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Spectral theory was considered first by D. Hilbert about bounded
symmetric opera.urs on a sequence space. J. von Neumann made this
spectral theory take a new form. He generated this theory to un=-
bounded symmetric operators, defining abstractly the Hilbert space.
In this new style spectral theory was discussed by many mathematicians:
F. Riesz, M. H. Stone, etc.

On the other hand a spectral theory was born in semi-ordered 1li-
near spaces; as an avstraction of the spectral theory in the Hilbert
space. This spectral theory is constructea by means of generated
Stielt)és integral, considering every spectrum as a continuous one.
On the contrary there is another type of spectral theory established
by the auther, which is constructed by means of generated Riemann in-
tegral in topological spaces considering every spectrum as a point one.
This new spectral theory is explained precisely in Volume II of this
Series, Modern Spectral Theory, Tokyo (1950), in the name of the second
spectral theory. The auther has remarked in an earlisr paper, Eine
Spektraltheorie, Proc. Phys.-Math. Soc. Japan, 23(1941) 485-511, that
this spectral theory also is applicable to the Hilbert space, but it is
not well known. The purpose of this book is to make this new spectral
theory revive in the Hilbert space.

In this text spectral theory is constructed firstly about elemanta
of the Hilbert space, and as its application, we consider the apectral

theory of the normal operators. Furthermore, by means of this new
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spectral theory, we can diacuss not only the mean ergodic theorem ob-
tained by J. von Neumann, but the individual ergodic theorem obtained
by J. D. Birkhoff, as a problem in the Hilbert space. Readers will
be more interested, if they read this text, comparing Volume II of this
Series,

This book was written during 1950-51 as Volume IV of Tokyo Mathe-
matical Book Series. But finarcial difficulties made it impossible
to publish this book. Recently I have obtained financial help from
Education Ministry of Japan, and it has become possible to publish this
book . I expresa my warmest thanks to those who have made effort to

publish this book.

Sapporo, June 24, 1953
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INTRODUCTION

We can modify objects for consideration, and we obtain a notion of
spaces. Let R be a space. EBach object modified by R is said to
be a point or an element of R . We shall dofine a. ¢ R or R 3@ to
mean that a is an element of R.

For two spaces R and S, a correspondence ¢, which assigns to
every element x € R an element M (x) ¢ S, is called a mapping of R
into S, and o (x) the imsge of x by @.

Let R be a space. A mapping A of R into the space {f, £ |
composed of\ two elements § and § , is called a set of R. For a
set 4 of A we define x ¢ 4 or A 3 X to mean that § corresponds to
«xby A,and x4 or A 35X to mean that € correaponds to x by A.
We shall say that a set A contains an element x , if x € 4, and that
a set A does not contain an element X, if x € /1 A set, which
does not contains every element x of R, is called the empty set, and
denoted by O A set, which contains every element of R, is called
the whole space, and denoted by R.

For two sets A and B, we define ACB or B > A to mean that x €A
implies x € 8. We shall say that 4 includes B, or that B is a
Bsubset of 4 , if B C A, With this definition, we have obviusly that
0 C A CR for every set A of R.

For a condition €(x%) about x ¢ R , we shall denote by

{2x: ex=)}
the set which contains x if and only if €(x) is satisfied. For a
set A of R , ve define the complement 4’ of A4 as
Al={x: xEA}.

With this definition, we have obviously A’ = A.

Let A be an other space. Considering every set of R as an
slement, we obtain a space of sets of R. A mapring A, (x€ /)
of A into the space of sets of R is called a set system. For a

set system A, (A € /) we define the union 5~ A, to mean
A€A

%AA={‘X_: A€ A\ for some xé€AY,
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and the intersection HA A, to mean

TT A ={x: x€A. forall aeA},
AeA ’

With this definition we have obviusly

1] ’ ’ - ’
<A2;:3Ax>=]jAAA, (D'\A;.)=Z_Ax

A €A
ror a set sequence Ay (v = 1, 2,...) we may write

g;Av = A+ A,_"P"'t ﬁAu = A Ageee -

yai
For two sets A and B, if A D B, then we denote AB’ by A~ 8, that

is,
A-B = {z: zeA, xE€B}

As a method for infinite process we are permitted to make use of

the following axiom due to Zermelo:

Choice Axiom. For any space R we can find a mapping of the space
of sete of R into the space R such that every set 4 of R contains the
image of A if A #0.

By virtue of Choice Axiom we can prove the following theorem due
to Zorm:

Maximal Theorem. Let ((x,,%X2,...,X)) Dbe a condition for
every finite number of elements x, € R (v =1, 2,...,%). This con-

dition € is s&id to be satisfied by a set A of R, if C( %1 ,eee, %y)

is satisfied for every finite number of elements x, ¢ A (v = 1y, 25000y ®).

If there is a set A, of R by which C is satisfied, then wve can -find

a maximal set 4 of R-by which (© is satisfied, that is, there is- no

other set including A by which (° is satisfied. (C.f. Introductioh in
Volume II or III in this Series: H. Nakano, Modern spectral theory, or
Topology and linear topological spaces.)

For two spaces R and S, a mapping X of R into S is said to be
a one-to-one correspondence between R and & , if for every different
elements X, Y € R, the images ar(X) and @ (4) are different, and
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for any 4 € S we can find x ¢R forvhichgzm.(z). For a one-
to-one correspondence M between R and S, putting

x = 4(3) for 4 = a(x),

we also obtain obviusly a one-to-one correspondence between S and R .
This one-to-one correspondence 4 is called the inverse of 4 and denoted
by a -1, Concerning the inverse "', we have obviously by defini-
tion

% = a(a(x)) for xeR; y = a(an'(y)) for yeS.

If a set A of R is not the empty set, then we can consider A
itself as a space of all elements X ¢ A. For two sets 4, B dif-
ferent from the empty set, if there exists a one-to-one correspondence
between A and B considering A and B as two spaces, then we shall say
that A and B have the same density, or that the density of 4 coincides
with that of B, and we write A ~ B. With ;:his definition, we see
easily that 4 ~ A for every set A+ 0; A~B implies B ~ A; and
A~R, B~ C implies A~ C. Thus we obtain density classes, i.e.
every two sets in the same density class have the same density, and every
two sets in different density classes have different densities. This
density classes will be called cardinal numbers. We define further
by 0 the cardinal number of the empty set. Cardinal numbers may be
called often densities.

For two cardinal numbers ##v and #, we define m > mor # < mm to
mean that we can find two sets 4 and B such that - 3 A D B € ».
With this definition, we have obviously that mg 4+, # 57 implies
mgL,and 0§ L X7} for every cardinal number £ and the cardinal

number £, of R. Furthermore we have the following theorem due to
Bernstein:

Theorem. mgnygm implies s = .

Proof. If w g %, 71 § 1, then we can find by definition A,,
A, € m and B, c -4 such that A, > B, DA Since A, , A, € m, there
exists a one-to-one correspondence ;i between A, and A. For each

set X ¢ A,, putting
a(x)= {alx): xeX}, a(0)=o0,
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we have obviously O (X)< Aq. Thus, putting
A, = a(A), B, = a(B.-y) for v =1, 2,.44,
we have A,D> BoD> A,DB,D> A2 B,d.--, 8nd
(A, - B,.)= (A -B.),
Aa(By.y— A )= (B,- A

for every v =1, 2,¢00 . Since
B, = ﬁ A,;zl{(s,_.—-m»; (A, - B},
=t L=
putting
a(x) for xz¢ f_ (A, _.-8._)
4(x)= { ‘e . ==
for x € 3= (B~ A+ T A

we obtain a one-to-one correspondence { between A, and AR,, and
hence m = .

If a set A of R is infinite, that is, if 4 contains an infinite
nunber of elements, then the density of A is said to be infinite, or
we shall say that the cardinal number of A is infinite. For a set

A of R , if there exists a one-to-one correspondence between A and

the totality of natural numbers, then the density of A is said to be
countable, and the cardinal number of the countable density is denoted

by R,

Theorem. R, is the least cardinal number among the infinite

cardinal numbers.

Proof. Let A be a set of an infinite density, and a, € X
(O# X <¢R) be a mapping by Choice Axiom. For an element o € A,
putting

a, = a, G = Qpgay i anat (V=L 2,000,
we can find by induction a sequence a, ¢ A (v = 1, 2,..4). Thus we

have by definition ¥,§ £4 for the cardinal number £, of A.
Let Lo { x € A) be a system of cardinal numbers. For a set

Ay € Ex (X € A), we obtain a space S, of elements



(x,x) for x € A, x ¢ Ax.

If there exists a set A of R such that we can find a one-to-one cor-
respondence between S, and A, then for the cardinal number Z4 of A
we shall write

Fa = E'A Ex.

If A is a set of R with the cardinal number Caand L, = m for all
A € A, then we shall write

Ey = Ly

With this definition, we see easily that m. 4 = # 44, and (m#)C =
m(s» L) for cardinal numbers m, #, L.

Theorem. R,L = L for every infinite cardinal number ..
Proof.  Between two spaces (v, pM) (v, m=1,2,...) and A
(A=1, 2,...), putting

1, 2,404),

]

A =%(v*p-2)(;\+,~—1)+v (v,'u
R, by

we obtain a one-to-one correspondence. Thus we have R}, R,
definition.

If a cardinal number £ is infinite, then for a set A ¢ [ we can
find by Maximal Theorem a system A, € X, ( X € A) sucn that

A= 2_ A, AnAg = 0 for x# f.

A€A

Thus there exists a cardinal number #+ for which £ = ¥, , and hence
&.5 = {k“(%,w) = (*.&.)M: *.M: c.

A space R is said to be linearly ordered, if for svery two .elements
X, 4 €¢R it is defined x ¢4 or ¥ gx such that x <4, ¥ £ Z in-
plies x ¢ Z; and x ¢ 4,  § X implies x = 4 A linearly ordered
space R is said to be well ordered, if every s~+* 4+ 0 of R contains
the minimum element, that is, if there exists o ¢ A such that a < X for
every x ¢ A.

Zermelo proved by Choice Axiom that every space may be yell ordered.
We shall prove now however this theorem by Maxiral tl‘heorem. Every fi-
nite set may be obviously well ondsred. We consider the totality of

well ordered sets of R. For two well ordered sets A and B, we
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shall say that A is a section of 8, if A < B; x5y in A is equi-
valent to z <y in B for every X, 4 ¢ A ; and x g4 for x ¢ A,
4e B - A. By virtue of Maxiwmal Theorem, we can find a maximal sys-

tem 71C of well ordered sets of R subject to the condition: for every two

sets of ¢, one of them is a section of the other. Then, putting

A = > X, we obtain a well ordered set A such that every X € 77 is
X €nt

a section of A . Furthermores we have A = R. Because, if A4 #R,

then for an element & € R — A, putting x < a for every x € A, we ob-
tain a well ordered set {A,a} such that every X ¢ %1 is a section of
{A,a}, and it is evident {A,a} € M, contradicting the maximality
of M, Thus R may be well ordered.

Let R be a well ordered space. We shall prove that for any
set A4 0 of R there exists a section of R which has the same densi-
ty with A . We can assume obviously that the density of A is dif-
ferent from that of R. We consider one-to-one correspondences oy
between a section X of R and a subset of A. By virtue of Maxi-
mal Theorem, we can find a maximal system 7 of one-to-one correspon-
dences 1y such that for every Mx,, Olx, € 7¢, one of X, and X is a
section of the other and m,"(x) = m,‘l(x) for every x € X,Xa. For
such a maximal system 77¢, putting

Xo = 2 X, oy, (0) = ay(x) for zeX,

oy €m
we obtain a one-to-one correspondence Oy of a section X,of R and a

subset of A, and we have mx,‘ ¢ by the maximality of 7. Since
the density of A is different from that of K, we have obviously x,#*R.
If oy (X,) # A, then for an element o € A - 7,(X,), putting

a{Xo.’(ai(x) = QXJ(Z) for every x ¢ Xn
and Ry, x ‘( %X,) = & for the minimum element X, of R — X,, we obtain a
e d
one-to-one correspondence R jx, x,;0f & section’ { X,, x,} of R anda sub-

set of A, and it is obvious that Rix, €, contradicting the maxi-
1

Ao}
mality of 7. Thus we have A = axo( Xo).

For every section X % R of R, denoting by X x the minimum ele-
ment of R — X, we have obviously X, ¢ Xy if and only if X C Y.

Therefore we can state



7
Theorem. For every space R, the totality of cardinal numbers

in g is a well ordered space.

Concerning topology, we shall make use of notations and termino-
logies in Volume II or III in this Series. But, in this text, we
need only be aquainted with elementary properties as stated in Intro-
duction in Volume II : Modern spectral theory.

Concerning complex numbers, we shall make use of usual notations:
for a complex number o, we denote by R« the real part; by Y the
imaginary part; by o the conjugate complex number; and by | the ab-

solute value, i.e.
X = Rot 4+ { Jot, d = Rou=1 Jx,
VRO + () = Yo

The space of all complex numbers is called the complex plane and

lot|

denoted by Gr. A topology is defined on the complex plane in usu-
al sense: the system of point sets

{&: 1z-Ll<t} forall £ >0, d€G

-

corlstitutes a neighbourhood system.

Let R be a topological space. A mapping ¢ of R into the
complex plane (G is called a function on R. If the function va-
lie ¥ (x) 1is real for every X € R, then ¥ is said to be real valued.
A function ¢ on R is said to be continuous at a point x, € R, if for
any ¢ > 0 we can find an open set A 3 x, such that

[P (x)- @(xs)| < £ for every X € A.

A f‘ﬁﬁé%ion ¢ 1is said to be continuous in a set A € R, if ¢ is conti-

nuous at every point of A . We may often consider a function ¢

which takes the infinite point oo as a function value. In the case:
¢(%,) = 0o, @ is said to be continuous at x,, if for any § > 0 we
can find an open set A 3 x, such that

19(x)l> ¢ for every X € A,

considering |co| = +o00.



CHAPTER 1

HILBERT SPACES

§1  Linear Spaces

A space R 18 called a commutative group, if for every two elements
o, 4 ¢R we have o + £ ¢R such that

1) a+d=L+a,
2) (a+4)+c =+ (£+cC),
3) forany 0., £ € R we can find ¢ € R such that a = £ +¢C.
Such an element ¢ € R is uniquely determined. Because, if
a=4¢+Cc=4+0,

then we can find by the postulate 3) € , d ¢ R such that
c=c'+d, ¢’'=a+e,
and we have by the postulates 1) and 2)
¢'=a+e=(f+c)+r e =(4+(c'vd))+e€
((d+c)+d)r e =(avd)+ e =(ate)+d

=C'+d=°C.
Therefore we denote such ¢ € R by & — £. Thus we have
a=4L+(a-4) for every «, £ € R .

Especiafly { = £ + (4 —4 ), and hence we have by 1) and 2)
a=(L+(4-4))+ (a-4)

=(4+(o-4)N)+ (L-4)=0a+(L-4).

By the unijueness of a — & we conclude therefore
a-a =4¢-4 for every a, 4 ¢ R,

that is, for every o ¢ R we obtain the same element o — a. This
uniquely determined element o.— a4 is called the zero element of R
and denoted by 0.

For each element a of a commutative group R we define -a to
mean ¢ - Q. With this definition, we have - (-a) = &, because
0 =0a+t(-a)=(-a)+ (-(-a)).
Since d+{o+(-4)) =0+ (L£+(-4))=0a+0 = a, we nave
a+(-4)= a-4 for every o, 4 €R.
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A commtative group R is called a linear space, if for every a ¢ R
and complex number o« we have ol & ¢ R such that

4) o(pa) = (p)a,
(ot + p)o.,

ad(a+4),

5) o a+po
6) La+odd

7) la=a.

Since o A +0a = OQ by the postulate 5), we have 04 = 0 for every
o € R. Therefore we have by 5) and 7)
o+(-1)a =0a =0, and hence (-1)a =-a.
Furthermore o (0= 4) = Lo - o { for every &, J ¢ R, because
Ad(a=-4)=oclat+(-4)) =da+o(-1)L =l a-ud.

Let R be a linear space in the sequel. A set of R is called
a manifold of R, if it is not the empty set. A manifold A is said
to be linear, if &, 4 ¢ A implies & 0 +P{ ¢ A for every complex
numbers o, f3.

For a manifold A of R, an element A € R is said to be a linear
combination from 4, if we can find a finite number of elements x, & A
and complex numbers o, (v =1, 2,...,%) such that

123
a = Zdbxy.
b1

We see easily that the totality of linear combinations from A consti-

tutes a linear manifold of R. This linear manifold of R is called
the linear manifold generated by A. It is evident by definition

that the linear manifold generated by A is the least linear manifold
including A.

A system o, ¢ R (xeA) is said to be linearly independent, if
every one is not a linear combination from the others, that is, if for
a finite number of elements )\, € A and complex numbers of, (v=1, 2,

ey X)

»
Zd,ah:o implies o, = 0 for every v =1, 2,..., K.

b=
Functions on a linear space R are called functionals on R. A
functional ¢ on R is said to be linear, if

Qax+py) = LX)+ p4(3)
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HILBERT SPACES (Chapter I

for every elements x , YyeRr and complex numbers o, f.
For two functionals ¢, ¥ on R and complex numbers « , B, we
define a functional & ¢ + P\} as

(xg+p¥)(x) =L P(x) + B+ (x) for x eR.

With this definition, we see easily that the totality of linear func-

tionals on R constitutes a linear space.
A functional 4 on R is said to be anti-linear, if

Plotx+py) =20+ B¢ (%)

for every elements X, y ¢ R and complex numbers o¢, g, that is, ¢
is anti-linear, if and only if, putting ¢ (x) = "7(;_)' for every x € R,
we obtain a linear functional & on R. With this definition, we
also see easily that the totality of anti-linear functionals on R con-

stitutes a linear space.

§2  Normed Spaces

Let R be a linear space. A functional %t (% € R) is called

a norm on R, if

1)
2)

3)
4)

0 $0hXil<+o0 for every x € R,
Hxxlf = |{kxfl for every complex number o,
NX+ 4ils Hx i+ 1yl

Nxn =0 1implies x = 0.

A linear space associated with a norm is called a normed space.

Let R be a normed space in the sequel. A sequence (., ¢ R (v=
1, 2,...) is said to be convergent to a limit & € R and we shall write

l-l-j;m“ Qy = 0.,

if  lim pa,-af = 0. If a sequence a, € R (v=1, 2,...) is con-
vergent, then its limit is determined uniquely. Because, if

Jmto-oan = loje. -4 = 0,

then we conclude la.— {§ = 0 by 2), 3), and hence o = £ by 4).
Concerning convergence, we can prove easily
Theorem 2.1. If lima,=a, lim § = £, then we have
= L-oe v—boo

C—e——
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REUH (xa,+pL) =co+p4
for every complex numbers o, f3. ¥ lm e =a, Jin o, = oL,
then we have lim &, a,= La.
b = 0w

From the postulates 2) and 3), we conclude at once
fmzi-ngil s nx - 4.

Theretore we have
Theorem 2.2. yl_i'lgo a, = A implies vl_i’mwu all=nol.

A manifold A of R is said to be closed, if lim a, =&, a, €A
(r =1, 2,...) implies a ¢ A. with this definition, we see easily
that for any two closed manifolds A, B the union A + B also is closed,
and that for any system of closed manifolds A, (A € /), the intersec-
tion ;UA A, also is closed, if it is not empty.

Theorem 2.3. For a closed linear manifold A4 of R, if a € A,

and x, +o, (v =1, 2,...) is _convergent for a sequence of elements

and complex numbers x, € A, «, (v =1, 2,...), then both sequences x,

and o, (v =1, 2,...) are convergent.

Proof. If lim (x,+ol,a) =4, x,e A(v =1, 2,...), then
o, (v =1, 2,...) i8 bounded. Because, if Fl}'m._lol,ﬁ[: +00 for a

subsequence olyl_ ( m=1, 2,...), then we have by Theorem 2.1

1
lin ""J‘:f-x""*a“: 0 —g K e A (=1, 2,...),

Moo ™
contradicting the assumption: ww € A and A is closed. Therefore
every subsequence from o, (v =1, 2,...) contains a convergent subse-
quence. Furthermore, for every two convergent subsequences o, ,
ode, (v =1, 2,...), putting

o = MBSl s B = i o

we have by Theorem 2.1

’l}’muxr.’z £ - o, Ll!..l!l.x‘f“z {-Ba.

Since A is a closed linear manifold by assumption, we obtain hence
Ad lim X, - ln Xg = (f-)a,

and consequently o« = 3 , because O € A. Thus we conclude that

o (v =1, 2,...) is convergent, and hence %, € A (V = 1, 2,. 4 oluibe

convergent by Theorem 2.1.
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From this Theorem 2.3 we conclude immediately
Theorem 2.4. If a linear manifold A is closed, then for any

& € A, the linear manifold generated by { o, A} is closed.

We see easily by definition that the intersection of a system of

closed linear manifolds also is a closed linear manifold. Therefore
for any manifold A there exists the least closed linear manifold in-
cluding A. This least closed linear manifold is called the closed

linear manifold generated by A.

For two manifolds B < A of R, we shall say that B is dense in
A, if for any o € A we can find a sequence 4, ¢ B (v =1, 2,...)
such that lim 4 = a. With this definition, we have

Theorem 2.5. The linear manifold generated by a manifold A is
dense in the closed linear manifold generated by A.

Proof . Let B the linear manifold generated by 4 , and C the

closed linear manifold generated by A. It is evident by definition
that B ¢ C. Let C, be the totality of elements x € R subject to
the condition: lim £, = x for some sequence £, € B (v =1, 2,...).
Then we see easily by Theorem 2.1 that (, is a linear manifold includ-
ing B. Furthermore we see easily by definition that (, is closed.
Since C, must be included in C by definition, we conclude hence that
C, =-C.

A sequernce a, € R (v = 1, 2,...) is said to be a Cauchy sequence,
if for 2ny ¢ > 0 we can find J, such that

ho, ~-auihg € for v, M 2y
that 1s, if »,?Tu.." A = Qull= 0. Tt is evident by definition,
that every convergent sequence of elements is a Cauchy sequence. A

manifold A4 is said to be complete, if every Cauchy sequence &, € 4
(v =1, 2,...) 13 convergent to a limit contained in A4 .
With this definition, we have otviously

Theorem 2.6. Every complete manifold is closed.

Furthermore we see vasily by definition

Theorem 2.7. For a comrlete manifold A and a closed manifold
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B , the intersection 4R is a complete manifold, if it is not empty.

Iheoren 2.8. 1f a linear manifold 4 is complete, then for any
& € A the linear manifold genmerated by {o., A} is complete.
Proof. For x, e A(v=1,2,...) and a €4, if x, + e, a

(v =1, 2,...) is a Cauchy sequence, then we have by definition
- + (of, - = .

y'l;l‘.u_.\’_{(lp )+ (-} = 0
Since A is closed by Theorem 2.6, we conclude from o € A by Theorem
2.3 that

v,liﬂou (x"-xf‘)= 0, v,,]u'-i-lolw (d"_%’): 0.

Since A is complete by assumption, we see that both x, ¢ 4 and o,
are convergent, and there exists x ¢ A for which ’1_1‘m~ X, = X
Thus we have by Theorem 2.1

ylg,m_v(x. +ot,a) = x+ (limet) o .
From this Theorem 2.8 we conclude immediately

Theorem 2.9. The linear manifold generated a finite number

of elements is complete.

For a sequence &, € R (v =1, 2,...), we shall say that a series

Qb
> a, is convergent with sum o, and write
r= |
@0
o = t?:? a,,

if lim ¥ a,= a.  Vith this definition, we see easily by Theo-
b Ppoe rxi f‘

rem 2.2

i f:r avll € > la,

L=

o8
if 3~ o, is convergent.
ey

Theorem 2.10. If a normed space R is cdmplete apd

S_ ol < 400,

PEX

then Z.. a, is convergent.
Lmy
o0
Proof.. If >~ #a, |l <+oo, then we have
by

lim i Ha, 4= 0.
1y P—Hee bwpm i
Since u‘i;” all g é‘ na, i, we obtain further p.lpif.." Z a, fil= 0.

Since R is complete by assumption, »21 &, is hence convergent.
=
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§3 Adjoint Spaces

Let R be a normed space. An anti-lingar functional ¢ on R

is said to be bounded, if
19 (x)] < + oo,

uxu
Denoting by R the total:.tgy of bounded anti-linear functionals on R ,
we see easily that R constitutes a linear space. Furthermore, put-
ting
(1) e = §Sup IA(x)l (aeR),

we can prove easily that R ulso is a normed space. This normed

space R is called the adjoint space of R.
Concerning the norm of the adjoint space R of R, we have obvious-

ly by the definition (1)

(2) WGl = sup JEEN (3 €R),
0% xeR Jx|i
and hence we have
(3) 1T ()l N for € R, x€ R.

Every bounded anti-linear functional ¢ is continuous, i.e.

lim X, = x implies “1_1311‘° ¢(x,) = ¢(x),

Vreo
because we have by the formula (3)
fe(x)- e@lsnennx.-xn (v=1,2,...).
Conversely, if an anti-linear functional ¢ is continuous, then
¥ is bounded. Because, if ¢ is not bounded, then we can find by
definition a sequence X, € R = 1, 2,...) such that

Nx.h 1, 1P (x)l 2 2% (v =1, 2,..4),
and then we have
an L -0, g(hmizi w=1, 2.0,

contradicting that ¢ is continuous.

Theorem 3.1. The edjoint space R of R is complete.

Proof.  If  lm | &.-&l = O for a sequence &€ K (v =

Myp 00
1, 2,...), tben we have by the formula (3)
ulim o)~ a,(x)l = o for every X ¢ R.
Thus, putting

@ {x) = Jim a, (x) (x eR),
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we see easily that & is an anti-linear functional on R . Further-
more we obtain by (3) for every m =1, 2,...

|Kp(1)—‘f(l)l§lll(lbl__i;%uar R
From this relation we conclude that ¢ is bounded, that is, ¢ ¢ R,
and we have

- @l for every x € R,

“ar"?" gpl_gg_ua',.-a,u (p=1, 2,...).
This relation yields
,‘I_i’m_ il Qp- ¢Yn= 0.
Therefore R is complete by definition.

Theorem 3.2. For a system of bounded anti-linear functionals

Tye R (reA) anR, 4L
:gil)‘la).(x)l<+oo for every x ¢ R,

and R is complete, then we have

sup | A, Il < 4 o0,

A€A
Proofe. Ir sup A.ll =+ oo, then we can find by definition
A €A and X, €R (v=1, 2,...) such that
- 2 .
nx =1, @, (x)l 2 2% (v=1, 2,...).

Then, putting

Iu =—;—;Ev, oy =—2-l-r;1,, (v:l, 24000 )3
we have

1 anlzl, o = (v=1,2,...),

Jim £,(x)=0 for every x ¢R,

Pl_i_.m“ :v(a,.) =0 for every v =1, 2,...
Therefore we can find a subsequence i, (e =1, 2,...) such that

1By (@t et @y 1< 5

14, (o) < Jj——;—,: for p<pm.

[ -0 l
Then we have obviously a —— =1, and hence we can put
;_:‘ hay g 2 ¢ =1

vul
o0

a = Z a’V [}
M=
because R is complete by assumption. For such a ¢ R we have

1L @213, (a)l=14, (a+.oran )l

‘_lzl/’;(é-vlayr)‘
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T et

L _E 1o

3 ,5:—,,.,. 5 2F £73

for every g =1, 2,..., contradicting ,.1-.1’2. |4v,.(“)' = 0.

A sequence G, € R (v =1, 2,...) is said to be weaklv convergent

to a limit & € R, if
JMo, @, (x)

and then we shall write
viig a, = a.

Since @, (x)-a(x)lgna,-acunnxi by (3), ve see that

a(x) for every x €R,

Pl_iim.‘ A, = 0. implies ";H’f. a, =0Q.
Furthermore we conclude likewise
Theorem 3.3. bl_}'m.‘ @&, = Q&, .Z'I._i;m.. a, = & implies

Mo G,(a) = 3@

- Qo = C a all,
Theorem 3.4. ",,13";, a. o implies }}ﬂ-n all 2o
Proof . For every X ¢ R we conclude from assumption by (3)
18 ()l = Ma 12,0 = Ln w@un.

Thus we obtain by definition W& Il < limna,l.
b —pon

Theorem 3.5. If R is complete, then

v_pl-%xono Qv = &, yl—i;m— &=

implies  lim a, (&) = a(a).

Proof. If R is complete, then we see by Theorem 3.2 that
w-lin 3, = @
implies sup A NM<+ o0, Since
18,00 - 2 @Is1 3, (a=- a)l+] 5, (a)- & (a)]
sha,~allla,n+ & ()-a (),
we conclude hence that ""..13'5. a = &, Jm o, = a implies
lim a.(a.) = a(a).

A manifold A of ‘R 1s said to be fundamental, if the closed 1li-
near manifold generated by A coincides with the whole space R .
With this definition, it is evident that if a manifold A is dense
in R, then A is fundamental.
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Theorem 3.6. For a fundamental manifold A of R and a sequence

&, eR (v=1,2,...), 42 3, (%) (v=1, 2,...) is converzent for

every x ¢ A and ,sggu‘ot.,u<¢oo, then a, (v=1, 2..;.) is weak-

ly convergent.

Proof. Denoting Py B the linear manifold generated by A, we
see easily by assumption that &, (x) (v =1, 2,...) is convergent for

every x ¢ B . Since A is fundamental by assumption, B is dense in
R by Theorem 2.5. Thus for any x ¢ R we can find a sejuence Xu€ B8
(mu=1, 2,...) such that ,‘1_1'.9_ X = X, Then we have
18,(0)- G ()15 13, (X =xp)l+ 1 Ag(x- %u)]
+ | av('x'f)"' aa‘(’(-ft)l
s hrnaem)nx -2l + 13, (xu)=- Tg ()l

for every », & =1, 2,¢c0 & Since we have by assumption
y.lfi:-.' o, (xu)- dg(x)l = 0 for every m =1, 2,...,

putting ¥ = sup, #Wa,ll, ve obtain thus,
Lia [ 8.(0)-0e ()l s 2¥ NxX - 2,0
for every m =1, 2,000 Making m tend to oo, we conclude hence
Jim 13,00 - Ze ()] = 0,
and consequently &, (x) (v =1, 2,...) is convergent for every x ¢ R,
Therefore, putting
@ (%) = RECH &, (x) (xeRr),

we see easily that ¢ is an anti-linear functional on R, and

hen = sup 'lcf(x)l < ¥.

- 4
Thus &, (¥=1, 2,...) is weakly convergent.

§4 Inner Product Spaces

Let R be a linear space. A functional (x,y) (x, $€R)
is called an inner product on R, if

1) (%,4)=0%,x) for every x, ¥ € R,

2) (x+y,2)=(x,2)+(y,2),

3) (dx,4)=a(x,y) for every complex nuaber o,
4) (x,x)zo rorcv)oryxgk,

RY (% ¥)a N dmnliaa v - N
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Concerning inner products, we conclude from 1) and 2)
2') (1,3,'4’2):(1,3)1'(1,2-),

and from 1) and 3)

31) (x,%4)=%(x,Y) for every complex number ol .
A linear space associated with an inner product is called an inner

product space.
Let R be an inner product space in the sequel. By virtue of the

postulate 4), putting
(1) il = x,x (x €R),
we have 0 < Il X Il <+o00, and we obtain by 5) that ¢x il = 0 implies
x=0.
For 0 # Y ¢ R, putting A=--g—:—;%{)-,voh:voforovoryxe&
(x+xg,x+rg) = nxt'+2RX(x, )+ (xP U g0
11 2
=ﬂlﬂ-m,|(1,})| .
Thus we conclude by the postulate 4)

(2) e, y) g uxunyi for every x, y e R.

By virtve of this formula, we obtain

Px+gut =nxutsy2R(x,g)+ngn*s (nxu+ayn)?,
and hence

LSS AR FAENF]

Therefore #x§ (X € R) is a norm on R. This norm is defined
as the norm of an ipner product space R. Concerning the norm of R,
we have obviously by definition

hx g0 = nent £ 2R(x, $)+nygut,

Consequently we obtain

0G)  wxeynt e wx-ygut =20nxntsngnt),
Furthernore we have

R(z,4) = -i—umgu’- —:— nx - gt

From this relation we conclude

V(i g) = RO, i8) = Fuxa g yu-ux- g

Therefore we obtain
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(4) (x33) = %1(ﬂx+guﬂnx—;ﬁ)+i(lx+tgr-uxf;;fN-

BEvery inner product space R is a normed space by the norm of R .
Conversely we have

Theorea 4.1. For a normed space R, if the norm of R satis-

fies the relation (}), then there exists uniquely an inner product on
R:(x,3) (x, 4 eR) such that
Itxll=m for every x ¢ R.
Proof. For the norm Il x |l of R, putting
(x,4)= -al—{(uu g nx-gut) + COnx+ignpx-ggnt) f o,
we have obviously
(%,2) = nxy? for every X € R.
Furthermore we see easily that
(ix,4)= i(x,¥4), (x,1g)==-1(x,4).
For an arbitrary complex number ) , we have by the relation (3)
(Ax,y)+ (%, ry4)
= %(!AHI’- I ) {ax e gut=nx-gnte s(nx+ign’-ux - iy )}
=(x+X )x,¥)
Therefore, putting A = {o for an arbitrary real number « , we obtain
(lax,y)+(x,iay)= 0,
and hence (ot%,Y) = (%X,o ¥) for every real number . Conse-
quently, putting A = « for an arbitrary real number «, we obtain
2(«1,3) = (o 1,3)4- (x,aa):zd(x,}),
and hence (dx,}):d(x,;) for every real number o . Thus
we conclude now that
(Lx,g.):k(x,g) for every complex number X .
By virtue of the relation (3) we conclude further

(xy2) #(§,2) = F(xeg,22) = (x+y,2).

Therefore (x,4%) (x, 4 € R) 1is an inner product on R such that
(x,x)= gxu? for every x ¢ R.

The uniqueness of such an inner product is evident by the formula (4).

Every inner product space R may b8 considered as a normed space
by the norm of R . Therefore we can ¢onsicer convergence of ele-
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ments sequences in an inner product space R . We see easily by the
tormla (2)

M4020 ‘1_1'-9. o = 0-, bl-j’.... “, = ‘ uelig
Ll_i‘e. (Q_,, 4.) = (“‘)“)0

An inner product space is called a Hilbert space, if it is com-
plete as a normed apace.

§5 Adjoint Spaces of Inner Product Spaces

Let R be an inner product space and R the adjoint space of R,
considering R as a normed space. For every o € R, putting

(1) % x)=(a,x) (xeR),
we obtain obviously an anti-linear functional ¢, on R . Recall-
ing the formula §4(2), we see at once

(2) e, = Hall for every a ¢ R .
Therefore ¢, is contained in R. Purthermore we have obviously
by definition

(3) (fe(a-rp( = d Y, + pq"
for every o, 4 ¢ R and complex numbers o, f.

Theoyem 5.1. For a closed linear manifold A of R, if a €A,
then we can find & ¢ R Buch that
af@)#0 , @(x)=0  for every x¢€A.
Proof.. Putting Y = 1121:4 % -all, we have ¥ >0, because A

is closed and a € A by assumption. We can find obviously a sequence
%, ¢ A (v=1, 2,...) such that
,1}':. hx, —-of = Y.

Then we can find further a sequence £, > 0 (¥ =1, 2,...) such that

Mo go= 0, Hx,—an-rrg el (v=1,2,...).
For an arbitrary sequence Y, € A (r=1, 2,...) such that

SR gl < ¢ oo,
patting
v = -E,(x,-a.g.) (v=1y2,.00),

we have
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Ratv g+ (x, -a)l* = ldul‘llg.l‘-zﬂi.(x.. —a,p) +ix,-a n?
g &Muxi-antugat-260(x, —a, ) r it -0t
se (et e mga2el(z, —a, w1t €2 4 02
On the other hand, we have naturally o, gt X, ed(v=1, 2,...), and
hence
ety Yo 4 %, =08 Z2 ¥ (v=1, 25000)e
Consequently we obtain
(%, —a, )12 EX{(E0 + ;‘)ng,n"+ 1}
for every Vv =1, 2,¢00 « This relation yields
?1_1‘{, (zy TG y») = 0.
Therefore we have eapecially
el!.\'lll.° (2, -a, x.) = 0,
R (x,-a,x)= ¢ for every X € A.
Since lim ¥, -al* = y¥?, we conclude hence
Mz (x.-a,a)=-0"
We obtain by the formula §4(3) for every ., M =1 25

Nz, - Xpul® = 2(0%, - a s Nxp-ail’) - 4!—;-(1,+ xpu)-an?

g20x, -2t rhza-ai’)- 4 §*
because —;‘- (%, + x,.) €A, Thus we conclude
3m,_ix-x = 0,

and hence by (2) and (3)
lim § Px, - ?"r'“ = 0.

Since the adjoint :;a;-ﬁ of R is complete by Theorem 3.1, there ex-
ists hence X ¢ R such that Ma ¢, = X. For such X ¢ R, put-
ting & = X - ¥, , we have by Theorem 3.3 for every x € A
ax) = RECH (z,x)-(a,x) = U (x.-a,x)=0,
afa) = lm (2, -a,a)= - ¥* 4o0.
Thus our assertion is established.

For any X ¢ R , putting
A=1{x: X(x)=o0},
we see easily that A is a closed linear manifold of R. If there is
an element . ¢ R such that X (@)% 0, then we can find ¢ R and X,
¢ R (v=1y 2,...) such that

a o= Ua (Y -F)= 2 ¢,
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a(@) %0, xK(x)=0 for every x € A,
as proved just above. Then for every X ¢ R We have

%(x- 2 a) = 200- 2B 7 (@) = o,

% (o) x(a)
and hence
T(x 20 =0 a(x) = 28 7).
a(x o o) , that 18, & (x) Z (@) a(a)

x(a)
& (a)
X =oda = »1_1’!" “f.gu,-a)-

» we have

Consequently, putting o« =

Tnerefore we have

Theorem 5.2. {4 : x€R} is dense in the adjoint space R.

For every Cauchy sequence X, € R (v =1, 2,...), the number se-
quence px, i (v =1, 2,...) is convergent, because
fxen-nzutll S N2y - 2ull (vip=1, 2,000).
Furthermore, for every two Cauchy sequences x, and Y, ¢ R (v=1,
2,...), the number sequence (%i,4.) (v =1, 2,...) is convergent,
because we have by the formula §4(2)
Ly g0) = (s 3612 U U = gl N m I e
for every v , m= 1, 2,000 &
For every two elements ¥ , g' ¢ R, we can find by Theorem 5.2 two
sequences x, and 4, ¢ R (v =1, 2,...) such that
Jin, Y, = X, SR, (,,u =4
By virtue of the formula (2), we see that such sequences x, and Yo € R
(v=1, 2,...) are Cauchy sequences. Thus, putting
(i )3) = yl_i’m_' (xvpgv)v
we see easily that (%X,%) (X%, 367{) is an inner product on the
adjoint space R , and furthermore we have
(4) (?x»‘r’)=(1,}) for every «x , VGR,

-

(5) (x, i).- nxnt for every X € R ,

because, if lim o, = X, then we have
= 48 ] - -
WXL = Mmopeg, w2 Mmodx o nt= Um (x.,x) = (%,%).
Thus we have proved that there exists an inner product on the adjoint
spece R subject to the conditimne (4) and (). We can conclude
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further by Theorem 4.2 that such an inner product on R is determined
uniquely. Therefore we define the adjoint space of an inner product
space R as an inner product space R associated with such an inner pro-
duct. With this definition .we have hence by Theorem 3.1

Theorem 5.3. The adjoint space of an inner product space is
a Hilbert space, namely a complete inner product space.

Theorem 5.4 I1f R is a Hilbert space, then for any bounded
anti-linear functional ¢ on R, we can find a ¢ R such that

¢(x) =(a,x) for every x € R.
Proof. If R is complete, then we see by the formula (2) that

e ——

{¢.: xeR}
is a closed manifold of the adjoint space R of R. On the other
hand {¢, : x ¢R} is dense in R by Theorem 5:2. Thus we have

R =1{%xt xeR }.
Therefore, for any & € R we can find a € R such that

a(x) =(a,x) for every x ¢ R,
§6 Completion

Let R and S be two linear space. A one-to-one correspondence
T between R and a manifold 4 of S : Tx €A (x¢R), is called
a transformation of R into 8, and A is called the range of T. 1r
the range of T coincides with the whole space S, then T is called a
transformation from R to 3. A transformation T of R into S is
said to be linear, if

T(ax+ By, = «Tx+pTy

for every x, Yy € R and complex numbers ot, B. For two linear
spaces R and 3, if there is a linear transformation T from R to S,
then we say that R is isomorphic to $ by T. With this defini-
tion, it is evident that the range of a linear trunsformation is a 1li-
near manifold, and for a linear transformation T of R into S5, R is
isomorphic to the range of T.

For two normea spaces R and 8, a transformation T of R into S
is said to be isometric, if T is linear and

v Txl = lixh for every x ¢ R.
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For two normed spaces R and §, if there is an isometric transfors-
ation T from R to S, then R is said to be isometric to S by T.

If both R and S are inner product spaces, then we see by the
formula §4(4) that for every isometric transformation T of R into §
we have

(Tz,T;)z(z,;) for every x, ye€R.

For an inner product space R, a Hilbert space S is said to be
a completion of R by a transformation T of R into 8 , if T is iso-
metric and the range of T is dense in S. With this definition,
for every inner product space R, the adjoint space R of R is a com-
pletion of R. Because, putting

Tx = Yx (xeR),

we see at once by (2) and (5) in §5 that T is an isometric transform-
ation of R into the adjoint space R , and the range of T is dense
in R by Theorem 5.2. Thus we have

Theorem 6.1. The adjoint space R of an inner product space

R is & completion of R by the transformation
Tx =9, (xeRrR), Y= ($) =(2,4) (x, geR).

For two completions S,, 5, of an inner product space R respec-

tively by transformations T, and T, , putting
T(Tix)= Tpx (xeR),

we see easily that T, is an isometric transformation from the range
of T, to that of T. Let A, ad A, be ranges of T, and T,
respectively. Since A, is dense in S, for any x ¢ S, we can
find x, € A, (v =1, 2,...) such that Mm%, = X. Then T,x,
(v=1, 2,...) is obviously a Csuchy sequence, and hence we can find
uniquely y € S, such that s Tx, = 4. Thus, putting ¥ = Tz,
we see easily that T is an isometric transformation from S, to S,
and we have T x = T,x for every x € 4. Therefore we can
state

Theoren 6.2. The completion of an inner product space is de-
termined uniquely within an isometric transformation,
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§7  Orthonormal Systems

Let R be an inner product space. For two elements a , £{¢R,
we define a . { tomean (a,4) = 0, and we shall say that & is or-
thogonal to § , if a L §. With this definition, we have obviously

(1) a4g implies £y a,

(2) aLfd, alc implies a L f+cC,

(3) a1l implies ola L { for every complex number o« ,
(4) L4 implies Ho+ LU = Hau+ udu?,

(5) a+4( =1, 2,...), lin @, = a implies asrd.

Zero element ( is obviously orthogonal to every element. Con-

versely we have

Theorem 7.1. If a manifold A is fundamental in R and
(a,x)=(£,x) for every x ¢ A,

then we have a = 4 .

Proof. Denoting by B the linear manifold generated by 4 , we
see by Theorem 2.5 that B is dense in R, and it is obvious by assump-
tion that (a,x) = (£ ,x) for every x ¢ B . Thus we conclude by
Theorem 4.2 that (a,x) = (4 ,x) for every x ¢ R. Therefore we
have

ta- 41t =(a,a-¢)-({,a-¢)=0,
and hence @ = »{ .
For a manifold A of R, we define g . A to mean that
alix for every x ¢ A ,
and we shall say that an element a. is orthogonal to A, if a1 4.

Theorem 7.2. If a linear manifold A of R is complete, then

for any o € 4 we can find x ¢ 4 and a complex number o such that

oda+xlL A fotaa4 it =1.
Proof. Denoting by B the linear manifold generated by {a , 4,
we see by Theorem 2.8 that B is complete. Therefore we can consider
B itself as a Hilbert space and 4 as a closed linear manifold of B .

Then we conclude by Theorems 5.1 and 5.4 that there exists an element
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f¢B suchthat oL A and. (£,0) % 0. For such § ¢ B, since

2 *o,wttingC:ﬁ-l‘-{,wehaveceB,c.LA and HC Wl =1.

Furthermore, since B is the linear manifold generated by {o., A } ,
we can find x € A and a complex number of such that ¢ = x+ .
A system a, € R (A ¢ A1) 18 said to be an orthogonal system, if
a,Lap foras f. An orthogonal system a., € R (A € /) 1s said
to be an orthonormal system, if H &Il =1 for every A € A.
Every orthonormal system C, € R (A € A) is linearly independ-
ent. Because, ﬁf o, Cy, = 0 implies

L3

1.3 »
s = 2ot (€, ) = (2o Ch,, Can) = 0

for every M =1, 2,400y K Recalling Theorem 2.9, we obtain im-
mediately by Theorem 7.2

Theorem 7.3. For a linearly independent sequence a., ¢ R (v =

1, 2,..s), we_can find an orthonormal system ¢, ¢ R (v =1, 2,...)

such that
14
¢, = 'g oy, Opes oy, k0 (r=1,2,..).
Recalling Theorem 2.5, we conclude by the formulas (2), (3), (5)

Theorem 7.4. If an element a is orthogonal to a manifold A,

then o also is orthogonal to the closed linear manifold generated by A .

Theorem 7.5« For an orthonormal system ¢, ¢ R (A € A) we have

nxn? >Z'7‘l(x,c;)|‘ for every x ¢ R.

Proof. For every finite number of different elements 1 _¢ A
(v=1, 2,000y %), putting of, = (%, Cx) (2 € A), we have

wn »
X =3 ey, e = el = 2R 3 (%, oy, C,)
by bm

x
+ 3 (*A, Cav dxr er)

A TX .
= 3 3 2
=X N® - 3 1ta, )’
rmt
Thus ws obtain Il x tl"g 2“‘_' ]o(,\,f for every finite number of differ-
13 3
ent elements A, ¢ A (L =1, 2,..., ), and hence # x %3 = PN
€A
From tais Theorem 7.5 we conclude immediately
Theorem 7.6. For every orthonormal system C, ¢ R (A € A)
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and an arbitrary element x ¢ R, we have (x,¢.) = 0 up to at most

countable elements of A .

Fer an orthogonal sequence a, € R (v = 1, 2,...), if f_ A, is
by
[J

convergent, then for any permutation P+, fa,... of 1, 2,..., ap,

vel

also is convergent and
00 @0
Z oy = Z afv-
= =i
00
Because, putting a = > 0., , we have by the formula (4) and Theorem
rwl
2.2
*0
tout = 3= laon?
Ly

On the other hand, for any % =1, 2,... we can find & such that £,
P2 y040r P contains 1, 2,..., X . Then we have by (4)

f_ar.u s Z_ na,n*
and hence o = Z ap, by defini\:ion.

v

Therefore, for an orthogonal system a, € R (A € A), we define
o = 3 0, to mean that there exists a sequence A, ¢ A (v =1, 2,

A €A
ese) Such that a, = 0 for A% A, (v=1, 2,...) and a = g‘,ax.,
and then we shall say that % a, is convergent.

Y
With this definition we have obviously by Theorem 4.2
Theorem T.7. For an orthonorma) system c, ¢ R (A€ A), if
= ol C then we have

[+8 ;:_; a Ca» then we have

tan? = ;ld;l', (a,Cr) = 5 for every x€ .

€A

Furthermore we conclude by Theorems 2.1 and 4.2

Theorem 7.8. For an orthonormal system ¢, ¢ R (A €A), if
= 2o oty 4 = F7 AxCa, then we have
((L,l): Z‘:d,\ ﬂ,\; ;ld,\ PA‘('.‘“I
da+pd = S (v +@ﬁx)cx\wa 8.
Because %'“A Brl & (Z |°‘A| 2'_‘. |p.\| )T<"'°°~

If & = ?_:_,_‘ oly Cp, then o is contained ubviously in the closed

linear manifold generated by C, € R ( AeA ). Conversely we have
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Theorem 7.9. For each element o of the closed linear manifold

generated by an orthonormal system ¢, € R (xen) we can find unique-
h = .
1y complex numbers of, (A € A ) such that a g:_,‘ olyCa

Proof. If we put o, = (a,cax) (x €A ), then for every fini-
te number of complex numbers ¥, and different elements A, € A (v =1,

2,...X) we have
" a2 1 > = X L — X 3
lo~ Z: f.. clu“ = lloi” ~ Zivdiw- Z z;«d‘)v + qufy
b=y 1l vei r=l
2 ® 2 L3 2 [ % 2
sholl” = 2 loda, | + Z_ 1o, =§.1 ZHal = > |5 |,
ve| r=i Py
Since a is contained in the closed linear manifold gensrated by C, € R
(A € A), we conclude hence by Theorem 2.5
pon? = I jetat’s
XeA
Thus we can find a sequence A, ¢ A (v =1, 2,...) such that oy = 0
for x % A, (=1, 2,...), and then we have

" »n
o= 3= oy, Ca, 1t = ol = 52 et 1%,

b=y

o0
Therefore we conclude a = Z:' oL, Cav» 8nd hence a = % oy Ca e
= B

The uniqueness of such oL, (X € A ) is evident by Theorem 7.7.

Theorem 7.10. jn order that the closed linear manifold gene-
rated by an orthonoxmal system , e R ( A € 1) be complete, it is

necessary and sufficient that >~ |, |* < +co implies convergence
by )

of gXNAC»\~

Proof. For S5 lu,\|"<+oa, we can find a sequence ., ¢ A
A €A

such that o, = 0.for A # A, (v
X 2 g 2

ol o( for 6 > M.

“l;'%.‘ Ay cA» ] é‘, al {“

Thus, if the closed linear manifold generated by C, (X ¢ /) is com-

1, 2,...), and

o0
plete, then f::" &, Ca, is convergent, and hence J_ o, C, is con-
X€A

vergent.
Conversely, let o, = ’;_ Ay, aCa (v=1,2,...) be a Cauchy
€A

sequence. Since we have by Theorems 7.7 and 7.8

- 2
oy, —aup® = xZM loty,n= |y
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we conclude that o,,, (¥ =1, 2,...) 18 convergent for every » € A .
Furthermore, putting o) = »13!. oly, » y Wo see easily by Theorem 7.7
[} e 2
A navn® = a5 jea | x Zolea
Therefore, if the condition stated in Theorem 7.10 is satisfied, then
we can put a = ?_‘;‘ olp Co, and we have by Theorems 7.7 and 7.8
€
3
Ha,-a N = E |ty a = olx] (v=1. 2,.c.)e
On the other hand we have
Lo noa, -a,l* oy, 5= ok
e A nll" 2 é.'.‘| (Y A
Thus we conclude 1lim Il a. -4l = 0, because a. (v =1, 2,...)
is a Cauchy sequence by assumption. Therefore the closed linear
manifold generated by C, (A € A ) is complete.
Recalling Theorem 2.7, we conclude immediately from Theoream 7.10

Iheorem 7.11. In a Hilbert space R, for any orthogonal sys-
tem o,éR(A€EA), 3 N, 1s convergent, if and only if
AEA .

;_ Hari* < +o00.
A¢A

4§68 Dimensions of Hilbert Spaces

Let R be a Hilbert space. An orthonormal system C, ¢ R ( A
¢ A) 1is said to be complete, if (%, ¢,) = 0 for all A ¢A implies
X = 0. We see easily by Maximal Theorem that there exists a com-
plete orthonormal system for every Hilbert space.

Theorem 8.1. In order that an orthonormal system C, (A€ A)
be complete, it is necessary and sufficient that C, (x €A ) is fund-

amental in R.

12 (v=1, 2,...).

Proof. Let S be the closed linear space generated by C, (.A.
€A). Since S is complete by Theorem 2.7, if S does not coincide
with the whole space R, then we can find by Theorem 7.2 an element a. ¢
R such that Hait =1, (a,¢,) =0 forall A €A, and hence ¢, (A
€A ) is not complete by definition. If S =R, then (aa,tA) = 0
for all A € A implies & = 0 by Theoreu 7,1.

By virtue of Theorems 8.1 and 7.9, we obtain immediately

Theorem 8.2. For a complete orthonormal system C, (reA)
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of a Hilbert space R, every a ¢ R may be represented uniquely in the

form o = o) Cxe
form &‘ ACa
Theorem 8.3. For a Hilbert space R, all complete orthonormal

systems in R have the same density.

Proof. Firstly we consider the case where R has a complete
orthonormal system compsed only of a finite number of elements. Let

¢, € R(v =1, 2,..., X) be a complete orthonormal system in R. We
shall prove by induction that every » + 1 elements are not linearly
independent. In fact, it is evident in the case: X = 1. We as-
sume that our assertion is valid for x - 1. For a system a./“L € R
(=1, 2,..., x +1) we can find by Theorem 7.9 &, , such that

»
‘ Op = ;qu > (p=1, 2,000, % +1).
We can suppose obviously o wit,x ¥ 0, without losing the generality.

Then we have

o Sl T INPY “2:-1 ¢, (u=1, 2 )
— — = oL = XXIR I
# Ayaq, e T P i M= 5 Srmem
Thus we can find by assumption Yr‘ (=1, 2,s..y%) such that
»” » d
S_ IVl + 0, and Yo(0u=="t2%0 ) =0
that is, L3 x of e )
2 an- (27 a = 0.
mat rr ® (,ust #® duu,x) bt

Therefore Q. (pm =1, 2,..., X + 1) is not linearly independent.
Since every orthonormal system is linearly independent, we ccnclude
hence that every complete orthonormal system is composed of K elemei.is.
Next we consider the caae' where R has a complete orthonormal sys-
tem composed of infinite elements. Then every complete orthonormal
system is composed of infinite elements, as proved just above. Let
Oy, (xeA)and £y (¥ €r) be two complete orthonormal system in K.
For each A € A we can find by Theorem 7.6 at most countable elamentu
Y, ¢ (v=1,2,...) such that (£;, &) =0 for ¥ ¢ &, (-~
1, ,eee)e Furthermore, for any ¥y € [ we can find by defimitior
X e A such that (dy,an) % 0. Therefore we have

a% { Y‘x"xl.zx cee } =1
Thus, denoting by s and # cardinal npumbers of A and {° respectively,
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we have hence g R, = M. We also can prove likewise wv g 7.
Consegquently we have s = 11,

For s Hilbert space R, all complete orthonormal systems in R have
the same density, as proved just above. Thie same density is called
<he dimension of R.

. Theorem 8.4. A Hilbert space R is isometric to a Hilbert space
Sy Af and only if the dimension of R coincides with that of S.

Proof. If R is isometric to S by a transformation T x ¢ S

(x € R), then for a complete orthonormal system C, € R_(A €eN), we
also obtain a complete orthonormal system Tec¢, ¢ S (x e A). There-
for the dimension of R coincides with that of S.

Conversely, we assume that the dimension of R coincides with that
of 5, and let a, and 4, (x ¢ N) be complete orthonormal systems in
R and S respectively. Corresponding to avery x ¢ R, we can find
by Theorem 7.9 uniquely complex rumbers o, (A ¢ A) such that «x =

Z: o Gy and then we obtain by Theorem 7.10 uniquely g€ S such
AEA
that 4 = 3 ol N Therefore, putting
nEA
5= oada = T I olran for 3= oty |t < 400,
A€A A€A AEA

va see easily by Theorem 7.7 that T is an isometric transformation from
R to 5, and hence R is isometric to S by T.

A Hilbert space R is said to ve separable, if we can find a sequ-
ence 0., € R (v =1, 2,,..) which is dense in R. ¥.h this defi-

nition, we have

Theorem 8.5. In order that s Hilbert space R be separable, i%

is necessary and sufficient that tne dimension of* R is st most countable.

Proof. If R is separable and a sequence &, € R (v =1, 2,...)
is dense in R, thez a,(v =1, 2,...) 48 obviously fundamental in R.
By virtue of Theorem 7.3, we can find an orthopormal system composed of
at most countable elements ¢, € R (b =1, 2,...) such that every a,
is a linesr cogbination frem €, (v =1, 2,...). Then C, (v =1,
2,...) is obvicusly fundamental in R, and hence a complete orthonor-
mal system in R.
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Conversely, if we can find a systea of at most countable elements
¢, €R (L=1, 2,...) which is fundamental in R , then, denoting by
A the totality of linear combinations with coefficients of rational
oomplex numbers from ¢, (v =1, 2,...), wo see easily that A is coun-
table and dense in R. Since every complete orthonormal system in
R is obviously fundamental in R, we obtain therefore our assertion.

Purthermore we also have proved

Theorem 8.6.  If o Hilbert space R has s fundamental systes
composed of at most countable elements, then R is separable and. the

dimension of R is at most countable.

§9 Weak Convergence
Let R be an inner product space. Corresponding to every o €R,
ptting ¢, (x) = (a,x) (% € R), we obtain a bounded anti-linear
functional on R, as stated in §5. A sequence a, € R (v =1, 2,...)
is said to be weekly convergent to a limit o ¢ R, and we write
g, 2, = a,
it ¢, (v=1, 2,...) 1is weakly convergent to ¢, , as defined in §3,
that is, if  lim (av,x) = (a,x) for every x € R.
Vith this definition, we see at once by Theorem 7.1 that the limit
of a weakly convergent sequence is determined uniquely. Furthermore
we have obviously

Theorea 9.1. v-ul_:l;m“ a, =&, w-lin 4, = { implies
v-ln (o, +p4)=ca+psd
for every complex numbers o , p . vzl_i'm“ Qa, = Qa, 3§’m~c{,, = A
implies w-lim o/, a. = ola.
Since |, i = faf by §5(2), we obtain by Theorem 3.4
ZTheorem 9.2. wlim a, = a.gpLi.e_-. Mo noizual.

We have obviously by Theorem 3.3 that »1-?-. &, = Q& implies
v-}!.’n.. A, e Q. Therefore usual convergence may be often called
st conve: ce against weak convergence.

Theorem 9.3. For a fundamental manifold 4 of R, if
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vl_i’-_.(a-..x)=(a'.z) forevery x¢A,
SUp Man < 400,

then we have w-lim A, = Q.
—— P

Proof. By virtue of Theorem 3.6, we conclude from our assump-
tion that there exists a bounded anti-linear functional ¢ on R such
that  w-lim ¢, = ?. For such ¢, we have by assumption that
¢ (x) = ,(x) for every x€ A . Since 4 is fundamental in R
and both ¢ and ¢, are continuous, we conclude hence that P(x) =
%, (x) for every x ¢R, that is, ¢ = ¢, . Therefore we havs by
definition v—}_i;nnav = Q.

Theores 9.4.  w-lin a,=a, sup fa,f<+0, Un £, = £
—M blin‘o(avl‘v):(a’r“)'

Mu Since l(a"’,‘(b)" (“.4)'5'(“&,‘&"()' "'
Hav,4)-(a,L)Is e, - LU+ [(ar,d)- (a,€)l , w
obtain by assumption 39_(“».*‘.;)'(“-,{)-

Theorem 9.5. i vwlia a,=a, lo ja.i=HRat, thenwe
have p o, =a.

Proof. wlis a, = & implies w-lim (a,+a) =22 and
hence 2flall s #‘.la,-& & )i by Theorea 9.2. Since we have by
the formula §4(3)

1
fa,-at® =20ar*+ra.0®) - oy +all
and bl_.i;n.layl = fa ) by assumption, we conclude

lis Na,-af*=40ar- ls 10, + a5 0.
L =pee b~deoo =
Therefore we have L1_1’1_. a, = Q.
We shall consider in the sequel the case vhere R is a Hilbert
\
space. Recalling Theorea 3.2, we have obviously

Theorem 9.6.  In a Hilbert space R, if a, e R (v =1, 2,...)
42 veally copvergent, then sup 0. < +oo.

Therefore we conclude by Theorea 9.4

Theorem 9.7.  In g Hilbert space R, w-lin a, =a, lia &=
{ implies lm (a,,4,) =(a,8).

Py s
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Theorem 9.8. For a fundamental manifold A of a Hilbert space

R, if (a,,x) (v=1,2,...) 1is convergent for every x ¢4 and

bﬂ:l" la, < +ow, then a, (v =1, 2,...) is weakly convergent.

Proof. Recalling Theorem 3.€, we can conclude from assumpticn
that there exists a bounded anti-linear functional ¢ cn R such that
ln (a,,x) = ¢ (x) for every x € R..
L oo
Since R is a Hilbert space by assumption, we can find then by Theorem
5.4 a ¢ R such that (a,x) = ¢(x) for every x¢ R . Therefore
a, (v=1, 2,...) is weakly convergent by definition.
Recalling Theorem 7.2, we obtain by Theorem 9.8

Theorem 9.9. In a Hilbert space R , if (a, ,%2) (v =1,2,...)

is convergent for every x ¢ R, then a, (v = 1, 2,...) is _weakly con-

ve t.
Theorem 9.10. In a Hilbert space R, if (a., a.f.) (v=1,

2,...) is convergent for every p=1 2., and up Ha, i <+ 00,
then a, (v =1, 2,...) is weakly convergent.

Proof. Denoting by B the closed linear manifold generated by
a, (v =1, 2,...), ve see by Theorem 2.7 that B is complete, because
R is complete by assumption. Therefore, putting A = {x: %18},
we see by Theorem 7.2 that the union 4 4 B is fundamental, and hence
{A,a,,a1,...} also is fundamental. Since (a,,au) (v=1,
2,...) is convergent for every M =1,2,..., and (a,,x) =0 for
every x ¢ A and v =1, 2,..., we conclude by Theorem 9.8 that Q.
(v =1, 2,...) is weakly convergent.

Theorem 9.11. In a Hilbert space R, &f‘?‘ fla,l < + oo,

then a, (v =1, 2,...) contains a we convergent subsequence.

Proof. Putting ¥ = sup K a, i, ve have by §4(2)

[(av,ap)l g Navilaull g ¥*  forevery »,m=1, 2,...,
and hence we can find a subsequence av, (p=1,2,...) such thet
(ave, 0.,.) (p=1, 2;...) is convergent for every M=1,2,... .

Then &, (p=1, 2,...) is weakly convergent by Theorex 9.10.
Recalling Theorem 3.2, we conclude easily
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Theorem 9.12. In a Hilbert space R, for a system a, ¢ R
(neA)if sup |(ax,x)| < +oo for every x ¢ R, then we have
ﬁxg Haxh < +eo.
Theorem 9.13. If w-lima, =a, and 8ll a, (v=1, 2,..4)

are contained in a linear manifold M generated by a finite number of

elements, then lim a, = a.
—_— )5

Proof. ‘By assumption, we can find an orthonormal system c,. €M
(u=1, 2,..., X) such that every X € M may be repsented uniquely in
”®
the f = . Putti =
e form % ,‘Z_‘drc,. ng a, ,gd"f‘cf‘ (v=1, 2,

«es), we obtain by assumption for every M =1, 2,...,

Lliymoa o"c{“ = lrl—j;mn (a'"c/“) = (a.’cf‘)
and hence

®

’l_i;m“ Oy = ul-%moo fél d"l“cf‘ = r‘ﬁ":.:,(a’cf')cf"

Thus we have ‘l_i’m.‘ oL = O

§10 Operators
Let R be a linear space. For a manifold D of R, a mapping

T of D 4nto R: Tx ¢ R ( x¢D), is said to be an operator in R,
Here D 1is called the domain of T, and { Tx: xé€ D} the range of T.

An operator T in R with domain D is said to be linear, if D
is a linear manifold of R and

Tlotx+py)= o Tx+ gTy

for every ¢, Y € D and complex numbers ol , p . With this defini-
tion, it is obvious that the range of an linear operator T in R is a
linear manifold of R and ToOo = 0.

Now let R be a normed space. An operator T in R with domain
D is said to be continuous, if lim a.=a, a, a, €D (v=1, 2,
eee), dimplies lim Ta, = Ta. An operator T in R with domain
D 1is said to be bounded, if sup o" T xll<+oo for every positive

Nxfgo, xe
nunber « . With this definition, we see easil]y that a linear opere-
tor T with domain D is bounded, if and only if
su
""117,169 HTxlh < too,

Thus for a bounded linear operator T with domain D we define the noym
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T to mean
= 8u] x i,
(1) R P o T
With this definition we have obviously
(2) ITxis KTHIXH for every x¢€D.

Theorem 10.1. In order that a linear operator T be continuous,

it is necessary and sufficient that T is bounded.
Proof. If a linear operator T with domain D is not bounded,
then we can find by definition (1) @, ¢D (v =1, 2,...) such that
na, 0sl, W#Ta,nzgv (v=1,2,..).

1 1 1
Then we have -0, €D, lim —-a,= 0, but KIT(5-a)ll 21 for

V=1, 2yee0 o Therefore, if T is continuous, then T is bounded.
Conversely, if T is bounded, then bl},n.‘ =4, A, G €D
(v=1, 2,...) implies by the formula (2)
MaiTa,-Tak = Ma IT(a.-aliglin uTWla,-al =0,
and hence yl_i"m__ Ta, = Ta. Therefore T is continuous by definition.
If the domain of an operator T coincides with the whole space R ,
then we shall say that T" is an operator on R . For two operators

T and S on R, we define an operator TS to mean

TS8x =T(5x) (xeR);
T + S to mean
(T+S)x = Tx + 32 (z € R);
and ol T for every complex number of to mean
(*T)x =&(Tx) (xeR).

It TS = ST, then we shall say that T is commutative to S .
Every complex number ¥ may be considered itself as an operator on
R: kxeR(xeR). Then } is obviously a bounded linear ope-

rator on R and HEN = |E|.

For two bounded linear operators T and S on R, we see easily by
definition that all TS, T+ S, and oo T also are bounded linear ope-
rators on R for every complex number o and we have

(3) ITSHUsHTHUSH,
(4) NT+SUsUTHu+uSH,
(5) HelTh = «lhTH,
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Thus the totality of bounded linear operators on R oonstitutes a norm-
ed space. Therefore we can consider convergence of sequences of

bounded linear operators on R . A sequence of bounded linear opera-

tors T, (v =1, 2,...) on R 1s said to be uniformly conyergent to a
bounded linear operator T on R, if

im 4Ty - T = 0.

v=hoe

With this definition we have obviously by the formula (3)

Iheorem 10.2. 1f_two sequences of bounded linwar operavors °T,
and S, (v=1, 2,...) on R are uniformly convergent to bounded 1i-
near operators T and S on R respectively, them T, S, (v =1, 2,
«ss) also is uniformly convergent to T S.

For a sequence of operators T, (v =1, 2,...) on R, if T, x
(v =1, 2,...) is convergent for every X ¢ R, then, putting

Tx = Um T, x (xeRrR),
we obtain an operator T on R , and then we shall say that T, (v =

1, 2,...) is convergent to T, denoting

T o= Mp Ty
Here, if all T, (v =1, 2,...) are linear, then its limit T also is
obviously linear. Furthermore we have obviously by Theorem 2.2

Theorem 10.3. For a sequence of bounded linear operators -T;,
(b=1,2,..) R 4L T = lm T, and sup U T, l<+o0s
then T also is a bounded linear operator on R and

NThs B WTN.

Theoxem 10.4. For sequence unded linear o tors T,

ad § (v=1,2,...) on R, if

Ua T=T, Ma S.=S, s T H<+oe,

L =pon
then ve have lim T, S, = TS.
Proof. Putting ¥ = :;p' il 7o Il » we have for every X €R
HT Sex-TSxl g YIS, x-S0+ IT . $§x - TSxl,
and hence we obtain by assumption }il.nn.. T S.x =‘T3x for every
x €R.
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For an operator T on R and a manifold A of R, we denote by T A
the manifold { Tx: x eAl. With this notation, we huave

Theorem 10.5. Let B be the closed linear manifold generated
by a manifold A of R. For a bounded linear operator T on R,

T B is included in the closed linear manifold generated by T A .

Proof. Denoting bty A, the linear manifold generated by 4,
it is evident that T A, is included in the closed linear manifold ge-
nerated by TA. Since A, is dense in B by Theorem 2.5, for any
feB,wvwecan faind a, € A;(v =1, 2,...) such that lim_a, = 4.
Then we have vlgn'_n’ Ta, = T£, because T is bounded by assumption.
Therefore ~T B is included in the closed linear manifold generated by

TA.
Finally we consider operators on a Hilbert space. Let R be
a Hilbert space in the sequel. For a bounded linsar operator T

on R, corresponding to every a ¢ R, putting
Y (%) = (a,Tx) (x€eRrR),
we obtain an anti-linear functional ¥, on R, and for every x € R
1Y ls nannTxtg (manuTn)nxi.
Thus we can find by Theorem 5.4 uniquely an element ‘{o ¢ R such that
(a,Tx) =(4,x) for every x € R .

Thus, putting Sa = £, (&€ R), we obtain an operator S on R .
This operator S is called the adjoint operator of T and denoted by
T Therefore we have

(6) (T'X»;)=(X.’T}) for every x, y € R.

The adjcint operator T * of T is linear, because we have

(T x+ 8%),2) = (atx+ By, Tz) =ot(x,T2z)+p(y,T2)

= (T*x, )+ 3(T*y,2) = (o T*x+pTY )
for every 2 ¢ R, and hence by Theorem 7.1
T X+ Ag) =L T*x+ BTy

for every «, 4 € R &and complex numbers of, p. Furthermore T *
13 bcunded and we have

(7) NT*n = 0.
Because we have by the foraula (3) for every z ¢ R

HTE = (X, TT*) S URMUT T U N gUTART 0

Taus T* is tounded and U T*H < U TN . Consequently we have ob-
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viously by the definition (6)
(8) (T*)* = T,
and hence we have
T o= k(T*)* i nT*u,

as proved just above. Therefore we have T Il = || T™*I.
Concerning adjoint operstors, we have obviously by definition
(9) (¢T+pS8)" =T +F ST,
(20) (T38) = 87",

Theorem 1C.6. In a Hilbert space R, for a system of bounded

linear operstors T, (A €A4) on R, if sup fl Ty x <+ oo for every

X € R, then we have f:xa N Tall< 400 .

Proof. For the adjoint operators T,* of Ta (A € A), ve have
by the formula §4(2) for every 4 € R
sup (VI x,¥)l = su Hox, Txg)l
Hxf<t,xen W2 nugi, rea
< .
< fgg‘ IITAJII < + o
Thus we G.tain by Theorem 9.12 sup Il T>»*xll< +%0, and hence
X1, A€A
sup l To = sup I T, *il = sup{ su I T \*xll} < +o0.
RS NN = RR T pepd axig g A "

Recalling Theorem 10.3, we obtain by this Theorem 10.6

Theorem 10.7. For a sequence of bounded linear operators T,

(v=1, 2,...) on a Hilbert space R, if T = Mz T, then T

is a bounded linear operator on R , and ys¥p1 NT, Il < 4+e0.

Furthermore we conclude from Theorem 10.4

Theorem 10.8. In a Hilbert space R, for tounded linear opera-

tors T, , S, (b=1,2,...),4f Mm T =T, lm S =S, then

we have 1lim T, 8, = TS.
L =eo

Theorem 10.9. For a bounded linear operator T , v-&}.m“a, =
implies v—}_i’n;. Ta. = To.

Proof. For the adjoint operator T*of T , if w-lim o, = a,
— rdow

then we have for every Xx ¢ R
RE' S (To,,x) = vl_l..mn(a.;,‘rvx)=(1,T'L)=(Ta.,7(.),
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and hence v-linm Ta, = Ta.
An operator T on a Hilbert space R is said to be symmetric, if
(Tx,y)=(x,Ty) for every x, yeR.
With this definition, we have

Theorem 10.10. Every symmetric operator T on a Hilbert space

R is a bounded linear o tor and T = T,
Proof . Since we have obviously by assumption for every Z € R

(Tlatx+py)z) =(stz+py,Tz)
=ad (2, T2)+ p(Y4,T2) = (« Ta+pTy,z),

we obtain by Theorem 7.1
T(oatx+Py)=odTx+pTY
for every x , Yy € R and complex numbers o , ﬁ. Since we have by
the formula $4(2)
ugz‘?s:‘(_”'é‘)' = (Tl s aryn,
ve obtain by Theorem 9.12 ":\;pi' HT x| <+o00, and hence T is bo-

unded. It is obvious by definition that T¥ =T,

Theorem 10.11. If a linear operator T on a Hilbert space R
satisfies (Tx,x) =(x,Tx) for every x ¢ R, then T is a syn-

metric operator on R .

Proof. We have by assumption for every complex number )
(T(x+A3),x+A3)-(x+A3,T(z+A})). ,
(Tx,x) = (x,Tx), (Ty,y)=(y,Ty).
Since T is linear by assumption, we obtain then
K(Tg;*)+’i(‘rx.3.)=)\(;,‘rx)+ I(z,-r&).
Thus, putting )\ =1, we have
(Ty o)+ (Tx,g) = (g, Ta) + (x, Ty
and, putting )\ = |, we obtain
(Ty,x)= (Tx,y) = (g, T2) - (x, Ty).
Therefore we conclude (T},x)=(;.‘r1) for every «x , 36&.
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CHAPTER II
SPECTRAL _ THEORY

§11  Projection Operators

Let R be a Hilbert space in the sequel. For an arbitrary mani-
fold A of R, the manifold { x : x .+ A} 1ie called the orthogoral
complement of A and denoted by A . With this definition, we have

obviously
(1) R* = {otl, fot* =
(2) A>B implies A*c B*,

(3) AC A*L)

(4) AA* <{o}.
Since 4 ¢ A** by (3), ve obtain 4 > (A**)" vy (2). on
the other hand we have A*c (A*)** vy (3). Therefore we conzlude

(5) A e = A &4 J.
Furthermore we see easily by definition for a system A, (x e /)

(6) A =t Z A=t Attt

A€
Recalling the relations (2), (3), (5) in §7, we see easily

Theorem 11.1. The orthogonal complement A4* is a closed linear

manifold for every manifold A4 .
We have further

Theorem 11.2. A** is the closed linear mayifold generated by

A for every manifold A.

Proof. let B be the closed 1inear manifold genarated by A.
Since A** is e closed lingar manifold by Theoyem 11.1 and A** > A4
by (3), we have B ¢ 4** by definition, and hence B*>A*** = A* vy
(2), (5). On the other hand, g > A implies B*c A~ by (2). We
have therefore B* = 4*, and consequently g** = A*", Furntermore
B is complete by Theorem 2.9, because R is complete by assumption.
Thus for any . € B we can find by Theorem 7.2 £ ¢ R such that H{Il =
44p and f = d o+ forsome X ¢B and compler number L.  Here
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we have ot % 0 , because 04 £ L B implies £ € B by (4). Hence
mhavea:-x%--a—{ y-xX €B , ;(1-44-3. Therefore we can
state that for any & ¢ R we can find x € B and Y€ 8* such that a =
x 4 ﬂ' Especially for a € B“"’, we have then g** 3 a - z:;ea‘,
because B ¢ B** vy (3). Thus we conclude 4 = 0 by (4), and hence
o =%€eB. Consequently we have B = B** = A*%,

In this Proof, we have proved that for any o. ¢ R we can find = 8
and Y€ B* such that a = X + Y. Such x , ¥ are determined uni-
quely. Because, if

I*J'_'xl*all x, % €EB; ’.3.55*,
then we have B3 X ~ Xy = Y, —368*, and hence X -Xy= 4, -4 =

vy (4). Therefore we can state

Theorem 11.3. If A is a closed linear manifold of R, then

for any o ¢ R we can find uniquely X ¢ 4 a&na y ¢ A* tuch that
@ =%+ ’ .

it M be a closed linear manifold of R in the sequel. For
any o € R we can find by Theorem 1l.3 uniquely xeM and ;eM" such
that a0 = X + 4 . This uniquely determined element 2 is called the
projection of an element . to M and denoted by Pl'l a . Then we
obtain obviously an operator Py on R. This operator P, is call-
ed the projection operstor of a closed linear operator M.

Stnoe M = M** by Theorem 11.2, we have obviously by definition

(7) Py + Ppys =1,
for the projection operator P, . of M™*. Recalling the formula (1),
we conclude immediately by definition

(8) Pa =1 Prog = 0+

1t is evident by definition that PM X ¢ M for every xé¢ R. Thus
PM 2% = X implies A e¢M. Convavsely X € M implies X = PMx vy
definition, because X = X +0, X€ M, 0€ M*. Therefore we can
state

Theorem 11.4. We have P,x =X, if andonly if X € M.

We see at once by the formula (7) that PyX = 0 if and only if

PM"‘ = X Therefore we have by Theorem 11.4
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Theorem 11.5. We have Py x = 0 if and only if x & M*.
Since Py % é M for every x € R, we obtain by Theorem 11.5

PuPux = Pyx for every X €R .

Thus every projection operator P,,1 is idenpotent:

(9) PuPy =Pnuv

Furthermore we can state

Theorem 11.6. The range of P, coincides with M, that is,
PuR = M.

Since Py x € M, Pps y € M?* for every x, Y ¢ R, ve have
(PMX,PMa5)= 0 for every X, ,ER.
Tris relation yields by the formula (7)
(Puxy4)=(Pyx, Pul).
We also obtain likewise
(%, Puy) = (Py, Py ).

Therefore we have

(10) (Pyxs4) = (2P y) = (Pyx,Puy)-

From this relation we conclude that ths projection cperator Py is
symmetric. Therefore Py 1is & bounded linear operstor on R by Theo-
rem 10.9, and hence Py 1is continucus. Furthermore we have

(11) NPuxll g fx( for every x € R.

Because, recalling the formula §7(4), we obtain by (7)
Hxg® = WPy x §* + N1Pys x 42,
This relation yields (11) at once, and we obtain further by )]

(12) H(1=Pp)2l® = B0 = [Py x %,
Furthermore we have || Pys x Il = 0 by Theorem 11.4, if and only if
x eM* =M. Therefore we have

Theorem 11.7. Py xlt = Ax|l implies P,x = X.

By virtue of the formulas (9), (10), every projection operstor is

a symmetric idenpotent operator on R . Conversely we have

Theorem 11.8. For a symmetric ideapotent operator T on R,

can find uniguely a closed linear manifold M such that T = Py .
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Proof. Since T is symmetric and idenpotent by assumption, we
have for every x , Y € R
(Tx,,-‘l’,) =(x, Ty-TTy)=0.
Therefore, denoting by 4 the range of T, we have for every X € R
X = Tx+(x-Tx), Tx €A, x-Tx € A*
Since A< A** by (3), we conclude hence by definition
X - Tx =Puax.
This relation yields by (7) T = Pgss .
By virtue of this Theorem 11.8, every symmetric idenpotent opera-
tor on ¥ also is called a projection operator.

§12 Calculus of Projection Operators

For two closed linear manifolds M and ¥ of R, we define P, < P, oy
or Py 2 Py to mean McC ¥. With this definition, we have obviously
by the formula §11(2) that Py § P, is equivalent to Pya z Pp+, and
hence by §11(7) that Py 5 B, is equivalent to 1- P, 2 1 — Py.

Theorem 12.1. For two projection 'omratoro Pand Q, PgQ
is equivalent to every one of the following conditions:

1) QP =P,

2) pQ =P,

3) HRx - Pxi® = #@21* - KPx ' for every x €R,
4) HPxll S NQxN for every x €R,

5) Qx = 0 implies Px =0.

Proof. Recalling Theorems 11.4 and 11.6, we see easily by defi-
nition that P< Q implies QPx = Px for every x € R, that is, PgQ
implies the relation 1).

If QP = P, then we have by the formula §10(10)

pP=p"=(QP)* =pP*Q"=PQ,
because every projection operator is symmetric. Thus 1) implies 2).
T¢ P = PQ, then we have by the formulas (9), (10) in §11
(Px,Qqx -Px)=(x,PQ&x~-Px) =0,
and nence by §7(4)
KQxn® = 4PxI*+01@x-Px*  for avery x €R.
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Thus 2) implies 3). 1t is evident that 3) implies 4), and that 4)
implies 5). Recalling Theorem 11.5 and the formula §11(2), we see
easily by definition that 5) implies P § Q. Therefore our asser-
tion is established.

For two manifolds A and B of R, we define 41 B tc mean A< B*,
that is, x & 4 forevery x € 4 and ¥ € 8. With this definition,
it is evident that AL B implies B i A.

Theoyen 12.2. For two closed linesr manifolds M and ', we

bave Mu M Af and only if Py Py = 0.

Proof. If ML N, then, since Py x € M, P, Y% €N by defini-
tion, we have (Pyx,PyY4) = 0, and hence by §11(10)

(%, PuPry)=0 for every %, 4¢ R.

Thus we conclude Pu Py = 0 by Theorea 7.1.

Couversely, P, Py = 0 implies by §11(10) for every x, y €R

(Puxs Pu¥) = (X, Pu Puy) = 0,

and hence M .. /¥ by Theorem 11.6.

Theorem 12.3. For two projection operators P and Q, Pa

also is a projection operator if and only if PQ = Q P.
Proof. If PQ is a projection operator, then PQ is symmetric,
and hence by the formula §10(10)
Pa =(PQ)"= Q*P*= qP.
Conversely if P@ = Q P, then we have by §11(10)
(Pax,y)=(x,aPy)=(x,Pay),
and hence PQ 1is symsetric. Furthermore we have

(Pa)ra)=(Qr)PrPa)=QPa=PQa =raQ,
that is, PQ is idenpotent. Therefore P @ is a projection opera-
tor by Theorem 11.8.

Theorem 12.4. For two projection operators p and @, P+Q
also is a projection operator if and only if PQ = 0.

Proof. If P+ @ is a projection operator, then P+ & is iden-
potont,andhongo
p+qd =(P+@)P+R)=P+a+PR+QP.
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This relation yields
PQ+0QP
and further QPQ + QPR
consequently PQ = 0.
Conversely if PQ = 0, then we have @ P = 0 by Theorem 12.2,
and hence

0, Pa+@PQ =0,
0. Thus we obtain Q PR = 0, and

]

(P+)P+Q)=pP+a,
that is, P+ @ is idenpotent. Since P + @ is symmetric by §10(9),
P + @ is a projection operator by Theorem 11.8.

Theorem 12.5. For two closed linear manifolds M and 4 of R,
Pu = Py is a projection operator if and only if Pm 2 Py, and then

Mm~=Py= Puw+.

Proof. If PM - Py 18 a projection operator, then we have by
Theorem 12.4
Pv(Pm=-Fy) =0,
because Py = P, + (Pu - Pw). Thus we have
PvPu =Pw Py = Ps
and hence P” & Py by Theorem 12.1.
Conversely if P, < Py, then Py Py, = P, Py = Py by Theorem 12.1,
and consequently
(PM - PN)( Pm - P/v) = pM PH'P P”P/V' PMPIV-P”PA'—' Pn - Py»
that is, PM - P” is idenpotent. Since PM - Py is obviously symmetric,
Pu- F", is a projection operator by Theorem 1l1.8. Furthermore
Pm(PM - P,v) = Pn ‘P,V:
Pys(Pu= Py) =(1=Py)(Pu=Px) = Py - Pw-
Thus we sec by Theorem 11.4 that the range of P, ~ Py is included in
M AN *.e On the other hand, for any X € M #*, we have by Theorems
11.4 and 115 P,% = %, Py X = 0, and hence (Pp ~ Py ) x = X.
Therefore we conclude by Theorem 11.4 that the range of Py — Ps coin-
cides with M¥ *, and hence Py - Py = Ppp+ by Theorem 11.6.

For two closed linear manifolds M and ¥/, the projection operator
of MN will be denoted by Pm ~ Py , that is

PM,/ = P,.‘ ~ P/y‘. )
On the other hand, we shall denote by Pu Vv Py the projection operator
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of the closed linear manifold generated by M and N . With this de-
finition, we have obviously for every projection operators P and @
PvYQ =avPzpP, PAa=QAPsP.
Furthermore, for projection operators P,, P, , P3, it is obvious that
Pys» Pag Py implies P, Y P, 5 P3, and that P, , P. g Py implies
P, AP r4 P
Theorem 12.6. For two closed linear manifolds M and ¥, we

have P, Py = Py Py if and only if P,MCM, and then
PeM =wW¥M, Pu P”=P~Pyn
Pu" P = Pu+ Py = Pu Pr.
Proof. If Py Py = Py Pm » then for every x € M we have
by Theorem 11.4 P, x = P, Pyx = Py Pyx € M,
Conversely if Py M C M, then, since P, x € M for every x € R
by Theorem 11.6, we have by Theorem 11.4 for every x € R
Pm Py Pux = P, Py%,
that 48, Py P, Py = Py Pm. Thus we obtain by §10(10)
Pu Py = Pu P, =(Py Pu)" = (Pum Py Pu)" = PP Pu= Py Pn.
If Py Py = Py Pm, then P, Py is by Theorem 11.8 a projection
operator, and we have obviously
PyPyx = P Pyx € MN for every X €R.
On the other hand, for every % € MA, we have by Theorem 11.4
PMPNI = Pyx =%,
Therefore we #¢e by Theorem 11.6 that
PuPrv = Prmy and PvM = NM.
Denoting by A the closed linear manifold generated by M and A,
we have by Theorem 11.2 and the formla §11(6)
A= (m*p*)t.,
Since we have by the formula §11(7)
Pus Bys = (1= B)(1-Py) = (1-PX1-Py) = Pys Pus,
we have Ppas Pys = Pyas s, as proved just above. Therefore we
obtain by the formula §11(7)
Pu“ Py = Pa =1 -Pysps=1= Pys Py+
=1- (0= Pu 1= Pu) = Py + Py - PuPy.
Theorem 12.7. For two projection operators P and d. if they
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are comrutative: pQ = @Q P, then we have for every =x € R
nPvaxt®s nPxat+naxi®,
Proof. Recalling the formulas §11(11) and §7(4), we have by
Theorem 12.6 for every x € R
Kpvaxir =lPx+a(Q-p)lzu?
s iPxnt+b(1-P)axi*s uPxu*+ paxn?

Por an operator T on R , we define T* (v =1, 2,...) to mean
T =T, Tv'=z 1T (v=1, 2,...).
Witk this notation we have

Theorem 12.8. For two closed linear manifolds M , ¥ , we have

Pml\ Pﬂz lel = Pl_}.m“(PM P/v)yo

Proof. Putting T = P, Py Py, We obtain by §10(10) a symmet-
ric operator T on R, and we have by §11(11)
NTxhgnxll for every X €R .
For an arbitrary a ¢ R, we have hencse
(T, T%a) = f T**au®,

and consequently (T32**a, T2*a) (v =1, 2,...) is convergent for
every M =1, 2,000 o Therefore we can find by Theorem 9.10 £ ¢R
such that w-lim Ta =4. Por such f ¢ R we have

ngwt = Mo (T¥a,4) = Ma U (T™a,T*0)

y—beoo m

= lim lmp (a,T2#*"a) =(a,4)

b=doe r-%n
= Um (o,T%a)= Ma NTval’
Therefore we have RECY T2a = 4 by Theorem 9.5. Furthermore, put-
ting Q = yl-?-. T ?¥, we obtain by Theorem 10.6 & bounded linear opera-
tor Q on R« This operator @ is symmetric, because
(@x,y)= Ua (T*x,4)= Ua (x,7*y)=(x,Q¥);
and @ is idenpotent, because we have by Theorem 10,8
eQ = Mg, T = Q.
Therefore @ is a projection operator by Theorem 11.8. Since
2 - el L, _
TQX.-}_%B&T x = Qx,
we bave for every x ¢ R by $11(11)
NRxNSNTAXUSHPuP,Axlis NPyAXKH SHAX,
and hence i@ xll =liPy Q@ x Il =P, P, QxM. Thus we conclude by
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Theorem 11.7
@x = Py, Qx = Py P,Qx for every x ¢R,
and hence the range of @ is included in M A/ by Theorem 11.4. On
the other hand, for every x € M/, we have by Theorem 11.4
TX P/VPM P/V x = X.
Therefore we conclude @ = P, , by Theorem 11.6.

Sinc? TQ = Py pMP”Q = Q, we also have Q = .]__yg‘ A
and hence Q = 3}’m~ TV On the other hand we have obviously by
the formula §11(9)

(Py Py )''= Py TY v =1, 2,...).
Thus we obtain further
v
Q = Pu@ = Mz Py T = dp (P PW).

n

§13 Systems of Projection Operators

For a system or closed linear manifolds M, (A ¢ A) of R, the
intersection IT M, also is obviously a closed linear manifold of R.
€A

The projection operator of TT M, will be denoted by /\ PH , 1.0,
XEA AGA A
(1) Puy = P
QA M T Ms
With this definition we have obviously by Theorem 11.4
Theorem 13.1. In order that Q = QA P , it _is necessary and

sufficient that we have Q x = x if and only if P, x = x for every

A eA,

For a system of projection operators P, (A € A), we shall write
Pad reanr if forany two x,, Ay € A we can find A € /A such that
Prg Pa, A R,i80d Py}, , @ means that Pl,gy and @ = () Pa.
For a sequence of projection operators P, (v =1, 2,...), we shall write
Pv&:'.q if PigPrg --vs and P,#.“.. @ wmeans P, |7, and
Q= R Py

[ 41)

Theorem 13.2. If Py l,¢4 @ then we have

IQI' = &i "Pax." fo; every XGR.

amd P, LT, 0 xen (b=1,20000), da HPs x8 = 4QxH

isplies lm P, x = Qx.
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Proof. For an arbitrary a € R, putting ¥ = iaf Il Paall,

we can find by assumption X, €A (v =1, 2,...) such that
Payd Sais Ao NPx, all = V.
For such A, €A (v=1,2,...), (Pa, =Py, .00 (v=1,2,..)1s
an orthogonal sequence, because we have by Theorem 12.]1 for y < m
((Payx B, (PAM' PA,uﬂ)a’) = ((pxr’ Pqu)(Px," E\,,.)"'s a) = 0.

Furtnermore we have by the formula §7(4)

$ 3 2

él\(&v-&m)aﬂ’ = um_W(P, - R Do 5 Han?

Therefore g (Px, = Px,, )0 1is convergent by Theorem 7.11, and

hence P, a (v=1,2,...) is convergent. Thus we can put
I;‘ = ylé;m— P)‘» a

and-we have obvioysly
A4h= Mp WPxal = ¥
For any X € A we can find by assumption P, ¢ A (v =1, 2,...) such
that Pp, g P, ~ Pp, , and then we have
WPrdn = Mm WPAPy, oll 2 o N Ppallz ¥= 144,
Consequently A Px 4 M = B4 I by §11(11), and hence we obtain by Theo-
rem 11.7 P, {4 = { for every A ¢ A. Thus we have @ £ = £ by Theo-
rea 13.1. On the other hend, since Q 5 P, (v =1, 2,...), we have
by Theorem 12.1
Q4 = m QP 0 =Qa.
Therefore Qa = 4 = lim P, a , and further Qo i = V.
For a system of closed linear manifolds M, ( A € A ), the closed

&4
linear manifold geperated by ?'e:,« M, coincides with (E My ) " by
Theorem 11.2. The projection operator of ( % MO will be de-
noted by A\(_/A PMx , that is,

2 =
( ) X\GJA PM)' P(E;Mx)‘* .

With this definition we have obviously by Theorem 11.5

Theorem 13.3. In ovrder that Q = k\{ Pa, it is necessary and
A

sufficient that we have Q x = 0 if and only if P, x = 0 for all A eA.

Since (% M) = I\;M: by §11(6), we obtain by §11(7)
(3) VP =- [“\A(l - Pr).

A A
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From this relation we conclude further
=1- 1-Py).

(4) APr =1V (1-F)

For a system of projection operators F), (A € A), we shall write
P,\T,‘M, if forany Ay, X3€ A we can find A €/ such that P, 2
PayY Payi and PrTren @ means that P\ To¢y and @ ‘i{,« Pr. Por
a sequence of projection operators P, (v =1, 2,...) we shall write
P, 1‘“” y if Pyg Py g +--; and P, 1,7 @ means that P, 17, and
Q= “ U Py

Theorem 13.4. iz P Taes @ » then we have

@ xi = sup | Py x| for every x¢R,
and P 4.7 s A et (V=1,2,.0), Mo dPyxll =@ xl
implies lim Py, x = Qx.

Proof. If P £1¢4Q ) then we have by the formula (3)
(l'PA)L;(,Al"‘Q'

Thus we have by Theorem 13.2 for every x € R

Wx-Qxi* = inf 4% - Paxli?
and hence by §7(4)

Wyt =1 Qx |* = fnf (i = 4 Paxii®).

This relation yields @ x J|* = sup HPrx I|*, and hence
fQx1ll = ;Humxn for every x ¢ R,
If Px,T,2 and lm HPx, X I = 1@ xIl, then we have

(=P )T Ma lx - Paxit = i x-Qxl,
and hence by Theorem 13.2
lvl-i')m- (X— Plvx) = x- Ql ’
that is, lim Py x = Qx,

By virtue of Theorsms 13.2 and 13.4, we have obviously
Theorem 13.5. P T2, @ o Pl Q impliss lin P, - Q.
Theorem 13.6. If a _projection operator Q is commutative to all
projection operators P, (X € A ), then we have
QNP = (PR =1 P,\Q,
QQ{AP" (U PxlQ = a Q.

’%GA
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= v .
QVQAP,\ ;QA(O' Pa)
Proof. Denoting by M, the range of P, (A€ A) and by N
that of Q, we have by definition
nPAgPTrMA PA'PMJ\’ Q‘P”'

AEA
Since P, P, = Pu, Py (2 € A) by assumption, we have by Theorem 12.6

PNM,‘c M, for every i ¢ A, and hencé P” HAM,\ C;,(IMA' Thus

we obtain by Theorem 12.6

PwParix = PumaPuw = Pow
= (\ Py, n = [\ Pu, Pu.

A€A A€A
Therefore the first assertion is established. Consequently we obtain
by the formula (3) and Theorem 12.1

QUPA =({,Pr)@=a-Q(a-ahm)

A€EA
=Q(1—f\(1 QPA))—UQP»\)
beceuse Q 2 U QP =1- QA (1-QPR). Nrthcnoro we conclude

by the formulas (3) and (4)
Qv NA =1- 1-)a-nP)=1-1-8)4 (1~ Pr)
=1-4 (1-Q)1-A)=1- 0-(QVP)) = A (AYF).
Theorem 13.7. For a system of projection operators P, (A ¢ A),
AL P, Py =Py Pr forevery n, ¥ € A, then we have for évery x €R
RS S L = TN A
Proof. By virtue of Theorem 12.7, we have fof #vely finite nim-
ber of elements i, ¢ A (v =1, 2:...,u)
" < 2
Y Pa, ¢ N g j‘:lPA,xn & S MPax Y,
and hence we obtain our uurt:lon by Theorem 13.4, Yecause

U, P, Taerwwmit, oy M Pa.

st Km,2,e0e AEA
Theorem 13.8.  Por two sequences of pyojection operators P, 1,7, P,
ad Q1,7 Q, 4 P,Qu = QuP (mv=1,2,...), then we hive
Pat.s,ra.

Proof . It is obvious by assumption that P, Q, ¢ Jz,. By
virtue of Theorem 13.6, we have further
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P& ’(v\-jt Pu )(;{‘ a'u) ‘.U Per' .L.}‘ Pya’VJ

o

because P, Gl,.é Pup a—uﬂf°r overy v, Mm=1l, 2.0
Theorem 13.9. For projection operators Q@ ,s5 fA (> €A4), if
APy =0 for A+Y, then vo have

N(Pa=@) = /Py - U Qax.

Proof. Since we conclude from assumption by Theorems 12.1 and
12,6 for every A , ¥ €A
(Pr=Qa)VY @, = Px, (P=Q\)Q, = 0.
we obtain by definition
(,}{A( Pr— Q)Y (Alejna)‘) - ,}{A P,
and by Theorem 13.6
(AVI\(PX - Q“))(AVA QA) = )‘,\rj.A(PA'QA)Qr =0,
Thus we conclude by Theorem 12.6

V(R=-Q\) = UV Pr-V Qx.

AEA AEA AEA
§14 Rings of Projection Operators

Let R be a Hilbert spacs. For a collection of operators P on
R » we shall say that an operator S om R umto”p, ir
TS = 8T for every T ¢P. A oollection of operators P on R is
said to be commutative, if every T ¢ "D is commutative to V. '
collection of projection operators 10 is called a xipg, if N is cua~
futative and

1) P, Q¢p implies PV Q ¢ P,

2) Py Q¢ implies P(1-Q)e'P.
Since pQ = P(1-P(1-Q)), tora ring P we have further

3) Py Qep implies PQ ¢ “p.

For a ring R, putting

Co = MaP:
we obtain a projection operstor Cg . This projection operstor C,
is called the cover of R . A ring R is said to be closed, if for
every system P, ¢R (A €¢A) we have M.PreR, and hence 1\ P, € R
bscause
DP= P*°(1"»VA Px) for X, €A
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For & closed ring R, we nave obviously Cn ¢ R and Cgy 2 P for every
PeR.

For a collection of operators ¥ on R, the totality of projéction
operatore which are commutative to ¥, is called the commutor of P and
denoted by P . Concerning the commutor ? of P we have obvicusly by
definition that 1 ¢ P and 1-PéP for every P € P . If pisa
ring, then we have "p 5, because every ring ¥ is commutative by defi-
nition.

Let R be a closed ring of projection operators, Cpx the cover of
R , and § the commutor of R . Corresponding to every X € R , the
projection operator of the closed linear manifold generated by the ma-
nifold { Px : P €R} is called the projector of X by R , and deno-
ted by Lx] or by ("JR’ if we need indicate the ring R .

Concerning projectors we have obviously by definition

(1) {@x] g CxQ forevery Q¢ R,

(2) Lot 2] [z) for every complex number o #* 0.

L]

Since Cy €R and (x1X = [x) Cpx by (1) and Theorem 12.1, we ob-
tain by Theorem 11.4

(3) (x)x = Cpu,
Thus we have naturally
(4) (x)=0 if andonlyif Cpx = 0.

Denoting by M the closed linear manifold generated by the manifold
{rwu: pPeR}, ve have by definition (a]= Py. For each Q ¢ R,
denoting by N the closed linear manifold generated by {QpPpa : Pe¢R}»
we have QM ¢ A by Theorem 10.5, and further ¥ C M , because @ P ¢ R
for every P ¢ R . Therefore we obtain by Theorem 12.6

QPm = Pus) AQM=QN=N.
Since Q ¢ R may be arbitrary, we ootain hence by definition

(5) (x)e R for every X ¢ R.

If QéR, but @ Pm = Py Q, then we have p C M by Theorem 12.6 and
@ M <M by Theorem 10.5. Thus we conclude

QM =QN =N,
Since QP = PQ@ for every P ¢ R, we obtain (Qa) = P, by definition,
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and further Q P, = P, by Theorem 11.6, because @ P,, is a project-
ion operator by Theorem 12.3 and Q Py R = @M = N. Therefore

(6) Qix)=(@x) if QéR, Qlx]=[xIQ.
Since P(x3} = [x3 P for every P €R by (5), we have especially
(6*) Pix)l = [P 2] for every p ¢ K.

If (x)(y) = 0, then we have by (1), (3), (5) for every p e R

(x,Py)=(xIx, Pry1y) = (x,(x1Ly1PY) = 0,
because P g Cy for every P ¢ R. Conversely if (x, PY ) =0 for
every P £ R, $hen we have

(ax,py)=(x,QpPy)=0 for every P, Q € R.

Thus, recalling §7(5), we conclude [x igd = 0 by Theorem 12.2.
Therefore we have

(7 (x1(yl= 0 if and only if (x,PY) =0 for Pe€R.

Recalling Theorem 11.5 and the formula §7(5), we see by definition
that (z, Py ) = 0 for every P ¢ R if and only if lylx = 0. Ve
conclude hence from (7)

(s) fx1(4)=0 1if ond only if ([y)x = 0.

By virtue of (7) and (8), we have (x - y,Pa.) = 0 for every P
€R, if end only if (a)(x - 4) =0. Therefore we obtain
(9) (x,Pa)=(y,Pa) for P¢R if and only if
falx = Ca]g.

Ir [x.]; = Cug, then we have (xJ Py = Py forevery P e K,
and hence (3]5 (x ] by Theorem 11.4. Conversely if [:Jﬁ (z},
then we have by Theorem 12.1 and (3)
(x)y = (x1Cxy = (x1lyly =Lyly=Cn}-.
Thus we obtain

(10) [x] 2 (y)if and only if (x] 4 = Cp ¥ .
Theorem 14.1. For every Q¢ R we have Cx@ = U (@x].
xXerR
Proof. For each x ¢ R, we have obviously
R(rPax)=rax for every P¢R .
Thus we see by Theorem 1.4 that Q 2 (Qxz] for every x ¢ R. Cn

the other hand, if [Qz ]y = 0 for every X ¢ R. then we have by (1)
and (3)
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Cry =layidy =(Qyly =0.
Thus we conclude by Theorems 11.2 and 13.3 that zlikcqlzl 2CnQ.
Therefore we obtain CyQ = AL E

Theorem 14.2.  If R>P, 17, ad lp UP.ai = Nall
then we have P, [a] T::, (al.

Proof.  Putting @ = 9, P, , we have Q ¢ R by definition and
Qo) = g‘ P. [a] by Theorem 13.6. Recalling Theorem 13.4, we

obtain further by assumption
HQall =tQCalall = ln WP (alad= lim WP ol = Hall.
This relation yields Qa = a4 by Theorem 11.7. Thus we have by (6')
(el =({Qal=QC(al.
Theorem 14.3. For a_system P, € R (A €A ) and an element
0. €R, we can find a sequence A, €A (v =1, 2,...) such that
x\fnp‘w'l = “\'_7' Pr (2},
D el = A Pyl
Proor. We need only prove that for R3 P, 1, .,

find a sequence A, € A (v =1, 2,...) such that P, [a]T::'PLaJ.

P we can

In this case, we have by Theorem 13.4
HPall=IPPaN = e 1PrPall.
Thus we can find a sequence 2, ¢ A (v =1, 2,...) such that
Paytouis  lm NPs Pall=liPal.
This relation yields by Theorem 14.2 and (6')
Patad =Pa PLad = Pa, (PalT, (Pl = Plal
Theorem 14.4. If Pu, (2113, Plal (‘u= 1, 2,4..)y, P,
P,,,, ¢€R (r,v =1, 2,...), then we can find Vo, p (r,f =1, 2ye.4)
-4 oe
such that rr'\' Prsvp,p (0] T,,, Ptel,

Proof., By virtue of Theorem 13.5, we obtain by assumption
Ja, hPa-Pu,an=0 for every M =1,2,... .
Thus we can find b, p (myp =1, 2,.00) such that Vo,p <V, pyy 804

NP = Puyvp,a s 57 (Ko g =1y 2,000
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Then we have by Theorem 13.7 and the formula §13(4)

1Po - B Puve ot = 8T (=P, Pl

Vu,
é’é‘“PG'Ppﬂ.v.,al(ﬁ _;T

foy every § =1, 2,..., and hence lim 'é' Parvpg =0 Thus
-s
we have by Theorem 14.2 ’r-\‘ Pﬂ',’_'f [a]f":' Pcal.

For an arbitrary projection operator Q we define the cover (° o
of @ by R to mean

Co= Cq- P=Cq N (1-P).

v
QP=0, PR Qgi-P,PeR
With this definition, it is evident that c Q € R for every pro-

jection operator Q , and we have obviously
(11) Cp =P for every p € %,
(12) @, § @, implies CQ. S Ca‘ .

Recalling Theorem 13.6, we have

Q \J P =0,

QP=0, PER
and hence

(13) QACrs Cq,

(14) CaP =0, P¢R, if and only if QP = 0.

For a system of projection operators Q, (2 €A) we see by (14)
that we have

cx‘qAP =0, Pex,

irmdonlyu"\{q&? = (), and hence by Theorem 13.6, if and only
A
if Q, P = 0 for every A €A. Therefore we have by (14)

(15) C&.‘,AQA =\ Co, -

For P,¢e R, @ € R , we have by (14) CP.QP =0, PeR, ir
and only if PP, Q = 0, and hence if and only if Co P, P = 0.
Thus we conclude C, o(Cy - CoPo) = CqP(Cq- C'.Q) = 0, and hence
CP.Q =P, Ca- Therefore we obtain

(16) Cpq=PCq forPeR,Q€R.

Since [x])¢€ R by (5), putting @ = [x] in (16), we obtain by (6')
(16) Cioy= Cpuxy = P Cixy for P ¢R-
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Since (2)g Cpyy by (13), we have by (3)

CrayX = CoyyCpx = Cp tx1x = (2] X = CyX,
that is, '

(17) CregX = (21x = Cyx.

If Px = C.lz , P € R, then we have by (16')
PCra = C(le = thax] =CpCray= Conre
Conversely if P C¢,y = C(y; then we have by (17)
Cpx = Cog® = PCoyx = P eyt = PE.
Therefore we obtain by Theorem 12.1
(18) P2Cry PER, if and only if Px = Cpx.

If PCixy= 0, P €R, then we have by (17)
Px =PC;R71=PC(,U7¢=0-
Conversely if Px = 0, P ¢, then we have by (16') PC .y =0.

Thus we have

(19) PCixy=0, PeR, if and only if Px = 0.
From the definition of covers we conclude immediately
(20) = for < Cq.

CQ Q{S\N‘R P Qs lqg

Theorem 14.5.  If C, Cm‘_, =0 for v¢pm and y}:_' a, is

o3
convergent, then [ni' o) = ‘\ﬁjt la,1.

Proof. Since C( N ]C ¢ = 0 for m& vy by assumption, we
S0k ~3 “tay)
have by (19) C‘“r’ @, = 0 for m# v, and hence by (17)
C(“f“] é:; o, = Ctur]&‘.= C'R O
for every m =1, 2,... . Thus we obtain by (6?)
c[ﬂrl { ‘Z‘; a,] = (cﬂ.ap] = CR [a'rl = (G-I»I
for every Mm=1, 25600 . This relation yields by Theorem 13.6 and
the formula (6')
™) .o oa 0
Pk'/' topd = r\'{' C[“r]Lf:“ W)= {:rhjc c‘“r-’f::ia"]
o0
= LvEy pe ('c“rlaw =1 = 2.,

because we have by (17)

°a oo oo
'}.{' ct“—rl G\vv = '&/ C(ar] Caa‘v = ’EJ C(ar_’ C[“v‘ “l«

1}
g
~
P
)
<
"
()
»
15y
<
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Theorem 14.6. For any sequence a, ¢ R (v=1, 2,...) we can

>

'——'fim 'a'e & -—-—-—-—'“ch that Cfl“: XY ctau] M
vei
£roof . Putting £, = a1, 4, ’(Cn",.\./, c“r’)a’" for
v =2,3,..., ve have by (16') for every » =2, 3,...
vet
Ctl.] = ( C’)l',.‘{. Cta‘.l) Ceaur

Thus we have = 0 for v # M and further

4.1 Cre,l
oo )
YCepy = Y Clayys

because we see by Theorem 12.6 for every v = 2, 3,eee

Ctl.l = ‘..l./. Ct

Vet
ap1 ” o2 Ceap
Now we can find o, > 0 (v =1, 2,...) such that é ldu(yll‘<*°°
and then we can put by Theorem 7.1l1
a‘ - :2:.01» “v.
Since (o) £, ] = [{;] by (2), we have then by Theorem 14.5
21 = U td1,
and hence by (15) Cepy= \J Cop y= U Coeapae

13} R
Theorem 14.7. For a projection operator P ¢ R, we can find an
element g ¢ R such that P.= € ,; if and only if for any system P,
€ R(xeA) wecan find a sequence A, ¢ A (v =1, 2,...) such that
o
Px\'e//« Pr =P Hl Pay .
Proof. It P = C“) for some a € R, then for any system P,

€ R (n € A) we can find by Theorem 14.3 a sequence A, € A (v =1, 2,
«es) such that we have

P;\ (a]

Aéa

:\Z PA, (al,
and hence by (16*)
- .
HA PA C[u.] = H‘ PA., C(.G}'
Conversely, if for any system P, ¢ R (A € A ) we can find a sequ-
ence A, ¢ A (v =1, 2,...) for which
pHApK = P).-/' PAV’

then, since P = HKLP” by Theorew 14.1, we have by (11) and (15)

P = ,,YR Cipxys
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and hence we can find a sequence X, ¢ R (v =1, 2,...) for which

24}
Then there exists by Theorem 14.6 @ € R such that P = C a9y

§15 Proper Spaces

Let R be & closed ring of projection operators and (g the cover
of R. A subset 2 of R is called an ideal, if

1) 0€2,

2) Peg, PsQeR implies Qef,

3) P, Qe g implies pPQep-.
An ideal P is said to be maximal, if there exists no other ideal in-
oludlug; .

From the postulates 1) and 3) we conclude immediately that every
ideal § satisfies the condition
»
(6] NP, %0 for finite P e 2 (v =1, 2,...,%).
[T

Theorem 15.1. If a subset & of K satisfies the sondition

(F), then there exists a maximal ideal including %, .

Proof. By virtue of Maximal Theorem, we see easily that there
oxiatg 8 maximal subset ; of R which includes 3, and satisfies the
condition (F). Such £ i & moximal ideal. In fact, we have ob-
viously 0 ¢ g IfPep and P5Qe R, then ve have Qed.
Because, if Q € 3 then { : , @ } satisfies obviously the condition
(F), contradicting that & is 2 maximal subset satisfying (F). Fi-
nally, if P,Qe;,thenwehavoPQég. Because, if PQE &,
then {3. y PQ} satisfies (F), contradicting the maximality of b
Therefcre g is an ideal by definition. Furthermore g is a maximal
ideal, because every ideal satisfies the condition (P).

Theorem 15.2. In order that an ideal ;F be maximal, ii is ne-
cessary and sufficient that for R 3 Q'é g we can find P ¢ g such that
P Q = ov

Yroof . let g be an ideal. If there exists @ ¢ R such that
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QE€p and PQ #0 forevery P62, then {  ,Q | satisfies obvious-
1y the condition (F), and hence there exists by Theorea 15.1 a maximal
ideal including { § , Q}. Therefore £ is not maximal.

Conversely, if 3 is not maximal, then there exists by definition
an ideal 3, including £ but different from $ . - For such P, we
can find Q€ 3, such that QP , but we have obviously by definition
PQ %0 for every Pe .

Theorem 15.3.  Jet P be s maximal ideal.  If
9."»‘3- PeR (v=1,2,...,n),
then there exists v for which P ¢ 2.

Proof. If P, € P forevery v =1, 2,..s, %, then there is
by Theorem 15.2 Q, € 2 (v=1, 2,...,%) such that P,Q, = 0 for
every Vv =1, 2,..., X . For such Q,'eg (v=1, 2,.00,%), put-
ting

Q=Aa,
we have Q € @ by the postulate 3), and hence pa = 0 for every v
=1y 2,000, X o Consequently we have by Theorem 13.6

(Urvia=o,
and hence ,\:/, P € & W the postulates 1) and 3).

Considering every maximal ideal as a point, we obtain a space g“
vhich is compsed of all maximal ideals in R. Corresponding to every
P € R, wo define Up to mean the set of all maximal ideals which con-
tain P, and naturally U, = O, ch = €g. With this definition
we have obviously

(1) F €U, ifand only if Peg .

(2) VPUQ = UpQ-

Because, if 2 € UpUq, then we have P, .Q € by (1), and hence we
obtain PQ €p by 3), that is, y€ UpgWy (1). Conversely, if
§ € Upg, thenve have PQ ¢ L, and hence P, Q¢ 2 by 2), that
is, $ € U, Uq W (1).

By virtue of Theorem 15.3 and the postulate 2), we have PV Q G$
if andonly if Pe R or Q €2 . Therefore we obtain by (1)

(3) Tp+ Tg = Tpvg -
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Tp>Ug is obviously equivalent to UpUa = Ug, and PzQ
is equivalent to PQ = Q by Theorea 12.1. Furthermore Upg= Tpg
implies PQ= Q. Because, if Q- PQ # 0, then, since Q- PQR€¢RK ,
there exists by Theorem 15.1 a maximal ideal 3 3Q-PQ. For such
gsince Q-pQsQ, QP(Q-PQ)=0, vehave @ € 3 tut
QP E J» and hence 2 € Ty tut » € Upg, contradicting the assump-
tion TUpgq = Tq. Therefore we obtain by (2)

(4) U,>TUg ifandonly if P 2 Q.

By virtue of this formula (4) we see that 'UP = O implies P = 0.
Therefore we obtain by (2)

(s) UpUg= 0 ifendonlyif PQ= 0.
Since we have by Theorem 12.6
PY(Cg-P)=Cq for Pe R,
we obtain by (3) and (5)
gﬂz vp“’vcu_?l Upve'_P =0.
Thus we conclude
’ -
(6) Tp' = Tppepe

We can introduce a topology into this space {u such that the to-
tality of Up (P e ®R) constitutes a neighbourhood system, because
Up (Pe¢R) satisfies the neighbourhood conditions by (1) and (2).
Thie topological space ¢’y is called the proper space of a ring R,

and T, a neighbourhood by P € w.
Theorem 15.4. The proper space gu of a ring ¢ 1is a compact
Hausdorff space and every neighbourhood Up (P € R) is open and closed.

Proof. Ry virtue of the formula (6), it is obvious that every

neighbourhood Up (P ¢ R) is open and clcsed.

For two different maximal ideals 3’, and ?; , there exists obvious-
ly P, ¢ £, such that P, € 3 For such P, we can find by Theorem
15.2 Py e 31 such that P, P,_ =0. Then we have by the formulas (1)
ana (5)

3 € Tpyp» $1€Tp,» Tp, Up, = 0.
Therefore {, 1is a Hausdorff space.
it {'R = = Tp, » then we have by the formla (6)

Fyy) ,
MU :T\"U‘PA=O.

rca cﬂ-PX 1 6A
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Ir ﬁ' Te # 0 for every finite number of elements i, ¢ A (v =
[¥]] [ B 'A.

1, 2,000, %), then wo see easily by (2) that the system Cp— FPr (2 €A)
satisfies the condition (F), and hence there exists by Theorem 15.1 a
maximal ideal } such that C*— P,‘eg for every A € A, that is,

2¢O

rea Ca-=Py?
contradicting TT ‘Uc -p = 0. Therefore there exists a finite
AEA L 3 A

number of elements , ¢ A (v =1, 2,,..,%) such that
»
b=l UCI"PA., =0,
1.3
and hence 8,, = 2 Up,, - Thus !(ﬂ is compact.

]

Theorenm 15.5. In the proper space gu, if a closed set A 1is

included in an open set B , then there exists P ¢ R such that
Ac Uy,cB.

Proof. Since B is open by assumption, we can find by defini-

tion a system P, ¢ R (A € A) for which B = 3~ Tp, Since A
A€EA

is closed by assumption, A is compact by Theorem 15.4, and further we
have 4 C 5 ‘U’PA by assumption. Thus we can find a finite numver
A6A

of elements ), ¢ A (v =1, 2,...,%) such that A ¢ g’f_'v,,_. Then,
putting P = () P, we obtaln AC T, CB by (3).

As an immediate consequence from Theorem 15.5, we have

Theorem 15.6. For a closed open set 4 , we can find uniquel
P ¢ R foxrwhich A = Up.

Theorem 15.7.  We have Up = (- Tp,)”, 4f and only if

P = Ak{n Px .
Proof. If P=\J Px, then we have U, > = Tp, by (4).
A€A A€A
Since 'UP is closed by Theorem 15.4, we obtain hence
Up > (5 V)

Furthermore, it T, C Up - (E;Uh)- , then we have by (4) and (5)

Qs P, QP =0 for every A€ A,
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and consequently by Theoreas 12.1 and 13.6

=QP ’)}{AQP.\ =0.
Therefore we obtain U, = (z_'ﬁvh)' .

Conversely, if U, = (?_:7‘ Up,) ™, then, putting Q = v Pas
we have
Ue =(Z5 Un) = U
as proved just above. This relation yields P = Q by (4).

Theorem 15.8. We have U, = ( ;I:I'"'U'PA)" , Af and only if
P=1r Pa.
A€
Proof. Up = (TT Tp,)° 18 by (6) equivalent to
UCQ-P-(AZQ:" cﬁ PA-’
and P = ) Px is by §12(4) equivalent to

n P (Cq-Pa)
Cu =P = Y Ca=Pa:
Thus we conclude our assertion trom Theorem 15.7.

Theorem 15.9. For every open set A, its closure A~ also is
open. For every closed set 4 , its opener A° . also is closed.

Proof. If A is open, then we can find by definition a system

PXE‘R(/\EA)NChmtA=AZG_VpA- P‘l“m&P=*\{‘P‘\n"
have then by Theorem 15.7 A
Up = (%Vm) = A,
Thus A~ is open by Theorem 15.4.
If A 1s closed, then its complement A’ is open, and hence A'"

also is open, as proved just above. Since 4/~ = A°/, we see that
A° is closed.
Theorem 15.10. For every sequence of nowhere dense sets A,

(v=1, 2,...), its union 3 A, 2lso is mowhere dense.
=1
Proof. Since A4,°° = 0 by assumption, we have for every x € R
(Te,, 1A:’)_ = Veeo
Since vc‘ ),4"’ is open, we can find P, ¢ R (A € A) such that

e, AS = 5 Tpy

A¢A
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and hence by Theorem 15,7

c(:] = V Pa.

*6A
Recalling Theorem 14.3, we can find therefore P“'(‘ eR (v,p=1,2,
ves) Buch that

,‘
Pop (1105, Cppytxd= LX)

Ue e A 2 "Z:."U'p,, (v =1, 2,...),

Purthernore we can find by Theorem 14.4 m,,, (v, P =1, 2,...) such
that

%Y Py’/‘"f [x] Tf.:' [x).
Then, putting
Q' r\ Vf‘, C(‘] (r=1, 2,...),

rsy

ve obtain by the formulas (15) and (16') in §14
Qy Tl’:l cczl ’
and hence by Theorem 15.7
Ucul = (rz.'l UQP) °
On the otner nand we have obviously by (4) for every f =1, 2,...

vq C ﬁ Uc‘ Uctt( 2—‘» .

4 vey
This relation yields
I U, (Teeul 3 AT @ Te (T A"
Thus we obtain
Ve = (Te (2 AS) ) = T (EAS)
Theréfore we have
Vc‘.,(é:-;ﬂ:)“- 0 for every x ¢ R+

Since Cg = xL{n“'] by Theorem 14.1, we have (. :}{k Coxy ¥ (15)

in §14, and hence we obtain by Theorem 15.7
e = (Z" vcm)_ ¢

Xer
Therefore we have

(ZAS)° = (% Ucu,r(i AZ)°

'3 1]
. (X Te, (Z A7) = 0.
Thus 3_ A, is nowhere donse.

L=
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From this Theorem 15.10 we conclude immediately

Theorea 15.11. For any sequence of open dense sets A, (v =1,
o0
25000), (;‘:Tl A,)° also is demse.
Because, for a point set 4 , its opener A° is dense, if and only
if its complement A’ 1s nowhere dense, and ve have

*
(LAY =2 A,
d} 'TX)

§16 Integration
Let R be a olosed ring of projection operators. A finite func-

tion m(P) (P€R) on R is said to be additive, if P Q = 0
implies

Mm(P+Q) = pu(P)+ pn(Q).
For an additive function m on { we have obviously by definition

pm() =0,
m(P-Q) = p(P)- p(Q) for P2Q.
A function pm on R is said to be totally additive, if r. is ad-

ditive and R 3 P, |,, 0 implies
hl-%: f‘(pv) =0.
For a totally additive function m on R, if Pt 2, P or P\ 2, P,
then we have
. bl_an~r‘(Py)=r(P)-
Because, if P, 1,5 P or P, | T P , thenwehave P- P, |7 0

or P, -P },%, 0 respectively, and hence lim m(P) = r(P).
Theoren 16.1. If a real valued funotion m on R is totally
additive, then we can find P, ¢  such that
m(PP,) 2O
m(1-P)R) 50

Proof . We shall prove firstly sup*“u(P M <teo. It
Pe

for evexy P ¢ R.

psg&“t(P)l = 400, then we can find Q ¢ R such that

Im(@)l 2 1+ 1w (C)l .
For such Q , we have otviously

[(Crm- @)1 2 Im(@)= 1p (Cp)l 2 1,
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Pm:%l[,u(pq,)l = 400 or ;g&[p((l-Q)P)l=oca,

because
Im(P)lg In(P@+ In(l-a)p) I .

If veput P, = Qor P, = C,’.-Q corresponding to

gup | p(@P)l=voo  or e I ((1=Q)P) = +o0
respectively, then we have

I (P21, Ps?gllp((l—Pq)P)l=+°°-
We can find likewise consecutively P, € R (v =2, 3,...) such that
P,P,‘=0 for v ¥ m,

W (P2 v+ Ip (T P,
auy“u((l- Pf YP) =+ o0 .

P, » we have
'

a

For such Pyeﬂ(val 25000 ), putting P, =
v o
’\-/, Pf fv-( Po
b=t

l/*(m Pedlz 1w (PI- Im(U Pl 2 v,
contradicting lim M (P\;/' Pp) = m(Pg).

3

Therefore, putting o = psux:'z p(P), wehave 0 g o« <+e0.
€

If for some P, @ ¢‘R and positive numbers £ , § we have
m(P)>u-¢, mQ) > -§,
then, since m (PQ) g of , we obtain by Theorem 12.6
m(PYQ)=p(P+ (1-P)Q)
=m(P)+ m(Q)- p(Pa)zat - (E+8).
There exists obviously a sequence P,Q!R(v= 1, 2,.ss) such that

M(PL) > A= 35 (vel, 2,...).
For such P, ¢ R(v =1, 2,...), putting
Q' = vg' Py (P-l 2y )v

pev

we have {k(Q,) fA( U Ps ), vecause U Pe T»:s QP for

»-‘)u
every f =1, 25400 « On the other hand, we conclude by the fact

proved just above
P+v

U Pe) > o 2

> - =%
f" (V'P s ) & 25-
Thus we obtain

bl
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[ .4
man)>u- F g5 = o - g

Putting P, .7;51Qf’ we have obviously Q l;:| Po , and hence
M(P) = pm pm(Qp) 2 .

Consequently we obtein m(P,) = L. Purthermore we have for every
Pe R
Mm(PoP) = pm(Py) = (P, (1-P)) =et=p(P, (2-P)) 20,
p(Q=PIP)=p((Q=PRIP+P) - p(Ps)
=p((1-P)P+PR)- g0,
because (1-P,)PP, =0, (1-P)P+P, € R.

A positive totally additive function & (P) (P €/R) is called
a majorant of an additive function m (P) (PeR), if
Im(P)lge(p) for every P€ R .
If an additive function M on R has a majorant, then M is obviously
totally additive by definition.

Theorem 16.2. Every totally additive function m on R has a
majorant.

Proof. 1f m(P) (PeR) 1s totally additive, then we see
easily by definition that both RM(P) ana Ym(P) (P € R) are to-
tally additive. Therefore we can find by Theorem 16.1 P,, Q, € K
such that

Rpm(P,P) 20, Rpu(Q-P)IP)gO,
ym(QP) z 0, gm(1-Q)P)go0
for every P€ R . For such P,, Q,€¢ K, putting
6(P)= RM(P, P)= Rpu((1-P)P)+ Iu(Q, P)~ YIu((1-@Q,)P),
we obtain obviously a positive totally additive function G (P ) (PE€R).
Furthermore we have for every P¢éR
IM(PHISIRM(PI+ [T (P = | Ru(P, P)+ Rp((1=P,)P)|
+ | Im(QP)+ 3 ((1-Q)IP) g & (P).

Let m(P) (Pé€®R) bea totally additive function with a majorant
6(P) (Pewr). Let ¢ (&) ($€Tp, ) be a bounded continuous
function on a neighbourhood U'p. of the proper space g,l. For any
€>0, we can find a system P, ¢R (A€ A ) such that

3*?2Uqu($)-?(Q),éE for every A ¢ A,
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UP. = gﬂ VP* .
Since Up, is compact by Theorem 15.4, we can find & finite number of
elements A, ¢A (v =1, 2,...,%) such that

UP0=£

=i

For such Py (v =1, 2,...,%), putting
Q| = PA|’ Q= Po\.r(l U Plf) (v=2’ 31"')|
we obtain a partition of P, in R: P. gay. Q. ¢ R

(v=1, 2,s..,%) such that

:-:p l¢(2)-¢(q)ls ¢ (v=1, 2,eee, x).
Here P i@u Q,ER(V"ID 2.0 'n")’ implies Qera 0 for

VEM. Because from P, P, = P, we conclude ZQ‘,QP =0, and
hence for every x ¢ R

‘?_:;ruavqrxn vz'_r(QvQ,x,X)a(b%Q,pr.X)a 0.
Thus we obtain @ ,Qp = 0 for v #* (.

For every two partitions of P, in K :

=3P, |<r<3>-<r<q>|.<.e
v2y :,Q
p,=’;’*_|q,. . lcr(g)—?(q)l‘i

and for every & ¢ TUp,» (bever (r=1, 2,000y P =1, 2,00,A)
we have .
?(;.,)P(Pv)-;','.‘f(?p)r(Qr)
‘Z{?(sv)‘?(?P)}f‘(P Qf))
betause Py ﬁprfl Qr ipuqf' Ir Pny* 0’
then we have U, Ug, + O by §15(5), and hence for such » , f
19 (2.)-4(qe)lg 2€.
Thus we obtain
| 2 2@ r(P) - 2 7 (@p)p(ep)
s2e | p(PQy)lg 26 Z 6 (P Q) =286(P0),
because P, = z:f P.Qyp. Therefore there exists
Hn 2 (3 )p(P)
for P, =X Py p,¢Tp,» swp_|2(R)-F(@Q)]s ¢
Py

M=

¥

vu 31Q6V
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This limit is called the jntegral of ¢ by m in Up and denoted by
Je@imtag).
Po
With this definition we see easily

) fe @+ 2@ Wp) = [ ¢ (g)pldg)
P 4 Pr& tor pa = 0,
@  [{aeq)rp¥igies)
’ =°‘L‘f <3),A(J;)+p£wg (dg),

3 rug)=ple),

P
(a) J?(g Judg) = j‘f(g-),u(Qd}),
(5) jq- (3 )(a/u.(dgh B paldg))

= aéq (F) )i (dg) + p}ce (@)mldp),
(6) 5‘!(3))\4(4(3”3 jv(;)c(a;)
i 19 (p)ls ¥(3) 1a Up.

MIG'B' RQ PVL«‘:| P’ or Pvt»-r ° 1ies

RIS 2¢ STHCE PN JC STCP IR

P Po

_Proof.  If R3 P, |, L, 0, then, putting ¥ = sup_ I‘f(g)l,
we have by (6) and (3) foz every v =1, 2,.. §ev

¢ @)rugps (¥ e =16,
and hence Py Py

Ma [ 4(pIe(dgr = 0.
Py
it R3P, 1.‘:, Po , then, since P,-P, |, T, 0, we bave by (1)

33"..{£‘f($)r(43)- iq’(; )m(d )}
= | g(gIug) =0,

Po~ P,
as proved just above. We also can prove likewise the other case:

ﬂ, E] PV Lv‘:‘ P
A function ¢ (3) (g € UP.) is said to be aimest rontinuous,
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if ve can find R » P, 1.7, P, such that ¢ is bounded continuous in
Up, for every v =1, 2,... . Let 4 be a almost continuous func-
tion on Up, . If for every R 3 P, 1.5, P, such that ¢ is bounded
continuous in Up, for every v =1, 2,..., we obtain the same limit

La [ e()mdg),
Py

then we shall say that ¢ is integrable by m in Up, and this same li-
mit will be denoted by

femug.
P.

With this definition we see by Theorem 16.3 that every bounded continuous
function on VP. is integrable by @ in Up, and wo obtain the same in-
tegral.

Theorem 16.4. For a majorant 6 (P)of m(P) (Pe®R), it
we can find R 3 P, 1.5, P, such that a function ¢ is bounded conti-
mous in VP.« for every v =1, 2,..., and

an Jw(@nm;)g“,w,

then ¢ is integrable by ® in Up, and
1[4 @pupls.
P
Proof. Por every # 3 Q, 1,5, P, such that & is bounded con-

tinuous in Tq, for every p =1, 2,..., since P. Qp T:_" Qp, we
have by Theorem 16.3 and the formula (1) for every f =1, 2,...

(19(g)NeWg) = 2m, [ 19(p)IsWp)

Qs QP
s ln (19(2)S(dg) =
(%

From P, Qp T¢=, P, we conclude likewise

fiee)eg) s pn [ 17 (@6 (dg).
Py

Q
Thus we have f

Ma, 2 19(3)I6d2) = «.
'
Furthermore, since P, Q, 1,5, P, by Theorem 13.8, we also obtain hence

la ij le (gl p) = .
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For © > we have by the formulas (1) and (6)
|7 @pidg)- jq(;)rw)l

Qp
s q(g),u(d;)mS ?(3),«(4;”
Qr-AQ P-PQ
s I?(g)lc(dg)'« f maz)la'u;)
Qe-P.Qp P-PQap
s 2x-2f le(g)le@y).

Thus we obtain kay

un | [4@)pUg) - |9(2)mdp) =
Q

v, 99
Py

Prom this relation we conclude easily
a i?(})r‘(dg) = s SP?(Q)#(J;).
4 v

Theorem 16.5. If a function ¢ is integrable by M inTp,.
then ¢ aleo is integrable by M in Vp for every R 3 PsP,, and
fe(pitdy) = 5?(;),»(43) + [ a@rup.

4} Po-P
Proof. For every two sequences R 3 P, 1 ’_| P and K 3 Q'T

P,- P such that ¢ is bounded continuous in Up, and in ‘Vqr for -
every v, f =1, 2y.e. s Since P, + Q'VT_" Po , we have for
every subsequence f, (v =1, 2,...) by (1)
S?(s)r(dg)r- o ([ e@IrUp s (T3],
P

<
Since tho subsequence f, (v = 1, 2,...) may be arditrary, we obtain

hence
i(f(g)pu;) = ln (e(3)plg) rl_i;-;_{?(g)ﬁ(dg)-
L% ?

From this relation we conclude easily our assertion.

§17 Integration by Elements

Let ¢ (%) (ge Up,) be a bounded continuous function on a
neighbourhood Up, of the proper space . For two partitions of
Pe in R:

P = z P, 3732 I‘f('g.)- ¢(q)is €
(v= 1, 2,..., ")x
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»>
P, =3 Qp, 12(g)-2(q)l=¢
g e e (P=1, 2,.e0,),
and for h TUp,» 9 ¢U’d', we have for every a € R
W E eI Z 9 aa
= :,:f le(g)-2 (g 1P Qpon®
545‘5 WP Qpat* =4ctupar’.
Therefore there exists

lin Z?(g,)r’y

E20 vwi
for r.=~£ﬁp..;. |<r(;)—<f(q>lsz, 2.6 Up,
(v=1, 2,..., %),
This limit is called the integral of ¢ by an element a in ‘Vp.and
denoted by

fe@rdga.
P
With this definition we have obviously

Theorem 17.1. For a bounded continuous fupction ¢ on Up ,
we_have
IIyi"‘f(gy)Pyﬂ-— i?(})dg.'o.lls 2ENMPal
for P =3 P, ow !?(;)~?(q_)l§ E, &v€Tp,
by b X2 (b =1, 2,000, %).
Furthermore we see easily
(1) [e(@rdga+{e(@ldga= [ ¢(p)dga
4 8 P+Q for PQ =0,
(2) J{ede(gr+pr(prtdga
P
=d$‘r(@)d;a.+FS'¥«($)dJa,,
P P
)

(4)

dga = Pa,

frprdga = [ 4(@)dpa = [¢(p)dgaa,

4 Pa P

¢(p)dg(ctaspd)

= «f@(pldgoaspfe(gprds 4.
P P

Forevery a, £¢ R, (Po,4) (Pe€R) is obviously a tota-

(5)

- p o
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1ly additive function on the ring R, and we have obviously by Theorem
17.1

(6) (J?(:)daa,ah gv (2)dga, 4).

) (S?(:)qa. i?(:)dg#)

= j?(:)v 2)(dga,l),

becayse we have by definition
(jcr(;;)aga. jv(g)q{) - la (222 Po,Z ¥ (2)P.0)
-ggzg‘?(; )«,(3,)(;,,,, ¢)= jtf(;)v(; )(dg 2, 4).

7,
Especially we have ¢

(8) (L‘r(;)dga, [¥(@)dga) = (¢ (2)¥PIndgan’.
P P
(9) o grdpant = (19 (@) udgan’,
P P

Here jPo I* (P€R) s obviously a positive totally additive func-
tion on R .

For a bounded linear operator T on R , we obtain at once by defi-
nition

(10) Ti?(;)d;a = j‘f(;)dg‘ra,
if T is commutative to ﬂ: ’
‘Theorem 17.2.  If R3P,1,7, P or P |, P, then we have
lm SP‘f(g)aJa = (¢(@)dga.
Proof. it R>P, 1:';, P , then we :ave vy (4)
1?(3)43& = P,l?(g)d:a.
and hence
lim éy?(@)d;o. = Pl‘f(@)d@a = I‘f(@)dga,.
We also can prove likewise the other case: R 3 P, &,,, P.

Let 4 (2) be an almost continuous function on Up, . If we
can find a sequence R 3 P,ifb':, P, such that 4 is bounded continuous
in vP» for every v =1, 2,..., and there exists the limit

Ma | ¢(8)dga,



$17) Integration by Elements ™
then for every sequence R 3 Q, .7, P, such that ¢ is bounded conti-

vel

nuous in 'U"v for every v =1, 2,..., wo have always
M [ 9(3)dga = Ma I?(;)d;o,.
Pu G»
In fact, we have by (4) for every ¥, M =1, 2,...
P o (g)dge = a.f 4(@)dgo,
a P
and hence
[2(2)dga = Po[a(2)dga = Qi [ ¢(2)dsa
Q@ G Pv
'mu.,mking'u tend to + o0 , we obtain
Ha J9@)ge = b [ (@)ga =g | 9 (5)dge
Q,, P P.

Therefore in this case we shall say that & is integrable by & in Up,
and this coincided limit is defined as the integral

{e(g)dga.
o
Theorem 17.3. An almost continuous function ¢ on TUp, is
integrable by an element o in Up,, if and only it | ¢(3)l" s

integrable iPal* (PeR)1in Tp,, and then we have
e @dgan® = Jie@N 1dgant.
’q P.
Proof.  If |£(2)|* s integrable by AP l® (P¢R) in

Up, » then we can find by definition a sequence R 3 Q,1,-,F, such
that 9 is bounded continuous in Ugq  for every v =1, 2,... and

e javl‘f(g)ltlldguu‘< +oo.
Por such Q, (v=1, 2,...), putting Q, = 0, we have by (9) and (4)
gw(s)l‘udga.u‘ 1fe@ dgart

= uz (Qu- Q,.-.)j ¢(@)dgpon’
= Zn(a,. a,.-.)jq(g)dgau ,‘?;T" [ e@rdazan’

Qu-Qpu-t
vecause (Qu-=Qum-1)(Q, - Qy-‘) = 0 for p % v, Recalling Theo-
rem 7.11, we can find hence by assumption { ¢ R for which
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I ?(})d;a, = lm 5?(3“3@
P-'
Therefore ¢ is mtognble by a in Up,.
Conversely if ¢ is integrable by a. in TUp , then we have by (9)

ln }w(sn Ndga i = i ]"f(@)dgall
= "S‘f(s)"‘é""“

for every sequence R 3 P, T,': s Po eubject to the condition that 4 is
bounded continuous in Up  for every v =1, 2,..c Thus l?'(#)l
is integrable by NP o lI? (P € ®) in Up,, and we have by defini-
tion

2

flieantndgant = 1f ¢ grdga”
P o

Theorem 17.4. If ¢ is integrable by a in Up, then for svery
QeR, ¢ is integrable by o in Upg, lf Qa in Up, and
Qfs(g)dgo = jq(g)dg. = 39(3)43(10..
P PQ P

Proof. If ¢ 1is integrable by & in TUp,, then [P (2)|*
by Theorem 17.3 integrable by  Po I* (P€®) in Up,.  Recall-
ing Theorem 16.4, we see then easily that |¢ (@)I" is integrable by
TPai® (PeR)in Up g ,adby 1@,Pa k* (PER)1n Tp,
for every Q, € K. Therefore 4 is by Theorem 17.3 integrable by Q@
in ‘U'qu’and by Q,& in Up,. Murthermore we can finish our
assertion by the formula (4).

Theorem 17.5. If ¢ is integrable by a in Up as well as in

Ua »and PQ = 0, then ¢ also is integrable by-a in UP*Q’Q
j‘f(#)dgai'j‘r(;)dga = [ e(@rdga.
P Q PR

Proof . For two sequences X 3 P, 1., P and R3Q, 1.7, @
such that ¢ is bounded continuous in Up  a&s well as in TUg for
every v =1, 2,..., recalling Theorem 17.3, we have by definition

u fre@tndgant = fle@)tndgant< soo,
P, P

fle@*ndgan’<se,

pm, f e ndgayt
Q, QL
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and hence we obtain by the formula §16(1)
1n | I‘i'(?)l'lldga,ll'< too,

[
'.* QW

Since P, +Q, 1,% P + @, we see by Theorems 17.3 and 16.4 that <
is integrable by a in TIP " Furthermore we obtain by Theorem
17.4

[e(prdgas [ ¢(grage

4 Q

P| ¢prdgaral ¢(p)dge
P+R P+

f @)dga.

peQ

Theorem 17.6.  If both ¢ andy are integrable by a in TUp,

"

then d?(;)-&P’Y(:) is integpeble by a in Up for every com-
plex pumbers of , e,ggg_

Jlas @1 e py@ildga = afe@rdgarp ¥ (griza.
P 4 4

Broof.  Stnce | (2)+ P V()5 2 {lltie (2"
N |FI‘H' (2 N* } , we conclude easily our assertion by Theorems 17.3,
16.4 and the formula (2).

By virtue of Theorems 17.3 and 16.4, we can conclude further from
the formula (5)

Theorem 17.7.  If 4 is integyable by q a8 well as by £ in
Up» then ¢ also is integrable by o a + P{ in Up _for gvery come
plex numbers o , § and

iq(g)dg(daqu):di?(g)dg_a»fpj‘f(g)dgi-

4

Theorem 17.8. If ¢ is integrable by every &, (v =1, 2,...)

in Up and
lm o, =a, la j?(})dga.y =4,

-5 o0

4
then ¢ is integrable by a in Up and S?(g)d;a =1.
P

Proof. For every sequence R 3 P 1‘,:' P such thoied
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bounded continuous in 'D’Pr for every m = 1, 2,..., putting
3‘,, -3.:‘%&:'?(3 )| (p=1, 2,...),

we obtain by (5) and (9)

njcr(;)aga 2‘!(;)430..,! = uj?(;;)dg(a a)nt
- j!?(g)l lldg(a et sr,.up,.(a o' Lola-a, it

P
and 'l;ence by Theorem 17.4
57(3)43“ lia j ?(3)dya, = Ma_ P,f?(g:u;m. = Pud.

Th:svehnvo ,J’I‘.? j ?(3)&30. = P4. Therefore ¢ is by de-

finition integrable by @ in Up, and we have by Theorea 17.4
[9(3)dg0 = P4 = un, pjpv(:.)d;mgg, Zv(;)a;a. = 4.
’ Theorem 17.9. 1f ¢ is integrable by a inp Up and ¥ is in-

tegrable by 4 in Up, , then ¥ ($)¥(§) is integrable by (Pa,4)

(Pemr) and :
(fep)dga, [+(prgd) = [43)FP) ga, ).
Po Po Po

Proof. We can find by Theorem 13.8 a seauence & 3 @, T,.':, Po
such that both ¢ and ¥ are bounded continuous in ‘U'Q for every M
=1, 2,000 . Por every R 3 P, 1,7, Po such that ?(3)?(?)
1s bounded contimious in TJp for every v =1, 2,..., we have by (1

(Ja(prga, J¥praze)= | 93)FP (dga,4).
Pvar PyQp 'vari
Making m tend to+ oo , we obtain by Theorems 16.3 and 17.4
|42 ¥F) (dga, 4)=(j<r(3)434 jv(;)a;:)
(%
=(9,j<f(;)43a ]w(;)a;e),

and hence

j?(gmg) (dga, 4)_(jv<3)a3a. jv(;)agn

herefore tf(@) ( is mtegrameby(Pa {) (Peﬂ)m Up,»
and
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J2(2)¥F) Gga,8) = ([2(2)dga, [¥(3)dgd).
'. Py Po
Putting ¥(%) =1 in this Theorem 17.9 we obtain
Theorem 17.10.  If ¢ is integreble by & in Up,, then ¢ ()

is integrable by (Pa ,8) (P€R) for every f¢R, and
('S’.?(y)dga,d)= L«r(;)u;a,n.
Recalling the formula (10), wo' have obviously by definition
Theorem 17.11. If ¢ is integrable by a in .Up, then for any
bounded linear operator T on R being commutative to R, ¢ also is ip-

legrable by Ta in Up, &nd
Tfe(2)dgo = j¢(2)d3Ta.
4 [4

§18 Relative Spectra
Let /u.(P) (PeR) be a function on a closed ring of projection
operators R . For a maximal ideal 3 in R, if there exists a com-

plex number ¥ such that

Pig{,{n“&l#(cz)— i} o=

then we shall write
pm, p(P)= 4.
If su inf (@)1} = +o0o, then wa shall write
3 { PEQe L } !
lim M (P)= oo,
=y
With this definition, we have obviously

Theorem 18.1. For two functjons m, and ms on R
Pl‘j;‘: ,L|(P)= ¥|v Pl_i“ f‘l(P)"x‘A

implies s
M (api(P)+ppa(P)) = o], + g%y,

g‘.i,‘: l“‘(P)#’(P)= 1 TR P

g M) E
Yo T
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if the right side has any sense.

A positivo function m(P) (P€ R) is said to be proper in
P,e R,if Mm(P) =0 implies PP, =0. With this definition

we have

Theorem 18.2. For two totally additive functions m and 6 on
R, AL G 1is positive and proper in P, ¢ R, then, putting

(#) = 1a H(P) £ Ts.,
9 3 Pig8 < (F) oreven;é Po
we obtain a continuous function ¢ on Up, , and
pP)= [¢(p)s(dg) for RIPS Po.
4

Proof. We consider firstly the case where M is a real valued

function on R. For every real number ¥

m(P)-%6(P) (RgR)
is obviously a totally additive function on R. By virtue of Theo-
rem 16.1, corresponding to every real number } , we obtain hence a pro-
Jection operator @ ie & such that

20 for B3 PsQy
,«(P)-§6(P){
<0 for RIPg1-4Qy.
For such Qg (o0 < } < +00), we have
Po@ys P Qy for >7.

Because, putting P = Q‘(I-QT), we have

#(P)-F6(P)Z 0, Mm(P)-T&(P)50,
and hence (§-7)6(p) £ 0. Since } > 7, we obtain therefore
cs(P)=0. Since G is proper in P, by assumption, we conclude
hence P P, = 0, and consequently PQQ' = P, Q;Q,S P, Q,,.

Putting
¢(3) ={ Qipt T L LTy
- 00 for 2 z_.‘g_“’. UQ' ,
we obtain a function on the proper space {’u . For a point 5, 3 ’Up, y
if P(&o) > 1, then there exists § >7 such that Q‘G 8o, and it
is obvious that
?(s)zg for every : € UQIP..

1f ‘f(@,) < § , then we have Q‘F Jo » end hence & ¢ 'U“-Q"P. .
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Furthermore we have
e(g)s i for every 2 ¢ 'U“_Q')P.,
because for [’ >§ we have P, Qg% P, @y, and hence

Vi-qpb Tay = Tn-aprpeag= 2
Therefore ¢ is continuous in Up, . Since we have

#~P) (2% for 0+ P35 Qg P,
€(p) {51; for 0% P 3 (l-Q‘)P,,
we conclude further
¢(8)= lin _f‘_(.f.l.. for every 2 ¢ Up_,
P2 &(P) *

Putting P = f:\' Q. Py, we have obviously
mp(P)-wve(P)20 for every v =1, 2,...,

and hence §(P) = 0. Since 6 1s proper in P, by assumption, we
obtain thus P = 0, and consequently
(1" Qv)P. f.:. Pn.

Putting P = _?:\ (1- @-,) Py, we have obviously

m(P)+ve6(P)g0 for every v = 1, 2,...,
and hence R = 0. This relation yields likewise Q_, P, 1::' Po.
Consequently we obtain by Theorem 13.8
Q-v(1-GQ,)Po T::| Ps.
On the other hand, R 3 Pg Q., (1~ Q.)Ps implyes
M#(P)
i “¢te) ="
and hence lq’(f)lﬁ vV  for Fe Va..t-a.)P0 " Therefore ¢ is
almost continuous in Up, .
If ¢ is bounded in Up for some RI P S Po, and
od < ?($)<ﬂ foroverygeVp,
then we have P < (Q‘—Q')P., because
{ P P for e UC,P.
tex for 3 € U('-a.)Pu
as proved just above. For
o = Ag< A< eee< A=y A=r, <€ (¥=l, 2,000,x)
we obtain hence a partition of P in K :

P = 2 (@, - Q,)P,

¢ (2)
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such that
26 ((Qa.i= QaJIPIZ £ ((Qay - Qa)P)

2 A6 (Qa,,, - Qa)P),

MZ PRI A for 2€ Uq,, . -as)P.

Therefore, for 3._ € U(Qa.-.-ﬂa.)l’ we have
| }:—_‘ pU(@Qar,., = @)P)~ g’_i, ¢ (g.)e((Qs,.,~-Qx,)P)]
5 &2 6((Qn,.,- @x,)P),
and hence
1(P) = Z 4(86((Qn,_- AP S E & (P).
This relation yields by definition

p(P) = Iq(g)G(dg).
4

Por every 3 P, 1,77, P g Py» such that & is bounded in Up,
for every v =1, 2,..., we have

,um)sj«n;;)e(d;) (v=1,2,..),

as proved just above. Thoroforo 4 is by definition integrable by
(1 in Up , and
m(P)= [2(@)6d4).
P

In general, for a totally additive function M (P) (PeR),
both Rp(P) and Y (P) (P€R) are obviously totally additive.

Therefore, putting

Rp(P) Im(pP)
(2)= 1 , ()= dim 2O 27 2 ( Tp,),
Y3 3} o) Yo(g) = e g€ Tp

we obtuin two continuous functions ¥, and 4, on TUp,, and
Ru(P) = [ ¥,(3)6(dg), Tpu(P)= i‘h(g)b‘(dg)
P

for every R3IP S Py » a8 proved just above. Thus, putting
¢(3)= % (g)+itai(3)
ve obtain a continucus function ¢ on Up,, and we conclude easily by
the formula §16(2)
,“(P)=j‘f(3)6'(d$) for every R3PS Po .
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Iheores 18.3.  let ¢ be integrable by a totally sdditive func-
tion m(P) (PER) in Up, and a positive totally additive func-
don & (P) (PeéR) proper in Up,.  For s point p, € Tp,
Af ¢ is continuous and finite at 2,, and \_1_1%...5_2_?_:_ is Zinite,
then, putting

Mm(P) = j‘?(;)p(d@) (RIPsP,),
P

we Ve

1lim _ﬁ!.(i)_ =¢f($,) 13:. _L(P_)_
P& e (P) P& 6(p)
Proof. Since ¢ is finite continmous at §, by assumption, for
any £ > 0 we can find Q, € R ouch that §, € Uy, and

|2 (&)~ ¢(3.)I5E for every £ € Ve.r.-
Since the 1imit 1tm (P ) 45 finite by assumption, we can find
23 s(r)
Y >0 and Q,¢ K such that g,eve,_ and

| LoP) f‘(P)

s(P)

Then ¥6 (P) (PeR) 1s a majorant of M (Q.P) (P€ R), and for
3,9P§Q,Q,P, we have by the formula §16(6)

| #1(P) = @ ()M (P)] =|j{?(;)— ¢ (Fa)} e (d )l
P
sfeveg)=evep). -
[4

for &‘oaP S Q,.

Thus we can conclude by definition

M(P) m(P)
P s (P) (&) P ()
For every a € R, |(Pa #*  (P€®R) is obviously positive and
totally additive. Furthermore, it is proper in the cover (C(,,, be-
cause llPall = 0 implies by the formula §14(16')

PCeay= Crpay = 0-
By virtue of Theorem 18.2, for every f¢ R , putting

- (P4,a)
?(}) P43 m for 3 € vc(a,)’

we obtain a continuous function ¢ on UC“,' and
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(Pg,0)= [ (2)rdgan for RIPS Cean-
[ 4

Por every sequence R 3 P, T 0L C(q) 8uch that ¢ is bounded in TUp,
for every ¥ =1, 2,..., putting
4 = j ?(p)dgo (v=1,2,...),
Py
we have by §17(4) for every P € R

Ps, = | ¢(@)dga,
Pv
and hence by §17(6) ’
(P4,,0)= | q(g)dgar* =(PP.{¢,0),

PPy
that 18, (§.,Pa)=(P,£{,Pa) for every PER. This rela-
tion yields by the formula §14(9)

tald, = [a)P, § = P L) 4.

On the other hand we have by Theorem 17.11 and the formula §14(3)

tald, = é ¢(pldgptala = | ¢(2ldga = 4,.
v c' v
Thus we obtain J, = P, [a){ for every v =1, 2,..., and hence
vl-i-hma- ‘e" = c(“][ljt = UL]“
that is,
tald = 2 ¢(g)dga.
(18]
The value of this function ¢ (§) is called the relative spectrum

of an element 4 by a at & ¢ Ue,,,» and denoted by (é ,f), i.0.

(P{,a)
({- 3) = P1in$ e (8¢ Te,,)-

With this definition we can state therefore
Theores 18.4. The relative spectrum (.‘.ﬁ- , 3) is a contimuous
fupction on ‘U‘c‘q, integruble by a ip ‘Uc‘u, and
g = | .9 dza.

Ctas

Theogen 18.5. 4 = je ¢(§)dpc imiies
(£.2) - 9(3) (£,3)
i both ¢ (%) und (§,2) are finite continuous at 3 € Ue,, ..
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Proof. Recalling Theorea 17.4, we have by sassumption
P = S ¢(p)dge = S?(g)dgc

P C“, [4
for R3PS Cray. Thus we obtain by Theorem 17.10

(Pd,0)= s‘f(:)(dg(;,a-) for R3Ps c(g]!
4
and hence by Theorem 18.3

£ (P4,a) (Pc ,a)
(2,2)= 10 27300 . 1m PC.%)
a3 P22 jpant ?(3)'5’-: NPoll®

if voth ¢ (2) and (-a‘_- »3 ) are finite continuous at FeTepy

=9(2) (<,p)

§19 Properties of Relative Spectra
The relative spectrum (—ﬁ- ,@) is defined only for £ ¢ ‘U‘e“’n

4 (P£,a)
(1) (=,2) % ln 2 .
ad) s P22 yPollt

With this definition, we have obviously

(2) (&.2)=1,

®»  (E.ap- T for & 4 0,
(4) (Eai-,g)z d(-é-,:) for every complex number of ,

adopting the convention 0o0 = (.
Recalling Theorem 18.1, we obtain immediately by (1)

) (B2 = e

if the right side has any sense.
We have obviously by the definition (1)

© (B -Gep-dp tor 3¢ Tp .

By virtue of the formula §14(3), we have for every P ¢ R
(Ptaié,a) =(P4,(0Ja)=(P4,0).
Thus we obtain by the definition (1)

(7) ("%i)s)’(é;*)'
It;?VP, then we have 3EUP’-VC“_', and hence by (6)

i (0 Ca-P)P4
(B, 2) = (LSa2FIPE 40 0,
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Thus we have

(8) (-'3;{-.3) =0 for 2 & Up.
We also can prove likewise by (7) and (4)

(9 (L=Df 4.,

Recalling Theorem 17.4, we obtain by Theorea 18.4

100 Pledf = | (E.p)dpe  for every PeR.
Thus we bave by Theorem 17’:56‘“

) npta14lt = [ 1 E ) ndgart  (PeR).

PCtal
This relation yields by Theorem 18.3
G g AELIZE -kl
if the right side is finite.  However, both APlaléll
P2 IPall

and |("",$)| are contimous over Ug,,, and l(-—‘-,g)l is finite
in some open set being dense in Tg, . ‘Thus (12) holds for every
& € Ucy,e

Recalling Theorem 17.10, we conclude from (10)

) (praad,e)= [ (Lp) Gga,e)  (PeR).

PCcal
Consequently we obtain by Theorem 18.3
(Ptadf,c) _ L (Pa,c)
—-_‘_l— 2
P2 APci? ok '3);’-»3 T

and hence "
a) B -k o peve

if voth (é—,g) and (%,3) are finite.

Cees

Putting C = (al{ in (14), we obtain by (2)

(& R S
(s3) w17 .9 T & T

because both sides are continuous in 'U’cu_mu and finite in some
open set being dense in 'Uc“uu,

Recalling Theorem 17.9, we obtain further by (20)

e (prarg,0) = [ (£, (F.p)rdgant

Pc:o.) (PeR).
For a continuous function { on a neighbourhood Up,, since
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I"r(g)l also is continucus in Up,, the point set
{&: 12 (@)>0}
is open. Thus there exists by Theorems 15.6 and 15.9 uniquely P ¢ R
for which
Vp={3: r(g)+o0}.
This prejection operator P is called the gover of ¢ and denoted by
Ceqo . Concerning’ covers of funotions, we have

Theorem 19.1. For a coptinuous function ¢ on Up,, if

fe(grdga =0, ®aPgvP,,
gongh:w PC.,C“," 0 for the cover c‘f qu'.
Proof. By virtue of Theorems 15.6 and 15.9, we can find a se-
quence P, ¢ R (v =1, 2,...) such that
To={g: le(@)N>>} (val,2,...).
Then we have by Theorea 15.7 P,?,';, C ¢, because we have

{g: 190} = Z{p: le@)> L},
and hence =

(g 19(>0} =(Z {2: 19(®)1>L)).

rat

Furthermore we have by Theorem 17.4 for every ¥ = 1, 2,...

| 9(2)dgo = p| ¢(2)dga =0,
PPy P
and hence by Theorem 17.3

fle@ ndgant =o.
Onthoothorhmdv:::anbytho formula §16(6)
fleaitndgart 2 | Lndgant = Larparts
Comoqu::lyn obtain || P F.a.ur:vo for every v =1, 2,.¢es .

This relation yields P C,a = 0, and hence P Ly Cppy= 0 by the
formula §14(19).

Theores 19.2. The cover of the relative spectrum (-;i— ,3)
coincides with the cover of (a]{, that is,
.4 -
{3 (@) +0} = vctmul-
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Proof. Denoting by €, the cover of (-f_-,@) we have obvious-
ly Co S Cioy) and by the formula (10)
w14 = | (£.pdge = | (01450

etg] c.
Thus we have (C,(al{ = {al{ by Theorem 17.5, and hence we obtain

Co 2 Cira14) by the formula §14(18).  On the other hand, since
(1- C([a]") fe1{ = 0, we have by Theorem 17.5
(£,3)dga = o.

Ca3(1- €crayen)
Thus we obtain by Theorem 19.1

Co Cear (2= Crrazey) = 9,
and hence C, = €y Crraygy s Crrasgse

Theorem 19.3. Ca1® Crysr Cal2(4) implies (a)=({].
Proof. Recalling Theorem 17.11, we obtain by (10)

[« (4,542 (ta1-41)a = (ta1-c42)¢ = o,
Crad
because we conclude {a.){ = Cu4{ Dby the relation §14(10) from the

assumption: (a3 2z (4]. Since C’u, is by Theorem 19.2 the cover

of (-ﬁ- »& ), we obtain hence by Theorem 19.1

Ceas Ceer Cror-tenas =0
Since C,y = Cyy; by assumption, we obtain consequently

(e [((la)=-(£))a] = 0.
This relation yields by the formula §14(8)

(al((a)=-C42)a = 0,

and hence ({Jo = (ala = Cxa. Thus we obtain (a)g (£] by
§14(10). Consequently we have (a) = (§1].

Theorem 19.4.  [0]Z (4] implies (] = Cpy,(al.

Proof. Recalling §14(€'), we obtain by assumption
[c(g]al = C“) tal 2 €41.
Furthermore we have by the formulas (16') and (12) in §14
CtCulal = Ciay Cepr = Cees.
Thus we conclude by Theorea 19.3
(L) = Ccu,al = C“,(a.l.
1t Cey C’m = 0, then we have by Theorem 14.5
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e+ 4] =(alv )= (al+ L],
because (a1{4] = 0 by assumption. Conversely if
(a+43 = Cal+ 4],
then we have by Theorem 12.4
oo+ £)2C0), [a+glzcCel, (el(41=0,
and hence by Theorem 19.4
Ctay Cregla+ 41 = 0.
This relation yields by the formulas (12) and (14) in §14
CtarCeer= Cray Copy Craegs = 9+
Therefore we can state

Theorem 19.5. [0+ 4] = (al+ (4] if and only if
CCM C¢n= 0.
Theorenm 19.6. i (a) 2041, then we have
lal-(g1 = [(1-Cpy,)al.
Proof.. By virtue of the formula §14(16'), we have
Cr.(hc“;)al Ce T (1= Cesn) C",Cu, =0,
and hence by Theorem 19.5
ta] = [(1=-Ccyy)a 1+ (Cryqyal.

If (alz (41, then we have by Theorem 19.4

(8] = C(‘ILW] = [Cu]o-].
Thus we obtain our assertion.

§20 Properties of Rings

Let R be a ring of projection operators in a Hilbert space R , and
ﬁ the commutor of R . For the commutor a of ® » we have obviously

= —
RCR CR,
- =
because R ¢ R . Thus we sce easily that R also is a ring, and fur-
thermore closed by Theorem 13.7. For the cover C R of R, we sev

essily that Cp € R and Cp#R 1is a closed subring of & including
R . Thus we can conclude that for any ring R there exists the
least closed ring including K . Furthermore C’“i is the least
closed ring including R , that is, we have

Theorem 20.1. Por a closed ring R, we have R = Ca a » that
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is, if a projection opera*or @ is commutative to the commutor ® of

R , then we have Q¢ R for the cover Cﬂ of R.
This Theorem 20.l is concluded at once from

Theorem 20.2. Let R Dbe a closed ring. ¥or a projection
operator @ , if Q(x] = [(x1Q for every x ¢ R , then CRQG R.

Proof. By virtue of Theorem 14.1, we have for every P € &
P = VU (Px],
XeR

and, hence we conclude by Theorem 13.6 from assumption that QP = P Q@
for every P € R, that is, Q € R. Thus we have by §14(1)
faxlg Cra for every x ¢ R.
Furthermore we have
Crax1 S CxQ for every X € R.
Because, if we can find a, £ € R such that
£ = Craay (1-Q)4 # 0,
then we have by §14(6) and the assumption: Q(x1 = {x]Q for x ¢ R
Qtaa+4) = (A(Qa+4)) = (Qa],
(L1-Q)lQa+£] = [(1-Q)4] =141,
and hence
(Qa+41 =(Qal+C{1.
Thus we obtain by Theorem 19.5
CLQo.l Cul = 0.
Since (*rgay & = {, ve obtain hence by §14(16*)
Ceer= Creraaer = Crami Coen = 0,
contradicting the assumption: £ % 0. Therefore we have
Cmﬂ(l- Q)=0 for every X ¢ R,
and henoe g, = Ciax; @ s Cr Q.

Putting P, = U (C we have P, ¢ R , because K is closed
XER fax)

by assumption. And we have P, 5 CgQ, as proved just above.
For every X € (CoQ ~ P, )R, we have naturally Qz = x, P,x =0,
and hence by §14(16')

Ceixy = sz: = Cum Po = CmP. = C(P.u =0,
because thnﬁ Po - Therefore we have C5Q - P, = 0, and hence
C“Q = pa‘ “-'
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For a commutative collection of projection operators ‘P , we also

have obviously ‘P<PcP .  Thus, putting P, = PU?P , we see by
€

Theovem 20.1 that P, P is the léast closed ring including P, which
will be called the closed ring generated by P.

For every Q¢ R, we see easily that @ R is a ring with cover Q (y,
and if R is closed, then Q R also is closed. Between the projectors
(xJlgm WQR and (2)p by R, we have obviously by definition

(1) (xlog = (ax]y.

Between the covers C’:ut by QR and C: by R we have obwviously by
definition
(2) Ci¥= Qe for Pg QCk.

Putting Q = (alyg in (1), we obtain by Theorem 19.4

(5) tx](‘uuua LG].R c(‘a‘]’.‘lﬂ € (GJ’ Rr.

A'ring R is said to be simple, if R = Cp K. Thus every sim-
ple ring is closed.

Theorem 20.3. A closed ring R is simple, if and only if we have
[xle R for every x € R.

Proof. Since [x1¢ R by §14(5), if R is simple, then we have
tx] = Cplxle R. Conversely if (x]e¢ R for every X ¢ Fz. then
for any Q ¢R we have by Theorem 14.1

Cr@ = U raxle R,
XER

because ‘R is closed by assumption.
Theorem 20.4. In order that a closed ring 41 be simple, it is

necessary and sufficient thut for some Qe , if QP =0, Pe R
implies P =0, then Q 2 Cy-

Proof. We suppose firstly that R is simple. For some
Qe¢®R, if we have not Q 2 Cg, then there axists o ¢ R such that
6 = Cg(l"a)a- 0.
Por such a. we have by §14(1)
tal = Cp(1-Q)tay,
and hence Q (o) = 0, L&)€ R, but (a) % O.
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If R 1is not simple, then there exists by definition @ ¢ & such
that CuzQ € R . For such Q , putting Q.‘Q"’(Cg‘Cg))
we have by §24(15) and §14(11)

CQ.I Cq‘ (C,- C¢)= Ca.
™us Q,P = 0, P¢R implies P = 0 by §14(24), but
Cu-Q, =Ce-a *+0
because Q € R .

Recalling the formula (3), we obtain immediately by Theorem 20.3

Iheorem 20.5.  For any closed ring R, (aJ® is a simple ring
for every & €R .

Theorem 20.6. If a closed ring R is simple, then QR also

is a simple ring for every Q¢ ‘i.

Proof. If a projection operator P, is commutative to Q K,
and P,(QP)= 0, Pe¢R implies QP = 0, then, putting
P = (@Cx)Po + (Cp-Qly),
we ses easily that P,¢ R , and P, P = 0, P¢R implies P = 0.
Thus we have P, 2 Cy by Theorem 20.4, and hence (@ Cyx)Py = Q@ Cy.
Therefore Q R is simple by Theorem 20.4.

A ring of projection operators R is said to be an axis, if R 1is
simple and 1 ¢ R, that is, if R = K. Every simple ring R may be
obviously consided as an axis in the subepace Cy R .

By virtue of Maximal Theorem, we have obviously by definition

Theorem 20.7. For any commutative collection of projection op=

erators P we can find an axis including P.

Let R be a closed ring containing 1, and 4" a closed subring cont-
aining 1, that is, 1<% CHK, and both R and 9" are closed rings of
projection operators For each maximal ideal g in R, putting

37 =78
ve obtain obviously an ideal $7 in 9".  Purtherwore 27 is mexi-
mal. In fact, if ‘J";P?:,T, then we also have P € £, and hence
1-Pel. This relation yields 1-Pe¢ $7, while P (1-P)=0.
Thus 3" 1s by Theorem 15.2 a maximal ideal in 7".
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Conversely, for each maximal ideal 9 in T, we can find by Theo-
rem 15.1 a muximal ideal P, in R, such that F,> 9 . For such
3, we have obviously

$ = TE o9
and 3? also is a maximal ideal in 77, Since g is maximal by as-
sumption, we obtain hence 9 = g’a‘r. Therefore, putting

@  3T=Tset, (gt

we obtain a mapping of the proper space ?')l of R onto the proper

space é"f of 7. Furthermore, between the neighbourhoods T Pr
R

of %’T and U, of %’R, we have

(5)  TF={g: TpeT), ge €yt (PeT),

because 'Upﬂag implies P¢ £ and hence P € T &, that is, ’J'y
T, T ®
€ 'UP ; and conversely 7"2 € UP implies P € 3 , that is, g UP .

For every Q¢ R, we shall denote by Z the cover of @ by 7.
With this notation we have

i r

6 1) = : ¢ T, QeRr),

(6) c:" {TJ:’ $ a } ( ‘.)
Because P ¢ 'U:' implies £3 Qs C’:ve 4" and hence Tg ] Cq. Con-
versely, for any qe UEI, we have C:& q and hence

CIP ¥0 foreveryPG%.

Since CQTP = Cp: by the formula §14(16'), we have hence P@Q ¢ 0
for every P€C . Thus we can find by Theorem 15.1 3 € g’R for
which £ 3@ and £ >0 ; and hence gev:am rp=9.

Now we can state
Theorem 20.8. For two closed rings of projection operators
le " c R
the proper space %’q_ of 7 is a partition space of the proper space
g’“ of R by the mapping (4): for each P¢ 9", the inverse image of
the neighbourhood T,Y in ¢, is the corresponding neighbourhood TN
in ¥, and for each @ ¢K, the imago of Uq"_;_s_ vg{ for the co-

mcfgan?’-
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§21 Ring Convergence

Let & be a closed ring of projection operators containing 1.
For two elements a , £€ R, we shall write a < £ or £ > a , if

dIPatg HPL Il for every P€ K.

If we need indicate the ring R, we shall write a <« ¢ (R)or L>a
(R). With this definition we have obviously

(1) X< %, $<2 implies X< Z,

(2) let| S Ip| implies o X < B A for every X € R,

(3) X<y implies ol X < of 3 for every complex number of ,

(4) Ax <% for every Q € K ,

(5) X <Y implies px<P3 for every P€¢ R .

If x < Y4, then P5 = 0y PéeR implies PXx = 0 by definition,
and hence Plyl = 0 impliee P(x]= 0 by the formulas (4) and (6')
in §14. Thus we obtain by definition

Cr-Ciyy = v = Cx-C
R {x] pm-\oj,nn Pz PLy1=o.PeR P R £y3-
Lnerefore we nave
(6) x <y implies Oy < C‘ﬂl .
We can conclude easily further by definition
» "
(1) X, <4 (v=1, 2,000, %) implies Z_ o, x, < (X fe!) ¥,
L= ey
(8) X, <4, lin X, = X, 1im Yy, = ¥ implies X < .
Theorem 21.1. We have (a]X < Ln]g. if and only if
x .
g iis gl forevery £ ¢ Ue,,,.
Proof. If (alx < (al 4 » then we have obviously by $19(12)

(X p)f = 1m APCRIXH IPLalsl _ ¥
() Pﬂ}. nPaj PR upall (&)l

for every g € UCCa]' Conversely if
y)
l("':[ DI l(‘f .§)| for every ¢ Uc,, 4,
then we have by $19(11) for asvery P ¢ K
NPtay xa? = j l(jf-,g)l"ndgau‘
Plar o [ 1(E. N Hdgal® = 0PIy
P€oy
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Theorem 21.2.  If av< 4, (v =1, 2,...), Cryg 3Ccq. = 0
for v # m, and 3 1 4, 1°< + oo, then we have
bm oo -
‘;" a, < 2 L..

&
Proof. Since a, < £, by assumption, we have C(a,; 5 C(y4,3
by (6), and hence we obtain by assumption
Ceavs Crap= 0 for v & M.

Since a, = Cra.30v, 4, = Crq4. by §24(17), both a, ama 4,
(v =1, 2,...) are orthogonal sequences, and we have by assumption

& t = 1
S hal" g F_nd " < +o0.
Lbmy

[ A

Thus both gau and é;»{y are convergent. Purthermors we have
WP Z ot = ZuPa,itg Zoapen =1PE 2’
for every P ¢ R, and hence ?E‘a..,( f%{, by definition.
- ey

Theorea 21.3. For a sequence a, ¢ R (v =1, 2,...), if

-
Zhay|l < +00,

rm|

then we can find £ ¢ R for which G, < { for every vV =1, cyeee

Proof. By virtue of Theorea 14.6, we can find C ¢ K for wnich
th.«l $ Clc, tor every v =1, 2,... & For such ¢, putting

= “Pavnt €
48 = 0% e (8¢ Ve,

we obtain by Theorea 18.2 a continuous function ¢, on vct” and

1Pavt® = [ g (g)Ndpcl®  for R3PS Coe,
P

Furthermore we can put by Theorem 17.3

L= VE@dge ey,
(4

cel
and we have.for every P ¢ R

P& = | S(p)ndpct® =1PC ot =uPact’,
P€cer
because Cco ;5 C,., and hance C . a, = a, by §14(28). Ve
have further by assumption
Zudon = S hacn < +oo,

T
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and hence, putting { = ,i £, , we have by Theorems 17.6 and 17.3
=1

WPavt® = [  q(g)ndgen’

PC“,
§5i;§ VoH (@)} ndpen® = ez g0’
Pc(c‘l -
for every P ¢ and X =1, 2,... . Thus, making % tend to + oo,

we obtain HPa vl € WP LW for every P€ R, that is, a, < 4
(v =1, 2,...) by definition.

For a sequence .. € R (v =1, 2,...), if we can find two elements
o, £ ¢ R such that for any £ >0 there is v, for which
a,-a L €4 for v > v,,
then we shall say that a., ¢ R (v =1, 2,...) is ring convergent by ®
to a 1limit o , denoting by
(R)-1im o, = a.
Such a limit a is determined uniquely, if exists, because it is evident
by definition that ('n)-vlg_, a, = a implies lim a, = &.
Recalling the formulas (3) and (5), we have obviously

Theorem 21.4. (R)-1in o, = o implies
R )11-’.‘5'9 oda, = oo  for every complex number o ,
(’R)-yl_i‘lg‘ Pa, = Pa for every P ¢ K.
Theorem 21.5. (R)-lim a, = a, (R)-lin ¢, =4 inplies
(R)-lm (ov+ )= a+ 4.

Proof. Ir (ﬂ)-"l_%g_ a, =a, (’K)-‘}_i_..m~ £. = 4, then we can
find by definition A ,£ ¢ R such that for any § >0 there is y, for
which

a-a<th, L -4d<th for v 2 V.
For such £, # , there exists by Theorem 21.3 .f ¢ R such that 4 < 4
and ig < {. Then we havé by (1) and (5)
0. -a<€tf, L -4<¢cd for v 2 Vo,
and hence by (7)
(au+ £)-(a+v )< 284 for v 2 v,-
Therefore we obtain (’R)-hl_j;q.:_ (a.+ 4.) = a+ £ by definition.

Theorem 21.6. In order that 3_1.m“ a, = &, it is necessary and



$21) Hing Lonvergence 97
sufficient that every subsequence from a., (v =1, 2,...) includes a
subsequence which is ring convergent by R to & .

Proof. If we have not ’lﬂ a, = a, then we can find a sub-
sequence Gy, (m=1, 2,...) and £ >0 such that

fava -l 2 € for every m =1, 2,... .
Then Q ., (#=1, 2,...) include no subsequence which is ring conver-
gent to A , because ring convergence implies convergence.
1f ,lgn.c a, = a4, then from any subsequence we can select a subse-
quence Ay, (=1, 2,...) such that
1
Hove-a il 5 75r (r=1,2,...).
For such Gy, (p=1, 2,...), since
fod
hay, - L =
,?;_‘ midy, -ailg /‘z;' >R
we can find by Theorem 21.3 £ ¢ R such that

Moy -a)< d for every m =1, 2.....
and hence by (3)
1
Q,y"—a. < ‘Fl (f"lo 2,.00)0
Therefore we have (ﬂ);‘l_i.mnayf = G by definition.
Tneorem 21.7. For a soquence a., ¢ R (v =1, 2,...), if we can

find a sequence £, » f, % ... such that

Mo 4 =0, a,-a<d (v =1, 2,...),

then we have (R)-’l.i‘mn A, = Qo

Proof. Since lim 4, = 0 by assumption, there exists by Theo-
rem 21.6 { € R such that for any § >0 we can find V; for which we
have £, < € £ . Then we have for v 2 Vg

- << 4y <4,
Therefore we obtain (‘R)-Pl_i’.r;.x‘ a, = a by definition.

Theorem 21.8. In order that we have
4
(3,01 = (£0p)

in an open set being dense in U’c“l, it is necessary and sufficient

¥ e
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that we can find & sequence R 3 P Tumy Cra; Such that
(R)-1im P.(alf, =F(alf forevery p =1, 2,ecc «
Proof.  We suppose m-.uy
1im ( &) = ( o &)

Voo

in an open set A being denss in Ve ... Since
vc!’.cslg A = {vz’-cAvP }-J
we obtain by Theorem 15.7 C 0, = 1\,/“ P , and hence we can find
(4
by Theorem 14.3 a sequence P, ¢ R (v =1, 2,...) such that Up C A
for every v =1, 2,..., and
o0
(el = Cqylar= VP (a].

This relation yields by §14(16')

L] L J
Ctal = Lk_/‘ P, ctu] = .,\,/, PV'
Therafore we can find a sequence K > P, 1,7, C,, such that
Up, ¢ A for every v =1, 2,e00 »
For an arbitrary § > 0 , putting
A= TTiz: W2 - E pi<eto,,
PV
(v =1, 2,...),
we obtain a sequence of open sets A, C A, € ..., and we have obviously
oD
?:." Up, € ?‘-- A,.
By virtue of Theorems 15.9 and 15.6, we can find further a sequence of

projection operators Q, € R (v =1, 2,...) such that Ug, = A, for
every v = 1; 2,¢..., and we have

2 U, c ¥
P © Z Da, € Tey,,-

by L=y

This relation yields obviously
(Z-UP..) C(E U, ) € Ue,;.

Since P, 1.7, Cray» e conclude hence by Theorem 15.7
Qv ty°:| ct‘_)

and it is obvious that
1Ee 3 - (L .p)1sE  tor 2T, v

Since £ >0 may be arbitrary, we can find therefore
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maa./“.u fy.:" Cg“3 (f" l, 2....)

such that ¢

l(—f-.@)-(-ﬁ-.g)l < % for g€, » P2V
Recalling Theorem 14.4, we can find then V¢ (p,6 =1, 2,...) such
that
= L J
0 Qt‘"th("] Tc'n Cu][“] =lal,

mmi
and hence by §14(16')

A Q’l“»",u,e' T;:| cra:l'

=t
Thus, putting Pg = r’-\«f"' Vs (6 =1, 2,...), we have
‘ P‘ Ta’-t crol 3
l(%,z)—(‘ﬁ',@)lg —:—; for 2¢ Up_» £2Vus-

This relation yields by Theorems 17.3, 17.6 and the formula §19(10)
IPPstaldy-PPs (ol g Il

= | 12 - Eopitndgants P real’

PPs
for every P ¢ R and P 2 Vl“»" . Therefore we have by definition
('R.)‘}}’m“ Pg-[a] £r= Pe [G-]{ (¢=1, 2t"')'

Conversely, if (ﬂ)ﬁ}_{pﬂ P{.. tald, = Prf‘lll (f‘= 1, 2,..0)
for some sequence
R > P/“ Trzc Cl’o.ln
then we can find by definition (Fe R (m=1, 2,...) such that for
any £ > 0 there exists U,. for which
Putald, - Pulald < E {u for vz Ve
This relation yields by the formulas (6), (7) and (12) in §19 for every

- . NP (Pulald, - Pulal4d)ll
I(ll-——"'a @) '}‘193 YY)

NEP Ll 4
= £ )
1% —iras EI=E . 3)

Recalling Theorem 15.10, we see easily that there exists an open set A,

iz domse 10 Ve, owen wat all (€-,8), (F,8), (Fng)
(v v =1 2,...) are finite in A,. Then we have by §19(5)
2 - (£ s el )
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for every P € vP,u.Ao y ¥V 2 vu, and hence
Ma (e =) tor g¢ £ vy A,
Here E‘ an A, is dense in 'Ucn). In fact we have by Theorem
15.7
(£ Tp A = (Z Tp) A7)
=(‘i UPF)-'_' Ucrn’

P

because A; = 'U'ctﬂ .
Theorem 21.9. For a bounded continuous function ¢ on Up, we

nave
(R)1m > ¢ (3P0 = j?(})dga-

y=y

fr P = 2P, o, 1) - q)lg £,
K. € Up, (v=1, 2,000, x).
Proof. By virtue of Theorem 17.1 and the fomula §l7(4), we

see easily that
$4(p)Pa-[¢(@)dpa <2¢Pa.
P

bmy

Thus we obtain our assertion by definition.
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CHAPTER ITI
DILATAOR ANALYSIS

§22 Dilatators

Let R be a closed ring of projection operators containing 1 in a
Hilbert space R, and # the commtor of K. A linear operator T
with domain D is said to be a dilatator by R in R, if

1) D is dense in R : for any X ¢ R we can find a se-
quence x, € D (v =1, 2,...) such that Um 2 = x,
2) T is commutative to K : Qe R, aepD implies

Qa €D and TQa =QTa,

3) T isclosed : 1lim @, =a, lim Ta, = £ im-
plies a.¢D and Ta = 4.
let T be a dilatator with domain D in the sequel.

Theorem 22.1. For an element o € D, let a function ¢ (&)

be integrable by a in & neighbourhood U, of the proper svace ¥ x

In order that

P

it is necessary and sufficient that ¢ be integrable by Ta , and then

T2 = (¢(prdgTa.
P P
Proof. If ¢ is bounded continuous in Up, then we have by de-

finition
Le@gara = [vipdga,
Lz P

S (3P Ta = jp(f(g)dg'ro.

PVi P.,éﬂ, g"éUPv’

- =1, 2,000y% )
3.’%’%,1‘”3) ?(9)lge (v=1 X
Since we have by the postulate 2)

e e
X
M=z 3E 3E

for P =

»

[}
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TEZ9()Pa = 293P Ta,
we obtain hence by the postulate 3)

1?(;)«1;@ €D,
T{e(grdga = [@(2)dg Ta.
(4

4
In general, if < is integrable by T a in TUp , then we can find
by definition a sequence R 3 P, T, =, P such that & is bounded conti-
nuous in Up, for every v =1, 2,..., and

ua, [ ¢ (@)pa = (9(2)dpa
P P
n, [ 9($ldpTa = [9(gldg To.

v oo
P, P
On the other hand, we have '

fe(3)dpacp
P.
T{9@raga = [2(p)dgTa
P,

(y = 1’ 2,.00)'

v

as proved just above. Thus we also obtain by the postulate 3)
fe(zrdpacn,
P

TS?(g)dga = 5?(3.)113 To.
P P
Conversely if S ¢ (g)dg a€ D, then for every R3P, 1,7, P
4

such that ¢ is bounded continucus in VP.. for avery v =1, 2,¢00,
we have by Theorem 17.4

(¢@)1dpTa = 7( 9(z)dga = RT|9()dga,
(N P P
and hence

Ma, L‘r(;)dg-ro. = PTjP‘f(;)d;a - -r,(,?(g)dga.
Therefore ¢ is integravie by Ta in Up.

Theorem 22.2.  For any x¢ R, we can find R 3 P, 1.2, Crxsy
such that P x ¢ D for every v =1, 2,... .

Proof. For any 0 # X € R we can find a. € D such that
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(z)JRIa # 0,
because D is dense in R and (x]a = 0 implies by the formula §14
(7 (@,%x)=0,andhence K x-a #* 2 Nxl®.,  Since the re-

lative spectrum (-, £) 1s by Theorem 18.4 integrable by @ in e
we can find P€R such that O # P 5 Croyy; ad (o,8) 18
bounded in Up . For such P¢ R we have by Theorem 22.1
Plaix = I(;’;‘-.:)d;aeo
)

and P{a]X # 0, because we have by the formula §14(16')
Ciptares = P Criarey = P * 0.
Since we have by the formula §14(1)
fol = ((x)al) g (x],
we obtain by Theorem 19.4 and the formula §14(3)
Ptalx = P Cpoq lxIx = PCyq,x.
Thus we conclude easily by the formula §14(6') that we have

x \J/ b €R,
¢ ]snw,reﬂpt“ or every X

Since Px, A x € D; P, Q¢ R implies oy Theorem 12.6
(PY@Q)x=Px+Qx-PQx €D,
we can find therefore by Theorem 14.3 a sequence P, € R (v =1, 2,...)
such that P, x €D (v=1, 2,...) and P, (x3T, 7,213, Then we
bave by the formulas (12), (15), (16'), and (17) in §i4
PoCexy* =P x €D, P Cuy= Cpx1T 2 Coxy-

Theorem 22.3. If a function ¢ (®) is finite continuous in an
open dense set A of the proper space ¥, , then, demoting by D the “o-
tality of those elements x ¢ R by which ¢ is integrable in Te .,
and putt

Tx = I ¢(§rdpx (xe D),

Cixl

we obtain a dilatator with domain D . Such a dilatator T will be

denoted by

fezrdg.

Proof. Yor every . ¢ R, ¢ is almost continuous in vecu'
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In fact, wa have obviously

AVC(GJ = ‘UPCZA_‘UC“, ML
(ATe,,)" = A" Terey= Ueray-

Thus we obtain by Theorem 15.7

Ceoy = vV P
fe? Up < ATera ’

and hence we can find by Theorem 14.7 a sequence ‘R 3 P, 1 ::‘ Cecas
such that Up C A forevery v =1, 2,... . Then, since every
Up, 18 compact and ¥ is finite continuous in Up,, ¢ is bounded
continuous in -Upv for every v =1, 2,¢e¢ o« Therefore ¢ is al-
most continuous in ‘Uec“ for every . € R . Furthermore, since
¢ is bounded continuous in Up 6 and

Uetp,a1= TP Vecas

by the formula §14(16'), we have obviously P ,a € D for every v =1,

2,... and lim Pa = C,0 =a. Therefore D is dense in R .
¥ ~poo o)

Por &, 4 €R, Cyoay S Cryqr Vo see basily by definition that
& is integrable by @ 1in Ue a3 if and only if ¢ is integrable by a
in ‘Ucu], and then by Theorem 17.4

[e(prdga = [ ¢(£rdga.
al

Cc Ceea
Thus we see easily by Theorem 17.7 that D is a linear manifold and T
is a linear operator. Furthermore it is obvious by Theorem 17.8

that T is closed. Recalling Theorem 17.11, we see at once that
o € D implies Qa € D for every Q 6’72 and
Qf ¢(prdga= | ¢(pdzaa,
€cas Cal
that 48, Q@ Ta = TQa . Therefore T is a dilatator by defition.
For an operator T with domain D, if D is dense in R, then there
oxists uniquely an operator T, with domain D, such that
(Tx,4) =(x,Tiy) for x €D, y €Dy,
and (Tx,g) =(x,Z) for every X € D implies 4eDy and Ty =17,
Bacause (X ,Z) = (X,Z;) for svery X € D implies by Theorem 9.l
2 =174, Such an operator T, is called the adjoint operator of T
and denoted by T *.
With this definition we have
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Theorem 22.4. For a dilatator by R :
T = [9(g)dgs
its adjoint operator T ¥ also is a dilatator by X with the same do-

main and
T = 5 ?(g) a(g .
Proof . Putting T, = j ¢ (@ ) d@ , we obtain by Theorem 22.3

a dilatator T, by ®, and recalling Theorem 17.3, we see that the do-
main of T, coincides with that of T. Furthermore, for every « .
Yy € D, putting P = CixiY C(,,, we have by Theorem 17.9

(Tx,4) =(Tx,Py)= | @(3) (dpx,4) =(x, Ty).
P

If (Tx,a)=(x,4$) for every x € P, then we can find by Theo-
rem 22.2 a sequence R 3 P, 1,2, oy such that P,a e D for every
v=1, 2,..., and we have for every X € D

(x,P4)=(P.x,8)=(TPx,a)=(Tx,Pa)=(x, T,Pa).
This relation yiedds P ¢ = T,P.a for every v =1, 2,... . Since
Ma Poo = Cga=a, Um P L = C.,4¢,

we obtain hence o.¢D and T,a = C,,{ , because T, is closed. On
the other hand, we have for every X € D
(x, CCalz ) =(Cran X )= (T c(gjx,a-)
=(Tx,a)=(x,4),
and hence C.,,€ = 4.  Therefore we obtain T, = T* by defini-
tion.

Cal

Theorem 22.5. For two dilatators by R :
T1= S(ﬂ(:)dgp T‘l= 5?2(3)d:’
if both T, T,a and T, o have any sense, then T, T,a also has a

sense and
T,Tia = ThTia = | ¢ (§)%(3)d30.
Cra
Proof . As proved in Proof of Theorem 22.3, we can find a se-

quence ® 3 P, 12 C(q, such that both ¢, and {, are bounded con-
tinuous in UPu for every v =1, 2,400 & For the adjoint operator
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T,* of T} we have by Theoren 22.4 and the formulas (6), (7) in §17
(TyTufa,x) = (Ty Pa, TP, )
= {9 @) (@ Wpa,x) = (@ (2)tu(2)dga,%)
[ P,
for every x ¢ R, and hence

TiTaPia = | @ (@) (2)dga.
Py

We also can prove likewise
TTPa = [ (@h(@dgae.
Py

If T, T, & has any sense, then we have
T! Ti. Pva' = PyT,T’.a'i
and hence by the formula §17(9)

.

j l?.(x)‘rg(;;)l’nd; all> = IP.T, Taal*s 1T, Taat™
Py
Thus we see by Theorem 17.3 that ¢f, (3)‘&(3) is integrable by a in

vcc“ and we obtain by the formula §14(17)
! 4(3)7:.(8)dga = €, T, Taa = T, Ty 0.

(al
Purthermore, if T, & has a sense, then we have

To.PTia= T, T{Pha= Ty, TaP.a = PLT, Tea,
and hence
.1?“ Pp T‘a' = C‘A,T'a = T1 o,
yl-i.n~ Tg P,'T,a' = c“-’ T‘ T‘O- = T|T1 .
Therefore, T, T, & also has a sense, end T, T,a = T, T, &, be-
cause T, is closed.

Concerning continuous functions on the proper space f,l we have

Theorem 22.6. For a finite continuous function 4 on a dense
open set A of the proper space {" y there exists uniquely a continuous
function Yy on the whole space ¢, such that

¥(8)=4(3)  gox geA.
Such ¥ is called the continuous extension of ¢ over {"“.

Proof. We shall consider firstly the case where ¢ is a real
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valued function. For each real number §, putting

A,=i:: ?(3)7;};
we obtain an open set A; € A (e < [ < 4+02), and hence its closure
A!‘ also is open by Theorem 15.9. If we put

sup for € -
¥(2) = {eu, : 5 A
- ca for $ ‘6-.-.%.‘ - A‘— R

then we have obviously
{2 ¥(@)>Elc Arclg: ¥ (@ ekl
because A{ > Aq for <. From this relation we conclude
{g:%(p) >3} = ,.g_,{x: YRz

= S ¥@) >t = oAy,

{§:%(F) 23} = E‘{g: He)>h

=;|;T{{g_: )z} = ,‘TJ;A,;.
Since A,; is open and closed for every real number %, we see hence
that 4 is continuous over the whole space ( R Furthermore, since
¢ is continuous in A by assumption, we have obviously
AAg < {2:9()z 1%t

and hence

AL D (p)>3ic i #(prz5y,

1898 >51 = Ayc A2 ¥ @)z ¥

From this relation we conclnde ¥ (3) = ¥(3) for 36,4.

Theorem 22.7. If a continuous function ¢ on the proper space

g’“ is finite in a dense set, then ¥ is almost contimuous in ¢, ,

that is, we can find a sequence ®R 3 P, T::‘ 1 such that ¢ is bounded
in Up for every v = 1, 25000 @

Proof. Putting A, = { }: lg()l<v}i (v=1, 2,...),
we obtain an open set A, , and hence its closure A, also is open by
Theorem 15.9. Therefore we can find by Theorem 15.6 P, € £ for which

. Tp, = A (v=1, 2,...).
Then we have obviously P, 1 °, 1 by Theorem 15.7, because & is finite
in a dense set. Furthermore we have

19(®)lsv for ® € Up, (v=1, 2,...).
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If a function 4 is almost continuous in the whole space ¢ )
then we may denote by

j?(@)d;a
the integral of ¥ by a in &'«, that is,
fr(zrdgo = {@(g)dg0.
1

We see then easily by definition that ¢ is integrable by 4 in
if and only if ¢ is integrable by a in f,n, and then we have

Jozrdga = fe(prage.

clﬁ]

cca]

§23 Spectralities

Let ¢ be a continuous function on the proper space fn and fini-

te in an open dense set. For an arbitrary point set § in the com-

plex plane Gy, we can find by Theorems 15.9 and 15.6 E" (&) € R and
E.(F)e R such that

(1) Ueegy =128 P(P)edq}™”,

(2) UE,(I) ={$'. ?(@)ei}a_,
and we have by the relation §15(4)

(3) E*(3) 2 E,(3)

Furthermore we obtain immediately by definiticn

for every I.

(a) E*(8,)2 E'(E,), E,(3,)2 E(Z,)

for E‘) %.,
(5) E*"(0) =E,(0)= 0,

(6) E'(G) = E () =1 for the whole plane &,
because ¢ is finite in an open dense set.
We have cbviously by definition

{2 9(R)eT{p: ¢(@led'} = 0.

From tnis relation we conclude easily
Ue*5) Vg, 3y =9
and hence E¥(Z)E(Z’) = 0 vy §15(5). Therefore we have by (4)
(1) E*(2)E,(Z)=0 for L =0.
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Since ¢ 1is finite in an open dense set, we have for every point
set § in G
(13: 9(g)eFt+{p: 9(2)ed 1) "= ¢p.

From this relation we conclude easily by the definition (1), (2)
Tergy + Tegn = €x.
Therefore we obtain by the formilas (7) and $15(3)
(8) E"(Z)+ El(E)) =1,

For a sequence of point sets ¥, (v =1, 2,...) in G, putting
A, ={8%: 9(p)e 2, } (v=1, 2,...),
we have
{pr9@e Lo} = Zac Z oA
= LA E ALY
Here A: (A: .)/ is nowhere dense, because
(ACCAC) )= ATP(AC)Y °c AT (AS°) = o,
Consequently i'A: (A.°)Y also is nownere dense by Theorem 15.10.
Therefore we have
g 9(gre Z £ 17
CUEAY H(Z AT =(Z A,
that is,
VevZs, © (2 Uenz,) -
On the other hand we have obviously by (4)

vE’(z i) ) UE’(I,,) for every M = 1, 2,...,
on\
and hence

Ve 24, > (tii. Uescz,y) -
Thus we obtain by Theorem 15.7
() EME T = JE*E).
From this formula (9) we conclude immediately by (8)
1) E(f3.)- AE.ED.

A point set § in Gr is said to be measurable by &4 , if
E*(Z) = E.(8),
that s, it {2: P(R)eE} = {2: P(3)€F}, and ther
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this projection operator is called the spectrality of & by ¢ and de-
noted by € () or by E¢ (F), when we need indicate ¢ .
Concerning measurable sets, we see at once by (8) that if & is

measurable, then its complement F/ also is measurable and

(11) E(2)+E@)=1.
If every §, (v =1, 2,...) is measurable, then we have by the
formulas (9) and (4)
¢4 ERVE ¢ RER-NE -+ W}
that is, ;';‘ F ., also is measurable and

(1) E(E%.0-J E@E.

From this formula (12) we conclude immediately by (11) that if every
o9
F,(v=1, 2,...) is measurable, then ;T:T| $, 8lso is measurable and

1) e(ffEz)= A E@E

Thus we obtain by (4) for measurable sets
(14)  %,C &, ... imples E(EINT, E(Z ),
(15)  F,>8,> ... tmplies E(F,)47, E(TTZ,).
Furthermore we have obviously by the definition (1), (2)
(16) g ¢ (RIeZ2°} cUggpyc{: ()TN

Recalling Theorem 12.6, for two measurable sets # and § we obtain
by the formula (12)
E(2+%)=E(2)+ E(F)-E(F)E(TE),
and hence by (13)

(17) E(g+%)+ E(2¥) = E(F)+ E(F).

We shall denote by A° an arbitrary open set and by A~ an arbitrary
closed set in the complex plane Gr. Since ¢ is continuous by assump-
tior, for every open set A° in &

18: ¢(len}
id open, and hence by Theorem 15.9
{£:9RIeNT" =4 (@I} ={g: (@)}
Therefore every open set in (¢ is measurables, and consequently every

closed set in Gy also is measurable.
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The projection operator valued function E (£) for all measurable
sets § by ¢ may be often called the spectrality of ¥ . A point set

$ 1is said to be regularly measurable by ¢ , if

V EUA)=Nn (A

EoN FcA®
for the spectrality E of ¢. If $§ is regularly measuruble, then
# 1is measurable, because we have by (4)

E"(E)s N E(A°)= VUV E(A")gEL2),
FcpA £24
and hence E*(ZF) = Ex(£) vy (3). Furthermore we have
(18) E(Z)= UV E(A )= N E(A®)
oA Fca
if & is regularly measurable.
For every point set £ in G we have by the formule (11)
V EMA)= UV E(A)=1 - N E(A),
2’54 gcA gca
NEAD = N BT =1 -y e(a).

g'cA® £°A 24
Thus, if § is regularly measurable, then its complement § ’ also is

regularly measurable.
For a sequence of regularly measurable sets f, (v=1, 2,...),
ve have by the formula (3)

E(TT2,)=NE@E)=A N EMLA)2 N E(A),
rut Ve 21K XY :ﬁ;;,‘lﬂ'

and nence by (4)
E(TT8.) = a0 E(A%).

Ra.cr

Since E(E,) = !U E(A”) by assumption, for any & ¢ R we can

find by Theorem 14.3 a sequence of closed sets
/\;:‘C/\;:t(..., Ay:’.Cfv ( vop =l 2,..0)
such that
E(AS)0IT 0 E(E,) 0] (v=1,2,...),
and hence
E(A.,,.)E(Tl $,.)(a) T,... E(ﬂi Jal (v=1, 2,...).

Then we can find further by Thoorem 14.4 M, o ( v, P =1, 2,...)
such that
Y E(A,,,‘,')E(TI g,)alt,,, el TT g.)ia),
and hence by (13)
E(TT A, )t dtys, E(TT 8.0 )a),
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because E ( 1"'_'1" Aup,e) s E( ﬁ £,) v (4). Therefore we obtain
LV E(AT)(e1= E(T E,)al.

:E‘-I .’A' b=t
Here 0. € R may be arbitrary, we obtain hence by Theorem 14.1
o -
e(fz.)= 2V E(A).
% L Sk

Thus ﬁ #, 38 regularly measurable. Consequently f ¢, also is
13 X

=y

A

regularly measurable, because “2‘ 2, = (ﬁ'EJ ) .

For an open set [7° in the complex plane G, we can find a sequence
of closed sets A, (v =1, 2,...) such that

*0

re= A7,

s

and hence E ("°) = L\?' E(A]) by (12). Thus we have obviously
vy (4)

E(r°)= V E(A7)
res>a
Therefore every open set in G is regularly measurable by definition.
Now we can state hence

Theorem 23.1. The totality of regularly measurable sets by ¢
constitutes a totally additive set class including all Borel sets.

For two operators T, and T, with domain D, and D, respective-

ly, we define T+ T, to mean an operator with domain [, 0, and
(Ty+#Ta)x = Tyx + Tyx for x¢é DD;.
We also define T, T, to mean that the domain of T, T, is composed of
those elements X for which T, x ¢ Dy, x € D, and
T, Tax = T,(Tyx).
For an operator T we define T“ (v =1, 2,...) to mean
TV =T, TV =71(TV) for v =1, 2,.e0 &

Theorem 23.2. Let E be the spectrality of ¢ . Putting
T = [q(grdp,
Fae={%: Ig-al1gE}
for a complex number o and a positive number £ , the closed linear ma-

nifold E(F. )R is composed of those elements x for which
sup u{_l-(T—d)}vx.ll<+oa.
vat £
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Proof. Since 3, , is closed, we have by (16)
P(p) e Ea,, for 2€Ue(g, ,y»

1
-£—|<f(g)-o(]§1 for 3‘UE(!.,.)‘

By virtue of Theorem 22.5, we have

{3 (T-0O1 E@,)x = | (Rig@) -« dg =,
E(gd,l)
because ¥ is bounded in Ue (s, ) Thus we obtain by §17(9)

Hg (T-0)F E(Zg, )2’
= (1@ - Ndgxs NE(B, )20}

E(ZE,,¢)
and hence
s g (T-oOF E(E,) % I8 NE(E, )%

for every x € R .
Conversely we suppose
1 v

ygélp' “{—e—(T—o’s)i * < +oo
for some Q. € R . For any £/ > & , we have by (16)

- / r3

le () -1 2 ¢ for £ & Ug(z, )’

and hence by Theorems 22.5 and 17.3

{5 (T-a)P a2 £ (T- )} (0 - E(E, ol

= ) (1@« udpant
i-JE(lu,gl) £ I ¥ ? 3 &
2 (E¥ina-e@ ey
for every v =1, 2,¢0¢ o« Thus we conclude

h(1- E(,))al = 0,
that s, O = E(Z,,)a for every £'>¢.  Since we have by
the relation (15)
E (54,1’.:.) l,,":‘ E (Iq,g))

we obtain hence o = E(i..,;)“--

A bounded operator S on R 1s said to be commutative to an ope-
rator T with domain D, if 3T ¢ TS, that s, if 3D C D and
TSa = STa for every A € D .

Theorem 23.3. If a bounded linear operator § on R is com-
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mtative to
T = 9(3)ag,
then for the spectrality E of ¢ we have
SE(F) = E(F)S for all regularly measurable sets F .
Proof. By virtue of Theorem 23.2, putting
.= 1{18: 15 -tlg¢E},
'E(E.,‘e )R 1is composed of those elements x ¢ R for which
s I {—15— (T-&)} "%l < 400,
Thus we have by assumption for every x € R
e ) T (T-R) S E(FL,) 2l
= mp IS {4 (T- OV EE )2l < ven

because .S is bounded by assumption. Therefore we have
E(Z.,)SE(F, ) = SE(Z,,).

For two measurable sets ¥ and ¥, if
E(E)SE(E)= SE(F),
E(¥)SE(E) = § E(F),
then we have by the formula (17)
E(2+ ¥)SE(Z+¥)
= E(E)S{E(E) + E(¥) - E(F)E(T)}
+E(Z)S{E(E)+ E(¥)- e(F)E(¥) }
-E(B)E(F)S{E(E)+ E(X)- E(B)E(T)}
= SE(2)+ E(B)SE(T)~ SE(F)E(E)
+E(E)SE(F) + SE(¥)- SE(F)E(E)
-E(E)SE(E)-E(Z)SE(¥)+SE(F)E(X)
= SE(E+¥).

On the other hand, for any complex number o and positive number g ,
we can find a sequence of complex numbers o, and positive numbers ¢,
(v=1, 2,...) such that

2., = L Bty

I'Th]
and then we have by the formulas (14) and (11)
E(‘ﬁ.,id-,iu)f;h E-(ia.,;’ )=1-E( E-‘.t)'

Therefore we also have
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(1- E(F.,¢))800 - B(Fa,()) = S(1- E(E,,)),
and hence
E(2q¢)SE(F,,) = E(Fa,)S.
Consequently we obtain
E(i.«,;)s = SE(E..J).

For any open set A° # (0 n &, we can find o, , £, (¥ =1,
2,¢+4) such that
o . &
A - E\ gd“: £,
and then we have by (14) ’
Lo °
(L &, )1, E(A°).
Thus we conclude easily further
E(A°)S5 = SE(A°) for every open set A°.
If & is regularly measurable, then we have by (18)
E(E)= N E(A°)
A
For any o. ¢ R, we can find by Theorem 14.6 § ¢ R for which
Cres = Cray¥ Cegar .
For such £ € R, we can find by Theorem 14.3 a sequence of open sets
Al >3 (v=1, 2,...) such that

&fj' E(AS)4] = E(F)eL1,
and then we have by the formula §14(16')

j_‘\'e(,«:mm = E(&)Cpy,.
This relation yields by (13)

s’ 0
E(]AS) Cend g, E(2)Coy.

On the other hand we have by §14(17)
Cegy80 = Crgy Crgay S = Cryqy S = Sa,
Cees® = Crgy Cray® = Crayo =&,
and further ¢ ¢
E(TT A)8a = SE(ITA,%)a,
as proved just above. Therefore we obtain
E(2)Sa = SE(2)a for every a ¢ R.
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§24 Spectralisation of Dilatators

In the sequel, we shall prove that for any dilatator T by K ,
there exists uniquely a continuous function < on the proper space ?,x
of R such that

T = j ¢(3)dp-
We shall consider firstly the case where A is an axis, that 1is,
R=R. In this case we have obviously by definition
(xl = Crpyy€R for every x€R.
Let T be a dilatator with domain D by an axis K . For every
o+ {£ € D we have by Theorems 18.4 and 17.4
tald = tal(d14
- (Epdge = [ (Eiprape,
(o) tai(43
and hence by Theorem 22.l1

{alT{ = TLalf = J (%.g‘)dgTa,.
(a1c§1
Recalling Theorem 18.5, we obtain hence by the formula §19(6)

(TL.p) = (23TL ) = (£,5) (T2,

in an open set being dense in ‘U'm”“ . Thus we conclude by the
formulas (14) and (6) in §19

(Iz‘f'):)‘:(% )?)

in an open set being dense in vta]( 41 Since both sides are con-
tinuous in Upggqrg]s we obtain hence

TOo
(—z-'” &) = ("'"'a &) for every £ € Uiyycs1.
On the other hand, J_ Uy, 18 an open dense set in the proper space
xX&¢D

fa, because for any O # P€X we can find X € D such that Px # 0,
and then Up Uyy = Tipyy # 0 by the formila 914(6')., Therefore

there exists a continuous function ¥ on %’ﬂ such that
¢(2)=(LX,p)  for £ Uwxy, xe€D.
For such 4 , we have by Theorem 18.4

T = x3Tx= | (BE,pldgx= | 9(g)dpx
]

(x) tx
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for every X €D . For an elersnt a ¢ R, if ¢ is integradble by &
in Ugq;, then we can find by Theorem 22.2 a sequence
R IP, fv.:\ (ol
such that P, o € D for every v =1, 2,..., and by Theorem 17.4
TPa= | 9(3)dgha= | ¢(p)dge

P01 (1L 2]
for every v =1, 2,..., 25 proved just above. Since T is closed,

we conclude hence by definition a ¢ D and
To = | ¢(gp)dga.
tol

Therefore we have T = S ?(3)&3 by definition.

Now we consider the general case. Let R be a closed ring of
projection operators containing 1. By virtue of Theorem 20.7, we
can find an axis 1 including R . Then we have obviously

Rca =@ < K.

Thus every dilatator T by R aleo is a dilatator by L , and hence we
can find a continuous function ? on the proper space ?0. of ;. for
which we have

T=-[%(dg,
as proved just above. By virtue of Theorem 20.8, the proper space
@,R of R is a partition space of ?m. by the correspondence

RE € €y for 2 €&,

Uy =1g: Rp e} for pe R,

If ¢ is finite at a point 3o € ¥n then for any ¢ > 0, putting
Fe =173 15-%(g)l<t},
we obtain an open aot. 2 ; in the complex plane Gr, and then the spect-
rality E’q (£,) by & s by Theorem 23.3 commtative to R, because
T is a dilatator by R by assumption. Thus we see by Theorem 20.1
that Eg (Fg)€eR for every £ > 0. Consequently
*
RE = Rgo lmliss 3 € Ugl(z,,
*

because we have 2, ¢ Viqc!,; obviously by the formula y$23(16). Thus

we also see by §23(16) that Rgp = ﬂs. implies
1F()-F(pa)lse for every £ > 0.
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Therefore we obtain that

RE = Ry, implies F(F) = F(Ro).
Ie § (%) = oo, then, putting

g, =1{3%: g1 >¢€} for £>0,

we conclude likewise that Rp = RJ, implies (4 (3) =00, Con-
sequently there exists a continuous function 4 on the proper aspace YR
such that

?('R@)!‘?(@) for every £ € ¥, ,
because f* is a partition space of ¢ o by the correspondence ‘R 3 €
%,R (2e¥q). PFor such a continuous function ¢ on ¥, we see
easily by the definition of integral and Theorem 17.3 that & is integ-
rable by X in Vc:'p;,'l if and only if ¢ is integrable by x in vc,:n*

and then
j ‘f(@)olgl = 5 ";(3)d3‘l = j ;(3)431 = T«x,
Coxrn Cixig xla

because c"“w. X = X by §14(17), and hence by §14(6')
(xlp = C’”,ﬂtua S Cixig-
Therefore we have by definition
T =(9(pldg.
Such a continuous function ¢ on ¥, is determined uniquely. Be-

cause for every X ¢ D we have

T = | 9(pragx,

Cexy
and hence by Traeorem 18.5 and the formula §19(2)
(T2.2)= 9(p) for g€ Te,, ..
Furthermore >~ Ue ., 1is dense in €p» because forany 0 #Pé R

xX€¢0
we can find X ¢ D such that PX # 0, and then we have by §14(16')

UpUeexs = Ulipxy * O,
The function value < (@ ) of such a continuous function ¢ will

be called the spectrum of T at a point § and denoted by (T,%).
With this definition we can therefore state

Theorem 24.1. For a dilatator T with domain D by R, the

spectrum (T,%) ( e {’R) ie a continuous function on the proper
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space ¥y , and we have
T = | (T.2)d2,
:-T,.?l-,:)a('f.:) for ¢ Up, .+ x€D.

Por a dilatator T by ®, spectrality E of the spectrum (T, )

(§¢€g) 1is called the spectrality of T bty R.

A dilatator T by K alsc is a dilatator by every closed ring in-
cluding R , because R C K, implies ﬁ,c R. Furthermore the spect-
rality E of T is invariant for regularly measurable sets, that is,

Theorem 24.2. Let T be a dilatator by a closed ring R, as
well as by R,. For the spectrality E, of T by R, ad E, of
T by R, a_point set § in the complex plane G is regularly mea-
surable for E, if and only if § also is so for E,, and then

E,(8) = E.(2).

Proof. By virtue of Thoorem 23.2, we have obviously
E‘(§“!)= E1(§¢") for §“!8{;:|;_d~l‘£}
For every open set A° # 0 in G, we can find &, , £, (v =1, 2,...)
such that
A® = Zi E‘vaﬁv’
and then we have by §23(12)
. oo oo °
E(4°) = U, Ei(Fy,,) = J EalFy,,) = EL(A7).
Thus we have E,(/°) = E,(A°) for every open set A° in Gr. Con-
sequently we obtain by §23(11) E (A~) = E,(A”) for every closed
set A" in Or, Therefore we have for every set € in G
N E1(A.)= /\ Ez(/‘.),
FcA® g<A®
A7) = E,(A7).
VIR -NVSERVER NV
Thus we conclude easily our assertion.
Theorem 24.5. let T be a dilatator with domain D by A and
E the spectrality of T. For e bounded linear operator S on R,
we have ST C TS if and only if

SE(AN°)= E(AN°)S for every open set A°.

A3
]
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Proof. It E(3)S = SE(E), then we have by §23(11)
(1-e(E'))s =8(1-€e(&')),
and hence E ($/)8 = SE(E’). 1r
E(F)S = SE(%), E(¥)S = SE(%®),

then we have by the formula §23(17)

E(2+¥)S =(E(2)+ E(F)- E(R)E(F))S

= S(E(2)+ E(¥)- E(F)E(T)) = SE(B+%).

Purthermore, if E (Z,)S = SE(E,) (v=1,2,...),8,c §,C +-oy
then we also have by the formuia §23(14)

E(Z %8 = SE(Z E,).

Therefore the totality of those point sets § for which we have
E(E)S = SE(E),
constitutes a totally additive set class, ana contains all open sets by
assumption. Thus we see that E (£)S = SE(ZE) for every Borel
set € in Gr.
Por any A € D , we have by Theorem 24.1

To = | (T,pldgpo.
We cau find a sequence of Borel sets $ ,c ¥, C ... in & such that

G = ﬁ-l z,, r":p;.,'z" s v (v=1,2,...).

Then we have E (%,) 1,7, 1 by §23(14), and

T.g)'s v for 2eTg (g,
by §23(16), vecause F "< { % : |FIsv]. Thus we have by ‘rneo-
rem 17.4

E(E,)Ta = J (T,@)dga (v=1,2,...).
E(E,)

For any £ > 0, we can find a finite number of Borel sets T“'t“‘ (m=
1, 2,c00y P ) in G such that
f
e, = ,?;ci.":“' fhrivﬁ = 0 for M s,
sup -1t for m =1, 2,..s, .

e iu,p
Then we have by the formulas (7) and (12) in §23

4 P
E (iv) = z_;.'E ('Iy,,u)n
and by the formula §23(16)
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- (T
HT,p)-(T,q)ls¢ tor ., 7€Yg,
because QVTFC{;: |;-(T'Q)|§£} for qfvs(iv,r)‘
Thus we have by the definition cf integrsl

2(1.&14“3“ = 4% ,é“ (T, &) E(Z, )

for 3,. € Vg(ihr) ('ﬁs 1, 2,..., ), and hence

E(F,)STa = SE(F)Ta =5 (T,p)dpoe
E(&)

= ln 'é.‘(T,J»,.)E(?,,,.)Sa = sj(g )(T.g)d;So.
for every v =1, 2,¢e0 « This relation yields

STa = [ (T,g)dgS5a,
b= !(*,)
and further by §17(9)

J 1T 8N ndg Sall® =He(E.)S Tat?
£ .
ZENSTal

for every ¥ =1, 2,.e4 Therefore (T ,%) is by Theorem 17.3
integrable by Sa in ?,Rmd

STa = | (T,p)dgsa = Tsa.

Therefore S is commutative to T by definition. Conversely, if we
have S T C TS, then we obtain by Theorem 23.3
SE(£)= E(B)S for every Borel set  in & .

In this Proof, putting P, = E(&.) (v =1, 2,...), we have
Pbty:{ 1, |(Tbg)|§v for :fUP,,.

Thus (T,@) is integrable by P, x in ?ﬂ for every x ¢ R, and

NTP,xu* = j HT @) ndg xnt g v,
Py
Therefore we have

Theorem 24.4. For a dilatator T with domain D there exists a
sequence R 3 P, 1 2,1 such that P,R<C D and TP, is & bounded

linear operator on P R for every v =1, 2,... .
Let T be a dilatator by . For the spectrality E of T, the
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closed ring generated by E (A°) for all open sets A° in G is call-
ed the spectral ring of T. With this definition, we see obviously
by Theorem 24.2 that the spectral ring of T is independent from R .
Furthermore we see at once by Theorem 24.3 that every dilatator by R
also is a dilatator by its spectral ring.

A dilatator T by R is said to be proper, if A coincides with the

spectral ring of T.
Theorem 24.5. For the spectrality £ of a dilatator T ty «K,
if a projection operator p belo to the spectral of T, then for

*
any o ¢ R we can find a Borel set § in G such that

Proof. We denote by 4" the totality of those projection operat-
ors P € R, for which we can find Borel sets § such that
Pct‘l = E(i) C(&l’

Then we sea easily by the formulas (11) and (12) in §23 that 7" is a
ring including a1l E (A°) for open sets A° in &. For any sys-
tem P, e (ré€eA), we can find by Theorem 14.7 a sequence A, € A
(v=1, 2,...) for which

o
MNyPaCray = Y PaCuas,
)(G\A Pr Cray = [-\. Pr Cras-

Since we can find by assumption a sequence of Borel sets £, (v =1, 2,
ees) for which Py, Cray = E(Z)) Cray (v=1, 2,...), ve have by
the formulas (12) and (13) 4in §23 for such &, (v =1, 2,...)

\/ P, c(" = E(iiv) Cgoj,

€A bsi
A,;\A P c(d] = E-(;ﬁ.'iv) Cul;

and hence ‘\\d‘ Pa, [‘\APA «cT. Thus 7" is closed. Therefore
4" includes the spectiral ring of T.

For two closed rings of projection operators 1€ ¥'C R, if T 1s
a dilatator by 7°, then T also is obviously a dilatator by & . Por
the partition correspondence §20(4): Tye ?1" (@ € ?“) from the
proper space ?u of R onto the proper space €y of 7, patting
¢ (2) = (T,79)p (2¢&p)
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for the spectrum (T, )y (q € €, ) by 7, we obtain a continuous
function ¢ on %"K . Furthermore we see easily by §20(6) that ¢ is
fin‘te in some open dense set. Thus, putting

o= [ 4(8)ds
we obtain by ‘Mmeoren 22,3 a dilatator Ty by R . Then we see easily
by the definition of integral that T = T, , and hence

(7,8)u= () for every 3 ¢ Co -
Therefore we can state

Theoren 24.6. For two closed ° don o
1€ TcR,
Af T is a dilatator by 49", then for the spectrum (T,9)y by 7° and
the spectrum (T,2)x by R we have
(T, 78)y = (T, 8 (3 ety)
for the partition correspondence 7 P € € (§¢ £4) from the proper
space ¢, of R onto the proper space Cr oL 7.

§25 Calculus of Dilatators

Let T, and T, be two dilatators by R with domain D, and D, re-
spectively. Since the spectrum of a dilatator by R is finite con-
tinuous in some open dense set in the proper space {’* y putting

A =12: L(T,g)l<voo, |(Ta,p)l< oo},
we see easily that A also is an open dense set. Since
(Ti,2)+ (Tay )

is finite continuous in 4, we obtain by Theorem 22.3 a dilatator Ty by

R as
Ty = [ {(TL8) ¢ (Tag))dg.

This dilatator T3 will be denoted by T, ® T,, that is,
(1) T,eT, = j {(T,3)* (T, p)d g
With this definition we have obviously
(2) T, eT,=T,eT,,

(3) (TvoeTy)o T, =T(® (T, @ T3).
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We also define likewise

(4) TioT, = j (Tq.s)(Ta.3)43:

and we have
(5) TioThy= T,0Ty,
(6) (TieT)oTy = Ty0(TaoTy),
n Tio(Ta® T3) =(Te0o Tp)® (T,0Ty).

Recalling Theorem 18.5, we have obviously by definition
(8) (Ty® Ta,8) =(Ty,2)+ (T, ),
(9) (Teo Ta @) = (T, 8) (Ta, @),

if voth (Ty,3) and (Ts,2) are finite.

For two operators T, and T, with domain D, and D, respectively,
we define T,< T, to mean that D,< D, and
T¢X = Ty % for every x € Dq.
With this definition we have for two dilatators T, and T, by R

(10) Ty+ ToCTy® T,.

Because, if both (T, ,3) and (T, ,2 ) are integrsdle by & in TUe ,;
then (T:,2)+ (T2,$) also is by Theorem 17.6 integrable by o in
UctaJ and

J {(T1’8)+(Ttsx)‘48a
Ccay = j (-rns)dga.qs (Ta,2)dga.

€ta Ccas
Thus we have T, + T, c T,® T, by definition.

We have further
(11) Ty Ta<€ Tyo Ty,
In fact, if T, T,0 has any sense, then we nuve by Theorem 24.1

Ty Taa = j (T,,g)dsTm = S (Ts,8)dg Taa,
CLTad €tal
because we have by the formula §14(16')
Ctviar = Cw,cmo,J * CiarCitiar § Cray.
Thus we obtain by Theorem 18.5
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("I'uTt& ,3)=(T1,:)(T"“ 3)3(1’\,3)(12’8’)

in some open set being dense in T e tal® This relation yields by
Theorem 18.4
T1 T‘l.a = [Q.]T| Tq, 28

= f (Tn3) (T'L:g)dga z(T|0T1_)Q«.
Ctaa
Therefore we have T, T, C T,o T, by definition.

Concerning the adjoint operator T ™ of a dilatator T by R, we
lhave by Theorém 22.4

(12)  (T%,8)= (T,§)  forevery 3¢ ¥x.
Thus we conclude easily

(13) (T9* =7,
and further by the formulas (3) and (9)

(14) (T4@Ta)" = T e T,°,

(15) (TyoTa)® = T o T,%

Recalling Theorem 17.9, we have for every X, Y € D

(T, Ty) = | (7T,8) (7,8 (dgx, 3) = (T"x, T"%).
Thus we obtain

(16) (Tx,Tyg)=(T*"x,T"y) (x,y4e D),

an BT xl = N T*x (x€eD).

Every complex number o« may be considered itself as a dilatator by
R , and we have obviously by definition
o™ = for every complex number o .
Furthermore it is evident by definition that
«T = A0 T,
considering o« as a dilatator by R .
A dilatator T by R with domain D 1is said to be symmetric, if
T = T* that is, if
(’r“-.g)=(‘l,1’}) for every x , y¢ D .
With this definition we have obviously by the formula (12)
Theorem 25.1. A dilatator T by R is symmetric, if and only
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Af the spectrum (T, §) 4s a real valued funotior over the proper
space €y -
For two symmetric dilatators T, and T, by R, we define T; S T,
or T, 2 T, to mean that
(T :3)5 (Ta,8) for every 36{*.
With this definition, we have obviously for symmetric dilatators

(18) T,sToand T, 5T, if and only if T, = Ta,
(19) TieaT, Te s Ty inplies T, 5 T3,

(20) Ty s Ty implies T, 0 T35 To@ T3,

(21) Ti4Ty, 05 Ty implies T,0 T3 g TyoT,.

A dilatator T by R is said to be positive, if T 2 0, and to
be pegative, it T < O.
Theorea 25.2. For two symmetric dilatators T, and T, with
domain p, and D, respectively, we have T, T, Af and only if
(Tyx,%x) 8 (Tux,x) for every x ¢ DyDs.

Proof. If T, S T., then we have by definition for every ele-
ment X € DyDa
(Tyx,x) = S (Tra@)idgxu®

Cexd
s | (Top)udpxi® =(T.x,x),
Cex3
recalling Theorem 17.10. Conversely, if
(Ty 2 ,x) € (Toax,x) for every X € D, D, ,

then for T,, T, , we can find by Theorem 24.4 two sequences
RI»P.T0, Y, RI3Q.T.0,1,
such that P,R ¢ Dy and Q R C D3 for every v = 1, 2,..., and then
we have by Theorem 13.8 )
R3pP.a.t.7,1
and further obviously
P.Q.R c DyDy for every ¥ =1, 2,.e0 &
For any x € R and Fe€ UP» Q. Cexy’ we have by definition

(T )___(T'P.Qyt = 1i (T,PP.Q.1L12
W -——_—P.le :3) "'.3 ||pP,Q..7(|I"
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< e (TaPPGuEX) _ (TaPiaux
=P jiePe.aq,xit P.Q.x

On the other hand we see by Theorems 15,7 and 14.1 that both g‘ v"'e’

t:) = tril&q°

and Z:R'U € cx3 are open dense sets in 8.,!. Thus we conclude
xe¢
(T, 2)s (T2, ) for every § € €y,
because both sides are continuous functions over the whole space ?“.

For a dilatator T by R we define the absolute operator |T| of
T to mean

(2)  ITi={ 1T, pldg.

With this definition, the absolute operator |T | of a dilatator T
is obviously a positive dilatator, and

(23) T,8) = (v, for every $ ¢ ¢, +
Furthermore we have by the formula (12)

(24) ToeT%= | Tle|Th T =ITI.

Theorem 25.3. For two dilatators T, and T, by R with domain
D, and D, respectively, we have |T,jg|T,| if and only if D, > D,
and i Tyxll W Toxll for every x €D, .

Proof. If 1Tl 5 | Tai, then we have by definition
T @) s 1(Ta, 81 for every § € ¥g .
Recalling Theorem 17.3, we conclude hence that D, D> D, and for every
X € Dy we have
IToxd? = | (T, lndgxn?
Cexd

S| Hm,pindgx® = nTaxn’,
Cexl

Conversely, if I T, x N S i Ty x|l for every x € DyD,, then
we car find by Theorem 24.4 a sequence K 3 P, 12,1 such that
PyR € 0,0, for every v =1, 2,...,
and then for any X é R and £ ¢ Up o . we have by §19(12)
T'Pyx Il Ty P P.xil
(T ,p) = (= ,0)| = 1am —1 " ="
¥ & 3 ITY )

'Ttppvzl
1im _______.____L = T2, R
=533 T HpPLxl (T2, 00
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Thus we conclude easily that |T,| g | Tal.

Prom this Theorem 25.3 we conclude immediately

(25) MTIxl = 0Tzl for every x €D.

If T 2 0, then we have obviously T = |T| by definition.
For an arbitrary dilatator T by R, putting

(26) VT o= | VTPl dgs

we obtain a positive dilatator viT , and we have by definition

(27) IT1 = IT1 o ITT = AT VITI .

Because, if |(T,$)| is integrablé by & in Ug,,,, then \h(-r,g)l
also is integrable by a in Ue 4. By virtue of Theorem 24.4, we
can find a sequence R 3 P, 1,2, 1 such that the domain of iTti
includes P. R for every v =1, 2,..., and then we have
PoiTla = \ﬁ"T'TP,{)?To» for every v =1, 2,e00 &
This relation yields |Tla = VITI VIT| &, and hence
ITie ViTl VITI.

Taus we obtain |T| = ViT] VIT!| by the formula (11).

For a dilatator T by R with domain D, the projection operator
of the closed linear manifold generated by the range of T :
{Tx: xeD}
is called the projector of T and denoted by [T 1.
Since X € D, Q € R implies @ X € D, TQX = @ T x, we see
by Theorems 10.5 and 12.6 that Q[T 1 = (T1Q for every @ ¢ R, and
hence we obtain by Theorem 20.1

(28) [TY¢e R for every dilatator T by R.

Since P Tx = TPx for every P¢‘R, X €D, we conclude easily
by definition

(9) (T)1 = Vv _ (Tx].
xXe¢D
Since Crry = [TJ vy (28), we obtain hence by §14(15)
(30) (T1 =\ Crraa-

By virtue of Theorem 24.4, we can find a sequence R 3 P, 1,77, 1
such that P, R < D for every v =1, 2,..., and then we have by defi-
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nition for every X € R
TA-[TPP.Xx =(1~[TY)TP,x = 0,
Since lim (1-(TJI)P. % = (1~ (T])X and T is closed, we obtain
hence
TQA-tTDx =0 for every X €R.
Conversely, if Ta. = 0, then we have by (17) T¥a = 0, and hence
(Tx,a)=(x, T™) =0 for every x ¢ D.
Consequently we obtain by definition [TJ]a = 0, that is,
-ttda = o it Ta= 0.
Therefore we have
(31) Q-tTIR={x: Tx=01}.

From this formula (31) we conclude by the formuias (17) and (25)
(32) [T*] =(ITII=(T13.
If [T1X € D, then we have by (31)
x =(1-(T))x+[(Tixe¢D,
Tx = T[T]x,

Thus we have
(33) T(Tl= T.
Recalling the formula §14(2), we obtain by (29)
(34) [e<T] = [T] for every complex number « % 0.

For every x ¢ D we have by (33)
(T1Tx = TITIx = Tx,
and hence by §14(6')
(Tx] =(7T)10{Tx) s (T].
We also have by §14(3)
(x]Tx = T{2IxX = Tx,
and hence (T x] 5 [x] by §14(1). Thus we obtain
[Tx]g (TIlx1,
On the other hand, we have by §14(3) for every x ¢ @
TOA-[Tx1)x=(1-(T2])Tx = 0,
and hence by (31)
(T1I(1-(Tx1)x = 0.
This relation yields by §14(6)
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tTI(1-tT=l)rz1= O,
because [(x JIiTx)=(Tx])(x) = (T=x]. Thus we have
(T1lx) = (TILTx1(x] g (Tx],
Consequently we obtain

(35) [Tx)=(T1tx) for every x ¢ D .
Rerallin> Theorem 15.7, we heve by (30)

gy = ( ,,z;o v

On the other hand we have by Theorem 19.2

Ve ={g: (Fpsol,

)-c

Ct'rxl

and it is evident by Theorem 24.1 that
. - . (I - -

18: (T.2)=0} =(f_:.pi;;. (&) +0}17)" .
Thus we obtain

By virtue of This formula (36), we obtain by (9) for every pair of
dilatators T, and T, by R

Vrf.a-r,,) = Ytra Urraa

and hence by the formulas (2) and (4) 4n §15

(37) [TeoTal = [(T,1LTal.
Furthermore we obtain by (36)

(38) I Til g 1Ty| dmplies [T,] 5 [T,].

For a dilatator T # 0 by R}, we have obviously [T ] % 0 by de-

finition. Putting
1l

— f \v4
()= { ™) or §€ Upy,
0

for 3 € v1-(~rl'
we see Jasily by (36) that ¢ is almost continuous in the proper space
g’z , and hence we obtain by Theorem 22.3 a dilatator

o= [eprdp.
This dilatator T, by K is called the inverse of a dilatator T and
denoted by T -1, With this definition, we have by Theorem 24.1



§25) Calculus of Dilatators 131

. 1

(39) (t-%,8) = .3 for £ € Upqys
and hence by (4)

(40) TeoeT'=1(T1.

We alsu obtain by (36) and (39)
(a1) [t-'1=1(7T13,
(42) (T-9H)'= T,
and further by (1é) and (23)
(43) (7% = (T7Y)",
(44) ITI" =177,
If o= T4, then we have by §19(15) for every § € Ue, 409
( u‘m 8) = (-}1.3) ) (TT}) =T
Since ({la = T [4]1{ = T4 = a, ve obtain hence by §19(10)
(a14 = [ (T,p)dga = T 'a.

€tal
On the other hand we have by (35)

(eld =(TLIL = [TIC(L14 = (TIL.
Therefore we obtain

(45) a = T{ implies ([T1{ = T 'a.
If a dilatator T by /R with domain D is bounded and
ITxllg ¥auxi for every X ¢ D,
then we have by the formula §19(12)
x
|(%—;3)|é Y for 2 € Up. s
and hence by Theorem 24.1
HT.:)lﬁ 1 4 for every 35{’«'.

This relation yields | T| g ¥ by definition, considering Y as a di-
latator by R . Conversely, if | T | g Y , then we have by Theorem
25.3 that P = R and

ITxlhg ¥oxl for every x ¢ R .«
Therefore we obtain
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Theorem 25.4. A dilatator T by R is bounded if and only if

1Tl S Y for some positive number ¥ , and then we have

BT = 4of ¥, ITlguTu,
ITIgE

The domain of a bounded dilatator coincides with the whole space
R, , as proved just above. Conversely, if the domain of a dilata-
tor T by R is the whole space R, then the domain of the adjoint ope-
rator T* also coincides with R by (12), and hence we have for every

yeR

su x | = su (%, T y)i< IT*yll< +oo.
uu§1'(T '3) uugsl s A
Thus we obtain by Theorem 9.12
Y = sup N Txil<+o0,
Nl g1
and hence T x|ig ¥ Kz W for every xéR- Therefore we can

state
Theorem 25.5. A dilatator T by /R is bounded if and only if

the domain of T coincides with the whole space R .
Recalling the formulas (10) and (11), we sce by this Theorem 25.5
that for two bounded dilatators T, and T, by K we have
T|*T'L L quT!J T1T1,=T1°T1‘

Theorem 25.6. If a dilatator S by R is bounded, then
T+S8S =Te S, TS =ToS

for every dilatator T by ®.

Proof. For any dilatator T by /R we can find by Theorem 24.4
a sequence R 3 P, 1,77, 1 such that P, R is included in the domain
of T for every v =1, 2,400 Since T S ¢ ToS by (11), if
(To S)a hus any sense, then we have for every v =1, 2,...
TP.Sa =TS8P.o =(TeS)P,a = Pu(ToS)a,
and hence TS A& = (To $)a, because T is closed. Therefore we
have TS = To S. We also can prove likewise by (10) that
T+8 =Ta& S

Every projection operator P ¢ R is obviously by definition a
bounded dilatator by K . Thus we have by Theorem 25.6
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(46) TP = To?p for every Pé¢ R .
Recalling the formula (31), we obtain at once
(47) (Pl =P for every P ¢ R,
and hence by (37)
(48) (TPl =1(TIP for every F ¢R.
Since we have by the formulas (2) and (6) in §19 for every x € R
f;’-,g):l for 2 € Up Ve ,,,

wo obtain by Theorem 24.1

1 for €U
(49) (P,g)= { L
0 for b 2 2 v TP
Thus we have by (39) for every E € Uirrp
(TP)",8) = 1 = 2.2) o (rrp,p).

(T,2) (P,8) (T,8)

Furthermore we have by (41) and (48)

[(rP)')l=(TP] =(TIP =(T-IP=(T-'PI.
Therefore we have

(50) (tp)'=T1"'p for every Pe R .

Theorem 25.7. For two dilatators T apd S by R, if

Ta = Sa

then we have TC(M= scmj .

Proof. If Ta = S0, then, putting T, = T@ (- S ), we
we have T,a = 0 by (10), and hence by (48) and (35)
({T1Ca) = [T 1Cr = Crratar= Crpyag=0-
Thus we obtain T, 0 Cr,, = 0 by (46). This relation yields
To Cray = SeCray
by (7), end hence T €y = S Cray -
Theorem 25.8. For any pair @, 4 ¢ R, there exists uniquely

8 dilatator T by R such that
(614 = Ta, (T3 = Cliaygs
Broof.  Putting
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£,2) for ¢ Vo,

()= {
0 for 3 € 'U‘- Cra3>

we obtain a dilatator by R
T = [ en)dg.
For this dilatator T we have by Theorem 18.4 and the formula (36)
(a1f =Ta, [(T1S Cras-
On the other hand we have by (35)
(T1Cy = Craay = Cetarga-

Thus we obtain (T3] = C ttal1d3* The uniqueness of such a dilatat-
or T is concluded immediately by Theorem 25.7.

§26 D-convergence

Let A be an open dense set in the proper space € ot R, and
9. (2) (v=1, 2,...) a sequence of finite continuous functions on
A. We suppose furthermore that ¢, (£) (v=1, 2,...) is con-
vergent for every point 3 €A, Then for any £ > 0, putting
Ar =18 19 (8)-%(3)ise for 9,6 21}
(v =1, 2,...),
1tisobviousﬂmt§_‘,4, =A. Furthermore we have

(ZA0)" = €.
Because, if (;A:)' %+ g, then ve can find 0 # P¢R such that
Tp < A(Z A,
For such P , we have -
(Z (AT =(£A42) Y=o,
and hence (A, Tp)° = O for every v =1, 2,... . Since A, Up

is closed, A,.Up is novhere dense for every » =1, 2,..., and hence

0
Z. A, TUp also is nowhere dense by Theorem 15.10, contradicting

gA.vﬁAvP: Up#0.
Thus .f:‘.. A, 1is an open dense set in ¥, .
Therefore, if we put for o, M =1, 2,...
Aup =12 19 (2)- 935 % ror p,6pv
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>0
then E A,,'z is an open dense set for every m =1, 2,..., and

hence, putting
. = o

Ac = ,}]‘(E A"f"’ ):
we obtain an open dense set A4, by Theorem 15.11. Por such A,, the
limit

4(§)= un 7.(2) (3e¢A)

is finite continuous in A, . In fact, for any 3, € A, ama £>0,
we can find ¥, M such that

B0 € Aun s T < FE
For such y , since ¢, is continuous at F. by assumption, we can find
an open set 5 3 F, such that

I ()= ()l & &  forges.
Then for every £ € Ay,;‘, B we have
I, (2)-¢(3) 5 &
Since 2, ¢ ,4,,;5 » we obtain hence naturally
| 4. (go)- ¢ (3)ls &
Consequently we have
12(8)-¢(go)l<E for every £ € A, B.

Therefore § is continuous in 4, .
Kow we can hence state

Theoren 26.1. 1f a sequence of finite continuous functions <,
(v =1, 2,...) on an open dense set A is convergent in A, then the
limit lim % (®) also is finite contimuous in some open dense set

in the proper space ¥, -
For a sequence of dilatators T, (v=1, 2,...) by R, if

(T.,8) (v=1,2,..)
13 convergent in an open dense set A , then, putting
?(@)‘ dim (Tv»s) 101':6/4)

we see by Theorem 26.1 that ¢ 1is finite continuous in some open dense
set, and hence, putting

T = [ 943148,
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we obtain a dilatator T, by R, for which

(TQ);) = ul_j;m“ (Tujs)
in some open dense set. In this case, we shall say that T, (v =

1, 2,...) 1s D-convergent to a 1imit T, , and write
-lim T, = To.

Theorem 26.2. D-convergence is independent from the ring R :
If >-)im Ty = T, by ® and all T, (v =1, 2,...) are dilatators
by another clpsed ring of projection operators 9 , then T, also is
a dilatator by 4" and D-lim T, = T, y 7.

Proof. We suppose firstly 4 ¢ K . We have then by assump-
tion

Jn (T.,8)g = (To,8)n
in an open dense set A in ¥g . Since we have by Theorem 24.6
(T, ¥8)y = (T, 8 for everygef“,
(T,,‘rg),‘.. (v=1, 2,...) is convergent for every@éﬂ . On
the other hand, we see by Theorem 20.6 that the image of A by the par-
tition correspondence also is an open dense set in the proper space ?’7.,
of 7. Thus there exists a dilatator S by 4°, for which
Un (Tv,T)gy =(S,78)y  forevery g €A .
Then we have D-lim T, = § by 9", and $ = T, , because
(5,8)g =(To,§)p forevery peA.

We also can prove likewise the case where R C % . In general,
denoting by R, the closed ring generated by all spectral rings of T,
(v=1, 2,...), we have obviously R,c R T . Thus

i, T = T,
by R implies the same relation by ‘R, , and hence further the same
relation by 9°, as proved just above.

Concerning' D-convergence, we have obviously by definition
Theorem 26.3, D-lim T, =T, D—&é’m- S, = 8 Aimplies
D-lim (T.®5,)=Tes,
D-Ma (T,08.)= Toes,
Theorem 26.4. For a sequence of positive dilatators
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s‘ z s‘ ; ceceey

we have D-;l_i’.:g..s, = 0 Aif and only if for the domain p, of S, we
havs .13.."..5“7‘ = 0 for every x € Di.

Proof. By virtue of Theorem 25.35, the domain of ,S, includes
Dy for every Vv =2, 3,eec & he 4 D-}il‘-_ S, = 0, then for each
X € Dy) We have by Theorem 24.1

S, x
M5 = i Shg) =0
in some open set being dense in 'Uenu. Thus we can find by Theo-

rem 21.8 a sequence R 3 Pluf;’,. C(x; such that

Jim PulzlS,x =0 for every p =1, 2,000
Cn the other hand, recalling Theorem 25.3, we have
NSexll = Il CexyaSyxll g1l P,.. S.x I+ Il $.( Ccu‘ P'..)lll

S HPtx3S, 2 U+ US5,(Crpy-Pu)rt.
Thus we obtain
}j'mn NSy« < ﬂ(L“t,]—PP)S'ZII
for every m =1, 2,..c « Making M tend to «© , we conclude hence
vlé.m“ Syx=0.
Since (S4,2) 2 (82,8)Z ... for every § € {’ﬂ by assumption,
there exists a positive dilatator S, by R for which
D-}-iomoo's" = ‘so ’ .
and we have obviously S, 2 S, for every v =1, 2,... . i S, +
0 , then there exists a € R for which S0 % 0. For such o € R
we can find by Theorem 22.2 a sequence R 3 P,u 1‘,.‘:, C“, such that
PFQG Dy for every ‘usl, 2,000 o Since *
Pli"l'n“ SQ Pro' = ct“’S‘a = 3,0— * 0,
we can find p# for which S, Pua * 0. For such M we have by Theo-
rem 25.3
NSLPuall ZUSyPuall # 0 forevery v =1, 2,... .
Therefore lim S, % = 0 for X € Dy implies D-lim S. = 0.
v oo ¥ ~900

Theorem 26.5. Let D, be the domains of dilatators T, (v =1,
2,...) by R respectively. For any & € R we can find a sejuence
R > P. f‘::l CIO»J such that

P.o ¢ ﬁ Dm for every v =1, 2,... .
P
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Proof. By virtue of Theorem 22.2, for any o- € R we can find
& sequence R 3 Py, 1,7, Croy (#=1, 2,.0.) such that
Pe,pea € Dpm forevery » , m ® 1, 2,000 o
For such P,, . T.5%1 Cray (#=1,2,...) we can find by Theorem 14.4
Vf‘!f (F, p =1, 2,-.-) such that
4'5‘ ny‘"”“ ff-:q ctﬁ-l .
Then, putting P' = Ff.:\‘ Pv’.".,a (p=1, 2,...), e have
R 3 Py ff.:n Ceas,
P’a' Pny’.""Oveof‘, fofmq ?,#‘1. 2’-000
Consequently P, o ¢ 'Ff D for every f =1, 2,ec0 «
r puy M

For a sequence of positive dilatators S, (v =1, 2,...) we shall

write
sb l::' on

it S22 S22 -t mn—&gﬂS.:o.
Theorem 26.6. For a sequence of dilstators T, (v =1, 2,...)
R, D—}}'nn Ty = T 1is equivalent to each one of the following

conditions:
1) there exists a sequence of positive dilatators
S, 3200
such that |T, - T g S, for every v =1, 2,...,
2) for each & ¢R we can find a sequence

R Pp Tp.:l ccal
such that (ﬂ.)-’l_:lin“ T, Puo = T Pno fOr overy M =1, 2,e00,
3) there exists a system @, €R (1 €A ) such that

M, Clay =1 (R)lim Toon = Tox Lo every A€ A,
4) we seque
R IPLTaea 1
such that Ja HT,Pa~TPAN =0 for every Ae¢A.

Proof. By virtue of Theorem 26.3, ws need only consider the
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case where T' = 0 . Ir D'»]’i‘n T, = 0, then we can find by defi-
nition an open dense set A in the proper space -?“ such that
JLia (Tv,p)=0 for every 2 € A.

Thus, putting
9 (3)= o, (T @)1 for €A,

we have obviously for every g €A
9 (2)2 4 (§) 2.0 o ¢, (p)=0.

v ~=deo
On the other hand we have obviously

‘f;(@): 'l_i;m"{ ’?:‘PI(T,.,Q)H for cvery:tA.

Thus we see by Theorem 26.1 that ¥, is finite continuous in some open
dense set, and hence for each ¥ =1, 2,..., we can find a positive di-
latator S, by R such that (S8.,%) = ¢, (§) in some open dense set.
For such S, (v =1, 2,...), we see easily by Theorem 15.11 that

S5.04.%,0, IT 1S5, (v=1, 2,...).
Therefore D—}_i’n“ T. = T implies 1).

Next we suppose that S, |2, 0 and |T, |5 S, for every v
=1, 2,c00 For any a. € R we can find by Theorem 26.5 a sequence
R PPT;;' Ccoy Such that all T, P, 0 and S.Pua (v, p =1,
2,...) have sense. Then we have by Theorem 26.4

,1_’;‘“,. ,S,,Pra— =0 for every m =1, 2,... .

On the other hand we have by Theorem 25.3 for every P ¢ K
KTLPPuolg N S,PPull, US,, PPuclig tS.PPuall,
and hence for every M =1, 2,...
TvPuar < S, Put (v=1, 2,..4),
S,P”a, ys.LP'“a.r..... o
Thus we have (ﬂ)-—bl_i.xg_ T, Pua = 0 by Theorem 21.7 for every pm =
1, 2,000 © Therefore 1) ‘implies 2). Since u&c =1 by
xe
Theorem 14.1, 2) implies obviously 3).
Now we suppose that there exists a system Q. , € R (A€ A) such
that ) Ca,y =1 eand
(R)-1im | T,ax = 0 for every A ¢ /.

tx]

Then we can find by definition a system £, ¢ R (A € A ) such that fur
any § >0 and A €A there exist: p, for which

“Tu"“»\nséﬂPhll for UZV,:P"“-
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For such £, ¢ R (A € A), putting

ne it
= 1lim —
(&) P2 liPa,lt

we see by Theorem 18.2 that ¢ is a continuous function on C taxl and
finite in some open set being dense in C tary * Furthermore we have
by the formula §19(12)

for ? ¢ Ucld.).) ?

I(Ty,@)l i.e\/?(@) torgéC'c““, VZ V.
Thus, putting
Up. = {8: ¢()<mi” (p=1, 2,...),

ve have R 3 P, 1,,‘:, Ceo,y 804
3.1_‘1;:‘ IIT,Pr,ll =0 for every M =1, 2,ee0 o
On the other hand, if
Hp KT PN = bl_i.ma tTt,all =0
for P, Q €, then we also have
Ma, IT.(PY@)N =0,
because PV Q = P+ (Q- PQ) and
AT (PYa)INg AT.PU+NT, QUNTI-PUS HT.PH+UT. QN
Since \OJA Gc a1 = 1, we conclude hence that there exists a system
A
RIPt,enl
for which }_i:nn HT,Pall = 0 forevery xeA. Therefore 3)
implies 4).
Finally we suppose that there exists a system R 3 Py T,¢4 1
for whieh
Jn B TL Pl =0 for every A € N.
Since |(T,,8)1 S N T, Pyl for P ¢ Up by Theorem 25.4 and the
formula §25(49), we have

Ha l(Tg)l =0 for gez Ty,

A EA

Since VPA is an open dense set by Theorem 15.7, we conclude hence
ANeA

by definition D-‘}im” Ty =0,

By virtue of 1) in Theorem 26.6, we see that if a sequence of di~-
latators T, (v =1, 2,...) by R is D-convergent, then there exists a
positive dilatator 8§ by R for which

IT. 18 8 for every v =1, 2,¢0¢ «

Theorem 26.7. For a positive dilatator § by @R with domsin p,

ITvlg s (v=1,2,...); D-lim T, =T
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implies
ITIg S ('K)-}_i'll;“r,z = Tx forevery x ¢D.
Proof. We have by assumption

T ,2)=(5,8) forevery ¢ €4,

Lz (1..2)=(1,%) in some open dense set.
Thus we also have

l(T.gﬂg(S,Q) foreveryge {’ﬁ,
because both sides are continuous over the whole space {’,K o There-
fore we have | T| £ S by definition.

Since D-LI}IL T. = T by assumption, we can find by Theoren
26.6 a sequence of positive dilatators S, |, , 0 such that
I Tve~T1s S, for every ¥ =1, 2,¢e0 o

Then for each y =1, 2,... we have by definition

(Tu, ) - (T2l < (S0,

in some open dense set. On the other hand we have
T, @) - (T, c2(8,8)
in some open dense set. Thus, putting

$. ()= Min{(S.,3), 2(8,p)} (v=1,2,..),
we obtain a sequence of continuous functions ¥, (v =1, 2,...) on
€, such that
T, @) - (T2l g () (V=1, 2,.00)
in some open dense set. Since
2(s,3) 29 (®)2 %2 (2)2 oee for every § ¢ g’k’
putting
ko = [a(pdg (=1, 2,.00),
we have 2 S 2 K, 2 Ky2e++ and for each % ¢ D we conclude easily
Tuox - Tx < K, x for every v =1, 2,... .
Furthermore we have obviously
K, <8, for every v =1, 2,...,
and hence we als» have K, {, =, 0. Thus we obtain by Theorem 26.4
}3.'..""" =0 for every X ¢ D .

Therefore we conclude by Theorem 21.7

(R)-Ll}:. T.x = Tx for every X ¢ D -
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As a special case of Theorem 25.7, we have by Theorem 25.4

Theorem 26.8. If DM T, =T and IT U ¥ forevery

V=1, 2,..., then ve also have | T g ¥ &nd

(ﬂ)-bl_:l'.m“‘r,z = Tx for every x éR.

§27 Measurable Functiens

Let M be a totally additive set class in an abstract space ML,
that is,

1) L€ e,

2) % ¢ m( implies F' ¢ MY,

3) $,¢m (v =1, 2,...) inmplies é. &, emc,
From 2) and 3) we conclude at once

4) E 6ot (v =1, 2,...) implies JT F, €,

A finite function P (%) (% €fL) onflL is said to be (Imt)-
measurable, if
vt 9(glentem

for every open set A° in the complex plane G.

Theorem 27.1. A finite function ¢ on 4L is S?rt!-measurable,

if and only if for any § » 0 we cen find a sequence of sets F, € M

(v =1, 2,...) such that

FE, =0, e [P(R)-9(1SE G=1,2,.).
L7¢g,

buy
Proof. We set
Au,g ={z: Ip-l<¢g}
for a complex number ol and a positive number & . If ¢ is ()-

measurable, then for any £ > 0 we can find a sequence of complex num-

bers o, (v =1, 2,...) such that

G = X Al

voyE?
and, putting
2, ={z: 2(g)eAy 1.} (v =1, 2,...),

we have
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N, S‘E §v; "1 § H’({)"‘f(’l)lsf (Vll 2,-..)

Conversely we suppcse that for any § > 0 we can find a sequence
E, em (L =1, 2,...) such that

,;Layz';:';,, il’;lp!pl‘f(ﬁ)"‘f(ﬂ)lgf (v =1, 2,...).

For an arbitrary complex number ot and 0 < §'< 5, we can find a se-
quence £, et {v =1, 2,...) such that
=23, s |2(E)-()g 3(5-3)
b= P.leg,
Then, putting

¥y = {s: mn-&s’l!no 2,

vwe see easily that ¥/ ¢ ¢ and

18 :019(g)-otj<8'}<C Fsc{3:19(53)-a|<§},
Since

{51 19(5)-al<s} = Z{5: |9(&)-al< -5},
we have

{5:19(8)-olest= £ F(,_1,, € m.

For any open set A° # 0 1in the complex plane (, we can find complex
numbers o, and 4, >0 (v =1, 2,...) such that

A° = g’;:' Aay,5.
and then we have
{Lia@m)et = Z (5 19(5)-dul< 8} €.
Therefore & is (7Mt)-measurabdle.
Theorem 27.2. For a sequence of (/1)-measurable functions ¢,
(v=1, 2,...) on, if Lim (%) = ¢(%) for every r e, L,

then ¢ also is (M1)-measurable.

Proof. For a complex number ol and a positive number £ , put-

ting

.= £ T 43 19 -di<e),

we see easily that §d'£€’h’{ and
{2 i 19(R)-al<etc g, , cig: 19(3)-aigt},
For an arbitrary open set A° # 0 in the complex plane  , we can find
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complex mumbers <, and positive numbers £, (v = 1, 2,...) such that
o0 ]
Ao=~z_‘_‘§g: |g-d,|<£y}=£{5: 1E-ol, g6, 1,

and then we have
P fm)ent = £ 3., € m.

Therefore & is (/m)-measurable by definition.

For a point set @ in fL, the function
i for 2 ¢ &
L(g)= J[
0 for L £ §

is called the characteristic function of £ and deroted YWy A 30
For every § ¢ M, the characteristic function 1(.! of  is (m)-

measurable by definition. If a function ¢ cn L is (777)-measursble,
taen for every & ¢ M, the product ¢ Xg also is (’)rt)-neasurable. Be-
cause, for any £ >0 we can find by Theorem 27.1 a sequence E, em
(v=1, 2,...) such that

JL = : g,, sup |P(E)-9i)<e {(v=1,2,...),

i ‘17 §

and then we have JL = 3 3%+ 7“§v§’,

L= o=
sup [P (E)X5(5)- ¢ TIN50
IAEE X .
< ,mup [‘F(f -“fi)s €,

wp  19(8) A5 (%)= 7 (XD = 0
e 8,2/

for every L =1, 2,ee0 & Thus ¢ Xz 18 (%7)-measurabls by Theo-

rem 27.1.
If both ¥ and ¥ are (Mr)-measurable functicns on J%, then for

any £ > 0 we can find by Theorem 27.1 two ssquences F €1 (v = 1,
2,...) and -'yrem(p‘: 1, 2,...) such that

urL =E—§.v=i?v'

L=t

"s,}xp;l‘f(g)—cf\’Z)ﬁ,';‘ ;
. IHE) - (Dl s ¢

for every L , m = 1 2,4+, and hence
sup  J(F(E)+ ¥ (E)D-(9()+ (1 ))]lg ¢
f,’(é;,&/“ (V,,A—l 2’..‘).

'8

Since [l = § Qﬂ, we conclude tnerefore bty Thsorem 27.1 that

))'

n
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4 + ¢ also is (7r¢)-measurable.
If two (7¢)-messurable functions ¥ and ¥ are bounded and
19 (z)lsv, I¥(2) s ¥ for every Z ek,
then for any £ > 0 we can find i,,i—”,,emt(w,,tsl, 2,.00) such
that
o= 2 F, ='§.‘-I,.,

(o 10 - 0D —z—ll;-e (v =1, 2,..0),
z‘e}lxgiﬁl\‘(t)-‘lv(’l)ls 77 ¢ (r=1, 2y004),

and then we have
sup e (E)¥(E)- 2(7)¥ ()]
PUCERIn o 190G (E) =¥ (1)

<
= L1¢8%
PURE iy VDT (E) - (DIs €.
.o ‘u'lf;,i"
Since L = §y§,‘, we conclude hence by Theorem 27.1 that < ¥

v, M=t
also is (M11)-measurable.

For two (7t)-measurable functions % and Y , putting
Z,=1{%: |9(g)l<v}, T, ={8: |¥(F)I<v},
we have obviously &, , P, em (v =1, 2,...),
H’(zt)x;,(z:)liug l‘f‘('})'x-;y(’i)lév for every % ¢ L,
and
Ma (2(2)%g (2) (F(H)Xg (5)) = $(D)H(7).

Since both ‘f’X;v and X g are bounded (7 )-measurable functions,
($%g ) (¥+Xg,) also is (71)-measurable, as proved just abvove.

Thus we conclude by Theorem 27.2 that ¥ Y also is (77¢)-measursble.

Therefore we have
Theorem 27.3.  If both ¢ and V are (71)-measurable functions
on N, then ¢ +y and ¥V also are (#t)-measurable.

For a finite function ¥ on .ML, we define L to mean
for ¥(3) %0

1
1 ¢ (%)
(%)=
With this definition, we have obviously

1
% = Xiz: 9xrs0t.



146 DILATATOR ANALYSIS (Chapter 1II

Theorem 27.4. If a functior ¢ on . is (7)-messurable, then
1

7 2180 is (77)-measurable.

Proof. Putting &, = {3 l‘f(‘i)l)%—}.\nhnuobvio\u-
lyi., em ("31' 2,00.)“
,1_%".. “;—i—;(;)g —(Z,) for every % ¢ JL .
Por any £ > 0 we can find by Theorem 27.1 a sequence ¥ peM (p=1, 2,
...) such that fL =i—§ and

|cr(;)x,<;)-svmx,<n>|

LT

for every pm. =1, 2"". Then we have
L% |7 Y (8)- 557 (Vs e,
f,u;,,;qu m-—;{;mn,o.

Since
no= ,;:«:r,.z 423@ i/,

we see by Theorem 27.l1 that W is ('M.)-uoaaunblo for every v =1,

2,000 & Therefore —?J}g- also is {(7t)-measurable by Theorem 27.2.

Theorse 27.5. If a function ¢ on /L is (7t)-measursble, then
for any Borel set A in the complex plane G we have
{3:9(®@)eA} e m.

Proof, Denoting by £ the class of those point sets A in &
for which
{7: ¢(z)en} e m,
we 806 easily that J( is totally additive and contains all open sets in
G . Thus & includes all Borel sets in & .

A finite function w on the complex plane (; is said to be Borel
measurable, if the point set
1 ¢ w (3)e p°}
is a Borel set for every open set A° in & .
With this definition, we have obviouely by Theorea 27.5

Theorem 27.6. If a function ¥ on L is (‘rt)-memsureble, then
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for eny Borel measurable function w 9n the complex plape Gr,
w(¢(%)) (fen)

also is a (71)-measureble function om JL.

§28  General Speotralities
Let 77¢ be a totally additive set class in an abstract space L .
A system of projection operators E(Z) (Z ¢#t) is called a spect-
relity, if

1) E(Z)E(%) = E(F%),
2) E(Z)+ E(8') =1,
3) e(Z,)= JEe@).
From 1) we conclude immediately
(4) E(Z)E(T) = E(R)E(F),
(5) F >F implies E(F) 2z E (¥).
Since E(Z)E(E') = 0 by 2), we obtain by 1) amd 2)
(6) E(0)=0, E() =1,
and henoce further
7 F¥ =0 implies E(ZF)E(E) = 0.
We have obviously by (5) and 3)
(8) £,C £.c .o tmplies E(F)INT, E(Z E.).
From 2) and 3) we conclude easily
) ez = 1 e2),
(10) £,>8,5... implies E£(Z.)I7,E(T &)

let E be a spectrality on 7 and ¢ a (%r)-measurable function
on L. For a point set F, ¢ ML, if ¢ is bounded in ¥, and
le(g)isgy for every 5 ¢ &,,
then for any £ > 0 we can find a finite number of complex numdbers of,
(v =1, 2,00e, %) for which

1% : I;lgx}cﬁ”{;: 13- o)< 35},
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148
and putting
g, ={%: 1e(g)-siix< —%—s'; (v=1, 2y0es, %),
we have obwviously
g e M, £, c ?:'-'I"
(r =1, 2,000y%).

e 19(%3)- (1)l s €&
Yor such ¥, (yy= 1, 2,.40y% ), putting

¥, = §o§|’ X, = Eaiv(g' ;P)’
we obtain a partition of 3, :
§C = i iv! iuiﬁ. = Q
v=y

such that ¥, € ¢ and
l‘f(%)-‘f(’l)ws

(v =2, 3,000, %),

for v & M,

(Y=, 2,00ey2¢),

5,
Portvopu'titiom of &, in 1 :

:2;;&»: x"; i\q(g)'?(?‘)“ﬁ (v=1, 2,..., %),

Z‘T,u g \‘f(‘.)'?(’l)l<i (=1, 2,000, f)

=
and for £ ¢ g, , ’(,.G\Er, 'ohavotorcvory a € R

I 2’_ ?(5.)E(Z2)o0 - Z. P (IE(TIN®
= —?7,.|ua§& ant
zﬁlsa(;) (1) (2,%.)
s 4s 2'_ ne(f«:&,)an‘ =4¢2 ) E(E,)o N,

=2 g3, m

because E,, = F_;.'EVT,...
for § F.*+ 0.

“T(iu)"‘f(’bﬁ)lé 2 ¢
Therefore there exists the limit
& > ¢(n)E(F)a
for &, = Z_E,, §v§r =0 for v pm,
le(3)-¢(M) s ¢

sup
This limit is called the integral of ¢ by E(F)a (Ze¢m) in &

£,1¢&,
and denoted by
[ ¢xrewdg)a.

£,
¥With this definition we have obviously for every F ¢ 7t

E@) | 9(EIEWrIa = | ¢(5)EML ),
£, %3,

;VGEV'M

(b =1, 2,.0s,x)

(1)
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Thus, if 2, < $, € ooy, T €M (v =1, 2,...), and g, = :Z:-‘iy »
then wve have by (8)

Ty j ¢(4)E(dg)a = Ma E(Z )j ¢(5)E(dg)0

. E(i.,j ?(5)E(dg)a = | ‘P(Z;)E(dx; a.
Z.
In the case where <P is not bounded in $,, putting

F ={z: 1¢(g)N< v} (v=1, 2,...),
we obtain a sequence F, ¢ nt (v =1, 2,...) such that

§.C §q.-c b §0 = fi:-'- §¢§y;
1¢(z)lsv (b =1, 2,...).

o*v

If there exists a sequence £ ¢ (v =1, 2,...) such that

§|c§1,< ceey Eg’E—Ey,

)

&% io bounded in F, for every v =1, 2,..., and

j‘f(é)e(df,)w (v =1, 2,...)

2
is convergent, then for every sequence Foem (v =1, 2,...) subject

o0
to the condition: ¥ .C ¥,C «-y £, = g__:?g, , and ¥ is bounded
in ¥, for every v =1, 2,..., the sequence

5‘?(4)&(0“;)0— (v =1, 2,...)

¥,
is convergent always to the same limit. In fact, we have by (11)

for every U =1, 2 ;..
EE) [ ¢(2)EME)a = E(F) [ #(5)E(ds)a,
%,

Fn
and hence

f ¢()e@n)a = £(2) | ¢ (DEMz)Ia

R 2.
- M E(E) ] $(EIEMR)a = E(R) ua | ¢(5)EWT)
¥ s,
Thus, making m tend t:oa s we obtain

us | 9()EME)a = E(2) a [ ¢(5)EWT)a
LA W %

= ua [ ¢(z)E(d7)a.

3
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Therefore, in this case we shall say that & is integreble bty E(Z)a
(#em) in F,, and the same limit will be denoted by

fe@miewsn)a.

g,
If a ()-measurable function ¢ is bounded in F, ¢ 7T, then we
have by definition for every a , £ € R
e = ¢(z,) (E(8,)a,8) = (| ¢(5)EWE)a,4)
£-0 v=i

¥,

for partitions of &, in MY :
Z, = £.§... F,3. =0 for vapu, 5,63,

t-np le(x)-%(7)Is ¢ (Val, 2,000y %).

Thus we define the mtlml‘of‘f by (E(d%)a,$) in F, as

f #(5)(E(d5)a, )= un ¥ ¢(3,) (E(2,)a,4)
;' €90 vy
for partitions of &, in MY :

3, 'é‘:iul 2,3.=0 for vépu, f ¢ZF,,
‘ l‘f(g)"r(’[)l<e (p.l. 2,..‘.,‘).
With this dofmtion we have obviously

) | ) (W= (] ¢EIEMERIa, 0,

and further z, %

(13) | ¢)¥() (E(dg)a,l)

£,
= (] #(s)ews)e, | FmIEWE)L).
%, z,
Indeed, we have by definition

(f vm)Ewn)a, | ¥(5)EWE)E)

% 4, »
= la (Z ?(z.)E(F,)a, Z ¥ (5.)E(Z.)Y)
= lim L?(; ).‘f(tlv) (E(iv)aog)

E-v0 31

= | 90 ¥(F) (E(dg)a,8),
E 4

because E(§.,)E(§r) =0 for v pm.
From (13) we conclude immediatoly
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v emedsart= [ie)It E(d)a
For a ('m)-u:unblo function ¢, if r::- every sequence F, ¢ 1t
(v=1, 2,...) such that F, = g_:_ﬂé.,. ., C3,C eeey,0md ¢ is
bounded in £, for every » =1, 2,..., the sequence
[ () (E(5)a, ) (v =1, 2,...)

t 3%
is convergent to the same limit, then we shall say that ¢ is integreble

ty (E(2)a,4) (£¢m) in #, and this limit will be denoted by

J25) (E5)0, 0.
g,
With this definition we have obviously by (13)

Theores 26.1. If a function ¢ is integradble by E(Z)a ( Z
€m¢) in §, and a function V is integrable by E(F){ (F €M) 1p
Z,, then (%) ¥(%) (5¢%,) is invegrable by (E(F)a,4) (E
¢m) in F, and

J2(2) ¥0) (E(dn)a,€)

B a(emrdua, | ¥(mIEWE)D).
Z, %,

Theores 28.2. A ()-measurable function ¢ is integredle by
E(2)a (2em) in 3, fandomly it 17(5)1" (%ed) 4o

integrable by HE(Z)all’ (Fem) in F, apd them
e (IEMg)IaN = jl‘f(t.)l NE(ds)an’,

Proof. Ir ¢ uintognololu E(Z)a (Fem) 12 ZF,,
then we see by Theorem 28.1 that |? (% )|* is integrable vy H E (Z)al’
(Fem) in F, and

1) #(5)EM@3)al® = |19 K ECdg)an’.
z, 2,

Conversely, if there is a sequence ¥, € ¢ (v =1, 2,¢0.) such that
FCE,Coeney F =:s'_"_“§,, ¢ is bounded in E, for every v =
1, 2,-+., and

sp [ 195 NEME)a It < oo,
3t 2 '
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then, putting ¥, = 0, ve have by (14) and (11)
Jreontnew@s)an® = uf ¢(z)e@s)ant

¥, &,
= Z{E(F)- E(¥p-0} | ¢(2)E(dE)an”
T,

EVE(E,- «},...)l ?(5)E(d3)at’

Eouf f)eds)at,

AT O

vecause E(F,- %, ,)E(Fp-Fp,)=0 for m+ P.  Recall-
ing Theorem 7.11, we can find hence by assumption § ¢ R such that

¢ =2 | 4(s)E(d¥)a = ua | 7(2)EWg)a.

§f‘— ir-l iu
Therefore & is integrable by E(Z)a (3 ¢M) in $, by definition.

§29 Integral Operators

Let E(ZF) (Z ¢7t) be a spectrality on a totally additive set
wet class in an abstract space JL. We suppose furthermore that for
a closed ring of projection operators R 3 1 we have

E(2) e R for every ¢ (.
Fon a (7¢)-measurabls function ¢ on /L, putting
T, = {2t 19(3) < v} (v=1, 2,...),

we have obviously ¥, ¢mt (v = 1, 2,...). For a point 2 of the pro-

per space € of R, if § € Ug(g,)  then we can find a complex pum-

ber « such that for any £ > 0 there exists & ¢ Y for which
$€Tgzy l9(g)- oAl < ¢ for every 3 ¢ F .

Because for any f =1, 2,.. we can find obviously a finite number
of complex numbers ofm (f =1, 2,...,%) such that

1% l‘f(r;)l<v|clé{;: [$(5) - Lul< —2%-,7},
and then we have by Theorem 15.3

E(%: 19(5)-dul< gpmt) € for sone .
For such M, putting

Fp =15: 19(8)-wul< 5r ) (p=1, 2,000,

we obtain a sequence E, ¢ (f =1, 2,...) such that
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3 € Ve, l*(R)- OIS 25

Por such ¥, et (f =1, 2,...), since J ¢ Ug(g,) for every p

=1, 2y.ce, wo have $,F5 * 0 forevery f ,6 =1, 2,cc., and
hence for any Zp € £, (P =1, 2,...) we have

14 (5p) = P (Gpad S 37+ 5hm = 5o
for every f =1, 2,u.e. . T™us ¢ (%e) (P=1, 2,...) is con-
vergent, and putting
oL = I}.i;n""f (%),
we have
19(3) - | g =57 for % ¢ Fo,

]
2
because for every G =1, 2,..« we hav

19(5)- (&) g —;—; + —%—a- for every ¢ € @,

and é_i:n“ (k)= o . Therefore for any € > 0 we can find
3 ¢ ¢ such that
€ Ugegyo | ¢(g) -l g€ for every Z € &,
Tho uniqueness of such o is evident. This complex mumber o

will be denoted by

1im 9.
o EmM=$
For eny % ¢ g:'.‘ UE(iy) there exists hence E%dia‘; ¢ . For
/

2e(Z Teeg,,) s v dofine

A
iim ¢ = oo ,
EMY

becsuse for every v =1, 2,... We have 2 € UE(W:,') and
()} 2 v for every Z ¢ 3/ .
Now, putting
wy(g) = E'lnjizg ¢ for every ¢ Crs
we obtain a contimuous function Wy on {'R' In fact, if wgf(,}‘a)
is finite, then for any ¢ > 0 we can find F ¢ such that

Fo€ Tgegyr 1908)-welpadis 7€ (5e%)

Then for any F ¢ Ug(gy» 8ince F ¢, for some v , we can find 3
€ mC such that
. i . _
e Tgg)r [1i8)- ~(®)lg 5 ¢ (5e%),
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and hence
| wy(g)- welBo)l S E,
because E(F)E(¥) + 0. Thus we 4s continuous at £, .
If We (§o) =00, then for any 1 =1, 2,... we can find Fent
such that
Fo€ Ug(g) o l¢ ()l 2 2v for every Z ¢ & .
For an arbitrary point 3 € Ug g, if we(®) 1is finite, then we
can find ¥ ¢ /¢ such that
R € Uegy 19(B)-we(R)s1  forevery ze¥,
and hence
lwe ()l z 2v-1 2 v,
because E (F)E(I) + 0. Therefore w¢ is continuous at o .
Furthermore w¢ 1is finite in an open dense set t{; -UE(wI-V)'
because E (E,)T, 2, E(N) =1 by the formlas (6) and (8) in §28.

Thus we can state now
Theorem 29.1. For a (71)-measurable function ¢ on (L, putting
w = 1lim f
e () g ¥  for pedR
we obtain a contimuous funotion w, on ¢, such that we¢ is finite
in an open demse set; if w, (£) is finite, then for any £ >0 we

can find & ¢/¢ such that
FeUggy |9(8)-w(P)lse forevery LeF;

and if Wy, (#) = oo , then for £ >0 we can find F ¢ such that
and if Welk then for any
¥ eTeiy Je(5)|2¢ for every 5¢Z.

Furthermore we have

Theorem 29.2. For every & ¢ #7v we have

"atlxngl‘f(i)- (1) = n;\x’pyevsq))‘f(%)— we (2)1
= 8 | we (2)- we(q).
3"7u}‘)Us(i) T o

Proof. 1t J9(E)-9(1)I=E forevery f,n e, then
for each P ¢ UE(g) y W (3) is obviously finite, and for any § >0
we can find ¥ ¢ ¢ such that

SGUELE)' \?(Z,)-w?(g:)lgé for every L ¢ L.
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since E(E)E(E) # 0, we conclude hence
19 (§)- wp(@)is §+E forevery feF, Pe Uy,
Since £ >0 may be arbitrary, we obtain therefore

19(5)- we(B)ls S for every ¥ ¢ X, § ¢ Ug(z).
Conversely, if
l#(%)- w¢(3)|§8 for every ¥ ¢ ¥ , Q‘UE(f)’

then for any 7 ¢@ and £ >0, putting
T ={5: |¢(5)-¢(I<e}3,
we have obviously 7 € ¢ ¢ ¢ and further
Te(M)- Ww(R)l g 2E for P e Ugeg,,

as proved just above. Since VE(T)CUE(;)' we obtain hence
19(3)-¢(7)| s 5+ 2¢ for every § ,7 €& .
Since £ > 0 may be arbitrary, we conclude thus
le(3)-¢0)l=§ for every § , 7¢ ¥,
Therefore we have

P le(3)-¢(7)| = “;u‘pge%l:)(‘zF we (R) 1.

It |9(%)- W(R) =8 for 3¢, % ¢ Ug(z), then for
any quEcn and £ >0 we can find ¥ ¢ 1t for which

‘7(’(75(&)’ |?(§)‘W?("I)l.’_=£ for every Z ¢ ¥ .
Since E(Z)E(¥) # 0, we obtain hence
| we () - w(q)l s 8+¢ for every ¥ ,q € Ugig)-
Since ¢ >0 may be arbitrary, we conclude therefore
jw, (8) - we(q) 2 § for every ¥, € Ug(z).
Conversely, if
lwe(2) - welq)l < § for every §, 9 € Ug 4,

then for every ¥ ¢ £ and ¢ >0, putting
T ={z: 19(z)-¢(3)I<¢e} 3,
we have obviously % ¢ T € ;7({ and further
JE(5)- we(R)l s 26 forevery 3 ¢ Ug g,
as proved just above. Since vE(_%)C Tecg) s Y@ obtain hence
19 (§)- wWe(a)l g §+ 22 forevery £ ¢, e Ugge
Since § >0 may be arbitrary, we obtain therefore

[P (5)- we(q)l s & for every ¢ £, G ¢ TUg(g)-
Thus we conclude
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5.';‘:%“7!(‘3 (%)= we (@) = 8)‘?‘?’0!(‘:;?(3 w1

For a (77)-measurable function 4 on JL, denoting by D the tota-
11ty of those elements x ¢ R for which & is integrable by E (Z) X
(2 €M) indlL, we obtain an operator T with domain D as

Tx-Scf(l;)a(dr,)x for X €D .
S

This operator T is called the integral operator of ¥ by a spectrality
€ on 7 and denoted by

ferews).
Theorem 29.3.  If E(Z)e¢ R for every Fem, then the in-

Xegral operator
T = js«(:)s(a;)

is a dilatator by # and we havs
(t,g) = E%\'i:g ¢ for every % ¢ Cr-

Proof. If ¢ is bounded in some F ¢ 77, then we have by the
definition of integral for every X ¢ R

[e()EM@z)x = 11m > @ (L,)E(B.)x

£E20 yay
£,

Q
for partitions of £, in 7(:

Ea'?,-&;',iv- F,8.=0 for Lapm, §,cF,em,

E'}{lxzil‘f(E)—‘f(’()lée (v a1, 2yees, X)e
For such partitions &, (v =1, 2,...,2¢), we also have by Theorem 29.2
PP LB @S E a2 n.

Thus we obtain by the definition of integral

f welgrdpx = am & wy(3)E(2) %
€(%,) b=
for £, ¢ Ug(g,, (v=1,2,...,%). On the other hand we have by
Theorea 29.2
19 (%.)~ we(@)l 5 € (V=2 1, 2,000y %),

because L, ¢ F,» P.€ Ugg,, (F=1)20x) Consequent-
ly we have
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N E e (GIER) 2 - £ we(g)E(F) = 0"
e 12 op(ga P NEE) XN
S NE(@) 2N - s HE(R) 2.
Therefore we conclude

fetnredsIz= | we(prdgx.
2

. E(%,)
For a sequence F, ¢ (¥ = 1, 2,...) subject to the conditionm :

§‘C§1Cooo. ;ﬂ'éiy’“?hbﬂ“hiy‘”mﬂ
YV =1, 2,0eey we have by the formula §268(8) E(Z.)T,7, 1, and bty
Theorem 29.2 that «w¢ is bounded in vEl!.,) for every 1 m 1, 2,440
Furthermore we have for every X ¢ R

I‘f(t,)E(d;)x = J w(,(g)dgx (v=1, 2,...).

2% E(&,)
Therefore we conclude by the definition of integral operators

[oreds) = [we(z)dg,
and hence T is a dilatator by X by Theorea 22.3. Purthermore we
have by Theorem 24.1
(T,8) = we () for every £ ¢ ¥,
because Wy (R ) 1s continuous over the whole space ¥ .

Theorem 29.4. For every integrel operator

T = j ¢(5)E(d5).

Yo _have -
Tt [ TEIEWSE).

Proof. Since (T,%) = 51#’: 4 by Theorem 29.3, putting
(5)= 7(%) for every Z eJL ,
we h.ve obviously by definition
(T,gi- 1im
Em-g

Thus ve obtain by Theorea 29.3
Je@ews) - | Tpdg.
On the other hand we have by the formula §25(12)
T* = J T.5)48,



158 DILATATOR ANALYSIS (Chapter III
and hence
T = 5 ¥(z) E(dD).
Theorem 29.5. For an integral operator
T= [9(IEWME)
if we denote by E , the spectrality of T as a dilatator, then
Ex(A)= E({3: ¢(g)en})
for every Borel set / in the complex plane & .
Proof. Putting w,(g;):s%xitsq for géfﬂ.nan

easily by definition that if ¢ is bounded in some F ¢ 27¢, then
w?(@)ei ?(4)3 ;GE}— for every 36 UE(?)'

Thus, putting &, = {5 : ¢(3)€ N} for arbitrary point set /
in the complex plane G , we have for every bounded closed set /1~ in &

we () e A for every 2 ¢ Ug(z,.),

and hence
18: we(@)en }° > Tgeg,.y.

On the other hand, since T = j we (B )dg by Theorem 29.3, we have

Ve, = 18 We@)ea}s

by the definition §23(1). Thus we obtain

Ev (A7) 2 E(F )
for every bounded closed set A~ in G . For every bounded closed set
A~ , we can find a sequence of bounded closed sets /. (v =1, 2,...)
in G such that

A= EoAT,

and then we have hence by the postulate 3) in $28

(A7) = U EcA) 2 J E(F,-) = E(Fp),

because ¥ ,., = P p-= i g,-. Consequently we obtain
T Xl e
Ex(A")=1-E(N"') 2 1-E(&,) = E(%,-),
because §A', = B, Therefore we have

Er (A7) = E(,) for every bounded closed set 1 .
For each open set /1° in G-, we can find a sequence of bounded closed
sets A" (v =1, 2,...) in G for which
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Thus we obtain likewise

E;(A°) = E(Z,.) for every open set N° .
From this relation we conclude easily that Ey (A) = E (3,) for
every Borel set A in G .

Theorea 29.6. For two (7n)-measurable functions ¢ and ¥ on
q.apd for ¢ >0, puttlag ¥, = {5: 19(5)- ¥(g)I <€},

“y(3)= Ma, wxp(@)-z,,l"i-*gw (3 €€x)

wo_have that lw‘,(@t Cd.\‘_(g)l <t implies 3 € UE(?;)'
Proof. P € UE(&,.). then P € Ug(g), because ve
have by the postulate 2) in §28
Vs(it)' = U1-E(-f‘) = UE(&;’)'
Thus for any § >0 we can find by definition ¥ ¢#7 such that §
Ugcg) e
19(5)- wWe(B)s 8, 1¥(5)- wp(g)ls S for §¢Z.
Since E(Z)E(Z5) # 0, X,/ ={5: 1¢(5)-¥ ()l 2¢}, w
obtain hence
| We (B)-wy ()2 £-24.
Since § > 0 may be ardbitrary, we have therefore
lwe(g)- wy (@)l 2 €,
contradicting the assumption: | We () - wy(F)l<E.

Theorem 29.7.  Fob two (rt)-measursble functions ¢ and ¥ on
fL and for P € ‘R, we have
[¢(5)E@z)IP = | ¥(3)E(d7)P
Mandonlyit E(17: ¢(3)+ ()P = 0.
Proof. Since ¥ -4 also is (7ir)-measurable by Theorem 27.3.
putting

B, ={z: ¢(z)=¥%()},
we see easily by definition that &, ¢4r and

we(®)= wy(F) for every 1 ¢ g g ).
Thus we have by Theorea 17.4
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[wp(gdge(@)n = | wel3)dge(@ox

E(E)

= | wy@MgE@x = [wy(z)dg E(E0)x,

E(E,)
and hence

Jap(prdg e@) = [y (3)dpe(z0).
Therefore we obtain by Theorem 29.3
fgIEWeIEED = [¥(2)e(dz)E(E).

1t E({%: ¢(%)% ¥(2))P = 0, then ve have by 2) in §28
e(g,)P = p,

because 3, = {5: (&) ++(5)}’ . Thus we have

fe(2)e(dpIP = [2(5)E(3)E(E)P

= [ ¥(B)EWFIEE)P = [ ¥ (5)EWE)P.
Conversely, putting
T, = [ ¢BIEWE), T, = [ ¥(RIEWE),

if T,P = T, P, then ve have by §25(9)

(T, 2) =(T2,3) for every F € TUp.
because (P ,%) =1 for £ ¢ Up by §25(49). Thus we obtain by
Theorem 29.5

o We (3)“ wy.(@) for every ¥ ¢ Tp.
Since ¥, = Ir'{l, : 1P(g)-¥(g)l < %—},wcomlude thus
'U’P c UE(!.)

by Theorems 29.6 and 15.8. Therefore we have P = P E (%,), that
18, E(3/)P = 0.
Theorem 29.8. A _sequence of integral operators
T, = j ¢, (5)E(d ) (v=1,2,..)

is D-convergent if and only if we can find F, ¢ such that E(2,) =1

sd §,(3) G =1,2,...) is convergent for every 5 ¢ Z,, and then
there exists a (/7)-measurable function ¢ on (L for which

a 1,(5) = ¢(%) for every 4 ¢ .,
n-»l_i’%'f‘y = S 9(g)E(d L),
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Proof. It 9.(z) (r=1, 2,...) is convergent for every

% e ¥, and E(Z,) =1, then for the characteristic function Xz,

of £o, ¢.(%) X, (3) (v=1, 2,...) 1s convergent for every

% € ML, and hence, puatting
¢(%) = Jim ‘fy(:z)xi.(zf) (3en),

we obtain by Theorem 27.2 a (7t)-measurable function ¢ on {1 for which
Ma ¢.(%)= (%) for every } ¢ %,.

Thus, putting
Bae = T ig: 10G)-90)I<g |

we have E, o €M for p, G =1, 2,00, F,6C Fy¢ C +-ey and

F, C I‘Z;—' §,‘" for every G = 1, 2,ee¢ &
This relation yilelds

E(EP:‘)TI‘:‘]‘ for every 6 =1, 2,... .
Furthermore, putting
Fu =17: 12(5)l<pm} (p=1, 2,...),
we have obviously F, € ¢ (=1, 2y000)y T ,cF,C o0y and fur-
ther (L =;‘%_:-_"i',u. Thus we have
E(Z) T2, 1
Putting
T

[ ¢(z)E(d ),

we have by Theorea 29.3

(Typ)

and further by assumption
(To,2) = E}uhg,g ¥, for b {’R, val, 25000 o

]

E]‘;:itm-os 7] for every p ¢ €x»

Th“l, if 3 € vE(f‘,.)E(i,.,c-)’ then we have
1

I(Tl-n:)_(-rvg)lﬁ 3 for v zm,
and hence for g € n]:[n él vE(T,.)E(!,..g-) we have

Ma (T,2)=(7,%).
On the other hand we have by Theorem 15.7

b
(L Vegoe@,n) = UG R E () €x,
and hence /% UE(*#’E“PN) is an open dense set for every

1y 25000 Consequently
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o® oo
4 o
Ll & Veroedae |
also is an open dense set by Theorem 15.11. Therefore we have by
definition

D=lim T, = T.
¥ Hoo

Conversely we suppose that T, (v =1, 2,...) is D-convergent.
Then we can find by definition an open dense set A in -‘(’ﬂ such that
(rv.,8) (v=1,2,...) is convergent for every p ¢ A. On the
other hand, putting

F,u0= 130 10()- 9(B)< &}

. (v, mp,d =1, 2,..0),
§o = 1T Z 7T §y,,4,g,

c=t f=i upgp
we see easily that F c¢a¢ and ¢, (5) (v =1, 2,...) is convergent
for every L € £, . Forany ¢4 and G =1, 2,..., we can find
f° such that

1
‘(Tv,;’)“(Tﬂ;}‘)l< =3 for v, M 20,
and hence we have by Theorem 29.6
J( UE(;;‘,'“,G) for V,f*gf.

Thus we have

Ac 5 y'l;l;f UE(i.,,,,,e-) for every G =1, 2,40
Putting 3 = A(g_' ("1;1'zr vE(i.,,..g))u)‘/ , we obtain an open set B
and we have

B (v,p”UE(fu,p.c))o =0 for every § =1, 2,.s. .

This relation yields
- o
(8 npzr vg(ime)) = 0.
Consequently we obtain by Theorem 15.10
= -
(B Vea,m
On the other hand we have

B<C B AC rZ:T B'MUH vE(L,,.,q)’

hence B~° = 0. This relation yields B = 0, because we have

)y = 0.

1Bly B= B°¢c g~°. Therefore we have
- > o)~ -
< (r;l (”»Ir;f UE(iv,f‘,’:‘)) ) for every G =1, 2,...,
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A< (JE (T Teig, )0
Consequently we obtain by Theorems 15.7 qnd 15.8
Cp = A" = Tg(s,),
and hence £ (2,) = 1.

Theopem 29.9. Llet T be a dilatator by R snd E, the spect-
rality of T. If for any open set A° in the complex plane G we

can find F ¢ /¢ such_that
Er(/A°) = E(2)
for a spectrality £ on 4t , then there exists s (77)-messurable funo-
tion ¢ for which
=) (5)e(dg).

Proof. Putting

A =45 : 15] g v} (v =1, 2,...),
we obtain a sequence of bounaed closed sets A, (v = 1, 2,...) dn G
such that

Ay € Ay € ooey éA,:G.
Thus we have E.(/,)71,7, 1, and hence obviously by definition
D-lim T E+(A) =T,
Furthermore we have by the formulas (9), (49) in §25 and (16) in §23
(TET(AV),S)t(T.g)G A for SGVET(AV) .

Recalling Theorem 21.9, we oObtain hence for every x ¢ R

"
(R)-1n z (T, gEHE)x = T EL(A)X
for a finite number of Borel sets §f‘ (=1, 2,00e,%) in G such that
%
v :Eai’” §P§f =0 for m#* ¢, !’0:‘9;#]; -Nls &
and for P, € UE1(§,~) (f=1, 2,000y%). Therefore we have by

ls 2 = 2 (T,3)E(F) = TEf(A).

On the other hand, denoting by & the totality of those point se
¥ in G for which we can find L €7 such that E  (Z) = E(¥)
see easily that £ is a totally additive set class. Furthermor
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oontains all open sets by assumption. Therefore for any Borel set
& in G we can find ¥ ¢t for which E+(F) = E(¥). Thus we
can find ¥, ¢ (p= 1, 2,..0, x) such that

ET(EF) = E(i‘,.) (h=1, 2,000y x).
Purthermore we can assume that ¥ ¥ = 0 for m* P, because ve
have E.(ZL)E(Ey)=¢ for w3 p. For such ¥, € ¢
(= 1y 2,00, %), putting
{ (T, &) for 7 e ¥,

- X
for L€ P M
mE
we see easily by Theorem 27.1 that ¥ is a (77)-measurable function on
4L and we have obviously by definitidn

Z, (T E(E) = [ £ ()W)

Therefore we conclude by Theorem 29.8 that T is an integral operator
by the speotrality E on MT.

¢(%)=

For the Borel clase { in the complex plane (; , putting
¢(g)=1¢ (3¢6),
ve obtain obviously a (! )-measurable function ¥ on & . And we have

Theorem 29.10. For the spectrality E . of a dilatator T by

® we have
T = j; E(dz).

Proof. Putting
T, = JZIET(dZP)l
we have by Theorea 29.3

(71,3)=Erlzin-l.gl} foroverygégx.

Thus, if (T(,J) is finite for a point § , then for any £ >0 we can
find & Borel set £ ¢, for which J ¢ Ue,(5) ad

12~ (T, p)ls e for every 5 ¢ 3 .
On the other hand, for such £ and Z, wve have (T,£)€ F~ by the
formula §23(16), and hence we obtain
|(T.3)’ (leg)’é £.
e £ >0 may be arbitrary, we conclude hence that
(T 8)=(T, %) if (T, ,2) 1s finite.
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Therefore we obtain (T ,;g) = (T ,8) for overy 5 € €, because
both sides are continuous over the whole space ¥, . Thus we con-
clude T = T, by Theorem 24.l1.

§30 Punctions of Dilatators

Let [” be a space, Considering every system of complex numbers
(Zy)rer @8 a point, we obtain a space, which will be called the power
of the complex plane (G and denoted by G,r' . Every point set

i (Bydrep + Gy €N, (v=1, 2,000,0)}
for a finite number of elements ¥, ¢ I” and Borel sets A, in G (v =
1, 2,400, %) is called an elementary set in the power G . The
least totally additive set class containing all elementary sets in &
is called the Borel class of G and denoted by .. Every point
set in the Borel class ¥ is called a Borel set in G .

Let Ty (¥ €r) be a syatem of dilatators by a closed ring of
prrojection operators A containing 1, and E, the spectrality of Ty
for every ¥ €. Then there exists uniquelv a spectrality E (&)
(€ £™) in R such that

E{(Gadyer: gy e Al) = Ey ()
for every X, ¢ [ and Borel set A in &z .

In fact, denoting by K the totality of those point sets Z in GF

for which

18 (Maf)yep€ZEl " = {8 (Tyaf)yep ¢8}1°
we can prove likewise as in §23 that £ is a totally additive set class
and, putting

Veg) = (& (TraBlyer ¢ EL° tor Tk,
we obtain a spectrality E(E) (Fe¢L) in G FPurthermore for
any Borel set A in & end X, ¢ ” we have obviously by Theorem 23.1

{8 (T, ,2)en ={g: (Ty,8)en}° = Tey,n s
and hence E ({(&y)yeq: Gy, € A t)= En(/\). Thus we have
K O%T and E(2) (F ¢ 4") satisfies our requirement.

Such a spectrality E(ZE) (F ¢ &) is determined uniquely.
Bocause for two spectralities E,(#) and E,(Z) (Bes"), de-
noting by A, the totality of those & ¢% for which

E«(8)= E,(3),
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we see easily that 4, is a totally additive set class. It
E ({(%5 )rer: ¥, AY) = Ea{(Zy)rer: Sy, €N 1)
that is,
K3 { (Gy)pep: Ex, €N}
for uvery &, € I’ and Borel set A in & , then we also have by the pos-
tulate 1) in §28
J; ? {(41))11"‘ Gy, € Ao (v= 1, 2)"':”)}
= ﬁ‘{ (Zxdyers Ty et
for every finite number of elements X, ¢ [ and Borel sets A, in &
(L =1, 2,000y %), and hence £, contains all elementary sets in &".
Therefore we have £, = ¥, by definition.

This uniquely determined spectrality E (£) (F ¢ £") in the
power Gr' is called the gpectrality of a systea of dilatators T ,
(rer).

Concerning the spectrality E(£) (Z ¢ L") of a system of di-

latators T, (¥ €’ ), we have hence for every £ ¢ £

(1) Ve =12+ (Tr18)yer € 3}°°

={p: (M.§lycp ¢}

Yor a subspace 4 of " , we ~btain likewise a power G of the
oomplex plane (¢ by 4 and the spectrality E“(Z) (Z € £°) of the
system of dilatators T, (¥¢ 4 ) for the Borel class £ in G&G“.

For a point set £ in G , putting

¥ = {(l:r)x(-d (Zy)rea €2 |,

we obtain a point set I in (7. This point set & is called the
cylinder set of & in G and denoted by £ .

Concerning cylinder sets, we have obviously by definition

(2) (Z. Ex)r = 2 §,‘F,

~€A xen
(3) (&) = 11 3,7,
(a) F'h= 3",

Furthermore we have

Theores 30.1. ¥or a point set § in G~ , the cylinder set 3"
of ¥ in G is s Borel set, if and only if F is a Borel set in G“ ,
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and then we have
€4 (€)= E(8") (Ee%”?)

for the spectrality E of T, (¥ € ) and the spectrality £4 of the

subsystem T, (¥ea).

£roof. Denoting by & the totality of those point sets 2 in
G? for which F ¢ f", we see easily by (2) and (4) that £ is a to-
tally additive set class. Since we have obviously by definition
{ B dpent G €M (b=1, 2,000, %) }"
= {(Er)r".: Z,'rb e N, (v=1, 2,..., K)}
for every finite mumber of elements ', ¢ 4 and Borel sets A, in &
(v =1, 2,..., %), we conclude by definition that the cylinder set &
is an elementary set in G” for every elementary set £ in &* . Thus
& contains all elementary sets, and hence & > £“ by definition.
Furthermore, putting
E. ()= E(3") for every & € ¥4,
we see easily that E,(F) (F ¢ £L°) is a spectrality in &G“° and
for every ), ¢ 4 and Borel set A in ¢ we have
£, (i(z;r)ua‘ %-. e A })
= E({(By)yepr: gy, € A )= Eg, (A).
Thus E,(2) (F ¢ £°) is the spectrality of the subsystema T,
(¥ € 4) vy definition, and hence
E‘(2)= E(E") for every 3 € $°.
For every point set ¥ in G™, putting
T = {(Brdrea: (Bedyen € T},
we obtain a point set ¥4 in G“4. Then we have obviously
(E-Ai”a)‘ = Z T,
and
{(Cy)npt qb‘y.‘/‘v (v=1, 2,ce0, ")}
={(;J)T¢A‘ ;r,,re AVp (k=1 2,000, p) 1,
if ¥, €4 for p=l,2,...,p and ¥, €A forevery L # Vu
(p= 1; 2,000, P)e Thus ¥4 1s an elementary set in G* for every
elementary set ¥ in G . Denoting by £, the totality of those
point sets ¥ in G for which ¥“ 1is a Borel set in (4, ve see easi-
1y that £, is a totally additive set class in G and A, contains all
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elementary sets, as proved just above. Consequently &, > £ " bty
definition. Thus for a point set & in G , if F "¢ L", then
2 =(37) ¢ £“°.
Por a function ¥ on &, putting
Y (Zr)drer = P(5x)rea  ftorevery (Z,.)yep:
we obtain a function ¥ on G'. This function ¥ is called the
cylinder fupction of ¥ on G and denoted by ¢ , that is,

(5) PT(%edver = P(5r)rea ;  for every (5r)yep.

With this definition we have

Theorem 30.2. For a finite function ¢ on & power G“ of &,
4 C [, the cylinder function 4" on G" is (&' )-measuradle, if and
only if ¢ is (L4 )-mouuréﬁle, and then we have

femear) = [ om(@res).

Proof . For every point set A in G, we have obviously by de-
finition

1Grdseat Clhar)yeat “r' = {(Be)ser: PT(5x)sepent.
Thus we conclude by Theorem 30.1 that ¥ 7 is (£, )-measurable if and
only if ¢ is ( £,° )-measurable.

If a (£ 2 )-measurable function ¥ on * ie bounded in some Bo-
rel set &, ¢ £ 7, then for any £ > 0 we can find a finite number of
Borel sets &£,¢ £ (v =1, 2,..., X) such that

w
Z, =§§y| §y§/¢=0 for v # M,
sup |P(E)-9P(7)I<E& forevery v =1, 2,c0s, X,

L1eg,
For such §, ¢ £ (v =1, 2,..., %), we have obviously by Theorem 30.1

Eor'zé-’§yr" §‘,r’§'ur' = 0 for D*,“,
§9r € £, sup )cff’(g)_q,f'(yl)l§g (v=1, 2y0ee, %),
Lledr
and for every X € R
L E (R )y a B (EDX = 29 (Gr Dy E(ES )
tor (%, 5 )rep € §f (v =1, 2,000, %) Thus we have by defini-
tion
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JosredzIn = | 9T (5)E(d5)x
g,
for every x €R . Therefore we concluds easily by definition

feaIet@s) = (¢ (%)e(d5).

Especially, putting 4 = {¥,} in Theorem 30.2, we see by defi-
nition that E!™! s the spectrality Ey, of Ty, , and hence we
obtain by Theorem 29.10

(6) Ty, = j Gy, E(d(5y)yep) for every ¥, €.
Theorem 30.3. For any Borel set ¥ in the powsr G " of G we
can find a countable subset 4 < guch that ¥ = &/ for some Borel

set £ in the power ¢“ by 4.

Proof. Denoting by A the totality of those point sets & in
G" for which we can find & countable subeet 4 C " such that & =
37 for some Borel set ¥ in G“°. For a sequence ¥, €R (v =1,
2,...) we can find then a sequénce of countable subsets 4, < I” (v =
1, 2,...) such that &, = &,” for some Borel set &, in G4~ for
every v =1, 2,.0. . Denoting by 4 the union ‘%Ay and by 34

the cylinder set of £, in &<, we have obviously
¥, =(g2)" for every v = 1, 2,44,
and hence by the formula (2)

(Z2)=(Z 2.
Furthermore 4 is obviously a countable set and ;?_; Z.° 1is by Theo-

rem 20.1 & Borel set in G4 . Thus we see by the formula (4) that
K is a totally additive set class. Since & contains obviously all
elementary sets, we have & > £ by definition.

Theorem 30.4. For any (£ " )-measurable function ¥ op the pow-

er G of ¢ we can find a countable subset 4 c  such that @ = ¥ I

for some (,“ )-measurable function  on the pover G*“ by 4.

Proof. et o, (b = 1, 2,...) be the totality of rational ccr=
plex numbers. Putting

A =453 17 - L)<

1

.F} (v, mp=1,2,..).
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we have obviously
{(tn-)np: 7(;0');'”' ‘Av,p}G zf‘ (V.f"=1, 2,...).
By virtue of Theorem 30.3, for each Ay, (v, m =1, 2,...) we can
find hence a countable subset A":/“ C [’ such that
{ (Ggdper: T Eedrer €Mnpl = E,,; for some 3, , € Paulcl
Yor such 4., u (v, m =1, 2,...), putting

o8
4 = v.{:'-'1 Avspes

we obtain a countable subset 4 C I and

{ Gdrert CBr)pep €Ml = (257,
forevery L , m =1, 2,.00 & 1r

P(Ex)er *# Ty )drer

for two points (¥, )ycp and (My)yer of G7, then we can find A, &
and Ayr, ' such that

(’(:f)fﬂ' € A"Jf" ‘r(’{r)l’éﬁ € Ay’,rs’) AV,,‘ A""l" =0,
and hence
(fr)xwé (iy,‘ﬂf.)rt ()ll')rer' € (iu:;'d)p, (iy“r)r (;yl.‘,‘l)r' = 0.
Thus we have & ,,; !,:,?.: = 0, and consequently

(;&)nn * ”r)reao

Therefors there exists a function V¥ on &“ for wvhich ¢ = 47
Furthermore V is (¥“ )-measurable by Theorea 30.2.

Por a (" )-measurable function & on the power (" of G and
the spectrality E(Z) (Z ¢ £") of a system of dilatators T,
(¥er) by R, the integral operator

f¢@rewr)
is oalled a fupction of T, (Xe€ ") and denoted by
€ (Tedrer
With this definition we have obviously by Theorems 30.4 and 30.2
Theore 30.5 _For sny function of dilatators ¥ (Trlrer o

can find a sequence ¥, ¢ (v =1, 2,...) and a function
Y (To)ay,s,...
suoh that ¢ (Tydyer = ¥(Tr)paya,en o
By virtue of this Theorea 30.5, we need only oonsider functions of
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countable dilatators. In the sequel we shall denote by G“ the pow-
or of the complex plane & by { 1, 2,... } and by £“ the Borel class
in G¥,
Theorem 30.6.  For a function ¥ (T.),.,,... of countable
dilatators T, by R (v =1, 2,...) we have
¢ (T niyayen = [ STesgnns,.. d -

Proof. Putting T = 9 (T.)vay,a,...» We have by Theorem 29.3

T.3) = Ei?-uf f

for tne spectrality E(&) (2 € £“) of the system T, (v=1, 2,...).
For any £ >0 we can find by Theorem 27.1 a sequence F, ¢ L (p=
1, 2,...) such that

%ip’ G’ ] L’#giﬂ!?(g)—‘f(’l)'ﬁi (f‘ll, 2,0-.).

Then we have by Theorem 29.2 for every M = 1, 2,...

sup le(z)-(T,8)lse¢.
';e!p,:‘vi(l,) ¥

Putting A, = {2 : (T,8)ay,a,... € E}® we have vy (1)
A,: = Vg(gp) (w=1, 2,..4),

and hence

'?(Tvpg)v=|,1,,,, ~(T,p)ls¢ forcvory;EA,.,
Furthermore »2'1 Apm 18 an open dense set in the proper space ¥y ,
because

G AR > 05 Vegn) = Ve(g 2,y = ¥

Therefore we can find a sequence of open dense sets 5, (M= 1,
2,..s) in €z such that

FE (T ®lay,a,... - (THhe)l s %— for every f € Bu.
Then, putting B = (,ﬁ[' Buh)° , we obtain by Theorem 15.11 an open dense

set B in ¥y and we have
¢(T. :$).,,.‘,1’."=(T,g) for every £ €B .
Therefore we obtain

J?(Tv’g)u-l,i.m"% = J(Tg?)dx =T,
Theorem 30.7.  For a sequence of dilatators T, (v =1, 2,...)
by R there exists a bounded symsetric dilatator T by ‘R guch that T
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is a function of the sequence T, (v =1, 2,...) and every T, is a

funotion of T.
Proof. Por the spectrality E(3) (3 € £“) of the sequence
To (v=1, 2,...), putting
R ={E(2): Feg“w},
we see easily that £ ie a ring of projection operators and that P,€ &
(v=1, 2,...) implies

4

VP y5| Po€ &.

y=q
Purthermore for the spectrality E, of T, we Lave
& 3 £ (%) for every Borel set ¥ in G
for every v =1, 2,..., because we have by definition
E,(F) = E(FT®)
for the oylinder set ¥“ of ¥ in &%
We set
Awp = 4% |;-d,|<—;—} (pof =1, 25000)

for the totality of rational complex numbers of, (M= 1, 2,...). Let
Ps,a 20 (=1, 2,000,%¢)

be the system of all minimal elements in the ring generated by 1 and

E,(Au,g) for v, p, pg6. Then we have obviously

»

P Ps,» =1, Ps,aPs,a» =0 for x % A/,
Py,a E,(Au,p) = Pg,a ©OF O for v, m, P56,
Pe,r Pet,ar = Pt ar or 0 for 6<6’,
and hence
Ev(Apyp) = E.(A,.,,Z)z PMP"" for v, M, P55,
Ps,x = > Psi,xr for ¢ <€’s

Pe,a 2 Pl a

Furthermore we can find closed intervals

[gf,L ’ ’I‘,A] (‘ﬂ 1' 2,.--; A= 1. 2...., )(6)
in the real axis of the complex plane (¢ such that
LEe,a » T, 2l B2 0 Te, 0] =0 for A ® A/,

1
e ,x = Fe,a < &
and that Ps, 5 2 Ps', a’ implies

(36,00 Me,a1 D LEerar » Not,ar]
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For any point P € ¢, we can find uniquely A s (€=1, 2,...)
such that
Fe ‘U'p‘,’,“_ for every G =1, 2,...,

o
and hence Pe 3o loy, « For such Ag¢ (€ =1, 2,...) we have ob-
viously

$4,00 8 f2,0,E o0 » T, 2 Taag B o0

d Foag = HB, Teng

Thus, putting
P(®) = Jp_ a6 = 8, To,ag

for R ¢ Up‘. re (6 =1, 2,...), ve obtain a bounded real valued funoc-
tion ¥ on the proper space g’ﬂ. This function ¢ is continuous, be-
cause for eny £, € {’R and 6 = 1, 2,... we can find Ag such that

3’0 ¢ UP(,)., s

;G,kg : ?(?)é ’Ir,,\c. for J € ng‘*‘,

1
Teae = gn’,x‘ < G

Por such ¥ , putting

T = [4(p)dg,
we obtain by Theorem 25.4 and the formula §25(12) a bounded symmetric
dilatator T by R . For the spectrality E of T, we have by the
definition §23(2) for every open set A® in &

Teroan =y i f ren TPen "

and hence by Theorem 15.7

E+(A°) = v
T A*> Lk, 6,2 ] PC‘N'

Thus we have ET(A’) € ﬁ' for every open set A° in G . Therefore
ws conclude by Theorem 29.9 that T is a function of the sequence T .
(v=1, 2,.0e)
On the other hand, it is obvious that
ET([ ?e’,; ’ 76‘,1]) = Po‘, 8 (6=1y 250005 X = 1, 2500, %6,
and hence we have for every ¥ =1, 2,...

Ev (Apyp) = p Pe
' f Eu(Am,9) 3 Pe, X

= Ev . [z«,x.mr,k]')

Ev(Ap,p) 2 Peya

For eny open set /A° in G we can find Mr, Px (T =1, 2,...) such
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that A° = . Auy, pe » and then we have for each v =1, 2,...
[

° E , .
E,(A®) = 1(5 E.‘Up.,z,;.,):?r.[;;('x ’?(,x])

Therefore each T, ie a function of T by Theorea 29.9.

For a system of dilatators T, (¥ € ") by R, the closed ring ge-
nerated by the spectrality E(Z) (Z € L") of T, (reér) is call-
ed the spectral ring of the system T, (¥ e ). A systes of dila-
tators T, (r € ") by R is said to be proper, if the spectral ring of
Ty (¥ € ') coincidos with R.

Theoyes 30.8. If a eystem of dilatators T, (r € ") by & is
proper and there exists g ¢ R such that Pa # 0 forevery 0 # P

€ R, then every dilatator by ‘R is a mdfm of the system T‘r( Y

€r.
Proof. Ve have obvicusly by assumption C o, =1. Putting
R ={E(F): Feygr}
for the spectrality E(Z) (3 € L") of the system T, (yer), we
see easily that & is a ring containing 1 and that P, ¢ £ (v =1, 2,
ees) implies U P ek, Purthermore & is closed, because for

Lmy
any syetem P, € K (1 ¢ A) we can find by Theorem 14.7 a sequence A. €A
(v=1, 2,...) such that
A\"/A PrCiaq =

Therefore we have & = R, becsuse the system T, (¥ ¢ ") is proper
by assumption.

For any dilatator T by R , denoting by Ey the spectrality of T,
we conclude hence that for any Borel set A in &G we can find $ ¢ 4, T

such that

Y P'\» CCG] .

bzt

E-r(A) = E(i)'
Therefore T is a function of the system T, (¥ € ") by Theorea 29.9.
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CHAPTER 1V
NORMAL _OPERATORS

§3 ntal De t4

Let R be a Hilbert space. A linear operator A/ vith domain C
in R is said to bs pormal, if D is dense in R and there exists an ope-
rator ¥/ with the same domain D such that

1) (Vx,4)=(x,”4) for every x , 4 € D,
2) TNl = WA x|l for every x € D,

Such an operator ,7 is called the conjugate operator of ¥ . Since
D ia dense in R , ve see ismediately by the postulate 1) that the
conjugate operator of # is determined uniquely. Furthermore we see
easily by definition that the conjugate operator 4/ of a uormal operat-
or N also is normal arnd the conjugate operator of N coincides with
N
int N be a normal operator with domain D and ¥ the conjugate
operator of N in the sequel. For every x, Y €D and complex num-
ber A we have by the postulate 2)
W(x+xg),M(xrry))=(F(x+xy)#lx+ry),
and hence by 2)
RX(Wx,vy)= RX(Fx,V§).
Thus, putting A =1 and { , we conclude from this relation

(3) (NX,A/a):(/Vz,/?}) for every x , 4 € D.

For a sequance 2, ¢ D (¥ =1, 2,...), if ¥Va, (v =1, 2,...) is
convergent, then ¥ a, (v = 1, 2,...) also is convergent, because wve
have by 2)

HNaL-Nauh= i, -~oul (vp=1, 2,000

Furthermore, if 1lim Q4. = 0 and Na, Sv =1, 2,...) 18 conver-:
gent, then for every X € D we have by 1)

lim (MVav,x) = Ua, (av,#x) =0,
Ja (Fav,x) = U (av, ¥x) =0,

and hence
JMa #a, = la Va, =0,
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because D is dense in R by definition. Thus, if

Aa o, = la £, A,y £, 6D (v=1,2,...),
and two sequences Vo, and V4, (v =1, 2,...) are convergent, then

Ma Vov= 248 Vi, lia Na, = lia V4.

Therefore, denoting by D, the totality of those elements a € R

for which we can find a sequence a, ¢ D (v =1, 2,...) such that Va.
(v =1, 2,...) is convergent and Ua o, =a,ad ptting

Mo = Ma Nov, Fa = M Fon
for such &, €D (v =1, 2,...), e obtain uniquely two operators A,
and A, with domain D, such thet

Mx = Nz, /7,1-/7:( for every x ¢ D,

and for any Q. ¢ D, we can fid a sequence A, ¢ D (V¥ =1, 2,...) for
vhich

h‘*‘a Qv =a, 01-‘0.“ Noawv = Noa, A}-i-)mn A-;a"' = ;V_°a"
Ve see easily by definition that such A, is a normal operator and 4
is the conjugate operator of A, . mrtborwroboth//.andﬁ—/;m
closed. In fact, ir

}_1..“ £ =4, Pl_i“w/vo‘ev' C

for a sequence £, € Do (Vv =1, 2,...), then we can find a sequence of
elements &, ¢ D (¥ = 1, 2,...) such that

lay - £, 1< X NWVay - Mo 4, li<

2v ! 2

This relation ylelds 1im 4. = ¢, lim Aa, = C, and hence ve
ovtain €D, amd AN, £ =C. Thus A, is closed. ¥e also can
prove likewise that A_;, is closed. This closed normal operator A,
is called the glosure of /', that is, a closed normal operator A, with
domain D, is said to be a closure of a normal operator 4 with domain
D,if Do DD, Ny X = MNx for every x ¢ D, and for any 0o € Do
we can find a sequence &, € D (v =1, 2,...) such that

lin a, =a, Ma Nov = Mo .
With this definition it is evident that the closure of a normal operat-
or is determined uniquely. Thus we have proved that for any normal
operator ¥ there exists uniquely the closure A, of A . Furhter-
more we ses easily that the closure of the conjugate operator 4/ of &
coincides with the conjugate operator 4, of the closure A, of A.

If a normal operator A/ is bounded, then we see easily that the
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olosure of A also is bounded and defined over the whole space R .

Conversely we have

Iheoyes 31.1.  If s normel operator 4 is defined over the whole
space R , then both 4 and the conjugate operator 4 of 4 are bounded,

and ¥ coincides with the adjoint operator ¥/ * of A.

Proof. If & is not bounded, then we can find a sequence o, ¢R
(v=1, 2,00.) uch that a, 15 1 Wt IxNa, Il 2 y? for every
V=1, 2,..., and we have for every X € R.

1 1 =
J= (=WMay,x) = 33__(-; oy, Nx) =0,

This relation yields by Theocem 9.6 b.gpi [} -%— Na, || < +oo, con-

tradiocting Tl-II/Va,H;V forevery vV =1, 2,.00 « Therefore
N is bounded. It is evident by 1) that the conjugate operator #
of & is the adjoint operator of A . Consequently #/ also is bound-
ed by §10(2).

Iheorem 31.2,  If & projection operator P is commutative to v,
that is, if PA < #P, then 4P &80 is & normal operetor, P¥ c# P,
and ¥P is the confugate operator of AP .

Proof. It PNV G ¥P, then for every Xy € D we have by
the postulate 1)
(P)?l.y)n(x,//Pg)-(l.P/Vg)-(}??t,a),
and hence PA’x = A PX for every X ¢ D, that is, PV C N P.
If ¥ P X has any sense, that is, if P x €D , then ve have for
every 4 € R, subject to P4 € D,
(WPx,y)=(PNPX,y)=(X,PNPY)=(x,VPy),
and it is evident by 2) that
HaPxll = ANP2Il.
Therefore /P is a normal operator and ¥ P is the conjugate operator
of ¥P.

Theorea 31.3. AL & projection operator P is commutative to ¥
then for the closure A, of # we have that P4, c N, P and A, P is
ihe clogure of NP.
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Broof. If M,0. has any sense, then we can find by definition
asequence &, €D (¥ =1, 2,...) such that

’1_1'1.‘0—« = 0, 'l_l.l.o Na, = Na,
and hence
yl_i.l” Pa, = Pa, .]:.‘!. NPoy= yl_i_’l“P/Va.u = PAya,

because P N < N P by assumption. Therefore we obtain by definition
/(,P@'PA/.G-O Consequently we have P A, c Mo P.

If la a, =a, s ¥#Pa. = £, then Ma_ Pa. = Pa,
and hence A, Pa. = 4§ by definition. Furthersore, if A, Pa has
any sense, then we can find by definition a sequence a, ¢ D (v =1, 2,
...)mhﬂnt

v]-'-%.ua'y = Pa, vllohn No. = M Pa.
Irom this relation we conclude
yl_g-..{Pa,.o(l-P)a.} =a,
bl_i.-l“NP{Pa..,* (1-pP)a} -‘);.1!“ NPay
= ldn PNa.=PA,Pa = M Poa,
because P N, C A,P as proved just above. Therefore A, P is the
closure of /P by definition.

Yor a linear operator T vwith domain D the manifold
{x: Tx =0, x €D}
is called the gexo manifold of T. For a normal operator A, we see
immediatley by 2) that the sero manifold of # coincides with that of

thooon,jmtoopmtorﬁ.

Theores 31.4.  If A 18 closed, then the sero mapifold Z of ¥
is @ closed linear manifold; the projectioh operator Ry of 7 is
Sommtative to 4 ; and every projection operstor, which is commuta-
ive to &, also is commutative o Pz .

Broof. It is evident by definition that the sero manifold Z
of A/ is a closed linear manifold, and we have obviously

NPex =0 for every X ¢ R .
Thus for every A. ¢ D we have by 1) and 2)
(PzMa,x) = (0, ¥P,x) =0 for every x € R,
and hence Pz N ov =0 for every a. ¢ D . Therefore P, ¥ C N/ Pz
bty definition.
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If a projection operator @ is commutative to A/, then we have
NAPrx = QNPrx =0 for every X ¢R,
and hence Q Pz x ¢ Z for every x € R & Therefore we obtain by
Theorem 12.6 Q Pz = P2 @ .

Theores 31.5. If / is closed, then, denoting by M the tota-
lity of those elements a ¢ D for which
N'NMa €D for v, p=0,1, 2,...,
;;guﬂ”iv"‘a-n<+oo for p =0, 1, 2,...,

we obtain a closed linear manifold M , and we have that A €M is equji-

valent to
NV A llgs na for v, pm0, 1, 25000«
The projection operator P, of M is commtative to ¥ , and every pro-

jection operator, which is commutative to ¥ , also is commutative 40 PM.

Proof. Let M; be the totality of those élements & ¢ D for
which WVYa €D forevery v =1, 2,... and
u-;p‘ PN L l< +00.
For any %, y_eM,,nhnvo
M CE SN B RN VAS N Il WAS Y
for every ¥ =1, 2,... and complex numbers o,  , and hence ve see
that M, is a linear manifold. For each Z € My, we have by 1)
and 2) for every ¥ =1, 2,...
Ay x i = (N, W) = (NN, N'X)
SHANMYTHON 2l = K xaanrtxd.
‘Thus, if V'YX =0 for some v, then N“X =0 for every v =1, 2,
coe o It Nx 0, then we have hence N* X # O for every v =1,
25000 and
Hvvxh nwv¥trzi
Hartxel = havvzl
Since sup &Y X Il < + 00 by assumption, we obtain hence
v IR AN
UMY XN

for v =1, 25000 o

< 1 for v =1, 2,.00,

and consequently
vzl g lizi for every v =1, 2y¢ee
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Conversely if MY X Il £ WX for every v =1, 2,..., then v
have obviously X ¢ Mo, Since M, is a linear manifold, if
,“Il_l;l.° ZM = X, Zu € Mo, (rs 1, 2,.04),
then we have X, - X € Mo (,A,f:l, 2,...) and hence
NNV Xy = N % NS X = xp
for every v, pm, p =1, 2,c00 o Thus we see that ¥ x, (p=1,
2,...) i8 convergent for every ¥ = 1, 2,... . Since N is closed

by pmption, we conclude hence

NYx e D, WIVY X S lixll for every v = 1, 2,e0e «
Consequently we obtain x ¢ M, . Therefore M, is closed.
Putting

M ={x: NMxeM, forevery m =0, 1, 2,... },
we see easily that M is a linear manifold. It

Plin“ Ap = Xy, Xp € M‘ (P=1, 2,...),
then we have X, € M,, Xp - X, e¢M, (P=1, 2,...), and hence

INXp= Aol = UN(Xp= 2 S Hxg- %, 0
for every f = 1, 2,¢e0 This relation yields

_ Plil’l“ ;;XP = }71.. _

Since NV Xp € M, for every f =1, 2,..., wo obtain hence N Xx,¢M,
and it ‘s evident that A Xp €M for every f =1, 2,e.0 o Thus
we conclude that N/ X, € M, for every m =1, 2,..., that is, we
have X, € M, Therefore M also is closed.

Since X ¢ M implies obviously # x € M , for the projection ope-
rator Py of M we have Py N Py = N Pm. Tous we hzve for ev-
ory X, 4 € (0]

(PaVx, 1) = (X, W Puy) = (%, PyN Puy) = (PyNPyx,}4),
and hence Py X = PyNPyX forevery x¢€D. On the other
hand, for every X ¢ M we have obviously N x ¢ M,, and hence by 1)
and (3) for every 4 €D /.

(Fvx,y) = (Nx,¥y) = (Fx,Fy)=(¥Fx, }).
Thus we have ANV X = VAV x € M, , because 4 x € M. ve can
prove likewise further by induction

A?PIVISN/V”X € Mo for every M =1, 2,.e0,
and oonsequently N X € M . Therefore we have

PuNMPm = NPy,
Consequently Py, A'X = N PyX for every x ¢ D, that is, we have
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For a projection operator @ , if Q¥ < ¥ @, then we also have
Q ¥ c ¥Q by Theorem 31.2. Thus for any X ¢ M we have
NN NHQxll = NANAMXUNSWNYA Xl s tA/*x
for every v, m =0, 1, 2,..., and consequently Q@ x ¢ M. There-
fore we obtain @ Py = Py @ by Theorem 12.6.
If X ¢eM, then we have i ¥ X € M, for every m = 1, 2,..., and
hence
HNYNPrZILE NAMXR  forevery v =1, 2,se0 &
On the other hand we have by 2)
WAM Xl = INF* x s KA 2
for every m = 1, 2,000y and hence | /™ x I < §x (I for every m =
1, 2,000 © Thus we obtain
UMM Xl s uxll  forevery b, m =m0, 1, 2,ecn «
Conversely if HA*FMx U S Nixll forevery v, m =0, 1, 2,ee0,
then we have ¥ /™ X € M, for every =0, 1, 2yec., and hence x €M,

§32  Regular Part
A normal operator A/ with domain D in R is said to be yegular, if
we can find a sequence of projection operators P, 1T ,':, 1 such that
P.¥ cN¥P, and NP, is bounded for every v = 1, 2,..c
With this definition we have obv:dm-ly by Theorea 31.3

Theores 32.1.  If a nowal opeyator A is Teguler, then the olo-
Sure of N also is regular.

Furthermore we obtain by Theorem 31.2 and 2) in §31

Theores 32.2. 1f & normal operator & is xegular, then the cog-

Jugate operator ¥ of & also is regular.
We have obviously by definition

Ineores 32.3.
Ihecres 32.4. If a normal operator & is closed and pegular,
then we can find a sequence of projection operators P, 7,7, 1 such

st P,V WP, NP, i bounded for every v =1, 2,..., apd
PR includes the sero manifold of V.
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Proof. If a normal operator A/ is regular, then we can find by
definition a sequence of projection operators P, t,%, 1 such that
Pu¥<C NP, and WM P, is bounded for every v =1, 2,... « 1r
V is furthermore closed, then we see by Theorem 31.4 that the zero ma~
nifold Z of /¥ is a closed linear manifold, and for the projection ope-
rator Pz of Z we have

Pz N c NPz P Pz = Pz. P. (v =1, 2,...).
Thus we have by Theorea 12.6
P.~YPg = P+ Pz~-P.Pe (v=1, 2,...),
and hence we see easily that
(P Pz )NV c M(PLVY P2),
N(P.Y Pz)x = NP, x  forevery x ¢D.
Furthermore it is evident that P,“ Py 1.2, 1.

'  For a projection operator @ , a normal operator N is said to be
8ingulgr in @ , if Q¥ CV¥Q and QP = 0 for every projection
operator P subject to the condition: PN C V¥ P and AP is bounded.
A norwal operator &/ is said to be singular, if A is singular in 1.

With this definition we have obviously by Theorem 31.2 and 2) in §31

Theores 32.5. If a normal operator ¥ jis singular in a projece
tion operator @ , then the conjugate operator # of 4 also is so ip Q .

lLet &/ be a closed normal operator with domain D in the sequel.
We see easily by definition that ol /' also is a closed normal operator

for every complex number of # 0, and & &/ is the conjugate operator of
oM Thus, denoting by Mp (f =1, 2,...) the totality of those
elements O ¢ D for which
(—:.,’—N)" (-%—A_/')”a,eD for every v , m = 0, 1, 2,...,

sup i (—]-'-/V)“ (W) all<+oo for every M =0,1, 2,000,

Y f £
we obtain by Theorea 31.5 a closed ‘linear manifold M f » and denoting
by Pp the projection operator of Mp (f =1, 2,...), ve have for
every f =1, 2,...

Pf A/ c NPP )
ll-:—,-//PPx.llﬁquxﬂ for every x € R,

and Pp 1s commutative to every projection operator which is commuta-
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tive to ¥ . Since M,;c My c ..., putting
P = U Pps
f=1
ve have obviously P, 1,7, P . Purthersore we have P po'c 4’ P o
In fact, for each a. €D we have
Pa Irl_i..l._ Pp o,
91-15-00 NPpo = Pl_i.l’. PpNa = pPNa,
and hence Po € D, N Pa = PNa, because & is closed by as-
sumption. For such P we see by Theorems 31.2 and 31.3 that #P is
a closed normal operator. Purthermore AP is regular. Because,
ptting
Qp = Pp"(l'p) (p=1,2,..0)
we have obviously QptToc, 1 and for every f =1, 2,...
NPQp= NP,
WNVPez g PNPpxllg PlIXN for every x ¢ R .
Therefore ¥ P is regular by definition.
For such P, we also have obviously
(1=-P)NcH(1-P).
For a projection operator Q , if Q¥ C /Q and #¥Q 1is bounded, then
we can find P for which
IvYaxlig fnxi for every x ¢ R ,
because ¥Q 1is closed by Theorea 31.3. Thus we see easily by Theo- .
rem 31.2 that for every » , m =0, 1, 2,... we have

u(-é—ﬂ)“(—lf-ﬁ)"axusuczzn for every x ¢ R ,

and hence Q R C Mp by Theorea 31.5. Therefore Q < P , and hence
(1-pP)Q =0. Thus A is singular in 1 - P by definition.

Por a projection operator Q , if RNV CNH/Q and #Q is regular,
then, since /Q 1is closed by Theorem 31.5, we can find by Theoream 32.4
a soquence of projection operators @, 1,2, 1 such that
. Q.ryvacnvaQ.,,

NMNQQ, is bounded for every v = 1, 2,..., and @, R inciudes the
sero manifold of /¥ Q . Since (1- Q)A is obvaously included in
the sero manifold of ¥Q , we obtain then 1- @ § @, for every . =
1, 2)cce, and honce @, Q = QQ, forevery , =1, 2,..- « Thus
we have
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QyQ”C Q. rxacrvary= ¥a, Q.
Since & Q,Q 1is closed and bounded, we can find £, (v =1, 2,...)
such that I /¥ @, Qxll € PLlix Il for every x € R, and hence

u(-,;";m)"(—fg/?)@ayaxu Shxl (4,6 =0,1,2,...).

Therefore we have Q, Q R C Mp, by Theores 31.5, and consequently
Qe 5P, 5P (W=l 2,00,
This relation yields @ < P, because Q, 1,7, 1.

For a projection operator Q , if A is singular in @ , then we have
QAN C NQ by definition, and hence Q Pp = P, Q for overy f =1,
2,000 o Since Pp ¥ C N Pp, and APp is bounded for every f =
1, 2,..., we obtain furthermore @ Pp = O for every P =1, 2,e00 o
This relation yields @ P = 0 , because P, Teai P Thus we
have Qs 1-P.

Therefore we can now state
Zheorem 52.6. 1f & normal operator & is closed, then there
exists uniguely a projection cperator P such that PA <V P, NP

is regular, and M is singular in 1- P.

The regular closed normal operator P in this Theorea 32.6 is
called the regular part of a closed normal operator N .

§33 Properties of Symmetric Operators

Let S be a symmetric operator on R . It is evident by defini-
tion that S is a normal operator with domain R and § is the conjugate
operator of S itself. By virtue of Theorem 10.9, $ is bounded,
and hence the norm L S i of S is defined as

WS = sap HSxi.
nXug1

Iheores 33.1. For a symmetric operator S gn R, ¥e have
IS = esp [(Sz,2)].
gt

Proof. Since we have by §10(2) and §4(2) for every x ¢ R
[(8x,x)l g NSxhxng KSHHxnt,
patting ¥ = sup |(Sx,x)|,weobtain_ Yg< HSH . On the

RS
othar hand we have
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I(Sz,x)lg rhxit for every x ¢ R,

and hence for every x, Y € R and complex number X

j(8(rx +y), xx+¥)| s a’nxx.ra,n",

HStax ~4), ax-4)l g sixe- yyt,
From this relation we conclude by the formula §4(1)

A|RA(Sx, )5 250xPuzu*+ hy ).

Thus for every % % 0, putting
- NhS=

3 =SX.
nxil
we obtain 3
NS =y 1
— =i = ronsxi,
and hence || Sx Il ¥ : ) for every x €R. This relation

yields obviously Sl = ¥ .

Por a symmetric operator S on R, (8% ,x) is rei. for every
X €R. In fact we have for every X € R
(8x,x)a(x,82)= (Sx,x).

From Theorem 33.1 we conclude immediately

Theorem 33.2. For a symmetric operator S on 9 , putting

ol = inf (Sx,%), p = sup (S=x,x),
Ixn g1 nxig 1

¥ohave WS = Max {lal, IB]}.
For two symmertic operators S and T on R, we define S 2 T or
T g & to mean
(Sz,x)z(Tx,x) for every x ¢ R .
A symmetric operator S on R is eaid to be positive, if § 2 O.

Theorem 33.3. If a symmetric operator S on R is_positive,

then wo have
(32,31 s (Sx,x)8y,¥%) for every x, 3 €R.

Proof. Since S is positive by assumption, we have for every

Xy 4 €R and complex number A
(S(rx-%), Ax-%)z0,
that is,
V12 (Sz,x)-2RA(Sx,4)+ (8y,4)zo0.

We need only consider the case where (S x,Y) # 0. In this case,
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patting P
- (51'5)
I(SM})I
for an arbitrary real musber {£ , we obtain
Pr(Sx,z)-2P1(Sz,¥)l+ (Sy,4)zo0.
It (Sx,x) =0, then we have

j(sx,%)l € ;—P(S;,}) for every © > O,

and hence (Sx,Y) = 0, contradicting the assumption. Thus we
have (S x,x) % O, and hence, putting
s: = I(Sl.z)l
(Sx,z)
we obtain I(Sx,g)l'l
‘ (Sy¥.,4)2 —-___—-———(Sz’z)

that is,
(Sz,x)(8y,3) 2z 1(sx,y)1".

Thaorem 33.4. let P be a projection operator which is commmut-
ative to a symmetric operator S on R'. If there is an element @ €R

810!

(SPa,a)= o iPall?, o = inf (SPx,x),
WPxu31

then SPa = o Pa. 1f there is an element /¢ R such that
(SP£,4)= purgl’, p= swp (SPx,x),
IPxag
then SPE{ = PP{L.

Proof. Since we have for every - x ¢ R
((8-ot)Px,x)=(SPx,x)~UPx* 30
and S - o\ is obviously a symmetric operator on R , we obtain by Theo-
rem 33.3 for every x € R
[((8=%)Pa,x)|? g ((S-=)Pa,a)((S-«)Px,x).
Since we have by assumption
(S -xYPa,a)=(SPa,a)-oc IPali?® =0,
we conclude hence
((S-a)Pa,x)=0 for every X € R,
and consequently (S - o)Pa =0, thatis, SPQA = ot P » Ve
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also can prove likewise the other assertion.

Theorem 33.5. If e projection operator P is commutative to s
symwetric operator S on R, and Px & O implies
(spx,x)z0, P NS*Px Nl =+o00,

then we have (S Px,X) 2 1P x ||? for every x €¢R.

Proof. We suppose (SPa,a)< IPall? for an element
a €R. Denoting by M, the closed linear manifold gensrated by
SYPa (v=0,1, 2,...), ve see by Theorea 10.5 that S M, C M,.
Thus, denoting by P, the projection operator of M, , we have P,SP,
= S Py, and hence by §10(10)

P,S =(3P )" =(P,SP,)*= P, 8P, = SPo.

Purthermore it is obvious that P, g P and Pia = Pa.

Denoting by M, the linear manifold generated by S Pa (m=
0, 1, .00, ¥ ), we 866 by Theorem 2.9 that M, is ciosed for every =
1, 2,000 & Denoting by P, the projection operator of M, (v =1,
2,...), we have obviously P, 1,2, Po .

Putting S, = P, S P, (v =1, 2,,..), we obtain a symmetric ops-
rator S, on R, because we have by §10(10)

S.* =(P.SP,)"=P, 5P, = S..

By virtue of Theorem 31.5, denoting by L., the totality of those ele-
ments X ¢ R for which
P WS, M xh<+oo,

.

we obtain a closed linear manifold L , , and denoting by Q, the pro-
Jection operator of L, , we have
S,Q, =Q,8.,

s, *Q, xts hxh for X €R, M =1, 2,004,
and Q, is commutative to every projection operator which is commuta-
tive to S, . Since S, (1 - P, ) = 0, we have obviously

1-P,sQ,, thatis, 1-Q, s P..

Putting

od = inf (sv(l-av)x)l),
nI-@ %1 g1

we have o 2 O, because ve have by assumption for every X € R
(Sv (1‘ Q,)l,l) = (SP(I-Q,)I,(I— Qv)x); 0.
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We can find obviously a sequence X, €R (=1, 2,...) such that
TQ-@u)xuil =1 (» =1, 2,...),
um (S, (1 - Qv)l,u.) xp) = ol
M oo
Recalling Theorem 9.11, we can then find further a subsequence
(1-@,) Xpg (p=1, 2,...)
which is weakly convergent. Since P,R is a linear manifold gene-
rated by S*Pya (k=0,1,2,000,v), amd (1-Q,)R CP,R, w
see by Theorem 9.13 that this subsequence (1 — Q,)x,u' (p=1, 2,
«+e) is convergent, and putting
Ko = Mm (1-@.)xuy,
we have
(1-@.)x, = %, N, It =1,
(s, (1- Q—y)xo) Xo) = }iln(su(l - Qy)l/u' ’ ",ur) = X,
Thus we have‘by Theorea 33.4
sv(l - Qv)xo = ol (1 - Qu)x0'
If ol < 1, then we have obviously
sup NS, *(1-@Q,)%oll = sup "< ¢o0,
X ey
and hence (1-Q,)X,€¢ L,. Consequently we have
=(l’Qy)x0= Qy(l-Qy)zc'ov
contradicting §l x, Il = 1. Thus we have ol Z 1, and hence
(s,(1-Q.)x,x)2 l(1-@,)x | for every x¢R.
Since (1 -Q,)cllg uall (v=1,2,...), ve can find by
Theorem 9.11 & subsequence Vp (f=1, 2,...) such that (1 - Qyp)a—
(P=1, 2,...) is weakly convergent, and putting
¢ = wlm (1-Qu)e,
we have P,/ = { and by Theores 9.2
nen < nn Na- Qo g lin 1=y, )alis iPoai,
because (l-Q,)g P, € P, and hence (l" vr)=(1"QVr)Pa-
If { = P,0 , then we have hence by Theorem 9.5
Poa = lim (1 - Q.,,)a,
f-»00
and consequently
(8Po,a,=(SPa,o)= i (8v, (1 - av,)Poa P o)

2 lna h(1-Q.,)Pyoii® = P, ll® =jpPap’
contradicting the assumption {5 :”a,a) < HPat. Therefore
wohave { ¥ P, o . On the other hand we have

Poo-4{ =v}ld1|i L Pate = Pp(l- o,,,‘,)a.; = v-ﬁlin- Po Quyp &
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and it is obvious that
']:’1..0 SU’# = S"Pn for every M = 1’ 2|0'. .
Thus we have for every 4 =1, 2,... by Theoream 9.4
N 8H(Pa-4)0" = (S*R(Pa~-4), SP(Pa-4))
= (P.ar"‘:S’PPQ(Poa-"‘))
=da (P Q0,85 (Pa - 4))
=Mn (S0P, Q,a, Pa-4)
S8 NS, QP lliPa-2l
S NP, akiP,a- £N
and hence
sup ISH(P,o-4£) < +00
ut P(P,a-2)=P,a-{ £0. Therefore we established our

assertion.

§34 Spectralisation of Norma] Operetors

Let R be a closed ring of projection operators containing 1 in
a Hilbert space R . For a dilatator T with domain D by X, we see
by Theorea 22.4 that the adjoint operator T* of T is a dilatator with
the same domain D and we have by the formula §25(17)

WT2rxlt=Txll for every x ¢ D.
Therefore T is a closed normal operator and T* is the conjugate ope-
rator of T. Furthermore T is regular by Theorem 24.4. Conver-
sely if a normal operator #/ is closed and regular, then we can find a
closed ring of projection operators by which ¥ is a dilatator, as we
shall prove in the sequel.

Let # be a regular closed normal operator with domain D, and #
the conjugate operator of A . For every complex number § and posi-
tive number £ , putting

M‘.E = ‘%‘ (/V—i).
we obtain obviously-a regular closed normal operator Ni.t with the same
domain D and the conjugate operator /7“ of My as

- 1 - -
IV“E = 'E' (”‘2).
By virtue of Theorea 31.5, denoting by M"ﬁ the totality of those
elements X € 0 for which
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NYNMx eD for every v, m =0, 1, 2,...,
’:p‘ "'Vl.fy it.e""“"“ for every m =1, 2,...,

we obtain a closed linear manifold M;‘g . Furthermore, denoting by
P‘, . the projection operator of M;,e , we see that Pt,e is comsmuta-
tive to A/, and every projection operator, which is commtative to 4,
is commtative to Py . . Therefore we have

Pi)t P;r’ g = P",C’ Pf,i
for every complex numbers { , ¥/ and positive numbers £ , £’'.

Putting
B =4t I5-klseh,
we have
(1) §$;i C §¥I,£I 1Inplios Pi,f ) le,il.

Because for every % € Mini we have by Theorem 31.5
Nxe Mge, WNxeMgg, I xlzsuxl.
Thus, if §LE < E‘:,‘;, then | ¥/~ %]l £ - £ , and hence

’—
W g2l = | %,vmx + £ Eli x|l
£ . 15~ %1
< -E-,IIA’;‘£1II+ T =zl € f=zn.

Therefore we have My . C Mgr gr if C I RPS Ex’,i"
(2) Ei,i 5{:“‘, =0 ulpliee P!,E P"vt’ = 0.
Because for every x € My ¢ My .+ we have

WM e x hsnxu,  WWNp xhsixn,
and hence
Bis =5)xhs W(V-F)xh+0(¥N=-E)xl< (E+e’)lxl.
1r §I,E§(’,L'=0vth'“"°h“° I §'~%1 >¢ + £’, and hence

x = 0. Thus we have Pi,i Pi’,i’ =0, 1f §§,z §i',£’ = 0.
(3) P = N Py oo,
Lot 3¢ 9

Because for every x ¢ 11 Mg 5 we have
5>¢ ’ s
Wiy wy ™ x s ()7 nx

for every § >¢ amd v , M =0, 1, 2,..., and hence
RS '{’-;,gﬁlll < for ever v, m =0, 1,... .

=

Thus we conclude by Theorem 31.5 X € M ., and hence by (1)

Mys = My, s-

B §>¢ «
(4) Eo C L Fy oo owplles Py g U Py g

= b=t
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In fact, for an arbitrary § > O, we have for every complex number [
»
P".l.g (P..‘ - Po.t .\.j. P‘y' §’+ 8 ) =0,

because, if &, E,’*, = 0, then Po,t P;,';S =0 by (2), amd
it F, ¢ §;1.8 # 0, then we can find » such that
T
§h%‘8 E'nf' ¥ 0,
and hence £ ¢ 1o C F, ., . vhich implies by (1)

Pi,35 S Pr,gres

Thus, if
»
Po,e = Po,¢ M Pr,ees %0,
then we can find two positive numbers ¥ , ¥’ and a complex number }”
such that
¥<¥'<vy2y,

Per, 3t (Poye = Pog Py, grug) # 05

%% =

»
Pi,l(Po,t"Po,,,'\-/'P;“ ¢res) =0 for every § .

»

Putting @ = Py i (Po,g = Po g U Py, o0 c)s ve 500 casily

[ 1)

that Q¥ < ¥Q, ANQ 1is bounded, and
llf:—,(”-i’)ﬂxng nax i for every x ¢R .

Furthermore, if Qx # 0, then we have
:up| u,/‘.'v Qxll = +o0 for every I,
because Py, Q x =0 amd WA Y ¥y faxh = AN t*axh.
Thus we have
:\;p‘ (| (”i,l' )V,.r)"a xll = +00 for every § .
Since /V‘.‘, My, @ 1is obviously a symsetric operator on R and
(Wi g My p@u,x) = Mg, @xNt20
for every X ¢ R, we obtain by Theorem 33.5
(Mg, p Wy p@x,2) 2 1Qx W for every x ¢R ,
and henoce
H(v-%)axy? 2 ¥2uQxn? forevery } and xeR .
Thus, putting ¥ = §'z2 ¥, §'Z (Y, we have for every x ¢ R
b(v=-%'zx)Qxil®> 2 r2nQxi?,
N(V-%'2 i¥)Qxi* 2 ¥ Hhax?,
and hence
v axntz viw-F'e N-F)Rx,%)]|,
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Bw-gaxn?zyl((inv-is/ -iF+if)ax,x)l.
Putting & = sup H(~#-3')Q xll, we obtain therefore
XU g

w2 xu* z ¥YIUW¥-E+N¥-F)ax,2)l|,
o2kt 2 YI((iv-i§'-iN+iT )ax, %)),
Since both (V- §'+ ¥ -F)Q and (¢NV - L' - LN +i ¥ )Q are
symmetric operators on R , we obtain hence by Theorea 33.1
«THxl 2 YN(N-§'+N-F)axl,
P xl 2 ¥YU(iN-{E -iN+iF )axl
for every X € R. These relations yield
2 tUxntz ax2((MV-%')Qx, (¥-F')ax)
= 4 Y*(¥-5)az N
for every X ¢ R , and hence o¥ > 2 ytut, On the other hand,
since @Q s P!;,r: , we have by Theorem 31.5
M(v=-%)axli s Y'naxi for every x ¢ R,
and hence o < ¥/ ' <V2Z ¥, Therefore we conclude ot = 0. Thus
we have Q x ¢ Mi',t for every %X ¢ R, and hence Q = P‘,",Q con-
tradicting that Q #0 and QPy , =0. ° Therefore we have

Po,a'P =0 for every § > 0.

0,§ }ﬁ, p‘,, £'+5

Recalling (3), we obtain hence

L3

Po,e = Po,e D U Py yiip < U Py o
8r0 va1 s tief = L TR, E0

The system P;, ¢ for all complex numbers [ and positive numbers
€ is commtative, and hence there is a closed ring of projection ope-
rators R containing 1 such that Py ¢ ¢ K for every complex number
¥ and positive rumber . For such R, we shall prove that / is a
dilatator by R . For this purpose we need only prove that PN < AP
for every P ¢ R for the commtor R of R.

For any m =1, 2,..o and £ > O we can find a finite number of
complex numbers ¥, (v =1, 2,..., X) such that

»
§°lf‘ < E1 §‘v:£'
Then we have by (4)
Po,m % }?. Pr,e.
Putting P\ = Ph,f- P"f‘,
v Ve
P, = (’\!| P¥"£ - PYI P‘f" )Po’r‘ (v = 2, ’:'“v’()t

we see easily that P, ¢ R (v =1, 2,.syx), PP =0for v 4 P,
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1.3
Po’r = y§| Pul Py é Ph.i'

P.¥ < N¥P, (V=1 2,000y %)
Since “/V.i.,,i P'nex s txl for every x ¢ R , we have
N(V-§)P.x s EnP x| for every x €R.

Yor each P ¢ R, we have hence for every X € R
B(¥-F.)P.Pxls €EP.Pxll = EUP, =1,
WP(NM=-5)Puxilg H{NV=-%)P. x il tuP. x1I.
Siace PP, = P.P, P Pp =0 for » % p, Pc,’“=ipy,vo
obtuin therefore /
WN Py, Px - bd . P Pl = i IHiv=-3.)P Pxa’?

y=1 L3

»
ST ETNPLx N = £ NP x Y

v
”n

»
NPH P x = kL PPt = I 0P (V- R )P
3 £rUPx Itz EX NPy, x N7,

and consequently o
WA Po,u P = PNPouxIlS2ENPy  xil.
Since £ > O may be arbitrary, we conclude therefore
/VP,,{“P1=P/VP,,”7L for every X € R,

On the other hand we have P, . T .7, 1. Because, since AV 13
regular by assumption, there exists a sequence Q, 1,7, 1 such that
Q. ¥cnv¥Q, and M¥Q, is a bounded operator on R for every » = 1}
2,000 o For such @, (v =1, 2,...) wecan find M, >0 (v=1, 2,
«es) such that

VA, x ll g pol@,z il for every x ¢ R,
and hence
"(—,%N)P (7..1-;#7)"41,1!1 < W@, xnl for P,k =0, 1,...
Thus we have by Theorem 31.5 Q, X € Mo, u, for every x ¢ R, and con-
sequently Q, < Po,»., for every Vv =1, 2,600 &
Therefore we have for every x ¢ D
Ain, Po,m P x Px,

l}'i’." N PouPx = rl_i,m‘_ P/VP,‘/,‘x = pl-i.‘?- Po,m PV X = PN,
Since A/ is closed, we obtain hence Px¢D and N PXx = PN X,
Thus we have PN < /P by definition.

Now we can atate

Theorem 34.1. An operator A/ in R is a regular closed normal
operator if end only if A is a dilatator by some closed ring of pro-
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Jection operators containing 1.

For a regular closed normal operator /', considering ¥ as a dila-
tator, we obtain a spectrality E on the Borel class £ in the complex
plane G and we have by Theorem 29.10

v = |5 E(dg).

Conversely, if there exists a spectirality E, on ¥, for which

N = I g E|(dz()t

then A/ is by Theorem 29.3 a dilatator by some closed ring of projec~
tion operators, and hence /' is a regular closed normal operator by
Theorem 34.1. Furthermore, for the spectrality E (£) (£ e¢f)
of #, we have by Theorem 29.5 for every & ¢ Y,

E %)= E, ({7 : 1 eZ})= E (2).

Therefore we have

Thegrem 34.2. For a regular closed normal operator A/ there
exists uniguely a spectrality £ on the Borel class ¥ in the complex

plane & for which

N =5 Eldzg).
This spectrality E(Z&) (ZF ¢ ) is called the spectrality of
a regular closed normal operator N . Ve have further by Theorem
29.4
N = j % E(dyg).
On the other hand it is evident by definition that ¥ C #* for the
conjugate operator /7 of V. Furthermore we see by Theorem 22.4
that the domain of &% coincides with that of & . Consequently
we obtain & = ¥¥,

Thus we can state

Theorem 34.3. For a regular closed normal operator A/, the
conjugate operator A of A/ coincides with the adjoint operator A *

of ¥ and

¥ o= [TEWsE)
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for the spectrality E(E) (Ee€L) of ¥.

§35 Graphs of Operators

For two linear spaces R and S, the totality of pairs { x, % }
for all x € R, 4 ¢ S constitutes a linear space, if we define
iz4, '3‘}*' ixlp}:.} = {li"xh 3\*,;‘»
«{x, 4} = {tx, Yy}
for every complex mumber o( . This linear space will be denoted by
iR, S}.
If both R and S are inner product spaces, then { R , S} also
is an inner product space by the inner product
Ao yods {2 Yal) = (20, 1) + (y4, ga)o
Furthermore, if both R and S are complets, then we see easily by de-
finition that {R , S} also is complete and hence a Hilbert space.

Let R be a Hilbert space. Then {R , R } also is a Hilbert
space, as defined just above. For an operator v with domain D
in R , the manifold in { R , R } ¢

{t{ix,Tx}: xeD}
is called the right graph of T, and

{{T=x,1x}: =xep]
the left graph of T.

If an operator T is linear, then it is obvious by definition that
both the right and reft graphs of T are linear menifolds of {R, R }.
If an operator T with domain D is cloeed, that is, if

JMa X, =X, Z,¢D (v =1, 2,...), ~1_1,-Tz., =Y
implies x,¢D amd Tx, = ¥, then both the right and left graphs
of T are closed manifolds of {R , R } , because, since

Hix, g40% = pea® 4 aynt
for every X, 4 €R, w have
iz, T b= {ing, Y1U% = B{Tu,ix,}- 1y, x40
=A%, - X, 0% ¢ FT xu-Y0%,
and hence we conclude
Jia x, = x,, Ma Tz, =y
if and omly if

oA Tap = fines 44
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or if and only if
yl-‘oEo {Tlvyi,l,i = {51{10}
in { R, R}, Thus we have

Theorem 35.1. In order that an operator T in R be clossd, it

is necessary and sufficient that one of the right and left graphs of T
k)

be a closed manifold of {R,R}.

For an operator T with domain D, if D is dense in R, then we
obtain the adjoint operator T * of T by the relation
(Tz,y)=(z,T"y) for x¢D, yeD”,
denoting by D" the domain of T *, as defined in §22.
Theorem 35.2. For an operator T with domain D , if p ia dense

in R , then the left graph of the adjoint operator T* of T is the or-

thogonal complement of the right graph of T , and the right graph of T*

is the orthogonal cumplement of the left graph of T, that is,

{{T*x iz} + zeD*f ={{ix Tz} : xeD}",

{{tx»T"%f + ze0* ={{Tx,ix} : xeD} .
Proof. For every x ¢ p , 3,50”,wehave by definition
iz, Txh {r* () = (L, T7) + (Tx, 1 y) = 0.
Conversely if
(ix, T}, 4z, iyt) =0
for every X ¢ D, then we have by definition
(1,1)=(T7L.}) for every X ¢ D,
and hence Y € D*, T*y = 7. Thus we have
{{T %, iz} ¢+ xeD*} ={{itx, Tx}: xeD}*,

We also cbtain likewise the other assertion.

Theorem 35.3. For an operator T with domain p , if D is dense

in R, then the adjoint operator T* of T is a closed linear operator.

: Proof . By virtue of Theorews 35.1 and 35.2, we see immediately

that the adjoint operator T ¥ of T is clocsed. i
(T\L,})=(1,T'3), (Tl yz)=(llT‘Z)
for every X ¢ D, then for any complex numbers X, (3 we have
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(Tx,«y *pz) = (=, ol Ty + pTz)

for every X € D, and hence by definition
T (ety v p2)= L Ty +pT*2.

Therefore T * is a linear operator.

Theorem 35.4. If an operator T is linear and closed, and its
domain D is dense in R, then the dowain p* of the adjoint operstor
T* of T also is dense in R, and T is the adjoint operator of T*,
that is, T = T,

Proof. Recalling' Theorem 35.1, we see easily by assumption that
the right graph of T is a closed linear manifold of {R, R}, and
heince we obtain by Theorems 11.2 and 35.2

{1z, Tx}: xep} ={{ix,Tx}: xeD}

={{T%,ix}: xeD*}*,

1t (},X) =0 for every x € D*, then we have

({ovv}v {T’l: M Z}) s - ):(3,,1) =0
for every x ¢ D%, and hence y =TO0=0. Therefore we conclude
by Theorems 2.5 and 11.2 that D* is dense in R, because D" is by
Theorem 35.3 a linear manifold of R. Thus there exists by defini-
tion the adjoint operator T** of T * , and we see by Theorem 35.2
that T** =T.

§36 Regularity

Let A be a normal operator in a Hilbert space R . In this §
we shall consider conditions in order that ¥/ be regular.
We have obviously by definition

Theorem 36.1. If a normal operator ¥ 1is regular, then S« N+ P
also is a regular normal operator for every complex numbers o , P .

For a linear operator & with domain D , if N x = O- implies
X =0, then %, #Xx, ¢D implies A X, # N X,, and hence putting
T(Nx)= x for every X €D,
we obtain a linear operator T . This linear operator T is called
the inverse of A and denoted by N ~'. The domain of the inverse
N ~! coincides with the rangs of A/, and
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/V"y, = X if ard only if y = NMx.

If NV is a regular closed normal operator and has the inverse, that
is, ¥ x =0 1implies x = 0, then A is by Theorem 34.l1 a dilatator
by some closed ring of projection operators R , and hence the inverse
N ~'of N coincides by the formulas (31) and (45) in §25 with the in-
verse of N as a dilatator by R. Since # = A * by Theorem 34.3,
we obtain further by the formula §25(43)

AR VAR i
Thus the inverse & ~! also is by Theorem 34.1 a regular closed normal
operator with the conjugate operator Nl

Therefore we can state

Theorem 36.2. For a regular closed normal operator v, if ¥

has tne inrverse 4/ -', then &' also is a regular closed normal ope-
rator and the conjugate operator of &' is the inverse of the conju-

gate operator &/ of ¥, that is, N-' = N -'.

Theorea 36.3. If the renges of a normal operator 4/ and its
conjugate operator 4 coincide with the whole space R , then ¥ is re-

gular and closed.

Proof. For the domain D of ¥, if V¥ x = 0, then we have
(x,/y)=(N¥x,¥)=0
for every 3,6 D, and hence X = O, because the range of #/ is the whole
space R by assumption. Thus /' has the inverse N ~'. We also
can prove likewise that N has the inverse ¥ ~1. Furthermore we
have for every X, ¥ ¢ R
(W '2,y) = (W "%, F ¥ 'g) = (WN"'x, F7'Y)
=(x,N"'%),
and for every X ¢ R , 360
(F'x, Ng) = (WA 2, 4) = (2, YY) =(NFA-'NV "2, 8)
=(WNT'W' N y) = (NF N2, VYD,
Since the range of ¥ 1s the whole space R by assumption, we obtain
hence
N'x = ¥MAT'N "X for every X € R«

Thus we have for every x ¢ K
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WAT'"X N = WV 'V = WAV 'V = v .
Therefore & ~' is a normal operator and A ~' is the conjugats operator
of ¥-1. Since the domain of & ~' is the whole space R , we see by
Theorem 31.1 that A ~' is bounded closed, and hencs regular by Theorem
32.3. Since & is the inverse of & ~', we conclude hence by Theo-
rem 36.2 that &/ is regular and closed.

A normal operator / is said to be symmetric, if ¥ coincides with
its conjugate operator ,\7 , that is, N = 7. With this definition

we have obviously by Theorem 36.3

Theorem 36.4. 1f the range of a symmetric normal operator A&

coincides with the whole space R , then A/ is rsgular and closed.

Theorem 36.5. A closed normal operator ¥ is regular, if and

only if its conjugate operator coincides with its adjoint operator, i.e.

N = NT.
Proof. If & is regular and closed, then we have N = Mt oy
Theorem 34.3. Conversely we suppose that a normal operator A is

closed and ¥ = N *. Then we have by Theorem 35.4 ¥ = #*, and
hence by Theorea 35.2 for the domain D of ¥
flix,Mxt: xed}={{Fx,ix} : xebD}",
({Fx,i%x}: xep} =4{{ix,VMx}: xeDi",
Therefore for each X ¢ R we can find y, Z, W, Vv €D such that
to,ixf ={iy, ¥Myt+iNz,iz}s
{i%, 0l = {iuy Muf+ {FVivis
and hence

1]

A’g,-ri.z,

MNu+iv.

0={Yy+Nz, X
TR = lutfr, 0

This relation yields obviously
X =NNL+Z =NNu+u.
Thus we have for avery w- € D -
(Vu, Vw) + (w,w) = (KN w+ru,w) = (¥FL+2,w)
= (N2 ,Fw)+ (2, w) = (N2, /w)+ (2,w).
Putting w = w -7, we obtain hence
NV (w=-2z)I*+ hw-2zy* =0,
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and consequently % = 2. Therefore, corresponding to every x ¢ R
we can find uniquely Z € P such that
X = NMVZ+2=NNZ+2.
Thus we have
NN+1= JN+L
and the range of ¥ A/ + 1 is the whole space R . iat Oy  the
domain of NA+ 1, For evary X, § € D, we bave
(WA x+x,3)=(WFx,3)+ (x,8)=(x,¥Fg)+ (x,})
={x, ”’7,"’})-
Purthermore D, is demse in R . Because, if
(x,/vﬂ,_+’_)=o for every X € Dg,
then we have
(FVA xex,y) =0 for every X € D,
and hence Y =0, since the range of ¥N¥ + 1 1is the whole space R .
Thus ¥N+ 1 isa symmetric normal operator. Consequently we see
by Theorem 36.4 that ¥ + 1 is regular and closed, and hence further
by Theorem 36.1 that NNV is a regular closed symmetric normal ope-
rator. .Accordingly we can find by definition a sequence of projec-
tion operators P, 1,2, 1 such that
PNV c NWP.,
WNN P, xlls LEP. x| (xeR)
for every L =1, 2,00 . Then, since A4 = NN, we have for
every m, p =0, 1, 2,...
NNMFP P X = (VN PP x, ¥ 7 PP, x)
= (NP N*NPPx, NPP. x)
s WWW)FFZPP xUNNTP xS umuNPP X ?,
and hence
WwhZPP x s UM nN PP, x i
for every X €R . Denoting by M, (v = 1, 2,...) the totality of
those elements x € D for which

1 -
— [l 4 =
;\;I: I( = N NE X < 0 for every f =1, 2,...,
we obtain by Theorem 31.5 a closed linear manifold M. . For the

projection operator Py, of M, we have thus P, < P, (v =1, 2,
+ee), and hence P, +.°2, 1. On the other hand we have by Theo-
rem 31.5 for every ¥ =1, 2,400

Pu NV C N Pu,» NN Py, X Il 3 VU 0HPy, Xl
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Therefore ¥ is regular by delinition.

Theorem 36.6. For two normsl operators ¥ C W, , if ¥# is re-
galar and closed, then N = Ay.

Proof. For the conjugate operator ¥, of N, and the domain
Dy of N, , we have by definition
(N,x,g,):('!,f/-.}) for every x, Y4 € Dy.
Since #; D> N Dby assumption, for the domain D of ¥ we have naturally
(/Vx,y,):(x,i.g) for X €D, Y € Dy,
and hence /7, <N, Since ¥ = N * by Theorem 36.5, we obtain
therefore 0 = D,, and consequently XN = NV,

937 Self-adjoint Operators

An operator H in a Hilbert space R is said to be self-adjoint,
if the domain of H is dense in R and H coincides with its adjoint

operator H™, that is, H = H*. Recalling Theorem 35.3, we see
immediately that every self-adjoint operator is a closed linear ope-

rator. Furthermore we conclude easily by Theorem 36.5
Theorem 37.1. An operator H is self-adjoint if and only if H

is a regular closed symmetric normal operator.

Let H be a self-adjoint operator in R . Since H is a regular
closed symmetric normal operator by Theorem 37.1, we see by Theorem 34.1
that H is a symmetric dilatator by some closed ring of projection ope-
rators R containing 1. For the proper space .,ﬁ_’,n of such K, we
see by Theorem 25.1 that the spectrur (H,$) is veal for every point
Fe ¥y, Denoting by E(F) (% €¢Y) the spectrality of H , we
see by the definition §23(1) that for the real axis (-oo ,+o9) in the
complex plane (; we have

Uk(ooo,r00y) = 12 ¢ (H,8) € (Foo,v00)}™° = &,
and hence E(-o0,+00) =1, because (H, ) is finite in some open
dense set. Conversely, for a regular closed normal operator H and
the spectrality E(E) (£ef) of H, if E(-o0,+e) =1, then
we have by Theorems 29.7 and 29.10

H =]; E(dg) = jia(d';)=H".
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because we have by 2) in §28
E({% : £ $#%})=1-E(-00,+00) =0,
Thus we have

Theorem 37.2. A _regular closed normal operator H is self-
adjoint, if and only if E (-o0,+00) =1 for the spectrality E (2)
(E¢L) of H and the real axis (-oo ,+0) in the complex plane & .

Let H be a self-adjoint operator in R and E(E) (Z €L) the
spectrality or H. Putting
EA= E('”vx) ('°°<X<*°°)

for the point set
(coo,A)={3 : -e0o<p<2al}
in the complex plane 3 , we see easily that

1) Ex s Ep for A < p,
2) A\ffEA =Er.
5) N EA=0|

T KA Ltor

4) \/ Ex =1,

“ 00 LA < ¢o0
because E (oo ,+00) = 1 by Theorem 37.2.
A system of projection operators E, (-0 < A < +00) is said
to be a resolution of identity, if ii satisfies the conditions 1), 2),
3), and 4). With this definition we have

Thecrem 37.3. For eny resolution of identity E, (-o0 < A
< +00) there exists uniquely & spectrality E on the Borel class %
in the complex plane (; such that

Ey, = E(-00,1) for -oo < A < ¢o0.

Proof.. Ex (-o0 < X < +20) is obviously by 1) a commta=-
tive system. Thus there exists the closed ring f generated by E ,
(-00 < A < +00), as proved in {20. For such R we have R 3 1 by
4). Since we have by 3) and 4)

My (E.-EL) = Ue. - RE, =1,

we see by Theorem 15.7 that, putting A = 3 T, _E__» e obtain an
b 4 -y
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open dense set A in the proper space -?" of R. For any point 3
€ A, we can find obviously »- for which 23 E_- E.,. For such
v, if
SV S A< Ay < oo € Ape = V,
Au=rpu-1 S € (m=1, 2,000, %),
then we have by 1)

x
E,-E-, = Ei(Exr_ - E’M-‘).

Thus there exists by Theoream 15.3 uniquely M for which
Expu = Expoi €8
Exp~ Exp., € 8 for P & m,
because (E"r"E*P-‘) (EL,.."EA,.._')=° for P % pm. There-
fore, corresponding to every F € A , we can find uniquely a real num-
ber w(@) such that

Ew«gna'Em;)-a‘# for every £ > O.

This real valued function w(®) (£€ A) is continuous in A. In
fact, fox'anygeA and £ > O,
Ewiprer ~ Ewigpr-g €7
implies
(Ew(g)'g - Ew(:)-g ) (Ew(qng - E“"Q"t) %0,

and hence Iw(g)- w(g)lg 2¢.
Furthermore, putting

w(g)=o0 for 33,4,

we see easily that w is a continuous function on fw_ and
Ugye C1E ¢ w(@)<r}c Ug,

for -oco < A < +o0o, £ > O. Thus for the spectrality E(#) (£
€% ) by w we obtain by §23(1)

vEx-g € Ug(ooo,ry € vE,‘ s

and hence E,_,SE(-o0,X)gEx for -o00 <X <#4o0, £ > 0.
Since E, = \J Ep by 2), we conclude therefore
» = Y Ep
E(-90,X) = Ey for -co < A < +90 .
Such spectrality E(F) (F ¢ %) is determined uniquely. In
fact, if for two spectralities E,(F), E,(F) (Zef)
E, (o0 ,X) = E,(-o0,A) (-0 € N < too)

51('“ s’“) = Ez('“ 1*“) =1,
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then for any open set A° in G such that A°(-ee ,+%0) & 0, we can
find a sgquence A, <G, (v =1, 2,...) for which

A°(-00,+400) = é{; : Ay 9% <G, },
and hence we have
E((A°) = E,;(A%(-00,+00))
= U{E(-o0,6)- E\(-00, 1)}
= J {Ei(-20,60)- Es(-20,20)} = E, (£°).
Thus we have E,(A°) = E,(A°) for every open set A° in &.
Denoting by £ the totality of those Borel sets § for which
E\ ()= E,(2).
we ses easily that £ is a totally additive set class, and & contains
all open sets, as proved just above. Therefore we obtain £ = %
by definition, and hence
E,.(2) = E,;(2) for every F ¢ L.

A finite function ¢ on the real axis (-co,+o®) is said to be
(8 )-measurable, if for any open set A° in G we can find £ ¢ for
which
fa: @(R)eA°} = F(-00,+0°),
Every (£ )-measurable function ¥ on (-oo,+°0) may be extended over
the whole space & as a (£ )-measurable function. Por example, put-

ting B
0 for ;‘(“"’."“)

A g (5)={
‘?(5) for 4 € (‘°°'*°°)’

we obtain a (& )-measurable function ¥ on G, because (-co ,+o0)e %,
Let E, (00 < A < +00) be a resolution of identity. There

exists by Theorem 37.3 uniquely a spectrality E (Z£) (£ ¢ ) such that

E(-e0,)) = E, (-0 < A < +00),

Since E (- oo, +°9) = 1, ve may consider the spectrality E as a spect-

rality E(E) (B € (-o0,v00)%) on (-oo,+o0)d. Thus for

(£ )-measurable functions ¥ on the real axis (~o= , +<°), we can de-

fine intearal of ¥ by E 0 (-00 < A < +00) g8

[
j‘f(x) dyEyo = f P (5)E(d §)a,
(o, )

o

[ .

[900) aaEra, &) = [ ¢(5) (E(d5)a,4),
« ety p)
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+oo

j F(A)drEsa = J ¢(3)E(d5)a.

-o0 (=00, 400)
J#00M e 8) = [ #(5) (E(d5)a, 0.
Zoo0 (oo, e00)

Thus, if ¥ is a finite continuous function on (- oo, +co), then we
have

b x
[P0 diEa = Mo 2 9(5) (Ex - £y )a
o 1 2 2]

for o = Ag< Ay < -..<x,.—.p, AL -Xuy S £
LSV 2K -T2 (v =1, 2,000, %),

s P(r)dyEa = sim“jVV(x)dAExa.

- oo

We also define further integral operator by ¥ as
[eodies = [e)EW@s).
With this definition we have obviously by Theorems 34.2 and 37.2
Theorem 37.4. For a self-adjoint operator H there exists uni-
quely a resolution of identity E, (-oo < A < +oo) such that
H = j X dy Ex -
Conversely we have by Theorem 29.4
Theorem 37.5. For every resolution of identity E, (-e0 < A
< +o00) the integral operator
JEXNR

is a self-adjoint _operator.

A self-ad joint operator H with domain D is said to be itive,
if

(Hx,z) z 0 for every X €D .

With this definition we have

Theorem 37.6. For a resolution of identity £, (-o00 < A <
+oo), the integral operator

J AdarEx
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48 positive, if and omly if E, =O.
Proof. If E, = 0, then, putting
H =!Ad,\E‘\’

we have by Thecrem 28.1 for every element X in the domain of H

+ 00
(Hx,x) = j A drNExN?2 0.
(]

If E, % 0, then we can find by 2) £ > O such that E_ ¥0,
and hence there is an element A in the domain of H such that
E_ea, #* 0.
For such £ > 0 and O, we have
-¢
(HE_¢a,E_ ;o) = j AdylELanN®
-oa

-€
< - S drthEyaln®=-ENE_gali*< 0.

Recalling Theorem 25.1, we conclude immediately

Theorem 37.7. A dilatator H by a closed ring of projection
operators K is a self-adjo rator if and only if the spect:

(H,2) 1is real for every point of the proper space ¥, of % .
Furthermore we have by Theorem 25.2

Theorem 37.8. A dilatator H by a closed ring of projection
operators R is a positive self-adjoint operator if and only if we have
(H,$) 2 0 for every point $ in the proper space ¢, of K.

§38 Isometric Operators

A bounded linear operator U on a Hilbert space R is said to be

isometric, if denoting by A the zero manifold of U we have
HNT X Il = NxH forevery x ¢ A*.

For the sero manifold A of an isometric operator ¥, A™ is called the
proper domain of U.

Let U be an isometric operator and Py the projection operator of
the proper domain of U . Then we have obviously by definition

UPgx =Ux, NUPgxXli = Pyl for every x €¢R.
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For an arbitrary complex mumber A , since
U Pp(x+ay)l? = TPy xU s 2RX(UPyx, UPyy)
+ IAM2HNTPy U,
NP(x+ay)l® = WPy xU® + 2RI (Pyx,Pyy)
s It uPyyut,
we obtain hence
RX(UPyX, UPy4) = RX(Pyx, Py}).
Putting A =1 and {, we conclude thus
(UP,x, UPy) =(Pyx,Pry),
and consequently

(vx,V;)z(x,Pvg) for every x, ¥ ¢R.
Therefore, for the adjoint operator T ™ of U we have by definition
T*'UY = Pgy for every y € R.
Since llpv}|1= nv}ll,mobumhmo
Ho*oxgt= HTxA for every x ¢ R .

Let B be the renge of an isometric operator U. B is obvious-
ly a linear manifold. Furthermore B 1is closed. In fact, if
lin Tz, = Y,

b =poe
then we have
l_,lguanx,‘— Pgx, 1l = lia I Uxy=-Tx,il =0.
Thus we can find %, ¢ R for which Jim P, X, = X,, and then we
have

Uxy, = lia UPyx, = lim Ux, =Y.
v o0 Lboe
Thus B is a closed linear manifold. For each ¥ € B, we have for
every x € R
(v’s ,l)a(y,ﬂl)ao,
and hence we conclude that U"y = 0 for every Y ¢ B*.
Therefore we can state

Theorem 38.1. Por every isometric operstor U, the adjoint
operator % of U also is isometric, and the range of U is the pro-
per domain of U*. For the projection operstor P, of the proper

domain of Tr we have

Ty = Pv .
From this Theores 38.1 we conclude immediately
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Theorem 38.2. For an isometric operator v and its adjoint

operator ©w* we have

vvov*u = 7, uv*rovUu*= U*.

Theorem 38.3. An isometric operator UV is a normal operator

if and only if the proper domain of v coincides with the range of U.

Proof. If an isometric operator U is a normal operator, then
the adjoint operator U™* of U is the conjugate operator of U, and
hence

Foxit = fto*xll for every Z ¢ R,
Thus the zero menifold of U coincides with that of U™, and consequ-
ently the proper domair cf U coincides with that of U ™. On the
other hand, the proper domain of U * coincides by Theorem 38.1 with
the range of U . Therefore tne range of U coincides with the pro-
per domain of U .

Conversely, if the range of U coincides with the proper domain of
U , then, denoting by D the proper domain of U, we see by Theorem
38.1 that D also is the proper domain of the adjoint operator U * of
. Thus for the projection operator Pp, of D we have

NToxXll = NTUPpxll =lUPyxll = ITU*Ppxli=1U*xl
for every X ¢R . Therefore U is a normal operator and U * 1s the
conjugate operator of U .

An operator U on R is said to be unitary, if U is isometric and
both the proposr domain and the range of U coincide with the wholes space
R . By virtue of Theorem 38.1, we see easily that if U is unitary,
then its adjoint operator U™ also is unitary and

U'U = UU*t=1.
Conversely, for an operator U on R, if U"w = UU" =1, then both
the domain and the range of U * coincide with the whole space R and
Ho*xh®=(T0",x)= llxl® for every x ¢R.

Furthermore U * ia by Theorem 35.3 a linear operator. Thus U* is
a unitary operator. Since U = U**, we conclude hence that U is
& unitary operator. Therefore we have

Theorem 58.4. An operator U on R is unitary if and only if
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U*U = UU*=1

for the adjoint operator U* of U.

Let U be a unitary operator on R . By virtue of Theorea 38.3,
U is a normal operator and the adjoint operator U * of U is the con=
Jugate operator of U, Since U is bounded, we see by Theorem 32.3
that U is a regular closed normal operator. Thus we can find by
Theorem 34.1 a closed ring of projection operators & containing 1, by
which U is a dilatator. For such X , since UTU" =1, we obtain
by the formulas (9) and (12) in §25

(o, 2)I* =(v,8) (v*,g) =1
for every point £ in the proper space ¥ of R. Thus putting
F, ={eft: 05§ <A} forogargam,
we have
(U,8)€ E,n forovoryé;‘e{’u.

Consequently we see by $23(1) that for the spectrality E(E) (¢ )
of U we have

E(Fe) = 1.
Therefore putting
0 for Ag 0
Exn = { E(Z,) for0O<Aga2m
1 for A > 27,

we obtain a resolution of identity £, (-00 < A < +o°), and we have
obviously by definition

i
Ux = I 3 E(dg ) = J e“d;E,x
t 203 [
for every X € R. Conyersely if

LI PY
U = j e d;E,\
°

for a reeolution of identity E, (-% < A < +00) subject to the
condition: E, =0, Ezau‘ 1, we have by Theorem 23.5
E(E,)= E, for 0 < A< 2T.

Therefore we can state

Theorem 38.5. For a unitary operator U on R there exists uni-
quedy a pesolution of identity E, (-e0 < A < +00) such that
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7T iA
V=J e; d&EAn

EO =0, E‘Z‘EOO =‘.\/>\11‘EA =1,

Furthermore we have by Theorem 38.4
Theopem 38.6. A dilatator U by a closed ring of projection

operators R is a unitary operator if and only if |(U,%)| =1 for
every point 2 in the proper space %”ﬂ of R.

§39 Canonical Forw

Let T be a closed linear operator with dense domain D in a Hil-
bert space R . Then we see by Theorem 35.4 that the adjoint opera-
tor T¥ of T also is a closed linear operator with dense domain o*
and T = T**, Thus we have by Theorem 35.2

f{ix, Tx}: xep} ={{T*x,¢x} : zxeD"}",

{{T*x,ix}: zeo*} ={{ix,Tx}: zeD}",
Therefore for any Z € R we can find X €D and Y € D* such that

{fitz,0}=1{ix, Txk*{T'y.i}}.
that is,
tz = 1x+T', Txa+iy =0
This relation yields
Z= T*"Tx+x,
Thus the range of the operator T*T + 1 is the whole space R . De-
noting by D, the domain of T*T + 1, we have for every x, 4 € Do
(T*Txez,4)=(2, T"Tgwg).
Accordingly, if
(z.T’T;~})=o for every x € Do,
then we have
(T*Tx+x,4)=0 for every X ¢ Do,
and hence Y4 =0, because (T"T + 1)D, = R. Therefore D, is
dense in R . Consequently we see by Theorem 36.4 that T" T + 1
18 a regular closed symmetric normal operator, namely a self-adjoint
operator by Theorem 37.1. Thus T* T also is by Theorem 36.1 a
seif-ad joint operator with the same domain D, . By virtue of Theo-
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rem 34.1, we may consider T* T as a dilatator by a closed ring of
projection operators R . Since

(T*Tx,x)=uTxu? 3 0 for every z ¢ 9,,
we have T* T 2 0 by Theorea 25.2, and hence T*"T = |T* T | .
Thus, putting H = JT" T , we obtain by the formula §25(27)

T*T =HoH = HH.

By virtue of Theorem 24.4, denoting by D, the domsin of H we can
find then a sequence R 3 P. 1,77, 1 such that P, R ¢ Dy and HP,

is bounded for every v = 1, 2,..0 & For such P, (v =1, 2,...),
we have obviously for every x € R

T*TP x = HHP, x (v =1, 2,..),
and hence
HHP, x I1? =(HHP. x,P, x) =(T*TP.x, P, x)
= 0TP, 2’

If % ¢ Dy, then we have
"1_’12. HP,x = lim P, Hx = HX,

v =d oo
and hence
y’%‘ig” HTP.x = TP.xll = V'J;}{I”_IIHP, x - HPpxjl =0.

Since T is closed and lim P, X =X, we obtain hence x ¢ D and
,1;,1",, TP x = Tx.

Thus we have D > Dy and

NTxil = JHXN for every « € Dy .

Thereofre, denoting by A the closed linear manifold generated by

the range of H : {HX: X €D, }, we obtain uniquely an 1 et~
ric operator U with the proper space A such that

Tx = THX for every X ¢ [,
that is, T > TUH. On the other hand, U H 1is closed. In fact,
if lim X, =a ad lima UHX, = £, then we have

¥ =) ow -
o HHX, - Hx.ll = lin | THX, - UHZ = 0.
V,pm~peo

e w =
Since H is closed, we have hence & ¢ D, and
Ha = lim Hx,_.
b0
This relation yields
UHa = lim THx, = {.
» > on
Recalling Theorem 35.1, we see hence that the right graph of TH

{it=, OHx}: X €Dy, |
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is a closed linear manifold of { R, R}. Thus for any . € D we
can find X, € Dy for which
{ta,Ta}- {ix, Uraxot 2+ {{ix, UHX}: x €Dy},

Since D, >p, and UHX = Tx for xepD, , we obtain hence for
every X € Dy

({{,(a.—l,),'r(a-x,)i, 'lv'.X,Tli)=0.
that is,

(a-x,,2)+ (T(a-%,), Tx) = 0.
Thus we have

(=%, T"Tx+x) 20 for every X ¢ D, »
Since R = (T*T+1)D,, we obtain hence A = X,. Therefore we
conclude Dy = D, and consequently T = TUH.

Conversely if T = TUH for a positive self-adjoint operator H
and an isometric operator U whose proper domain is the closed linear
manifold generated by the range of H , then we have T* = HU*, Be-
cause for each Y ¢ D*, we have for every X ¢ D

(H",V'}) = (szay) = (x, T%),
and hence T* Y = H' U’y = HU"Y. On the other hand if HU"Y
has any sense, then we have for every X € D

(rx,4)=(Hx,0%) =(x,HU"Y),
and hence Ty = HU*Y by definition. Thus we have T* = HU".
Since the proper domain of U includes the range of H , we obtain by
Theorem 38.1

T*T =(HU*) (UH) = HH,

and hence H = \/?‘-7, because H 1is positive.

Now we can state

Theorem 39.1. for a closed linear operator T with dense domain
we can find uniguely a positive self-adjoint operator H and an isowet-
ric operator 77 such that T = UH and the proper domain of U is_the
closed linear manifold generated by the range of H .

This UH is called the ganonical form of a closed linear operator
T with dence domain. Concerning the canonical form of T , we have

also proved
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Theorem 39.2. For the canonical form T = U H, we have

T* = HO", T*T =HH,
and T* T is a positive self-adjoint operator.
Theorem 39.3. A_closed linear operator T with dense domain is

a_regular normal operator, if and ornly if for the canonical form T =

UH,» U is a normal operator and UH = HU.

Proof. If an isometric operator U is a normal operator and
TH = HU, then ve see by Theorem 23.} that for the spectrality
Eo(ZE) (FeL)of Uand E,(F) (E€%) of H, we have

Eg(B)E, () = E, (¥)Eq(Z) for every ¥ ,L ¢ £ .

Thus, denoting by X the closed ring generated by
Ey(2), EL(2) (2eg),
U and H may be considered as dilatators by R . Then we have by
Theorem 25.6
HU = Ho T .
Since T = UH = HU by assumption, T also is a dilatator by XK,
and hence a regular ciosed normal operator by Theorem 34.l.

Conversely if T is a regular closed normal operator, then we can
find by Theorem 34.1 a closed ring of projection operators R by which
T is a dilatator. Por the canonical form T = UH, since we have
MHH = T"T by Theorem 39.2, we see easily that H also is a dilatator
by R and we have

ToH™' =7V.
Therefore U also is a dilatator by R , and hence we have by Theorem 25.6
T =2ToH =HoU = HU.

Theorem 39.4. A closed linear operator T with dense domain is
(") r i only if
TTY =TT

for the adjoint operator T% of T.

Proof. If TTY = T*T , then for the canonical form UH of
“T and that U, H, of T*, ve have by Theorea 39.2
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HiH, = TT*=T"T = HH,
and hence we conclude easily

R, = VA, Hy = VAH =H.
Thus we have

NTxH =0 OTHXIl = IHx{fl = iH, z1
=NU,H,xll = IT*xh.

Therefore T is a normal operator and T* is the conjugate operator
of T. Consequently T is regular by Theorem 36.5.

Conversely if T is a regular closed normal operator, then, con-
sidering ¥+ as a dilatator by some closed ring of projection operators
4R , we have by the formula §25(5)

ToT* = T*o T,
On the other hand we have by the formula §25(11)
T T >7T*T
and both T* o T and T* T are self-adjoint. Thus we conclude
by Theorem 36.6 T%o T = T*T. We also obtain likewise T o T*
=TT Consequently we hava T T* = T“T.

§40 Hermitean Operators
An operator H in a Hilbert space R is said to be a Hermitean

operator, if H is a closed symmetric normal operator, i.e., the do-
main D of H is a linear manifold being dense in R ,
(Hx,4)=(x,HyY) for every x, y € D,

and H is closed.

Let H be a Hermitean operator with domain D . For each x ¢p
we have

H(H+L)x B = R(H=-L)x N = gHxu? + uxu® 2 nxnt.
If la (H+t)x, = €, then, since

By = Xu g H(H* L)X = (H+1)Xpull (v,pm=1,2,...),
we have .,’}..1?... X, =Xyl =0, and hence putting a4 = ‘,1_1’11_ X, , we
have (H+ i )a = £, because H + L also is closed. Therefore
(H+1)D 1is a closed linear manifold. We also can prove likewise
that (H-1{)D 4is a closed linear manifold.

Theorem 40.1. For a Hermitean operator }{ with domain p ,
((H+)0)*,  ((H-L)D)*, P
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are linearly independent, i.e.,

W+ vea SO,
we((Hei)o)*, vel((H-L)P)*, acep
implies % = v = a = 0.

Proof. Forany wé ((H+i)0)" and ve((H-:)D)* we
have obviously for every X € D
((H+i)x,u.)=0, ((H-L)X,V)'O,
and hence
(Hx,u) =(x,{u), (Hx,v) = (x,-iv).
Thus, if W+ v+a =0 for some a € D, then we have for every x ¢ D
(X, iu~-{v+Ha)=(x,iu)+ (x,-iv)+ (x,Ha)
=(Hx,w)+ (Hx,v)+ (Hx,a)
s(HXx,u+vea) =0.
Since D is dense in K , we obtain hence
tu=-gv+Ha =0,
Since u+ v+a =0 by assumption, we conclude further

2w+ (H+i)a =0, -2iv+(H-i)a =0.
On the other hand we have obviously
(2i{u, (H+i)o) =0, 2iv, (H-1)a)=o.

Thus we obtain by the formula §7(4)
N2 wi?+ H(H+i)all* =0, h-2L vi*+N(H-L )al* =o0.
This relation yields W = v = 0, and consequently a = O.

For a Hermitean operator H, the dimsnsion of the closed linear
manifold ((H + {)D)" is called the positive defect of H, and the
dimension of ((H-1)D)™ 1is called the negative defect of H.

Since H + { is a normal operator with the conjugate operator
H - { , we see easily by Theorems 36.2 and 36.}

Theorem 40.2. A Hermitean operator H is regular if and only
if both the positive and negative defects are O.

Theorem 40.3. For a Hermitean operator H, in order that we
can find a self-adjoint operator ﬁ 2 H, it is necessary and suffici-
ent that the positive defect of M coincides with the negative defect
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EEHQ

Proof. If there is a self-adjoint operator HOoH y then we
see by Theorem 36.1 that H + { is a regular closed normal operator
with the conjugate operator H - L . Denoting by D the domain of
R , we have obvously for every X € 7]

N (R+2)x 0 = H(H-2)xn? = nfxn?+ nxen®z uxn’
Thus we see by Theorem 36.2 that the inverse (H + i)~ ' is a bounded
closed normal operator with the conjugate operator (H -i)~ ', and
hence both (H + :)D and {(H-{)D coincide with the whole space
R . Furthermore, putting

(H-1)x = T(A +2)% for X € D ,
we obtain a unitary operctor T . for this unitary operator U, we
have obviously

(H-1t)x = D(H+)x for every X € D.

Thus we conclude sasily that the dimension of ({H + { )D)* coincides
with that of ((H - )D)™", that is, the positive defect of H coin=
cides with the negative defect of H .

Conversely if the positive defect of H coincides with the nega-
tive defect of H , then we can find by definition a complete orthonor-
mal system a, (X € A) of ((H+*£)D) amd ‘ex (A €A)or ((H~-
1)D)™ with the eame density. Putting

S oodafyt(H-i)x = U{ Z ayar+(H+i)x}
AeA AEA
for 3 o xl*< +e0, % €D, we Bee easily that U 1s a unitary

A €A

operator. For this unitary operator U, putting
,:(1;4'173): H(}—UJ) for yeR,

we obtain an operator ;l' with domain

D = {3-‘0’;: ;GR}.
Because, if y = U} for some p ¢ R , then putting

Y = T ohart (H+1)x,

A €A

we have

S oadar (H-L)x = Z ohay+ (Hti)x,
AGA rEA
that as,

I o fda~- T oxan~-2ix =0.

A¢A AeA
Since
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. . s R e
‘\%‘dxae».i (H=-2)o)", Edaaxé(("’*b)p) ’
and X € D, we obtain by Theorem 40.1
AZGAO‘AQ'\ =0, x =0,

and hence Y = 0. If g,-v;.:g,-v;,,thonwhnve
(41-Y%2) = T(y, - ys),
and hence ¥, = y, y 88 proved just above.
For every X ¢ D we have
(He)x-T(H+i)x =(H+L)x-(H-i)x =2{x,
C{He L) e+ T(He )2} = ({(H+ L)X+ (H-0)x} =2 Hx,
and hence A > H . Forevoryy.z € R we have
(ﬁ(;—v;),z-vz):(;(;+v;).z—v;)
=i(4,2)+i(vy,2)-i(y,02)-i(vy,0z)
= i(vy,02)+i(vy,z2)-i(y,02)-i(%,2)
=(3-70y,i(2+72)) =(y-vy,H(z-v2)),
and hence H is a symmetric normal operator. Furthermore we have
for every Y € R .
H(y-Ty)+ i (y-Ty) =25y,
Aly-uy)- i(y-vy) =210y,
Thus we conolude by Theorems 36.3 and 36.1 that H is regular and closed.
Consequently ﬁ is self-adjoint.

Theorem 40.4. For a Hermitean operator H with domain D, if
(Hx %) 2 Iix(*  for every xeD,
then we can find a positive self-adjoint operator ﬁ DH.

Proof. From assumption we conclude for every « ¢ D

WxH®s (Hx,x) § NRxNxN,
and hence

R 2 xa for every X €D .
Since H is closed, we see therefore that the range HD is a closed
linear manifold. The orthogonal complement (HD )* is linearly
independent from D , that is,

wex =0, ue (HP)*, xepD

implies w = % = 0, Because for x, 4 ¢ D, uG(HD)" we

have
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(Hy,wex) = (Hy,w) + (Hy,x) = (g, Hx).
Thus if ©+ X =0, then wo have (4 ,H %) =0 for every ¥ ¢ D, and
hence HX = 0. This relation yields X = 0, because
THxX U 2 nxil for every X € D .
Therefore (H D)* is linearly independent from D .
Let D be the linear manifold generated by 0 and (HD)".
Then every element X ¢ D may be represented uniquely in the form
X =u+x, ue (HD)*, xeD,
because (H D)* is linearly independent from D, as proved just above.
Thus putting
RAX = Hx for§=u+r, u((Hp)",xtD,
we obtain an operator H with domain D . It is obvious that H D H
nndﬁ is closed.
For some ¥ , Z ¢ R, if
(ﬁ(u«-z),y,)_-.(u-rx,z) for ue (HD)*, xeD,
then we have
(Hx,3) =(u,z)+ (x,2) for every we(HD):, 2eD,
Thus putting x = 0, we obtain
(u,z2)=0 for every ue (HD)",
and hence 7 ¢ HD , because HD is a closed linear manifold, as proved
Just above. Therefore there exists an element X, € D for which
Z = Hxy.
For such X,€¢ D , we have tho;n
(Hx,y) =(x,Hx() = (Hx,%4)s

and hence
(Hx,‘;-l‘)so for every X € D .
Thus putting ©; = Y-X,, ve have U;€¢ (HD )", end
Z = Hx, =H(u, +%)=HY.
Therefore ;—T is self-adjoint. Furthermore we have

(gi,i)=(Hx,u+x)=(H1,x)g ||x,u‘; 0
for ¥ = wu+x, Ue(HD)", xeD.

Theorem 40.5. For a Hermitean operator H with domain D , if
(Hx,x) 2 txiixn? for every x ¢ D,

then for any real number B <« Ne can find & self-adjoint operator ﬁ
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with domain D such that H > H and

(Rx,x) z plixat for every x €D .
Proof. Putting
1
Hy = -:—_——"3" (H‘P)y

we obtain obviously a Hermitean operator H, with the same domain D
and we have

(Hix,x) 2 nxn? for every x € D .
Thus we can find by Theorem 40.4 a positive self-adjoint operator ﬁ,
2 H,. For such T-L , putting

g = (d"P)]L + B

we also obtain a self-adjoint operator ] , and we see easily that the
domain of H coincides with that of H, and H > H . Denoting by
5 the domain of ﬁ , we have furthermore for every X ¢ 5

(Hz,x) = (= p) (Hix,x)+ puxy®

z puxa’.
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CHAPTER V.
UBITARY INVARIANTS

§41  lsomorphiems of Rings

For two rings of projection operators R and 9" in a Hilbert space
R , if there is a one-to-one correspondence PTe€ T (Pe?R) such
that
P 2 ¥ ttamaonyir Pz Q,
(P-q)¥ = p¥T- " for P 2 @,
then R is said to be isomorphic to 7. Such a one-to-one corres-
pondence PTe 9" (P €“R) is called an isomorphism.
Concerning isomorphioms P7¢ 4 (P € R) we have obviously by
definition
(Pva)¥ = pTv Q™

Paa)¥ = PTA Y

Oar.-.o.

Furthermore we see easily by definition that if a closed ring R is iso-
morphic to a ring ¥° by an isomorphism P¥ e 4 (P €R), then 4 also
is closed and

(x\{/\ Px )‘r = \\ej,\ p"r

(NPT = NPT

A€EA AEA
for every system P, ¢ R (X € A ), and hence for the cover C‘R of R
and C.r of 4" we have

r
C’R = Cr’-
Let K and 9" be two closed rings of projection operators in the
sequel. If R is iasomorphic to 4° by an isomorphism P7T ¢ 7o

(P €R), then for each maximal ideal ® in K, putting
2T ={P¥: rezt,

we obtain a maximal ideal gvr in 7. Conversely for each maximal
ideal 4 in 77, putting

3:{9: Pbréqf,

we obtain a maximal ideal P in K. Therefore we have
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Theorea 41.1. 1f /R is isomorphic to 7~ by an isomorphism
P¥e % (PeR),
then the proper aé co ¥, of R is homeomorphic to the proper space
¥y oL % by a correspondence
2T ¢ €0 (3ety)
such that 3% ¢ Upr if and only if peTp.
Conversely we have
Theorem 41.2. If the proper space {’ﬂ of R is homeomorphic
to the proper space @,r of 4" by a correspondence
p: Te Cr (%€ G
then R is isomorphic to 9 by an isomorphism
PYenr (PeR)
such that 27 ¢ Ups if and only if £ € Up .
Proof. By virtue of Theorea 15.6, putting
Upr =18+ 2€Up} (PeR),

we obtain a one *o-one correspondence P%¢ o~ (PeR). Purther-
more it is obvious that Cp” = Cov, end

(Cp-P)T = Cp-P7,
because we have by the formula §15(6)
Uieg-pr7 = 187 8¢ Tep p
s{@lr: gevp}’a‘Ucr_Pr_
If P =a\/ Py PreR(X€A), then we have by Theores 15.7
Up =(§‘UP\)-'
Thia relation yields
Upr = {:q.x 365"va}‘ I(A%Avp"f)-,
and hence P7 = &\‘/A P.T by Theorem 15.7. ™us P¥e 2 (PeR)

is an isomorphism.
For two closed linear manifolds M and A/, & mappine
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xVe N (xeM)
of M onto NV is said to be an isometric correspondence, if

(wx+py) = ax¥apy?,
(2,3) = (x¥ 9
for every x , }eMmchlplexmlbond, B

For an isometric correspondence x V¢ NV (% € M) we have obvi-
ously by definition

XM = el for every x € M,
xM =0 ifandonlyif x =0,

4a xY= x” if and only if lim X, = X.

Voo

Furthermore, putting
Ux =(Pyx)¥ (x eR)

for the projection operator PM of M, we obtain by definition an iso-
metric operator U with proper domain M and range A .

Let U be an isometric operator with proper domain D. By vir-
tue of Theorem 38.1, for the adjoint operator U® of U ani the projec-
tion operator P, of D we have

v*U = Pp,
and hence
(Ux,Ua):(z,}) for every x, 4 ¢ D.
Tus Ux (xe¢D) is an isometric correspondence between the proper
domain D and the range UD . For a manifold K< D, we see easily
that UK is a closed linear manifold, if and only if K is a €losed
linear manifold. Furthermore for the projection operator P, of a
closed linear manifold K ¢ D and the projection operator Py, of UK,
we have
Por Ox = UP, X for every X € R .
Since TU* = Py, by Theorem 38.1, we obtain hence

(1) Pox = TP, T" for K C D.

Froz this relation we conclude immediately for every system of closed
linesar manifolds K, <C D (xe€A)
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(2) lkijA UPK;-U' = U(*LGIAPK*)V"
(3) N TP, U*= U(N P )U"
A€A > Nea A

For two closed linear manifolds K, L C D we have obviously
(O PU®) (UP U =UVPP_T",
T (T PP UNT = P P,
because U T = Pp. Thus we see that
(vpP,u*) (TP U™ =(UPT") (UP TN
if and only if P, P = P_Py.
Therefore, if Cg < P, for the cover C’K of a ring of projec-
tion operators X, then putting
¥ = {opPu*: PeWR},
we obtain a ring of projection operators 4~, and ‘K is isomorphic to 4~
by the correspondence UP U™e¢?q (PeR). Furthermore for the
commtor & of K and 4~ of ¥, we see easily that
TVPTU*e Cp® (PeCyR)
is an isomorphism between Cﬂﬁ and C?,F .

Theorem 41.5. For two closed rings of projection operators R,
% and the commutors R , 7~ respectively of /X, 4, if there is a one-

to-one correspondence
PTe Cq.’_)-" (PeC,R’Tl)
between C’,R’-fl and C’T’—i-" such that
PT 2" ifamaomyir Pza,
*P-a)"=P"-a% for Pz a,

then there exists an isometric operator U with proper domain C?zR such

that R is isomorphic to 4% by the correspondence

vPUT e (PeR)
and we have
PT = wPU* for every P¢®R.
Proof. We see easily by assumption that

T
v P = L
(AQA A ) ,\\Q/A pk ’
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ARES ¥ - oA P
for every systom PAeCu?Z (reA). l‘orP,QéCaﬁ, if
Pa =QpP,
then we have by Theoream 12.6
(PYQ)-P = @~ (PAQ),

and hence by assumption
(PY¥v@¥)-PT = Q¥- (PTAQT),

that is,
PFu® = p¥4 (@¥- (P¥A0Y)).
Thus we have by Theorem 12.4
PT(@"- (PTAQY)) = (a"- (PTA Q")) PT 0.
Since we have by Theorem 12.1
PY(PTAQT) = (PTAQT)PT = p¥, T,
we obtain hence
PTaT = a¥p?
We also can prove likewise that P Q¥ = QTP¥ implies PR =QP.

Therefore we conclude by Theorem 20.1 that we have P%¥ ¢ 2° it
end only if Pe R. Thus ‘R is isomorphic to 4" by this correspond-
ence PT e 4 (P€7R), and hence we see by Theoream 41.1 that the pro-
per space &”l of R is homeomorphic to the proper space S{’,r of 7 by
a correspondence

2T e, (3¢
such that $¥e¢ Upo if and only 3r $ ¢ TUp .

By virtue of Theorem 14.1, for any O % P ¢ C’ﬁ we can find an
element 0. ¢ R such that P 2 [a)y #0.  For such a ¢ R,.ainco
[o.),n‘“e €, we can find £ ¢ R such that Laam"} (£l * O
Then there exists @ ¢ C, R for which (£J, = Q7%, nd hence we
have [aly 2 @ % O. Thus we have by the formula §14(6)

(Qaly =Qlaly =@ #0.
Therefore for any 0 # P € CxR we can find x, Y €R such that
Pz lxly %0, (214 = (ylp.

By virtue of Maximal Theorem, there exists a maximal system of

elements X, , Y, € R (X €A) such that

Lyady = (XAl %0,
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[1;,]R£l,a3a 0 for X % fP.
Then we have CR = *\{A [xalg. Because, putting

p = cz-kkzﬂtxx]«"

if P 0, then, since P ¢ Cy %, ve can find % , ¥ €R for which
P2lxlg#0, (x1,7 = (Yly,
and hence
(X3l (x)y =0 for every A ¢ A,
contradicting the maximality qf %, , % €R (reA).
Therefore we have

Cg = Xnlg s = U (4alg.
R A\(-j/i( M CT €A Py
Since (Y], = [zAJa"‘, we have by definition
L 3 1" - [ o
(c"“]% )= ((nlaﬂeﬂp

Since both P x, II*,

T AT
= P'= C .
Cyaly5PVERY tile

NPT yxll® (PeR) are positive total-

ly additive functions on R and p oper in CI’;A,” , by virtue of Theo-
rem 18.2, putting

g a
NP™ yall
Y, ( ) = lin ————— for ¢ T
] P4% NP xXAN? ¢ Crxarg’
we obtain a positive continuous function ¥, on Ucﬂ and

(xAd
1P 4an® = [ (@) ndg

for R 3P s C&A]”
4
Thus we can put by Theorem 17.3

Z, = j Vo (3) dgl)\

cﬂ
(Zal
and we hgve

WPTyad =

= PZxl for ’R?PSC&A,“.
Furthermore we have {7.,\]“ = [(xAdg- Because it is obvious that
(Zx)g € [X\]g , and hence we can find by Theorem 19.4 P, € K such

that P, § c?‘A]ﬂ and [Z,lg = Po [xalg.
heer, .-

Then we have

-
R AP FI IR TN -ARIEY DL
= 1(C&, - P)Zall =0
This relation yields
p T

T R
= C (}g]r = ( C‘l.\]n)r’
and hence P, = C%
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Yor every X € (2,14 R, putting

x
Ux = 57 ﬁ;;)d:ry&’
cl;,\lf
we see by Theorems 17.3 and 18.4 that [Za]y R 1s isometric to the
closed linear manifold [%iJ4 R by the correspondence

T el§alpR  (x€lz0InR).

Sinoe we have by the formulas (6) and (8) in §19

vPx = [ (g dgT
pr 2

wve conolude by Theorem 17.4

(Chapter Vv

L
for K;Pé cf’«k]u'
UPLZ.gR = PP 41, R for every P ¢ R,
because PCZAJ, = P C&*, (2.

Por any X ¢ R we can find a eequence A, €A (v =1, 2,...) such
that

besy

s
Cax = Z_ izZxlgx,
and for such A, , putting

T x

i

™

U

Tz, ) ®r X
we obtain hence an isometric oyerator U with proper domain C' R, and
we also have for each A € A

TPLZAuR = PPy 10 R
and hence by the formula (1)

for every P ¢ R,
V(PIz,)g)U" = PPy, o
Since

forevery A € A,P€¢€R.
Y%

aeat?7vw = Cr,
= \U r_prp%
X\‘JA [‘3"]1‘ = A\lt/\ K’L‘\]* = C* = C'r'
we obtain therefore by the formuls (2)
TPU*= p? for every P ¢ ¥.
If K is simple, then we hive by definition R = C'u’_li , and hence
we obtain immediately by Theorem 4...3

Theores 41.4

Let a simple ring of projection operators R be
order that we can find an isometric operator U with proper domain C.RR

isomorphic to a ring 4° by a correspondence PT¢ 2~ (P ¢ R).

in
such that
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N S for svery Pe¢ R,

it is necessary and sufficient that %" also is simple.

§42 Rings of Uniform Multiplicity.

Let R be a closed ring of projection operators and K the commut-
or of R . For every Q ¢ K, Q@ ‘R also is obviously a closed ring.
For a projection operator Q we have by the definition in §14

CQ = Cﬂ
if and only if QP =0, P¢‘R, implies P = 0.

Theorem 42.1. For a ection o QA€eR, R is iso-
morphic to QR by the correspondence QP ¢ QR (P €R), if and
only it Cq = Cp.

Proof. Por P,, P, ¢ R we have obviously that

P, s P, implies Q@ P, § QP;.
hid CQ = Cg » then we have conversely that
@P, < QP, implies P, 5P,.

In fact, if Q P, £ Q P2 , then we have Q (P, - P, P2 ) = 0, and hence
P, - PPy =0, because Cq = C and P, - P, P, ¢ K.

If Cq #* Cp, then putting P, = Cp = Cq, we have
o ¢# P, ¢ R
ut

QP, =@ \/ P =0.
QP=0,PeR

A projection operator S € C%Ti is said to be a simplor of R,
it Cg = Cy and SR is a simple ring.

Theorem 42.2.  For a projection operator @ € R , if
CQ = CI&»

then there exists a simpler S 5@ of ®.
Proof. By virtue of Maximal Theorem, we can find a saximal sys-
tem of elements X, €R (X € A) subject ot the condition:
Qx, %0 for every A ¢ A,
Craxa Ceaxyy =0° for A * f.
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For such X, €R (2 €A ), we have

|V = Cﬂ'.

C
ACA (Ql,\]

Because putting

Po = Cm -’-\G}A claz‘\].
if P, %0, then we have P,Q #* O by assumption, and for an elem-
ent X ¢ R such that P, @ x # O, we have by the formula §14(16') for
every A ¢ A

Ccax.\l C[P,Qzl = Cco.x.,.: Po C[e.x] =0,
contradicting the maximality of the system x, € R (A € A).
For such x, ¢ R (1 € A), putting
S = U Lal;]:
_ A€A

we have obviously Cp,R 3 8 5 & , and by the formula §14(15)

cs = U CLQX,\] = con.

AeA
For a projection operator @, , if
(sPla, = Q,(SP) =0 for 0$P¢R,

then we have naturally for Cm,xu P %£0,PeR,
(SC(Q,‘A]P)Q, = Q,(8 C(QmP)*o for every A € A,

because Crg,, 1€ R. On the other hand, since

c[QxA] ch,'] =0 for » ¥ P,
we have

S CLO.X;] = [ax,],

and (Q x5 ]R 1is simple by Theorem 20.5. Thus we obtain by Theo-
rem 204 Q, 2 LQx,] for every A €A, and consequently

Q.2 M, Lax,1 = S.
Therefore S ‘K is simple by Theorem 20.4.

A system of simplors S, (A € /) of R is said to be orthogonal,
if S5 Sp =0 for x ¥ ¢. An orthogonal system of simplors S
(N € A) of R is said to be complete, if
Cr = J Sx

XéA
for the cover C g of x. A closed ring of projection opérators ‘R
is said to be of uniform multiplicity, if there exists a complete ortho-
gonal system of simplors of R.

Theorem 42.5. Let a closed ring of projection operators R be
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of uniform multiplicity and S, (A €A ) a complete orthogonal sys-
tem of simplors of R . For any orthogonal system of simplors Q »
(¥€r) of R, the density of I is not greater than that of A.

Proof. For an element a. ¢ R subject to Cx & # 0, we have
obviously C(o; #0 by the formula §14(16'). Since R is isomor-
phic to S, R by the correspondence

SxP e S,R (PeR),
ve see by Theorem 14.7 that there exists x, ¢ R () € A) such that

SAR
= S8, C .
l’l’dsu'k A Lo

On the other hand we have by the forwula §20(1)
_ _ SR
[Sixy]) = [xA)S,\‘R =C

(x\1g, R
because S, R is simple. Thus for such X, € R (A € A) we have
[S5xxa] = Sy Ceay for every x ¢ A .
We also can find likewise Y, € R (¥ € ) such that
(a, Y1 = @, CCa] for every Yy e,

and hence by the formula $14(16)

C[Q,g,] = Cean Ca, = Cay Cm = Crar-

We suppose fir=tly that the density of A is infinite. For any
A € N, we have
HSxxxt® 2 I 1Qygp)Saxa’,
Ye

and hence we can find a sequence ¥, , (v =1, 2,...) such that

[Qr’ylsxlx =0 for ¥ % ¥,,, (v=1, 2,...).
On the other hand, for each ¥ ¢’ we can find A and + for which
Y = )’,ﬂv , because if [QB_V’?]SAIA =0 for every 1 ¢ A, then
we have by $14(8)

[ngylls,\x,‘] =0 for every A\ ¢ A,
and hence
[.Q.‘«})] = [Qy 57)‘\\‘/‘ S,\ C(a-]
= b S =0,
A\{ﬁca, gl [Saxy ]
contradicting (Q, 53,] % 0. Therefore we have

r ='{YA,,= AXeA, v =1,2,.}
Thus the density of I” is not greater than that of A.
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Next we consider the case where A is a finite set. We shall
prove firstly that for every finite number of different elements X, €A
(b =1, 2,00e,1), if

Cu € (é LSa,xa )R (p=1, 2,000, x+1),

then for any 0 # P ¢‘R we can find dilatators Ty (p=1, 2,000y, x+1)
by R such that

Ret

E TuCu =0
but we have not TuP =0 for all M =1, 2,..., X+ 1. In the
case: X =1, if

Cy = [SA;%a,2Cyy, Cp =[Sy, 7x,1Ca,
then we have obviocusly
Pcy = [Sx, %, 0PCyy PCy = [8Sa,%x,1PCa.
It PCy = PCy =0, then we have PC, + PC, =0 and P % O.
Thus we suppose that PC, # O. By virtue of Theorem 25.8, we can
find two dilatators T, and T, such that
Pey, = T,(Sx,%5,), Pec, = T,(s,,x.“). [T,]1 = C( PCad®
For such T,, T, we have by the formula §25(40)
[TIPC, - (TyeT,"')Pc, =0

bt (T,1P = PCrpc,y = Ctpe,a * 0. Next we suppose that it
is valid in the case: x - 1. We have obviously by assumption

p3
Pcp = ZCS.\,XA,]PC,‘ (p=1, 2,000, %+ 1).

ray

If [(Sa X2, JPCp =0 for every p =1, 2,..., x+ 1, then we have
w®=1
PCu € (ELS“"“])K (M=1, 2,000, x+1),
Thus we suppose that [S*n x,\_(]Pcu" % 0. By virtue of Theorem
25.8, we can find dilatators T, . (mM=1, 2,.0.y x+ 1) such that
[SaeXandPlu = Top (Satan) (M=1, 2,000y %+1),
[T"uQ‘] = C
and hence by §25(40)
[Tx,xu] Peu- (Tn,p." Tv.,‘(_,-“ )P Crus

-t w1
= 2:_‘ L8a, %a, ILTu, i 1P Cu € (Z (Sa, 20, 0)R.

COSAL XA IP Cuarls

Thus we can find by assumption dilatators Ty (a1, 2,000y%) by R
such that
-1

w
5' T lTu g IP Cu = (T, © Toyuar JPCxnr} =0
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Wt Tp[Tw,x4JP # 0 for some m, because we have by §14(26")

[Ten P = CC(SA,‘Z‘,‘JPC,‘ﬂJ ¥ 0.
For such T, (n=1, 2,...,%) we can find by Theorem 24,4 Q ¢ R for
which a1l T, @ (p=1, 2,...,%) are bounded and

TuQ [Tu,xs1]P %0 for some M,
Then we also have

"
-1
Eg T/‘ Q [ Tae e 1P ca“'—”ﬁ.‘(-‘rf‘o T"»I“OT"”‘" )Q PCK.¢| =0
but Ty Q [Tyw,x1]P # 0 for some m. Therefore we conclude our

assertion by induction.
If A ={Ax,: ¥ =1, 2,00,k }, then ve have

i [Sx, xa,1 = Cray.

1 -]
If we have different Y, ¢l (v =1, 2,.0., %+1), then we can find
dilatators T, (u =1, 2,.c., %+ 1) by R such that
H+1
E| ‘T,.(Qyﬁyq;.) = 01
bt T, Cray # 0 for some pm. On the other hand we have for every
vV =1y 24000y x+1
K+l
(Qy, ‘ar,l,?-:-‘ Tu(Qu4n) = T.(Qy, 4n).
Thus we obtain by Theorem 25.7 for every m =1, 2,.e0s, %+ 1

TwClay = Ta C tapugna = O
contradicting Tu Cray # 0 for some m. Therefore the density
of " is not greater than that of A .

By virtue of this Theorem 42.3, we see that for a closed ring ‘R
of uniform multiplicity, every complete orthogonal system of simplors
has the same density. This same density is called the multiplicity
of R.

Theorem 42.4. Let a closed ring /R of uniform multiplicity be
isomorphic to a closed ring of projection operators 4“ by a correspond-

ence PT ¢ (PeR). In order that we can find an isometric

operator U with proper domain CyR such that
p¥ = vpT* for every Pe R,
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it is necessary and sufficient that %" also is of uniform multiplicity
and the multiplicity of 4* coincides with that of R .

Proof. We suppose firastly that 4° is of uniform multiplicity
and has the same multiplicity with ®R. We can find by assumption a

complete orthogonal system of simplors R, (A €A ) or & and S, (A €
A)of 7. Since R, ‘R is isomorphic to R and 3,%" is isomorphic
to 4, we see by assumption that R, 7R is isomorphic to S, 9 by the
correspondence

SxPT € Sam  (RyP € RAR).
Since both R,/ and S,7" are simple, we can find by Theorem 41.4 an
isometric operator U, with proper domain R, R such that

SApP¥ = UrRNP U for every Pe¢R.

For such Uy (A € A) we have by Theorem 38.1

SxR = U, RA\UMR = U,R .
Thus putting

Tx = 3 U,x for every x ¢R,
ACA !

we obtain an isometric operator {7 with proper domain

(V R)\)R = CaRr

A€A
and we have

URN = 8§,7 = Ua for every 1€ /.
Therefore we have for every P ¢ R and x ¢ R
PTx = = SaP"™x = & UL RAP U x
A €A AEA

S UR.PU*X = UPU*x,
A€EA

because 3_ R,PU"x = PU*x.
x€A

Conversely let U be an isometric operator with proper domain pD
such that
Cx £ Po, P¥ - vpuU* for every Pe K.

For a complete orthogonal system of simplors R, (A€ A) of K, we
see by Theorem 41.4 that R,’r'z" also is a simple ring for every A €A .
Furthermore we have for A % Y

RATR,T = UiRRy)D™ =0,

AYAUR;\U' = C'R = C'?"
by $41(2), and

PT UR,\U* =0 it and only 1f PR, = O.
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Thus UR,U" (X €A) is a complete orthogonal system of simplors
of ¥, Therefore 9" is of uniform multiplicity and has the same
mitiplicity with R .

§43 Multiplicity Resolutions

Let R be a closed ring of projection operators. Since
Leq = Cmo
we see by Theorem 42.2 that there exists a simplor of K . By virtue
of Maximal Theorem, we can find hence a maximal system of orthogonal
simplors S, (A € A) of K. Then putting
Qa = \V S,

ACA
we have obviously @Q ¢ C‘R;}_t for the commtor R of R. If Q =Cp»

then R is of uniform multiplicity by definition. IrfrQ # C’R , then
we have
ceu_a # C“ .
Because if Cck_a = C“ , then we can find by Theorem 42.2 a simplor
S & Cr-@Q of R and we have obviously S, S =0 for every A €A,
contradicting the maximality of the system S, (x € A).
Therefore putting
p = Crn' CC’,_Q.)

we have 0 # P ¢/R and by the formula §14(16)

Crien-ar = PCep-a =0
This relation yields

P =P@& = U PSa.

AEA

Furthermore we see by Theorem 20.6 that P S, /R is a simple ring.
On the other hand we have by the formulas §20(2) and §14(16)

c:"sk,. = PCpg, =PCs, =PCyx =P.
Therefore P S, (X € A) is a complete orthogonal system of simplors
of the subring PR, and hence the subring PR is of uniform multi-
plicity.

Thus we can find 0 + P € R for which the subring PR is of uni-
form multiplicity. By virtue of Maximal Theorem, we can find hence
a maximal system O % P, € R (X €A) such that P, Pp = O for every
AP, x\f,‘ Pr» = Cg, and P,R 1is of uniforms sultiplioity for
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every A €A . .

For asystem O% P, ¢ R(¥€r), if PAPp =0 for x % P,
and P, R is of uniform multiplicity with the same multiplicity for
every ¥ ¢, then the subring (r\e}r' Py )R also is of uniform multi-

plicity with the same multiplicity. In fact, for a complete ortho-
gonal svatem of simplors .S,,x (X eA) of PR, putting
8, = U § (N €A)
AT e THA !
we have
S;,xa Py Sa (ver, neA),
V Sy =\U V 8,=UP
XTI LA

and for A # p
SaSe = (G Sea ) (Y Swpd = ML Sea S =0
For a projection operator @ , if
R(SAP)=(8.P)Q %0 for S,P %0, PeR,

then for each ¥ € " we have naturally

Q(SyaP)=(Sy,P)Q %0 for Sy ,.P %0, PeR.
Thus we obtain by Theorem 20.4 Q 2 Sr,,‘ for every ¥ ¢ [, and hence
Q2 ‘\éjpsm = Sy, Consequently §,/R is simple by Theorem 20.4.

Therefore Sk (X €A) is a complete orthogonal system of simplors of
the subring (U Py )R.
Yer

Now we conclude hence that there exists a system O % P, ¢ R
(A€ A)such that P, Py =20 for X% P, )}GJAPA =Cr, PR

is of uniform multiplicity for every A € A, and the multiplicity of
P, R 1is different from that of ?F R for % . Such a parti-
tion P, (X € A) of Cp is determined uniquely. Because for some
0% PeR, if PR is of uniform multiplicity and 0% Q € R ,

Q € P , then for a complete orthogonal system of simplors S, (ren)
of PR we see easily by Theorem 20.6 that S, Q (A ¢ A) is a complete
orthogonal system of simplors of the subring @ KR . Thus Q@ R alsa
ia of uniform multiplicity and the multiplicity of @K coincides with
that of PR . Therefore we can now state

Theorem 45.1. For a closed ring of projection operators ‘R
there exists uniquely a system O # P, ¢ R (A ¢ A ) such that
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PyPp =0 for » # P, x\{APk'cﬂo

Pr R 1is of uniform multiplicity for every A € A, and the multipli-
city of P, R 1is different from that of PR for A + P.

This uniquely determined partition P €R (A €A)of Cyxy is
called the multiplicity resolution of R, and every P, is called a
multiplicity term of R for the multiplicity of Py R .

Theorem 43.2. Let a closed ring R be isomorphic to @ closed
ring 7° by a correspondencs PTe¢ 7 (Pe¢®R). In order that we
can find an isometric operator 7 with proper domain cuR such that

P¥ = upU* for every Pe®R,
it is necessary and sufficient that for every multiplicity term P of

R, P7 also is & multiplicity term of 7" with the same maltiplicity.
Proof. We suppose firstly that for every mltiplicity termm P

of R, P 7 also 18 & multiplicity term of 9 with the same multiplici-
ty. For the multiplicity resolution Po» (A € A) of R, we see by
assumption that P,7 (A € A) also is the multiplicity resolution of
% and the multiplicity of P, 9" coincides with that of P, R for
every X ¢/, Thus we can find by Theoream 42.4 an isometric operwt-
or U, with proper domain PR such that

P.TpY = TUrPrP U for every PeR.
For such U, (A €A), putting
Ux = 3 U,x for every x ¢R,
A €A
we obtain an isometric operator U with proper domain CuR , because
U\ = PATVA for every i ¢ /A,

NoLxfi? = NP 2N = N Prxli? = HCpz ll*®
Tl onxit s Zumat - uz ey "

Furthermore we have for every A € A
Pva = UP, = Uy,
and hence for every P ¢ K
PTUPU* = UPAPU"= U PAPUY = P, 7P,
Thus we have for every X € R
TPU*x = E PTUPUR = & P¥P%x = Pk,
because A\GIA P,Y = Co .



236 UNITARY INVARIANTS (Chapter Vv

Conversely if R is isomorphic to 9" by a correspondence
TPU*e¢ T (PeR)
for an isometric operator with proper domain D such that P, 2 C'R ,
then we see by Theorem 42.2 that for the multiplicity resolution Pa
(A€A)of R, UPLU™ (A€A) also is the multiplicity resolution
of 9“ and the multiplicity of U Py U* %" coincides with that of B R
for every A € A .

Theorem 45.3. let the dimension J» of a Hilbert space R be
infinite and /R & closed ring of projection operators in R . For

asysten 0% P, € R (A €A) subject to the condition:

P,\PP =0 _f_O_EX.*P) A\(-JAPA =CR,

A

and for 'a system of different cardinal numbers i, < L (AeA), we

can find a closed ring of projection operators %" such that R is iso-

morphic to % by a correspondence P're Y (PeéR) and P,"r is a

multiplicity term of %" for the multiplicity },\ .

Proof . Since Af, < 4% (X € A) are mutually different, the
density of /A is not greater than af . Let [, be a set with den-
sity A\ for every X € A . Then the density of 3~ (7, also is

AeA

not greater than A Thus we can find a system of closed linear ma-
nifolds Ma y (¥ €la, A € A) such that the dimension of Mx,y 18
A for every Y €A, A €A, and

Mx,y My g ={o} for A+’ or ¥ & Y'.

For a simplor § of R, R is isomorphic to SR by definition.

Thus we can assume without loss of generality that XK is simple.
Since every M,\,y has the same dimension with R , there exists an
isometric operator ’U*,, with proper domain R and range MA,I’ .

For such U, (YeM, A € A ), putting

T = PP UL, for P¢R
P A\(vjA r\(-jr', Usr P Ay for !

we have for every A ¢ A and ¥ € ['»
T *
= U U P, T
Px rér ALy Fa Vay o

v&)\' pk vl;r’ P/r = UX;? p‘\ P Ul,r' for every Pe ’R’
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(va,rPAUA,;) (vx,;—l Pa vh':.)to for ¥ r/,

L g
v rT=C,-
AGAA r

Thus putting

* ={PT: pPemit.
we see by Theorem 41.4 that U, P, Ua,r 7 i a simple ring, because
‘R is simple by assumption and hence P, R also is a simple ring by
Theorem 20.6. Purthermore 7" is a closed ring. In fact we have
by Theorem 13.9

(C‘m-- P)r = C.n’r— P? for every PeRr,

and by §41(2) for every system Qgse¢R (§¢4)

(v, 2)7 = v a,”.
Therefore we conclude easily by definition that P,7 (A € A) is tne
multiplicity resolution of ¥ and the multiplicity of P,"r'r is A,
for every A € A. Furthermore it is obvious that R is isomorphic
to T by the correspondence PT ¢ 7 (P €ER).

§44 Multiplicity Punctions

Let R be a closed ring of projestion operators vith muitiplicity
resolution R, € R (¥ € ) and 4, the multiplicity of R, R for
every ¥ ¢ [ . For each P ¢ ‘R we define the minimal multipliocity
M(P) to mean

(1) m(P)=Mn 4, for 0 PeR,
PR"O
and wm (0) = 0. If we need indicate R, then we denote by #, (P)

the minimal multiplicity of P .
Concerning minimal multiplicities, we have obvious.y by definition

(2) m(Ry) = Ay (ver),
(3) m(P)gm(Q) for P2 Q *0,
(4) ‘"‘(AV P.) = win m(P,).

€A R#0,r¢n

Theorer 14.1. For a projection operator 0 % P, ¢ ;R , the
subring P, "X 4is of uniforr-multiplicity with multiplicity ,VQ y Af
and only if *the minimal sultiplicity of P coincides with 4 for avery
0% PeP,® ,that is, + (P) =, for 0% P € P. K,
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Proof. If P,R 1is of uniform multiplicity with multiplicity
A , then there exists a multiplicity term P, of R for the multipli-
city /¢ and P, 5 Py . Thus we have by definition
m(P) =4 for 0 PeP,R.
Conversely if #» (P) = 4 for 0+ P ¢ P,R, then for the mul-
tiplicity resolution Ry ¢ R (¥ € ") and for the multiplicity 44 of
Ry®R we have by definition
PoRy =0 for 4‘,#4‘.
Thus there exists Y € " for which P, £ Ry, sy =4, and hence
the subring P,/R 1is of uniform multiplicity with multiplicity A

Recalling Theorem 43.2, we obtain by this Theorem 44.1
Theorem 44.2. Let a closed ring R be isomorphic to a closed
ring 4 by a correspondence P¥ e 7 (P ¢ R). In t_there

exists an isometric opergtor U with proper dosain (_"R such that

P¥ = vpPU* for svery PeR,
is ne [ ci: t
o (PT) = sy (P) for gvery P € R,

denoting by #mt, the minimal sultiplicity of R and by s, that of 4~

Let R be a closed ring of projection operators and m (P ) (P €
R ) the minimal multiplicity of R . For the proper spece ¢, of R,
putting

(5) ﬂ(3)=PS:§~W(P) for € ¥y,
we obtain a cardinal valued function #t on ¥, . This function ¢
on %”ﬁ is called the multiplicity function of R and the function va-

lue . (®) the multiplicity of R at £ .
Concerning the multiplicity function ¢ , we have

(6) W(P)=3n;1% m (P) for 0+ Pe¢R .
In fact it is obvious by the definition (5) that 4 (P ) & 3n§np m(3)

for 0% P €R. On the other hand, we can find by the definition
(1) & maltiplicity verm R, of R such that PRy #0 and 44 (P) =
Wy for the multiplicity Ay of RyR. Then for each £ 3 PRy
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we conclude by Theorem 44.1 that v (3 ) = 4. Therefore we ob-
tain (6).

Theorem 44.3. The multiplicity function m of ® is a conti-
nucus function on S(u and

{2: m(3)>+4}
is open and closed for every cardinal numbor} o

Proof. If m (o) >, then there exists by the definition
(5) P € g for vhich m (P) >4t Furthermore we have by (5)
m () Zm(P) for every £ ¢ Up .

Therefore {£ : wm (§)>41} is open.
If {g : m(§)>A4} %0, then we can find & system of pro-
Jection operators 0 # P, € R (A €A ) such that
{g: m@)>L}) = EAUP,.,

because {§ : m(®)>44 | is open, as proved just above. Thuse
we have by Theorem 15.7
{$= M($)>42i_= vaA.

ACA
On the other hand we have by the formula (6)

m (Pr) > A for everv A €A,
and hence by (4)

W(XAP; Y > A,

This relation yields by the definition (5)
w(R)> P for every % € ‘U;{Ap,\ .
Therefore we have
{2 : m()>81 =1g: m(g)>4+t,
and hence {3 : w(R) > A} 1s closed.
Since

fg: w@zet= Tiz: =@ >ch,
we conclude hence that {§ : m (§) 2 A} 1s closed. Therefore
M is continuous.

Theorem 44.4. FYor a multiplicity term R, of /R with multipli-

city 4f, we have
UR( = {3: M(?)z}r Iro
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for the multiplicity function #+ of R.

roof . Since we have by the definition (5)

m(2) = Afy for every $ € Ug, ,
ve obtain immediately

Up, < (g m(@)=4 1.
Since {%® : m () = 4, | is closed by Theorem 44.3, we can find
by Theorems 15.9 and 15.6 P, € R for which

Up, =132 m (@)= I
For such P, we have obviously R, S P, , and the subring P, R is
of uniform multiplicity by Theorem 44.1. Therefore we obtain

Ry = Po.

Theorem 44.5. For two closed rings of projection operators R
and % there exists an isometric operator U with proper domain (g, R
such that R is isomorphic to 9" by the correspondence

TPU*ET (PeR),
if and only if the proper space %’“ of R is homeomorphic to the pro-
per space g’b‘ of T° by a correspondence @"‘e ¥'7' (pe {’“) such
that

/m..r(gf) = gy (@) for every Je %’“ ,
denoting by "”3! the multiplicity function of /4 and by mt, that of
7.

Proof. If ¢y 18 homecmorphic to €+ by a correspondence
31‘@ € (8 € €x ), then there exists by Theorem 41.2 an isomor-
phism pT e (PeR) such that

Upyr ={2% : 2eUp} for PeR.
Furthermore if miq- (27) = my (&) for every e €x » then we have
by the formula (6) for every 0 ¢ P ¢ R
Mme(P¥) = Min i, (%) = Min my, (£) = my (P).
v gy pr T E ) = 0L e (F "
Therefore there exists by Theoream 44.2 an isometric operator U with
proper domain C“& such that
pY - TPU* for every PE€R .
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Conversely if R is isomorphic to 4° by a correspondence

TPU* e (PeR)
for an isometric operator U with proper domain Cﬁ R , then we have by
Theorem 44.2

mg (UPTU*) = my(P) for every P € R .
On the other hand we see by Theorem 41.1 that ¥, is homeomorphic to
€. by a correspondence g"'e €r (@ € £x) such that we have
?TBUPU“ if and only if 23 P, Thus we have by (6) for every

g€ €
mp(3¥)= oup g (UPU*) = sup mey(P)= myu(p).
3 3"‘911?17*? 3ap R e
Theorem 44.6. Let the dimension 4,4 of a Hilbert space R be
infinite and A a closed ring of projection operators in R. For &

cardinal valued continuous function £ (&) s 4 (3 € ¥, '») on_the pro-
per space ¥, of R we can find a olosed ring " such that ¥y is ho-
meomorphic to the proper space %’,r of 9 by a correspondence
2V e ¢, (p € ¥€y)
such that for the multiplicity function #mt,. of 9~ we have
mag (37) = £(g) for every € ¥y -

Proof. Since € (§) (g€ €x ) is continuous by sseumption,
the point set

{g: c@)=a}
is open and closed by Thuorem 15.9 for every cardinal number 0L , and
hence there exists uniquely P, € R for which

Up“ ={3: 5(3)300}".
Thus we can find a system of different cardinal numbers A%, < +f and
projection operators Py ¢ R (x € A) such that

Tp,, =1®: E(R) =10,

PA £#0 for every A € A,

P Cx.

L g

Then, since UP} UPJ,, =0 for A # ;, we can find by Theorem 43.3
A

a closed ring 9" such that R is isomorphic to 9" by a correspondence
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PTe¢q (PeR)and Py¥ 38 a multiplicity term of ¥ with
multiplicity *a . For such an isomorphism P % e 7 (P ¢R)
there exists by Theorem 41.1 a homeomorphic correspondence @ Te ?7-
( € €x) such that
Up‘trz{g'r: c(g) =40 1° for every A € A,

A
and hence for the multiplicity function awg. of 7" we obtain by the
definition (5)

wma (37) = £() for 2 ¢ TUp, .

AéN
Since [ is continuous over fg and UP} is dense in ?a ,
AEA A
we conclude therefore

»wl-r(’}'r) = £(§) for every 3 ¢ r -

§45 & -ideals of Sets

Let 7t be a totally additive set class in an abstract space ./l .
A subclass P C 77t is said to be a G -ideal in nt, if

1) me s T > FePp implies ¥ € %,
2) E, e® (v=1,2,...) implies j':r‘ F ek

With this definition it is evident that .L € § for every ¢ -
ideal » and mt is itself a G -ideal. Furthermore we see easily
by definition that for every sequence of G -ideals J, (v =1, 2,...)
the intersection 3:{1 Fv also is a G -ideal.

For two @ -ideals : and ) in 7Y we shall write 3 i+ q,if
we can find €% and ¥ ¢q such that ¥ = 0. With this defi-
nition we have g 4 M for every G ~ideal % » because Oe¢m .

Let P be a & -ideal in . For each €, ¢ 1t , putting

9 ={&: F+d/ep, Beml,
we obtain & & -ideal 0 in M. In fact, we have obviously by 1)
that M 3 & > & €9 implies ¥ €9 . Ir 8, eq (v=1,2,
«es), then we have by 2)
0 . ' - . ]
T 2 + &, = E‘(Ey*i,)fg.

[ 23]

o0
and hence T & €7 . This 6 -ideal Q 18 called a co-idesl of
vei

a G-ideal § by F, and denoted by gio, that is,
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() 2% ={2: Fi+3¢p, Beml.

Since we have by 1) 3 §,’e& for every F ¢ % , we obtain
by definition (3)

(4) p4 % 5 & for every & ent.

It F,€8,then 3+ &,/ e impliesty 2)
EOF,(F+%,)e },
and hence F € £ by 1). Thus 35- Cp for F,¢ 8. Con-
sequently we obtain by (4)

) 3E-p2 for every E € § .

Since £ + 3’ =L ¢p for every F ¢, we obtain by (3)
(6) 5533! for every F ¢ M .

From this relation (6) we conclude immedintsly

(1) SN for ¥ =0.

For a sequence #F, ¢ 7t (v =1, 2,...) we have t:y' the defini-

tion (3) o0

55!"

{g: E+(L8.)egl
{g: T(F+8)) egl
T{g: 2+ epl.

(X 2}

Thus we have

(8) 8 ;V = j.j" giv for Evem (VS 1, 2,...):

A
L]

1
For every $,, £, € 7t we have by the definition (3)
(¥ -fz2: ziz, ep?)
={g: E+E +3'ep}=({2F: E+(2.28,)ep} .
Thus we obtain
(9) (:i);= :IT for every & , ¥ €Nt

A §-ideal p is said to be separable, if F, Zp =0 for A # ¢,
Z,em (LeA), implies F, € except for at most countable .
elements \ ¢ A . The totality of separable 5 -ideals in 1t ia call~
ed the property of Mt and denoted by P, -

With this definition we have obviously
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(10) 22> % € Po implies 9 € Pt .

Furthermore we have

Theorem 45.1. P q S ; € "pm » then Q is a co-ideal of g,

that s, we can find F, € ¢ , for which q = 35«».

Proof. By virtue of the formula (5), we need only consider the
case where 9 3 3 . By virtue of Maximal Theorem, we can find a ma-
ximal system $, € MC (A € A) subject to the condition:

£,%p =0 for A % P,

IA'GQ, !{E; for every A € A.
Such A is at most countable, because  is separable by assumption.
Thus, putting

2, = T3,
we obtain 2, € vy 2).
It 4+ g, ¢p forsome ¥ €9 , then we have
(i'!a)i;\‘: $'E/3, =0 for every A € A,

and (2'8&,)' = 3 + 8’e¢q ut € £ , contradicting the maxima-
1ity of the system &, (X € A). Thus & ¢ O implies §4§:6$.
Conversely, since g <q by assumption, ¥ + §°’ € & implies

>3 (2+3,)¢9
and hence F €9 by 1).  Therefore we obtain 9 = £ 2° by the
definition (3).

Theorem 45.c. I gope Payes then we can find 2 € P
such that 2 4-% ad qq, = ?.

Proof. By virtue of Theorem 45.1, if 9 > % ¢ P arer then we
can find #, € 7t for which 9 = :;'. for such #, we have by
the formula (7)

’
g% . %
and further by the formulas (8) and (5)
B8, _ L%+ _ p_
Rt R N
Theorem 45.3. For every sequence gu € ‘7:)m (v =1, 2,...) we

also have TT & e P

(2 3

Proof. For a system £, ¢t () € A), if F,Ep =0 for
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A % P, then we can find by definition A, € A (v, =1, 2,...),
such that &, ¢ &, for L # x,,,. (p=1, 2,...), and hence

fd
3, ¢ ;f;l" 3. for X % Ay, (v, =1, 2,000)0
o
Therefore we have )T;T' . € "Pm by definition.

Let - E(Z) (% ¢) be a spectrality on hY and /R the spectral
ring of E , that is, the closed ring generated by E(E) (& €m).
Putting

(11) E(g)= §f: E(Z) for 2 € P
we obtain a projection operator E (£ )€R for every £ €10, . This
system of projection operators E (§) (P €¢B,,) is called the deri-

vative of a spectrality E(B) (F e n1).
Concerning the derivative, we have

(12) €(2®) = E(2)E(p) for peR, , Femt.
In fact, for each F, ¢ 77t we have by the dofinitions (3) and (11)

e(g!.)= AYS E(§);!“, E(Z+8/)E,)

2 E(! );/\ E(2) = E(i.)E(;F)-
€
On the other hand, since Z £,+ $,/ 2% ,wehave £ F,+ 3,/ ¢ &
for every & ¢ ? and hence

N e(B)s /\ E(Z%,)= E(F)E(R).
Fi13/ep Fep
If 2 L q , then we can find by definition £e¢ £ and ¥ € 9

such that $ ¥ = 0, and hence by the definition (11)
E(3)E(9) 3 E(B)E(X) = E(EX)=0.
Thus we have
(13) E(plE(q) =0 for 4 q .
For a sequence J, ¢ “Pa » putting 3o = ﬁ‘ &+ » ve also have
R, € "Pm by Theorem 45.3, and hence we can find by Theorem 45.1 a
sequence E, ¢ Mt (v =1, 2,...) such that
= g, % (v=1, 2,...).
Then we have by (12)

u E(p.) =) u E(2. )E(g ) = s(z B, JE(F0)
= E(;;vm 2.
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Since ﬁ 2 = g,:‘:': #. yy (8), we obtain hence
o0 -4
(14) E(‘TT.| g,)=h\./‘ E(g.).
From this relation (14) we conclude immediately
(15) E(g)s E(q) for £ >
Theogem 45.4. For each x ¢ R, putting
2 =12: CuysEF)}
for the spectral ring R of €, we obtain P €"P,, and
E(s) = C[z]-
Proof. Putting § = {Z : C,, = E(Z)], ve see easily
that P is a G-ideal. For every system £, ¢7t (A € A ) subject

to the condition: §h§? =0 for A % P, we can find by Theorem 14.7
a sequence A, € A (v =1, 2,...) such that
Cers VY, E(Ea) = c‘,,g‘ E(Fa,).
If P % n, for every v =1, 2,..., then we have
CoxyE(Bp) = CoarV E(EIE(E,) = C(,, U E(E0)E(E))
=0,
and hence
E(ZF, ) =1- E(%p) 2 Cexs,
thavas, Fp'€ P for P ¥ X, (v=1,2,...). Thus § is eepa-
rable, namely P ¢ P, .
For an arbitrary Y€ R , denoting by £ the totality of those pro-
Jection operators P ¢ R, for which we can find & ¢ M such that
(y1P = (31 E(E),
we see by Theorem 14.3 that & is a closed ring, and it is obvious that
E(E)€R for every F ¢ 4T . Thus we conclude & = 4 , and hence
we can find & € W for which
L$1E(B) = [y) C(yye
If {y] 2 (%), then for such £ ¢ M we have by the formulas (16') and
(12) 1n $14
E(2)2 Cy; BB = Crygemr = Cpyy Cony = Conne
Since E(R) 2 C(j by the definition (11), we conclude therefore
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(31E(3) = 1y1C,, for [y13zt(xi,

Putting P, = E(§) - Ctx), we have by §14(16') for every 3 ¢R
ct?.}] ctx] = P, Ct,,ctxl =0,
and hence by Theorem 19.5
{x+P 3] = (x)+ [P Y] 2 (%] for every 3 ¢R.
Thus we obtain for every Y4 € R
(Cx)1+ (P Y))E(R) = (LX) + (P y)) Cixy,
as proved just above. Since
(xTE(R) = (21C,,E(8) = (x1Cpyy>
we have hence
(P yl(E(2)- Crxy) =0,
that is, [P, 4y1Py =0 for every 4 eR. From this relation we
conclude by the formula §14(3) that P, 4 =0 for every Y €R. Thus
ve have E (%) = C(yuj.

For every $ ¢ 1t we have by Theorea 14.1
E(§)=t\e/x C(E(!)z]
and for eny X ¢ R we can find by Theorem 45.4 36"{’” such that
E(@)= Cregmyr &2 %.
Thus we have
(16) E(F) = :UEE(y for every F ¢ Mt .
3
Theorem 45.5. For every 3 e"pm we can find o ¢ R such that
E(®)= Cray

for the spectral ring R of E(F) (% em).

Proof. For any syatem PA €ER (X €A) we can find by Maximal
Theorem a maximal system of elements O % X, € R (¥ € ") subject to
the condition:

Cixya C‘[Ml =0 for ¥ % f,
Ctx,]ﬁ E(;)PM, for some A, ¢ /.
Then we have
E()UP. = U C .
LENTE ver 0%y

=

hat v b nd if
Because it is obvious tha E(@)“A Px 2 l'ksjr' Cu,], and i

E(?)L\‘/Ap}\ ¥ 3'\6/(' C(X’] ,
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then we can find A € A for which
E()PA(1 - Vv C #0
8 ) A ( ver ft'-] ) )
and hence there exists by Theorem 14.1 0 % X ¢ R for which
E(Q)PA\ (l -Kkéjf‘ C[x,a,] ) 2 C:xl:

contradicting the maximality of the system x, ¢R (A € A).
For each ¥ ¢, putting

3y =12 : Cr,s E(@)},

ve cbtain by Theorem 45.4 R, € P, and
E(Rr) = Crxpa.

Sipce &y O B, we can find by Theorem 45.1 £, ¢ M (¥ €T) for
which $. = g!t, and hence we have by (12)

E(RIE(ZE,) = C(,‘?] .

By virtue of Maximal Theorem, we can find then a maximal system of point
sets ¥y €7 (8 €4 ) such that
¥s¥p =0 for § * ¢,
E(R)E(Es) = E(@)E(§a—.) for some ¥y € [,
Since 3 is separable by assumption, if such 4 is infinite and not
countable, then we can find § €4 for which ¥¢' ¢ #. For such §
we have by (11) E(£)s E(F;s') and hence
E(P)E(Fs) = E(3) 1- E(ZS)) =0,
contradicting E(2)E(Zy,) = C'L,r‘, $ 0. Consequently such 4
is at most countable. If there exists "3 ¥ # ¥5 (S5 €4 ), then
we have for such ¥ € [
E(@IE(Z ¥)E(Ry) = C“‘n‘ Crxyy =0
and hence
E(R)E(R (X %F5)') = E(B)E(F),
contradicting the maximality of the system ¥, (§5¢€4), Therefore
[’ also is at wost countable. Furthermore we have obviously

CIRANELCRA

1* .
Therefore we conclude by Theorem 14.7 that there exists a ¢ R for which
E(R) = Ctas-
For a projection operator P, ¢ R, putting
2 =1{%8: PsgsE(F)},
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we see easily that P is a G -ideal. If 3 is separable, then we
can find by Theorem 45.5 an element o ¢ R for which E (%)= Croq.
For such @ ¢ R we have obviously by the definition (11)

Po 3 5(3) = Cras
and hence by §14(36')

Po = P, Croq = ClP.o.]'

Thus we obtain by Theorem 45.4

E(g) = C(p.a] = Po.

Therefore we can state

Theorem 45.6. For a projection operator p¢ R , if
2 ={g: PseE(3)}

is a separsble & -ideal, then we have E(g) =P.

Recalling Theorem 14.7, we conclude easily by Theorem 45.5

Theorea 45.7. For the spectral ring R of E(Z) (Zem)

{E@)E(R): Feam} = E(RIR  for 2 ¢ Pp-
Theorem 45.8. For a commutative system of projection
F(g) (R€B), AL
gy?mF(xhl,

F(g)F(q) =0 for 2 L+ 9,

F(Ta)=0 rF
for every sequence 2, ¢ P, (v =1, 2,...), then there exists unique-
iy a spectrality E(E) (Fem) such that F () (& € By) coin=
cides with the derivative E(£) (£ ¢'By) of E.

Proof. Putting
E(§)=3§I§F(3) for every % et ,

we obtain a spectrality E(E) (F ¢nm). In fact, since (L ¢ 2
for every P € 'P,n , we have by assumption
f) = = 1.
€M)= U FE)

For any sequence F e¢M (v =1, 2,...) ve have by assumption
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efs)- L F)z FOT 80
= 3’5‘5;. FF eria,y P
= U VU F(3) = U E(3,)
rut 3.‘, (73

[
because 2, 3 ¥, (v =1, 2,...) inmplies Fnp ? ’% &, for every

®=1y 25000 On the other hand, for every 3 ;E‘E, we have
b=
by the formulas (5), (8), and (6)

Y A R

bz

28 53, (v =1, 2,...),
and hence .
V F(p) s Vv FOTT 2.).
302'.’. ¥, ¥ P IAE G2, ""3

rut

Thus we obtain for every sequence &, et (v =1, 2,...)
E(Z.8)= 0 E£).

If % =0, then we have by definition that $ 3 &, 9 3 ¥ im-
plies $ 1 g , and hence F($)F(q) =0 vy assumption. Thus we
have for #¥ =0

E(B)E(X)= U F(g)F(q)=o.
28,953

Since E(Z)Y E(Z2’) = E(fL) =1 as proved just above, we obtain
hence
E()+ E(E') =1 for every Femt.
Therefore E (F) ( Z €M) is a spectrality on Mt by definition.
Since F(2)g§ E (2) for b 3 &, we have by the definition (11)

F(8) s E(3) for every f €19, .
Let %, ¢ "pm be arbitrary. For every 3_ 6’79,,", putting
2 =% 3 ’

we can find by Theorem 45.1 &, , € ¢ M for which
% = ‘1!’» & = ‘7! .
Then we have by the formulas (9), (4), and (8)
(i A I
ghEqh¥ =92 -3,
and 3_’0 =9 £, L qi'i by definition. Thus we have by assumption
F(3)= F(a¥) = F(qR¥)V F(q&'E)

s F(R5E)Y E(q®'E) 5 F(g.)Y (1- E (),
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vecause E(£,)E(9%¥#) = E(9%)E(9%%) =0,  Since 3 may
be arbiirary, we obtain hence by assumption

F(Z2)Y (1-E(%0)) =1.
On the other hand we have

F(30) Q-E(®0)) s E(F0) 1 - E(Fo)) =0,

Therefore we conclude

F(g.)+ (1- E(%)) =1,
and henoe F (:,) = E(&). The uniqueness of such spectrality

E(2) (Zemt) is obvious by the formula (16).

§46  Isomorphisms of Spectralities

A spectrality E(F) (F €M) is said to be isomorphic to a
spectrality F (&) ($ em), it E(F) = 0 is equivalent to the
relation F (&) = 0. E(ZE) (Z €M) is said to be completely
isomorphic to F (&) (& em), if

E(8)=0 1is equivulox}t to F(@)=0
for the derivaltives E (%) and F () (3 €"By). With this
definition it is obvious by the formula §45(16) that if E(E) (& €
e ) is completely isomorphic to F (Z) (E €M), then E is isomor-
phic to F.

Theorenm 46.1. For the spectral ring K of E(3) (Z en)
and that 9~ of F(3) (Z ¢at), there exists an isomorphisa P 7¢ 4"
(P €¢R ) such that

F(g)= e(z)Y for every ¥ emt,

if and only if E is completely isomorphic to F .

Proof. We suppose that E is completely isomorphic to F .
Then we have E ($)E(9) =0 if and only it F()F(q) = o. In
fact, putting $, = $q , we can find by Theorem 45.1 g, ¥ €n
such that

¢ = 30;’ 9Q = ?“i’
and we have by the formula §45(12)
E(2)EQ) = E(F)EE)E(R) = E (3 FY),
F(R)F(9)= F(E)F(Z)F(%) = F (2EF).
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Furthermore we have by assumption E (3,’*) =0 if and only if
F(ek¥) = o.

By virtue of Maximal Theorem, we can find a maximal system of se-
parable G-ideals £, € W, (A €A) subject to the condition:

E(fr) %0 for every A € A,
E(&)E(gp) =0 for A % §.
Then we have
‘\({A E(fa)=1.

Because, if x\eJA E(%r) # 1, then there exists 03 a € R for which
1- U E(g) 2 Clupy s
and for such @ € R we can find by Theorem 45.4 % ¢ "pm for which
E() = Claig»
contradicting the maximality of the system 2, € P, (A eA). Ve
also can prove likewise
AKGJA F (3)«) =1,
because E is completely isomorphic to F by assumption.
For every A € A, we have obviously
E(Z)E(Rr) = E(F)E(RN)
if and only if
E(Z3)E(f2) = E(F'Z)E(a) =0,
and hence by §45(12) if and only if
E(pIE) - e(pF¥) =0,
Thus we conclude by assumption that we have
E(2)E(£2) = E(T)E(q)
if and only if
F(Z)F(82) = F(E)F(R).
Therefcre, putting

FUZ)F(3a) = (E(E)E(NT (Fem),
vé obtain by Theorem 45.7 an isomorphism
P e F(p) T (Pe E(RIR).
Furthermore, putting
P’”:Au (E(3:)P)F (PER),

we see easily that P'B“e % (Pe®R ) is an isomorphism such that
FB)F(2a) = (E(Z)E(BA )Y for every F ¢ M, A €A,
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Since *\‘}A E(3.) = ‘\‘/A F (32) = 1, we obtain hence

F(2)= e(3)7 for every Z ¢.
Conversely if there exists such an isomorphism P7¢ 9 (P eR),
then we see easily by the definition §45(11) that E is completely iso-
morphic to F .

Theoream 46.2. Por a spectrality E (¥F) (& €¢), if there
is a separable ¢-ideal #£,¢ f3,, for which E (o) =1, then every
spectraiity F (£) (Zea) which is isomorphic to E, is completely
isomorphic E.

Proof. If F is isomorphic to E , then we also have
F(39)31-
Because, if F ($,) # 1, then we can find by the definition §45(11) a
set ¥ ¢ p, for wvhich F(ZF) # 1, and hence
F(2')=1-F(2)+o0.
Then we also have by assumption E (£’) # 0, contradicting
E(2')=1-E(2)s 1-E(§)=0.
For each 3 "Pm’ putting 9 = P, £ we can find by Theorem
45.1 £, , € 1 for which
3o =¥, g =q%.
Then we have by §45(2)
E(f)= E(B)E(Q) = E(FE)E(9)+ E(EE/)E(Q)
= E(3)E(9%)+ E(2) (E(Q) - E(q%)) = E(Z),
because E(UI“) = E(@o):l. We also can prove likewise
F()= F(&).
Thus we have E (£) =0 if and only if F () = 0.

Let E () (3 €M) be a spectrality and R its spectral ring.
Por the minimal multiplicity mmg (P) (P€R) of R, putting

1) m(3) = mu(E(3)  (2¢By)s

we obtain a cardinal valued function % on the property "fa,m_ of M.

This function - (3) (3 6‘3") is called the multiplicity function
of the spectrality E (£) (& enr).
Por each P €/R we have by Theorem 14.1 and the formula §14(15)

P = Yo Cioxs



254 UNITARY INVARIANTS (Chapter V

and for every x € R we can find by Theorem 45.4 § € °p,, for which
CLPZ] = E (3 ).
Thus we obtain by the formula §44(4)

(2) mx(P)= Min m(?) for every 0 ¥ P € R,
0*EpIse

Theorem 46.3. For two spectralities E (%) and F(E) (&

€ M ), there exists a unitary operator 7 such that

F(2)=vE(E)U" (F emv),
if and only if we have
wg (§) = g (B) (2ep,),
denoting by mg the multiplicity function of E and by st that of F.
Proof. If there is a unitary operator U such that
F(¥)=TVE(Z)U* (Zem),

then we see by the formulas §45(11) and §41(3) that we have

F(®)= UE(R)U*™ for every 2P,
From this relation we conclude that E (;) = 0 is equivalent to the
relation F (£) = 0. Thus, denoting by R the spectral ring of E
and by %4 that of F, we can find by Theurem 46.1 an isomorphism

PTe o (PeR)

such that

E(2)T=-ve(z)T* (Zem).
Denoting by & the totality of those projection operators P ¢ /K for
which

p¥ - vrPU",

we see easily by the formulas (2) and (3) in §41 that & is a closed
ring containing all E () (& ent). Thus we-have R = R, and
hence

PY¥ - vpoU* for every P ¢ .
Therefore we obtain by Theorem 44.2 for every JX € 79,".(

e (R) = mo (F(3)) = g (E(5)) = wg(g)
for the minimal multiplicities mg (P) (P€¢®R) and mu(P) (P¢
7).
Conversely if wmg(§) = mg (R) for every } € By » then
me(R) = 0 is equivalent to m(R) =0,
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that is,
E($) = 0 1is equivalent to F (§) = 0.
Therefore there exists by Théorem 46.1 an isomorphism PYer (PeR)
such that
F(2)= e(2)7 (% e¢m).
Furthermore we have by (2) for every P € R ,- P %0,

o (PT) = “Hri‘ns)sg*;r(g)
- otuzi?g)s ;ws(g) = wg(P).
Therefore there exists by Theorem 44.2 a unitary operator U such that
PY = vpu* for every P ¢ R,
and hence
F(g)= TE(Z)U* for every & e¢Mt.

§47 Unitary Transformation of Dilatators

Let R be a closed ring of projection operators containing 1 in
a Hilbert space R and fa the proper space of K. For a unitary
operator U on R, putting
RY = {UPU*: PeR}
we obtain a closed ring R U containing 1 and
UPUT*eRY (PeR)
is an isomorphism, as stated in §41. Thus there exists by Theorem
41.1 a homeomorphic correspondence
& Ue %Jtn" ( %€ fﬂ)
for the proper space %“Rv of ‘R  such that
TUPU*€RY ifandonlyif PeR.
For a dilatator T with domain D by /R we see easily by defini-
tion that U T U¥ is a dilatator with domain UD by /R 7Y , and
we have by Theorem 24.1

(UTU',gV)=(T,3) for every gé?,n,
because we have for evexy O # X ¢ D and P € R
((UTUu*) (UPU*)UX, Ux)  (TPx,x)
I(opPu*)uPxi® T Pt

Thus we see by §23(1) for the spectrality E (F) (FE ¢ ) of T that
UE(E)T” (F €¢4) is the spectrality of U T U*,
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Purthermore we see by §30(1) for the spectrality E (£) (2 €

%" ) of a system of dilatators Ty (¥ €’ ) by R that
VE(E)U" (Beg")

is the spactrality of the system of dilatators U T, U"(¥ér) vy

the ring RV .

Conversely, for the spectrality E () (Z €4 ) of a system
of dilatators Ty (¥ €I ) by a closed ring /R and for the spectrality
F(2) (Fe4) of a system of dilatators Sy (¥e€™) by a closed
%" there exists a unitary operator U such that

F(2)= UE(E)U* forevery ey ,
then we have
Sy, = TUTy, " for every Y, € 7,
because we have by §30(6)

Sy, = | 3y, Fld Brdrer),

[}
| 85, TEW (Gy)eer) U,
since T E(F)U* (Z€¢4%" ) is the spectrality of TT,U* (ver),

as proved just above.

T Ty, 0"

Therefore we can state

Theorem 47.1. Let E(F) (Z ¢ £") be_the spectrality of a
system of dilatators T, (¥ € ) by a closed ring R and F (Z) (2
¢ £ ") the spectrality of S, (¥ € ) by 4".  For a unitary ope-

rator 7y we have

Sy = UT,U* for every ¥ eI,
if and only if
F(%)= UE(Z)U" forevery Fe¢¥".

Recalling the definition of functions of dilatators in §50, we
conclude immediately from this Theorem 47.1

Theorem 47.2. let Ty (¥ €P) be a system of dilatators by
a closed ring R and U a unitary operator. For any (4" )-measur—
able functton ¢ (%) (% ¢ G™) we have
U (Ty)yerT* = (U T, 0%)yer -
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Let €(Z) (&£ €¢L") be the spectrality of a system of dilatat-
ors Ty (¥€I") by a closed ring R, The multiplicity function
() (3 € Pyr)
of E on the property “Pz'. of the Borel class &.© is called the mal-
tiplicity function of the system T, (¥ €I ). With this definition
we conclude by Theoream 47.1 immediately from Theorem 46.3

Theorem 47.3. For two systems of dilatators T, (Yer)bya
closed ring R and S, (¥ € ") by %, we can find & unitary operator
U such that

S’, = UT,U* for every ¥ eI,
if and only if the multiplicify function of Ty (r € rr') coincides with
that of Sy (¥er).

For the spectrality E(F) (Z¢< ) of a regular closed normal
operator /', the multiplicity function 4w () (R € "P,") of E is
called the multiplicity function of ¥ . With this definition we
have obviously by Theorem 47.3

Theorem 47.4. For two regular closed normal operators A, apd
N, Xe can find a unitary operator U for which Ny = ON, T, if
and only if the multiplicity function of A, coincides with that of A .

§48  (La)-spaces
Let Mt be a totally additive set class in an abstract space JL .
A function m(£) (F € ) on M is said to be a measure on 97t ,
if M is positive and totally additive, that is,

1) 0§ M(B) < +oo for every & ¢-m,
2) /u(:gi.,)sé/u(iy) if 3,8, =0 for v % ¢,
For a measure m on my we see easily by definition that
m(0) =0,
m(E)s m(¥) for F ¥,

and we have
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if $,C F,C +0ey 3 =§_‘§, orif 3,5%,> .y % =11 &,

Let M be a measure on ITC in the sequel. If a (7t)-measurable
function ¢ on () is bounded in a point set &, ¢ 7t , then we define
the integral of ¥ by m in £, likewise as in §28 to mean

L?(;)p(d; )= am E @ (20p(E)
for ¥, =3’;§,, F,Fp =0 for v4p, F,¢ M,
le(g)- (1)l s ¢ (v =1, 2,.00, %),

I.’l §,
With this definition we have obwviously

J{d 2(5)+ pY(g)tp(ds)

* = o P (BRI E)+ B[ V(B Ipld 5),
N €,

Jertamidn)s fops) = | eaIms)

* ¥ i for ¥ =0,
IS‘r(a)p(u)lgJl‘r(a)l,u(d;).
% k3

Let a (M1)-measurable function ¢ on ML be positive on a set F,

€ , that is, ¥ (5 )2 O for every ¢ &, . Denoting by & the

totality of those sets @ € #¢ for which ¢ is bounded in £, we define
the integral of ¢ by m in Z, to mean

feGImdr) = mp @ (5)u(dg).
z, 2l 33,
With this definition we have obviously

I?(H)r(dﬁ)éj‘*(ﬁ)r(dfz)
2,

irf 0g ‘f(‘;)é Y(%) for every 7 ¢ £, ,
J{?(t.h‘f(f.)}p(dr,)-j?(s)r(da)fjw(t.)r(dt,),
j?(;)»(dr.)'f J?(;)p(dt,)-f‘f(;)p(u)

¥ L 234 for EF =0,
Joemedn) =« ¢(mInE)  tor oz o.
' £
lopme 1. If 05 % (%)S %(2)g oo and

JMa 4(%) = 9(5) for evexy Z¢E,,
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then we have

Mo, [ GIp@s) = [ ¢(5)p(ds).
E 3 2,
Proof. 1r ‘f.is bounded in F, and (5L ) € ¥ for every &
€ 3,, then for any £ > 0, putting
A‘,:.'{;: ?(;)"fv(;)>£} (V=1.2y~"):

we see easily by assumption that

0
A, 2 A D ..., I'T'A, =0,
and hence lim M (A,) =o. On the other hand we have for every
V=1, 2,...

Jeiman)- o (s)pds)
%,

= [ @@ - GNRE) [ (2B) - 2 (5)REE)
Ay *.‘Av

S Y M(AL)+ E 1 (B,).
Thus we obtain
Aa { @ (5)p(d5)- [ (B)p(d5) )5 & p(F0)

% g,
Since £ > O may be arbitrary, we conclude hence

Ma [e (5)mag) = [ ¢ (5)m(da).
z, Z,
In the general case, it is evident that

9. mI)pan) s [¢(r)maz)
¢ %,
for every v =1, 2,ee0 o« For a set £ €nr, if ¥ is bounded in

3, then we have

Joaimas) = un | e (5)pmd5)
232,

0

s
E bl-i":- } ¢ (% )f“(“‘ %)
£
as proved just above. Thus \n. obtain by definition

[eimds) s ym [ 9 (5)plas).
& 2,
Prom this L;l-a 1 we conclude immediately

lemma 2. If % (3)z fu(r)z «cor 2@ 4 (3 ' =0 for
every % ¢ %,, and J%(G)Md;kno,mmuw
£
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ua f a(e)pdg) =0
(]
For a characteristic function X 3 of & ¢7r¢, we have obviously

[ %(8)0 G Iptdn) = @ (5)pd5).

L) §§.
Thus, as a special case of Lemma 2, we have
Lemma 3. i S ¢(5)p(d )< 400, then for every s °

0 o
3, em such that §1>§,_>...gg___d I'.I"§V=O,!!havo

ua [ ¢(z)p(dg)=o.
%2,
Lemma 4. It 059(5)2%(5)s ... for every 5 ¢ 3, and

un g (5)p(dg)<ro0,
Z,
then there exists a et F ¢ m¢ such that & ¢ F,, m(¥) = M (Z,),
lm ¢,(%) < +oo  forevery ye¥.

roof . Putting
Tp, =15 0 (w)3p, 3¢, ] (f,v=1,2..),
(P=1, 2,...) and

o

we have obviously i‘f,a) §p,; D ees

Jo(aipds)2 [P p(ds) = P (w(E)-K (Ep))
z, i,'ir,v

Thus, putting
‘Er = H‘ ?f,v (f= 1) 2,.0.)
¥ = Ma | %(5)p(d5),
we have Zz,
FC ELC ony
‘}sﬂ.‘ ¢.(%) s f r for every Z e ¥p,
[“(i‘f)z p(E,)- ’r' (P=1,2,..0).
Therefore, putting ¥ = z;| ¥ ¢ , we obtain
‘_13n~?,(§)<*°° for every G ¢ ¥ ,

and m(F) 2 p(E,). Since ¥ < &, , we conclude hence
m(E) = m(F,).

For a (mt)-measurable function 4 omn ML, if



261

§48) (L2)-spaces
fle@ps) <ao,
then Yor every two oi;\uncu ., F e (v=1, 2,...) such that
F,CF2C o0ny :4;.‘! = 3,,
F, € F,C eeey ,f;‘i" = &,

and & is bounded in &, as well as in ¥,  for every v =1, 2,..., we

have for every v , f =1, 2,...
Ij‘f(t.)ft(dﬂ)‘f‘f(n)ﬂ(dﬁ)l

€, .
=1 ¢ Emdn)- [ o)l

L T e ¥
s{Ie@pEe) [ 1eIpds).

3ince 2,3, E 5 1
£,2/'>%,8,> ..., E‘ 3,3 =0,
,%/° %,%/7 ..., “ﬁi ]

we conclude hence by Lemma 3 F

ma (9 (5)p(d%) = 2tm f?(r,)p(dr,)

g,
Therefore, in this case, we shall say that <f is integrable by M in
§, and define by this same limit the integral
[ (5)mldz).

z,

With this definition we have obviously that both ¥ and } are in-
tegrable by m in &, , then A ¢ (4 )+ p ¥ (5) also is integrable by
Min &, for every complex numbers o , § and

f{g(z)r py(z)imds)

* -ajvmr(arm,ejv(z.)pw,)
¥,

f<r(4),~ur,>+[<r(4>,~u4)_ [ ¢(mImr)
g+ ¥

E
it 3% =0 and‘fieintograblobyft in 4+ ¥,
| om@nls [19@mas).
z

We shall denote by L., the totality of those (7t)-measurable funce
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tions ¢ on ML for which
fre) ps)< e,
e
With this definition we see easily that ¢ ¢ L1 implies o ¢ ¢ L2
for every complex number ok , and that ¢ , 4 ¢ L, implies ¢+ eL 2,
because
e (B)+r ¥ (&% 5 2{le(5)I* + 1v(5) 1},
For every ¢ , ¥ € L1, since
le(5)¥() 1 s {19500 « 1¥(5 0%},
we have

19 @) FEIIpg) <voe.
e
Thus we define (¢ ,4) for ¢,y ¢ La to mean

(@)= [ ¢(2)¥E)Ip(dg),
o

With this definition we have obviously
(‘f:‘f)= (V’t‘f)t
(Pe+Ls %) = (95 ,%) + (¢a,%),
(P, ¢) = oL (¢,¥) for every complex number of ,
(¢, 9)= | 12(@)" w(d5) 2 0.
n
We see easily by the definition of the integral that
Jle)tmds)=o
0
ifandonly if m({% : ¢(%)+0})=o0. Therefore for every
¢é¢la, denoting by C¢ the class of all functions ¥ € La for which
mlg : 2(5)+¥(&)}) =0,
we see easily that ¥, € C¢o , V¥, € Cy dimplics
AP+ BYy € Cuy apy
for every complex numbers o , @ . Thus, denoting by R, the totali-
ty of such classes C¢ (¢ € La), we obtain a linear space R, defin-
ing
c(C('+pCv, = c‘?*ﬁ‘&'
Furthermore we conclude easily that
(9, %) =(¢,¥) . for every ¢, €Cq, ¥, €Cy «
Thus we define (Cy,Cy) for ¢, Y € La to mean
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(CopsCy) = (¢,%).
With this definition, (Cy,Cy) (¢ ,% € L2) is an inner product
on R. In fact (C¢,Cyp) = 0 implies
- r({s : ¢9(g)so})=o,
and hence C¢ = 0. Thus R is an inner product space. This in-
ner product space R is called the (Li)-space by M.

Theorem 48.1.  Tho (La)-space by a measure (M (%) (ZEe€t)
is complete, that is, a Hilbert space.

Proof. For a sequence &, € [, (v =1, 2,...) if
¥ 1€~ Cqpl =0
then we can find a subsequence £, (v = 1, 2,...) such that

1
“c‘rh,‘ - Cyp 13 =+ (v =1, 2,...).

Then, putting
v
Y.(g) = g§| "ff‘”(ﬂ)"ﬁ»‘(z})l (v =1, 2,...),

we have obviously 0 5 ¥, (%) S ¥2(%)S .. for every e L,

= v 1 1
"C‘\*.“f ‘Z."ICQ"” - C(f"" § E‘ -—2—3— =1- IOk

Y, €L,y forevery v =1, 2,..., because ICell = UCior N for
every € La. Thus we have by definition
3
da (1001 p(d5) < oo

0
By virtue of Leama 4, we can find hence a set ¥, ¢ /¢ such that

m(E,) = mln),
Ma Y (%) < 400 for every ; ¢ &,.
Then ¥p (%) (6=1,2,...) is convergent for every ; ¢ §,, because
| 5 (5) = o, (B S ¥ (8) - ¥g\(5)  ftor u>e.
Thus, putting
‘f(;)'}_ﬂ’l‘_ . (%) for 3¢ &,,
we have for every § ¢ §, and v =1, 2,...

1905) = 95, (8015 £ 1 Tpe0(8)- Tpg (51
From this relation we conclude by Lemma 1

Jie(m)- g (5Nt pidg)
£ ﬁ 1
s Al-’&-- J{c-yl‘r'G’n(‘)- ‘f"(ﬂ)l} ”(‘;)
t [
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& 1=, "é:"'. Clepees - 4re! ht
s (,‘:—f-, W C gy c('”“)z s ( 2{")1 .
Thus, putting ¢ (%) =0 for Z ¢ &,’, wo obtain ¢ ¢ L2 and
HCy - Cy, N g —2'1—,-:‘— for every L =1, 2,... .
Therefore we conclude *I_’in.. (] C? - c‘” N = 0.

Let R be the (La)-space by a measure M (F) (e m). For
the characteristic funoction X g of a set & €41, putting
E(E)Cy = C-“q (¢ela),
we obtain a projection operator E (2) on R. In fact, we have for
every ¢ , 4 € La
(E(2)ey,cy) = [A5(5)e(5)F(ZIMdG)

o

= [ ¢ @ITEIVEIREE) = (cq,E@)ey),
n
and it is obvious that E(Z)E(ZE) = E (E ). Therefore E (F)
is a projection operator by Theorem 11.8.
Furthermore E(E) (F € 77) is a spectrality onﬁ. In
fact, we have obviously for every ¢ € L
E(E)E(i‘)c(f= Cx,ix!q = c";i" = E(2¥)Cq,
E(Z)Cqt E(2')Cq = Ciyyanzng = Co-
Thus we have by Theorem 12.6
E(Z+%)=1-E(2'%")=1- E(Z')EFT')
= E(2)+ E(¥)- E(2)E(X)= E(Z)VE(F).
Ir 3,.0%,2 ..., ﬁi, =0, F em (v=1, 2,...), then we
have for every ¢ ¢ L,
IE(E)cy 1?2 = [1e(5)1" m(d ),
and hence by Lemma 3 2,
Ma E(2.)C¢ =0 for every ¢ ¢La.
Thus ve have E (3,)!,7, 0. Accordingly we conclude easily for
every sequence F, ¢ 1 (L =1, 2,...)

oo € oo
E(Z %)= lin E(Z8,)= Y E(&).

Therefore E(3) (& € ™) 1is a spectrality by definition. This
spectrality E is called the spectrglity of the (Lg)-space R ,

For the constant 1 on {1l we have obviously
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NE@E)CNE = [Hg(5)n(dg) = [uds) = u(@)
.
Thus E(&) =0 implies m(ZE) = 0. Conversely if M (&) =0,
thrn we have for every ¢ € L a

HE(Z)Cql® = il 15(5)¢ (51 m(d3)

= Jle @)t ridsg) =0,
3
and hence E (&) = 0. Therefore we can state

Theorem 48.2. For the spectrality E (&) (i €M) of the
(La)-space by a measure M(ZE) (E €Mt) wo have E(ZF) = 0 if and

only if Mm(Z) = 0.

Let & be a bounded (71t)-messurable function on JL. For any
€ > 0 we'can find obviously a finite number of sets 0% E, ¢m (v =1, 2,
eeey X) such that
»
L =2 2., 2,839 =0 for L #¢p,
:,3"?;!,?“‘)'“7'”5 £ (Vv =1, 2y00ey%)e
For such ¥ ¢ Nt and for arbitrary §, € £, (v =1, 2,.c., %) we have
f195)- £ ¢ (g1  w(d5)

Toe Rl eIl eldr) g £ pla,
%,

Since E(ZF)Cq4 = Ct; for the constant 1 on L, we obtain hence

ey~ Z 9(5)E(R)C, 15 £ VR,

Thus for the spectral ring R of E we have Cop €[C, TR If G 1is

bounded . For an arbitrary ¢ ¢ L2 we can find a sequence £, ¢ 7C

(v =1, 2,...) such that F,C £,C +es, 2. B, =dL, and ¢ is
rmy

bounded in &, for every L =1, 2,..s & Forsuch &, et (v =1,
2,...) we obtain by Lemma 3

ta f1905)- x5 (5)eG)* pdg)
.
= ua [19EN w(d5) =0

[ 4

and hence ‘}R‘ (| c(' - Cl!y? W =0 Here x‘b‘f is bounded
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in [ for every » =1, 2,¢¢0 & Therefore we conclude by defini-
tion (cy1 =1.
Thus for every X € R we have by Theorem 19.4
(x) = Creylesd = Copy €R,
and hence R is simple by Theorem 20.3. Furthermore ve see easily
by Theorem 14.3
R ={E(2): Fem}.
Therefore for every ¢ ¢ L.a we can find &, ¢ ¢ for which
(tel = E(ZF,),
and hence E (,)Cy = Cq by §124(3). On the other hand, putting
§q={t,: ?(5)#0},
we have obviously
E(Zy)Cy = C'L; ¢ =Co,
and hence [Cq] = E(E¢)[Cqy] by §14(6'). Therefore we have
E(Zo) = E(F,)E(Zy) = E(Z,2¢)< E(2g)
and further
[ 19N M(dg) = I E(Fg)Cy-E (F,B9)Ce’ =o.

I(" §o§9
Since | ¢ (% )| > O for every ; ¢ £,- F,Z 4, we conclude hence

[“(f(f - §oi‘f) =0,
and consequently E(Z¢ - £,8¢4) = 0 by Theorem 48.2. Thus we
obtain E(3¢) = E(E,Ey) = E(&,). Therefore we can state

Theorem 48.3. let E(E) (ZF €mt) be the spectrality of the
(La)-space R by a measure M (E) (ZF em). The spectral ring /X
of E is simple, and

R ={E(E): Eem},
lcel= E(1g ¢ 9(5)+0}) forevery velLa.

949 Regular 6 -ideals

Let 7t be a totally additive set class in an abstract space JL .
For a measure M (&) (Eem) on ¢, putt'ing
3. =1%: m(@)=0},
we see easily tnat Fo is a & -ideal. Furthermore 2, is separable.
In fact, for a system &, €M (A €A), if &, 8 =0 for A % §,
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then we have
A;A M(#a)g p(L) < +eo,

and hence m (¥,) = 0 except for at most countable elements of A .
Nn'thermoro M (E.) =0 implies F,'¢ 2o- Therefore 2, is
separable by definition.

A G-idoalg in ¢ is said to be regular, if we can find a mea-
sure m(E) (Femt) for which we have

3 =1{%: m(z)=0}.
With this definition we have hence

Theorem 49.1. Eve lar G -ideal is separable.
Theorem 49.2. If a g-ideal 3 o A8 _regular, then every § ~ideal

$° Fo alsa is regular.

Proof. If a G -ideal [P, is regular, then there exists by de-

finition a measure M, on N¢ such that

Fo={%: p(E')=0}.
Since 30 is separable by Theorem 49.1, for any & -ideal g 2 30 we
can find by Theorem 45.1 a set F, € m( for which 3 = 3,’0 « For
such &, € ML, putting

()= pMo(Z,2) (Z em),
we see easily that u also is a measure on /Y. Furthermore we gnvo
for every 3 € M

Mo((B4E,))) = mo(E,8) = m(E').

Thus we have M (E/) =0 if and only if M, ((Z2 4+ %,')') =0, and
-hence by definition

B, ={g: pm(E)=0}.
Therefore g is regular by definition.

Theorem 49.3. For every sequence of regular G -ideals 3.,
(v =1, 2,...) the intersection ﬁ' 3 L Aalso is a regular 6 -ideal,

y=y
Proof. By assumption w#e can find a sequence of measures M.
(v =1, 2,...) on /M such that
S =12: m(3)=0} (v=1, 2,.:.).
For such M, (v =1, 2,...) we can find a sequence of positive numbers
of, (v=1, 2,...) for vhich we have
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f d.,,;,(n.) < +00,

(2 21

Por such o, > 0 (v =1, 2,...), putting

mE) = FdplE) (z em),

we see easily that M is a measure on ¢ . Furthermore it is obvious
that M (F) =0 ifandonly if Mo (E) =0 forall ¥ =1, 2,.ee »

Therefore we have
00 [l f
J:T‘@v =D1{§ : {“»(i’)‘o}:{;’ ﬁ(§)=°!v
and hence ﬁ g » 1is a regular G-ideal by definition.
(2 1]
The totality of regular G-ideals in #Y is called the regular

property of Wt and denoted by "% in the sequel. It is evident

by Theorem 49.1 that "Pay C By fOr the property P, of M.
let E(E) (ZF ¢arc) ve a spectrality on ¢ in a Hilbert space
R. For an element 0. ¢ R, if C(ay S E(Z), then we have natu-

rally E(2')C(a; =0, and hence E(Z')a =0 by §14(19). Con-
versely if E (3')a =0, then we have E(Z')C(a; =0 by §24(19),
and hence Cp,, 8 E(Z). Since lE(Z)an? (& eam) is ob-
viously a measure on /Mt , we obtain therefore by Theorem 45.4

Theorem 49.4.  For evexy x ¢R, putting
 ={8: .CpsE(E)},
ehave 2 e~ and E(F) = Cy; for the derivative E(§)of
a spectrality E on 7t .
Furthermore we obtain hence by Theorem 45.5
Theores 49.5.  For any separable ¢'-ideal » we can find & Fe-
gular 6-ideal q such that ¢ > % and E(q) = E(Z).

Let (%) (2 €7,) be the miltiplicity function of a spect-
rality E on 7t . Denoting by mg (P) (P €/R) the minimal mul-
tiplicity of the spectral ring R of E, we have by the definition §46
(1)

m(p) = mg(E(3)) (2 € Pm)-
For any % € Doy we can find by Theorem 49.5 § € Ppy® for which
E(q) = E(2), and hence M(;).—: m (). Thus for two
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spectralities E and F on 4T, denoting bty #¢g the multiplicity fumo-
tion of E and by wme; that of F, if

wg(R) = mp () forevery 267,
then we also have the same for every § ¢ P, . Therefore we ob-
cain by Theorem 46.3

Theorem 49.6.  _For two speotyalities E(E)and F(Z) (2
€ ¢ ) there exists a unitary operstor U such that
F(g)= VE(Z)U" (Zem),
Atepdonly if wg(2) = m(2) forevery 2¢ %, demoting by
g ihe multiplioity funotion of £ and by mp that of F.

Let m (2) (3 6‘7:;“) the multiplicity function of a spectra-
lity E(8) (Fem). M is obvicusly itself a regular &-ideal
containing 0, and hence we have by the definition §45(11) E (mm) =0
as the derivative of E , considering /Mt a regular G-ideal. Thus
we have by the definition §46(1)

(1) m(qzt)-o, connidoringma"pm:.

1 E(@)so,gcq y then we have E (9 ) =0 by §45(15).
Thus we have by the definition §46(1)

(2) m(2)=0, 2Cq implies m(q)ao0.
For a sequence P, ¢ P, (b =1, 2,...) we have by §45(14)
E(fi3.0= U ez
Thus we have by definition
(3) m () =0 (L=1,2,...) iuplies m(j"\'ﬂg,)-o.
Furthermore we obtain by the formula §44(4)

[ ]
= Min i .
(4) w(TT3) “‘MMM(:") £ joup m (3)z212
By virtue of Theorem 49.4, there is a regular §'-ideal § for which we

have E (P) #0. Thus we have
(5) 3-":»*;'4»(3) el

In the sequel we shall prove that for any cardinal valued function
m(2) (ReP) subject to the gonditions (1), (2), (3), (4), and
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(5), we can find a Hilbert space R and a spectrality E(Z) (Z ¢
ae) in R such that the multiplicity function of E coincides with me.
For this purpose we must prove the following Lemmas about G-ideals.

lemma 1. #?F - 2F 40 g3,
Proof. I ¥, ¢ S then 4+ 3 ¢y implies
F+ 3,/ %,/ >F (+8))e g,
and hence & + (&, + {r,)’e} . Conversely 2 ¥ (§,#§,)’E x
implies £ + §,’¢€ & vecause 2 >(F,+%,) . Thus we have
by definition
gfo'i'?o:gfo ir ‘§°’62.

Lemma 2. 35_1_31’ if and only if (E¥) € .

Proof. I %o 1 2%, then we can find by definition F €
350 and §eg§'. for which F ¥ = 0. For auch £ , ¥ we have
T+ Eep TirEep, ET =0
and hence
3r(Fizg)) (v )< B+ %) =(8%,) .
Thue we have P 3 (£,%,)’ by definition.
Conversely it (&, %¥,) ¢ & , then we have by Lemma 1
3§° = g!.-!'.‘!., @{'o = 31'.‘f.io
Stnce (F,- B, ¥,) (Fo- F,%,) =0, ve have F¥o 1 $%0 vy de-
finition, because & ¢ ;’ for every ¥ ¢t by §45(6).

Lemma 3. For two ’seErable 3 -~ideals $ and @ we can find o
88t & ¢ ¢ such that 3! > and 335'4- 2 -

Proof. Putting 3, = g % , we can find by Theorems 45.1 and
45.3 two sets F,, ¥, ¢ such that g = 3,!’ y q = 3’, i".
Then we have by the .formulas (9) and (4) in §45

gi'o = 3.§°§° = qio >q
and furthermore f Y :.To =9q.

Lomns 4. 4% - ot iranaomyit F'€F.

Eroof. i :i = Mt , then we have obviously 3’ ¢ 3§ , and
hence by definition &' = §' + §' € g Conversely if 3 ' € p 38
then we have by definition O € 3‘, and hence 3 F _.m .

Lemma 5. For a separable ¢ -ideal g and a system ¥, € 71



§49) Regular  -ideals 271
(A €A), 1£ (B.Fp) €8 for >4 ¢, then we bave F,’c § exospt

for at most countable elemeats of A .

Proof. By virtue of Maximal Theorem, we can find a maximal sys-
tem ¥ (A €M) such that P c A, &\ € &, for every » €, T, ¥,
=0 for A+ ¥,and ¥, €F for every 1 €. Since g is sepa-
rable by assumption, we see by definition that such ™ is composed of
at most countable elements. Thus, putting &, = A}'e:r' &), we have

g, e\, For each A, € ", since (§,.§,")’63 for A € " by
assumption, we also have by definition
§> T, (%.8,) =(£,2,) .

Thus, if §N'2 %, then we have (%, %,)' € 5, vecause (%, %,)’
€ 3 implies 23 (%,,%/) (£,8,) =%,,/. Accordingly,
miting €5, = £x,F,/, whave Fx,CEry Tyl (g oot

Fa, Fr< Er, %,/ F, =0 for every A €I,
contradicting the maximality of the system ¥, (X €I"), Therefore
wohave F, € P for AEr.

Let m(2) (@ €77) be a cardinal valued function on the re-
gular property ‘p,m' of 7 satisfying the conditions (1)-(5). A
regular €-ideal £ ¢ D, 1is said to be of upifors multiplicity by
an,if m(P)21 and M £ g >F implies w (q) = m ()7
Ve shall prove firstly that for any £, € P, vith = (F,) 2z 1,
we can find 9 O $, such that e (q) = s ($,) and q 1s of uni-
form multiplicity. We suppose that :, is not of uniform multipli-
city. Then there exists by definition %t % 9 > $, such that
m(q)+ m(Pe). For such 0 we can find by Theorem 45.1 a set
$,em forvhich 9 = £, %o, and hence F,' T § by Leoma 4.
Therefore we can find by Maximal Theorem a maximal system &, ¢ 7
(L€A)ouch that £, Fp =0 for xsp, E,' € $o , and

m(&‘&)# m(;.) for every A € A.
Since P, is separable, such A is composed of at most countable ele-
ments. Furthermore we have

& i € 3o,
because, if ».%4 &, € o, then ve have by the formulas (5) and (8) in

$45
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S = 30&4’5 = IIA ?o’*
bt we (T 2.%2) ¢ m (35) by the conditions (3) and (4). Thus,

patting &, =(Z &), venave ¥, 3, .  Furtnersore
m (§E)= m(8e) for F,0 Fem, £'€%,.
Becauss, if  (2,¥) & mm (3,) forsome F c E,and 2’3, then
vehave ¥ 3, = 0 for every A € A, contradicting the maximality of
the system 2, (A €A). Therefore we see by Theorem 45.1 and the
formula §45(9) that §,¥¢ is of uniform multiplicity and
m (g8) = m(Z).

By virtue of Maximal Theorem, we can find hence by the condition
(5) a maximal system B, € P, (A €A) such that S+ §p for
A % p, and every }) (A€ A) is of uniform multiplicity. For
such $€ e (LE€A), if P2 99 L £, for every A ¢ A, then
ve have m (9 ) = 0. Because, if #+ (9 ) Z 1, then we can find
q, p] 9 of uniform multiplicity, as proved just above, and for such
Qo wn have obviously ¢, . R for every A ¢/, contradicting the
maximality of the system P (r€eA)
For an arbitrary qe“’o”: we can find by Lemma 3 &, ¢ 7¢

(3 € A) such that

q % 59,, qix'J.gA for every A € A.
For such &, em (A € A) ve have naturally ?ix Lqir for A% ¢,
and hence by Lemma 2 (%, $p) € for A% 9. Accordingly we
have by Lemma 5 &,' ¢ q except for at most oountable elements of
A . Thus, putting § = 2= @, , ve have ¥ ¢t and by the for-
mlas (8) and (5) tn $a5 T ¥2

? [

q =q¥q¥ = q# ‘gq%*x.
On the other hand, for ¥,’ ¢ q we have by the formulas (4) and (5) in
45 QI,) q = Q‘il & 2, and hence GZ!'.LQA. And for
3, € q,since F O F,, ve have by the formulas (4) and (9) in §45
q¥'>q¥ . p,, and hence ¥'L2x.  Thus we have

‘715'-\- PN for every A €A,

and consequently mm (qf') = 0, as proved just above. Furthermore
for E,' T wehave by Leama 4 Mt % q Ea 3§ and hence

" (95) = e (ga),
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because ¥, is of uniform multipliocity. Therefore, it 9 4 b XN
not for all A €A, then we have by the condition (4)
(#) ()= Mn m (32),
LEF 7Y

adopting the notation ¢ I 2 t0 mean that we have ndt 21 2.

Since every £, (X ¢ A) is a regular 6 -ideal, we can find by de-
finition a system of mepsures s, (E) (Fcam) (2 ¢€A) such that
$r = {2 : ma(E') =0} for every A € A.
Let R, be the (Li)-space by this messure s, and R, (F) (& em)
the spectrality of R, for every A €A . Let 2 be a set with den-
sity 5Am(3,) and 4, a subset of 4 with density - (§») for

every A € A such that A\ dp =0 for A& and 4 'i%““'

Denoting by R the totality of those systems (Xg)sea subject to
the condition: Xg € Ry for § €4, (A €A) and =V Nt<vos,
A

we see easily that R is a Hilbert space, if we define
A (X5)sen* P(Y5)sea = (st X5+ R Y5)sea
for every complex numbers o, § and
((x8)s5eas (45)5¢a) = ?:. (xg, 4s).
For this Hilvert space R , putting
Fs? () (xe)sea
=(%s: ys, = F,\.(t)lg.\for 5,645, 004 Yg=Ofor§ + 8$o)sea
for every ¢ mC and §, € 4 , we obtain obviously a projection operator
F;.R(i)onk and F;: (LL)R is ‘isometric to Ry, for &, € 4,
such that F;."(E)R corresponds to Fx.(i)k‘\. for every ¢t
Therefore we see by Theorem 48.3 that F‘.“ (£) (Fem) 1s a spect-
rality tn FgR (Q)R, amd
{FRMNE): sem)
is the spectral ring of F‘."- and simple. Purthermore we see by
Theores 48.2 that for §, ¢ 4, we have
¢ 2, tramtonlyir FJ(Z')=o0.
Putting
E(®)= V. Frz) (% ¢ m),

we see easily that £ is a speotrality on C in R. Concerning the
derivative of this spectrality £ , we have by the definition §45(11)
E(2r)= N E(F) (AeA).
Fen
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For each £ € 2., we have F,“ (£’) =0 for every § € 45, and hence

Fst () = Fs® (2) for every S¢4a. Therefore we have
E(2)2 G:/AAFSR (sv) for every 3 € %,

and eonsequently

R
E(g0) 2,V R

On the other hand, for X # f ¢ A we have 3A 4 3, , and hence we
can find by definition two sets &, , ¥, ¢ 77t such that
F,e 2ayr T,¢6 89y E,X, =0.
For such ¥, and ¥,, we have obviously ¥, ¢ £,/ and hence F,/ ¢ Lp.
Thus we have FSR(E,)::O for §¢dp. Since
Fs,R () Felou) =0 for &, # 81,
we obtain hence E (3, );EJ‘PFJ'l ) =o. Therefore we conclude

E(3), Y, F,“(n)=o for x4 peA,

and consequently 5(8» SU F,"(,n.) = 0. Thus we obtain
Gﬂ'

E(ga) 5 kt\fjtﬁ §eap Fe () = U an (),
because U U/ F€ (L) =1. Therefore we havo

§
AEA €A, (s)) = s\éd F’R(ﬂ)o
EY

Denoting by /R the spectrality of E , we obtain hence by Theorea
45.7
E(PIR = {‘\‘J‘f,“(i) : Fem}  (1en).
Therefore E ()R is of uniform multiplicity with multiplicity
m (8a). Thus, denoting by iy (8) (fe€ '72‘) the multiplicity
function of E, we have
mo(fr) = m (L) for every A eA.
ror a G~ideal q € 70,”: » if 9 & @., then we have by §45(13)
E(pr)E(9) =0, Thus, if 94 g for all A € A, then we have
L E(EAE(Q) = 0.

Since \J/ E(gx) =V V Fs"(.ﬂ-) =1, we obtain hence E(q) =0,
AEA A€A B6a,

and consequently 4, (q ) = 0 by definition.
1f QI@;, then we can find by Lemma 3 a set & ¢ 7 such that
t 3 'z
$.%oq e 3,5 4 q . For such Z ¢t wve have £ € £a,
because F' ¢ p, implies by §45(5) f£a = 3,}' 4 g , contradicting
the assumption: 7 1 . Thus we have
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Fh(B)#+0 for every S € 4a .
* On the other hand we have by §45(12) for every § € 4

E(pd) = E(B)E() 2 " (B)FS () = Ff(2).
Thererore we obtain E (8.3) % 0. Since we have by §45(15)

E(R)EQ) 2 E(R)E(RE) = E(2:B),
we conclude hence

CE($)E@) %0 for 9 I ga.

Furthermore we have

ME(@OE(Q) = VY FR()E@Q) = E(9),

2€A Sea,
and E (3,\ )R is of uniform multiplicity for every A€ A. There-
fore we obtain by (#) and the formula §44(4)
4""&(%)-‘- Min WR(?A)= Min M"(?A)= m(q)
hiq 3

$1q
if 9 1 P, not for all AEA.

Thus we have proved
Theorem 49.7.  If a cardinal valued funotion # (§) (§ ¢
,‘: ) on_the regular property ‘pm' of ¢ satisfies the conditions (1),
(2), (3), (a), and (5), then we can find a Hilbert space R and a spect-

rality E(Z) (Z €M) in R such that the multiplicity function of

E coincides with #t .
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Let T be a bounded linear operator on a Hilbert space R and
hTvugy for every V =1, 2,ee0 o

In the sequel we make use of the notation: T9 =1 and
M=

TP = 'g‘ Ty (“‘ 1' 2.0.-).
Denoting by M the totality of those elements X ¢ R for which
‘F TFx ("’ 1. 2,..0)

is convergent, we see easily that M is a linear manifold. Further-
more M is closed. In fact, if lm X, =X, X, €M (v=1,
2,...), then we have for every M = 1, 2,...

N Taxm & Tuxhg Y% -z
and hence for every m , ¢ =1, 2,¢.0
i ;T,.x-TT,xngu Tp %, - f Tpa, M+ 2¥lx. -,

This relation yields for every v =1, 2,...
-— 1 1
ol NaTux- 5 Tpxllg 2¥02.-%1,

and consequently
1 1
BN Txe F Tpx N =0
Thus = T, x (p=1, 2,...) 18 convergent, that is, X €M.
MM
FPor every X ¢R and p =1, 2,.ss, wo have
1
- -TM
’1_’11.-. »T'<" THx) =0,
because for ¥ > M we have
T HG- T")x = HE T a-T1Mx

’}: T'z-fzf T’x),

¥
ll%T,(l-T")xﬂg ge-lx.l for v > M .

and hence
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m
Since x——l-Tx = l;(z-Tr"Z).nobtnnMor
M puy

Fe
’!.'1" -;-T,(x- %Tﬁx)-o

for every x ¢ R anmd p=l, 2,0 .
Since l(%"l",.xﬂs YAzl for every p =1, 2,c:c, vo can

find by Theorem 9.11 a subsequence M, (v =1, 2,...) for which
1
My
is weakly convergent. Yor such My ( =1, 2,...), putting

¥ = wiin L T, x,

[ dad ]

TF. x (V. 1. 2,0-.)

we have by Theorea 10.9
1

T} = ".,’:ﬁ.‘r(p»-rl‘")

and hence
1
§7 T = ol Tz T,

On the other hand we have

}.‘,‘..‘;lfn("‘ Tx) =0,

as proved just above. Thus we have Ty -},mdhmo 3¢-M.
Since
X - FI;T,...,x €M for every » =1, 2,...,

as proved just above, we also have
X-% = wlin (%= = T %) €M
} ryee Mv My ’
because M is a closed linear manifold. Thus we obtain

z=(x—3)+3eM for every x ¢ R.
Therefore we have

Theorem 50.1. Tor a bounded linear operator T on s Hildert
spece R , if ,-:x; HTVNH < +00, then the sequence
% t Tf“"'l (V‘l' 2,--.)
Mt
is_convergent for every x ¢R.

This Theorem 50.1 is called Mean Ergodic Theoream of bounded linsar
operators.
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§51 Exgodic Theorem of Dilatators
Let R be a closed ring of projection operators containing 1 in
a Hilbert space R . For a bounded dilatator T by R, we have by th¢
formla §25(33)
1-71(0-T)=1-T,
and hence
(1-[1-7T1)T =1-(2-T1J.
Thus we have
(1-(1-T))T" =1-(1-T]
for every V =1, 2,ee0 o
If UTHI § 1, then we have by Theorem 25.4
ITvig1l for every v =1, 2,440,
and hence we obtain by the formulas §25(40) for every m =1, 2,...

-T2 =la-10-T:Z T+
=la-T) ' (- TH)IsIa- T £,

Therefore we conclude by Theorem 26.6

1M
0;1_1.:[1-1']-’-‘-“‘7" = 0.
Since
lf“
1- 01 TJ)/“mT"-l-tl-TJ,

we obtain therefore

- =% v s1-11- 7).

lafidad Y]
On the other hand, recalling the formula §25(31), we obtain
(1-f1-TI)R = {x: Tx=x}.
Thus we have by Theorem 11.6
1-(1-7) =P,
Therefore we can state

Theorem 51.1.  For a bounded dilatator TR R, 4L AT § 1,

then w ve

P TXmX}e

1
R EE T 2 Plas raany:

Recalling Theorem 26.8, we conclude from this Theorem 51.1

Theopem 51.2. For a bounded dilatator T by R, if ITH S 1,
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then we have for every x ¢ R
(®)-113 ZE TR = Pla g%

Let /¥ be a bounded normal operator on R . N 1is obviously
closed, and furthermore regular by Theorem 32.3. Therefore there
exists by Theorem 34.1 a closed ring of projection operators contain-
ing 1, by which ¥ is a dilatator. Since the ring convergence im-
plies the convergence by Theorem 21.6, we conclude hence by Theorem
51.2

Theorem 51.3. For a bounded normal operator ¥ on R , if we

have [I4 1l £ 1, then we obtain for every x ¢R

ir Vo =
rlﬂo /“.F;—z” = Pla: wxaxp®:

§52 lat

Let R be a ring of projection operators containing 1 in a Hil-
.bert space R . A unitary operator U on R ie said to be a trans-
lator of R, if

TRU*=R.
If R is not closed, then we see easily by the formulas (2) and (3) in
§41 that every translator of R also is a translator of the closed ring
; generated by R . Thus we consider the case where QR is closed in
the sequel.

Let U be a translator of a closed ring K . For each x € R,
we have obviously by the formula §41(1)

(ox]l = Ulx]U*
and hence
Cioa; = TCp,y T*.
An element 0. ¢ R is saia to be an invariant element of U, if we

have Ua = O . For every invariant element a. of U we have ob-

viously
VLG-]=[0-]U, UC(“] =C“1V-

For two symmetric dildtators M, and H; by R we define H;Y H,
and H; A H, to mean

HyYH, = j"&*{("‘n@)» (Hl':)idg,
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HymHa = { mn{(Hi,2), (H1,3)}dg.
Tor a symetric dilatator H Ly R we define H* and H~ to mean

H'= HVvo, H-=(-H)".

¥With this definition we see easily by the formula §25(36) that we have
CH*ILH") =0, (H) = (H*1+ LK"],
HIH'] = H*, HIH-] = - H",

Let H be a symmetric dilatator by R in the sequel and we also
make use of the notation:

Hoy= + 2 @ TPHT?  (v=1,2,...).
) v pro

With this notation we have obviously

(n) VHe, = mHW® (v - m)T HGo,) U for v 3 p.
Theorem 52.1. For an invariant element o of U we have

(Ha,a) z (A (HyiTHe, o),

Af Ho _has any sense.
Preot. Putting p, =1 - [H.1,

P, =(1- (Heaodd )'6' [H(p‘] (v=1, 2,...),
we have obviously
Ly =1- :r:\: (Hepr o
P, § [H(P,'J for v g M,
PolHean'] =0,
Por v > M, we have by (M)
14 H(n Pr-l = M H(p)Puq o (v~ f‘) or H(u-r) UV Puose
Since
H‘,, Pv-l = Hoy(HuyJ Py = Hh) lH(.)’]P.-|
= H*Puoy 2 0,
Hiuy Puay 3 Hey LHm " IPuey = = Hepy Pl 8 0y
we conclude easily
T H-p) T** P, 30
and hence
Hoom (2P, TP) = TP (TX Heyo (TP, )T 2 0.
Putting f = b ~ m, we obtain therefore
LHp (T PP, U P) =0 for v 3 £ 1.
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This relation yields
Pu(T*-Pp_ U =0 for v, m 3 P21,
vecause Pu § [Hepy™) for m 2 9. For an arbitrary X =1, 2,...,
patting Qy = Px ,
Qu = P2 -M\'J“v""a,v*") (0=10, 1,.0, %-1),
Pgv
we have obviously @Q ~ s Pﬂ, and hence

U PQu UM fg gt Pu TH-F for m g P
Therefore we obtain

Qu(T** Qv =0 for m >A, Y3 A+
Furthermore it is obvious that
Q,..(V”'“Q..v"'“):o for v >m, v,

Therefore we see easily that
(Te¥-2q, vt-*) (vrrrauu®?) = 0
if vspor 2xp.

Since [H¢yy1(U*-fp _ U*"*)=0 for v 3 £ 3 1, ve have
- pet p
T PP UM P g 1= [Hepuyl s 1 - A LH"T = Z, Pvo
and hence

»
Al -1 - Lt Z P for 0§ P Smg .
On the other hand we have for 0 §m < x

Pu = Qu s P N T P, T
Py
3 v*r-fa, urf,
Thus we obtain
®<ey

UrQUt Tt Z Py =1- N [Ho T

»ys0 =1

b2
EETE 1

A4

0gPgm e
Since Ua = a , ve have therefore

((1- A (Hay ]I Ha, @)
- ¥ Ay -e
= L, £ (070, 7""Ha, 0)
=Z £ (vrtHUtre0,0)
= E (F‘" 1) (H('Aon) Q"O«.a).
Since [H‘P"’-] Pm =0 and Qu§ Pu, we have

Hipony Qu = Hepeny [H(M'D.] Qu = Hll‘fl)‘ Qur’
and hence
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(H(pu) Qpa"a') = (H(,..)‘ ap“'.“') e 0
because both H(.,,* and Q. are positive dilatators by R. Thus
we obtain
"ol
(Ha,a) z (A tHW D Ha, o).

For a sequence of symmetric dilatators T, (v =1, 2,...) by R,
if there is a symmetric dilatator T, by R for which T, g T, for
every v =1, 2,..., then we see¢ easily by Theorem 26.1 that

"“P' (T ’ 3)
is finite continmuous in some open dense set of the proper space ?“ of
R. Thus, putting
T = S s (1., 2)dg,
we obtain a symmetric dilatator T by R. This symmsetric dilatator
T will be denoted by

(&

T

With this definition we have

Theorea 52.2. 1f a symmetric dilatator T is commutative to
U and both Ha apd Ta have t element a
of U, e U (HunT)=T taites (Ha,a)(Ta,a).

Proof. For an arbitrary £ > 0, putting
K = H=-T +¢,
we obtain a symmetric dilatator K by 8 and we have
K(,) = H‘,) - T +¢ (v = 1, 2:'")v
becaue T is commutative to U by assumption. By virtue of Theorem

*
[ ]

52.1, we have then for every % =1, 2,...
(Kana) 2 ((‘é‘[K(..;])Kav)a‘)'

Thus, putting P = !3' (K¢~ 1, ve obtain by Theorem 13.5
(ka,a) 2 (PKa,a).
We shall now prove that P = 0. Since P g (K(,,”] for every
v =1, 2,.0s, we have
KerP = Ky [Ky,IP = =Koy P g 0,
and hence
TP-¢P2 HwP 8 (HuyAT)P
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for every v =1, 2,000 & Thus we obtain
-0
TP-¢P 2 (b\.J‘(Hu)f\T))P = TP,

This relation yields P = 0, because ¢ > O. Therefore we have
(ka,a) 2 0, and hence

(Ha,a)z (Ta,a)- Etant,
Since § > 0 may be<amestrary, we obtain hence our assertion.

For a sequence of symmetric dilatators T, (v =1, 2,...), if tnere
is a symmetric dilatator T, by R such that
ITvlg T for every v =1, 2,...,
then we see easily by Theorem 26.1 that both

Jim (T.,2)  and Ma (T, 3)
are finite continuous in some open dense set of ?.n o Thus we de-
fine yl-j;E' T, and ;1%!..1'., to mean

B Te = | E(apdg,

s T, = [ s (T.,3)d3.

y oo
With this definition we see at once that T, (v =1, 2,...) is
D-convergent if and only if
’1_}: Ty = }_%. Tve
For an arbitrary m =1, 2,..., putting

H o= T ((Hoy A #)V (=p),
H = la ((Hy A #IY (- 1)),

we obtain two dilatators H and H by R . Both H and H are com-
mutative to U . In fact we have by definition
VAT = Him ((TH,, T A #)VY (- p))

Tin 1
To {72 (Hawnn 570V (D= $H)

o ((Hyenn m)V(-p)) =1,

V= o0

and we obtain likewise UHU* = H .
Since H < H and

(U (Heaa R
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=Y (Hayn m)V(-paR)IVH 2 R,
we see easily by definition that
[R-HIF 5 (A-H1U (HuaR)
= U (R -BIH),, A LR-HIF),
becauso
UI(R-HIU" = ([U(R-H)v*)=(H-HI.
Thus we obtain by Theorea 52.2
((H-BlHa,a) 2 ((A-B1Ha ),
Since
ﬁ = = F_.E.’ (((’H)u.)f\ M)u(’f‘))'
ve obtain likewise
([Q‘B]Hana)ﬁ([n'ﬁlumta’)-
Sinoe H < H, ve conclude therefore
(lLA-HlHo,a) = ([A-HIlHa,a),
and hence ((H -H )a,a) =o0. Since H - H Z 0, we obtain hence
by Theorem 33.4 (H - H )a- = 0, and hence by Theorem 25.7
’T'cf.n = H Craa.
Murthermore we have
QC(gj = :@_ (((Hccu)(.)f\ f‘)v(‘f‘))n
'j c“n = é.,‘g“ (((H CC¢1)(u)f\ f")v(-"’))v

because U €, T* = Crag- Therefore we conclude that the se-
quence
((HCray )y A BV (= pm) (v =1, 2,.00)
is D-convergent for every M =1, 2,00 «
On the other hand we have

1 Y% 1 Vet
(HCids > = + E. UFHC( U e = '§. U#Ha,

Thus we oen find by Theorem 50.1 an element £ ¢ R for which
yl.«}"l.‘ (H Ct.])(y)a' = ‘ea
and hence there exists by Theorem 21.6 a subsequence Vp (p=1, 2,...)
for which
(R)-Um_ (HCy),,,, 00 =4
Thue we have by Theorem 21.8
a (R e, ) = (£ ,3)
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in some open set being dense in Uctu . Therefore we obtain

D"lil“(Hc(u)Lv) = s ({')3)‘3-
Cead
Let T be a dilatator by R such that Ta has a sense. Put-

ting H = TeT", K =(~{)ToiT", wve obtain symmetric dilatators
H and K by R for which both Ho and Ka have sense, and
T = HO® { K.
Therefore we can atate

Theorem 52.5. For an inyariant element a. of a translator
of R and a dilatator T by R , the sequence
1 ¥v=1
< ,E. TS TU* Cray (v=1, 2,...)
is D-convergent, if Ta has any sense.
Por every X € R , putting
T = | (E.pdg

et&u
we obtain a dilatator T by R and Ta has sense. Since

UM T T*™C,a = UFTa = U¥lalx,
we obtain therefore by Theorams 266.6 and 51.3
Theorem 52.4. For an invariant element a. of a translator U
of R we can find a sequence R 3 Pp T5%, (%,, Buch that
1 gm
(R)um Pp(y I Tfa1x) = Py
for every x ¢R and ¢ =1, 2,... .

Pix: oxex}l®l®

§53 1deal Spaces

et R be a closed ring of projection operators in a Hilbert space
R » @,R the proper space of R , and R the commutor of R . For
an element € ¢ R and a point § e veu, , we shall denote by R"3
the totality of those elements X € R for which

NP x|
P+g npel
Ve see easily that R.'a is a linear manifold of R . For each

w € k"f we shall denote by a®¢ the totality of those elements
x € Re,: for which

< 400,
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P(a-x)ll _ 0
P2 neei
Then we have obviously by definition that

a®¥® - 2% ranaomyir aed®¥,
Purthermore we see easily that x ¢ . 9:&, ye 4% implies

oAx+py € (cdawpd)®d
for every complex nusbers o/ , . Thus we define aa'-3+@£°'£
' 0 mean

a8 +pehE o (da v pg)od,
With this definition we obtain a linear space X &' & (x € Rep).
This linear space will be denoted by R®*& .

Por avery X € 0. 9% ana 4€¢f%2 we nave

1a PX¥) gy, (Paud)

P2% lPel® P+2 HPe?
because

1(Px,Y)-(Pa, &)l l(P(x-a),Py)l+l(Pa,P(y-4))
SUP(x-a)lPyli+ W PalllP(y-4)N.

Therefore we define (0.5, £%%) to mean

(1) (a®%,2%8) = lin (Pa,$)

_ P22 urPen?

With this definition we see easily that (a®¥,{®¢) is an inner pro-
duct on R®& , and hence R®& is an inner product space by this inner
product. This inner product space R'F 1is called the ideal space
of R at § vye.

Concerning the ideal apace R®'& | we have obviocusly by (1)

(2) Nx®&n = 1a APXN

P22 dpPel

Consequently we have

(3) ne® ¥ =1,
For each !er,s , we also have axeRe,; for every Q¢ R ,»
because we have for every P € R

NPQxll =llaPxiils HPxXy.
Furthermore we nave obviously by definition

(a) (Px)®® = x&§ for £2¢Up , Pe R .
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1t x®¥% 40, then for any Y € Ke,3 we have by §19(12)
¥ IlPtZJQII
(% »2)! Pl_i,ng X1

- 1n MPEUH .. WPLx]$l

< 400 ,
P2 WP X P2 WPell
Thus, putting o =(—:;,3),voobtain
yp NPCx1g-cx)l
P2 iPpei
= 1o MPXN G, MP(Cx1¥-dLIN
PR HPell PR nexn

because we have by the formulas (4), (5), and (12) in §19
lim NP(Lx1y - ot )l
g - e xi
T I C- P R I

Consequently we obtain (({x} ,.).’3 = & x%® uy definition. Thus
we have

(5)  (x19)%F = (X, 2)x%%  for x, yeReg,
adopting the convention o0 0 = 0.

1t (x%%,4%%) = 0, then we have by (5)

LY LI (PLx3) 4 ,Lx1})
Hixy) 27 npent

= (Ptx]"i}) = .l’ LY 3
P T pen ((x2g)™0 )

=(.z£,3-) (x&%, y&¥) = 0.
Conversely if ({x1y)*# = 0, then we have by §14(3)
e, o2\ _ (Px,¥) _ (Pcx1x, %)
(x%8, 3*4) = P Tiren ’rl-io"'; neen

Therefore we have

(6) (x®¥,y%%) =0 1f and only it (Lx14)%& =o.
Theorem 53.1. If x*& +0, then we can find Y€ Re,2

such that x%¥ = y&¥, [(y1 = Cpey(x], ang
RP Yl = Nx®FUNP Crpyell for every P €¢R.
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Proof. if x®& 30, then ve have obviously Ccx ;& 3 by

definition, and hence by the formula §14(16')
Crensel = Creresxs = CresCrxy € -
Tus [ Crx3€]R 1is isomorphic to [ Cre;XI R . Furthermore both
CCcx1€IR and (Cpreyx 1R are simple by Theorem 20.5. There-
fore we can find by Theorea 41.4 an element A € [Crej XJR such
that
P it = RP Crxjyell for every P € R .
For such o we have
[al = [ Cgeyxl.
Because Pa =0, Pe¢/R implies P C(yj€ = 0, and hence by the
formula §14(19) P Cre,x =0. Thus we have
Ctay 2 Ceereyxre

On the other hand we have obviously (al § [ Cie, x], and hence we
conclude by Theorem 19.3 (&) = [ Crey x].

Since C(xy € B , we obtain further by the formulas (2), (3),
and (4)

Ha®®n = 0 (Cxye)®? 1l = ne®2y =1,
Since (a1 = Crey(x] s (x] by the formla §14(6'), we obtain
by Theorem 19.4
talx = Craylxlx = Crayx,

and hence (la1x)®¥% = x®&% by (4). Thus we obtain by (5)

x
x&® = (=, 3)&,9’3,
This relation yields

Nx®&En = [(Z,2)10a%80 = 1(Z,8)0.
Therefore, putting

,— = (T:' ’3)°'l
we have obviously x®¥ = Y& 3 |, and [yl = Cad , because we
have x%& $ 0 by assumption. Furthermore we have
NPy = l({-,g)lnpa-u = 1 x®FHUP Cexyelh

for every P € R .

Theorem 55.2. 1 (@x)®% =0, @ € R, then we can find

an element Y€ R.,$ such that

x¢ = y®E, Qry1=0, Y< ax®tje.
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Proof. We need only consider the case where x®¥ % 0.
Putting & =(1-Q )X, v have @ (a) =0 by the formula §14(1),
and further by assumption

a®% = 2%8-(Qx)"¥ = x¢:2,
Since x®'® %0 by assumption, we can find by Theorem 53.1 an ele-
snt Y € Re,y such that a%¥ = 3y &F, [y) = Cp,ral
and
NP YN = Na®%duliPCepyen for every PeR.
For such % , we have obviously x®¥ = ¥ %, Qry1 =0 and
Y < ux® 0,8 < nx2ue.

Theorem 53.3. For a sequepce %, € Re,g (v=1, 2,...), it
for any ¢ > O we can find », such that
A, =Xy < EE fof vypm 2 vy

then x,%¥ (v=1, 2,...) is convergent in the ideal space R & &
and for x = ’l_i.r“ %, , we have

288 = 1m x,%%,
b -poe

Proof. From assumption we conclude easily that for any € > 0

we can find ¥, such that

X -X,< Ee for V2 Vp.
Thus we have by definition % - X, € R.,, and

N(x-2.)%%ng ¢ for v Zv,.
Since x, ¢ R,,’ for every v =1, 2,..., wo conclude hence that we
have %« ¢ Ro,: and

nx®® - x,%%n 3¢ for L g Ve
Therefore we have x*¥ = Ma, x,62.

Theorem 53.4.  The ideal space R*¥ is a Hilbert space, that

is, R®¥ is complete.

Proof. Let &% (v =1, 2,...) be an orthonormal system in
R&E. We shall prove firstly by induction that there is a sequence
x, € R‘*S (v =1, 2,00s) such that

a8 = %52, x, <€ (v=1,2,..),
%L 1(Xpu] =0 for v £ Mo
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Putting %X, = Q 1, we suppose that there exists =, (v =1, 2,...,
") such that G."’ = X..',, X, <€ (V =1, 2nco-,")s and

(x.1txu) =0 for v £ M.
Then we have by assumption
(0,5, x2%) =0 for every ¥ = 1, 2,..., %,
and hence by (6)
(tx,30,,)%% =0 for every » =1, 2,e00y K.

This relation yields
x e
(Z lxb]a,‘.‘) '3 = 0.
bu
Since (x,1 ("P] =0 for v % m by assumption, we have by Theorem
12.6
" » -—
Z(x,1 = Uilx,16€R.
T3] ve g
Thus we can find by Theorem 53.2 an element X, ,, € Re,’ such that
"
O, D8 = %, 08, (b\{'[‘x.,])t'x,‘,.] 20, Xy, < € ,

because || a,,."" =1 Therefore we see by induction that there
exists X, ¢Re,p (v =1, 2,...) subject to our requirement.

For a sequence of complex numbers of, (v =1, 2,...), if

= 2
- lel,|” < + o0,
Lu

then we have for every P € R

> 2 L 2 a2
IIPZ_‘.rdyx.,u = " NP x, 1l
Ve

"-f'
1 & 1
s WPen? = 1o 1t
UIP
because we have for v # m
(vap PK{‘) = (Ptxy] xv, P(t,.]xp)
= (P Xy, [l.]_[x’.]’(’.) = 0.

Thus i o, X, %% is convergent by Theorem 53.3. Therefore we
Pyl

conclude by Theorem 7.10 that R®& ia complete.
For each X € R , putting
e WPXyt
()= lim ————— for 2 € Ug s

P22 npey?
we have by Theorem 18.2

I Cerx® = [ 4(3)ndgent.
Ciey
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Thus we have x ¢ Re, 8 for every 3. except for at most a nowhere
dense set in U g5 Furthermore we have by (1)

(Crerx, y) = 5 (¥, 3y éudgpe k.

Therefore we can state Ctes

Theorem 53.5. For each x ¢ R , wo have X € Re,p for every

% except for at most a nowhere depse set in Ve ., and
0 Crey=? f Wx®H3 " ndgen’,
Ccon

(Crey® 4 3) = i (xe'G,g"f)lldgell".
73]

Theorem 53.6. it (ﬂ)-bl_i.l“ %, = X, then we have
Un X, F = xE

X

for every @ except for at most a nowhere dense set in 'Uc:n.

Proof. ir ('R)-}}’m“ X, = X , then there exists by defini-
tion an element { ¢ R such that for any £ > O we can find V, for
which

X, -x<¢ed for v 2 Vo.
For such { ¢ R , putting

_ ne ent
* (@)= P3NP e

we obtain by Theorem 18.2 a continuous function ¢ on U C(e; Buch
that ’

for g € 'U'cu, ’

neLu? = j ‘f(})ﬂd:ell’ for Ceq, 2 P €R.
P

Since {#£ : 9(8)< ¢} 1is open, we can find by Theorems 15.6
and 15.9 a sequence Py ¢ % (f =1, 2,...) such that

Up, = {8: 9(@)<¢ ) (P=1, 2,..0).
For such Pp (P=1, 2,...) ve see easily that P, 1‘,‘:q Ctey »
Furthermore we have for every f =1, 2,...

WP, £i%s [ padgen® = farpen’,
and hence Pr
Pex, - Ppx < gpPpe for v 2V,
By virtue of Theorem 53.5, we can find an open set A being dense
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in VQ“, such that x ¢ Re,2 for every 2 ¢ A . For such A
we have further by (4)

(Ppx,)%% = x,%8 for 2 €ATp,, £=1, 2.,
and hence we obtain by Theorem 53.3

.

Vydes

Hn x,%% = x%% for p e é,qvp’,
On the other hand we have by Theorem 15.7

(£ ATpy)" =(U(E Tpp))"
=(ATeu,)” = A™ = by,

§54 Reduction Theory
Let T be a bounded linear operator om a Hilbert lp.c;o R and com-
mutative to a closed ring of projection operators & . For every ele-
ment Z ¢ Re,y, vo have by §53(2)

H(T2)%¢ ) = 1m ._I.‘..E.I..Z‘..ﬂ. = lim m
P22 HPel P22 HPell

SATU N xS0,
T™us x®® =0 implies (T x)%¥ =0, and hence 2%& = y& &
implies (T z)%¢ = (T})"’- Therefore, putting

(1) TUE 258 = (T2)%2 for x ¢ Ro,s.

ve obtain an operator T & on the ideal space R®'&. This ope-
rator T®& 1s called the peduced operator of T on R®Z The
reduced operator T®® aleo is obviously a bounded linear operator on
R&¥ and NTSFN < uTH.
For the adjoint ‘operator T* of T we have by definition
(T2 Ze". ,0,3) = ((T*x )0.3, 30.3)

=1 (Pr*x,3) _ 'y (PX,Ty)
P-ﬁ TXXE P22 lpey?

(x&%, T2 3“3)
for every x, Y € k.,g . Thus we have
(2) T*,E = T":\.,

Therefore we see that if T is symmetric, then the reduced opera-
tor T & also is symmetric.
For two bounded linear operators T, and T, commutative to R ,
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we have obviously by the definition (1)
(3) (T T2)%% = T.%8 7,82,

By virtue of the formulas (2) and (3), we see at once that the
reduced operators of unitary operators also are unitary operato™

For every Q € R we have by (2) and (3)

ah¥ = qnF, Q%% o%¢ = %%,

and hence the reduced operator @ ®*& also is a projection operator
on the ideal sjace R*' & .

It $F Ue,,» then (Cq-Cola =0, ¢ Vc,,-c,,' and
hence Q% & =0 by definition. )

Now we suppose that $ ¢ Ue, . By virtus of Theorea 42.2,
we can find S ¢ R such that

SﬁQ*(C.-Ca), 03=c“.
and furthermore S R is a simple ring. For such § we have ob-
viowly Co8 g Cqo@ & Q,and Cpe;Cq SR also is a simple
ring by Theorem 20.6. On the other hand [e]Cq R is a simple
ring by Theorem 20.5 and isomorphic to (?".j Casﬂ , because we have
by the formula §14(16')
Ceertes = Cee1Ca Cs = Croncy -
Therefore we can find by Theorem 41.4 X € C.q,Cg SR such that
PCqell = KP x|l for every P € R .
Since 3 € CQ by assumption, we have hence by definition
xS =ne®du =1.
Furthermore we have
Q®% 2% - (%)% = (Cu8%)%% = x&¥,

because @ 2 CqS and CgSR 3 x. Consequently we obtain
Q%% #o. Therefore we have

Theoreg 54.1.  _For a projection operator Q ¢ R we have
Q%% =0 sfemdonyir p¢ Ue,-
Let 9* be a closed ring of projection operators containing 1, am
U a translator of 9. Putting
R ={P: PU =UP, Pet},
we see easily by the formulas (2) and (3) in §41 that R also is a cloded
ring containing M and R c 7°c R .  Putting
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%% = {a%%: aeT},
we obtain obviously by (3) a ring of projection operatorc %" €& on
the ideal space R®:§ vy R . Furthermore the reduced operator
Ue§ of U is a transiator of T &, In fact we have by the
formulas (2) and (3)

us¥ Q%% ptd* = (vQu ®¥ € 58

For some Q €9, if 0% Q®&F # 1, then we have by definition

PQE€R for €Uy, PeR,andhence PQU % TUPQ for
3€TUp, PeR. Thus we obtain

P(1-Q)uQUu*so0 forSQUP,peﬂ,
This relation yields by Theorem 54.1

(1-Q%%)p%2 @%2u%8" ¢ o,
and hence Q%% g®% 3+ U® s @&, Therefore we have

Theorem 54.2. For a translator U of a closed ring of projec-
tion operators 4 containing 1, putting
R =1{P: UP=PU, Peq},
we obtain a closed subring 4 of 9" containing 1, and the reduced ope-

rator U%® of U in the ideal space R®'® by X also is a transla-
tor of the ring {Q®®: Q¢ 7*} such that we have
Q% ve.y = ULF QY QeT,

if and only if Q%% =1 or O.

§55 Measure Preserving Transformations

Let m¢ be a totally additive set cluss in an abstract space (L
and M a measure on MY . With the same notations in §48, we shall
say that a sequence ¢, ¢ L, (v =1, 2,...) is mean convergent by pm ,
if we can find <& € L, for which

1
a im(r.)- ¢(a)I"p(dg) =0
Then we have obviously by definition
Theorem 55.1. A sequence ¢, ¢ ), (v =1, 2,...) is mean con-

vergent if and only if C4, (v =1, 2,...) is convergent in the (Ls)-
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space R by m.
Let E(E) (&F ¢m) be the spectrality of the (Li:)-space R by

M and R the spectral ring of E . Por ¢, ¥ € La , if we have
Ce < Cy by ® , then we have by definition for every F ¢ my

f1e @)t pds) = ne@cyn?

2 SHE@) ey u® = [1¥(8)I* mldn),

On the other heud, putting ¥

F, = {5 19N> 1+ (BN,
we have | ¢ (% )I> ¥ (% )| for every % € &,, and hence

fre e pes)z (1v@)t pidsg).
%, ¥,
Thus we conclude

[ {1er - 1v @I iutds) =0,

¥
and hence M (F,) = 0, because |¥ (%) > | ¥ (%)l for every 3¢ ¥,.
Conversely if m(¥,) = 0, then we see easily by definition that we
have Co < Cy . Therefore we obtain

Theorem 55.2. We have Cy < Cy by R if and only if
plLs s 12 ()l v = p(a).

A sequence ¢, ¢L, (v =1, 2,...) is said to be convergent almost
everywhere by M , if we can find ¢ € L1 and ¥ € 7T such that we
have m(EF) = p () and

Mo ¢.(3)= ¢(3) for every 4 ¢ % .

With this definition we have

Theorem 55.3. A_sequence ¢, €L, (v =1, 2,...) is conver-
gen. almost everywhere by m , if and only if we can find a sequence
R 3PpTpsy 1 2and an element & ¢ R such that

('R)—}_i’nu PsCy, = Ppa forevery f =1, 2,.00 o

Proof. 1 (‘R)-bl_i'nu Cy, =0, then there is by definition a

function ¥ € L2 such that for any £ > O we can find ), for which
Cop, < £Cy forevery 1 2 1. Thus, putting
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_ o0 of ‘1-
g=T 20 (2 10G)Ns gIvGNL,
ve see easily by Theorem 55.2 that M (2) = m () and
"1_1..5.?,(5)=o for avery ¢ & .

For a sequence R 3 Pp Tpoi 1 we can find by Theorea 48.3 a se-
quence F, ¢ M such that Pp = E(ZF,) (p=1, 2,...). For such
2, (P=1, 2,..s) we have E('Z“'_" Z,) = 1, and hence by Theorem 48.2

M}'; F,)= plar).
b4 (ﬂ)-;l‘i'n“ PpCy, =0 forevery f =1, 2,..., then, since
PpCy, = E(Zp)cy, = cxir,“
we can find {r,em such that m(Fp) = m (1) and
JMa_ x;p(;)‘r.,(r,)so for every L e Fp, f =1, 2,000
as proved just above. Then we have

JLia % (5)=0 for every § €

w(EEp Tz PUZ Ep) (T ) = pi0),

and hence ¢, (L =1, 2,...) is convergent almost everywhere by m .
Conversely if ¢ € L, (v =1, 2,...) is convergent to O for % ¢¥ ,
p(E)= p.(.ﬂ.), then, putting for f =1, 2,...
={5: |9(3)Igf forevery v =1,2,...}%,
v,,v (8) = pup | %g, (3)% (5)1,

we see easily that i‘rc{',c.... M(F."pr)= M (),
Vo0 (B) 2 ¥ (B)2 ooy Mm ¥, (§)=0 for 5€d,

lli,(a)?,(q)lg Ve () for fedl, P ,v =1, 2,000 »
Thus we obtain E (%,)fel, 1 by Theorem 48.2,
C\")' > c\".s > LXXEY Vl-%-.‘ C-""v =0 (f = 1. 2,'-0)
by Theorem 55.2 and by Lesma 2 in §48, and further
E(%p)Cqy, = Cxg, ¢ < Cy,,, (Pyv =1, 2,...)
by Theorea 55.2. Therefore we conclude by Theorea 21.7

(ﬂ)-}_.’g.-“ E(¥p)Cy, =0 for every f =1, 2,... .

Mt

F, 3,

o

=1

A one-to-one correspondence T £ € £L (4 €¢.Q1) from L onto (L
itself is called a transformation of 7Y , if T M = 7t , making
use of the notations:

={Tg: geE}, Tm={TE: Feml.
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For a transformation T of ¢ , using the notation:
I7(8)= 2(71g) (5 eqn)

for functions ¢ on (l, , e see easily that ¢ T is (4r)-aeasurable if
and only if ¢ is so.

For a transformation T of 7t we shall say that T preseryes the
measure m , if M(TZ) = m(Z) for every F¢ e .

Let T be a transformation of 7y which preserves the measure m
in the sequel. Putting

TUrlqg = Cor  (PeLs)

ve ses easily that Uy is a linear operator on the (La)-space R by
M. Since we have for every < ¢ Lg

Uy cqll® = fl?(*r; Nuld g) = JI?(T; NpldTy)
a a =lcen?,
and the range of U, coincides with R , Uy 1s a unitary operator on
R . Thus, recallin Theorem 55.1, wo obtain by Theorem 50.1

Inheorem 55.4.  _For every transformation T of M, AL T RXe=_
serveja measure M on ¢ , then -3-;2"_' ¢T?t (v =1,2...) i
0

mean convergent by m for every ¢ € La.

This Theorem 55.4 is called Mean Ergodic Theorea.
For the characteristic function X g of & ¢ ¢ we have obviously
x;,(n.):x,..i(r.) (g en)
for the inverse transformation T -'of T , because & 3 TZ if and only
it T°'F 2 4. Thus we have by definition for every ¢ € L2

UTE(E)C? = c(‘liT)(?T)a va_‘! (?T)= E(T“;)U-'c,,

and hence U¢ E(2)U,* = E(T'E).  Accordingly Uy is a transs
lator of the spectral ring R of E . Therefore, recalling Theorem
55.3, we obtain by Theorem 52.4

Theorem 55.5. For every transformation T of 71t , if T pre-

ve=t

servess measure m on MY , then %rz;‘a ¢eT1f (v=1,2,...) 18

convergent almost everywhere by M .
This Theorem 55.5 is called Individual kErgodic Theorea.
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APPENDIX PROOFOF pt =C[

In rroor of Theorem 43.3 we have admitted without proof the fact
that for a system of different cardinal numbers 4 sH (A€A) we
have 3= b < 4, if A is infinite. Since the density of & ‘°is

rEA

not greater than At , this fact follows immediately from

Theorem e =€ for every infinite cardinal number [ .

Proof. Let L be a space with infinite density. For every
set 4 ¥ 0 we denote by A% the totality of finite systems uof elem-
ents from A , that is, -

A = {(a1,02,e00,8p) ¢ 2L €A (V¥ =1,000,fP), P=1y 2,000 }

With this notation it is evident that for every A and B with same den-
sity the density of A“ coincides with that of B« . Furthermore
the product of the densities of A“ and B “ is obviously not greater
than the density of (4 + B ). Thus, denoting by sf4 the density
of A% , if the density of A is infinite, then %4 44 = A4 .
Therefore we need only prove that there exists a subset A < .[L
for which the density of (L coincides with that of A%, By virtue
of Maximal Theorem we can find a maximal subset A CJL with a one-to-
one correspondence between A and a subset B4 <. 1L such that A ¢ Ba
and the density of A is infinite. Then the density of S/L - B 4 is
not greater than that of A%. Because, if the density of (L - BA
is greater than that of A4“, then for an element o € M) — BA the
density of {& , A1“ - A% is less than that of SL- B 4 , since the
density of {a , A}W coincides with that of A4“. Thus we can find
a subeet 5{0'” ¢ (L and a one-to-one correspondence between {a , 4}%

and 5“' A} such that {a, A} c B{G,A} and this correspondence in-

cludes the correspondence betwsen 4 and B A» contradicting the maxi-
mality of the subset A . Therefore the density of JL- B4 is not
greater than that of A“, and hence the density of £l coincides with
that of A%, because the demsity of (L is infinite.
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