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PREFACE

IN June 1939 I read a paper at the Polish Academy of Sciences
in Cracow on Aristotle’s syllogistic. A summary of this paper
was printed in the same year, but could not be published
because of the war. It appeared after the war, but was dated
‘1939’. During the summer of 1939 I prepared, in Polish, a more
detailed monograph on the same subject, and I had already
received the proofs of its first part when in September the
printer’s office was completely destroyed by bombing and every-
thing was lost. At the same time my whole library together
with my manuscripts was bombed and burnt. It was impossible
to continue the work during the war.

Not till ten years later did I get a fresh opportunity to take
up my investigations into Aristotle’s syllogistic, this time in
Dublin, where since 1946 I have been lecturing on mathe-
matical logic at the Royal Irish Academy. At the invitation of
University College, Dublin, I gave ten lectures on Aristotle’s
syllogistic in 1949, and the present work is the result of those
lectures.

This work is confined to the non-modal or ‘assertoric’ syl-
logisms, since the theory of these is the most important part of
the Aristotelian logic. A systematic exposition of this theory is
contained in chapters 1, 2, and 4-7 of Book I of the Prior
Analytics. These chapters in Th. Waitz’s edition—now more
than a century old—are the main source of my exposition.
I regret that I could not use the new text of the Prior Analytics
edited with an introduction and a commentary by Sir David
Ross and published in 1949, since the historical part of my work
was already finished when this edition appeared. I could only
correct my quotations from Aristotle by the text of Sir David
Ross. In the English version of the Greek texts of the Analytics
I adhered as far as possible to the Oxford translation of
Aristotle’s works. Besides the text of the Prior Analytics 1 took
into consideration the ancient commentators, especially Alex-
ander. I may mention here that I owe to an anonymous ancient
commentator the solution of historical problems connected
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with the alleged invention of the fourth syllogistical figure
by Galen.

The present work consists of an historical part, Chapters I-III,
and a systematic part, Chapters IV and V. In the hlstoncal
part I have tried to expound the Aristotelian doctrines follow-
ing the texts as closely as possible, but everywhere I have been
anxious to explain them from the standpoint of modern formal
logic. In my opinion there does not exist today a trust-
worthy exposition of the Aristotelian syllogistic. Until now
all expositions have been written not by logicians but by
philosophers or philologists who either, like Prantl, could
not know or, like Maier, did not know modern formal logic.
All these expositions are in my opinion wrong. I could not
find, for instance, a single author who realized that there is a
fundamental difference between the Aristotelian and the tradi-
tional syllogism. It seems to me therefore that my own exposi-
tion is entirely new. In the systematic part I have tried to
explain some theories of modern formal logic necessary to an
understanding of Aristotle’s syllogistic, and have tried to com-
plete this sylloglstxc on the lines laid down by Aristotle him-
self. I was again anxious to be as clear as possible, so that my
exposition could be understood by scholars not trained in sym-
bolic or mathematical thinking. I hope therefore that this part
of my work may be used as an introduction to modern formal
logic. The most important new results in this part I consider
to be the proof of decision, given by my pupil J. Stupecki, and
the idea of rejection introduced by Aristotle and applied by my-
self to the theory of deduction.

I am sincerely grateful to the Royal Irish Academy, which,
by giving me a position in Dublin, has enabled me to write this
book, and to University College, Dublin, for its kind invitation
to deliver lectures on Aristotle’s logic. I am grateful to the
Professors of University College, Dublin, Father A. Gwynn, S.].,
and Monsignor J. Shine, who were kind enough to lend me the
necessary books. I owe a debt to Sir David Ross, who read my
typescript and made some suggestions I was glad to accept.
My special thanks are due to the late Father A. Little, S.J.,
who, although already dangerously ill, willingly corrected the
English of the first chapter, to Victor Meally in Dublin, and in
particular to David Rees of Bangor, who read and corrected



PREFACE vii

the English of the whole work. I am also deeply indebted to the
officials of the Clarendon Press for their zeal and courtesy in
preparing my typescript for printing. The section on Galen is
dedicated to my friend Professor Heinrich Scholz of Miinster,
Westphalia, who was of great assistance to myself and to my
wife during the war, and especially during our stay in Miinster
in 1944. The whole work I dedicate to my beloved wife, Regina
Fukasiewicz née Barwinska, who has sacrificed herself that I
might live and work. Without her incessant care during the war,
and without her continual encouragement and help in the lone-
liness of our exile after it, I could never have brought the book
to an end.

J.E.

DUBLIN
7 May 1950
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. CHAPTER I
ELEMENTS OF THE SYSTEM

§ 1. The true form of the Aristotelian syllogism

In three recently published philosophical works the following is
given as an example of the Aristotelian syllogism :!

(1) All men are mortal,
Socrates is a man,
therefore
Socrates is mortal.

This example seems to be very old. With a slight modification—
‘animal’ instead of ‘mortal’—it is quoted already by Sextus
Empiricus as a ‘Peripatetic’ syllogism.? But a Peripatetic syllo-
gism need not be an Aristotelian one. As a matter of fact the
example given above differs in two logically important points
from the Aristotelian syllogism. .

First, the premiss ‘Socrates is a man’ is a singular proposition,
as its subject ‘Socrates’ is a singular term. Now Aristotle does not
introduce singular terms or premisses into his system. The follow-
ing syllogism would therefore be more Aristotelian :

(2) All men are mortal,
All Greeks are men,
therefore
All Greeks are mortal.3

This syllogism, however, is still not Aristotelian. It is an inference,
where from two premisses accepted as true, ‘All men are mortal’
and ‘All Greeks are men’, is drawn the conclusion ‘All Greeks
are mortal’. The characteristic sign of an inference is the word

* See Ernst Kapp, Greek Foundations of Traditional Logic, New York (1942), p. 11;
Frederick Copleston, S.J., A4 History of Philosophy, vol. i: Greece and Rome (1946),
p. 277; Bertrand Russell, History of Western Philosophy, London (1946), p. 218.

2 Sextus Empiricus, Hyp. Pyrrh. ii. 164 Zwxpdrys dvlpwmos, mds dvBpwmos {Pov,
Swrpdrys dpa [Hov. A few lines earlier Sextus says that he will speak about the
so-called categorical syllogisms, mepl 7dv xatyyopik@v kalovpévwy ouddoyioudv,
used chiefly by the Peripatetics, ofs xpdvrat pdAora oi dwé 7od IMepimdrov. See also
ibid. ii. 196, where the same syllogism is cited with the premisses transposed.

3 B. Russell, op. cit., p. 219, gives form (2) immediately after form (1), adding
in brackets the remark: ‘Aristotle does not distinguish between these two forms;
this, as we shall see later, is a mistake.” Russell is right when he says that these two
forms must be distinguished, but his criticism should not be applied to Aristotle.

5367 B




2 ELEMENTS OF THE SYSTEM §1

‘therefore’ (dpa). Now, and this is the second difference, no syllo-
gism is formulated by Aristotle primarily as an inference, but they
are all implications having the conjunction of the premisses as the
antecedent and the conclusion as the consequent. A true example
of an Aristotelian syllogism would be, therefore, the following
implication :
(3) Ifall men are mortal
and all Greeks are men,
then all Greeks are mortal.

This implication is but a modern example of an Aristotelian
syllogism and does not exist in the works of Aristotle. It would be
better, of course, to have as an example a syllogism given by
Aristotle himself. Unfortunately no syllogism with concrete terms
is to be found in the Prior Analytics. But there are some passages
in the Posterior Analytics from which a few examples of such
syllogisms may be drawn. The simplest of them is this:

(4) If all broad-leaved plants are deciduous
and all vines are broad-leaved plants,
then all vines are deciduous.!

All these syllogisms, whether Aristotelian or not, are only
examples of some logical forms, but do not belong to logic, be-
cause they contain terms not belonging to logic, such as ‘man’ or
‘vine’. Logic is not a science about men or plants, it is simply
applicable to these objects just as to any others. In order to get a
syllogism within the sphere of pure logic, we must remove from
the syllogism what may be called its matter, preserving only its
form. This was done by Aristotle, who introduced letters instead
of concrete subjects and predicates. Putting in (4) the letter 4
for ‘deciduous’, the letter B for ‘broad-leaved plant’, the letter C
for ‘vine’, and using, as Aristotle does, all these terms in the
singular, we get the following syllogistic form:

(5) Ifall BisA
and all C'is B,
then all Cis 4.

Y An. post. ii. 16, 98P5-10 dorw ydp 76 uloppoeiv ¢4’ oS A, 16 8¢ mhardullov ép’
o0 B, dumedos 8¢ é¢’ oS I'. €l 83 7§ B dmdpyer 76 A (mdv yap mhardduvAlor duAdoppoet),
7§ 8¢ I' dmdpyer 70 B (mdoa ydp dumeros mAaridvlos), 7o I' dndpyer 76 A, xal mdoa
dumelos pvAdoppoei. From this somewhat carelessly written passage—after v B, 7§
8¢ I', and 7§ I, mavr{ ought to be inserted—we get the following syllogism in con-

crete terms: €l md@v mAaTigvAlov duMloppoei kai mioa dumelos mAarvduldos, méaa
dumedos duAdoppoei.



§1 THE TRUE FORM 3

This syllogism is one of the logical theorems invented by Aristotle,
but even it differs in style from the genuine Aristotelian syllogism.
In formulating syllogisms with the help of letters, Aristotle
always puts the predicate in the first place and the subject in the
second. He never says ‘All B is A’, but uses instead the expres-
sion ‘4 is predicated of all B’ or more often ‘4 belongs to all B’.!
Let us apply the first of these expressions to form (5) ; we get an
exact translation of the most important Aristotelian syllogism,
later called ‘Barbara’:
(6) If A is predicated of all B
and B is predicated of all C,
then 4 is predicated of all C.?

Starting with the unauthentic example (1) we have reached
thus by a step-by-step transition the genuine Aristotelian syllo-
gism (6). Let us now explain these steps and establish them on a
textual basis.

§ 2. Premisses and terms

Every Aristotelian syllogism consists of three propositions called
premisses. A premiss (mpdraois) is a sentence affirming or deny-
ing something of something.? In this sense the conclusion is also
a mpdraois, because it states something about something.* The
two elements involved in a premiss are its subject and predicate.
Aristotle calls them ‘terms’, defining a term (Spos) as that into
which the premiss is resolved.s The original meaning of the Greek
8pos, as well as of the Latin terminus, is ‘limit’ or ‘boundary’.
The terms of a premiss, its subject and predicate, are the limits
of the premiss, its beginning and end. Thisis the very meaning of
the word dpos, and we should be careful not to identify this logical
word with such psychologlcal or metaphysical words as ‘idea’,
‘notion’, ‘concept’, or Begriff in German.6

! 76 A xarnyopeirat xard mavros 706 B or 76 A vmdpyer mavri v B. See also
p. 14,0

2 An. pr.i. 4, 25b37 el yap 70 A xarda wavrds rod B xai 76 B xard wavrés roi T,
dvdyxn 78 A xard mavros tod I' karyyopeicBas. The word dvdyxy omitted in the
translation will be explained later.

3 Ibid. 1, 24216 mpdraois pév odv dori Adyos xaradarikds 7} dmodarixds Tivds
katd Twos.

+ Ibid. ii. 1, 5%:3 76 8¢ ovpumépaopa 1i xard Tiwds éaTw.

s Ibid. i. 1, 24P16 Spov 8¢ xad els v Suadderar 1) mpdraais, olov 78 Te xaryyo-
povpevov xai 76 xad’® oS karnyopeira.

6 Aristotle also uses the word dpos in the sense of dpiouds, i.e. ‘definition’.
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Every premiss is either universal, particular, or indefinite.
‘All’ and ‘no’ added to the subject are the signs of universality,
‘some’ and ‘some not’ or ‘not all’ are the signs of particularity.
A premiss without a sign of quantity, i.e. of universality or parti-
cularity, is called indefinite, e.g. ‘Pleasure is not good’.!

Nothing is said in the Prior Analytics about the terms. A defini-
tion of the universal and the singular terms is given only in the
De Interpretatione, where a term is called universal if it is of such a
nature as to be predicated of many subjects, e.g. ‘man’; a term
which does not have this property is called singular, e.g. ‘Callias’.?
Aristotle forgets that a non-universal term need not be singular,
for it may be empty, like the term ‘goat-stag’ cited by himself a
few chapters before.3

In building up his logic Aristotle did not take notice either of
singular or of empty terms. In the first chapters of the Prior
Analytics, containing the systematic exposition of his syllogistic,
only universal terms are mentioned. Alexander justly remarks
that the very definition of the premiss given by Aristotle has
application to universal terms alone and is not suitable to indi-
vidual or singular.# It is evident that the terms of universal and
particular premisses must be universal. Aristotle certainly would
not accept as meaningful expressions like ‘All Calliases are men’
or ‘Some Calliases are men’, if there were only one Callias. The
same must be said about the terms of indefinite premisses: they,
too, are universal. This follows both from the name Aristotle has
chosen for them and from the examples he gives. A man who is
I willingly agree with E. Kapp, who says (op. cit., p. 29) that these two different
meanings of the word dpos ‘are entirely independent of one another and were never
mixed up by Aristotle himself. But unfortunately no less a scholar than Carl
Prantl . . . based his picture of Aristotle’s logic on this homonymy . . . he identified
the empty syllogistic horos (‘‘term”) with the metaphysical correlate of horos in the
sense of definition (‘‘Begriff” in Prantl’s German). The result was a disastrous
confusion.’

! An. pr. i. 1, 24317 (continuation of the text quoted in p. 3, n. 3) odros 8¢ 4
xabédov 7 év pépew 3 ddidpiaros. AMéyw 8¢ xalddov udv 76 mavri § pndevt dmdpyew, v
pépe 8¢ 78 Twi 4 i) Tl §) i) mavrl dmdpyew, ddidpioTov 8¢ 70 Smdpyew 1) ui) dndpyew
dvev ol kalBddov 7 kard pépos, olov 76 76V évavriwy elvar Ty adriy émariuny 4 76 THY
Hdoviy ) elvae dyabiv.

2 De int. 7, 17739 Aéyw 8¢ xaB8rov udv & éml mAewdvwv méduxe karnyopeiobas, xald’
éxaarov 8¢ § pif, olov dvlpwmos pév 7dv xabBéov, Kallas 8¢ rdv xaB’ éxaorov.

3 Ibid. 1, 16216 Tpayélados.

4 Alexander 100. 11 xara yap alofyrod kal évés xar’ dpBuov odxéd’ dpudle 78
Katd mavros ovdé 6 diopiauds SAws: S yap diopiopds TGv mpordaewy éml T@v xabdov
xdpav éxe 1a 8¢ dropa o kabddov. Cf. ibid. 65. 26.
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undecided whether it is true to say ‘No pleasure is good’ or only
‘Some pleasure is not good’, may say without defining the
quantity of the subject: ‘Pleasure is not good.” But in this last
sentence ‘pleasure’ is still a universal term as it was in the two
previous sentences. Throughout the whole systematic exposition
of his syllogistic Aristotle in practice treats indefinite premisses
like particulars without explicitly stating their equivalence.! This
was done only by Alexander.?

Indefinite premisses are of no importance in the Aristotelian
system of logic. No logical thesis, whether a law of conversion or
a syllogism, is formulated by Aristotle with this kind of premiss.
It was but right that they should be dropped by later logicians,
who retained only four kinds of premiss, well known to every
student of traditional logic, viz. the universal affirmative, the
universal negative, the particular affirmative, and the particular
negative. In this fourfold division there is no place left for singular
premisses.3

§ 3. Why singular terms were omitted by Aristotle

There is an interesting chapter in the Prior Analytics where
Aristotle divides all things into three classes. Some, he says, are
such that they cannot be predicated truly of anything at all,
like Cleon and Callias and the individual and sensible, but other
things may be predicated of them, e.g. man or animal. Some
other things, and these are the second class, are themselves
predicated of others but nothing prior is predicated of them. For
this class of things no example is given, but it is clear that Aris-
totle means what is most universal, like being, 7o év. To the third
class belong those things that may be predicated of others and
others of them, e.g. man of Callias and animal of man, and
as a rule, concludes Aristotle, arguments and inquiries are con-
cerned with this class of things.*

1 See, for example, An. pr. i. 4, 26229 6 yap adrds éarar cuMoyiopds ddopioTov Te
xal év pépe AndBévros, or 7, 29227 8fjdov 8¢ kai 67i 76 ddidpioTov dvTi Tod KaTyyopiKOD
rob év uéper TiBéuevov Tov adrov moufoe quldoyiopdv év dmaat Tols oxfuacv.

2 Alexander 30. 29 mepi 8¢ 7dv ddoplorwy (scil. 7is Tdv ddoplorwy dvriapodds)
o0 Aéyet, 6i umdé xpriotpor mpds oculoyiopos elow adtar, xai 61t {oov Tais émi pépous
Svvavrac

3 Arguments on behalf of the thesis that singular propositions may be regarded
as forming a sub-class of universals—see, for example, J. N. Keynes, Formal Logic,
London (1906), p. 102—are in my opinion entirely wrong.

4 An. pr. i. 27, 4322543 dmdvraw 83 Tév dvrwv Td pév éor Tolalra Wore kard
pnderds dMov xarnyopeiobar dAnfds xaBdrov (olov KAéwv xai Kaddias xai 16 xaf®
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There are some inexactitudes in this passage that must first be
corrected. It is not correct to say that a thing may be predicated
of another thing. Things cannot be predicated, because a predi-
cate is a part of a proposition and a proposition is a series of
spoken or written words having a certain meaning. The term
‘Callias’ may be predicated of another term, but never the thing
Callias. The given classification is not a division of things but a
division of terms.

It is further not correct to say that individual or singular terms,
like ‘Callias’, cannot be truly predicated of anything else. Aris-
totle himself gives examples of true propositions with a singular
predicate, as “That white object is Socrates’ or ‘That which
approaches is Callias’,' saying that such propositions are ‘inci-
dentally’ true. There are other examples of this kind which are not
merely incidentally true, as ‘Socrates is Socrates’ or ‘Sophroniscus
was the father of Socrates’.

A third inexactitude concerns the conclusion drawn by Aris-
totle from this classification of terms. It is not true that our
arguments and inquiries deal as a rule with such universal terms
as may be predicated of others and others of them. It is plain
that individual terms are as important as universal, not only in
everyday life but also in scientific researches. This is the greatest
defect of the Aristotelian logic, that singular terms and proposi-
tions have no place in it. What was the cause?

There is an opinion among philosophers that Aristotle con-
structed his system of logic under the influence of Plato’s philo-
sophy; for it was Plato who believed that the object of true
knowledge must be stable and capable of a precise definition,
which is of the universal and not of the singular. I cannot agree
with this opinion. It has no confirmation in the text of the Prior
Analytics. This purely logical work is entirely exempt from any
philosophic contamination; so is the passage cited above. The
argument that our inquiries are concerned with universal terms
as a rule is a practical one, and though it is very weak and

P) ! aloBnrd 5 8¢ 7ol » Vs Vs s
kaorov kai alofyrdv), xard 8¢ Tovrwy dAa (kal ydp dvBpwmos xai {@Gov éxdrepos
ToUrwy éori): 7a 8’ adrd pév xar’ dAwv xarnyopeirar, xatd 8¢ TovTwy dAAa mpdTepov
y - \ \ \ A 4 \ Y o~ - » ’ \
ol karyyopeirar: Td 8¢ kai avra dAMwv xal abrdv érepa, olov dvlpwmos Kaddlov «ai
dvBpdimov L{dov. . . . kal axedov of Adyor kal ai axépes elai pdAora mepi TovTwr.
Y An. pr. 1. 27, 43333 76w yap alofnTdv oxedov éxaordv éaTi ToroiTov daTe ui) Kary-
yopeiofar xatd pndevds, Ay ds xara ouufeBnxds: paueév ydp mote 16 Aevkov éxeiva
Zwkpdrnu elvar kai 76 mpooidy KadXiav.
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Aristotle must have felt its weakness, yet it is not corroborated
by any philosophical argument borrowed from Plato.

There is, however, another remarkable point that may throw
some light on our problem. Aristotle emphasizes that a singular
term is not suited to be a predicate of a true proposition, as a
most universal term is not suited to be a subject of such a propo-
sition. The first assertion, as we have already seen, is not gener-
ally true, and the second also seems to be false. But it does not
matter whether these assertions are true or false. It suffices to
know that Aristotle regarded them as true and that he eliminated
from his system just those kinds of terms which in his opinion
were not suited to be both subjects and predicates of true pro-
positions. And here, as I see it, lies the chief point of our problem.
It is essential for the Aristotelian syllogistic that the same term
may be used as a subject and as a predicate without any restric-
tion. In all three syllogistic figures known to Aristotle there
exists one term which occurs once as a subject and then again
as a predicate: in the first figure it is the middle term, in the
second figure the major term, and in the third figure the minor
term. In the fourth figure all three terms occur at the same
time as subjects and as predicates. Syllogistic as conceived by
Aristotle requires terms to be homogeneous with respect to
their possible positions as subjects and predicates. This seems
to be the true reason why singular terms were omitted by
Aristotle.

§ 4. Variables

In Aristotle’s systematic exposition of his syllogistic no examples
are given of syllogisms with concrete terms. Only non-valid com-
binations of premisses are exemplified through such terms, which
are of course universal, like ‘animal’, ‘man’, ‘horse’. In valid
syllogisms all terms are represented by letters, i.e. by variables,
e.g. ‘If R belongs to all S and P belongs to some S, then P belongs
to some R'.!

The introduction of variables into logic is one of Aristotle’s
greatest inventions. It is almost incredible that till now, as far as I
know, no one philosopher or philologist has drawn attention to

! Ibid. i. 6, 28b7 €l ydp 76 pév P mavri v® X 76 8¢ IT vwi, dvdyxn 76 IT Twi 7§

P Sndpyew. This is a mood of the third figure, called later Disamis, with transposed
premisses,
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this most important fact.! I venture to say that they must all
have been bad mathematicians, for every mathematician knows
that the introduction of variables into arithmetic began a new
epoch in that science. It seems that Aristotle regarded his in-
vention as entirely plain and requiring no explanation, for there
is nowhere in his logical works any mention of variables. It was
Alexarider who first said explicitly that Aristotle presents his
doctrine in letters, orotyeia, in order to show that we get the
conclusion not in consequence of the matter of the premisses, but
in consequence of their form and combination; the letters are
marks of universality and show that such a conclusion will follow
always and for any term we may choose.? There is another com-
mentator, John Philoponus, who is also fully aware of the signi-
ficance and importance of variables. He says that Aristotle, after
showing by examples how every premiss may be converted, states
some universal rules of conversion taking letters instead of terms.
For a universal sentence is disproved by one example in which it
is false, but is proved either by going through all particulars
(which is an endless and impossible operation) or by stating an
evident universal rule. Such a rule is given here by Aristotle in
letters, and the reader is allowed to substitute (SmoBdMew) for
the letters any concrete terms he wants.3 '

We know already that only universal terms may be substituted
for the variables. In an example quoted above,* Aristotle per-
forms such a substitution, saying: ‘Let 4 be deciduous, B—
broad-leaved plant, C—vine.’ This is the only kind of substitu-
tion we meet in the Prior Analytics. Aristotle never substitutes for a
variable 4 another variable B, although he is perfectly aware that
the same syllogistic mood may be formulated with different

! I am glad to learn that Sir David Ross in his edition of the Analytics, p. 29,
emphasizes that by using variables Aristotle became the founder of formal logic.

2 Alexander 53. 28 émi oroiyelwy Ty didaoxallav moteirar Imép Tol évdelfacfac
Juiv, S1e o maps Ty Ay ylverar 78 ovumepdopara dAAd mapd T8 oxfua xal Ty
Towatrny TGv mpordoewy oupmAoxny xal Tov Tpdmov: ob ydp ST de 7 UMy, ouvdyerar
ouMoyorikds T68e, AAN’ 67u 1) ovluyla Toladry. Td odv oroixela Tod Kkafélov Kal del
xal éml mavros Tod And@évros Towobrov éoeofar 76 auumépaopa Sewtikd éoTw.

3 Philoponus 46. 25 8elfas dmws éxdorn 7dv mpordoewy dvrioTpéder id mapade-
yudrwy . . . kafodikods kavévas mapadldwar ra ororyeia mapalapfdvwy dvriTav Spwv . . .
70v pév yap kabdlov Adyov éNéyye udv xal & mapdderyua, s 1787 elpnrar, karaoxevder
8¢ 7 1) dua mdvrwy Tév Kara pépos Siéfodos, Smep éariv dmepov Kai dSdvarov, % % S
xafodof kavdvos mioris' Smep mowel viv 8id 7@V ororyelwv 8idods éxdore, domep
eipnrar, én’ éfovolas ypioBas kai SmofdMew dvrl T@v oroixelwy ofas dv BovAnra
UAns Spovs, 4 See p. 2, n.
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variables. The mood Disamis, for instance, cited at the beginning
of this section, is formulated with the letters R, S, P; elsewhere it
is formulated with C, B, 4.' It is evident that the validity of a
syllogism does not depend on the shape of the variables used in
its formulation : Aristotle knows that without saying it. It is again
Alexander who states this fact explicitly.?

There is no passage in the Prior Analytics where two different
variables are identified. Even where the same term is substituted
for two variables, these two variables are not identified. In Book
II of the Prior Analytics Aristotle discusses the problem whether
a syllogism can be made out of opposite premisses. This can be
done, he states, in the second and third figure. Let B and C, he
continues, both stand for ‘science’ and 4 for ‘medicine’. If one
assumes that ‘All medicine is science’ and that ‘No medicine is
science’, he has assumed that ‘B belongs to all 4’ and ‘C belongs
to no A’, so that ‘Some science is not science’.? The syllogistic
mood to which this refers runs thus: ‘If B belongs to all 4 and C
belongs to no 4, then C'does not belong to some B.’# In order to get
from this mood a syllogism with opposite premisses, it suffices to
identify the variables B and C, i.e. to substitute B for C. We get
by this substitution : ‘If B bclongs to all 4 and B belongs to no 4,
then B does not belong to some B.” The heavy roundabout way
by means of concrete terms, such as ‘science’ and ‘medicine’, is
quite unnecessary. It seems that the straight way in this problem,
i.e. the way by identifying variables, was not seen by Aristotle.

Aristotle knows that sentences like ‘Some science is not science’
cannot be true.5 The generalization of such sentences ‘Some 4 is
not 4’ (i.e. ‘4 does not belong to some A4’) also must be false. It
is not very probable that Aristotle knew this formula; it is

Y An. pr.ii. 7, 59°17 €l yap 70 I’ mavrl 7 B, 76 8¢ A Twi 7§ B, dvdyxn 76 A Twi 1
T Swdpxew.

2 Alexander 380. 2 o0 ydp mapa 70 70 uév A adrdv elvac 70 8¢ B ) I' 1) ovvaywy: 7o
ydp adrd ylverar, kdv dAois dvri TovTwy ypyodpeda.

3 An. pr. ii. 15, 64223 éoTw ydp émoriun éb’ ob 70 B xai I', latpiy) 8’ éd’ oF A.
€l odv AdPoc mioav larpukiv émariuny xal undeplay laTpuciy émaripny, 76 B mavri 1o
A eldnde xal 73 I' 008evl, diar’ éorar Tis émariun odx émoTiun.

+ This syllogism is a mood of the third figure, called later Felapton, with trans-
posed premisses. In the systematic exposition of the syllogistic it is formulated with
the letters R, S, P. See ibid. i. 6, 28226 dv 76 pév P mavri 7§ Z, 76 8¢ IT pndevi
dndpxy, éorar ovAhoyiopds 61 70 IT rwil 7§ P ody dmdpe €€ dvdyxns.

s Ibid. ii. 15, 64P7 davepdv 8¢ xal Sri éx pevdav pév dorw dAnbés cvAoyloaalar,
ooy €k 88 Tav dvrikepnévay ol éoTwr del ydp évavrios 6 ouldoyiapds yiverar TG
mpdypare.
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Alexander again who saw the falsity and applied this fact to
prove the law of conversion of the universal negative premiss.
The proof he gives proceeds by reductio ad absurdum : If the premiss
‘4 belongs to no B’ is not convertible, let us suppose that B
belongs to some 4. From these two premisses we get by a syllo-
gism of the first figure the absurd conclusion: ‘4 does not belong
to some 4.’ It is obvious that Alexander has in mind the mood
of the first figure called later Ferio: ‘If 4 belongs to no B and B
belongs to some C, then 4 does not belong to some C’, and that
in this mood he identifies the variables 4 and C, substituting 4
for C. This is perhaps the neatest example of an argument by
substitution derived from an ancient source.

§ 5. Syllogistic necessity
The first Aristotelian syllogism, called later Barbara, may be
represented, as we have already seen,? in the form of the following
implication:
If A is predicated of all B

and B is predicated of all C,
then 4 is predicated of all C.

But there is still a difference between this formulation and the
genuine Greek text. The premisses are the same in the English
version as in the Greek, but the exact translation of the conclusion
would be ‘4 must be predicated of all ¢’. This word ‘must’
(avdyxn) is the sign of the so-called ‘syllogistic necessity’. It is
used by Aristotle in almost all implications which contain variables
and represent logical laws, i.e. laws of conversion or syllogisms.+

There are, however, some syllogisms where this word is omitted ;
take, for instance, this Aristotelian form of the mood Barbara: ‘If
4 belongs to all B and C belongs to all 4, then C belongs to all B.’s
Since it was possible to omit the word insome syllogisms, it must
be possible to eliminate it entirely from all syllogisms. Let us see,
therefore, what the word means and why it is used by Aristotle.

! Alexander 34. 15 éveor. 3¢ xai id ovAdoyiopod Seifar Sid Tob mpwrov ayparos
ywopévov, ds xal abros mpoaxpiitar 7§ els ddvvarov dmaywyi: € ydp Tis un Aéyor
dvriorpédew Ty kabBddov dmodatiniy, xelobw 16 A pndevi T B €l 8¢ p1) dvriorpéder,
éorw 70 B 1wl 78 A- ylverar év mpdire oxfpar 76 A rwi 7d A pv) dmdpyov, Smep
dromov.

2 An. pr.i. 4, 26225 €l 70 pév A pndevi 76 B dndpyer, 76 8¢ Brwi & I'y dvdyxn 16 A
Twi 7@ I' pi) Smdpxew. 3 See p. 3, n. 2. 4 See p. 7, n.; p. 9, nn. 1, 4; above, n. 2.

s An. pr.ii. 11,61°34 €l yap 76 A mayri 76 B kal 70 ' mavri 7@ A, 76 I’ mavri 74 B.
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The problem appears simple, and is settled implicitly by Aris-
totle himself incidentally in his treatment of the laws of conver-
sion, when he says: ‘If 4 belongs to some B, it is necessary that B
should belong to some 4 ; but if 4 does not belong to some B, it is
not necessary that B should not belong to some 4.” For if 4 stands
for ‘man’ and B for ‘animal’, it is true that some animal is not
man, but it is not true that some man is not animal, because all
men are animals.” We see from this example that Aristotle uses
the sign of necessity in the consequent of a true implication in
order to emphasize that the implication is true for all values of
variables occurring in the implication. We may therefore say ‘If
A belongs to some B, it is necessary that B should belong to some
A’, because it is true that ‘For all 4 and for all B, if 4 belongs to
some B, then B belongs to some A’. But we cannot say ‘If 4 does
not belong to some B, it is necessary that B should not belong to
some 4’, because it is not true that ‘For all 4 and for all B, if 4
does not belong to some B, then B does not belong to some 4.
There exist, as we have seen, values for 4 and B that verify the
antecedent of the last implication, but do not verify its conse-
quent. In modern formal logic expressions like ‘for all 4’ or ‘for
all B’, where 4 and B are variables, are called universal quanti-
fiers. The Aristotelian sign of syllogistic necessity represents a uni-
versal quantifier and may be omitted, since a universal quantifier
may be omitted when it stands at the head of a true formula.

This, of course, is all known to students of modern formal logic,
but some fifty years ago it was certainly not known to philo-
sophers. It is not strange, therefore, that one of them, Heinrich
Maier, has chosen our problem as the basis of what is, in my
opinion, a bad philosophical speculation. He states:2 “The con-
clusion follows from the premisses with necessary consequence.
This consequence arises from the syllogistic principle and its
necessity reveals very properly the synthetic power of the func-
tion of reasoning.’ I do not understand this last sentence, because

! Ibid. i. 2, 252206 €l yap 70 A 7wl 7 B, xal 76 Brwi 7§ A dvdyxy dmdpxew...
€l 8¢ ye 70 A Twi 7@ B puy) dndpyxer, ovk dvdykn xai 70 B wi @ A p3) dmdpyew, olov €
76 pév B éari [Giov, 10 3¢ A dvlpwmos. dvlpwmos pév yap ob mavti {de, {Gov 8¢ mavri
dvBpayme mdpyet.

* H. Maier, Die Syllogistik des Aristoteles, vol. ii b, Tiibingen (1900), p. 236: ‘Aus
den Primissen folgt mit notwendiger Konsequenz der SchluBsatz. Diese Konse-
quenz entspringt dem syllogistischen Prinzip, und die Notwendigkeit, die ihr
anhaftet, bekundet recht eigentlich die synthetische Kraft der SchluBfunktion.’
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I cannot grasp the meaning of the words ‘the synthetic power of

- the function of reasoning’. Moreover, I am not sure what is
meant by ‘the syllogistic principle’, as I do not know whether any
such principle exists at all. ‘On the ground of both premisses
[Maier continues his speculations'] which I think and express, I
must also think and express the conclusion by virtue of a com-
pulsion lying in my thinking.’ This sentence I can certainly
understand, but it is manifestly false. You may easily see its false-
hood if you think and pronounce the premisses of a syllogism,
e.g. ‘All 4is €’ and ‘Some B is not C’, without pronouncing the
conclusion which follows from them.

§ 6. What is formal logic?

‘It is usual to say that logic is formal, in so far as it is concerned
merely with the form of thought, that is with our manner of
thinking irrespective of the particular objects about which we
are thinking.” This is a quotation from the well-known text-book
of formal logic by Keynes.? And here is another quotation, from
the History of Philosophy by Father Copleston: ‘The Aristotelian
Logic is often termed formal logic. Inasmuch as the Logic of
Aristotle is an analysis of the forms of thought—this is an apt
characterization.’ :

In both quotations I read the expression ‘form of thought’,
which I do not understand. Thought is a psychical phenomenon
and psychical phenomena have no extension. What is meant by
the form of an object which has no extension? The expression
‘form of thought’ is inexact and it seems to me that this inexacti-
tude arose from a wrong conception of logic. If you believe indeed
that logic is the science of the laws of thought, you will be dis-
posed to think that formal logic is an investigation of the forms of
thought.

It is not true, however, that logic is the science of the laws of
thought. It is not the object of logic to investigate how we are
thinking actually or how we ought to think. The first task belongs
to psychology, the second to a practical art of a similar kind to
mnemonics. Logic has no more to do with thinking than mathe-
matics has. You must think, of course, when you have to carry

' Qp. cit., p. 237: ‘Auf Grund der beiden Primissen, die ich denke und aus-
spreche, muB ich kraft eines in meinem Denken liegenden Zwangs auch den

SchluBsatz denken und aussprechen.’
2 Op. cit., p. 2. 3 Op. cit., p. 277.
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out an inference or a proof, as you must think, too, when you
have to solve a mathematical problem. But the laws of logic do
not concern your thoughts in a greater degree than do those of
mathematics. What is called ‘psychologism’ in logic is a mark of
the decay of logic in modern philosophy. For this decay Aristotle
is by no means responsible. Throughout the whole Prior Analytics,
where the theory of the syllogism is systematically exposed, there
exists not one psychological term. Aristotle knows with an intui-
tive sureness what belongs to logic, and among the logical prob-
lems treated by him there is no problem connected with a
psychical phenomenon such as thinking.

What is therefore, according to Aristotle, the object of logic,
and why is his logic called formal? The answer to this question
is not given by Aristotle himself but by his followers, the Peri-
patetics.

There was a dispute among the philosophical schools of Ancient
Greece about the relation of logic to philosophy. The Stoics con-
tended that logic was a part of philosophy, the Peripatetics said
that it was only an instrument of philosophy, and the Platonists
were of the opinion that logic was equally a part and an instru-
ment of philosophy. The dispute itself is of no great interest or
importance, because the solution of the disputed problem seems
to be for the most part a matter of convention. But an argument
of the Peripatetics, preserved by Ammonius in his commentary
on the Prior Analytics, deserves our attention.

Ammoniu$ agrees with the Platonists and says: If you take
syllogisms with concrete terms, as Plato does in proving syllo-
gistically that the soul is immortal, then you treat logic as a part
of philosophy; but if you take syllogisms as pure rules stated in
letters, e.g. “A4 is predicated of all B, B of all C, therefore 4 is
predicated of all ’; as do the Peripatetics following Aristotle,
then you treat logic as an instrument of philosophy.!

! Ammonius 10. 36 xata ydp ITAdTwva kal Tov dAnbij Adyov olire pépos éoriv (scil.
9 doyixrf), dos ol Zrwixol daow xai rwvés T@dv ITdatwvikdv, obre pdvws Spyavov, ds ol
éx 108 Iepimdrov daalv, dAAd kal uépos éoriv xal Spyavor ¢idogodlas éav pév yap
pera Tdv mpaypdrwy Adfys Tods Adyous, uépos éorly, éiv 8¢ Yudods Tods xavdvas dvev
TGv mpaypdrwy, Spyavov. @ote xalds ol éx Toi Ilepimdrov 7d mapd Hpiororée
ddopdvres Spyavov adriv daow Yidods ydp xavévas mapadldwow, ob mpdypara Aap-
Bdvwy dmoxelpeva dAG Tois otoixelois Tods wavdvas épappdlwv: olov 76 A xard
mavros Tod B, 76 B xard mavrds 1od I', 76 A dpa xara mavrds rod I'. The syllogistic

proof of the thesis that the soul is immortal is given a few lines farther on (11. 10):
7 Yux) adroxivyrov, Tobro 8¢ dekivyrov, Todro 8¢ dddvaTov, 1) uxi) dpa dfdvarov.
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It is important to learn from this passage that according to the
Peripatetics, who followed Aristotle, only syllogistic laws stated
in variables belong to logic, and not their applications to concrete
terms. The concrete terms, i.e. the values of the variables, are
called the matter, Ay, of the syllogism. If you remove all con-
crete terms from a syllogism, replacing them by letters, you have
removed the matter of the syllogism and what remains is called
its form. Let us see of what elements this form consists.

To the form of the syllogism belong, besides the number-and
the disposition of the variables, the so-called logical constants.
" Two of them, the conjunctions ‘and’ and ‘if’, are auxiliary expres-
sions and form part, as we shall see later, of a logical system which
is more fundamental than that of Aristotle. The remaining four
constants, viz. ‘to belong to all’, ‘to belong to none’, ‘to belong
to some’ and ‘to not-belong to some’,! are characteristic of
Aristotelian logic. These constants represent relations between
universal terms. The medieval logicians denoted them by 4, E,
I, and O respectively. The whole Aristotelian theory of the
syllogism is built up on these four expressions with the help of
the conjunctions ‘and’ and ‘if’. We may say therefore: The
logic of Aristotle is a theory of the relations 4, E, I, and O in the
field of universal terms.

It is obvious that such a theory has nothing more in common
with our thinking than, for instance, the theory of the relations of
greater and less in the field of numbers. There are, indeed, some
similarities between these two theories. Compare, for example, the
syllogism Barbara:

If a belongs to all &
and b belongs to all ¢,
then a belongs to all ¢,

with the following arithmetical law :

If a is greater than b
and b is greater than ¢,
then a is greater than c.

There are, of course, differences between these two laws: the
range of variables is not the same, and the relations are different.

1. ., ae e g ;s e ) .
vmdpyew mavri, Ymdpyew ovdevi, vmdpyew Twi, obx vmdpyew Twi = Imdpxew od

mavrl. Instead of dmdpyew Aristotle sometimes uses the verb xarnyopeiofas. Syllo-
gisms in concrete terms are formulated with elvai. See p. 2, n.; p. 3, n. 1, and the
next section (7).
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But both relations, although different and occurring between
different terms, have one property in common: they are both
transitive, i.e. they are particular cases of the formula:
If a has the relation R to b
and b has the relation R to ¢,
then a has the relation R to c.

It is a curious thing that this very fact was observed by
the loglcxans of the later school of the Stoics. Arguments like ‘the
first is greater than the second, the second is greater than the
third, therefore the first is greater than the third’ were called by
the Stoics, as Alexander declares, ‘non-methodically conclusive’
and were not treated as syllogisms in the sense of their logic.
Nevertheless, the Stoics regarded such arguments as similar
(8powor) to categorical syllogisms.! This observation of the Stoics,
which Alexander tries to confute without producing convincing
counter-arguments, corroborates the supposition that the logic
of Aristotle was conceived as a theory of special relations, like a
mathematical theory.

§ 7. What is formalism?

Formal logic and formalistic logic are two different things.
The Aristotelian logic is formal without being formalistic,
whereas the logic of the Stoics is both formal and formalistic.
Let us explain what in modern formal logic is meant by
‘formalism’.

Modern formal logic strives to attain the greatest possible
exactness. This aim can be reached only by means of a precise
language built up of stable, visually perceptible signs. Such a
language is indispensable for any science. Our own thoughts not
formed in words are for ourselves almost inapprehensible and the
thoughts of other people, when not bearing an external shape,
could be accessible only to a clairvoyant. Every scientific truth,
in order to be perceived and verified, must be put into an external
form intelligible to everybody. All these statements seem in-
contestably true. Modern formal logic gives therefore the utmost

! Alexander 21. 30 of duefddws mepaivovres Adyor mapd Tois Lrwirols, olov © 1é
mpdrov ToG Sevrépov peilov, 70 3¢ devrepov 1Ol Tpirov, T dpa mpdrov TOB TpiTOU
peifov.’ Ibid. 345. 13 Towdrol elov xai ods Aéyovow ol vedrepor (i.e. Zrwinol)
duedddws mepalvovras. ols 51e pueév ui) Ayovar auAdoyioTikds guvdyew, byids Aéyovat . ..

8re 8¢ 1yodvrar dpolovs adrods elvar Tois rarnyopixois ovAdoyiopols. .. Tob mavrds
Swapaprdvovaw.
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attention to precision of language. What is called formalism is
the consequence of this tendency. In order to understand what it
is, let us analyse the following example.

There exists in logic a rule of inference, called formerly modus
ponens and now the rule of detachment. According to this rule, if
an implication of the form ‘If «, then B8’ is asserted and the ante-
cedent of this implication is asserted too, we are allowed to assert
its consequent B. In order to be able to apply this rule we must
know that the proposition «, asserted separately, expresses ‘the
same’ thought as the antecedent « of the implication, since only
in this case are we allowed to perform the inference. We can
state this only in the case where these two o’s have exactly the
same external form. For we cannot directly grasp the thoughts
expressed by these a’s, and a necessary, although not sufficient,
condition for identifying two thoughts is the external equality of
their expressions. When, for instance, asserting the implication
‘If all philosophers are men, then all philosophers are mortal’
you would also assert as second premiss the sentence ‘Every
philosopher is a man’, you could not get from these premisses the
conclusion °‘All philosophers are mortal’, because you would
have no guarantee that the sentence ‘Every philosopher is a
man’ represents the same thought as the sentence ‘All philoso-
phers are men’. It would be necessary to confirm by means of a
definition that ‘Every 4 is B’ means the same as ‘All 4’s are B’s’;
on the ground of this definition replace the sentence ‘Every
philosopher is a man’ by the sentence ‘All philosophers are men’,
and only then will it be possible to get the conclusion. By this
example you can easily comprehend the meaning of formalism.
Formalism requires that the same thought should always be
expressed by means of exactly the same series of words ordered
in exactly the same manner. When a proof is formed according
to this principle, we are able to control its validity on the basis of
its external form only, without referring to the meaning of the
terms used in the proof. In order to get the conclusion 8 from the
premisses ‘If o, then B’ and «, we need not know either what «
or what B really means; it suffices to notice that the two «’s con-
tained in the premisses have the same external form.

Aristotle and his followers, the Peripatetics, were not formal-
ists. As we have already seen, Aristotle is not scrupulously exact
in formulating his theses. The most striking case of this inexacti-
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tude is the structural discrepancy between the abstract and con-
crete forms of the syllogisms. Take as an example the syllogism
with opposite premisses quoted above, in our section 4.! Let B
and C be ‘science’ and 4 ‘medicine’. Aristotle states:

In variables: In concrete terms:
If B belongs to all 4 If all medicine is science
and C belongs to no 4, and no medicine is science,

then C does not belong to some B.2  then some science is not science.

The difference of corresponding premisses, of which the two
syllogisms consist, is evident. Take, for instance, the first premiss.
To the formula ‘B belongs to all 4’ would correspond the
sentence ‘Science belongs to all medicine’, and to the sentence
‘All medicine is science’ would correspond the formula ‘All 4 is
B’. The sentence in concrete terms, given by Aristotle, cannot be
regarded as a substitution of the abstract formula accepted by
him. What is the cause of this difference?

Alexander gives three explanations of this problem:3 the first
may be omitted as unimportant, the last is a philosophical one
and is, in my opinion, wrong; only the second deserves our
attention. According to this explanation, in formulae with the
verb ‘to be predicated of something’ and, we may add, with the
verb ‘to belong to something’, the subject and the predicate are
better distinguishable (yvwpipuditepor) than, we may add again, in
formulae with the verb ‘to be’. In fact, in formulae with ‘to be’
the subject as well as the predicate is used in the nominative; in
formulae preferred by Aristotle only the predicate is in the
nominative, and the subject is either in the genitive or in the
dative and therefore can be more easily distinguished\ from
the predicate. Very instructive, too, is the final remark of Alexan-
der, from which it follows that to say ‘Virtue is predicated of all
justice’ instead of the customary ‘All justice is virtue’ was felt in
Ancient Greek to be as artificial as in modern languages.

! See p. g, n. 3.

2 The conclusion in variables is dropped in the Greek text.

3 Alexander 54. 21 xpijrac 8¢ ¢ xaré mavrds xal 7 kard pndevds &v 1 idaoxally,
871 81a Todrwy yvdpuos 1) ovvaywyl) T@v Adywr, kal 61t oUTws Aeyopévwy yrwprud-
T€pos & Te xaTyyopoluevos kal 6 mokeipevos, ai 61 mpdTov Tf) PUoel 76 kard mavrds
100 év S adrd, ds mpoelpyra. 4 pévrow xpijois 1 ovAdoyiariny) év ) ovwnlelg dvd-
malyv Exe ob ydp 1) dpery) Aéyerar xard mdams Sixatoatvys, dAN’ dvdmadw mdoa

Sixaioowvs) dperf. 31 xal dei xar’ dudorépas Tas éxdopas yvuvdlew éavrols, iva T
7€ xprioer mapaxodovleiv duvipuela xai T didaoxalig.

5867 (o}
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There are still more cases of inexactitude in Aristotelian logic.
Aristotle constantly uses different phrases for the same thoughts.
I shall give only a few examples of this kind. He begins his
syllogistic with the words ‘4 is predicated of all B’, but shortly he
changes these words into the phrase ‘4 belongs to all B’, which
seems to be regular. The words ‘is predicated’ and ‘belongs’ are
frequently omitted, sometimes even the important sign of the
quantity ‘all’ is dropped. Besides the form ‘4 belongs to some 5’
there are forms which may be translated ‘4 belongs to some of
the B’s’. The premisses of the syllogism are combined by means of
different conjunctions. Syllogistic necessity is expressed in differ-
ent ways and is sometimes entirely omitted.! Although these
inexactitudes have no bad consequences for the system, they
contribute in no way to its clearness or simplicity.

This procedure of Aristotle is probably not accidental, but
seems to derive from some preconceptions. Aristotle says occasion-
ally that we ought to exchange equivalent terms, words for words
and phrases for phrases.? Commenting on this passage, Alex-
ander declares that the essence of the syllogism depends not on
words but on their meanings.? This statement, which is manifestly
directed against the Stoics, can be understood thus : the syllogism
does not change its essence, i.e. it remains a syllogism, if some of
its expressions are replaced by other equivalent expressions, e.g.
if the expression ‘to be predicated of all’ is replaced by the
equivalent expression ‘to belong to all’. The Stoics were of a
directly opposite opinion. They would say that the essence of the
syllogism depends on words, but not on their meanings. If there-
fore the words are changed, the syllogism ceases to exist. This is

! The phrase 76 A xard mavros 700 B (karyyopeirar is twice omitted) is used in
the mood Barbara (see p. 3, n. 2), 70 4 mavrl 7§ B (Swdpye. is altogether omitted)
is used in another formulation of the same mood (see p. 10, n. 5). The phrase 76
A rwi v B appears in the laws of conversion ; elsewhere, e.g. in the mood Disamis,
we have 76 4 Twi 7§ B (see p. 9, n. 1). The logically important word mavr{ is
altogether omitted in a formulation of the mood Barbara (see p. 2, n.). The
conjunction ‘and’ is for the most part denoted by puév .. . 3¢ (see, for example, p. 7,
n, or p. 10, n. 2), sometimes by xal (see p. 3, n. 2; p. 10, n. 5). Syllogistic necessity
is as a rule expressed by dvdykn dmdpxew (see p. 7, n. or p. g, n. 1), in the mood
Felapton it is denoted by dmdpée: éf dvdyxns (see p. 9, n. 4). In one case it is dropped
(see p. 10, n. 5). N

2 An. pr. i. 39, 49P3 8ei 8¢ xal peradaufdvew & 78 adrd Svvarai, dvépara dvr’
dvopdrawv kal Adyous dvrl Adyw.

3 Alexander 372. 29 odk év Tais Aéfeaw 6 avAdoyrauds 76 elvar éxer, AN’ év Tois
anpawopérocs.
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illustrated by Alexander with an example from the logic of the
Stoics. The rule of inference called modus ponens :

If «, then 8;
but o;
therefore B,

is the first ‘indemonstrable’ syllogism of the Stoics. Both the
Stoics and the Peripatetics seem mistakenly to regard the phrases
‘If «, then B’ and ‘« entails B’ as having the same meaning.
But if] in the syllogism given above, you replace the premiss ‘If
«, then B’ by ‘ a entails B°, saying:

a entails 8;

but «;

therefore 8,

you get according to the Stoics a valid rule of inference, but not
a syllogism. The logic of the Stoics is formalistic.?

T Alexander 373. 28 ApioTorédys pdv odv oVrws mepl T@v xatd Tas Aééas peratj-
Yewv $éperac (see p. 18, n. 2). of 8¢ vedrepor (i.e. ol Zrwixol), rais Aéfearv émaxo-
AovBolvres odkére 3¢ Tois onuawouévols, ob Tadréy dact ylveabar év Tais els Tds
loodvvapovoas Aéfers peraliffeat Tav Spwv- Tadrdv ydp anpaivovros Tob ¢ €l 16 A
78 B’ 7§ ‘ dxodovlei 7& A 76 B’, guddoyiatidv pév Adyov daciv elvar Toravrys
Andleions rijs AMéfews * €l 16 A 76 B, 76 8¢ A, 76 dpa B’, odxére 8¢ avAhoyiorindy dAa
mepavrindy 16 © dxodovlei 74 A 16 B, 16 8¢ A, 76 dpa B’



CHAPTER I1I

THESES OF THE SYSTEM

§ 8. Theses and rules of inference

THE Aristotelian theory of the syllogism is a system of true pro-
positions concerning the constants 4, E, I, and O. True proposi-
tions of a deductive system I call theses. Almost all theses of the
Aristotelian logic are implications, i.é. propositions of the form
‘If «, then B°. There are known only two theses of this logic not
beginning with ‘if’; viz. the so-called laws of identity : ‘4 belongs
to all A’ or ‘All 4 is A’, and ‘4 belongs to some 4’ or ‘Some 4 is
A’. Neither of these laws was explicitly stated by Aristotle, but
they were known to the Peripatetics.’

The implications belonging to the system are either laws of
conversion (and laws of the square of opposition not mentioned
in the Prior Analytics) or syllogisms. The laws of conversion are
simple implications, for instance: ‘If 4 belongs to all B, then B
belongs to some A.’? The antecedent of this implication is the
premiss ‘4 belongs to all B°, the consequent is ‘B belongs to some
A’. This implication is regarded as true for all values of the
variables 4 and B.

All Aristotelian syllogisms are implications of the type ‘If «
and B, then y’, where « and B are the two premisses and y is the
conclusion. The conjunction of the premisses ‘« and B’ is the
antecedent, the conclusion y is the consequent. As an example
take the following formulation of the mood Barbara:

If 4 belongs to all B
and B belongs to all C,
then 4 belongs to all C.

In this example « means the premiss ‘4 belongs to all B’, 8 the
premiss ‘B belongs to all (’, and y the conclusion ‘4 belongs to

all €. This implication is also regarded as true for all values of
the variables 4, B, and C.

! Cf. p. g, n. 5, p. 10, n. 1. In the passage quoted in the latter note Alexander
says that the proposition ‘4 does not belong to some 4’ is absurd. That means that
the contradictory proposition ‘4 belongs to all 4’ is true.

2 An, pr.i. 2, 25217 €l 8¢ mavri 16 A 76 B, kai 76 B rwi 16 A dmdplet.



§8 THESES AND RULES OF INFERENCE 21

It must be said emphatically that no syllogism is formulated
by Aristotle as an inference with the word ‘therefore’ (dpa), as is
done in the traditional logic. Syllogisms of the form:

AllBis 4;
all Cis B;

therefore
allCis 4

are not Aristotelian. We do not meet them until Alexander.!
This transference of the Aristotelian syllogisms from the implica-
tional form into the inferential is probably due to the influence of
the Stoics.

The difference between the Aristotelian and the traditional
syllogism is fundamental. The Aristotelian syllogism as an im-
plication is a proposition, and as a proposition must be either true
or false. The traditional syllogism is not a proposition, but a set
of propositions which are not unified so as to form one single
proposition. The two premisses written usually in two different
lines are stated without a conjunction, and the connexion of these
loose premisses with the conclusion by means of ‘therefore’ does
not give a new compound proposition. The famqus Cartesian
principle, ‘Cogito, ergo sum’, is not a true principle, because it is
not a proposition. It is an inference, or, according to a scholastic
terminology, a consequence. Inferences and consequences, not
being propositions, are neither true nor false, as truth and falsity
belong only to propositions. They may be valid or not. The same
has to be said of the traditional syllogism. Not being a proposition
the traditional syllogism is neither true nor false; it can be valid
or invalid. The traditional syllogism is either an inference, when
stated in concrete terms, or a rule of inference, when stated in
variables. The sense of such a rule may be explained by the
example given above: When you put such values for 4, B, and
C that the premisses ‘4 belongs to all B’ and ‘B belongs to all
(’ are true, then you must accept as true the conclusion ‘4
belongs to all €.

If you find a book or an article where no difference is made
between the Aristotelian and the traditional syllogism, you may

! In Alexander 47. g we find a syllogism in concrete terms with dpa: wdv {@ov
ovola éorl, ndv {Hov émpuxdv éar, Tis dpa odola Eupuxds éarw. At 382. 18 we have a

complex syllogism in four variable terms with dpa: 76 4 mavri 7@ B, 76 B mavri 7@
T, 76 A oddevi 76 4, 16 dpa 4 obdevi ¢ I'.
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be sure that the author is either ignorant of logic or has never
seen the Greek text of the Organon. Scholars like Waitz, the modern
editor and commentator of the Organon, Trendelenburg, the com-
piler of the Elementa logices Aristoteleae, Prantl, the historian of
logic, all knew the Greek text of the Organon well, but neverthe-
less they did not see the difference between the Aristotelian and
the traditional syllogism. Only Maier seems to have felt for a
moment that something is wrong here, when he asks for permis-
sion to replace the Aristotelian syllogism by the more farhiliar
and more convenient form of the later logic; immediately after-
wards he quotes the mood Barbara in'its usual traditional form,
neglecting differences he has seen between this form and that of
Aristotle, and does not even say what differences he has seen.!
When we realize that the difference between a thesis and a rule
of inference is from the standpoint of logic a fundamental one, we
must agree that an exposition of Aristotelian logic which dis-
regards it cannot be sound. We have to this day no genuine
exposition of Aristotelian logic.

It is always easy to deduce from an implicational thesis the
corresponding rule of inference. Let us suppose that an implica-
tional proposition ‘If «, then B is true: if a is true, we can always
get B by detachment, so that the rule ‘a therefore B’ is valid.
When the antecedent of an implicational thesis is a conjunction,
as in the Aristotelian syllogisms, we must first change the con-
junctional form ‘If « and B, then y ’ into the purely implicational
form ‘If «, then if B, then y °. A moment of reflection is sufficient
to convince ourselves that this transformation is correct. Sup-
posing now that « and B are true premisses of a syllogism, we
get the conclusion y, applying the rule of detachment twice to
the purely implicational form of the syllogism. If, therefore, an
Aristotelian syllogism of the form ‘If « and B, then y ’ is true, the
corresponding traditional mood of the form ‘«, B, therefore v’ is
valid. But conversely, it seems impossible to deduce the corre-

! Maier, op. cit., vol. ii a, p. 74, n. 2: ‘Es ist vielleicht gestattet, hier und im
Folgenden dic geliufigere Darstellungsform der spiteren Logik, die zugleich

leichter zu handhaben ist, an die Stelle der aristotelischen zu setzen.” The mood
Barbara is quoted ibid., p. 75, thus:

alles B ist A
alles Cist B

alles Cist A
where the stroke replaces the word ‘therefore’.
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sponding Aristotelian syllogism from a valid traditional mood by
known logical rules.

§ 9. The syllogistic figures

There are some controversial problems connected with the
Aristotelian logic that are of historical interest without having
any great logical importance. Among these is the problem of the
syllogistic figures. The division of the syllogisms into figures has,
in my opinion, only a practical aim: we want to be sure that no
true syllogistic mood is omitted.

Aristotle divided the syllogistic moods into three figures. The
shortest and clearest description of these figures is to be found
not in the systematic part of the Prior Analytics but in the later
chapters of that work. If we want, Aristotle says, to prove 4 of B
syllogistically, we must take something common in relation to
both, and this is possible in three ways: by predicating either 4
of C and C of B, or C of both, or both of C. These are the figures of
which we have spoken, and it is clear that every syllogism must
be made in one or other of these figures.!

It follows from this that 4 is the predicate and B the subject of
the conclusion we have to prove syllogistically. 4 is called, as we
shall see later, the major term and B the minor; C is the middle
term. The position of the middle term as subject or predicate of
the premisses is the principle by which Aristotle divides the
syllogistic moods into figures. Aristotle says explicitly that we
shall recognize the figure by the position of the middle term.? In
the first figure the middle term is the subject of the major term
and the predicate of the minor term, in the second figure it is the
predicate, and in the last figure the subject, of both the other
terms. Aristotle, however, is mistaken when he says that every
syllogism must be in one of these three figures. There is a fourth
possibility, viz. that the middle term is the predicate of the major
term and the subject of the minor term. Moods of this kind are
now spoken of as belonging to the fourth figure.

In the above passage Aristotle has overlooked this fourth

T An. pr. i. 23, 40P30 € &) 8éor 76 A xard rob B ovMoyloactas 3 Smdpxov § py
Sndpyov, dvdyxn AaPeiv T¢ kard Twos. 41°13 €l olv dvdyxn puév 7 Aefeiv mpos dudw
xowdy, Toiro 8 évdéyerar Tpuxds () yap 76 A 700 I' kai 76 I' o6 B karnyoprioavras, 4
76 I kar* dugoiv, 3 dudw kard Tod I'), rabra 8’ éorl 7d elpnuéva oxfpara, favepov
Sru wdvra auMoyiopdv dvdyxn yiveolar did Tovrwy Twis T@V oxNudTwWY,

% Tbid. 32, 47013 77} 700 péaov Béoer yvwpiobuer 76 axiipa.
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possibility, although a few chapters farther on he himself gives a
proof by a syllogism in the fourth figure. It is the same problem
again: we have to prove 4 of E syllogistically, where 4 is the
major term and E the minor. Aristotle gives practical indications
how to solve this problem. We must construct a list of universal
propositions having the terms 4 and E as subjects or predicates.
In this list we shall have four types of universal affirmative
proposition (I omit the negative propositions), ‘B belongs to all
A’, ‘A belongs to all C’, ‘< belongs to all E°, and ‘E belongs to all
H’. Each of the letters B, C, £, and H represents any term ful-
-filling the above conditions. When we find among the C’s a term
identical with a term among the {’s, we get two premisses with a
common term, say £ : ‘4 belongs to all £’ and ‘< belongs to all E’,
and the proposition ‘4 belongs to all £’ is proved in the mood
Barbara. Let us now suppose that we cannot prove the universal
proposition ‘4 belongs to all E’, as the C’s and {’s have no com-
mon term, but we want at least to prove the particular proposi-
tion ‘A4 belongs to some E’. We can prove it in two different ways:
if there is a term among the C’s identical with a term among the
H’s, say H, we get the mood Darapti of the third figure : ‘4 belongs
to all H’, ‘E belongs to all A’, therefore ‘4 must belong to some
E’. But there is still another way when we find among the H’s a
term identical with a term among the B’s, say B; we then get a
syllogism with the premisses ‘E belongs to all B’ and ‘B belongs to
all 4°, from which we deduce the proposition ‘4 belongs to some
E’ by converting the conclusion ‘E belongs to all 4> obtained
from these premisses by the mood Barbara.!
This last syllogism: ‘If E belongs to all B and B belongs to all
A, then 4 belongs to some E’, is a mood neither of the first figure
nor of the second or third. It is a syllogism where the middle term

T An. pr. i. 28, 44712-35 éorw ydp Td pdv éndpeva TH A ép’ dv B, ols 8’ adro
émerac, ép* dv I' . . .- mdhw 8¢ 7 E 1d pév dmdpyovra, €p’ ols Z, ols 8* adrd émerar,
ép’ols H....e utv odv Tadrd 7 éoraw 7év I' 1wl 1év Z, dvdykn 16 A mavri 7§ E
dmdpyew 70 pév yap Z mavri v$ E, 7@ 8¢ I' mavrl 10 A, dore mavri 74 E 16 A. el 8¢ 70
T kai 78 H Tadrdv, dvdyxn rwi 1év E 76 A Sndpyew 7d pév ydp 't A, 7@ 8¢ H 16 E
smravrl drodovlei. . . . € 3¢ 7§ H 76 B Tadrdy, dvreaTpapuévos €orar quAdoytopds: 16
puév yop E & A dmdpée mavrl, 76 yap B r% A, 76 8¢ E v B (radrd yap v 7¢ H)* 16
8¢ A 7 E mavri pdv odk drdyxn Smdpxew, Twi 8 dvdyxn i 76 dvrioTpédew iy
raBélov karyyoplav 1ij xara pépos. I read v xabélov xarnyoplav vfj with codex B
(see Waitz, i. 196; the footnote in Bekker to 44234 scems to be a misprint) and
Alexander 306. 16 against 7§ xa8édov xarnyople Tv in Bekker and Waitz. I am
glad to see that this reading is also accepted by Sir David Ross.
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B is the predicate of the major term 4 and the subject of the minor
term E. It is the mood Bramantip of the fourth figure. Neverthe-
less it is as valid as any other Aristotelian mood. Aristotle calls it
a ‘converted syllogism’ (dvrearpaupévos auloyiouds) because he
proves this mood by converting the conclusion of the mood
Barbara. There are two other moods, Camestres of the second
figure and Disamis of the third, which Aristotle proves in the
same manner, by converting the conclusion of moods of the first
figure. Let us consider the proof of Disamis : ‘If R belongs to all §
and P belongs to some S, then P belongs to some R’. As the second
premiss can be converted into ‘S belongs to some P’, we get by
the mood Darii the conclusion ‘R belongs to some P’. By convert-
ing this conclusion into ‘P belongs to some R’ we get the proof of
Disamis. Aristotle here applies the conversion to the conclusion
of the mood Darii, which gives another syllogism of the fourth
figure called Dimaris: ‘If R belongs to all § and § belongs to
some P, then P belongs to some R.’

All these deductions are logically correct, and so are the moods
obtained by their means. Aristotle knows, indeed, that besides the
fourteen moods of the first, second, and third figures established
by him systematically in the early chapters of-the Prior Analytics
there are still other true syllogisms. Two of them are quoted by
him at the end of this systematic exposition. It is evident, he says,
that in all the figures, whenever a syllogism does not result, if both
the terms are affirmative or negative nothing necessary follows at
all, but if one is affirmative, the other negative, and if the nega-,
tive is stated universally, a syllogism always results linking the
minor to the major term, e.g. if 4 belongs to all or some B, and B
belongs to no C; for if the premisses are converted it is necessary
that C does not belong to some A.2 From the second premiss

I An. pr. i. 6, 28Y7 € yap 78 udv P mavrl 7@ Z 6 8¢ IT rwi, dvdyxn 78 IT 1wl 7
P $ndpyew. émel ydp dvrioTpéder 70 kataparindy, Smdpée 16 X Tl 7§ IT, dor’ émel
76 pév P mavrl 79 X, 76 8¢ T rwi 7¢ I, xai 70 P rwi v IT Sndpler dare 76 IT vl
7@ P. This passage refutes the assertion of Friedrich Solmsen that Aristotle was
not willing to apply the procedure of conversion to the conclusion. Die Entstehung
der aristotelischen Logik und Rhetorik, Berlin (1929), p. 55: ‘Die Umkehrung dringt in
die conclysio ein, in der Aristoteles sie nicht kennen wollte,”

3 An. pr.i. 7, 29*19 87dov 8¢ Kai 67 & dmao Tols oxfuacw, drav ui yimrar guAdo-
YLapds, kaTyopk@y uév % orepnTikdy dudorépwy Svrwy Tdv Spwy otdéy SAws ylverar
dvayxafov, xarnyopikos 8¢ xal orepnricod, xalddov AndBévros Tob arepyrixod, del
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B 3} mwi, 76 8¢ B pndevl 7 I' dvriorpedopévwr yip rév mpordoewv dvdyxn vo I' Tul
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given here by Aristotle we get by conversion the proposition ‘C
belongs to no B’, from the first premiss we get ‘B belongs to some
A’, and from these two propositions results, according to the mood
Ferio of the first figure, the conclusion ‘C does not belong to some
A’. Two new syllogistic moods are thus proved, called later
Fesapo and Fresison:

If A belongs to all B If 4 belongs to some B
and B belongs to no C, and B belongs to no C,
then C does not belong to some 4. then C does not belong to some 4.

Aristotle calls the minor term C and the major term 4 because he
treats the premisses from the point of view of the first figure. He
says, therefore, that from the given premisses a conclusion results
in which the minor term is predicated of the major.

Three other syllogisms belonging to the fourth figure are men-
tioned by Aristotle at the beginning of Book II of the Prior
Analytics. Aristotle states here that all universal syllogisms (i.e.
syllogisms with a universal conclusion) give more than one result,
and of particular syllogisms the affirmative yield more than one,
the negative yield only one conclusion. For all premisses are con-
vertible except the particular negative ; and the conclusion states
something about something. Consequently all syllogisms except
the particular negative yield more than one conclusion, e.g. if 4
has been proved to belong to all or to some B, then B must belong
to some A; and if 4 has been proved to belong to no B, then B
belongs to no A. This is a different conclusion from the former.
But if 4 does not belong to some B, it is not necessary that B
should not belong to some 4, for it may possibly belong to all 4.!

We see from this passage that Aristotle knows the moods of the
fourth figure, called later Bramantip, Camenes, and Dimaris,
and that he gets them by conversion of the conclusion of the
moods Barbara, Celarent, and Darii. The conclusion of a syllo-
gism is a proposition stating something about something, i.e. a
premiss, and therefore the laws of conversion can be applied to it.

! An. pr. ii. 1, 53%4 ol pév kaBddov (scil. auMoyiauotl) mdvres del wAelw quAroyi{ov-
Tai, T@v 8’ év uépet ol pdv Karnyopirol mhelw, of 8’ dmodarinol 76 aupmépasua pdvov.
af pév yap dMae mpordoes dvriorpédovow, 7 3¢ arepnTiky) otk dvrioTpéder 7o Sé
gupnépaopa 1i kard Twés éorw. B’ ol pév dAor ouMoyiopol mhelw ovAoyllovrar,
olov el 76 A 3édewnrar mavri 76 B 4 i, xai 76 B i 7§ A dvaykaiov dmdpyew: xal €
pndevi 7o B 16 A, 008¢ 76 B oddevl 7§ A. Tobro 8’ érepov Tob Eumpoolev. €l 8¢ 7wl p)
Umdpyet, odx dvdyxn xai 76 B rwl 7§ A pr) dmdpyew évdéxerar yap mavri dmdpyew.
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It is important that propositions of the type ‘4 belongs to no B’
and ‘B belongs to no 4’ are regarded by Aristotle as different.
It follows from these facts that Aristotle knows and accepts all
the moods of the fourth figure. This must be emphasized against
the opinion of some philosophers that he rejected these moods.
Such a rejection would be a logical error which cannot be im-
puted to Aristotle. His only mistake is the omission of these moods
in the systematic division of the syllogisms. We do not know why
he did so. Philosophical reasons, as we shall see later, must be
excluded. The most probable explanation is given, in my opinion,
by Bocheriski,! who supposes that Book I, chapter 7 and
Book 11, chapter 1 of the Prior Analytics, where these new moods
are mentioned, were composed by Aristotle later than the syste-
matic exposition of chapters 4-6 of Book I. This hypothesis seems
to me the more probable, as there are many other points in the
Prior Analytics suggesting that the contents of this work grew
during its composition. Aristotle did not have time to draw up
systematically all the new discoveries he had made, and left the
continuation of his logical work to his pupil Theophrastus.
Theophrastus, indeed, found for the moods of the fourth figure
which are ‘homeless’ in Aristotle’s system a place among the
moods of the first figure.? For this purpose he had to introduce
a slight modification into the Aristotelian definition of the first
figure. Instead of saying that in the first figure the middle term
is the subject of the major and the predicate of the minor,
as Aristotle does,3 he said generally that in the first figure the
middle term is the subject of one premiss and the predicate of
another. Alexander repeats this definition, which probably comes
from Theophrastus, and seems not to see that it differs from the
Aristotelian description of the first figure.* The correction of

! 1. M. Bocheniski, O.P., La Logique de Théophraste, Collectanea Friburgensia,
Nouvelle Série, fasc. xxxii, Fribourg en Suisse (1947), p. 59.

* Alexander 69. 27 Geddpaaros 8¢ mpoarilfinaw dAovs mévre Tois Téooapar TovToLs
ovkére Tedelous 008’ dvamodeixrovs dvras, dv pvnuovever xai ¢ Apiarorédys, Tav pév év
T0UTw T PifAlp mpoeXfiv, T@v 8¢ év 1d pera TodTo T® devrépw war’ dpxds. Cf. ibid.
110. 12.

3Cf p. 23, n. 1.
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Theophrastus is as good a solution of the problem of the syllo-
gistic figures as the addition of a new figure.

§ 10. The major, middle, and minor terms

There is still another error committed by Aristotle in the Prior
Analytics, with more serious consequences. It concerns the defini-
tion of the major, minor, and middle terms as given in his
characterization of the first figure. This begins with the words:
‘Whenever three terms are so related to one another that the last
is contained in the middle and the middle is contained or not in
the first, the extremes must form a perfect syllogism.” This is how
he begins; in the next sentence he explains what he means
by the middle term: ‘I call that term the middle which is itself
contained in another and contains another in itself, which by
position also becomes the middle.’* Aristotle then investigates the
syllogistic forms of the first figure with universal premisses with-
out using the expressions ‘major term’ and ‘minor term’. These
expressions occur for the first time when he comes to the moods
of the first figure with particular premisses. Here we find the
following explanations: ‘I call that term the major in which the
middle term is contained and that term the minor which comes
under the middle.’> These explanations of the major and the
minor term, like that of the middle term, are expressed quite
generally. It would seem that Aristotle intends to apply them to
all moods of the first figure.3 If he thought, however, that they are
capable of covering all cases, he was mistaken.

In fact these explanations can be applied only to syllogisms of
the mood Barbara with concrete terms and true premisses, €.g.:

(1)  Ifall birds are animals
and all crows are birds,
then all crows are animals.

In this syllogism there is a term, ‘bird’, which is itself contained
in another term, ‘animal’, and contains in itself a third term,

Y An. pr. i. 4, 2532 Srav odv Spor Tpeis ofrws Exwar mpds dMfdovs dare TV
éoxatov év SA@ elvaw T péo xal v péoov év SAw 7§ mpwrew 7 elvar § A elvar,
dvdyxn 1dv dxpwv elvar ouMoyiaudv Tédeov. kadd 8¢ uéoov uév 8 xal adro év dAw xal
dM\o & Tovre dorly, 6 kai 7 Oéoe ylverar péoov.
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3 Maier, op. cit., vol. ii g, pp. 49, 55, really treats them as definitions valid for all
the moods of the first figure.
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‘crow’. According to the given explanation ‘bird’ would be the
middle term. Consequently ‘animal’ would be the major term
and ‘crow’ the minor term. It is evident that the major term is
so called because it is the largest in extent, as the minor term is
the smallest.

We know, however, that syllogisms with concrete terms are
only applications of logical laws, but do not belong to logic
themselves. The mood Barbara as a logical law must be stated
with*variables:

(2) IfallBis4
and all C'is B,
then all C'is A.

To this logical law the given explanations are not applicable,
because it is not possible to determine extensional relations
between variables. It may be said that B is the subject in the first
premiss and the predicate in the second, but it cannot be stated
that B is contained in 4 or that it contains C; for the syllogism (2)
is true for all values of the variables 4, B, and C, even for those
which do not verify its premisses. Take ‘bird’ for 4, ‘crow’ for B,
and ‘animal’ for C: you get a true syllogism:
(3)  Ifall crows are birds
and all animals are crows,
then all animals are birds.

The extensional relations of the terms ‘crow’, ‘bird’, and ‘animal’
are of course independent of syllogistic moods and remain the
same in syllogism (3) as they were in (1). But the term ‘bird’ is
no longer the middle term in (3) as it was in (1); ‘crow’ is the
middle term in (3) because it occurs in both premisses, and
the middle term must be common to both premisses. This is the
definition of the middle term accepted by Aristotle for all figures.?
This general definition is incompatible with the special explana-
tion given by Aristotle for the first figure. The special explanation
of the middle term is obviously wrong. It is evident also that the
explanations of the major and minor terms which Aristotle gives
for the first figure are wrong, too.

Aristotle does not give a definition of the major and minor
terms valid for all figures; but practically he treats the predicate

' An. pr.i. 32, 47238 péoov 8¢ Beréov T@v Spwv Tov év dudorépais Tais mpordaeat
Aeyduevor dvdyky ydp 16 péoov év dudorépars vmdpyew év dmaot Tois axfuacy.
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of the conclusion as the major term and the subject of the con-
clusion as the minor term. It is easy to see how misleading this
terminology is: in syllogism (3) the major term ‘bird’ is smaller
in extension than the minor term ‘animal’. If the reader feels
a difficulty in accepting syllogism (3) because of its false minor,
he may read ‘some animals’ instead of ‘all animals’. The syllo-
gism:
(4) If all crows are birds
and some animals are crows,
then some animals are birds

is a valid syllogism of the mood Darii with true premisses. And
here again, as in syllogism (3), the largest term ‘animal’ is the
minor term; ‘bird’, middle in extension, is the major term; and
the smallest term, ‘crow’, is the middle term.

The difficulties we have already met are still greater when we
take as examples syllogisms with negative premisses, e.g. the mood
Celarent ;

IfnoBis 4
and all Cis B,
then no C'is 4.

B is the middle term; but does it fulfil the conditions laid down
by Aristotle for the middle term of the first figure? Certainly not.
And which of the terms, C or 4, is the major and which is the
minor? How can we compare these terms with respect to their
extension ? There is no positive answer to these last questions, as
they spring from a mistaken origin.!

§ 11. The history of an error

The faulty definition of the major and the minor terms, given
by Aristotle for the first figure, and the misleading terminology
he adopts, were already in antiquity a source of difficulty. The
problem arose in the case of the second figure. All the moods of

! We have no guarantee, as Keynes (op. cit., p. 286) justly remarks, that the
major term will be the largest in extension and the minor the smallest, when one of
the premisses is negative or particular. Thus, Keynes continues, ‘the syllogism—
No M is P, All § is M, therefore, No S is P—yields as one case [here there follows
a diagram representing three circles M, P, and S, a large S included in a larger M,
outside of them a small P] where the major term may be the smallest in extent,
and the middle the largest.” Keynes forgets that it is not the same to draw a small
circle P outside of a large circle § and to maintain that the term P is smaller in
extent than the term §. Terms can be compared with respect to their extent only
in the case when one of them is contained in the other.
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this figure have a negative conclusion and the first two moods,
called later Cesare and Camestres, yield a universal negative
conclusion. From the premisses ‘M belongs to all N’ and ‘M
belongs to no X’ follows the conclusion ‘X belongs to no N°, and
by conversion of this result we get a second conclusion, ‘¥ belongs
to no X”. In both syllogisms M is the middle term ; but how are we
to decide which of the two remaining terms, N and X, is the
major term and which is the minor? Do major and minor terms
exist*‘by nature’ (¢voet) or only ‘by convention’ (féoec) ?*

Such problems, according to Alexander, were raised by the
later Peripatetics. They saw that in universal affirmative pre-
misses there can be a major term by nature, because in such
premisses the predicate is larger in extension (émi mAéov) than the
subject, but the same is not true in universal negative premisses.?
We cannot know, for instance, which of the terms ‘bird’ or ‘man’
is major, because it is equally true that ‘no bird is a man’ and that
‘no man is a bird’. Herminus, the teacher of Alexander, tried to
answer this question by modifying the meaning of the expression
‘major term’. He says that of two such terms, ‘bird’ and ‘man’,
that is the major which in a systematic classification of the animals
is nearer to the common genus ‘animal’. In our example it is the
term ‘bird’.3 Alexander is right when he rejects this theory and
its further elaboration given by Herminus, but he also rejects the
opinion that the major term is the predicate of the conclusion.
The major term, he says, would not be fixed in this case, as the
universal negative premiss is convertible, and what till now has
been a major term instantly becomes a minor, and it would
depend upon us to make the same term major and minor.+ His
own solution is based on the assumption that when we are form-
ing a syllogism we are choosing premisses for a given problem

! Alexander 72. 17 Inreitai, € ¢vve év Sevrépw oxipare pellwy 1is éari kai
édrrwv drpos, kal Tl odros xpibijoerar.

2 Ibid. 72. 24 éni puév yap 7év karadarikdv pellwv & karyyopodpevos xaldddov, Sre
xal ém mAéov' Oid ToUrou ydp 008¢ dvrioTpéder dore gvoe atTd T pellova elvar
Undpyer. émi 8¢ v xabodov drodarikdv obkér Tobro aAndés.

3 Ibid, 24 ‘Epuivos olerar, év.devrép oxfpar 7ov peilova dxpov elvac...Tdv
éyyvrepov Tod xowod yévous abrdv (dv yap dow of dxpor Spveov kai dvBpwmos, éyyv-
1épw 10D KOwOD yévous alrdv, Tob {ov, T6 Gpreov Tob dvlpdimov kai év T mpdTy
Siarpéoer, 816 xai pellwv dxpos 78 Spveov).

4 Ibid. 75. 10 ¢AX’ 008¢ dmAdis mdhw pyréov pellova Tov év 7 ouumepdoparte Tob
auMoyiapod karyyopovuevoy, ds Soxel Tiaw 0vdé ydp odros dfdos dAore ydp dAAos
éoras kai oy dpiopévos TG dvTiaTpédew Tiv kaBodov dmodarikiy, kai & Téws pellwy
adlis éAdTTwy, Kal é’ Hpiv éoTar 7v adTov kai pellw kai éXdTTw MOLeiv.
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conceived as the conclusion. The predicate of this conclusion is
the major term, and it does not matter whether we afterwards
convert this conclusion or not: in the problem as first given the
major term was and remains the predicate.! Alexander forgets
that when we are forming a syllogism we are not always choosing
premisses for a given conclusion, but sometimes we are deducing
new conclusions from given premisses.

The problem was settled only after Alexander. What John
Philoponus writes on the subject deserves to be regarded as
classic. According to him we may define the major and the minor
term either for the first figure alone or for all the three figures
together. In the first figure the major term is the predicate of the
middle and the minor is the subject of the middle. Such a defini-
tion cannot be given for the other two figures because the rela-
tions of the extremes to the middle term are in the other figures
the same. We must therefore accept as a common rule for all
figures that the major term is the predicate of the conclusion and
the minor term is the subject of the conclusion.? That this rule is
only a convention follows from another passage of Philoponus,
where we read that the universal moods of the second figure have
a major and a minor term only by convention, but not by
nature.?

§ 12. The order of the premisses

Around the Aristotelian logic arose some queer philosophical
prejudices which cannot be explained rationally. One of them is
directed against the fourth figure, disclosing sometimes a strange
aversion to it, another is the odd opinion that in all syllogisms
the major premiss should be stated first.

' Alexander 75. 26 1ov 8 év 74 mpoketpéve mpofjuare els Ty deifw xarnyo-
poUpevov Toiro Beréov pellova: xai yap el dvriorpéder xal did robro yiverai ¢ adros kal
dmokelpevos, AL’ & ye TG fuiv els 76 Beifar mpoxeipuévey karnyopovpevos Jv Te kal péver.

2 Philoponus 67. 19 {Swpev mpdrepov xal Tis éari pellwv Spos kai 1is éddrrwv.
Toliro 8¢ duvatov pdv kal kowds émi T@v TpL@v axnpdrwy Soploactar kal iig émi Tod
npdrov. Kal idig pév émi rob mpdrov oxfparos peilwy Spos éariv 6 Tod péoov xarnyo-
povpevos, édrrav 8¢ 6 1@ péow dmoxelpevos. kal Toiro pdv tSialdvrws énl Tod mpdirov
Myopev, émedy) o péoos &v 73 mpiirw 100 pév xarnyopeirar T 8¢ Sméxerar. dAN
énedn) xar’ ovdérepov TGv dMwv oxnudrwy Siddopov éxouar oxéawy of drpor mpds ToV
péaov, 3fjdov &7 odrére dpudaes fpuiv odros ¢ mpoodiopiapds én’ éxelvwv. xpnoréov odv
Kow@ kavdve émi Tdv TGy oxnudTwy ToUTw, o1t pellwy éotiv Spos O &v TG aupme-
pdopare karyyopovpevos, éAdrTwy 8¢ 6 év & qupmepdanare Ymoxelpevos.

3 Ibid. 87. 10 76 8¢ ueifov dxpov & Tovrw 1 axfuar: Tav 8vo mpordaewv xabdlov
obodv olk ot PUoer dAd Béoer.
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From the standpoint of logic the order of the premisses in the
Aristotelian syllogisms is arbitrary, because the premisses of the
syllogism form a conjunction and the members of a conjunction
are commutable. It is only a convention that the major premiss is
stated first. Nevertheless, some philosophers, like Waitz or Maier,
maintain that the order of the premisses is fixed. Waitz censures
Apuleius for having changed this order,! and Maier rejects
Trendelenburg’s opinion that Aristotle does not tie it down.? No
arguthents are given in either case.

I do not know who is the author of the opinion that the order
of the premisses is fixed. Certainly it is not Aristotle. Although
Aristotle has not given a definition of the major and minor terms
valid for all the three figures, it is always easy to determine which
term and which premiss are regarded by him as the major and
which as the minor. Aristotle, in his systematic exposition of the
syllogistic, uses different letters to denote different terms ; for each
figure he puts them in alphabetical order (8éo:s) and says explicitly
which term is denoted by a given letter. We have thus for the
first figure the letters 4, B, C; A4 is the major term, B the middle,
and C the minor.? For the second figure we have the letters M,
N, X, where M is the middle term, N the major, and X the minor.*
For the third figure we have the letters P, R, S, where P is the
major term, R the minor, and § the middle.s

1 Waitz, op. cit., vol. i, p. 380: ‘Appuleius in hunc errorem se induci passus est,
ut propositionum ordinem immutaverit.’

2 Maier, op. cit., vol. iia, p. 63: ‘Darnach is Trendelenburg’s Auffassung,
dass Aristoteles die Folge der Prémissen frei lasse, falsch. Die Folge der Pra-
missen ist vielmehr festgelegt.’ It is not clear to me what reasons he refers to by
darnach.

3 This follows from the definition given by Aristotle for the first figure; see
p. 28, n. 1. Cf. Alexander 54. 12 éorw yap pellwv pév dxpos 76 A, uéoos 8¢ Spos 76 B,
édrrwy 8¢ dxpos 73 I'.

4 An. pr. i. 5, 26234 Srav 8¢ 76 adrd d udv mavrl 7 8¢ pndevl Smdpyy, % éxarépy
mavri ) undev, 6 pév oxijpa 76 Toodrov KaAd Sevrepov, puéoov 8¢ &v alrh Aéyw T
xaTiyopodpevov dudoiv, dxpa 8¢ kald® dv Aéyerar Tobro, peilov 3¢ dxpov T6 mpds TG
péow xelpevov, édarrov 8¢ 76 moppwrépw T0b péoov. Tiferar 8¢ 16 péoov Efw pdv Taw
dxpawv, mpdrov 8¢ 1) Oéoe. Cf. Alexander 78. 1 xpiirac ydp oroiyelois ob Tois 4, B, I,
ols é&v 7 mpdrew axfpar, dAa Tois M, N, 8, péoov uév AapBdvewy 16 M 76 dpdorépwr
xaryyopovpevov xai Tiv. mpdryy Exov Tdfw év 7§ xaraypadi, peilova d¢ dxpov 76 N
édetiis xelpevov pera Tov péaov, éoxarov 8¢ kai édrrova 76 8.

S An. pr. i. 6, 28210 édav 8¢ 7@ adTd 76 pév mavri 76 3¢ undent vmdpxy, i dudw
mavrl ) pndevl, 16 pév axijpa 16 Totoirov kadd TpiTov, péaov 8’ év adrd Aéyw xab’ oS
dpdw 1d xaryyoponeva, dxpa 8¢ Td xarnyopovueva, peilov 8’ drpov 76 moppdrrepov
706 péaov, Earrov 8¢ 78 dyyvdrepov. rllerai 8¢ T8 péoov éfw pdv Tav drxpwv, éoxarov
8¢ 77j 0éoec. Cf. Alexander g8. 20 éni TodTov T0b oxijpaTos mdAw xpijras aroiyelows

5367 D
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Aristotle states the major premiss first in all the moods of
the first and the second figure, and in two moods of the third
figure, Darapti and Ferison.! In the remaining moods of the third
figure, Felapton, Disamis, Datisi, and Bocardo, the minor pre-
miss is, stated first.? The most conspicuous example is the mood
Datisi. This mood is formulated in the same chapter twice; in
both formulations the letters are the same, but the premisses are
inverted. The first formulation runs: ‘If R belongs to some S, and
P to all S, P must belong to some R.’® The first premiss of this
syllogism is the minor premiss, for it contains the minor term R.
The second formulation reads: ‘If P belongs to all S, and R to
some S, then P will belong to some R.#+ The first premiss of this
second syllogism is the major premiss, as it contains the major
term P. Attention must be called to the fact that this second
formulation is given only occasionally, while the standard for-
mula of this mood, belonging to the systematic exposition, is
enunciated with transposed premisses.

In Book II of the Prior Analytics we meet other moods with
transposed premisses, as Darii,5 Camestres,® Baroco.” Even Bar-
bara, the main syllogism, is occasionally quoted by Aristotle with
the minor premiss first.® I can hardly understand, in view of these
examples, how some philosophers knowing the Greek text of the
Organon could have formed and maintained the opinion that the
order of the premisses is fixed and the major premiss must be
stated first. It seems that philosophical prejudices may some-
times destroy not only common sense but also the facuity of seeing
facts as they are.

§ 13. Errors of some modern commentators
The story of the fourth figure may serve as another example to

7ois IT, P, Z, xai éotw adtd Tob peév pellovos dxpov anpavrikdy 76 I1, ol 8¢ éxdrTovos
xai odeidovros Umokeialac v & ywouévw auumepdapars 70 P, Tod 8¢ péaov 16 Z.

! See, for instance, p. 3, n. 2 (Barbara) and p. 10, n. 2 (Ferio).

2 See p. 9, n. 4 (Felapton), and p. 7, n. (Disamis).

3 An. pr.i. 6, 28P12 €l 70 pév P rwi v X 70 8¢ IT mavri Smdpyer, dvdyxn 76 IT Twi
73 P vmdpyew.

+ Ibid. 2826 €l ydp mavri 76 IT 7@ X dmdpyet, 76 8¢ P 1l 76 Z, xai 76 IT 7wl
7® P dmdpter.

5 Ibid. ii. 11, 6141 € ydp 76 A rwi 7@ B, 76 8¢ I' mavri 7@ A, rwl +d B1o I’
Smdpe.

¢ Ibid. ii. 8, 6023 €l 70 A undevi 76 I'y 7 8¢ B mavri, obdevi 7@ I' 76 B.

7 Ibid. 60%5 € yap 16 A Twi 7¢ F p) Sndpyer, 1 8¢ B mavri, 76 B rwi 7§ I' ody
omdpfel. 8 See p. 10, n. 5.
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show how strange philosophical prejudices sometimes are. Carl
Prantl, the well-known historian of logic, begins his consideration
of this figure with the following words: ‘The question why silly
playthings, as, for instance, the so-called Galenian fourth figure,
are not to be found in Aristotle, is one we do not put at all; it
plainly cannot be our task to declare at every step of the Aristote-
lian logic that this or that nonsense does not occur in it.’! Prantl
does not see that Aristotle knows and accepts the moods of the
so-catled Galenian fourth figure and that it would be a logical
error not to regard these moods as valid. But let us go farther.
Commenting upon the passage where Aristotle speaks of the two
moods later called Fesapo and Fresison,? Prantl first states these
moods as rules of inference:

Al Bis A Some Bis A
NoCis B NoCis B
Some A is not C Some 4 is not C

—he does not, of course, see the difference between the Aristotelian
and the traditional syllogism—and then he says: ‘By transposi-
tion of the major premiss and the minor it becomes possible
for the act of reasoning to begin’; and further: ‘Such kinds of
reasoning are, of course, not properly valid, because the premisses
ordered as they were before the transposition are simply nothing
for the syllogism.’* This passage reveals, in my opinion, Prantl’s
entire ignorance of logic. He seems not to understand that
Aristotle proves the validity of these moods not by transposing
the premisses, i.e. by inverting their order, but by converting
them, i.e. by changing the places of their subjects and predicates.

! Carl Prantl, Geschichte der Logik im Abendlande, vol. i, p. 272: ‘Die Frage aber,
warum einfaltige Spielereien, wie z. B. die sog. Galenische vierte Figur, sich bei
Aristoteles nicht finden, werfen wir naturlich gar nicht auf; . . . wir kénnen
selbstverstindlicher Weise nicht dic Aufgabe haben, bei jedem Schritte der
aristotelischen Logik eigens anzugeben, dass dieser oder jener Unsinn sich bei
Aristoteles nicht finde.

2 See p. 25, n. 2.

3 Prantl, op. cit., vol. i, p. 276:

‘Alles B ist A Einiges B ist A
Kein Cist B Kein Cist B
Einiges A ist nicht C Einiges A ist nicht C
woselbst durch Vertauschung des Untersatzes mit dem Obersatze es méglich wird,
dass die Thitigkeit des Schliessens beginne; . . . natiirlich aber sind solches keine

eigenen berechtigten Schlussweisen, denn in solcher Anordnung vor der Vornahme
der Vertauschung sind die Primissen eben einfach nichts fiir den Syllogismus.’
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Moreover, it is out of place to say that, two premisses being given,
the act of reasoning begins when one premiss is stated first, but
no syllogism results when the other precedes. From the stand-
point of logic Prantl’s work is useless.

The same may be said of Heinrich Maier’s work. His treatise
on the sylloglstxc ﬁgu-res generally and the fourth figure in parti-
cular is in my opinion one of the most obscure chapters of his
laborious but unfortunate book.' Maier writes that two opinions
of the criterion for the syllogistic figures stand opposcd to"each
other: one (especially Ueberweg) sees this criterion in the posi-
tion of the middle term as subject or predicate, the other (es-
pecially Trendelenburg) sees it in the extensional relations of the
middle term to the extremes. It is not yet settled, Maier says,
which of these opinions is right.2 He adopts the second as his own,
relying on Aristotle’s characterization of the first figure. We know
already that this characterization is logically untenable. Maier
not only accepts it, but modifies the Aristotelian characterizations
of the two other figures according to the first. Aristotle describes
the second figure somewhat carelessly as follows: ‘Whenever the
same term belongs to all of one subject and to none of the other,
or to all of each subject, or to none of either, I call such a figure
the second ; by ‘““middle term” in it I mean that which is predi-
cated of both subjects, by ‘‘extremes” the terms of which this is
said.’> Maier remarks: ‘When we reflect that the expressions
““B is included in 4”, “‘4 belongs to B, and ‘4 is predicated of
B are interchangeable, then we may put this characterization
according to the description of the first figure in the following
words.’* Maier commits here his first error: it is not true that the
three expressions he quotes can be exchanged for each other.
Aristotle states explicitly: ‘To say that one term is included in
another is the same as to say that the other is predicated of all of
the first.’s The expression ‘B is included in 4’ means, therefore,

! See Maier, op. cit., vol. ii a, ‘Die drei Figuren’, pp. 47-71, and vol. ii b,
‘Erginzung durch eine 4. Figur mit zwei Formen’, pp. 261-9.

? Op. cit., vol. iia, p. 48, n. 1.

3 See the Greek text on p. 33, n. 4.

4 Op. cit., vol. ii g, p. 49: ‘Erwigt man nimlich, dass die Ausdriicke *‘B liegt im
Umfang von A”, ‘‘A kommt dem Begriff B zu” und ‘A wird von B ausgesagt’ mit
einander vertauscht werden kénnen, so lasst sich die Charakteristik der zweiten
Figur, welche der Bcschrclbung der ersten parallel gcdacht ist, auch so fassen.’

S An. pr.i. 1,24P26 76 8¢ év Sdw elvar Erepov érépe Kal 16 kard mavrds karyyopes-
aba. Barépov Oarepov TabTéy éoTwv.
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the same as ‘4 is predicated of all B’ or ‘4 belongs to all B’ but
does not mean ‘4 is predicated of B’ or ‘4 belongs to B’. With
this first error is connected a second : Maier maintains that the
negative premiss also has the external form of subordination of
one term to another, like the affirmative universal premiss.!
What is here meant by ‘external form’? When 4 belongs to all B,
then B is subordinated to 4, and the external form of this relation
is just the proposition ‘A belongs to all B’. But in a negative
premiss, e.g. ‘4 belongs to no B’, the subordination of terms does
not exist, nor does its form. Maier’s assertion is logically nonsense.

Let us now quote Maier’s description of the second figure. It
runs thus : ‘Whenever of two terms one is included, and the other
is not included, in the same third term, or both are included in it,
or neither of them, we have the second figure before us. The
middle term is that which includes both remaining terms, and
the extremes are the terms which are included in the middle.’z
This would-be characterization of the second figure is again
logically nonsense. Take the following example: Two premisses
are given: ‘4 belongs to all B’ and ‘C belongs to no 4’. If 4
belongs to all B, then B is included in 4, and if C belongs to no
4, it is not included in 4. We have therefore two terms, B and C,
one of which, B, is included, and the other, C, is not included in
the same third term 4. According to Maier’s description we should
have the second figure before us. What we have, however, is not
the second figure, but only two premisses ‘4 belongs to all B’ and
‘C belongs to no 4’, from which we can get by the mood Celarent
of the first figure the conclusion ‘C belongs to no B’, and by the
mood Camenes of the fourth figure the conclusion ‘B belongs
to no (.

The peak, however, of logical absurdity Maier attains by his
assertion that there exists a fourth syllogistic figure consisting of
only two moods, Fesapo and Fresison. He supports this assertion
by the following argument : ‘The Aristotelian doctrine overlooks
one possible position of the middle term. This term may be less

' Op. cit., vol. ii @, p. 60, n. 1: ‘auch der negative syllogistische Satz hat
wenigstens die dussere Form der Subordination.’ Cf. also ibid., p. 50.

2 Ibid., p. 49: ‘Wenn im Umfang eines und desselben Begriffes der eine der
beiden iibrigen Begriffe liegt, der ardere nicht liegt, oder aber beide liegen oder
endlich beide nicht liegen, so haben wir die zweite Figur vor uns, Mittelbegriff ist
derjenige Begriff, in dessen Umfang die beiden iibrigen, duBere Begriffe aber die-
jenigen, dic im Umfang des mittleren liegen.’
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general than the major and more general than the minor, it may
secondly be more general, and thirdly less general, than the
extremes, but it may be also more general than the major term
and at the same time less general than the minor.”? When we
remind ourselves that according to Maier the major term is
always more general than the minor,? and that the relation ‘more
general than’ is transitive, we cannot avoid the strange conse-
quence of his argument that the middle term of his fourth figure
should be at the same time more and less general than the rainor
term. From the standpoint of logic Maier’s work is useless.

§ 14. The four Galenian figures

In almost every text-book of logic you may find the remark that
the inventor of the fourth figure was Galen, a Greek physician and
philosopher living in Rome in the second century a.p. Thesource of
this remark is suspect. We do not find it either in the extant works
of Galen or in the works of the Greek commentators (including
Philoponus). According to Prantl the medieval logicians received
the information from Averroes, who says that the fourth figure
was mentioned by Galen.3 To this vague information we may add
two late Greek fragments found in the nineteenth century, and
also very vague. One of them was published in 1844 by Mynas in
the preface to his edition of Galen’s Introduction to Dialectic, and
republished by Kalbfleisch in 1897. This fragment of unknown
authorship tells us that some later scholars transformed the moods
added by Theophrastus and Eudemus to the first figure into a
new fourth figure, referring to Galen as the father of this doctrine.*
The other Greek fragment was found by Prantl in a logical work

' Op. cit., vol. ii b, p. 264 : ‘Die aristotelische Lehre 148t eine mogliche Stellung
des Mittelbegriffs unbeachtet. Dieser kann specieller als der Ober- und allgemeiner
als der Unterbegriff, er kann ferner allgemeiner, er kann drittens specieller als die
beiden duBeren Begriffe : aber er kann auch allgemeiner als der Ober- und zugleich
specieller als der Unterbegriff sein.’

% Ibid., vol. ii a, p. 56: ‘Oberbegriff ist stets, wie in der 1. Figur ausdriicklich
festgestellt ist, der allgemeinere, Unterbegriff der weniger allgemeine.’

3 Prantl, i. 571, n. g9, quotes Averroes in a Latin translation edited in
Venice (1553) : ‘Et ex hoc planum, quod figura quarta, de qua meminit Galenus,
non est syllogismus super quem cadat naturaliter cogitatio.” Cf. also Prantl, ii.
390, n. 322.

* K. Kalbfleisch, Uber Galens Einleitung in die Logik, 23. Supplementband der
Jahrbiicher fur klassische Philologie, Leipzig (1897), p. 707: Gedppacros 8¢ «ai
Eb8quos kal rwas érépas avlvylas mapa ras éxrebeloas 7& Apiaroréder mpoorebixact
7@ mpdirep axtpart . . ., ds xal Téraprov dmoreleiv axijpa TGV vewrépwy @ifnady Twes
ds mpos marépa v ddav rov Iadnvév dvadépovres.
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of Ioannes Italus (eleventh century A.p.). This author says sar-
castically that Galen maintained the existence of a fourth figure
in opposition to Aristotle, and, thinking that he would appear
cleverer than the old logical commentators, fell very far short.!
That is all. In view of such a weak basis of sources, Ueberweg
suspected a misunderstanding in the matter, and Heinrich Scholz
writes in his History of Logic that Galen is probably not responsible
for the fourth figure.? ’

For fifty years there has existed a Greek scholium in print
which clears up the whole matter in an entirely unexpected way.
Although printed, it seems to be unknown. Maximilian Wallies,
one of the Berlin editors of the Greek commentaries on Aristotle,
published in 1899 the extant fragments of Ammonius’ commen-
tary on the Prior Analytics, and has inserted in the preface a
scholium of an unknown author found in the same codex as that
in which the fragments of Ammonius are preserved. The scholium
is entitled ‘On all the kinds of syllogism’, and begins thus:

“There are three kinds of syllogism : the categorical, the hypothetical,
and the syllogism xara wpdadnyuv. Of the categorical there are two
kinds: the simple and the compound. Of the simple syllogism there
are three kinds: the first, the second, and the third figure. Of the com-
pound syllogism there are four kinds: the first, the second, the third,
and the fourth figure. For Aristotle says that there are only three
figures, because he looks at the simple syllogisms, consisting of three
terms. Galen, however, says in his Apodeictic that there are four fig-
ures, because he looks at the compound syllogisms consisting of four
terms, as he has found many such syllogisms in Plato’s dialogues.’?

The unknown scholiast further gives us some explanations, from
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2 Fr. Ueberweg, System der Logik, Bonn (1882), 341. Cf. also Kalbfleisch, op. cit.,
p. 699; H. Scholz, Geschichte der Logik, Berlin (1931), p. 36.
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which we can gather how Galen may have found these four
figures. Compound syllogisms consisting of four terms may be
formed by combinations of the three figures I, II, and III of
simple syllogisms in nine different ways: I to I, I to II, I to III,
IT to II, II to I, II to III, III to III, III to I, III to II. Two of
these combinations, viz. II to II and III to III, do not give
syllogisms at all, and of the remaining combinations II to I gives
the same figure as I to II, III to I the same as I to III, and III
to II the same as II to III. We get thus only four figures, Fto I,
I to II, I to III, and II to IIL.! Examples are given, of which
three are taken from Plato’s dialogues, two from the Alcibiades,
and one from the Republic.

This precise and minute account must be explained and
examined. Compound syllogisms of four terms have three pre-
misses and two middle terms, say B and C, which form the premiss
B-C or C-B. Let us call this the middle premiss. B forms together
with 4, the subject of the conclusion, the minor premiss, and C
forms together with D, the predicate of the conclusion, the major
premiss. We thus obtain the following eight combinations (in all
the premisses the first term is the subject, the second the predi-
cate) :

Minor | Middle |  Major
Figure Premiss Conclusion

F1 A-B B-C Cc-D A-D Itol
Fa2 A-B B-C D-C A-D TtoII
F3 A-B C-B Cc-D A-D II to I
F4 A-B C-B D-C A-D ITtoI
Fs5 B-A B-C C-D A-D IITto I
F6 B-4A B-C D-C A-D III to II
Fy B-4 C-B C-D 4A-D I to III
F8 B-4 C-B D-C A-D Itol

If we adopt the principle of Theophrastus that in the first
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Aristotelian figure the middle term is the subject of one premiss—
it does not matter of which, the major or the minor—and the
predicate of another, and define by this principle which figure is
formed by the minor and middle premisses on the one hand, and
by the middle and major premisses on the other, we get the com-
binations of figures shown in the last column. Thus, for instance,
in the compound figure F2 the minor premiss together with the
middle forms the figure I, as the middle term B is the predicate
of the first premiss and the subject of the second, and the middle
premiss together with the major forms the figure II, as the middle
term C is the predicate of both premisses. This was probably how
Galen has got his four figures. Looking at the last column we see
at once that, as Galen held, the combinations II to II and I1I to
ITI do not exist, not for the reason, as the scholiast mistakenly
says, that no conclusion results either from two negative or two
particular premisses, but because no term can occur in the
premisses three times. It is obvious also that if we extend the
principle of Theophrastus to compound syllogisms and include
in the same figure all the moods that from the same combination
of premisses yield either the conclusion 4-D or the conclusion
D-A4, we get as Galen does the same figure from the combination
I to II as from the combination II to I. For, interchanging in
figure F4 the letters B and C as well as the letters 4 and D, we
get the scheme:

Fy4 D-C B-C A-B D-A,

and as the order of the premisses is irrelevant we see that the
conclusion D-4 results in F4 from the same premisses as A-D
in F2. For the same reason figure Fr1 does not differ from figure
F8, F3 from F6, or F5 from F7. It is possible, therefore, to divide
the compound syllogisms of four terms into four figures.

The scholium edited by Wallies explains all historical problems
connected with the alleged invention of the fourth figure by
Galen. Galen divided syllogisms into four figures, but these were
the compound syllogisms of four terms, not the simple syllogisms
of Aristotle. The fourth figure of the Aristotelian syllogisms was
invented by someone else, probably very late, perhaps not before
the sixth century A.p. This unknown scholar must have heard
something about the four figures of Galen, but he either did not
understand them or did not have Galen’s text at hand. Being in
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opposition to Aristotle and to the whole school of the Peri-
patetics, he eagerly seized the occasion to back up his opinion by
the authority of an illustrious name.

Remark. The problem of compound syllogisms raised by Galen has
considerable interest from the systematic point of view. Investigating
the number of valid moods of the syllogisms consisting of three pre-
misses, I have found that there are forty-four valid moods, the figures
F1, F2, F4, F5, F6, and F7 having six moods each, and figure F8
eight. Figure F3 is empty. It has no valid moods, for it is not pessible
to find premisses of the form 4-B, C-B, C-D such that a conclusion
of the form A-D would follow from them. This result, if known, would
certainly be startling for students of the traditional logic. Mr. C. A.
Meredith, who attended my lectures delivered on this subject in 1949
at University College, Dublin, has found some general formulae
concerning the number of figures and valid moods for syllogisms of n
terms, including expressions of 1 and 2 terms. I publish these formulae
here with his kind permission :

Number of terms . . . .n

Number of figures . ~ . . L
Number of figures with valid moods .  4(n*—n+2)
Number of valid moods . . . n(gn—1)

For all n every non-empty figure has 6 valid moods, except one that
has 2n valid moods.

Examples:
Number of terms . . . . I, 2, 3y 4y, 10
Number of figures . . 1, 2, 4, 8,., 512
Number of figures with valid moods 1, 2, 4 Yy 46
Number of valid moods . . . 2, 10, 24, 445+, 290

It is obvious that for large n’s the number of figures with valid moods
is comparatively small against the number of all figures. For n = 10
we have 46 against 512 respectively, i.e. 466 figures are empty. For
n = 1 there is only 1 figure, 4-4, with 2 valid moods, i.e. the laws of
identity. For n = 2 there are 2 figures:
Premiss  Conclusion

Fi A-B A4-B

F2 B-4 4-B
with 10 valid moods, 6 in F1 (viz. four substitutions of the proposi-
tional law of identity, e.g. ‘if all 4 is B, then all 4 is B’, and two laws
of subordination), and 4 moods in F2 (viz. four laws of conversion).



CHAPTER III

THE SYSTEM

§ 15. Perfect and imperfect syllogisms

In the introductory chapter to the syllogistic Aristotle divides all
syllogisms into perfect and imperfect. ‘I call that a perfect syllo-
gism’, he says, ‘which needs nothing other than what has been
stated to make the necessity evident; a syllogism is imperfect, if
it needs either one or more components which are necessary by
the terms set down, but have not been stated by the premisses.’!
This passage needs translation into logical terminology. Every
Aristotelian syllogism is a true implication, the antecedent of
which is the joint premisses and the consequent the conclusion.
What Aristotle says means, therefore, that in a perfect syllogism
the connexion between the antecedent and the consequent is
evident of itself without an additional proposition. Perfect syllo-
gisms are self-evident statements which do not possess and do not
need a demonstration; they are indemonstrable, dvamd8ewcror.?
Indemonstrable true statements of a deductive system are now
called axioms. The perfect syllogisms, therefore, are the axioms of
the syllogistic. On the other hand, the imperfect syllogisms are not
self-evident ; they must be proved by means of one or more pro-
positions which result from the premisses, but are different from
them. _

Aristotle knows that not all triie propositions are demon-
strable.3 He says that a proposition of the form ‘4 belongs to B’
is demonstrable if there exists a middle term, i.e. a term which
forms with 4 and B true premisses of a valid syllogism having the
above proposition as the conclusion. If such a middle term does

T An. pr. i. 1, 24P22 1eov pév odv kadd avMdoyiopdv v undevds dAov mpoaded-
pevov mapa Td elAnupéva mpos 16 davivar To dvayxaiov, dredi] 8¢ Tov mpoadedpevov %
&vos 9 mAedvaw, & o pév dvayxaia 8ia Tdv Smoxeypévwy Spwv, ob v elAgmrac Sid
mpdracewy.

2 Commenting upon the above passage Alexander uses the expression dvamédei-
KTOS, 24. 2: €vos pév odv mpoodéovrar of dreleis guMdoyiopol of uids dvriaTpodils
Seduevor mpds 76 dvaxfiva eis Twa 7@V év TG MpdTw axfpar. T@v Teelwy xai dvamo-
SelxTwy, mAedvawr 8¢ Goor Sid 3o dvTiaTpoddv els éxelvwy Twa dvdyovrar. Cf. also
p. 27, 1. 2.

3 An. post. i. 3, 72P18 djueis 8¢ danev ovre migav émariuny dmodexTikiy €lvar,
da v rdv dpuéowv dvamddewrov.
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not exist, the proposition is called ‘immediate’, dueoos, i.e. with-
out a middle term. Immediate propositions are indemonstrable;
they are basic truths, dpxal.! To these statements of the Posterior
Analytics may be added a passage of the Prior Analytics which
states that every demonstration and every syllogism must be
formed by means of the three syllogistical figures.?

This Aristotelian theory of proof has a fundamental flaw : it
supposes that all problems can be expressed by the four kinds
of syllogistic premiss and that therefore the categorical *syllo-
gism is the only instrument of proof. Aristotle did not realize
that his own theory of the syllogism is an instance against this
conception. The syllogistic moods, being implications, are pro-
positions of another kind than the syllogistic premisses, but
nevertheless they are true propositions, and if any of them is not
self-evident and indemonstrable it requires a proof to establish its
truth. The proof, however, cannot be done by means of a cate-
gorical syllogism, because an implication does not have either a
subject or a predicate, and it would be useless to look for a middle
term between non-existent extremes. This is perhaps a subcon-
scious cause of the special terminology Aristotle uses in the doc-
trine of the syllogistic figures. He does not speak of ‘axioms’ or
‘basic truths’ but of ‘perfect syllogisms’, and does not ‘demon-
strate’ or ‘prove’ the imperfect syllogisms but ‘reduces’ them
(dvdyer or dvadve) to the perfect. The effects of this improper
terminology persist till today. Keynes devotes to this matter a
whole section of his Formal Logic, entitled ‘Is Reduction an essen-
tial part of the Doctrine of the Syllogism?’, and, comes to the
conclusion ‘that reduction is not a necessary part of the doctrine
of the syllogism, so far as the establishment of the validity of the
different moods is concerned’.3 This conclusion cannot be applied
to the Aristotelian theory of the syllogism, as this theory is an
axiomatized deductive system, and the reduction of the other
syllogistic moods to those of the first figure, i.e. their proof as
theorems by means of the axioms, is an indispensable part of the
system.

Aristotle accepts as perfect syllogisms the moods of the first

T An. post. i. 23, 8419 davepdv 8¢ xai ri, Srav 76 A & B Sndpxy, € pév dori me
wéoov, &ote eifar oTe 70 A 7 B dmdpxer . . ., €l 8¢ pof daTw, odxére oy dmddeilis,
dAX’ %) éni Tds dpxds 08ds adry éorlv.

2 An. pr. i. 23, 4101 ndoay dnddefw xal mdvra ovANoyioudv dvdykn yiveafar Sid
TP@Y TAY mpoepnuévaw axnpdTwy. 3 Op. cit., pp. 325-7.
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figure, called Barbara, Celarent, Darii, and Ferio.! Yet in the
last chapter of his systematic exposition he reduces the third and
fourth moods to the first two, and takes therefore as axioms of his
theory the most clearly evident syllogisms, Barbara and Cela-
rent.2 This detail is of no little interest. Modern formal logic tends
to reduce the number of axioms in a deductive theory to a
minimum, and this is a tendency which has its first exponent in
Aristotle.

Aristotle is right when he says that only two syllogisms are
needed as axioms to build up the whole theory of the syllogism.
He forgets, however, that the laws of conversion, which he uses
to reduce the imperfect moods to the perfect ones, also belong to
his theory and cannot be proved by means of the syllogisms.
There are three laws of conversion mentioned in the Prior
Analytics : the conversion of the E-premiss, of the A-premiss, and
of the I-premiss. Aristotle proves the first of these laws by what
he calls ecthesis, which requires, as we shall see later, a logical
process lying outside the limits of the syllogistic. As it cannot be
proved otherwise, it must be stated as a new axiom of the system.
The conversion of the A-premiss is proved by a thesis belonging
to the square of opposition of which there is no mention in the
Prior Analytics. We must therefore accept as a fourth axiom either
this law of conversion or the thesis of the square of opposition,
from which this law follows. Only the law of conversion of the
I-premisses can be proved without a new axiom.

There are still two theses that have to be taken into account,
although neither of them is explicitly stated by Aristotle, viz. the
laws of identity: ‘4 belongs to all 4’ and ‘4 belongs to some 4’.
The first of these laws is independent of all other theses of the
syllogistic. If we want to have this law in the system, we must
accept it axiomatically. The second law of identity can be
derived from the first.

Modern formal logic distinguishes in a deductive system not
only between primitive and derivative propositions, but also
between primitive and defined terms. The constants of the
Aristotelian syllogistic are the four relations: ‘to belong to all’

! At the end of chapter 4, containing the moods of the first figure, Aristotle says,
An. Pr.i. 4, 2629 87dov 8¢ xal 81 mdvres of & adr@ ovMoyiopol Téletol elaw.
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or A, ‘to belong to none’ or E, ‘to belong to some’ or I, and ‘to
not-belong to some’ or 0. Two of them may be defined by the
other two by means of propositional negation in the following
way: ‘4 does not belong to some B’ means the same as ‘It is not
true that 4 belongs to all B’, and ‘4 belongs to no B’ means the
same as ‘It is not true that 4 belongs to some B’. In the same
manner 4 could be defined by O, and I by E. Aristotle does not
introduce these definitions into his system, but he uses them
intuitively as arguments of his proofs. Let us quote as only one
example the proof of conversion of the I-premiss. It runs as fol-
lows: ‘If 4 belongs to some B, then B must belong to some A4.
For if B should belong to no 4, 4 would belong to no B.’! It is
obvious that in this indirect proof Aristotle treats the negation of
‘B belongs to some A’ as equivalent to ‘B belongs to no 4’. As to
‘the other pair, 4 and O, Alexander says explicitly that the phrases
‘to not-belong to some’ and ‘to not-belong to all’ are different
only in words, but have equivalent meanings.?

If we accept as primitive terms of the system the relations 4
and /, defining E and O by means of them, we may, as I stated
many years ago,’ build up the whole theory of the Aristotelian
syllogism on the following four axioms:

1. 4 belongs to all 4.
2. A4 belongs to some 4.
3. If 4 belongs to all B and B belongs to all C, then 4

belongs to all C. Barbara
4. If A belongs to all B and C belongs to some B, then
4 belongs to some C. Datisi

It is impossible to reduce the number of these axioms. In
particular they cannot be derived from the so-called dictum de
omni et nullo. This principle is differently formulated in different
text-books of logic, and always very vaguely. The classic formula-
tion, ‘quidquid de omnibus valet, valet etiam de quibusdam et de
singulis’ and ‘quidquid de nullo valet, nec de quibusdam nec de

! An. pr. i. 2, 25320 €l yap 76 A Twi 78 B, xai 76 B rwi 14 A dvdyky dmdpxew. €
yap pundevi, 0dé ¢ A ovdevi 7@ B. [Corr. by W, D. Ross.]
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3 J. Lukasiewicz, Elementy logiki matematycznej (Elements of Mathematical Logic),
edited by M. Presburger (mimeographed), Warsaw (1929), p. 172; ‘Znaczenie
analizy logicznej dla poznania’ (Importance of Logical Analysis for Knowledge),
Przegl. Filoz. (Philosophical Review), vol. xxxvii, Warsaw (1934), p. 373.
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singulis valet’, cannot be strictly applied to the Aristotelian logic,
as singular terms and propositions do not belong to it. Besides,
I do not see how it would be possible to deduce from this prin-
ciple the laws of identity and the mood Datisi, if anything at all
can be deduced from it. Moreover, it is evident that it is not one
single principle but two. It must be emphasized that Aristotle is
by no means responsible for this obscure principle. It is not true
that the dictum de omni et nullo was given by Aristotle as the axiom
on which all syllogistic inference is based, as Keynes asserts.! It
is nowhere formulated in the Prior Analytics as a principle of
syllogistic. What is sometimes quoted as a formulation of this
principle is only an explanation of the words ‘to be predicated of
all’ and ‘of none’.2

It is a vain attempt to look for the principle of the Aristotelian
logic, if ‘principle’ means the same as ‘axiom’. If it has another
meaning, I do not understand the problem at all. Maier, who
has devoted to this subject another obscure chapter of his book,?
spins out philosophic speculations that neither have a basis in
themselves nor are supported by texts of the Prior Analytics. From
the standpoint of logic they are useless.

§ 16. The logic of terms and the logic of propositions

To this day there exists no exact logical analysis of the proofs
Aristotle gives to reduce the imperfect syllogisms to the perfect..
The old historians of logic, like Prantl and Maier, were philo-
sophers and knew only the ‘philosophical logic’ which in the nine-
teenth century, with very few exceptions, was below a scientific
level. Prantl and Maier are now dead, but perhaps it would not
be -impossible to persuade living philosophers that they should
cease to write about logic or its history before having acquired a
solid knowledge of what is called ‘mathematical logic’. It would
otherwise be a waste of time for them as well as for their readers.
It seems to me that this point is of no small practical importance.

No one can fully understand Aristotle’s proofs who does not
know that there exists besides the Aristotelian system another
system of logic more fundamental than the theory of the syllogism.

! Op. cit,, p. 301.
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pndevds daavrws. 3 Op. cit., vol. ii b, p. 149.
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It is the logic of propositions. Let us explain by an example the
difference between the logic of terms, of which the Aristotelian
logic is only a part, and the logic of propositions. Besides the
Aristotelian law of identity ‘4 belongs to all 4’ or ‘All 4 is 4°, we
have still another law of identity of the form ‘If p, then p’. Let us
compare these two, which are the simplest logical formulae:

All4is 4 and If p, then p.

They differ in their constants, which I call functors: in the first
formula the functor reads ‘all—is’, in the second ‘if—then’. Both
are functors of two arguments which are here identical. But the
main difference lies in the arguments. In both formulae the
arguments are variables, but of a different kind : the values which
may be substituted for the variable 4 are terms, like ‘man’ or
‘plant’. From the first formula we get thus the propositions ‘All
men are men’ or ‘All plants are plants’. The values of the variable
p are not terms but propositions, like ‘Dublin lies on the Liffey’
or ‘Today is Friday’; we get, therefore, from the second formula
the propositions: ‘If Dublin lies on the Liffey, then Dublin lies
on the Liffey’ or ‘If today is Friday, then today is Friday’. This
difference between term-variables and proposition-variables is
the primary difference between the two formulae and conse-
quently between the two systems of logic, and, as propositions
and terms belong to different semantical categories, the difference
is a fundamental one.

The first system of propositional logic was invented about half
a century after Aristotle: it was the logic of the Stoics. This logic
is not a system of theses but of rules of inference. The so-called
modus ponens, now called the rule of detachment: ‘If «, then 8;
but a; therefore 8° is one of the most important primitive rules
of the Stoic logic. The variables « and B are propositional
variables, as only propositions can be significantly substituted for
them.! The modern system of the logic of propositions was created
only in 1879 by the great German logician Gottlob Frege. Another
outstanding logician of the nineteenth century, the American
Charles Sanders Peirce, made important contributions to this
logic by his discovery of logical matrices (1885). The authors
of Principia Mathematica, Whitehead and Russell, later put this

! Cf. Lukasiewicz, ‘Zur Geschichte des Aussagenkalkiils’, Erkenntnis, vol. v, Leipzig
(1935), pp. 111-31.
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system of logic at the head of all mathematics under the title
‘Theory of Deduction’. All this was entirely unknown to philo-
sophers of the nineteenth century. To this day they seem to have
no idea of the logic of propositions. Maier says that the Stoic
logic, which in fact is a masterpiece equal to the logic of Aristotle,
yields a poor and barren picture of formalistic-grammatical un-
steadiness and lack of principle, and adds in a footnote that the
unfavourable judgement of Prantl and Zeller on this logic must
be mdintained.! The Encyclopaedia Britannica of 1911 says briefly of
the logic of the Stoics that ‘their corrections and fancied improve-
ments of the Aristotelian logic are mostly useless and pedantic’.?

It seems that Aristotle did not suspect the existence of another
system of logic besides his theory of the syllogism. Yet he uses
intuitively the laws of propositional logic in his proofs of im-
perfect syllogisms, and even sets forth explicitly three statements
belonging to this logic in Book II of the Prior Analytics. The first
of these is a law of transposition : ‘When two things’, he says, ‘are
so related to one another, that if the one is, the other necessarily
is, then if the latter is not, the former will not be either.’® That
means, in terms of modern logic, that whenever an implication
of the form ‘If «, then B’ is true, then there must also be true
another implication of the form ‘If not-8, then not-o’. The second
is the law of the hypothetical syllogism. Aristotle explains it by an
example: ‘Whenever if 4 is white, then B should be necessarily
great, and if B is great, then C should not be white, then it is
necessary if 4 is white that C should not be white.’* That means:
whenever two implications of the form ‘If o, then B8’ and ‘If B,
then y ’ are true, then there must also be true a third implication
‘If «, then 9 °. The third statement is an application of the two
foregoing laws to a new example and, curiously enough, it is
false. This very interesting passage runs thus:

‘It is impossible that the same thing should be necessitated by the
being and by the not-being of the same thing. I mean, for example,

* Maier, op. cit., vol. ii b, p. 384: ‘In der Hauptsache jedoch bietet die Logik
der Stoiker . . . ein diirftiges, ddes Bild formalistisch-grammatischer Prinzip- und
Haltlosigkeit.’ Ibid., n. 1: ‘In der Hauptsache wird es bei dem ungiinstigen Urteil,
das Prantl und Zeller iiber die stoische Logik fillen, bleiben miissen.’

2 11th ed., Cambridge (1911), vol. xxv, p. 946 (s.v. ‘Stoics’)."
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that it is impossible that B should necessarily be great if 4 is white,
and that B should necessarily be great if 4 is not white. For if B is not
great A cannot be white. But if, when 4 is not white, it is necessary
that B should be great, it necessarily results that if B is not great, B
itself is great. But this is impossible.”

Although the example chosen by Aristotle is unfortunate, the
sense of his argument is clear. In terms of modern logic it can be
stated thus: Two implications of the form ‘If «, then 8’ and ‘If
not-a, then B’ cannot be together true. For by the law of wrans-
position we get from the first implication the premiss ‘If not-8,
then not-o’, and this premiss yields together with the second
implication the conclusion ‘If not-8, then B’ by the law of the
hypothetical syllogism. According to Aristotle this conclusion is
impossible.

Aristotle’s final remark is erroneous. The implication ‘If not-8,
then B°, the antecedent of which is the negation of the conse-
quent, is not impossible ; it may be true, and yields as conclusion
the consequent B, according to the law of the logic of propositions :
‘If (if not-p, then p), then p.”? Commenting upon this passage,
Maier says that there would here result a connexion contrary to
the law of contradiction and therefore absurd.* This comment
again reveals Maier’s ignorance of logic. It is not the implication
‘If not-B, then B’ that is contrary to the law of contradiction, but
only the conjunction ‘ 8 and not-g°.

A few years after Aristotle, the mathematician Euclid gave a
proof of a mathematical theorem which implies the thesis ‘If (if
not-p, then p), then p’.+ He states first that ‘If the product of two

T An. pr. ii. 4, 5703 70 8’ adrod Svros xai pi) Svros, advvarov ¢ dvdyrrs elvar 8
adrd. Aéyw 8’ olov 708 A dvros Aevkod 76 B elvar péya é¢ dvdyxys, xai pi) Svros Aevkod
706 A 76 B elva: péya é¢ dvdyxns. Here follows the example of the hypothetical
syllogism quoted in p. 49, n. 4, and a second formulation of the law of trans-
position. The conclusion reads, 11 705 8 B p1) dvros peydAov 76 A ody oldv Te Aevov
elvar. Tofi 8¢ A py) Svros Aevxod, el dvdyxn 76 B péya elva, aupBalve. € dvdyxns o6 B
peydlov u3) Gvros adro 70 B elvar uéya. robro 8° ddvvarov.

2 See A. N. Whitehead and B. Russell, Principia Mathematica, vol. i, Cambridge
(1910), p. 138, thesis *2-18.

3 Op. cit., vol. ii a, p. 331 ‘Es ergibe sich also ein Zusammenhang, der dem
Gesetze des Widerspruchs entgegenstiinde und darum absurd wire.’

4 See Scritti di G. Vailati, Leipzig-Firenze, cxv. ‘A proposito d’un passo del
Teeteto ¢ di una dimostrazione di Euclide’, pp. 516-27; cf. Lukasiewicz,
‘Philosophische Bemerkungen zu mehrwertigen Systemen des Aussagenkalkiils’,
Comptes Rendus des séances de la Société des Sciences et des Lettres de Varsovie, xxiii (1930),
Cl. II1, p. 67.
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integers, a and b, is divisible by a prime number 7, then if a is not
divisible by #, b should be divisible by #’. Let us now suppose that

= b and the product a X a (a?) is divisible by . It results from
this supposition that ‘If ¢ is not divisible by 7, then a is divisible
by »’. Here we have an example of a true implication the ante-
cedent of which is the negation of the consequent. From this
implication Euclid derives the theorem: ‘If a2 is divisible by a
prime number #n, then ¢ is divisible by »n.’

§ 17. The proofs by conversion

The proofs of imperfect syllogisms by conversion of a premiss
are both the simplest and those most frequently employed by
Aristotle. Let us analyse two examples. The proof of the mood
Festino of the second figure runs thus: ‘If M belongs to no X,
but to some X, then it is necessary that N should not belong to
some X. For since the negative premiss is convertible, N will
belong to no M ; but M was admitted to belong to some X ; there-
fore N will not belong to some X. The conclusion is reached by
means of the first figure.’!

The proof is based on two premisses : one of them is the law of
conversion of the E-propositions:

(1) If M belongs to no NV, then N belongs to no M,
and the other is the mood Ferio of the first figure:

(2) If NV belongs to no M and M belongs to some X, then ¥
does not belong to some X.

From these premisses we have to derive the mood Festino:

(3) If M belongs to no N and M belongs to some X, then ¥
does not belong to some X. .
Aristotle performs the proof intuitively. Analysing his intuitions
we find two theses of the propositional calculus: one of them is
the above-mentioned law of the hypothetical syllogism, which
may be stated in the following form:
(4) If (if p, then ¢), then [if (if ¢, then r), then (if p, then
n];? ~
Y An. pr.i. 5,27°32 € ydp 70 M1 pév N pndevi 7§ 8¢ E rwi dmdpxer, dvdykn 16 N
Tl 70 & pi) dmdpyew. émel yap dvriorpéde 16 aTepnTindy, ovdevi 7é M bmdpée 76 N-
76 8¢ ye M dméxerro Twi 76 8 dndpxew dare 76 N Twi 76 £ ody Umdpfer. yiverar yap

ovAdoytouds did Tod mpdiTov oxtparos.
2 See Principia Mathematica, p. 104, thesis *2-06.
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The other thesis reads:

(5) If (if p, then g), then (if p and 7, then ¢ and 7).

This thesis is called in Principia Mathematica, following Peano, the
principle of the factor. It shows that we may ‘multiply’ both sides
of an implication by a common factor, i.e. we may add, by means
of the word ‘and’, to p and to ¢ a new proposition 7.!

We start with thesis (5). As p, ¢, and r are propositional
variables, we may substitute for them premisses of the Aristotelian
logic. Putting ‘M belongs to no N’ for p, ‘N belongs to no M’ for
¢, and ‘M belongs to some X’ for r, we get from the antecedent of
(5) the law of conversion (1), and we may detach the consequent
of (5) as a new thesis. This new thesis has the form:

(6) If M belongs to no & and M belongs to some X, then ¥

belongs to no M and M belongs to some X.

The consequent of this thesis is identical with the antecedent of
thesis (2). Therefore we may apply to (6) and (2) the law of the
hypothetical syllogism, substituting for p the conjunction ‘M
belongs to no N and M belongs to some X, for ¢ the conjunction
‘N belongs to no M and M belongs to some X’; and for r the
proposition ‘N does not belong to some X’. By applying the rule
of detachment twice we get from this new thesis the mood
Festino.

The second example I want to analyse is somewhat different.
It is the above-mentioned proof of the mood Disamis.? We have
to prove the following imperfect syllogism:

(7) If R belongs to all § and P belongs to some S, then P

belongs to some R.

The proof is based on the mood Darii of the first figure:

(8) If R belongs to all § and § belongs to some P, then R
belongs to some P,

and on the law of conversion of the I-proposmons applied twice,
once in the form:

(9) If P belongs to some S, then S belongs to some P,
and for the second time in the form:
(10) If R belongs to some P, then P belongs to some R.
As auxiliary theses of the propositional logic we have the law of

' See Principia Mathemaiica, p. 119, thesis *3:45. The conjunction ‘p and 7’ is
called in the Principia ‘logical product’. * See the Greek text in p. 25, n. 1.
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the hypothetical syllogism, and the following thesis, which is
slightly different from thesis (5), but also may be called the
principle of the factor:

(x1) If (if p, then g), then (if r and p, then r and ¢).

The difference between (5) and (11) consists in this, that the
common factor r is not in the second place, as in (5), but in the
first. As conjunction is commutable and ‘p and 7’ is equivalent to
‘r ad p’, this difference does not affect the validity of the thesis.

The proof given by Aristotle begins with the conversion of the
premiss ‘P belongs to some §°. Following this procedure, let us
substitute for p in (11) the premiss ‘P belongs to some §°, for ¢
the premiss ‘S belongs to some P, and for r the premiss ‘R belongs
to all §°. By this substitution we get from the antecedent of (11)
the law of conversion (g), and therefore we may detach the
consequent of (11) which reads:

(12) If R belongs to all § and P belongs to some S, then R
belongs to all S and § belongs to some P.

The consequent of (12) is identical with the antecedent of (8).
By applying the law of the hypothetical syllogism we can get
from (12) and (8) the syllogism:
(13) If R belongs to all § and P belongs to some S, then R
belongs to some P.

This syllogism, however, is not the required mood Disamis, but
Datisi. Of course, the mood Disamis could be derived from Datisi
by converting its consequent according to thesis (10), i.e. by
applying the hypothetical syllogism to (13) and (10). It seems,
however, that Aristotle took another course: instead of deriving
Datisi and converting its conclusion, he converts the conclusion
of Darii, getting the syllogism :

(14) If R belongs to all § and § belongs to some P, then P

belongs to some R,

and then he applies intuitively the law of the hypothetical syllo-
gism to (12) and (14). The syllogism (14) is a mood of the fourth
figure called Dimaris. As we already know, Aristotle mentions
this mood at the beginning of Book II of the Prior Analytics.

In a similar way we could analyse all the other proofs by con-
version. It follows from this analysis that if we add to the perfect
syllogisms of the first figure and to the laws of conversion three
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laws of the logic of propositions, viz. the law of the hypothetical
syllogism and two laws of the factor, we get strictly formalized
proofs of all imperfect syllogisms except Baroco and Bocardo.
These two moods require other theses of the propositional logic.

§ 18. The proofs by reductio ad impossibile

The moods Baroco and Bocardo cannot be reduced to the first
figure by conversion. The conversion of the A-premiss would
yield an J-proposition, from which together with the O-premiss
nothing results, and the O-premiss cannot be converted. Aristotle
tries to prove these two moods by a reductio ad impossibile, dmaywy)
eis 76 advvarov. The proof of Baroco runs thus: ‘If M belongs to
all V, but not to some X, it is necessary that N should not belong
to some X; for if N belongs to all X, and M is predicated also of
all ¥, M must belong to all X; but it was assumed that A does
not belong to some X.’* This proof is very concise and needs an
explanation. Usually it is explained in the following way :2

We have to prove the syllogism :

(1) If M belongs to all N and M does not belong to some X,
then N does not belong to some X.

It is admitted that the premisses ‘M belongs to all N’ and ‘M
does not belong to some X’ are true; then the conclusion ‘¥ does
not belong to some X’ must also be true. For if it were false, its
contradictory, ‘¥ belongs to all X°, would be true. This last pro-
position is the starting-point of our reduction. As it is admitted
that the premiss ‘M belongs to all N’ is true, we get from this
premiss and the propostion ‘N belongs to all X” the conclusion
‘M belongs to all X* by the mood Barbara. But this conclusion is
false, for it is admitted that its contradictory ‘M does not belong
to some X’ is true. Therefore the starting-point of our reduction,
‘N belongs to all X°, which leads to a false conclusion, must be
false, and its contradictory, ‘V does not belong to some X’, must
be true.

This argument is only apparently convincing; in fact it does
not prove the above syllogism. It can be applied only to the
traditional mood Baroco (I quote this mood in its usual form

! An. pr.i. 5, 27737 €l 7$ pév N mavri 70 M, 7§ 8¢ & rwi uy dndpxer, dvdykn 76 N
Twl 7§ 8 py) dmdpxew: € yap mavrl Smdpye, karnyopeirar 8¢ kai 76 M mavrds rod N,
dvdyrn 10 M mavri 7o & dndpyew dméxeiro 8¢ Twi pi) dmdpxew.

2 Cf., for instance, Maier, op. cit., vol. ii g, p. 84.
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with the verb ‘to be’, and not in the Aristotelian form with ‘to
belong’) :
(2) AlNisM,
Some X is not M,
therefore
Some X is not V.

This is a rule of inference and allows us to assert the conclusion
provided the premisses are true. It does not say what happens
when*the premisses are not true. This is irrelevant for a rule of
inference, as it is evident that an inference based on false pre-
misses cannot be valid. But Aristotelian syllogisms are not rules
of inference, they are propositions. The syllogism (1) is an im-
plication which is true for all values of the variables M, ¥, and X,
and not only for those values that verify the premisses. If we apply
this mood Baroco to the terms M = ‘bird’, N = ‘animal’, and X =
‘owl’, we get a true syllogism (I use forms with ‘to be’, as does
Aristotle in examples) :
(3) If all animals are birds
and some owls are not birds,
then some owls are not animals.

This is an example of the mood Baroco, because it results from it
by substitution. The above argument, however, cannot be applied
to this syllogism. We cannot admit that the premisses are true,
because the propositions ‘All animals are birds’ and ‘Some owls
are not birds’ are certainly false. We need not suppose that the
conclusion is false ; it is false whether we suppose its falsity or not.
But the main point is that the contradictory of the conclusion, i.e.
the proposition ‘All owls are animals’, yields together with the
first premiss ‘All animals are birds’ not a false conclusion, but a
true one: ‘All owls are birds’. The reductio ad impossibile is in this
case impossible.

The proof given by Aristotle is neither sufficient nor a proof
by reductio ad impossibile. Aristotle describes indirect proof or the
demonstration per impossibile, by contrast with direct or ostensive
proof, as a proof that posits what it wishes to refute, i.e. to refute
by reduction to a statement admitted to be false, whereas ostensive
proof starts from propositions admitted to be true.! Accordingly,

! An. pr. ii. 14, 62P29 Siadéper 8° 7 els 70 dSYvarov dmddefis Tis Seriniis TG
70évas G BovAerar dvarpeiv, dmdyovea eis Suodoyoduevoy eddos: 7 8¢ dewnrin) dpxerar
éf dpodoyovpévay Béoewy (dAnfav).
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if we have to prove a proposition by reductio ad impossibile, we
must start from its negation and derive thence a statement
obviously false. The indirect proof of the mood Baroco should
start from the negation of this mood, and not from the negation
of its conclusion, and this negation should lead to an uncondition-
ally false statemen:, and not to a proposition that is admitted to
be false only under certain conditions. I shall here give a sketch
of such a proof. Let « denote the proposition ‘M belongs to all
N, B ‘N belongs to all X°; and y ‘M belongs to all X’. As the
negation of an A-premiss is an O-premiss, ‘not-B ’! will have the
meaning ‘N does not belong to some X, and ‘not-y * ‘M does not
belong to some X”. According to the mood Baroco the implication
‘If « and not-y, then not-8’ is true, or in other words, « and not-y
are not true together with B. The negation, therefore, of this
proposition would mean that ‘ « and B and not-y ’ are together
true. But from ‘ « and B°, ‘ ¢’ results by the mood Barbara; we
-get therefore ¢y and not-y ’°, i.e. a proposition obviously false,
being a contradiction in forma. It can easily be seen that this
genuine proof of the mood Baroco by reductio ad impossibile is
quite different from that given by Aristotle.

The mood Baroco can be proved from the mood Barbara by a
very simple ostensive proof which requires one and only one
thesis of the propositional logic. It is the following compound law
of transposition :

(4) If (if p and ¢, then r), then if p and it is not true that r,

then it is not true that ¢.%
Put for p ‘M belongs to all ¥, for ¢ ‘N belongs to all X’, and for r
‘M belongs to all X°. By this substitution we get in the antecedent

of (4) the mood Barbara, and therefore we can detach the conse-
quent, which reads:

(5) If M belongs to all ¥ and it is not true that M belongs
to all X, then it is not true that N belongs to all X.
As the O-premiss is the negation of the 4-premiss, we may replace
in (5) the forms ‘it is not true that belongs to all’ by ‘does not
belong to some’, getting thus the mood Baroco.
There can be no doubt that Aristotle knew the law of trans-
position referred to in the above proof. This law is closely con-

! I am using ‘not-’ as an abbreviation for the propositional negation ‘it is not
true that’. 2 See Principia Mathematica, p. 118, thesis *3-37.
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nected with the so-called ‘conversion’ of the syllogism, which he
investigated thoroughly.! To convert a syllogism means to take
the contrary or the contradictory (in proofs per impossibile only the
contradictory) of the conclusion together with one premiss, there-
by destroying the other premiss. ‘It is necessary,” Aristotle says,
‘if the conclusion has been converted and one of the premisses
stands, that the other premiss should be destroyed. For if it should
stand, the conclusion must also stand.’? This is a description of
the cémpound law of transposition. Aristotle therefore knows this
law ; moreover, he applies it to obtain from the mood Barbara
the moods Baroco and Bocardo. Investigating in the same chapter
the conversion of the moods of the first figure, he says: ‘Let the
syllogism be affirmative (i.e. Barbara), and let it be converted as
stated (i.e. by the contradictory denial). Then if 4 does not belong
to all C, but to all B, B will not belong to all C. And if 4 does not
belong to all C, but B belongs to all C, 4 will not belong to all
B.’3 The proofs of Baroco and Bocardo are here given in their
simplest form.

In the systematic exposition of the syllogistic these valid proofs
are replaced by insufficient demonstrations per impossibile. The
reason is, I suppose, that Aristotle does not recognize arguments
é6 vmobéoews as instruments of genuine proof. All demonstration
is for him proof by categorical syllogisms; he is anxious to show
that the proof per impossibile is a genuine proof in so far as it con-
tains at least a part that is a categorical syllogism. Analysing the
proof of the theorem that the side of a square is incommensurable
with its diagonal, he states explicitly: We know by a syllogism
that the contradictory of this theorem would lead to an absurd
consequence, viz. that odd numbers should be equal to evens,
but the theorem itself is proved by an hypothesis, since a false-
hood results when it is denied.# Of the same kind, Aristotle

¥ An. pr. ii. 8-10.

2 Ibid. 8, 59P3 dvdyxy ydp rod cupmepdoparos dvriarpagévros xal tijs érépas
pevovans mpordoews dvaipeiafar Ty Aovmiy € ydp éarai, xai 76 ovumnépaopa €orac.

"Cf. Top. viii. 14, 163234 dvdyxn ydp, € 76 ovpmépaopa pij éori, plav Twva dvacpeiofa
7@y mpordaewy, einep maadv Tefeiadv dvdyxy Jv 76 oupmépacpa elvar.

3 An. pr.ii. 8, 59P28 éorw ydp karnyopikds ¢ ouloyiauds, xai dvmiorpedéodw odrws
(i.e. dvrixeipuévws). odkody €l 76 A ob mavri v& Iy 7& 8¢ B mavri, 76 B od mavrl 7@ I'
xal € 70 pév A py mavri 7§ Iy 16 8¢ B mavri, 6 A o mavri 7é B.

4 Ibid. i. 23, 41323 mdvres ydp of 8ua Tob aduvdrov mwepaivovres TO pév Yeidos
avMoyllovrar, 76 8° € dpxis é¢ vmobéoews Sewxviovaw, Stav ddvvardy T cupBalvy Tis
dvripdoews Tefelons, olov 61v dovpperpos 1) Siduerpos did 16 yiveabar 1a mepirrd {oa
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concludes, are all other hypothetical arguments; for in every case
the syllogism leads to a proposition that is different from the
original thesis, and the original thesis-is reached by an admission
or some other hypothesis.? All this is, of course, not true ; Aristotle
does not understand the nature of hypothetical arguments. The
proof of Baroco and Bocardo by the law of transposition is not
reached by an admission or some other hypothesis, but performed
by an evident logical law; besides, it is certainly a proof of one
categorical syllogism on the ground of another, but it is not per-
formed by a categorical syllogism.

At the end of Book I of the Prior Analytics Aristotle remarks that
there are many hypothetical arguments that ought to be con-
sidered and described, and promises to do so in the sequel.? This
promise he nowhere fulfils.? It was reserved for the Stoics to in-
clude the theory of hypothetical arguments in their system of
propositional logic, in which the compound law of transposition
found its proper place. On the occasion of an argument of Aenesi-
demus (which is irrelevant for our purpose) the Stoics analysed
the following rule of inference which corresponds to the com-
pound law of transposition : ‘If the first and the second, then the
third ; but not the third, yet the first; therefore not the second.’#
This rule is reduced to the second and third indemonstrable
syllogisms of the Stoic logic. We already know the first indemon-
strable syllogism, it is the modus ponens; the second is the modus
tollens : ‘If the first, then the second ; but not the second ; therefore
not the first.” The third indemonstrable syllogism starts from a
denied conjunction and reads: ‘Not (the first and the second);
but the first; therefore not the second.” According to Sextus
Empiricus the analysis runs thus: By the second indemonstrable
syllogism we get from the implication ‘if the first and the second,
Tois dpriows ovupérpov Tefeions. 76 pév odv loa ylveofar Td mepirra 7ols dprlois
avMoyllerar, 76 8’ dadpperpov elvar Tiv Sudperpov éf Umobéoews Selivvow, émel
eddos ovpaives dia v dvridaocw.

T An. pr.i. 23, 41237 daavrws 8¢ kal of dAMo mdvres of é¢ vmobéoews: & dmaoe yap
o pév guddoyiouds ylveras mpds 16 peralapBavdpevov, 76 8’ ¢ dpxis mepalverar 8i’
duodoylas 1j Tivos dAAys dmoféoews.

2 Ibid. 44, 50239 moMoi ¢ al érepoc mepaivovras € o s, ols émonxé-
acbar dei xai Siaonuivar xabapds. Tives pév odv al Siadopal Tovrwy, xal mooaxds
yiveras 16 € Ymobéoews, Sorepov époduev.

3 Alexander 389. 32, commenting on this passage says: Aéye. xai dMovs 7oMods
é¢ vmobéoews mepaiveoar, mept v Smepriferar pév s épdov émperéorepov, ob uiv
déperar avrod ovyypappa mepi adrdv.

+ The Stoics denote proposition-variables by ordinal numbers.

Bl
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then the third’, and the negation of its consequent ‘not the third’,
the negation of its antecedent ‘not (the first and the second)’.
From this proposition, which is virtually contained in the pre-
misses, but not explicitly expressed in words, together with the
premiss ‘the first’; there follows the conclusion ‘not the second’
by the third indemonstrable syllogism.! This is one of the
neatest arguments we owe to the Stoics. We see that competent
logicians reasoned 2,000 years ago in the same way as we are
doing today.

§ 19. The proofs by ecthesis

The proofs by conversion and per impossibile are sufficient to
reduce all imperfect syllogisms to perfect ones. But there is still
a third kind of proof given by Aristotle, viz. the so-called proofs
by exposition or éfeats. Although of little importancc for the
system, they have an interest in themselves, and it is worth while
to study them carefully.

There are only three passages in the Prior Analytics where
Aristotle gives a short characterization of this kind of proof. The
first is connected with the proof of conversion of the E-premiss,
the second is a proof of the mood Darapti, the third of the mood
Bocardo. The word éxbéoflar occurs only in the second passage,
but there can be no doubt that the other two passages also are
meant as proofs by ecthesis.?

Let us begin with the first passage, which runs thus: ‘If 4

I Sextus Empiricus (ed. Mutschmann), Adv. math. viii. 235-6 cvvéornxe ydp ¢
rowfros Adyos (scil. ¢ mapd 76 Aivnadijpw épwrnlels) éx Sevrépov dvamodeixrov Kal
rpirov, xaBws mdpeors pabeiv éx Tijs dvalvoews, yris cadearépa udidoy yerjoerar émi
rod 7pdémov monoauévar fudv v didackaliav, Exovros olrws® €l T mpdiTov xai 16
Sevrepov, T8 Tplrov: ovxi 8¢ ye 16 TpiTov, dAAa Kai 16 mpdTov odk dpa T Sedrepov.’
émel yap éxopev auvnuuévov év & fyeirar ovpmemdeypévov (r6) ‘16 mpdTov Kal 16
Sedrepov ’, Mjyer 8¢ {r8) ¢ 70 rpirov’, Exopev 8¢ xai 76 dvrikelpevov 7ol Mfyovros T8
‘ o0 70 7piTov ’, cuvaxOfoerar Huiv xai 76 dvrikelpevov Tod tyovuévov 76 ¢ odx dpa
6 wp&'rov xal 70 Bufﬂpov ! ch‘rép(p dvaﬂoSc:’x'rqx. dMa 87) TofiTo avTd xaTd pév T
Svvapuw €ykeirar 7@ Adyw, émei exop.(v 7d ovvakTikd avrod Mp.p.a‘ra, xara 8¢ ﬂ}v
npoopdy mzpt:.fm owcp rdfavres [J.i‘rd. -roﬁ )«emop.e‘vou Muparos 1ob ¢ 76 mpdiTov ' *
ffopev ouvayduevov 76 oupmépagpa 76 ¢ odk dpa T Sedrepov’ TpiTe avanoscmﬂp
™* 100 mpddTOU codd., 700 Tpdmov Kochalsky, 706 ‘ 76 mpdrov ’ scripsi. (tpdmos =
mood expressed in variables, ovvnuuévor = implication, %yoduevov = antecedent,
Ajyov = consequent, ovpmemAeypévor = conjunction.)]

2 There are two other passages dealing with ecthesis, An. pr. 30%6~14 and 3031~
4o (I owe this remark to Sir David Ross), but both are related to the scheme of
modal syllogisms.
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belongs to no B, neither will B belong to any A. For if it should
belong to some, say C, it would not be true that 4 belongs to
no B; for C is some of the B’s.’* The conversion of the E-premiss
is here proved per impossibile, but this proof per impossibile is based
on the conversion of the I-premiss which is-proved by exposition.
The proof by exposition requires the introduction of a new term,
called the ‘exposed term’; here it is C. Owing to the obscurity of
the passage the very meaning of this C and of the logical structure
of the proof can be reached only by conjecture. I shalt try to
explain the matter on the ground of modern formal logic.

We have to prove the law of conversion of the I-premiss: ‘If
B belongs to some A, then 4 belongs to some B.’ Aristotle intro-
duces for this purpose a new term, C; it follows from his words
that Cis included in B as well asin 4, so that we get two premisses :
‘B belongs to all C* and ‘4 belongs to all C’. From these premisses
we can deduce syllogistically (by the mood Darapti) the conclu-
sion ‘4 belongs to some B’. This is the first interpretation given
by Alexander.? But it may be objected that this interpretation
presupposes the mood Darapti which is not yet proved. Alex-
ander prefers, therefore, another interpretation which is not
based on a syllogism : he maintains that the term C is a singular
term given by perception, and the proof by exposition consists in
a sort of perceptual evidence.? This explanation, however,
which is accepted by Maier,*has no supportin the text of the Prior
Analytics: Aristotle does not say that C is an individual term.
Moreover, a proof by-perception is not a logical proof. If we

T An. pr. i. 2, 25315 € odv underi 76 B 16 A dmdpyer, 003 T A oddevi Smdpfe 16
B. €l ydp T, olov 74 I'y ovx ddqbés éorar 76 pundevi 7& B 16 A dmdpyew 76 yap I
7@v B 7( éorw. [Corr. W. D. Ross.]

* Alexander 32. 12 € ydp 76 B 7wi 7¢ A vmdpxes . .. dmapxérw 1 I' éorw yip
7010 7i 100 A, § Imdpye 70 B. éarac 87 70 I' év 6Aw 1& B kai i avrod, kai 76 B xara
mavros 7ob I' 7adrdv yap 76 év GAw Kal xard mavrds. dAX’ v 76 I' 7i 700 A év SAp
dpa xal 7@ A 10 I' éoriv €l 8¢ év SA, xara mavrds abrol pnbfoerar 76 A. fv d¢ ré I’
7i 706 B* xai 76 A dpa xard Twds roi B karnyopnficerar.
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4 Op. cit., vol. ii a, p. 20: ‘Die Argumentation bedient sich also nicht cines
Syllogismus, sondern des Hinweises auf den Augenschein.’
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want to prove logically that the premiss ‘B belongs to some 4’
may be converted, and the proof is to be performed by means of
a third term C, we must find a thesis that connects the above
premiss with a proposition containing C.

It would not, of course, be true to say simply that if B belongs
to some 4, then B belongs to all € and 4 belongs to all C; but a
little modification of the consequent of this implication easily
solves our problem. We must put before the consequent an
existential quantifier, the words ‘there exists’, binding the vari-
able C. For if B belongs to some A, there always exists a term C
such that B belongs to all C and 4 belongs to all C. C may be the
common part of 4 and B or a term included in this common part.
If, for example, some Greeks are philosophers, there exists a
common part of the terms ‘Greek’ and ‘philosopher’, viz. ‘Greek
philosopher’; and it is evident that all Greek philosophers are
Greeks, and all Greek philosophers are philosophers. We may
state, therefore, the following thesis:

(1) If B belongs to some A, then there exists a C such that B

belongs to all C and 4 belongs to all C.
This thesis is evident. But also the converse of (1) is evident. If
there exists a common part of 4 and B, B must belong to some
4. We get, therefore:
(2) Ifthere exists a Csuch that B belongs to all C and 4 belongs
to all C, then B belongs to some 4.
It is probable that Aristotle intuitively felt the truth of these
theses without being able to formulate them explicitly, and that
he grasped their connexion with the conversion of the /-premiss
without seeing all the deductive steps leading to this result. I shall
give here the full formal proof of the conversion of the I-premiss,
starting from theses (1) and (2), and applying to them some laws
of the propositional logic and the rules of existential quantifiers.

The following thesis of the propositional logic was certainly
known to Aristotle:

(3) If p and ¢, then ¢ and p.

It is the commutative law of conjunction.! Applying this law to
the premisses ‘B belongs to all ¢’ and ‘4 belongs to all C°, we get :

(4) If B belongs to all C and 4 belongs to all C, then 4 belongs

to all € and B belongs to all C.
' See Principia Mathematica, p. 116, thesis *3-22.
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To this thesis I shall apply the rules of existential quantifiers.
There are two such rules; both are stated with respect to a true
implication. The first rule reads: It is permissible to put before a
consequent of a true implication an existential quantifier, binding
a free variable occurring in the consequent. It results from this
rule that:
(5) If B belongs to all C and 4 belongs to all C, then there
exists a C such that A belongs to all C and B belongs to
all C.

The second rule reads: It is permissible to put before the ante-
cedent of a true implication an existential quantifier, binding
a free variable occurring in the antecedent, provided that this
variable does not occur as a free variable in the consequent. In
(5) Cis already bound in the consequent ; therefore according to
this rule we may bind C in the antecedent, thus getting the
formula:
(6) If there exists a C such that B belongs to all C and 4 belongs
to all C, then there exists a C such that 4 belongs to all C
and B belongs to all C.

The antecedent of this formula is identical with the consequent of
thesis (1); it results, therefore, by the law of the hypothetical
syllogism that:

(7) If B belongs to some A4, then there exists a C such that 4
belongs to all C and B belongs to all C.

From (2) by interchanging B and A4 we get the thesis:

(8) If there exists a C such that 4 belongs to all C and B belongs
to all C, then 4 belongs to some B,

and from (7) and (8) we may deduce by the hypothetical syllo-
gism the law of conversion of the I-premiss:

(9) If B belongs to some A4, then A belongs to some B.

We see from the above that the true reason of the converti-
bility of the I-premiss is the commutability of the conjunction.
The perception of an individual term belonging to both 4 and B
may intuitively convince us of the convertibility of this premiss,
but is not sufficient for a logical proof. There is no need to assume
C as a singular term given by perception.
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The proof of the mood Darapti by exposition can now be
easily understood. Aristotle reduces this mood to the first figure
by conversion, and then he says: ‘It is possible to demonstrate
this also per impossibile and by exposition. For if both P and R
belong to all S, should some of the §’s, e.g. N, be taken, both P
and R will belong to this, and then P will belong to some R.’
Alexander’s commentary on this passage deserves our attention.
It begins with a critical remark. If ; were a universal term in-
cludea in S, we should get as premisses ‘P belongs to all ¥’ and
‘R belongs to all N°. But this is just the same combination of
premisses, ovlvyia, as ‘P belongs to all $” and ‘R belongs to all
$’, and the problem remains the same as before. Therefore,
Alexander continues, N cannot be a universal term; it is a
singular term given by perception, a term evidently existing in P
as well as in R, and the whole proof by ecthesis is a proof by
perception.?2 We have already met this opinion above. In support
of it Alexander adduces three arguments : First, if his explanation
were rejected, we should have no proof at all; secondly, Aristotle
does not say that P and R belong to all ¥, butsimply to ¥; thirdly,
he does not convert the propositions with N.3 None of these
arguments is convincing: in our example there is no need of
conversion ; Aristotle often omits the mark of universality where
it should be used,* and as to the first argument, we know already
that there exists another and a better explanation.

The mood Darapti:

(10) If P belongs to all §'and R belongs to all S, then P belongs
to some R,
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results from a substitution of thesis (2)—take P for B, and R
for 4:

(11) If there exists a C such that P belongs to all C and R
belongs to all C, then P belongs to some R,

and from the thesis:

(12) If P belongs to all § and R belongs to all S, then there
exists a C such that P belongs to all C and R belongs to
all C. :

Thesis (12) we may prove by applying to the identity:

(13) If P belongs to all C and R belongs to all C, then P belongs
to all C and R belongs to all C,

the second rule of existential quantifiers, getting thus:

(14) If P belongs to all C and R belongs to all C, then there
exists a C such that P belongs to all € and R belongs to
all G,

and substituting in (14) the letter § for the free variable C, i.e.
performing the substitution in the antecedent only, as it is not
permissible to substitute anything for a bound variable.

From (12) and (11) the mood Darapti results by the hypo-
thetical syllogism. We see again that the exposed term C is a
universal term like 4 or B. It is of no consequence, of course, to
denote this term by M rather than by C.

Of greater importance seems to be the third passage, contain-
ing the proof by exposition of the mood Bocardo. This passage
reads: ‘If R belongs to all §, but P does not belong to some S, it is
necessary that P should not belong to some R. For if P belongs to
all R, and R belongs to all S, then P will belong to all §; but we
assumed that it did not. Proof is possible also without reduction
ad imposstbile, if some of the S’s be taken to which P does not
belong.’* I shall analyse this proof in the same way as the other
proofs by exposition.

Let us denote the part of S to which P does not belong by C;
we get two propositions: ‘S belongs to all €’ and ‘P belongs to
no C’. From the first of these propositions and the premiss ‘R

' An. pr.i. 6, 28P17 €l yap 76 P mavri 73 Z, 76 8¢ IT 7wl p) dmdpyer, dvdyxn 76 IT
T 7® P p3) Smdpyew. €l yap mavri, xai 70 P mavrl 7 Z, xai 76 I mavri 78 X Smdpfer
4’ ody Smijpxev. delxvurar 8¢ xai dvev Tis dmaywyis, édv Angbj T rav 2 § 76 IT pj)
omdpxec.
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belongs to all §* we get by the mood Barbara the consequence
‘R belongs to all C°, which yields together with the second
proposition ‘P belongs to no C’ the required conclusion ‘P does
not belong to some R’ by the mood Felapton. The problem is how
we can get the propositions with C from the original premisses ‘R
belongs to all §* and ‘P does not belong to some $°. The first of
these premisses is useless for our purpose as it does not contain P;
from the second premiss we cannot get our propositions in the
ordinary way, since it is particular, and our propositions are
universal. But if we introduce the existential quantifier we can
get them, for the following thesis is true:

(15) If P does not belong to some S, then there exists a C such
that § belongs to all C and P belongs to no C.

The truth of this thesis will be obvious if we realize that the
required condition for C is always fulfilled by that part of S to
which P does not belong.

Starting from thesis (15) we can prove the mood Bocardo on
the basis of the moods Barbara and Felapton by means of some
laws of propositional logic and the second rule of existential quan-
tifiers. As the proof'is rather long, I shall give here only a sketch.

We take as premisses, besides (15), the mood Barbara with
transposed premisses :

(16) If S belongs to all C and R belongs to all S, then R belongs
to all C,

and the mood Felapton, also with transposed premisses :

(17) If R belongs to all C and P belongs to no C, then P does
not belong to some R.

To these premisses we may apply a complicated thesis of proposi-
tional logic which, curiously enough, was known to the Peri-
patetics and is ascribed by Alexander to Aristotle himself. It is
called the ‘synthetic theorem’, ouwvferikov Oedpnua, and runs
thus: ‘If « and B imply vy, and y together with & implies ¢, then «
and B together with 8 imply e.’* Take for «, 8, and y the first

! Alexander 274. 19 8.’ dv 8¢ Aéye viv, Umoypdde fuiv davepdrepor 16 Aeyduevoy
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premiss, the second premiss, and the conclusion respectively of
Barbara, for 8§ and e the second premiss and the conclusion
respectively of Felapton; we get the formula:

(18) If S belongs to all C and R belongs to all S and P belongs
to no C; then P does not belong to some R.

This formula may be transformed by another law of propositional
logic into the following :

(19) If S belongs to all C and P belongs to no G, theu if R
belongs to all S, P does not belong to some R.

To this formula may be applied the second rule of existential
quantifiers. For C is a free variable occurring in the antecedent
of (19), but not in the consequent. According to this rule we get
the thesis:

(20) If there exists a C such that S belongs to all C and P
belongs to no C, then if R belongs to all S, P does not
belong to some R.

From premiss (15) and thesis (20) there results by the hypotheti-
cal syllogism the consequence:

(21) If P does not belong to some S, then if R belongs to all S,
P does not belong to some R,

and this is the implicational form of the mood Bocardo.

It is, of course, highly improbable that Aristotle saw all the
steps of this deduction; but it is important to know that his
intuitions with regard to the proof by ecthesis were right. Alex-
ander’s commentary on this proof of the mood Bocardo is worthy
of quotation. ‘It is possible’, he says, ‘to prove this mood without
assuming some S given by perception and singular, but taking
such an S, to none of which P would belong. For P will belong to
none of this §, and R to all, and this combination of premisses
yields as conclusion that P does not belong to some R.’* Here at
last Alexander concedes that the exposed term may be universal.

The proofs by exposition have no importance for Aristotle’s
78 ‘ mdv dixawov auudépov’, xal T ¢ mdv Slkawov kaAdv, mdv xaddv dyalév’ dvra
ovvaktikg 100 ‘ v dixawov dyalov’ pera Tob ‘ mdv dyalov aquudépov’ awvdfe 16
¢ méy Sixaiov ovudépov’.

! Alexander 104. 3 8tvara: 8’ énl rijs ovlvylas ravrys Sexvivas, xai € py alobyrdv
7 706 2 AapPdvoiro xal xal’ éxacra, dAa Totobrov, oF Kard undevds karnyopndifoerar
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syllogistic as a system. All theorems proved by ecthesis can be
proved by conversion or per impossibile. But they are highly
important in themselves, as they contain a new logical element
the meaning of which was not entirely clear for Aristotle. This
was perhaps the reason why he dropped this kind of proof in his
final chapter (7) of Book I of the Prior Analytics, where he sums
up his systematic investigation of syllogistic.' Nobody after him
understood these proofs. It was reserved for modern formal logic
to explain them by the-idea of the existential quantifier.

§ 20. The rejected forms

Aristotle in his systematic investigation of syllogistic forms not
only proves the true ones but also shows that all the others are
false, and must be rejected. Let us see by means of an example
how Aristotle proceeds to reject false syllogistic forms. The
following two premisses are given: A belongs to all B and B
belongs to no C. It is the first figure: 4 is the first or the major
term, B is the middle, and C'is the last or the minor term. Aristotle
writes :

‘If the first term belongs to all the middle, but the middle to none of
the last, there will be no syllogism of the extremes ; for nothing neces-
sary follows from the terms being so related ; for it is possible that the
first should belong to all as well as to none of the last, so that neither
a particular nor a universal conclusion is necessary. But if there is no
necessary consequence by means of these premisses, there cannot be
a syllogism. Terms of belonging to all: animal, man, horse; to none:
animal, man, stone.’2

In contrast to the shortness and obscurity of the proofs by
ecthesis, the above passage is rather full and clear. Nevertheless
I am afraid it has not been properly understood by the com-
mentators. According to Alexander, Aristotle shows in this pas-
sage that from the same combination of premisses there can be

! Cf. the comment of Alexander, who maintains to the end his idea of the
perceptual character of proofs by ecthcsls, 112. 33: o 8¢ 7 80 éxbéoews Sufz: ﬁv
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s dud auMo'ywpov Tivos ywop.évqy

2 An. pr.i. 4 2622 el 8¢ 70 uév mpdTov Mavti TG péow axokovan, 76 8¢ péoov undevi
7@ éoydre Smdpyet, odk éoTar ovMaywp,os 76 dkpwv 008 ydp avayxawv a'uy.ﬁawu
-np rabra elvar xai ;vap mavri xai p.'r;Scw cv&txerac 16 mpdTov T éoxdre wm.px(w,
dare ovre 70 kard uépos ovre T6 xafddov yiverar avayxazav pundevds 8¢ Svros avayxawu
Sid Tovrwy ok Eorat ovMoyiouds. Spos Tob mavrl Swdpxew {Gov, dvlpwros, irmos: Tod
wundevi {Bov, dvlpwmos, Alflos.



68 THE SYSTEM §20

derived (Suvdpevov ouvdyeofai) for some concrete terms a uni-
versal affirmative conclusion, and for some other concrete terms
a universal negative conclusion. This is, Alexander asserts, the
most obvious sign that such a combination of premisses has no
syllogistic force, since opposite and contradictory propositions
which destroy each other are proved by it (Seixvvra:).! What
Alexander says is certainly misleading, for nothing can be for-
mally derived from an asyllogistic combination of premisses, and
nothing can be proved by it. Besides, propositions with different
concrete subjects and predicates are neither opposite to each
other nor contradictory. Maier again puts the terms pointed out
by Aristotle into a syllogistical form :

all men are animals all men are animals
no horse is a man no stone is a man
all horses are animals no stone is an animal

(the premisses are underlined by him, as in a syllogism), and says
that there results (ergibt sich) from logically equivalent premisses
a universal affirmative proposition as well as a universal nega-
tive.2 We shall see below that the terms given by Aristotle are
not intended to be put into the form of a syllogism, and that
nothing results formally from the premisses of the would-be
syllogisms quoted by Maier. In view of these misunderstandings
a logical analysis of the matter seems to be necessary.
If we want to pirove that the following syllogistic form:

(1) If A belongs to all B and B belongs to no C, then A does
not belong to some C,

is not a syllogism, and consequently not a true logical theorem,
we must show that there exist such values of the variables 4, B,
and C as verify the premisses without verifying the conclusion.
For an implication containing variables is true only when all the

! Alexander 55. 22 «ai ydp xafédov karadarikdv émi Twos SAys deifer Suvduevor
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2 Op. cit., vol. ii. a, p. 76 : ‘Es handelt sich also um folgende Kombinationen:

aller Mensch ist Lebewesen aller Mensch ist Lebewesen
kein Plerd ist Mensch kein Stein ist Mensch
alles Pferd ist Lebewesen kein Stein ist Lebewesen

So wird an Beispielen gezeigt, dass bei der in Frage stchenden Pramissenzusam-
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values of variables that verify the antecedent verity the conse-
quent also. The easiest way of showing this is to find concrete
terms verifying the premisses ‘4 belongs to all B’ and ‘B belongs
to no C’, but not verifying the conclusion ‘4 does not belong to
some (. Aristotle found such terms: take ‘animal’ for 4, ‘man’
for B, ‘horse’ for C. The premisses ‘Animal belongs to all man’
or ‘All men are animals’, and ‘Man belongs to no horse’ or ‘No
horses are men’, are verified ; but the conclusion ‘Animal does
not belong to some horse’ or ‘Some horses are not animals’ is
false. Formula (1), therefore, is not a syllogism. For the same
reason neither will the following form:

(2) If 4 belongs to all B and B belongs to no C, then 4 belongs
to no C,

be a syllogism, because the premisses are verified for the same
concrete terms as before, but the conclusion ‘Animal belongs to
no horse’ or ‘No horses are animals’ is false. It follows from the
falsity of (1) and (2) that no negative conclusion can be drawn
from the given premisses.

Nor can an affirmative conclusion be drawn from them. Take
the next syllogistical form :

(3) If 4 belongs to all B and B belongs to no C, then 4 belongs
to some C.

There exist values for 4, B, and C, i.e. concrete terms, that verify
the premisses without verifying the conclusion. Aristotle again
gives such terms: take ‘animal’ for 4, ‘man’ for B, ‘stone’ for C.
The premisses are verified, for it is true that ‘All men are animals’
and ‘No stone is a man’, but the conclusion ‘Some stone is an
" animal’ is obviously false. Formula (3), therefore, is not a syllo-
gism. Neither can the last form:

(4) If A belongs to all B and B belongs to no C, then 4 belongs
to all C,

be a syllogism, since for the given terms the premisses are verified
as before, but the conclusion ‘All stones are animals’ is not veri-
fied. It results from the above that no conclusion whatever can be
derived from the combination of premisses ‘4 belongs to all B’
and ‘B belongs to no C’, where 4 is the predicate and B is the
subject of the conclusion. This combination of premisses is useless
for syllogistic.
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The main point of this process of rejection is to find a true
universal affirmative proposition (like ‘All horses are animals’)
and a true universal negative proposition (like ‘No stone is an
animal’), both compatible with the premisses. It is not sufficient
to find, for instance, for some terms a true universal affirmative
statement, and for some other terms a true particular negative
statement. This opinion was put forward by Alexander’s teacher
Herminus and some older Peripatetics, and was rightly refuted
by Alexander.! This is again a proof that Aristotle’s ideas of
rejection have not been properly understood.

The syllogistic forms (1)-(4) are rejected by Aristotle on the
basis of some concrete terms that verify the premisses without
verifying the conclusion. Aristotle, however, knows yet another
kind of proof for rejection. Investigating the syllogistic forms of
the second figure, Aristotle states generally that in this figure
neither two affirmative nor two negative premisses yield a neces-
sary conclusion, and then continues thus:

‘Let M belong to no J, and not to some X. It is possible then for N
to belong either to all X or to no X. Terms of belonging to none:
black, snow, animal. Terms of belonging to all cannot be found, if M
belongs to some X, and does not belong to some X. For if /¥ belonged
to all X, and M to no N, then M would belong to no X; but it is
assumed that it belongs to some X. In this way, then, it is not possible
to take terms, and the proof must start from the indefinite nature of the
particular premiss. For since it is true that M does not belong to some
X, even if it belongs to no X, and since if it belongs to no X a syllogism
is not possible, clearly it will not be possible either.’2

Aristotle here begins the proof of rejection by giving concrete
terms, as in the first example. But then he breaks off his proof, as
he cannot find concrete terms that would verify the premisses

! Cf. Alexander 89. 34-90. 27. The words of Herminus are quoted 89. 34:
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ebloyov ravrny undév édarrov dovMAdyworov Aéyew s é&v §f 7d dvavrla owdyerar
dovvimapkra ydp xal radra duolws éxelvors.’

2 An. pr.i. 5, 27P12-23 &orwoav yap . . . arepyriral, olov 16 M 1 piv N pmdet 765
8¢ 8 twi pi) dmapxérar évdéyerar 8% xal mavri kal undevi r$ 8 78 N Sndpyew. dpot
T00 udv pa) dmdpxew: puédav, xedv, {Gov: Tob 8¢ mavri Smdpxew odx éori AaBeiv, el 76 M
7@ 8 7wl pév dndpyer, rwi 8¢ pif. el yap mavrl 7§ £ 76 N, 76 8¢ M pnderl 7¢ N, 16 M
ovderi 74 8 imdpfer dAX’ dméxero Twi Umdpyew. obrw ulv odv ok éyywpei AaBeiv
Gpovs, éx 8¢ Toi ddioploTov Sewkréov: émel yap dAnfeverar 76 Twi pd) Smdpyew 76 M 1p
8 x;i €l pndevi dmdpyel, pndevi 8¢ vmdpyovros ok v cuMoyiouds, davepdy Sri ovde
viv éoras.
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‘M belongs to no N’ and ‘M does not belong to some X’, without
verifying the proposition ‘¥ does not belong to some X, provided
M, which does not belong to some X, belongs at the same time fo
some (other) X. The reason is that from the premisses ‘M belongs
to no N’ and ‘M belongs to some X’ the proposition ‘N does
not belong to some X follows by the mood Festino. But it is not
necessary that M should belong to some X, when it does not
belong to some (other) X; M might belong to no X. Concrete
terms verifying the premisses ‘M belongs to no ¥’ and ‘M belongs
to no X’, and not verifying the proposition ‘¥ does not belong to
some X’, can easily be chosen, and in fact Aristotle found them,
rejecting the syllogistic form of the second figure with universal
negative premisses; the required terms are: M—‘line’, N—
‘animal’, X—‘man’.! The same terms may be used to disprove
the syllogistic form:

(5) If M belongs to no N and M does not belong to some X,
then JV does not belong to some X.

For the premiss ‘No animal is a line’ is true, and the second
premiss ‘Some man is not a line’ is also true, as it is true that ‘No
man is a line’, but the conclusion ‘Some man is not an animal’ is
false. Aristotle, however, does not finish his proof in this way,?
because he sees another possibility: if the form with universal
negative premisses :

(6) If M belongs to no N and M belongs to no X, then /¥ does
not belong to some X,

is rejected, (5) must be rejected too. For if (5) stands, (6), having
a stronger premiss than (5), must also stand.

Modern formal logic, as far as I know, does not use ‘rejection’
as an operation opposed to Frege’s ‘assertion’. The rules of rejec-
tion are not yet known. On the ground of the above proof of
Aristotle we may state the following rule:

(¢) If the implication ‘If a, then B8’ is asserted, but its conse-
quent Bisrejected, then its antecedent « must be rejected too.

! Ibid. 27220 008" (scil. éorar quAdoyiouds) orav pijre To6 N pijre To6 8 pndevos
xaryyopiirar 76 M. Spou Tob vmdpxew ypapps, {Hov, dvlpwmos, Tod i vmdpxew
ypapp, {ov, Aibos.

2 Alexander completed this proof, 88. 12: 70 mavri 76 N 7§ § Sndpyew Spov:
ypapud 76 M, {@ov 76 N, dvlpwmos 76 8- 1) uév yap ypappun otdevi {¢@e xal Twi oy
vrdpyee dvBpdime émel xal pndevi, {Pov 8¢ mavri dvpdimey.
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This rule can be applied not only to reject (5) if (6) is rejected,
but also to reject (2) if (1) is rejected. For from an E-premiss
an O-premiss follows, and if (2) is true, then (1) must be true.
But if (1) is rejected, so must (2) be rejected.

The rule (¢) for rejection corresponds to the rule of detachment
for assertion. We may accept another rule for rejection corre-
sponding to the rule of substitution for assertion. It can be for-
mulated thus:

(d) If « is a substitution for B, and « is rejected, then B must be
rejected too.

Example : suppose that ‘4 does not belong to some 4’ is rejected ;
then ‘4 does not belong to some B’ must be rejected too, since, if
the second expression were asserted, we should obtain from it by
substitution the first expression, which is rejected.

The first of these rules was anticipated by Aristotle, the second
was unknown to him..Both enable us to reject some forms, pro-
vided that some other forms have already been rejected. Aristotle
rejects some forms by means of concrete terms, as ‘man’, ‘animal’,
‘stone’. This procedure is correct, but it introduces into logic
terms and propositions not germane to it. ‘Man’ and ‘animal’
are not logical terms, and the proposition ‘All men are animals’
is not a logical thesis. Logic cannot depend on concrete terms and
statements. If we want to avoid this difficulty, we must reject
some forms axiomatically. I have found that if we reject the two
following forms of the second figure axiomatically:

(7) If A belongs to all B and 4 belongs to all C, then B belongs
to some C, and

(8) If A belongs to no B and 4 belongs to no C, then B belongs
to some C,

all the other forms may be rejected by the rules (¢) and (d).

§ 21. Some unsolved problems

The Aristotelian system of non-modal syllogisms is a theory of
four constants which may be denoted by ‘All — is’, ‘No — is’,
‘Some —— is’, and ‘Some — is not’. These constants are functors
of two arguments which are represented by variables having as
values only concrete universal terms. Singular, empty, and also
negative terms are excluded as values. The constants together
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with their arguments form four kinds of proposition called pre-
misses, viz. ‘All 4 is B’, ‘No A is B’, ‘Some A4 is B’, and ‘Some
A is not B’. The system may be called ‘formal logic’, as concrete
terms, like ‘man’ or ‘animal’, belong not to it but only to its
applications. The system is not a theory of the forms of thought,
nor is it dependent on psychology; it is similar to a mathematical
theory of the relation ‘greater than’, as was rightly observed
by the Stoics.

The four kinds of premiss form theses of the system by means of
two functors ‘if — then’ and ‘and’. These functors belong to pro-
positional logic, which is an auxiliary theory of the system. In
some proofs we meet a third propositional functor, viz. the
propositional negation ‘It is not true that’, denoted shortly by
‘not’. The four Aristotelian constants ‘All — is’, ‘No — is’, ‘Some
—is’ and ‘Some — is not’, together with the three propositional
constants ‘if — then’, ‘and’, and ‘not’, are the sole elements of the
syllogistic.

All theses of the system are propositions regarded as true for all
values of the variables that occur in them. No Aristotelian syllo-
gism is formulated as a rule of inference with the word ‘therefore’,
as is done in the traditional logic. The traditional logic is a
system different from the Aristotelian syllogistic, and should not
be mixed up with the genuine logic of Aristotle. Aristotle divided
syllogisms into three figures, but he knew and accepted all the
syllogistic moods of the fourth figure. The division of syllogisms
into figures is of no logical importance and has only a practical
aim: we want to be sure that no valid syllogistical mood is
omitted.

The system is axiomatized. As axioms Aristotle takes the two
first moods of the first figure, Barbara and Celarent. To these
two axioms we have to add two laws of conversion, as these can-
not be proved syllogistically. If we wish to have the law of
identity, ‘All 4 is 4,” in the system we have to assumeit axiomatic-
ally. The simplest basis we can get is to take the constants ‘All —is’
and ‘Some —is’ as primitive terms, to define the two other con-
stants by means of those terms with the help of propositional
negation, and to assume as axioms four theses, viz. the two laws
of identity and the moods Barbara and Datisi, or Barbara and
Dimaris. It is not possible to build up the system on one axiom
only. To look for the principle of the Aristotelian syllogistic is a
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vain attempt, if ‘principle’ means the same as ‘axiom’. The so-
called dictum de omni et nullo cannot be the principle of syllo-
gistic in this sense, and was never stated to be such by Aristotle
himself.

Aristotle reduces the so-called imperfect syllogisms to the per-
fect, i.e. to the axioms. Reduction here means proof or deduction
of a theorem from the axioms. He uses three kinds of proof: by
conversion, by reductio ad impossibile, and by ecthesis. Logical
analysis shows that in all the proofs of the first two kinds thére are
involved theses of the most elementary part of propositional logic,
the theory of deduction. Aristotle uses them intuitively, but soon
after him the Stoics, who were the inventors of the first system of
propositional logic, stated some of them explicitly—the com-
pound law of transposition and the so-called ‘synthetic theorem’,
which is ascribed to Aristotle but does not exist in his extant
logical works. A new logical element seems to be implied by the
proofs by ecthesis: they can be explained with the help of
existential quantifiers. The systematic introduction of quanti-
fiers into the syllogistic would completely change this system : the
primitive term ‘Some — is’ could be defined by the term ‘All —
is’, and many new theses would arise not known to Aristotle. As
Aristotle himself has dropped the proofs by ecthesis in his final
summary of the syllogistic, there is no need to introduce them into
his system.

Another new logical element is contained in Aristotle’s in-
vestigation of the inconclusive syllogistic forms: it is rejection.
Aristotle rejects invalid forms by exemplification through con-
crete terms. This procedure is logically correct, but it introduces
into the system terms and propositions not germane to it. There
are, however, cases where he applies a more logical procedure,
reducing one invalid form to another already rejected. On the
basis of this remark a rule of rejection could be stated correspond-
ing to the rule of detachment by assertion; this can be regarded
as the commencement of a new field of logical inquiries and of
new problems that have to be solved.

Aristotle does not systematically investigate the so-called
polysyllogisms, i.e. syllogisms with more than three terms and
two premisses. As we have seen, Galen studied compound syllo-
gisms consisting of four terms and three premisses. It is an old
error to ascribe to Galen the authorship of the fourth figure:
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Galen divided the compound syllogisms of four terms into four
figures, but not the simple ones known to us by their medieval
names. His investigations were entirely forgotten. But compound
syllogisms also belong to the syllogistic and have to be taken into
account, and here is another problem that has to be studied
systematically. An essential contribution to this problem is the
set of formulae given by C. A. Meredith, and mentioned above
at the end of section 14.

There still remains one problem not seen by Aristotle, but of
the utmost importance for his whole system: it is the problem of
decision. The number of significant expressions of the syllogistic
is infinite ; most of them are certainly false, but some of them may
be true, like valid polysyllogisms of n terms where 7 is any integer
whatever. Can we be sure that our axioms together with our rules
of inference are sufficient to prove all the true expressions of the
syllogistic? And similarly, can we be sure that our rules of rejec-
tion, formulated at the end of section 20, are sufficient to reject
all the false expressions, provided that a finite number of them is
rejected axiomatically? I raised these problems in 1938 in my
Seminar on Mathematical Logic at the University of Warsaw.
One of my former pupils, now Professor of Logic and Methodo-
logy at the University of Wroctaw, J. Stupecki, found the solution
to both problems. His answer to the first question was positive,
to the second negative. According to Stupecki it is not possible to
reject all the false expressions of the syllogistic by means of the
rules (c) and (d) quoted in section 20, provided a finite num-
ber of them is rejected axiomatically. However many false ex-
pressions we may reject axiomatically, there always exist other
false expressions that cannot be rejected otherwise than axio-
matically. But it is impossible to establish an infinite set of axioms.
A new rule of rejection must be added to the system to complete
the insufficient characterization of the Aristotelian logic given by
the four axioms. This rule was found by Stupecki.

Stupecki’s rule of rejection peculiar to Aristotle’s syllogistic
can be formulated in the following way: Let « and B denote
negative premisses of the Aristotelian logic, i.e. premisses of the
type ‘No 4 is B’ or ‘Some 4 is not B’, and let y denote either a
simple premiss (of any kind) or an implication the consequent of
which is a simple premiss and the antecedent a conjunction of
such premisses: if the expressions ‘If a, then 3’ and ‘If 8, then 5’
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are rejected, then the expression ‘If « and B, then 3’ must be
rejected too.! This rule, together with the rules of rejection (c)
and (d) and the axiomatically rejected expression ‘If all C is B
and all 4 is B, then some 4 is C’, enables us to reject any false
expression of the system. Besides, we suppose as given the four
asserted axioms of the syllogistic, the definitions of the E- and
the O-premiss, the rules of inference for asserted expressions, and
the theory of deduction as an auxiliary system. In this way the
problem of decision finds its solution: for any given sighificant
expression of the system we can decide whether it is true and may
be asserted or whether it is false and must be rejected.

By the solution of this problem the main investigations on
Aristotle’s syllogistic are brought to an end. There remains only
one problem, or rather one mysterious point waiting for an
explanation: in order to reject all the false expressions of the
system it is necessary and sufficient to reject axiomatically only
one false expression, viz. the syllogistic form of the second figure
with universal affirmative premisses and a particular affirmative
conclusion. There exists no other expression suitable for this
purpose. The explanation of this curious logical fact may perhaps
lead to new discoveries in the field of logic.

t J. Stupecki, ‘Z badan nad sylogistyka Arystotelesa’ (Investigation on Aristotle’s

Syllogistic), Travaux de la Société des Sciences et des Lettres de Wroclaw, Sér. B, No. g,
Wroclaw (1948). See chapter v, devoted to the problem of decision.



CHAPTER IV

ARISTOTLE’S SYSTEM IN SYMBOLIC
FORM

§ 22. Explanation of the symbolism

THis chapter does not belong to the history of logic. Its purpose is
to set out the system of non-modal syllogisms according to the
requirements of modern formal logic, but in close connexion with
the ideas set forth by Aristotle himself.

Modern formal logic is strictly formalistic. In order to get an
exactly formalized theory it is more convenient to employ a
symbolism invented for this purpose than to make use of ordinary
language which has its own grammatical laws. I have therefore
to start from the explanation of such a symbolism. As the
Aristotelian syllogistic involves the most elementary part of the
propositional logic called theory of deduction, I shall explain
the symbolic notation of both these theories.

In both theories there occur variables and constants. Variables
are denoted by small Latin letters, constants by Latin capitals.
By the initial letters of the alphabet g, b, ¢, d, ..., I denote term-
variables of the Aristotelian logic. These term-variables have as
values universal terms, as ‘man’ or ‘animal’. For the constants of
this logic I employ the capital letters 4, E, I, and O, used already
in this sense by the medieval logicians. By means of these two
kinds of letters I form the four functions of the Aristotelian logic,
writing the constants before the variables:.

Aab means All a is b or b belongs to all a,
Eab ,, Noaisb »» b belongs to no a,
lab »y Someaisb ,»» b belongs to some a,

Oab ,, Someaisnot b ,, b does not belong to some a.

The constants 4, E, I, and O are called functors, @ and & their
arguments. All Aristotelian syllogisms are composed of these
four types of function connected with each other by means of
the words ‘if” and ‘and’. These words also denote functors, but
of a different kind from the Aristotelian constants: their argu-
ments are not term-expressions, i.e. concrete terms or term-
variables, but propositional expressions, i.e. propositions like
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‘All men are animals’, propositional functions like ‘4ab’, or
propositional variables. I denote propositional variables by p,
q, 1, 5, ..., the functor ‘if” by C, the functor ‘and’ by K. The
expression Cpg means ‘if p, then ¢’ (‘then’ may be omitted) and
is called ‘implication’ with p as the antecedent and ¢ as the
consequent. C does not belong to the antecedent, it only com-
bines the antecedent with the consequent. The expression Kpgq
means ‘p and ¢’ and is called ‘conjunction’. We shall meet in
some proofs a third functor of propositional logic, propositional
negation. This is a functor of one argument and is denoted by
N. Tt is difficult to render the function N either in English or
in any other modern language, as there exists no single word
for the propositional negation.! We have to say by circumlocu-
tion ‘it-is-not-true-that p’ or ‘it-is-not-the-case-that p’. For the
sake of brevity I shall use the expression ‘not-p’.

The principle of my notation is to write the functors before
the arguments. In this way I can avoid brackets. This symbol-
ism without brackets, which I invented and have employed in
my logical papers since 1929,% can be applied to mathematics as
well as to logic. The associative law of addition runs in the
ordinary notation thus:

(a4-b)+c = a+(b+c),
and cannot be stated without brackets. If you write, however,
the functor + before its arguments, you get:
(a+b)+¢c = ++abc and a+(b+c) = +a+tbe.
The law of association can be now written without brackets:
++abc = +-a+be.

Now I shall explain some expressions written down in this
symbolic notation. The symbolic expression of a syllogism is
easy to understand. Take, for instance, the mood Barbara:

Ifallbiscand allais b, then allaisc.

It reads in symbols:
CKAbcAabAac.

! The Stoics used for propositional negation the single word odx(.

2 See, for instance, Lukasiewicz and Tarski, ‘Untersuchungen iiber den Aus-
sagenkalkiil’, Comptes Rendus des séances de la Société des Sciences et des Lettres de Varsovie,
xxiii (1930), Cl. III, pp. 31-2.
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The conjunction of the premisses Abc and Aab, viz. KAbcAab, is
the antecedent of the formula, the conclusion Aac is its conse-
quent.

Some expressions of the theory of deduction are more com-
plicated. Take the symbolic expression of the hypothetical
syllogism:

If (if p, then ¢), then [if (if ¢, then r), then (if p, then r)].

It reagls:
CCpqCCqrCpr.
In order to understand the construction of this formula you
must remember that C is a functor of two propositional argu-
ments which follow immediately after C, forming together with
C a new compound propositional expression. Of this kind are
the expressions Cpg, Cgr, and Cpr contained in the formula.
Draw brackets around each of them; you will get the expression:

C(Cpq) C(Cqr)(Cpr)-
Now you can easily see that (Cpg) is the antecedent of the whole
formula, and the rest, i.e. C(Cgr) (Cpr), is the consequent, having
(Cgr) as its antecedent and (Cpr) as its consequent.

In the same way we may analyse all the other expressions,
for instance the following, which contains N and X besides C:

CCKpgrCKNrgNp.

Remember that K| like C, is a functor of two arguments, and
that ¥ is a functor of one argument. By using different kinds of
brackets we get the expression:

CIC(Kpq)r{{CIK (Nr)q](Np)}.
[C(Kpg)r] is here the antecedent of the whole formula while
{C[K(Nr)q](Np)} is its consequent, having the conjunction

[K(NT)q] as its antecedent and the negation (Np) as its con-
sequent.

§ 23. Theory of deduction

The most fundamental logical system on which all the other
logical systems are built up is the theory of deduction. As every
logician is bound to know this system, I shall here describe it in
brief.
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The theory of deduction can be axiomatized inseveral different
ways, according to which functors are chosen as primitive terms.
The simplest way is to follow Frege, who takes as primitive
terms the functors of implication and negation, in our symbol-
ism C and N. There exist many sets of axioms of the C-N-
system; the simplest of them and the one almost universally
accepted was discovered by myself before 1929.' It consists of
three axioms:

T1. CCpgCCqrCpr
Ta2. CCNppp
Tg. CpCNpq.

The first axiom is the law of the hypothetical syllogism already
explained in the foregoing section. The second axiom, which
reads in words ‘If (if not-p, then p), then p’, was applied by
Euclid to the proof of a mathematical theorem.? I call it the
law of Clavius, as Clavius (a learned Jesuit living in the second
half of the sixteenth century, one of the constructors of the
Gregorian calendar) first drew attention to this law in his com-
mentary on Euclid. The third axiom, in words ‘If p, then if
not-p, then ¢’; occurs for the first time, as far as I know, in a
commentary on Aristotle ascribed to Duns Scotus; I call it the
law of Duns Scotus.? This law contains the venom usually
imputed to contradiction: if two contradictory sentences, like
« and Na, were true together, we could derive from them by
means of this law the arbitrary proposition ¢, i.e. any proposi-
tion whatever.

There belong to the system two rules of inference: the rule of
substitution and the rule of detachment.

The rule of substitution allows us to deduce new theses from
a thesis asserted in the system by writing instead of a variable a
significant expression, everywhere the same for the same vari-
able. Significant expressions are defined inductively in the fol-
lowing way: (a) any propositional variable is a significant
expression; (b) Na is a significant expression provided « is a

! First published in Polish: ‘O znaczeniu i potrzebach logiki matematycznej’
(On the Importance and Requirements of Mathematical Logic), Nauka Polska,
vol. x, Warsaw (1929), pp. 610~12. Cf. also the German contribution quoted in
p. 78, n. 2: Satz 6, p. 35.

2 See above, section 16.

3 Cf. my paper quoted in p. 48, n.
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significant expression; (¢) Cof is a significant expression pro-
vided « and B are significant expressions.

The rule of detachment is the modus ponens of the Stolcs
referred to above: if a proposition of the type Caf is asserted
and its antecedent « is asserted too, it is permissible to assert
its consequent B, and detach it from the implication as a new
thesis.

By means of these two rules we can deduce from our set of
axionts all the true theses of the C—N-system. If we want to
have in the system other functors besides C and WV, e.g. K, we
must introduce them by definitions. This can be done in two
different ways, as I shall show on the example of K. The con-
junction ‘¢ and ¢’ means the same as ‘it-is-not-true-that (if p,
then not-¢)’. This connexion between Kpg and NCpNg may be
expressed by the formula:

Kpg = NCpNy,

where the sign = corresponds to the words ‘means the same
as’. This kind of definition requires a special rule of inference
allowing us to replace the definiens by the definiendum and vice
versa. Or we may express the connexion between Kpg and
NCpNg by an equivalence, and as equivalence is not a primitive
term of our system, by two implications converse to each other:

CKpgNCpNg and  CNCpN¢Kpq.

In this case a special definition-rule is not needed. I shall use
definitions of the first kind.

Let us now see by an example how new theses can be derived
from the axioms by the help of rules of inference. I shall deduce
from T1-Tg the law of identity Gpp. The deduction requires
two applications of the rule of substitution and two applications
of the rule of detachment; it runs thus:

Ti1. ¢/CNpgx CT3-Tyg
T4. CCCNpgrCpr
T4. q/p, r[p X CT2-T5
Ts. Cpp.
The first line is called the derivational line. It consists of two
parts separated from each other by the sign X. The first part,
T1. ¢g/CNpg, means that in Tt CNpg has to be substituted for

5367 G



82 ARISTOTLE’S SYSTEM IN SYMBOLIC FORM § 23

¢. The thesis produced by this substitution is omitted in order to
save space. It would be of the following form:

(I) CCpCNpgCCCNpgrCpr.

The second part, CT3-T4, shows how this omitted thesis is
constructed, making it obvious that the rule of detachment may be
applied to it. Thesis (I) begins with C, and then there follow axiom
T3 as antecedent and thesis T4 as consequent. We can therefore
detach T4 as a new thesis. The derivational line before Tg has
a similar explanation. The stroke (/) is the sign of substitution
and the short rule (-) the sign of detachment. Almost all sub-
sequent deductions are performed in the same manner.

One must be very expert in performing such proofs if one
wants to deduce from the axioms T1-Tg the law of commuta-
tion CCpCqrCqCpr or even the law of simplification CpCgp. 1
shall therefore explain an easy method of verifying expressions
of our system without deducing them from the axioms. This
method, invented by the American logician Charles S. Peirce
about 1885, is based on the so-called principle of bivalence,
which states that every proposition is either true or false, i.e.
that it has one and only one of two possible truth-values: truth
and falsity. This principle must not be mixed up with the law of
the excluded middle, according to which of two contradictory
propositions one must be true. It was stated as the basis of logic
by the Stoics, in particular by Chrysippus.!

All functions of the theory of deduction are truth-functions,
i.e. their truth and falsity depend only upon the truth and
falsity of their arguments. Let us denote a constant false pro-
position by o, and a constant true proposition by 1. We may
define negation in the following way:

No =1 and Nt =o.

This means: the negation of a false proposition means the same
as a true proposition (or, shortly, is true) and the negation of
a true proposition is false. For implication we have the follow-
ing four definitions:

Coo=1, Cor=1, Cro=o0, Cir=r1.

1 Cicero, Acad. pr. ii. 95 ‘Fundamentum dialecticae est, quidquid enuntietur
(id autem appellant dflwpa) aut verum esse aut falsum’; De fato 21 ‘Itaque
contendit omnes nervos Chrysippus ut persuadeat omne dflwua aut verum esse aut
falsum.” In the Stoic terminology déi{wpa means ‘proposition’, not ‘axiom’.
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This means: an implication is false only when its antecedent is
true and its consequent false; in all the other cases it is true.
This is the oldest definition of implication, stated by Philon of
Megara and adopted by the Stoics.! For conjunction we have
the four evident equalities:
Koo=0, Kor=o0, Kro=o0, Kir=r.

A conjunction is true only when both its arguments are true;
in allethe other cases it is false.

Now if we want to verify a significant expression of the theory
of deduction containing all or some of the functors C, N, and K
we have to substitute for the variables occurring in the expression
the symbols o0 and r in all possible permutations, and reduce the
formulae thus obtained on the basis of the equalities given above.
If after the reduction all the formulae give r as the final result,
the expression is true or a thesis; if any one of them gives o as
the final result, the expression is false. Let us take as an example
of the first kind the law of transposition CCpgCNgNp; we get:

For p/o, q/o: CCooCNoNo = CiCrr = C1r = 1,
» Plo, g/1: CCorCNiNo = CrCor = Cir = 1,
» Bl1, q/o: CC1oCNoN1 = CoCro = Coo = 1,
» Bl q/1: CCrICNINT = C1Co0 = CI1 = 1.
As for all substitutions the final result is 7, the law of trans-
position is a thesis of our system. Let us now take as an example
of the second kind the expression CKpNgq. It suffices to try only
one substitution:

b1, q/o: CK1Noo = CKr110 = C10 = o.

This substitution gives o as the final result, and therefore the
expression CKpNgq is false. In the same way we may check all
the theses of the theory of deduction employed as auxiliary
premisses in Aristotle’s syllogistic.

§ 24. Quantifiers

Aristotle had no clear idea of quantifiers and did not use them
in his works; consequently we cannot introduce them into his
syllogistic. But, as we have already seen, there are two points in
his system which we can understand better if we explain them

* Sextus Empiricus, Adv. math. viii. 113 ¢ uév Pldwv éleyev dAnbés yiveoldar 7o
oumppévor, Grav pi) dpxnrac dn’ dAnfods xal Mjyp émi feddos, dore Tpixds pév
yiveaBa kar' abrov dAnbés auvmuuévov, kald’ éva 8¢ Tpdmov Pebdos.
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by employing quantifiers. Universal quantifiers are connected
with the so-called ‘syllogistic necessity’, existential or particular
quantifiers with the proofs by ecthesis. I shall now translate into
symbols the proofs with existential quantifiers set down in
section 19, and then the argument dependent on universal
quantifiers mentioned in section 5.

I denote quantifiers by Greek capitals, the universal quanti-
fier by IT, and the particular or existential quantifier by Z. IT
may be read ‘for all’, and Z' ‘for some’ or ‘there exists”; e.g.
ZcKAcbAca means in words: ‘There exists a ¢ such that all ¢ is
b and all ¢ is @’, or more briefly: ‘For some ¢, all ¢ is b and all ¢
is a.” Every quantified expression, for instance ZcKAcbAca, con-
sists of three parts: part one, in our example Z, is always a
quantifier; part two, here ¢, is always a variable bound by the
preceding quantifier; part three, here KAcbAca, is always a
propositional expression containing the variable just bound by
the quantifier as a free variable. It is by putting 2 before
KAcbAca that the free variable ¢ in this last formula becomes
bound. We may put it briefly: Z' (part one) binds ¢ (part two)
in KAcbAca (part three).

The rules of existential quantifiers have already been set out
in section 19. In derivational lines I denote by Zr the rule al-
lowing us to put 2 before the antecedent, and by 22 the rule
allowing us to put it before the consequent of a true implica-
tion. The following deductions will be easily understood, as they
are translations of the deductions given in words in section 19,
the corresponding theses bearing the same running number and
having corresponding small letters as variables instead of capitals.

Proof of conversion of the I-premiss
Theses assumed as true without proof:

(1) ClabZcKAcbAca
(2) CZcKAcbAcalab

Theses (1) and (2) can be used as a definition of the I-premiss.
(3) CKpgKygp (commutative law of conjunction)

(3) plAch, q/Acax (4)
(4) CKAcbAcaKAcaAch

(4) Z2c X (5)
(5) CKAcbAcaZcKAcaAch
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(5) Z'1e % (6)
(6) CZcKAcbAcaZcKAcaAch

T1. CCpgCCqrCpr  (law of the hypothetical syllogism)
T1.p/lab, g/ZcKAcbAca,r{ZcKAcaAch X C(1)-C(6)-(7)
(7) ClabZcKAcaAch
(2) b/a, afbx (8)
(8) CZcKAcaAcblba
. T1. p/lab, q/ZcKAcaAch, r/Iba x C(7)-C(8)~(9)
(9) Clablba

The derivational lines show that (4) and (8) result from other
theses by substitution only, and (7) and (g) by substitution and
two detachments. Upon this pattern the reader himself may try
to construct the proof of the mood Darapti, which is easy.

Proof of the mood Bocardo

(The variables P, R, and § used in section 19 must be re-
lettered, as the corresponding small letters p, r, and s are reserved
to denote propositional variables: write dfor P, a for R, and bfor §.)

Thesis assumed without proof:
(15) CObdZcKAcbEcd

Two syllogisms taken as premisses:
(16) CKAcbAbaAca (Barbara)
(17) CKAcaEcdOad (Felapton)
T6. CCKpgrCCKrstCKKpgst
This is the ‘synthetic theorem’ ascribed to Aristotle.
T6. p/Acbh, g/Aba, r]Aca, s|Ecd, t|Oad X C(16)-C(17)-
(18)
(18) CKKAcbAbaEcdOad
Ty. CCKKpgrsCKprCqs (auxiliary thesis)
T7. p/Acb, g/Aba, r/Ecd, s/Oad x C(18)-(19)
(19) CKAcbEcdCAbaOad
(19) Z1¢ X (20)
(20) CZcKAcbEcdCAbaOad
T1. CCpgCCqrCpr
Tt. p/Obd, g/ ZcKAcbEcd, r/CAbaOad x C(15)-C(20)-
(21)
(21) CObdCAbaOad
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This is the implicational form of the mood Bocardo. If we wish
to have the usual conjunctional form of this mood, we must
apply to (21) the so-called law of importation:

T8. CCpCqrCKpqr.

We get:
T8. p/0bd, q/Aba, r/Oad X C(21)—(22)

(22) CKObdAbaOad (Bocardo).

By the so-called law of exportation,

Tg. CCKpgrCpCyr,
which is the converse of the law of importation, we can get
the implicational form of the mood Bocardo back from its
conjunctional form.

The rules of universal quantifiers are similar to the rules of
particular quantifiers set out in section 19. The universal
quantifier can be put before the antecedent of a true implica-
tion unconditionally, binding a free variable occurring in the
antecedent, and before the consequent of a true implication
only under the condition that the variable which is to be bound
in the consequent does not occur in the antecedent as a free
variable. I denote the first of these rules by IT1, the second
by Il2.

Two derived rules result from the above primitive rules of
universal quantifiers: first, it is permissible (by rule IT2 and the
law of simplification) to put universal quantifiers in front of a
true expression binding free variables occurring in it; secondly,
it is permissible (by rule IIr and the propositional law of
identity) to drop universal quantifiers standing in front of a true
expression. How these rules may be derived I shall explain by
the example of the law of conversion of the J-premiss.

From the law of conversion
(9) Clablba
there follows the quantified expression
(26) IallbClablba,

and from the quantified expression (26) there follows again the
unquantified law of conversion (g).
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First: from (g) follows (26). .
T1o0. CpCqp (law of simplification)

Tro. p/Clablba x C(9)~(23)
(23) CqClablba

To this thesis we apply rule IT2 binding b, and then g, as neither
b nor a occurs in the antecedent:
(23) IT2b % (24)
(24) CqIT6Clablba
(24) T2a % (25)
(25) CqllallbClablba
(25) ¢/CpCqpx CT10-(26)
(26) I1all6Clablba

Secondly: from (26) follows (g).
Ts. Cpp (law of identity)

Ts. p/Clablbax (27)
(27) CClabIbaClablba

To this thesis we apply rule I1r binding 4, and then a:
(27) 1116 X (28)
(28) CIT6ClablbaClablba
(28) ITra x (29)
(29) CHallbClablbaClablba

(29) x C(26)-(9)
(9) Clablba

Aristotle asserts: ‘If some a is b, it is necessary that some b
should be a.’ The expression ‘it is necessary that’ can have, in
my opinion, only this meaning: it is impossible to find such
values of the variables @ and b as would verify the antecedent
without verifying the consequent. That means, in other words:
‘For all g, and for all 4, if some a'is b, then some b is a.” This is
our quantified thesis (26). It has been proved that this thesis is
equivalent to the unquantified law of conversion ‘If some a is b,
then some b is &’, which does not contain the sign of necessity.
Since the syllogistic necessity is equivalent to a universal
quantifier it may be omitted, as a umiversal quantifier may be
omitted at the head of a true formula.
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§ 25. Fundamentals of the syllogistic

Every axiomatized deductive system is based on three funda-
mental elements: primitive terms, axioms, and rules of inference.
I start from the fundamentals for asserted expressions, the funda-
mental elements for the rejected ones being given later.

As primitive terms I take the constants 4 and I, defining by
them the two other constants, £ and O:

Df 1. Eab = Nlab
Df 2. Oab = NAab.

In order to abbreviate the proofs I shall employ instead of the
above definitions the two following rules of inference:

Rule RE: N may be everywhere replaced by E and con-
versely.

Rule RO: N4 may be everywhere replaced by O and con-
versely.

The four theses of the system axiomatically asserted are the
two laws of identity and the moods Barbara and Datisi:

1. Aaa

2. laa

3. CKAbcAabAac (Barbara)
4. CKAbclbalac (Datisi).

Besides the rules RE and RO I accept the two following rules
of inference for the asserted expressions:

(a) Rule of substitution: If « is an asserted expression of the
system, then any expression produced from « by a valid
substitution is also an asserted expression. The only valid
substitution is to put for term-variables 4, b, ¢ other term-
variables, e.g. b for a.

(6) Rule of detachment: If Caf and o are asserted expressions
of the system, then B is an asserted expression.

As an auxiliary theory I assume the C-N-system of the theory
of deduction with K as a defined functor. For propositional
variables propositional expressions of the syllogistic may be
substituted, like dab, Iac, KEbcAab, etc. In all subsequent proofs
(and also for rejected expressions) I shall employ only the
following fourteen theses denoted by roman numerals:
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I.CpCqp (law of simplification)
I1. CCqrCCpqCpr (lawofhypothetical syllogism, 2nd form)
II1. CCpCqrCqCpr (law of commutation)
IV. CpCNpg (law of Duns Scotus)
V. CCNppp (law of Clavius)
VI. CCpgCNgNp (law of transposition)
VII. CCKpgrCpCqr  (law of exportation)
VIII. CpCCKpgrCqr
IX. CCspCCKpgrCKsqr
X. CCKpgrCCsqCKpsr
XI. CCrsCCKpgrCKqps
XII. CCKpgrCKpNrNg
XIII. CCKpgrCKNrgNp
XIV. CCKpNgNrCKprq

Thesis VIII is a form of the law of exportation, theses IX-XI
are compound laws of hypothetical syllogism, and XII-XIV
are compound laws of transposition. All of these can be easily
verified by the o-1 method explained in section 23. Theses IV
and V give together with IT and III the whole C-N-system, but
IV and V are needed only in proofs for rejected expressions.

The system of axioms 1—4 is consistent, i.e. non-contradictory.
The easiest proof of non-contradiction is effected by regarding
term-variables as proposition-variables, and by defining the
functions 4 and 7 as always true, i.e. by putting dab = lab =
KCaaCbb. The axioms 1—4 are then true as theses of the theory
of deduction, and as it is known that the theory of deduction is
non-contradictory, the syllogistic is non-contradictory too.

All the axioms of our system are independent of each other.
The proofs of this may be given by interpretation in the field of
the theory of deduction. In the subsequent interpretations the
term-variables are treated as propositional variables.

Independence of axiom 1: Take X for 4, and C for 1. Axiom 1
is not verified, for Aaa = Kaa, and Kaa gives o for a/o. The other
axioms are verified, as can be seen by the o-r method.

Independence of axiom 2: Take C for 4, and X for /. Axiom 2
is not verified, for Jaa = Kaa. The other axioms are verified.

Independence of axiom 4: Take C for 4 and /. Axiom 4 is
not verified, for CKAbclbalac = CKCbcCbaCac gives o for b/o,
a/1, ¢fo. The rest are verified.
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Independence of axiom 3: it is impossible to prove the inde-
pendence of this axiom on the ground of a theory of deduction
with only two truth-values, 0 and 1. We must introduce a third
truth-value, let us say 2, which may be regarded as another
symbol for truth, i.e. for 1. To the equivalences given for C, N,
and X in section 23, we have to add the following formulae:

Co2 = Cr2 = C21 = C22 =1, C20 = o, N2 = o,
Koz = K20 = o, K12 = Kor = K22 = 1.

It can easily be shown that under these conditions all the theses
of the C-N-system are verified. Let us now define Jab as a func-
tion always true, i.e. Jab = 1 for all values of @ and b, and Aab
as a function with the values

Aaa = 1, dor = Ar2 = 1, and Aoz = o (the rest is ir-
relevant).

Axioms 1, 2, and 4 are verified, but from 3 we get by the sub-
stitutions b/1, ¢/2, ajo: CKA1240rdo2 = CK110 = CI0 = o.

It is also possible to give proofs of independence by inter-
pretation in the field of natural numbers. If we want, for in-
stance, to prove that axiom § is independent of the remaining
axioms, we can define Aab as a+1 # b, and Iab as a+b = b+a.
Iab is always true, and therefore axioms 2 and 4 are verified.
Axiom 1 is also verified, for a1 is always different from a. But
axiom g, i.e. ‘If b+1 # ¢ and a+1 # b, then a+1 # ¢, is not
verified. Take 3 for a, 2 for b, and 4 for ¢: the premisses will be
true and the conclusion false.

It results from the above proofs of independence that there
exists no single axiom or ‘principle’ of the syllogistic. The four
axioms 1-4 may be mechanically conjoined by the word ‘and’
into one proposition, but they remain distinct in thi$ inorganic
conjunction without representing one single idea.

§ 26. Deduction of syllogistic theses

From axioms 1—4 we can derive all the theses of the Aristotel-
ian logic by means of our rules of inference and by the help of
the theory of deduction. I hope that the subsequent proofs will
be quite intelligible after the explanations given in the fore-
going sections. In all syllogistical moods the major term is
denoted by a, the middle term by 4, and the minor term by ¢.
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The major premiss is stated first, so that it is easy to compare
the formulae with the traditional names of the moods.!

A, THe Laws oF CONVERSION
VII. p/Abc, g/Iba, r[Iacx C4~5
5. CAbcClbalac
5. bla, cla, alb x C1-6
6. Clablba (law of conversion of the I-premiss)
* 1L p/Abc, g/Iba, r/lac X C5—7
4. ClbaCAbclac
7. bja, ¢/b x C2-8
8. CAablab (law of subordination for affirmative pre-
misses)
I1. ¢/1ab, r/Iba x C6-9
9. CCplabCplba
9. p/dab x C8-10
- 10. CAablba (law of conversion of the A-premiss)
6. a/b, blax 11
11, Clbalab )
VL. p/lba, q/Iabx C11-12
12. CNIabNlba
12. REx 13
13. CEabEba (law of conversion of the E-premiss)

V1. p/Aab, g/lab x C8-14
14. CNIabNAab
14. RE, RO X 15
15. CEabOab (law of subordination for negative premisses)

B. TuE AFFIRMATIVE Moobs

X. p/Abc, q/1ba, r/Iac X C4-16
16. CCslbaCKAbcslac

16. s/lab x C6-17
17. CKAbclablac (Darii)

' In my Polish text-book, Elements of Mathematical Logic, published in 1929 (see
p. 46, n. 3), I showed for the first time how the known theses of the syllogistic may
be formally deduced from axioms 1-4 (pp. 180~go). The method expounded in
the above text-book is accepted with some modifications by I. M. Bochenski, O.P.,
in his contribution: On the Categorical Syllogism, Dominican Studies, vol. i, Oxford

(1948).
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18.

19.

20.

21I.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31

32.

33.

34
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16. s/Aabx C10-18

CKAbcAablac (Barbari)
8. a/b, blax 19

CAbalba
16. s/Aba x C19-20

CKAbcAbalac (Darapti)
XI. r/Iba, s/Iab X C11-21

CCKpqlbaCKgplab
4. ¢la, afc X 22

CKAbalbclca
21. p/Aba, g/lbc, bjc x C22-23

CKlbcAbalac (Disamis)
17. ¢/a, alc X 24

CKAbalcblca
21. plAba, g/lch, bjc x C24—25

CKlcbAbalac (Dimaris)
18. ¢/a, ajc X 26

CKAbaAcbIca

21. pfAba, g/Ach, bjc x C26-27
CKAcbAbalac (Bramantip)

C. TuE NeEGcAaTIVE MooDs

XIIIL. p/lbc, q/Aba, r/lac x C23—28
CKNlacAbaNlbe

28. RE x 29
CKEacAbaEbc

29. a/b, bjax 30
CKEbcAabEac (Celarent)

IX. s/Eab, p/Eba x C13-31
CCKEbagrCKEabgr

31. afc, g/Aab, r/Eac X C30-32
CKEcbAabEac (Cesare)

XI. r/Eab, s/|Eba x C13-33
CCKpqEabCKqpEba

32. ¢fa, afc X 34
CKEabAcbEca

§26
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35

3

37.
38.
39-
40.
41.
42.
43.
44-
45-
46.
47.
48.
49.
50.
51.

52.

DEDUCTION OF SYLLOGISTIC THESES 93

33. p/Eab, q/Ach, ajc, bjax C34-35

. CKAcbEabEac
30. c/a, afc X 36

6. CKEbaAcbEca
33. p/Eba, q/Acb, afc, bjax C36-37

CKAcbEbaEac

I1. g/Eab, r/Oab x C15-38
LCpEabChH0Oab

38. p/KEbcAab, b/c x C30-39
CKEbcAabOac

38. p/KEcbAab, b/c x C32-40
CKEcbAabOac

38. p/KAcbEab, b/c X C35-41
CKAcbEabOac

38. p/KAcbEba, bjc x C37-42
CKAcbEbaOac

XIIIL. p/Abe, q/1ba, r/Iac X C4-43

CKNlacIbaNAbc

43- RE, RO X 44
CKFEaclbaObe

44. a/b, blax 45
CKFEbclabOac

31. afc, g/lab, r/Oac x C45-46
CKEcblabOac

X. p/Ebc, q/1ab, r/Oac X C45-47

CCslabCKEbcsOac

47. s/IbaxX C11—48
CKEbclbaOac

31. ajec, q/1ba, r/Oac X C48-49
CKEcblbaOac

10. a/b, bjlax 50
CAbalab

47. s]Aba X C50-51
CKEbcAbaOac

31. afc, g/Aba, r/Oac X C51-52
CKEcbAbaOac

(Camestres)

(Camenes)

(Celaront)
(Cesaro)
(Camestrop)

(Camenop)

(Ferio)

(Festino)

(Ferison)

(Fresison)

(Felapton)

(Fesapo)
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As a result of all these deductions one remarkable fact de-
serves our attention: it was possible to deduce twenty syllo-
gistic moods without employing axiom 3, the mood Barbara.
Even Barbari could be proved without Barbara. Axiom 3 is the
most important thesis of the syllogistic, for it is the only syllo-
gism that yields a universal affirmative conclusion, but in the
system of simple syllogisms it has an inferior rank, being neces-
sary to prove only two syllogistic moods, Baroco and Bocardo.
Here are these two proofs:

XI1. p/Abec, q/Aab, r[Aac x C3-53
53. CKAbcNAacNAab
53. RO X 54
54. CKAbcOacOab
54- b/c, ¢/bx 55
55. CKAcbOabOac (Baroco)
XIII. p/Abc, g/Aab, r|Aac x C3-56
56. CKNAacAabNAbc

56. RO X 57
57. CKOacAabObc
57. alb, blax 58
58. CKObcAbaOac (Bocardo)

§ 27. Axioms and rules for rejected expressions

Of two intellectual acts, to assert a proposition and to reject
it,! only the first has been taken into account in modern formal
logic. Gottlob Frege introduced into logic the idea of assertion,
and the sign of assertion (), accepted afterwards by the authors
of Principia Mathematica. The idea of rejection, however, so far
as I know, has been neglected up to the present day.

We assert true propositions and reject false ones. Only true
propositions can be asserted, for it would be an error to assert
a proposition that was not true. An analogous property cannot
be asserted of rejection: it is not only false propositions that
have to be rejected. It is true, of course, that every proposition
is either true or false, but there exist propositional expressions
that are neither true nor false. Of this kind are the so-called
propositional functions, i.e. expressions containing free variables

' I owe this distinction to Franz Brentano, who describes the acts of believing as
anerkennen and verwerfen.
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and becoming true for some of their values, and false for others.
Take, for instance, p, the propositional variable: it is neither true
nor false, because for p/r it becomes true, and for p/o it becomes
false. Now, of two contradictory propositions, « and Na, one
must be true and the other false, one therefore must be asserted
and the other rejected. But neither of the two contradictory
propositional functions, p and Np, can be asserted, because
neither of them is true: they both have to be rejected.

Thé syllogistic forms rejected by Aristotle are not propositions
but propositional functions. Let us take an example: Aristotle
says that no syllogism arises in the first figure, when the first
term belongs to all the middle, but to none of the last. The
syllogistic form therefore:

(¢) CKAbcEablac

is not asserted by him as a valid syllogism, but rejected.
Aristotle himself gives concrete terms disproving the above
form: take for b ‘man’, for ¢ ‘animal’, and for a ‘stone’. But there
are other values for which the formula (i) can be verified: by
identifying the variables a and ¢ we get a true implication
CKAbaEablaa, for its antecedent is false and its consequent true.
The negation of the formula (i):

(7) NCKAbcEablac

must therefore be rejected too, because for ¢/a it is false.

By introducing quantifiers into the system we could dispense
with rejection. Instead of rejecting the form (/) we could assert
the thesis:

(k) ZaZbXeNCKAbcEablac.

This means: there exist terms a, b, and ¢ that verify the negation
of (7). The form (i), therefore, is not true for all a, 4, and ¢, and
cannot be a valid syllogism. In the same way instead of rejecting
the expression (j) we might assert the thesis:

(I) ZaZbZcCKAbcEablac.

But Aristotle knows nothing of quantifiers; instead of adding to
his system new theses with quantifiers he uses rejection. As
rejection seems to be a simpler idea than quantification, let us
follow in Aristotle’s steps.
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Aristotle rejects most invalid syllogistic forms by exemplifica-
tion through concrete terms. This is the only point where we
cannot follow him, because we cannot introduce into logic such
concrete terms as ‘man’ or ‘animal’. Some forms must be
rejected axiomatically. I have found' that if we reject axioma-
tically the two following forms of the second figure:

CKAcbAablac
CKEcbEablac,

all the other invalid syllogistic forms may be rejected by means
of two rules of rejection:

(¢) Rule of rejection by detachment: if the implication ‘If «,
then B’ is asserted, but the consequent 8 is rejected, then
the antecedent « must be rejected too.

(d) Rule of rejection by substitution: if 8 is a substitution of
o, and B is rejected, then « must be rejected too.

Both rules are perfectly evident.

The number of syllogistic forms is 4 X 43 = 256; 24 forms are
valid syllogisms, 2 forms are rejected axiomatically. It would be
tedious to prove that the remaining 230 invalid forms may be
rejected by means of our axioms and rules. I shall only show,
by the example of the forms of the first figure with premisses
Abc and Eab, how our rules of rejection work on the basis of
the first axiom of rejection.

Rejected expressions I denote by an asterisk put before their
serial number. Thus we have:

*59. CKAcbAablac (Axiom)
*59a. CKEcbEablac

- L p/lac, g/KAcbAab x 60
60. ClacCKAcbAablac

6o X C*61-*59
*61. lac.

Here for the first time is applied the rule of rejection by
detachment. The asserted implication 60 has a rejected con-
sequent, *59; thereforeits antecedent, *61, must be rejected too.
In this same way I get the rejected expressions *64, *67, *71,
*74, and *77.

! See section 20.
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V. p/lac x 62
62. CCNlaclaclac
" 62. REx63
63. CCEaclaclac
63 X C*64-*61
*64. CEaclac
1. afc X 65
65 Acc
VIII. p/Ace, q/Eac, r/lac X C65-66
66. CCKAccEaclacCEaclac
66 x C*67-*64
*67. CKAccEaclac
*67 X *68. bjc
*68. CKAbcEablac
Here the rule of rejection by substitution is applied. Expression
*68 must berejected,because by the substitution of 4 for ¢in *68 we
get the rejected expression *67. The same ruleis used to get* 75.
I1. q/Aab, r/lab x C8-69
69. CCpAabCplab
69. p/KAbcEab, bjc X 70
70. CCKAbcEabAdacCKAbcEablac
70 X C*71-*68
*21. CKAbcEabAac
XIV. p/Acb, q/lac, r|Aab X 72
72. CCKAcbNlacNAabCK AcbAablac
72. RE, RO X% 73
73. CCKAcbEacOabCKAcbAablac
73 X C*74-*59
*94. CKAcbEacOab
*74 X *75. bc, cfb
*75. CKAbcEabOac
38. p/KAbcEab, bjc X 76
76. CCKAbcEabEacCKAbcEabOac
76 X C*77-*175
*79. CKAbcEabEac
The rejected expressions *68, *71, *75, and *77 are the four
6807 H
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possible forms of the first figure having as premisses Abc and
Eab. From these premisses no valid conclusion can be drawn in
the first figure. We can prove in the same way on the basis of
the two axiomatically rejected forms that all the other invalid
syllogistic forms in all the four figures must be rejected too.

§ 28. Insufficiency of our axioms and rules

Although it is possible to prove all the known theses of the
Aristotelian logic by means of our axioms and rules of assertion,
and to disprove all the invalid syllogistic forms by means of our
axioms and rules of rejection, the result is far from being satis-
factory. The reason is that besides the syllogistic forms there
exist many other significant expressions in the Aristotelian logic,
indeed an infinity of them, so that we cannot be sure whether
from our system of axioms and rules all the true expressions of
the syllogistic can be deduced or not, and whether all the false
expressions can be rejected or not. In fact, it is easy to find false
expressions that cannot be rejected by means of our axioms and
rules of rejection. Such, for instance, is the expression:

(F1) ClabCNAabAba.

It means: ‘If some a is b, then if it is not true that all a is b, all
b is a.’ This expression is not true in the Aristotelian logic, and
cannot be proved by the axioms of assertion, but it is consistent
with them and added to the axioms does not entail any invalid
syllogistic form. It is worth while to consider the system of the
syllogistic as thus extended.

From the laws of the Aristotelian logic:

8. CAablab and
50. CAbalab

and the law of the theory of deduction:
(m) CCprCCqrCCNpgr
we can derive the following new thesis 78:
(m) p/Aab, q/Aba, r/Iab x C8-Cr0—78
78. CCNAabAbalab.
This thesis is a converse implication with regard to (F1), and

together with (F1) gives an equivalence. On the ground of this
equivalence we may define the functor I by the functor 4:

(F2) Iab = CNAabAba.
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This definition reads: ¢ “Some a is ”’ means the same as “If it
is not true that all a is 4, then all b is a’.” As the expression ‘If
not-p, then ¢’ is equivalent to the alternation ‘Either p or ¢, we
can also say: ‘ “Some a is > means the same as “Either all a is
b or all b is a”.’ It is now easy to find an interpretation of this
extended system in the so-called Eulerian circles. The terms a,
b, ¢ are represented by circles, as in the usual interpretation,
but on the condition that no two circles shall intersect each
other. Axioms 1—4 are verified, and the forms *59 CKAcbAablac
"and *592 CKEcbEablac are rejected, because it is possible to draw
two circles lying outside each other and included in a third
circle, which refutes the form CKAcbAablac, and to draw three
circles each excluding the two others, which refutes the form
CKEcbEablac. Consequently all the laws of the Aristotelian
logic are verified, and all the invalid syllogistic forms are re-
jected. The system, however, is different from the Aristotelian
syllogistic, because the formula (F1) is false, as we can see from
the following example: it is true that ‘Some even numbers are
divisible by 3°, but it is true neither that ‘All even numbers are
divisible by 3’ nor that ‘All numbers divisible by 3 are even’.

It results from this consideration that our system of axioms
and rules is not categorical, i.e. not all interpretations of our
system verify and falsify the same formulae or are isomorphic.
The interpretation just expounded verifies the formula (Fr)
which is not verified by the Aristotelian logic. The system of our
axioms and rules, therefore, is not sufficient to give a full and
exact description of the Aristotelian syllogistic.

In order to remove this difficulty we could reject the expres-
sion (F1) axiomatically. But it is doubtful whether this remedy
would be effective; there may be other formulae of the same
kind as (F1), perhaps even an infinite number of such formulae.
The problem is to find a system of axioms and rules for the
Aristotelian syllogistic on which we could decide whether any
given significant expression of this system has to be asserted or
rejected. To this most important problem of decision the next
chapter is devoted.



CHAPTER V
THE PROBLEM OF DECISION

§ 29. The number of undecidable expressions

I TakE. as the basis of my present investigation the following
fundamental elements of the syllogistic:

(1) The four asserted axioms 1—4.

(2) The rule (a) of substitution and the rule (b) of detachment
for the asserted expressions.

(3) The two rejected axioms *59 and *59a.

(4). The rule (¢) of detachment and the rule (d) of substitution
for the rejected expressions.

To this system of axioms and rules the theory of deduction must
be added as the auxiliary theory. From the axioms and rules of
assertion there can be derived all the known theses of the
Aristotelian logic, i.e. the laws of the square of opposition,
the laws of conversion, and all the valid syllogistic moods;
on the basis of the axioms and rules of rejection all the invalid
syllogistical forms can be rejected. But, as we have already seen,
this system of axioms and rules does not suffice to describe the
Aristotelian syllogistic adequately, because there exist signifi-
cant expressions, for instance ClabCNAabAba, which can neither
be proved by our axioms and rules of assertion nor disproved
by our axioms and rules of rejection. I call such expressions
undecidable with respect to our basis. Undecidable expressions
may be either true in the Aristotelian logic or false. The expres-
sion ClabCNAabAba is, of course, false.

There are two questions we have to settle on this basis in
order to solve the problem of decision. The first question is, Is
the number of undecidable expressions finite or not? If it is
finite, the problem of decision is easily solved: we may accept
true expressions as new asserted axioms, and reject false expres-
sions axiomatically. This method, however, is not practicable
if the number of undecidable expressions is not finite. We cannot
assert or reject an infinity of axioms. A second question arises
in this case: Is it possible to complete our system of axioms and
rules so that we could decide whether a given expression had to
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be asserted or rejected? Both these questions were solved by
Stupecki: the first negatively by showing that the number of -
undecidable expressions on our basis is not finite, the second
affirmatively by thé¢ addition of a new rule of rejection.t

I begin with the first question. Every student of the tradi-
tional logic is familiar with the interpretation of syllogisms
by means of Eulerian circles: according to this interpretation
the term-variables a, b, ¢ are represented by circles, the
premiss Aab being true when and only when the circle a is
either identical with the circle & or is included in b, and the
premiss Jab being true when and only when the circles 2 and b
have a common area. Consequently the premiss Eab, as the
negation of lab, is true when and only when the circles a
and b have no common area, i.e. when they exclude each
other. If, therefore, a and b are identical, Jab is true and Eab is
false. .

I shall now investigate various suppositions concerning the
number of circles assumed as our ‘universe of discourse’, i.e.
as the field of our interpretation, It is obvious that the rules of
our basis remain valid throughout all the interpretations. If our
universe of discourse consists of three circles or more, the four
axioms of assertion are of course verified, and the axiomatically
rejected expression

*59. CKAcbAablac

is rejected, as it is possible to draw two circles ¢ and a excluding
each other and both included in the third circle 4. The premisses
Acbh and Aab are then true, and the conclusion Zac is false. The
expression

*s9a, CKEcbEablac

also is rejected, as we can draw three circles each excluding the
two others, so that the premisses Ech and Eab are true and the
conclusion /Jac is false. This interpretation therefore satisfies
the conditions of our basis, and so do all our other interpreta-
tions.

Let us now suppose that our universe of discourse consists of

! See the paper of Stupecki quoted in p. 76, n. I have tried to simplify the author’s
arguments in order to make them comprehensible to readers not trained in mathe-
matical thinking. I am, of course, alone responsible for the following exposition
of Stupecki’s ideas.



102 THE PROBLEM OF DECISION §29

only three circles, but no more, and let us consider the following
expression:

(F3) CEabCEacCEadCEbcCEbdIcd.

This expression contains four different variables, but each of
them can assume only three different values, as we can only
draw three different circles. Whatever be the way to substitute
these three values for the variables, two variables must always
receive the same value, i.e. must be identified. But if some one of
the pairs of variables, @ and b, or @ and ¢, or ¢ and d, or b and ¢,
or b and d, consists of identical elements, the corresponding
E-premiss becomes false, and the whole implication, i.e. the
expression (Fg), is verified; and if the last pair of variables, ¢
and d, has identical elements, the conclusion Icd becomes true,
and the whole implication is again verified. Under the condition
that only three circles can be drawn, the expression (F3) is true
and cannot be disproved by our axioms and rules of rejection.
If we suppose, however, that our universe of discourse consists
of more than three circles, we can draw four circles, each of them
excluding the three others, and (F3) becomes false. (F3) there-
fore cannot be proved by our axioms and rules of assertion. As
(F3) can neither be proved nor disproved by the system of our
axioms and rules, it is an undecidable expression.
Let us now consider an expression of the form

(F4) Ca,CayCay...Cx, B,
containing n different variables:
ay, gy A3y ouey Ay,

and let us suppose that: (1) every antecedent of (F4) is of the
type Ea;a, a; differing from a;; (2) the consequent 8 is of the
type la.a, a, differing from a;; (3) all the possible pairs of
different variables occur in (F4). If our universe of discourse
consists of only (n—1) circles, (F4) is verified, because some two
variables must be identified, and either one of the antecedents
becomes false or the consequent is true. But if our universe of
discourse consists of more than (n-1) circles, (F4) is not verified,
for n circles may be drawn each excluding the remainder, so
that all the antecedents become true and the consequent is
false. (F4), therefore, is an undecidable expression.
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Such undecidable expressions are infinite in number, as n
may be any integer whatever. It is obvious that they are all
false in the Aristotelian logic, and must be rejected, for we can-
not restrict the Aristotelian logic to a finite number of terms,
and expressions of the form (F4) are disproved when the number
of terms is infinite. This infinite number of undecidable expres-
sions cannot be rejected otherwise than axiomatically, as results
from the following consideration: (F3) cannot be disproved by
the system of our axioms and rules, and therefore must be
rejected axiomatically. The next undecidable expression of the
form (F4) containing five different terms cannot be disproved
by our system of axioms and rules together with the already
rejected expression (Fg), and must again be rejected axiomatic-
ally. The same argument may be repeated with respect to every
other undecidable expression of the form (F4). Since it is im-
possible to reject axiomatically an infinity of expressions, we
must look for another device if we want to solve the problem of
decision affirmatively.

§ 30. Slupecki’s rule of rejection

I start from two terminological remarks: Expressions of the
type Aab, Iab, Eab, and Oab I call simple expressions; the first
two are simple affirmative expressions, and the third and fourth
simple negative expressions. Simple expressions as well as ex-
pressions of the type:

CoyCayCos...Cop,_yt,,,
where all the o’s are simple expressions, I call elementary

expressions. With the help of this terminology Stupecki’s rule
of rejection may be formulated as follows:

If « and B are simple negative expressions and y is an elemen-
tary expression, then if Cay and CBy are rejected, CaCBy
must be rejected too.

Stupecki’s rule of rejection has a close connexion with the
following metalogical principle of traditional logic: ‘utraque si
praemissa neget, nil inde sequetur.” This principle, however,
is not general enough, as it refers only to simple syllogisms of
three terms. Another formulation of the same principle, ‘ex
mere negativis nihil sequitur’, is apparently more generat, but
it is false when applied not only to syllogisms but also to other
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expressions of the syllogistic. Such theses as CEabEba or
CEabOab show clearly that something does follow from merely
negative premisses. Stupecki’s rule is a general rule and avoids
the awkwardness of traditional formulations.

Let us explain this point more fully in order to make Stu-
pecki’s rule clear. The proposition Aac does not follow either
from the premiss 4ab or from the premiss Abc; but when we
conjoin these premisses, saying ‘dab and Abc’, we get the con-
clusion Aac by the mood Barbara. Eac does not follow from Ebc,
or from Aab either: but from the conjunction of these premisses
‘Ebc and Aab’ we get the conclusion Eac by the mood Celarent.
In both cases we obtain from the conjunction of premisses some
new proposition which does not result from either of them
separately. If we have, however, two negative premisses, like
Ecbh and Eab, we can of course obtain from the first the con-
clusion Och and from the second Oab, but from the conjunction
of these premisses no new proposition can be drawn except
those that follow from each of them separately. This is the
meaning of Stupecki’s rule of rejection: if y does not follow
either from o or from B, it cannot follow from their conjunction,
as nothing can be drawn from two negative premisses that does
not follow from them separately. Stupecki’s rule is as plain as
the corresponding principle of traditional logic.

I shall now show how this rule can be applied in the rejection
of undecidable expressions. For this purpose I use the rule in a
symbolic form, denoted by RS (Rule of Stupecki):

RS. *Cay, *CBy — *CaCBy.

Here as everywhere I employ Greek letters to denote variable
expressions satisfying certain conditions: thus, « and 8 must be
simple negative expressions of the syllogistic, ¥ must be an
elementary expression as explained above, and all three ex-
pressions must be such that Cay and CBy may be rejected. The
arrow (—) means ‘therefore’. I want to lay stress on the fact
that RS is a peculiar rule, valid only for negative expressions
« and B of the Aristotelian logic, and, as we have already seen,
cannot be applied to affirmative expressions of the syllogistic.
Nor can it be applied to the theory of deduction. This results
from the following example: the expressions CNCpgr and
CNCgpr are both not true and would be rejected, if rejection
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were introduced into this theory, but CNCpgCNCypr is a thesis.
Also in algebra the proposition ‘z equals 4 does not follow
either from the premiss ‘a is not less than 4’ or from the premiss
‘b is not less than @', but it follows from the conjunction of these
premisses.

As the first application of the new rule I shall show that the
expression

*59a. CKEcbEablac,

which was rejected axiomatically, can now be disproved. This
results from the following deduction:
9. p/Eac, afc, blax 79
79. CCEaclcaCEaclac
79 X C*8o-*64
*8o. CEaclca
*8o0 X *81. cfa, bjc, afc
*81. CEchlac
*64 X *82. b/c
*82. CEablac
RS. of/Ech, B|Eab, y/Iac X *81, *82 — *83
*83. CEcbCEablac.

The rule RS is here applied for the first time; « and B are
simple negative expressions, and y is also a simple expression.
From *83 we get by thelaw of exportation VII the formula *59a:

VIL. p/Ech, g/ Eab, r/lac X 84
84. CCKEcbEablacCEcbCEablac
84 X C*59a-*83
*59a. CKEcbEablac.
It follows from the above that Stupecki’s rule is stronger than
our axiomatically rejected expression *59a. Since *59a has to
be cancelled, formula *59, i.e. CKAcbAablac, remains the sole
expression axiomatically rejected.
In the second place I shall apply the rule RS repeatedly to
disprove the formula (F3):
*64 X *85. djc, cla
*85. CEadled
*85 % *86. b/a
*86. CEbdIcd
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RS. «/Ead, B/Ebd, y|Icd X *85, *86 — *87
*84. CEadCEbdIcd
*8o X *88. b/a, dfa
*88. CEbcled
RS. o/Ebc, B/Ebd, y/Icd X *88, *86 — *8g
*89. CEbcCEbdIcd
RS. a/Ead, B/Ebc, y|CEbdlcd X *87, *89 — *go
*90. CEadCEbcCEbdled
*88 X *g1. a/b
*91. CEacled
RS. ofEac, B/Ebd, y[lcd X *g1, *86 — *g2
*92, CEacCEbdlcd
RS. «/Eac, B/Ebc, y|CEbdIcd X *92, *8g — *93
*93. CEacCEbcCEbdIcd
RS. o/Eac, B/Ead, y/CEbcCEbdIcd X *93; *g0 — *04
*94. CEacCEadCEbcCEbdIcd
*85 X *g5. b/d
*95. CEablcd
RS. ofEab, B/Ebd, y/Icd X *g5, *86 — *gb
*96. CEabCEbdIcd
RS. «/Eab, B/Ebc, y|CEbdlcd X *96, *8g — *g7
*q7. CEabCEbcCEbdIcd
RS. «/Eab, B/Ead, y|CEbcCEbdIcd X *g7, *g0 — *g8
*98. CEabCEadCEbcCEbdIcd

RS. o/Eab, B/Eac, y/CEadCEbcCEbdlcdx *98, *g4 —
*

99
*99. CEabCEacCEadCEbcCEbdIcd

The rule RS is used in this deduction ten times; « and 8 are
always simple negative expressions, and y is everywhere an
elementary expression. In the same manner we could disprove
other formulae of the form (F4), and also the formula (Fr1) of
section 28. It is needless, however, to perform these deductions,
since we can now set forth the general problem of decision.

§ 31. Deductive equivalence

We need for our proof of decision the concept of deductive or
inferential equivalence. Since there are, in my opinion, some
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nisunderstandings in the treatment of this concept, its meaning
nust be carefully defined. I shall do this on the basis of the
heory of deduction.

It is usually said that two expressions, « and B, are deductively
:quivalent to each other when it is possible to deduce B from «
fa is asserted, and conversely « from 8 if B is asserted. The rules
of inference are always supposed as given. But they are seldom
wufficient. They suffice, for instance, in the following example.
From «the asserted law of commutation CCpCqrCqCpr we can
leduce the thesis CqCCpCqrCpr:

(1) CCpCqrCqCpr

(1) PICHCar, 1/Cprx C(1)~(2)

(2) CqgCCPCqrCpr,
and again from this thesis we can deduce the law of com-
mutation:

(2) g/CqCCHCarCpr, pls, 7/t C(2)~(3)

(3) CCsCCqCCHCqrCprtCst

(2) 4/CpCqr, plg, r/Cpr X (4)
(4) CCpCqrCCqCCHCerCprCqCpr
(3) s/CpCar, ¢/CqCpr X C(4)—(1)

(1) CCpCqrCqCpr.t
But we cannot in this simple way deduce from the asserted
expression CNpCpg the law of Duns Scotus CpC.Npq, because
from the first expression we can derive new propositions only
by substitution, and all the substitutions of CNpCpg begin with
CN, none with Gp. To deduce one of those expressions from
another we must have further assistance. Speaking generally,
the relation of deductive equivalence is seldom absolute, but in
most cases it is relative to a certain basis of theses. In our case
this basis is the law of commutation. Starting from

(5) CNpCpq
we get by commutation the law of Duns Scotus:
(1) pINp, qlps 719 % C(5)-(6)
(6) CpCNpg,
and starting from (6) we get again by commutation (5):
(1) q/Np, 719X C(6)=(5)
(5) CNpCpy.

! This neat deduction was given by A. Tarski in Warsaw.
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I'say therefore that CNpCpg and CpCNpg are deductively equiva-
lent with respect to the law of commutation, and I write:
CNpCpq ~ CpCNpg  with respect to (1).

The sign ~ denotes the relation of deductive equivalence.
This relation is different from the ordinary relation of equiva-
lence, denoted here by Q , which is defined by the conjunction
of two implications each converse to the other,

Qpq = KCpgCyp, ,
and requires no basis. Ifan ordinary equivalence Q of is asserted,
and «, or a substitution of «, is asserted too, then we can assert
B, or the corresponding substitution of 8, and conversely. An
asserted ordinary equivalence Q of is therefore a sufficient basis
for the deductive equivalence « ~ B; but it is not a necessary
one. This is just the point where explanation is needed.

Not only asserted or true expressions may be deductively
equivalent, but also false ones. In order to solve the problem of
decision for the C-N-system we have to transform an arbitrary
significant expression « into the expression CNam, where = is a
propositional variable not occurring in «. This can be done by
means of two theses:

S1. CpCNpq

S2. CCNppp.

I say that « is deductively equivalent to CNam with respect to
St and S2, and I write:

I. « ~ CNow with respect to S1 and Sa2.
All goes easily when « is asserted. Take as example NNCpp.
This is a thesis easily verified by the o-r method. I state accord-
ing to formula I that

NNCpp ~ CNNNCppq with respect to St and Se.
Starting from :

(7) NNCpp
we get by S1:

St. p| NNCppx C(7)-(8)
(8) CNNNCppg,

and starting again from (8) we get by substitution and S2:

(8) g/ NNCpp < (9)
(9) CNNNCppNNCpp
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S2. p/NNCpp x C(9)~(7)
(7) NNCpp.

But « is an arbitrary expression; it may be false, e.g. Cpg. In
this case formula I reads:

Cpg ~ CNCpgr with respect to S1 and Sa.

Here the difficulty begins: we can get the thesis CCpgCNCpgr
from S1 by the substitution p/Cpq, g¢/r, but we cannot derive
from this thesis the consequent CNCpgr, for Cpq is not a thesis
and cannot be asserted. Therefore CNCpgr cannot be detached.
A still greater difficulty arises in the other direction: we can
get from S2 by the substitution p/Cpq the thesis CCNCpgCpqCpgq,
but CNCpgCpq is not asserted, nor can we get CNCpgCpgq from
CNCpgr by substitution, because CNCpgr is not a thesis. We
cannot say: Suppose that Cpg be asserted; then CNCpgr would
follow. The assertion of a false expression is an error, and we
cannot expect to prove anything by an error. It seems therefore
that formula I is valid not for all expressions but only for those
that are asserted.

There exists, in my opinion, only one way to avoid these
difficulties: it is the introduction of rejection into the theory of
deduction. We reject axiomatically the variable p, and accept
the clear rules of rejection, (¢) and (d). It can easily be shown
on this basis that Cpg must be rejected. For we get from the
axiom

(*10) p

and the thesis
(11) CCCpppp
by the rules of rejection:
(r1) X C(*12)~(*10)
(*12) CCppp
(*12) X (*13) p/Cpp, 9lp

(*13) Cpq.

Now we are able to prove that if Cpg is rejected, CANCpgr must

be rejected too; and conversely, if CNCpgr is rejected, Cpg must
be rejected too. Starting from

(*13) Cpg



110 THE PROBLEM OF DECISION §31
we get by S2 and the rules of rejection:

S2. p/Cpg X (14)
(14) CCNCpqCpeCpq
(14) X C(*15)-(*13)
(*15) CNCpgeCpq
(*15) X (*16) 7/Cpgq
(*16) CNCpyqr.

In the other direction we easily get Cpg from (*16) by Sr1:

St. p/Cpq, q/rx (17)
(17) CCpgCNCpgr
(17) X C(*13)~(*16)

(*13) Cpq.

Formula I is now fully justified. We have, however, to correct
our previous definition of deductive equivalence, saying:

Two expressions are deductively equivalent to each other
with respect to certain theses when and only when we can
prove by means of these theses and of the rules of inference
that if one of those expressions is asserted, the other must
be asserted too, or if one of them is rejected, the other must
be rejected too.

It follows from this definition that ordinary equivalence is not

a necessary basis of deductive equivalence. If Q of is a thesis, it
is true that « is deductively equivalent to 8 with respect to Q of;
but if « is deductively equivalent to 8 with respect to certain
theses, it is not always true that Q o8 is a thesis. Take as example
the deductive equivalence just considered:

Cpg ~ CNCpgr with respect to St and S2.

The corresponding ordinary equivalence QCpgCNCpgr is not
a thesis, for it is false for p/1, ¢/o, r/1.

It is obvious that the relation of deductive equivalence is
reflexive, symmetrical, and transitive. There are cases where
« is deductively equivalent to two expressions 8 and y with
respect to certain theses. That means: if « is asserted, then B is
asserted and y is asserted, and consequently their conjunction
‘B and y’ is asserted; and conversely, if both B and y, or their
conjunction ‘B and y’, is asserted, then « is asserted too. Again,
if « is rejected, then the conjunction ‘8 and y’ must be rejected,
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and in this case it is sufficient that only one of them, B or y,
should be rejected; and conversely, if only one of them is
rejected, « must be rejected too.

§ 32. Reduction to elementary expressions
Our proof of decision is based on the following theorem:

(TA) Every significant expression of the Aristotelian syllo-
gistic can be reduced in a deductively equivalent way,
with respect to theses of the theory of deduction, to
a set of elementary expressions, i.e. expressions of the
form

CoyCoyCasy...Caxp _qx,,,

where all the o’s are simple expressions of the syllogis-
tic, i.e. expressions of the type Aab, lab, Eab, or Oab.

All known theses of the syllogistic either are elementary ex-
pressions or can easily be transformed into elementary expres-
sions. The laws of conversion, e.g. Clablba or CAablba, are
elementary expressions. All the syllogisms are of the form
CKaBy, and expressions of this kind are deductively equivalent
to elementary expressions of the form CaCBy with respect to the
laws of exportation and importation. But there are other signi-
ficant expressions of the syllogistic, some of them true, some
false, that are not elementary. We have already met such an
expression: it was thesis 78, CCNAabAbalab, the antecedent of
which is not a simple expression but an implication. There
exists, of course, an infinity of such expressions, and they must all
be taken into account in the proof of decision.

Theorem (TA) can easily be proved on the basis of an
analogous theorem for the theory of deduction:

(TB) Every significant expression of the theory of deduction
with C and N as primitive terms can be reduced in
a deductively equivalent way with respect to a finite
number of theses to a set of elementary expressions of
the form ’

Co,CotgCosg...Caryy gy,

where all the o’s are simple expressions, i.e. either
variables or their negations.

The proof of this theorem is not easy, but since it is essential
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for the problem of decision it cannot be omitted. The proof of
(TB) given below is intended for readers interested in formal
logic; those not trained in mathematical logic may take both
theorems, (TA) and (TB), for granted.

Let o be an arbitrary significant expression of the theory of
deduction other than a variable (which may, but need not, be
transformed) : every such expression can be transformed, as we
already know, in a deductively equivalent way with respect to
the theses St and S2:

S1. CpCNpq
S2. CCNppp

into the expression CNamw, where # is a variable not occurring
in a. We have therefore as transformation I:

I. a ~ CNom with respect to S1 and S2.

Transformation I allows us to reduce all significant expres-
sions to implications that have a variable as their last term.
Now we must try to transform No, the antecedent of CNum,
into a variable or its negation. For this purpose we employ the
following three transformations:

II. CNNaf ~ Cop with respect to S3 and Sg4,
II1. CNCofly ~ CaCNBy » S5 and S6,
IV. CCaBy ~ CNay, CBy e S7, S8, and Sg.

The respective theses are: for transformation II:

S3. CCNNpgCpq
S4. CCpqCNNpg;

for transformation III:
S5. CCNCpgrCpCNgr
S6. CCpCNgrCNCpyr;

for transformation IV:

S7. CCCpgrCNpr
S8. CCCpqrCqr
Sg. CCNprCCqrCCpqr.

Let us now explain how we can get by these transformations
a variable or its negation in the antecedent of CNam. The
expression a occurring in CNor may, like every significant
expression of the C-N-system, be either a variable, or a nega-



§32 REDUCTION TO ELEMENTARY EXPRESSIONS 113

tion, or an implication. If «a is a variable, no transformation is
needed; if it is a negation, we get CNNaf, and two negations
annul each other according to transformation II; if it is an
implication, we get from CNCafy the equivalent expression
CaCNBy, the antecedent of which, a, is simpler than the initial
antecedent NCof. This new « may again be a variable—no
transformation is then needed—or a negation—this case has
already been settled—or an implication. In this last case we get
from CCaBy two expressions, CNay and CBy, with simpler ante-
cedents than the initial antecedent CaB. By repeated applica-
tions of I1, III, and IV we must finally reach in the antecedent
a variable or its negation.

Let us now see by examples how these transformations work.

First example: NNCpp.
NNCpp ~ CNNNCppg by 1;

- CNNNCppg ~ CNCppg » 11;
CNCppg  ~ CpCNpq ,» 1II

NNCpp is thus reduced to the expression CpCNpg with the
variable p in the antecedent. CpCNpg is an elementary
expression.

Second example: CCCpgpp.
CCCpgpp ~ CNCCCpgppr by 1;
CNCCCpgppr ~ CCCpgpCNpr ,, 111;
CCCpgpCNpr ~ CNCpgCNpr, CpCNpr by 1V
CNCpgCNpr ~ CpCNgCNpr by 111.

CCCpqpp is thus reduced to two expressions: CpCNgCNpr and
CpCNpr, both with the variable p in the antecedent; both are
elementary expressions.

Third example: CCCpqqCCqpp.

CCCpqqCCqpp ~ CNCCCpqqCCqppr by 1;
CNCCCpqqCCqppr ~ CCCpgqCNCCqppr ,, 1II;
CCCpgqCNCCqppr ~ CNCpgCNCCqppr, CqCNCCqpprbyIV;
CNCpgCNCCqppr ~ CpCNgCNCCqppr by IIL.

CCCpqqCCqpp is reduced to two expressions CHCNgCNCCqppr

and CqgCNCCqgppr, both with a variable in the first antecedent.

Neither of them, however, is elementary, since the first has the

compound expression NCCgpp as its third antecedent and the
6867 I
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second has the same compound expression as its second ante-
cedent.

As we can see from this last example, our task is not yet
finished. By transformations I-IV we obtain implications with
a variable in the first antecedent, and also expressions of the
form:

Ca,CayCo...Carpy_yty,,
but not all antecedents of this form, apart from «,;, need be
simple expressions. In order to get rid of such compound ante-
cedents we need three further transformations:

V. CaCBy ~ CBCay  with respect to Sio,
VI. CaCBCy8 ~ CaCyCBS » s S1I,
VIIL. CaCBy ~ CNCoNBy s s S12 and Si3.

The respective theses are: for transformation V:
S10. CCpCqrCqCpr;

for transformation VI:
S11. CCpCqCrsCpCrCys;

for transformation VII:
S12. CCpCqrCNCpNgr
S13. CCNCpNgrCpCyr.

By S10 we can move a compound antecedent from the second
place to the first, and by Si1 from the third place to the
second. Applying these transformations to the expressions
CpCNGCNCCqppr and CqCNCCqppr of our third example we get:
(a) CHpCNGCNCCyppr ~ CpCNCCqppCNgr by VI;
CpCNCCappCNgr ~ CNCCappCpCNgr ,, V;
CNCCqppCpCNgr ~ CCqpCNpCpCNgr ,, 111,
CCqpCNpCpCNgr ~ CNgCNpCpCNyr, CpCNpCpCJVqr by
v

(B) CqCNCCqppr ~ C.NCququr by V;
CNCCqppCqr ~ CCgpCNpCqr ,, III
CCqpCNpCqr ~ CNgCNpCyr, CpCNqur by IV.
CCCpqqCCqpp is thus reduced to four elementary expressions:
CNgCNpCpCNgr, CpCNpCHCNgr, CNgCNpCqr, and CpCNpCar.
Transformation VII is used in all those cases where the com-
pound antecedent occurs in the fourth place or farther. This
transformation allows us to reduce the number of antecedents;
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in fact, NCpNg means the same as Kpg, and S12 and S13 are
other forms of the laws of importation and exportation respec-
tively. Now CNCaNBy, like CKaBy, has only one antecedent,
whereas the equivalent expression CaCBy has two antecedents.
If, therefore, a compound expression occurs in the fourth place,
as 8 in CaCBCyCBe, we can move it to the third place, applying
VII and then VI:

CaCBCyCse  ~ CNCaNBCyCse by VII;
CNCaNBCyC8e ~ CNCeNBCSCye ,, VI.

From this last expression we get by the converse application of
VII the formula:

CNCoNBC3Cye ~ CaCBCECye by VII.
It is now easy to bring 8 to the first place by VI and V:

CaCBC3Cye ~ CaCBCBCye by VI,
CaC8CBCye ~ C3CaCBCye ,, V.

Applying transformation VII repeatedly in both directions we
can move any antecedent from the nth place to the first, and
transform it, if it is compound, by II, III, and IV into a simple
expression.

The proof of theorem (TB) is thus completed. It is now easy
to show that this theorem entails the proof of decision for the
C-N-system of the theory of deduction. If all the elementary
expressions to which a given expression « has been reduced are
true, i.e. if they have among their antecedents two expressions
of the type p and Np, then a is a thesis and must be asserted. On
the other hand, if among the elementary expressions to which «
has been reduced there exists at least one expression such that
no two antecedents in it are of the type p and Np, then « must
be rejected. In the first case we can prove « by means of the
theses S1-S13, in the second we can disprove it, adding to the
above theses two new ones:

S14. CpCCpqq
S15. NNCpp,

and the axiom of rejection:
*S16. p.

Two exa}nplcs will clarify this.
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First example: Proof of the thesis CpGCpqq.

This thesis must first be reduced to elementary expressions.
This is done by the following analysis (L):
CpCCpqq ~ CNCpCCpqqr by 1;
CNCpCCpgqr ~ CpCNCCpqqr  ,, 111;
CpCNCCpgqr ~ CNCCpgqCpr ,, V;
CNCCpgqCpr ~ CCpgCNqCpr ,, I1I;
CCpqCNgCpr ~ CNpCNqCpr, CgCNqCpr by 1V,

The elementary expressions to which CpCCpqq is reduced are
CNpCNgCpr and CgCNgCpr. Both, like all expressions to which
transformation I has been applied, have as their last term a
variable not occurring in the antecedents. Such expressions can
be true only on condition that they have two antecedents of the
type p and Np, and any expression of this kind can be reduced
by transformations V, VI, or VII to a substitution of St from
which the proof of a thesis must always begin. Here are the
required deductions:

S1. ¢/CNgrx (1)
(1) CpCNpCNgr

Sto. g/ Np, r/CNgrx C(1)—(2)
(2) CNpCpCNgr

St1. pNp, qlp, 7/ Ng, s|rx C(2)-(3)
(3) CNpCN¢Cpr

S1. plg, q/Cpr X (4)
(4) CgCNqCpr.

Having got in (3) and (4) the same elementary expressions as
we reached at the end of our analysis (L), we now proceed from
them to their equivalents on the left, by applying theses on
which the successive transformations were based. Thus, step by
step, we get our original thesis by means of Sg, S6, S10, and S2:

S9. 7/CNgCprx C(3)-C(4)-(5)

(5) CCpgCNgCpr

S6. p/Cpq, r/Cprx C(5)-(6)
(6) CNCCpgqCpr

S10. p|NCCpqq, q/p x C(6)-(7)
(7) CpCNCCpgqr
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S6. ¢/CCpgq x C(7)~(8)
(8) CNCpCCpqqr

(8) r/CpCChgq X (9)
(9) CNCpCCpqqCpCClpeg
S2. p/CpCCpeq X C(9)-(10)
(10) CpCCpqq.

Upon this model we can prove any thesis we want.

Second example: Disproof of the expression CCNpgq.

We first reduce this expression to elementary expressions on
the basis of the following analysis:

CCNpqq ~ CNCCNpqqr by 1;
CNCCNpggr ~ CCNpgCNgr ,, 111;
CCNpgCNgr ~ CNNpCNgr, CgCNgr by 1V;
CNNpCNgr ~ CpCNgr by II.

The expression CCNpgq is thus reduced to two elementary ex-
pressions, CgCNgr and CpCNgr. The first of these is a thesis, but
the second is not true, for it has no two antecedents of the type
p and Np. The expression CCNpqq therefore, which leads to this
not-true consequence, must be rejected. We begin the disproof
from the top, successively applying according to the given trans-
formations the theses S1, S5, S7, and S3:

St1. p/CCNpgq, g/rx(11)
(11) CCCNpgqCNCCNpqqr
S5. pICNpgx (12)
(12) CCNCCNpggrCCNpgCNgr
S7. p|Np, r/CNgrx(13)
(13) CCCNpgCNgrCNNpCNgr
S3. ¢/CNgrx (14)
(14) CCNNpCNgrCpCNgr.
Now we must disprove the expression ChCNgr; we need for this
purpose the new theses S14 and S15 and the axiom of rejection.
S14. pINNCpp, g[p X (S15~(15)
(15) CCNNCpppp
(15) X C(*16)-*S16
- (*16) CNNCppp
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S14. p/CPCNbg, g/CNNCppp X CS1~(17)
(17) CCCpCNpgCNNCpppCNNCppp
(17) X C(*18)~(*16)
(*18) CCHCNpgCNNCppp
(*18) X (*19) p/CpCNpg, 9/ NCpp, r/p

(*19) GpCNgr
Having rejected CpCNgr, we can now successively reject its ante-
cedents till we reach the original expression CCNpgq.

(14) X C(*20)-(*19)

(*20) CNNpCNgr

(13) X C(*21)~(*20)
(*21) CCNpgCNgr

(12) X C(*22)—(*21)
(*22) CNCCNpqgr

(r1) X C(*23)-(*22)

(*23) CCNpgq
In this way you can disprove any not-true expression of the
C-N-system. All these deductions could have been made shorter,
but I was anxious to show the method implied in the proof of
decision. This method enables us to decide effectively, on the
basis of only fifteen fundamental theses, S1-S15, and the axiom
of rejection, whether a given significant expression of the C-N-
system should be asserted or rejected. As all the other functors
of the theory of deduction may be defined by C and ¥, all
significant expressions of the theory of deduction are decidable
on an axiomatic basis. A system of axioms from which the
fifteen fundamental theses can be drawn is complete in this
sense, that all true expressions of the system can be deduced in
it. Of this kind is the system of three axioms set out in section
23, and also the system of those three axioms on which trans-
formation IV is based, viz. CCCpgrCNpr, CCCpgrCqr, and
CCNprCCqrCCpyqr.

The proof of theorem (TA), according to which every signi-
ficant expression of the Aristotelian logic can be reduced to
elementary expressions, is implicitly contained in the proof of
the analogous theorem for the theory of deduction. If we take
instead, of the Greek letters used in our transformations I-VII
(except the final variable in transformation I) propositional
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expressions of the Aristotelian logic, we can apply those trans-
formations to them in the same way as to expressions of the
theory of deduction. This can easily be seen in the example of
CCNAabAbalab. We get:

CCNAabAbalab ~ CNCCNAabAbalabp by I;
CNCCNAabAbalabp ~ CCNAabAbaCNIabp ,, 11I;
CCNAabAbaCNIabp ~ CNNAubCNIabp, CAbaCNIabp by IV;
CNNAabCNIabp ~ ~ CAabCNIabp by II.

Instead of NAab we can always write Oab, and Eab instead of
Nlab. In what follows, however, it will be more convenient to
employ forms with N.

Both elementary expressions, CAabCNlabp and CAbaCNlabp,
to which CCNAabAbalab has been reduced, have a proposi-
tional variable as their last term. This variable is introduced by
transformation I. We can get rid of it by the following de-
ductively equivalent transformations where = is a propositional
variable not occurring in either « or 8:

VIIIL. ,CaCBrr  ~ CoNB with respect to S17 and S18,
IX. CaCNBm ~ Caf » » 3 9519 and S2o.

Theses for transformation VIII:

S17. CCpCqNgCpNg

S18. CCpN¢CpCyr.
Theses for transformation IX:

S19. CCpCNgqCpq

S20. CCpgCpCNyr.
When CaCBr is asserted, we get from it by substituting N8 for =
the expression CaCBNB, and then CoNB by S17; and conversely
from CaNB the expression CaCBm by S18. When CaCBr is re-
jected, we get by S18 CCaNBCaCBm, therefore CaNB must be
rejected ; and conversely, when CaV8 is rejected, we get by S17
CCxCBNBCxNB, therefore CaCBNB must be rejected and conse-
quently CaCBr. Transformation IX can be explained in the
same way. This we can apply directly to our example. Take
Aab for «, lab for B, and p for =; you get CAablab. In the same
way from CAbaCNIabp results CAbalab. If we have an expression
with more antecedents than two, e.g. with » antecedents, we
must first reduce by repeated application of transformation
VII the n-1 antecedents to one antecedent, and then apply
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transformation VIII or IX. Take, for instance, the following
example:

CNIabCAcbCAdeCladp ~ CNCNIabNAchAchIt;zdeH
CNCNIabNAcbCAdcCladp  ~ CNCN C.NIab.NAchAttl)cyC{?tli[IJ,
CNCNCNIabNAcbNAdeCladp ~ CNCNCNIabNAchAzéZN\I;fJI ;
CNCNCNIabNAcb NAdcNIad ~ C.NCNIab.NAchAdc.}V{)Zd VII ,
Y ;

CNCNIabNAcbCAdcNlad ~ CNIabCAcbCAdcNlad ,, VII.

Theorem (TA) is now fully proved; we can proceed therefore
to our main subject, the proof of decision of the Aristotelian
syllogistic.

§ 33. Elementary expressions of the syllogistic

According to theorem (TA), every significant expression of
the Aristotelian syllogistic can be reduced in a deductively equi-
valent way to a set of elementary expressions, i.e. expressions
of the form

CoyCayCoq...Cotpy_yotyy,

where all the o’s are simple expressions of the syllogistic, i.e.
expressions of the type Aab, Iab, Eab or Nlab, and Oab or
NAab. Now I shall show that every elementary expression of the
syllogistic is decidable, i.e. either asserted or rejected. I shall
first prove that all the simple expressions, except expressions of
the type Aaa and Iaa, are rejected. We have already seen
(section 27, formula *61) that lac is rejected. Here are the
proofs of rejection of the other expressions:

*100 X *61. cfb

*100. Jab

8xC*101-*100 (8. CAablab)
*101. Aab

IV. p/Aaa, q/Iabx C1-102 - (IV. CpCNpq)

102. CNAaalab

102 X C*103-*100 ‘
*103. Ndaa (= Oaa)
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*103 X *104. bfa
*104. Ndab (= Oab)
IV. p/laa, g/labx C2-105
105. CNlaalab
105 X C*106-* 100

*106. Nlaa (= Eaa)
*106 X *107. b/a
*107. Nlab (= Eab).

Turning now tocompound elementary expressions I shall suc-
cessively investigate all the possible cases, omitting the formal
proofs where it is possible, and giving only hints how they could
be done. Six cases have to be investigated.

First case: The consequent «, is negative, and all the ante-
cedents are affirmative. Such expressions are rejected.

Proof: By identifying all the variables occurring in the ex-
pression with g, all the antecedents become true, being laws of
identity Aaa or laa, and the consequent becomes false. We see
that for the solution of this case the laws of identity are essential.

Second case: The consequent is negative, and only one of the
antecedents is negative. This case may be reduced to the case
with only affirmative elements, and such cases, as we shall see
later, are always decidable.

Proof: Expressions of the form CaCNBNy are deductively
equivalent to expressions of the form CaCyB with respect to the
theses CCHCNrNgCpCqr and CCpCqrCpCNrNg. This is true not
only for one affirmative antecedent «, but for any number of
them.

Third case: The consequent is negative, and more than one
antecedent is negative. Expressions of this kind can be reduced
to simpler expressions, and eventually to the secand case. The
solution of this case requires Stupecki’s rule of rejection.

Proof: Let us suppose that the original expression is of the
form CNa«CNBCy...Np. This supposition can always be made,
as any antecedent may be moved to any place whatever. We
reduce this expression to two simpler expressions CNaCy...Np
and CNBCy...Np, omitting the second or the first antecedent
respectively. If these expressions have more negative ante-
cedents than one we repeat the same procedure till we get
formulae with only one negative antecedent. As such formulae
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according to the second case are deductively equivalent to
decidable affirmative expressions, they are always either asserted
or rejected. If only one of them is asserted, the original expres-
sion must be asserted too, for by the law of simplification we can
add to this asserted formula all the other negative antecedents
which were previously omitted. If, however, all the formulae
with one negative antecedent are rejected, we gather from them
by repeated application of Stupecki’s rule of rejection that the
original expression must be rejected. Two examples will ex-
plain the matter thoroughly.

First example: CNAabCNAbcCNIbdCIbcNAcd, a thesis.

We reduce this expression to (1) and (2):
(1) CNAabCNIbdCIbcNAcd, (2) CNAbcCNIbdCIbe NAcd.

In the same way we reduce (1) to (3) and (4):

(3) CNAabCIbcNAcd, (4) CNIbdCIbcNAcd,
and (2) to (5) and (6):
(5) CNAbcCIbcNAcd, (6) CNIbdCIbcNAcd.

Now the last expression is a thesis; it is the mood Ferison of the
third figure. Putting in CpCqp (6) for p, and NAbc for ¢, we get
(2), and applying CpCqp once more by putting (2) for p, and
NAab for ¢, we reach the original thesis.

Second example: CNAabCNAbcCNIcdCIbdNAad, not a thesis.
We reduce this expression as in the foregoing example:

(1) CNAabCNIcdCIbdNAad,  (2) CNAbcCNIcdClbdNAad;

then we reduce (1) to (3) and (4), and (2) to (5) and (6):

(3) CNAabCIbdNAad, (4) CNIACIbdNAad,
(5) CNAbcCIbdNAad, (6) CNIcdCIbdNAad.

None of the above formulae with one negative antecedent is
a thesis, as can be proved by reducing them to the case with
only affirmative elements. Expressions (3), (4), (5), and (6)
are rejected. Applymg the rule of Stupecki, we gather from the
rejected expressions (5) and (6) that (2) must be rejected, and
from the rejected expressions (3) and (4) that (1) must be
rejected. But if (1) and (2) are rejected, then the original
expression must be rejected too.

Fourth case: The consequent is affirmative, and some (or all)
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antecedents are negative, This case can be reduced to the
third.

Proof: Expressions of the form CaCNBy are deductive-
ly equivalent to expressions of the form CaCNBCNyNAaa
on the ground of the theses CCpCNgrCpCNgCNrNAaa and
CCHCNgCNrNAaaCpCNgr, as NAaa is always false.

All the cases with negative elements are thus exhausted.

Fifth case: All the antecedents are affirmative, and the conse-
quent is a universal affirmative proposition. Several sub-cases
have to be distinguished.

(a) The consequent is Aaa; this expression is asserted, for its
consequent is true.

(b) The consequent is Aab, and Aab is also one of the ante-
cedents. The expression is of course asserted. :

In what follows it is supposed that Aab does not occur as
antecedent.

(¢) The consequent is Aab, but no antecedent is of the type
Aaf with f different from a (and from &, of course). Such
expressions are rejected.

Proof: By identifying all variables different from 2 and b with
b, we can only get the following antecedents:

Aaa, Aba, Abb, Iaa, Iab, Iba, Ibb.

(We cannot get Aab, for no antecedent is of the type Aaf, f
being different from a.) Premisses Aaa, Abb, laa, I6b can be
omitted as true. (If there are no other premisses, the expression
is rejected, as in the first case.) If there is Jba besides Jab, one of
them may be omitted, as they are equivalent to each other. If
there is Aba, both Iab and Jba may be omitted, as Aba implies
them both. After these reductions only 4ba or Jab can remain as
antecedents. Now it can be shown that both implications,

CAbaAab and ClabAab,

are rejected on the ground of our axiom of rejection:

X. p/Acb, q/Aba, r/lac, s|Aab X C27-108
108. CCAabAbaCKAcbAablac (X. CCKpgrCCsqCKpsr;
— 108X C*109-*59 27. CKAcbAbalac)
*109. CAabAba
*1og X *110. b/a, afb
*110. CAbaAab.
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If CAbaAab is rejected, then ClabAab must be rejected too, for
Iab is a weaker premiss than Aba.

(d) The consequent is Aab, and there are antecedents of the
type Aaf with f different from a. If there is a chain leading from
a to b, the expression is asserted on the ground of axiom 3, the
mood Barbara; if there is no such chain, the expression is
rejected.

Proof: By a chain leading from a to b I understand an ordered
series of universal affirmative premisses:

Aacy, Acycy, ..., Ac, _yc,, Ac,b,

where the first term of the series has a as its first argument, the
last term b as its second argument, and the second argument of
every other term is identical with the first argument of its suc-
cessor. It is evident that from a series of such expressions 4ab
results by repeated application of the mood Barbara. If| there-
fore, there is a chain leading from a to b, the expression is
asserted ; if there is no such chain, we can get rid of antecedents
of the type Aaf, identifying their second argument with a.. The
expression is reduced in this way to the sub-case (¢), which was
rejected.

Stxth case: All the antecedents are affirmative, and the conse-
quent is a particular affirmative proposition. Here also we have
to distinguish several sub-cases.

(a) The consequent is Jaa; the expression is asserted, for its
consequent is true. .

(5) The consequent is lab, and as antecedent occurs either
Aab, or Aba, or Iab, or Iba; it is obvious that in all these cases
the expression must be asserted.

In what follows it is supposed that none of the above four pre-
misses occurs as antecedent.

(¢) The consequent is Jab, and no antecedent is of the type
Afa, f different from a, or of the type 4gb, g different from 4. The
expression is rejected.

Proof: We identify all variables different from a and 4 with
¢; then we get, besides true premisses of the type Acc or Icc, only
the following antecedents:

Aac, Abe, lac, Ibe.

Aac implies lac, and Abc implies Ibc. The strongest combination
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of premisses is therefore Aac and Abc. From this combination,
however, Jab does not result, as the formula

CAacCAbclab

is equivalent to our axiom of rejection.

(d) The consequent is /ab, and among the antecedents there
are expressions of the type Afa (f different from 4), but not of
the type Agb (g different from b). If there is Abe or Ibe (Ieb), and
a chain leading from ¢ to a:

(o) Abe; Aee,, Aeye,, ..., Ae,a,

(B) Tbe; Aeey, Aese,, ..., Aeya,

we get from (a) 4be and Aea, and therefore Iab by the mood
Bramantip, and from (B) Ibe and Aea, and therefore Iab by the
mood Dimaris. In both cases the expression is asserted. If, how-
ever, the conditions («) and (B) are not fulfilled, we can get rid
of antecedents of the type Afa by identifying their first argu-
ments with g, and the expression must be rejected according to
sub-case (¢).

(¢) The consequent is Jab, and among the antecedents there are
expressions of the type Agb (g different from b), but not of the type
Afa ( f different from a). This case can be reduced to sub-case (d),
as g and b are symmetrical with respect to the consequent Jab.

(f) The consequent is lab, and among the antecedents there
are expressions of the type Afa (fdifferent from a), and expres-
sions of the type Agb (g different from 4). We may suppose that
the conditions («) and (B) are not fulfilled for Afa, or the analo-
gous conditions for Agb either; otherwise, as we already know,
the original expression would be asserted. Now, if there is Aca
and a chain leading from ¢ to 4:

(y) Aca; Accyy Acyeqy ooy Acyb,
or Adb and a chain leading from 4 to a:

(8) Adb; Add,, Ad\d,, ..., Ad,a, :
we get from (y) Aca and Ach, from (8) Adb and Ada, and there-
fore in both cases Jab by the mood Darapti. Further, if there is
an antecedent Jed (or Idec) and two chains, one leading from ¢
to a, and another from d to b:

(¢) Ied; Acey, Acyey, ..., Acya,

Ied; Add,, Add,, ..., Ad,b,
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we get by the first chain the premiss 4ca, by the second chain
the premiss Adb, and both premisses yield together with Jed the
conclusion Jab on the basis of the polysyllogism:

CledCAcaCAdblIab.

We prove the polysyllogism by deducing Jad from Jed and Aca by
the mood Disamis, and then Jab from Jad and Adb by the mood
Darii. In all these cases the original expression must be asserted.
If, however, none of the conditions (y), (8), or (e) is satisfied, we
can get rid of expressions of the type Afa and Agb by identifying
their first arguments with ¢ or with b respectively, and the
original expression must be rejected according to sub-case (c).
.All possible cases are now exhausted, and it is proved that every
significant expression of the Aristotelian syllogistic is either
asserted or rejected on the basis of our axioms and rules of
inference.

§ 34. An arithmetical interpretation of the syllogistic

In 1679 Leibniz discovered an arithmetical interpretation of
the Aristotelian syllogistic which deserves our attention from the
historical as well as from the systematic point of view.! It is an
isomorphic interpretation. Leibniz did not know that the Aris-
totelian syllogistic could be axiomatized, and he knew nothing-
about rejection and its rules. He only tested some laws of con-
version and some syllogistic moods in order to be sure that his
interpretation was not wrong. It seems, therefore, to be a mere
coincidence that his interpretation satisfies our asserted axioms
1-4, the axiom of rejection *59, and the rule of Stupecki. In any
case it is strange that his philosophic intuitions, which guided
him in his research, yielded such a sound result.

" Leibniz’s arithmetical interpretation is based on a correlation
of variables of the syllogistic with ordered pairs of natural
numbers prime to each other. To the variable a, for instance,
correspond two numbers, say a, and a,, prime to each other; to
the variable b correspond two other numbers, say 4, and b,,
also prime to each other. The premiss Aab is true when and only
when g, is divisible by b,, and 4, is divisible by 4,. If one of these
conditions is not satisfied, 4ab is false, and therefore NAab is

! See L. Couturat, Opuscules et fragments inédits de Leibniz, Paris (1903), pp. 77 seq.
Cf. also J. Lukasiewicz, ‘O sylogistyce Arystotelesa’ (On Aristotle’s Syllogistic),
Comptes Rendus de I'Acad. des Sciences de Cracovie, xliv, No. 6 (1939), p. 220.
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true. The premiss Jab is true when and only when g, is prime
to b,, and a, is prime to 4,. If one of these conditions is not
satisfied, ab is false, and therefore Nlab is true.

It can easily be seen that our asserted axioms 1-4 are verified.
Axiom 1, Aaa, is verified, for every number is divisible by itself.
Axiom 2, aa, is verified, for it is supposed that the two numbers
corresponding to a, a, and a,, are prime to each other. Axiom 3,
the mood Barbara CK4bcAabAac, is also verified, since the rela-
tion of divisibility is transitive. Axiom 4, the mood Datisi
CKAbclbalac, is verified too; for if b, is divisible by ¢,, b, is
divisible by ¢, b, is prime to a,, and b, is prime to 4,, then a,
must be prime to ¢,, and a, must be prime to ¢,. For if 2, and ¢,
had a common factor greater than 1, ¢, and &, would also have
the same common factor, since b, contains ¢,. But this is against
the supposition that g, is prime to b,. In the same way we prove
that a, must be prime to ¢,.

It is also easy to show that the axiom *59 CKAcbAablac must
be rejected. Take as examples the following numbers:

15, by = 3, 6, = 12,
14, b2 =17, €2 = 35.
Acb is true, for ¢, is divisible by 4, and ¢, is divisible by b,; 4ab
is also true, for g, is divisible by 4, and g, is divisible by 4,; but
the conclusion Jac is not true, for 4, and ¢, are not prime to
each other.

The verification of Stupecki’s rule of rejection is more com-
plicated. I shall explain the matter with the help of an example.
Let us take as the rejected expressions,

(*1) CNAabCNIcdCIbdNAad and (*2) CNIbcCNIcdCIbdNAad.
From them ‘we get, by the rule of Stupecki,
*CNay, ¥*CNBy — *CNaCNBy,
a third rejected expression,

(*3) CNAabCNIbcCNIcdCIbdNAad.

Expression (1) is disproved, for instance by the following set of
numbers:

(4) a1=4,b1=7,c1=3,d1=4,
a2=9»b2=5:02=8ad2=3'

4
a
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It can easily be proved that according to this interpretation Aab
is false (since 4 is not divisible by 7), and therefore NAab is
true; Jed is false (since c, is not prime to 4;), and therefore Nlcd
is true; Ibd is true (for both pairs of numbers, 4; and dy, b, and
d,, are prime to each other); but NAad is false, because 4ad is
true (a, being divisible by 4,, and a, by d,). All the antecedents
are true, the consequent is false; therefore expression (1) is
disproved. ‘

The same set of numbers does not disprove expression (2),
because fbc is true (as both pairs of numbers, b, and ¢,, and b,
and ¢,, are prime to each other), and therefore Nlbc is false.
But if the antecedent of an implication is false, the implication
is true. In order to disprove expression (2) we must take another
set of numbers, for instance the following:

(5) a,=9,b=3.6=284d =3,

ay=2,by=2,¢p=5,dy = 2.

According to this interpretation all the antecedents of expres-
sion (2) are true, and the consequent is false; the expression
is therefore disproved. But this second set of numbers does not
disprove expression (1), because Aab is true, and therefore
NAab is false, and a false antecedent yields a true implication.
Neither, therefore, of the sets (4) and (5) disproves expression
(3), which contains NAab as well as Nbec.

There is a general method that enables us to disprove
expression (3) when expressions (1) and (2) are disproved.?
First, we write down all the prime numbers which make up
the sets of numbers disproving (1) and (2). We get for (1) the
series 2, 3, 5, and 7, and for (2) the series 2, 3, and 5. Secondly,
we replace the numbers of the second series by new primes,
all different from the primes of the first series, for instance:
2 by 11, 3 by 13, and 5 by 17. We get thus a new set of
numbers:

(6) {a1= 13,13, 9, = 13, ¢, = I1.11.11,d; = 13,
ay, =11, by =11,¢y = 17, dy =11,

This set also disproves (2), since the relations of divisibility and
primeness remain the same as they were before the replacement.

. ¥ This method was discovered by Stupecki, op. cit., pp. 28-30.
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Thirdly, we multiply the numbers of corresponding variables
occurring in the sets (4) and (6). We thus get a new set:

(7) ay =4.13.13,b, = 7.13,¢, = 3.11.11.11,d; = 4.13,
4, =09.11, by=15.11,¢,=28.17, dy=3.11.}

This set disproves (3). For it is evident, first, that if to the pre-
miss Aef or Ief there corresponds the set of numbers

- €, ez)fhfm 31 Prime to ez:fl P"imc tofz:

and there is another set of numbers
€1, €3, f1, fa2, € prime to ey, f; prime to f3,

all of them composed of different primes from the numbers of
the first set, then the product of ¢, and ¢j, i.e. ¢,.¢;, must be
prime to the product of ¢, and e,, i.e. ¢,.¢,, and f;.f] prime to
JS2-f5. Secondly, if Aef is verified by the first set, i.e. if ¢, is
divisible by f;, and e, by f,, and the same is true of the second
set, so that ¢; is divisible by f], and ¢; by f;, then ¢;.¢; must be
divisible by f.f], and e,.e; by f,.f;. Again, if Ief is verified by
the first set, i.e. ¢, is prime to f;, and ¢, is prime to f;, and the
same is true of the second set, so that e; is prime to f;, and e,
is prime to fj, then ¢,.¢; must be prime to f,.f, and ¢,.¢;, prime
to f;.f1, since all the numbers of the second set are prime to
the numbers of the first set. On the contrary, if only one of the
conditions for divisibility or primeness is not satisfied, the re-
spective premisses must be false. It can be seen in our example
that Aad and Icd are verified by (7), for they are verified by (4)
and (6), and Jbc is disproved both by (4) and (6), and therefore
also by (7). Aab is disproved only by (4) (but this suffices to
disprove it by (7)), and lbc is disproved only by (6) (but this
also suffices to disprove it by (7)). This procedure may be
applied to any case of the kind, and therefore Stupecki’s rule is
verified by the Leibnizian interpretation.

Leibniz once said that scientific and philosophic contro-
versies could always be settled by a calculus. It seems to me that
his famous ‘calculemus’ is connected with the above arith-
metical interpretation of the syllogistic rather than with his
ideas on mathematical logic.

! If there is a variable occurring in one of the disproved expressions but not in
the other, we simply take its corresponding numbers after eventual replacement.

5867 K
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§ 35. Conclusion

The results we have reached on the basis of an historical and
systematic investigation of the Aristotelian syllogistic are at
more than one point different from the usual presentation.
Aristotle’s logic was not only misrepresented by logicians who
came from philosophy, since they wrongly identified it with the
traditional syllogistic, but also by logicians who came from
mathematics. In text-books of mathematical logic one can read
again and again that the law of conversion of the 4-premiss and
some syllogistical moods derived by this law, like Darapti or
Felapton, are wrong. This criticism is based on the mistaken
notion that the Aristotelian universal affirmative premiss ‘All ¢
is b’ means the same as the quantified implication ‘For all ¢, if ¢
is g, then ¢ is &, where ¢ is a singular term, and that the particular
affirmative premiss ‘Some « is 4’ means the same as the quanti-
fied conjunction ‘For some ¢, ¢ is @ and ¢ is &’, where ¢ is again a
singular term. If one accepts such an interpretation, one can
say of course that the law C4ablba is wrong, because a may be
an empty term, so that no ¢ is a, and the above quantified
implication becomes true (for its antecedent is false), and the
.above quantified conjunction becomes false (for one ofits factors
is false). But all this is an imprecise misunderstanding of the
Aristotelian logic. There is no passage in the Analytics that would
justify such an interpretation. Aristotle does not introduce into
his logic singular or empty terms or quantifiers. He applies his
logic only to universal terms, like ‘man’ or ‘animal’. And even
these terms belong only to the application of the system, not to
the system itself. In the system we have only expressions with
variable arguments, like Aab or Jab, and their negations, and
two of these expressions are primitive terms and cannot be
defined ; they have only those properties that are stated by the
axioms. For the same reason such a controversy as whether
the Aristotelian syllogistic is a theory of classes or not is in my
opinion futile. The syllogistic of Aristotle is a theory neither of
classes nor of predicates; it exists apart from other deductive
systems, having its own axiomatic and its own problems.

I have tried to set forth this system free from foreign elements.
I do not introduce into it singular, empty, or negative terms, as
Aristotle has not introduced them. I do not introduce quanti-
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fiers either; I have only tried to explain some ideas of Aristotle
by the help of quantifiers. In formal proofs I employ theses of
the theory of deduction, since Aristotle uses them intuitively in
his proofs, and I employ rejection, because Aristotle himself
rejects some formulae and even states a rule of rejection.
Wherever in Aristotle’s exposition there was something not
completely correct, I have been anxious to correct the flaws of
his exposition, e.g. some unsatisfactory proofs by reductio per
impessibile, or the rejection through concrete terms. It has been
my intention to build up the original system of the Aristotelian
syllogistic on the lines laid down by the author himself, and in
accordance with the requirements of modern formal logic. The
crown of the system is the solution of the problem of decision,
and that was made possible by Stupecki’s rule of rejection, not
known to Aristotle or to any other logician.

The syllogistic of Aristotle is a system the exactness of which
surpasses even the exactness of a mathematical theory, and this
is its everlasting merit. But it is a narrow system and cannot be
applied to all kinds of reasoning, for instance to mathematical
arguments. Perhaps Aristotle himself felt that his system was
not fitted for every purpose, for he added later to the theory of
assertoric syllogisms a theory of modal syllogisms.! This was
of course an extension of logic, but probably not in the right
direction. The logic of the Stoics, the inventors of the ancient
form of the propositional calculus, was much more important
than all the syllogisms of Aristotle. We realize today that the
theory of deduction and the theory of quantifiers are the most
fundamental branches of logic.

Aristotle is not responsible for the fact that for many cen-
turies his syllogistic, or rather a corrupt form of his syllogistic,
was the sole logic known to philosophers. He is not responsible
either for the fact that the influence of his logic on philosophy
was, as it seems to me, disastrous. At the bottom of this disas-
trous influence there lies, in my opinion, the prejudice that
every proposition has a subject and a predicate, like the pre-
misses of Aristotelian logic. This prejudlce, together with the
criterion of truth known as adaeguatio rei et intellectus, is the basis

! 1 take it that the theory of modal syllogisms expounded by Aristotle in Chapters
8-22 of Book I of the Prior Analytics was inserted later, since Chapter 23 is obviously
an immediate continuation of Chapter 7.
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of some famous but fantastic philosophical speculations. Kant
divided all propositions (he calls them ‘judgements’) into analy-
tic and synthetic according to the relation of the predicate of a
proposition to its subject. His Critique of Pure Reason is chiefly an
attempt to explain the problem how true synthetic a prior:
propositions are possible. Now some Peripatetics, for instance
Alexander, were apparently already aware that there exists
a large class of propositions having no subject and no predi-
cate, such as implications, disjunctions, conjunctions, and so
on.' All these may be called functorial propositions, since in all
of them there occurs a propositional functor, like ‘if—then’, ‘or’,
‘and’. These functorial propositions are the main stock of every
scientific theory, and to them neither Kant’s distinction of ana-
lytic and synthetic judgements nor the usual criterion of truth
is applicable, for propositions without a subject or predicate
cannot be immediately compared with facts. Kant’s problem
loses its importance and must be replaced by a much more
important problem: How are true functorial propositions pos-
sible? It seems to me that here lies the starting-point for a new
philosophy as well as for a new logic.

! In connexion with Aristotle’s definition of the mpéraois Alexander writes,
11. 17: eloi 8¢ odror oi Gpor mpordoews o¥ wdons dAAG 7is dmAfjs T€ xai xalovpérns
KaTyyopikis® 76 ydp T kard Tivos éxew xai 76 xabBblov 7 év péper 7 ddidpioTov idia
Tavrys 9 yap vmoberiny) obx év 7P 74 xatd Tivos AéyeabBar dAX’ év dxodovbig % pdxp 76
dAnlés 3 78 Peddos Exer.
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for Darapti, p. 63, n. 1; for Bocardo, p. 64 n.; his proofs by ecthesis may be
explained by existential quantifiers, pp. 61-6; rejects invalid syllogistic forms
by exemplification through concrete terms, p. 67, n. 2; employs a rule of
rejection, p. 70, n. 2; his syllogistic misrepresented by some mathematical
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arithmetical interpretation of the syllogistic, pp. 126-9.

arithmetical laws, compared with syllogisms by the Stoics, p. 15.

dpx, basic truth, p. 44.

assertion, introduced by Frege, accepted in Principia Mathematica, p. 94.

associative law of addition, without brackets, p. 8.

Averroes, on Galen’s fourth figure, p. 38.

axioms, of the theory of deduction, p. 80; of the syllogistic, p. 88.

délwpa, Stoic term for proposition, p. 82 n.

Barbara, axiom, p. 88 ; perfect syllogism, pp. 44-5 ; formulated by Aristotle, p. 3;
with transposed premisses and without the sign of necessity, p. 10, n. 5; its
weakness in the system, p. 94.

Barbari, thesis, p. 92.

Baroco, thesis, p. 94 ; formulated by Aristotle with transposed premisses, p. 34, n. 7;
its unsatisfactory proof by reductio ad impossibile, pp. 55-6 ; how Baroco should
be proved by reductio ad impossibile, p. 56; correct proof given by Aristotle,
P- 57, 0. 3.

basis, of syllogistic, p. 100; not sufficient without Stupecki’s rule of rejection,
p. 101.

Bekker, L., p. 24 n.

belong, ¢mdpxew, p. 14 n.; used by Aristotle in abstract syllogisms with variables
instead of elva: in concrete examples, p. 17; explanation of this fact by Alex-
ander, p. 17, n. 3.

bivalence, principle of, p. 82.

Bocardo, thesis, p. 94; formulated by Aristotle with transposed premisses, pp. 34,
64 n.; proved by him by ecthesis, p. 64; its proof by existential quantifiers,
pp- 65-6; the latter proof in symbolic form, pp. 85-6.
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Bocheriski, I. M., his hypothesis on composition of the Prior Analytics, p. 27.

brackets, notation without, pp. 78-g.

Bramantip, thesis, p. g2; called by Aristotle dvrearpappévos auMoyiouds, pp. 24 n.,
25; proved by him, p. 26 n.

C, sign of implication ‘if—then’, p. 78.

Camenes, thesis, p. 93; proved by Aristotle, p. 26 n.

Camenop, thesis, p. 93.

Camestres, thesis, p. 93; formulated by Aristotle with transposed premisses,
pP- 34, 1.

Camestrop, thesis, p. 93.

Carftsian principle, ‘cogito, ergo sum’, not a principle but an inference, p. 21.

categorical system, p. 9g.

Celarent, thesis, p. 92 ; perfect syllogism, p. 44.

Celaront, thesis, p. 93.

Cesare, thesis, p. 92.

Cesaro, thesis, p. 93.

chain, p. 124.

Chrysippus, p. 82 n.

Cicero, p. 82 n.

Clavius, commentator on Euclid, p. 80; law of, p. 8o.

commutation, law of, pp. 82, 89, 107.

commutative law of conjunction, p. 61 ; formulated in symbols, p. 84.

compound law of transposition, known to Aristotle, pp. 56-7; proved by the Stoics
as rule of inference, p. 59, n. 1.

compound syllogisms of four terms, investigated by Galen, p. 39, n. 3; divided by
him into four figures, p. 40 n.

conjunction, definition of, p. 81 ; its definition as truth-function, p. 83.

consistency of the syllogistic, proof of, p. 8g.

constant functors, Aristotelian: 4, E, I, O, p. 77; propositional: C, K, N, p. 78.

conversion of the A-premiss, thesis, p. g1 ; mistakenly regarded as wrong, p. 130.

conversion of the E-premiss, thesis, p. 91 ; proved syllogistically by Alexander, p. 10.

conversion of the I-premiss, thesis, p. 91; proved by Aristotle by ecthesis, p. 60,
n. 1; proof by existential quantifiers, pp. 61—2; the latter proof in symbols,

. 84-5.

convzrpsio: of the O-premiss, invalid, p. 11, n. 1.

conversion of the syllogism, p. 57.

Copleston, Fr., S.J., pp. 1, n. 1, 12.

Couturat, L., p. 126 n.

Cpp, propositional law of identity, different from Aaa, p. 48.

Cpq, implication means ‘if p, then ¢, p. 78.

Darapti, thesis, p. 92; proved by Aristotle by ecthesis, p. 63, n. 1; may be proved
by existential quantifiers, pp. 63-4.

Darii, thesis, p. 91; perfect syllogism, P- 44; formulated by Aristotle with trans-
poscd premisses, p. 34, n.

Datisi, axiom, p. 88; formulated by Aristotle with transposed premisses, p. 34, n. 3.

decision, the problcm of, solved for the C-JV system of the theory of deduction,
pp- 112-18; for the syllogistic, pp. 120-6.

deduction of syllogistical laws, pp. 91-4.

deductive equivalence, relative to some theses, p. 107; defined, p. 110; different
from ordinary equivalence, p. 110; requires rejection, pp. 109-10.

definition, two ways of defining functors, p. 81.
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derivational line, p. 81.

detachment, rule of, modus ponens of the Stoics, p. 16.

dictum de omni et nullo, not a principle of the syllogistic, p. 46; not formulated by
Aristotle, p. 47.

Dimaris, thesis, p. 92 ; proved by Aristotle, p. 26 n.

Disamis, thesis, p. 92; formulated by Aristotle with transposed premisses, p. 7 n.;
proved by him by conversion of the conclusion of Darii, pp. 52-3.

Duns Scotus, law of, p. 8o.

E, constant functor, means ‘no—is’ or ‘belongs to no’, pp. 14, 77.

Eab, means ‘no a is b’ or ‘b belongs to no a’, p. 77.

ecthesis, explained by existential quantifiers, p. 61 ; proofs by ecthesis, pp. 54-67;
perceptual character ascribed to them by Alexander, pp. 6o, n. 3, 63, nn. 2—3,
67, n. 1.

Encyclopaedia Britannica, 11th edition, on logic of the Stoics, p. 49.

equivalence, of Eab and Nlab, p. 88 ; different from deductive equivalence, p. 110.

Euclid, employs the law of Clavius, p. 50.

Eudemus, p. 38, n. 4.

Eulerian diagrams, applied to a non-Aristotelian system of syllogistic, p. 99; to the
problem of undecidable expressions, p. 101.

existential quantifiers, explained, pp. 61, 84; rules of, p. 62; used in proofs by
ecthesis, pp. 61-66.

ex mere negativis nihil sequitur, not generally true, p. 103 ; connected with Stupecki’s
rule of rejection, p. 103.

exportation, law of, p. 86.

exposition, see ecthesis.

expression, significant, p. 80; elementary, p. 103 ; simple, p. 103.

factor, principle of the, pp. 52-3.

Felapton, thesis, p. 93 : formulated by Aristotle with transposed premisses, p. g, n. 4.

Ferison, thesis, p. 93.

Fesapo, thesis, p. 93; proved by Aristotle, p. 25, n. 2.

Festino, thesis, p. 93; proved by Aristotle, p. 51, n. 1.

figures of the syllogism, division into figures has a practical aim, p. 23 ; description
of the three Aristotelian figures, p. 23, n. 1; position of the middle term in
premisses principle of division into figures, p. 23, n. 2; Maier’s opinion
criticized, pp. 36-8.

form, of the Aristotelian syllogism, pp. 1-3; of thought, p. 12; of syllogism as
opposed to its matter, p. 14; consists of number and disposition of variables
and of logical constants, p. 14.

formalism, pp. 15-16.

fourth figure, omitted by Aristotle, p. 27; its moods accepted by Aristotle, p. 27; not
invented by Galen, p. 41 ; opinions of Prantl and Maier criticized, pp. 35, 37.

Frege, G., founder of modern propositional logic, p. 48; introduced assertion into
logic, p. 94.

Fresison, thesis, p. 93 ; proved by Aristotle, p. 25, n. 2.

functor, p. 77.

functorial propositions, have no subjects or predicates, p. 132.

Galen, divided compound syllogisms of four terms into four figures, pp. 38-40.

Herminus, modifies the Aristotelian definition of the major term, p. 31, n. 3; mis-
understands rejection, p. 70, n. 1.
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homogencous terms, required by the syllogistic, p. 7.

UM, matter of the syllogism as opposed to its form, p. 14.

YmofdMew, term used by Philoponus for substitution, p. 8.

hypothetical syllogism, law of, known to Aristotle, p. 49, n. 4; formulated, p. 51;
in symbols, p. 79.

1, constant functor, means ‘some—is’ or ‘belongs to some’, pp. 14, 77.

laa, law of identity, axiom, p. 88.

Iab, means ‘some a is b’ or ‘b belongs to some a’, p. 77.

identity, laws of, syllogistic 4aa and laa, p. 88; propositional, p. 48.

immediate premiss, duecos mpdraois, without a middle term between its subject
» end predicate, p. 44.

imperfect syllogisms, moods of the second and third figure, p. 43.

implication, ‘if p, then ¢’, p. 78; defined as truth-function by Philon of Megara,

p- 83; its relation to the corresponding rule of inference, p. 22.

importation, law of, p. 86.

indefinite premiss, pp. 4-5; treated as particular, p. 5, nn. 1-2.

indemonstrable propositions, dvamddeixror, p. 43.

indemonstrable syllogisms of the Stoics, first, p. 19; second and third, p. 58.

independence, proofs of independence of the axioms of syllogistic, pp. 89—go.

inexactness, of Aristotelian formulations, p. 18, n. 1.

inference, not a proposition, p. 21.

Joannes Italus, p. 39, n. 1.

Kalbfleisch, K., p. 38.

Kant, I, p. 132.

Kapp, E., p. 1, n. 1; criticizes Prantl, p. 3, n. 6.

Keynes, J. N., on singular propositions, p. 5, n. 3; on the major and minor term,
p. 30 n.; on reduction of syllogisms to the first figure, p. 44 ; on dictum de omni
et nullo, p. 47.

Kochalsky, p. 59, n. 1.

Kpg, conjunction, means ‘p and ¢’, p. 77; its definition by C and W, p. 81 ; defined
as truth-function, p. 83.

Laws, of the theory of deduction: of commutation, p. 82; commutative law of
conjunction, p. 61; compound law of transposition, p. 56; of exportation,
p. 86; of importation, p. 86; of hypothetical syllogism, p. 51; of identity,
Pp- 48 ; of Clavius, p. 80; of Duns Scotus, p. 80; of the syllogistic: pp. 91-4.

Leibniz, G. W., his arithmetical interpretation of the syllogistic, pp. 126—9.

logic, its relation to psychology, pp. 12-13; to philosophy, p. 13; Aristotelian logic
a theory of the functors 4, E, I, O, p. 14.

logic of propositions, different from the logic of terms, p. 48; invented by the Stoics,
p- 48; in its modern form founded by Frege, p. 48.

Lukasiewicz, J., on axioms of the syllogistic, pp. 46, n. 3; 91 n.; on logic of the
Stoics, p. 48 n.

Maier, H., misunderstands syllogistic necessity, pp. 11, n. 2; 12, n. 1; his philo-
sophic speculations on this subject refuted, pp. 11-12; does not distinguish
the Aristotelian syllogism from the traditional, P. 22 n.; accepts the mistaken
definition of Aristotle of the major, minor, and middle term, p. 28, n. 3;
regards the order of premisses as fixed, p. 33, n. 2; accepts extensional rela-
tions of terms as principle of division of syllogisms into figures, pp. 36-8;
accepts a fourth figure with only two moods, p. 37; believes in existence of
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one principle of syllogistic, p. 47; does not understand the logic of the Stoics,
P- 49; does not understand the implication ‘if not-p, then p’, p. 50; accepts
Alexander’s interpretation of proofs by ecthesis, p. 60, n. 4 ; does not understand
proofs of rejection, p. 68.

major term, predicate of the conclusion, p. 32 ; wrongly defined by Aristotle, p. 28,
n. 2; Aristotle’s definition modified by Herminus, p. 31, n. 3; Alexander’s
opinion on this subject untenable, pp. 31-2; classical definition given by
Philoponus, p. 32, n. 2.

Meredith, C. A., on number of figures and moods for n terms, p. 42.

middle term, wrongly defined by Aristotle for the first figure, p. 28, n. 1; rightly
defined for all figures, p. 29 n.

minor term, subject of the conclusion, p. 32; wrongly defined by Aristotle, ‘px.28,
n. 2; classical definition given by Philoponus, p. 32, n. 2.

modus ponens, first indemonstrable of the Stoics, p. 19; rule of detachment, pp. 16, 81.

Mutschmann, p. 59, n. 1.

N, sign of negation ‘it is not true that’ or ‘not’, p. 78.

necessity, see syllogistic necessity.

negation, propositional, denoted by odx{ by the Stoics, p. 78, n. 1.

negative terms, excluded by Aristotle from syllogistic, p. 72.

number of syllogistic forms and valid moods, p. g6.

number of valid moods and figures for n terms, p. 42.

number of undecidable expressions, infinite without Stupecki’s rule, p. 103.

0, constant functor, means ‘some—is not’ or ‘does not belong to some’, pp. 14, 77.
Oab, means ‘some a is not §’ or ‘b does not belong to some a’, p. 77.

order of premisses, pp. 32—4 ; not fixed by Aristotle, pp. 32—-4.

oUxl, propositional negation of the Stoics, p. 78, n. 1.

Oxford Translation of Aristotle’s works, p. v.

particular, premiss, p. 4; quantifier, see quantifiers.

Peano, G., p. 52.

Peirce, C. S., invented a method of verifying theses of the theory of deduction, p. 82.

perfect syllogisms, moods of the first figure, pp. 43-5.

Peripatetics, a syllogism used by them, p. 1; on relation of logic to philosophy,
p. 13 n.; not formalists, p. 16.

Philon of Megara, defined implication as a truth-function, p. 83 n.

Philoponus, John, on importance of variables, p. 8, n. 3; uses dmofdAdew to denote
substitution, p. 8; his definition of the major and the minor term, p. 32, n. 2;
the second figure has a major and minor term by convention, p. 32, n. 3.

Plato, his supposed influence on Aristotle’s logic, p. 6; examples of compound
syllogisms, p. 40.

Platonists, on relation of logic to philosophy, p. 13.

Prantl, C., criticized by Kapp, p. 3, n. 6; does not distinguish the Aristotelian
syllogism from the traditional, pp. 22, 35; his mistaken opinion on the fourth
figure, p. 35, nn. 1, 3; his ignorance of logic, pp. 35-6 ; quotes Averroes, p. 38.

predicate, together with subject matter of the syllogism, p. 14; put by Aristotle in
the first place in abstract syllogisms, p. 3; predicate of conclusion = major
term, p. 32; prejudice that every proposition has a subject and a predicate,
p. 131.

premiss, defined by Aristotle, p. 3; divided by him into universal, particular, and
indefinite, p. 4.

primitive terms, of the syllogistic, p. 45.
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. Principia Mathematica, by A. N. Whitchead and B. Russell, pp. 48, 50, n. 2, 51, n. 2,

52, n. 1, 56, n. 2, 61 n.

principle of division of syllogisms into figures, p. 23.

proof, Aristotle’s theory of proof unsatisfactory, p. 44 ; proofs of syllogistic moods by
conversion, pp. 51—4 ; by reductio ad impossibile, pp. 54-9; by ecthesis, pp. 50—
67 ; how proofs should be performed by reductio ad impossibile, p. 56 ; proof of
decision for the theory of deduction, pp. 112-18; for the syllogistic, pp. 120-6.

proposition, mpéraais of the Peripatetics, p. 3; délwpa of the Stoics, p. 82n.;
Alexander on the difference of categorical and hypothetical propositions,
p. 132 n.; functorial propositions have no subjects or predicates, p. 132.

pn:pgsitional function, pp. 94-5.

quantified expressions, explained, p. 84.

quantifiers, universal denoted by 71, existential or particular denoted by Z, p. 84;
rules of existential quantifiers, p. 62; rules of universal quantifiers, p. 86;
universal quantifiers correspond to the syllogistic necessity, pp. 11, 87;
existential quantifiers may explain proofs by ecthesis, pp. 61-6.

RE, rule allowing to replace NI by E and conversely, p. 88.

reductio ad impossibile, characterized by Aristotle, p. 55 n.; proofs by, pp. 54-9;
unsatisfactory for Baroco and Bocardo, pp. 54-5.

reduction of axioms to a minimum, has a predecessor in Aristotle, p. 45.

reduction of syllogistical moods to the first figure, means proof, p. 44; Keynes’s
opinion criticized, p. 44.

reduction to elementary expressions, in the theory of deduction, pp. 111-15; in the
syllogistic, pp. 118-20.

rejected expressions, denoted by an asterisk, p. g6.

rejection, used by Aristotle by exemplification through concrete terms, p. 67, n. 2;
a rule of rejection stated by him, p. 70, n. 2; its meaning explained, p. 6; its
rules, pp. 71-2, 96 ; how these rules work, pp. g6-7 ; reasons for its introduction
into the theory of deduction, p. 109.

RO, rule allowing to replace N4 by O and conversely, p. 88.

Ross, Sir David, pp. v, vi, 8, n. 1, 24 n., 46, n. 1, 47, n. 2.

RS, Stupecki’s rule of rejection, p. 104.

rule of detachment—modus ponens of the Stoics, pp. 16, 19, 81.

rule of Stupecki, formulated, pp. 75, 103 ; explained, p. 104 ; employed, pp. 105-6.

rules of inference, different from propositions, p. 21 ; for asserted expressions: by
substitution, pp. 8o, 88; by detachment, pp. 81, 88; for rejected expressions:
by substitution, pp. 72, 96; by detachment, pp. 71, g6.

Russell, B., p. 1, n. 1; wrongly criticizes Aristotle, p. 1, n. 3; see also Principia
Mathematica.

Scholz, H., p. vii; on Galen’s authorship of the fourth figure, p. 39.

Sextus Empiricus, quotes a Peripatetic syllogism, p. 1, n. 2; gives the Stoic proof of
the compound law of transposition, p. 59, n. 1; quotes Philon’s definition of
implication, p. 83 n.

significant expression, defined inductively, p. 8o.

simple expressions of the syllogistic, rejected, pp. 120-1.

simplification, law of, p. 8g.

singular terms, defined by Aristotle, p. 4, n. 2; why omitted in his syllogistic,
PP 5-7-

Stupecki, J., proves that the number of undecidable expressions of the syllogistic
is infinite, p. 101; states a new rule of rejection, p. 103; shows that the
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Leibnizian arithmetical interpretation of the syllogistic verifies his rule, p.
128 n.; his paper quoted, p. 76 n.

Solmsen, Fr., his view on conversion of the conclusion refuted, p. 25, n. 1.

square of opposition, not mentioned in the Analytics, pp. 20, 45.

Stoics, on exchange of equivalent terms in syllogisms, pp. 18, 19 n.; their logic
formalistic, p. 19; their logic a logic of propositions, p. 48; a system of rules of
inference, p. 48; misunderstood by modern commentators, p. 49; denote
variables by ordinal numbers, p. 58 n. 4; use odx{ as propositional negation,
p- 78, n. 1; adopt Philon’s definition of implication, p. 83 ; state the principle
of bivalence, p. 82 n.; modus ponens, the first indemonstrable syllogism of the
Stoics, p. 19; the second and third indemonstrable syllogisms, p. 58 their
proof of the compound law of transposition, p. 59, n. 1. Ca

orouyela, letters, variables, p. 8.

subject, together with predicate matter of the syllogism, p. 14; put by Aristotle in
the second place in abstract syllogisms, p. 3; subject of the conclusion =
minor term, p. 32; propositions without subject or predicate, pp. 44, 131.

substitution: an ancient argument by substitution, p. 10; term used for substitu-
tion by Philoponus, p. 8, n. 3; rule of substitution for asserted expressions,
p- 80; for rejected cxprcssions, PP- 72, 96.

ovvyla, combmauon of premxsses, p. 63.

syllogism, a Peripatetic, p. 1 ; in concrete terms given by Aristotle, p. 2 ; form of the
Aristotelian syllogism, pp. 1-3; different from the traditional !oglcally and in
style, p. 3; differently formulated in variables and in concrete terms, p. 17;
compared by the Stoics with an arithmetical law, p. 15; in purcly implica-
tional form, p. 22; in symbolic form, p. 78.

syllogistic necessity, its sign sometimes omitted by Aristotle, p. 10, n. 5; its meaning
explained on occasion of the invalid conversion of the O-premiss, p. 11}
wrongly explained by Maier, pp. 11-12; corresponds to a universal quantifier,
p- 11; proof of this correspondence in symbolic form, pp. 86-7.

symbolic notation, without brackets, pp. 78-9.

synthetic theorem, ascribed by Alexander to Aristotle, p. 65 n.; in symbolic form,

p. 85.

Tarski, A., pp. 78, n. 2, 107 n.

term, part of a premiss, p. 3 ; universal, singular, empty, p. 4 ; different from Begriff,
p. 3, n. 6; a division of terms, pp. 5-6 ; syllogistic requires homogeneous terms,
p. 7; major, minor, and middle term, pp. 28-30.

Theophrastus, adds the moods of the fourth figure to the first, pp. 27, n. 2; 38, n. 4;
probably defined the first figure differently from Aristotle, p. 27.

theorem of reduction, proved for the theory of deduction, pp. 111-15; for syllo-
gistic, pp. 118-20.

theory of deduction, the most elementary part of the logic of propositions, pp. 49,
79-83; invented by the Stoics as a system of rules of inference, p. 48; founded
in modern times by Frege, p. 48; placed at the head of mathematics in Principia
Mathematica, p. 48 ; reasons for introducing rejection into this theory, p. 109.

therefore, sign of inference, pp. 2, 21.

8éas, order of terms adopted by Aristotle for the three figures, p. 33, nn. 3-5.

thesis, true proposition of a deductive system, p. 20; different from a rule of
inference, p. 21 ; relation of an implicational thesis to the corresponding rule
of inference, p. 22.

traditional syllogism, a rule of inference, pp. 21-3; different from the Aristotelian,
p. 21; neither true nor false, only valid or invalid, p. 21; weaker than the
Aristotelian syllogism, pp. 22-3.
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transposition, law of, known to Aristotle, p. 49, n. 3; its symbolic form, p. 89; com-
pound law of transposition, proved by the Stoics, p. 59, n. 1.

Trendelenburg, F. A., does not distinguish the Aristotelian syllogism from the tradi-
tional, p. 22 ; on the order of premisses, p. 33, n. 2; on the principle of division
of syllogisms into figures, p. 36.

Ueberweg, Fr., pp. 36, 39.

undecidable expressions, p. 100; infinite in number, p. 103.

universal premiss, p. 4.

universal term, p. 4.

ulraqup: si praemissa neget nil inde sequetur, connected with Stupecki’s rule of rejection,
£p. 103.

Vailati, G., p. 50, n. 4.

validity, property of inferences and rules of inference, p. 21.

variables, introduced into logic by Aristotle, pp. 7-8; truth of syllogisms does not
depend on shape of variables, p. 9, n. 2; identification of variables not known
to Aristotle, p. 9; their extensional relations cannot be determined, p. 29.

Waitz, Th., p. v ; does not distinguish the Aristotelian syllogism from the traditional,
P- 22; a textual criticism, p. 24 n.; censures Apuleius for changing the order
of premisses, p. 33, n. I.

Wallies, M., p. 39.

Whitchead, A. N., see Principia Mathematica.

Zeller, E., p. 49.



PRINTED IN
GREAT BRITAIN
AT THE
UNIVERSITY PRESS
OXFORD
BY
CHARLES BATEY
PRINTER
TO THE
UNIVERSITY





















	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif
	00000083.tif
	00000084.tif
	00000085.tif
	00000086.tif
	00000087.tif
	00000088.tif
	00000089.tif
	00000090.tif
	00000091.tif
	00000092.tif
	00000093.tif
	00000094.tif
	00000095.tif
	00000096.tif
	00000097.tif
	00000098.tif
	00000099.tif
	00000100.tif
	00000101.tif
	00000102.tif
	00000103.tif
	00000104.tif
	00000105.tif
	00000106.tif
	00000107.tif
	00000108.tif
	00000109.tif
	00000110.tif
	00000111.tif
	00000112.tif
	00000113.tif
	00000114.tif
	00000115.tif
	00000116.tif
	00000117.tif
	00000118.tif
	00000119.tif
	00000120.tif
	00000121.tif
	00000122.tif
	00000123.tif
	00000124.tif
	00000125.tif
	00000126.tif
	00000127.tif
	00000128.tif
	00000129.tif
	00000130.tif
	00000131.tif
	00000132.tif
	00000133.tif
	00000134.tif
	00000135.tif
	00000136.tif
	00000137.tif
	00000138.tif
	00000139.tif
	00000140.tif
	00000141.tif
	00000142.tif
	00000143.tif
	00000144.tif
	00000145.tif
	00000146.tif
	00000147.tif
	00000148.tif
	00000149.tif
	00000150.tif
	00000151.tif
	00000152.tif
	00000153.tif
	00000154.tif
	00000155.tif
	00000156.tif
	00000157.tif
	00000158.tif
	00000159.tif
	00000160.tif
	00000161.tif
	00000162.tif
	00000163.tif
	00000164.tif

