ ¢* =14 m?»* and by taking &*= —1/m* we find
that S, is applicable to S. Hence: B

When a mnon-developable quadric of revolution S rolls on an
applicable surface S, the point in which the axis of S meels the
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common tangent plane generates the complementary surface Sy of S,
and S, is applicable to S.

As a consequence of the results of § 100 we have the theorem:

When a mon-developable quadric of revolution S rolls on an
applicable surface S, the spheres with centers on S passing through
either focus are tangent to two swurfaces in relation R.

121. The fundamental theorems of Guichard. Let S
be a surface applicable to the quadric of revolution S which is
defined by (7). Denote by A and A’ the extremities of the axis
of revolution of S, and let S be in contact with S at a point M.
Denote by d, d, and d/, di the isotropic generators of S through A
and A’ respectively. These lines meet the common tangent plane 7«
in the respective points a, a,, @', ai. The lines aai and a’ a, are the
generators of S through M. The lines aa’ and a,a| are the inter-
sections with the plane 7z of the isotropic planes through 44’
and the pairs of parallel generators d, d’ and d,, di.

From the theorems of § 118 it follows that as & rolls on S,
the lines aa’ and a, ai generate normal congruences, and the points
a, @’ and «,, ai generate O nets normal to these congruences. More-
over, these congruences are harmonic to the net N common to S
and S. Since the lines aa{ and a’a, are the generators of S and
therefore form a harmonic pencil with the tangents to any net
at M it follows that the focal points of the lines aa’ and a,ai
divide harmonically the segments aa’ and a,a; both of which are
of the constant length AA’. It can be shown by the methods
of [§ 73], that the surfaces generated by a, a’, a,, aj, have constant

.2
mean curvature =+ G

The lines aa’ and a,ai meet in the point M’ in which the
axis of S meets the common tangent plane. Hence M’ describes
a derived net N’ of N, and as shown in the preceding section N’
lies on a surface applicable to S.

From the fourth theorem of § 118 it follows that ¢ and a,
describe two of the O nets orthogonal to the cyclic system of circles
in which the null sphere at A meets the common tangent plane.
Hence these O nets are in relation R, and the net N’ is the central
net. Similarly a’ and a; describe O nets in relation R with the
same central net.
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Hence we have the theorem?®):

When a central quadric of revolution S rolls on an applicable
surface S, the points a, a, and a', ay in which the isotropic generators
through the extremities, 4, A', of the axis of S meet the common
tangent plane, generate surfaces of constant mean cwrvature, such
that (@) and (ay), and (a’) and (a1), are pairs in relation R; and (a)
and (@'), and (&) and (a1), are pairs of parallel swrfaces.

From the theorem of Bonnet [§ 73] it follows that the mean
points of the segments a «’ and @, ai generate surfaces of constant
total curvature in relation R.

Since the tangent planes to S and its complementary surface 5,
are normal to one another, when S rolls on S, the tangent planes
¢y to Sy pass through the axis of S. an infinity of them corre-
sponding to one plane. When S, is applied to § the planes =,
become tangent to S and the lines which coincided with the axis
of § when § was applied to S become a family of generators
of S, since an infinity of the planes &, pass through each linc.
The isotropic planes through the axis become the isotropic tangent
planes to S which have the property of passing through the foci
of 8. (‘onsequently when S; is applied to S either the lines
a aj (or o' a,) coincide with the axis of § and « and ai (or «'anda,)
become the foci of S. Accordmgly as S rolls on S, the surfaces
generated by «, ¢, and by a’ ay are the sheets of the envelope of
spheres with centers on § and passing through one and the other
focus of & respectively. Since a and a, are symmetric with respect
to the common tangent plane, we have the above results in the
tollowing form as given by Guichard'%):

If S is a central quadric of revolution whose wxis is of length
2a, Fy and F, its foci, and ¢, and ¢y the symmetric points of F)
and Fy with respect to the tangent planes of S, then as S rolls over
an applicable surface the points Fy, Fy, ¢, ¢s describe surfaces of
constant mean curvature + 1/a.

When § is the paraboloid (9), two of the peints ¢’ and aj are
at infinity, and consequently the points ¢ and «, bisect the focal
segments of the normal congruences generated by the lines in which

%) Darboux, l. c., p. 477.
109 Comptes Rendus, vol. 128 (1899), p. 232; cf. also Darboux, 1. ¢., p. 477.
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the isotropic planes through the axis of S and the isotropic generators
through the vertex of § meet the common tangent planes of §
and S. Hence: _

When a paraboloid of revolution S rolls on an applicable sur-
Sace S, the points in which the two isotropic generators through the
vertex meet the common tangent plane generate two minimal surfaces
in relation R, and the central met of the transformation R is described
by the point in which the axis of S meets the common tangent planes.

In § 120 we showed that this central net lies on a surface
also applicable to S. By reasoning similar to that for a central
quadric of revolution, we obtain the theorem of Guichard!®l):

When a paraboloid of revolution rolls on a surface applicable
to the paraboloid, the focus and the point symmetric to it with respect
to the common tangent plane generate minimal surfaces.

In § 127 we give analytical proofs of these theorems of
Guichard.

122. Deformable transformations R of the first type.
Let S, be the surface of centers of a congruence of spheres of
radius R. Corresponding points on the sheets, S and S,, of the
envelope are symmetric with respect to the tangent plane to S
at the corrésponding point M. Let S, be referred to a moving
trihedral whose plane y == 0 is the plan M M, M,, and let the
parametric lines on S, be chosen so that the x and y axes are
tangent to the curves v = const. and w == const. respectively.
If o denotes the angle which the line M M, makes with the plane
z = 0, the coordinates of M are R cosog, 0, Rsino.

The displacements of a point P of coordinates ¢cosg, 0, ¢sine
are given by [§ 69]

Oa == d(tcos o)+ Edu+(qdu-+t q, dv) tsino,
(10) § Oy = g, dv~+(r du-+r, dv) tcoso——(p du-+ p, dv) tsin o,
0z = d (tsino) — (gdu-+ ¢, dv) tcos o.

When we replace ¢ by R and require that
cosgdxz+sinedz =0

101) L. c.
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for all displacements of M,, we find
oR
(11) 3{;‘*‘56080——0, — = 0.

In order that M describe a line of curvature on S, it is necessary
that there be a point P such that

cosa 0 sing’
These conditions are equivalent to
12 { 7 dv+[(r du+ 7, dv) coso—(pdu—+ p, dv) sine] t = 0,
(12) Eginocdu+t[qgdu+q, dv—dolt = 0.

Eliminating ¢ from these equations, we obtain as the equation of
the lines of curvature on S

Esino (p sino—r7 cos o) du+ 7, (q1 —%Z—) dv®

(13) oo
+ [q, (q—%) + &sino (p,sine—r, coso)]dud/ = (),

The equation of the lines of curvature on S is obtained from (13)
by replacing ¢ by —o. In order that the lines of curvature on
S and S, correspond, that is that the congruence of spheres be L,
it is necessary and sufficient that

0 0 .
qa  reose gy Mg tEsmocoson
psine ¢ 7, ¢+ Epysin®e

We recall that, in accordance with the theorem of Beltrami
(§112), if S, is deformed, the spheres touch their envelope at the
same points of the spheres as for S,. We investigate under what
conditions a congruence R of spheres remains a congruence R in
all deformations of the central surface S,. Evidently o remains
unaltered, as do also the functions &, #,, r, ,, since they depend
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only on the linear element of S, [§ 72). However, the functions p, ¢,
p1, qu vary in the deformation. Consequently if equations (14) are
to hold for all deformations, we must have [cf. § 72, (75)]

L 1 6_5 . oa . 00 . 37]1 .
(15) »== 7 =0, ™ =0, 1 5 -+sino coso S = (.

Hence ¢ must be a function of x« alone. Then from the last of
(15) it follows that the parameter v can be chosen so that 7, is
a function of u alone. Moreover, from the first of (15) we find
that & is a function of « alone. Hence S, is applicable to a surface
of revolution. If we take the linear clement of S, in the form

(16) dst = U2 du+ uddod,
trom the last of (15) we obtain

.
an) tano == o

where ¢ is a constant. Then from (11) we have

* Uudu
(18) R=— Vm’ —+ const.

Hence we have the theorem of Bianchi!®):

In order that a congruence R of spheres remain a congruence B
e all deformations of the central surface Sy, it is mecessary and
sufficient that Sy be applicable to a surface of revolution and that
the radius of the spheres be given by (18).

123. Deformable transformations R of the second type.
In this section we determine every congruence R of spheres whose
central net N, admits an applicable net N, which is 2, O and conse-
quently is the central net of another congruence R of spheres'®s).
To this end we make use of the equations of a transformation R
as given in § 78.

102) Tezioni, vol. 2, p. 117.
103) Cf. Trans. Amer. Math. Soc. vol. 17 (1916), pp. 487--458; also, Calapso,
Anmnali, vol. 26 (1917), pp. 151—190.
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From (VII, 7) we have

0 (8) __a _11._0;)_1;
(19) au(p)"“pr av(p '_pLS;
where

(20) L1=I/E(1+%%), L2=V5(1+é%).

Since the radius of the spheres of the transformation is 6/p, and
this radius must be the same for the spheres of centers on N,
applicable to N,, by the theorem of Beltrami (§ 112), we must
have for the functions  and 7 of the corresponding transformation

(21) 9_: 00, p= ep,

where ¢ is a factor of proportionality to be determined.
From (VII, 10) we find that the first fundamental coefficients E,,
Iy, Gy of N, are

Fy— L [1+(_%),], F,— Lng G.,:L:[1+(%)s].

If we denote by S and S; the sheets of the envelope of spheres
of radius 6/p with centers on N, and by ¢, 7, w the functions of
the R transformation from S into S;, the latter functions must satisfy
equations of the form (VII, 7). Fronl (19), (20) and the analogous

equations for the transformation of S, we get
- 10
Bl )= VFali 42)
qe 7 + 7

1/079(14-——-) Var(1+z’—2-p—)

(23)

From these equations and the ones obtained by expressing the
equality of the first fundamental coefficients of S, and S, as given
by equations of the form (22), we have

(24) qg= eq, r= er, w = ow,
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by making a suitable choice of signs of V'E and V@, and requiring
that the quadratic relation (VII, 8) be satisfied also by the functions
P, ¢, 7 and w.

When the above expressions for ¢ and 7 are substituted in
the equations analogous to (VII, 7), we obtain

() P8¢ _ L(VE_yE), 28 LVG_ve),

Vg ov VG  ov

0 b
(26) V= _
1 oVae 1 V@ _ qvis a
Ve s T VE tw = oV a—Vae),
e VE—VE =VEVE Vea-Va =Va-1a,
(28) {2 VEG+VE(WG—V @O +V e (VE—VE)
—VEVE—VGVE=D0.

The Gauss and Codazzi equations for S are [§ 65]

y

J_a_( 1 al/'E) a( 1 al/ﬁ) V EG

v Ve ) ou\V'E Cou 0105
(29 __ _ _
o (vEy_1evE o (vE) 1ova
v\ o / @ v du\ gs /o du

Similar equations for S are satisfied by the functions E, @, o, and
and o, given by (23) and (26), provided (28) is satisfied. Hence if
(23), (26) and (28) hold, the conditions of the problem are satisfied.

The central nets N, and N, of the two transformations B are
2, 0, the complementary function being the radius R of the spheres
for each net. In § 27 it was shown that any net N} parallel to N, is
applicable to a net N¢ determined by a quadrature, which is parallel
to No. From (VI, Ex. 1) it follows that Ng and Nj are nets 2, 0,
and that they have the same complementary function R’ which is
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obtained by a quadrature. Moreover, from § 76 it follows that
two of the nets Ny parallel to N, are special, that is 2z 2= R’
Hence if the central nets N, and N, of two transformations R are
applicable, there exist two transformations E whose central nets Ng
and Ng are parallel to N, and No, such that the spheres of the
transformation with centers on Nj pass through the origin. We
apply the preceding formulas to this case.

If in (27) we.put Vfi = V(—?__i =0, we get
8y VE=VF-VE, V&=Vi-V&
Now equation (28) reduces to
VEIVF+VHVE =0,

that is N’ and Ni are conformal. But as shown in § 82 this is
possible only in case N’ and Ni are isothermic nets in the
relation of a transformation D,,. If we make use of the results
of § 82 and put

@) VE—=VEF—=e, Vﬁzz—m;:},e—w,

~

in (30) we find that (26) is satisfied. Hence we have the theorem
of Bianchi'%):

The central net No of a transformation Dm of an isothermic
net N' into an isothermic net N1 admits an applicable net No such
that as Ng rolls on N the spheres of the tramsformation pass through
a fixed point O. _

This result may be looked as follows: When N¢ rolls on Np,
the point O invariably fixed to N; generates the surface Si. In the
terminology of Bianchi'®®) S is a surface of rolling, being generated
by a point fixed to one surface as the latter rolls over an applicable
surface. From the foregoing results we have also the converse
theorem %%):

10%) Rendiconti dei Lincei, ser.5, vol.24 (1915), p. 303.
10%) Rendiconti dei Lincei, ser.5, vol. 23! (1914), p. 4.
195) Rendiconti dei Lincei, ser. 5, vol.24 (1915), p. 349.
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Transformations Dy, are the only transformations B for which
one of the two sheets of the envelope of the spheres is a surface of
rolling as the central net rolls on its applicable net

In § 78 we saw if N, is any net parallel to N; and R is the
complementary function, the sheets of the envelope of the spheres
of centers on N, and radius R are parallel to the isothermic nets
N and Ni. Hence we have the theorem:

A necessary and sufficient condition that an O net N admaits
an R tramsform Ny such that the central net of the transformation
s applicable to a net is that N have the same spherical representation
as an isothermic net.

From (VII, 3) it follows that the functions ——L—:M— and
vae o
1_oVa have the same values for all parallel O nets. Con-
|/ E du

sequently we must have

(32) 1 oVE _ oy L V& oy
Vg odv v’ VE ou du

From (31) it follows that

1 3VE 9 o
— = ——Ilog{—e ")
(33) Ve v ov
1 V& 9 0 _
= = ——log(—¢").
V'E ou ou

We remark that p, g, » of the E transformation of N into &V,
and N into Ni are the same (§ 78). Hence if in (VII, 8) we put
w = mv, where m is a constant, it follows from this equation and
(VIL, 49) written p*+¢*+72 = 2m6’»' that

(34) 0y =60y,

Consequently from (33), (VII, 47) and the last two of equations
(VIL, 7) we get
0

35) VE+VE=e —+e"‘l’~, VG+VE= e¢§7_e_¢,_%’



306)

123. Deformable transformations R of the second type 303
The cquations of the R transformation from N into N; are
= s (pX+gE+rn)
== P gsT ),
where the functions satisfy the system
06 - 00 —
'b'zl* == V.Eq, ‘5; = VGT,
66 06
—— = 4 _5;)— = e,
w__VE o _ VG
bu 0 b v 0
0 _VE _ oy (w__ _w,) dg _ 3y,
o o YT ey rtetd) by ou
or oy 07 I/Zi 9_}{1_ (,;,_9__ =t /)
du v v oy du 7+mie g o)
v __af,(x8 _ —,) ~vg/
rylai [v(e o V' E)+e %6
ov r A
— i — WO —p—Vp
™ 9 [V (e ; I/G) e~ v ]
Hence:

Any O net having the same spherical reprensentation as an
isothermic net admits ®° R transformations for which the central

net Ny is applicable to a net Ny which is 2, 0.

For the case of N’ and N’ equations (25) can be integrated
with the result ¢ = 1/¥'. Since p, g, » are the same for the trans-
formation from N’ into Ni and N into A, it follows that ¢ has
this value in general. Hence the transformation functions from A"

into Ni are
- '

/9

@7 5=1,

A
=
A

and for N into N,

(38)
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From (30), (31) and (23) we find
Vg — ew_:;:ew, V@ = e+ i:,ie"P,

Y

bl - 1 / ’
02 02 4

(9) VE o L2, Va _ e p

where o1, ¢; and g1, g2 are the principal radii of the isothermic
net N’ and the net N’ respectively. .

Since the left-hand members of (26) are the same for N’, N’
and N, N, we have from this equation, (39) and (34)

Vi V-2 Va— Vet Lo,
40 o .
Wl VE _po, ., Y& Ve _po
01 o 6 v ! 02 03 6 v

Also from (27), (35) and (VII, 9)

V/E:-g—l—e‘!’——l/_i V-(}leie‘b_'l/‘@.

0/
{4‘) P —_ — —
M Y VE 4+ L/Ql Ve 4+ 2
bn 01 6"’ éls () S8

Since the nets N’ and N are defined intrinsically, the deter-
mination of the cartesian coordinates of these nets requires the
solution of a Riccati equation.

124. Deformable transformations of the second type
of minimal surfaces. We apply the results of the preceding
section to the case when the transformation D, is the one con-
sidered in § 87 which transforms the O net N’ of a minimal sur-
face into the O net Ni of a minimal surface. Then »' = p and
from (39) and (VII, 70) we have

VE_ VT _

= = T = 0,
e1 Q2
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that is_ N'is a plane net. We have seen in the preceding section
that Ni is a point net. Hence the spheres of the transformation
pass through a point and are tangent to a plane; consequently the
central net lies on a paraboloid of revolution. In order to obtain
the equation of the paraboloid, we find the distance from the
point Nj to the plane N’. From (VII, 48) and the condition »' = p
we find that this distance is 1/m. Hence the equation of the
paraboloid is m7®= 22, Therefore we have the theorem:

The surface of centers of a transformation Dn of a minimal
surface into a minimal surface iés applicable to the paraboloid of
revolution m(x?+ y®) = 221°7).

125. Deformable transformations E,. From § 88 and (32)
it is seen that a transformation £, of a surface with isothermal
representation of its lines of curvature into a surface of the same
kind is a deformable transformation B of the second type. We
apply the results of § S8 to this case.

Comparing equations (VII, 76) and (36), we find that the
function 6’ in (36) is given by

(42) g - 97
. P

From (40) it follows that V Elg, = Va/“gg == (), that is N is
a planar net. This result may be stated as follows: As S, rolls
over S, a plane invariably fixed to S, has S for its envelope.
Bianchi'®®) calls S an envelope of rolling in this case. Hence we
have the theorem of Bianchil®?):

A surface S with isothermal representation of its lnes of
avrvature is an envelope of rolling, when the central met Ny of any
Ey. transformation of S rolls on its applicable met.

We shall prove the converse theorem'?):

Transformations E, are the only transformations R for which
the given surface is an envelope of rolling as the central met N,
rolls on its applicable net.

107) Cf. Bianchi, Memoire dei Lincei, ser. 5, vol. 12 (1918), p. 532.
108) Rendiconti dei Lincei, ser.5, vol. 23! (1914), p. 8.
109) Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 367.

"% Annals of Mathematics, ser. 2, vol. 17 (1915), p. 64. 20
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If S is to be a plane, we must have from (40)

_l_/_EL + VC’ ) _l_/__l_?_ ___p 0 eV,
01 01 0

From the first it follows that the spherical representation of § is
isothermal. Replacing the first by (VII, 70), we have from the
second that (42) must hold, and consequently the transformation
is E,'h).

126. Transformations F of deformable transforma-
tions R of the second type. Consider a deformable congruence R
of spheres of the second type @, and denote by G’ the parallel
deformable congruence R which gives a transformation Dy, (§ 123).
Let N, denote the central net of @ and N, of the deform @; like-
wise N) and N). Then, as we have seen

(48) Dyt = R,

From § 76 it follows that if we take the F transform of N,
by means of 6 = %(Zx{,’—R’”), the coordinates xo being the

direction-parameters of the conjugate congruence of the trans-
formation, we get a net N,, which is 2, O, the complementary
function being

Moreover, in consequence of (43) we have

= 5 (et —Zzp)

Hence from § 27 it follows that the ¥ transform of N, by means
of @', the coordinates z; being the direction-parameters of the
conjugate congruence of the transformation, is applicable to Ny,.
Then ) a3, —-292‘;’0 is a solution of the common point equation

1) Similar results follow, if we require that Sy be a plane.
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of N, and Ny. Since 2 xi,— R} is a solution of this equation
(§ 76), so also is 2 Efo—-—Rf, and consequently Ny, is 2,0. Hence:

When a deformable congruence R of spheres of the second type
is known, another comgruence of the same type can be found by
quadratures %),

127. Converses of the theorems of Guichard. In this
section we determine under what conditions the two sheets of the
envelope of a congruence of spheres have the same constant mean
curvature for all deformations of the central surface S,. We con-
sider first the case when the sheets are minimal surfaces.

If ¢, and ¢, denote the principal radii of curvature of §, then

o= R—t, 0. = R—1,

where ¢, and ¢; are the roots of the equation obtained by eliminating
du and dv from (12). In consequence of (15) this equation is
reducible to

. oo . _0a
I 2 [(pqr*]’x q)sino -+ r, coso (q—— W)—Fp, sin aa—u]
(44)

l + t[m (q—QZ—Z)—.Esin”apl]-{- Emsine = 0.

If S is to be a minimal surface, we must have 2R = ¢, + £,
that is
. 7
%‘sm"dpl—'h(q—f?—g)

9R — ou

. oa . o0
(pgs—p1q)sino+ r,cosa(q——m)—}—plsmo'a—u

If S, also is to be minimal, this equation must be satisfied also
when ¢ is replaced by —o. This gives the two equations

. oo oo
[(pqx —P1g)Sino—r cos 6——] B =

ou
(45) oo
(2 Rricoso+1)q+ (2R sino‘—a? — §sin’a)pl =0,
112) Rendiconti dei Lincei, ser. 5, vol. 80 (1921).

20*
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The first of these equations involves only functions which do not
vary as S is deformed. In order that the second hold for all
deformations of S,, we must have

(46) 2 Br coso+ g, = 0, 21’»’—2%—§si1w= 0.

Eliminating R, we get the third of (15).

From (16) we have #, == u, », = 1/U. In consequence of (17)
the first of (46) becomes 2 R = — U V ¢*+ u®. When we substitute
this expression in (11), we obtain U = ¢, V' ¢*+ u?, where ¢ is an
arbitrary constant. Hence by a suitable choice of the parameters

the linear element of S is reducible to the form
(CY)) dsy = (1 4+ m*u®) du+ udv®.

This is the linear element of the paraboloid of revolution @, defined
by (9). Also we find

(48) R = —2—17?-1(1 + m2u?).

These expressions satisfy the first of (45) and thus all the conditions
of the problem are satisfied. Moreover, it can be shown that I?
equals the distance from a point of @ to its focus on the axis of
revolution. Hence we have the theorem!''®):

The spheres with centers on a paraboloid of revolution and
passing through the focus constitute the only congruences R of spheres
the sheets of whose envelope are minimal surfaces in all deformations
of the central surface.

We consider next the case when the two sheets have the
same constant mean curvature 1/a for all deformations of S. In

this case
R —2a R+ (a—R) (¢, +t)+ t, ts = 0.

Substituting the expressions for ¢, ¢, and ¢ ¢ from (44) and
requiring that this condition hold for both § and S;, we get

13) Cf. Bianchi, Memoire dei Lincei, ser. 5, vol. 12 (1918), p. 479.
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. oo
(R*—2aR) [(pql—p, q)sin 6— 7, cosa—a—d

oo .
(49) +2(““R)’71H+§1}1 sine = 0,
[(R*—2aR)rcosc—(a—R)p]lq

+[(R2—2aR)Z—Z + (a——R)gsina]p, sine = 0.

Since these equations must be true for all deformations of S, the
coefficients of ¢ and p, in the second must be equal to zero. In
consequence of the third of (15) this is equivalent to the single

condition
(50) (R*—2aR)coso+ Un(R—a) = 0.

On differentiating this equation with respect to « and making use
of (11) and (15), we obtain '

(B1) (R—a)(Ucos*c—ul'")+ulU3coso = 0.

Eliminating R from (50) and (51) and substituting for coso its
expression from (17), we find

5 -2V ,Uf_) e

(52) UF—ul (u”—}—c r a® + (- ¢?)®

When (50) and (52) are satisfied, so also is the first of (49).
The general integral of (52) is

o O .

W

U= “V'ai“c‘zme—rw :
where ! is an arbitrary constant. Hence the linear element of S, is

5 o @@HCE) e
(53) dsy = Yoy du® 4 nPdo®.

This is the linear element also of the quadric @ of revolution of
the conic
x

2 2
(54) a—a=1

[
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about the z-axis, provided that

l!

L

(65) =3 7

Hence to each choice of ! there corresponds a value of c.
Equation (51) reduces to

R—a+vwflvw+zza

Furthermore since a® enters only in (52), we have that a in (50)
and (51) may be replaced by —a. Accordingly we have also

R+a+VE?ZVM+Z:Q'

Hence the spheres with centers on the quadric @ may pass through
either of the foci on the z-axis, and we have the theorem''*):

The spheres with centers on a central quadric of revolution and
passing through either focus on the axis of revolution comstitute the
only congruences R of spheres the sheets of whose envelope have the
same constant mean curvature for all deformations of the central
surface.

128. Theorems of Ribaucour and Bianchi. In accordance
with the theorem of Beltrami (§ 112) the tangent planes to either
sheet of the envelope of a congruence of spheres envelop a surface
for all deformations of the surface of centers, if these planes are
understood to be carried along in the deformation. We seek the
general solution of the problem: To determine all cases for which
the surface elements of a surface S, associated with a surface §
continue to be the surface elements of a surface in any deformation
of S'18),

Let S be referred to any system of parametric lines. Between
the coordinates, x, y, z, of S and xz, ¥, 2, of S; we have relations
of the form

14 Cf. Bianchi, 1. c., p. 481.
115) Cf. Bianchi, Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 8.
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= ow ox
(56) :r,=:1:+l—“c+m——gi+'nX,
ou ov

where /, m and n are the same for y, and z. Differentiating this
equation and making use of [§ 64, (7), (8)], we obtain

R GD)
ou (L+ H?
FD—ED' on , .
(M+n P )W+(7+Dz+1)m)x,
9 FD" GD'\ b2
YR (P+ H? )?u

+(Q+n HSE—DL) av+( +D’H—D”m)

M

where
[ e e
. l :_ { } 112}’ Q:~3”'-+“2}l+{ 21,

the Christofte]l symbols being formed with respect to the linear
element of S.

If X,, Y, and Z, denote the direction-cosines of the normal
to §,, we have

(59) au+”au+"
and similar equations for Y, and Z,, where 4, p, v must be such that
8.721 - ﬂ_.l .
> T Xi =0, 2 7 X1 =0,

Substituting from the above equations, we get

(nA—»l) D+ (np—vm) D' = A(EL+ FM)+p(FL+-GM)+» ﬂl—

(60)
(nA—») D'+ (np — ym) D"= A (E P+ FQ)-+p (FP+ GQ)+v—a—’—‘.
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If § is deformed in any manner carrying the surface-elements
of S, invaribly bound to it, for a deform S of S we have

: _ _. 8% 0% =

o J w,———x—}-l?’;—I—m—ﬁ—{—nX,
e ox ox —

l A= At X

where I, m, n, 4, w, v are unaltered by the deformation. This fact i
of prime importance.

The right-hand members of (60) involve only quantities unaltered
by the deformation. Consequently we must have

(62) nk =l np = vm,

There are two cases to be considered,
I When » 4 0, then

n
n—at X,

which expresses the fact that S is a sheet of the envelope of
spheres with centers on S, that is the theorem of Beltrami.

2°. When » = 0, then » = 0. In this case the points of &,
lie in the corresponding tangent planes to S, and since ZXX, = (),
corresponding tangent planes to S and S; are perpendicular. The
existence of this case was established by Ribaucour!'®). Hence we
have the theorem of Bianchi''"):

A necessary and sufficient condition that o©* surface-elements
imvaribly associated with a surface S continue to be the surface-elements
of a surface in all deformations of S is that they are the elements
of a sheet of the envelope of a comgruence of spheres with centers
on S, or of a surface Sy such that corresponding tangent planes to S
and Sy are perpendicular and points of Sy lie in the corresponding
tangent planes to S.

We remark that if equations (62) hold for one deformation
of S, they hold for every deformation. )

110) Journ. de Math., ser. 4, vol. 7 (1891), p. 92.
) L.ec., p.4.
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129. The surface generated by a point in the tangent
plane to a surface S as S rolls on an applicable surface S.’
The formulas of the preceding section can be used to find the surface
generated by a point P associated with S as § rolls on an applicable
surface 8. When in particular P lies in the tangent plane to S, we
have n = 0. We consider this case.

If we put
Q=LE+2LMF+M*@, 2,= LPE+(LQ-+MP)F+ MQG,

(63) {
9, — PE+2PQF+ @6,

the first fundamental coefficients of S, are found from (57) to be

E, = Q+(ID+mD), F,= Qy+1AD+mD)(ID +mD"),
Gy = 24+(D'+mD")

Also the coefficients of S, are

E = Q+(D+mDy, F,= Q+(1D+mD)(D +mD"),
Gy = 2,+(ID +mD"y,

64) {

(65) {

where D, D', D" are the second fundamental coefficients of S.
Since the functions £;, 2, £, are the same for both surfaces,
we have from (64) and (65) ’

6 { ds?—ds? =[(ID+mD")du+ (D' +mD")dv]
(66) —[(D+mD)du+ @D +mD") dv].

As an application of this result we consider the case when S
is a ruled surface and S is not ruled, and we take for the curves
v = const. the generators of S, that is D =0. We take the
point P determined by the condition that it lies on a generator
of § and is such that as S rolls on S it describes a line of length
Zero on. S. Then we have m =0, ds,=0. Since DD"—D'*
= —D'% we have from (66)

(67) dst = BED(Ddu®+ 2D dudv+ D"dv®).
Hence we have the theorem of Darboux!'8):

118) Annales de I'Ecole Norm. Sup., ser. 3, vol. 16 (1899), p. 497.
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When o ruled surface S rolls on a non-ruled applicable_sur-
Jace 8, the points where the different lines of length zero of S meet
the generators of S describe surfaces which are conformably represented
on one another; and their lines of length zero correspond to the
asymptotic lines on 8.

The surfaces described by the points a, ay, @', a1 in § 121
are examples of this theorem.

130. Kinematically conjugate directions on rolling
surfaces. If on a surface S we take a curve C of the family
determined by an equation of the form dv = M du, and at each
point of C draw the tangents to the curves of another family
determined by an equation dv = Ndu, the coordinates of this ruled
surface R are given by (61), when we put [ = tdu, m = tdv,
n =0, t being the parameter of a point on the line. As S rolls
on an applicable surface S, along C, these lines generate a ruled
surface R tangent to S. From (66) it follows that a necessary
and sufficient condition that R and R be applicable is that

(D+ D)dudu+ (D' + D) (dudv+dvdu) 4+ (D"+ D")dvdr = 0,
or

(D—D)dudu+ (D'— D) (dudv+ dvdu)+ (D"— D")dvdy = 0.

If we desire the condition to be satisfied for all deformations
of S and in particular when S and S are congruent, we must
take (69). In fact (68) is obtained from (69), if § is replaced by
its symmetric with respect to the origin.

Equation (69) coordinates with every family of curves on S
a second family, and the relation is involutoric. Beltrami''?) has
called two such families kinematically comjugate. The preceding
results may be stated as follows: B

If 8 and § are applicable surfaces, and C' and C' are any two
corresponding curves, the ruled surfaces, R and R, consisting of the
tangents to S and 8 in directions kinematically conjugate to C and c
are applicable.

As S rolls on § and C rolls on C, coincident lines of R and R
form the instantaneous axis of rotation of the rolling. Hence:

119) Giornale di Battagline, vol. 10 (1872), p. 108.
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When a surface S rolls on an applicable surface S, the in-
stantaneous axis of rotation lies in the plane of contact and its
direction is kinematically conjugate to the direction of motion of
the instantaneous center.

Since the common conjugate system of curves on .S and § satis-
fies the equations

Ddudu+ D' (dudv+dvou)+D"dvdv =0,
D dudu+ D' (du 8v+ dv du)+ D" dv dv = 0,

we have the theorem:

The common conjugate system om two applicable surfaces is
linematically conjugate.

When § rolls along a curve of either family of the common
conjugate system, the surfaces I and R are developables whose edges
of regression correspond, since the points of these edges are Laplace
transforms of points of C' and C.

The equation

(100  (D—D)du’+2(D'—D) dudv+(D"—D")dv: =0

defines two families of curves on S and S which are kinematically
auto-conjugate, that is as S rolls on § along one of these curves
the instantaneous axis is tangent to the curve itself. In this case
also the surfaces R and R are developable. Since S and S are
applicable, the curves C and C have the same geodesic curvature,
at corresponding points. Also as follows from (70) and [§ 49] their
normal curvatures are equal, and consequently their first curvatures.

As an example of the foregoing we consider two applicable
surfaces § and S, and assume that the curves u = const. are the
asymptotic lines on S. Then

D*= D*—DD".

In consequence of this relation we have that the equation of the
asymptotic lines on S may be written

(D'— D du-+ D"dv) (D' +D') du—+ D"dv] = 0.

From this equation it follows that the curves kinematically conjugate
to u = const. on S correspond to one family of asymptotic lines
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on 8. Bianchi has called them virtual asymptotic lines on S. More-
over, the other family of virtual asymptotic lines on § satisfy (68).
Hence we have the theorem'%):

If S and S are applicable surfaces, the ruled surface R consisting
of the tangents to the asymptotic lines in one family where they meet
a virtual asymptotic line of S is applicable to the ruled surface R
of tangents to the corresponding virtual asymptotic lines of S where
they are met by its corresponding asymptotic line. -

If Sis a ruled surface, we may take it for R, and then
R consists of the tangents to the corresponding virtual asymptotic
lines on S, which are geodesics. Hence as a corollary of the above
we have the theorem of Chieffi'®'):

If' S is applicable to a ruled surface R, the ruled surface con-
sisting of tangents to the geodesic virtual asymptotic lines of S at
points of meeting of any asymplotic line a of S s applicable to S
with a rigid in the applicability.

131. Congruences of rolling. When a non-ruled surface S rolls
on an applicable surface §, a line / invaribly fixed to S generates
a congruence G called by Bianchi'®®) a congruence of rolling. In
order to find the focal points of , we note that there are two
instantaneous axes of rotation in the plane of contact 7 at a point M
for which 7 and a nearby position ! meet, namely the direction /,
joining M and the point P, in which ! meets 7, and the direction /;
normal to the plane through ! perpendicular to 7. When /[, is the
axis of rotation, the point P, generates one of the focal surfaces.
When [, is the axis, the lines / and !” meet in the foot P; of the
common perpendicular of ! and l;, that is the foot of the per-
pendicular from M to !; and thus P, generates the second focal
surface of . The plane of the lines ! and !” is the tangent plane
to the locus of P, and is perpendicular to sz. The plane of [ and !’
is the tangent plane to the locus of P, and is normal to the line 3 P,.
Hence we have the theorem of Bianchi’®®):

For any congruence of rolling one focal surface is generated

120) Cf, Bianchi, Memoire dei Lincei, ser. 5, vol. 12 (1918), p. 445.

121) Giornale di Battagline, vol. 43 (1905), p. 9.

122) Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 15.

123) L. c. These results have been established by him by analytical processes
in the Rendiconti di Palermo, vol. 39 (1916), p. 187.
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by the point Py in which | meets the plane of contact x, and the
other by the foot P; of the perpendicular from the point of contact M
to I; the tangent plames to these respective surfaces are the plane
through 1 mormal to m and the plane through P, perpendicular
to MP, 2

From the above treatment it is seen that the focal surfaces
of G are generated by the same surface-elements attached to S
whatever be the surface S on which § rolls.

From the results of § 130 and the above considerations we
have that the developables of a congruence of rolling correspoad
to the curves kinematically conjugate to the curves on S whose
tangents are the lines /; and /, for a point of contact. The latter
are the curves corresponding to the curves in which S is met by
the pencil of planes through / and by the parallel pencil of planes
normal to /. Bianchi has called them the meridian profiles and
the curves of level respectively. Hence:

For a congruence of rolling the developables correspond to the
curves on S kinematically conjugate to the deforms of the meridiunm
profiles and the curves of level on S.

Since a right conoid is the only surface posessing a family
of meridian profiles which are also curves of level, we have the
theorem of Bianchi:

The congruences of rolling with coincident developables are those,
and only those, generated by the axis of a right comoid as it rolls
on an applicable surface.

From the preceding considerations it is evident that the
developables of a congruence of rolling are real. We remark also
that the focal surfaces of a congruence of rolling afford examples
of the theorems of Beltrami and Ribaucour (§ 128).

Exercises.

1. Show that the theorem of Bonnet [§ 73] may be interpreted as follows:
When a sphere rolls on an applicable surface, its center describes a surface of
constant mean curvature.

2. When a quadric S tangent to the circle at infinity at a single point P’
rolls on an applicable surface S, the two isotropic generators of S through P
meet the common tangent plane in two points, @ and a', which describe two
parallel surfaces of constant mean curvature + l/aa’.

Darboux, Annales L'Ecole Norm. Sup., ser. 8, vol. 16 (1899), p. 468.
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3. If S and S are applicable surfaces and the spheres with centers on S
and passing through the origin become tangent to the plane 2 =0 as S rolls
on 8, it is necessary that

B4 Y4 E= 22
If we put [cf. § 47]
a8 . B—a -, ap—1
T ES U iy o L AT E Sy

T+iy—=o T*— 1Yy = w,,

T =7z

then since S and S are applicable
422dadp
(ap+1)?
H(:nce the projection of S on the unit sphere and of S on the plane z = 0 are
conformal. The general solution is given by

w=f@ w=f[@, =5 0+ad) VT@HH,

where f is arbitrary and f, is the conjugate function.
Calo, Annali, ser. 8, vol. 4 (1900), pp. 128—130.
4.1f S and S are applicable surfaces and the spheres with centers on S
and passing through the origin become tangents to a sphere of radius a with
center at the origin as S rolls on S, is is necessary that x2+y2%+722= R?
x4 y*+22= (R+ a)%

= dwdw,.

If we put . _ _
s=R-Tf  yoigfZ% = s=pfi-l
af+1 af+1’ af+1’
- a+8 — f—a - af—1
= (R+a) —— PYESE y=iR+a BF1 z=R*ta) aFF1
gsince S and S are applicable, we have
. R*dadg dadp
—— =Rta? -
® (1+ag)? BE O G apy

Hence the projections of S and S on the unit sphere are conformal. The general
solution is given by a = f(@), g = f,(B), where f is an arbitrary function
and f, is the conjugate function. Then R can be found directly from (3).
Calo, 1. c.
5. When the Christoffel transform (cf. VII, Ex. 8) of N' in § 123 is taken
as N, the corresponding net N is a point, and consequently the central net of
this transformation is the other special net 2, O parallel to N%.

6. Show by means of (VII, 8) that a necessary and sufficient condition
that an O net have the same spherical representation as an isothermic Onet is that
8 (1 3VE 8 (1 /@& )

R‘(V@ v ) v (V‘E ouw |

Trans. Amer. Math. Soc., vol. 17 (1916), p. 447.
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7. A necessary and sufficient condition that an Onet on the unit sphere
be the spherical representation of an isothermic net is

Bu(Vl@ 61a/v_) 2“8'(1/1@‘ ‘6’18/7@‘)

8. Show that the net N’ of §128 is parallel to two isothermic nets &Ny
and (N)" for which

V@ =-V@="" VE=Ve=ey

that a transformation D of (N)' is determined by the functions 7, q, 7 of (87)
and (0) = —1)v', ) = 0', (m) = —m; and that the resulting transform is
the net obtained from the given transformation of N' referred to in (VIIL, Ex. 17).
9. Show that there exists an O net, with the same spherical representation
as an isothermic net, for which the tangential coordinate P is equal to €—@.
Calapso, Annali, ser.3, vol. 26 (1917), p. 171.

10. If we have an Onet N of the kind in Ex.9 and put

YV E= VE _ V Pecoshyg, VG = _V_;)i =1/ Psinhg,
2

2
from (VII, 3,5) we have

0  0b _ 1 Q . O 9 1 R
R 2P sinh g, v ov 2 VP cosh g.
From (VII, 9) and (85) we have for an R transform of this O net
E,
=t = P42}/ P v — qv —-¢+v__ 4 £
Ph P12 + (e >+ Ve

In order that this expression be equal to Py, namely (VI, 101)

P = P— Lo (Pp+Qq+Rr—0),
we must have
Pp+Qa+ Rr—0+3) Py 2=t 40 L) gmp =0,

The left-hand member is found by differentiation to be a constant. Hence there
are oo* transformations R of N into nets of the same kind.

Calapso, 1. c., p. 152.

11. If N’ and N” are isothermic O nets in the relation of Christoffel (cf. VII,

Ex. 8), the mid-point of the join of corresponding points on N' and N” describes

an Onet N parallel to N’ and N" for which]/ E = cosh, |/ G = sinhp. When

these expressions are substituted in (36), the function 20 —6'—v6/0’ is constant.

Show that there are oo* transformations R for which this constant is equal to
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zero, and that for each of these transformations Ei— Gy = 1; also that N, is

the locus of the mid-point of the joins of corresponding points of N} and N,

Calapso, Annali, ser. 8, vol. 26 (1917), p.152.

12, A necessary and sufficient condition that the parametric curves of two
applicable surfaces S and S’ be kinematically conjugate is that D'= =D

13. A necessary and sufficient condition that the kinematically auto-conjugate

curves for two applicable surfaces, S, S, reduce to a single family is that S

and S be ruled surfaces applicable with generators corresponding.
Bianchi, Memoirie dei Lincei, ser.5, vol. 12 (1918), p. 441.
14. When two applicable surfaces are referred to their kinematically auto-

5 Ppr— T 9 12 9 J12
3 o pu—
conjugate-system, D = D, D' = —D', D"= D", and — B { }— 5o {2 }, the

Christoffel symbols being formed with respect to their linear element.

Bianchi, 1. c., p. 445.
15. Given two quadratic differential forms

() an du*42a12 du dv+ ass dv?, by du?+ 2012 duw dv + byg dvi.

‘When the Jacobian of these forms is equated to zero, the resulting equation, namely

an du+ a2 do, a2 du+ ass dv
by du+ bia do, bra dw—+ bsg dv

)

defines two functions ¥ = ¢ (w,v), v = b (u,v) in terms of which the forms (1)
become _ B
Uy du?+ Gy AT b du?+ by d v
Bianchi, Lezioni, vol. 1, p. 82
16. It S and S are applicable surfaces, the curves defined by equating to
zero the Jacobian of the forms

Edu?+2Fdudv+ Gdv?
(D—D)dur+2(D'— D')dudv+ (D"— D")dv?

form an orthogonal kinematically conjugate system. Bianchi, Lezioni, vol. 2, p. 38.

17. On two applicable surfaces of counstant mean curvature + 1/a whose

lines of curvature correspond and for which p; and p2 are the radii of principal

curvature of one surface and —p2, —p1 of the other [cf. § 125], every orthogonal

system is kinematically conjugate; moreover, this is the only case where every

orthogonal system is kinematically conjugate. Bianchi, 1. c., p. 89.

18. The lines of curvature on a surface of rolling described by a point O

tixed with respect to a rolling surface S correspond to that kinematically con-

jugate system on S which projects into an orthogonal system on a sphere with
center at O, the projection being from O as center.

Bianchi, Memorie dei Lincei, ser. 5, vol. 12 (1918), p. 448.

19. The lines of curvature on an envelope of rolling described by a plane =

fixed with respect to a rolling surface S correspond to that kinematically con-

jugate system on S which projects orthogonally into an orthogonal system on =.

Bianchi, 1. c., p. 448.
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20. When a surface S rolls over an applicable surface S, any two parallel
lines fixed with respect to S generate congruences for which one family of
developables correspond, namely, those corresponding to the curves kinematically
conjugate to the transforms of the curves of level of S.

Bianchi, Rendiconti dei Lincei, ser. 5, vol. 24 (1913), p. 16.

21. When a surface of revolution § rolls on an applicable surface S, the
axis of S’ generates a normal congruence, since the focal planes are perpendicular.
One of the focal surfaces is the complementary surface Sy of S corresponding
to the deforms of the meridians of S.

Bianchi, Rendiconti di Palermo, vol. 39 (1915), p. 205.

22. For the surface S defined by

T = rcosé, Yy = rsind, 'z =clogr+ (),

where f is an arbitrary function, the distance cut off on the z-axis by the per-
pendicular from any point P of the surface to the axis and the tangent plane
at P is equal to c. Hence when S rolls on an applicable surface, the axis
generates a congruence of rolling for which the focal distance is constant.
Bianchi, L c., p. 207.
23. When the surface S defined by

® = rcos b, y == rsinf, Z =clogr +m0

rolls on an applicable surface S, the z-axis generates a congruence @ of rolling
for which the distance between the focal points is ¢ and the angle between the
focal planes is sin“c/Vc_’q—_;ﬁ. Hence G is a pseudospherical congruence
whose focal surfaces have the same gaussian curvature — 1/(c?+ m?) [cf. § 171].

Bianchi, 1. c., p. 208.

21
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Chapter X.
Surfaces applicable to a quadric.

132. Transformations F of nets on a quadric. Consider
a net N on the general quadric @, whose equation is

e +fyt g2+ 2ayz+2bzx 4 2¢ay+ 2ra+ 2sy+2tz4 1w =0.

Since the coordinates are solutions of an equation of the form
(IL, 6), we have on differentiating (1) with respect to u and »

bx oz }_fay_ By 8;_ 0z ta dy 8z | oy @4)
'c)u N ou 80 Bu ov (au ov ov ou
0z dx | 0z Bx)_‘_t(ax oy .@ﬁl)zo

u v +5—v_71; du ov o 0u

(2)
4+

Any net N'(2') parallel to N is given by equations of the
form (II, 3). Consequently we have an equation of the form (2)
in which z, y, 2z, are replaced by 2, 3/, 7. From this it follows
that the function

(3) 0 = ex*+fy 492+ 2(ay 2+ b7 +ca'y)

is a solution of the point of equation of N''*), It is readily
found that ¢’ and 6, given by

" {0 = 2[exa'+fyy' +g2d +alyd+y2)+bea'+2 2)
+e@y 7' y)+ra'+sy 4t

satisfy the equations

06/ _, 20 26’ _ 08

() ou  ou  ov 0w

1) The function '+ 0, since N' cannot lie on a cone.
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When these values are substituted in (II, 2), it is found that
the F transform N, (z;) lies on Q. It has been shown in § 5 that
any congruence conjugate to a net N can be obtained by drawing
through points of N lines whose direction-parameters are the
coordinates of some net parallel to N. Hence we have the theorem
of Ribaucour:

Any congruence conjugate to a met om a quadric meets the
quadric again in a net to which it is conjugate.

We apply the results of § 21 to the particular case when N
is on the quadric @, and also N, and N, that is when 6; and 6,
are of the form (4). In order that 6,, and 61y be of the form (3)
and (4) with o' 3 2/; 2 y 2 replaced by =zi”, yi", 2i"; x1, 1,
respectively, we must have

(6) {Oi'+ 05_2 [Bxlxll+j~y/yll+gzlzll+a(ylzll+yllzl)
+ l)(Z,.’L‘"-{—Z” CL‘I)—I—C(.'L"_?/”—{‘-’E”‘_I/)] = (.

By differentiation it is found that the left-hand member of this
equation is constant, and consequently the additive constants in
67 and 6% can be chosen in oo! ways so that (6) shall hold. Hence:

If N, and N; are F transforms of N and all three nets lic on
Q(1), there are o' other mets Ny on Q which are F tramsforms
of Ny and N;; they can be found by a quadrature.

133. Permanent nets on a quadric. Let Q be a quadric
referred to its asymptotic lines, and write its linear element in
the form

) ds} = Eyde®+2F,dedB+ Gydg?,
and its second quadratic form
8) O =2Dydedp.

If Sis an applicable surface, its linear element is (7) and its
second quadratic form is

9) ® = Dyde*+ 2 Djdedp+ Dy dA®.

Since the asymptotic lines on @ are straight lines, we must
have [§ 85)

21*
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1 _ j22y
(10) { 2 }o_ { 1 }o— 0
the Christoffel symbols { tlo being formed with respect to (7).
If we put ,
(11) = V E,Go— F?, o® = —Il-l),i =V —K,
0

from [§§ 63, 77] we have

21 ?_lggo‘ 112} dlogo
fo a8’ 12,

11
1o

(12)
= ———logHou {

J1
11
/1
1

Hence the Codazzi equations [§ 64] for S are reducible to

31)0 BDO + dlogo l_);-f- BlogDoD—(,):O’
(13) 2B de o8

BD BDO alogo alogDO ~

— + Dy + Dy = 0.

Since Q and S are applicable,

Dy Dy— D = —D§* = — H} o,

If we put N
(19  a=oD, A=oDj, 4=
D,

we have
(15) VA4" = e D)V 42—1.
Then (13) may be replaced by

o4 , 04 o4 _ oA
(16) ﬁ—ﬁpo———aa, Ba Do Bﬂ

The equation of the common conjugate system of Q and S is

(§ 56]
Ade*—A"d* = 0.
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By means of the above formulas we find that the Gaussian cur-
vature of the left-hand member of this equation is zero, and con-
sequently it can be given the form dudv. Hence we have the
theorem of Servant'*):

If S is a surface applicable to a quadric Q and the latter is
referred to ils gemerators, the common comjugate system can be found
by quadratures.

If we put

e (Vdde—V 4"dB) = du, e (Vdda+V 2"d8) = dv,
we find, in consequence of (16),
(18) o=+ V471, e20=4'—V 471,

From equations (17) we have

(19) { 2V;da = e“’du—{-e_“’dv,
2V A" B = —edu+e—dv.

In terms of u and v the second quadratic forms of Q and S are
necessarily of the form
@ = Ddu’+ D" dv?, @ = Ddu*+ D" do.
In consequence of (8), (9) and (19) we have

(MD=~%F%$:H»W=LF£%?H%

(21) D=—D"=

From these follow the theorems!2®):
If a net upon a quadric admits an applicable net, then

(22) D+N=-%

125) Bull. Soc. Math. de France, vol. 30 (1902), p. 19.
176) Cf. Servant, 1. c., p. 20.
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The permanent net on a deform of a quadric is isothermal-
conjugate.
From (19) we have

de @ e e 08 & 0 e°
du V4 dv V4 duw V4T v VA

In consequence of (15) and (18) we have from these equations
ba 0p | de 08 _ 0
du dv ' dv du

e 08 | bz 08 1
du du dv dv 20D}’

’

(24)

Conversely, if we have a solution of this system, and define
functions w, # and 4” by (23) and #’ by (15), we find that ® and
A" satisfy (18). Since the corresponding equations (17) are con-
sistent, we obtain (16). Then a surface S applicable to Q is defined
intrinsically by (14), and we have:

The determination of permament nets on a quadric is equivalent
to the solution of equations (24).

134. The permanent net on a deform of a quadric.
When a quadric @ and an applicable surface S are referred to
the permanent nets N and N, we have, in consequence of (21),

pp" D*

— S =g H'= EG—F

(25) ot =
where o' = — K, K being the total curvature of Q and S, and the
linear element of @ and S is
(26) ds® = Edu*+2Fdu dv-+ Gdvt.

If we define two functions o and b by means of the equations

27) D= —gal, D"= ob?
we have from (22)
28) A=,



(32)
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In consequence of (21) and (25), we may take
(29) —D == D" = gab, Ho = ql.

The Codazzi equations for N and N are [cf. § 64]

30) 6{ =offl—r iyl = {Tor
%11) = ﬁ({lF} + J‘121 ), Z;,,i _ '({212} }12})

the Christoffel symbols {Tts} being formed with respect to (26).

From these equations, in which D, D” and D ,are replaced
by their expressions from (27) and (29), and the identities [cf. § 63]

ologH _ 11| | 12|  0logH _ (22 J12
(31) ow 11 f+{‘2[’ D) { + }

we obtain, in consequence of (28),

juy _ o, a 120 0 22, _ b 0
V117 au lOga’ {1f_ loga, \1}*a2 ou logbs,
1y_ a® o 121 __ o8 220 8., b
{2}— ¥ o logao, o= logb, 20 =% loga.

If 2, y, z denote the cartesian coordinates of S, from the
(Gauss equations [§ 64, (7)] for § we have that z, ¥, Z are solutions
of the equations:

0% | 9% Bloga 00 dlogh 96
Tt p 02080 20
(33) ou 90? du  ou ov 0w
0% _ dloga 96 | dlogh 86
dudv  dr du du o’

Hence from § 45 we have:
The permanent net on a deform of a quadric is an R net'®"),

127 (f. Tzitzeica, Comptes Rendus, vol. 152 (1911), p. 1077; also Bianchi,
Rendiconti dei Lincei, ser. 5, vol. 22 (1913), p. 3.
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We desire to prove the converse theorem:

When the functions a and b in the equations (33) of an R net
satisfy the condition (28), the net is applicable to a net on a quadric.

From (31) and (33) we have for any R net N

M=y, (=05 (B=wet
{lzl}zavlgag’ tst= alogb {222}2‘5%1"“;%

When these values are substituted in the second set of (30), we
find that the second fundamental coefficients of an R net satis-
fying (33) are of the form — D = D"= a®b*/H. Then since
DD"= —¢*H?, we may take Ho = ab, in which case we have
(29) and the above expressions for the Christoffel symbols are
reducible to (32), in consequence of (28). As a result we have
that (27) furnishes a solution of the first set of (30) in which the
symbols have the values (32); that is N admits an applicable
net N, for which the second fundamental coefficients are given
by (27).

If « and 8 are the parameters of the asymptotic lines of the
surface S on which N lies, we have

Ade = adu—0bdv, pdB=adu-+bdu,

where the integrating factors 4, p are subject to the conditions

o (8) 4 2 (B) = o (a)__2 (b) __
o0 (7) +a7;(7) =0 5 (M) 0 (,b) = 0.

In consequence of (27), (29) and (§ 64, (7)] the coordinates of &
satisfy the equations

s _ 2_ 06 | 2 0 28

+ =} logab +a 50 logabd 50"
0%6 _ 8logaig+ alogbﬁ
dudv dv  du ou 0v’
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It we express these equations in terms of « and 8, we obtain

13% | 1 0%\, 1386[, 81 3 (1) 18b , 1 da
oo e+ o o) 3 e P (i) 0w ()T o T o

180b8(l) 8(1) 1 8b 18u__0

2 28| ou Yoo \el  pom wav|
1 3% 1 0°¢ 00 1 9b
ab( T 6a’+u 8ﬂ’)+ [ ( )+l du
00 9 (1 lbb
+ 5850 (o)~ w o) =

Adding and substracting these equations, the resulting equations
are reducible in consequence of the above conditions on A and p

to the form
2% 00 o%0 20
= AT ry B 38’
and consequently S is a quadric.
135. Transformations F, of permanent nets on a central
quadric. For the central quadric @, whose equation is

(34) e’ + fif 4 g2° =1,
we have
, ex, [y, g2

35 X Y, z="25/%9%
(35) VZ Azt
and the Gaussian curvature is given by'*)

SN SN SN V8 <y
(36) K= c‘(Zegx’)“ P ¢ Ee x°,

where ¢t = —1/efy.
If @ is referred to a net N whose point equation is the second
of (33), we have

o e\ _ 8, e O Eﬁ)’_i :
(87 avlog[Ze(au)]—avloga, aulog[Ze(av ]— log b,

128) Of. C. Smith, Solid Geometry, 9 edition, p. 223.
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and also
. ox dx
(38) D e
Hence
oz s___ 2 dx\*__ .,
(39) e[ =wv,  Ze(E)=wv,

where U and V are functions of u and » alone.
In consequence of (27), (32), and the Gauss equations for
we find

i[Ze (éﬁ)’]:%log-@-Ze (%)2”26a228XE

) ou ou o®

(40 .
3 dx\? ) b* ox
a‘z;[z"'<57;)]“%7‘°g D) r2ovZex

From (35) and (36) we have

@n e X 13 (i) >, X aav (i)

- Bu c

When the expressions (39) are substituted in (40), the result is
reducible by means of (41) to

71 3U____(
2 duw

dlogo
v

Y

)_aloga 1 9V
C

e T e = (V+c)

Also on differentiating equation (38) with respect to » and v we get

(U4 ) 2108 610ga (V—}——}?) ologo o,

ov
810 b 1\ dloge
U+ V) 8 4 (7—1) T8~
¢ ou
From these two sets of equations it follows that U = —V = 1/,

and consequently

(42) >e (a—””-)2= L >e (Z—:)zz v

ou ¢
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Hence from (28) and (36) we have the theorem:
For any permanent net on a central quadric (34) the coordinates
satisfy the condition

(43) Se(22) 4 Ze(22) = e Zerar,

where ¢t = —1[efg'®®).

This equation may be written
(44) ) a?—b? = ¢ D etat,

Suppose, conversely, we have a net N on the quadric (34)
satisfying the condition (43). Since equations (39) hold for any
net on the quadric, the functions @ and b in the point equation of
N can be chosen so that we have (42). If these equations are
differentiated with respect to u and v respectively, and the Gauss
equations [§ 64, (7)] are used, the resulting equations are reducible
by means of (41) to

2 J11 _E_L) gl
“{1}+au( D “au_o’

g
(45)
2 J22 __ﬁ_(_l_) n__30b
b{2} ov o‘D b8v~0'

From (38) and (42) we have

ey bz by __ bx w)’_ oS g H'
—Zef(au v v du ——HZefZ - 2

Hence, if we take Ho = ab, from (31) we obtain

b

L

11, __ 9 a j22
(46) h=se s 13

— -2
du o = 0 %8

In consequence of these expressions equations (45) give
D = —oa®, D"= ob®. Substituting these expressions in the first

120) Cf. Calapso, Annali, ser. 3, vol. 19 (1912), p. 62.
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set of equations (30) and making use of (28), which is a conse-
quence of (42) and (43), we get the expressions (32). When these
values are substituted in the second set of (30), a solution is
—D = D"— cab. Hence there exists a net N applicable to N.
Therefore:

When a net on a central quadric (34) satisfies the condition (43),
it 18 a permanent met.

Let N be a permanent net on the quadric @ (34). From (3)
and (4) it follows that if in the equations of the form

(47) Ty = w——ng

we put

(48) 6 = 2(exx'+ fyy' +g27) = 2 exa!, 0 =2 ex'?

the F' transform N; of N lies on Q. In order that N, be a per-
manent net it is sufficient that

(49) Ze(axl) 4+ (axl)—(Ze’ac’

From (47) we have by differentiation

M___f_( /08 risz) 39”1__"_< Al r_aﬁ)
(50) ou u — u)’ ov 0 \" v —6 v/’
where

(61) T=h6—¢, c=10—¢6.

Substituting these expressions in (49), we can reduce the resulting
equation by means of (42) to

(52) Pt —at = 162D et

In consequence of (II, 16) we have from (51)

2o \&) = T 55 8T GG,

] (o‘) T—o 0 It 30

9 (v\  o—7 B ho 56
o () -

&) T 7 9w 8T g
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Differentiating (52) and making use of (53), the resulting equations
are reducible to

R r- TR ), S e

0 du
+or g et w(wx—x)]

dp , 1 26[a? _ 33 ot () —
a_v-}-z-ﬁ[;,—;lw(o' r)-}-czelx(xx x)

—{-—C”{,—Ze’x(wx—m)] =0,
where

T g
¢ = a"? —b’7 + ¢* D) et

By means of (44), (51), (52) and (54) these equations are reducible to

(65) —=+5

ho
wule

o) 0y 1o
2)—0’ 61)+ 0 81)(0'

—3)=0,
which can be integrated in the form

(56) g0 =— 52“— 6,

where % is an arbitrary constant. When this value for ¢ is sub-
stituted in (54), this equation and (52) are equivalent, in conse-
quence of (47) and (51), to

Rla®—I12bt = ! D) (e*—ke) 22, hat—1bt = D) (& —ke) za.

Differentiating the second of these equations, we obtain

2
ﬂ+ alogah___b? 6logbl___2(e —ke)x’ bz _
8) ou on a® du
dlogh , o’ dloga p aw
Bv+ v b v ht 5 b? 2(6 —ke)z 0,

in consequence of (44) and
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oh dloga ol ologh
v (=) v du (h—1) ou
0x’ ox oa’ dx oy’ oy oy dy
= h =, = == —_— = ) = —_— = [—=:
(59) du “ou’ v lav ’ du h du’ v 9’
07 __, 0z 0d _ 0z
du ou’ ov  ov’

It is readily found that equations (58) and (59) form a com-
pletely integrable system, in consequence of (44). Moreover, for
every set of solutions of this system equations (57) are satisfied
to within additive constants, as is found by differentiation. Hence
each set of solutions satisfying (57) determines an F' transform
which is a permanent net. From (47), (48) and (59) it is seen
that if 2/, ¥, 7, h and I are multiplied by the same constant, the
transform &, is unaltered. Hence when % is any constant different
from e, f and g, there are oo? sets of solutions satisfying (57) and
giving distinct transforms.

When k = ¢, there are o' sets of solution s, ¥/, 2/, 2 and I of
(58) and (59) satisfying (57). Thenz' is given by a quadrature (59)
and involves an additive constant, say m. In this case each set
of solution s, ¥, 7,  and ! determines oo' transformations, such
that the corresponding points of the oo! transforms lie on a conic,
the section of quadric by a plane parallel to the lines from the
origin to the points (z'+m, ¥, 2/) as m varies. Similar results
hold when % == f or k =g. Hence:

A permanent met on a central quadric ex*+ fy -+ g2t =1
admits ®® transformations Fy into permanent nets on the quadric
Jor each value of the constant k; when k is equal to e, f or g, the
transforms Ny may be grouped into o' families of ' transforms
each such that corresponding points of the nets of a jfamily lie on
a conic's®).

136. Transformations F, of surfaces applicable to
a central quadric. It is our purpose to show that each trans-
formation F of a permanent net N on a quadric @ into a permanent
net N; on @ leads directly to a transformation ¥ of the net N
applicable to N into the net N, applicable to N,. In fact, we

130) Cf. Journ. de Math., ser. 8, vol. 4 (1921), pp. 87—66.
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shall show that it is possible to find without quadratures a net
N’ parallel to N such that 6’ given by (48) can be put in the
form (cf. II, 95)

(60) 0=k (Dx't—27"%),

and then the desired transform is defined by
(61) e
Equating these expressions for 6, we have

62)  (—Ba"+ ()Y +g—h) +k 2z =0,

Differentiating this expression and assuming that equations of
the form

(63) o=, S =22
hold, we obtain

e —B2 L 4 (kg 2Ly (g~ 41 T2 — o,
(64) -
(—Wa'cZ 4 (=W L +(g— 1)+ 2.«;'-5. — 0.

If these equations are differentiated with respect to » and v and
in the reduction use is made of equations [§ 64, (7)] for N and N,
two of the resulting equations are satisfied identically in conse-
quence of (64) and the other two are reducible to

n3e ( ) 4D e—h)2 X+kDD 7 X = 0,

(65)
13 (—Zf—) 4D e—Wa X+kD" 37 X = o.

In consequence of (27), (28), (29), (35), (42) and the second of (57)
these two equations are equivalent to

(66) (h—1loab+ck 27" X = 0.
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Solving equations (64) and (66) for z’, ¥’, 2, we have ex-
pressions of the form

S_eab o o 1 [8E s (pbe  o0n
kx' = . @ h)X+H’[8u2(e I)x (Fav Gau)

(67) +—Z%Z(e—-k)x' (F—Z%—Eax)]

v

If we differentiate these expressions, we find that z’, ', 2’ satisfy
equations of the form (63), by making use of equations of §§ 134,
135 and of [§ 63].

Also from (67) we have, with the aid of [§ 48, (11)],

(68) P2 x"* = "f—(‘?: P =+ 2 e—1pa*— (3 e— ' X)%
Substituting this expression in (62), we find that it is satisfied
in virtue of (57).

From these results and the last theorem of § 135 we have,
when /& is not equal to 0, ¢, f or g, the theorem:

If Nis a net applicable to a net N on a central quadric
ex®+ fy*+g2® = 1, for each value of k different from e, f, g and
zero, there exist o transformations Fi of N into nets N, applicable
to the quadric; these tramsforms are conjugate to ®* congruences G,
their determination requires the finding of solutioms of a completely
integrable system of equations subject to a quadratic and a lLinear
homogeneous relations'").

When & = ¢, the function 2’ is dctermined to within an additive
constant m, as seen in § 135. There are only oo! scts of solutions
y', 2, h and /, and in consequence from (67) it follows that there
are only oo! congruences G of the oo transformations. As m
varies we obtain oo! transforms », conjugate to the same con-
gruence. They are defined by (61) with

9 =22 exa'+ 2meau, 0' = e(@'+m)*+ fy*+ g2

From this expression for # and the results of § 23 it follows that
the tangent planes at corresponding points of these nets A, enve-

131) Journ. de Math. L. ¢. p. 53.
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lope a cone. If &, 7, § are the coordinates of the vertex, the
equation of the tangent plane is

E—=8) X+ (=20 1+ E—8)Z - 0.

where &, 7, { are current coordinates, and X,, Y, and Z, are
direction-paramcters of the normal to »,. When their expressions
are caleulated, it is found that they involve m to the second degree,
and consequenf]y the cone is a quadric.

When 7% : e, »' does not appear in (62) and (64). Solving
the latter for ¢ and 2/, and substituting in (62), we obtain a homo-
geneous quadric equation in z', y’, 2’.  Hence the lines of the
congruences (/ through a point of .\ form a quadric cone. Since
similar results hold when 4 is equal to f or ¢, we have in con-
sequence of the last theorem of § 135 the theorem:

If N is a net applicable to « net N on the central quadric Q
(34), there are =2 sets of solutions of equations (57), (58), (59)
with b equal to e, for g: there are thus three familics of % * trans-
Jorms Ny of N which are applicable to Q: the transforms of each
Jamily are conjugate to = congruences (, there being «' trans-
Jorms conjugate to cach G: the lines of the congruences G through
« point of N forme « quadric cone; the tangent planes «at points
of « line of (1 of the nets Ny conjugate to it envelop « quadric
cone, and the points on Q corresponding to these  points of the
nets Ny on « line of G lie on « conic'®),

When ¢ is the quadvic of revolution e(s®-F y2) 4 ¢g2* - 1,
the transformations of the type deseribed in the first of the above
theorems exist. There is, however, only one family of transformations
of the type deseribed in the second theorem; they are F,, When
k-~ ¢, equation (62) may be written

(69) - (1 — :’) S0,

132) The two types of transformation set forth in this section were dis-
covered by Guichard in a different manner in his Méwmoire sur la deformation
des quadrics, Mémoires a I.'Académie desx Sciences de France, ser. 2, vol. 24 (1909).
His method did not reveal the relation between the nets .V and N, on the quadric
in either case, nor did he show that the nets .V and M are in relation ' when
k==e¢ f or g. These results were announced by the auther in 1919, Trans.
Amer. Math. Soc., vol. 20 (1919), pp. 323—338.
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From the results of § 100 it follows that N is a net 2, 0 and
consequently N is 2, 0. From (69) it follows that N’ is one of
the two special nets 2, O parallal to N, the complementary
function being o

(70) VI— —z

Suppose conversely that we take for N’ one¢ of these two
special nets 2, 0 and define 2/ by (70). Equations (64) and (65)
hold for k& == ¢ = f. Adding equations (65), we have in consequence
of (27), (28), (29), (835) and (42), the second of (57). From these
follow (66), (67), (68), and then the first of (57), as in the
general case. Thus 7 and ! determined by N’ satisfy the equations
of § 135, 2/ is given directly by (70) and 2’ and ¥ by the qua-
dratures (59), and thus involve additive arbitrary constants.

Each of the two parallel special 2, O nets N’ determines
a normal congrucnce conjugate to N (§ 61). In accordance with
the theorem of Beltrami (§ 112) and the results of § 100, when
the net N is applied to its applicable net N on (), the lines of
these two normal congruences coincide with the lines joining points
of .V to the foci on the axis of revolution of (. Hence we have
the theorem:

Let N be a net applicable to a net N on a central quadric of
recolution Q; the lines joining points of N to the foci of Q om the
wxis of revolution become lines of two normal congruences Gy and Gy,
congugate to N when N s applied to N; there can be found by two
quadratures ©* nets N, conjugate to G, and oo* nr'ts Ne conju-
gate Gy which are_applicable to o* nets Ny and 0* nets Ny on Q;
the mets N, or Ny, can e grouped into ' famdiies of »' nets
such that their tangent planes at points on the same line of the
congruence form a quadric cone and the corresponding points of the
applicable nets on Q lie on « comic'®),

When @ is a sphere, real or imaginary, with the equation
e(x® 4 y2+ 2% =: 1, an applicable net N consists of the lines of
curvature on a surface of constant‘gaussian curvature, since every

133) In order to obtain one of these families we hold fixed the additive
constant in =’ and let the additive constant of ¥’ vary, and vice-versa; cf. Trans.
Amer. Math. Soc., 1 c., p. 337.
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net on Q is orthogonal. If we take k =¢, it follows from (62)
that N' is a cone; hence there are no transformations of the type
of the second theorem. When % 3 ¢, we have from (60) and (62)

ek

0’- 2 2'%, that is the transformation is B (§ 67) Hence:

A sm/cw of comstamt gaussian curvature admzfs ©3 trans-

Jormations B into suifaces of the same curvature.

137. Theorem of permutability of transformations F, of
surfaces applicable to a central quadric. Let N, (y) and
N, (zs) be obtained from a net N(z) applicable to a net N(x) on
Q by means of transformations Fi, and Fj,, and let N, (x;) and

Ny (rs) be the nets on @ to which N, and N, are applicable.
6, and 6, be the functions of these transformations, where

(T1) 0 =k (Da*—=200"), 6=k (X" —2 2",

v’y o'y 2" being obtained from i and . by the quadratures

LA L L L LS R T 1)
79) B aw’ 8o on’ du *ouw or o’
B K O N O A M LN

an  ou’ dw Tt aw’ b Cow or s

We seck under what conditions the net N,s whose eoordinates

are of the form

(7:}) Ay = ,"I‘>|—— z:,z, J—i”,

12

where (cf. §§ 20, 21)

0y . 65 0y

2= p"— 02 ', b= Oy O 0} = 60— Ei—oz,
14
' ) _8_?1' . 80] _E)ﬁ:_ I 80, 05 . 00, 801)_ — 802

du  Cow’ v oav’ ou "u’ v 1 eu’

is applicable to a net Ny, on @, defined by

] 61
(75) Zyg = X — "’g' 9’1", ay = L'f”—"‘!r 2.
0 01
If we put

(16) 0 = oy (2t — 271",
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we find that this expression is equivalent to that of (74) if
(77) fes 05 4 Ty 05— 2hey by (D) 4" — 2 " ") == 0,

When the left-hand member of this cquation is differentiated, it
is found to be constant in consequence of (71), (72) and (74).
Hence the additive constants entering in 4y and 65 can be chosen
so that (77) holds.

From (6) it follows that .V,, defined by (75) is on @, if

(78) 07 + 65 —2(ex’ X"+ fy'y"+y2 ") — 0.

Solving equations (77) and (78) for #Y and #;, we find ex-
pressions which satisfy (74). Hence:

If Ny and Ny are transforms of a net N applicuble lo « net
N on « central quadric Q by means of transformutions Fy, and Fy,
(ks 4 1), there can be found directly u net N, applicable to « net Nyy
on Q, which is i relations Fl, and Fl, with Ny and Ny respectively.

This thcorem holds when %, or ks, or both, is equal to ¢, f or g,
but A { 4. It holds equally when @ is a central quadric of
revolution. or a sphere, real or imaginary'®!).

138. Transformations B, of surfaces applicable to a
central quadric. Let N(x) be a net applicable to a net N (x)
on the central quadric (34). We consider a transformation F
of N and N as treated in § 136. We have

(79) 0~ 22(}.1'.1".
From (35) and (36) we have
(80) Zv,r"X = 4'0‘202‘1,'.1".
By differentiation of (79) we have
00 . , 0. 06 LY S, 0w
09 s oyt 28 A D I iy
(81) G T 2 A’ dr Zed'

1) Trans. Amer. Math. Soc., L. c., pp. 324, 335.
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and with the aid of (27), (28), (42) and (57) we find

%0 _ 111} 06 | j11) 08 ., , | 2d* a*b* B
an® |1 '61(-{_1“’[ ar rkatatf - - (1=h),
(82) 9%6 422 88 | j22| 56 - Za’a”b
27 )eet - 6D h—
9 v* Ul8u+ 2 90 cko™b6 + - =),
Because of (28) and (32) we have
9*0 . 0% , Aloga o6 dlogh 26
Tyt e 2 2 e ek,
(83) R TR T 2 du du +2 ar o ‘/?

From the results § 49 it follows that if we take two ttans-
formations Fj. of N(k } e, f, ) and write

(84) f -- 22{3:1‘.1", f, - 22('.1’.1‘",

the net V(r), defined by

o
(85) o /i % 15,
where
1/ 06, 06, 1/ d 01 06,
O — 0y ), — 8, =,
r (0' o S or ) 1 A\ u "oulf
(86)

20, 99, _ 06, 06,
ou onr ou or’

is a W transform of N, that is these two nets are on the focal
surfaces of a W congruence.

On substituting the expressions for the derivatives of 8, and 6,
analogous to (81) and (82) in (I, 68), we reduce the resulting
expressions to

6.1 j 26' (BJ 00, o 00,

on o or u

o B
on )(b”(t,—»h,)—_,«/;.;)

ow 601 _ 31 601

_ ., 0 )
e e 200 ) —m 22
(Bu 3 0v ou ) (b (—=l) =l 2/
> - 20V (_B_J 26, ox 602)(
T A e S | o Sl

or b8, _ o7 50, T
(311 o o au)< (l2 he) — 2k | .




(93)

(95)
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By means of the same functions §, and #, we obtain a derived
net N(x) of N. Its equations are

(88) P adp ot g2t

where p and ¢ are given by (86). On substituting the expressions
for 6, and 6,,” as given by (84) in the expressian (86) for 4, we
find, in consequence of (35) and (cf. (29))

(89) Ho = alb,
that
o o 0y or 6J)
[ - "y — 2" g __vr vy
(90) 426](1 y— )( ov ov ou

A H D ef ("Y' — sy 2 = dcabefg D (y"s —y'2").

Hence the expression for r is reducible to

1)

1’2,-1'(?/" I u)
From this we have

(92) Dleia-

The equations analogous to (B7) ave

R =00 = 2 (e —ke) 't Il — = 2D (¢ —ke)x",

hia®—10 0% ("Z(w eke)ra'.  heaf—0 r’z (*—ke)rr”.

By differentiation it can be shown that the left-hand member of

Al

the following equation is constant for any two transformations ¥}
(94) Iy hs @2 — 1, Ly b2 — 2 D) (e —ke) ! 2" == 0.

We choose the nets A" and N” so that (94) is satisfied. By means
of these relations we show that

2=k —kg) (" —y" ) = Z,(e —z.e), D ke)a"
—(e—ke)r'2") = — 7— (U hy—ls 1)
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also that

l(( —ke)(fP—kf) (g2 —kg) D" —y )
(96) I.a b

I = (I l[o ]g]lq) .

In consequence of these identities we have

(97) 2t =
e

—

that is V() lies on a_quadric confocal with @.

The equations for N analogous to (87) are obtained by removing
the bars from the quantities », X, D and D", Substituting from (81)
the expressions for the derivatives of 6, and 6, and making use of
(3D), (36), (84), (89) and (90), we reduce the resulting equations to

N, 3
_(;_’JI N 4‘7 " ”)]’f(/ 12,1 - rr I )k ,(J' M ,l/llzl)
o8] +l'ol,(4z fy-: ) (lh—=h)— ey —yd) le—M)I},
B AR (o) Yy — )+ kG — )
+ @y —y2") (h—h)— (' —y ) (lb— )]}

From (93) we have
(zy"—ye") hya* — 1,0 — @y ~yZ) hya®—1,0%)

99) / Il At
(99) ’J(()'—Im - Dy y"z')+( /v)(/ y)}.

Adding the left-hand member of this expression to the expressions
in parventheses in (98) and subtracting the right-hand member, we
get in consequence of (28)

o 81 f
%’:{ T 4.“_?/1)1_(/_ [l"l (ZJ J?”)'—ho(/y y )+(Z” ' z'y")l,
(100) : s .
Z:’ = —— f?‘.li?ﬂ.’l_ Ul (zy"—-—g/z") . lz (zy’—y.e") + (Z”!/I—’“ Z/yll)]'
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For .V the expressions analogous to 2 e (—Z—f)hﬂﬂd 2 e (%ﬁ)

~ 0 e
for A (ll(‘z/ i ( J”) dZ,— ke ( ) Making use of well-

k—e
known theorems on determinants, we ﬁnd ultimately that

v ke [ ea? v ke jox\?

BELL Buai R R M P
2, "( ()“ ka®pt. 2, ].———/'(8/') kbR,
aon < ke ox ox

‘2' k—e Bu Ar 0.

From (87) and the analogous equations for A we have, in
consequence of (27) and (29),

Z(d')'mZ(;L) =t (DP—DP) = — atp,

on

281 0,:'__ - 8._7 o 0,

(102) du o du o

S L

From (101) and (102) we have

Z 8.1) )‘Al,” »(BJ) \8! di -‘__]L__O’.SJ‘
(')N e\ 0w/’ w9 fi—0 0w 8¢’
(103) 2(%) 2_/.*_(05_}

\ 0 fe—e Vo !”

Hence if we put

IR 1 . ok
(104) 7y - v/;."_-“ Ty :'/(,"""‘/'7..“:_7% - v,..__'q-?,-

the net V(&) is applicable to the net Ny ('), which in consequence
of (97) lies on Q. The equations (104) define the relation of lvory
between a quadric and a confocal quadric; the point of coordinates
Tor Yoo Z, 1s the intersection with @ of the orthogonal trajectory
of the family of confocal quadries which passes through the point
of coordinateq T, ¥, Fof (97)1%9),

”") anchx, Lezioni, vol. 3, p.59.
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The functions of a transformation W are X, ¥, &/, »", y", 2",
hy, L, hs and ;. They satisfy a completely integrable system of
the form (58) and (59). Morcover, the five conditions (93) and (94)
must be satistied. However, these equations are satisfied also by
the functions
(105)[a.1"+/9.1"', ey +By", wi-+B8:". ahy-tBhs, «li+ Bly.
Lra/ 40", yy'+0y". y/40:", rhtdh.  yi-+ 0l

where «, 8, y and d are constants. In this case, as follows from
(85), (86) and (88) we get the same nets N and N. Consequently
for each value of k there are oo! transformations of the kind sought.

Tt .V, (r) and AN, (xs) denote the /) transforms of V. we have

r 2 4 x r, r 0 »”
Sy ST, oo Ty
6’ 0,

In consequence of (91) and (92) we have
Y v
2,1'.1‘.1', 1. ::,(‘.r.);._, - 1

Hence the point of coordinates, v, y, Z is the pole of the plane
of the corresponding points on N, A, and N,.

We may state the foregoing results as follows.

Lf N s« permanent net on a central quadvic Q, there are !
sets of trawsformations Iy of' N into nets Ny and N. so thal the
condition (94) is satisfied for each valne of k different from zcro;
the locus of the pole My of the plane M My My with respect to Q
is w net N oon a quadrvic confoeal to Q; as N rolls on its appluablv
net N, the point My describes a net N, such that N and N are the
Jocal nm‘s of @ W congruence, and N is applicable to the net on Q
which is the Ivory transformn of the net N.

These are the transformations By found by Bianchi by entirvely
different processes'®®),

et N be a permanent net on the quadric (34) and .V, an
Fy transform of N by means of the functions ./, ¥/, 2/, £, and /,
satisfying (57), (68) and (59). From the form of equations (93)
and (94) and the observations concerning (105) it follows that

1%) Lezioni, vol. 3, Chaps. 1. 2, 3; cf. also Journ. de Math., 1. c., p. 61.
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there exist only two sets of functions x”, y”, 2", hy, I, and ", y”,
2", hg, Iy each satisfying (93) and (94) with 2/, ¢/, & hy, I, and
determining different By transforms of N, and also of the net N
applicable to N.

The corresponding transforms M and Ny of N are determined
by #,, 6; and 6,, 6y where 6, and 6, are given by (84) and
0y == D exa’’. Consequently these transforms are conjugate to
the congruence harmonic to N determined by 6,. The same is
true of .the transforms N, and Ny of N determined by 6, 6.
and 6, #,. The congruence harmonic to N determined by 0,
consists of the lines of intersection of the corresponding tangent
planes to N and its £} transform AN, by means of 2, %/, 2/, I, and /,.
In view of the preceding results we have the theorem:

If N is a permanent net on a central quadric Q and N, is
w Ity transform of N, and Py and Py are the points of intersection
with the confocal quadric Qi of the line of intersection of corre-
sponding tangent planes of N and Ny, then us N rolls on its
applicable net N, the points Py and Py generate nets applicable
to Q, each of which is a By transform of N.

139. Permutability to transformations F, and B,. let
N(r) be the permanent net on a deform of the quadric Q (34)
and NV (¥) its By transform by means of functions «’, o/, 75 +”, y", 2";
Iy by ey by Lot 27, 4" 2", hy,y £y, be a set of solutions of (58)
and (59) with L replaced by /' satisfying the conditions

(106) Az —120% = (=K e)a™,  hga®— b= 2 (E—Ne) s’

8o that the £ transtorm Ny of N, defined by equations of the form

0
(107 ay = "'—7';7 s
where
(108) 6y = 2201)..14”” 0&:1 ":29-1"”2,

is on (.
From (II, 33) it follows that the equations of the forms

n
0 )
, ’ " n___ " !
(109) Ly = X = R N
03 05
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define nets parallel to Ny; the corresponding functions kg, /5, and
hss, ls» are given by (cf. II, 50) '

~ hs 03—y 65" Iy 03—, 65"

] Ll S L UL o
(] ’ls 0, — 0:7311 : Iy s 6y — 0;;" y
Dy 08 — hs 03" b 05 —15 63"
hys = ———57— lyy = 20
hs 63— 63 Iy 6,— 03

The functions ay and by appearing in the point equation of N; are
of the form (cf, II, 12)

ty - (1,35",3,4), b,,wb(ls ,,,—1).
\ 3 /

In order that these functions may satisfy equations analogous
to (93) and (94), namely

279 2 Ny o 3 274 2 74 Y b
@y, —vil, = 2t —ke)ri’, whi,— 30, = A2 —ke)ai”,
P. 2 R 9% D,
Wy —bily, = -"2(02*7;(3) L3, @:hgs— 03 lgs = ("2(02'—}66) Ly,
f’ /’In ]/qo—‘l) qll;g R Z(P '_'—'ll(’) 137

it is necessary and sufficient that

a2y s — 021, ly— 2 D (e2— o) "' — 5 (k—/.:’)f)é ),
(110)
((ghgll:;—’le]glg—‘l' Z((’ _‘Im(’)l!, M

e

52 (k—k') 05 — 0
Differentiating these equations with respect to « and «, and making
use of (58), (59) and analogous equations, we find that the left-
hand members are constant.

It '+ k, the functions #; and 6y are uniquely determined
by (110), and consequently x; and i are uniquely determined by
(109). Then by means of the functions

(111) Oy, == 2 Djeagah, Oy = 2D easal

we obtain a By transform Ny of Ny which is applicable to Q.
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It is readily found by differentiation that the left-hand members
of the equations

(112) 0}_}_ ”'""—'223 T, oo , ”r/_+ 0”/ 22”".//.’/” 0

are constants. If we take 6" and 6" as given by (112), we find
}3
that

(113) By = 0, — by

6,

These are the conditions that .\ and Ny are in relation ¥ (cf. § 22).
We desire to show that this transformation is in faet a trans-
formation [, as defined in § 136.

From § 22 we have that the functions 6, and 8% of the
transtormation /' trom .\ into .\ are given by

- 0 0, 0 0, ~ 06y’
(114) 03 0“ L I' v “L‘ ! :l Hé“ —— 051; L /"” 0_03

; nr 80&“
ou "o : du

I P

where p and 4 are given by (86) and

" I N v0m 80',2” __H.I)H aeill . "e B l~ . (0{)17 d”g' . H!Il o 0-,’-"
1 1 3 2 ar I /] P an 1 7)1(
0 9"’ d 0”1 a 0”, a 0”[
7" . 2 U1 .
o B Br ou
and
a6 06, 06;" 00, .
5 Y T R : 2,
(115) on "o o /" S L2

Moreover, the direction-parameters of the conjugate congruence
of this transformation are the coordinates i’’, %", 2" of a net N3",
parallel to }\,5, where
827

or

-1
" 3_.1

116 :"// e g
(116) ’ ’ +p o

+q

From § 22 corresponding to (85) and (116). we obtain

a;i‘//l . aﬁ' aé"” . o
117 A S oxr .
(1D u h ou’ or ¢ !
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where

1 " 602 " 801\ h 1 " 801 " ao!
LA S W PR B L)
b ) ! q 1\ Bu Y

(W) J= (6 e S

Substituting the expressions (108) for ¢; and 6y" in (114), we
get, in consequence of (88) and (115)

(119) fy— 2 0" 5

and
. 1 00, 06 06y 06 06, 08y 06, 20,
e gttt 0"’( T2 YUy YU UUS ) " ( AT I .R‘)
b % + I or du du odv o ar on Au v

(120
-y 48[_?/51)(‘ [051121_ (‘I/W‘Z'”"—.’l/”.?'l”)—*0-:;" -‘J'(ym.f'l’—y’f’”)l;

this second expression for 03" is derived from the first with the
aid of (29), (35) and (36).
From (110) and (112) we get

@2hy by — by ("Z(:)' Ke)a x4 ;:«(/."—4.') 0",
(121)
WChohy =02ty ¢ 2,(0 — ey }— (K =1 8",

From equations (121), (100), (106) and (90) we deduce

L N A L I SO ﬂ,-/ e e
]01 y'e—yz"y—m'"(Yz—uyz) 24 (K —k)abfg

(122)
/l-; o.r /q ox . "o
l [,, o Ty T ")_]-

By meuns of (122) and analogous ecquations equation (120) is
reducible to

NI I ///2 )Ils " 8_1
6y = P IZ(Z( ke—-k'¢).r 2, i

)l_l “ P (_
cq =~ or

(123)

l
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Equations of the form

" 17/
ox' o 0

~In J— ','", Uy
W=ty o T,

define a net N paallel to N. This expression is reducible to

P

i 8/'[(692 3_1 7602_2_-1) ern(aol ox a01 ax)
v ou du 0w

A Tou ow on

ov 0u du ov
2fqab(

'_ .’.1//’{_ [()m(JIIZ y,‘”)—()-'_»" (y,Z’—"_/Z/)],

which in consequence of (122) becomes

1
K—

by 07 ’s_ii .
cp duw " cq Or

(125) 2= A [(e =k

Since N is apphcdble to Ny, defined by (104), it follows from

" the results of § 136 that a transfmmatlon Fi of N is given by

the functions

03 —_ 22,(’ l()l() — )]{'2,/ .I,.’I;N,,

i—¢e

- Y~ ,2 4 -2
" " "
03 T Z € o /l 2,—*—“ ax y

—

(126)

provided that' analogously to (57) and because of (101)

; . i RN o ¢ ——k( SO
WRa? P — B = — A DleP—Ke) iy = D "
e

agny . <
hatpt—112g* = — -]fZ,(e’——k'(' Toxy'= ¢
L

When the expression (125) for 7' is substituted in (126), the
resulting equations are reducible by means of (97), (101) and (106) to

= 25 e,

f—¥
(128} 6" = — - ]), [Z(2e—ze-—m)1""

2713 .- aJ Nz 6_1
2’ o 2’ J

ep q
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In consequence of (118) we can write the first of (124) in the form
. 111 1" L d
(129) W—p" = hp g
From this equation, (38) and (42) we obtain
2(' @ —a")? = %— (h% a® p*— 20%g®).

In order that this equation be consistent with the first of (127),
we must have

(k—1" ZZZG__A Fe X i =2 ea!" = 0.

Because of (101) and (106) this condition is satisfied identically
when the expression (125) for 2 is substituted. Again from (129)
and (88) we have

S\ (x,;/ 4 H/) (;;,'—.’II) — %([}agl;?——[bgqﬂ).

It is readily found that this equation is consistent with the second
of (127). Moreover, when we compare the functions (128) giving
an Fye transform of N with the functions (119) and (123) determining
a derived net of NV;, we find that they differ by the same constant
factor. Hence:

Let N be a permanent net on the central quadric (34) and N the
applicable net; if Nis a By transform of N and Ny is an Fy trans-
Jorm of N, there can be found divectly a net Ny which is @ By trans-
Sorm of Ny and an Fy transform of N.

140. Theorem of permutability of transformations B;.
Let N be a net applicable to a net N on the central quadric @
(34), and N, and N, nets applicable to nets on ¢ and obtained
from N by transformations By and By respectively, determined by
the respective pairs of functions 6,, 6 and 6y, 6, where

130) 6, = 22(1.76.7;', 6, == 22@.1;1;", 3 == 226’.’);.’7}”', 0, = 223:1:;1:"".
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From § 50 it follows that the functions #; and #,, defined by

- 26; 80k 96; 80,( 06, aok)
;= 0, 1 o ——% -t 2y TR
0i + [ ou ( o on — b ov ) + ov O on i u

(131) ,(_??9@_210 aakao)

ou or o0 0w

for i-=3,4; j-= 1, k = 2, determine a W transform of N, which
is also the W transform of N, defined by the two functions given
by (131) for ¢ - 1,25 j= 3, k — 4.

From (127) it follows that conditions analogous to (93) are
satisfied. The analogue of (94) is

hghya®pt— iyl b*q® - ¢ ﬁfi:‘—]z‘.—p P
which c¢an be shown to be satisfied identically, by the use of
methods similar to those used at the end of § 139. Consequently
the above W transform of N, is in fact a By transform. Henee
we have:

If N, and Ny are obtained from the permanent net N of
a deform of a central quadric Q by transformations B and By
(K F k). there can be found divectly a net Nz applicable to a net
on Q such that Ny and N,,, and N, and Nys are in relations B}
and D, respectively'?),

141. Transformations F, of permanents nets on a para-
boloid and of surfaces applicable to a paraboloid. For
the paraboloid P,

(132) et fyt--2; 0,
we have
(133) Xvz- Sl
% ,,2 s+/z2,/2_+_
and -
I3 - __________»___l_ku‘_" 1 ol S28 a9
(134) A PR T AR L ceb et Pyt

where ¢ - —:—1/4:»f'.

137) Cf anc]n L. ¢., chap. 4.
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If Pis referred to a net N whose point equation is the second
of (33), we have

“ouor 7 ou ar ’

and by processes analogous to those used in § 135 we find

R

ou «

and we prove the theorem:

A necessary and sufficient condition that a net N on a para-
boloid (132) be permanent @s that the parameters can be chosen so
that

9 0\ 2 N 2 da\2 . 2 - .
(136) ¢ —Z—i—) -+ / (8_?/) +e (8%) —{-/(Zy—) = (2 + 20 1),

ou o
In order to obtain Fj transforms of N which are permanent nets
on P, we take in place of (48)

(137) =2 x4 fyy+2"), 0= '3} fy'

EKach set of functions satisfying the completely integrable system
of equations (59) and (58) with g —= 0, and the conditions

(138) (1P a*— 0= *|(*—ke) ">+ (f*—Lf) Yy,
| ha®—10% = 2 [(—ke) wa’ + (f2—kf)yy' —kz')
determine a transformation F); of NV into a net N, on P. When
Ik==e¢ or f we have two special types of transformations, as
described in the last theorem of § 135.

Consider now the net N applicable to N. From (60) and (137)
we have in place of (62)

(139) (c—k) 2>+ (f— ) Y *— k241D, 2" = 0.

Proceeding as in the case of (62), we find equations obtained

from (64), (65), (67) and (68) by putting ¢ = 0. Hence there exists

for transformations FJ; of .V theorems similar to the first two theorems
23
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of § 136, but there are only two types of transformations as described
in the second theorem; they are Fe and F}.

When e = f, P is a paraboloid of revolution and the trans-
formations Fi (k 1 ¢) are described by the first theorem of § 136.
When % = ¢, cquation (139) reduces to X, z'*—z*= 0. Hence
N’ is a special net 2,0, the complementary function being z’. In
this case, as for the central quadric of revolution, the transforms
of N arc conjugate to the two normal congruences conjugate
to V. When N is applied to P, the lines of one of these con-
gruences pass through the focal point of P on the axis of revolution,
and the lines of other congruence are normal to the tangent plane
to I at its vertex (cf. § 100). Hence:

Let N be a met applicable to a net N on a paraboloid of
revolution P; the lines joining points of N to the focus of P and
the lines parallel to the axis of P become two normal congruences,
(', and G, conjugate to N, when N is applied to N; there can be
Sound by two quadratures o * nets N, mn/uqut( to Gy and 2 nets Ny
conjugate to Gy which are applicable to * nets Ny and oo* neta N,
on P; the nets Ny or Ny can be grouped into o fumilies of o nets
such that their corresponding tangent planes envelope a quadric cone,
and the corresponding points on P lie on o conic'®®).

142. Transformations B, of surfaces applicable to
a paraboloid. In this section we establish for surfaces applicable
to I?(132) transformations analogous to those treated in § 138.

fquations (82) and (83) hold in this case also. In place of (84)
we have
(140) 6, = 2(exa'+fyy'+7), By = 2 (exa”+ fyy"+2").

In place of (90) and (91) we have

1 = 4efabe@” y'—a'y"),

and
-1 _.\_[_:—-yz . ' —2 x"
o e x" ./ 7'?/"’ y= S J .r'./"’
- y(@'sd—a'd")fx(y's"—y"7
g == _.2+ ,.l. J,Ilyl ley[/

Now exax+fyy-+z+z=0.

138) Trans. Amer. Math. Soc., L. ¢., p. 338.
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The first two of equations (93) with ¢ = 0 hold and in place of
the second two we have

(141) { hiat—1b* = A[(e*—ke)zx'+ (‘fz—-kj‘)yy’_kzll’
hsa*— b = (' —ke)xa" + (f*—kf)yy"—kz"],

and (94) with ¢ == 0 holds.

By making use of the expressions for z(y'z"—y"z') and
y(Z'z"—2"2') which are obtainable from (141), we find that o,
¥ and z satisfy the condition

that is the net V lies on a quadric confocal with P.
In place of (100) we have

‘8_;%44 41)0,3])[ ny oo 8.1, — 4,ngi/_ "y o
u ~ Y"l—y hy), P ] @' h—y'b).

From these and analogous equations we obtain, by means of
equations similar to (95),

k [ox)\? T [oy\?
e (i)_{.i_. (_-Z):_ —ka'p?,
0y

k—e \ou

ek ox 9% fk 3y

k—e du dv ' k—f 0
ek (83:)
k—e

k—f

From these equations and (102) we have

2(2@); 2(8560),2 0k 0F _ 5\0dq D0

ou ou ou ov du dv

()= Z(5)

283+
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Here the symbol & refers to the three variables, where

N

] k. _ ok
O S SoERER Tl (2

These are the equations of the transformation of Ivory for P'*%).
The other observations for transformations of a central quadric
hold also for the case of the paraboloid, and consequently we
have the analogous theorem:
Lf N is a permanent net on « paraboloid P. there are oo
puirs of transformations Fy. of N into nets Ny and N, so that the
condition

hyhya® —1 1, 0% = "2[("2"“/'(') ala + (.f;’—'l"f)./’ ”l

holds; the locus of the pole M of the plane MM, M, with respect
to P is a net N on a paraboloid confocal to P; as N rolls on its
applicable net N the point M deseribes a net N such that N and N
are the focal nets of a W econgiruence, and N s applicable to the
net on P aclich is the lvory transform of the net N.

These are the transformations B, of surfaces applicable to
a paraboloid, as found by Bianchi in another manner!4?),

143. Determination of the asymptotic lines on a surface.
When a surface S is referred to a general system of parametric
lines, the translations and rotations of a general moving trihedral
satisfy the conditions [cf. § 69]

op _opo o BE &
or  ou  TVTIT G T T T
o) 04 N on o9, . -
142) L — "0 — Y e T
(142) o du AN Y du S s
or or . .-
Br _?5;; =P, np—apt Eq—3q = 0.

The equation of asymptotic lines on N is [§ 71, (68)]

(pq—-—q")du’-}—(pq,-——qﬂ—l-p,q—q,§)(ludu+(plr/, n&)de® ==0.

139) Cf. Bianchi, 1. ¢., p. 30.
"9 Lezioni, vol. 3, chap. 1.
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If we replace this equation by the two

[ pdutpde = 2(EdutEdr),

(143) Lgdu-tqude -~ Ldudpdr.

the function 4 is determined by

A% = . K, k- &k
010
as is seen by the climination of du and dv¢ from (143) and [§ 70}
If « and 8 are the parameters of the asymptotic lines on S,

we must have

du or on . or
+ll o ]L (E"'*’ +.$\ PN ))

P 8( 0w
au Nl 84')
15 +I‘ ')u /'(7] 2)a+7/' teel’
(144) 0 0 E) 0
o u " i o
roatmgg —hEgatE )
" or " o
q 8,& - a1 i —k ( _,3 -+ 013)

If these equations are solved for p, g, py, ¢; and the results are sub-
stituted in (142), we obtain the equations which « and » must satisfy.

This calenlation is simplified, if we note that the first of (142)
is equivalent to

Sl e

R T S

On replacing the expressions in parentheses by their values from
(144), we obtain

9% 2y ow 0w (1 0kE |
aaaﬂ+ " aaﬂ+aa 08 (_k—_a?t T )
+ 9 v (l 8/65, )
dee 08 gy

o ov ou 87))(1 aké 1 8/»5.

1
+5 ("a'a 8 68 oa)\ T o TH 6u __""_'”") =0
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This relation may be replaced by two equations because the trans-
lations &, &, 7, 7, are not completely determined. In fact, they
are subject only to the conditions

I’J — E!_}_’]!’ F == §§l -*}‘7/1]1, (} = §f+ﬂ:'

If we equate § and &, to zero successively, we obtain the following
equations due to Darboux!?!):

ot sty

Al o
b )

g L o

where the symbols { : are formed with respect to the linear element

of N, w and » being parametric.

Since the coecfficients in (145) involve only £, F, @ and their
derivatives, each pair of solutions enables us to transtorm the linear
element, so that it becomes the linear element of a surface referred
to its asymptotic lines; that is, the complete solution of (145) gives
not only the asymptotic lines on S but each family of curves which
correspond to the asymptotic lines on a surface applicable to S.
Bianchi calls these curves the rirtual asymptotic lines on .

From the vesults of [§ 77] it follows that when a system of
virtual asvmptotic lines are known on S, the function D' of the
surface S, applicable to § and upon which the parametric lines are
the asymptotic lines, can be found by a quadrature. Hence we have:

The deformation of « surface and the determination of its virtual
asymptotic lines are equivalent problems.

144. Deformations of paraboloids and central quadrics
of revolution. We apply the results of the preceding section to
the case when S is a quadric referred to its generators. If «, and 8,

1) Legons. vol. 3, p.290.
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are the parameters of a family of virtual asymptotic lines on &, in
consequence of (10), (11) and (12). equations (145) become. since
k= d.
e e dea B 3%8 38 88 o
U460 5 oBe ™ 2w 880 1 8N g8 T by 080 08

deg0By ' Bag 0By B
It is readily found that the first integral of these equations is

e 8,3 e 8,3 I
(147) Olto 3((() - 8,80 8,80 0'[)() g

logo Iy=0.

In accordance with these equations we introduce a function , thus

e 8,3 da 8
148 - == R .
(148) oey ¢ aﬁo 08, ( G

Differentiating these equations with respect to 8, and «, vespectively.
and substituting in the first of (146), we get in consequence of (147)
0’8 | bw 08 a1 8  dw 08 o 1

0, L4208

(149) 24 A .
08> " 28, 98, 0« ol * e day Bz, Ba oDl

Kxpressing the consistency of these equations and the second of
(146), we obtain

AN mﬂa’( 1 I L
(150) By o8, “ al .61).',) Y] (-rri)‘(',)'

For the paraboloid ¢.*—fy2+2z 0, we have

«—h ., eth
Ve V' f

From these expressions we find

Qup.

P Y[y T 4 .
HY - kyGo—F? (,/'-|.f(0‘ﬁ‘"ﬂ”‘f’t‘(u—ﬂ)"l*ll«

Also
1 . 4 1

'ip/'ﬁ;,’ " Ve HY
Sl B+ ele—AP -+ 11.

D -

1
Do 217—

12) Servant, Bull. Soc. Math. France, vol. 29 (1901), p.232.
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az 1) l

Hence — ( ]—)—0) and —5 aﬂ’
and equdtlon (150) is reducible to the equation of surfaces of
constant curvature [§§ 118, 119]. For each solution of (150) the
above equations for the determination of e and 8 as functions of
@, and B, are completely integrable. Hence:

The determination of surfuces applicable to « paraboloid and
to a sphere, rveal or imagimary, arve equavalent problems.

We remark that when the paraboloid is a surface of revolution
(—e =f), cquation (150) can be integrated directly.

In like manner for the central quadric

( -7) are equal to the same constant

eat+ fyt—get — 1

we have
1 14 ap 1 «—p o 1 1—ap
Y L AT L VR
e t](l———uﬂ)’—{—n(l—{—aﬂ) }—f(a—ﬂ)
' efg(at By ’
Dy — ¢ e 0% - ,74
(e + ﬂ)“ Viefg Hy Vefglae+8)YH
Dio ™ gy OB aB e A
When g -~ —e, the coefficients of ¢ and = in (150) are equal

to the same constant and we have:

The determination of surfaces applicable to a central quadric
of revolution and to the sphere, real or mmagmary, are equiralent
problems.

145. Surfaces conjugate in deformation. Following
Bianchi '*%), we say that two non-developable surfaces, S and 8, ave
conjugate in deformation, when the asymptotic lines correspond
on Y and N and to every system of virtual asymptotic lines on §
correspond a system of virtual asymptotic lines on S, and vice-versa.
In order that the latter condition be satisfied, the coefficients of
the equations (145) must be equal to the corresponding coefficients
of the similar equations for 8. These conditions may be written

13) Lezioni, vol. 3, p. 201.
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ologh oy 121 11l _ u
) l o 2[12} l.l] SRtk
1?2!9&;_?— [Jl Jﬁl] 4221 {zz
B 111 20
. i1 11y 1220 1221
1s2) W2f a2 e

where the symbols { (are formed with respect to the linear
element of 8, and

(153) , k

k

From |§ 85] we have that the equation of the geodesic lines

on S iS
A{lzr 922\ (i 22\, 112\ d:‘)2
l dut 11 ((lu) 13 | 2 f) (du

112} lll] de J]]l
' (2 ) Tiap O

du

(154)

Hence trom (151) and (152) it follows that the geodesics on &
and S correspond.

Suppose, conversely, that the geodesics on two surfaces S
and & correspond and also the asymptotic lines. Then from (154)
we have (152) and

)121 220 1 I 12y I, (12
(15’)<} 2010 20 A 11 2{2}' 1172 2p

and also
D . D ) i D’ D’

: g 5 N T Tl ). T ot - Z 1}
(156) i y) H I jTE i 7

where 2 has the value (153). The Codazzi equations for 5 are [§ 64]

d (Qﬂ‘)_ @‘( )+J22| D ‘)le} D +{111_I)”_ o,

de \H/| du 12/ H  ~“12 2/ H
o (D"\ & 220 D on D iy D"
a;{(ﬂ) az("') llf—'_‘?llf]_i—-}{llfl“o’
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and similar equations for S. Substituting in the latter from (156),
we find

g )

on condition that § is not developable. Iquations (151) are satis-
fied and we have the theorem of Servant'*) and Bianchi'*?):

A necessary and sufficient condition that two non-decelopable
surfaces be comjugate in deformation s that the geodesic lines and
the asymptotic lines respectively corvespond on the surfuces.

When two surfaces S and § are conjugate in deformation,
cach set of solutions of equations (145) leads to a pair of surfaces
S and S’, applicable to S and S respectively, upon which the
asymptotic lines correspond, and since conditions (151) and (152)
hold for these surfaces. they too are conjugate in deformation.
Hence:

If tiwo surfuces are conjugate in deformation, each set of solutions
of the corresponding equations (145) determine two other surfaces
conjugate in deformation and applicable to the respective given surfaces.

Dini'*®) solved the problem of finding pairs of smfaces upon
which the geodesics correspond. e reproduce his results.

We assume that the surfaces are referred to their common
orthogonal system. Then equations (155) can be integrated, thus

BB 1 GG 1
@V B U

where {7 and 17" are arbitrary functions of « and ~ respectively.

From these we have

LK .
(157) R I"r“_fﬁ'r G = *'(7:‘7;.

By the substitution of the above values of £ and ¢ in (152), we get

81& 6(1

(1 — V) = —TI"k, (U——T’ - U'd.

'“) Comptes Rendus, vol. 136 (1903), p. 1289.
4oy 1., ¢., p. 206.
146) Aunnali, ser. 8, vol. 3 (1869), p. 269.
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Neglecting the case where U = V == const., that is when 5 and &
are homothetic, we have on integration

E= U2U—V), G -ViU—T)

where U, and V, are arbitrary functions of « and » respectively.
If we choose the parameters so that

U=u+hn, Ve v h,
where /. is a constant, we find that the two linear elements are

[ As* == (u—w)(U? du® V2 d v?),
(158) ldqg_ﬁ_( 1 1 )(U’,‘(lu"’ 1t dy

PNy A iy S i |

both of the Liouville form [cf. § 93]. Since Z is arbitrary, there
are oc! surfaces S corresponding to S with geodesics in corre-
spondence.

We inquire under what condition two such surfaces are con-
jugate in deformation®”). We exclude the case where either U
or V is constant, that is when § is applicable to a surface of
revolution (cf. X, Ex. 6). Substituting the values from (158) in
(1561). we find

/‘,2

e m
I a

where « is a constant. From [§ 64, (12)] we have

po A1 A?-P;Lf_@';) $ 2L _u)
COVEE Lo\ YR da pe \ VG an _?

and similarly for 4%, Calculating the expressions for / and k, and
substituting in the above equation, the resulting equation is reducible
to, on dropping the subscripts of U, and V;,

A T T N

(;(-:Fll al U? (U w—r 2w+ h)? U?

(o S T T
v+h al VEATV  w—ou, 2w+ h)* VE '

") Cf. Servant, 1. c.; also Bianchi, Rend. dei Lincei, ser, 3, vol. 11 (1902),
p. 265.
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Differentiating with respect to « and ¢, we find ultimately that U
and ¥V must be such that

( 1 1) 1 = aut+28u+y,

iy A T
(160) 1 1\ 1
(= a) o =~ 28040,

where «, 8 and y are constants which are arbitrary, since these
expressions satisfy (159).
When « 4 0 in (160), the functions U/* and V2 are of the form

) Fa—b)(w+a—rc)’
—dv

T et aeFa—hta—)’

(161)

where A, / and ~ are constants different from zero, and the linear

element of S is
PR [ (11 S

(162) dst= A (u I)[(u—l—a)(u—i—a—h)(u—{—u—«-)
64

7 vde®
w+a)(o+a—0b)(+a—r¢) ]

When the expressions (161) are substituted in (160), we find that
ho=a. If we put

. TS S o1
(163) th] a  uta’ it 0«  o-ta’
the linear element of N is reducible to
(164)  dv* = ‘27“ (u,,—nl)[———— : L —
(=) 0t 5 —3) (a2 — 2

. L ry del ]
Aot ) ok =3 1vl+%—»;‘,—)]
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Comparing (162) and (164) with [§ 96,(14)] and taking A = ——i« ,

we note that S and S are applicable to the quadrics @ and Q whose
respective equations are

LA AT S
(165 T e Ta= "
B)
1L _by® + ezt be
h—a c—ua a®

From these equations it follows that when @ is an ellipsoid, Q is
an hyperboloid of two sheets, and vice-versa; when @ is a hyper-
boloid of one sheet, so also is Q. Moreover, if Q is a surface of
revolution (b = ¢), so also is Q.

We remark that @ and @ ave transformable into one another
by the projectivity

If in (161) we take = 0, and proceed as in the general case,
we obtain (162) with ¢ = 0 and in place of (164) we have

1y G 7! [
4 — ) [ v d o vdey
PRI TER R R [P
Hence, as follows from ['97 (27)], the quadric @ is a paraboloid.

It in (160) we take « == 0, we note that U%1is of the form
Auw/(u+a) (w+a—0) that is Q is a paraboloid. Proceeding as
above, we find that Q is a central quadric of revolution. These
results show, as in § 144, that the deformations of paraboloids and
central quadrics of revolution are equivalent problems.

The foregoing results lead to the theorem of Servant:

Aside from surfaces applicable to « swrface of revolution, the
only surfaces admitting swifaces conjugate in deformation are sur-
Juaces applicable to « quadric, and any such sw:face has this property.

146. Transformations H of surfaces applicable to a qua-
dric. Let @ and @ be two quadrics conjugate in deformation.
It a surface S applicable to @ is known, we have a set of virtual
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asymptotic lines on @, that is a solution of equations (145), and
consequently a deform S of @ is thereby determined intrinsically.
Bianchi'*®) calls the relation between § and S a transformation H.

Suppose that S is a ruled deform of . Since the trans-
formation H of S into S preserves geodesics and asymptotic lines
it follows that § also is ruled. Hence:

The transformation H changes every ruled deform of Q into
a ruled deform of Q.

Since asymptotic lines correspond on & and S, to each con-
jugate system on S corresponds a conjugate system on S; the same
is true for @ and Q. Hence to the conjugate system on § permanent
in its deformation from @ corresponds the permanent conjugate
system on S. Therefore:

The transformation H changes the permanent met on N into
the permanent net on S.

Let N and N denote these permanent nets on 5 and S, and
No and N, the nets on @ and @ to which they are applicable.
Let Ny denote an /7 transform of N,, and V, the corresponding
Fy transform of N in accordance with the results of §§ 136, 141.
Since N, admits the applicable net N, the net N,, on @ corre-
sponding to Ny, admits an applicable net N conjugate in deformation
to N,. But N,, is obtained from N, by a projectivity, so that
Ny, is an Fy; transform of Ny, since any transformation /' is trans-
formed into a transformation F by a projectivity. Consequently N,
applicable to Noi, can be so placed in space that it is an Fy trans-
form of A. Hence:

If N and N are nets in relation H, and N, is an Fy trans-
Sorm of N, there exists « net Ny which is an Fy transform of N and
an H transform of N,.

Thus we have established the permutability of the trans-
formations Fi and H (cf. X, Ex. 12).

147. Isothermal-conjugate nets on a quadric. From (12)
it follows that the coordinates of a quadric Q referred to its asymp-
totic lines satisfy the two equations

2
(167) g z =210 ga—aj o8 2 “3‘;’

1) Lezioni, vol. 3, p. 214.
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where a® = Hyo. If we put
(168) = a+t+48, v a—p,

the parametric lines on @ form an isothermal-conjugate systen,
and every system of this kind is obtained by replacing e and £
by arbitrary functions of « and 8 respectively.

In terms of w and v equations (167) are equivalent to

. 26
lau’ g gy logeg k2 g loga g,
(169)
676 Bloga 06  dloga 26
dudv v du IR

These equations are of the form (IV,73). Hence every isothermal-
conjugate net on a quadric is a net R with equal point invariants.
When we apply to (169) the conditions (IV, 22) that (169)
admit three independent solutions, we find that a® must satisfy
the equation of Liouville
logg _ ¥logy 4
on® a0t T
where & is a constant. The general solution of this equation is
known [§ 151, When a solution is substituted in (169), the
resulting equations are reducible to (167) by (168). Since equations
(169) are the most general of the form (IV, 73) for which a = b,
we have:

Eyery isothermal-conjugate net on a quadric is a net R with
equal point invariants, and these are the only nets R with equal
point nvariants.

When a quadric is transformed into a sphere by a projective
transformation, each net with equal point invariants of the quadric
becomes an isothermal-orthogonal net on the sphere; this net is
also isothermal-conjugate. Since an isothermal-conjugate system
is transformed by a projectivity into an isothermal-conjugate system
[§§ 82, 84], we have the converse theorem:

Every net with equal point invariants on a quadric is isothermal-
conjugate.
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From the first theorem of § 60 and the preceding considerations
we have the theorem:

Every isothermal-conjugate system on a quadric has equal
tangential invariants; and cvery net on a quadric with equal tangential
invariants is isothermal-conjugate and has equal point invariants.

In § 88 we saw that an isothermal net on a sphere admits oc®
transformations ¥ into nets of the same kind on the sphere. Hence
the same is true of nets with equal point invariants on any quadric,
in view of the above remarks (cf. § 148). )

148. Transformations F and W of isothermal-conjugate
nets on a central quadric. Let N be an isothermal-conjugate
net on the central quadric @ (34). An F transform N, also on @
is given by (47) and (48). From (II, 81) and (169) we have that
N, is a K transform, that is N, has equal point invariants and is
isotherma‘l-conjugate, it

ke | ¢

(110 R AR Tt T

where & is a constant. In consequence of (48) these equations
are equivalent to

171 a(h—1)—kDexa’ = 0, a"(k”—l*’)——kzje;r’2 =

Differentiating these equations and making use of (59), we have

Bh k o b

Yo 2 ea’ —— + (l——h)—a—; log a,
(172) D 5

a~l,— LI e— e 2 —l—- ”‘]‘ (II _ l) "67 log a.

These equations and (59) form a completely integrable system.
For each set of solutions of these equations the left-hand members
of (171) are constants. Since all of the equations are homogeneous,
there are oo® sets of solutions satisfying (171) for each value of &.
Then the conditions (170) are satisfied and we have the theorem:

An isothermal-conjugate net on a central quadric admits o®
transformations K into isothermal-conjugate mets on the quadric'*®).

9) (f, Tzitzeica, Bull. Sciences Math., ser. 2, vol. 36 (1912), pp. 151—164.
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From equations (169) and (31) we have the following expressions
for the Christoffel symbols formed with respect to the linear
element (26) of the net N:

m _ 8. H 2| _ aloga {22 8 a
173) { BuIOga’ /- 1}” du log H’
an _ o, e a2 __ 11258 22y _ o H
12} o 8 2T o {2} by 108 5

The Codazzi equations for N can be written as the second set
of (30); then we have by integration D = — D" = —a*/H, since
« is determined by (169) only to within a constant factor. Hence
it o= —K, we have

(174) Ho = o, D= —D"= —gal.

In consequence of (173) and (174) we show by methods similar
to those used in § 135 that

- ox\* d° dx ox ow a
(175) Ze (317) e 2 Bu v =9, 2 (av) o
where ¢! = —1/efy.
Suppose now that we have two sets of solutions of (59) and
(172), namely 2/, ¥/, 2, by, 1i; 2", y", 2", hs, ls, satisfying the con-
ditions
16) { at (ly—1)—k exa’ = 0 a (B—1)—kD ex’” = (),
a* (he—l)—kDexa"-=0,  a®(Wi—12)—hkDea" = (,
and also
177) a® (yhy— 1 l))—k D e’z = 0.
N

By means of (173), (174), (175) and (176) we show as in § 138
that the functions

0, =2 exa, 0; =2 D exa”
are solutions of the equation

0% a loga 96

ologa 96 | k
8u’+ du  du

dv  ov _0

+2——

24
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and the second of (169). Consequently (§ 49) 6; and 6, determine
a W transform N of N. Its coordinates #, , Z are given by (88),
which in turn are reducible to (91). »

From (176) and (177) we have

.l 2 4
21—y = Zea Fea" —(Zea'a")'= — 5 (il—hb),

L J 4
efg( Dz @'d—y)'= — % (i ls—hsl)".

In consequence of these identities we have that N lies on the
given quadric (34). Hence the congruence of lines joining corre-
sponding points on N and N degenerates into one set of generators
of the quadric.

From (34), (92), (88), (175) and Zei”: 1, we have

1 ox 0x\2 ~ -
—(~_(p’a’—q21>’) =D (P*ﬁ + qa—v) =De(E—a)=0.

Hence (cf.IV,75) N is a net with equal point invariants.

As at the close of § 138, we remark that there are only two sets
of solutions x”, y", 2", hy, ls; 2", y'"', 2", hs, ls cach of which gives
with 2, ', 2/, I, I, anet N, say nets N and N;. These nets are con-
jugate to the congruence of the lines of intersection of the tangents
planes to N and its F transform N; by means of 2', ', 2/, hy, L;
and their points are the intersections of the lines of this congruence
with the generators of the quadric. Accordingly we have the
theorem :

If N and N, are two wsothermal-conjugate nets on a central
quadric in relation F, the points in which the quadric is met by
the intersections of corresponding tangent planes of N and N, generate
tiwo isothermal-conjugate nets in relation F'*°).

Exercises

1. A necessary and sufficient condition that N whose coordinate 5 satisfy (33)
lie on a ruled deform of @ is that a/b be a function of u+v or u—w.

2. A necessary and sufficient condition that the nets permanent in deformation
on every surface applicable to a surface S be isothermal-conjugate is that S be
& quadric. Terracini, Annali, vol. 30 (1921), p. 145.

150) Tzitzeica, 1. c., has given a geometrical proof of this theorem.
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3. When %'=1Fk in § 139, the solutions of (106) and (110) are

h3=ah1+[§hg, 13:a11+ﬂliv
2= a.’l"-l-ﬂdc", ?/"’: ay'-{.-ﬂ‘)/"Y 2= az'+ﬂz”.

In this case the transforms N and N coincide.

4. Show that the transformations Fj. and B, of a deform of a paraboloid are
permutable.

5. If N; and N, are obtained from the permanent net of a deform of
a paraboloid P by transformations B, and Bj. (k' :H.), there can be found
directly a net Ni» applicable to a net on P, such that N and V2, and Nz and Ny»
are in relations Bj. and Bj, respectively. Bianchi, Lezioni, vol. 8, chap. 4.

6. The surfaces of revolution admitting a conjugate in deformation have
the linear element

ds? == A H—laet+ D] dr?4ride?

art41
where «, ¢ and 1 are arbitrary constants. The linear element of the conjugate
surface is 2
(“:2:@;‘_52(“'2'?.”] 24 T e
(ar?4-1)3 (172-{-1
Bianchi, Rend. dei Lincei, ser. 5, vol. 11 (1902), p. 272.
7. If two surfaces applicable to a surface of revolution arc conjugate in
deformation, so also are their complementary surfaces [§ 76]. Bianchi, 1. c., p. 273.
8. If two quadrics, ¢ and @, correspond in a projectivity which transforms
the quadries confocal with () into the quadrics confoeal with (), then @ and @ are
conjugate in deformation. Bianchi, Lezioni, vol. 3, p. 208.
9. If S and S arc conjugate in deformation and S is deformed so that one
of its asymptotic lines remains rigid, then S admits a deformation in which the
corresponding asymptotic line is rigid. Bianchi, L c., p. 215.
’ 10. If at points of two corresponding asymptotic lines on two surfaces
conjugate in deformation tangents are drawn to the geodesics which are the
deforms of generators of the applicable quadrics, @ and @, the two ruled surfaces
formed by these tangents are applicable to ¢ and ¢, and are conjugate in
deformation. Bianchi, L c., p. 215.
11. When the first of equwtions (165) is written in the form (34) and the
second €L 2-4-f724 ¢ 22 =1, the equations of the projectivity (166) are

P - -/ y = |/ 242,
c Vee »' ef & TV g w

also

and the point equation of a net on @ is
920 ‘0 a 96 0 b 00

Buoe  ov v 18 8% du T 6u 82 do’

if the equation of the corresponding net on ¢ is the second of (33).



372 X. Surfaces applicable to a quadric

12. If a permanent net on ¢ admits a transformation Fi by means of a set

of functions ', y', 2', h, I, the corresponding net on @ (cf. Ex. 11) admits
a transformation Fi determined by

13. If Vis a B transform of a net N applicable to @ by means of functions
X'y 2 2 y", 2" by L hey I, the functions analogous to those of Ex. 12
determine a Bz transform of N applicable to @, and this transform and N are in
relation H.

Bianchi, 1. c., p. 231.

14. Show by means of [§ 127] that the pencils of planes whose axes are polar
with respect to a quadric meet the latter in an isothermal-conjugate net.

Bianchi, L c., p. 244.

15. When a quadric @ is referred to an isothermal-conjugate net, so also
is a quadric conjugate in deformation to ¢, and Hye® = Hye"c, where ¢ is
a constant.

16. In order that a net .N on a quadric be permanent in more than one
deformation of the quadric, it is necessary that N be isothermal-conjugate.

Servant, Bull. Soc. de France, vol. 30 (1902), p. 21.

17. If Ny and .V, are isothermal-conjugate nets on a central quadric @ (34)
obtained from an isothermal-conjugate net on @ by transformations K and K.
(K" + k) of § 148, there can be found directly a net Ni2 on ¢, which is a K, trans-
form of Ni and a K, transform of Ny: it is determined by the functions 67
and 05 given by (78) and

Lo 10, — k LA + jr 910
0, (2

18. Derive the equations of transformations K, of isothermal-conjugate nets
on a paraboloid similar to those for a central quadric § 143.

19. If a ruled surtace S is subjected to an infinitesimal deformation which
leaves the surface ruled and through each point of S and in the corresponding
tangent plane a line is drawn perpendicular to the direction of the deformation,
these lines form a 1V congruence for which the other focal surface is ruled;
this construction gives the most general W congruence with ruled focal surfaces
and generators corresponding.  Bianchi, Comptes Rendus, vol. 143 (1906), p. 635.

20. If the focal surfaces, Sy and S, of a W congruence are ruled, and if
the curved asymptotic lines of S; correspond to the generators of S, then S,
is a quadric. Segre, Atti di Torino, Dec. 28, 1913;

Tortorici, Rend. di Napoli, vol. 28 (1922), Jan. 21.
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Adjoint equation, 9, 22, 88, 93.

Angle, of two lines 1; of two hyper-
planes, 2; of two spheres, 234; of two
surfaces in pentaspherical coordinates,
282,

Applicable nets, definition, 61 ; parallel to
given pair, 62; transformations F of,
61, 275, 290, 325, 334; and congruences
of circles, 272; and cyclic systems, 274;
which are 0, 286; which are 2, 0, 298.
See Nets C and Nets permanent in
deformation.

Agymptotic lines, definition, 98; para-
metric, 99, 123; in Lie line-sphere trans-
formation, 252; determination of, 356.
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126; form a net, 125, 153.
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surfaces, 229, 286; and transformations
Dy, 229; nets determined by, 319; of
special isethermic nets, 230, 291.

Circles X, definition, 202; normals to nets
at points of, 204; of the first kind,
206; of the second kind, 206, 229;
form a congruence, 263.

209,
292,
317,
362,

319,

Circle - planes of a transformation R,
definition, 198; envelope of, 199, 213,
285, 286; pass through a point, 200,
230; coincident for two transformations,
206, 211.

Congruence, definition, 11; developables
of, 11; focal points of, 11; focal sur-
faces of, 11; conjugate to a net, 12,
15, 84; direction equation of 13, 153;
parallel, 15; middle surface, 16, 21, 32;
harnonic to a net, 22, 24, 25, 29, 80,
81, 153; harmonic to a point net, 28;
conjugate, of a transformation K, 34;
harmonic, of a transformation F, 40,
153; comjugate to O nets, 167; normal
to a net, 168.

Congruences I and p, I, definition, 158;
2,1, normal, 159,294 ; nets conjugate to,
159, 168.

Congruence K, definition, 203; cyclic,
206; focal points of, 229,

Congruence R, definition, 113; focal sur-
faces, 115.

Congruences of circles, definition, 241;
characteristic property, 248; focal
spheres of, 241; focal points of, 243;
in cartesian coordinates, 243; trans-
formations ¥ of, 269, 270; parallel
transformations of, 272; a cyclic system,
272, 274, 278, 285; envelope of planes
of, 258, 259, 269, 270, 271, 274.

(‘ongruence of rolling, 816; focal sur-
faces of, 317; developables of, 317;
with coincident developables, 317;
parallel, 321; normal, 821 ; with constant
focal segment, 821; pseudospherical,
321,
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(‘ongruences of spheres, definition, 238;
principal curves of, 238; focal circles
of, 239, 241; chords of contact of, 239;
derived, 240, 243; in cartesian co-
ordinates, 243; null-spheres, 243, 284;
with applicable central nets, 271;
cutting a fixed sphere under constant
angle, 283.

Congruences R of spheres, definition, 246;
parallel, 246; transformations F of,
246; direction-equation with equal in-
variants, 255 ; representation in 5-space,
285; permanent in deformation, 298,
308, 310. '

(ongruences of spheres and circles,
harmonic, 2656—259, 264, 265, 267,
269—271; conjugate, 261—263, 270;
orthogonal, 266, 267, 285.

Conics, pencil of, 95.

Coordinates, cartesian, 1; homogeneous |
point, 69; tangential, 97, 166, 286; |
. Direction-parameters, of a line, 1; of a

of a sphere, 233; pentaspherical, see
Pentaspherical.

Cosserat, 206.

Curve, definition, 2, 71; parametric, 2.

(‘yelic  congruences, definition, 183;
parallel, 191; characteristic property,
280, 285; generation of, 289; multiply,
185, 188, 191.

Cyclic systemns, definition, 183; circles
pass through a point, 191; of a trans-
formation R, 197, 206, 285: generation
of, 272—274, 285, 289; transformations
F of, 275, 277, 278, 290; representation
in H-space, 277—279; envelope of
planes of, 199, 213, 285, 286.

syclides, 283.

Darboux, 6, 92, 147, 154, 208, 212, 213,
239, 254, 274, 281, 282, 283, 285, 288,
291, 295, 313, 317, 358.

Deform of a quadric, which meets the
circle at infinity in 4 points, 291; of
revolution, 295-—296, 305, 360; tangent
to the circle at infinity, 317; permanent
nets on, 326—3829, 8563; R nets on,
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327, 328; transformations Fi of,
334—340, 346, 353, 3854; transforma-
tions B, of, 340—352, 354—356;
transformations H of, 366, 371, 372.

Demoulin, 107, 108, 112, 113, 115, 119,
124, 134, 150, 202, 204, 220, 225, 229,
254, 284.

Derivant net, definition, 25; of two trans-
formations ', 54; of two transformations
K, 61: of two transformations R, 265.

Derived congruences, definition, 21; of
a 1V congruence, 108; of spheres,
240, 241.

Derived net, definition, 25; Laplace trans-
forms of a, 32, 33; parallel, 33, 53;
transformations F of, 54, 66; of two
transformations ¥, 54; reciprocally,
116; which is ), 289.

| Developable surface, definition, 10; of a

congruence, I1.
Dini, 362.

congruence, 12, 14, 20, 30; of a cyclic
congruence, 183, 281,

Drach,, 155.

Envelope of rolling. definition, 305; lines
of curvature, 320.

Envelopes of spheres, with ) nets corre-
sponding, 174, 189, 229: conformal
mapping of the two sheets, 206, 286:
principal curves on, 238, 239, 243;
congruence of chords of contact, 239,
241, 242, 244, 245, 258, 259, 2062. 285;
with applicable central nets, 272, 274,
298, 302, 307, 308, 310; cutting a fixed
sphere under constant angle, 283; with
spherical lines of curvature, 285.

Equation, point, of a net, 3, 72; direction,
of a congruence, 13, 153; tangential,
of a net, 128, 153.

Focal circles of a congruence of spheres,
239, 241.

Focal nets of a congruence, 11, 15; of
parallel congruences, 21; radial trans-
forms, 33; in relation F, 34.
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Focal points, of first and second rank,
11; coordinates of, 10, 14, 29; of a
ray congruence, 124; of a congruence
of circles, 245.

Focal spheres of a congruence of circles,
241; meeting orthogonally, 183.

Focal surfaces of a congruence, 11, 15.

Green, 124, 125, 126.

Guichard, 5, 12, 26, 124, 156, 165, 200,
255, 258, 262, 263, 266, 280, 285, 295,
296, 337.

Hammond, 77, 85, 87, 33, 94.

Homogeneous point coordinates, 69; of
a net in 2-space, 96; of a net in
3-space, 101, 103; of an K net, 107.

Hyperplane, definition 2; at infinity, 69.

Hyperquadric, net on, 90, 254; trans-
formations & of nets on, 90, 94.

Hyperspheres, in transformations R, 171,
174, 189; focal, 183, 18.

Invariants of an equation of Laplace,
definition, 16; equal to zero, 73, 92;
in a sequence of Laplace, 75, 92.

Inversion, in transformations K, 175; of
a sphere, 281, in pentaspherical coor-
dinates, 281; of a cyclide, 283.

Isothermal-conjugate nets, definition, 104;
preserved by projective transformation,
104; R nets are, 107; on a quadric,
112,367, 372; and nets with equal point
invariants, 125, 150; characteristic pro-
perty, 126; on a deform of a quadrie, 326.

Isothermic O nets, definition, 206; special,
212—214,291: are nets £2,231; in penta-

, spherical coordinates, 237; Lie trans-
formation of, 284; nets with the same
spherical representation as, 302—304,
318,819; spherical representation of, 319.
See Transformations D,. and Christoffel
transformations.

Isotropic, relation, 157; line, 289, 291,296 ;
plane, 289, 296.

Jonas, 42, 47, 110, 1138, 119, 201.

Kinematically conjugate directions, de-
finition, 314; axes of rotation, 315;
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aunto-conjugate, 315, 320; for con-
gruences of rolling, 317, 321; para-
metric, 320; orthogonal, 320.

Koenigs, 58, 123.

Laplace equations, 3, 12; invariants of,
16; sequence of, 74; Moutard form, 237.

Laplace transforms, definition, 17; in car-
tesian coordinates, 17; of parallel nets,
18; of a function, 19, 32; of a derived
net, 32, 33; of a radial transform, 33;
transformations F' of, 66, 94; in homo-
geneous coordinates, 72; of a net R,
108; in tangential coordinates, 129;
which are Onets, 192, 193, 286. See Se-
quences of Laplace and Levy sequences.

Levy sequences, of the first order, 81,
93; of higher order, 83—83, 93; per-
iodic, 85, 86.

Levy transforms, definition, 19; of parallel
nets, 32; of radial transforms, 33; and
transformations &, 66; in homogeneous
coordinates, 81; in a hyperplane, 81.

Lie, 249, 283, 284.

Lie line-sphere transformation, cquations
of, 249, 283; linear complex of, 249, 284.

Lie transformations of surfaces, definition,
252; equations of, 283, 284; IV con-
erucnce of, 253.

Linear complex, definition, 248; null-plane
of, 248, 251, 252; special, 248; lines
conjugate with respect to, 250, 251,
284 tangents to a curve lines of a, 284.

Martin, 32.

Minimal surfaces, transformations Dy of,
215, 217; O net of, 229; focal sheets
of a W congruence, 230; in relation R.
296, 208; deformable transformations It
of, 304, 305.

Nets, definition, 8 ; characteristic property,
4; tangent planes of, 4; point, 5, 28, 30;
in 3-space, 6, 100—103, 105; parallel,
7—12, 124; planar, 9, 96, 123; con-
jugate to a congruence, 12, 14, 19,
32, 159; harmonic to a congruence, 22,
24, 27, 30, 34, 200; of translation, 32,
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66; minimal, 32, 66; in relation O, 63,
146, 154; in homogeneous coordinates,
72; periodic, 76, 94; in tangential co-
ordinates, 127, 128; of plane curves,
152. See Applicable nets, Derivant
nets, Derived nets, Isothermal-conjugate
nets.

Nets corresponding with orthogonality of
linear elements, 63, 146; parallel, 64;
transformations F' of, 64—66.

Nets C, definition, 200; harmonic to a
normal congruence, 200; on the enve-
lope of planes of a cyclic system, 200;
congruences harmonic to, 287, 288.
See Applicable nets.

Nets G, definition, 192; parallel, 192;
Laplace transforms of, 192, 286; radial
transforms of, 193; transformations F
of, 193.

Nets O, definition, 156, 194; conjugate
to congruences I, 2,1 and 3,1, 160;
determination of, 165—167; parallel,
167; on a hypersphere, 167 ; congruences
conjugate to, 168; transformations ¥
of, 168—175, 185—188; radial trans-
formations of, 175; inversion of,
176; transformations R of, 174—182,
195—197; on a hypercone, 191, 283;
with isothermal spherical represen-
tation, 215—218, 229; in pentaspherical
coordinates, 287, 279; in 5-space and
cyclic systems, 277; generated by a rol-
ling surface, 289, 291, 294; derived, 289.
See Isothermic O nets.

Nets 2, O, definition, 156; as central
nets of transformations R, 171, 189;
special, 188, 228; transformations F of,
189—191; on quadrics of revolution,
247; associated with cyclic systems, 279;
applicable, 298.

Nets p, O, definition, 156; conjugate to
congruences, p, I, 160; parallel, 191.

Nets permanent in deformation, definition,
139; fundamental coefficients, 189—140;
transformations £ of, 141--146; special,

Index

142; spherical representation of, 154,
155.

Nets R, definition, 107; equations, 107;
Laplace transforms of, 108; on a quadric,
112, 867; reciprocally derived, 118;
transformations W of, 115—123, 125;
transformations F of, 124, 125; and
nets 2, 254; in line coordinates, 255;
with tangents in one family meeting
a fixed line, 284; on deforms of a qua-
drie, 327, 328.

Nets £, definition, 218; equations of, 219,
220; parallel, 221; transformations R
of, 221—224; isothermic, 231; with
isothermal spherical representation, 231;
on surfaces of Guichard, 225,232; and
nets R, 254.

Nets with equal point invariants, 16, 32,
67, 68, 95, 106, 125; characteristic
property, 124; associate, 59, 67; planar,
123; and equal tangential invariants,
150; which are O nets, 206; on a quadric,
366—3868. See Transformations K.

Nets with equal tangential invariants,
definition, 128; which are permanent
in deformation, 139; and equal point
invariants, 150; characteristic proper-
ty, 1563; on a quadric, 366—368. See
Transformations £.

Nets with same spherical representation
as isothermic O nets, 302, 803; trans-
formations R of, 303, 319, 320.

Normal parameters of a net, 5.

Osculating planes of a net, 11; conjugate
to a congruence, 23; and Laplace trans-
forms of a derived net, 32; in homo-
geneous coordinates, 71; and nets Gy,
286.

Orthogonal determinant, definition, 163;
in 5-space, 165, 279; in 3-space, 194.

Parallel, lines, 1; hyperplanes, 2; nets,
7—12, 32; congruences, 15, 28.

Pentaspherical coordinates, of a point,
285; fundamental spheres, 235, 281;
equation of a sphere in, 236, 281;



Index

special, 237; of an O net, 237, 279;
of an isothermic net, 237; of a point
of the plane at infinity, 281; angle
between displacements in, 282; equation
of a surface in, 283; transformations R
in, 283.

Perpendicular, lines, 1; hyperplanes, 2.

Plane, in cartesian coordinates, 2; tan-
gent, of a surface, 3; tangent, of a net,
4; in homogeneous coordinates, 71.

Pliicker line coordinates, 247.

Point equation of a net, in cartesian
coordinates, 3: in homogeneous co-
ordinates, 72.

Point nets, definition, 5; congruences
harmonic to, 28, 29; harmonic to a con-
gruence, 30.

Polar transformation, 100, 125, 153.

Poles of a circle, definition, 266; points
on an envelope of spheres, 266, 274:
of a cyclic system, 285, 286.

Principal curves on an envelope of spheres,
238, 239, 243; form a net, 245.

Problem of order » —2, 165.

Projective transformations, of space, 70;
of nets in relations F, 93; of nets in
2-space, 97; of asymptotic lines, 100;
of nets in 3-space, 103, 128; of iso-
thermal-conjugate nets, 104.

Quadrics, isothermal-conjugate nets on,
112, 366—370, 372; nets R on, 112,
367; osculating, 124; of revolution, 247,
293--296, 305, 337, 360; deformation
of, 291, 298, 305, 326, 360; rolling,
291—296, 317; tangent to the circle
at infinity, 317; transformations ' of,
322, 329—334, 352, 353, 368; perma-
nent nets on, 323—326, 329—334, 353,
370, 372; referred to generators,
328—3825; conjugate in deformation,
365, 371; nets with equal point in-
variants on, 867, 368; nets with equal
tangential invariants on, 367, 368;
transformations W of, 368—370, 372.

Quatern of transformations F, definition, 48.
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Radial transformations, definition, 31;
harmonic congruences of, 31; of Laplace
transforms, 83 ; of Levy transforms, 33;
and transformations F, 40—42, 67,
153; of every net on a surface, 124:
of nets 0, 176; of nets Go, 193.

Ray congruence, definition, 105; focal
points, 124,

Ray curves, definition, 105; property of,
124.

Relation, ¥, 34; K, 58; 0O, 63, 146;
R, 174; isotropic, 157.

Ribaucour, 16, 89, 174, 239, 245, 285,
286, 312, 323.

Rolling surfaces, definition, 288; plane of
contact, 288; and cyclic systems, 289;
on a quadric, 291—296, 317; on a
surface of revolution, 293—298, 321;
kinematically conjugate directions on,
314, 320; ruled, 314, 315; axes of
rotation, 315; on a sphere, 317; spheres
associated with, 318,

| Ruled surfaces, referred to asymptotic

lines, 123; osculating quadrics of, 124;
rolling, 814; applicable to a non-ruled
surface, 314, 316; applicable, 320;
infinitesimal deformation of,372; Wcon-
gruences whose focal surfaces are, 372.

Segre, 372.

Sequences of Laplace, definition, 74;
equations of, 75, 76, 92; invariants of,
75, 76, 92; periodic, 76—80, 93, 94;
derived nets of, 83—85, 93; trans-
formations F of, 94.

Servant, 325, 359, 362, 363, 365, 372.

Spheres, coordinates of, 233; point-, 234;
null-, 234, 289, 294; power with respect
to, 234; equations in pentapherical
coordinates, 236; inversion of, 281;
rolling, 317. See Congruences of spheres.

Stetson, 286.

Surface, definition, 2; tangent planes, 3;
determination of nets on, 5—7; R, 111;
of Voss, 143; determination of asymp-
totic lines on, 356—3858; element, 252.
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Surfaces applicable to a quadric, see
Deforms of a quadric.

Surfaces applicable to a surface of revolu-
tion, 293—298, 321; complementary,
292, 294--296, 321; conjugate in
deformation, 371.

Surfaces conjugate in deformation, defini-
tion, 360; characteristic property, 362;
determination of, 362—365, 371; qua-
dries, 365, 372.

Surfaces of constant mean curvature,
transformations R of, 229, 295, 310.
special isothermic nets on, 230;

weneration of, 294, 317; kinematically -

conjugate lines on, 320.

Surfaces of constant total curvature,
equations of, 282; transformations R of,
232, 295, 339; cyclic systems associated
with, 286; determination of 360.

Surfaces of Guichard, definition, 225, 232;
associated surfaces, 225, 228, 232; are
surfaces £, 9225, 232; transformations
R of, 227, 231, 232, 286; isothermic
surfaces associated with, 286,

Surface of rolling, definition, 301; one |
sheet of envelope of congruence R a, |

302; equations of, 313; lines of curvature
on, 320.

Tangential coordinates, of a surface,
definition, 98; referred to asymptotic
lines, 100; of a net, 127; Laplace

transforms in, 129; transformations ¥

in, 129—134, 153; of a net O, 166;
transformations R in, 178 —182,

"Terracini, 370.

Theorem of permutability, of transforma-
tions F, 45—51, 90, 132; for parallel
nets, 50, 67; extended, 55—57, 68,
224, 230; of W congruences, 124, 138,
143. For references to the theorem
of permutability of any type of trans-
formation see this transformation.

Tortorici, 372.

Transformations By of surfaces applicable
to a quadric, 340—346, 3854—356;

{

Index

permutability with transformations F',
346, 371; theorem of permutability of,
352, 371.

Transformations Dn, 208, 209, 231;
theorem of permutability of, 209—211,
215, 230; of special isothermic surfaces,
212—214, 230, 291 ; of minimal surfaces,
215, 304; isothermic nets determined
by, 280; parallel nets of, 230; charac-
teristic property, 285; induced, 286,
319; generation of, 291; and surfaces
of rolling, 301, 302; deformable, 304.

Transformations K., 215—217, 231;
theorem of permutability of, 218, 230;
characteristic property, 230; deformable,
305; and envelopes of rolling, 305.

Transformations F, equations in cartesian
coordinates, 34—37; conjugate con-
gruence of, 34, 42, 89; inverse of, 37;
parallel, 88, 50, 67; harmonic con-
gruence of, 40, 182; and radial trans-
formations, 40—42, 67, 133; triads of,
44, 90; theorem of permutability of,
45—51, Hb—57, 67, 90, 132; of derived
nets, 54, 66; of applicable nets, 61—63;
of nets in relation 0, 64, 146, 154; of
Laplace transforms, 66, 94; of Levy
transforms, 66; in homogencous coor-
dinates, 87—91; of nets on a hyper-
quadric, 90, 94; projective transforma-
tions of, 93; of periodic Laplace
sequences, 94: of nets £, 124, 125; in
tangential coordinates, 129—134, 153;
and polar transformations, 153; of nets
0, 168—17H, 1856—188; of nets 2, 0,
189—191; of nets (7, 193; of nets on
a sphere, 197, 217; of congruences R
of spheres, 246; of congruences of
circles, 269—271; of cyclic systems,
274—278, 290; of deformable trans-
formations I2, 306 ; of nets on a quadric,
322, 323; of isothermal-conjugate nets
on a quadric, 368, 372. References to
particular types of transformations F'
are given under these transformations.
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Transformations Fi, of nets on a quadric,
329—334, 353; of surfaces applicable
to a quadric, 334—339, 354; theorem
of permutability of, 323, 339, 340.

Transformations H of surfaces applicable
to a quadric, definition 366; of ruled
deforms, 366; permutability with trans-
formations F}, 366, 372; permutability
with transformations B, 372.

Transformation, 6,, definition, 118; of
surfaces of constant curvature, 124;
of isothermal systems on a sphere, 124.

Transformations K, definition, 58; in car-
tesian coordinates, 57—59, 67; theorem
of permutability of, 60, 61, 67, 68, 154.
372; of associate surfaces, 68. 124; of
Levy transforms, 68; in homogeneous
coordinates, 94, 95; characteristic pro-
perty, 95; of nets with equal point and
equal tangential invariants, 160—152;
polar transformations of, 1583; with
normal conjugate congruences, 206,221;
of nets on a quadric, 368—370, 372.
See Traunsformations Dm.

Transformations B, in cartesian coordi-
nates, 173—177, 195; central nets, 174,
189, 196, 228; of parallel nets O, 174,
196, 228; inverse of, 178; in tangential
coordinates, 178, 181; theorem of per-
mutability of, 180—182, 202—206; of
Laplace transforms of a net @, 193;
spherical representation of, 197; cyclic
systems of, 197, 206, 285; circle-planes
of, see Circle-planes; circles K of, see
Circles K; congruences K of, see Con-
gruences K; conformal, 206; of iso-
thermic O nets, see Transformations Dm;
of minimal surfaces, 215, 296, 304, 305;
of nets 2, 221—224; of surfaces of
Giuchard, 227, 231, 232, 286; with con-
formal spherical representation, 215,
230, 306; of surfaces of constant mean
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curvature, 229, 295, 310; of surfaces
of constant total curvature, 232, 295,
339; in pentaspherical coordinates, 283;
deformable of the first type, 296, 308,
310; deformable of the second type,
298—3806; with applicable central nets,
297, 302; of nets with the same spherical
representation as isothermic O nets, 303,
319; and surfaces of rolling, 302, 318;
and envelopes of rolling, 305: trans-
formations ' of, 306.

Transformations W, of nets R, 115—123,
125; of isothermal-conjugate nets on
a quadric, 370; of ruled surfaces, 372.
See Transformations By.

Transformations £, in tangential co-
ordinates 134—136: theorem of permu-
tability of, 137, 138, 153, 154; of nets
permanent in deformation, 141—146;
in point coordinates 146—149; of a focal
surface of a W congruence, 149, 150; of
nets with equal point and equal tan-
gential invariants, 150-1562; polar
transformation of, 163.

Tzitzeica, 33, 77, 98, 95, 107, 116, 124,
3217, 368, 370.

Umbilical points of a quadric, 291.

Virtual asymptotic lines, definition, 316;
determination of, 358.

W congruences, definition, 106; of tan-
gents to a net R, 107, 113; derived,
108; and reciprocally derived nets, 116;
quatern of, 124, 138, 143; with focal
surfaces of equal curvature, 138, 142,
143; transformations & and K of, 150;
with minimal focal surfaces, 230; whose
lines belong to a linear complex, 252,
253; in Lie transformations of surfaces,
252, 253 ; representation in 5-space, 254 ;
in Pliicker line-coordinates, 254 ; normal,
292, 293; with ruled focal surfaces, 372,

Wilezynski, 105, 123, 125, 126.



Erratum

§ 59. Change “focal nets” to “focal surfaces”.
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