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PREFACE TO FIRST EDITION

Application of the theory of groups to the solution of
physical problems is known to have been quite fruitful.
This subject has acquired considerable importance in recent
years and some literature has grown around it. The
authors have felt that physicists will stand to gain by
making an extensive use of this powerful tool of investiga-
tion in their efforts and have accordingly undertaken the
writing of this book, prompted by the feeling that there is
no connected account in the English language dealing with
the important applications of group theory. This book is
intended as an introductory study of the theory of groups
to a person who has no easy access to an orthodox mathe-
matical treatise on the subject for the purpose of making
him understand the method of applying the same to
various problems and appreciate the advantages thereof.
There are, of course, many standard works dealing
with the mathematical theory of groups but only a few
articles have been written which deal with the physical
aspect and that too scattered in different journals.

Wigner, Gruppentheorie und ihre Anwendung auf die
Quantenmechanike der Atome; Weyl, The Theory of Groups
and Quantum Mechanics; Van der Waerden, Die Gruppen-
theoreitsche Methode in Der Quantenmechanik ; Moderne
Algebra; Littlewood, The Theory of Group Characters and
Matrix Representations; Speiser, Die Theorie der Gruppen
Von Endlicher Ordnung; Burnside, The Theory of Groups;
Hilton, Mathematical Crystallography and The Theory of
Groups of Movements are amongst the books consulted by
the authors. Eckart, “Application of Group Theory to the
Quantum Dynamics of Monatomic Systems,” Rev. Mod.
Phys., Vol. 2, p. 305 (1930); Rosenthal and Murphy,
“Group Theory and the Vibrations of Polyatomic Mole-
cules,” Rev. Mod. Phys., Vol. 8, p. 317 (1936); Sponer and
Teller, ‘‘Electronic Spectra of Polyatomic Molecules,” Rev.
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Mod. Phys., Vol. 13, p. 75 (1941); Wigner, ‘‘Uber die
Elastischen Eigenschwingungen Symmetrischer Systeme,”
Gott. Nach., p. 133 (1930); Tisza, “Zur Deutung der
Spektren Mehratomiger Molekiile,” Zeit. Phys., Vol. 82,
p. 48 (1933) are some of the more recent journal articles
dealing with the physical applications of group theory. The
authors would like to acknowledge their indebtedness to
these sources of information.

It is earnestly hoped that this account of the theory of
groups in its application to physical problems will serve
a real need for physicists interested in the subject.

Department of Physics,
Andhra University, S. BHAGAVANTAM.
Waltair (India), T. VENKATARAYUDU.

15th May 1948.

PREFACE TO SECOND EDITION

First Edition of this book was received well in several
quarters and the increasing demand for the same has
necessitated the preparation of a Second Edition. A few
alterations and additions have been made.

S. BHAGAVANTAM.
15th April 1951. T. VENKATARAYUDU.

PREFACE TO THIRD EDITION

With a view to meet the increasing demand for the
book, we have prepared a Third Edition. Some alterations
and additions have been made.

S. BHAGAVANTAM,
15th May 1962. T. VENKATARAYUDU.



FOREWORD

Professor Bhagavantam is the author of a treatise
entitled ““ Scattering of Light and the Raman Effect” which
was published a few years ago and which met with a gratifying
reception. The investigations on which he has been engaged
both before and since the publication of that book led him
to interest himself deeply in the theory of groups and in its
applications to various branches of Physics. Many valuable
publications in this field have emerged from the Andhra
University. The present book is in a sense the fruit of those
activities. Tt represents a serious effort to present a branch
of mathematics which is of great and growing importance
to physicists generally in a manner which will appeal to
and interest them. 1 believe that the book will be widely
used and appreciated.

BANGALORE, C. V. Raman.
15th May 1948.
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CHAPTER 1

GROUPS

Group Postulates—A group is a set of distinct elements
a, b, c, ... satisfying the postulates given below. By means
of a composition rule R, there arises from any two elements
a and b of the set, a unique element aRb which is usually
written as ab and called the product ab. If a and b represent
the same element, the product ab will be written as a% and
called the square of that element. The product element ab
may be further combined by the same composition rule R
with another element ¢ and the result of such a combination
‘will be represented by (ab) c. If on the other hand, the pro-
duct bc is first formed and the combination of a with bc is
then obtained, the result will be represented by a (bc). With
this interpretation, if the two results (ab) ¢ and a (bc) are
identical, the three elements a, b, ¢ are said to obey the
associative law. The composition rule R itself may be of a
very general kind. For example, it may be ordinary multi-
plication or addition or it may stand for any other specified
process. Irrespective of the process which it connotes, R
is generally referred to as multiplication. There is also no
restriction on the nature of the elements that constitute a
group. The postulates are:
1. The product of any two elements and the square of
each element of the set are also elements in the set.
2. The associative law, namely a (bc) = (ab)c, holds
for all elements in the set.
3. The set contains an element E called the identity
element such that aE = Ea = a for every element
a in the set.
4. Each element a of the set has an inverse element,
represented by the symbol a! belonging to the
set and satisfying the relations aa™ =ala = E.
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In postulates 3 and 4 it is sufficient to assume that
either aE=a and aa* = E or Ea=a and ala = E. The
other pair of relations will then follow. For, assuming the
first set of relations namely ¢F = a and aa~! = E, we have
ala=al'aE=a'la@V) (@) *=a'E@)!'=a'(@H)?
= E and Ea = aa'a = aE = a. It may similarly be shown
that the second pair of relations will lead to the first pair.
As a consequence of postulate 1, it follows that the product
of any three or more elements is also an element in the set.
If the product consists of the same element repeated p times,
the result is written as aP. The composition rule R, some-
times referred to as the group operation, is not necessarily
commutative. When it is not commutative, ab and ba are
distinct elements. Ordinary multiplication and addition are
examples of commutative operations when the elements
in the set are ordinary numbers. These operations are also
associative whereas ordinary subtraction is an example of
an operation which is neither commutative nor associative.
On the other hand, if a, b, ¢, ... are ordinary numbers and
ab stands for the arithmetic mean of a and b, it may be noted
that such an operation is commutative but not associative.
If the operation is commutative for all pairs of elements,
the group is called an Abelian group.

If the elements in a group are finite in number, the
group is said to be finite and the number of elements in it is
called the order of the group. If the elements are infinite
in number, the group is said to be an infinite group. A
group which consists of a single element a and its powers.
a? ...aP=E, is called a cyclic group of order p, if p is
the smallest positive integer for which a? = E. p is then the
order of the cyclic group and is also called the order of the
element a. It is easily seen that a cyclic group is Abelian
for a"a®= a®a”, because each is the product consisting of
the same element repeated r + s times. It may be noted
that a set of elements constituting a group under one com-
position rule does not necessarily constitute a group under
a different composition rule. For example, all positive
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and negative integers including zero form a group under
ordinary addition but do not do so under ordinary multi-
plication.

It may be verified that the group postulates are satisfied
in the simple example consisting of the set 1, i, —i, —1
where the composition rule R is ordinary multiplication.
They thus form a group of order four. 1 is the identity
element, 1 and —1 are inverses of themselves and i and —i
are inverses of each other in this group. It may further be
noted that the group is cyclic because the different elements
are powers of the single element i or —i.

Displacement of a Rigid Body.—If a point of a rigid
body is held fixed, it is free to rotate about that point. If
another point of the body is also kept fixed, the body is
free to rotate about the line joining the two fixed points.
The fixing of a third point of the body, not collinear with
the other two, fixes the position of the body. Hence the
position of a body in space is uniquely determined, if the
positions of any three non-collinear points in it are known.
The most general displacement of a rigid body is therefore
one in which any three points 4, B, C of the body are dis-
placed to say 4’, B’, C'. It may be proved* that this dis-
placement can be effected by a translation of the body as
a whole followed by a rotation about a suitable axis.

In the above displacement, the translation is not neces-
sarily in the direction of the rotation axis, but it can be
effected by a rotation of the body about a suitable parallel
axis followed by a translation in the direction of the rotation
axis itself. The latter operation is called a screw. A general
displacement of a rigid body is thus a screw.

Symmetry Operations.—We shall define the movement
of a body as an operation by which the distance between
any pair of points is not altered. Simple examples of move-
ments are bodily translations and rotations. A general
displacement of a rigid body is also a movement as it is a

* E. T. Whittaker, Analytical Dynamics of Particles and Rigid Bedics.
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combination of these two simple movements. It is possible
to perform certain other operations which may be classed
as movements, because the condition that the distance
between any pair of points in the body remains unaltered
may be satisfied. Reflection in a plane is an operation of
this kind. Since a general displacement of a rigid body
is a screw, a general movement can be considered as a com-
bination of the simple movements, namely, translations,
rotations and reflections. That this in fact is the case follows
from the result that a general movement which keeps the
distance x? + y? 4 z% from a fixed origin invariant is either
a rotation or a rotation-reflection (Appendix II).

If in the case of a rigid body or a geometrical figure,
from amongst all the possible movements we pick out those
that have the special property of bringing the body or the
figure as the case may be into superposition with itself, we
shall be picking out movements which may be called sym-
metry operations. These symmetry operations* give an
indication of the shape possessed by the body. In the case
of a finite body, because of the condition of superposition,
all movements which involve a bodily translation either by
itself or in combination with other movements cannot be
counted as symmetry operations. From the definition of
the symmetry operations, it follows that a complete set of
them in respect of any particular body or figure will satisfy
all the group postulates under the composition rule of con-
secutive application of the symmetry operations. Such a

* It is more appropriate to call such operations geometrical symmetry
operations, because we may conceive of other types of operations which merely
bring the body or the geometrical figure into superposition with itself but are
not movements as per the definition already given. For example, in a system
of identical particles occupying the corners of a regular pentagon, the inter-
change of a pair of particles satisfies the condition of superposition but is
not a movement because the condition that the relative distances between all
pairs of pointsin the body should remain unaltered is notsatisfied. In physicak
applications, the invariance of the energy expression is of primary importance.
In several problems, the potential energy is assumed to be such that it is
invariant under all transformations which correspond to movements. But
this is not necessarily so in all cases.
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set of operations will therefore form a group and this group
is called a point group appropriate to the body or the figure,

Symmetry operations in finite bodies are of various
kinds. Rotations about lines passing through a fixed point
and reflections in specified planes containing the fixed
point are typical ones. Combinations of rotations are
again rotations and the combination of reflections in two
planes is a rotation about the line of intersection of the two
reflection planes, the angle of rotation being twice the angle
between the reflection planes. Combinations of rotations
and reflections are of two kinds. In the first, the plane of
reflection contains the axis of rotation and this combination
is equivalent to a reflection in a different plane. In the second,
the plane of refl=ction is inclined to the axis of rotation,
and this combination is equivalent to a rotation about a
different axis followed by a reflection in a plane perpendi-
cular to that axis. Such an element in which the reflection
plane is perpendicular to the rotation axis is called a rotation-
reflection. A simple reflection may, however, be considered
as a special case of a rotation-reflection where the rotation
is through O or 2#. A rotation by = about any axis followed
by a reflection in a plane perpendicular to it is of special
significance, because as a result of such an operation every
point of the figure or the body gets inverted about the point
of intersection of the reflection plane and the rotation axis.
Such a point will be called a centre of inversion. Every
symmetry operation in the case of a finite body can there-
fore be reduced to a simple rotation or a rotation-reflection.
When the smallest angle of rotation which brings the body
to superposition with itself is 2#/p, then the corresponding
axis is called a p-fold axis of rotation and the symmetry
operation is usually designated by the symbol C,. A plane
of reflection is designated by the symbol o. The plane of
reflection may sometimes contain the symmetry axis of the
body in which case the subscript v is used to describe it.
The plane of reflection may sometimes be perpendicular
to the symmetry axis and in this case the subscript 4 is used
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to describe it. When a body contains reflection planes of
more than one type, they are described by different super-
scripts as o'y, 0"y, €tc. When it contains several symmetry
elements of the same type, the number p of such symmetry
elements is indicated by a coefficient as in pC,, poy, etc.
Other elements such as rotation-reflections are described
by the symbol S, which stands for an operation in which
a rotation of 2w/p about an axis is followed by reflection in
a plane normal to the rotation axis. The special element
of a centre of inversion which is an S, is designated by the
symbol i. The symbols Cz, Cy, C. are used for digonal
rotations about the co-ordinate axes X, Y, Z respectively.
Similarly the symbols oy, oy, o, are used for reflections in
the co-ordinate planes YZ, ZX and XY respectively. Identity
operation, which is the same as rotation through O or 2«
about any axis, is a symmetry operation for all bodies and
is designated by the symbol E, because this element takes
the place of the identity element in the group.

Point Groups.—As an illustration of a simple point
group, we enumerate the symmetry operations appropriate
to an isosceles triangle. This figure can be brought to super-
position with itself by a rotation of 2= about any axis (E),
by a rotation of 7 about an axis in the plane of the triangle
and bisecting the vertical angle of the triangle (C,), by a
reflection in the plane of the triangle (op), by a reflection in
a plane perpendicular to the plane of the triangle and con-
taining the C, axis (o,). These symmetry elements consti-
tute a point group of order four. The group is Abelian
because all the elements taken in pairs are commutative.
Also the result of combining any two of the three elements
C,, op, and oy, is the third one. It may be noted that every
element is its own inverse in this group.

We shall next take the example of a regular tetrahed on
and deal with its symmetry operations in some detail. A
tetrahedron can be brought to superposition with itself by
a rotation of 360° about any axis through its centre (E,
by a rotation of 120° either way about the four tetrahedral
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axes formed by joining the centre to each one of the vertices
(8C,), by a rotation of 180° either way about the three
mutually perpendicular lines obtained by joining the middle
points of opposite edges of the tetrahedron (3Cy), -by reflec-
tion in any one of the six planes formed by the centre with
each one of the six edges (60) and by a rotation through 90°
either way about the three mutually perpendicular lines
cited above followed by reflections in planes passing through
the centre and perpendicular to the rotation axis in each
case (65S,). The coefficients like 8 in 8C;, 3 in 3C,, etc.,
denote the number of symmetry operations of the particular
type. It may be noted that in the case of C;, the two rota-
tions in opposite directions about the same axis are counted
as distinct elements whereas in the case of C, they are counted
as one element. This is a consequence of the fact that in
the latter case, any given point of the body moves into the
same position for both types of rotation which thus become
indistinguishable from each other. In the former case,
the point moves into different positions. The symmetry
operations will be written as E, 8C;, 3C,, 60, 6S,. They
constitute a point group of order 24 and thus become the
group elements. That these elements satisfy all the group
requirements may easily be verified.* The molecule of
phosphorus (P,) is an example of a structure possessing
this type of symmetry.

The case of benzene (C¢Hg) molecule is instructive as
it exhibits several of the typical symmetry operations appro-
priate to a finite body. This molecule is known to possess
a plane regular hexagonal structure and the symmetry opera-
tions are just those of a regular hexagon. They are identity
(E), a rotation of 60° either way about the symmetry axis
normal to the hexagonal plane (2C¢), a rotation of 120°
either way about the same axis (2C;), a rotation of 180°
either way about the same axis (C,), a rotation of 180° either

* A hollow geometrical model will greatly help in picturirg tte various
symmetry operations and the results of their combination. Verification may
also be done analytically.
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way about the three lines joining the opposite vertices of
the hexagon (3C,), a rotation of 180° either way about the
three lines joining the middle points of opposite edges (3Cy’),
a centre of inversion at the centre of the hexagon (i), a
rotation of 60° either way followed by a reflection in the
plane of the molecule (2S;), a rotation of 120° either way
followed by a reflection in the same plane (2S3), a reflection
in the plane of the molecule (op), a reflection in any one of
the three planes perpendicular to the plane of the molecule
and passing through opposite vertices (30,), a reflection in
any one of the three planes perpendicular to the plane of
the molecule and passing through the middle points of
opposite edges (30’,). These operations constitute a point
group of order 24.

In this manner, every geometrical body or molecular
structure is characterized by a set of symmetry operations
which, when completely enumerated, constitute a point
group.

Space Groups.—It has been pointed out that in the case
of finite bodies, while enumerating the symmetry operations,
all movements which involve a bodily translation either
by itself or in combination with other movements cannot
be counted. If, however, we are considering an infinitely
extending body or an idefinitely repeated pattern, we can
conceive of a pure translatory motion which brings the body
or the pattern as the case may be into superposition with
itself. The introduction of a translatory motion automati-
cally introduces new elements of symmetry which are in
the nature of combinations of a translation with the sym-
metry elements appropriate to a point group. Screw axis
which is a rotation followed by a translation along the axis
and a glide plane which is a reflection followed by a trans-
lation along a direction lying in the plane of reflection are
typical examples of such new elements. The translations
7 in these two cases may be called fractional translations.
Twice = in the case of glides, because reflections are of
order two, and pr where p is the order of the rotation part
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in a screw will always be pure translations. It may be noted
that a reflection in a plane followed by a translation along
any direction can be reduced to that of a glide plane of reflec-
tion. In fact, if we take the reflection plane as the XY plane
and the components of the translation as a, b and c, it is
easily seen that the combination is equivalent to a reflec-
tion in a parallel plane at a distance of ¢/2 followed by a
translation in the plane with the components a, b, 0. The
simpler elements such as an axis of rotation or a plane of
reflection may be regarded as particular cases of a screw
axis and a glide plane respectively in which the translation
is zero. Superscripts s and g are used along with C and
o to denote that the corresponding elements of symmetry
are screw axes and glide planes. T is used to denote a pure
translation. A suffix to this letter indicates the direction
in which the translation is performed. The presence of
symmetry operations involving translations either as such
or in combination with the elements characteristic of a point
group implies the presence of repetitive symmetry in space.
Pattern decorations are common examples of such a sym-
metry. All symmetry operations characteristic of a given
body or pattern, because of the condition of superposition,
constitute a group which is called a space group. Space
groups can be built up from point groups by considering
all the possible ways in which translatory movements in
space can be combined with the various symmetry operations
characteristic of the point group under consideration.
Examples of space groups will be furnished in the following

Chapters.



CHAPTER 11

ONE-DIMENSIONAL LATTICE

Symmetry of the Lattice.—Pattern decorations of
different types furnish good examples for illustrating groups
of symmetry operations. Strip decorations are the simplest
and are obtained by using a one-dimensional lattice as the
framework. A set of points all of which can be reached
by starting from any one of them and by performing a basic
or primitive translation 7T or an integral (positive or nega-
tive) multiple thereof, the translation being always confined
to one direction is said to constitute such a lattice. 1t
follows that all such points lie on a straight line which may
be taken as the X axis. Such a single straight chain of
equally spaced points will possess an infinite set of symmetry
elements, because the axis itself is of infinite-fold rotational
symmetry. At each of the lattice points, a sphere or a
circular disc with its plane perpendicular to the X axis may
be located such that the resulting pattern will still possess
the infinite-fold rotational axis of symmetry. On the other
hand, if a plane regular polygon of »n sides is located at each
one of the lattice points with its plane perpendicular to the
X axis, what has been an infinite-fold rotational symmetry
axis in the lattice becomes only an n-fold rotational symmetry
axis in the pattern. There are obviously several alternative
ways of building up symmetry patterns using such a uni-
dimensional lattice. In order that we may confine ourselves
to what may be called strip decoration, we shall impose the
restriction of making the X axis digonal. With this res-
triction and confining ourselves to a finite portion of the
lattice extending equally on either side of the origin along
the X axis, the lattice will possess the following symmetry
operations:
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E o Xem> X Y—» Y Z—~> Z
Ce . X X Y>—Y Z—>—2
Cy e X>—X Y—» Y Z—>—-2
C, e Xo>—X Y—>—Y Z—~ 2Z
i o X—>—X Y—»—Y Z—>—2Z
oy e Xo—-X Y—» Y Z—~> 2Z
oy .. X—> X Y—>—7Y Z—~> Z
oy oo X—> X Y—» Y Z—>—-2

All the elements except E are of order 2. The transforma-
tions of the co-ordinates are given against each symmetry
operation. It may be noted that C;, o,, oy, o, are the
products C;Cy, Cxi, C,i, C,i respectively. Cy, Cy and i
constitute a set of generating elements of the above group,
i.e., every element of the group can be obtained as a com-
bination of these three elements. Such a set of generating
elements may be chosen in various ways. For example,
oy, 0 and C, form an alternative set.

The set of lattice points need not, however, be finite as
it is possible to repeat the primitive translation idefinitely.
In such a case, the lattice will become an infinite one and
operations of the type T,, T.2 ... will be also symmetry
elements of the lattice. A complete set of symmetry opera-
tions of an infinite strip will consist of the elements EC,
Cy Czioy0y0, and their combinations with the translations
E T, T,% etc. In this case, however, the symbols E C, Cy
C, i oy 0y 0o, Will still be used with the understanding that each
symbol S stands for a class of symmetry operations obtained
by combining S with all the translations ET,T.2 etc.

One-Dimensional Motives—If we now put a motive at
every lattice point, we obtain a pattern of decoration. The
motive may be quite general. However, by putting at each
lattice point a motive which has no extension either in the
Y direciion or in the Z direction, we will be dealing with
the very simple case of a chain-like pattern. The symmetry
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operations Cy, oy, o, then become indistinguishable from
E as any given point of the pattern goes to its own or an
equivalent position as a result of all these operations. Simi-
larly the symmetry operations C,, C,, o become indis-
tinguishable from i as any given point of the pattern moves
into an equivalent position by all these operations. In this
way, by locating only a one-dimensional motive on the
lattice, we get one of the two possible alternative patterns
according as the motive possesses the symmetry elements
E and i or E alone. The lattice is unique and one-dimen-
sional.

Two-Dimensional Motives.—In the particular case when
the motive has no extension in the Z direction but has an
extension in the X and Y directions, the symmetry elements
Cy, Cy, i, o, cannot be distinguished from o, oy, C,, E res-
pectively. The group of symmetry operations then reduces
to one of order 4 and consists of the following elements:

E e X—> X Y Y
C, o X>—X Y>—Y
ox o Xo—X Y Y
oy o X—> X Yo—Y

We can locate at every lattice point, a motive possessing
all the above symmetry operations and obtain a pattern
whose symmetry is the same as that given above. On the
other hand, by locating a motive whose symmetry opera-
tions constitute a subgroup* of the above group, we will
be obtaining patterns of that lower degree of symmetry. The
subgroups of the above group are E; EC,; Eoy; E oy;
and each one of these four can be used as the symmetry group
of the motive for the pattern besides the main group
E C, 04 oy itself.

If we further consider an infinite lattice, the possibility
of having new symmetry elements such as screw axes of

* In a group, a subset of elements which forms a group by itself under
the same composition rule is said to constitute a subgroup of the original
group.
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rotation and glide planes of reflection has to be taken into
account. It has already been pointed out that the direction
of a glide should lie in the plane of reflection and the direc-
tion of a screw should lie along the axis of rotation. In
the symmetry groups relating to one-dimensional patterns,
the translation is along one direction only and therefore
glide planes of the oy class alone are possible. Such a plane
will be analytically represented as X—X + = and Y—»— 7Y,
where the least value of 7 is T/2, because the glide per-
formed twice should result in a full unit of translation bring-
ing every lattice point to its immediate neighbour. Since
the glide o, is equal to the product C;o,, C;and o, cannot
both be situated at the origin. As a consequence of this,
a general description of the symmetry elements appropriate
to an infinite flat strip will be

E o X X Y» Y
C;, .. X>—X+b YooY
Ox .. X>—X+a Y—» Y
oy e X> X4a+bY>-Y

where ¢ and b are parameters. It may be noted that 24
or 2b is equivalent to identity, and thus there is no distinc-
tion between @ and — @ or b and — b. As explained pre-
viously, each one of the symbols E, C,, oy, oy stands for a
class of symmetry elements. For example, C, stands for an
axis of rotation at the point 5/2, 0 and for a combination
of this rotation with all translations. The plane o, cuts the
X axis, at the point @/2, 0 and other elements of this class
pass through corresponding points. If C, is chosen as the
Z axis itself, b becomes zero and we will be left with a single
parameter a alone. As every operation done twice should
give rise to either the identity element E or a full unit of
translation T, the parameter a can take the values 0 or T/2.
It is obvious that a space group will contain a glide plane
only when a = T /2. Otherwise, oy is a simple reflection
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plane. The distinct symmetry patterns may then be de-
scribed by the space groups E C 05 0 yand E C,0.0,5. We
can also have symmetry patterns having subgroups of either
of the above space groups. Each of the groups E; EC,:
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Eoy; Eoy; Eay is a subgroup of at least one of the above
two space groups. Thus, when the lattice is an infinite one,
two more symmetry patterns, namely, E C, 0,0, and Eayf
are possible in addition to the five that are present in the
case of a finite lattice. The superscript g indicates, as has
been already mentioned, that the symmetry element is a
glide plarie of reflection. We have thus been enabled to
build seven space groups in the case under consideration,
whereas, there are only five point groups. These seven
alternatives are the well-known infinitely repeated strip
decorations of the flat type and are diagrammatically repre-
sented in Fig. 1. The lattice is unique and one-dimensional.
Three-Dimensional Motives.—In the above patterns, the
motives used are only two-dimensional. If we do not impose
the restriction of neglecting the Z axis but take it into account,
i.e., permit an extension of the motive in the Z direction
also, the eight elements of symmetry of the flat strip already
enumerated become distinct, and we can locate at every
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8. EC,

9. ECyoy0,
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lattice point, a point group possessing all or some- of these
elements of symmetry. Its subgroups are of order 1, 2 or 4.
All the possible subgroups with their elements of symmetry
are given above from 1 to 16 in Fig. 2. Translations, because
they are confined to the X axis, will generate new elements
in combination with Cy, oy, and o, only. By taking oy, o, and
C, as generating elements, a general description of the group
may be given as follows:

E oo X X Y» Y Z—» Z
Cx .. X X4a+b YooY Z>—2Z
Cy .. Xo—-X+a+b Y Y Z>—-2Z
C, .o X>—X Y>—Y Z—> Z
i .. X>—X+0b Y>—Y Z—>—2Z
Oy o Xo—X+a Y Y 22— 2Z
ay .. X> X+a Yo—Y Z— Z
g, .. X— X+0b Y Y Z—»-Z

The parameters a and b can take the values 0 or 7,/2. There
are four distinct ways of choosing the parameters. Accord-
ingly, we get four groups of order 8, of which the one corres-
ponding to a = 0, b = 0 has already been given on page 11.
The other three along with their subgroups, repetitions not
being counted, will give 15 new (space groups) symmetry
patterns. The symmetry elements in each of these new groups
together with the surviving parameters are given from 17 to
31 in Fig. 2. The values of the parameters, when mentioned,
should always be taken as T,/2. Against each one of the
patterns 1 to 31 is shown the appropriate figure where a plus
sign stands for a projection upwards and a minus sign stands
for a projection downwards. The superscript s indicates that
the symmetry element is a screw axis of rotation. We have
thus been enabled to build 31 space groups utilizing only 16
point groups for the case under consideration. The lattice is
unique and one-dimensional. The patterns may still be de-
scribed as strip decorations but with elevations and depres-
sions in the strip being permitted.



CHAPTER III
LATTICES IN TWO DIMENSIONS

Symmetry of the Lattices—A set of points all of which
can be reached by starting from any one of them and by
performing basic or primitive translations Ty, T, or integral
(positive or negative) multiples thereof, the translations now
being confined to two chosen directions X and Y, is said
to constitute a two-dimensional lattice. Surface decorations
are formed with such lattices as their framework.

From the definition it follows that the lattice points are
at the intersections of two sets of equidistant parallel lines
as in Fig. 3. Putting O4 = T, OB = Ty, and / AOB =y,

FiG. 3

we see that for a given y two cases arise according as T # Ty,
or Ty= Ty. The symbols T and Ty will be used for the res-
pective operations as well as for the lengths of the corres-
ponding vectors. In the former, except when y = 90°, the
lattice exhibits a rotation axis of order two only. This axis
is perpendicular to the plane of the lattice. When y = 90°,
the lattice becomes rectangular and develops additional ele-
ments of symmetry. In the case Tr= T, two special values
of y, namely 120° and 90° have to be recognized, as they cor-
respond respectively to trigonal and tetragonal symmetries,
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Trigonal symmetry here is easily seen to imply hexagonal
symmetry also. A fifth case is one where T,= T, but
¥ 5% 120° or 90°. This exhausts all the possible types of
symmetry as may be seen from the following argument. A
symmetry axis lying in the plane of the lattice points should
be digonal only, as otherwise, the plane will not come into
superposition with itself as a result of such a rotation. For
the same reason, a symmetry axis which is inclined to the
lattice plane should be perpendicular to it. If this is a
p-fold axis of symmetry, we will show that p can take values
1, 2, 3, 4 and 6 only. Taking OA in Fig. 2 as the X axis
and a line perpendicular to it and passing through O as the
Y axis, the co-ordinates of 4 and B may be taken as (a, 0)
and (b cosy, b siny). Here a and b are respectively the
same as T and T, which are the lengths of O4 and OB.
As a result of the symmetry operation Cy, the lattice point
(a, 0) goes over to the point (@ cos 2#/p, — asin 2n/p) and
this should coincide with a lattice point, a general form of
which is (ma + nb cos vy, nb sin y), where m and # are positive
or negative integers or may take the value zero also. Solving
for m and n we obtain

m= S0+ 27/p) g, asin2mp

sin y b sin y

Similarly taking the lattice point (b cos vy, b sin y) and putting
the condition that it should go over to a lattice point as a
result of the operation Cp, we obtain that

sin (y — 2m/p)/sin y and (b sin 2#/p)/a siny
are integers. Combining this result with the previous one,
we obtain that 2 cos 2n/p, (asin 2#/p)/b siny should be
integers. p should therefore be either 1, 2, 3, 4 or 6.

The above result may also be proved in a slightly different
way. Take any lattice point 0 as the origin of the co-ordi-
nates and let 4 be a lattice point nearest to 0. Take OA as
the X axis and a line perpendicular to it as the Y axis. Let
the length of O4 be a. We prepresent the point 4 by its co-
ordinates in the form (g, 0). By a rotation through ¢, let
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A be transformed into A’ (a cos ¢, a sin ¢). Similarly, by a
rotation through —¢, let A be transformed into 4” (a cos ¢,
— a sin ¢). We now have three vectors 04, 04’ and OA";
A’ and A" being lattice points of rotation through ¢ is a sym-
metry operation. Three other lattice points may be formed
by combining the vectors as (04’ + 0A4), (OA’ — OA) and
(OA" + 0A"). The three lattice points thus obtained are
(acosd + a, asin¢), (acosé — a, asin$) and (2a cos ¢, 0)
and their distances from the origin should be either zero or
> a, because a has been taken to be the distance from the
origin to the nearest lattice point. It may easily be seen
that |2a cos ¢/2|, |2a sin ¢/2| and |2a cos ¢| are the distances
of these three lattice points from the origin and these should
be greater than or equal to a, in case they are different from
zero. Consequently, ¢ can take the values 0, + /3, 4+ =/2,
+ 2n/3, or = only and if ¢ =27/p,p =1, 2, 3, 4 or 6.
The five lattices that are possible in the two-dimensional
case are described below in terms of the parameters Ty, Ty,
and y. The names used are such that they lead to the con-
ventional nomenclature of the three-dimensional lattices.

(y # 90° (Monoclinic)
Tet Ty i
Ly = 90° (Orthorhombic)
[y = 120° (Hexagonal)
Tr=Ty i'y = 90° (Tetragonal)
y #% 120° or 90° (Orthorhombic)

It is important to note that the last of the five lattices
(Ty= Ty; vy # 120° or 90°) can alternatively be referred to
translations Tp+ Ty= T and T,— Ty= T, ' which are
unequal vectors along two mutually perpendicular direc-
tions. In fact, this description has the merit of bringing
about the symmetry properties of the lattice explicitly by
putting it under the orthorhombic class (T, # Ty ’; y = 90°)
but does not conform to the definition of a lattice because
every lattice point cannot be covered by performing the new
translations. It will be recognized that there are points



22 THEORY OF GROUPS

at the centres of the various rectangles of the new system
and the lattice may therefore be referred to as a cell-centred
orthorhombic one or the derived orthorhombic one. In
two dimensions, we have thus five lattices coming under four
systems or types of symmetry.

The minimum symmetry possessed by a two-dimen-
sional lattice is that of the monoclinic class (Ty#Ty; v # 90°%
characterized by the identity operation, a centre of inversion,
a digonal axis normal to the lattice plane and a reflcction
plane coinciding with it. Lattices possessing higher symmetry
are obtained as special cases of this simple type when the
parameters T, Tyand y take special values. The symmetry
elements of four systems appropriate to the two-dimensional

lattices are given below.

System Symmetry Generating
Operations Flements

Monoclinic .. ECjio, Cyi
Orthorhombic . E CnyCz l Uz Uy (’Z Cz Cz ’
Tetragonal .. E2C,C,2C,)2C)

i 28, op20y’ 20" C,C)i
Hexagonal .. E2C;2C;C,3C, 3C,

i 285 2S¢ op 30y’ 30y,” CeC, i

Taking each one of the five lattices, we can locate at
every lattice point a motive possessing all the symmetry
operations of the lattice and obtain a pattern whose symmetry
is called the holohedral symmetry of the lattice. Even if a
motive of higher symmetry is located at each one of the
lattice points, the pattern as a whole will not acquire that
higher symmetry. By locating subgroups of the holohedral
group at each lattice point, we obtain patterns of that lower
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symme ry. In fact, the point symmetry of the pattern, in a
general case, has elements common to those of the lattice and
the motive when the motive is appropriately oriented. It
may be mentioned that we have not so far introduced sym-
metry elements involving fractional translations. If we take
these also into account, the motives having the above sym-
metries may be split up to give rise to glide planes and screw
axes in the place of the corresponding ordinary reflection
planes and rotation axes. We should also note that under
certain circumstances, different space groups may be built
up by using the same lattice and the same motive but by
adopting different orientations of the motive with respect to
the lattice.

Two-Dimensional Motives—Considering only motives
which have no extension in the Z direction, the group of
symmetry elements of the holohedral class of patterns in
each lattice will reduce to one of order half that of the full
group and the corresponding elements are given below.
The rest of the symmetry elements in each case become
indistinguishable from those given.

System Symmetry Generating
Operations Elements
Monoclinic .. EC, C,
Orthorhombic .. EC; Cy C, C.C,
Tetragonal .. E2C,C,2C) 2C) C, C

Hexagonal oo E2Cg2C; C33Cy 3G, Cs C'

By locating one or other of the motives poss:s ing
symmetry elements E C, or E alone on the monoclinic lattice
we get two patterns under this system. Patterns can, how-
ever, be built by putting either of these motives on the lattices
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of the remaining systems but they will not possess a symmetry
higher than that of the monoclinic system.

To study the symmetry patterns that can be specially
built by taking the orthorhombic system, we first consider
a general description of the symmetry elements in this case.

E o X X Y Y
Cy .. X X+a Y>—Y+5b
Cy e X>—X+a Y>> Y+b
C, o X—X Y>—Y

We here take the C, axis as the Z axis itself and this involves
no loss of generality. The various possibilities will give
five new symmetry patterns which can be built by taking the
simple orthorhombic lattice as the framework and they are:

EC,

EC,CyC,

ECy® (@)
ECy* CyC, (a)
ECSCPC, (a, b)

It may be mentioned that E C,and E C, are also subgroups
of this system but we do not count them as new patterns
as the first one has been taken account of in the monoclinic
system and the second one is indistinguishable with E Cy.
Similarly, EC,® Cy C; (a) is indistinguishable from EC,Cy* C,
(b). Since the derived orthorhombic lattice is a different
one, we can locate motives possessing the above symmetries
on that also. However, EC,% on the derived lattice is equi-
valent to EC, on the same, as can be seen from the equi-
valence of the expressions )

C,S o X—>X-+a Y»Y
Cy o XX Y->Y+b

as C,%1is the combination of C, and the primitive translation
(a, b) in the derived lattice. Similarly, E C* Cy C; and
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ECy*Cy*C, on the derived lattice are equivalent to
EC, CyC; on the same. Thus, we obtain two new patterns
by putting only the motives with symmetries £ C, and
ECy CyC, on the derived orthorhombic lattice.

A general description of the symmetry elements in respect
of the tetragonal system is as follows:

E X—=X Y>»Y

2C, X—Y Yo—-X
X——Y Y—>X

C, X—a>—X Y>—Y

2Cy X—> X+a Y>—Y+a
X—>—X+a Y->Y-+a

2C," X»>—Y+a Y»>—X+4a
X—»> Y+a Y>> X-+a.

Omitting space groups that have been counted in the mono-
clinic and the orthorhombic systems, it is easily seen that
the following space groups come under the tetragonal system.

E2C, C,
E2C, C,2Cy 2Cy
E2C,C,2C,'s 2C,".
Similarly we obtain the following space groups coming
under the hexagonal system. In this system, taking X and Y

axes along the basic directions, a general description of the
generating elements may be given as

C. . X-—)-Y Y—>Y + X
Cy .. X Y+a Y->X+b

In order that the squares of Cy', Cg Cy' and Cg® Cy’ may be
lattice translations, the relation a = b = 0 should hold good.
Thus we do not get any groups with translational type of
symmetry elements in this case.
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E2C,
E 2C, 3C,
E2C, 3Cy
E 2C, 2C, C,
and E 2C, 2C, C, 3C; 3C".

It may be noted that the two space groups E 2C;3Cs
and E 2C; 3C,’ differ only in the orientation of the motive
with respect to the lattice.

Thus altogether we have 2+ (5+2)+3+5=17
space groups in the two-dimensional case when we ignore
the extension of the motives in the Z direction. These 17
types of infinitely repeated surface decoration are represented
diagrammatically in Fig. 4. We have been enabled to build
17 space groups in two dimensions utilizing ten point groups
and five space lattices coming under four systems of sym-
metry. The restriction that the Z axis is of no consequence
has been imposed and this may be noted. Removal of this
restriction will lead to further possibilities and they are dealt
with in the following Section.

Space groups which do not involve screws or glides are
called point space groups. Thus, only the patterns 1 to 13
below correspond to point space groups. The remaining
four space groups are not point space groups as they contain
SCrews.

Three-Dimensional Motives.—If we permit an extension
of the motive in the Z direction, all the elements of symmetry
relating to each system as already enumerated will become
distinct. We can then locate at every lattice point, a point
group possessing all or some of these elements of symmetry.
Taking the co-ordinate axes X and Y in the directions of the
basic translations, a general description of a set of generating
elements of the group of symmetry operations appropriate
to each system is given below.
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E2C, E2C,3C,

E2C,3C,  E2C,2C,C,

/ "
E2C,2C,C,3C;3C]
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System Generating Analytical Description
Elements
Monoclinic .. C, X>—X+a Y>—Y+b Z— Z
i X>—X Y»—Y Z—>—Z
Orthorhombic C,, X—> X+a Y>—Y+b Z—-Z
C, X>—X Y»>—Y Z—> Z
i X>—X+e¢e Y>—Y4d Z—>—2Z
Tetragonal .. C,or S, X—»—Y Y- X Z>+Z
C,’ X»> X+a Y>—Y+4a Z>—Z
i X>—X+b Yo>—Y+b Z—>—Z
Hexagonal .. C, X—» Y—X Yo—X Z—~ 7
Cy X— X Yo X-Y Z»—-Z
i X>—X Yo—Y Z—>—Z
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A complete description of the two-dimensional space groups,
which are 80 in number, together with the appropriate non-
zero parameters in respect of the generating elements in
each group is obtained by proceeding in the same manner as

outlined in the previous Sections. The results are given
below.

System No. Description Parameters

E

Monoclinic .

A W D W N -
try
N

Eoy* aorbor
both

7 EChof aorbor
both

Orthorhombic 8 EC,
Eo,
10 ECpoy 0y
11 ECCyC,
12 ECgrioy
13 ECjoyo,
14 ECy Cy Cyiog oy oy
15 EC .S a
16 Eo,f bord
17 ECyoxfay bord
18 EC, ozfof aorc,bord
19 EC5CyC, a
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31

System No. Description Parameters
20 EC*Cy® C, ab
21 ECSioy a
22 ECy io® bord
23 EC.® ioyf a,bord
24 ECySoyoy a
25 ECy oy o d
26 EC.® o fof a, d
21 ECy oyf oy c
28 ECy oyf off c,d
29 ECzay of a, c
30 EC8%0y0f a,c d
31 ECCy Cuiogfoyay d
32 ECzCyCriofoyfof ¢ d
33 EC°5Cy Cpiogzofo, a
3 EC5Cy Criogoy o' a,c
35 ECx°CyC; iogfafof ad
36 EC5CyCyiofaya a,c,d
37 EC8CySCy iofoy90, a, b
38 ECSCySC; iozoyfof a, b, d
39 EC3CySCy ioyp 0y 0f a,b,c,d
Orthorhombic 40 E Cy
derived 41 Eo,
42 ECj, 0y 0y
43 EC,CyC,
4 ECy oy oy
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System

No.

Description

Parameters

Orthorhombic
derived

Tetragonal ..

Hexagonal ..

45
46
47
48

49
50
51
52
53
54
55
56

57
58
59
60
61
62

63

64

65
66

ECnyCzi Oy ay Oy
Est o'y O'Zg

ECx Cy Cz iax Uy Uz‘?

EC,C,C,
ES,S,Cs

E2C, Cyi2S,0n
E2C, Cy 20y’ 203"
E C; 2C,' 28, 20y’
E C; 2C," 25, 20,,"
E2C, C,2C, 2C,"

E2C, C,2C, 2C,"
i2S, 0 20, 20,"

E2C, Cyi 25, 0%
E2C, C;20,¢ 20"
E2C, C, 2C,'S 2C,"
E C,2Cy'S 28, 20,
E C; 2C," 28, 20,,"¢

E2C, Cy2C,'S 2Cy"
i2S,0p 20,'¢ 20,"

E2C,C,2Cy 2Cy
i2S,0n% 20" 20,,"

E2C,C,2C,)8 2Cy"
i 2S4 O'h"t’r 20'/0’ 20’0”
EC,C,

E2C;i2S,g

a, c
d

a b
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System No. Description Parameters

Hexagonal .. 67 E2C;30y,
68 FE2C,3C,
69 E2C;3C,i 2S¢ 30,
70 E2C,op 28,
71 EC¢CyC3Cy3Cy
72 E2C32C;Cyi 255285 0p,
73 E2C;3Cyop 2S5 30y
74 E2Cy2C; C,3C, 3G,
75 E2C42C; Cy 30y 30,
76 E2C;3C,
77 E2C; 30y’
78 E2C33Cy i2Sg 30y’
79 E2C,3Cy op 2S;30y

80 E2C,2C; C,3C,y 3G,
i2S6 2S3 Oh 301), 300,,




CHAPTER 1V

SOME PROPERTIES OF GROUPS

Abstract Groups—In Chapter I, a group has been
defined in terms of abstract symbols. If the symbols repre-
sent any specified elements or operations as for example
ordinary numbers or symmetry operations of a body, we
will be dealing with groups of special type. But if the ele-
ments of a group are just symbols and have no specific inter-
pretation attached to them, the group may be called an
abstract group. For example, the elements E aa?b ab a®h
form an abstract group defined by the relations

a®=E, b%2=F anda? = ba.

If A and B are any two elements of the above group, by taking
A from the first column and B from the first row, the product
AB can be read from the following multiplication Table:

1

| E a a? b ab a%b
E E a a? b ab a%h
a a a? E ab a%b b
a? a2 E a azb b ab
b | b a%h ab E a? a
ab ab b azb a E a?
a*b a3b ab b a? a E

It may be noted that we do not get any new elements by
taking b to the left of a, as it can be brought to its right by
using the relation a%b = ba.

Subgroups.—A sub-set of elements in a group forming
a group by itself under the same composition rule is defined
as a subgroup of the original group. For example, in the
group defined by the relations a® = E, b = E and a® = ba
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the sub-set of the elements E b forms a subgroup of order 2.
The sub-set of elements E a a? forms a subgroup of order 3
and so on. Identity forms a subgroup of order one in every
group. It may be shown that the identity element E, in any
subgroup H is the same as the identity element E in the ori-
ginal group G. For, if A is an element of H, hEy = h = hE
and if A1 is the inverse of 4 in G we have E, = EE, = h~'hE,
= h'h = E.

In the case of finite groups, we prove that the order of a
subgroup is a divisor of the order of the group. Let G be a
group of order N and G a subgroup of order . The N ele-
ments of G will be shown to be divided into a number of sets,
each set containing & elements of G and no element of G
being put into more than one set. Let E (= sy), g, S35 - .. Spy
.. .Sg,. . .sp be the helements of H. If ¢, isan element of G not
belonging to H, the h elements t,5;, %55, ... ty5p are all
obviously distinct and also different from the elements of H,
for if t,s, = s, then ty = s, 5,7, This leads to the contradic-
tion that #, is an element of H. We denote the A elements
158y, 128y, ... 138p by the symbol t,H. t,H is called a coset
in G with respect to H. If H and t,H do not exhaust all
the elements in G, let #; be an element in G not belonging
to either H or t,H. Then ¢; gives rise to a new coset t;H
of h elements. The elements #;H can be shown as above
to be distinct and different from the elements in the two
sets H and t,H. Since the group G is of finite order N,
the above procedure when repeated a definite number of
times should exhaust all the elements of G. The N elements
of G thus fall into k sets H, t,H, ... t;.H, every one of these
sets containing s eclements. Hence N = hk.

The order of an element in a group has been defined
as the order of the cyclic group generated by the element.
Since this cyclic group is a subgroup of the original group,
it follows that the order of an element is also a divisor of
the order of the group.

Classes of Conjugate Elements.—Let s and t be any two
elements of a group. ¢sz which may be denoted by u
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will also be an element of the group. u is called the trans-
form of s by the element ¢z. It is easily seen that s is the
transform of u by the element #!. Two such elements
s and » which may be transformed into one another by one
element or other of the group are called conjugate elements.
If u happens to be the same as s, then ! st = s or st = fs.
In such a case, s and ¢ are said to commute with each other.
The complete set of distinct elements which are transforms
of s with all the elements of a group G constitute a conjugate
class of elements of G. The number of such elements in
any class is defined as the order of the class. If s is the
transform of a with ¢, and of b with ¢,, then b is the transform
of a with #;z,7'. Thus if s is conjugate to a and b, it follows
that a and b are conjugate to one another. Hence the ele-
ments of a conjugate class are conjugate to one another.
Another property of the elements in a conjugate class is that
all the elements in a conjugate class have the same order.
For, if u = t7st, then u® = ¢~s¢. tlst = 1%, ... u"= LMt
and 4" = E when s" = E and vice versa.

We prove now that the order of a conjugate class in a
group is a divisor of the order of the group. Let C, be a
conjugate class of order Ap in a group G of order N and
a, b, ¢, ... be the elements in Cp. Let there be g elements
$1, g ..., Sgin G which commute with a. We proceed to
show that the elements of G can be divided into Ap sets each
set containing g elements and no element of G occurring
in more than one set. Let K; denote the totality of the
g elements which commute with a. Since b is the transform
of a, there exists an element p of the group which transforms
a into b. Then the elements s;p, s,p, ..., sy p all transform
a into b for (sp)la(sp) = pistasp = p~lap = b where s
stands for any one of the elements s, s,, ..., s,. The set
of the g elements s;p, 53 p, ..., S;p may be denoted by the
symbol K,. We can further show that any element which
transforms a into b must belong to K,. For, if there is an
element g which transforms a into b then (gp~1) agp™ =
pqtagp™ = pbp? =a so that gp' belongs to K; and
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therefore g to K,. Proceeding in a similar manner we show
that there are exactly g elements of G which transform a into
c and so on. Thus the elements of G can be divided into
hp sets K;, K, ..., Ky, which have no element in common
and each of which contains g elements. Thus N =h, g.

In every group, the identity element forms a class by
itself. In the example of the abstract group already given,
it may be verified that E constitutes one conjugate class,
a a® constitute another and b ab a% constitute the third.

Self-Conjugate Subgroups.—If H is a subgroup of G
and if +1 at is an element of H for all elements a of H and
t of G, H is called a self-conjugate subgroup of G. In the
example of the abstract group given above, the sub-set of
elements E b may be seen to form a subgroup which is not
self-conjugate whereas the set of elements Faa®? forms a
subgroup which is self-conjugate. It follows from the
definition that a self-conjugate subgroup contains complete
sets of conjugate classes of elements of the original group.

Factor Groups.—If H is a self-conjugate subgroup of
a group G, the cosets of H in G may be taken as the elements
of a group called the factor group G/H under a suitable
operation. Let the cosets of H, in G be H, a,H, a;H, ...
Now each coset consists of 4 elements where 4 is the order
of H. Let the product a;H.a; H denote the totality of the
h® products formed by combining the %4 elements in a;H
with the 4 elements in a;H by means of the group operation
pertaining to G. H.H consists of all the elements in H
each repeated A times for if a is an element in H, the A ele-
ments a. H are distinct and belong to H itself and this is true
for every element a in H.

Let the symbol © in a;H © a;H represent the process
of multiplying all the elements in a;H with those of a;H as
above but taking only the distinct elements resulting from
the process. The cosets of H in G form a group under the
operation ©®. For, as H is a self-conjugate subgroup of
G, H a; = a; H and

aiH © a;H = aja; H © H = a;a;H.



38 THEORY OF GROUPS

Now a;a;H can be shown to be one of the cosets of H. a; aj
is an element in G and therefore belongs to one or other of
the cosets of H say ax H. Then a;a;= aib where b is
in H and aja; H = ai(bH) = a), H. Thus the cosets of H
combine among themselves under the operation ©. H is
the identity element in the factor group. The associative
law for the elements in the factor group is a consequence
of the associative law in G. The inverse of any coset aH
in the factor group is the coset containing the element a—1.
In the example of the abstract group given above, the
subgroup E a a? has been shown to be a self-conjugate sub-
group. The factor group G/H consists of the two elements
H and bH and the multiplication Table of G/H is given below :

H bH
H H bH
bH bH H

An important example of a factor group is furnished
by the group of symmetry operations of an infinite body or
pattern. If we consider all the translational symmetry ele-
ments, they satisfy the group postulates and thus form a
subgroup, say H, of the entire group of symmetry operations
of the pattern. We will show that this group is a self-conju-
gate subgroup of G. If R stands for a rotation through ¢ and
T stands for a translation with components a, b, ¢ along
the co-ordinate axes, by taking the axis of rotation of R as
the Z axis, the operation R™'TR changes x to x + a cos
— bsiny, yto y+asing+ bcosy and z to z+ ¢ and
is therefore equivalent to a translation acosy — bsiny,
asinyg + becosy, c. If R and T are symmetry operations
of the pattern, R"TR is also a symmetry operation and there=
fore this translation belongs to H. Same result holds good"
even if R is a screw, Similarly if R stands for either a pure
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or a glide reflection plane, R-1TR is equivalent to a transla-
tion a, b, — c and is an element belonging to H. Thus Hisa
self-conjugate subgroup of G. The elements of the factor
group G/H will now consist of classes of elements which are
obtained by taking any one typical element like R and multi-
plying that element by all the translations. Space groups
are usually described in terms of the factor groups G/H.
Permutation Groups.—Let the integers 1 to 6 be regarded
as symbols. These 6 symbols when written in the form
P = (143) (25) (6) imply that in the operation P each number
in a bracket is to be replaced by the succeeding number in it,
and the last number in the bracket is to be replaced by the
first in that bracket. Thus the operation P changes the
symbols 1, 2, 3, 4, 5 and 6 respectively into 4, 5, 1, 3, 2 and 6.
Such an operation which involves a rearrangement of a set
of chosen symbols is called a permutation. The unaltered
symbols like 6 in P are sometimes omitted in writing the
permutations. It follows from the definition that a permu-
tation is not altered by changing the symbols in a bracket
without affecting the cyclic order. The arrangement of the
cycles in a permutation is also arbitrary. Thus P may be
written as (25) (143) (6). If a permutation consists of only
one cycle, it is called a cyclic permutation. If P and Q are
two permutations, the product permutation PQ is defined
as that which gives the same result as may be obtained by
first performing the rearrangement as per the permutation P
and then as per Q. If Q stands for (123) (46) (5), the product
PQ where P stands for the permutation already chosen may
be written as (143) (25) (6) x (123) (46) (5) = (164) (253).
Denoting (164) (253) by S, the multiplication may easily be
verified by taking any arbitrary arrangement of the six sym-
bols 1 to 6 and operating upon it with the permutation S.
The result will be identical with that obtained by operating
first with P and then with Q which is the product permutation
PQ. The process of writing down the product permutation
PQ will also be clear from the above example. In the permu-
tation P, 1 is followed by 4 and in the permutation Q, 4 is
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followed by 6. Therefore, 1 is to be followed by 6 in the
product permutation S and similarly for 6 and the other
symbols. The multiplication of permutations is not com-
mutative. In the above example, whereas PQ = (164) (253),
QP = (152) (346). If P, Q and R are three permutations
on n symbols and if P changes the symbol a to B, Q@ changes
B to ¥y and R changes y to §, it is easily seen that both the
operations (P.Q).R and P.(Q.R) change « to 8. This is
true for all the n symbols. Thus (P.Q).R = P.(Q.R) which
establishes the associative law for the multiplication of per-
mutations. A set of permutations on n symbols, which forms
a group under the combination rule explained above, is called
a permutation group of degree n. The set of all possible
permutations on n symbols forms a group of order n! and
is called the symmetric group of order n! This may also
be referred to as the symmetric group of degree n. It may
easily be verified that the elements, E, (123) (456), (321) (654),
(14) (26) (35), (15) (24) (36), (16) (25) (34) form a permuta-
tion group. If it is intended to write E explicitly, it is to be
written as (1) (2) (3) (4) (5) (6). It may be noted that the
permutation (321) (654) is the inverse of the permutation
(123) (456). The inverse permutation is always obtained by
writing down in the reverse order the symbols in each bracket
of the original permutation.

If we take the digits 1, 2, 3 as our symbols and construct
a group out of them taking all possible permutations, we
obtain the symmetric group of order 3! and it consists of the
following elements divided into three conjugate classes:

1)@ @) .. Class 1 (E)

(12) (3)

13) 2 .. Class2(C)
(23) (M)

(123)

2 } Class 3 (C,)
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We shall use the word interchange to denote an opera-
tion in which two symbols are interchanged, the others
remaining unaffected. A cyclic permutation (123 ... n) is
equivalent to the product (12) (13) ... (In). Any permuta-
tion is a product of cyclic permutations and is therefore
expressible as a product of interchanges. The expression
of a given permutation as a product of interchanges is not
unique. It may be shown that the number of interchanges
in various forms of the product is always odd or even accord-
ing as it is odd or even in any one alternative. For, if we con-
sider the effect of a permutation on the determinant

| 1 }
X Xg e Xn }
x,2 X2 ... Xn?

x, V1 X, X"

it should either keep it unaltered or should change its sign.
Taking the first alternative, we find that when it is expressed
as .a product of interchanges, it should consist of an even
number in whatever way we ‘express it, because the effect
of each is to interchange two columns and therefore to
change the sign of the determinant. In the second alterna-
tive, similar argument shows that the product should consist
of an odd number of interchanges only. Permutations can
thus be divided into two types, namely odd and even,
according as they can be expressed as products of an odd or
an even number of interchanges. In the example cited earlier,
the permutations (123) and (132) can be expressed as products
of interchanges like (12) (13) and (13) (12). They may also
be written as (12) (23) (13) (12) and (13) (23) (12) (13) and
so on. Similarly permutations of the type (12) (3) may be
written as (12) or (13) (12) (23), etc. Thus the permutations
coming under the class C; are odd and those coming under
the classes E and C; are even.
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Isomorphous Groups—If G, and G, are two groups of
the same order, not necessarily with the same composition
rule, and if each element of G, can be made to correspond
uniquely to an element of G, in such a way that the product
of two elements of G, corresponds to the product of the
corresponding two elements of G, then, G, and G, are said
to be simply isomorphous and the correspondence is called
isomorphic mapping. The two groups a®>=E, b%*=E,
ab = ba and E, (12) (34), (13) (24), (14) (23) are easily seen
to be simply isomorphous with the correspondence E—F,
a—(12) (34), b—(13) (24) and ab—(14) (23). The first group
is the abstract form of the second group. In the following
Chapters, we shall find it convenient to take permutation
groups isomorphous with groups of symmetry operations.
For example, it may be seen that the group of symmetry
operations of a regular tetrahedron is isomorphous with the
symmetric group of degree 4.

“Let G, and G, be two groups of different orders. If
to each element of G,, there corresponds one or more ele-
ments of G, and vice versa and also the product of any two
elements of G, corresponds to the product of any two corres-
ponding elements of G, and vice versa, the two groups
G,, G, are then said to be isomorphous. The relationship is
called a general isomorphism or homomorphism (or homo-
morphic mapping) between them. An important example of
a general isomorphism is afforded by the elements of a fac-
tor group G/H and the elements of the group G. Here every
element of G/H corresponds to all the elements in G which
form a coset of H in G. A more general isomorphism may
easily be pictured by taking the factor groups G/H, and G/H,
where H, and H, are self-conjugate subgroups of different
orders in G.

Direct Product Groups.—If G, and G, are two groups
with the same composition rule and if the elements of G,
commute with the elements of G,, there being no common
element between G; and G, except the identity element, the
totality of the elements 7, where ¢ = s,5,, forms a group G
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which is called the direct product of G, and G,. Here s, is
an element of G, and s, is an element of G,. The direct
product G may be symbolically written as G;XG, The
above definition may be extended to the direct product of
any number of groups.

The direct product group may also be defined in either
of the following two ways. G is called the direct product
of G, and G, if G, and G, are self-conjugate subgroups of
G, g = g,8. where g, g;, g, are elements of G, G; and G,
respectively and identity is the only common element between
G, and G,. Alternatively G may be called the direct product
of G, and G, if as above g = g,g, and also equal to g,g;
and g, and g, are uniquely determined for a given g. A
more general definition of G may be given as the set of
elements (g;, g,) in which multiplication is defined as

(81, 82)-(8), 82) = (&1 81 8287)-

As an example of a direct product group, it may be seen
that the group G of symmetry operations of the benzene
molecule which consists of E, 2Cg 2C,;, C,, 3C,, 3Cy, i,
28,, 2Ss, on, 30y, 30," is the direct product of the group
G, and G, where G, consists of the elements E, 2C,, 2GC,,
C,, 3Cy/, 3Cy" and G, of E and i. We may take the group
of symmetry operations of the flat strip as an example of a
direct product of three groups. It can be expressed as
G, X Gy X G, where G, consists of the elements E Cy, G, of
ECyand G, of E .

The elements of the group G defined by the relations
a® = E, b® = E and a% = ba can be written as products of
elements of the group G, consisting of the elements E g a2
and those of the group G, consisting of the elements E b.
Nevertheless, G is not the direct product of G, and G, because
the elements of G; do not commute with those of G,.



CHAPTER V
MATRIX GROUPS
Matrices—An array A = | apq | of mxn elements apq,
p=12,...,m; q=1,2,...,n) arranged in m rows and
n columns in the following manner is called a matrix:

aun 42 ... . Qi |

gy dag . . . . aén !

A= 1
............ |

|

aml am2 P amn | o

The matrix is called rectangular if m= n and square if m = n.
A rectangular matrix consisting of only one column is called
a column matrix. Similarly, a rectangular matrix con-
sisting of only one row is called a row matrix. In the case
of a square matrix, n is called its degree. In general, the
elements apq are complex numbers. If all the elements apq
are zero, the matrix is called a zero matrix and is denoted
by the symbol 0. Two matrices 4 = | apq | and B = | bpq |
are said to be equal, if apq = byq for all indices p and gq.
A square matrix 4 = | apq| in which apq= 0 if p+# ¢ is called
a diagonal matrix. If all the diagonal elements in a diagonal
matrix are equal, it is called a scalar matrix. A scalar matrix
whose diagonal elements are all unity is called the unit
matrix and is denoted by I, (or E, or simply I or E). A
matrix in which each row and each column consists of only
one non-zero element, which is unity, is called a permutation
matrix. The matrix obtained by changing rows into columns
and columns into rows of a matrix A4 is called the transpose
of A4 and is denoted by A+ (or 4’). The transposed conjugate
matrix is usually written as A* A matrix | apq | is called
symmetric, anti-symmetric, Hermitian and anti-Hermitian
according as dapq = dqp, dpq = — dgp, Apq = dqp, dpgq
= — dqp respectively.

The sum of two matrices 4 =|apq| and B = | byq|
is defined as the matrix 4 + B = | apq + bpq |, that is, the
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matrix obtained by adding corresponding elements in the
component matrices. If A is a number (scalar) and 4 is a
matrix (apq), we define A4 as the matrix | A apq |, that is the
matrix obtained by multiplying every element in 4 by A.
This process is called scalar multiplication. It may be noted
that matrix addition is both commutative and associative,
The direct sum A - B of two matrices 4 and B is defined

as the matrix |

}
0 B

Linear Transformations.—Associated with every square
matrix | apq | of degree n, we can define a linear mapping of
the complex space (called the carrier space) of » dimensions
by the following equations:

xl' = auxl + .« e + aln xn
Xo = dgyX: + . . . + G X
xn, B anlxl ‘i— o . e + anan
or briefly
Xp = zq,‘apqxq. (p,g=12,...,n).

If the determinant | apq | of the coefficients apq (called the
determinant of the matrix | apq |) is not zero, x;, xs, ..., Xn
may be solved in terms of x;’, x,, ..., X, in the form

Xq= X agqp'Xp . (r,q, =12, ...,n).
14
The matrix A, in this case, is called non-singular and the
matrix | aqp’ | is called the inverse of the matrix A and is

written as A1 If the determinant of the matrix 4 is zero,
A~ does not exist and A is called a singular matrix.

If
xp" = X bpq Xq'
q

is a second linear mapping defined by the matrix B = | bpq |,
the result of applying consecutively the two mappings
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Xp' = 4:5 apgXq

and
" !’
Xp = {" bpgXq

is the mapping
Xp" = Z tpg¥Xq
q

where
Cpq = 2 bprarq.
r

This relation may be used for defining the product of the
two matrices 4 and B as the matrix C = BA, whose elements
Cpq are as given above. We may now define the product
BA by the above rule even when the matrices 4 and B are
rectangular. It is necessary that the number of columns in
B must be equal to the number of rows in 4. Two such
matrices are called conformable. It may be noted that
matrix multiplication is in general non-commutative but
associative and also both sides distributive with respect to
matrix addition, i.e., A (B+ C) = AB + AC and (B4 C) 4
= BA + CA.

A very important property of matrix multiplication,
which we often use, is that two conformable matrices may
be similarly partitioned into sub-matrices so that matrix
multiplication can be applied in the same form as if the
sub-matrices are elements of a matrix. For example, if
|4, P|, | B,Q|, |C,R|, | D, S| are pairs of conformable
sub-matrices of two conformable matrices, we have

.A B‘ P Q AP + BR  AQ + BS
c D| |[R S CP+ DR CQ + DS

The identity matrix corresponds to the identical mapping
and it may be noted that for a non-singular matrix 4, we
have 44 '=A414A=E. If x is a column matrix and if
the quadratic form x*4x = 0 and equal to O only when
x =0, 4 is called a positive definite matrix. Two matrices
:4 and B are said to be equivalent if a relation of the form
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A = T-1 BT exists. The sum of the diagonal elements of
a square matrix is called the spur of the matrix.

A square matrix 4 = | apq | is said to be unitary, if the
corresponding linear mapping keeps the quadratic form
2”' x;x; invariant. The necessary and sufficient condition

=1

for A to be unitary is that A*4 = A4A* =E, i.e.,
2 arplrqg = dpq

or alternatively

2 apr dqr - 8pq-

8pqg =1 when p =g and 8pq =0 when p#q. A matrix
A is called normal if 44* = A*4. Hermitian and unitary
matrices are normal. A matrix 4 is said to be orthogonal,
if the corresponding linear mapping keeps the form Z'," x;3

=1
invariant. The necessary and sufficient condition for a
real matrix 4 to be orthogonal is 44’ = A’'A =FE, i.e.,

X arp arp = Opq
r

or alternatively
Z apr dgr = 3pq.

From what has been said above, it is clear that we may
find sets of matrices obeying all the group postulates. Any
one such set defines a group of linear transformations. The
following is an example of a group of linear transformation
matrices:

1 0 0 0 0 —1 0 -1 0
0 1 0 -1 0 0 0 0 1
0 0 1 o 1 0 —1 0

-1 0 0 0 1 0 | 0o 0 1
0 0 —1 1 0 0 0 —1 o

0 —1 0 0 0 —1 1 0 o~
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That this set of six matrices satisfies all the group postulates
under the rule of matrix multiplication already explained
may be verified.

Equivalent Matrices.—If | a;i | is a square matrix denoted
by A and consisting of n rows and n columns and 7 is the
unit matrix of the same order, the determinantal equation

[ au - A alz . . . . . . aln g

I A i

! 021 022-— . . . . . . agn ! . 0
. !
Lam Qng Ann — A

which may concisely be written as | 4 — AI'| = 0, is called
the characteristic equation of the matrix 4. The n roots
of this equation are called the characteristic roots of the
matrix. The roots may all be distinct or some of them may
be repeated. If B is a second matrix, the matrix | B-24AB — Al |
can be written as | B'AB — AB-IB| which is equal to the
matrix product | B|"*| 4 — AL|| B|. The determinant of the
matrix | B-*AB — X | is therefore equal to the product of
the determinants of the matrices | B|™, | A — M|, | B| which
is simply the determinant of the matrix | A — AI|. Thus

| A— X|=|BAB — A |

showing that equivalent matrices 4 and B4B have the
same characteristic equation.

The sum of the elements in the leading diagonal of
a matrix | a;; | has been designated the spur of the matrix.
This is also the coefficient with its sign changed of A" in
the characteristic equation of the matrix. Since equivalent
matrices have the same characteristic equation, they have
got the same spur.

Reducible and Irreducible Matrix Representations of
Groups.—If G is a group consisting of the elements s,, 5y,
..y etc, and H a group of matrices My, M, ..., etc.,
not mnecessarily of the same order as G, such that each
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element s; corresponds to a matrix M; and also the product
of two s’s corresponds to the product of the two corres-
ponding M’s, the group of matrices is said to define a repre-
sentation I" of the group G. The same matrix may correspond
to several elements of the group but to each element of G
there must correspond only one matrix in H. In other
words, the groups G and H are isomorphous. If T is a
fixed matrix and if the matrices T M;T-!, where M; runs
through all the matrices of H, take the form

where A4; and D; are square matrices not necessarily of the
same dimension but each having a fixed number of rows
and columns for all i and C; is a zero matrix, I" is said to be
a reducible representation. An alternative definition of
reducible and irreducible representations of a group will be
given in Appendix 1. If, in addition, Bj; also is a zero matrix,
T is said to be completely reducible. It will be shown later
that such a situation arises when the variables x;, x,, ...,
etc., upon which the matrices may be assumed to operate
can be combined into different linear combinations y;, y,, . . .,
etc., which may be divided into two sets yi, Vs ..., Vi3
Vit 1> Vicios - - -» €tC., such that yy, s, ..., ¥k and yry, Ykse
..., etc., combine among themselves separately. The fixed
matrix T referred to before will then be the matrix of trans-
formation of the x’s into the y’s for, if y = T'x and x" = MXx,
we have y' = Tx' = TMx = TMT-'y. When I' is com-
pletely reducible, the matrices 4; and D; separately define



50 THEORY OF GROUPS

two representations I'; and I'; of G.  When no such reduction
is possible, we say that I" is an irreducible representation of
the group. If the matrices of H are all unitary, the repre-
sentation is called unitary. In the simple case, where H
consists of the identity matrix of dimension one, that is unity
itself, the representation is called the identity (or the total
symmetric) representation.

If for two non-singular matrix representations
I'iy(Mo, My, .. etc) and I'; (No, Ny, ..., etc.) of a group G,
it is possible to find a fixed matrix 7 such that N, = T-!
M., T for all r, the two representations I'; and I'; are said to
be equivalent. Similarly, if S is a non-singular matrix, the
set of matrices SMS~! define another representation I'y of
the group G, equivalent to I';. It is easy to see that I'; and
I'y are equivalent. The definition of equivalence thus satisfies
the usual rules of equivalence, namely, (1) I' ~TI, (2) if
I'y ~Tythen I'y ~T'; and (3) if I, ~I', and I'y ~ I'; then
I's ~TI';. The symbol ~ denotes equivalence. The repre-
sentations of a group can thus be divided into classes of
equivalent representations and by representation we mean
generally a class of equivalent representations.

As an example of a reducible representation of a group,
we shall consider the isomorphism between the symmetric
group of degree three and the group of matrices given below.

1 0 0! 100

E ~ |010 23)(1) ~|0 0 1

0 01 010!

010 01 0]

1)@~ {1 00 (123) ~1|0 0 1|

0 01 1 00!

0 0 1 0 0 1]
(13~ |0 10 (132) ~|1 0 0
1 00 010
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This isomorphism defines a reducible representation of
the symmetric group because if we form T-MT where M runs

1 11
through all the above matrices; 7T being3| 1 1-2 | and
1-2 1
L1 1.
T-! being 4 i 1 0-1 ‘, we obtain respectively the matrices
[1—1 0|
1 00/ |1 0O “00[1100}‘21003“00‘
010 [0 1-t {001 0-10 001 o011
00 1/ {0 0—1, (0 1 0, 0—1 1, 0 1—1, {0 -1 o!
A|B;
All these are of the form ——’——i, where 4 and D are square
Cl|D,|

matrices of dimensions one and two respectively and B and
C are zero matrices. The matrices 4 and D respectively
define irreducible representations of the symmetric group.
Thus the original representation is reducible.

Kronecker Square and Symmetrized Kronecker Square
Representations.—Consider the set of equations

X, = anX; + a12Xe
Xy = dpXy + dgXe.
We have
(%2) = (auxy + a1axa) (auuX; + a1eXs)
= @ *X%? + apd1aXi%s + 19051 XoXy + Arelxyn
Similarly
X1'Xy = ananX® + apGaXiX; + G1905%a%; + G1a@aXs’
X3'%)' = AnapX® + And1%1Xy + Gyay Xg¥; + daatiaXe®
(2 = Gy + andaxiXs + ApnXsXs + Gag'%eh
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‘These equations may be written in the form

(x)? 1= 1011 Autie 1201 Gy X
X)Xy | = | Gudy Gnlz G198y Gia0y X1Xs |
Xg'xy' | = | dndn Antiy dpdy dxpdip X%, |
(x2')? | = 1 any  AnGsy (3905 Asslss | x;*

The matrix of transformation will be written as AX 4 or | 4 |2
and is also equal to
apd  apA

, where A stands for the matrix ;
| and  axnd | I Qg dgg |

l ag g
and is called the Kronecker square of the matrix 4. It is
easily verified that if a set of matrices define a representation
of a group, the set consisting of the Kronecker squares of
the corresponding matrices also defines a representation of
the group.

If in the above set of equations we take x,x, to be equal
to x,x;, we obtain a matrix of three rows and three columns
only as follows:

’
(x,)? f andyn  2audp 12012 x?
! :
X)Xy | = | andy Audge a1y Q1o X1Xs |
, ‘
(x2)? l Andgr 20y Az Qoo X' |

The transformation matrix may now be symbolically written
as | 4|® and is called the symmetrized Kronecker square
of A. It may be noted that

spur | A2 = (spur AP = (ay; + az)?
- (spur 4% + (spur 42
o

spur | 4 |@

_ (ay + a)® + a;® + 24,505 + apy’ _

If a set of matrices define a representation of a group, the
-symmetrized Kronecker squares also define a representation
-of the group. When the matrices 4 are only one-dimensional,
there is no distinction between | 4 |2 and | 4 |®.



MATRIX GROUPS 53

Kronecker Direct Product of Two Representations.—
Consider the set of equations:

X' = anpXx; + anX,

Xy = Ag1 X1 + dgpXy
and

W' = byuys + brays

Y2 = byy1 + baya.

The products x,'y,’, x,'vy’, Xa'y1's X2'ys’ will then transform
as follows:

! X' ‘ apby  aubis  apby  G1shie XU
X1’y _ aubn  Guba apbn awpbn | X
X3 anbn Anbia Anbu axnbi Xo)1

N ! Anbs1  Anbys  Assbay  Agebs, | XoYsa |-

This transformation matrix may be written as
auB a,B .| bu bia
, where B stands for the matrix

1

| anB  aB

21 b22 .
The matrix is called the direct product matrix and is written as
AXB. The matrices A and B in the general case may be of
any dimension and also need not operate on the same number
of symbols. If 4 and B run through two sets of matrices
each set defining a representation of a given group, the
matrices A X B define also a representation of the group.
The relation

spur AX B = (spur A) X (spur B)
easily follows. Kronecker powers and products involving
more than two factors may be similarly defined. If 4
=|apq| and B =|byq| are two square matrices of
degrees m and n respectively, the mn by mn matrix AXB
defined by ’

anB ay,B

AXB= ale azz.B s oo e o o
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is called the Kronecker or the direct product of the two
matrices A and B. We may similarly define the product
BxA. If x and y are two vectors in the carrier spaces of
A and B with components x!, x%, ..., x™ and %, %, ..., y",
the mn products x"y$(r=1,2,...ms= 1,2, ...,n) may be
regarded as components of a vector in the carrier space of
AXB. If the matrices are all equal, the Kronecker direct
product of r factors is written as | 4 |,. The dimension of
| 4] is m".

The matrix | 4|, called the symmetrized Kronecker
rth power of A is the transformation induced on the distinct
products x7%x%2, ..., xIT by the trasformation x — Ax. The
dimension of | 4 |, is

(r+m—1)

m—-1!r



CHAPTER VI

THE WAVE EQUATION AND ITS PROPERTIES

Vibrations of a String.—It is well known that the differ-
ential equation

represents the propagation of a wave along the length of
a string (x direction) with a velocity ». It is easily verified
that Y = A sin (nt 4+ mx) is a solution of this equation
provided v = + n/m. If we further lay down the condition
that at a given instant of time (+ = 0), all the points of the
string should be stationary, we will be ruling out advancing
waves and restricting ourselves to the stationary ones. This
means that dY/dt should be zero for all values of x when ¢=0.
The solutions of the differential equation are then restricted
to the form Y = Acosntsinmx. They are continuous
in their range because there is yet no restriction on the values
that m can take and therefore on the values that n can take.
Let us now confine ourselves to a finite length / of the string
and introduce boundary conditions (¥ = 0 at all values of
t for x = 0 or /) resulting from the ends of the string being
fixed. The solutions are discrete in such a case because they
are subject to the condition Y = A cosntsinml = 0. This
requires ml/ = km where k=1, 2, 3,...,etc. k=0 1is a
trivial solution because it corresponds to a non-vibrating
condition of the string. Moreover, Y is easily seen to repeat
at intervals of 2w/m which may be called the wave-length
and we get the relation A = 2//k. Integral values of k&
correspond to aliquot fractions of twice the length of the
string. Boundary conditions thus impose very severe res-
trictions on the values of the parameter m and therefore on
the wave-length A which should be a sub-multiple of 2/k.
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We thus see that the problem in general has no solution
except when the parameter & or the wave-length A has one
of a set of discrete values. These values for which alone
the problem with boundary conditions has a solution, are
called the eigenvalues (propervalues, characteristic values).
The corresponding solutions are Y = Acosntsinmx =y
cosnt. y stands for Asinmx and these functions with
different permissible values of m are called the eigenfunctions
(properfunctions, characteristic functions) of the problem.
It may, however, be noted that the eigenvalues and eigen-
functions of the vibrating string could be obtained by
removing the time factor from the differential equation in
the beginning itself by assuming Y = yet«t,

The Wave Equation.—The propagation of a wave in
three dimensions is represented by the differential equation

32'{’+ 325”% *Y 1Y
ox? y: T odz2 T v

v is the velocity of wave propagation and ¥ is a quantity
measuring the wave amplitude. We shall assume ¥ to be
periodic in time and write

¥ =y (x,p,z) ex?mot,

Substituting this value of ¥ in the differential equation, we
have

= 0.

Assuming the De-Broglie relation A= h/p obtained by
associating a wave of wave-length A with every particle of
momentum p, Kkinetic energy p?2m and total energy
W = p*2m + V where V is the potential energy, we can
write the above equation as

Anl:-{—S"zm(W V)¢ 0.
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This is the well-known Schrédinger amplitude equation and
may be recast in the following form:

(= g A4V 6 = W,

If the expression occurring before ¢ on the left-hand side of
the equation is regarded as an operator H, it is empirically
obtained in the usual manner by writing the operator
h[2%i d/>x for pg, etc., and the operator x X (i.e., multiplica-
tion by x) for x, etc., in the Hamiltonian form of the total
energy. The relation may be represented symbolically as

Hf = Wi,
where H is now to be regarded as an operator. In case we

are dealing with a system containing several particles of
different masses, the operator H will then stand for

h2
2(~ g V)
and ¥ and W are the potential and total energies of the
whole system.

Eigenvalues and Eigenfunctions—In the operational
equation given above, i is a function of the various co-
ordinates relating to the particles in the system. In the
particular case we are dealing with, H is an energy operator
and W a number independent of the co-ordinates. As ¢
has ultimately to represent a physical quantity, we determine
solutions of the above equation which satisfy the condition
that it remains bounded, continuous and single valued
throughout the whole range permitted for the co-ordinates.
As in the case of the vibrating string, such solutions are
called the characteristic solutions of the equation, and those
values of W for which at least one such solution exists are
called the characteristic energy values. It may be noted
that while the boundary conditions in the case of the vibrating
string resulted in the eigenvalues and eigenfunctions becoming
a discrete set, in the wave mechanical problem, analogous
quantization of the values of the parameter is obtained from
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the requirement that th: ¢ function shall be bounded, conti-
nuous and single valued in the permitted range. The values
of the parameter thus quantized are called the eigenvalues
and the corresponding solutions i are called the eigenfunc-
tions. The eigenvalues may be discrete or continuous.

Linear Operators and Manifolds.—An operator H is said
to be linear if H (¥, + ¢,) = HY, + Hy, and H (@) = aHyp
where a is a constant. [t is easily verified that the differential
operator of the previous Section is linear in the above sense.
If i, ¢, ...,etc.,, are the eigenfunctions associated with
the operator H and a definite eigenvalues W, the linear
character of the operator H results in every linear combination
of the ¢’s with constant coefficients becoming an eigenfunc-
tion for the same eigenvalue. If in any case, » independent
eigenfunctions can be chosen such that any other eigen-
function can be expressed linearly in terms of the chosen
ones, they are said to constitute the basis for an n-dimen-
sional manifold corresponding to the given eigenvalue. The
totality of the eigenfunctions constitutes the manifold.

The scalar product of two functions 4, and ¢, is denoted
by the symbol (¥, ;) and is defined as [;*f,dV, the
integration extending over the whole range of the variables.
If the scalar product of any two functions is equal to zero,
the functions are said to be orthogonal. The scalar product
of a function with itself is written as (i, ) and is equal to
Jy*¢dV. 1If the functions are so chosen that this integral
is equal to unity in each case, they are said to have been
normalized. H is said to be a Hermitian operator, if the
relation

(Hipr, tho) = (1, Hibo)

holds good. Let us now consider two distinct eigenvalues
W, and W, corresponding to two eigenfunctions ¢, and i,
and confine ourselves to Hermitian operators. We have
Hyy = Wy, and Hyy = Wy,

From the hypothesis

(H‘/’b Yo) = (1, Hiby).
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It then follows that
(W1‘/’1a '/’2) = ('/'1, Wz‘/‘z)

‘or Wil * o dV = Wy [ * o dV
or Wy — W) (s, ) = 0.
Since Wi W, (Y1, ) = 0.

Even if the eigenvalues are not distinct (i.e.) if there are a
set of eigenfunctions ...y, corresponding to a single
eigenvalue W, it is possible to choose them in such a way
that they are mutually orthogonal. A proof by induction
may be given in the following manner. If p of the above
r functions are mutually orthogonal, we can construct a
p + 1th orthogonal function given by

¢'p+1 = ‘?5 - ‘/’1 (‘?5, ‘/’1) - '/’2 (#. ‘ﬁz) cee T Bl‘p (95, ‘/’p),

where ¢ is such a member of the r-dimensional manifold that
it is not expressible as a linear combination of ¢, ... .
It is now easy to verify that ¢, is orthogonal to all functions
¥, to Y. Normalization of eigenfunctions is easy to effect
as it involves multiplication by suitable numerical factors
only. Thus, in all problems where operators are confined
to the Hermitian type, the basis eigenfunctions can always
be taken as mutually orthogonal and may be normalized.

If out of an m-dimensional manifold, it is possible to
pick out a set of eigenfunctions all of which can be repre-
sented as linear combinations of n; eigenfunctions where
n, < n, the set will constitute a sub-manifold which is of
n; dimensions. If a sub-manifold is of dimension n,, it is
often possible to find another sub-manifold of dimension
ny such that n; + n, = n and the members of the latter are
orthogonal to those of the former.

Invariant Manifolds.—For every eigenfunction ¢ belonging
to a certain manifold, if Ry is also an eigenfunction in
the same manifold where R is any operator operating on
the ¢ function, the manifold is said to be invariant under
R. It may sometimes be possible to find a sub-manifold
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which is invariant under R or a set of such operators. In
such a case, the manifold is said to be reducible with respect
to the operators. If it is not possible to find an invariant
sub-manifold, then the manifold itself is said to be irreducible.
Generally every finite manifold can be reduced into two or
more irreducible and mutually orthogonal sub-manifolds.

Physical Quantities as Operators.—While writing the
wave equation in the form Hy = W3, special emphasis was
laid in the previous Sections of this Chapter to the case where
H is the Hamiltonian function converted into an operator.
In such form, the significance of the equation is that the
eigenfunction ¢ should be so chosen that the operator repre-
senting the energy, when acting on it, should result in a
constant multiple of the function. The multiplying constant
is then a possible energy value of the system. In addition,
it has been possible to conceive of operators corresponding
to various other physical quantities as well operating on
such functions giving definite results. These operators are
obtained by replacing the momenta and co-ordinates by the
corresponding operators as in the case of the Hamiltonian
function. If F is an operator of this type which when
operating on one such eigenfunction ¢ characteristic of the
system results in the equation

Fp = fi,

where f is a constant not depending on the co-ordinates
defining 4, f is an cigenvalue of the physical quantity F which
the system can assume. If ¢ simultaneously satisfies the
equations

Hy = Wy and Ffp = £y

then 4 is a simultaneous eigenfunction for the two operators
H and F.

According to the postulates of quantum mechanics,
the average value which a dynamical variable F can assume
when the system is in a state described by a function ¢ is
given by the relation
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fY*FhdV
J*pdv
if the ¢ function is normalized. In the numerator, F is to
be regarded as an operator. If ¢ is such that Fy = fif and
because f is a constant, we obtain average, F = f.

If the eigen ’s of an operator F are assumed to be a
complete set of orthogonal functions i, ,, ..., we can put
any ¢ = Za, J, and write

= 2 Zan*anFnn, where Fpp = fib *F,dV.

average, F = = [Y*FpdV

If m = n, Fy,'s are the several ‘ diagonal elements’ of the
matrix which may be associated with the quantity F and
are to be interpreted as representing the average values
which F can assume in the corresponding eigenstates of the
system. If ms# n, Fpyn’s are the several °non-diagonal
elements * of the matrix associated with F and are to be
interpreted as representing the transition probabilities con-
necting the state m with the state n.

Harmonic Oscillator.—The potential energy of a particle
bound to a fixed point by a force — kx will be $kx? when
it is at a distance x. The wave equation can be written as

d*

2
I+ T — e g =0

We make the substitutions
hv 1 k .
IR S () R SR £ PR A -iS
x =as,; a—k,v——zw\/#,sb—U(S)e

and rewrite the equation as

da*U dU 2W .

G — 28 gs T UG —1)=0
Seeking for polynomial solutions of a finite degree, this
differential equation can be solved by the power series method,
if we express U as

U=ay+aS+aS*+ ... ....
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Substituting this series in the differential equation and
obtaining the coefficient of S™, we have

tnia (4 2) (4 1) + an Zh—W——2n—l)=0

If U is to be an nth degree polynomial it follows that a,* 0
and ap = ap,,=...=0. The above equation therefore
requires that

=m+Phvforn=0,12,...,etc

For each one of these energy values, the differential equation
has, therefore, a solution which is a Oth, 1st, 2nd degree poly-
nomial according as n =0, 1, 2, etc. These solutions are
the Hermite polynomials. Some properties of these poly-
nomials are given in Appendix V. The polynomials are
even or odd functions of the parameter and therefore of
the co-ordinate x as the degree » is even or odd. We give
below the normalized eigenfunction corresponding to a
polynomial solution of degree v. The oscillator in this
state possesses energy equal to (v + 4) Av and is ascribed
a vibrational quantum number v.

]
1oy (), (x
bo = \/a\/’zvma" oy ()
Eigenfunctions of Hydrogen-like Atoms.—The wave
-equation for a system consisting of a massive centre of charge
Ze to which is bound an electron at a distance r, their mutual

potential energy V (r) being — Ze?/r when written in polar
.co-ordinates takes the form (Appenxid VI)

¥ 1 & 1 2. %
o (7 i) intoogs T rsin 0 20 (110 3

+ 8 v =

# is the reduced mass of the centre and the bound electron.
We seek for solutions of the form ¢ = S (r) T'(6, $). Substi-
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tuting this in the wave equation and dividing throughout by
ST/r’ we have

Sar )+ W — V)

1 2T TR d smeT
[Tsm20 A2 Tsm 620 20 ]
Each of the above expressions can be equated to a constant
A, because the left-hand side is a function of r only while
the right-hand side is a function of 8 and ¢ only. We have
1 2T

sin%0 d4? T sin 0 bﬁ(sm Y ) +AT=0

o () 4 S v -2 =0

Partial differentiation in the second equation is of no special
significance. By making a further substitution

T (6, ¢) = P(9)Q(4),

in the first equation and proceeding in a similar manner,
we can separate it into the following pair of equations:

d2
1 d CP
sin 0 d6 (S"‘ 0 1o ) + AP — nzg =0

These three equations can be solved independently. Taking
the equation in ¢, we have the following solutions:

Q = Aéi™m?® where C =m?and m =0, 4 1, + 2, etc.

The requirement that Q functions should be normal leads to
the value 1/4/27 for A.

Taking the equation in 6 and substituting x = cos § and
C = m? we have

d*P dp m? .
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‘Substituting P= A4 (1 — xz)'f v, we have
(l—~x’)a——-2--—2(m+1)x +(/\-—m—m2)v—0

Writing v as a polynomial Za;.xk and substituting and picking
out the coefficient of x* and equating it to zero, we have
agek+2)k+1D) —ax[(k+mk+m+1)— A =0.
If v is to be a polynomial of the kth degree, aj., = 0 and
ar# 0. The condition to be satisfied is, therefore,
k+mck+m+1)=A

Writing / for & + m, we have A = [/ (/ + 1) with the condition
that />m. For a given /, m can be O, 1, 2, ...,/. Thus
the P function for a particular / and m is given by

Pl = A (1 — x?: v/™(x).

The polynomial »;™ (x) can be expressed in the following
manner :

o™ (x) = o (P,

Py’s are the Legendre polynomials. Using the properties
of these polynomials, one can obtain the value of 4 so as
to normalize the P functions (Appendix V). Substituting
this value, we can write Py, as

Py = ~/21 +r (l -A@— sin™ 6 v;™ (cos 6)

Taking the equation in S and substituting

. 2miuedz? nro h?
R=rS; W=+~ E r= 5 X; rg= e
we have

d”R IRIES) .
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We consider the alternative with — } as it gives the discrete
set of eigenvalues. Putting R = Ayx™e %2, we get

R0+ D -AD t—1-1y=0.

Expressing y as a polynomial and proceeding as in the
previous case, we obtain the condition n =J + 7+ 1 if y
is to be a polynomial of the Jth degree, n is obviously >/ 4 1
because J =0, 1, 2, etc. We shall designate the polynomial
y by L24* (x) and this represents the 2/ -+ 1th derivative
of the Laguerre polynomial of degree n + /. y is a poly-
nomial of degree J=n—/— 1. Obtaining the value of
A from the known properties of the Laguerre polynomials
(Appendix V) so as to normalize the eigenfunctions, we have

n—T=DT 2V
\/2n' o - Gin)

Goyesos (2)

The full wave function ¥ is SpiP1mQOm -

The Rigid Rotator.—We have already shown in the
previous section that for a rotator, the following equation

holds good:
127,28

pa(P) T Ve~

S=O.

In the case of a rigid rotator like a diatomic molecule with
a fixed internuclear distance r, the first term vanishes and
wmr? is the moment of inertia . Since V' (r) can be put equal
to zero and A = [/(/ 4+ 1), we have the following expression
for W, the energy of the rotator:

hZ

1 is called the angular momentum quantum number of the
molecule.

3



CHAPTER VII

VIBRATIONS OF A DYNAMICAL SYSTEM

Kinetic and Potential Energies of a Dynamical System.—
The configuration of a system of particles can be described
in terms of a certain number of quantities q;, gz, ...>9n
which may be called the co-ordinates of the system. We
consider cases in which the number of co-ordinates required
to specify the configuration is always finite. If xj, y;, z; are
the Cartesian rectangular co-ordinates of the ith particle in
the system, x;, y;, z; are functions* of ¢y, ¢s, ..., qn. The
kinetic energy T of the system is

1 Em; (x2+yi2+2?)

the summation extending over all the particles. The kinetic
energy, when expressed in terms of the co-ordinates g, qa,

..»qn and their time derivatives ¢, 4o, . .., qn, becomes a
homogeneous quadratic function of ¢y, ¢y, ..., gn. Since T
is always positive, it follows that 7 is a positive definite
quadratic form in ¢q,, gy, ..., {p.

We choose the equilibrium configuration of the given
system as a standard configuration. Suppose the system is
displaced from such a configuration called the initial to
another configuration called the final. If the forces acting
on the system are such that the work done by these forces
in a displacement is independent of the series of configurations
through which the system moves but depends only on the
initial and final configurations, the field of force is said to be
a conservative field. For such a force field, the work done
by the forces of the field in a displacement of the system
from the configuration ¢y, q,, ..., qn to the standard con-

* If the system contains moving constraints, x;, y;, 2; are functions, not
only of ¢4, g3, . ..., g4 but time also. In what follows we assume that there
are no moving constraints and that x;, y;, z; do not involve time explicitly.
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figuration is a function of ¢, gy, ..., gn only. This function
is called the potential energy of the system and is denoted
by the symbol V(qy, g, ..., qn)-

Lagrangian Equations of Motion—A dynamical system
is said to be holonomic if a displacement represented by any
arbitrary infinitesimal changes in the co-ordinates is possible,
Otherwise it is said to be non-holonomic. We consider here
only holonomic systems. Consider the displacement of the
system in which the co-ordinate ¢, is changed to ¢, + 8¢,
while the rest are unaltered. This displacement of the
system is possible since the system is assumed to be holonomic.
If we introduce a new function L defined by the relation
L =T — V, the equations of motion may be written as*

d (dL dL

dt bTh) BRT
These are called Lagrangian equations of motion and L is
called the Lagrangian function.

Normal Modes of Oscillation.—A configuration in which
a dynamical system can remain permanently at rest is defined
as an equilibrium configuration of the system. The values
of the co-ordinates ¢, ¢, ..., qn in the several possible
equilibrium configurations can be obtained by solving the
Lagrangian equations of motion in which §;, ¢, ..., §n;
a4y, 4y, ..., ¢y are all put equal to zero. This reduces to
solving the'equations dL/dg,=0. If we expand V in ascending
powers of gy, 45 ..., qq, the term independent of the
co-ordinates can be omitted as it gets eliminated in the
equations of motion. There cannot be terms which are
linear in the co-ordinates on account of the equations
3V/dqr = 0. Thus, only the second and higher degree terms
in the potential energy function enter into the Lagrangian
equations of motion.

Suppose a system is initially placed near an equilibrium
configuration. In some cases, the particles in the system
remain always in the neighbourhood of their equilibrium

= 0.

* E. T. Whittaker, Analytical Dynamics of Particles and Rigid Bodies.
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positions and never acquire large displacements. Motions
of this type are called vibrations about an equilibrium con-
figuration and the system is said to be stable. In some other
cases, the particles in a system when placed near an equi-
librium configuration tend to move further and further away
from the equilibrium position assuming large values for the
co-ordinates. Such configurations are unstable. We
consider now the vibrations of a system about a configuration
of stable equilibrium and confine ourselves to small amplitudes
of motion. We have already shown that T is a homogeneous
quadratic function of ¢y, 95, . . ., gn With coefficients involving
qv 9a - - -5 qn if we consider the case where T does not involve
time explicitly. We can, without loss of generality, assume
that the equilibrium configuration corresponds to the zero
values of the co-ordinates. Since ¢, q,, ..., g, are very
small in the problem under consideration, we may, in the
expression for T, replace the coefficients of the squares and
products of gy, g, ..., ¢n by the constant values which they
assume when q;,4s, ...,qn, are put equal to zero. The
kinetic energy is therefore a homogeneous quadratic function
of gy, s, ..., qn With constant coefficients. Neglecting the
higher terms in the potential energy expression also for the
same reason, V can be expressed as a homogeneous quadratic
form in the co-ordinates g. The kinetic and potential energies
of the system may thus be written as general quadratic
forms:

T=13%Zajiqiq5; ij=12,...,n
V=3%+Zbyqq;; iLji=12,...,n

These two expressions can be simultaneously reduced to the
canonical forms (Appendix II)

2T = 2 Qi?; 2V = 2 MQx?;

by suitable linear combinations Q’s of the original co-ordi-
nates g. The X’s in the latter expression can be shown to be

the roots of the equation (Appendix II)
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by — Aay bis — Aay, bin — Aayp
by — Aay bay — Aay, by, — gy —0
' bpy — Aap, brs — Aap, bpn— Aapn

Normal Frequencies.—When the Kkinetic and potential
energies are put in the form

2T = ZQ?; 2V = ZN0i?;

the Lagrangian equation of motion corresponding to any
normal co-ordinate Q, can be written as

j‘((?_T, _r__

dt b‘QT bQT bQ"' )

This reduces to Q, = — AQ,. A function Q, of the co-
ordinates of a dynamical system for which Q, = — A,Q»

is called a normal co-ordinate and the mode of oscillation
described by Q is called a normal mode of oscillation. It
follows from such equations of motion that each normal
co-ordinate corresponds to an independent mode of vibration
of the system. If some of the quantities A, Ay, ..., A, are
not positive, the normal co-ordinates Q which correspond
to such values of A do not represent vibrations about an
equilibrium configuration and the equilibrium configuration
is unstable. If all the constants A are positive, the equi-
librium configuration is stable. An equilibrium configuration
is therefore stable if the potential energy of the system is
a positive definite form.

A is related to the frequency v, of vibration by the
equation

Ay = 4nv, 2

If the coefficient A of any normal co-ordinate Q is distinct
from the other X’s the corresponding normal mode is said
to be non-degenerate. On the other hand, if two or more
Q’s have the same coefficient, the corresponding modes are
said to be degenerate and the number of Q’s which have the
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same frequency is called the degree of degeneracy. In such
a case the choice of Q’s is not unique.

It may now be seen that if the system is referred to any
other set of co-ordinates which are not normal co-ordi-
nates, such co-ordinates are linear functions of the normal
co-ordinates. Thus every conceivable vibration of the system
may be regarded as the superposition of some or all of the
independent normal vibrations.

In order to obtain the normal modes and frequencies
in an actual case, we have to first set up the general quadratic
forms for the potential and kinetic energies and find out
suitable combinations of the variables so that the potential
and kinetic energies expressed in terms of the altered variables
may not contain cross terms. When the number of particles
in a system is small, the above procedure may conveniently
be followed. The method, however, becomes increasingly
complicated with increasing number of particles in a dyna-
mical system. Group theoretical methods greatly simplify
the work and we shall deal with them in this Chapter in
some detail.

Orthogonality Relation between the Normal Co-ordinates.—
In a normal mode of oscillation Qg4, every particle vibrates
with the same frequency say v, about its equilibrium position.
If 8% is the displacement of the ith particle in the x direction
corresponding to the normal co-ordinate Q,, it may be de-
Scribed by the equation

Qo = 282%x;
and we have
32i% = A cos 2mvgt + €).

A varies with the particle i, and the equation of motion of
the ith particle is taken in the form

2y 2,,.8 .0 i
4m2y®m;idi® = Fyl,

where F! is the total force acting on the particle i in the
direction x. Denoting the x component of the force on the
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ith particle due to a unit displacement in the y direction of

the jth particle by the symbol K"/, the above equation takes
the form

4mdym;dt= T K, 18,9, ij=1,2,...,N.

If Qp is another normal co-ordinate with a different frequency
say vp, we have similarly the equation

IrtvpPmd i = Z K98, i, j=1,2,... ... , N.

Multiplying the former by 8,;® and the latter by 8.;9, sub-
tracting one from the other and summing up this result
for all i and x, we obtain

472 (v — vp?) [Zm8i®8 ;0] = ZK )y [82i08,5%— 82198,;]1=0

as the terms on the right side cancel in pairs by virtue of
the relation Ky, = Ky, % Since vg# vp, it follows that

Z’mi Sxia Sxib = 0.

This result is known as the orthogonality relation between
the normal co-ordinates.

If vg corresponds to a set of degenerate normal co-ordi-
nates, suitable linear combinations of these co-ordinates
may be chosen so that the resulting set is orthogonal. Thus,
a complete set of normal co-ordinates which are mutually
orthogonal may be ascribed to a given system.

Symmetry Properties of Normal Modes.—Let Q,, Qj,
..., Qp be a complete set of normal co-ordinates of a dynami-
cal system. We consider a configuration in which all the
normal co-ordinates, except one say Q, with frequency v,
vanish. As explained in the previous Section, we use the
symbol Q, to denote also the configuration of the system.
By this we mean that if Q, = a,q, + @92 + ..., + Gngn,
the co-ordinates g, ¢, ..., qn Of the particles in the system
take the values 4y, 4, ...,a,. The following argument
holds good for any configuration but as we are primarily
interested in normal modes and normal frequencies, we take
a configuration corresponding to a normal mode. If we
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now perform a sysmmetry operation R of the point group
appropriate to the given dynamical system, we obtain a
new configuration which we represent by the symbol RQ,.
Since a symmetry operation is only a particular case of a
movement already defined as an operation in which the
distance between any two points remains unaltered, the con-
figuration RQ, has the same potential energy as Q provided
the potential energy remains invariant whenever the mutual
distances between all points of the body remain unaltered.
This is, of course, true even if R is a movement and not
necessarily a symmetry operation of the point group. But
RQ, is not a normal co-ordinate of the original system as
the individual particles are no longer in the neighbourhood
of their equilibrium positions. 1In fact, the motion described
in RQ, is such that a particle leaves the neighbourhood of
its equilibrium position and goes over into the neighbourhood
of the equilibrium position of one of its equivalents if R
is a symmetry operation. We can however derive from the
configuration RQ,, a geometrically identical configuration
RO, in the following way. If by means of the operation
R the Ilth particle in the configuration RQ, goes over into
the kth particle, we shall suppose that the kth particle remains
in its own neighbourhood but gets the motion of the /th
particle. By doing the same for every particle, we keep
all of them in their own original neighbourhoods, thus
ensuring the invariance of the kinetic energy, and obtain a
configuration of the system which is geometrically identical
with RQ,. This new configuration may be denoted by RQ,.
The potential and Kinetic energies in the configuration RQ,
are the same as in Q,. Therefore RQ, represents a normal
co-ordinate having the same frequency v, as that of Q,.
Adopting this procedure for all the symmetry operations
of the point group G appropriate to the system, we obtain
the several normal co-ordinates RQ, which have the same
frequency v,. But all these normal co-ordinates RQ, need
not be linearly independent. Let Q,, Q,, ..., Q7 be a com-
plete set of linearly independent normal co-ordinates chosen
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from all the co-ordinates RQ,. Then the oscillation of fre-
quency v, is said to be f-fold degenerate. Similarly, we
take another normal co-ordinate independent of the above set
and as before obtain a set of linearly independent normal
co-ordinates of frequencies, say vs. In general vg# v,. If,
however, they are equal, the corresponding degeneracy is
called accidental degeneracy. This degeneracy cannot be
anticipated from symmetry considerations. Proceeding thus,
we divide all the normal co-ordinates of the system into
linearly independent sets, each set containing only normal
co-ordinates of the same frequency.

The above process separates the manifold of normal
oscillations into irreducible sub-manifolds. Each irreducible
sub-manifold may be associated with an irreducible repre-
sentation of the group of symmetry operations. The trans-
formation matrices corresponding to an irreducible sub-
manifold having Q,, Q,, ..., Qs as the basis can be written
from the equations

RQ; = 2Ry Oy (i, k= 1,2, ..., f).

The reducible representation I' defined by all the normal
co-ordinates will then be given by the following correspond-
ence where 'R, 2Ryn . . . denote the matrices in the irreducible
representation of R corresponding to the 1st, 2nd, etc., sets:

Re. O 0 - O
RNRN 0 2Rmn0 * 0

Representation defined by the Cartesian Co-ordinates.—
Take any set of three mutually perpendicular axes X, Y, Z
and through the equilibrium position of each particle in the
given system, choose three axes parallel to the X, Y, Z
system. Let x,, y,, z, be the co-ordinates of the rth particle
in its displaced position with reference to the axes through
its equilibrium position. A dynamical system consisting of
n particles is completely defined by the 3» co-ordinates

) 4
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X1s Y1» Z1s - - -5 Xns Yn» Zn. It has already been stated that all
the normal co-ordinates may be expressed as linear functions
of the 3n Cartesian co-ordinates. The relation between the
two sets of co-ordinates may be given by a transformation
matrix in the form

0, | 1 i

0, ; ; )1 !
. JE — l T I ‘ . ;
o |

Qsn ; l Zn

where T is a matrix of 3n rows and 3n columns. T is not
an orthogonal matrix but if the masses of the particles are
absorbed in the co-ordinates, i.e. if x; stands for X; = m;ix;,
T can be taken as an orthogonal matrix. We have shown
in the previous Section that the 3n Q’s define a representation
I’ of the point group. The above equation shows that the
Cartesian co-ordinates define an equivalent representation
I'" of the point group. In fact if a symmetry operation
R induces the transformation Q' = MQ, it induces the trans-
formation x' = T-MTx, since x' = T'Q' = T-'MQ=T"
MTx. Thus the matrices of I'” are transforms of the matrices
of I' by T. Consequently, the character of any operation
R in the two representations I' and I is the same. It is
easy to calculate the character of an operation R from the
reducible representation defined by the 3n Cartesian co-
ordinates. If the symmetry operation R takes over the
particle / into the position of particle kX, we have in general
a relation of the type

Rxy = ax; + by1 + ¢z

and the character arising from xj is zero. Similarly the
characters arising from yy and from zp are zero. If, on the
other hand, the kth particle is invariant under the operation
R. we have
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Rxy, = X3, cos ¢ — yj. sin ¢
Ryy, = xp.sin ¢ + yj cos ¢
Rchi + zg,

the + or — sign in the last relation being used according
as R is a pure rotation or a rotation-reflection through ¢.
In the above equations, the axis of rotation is taken as the
Z-axis itself and the X and Y axes lie in a plane perpendicular
to it. This choice of axes may not coincide with that taken
in the beginning but it will not affect the character arising
from a given R as two different co-ordinate systems give
equivalent representations. It, therefore, follows that 1+42
cos ¢ and — 1 + 2 cos ¢ are the characters for a pure rotation
and a rotation-reflection respectively. We thus arrive at the
result that an invariant point under the operation R gives rise
to the character 4 1 -+ 2 cos ¢ whereas points which are not
invariant do not contribute anything to the character. Hence
in the reducible representation I defined by the Cartesian
co-ordinates, the character of any operation R is
Ug(+ 1 4 2cos ¢i) where Uy is the number of particles
that remain in their original positions when R is performed.

It has already been pointed out that the representations
defined by the normal co-ordinates and the Cartesian co-
ordinates are equivalent. The character of an operation
R is therefore the same in the two representations. In the
previous paragraph we obtained the character of an operation
R in the representation defined by the Cartesian co-ordinates.
The same expression, namely, Uy (4 1 + 2 cos ¢g), should
therefore be equal to the character of the operation R in
the representation I' defined by the normal co-ordinates
01, 0, ..., Qsn. We have seen that the normal co-ordinates
can be divided into sets of irreducible manifolds and each
set corresponds to an irreducible representation I';. If there
are n; such sets that belong to a particular irreducible repre-
sentation I';, it follows that »; is the number of times the
representation I'; is contained in the representation I
To obtain the number n; we use the formula (Appendix I)
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ni = 5 Shyx,’ (R) xi (R),
where N is the order of the point group G. x,” (R) is the
compound character and stands for the expression Uy (4 1
+ 2 cos ¢x) and y; (R) is the character of the operation R
in the ith irreducible representation of the group G.

The number derived in this manner includes the normal
co-ordinates relating to translations and rotations of the
point system as a_whole. We can, however, exclude them
by removing from X, (R) the character arising from trans-
lations and rotations. In a translation all the particles get
the same displacement and therefore the normal co-ordinates
Oz, Oy and Q; corresponding to the three translations trans-
form under a symmetry operation R in the same way as the
three unit vectors X, Y, Z along the co-ordinate axes. The
unit vectors X, Y, Z relating to the three translations trans-

form under R as
RX = Xcosé — Ysing
RY = Xsin¢ + Ycos ¢
RZ =+ 27,

the + or — sign in the last relation being used according
as R is a pure rotation or a rotation-reflection. Hence the
character arising from the normal co-ordinates corresponding
to translations is 4 1 + 2cos ¢. It may be noted that in
this case there is no distinction between R and R.

Let Quwg, Quy, Qu, represent the normal co-ordinates
corresponding to the three rotations about the co-ordinate
axes. The displacement vector of a particle with position
vector r in a configuration obtained by an infinitesimal
rotation w is given by the cross product r X w. Hence Qwy,
Quwy, Quw, transform in the same way as the displacement
vector /. The three components of / are

lp=ydz— 28y ; Iy=128x — x8z ; l; = x8y — ydx ;
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if 8x, 8y, 8z are the components of the rotation vector,
[ transforms under a rotation through ¢ around the Z-axis
to I’ where

ly = —Iysing 4 [, cos ¢

If the operation is a rotation-reflection through ¢, the trans-
formations will be

li' = —Izcos ¢ — I,;sind

Iy = Iy sin¢g — I cos ¢

I =1,
Thus the character arising from a pure rotaiion is 1 4 2

cos ¢ and from a rotation-reflection is 1 — 2 cos ¢. Finally
from the formula

1 ,
ny = NthXp (B) xi (R),

we obtain (1) the number of normal modes coming under
I'; including translations and rotations, (2) the number of
translations only, (3) the number of rotations only, (4) the
number of normal modes excluding the translations and
rotations if we use respectively for x," (R) the four expressions

(1) x,/ (R) = Ur (&= 1 + 2 cos ¢y)

) x, (B)= £ 1+ 2cos ¢

(3 x,’ (R) =1+ 2cos ¢z

@ x,’ (R) = (Ug—2) (142 cos ¢g) or Ug (—1+2cos ¢g).
In the last case, the first alternative corresponds to a pure
rotation and the second to a rotation-reflection. The six

co-ordinates Ty, Ty, Tz; Ry, Ryand R, are called external
co-ordinates.
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Determination of the Normal Co-ordinates.—In order to
obtain the normal co-ordinates that belong to an irreducible
representation I'; of degree one, we start with the most
general linear expression Q in the 3z Cartesian co-ordinates.
If R is a group operation and A is the character of the same
in I'; we obtain RQ and write the equation

RQ = AQ.
We get one such relation corresponding to each operation
R of the group. If the number of modes of oscillation coming
under I'; is only one, the normal co-ordinate Q is uniquely
determined. On the other hand, if the number n; is greater
than one, the corresponding normal co-ordinates cannot
in general be written uniquely without further information.
We may express Q in the form
Q=a,S + aS;, ..., + anSn,

where a,, as, . . ., an are arbitrary constants and Sy, S,, ..., Sy
are functions of the 3n Cartesian co-ordinates which trans-
form separately under the various operations R in the same
way as Q. The actual normal co-ordinates in such a case
cannot be obtained without a knowledge of the forces
operating on the point system. The functions S;, Sy, ..., Sp
are called the symmetry co-ordinates and the normal co-
ordinates are obtained from the above relations by forming
independent combinations of these functions with coefficients
which depend upon the force constants.

The normal co-ordinates corresponding to translations
and rotations can be written down independently and their
transformation properties under group operations R can
be checked with the help of the group characters. If through
the equilibrium position of each particle we take three axes
parallel to a parent system of rectangular axes, the three
translations can be described by the normal co-ordinates

Tm=x1+x2,...+xn,
Ty=y+Ys--- +Vn
TZ=21+22""+Z‘R’
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To obtain the displacements of the particles in the normal
modes corresponding to pure rotations, we note that for
a small rotation about any axis, the displacement vector of
a particle is given by the cross product (r X w) where, r is the
position vector of the particle and w is an infinitesimal vector
in the direction of the axis of rotation. In some cases it
may be convenient to adopt systems of axes which are not
parallel to any parent system. In such cases suitable modi-
fications must be made. If any of the translations or
rotations come under a given irreducible representation,
we form »; new functions which together with the normal
co-ordinates relating to translations and rotations, if any,
in I'; form a set of »; mutually orthogonal co-ordinates.

In order to obtain the normal co-ordinates belonging
to an irreducible representation of dimension r greater than
1, we take r general linear expressions Q;, Q,, ..., @ in the
Cartesian co-ordinates. This corresponds to a normal
mode which is r-fold degenerate. As before, if R is a group
operation and (ajx) is the matrix representing R in the ir-
reducible representation, we obtain RQ; and equate it to
YaixQk. From these relations it follows that if there are
13

n; frequencies that belong to this representation, every one
of these Q’s will involve the same set of n; functions S,, S,,
..., Sy with n; arbitrary coefficients. As before, we allow
for the normal co-ordinates corresponding to translations
and rotations and form »;’ sets of mutually orthogonal sym-
metry co-ordinates, each set containing r expressions. We
must make sure that the resulting sets transform themselves
according to the transformation matrix |ajx|. The n; normal
co-ordinates that belong to this representation are then
obtained as before. It may, however, be mentioned that
in this case the normal co-ordinates are not unique. Group
theory helps us to determine the symmetry co-ordinates
only.

Splitting of the Secular Equation—It follows from the
result of the previous Section that if 27" and 2V are expressed
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in terms of the symmetry co-ordinates, no cross products
occur between co-ordinates that belong to different irreducible
representations or between co-ordinates transforming ac-
cording to different rows of the matrices in the same repre-
sentation I'". In view of these important properties, we
can simplify the procedure of calculating the frequencies by
considering the symmetry co-ordinates belonging to each
irreducible representation separately.

After obtaining the symmetry co-ordinates, the problem
remains to form the kinetic and potential energy expressions.
We express the 3n Cartesian co-ordinates in terms of the
symmetry co-ordinates and evaluate the kinetic and potential
energies in the usual manner. The secular equation is of
degree n;. It may be noted that the transition to Cartesian
co-ordinates is simple if the transformation matrix giving
the symmetry co-ordinates in terms of the Cartesian co-ordi-
nates is taken as orthogonal (which we can always do).
The degrees n; of the smaller equations into which the 3n
by 3n secular equation is split, may be further reduced to
degrees n;’ if we use a set of internal co-ordinates (37 — 6
in number in general and 3n — 5 in the case of linear mole-
cules). General formulae for writing the kinetic and potential
energies in terms of internal co-ordinates are given in the
next Section.

F and G Matrices—Since the potential energy V of
vibration of a molecule is usually expressed in terms of the
variations from equilibrium values in the interatomic dis-
tances and angles between the bonds, it is sometimes*
convenient to take the internal quantities (variations) as
co-ordinates. If Ry are 3n — 6 independent internal co-
ordinates of a molecule consisting of »n atoms, the potential
energy may be written as

2V = 3 FyiRR; k,1=1,...,3n—6.
12

* E. B. Wilson, Jr., J. C. Decius and P. C. Cross, Molecular Vibrations,
1955.
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In matrix notation, this may be written as 2V = R{FR.
The matrix of force constants | Fi; | is called the F-matrix.

The kinetic energy 7 in rectangular Cartesian displace-
ment co-ordinates x; is given by

2T=Zmp'cf i=1,...,3n
=2 x’ X = (m;)?! x;
1

where m; is the mass associated with x;. We shall express
the kinetic energy in terms of the internal co-ordinates.
Suppose the internal co-ordinates are given by the equations

Ry = XY di; % k=1,...,3n—6
i
i=1,...,3n

and the external co-ordinates (corresponding to the trans-
lations and rotations of the molecule as a whole) by the
equations

(Ro)k = X dki % k=3n—5,...,3n
i=1,...,3n.
In matrix notation the above two sets of equations may be

written as

R
R,

(3.

~ |2
= p,

If | C| Cy| is the inverse matrix of , we have

D,

[21=1ClGol || = ICR+ CuRol.

The kinetic energy may be written as
2T =| £|t| 2| = | RICt + RytCto | | CR + CoRy |-

Since we are interested in writing the kinetic and potential
energies in terms of the internal co-ordinates, we put | R, |
= |0] in the above equation. Then

2T = R{C{CR.
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But we have CD + CoDy, = E3, and DC = Eg, 4, Here
Eyn and Ejns are unit matrices of degrees 3n and 3n — 6
respectively. We have
DD+CtC = E;p and 2T = R} | DD} |1 R
The matrix DD% is denoted by the letter G and is called the
G-matrix. The matrix element G,3 = Y d,idsi. The kinetic
energy is given by '
2T = R{G'R.
The secular equation then takes the form
|F—(GY)A|=0o0r | FG— EX|=0.
If we write the internal co-ordinate Ry in terms of the un-
weighted Cartesian co-ordinates x; instead of the weighted
co-ordinates %; in the form
Ry, = ZByixi;
we have
By = di vVmi.
The quantities G,; take the form
Gps = %',u..;BTiBsi i=1,2...,3n

where u; = 1/m;. Let the three Cartesian co-ordinates Xx;
pertaining to an atom ¢ be taken as the components of a
vector p¢ and let the corresponding three coefficients By; in
~ the expression for R). be taken as the components of a vector
Skt. Ry may then be written as

Ry = X Ske'pt

Here Skipe denotes the scalar product of the two vectors
Skt and pt. The elements of the G-matrix may be given as

Grs = f‘?’ pt Srt. Sst.
The dot here again denotes the scalar product. General

expressions for the S vectors can be easily derived and they
are given below for a few typical cases.
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In Fig. 5, the internal co-ordinates are taken as changes
either in bond lengths or in the bond angle. Let the atoms
1, 2 and 3 form an angle 2o at the atom 1 in the equilibrium
position and Q;; be the reciprocal of the equilibrium distance
between the atoms i and j. If the internal co-ordinate under
consideration is the increase in the length of the bond formed
by the atoms 1 and 2, we have

Sk1 = ¢y = — eppand Sky = €3 = — ¢y

e, stands for a unit-vector from atom 1 to atom 2 and similar
notation is adopted for unit vectors in other directions. If
the internal co-ordinate under consideration is the variation
of the angle 2o from its equilibrium value, we have

Sks = Q12 (€31 + €15 COs 2a)/sin 2a

Sk3 = Q13 ((’21 + (.)13 Ccos ZG)/Sin 2a

Sk = — (Skz + Ska).
Using these S vectors and remembering that es.e; = 13
€. = 1; ey. ey = cos2a, the matrix elements Gps
can be evaluated in the following form. The superscripts

on the G’s denote the number of atoms common to the
bonds and bond angles indicated by the subscripts.

Gpp® = py + pe
GppV = pu, cos 2a
Gry® = — py Qyp5in 2a

Gy = 1aQro?+13Q15 i (@122 + Q1s® — 2 €08 2001, O15)

It is not always possible to limit the choice of internal
co-ordinates in a molecule to 3n — 6, consistent with its
symmetry. For example, in a molecule like CH,, if we chose
the variation in the length of one of the edges of the tetra-
hedron as a co-ordinate, we shall have to choose the varia-
tions in the lengths of the other five edges also-as co-ordi-
nates. The same applies to the angles at the centre. We
can only make an arbitrary choice out of these twelve internal
co-ordinates, if we restrict the number to 3n — 6 which in
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Fig. §

this case is nine. In fact, this is so for most molecules,
simpler ones being the only exceptions. Even in a simple
case like a structure forming an equilateral triangle, we note
that the variations in the three lengths and in the three angles
have all a claim for being chosen as internal co-ordinates.
In such a case, as we need only three internal co-ordinates,
the choice of three out of the available total of six introduces
an element of arbitrariness. Out of the larger number of
co-ordinates, say m in a general case, we could make a
selection of 3n — 6 independent combinations and regard
the rest as redundant. The F and G matrix method is for-
mally used by taking all the m co-ordinates and omitting
finally the rows and the columns in these matrices cor-
responding to the redundant co-ordinates in evaluating the
normal frequencies. It is often difficult to weed out the
redundant co-ordinates. For this reason, we give the alter-
native F and G matrix method in addition to the usual one,
only in the case of some simple molecules.



CHAPTER VI

VIBRATIONAL RAMAN EFFECT AND INFRA-
RED ABSORPTION

The Molecule as a Dynamical System.—Every molecule
in general may be regarded as a system of particles, namely,
the atomic nuclei, which are bound together by various
kinds of forces tending to keep the system in stable equili-
brium. All that has been said in the foregoing Chapter on
small oscillations about an equilibrium configuration of a
dynamical system applies to the case of molecules. On
account of the fact that there are electrons attached to the
various nuclei which are in some way connected with the
binding forces in a molecule, whenever a molecule finds
itself in the field of an incident electromagnetic radiation,
it begins to react with the field in a variety of ways. A
detailed study of such a reaction furnishes the mechanism
by which radiation and matter interact with each other.
We shall now primarily concern ourselves with two major
phenomena, namely, the Raman scattering and Infra-red
absorption, because nuclear vibrations of the molecular
system exhibit themselves most prominently in these two
instances. Of these two, Raman scattering has an additional
advantage from an experimental point of view as it is easily
accessible for observation when studied in the visible region.

Raman Scattering by a Diatomic Molecule.—The general
principles underlying the behaviour of a vibrating molecule
in the field of a light wave may easily be understood by
studying the simple case of a diatomic system. If the equi-
librium nuclear distance is r,, the kinetic and potential
energies in a displaced position where the nuclear distance
is ro + g may be written as

2T= ’qu; 2V = Kq”
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if harmonic forces are assumed. p is the reduced mass of
the . clei and K is the constant characteristic of the binding
between them. The corresponding equation of motion will
be g = — (K/p)g. There is only one normal co-ordinate
namely g and the corresponding normal frequency v of vibra-
tion is given by 4n®* = K. An incident electric vector
E = E,sin 2mvit may be regarded as inducing an electric
moment vector P = aE,sin2nvy¢ in the molecule.* The
molecule then behaves as a Hertzian oscillator and radiates
energy in the form of electromagnetic waves of frequency
ve- If o is a constant and does not vary with time, nothing
else happens but if o is influenced by the normal oscillation
of the molecule, it is altered periodically with the normal
frequency v and the electric moment of the oscillator at
any given instant may be represented by the expression

. d
Eq sin 2nvyt [ao + (‘73)0 o cos (2mvt + €)

+ 3 (ZZ—%)O 02 Cos?(2m vt + ¢€) ... ]

ao is the electric moment induced in the molecule in its
equilibrium position by a unit incident radiation field and
o is the amplitude of the normal co-ordinate gq. e represents
the phase of the molecular oscillation whose value is arbitrary.
Taking only the first two terms of the above expression, they
may be split up and written as

aoE, sin 2mvyt +
( [sm {27 (Vo+7) t+ €} -+ sin (27 (vg — V) £ — e}]

The ﬁrst term gives radiation of the same frequency as the
incident field (Rayleigh scattering) and the second and the
third terms give rise to radiations of frequencies vy + v and

* a is a quantity connecting two vectors, namely, the incident electric
vector and the induced moment vector. It is a tensor of the second order if
P is regarded, to a first approximation, as being linear in E.
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vo — v (Raman scattering of the anti-Stokes and Stokes type
respectively).

The extension of the above simple picture to a more
complicated molecule possessing several normal modes of
oscillation and corresponding normal frequencies is a formal
one, chiefly because the normal modes are mutually inde-
pendent.} It may, however, be mentioned that the existence
of a term (da/dyq), is responsible and may be regarded as a
necessary condition for this type of interaction between a
nuclear system and radiation resulting in first order Raman
scattering. Similarly, the second order Raman scattering
when it exists in the case of a harmonic oscillator, should
be regarded as arising from the existence of a term
(d%a]dg?),.

Infra-Red Absorption and Electric Moment.—In the fore-
going Section, we considered a phenomenon in which the
light wave falling on a molecule produces or induces in it
an electric moment. The induced electric moment, besides
the periodicity which it inherently possesses on account of
the inducing light wave being itself periodic, also acquires
superposed periodicities due to the vibrations of the mole-
cular system about its equilibrium configuration. If, on the
other hand, the molecular system has a permanent dipole
moment quite apart from that induced by radiation, we are
confronted with a different situation which gives rise to
direct absorption under suitable conditions. The permanent
dipole moment is a vector and if the molecule in its equi-
librium state has a configuration resulting in such a moment,
as in HCI for example, it is easily seen that when it rotates in
the field of a light wave, a corresponding periodic variation
in the interaction energy between the radiation field and the
dipole moment is introduced and absorption occurs. Even
if the molecule in its equilibrium state has no dipole moment,
as in CO, for example, it is possible that in a normal oscilla-

t A quantum mechanical theory of Raman scattering based on the
Kramers Heisenberg dispersion formula is given in Appendix IIIL
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tion by an unsymmetrical movement of the nuclei, the system
will acquire an electric dipole moment which during the
oscillation will vary with time in a periodic manner about
the zero value, the periodicity being that of the normal
oscillation itself. Absorption of energy in the corresponding
region will again occur. Only, the region of frequency will
be of the order of molecular rotations and molecular oscil-
lations and such absorption accordingly is confined to
the infra-red range of the electromiagnetic spectrum. More
details will be worked out in the following Sections by consi-
dering the electric moment as a matrix.

Selection Rules for Fundamentals.—In this Section, we
confine ourselves to transitions in which changes occur only
in the vibrational quantum number relating to molecular
systems. The assumption that the potential energy is a
quadratic function of the atomic displacements implies that
the restoring forces are always proportional to the displace-
ments. The corresponding oscillations about the equilibrium
position are consequently simple harmonic and as has been
shown in Chapter VI the eigenfunctions are normalized
Hermite polynomials with the normal co-ordinates as the
parameters. The appearance or otherwise of a spectral
line in absorption resulting from a transition of the molecule
from a vibrational state with quantum number v, to that
with quantum number v, will depend upon the element
M, (0) which is equal to

[ o, * (Q) M (Q) ¢, (Q) 4.

M (Q) in the above integral is the operator corresponding to
a general linear combination of the components My, My, M,
of the electric moment vector appropriate to the molecule in
the configuration Q, considered, for simplicity, as belonging
to a non-degenerate normal mode Q. Since it contains only
terms in the co-ordinates and does not contain the momenta,
it may be written anywhere in the integral sign. If the integral
vanishes, the corresponding line does not appear. If the
integral does not vanish, the corresponding line will appear.
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¥; and ¢, are Hermite polynomials of degree v, and v, res-
pectively. If we confine ourselves to dv = + 1, it is easily
seen that v, is even when v, is odd and vice versa. If Q
changes sign as a result of the symmetry operation R of the
molecule, the product ¢,,;* (Q) ¢» (Q) will also change sign.
M (Q) should then also change sign if the integral as a whole
is to remain invariant. The latter condition has to be ful-
filled because R is a symmetry operation. These statements
hold good equally well for all R constituting the point
group G appropriate to the molecule and we conclude that
the integral will have a non-vanishing value only if M (Q)
has the same character under each symmetry operation R
of the group as the normal co-ordinate Q itself. In the
degenerate case also, it follows from the orthogonality of
the irreducible representations of the group of symmetry
operations of the molecule, that the integral vanishes unless
M belongs to a representation contained in the repre-
sentation defined by the products ¢*,; (Q) ¥y, (Q). The prob-
lem of finding out which normal co-ordinates can give rise
to absorption or emission lines, therefore, reduces to finding
out suitable linear combinations of M, My, M, transforming
under the various symmetry operations as particular sets
of normal co-ordinates. This is the same thing as dis-
covering the irreducible sets into which the manifold of
My, My, M, will fall with reference to the point group.
The character of an operation in the representation defined by
the manifold M, My, M, is easily seen tobe + 1 4 2cos ¢
because M., M,, M, which are components of a vector,
transform themselves as the Cartesian co-ordinates. The
number of basis elements in each irreducible set for such a
case is given by the formula

A Zhy (& 1+ 2c0s ¢ 1 ()

When this number vanishes, it means that no combination
of M’s transforms in the same way as the set of normal
co-ordinates coming under the irreducible representation I
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and all the corresponding normal modes of oscillation may
be classed as inactive. When it is not zero, we can get
combinations of M’s transforming as the normal co-ordinates
and all the corresponding normal modes of oscillation in
such a case may be classed as active. This condition is only
necessary for the appearance of the line but not sufficient
because its intensity is governed by additional factors. By
substituting the Taylor expansion

M@ =M+ (3) e+3(35), @+

in the foregoing integral and neglecting higher powers, we
notice that the portion involving M, vanishes on account
of the orthogonality of eigenfunctions, the intensity finally
depending upon

() 04 @ 4*0n @ do.

Substituting for ¢, (Q) from Chapter VI and using the pro-
perty Hy, — 2SH, + 2vH,_; =0 of the Hermite poly-
nomials,* we have the integral written after simplification, as

worrrase i J (g ) S Hon () Hon (5.
S is a new variable and is equal to Q/a. Substituting the value
of the integral and simplifying, we have the intensity pro-
portional to

Q) (@ + 1).

Thus, a normal oscillation will give rise to an absorption
line of finite intensity, if permitted to do so by the selection
rules, only when there is a first order variation of the
electric moment or any of its components with respect to
the normal co-ordinate.

Since the components M, My, M, transform themselves
as the co-ordinates x, y, z; we can, by starting with a general
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linear expression ax -+ by + cz and proceeding as in the
case of the determination of normal co-ordinates, actually
write down linear combinations of M,, M, M, coming under
each of the one-dimensional irreducible representations of
the point group of the molecule. For representations of
higher dimensions also, the procedure is the same as in the
case of normal co-ordinates.

Similarly, the appearance or otherwise of a spectral line
in Raman scattering resulting from a transition of the
molecule from a vibrational state with a quantum number
v, to that with a quantum number v, will depend upon the
survival or the vanishing of

J a(Q) ¢*u1(Q) ¢ws (Q) dO,

where o (Q) is a linear combination of the components ayy,
Qyys G2z, Gxy, Yyz, Gz Of the symmetric tensor relating to the
polarizability of the molecule in a configuration Q. If we
confine ourselves to 4v = -+ 1, arguments already outlined
will lead to the conclusion that the problem of finding out
which normal co-ordinates can give rise to Raman lines
reduces to finding out suitable linear combinations of azgp,
ayy, etc., transforming under the various symmetry opera-
tions exactly as particular sets of normal co-ordinates. This
requires the evaluation of the character of an operation R
in the representation defined by the six basic tensor compo-
nents. Taking the axis of rotation as the Z axis, we obtain
the following equations of transformation when R is a rota-
tion through ¢.

.Raxz = Qxg 008295 + ayy sin8¢ + 2axu Sin ¢ Ccos ¢
Razy = — 0zy5in ¢ cos p+azy (cos?p—sin’p)-+ayysin ¢ cos ¢
Raz' = Qg [0 1] ¢ '+' ayz Sin ¢

L R R N R N R N ]

Razz = Qgz.

* See Appendix V.
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Similar expressions with the signs of the terms ey, and ay,
changed are obtained when R is a rotation-reflection through
¢. From these relations, it follows that the character of the
operation R in the reducible representation defined by the
polarizability tensor components is 2 cos ¢z (4= 1 + 2 cos ¢g)
the + or — sign being used according as the operation is
a rotation or a rotation-reflection. The number of basis
elements in each irreducible set for such a case is therefore
given by the formula

—IIV Zhy 2 cos ¢g (£ 1 + 2 cos ¢g) xi (R)

When this number vanishes, it means that no combination
of o’s transforms in the same way as the set of normal
co-ordinates coming under the irreducible representation I';
and all the corresponding normal modes of oscillation may
be classed as inactive in Raman effect. When it is not zero,
we can get combinations of «’s transforming as the normal
co-ordinates and all the corresponding normal modes of oscil-
lation in such a case may be classed as active. As in the
case of infra-red absorption, the intensity of a Raman line
is governed by additional factors. By substituting the Taylor
expansion .

. da da o
«@ =0+ (5p),2+1(5p) &+
in the integral and neglecting higher powers, we notice that

the portion involving o, vanishes as before if the oscillations.
are simple harmonic. The intensity depends only on

Effecting the same simplification as in the case of infra-red
absorption, we obtain the intensity as proportional to

2 d 2
%— n_?)),.(v'!'l)'



VIBRATIONAL RAMAN EFFECT AND INFRA-RED ABSORPTION 93

A normal oscillation will give rise to a Raman line of finite
intensity, if permitted to do so by the selection rules, only
when there is a first order variation of the polarizability
with respect to the normal co-ordinate.

As in the case of the electric moment vector, we can
find out the linear combinations of the tensor components
coming under each irreducible representation of the point
group of the molecule by starting with general homogeneous
expressions of the second degree in x, y, z because we are
now dealing with a symmetric tensor.

Overtone and Combination Lines—Let Q,, Q, be two
normal co-ordinates corresponding to a two-fold degenerate
frequency v. The eigenfunction of the vth harmonic will
contain the product of two Hermite polynomials of total
degree v and may be written as

§ = eI H (S) Hoy (S)
The corresponding energy is
E = (vi+3+ve+3) hv = (v+1) hv, where v = v,+v,.

If we confine ourselves only to the first overtones where
v = 2 then v,, v, can take the pairs of values 2, 0; 1,1;0,2
and the corresponding three eigenfunctions relating to a
transition energy 2hv are

Py = A ¥SUHSD g (S Hy (Sy);
*/‘2 = Ae—i(S;+S;) H, (S, H, (Sz);
Py = e ¥SITSD g (S) H, (Sy).

These three functions form the basis of an invariant manifold
under the group G. In order to find out the number of sets
into which this manifold can be split up into irreducible
manifolds, we have to find x’ (R) in the reducible representa~
tion defined by ¢y, ¥, 3.

The functions ¥, ¥, ¢¥; transform themselves as H, (S;),
H, (S,) H,(S2), H; (Sy) because their coefficients are invariant
under all operations of the group. These in turn transform
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in the same way as Q.2 0.0, Q.. The character is
independent of the choice of the co-ordinate system. For
a given R, we can choose the co-ordinates Q,, Q, in such a
manner that

RO, = a101; RQy= a0,

a O
0 a,
Now RQ2? = a?0:%; RQ\Q: = a,a:01Qs; RQ:* = a?Qs%.

Hence the character for v = 2is a,® + a,® + a,a,. In this case,
x' (R) may be represented by the symbol x;™(R) where f
stands for the degree of degeneracy and » stands for the
order of the harmonic under consideration. We know that

Xfl (R) =a, + a,and Xf' (R = a® + a

‘On the other hand, we have just shown that

(@, + a)’ + a® + ai®
5 .

1

Xf? (R) = a® + a? + a,a, =

We, therefore, have omitting the subscript f
R)? R?
2 (R) = [x (A )l;‘_x_(_) .

Although, for simplicity, we have dealt with the case where
f =2, the proof may formally be extended to cases where
S > 2. The non-degenerate case is even simpler. Overtones
of higher order may also be dealt with in a similar manner
and reference may be made to Tisaz’s work in this connec-
tion.* The following relation gives C;, the number of times
the first overtone of a normal mode coming under a certain
irreducible representation occurs in the irreducible repre-
sentation I'; in the group.

1
Ci = 5 Zhoxs*(R) xi (R).

By applying this test to all the irreducible representations of
the group of symmetry operations, complete information as

* Z.f. Phys., Vol. 82, p. 48 (1933).
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to the various types under which an overtone comes may
easily be obtained. If all or some of these types are active
in the fundamental, then the overtone is also active. If all
the constituents are inactive, then the overtone is also
inactive. These statements apply equally well to both
absorption (or emission) and scattering.

Combinations can be dealt with in a similar manner.
We shall confine ourselves, for simplicity, to the case of the
fundamental of one normal mode combining with the funda-
mental of another normal mode. The two modes that are
combining may or may not belong to the same irreducible
representation. Let us consider @)%, 0, as two normal
co-ordinates corresponding to a twofold degenerate frequency
v coming under the irreducible representation I',. The basis
eigenfunctions will be written as

5"1 = Ae” HSi+5D) H, (Sx) H, (S)
gy = Ae”FSTHSDH (S) H, (S)).

Similarly, let us consider Q,!, Q,! as two normal co-ordinates
corresponding to another twofold degenerate frequency v’
coming under the irreducible representation I';. The basis.
eigenfunctions will be written as

P = Ae—% (S’g+§"g) H, (Sy) Hy (S3)
dy' = e *SVHED [ (8)) H, (Sy).
The product representation has for its basis, the four functions

s’y Py, Yaby', Ygby’ which transform as the products
of the corresponding H functions. These in turn transform

in the same way as Q,0,’, 0:10:, 0.0,', 0.,Q,". If we now
choose the co-ordinates in such a manner that
RQ, = a,0:; RQ, = a,Q0s; RO, = b,Q,"; RQ,' = baQs'
we obtain the character of the product representation as
by + a1by + ashy + azb,

which is equal to (a; + a) (b, + by). Since a, + a; and
b, + b, are merely the characters of R in the irreducible
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representations k and /, we have, if we designate x' (R) in
this case as x*!(R),

X (R) = x* (R) x* (R).

The proof may formally be extended to combinations betweén
the harmonics of the normal modes, the harmonics being of
any order and the normal modes possessing any degree of
degeneracy. The following relation gives C;, the number of
times a combination between two normal modes, one coming
under the irreducible representation I'y and the other coming
under the irreducible representation I';, occurs in any
irreducible representation I'; of the group:

1
Ci= Nthxkl (R) x; (R).

‘The expression is valid both when / and k are the same and
different. Proceeding in a manner similar to that adopted
in the case of the overtones, we can express the combination
as the sum of several types of motion coming under different
irreducible representations. If all or some of these types
are active, then the combination is active and if all the
constituents are inactive, then the combination is inactive.
These statements apply again to both absorption (or emis-
sion) and scattering.

It may, however, be mentioned here that the above
selection rules are necessary conditions for the appearance
of the overtone and combination lines but there are other
factors governing the intensities of lines when they are
permitted to appear. For example, an overtone line in
Raman scattering from a harmonic oscillator will exhibit a
finite intensity only if there is a second order variation of
any one of the components of the polarizability tensor with
reference to the normal co-ordinate in question. Similar
remarks in respect of the electric moment vector hold good
when we are dealing with infra-red absorption. Detailed
expressions for the intensities of such lines have been derived
elsewhere. *

* S. Bhagavantam, Scattering of Light and the Raman Effect (1940).
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Selection Rules in Some Special Cases.—

All modes of oscillation coming under the total symmetric
classes are always Raman active. The character x; (R) is 1
for all R for a total symmetric class by definition. Since the
combination agzy 4 ayy -+ a is invariant for all R, its cha-
racter is always 1 and is therefore present in the total sym-
metric representation of all groups. We accordingly con-
clude that all modes of oscillation coming under the total
symmetric class are Raman active.

The first overtone of every normal mode is Raman active
irrespective of whether the fundamental itself is active or not.
Since we have already proved that the total symmetric
oscillation is always Raman active, in order to prove this
theorem, it is sufficient to show that the total symmetric
irreducible representation is always one of the components
into which the reducible representation corresponding to the
first overtone may be resolved. From the formula

1
Ci = 5 2h x1* (R) xi (B),

we see that this is achieved if we prove that Zh,xs *(R)# 0.
In the case of non-degenerate oscillations, the character is
+ 1 for all R and [x (R)]® as well as x (R?) reduce to + 1
for all R and the above relation is at once satisfied and Cj
is always equal to 1. In the case of degenerate oscillations
also, the same result holds good. Thus the overtone con-
tains at least one component coming under the total sym-
metric class.

If a centre of inversion is one of the elements in the
group, all normal modes which are antisymmetric with respect
to it are Raman inactive. This follows from the fact that
all the six polarizability tensor components, being of the
second order, remain invariant under the operation of inver-
sion. Hence, no linear combination of the components
which is antisymmetric with respect to the centre can be
found.

4
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All normal modes which are symmetric with respect to
a centre of inversion are infra-red inactive. This theorem
follows in a manner analogous to the foregoing one if we
consider the behaviour of the vector components.

If a group possessing a p-gonal symmetry has a plane of
reflection o, as one of its elements, it follows that a centre
of inversion is also an element when p is even and the fore-
going rule applies as such.

All Raman active normal modes combine with each one
of the modes coming under the total symmetric class to give
Raman active combination tones. On the other hand, the
combination of an inactive mode with a mode belonging to the
total symmetric class is also inactive. This follows from the
fact that the product representation corresponding to the
combination of any mode with one coming under the total
symmetric class is equivalent to the original irreducible
representation under which the mode appears.



CHAPTER IX
MOLECULAR STRUCTURE AND NORMAL MODES

Triatomic Molecules.—In this Chapter we shall proceed
to consider some specific cases of molecules and deal with
the normal modes of oscillation, the selection rules for
fundamental, overtone and combination lines in the Raman
and infra-red spectra. These depend only on the symmetry
of the structure and not on the forces that bind the atoms
in the molecule. Evaluation of the actual frequencies, which
depends on the forces postulated, will be dealt with in the
next Chapter. The case of diatomic and other linear mole-
cules is somewhat complicated on account of the existence
of an infinite fold rotational axis of symmetry and will be
taken up later. Some examples, such as H,O, D,0, SOy,
H.,S, etc., of bent symmetrical triatomic molecules will now
be considered. These come under the point group* Cay

and the appropriate character table with other details are
given below.

)
Cao E C o o |n |n |Raman|E¢
]

A .. . N 11 1|32 P A
Ay . 1 1 =1t =11t |o| D |rf
B .. .. 1 I TS R R T I DR D A
B, .. .. 1o =1 =1 1210 D A
Ug .. . ..l 3 1 3 1
hpxp' .. .. 9 -1 3 1
hoyp' .. .. 1 3 1 3 1
2cosgg (=1 + 2cos¢g) ..| 6 2 2 2

+ 1+ 2cos ¢5 03 -1 1 1

* Symbols in respect of various point groups are given in a later Chapter.
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In the above table y,’ is the character of an operation
R from the pth conjugate class containing 4, elements in the
representation defined by the normal co-ordinates including
translations and rotations and n; is the corresponding number
of normal co-ordinates coming under the ith irreducible
representation. On the other hand, ¢, is the character of
R in the representation defined by the normal co-ordinates
excluding translations and rotations and n;' is the corres-
ponding number. P and D under the column ‘Raman’
signify that the normal modes coming under those irreducible
representations are active in their fundamentals in scattering
and give rise respectively to polarized and depolarized lines.
All modes coming under the total symmetric class give rise
to polarized Raman lines and the rest give rise to depolarized
lines.* Under the column Infra-red, the letter A signifies
that the normal modes coming under those irreducible
representations are active in their fundamentals in infra-red
absorption. The letter f indicates that the corresponding
modes are forbidden. We see that all such molecules
should give rise to three Raman lines all of which are repre-
sented in infra-red absorption. Two of them should be
well polarized and the third depolarized to the limit. SO,,
for example, gives three Raman lines at 526, 1146 and 1340
all of which are represented in infra-red absorption. 1340
has been found to be depolarized to the limit.

It may be noted that [4,)2= 4,, |[B,)*= 4, and
A;X B, = B,. Consequently, any two of the three funda-
mentals can combine and give a line which is active both
in Raman scattering and infra-red absorption. Similarly
first overtones of all the three fundamentals are active in
both spectra.

Pyramidal Molecules.—Examples under this group are:
(a) tetratomic pyramidal molecules like ammonia and the
trichlorides of P, As, Sb, Bi, etc., and (b) molecules of the

* For details regarding the polarization characters, reference may be
made to Bhagavantam, Scattering of Light and the Raman Effect (1940).
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type XY,Z such as chloroform, bromoform, methyl chloride,
POCl,, etc. In molecules of the latter type, it is assumed
that the X and Z atoms are both on the axis of the pyramid
whereas the Y atoms are at the corners of its base. All these
structures possess the symmetry characters appropriate to
the point group C,, and the character table and other

necessary data for these two types of molecules are given
below.

Normal Modes of PCl,, etc.

Cay E 2C' 3¢ | ny | ny | Raman | Infra-red )

A, 1 1 1) 31| 2
Ay 1 I —1| 1|0 f
E 2 -1 o 4 2 D A
Ug 4 1 2
hoxp' .. .. .12 0 6 -
hoyp' .. .. ..l 6 0 6
2 cos ¢g (12 cos ¢g) 6 0 2

+ 1+ 2cos ¢ .. 3 0 1

Normal Modes of CHCI,, etc.

Cse ) E 2C" 30 | ng | n | Raman | Infra-red
A, .. . I 1 11 4|3 P
Ay .. . S 1 —-1{ 1|0 f i f
E . . 2 =1 o|s 3| b | a
/A . s 2 3 '
hoxp' .. .. .| 15 0 9
hpyp' .. .. 9 0 9
2cosgn(+ 1+2cosgn) .| 6 0O 2
+ 1+ 2cos ¢g. . .4 -3 0 1
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Molecules of the type (@) should give rise to four Raman
lines, all of which are represented in infra-red absorption.
Two of these should be well polarized and the other two
depolarized to the limit. Raman spectra of trichlorides of
phosphorus, arsenic, antimony, etc., and of some tribromides
have been examined. 1In all these cases, four lines have been
recorded. The results available in respect of their polariza-
tion characters show that two of them are well polarized
and the other two depolarized to the limit in accordance
with the theory.

Molecules of type (b) should give rise to six Raman
lines and show a complete correspondence with the infra-
red absorption. Three of these Raman lines should be
well polarized and the other three depolarized. The follow-
ing table contains the results obtained in CHCl;, CHBr3,
and POCIl; which are typical representatives of this class.
Additional lines which are very weak have been recorded
in CHCI; and CHBr; and these are presumably either over-
tones or combinations. The letters s, m and w stand res-
pectively for strong, medium and weak lines.

Raman Frequencies of CHCl;, CHBrs, and POCI,

CHClg ..| 259(s) 364 (s) 664 (s) 756 (m) 1214 (w) 3016 (m)
CHBrg ..| 154(s) 222 (s) 538(m) 654(m) 1146(w) 3023 (m)
POCly; ..I 192(m) 268(w) 338(m) 485(s) 583 (w) 1290 (w)

As an illustration of the polarization characters amongst
this class of compounds, we may cite here the case of chloro-
form in which 259, 756 and 1214 are depolarized to the limit
whereas the other three, namely, 364, 664 and 3016 are well
polarized. This is in complete agreement with the theory.

It may be noted that |4,[* = A4,, |[E|* = A4, + 4, + E,
|E| @ = A4, + E; A;XE = E. The characters of the repre-
sentations |E|? are 4, 1, 0 whereas those of the representa-
tion |E|® are 3, 0, 1 under the three classes of the table.
From the above equations it follows that we expect all the
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first overtones and all combination lines of any two of the
fundamentals to appear in the Raman as well as in the infra-
red spectra.

The Nitrate and the Carbonate Ions.—In these groups
the three oxygen atoms are at the corners of an equilateral
triangle and the nitrogen or the carbon atom is at its centre.
The symmetry is that of the point group Ds,. This group
has to be derived from D; with the help of the relation
Dy, = D3 x Cs. We shall distinguish the modes symmetric
with respect to the reflection plane by one prime and modes
antisymmetric with respect to the same plane by a double
prime. BCl; is also a plane molecule and has accordingly
to be classed under this group. The following table gives
the relevant characters.

Normal Modes of the Nitrate and Carbonate Ions

Dga E 2C' 3Cy o, 25 3oy |n;| nd | Raman %?}
Ay .. R TS T TS T SR B S T P f
Ay .. I I TS TS T T S I I B T !
E' . 2 -1 0 2 -1t o3/ 2| » A
47 . 11 1 =1 =1 —tle] o | f f
PRI 0 I TS S RS R B 1 2 B O B Y
E’ . 2 =1 0o =2 1 ol1|0| D |rf
U, .. a0z 4 1 2 ‘ ‘
hoxe' .. 2 0 -6 4 —4 6
hgo' .. .6 0 0 4 -4 s
2cosa(:1+2cosg) 6 O 2 2 2 2
+142cos¢p ..|3 0 -1 1 -2 1

These models should therefore be expected to give three
Raman lines, two of which are depolarized to the limit, the
third one being well polarized. The experimental results
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are in entire agreement with these conclusions as may be
seen from the following table.

Frequency Mode CO; | NO, Activein
Ay () .. | Total symmetric 1088 | 1050 | Raman effect
Ag” (vs) ..| Transverse to plang 880 | 830 | Infra-red
E'" (v) .. | Degenerate, in the 1438 | 1360 | Raman effect and
plane Infra-red
E'" (v,) .. Do. 714 | 720 Do.

The principal lines at 1050 in NO,; and 1088 in CO; have
been found to be well polarized. The other two lines in
both cases are depolarized and are present also in the infra-
red absorption. The frequency corresponding to A,” does
not appear in Raman effect. Its first overtone has, however,
been recorded both for the NO, and the CO, groups and
this is in accordance with the selection rules given below.
It may be noted that |[4,'2= A4,’; A4,/XE'=E’;
A XA =Ay"; |[EP=4, + A4y + E';|E|® =4, + E';
E'XA," =E"; |4,"I* = A,". If other factors are favourable,
we may thus expect four overtone lines and three combina-
tion lines in the Raman spectrum and two overtone lines
and three combination lines in the infra-red spectrum.
Diatomic and Other Linear Molecules.—Some of the
examples of diatomic molecules are H,, D;, N, O,, Cl,,
HCI, HBr, HI, CO and NO. In all these cases, we should
expect only one oscillation frequency. Since the oscilla-
tion is total symmetric, the mode is Raman active. It may
also be seen from the following table that it is active in
infra-red absorption in the case of molecules which have no
centre of inversion. On the other hand the mode is per-
mitted only in Raman effect and forbidden in infra-red
absorption for molecules having a centre of inversion.
Some of the examples 'of other linear molecules are
CO,, CS,y, HCN, COS, CiCN, BrCN, ICN and N,0. Th



105

MOLECULAR STRUCTURE AND NORMAL MODES

l a_NnmooN,._._ o o7 00 T+1 ®s007+1 € v %P5 THIF
4 B (®75007+]) 78007 (02 T+ 1)@ SO0T 9 (¢ 500 7+ F) P SOIT
% As_;...mmo&ivﬂ (mzsooz+DT  @sooz+DT € 994y
% ?_NamSNive " (mgs0d7+1)9 (ns007+1)9 6| - a - Xy
.o .o .a a
: £ £ £ € € n
| \ .
—d
- - =1 - 4 _ (4 . . -4
“ 0 BuA—IQVmOQN 3: va h)4 SA—I.vaOON z
W N . - .o @
- - - - n — s02 o O mgs007 T
| 0 G-t 9 °¢ C
J a — — 10 o(j—d)ysoog - oy $00 T w7502z T| . 4
14 a I € |0 3—UN.1&moom ®7s00g msoog T| .. N
.o s . 3
dRd s ! I L1 4
.o .o .o T
| 4 d 4 [ _—. 1 ° 1 I 1 | 4
M T —
! N R " Hi ¢ O¢ eI 10 4 ad
| ﬁ -

L]



106 THEORY OF GROUPS

linear unsymmetrical molecules come under the point group
Cw.v- The appropriate point group may be considered as the
limiting case of Cp, (p odd),* where p tends to infinity. The
relevant characters and other data applicable to the case of
a triatomic unsymmetrical linear molecule like HCN are
given in the foregoing table.

A marked feature of this group is the absence of a centre
of symmetry. The selection rules for this group are

Infra-red active =@ — 4, and E;,
Raman active — A, and E,.

Accordingly, all the three fundamental modes should appear
in Raman effect as well as in infra-red absorption. This
conclusion is very different from what is expected of sym-
metrical molecules like CO, and CS,. One of the three
modes comes under the class E, and is degenerate and should
accordingly be depolarized to the limit, while the other two
coming under 4; should be well polarized. We obtain the
three Raman lines in CICN, BrCN, and ICN. The three
fundamental frequencies of N,O are 2224, 1285, and 589.
All the three appear in the infra-red absorption and two of
them, namely 2224 and 1285, appear in the Raman effect.
589 has, however, not been recorded but should be present.
1285 has been found to be strongly polarized. This repre-
sents an oscillation in which the two outer atoms move in
-and out. The fact that it is infra-red active is most significant.
These results lend strong support to the proposed unsym-
metrical structure N-N-O for this molecule. In fact, this
structure was first arrived at from the above considerations.
Similarly, the third line in HCN should be present at about
712 but is presumably too weak. In COS, several lines
other than the three fundamentals are recorded and these
have to be explained as overtones or combinations. The
weak line at 2602 in hydrocyanic acid is of special significance

—————————

) * The case p even is not appropriate, as it contains digonal axes of two
different types perpendicular to the symmetry axis,
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and has been attributed to the presence of a small percentage
of the isomeric form H-N— C.

In this Chapter, results in respect of only a few molecules
have been worked out. We can similarly deal with any
other molecule. Appropriate character Tables and irreducible
representations are given in Appendix VIII.

Sulphur.—As an illustration of a point group which
has no crystallographic significance, we propose dealing with
the case of sulphur molecule. The model assumed is
that of a puckered octagon made up of two equal squares,
one turned through 45° with respect to the other. The planes
of the two squares are parallel and not coincident. The
atoms in the molecule occupy the corners of the puckered
octagon. Let these atoms be denoted by the numbers 1, 2,
3,4,5,6, 7, 8 as shown in Fig. 6. The valence bonds are

R

" J
s% %6

- XV

7

Fi1G. 6

assumed to be (15), (25), (26), (36), (37), (47), (48), (81).
Let XYZ be three rectangular axes through the centre of
gravity of the molecule. X-axis is parallel to (86), Y-axis is
parallel to (75) and Z-axis is perpendicular to the planes of
the two squares. Let 2a be the side of a square and 2c¢ be
the distance between the two squares. The co-ordinates
of the atoms, when referred to the above set of axes, can
be given in terms of a and c. In this case, to illustrate an
alternative choice of co-ordinates, the individual atoms will
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be referred to a system of axes which is not parallel to the
parent system. Xxj, y;, z; are the co-ordinates of the ith
atom with its equilibrium position as the origin. x; points
towards the centre of the square in which the ith atom is
situated and z; is measured perpendicular to the plane of
the square and is taken positively on the side opposite to the
centre of gravity of the molecule.

The symmetry operations of the model assumed for
sulphur fall into seven classes. E the identity (A= 1),
S; rotation-reflection by 4+=/4 about the fourfold axis (h=2),
C, rotation by + «/2 about the fourfold axis (h = 2); S
rotation-reflection by +4-3x/4 about the fourfold axis (k2 = 2),
C, rotation by = about the fourfold axis (2 = 1), a,, reflection
in a plane perpendicular to the planes of the squares and
containing a diagonal of one of the squares (h =4), C,
rotation by = about an axis through the centre of gravity of
the molecule and passing through the middle points of two
opposite valencies such as (15) and (37) (2 = 4).

These operations form the group which may be given
as a group of permutations on the 8 symbols 1, 2, 3, 4, 5,
6, 7, 8. The elements of this group, the character table
and other details are given below:

E (21) (34) (68) (7) (5)
(15263748) (14) (32) (75) (6) (8)
(18473625) (24) (58) (76) (1) (3)
(1234) (5678) (13) (65) (78) (2) (4)
(1432) (5876) (27) (36) (18) (45)
(16453827) (37) (28) (46) (15)
(17283546) (38) (47) (25) (16)
(13) (24) (47) (68)  (26) (17) (35) (48)
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E 281 2C, 28 Gy 4oy 4Cy ni|n| 0 &T | Raman «é?
Z

A 1 1 10 01 1 122 . P f
A 01 1 1 1 1 =1 =110 e,
B 1 =1 1t 1.1 —t|201] 1, | s A
By |1 —1 1 —1 1 =1 1|11 f f
E, .2 v2 0-v2 —2 0 o|3|2|T.T,| f 4
E, .2 0 -2 0 2 0 0/[3]3 D | f
E, .|2-=v2 0 v2 =2 0 0[3|2| wyw, | D f
U..l8 0 0 0o 0 2 of
hpwp'24 0 O 0 0O 8 0
hepp' |18 O -4 0 2 8 8

It may be noted from the table that the model assumed
for sulphur should be expected to give seven Raman lines,
five of which are depolarized and the other two polarized.
Experimental results obtained with crystalline sulphur are
in general agreement with these conclusions.



CHAPTER X

MOLECULAR STRUCTURE AND NORMAL
FREQUENCIES

Interatomic Forces.—The potential energy of a molecule
and therefore its normal frequencies depend on the forces
that come into operation when the molecule takes up different
possible configurations in the neighbourhood of its equi-
librium position. A considerable amount of work has been
done in connection with ascertaining the nature of inter-
atomic forces in molecules but decisive conclusions have not
been reached. Some of the major types so far postulated
are valence, central and intra-valence ones. Whenever a
valence bond undergoes a change in length or suffers a lateral
shift causing a change in the angle between two adjoining
bonds, forces linearly proportional to the distortions are
assumed to come into operation and these are referred to
respectively as primary valence and directed valence forces.
On the other hand, we can postulate forces between any two
nuclei irrespective of whether they are connected by a valence
bond or not such that a change in the distance between them
gives rise to a proportionate restoring force. Such a system
of forces is referred to as the central force system. It hag
often been found that neither the former type nor the latter
type nor even both are able to account for the observed
frequencies. Better agreement has been shown to result in
some cases by postulating a third category of forces that may
be called the intra-valence type resulting from cross terms
between the changes in the lengths of different valence bonds.
In the following Sections, we shall have occasion to refer
briefly to the above types of interatomic forces.
Water—The oscillations of the water molecule will be
dealt with in some detail because it serves to explain the
group theoretical notation in several aspects. This case, being
inherently simple, can also be easily worked by other methods.
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The molecule has a symmetrical bent structure and the
appropriate character table has been given in the previous
Chapter.

If we take three mutually perpendicular axes through
the centre of gravity of the molecule as shown in Fig. 7,

1
—Y
\©m

the Z axis being perpendicular to the plane of the molecule,
as the parent system and parallel axes through the equilibrium
positions of the atoms to describe their positions for the
purpose of writing down symmetry co-ordinates, the trans-
formation properties of the various symmetry operations of
the point group may be concisely given as*

Fig. 7

1—»1 x— x -1 x—» x
E: 252 y—> y; Gi253 yo>—y
353 z—> z 352 z>—z
11 x— x 11 x— x
ay: 22 y—> y; 01253 ys>—y

3533 z—o>—2z 352 zey—z

* The full significance of the transformations giten under C,, for
example, is as follows:—

Xy =+ X, NN 34
Xg => X33 Vs> — Vs 23> — 23
Xg —» Xg Ys=> — Vs 23> = 2.

Others may be similarly interpreted.
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The normal co-ordinates* corresponding to the translations
and rotations can be written down from their modes as follows :

Ty = xy+Xet+x5; Ty=y+yetys; Tz= Z1+Zz+zs.;

Wy = Zg— Z3;

wy = M (z3 +.2z5) — 2mzy;

Wy = ]’;—lcos oy, —sin a (x3 — xp) — -2%1 cos a (Yg-+ys)-
u stands for the reduced mass 2mM[(M+2m) and 2a is the
angle between the OH bonds. From the transformation

properties given above, it is easily verified that Ty, Ty, T2,
wy, wy, w, belong to the irreducible representations

designated A4, B;, B;, 4,, B, and B, respectively.
To obtain the two symmetry modes coming under 4,,
we take the general expression

0 = ayx;+ay%3+asx5+b1y1+bgye+bsys+ciz)+Cozat-Caz3.
The character for C, in A; is 1 and we have C,Q = 1.0.
But

CsQ=a %, +asX3+asXe—b1Y1—bsY3—Db3gys—C121— €223 C52,.
Thus from the equation C,Q = 0, we have the relations

a; = da;, b2=—b3; Ca = — C3 and b1==cl=0.

Similarly from the equation oy Q = Q, we have the further
relations ¢, =0; ¢; =0. From the equation ¢,/Q = Q we
do not get any new relations as o,,’ is a combination of
C, and o,. So a normal co-ordinate coming under the
irreducible representation 4, must be of the form

4%y + ag (X2 + Xx3) + by (V2 — Ya)-

* It is customary to normalize the symmetry co-ordinates in such a way
that the sum of the squares of the coefficients of the Cartesian (or the internal)
co-ordinates in each symmetry co-ordinate is unity. This normalization is
unnecessary, if we are interested only in the evaluation of the frequencies.
However, if we use orthogonal and normalized symmetry co-ordinates,"the
corresponding transformation matrices obtained under various symmetry
o erations will be orthogonal.
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The number of arbitrary constants is 3 corresponding to n;
in the table cited above. The symmetry co-ordinates coming
under 4, may be taken as any three orthogonal combinations
of S;, S, S; where

Si=X1; Se=Xy + X35 Sz3=y; — ¥s.

But we have already seen that T, belongs to this representa-
tion. Taking one of the symmetry co-ordinates as T, we
form two linear functions of S;, S,, S; which along with T
form an orthogonal set of symmetry co-ordinates coming
under A4;. One such choice is as follows:

Tr= X1 + Xo + X3; Oy = 2mx; — M (x5 4 X3);
Qo =ys— s

Out of the three normal co-ordinates that should be expected
from the representation B,, two have been already written
down, namely Ty and w,. Proceeding as before, the third
normal co-ordinate which is unique in this case is obtained
as

Qs = — 21"{11 sin ay; — co0s a (X3 — Xp) + sin a (y2+ys).

The symmetry modes are diagrammatically represented below
n Fig. 8.

Q Q2 Q3

Fig. 8

If O, and Q, are taken as having amplitudes & and y respec-
tively, the co-ordinates of the atoms in the displaced positions
when they take the motion corresponding to-Q, and Qp
simultaneously are given in the following table:—
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l X Y y4
|
lom

1 | A—erOSa+2m3 0 0
i

2 3 ——2%rCOSa—-M5 —rsina + vy 0
I

3 ! —Z%rCOSa—MS rsina — vy 0

The variations in the lengths and angles are
ARy = ARz = (2m 4 M)cosa.d — ysin a; ARyz= —2y;
sina (2m+M)8 | ycosa
r ro -

Abras= ANb132= —3 Abors= +

The kinetic and potential energies are given by
2T = M .4m28 + 2m (M282 + »?)

and
2V = 2K, [(2m + M)cos a.8 — ysin a)]?

+ Ky 4y
+ Ky [f ((M + 2m) sin .8 + y cos a}]2

2

+ 2K, [% {(M + 2m)sina.8 + y cos a}]

In writing down the above expressions, a change in the
length of Ry, or of R,; is assumed to give rise to a propor-
tionate restoring force with the constant of proportionality
equal to K,; K, similarly referring to R,;. K,' and K,’ are
constants corresponding respectivley to changes in the angles

2i3 and 123 or 132. We shall replace Ky'/r? and K,'/r? by
K; and K, respectively, The Lagrangian equations give
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u— (2m + M) 2mMA v
v w— 2mA =0
where
u = 2K, 2m + M)? cos? + 4K; 2m + M)?sin%a
+ 2K, 2m + M)?sin%a

v =—2K, sin a cos a 2m+M)-+4K; sin a cos a 2m+ M)
+ 2K, sin a cos a 2m + M)

w = 2K, sin%a + 4K, + 4K; cos*a + 2K, cos?a.

If A, and A, are the roots of the equation, we obtain

)‘1‘1‘/\2:'],%[1 +2T3 COSza:I +%K2 + [!9_‘1;”2_1(_:;][1 +2M'2 sin%a ] :

Mg = ;‘ﬂz [2K,K, costa + 2K,K, sina + 2K,K,+ KK,

+ 4K2K4 Sinza].

In the case of the symmetry mode Q; with amplitude &
we obtain by a similar procedure the following expressions.
for the kinetic and potential energies:

o7 = {M(- %” sin a)2+ 2m} 8,
2V = 2K, ( cos?a +gl~:—n sin®a ) 52

2K,/

ré

+

. 2
(cot a +-2-A%1 sin a cos a) 8,
The corresponding A is given by the equation
1,2 ., o
Ay = [;71+H sin a] [Kl -+ K, cot a].

If in A, ) and Ay we put K; =0 and K, =0, we get
expressions appropriate to the valence force system only.
U we put K;=0 and K,=0, we get expressions appropriate to
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the central force system only. Expressions relating to the
frequencies in other special cases such as a linear symmetrical
molecule or an equilateral triangular structure and so on
with specific types of forces can be derived from the above
by making suitable substitutions.

In the case of symmetric linear molecules, confining

-ourselves to central forces only, by putting 2a = 180°, K,
= K, = 0 in the above equations, we obtain
and A; = 2K, .
However, experimental results in symmetric linear molecules
like CO, and CS, show a fairly high frequency corresponding
to the transverse mode A, thus demonstrating the inadequacy
.of the central force system.

A second example which may be usefully cited to demon-
-strate this aspect is the case of an equilateral triangular struc-
ture. Putting 2« =60°, K;=K,=0 and m= M, we
-obtain

3K, 3k
‘2—’;{ and Az—- 7 .

The frequency of the total symmetric mode thus comes out
as 4/2 times that of the degenerate frequency irrespective of
the value of m. Experimental results do not strictly conform
with this conclusion.

To calculate the normal frequencies by the F and G
Matrix method, we choose the internal co-ordinates as the
changes r, and r, of the bond lengths r and the change A¢
in the bond angle 2a (Fig. 9). r and 2a denote the equilibrium
values of the bond length and the bond angle.

’\1=)‘s=

M

hagi 2cka N2

m m
Fie. 9
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Let fy, frr, fro and f, be taken as the force constants (co-
-efficients in the potential energy) corresponding to the qua-
dratic terms r,2 (or ry?), rirs, ri A¢ ( Or . AP) and A4 f; and
fo/r® here correspond to force constants K; and K,
respectively. The following table bringing out the F matrix
may readily be constructed.

n £ NP
r ! Sr Sorr fr¢
re Srr Sr f'r¢
A¢ Jre Jre Jo

‘The G matrix may be written in the form

Gy ® GV GT¢‘2'
G= Gy Gr® GT¢(2)
Gr,p(z) Gre® G¢¢(3)
where
G @ 11 G a1 2.
rr m + M rr M COS Za;
Grp® = — ;1, ]\Il sin 2a;

2(1 — cos 2a
G¢¢‘3’=-—[ et B Sl ( 7, )]
These expressions are easily verified to be the same as those
given in Chapter VII if we note that for this particular case
Be=pg=1/m; p,=1/M; Q3= 0y3=1/r. The secular
equation in the general case will be
| FG — EXx| = 0.
We shall attempt the solution for a particular case of valence

forces only as ‘an illustration. For such a case, all elements
except fy and f,in the F matrix vanish and we have
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fr 0 0 Gr®  Gp®  Gpy®
0 f O Gr®  Gp®  Gpy® |— EX=0
0 0 f, Grs®  Gpg®  Gyy®

After expansion and simplification and by substituting K,
for f; and K; for f,/r?, we obtain for the three roots A;, Ag
and A; the following relationships:

A+ A = fr [Grr® + G ™) +f¢G¢¢(3) '

n2

.y [ 42 cos “] + 2K, [%4—2——-—;? “} :

Mo =[frf3G45® [Grr® + Gpr™®] — 2y £ [Grp®T?
4K1K3 M + 2m
2mM

As =fr [Grr® = Grp™)]

_ rl 2 sin’a

=& [ +257]

These relationships are identical with those derived earlier
for the water molecule by putting K, = K, = 0 and rendering
the general case applicable to the valence force system.
It should now be pointed out that these expressions for A
do not contain the stretching force constant between atoms
2 and 3. We could, however, introduce such a force if we
had started with the variations in the three distances as
internal co-ordinates. In such an alternative, forces involving
the variations in bond angles get eliminated and we would
bave had what has been called the central force system.

Phosphorus.—The structure assumed for this molecule is
that of a regular tetrahedron, the atoms being situated at
its corners. The model belongs to the tetrahedral point
group, the conventional symbol for which is T3. If the four
corners of the tetrahedron are numbered 1, 2, 3 and 4, this
group can be written as a permutation group in the following
manner :
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E .. DAO®

8Cs .. () (234; () @43); (@ (134); (2 (143);
() (124); (3) (142); 4) (123); 4 (132)

3C, .. (12) (34); (13) (24); (14) (23)

60 .. (123)@; 1)@ @; (192 A3);
EHME); CHMEA; M@

65, .. (1234); (1432); (1342); (1243); (1423); (1324).

The first 18 permutations are easily written out by reference
to the figure but there may be some difficulty in the case
of 6S,., They can be obtained by forming the product
elements between 3C, and 6o.

The character table and the selection rules appropriate
to this group are given below:

T, E 8Cy 3C; 60 65\ ny | 0y | w&T Ramanj "EE
=

Ay P11 1 1 1 P f
Ay 1 1 1 —1 =10} oO
E 2 -1 2 0 01 |1 D J
Fy 3 0 —1 -1 1 1 0 w .-
F, 3 0 -1 1 —1| 2|1 T D A
U, 4 1 0 2 0
hpxp' .12 0 0 12 0
hpge' .|l 6 0 6 12 0

It is'seen from the table that we should expect three normal
frequencies, one of them being single, one doubly degenerate
and one triply degenerate. All the three are active in Raman
effect whereas only one is active in infra-red absorption.
Of the three lines that are to be accordingly expected in
Raman effect, the single frequency coming under the total
symmetric class 4, should be polarized and the remaining
two should be completely depolarized. The experimental
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results in respect of the Raman effect in phosphorus are in
entire agreement with the above conclusions.

The principal axes, X, Y, Z, are shown in Fig. 10. They
are obtained by joining the middle points of opposite edges

FiG. 10

of the tetrahedron and the positive directions are indicated
by the letters X, Y, Z. The co-ordinates of each atom in
any mode of oscillation are expressed with respect to a parallel
co-ordinate system with the equilibrium position of the atom
as the origin. The two operations Cj; (234) and o (12) may
be taken as a set of generating elements of the point group
T3. The transformations of co-ordinates under these two

operations may be given as

1 >1 X—>y 12 X—>X

C3:2—>3 y—>z o: 21 y—>—12z
354 zZ—>X 33 Z—>—Yy
42 4 >4

The symfnetry co-ordinates derived from the character table
(Appendix VIII) are given below.* The first six relate to
pure translations and rotations:

) * As has already been explained, the choice of degenerate Q’s is not
unique. For example, Qz and Q,; may alternatively be taken as

Qz.=xi+XQ"‘Xs'—x‘_Z]_"‘Zg“l"Za_ZQ
O =y1—Ya+ Vs —Va—2Z1+ 23+ 23~ 2
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Tr=1%+ X3+ X3+ %,

Ty=y1+y:+ys+ .. .. .. F3

T:=z1+ 2+ 23+ 24

W=y —Ys— Vst Va— At 23— 23+ 24

Wy=X3 — Xg— Xg+ X4 — 21— Z3+ 23+ 2, .. F(3)

wy=X3— Xg+ Xg—Xg— Y1 — YVat+ Vst )s

Q1 = X3+ Xo—X3— X+ Y1~V +Vs—Vat 21— 2:—25+ 2, A

Quu="n—VetVs—M—zZ1+2z3+25—2 :l

Qb= 2 (X1 +Xp—X3—X)—y1+V2—Yst+Ys—21+23+23—24

Qu=n—Ye— Vst m+an—2z+z3— 2

Qspb=X1 —Xg— X3+ Xg+ 2+ 23— 23— 2, .. F()

Qse=x, — Xg+ X3 — Xg+ Y1+ Ya— Vs — Va

If the potential energy function chosen involves primary

valence and directed valence forces,* it is given by

2V = K [(AR1)? + (AR + (AR + (AR + (AR2)?
+ (ARl

+ K [(Ada13)*+ (Ad210)*+H(Ada10)?*+( Adrzs)*+(Adisd)®
+ (Ad32)* +(Ad1a2) 2 (A $130)*+ (Ades)* +H(Adree)®
+ (Ad143)* + (APass)’]

‘where R;; denotes the distance between the ith and the jth
atoms and ¢;j is the angle between the two valence bonds
ij and jk. In all the three normal modes, the variations
AR and A¢ are then calculated in the usual manner and
the potential energies evaluated. The corresponding kinetic
-energies are written down and the following relations obtained
from the equations of motion:

4K g = 1 [Kl + %’] ; ’\s=‘,%[2K1+ SK’] ;

1

Ay = d
1 m m

* For a discussion of the force constants, see N. B. Slater, Trans. Farad.
Soc., 50, 207 (1954).
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where R is the length of each valence bond and m is the mass
of the phosphorus atom. v,, v and vs; corresponding
respectively to the representations 4,, £ and F; may now
easily be obtained from the relation A = 4a%2.

In the F and G matrix method, this molecule may be
studied by choosing the six internal co-ordinates ry; as the
variations of the bond lengths connecting the particles i
and j. The symmetry co-ordinates are

1
Si% = (re+rs+ rgt+res+ rat r34)73

Su® = 2'—‘ (rag + Fag + raa + ray — 213 — 2r3)

1
Sp® = 2("12 — ra3 + r3q — ra)

S’ = VZ (rig — 723)
SaFr = 72 (r1iz — 734

1
Saf: = 72 (ris — 720)

We have here G,,® = 2/m and G,,'? = Z%n . The F matrix

for the A, vibration is f,+ 4 f,» and the corresponding secular
equation is A, = % (fr + 4fy;). Taking the symmetry co-
ordinate Sy,%, the F matrix for E vibration is f, + 2frr which
gives A, = r% (fr — 2fy,). Finally the F matrix corres-

ponding to the F vibration is f, which gives A; = ;nz— Jr.

fr is the same force constant as K.

Normal frequencies and selection rules for Raman
and infra-red spectra for other molecules can similarly be
worked out. Below are given typical examples of molecules
belonging to other point groups. The point group appropri-
ate to each molecule is given in brackets. HOD, (C);
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H,0,, (C); CHCI = CHCI, (Cy), NH,, (Cap), CiHyy (Dan),
CH; = C = CH,, (Siv); CyH,, (Dsn); CeHyg, (Sev); CeHes
(Deh); SFB’ (Oh)’ Nzos (Cocv); C029 (Doch)' The molecule
CH,0H has no element of symmetry other than E.

By comparing the calculated values with the observed
frequencies in the infra-red and Raman spectra of molecules
such as those cited above, approximate figures for the force
constants have been obtained and some of them are given
below. These may be used to make a rough assignment
of the modes of oscillation and the observed frequencies in
other molecules. The approximate force constants* cor-
responding to valency bonds HO, DO, CH, HCl, NH, NO,
CO are respectively 7-76, 7-94, 4-77, 5-15, 6-5, 9-13, 5-4
X 10° dynes/cm. and the HOH, HNH, HCH and OCO angle
force constants are 0-69, 0-5, 0-46 and 0-57 X 105 dynes/cm.

* G. Herzberg, Infra-red and Raman Spectra (1944).



CHAPTER XI

LATTICES IN THREE DIMENSIONS

Space Lattices.—A set of points all of which can be
reached by starting from any one of them and by performing
primitive translations T, Ty, T, or integral (positive or
negative) multiples thereof is said to constitute a lattice in
three dimensions. The X, Y and Z axes parallel to which
the basic translations are to be performed may be called
the principal axes of the lattice. They are not necessarily
rectangular. The volume element bounded by T, Ty, T:
is the smallest cell that may be regarded as repeated in space
for covering the entire lattice. If we locate the origin at
one of the lattice points and attempt to make the Z axis
in turn an axis of rotational symmetry, it has been proved
that its order can be only 2, 3, 4 or 6. In three-dimensional
lattices, axes of rotation of order 3 with particular distri-
bution in space and in combination with other elements
result in a type of symmetry called the cubic symmetry and
this has to be considered as a special case.

For investigating the possible types of lattices, we shall
consider first the possible types of symmetry. The para-
meters are the primitive translations Ty, Ty, T, and a, B, ¥
the angles between YZ, ZX, XY axes respectively. T, and
Ty build up a two-dimensional network of points, the sym-
metry properties of which have already been dealt with in
Chapter III. T, is now to be located suitably with reference
to the two-dimensional network. By choosing T, so that
it is normal to the XY plane, we get one lattice from each
one of the five two-dimensional networks already described.
The fifth one is not a distinct type but only falls under the
category of the orthorhombic system and this fact can be
made evident if a suitable choice of axes is made. No addi-
tional elements of symmetry are introduced by adjusting
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the length of T, except in the fourth or the tetragonal sys-
tem. If here, we make T, = Ty = Ty, we get a new type
possessing cubic symmetry. By choosing T, so that it is
not normal to the XY plane, we can again examine each case
and find that only two new types of symmetry arise. One
of them is the triclinic and can be derived from any of the
five networks by choosing an arbitrary length and inclination
for T,. The second is the trigonal or the rhombohedral
and can be derived from the fifth network if we choose T,
so that it is equal to T, and Ty and makes the same angle
with T, and with Ty as between T, and T, The possible
types of symmetry are now exhausted. Their names, the
values of the parameters and the appropriate symmetry
elements are enumerated below.—

Crystal

system Axes Angles Symmetry elements
Triclinic | Ty Ty, T, | akpy Ei
Monoclinic ; T, T,,T, | a=p=90° ECsioy

B Q c
| v £90°4120
|
Orthorhombic | Tp+ T, + T, | a=g=v=90° | EC,C;'Cy ivya,'a,”

Tetragonal .| T,=T,+T,| a=g=v=90°| E2C4C32C,2Cy"
i2840320, 20,

Rhombohedral | T,=T,=T,| a=g=0%90° | E2C33C5i2S:20,
: 460°+" cos™?

Hexagonal .. T,=T, =T, a=p=90°: | E2C;2C,C43Cy3Cs"
~=120° i285¢2S303 30, 30,7
Cubic A Ty=T,=T,| a=g=y=90°| E8C33C,6C,6C,
B el R 1853306068,

These are the seven well-known crystal systems and all
the lattices should fall under one or other of these categories.
In Fig. 11, the fourteen Bravais lattices are represented
diagrammatically. The first, second, fourth, eighth, tenth,
eleventh and the twelfth lattices are the simplest. The
manner in which the additional ones are derived (one under
the monoclini¢ system, three under the orthorhombic system,
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one under the tetragonal system and two under the cubic
system) needs some explanation. We may consider in each
case the possibility of locating additional points at suitable
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places such as the face centres or the cell centres consistent
with the requirement, that all such points along with the
original ones may be fitted into a single lattice by a suitable
choice of three new basic translations, the lattice itself not
suffering a deterioration in symmetry. In the case where
additional points are located at the centres of one pair of
faces only (parallel to XY), the new basic translations will be

Sy and T,. In the case where they are located at the
centres of all the three pairs of faces, the new basic transla-

Tm+T Ty+Tz T+ Tr  When the cell
5

Te + Ty — Tz
2

tions will be

centres are filled, the basic translations will be

Tg:_:_gg: Iz; :J::gj‘ilyi Tz Some alternative ways
of locating points are not permissible because they do not
all go on a single lattice. For example, it may be seen that
such a situation arises when we locate points at the centres
of two pairs of faces only. Other alternative ways which
are not permissible are those in which the new set of points
along with the original ones, when referred to the new basic
translations, give rise to a unit cell which conforms to the
original symmetry type. For example, a body centred tri-
clinic lattice can be viewed as a simple triclinic by referring
it to the new basic translations. In this way, after eliminat-
ing repetitions and such of those which do not conform to
the definition of a lattice, we get some new lattices under four
of the seven systems which are characterized by the fact
that when they are referred to the new basic translations,
the unit cell appears to belong to another system of a lower
symmetry and these have to be regarded as distinct ones.
For example, the two additional lattices under the cubic
system may be regarded as special rhombohedral types in
which To =Ty=T;; a=B=y=60° or cos?— % as
the case may be. The total number thus obtained is fourteen.
As has already been mentioned, seven of these are of the



128 THEORY OF GROUPS

simple type and the other seven are derived ones. In the
following table, the numbers in respect of the derived ones
and the original lattices from which they are derived are
shown. Dashes indicate that the corresponding cases are
either inconsistent with the symmetry requirements and
therefore not permissible or mere repetitions of the simple
types of lattices from which each case is derived. Every
derived lattice may thus be regarded as a side centred or
body centred or face centred simple lattice. The directions
which define the corresponding simple cell bring out addi-
tional elements of symmetry and are called the crystallo-
graphic axes.

e |
. —r Side .Body Face
Lattice i Simple l centering | centering | centering
- |

Triclinic . . . 1 ‘ — —_— —
Monoclinic . 2 3 —
Orthorhombic . .| 4 f 5 6 7
Tetragonal . 8 . — 9 —
Rhombohedral .. 0 - — — —
Hexagonal . 11 — — —
Cubic .. 12 — 13 14

|

Crystal Classes.—It has been shown that space lattices
can be divided from symmetry considerations into seven
systems. Apart from the translational symmetry, which is
common to all, each system possesses symmetry elements
characteristic of a point group. These have been given in
the foregoing Section. Taking each one of the 14 Bravais
lattices, we can locate at every lattice point a point group
possessing all the symmetry elements of the lattice and
obtain a pattern whose symmetry is the same as that of the
lattice. Such a symmetry is called the holohedral symmetry
of the lattice. By locating subgroups of the holohedral
symmetry group at the lattice points, we obtain patterns of
that lower symmetry, if we ignore for the moment trans-
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lational type of symmetry elements. Similarly, if the lattice
points are filled up by point groups having symmetry ele-
ments not contained in the holohedral symmetry of the
lattice, the pattern cannot acquire these new elements of
symmetry but possesses only the symmetry elements which
are common to the lattice and the point group used. For

Symbol )
Crystalsystem | No. | Formanme | Schom Symmetry operations
Mauguin flies
Triclinic 1 1 C; E
2 |1 C; Ei
Monoclinic 3 |m C, Eoy
4 {2 C, EC,
5 2/m Cg). EC.I'O'I.
Orthorhombic 6 | 2mm Cay ECyo,0,
7 1222 Dy EC,Cy'Cy”
8 |[2/m2/m2lm Dy, ECyCy'Cyigney, cy”
Tetragonal 9 |4 C, E2C,C,
10 | 3 A E25,C,
11 4/m C‘A EZC.C,I'ZS‘U;
12 | 4mm Cuo E2C,C320,20,
13 {32m Seo EC,y2Cy25,20,
14 (422 D, E2C,Cy2C,"2C,"
15 | 4/m2/m2/m D E2C,C32C,'2Cy"
i28,0320,' 20,
Rhombohedral 16 |3 Cs E2C,
17 |3 Se E2C,i2S,
18 |3m Csy 2Cy30,
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