UNIVERSAL
LIBRARY

OU_162821

AdVvddl
TVSHIAINN






OSMANIA UNIVERSITY LIBRARY

caNeg74. é’7/[45‘/ Acssion No. /{4

Author . /} ‘
Tmef“& r&% Tg keddelow.

This book should be returned on or before thc dage: last






AN INTRODUCTION

TO

THE ALGEBRA OF QUANTICS



OXFORD UNIVERSITY PRESS
LONDON EDINBURGH  GLASGOW  NEW YORK
TORONTO MELBOURNE DBOMBAY
HUMPHREY MILFORD M.A.

TUBLISHER 10 THE UNIVERSITY



AN INTRODUCTION

TO THE

ALGEBRA OF QUANTICS

BY

EDWIN BAILEY ELEIOTT, M.A., F.R.S.

WAYNFLETE PROFESSOR OF PURE MATHEMATICS, AND
LELLOW OF MAGDALEN (OLLEGE, OXFORD

SECOND EDITION

OXFORD
AT THE CLARENDON PRESS
1913






PREFACE

THE present work is an expansion of a course of lectures
which I have annually delivered for some years past at
Queen’s College, Oxford.

Its primary object is, as was the case in the lecture room,
that of explaining with all the clearness at my command the
leading principles of invariant algebra, in the hope of making
it evident to the junior student that the subject is attractive
as well as important, and that its early difficulties are only
such as he can readily surmount. Lucidity in mathematical
works has often suffered from undue compression. My
constant aim has been to guard against such a possibility
here. In a book of moderate size dealing with a great subject
much must remain unsaid, if the fundamental considerations
are to be presented with the thoroughness and the perspicuity
necessary to enable the student adequately to realize them,
and give him the interest in them which will prepare him to
pursue for himself the study to which they introduce him.

But, while the interests of the beginner have thus been
given precedence, I am not without hope that the mathe-
matician who is not new to the higher algebra will, especially
in the chapters near the middle of the book, find in its pages
matter of value to him as an aid to his researches. In some
branches of the theory, which though of really elementary
character are of comparatively recent investigation, as for
instance in much of the algebra of differential operators, it is
believed that a welcome supplement to previous treatises is
offered.

The title ¢ Algebra of Quantics’ is perhaps one of my own

introduction. It probably needs no defence, and can hardly
1431



vi PREFACE

fail to convey the right meaning. The mathematical world
has now for half a century associated the algebra of invariants
and covariants with the name of Cayley, and with his
‘Memoirs on Quantics,” so that it may perhaps be regarded
as appropriate that a new work, appearing in the year which
has seen the close of the labours of the renowned author of
those memoirs, and dealing with their subject, should bear
a name which recalls his memory.

To Salmon’s Higher Algebra and his other works it is
impossible to say how much I am indebted, both for direct
reference and for guidance to the use of other authorities.
Fad de Bruno’s Formes Binaires has also been constantly
before me. Of Clebsch’s Bindre Formen and Gordan's In-
variantentheorie less use has been made, as their symbolical
method, and their successful application of it to the great
problew of the investigation of complete irreducible systems,
have been reluctantly passed over with little more than an
allusion in the following pages. A scanty chapter or two
on this subject would have been utterly inadequate, and
inconsistent with the general plan, as stated above, of an
introductory treatise which prefers to omit rather than to
obscure by condensation. A whole work which shall present
to the English reader in bis own language a worthy exposition
of the method of the great German masters remains a
desideratum.

The reader will not, however, find that the present work
is & compilation from others which have preceded it, great
as has been the help which those others have afforded.
Constant recourse has been had to the original authorities,
particularly of course to Cayley's series of memoirs, and to
Sylvester’s writings in the Cambridge and Dublin Mathe-
matical Journal, the American Journal of Mathematics, and
elsewhere.

No bibliography of works and memoirs on the subject has
been introduced. All mathematicians who wish to go deeply
into the study of original authorities will bave in their hands
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Dr. F. Meyer’s ‘Bericht iiber den gegenwirtigen Stand der
Invariantentheorie’ in the ¢Jahresbericht der Deutschen
Mathematiker-Vereinigung’ for 1890-91, which is so full
and thorough a bibliography and analysis of what has been
done, especially in the later period of the history of the
invariant theory, that it is hard to see how more can be
desired. With regard to the originators of particular results,
the difficulty continues, and has grown with the multitude of
investigators, which was felt by Dr. Salmon when he wrote,
‘I can scarcely pretend to assign to their proper authors the
merits of the several steps; and, as between Messrs. Cayley
and Sylvester, perhaps these gentlemen themselves, who wero
in constant communication with each other at the time, would
now find it hard to say how much properly belongs to each.’
To the difficulty with regard to Cayley and Sylvester may in
particular be added that of discriminating between what in
Salmon's work should be ascribed to them or others at all
and what to Salmon himself. Throughout the following
pages discoverers’ names are very frequently attached to
results; but it is too much to hope, though all care has been
taken, that therc are not cases in which the names given are
those of authors in whose writings the results in question
have certainly occurred, rather than those of the authors who
tirst gave them.

I am indebted to several friends for suggestions and other
help. Among them there is one, Mr. J. Hammond, M.A., one
of the most distinguished of living researchers in the higher
Algebra, to whom my especial thanks are due for a manuscript
on the binary quintic which has been exceedingly helpful.

Some students, approaching the subject for the first time,
will be advised to omit Chapters VII to XI till part of what
follows them has been read.

E. B. ELLIOTT.

OXFORD,
September, 1895.



PREFACE TO THE SECOND EDITION

IN preparing this new cdition my aim has been, as before,
to express principles clearly, with a directly didactic purpose,
and to cxhibit salient conclusions which have been derived
from the principles by the use of those methods which are
often characterized as distinctively English. The old arrange-
ment, and the old numbering of articles, have been nearly
always retained. A good deal has been added; and the
additional has sometimes been stated with a brevity which
in the original matter was deliberately avoided in the effort
never to be obscure. Pains have been taken to insert the
additions in places where they assist the argument, or at any
rate do not impede its flow. When this has been found
impossible or seriously difficult, a practice much resorted to
in the first edition has been further adopted; and facts of
interest or utility have been stated, with guidance to ways
of obtaining them, in examples.

In two Chapters, V and XV, rearrangement has not been
avoided. In the former I had neglected an important con-
sideration ; and in the latter stress has now been laid on
facts of which the importance has only begun to be appreciated
since the first edition appeared.

Altogether, fully one-eighth has been added to the book;
but the skill of the statt’ of the University Press has kept the
volume within its old bulk—without, as I trust, making it
difticult to read.

A need to which I called attention in the preface to the
first edition has been satisfied by Messrs. Grace and Young
in their Algebra of Invariants. I have therefore, with easy
conscience, said little more than before about the powerful
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symbolic method which, in its parallelism to the English
method of always keeping in view explicit forms, and bring-
ing to bear upon them knowledge about linear differential
operators and about enumerative arithmetic, has been called
distinetively German. In such additions as I have made to
my mention of that method I have as a rule adopted, not the
usual symbolism, but a modification of it which stands in
direet relationship to the calculus of differential operations.

My hope iy that the work will still appeal, as I am glad to
think it has in the past, to the beginner in Higher Algebra ;
will give him real interest in the subject, and provide him
with sound knowledge in one of its departments. In
endeavouring to improve this second edition, which is the
last I shall live to produce, and is probably definitive, I have
continued to think mainly for him, and to picture him as
one better prepared for being led on from the simple—it
may be the crude—to the elaborate, than for first receiving,
and then applying, comprehcnsive theory. But I further
trust that the book will retain, for some time to come,
a certain value as onc to be referred to by men and women
who, while occupied with the continued advancement of
Pure Mathematics, will need to look back upon and utilize
the labours of those pioneers of modern Algebraic Theory,
who adorned the latter half of the nineteenth century, and
have now passed away.

E. B. ELLIOTT.

May, 1913,
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AN INTRODUCTION
TO

THE ALGEBRA OF QUANTICS

CHAPTER I
PRINCIPLES AND DIRECT METHODS,

1, Quantics or Forms. A function of any number of
variables @, ¥, 2, ..., which iy rational, integral, and homo-
wencous in those variables, is called a quantic in 2, y, 2, ....
The coefficients in a quantic are constants as far as «, v, =, ...
aro concerned. The idea of the variability of w, y, z, ... is
rarely introduced. We call them vm‘iab{‘s only to have
a distinetive name for them.

If therc arc only two variables ., ¥, the quantic is spoken
of as a hinary quantic; if three «, y, , a8 a ternary quantic;
if four, as a quaternwry quantic; and so on. If there are ¢
variables, where ¢ is any number, we may call it a q-ary
quantic.

The degree of a quantic in the variables w, ¥, =, ... is
generally spoken of as its order. Quantics of the first, second,
third, fourth, ..., pth orders are called briefly linear, quadratics,
cubies, quartics, ... p-ics.

Thus for instance «az? 4 3Dx?y +3cry? +dy® is a binary
cubie, and aa?+hy?+ez2+2fyz 4204+ 2hny is a ternary
(uadratic.

By some English and most foreign writers the word Form
is used as synonymous with and instead of the word Quantic.
Both words being well cstablished, they will be used almost
indiscriminately in this work.

Attention will often be concentrated on binary quantics
alone., The binary p-ic will almost invariably be considered
in the form

2

Ug? + pu P~y + dll'; D
+ Pp=1(p=2)
1.2.3
which it is usual shortly to symbolize by
(g5 115 gy Uy wee tp) (5 Y)P
It is of course clear that, if «,, ¢y, ¢y, dg, ... ¢, are capuble
1431 B
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2 QUANTICS OR FORMS [

of receiving any values whatever, this is neither more nor
less gencral than the form

bow? + byyP 1y + b, a2y 4 by 3P+ L+ by 4 b,
which it is the custom to denote by

(boy by by, by, o0 By) (@, )

The advantages gained by use of the first form, in which
Z’.(l/ {'é’l) , ... in the pth power
of a binomial are explicitly introduced as factors of the
cocflicients in order in the binary p-ie, will become apparent
in the sequel.

Analogous advantages are gained in gencral, when quantics
in higher numbers of variables arc being dealt with, by the
explicit introduction of multinomial coeflicients. Thus in
the gencral ¢-ary p-ic in the variables @, @,, ... w, it is
convenient to consider each cocflicient to be the product
of a factor denoted by a letter, to which any value whatever
may be assigned, and the cocflicient of the corresponding
term in the expansion of (x, +u, + ... +2,)"

When speaking of the coefficients in a binary quantic
(g gy yy i tty) (@, )P, We as a rule mean ¢, a;, ¢y, outry,

P -1 .
I'—(l‘“ o b dy, ... ; and analogously for quantics

in higher numbers of variables.

the numerical coefficients 1, p,

and not «, pa,,

. Linear transformation. If in a quantic we replace
cach of the variables by a sum of multiples of first powers
of an cqually numerous set of new variables—if for instance,
the variables originally involved being @, ¥, 2, ..., we sub-
stitute for them according to the scheme

e=0l X+m Y+n Z+...,
y=l'X+m' Y+u'Z+...,
s=U"X4+wm"Y+ 02+ ...,

where there arc just as many of X, Y, Z, ... as of 2,9, 2,...—
wo are said to make a lincar substitution in the quantic, or
to linearly transform the quantic; and the new quantic in
X, Y, Z, ... which we obtain is spoken of as a linear trans-
Jormation of the original quantic.

The determinant

L, om, m, ..

i

’ 1
U, L
y
,m”n”,

. . . . . i



2] LINEAR TRANSFORMATION 3

whose constituents are the coeflicients, in their natural order,
of the new variables X, ¥, Z, ... in the expressions for the old
ones &, ¥, 2, ..., and which accordingly consists of as many
rows and columns as there are variables in either set, is
called the determinunt or modulus of the substitution or of
the transformation. It will often be convenient to denote it
byﬂa single letter. The letter which will as a rule be chosen
is M
The original variables z, y, =, ... are as a rule taken to be

all independent. It is unlawful then to substitute for them
any expressions in terms of new variables whieh aro not
all independent. Now if X, Y, Z, ... arc all independent the
linear expressions

LX+m Y4u Z+...,

UVXyw Y40 Z+...,

UVX+wm"Y+ 07+ ...,

are or are not all independent according as the modulus A7
docs not or does vanish. We must impose then on the
generality of the coeflicients in a lawful scheme of linear
substitution the one limitation that the modulus M do not
vanish.

We are now in a position to define invariants and covariants.

3. Invariants and Covariants.

An invarient of « single quantic is such a function of the
cocfficients in that quantic, that it needs at most to be mul-
tiplied by a factor which is a function only of the coeflicients
in any scheme of linear substitution, to be made cqual to
the same function of the corresponding coeflicients in the
quantic into which the given quantic is transformed by that
scheme.

An ¢nvariant of two or more quantics in the same variables
is such a function of the two or more sets of coeflicients in
those quantics, that it needs at most to be multiplied by
a factor which is a function only of the coefficients in any
scheme of linear substitution, to be made equal to the same
function of the corresponding coefficients in the quantics into
which the given quantics are transformed by that scheme.

A covariant of a single quantic, or of two or more quantics
in the same variables, is a function of the variables and of
the coefficients in that quantic or those quantics which has
the like property; namely that of neceding at most to be
multiplied by a factor which is a function only of the
coefficients in any scheme of linear substitution to be made
equal to the same function of the new variables and of the

B 2



4 DEFINITION OF INVARIANTS, ETC. [’3

corresponding cocfficients in the quantic or uantics into
which the given quantic or quantics are transformed by that
scheme,

¥or instance, let the binary p-ic

(ags gy tyy oon ay) (2, )"
be transformed by the linear substitution
w=LlX+mY, y=UX+m'Y,
and become
(A g5 Ay, 0 4,) (X, X)),

where A,, 4,, 4,,... 4, are functions of a,, «¢;, «,, ... «,, and
L, &, m’: then f(a,, ¢, ¢y, ... «,) Will be an invariant if an
identity holds of the form

Ay Ay Ao Ay =@ m, Uy ) fay, ay, ay,...a,),
and F(a,, @, ¢y ..., &, y) will be a covariant if an identity
holds of the form

F,A,4,..4,X)Y)
=, Uym) Fay, ag, iy, ..y, @, y).

Again if the same substitution transforms another binary

quantic in «w, ¥
(19s )y )y oo dly) (2, )"

(Ao,1 ‘Al,7 Azlt A’z:') (X’ Y)P’
Fldg, ayyoenttyy @y s o ’,) will be an invariant of the p-ic
and the p/-ic jointly if an 1dentity holds of the form
f(Ay, Ay Ap, AS AL A
=@ (l,m, U, m) fag, dyy ety @ afs oo y),
and F (i, ¢q, . ay, o/ ya) oy, @, y) will be a covariant if
an identity holds of the form
F,, A, A4, A A, A, XY
= ¢ ((,m, U, ) (g, aq,oiay, af,al,ood a0 ).
It will be noticed that covariants include invariants as
a particular case.

into

4. In every case the factor depending only on the co-
cfficients in the scheme of substitution in the identity which
oxpresses the fact of invariancy or covariancy is as a matter
of fact a power of the modulus M. In particular for any
invariant or covariant of a bin«ry quantic or binary quantics
the ¢ (I, m, I, m’) above is a power of Im/—Um. It is
a departure from usual practice not to state this as a require-
ment in defining invariants and covariants. It will probably
be granted that the departure is a proper onc, for the necessity
is a proposition which can and will be proved hereafter, and,
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were there any functions such as contemplated in the defini-
tions for which the factor was other than a power of the
modulus, their property would be none the less appropriately
deseribed as invariantic. The fact that there are not really
such functions is one of suflicient interost in itself and of
sufficient importance in its applications to deserve proof and
prominence.

No limitation requiring functions defined as invariants and
covariants to be rational and integral has been imposed in
the definitions. There are in fact irrational and fractional
functions which have the property of invariancy and co-
variancy, as well as others which are 1ational and integral.
The main quest in this work will be however for invariants
which are rational and integral, and for covariants which are
rational and integral both in the cocflicients and in the
variables, and the words inveriant and covariant will as
a rule be used as meaning relional {nlegral nvwrient and
rational integral covariuat,

There is a greater comploteness in a system of rational
integral invariants and covariants than is at fivst sight appa-
rent, in that all invariants and covariants can be expressed in
terms of such as are rational and integral. The present is not
the stage at which to attempt to prove this fact, but the case
of covariants of a single binary ,p-ic may be mentioned as
an instance. It will be seen in Chapter 11I that there cannot
be more than p independent covariants, including the p-ic
itself and invariants. In terms of p which arc independent
any other can be expressed. Also in Chapter X a system of p
independent covariants will be found which are all rational
and integral. It will follow that all other covariants, including
such as aro irrational or fractional, can be expressed in terms
of them,

5. A little careful consideration will show that we ought
not to be surprised at the existence of invariants and co-
variants. Consider for instance a binary quantie. It is
equivalent to a product of linear factors, to grant which is
only to grant the fundamental theorem of algebra that every
rational integral equation has a root, and therefore p voots
if its order is p. A relation in the coeflicients of the quantic
will be equivalent to the expression of some special fact with
regard to those linear factors. In particular there will be
some relations which express kinds of interdependence among
two or more factors which are not altered by the application
of a linear transformation of the variables. Such a relation
will necessitate the corresponding relation among the co-
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efficients in the transformed quantic. In other words the
function of the cocfticients ol the given (uantic whose
vanishing gives the relation in question must be a factor of
the same function of the corresponding coeflicients of the
transformed quantic.

Thus in particular the vanishing of the discriminant of
a binary quantic iy the condition, sufficient and necessary,
that the quantic may have two identical lincar factors. Now,
if it has, 8o clearly must the result of replacing in it « and ¥
by IX +m Y and I'X + m’Y. Conscquently, if the discriminant
of the given quantic vanishes, s0 too must that of the linearly
transformed quantic. In other words tho first discriminant
must be a factor of the sccond. That the remaining factor
must be a function of I, m, I, m’ only is to be expected
because, the diseriminant being homogencous, and each co-
ofticient in the transformed quantic being lincar in the
cocflicients of the untransformed, the degrees of the two
discriminants in the cocflicients of the untransformed quantic
are the same. It will presently be proved that the dis-
criminants of all quantics, and not of binary quantics only,
are invariants.

Again, by thinking of the eliminant or resultant of two
binary quantics we can realize that invariants of two or more
quantics jointly are with equal reason to be expected. The
vanishing of the eliminant of two binary quantics is the
necessary and suflicient condition for those quanties to have
a common factor. If they have, so equally must their linear
transformations. In other words, if the eliminant of two
binary quantics vanishes, so must that of the two transformed
quantics. The former eliminant is then a factor of the latter.

6. To convince ourselves of the a priori reasonableness of
expeeting covariunts to exist, we shall do well to avail our-
selvos of geometrical representation.

Let us take axes of Cartesian coordinates inclined at any
angle, which it is best to regard as unknown, since otherwise
we may be in danger of introducing or implying its value in
functions with which we deal, and so bringing in ideas not
afforded by the quantics and transformation that are before
us. The factors of a binary quantic or quantics correspond
cach to a straight line through the origin, the straight line
in each case whose equation is obtained by equating to zero
the factor under consideration.

Let us now consider what is effected by the linear substitu-
tion & = IX +mY, y = U'X +m'Y, regarding the substitution
not as implying a change of axes but as expressing the co-
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ordinates of oue point (&, y) in terms of those of another
(X, V) with regard to the same axes. The first point (x, y)
being definite, so is the second (X, Y).  Morcover to ditterent
points (x, ¥) on a straight line through the origin correspond
different points (.\\, ¥') on another line through the origin, for
17X is uniquely determined in terms of y/x. In fact we havo

y _ U+ Y/X Y lLoyfe=U
s T+m.Y/x> % that v = w—m.yle

Now the student of geometry will recognize from this that
the two lines on which (&, ) and (X, }) lic have a definite
homographic or projective correspondence for given values of
{, m, ', m’. The effect then of the linear transformation is to
replaco points on lines through the origin by corresponding
points on projectively corresponding lines through the origin,

The pencil of lines representative of any given binary
yuantic or quantics is accordingly replaced by any linear
transformation by a projectively corresponding pencil of lines,
Is there any other pencil of lines associated with the first
pencil, whose projective correspondents arc associated with
the second pencil exactly as they themselves are with the
first? If so, then the equation of their correspondents may
be formed ecither by applying the linear transformation to
their equation or by forming an equation from the trans-
formed (uantic or quantics in precisely the same way as their
equation was formed from the given quantic or quantics.
In other words, the derived quantic which equated to zero
gives their equation, and that derived in like manner from
the transformed quantic or quantics, are identical, but for
a possible factor independent of the coordinates. Such
a derived quantic will be a covariant if only the factor
involve mercly the constants ¢, m, /, a0 of the transformation
and not also the coeflicients in the quantic or quantics. But
the factor must be of no dimensions in the coefficients of the
quantic or quantics, for each cocflicient in the transformed
quantic or quantics is homogeneous and of one dimension in
them. Thus it is to be expected that what is required will be
the case.

Now as a rule therc arc of course lines associated with
a given pencil in such a way that if they and the pencil are
replaced by others by projective transformation the character
of the association is preserved. In particular harmonic pro-
perties are unaltered by projective transformation.

Thus, for instance, it suggests itself that a binary quadratic
and a linear form have jointly a linear covariant, namely the
harmonic conjugate of the linear with regard to the quadratic
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—see Ex. 6 below : or again that two binary quadratics have
jointly a quadratic covariant, their common pair of harmonic
conjugates—sce Ex. 7 below: or once more that a binary
cubic hag a cubic covariant, composed of the three harmoric
conjugates of the three factors singly each with regard to the
other two factors—a fact which will be established later.

7. We have now suggested to us a number of classes of
functions which are likely to be invariants and covariants, and
which may be examined by the direct method of substitution.

Ex. 1. To verify that ae—0* is an invariant of the binary quadratic
ax’ + 2bxy + cy?, of which it is the discriminant.
If by the substitution «=/Y+mY, y=VUX+m'Y,
ax®+2bzy +cy* becomes AN 4+2BXY4CY?
we have A = al* 4 201 + 1,
B =alm+b(Im +Um)+ cl'n,
= am?® + 20man’ + em’%
Hence at once
AC— I = (Pm™—20mnt 4+ m*l?) (ac ~ b?)
= M*(ac—10*).

Ex. 2. Verify that the eliminant ab’—a’b is an invariant of the
two binary linear forms ax+by, o’z +0'y.
Ans. AR —A’B = M(al/ —a'b).

Ex. 3. Verify that the eliminant ad’?—20a’d’ + ca’ is an invariant
of the quadratic and linear forms ax®+ 2bay + ¢*, o’z +0'y.
Ans. AB®—2BA'B + 04" = M*(al*—2ba’V’ + ca™).

Ex. 4, Verify that a¢’+ a’c—208" is an invariant of the two binary
quadratics ax®+ 20ry +cy?, o’z + 2bxy + ¢y~
Ans, AC'+A’'C—2BB = M*(ac’+a’c—20¥). The vanishing
of this invariant is the condition that the two quadratics denote pairs
of harmonic conjugates, or that if the first quadratic be written
a (x—ay) (x— By), the second must be of the form
& (@ ayP+V (a— iy}

Ex. 5. Verify that ac—4bd+8c* is an invariant of the binary
quartic axt+ 40y + 6 e’y + 4 duy® + ey,
Ans. AE—=4BD+3C* = M*(ae—4bd+3c?).

Ex. 6. Verify that ¥’ (aw+by)—a’ (b +cy) is a covariant of the
binary quadratic and linear forms ax®+ 2bxy + cy?, o’z +b'y.
Ans, B'(AX+BY)-A'(BX+C7Y)
. = M {¥(ax +by)—a’(bx +cy)}.
This covariant is the harmonic conjugate of the linear with regard to
the quadratic form,
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Ex. 7. Verify that (ab’—a’d)w’®+ (ac’—a’c)xy + (be’ ~¥c)y? is u
covariant of the two quadraties ax®+ 2bzy + i, a’a® 4 20wy 4 'y
dns, (A —A'B)X?+(AC"—L'C)XY +(BC'—B'C)Y?
=M{(ab’ —a’b)a? +(a’ —a’c)xy + (b’ —b'c)y*}.
This covariant is the common pair of harmonic conjugates with regard
to the two quadratics.

Ex. 8. Verify that (ac—0%a?+ (ad—be)ry +(bd—c*)y® is a co-
variant of the binary cubic ax® 4 3ba’y + 3exy® +dys.
Ans. (AC—DB)X*+(AD—BC)XY +(BD—(Y)Y?
= M*{(ac— ")+ (ad —be)wy + (bd —cM)y* L.

8. Several of the above examples are particular cases of
general facts, the proof of which will next occupy us.

Thus Example 1 is a particular case of the general theorem
that the diseriminant, or eliminant of the various first partial
differential coeficients, of any quantic whatever, isan invariant
of that quantic.

Again, Examples 2 and 3 are cases of the general fact that
the eliminant or resultant of any number of quantics in as
many variables is an invariant of those quantics jointly.

Examples 6 and 7 are cases of the theorem that the
Jacobian or Functional Detcrminant (§ 10) of any number of
quantics in as many variables is a covariant.

Once more, Example 8 is a case of the fact that the Hessian
of a quantie, i.c. the Jacobian of its first partial differential
coeflicients, is a covariant of the quantic.

9. Eliminant of linear forms., We may at once prove
a first extension of Example 2, that the eliminant of any
number of linear forms in that same number of variables is
an invariant of those linear forms.
Let there be n variables z;, @,, @,, ... @,, and let the » linear
forms be
U Ty Ty + oo+ Ay Ty
Up @y + A @y + oo + Uy Ty
aulml + aﬂ2‘7'2 +...+ Wy Xy 5
and let the scheme of linear substitution
@ =1y X+, X+ .+, X,
Ty =l Xy + 10X, + .. + 1, X,

Ty = lanl+ln2X2+ oot L X,
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transform them into
A X +4,X,+...+4,X,,
A X+ A4,X +...+4,,X,,

A, X +A,X,+...+4,X,.

7]

Then we see at once that, each of r and s being any number
between 1 and » inclusive,

A, = anl,+a,ly +aly + 0+l

so that, by the ordinary theorem for the multiplication of
determinants,

Apy Ay, oo 4y, (115 (yzy vee g Ly gy oo b
AZI’ A22’ s A2n — u’Z]’ (yys ens "2u X lz]) l-‘Z’ e Z2n
An]’ Anzi e Ann (D) ((,,23 von Upy lnls lnzs e ]nn

(byys gy von Upy

= M| % s oo Uon

(("1, "n‘]? vee ”uu

10. Jacobians are covariants. If u, v, w, ... are any number
of quantics in that same number of variables z, ¥, z, ..., the
Jacobian or Functional Determinant of w, v, w, .., is the deter-
minant
. du U

N

dx by’ P
dy dv v
5—$, 5}}’ E, ces ,
dw dw  dw

B“é, b?}" b_;_,.

e

which it is usual more shortly to write
d(u,v,w,...)
b(w, Y 2 o)

That it is a covariant of u, v, w, ... may be seen as follows.
If mm any function w4 of ‘z, 9, 2, ... we substitute for these
variables according to the linear scheme

.
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z=I1X +mY + nZ +...,
y=UX+m'Y +0Z+...,
c=0"X+m' Y+ Z+...,

in this way expressing it as a function of X, ¥, Z, ..., we have
at once
du _ du dx duw dy  du Iz

T sx ey axte ax
e 0w, 0u
=l3£+l~a—§+l % 4,
all the differential coefficients being partial.
Similarly
U Qu , U , U
b_Y:mls.’i' +m @ +m 3% + ...,
d du U, U
3z=" b_;?;'*_ () a—y-lwn 37 +
&e., &e.

Thus, by the rule for multiplication of determinants of the
same order,

L, m, n, ... Q. QU du
U, m', o/, ... % @’ dy’ 7’
14 " r”

U, m”, m", ... v dw dw

3’ by’ 55
dw  dw  dw
-, =

2’ oy’ v

o o - . .

du o, U ou ;U "o

l'b—a;'l'l'bTJ-l-l *b‘;'"...,’n'bs'a}""ﬂl ay +m az'{'...,..
=l w0, Qv L OV

l;\{l—;+l5§+l ‘5;+, 071;5{;;4")71 by+m az+...,...

du  du U
30X’ W’ 7T
v dv
3K’ 3 32
dw  dw dw N
30X’ a2
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And this, transposing the right and left-hand sides, is
d (u, v, W,y L) 113 (w, v, 20, ...)
S, Y, Z,..) T d@y %...)

where on the right %, v, w,...are expressed in terms of »,7,2,...
i.e. in their original forms, and on the left in terms of
X,Y,Z,...,1.e.in their transformed forms. Thus the Jacobian
of u, v, w,... i8 a covariant.

Covariants, as stated already, include invariants as a par-
ticular case. 'Whon the Jacobian does not involve the variables
it is an invariant, This is the case when w, », w,... are all of
the first order in «, 9, 2,.... Thus the present result includes
that of the preceding article.

Ex. 9. Obtain from this result examples 2, 6 and 7 of § 7.

Ex. 10. Obtain a linear covariant of the ternary quadratic and
two linear forms
ax? + by + et + 2fyz + 2 gz + 2 hy,
eV y+c oz,
o'z + b”;l/ +¢5;
and interpret it geometrically, by taking for .\ and ¥ the two linear
forms, or otherwisc.
Ans. (Ve =b"¢") (ax + by + g=) + ('’ ="'« ) (haw + by + fz)
(V' ="V (g + fy + cz).
The polar of the intersection of two straight lines with regard to a conie.

Ex. 11. Two ternary quadratics and a linear form have a quadratic
covariant,
Ex. 12. Obtain and interpret geometrically a linear covariant of the
quaternary quadratic and three linear forms
ax® +by* + esb+ dw’~ 2fya+ 2gew + 2hay + 2paw + 2 qyw + 212w,
e+ Vy+ =+ daw,
(l.”a,’-{- I)”:l/-}- c//z_'_ cl"w,
a’”a:-{-b’”y +c”’z+<l”’w.

11. Hessians are covariants. To prove that the Hessian
P Ry A
ow?’ dxdy’ wdz’

b?u Ny Ry
dedy’  dy? dydz’
iy Ry R

2wds’ goa’ a@

‘

of a quantic w in the variables z, ¥, z, ... is a covariant of u.
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A natural but erroneous form of argument must first
be guarded against. The Hessian of u 13 the Jacobian of
duw/ox, du/dy, du/dz, .... Hence by the last article it is a
covariant of the system of quantics du/dz, du/dy, du/dz, ... .
It would be unjustifiable hence to conclude that it is a
covariant of w, for when u is transformed by a linear sub-
stitution ou/dx, du/dy, du/d%, ... are not transformed into
du/IX, du/dY, du/dZ, ... .

A correct method of proving the theorem is the following.
Multiply the Hessian written above by the modulus

t, m, n,
Uy 'y v/, .|, or M,

"ot
U, m”,n" L

of the transforming lincar substitution. Using the facts,
cmployed in § 10, that, when the operations arc on any
function of x, ¥, 2, ... upon the right, and on its equivalent in
terms of X, Y, Z, ... upon the left,

et Xl
sx= 'ttty

i

Ny L
2t

b-—ma+m’b+m‘”a+
W M w TR

&e., &e.

we see at once that the product may be written

3w 0 duw  d du
X %’ Y 3’ 3% va
3 du ? M d duw
X 3y ¥ 3y sz
b.bu 2 du 3 duw
3X Y % ¥

or, since the order of differentiations in such an operator as

> 2 LR

(2 . 2
st =l t s U+ )5

)
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may be interchanged, that it may be written

d du d  du d du
@ X 2z 3V a3z
d du d  du d
AR SRTID) RTR VA
d d  du 0w
30X % % iz

Now multiply again by M, taking this time columns with
columns in forming the product. The same equivalences of
operators as before tell us that the result is

Pu Ry Q%
X% aXxaY aXx 37T
PRTA Ay Q%
XY Ay Wz
Ay hELTA 2w
D YR E VAR

Thus upon multiplying the Hessian of the untransformed
quantic by M?, the square of the modulus, we have obtained
the Hessian of the transformed. The Hessian is then a co-
variant.

When the quantic w is binary only the Hessian is

%y 2y R )2
dut dyt \Ndawdy/”

Ex. 13. Apply this result to prove Ex. 8 of § 7.

Ex. 14. If the covariant (ac—b8%)2* + (ad —be)wy + (bd ~ ¢*) y* of the
binary cubic aa®+ 3ba®y+ 3cxy®+dy® is broken up into factors
(pr+qy) (p'z+ ¢'y), and if these factors are taken for X and ¥, so
that the formulae of linear transformation are

x= ¢X-q¥ Y= — P X +pY¥

7 -rr »y —p'q
show that the cubic takes the form 4 X34 DYs3,

Ex. 15. Hence solve the cubic aa® + 3bx?+ 3ca +d = 0. (Cf. §200.)

.Ex. 16. Find a covariant of degree 2 in the coefficients and order 4
in the variables of the binary quartic (a, b, ¢, d, ¢) (z, y)*
" Ans.  (ax®+ 2bxy + cy?) (ca® + 2dwy + ey®) — (ba® + 2 ey + dy?).

3
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Ex. 17. Find a covariant of degree 2 aud order 6 of the binary
quintic (@, b, ¢, d, ¢, f) (x, ¥)°.

Ex. 18. The Hessian of a binary quartic which has a cubed factor
is"the fourth power of that factor, multiplied by a function of the
coefficients.  (Cayley.)

Ans. Take the cubed factor for X3,

12. Discriminants of Quadratics. The Hessian of a
quantic, proved above to be in general a covariant, is in parti-
cular an invariant when it is free from the variables. Thisis the
case when the quantic is a quadratic in any number of variables.

We have accordingly the proof of a first generalization of
§ 7, Ex. 1, namely that the discriminant of any quadratic is an
invariant of that quadratic. For the Hessians of the binary,
ternary, and quaternary quadratics

a’ + 2bay +
ax? +by? + ezt + 2fyz + 29z + 2hay,
w2+ by + ¢ + dw* + 2fyz + 29z + 2 hay
+ 2 paw + 2qyw + 217w,
are, after rejection of the numerical factors 2% 23, 24,
a, b
b, ¢

ay hy g a, kg, g i
Iy b, f 1, | 1,0 f, g
9 tc g fr6 7|

Pgs s d
and, quite generally, that of the ¢-ary quadratic

L]

m=¢q-1 n=q

2 allha’n + 2 E 2 u‘n”lwﬂlxﬂd

n=1 m=1 n=m+l
is, after rejection of the numerical factor 29,

Uyps Aygs Aygs e dyg

Uyzs Uapy Uygy e Wyg

gy Qags Uygyeee Qg

Uigs Uagy gy een Ugq

Now these are the eliminants of the first partial differential
cocflicients, each divided by 2, of the various quadratics;
i.e. they are the discriminants of the quadratics.
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13. Eliminants are invariants. Let the ¢ quantics
U, ¥, W,.. in ¢ variables x, ¥, z... become U, V, W,..
when &, y, 2, ... are replaced according to the linear scheme

=0 X+m Y4+n Z+..., ‘
Yy=UX+m'Y+n' Z+...,
e=0"X+m"Y+0"Z+...,

. . . . .

Let R (u, b, «,...) denote the eliminant or resultant of u, v, w,...,
and R (4, B, 4’,...) that of U, V, W, ..., « and 4, b and
B, «’ and 4’,... being corresponding coefficients in untrans-
formed and transformed quantics. It is to be proved that
R (a, b, &', ...) is an invariant of w, v, w, ... .

We will first show that if R (4, B, 4’,...) = 0, then cither
R (a,b,¢,...) =0 or M =0, and conversely that, if either
R(a,b,d,..) =00r M =0,then R (4, B, 4',...) = 0.

If R (4, B, 4’,...) = 0, there must be some sct of values of
X,Y,Z,..., not all zero, which make U =0,V =0, W = 0,...
simultaneously. The equations of transformation just written
give us a corresponding set of values of , ¥, 2,..., which make
w=0, v=0, w=0,... simultaneously. If these values of
z, %, 2,... are not all zero, it must follow that R (a, b, ¢’,...) = 0.
On the other hand if all are zero, we must have

L,m,n,.. |=0,

’ ’ ’
U,m', n,..
s ”n ”
U, », 27, ...

. . .

ie. M =0.
Again, if R (a, ), ¢/,...) = 0, there are values of z, ¥, z,...,
not all zero, which make w=10, v=10, w=0,.., simul-

taneously, and, unless M = 0, the equations of transformation
determine from these a set of values of X, 7Y, Z,..., not
all zero, which make U=0, V=0,. W=0,...; so that
R (4, B, 4’,...)=0.

Lastly, if M = 0, whether R («, b, ¢’,...) be zero or not,
give to z, ¥, 2,... in the equations of transformation the values
0, 0, 0,..., which of course make v =0, v=0, w=0,....
Because M = 0 the equations are satisfied by values of X, ¥,
Z,..., not all zero; and these make U= 0, V=0, W=0,...,
so that R (4, B, 4’,...) = 0.

Thus the condition R (4, B, A’,...)=0 cxpresses oxactly
the same special state of things as do the alternative con-
ditions M=0, R (a, b, «,...)=0.

Hence, assuming, as we shall prove in the next article, that
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the algebraic funetion M is not resoluble into simpler algebraic
factors, but not assuming the unproved fact that R (a, b, @,...)
is not so resoluble,

. R (4,B, 4,...) =power of M x F (a, ], &/,...),
where F' (a, b, a’,...), if not R (a, b, «/,...) or a power of it,
is at any rate a product of powers of all the factors of
R (a, b, «/,...), supposing for safety that it may have simpler
factors.

This result is proved for all linear substitutions. It holds
then for every particular linear substitution. Now take
{, W, n”,...all units and the other coefficients in the scheme
all zeros, so that the scheme becomes simply x = X,y =7,
z2=1Z2,...,and M =1, while A, B, 4’,...are merely a, 0,
... : then our general result gives

R b d,..)=F(a,b ,...),
© so that F (@, b, ¢/,...) is really the eliminant of u, v, w,...
itself.

Consequently the general result is

R (4, B, 4’,...) = power of M X R (a, b, &',...),
which proves that the eliminant R (a, b, «/,...) is an invariant.
We now give the proof that M is irresoluble.

14. The modulus irresoluble into factors. Let us use
a double suffix notation, and suppose, if possible, that

M=, by, L, ...
Loy Laas Lags oo

I O

can be written as a product of two rational factors 6¢.

The determinant is of the first degree in every constituent.
Thus /,, cannot occur in both factors 6, ¢. Suppose that it
occurs in 6.

In the expansion of the determinant no term occurs in
which /;; is multiplied by any constituent belonging to its
row or its column. Thus ¢ can involve no constituent be-
longing to the first row or the first column. Let /., be
a constituent which does occur in ¢. By similar reasoning
no constituent belonging to the rth row or sth column can
oceur in 4.

Thus two constituents, Z,; and /,,, cannot occur either in
0 or in ¢. But the expansion of the determinant involves
every constituent. Our supposition that M can be written ag
a produet of factors ¢ is therefore untenable.

1431 (o]
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15. All discriminants are invariants. Of this proposition,
already proved for quadratics, a general demonstration will
now be given.

If w be a quantic in ¢ variables z, ¥, z,... we have to prove
that its diseriminant, i.e. the eliminant of its ¢ first partial
derivatives du/dz, du/dy, du/dz, ..., is an invariant of u.

The scheme of lincar substitution being the usual one, we
have, as in § 10,

du QU , U . OU
=t Vst Vst
du u , 0U » OU
Y = Mo Ty T s T

du

—~—'nb—u W +n — +
3z = "t oy e

bE

Now, in accordance with the definition, the discriminant
A (4, B,...) of the transformed form of « will vanish if and
only if du/0X, du/dY, du/3Z, ... are made simultaneously to
vanish by some set of values, not all zero, of X,Y,Z,.... But
the above equivalences tell us that this will be the case if and
only if either (1) du/dx, du/dy, du/dz, ... can be made simul-
taneously to vanish by values of z, ¥, 2, ... not all zero, i.e. if
the diseriminant A (a, ), ...) of the untransformed u vanishes,
or (2) if the determinant of the coefficients on the right, i.e. M
the modulus of the substitution, vanishes.

It follows therefore, since M is irresoluble, that

A (4, B,...) = power of M x A'(«, b,...),
where A’ (a, b,...), if not A (a, b,...) itself or a power of it, is
at any rate the product of powers of the factors into which
we might allow the possibility of A (e, /,...) breaking up.

Apply however the general result to the case of the par-
ticular substitution z = X, y =Y, 2 = Z,..., for which M/ =1
and 4 = a, B=0, &e. It becomes '

A (a, b,...)= A" (¢, b,...).
Thus our general conclusion is that
A (4, B,...) = power of M x A (a, ),...).
Consequently the discriminant A (a, b,...) is an invariant.

16. Determinant expressions for powers of Im’—1'm. For
purposes of direct proofs that large classes of funetions in
determinant form are invariants and covariants of binary
quantics, a simple theorem, due to Fad de Bruno, as to a
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certain class of determinants, is of great utility. The first
three cases of the theorem are

L, m |=Im'=Um,

l.’, m’

&, Im, m? = (Im/ — U'm)?,

20, Im/+U'm, 2mm’

Ues U/, m’?

B, 1®m, Im?, m3 = (Im'—1U'm)%;
302, 2lm+ 12w/, 2lma +L{m?, 3mim’

32, Uz 2w/, Im/2 4 2Umm/, 3mm’2

s, Ui, Um/’%, w3

and the gencral theorem is that the determinant whose first
row consists of the constituents
U, -, 2wl L lmt Y, m,

and whose other rows are obtained in succession by operating
on the constituents of this first row with

AT T D S S 1,0 , 34

Catm s TeWgtm ) e g tmisg)
is a power, namely the 17 (r+1)th power, of Im'— 'm.

It will be readily scen that we might equally write down
first the last row

UnUr-tad, Ur-2w/e, L U/ ™0, wdT,
and obtain the other rows in succession upwards by operations
on it with
d ) 1 l 9 (2 1 d 34"
ZBT/‘I‘?')LW ’ —'1 i 2(l SZ","‘W%'DR,) y oo ;;_—’(l Sl'; +’77'I,S;7—{,) .
For the constituents in the (s+ 1)th column, read downwards,
are the cocflicients of the various powers of ¢ in the expan-

sion of - (L4 )= (o + ta)?

by Taylor’s theorem; and the same, read upwards, are the
coefficients of powers of  in the expansion of
(Tl+ V) (rm+m).

We speak below of the two modes of forming the deter-
minant as the first and second ways of writing it down.

The first case of the theorem is immediate. The second is
at once proved by adding to the first row —m/m’ times the
second and m?/m’? times the third : and the third case is easily

oz
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proved in a similar manner. The general theorem is an easy
exercise on the theory of Lagrange’s solution of linear partial
differential equations, as we proceed to show.

By the ordinary rule for differentiation of products we
know that the result of differentiating a determinant of the
rth order can be written as a sum of » determinants, each
obtained by differentiating the constituents of one row, leaving
the constituents of all the other rows unaltered. Now operate
on the given determinant, thinking of it as written down in

its first way, with l’;—l+m’g§ﬁ . The result is a sum of »

determinants all of which vanish. For the result of operating
on any row excopt the last is to produce a numerical multiple
of the following row, and the result of operating on the last
row is to produce a row of zcros. If then D denotes the
determinant, we have

,OD 3D

l b—l +m a—ﬂi = 0.
Hence by Lagrange’s theory D involves [ and m only in the
connexion Im’—I'm.

Again, think of D as written down in its sccond way, and

T d e
operate on it with Z—, +m -b«—b We obtain in like manner

o m’

3D D
{ ‘5—&7+’n?ﬂb’7‘ﬁ—, =0,

so that D involves /" and m’ only in the connexion Im’—l'm.

Thus D is a function of Im’—1'm only; and, being homo-
geneous, must consist of a single power of Im’—'m, with
a possible numerical factor. But this numerical factor is unity,
as we see for instance by taking I =m' =1, ' = m = 0, for
which m’— I'm is unity and D consists of a principal diagonal
of units with all other constituents zero.

That the power of Im’—'m is the 37 (r+ 1)th follows from
the fact that D is of dimensions 7 (r+ 1) mn I, m, ', m/.

17. As a typical application of this theorem let us prove
that

At ANy, At
a7 Py’ dat oyl
At Mt Aty
owPdy’ oy’ dxdyt
Aty Ry A
dxtoyr’ dwoyr’ oyt
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is a covariant of a binary quantic u, or in particular an in-
variant if u is a quartic.
We will multiply twice, taking columns with columns, by
the determinant expression above for (Im’— l'm)? i.e. M3,
The first multiplication produces, since

d , 0.2 2 d d d d o
(l55+l 5—3—;) = 5?2, (lﬂ +l’$/) (ﬂlﬁ -l-’m/'-aTJ) = myt
(/m 3 + ._a__)zz _32 .
da dy Y2

o2 RIS )2 au 2 hEXTA

o2 hEXT) 2 PR o A
AX% T ddy’ XY T dwdy’ VE T dwdy |
2 Ay h hEZTA 22 iy,

and the second multiplication of this, with the order of differ-
entiation in each constituent changed, produces

At hRTA dtu

XY XYY dX4Y?
My My it
XY’ aXPaYE’ dXdYs
At At dtu
dX%Y: 3aXay3 Yt

Thug the fact stated is proved.

Ex. 19. Prove that a b ¢

b, ¢, d |,
e, d, e
i.e. ace+2bcd—ad’—b%—c’,
i an invariant of the binary quartic (e, b, ¢, d, ¢) (=, ¥)*
Ans. TFactor M® This important invariant, usually denoted by
J, is called the Catalecticant of the quartic.

Ex. 20. Obtain a covariant of the third order and degree of the
binary quintic (a, &, ¢, d, ¢, f) (z, )"

Ans.  Tts so-called canonizant
ax+by, br+cy, cr+dy .
ba+cy, cx+dy, drtey .
cx+dy, detey, ex+fy
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hIRALY
Ex. 21, If u,, denote PYEPYE prove that
Ugoy  Upy Uy, Ug
Wy Uggy  Uggy Uy
Uggs  Uyyy Uy, Uy
Uggy  Uggy  Upgy  Uyg
is a covariant of a binary quantic » of order greater than 6.
Ans.  Factor M™,

Ex. 22. Prove that the catalecticant
a, b, ¢, d
b ¢ d, e
e, d, e, f
| d» () f) Y
is an invariant of the binary sextic (¢, b, ¢, d, ¢, f, g) (=, y)°.
Ex. 23. Every binary quantic of even order 22 has an invariant, its

catalecticant, of degree n+ 1.
Ans.  Factor M ™(*+1),

Ex. 24. Prove that | 32, Nu 34
i d%w Q%
W wdy
d%w 2w Q2w

v dwdy’ A
is a covariant of three binary quantics «, v, w.
Ans.  Factor /3,
Ex. 25. Obtain and geometrically interpret the invariant
a, b, ¢
o, Y,
a’, b,
of three binary quadratics
(@8, ¢) (@, y), («, ¥, &) (@, y)", (@, 07, &) (w, 9)"
Ans.  Criterion of an involution. A
Ex. 26. Prove that | 3z, 2u Yu
3 dwdy O
v v v
e’ dxdy’ Yy
‘ v’ ) —xY, x?
is a covariant of two binary quantics u, v.

Ans. Factor M3/ M* = M.
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Ex. 27, Deduce Ex. 7 of § 7,
Ex. 28. Prove that

O u My
i S8y Smdg
iu Bu Bu
datdy’ dwdy 2y
¥, —xY, a

is a covariant of a binary quantie w.
Amns.  Factor 3%  Multiply first by the determinant expression
for J/3, and then by A in the form

7, m, 0

v,m/, 0

0,0, 1

Ex. 29. Prove that

u:,o‘ ”uv u:‘.zv '”'.'3 |
Uy WUipy Uy, Uy
Uy Uyyy  Upyy Yo
y3 , — wy‘z’ w‘!.]/, — ws

is a covariant of a binary quantic u.
Ans. Factor M Multiply first by the determinant expression
for A% and then by that for A7

Ex. 30. Prove that a, b, ¢ d
b, ¢, d, e
C, dy 2 f

yt, —wyt, o'y, —al
is a covariant of the binary quintic (a, b, ¢, d, ¢, f) (@, y)".
Ex. 31. Prove that this covariant of the quintic is, but for sign, the
same as the canonizant (Ex. 20).
Ans.  Show that the form of Ex. 30 multiplied by
1, 0,0, 0
z, % 0,0
0, x y 0
0, 0, @,
is the form of Ex. 20 multiplied by —g?°

18. Intermediate invariants and covariants. From a given
invariant or covariant of a quantic can always be derived
a series of invariants or covariants, as the case may be, of two
or more quantics of the same order in the same variables. The
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method may be illustrated by the deduction of the result of
Ex. 4 (§ 7) from that of Ex. 1.

By the substitution x=I1X+mY, y=0UX+m'Y let
az®+ 2bay+cy? and o2+ 2Vxy+cy* be transformed into
AX24+2BXY+0Y? and A’X?+ 2B’ XY +(C'Y? respectively.
Then, whatever constant & be,

(e +ka’)a?+2 (b+ 1)y + (c+ k) y?
is transformed into (4 +kA") X2+ 2 (B+kB) XY +(C+ k() Y.
Consequently, by Ex. 1,
(A +kA") (C+kC)—(B+kB')?
= M2{(a+ka’) (c+ke')y—(b+ kD)) ;

i.e
AC—DB'+k(AC' +A'C—2BB)+k*(A'C"—-B?)
= M2{ac—b:4k(ac’+a’c—200") + k% (a'c’—b"%) ).

This is true for all values of k. The multipliers of different
powers of & on the two sides must then be separately equal
cach to each. Accordingly

AC— B = M*(ac—1?),
AC'+ A’C—2BB = M?(ac’+«'c—20b0),
AC—B? = M2 (/¢ —b?).

Of these three equalities the first and third are merely
expressive of the fact of invariancy from which we started.
The second however gives us the additional fact that

ac’ +a’c— 200
is an invariant of the quadratics
ax® + 2bxy + cy?, o'x? + 2b'xy + ¢y?
jointly. It is said to be the invariant entermediate between
ac—0% and o'¢’ =1

This result is one of great historic interest. With Boole’s
discovery of it in 1841 the cra of systematic investigation
in the algebra of invariants began. In his original memoir
$Cambm'dge Math. Jowrnal, Vol. III) he showed how to find

rom any discriminant the intermediate invariants between
the discriminants of two quantics of the same kind and order.

For another well-known example of the method reference
may be made to the investigation (Salmon’s Conic Sections,
6th. ed. § 370) of the intermediate invariants ©, ® between
the discriminants A, A’ of two conics (ternary quadratics).

19. The method is elearly one of perfectly general applica-
tion when we are given any invariant or covariant whatever
of any quantic whatever. Let P be any invariant or any
covariant of a g-ary p-ic in which the coeflicients are a, b, ¢, ...
and the variables, ¥, 2,.... Consider also another ¢-ary p-ic,
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in the same variables, whose coefficients in the same order are
o, b, ... Putfora,bd,c,...,in P, a+ka’, b+kb, c+kd,...,
and expand in powers of k. The multiplier of every power
of L in the result is an invariant or covariant, as the case may
be, of the two g-ary p-ies, and the same function of the constants
in the scheme of linear substitution is present as factor in the
relation expressive of its invariancy or covariancy as in the
relation which expresses the invariancy or covariancy of P.
The multiplier of the highest power of & which occurs is F,
the result of replacing @, b, c,... by &/, ¥, ¢/,...in P, and the
multipliers of other powers of k are invariants, or covariants,
intermediate between P and P’.

The general form of the invariants or covariants thus
derived from P is

1,,09 , 9 , 7
;_!((LS-(—(/+I)D-E+CSE+.) P,

for this is, by Taylor’s theorem, the coefficient of . Or, again,
it may be written

1 d d d =7,
Gomi st tesg )

where 7 is the degree in the coefficients a, b, ¢, ... of . The
values 1, 2, 3,....2—1 of » give the intermediates betwcen P
and P’. The values 0 and 4 give P and P’ respectively.
Greater values of » than ¢ are unproductive, for the differential
d d

Y YRR repeated more than 7 times

d
okt r 9 / ’
operation o 5ot V—+ec

annihilates P. .

In like manner invariants and covariants of systems of
more than two quantics of the same order in the same
variables are derived from invariants and covariants P of
a single quantic of that type. We have only to put in
P, for a, a+ka, +ka,+..., for b, b+kb +kb,+..., and
similarly for ¢, d,..., to expand according to powers and
products of powers of k,, k,, ..., and to take the multipliers of
these powers and products separately. We thus obtain that,
for any positive integral or zero values of 7y, ry, 7;,... whose
sum does not exceed 7,

d d J d d 9
(a]b—a +b,s—b‘+ ...)’rl ((l/,"g(; +b£35+ ...)7'2 (ﬂsé;a‘ +bd—b*-b- + ‘”)7'5 ...P
is an invariant or covariant of the system of g-ary p-ics
whose coefficients in the same order are a, b, ¢,... ; @y, by, ¢1y...
g, by, Cyyunns gy by, Cay.nis oon, according as P is an invaridnt
or covariant of the first g-ary p-ic. The corresponding
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invariants or covariants P,, P,,... of the second, third, &c.
g-ary p-ics, as well as their intermediates, and the corre-
sponding invariants or covariants of triads, &e. of g-ary p-ics
chosen from among the entire system, are all included.

20, The method admits of a limited application to quantics
of different orders in the same variables ; namely to the case
when the order of one quantic is a multiple of the order of
every other quantic of the system. For insfance, if two
quantics u, v in the same variables are of orders p’p, p respece-
tively, and if @, b, c,... are the coefficients in w and «, B, y,...
the corresponding coefficients in v, then the functions

d ) d r ’
(“m"'ﬁa_b"'yb—c +.) P (o< <),

where I’ is any invariant or covariant of w, are invariants or
covariants of w and v?’, and therefore of % and v.

Ex. 82, From the invariant ae— 45bd + 3¢* of the quartic
(@, b, ¢, d, €) (w, y)*
obtain an invariant of that quartic and the quadratic («/, ¥/, ¢’) (2, )"
of the first degree in the coefficients of the quartic and of the second
in those of the quadratic.
dns.  a”?c—4d'b'd+2(a’c’ +20"%c—4V'c’b+ca.  Factor M4
Ex. 33. If P is an invariant or covariant of (a,, a,, «,, ... @,) (@, )",
prove that the functions .
D r
G S S S
for values of » between 1 and ¢—1 inclusive, where ¢ is the degree of
P in ay, @, a,, ... ¢y, are invariants of the p-ic and the linear form
Ex+4ny jointly.
The importance of evectants, as the functions obtained in this
manner from invariants ave called, will be seen hereafter.

Ex. 34. From any invariant or covariant of several quantics of the
same order in the same variables the operation
, 0 ., )
Y5a Ve TN
repeated till a vanishing result is obtained, produces a series of
invariants or covariants, as the case may be. Here a, b, ¢, ... and
«/, ¥, ¢, ... are corresponding coefficients in any two of the quantics.

+oy

Ex. 35. The effect of replacing o/, ¥, ¢, ... by @, b, ¢ ... inan invariant
or covariant of two quantics u, v of the same order in the same
variables, where a, b, c, ... and o, b, ¢, ... are corresponding coefficients
in » and v, is to give an invariant or covariant of u alone, or else
a vanishing result.



CHAPTER II
ESSENTIAL QUALITIES OF INVARIANTS,

21. In the present chapter we shall, at the expense of
some repetition hereafter, confine our attention to invariants,
reserving till the next the analogous consideration of
covariants.

Except where otherwise stated, rational integral invariants
are alone dealt with, the words ‘rational integral’ being as
a rule omitted.

And first we consider invariants of a single quantic only,

Let us denote constantly by w the quantic under considera-
tion, by p its order in the variables, by ¢ the number of those
variables, by small letters «, b, ¢,..., z, ,... the coeflicients and
variables in its original form, and by capitals 4, B,C,...,X, Y,...
the corresponding coeflicients and variables in the transformed
form to which it is reduced by a linear substitution. Also let
us, except where otherwise stated, consider the scheme of
linear substitution to be perfectly general as in § 2, and denote
by, m, ... U;m/, ... the assemblage of the coeflicients of X, 7, ...
in the expressions for z, #,.... These coefficients we will
speak of as the constants of the substitution, or of the
transformation.

Taking the identical equality

F(4,B,.)=¢@m,..0U,m,.)Fb),..),
which cxpresses that F(«, b,...) is an invariant of w, our
immediate aim will be to prove

(1) that F(a, b, ...) is necessarily homogeneous, and

(2) that ¢ (I, m, ..., m/,...) is necessarily a power of the
modulus M of the transformation, defined in § 2.

A li]nowledgc of the first fact must procede & proof of the
second.

22. An invariant necessarily homogeneous in the co-
efficients. We shall speak of the dimensions of a homogeneous
function of the coefficients in these coefficients as its degree 1.

! Ishould have preferred to use the older term order for this characteristic.
But the practice of speaking of a function (in particular of a covariant),
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If -possible let the invariant F(a, b, ...) consist of a sum
of parts
H,(a,b,..) + Hy(a,b,..) + Hy(a,b,...) + ..

of different degrees 1,, 4,, %;, ... .

Sinee F(a, b, ...) is an invariant for all possible schemes of
linear substitution, it is so of course for a particular scheme.
Let us express the fact of invariancy for the scheme of
substitution,

e=AX,y=AY,z=2Z,...,

which, it is to be observed, has only the effect of multiplying
the p-ic w by A? and replacing x, 3, 2, ... by X, ¥, Z,.... The
coefficients A4, B, C, ... in the transformed p-ic bave then in
this case the values A?u, A?D, AP¢,.... Any homogeneous
function of degree ¢ in them is accordingly A” times the same
function of @, b, ¢, ... .

Thus, if y (A) is the form taken by ¢ (I, m, ... 7, m/, ...) for
the particular substitution we are using, the identical equality
expressive of the invariancy gives us
N H(a,b,...)+ N2 Hy(a,d,...) + N3? Hy (@, D, ...)+ ...

=4 A) {Hy(a,b..)+ Hy(a,],...)+ Hy(a,b,...) + ... }.

This is an identity, true for all values of a,b,.... Conse-
quently the terms of each degree in a, b, ... on the left are the
same as the corresponding terms in each case on the right.
Hence we must have simultaneously

NP = (A), A:?=+4(Q), &e,&e,
which are inconsistent if 4, ¢,, ;, ... are different. The sup-
osition was therefore unsound, and the invariant ¥ (, b, ...)

1s of the same degree ¢ throughout.
The proof holds for irrational invariants.

23. The factor a power of the modulus. The formulae of
the general linear substitution

z=1X +mY +nZ + ...,

y=UX +m'Y +2Z + ..., (1)

s=U'X+m"Y+20"Z+ ..., "

may we know, by solution for X, Y, Z,..., be reversed and
written

whese dimensions are 7 in the coefficients and w in the variables, as of
degree i and order @ has of late become almost universal. While regretting
this, I feel bound to adopt it consistently throughout.



23] THE FACTOR A POWER OF THE MODULUS 29

IM oM IM
X=w et Spue spet
oM oM oM
—pr Yot oM oM
V=2 {bm“c"-bm’y'*-bm”z-'_'"}’r - (2)
oM IM IM }
=M1 — — — 2+ (0
Z=M {b?bm+bvb’y+b')t” +

/

. . . . . . . . . . . . )

where M denotes the modulus
l, m, m, ..

’ /7 ’
U, m/, v, ..

4 ” ’”
U, m”, n" ..

. . . . .

and (cf. § 2) must not vanish,

Looking upon the formulae of substitution for z, ¥, 2, ... in
terms of X, Y, Z, ... as those of the standard substitution, we
may speak of the formulae for X, Y, Z, ... in terms of 7,9, 2, ...
as those of the reversed substitution. The reversal of the
reversed substitution reproduces the standard substitution.
The modulus of the reversed substitution is M~!, the reciprocal
of the modulus of the standard substitution, as immediately
follows from the known fact (cf. Burnside and Panton’s
Theory of Equations, 4th ed. § 146) that the determinant
reciprocal to a given determinant of g rows and ¢ columns
is its (¢~ 1)th power.

Our present object is to prove the factor ¢ (2, m, ... U, m/, ...)
in the equality (§ 21) expressive of the fact of invariancy
of F (a, b, ...) to be a power of M. We have seen in the last
article that ¥ (a, b, ...) is homogeneous in «, b, ..., and there-
fore F' (4, B, ...) homogeneous in 4, B, .... Now 4, B, ...
are homogeneous and of degree p in I, m, ... I/, m/, .... For
our quantic w is transformed from the form

ax? + pbx?ly + ...

to the form AX?P+pBXP-1Y 4 ...

by the scheme (1) in which z,y, ... are homogeneous and
linear in {, m, ... I/, m/, ... ,s0 that @?,x*~'y, ... are homogeneous
and of degree p in I, m, ... 7,m/, .... Thus F (4, B, ...), being
homogeneous, and of degree ¢ say, in its arguments 4, B, ...,
which are all homogeneous and of degree pinZ, m,...0,w/, ...,
is itself homogeneous, and of degree ip, in, m, ... U', m/, ....
Seeing then that it is equal to

¢ (m ..U, . )F (a)0,..), !

where the second factor F'(a, b, ...) is free from {,m, ... U/, w/, ...,
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we conclude that ¢ (, m, ... ¢/, m/, ...) is homogeneous and of
degree 4p in its arguments.

We now use the fact that the cffect of the reversed sub-
stitution (2) is to bring the g-ary p-ic w back from its second
form AX"+ .., to its first «z”+.... The invariant equality

F4, B,..)=¢(,m ...Um,..) F(eb,..), .. (3)

applying as it does to all linear transformations of all ¢-ary
p-ies, must hold when wo interchange «, 4, ... and 4, B, .

and replace {, m, ... 7/, m/, ... by the cmrespondmor coefficients
in the scheme (2) “Thus’
F(u,b,...)
oM oM oM bM
— -1 =1 -1 7" !’
(M- 57 M N M 3o M-t . L)F (4,8, ..)

bM M 3M M

- e — I
= ¢( AW am” dw
in virtue of the homogeneity of degree ¢p possessed by the

function ¢. Accordingly, by combination of (3) and (4), we
arrive at the identity

,...)F(A,B,...), . (4)

IM M IM M ‘
¢(l,’nb,...l,ﬂb,...)¢(a'z‘g '827,...5;);; b',n’b,,...)=l][w...(5)

Thus M% breaks up into two rational integral factors, of
which ¢ (¢, m, .. Ay, L) is one.  But (§ 14) M has no factors
but unity and 1tsclf Comcquently ¢ (@ my . Um ) s
a power of M, or a numerical multiple of such a power.

Suppose then that

¢ (&m, ... Um0 = kM.
By (5) it follows that
¢(3M IM M M
AN am” !
But 2M/31, aM/dV,. v M /dm, OM/dm/, ... are all of ¢—1

dimensions in I, m, ... l m/, ..., so that the dimensions in
Lm, U, of the second ¢ arc ¢—1 times those of the first.

Hence ;z,_.q»'= (q=1)», ie r=1ip/q.

Accordingly the equality expressive of the fact.that F («, ..
is-an invariant is of the form
F(A,B,..)= LM’I’/?F (¢, b,..0), .
where & is & numerical constant. That this constant is ncees-
sarily unity we see at once by application to the case of the
sybstitution e=X,y=Y,2=14..,

for which 4, B, ... are the sa;me as ab. and M =1,

Y=g _M"I;-;'.
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We have proved, then, completely that if F(«,b,...) is an
invariant of a ¢-ary p-ic it is necessarily homogeneous, and
that, if its degrec is ¢, the identity expressive of the fact of
ite invariancy is

F(A,B,...)= M?41F(a,b,...).

The proof holds for irrational invariants, if we raise the two

sides of (5), before reasoning from that equivalence, to such

a power p as to make uep, the index of the power of M, an
integer.

24. A consequence of the above is that, < being the degree
in the cocfficients of any rational integral invariant, 2p/q
must necessarily be integral. For the left-hand member
F (4, B,...), when expressed in terms of «, b, ... and
I, m,..U,m, ..., is rational and integral in [, m, ... U, m/, ...
as well asin ¢, b,.... So too must the right-hand member
be. Thus M/t is rational inl, m, ..., w/,.... But M is not
a power of any rational function, seeing that it has no factors
but unity and itself. Hence ip/q is an integer.

The particular form which this conclusion takes when ¢ = 2,
i.e. for the case of binary quanties, should be at once noticed.
It is that 7 and p cannot both be odd. Hence the theorem :

No binary quantic of odd order can have any invariant of
odd degree.

In the next few articles an interpretation will be given to
the integer ip/g, first in the case ¢ =2 of binary quantics,
and afterwards generally.

It will be seen, in fact, that there is another characteristic
which is constant throughout an invariant, and equal to this
integer ; namely, its weight.

25, Weight. In the binary p-ic

(am Uyy Aoy ee ap) (m' y)p
we have, as is usually done, given to every coefficient a suffix
equal to the defect below the order p of the index of the
power of x which it multiplies.

This suffix is, it will be remembered, in each case equal to
the dimensions, in the roots of the equation in z/y obtained
by equating the p-ic to zero, of the symmetric function of the
roots which is equal to the ratio of the coefficient in question
to the first coefficient «,. Or, if we choose, as we may,
to regard @, as merely denoting a number «, of abstract
units, and so as being of N6 dimensions in the roots, we
may say that the suffix attached to every coefficient exactly
measures the dimensions in the roots of that coefficient. The
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suffix or degree in the roots of a coeflicient is designated its
weight.

The weight of any product of coefficients is the sum of the
weights of its various factors, i.e. the sum of their suffixes,
and measures the dimensions in the roots of the product in
question. A repeated factor in a product must be reckoned
as many times as it is repeated in estimating the product’s
weight. Thus, for instance, the product ¢,fa,7¢,"...is of weight
pr+osdrt ...,

An invariant of degree ¢ of a binary p-ic has been proved
to be homogeneous, i. e. to consist of a sum of positive and
negative numerical multiples of products of 4 factors chosen
from among «,, a,, d,,...d,, repeated factors being allowed.
The theorem now to be established is that all these products
have the same weight 1ip.

A function which is thus of onc weight throughout is said
to be isoburic,

26. An invariant of a binary quantic is isobaric. Apply

to
(gs gy gy ouay) (0, y)?

the particular lincar substitution 2 = X, y = AY, of which the
modulus is 1,0 =\
0, A
This transforms the quantic into
(a9, @\, ayA% ... a,AF) (X, V)2

Consequently, if F'(a,, a,, a,,...a,) is an invariant of degree 7,
the identity expressive of the fact, viz.

F(4, 4, 4,,...4,) = MY F(a,, a,, a,,...q,),
tells us that

F(ag, a), @)y ... a ) = A F(a,, @), @y ... a,).

The right-hand member here is entirely of degree 3ip in A.
So therefore must the left be. Now the term on the left
corresponding to a term

afala’ ... in F(a, a, a,, ... a,)
is (A7) (a N7 (@AY ...,
i.e. a’rpa’svalr Ve Nertostrid .
Consequently for every such term
pr+aos+1t+... = }ip.
«Thus F(a,, a;, @4,...q,) is isobaric throughout, the constant
weight of its terms such as @, ... being }ip.
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This applies even when the invariant is irrational, for an
irrational Invariant may be expressed as a sum, not necessarily
finite, of terms to which the reasoning may be applied.

L]

Ex. 1. If p = 22 or 2+ 1 there is no term in any invariant of the
binary p-ic which has not at least one of a,, a,, ,, ... a, for a factor.

Ex. 2. Every invariant vanishes for a binary p-ic which has
a linear factor raised to the »th power if 2¢>p. (Cayley.)

Ans.  Take the linear factor for ¥. It will hereafter (§ 165) be
proved, conversely, that if every invariant of a binary p-ic vanishes,
the p-ic has a linear factor raised to the power 3 (p+1)or3p+1,
according as p is odd or even.

R7. Weight generalized. A like method and the analogous
conclusion apply in general to a quantic in q variables. Of
these variables call one, singled out as the last, w, and the
others z, y, 2, ... .

In our g-ary p-ic let the suffix given to each coefficient be
the index of the power of w which it multiplies. Thus, for
instance,

the coefficients of a?, 7, 2, «*~'y, y*7'z,...  have the suffix o,
. 2P, Y 0, 2P0, 1P %w, ... ’ 1,
» a}p_zw?’ ?/p_ng’ w"‘";’/wz, :’/2zp~4a’2:'" 3 2,
” 2?7, Yo7, zw? ... w P

and the coeflicient of w” has the suffix p.

Our definition of welght is that every coeflicient is of weight
measured by its suffix, and that every product of coefficients
is of weight measured by the sum of the suffixes of its various
factors.

Our ideas of the import of weight according to this
definition are made more definite by supposing that the
result of equating our g-ary p-ic to zero is a relation in g—1
quantities of the same kind, z/w, y/w, 2/, .... To be in-
telligible, and not imply more relations than one, it must be of
the same dimensions throughout in that kind of quantity.
For this to be the case the coefficients which multiply products
of p factors , v, 2, ... without w, those which multiply products
of w and p—1 factors z, y, 2, ..., those which multiply «»® and
p—2 factors ,, 7, ... , and so on, must be of dimensions in that
kind of quantity which form an ascending arithmetic pro-
gression of common difference unity. If then, as implies no
real loss of generality, we choose to regard the first class of

1481
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coefficients as of no dimensions in the kind of quantity, the
dimensions of the other classes will be 1, 2, 3, .., p respectively.
In other words, the dimensions of the various coefficients are
measured by the suffixes assigned according to the convention
from which we started. The idea of such dimensions is then
identical with that of weight.

28. All invariants isobaric. We can now prove the con-
stancy and equality to ¢p/q of the weight, detined as above,
for all terms of an invariant of a g-ary p-ic.

Transform the quantic by the substitution

e=X,y=Y,2=12,... 0 = AQ,
which leaves every variable unaltered except w. Its modulus
is A,

The coefficients in the transformed quantic are at once seen
to be the same as those in the untransformed, except that those
with suflixes 0, 1, 2, 3,...p are multiplied by 1, A, A% A%,... A
respectively. Thus, if F (¢, by, ..., tq, by, eus ty, by, ap) is
an invariant of degree ¢, we have

Flag, by eory X, A ooy anX% DA% L, @, AF)
= ANPAF (ay, bgy oov s gy byyanny @y, by, oy )
Here the left-hand member must be, like the right, a multiple
of a single power, the ¢p/qth, of A. The index of every power
of A which occurs as multiplying a product in the expanded
left, and consequently the weight of every product of co-
cfficients in ¥, must therefore be constant and equal to ip/q.
This applies even when the invariant is irrational.

Ex. 3. Every term in any invariant of a g-ary p-ic must contain
at least one factor with a suffix less than r if ¢r>p.

Ex. 4. No quadratic in more than two variables can have any
invariant which does not vanish when the quadratic breaks up into
two linear factors.

Ex. 5. Every term in any invariant of a g-ary p-ic must contain
at least one factor with a suffix greater than » if gr< p.

29. Absolute invariants. For integral invariants the
degree 7, and consequently the weight 2p/q, are essentially
positive and different from zero. Thus the power of M in the
equality expressive of invariancy

F(A,B,..)= M?1F(a,b,..)
is essentially a positive power. We cannot then discover any

integral function of the coefficients of a quantic which is what
is called an absolute invuriant, that is to say a function of the
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coeflicients which is absolutely equal to the same funetion of
the coeflicients in the transformed quantic. For an absolute
invariant the power of M above would have to be M°, or the
weight ip/g, and consequently the degree ¢, would have to
be zero.

If, however, a quantic has two or more distinet integral
invariants, i.e. two invariants which are not powers of the
same invariant, it will have one or more absolute fractional
invariants. For, if F, (a, b, ...) and F,(«, b, ...) are two inva-
riants of the same degree ¢ of a g-ary p-ic, we have

F (4,B,..)= MriF (1,..),
and F,(A,B,...)= M?1F,(a,D,...);
so that F,(4,B,..) F(4Db,..)

F,(A,B,...)” F,(uw,b,..)’
which shows that the ratio of F, to ¥, is an absolute invariant.
Again, if F,(a,0,...) and F,(q,b,...) are of different degrees
%, 1y, let k& be the L.C. M. of ¢, and i,. Then F/*/i and
F,k2 are two distinet invariants of the same degree k, and
their ratio F\*/4/F,}/% is an absolute invariant.

For instance, we have seen (§ 7, Ex. 5) that

I=ae—4bd+3c?
is an invariant of the binary quartic (¢, b, ¢, d, ) (z, y)*.  Its
degree is 2 and its weight 4, which is rightly equal to 2.4/2.
We have also seen (§ 17, Ex. 19) that the same quartic has
another invariant

J = ace + 2bed — ad? — b?e—c3

of degree 3 and weight 6. I® and J? are then both of
degrec 6 and weight 12, and are distinet from one another.
If then I’ and J” are the same functions of the coefticients
in the quartic obtained from the given quartic by a linear
substitution for x and y as I and J are of the cocflicients
in the given quartic,

I’ 3 M12 13 Is

JET Gz T g2
so that I°J~2 is an absolute invariant of the binary quartic.

30. Limit to the number of independent invariants. A
binary p-ic has p—3 independent absolute invariants, if p
exceeds 3, and none if p does not exceed 3. The first part of
this statement is one which cannot well be proved at the
present stage; but it may be seen as follows that p—3 is
a superior limit which the number of independent absolute
invariants cannot exceed.

D 2
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Let (4,, 4,, 4,,... 4,) (X, Y)? be the transformed quantic
obtained from (a,, a;, ¢y, ... &) (z, ¥)? by the linear substi-
tution

z2=I1X+mY, y=UX+n'Y. .

Its coefficients 4,, 4,, 4,, ... 4, are at once expressed as p +1
functions of «,, a;, a,,... @, and the four letters I, m, I, w/.
If p does not exceed 3 it is impossible to eliminate I, m, I,
and obtain a relation connecting 4,, 4,,... 4, with a,, a,,...a,
alone. If, however, p exceeds 8 it is possible, by elimination
of I, m, I/, m’, to obtain p— 3 independent relations which must
subsist between 4, 4,, 4,, ... 4, and a,, @,, a,, ... «,, but
no more. If, as is in fact the case, these p—3 relations can
be thrown into such a form as to express p—3 equalities of
funetions of «,, a,, a,, ... @, to the same functions respectively
of 4,, 4,, 4,,... 4,, those p—3 functions are absolute inva-
riants ; but there cannot be more than that number which arce
independent.

It now follows that if p does not exceed 3 there cannot be
two independent invariants which are not absolute, and that if
p exceeds 3 there cannot be more than p—2 which are inde-
pendent. For, as seen in the preceding article, any two
independent invariants determine an absolute invariant, so
that two, or more than p—2, independent invariants would
determine one, or more than p—3, independent absolute
invariants.

We must not, however, form the erroneous conclusion that,
when p— 2 independent rational integral invariants have been
discovered, every other rational integral invariant can be
expressed as a rational integral function of these p—2. The
system of p — 2 invariants is algebraically complete, but another
may be a function of them, as it must be, without being
a rational integral function of them. For binary quantics of
the first four orders there are, as a matter of fact, algebraically
complete systems, 0, 1, 1, 2 in number, in terms of which all
other invariants can be rationally and integrally expressed,
but for the fifth, sixth, &ec., orders there is no corresponding
simplicity. For instance, the binary quintic has 3 (= p—2)
independent invariants of degrees 4, 8, 12, and these are the
invariants of lowest degrees which it possesses. They form
an algebraically complete system. But there is another inva-
riant of the quintic of degree 18. This must be a function of
the three first, but it is perfectly clear that it cannot be
a rational integral function of them, for the degree 18, which is
not divisible by 4, cannot be expressed as & sum of multiples
of degrees chosen from 4, 8, 12, which are all divisible by 4.
It is found to be the square root of a rational integral function
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of the three. Because it cannot be expressed rationally and
integrally in terms of irreducible invariants of lower degrees
it is said to be itself irreducible.

*That the number of irreducible invariants of a binary p-ic
is finite for all values of p is a proposition of some difhculty
which was first established by Gordan. The number, though
finite, is not known to follow any simple law for all values
of p. Proofs of the finiteness duc to Hilbert will be given
in a later chapter,

31. Invariants of two or more quantics. So far in this
chapter we have been dealing with invariants of a single
quantic only. With regard to invariants of a system con-
sisting of two or more quantics in the same variables the
methods of §§ 22 to 28 establish with equal ease the following
theorems.

(1) In any invariant of r quantics of orders p,, p,, ... p, in
the same ¢ variables, the sum

S (ip) = Lpy+iapet e + 4P
is constant for all terms, 7;, 4,, ... %, being the degrees of any
term in the coefficients of the various quantics respectively.

This is established as in § 22.

(2) The factor, depending on the constants of the trans-
formation only, by which the invariant has to be multiplied
to make it equal to the same function of the coeflicients in
the transformed quantics, is M”, where M is the modulus, and

w = q 1= (ip).

This is established as in § 23.

(3) The whole weight, i.e. the sum of the » weights in the
sets of coefficients of the r quantics, is the same for every
term of the invariant, and equal to w the index of the power
of M in (2).

This is established as in §§ 26, 28.

It also follows that, for a rational integral invariant, the
sum = (¢p) is necessarily divisible by ¢; for the weight, a sum
of integers, must be integral.

32. It will be observed that there is nothing in these
conclusions to prevent our contemplating the existence of
invariants of two or more quantics, which, though isobaric
(i.e. of constant weight throughout), are not homogencous,
either in the sets of coeflicients of the various quantics
separately, or on the whole. Nothing in the above indicates
that ¢, ¢,, ... 7, are constant throughout the invariant, or even
that 3¢ is constant.
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To contemplate such non-homogeneous invariants is, how-
ever, unnecessary, for the different parts of such an invariant,
which are homogeneous on the whole and also separately in
the coefficients of every quantic of the system, are separately
invariants.

The proof of this may with ease be stated generally. It
will perhaps be made all the clearer by considering an
example only.

Suppose the fact to have been noticed that
{ab’3—3ba’ b2+ 3 cd' 2V —dl'3}4

+ {(ac =0 b —(ad —be) &'V + (hd —c?) a'%}3
is an invariant of the binary cubic and linear forms
aa® + 3bay + 3cxy® + dip,
'z + 0y,
in that, denoting as usual cocflicients in the transformed
quantics by capitals,
{AB3— .} + {(AC=DBY) B'2—...}°
= M2[{ab?— ..} + {(ac—0) V- .17 ...(1)
The invariant consists of a part of degree 4 in the coofficients
of the cubic and 12 in those of the linear form, and a part
of degree 6 in the coeflicients of each form.

Now A, B, C, D arc of the first degree in «, b, ¢, d, and
A’y B of the first degree in «’, ', involving besides, in each
case, the constants I, m, {’, m’ of the transformation only.
The left-hand member of (1) contains then, like the right, terms
of partial dogrees 4, 12, in @, b, ¢, d and in o/, ', and terms of
partial degreces 6, 6. Consequently, the equality being an
identity holding whatever «, b, ¢, d, @', b’ are, the terms of
partial degrees 4, 12 on the left and right must be equal, and
also those of partial degrees 6, 6. In other words,

{ab®—3bd"V"? + 3¢’ —da’3) ¢
and {(ac =912 — (ad - be)a'd’ + (bd—c?)a’?}®
are invariants separately.

A simple quantic has, we know (§ 22), homogeneous in-
variants only.

33. We lose then no completeness by considering only
those invariants of two or more quantics which are homo-
geneous in the different sets of coeflicients separately as
fundamental. Non-homogeneous invariants are linear fune-
tions of such homogeneous invariants as have the same whole
weight. Thus with regard to a complete system of invariants
of two or more quantics we have the conclusions:—
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(1) That they are homogeneous in the coefficients of every
quantic of the system separately, so that also, if ¢;,1,, ... ¢, are
the degrees of any invariant in these sets of coefficients, the
whole degree is constant, viz.

=0+ ty+.. .+,

(2) that they are isobaric on the whole, any one being of
weight w=q7t (6P Pyt o+ 4P,

(N.B.—There is no reason to expect them to be isobaric in the
coefficients of the quantics separately.)

(3) That the factor which has to multiply an invariant to
produce the same function of the coefticients in the linearly
transformed quanties is Mv.



CHAPTER HI

ESSENTIAL QUALITIES OF COVARIANTS.

34. IN accordance with the remark in § 4, the considera-
tion of covariants which are rational and integral both in the
coeflicionts and variables is fundamental. By the word ‘co-
variant’ we, as & rule, mean ‘rational integral covariant.’
The conclusions which follow apply for the most part also to
covariants which are irrational or fractional, but this will bhe
stated where it is important to observe that it is the case.

It is well in the first place to sce that we may confine
attention to covariants which are homogencous in the vari-
ables—to covariant quantics, in fact.

35. A covariant which is not homogeneous in the vari-
ables is a sum of other covariants which are homogeneous in
them,

For in the relation
FAB .. XY, )=0,m. .. U,m.) flab.., 2y..),
which expresses that f(«, b, ..., @, ¥, ...) is a covariant, the
terms of order = in a, 7, ... on the right can produce, upon
putting z =X +mY+...,y=UX+m' Y +..., ..., terms of
order = only in X, Y, ...; and no other terms on the right
can produce terms of order w in X, Y,.... Consequently, the
relation being an identity, these terms must be identical with
the terms of order = in X, ¥, ... on the left. In other words,
if the covariant f is not homogencous in , ¥, ..., its various
parts of different orders in 2, , ... are separately covariants.

This applies also to irrational and fractional covariants,
which by expansion can be expressed as sums of parts, not
necessarily finite in number, arranged according to their
orders in the variables.

The proof deals equally with covariants of one and co-
variants of several quantics. In the next few articles for
greater clearness covariants of a single quantic are alone first
considered.

36. Homogeneity in the coefficients. By the order of
a covariant, now regarded as homogeneous in the variables,
is meant its order or degrec in those variables. By degree is
meant, as in the preceding chapter, degree in the coefficients.!

} See the footnote to § 22.
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If possible let the covariant f(a, b, ..., 2, ¥, ...), of the same
order w throughout, be a sum of parts of different degrees
i1y %y, 13, .... Apply the identity expressive of the covariancy
to. the case of the particular linear substitution x = A X,
y=AY,.... As in § 22, the coefficients 4, B,... in the
transformed quantic are in this case A?«¢, A?D,..., while the
variables X, ¥, ... in the transformed quantic are A= 2, A~1y,....
Thus if H, is the aggregate of those terms in f(a, ), ... , 2,9, ...)
which are of degree 7,, and of order =, the corresponding
terms in f (4, B,..., X, Y,...) are A»»"® H_. Hence, by
exactly the same argument as in § 22, if ¢ (\) is what
¢ (I, m,... UV, m/,...) becomes for the particular values of
t,m, ..U, m/,... which we are considering, y (\) must be
equal separately to A"P~®, An#~® \is#=® - The assump-
tion that <, ,, %;, ... are different is then untenable.

Thus, while we lose no real generality by requiring a co-
variant to be of constant order throughout, we are compelled
also to require a covariant of a single quantic whose order is
the same throughout to be of the same degree throughout.

Were we to prefer to deal with a covariant having parts of
diffcrent orders w,, w,, =,, ... as a single covariant, rather
than as a sum of covariants of orders w,, w,, @, ..., our
conclusion come to as above would be that the degrees
4y, ¥y, 4y, ... of those parts respectively are connected with
their orders by the equalities

UP—T] = Uy P—Ty = Uy P—Tg = ou«

These conclusions apply to irrational and fractional co-
variants.

37. The factor a power of the modulus.

The proof that the factor ¢ (I, m, ... ,m’,...), in the rela-
tion (§ 35) which expresses the fact of covariancy of a co-
variant, is a power of the modulus M proceeds exactly as in
§ 23. If = is the order and 4 the degree of the covariant
f(a, b, ... 2 g, ...), the power is the (ip-=w)/qth, ip—= being
now the degree of the left-hand side f(4, B, ..., X, Y,...) in
the constants of transformation I, m, ... I/, m/, ..., when it is
expressed explicitly in terms of those constants and

Gy Dyursy @Yy oins

Thus, if we adopt the notation K (a, b, ...)' (, 3, ...)" to
denote a covariant of degree 7 and order =, the fact of its
being a covariant is expressed by

K(4,B,..) (X,Y,..)" = MO-DnK (a,b,..) @7, ...)"
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All this applies as well to irrational and fractional covari-
ants as to those which are rational and integral.

If the covariant is rational and integral we can at once
draw the conclusion, as in § 24, that the index (ip-=)/q cannot
be fractional. It is perhaps well, however, to adopt a different
order, and by introduction of the idea of weight to ascertain
first the import of the integer, or zero, to which it is equal.

38. Weight in the case of a binary quantic. As in § 25,
the weight of a coefficient in the binary p-ic

(Ug; @y gy v @) (2, )"

is its suffix. For present purposes we do best to say further
that # and y have weights 1 and 0 respectively. This is in
accordance with the idea developed in § 25 that weight
measures dimensions in a suppositious kind of quantity of-
which z/y contains x/y units, and in which @, /a,, @,/ ... a,/d,
being of 1, 2,... p dimensions in the values of z/y which make
the quantic vanish, are of 1, 2, ... p dimensions respectively.

With this enlarged conception of weight we may see as
follows that K («,, ay, ... a,)’ (2, 4)%, a covariant of the binary
p-ic, is of constant weight & (¢p + =) throughout.

As in § 26, take for scheme of linear substitution the
particular one

z=X,y=A7,
of which the modulus Mis A. If
(A()’ Al’ ‘o Ap) (X! Y)p
is the transformed quantie, the values of 4., 4,, ... 4, are
now a,, a4\, ... @\’ and, as in § 26, every product of
powers of A,, 4,, ... 4, is the same product of powers of
@y, Uy, ... &, multiplied by X raised to a power whose index is
the weight of the product. Moreover, every product X" Y=-"
of powers of X and Y is equal to A="*"2'y”", i.e. to the
corresponding product of powers 2"y®-" multiplied by a
power of A whose index is the weight of the product di-
minished by = its order. Thus in the identity
K4, A4,,..4,) (X, Y)" =N K (a,, a, ... a,) (@, Y)7,

every term on the left is, for this substitution, the correspond-
ing term in K (a,, ¢;, ... @,) (z, ¥)® multiplied by A=, where
w 18 the weight of the term. The identity then tells us that
for every term AV=T — \bir—®)

50 that w =} (¢p +=) for all terms. A covariant is then
isobaric.

So far this applies to irrational and fractional as well as to
rational integral covariants.
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39. For rational integral covariants the weight is a sum of
positive integers, and is therefore itself a positive integer.

Thus % (p + =) is necessarily a positive integer.

It follows that the index of the power of M in the equality
expressive of the covariancy of a rational integral covariant
is integral, or zero, for it is

3 (p—m) =3 (pt+o)—w=w-mw
i.c. is the excess of one positive integer over another.

Moreover it cannot be a negative integer. For, v being
the weight of the covariant, w—w is the weight of the
coefficient of 2™ in the covariant, and this coefficient being
a rational integral function of a,, a,, a,, ... @,, whose weights
are zero and positive, cannot have a negative weight.

This assumes however that in a covariant of order = the
term in 2® must necessarily occur., This is the case, Were
it otherwise the covariant would have ¥ for a factor. Now
were it possible for yF(a, b, ...,z, y) to be a covariant we
should have, for any linear substitution whatever,

YF(A,B,...,X,Y) = (Im'=Um)}@=®y F(a,D,..., x,v),
which would necessitate that Y F (4, B, ..., X, V,...) have ,
ie. I'X +m'Y, for a factor, whatever I/, m” be. Now this is
an absurdity, for Y (4, B, ..., X, Y) has only = linear factors.

From the fact that % (ép—w) is integral, or zero, we draw
at once the conclusion that ip and o must be either both odd
or both even. Hence arise the following theorems.

(1) No binary quantic of even order p can have a covariant
of odd order =.

(2) No covariant of « binary quantic can be of even degree
i (in the coefficients) and of odd order = (in the variables).

(3) No covariant of a binary quantic of odd order p can be
of odd degree i and even order w.

In particular, from (1) and (2) no covariant linear in the
variables can belong to a binary quantic of even order, or be
of even degree in the coefficients,

Ex. 1. Every term in every coefficient of any covariant of a binary
p-ic must contain one or more of the first » coefficients «,, ,, ... a,_,
of the p-ic as a factor if 2¢r>dip + w.

Ex. 2. Every covariant of degree ¢ and order = must vanish for
a binary p-ic which has a linear factor raised to the rth power if
2ir>ip+ w.
Ans.  Take the factor for Y.
Ex. 3. Every term in the coefficients of a@, a7='y, ... a@—e+1yp-1

in a covariant of order w and degree 7 of a binary p-ic must contain
at least one of @, @, a,, ... a,_, as a factor if ir—p L L (ip—»).
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Ex. 4. If the coefficients in a binary p-ic have such values that
the p-ic has a linear factor raised to the rth power, a covariant
of degree ¢ and order @ must have that factor to the pth power,
where p = ir—3 (ip—w). (Cayley.) .

Ex. 5. If the degree ¢ and order w of a covariant of a binary p-ic
are connected by the relation ip—a = 0, show that the covariant can
only be the ith power of the p-ic, or a numerical multiple of that ith
power.

Ans.  The coefficient of %@, i.e. 2’2, must be o, for its weight
must be zero, Also by Ex. 4 the ith power of every linear factor of
the p-ic must be a factor of the covariant.

Or thus, The ¢th power of the p-ic is a covariant; and there
cannot be another covariant with aiz®? for its first term, as otherwise
by subtraction a covariant with y for a factor could be formed.

Ex. 6. If the coefficient of the highest power of = in a covariant of
the general binary p-ic is known, the order @ is determinate, and
the covariant unique.

40. Weight in general. With regard to a quantic in ¢
variables @, 9, 2, ..., o the cstimation of weight explained in
§ 27 requires the supplementary idea that z, ¥, 2,..., all the
variables except the last one o, have weight unity, while o is
of weight zero. This being so the weight of the ¢-ary p-ic is
p throughout. The examination for weight of a covariant
of degree ¢ and order = proceeds exactly as in § 38, by
the method of § 28, The conclusion is that the weight
w is constant throughout the covariant, being given by
A" = \P=®)/4, 50 that w = [ip+ (¢—1) =] /q.

This applies to covariants which are not rational and
integral as well as to those which are. For rational integral
covariants we have the further fact that w is a positive intoger,
and consequently that w—& = (¢p—w=)/q is an integer or zecro.
Moreover that it cannot be a negative integer is proved exactly
as in § 39, by showing that the terms free from w in a covariant
cannot all be absent.

Ex. 7. If the terms free from o in a covariant are known, the
covariant is unique.
Ans. Otherwise a covariant with o for a factor could be
formed.

Ex. 8, If w =p, so that w = @, the coefficients of the terms free
from ® in a covariant involve only the coefficients of the terms free
from o in the p-ic.

Ex. 9. In this case of @ = ip, the terms free from w in a covariant
of a g-ary p-ic constitute a covariant of the (¢y—1)ary p-ic, obtained
by replacing w by zero in that ¢-ary p-ic.
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Ans.  Apply a linear substitution which leaves w unaltered and
expresses the other variables =z, y, 2, ..., ¥ linearly in terms of
X, Y, Z, ..,¥ The terms free from w are then transformed by
a (¢—1)ary substitution.

Ex. 10. Hence, by passing in succession to (g—2)ary, (¢g— 3)ary, ...
binary p-ies, deduce from § 39, Ex. 5, that a covariant of the
g-ary p-ic for which = = ip has for its term in x alone a2, or
a numerical multiple of this.

Ex. 11. Hence, by returning in succession from a binary, to a
ternary, a quaternary, ... and at length a g-ary, p-ic, show from
Ex. 5 and Ex. 7 that a covariant, of a g-ary p-ic, for which & = ip,
can be only the ith power of that g-ary p-ie, affected at most by
a numerical multiplier.

41. Absolute covariants. An absolute covariant is one
which is exactly equal, without any factor which is even
a power of M, to the same function of the coeflicients and
variables in the linearly transformed quantic. Thus, if the
function K be an absolute covariant, we must have, in the
identity

K(A,B,...) (X,Y,..)" = M@/ K (a,], ...)} (2,9, ...)%,

(ip—=)/q=0, ie. w—==0.

Now w—w iy the weight of those coeflicients in the covariant
which multiply produets of the variables whose weight is =,
i.e. products into which the last variable w does not enter.
The only rational integral absolute covariants are then those
in which the coeflicients of products of the variables into
which the last » does not enter are of zero weight. In par-
ticular, for a binary quantic, the coefficient of 2™ must be
a function of zero weight of «,, a;, a,, ...a,, and so must be
a mere power of «,, or a numerical multiple of such a power.
In § 89, Ex. 5, it has been seen that such a covariant can only
be a numerical multiple of a power of the binary quantic of
which it is a covariant. And in § 40, Ex. 11, the correspond-
ing fact has been given for quantics in general. Thus powers
of quantics are the only rational integral absolute covariants
of those quantics. Further light will be thrown on this fact
in future chapters.

Fractional absolute covariants may, however, be seen to
exist, as were fractional absolute invariants in § 29, whenever
there are two or more distinet integral covariants, powers of
the same covariant not being regarded as distinet, for each of
which ¢p—= does not vanish. If, for instance, K and K’ are
two covariants of a g¢-ary p-ic, whose degrees are 4, " and
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orders =, w’ respectively, and if p is the least common multiple
of the integers (¢p —=)/q, ({'p—=") /q, then the ratio of
Kra/ip—-2) to K/ re/i'p—8’) :

is an absolute covariant.

For example, it will be scen later (§ 43, Ex. 13) that the
binary cubic

(a, b, ¢, d) (x, y)*
has, besides its quadratic covariant (§ 7, Ex. 8)
(e —V?) &* + (ad —be) xy + (bd —c?) ¥,
a cubic covariant
(a®d—3 abe +20%) & + ... .

For these two covariants % (ip — =) has the values 2, 3 re-

speetively. The cube of the first divided by the square of the
second is then a fractional absolute invariant.

42. Limit to the number of independent covariants. A
limit to the possible number of independent covariants and
invariants of a binary quantic may be found as follows.

In the equations of linear substitution

z=1X+mY, Y= l’X+m’Y,
in the expression for the modulus
M= lm' —U'm,
and in the p+1 equations, in the two sets of coeflicients and
I, m, I/, m/, which are obtained by expressing the identity of
(dy, 4,,...4,) (X, YY) with (ay, ¢, ... a,) (2, %)
ie with (@, ...0,) (X +mY, VX +m'Y)?,
we have altogether p + 4 relations connecting the old and new
coefficients, the old and new variables, the modulus M, and
I, m, I, m’. The elimination of these last four leaves exactly
p independent relations as all that can connect only the old
and new coeflicients and variables and M.
For instance, the first three equations
2=1X+m¥,y=VX+m'Y, M =Im/—Um,
suffice to determine three of 7, m, I/, m/, the last three say, in
terms of the fourth / and «, 9, X, ¥, M, and lead to no relation
free from ¢, m, I, m’. The expressions for m, ¢, m’ inserted
in the remaining p+1 equations, produce from them p+1
equations involving one unknown [, the old and new co-
efficients and variables, and M. By elimination of / from
these, exactly p independent relations in coefficients and
variables and M follow.

Now if there were more than p independent covariants,

including the quantic itself and invariants, there would be
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more than p independent relations in coeflicients and variables,
old and new, and M ; viz. the more than p equalities of the
several covariants and invariants, multiplied by proper powers
of M, to the same functions of the new coeflicients and variables.
The number p is then a superior limit to the possible number
of independent covariants and invariants of a binary p-ic.

As a matter of fact p is not only a superior limit to the
number of algebraically independent covariants and invariants,
but the exact number of a complete system. The present
however is not the stage at which to prove this important fact.

The warning of the latter part of § 30 should be repeated.
When p covariants and invariants, algebraically independent
of one another, are known, any other covariant or invariant
is a function of them. But this does not imply that, when p
independent rational integral covariants and invariants are
known, all others can be expressed as rational integral
functions of them. There may be others that are ¢rreducible
in the sense of not being expressible as rational integral
functions of simpler irreducible covariants and invariants ;
and except for the values 1 and 2 of p this is in fact the case.
Thus for the binary cubic p = 3, but, when the three inde-
pendent covariants and invariants, all covariants in fact, of
lowest degrees in the coeflicients have been found, there
proves to be a fourth, an invariant, which, though of course
a function of them, is irreducible in that it cannot be expressed
rationally and integrally in terms of them. So too for the
binary quartic p = 4, but there prove to be five irreducible
covariants and invariants. For the quintie, p = 5, the facts
are even more striking. All covariants and invariants are
functions of the five independent ones of lowest degrees. But
there prove to be as many as eighteen other covariants and
invariants which are irreducible, in that they are not rational
integral functions of the five, or of those five and others of as
low degrees as themselves among the eighteen.

Remember that in this enumeration, and always, we count
a quantic itself as one of its system of covariants.

43. We have here for clearness adopted a different order
of reasoning from that applied in § 80 to invariants alone.
There we first found a limit to the number of independent
absolute invariants, and deduced conelusions as to the number
of independent invariants not necessarily absolute. Here the
idea of absolute covariants and invariants is made the subse-
quent one. In all cases there is one absolute covariant,
namely the quantic itself. We have also seen (§§ 41, 29)
that there is no other rational integral absolute covariant or
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invariant. For the linewr quantic, p = 1, there is no other
independent covariant or invariant whatover, and consequently
no other that is absolute. For higher binary quantics, p > 1,
there cannot be more than p—1 independent absolute eo-
variants and invariants. Otherwise a complete system of
p independent covariants and invariants would be absolute,
and consequently all covariants and invariants would be
absolute. But for any value of p exceeding unity there is
(§ 15) a non-absolute invariant, the diseriminant.

44, Covariants of two or more quantics. With regard to
covariants of two or more quantics in the same variables,
the methods of the earlier articles of this chapter yield, in
a manner analogous to that of §§ 81 to 33, conclusions of
which a summary follows.

Such a covariant is, as in § 35, either homogeneous in the
variables or a sum of covariants which are homogeneous in
them. Those which are homogeneous in the variables—of the
same order throughout—form a complete system.

A covariant homogeneous in the variables may or may not
be homogeneous in the coefficients of the various quantics
severally and collectively. If, however, it be not so homo-
geneous, it is a sum of covariants every one of which is
homogeneous separately in the coefficients of each quantic,
and of course therefore in the coefticients of all the quanties
collectively. Covariants, then, which are throughout of con-
stant partial degrees in the various sets of coefficients, and
therefore of constant total degree in all the coeflicients, form
a complete system. This is seen as in § 33.

If p,, p,, ... p,. are the orders of » ¢-ary quanties, the factor
by which a covariant of order = and partial degrees i;, 4, ...7,
in their coeflicients respectively has to be multiplicd to be
made equal to the same function of the variables and co-
efficients in the linearly transformed quantics is

M(Z.ip—w)/q,
where M is the modulus of the linear substitution, and
Boip =i P+l Pyt P,

The whole weight of the covariant is constant throughout,

and exceeds the index of this power of M by =, i.e. is

{(2.ip+(g-1)w}/g.
If the covariant is rational and integral this weight must
be a positive integer, and consequently the index

w—w = {3, p—aw}fg
is not a fraction. It is, moreover, not negative, being the
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weight of those coeflicients in the covariant which multiply
products of the variables in whieh the last » does not occur,
which coefficients cannot all be absent, as no covariant can
have w for a factor when the coefficients in the quantics are
general.

45. Covariants productive of other covariants and invari-
ants. At this point it may be well to prove an important
fact, which, stated for the moment without complete generality,
is that any invariant or covariant of a covariant of a quantic
is &ilf invariant or covariant, as the case may be, of that quantic
itself.

Let (o, b,...) (=, 9, ...)? be the quantic w, in any number of
variables, in its untransformed shape,andlet (4, B,...) (X,7,...)?
be its linearly transformed shape. Alsolet (¢, V', ...) (%, 9, ...)®
be a covariant of w, so that o/, ¥, ... are {unctions, of degree
% say, of the coefficients a, b, ..., and let A’, B’, ... be the same
functions respectively of 4, B,.... Wehave simultaneously
the identities

(4,B,...)(X,Y,..) = (a,),...) (z, 9, ...)",
(4, B,) (X, T, )7 = MO 00 @, 1, ) (3, 9,00

If then K (o, V,...)"(®,¥,...)” is a covariant, or invariant
in case " = 0, of the covariant (¢/, ¥',...) (z, ¥, ...)%, we have
K4, B,...)X,7Y,..)” .

= Mq"(i'w—m/) K (Mq"l(ip—w) a’, M'I—](iz)-w) b’, _“)/(w’ Yy .)w”
and consequently, in virtue of the homogeneity of the .co-
variant K,

K4, B,.)X7Y,..)”
= Mo wm-w) i (ip-w) )¢ (@, V) (@, )™
= M- K (, V). ) (9, .0

which, since /, ¥’,... are functions, of degree i, of «, b, ...,
and 4’, B, ... are the same functions respectively of 4, B, ...,
shows that K (a, ¥/, ...)"(#, 9, ...)™ is a function, of degree ¢’z
and order «’, of @, b, ..., @, 9, ... which, when multiplied by
the ¢71(¢'¢p—=")th power of the modulus M, becomes the same
function of 4, B, ..., X, Y, .... Itis then acovariant of u, or,
in particular if =’ = 0, an invariant.

t will be at once seen that only brevity of writing has been
secured by attending to but one covariant (a/,,...) (2,7, ...)*
of but one quantic w. The argument would have been exactly
the same if we had been dealing with more given covariants
than one of a quantic, or a given covariant or covariants of

us1 E
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more quantics than one in the same variables. We may state
in fact the general conclusion, to which the method leads us,
as follows,

Amny covariant, or in particular invariant, of any covariant,
or system of covariants, of any quantic, or system of quantics
tn the same variables, is a covariamt, or in particular in-
variant, of that quantic or system of quantics.

Ex. 12. The binary cubic (a, b, ¢, d) (=, y)® has the covariant

(§ 7, Ex. 8), its Hessian,
(ae—1%)a® + (ad—be)xy + (bd — )y,
which has the invariant (§ 7, Ex. 1)
(ad—bc)2—4 (ac —b°) (bd—c?).

This then is an invariant of the cubic. It is its discriminant.

Ex. 13, Find a covariant of degree 3 and order 3, the cubicovariant,
of the binary cubic.

Adns.  (@®d—3abe+20%, abd —2ac* + b, —acd 4 2b°d—be?,
—ad? + 3bed — 2¢°) (x, y)°,

the Jacobian of the cubic and its Hessian.

Ex. 14. Show that the binary quintic (@, b, ¢, d, ¢, f) (w, y)* has
an invariant of the twelfth degree.

Awns. The discriminant of the canonizant. (Cf. § 17, Ex. 20,
and Ex. 12 above.)



CHAPTER IV

COGREDIENT AND CONTRAGREDIENT QUANTITIES.

46. Brrore proceeding to the further definitions and prin-
ciples on which most of the propositions of this chapter are to
rest, we here first investigate a fruitful method, whose con-
nexion with them will be seen later, for the derivation of
invariants and covariants of bimary quantics, and binary
quantics only.

The lincar transformation of two variables,

xz=IlX+mY, y=UX+wn'Y, e (1)
leads, as has been seen in § 10, to the equalities of differential
operators

d > 0
N h
W—»M%'}"nb b—?j’

where on the right the operation is on any funetion of = and
¥, and on the lett it is on the function of X and Y, which is
equivalent to that function of & and y in virtue of (1).
Now the equalities (2) may be written
, 2 o d
(tm —lm)é—?; _lb_Yq_m (—ﬁ)’

, d d d
(lm’-l «)(—- 5‘5) =l’ﬁ»+1’n’(—5~x‘),

Thus, except for the factor Im’—'m, i.e. M, the symbols of
operation 9/9y, —3/dx are transformed by the same scheme
of linear substitution as are the variables z, y.

Thus if f(«, %) is any homogeneous function, of order = say,
of # and y, and if F (X, Y) is what this becomes when the
substitutions (1) are made for z and y in it, we have not only

FX,Y)=f(2y)

o d wprd )
Jf(b—y, —-SX)=M f(-b_y-’ “"a_x')’
E 2

o (3).

but also
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where the operations on the right and left are on any function
of = and ¥, with or without other arguments independent of
2 and 9, and on its cquivalent in terms of X and Y obtained
from it by means of (1), respectively.

47. Let us now apply this fact to covariants of one or more
binary quantics. If ¢(a,d,..., 2, %) and ¥ (a,b,...,2,y) are
any two covariants of the quantic or quantics—either or both
of themn may be in particular the quantic itself, or one of the
quantics—of orders @, @’ in 2 and y, and of weights 2w, '
respectively, we have (§ 37, 39)

¢4, B,..., X, Y)=M"""¢(a,b,...,2Y),
and V(4,B,....,X,Y)=M""""Y(a,b,..., 2, ).
We have consequently also, by the preceding article,
d d d d
¢(A1B: SEEIPY ' —‘S:Y) =M ¢(a, b ..., 3—7:/3 _5;;)’

d d , J d
and \I,(A’B""’W’ _b‘X)=Mw\It(a,b,...,b—2;, —b—w‘);

whence it follows that by operating with either one of this
last pair on either one of the immediately preceding pair, left
on left and right on right, we get a covariant identity.

All the four conclusions are really contained in the one

d d
$(4 B, 5p —sp) V(L B, X, T)

o d )
= Merv-o"¢ (a,b,..., 55 =)W (@b . zy);

for ¢ and 4 may be interchanged, or may be identical.

Thus the result of operating in this way with any covariant,
or one of the quantics, on any covariant, or one of the quantics,
is a covariant, or invariant, unless it vanishes. It will
certainly vanish if @ the order of ¢ exceeds @’ that of . It
will be an invariant, unless it vanishes, if = = =". It will be
a covariant, unless it vanishes, if o is less than .

The exact powers of M in the above are not essential to
the argument. It is of interest, however, to verify that the
power in the conclusion is what it should be in accordance
with §§ 87, 89, In the operating factor on the right the
weight of the coeflicient of (3/dy)® is w—w, while in the
factor operated on that of the coefficient of y™ is w’. Also
the order is @' —=. Thus the index of the power of M should
be (§ 39)

'w—w+'w'—(w'-w),
i.e. w+uw' —o’, as is the case.
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48. Invariants of the second degree. One of the most
interesting conclusions from the above is that every binary
quantic of even order has an invariant of the second degree.
For operate on the binary p-ic

(a'o’ Ay Ggy vee a’p) (03, y)p
with the result of putting 3/dy, —3/da for #, y in itself, i.c.
with (gt g .- ) @y, —3/0a)"
We thus get, after division by p !, that

p(p=-1)
1.2

Uyl — Py _y + Uylly_g— ..
+(= 1) pay_qa +(=1) 0,0,

is an invariant unless it vanishes.

It vanishes if p is odd, as the first and last, second and last
but one, &c., terms in that case cancel. If, however, p is even
it does not vanish, but the last term is a repetition of the first,
the last but one of the second, and so on till the middle term,
which stands alone. Thus, halving, and replacing p by 2n,

we see that if (2;1') denotes the number of combinations of

2n things » together,

2n 2n
oGy =2y, + ( 5 ) allzu-s— ("3 ) Uoltznst e

. am " 2n,
+(__ 1)» 1 (n_l)a,,-lfl'»ﬂ +(— ]) é( n )“i

is an invariant of the binary 2n-ic

(g Gy gy .oe @) (2, Y)*".
In particular the binary quadratic, quartie, sextic, &c.,

(@, by ¢) (2, )% (@, byc, dy e) (@ ), (¢,b,0,d, e, f, 9) (2, 9)°, &e.
have respectively the invariants of the second degree

uc—b?,

ae—4bd + 3c?,

g —6bf+15ce—10d?

&e.,

of which the first two have been obtained earlier.

49. Two different binary quantics of the same order have
in all cases, whether that order be even or odd, an invariant
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of the first degree in the coefficients of each quantic, and so of
the second degree on the whole. If the two quantics are

(s gy Uy oo 0p) (2, )P
and (Dos bp by, ... I’p) (, )",
this joint invariant is in fact

(@gs gy gy ... 1)) /3y, —3/d)? (by, by, by, ... D) (2, y)"s
which, divided by p !, is seen to he

(p—1
7 (Ip. 2 7) ('(/2’)1’—2_ e
F (=1 ity D+ (= 1) ayb,.
This is called the lineo-linear invariant of the two binary
-ies.
v Of the result Exx. 2, 4 of § 7 are particular cases.

We notice that the results of the preceding article are
correctly given from this one by making the &'s the same as
the a's, 1.e. by making the quantics the same.

‘We also notice that for an even order p the joint invariant
obtained here for two p-ics is the intermediate (§ 19) between
the invariants of the second degree of the two p-ics.

These two observations illustrate the fact that we can
either pass from invariants of one quantic to those of two of
the same kind and order, or from those of two quantics to
those of one, but that the information given by two quantics
as to one is complete, while that given by one as to two is
not so.

@ bp —pt bp—l +

Ex. 1. Employ § 47 to find the invariant ace + 2bed — ad® —b%e—c®
of a binary quartic by aid of the quartic and its Hessian (§ 11,
Ex. 16).

Ex. 2. Find the invariant of degree 4, the discriminant, of a binary
cubic by operating with the Hessian on itself, or again by operating
on the cubic with its cubicovariant (§ 45, Ex. 13).

Ex. 3. Prove that

(@, b, ¢, &) (3/3y, —d/m)*. {(a, ], ¢, d) (w, y)*}*
is —108 times the cubicovariant of the binary cubie.

Ex. 4. The invariants of the second degree

ac—b% ae—4bd+ 3¢% ag—6bf+ 1506~ 10d%, ...

of binary quantics of even order, are linear functions of determinants
chosen from among

a, b) ¢, (l, e, ... I
b ¢, d, e f .| (Cayley.)
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Ex. 5. The lineo-linear invariant of the z- and y- first differential
coefficients of a binary quantic  of even order is the invariant of the
second degree of u. (Cayley.)

(N.B.—The function obtained in the same way from a binary
quantic of odd order is not an invariant.)

Ex. 6. Two binary quantics of different ovders p, p’, (p>p’), have
a covariant of order p—p” whose coefficients are lineo-linear.

Ans,  The result of operating with the second on the first.

Ex. 7. In particular two binary quantics of orders p, p—1, have
a linear covariant, in the variables, which is also lincar in the
coefficients of each quantic.

50. Another result of the close resemblance in form between
the schemes (1) and (3) of § 46 is obtained by making (3)
operate on any binary quantic w. We thus get that, when
formulae give # and y lincarly in terms of X and Y, the
same formulae give Mou/dy and — Mou/dz in terms of du/dY
and —du/dX. It follows that if in any covariant of a binary
quantic «, homogeneous as usual in the variables, du/dy and
—du/d2 are substituted for & and ¥ another covariant of w
is obtained. This theorem is Sylvester’s, having been over-
looked by Boole, who had given the more far-reaching kindred
theorem of § 47,

Ex. 8. If in a binary quantic » we replace = and y by du/dy and
—du/dwx, we obtain the product of u and a covariant. (Salmon.)
Ans. That w is a factor we may see as follows, The values of
2z, y which make » = 0 make
oc%% +g/g—Z-= 0, i.e. make%%: — %%: x:y,
so that %, a homogeneous function f(zx, ), is a factor of

du du
f(_b; y — S;;) .
Ex. 9. Hence obtain the cubicovariant of a binary cubiec.

51. Cogredient quantities. If two equally numerous sets
of quantities, , ¥, 2, ... and &/, 3/, 2/, ... are such that, when-
ever one set @, ¥, 2, ... are expressed in terms of new
quantities X, Y, Z,... by any scheme of linear substitution,
the second set ', %/, 7, ... are expressed in terms of other new
quantities X’, Y7, Z’, ... by the same scheme of linear substitu-
tion, the two sets are said to be sets of cogredient quantities.

For instance, the coordinates of two points in a plane, or
in space, are cogredient sets of three, or four, quantities.
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Again, in § 46 it has been shown that, but for the factor M,
d/dy and —d/dx are cogredient with x and y.
Once more, if the binary p-ic

(a'O’ al’ ai’ cre al-’) (w’ y)p
is regarded as a product of p factors

(wyy—21y) @Yo=25Y) ... (2Yp—2,Y),
so that @,/y,, ©,/Y,, ... %, /Y, are the roots, and ¥, ¥, ... ¥
may in fact be chosen arbitrarily subject to 3,9,...9, = @,
and if the quantic is linearly transformed by taking
e=1X+mY, y=UX+n'Y,

into one of which X,/Y,, X,/Y,, ... X,/Y,, say, are the roots,
we havo
v, IX)/Y+m X +mY,

u VXY 0l T UX +m'Y)
so that without impropriety we may take

@, =X, +mY,, y, =UX+m'Y],
and similarly for other suffixes 2, 3,..., p. We have then, in
the language of the present article, @;, ¥;; @y Yo3 o053 @y Yy
cogredient with @, ¥.

52. Emanants. Some functions have the covariant property
with regard to a quantic or set of quantics, though they
involve, not only the coefficicnts and variables in the quantic
or quantics, but also a set or sets of quantities cogredient
with those variables. Allowing ourselves some freedom of
expression, when no confusion can arise, we may designate
such functions covariants. We proceed to the consideration
of a very important class of covariants of this kind.

Let 4 be a p-ic in the ¢ variables @, ¥, 2, .... The functions

,b+7,b+,b ,
(@ 5+ Y 5yt 55+ )

for values of the positive integer » from 1 to p inclusive, are
defined as tho first, second, ..., pth emanants of w. There
would be some convenience in defining the #th emanant
rather as the above expression multiplied by the numerical
factor (p—7)!/p!, but there is no real importance in this, as
a numerical multiple of a covariant is of course a covariant
not distinet from it, and as we have as yet introduced no
convention as to the best numerical multiple of a function,
found to have the property of an invariant or covariant of
any quantic, to denote by a letter and speak of as that
invariant or covariant. Moreover, the simplest form is given
to general conclusions by usc of emanants as written above.
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Inconvenient numerical factors in any conclusions with regard
to quantics of particular orders can be rejected when the end
is reached.

The pth emanant is p! times the quantic w itself with
2, v, 2, ... replaced by @, ¥, 2, .... Forvalues of 7 exceeding
p there are no emanants, as (p + 1)th ditferential coefficients
of w vanish.

That the emanants of v are absolute covariants in the
extended sense is readily seen. If we have

e=1lX +mY +nZ + ...,
y=UX +m'Y +2'Z + ...,
z=U'X4+m"Y+0n"Z+ ...,

3

and o =1X' +mY +ad + ...,
y =UX +0'Y +0'7 + ...,
d=U'XN+nY 0D+ ...,

then, since
d d , ;D
X et Uyt Ut
—b~-—m~b—+m’ +n — +
Y T o P Az ’
a a 4 7”7
2=ty Tttt

where on the right the oporations are upon any function of
@, 1, 2 ..., with or without «’, 4/, 7/, ..., and on the left they
are upon the equivalent of that function expressed in terms
of X, Y, Z,..., with or without X", Y/, Z, ..., we have

, 2 ' 2 (X e P , d
X 5}—(+Y 57+Z sz t= (X +mY +nZ +e)ss
+(l/XI+7n//Y/+n/Z/+..')%+(lf/X/+m//Y/+n//Z/+..')a%-,_.“

Cw 2 d R

Y yby YRR

Hence by successive operations on w, any quantic in
@, Y, %,..., or indeed any function of those variables, the
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operations on the right and left being upon its original and
transformed forms respectively,

?—+z——+ ),

b , 9
(X'%( +Y,D_Y+Z,—b_ +)fu, =(ac \—+’y 3

(X’ab +Y 5 Y+Z’ +.. )u (w ~+y—+z3,/+...)u,

(X 4V 2 Lyl

CHC VLY AL LI I
&e., &e.

Thus the emanants are all absolute covariants. '
It may be noticed that the emanants may be otherwise
expreseed Thus

d r
')!( D:L Jﬁj+z—“+"')u

1 J p=r
““““ 4 ’ w,
(p—-r)'( ba/+yby+zbz + )
where w’ is what w becomes when in it «, 9/, 2/, ... are put
for @, 9, z, .... This follows at once from the fact that either

side is the coefficient of ¢" in the expansion in powers of ¢ of
fx+ta, y+ty, z+12',...), where f (z, y, 2, ...) Is u.

Ex. 10. Prove that the emanants are absolute covariants by
identifying the results of replacing in »

@, Yy 2 oo by a4ta, y+ty, s+t o,
and X, Y, Z, ... by X4tX', Y+tY', Z+t7, ...

53. Geometrical aspect of emanants. The process of find-
ing emanants is sometimes called the polar process. The
student of geometry will notice that the theory of emanants,
with 1egar5, to ternary and quaternary systems, is that of
polar curves and surfaces.

Thus if the ternary p-ic « is taken as representing a curve,
when equated to zero, its first emanant equated to zero
represents the first pola.r curve of a point &, 9/, 2" with regard
to U, i.e. a certain curve of order p—1 which possesses s the

operty, among others, of determining by its intersections
Wlt w all the points of contact of tangents from x, v, 7.
The second emanant 13 m hke manner the criterion of the
second polar curve of &', ¥/, 2, 1. e. of the first polar curve with
regard to the first polar curve ; &e., &e.
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That the emanants are covariants is the expression of the
fact that the various polar curves of a point with regard to
a curve are the same, for the same point and the same curve,
in whatever system of point-coordinates the curve and point
are taken as expressed, and to whatever axes or triangle of
reference they are referred.

In like manner, with regard to quaternary quanties, the fact
that the emanants are covariants is the fact that the polar
surfaces of a point with regard to a surface are the same
surfaces whatever be the reference.

54. Geometry of binary systems. The occasion is a good
one for a geometrical consideration of binary systems. Their
geometry may be regarded either as that of ranges of points
on a line or of pencils of lines through a point. To begin
with we adopt the former aspect.

Let @ and b be two fixed points of reference on a straight

p line, I’ any point on that line. Let a and y

55— denote Aal’ and pbP respectively, where A

and p arc constants, Take A and B two

new fixed points of reference on the same line, and let

X and Y denote N’AP and p'BP respectively, where X', u” are

new constants. Suppose that « divides AB in the ratio »r:s
and that b divides it in the ratio p: . Then

(r+s)ulP = sAP+rBP, (p+o)bP =gAP+pBP,
so that A /8 r om0 p
_(X;X-i-/;—,Y), y—p———“-}-o'(}\—’X—l-;iY)'
Now these may be identified with
x=I1X+mY, y=UX+m"Y,

by proper choice of 7/s, 7//¢/, X', &’ in terms of 7, m, I’, m” and
A, p, provided that Im’— m does not vanish.

Thus the most general linear substitution for 2 and y is
equivalent to the change of the reference of points (z, y) to
new fixed base points, and the adoption for the new co-
ordinates (X, ¥) of new constant multiples of the distances
froin those new base points.

A binary p-ic represents a range of p points P. (2, ) is
an additional point P’ on the line of reference. The first,
second, &e. emanants are first, second, &c. polar ranges of
p—1, p—2, &c. points on that line. The property of co-
variancy belonging to the emanants is the expression of the
fact that the polar systems of points are systems of points
having to the p points and the additional point P’ a
geometrical relationship quite independent of the reference,
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i.e. of the base-points «, b and the multipliers A, u. For
instance if p = 2 the first emanant specifies the harmonic
conjugate of P’ with regard to tho two points w. This can
be constructed without any use of the points «, b, or of
metrical geometry.

55. Or we may adopt a strictly correlative geometrical
representation. We may regard a binary p-ie, equated to
zero, as representing p straight lines through an origin, taking
the 2, ¥ of any line through the origin as given constant
multiples of the sines of the angles which that line makes
with two fixed lines. We may take as new lines of reference
any other pair of lines through the origin, and adopt for the
X, Y of the line z, ¥ any new constant multiples of the sines
of the angles which it makes with the new lines of reference.
The substitution for x, y in terms of X, ¥ is readily seen to be
the most general linear substitution, in virtue of the two
degrees of arbitrariness involved in the choice of the new
lines of reference, and the two degrees of arbitrariness in-
volved in the choice of the multiples.

A property of covariancy of a function with regard to the
p-ic is expressive of the fact that the pencil of lines obtained
by equating the covariant function to zero is a fixed pencil of
lines, whatever be the lines of reference or the multiples, the
p-ic equated to zero being a given pencil of lines. In other
words, the relation of the pencils of lines is one of strictly
geometrical connexion, of a nature entirely uninfluenced by
the geometry of other pencils, such as the pencil to the
circular points at infinity. If the cogredient 2/, % enter, as
is the case with emanants, there is no difference, except that
the geometrical connexion of the covariant pencil of lines is
with the p-ic pencil and the line (2, ).

It will be noticed that the aspect of the geometry of co-
variants sketched in § 6 differs from that here developed.
There we looked upon a linear substitution as replacing
a pencil of lines by a projectively corresponding penecil, re-
taining the same roference. Here we look upon the substitu-
tion as changing the reference, retaining the same pencil.
There is a corresponding choice when, as in the last article,
we regard the geometry of binary systems as that of ranges of
points on a line.

56. Covariants derived from emanants. From the eman-
ants of u, themselves, as has been seen, covariants in an
extended sense, can be derived covariants of « in the ordinary
sense, i. e, eovariants free from the quantities ', ¢/, 7/, ... which
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are cogredient with the variables. The basis of this fact is
the following theorem.

If any of the emanants of w be expanded and arranged as
a quantic in &, Y, 7, ..., any invariant of that quantic is
o covariant of w.

Considered as a quantic in 2, 3/, 2/, ... , the 7th emanant

(w’—a— PV )u
Yy T T
may be written
Mu o’y oy , ”
Gar* awmrg oo 5 ) (@050 )
its coefficients being all the rth partial derivatives of u, and
so functions of @, ¥, 2, ..., for values of  less than p. Its
transformed form is, as has been seen in § 52, similar, so that
it may be written
Ty M M .t o o .
(b—X:T! ‘b-‘YT__I‘Sy’OH)Ezj,,...) (JX,Y, ,n.).
Now let F(u,d,..., k%, ...) be an invariant of the quantic
(ay by .0k, .0) (&, 9, 25 000), so that, for some value of g,
F(A,B,..,K,..)= MF(a,b,...,k..),
where (4, B,..., K,...) (X, Y, Z,...) is the transformed
quantic. We conclude that

U M du
F(bX" QXY T 37 )
" " "

But the function F on the left is the same function of the
coefficients and variables in the transformed « as the function
F on the right is of the coeflicients and variables in the un-
transformed w; for each differential coefficient which occurs
on the left is the same function of the new variables and
coefficients as the corresponding differential coefficient on the
right is of the old ones. Thus
Ay Ju U
F(S‘w‘r’ S‘,L"T’_'_lby, oy 'a_;,.’ "')

is a function of the coeflicients and variables which obeys the
definition of covariants.

We see from this theorem that every invariant of a g-ary
r-ic gives a covariant of any g¢-ary quantic of order p
higher than 7, by taking for the r-ic the rth emanant of
the p-ic.
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Moreover, the identity expressive of the fact of covariancy,
for any covariant thus derived, involves as its factor M~
exactly the same power of the modulus M as does the
identity which expresses the invariancy of the invariant
from which it is derived. In other words, the weight of the
coefficients of terms free from the last variable w in the
covariant is exactly the weight of the invariant. The degree
(in the coefficients) of the covariant is moreover equal to the
degree of the invariant.

57. For an example take the second cmanant
(w’a AL )2u
Set U syt g ) v

Written as a quantic in @/, 7/, 2/, ... this is
b b b
) -

2
— 2 IR e
S +2 bya,g/ + 2bxb ¥z +
2u , jw
e L J———y
+bv-"/ +“c\ybz3/” +
o2
+iEt
T
and of this the discriminant, which is (§ 15) an invariant, is
Py ARy A%y,
dt’ dxdy’ dwmwoz’
du d¥u Ny
oy’ g’ oz’ Y
ARy, Py ¥
dwdz’ ozt wr’

the Hessian of u. Another proof that the Hessian is a covariant
(§ 11) is thus afforded.

In § 12 we saw that a knowledge that Hessians are covari-
ants told us in particular that discriminants of quadratics are
invariants. We now see that the order of reasoning may be
reversed. Discriminants are invariants by § 15, and therefore
Hessians are covariants.

The geometrical aspect of the fact that the Hessian of
8 ternary quantic is a covariant may be mentioned. In works
on geometry the Hessian of a curve of order p is found as
a curve of order 3 (p—2) which has the property of determin-
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ing the points of inflexion on the first curve by its intersections
with it. The covariant property tells us that the curve found
by expressing this fact is the same curve whatever be the
system of point coordinates or the triangle of reference, i.e.
that we do not, when employing different references, obtain
different curves with the one property of determining points
of inflexion in common, but identically the same curve.
This fact is fundamental in the proof of Pliicker’s equations.

ix. 11, Prove that
Mu du du dtu dtu )’

ot dr T 3wy ey TP G

is a covariant of a binary quantic u of order exceeding 4.
Ans.  Factor M%. Use § 7, Ex. 5.

Ex. 12. The invariant of the second degree of a binary 2n-ic gives
a covariant of any binary quantic of order exceeding 2.

Ex. 13. Deduce the covariant of a binary quantic found in § 17
from the catalecticant of a quartic (§ 49, Ex. 1).

Ex. 14. Write down from Ex. 11 a quadratic covariant of a binary
quintic, and a quartic covariant of a binary sextic.

Ex. 15. Every binary quantic of odd order 27+ 1 has a covariant
of the second order and second degree.

Ans.  The invariant of the second degree (§ 48) of its 2nth
emanant.

Ex. 16. Every binary quantic of odd order 2n+ 1 exceeding 3,
has at least one linear covariant, obtained by operating on it, as in
§ 47, with the nth power of its quadro-quadric covariant (Ex. 15).
(Hermite.)

Ans. For order 3 the result vanishes. For higher orders it
does not. To see this let the substitution be adopted which reduces
the quadro-quadric covariant to the form AXY, and the quantic to

(Ao’ Al) sz A2n+l) (‘Y’ Y)znﬂ»
where 4, 4,, 4, ... 4,,,, have consequently to satisfy only
2n
Ay dyy—2nd 4y, +( o )Aadsy s — o =0
and
2n
Ay Ay —2ndy 4y + ( ) Aydpyy= o =0

The linear covariant derived becomes a numerical multiple of
BPApX+4,,,7),

and 44, =0, #*4d,,, =0 do not follow from the two conditions

when n>1,
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Ex. 17. For the binary quintic this linear covariant is of degree 5.
Show that there is another of degree 7, and, assuming as suggested by
§ 48 and proved hereafter that a binary quantic of odd order has no
invariant of degree 2, that it must be distinct from the former.

Ans. The Jacobian of the quadro-quadric covariant (Ex. 14) and
the linear covariant of Ex. 16.

58. Precisely as in § 56 we see that if we take more
emanants than one of u, or if we take any emanant or
emanants of a covariant of w, or if we take any emanants
of two or more quantics u, v, w, ... in the same variables, or
of covariants of two or more quantics, taking in all of course
the same cogredient quantities &'y, 7y..., and if we arrange
them as quantics in @', %/, 2, ..., and write down any invariant
of the system of quantics in @', %/, #/,... thus obtained, we
have a covariant of w, or of the quantics w, v, w, ... jointly.

Ex. 18. From § 9 deduce § 10.
Ex. 19. Employ § 49 to obtain covariants of two binary quantics.

59. Basis of symbolical representation of covariants and
invariants. For full information as to the system of invariants
and covariants of a single quantic, it proves to be important to
have recourse to more quantics than one ; and not to quanties
in one and the same set of variables only, but to quantics in
different cogredient sets of variables.

We here consider binary quantics only.

Let 2, y, and x,, y, be two cogredient pairs of variables, so
that simultaneously

z, =1X,+mY,, x, =1X,+mY,,
h=UX+w'Y, y,=UX,+m'Y,.
We notice that
@Y, —agyy = M(X,Y,~X,Y)),
where M is the modulus Im’—2'm.
Hence, by § 46,

LR I TR S S S S
30X, Y, Y, 0X,” T \m dy, 3y, aTcz)’
2 2 2
so that — — — — — is what may be called an invariant

dxy oy, oY, duw,
symbol of operation.

Now let w, v be any two binary quantics, and let them be
called u,, v, when the variables in them are x,, y,, and u,, v,
when they are z,, y,. Alsolet U, V; U,, V5 U,, V, denote
their linearly transformed forms.
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We deduce from the above that, for any positive integral
value of »,

2 2 3 2y L2 ) 2
oy, o7 5x) (079 = (5 37, g ) ()
L YUYV, vy v,

REEEPD. SRS U (L) AP Y ) AR
I VI8 i O L WL S
ouy” dyy” omy"Ttoyy  dwydy, Tt T

In this ,, y, and 2,, y, are any cogredient pairs, We may
in the cxpanded result obtained make them the same z, y.
Thus

)U 'V , U IV N

XY T T AXIY XY

TR TR ,o Yu v + 1
- %525 oyt T oty dwdy it S
We accordingly have a system of covariants of two binary
quantics w, v. They have already been obtained in § 58,
Ex. 19, as the lineo-linear invariants (§ 49) of the ¢th
emanants of w and v. In particular if p is the order both
of w and v, the value p of r gives the lineo-linear invariant
itself, multiplied by (p!)%

Again, we may in the expanded result make w and v the
same quantie, and thus got that

du Yu o du "
" dy ey dy dwdy !
(r—1 o M
L =1 2w

1.2 da"Ry* oyt 7

is unless it vanishes a covariant, or invariant if 7 = p the
order of w, of factor M". For odd values of r the result is
nugatory, in that its first and last, its second and last but one,
&c. terms cancel against one another. For even values of »
the last term repeats the first, the last but one repeats the
se(iond, and so on till the middle term which occurs once
only.,

These covariants of w have already been obtained (§ 57,
Ex. 12) as the invariants of the second degree of the emanants
of even order of w. For r = p, the order of u, we have in
particular a numerical multiple of the invariant of the second
degree (§ 48) itself.

So far then the method is only another one for determining
results already known in other ways. It as yet gives us only

1431 F
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the covariants and invariants of w which are of the second
degrec in the coefficients. Its convenience is that it suggoests
an expressive symbolization for covariants and invariants,
and paves the way to a systematic examination of all forms
which can be covariants or invariants.

60. Hyperdeterminants. The operator ;—xl 5%—2 — S?—/—l Saa—;
is denoted by the brief symbol 12. More briefly still the
covariant, or invariant, of w found above by operating » times
with this symbol 12 on the product w,u,, and removing all
suffixes in the expanded result when the operations have been

—r
performed, is called the covariant or invariant 12 of u.

To get covariants and invariants of the third degree in the
coeflicients of w we may consider the product of three quantics
u,, Uy, Wy, whose suflixes imply that their variables are three
cogredient sets, and operate on the product with

9 2 bb)f’(bb Bb)b‘bb o !

day Y, - oy, duy, o, 0, - oY, O, (bws Y, - oY, bwl) ’
thus getting, for positive integral and zero values of 7, s, ¢,
functions seen as in § 59 to have the covariant or invariant.
property. In the result, after giving to it its fully expanded
torm, we may replace all three sets of cogredient variables
@y, Y15 Ty Yos Xy, Y by the same set z, y, and also make w, v
and w all the same quantic . We thus get a system of
covariants and invariants of w which may be symbolically
written

—r s ¢
12.23.31,

for different positive integral and zero values of », s and .

These covariants and invariants are all of the third degree
in the coefficients. It is easy to see the necessary connexions
of 7, s,¢ and p, the order of w, that they may be invariants.
Any term in the covariant or invariant is a product of
differential coefficients of the three factors w w w, the first
being differentiated as many times as the figure 1 occurs in
the symbolic product, the second as many times as the figure 2
occurs, and the third as many times as 3 occurs. Now if the
expansion is to be an invariant each one must be differentiated
p times, where p is the order of w. For an invariant then the
conditions are

r+s=s+t =1t+r=p.

For a covariant one at least of r+s, s+¢, ¢+ must be less
than p, and none of them greater than p.
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To get covariants and invariants of the fourth degree in
like manner we have to operate on products of four quantics,
The symbolical form of such covariants and invariants is
T2 T8V T4 Mg P ag # 3a" M,
and the conditions for an invariant are
Tig+ T+ Ty = Tip+ T+ 79 = Tt Py + 75 = Tiy+ T 75, = P

Similarly formed products involving five, six, &e. figures
are symbolic expressions for covariants and invariants of the
fifth, sixth, &e. degrees, derived from products of five, six, &e.
quantics, eventually made the same. For invariants every
figure must occur in the same number of symbolical factors,
and that number must be the order of the quantic of which
they are invariants.

Later (§ 89, Exx. 25-28) it will be seen that all invariants
are linear functions with constant coefficients of those which
can be written down in this way. The like statement may
be made as to covariants.

The method is one by which Cayley made great advances
in the systematic exhibition of covariant and invariant forms.
(See, for instance, his collected works, Vol. I, pp. 95-112.) To
pursue it is outside the limits of the present introductory work.
For ways of selecting symbolical expressions which do not
give vanishing results for a single quantic (cf. § 89, Ex. 28,
and § 131), and for applications to the reduction of systems of
covariants and invariants, the student is referred to Cayley’s
original memoirs, and to Salmon’s Higher Algebra. The
method, which is spoken of as that of ‘hyperdeterminants,’
did not, in its originator’s form, succeed in establishing the
finiteness of complete systems of irreducible covariants in
general. That triumph was reserved for another symbolical
method, having much in common with it, which will be
referred to in the following articles.

There is a corresponding theory for ternary and higher
quantics, which will not be entered into. The student will
have no difficulty in seeing that, acting upon a product of

three ternary quantics,

d
52,
J
3,

)

d

:'WJI’—-——

d
33——?/2’
d

d

which may be called 123, is an invariant operator.
¥ 2
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60 (bis). The German symbolism. The Cayleyan notation
for hyperdeterminants has been very generally replaced by
another, which is identified with the names of Aronhold,
Clobsch, and Gordan. This is based on a purely symbolical
representation of the coeflicients in a quantie. A binary
quantic (g, uy, g, ... o) (@, y)? is denoted by (az+a'y)’
looked upon as expanded by the Binomial Theorem. Thus,
for r=0,1,2,...p, «’a’*~" denotes «,, while a¢’a” has no
meaning unless »+s8=p. In order to express products of
coeflicients in one quantic, we have to introduce & number of
pairs a, «’; b, b5 ¢, ¢’y ... of symbolic letters, and to say that
(ax + a’y)? (bx+b'y)?, (ca+"y)?, ... all represent the same
quantic, so that a”a’#~", b"0¥"", ¢'¢’?-", .., all mean «,, and,
for instance, a’a/?~"b*b'?-*c'¢’?~¢ is the product a,a,a,. We,
in fact, deal in the first place with quantics which may be all
different, and eventually in interpreting conclusions identify
them, or such of them as may be given to be the same.

If, as in § 59, 2,, y; and =,, y, are cogredient pairs of
variables, which we presently identify, and if (ax, +a’y, ),
(b, + D"y,)?s denote, in the manner just explained, two binary
(uanties u,, u, in those pairs respectively—quantics which we
may also presently identify if p, = p,—it is readily scen that

(=) (py=r)17d D d 3y

Pl pe! (bml 5_5/-2 B 5—93-2 b_"—jl) e
= (Al — /)" (ay + gy (b, + Vg,
where the right-hand member, when expanded, consists of
terms every one of which is of 9, dimensions in « and «’, and
of p, in b and ¥, so that only actual products of coefficients
in the two quanties present themselves, in addition to the
variables. It is usual, for brevity, to call this right-hand

member P N
(ab) a,M b“‘ i

or, after identification of z;, y, and xy, ¥,,
(ad)ra b, e,
When only one quantic is really under consideration this gives
the covariant, of degrece 2 in the coefficients, («d) u,?~"b.r",
where «,* and b,” both mean the onc quantic.
In like manner the hyperdeterminant

—r 8 __t
12.23.31 wu,u,u,,

of partial degrees 1, 1, 1 in the coefficients of w,, u,, u, is
a numerical multiple of

(ab)"(bey (ca) api=r—tbpa=r=s ¢ ps=s=t,
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where p,, p,, are the orders of w,, u,, w,. If for these
) D1y P2s Ps 818 U OL Uy, Uy, Us
quantics the same p-ic is taken, this covariant is

(ab)"(bo)’(ca)‘ arp—r—t bxp—-r—s Cz”"""t,
and is of degree 3 in the coefficients, as
@, = QPP = PHIP = PP,

for every p which enters into its expansion.

Similarly any hyperdeterminant of a higher degree is, but
for a numerical factor which it is best to discard, symbolically
cxpressed by a product of powers of symbolic determinants
such as (ab), and of powers of a,, byy.vv,s such that the sum of
the indices of the factors in which « occurs is p,, the order of
the first quantic o, the sum of those of factors in which
b occurs is p,, the order of the second quantic b,”3, and so on.
If the orders of the quantics are all equal, and in particular if
the various quantics are all the same, so that

at=br=cl=...,

the various sums of indices are all equal to p.

It is impossible for all the hyperdeterminants thus written
down to be linearly independent. The study of their inter-
dependence is usually based on the ¢ Jacobian identity ’

(b’ =V'c) (uz + a’y) + (ca’ —'a) (b + b'y)
+(ab"—a’b) (cx +c'y) = 0,
ic. (be) @, + (ca) b, + (ab) ¢, = 0,

which clearly, for instance, cnables us to express a symbolic
product divisible by (b¢) ¢, as a sum of two other symbolic
products. Even when we have by use of this identity reduced
a system of hyperdeterminants to a smaller system of such as
are linearly independent so long as a’«’7=" and 0707-7, for
instance, mean coeflicients in different p-ies, many will “still
remain which become identical, connected, or zero when in
a final interpretation for the case of one p-ic we have to give
to these different products the same meaning.

60 (ter). Operational symbolism. There is a variation of
this Clebschian symbolism which is less entirely artificial.
Its symbols are not mere umbrae with no meaning in them-
selves, but denote differential operators. Let us take

0=a 2 +a 2 + ... ta °
=00 T e T T Py,
80 that Oa, = «, 0%q, = a,,...0%a, = a,,

and, with p+¢ > p, fr+tq, = 0.
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We can then write
U= (g, Uy gy on. ) (@, )" = (w+90),.

Instead of using ono such operator 6, let us introduce a
number of the same form, one for cach of a series of quantics
dealt with in the first place. The rth of the series is thus

w, = (Uo(r), al("), e a;::) (93, y)f',. = (x+y 0,,)1"1- (,(,0(1'),
where d d , D

= ) (o (r) ———
0, = a, day (" + da, ooy dal
Let us say «, b, ¢, ... instead of «,®, a,®, ¢, ...
The proof that

(1 =m)! (m——r)!(p__b_ _ 3_3_)"%%
P! dmy dy, Ay oy E

= (0,—0) (2 + 077 (y + 5,0, )7:- "y,
is quite direct; and we can proceed to hyperdeterminants of
higher degrees as before.
Identifying the cogredient pairs of variables, and taking the
orders py, p,, Py equal, we obtain for the numerical multiple of
R B 1
the hyperdeterminant 12 . 23 . 31, which has been symbolizod
ﬂ,bOVe by i AVS 8 t , p=r—t] p-r—~8 , p—g—t
(ab) (be)* (ca) w, b, e
the somewhat more expressive form
(62“ 91)1‘ (03_ 02)s (01 - ea)l
(@+y6) " (2 +y 0, (@ + 50,7~ aohyc,.

The expression obtained in this way for any hyperdeter-
minant, covariant of degree ¢ in the coefficients of one binary
p-ic may be written
n=i Mm=n-1 n={

1] I] (om—on)o ", H (w+7/0n)wn oy ... (¢ factors a),
n=2  m-=1 n=l

where 6, and its powers act only on the first factor «,, 6, and
its powers only on the second, and so on. The indices 7,
and @, are positive numbers or zeros satisfying the equations

Te+rpt.. 47, +w =P,
PraF Tyt a4+ 7y +a, =P,

Tttt ot tw =
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The order = of this covariant is @+ =,+...+=;; and it
easy to sce that its weight is '

SrpmtEiw, =3 (ip-3w,)+3=,
=3 (ip+=),
we know must be the case, from Chap. ITIL

In this notation the Jacobian identity is
0,—0,) (x+y6,) +(6,—0,) (x+y0:) +(6,—6,) (x+y6,) = 0.

p—
61. Transvectants. The invariant or covariant 1z (u v),
rather this multiplied by (p—»)! (p"—7)!/p!p’l, is called
¢ rth transvectant of w and v, in German the rth ¢ Ueher-
hiebung von w iiber v.” The process of forming transvectants
w and v is called transvection.

—T
In particular the covariant or invariant 12 of wu, i.e. the

JE—

variant or invariant 12 (ww), is {p!/(p—7r)!}? times the
h transvectant of u and itself.

From two binary quantics u, v, whose orders are p, p’, of
hich p4p’, are derived p+1 transvectants. For, besides
e values 1, 2, 3,...p of », the value 0 is also admissible,
1e Oth transvectant of w and v is the product ww. The
her transvectants of w and v are the covariants, or covariants
1d invariant, which are of the first degree in the coefficients
w and also of the first degree in the coefficients of », and so
together of the second degree. As has been seen, one is the
‘oduet uv, and the rest may be found from the first, second,
., pth emanants of w and of v by writing down the lineo-
1ear invariants of corresponding pairs of those emanants as

49.

'%‘he oth transvectant of « and itself is w2 The other
ansvectants of w and itself arc the covariants of u of degree
in the coefficients, obtained by writing down the invariants
" the second degree of the successive emanants of w. The
'st, third, fifth, &e. transvectants of 4 and itself vanish.

A transvectant, once found, is dealt with as a new quantic.
ransvectants of u and covariants of degree 2, already found
. transvectants, are of degree 3; and so on. It is clear that
7 repetitions of transvection we can obtain covariants of all
)grees. At any stage we use an operating symbol, such as

-r
}, involving two figures only, which refer to two covariants
ready found, or to one covariant and w. The use of com-

—_r 5
icated hyperdeterminant produets 12 . 13 . 23 ..., involving
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many figures all referring to u or another fundamental quantie,
is avoided.

The symbolic method of § 60 (bis) has been brought to bear
on the theory of transvectants; and it was by use of it that
Gordan first obtained a proof of the finiteness of the complete
system of irreducible covariants and invariants of any binary
(uantic or quanties.

With regard to a single binary quantic «, what his researches
suceeeded in establishing is, that all concomitants (this term
including both covariants and invariants) of « which are of
the seeond degree in the coefficients are transvectants of u, u?
in particular being the 0th transvectant ; that all of the third
degree in the coeflicients are linear functions of transvectants
of u and concomitants of the second degree, produets of w into
u? and other concomitants of the second degree being included
as Oth transvectants; that all of the fourth degree are trans-
veetants of 4 and concomitants of the third degree; and so on
from degree to degree. Gordan proved that this continued
process ceases after a time to give new irreducible con-
comitants, so that the determination of a complete system
of irreducible concomitants for any binary quantic is reduced
to the examination for irreducibility of those which are ob-
tained as transvectants up to a certain point.

He also proved finite the complete system of irreducible
concomitants of a number of binary quantics. In the case of
two quanties u, v the complete system is eomprised in the
complete system of a, the complete system of v, and a
terminating system of transvectants of the onc complete
system with the other complete system. In the case of three
quantics u, v, w, the complete system of concomitants is com-
prised in the complete system of w, v, the complete system of
1w, and & terminating system of mutual transvectants of these
complete systems ; and so on for any number of quantics.

This great theory should be studied in Clebsch’s Theorie
der Bindren Algebraischen Formen, in Gordan’s Vorlesungen
iiber Invuriantentheorie, or in Grace and Young’s Algebra of
Invariants. It lies outside the scope of the present treatise.

Ex. 20. The Jacobian of % and » is their first mutual transvectant,
a numerical factor discarded.

Ex. 21, The Hessian of a binary quantic u is the second transvectant
of « and itself, but for a numerical factor.

Ex. 22. The quadratic invariant (§ 48) of & binary 2n-ic is half its
2nth transvectant with itself.

Ex. 23. The lineo-linear invariant (§ 49) of two binary p-ics is their
pth mutual transvectant.



61) EXAMPLES OF TRANSVECTANTS 73

Ex. 24. The second transvectant of the cubic (a, b, ¢, d) (x, y)* and
itself is twice the quadratic covariant
(ac—b*) 2* + (ad —be) xy + (bd — c*) 3.
Also the first and third transvectants vanish.

Ex. 25. The first transvectant of the cubic and its second transvec-
tant (Ex. 24) is the cubicovariant (§ 45, Ex. 13)
(a’d —3abe+2b6%) a®+ ...
The second mutual transvectant vanishes.

Ex. 26. The first transvectant of the cubic and its cubicovariant is
minus twice the square of the quadratic covariant (ac—b%)a?+ ....
Their sccond mutual transvectant vanishes., Their third is minus
twice the discriminant

a'd?—6abed + 4ac® + 40°d— 3b%c* = (ad — be)* — 4 (ac — ) (bd—c*).

Tx. 27. The second transvectant of the qnartic (¢, b, ¢, d, ¢) (v, y)'
and itself is twice the quartic covariant (the Hessian simphfied by
omitting a numerical factor)

(ac—0%) @ + 2 (ad — be) 2y + (ae 4 2bd — 3 ¢?) ®y?
+2 (be—cd) ay® + (ce—dP) ¥ ;
and the fourth transvectant is twice the invariant
I=ae—4bd 43

Ex. 28. The first transvectant of the quartic and the quartic
covariant of Ex. 27 is half a sextic covariant beginning with
(a*d—3abe+ 26" a4 ... :
the second is onc-sixth of the product of 7 and the quartic: the third
vanishes: and the fourth is three times the invariant
J = ace+ 2bed —ad?— b% —c?.

Ex. 29. The binary quintic (a, b, ¢, d, ¢, f) (@, )® has a covariant
of the second order and the second degree.

dns.  (awe—4bd + 3ct)at 4 (af—3be + 2cd)xy + (hf— A ce + 3d?) %,
half the fourth transvectant of the quintic and itself. Cf. § 57,
Ex. 15.

Ex. 30. The binary quintic has an invariant of the fourth degree.
Ans.  (af—3be+20d)—4 (ae—4bd + 3¢%) (bhf —4ce+ 3%,
found as minus twice the second transvectant of the covariant of
Ex. 29 and itself.

Ex. 31. The binary quintic has a linear covariant of degree 5 in
the coefficients.

Ans.  The fourth transvectant of the quintic and the square of
the covariant of Ex. 29. Cf. § 57, Ex. 16.
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Ex. 32. Find a covariant of the fourth order and second degree of
the binary sextic.

—
Ans. 12,
Ex. 33. Prove that, for cach of the values r =1, 2, 3, ... I(1p),
(0,—0)" (x+y0)" ™ (x+y0,)"* aa
is u covariant of a binary p-ic (the last an invariant if p is cven), of
degree 2 and order 2p —4r.

Iix. 34. Prove that, for each of the values » = 1, 2, 3, .., 1(]%'_1_),

(01’"02)2’ (01_03) (m"'?/ox)z"zr_‘ (‘7"+ ?/02)1)'-27' (:1: "'.”/es)p‘1 aad
is a covariant of degrec 3 and order 3p—4r-—2.

iX. 35. A ternary quadratic has an invariant of the third degree
who‘se symbol is TQM{SZ; and a ternary quartic one whose symbol is
123.

Ex. 36. A g-ary 2n-ic has an invariant of degree q.

62. Contragredient quantities. Two sets of quantitics
2,9, %05 £ 1y 6. are said to be contragredient when formulae
of lincar substitution for the first set

z= X+ mY+ 'nZ+...,
y=UX+m'Y+0'Z+..
e=U"X+m"Y+2"Z+.
aro neceessarily accompamed by the associated but different
formulae of substitution for the second set
:~: = I+ U'n+ l”§+...,
=mé+ m’n +m ¢+ ...
Z= ng+ w'n + 'n”(+
.o Coe ,
in which latter set it is to be noticed tha.t the new quantities
are expressed in terms of the old, and not vice versa. Reversed
they are
E=MAE +uH +0Z +..),
n=M1NE +pyH +VZ +...},
g‘ J‘[‘”}\”"-}-Iu H+V”Z+ s
where M is as usual the modulus of the scheme of substitution
for 2,9,2,..., and where A, p,..., X, p/,..., ... denote the minors

QM IM/dmy ..., IM/V, AM/dw, ...,
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It is convenient to speak of contragredient quantities as
being linearly transformed by schemes of substitution of
which one is the dual of the other. The name is reasonable,
as the duality or reciproeal connexion of the two substitutions
is preeise, it being possible, and a good simple exercise in
determinant algebra, to show that the first substitution stands
in precisely the same relation to the second as the second does
to the fivst.

63. Geometrical contragrediency. The duality of trans-
formations of contragredient quantities has its counterpart
and its application in the method of duality in geometry.
Taking ternary systems, we know in fact that if =, , z and
&, n, ¢ are point- and line-coordinates of associated systems, so
that £ & +ny + (2 = 0 is the condition that the point (z, ¥, 2) lie
on the line (, n, ¢), or that the line (&, 7, ¢) pass through the
point (z, ¥, z), as, for instance, is the case when the coordinates
of a point are areal and the coordinates of a line the perpen-
diculars upon it from the vertices of the triangle of reference,
then the first scheme of linear substitution of § 62 applied to
@, 9, 2, ... reduces this condition to the form

EX+mY +0Z)+q (VX +m'Y +0/7)
+¢U'X+w"Y+0"Z) = 0,

Le. (E+In+U"HX+mE+mn+m” )Y
+(ng+n'n+n")Z =0,
which is of the same form,
EX+HY+ZZ =0,

as before if the formulae of substitution for & 7, ¢ are those of
the second scheme in § 62.

Thus corresponding systems of point- and line-coordinates
are transformed to corresponding systems by dual lincar
substitutions. In other words they are contragredient
quantities.

64. Another remark of great importance is that the symbols
2/dw, d/dy, d/z,... are contragredient with the variables
By Yy By e P_'Ql' when

c= X+ mY+ nZ+...,
y=UX+ Y+ 2 Z+...,
z=U"X+m"Y+0"Z+ ...,

. . .y
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we have, as used frequently already,

d d , 9 , 0
bX: lb—w+l5?~/+ Z,SE-'-""
p) J , 9 )
éy;:’mra—a-} +m@+m SE'F-..,
? ) ” 9
ﬁznb +7ba—?}+% (\2+ s

.
. . . . . .y

and these accord with the two dual schemes of § 62.

65. From the formulac of § 62 it follows at once that

EXFHUY+ZZ+...=({X+mY+0Z+...)¢
+(UX+w Y+ Z+ . )+ ' X+m"Y+0"Z+..)¢+ ...
=¢wtny+o+...;
so that £+ 9y + ¢z-+... obeys the absolute invariant law.
We might, in fact, have defined the contragrediency of
Z, ¥,%,... and £ 7, ¢,... by postulating that their corresponding
schemes of linear substitution are such as to leave

Ex+ny+{z+...

unaltered. This has been illustrated by means of the geo-
metrical contragrediency of § 63.

In the case of the contragredieney of § 64 this persistence
in form of {w+ny+¢z+ ... means simply that

_— d J d J d
X a—:i: +Y5‘I7-+Z5"Z+-.. —x@"}'yg}; +352+--.,

which, when we remember Euler's theorem of homogeneous
functions, wo see to be only the expression of the fact that
a homogeneous function of any order in «, ¥, 2z, ... becomes
upon linear transformation a homogeneous function of the
same order in the new variables.

66. Contravariants and mixed concomitants. If wu, a
quantic in &, ¥, 2, ... , is expressed in terms of new variables
X, Y, Z, .. by linear transformation, and if ¢ 4, ¢ ... are
quantities contragredient to z, ¥, 2, ..., and accordingly ex-
pressed in terms of new quantities =, H, Z, ... by the sub-
stitution dual to that giving @, 7, 2, ... in termsof X, ¥, Z, ...,
there are found to exist functions of ¢, 5, ¢ ... and of the
coefficients in «, which need at most to be multiplied by
factors involving only the constants of the transformation,
always in fact powers of the modulus, to be made equal to
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the same functions of £, H, Z, ... and of the coeflicients in the
transformed form of w. Such functions are called contra-
variants of w.

There also exist functions possessing the same property,
which involve both z, ¥, 2, ... and & 1), § ..., as well as the
coefficients in w. Such functions are called mized concomi-
tants of .

There also exist contravariants and mixed concomitants of
systems of two or more quantics in the same variables
Ly Ys @y vves

Invariants, covariants, contravariants, and mixed concomi-
tants are all spoken of as concomitants of the quantic or
quantics to which they belong.

In a certain sense £x+ny+({z+... may be itself spoken of
as & mixed concomitant. It has, however, no reference to
any particular quantic or quantics, but is a function of
persistent form of the two contragredient scts of quantities
only. It is the wniversal mixed concomitant of all quantics
inwy 2. orin gy ...

In a better sense, contravariants and mixed concomitants
of a quantic w in z, y, 2, ... are regarded as respectively in-
variants and covariants of the system consisting of « and the
linear form £x+ny + {2+ ...

Lx. 37. If ¢ (x, y, %, ...) is & covariant and (&, n, ¢, ...) a contra-
variant of », then

0 9
\]l(b—:-v, 3y 3% )(b(r, Y 2 )

is & covariant or invariant, and

d 9
Mg 5y 5 ¥ En G

is a contravariant or invariant. (Sylvester.)

67. Evectants. It is from the last-mentioned point of view
that contravariants and mixed concomitants of a quantic or
quantics are most easily discovered.

The method of § 19 may, in fact, be applied to determino
a series of contravariants from any invariant of a quantic u,
or a series of mixed concomitants from any covariant. We
have only in any invariant or covariant P to put for every
coefficient in w the corresponding coefficient in

w+k(x+ny+{z+...)"

where p is the order of u, and to take separately the coeffi-
cients of k, k% ... in the expanded result. These separately
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are (§ 19) invariants or covariants, as the case may be, of «
and (§x+ny+{c+...)"% and consequcntly of w and

fwtny+ (et
In other words, they are, as the case may be, contravariants
or mixed concomitants of w.
The method has, it will be remembered, been already used
for binary quantlcs in § 20, Ex. 33.
If the quantic « be

ax? + pba?=Yy + pb'aP 1z 4+ ...

r( (/) 1) P (p  po2,2
+ — 1. 9 CaPiR 4
where the numerical mctors of the various coefficients are the
corresponding coefticients in the expansion of the multinomial
(®+y+z+...)"% the rth of these contravariants or mixed
concomitants is

p) d
-1 p-1p
(6 th+§ V)+£ (D//-I-m

b i e )P

The contravariants obtained from any invariant P of w in
this way are called the first, second, ... th, ... evectunts of P.

The same method apphes for the determination of contra-
variants and mixed concomitants of two or more quantics in
the same variables. The same operator as before

d d
§5atE Ingy HET ]fab’+ "

FETI B

in which p and «, b, ¥, ...¢c, ¢, ... refcr to one of the quantics
only, suffices to derive series of contravariants and mixed
concomitants from invariants and covariants of the system.

The gencral theory of contravariants is Sylvester’s. Evect-
ants are due to Hermite,

ca? 2y? +

Ex, 38. Show that
e =ddn+6cEMP—4bHP +ant,
and
(ce—d?) & —2 (be—cd) £+ (ae + 2bd — 3 %) £
— 2 (ad—0bc) é° + (ac— %) 74,
are contravariants of the binary quartic (@, b, ¢, d, €) (x, y)*.
Ans. The first evectants of 7 and J.
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Ex. 39. Find u cubic contravariant of a binary cubic as an evectant
of its discriminant.

Ex. 40. Use the method of evectants to show that the left-hand
side of the tangential equation

(be=fE+ ... +2(yh—af)nl+... =0
of the conic
w = ax? + by + e+ 2 fyz + 2 gre 4+ 2hay = 0
is a contravariant of w.

Ex. 41. From the invariant
O=d (be -+ ...+2f (gh—af)+ ...
of two ternary quadratics obtain a contravariant of
@+ o + 2 fypt o, A 2y
in which both sets of coefficients occur.

68. Contravariants of binary quantics not distinct from
covariants. In the case of binary systems there is a con-
nexion between contragrediency and cogrediency which has
nothing analogous to it in the cases of ternary and higher
systems.

Let o,y and €&, 7 be pairs of contragredient variables, so
that with the formulae of lincar substitution

c=IX+mY, y=UX+n'Y .. (1)
2o as companions the formulae
E=1f+1n, H=mé+m'n. .. (2)
These latter may be written
My=IH-mE, —M¢E=UH-m'E, .. (3)

where M = Im’—U'm; and these differ only by the presence of
the factor M on the left of each from the results of putting
n, —& H, —E for «, y, X, Yin (1). This has already been
encountered in the particular case of § 46.

In an extended sense, then, we may say that n and —¢ are
cogredient with @ and #%. The factor M will not affect the
legitimacy of their use as variables cogredient with & and y,
so long as only homogeneous functions are dealt with, pro-
vided, of course, that we pay proper attention to the alteration
of the power of M whicE occurs as a factor on a side of any
equality we are dealing with.

We may equally say that, when 2’ and 3’ are cogredient
with « and 7, then —y” and 2" ave contragredient with « and
9, but for a factor which is immaterial so long as homogeneous
functions are dealt with. In particular we may say that
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—u and @ are, with this reservation, contragredient with
 and v.

If, then, in any contravariant of a binary quantic w, or of
soveral binary quantics, we replace ¢ and n by —v and =,
we obtain a function of x, y and the cocfficients of w, or of w
and the other quantics, which persists in form but for a factor
involving only the constants of transformation, a power of M,
after any linear transformation. In other words, we obtain
a covariant of w, or of w and the other quantics.

In accordance with what has beon said, however, it is clear
that the power of M, which occurs as a factor in the relation
expressive of the covariancy of the derived covariant, is
ditferent from that which occurs in the relation expressive
of the contravariancy of the contravariant from which it is
obtained.

0x. 42. Apply this method to § 67, Ex. 38.

Ex. 43. Obtain the cubicovariant (§ 45, Ex. 13) of a binary cubic
by means of the first evectant of the discriminant. (Cf. § 67,
Ex. 39.)

Ex. 44. Prove that

d d - 9 d
1”(6"‘7‘ ""I‘a‘;) == b'—Y*—I’] ;\tir;
and hence that (a,, «,, ... @,) (2, ¥)” has a concomitant (in general
mixed) containing thc term a,x? T, where ¢ is any one of
0,1,2,..p

Ex. 45. If P, of degree ¢ and weight w, is any produet, or linear
function of products, of coefficients in a binary p-ic, prove that there
is a concomitant (in general mixed) containing the term Pa/?~"E",

69. Covariants of u are invariants of u and a linear form.
It is a proposition closely associated with the remark of the
preceding article that al{ invariants, of a complete system
(§ 33), of a bmaly quantic or quantxcq ¥, v, 1, ... and the
linear form @y’ —ay are, when in them «, 4" are replaced by
w, y, covariants of the quantlc or qua.ntxcs w, v, W, ...; and
that conversely all covana,nts of w, v, W, ... are, when in
them «, y are replaced by ’, ¥/, invariants of the system
consisting of w, v, w, ... and the lmem form zy’ —a’y.

This is easy to see ; for, if @/, 3" are cogredient with z, y,

wy' —a'y = M(XY’ X’Y)
Now a complete )rstem of invariants of w, v, aw, ... and
ay’—a'y involve a’, Y homocreneously @® 33), so that to
insert MX, MY for ', ¥’ in an invariant is the same thing
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as to insert X, Y for them and multiply by a power of M.
If, then, in a supposed invariant of u,v,w, ... and @y’ —ay, we
put x, y for o, 3, we get a functlon of the coefficients in
w, v, W, ... and of x, y which persists in form, but for a power
of M as fa,ctm aftex linear transformation. In other wmds,
we get a covariant of w, v, W, .... And conversely, if in any
covariant of u, v, w, ... we pu’o 2, o for @, ¥, we get a function
of the sets of coefficients in Wy Y, W, . "and xy’ —a"y which
again persists in form, but for a power of M as factor, after
linear transformation. In other words, we get an invariant of
w, v, W, ... and gy’ —a’y.

A fact closely related to this, and, indeed, a particular case
of the first part of the theorem, is that all invariants of the
binary (p+1)-ic

(zy’ —a'y)w
are, when &, 4" are replaced by x, ¥, covariants of the binary
p-ic .

1431 G



CHAPTER V

BINARY QUANTICS. INVARIANTS, ETC., AS FUNCTIONS OF
DIFFERENCES.

70. IN most of the chapters which follow, binary quantics
will alone be considered, except where otherwise stated.
Special methods may be with advantage adopted for the
discovery and examination of their concomitants. Moreover,
it will be seen later that from invariants and covariants
of binary quantics there is a means of passing to those of
a ternary quantic, that, in fact, invariants and covariants of a
ternary quantic are a class of invariants and covariants of
a system of binary quantics. From ternary quantics there is
a like passage to quaternary ; and so on. Thus there is more
than simplicity of treatment in favour of a close examination
of binary quantics alone in the first place.

71. Convention as to numerical multiples of concomitants.
If I is an invariant, so is pl, where x is any numerical
constant. If K is a covariant, so is pK. The invariants
I and p I are not of course regarded as distinet invariants, nor
the covariants K, u K as distinct covariants. It will be well
now to adopt some convention which will relieve us from any
ambiguity as to numerical multipliers when we speak of any
invariant or covariant I or K. The following is probably the
best convention as to invariants of a single binary quantic

(g aqy gy vty (2, ).

Take the term or terms in the invariant which involve «,
to the highest power. If there are more such terms than one,
suppose that «, is the next earliest coeflicient which oceurs in
any of them. Choose among them the term or terms which
involve a, to the highest power. If there are more than one
of these terms, let a, be the next earliest coefficient which
occurs in any of them, and take that term or those terms
among them which involve «, to the highest power; and so
on continually till we get but a single term. Now divide or
multiply the invariant by such a numerical quantity as will
give this term the coefficient +1. The invariant thus pre-
pared is what we nearly always henceforth mean when we
speak of the invariant as a precise function.
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And as to covariants the convention is similar. Take the
coefficient of the term free from ¥ in a covariant which has
been found. Among the terms of which this coeflicient
consists single out one by the same rule as above, and apply
to the covariant the numerical factor which will reduce tho
numerical coefficient of this term to +1. By the covariant
we henceforth mean the covariant thus numerically prepared.

The rule may be more briefly stated if wo call the co-
eflicients in the quantic «, b, ¢, d, e, ... instead of oy, «,, a,, a,,
a4, .... Suppose the factors of every term in the invariant,
or in the coefficient of 2% in the covariant, written from loft to
right in alphabetical order. Among all the terms choose the
one which comes first in alphabetical order, i. e. the one which
would stand first in a dictionary. Make the coeflicient of this
term +1.

Thus, in invariants and covariants of varvious quantics
which we have already met with,

ac—102,

(ad —De)2—4 (ac—1?) (bd—c?),

(®d — 3 abe + 267> + ...,

ae—14bd + 3 c2,

wee + 2 hed — ad? — D% — ¢,
the coefficient + 1 is given to the terms ae, «??, «®da?, ue, ace,
respectively, by the above rule.

72. Covariancy of the factors of a binary quantic. A
method already touched upon in § 51 will be now more fully
considered.

Let @, fy,, 2, /14, .. 2, /)y be the p roots of the gencral binary
p-ie (g, 0y, Mgy vun ty) (@, )P,

i. e. let them be the roots of the equation in /y obtained by
equating the p-ic to zero. Moreover let the denominators
J1> Yg» +++ Yp, Which are of course arbitrary, be so chosen that

YiYg oo Yp = %o
Another expression for the p-ic must then be
@y — @, Y) @Yy —2.Y) «.. (@Yp—pY).

As explained in § 51, we may with propriety say that the
PaIrs &, Yy 5 @y, Yo +o0 3 &, Y, are cogredient with « and y;
that every suffixed x and the corresponding suftixed y are
particular corresponding values of « and 5. Thus, going with
the formulae of linear substitution

z2=1X+mY, y=UX+m'Y,
G 2
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we have, for every value of » from 1 to p inclusive,
w, =X, +mY,, y,=UX+m'Y,

so that
ay.—u,y =M (XY, —X,Y), (1)
and similarly, » and s being two distinet numbers not ex-
cecding p,
Lrlfa— sl = M (‘YrYs—XsYr)‘ AR (2)

By means of (1) we have that

(@ —a,y) @y =2ay) ... (£ —2,Y)

=M (XY,-X,Y)(XY,-X,Y)...(XY,-X,Y)
is an cquivalent way of writing the identity

(tgs gy gy ern @) (@, Y)Y’ = (Agy Ay, Agy s A4,) (X, Y )5
and we arc conscquently told that, «,, any coefficient in the
original form of our p-ie, being a function of ;, a,, ... @, and
Yis Yoy 000 Y,y the corresponding cocfficient 4, in the trans-
formed form of the p-ic is M* timey that same function of
X, X,,..X,and YV, Y,,...7,.
In part,icufar we have
nyy,..Y,=A4,.

73. Now take II,, any homogeneous function of degrec w in
the differences such as w,y,—w,7,, and lot 1/, be the same
function of the corresponding differences X,.Y,—X,V,. By
the equalities (2) above we sce that

H,=MI,.

Should it then be possible to express &, as a homogencous
function, of degree ¢ say, of «,, «y, @y, ... «,, in which casc
H’,, would be the same function of M~? times the corre-
sponding new coeflicients 4,, 4,, 4,,:.. 4,, and so, in virtue
of the homogeneity, would be M~ times the same function of
Ay Ay A, ... 4, that function will be an invariant of the
D-1C.

! The functions H, in general cannot be so expressed. We
will, however, exhibit a class of functions H,, which can, and
shall proceed to show that all invariants are thus given.

Writing a,, a,, ... @, for &, /y,, 2,/Y,, ... ,/y,, we know that
@, /s a2/%to, ..ty /a, are certain numerical multiples of the
elementary symmetric functions a,+a,+... +a,, = (a;a), ...,
a;a,y... &, Wealso know that any rational integral symmetric
funetion of a,, a,,... a, can be expressed rationally and inte-
grally in terms of these elementary symmetric functions, every
one of which involves each of the roots to the first degree. If the
symumetric function involves a particular root ;, and therefore
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every root, to the ith degree and no higher, the expression for
it in terms of the elementary symmetric functions must involve
at least one product of ¢ of them, distinet or repeated, and no
product of more than /. Such a function then, when multi-
plied by «’, becomes equal to a rational integral function of
(ty, Uyy ... @y, of degree ¢ in those letters, and without «, for
a factor. If the symmetric function is throughout of dimen-
sions w in all the roots collectively, the rational integral
function is isobarie of weight w. Conversely, a rational
integral homogeneous isobaric function of «,, ¢y, ... a,, of
degree { and weight w, and without a, for a factor, is equal
to «,’ times a symmetric function of the roots, of total dimen-
sions w in them, and of degree ¢ in every particular root.
(Sce Burnside and Panton’s Theory of Equations, 4th ed., § 81.)
Now take %, a product of w differences @,y,— a,y,, repeti-
tions allowed, so constructed that every one of the p suffixes
1, 2,... p occurs in just ¢ of its factors, and no other suffixes
enter.  As there are p suffixes, and as two occur in every
factor, the number of factors has to be ;ép. Thus 2w = ip,
From /£, derive p! products, including 7%, itself, by per-
muting in all possible ways the suffixes 1, 2,...p. Take for
If, the sum =/, of these p! products. It may vanish iden-
tically ; if not it is symmetric in respect of all the p suffixcs,
and we will sec that it can be expressed as a rational integral
function of «,, «;, ... «,, with degree ¢ and weight v, so that,
as cxplained above, it is an invariant.
Upon dividing 3, by (3,7, ... 9,)% i.e. by @/, we obtain
a sum, symmetrie in the suflixes, of products of w factors like
(@5~ 239,) /Y, Yy 1. €. like @, [y, —@,/y,, i.0. like @, —a,. Sh,
is then the product of «,’ into a sum, symmetric in the roots,
of products of w (=4ip) differences betwcen roots, cach
produet involving overy particular root in just i factors.
Accordingly, by the facts about symmetric functions just
(uoted, it is equal to a rational integral function of «,, ¢y, ... «,
of degree 4 and weight w ; which is what we had to prove.
[1t may be remarked, incidentally, that no proof has so far
becn given of the fact that the symmetric funetion of the roots
4,73k, is actually of degree so great as ¢ in cach particular
root unless it vanishes identically. Were it of degree less
than 7, owing to the cancelling on addition of the terms of
degree ¢ in the various parts a,~'k,, of the sum, the invariant
2k, would have the form e,k (uy, ¢y, ... «,) with the second
factor integral. But no invariant can have this form. To
see this apply the transformation z = X, zy, — 2,y = ¥, where
the latter is one of the linear factors of our p-ic. We thus
obtain a transformed p-ic with first coefficient A, =0, so
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that the invariancy of « F(a,, «;,...«,) would necessitate
Wy (g, ¢qy.0n0,) = 0.]

74. Invariants as functions of differences of roots. It is
now clear that, if we take any such product of w differences
between roots of a p-ic that every root oceurs in just 4 of its
factors, where 4p = 2, and if we form a function symmetric
in the roots by adding together the p! results of permuting
the roots in this product in all possible ways, and multiplying
the sum by ¢, the expression for this funection in terms of
,, Uy, ... &, i3 an invariant, unless it vanishes identically.

For, upon substituting ¥,%, ... y, for «,, and

@Y= /Y1 &y e @y /Y~y /1 &o.,
for a;—a,, &c., we give the function the form of a sum of
produets in which % &e., cancel in numerator and denomi-
nator, i.c. the form of a homogencous H, in a,y,—a,y,, &e.,
alone,

It will be shown that invariants obtained in this way con-
stitute a full system, i.e. that the p-ic has no invariant which
is not cither a single one such as constructed, or a linear
function with numerical coefticients of a number of them of
one degrec and weight. We must first prove the following
theorem :

Iyvery invariunt of

(g, s v ) (@, )"
can be expressed as « function of the differences beteween roots,
symanetric in the roots, multiplied by « power of «,, with or
without a purely numerical factor.

An invariant of degree ¢, like any other function of that
degree in the coeflicients, can, as explained earlier, be expressed
as a,f times a symmetric function of the roots. We will see
that it is unaltered when all the roots are increased or
diminished by any the same quantity., This will ensure that
the symmetric function of the roots can be expressed in terms
of differences only ; for it will in particular follow that in an
expression for it we can diminish all the roots by one of
themselves.

The roots of our p-ic, all diminished by m, are the roots of
the p-ic obtained from it by the particular linear transforma-
tion ¢ = X +mY, y = ¥, of which the modulus is unity, so
that by it overy invariant is unaltered. This is what we had
to see.

‘We now ask what functions of the differences between roots,
symmetric in the roots, produce invariants of degree ¢ when

multiplied by «,%
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In the first place : must be exactly the highest degree to
which any, and thercfore every, root enters into the expanded
symmetric function.

Next, the dimensions of the symmetric function in the roots
collectively must be w =}ip throughout, this being the
necessary weight of an invariant of degree ¢ (§ 25).

Now it will be proved in § 89 (corollary), from a more general
theorem, that every rational integral function of differences
between roots, symmetric in the roots, of dimensions § ¢p, and
of degree ¢ in every particular root, is a linear function with
numerical coefficients of symmetric sums of produects of dif-
ferences, every product in which has the like property of being
of dimensions £ {p and of degree ¢ in every root; i.e. that it
can be expressed as a linear function with numerical coeflicients
of symmetric sums, «,’ times which have been proved to he
invariants at the outset of the present article. Hence we
draw two conclusions: (1) that all functions of differences
such as just described become invariants of degree ¢ upon
multiplication by «,, and (2) that the statement made
above, as to the fullness of a system of invariants provided
by symmetric sums of produects, is correct. Accordingly the
facts may be summarized in the following comprehensive
theorem :

If we take any such product of w of the differences between
roots of a binary p-ic that every root occurs in the swme

number 22 , o1 %, of its factors, and if we add together all the

results of permuting the p roots in this product, the symmetric
sum obtaimed, made integral in the coefficients by the fuctor a,
18 an tnrariunt of the p-ic, wnless it vanishes; there is mo
invariant which cannot be expressed, but for a factor a, us
such a symmetric sum or us a sum of positive or megative
numerical multiples of such symmetric sums; and no func-
tion of the differences, though symmetric in the roots, which
cannot be so expressed, can give an tnvariand.

Ex. 1. Show that every invariant of a binary p-ic must vanish for
the special p-ic (z+y)?; and hence that the sum of the numerical
coefficients of the terms of an invariant must vanish.

Ex. 2. If a, 3, v, d are the roots of a binary quartic, show that

aZ{(a—p) (y=2)"}, ie 2,y ~2,9) (wu?h‘wg.’/:x)z}
is an invariant.

On the other hand = {(a—pB)*(y—9)*} and = {(a—B)* (y—95)*}, of
which the latter vanishes, are not productive of invariants,
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Ex. 3. Is cither of ¢ 2 {(a—pB) (a—y) (3—28) (y—€) (8—¢)],
and a,) Si(a—p) (a~-y) (B0 (y—e)(d—¢e)},
an invariant of the quintic of which a, 8, ¥, 8, € are the roots ?
Ans.  The second.

75. By ‘invariant’ in the last article has been meant
‘rational integral invariant.,’ An irrational invariant need
not be symimetrical in the roots. A word may be said about
one class of irrational invariants—the class of invariants
which, though irrational in the coeflicients, have rational
integral expressions in terms of «, and the roots. What has
been said applies to these, except that the references to sym-
metry must be omitted. A product of w differences between
roots, such that every root occurs in just ¢ of its factors,
where ép = 2w, or a linear function of such products for the
same ¢, produces when multiplied by «,f an invariant, which is
irrational unless the product or linear function of products
is symmetrical. For instance

o {(a—p) (y=8) —(8—y) (a—2)}
is an irrational invariant of the quartic whose roots are
a, 3,7, 8. 1t is (see § 81, Ex. 4, below) a root of a cubic
cquation 23—361z+432J = 0, with rational invariants for
coefficients. It is also a rational invariant of the four factors
of the quartic. An anharmonie ratio

(@=7)(8—8)/(a—8) (B~7)
of the four factors of the quartic is an important absolute
irrational invariant of the quartic—an absolute rational in-
variant of the four factors.

Those functions H, of § 78 which do not involve the
suffixed letters in such a way as to make them invariants of
the p-ie, rational or irrational, as well as those which do, are
invariants (rational) of the system of p linear forms xy,—z.v,
(r=1,2,...p). Thisis easi{y proved by showing that every
Y, —%,Y, 18 an invariant of the system (see § 7, Ex. 2).
Moreover, every invariant of the p linear forms is an H,. To
prove this is to prove that the § p (p — 1) invariants @y, — x,v,,
with 0 < r< 8 < p, constitute the complete system of irredu-
cible invariants of the p forms, in terms of which all other
invariants can be rationally and integrally expressed. (See
Ex. 22 below, and Chap. XIV.)

76. It is of interest to verify that the relation H, = M*H’,,
of § 73, applied to a case in which H,, has bcen shown to be
an invariant I (a,, @y, ... @,) of degree ¢z and weight w = % ip,
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gives the right power of M in the relation oxpressivo of the
invariancy of I'(a,, ¢y, ... @,).

In § 72 we saw that, for every », M-*4, is the same function
of X, X,,..X,and ¥V, ¥,, ...V, as q, is of @, @,,...x, and
Yis Yor ven Yo I—fence, having

H,=1I(n,,«ay,...a,), homogencous of degree 1,
we have also  H',,= M-*1(4,, 4,,... 4,).
Accordingly H, = M*H’, gives
I(A, A,...A)=M""I(a,, ay, ...,
= MvI (g, 4y, .00 tty),
in agreement with §§ 23, 26.

77. Discriminants. The product of the squares of the
differences between roots of a binary p-ic is a single product,
is symmetrie, and involves all roots in equal numbers of its
factors, viz. cvery root in 2 (p—1) factors. It belongs then
to the class of symmetric functions which according to § 74
produce invariants. Now u«,2®~1 times this product is the
discriminant, or rather (cf. § 71) is a numerical multiple of
the diseriminant. We have then a direct proof that the dis-
criminant of any binary quantic is an invariant, as has been
otherwise scen earlier (§ 15) for all quanties.

The weight of the discriminant is p (p—1), and its degree is
2 (p—1). Thus, in accordance with the genceral theory,

W= Zip.

78. Invariants of quadratics and of cubics. Binary quad-
rutics and cubics have no rational integral invariants but their
diseriminants and powers of those diseriminants.

For the quadratic this is obvious. For there is only one
difference a ~ 3 between two roots o, 4, and no function of
a—f3 can be of a single weight and symmetric in a and 3
unless it be an even power of a—f3.

¥or the cubic § 30 tells us that there cannot be two inde-
pendent invariants. The diseriminant, then, being one, it
follows that there is no other which is not a function of
that discriminant, and consequently, as invariants are of onc
weight throughout, none that is not simply a numerical
multiple of a power of the discriminant.

We may also reason as follows. Let a, 8, y be the roots of
the cubic. Any invariant of a full system of degree < must,
by § 74, be of the form

a)2{(B—y) (y—a)(@—B)},
where s+t=t+r=r+8=1,
so that r=8g=t=14%1
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Thus < must be oven, and there is at most one invariant of
degree i, namely

4’ Z{(B~y) (y—a) (a—B) }*-

If 44 is even, the product under the = is itsclf symmetrie,
so that every permutation of a, 3, y in it merely repeats it.
Thus there is a single invariant of every degree divisible by 4,
namely, the appropriate power of

4 {(B—7y) (y—a) (a—pB)}%

i.c. of the diseriminant, or of a multiple of the diseriminant.

An odd power of (3—y) (y—a) (a—B) is not, however, sym-
metric as it stands; for if we interchange 3,y in it we alter
its sign. If we make all possible permutations of «, 8, y in it,
and add, we do not get a symmetric function, but zero, the
termns cancelling in pairs. Thus with %¢ odd there are no
invariants.

79. Discriminants freed from inconvenient numerical
factors. The right numerical multiples of «,?(a—f3)* and
[ (B—y)(y—a)(a—p)}? to speak of as the discriminants of
tlfl'e binary quadratic and cubie, arc decided by the convention
of § 71.

By clementary processes of the theory of equations it
can be proved, taking for convenience («, b, c) (z, y)? and
(¢, b, ¢, d) (@, )* to be the quadratic and cubic, that for the
two cases respectively

a?(a—pB) = — 4 (ac—b2),

and «*{(B—y)(y—a)(a=pB)}*
= —27 {(ad —be)?—4 (ac—b%) (bd—c?)} ;

and it is to tho expressions in brackets on the right that, in
accordance with § 71, the name of discriminants is properly
given, and not to —4 and —27 times those expressions
respectively.

In Cayley’s fourth memoir on quantics the corresponding
multiple to the —4 and —27 above has been found in the
case of the diseriminant of any binary quantic. Consider the
binary p-ic (a,, ¢, ¢y, ... a,) (@, y)*. The product of the
squares of differences between pairs of its roots is of weight
p (p—1), being the product of % p (p—1) factors of two dimen-
sions in the roots, and consequently, being an invariant, is of
degree 22 /p = 2 (p—1). That this is the degree also follows
from the fact that any particular root enters in p—1 squared
factors, and so to the degree 2 (p—1); for the degree in the
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coeflicients «,, a,, ... a, is the degree in any particular root.
We have, then, to consider the expression for

a 2@V (a,— a,)?
in terms of the coefficients.

Since p(p—1) is the weight, the term 1o -1, if it
actually occurs, is the one term in the diseriminant into
which «, enters to the highest power. This, then, if it
oceurs, is tho term in the diseriminant to which the coef-
ficient +1 is given in accordance with the convention of § 71.
Now the term must occur; for it is the only onc which does
not vanish for the special p-ic a2 + «,%?, and the diseriminant
of this special p-ic does not vanish, since no two roots of
the equation ¢ 2"+ «, = 0 are equal when ncither ¢ nor «,
vanishes.

Now consider the yet more special p-ic a?+y" Its roots
are those of 2"+ 1 =0, i.e. the p pth roots of —1. Denote
these by pyy pgy .o pp,. We know that if p, p,,...p, are the
roots of f(z) = 0, then

f(z) -_—f-@ + AAACN
=P Ty =Py
TR AR _
so that /' (p,) = o ] = (pi=pa) (p1=ps) - (01~ 1,),
—P1 r=py

and so for other roots p,, py, ... p,. It follows, by multiplica-
tion of the p right-hand and p left-hand members, that

I ) F (o) oo ' () = (= 1D (o, — o),
the sign being as stated because each of the 3 p (p—1) differ-
ences p,~ p, occurs once in the product as p.—p, and once as
ps—pr. In the present case, then, of the equation z"+1 = 0,
o ppt T e pp, T = (= )MV (p, = p))
so that  IT(p,—p)? = (= 1)@ p"(pypy, .0 p,)' !
= (=)o (= 1)
= (=1)tr@-1yr,
Now if, for the general p-ic («,, ¢, ay, ... @,) (z, y),
2P VI (a0, ~a,)? =k {ag 1,21+ ...},
we get as a particular case of this
T (p,—py)* = k.
Consequently k = (—1)#7¢-Dpr,
Thus the product ¢,*¢~VII(a,—a,)* for the binary p-ic is
properly spoken of, not as the discriminant, but as
(_ 1)41}(»-1)2-)1'
times the discriminant.
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The multipliors —4, —27 for the cases of the quadratic and
cubic accord with this general result.

80. The binary quartic. The binary quartic («, b, ¢, d, ¢) (x, y)*
has not more than two independent invariants (§ 30). Now
the diseriminant is one (§§ 15, 77). There are, however, two
of lower degrees than this. It is preferable to regard them
as the two fundamental invariants, and the diseriminant as
consequently a function of them. The two are the I and J

of § 29,
In fact, @PE{(B—y)* (a—2)*}
and @ 2{(B—y) (a—2) (y—a)? (B—20)%}

arc invariants according to the criterion of § 74.

A remark as to the number of terms covered in these and
such-like summations will be here in place. We must always
bear in mind that for purposes of expression in terms of the
coefficients it is symmetry in the roots rather than in the
differences which 1s fundamental ; and we most safely take
one term for every permutation of a, 8, y, 8. Thus, since we
may take a first root a in four ways, then a second g in three
ways, and then a third y in two ways, we regard each of the
above sums as a sumn of twenty-four terms, even though these
are, in the first, threc terms eight times repcated, and, in
the second, six terms four times repeated. The student is
recommended to give the closo attention neeessary to convinee
him of this second fact.

Let the four roots be separated into a triad a, 8, y and the
fourth 9, and let (3—y) (a—3), (y—~a) (3—2), (a—p) (y--9) be
denoted by w, v, «. Then he will see that the first sum is
cight times

a? (u?+ 0% 4 u?), (1)
and the second four times
a*{u (V= w?) + v —u?) +w(v?—v?)}, ... (2)

which latter may, by elementary algebra, equally be written
—a{ut(r—w) +viw—u) +w(u—2)],
or ad(v—a) (w—u) (u—v),
or again L {(v=w)P + (w—u)+ (w—v)’}.
The values of the invariants (1) and (2) in terms of the
cocfficients may be calculated by the ordinary methods of

symmetric functions. (See, for instance, Burnside and Panton’s
Theory of Equations, § 27, Exx. 16, 18.) The results are that

«u?+ v+ u?) = 24 (ae—4bd + 3¢%) = 2471
and a?{a (V2 —w?) + v (wk—u?) + o (u?—v?)}
= —432(uce+ 2bed —ad?—b% —c% = —432J.
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This direct process is however unnecessary. For it will be
seen in the next chapter that I and J are the only invariants
of degrees 2 and 3 which the quartic possesses. The invariants
(1) and (2) must then be numerical multiples £ I, £’J of I and
J respectively. This being granted, that £ and 4" have the
values 24 and —432 respectively may be scen by considering
a particular case. Take, for instance, the particular case of the
quartic whose roots are +1, +2.

It will be noticed that in I and J the alphabctically leading
terms «e, ace have the coefticient +1 according to the conven-
tion of § 71.

The proof that all rational integral invariants of the quartic
can be rationally and integrally expressed in terms of I and J
is reserved till a later chapter.

8]. Discriminant of quartic. The .discriminant, an in-
variant, must, as explained at the opening of the last article,
be a function of I and J. We proceed to see what function.

It is an invariant of degree 6 and weight 12 (§ 77), which
vanishes when the quartic has a square factor, and consequently
when it has the square factor »% i.e. when « = 0 and b = 0,

Now in this case 1 and J become 3¢% and —¢® respectively.
Of these no rational integral function vanishes except

(3¢%)?—27 (—c®)*
and functions with this as a factor.
Consequently
I3 —27.J% = (ue—4bd + 3¢ —27 (ace + 2bed —ad? — b —c?)?,
whose degree and weight are right, is the diseriminant of the
quartie.

The coeflicient of its alphabetically leading term «® is
correctly + 1.

By the gencral proposition of § 79, the invariant

@¥(a—B) (a~yP(a—8)* (B—y)* (B—3)* (y—2),
or, in the notation of the preceding article, «®u?v?10?, which
must be & numerical multiple of the diseriminant, is equal to
44(1%--27J% = 256 (1°—27J%).

Ex. 4. Prove this also by showing that v—w, w—u, u—v are the
roots of the cubic 2*—36¢~2J2+432a73J = 0, and that 27%u’0*w?
is the product of the squares of differences between roots of this
cubic.

Ex. 5. Obtain the same result by showing that 432%«~°J/? is the
product of the squares of differences between roots of the cubic

=122t —uvw = 0,
whose roots are », v, w.
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ix. 6. The products aw, av, aw are irrational invariants of the
binary quartic.
Ans.  Cf. § 75, or Ex. 4 above.

Ex. 7. The six ratios of u, », w to one another, which are respectively
minus the six anharmonic ratios of the factors of the quartic, are
irrational fractional invariants,

Ex. 8. Any anharmonic ratio (¢, —«,) (¢,—a,)/(a,~a,) (¢,—a,) of
any four factors of a binary p-ic is an irrational invariant of the p-ic.

Ex. 9. All invariants of a binary quartic can be expressed as
functions of the discriminant and any single anharmonic ratio

(a—7) (B—10)/(a—2d) (B—1y) of the factors.

Ex. 10. All invariants of a binary p-ic are functions of the dis-
criminant and the p— 3 anharmonic ratios of four factors

(B=a) b=a) (B=a)(y=a) (B—a) (y=a)
(r=a) (B=a)’ (y—0a) (B—0)" " (y—a) (B—a,)
where a, 3, ¥ are three roots, and a,, ay, ... a, the rest. (Cayley.)

Ans. These are p—2 independent invariants.

Ex. 11, In a binary quartic for which /= 0 the six anharmonic
ratios of the four factors arc equal in sets of three to the two
imaginary cube roots of —1. Geometrically the pencil or range of
four elements which the quartic denotes is said to be ‘equi-anhar-
monic.’

Ans. From w4+ v+u? =0 and w4v+w =20

2
we have (%) + % +1=0. Hence, &c.

Ex. 12, In a binary quartic for which / = 0 the six anharmonic
ratios are —1, —1, 2, 2, 3, }; and the pencil or range is harmonic.

82, Covariants as functions of differences. We now pro-
ceed to notice briefly the facts as to covariants of a binary
quantic which are analogous to, and in reality include, the
facts as to invariants dealt with in {§ 72 to 76.

Using the results (1) and (2) of § 72 we can at once write
down the analogue of the first statement in § 73; viz. that,
if @, is a homogeneous function of degree w in the two sets
of differences whose types are zy,—,y and 2,y,—2,y,, where
@y [Y1> @3/ Ysy +o. 2, /Y, are the roots of (ay, ay, a,,...a,) (z, y)?,
and if G, is the same homogeneous function of the corre-
sponding differences XY, —~X.,Y, &e., and X.Y,—X\Y,, &e.
with reference to the roots of the transformed quantic

(Ay, 4y, Agy . 4,) (X, Y7,
then Q, = MG,
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Should it then be possible to express G, in torms of the
variables @, 7 and the coeflicients «,, a,, a,, ... @,, and @, as
the same function, divided by a power of the modulus, of X, V
and 4,, 4,, 4,,... 4,, such a function G, when so expressed
will be a covariant.

Notice that any covariant so obtained must be komogeneous
in the coefficients a,, ay, dy, ... a,. For if the expression for

Gm be

that for ¢, is
K(A,/Mr, A /My Ay /M, A /MY XY,
and this must be homogeneous in the fractions with denomi-
nator M if the equality G, = M*(@’,, is to take the form
K (Ao’ Alr Aza 'Ap; X, Y) = MK ("ov Uyy Ugyuni 0y X, :’/)'

It is to be concluded also that G, or K, is homogeneous in
x and 7y, i.e. that in every product of differences which is
a part of @, there must occur the same number of differences
&Y, — 2,9, XYy — 2,9, ... of the first type. For, the coeflicients
Uyy Gy Ug,...d, being all homogeneous in 2, ,, ...,
Yis Yas «+- Yp, the covariant K, or G, must be homogeneous in
these quantities. Now any term in (#, which is a product of =
differences of the type xy, —a,y and, consequently, w— = differ-
cnces of the other type z,y,—«,y,, is of dimensions & + 2 (w — =),
Le. 2wW—m, iD @, Ty, o0 By, Y1y Yyo oo Yp-  This then having to
be constant for all products of which (7, consists, = must be
the same for all.

Covariants thus produced are then necessarily of one degree
in the coefficients and one order in the variables throughout.

K (ay, ap, ay, .., 5 2, 9),

83. Now any covariant of degree ¢ and order = of a binary
quantic is necessarily a,'y™ times a function of the differences
between roots and of the differences between #/y and roots.
For it must be unaltered by the linear transformation

z=X+mY, y=Y
of which the modulus is 1; that is to say, it must be un-

changed in value when % and all the roots are diminished by

any the same quantity m, and so in particular when all are
diminished by one root.

Those functions of the two sets of differences which, when
multiplied by factors a,’y®, become covariants are exactly
those which, when so multiplied, become functions such as @,
above. We will prove this for rational integral covariants—
to which as usual attention is confined—by exhibiting a system
of functions of the differences which, upon multiplication by
,'y®, become covariants because they become functions @&,
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and showing that all other covariants of degree ¢ and order =
arc sums of positive or negative numerical multiples of these.
We first notice that a function of the differences which
yiclds a rational covariant must involve the roots symmetri-
cally : otherwise it could not be expressed rationally in terms
of the coefficients and =, y at all. Also, if & is the order of
the covariant yielded, so that »™ is the necessary y-factor to be

applied, the function must be of degree = in £. Once more,

if ¢ is the degree of the covariant, so that «,f, 1.e. (4,7, ... )%
is the necessary «,-factor, every one of the roots a,, a,,...a,,
or &, /i1y Xy/ Yy ++- 2,/Y,, Mmust be involved to the degree 7: if
one 18, 50 too arc the rest by the symmetry. Further (§ 39)
ip —= must be positive or zero, and (§ 38) % (¢p + =) = w must
be the whole weight of the covariant, i.e. the dimensions of the

function of differences in 3 and the roots together,

Take then any degrec ¢ and order = such that ip = =, and
ip+a is even (= 2w). Write down a product of w factors, of
which 4 (ip—w=) are differences o,—aq,, i.c. (@.9,~2,9,)/Y.9.

between roots, and the remaining = are differences - —a,,
Y

ie. (2y,—2,9)/yy., between %’ and roots, so choosing these

factors that every root occurs in just ¢ of the whole number 1w,
x/y of course oceurring in just @ of them. The product is
a function G, over the denominator (y,y,... ¥,)'y®, i.e. a,/y®.
Multiplying by this denominator we obtain the function G,,
say g, Now the product written down is probably not sym-
metric in the roots. But permute the roots in it in all the p!
possible ways, and add the p! results of permutation. Unless
the sum vanishes identically we thus get a function symmetrie
in the roots, which may be expressed as a rational integral
function of degree ¢ in a;/«,, dy/cy, ... @,/ay, and of degree o
in 2/y. The result of multiplying this by «,y® is a homo-
geneous rational integral function of degree i in a,, ay,... @,
and of order w in x, y. It is also a @, function Zg,.
Accordingly it is a covariant.

Now it will be proved in § 89, Cor. (2), that every rational
integral function of % (ip+=) =w dimensions in z/y and
the roots, which (1) is symmetric in the roots, (2) is a
function of the two sets of differences, and (3) involves every
root to just the degree ¢ and x/y to just the degree =, i.e.
every function of differences which can conceivably yield a
rational infegral covariant of degree 4 and ovder =, is either
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one of those just constructed, or a sum of positive or negative
numerical multiples of scveral of them with the same ¢ and =.
Taking this as known, we thus have that all the functions
of differences which could conceivably yield covariants do
actually yield them, and that those constructed above as pro-
ductive of functions ¥g, suffice to form, for any allowable
degree and order, a system in terms of which all others of
that degree and order can be linearly expressed. We can in
fact state the following complete result:

If, choosing numbers i, & such that ip =2 = und ip+ o 4s
even, we take any such product of } (ip— =) differences between
roots of a binary p-ic, and = differences between x/y and
roots, that every root occurs im just i of «ll the % (ip+w)
Jactors, and x/y of course in just @, and «dd together ull the
plresults of permuting in it the p roots, the symmetric sum
obtained, made integral in the coefficients and in a, y by the
Suctor afiy®, is « covariant of the p-ic, unless <t vanishes;
there is no covariant which cannot be expressed, but for «
Jactor ay'y®, us such « symmetric sum or as « sum of positive
or megative nuwmericul multiples of such symmetric sums;
and no function of the two sets of differences, though symmelric
in the roots, which cannot be so expressed, cun yive a covariand.

Ex. 13. All covariants, except powers of the p-ic itself, vanish for
the special p-ic (@ + ) ?.

Ex. 14. The sums of the numerical coefficients of the products of
¢y, @, @,, ... @, which occur in K, K,, K,, ... K  respectively,
where (K,, K,, ... Kg) (z, %) is a covariant of (a,, ¢,, ... «,) (%, %),
all vanish, unless the covariant is merely a power of

(@, @y, oo @) (@, y).

Ex. 15. Every term in the summation which gives a covariant
3¢9, of a binary p-ic must involve at least one difference between
a pair of  chosen roots if 24r>ip + .

Ans. Cf. § 39, Ex. 2.

Ex. 16. Every term in the summation which gives an invariant
3h, must have this property if 2r>p.

Ex. 17. Verify as in § 76 that the relation &, = M ", applied
to a case in which @, is a covariant of a p-ic, gives correctly
M 4(i7=®) a5 the factor by which the covariant must be multiplied to
be made equal to the covariant of the transformed p-ic.

84. The binary quadratic. This has no covariant distinet
from itself and its one invariant, the discriminant.
In fact, if
ax? + 2bxy + cy? = a (x—ay) (z~BY),

1481 i
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covariants of degree ¢ and order = have, by § 83, to be linear
functions of expressions

a'y® 3 {(a~ B (@/y — o) (&/y—B)}s

ie.

@'y {(a— B (@/y —a) (@/y—B) +(B—a) (&/y — B)*(2/y — )},
where Ap=A+v=21,

and p+v=mw,

so that p=v =} =, and A = } (27— =), are unique.

There is then at most one covariant of this degreec and

order, namely,

@H{(a—BRE 4+ (B—a) ™) {(@—ay) (x—By) ™
For this to be rational, =, and therefore 27—, must be even;
and, for it not to vanish, % (2¢—=) must be even. Accord-
ingly every covariant of degree and order 4, = must be a
numerical multiple of

{a* (@=p)*3" {a(@—ay) @—pyY)}"

where 20 = @, 2m+ 2 = 4, and i, % are positive numbers or
zZero.

In other words, all covariants of one order and degree,
including invariants, are numecrical multiples of products of
integral (or zero) powers of the quadratic aax®+ 2bay+ cy?
itself and its discriminant ac— b2

Henee (§§ 85, 36) the quadratic itself and its discriminant
form the complete system of irreducible covariants and in-
variants.

85. Covariants of the cubic. If @, 3, y arc the roots of the
binary cubic
ax® + 30a*y + 3exy® + dy® = a(@~ay) (¢—BY) (@—yYy),
the cubic has two independent covariants, numerical multiples
of @3 {(@—ay) (8-7)*
and @*2 {(z—ay)* (@—By) (B—7)* (v—a)},
which, writing 6, ¢, ¢ for
@—ay) (B—7), @—BY (y—a), (@—rY)(a—h),
are respectively twice and once
(0% + p*+ y*) = a®lk, say,
and @ {0%(p—y)+ $*(Y —0) +¥*(0— )} = d’g, say.

That the two obey the criteria of § 83, and are consequently
covariants, is at once verified. That there cannot be more
than two covariants, independent of one another and the
cubic itself, is known from § 42. All other covariants, and
invariants too, can then be expressed in terms of them and
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the cubic. 'The one irreducible invariant, the diseriminant
(§ 78), is of course not a rational integral function of the
three—no rational integral function of them can be free from
the variables. We reserve till a later chapter the proof that
there is no other irreducible covariant or invariant of the
cubic, so that any other covariant or invariant is a rational
integral function of the cubie, the two covariants above, and
the discriminant.

The expressions for «*l and a®g in terms of the coeflicients
and variables can be obtained by elementary methods of the
theory of equations. We know however (cf. § 45, Exx. 12, 13)
two covariants of the degrees and orders of a%h and «?g, viz.

H = (ac—b*)2? + (ad—be) zy + (bd — ¢*)y?,
and G = («*d—3abc +20%, abd— 2ac®+ V2,
—ued +20%d —be?, —ad?+ 3bed—2¢%) (z, v)®,
and we shall see later (see, for instance, § 114, Ex. 16) that
these are the only covariants of the degrees and orders in

question. Hence, for some numecrical values of & and A/, we
must have a?h = LH,
and ady = k'G.
This being known, we can find & and A" by consideration of
the values of the covariants in a particular case. Take for
instance the cubic @®—v3 for which a, I, ¢, d, a, 8, y have the
values 1, 0, 0, —1, 1, w, % The above cqualiticy become
182y = —kay,
27(a® +9°) = —K'(«® +3°),
whence the values of & and " are —18 and —27. Thus
W = —1811,

and a’yg = —27G.

In accordance with the convention of § 71 we speak of I and
G, rather than of a? and «®g, as the fundamental covariants.

The close similarity between the forms, in terms of differ-
ences, of the covariants of a cubic and the invariants of
a quartic will not have escaped notice. It is not accidental,
but is a result of the fact, to which attention has been called
in § 69, that the invariants of

(@y ~ay)w

are, when 2’ and %’ are replaced by « and y, covariants of w.

_ 86. Syzygy among concomitants of cubic. The cubic u,
its two covariants H and @, and its discriminant

A = (ad—be)?— 4 (ac—b?) (bd —c?)
H 2
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must, as we have seen, be connected by a relation. To find
this relation we may consider the cubic in the form

w = ax® + dy?
which is not special, but is, as we have seen in § 11, Ex. 14,
onc to which the general cubic can be reduced by linear
substitution. TFor this form

H = adxy,

G = «da® — ad?y® = ad (ax® —dy?),

A = a?d?;
whenee, by elimination of a, «, z, ¥, the connecting relation
iy seen to be Au? = G2+ 417,

which holds when the general expressions for w, If, ¢ and A
are substituted.

Ex. 18. Prove the same relation by showing that 0°¢*y?, a detcr-
minate numerical multiple of the product Aw? is 37° times the
product of the squares of the differences between roots of the equation
P —3hz+g = 0 whose roots are p—y, y—0, 0—¢, and so a deter-
minate numerical multiple of the discriminant of this cubic.

Ex. 19, If the roots of the cubic equation v = 0 are a, 3, y, the
roots of I/ = 0 are
By +wya + wlaf3 By + w?ya + waf
- atwB+ety ' atoBtoey
and those of ¢ = 0 are
2py—ya—af  2ya—af—fBy 2ef-fy—ya

B+y—2a ’  y+a—28 "  a+p—2y

87. Several binary quantics. Into a full discussion of the
oxpressions by means of differences of invariants and covariants
of systems of more binary quantics than one it is not proposed
here to enter; but the facts may be developed by the same
methods as have been adopted in this chapter.

It will be found, for instance, with regard to tnvariants
of two binary quantics, that functions of the roots which
produce them must, for rationality, be symmetrical in the
roots of each quantic separatecly, and will in general be
functions of three classes of difterences, viz. (1) differences
between two roots of the first quantic, (2) differences between
two roots of the second quantic, and (3) differences between
a root of the first and one of the second. In order to produce
invariants which are not more properly regarded as sums of
simpler invariants, such functions must be homogeneous, not
only on the whole, but in each of the three sets of differences
singly. Any one of a full system for given partial degrees
must, moreover, be & sum of products of differences, in every

b

(Cayley.)
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one of which all roots of the first quantic oceur in equal
constant numbers of factors, and all roots of the second in
equal constant numbers of factors, the numbers not being,
however, necessarily or as a rule the same.

88. Functions of differences. In § 74 and § 83 assumptions
needing justification have been made as to certain classes of
functions of differences.

It will be convenient to establish a test as to whether
a given function F(a,, ay, ... a,) can or cannot be expressed in
terms of differences a,—a, only, cach between two of the
letters involved.

If it can, then, for every value of 7,

Flay, ayyon0)) = F(ag+h, ay+hy.coa,+0) (1)
Conversely it can if this is the casc; for then, in particular,
F(ay, ayy.na,) = F(0, a,—ay, ... a,—a)).

Now the necessary and sufficient condition for (1) to hold

for every valuc of 4 1s that

J p) ]
(‘b*al“ + b‘&‘z + .00+ b(’l;)) F(als Ay "'ap) =0, "'(2)

where identical vanishing is meant: we are dealing with
a;, a,,...a, as independent arbitrary quantitics, conneeted by
no relation.

To prove this, observe that

d
d,;F(al +]L, a2+/L, e a),'l']'/)
/9 d d
z(b;l + {\7.; +... 4+ E)F(al—i-h’ a,+h,...a,+h). ...(3)

Here, if F(a,+2%, a,+, ... a,+4) is independent of %, and so
cqual to F(a;, a,,...a,), the left-hand side vanishes, and
therefore also the right-hand side, so that (2) holds. Con-
versely, if (2) is satisfied identically, it is satisficd when we
put a,+k, ay+h,...a,+h for aj, a,...a, so that, by (3),

(—;%F(al+h, a+hy...a,+h)=0,and F(a,+h, ay+h,...a,+h)

is independent of /.
The theorem obtained may be stated as follows :
F(ay, ay, ... a,) will or will mot be « function of differences,
according us the differential operator
¥da,+Yday+ ... +3/a,
does or does not annihilate it.

88 (bis). An cxpression for a function of differences in
terms of differences is not unique. From one expression
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which involves a,—a,;, for instance, we can derive a different
onc by putting (a,—az) + (a;—a,) for a;—a,.

Our justification of assumptions made in §§ 74, 83 will rest
on a proof of the important fact that, if a rational integral
function F(a,, ay,...a,), given in its expanded form, is a
function of differcnces, then, among the expressions for it
as linear functions of products of differences, there will
certainly be one, such that none of the products of differences
in it involves any of a;, a,, ... a, to a higher degree than the
expanded F(a,, a,, ... a,) does.

For instance, 8% —y*—2aB3+ 2ay is a function of differences,
as d/da+9/dB3 +9/dy annihilates it. An expression for it in
terms of differences is (8—a)?—(y—a)?. But each product of
differences here is of degree 2 in a, whereas the expanded
function is only of degree 1 in that letter. Another expression
for the function is, however, (B—y) (B—a)+(8—7y) (y—a),
which has no such defect.

In proving the derived theorem weo shall need the following
Iemma:

If 4y, 4y,...7, are the degrees to which a,, ay, ... a, respectively
enter in the expanded expression for any homogeneous function
of the differences of total dimensions w, then

2w Sty .. 41,

Suppose that, on the contrary, we have a function, as

deseribed, for which

2 >0 + i+ + 1,
It cannot be merely k(a,—ay,)® for which 2w = Si It
might, however, be divisible by some lower power of a;—a,;
say by (a;—ay)". If so, the removal from it of this factor
would diminish each of w, ¢, i, by », leaving 4, 4,,... ¢,
unchanged ; and consequently would leave 2w — X4 unaltered,

If, then, there is any function whatever, such as described,
for which 2w> X!, there is one with the same property
which does not vanish when we put a, for ;. Let w and
%y, gy «v. Gy vefer to this function.

Put in it a, for a;. A function of the differences of
a,, ay, ... a, results. This is homogeneous of w dimensions ;
and its degrees in 4,, 4y,...¢, are certainly not greater
respectively than ¢, +4,, 4, ... %, Now, on our supposition,

2w > (b +4) +ig+ . +p.
Consequently for the function of differences of p—1 letters
which we have derived 2w>Zi.

By repetition of the same process, we must be able to derive
certain functions of differences of p—2, p—3, ... 2 letters with
the same property.
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But for 2 letters there is no function with the property.
All functions of w dimensions of their differences are included
in k(a,.;—a,)”; and for this 2w = 4.

Accordingfy our supposition is untenable; and we have
always 2w < 24,

89. A fundamental theorem. If a rational integral
Sfunction of dimensions w throughout im a, ay, ...a, is
« function of their differences, i.e. if it is annikilated by
3 (3/da), and if in its expanded form in terms of a,, ay, ... q,
these letters occur to degrees i, 1, ..., respectively, it can be
expressed as « linear function with nunwerical coefficients of
products of w differences (repetitions allowed) in such « way
that in none of the products does a; occur in more than
Jactors, or ay i1 more than iy, or &e., or a, in more than 7.

Let the expanded function be arranged by powers of «,

and written o' P+a " 1Q+... + 2. o (1)
Here P is a function of differences of a,, a;,...a,. For, as
d/da,+dday+ ...+ da, annihilates the sum, the cocflicient
of a, in the result of applying this operation vanishes: in
other words, 3/da,+3/da,+ ...+ 9/da, annihilates P. Morc-
over I is of w—4,; dimensions, and involves a,, aj, ... a, (if at
all) to degrees which do not exceed 4y, 4, ... i, respectively.

We proceed to show that, if the theorem holds for p—1
letters, it must hold for p letters. If it holds for p—1 letters,
P can be arranged as a sum of parts like

My3 Maq Mp—1p
A(ag—ay) ™ (ag—ay) ™ v (2 —ay) )
where Mgy Mgy + ...+ My, S by = 15— N, SAY,
Mgyt Mg+ 00+ My, S U = 4,— 1y, s8Y,
Mg p+ Mg, + oo+ My, S 4y = 4, — 1, S8Y.
Addition of these qualities gives
2(w—1iy) = tg+ g+ e +0,—(1g+ 1+ o +m,),
o that
Nyt Nyt oo+, = G+ (b + 0+ G+ .00 + 1, —240)
Z 4y, by the lemma.
Henco there exist numbers (or some zero) v,, vy, ... »,, not
greater than n,, n, ... n, respectively, such that
Vot vzt v, = 0.
Choosing such numbers, write down

v
(al"az)v’ (al“as)vs (g —ay)”?

X My = )™ (3, )™ ... (apy = ) "7,
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This is A times a product of w differences into which a; enters
in 7, factors, and a,, ag, ... a, enter in numbers of factors not
exceeding 4,, 4, ... %, respectively.

We have chosen one of the products as a sum of which P is
arranged according to our assumption that the theorem is
true for p—1. Deal with all the other products of the sum
in like manner, and add the results of introducing additional
factors as above. The result is a linear function of products
such as described in our enunciation, and the highest terms
in a; which it contains are a,">. By subtraction from (1) we
obtain

Given function — (linear function of produects as described)
=o' P 40 Q.+ 7, . (2)

where it may happen that some or all of I, @, ... Z’ vanish.
If they do not it is a function of differences, of 2¢ dimensions
as before, of degree in o, at least one less than the given
function, and of degrces in a,, a,,... a, not greater than the
given funetion.

Repeat the argument with the diminished degree in a,
of (2), in place of 4,. And so again and again. After at
most ¢, applications of it we obtain

Given function = lincar function of products as deseribed + Z,,

where Z,, if not zero, is a rational integral function of differ-
ences of a,, a,,...a,, of dimensions <, and of degrees in
ay, ay, ... a, which do not exceed 4,, 7,, ... %, respectively, and
is consequently, by our assumption, itself a linear function of
products as desceribed. Accordingly on this assumption, that
the theorem holds for p —1 letters, it holds for p.

Now it holds for 2 letters a,_,, a,, a8 (a,_,—a,)’, the only
possible function of dimensions « in the one difference, but
for a numerical multiple, is of the form deseribed.

The mathematical induction is then at once completed; and
the certainty that we can in all cases express a function of
differences, as given, in the form of a lincar function of
products, as described, is established.

CoroLrARY. If the weight and partial degrees of the
Sfunction satisfy 2w =i, +i,+...+1%,, the linear function of
sums of products must be such that a, enters into every
product in exactly i, fuctors, a, in exactly 1,, and so on.

Let them enter in 4/, 4,,...7,” factors of onc of the products.
The number of factors is w = § (i, +4,+...+4,). Each factor
contains two letters, so that to write down all the factors
requires the writing down of 24 letters, But it also requires,
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on our supposition, the writing down of just ¢, letters a,, 2,/
letters a,, and so on. Therefore

o+ 41 = 2w =t + T,
i.e. (6 —3))+ (=1 )+ ... + (6,~17,) = O.
None of the differences here is negative, by the thcorem.
Consequently all are zero.

Two particular cases give us nceded facts.

(1) Take 4 =4, =...=14,=1, 2w="4p. Also take the
function symmetric in a,, a2, ...a, An expression in terms
of symmetric sums of products as described can be found for
it. The expression at first found is probably not symmetrie,
but from this expression equally valid ones can be found by
permuting the p letters in it in all ways ; and the sum of all
the expressions thus obtained, divided by their number p!, is
equally an expression for it, and is symmetric. Thus a
symmetric function of a;, a,,...q,, of degreec ¢ in each of
them, and of dimensions in them all }4p throughout, which
is a function of their differences, can be expressed as a linear
function of symmetric sums of products of those differences
in such a way that every product involves every one of
a,, a,,...a, in just ¢ factors. This is what we assumed in
§ 74.

(2) Take 4, =dy= ... =4, ,=%,1%, ==, 20 =1i(p=1)+=.
Also take the function symmetlic in a;,a,,...a,. Froman
expression for it as a linear function of produects as described
can be derived (p—1)! expressions for it, including the first
one, by permutations of a;, a,,...a,_,; and the sum of these
divided by (p—1)tis an explessmn for it as a linear function
of sums, symmetric in a,, ay, ... a,_,, of products as described.
Consequently a function of dimensions '2' {i(p=1)+=}
throughout in a,, ay,...a,_;, a,, which (1) is a function of
their differences, (2) is ‘symmetnc in ay, a,,...a,;, and (3) is
of degree ¢ in each of these Pp—1 letters and of degree = in
the remaining a,, can be expressed as a linear function of
sums, symmetric in aj, a,, ... a,_,, of produets of differences of
the p letters, in such a way that in cevery product a, occurs
in just w factors, while every one of a;, a,....a,_, occurs in
just ¢ factors. This, with p+1 for p, and 2/y for a,,,, is
what we assumed in § 83.

Ex. 20. Observing that any rational integral function of the
coefficients of p linear forms

Th =Y, XYy—LY, «» XYp—%FpY,
or Y (@—a,y), ¥, (x—a,), ... yp (®—a,y),
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which is homogeneous in the two coefficients of every one, must be of
the form
Yy Flay 4y, o ap),
prove, by use of a particular linear transformation, that if the function
is an invariant of the forms, we must have for every value of
F(ay, a5 ...0,) = F(a,+h, a,+h, ... a,+h).

Ex. 21. Observing that, if the function of the coefficients has not
any one of x, ¥,, @,, ¥y, ... %, ¥, for a factor, then 4,, 4,, ... 7, must
be exactly the degrees to which a,, a,, ... a, respectively occur in the
expanded form of F(a,, a,,...a,), show that, if the function is an
invariant of degrees ¢, 1,, ... 7, in the coefficients of the forms
separately, and consequently (§ 31) of total weight

w=%(C+0+ ... +ip)
then F(a,, a,...a,) must be capable of expression as a lincar
function of products of w differences, in every one of which
a,, @y, ... a, oceur in just 7,, %,, ... ¢, factors respectively.

Ex. 22, Hence show that every rational integral invariant of p
linear forms ay, —w, ¥y, wy,—u,y, ... vy, —x,y is a rational integral
function of one or more of the £p(p—1) invariants

mr?/a“‘”s?/r(o<7'<'9§1’)’
so that, as each of these is irreducible, the p(p—1) together con-
stitute the complete system of irveducible invariants of the p linear
forms.

Ex, 23. Every covariant, of partial degrees i, 7,, ... 7, and order
@, of the p linear forms can be expressed as 13,72 ... y,'» y” times
a linear function of products of differences like a,—a, and products

like ~ —a,, in such a way that in every product a,, a,, ... a,, goccur
in exactly 7,, 7y, ... ¢, w factors respectively.

Ex. 24. The determinants x,y, —x,¥,, and the p forms themselves,
constitute the complete system of irreducible invariants and covariants
of the p lincar forms xy, —x,y, 2y, —2,¥, ... 2y, —x¥.

Ex. 25. Observing that (a,, a;, ... ap) (z, y)? = (x+y0)’a,, where
0 denotes the operator a,9/da,+a,9/da,+ ... +a,d/da,_,, show that
the transformation of modulus unity « = X +4AY, y = ¥ gives it the
form {.X + ¥(0+4h)}7a,. Expand this, noticing that

0a, = a,, 0’a, = a,, ... 0%a, = a,.

Ex. 26. Observing that every function of partial degrees 1, 1, ... 1

in the coeflicients of the ¢ quantics

(z+y dz)p’ al, (x+y 02)112“0(2), ety ei)riao(‘):
which involves the last coefficient in each, may be written in the form

k0,0, ..0,)aMa® ... al), where F is a rational integral function
of degrees p, 1n 0, p, in 0,, and so on, show that, if the function is
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an invariant of the ¢ quantics, F(6,, 6,, ... 6;) must be unaltered
when we put in it 8, +h, 0,+4h, ... 0;+ 4 for 6, 6,, ... 6,.

Ex. 27, Observing that if the function is isobaric # must be
homogeneous in 6, 6,, ... 6;, and remembering that if it is an
invariant of the quantics we must have 2w = p,+p,+ ... +p; (§ 81),
prove that every invariant of partial degrees 1, 1,...1 of the ¢
(uantics is a linear function of ‘ hyperdeterminant’ invariants

(6, 0,)" (6, 05)™ ... (6,1~ 0)™ 7 aMa,® .. a0,
where 6, occurs in just p, factors of the product of differences, 6, in
just p,, and so on.

Ex. 28. Remembering that from any invariant of degree ¢ of one
p-ic, an invariant of ¢ p-ics, of degree 1 in the coeflicients of each,
may be formed by the method of § 19, and that from this invariant
of v p-ics we may return to the original invariant of onc p-ic by
identifying the ¢ sets of coefficients, prove that every invariant of one
p-ic can be expressed as a linear function of ¢hyperdeterminant’
invariants

(0,—60,)"2 (6,— 0,)"3 ... (8;_,—0))"* " aya,a, ... (¢ factors),
where now 6, 0,, ... 9, all mean the 6 of Ex. 25, but the first and its
repetitions operate only on the first factor in a,a,q, ..., the second on
the second, and so on. Here 6,, 0,, ... 8; all occur in just p factors.

Also prove that those of the hyperdeterminants which give in-
variants, 1. e. which do not vanish, are those for which

2 . (91_. 02)"!12 (01_ 03)»"'13 ™. (0"—] __0‘)177{_”
does not vanish identically, the summation covering all permutations
Of 61) 02; LX) o-.

1

Ex. 29. There is a one to one correspondence between invariants of
degree ¢ of a binary p-ic and invariants of degree p of a binary i-ic.
(Hermite.)

Ex. 30. There is a one to onc correspondence between invariants of
partial degrees 1, 1,... 1 of a binary p,-ic, p-ic, ... and pi-ic and
invariants of partial degrees p,, p,, ... p; of ¢ linear forms.



CHAPTER VI

BINARY QUANTICS CONTINUED. ANNIHILATORS.
SEMINVARIANTS.

90. Annihilators of invariants. For the calculation of
invariants it is a matter of great importance that I any
invariant of (a,, ¢, @y, .. w,,)( #)? must satisfy the two
differential cquations

21 ol of oI

auS;;+2al-b—+3(02W+..-+p@l,__15(lj7:‘.0,

ol oI oI
Pty g+ (= l)w» +(p 2)ts gt H G g =0

Ap—q

Professor Sy]vester, to whom and to Cayley the theory is
due, though the idea had also presented itself to Aronhold,
expresses “this fact by saying that any invariant I has two
annikilators, called 2 and O, viz

_ d d

Q :ao—~+2a15-—+3ar25;3+...+pa,,_1—\—~,

d
da,_,
The langua,ge is a convemenb one for expressmg that QI = 0,

and OI = 0 identically.
We proceed to prove these facts of annihilation.

d
O_pal\ =D gt (P=2)ts g+t

=1

91. The annihilator Q. The property of having Q for an
annihilator is one that invariants possess in common with
other functions of the coeflicients which, when expressed in
terms of a, and the roots, involve only differences of these
latter.

This may be proved by sccing, as we shall later, that the
operation with £ on a function of the cocfficients is eqmva,lenb
to the operation with

(X‘;l'i' +. +b )

on the equal function of «, a.nd the roots aj, a5,...a,. We
here adopt a different method.
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Functions of the cocflicients which are equivalent to functions
of a, and differences between roots are, as we have seen, equal
to the same functions of the altered coefficients when the
quantic is transformed by the substitution of X +mY and ¥
for z and y, that is to say, when the roots are diminished by
the same (positive or negative) quantity m. Now, this being
so for all values of m, let m be taken as very small, so that
its square and higher powers may be neglected in comparison
with any finite multiple of itself. The quantic

r(p—1)

ayx? + paya?~ly + 1o

D=2 9,2 ”
(AT P SO

becomes in this case, after the substitution,

g X"+ p (0y +nurg) X01Y + B%Z’:;l (o, + 2mut) X2V 24,

+ (4, + piaty 1) Y?,

so that the new coeflicients are the old ones altered by the
increments

day = 0, du; = Mm@y, dd, = 2Mllq, ..., S, = PMA,_;.

Now I our supposed invariant, or other function of «, and
the differcnces between roots, becomes, by Taylor’s theorein

d d J d
I+ (aaob-(l/_o +6(1r1 S-d-l + 6(1/2 b_(l; + .0 +6(l],a—(z;) I,

in which quadratie, &c. terms in the d«’s, i.e. in m, arc omitted
as vanishing in comparison with the increment retained.
Thus a nccessary result of I being unaltered is that

d d d d
(346 sa, + day sa, T By g oo +5“"a_a‘,,)1= 0,

. d J J
Le. that m (aq 5, +2¢, Sa, Fot pa, b—a;) I=o,
i.e. that QI =o.

92, It will be well to give another proof of this, both
because of the convenient symbolical form of results to which
it will lead, and in order to convince ourselves that QI =0
is a sufficient condition to ensure that I is a function equal
to the same function of the coefficients in the quantic obtained
by putting X +mY, Y for « and y in the given quantic,
whatever constant m be, as well as a necessary consequence
if this persistence is a fact.
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If

(Ay, 4,, 4,y ... 4,) (X, Y)P = (a4, @y Ay, o)) (X +mY, V)P,
where m is not now necessarily very small, the expressions
for the new coefficients are easily scen to be, by use of Taylor’s
theorem for the expansion of a function of X /¥ +m in powers
of X/7,

4, = ay,

A, = a;+agm,

4, =a, 1 2am +a,m?,

Ap = Up+ Py M+ ﬂlp_z D) ”‘1)-2'!?12 + vus F GyM”,
where we notice that
d4, d4, dA4, dA. d4
—— —————=A --—-2:: ———-2= ,.,—-—-—z: A_.
dm ™~ 7 dm O dm 24, dm pes g, = Pl

We draw the conclusion that, if F(4,, 4,, 4,,...4,) is
any function of the new coeflicients,

d
Do F 4y, 4y, 4, 4,)

—EE (,l.40+~__bF %_}.E_Ij diz_'. +..b_17_.(——lA”

T4, dm T4, dm T 34, dm "7 34, dm
oF oOF N oF

= Ao ml + 2A15"E2‘ + 3A25AJ + . +_[)A1,_15—A—;'

Now for &%LF (4y, A4;, 4,,... 4,) to vanish, whatever m

be, is the necessary and sufficient condition that
F(do, 4y, 4,,...4,)

be independent of m, and so equal to ¥ (a,, a,, a,, ... @,) which
is its value when m = 0. Thus the condition, both sufficient
and necessary, that

F(d,,4,, 4,,...4,) = F(ag, ay, ay, ... a,)
P ) J 9
O'b—z-; + 2A13—A.—2 + 3A232; + ... +pAp_15———AP)
F(4,,4,,4,,..4) =0,
or, replacing capital by small letters,
QF (ag, ay, @y, .. a,) = 0.

is (A
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93. We can by this method prove that, if ¥ is any rational
integral function,

2 2 3
F(dy, A, 4y 4)) = (Leme+ 04

l‘2.3s23+...)

F(ag, g, ayy.a),

which may be written symbolically
= ¢"OF (g, ay, g, ... Q).

In fact we have, by Maclaurin’s theorem,

, rd m’ d?
¢ () = ¢ (0)+m [fziﬁ]o*" T alms

, a
=[" g m) -
m=0

Now F(4,, 4,, 4,,... 4,) is a function of m. Hence, if 4’,
denotes the result of replacing m by m/ in 4,, we have by the
preceding article
F(4, 47, Ay, 4
oy O R
= [em (A%AJ A t‘An*’”'H o Mp) F(Au’ Al, Az’ e .Az)] ’
m =0
= eWOF (ag, g, Uy, o0u Q).

This is proved, subject to considerations of convergency,
for any function . When ¥ is a rational integral function
no question of convergency arises. For we notice that F,
QF, Q%F, .., are of weights regularly diminishing by unity,
so that presently we get to a term Q“F of zero weight, i.e.
a function of «,, and beyond this point QU*1F, Q¥*2F, &e. all
vanish. The symbolic series practically consists therefore of
only a finite number of terms.

We have thus another proof that, if a function I persists in
form after the substitution of X +mY, ¥ for « and y when m
is infinitesimal, it does equally when m is finite. For if
QI =0, the condition of § 91, then also Q2] = QQI = 0,
Q¥ = 0, &e., &e.

Of course the student will recognize that Q2I denotes the
full expression for the result of operating with 2 on Q1, viz.

oI 21 %I I

2 _— ~ —_— —_— 2

" Saa t M 5, YOt g e T T S e

oI o o
+1. 2@0—5&;4'2. 3ala—aa +3.40r257‘+...,

and not merely the first line of this expression; and so for
Q, Q*1, &e.
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94. The annihilator 0. We have still to see that, if 7 is
an invariant, the second operator O of § 90 annihilates I, as
well as the first Q.

This property invariants have in common with other
functions of the coefficients which persist in form after the

substitution
w:X, y=l/X+Y,

i.e. in common with all functions of the coefticients which can
be expressed in terms of «, and the differences between
reciprocals of roots. The substitution is in fact one which
transforms the quantic into another in which a, is unaltered
and the reciprocals of the roots differ by I’ from the reciprocals
of the original roots.

The proof is exactly as before, the present substitution
dealing with ¥ and « exactly as that of the preceding articles
has dealt with « and ¥, and conscquently dealing with the
quantic read backwards from its end «,y?, exactly as the
former substitution dealt withi it read forwards from its
beginning a,z?. It will be noticed that O exactly corresponds
to Q in this reversed reading.

We have then that OF = 0 is the necessary and sufficient
condition for F to persist in form when for « and y we make
such substitutions as X, /X + Y.

95. Symmetry of an invariant. Skew invariants. If in
an invariant a, and «,, «; and «,_,, «, and «,_,, &e. are inter-
changed, the invariant is unaltered if its weight is even, and
changed only in sign if its weight is odd.

For the substitution « = ¥, y = X has for its modulus —1.
Now the effect of it is to interchange «, and «a,, ¢; and @,_,,
«, and a,_,, &e. in the quantic. Consequently, if

Fag, ay, ty,y ... atp)
is an invariant, we have (§§ 23, 26, 76)
F((’p’ Up_1) Ap_gy ees Q) = (_ l)w Fay, ay, agy...ayp).

We see then that there is an essential difference in character
between invariants of even and invariants of odd weight.
Those of odd weight are, because of this change of sign, known
as skew invariants. '

Skew invariants do not exist for the guadratic cubic and
quartic, and it came as a surprise upon mathematicians
when Hermite discovered the first skew invariant of a
higher quantic; viz. that of degree 18 and weight 45 of
the quintic.

Invariants of odd weight cannot, it is clear, be rational
integral functions of invariants of even weight. Thus when

P2
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a binary quantic has one or more skew invariants one at least
of them must be irreducible.

96. One result of the symmetry to which attention has
just been called is that, when we have found a function of the
coefficients which has Q for an annihilator, it is unnecessary to
test directly whether it is also annihilated by O, in order to
ascertain whether it is or is not an invariant. If it is altered
in more than sign when the first coefficient and last in the
quantic, the second and last but one, &ec. are interchanged in
pairs, it is not an invariant. If on the other hand it is not so
altered in more than sign it must be annihilated by O as well
as by Q, for the interchanges in Q produce O.

We must prove, however, that any function which is of one
order and one weight throughout, and which is annihilated
both by © and by O, is an invariant.

97. A homogeneous isobaric function annihilated by {2
and by 0 is necessarily an invariant.
Consider in suceession the substitutions

@ =Ny y = py, (1)
o =X +tY, 3//= Y, .. (2)
XN=X, Y =1X+Y. (3)

The vesult of the succession is that of the performance of
the substitutions
z=A(1+tr) X +AtY,
Y = X Y } e (1)
Y= PrX 4+ ok,
Now these are the most general formulae of linear substitu-
tion; for, A, p, t, v being arbitrary, so arc the coefticients
A(1+t7), AL, pry
as is clear by taking them in reversed order. The modulus
of the resultant substitution (4) is Ap,
Let the original form of a p-ie be
(@, @y gy on @) (@5 )
and let the forms it successively takes be
(a5 a/s a), ... a,)) (& y)?,
(4,, 4/, 4/, ... A (X, Y7,
(Ao, 4y, Ayrn A,) (X, Y2
Take F(a,, ¢;, ¢, ... @,) a homogeneous isobaric function, of
degree 7 and weight w, which is annihilated by 2 and by O.
We have first that, for values of = from 0 to p inclusive,
o) = N,

1431 I
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where the index of the power of p is the weight of «,, and
that of the power of A is the excess of p over that weight.
Accordingly, because F' is homogeneous and isobaric,
Flay, a, @), ...a,)) = X0="u? F (ay, ay, ag, ... @,).

Again, because Q annihilates F, F persists in form after the

substitution (2). Therefore
Fy), AL A), .. A))=F(a), o, a),...a)).
Once more, because O annihilates F,
F(A,, A, 4,,...4,)=F(4/, A/, 4], ... 4)).

We see then, taking these three facts together, that

F(Aos Al, Aza v Ap) = )“P—wl*‘wF(“m Ays Aoy eee 6‘p)- v (5)
In other words, we see that F is a function of the coefficients,
which needs only to be multiplied by a factor involving only
the constants in the general scheme of linear substitution (4)
to he made equal to the same function of the coeflicients
in the quantic into which the given quantic is transformed
by that substitution. By the definition, then, F is an in-
variant.

Moreover the fact (§ 26) that w = % ip follows. For, by
§ 28, the factor A"?~”u" in (5) must be a power of the modulus,
i.e. of Au. Thus the indices of A”" and p” must be equal.
Therefore w = % ip.

Another interesting proof that, when  and O both annihilate
a homogeneous isobaric function F, the weight and degree of
F must be connected with p by the relation ¢p—2w = 0, will
be afforded when we have seen in the next chapter that

(QO—-0Q) F = (ip—2w) F.

For the left-hand member vanishes when QF =0 and
OF = 0. 8o then must the right-hand member.

98. A good proof in small compass of all the fundamental
properties of invariants of a binary quantic is afforded by
a method which will also be useful for other purposes.

We notice that, if

w = (g, Ay, Uy oo. @) (2, Y),

then Qu = y;;/ w, Q= (y b—aa;)zu,
T, b ’
and, generally, Qu = (y a) .
Consequently

)
€10 (ay, ay, Ay, .0, @,) (2, )" = €8 (dg, gy Ay v @) (2, Y)?

= ((l y Qg Ay, ...a,) (w+t?/,y)p,
by Taylor’s theorem. o 1
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Similarly
d o \2
a2 0% = (2 2-) .
Ou_wbyu, 02 (.Lay) TR
and, generally, Oy = (x ;3—/) w;

and therefore

e 0(ty, tyy Ay, @) (@, ) = GM‘«% (o) ty, gy ven ) (0, )
= ((tgy gy Wy oon () (8, T+ Y)P
Hence, performing one operation after the other,
el 0(ay, ay, @y, o0 ay) (@, )"
2ty 4, gy oen 1)) (a4 L (r4), T 4)",
and, putting A», py, for w, ¥,
e 0 (wy, «y, (ty, ..o, (A, py)?
=y, Uyy gy e tty) (LHLT) AL+ Ep Yy, TAL +p Y)Y,
i.c., taking
(1+t)a=1l, tp=m, A=, p=w

so that
m U'm/ A= I/ —Um

’
= t=—, p=
’}' b m/ l?’)b’—-l’f)n /’NI
(g gy gy onn tty) (Lr+my, Vi +m'y)?

m Um’
— em Qelm’ l’m ((,l/ sy a ) (l,m’ —_l ,m’,
05 Y1y T2yt

2, M y)

Thuq the most general lincar substitution of lz+my,
‘z+my for @ and ¥ is cffected by a substitution of the form
Az, py followed by a complex differential operation.

This is an identity. If then the expanded left be
(Aoy Aps 4y i A,) (0, ),

we have for all values of » from 0 to p inclusive
”a U'm/
A1 = M glm'=Um

o Im/ —l m
( ) " ",
m Um!
= (lm’—l’m)”"'m’z""’em’ne’""-l’"' ,,
o0 that we have a formula for every new coeflicient.
We can readily pass to products of coefficients. For, if
P, @ are two functions of the coefficients,

ek0 PQ = ¢k 0140 PQ,

where O, and O, both mean the same as O, but the former
I2
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and its repetitions act on P only, and the latter and its
repetitions on @ only,

= ¢k016k0s Q)

= 0P, ek0:()

= (P k0
and, in like manner,

HHOPQ = 2 (FOP, ¢OQ)
= FOGHOP  GFORO(),

Hence, if F(a,, ¢;, @,,...a,) is a product, or a sum of
wultiples of products of the same degree 7 and weight 1, of
cocfficients chosen from among a,, a,, a,, ... @

F(dy, 4, 4. 4,)

o -0
—_ (lm,_l,/m)ir-wmlzw-‘Penbl elm’—l’m F(“O’ a/l, (‘2’ Ve (tl‘ s
50 that any rational integral homogeneous isobaric function of
the new cocflicicnts A is obtained from the same function of
the old coefficients « by a complex differential operation and
a multiplication.

By reversing the order of the & and O operations we obtain
in like manner a sccond expression for F(4,, 4,,4,,...4,);
viz,

F, A, 4,,..4,)

v Im

o 0 g
= (Im/ —Um)rlir-2vel” ' =Un" F (a,, @y, ty, ... ).

99. All the fundamental facts as to invariants flow hence.
These are that an invariant is annihilated by Q and by O,
that its degree and weight are connected with p, the order of
the quantic, by the relation ¢p—2w = 0, and that the factor
in the equality expressive of its invariancy is the wth power
of the modulus Im’—0"m.

) To seo this,'suppose tl}at F.(a.o, @y, Gy, e, (1), & homogeneous
isobaric function, is an invariant, so that

F(d,,4,,4,,...4,) = ¢, m, U, W) F(a,, ay, ¢y, ... a,),

where the form of ¢ is at present unknown. We have three
expressions for F(4,, 4,, 4,,... 4,), which we can identify,
and obtain

L

m
. T o __
(I = Um)ir-om/3w-frgm’™ glm'=Um" F' (q,, a1, @y, vvo @)

= d) (l: ,’nt l’9 m’) F(a’o, a]: (l2, ree ap)

l'o Im a
7 ? § ) — 7 Ton? — Vs
= (Im/—U'm) =20 el " em’-Vu" F(a,, @y, @y, ... @y).
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In the first equality put &' = 0. It becomes
mn
piv-wp/wgu® (gy @y, gy euv ty)
= ¢ (I, m, 0, W) F (ay, ay, ¢y, ... a,).
Now QF is of lower weight than F, and Q2F, Q°F, &ec. of
lower weights still. The terms of different weights on the
two sides must be separately equal. Hence
QF =0, Q*F =0, &e.
Again, put m = 0. We obtain in like manner
ll
[ir=v /el OF((&O, Uyy Uyyonn @)
=¢@ 0, m)F(uy, ay,a,..a);
whence, by considering terms of different weights, since
operation with O increases weight,
OF =0, O*F =0, &e.

Thus the facts that an invariant is annihilated by £ and by
O are obtained. This being so, the general equalities become
(b =Um)=v /202 F = ¢ (I, m, U, m) F = (Im’ —'m)° =¥ F,
in which Z, m” and {m’—0"m are independent. The equality
of the first and third expressions requires that the indices of
m/**~* and 1'"~2* vanish, and that the indices of (Im’— {'m)"*=*
and ({n/—0"m)® be equal. These are all satisfied if and only
if ip—2w = 0.

Lastly, using this fact, the value of ¢ ({, m, ', m) is
(I =Umy)v.

100. A similar analysis will lead us to a theorem of great
importance which we shall use hereafter.
By the early part of § 98 we have, putting —r7? for ¢,
Y ;
T 00wy, Uy, dy, ) (2, 1)
= (tgy Uyy Cyy.en @) (—771y, T4 Y)?
—10 - )
=07 (dy, Uy, gy nn ) (=771, T)!
—70 -
=677 (Wyy Wpoyy Upogy os ) (T2, =77 1Y)7;
whence, equating the coefficients of «?~"" on the two sides
- . p-2r =10
e " ‘nesoa’_ = (_1)1 Tl’ 7’6 T a’p—r,
for every value of  from 0 to p inclusive.
We may hence pass to products, and linear functions of
products, of coefficients g, @y, @, ... @, as in § 98, and obtain
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that, if F («,, ¢y, ¢y...«,) is any rational integral homo-
geneous isobaric function of degree ¢ and weight v,

—— v
e~ 2,70 F (("0’ Uy, Ugy e (lp) 0
- -
— (__ l)w_ru» 2w, F(u,),, gy Moy oos (lo),
1,¢.

5

(1 1O 472 1@;_ )(1 +10+721()i2. + _,,)F(ao,al,(lz....a,,)

2
=(— 1)"’7“’“2"’(1 —70 472 10——2 - ..,)F(u,,, Upeqy U gy nn ()

Now cquate terms free from = on the two sides, as we may
do since the equality is identical, holding for all values of .
The conclusion is that

(1 Q0 Q0 Q08

12 T 1%,92 7 12 9%,

2t ‘..)F(avo, (s Uyyoen )

= 0,if ip—2w>0,
but = (=1)"F(«,, tyy, @) _g, ... ¢t), if ip—2w =0,
02‘0-’”'

and = (—1)#-* Fla,, @, gy gy, if ip—2w<0,

(Cw—1p)!
The first part of the conclusion is the one to which we wish
to draw particular attention. It tclls us that, if ip—2w>0,

Fa,, aq, ;... @)

0 Q0 020°%
=05 gt g g o Fllo o)
i.c. that any rational integral homogencous isobaric function,
for which ip > 2w, can be obtained by operation with £ on
another rational integral homogeneous isobarie function.

101. Formation of invariants by aid of Q. We return to
invariants. A rational integral invariant of the binary p-ic
is, we have scen, a rational integral homogeneous isobaric
funetion, whose degree and weight are conneeted with p by
the relation ip = 2w, and which is annihilated by 2. These
two requirements are necessary, and we shall see in § 112 that
they suffice. They lead to the following method of formation
of all invariants of given degree <.

Write down all those products of ¢ factors chosen from
among a,, @,, d,, ... @,, rcpeated factors being allowed, which
are such that the sum of the suffixes in every one is % ip, and
take the sum of arbitrary multiples of those products. Operate
on the sum with £, and express that the result vanishes. This
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will give a number of equations in the arbitrary multiplicrs,
since the multiplier of every distinet product of suffixed «’s
in the result of operating must vanish separately. If the
number of the arbitrary multipliers is not greater than the
number of independent equations to be satisfied, values of
them different from zero cannot be found to accord with the
requirements, and there is no invariant of degree ¢. If the
number of independent equations is one less than the number
of arbitrary multipliers, the ratios of these can be chosen in
one way to satisfy them, and therc is one invariant. If the
number of independent cquations is more than onc less than
the number of multipliers the equations can be satisfied in
more than one way. In fact, if the excess of the one number
over the other is 7, » of the multipliers may be left arbitrary,
and the equations can still be satisficd by proper choice of the
rest. We thus get an invariant
AMi+ALL+ L+ AT,

where Aj, A,, ... A, ave arbitrary. This is expressed by saying
that there are » lineamrly independent invaviants I, 1,, ... I, of
degree .

It will be proved later, by means of the last article, that all
the equations for determining the multipliers are independent,
so that the number of linearly independent invariants of degree
i 18 the exeess of the number of produets of «,, ¢y, a,, ... ¢y, of
degree 7 and weight § ip, over the number of products which
occur in the results of operating with £ on these products,
i.e. over the number of products of degree 4 and weight
3ip—1. By deferring the proof we shall avoid repetition,
as the theorem is a case of a more general one which will be
required later.

Notice that the number of products of degree 4 and weight
w is the number of ways in which the number w can be formed
by the addition of ¢ or fewer numbers, none exceeding p. This
number of partitions of w is usually denoted by (w; ¢, p).
Thus the number of linearly independent invariants of degrec

@iy (3ips i, p) — (ip—1; 4, p).

102. As an example of this mecthod let us prove the state-
ment made in § 80, that I and J are the only invariants of
degrees 2 and 3 respectively of the binary quartic.

Here p = 4. Takefirsti=2. Thenw =14%.2.4 =4. Now
the only partitions of 4 into two or fewer parts, none exceeding
4,are 0+4,1+3,2+2. The only possible terms in an inva-
riant of degree 2 are, then, a,a,, a,u,, a,?; or ae, bd, c* say.
Now suppose that ae+Abd +uc? is an invariant. The result
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of opcrating on it with £, i. e, with
wd/db+203/d¢c+3¢d/dd+4dd/de,

is ad (4+A)+bc(BA+4p);

for which to vanish we must have 4+ A =0 and 3A+4u =0,
ie. A= —4,p=3.

Thus I=ae—4bd+3c?

is the only invariant of degree 2, any other being merely
a numerical multiple of it.
Again, take ¢ = 3,50 that w = %.3.4 = 6. The only parti-
tions of 6 to be dealt with are
0+2+4+4,0+3+4+3,1+1+4,1+2+4+3,2+2+2
The necessary form is then
ace+ Aad? + pbie+ vhed + pe?,
and Q operating on this produces
abe| 2 | +acd] 4 | +0%d
+2pu +6A
+ v
for which to vanish we must have
24+2u =0, 4+6A+v =0, 4p+2r=0, 3r4+6p =0,
1.e. p=—1, =2 A= -1, p=~1.
Thus J = ace+ 2bed — ad?—b2e—c?
is the only invariant of degree 3 which the quartic possesses.

3v
+6p

4p + be?

+2p

)

Ex. 1. Show that a binary p-ic has ne invariant of the second
degree if p is odd, and only one, that of § 48, if p is even,

Ex. 2. Show that no binary quantic has an invariant of the first
degree,

Ex. 3. Show that a binary cubic has one invariant, its discriminant,
of the fourth degree.

Ex. 4. Show that «2a,—3a,a,@,+ 24 is annihilated by Q, for any
value of p not less than 3. Is it an invariant for any value of p?

Ans. No,

103. Invariants of several binary quantics. The methods
of the carlier part of this chapter apply, mulatis mutandis,
to a system of binary quantics. The facts led to are as
follows.

Let (gy g, Ay, ... a,,l) (2, y)™,

(b()’ bla bz’ ce bpa) (w: y)“}
(Cos €1y Casenn€y) (2, )T

. . . . . . . .
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be a system of binary quantics in a, y. Take the operators

(“ J +2 d + J )
0 3"1 a, —3‘12 +pla,,‘_, 37/,,1
d d d
by +2b <5 +uvu 49 ——

)+ o = 20, say,

) 9 9 .
‘|‘((‘0:\-a+ 013*0' +--.+p3('), —lb

d b
and (pla +1’1 la2b ety

}' -1

2
+(z>20155<-)+p2~ bzaz e +b"2ab,,_1)
2

0 — d
+(2)3Clb—(—’:)+])3—1(72"b-é;+...+0,,3'a'é l)+...
Py—

= X0, say.

Then any invariant of the system is annihilated by 2Q and
by 20. Also, conversely, any rational integral function of
the diffevent sets of coefficients which is homogeneous in each
set, of partial degrees ¢,, 4y, ¢y, ... say, and of the same total
weight 4 throughout in the sets jointly, and which has
both 20 and 20 for annihilators, i3 an invariant of the
system. Moreover, the possession of these two annihilators
necessitates that the several partial degrees and the total
weight must be connceted with one another and the orders
of the quantics by the relation
Pyt Pyt igpyt o = 200,

Also, as in § 95, an invariant is unaltered if its weight is
even, or altered only in sign if its weight is odd, when we
interchange «, and «@,, @, and «,_,,..., b, and b , b, and
b, ,~15 3 Co and ¢,y ¢y and ¢, g,y ol I‘hus Slnce these
1nterchanges make SQ into 30, and vice versa, we need not,
when we have found a functlon which 2Q annihilates, test
by direct operation whether it is also annihilated by X0
before being sure whether it is an invariant. It is or not
aceording as it has or has not the above symmetry.

Ex. 5. Find the invariant of partial degrees 1, 1, and consequently
of weight 2, of the two quadratics
(ao’ al’ a'l) (x’ g)‘z’ (bO’ bl’ b?) (w7 y)‘z'
Ans. Its form must be Aa,b, + pa,b,+va,b,. Now 2L on this

produces (2A+p)a b, +(u+2v)ab,. Thus u= —2A = ~2v. The
one invariant is then that of § 7, Ex. 4, A (a, b —-2a,b,+a,b).
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1x. 6. Show more generally that the invariant of § 49 is the only
lineo-linear invariant of two binary p-ics.

Ex. 7. Show that the quartic and quadratic
(@, ay, ... @) (=, ), (g, by, b,) (=, ¥y
have no lineo-linear invariant.

Ans. The weight would have to be 5(4+2) =3. The only
possible form is then Aa,b,+pa,b, +vayd,; and 3¢ on this produces
Aa,b,+(2A+2w) b, +(u+3v) a,b 5

for which to vanish would require A =0, u =0, v = 0.

Ex. 8. No two binary quanties of different orders can have a lineo-
linear invariant.

Ex. 9. Find the only invariant of partial degrees 2, 1 of a linear
form and a quadratic.
Ans. The invariant of § 7, Ex. 3.

Ex. 10. Find an invariant of partial degrees 1, 2 of a quadratic and
cubie. .
Ans. ay (b, —b)—e, (b,b,—b,b,) + @, (b,b,—b").
Ex. 11. Find an invariant of partial degrees 1, 1, 1 of three
quadratics.
Adns. That of § 17, Ex. 25.

104. Annihilators of covariants. In § 69 it has been seen
that the covariants of a binary quantic w are identical with
the results of replacing 2’ and 3’ by @ and y in the invariants
of u and the linear form xy’ —a’y.

Now invariants of these two quantics have, by the preceding
article, the two annibilators

' 2 ;2
v(l—:l/ S-w—,, 0—x by"
It follows that covariants of w have the annihilators

d )
Q—y-—= s
LYy 0-a oy
It scems best, however, to prove this fact and investigate
its consequences «b ¢nitio, as was done in the matter of
invariants.

105. Let F(a,, ¢y, @y, .. a,; &, y) be a covariant of
(ag, @y, @y, ... @) (@, y)"; and let the quantic bo transformed
into (4o, 44, 4,,... 4,) (X, T)?
by the substitution

e=X+mY, y=7,
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whose modulus is unity. We seek first the nccessary and
sufficient condition that we may have

F(4,, 4,, 4,,... Ay X, Y) = Flay, ¢y, ty, ... 0,5 2, Y),
which will be the case when F is a covariant, though not then
only.

It 4,, A, 4,,... A, are expressed in terms of m and
(lgy (g, Ay, ... (,, We have, as in § 92,

dd4,  d4, _ d4, d4,

dm =% G = A0 G = ¥ G =0
Also the expressions for X and Y in terms of m and @ and ¥y
are X=a—my, Y=y,

so that dX/dm = —y= =Y, dY/dm = 0.
Consequently

F(4,, 4, 4,,...4,; X, ¥)

dm
OF dd, OF dA, | OF dA, OF X OF ¥
T4, dm+b;41'dm "'+3A,'dm OX “dm Y din
UF oF oF oF
=45 +2A13A ot pdigy =iy

Now the vanishing of the left- hand member hele is the

necessary and sufficient condition for
Fd,, A,,4,,..4,; X,7)
to be a function of «,, ¢y, ¢,, ... a,; @,y which is frec from
m, and consequently equal to F(w,, ¢y, ¢y,... «,; @, ¥), its
value when m = 0. ~ The vanishing of the right-hand member
must then express the same thing. Thus the nccessary and
sufficient condition lequired is that
d d -
(Aogg, +24s s +3Agp b ot piay i =Y )
F(AO, A4, 4,,..4,; X,Y)=0,
or, replacing capital by small letters, that
(Q— yb/b.x:) Fay, ay, agy oot @, y) = 0.

We have also, as in § 93, that even when this condition is

not satisfied
F(A4,, A, 4,,..4,; X, T)

n (=Y b~)
=e 3" F (g, gy Uyy vve Uy s 2 Y)e
Thus we have the means of writing down the result of apply-
ing the transformation of this article to any function of the

coefficients and variables.
‘We might also have adopted the method of § 91.
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106. In precisely the same way, the necessary and sufficient
condition for the persistence in form of F after transformation
by the substitution

ze=X,y=0UX+Y,
is (0—z3/3y) F (g, tyy gy vou ps @, ) =0,
where O is the second operator of § 90.
Any covariant has, then, the two annihilators
Q—yd/ow, 0-—x3/dy.

107. Symmetry of a covariant. Again, as in § 95, we seec
that there is a symmetry in any covariant, The simultaneous
interchange of = and y, of ¢, and a,, ¢, and a,_, &ec. in its
expresgsion must, since the interchange means a substitution
of modulus —1, have the effect only of multiplying it by
(—1)4P-2) where ¢ is its degree and = its order. Now
3 ((p+w=) is the weight of the covariant (Chap. III), and
3 (ip—w=) consequently the weight of the coefficient of 2 in
it. Thus a covariant is unaltered, or altered only in sign, by
these interchanges, according as the weight of its leading
coefficient is even or odd.

Hence for covariants one of the two conditions of § 106 ig
necessitated by the other and symmetry. The reasoning is
as in § 96,

108. Sufficiency of the two conditions of annihilation. We
can also prove the converse of § 106 for homogeneous isobaric
functions. Stated at length, the fact is that any rational
integral function F of ay, a,, a,, ... a, and @, ¥, which is homo-
geneous, of degree ¢, in the coefficients, homogeneous, of
order =, in 2, 7, and isobaric on the whole, reckoning «, «,,
gy . by, @, y as of weights 0, 1, 2,...p, 1, 0, anﬁ which
has both Q—y9/dx and O—x2d/dy for annihilators, is a
covariant.

The groof, which proceeds exactly as in § 97, need not be

repeated at length. The only variation is that in passing
from (s tyy @y, o0 ) (@, )?

to @y a)s @)y o)) (@, )"

we have, as well as a, = N""Wa,,

also 2’ = A"lw, y = p 1y,

so that &ty T = N Ty T,

where the index of the power of X is minus the weight of the
product 2*y®~¢, and that of the power of  is the weight of the
product diminished by =. Also the weight of the function of
@y, ty, @y, ... ¢, which multiplies 2*y®~* in the function ¥
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which we are considering is w—s, where w is the weight of F.
Thus, in place of the
F(al, a/, @)y o)) = NoYu°F (a,, @y, a,, ... @,)

of § 97, what we now have is, since for every s

AW—(W—&)MW—A AT T = Aip—w“w-w’
F((lola al,, a2,3 .. 'a’pl; w,’ y,) = )\ip—wpw " F(a'O’ al’ a’Z" "(lp 3 &, ?/)‘
This difference of the factor will not affect the argument.
The supplementary conclusion, from the fact (§ 37) that when

we have proved F' to be a covariant we know that the factor
must be a power of the modulus, is in this case

p—w=w—w=}(p—w),
so that p+w = 2w,
which accords with Chapter III.

109. A covariant completely given by an end term. We
arc now in a position to find the covariants of a given degree
and order by a method like that of § 101. A further theoremn
of great importance will, however, much facilitate the process.
It is due to M. Roberts.

Let a covariant of order = of a binary p-ic be arranged as
a quantic in # and 5.  We may write it

(w—

1
2 )Czww'2y2+

C,x® +wCa™ 1y + z

+ ﬁwa_lw]jw-l + Otv?/ma

where C,, C,, C,, ... (5 are all of degree ¢ in a,, d,, @,,... @,
and are of weights respectively

L(p—=), Y (p—=m)+1, 3(ip—w)+2,... 3 (ip+=).
This is annihilated by @ —#43/92. We must then have
w(aw—1)

1.2
+ 5 (Q0,_—w—10q_,) Y™ 14 (20 —wCp_)y® = 0,

for all values of # and . The various coefficients of 27,
2®"1y, ... must therefore vanish separately. In other words,

QC,. 2" +w(Q0,—Co)a® 1y + (QC,—-2C)x" 2y + ...

Ql, =0,
Qe =0,

Qce, =20,

QCy_ ;= (m—1)Cq_y,
QCyp = wlp_y.
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We have then the two most interesting conclusions which
follow :

(1) C,, the leading coefficient in the covariant, is annihi-
lated by €, the first of the two annihilators of invariants.
For this reason it is called a semi-invariant or seminvariant.

(2) When Cy, the last coefficient in a covariaut, is known,
all the other coefficients are determined from it by mere
operations with Q, i.e. by differentiations only. In fact, we
see that 1

r= w(m—1)(w—2)...(r+1)
and that the whole covariant is

Q°C, Q10 Qe

- =22
P e I A =y T R A

27" O

+Q 0,y ' +Chy",
which, since Q=*+10,;, Q°+%(,, &c., vanish, the first of them
being only =! Q) which is zcro by the first equality above,
may briefly be written
x
y=ei .

For this reason Cy, which is (§ 107) merely the result of
interchanging «, and @,, @; and a,_;, &c. in (—1)}*~™ (), has
been called the source of the covariant. In the next article

we shall see that the same name might equally and for a like
reason be given to O itself.

110. Express, in fact, precisely as in the preceding article,
that the covariant is annihilated by O —29/0y. The conclu-
sions are that

00, = =C,

0C, = (w—1)0,

00, = (w—2)C,
Oom-l = Oﬁn

005 = 0.

Thus (1) Cy, is annihilated by O the second annmihilator of
invariants, and may be called an anti-seminvariant; and
(2) for every value of the number » from 1 to @ inclusive

] r
0= w(w—1)(w—2) ... (w—7+ 1)0 Cos
80 that the covariant is

0xC o=C
0] =1 Y Yo ,w-2,,2 0
C,x® +0Ca® 1y + 12 R T

w

y®
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or, as it may be written,
K
w"e“OO'O,
for O®+1(;, 0®+2(C, ... vanish since OCy; = 0.

Thus, when we have the seminvariant €, which is the
leading coeflicient of a covariant, all the coefficients in the
covariant can be obtained from it by mere operations with O,
i.e. by differentiations.

In fact, given any coefficient in a covariant, all the coeffi-
cients can be found. Successive operations with & give the
cocfficients on the one side of it, and successive operations
with O give those on the other.

111. Seminvariants. We may define a seméinvariant as
any homogeneous isobaric function of the coeflicients
gy Gy, My, ... &, Which is annihilated by Q. We now confine
attention, however, to seminvariants which are rational and
integral.

Looking back at §§ 91, 92 we seo that the half invariant
property which seminvariants possess is that of being abso-
lutely invariantic for such linear substitutions as

x=X+mY, y=7Y.
(From § 97 we gather that they arc really invariantic for the
somewhat more general substitution
z=IX+mY, y=m'Y,
though the factor for any one is in this case not as a rule
a power of the modulus.)

Consequently, when expressed in terms of @, and the roots
of the quantic, a seminvariant can involve only differences of
these latter. If of degree %, and not divisible by a,, it is a
product of ¢,/ and a function of the differences which involves
each particular root to the i-th degree, since the ratios of
a, a,, a,, &c., to a, are all of the first degree in every root.
Conversely, any rational integral symmetriec function of the
roots, which can be expressed in terms of their differences
only, becomes a rational integral seminvariant when mul-
tiplied by such a power of @, that it can be expressed
integrally in terms of the coefficients. The least power of
@, which suffices is the ¢-th, where ¢ is the degree of the
symmetric function in any particular root.

We may now see that in the two preceding articles C, may
be any rational integral seminvariant ; that is to say, that any
rational integral seminvariant whatever may be taken as
the leading coefficient of a covariant, and determines that
covariant uniquely.
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Take any rational integral seminvariant S of degree ¢, with-
out ¢, for a factor, and write it as « ;' multiplied into a symmetric
function of the roots a;, a, ... a,, This symmetric function
is a function of the differences a,—a,, 18 of degree ¢ in
each root, and (§ 89) can be expressed as a linear function of
products of the differences in such a way that no root occurs
in more than ¢ factors of any product. Now, having thus
expressed it, write (a,—a,) /(€ —a,¥) (x—a,y) for every differ-
ence a,—a,. In this fraction a, occurs once in the numerator
and onco in the denominator, and so does a,.

Clear the function obtained of fractions by multiplying by
the lowest necessary power. the i-th, of

(r—a,y) (x—ayy) ... (v —a,).
In this multiplier a;, a,,...a, occur in equal numbers ¢ of
factors.

The result, when expressed in terms of @, y and coefticients
only, will be a covariant whose leading coefficient € is the
seminvariant S. That the leading coefficient is & 1s clear
from the method of construction. That the whole expression
is a covariant follows from the fact (§ 83) that it is a power
of «, multiplied into a function of differences «w—ay and
differences a,—a,, which is symmetrical in the roots, homo-
geneous in both kinds ot ditferences, and such that all roots a
occur in equal numbers of factors in any product, and in the
same number in all products.

The covariant is unique; for § 110 shows that a leading
coefficient ; determines a covariant uniquely, giving = as the
least number for which 0®*+'(/,=0, and giving (', C,, ... C,
by a succession of operations with O on (*;, Note, however,
that the order = deponds on the value of p. For quantics of
different orders p, the same seminvariant will lead covariants
of different orders w. We had above, in forming the covariant
from its seminvariant leader by means of the roots, to divide
terms by products of order 2 w’, where 1" is the weight of the
seminvariant, and to multiply through by a product of order
ip.  Altogether the covariant obtained is of order ip— 2w/,
which accords with the known fact that w’ = } (ip —=).

A seminvariant with a power of a,, a,” say, for a factor is of
the form a’S, where S is a seminvariant to which the reason-
ing above applies. The unique covariant which it leads is
the product of the covariant led by S and the j-th power of
the p-ie.

A}nother roof, making no cxplicit use of the reots, of the
important theorem of the present article will be given in the
next chapter. (Cf. § 126, Ex. 6.)
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112. We now see that the problem of finding covariants
by aid of annihilators is reduced to the much simpler one of
finding seminvariants. We have found, suppose, a semin-
variant of degree i and weight w. Take it tor C, in § 110.
The leading term in the corresponding covariant of the binary
p-ic is Cjz’’=2" as above, when ¢, is a factor of €, as well as in
other cases, where w is the weight of C, and not that of the
covariant ; and the full expression of the covariant is, by § 110,

¥y
wi})—ilrewoon'

That the order ip—2w of the covariant cannot be nega-
tive, C, being a rational integral seminvariant, is clear. For
the procedure of the last article determined a covariant of
essentially non-negative order in @ and y from the semin-
variant with which it started. Thus there are no rational
integral seminvariants for which <p— 2 w is negative. Should
ip—2w be zero the seminvariant is an invariant. For the
covariant derived from it is of zero order as above and con-
sequently an invariant, and is in fact the seminvariant itself.
It must clearly be borne in mind, however, that we arc
dealing only with rational integral seminvariants. The argu-
ment does not apply, for instance, to the fractional seminvariant
a~t(a*d—3abc +20%). Here, for the cubie, ip—2w = 0, but
nevertheless the function is not an invariant of the cubie.
O does not annihilate it.

We may, in fact, state succinctly the conclusions arriqu at
carlier as to invariants of a binary p-ic. If 2 and O annihilate
a function it is an invariant, and ¢p—2w=0 (§ 97). If @
annihilates a function for which ip—2w = 0, 0 must also
annihilate it, so that it is an invariant, provided it is rational
und integral, but not necessarily if it is fractional.

113. Determination of seminvariants. The determination
of the linearly independent seminvariants of degrec ¢ and
weight w of a binary p-ic proceeds as in § 101. If ip<2w
there are none, as above. If ¢p<4 2w, write down all the
products of weight w of 4 constituents chosen from among
Wy, Uy, Uy, ... &y, repetitions of factors allowed, and add together
arbitrary multiples of these. The number of such products
is (w; 4, p), this symbol denoting, as in § 101, the number of
different partitions of the number w into ¢ or fewer numbers,
none exceeding p. Operate on this sum with £, thus obtain-
ing a sum of multiples of the (w—1; %, p) products of degree
¢ and weight w—1. It will be proved in the next chapter
that the (w—1 ; 4, p) coefficients of these products are linearly
independent linear functions of the (w;<, p) arbitrary mul-

1431 K
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tipliers of the (w ;3%, p) products. They have to vanish. Their
vanishing gives (w—1;¢, p) relations which have to be satis-
fied by the (w ; 4, p) multipliers. If then (w ;<¢, p) exceeds
(w—1;1, p) we can satisfy them and leave

(w34, p)—(w—157, p)
of the multipliers still arbitrary. Suppose that this excess

is 7. We have as the most general seminvariant of the
type under consideration a sum of the form

AS NS+ o A8,

where A;, A,,...A, are arbitrary, and §,, §,... S, are known
linear functions of the products of type w, <. We express
this by saying that there are » linearly independent semin-

variants 8,8, ... 8,

of this type belonging to the p-ic.

114. Seminvariants of the second degree. As an ex-
ample let us discover all the seminvariants of degree 2 of
a binary p-ic. The condition ip< 2w is for this case wpp.
Two cases will arise.

(1) For an even weight w, not exceeding p, the general form
to be assumed is

(URCE D NN/ TN WU S SO 3 PRSP
Expressing that Q annihilates this, we obtain the conditions
w+A =0, (W—1)A;+2A,=0,
(w=2)A+ 30, =0,... (FW+1)Ap_;+WA,, =0,
the coefficient w in the last of these being double what it
would be according to the law of all the other second terms.
Solving these for the A’s we have a unique seminvariant of
weight w, viz.
w

aoaw-’walaw_i + -——~1—T—a2aw_2— ‘e
_ pwww—=1)...3w+1) ,
FEVTTT S e e
where the law of coefficients is that of the expansion of (1 +2)”
up to its middle coefficient, which one alone is halved.

For every even weight not exceeding p there is then a single
seminvariant of degree 2. In particular, of course, it is an
invariant for a weight equal to p if p is even,

(2) For an odd weight w, not exceeding p, the form to be
assumed is

Ao+ Ay Oy Gipey + Ag Aoy F oo+ Ay (10-1) T3 (0-1) T (04105
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and the conditions obtained from the annihilation by Q are
wHA, =0, (W—1)A+2X,=0, (w—2)A,+3N,=0,...
(W +3)Ay (o) +FHW—1) Ay = 0, F(W+1)Ay-p) = O,
of which the last tells us that A;(,.; vanishes, and the rest,
taken in order backwards, tells us that all the other N
vanish.
For no odd weight, then, is there a seminvariant of
degree 2.
Accordingly the complete list of seminvariants of degree
218
ayk
o @ — 0y’
Aoty — 4ty g + Bay?,
Gy — 6 as+ 15U 0, — 10,2,
Uolg— 80,y + 28,0, — 56 a,+ 35a,?,
&e., &e.,

the list terminating with the weight p or p—1 according as
p is even or odd. In the former case the last of the list is an
invariant.

The orders of the corresponding covariants are 2p, 2p—4,
2p—8,.... They are the covariants of § 57, Ex. 12, together
with the invariant, if p be even, of § 48. In other words, they
are the transvectants (§ 61) of the p-ic and itself. Thus we
have the theorem that a binary quantic w has no covariants
of the second degree in the coeflicients besides the Oth, second,
fourth, sixth, &ec., transvectants of w and itself. The 0th, led
by ay?x??, is u

In the second symbolical notation of § 60 (bis) the semin-
variants of degree 2 are denoted by 3% (6,—6,)*"aa, with
r=0,1,2..I(%p). (Cf§6l,Ex 33)

Ex. 12. Use § 110 to write down in full the covariants of degree 2.
ala®+ ..., (a,a,—aNat+ ..., (ea,—4aa,+3a2)a?+ ...
of the binary quintic.
Ans. For the last see § 61, Ex. 29.
Ex. 13. A binary quantic of order not less than 4 has one and only
one seminvariant of degree 3 and weight 6.
Ans. a,a,0,+ 2a,0,0,—a,a’—a’a,—a}
Ex. 14. Hence obtain the single covariant of degree 3 and order 3
of the quintic.
Ans.  (ace+ 2bed — ad?—ble— c*)a®
+ (acf— ade— bf + bee + bd? — o*d) &’y
+ (adf—bef— ae® + bde + c?e — cd?) xy?
+ (bdf + 2 cde — *f = be* — d*) y°.
K 2
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Ex. 15. Show that a binary quantic of order not less than 3 has
one and only one seminvariant of degree 3 and weight 3.

Ans. ala,—3a,a,0,+ 2ab.
Ex. 16. Hence, and from what has been obtained above, prove the

statement of § 85 that # and @ are the only covariants of a binary
cubic whose degrees are 2, 3 and orders 2, 3 respectively.

Ex. 17. Show that a binary quartic, or binary quantic of higher
order, has two and only two linearly independent seminvariants of
degrce 4 and weight 4.

Ans. Aa? (ae—4bd + 3¢%) + p(ac—b*,
which may also be written

A (@Pe— 4 a*bd 4 6 ab’c — 3U*) + p/ (ac— D).

Ex. 18. Find the sum o, of the six fourth powers of differences
between the roots of the quartic (a, 0, ¢, d, €) (x, 1)%

Ans. ato, = 720 (ac—1%)?—16 (a*e— 4 a’bd + 6 ab’c— 3D*).
Determine A and p’ in the second form above by taking two particular
quartics, e. g @*(x*—1) and @*— 1, in both of which b = 0, and in one
of which ¢ = 0 and in the other ¢ = 0.

Ex. 19. Show that a binary quintic has two and only two linearly
independent seminvariants of degree 5 and weight 5.
Ans.  N(a'f—5a%le+ 10a’b*d—10ab’c+ 41°)
+ p(ac—b%) (a’d— 3abe + 20°).
Ex. 20. The sum of the numerical coefficients in any seminvariant
which is not a mere power of a, vanishes.

Ex. 21. If (C,, €}, C,, ... C5) (2, ¥)® is a covariant of

(ay, @y, a,, ... a,) (x, ¥)?
prove from § 109 that a,C—a,C, is a seminvariant. (M. Roberts.)

Ex. 22. By application of this result to the first linear covariant
(§ 57, Ex. 17) of a binary quintic, prove that the quintic has
a covariant of degree 6 and order 4, and an invariant of degree 18,
the catalecticant of this covariant.

115. Seminvariants and covariants of several binary
quantics. Referring to § 103 for the notation, we define
a seminvariant of a system of quantics in the same variables
x,y as a function of the several sets of coefficients—in general
a rational integral function—which is homogeneous in each
set separately, and isobaric on the whole, though not neces-
sarily in the sets separately, and which has 2Q for an anni-
hilator.

The methods which have preceded are applicable to covari-
ants and seminvariants of systems of quanties. It is left to
the student to convince himself, as in § 104 or §§ 105, 106,
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that every covariant of the system is annihilated by 3Q —y3/x
and 20 —zd/dy, and, as in § 108, that conversely a function
which is homogeneous in the variables and in every set of
coefficients separately, and isobaric on the whole, is a covariant
if these operators annihilate it. He will also see, as in § 107,
that if « and y, a, and a,, @, and @, _;, ..., b, and b, , b, and
bp—1s -++» Co and ¢,, ¢, and ¢, ..., ... are interchanged in
a covariant the effect is only to multiply the covariant by
(—1)43-#-%) whero the index is the total weight of the lead-
ing coeflicient, that of ™. That this leading cocflicient C| is
a seminvariant, i.e. is annihilated by 2Q, he will see as in
§ 109, and that all other coeflicients can be derived from it
by operations with 20 he will see as in § 110. In fact, the
covariant may be written either as
Y Ze
w’”eizoOo, oras yTel - (.

Once more, as in § 111, he will see that any rational integral
seminvariant whatever may be taken as the leading coefficient
C,, and determines =, the order, and the full expression for the
covariant uniquely. The order =, the partial degrees ¢,,%,,7,, ...
in the coefficients of the p;-ie, the p,-ic, the p,-ic, &c., and the
weight w of the seminvariant are seen to be connected by the
relation
LP F i Pyt igps+ .. —w = 20,

Thus therc is no seminvariant for which X.i¢p—2w is
negative. If .4¢p—2w =0 the derived covariant and the
seminvariant are identical. The seminvariant is in fact an
invariant, and is annihilated by =0.

The method of §§ 98-100 also applies; and the results of
§ 100 hold, when we put =@, 20, 2.ip—2w in place of
9, 0, tp— 2w respeetively, for operations on functions of any
or all of the sets of cocfficients.

All the linearly independent seminvariants of given weight
w and partial degrees %, %,, %3, ... are found, as in § 113, by
writing down the most general rational integral function of
the type in question and determining the multipliers in it so
that it may be annihilated by =Q.

Ex. 23. Find a seminvariant of weight 2 and partial degrees, 1, 1,
of the quadratic and cubic (a,, @,, a,) (%, ¥)’, (8,, b,, b,, b;) (%, ¥)*, and
show that the covariant to which it leads is linear,

Ans. The covariant is
(@oby—2a,b, + aby) 2 +(agbs—2 a;b, + @, b))y
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Ex. 24. Find a linear covariant of partial degrees 2, 1 of the
quadratic and cubic.
Ans. (ab,—3a,a,b,+a,a,b,+20,b,—a, a,b )2
—(a,2b,—3a,a,b, ta aﬁb +2a,2b,—a,0,b,)y.
Ex. 25. Remembering that a cubic has a cubicovariant (§ 45,
Ex. 13) deduce two other linear covariants of a quadratic and cubic.

Ex. 26. Two different binary quantics of orders p and p’ have

a single lineo-linear seminvariant of every weight not exceeding the

smaller of p, ’, and none of higher weight than this.

w(w--1)
1.2
Ex. 27. The covariants led by these seminvariants are the mutual

transvectants (§§ 59, 61) of the two quantics. Hence the mutual

transvectants of w and v are the only covariants of » and v which are
lineo-linear in the coefficients.

Ans.  ab,—wab,_, + ayby_gt o +(—1)ay,b,.

ADDITIONAL EXAMPLES.

Ex. 28. Prove that 7 = 0, J = 0, where I and J are the invariants
of the quartic » = (a, b, ¢, d, ¢) (2, y)* are two results which can be
obtained by elimination of & between

Pu Qu Pu
W_O’ W_O’ 5—?‘/‘—0 (CayZeJ)
Ex. 29. If a, B, 7, 3, the roots of (a, b, ¢, d, €) (%, %)%, are taken in
pairs a, B; y, 0 in any way, the substitution
o= (y0—aB) X—{aB(y+08)—yd(a+pB)} ¥,
=(y+d—a—p) X=(yo—aB)?,
transforms the quartic into the same quartic (a, b, ¢, d, €) (X, Y)*
multiplied by a function of the roots.
Ans.  Consider the quartic in its factorized form.

Ex. 30. If x—ay is any one of the factors of (a, b, ¢, d, €) (=, ¥)*,
prove that the transformation ¥y = — X, #—ay = Y can be followed
by another linear transformation of modulus unity so as to give the
quartic the form (4a"—g,2'y*—g,y®)y’, and that g,, g, are the
invariants 7, J.

Hence show that any invariant F(a, b, ¢, d, ¢) of the quartic is
equal to #(0, 1, 0, —%7, —J), so that there are no 1rreducxble
invariants but I, J.

Ex. 31. If in any covariaut of (a,, @, @,,...a,) (@, ¥)? we put
AL+ 0 Y, O+ ayY, X+ Agl, .. AT+ Ay, Y
for a,, a,, a,, ... @, respectively, we deduce the covariant with the
same leading coefficient of
(@, @y, @y, .. @y, @) (2, 9)? (Cayley.)
4ns. Symmetrical and annihilated by ,,,— y3/dz.
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Ex. 32. To substitute (a,, a,, a,) (x, %)%, (a,, @, a;) (z, ¥)} ...
for a,, a,, a,, ... is to repeat the same process twice, and to deduce
a covariant of (@), @, @y, ... @y, @y, a,.,) (x, y)?*%  (Cayley.)

Ex. 33. Inany seminvariant or invariant of (,, a,, a,, ... a,) (%, )?
put &, k—1, k-2, ..., k—p for a, a,, a,, ... a,, and equate to the
result of putting %, —1 for @, @, in the one term, if there be any,
which involves a,, @, only, or to zero if there be none (i. e. if w >12).
The result is an identity for all values of .

Ans.  Follows from the equality of seminvariants of

k(w+y)?—p(e+y)? 'y and £AXP—pXP1Y.

Ex. 34. Hence by giving % the values 0, 1, 2,... in succession
obtain facts with regard to the numerical coefficients of terms free
from a,, terms free from @, terms free from a,, ... in any seminvariant
or invariant.

Ex. 85. In this way determine the seminvariants of degree 3 and
weight 3, and of degree 2 and weight 4.

Ex. 36. In the same way determine the terms free from b in the
discriminant of the cubic (a, b, ¢, d) (=, y)°, and deduce the full
expression for the discriminant, by considering the transformation
of the cubic to a form without a second term.

Ex. 87. By consideration of the special binary quantic

k(fv+z/)”—1’(f';2l)(w+y)""y”,
prove that if in any seminvariant or invariant a,, a,, a,, a,, a,, ... are
replaced by #, &, k—1, k—3, k—6, ..., where 1, 3, 6, 10, 15, ... are
the figurate numbers of the third order, the result is equal to that of
replacing @, and @, by 4 and —1 in the one term which involves
a, and a, only, or to zero if there be no such term.

Ex. 38. Generally, if in any seminvariant or invariant of a binary
p-ic we replace a,, a,... 0., all by &, and @, @y, ..., by &
diminished respectively by the first, second, ... (p—r+1)th figurate
numbers of the (r + 1)th order, the result is equal to that of replacing
a, and a, by & and —1 in the one term which involves a, and a, only,
or to zero if there be no such term.

Ex. 39. If F(a,, a,, a,, ... @) is a rational integral homogeneous
isobaric function, of the coefficients in (a,, @, a,, ... a,) (x, ¥)?, for
which p—2w = 0, prove that

Qo Q' or Q208

(2_“1T tE T T )

{F(ay, a,, ayy ... a))—(—1)" F(a,, ay_, @y 4, ... &)} = 0.
Ans. Use § 100.
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Ex. 40. In the same case prove that
F(a,, a1, ay, oo ap)—(—1)" F(ay, ap_ 1 (pgs oo @)
is of the form .QG(ao, @y, @y, ... ap), where G' is a rational integral
homogeneous isobaric function.

Ex. 41. Prove that the method of § 19 applies to seminvariants,
irrespective of the orders of quantics to which they belong, so that
from covariants with like seminvariant leaders of two quantics of
different orders intermediate covariants follow.

Ex. 42, If J is the Jacobian (ab’—a’b)x?*? =%+ ... of two binary
quantics », «’, and if H and H” are their Hessians
(ac—Ma?P~4 4 ., (' =V~ 4 L.,
and H” the intermediate covariant
(ad’ +a'c—200)x?rP~4 .,
between H and 77/, prove that
J?= —wH +uw' H'—u*H. (Fad de Bruno.)
Ans. Tt suffices to prove the relation among the seminvariant
leaders.
Ex. 43. Any factor of a seminvariant is a seminvariant. (Sylvester.)
Ans. If QP"=0 then P*" QP =0, i.e. QP =0. If
Q.PQ =0, then QP/QQ = —P/Q, whence, if ¢ and P have no
common factor, QP =0, Q0 = 0.

Ex. 44. If A = PB+QC, where 4 is a seminvariant, and B, C
invariants with no common factor, then there is a relation
A =PRB+QC
in which P’ and @’ are seminvariants,
Ans. BQP+0CQQY=0. . QP = —CK, QQ = BK. There
is an 7K by § 100; and
P=—CQ'K+P,Q=DBQ'K+¢.

Ex. 45. If p(a, b, ¢, d, ¢, f, g, ...) is & seminvariant, then
¢ (0, a, 2b, 3¢, 4d, 5¢, 61, ...), $(0, 0, a, 3D, 6¢, 104, 15¢,...),
$(0, 0, 0, a, 46, 10¢, 20d, ...), ...
are other seminvariants, the series of numbers being figurate.
(Sylvester.)

Ex. 46. Any (6,—0,)"(8,—0,)"" ... (6;_,—0,) "' a Wa,® ... a,)
which does not involve 6, in more than p, factors, or 6, in more than
Py, Or &c., is 8 semmvarmnt of a p,-ic, a pg-lc, ... and a pi-ic; and all
seminvariants of partial degrees (1,1, ... 1) of the i quantics are
linear functions of these seminvariants, (Cf §§ 60 (bis), 89.)

Ex. 47. There is a one to one correspondence between seminvariants
of weight w and partial degrees (1, 1, ... 1) of a p-ic, a p-ic, ..., and
a p-ic and seminvariants of weight w and partial degrees (p,, gy ... 2;)
of ¢ linear forms.
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Ex. 48. Any non-vanishing
(0,—0,)" 2 (0,—0,)"" ... (6; .,—0,)"" Vi aaa ... (3 factors),
where 6, 0,, ... 0, mean the same but operate respectively only on
the first, second, &c. factors in aaa ..., is a seminvariant of a p-ic
provided none of 8, 6,, ... 6; occur in more thau p factors; and all
seminvariants of degree ¢ of the p-ic are linear functions of these
seminvariants.

ix. 49. There is a one to one correspondence between seminvariants
of weight w and degree 7 of a p-ic, and seminvariants of weight w and
degree p of an z-ic.

Ex. 50. If a, b are two roots of u = (a,, @, ... a,) (w, 1)? = 0, and
A, B the two corresponding roots of its limear transformation

U=(a, a,.. ) (@X+mX+n)? =0,

v 2 B _2
f w Pdy= (lm’——l’m)f U ?dX.
a A
Ex. 51. If

u=(a, bec d e (01 =a(@—a)(@—PB) (x —y) (t—9),
and 43 —Ie—J = 4(s—f) (3—7) (s=7),

prove that
$ ¥ ,
f w ide = i/ (45— Ix—=J) " ds,
9 o

where 0, ¢ are any two of a, 8, y, 9, and &, ¢ the two of w, 3,9/,
which correspond to them in Ex. 30. The values of 3/, 7/, 8 ave

Tz a{(a+B) (y+0)—2 (a B+yd)}, e

Ex. 52. A binary quartic has a quartic covariant /7, and a sextic
covariant @, which is one-eighth of the Jacobian of w and //; and it
will be shown later that these are connected with » and its invariants
by the syzygy ¢° = —41*+ [Hu*—Ju® Prove (taking 1 for y) that

whde = +} (4 0°—To—J) tdv,
where v = —H /u.

prove that



CHAPTER VII

FURTHER THEORY OF THE OPERATORS & AND 0. RECIPROCITY.

116. For brevity we henceforth use, with Sylvester, a
single word to denote a function of the p quantities ag, a,, a,,
... @, which is rational and integral and of the same degree
and the same weight throughout. The name adopted for such
a function is a gradient in a,, a,, a,, ... a,.

So, too, by a gradient in more sets of quantities a,, a,, ... Wy ;
bo» b1y b3 Cos €1y eeaCys ... than one we mean a rational
integral function of some or all of the quantities which is of
constant degrecs throughout in the sets of quantities separately,
and of constant weight throughout in the sets collectively.

For the present we deal with gradients in one set a,, a,, a,,
..., only. It is in accordance with what has preceded
to denote in general the degree of a gradient by ¢ and its
weight by w.

We need not always have in view that a,, a,, a,,... a, are
the coefficients in a binary p-ie, but may specify that a gradient
involves @, but no element with a greater suffix than p, by
describing it as of extent p.

For instance,

Ao ts+ Ay Ay + p g g,
and Qo Wy Uy + Nty By Oy + ptty a2 +va? a, +w ay?,

where the coefficients A, y, v, = are arbitrary but independent
of ay, a,, a,, ay, a,, a;, are gradients of degrees 2, 3, weights
5, 6, and extents 5, 4 respectively.

117. Expressions of homogeneity and isobarism. Any
gradient whatever, of given degree and weight, satisfies two
linear differential equations.

Take G, ; , & gradient of weight w, degree 4, and extent p.
One of the two differential equations is Euler’s equation which
expresses its homogeneity, of degree ¢, viz.

) d 9 ) ,
(%055 % 5, + Ga5gy * oo+ 57) Goip = s
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The other expresses that it is isobaric, of constant weight w
throughout. It is

J d J
(albz+2a26—az+...+papb—%) Gt p = WGy s, pe

This also follows from Euler’s theorem of homogeneous funec-
tions, for constancy of weight has been seen to be the same
thing as homogeneity in magnitudes which are roots of
(@9, @1, @y, ... a,) (, )?, in which a,, ay, a,,...a, are homo-
geneous and of dimensions 0, 1, 2, ... p respectively. It is,
however, at once clear when we notice that, if ¢,aa, ... is
any term in G, ; ,, then

d d d
@ S, +2a2£2 +... +pu.pa—a—) Lafalar ...
r

= (pr+os+rt+...)aralal ...
=waLa’a ...

118. Seminvariants as particular gradients. Referring to
§ 111 we see that, according to the definition there given, those
gradients G, ; ,, of type w, 7, p, whose arbitrary coefficients
are so chosen that they satisfy the third linear differential
equation
QGw, ip = 0,

d d d
where ‘QE%@- +20 5 + 30,5+ 4 pay
1 2

-1 it
daty o,

are the seminvariants of the p-ic

(a9, a1, @y, ... @) (@, )"
and are equally seminvariants, though not all the semin-
variants, of the (p +¢)-ic

(s Qqs gy vvs By Wpyyy oo Upyg) (@, Y)'7,
where ¢ is any positive integer.

It has already been shown, and will be otherwise exhibited
presently, that gradients which are seminvariants exist only
when their weights, degrees, and extents are such as to make
p—2w<0. It has also been seen that a gradient which is
a seminvariant of type w, ¢, p is the coefficient of the highest
power of x, i.e. «'#~2%, in a covariant of

(G 15 Oy, o00 @) (@, )7,
and, more generally, the coefficient of the highest power
ai®+0-2v of g in a covariant of the quantic of higher order
(@0 @y Qgy vv Gy Byygy oo ) (@, Y)PHE.
Thus, for instance, a,? a;—3a,a, a,+2a,% a gradient anni-
hilated by Q, for which w =3,47=3, p =3, yp—2w =3 is
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a seminvariant of (ag, a;, @y, ... a5, ) (¥, ¥)°*7, where ¢ is
zero or any positive integer, and is t the leadmg coefficient of

covariants
(@ a3 —3agay a3 +2a,°) 2% +
(a2 ay—3a,a,a,+2a>) 20 + ...
(@ az—3ayaya,+2a.%) 2%+ ...

&e., &e.,

of the cubie (agy ttqy gy a0) (2, )%,

the quartic (g, @y, @y, dgy ) (2, 4)4,

the quintie (g, ¥y, Ay @y, @y, ;) (T, Y)P,

&e., &e., respectively.
It ha,s also been seen (§ 112) that a gradient &7, ; ,, of type

w, 1, p, which satisties

‘Q‘Gw, i, = 0’
and is such that iép—2w = 0, has the further property of
satisfying the fourth lincar differential equation

OGw'i,p: 0)
2 ) >
where 0= ry, + <p—l)a25?1 +...+(l/pé—&l——;,
0 g

so that it is an invariant of the p-ie

(A gy gy oo ty) (22, )2,
while still only a seminvariant of the higher binary quantics

(@g; Ay Qgy vvn Wy Uy yqy ven @y ) (&, y)r+e.
Thus, for instance,
Aoty — 4@, ay+3a’
for which w = 4,7 =2, p = 4, ¢p—2w = 0, is an invariant of
the quartic
(ttgs g5 Ay, g, @) (@, 7)),
and a seminvariant of the quintie, sextic, &e.,
(ag, @y, ... ay, a5) (2, Y)°,
(ags gy .o gy g, ag) (22, 9)8,
&e.,
being the leading coefficient in covariants
(agay—da,a5+3a2)a?+...,
(aga,—4ayaz+3at)at+ ...,
&e.,

of the quintic, sextie, &e., 1espect1vely
We need not then dissociate invariants from seminvariants
in searching for them by means of the annihilator 2. A sem-



118] SEMINVARIANTS AS PARTICULAR GRADIENTS 141

invariant found will be in particular an invariant for the
binary p-ic, in case the excess (to use another word of
Sylvester’s) ¢p—2w vanishes, It has already been estab-
lished, and will again appear, that there is no rational integral
invariant of a binary p-ic which is not thus given.

119. A seminvariant of extent p involves all of «y,a;,0,,...d,p
Suppose if possible that a,, where < p, isabsent from a semin-
variant S of extent p. We may write the fact

QL8S=0
in the form
d 1 d d d
(r+1) a.,.b—a::lSq- lao S, +2a, e, + ... +m,,1-£r

d 37 W
+(r+2)d,,, Sy + ... +pa”‘lb_a—p} S=o.
Now, on our supposition, all of the left-hand side but

d
(r+1)a, §a—S

r+1
is free from a,. But the sum vanishes. Therefore
J
a,,‘a————S
By yq

. d . .
is free from a,. Therefore Sa S=0,i.e Sis free from a, ;.

Uy g1

A seminvariant free from @, is thus free from a,,,, and
therefore from a,,,, from @, 5, &e. Finally it is free from a,.

Our supposition that a seminvariant of extent p exists
which does not contain all of «g, a;, a,, ... a, is consequently
untenable. :

120. An invariant of a binary p-ic involves all the
coefficients. Being a seminvariant, it must by the preceding
article involve all of a,, a;, ay, ... q, if it extend as far as a,.
Also heing an anti-seminvariant, annihilated by O, it must by
the same reasoning involve all of a,, @,_;, ¢y, ... @y, since,
reckoning extent from a, back to a,, it extends to «,.

121. Repeated operations with Q and 0. We proceed to
pay attention to the results of operating with Q or with O,
once or any number of times in succession, on any gradient
whatever. '

9
The operator Q = ¢, 2 + 2a155- + .t pa,
2

oy ! E
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acting on any gradient @, ; , produces another gradient. The
degree of the produced gradient is 4, that of G, ; ,. Its weight
is w—1, where w is the weight of @, ; ,. Its extent is either
the extent of @, ; , or less. These facts are clear when we
remark that any term of Q, ra,_; 3/da, for instance, operating
on a term involving a, in G, ; ,, on a,*a a, ... for instance,
has the effect of replacing that term by another,
pray_yaftasal ...,
of the same degree and weight one less, one suffix being
diminished by unity and none increased.

Thus if @ is a gradient of weight w, degree ¢, and extent
not ewceeding p, QG is a gradient of weight w—1, degree 4,
and extent not exceeding p.

Consequently Q*G'= Q.QG is a gradient of weight w—2,
degree %, and extent not exceeding p.

And generally, by r repetitions of the Q process, Q"G is
a gradient of weight w—r, degree 7, and extent not ex-
ceeding p.

This  process cannot be repeated indefinitely without
leading to a vanishing result. For a gradient of negative
weight is an impossibility, the weight of a gradient being
a sum of numbers chosen from among 0, 1, 2, ... p. Thus when
we take w+ 1 for », if not sooner, we must have

Qe+l =0,
and consequently also Q**2G =0, Q¥*3G = 0, &e.

122. We may reason in a similar way with regard to the
operator

d d d
0 = pa, Sa + (p-—l)o&zs—g1 +...4a, Yo, .
Operation with this produces from a gradient of extent p or
less another gradient of the same degree, of weight greater
by one, and of extent not greater than p. The term extent
is here used in the sense of the definition (§ 116). That
the extent cannot be raised beyond p by operation with
O results from the fact that O itself is taken as involving no
letter a, with a suffix (extent) greater than p. Thus, G being
of weight w, degree ¢, and extent not exceeding p,
oq
is a gradient of weight w+r, degree 7, and extent not ex-
ceeding p.
Here, again, the succession of gradients produced is not
indefinitely continued. For the greatest possible weight of
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a ploduct of ¢ constituents of weights chosen from among
0,1, .. p is 7p, that of o, Consequent]y
O'P G
can be nothing more than a (non-vanishing or vanishing)
multiple of ', ;and therefore
Or-w+1@ =0, 0P **2@F=0, &e.

We may also consider the results of successive operations
with both of © and O in any order on a gradient. The
conclusion, drawn readily from the above, is that, G being
any gradient of weight w, degree 4, and extent por less

Q"o Q" O Q"s 0., @,

where m,, My, My, ..., Ny, Ny, Ng, ... are positive numbers, is,
unless it vanishes, a gradient of we1ght
W=y =My —My— .. + N+ Ny + Mg+ 000y

of degree ¢, and of extent not exceeding P

123. The alternant of Q and O. The operators 2, O are
linear : but this is not the case with the operators Q2, 02, Q0,
0Q, &e. Thus, for instance,

d d d 2
2 —
0= (q, sa. + 2a, Sa, Tt —-Mp)

d ) d
=1.20)5 - +2.3a15&— +‘,.+(p—l)pap_2—a~
2

)2 92
+{a0 Sa 2+4a0alb b +4a,? b z + }

Moreover the operators Q, O are not commutative; i.e. the
compound operators Q0 and 0 are not identical in meaning.
Thus while

_ d d
Q0 = (a(,b—al 20y e Py b—“’)
2 + 1la 2 +..+a 3 )
(palb_% pr= Zbal e pbap_l
=1 2 2 1 2 3 2 2 +

= .paoa—a;+ (p— )dlg-a—l'i' (p— )aza—a—z ves

P
+p.1a, ;—
1da,,

92 92 o2
+ terms involving ——— Sa3a, da@ " da,va,’
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d d d
0Q=p.1a;— +(p—=1)2ay— + (p—2)3a,— +...
duy od, du,

1 P
+1.pa, e,
2
da,da,’
We thus see, however, that the two compound operators
differ only in their linear parts. The non-linear parts of both
are just the algebraical product of @ and O. This leads us
to consider the difference Q0 —0Q of the two compound
operators, the alternant, as it is called, of Q and O. It is
always a fact that the alternant 6¢p—¢8 of two linear
operators 0 and ¢ is a linear operator. In the present case

+ the same terms in ... a8 in Q0.

d d
QO"‘OQ Epaom) +{2(p—])'—"l .p} al—b—a-
( 1
J
+{3(p—2)—2(p-1)} Uy e
2

P

d
+{p.1—-(p-1)2;} %—1306— —pa
-1

_ d d d
:])(1,0370 (2)—2)(!13(7[ 4(20—4)“25&‘ +...
2

d d
—(p—2)a,, b&p: — Py 5—(02

_ )ga R d d
=17 03(L0 a]jd“l+a'2'a_(z2+"'+apsa'p}

2{a~a— 2a—b-+ +a~b}
lba1+ 2da, p”ba,,

Now let the operation be on G, a gradient of degree ¢ and
weight w. (@ satisfies the two linear differential equations of
§ 117, which express its homogeneity and isobarism. Using
the two equations, we see that what we are led to is

QO-0Q)@=p.iG—2.w@
= (ip—2w) G.

124. An important application of this result has already
been mentioned in § 97. Let the gradient ¢ be an invariant
I of (ay, 0, Ay, ... a,) (z, Y)?, so that QI = 0 and O = 0, and
therefore 021 = 0 and QOI = 0. We have the consequence
that (ip—2w)I = 0, i.e. that the degree and weight of an
invariant of a binary p-ic are connected with p by the relation

ip—2w = 0,
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As another application let the gradient G' be a semin-
variant S. Then Q8 = 0, and therefore 0 QS = 0, so that
Q08 = (ip—2w) S,

which tells us that the result of operating first with O and
then with © on a seminvariant of extent not exceeding p is
to reproduce that seminvariant multiplied by a numerical
factor.

This is in accord with the conclusions of §§ 109, 110.

125. Alternant of Q and O'. Important information is to
be gathered from the alternants of Q and 0%, 0% ... which,
though not linear, have simple equivalents when the functions
on which they operate are gradients.

It is assumed throughout this article and in what follows,
except where otherwise stated, that the operation is on a gra-
dient G of weight w, degree ¢, and extent not exceeding p.
For brevity the G is not as a rule written.

The ‘excess’ ip—2w, in which p is always the suffix of the
highest element which occurs in © and O, and may, it must
be remembered, be greater than the extent of @, is, also for
brevity, denoted by .

Thus instead of writing

(Q0-09) @ = (¢p—2w) G,
we write merely QO0-0Q =1 (1)

Now notice that
Q0?2—-0%22 = (Q0—-02)0 +0 (20 -09),

and also observe that, ¢ which is operated on being of
weight w and degree 7, OG is by § 122 of weight w+1 and
degree 7, so that the excess for 0@, corresponding to n for @,
istp—2(w+1) =n—2. Thus

Q02-02Q = (n—2)0+01q

= 2(n—1)0, .(2)

since 7, being numerical, is commutative with 0.

Again
QO3-0%Q =(Q0-09)0*+0(20-09)0+0%(Q0-09)
= (n—4)0*+0(n—2) 0 + 0%y,

the excess for 0@ being ip—2 (w+2), i.e. n—4,

= 3(n—2) 0% ...(3)

1481 L
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In like manner we notice generally that the excess for
0'G is ip—2 (w+7r),i.e. n—27, and that generally
Q0"—0"Q = (20-002)0"1+0(20—-0Q) 0"~
+0%(Q0-0Q2)0" % +...+01(20-09)
=[n-2(r-1)]0"1+0[n—2(r-2)]0*
+0%[n—2(r—38)]0" 3 +...+ 01
={rn—2[1+2+3+...+(r=1)]} 0
=7r(n-r+1)01 ... (R)

Ex. 1. Deduce that
0Q"—Q'0=7r(—n—r+1)Q1
Ex. 2. Prove that
QO =10 0Q4+r(n—r+1)}
=(02+1.9)[02+2(n—1)] [02+3(n—2)]
[0+ (n—r+1)]
=Q0(Q0+1-2)[20+2(n—38)]...[0+(r—1)(n—r)]
Ex. 3. In like manner
0'Q" = (L0—1. n) [Q0—2(n+1)] [L0—-3(n+2)]
W [20—7(n+r—1)]
=0Q(0Q—-n—-2)[0Q—-2(n+3)].. [OQ —(r—1) (m+7)].
Ex. 4. Prove that
Q0. Q0= Q0°. Q"0
orQr. 0°Q = 0° Q. 07,
QOr.0°Q = 0'Q° . QY 0",
Ex. 5. Prove by mathematical induction that
0" = Q' 0"—(n—r+s) rsQ*-10"1
4 Oz O=rdst ) gy gem1) Q20r0

1.2
(Hilbert.)

126. The excess non-negative for a seminvariant. Use of
the results of the preceding article gives a proof (Sylvester’s)
of the fact (§ 112) that for no seminvariant can the ¢ excoss’
ip—2w be negative. Since, if S is a seminvariant of extent
p or less, Q8 = 0, the results give

Q0 . S =S,
Q0%. 8=2(n—1)08,
Q0% . 8=3 (71 2) 028,

QO’.S—'r( - +1)0"'1;5'
&e., &e.
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If 5, or ip — 2w, is negative, the coefficients on the right in
these equalities form a numerically increasing series of nega-
tive numbers. None of them can vanish. Now (§ 122) there
must be a number 7, equal to or less than 4p—w+1, for
which and all greater numbers O"S = 0, and consequently
Q0”8 = 0. The rth of the above equalities gives then

0=r(n—r+1)0"1§,
and therefore O""'S = 0. This necessitates Q0"'S = 0, and
this again, by the (r— 1)th equality, that
0= (r—1)(n—r+2) 025,

i.e. 0"28 = 0. Proceeding thus backwards step by step, we
eventually find from the first equality that 0 = .8, i.e. that
S = 0, since 7 is negative and not zero. In other words, the
supposition that there is a seminvariant S for which 5 is
negative is untenable.

We repeat that the n which it is here proved cannot be
negative is jp—2w where p is the greatest suffix occurring
in Q and 0. The extent p” of a seminvariant of

(@9, @y, Ay, ... ap) (2, Y)Y,
if not p itself, is less than p. In this latter case the semin-
variant is also one of (ag, a;, ¢y, ... ay) (2, ¥)”, and we might
have taken " as our p in the above reasoning. Thus, if p’
is the extent of a seminvariant of weight w and degree <,
ip’— 2w cannot be negative.

Ex. 6. Use the results of this and the preceding article to prove the
theorem of § 111, that any seminvariant S, of extent not exceeding p,
leads a covariant of order n of (a,, @, a,, ... a,;) (@, %)?, i.e. that

y
"¢’ § is not fractional in x, and is annibilated by Q—y3/dx.
Ans. QO™ 8 = 0. Therefore O"S, whose excess is negative,
= 0. The coefficients in the result of operating with Q—»3/3%
are of the form (r!)™*{QO"—r(n—r41)0""'} S, i.e. of the form
(r1)"1 0" L8, which vanishes.

127, Tt is clear that the above reasoning, which shows
that there is no seminvariant with a negative 7, has no applica-
tion to the cases of 5 zero and 5 positive. In these cases one
of the series of multipliers n, n—1, n—2, n—3,... on the right
of the equalities of the last article vanishes. Thus from the
fact that 0"*18 = 0 it does not follow that 0"S=o0. It is
the factor n—7 on the right of the critical equality which
vanishes, and not the other factor 0"S.

For a positive or vanishing », & number

(w;d,p)—(w—1;1%p)
L 2
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has been found in §§ 113, 101 which cannot exceed the
number of linearly independent seminvariants (or invariants)
of weight w, degree 4, and extent p or less. It is now to be
proved that the number is exact.

This famous theorem, stated by Cayley and much used,
remained long without proof, and was even doubted. The
first demonstration of it was given by Sylvester, by means of
the results of § 125. The method to be here given is different
from his, but is based upon the same results, though, as we
shall see, an alternative basis is the theorem of § 100.

128. Exactness of Cayley’s number of linearly inde-
pendent seminvariants of given type. Let (f be any gradient
whatever of degree 7, weight 4w, and extent not exceeding p.
Let n be ip—2w the excess for (. For Q @G, 2@, Q3@ &e.
the excesses are n+2, n+ 4, n+6, &e.

Take the operative equalities (1) to (R) of § 125, and
operate, not always on G, but on @ in the first case, on QG in
the second, on Q%@ in the third, and so on, so that 5 has to be
replaced by n, 742, n+4, n+6,... in the successive cases.
We obtain

Q0G-0QG =@,
QO*QG—-0¢2G = 2 (n+1)0QG,
QO3Q*G-0°Q3G = 3 (n+2) 029Q%@,

QOG0 QG =1 (g +7r—1) 010G,

&e., &e.
Multiply the first of these by 1—;-, the second by — 271(1——-7;+—]) ;
the third by 2.3.1](’1:_1) wre) the »th by
(“I)M2.3...r.n(n+11)...(n+1~—1)’
&e., and add. We thus obtain
20 {5~ e
+ 1.2.3.n(;+1)(n+2)02m""'}G= @,

since for a great value of 7 the residual multiple of 0"Q"G
does not exist, for Q¥*!G vanishes, and therefore 0"Q"G
vanishes if 7 is w+1 or more.
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Consequently, if  is positive, the result of operating on the
gradient

1 1
O{T._n—l.2.n(n+l)09'

+

1 z()2
1‘2-3-n(n+1)(n+2)0 “ } ¢
with Q is to produce G.

The gradient is a finite one, for though the operative series
is regarded as continuing to infinity it produces really only
a finite number of terms, since O0'Q"(G vanishes when 7
exceeds w if not earlier.

We have thus proved that any gradient whatever, of weight
w, degree 7, and extent p or less, for which 3y = ip—2w is
positive, can be obtained by operating with £ on some
gradient or other of weight w +1, degree ¢, and extent p or
less. The same was otherwise proved in § 100.

Now for w write w~—1. It follows that every gradient of
weight w—1, degree ¢, and extent p or less, can be obtained
by operation with £ on some gradient of weight aw, degree <,
and extent p or less, provided that ¢p—2 (w—1) is positive,
i.e. that ip—2w L —1.

This tells us that if we write down the most general
gradient G of weight and degree w, ¢, and of extent p or less,
where ip—2w<4 —1,and operate on it with ©, the result must
be the most general gradient of weight and degree w—1, ¢,
and of cxtent p or less. TFor tho arbitrary coefficients in the
first gradient may be so chosen that the derived gradient may
be any one of type w—1, %, p or less, and so in particular may
be any single product of its type we choose.

Consequently the coefficients in the derived gradient Q G’
are all linearly independent.

Now, in the notation of §§ 101, 118, @’ contains

(w5 4, p)
terms, and Q G contains ’

(w -1 ?;’ 10)

terms. For G’ to be a seminvariant the condition is Q ¢ = 0,
i. e. the coefficients of these (w—1 ; ¢, p) terms have segarately
to vanish. They are all independent, by the above, if
ip—2w< — 1, and are linear functions of the (w ; ¢, p) arbitrary
coefficients in . Their vanishing determines (w—1;%,p) of
the coeflicients in ¢ in terms of the rest. In other words,
exactly (w54, p)~(w=15,p)

are left arbitrary. This, then, is the exact number of linearly
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independent seminvariants of weight 2w, degree ¢, and extent
not greater than p.

(If n< —1 for ', the general gradient of type w, i, p, it
has not been proved, and is not generally true, that Q G’ is
the most general gradient of type w—1,4, p, The general
gradient of this type will as a rule contain more terms than
occur in QG’. But QG contains as many linearly inde-
pendent coefticients as G’ does. Otherwise we could write
down a particular @ satisfying QG = 0, which we cannot
do when 7 <0.)

Ex. 7. Use § 125, Ex. 3 to obtain another proof that every & for
which 7> 0 1s an Q.
Ans. 0" QNE = 0¥*.0 = 0. Hence, by a transposition in
the first equality,
Lon.2(+1) .. (w+1) +w) @ = Q0{...}.

Ex. 8. Use the same example to prove that, if n<, —1 for @,
[0Q—9—2][002—-2(n+3)]...[0Q—w(n+w+1)] &
is annihilated by €2, so that it is a seminvariant or zero; and that if
it iy zero, as must in particular be the case when 7 = —1, ( must be
of the form 0 Q&
Ans.  Remember that O cannot annihilate a gradient for which
7>0.

Ex. 9. It may be proved by aid of § 125, Ex. 5 that, when the
operation is on a gradient for which # = ip— 2w >0, the operator of
§ 100, Q0 Q00 QO

= e T ey
and that of the present article,
1— Qo Qo Q0 Q° +
1.p 1.2.9(n+1) 1.2.3.9@n+1)(n+2) " "’
are identical. (Proc. Lond. Math. Soc. Vol. XXIV. p. 23.)

Ex. 10. If ¢ is a gradient for which 7 is negative prove that

o,

OQ OQQ‘Z 0398
(=St g+ +)0=0
and
0Q 0920 000
14 2 = 0.
(+1.17+1.2.1;(1;—1)+1.2.3.n(n—-l)(n—2)+ )G 0

128 (bis). Separation of gradients into seminvariant and
other parts. We can by direct differential operation express
the general gradient of type w, ¢, p as a sum of parts all of
which are coeficients in covariants of a p-ic, and thus confirm
and amplify the above conclusions.
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From §§ 109, 110 we see that if C,x®~"y" is any term in
a covariant of order =, so that @ — 2 is the y for C,, then
{Q0—(@+1)(w—r)} C, =0,
i.e. {QO0—(r+1)(n+7)} 0, =o0.
The proof that this condition is sufficient as well as necessary
is a good exercise on what bas preceded. By § 125, Ex. 3,
the condition necessitates 0"*1Q"+1(C,. = 0. Now O does not
annihilate any gradient for which 5 >0. It follows that, if
n 4L —1for C,, Q"*1C, = 0. Therefore Q"C, is a seminvariant,
unless it vanishes. But it does not vanish, secing that
07Q"C, does not, but is, by Ex. 3 again and the given con-
dition,

{(r+1)m+r)=1.p {r+ ) +7)—2 (+ 1)} ...

{r+)(m+r)—r+r-1)} C,
i.e. rin+r+1).(r—1)(n+r+2)...1(n+27)C,.
Thus Q"C, is a seminvariant, and, by § 110, 0"Q"C, and there-
fore O, is a numerical multiple of the coeflicient of «"*"y" in
the covariant which it leads.

Now consider the most general gradient G of type w, 7, p,
and take as usual y =dp—2w. Let this be zero or positive.
Gradients included in @ figure as

(1) seminvariant coefficients of 27 in covariants of order 7,

(2) coeflicients of 2"*1y in covariants of order 7 + 2,

(3) coefficients of 27*2y?2 in covariants of order 4 + 4,

&e., &e.

(w+1) the coefficient of «"*¥y* in the one covariant of
order n+ 2w = ip, i.e. in the ith power of the p-ic.

By the above these included gradients, respectively, satisfy
and are determined by the differential equations

(1) {Q0—1.9}G =0,
(2) {20—2(n+1)} G, =0,
(3) {Q0-3(n+2)}Gy=0,

(W+1) {Q0—(w+1)(1+w)} Gupy = 0.
We will see that the general G can be written as a sum of
w4 1 parts satisfying these equations respectively.

If a,, ay,,... @, are known constants, we are told by the
elementary theory of partial fractions that an identity among
products of n—1 factors exists of the form

1= {A—l— +——42-— .+ A }(t—a)(t—a) (t—ay,)

t—a,  t—a, 7 t—a, ! S "
where 4,, 4,,... 4, are constants. In fact, forr =1, 2,...7n,
A, = {(tp~ay) (@ =) eoo (A=) (e =G y1) oo (A=)}
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Here for ¢t we may if we like write a symbol of operation
instead of one of quantity, and deduce an identity with meaning,
provided the operating factors are commutative. Hence

_ 4, A, . }
¢= {Q()—l 1 t 002 (m+1) teet QO—(w+1) (n+w)

(Q0—1.7} {20 —2(n+1)}...{Q0—(w+1) (n +w)} G,

for easily written down numerical values of 4,, 4,,... 4,,,,.
Now, putting w+1 for = in § 125, Ex. 3, and remembering
that Q"*1G = 0 (§ 121), we have

(Q0—1.7} {Q0—2(n+1)}... {Q0—=(w+1)(n+w)} G =0,

the factors in the operator on ¢ being commutative.
We have then succeeded, by operating with products of w
out of the w+ 1 factors, in obtaining an identity
w+1

¢=36,
1

where @, is annihilated by Q0—1.9, G, by Q0-2(n+1),
and so on.

Thus we have expressed the general G, with 7 zero or
positive, as a sum of seminvariants G; and other coefficients
in covariants. (We might also take n = —1; but in this case
there can of course be no seminvariants of the type.)

If, instead of the general G on the left, we take only the
general (., which is annihilated by @0 —»(y+r—1), every-
thing on the right vanishes except .. Thus in the general
G = =@, every @, is general.

Accordingly the general gradient G of type w, ¢, p, with
n not negative, has been expressed by direct operation as
the sum of (1) the general seminvariant @, of the type,
(2) the general second coefficient G, in a covariant led by a
seminvariant Q G, of type w—1, 4, p, (3) the general third
coeficient G, in a covariant led by a seminvariant Q2@, of
type w—2, ¢, p, and so on, and lastly (w+1) the (w+1)th
coefficient in the only covariant led by a seminvariant of type
0,1,p, i.e. in the 4th power of the p-ic.

A conclusion as to enumeration from the fact that the
number of arbitraries on the left of the identity @ = =@, must
be the same as on the right, is that (w; 4, p), the number of
arbitrary multipliers in the general @, is equal to the sum of
the numbers of linearly independent seminvariants of degree 2,
extent p or less, and weights w, w—1, w—2,... 0 respectively.
In like manner the sum for weights w—1, w—2,...0 is
(w=1514,p). By subtraction, the number of degree %, extent
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p or less, and weight w, is (w; ¢, p)—(w—1; 4, p), as was
proved in the last article.

Having obtained the most general seminvariant ¢, of type
w, %, p, which, upon giving to 4, its value and writing 0 Q +9
for 20, may be written

{‘“ n0+92} {1“ 2 8?3)} {1" Zu“({g—?ufl)}G’

where G is the general gradient of the type, we have also
(§ 110) the most general covariant of degree 4 and order n of
a p-ic, namely,

y
w"e“oGl.
More generally, for » = 0, 1, 2,... w, we have that the most
general covariant of degree ¢ and order 5 + 2 is
y
w"*z"ezoﬂ"(}r“,
where
Go=4,,,{00-1.9}{Q0-2(n+1)}...{Q20 —r(n+r—1)}
AQO—(r+2)(n+7r+1)} ... {Q0—(w+1) (n+w)} G-

Ex. 11. All covariants containing coefficients for which n = 0 are
of even order. Exhibit them; and in particular exhibit all invariants.

Ex. 12. All covariants containing coefficients for whichn =1 or —1
are of odd order, and only exist for quantics of odd order. Exhibit
them; and in particular exhibit all linear covariants.

Ex. 13. If by ¢ is meant any given differential operator
¢ 3/, 3/dy, 3/dz ...),
not necessarily with constaut coefficients, if #'(¢) denotes
(t—ay) (t—a,)...(t—ay),
and if f(=, ¥, 2, ...) is any given function of the independent variables,
express any solution w of the differential equation F(¢p)u=f(x,y, 2,...)
in the form w, +u,+...+u,, where, for every s from 1 to =, u, is
a solution of the differential equation
F'(a,) (b—a)u, = f(2, y, 2, o) .
Every such u, +u,+ ... +1, satisfies the equation. Prove this.
Ex. 14. Use § 125, Ex. 2 to express the general ¢ for which

ip—2w = —1  is negative as a sum of coefficients in covariants of
orders 7', 7/ +2, ... ip.

129. Arithmetical conclusions. Some arithmetical con-
clusions of interest with regard to numbers of partitions may
be drawn from results at which we have arrived.

Since the most general gradient of type w—1, ¢, p can
when ¢p—2w<4 —1 be derived by operation with & from the
most general gradient of type w, 7, p, the former cannot
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contain more arbitraries than the latter, i.e. more terms than
the latter. Hence if ip—2w < —1
(w; %, p) L (w—1514 p)

Again, wo have shown in § 126 and elsewhere that if
ip—2w< 0 therc is no seminvariant, and in § 128 that if
ip—2w L —1 there arc exactly (w; 4, p) —(w—1; 4, p) semin-
variants. The case ¢p—2w = —1 is included in both cate-
gories. The conclusion from this case of ip—2w =—1, i.e.
of w = % (¢p+1), where 7 and p must clearly both be odd, is
that if 4 and p are any odd numbers

&lip+1]s 4 p) = G [ip—1]5 % p)-
This is only a particular case of the fact that, for any w not
exceeding ip, whatever numbers ¢ and p may be,
(w; 4, p) = (Ip—w; 2, P),
which is immediately seen by noticing that the products of
weight w and those of weight {p—w are conjugate in pairs.
If, in fact, a,"a," ... a,"» is one of the first type, the conjugate
one of the second type is «,™a,; ... @,"2.

130. Reciprocal partitions. The number (w ; <, p) is, it
will be remembered, the number of ways in which the number
w may be written as a sum of 4 or fewer numbers, none
exceeding p. It is an important fact that this number is also
the number of ways in which w may be written as a sum of
p or fewer numbers, none excceding +; in other words, that

(w;,p) = (w;p,i).

The following proof is duo to Ferrers. Another will present
itself in the next chapter.

Let any partition of w into ¢ or fewer parts, none exceeding
P, be the partition into n, +n,+m, +... +n;, where no part is
greater than » nor than the preceding part, and where one or
more ab the end may be zero. Write down m, dots in a row.
Next write n, dots under the first n, of these dots in a second
row. Then write in a third row m, dots under the first n, of
the m, dots: and so on, tillin all n; + 1, 4+ 153 + ... +n, = w dots
have been written. We have thus visibly arranged a partition
of w into 4 or fewer parts, none exceeding p.

Now read the arrangement by columns instead of rows.
We have in the first column a number, m,, of dots not greater
than 4. In the second column we have, say, m, dots where
my,Pbm; and so P4 In the third we have miy, dots where
mgpm, and therefore 3 4: and so on. Finally, in the pth
column we have either no dot or & number m, of dots



130) RECIPROCAL PARTITIONS 155

not greater than any previous m, and so not greater than 4.
We have thus visibly arranged a partition of w into
My + Mg+ My +...0 +My,

a sum of p or fewer numbers, none greater than <.

Thus to cvery one of the (w ;¢ p) partitions we have
a conjugate one of the (w ; p, ) partitions. Similarly, con-
sidering columns first and then rows, to every one of the
(w ; p, ©) partitions there is a conjugate one of the (w ; 1, p)
partitions. And no two of the one set of partitions have the
same conjugate in the other set, for a definite arrangement in
the one way is also definite in the other. Consequently tho
numbers (w ; 4, p) and (w ; p, %) are equal.

131l. Hermite’s law of reciprocity. Hence we obtain
a famous and most prolific theorem due to Hermite.

Since (w3, p) = (w;p, ©)
for all numbers ww, it follows that

(wsd,p)—(w—1;7%, p) = (w;p,4)—(w—1;p,i)

Accordingly :—The number of rational integral semin-
variants of weight w, degree @, and extent mot exceedimy p, is
equal to the number of rational integral seminvarionts of
weight w, degree p, and extent not exceeding 7.

In particular take <p = 2w. We are told that:—T%e
number of invariants (i.e. linearly independent rational
integral wnvariants) of degree © of « binary p-ic is equal
to the number of invariunts of degree p of a binary i-ic.

Again, take 9p— 2w >0, and denote ip—2w by w. Then,
since when ¢, p, w are known = is known, we may enunciate :—
The number of covariants of degree i (in the coefficients)
and order = (in the variables) of « binary p-ic is equal to
the mumber of covariants of degree p and order = of o
binary i-ic.

Another way of arriving at this law of reciprocity has
already been noticed in Examples. There is clearly a one to
one correspondence between root-expressions

¥ = (ay—ay) 12 (g — ;) "33 (ay — ay) ... (2 — ;) i
where 7,473+ N, + ... = w and no a occurs in more than
p factors of a product, for seminvariants of degree p and
weight w which lead covariants of order = = ip—2w of an
t-ic with a;, ay, ... a; for roots, and symbolical expressions

(61— 05)™12 (6,—6) ™13 (0,— 0) " ... (B —0) "-1¢
Gy Uyt ... (T factors),
with the sum of the n’s as before and no 6 occurring in more
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than p factors, for hyperdeterminant seminvariants of degree ¢
and weight w which lead covariants of order = of a p-ic.
Also, the systems of root-expressions and of hyperdeterminants
have both been seen to be complete for providing all semin-
variants of given degree and weight by their linear combina-
tions. That those sums of a-products which vanish identically,
instead of producing seminvariants of the ¢-ic, correspond to
those 6-products which produce zero, instead of seminvariants
of the p-ic, follows from the fact that in the expansion of one
of the latter every term % 6,%9,"... 6, must be accompanied by
another —%0,%65"...6,°, where a,3,...x are 1, 2,...7 in a
different order.

Ex. 15. A binary 4#n-ic has one invariant of degree 3, and a binary
quantic whose order is not a multiple of 4 has none. (Cayley.)
Ans.  Since all invariants of a cubic are powers of the discrimi-
nant whose degree is 4.

Ex. 16. The Cayleyan hyperdeterminant symbol of this invariant is

—2n__2n._ 2n
12 23 31 . Prove that, if u, v, w all denote the quantic, the
invariant may be written
_—2n-1_2n-1__2n-1| u du 3*u |,

v v

2 dwdy Y

Pw  dw  Fw

dat dxdy Yt
where u, v, w are not to be made identical till all the operations are
performed; and hence that the invariant is o linear function of the
determinants

gy Ayy Qgy yyoney Qg ||+ (Cayley.)
@)y Ay Ggy Qpyeeny Gyp_y
Ay, g, Gy Qg ey Gyn

Ex. 17, A binary p-ic has as many invariants of degree 4 as there
are ways of choosing positive integral or zero values of m and # to
satisfy 2m+3n = p. (Cayley.)

Ans.  Assume the knowledge that 7 and J are the only irreducible
invariants of the quartic. :

Ex. 18. A binary p-ic has a single or no p-ic covariant of the
second degree in the coefficients according as p is or is not a multiple
of 4. (Cayley.)

Ans.  Since covariants of equal order and degree of a quadratic
must have the form (ac—b%)" (ax®+ 2bay + cy*)"



131] EXAMPLES OF RECIPROCITY 157

Ex. 19. The one invariant (Ex. 15) of degree 3 of a 4n-ic is the
lineo-linear invariant of the 4n-ic and the covariant of Ex. 18.

(Cayley.)

Ex. 20. A binary p-ic has as many covariants of degree 2 in the
coefficients as there are solutions of 2m+n = p in positive integers
(and zeros); and 2n is the order of any such covariant in the
variables. (Hermite.)

Ex. 21. A binary quantic of odd order has a covariant of the
second order and the second degree. (Hermite.)

Ex. 22. A binary quantic of order 4n+2, where n is any number,
has a covariant of the second order and third degree. (Ilermite.)

Ans. Use Ex. 21 for the case of the cubic.

Ex. 23. By the two preceding examples binary quantics whose
orders are of the forms 4n+1, 4n+2, 4n+3 have quadratic
covariants. Use the facts that a quintic has a quadratic covariant of
degree 8, the Jacobian of the cubic covariant of § 17, Ex. 20 and the
linear covariant of § 57, Exx. 16, 17, and an invariant of degree
4 (§ 61, Ex. 30) to complete the proof that every binary quantic
except the quartic has a quadratic covariant whose degree in the
coefficients does not exceed 5. (Ilermite.)

Ex. 24. No covariant or invariant of the second degree in the
coefficients can have an odd weight. In particular, no invariant of the
second degree can be skew.

Ex. 25. No invariant of the third degree can be skew.

Ex. 26. A binary quantic of any odd order greater than 3 has
a linear covariant of degree 5. (Hermite.)
Ans. Use the fact that a quintic has linear covariants of
degrees 5 and 7 (§ 57, Ex. 17) and an invariant of degree 4 (§ 61,
Ex. 30).

132. Gradients in more sets than one. Just as we have
dealt with gradients in one set of quantities a,, a,, a,, ...,
in the present chapter, we may deal with gradients in more
sets than one ay, a;,ay, ... @, ; by, by, bys cerDyy3Cos gy Coy e Cpgi oo
We have merely throughout to insert £, =0, and

UP1thPpt Pyt ... —2W
for Q, O, and ip—2w. As in § 119 a seminvariant which
involves one letter of any set involves all the previous letters
of that set. Asin § 120 an invariant of the quantics whose
coefficients are the sets involves all the coefficients of any one
if it involves one of them. Asin § 125
SQ (S0 —(20)3Q = r(n—r+1) S0y,

where n =2 (ip) — 2w.
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As in § 126 there can be no seminvariant for which = (¢p) — 2w
ig negative. Asin § 128 any gradient for which 2 (ip)—2w
is positive can be written as the result of operating with 30
on another gradient, and hence if = (¢p) —2w<4, —1 the exact
number of linearly independent seminvariants of weight w
and partial degrees 4,, 4y, %3, ... is

(W3 Gy, Prs Tas Poi Cys Par o) = (W= 15 4y, Prs dy, 3 s Pys ),
where (w03 %, py; %y Pys Uy, Py;...) denotes the number of
ways in which w may be written as the sum of ¢, or fewer
numbers not greater than p;, of ¢, or fewer not greater than
Py Of 4, or fewer not greater than p,, &c. Finally we have
arithmetical conclusions corresponding to those of § 129.

The generalization of § 130 is also immediate. It will
readily be seen, by considering as many Ferrers’ diagrams
as there are sets of a’s, U's, ¢'s, &e., containing altogether
w dots, that in

(W5 43, P15 Gys Py s Py 00
¢, and p,, or %, and p,, or 4, and p,, ..., or more than one or
all of these pairs, may be interchanged without altering the
number of partitions. Hence a gencralization of the law of
reciprocity is easy.

Ex. 27. The number of covariants of any degree ¢ and of order p of
a binary p-ic, i.e. of invariants of partial degrees 7, p of a p-ic and
a linear form, is equal to the number of invariants of partial degrees
7, 1 of two binary p-ics.

Ex. 28. Prove that
(W59, Py5 8 P B s o) = 22 (00585, 1) (00570 20) (0057, 1) -

where the summations indicate that to v, v,, #,, ... arc to be given
all positive integral and zero values which make

v+ v+ + ... = w. (Lranklin.)



CHAPTER VIII
GENERATING FUNCTIONS.

133, UNFORTUNATELY no practically convenient algchraical
formula® is known which gives in all cases the number of
partitions denoted by (w;+, p), i.e. the number of ways in
which the number w may be formed by adding together ¢ or
fewer numbers, every one of which is one of 1, 2, 3,..., p, or,
which is the same thing, by adding ¢ parts every one of which
isone of 0, 1,2, 3, ..., p. For tabulation of such numbers of
partitions recourse must be had to a method known as that of
Generating Functions.

The origin of the theory of numbers of partitions is due to
Euler. The theory in its application to invariants, &e., was
first studied by Cayley with a view to, and in, his second
memoir on quantics (Collected Works, Vol. II). The subse-~
quent writings on the subject are very numerous. Cayley
himself, Sylvester, Franklin, MacMahon and Hammond as
well as others have by means of it obtained results of great
precision.

The investigation of the number (w;%, p)—(w—1; 4, p) of
linearly independent or ‘asyzygetic’ seminvariants of given
weight, degree, and extent by means of generating functions
is only a preliminary object of the researches. The ulterior
aims are the discovery of the number and types of the irre-
ducible concomitants of a binary quantic, and of the relations
or syzygies which connect those irreducible concomitants.

The subject being a vast one only an introduction to it
can be given here. We consider only quantics of the first
few orders. In passing from order to order the complexity
of the investigations necessary enormously increases.

134. Generating function for (w;%, p). By a Generating
Function we mean a function of one or more variables which,
when it is expanded in powers of that variable, or powers
and products of powers of those variables, has for the general
coeflicient of a power or product of powers the number of an
assigned class which is determined by the index of that power,

! For a formula due to Brioschi see Faa de Bruno's Formes Binaires, § 89,
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or the indices of those powers. It may be that only a limited
range of the coefficients is relevant. For instance, the expan-
sion may be an infinite one, but the class of numbers a finite
one given by the coefficients of a limited range of terms, the
indices of other terms being parameters irrelevant to the
matter we have in hand.

We proceed to see that a generating function can be formed
whose expansion is

(034,p)+(1;4p)2+ (254, p) 2% +...
+ (w34, p)2° + ...+ (@p 5 i, p) 27,
and which accordingly, when ¢ and p are known, gives the
number of partitions (w ; ¢, p) as the coefficient of 2” in its
developement.

It is at once clear that, by definition of (w ; %, p), this number
of partitions is the number of ways in which positive integral,
or vanishing, values of ry, 7y, 7,,...7, can be found which
satisfy the two equations

To+ T+ 7+ +r, =1,
i+ 27+ o pr, = W,
Now this number is the coefficient of z*# in the product

(I+az+a®+...+a0+...) (1+2x+227+... +2"12" +...)
(1+22z+2%a®+ .. +22" 22+ ..)...

(1+27z+22 222+ ... +2Mra’r 4 ...),
where the series forming any factor may if we please be
extended to infinity. This product may be written

{(1—2) (1 —22) (1—222)...(1—2%z)} L
It can also be multiplied out and arranged according to
ascending powers of . Suppose that, thus arranged, it is
Uo+ Uy + W22 + oo F U+ L
then w, = 1, and u,, u,, ... U, ... are functions of 2. In fact,
w=(0;%p)+(15% p)a+(2;4 p)e"+...
+(w s 1, P)2”+ ...+ (Ip; 4, p)2™
Notice that (0 ; 7, p) denotes 1. This is reasonable, for there
is one partition of zero into ¢ parts not exceeding p, namely,
into ¢ zeros. a,’ is the one corresponding term when we are
thinking of gradients. In particular, by convention, we may
think of (0 ; 0, p) as denoting 1.
Now in
Ly +w,@®+ .., +wd + .,
= {(1-2) (1—2zz) (1—2*x) ... (1—2"2)} 7,
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put 2z for «, getting
14 w2 + w2+ o+ w2 +
= {(1—2z) (1—2%) (1—2%)...(1—2*1a)} 7,

1—z ;
= i—_m{l+u1w+u212+...+u,.m’+...}.

Here multiply through by 1—2%*!x, and equate the coeflicients
of @, the equality being identical. We obtain
W2 — Wy PP = U — Uy
1 gp+i
so that ;= u;_, ~1»:z;i—

1 ___zp+i-l 1 ___zp+n'

o D i B
w l_zp+1 l_zp+2 l_zph’—l l—z"‘”
= . . s . v
0 1—2 1—22 1—21 1—z¢

(1—2P*1) (1—27+2) . (1 —22*9)
(1—2) (1=29...(1—7")

Consequently (w; 4, p) is the coefficient of 2* in the expansion
of this function in ascending powers of z. Notice that it is
incidentally proved that this expansion is a terminating one
of degree ©p, i.e. that the numerator of the generating function
w; is divisible by the denominator whatever numbers ¢ and
p may be.

Notice also that v, is exactly 2" times the result of replacing
in it 2 by z71. Coeflicients equidistant from the beginning and
the end in the developement are then equal. We have thus
a proof of one of the facts of § 129, i.e. that

(tp—=w;i, p) = (w1, p)

135. Generating function for number of seminvariants
of given type. It is easy to deduce a generating function in
which the coefficient of 2* is the difference of numbers of
partitions (w ; 4, p)—(w—1 3 4, p). This difference is the
number of those linearly independent. seminvariants of

(a0, @y, A3, ... 0) (2, 9)"
whose weight and degree are w and <, if ép>2w, and the.
number of invariants of the type if ip = 2w. For values
of w, such that ¢p—2w<0, or rather < —1, we are not
really concerned with the difference in connexion with semin-
variants, : :

us1 M
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Since

ui = (0 ;?:s.p)'l'(l ;/i) P)z+(2 ;iap)zz-*-"’
+ (w3 % P)2°+ ... +(ip ;5 1, p)2¥,

the value of (w; 4, p)—(w—1;%, p), for values of w from
1 to ip inclusive, is the coefficient of 2¥ in (1 —2)u,, i.e. in the
developement of
(1—2P%1) (1 —2P*%) (1 —22%3) ... (1 —2?*)
(1—2%) (1=2%)...(1=2"
This developement is a terminating one of degree p + 1.

Notice that from the last remark of the preceding article the
middle coefficient in the developement, when there could be one,
i.e. when %p is odd, vanishes ; and that coefficients equidistant
from the beginning and end are equal but of opposite signs.
Now (§ 129) we know that when ¢p—2w< —1, i.e. when
wpHi(ip+1), the difference (w ; ¢, p)—(w—1; ¢, p) is never
negative, The developement of the generating function con-
sists then of a series of terms with positive coetlicients followed
by a series with the same coeflicients taken negatively in
reversed order.

A word as to the first coefficient (0 ; ¢, p) = 1, which is not
presented as a difference. It is correctly the number of semin-
variants of degree ¢ and zero weight. The one is a,’. We
may if we like regard it as a difference (0 ; %, p)—(—1;1, p)
like the rest. For (—1 ; <, p) is of course zero.

136. Reciprocity. The generating function of § 134 may,
upon multiplication of numerator and denominator by
(1=2) (1=22)...(1=27%),
be written
(1—2) (1—2%) (1 =2%)...(1—2P*})
(1=2) 1=29)...(1—=2") .(1=2) (1=2%) ... (1—2)

which is unaltered by interchange of ¢ and p. It may; in fact,
be written
(1 ___zi+1) (1 —_z€+2) (1 _z‘+p)
0—2) (1=#9...(1—)

The coefficient of 2* in its expansion is then (w ; p, ©) for
exactly the same reason that it is (w; 7, p). Thus we have
another proof of the theorem of § 130 that

(w3, p) = (w;p, %),
and of Hermite's law of reciprocity (§ 131).
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The generating function of § 135 may also be written
(1—=2*1) (1= 2*2) (1 —2%*3)... (1 —2**?)
-9 (- (1-2)

Ex. 1. Prove by aid of generating functions that
(w4 p)—(w;i=1,p)=(w—i;4p—1).

Ex. 2. Prove that '
(w;i4,p)=(w;0, p=1)+(w—1;1, p—1)+(w—=2;2, p—1)+...
+(w—1; 1, p—1)
Ex. 3. Prove that

(wid, p)—(w—1;i=1,p)=(w;0,p—2)+(w—2;1, p—2)+...
+(w—2¢;4, p~2);

and that
n—3>» o
(w; 4 wy—(w—1;¢ w—1)= E(w-—2n ; 1—2, n).
n=20

137. The whole number of seminvariants and invariants
of given degree. The whole number of linearly indepen-
dent seminvariants of degree 7, including invariants if there
be any, which a binary p-ic possesses, may be found as
follows.

We have seen (§§ 112, 126) that there are none for which
ip—2w is negative. Thus the greatest weight of any is 3ip
or 3(ip—1), according as ¢ and p are not or are both odd.
Call this maximum weight W.

The number of seminvariants (or invariants if W be }ip)

of weight W is
(W54, p)—(W=1514,p);
the number (all seminvariants necessarily) of weight W—1 is
(W=154,p)—(W—2;14,p);
the number of weight W—2 is
(W—2;4,p)—(W=3;1,p);
and so on. Finally the number of weight zero is unity or
(0; 4 p).
Upon addition, we have for the whole nuwmber required
(W54, p),
and, restoring to W its value, obtain the two following results.
(1) Unless ¢ and p are both odd, the whole number of

linearly independent seminvariants and invariants (i.e. of
M 2
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covariants and invariants) of degree ¢ in the coefficients of
the binary p-ic is
(&ip ;% p)s

and these consist of
_ Gip; i p)—@Gp—~1;1,p)
invariants, and

Fip—1;14, p)
seminvariants (covariants).

(2) If 4 and p are both odd the whole number of linearly
independent seminvariants, i.e. of covariants, of degree 4 in
the coeflicients is

(3 (p-1) ;4% p}
none of them being invariants.

By § 184 the whole number of degree 7 is thus seen to be
the coeflicient of 2% or 2z3(P-1) as the case may be, in the
developement of

(1 __ZM-I) (1 _zr+2) (1 __zz)H)
(1—2) (1—2%...(1=2")

b

or its equivalent
(1=5") (1219 .. (1=2"*7)
(1—2) (1—2%) ... (1—27)

In both cases the covariants (and invariants) have been
actually exhibited in § 128 (bis).

We can now illustrate by a few simple cases the way in
which generating functions give information as to the number
and nature of 4rreducible concomitants.

188. Has a linear form invariants or covariants? For
the linear form «x+ by, p = 1. The whole number of linearly
independent seminvariants (including invariants) of degree ¢ is
by the preceding article

co. 2% in developement of (1 —2'*1)/(1—2),
where W = 47 or 1 (¢—1) according as ¢ is even or odd,
=co. zVin 1+2+2%+... +2*

=1,

Thus of each degree there is a single seminvariant. What
it is is clear. For degree 1 it is «, and for degree ¢ it is o',
It is a seminvariant and not an invariant, for ip—2w = ¢>0.
The covariant which it leads is (ax + by)’, the i-th power of the
linear form itself.



138] APPLICATION TO LINEAR FORM 165

Thus a linear form has no invariant, and its only covariants
are powers of itself,

139. Irreducible concomitants of a quadratic. For the
quadratic ax®+ 2 bxy +cy?, p=2. Here W =3%.24=4. The
whole number of linearly independent seminvariants and
invariants of degree ¢ is then

it 1
co. 2* in developement of (1—2") (1—2%7)

(1=2) (1=
= 9 I (1 —Z)—l (1 —22)_1
,, ” Q+2+2242%+...)

1422+t 42°+...)
=c0.2°in1+2+22242234+324+32%+....

There is, then, one of degree 1, viz. @; and therc are two of
degree 2, viz. the square a® of the one of degree 1 and another
distinet from it, which we know otherwise to be the diseriminant
ac—b% Of any higher degree ¢ we see, by considering the
product (1+2+22+23+...) (1+22+2*+2%+...), that there are
just as many as there are ways of making up the number ¢ as
a sum of multiples, including zero multiples, of 1 and 2; and
these are of course the produets of powers of the two indepen-
dent ones a, ac —b% of degrees 1, 2. For instance, if v+ 2s is
one of the partitions of ¢ in question, a"(ac—b%)°* is a semin-
variant of degree 7. All seminvariants of the quadratic are
then rationally and integrally expressible in terms of the two
o and ac—0b%, without the necessity of introducing any other.
The binary quadratic has therefore no irreducible seminvariant
besides @ and ac— b2

The second of these is an invariant. The first leads the
quadratic ax?+ 2bxy +cy® itself. Consequently the complete
system of irreducible concomitants of the binary quadratic
consists of the quadratic itself and its discriminant. (Cf.§ 84.)

Had we been looking for the irreducible invariants only
we might have taken the generating function of § 135. For
the quadratic the weight of an invariant of degree ¢ is } 24 = <.
Thus the number of invariants of degree ¢

= co. 2’ in developement of (1 —2*+1) (1—2'*?) /(1 —2?)

= ” 9 (1 __zZ)—l

co. 2 in 1 +2%+24+28+....

There is then no invariant of any odd degree, and a single one
of every even degree. Thus there is one, the discriminant

ac—0b?, of the second degree, and no other which is irreducible,
all others being powers of this. (Cf. § 78.)



166 INVARIANTS OF A CUBIC [140

140. Invariants of a cubic. Take p = 3, the case of the
binary cubic (a, b, ¢,d) (z, ¥)*; and first consider the question
of invariants only.

, . . 34
An invariant of degree 4 is of weight —57—' For there to be

one then ¢ must be even.
The number of degree ¢ is, by § 135,
21y (1 —2+2) (1 —2i+3)
(1—2%) (1 —2%)
1—24(z + 22 + 29)
- ? (1—2%) (1-2%)

. 1—
co. z3% in developement of (

1 z'i+1

-, S ey B (= e
B 1
= » (1= (1=

_ %i . ____L_____

co. 2!' in developement of (1—2)(1—2%

- 2% in developement of ! - 2
= ¢o0. 22" in developement o (1—2% (1—=2%) (1—2%(1—29)
= ¢o. 2% ! 2
= . 3 (1_‘24)(1_56) (]_ _Z“)(l—zlz)
_ 142442828
= , ” (1—2% (1—2"%)
_ 128
= ' 5 (f___zm )

since the terms z* and 2° in the numerator cannot when
multiplied by powers of 2% and 2'? produce terms of form 237,

—_ 8i
= ¢o. 2% in developement of gy

1
1—2t

=c0.2°In1+et+284224....

_— i
=co.z ”

Thus for a degree not divisible by 4 there is no invariant;
and for a degree divisible by 4 there is a single one, which
must accordingly be a power of the one of degree 4, i.e. the
discriminant (ad — bc)?—4 (ac—5?%) (bd—c?). This then is the
cnly irreducible invariant of the cubic. (Cf. § 78.)
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141. Irreducible concomitants and syzygy for a cubic.
We seek now the complete system of ceminvariants and in-
variants of the cubic.

Here, by § 137, the number that are linearly independent of
degree ¢ is the coefficient of z3% or 2%/~3, according as ¢ is
even or odd, in the developement of

(1 __zi-l-l) (1 ___zi+2) (1 __zi+3)
(1—2) (1—2%) (1—2%)

The two cases may be combined by saying that it is the
coefficient of 22% in the developement of
(1 __zi+1) (1 _zi+2) (] __zi+3)

(1—2) (1 —2%) (1—2")

1—2% (2422 +2°)

(1—2%) (1—22) (1 —29)
1
(1-2%) (1=2% (1—2%)

(1+2})

El

i.e. in that of

= co. 3¢ in developement of

z
(1—2%) (1-2)(1—2?

—co. 2}/ in developement of

: e 1
= co. 23* in developement of(l =y Y )
z3
T (1—23) (1—2%) (1—2")
) 1
= co. 2° » (1=2)(1—2% (1—=2%)
zﬁ
A=A A=A
= ” (1 +2+2°) (1+2* +25)—2°
A=) (=) (1=57)
_ 1420
= ” ”» (1_23)(1-——26) (l—zm)’

in the numerator of which all powers of z with indices not
divisible by 3 have been omitted as incapable of producing
2% when multiplied into powers of z arising from the de-
nominator, where all indices are multiples of 3,

1+28
(1—2)(1—2% (1-2%)

= co. 2' in developement of
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1—28
—_ {3
= co, 2* in developement of(1 A=A (=7 1=
= ' (1—-20)(1+Z+22+...)

Q+22+24+..) A +2842%+...) (T+24+28 +..),

of which the first few terms are
1424222 +328+524+625+82%+4....

We have then the following conclusions, gathered from the
form before multiplying out.

(1) There is one seminvariant of degree 1, arising from the
factor (1—z2)7! in the reduced generating function. This is
the seminvariant a.

(2) Besides.the square of this there is another seminvariant
of degree 2, arising from the factor (1—2%)-1. This is ac—0?
the seminvariant which leads the covariant which in § 86 has
been called H. Denote it by H'.

(8) Besides «® and a(ac—0?) there is another of degree 3.
This is a?d— 3 abc + 2 b3, the leader of the covariant which in
§ 86 we have called G- Denote it by @’. This arises from
the factor (1—2%)"1 ’

(4) Besides the four seminvariants of degree 4 which can
be formed by compounding a, H” and G’ rationally, there
is an additional one arising from the factor (1 —2%)-1. This
is the discriminant (ad—gc)z——4(ac—b2) (bd —¢?) which we
have called A. It is an invariant.

(5) There is no other irreducible seminvariant. For all the
factors of the denominator of the prepared generating function
are now exhausted, and there are no positive terms in the
numerator except 1; and this tells us that there is nothing
which in the developement can increase the coefficient of 27,
whatever ¢ be, beyond the number of ways in which ¢ can be
made up of sums of multiples of 1, 2, 3,4 the indices of the
2, 22, 2%, 2* in the denominator.

There are then four, and only four, irreducible seminvariants,
including the one invariant A. All of degree higher than 4
can be expressed rationally and integrally in terms of these
four a, I, &, A.

(6) But there is one fact more, given by the existence of
the negative term —2% in the numerator of the reduced
generating function. The four a, H’, &, A, though irre-
ducible are not independent. A relation, or ‘syzygy’ as it is
called, connects them. And this syzygy is of the sixth degree.
The presence of the —2° reduces the coeflicient of 2% in the
developement from 9, which would be its value were the
numerator 1 only, to 8. The number of linearly indepéendent
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seminvariants of degree 6 is then one less than the number of
products of degree 6 of powers of ¢, H', @’ and A. These
products are consequently connected by a linear relation which
reduces the most general linear function of them to one with
8 arbitrary coefficients instead of 9. The products are
a®, it H', a®@’, a?H", a?A, o H' ', H'3, H'A, G2,
The syzygy which connects them must of course connect
a number of them which are of the same weight. Now their
weights are
0,2 3, 4,6,5,6, 8 6,
the only three which are the same being those of a?A, H™
and G2 The syzygy then connects these. It is found to be
a?A = G2+ 4H'3,
which is of course the same relation as the
w?A = G2 +4IP
of § 86. For a, H', & are the seminvariants which lead the
covariants w, H, G'; and a syzygy connecting the semin-
variant leaders of covariants connects also the covariants led,
as otherwise by means of the syzygy we could form a co-
variant whose seminvariant leader vanishes, i.e. a covariant
with ¥ for a factor, which is impossible.

The complete system of irreducible concomitants of a binary
cubic consists then of itself, its quadratic and cubic covariants
H and @, and its discriminant A. The four are connected by
a syzygy of the sixth degree in the coefficients, and, it may be
noticed, of the sixth order in the variables.

142. Irreducible invariants of the quartic. For the case
p = 4, that of the quartic, we at present confine attention to
the investigation of the number of irreducible ¢nvariants.

Since here 3¢p = 2¢, the number of linearly independent
invariants of degree 7 is, by § 135,

co. 2% in developement of

(l ___zl"i-l) (l _z1'+2) (1 _ZH-S) (1 _3i+4)
(1—2% (1—2%) (1—2*)

P ) 1
= co. 2** in developement of A= A= 1=7
z€+1
T (1-2)(1-2°) (1—2)
1
-7 ” (1—2% (1—=2%) (1—2%)
z

—co. 2 i - A
co. 2* in developement of (1=2) (1—2%) (1=5%)
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= co. 2% in developement of A= _lzs) =
22
T (1=2%)(1-2% (1-2°)
1423 —22
- g (T=2%) (1—2") (1—2")
1—22
= ” ” (1=z%)(1=2% (1-2%’

for 2° in the numerator can be a factor only of odd powers in
the developement,

.. 1
= co. 2* in developement of (1_—7“)(Tz_“)
= ¢o. 7' 1
= °o » =29 (1=

Hence there are two, and only two, irreducible invariants,
one of degree 2 and one of degree 3, since there are just as
many linearly independent invariants of any higher degree
as there are combinations of that degree of these two. The
two are (§ 80)

I=ae—4bd+3c?,

J = ace+ 2bed —ad? —b2e — .
There is no invariant of higher degree which cannot be
expressed rationally and integrally in terms of them.

143. Invariants of the quintic and sextic. The applica-
tion of these methods has been continued a good many stages
further. The labour and ingenuity required increase con-
siderably as we advance.

For the case of the quintic, p = 5, the result is that the
number of linearly independent invariants of degree ¢ is the
coefficient of z* in the developement of

1—236
(1—2*) (1—2%) (1—2"%) (1—-21)
There are then four irreducible invariants of the quintie, of
degrees 4, 8, 12, 18. They are not, however, independent, as
the presence of —2%¢ in the numerator implies. This presence
diminishes the number of linearly independent invariants of
degree 36 to one helow the number of ways of making up 36
by means of repetitions of 4, 8, 12, 18. In other words, there
is a ‘syzygy,’ of degree 36 in a, b, ¢, d, ¢, f, the coefficients
of the quintic, which connects the irreducible invariants of
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degrees 4, 8, 12, 18. This syzygy will be exhibited in a
later chapter. It expresses the square of I, in terms of
1,, I, and I,,. ’

For the sextic the number of linearly independent invariants
of degree 7 is the coeflicient of 2* in the developement of

1—2%0
(T=2%) (1=2%) (1—=2%) (1—21) (1—2")

There ave five irreducible invariants, of degrees 2, 4, 6, 10, 15;
and these are connected by a syzygy of degree 30, which
expresses the square of I,; rationally and integrally in terms
of I,, I, I;, and I,,.

For the full investigation of these facts reference should be
made to Cayley’s second memoir on quantics.

144. Generating function for concomitants of given
degree and order. A new departure in the use of generating
functions dates from Cayley’s ninth memoir on quantics
(Collected Works, Vol. VII). The earlier use of them had not
succeeded in exhibiting complete systems of irreducible co-
variants for higher quantics than the quartic, and indeed
mistaken inferences from it had indicated the erroneous
conclusion that there were not complete systems of finite
number. That there were had meanwhile been conclusively
established by Gordan’s method of transvectants. The two
theories have now been completely reconciled, and verify
one another’s conclusions. The error arose from considering
all syzygies independent, whereas there are syzygies of
the second order connecting syzygies, for values of p ex-
ceeding 4.

Let us return to § 134, where it was shown that the number
of linearly independent partitions of w into % or fewer parts,
none exceeding p, is the coefficient of 2”¢* (notice that we
have changed the notation) in the developement of

1
T=9 1=20 1-78 . (-0
in positive powers of £ and therefore of z; and consequently

that the number of linearly independent seminvariants of
weight w and degree ¢ of a binary p-ie,

ie. (w31, p)—(w—151,p),
is the coefficient of z¥£% in the developement of
1—2

(1=8) (1—2¢) (1—2%)...(1—2"¢)

Here put @2 for 2z and az? for ¢, The number of the
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seminvariants is therefore the coefficient of a’z?-%* in the
developement of
1—x"2
(1—aa?) (1 —axP~2) (1 —az?*) ... (1 —ax~?*%) (1 —az~?*%) (1 —ax™")
in positive powers of @, and powers of  positive and negative
as they present themselves.

Now 4p—2w is the order = of that covariant of the p-ic
which any seminvariant of weight w and degree 4 leads. Con-
sequently the number of linearly indepengent covariants of
degree 4 and order =, where = is essentially non-negative, is
the coefficient of a'z® in the developement of this last written
generating function. In particular, the number of linearly
independent invariants of degree ¢ is the coeflicient of @' in
the part of the developement which is free from a.

For the quadratic, the cubic, and the quartic the generating
functions are

1—z*
(1—aa?) (1—a) (1—az?)’
1—g2
(1—az’) (1—azx) (1—az) (1—az?)’
1—g2

(1—aa®) (1—aa?) (1—a) (1—az?) (1—az™%)

145. Reduced generating functions. We need only those
terms in the developement which involve positive powers of
% as well as of «. Now it proves to be possible to separate
those parts of the generating function, for a given value
of p, which give rise to positive powers of @ from those
which give negative powers. It will be verified without
difficulty that the three last written generating functions,
for the cases of the quadratic, the cubic, and the quartic, may
respectively be written

A (z)—z% 4 (z7Y),
B (5)-a~* B (a1),
C@—a2C(x?),

where
1
A0 = T
1 —abz®
B(@) = (1—aa?) (1—a%?) (1—d2?) (1—-a?)’
) 1 —abg1?

= (1—azt) (1—a?) (1—a%?) (1—-ad) (T=a%®)
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Hence the numbers of linearly independent covariants of
degree 7 and order = for the quadratic, cubic, and quartic are
respectively the coeflicients of «'z® in the developements in
ascending powers of a of 4 (x), B (x), and C (z).

From A (z) and B (x) we at once gather the information of
§§ 139, 141 with regard to the irreducible concomitants of the
quadratic and cubic respectively.

From C («) we gather in like manner the full information
as to the quartic. It has five irreducible concomitants whose
degrces and orders are given by ax?, a% a®x*, a3, a®x8. The
first is the quartic itself

u = (¢, b, ¢, d, €) (@, y)*s
the second is its invariant of the second degree
I =uae—4bd +3¢?%;

the third is its Hessian
y

H=(ae-0)at+...= w4e;0(ac—b2);
the fourth is its invariant of the third degree
J = ace + 2bed —ad? —b%e—c?;
and the fifth is its covariant of degree 3 and order 6

Y
G = (d—3abc+20%)a’+... = ates’ (a*d —3abc+ 203).
The second term —a®z'? in the numerator tells us that the
five are connected by a syzygy of degree 6 and order 12, which
reduces the number of linearly independent covariants of this
degree and order to one below that of the number of products
of the degree and order in question of w, I, H, J, G. 'This is
readily found to be
Jul—THu?+ G+ 4 H* = 0.
As to invariants alone, the terms in 4 (z), B (z), and C (x)
which are free from « are the developements of
1 1 1
1—a?’ 1—d*’ (1-a?) (1—a?)’
whence the information that the discriminant is the only
invariant of a quadratic, and that of §§ 140, 142 for the cubic
and quartic, is at once gathered.

i

146. Reduced and representative generating functions.
The Quintic. To methods and results for quantics above the
fourth order we have only space to allude. Most of the
investigations are due to Sylvester who, with the collaboration
of Franklin, has obtained for quanties of the first ten and the
twelfth orders the numbers and types of complete systems of
concomitants, or rather, as he himself points out, the types
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and numbers of systems which must, if they err from com-
pleteness in the higher cases, err by defeet and not by excess ;
the possibility of there being more arising from the fact that
the labour of discovery has been reduced to tractable dimen-
sions by the adoption as a fundamental postulate for all cases
of a fact observed for the first six orders, viz. that new
syzygies and irreducible concomitants do not exist for the
same degree and order. To this postulate Hammond has shown
that there is an exception in the case of the septimic, for
which the investigations had previously indicated a speciality
not occurring in other cases so far as examined.

The first step in the process is general for all cases, and
consists in showing that, when, as in § 145, the ‘crude’
generating function of § 144 is written as the difference of
two parts, one of which gives all the terms in the develope-
ment which proceed by positive and zero powers of z, and
the other those which proceed by negative powers, the former
part may be written in the form

Cy+ Ci+ Cpa® + ...

(1—az”) (1—aa’?) (1—ax?4)...(1 —a¥) (1—a*)...
where the order of the numerator in « is less than that of the
denominator, and where C;, C}, C,, ... are finite rational and
integral functions of a. This is called the reduced generating
function.

The second step is one which has to be performed for the
cases of quantics of successive orders separately. The
numerator and denominator have to be multiplied by such
factors as to reduce the latter to a product of 1—aa? and such
factors as 1—az®, 1—a,

b

where i and = are recognized as the degree and order of an
irreducible covariant, and j as the degree of a known irre-
ducible invariant. In all cases examined this has proved to
be so possible as to keep the numerator a finite expression.
The reduced generating funetion thus prepared is called the
representative generating function. For orders of quantics
which have been examined the denominators of the repre-
sentative generating functions are products of 1—axz” and
of factors of the simple forms
1—a?x®, 1—a’. :
For the quintic (p = 5) the numerator of the representative
generating function proves to be
14 a® (@®+ a5+ 2°) + a* (w* + 2%) + a® (x + 2® + 2" —21?)
+ab (@ +at) + a” (z+ 2 —a®) + a® (2 +2t) + 0 (2P + a® —2)
+al0 (a2 + gt —219) 4 g1 (2 + 2% = 2°) + o (@ —a2f —a)



146]  REPRESENTATIVE GENERATING FUNCTIONS 175

+ 088 (m—af —a0) + o (2t —ab —ab) + a8 (— a7 —a?)
+a16 (w2___w6_w10) +a17 (_w'?___wg) +a'18(1 __mfl__ws_mlO)
+al (~ad—at) + 0% (—a?—af —af) + a2 (—am),

and the denominator

(1 —aa®) 1 —az? (1 —a?2®) (1 —a?) (1 —af) (1—a'?).

The third step in the process is one of sifting, or ‘ tamisage’
as it is called. We have certain irreducible concomitants, or
say ‘ ground forms,’ to use a common designation, represented
in the denominator. The earlier terms, after the first 1, in
the numerator are positive, and indicate the existence of other
ground forms. Proceed onwards from term to term in the
numerator. As long as the degree and order of a term a’z®
in the numerator cannot be made up as a sum of the degrees
and orders of previously occurring terms, we have revealed
the existence of as many new ground forms of that degree
and order as there are positive units in its coefficient. When
we have reached a term whose degree and order can be made
up as a sum of degrees and orders of ground forms whose
existence has been previously revealed by the numerator, not
also those represented in the denominator, the excess of the
coefficient of that term above the number of ways in which
this can be done is the number of ground forms of the degree
and order of the term in question, diminished by the number
of syzygies of the degree and order which connect ground
forms that have previously occurred, in the denominator as
well as in the numerator, but increased, as will presently
happen, by the number of syzygies of the second order which
connect previous syzygies and are of the degree and order in
question.

For instance, regarding the representative generating
function for the quintic above, the eight terms in the
numerator which immediately follow the first have all the
coefficient + 1, and the degree-orders of these terms, a®z? a®z5,
a®xd, atat, atxl, a’x, a®x®, a®a’, arve such as to make it clear
that none of the terms can be written as a product of powers
of the preceding terms. They indicate, then, that besides the
ground forms of degree-orders (1, 5), (2, 2), (2, 6), (4, 0), (8, 0),
(12, 0) given by factors of the denominator, there are others of
degree-orders (3, 3), (3, 5), (3,9), (4, 4), (4, 6), (5, 1), (5, 3), (5, 7).

Again, the coefficient of the next term a’z'! in the numerator
is —1. This indicates that there must be one syzygy of
degree 5 and order 11 connecting some of the fourteen
ground forms of degree-orders less than (5, 11). It is found
to connect the products C) ;0 ¢, 0, ;C; 4, C; ¢Cs 5, Where
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C,,, is the ground form of degree » and order s. In particular
C, , is the quintic itself.

'As soon as the degree-order (4, @) of each new ground form
in succession is found, we may, if we please, alter the form of
the representative generating function by multiplying its
numerator and denominator by 1—a'z®, and so put that

round form in the same position as those whose represen-
ga,tives were before in the denominator, thus narrowing the
further search by means of the numerator. In particular,
when we know all the ground forms, we may write the
generating function with the product of all their representative
factors 1—a'z®, 1—a’, &c. in the denominator. The sifting
of the numerator is then a process of search for syzygies only.
This idea has been developed by Hammond. The 4 (x), B (),
C () of § 145 for the quadratic cubic and quartic are generating
functions thus written.

Notice that the terms free from @ in the developement of
the representative generating function for the quintic above
are the terms in the developement of the result of putting
x = 0 in it, i.e. of

1 + a/ls
(1—a*) (1—ad) (1—a'?)’

This then is the representative generating function for in-
variants of the quintie. It leads to the conclusions already
stated in § 143,

There prove to be twenty-thrce ground forms of the quintic,
of which four, I,, Iy, I,, 14, are invariants.

147. A method for extracting representative generating
functions for invariants only will now be illustrated by the
comparatively simple consideration of the sextic.

Writing 2z for 2% we have to extract from

L7 3)(2) (1) (1) (-2) (-9),

1 . .
T—ar ® part which provides the terms

free from 2 in its expansion.

Since the product (3) (2) (1) (—1) (—2) (—3) is unaltered by
writing in it 2= for z and 2 for 27!, we may replace the multi-
plying 1—271by1—2z0rby % (2—2—271),i.e. (1 —2) (1—271),
and have the same terms free from 2 provided. Hence, noticing

that 1
(1=2)(2) (1) = - ()= @)},

where (n) means
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and that 1

()(=3) == {(®)+(-3)-1},
we have to look for the part free from z in the expansion in
ascending powers of @ of

s TaTi= (D=} (=)= (=2} (&) +(-9)—1}.

Here we may replace the last factor by 2(3)—1, since
{(1)—(2)} {(=1)—(—2)} is unaltered by the interchange of
z and 271, Thus we look for the part free from z in

1
a?(1—a)(1—a?)
(M=) E)+@)(=2)(3)-(1) (-2)(3) =) (=1) (3)
=3 (M (=1)=3@)(=2)+3(1)(-2)+3(2) (-1}

The parts provided by the separate products here can all be
obtained by noticing that, if » is positive, the part free from 2
in a product

1
1 —az™
is Cot Cat+ 0 0%+ ...

{eo+ 2 +e2® +...}

Thus, for instance,
1 1
M (=2) @) = T—az% (1—az) (1—azd)
_ 1 14 az+az®+ a2t
T 1—az? (1—at2¥) (1—a22f)

produces the same part free from 2z as it would were the terms
az+az8, of odd order, missing from the numerator, i.e. it

produces 1+at

- (1—d¥’
The other products—we have taken the worst—are readily

dealt with in the same way; and we thus have, as providing
all the terms free from 2,

1 { 1 1
at(1—a)(1—a?) (1 —a?) (1—a?) + (1—a? (1—ab)
1+at 1 1 1 }
T (1= (1-ab) (1-a®)(1—a') 1-a? T

ust N
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which is with little difficulty reduced to

144"
(1-a%(1~-a*) (1-af) (1-a') ’

and yieldy the information as to the sextic included in § 143.

147 (bis). Sylvester and Franklin have also exhibited gene-
rating functions for the whole number of seminvariants of
any degree for the quantics they have studied.

Moreover, they have obtained representative generating
functions of two or more quantics of low degrees, and studied
their indications as to systems of ground forms.

For these researches, and for the full theories above illus-
trated, reference should be made to the first four volumes
of the American Journal of Mathematics. A few exercises
are here left to the student.

Ex. 4. By § 137 the whole number of seminvariants (including
invariants) of degree ¢ of a binary p-ic is (3 ip; 4, p) or (3 ip—3; 14, p),
according as ip is even or odd. Show by the method of § 144 that
this number is the cocfficient of o’ in the part of the developement of

14277
(1=a?) (1—aa")...(1—az %) (1—az"?)’
in ascending powers of a, which is free from .

Ex. 5. Prove that the number of linearly independent seminvariants

of weight w and partial degrees 7, ¢ of a p-ic and a pic is the
_ coefficient of 22 &€V in the expansion of
1-2
(1= (1=2d)1=27¢) . (1-€) (1-2€)...(1=2"¢))

Ex. 6. Show, as in § 144, that the number of covariants of order =
and partial degrees 4, ¢’ of a p-ic and a p’ic is the cocfficient of
a'a'"z7 in the developement of

1-z72

(1=azfy(1-azP"9), (1~ az P+ (1~007P). (1 =a/a?) (1-a'2? %), (1= dz~ P T2 (l—a’x"’/)'

Ex. 7. Show that for two linear forms the reduced generating
function for numbers of concomitants is

1
(1—a) (1—a/a) (1—ad)’
where @ refers to one form and a” to the other.

Ex. 8. Show that for a linear form and a quadratic it is
1+ abx
(1=az) (1—ba") (1=0") (1—a')’
where a refers to the linear form and b to the quadratic.
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Ex. 9. Show that for two quadratics it is
14082
(IT=a®) 1 —ba?) (107 (1= (1—0V)

Ex. 10. The systemn of irreducible invariants of a cubic and
quadratic consists of invariants of partial degrees (4, 0), (0, 2), (2, 1),
(2, 3), (4, 3); and the last of these need only occur to the first power
in the expression of any invariant.

Ans. G.F.

1+atd®
(T=af) (1 =87 (1 —ab) (1—a?t®)’
found by method of § 147.

Ex. 11. For a quartic and quadratic the representative generating
function for invariants is

14 a®8®
(1=a?) 1—a’) 1 —0%) (1—ab®) (1—a®d®)
Interpret this.

Ex. 12. Show that, by writing

et e M oo
1—02 |1 —ba® * 1—ba? (1—ba®) (1—0x™2)

and applying the method of the latter part of § 147, we can obtain

the generating function for invariants of a p-ic and quadratic from
that for in- and co-variants of a p-ic.

Ex. 13. Obtain the generating function for invariants of a quintic
from that for in- and co-variants of a cubic by obtaining as in § 147
the part giving terms free from « in the expansion of

l—laﬁ {l—la + 1 .- 1} {B(m)——m" B(m")}.

x* 1—ax”

Ex. 14. If P(x) is the representative generating function for in-
and co-variants of a (p—2)-ic, that for invariants of a p-ic can be
found by obtaining the part giving terms free from x in the expansion

of (1—a?) P (a)/(1—a?) (1—aa™?).

148. Real generating functions. From representative
generating functions Cayley has passed to what he calls Real
Generating Functions.

Let us return to § 145. The generating function

1
4@ = g a=ay
for the quadratic has told us that there are two ground forms,
the quadratic 4 and the diseriminant A = ac—02, and that
there are just as many concomitants of any type as there are
products of that type of powers of w and A. This tells
N 2



180 REAL GENERATING FUNCTIONS [148

us that all concomitants of the quadratic are terms which
actually occur in the expansion of
1
(T—w) (1-4)
This is the real generating function for the quadratic.
Again, for the cubie, that B (), which write in the form
1+ g8
(1—aa?) (1—a’2?) (1—at)’
is the generating function, has told us that there are as
many concomitants of any type as there are such products of
u, H, A and G of that type as do not involve G to a higher
power than the first. Xnd this information is exactly ex-
pressed by saying that concomitants of the cubic are linear
functions of those products of the four ground forms which
occur in the developement of
1+@G
(T—w) 1=H) (1-4)’
which is the real generating function of the cubic.
Once more, for the quartic, C (z), or
1+alxt
(I—az') 1—a?) (1—a??) (1—d)’
tells us in like manner that there is a real generating function
1+@
O=w) -1) 1—H) (1-J)’

such that all concomitants of the quartic are linear functions
of terms which actually occur in its developement, i. e. of the
produets into which G does not enter to a higher power than
the first.

For the quintic, and beyond, the form of a real generating
function derived from the representative generating function
of § 146 is not unique, owing to the number of different ways
in which we may replace the many terms in the numerator
by products of ground forms. Cayley has shown in his
tenth memoir that the most useful form into which a real
generating function of the quintic can be thrown is

SP(1-Q)
(1—w) (1-0,, 2) (1 -Gz,a) (1—1,) (1—=1Iy (1—1p)
where every P and @, in the products whose sum is the
numerator, are products of ground forms and powers of
ground forms chosen from among the complete system of 23
whose forms will be exhibited in a later chapter. All the 23
occur in the numerator and denominator together.
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For invariants alone, real generating functions are

(1) for the quadratlc —

(2) for the cubic li not the same A of course as in (1);

A’

. 1
(3) fOl t/he qu&rtlc ('—l—;—jﬁi—:t].—)

. 1+1
4) for the quintic 18
® PR T =1y (1L
(5) for the sextic 141

(l" 2) 1_' (1‘_ )(1’“110).



CHAPTER IX

HILBERT'S PROOFS OF GORDAN'S THEOREM,

149. AN irreducible invariant has, it will be remembered,
been defined as one which cannot be expressed rationally and
integrally in terms of invariants of lower degree than its own
belonging to the same quantic or quantics.

Similarly, an irreducible covariant is one which cannot be
expressed rationally and integrally in terms of covariants and
invariants of degree in the coefficients lower than its own.

In the cases of binary quantics of low orders, it has been
seen in the last chapter that the number of irreducible in-
variants and covariants is limited.

And in § 61 it has been stated that Gordan, using the
symbolic method of the German investigators, has proved
that a complete system of transvectants is coextensive with
a complete system of covariants and invariants, and does not
comprise an unending series of irreducible forms; thus
showing that any binary quantie, or system of binary quan-
tics, has only a finite number of irreducible covariants and
invariants. His original proof has since been modified and
simplified. See Grace and Young’s Algebra of Imvariants,
Chapter V.

Several quite different simpler proofs of the finiteness of the
system of irreducibles are due to Hilbert; and one of these
establishes it for ternary and higher as well as for binary
quantics. We will first give at length his earlier proof, which
deals with binary quantics only.

150. Diophantine equations. Some lemmas as to the
solutions in positive integers of a system of linear indeter-
minate, or Diophantine, equations are necessary.

(i) An equation

U8y + AgZp + o0 + 0y = 09

where a,, a,, ... @, are given positive integers, is not satisfied
by any set of positive values of z, @,,... %,. In fact, the
only values, none negative, which satisfy the equation are
=2 =..,=2,=0.
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(i) An equation
O &+ Uy g + oo+ 0,0, =k,
where %, as well as «,, a,, ... @,, is a positive integer, has, if
any, only a finite number of positive integral solutions, zero
being counted for the purpose a positive integer. For the
whole number of ways in which the number k can be ex-
pressed as a sum of n or fewer positive integral parts is finite,
and the limitation that the parts be integral multiples of
some or all of @,, a,, ... a, imposes a further restriction.

(iii) An equation of the form in (i), except that some of
the coefficients are positive and some negative integers, is
satisfied by an infinite number of positive integral, or some
vanishing, values of «;, ,, ... #,. But of this infinite number
of positive integral sets of solutions only a finite number are
what may be called simple sets, i.e. sets which cannot be
obtained by adding together other sets of positive integral
solutions.

Let the terms with negative coefficients be transposed to
the other side of the equation, so that this may be written

4% +azw2 +... + Unyy = bm+1wm+1 + bm+2wm+2 +.o..+ b,,.’l)”,
where every « and every b is a positive integer.
That there ave positive integral solutions is clear. For
instance,
By =Dy By = g, By = Ty = ... = By
= Lute = Lpgz = 00 = Z, = 0,
and @, =Dy, Cpyg = 0, Ly = B3 = ... = Tppyq
= By = Tpag = ... = &, = 0,

are sets of solutions. Moreover, we may take for z,, ,, ... 2,
any the same positive integral multiples, or any sums of the
same positive integral multiples, of the values of x, @,, ...z,
in one or a number, respectively, of these particular sets, and
thus obtain another set of solutions. The number of sets is thus
infinite. Not all sets are as a rule obtained in this manner,
for there will usually be other sets in considerable number,
for which some or all of &, 2,, ... @, have smaller non-vanish-
ing values, than in sets of solutions comprised in the above
aggregate.

We have, however, to establish that the number of simple
sets of solutions is in all cases finite.

No set of solutions in which #, >b,,,,, and @, ., >a,, where
a2, and b, ,,%,,, are any terms on the left and right re-
spectively, can be simple. For any such set of solutions is
the sum of the first set of solutions written above and another
set.
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Thus in a simple set of solutions, if an « on the left, z, say,
exceed the greatest coefficient on the right, none of the 2’s
on the right can exceed «,; and if an & on the right, =,
say, exceed the greatest coefficient on the left, none of the
«’s on the left can exceed b,, ;.

Simple sets of solutions can then occur only in one or both
of two overlapping classes, the class in which no « on the
right exceeds the greatest coefficient on the left, and the class
in” which no @« on the left exceeds the greatest coefficient
on the right.

In the first class we have

O 2 S T s N (R P O Y

where a, denotes the greatest of ay, a,,...a,. Now by (ii)
the number of sets of positive integral, and vanishing, sets of
values of x,,@,,...z, for which this is the case, is finite;
and each set gives for the determination of @, ;, Zyigs ... Tu
an equation like

k=0bp1@ms1t Ompo@migt .o +0pty,

of which the number of sets of solutions is, again by (ii), finite.

And quite similarly in the second class there is only a finite
number of sets of solutions.

Of these sets some will be simple; but the vast majority,
as a rule, not so.

It is, however, completely established that the number of
simple sets of solutions, being part of a finite number of sets
of solutions, is itself finite.

(iV) It Q1 gy vee Oy B1s Bas cor Bui Y15 Yas voe Yasoes 8YE all the
simple sets of solutions of the equation in (iii), now proved
to be finite in number, all sets of positive integral, including
zero, values of ;, ,, ... #, which satisfy the equation are
comprised in the system

@ = ay b + Bt +yts+...,
Ty = oty + oty +¥ls+ s
Ty = Aoty + Buly+ yuls+ .o
where t,, £,, t;, ... , & known finite number of letters, have
positive integral, including zero, values which may be assigned
at will.
For the set «,, «,, ... @,, if not simple, can be expressed as
a sum of other sets. These, if not simple, can be expressed
as sums of other sets; and so on. Proceeding in this way,

we eventually get the set z,, @,, ... @, expressed as a sum of
sums of sums of &ec. of sets which can no longer be written
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as sums of sets, i.e. as a sum of multiples of the simple sets

Agy Qyy eoe Oy 5 :31) :82) oo Bus Yis Yo oo ¥nseeee

(v) What has been proved as to the finite number of simple
sets of positive integral and zero solutions of a single Dio-
phantine equation may now be extended to the case of
a number of such equations. Suppose that we have r such
equations in x,, #,, 2, ... &,, these variables not all necessarily
occurring in every one of the equations. By (iv) the variables
%y, @y, ... ¢, Which occur in the first equation must in virtue
of that equation have the forms

aty+ Bty +yits+ s
ayty+ Bty + sty t+ .o,

aﬂt1+ﬁnt2+ y“t3 + ey

where a;, 81,7y .- say Bas¥as +++ s +++ 5 Aus Brs Yy -+ have definite
positive integral or zero values, and ¢, ¢,, ¢,, ... are a finite
number of variables to which zero and positive integral
values alone are open. Substitute these expressions for
Xy, Tgy ... T, in the remaining »—1 equations. These become
r—1 equations in @,,,, @4, ... &, and ¢, t,, t;, ..., a finite
number of variables whose generality as positive integers or
zeros is only limited by the »—1 equations.

The first of these r—1 equations may now be treated
exactly as the first of the » equations was, and substitution
may then be made in the remaining »—2 equations; and so
on continually till we get to a single equation only. To this
the results of (iii) and (iv) apply. Thus we find eventually,
on successive substitution backwards, that all the p variables
%;, ®y,...x, can have no more general values than are in-

cluded in a, = Ay + B+ Oy + ...,
Ty = A, + Byry + Cprg+ sy

2y = Ayr+ By +Cpry+ ...,

where A,, B, 0y, ..., 4,, B,,C,, ..., ..., A,, B,, C,, ... are
definite positive integers, or some of them zeros, and where
Ty, Ty T3y ... 8re & finite number of arbitraries to which any
positive integral and zero values can be assigned at will.

In other words, a system of any number » of linear Dio-
phantine equations can, if soluble at all in positive integers,
have only a finite number of simple sets of solutions

Ay, Ay Ay, .3 By, By, By, s €, Gy Gy, &e,

all other sets of positive integral solutions being sums of
multiples of some or all of this finite number of sets,
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Ex. 1. The only simple set of solutions, excluding the all zero set,
of the equations i=ytr=z2ta=ax+y
is the set r=1y=12=1i=2

Ex. 2, The simple sets of solutions, besides the all zero set, of
t=xt+ytw=y+2tu=24+r+v=utv+w
are those of the table T, Yy R U, v, W, T
1,001,001
0,1,0,0,1,0, 1
0,0,1,0,0,1,1
Ans. Tt is easy to reduce the given set to
r=u, Yy=v, z2=w, t =ut+v+w.
Ex. 3. The only not all vanishing simple sets of solutions of
4(x+z+u+v)=2(22+3u+40),

from which z disappears, leaving the equation 22 = u+ 2v, are given
by the table

2
x, 2, U,

v
,0,0
1

,0,20
This proves that any product of powers of a,, a,, @, a, for which
4i = 2w is a product of powers of a,, ¢, a,, a,a%;.

) 151. Application to invariants of one binary quantic.
Now it has been seen in Chapter V that if a;, a,, ... a, are the
roots of the equation in 2 :%

1if (toy @y, Uys oo @) (@, y)" =0,
and i

i n n n,
€ = a'y (a;—ap)"? (a;—ay)"2 (a—ag) ...
is &', times a product of differences between its roots, such
that n,,, n.,, N, ... are all positive integers, or some of them
129, T3> Mgy P gers,

zero, and that all roots occur in the same number 4 of
factors where

i= 77/12'*'72/13"' s +In]p)
= Mgy + Ny F ... + Ny

= Ny +Ngz+ ... + Ngp,

. .

. = Mypt Nopt oo T Mpo150s
then Se,

where the = means that the roots are permuted in all possible
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ways and the sum taken, is, if it does not vanish identically,
an invariant of

(g, @y, g, ... ty) (@, 9)75
and, conversely, that any invariant can be expressed as such
8 sum e, or at any rate as a sum of numerical multiples
of such sums for which ¢ is the same though the individual
n’s may be different.

We have to prove that any such sum Z¢ can be expressed
rationally and integrally in terms of a finite number of ele-
mentary sums of the kind. This will show that any invariant
is a rational integral function of a finite number of elementary
invariants. It will not show that these elementary invariants
are irreducible, but it will that all irreducible invariants occur
among them.

It will be observed that the system of equations above
in 7 and m,, Ny, Ny, ... is a system of Diophantine equations
such as that contemplated in § 150 (v). Bringing to bear
on the system the theorem which has been proved, we learn
that every such product ¢ as above is a produet of powers of
a finite number of elemental products e, ,, €, ... ¢ which
obey the same laws, one elemental product being given by
every simple set of solutions of the system of Diophantine
equations, so that generally

€e=¢€"€, ... ¢,

for some set of positive integral, including zero, values of the
indices 1y, 7y, .\\ 7.

Every invariant is then of the form

Se e, €, "

for some such set of indices, or a linear function of such
sums; and no such sum which does not vanish identically
can fail to be an invariant.

The student must bear very clearly in mind the exact
meaning of the summation denoted by the 2. The summa-
tion is that of the 1.2.3...p terms, obtained by putting
for the roots as they occur in the fully written expression
of € ¢,7... ¢, ™ the corresponding roots in every one of the
1.2.3 ... p permutations of the p roots a;, ag, @y, ... a, of tho
quantic under consideration. The number of terms in the
summation is in the first place, and is to be regarded as,
the full number p! of these permutations, though among them
in any particular case there may be expected to be repe-
titions or cancellings or both. Other meanings might, but
must not, be attached to the =. For instance, the meaning
might be attached that to each of €, €, ... €, separately be
given every one of its p! permutational values. We should
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then get it is true an invariant or an identical zero, but we
shoulg have no security that every invariant is thus obtained.
An instance of the need for this caution will occur in an
example on the quartic to be given presently.

152. We now bring in an idea from the theory of equations
which will enable us to complete Hilbert’s proof of Gordan’s
theorem,

Consider ¢;, one of the elemental products e, €, ... €. It
is also one of p ! similar products of which the rest are obtained
from it by permuting the p roots a,, a,,...a, in all possible
ways. These p! products are the roots of an equation

6"+ P 1+ Pye 2+ ...+ Py =0, e (1)
of whose coefficients some will frequently vanish identically.
Those which do not will be rational integral invariants. For by
Newton’s theorem on the sums of powers of roots (Burnside and
Panton’s Theory of Equations, 4thed.,§ 77) Py, P,, ... P, can be
expressed rationally and integrally in terms of s;, sy, ... sp1, the
sumns of the first, second, ... p! th powers of the p! values of ¢
which are the roots of the equation. Now s, sy, ... 8,1, OF
rather such of them as do not vanish identically, are invariants
gxhibited in a form which is a case of the general form of

151.

Thus the equation (1) expresses ¢,?' as a linear function of
the first p!—1 powers "1 ¢!=2, ... ¢ of ¢ with an absolute
term, the coeflicients and absolute term being invariants
expressible as rational integral functions of s, s5,... 5,1, If
we multiply through by ¢; we obtain an expression for ¢?'*1,
which, upon insertion in it of the already obtained expression
for ¢!, becomes a linear function of ¢?!"1, ¢?!"%, ... ¢, whose
coefficients and absolute term are rational integral functions
of s;, 55,...5,1. Multiply again by ¢, and again replace e
by the expression for it; and repeat the same process any
number of times that may be desired. We thus obtain the
fact that, the index r, being any number not less than p!,

€11~1 = Qlelﬂl-l_’_ Q261P1—2+ e +Qp!)
where Q,, @,, ... @, are invariants capable of expression as
rational integral functions of the p! invariants and zeros
S1s Sy ees Sply 1.6 Zeg, Sk .., Dl

Proceed now in like manner with ¢, a second of the
elemental products e, €,,...¢,. This again is a root of an
equation of degree p! whose first coefficient is unity and
whose other non-vanishing coefficients are invariants ex-
pressible rationally and integrally in terms of p! sums of
which those which do not vanish are invariants, viz.
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3¢, Ze?, ... 2. Consequently, if r, is not less than p!,
we have € = R1€2”t'1 +R2 62"!‘2 +...+ Rp!,

where R, R,,...R,, are invariants expressible as rational
integral functions of Z¢,, S¢,? ... T,

In like manner we have like expressions for powers not less
than the p! th of e, ¢,, ... €., the remaining elemental products
of powers of a, and differences between roots.

153. The number of irreducible invariants of a binary
quantic is finite. We now return to the general expression

of § 151 Se e, "

AL

There is, in the first place, only a finite number of these
expressions for which none of the exponents r;, r,, ... 7, exceeds
pl—1; viz. (pl)*—1.

Take, however, any one in which one or more of 7/, 7,,... 7,
exceeds p!— 1, and express such higher rth powers of elemental
factors in terms under the = by the expressions obtained in
the last article in terms of powers less than the p!th. Having
done so, multiply out the expression obtained. The result is
an identity like

IO e Py P P g, o o,

Sele?.. 6, = Z{K e 16,7 6 + Kye70€,72.. .6, + ...}
P o, o, o,

=K 3¢ 1. + K3 Z¢16,00.6,"" + .00,

where nono of the indices on the right exceeds p!—1, and
where K, K,, ... are rational integral functions of the u times

p! sums: Ze, 2e? . Ze?)
2 !
Sey, Bey ... 2et,

Seu, 26l Sef

which are all rational integral invariants, and are themselves
all included in the form Ze*1¢,... €, for values of the indices
not exceeding p!

Thus every sum I¢ "¢, ... ¢,", and therefore (§ 151) every
rational integral invariant, is a rational integral function of
a finite number of rational integral invariants; viz. of those

included in the form Sefte .. €

for values of the indices none of which exceeds p!, and which
are indeed all less than p! except that one of them may be
equal to p! when all the rest are zero.

It is well to repeat that the summation is to be taken as
including p! terms, one corresponding to every permutation of
the p roots.
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As already pointed out in § 151, it must not be supposed
that we have here the exact number of irreducible invariants,
of which all other invariants are rational integral functions, or
the forms of invariants which are irreducible. The number of
the invariants in terms of which all invariants are here shown
to be capable of rational integral expression is, for quantics of
low orders to which Gordan’s method of transvectants and the
arithmetical method of the last chapter have been applied,
vastly in excess of the necessities. Moreover, no precise
number is really assigned at all by the above reasoning; for
even when the elemental products €, ,, ... €, are known for
any quantic we have still no information as to how many of
the sums Ze"e, ... ,” vanish identically.

But a finite number of expressions has been definitely
specified, all non-vanishing individuals among which are
invariants, and in terms of which all other invariants can
be rationally and integrally oxpressed. That some of these
only are strictly irreducible invariants, while the rest are
rational integral functions of them, does not affect the argu-
ment that all invariants are rational integral functions of
a finite irreducible system. A selection from a finite system
is itself finite.

A modification of Hilbert’s method has been proposed by
Kempe. He succeeds in using a more readily exhibited system
of products of differences in place of the elemental products
contemplated in this chapter. See his paper ‘On Regular
Difference Terms, Proc. Lond. Math. Soc. Vol. XXV. p. 343.

154. The cubic and quartic. Little is taught us as to the
invariants of quantics of particular orders by exhibiting the
method in their particular cases, but for the light thrown on
the method itself we exemplify it in the cases of the cubic and
quartic.

For the cubic (a, b, ¢, d) (=, y)3, whose roots are a, 3, y, any
invariant is a numerical multiple of

2d(B=y) (y=9)' (a—B)"
wherei=s+t=%t+7r=1r+s Of thece equations (§ 150, Ex. 1)
the only simple set of solutionsisr =s=¢=1,9=2. Thus the
only elemental produet is

«=0a*(B~y)(y—a) (a—A).

The 3! permutations of a, 3,y in this give three products

each equal to e and three equal to —e. Thus the equation
with invariant coefficients satisfied by e is

{€—a* (B—y) (y—a) (a—pB)*}* = 0.
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All irreducible invariants are then included among
Se Je2, S8, Set, Seb, B,
of which the first, third and fifth vanish, while the second,
fourth and sixth are
6¢€2, 6et, 6€°,

Of these the second and third are numerical multiples of
powers of the first. Thus 6¢% or, say,

e = a* (8—y)* (y—a) (a—BY’,
is the only irreducible invariant of the cubiec.

For the quartic (a, b, ¢, d, ¢) (z, y)*, whose roots are a, 8, y, 8,
invariants have the form

2a' (B—y) (y—a)' (a—p) (@—2)" (B=2)" (y—2)",

where ¢=s+t+7 =t+r+s =r+s+t’' =7+ +t,
of which the simple sets of solutions are given in § 150, Ex. 2,
and tell us that the elemental produects are

6§ =0a (ﬁ'—y) (0.-—5),

=0 (‘y—"a) (B—s)a

&= a(a—p)(y—3),
These are, it will be noticed, as is no¢ the case in general for
the €’'s corresponding to higher quantics, of one type, and are
the aw, av, aw of § 80.

The 4! permutational values of ¢, are
aw, v, AW, —di, —av, —aw

each four times repeated ; and the values of ¢, and ¢, are the
same in different orders.

The equation with invariant coefficients whose roots are the
24 values of either ¢, or ¢, or ¢, is (§ 81, Ex. 5)

{(¥—12Te + cPuvw) (€—12Te—adurw) }* = 0. ...(1)
. The irreducible invariants are included in the finite number
hke 261)‘ 52/4 ‘3"’
where neither of A, u, v exceeds 24, and where if either one
is 24 the other two vanish.

This example, then, affords an instance of the great excess
over the number of irreducible invariants of the finite number
of invariants among which they are included according to the
present investigation. For we know from previous chapters
that the only really irreducible invariants are

3¢ = 3¢, = Z¢; = 8a? (u + 02+ w?)
and
Sefe, =S¢t = et = —Ze 6t = —266 = — 60
= 4a® {ud (V—w) + v (w—u) +w? (v -v)}.
It also affords an illustration of the care which must be



192 EXAMPLE OF QUARTIC [154

taken to attach the right meaning (see § 151) to the summa-
tion 2. If in Ze¢’%,, instead of taking this as meaning the
sum of 24 terms obtained by permuting the roots as they
occur in €2, in all possible ways, we had wrongly taken
it as meaning that e, is to be given its 24 (or its 6 essentially
different) values, and ¢, similarly, we should have had a sum
of 24% (or 6%) terms which vanishes identically, and should
not have obtained the, in fact irreducible, invariant
a?{u? (v—w) +v? (w—u) + w? (u—v)}

at all. Or, if we had taken it as meaning the sum of the
6.5 terms e2¢/, where ¢ and ¢ are two different roots of the
equation (1) for ¢ or for e,, the same failure would have
resulted.

155. To secure clearness we have in the last four articles
restricted our field of investigation as much as possible, and
have confined attention to <nmvariants, and to invariants of
a single binary quantic only. Neither Gordan’s theorem,
however, nor Hilbert’s line of argument is of such restricted
application.

Equal fulness of treatment is unnecessary in the next two
articles, which deal respectively with the case of covariants of
a single binary quantic and the general case of covariants
and invariants of more binary quantics than one.

156. The number of irreducible covariants and invariants
of a binary quantic is finite, Let us use the word covariant
as including invariant as a particular case, and also as in-
cluding the quantic itself.

Any covariant of the binary p-ic

(@, ay, 0y, ... a,) (@, Y)*
whose roots are a;, a,, ag, ... a, is, by Chapter V, of the form
3.af (@—a )" (@—ayy)™ ... (2—a,y)"?.
(o, —ap)"s (ay —ag)"s* (a— )™ ...,
where the positive integers, or some of them zeros,
Mys Mgy ovs My, Nygy Nygy Niggy +es
satisfy the Diophantine equations
@ = My + Mg+ Mg + ... + My,
©= Mg+ Mgy + Mg+ e+
= Mg+ Nyg+ Mg+ ... + Mgy
=Myt N+ Ngy + oo+ My,

=Mp+ Nyt Ngp+ s +Myog py
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or is a linear function of such sums for the same values of
7 and = ; and all sums of this form are covariants. In par-
ticular, those for which the m's are all zero are invariants,
a,ndl f!;hose for which the n’s are all zero are powers of the p-ic
itself.

Now by § 150 (v) the number of simple sets of solutions of
these Diophantine equations for ¢, = and the m’s and n’s is
finite. Every product, such as that under the ¥ above, is then
a product of powers of elemental products of the same form
and with the same properties.

If these elemental products are called 5, 7,,...7,, then, exactly
as in § 152, these severally are roots of equations of degree p!,
in each of which the coeflicient of the first term is unity,
and the other coefficients are covariants which are rational
integral functions, in the first case of 3n,, Zp,2, ... Zp*}, in
the second case of y,, .2 ... Xp,*!, &e., &e. Hence, as in
§ 153, all covariants can be expressed rationally and integrally
in terms of covariants included in the limited class

DY N LS A
where neither of the indices exceeds p!, and none is in fact so
great as p! unless all the others vanish.

Remark that, the number of irreducible covariants (in-
cluding invariants) being finite, the number of irreducible
seminvariants (including invariants) is also finite. For, if
any covariant is a rational integral function of other co-
variants, the coefficient of the highest power of 2 in it is that
same rational integral function of those of them which aie
free from 2 (i.e. the invariants among them) and the co-
efficients of the highest powers of = in the rest.

Ex. 4. In the case of the cubic the clemental products are
4 (@—ay) (- By) (@—rY),
@ (B=7)(y—a) (a=B),
and  a(@—ay) (B—7), ale—By) (y—a), «(x—yy) (a—h)

157. Several binary quantics. The proof that all co-
variants and invariants of a finite number of binary quantics
are rational integral functions of a finite number of covariants
and invariants of the system is similar.

For a system of a finite number of binary quantics whose
leading coefficients are oy, «,,..., and whose roots are
a;, 03, ... a, in the case of the first, ¢, a;, ... o', in the case of
the second, and so on, the general expression for covariants

1481 o
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of which all other covariants arc linear functions of one
degree and order is of the form
Slafa,” M (x—ay). Nl (@—ay)...

(e, —a,) .1 (a,/—0a;))... I (a,—a,) ... },
where TI (z —ay) denotes a product of & number of the ditfer-
ences —a,%y, £—ayy, ... —a,y and their powers, IT (z—a’y)
a product of a number of the differences z—a,"y, —a,y, ...
@ —a’ sy and their powers, 11 (o, — a,), IT (a,” —a,’), &c., products of
numbers of differences between two roots of the first, second,
&c., quantics and powers of such differences, and IT (a, — a;’), &e.,
products of differences and powers of differences between roots
belonging to different quantics of the system. Also, in a
product under the 2, all roots ay, ay, ... a, of the first quantic
occur in the same number ¢ of factors, all roots a;, a,, ... @'y
of the second quantic occur in the same number ¢* of factors,
and so on. The summation = consists of p! p’!... terms at
most, obtained by permuting the p roots a,, a,, ... a,, the p’
roots oy, @, ...a,,, &e., in all possible ways.

The conditions as to degrees in the various a’s, a”’s, &c., are
expressed by p + 2’ + ... linear Diophantine equations in 4,7/, ...
and the exponents of powers of differences ; and =, the order in
@, y, is determined by another sum of the exponents. Now
the whole system of p+p"+... + 1 equations in<¢, ¢, ..., @ and
the exponents has, by § 150 (v), only a finite number of simple
sets of solutions. To each simple set of solutions corre-
sponds an elemental produet. If these elemental products are
®;, w,, wy,..., the general = above is, as before, capable of
expression in the form Ze,"w,w,s....

Also, precisely as before, every elemental product o, satisfies
an equation of finite degree, in no case exceeding p!p'!...,
whose coeflicients, after the first which is unity, are rational
integral functions of a finite number of sums of powers of
o, and the results of permuting among themselves the various
roots in »;. Hence, as in earlier cases, the sum

S 1w, 0",

can be expressed rationally and integrally in terms of the
finite number of like sums in which », 7, 5, ... do not exceed
definite numbers ; and these like sums are all rational integral
covariants and invariants. All rational integral covariants
and invariants of a system of binary quantics are then
rational integral functions of a finite number of such con-
comitants of the system.

In particular, all invariants of the system are rational
integral functions of a finite number of invariants. For if
an invariant, free from the variables, is a rational integral
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function of invariants and covariants, we obtain, upon putting
the variables equal to zero in the identity of the invariant
and the function, an identity in which all the covariants are
replaced by zeros while the invariants alone remain.

157 (bis). Hilbert’s second proof. This depends on the
following far-reaching theorem :

If o, is any system whatever of rational integral functions
of m letters x,, a,,...x,, then it is possible to choose in the system
o, a finite number F\,T,,... F, of the functions such that every
Sfunction F of the system is @ sum A F\+A,F,+...+A4,F,,
where A,, 4,, ... A,, or such of them as are not constants or
zero, are rational integral functions of ;, x4, ... 2,.

We will confine attention to homogenecous functions, or
say forms, in @, @,,...2,; and in so doing shall lose no
generality. For, when we have proved the theorem for
systems of homogeneous forms in = letters, where » is any
number, we may put 1 for ,, and thus be sure that it holds
for not necessarily homogeneous functions of n—1 letters,
where n—1 is any number.

There is no limitation whatever to the nature of the definite
laws which the forms F of ¢, arc required to obey. It suffices
to know that a form written down at will either definitely is
or definitely is not an F'

First notice that the theorem holds for a system o, in one
variable @;. The forms included in o, are numerical multiples
of powers of x,, and it suffices to take a single F), one of
lowest degrec.

We will now assume the theorem true for every o, ; in
Xy, Xgy oo Xy, and prove it true for every o, in @, x,, ... ;.

In a chosen o, take a form F) of lowest (or any) degree .
If it does not possess an x,” term apply to F), and to the
entire system, a transformation

’ ’ 7 7

xy =2 HNE, @y = ay A
i ’ r 4 1) e ’
Ty = X F A, ®, = A,

with definite numerical values of A, A,, ... A, which are not

values of @, 2,, ..., making F} = 0. F,is thus given a term

which is a numerical multiple of z;,/". Now remove accents.
By division every F as now written can bo given the form

F=PF +Qux, '+Ra2+...+7,

where P is a form in the new w, #,,...2,, and @, R,... Z
forms in the new @, ,, ... «,_, only.
For all the forms F in o,, the @’s constitute a o,_;. By
02
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our assumption there is a finite nuraber ¢,, @, ... @, of these
(s, such that every other @ is a sum

AQ,+ A Q. +...+A4,0Q..
Thus, if @, occurs in F,, @, in F;, and so on, and P,, P,, ...
are the corresponding I”’s, every F is such that a relation
holds like

F-—PF = A,(F,~ DP,F\) + A4,(F,— P, F)) + ...

+A,(F,—PF)+ R/ 2482 +...+7Z,
i.e. is of the form
F=AF+AF,+...+A4,F,+Re, 248z, %+.. .+ 2,
where R, S, ... Z are free from z,.
Here the R’s for different forms F in o, constitute a o,_,.
By our assumption there is a finite number of them,
R,y Royo, .. Ry,
such that every other is a sum
Aoy Bupy+ AaryRayy+ 0o+ AdpBy.
Hence, by a repetition of the above argument, every F is a sum

F=AF+A,F,+.. +AF,+A4, . F,  +...+4,F;

+ 82, 3+ T, 4+ ... + Z,
with a new A,, 4,,... 4,,and 5, 7,... Z.

Again the S’s here constitute a o,_;, and we can repeat the
same argument; and so on. Presently we find that every F
in o, is a sum

F=AF+AF,+.. . +AF+Z,
where F|, F, ... F, are forms in ,, and Z is a form in
@y, @y ... @,y only. The forms Z constitute a o,_;; and one
more repetition of the argument tells us that there is a finite
number of forms F,, F,,,.. F, in o, such that every other
{form in o, is a sum .
F=AF +AF,+..+AF,.

Thus if the theorem is true for every o,_, it is for every o, ;
and, as we have seen that it is true for every o;, the mathe-
matical induetion proving its universal truth is provided.

157 (ter). Now all invariants I of (¢, «q,...q,) (x, )"
constitute a system o,,, of forms in «,, ¢,,...«,. There is
then a finite number of the invariants, I;, I,,... f,“ such that
every other invariant can be written

I=A1+A4,1,+...+4,1,
where A4,, 4,,...4, are forms in a,, «,,...a,, but not
necessarily invariants. They are however isobaric, and obey
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the degree and weight condition n = ¢p—2w = 0 appropriate
to invariants, because I and I, I,,... [, are and do.

Now, putting n =0 in § 128, Ex. 8, we know that the
operator 0 ) 0

Q 0 Q

X=(1 1.2)<1_'2.3)“'(1”zb6547ﬂ
produces an invariant from any gradient for which » =0
which it does not annihilate. Remembering that [ and
I, 1,,...I, are annihilated by Q and by O, we obtain by
operating with it on the identity above
I=I1XA+1,XA,+...+1.X4,
=L+, L+ ... +J,1,

where J|, J,, ... J, are invariants, not all at any rate vanishing.

Thus every invariant I which is not one of I, I,,... I, is
reducible. It isin fact reducible in termsof I}, I,,... I,. For
Ji, J,, ... J, may be taken for I and expressed as sums of
invariant multiples of I;, I,,...1,; so can the invariants
JY, Jy, ... which occur as coeflicients of I, I,,... I, in the
expressions for the J’s; and go on, till at a last stage degrees
have been reduced so low that the multipliers are numerical.

Accordingly there is only a finite system of irreducible
invariants, namely the lowest base system for which Hilbert’s
theorem of § 157 (bis) holds.

This proof has been given for the case of one binary p-ie.
It however applies equally to invariants of a system of binary
quantics. We have only (§ 132) in the operator X to take =Q
and =0 in place of 2 and O.

In particular it applies to the invariants of a system
comprising one or more binavry quantics and a linear form
yw—a'y, 1.e (§ 69) to covariants (including invariants) of the
one or more quantics. Thus all covariants and invariants of
a binary quantie or system of binary quantics can be rationally
and integrally expressed in terms of a finite base system
K, K,,... K, of covariants and invariants.

The usual completion of the proof of tho finitencss of the
system of irreducibles for (ernary and Ligher quantics depends
on the following theorem—see kix. 6 below :

If M is the modulus or determinant of the yeneral scheme
of linear transformation (§ 2), and if [M] s the operator
deduced from M by replacing in it I, &c., by 3/dl, &e., then, if
we take any product of coefficients and varicbles in @ trans-
formed quantic or quantics, or wny lineur function of such
products with the same order w and degree or degrees, if we
capress it in terms of the coefficients and variables in the
untransformed quantic or quantics and the constants I, &«., of
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the trangformation, if we now multiply it by a kigh enough
wndegral power of M to make it integral in I, &c., and then
operate on what is obtained with [M)] just enough times to
obtain « result free from 1, &e., this result will be u covariant
(or invariant if = = 0), unless it vaniches.
The application to invariants is as follows. Having
I=A4,1+A4,1,+...+4,1,,

substitute, on both sides, transformed coeflicients for untrans-
formed, and go through the above processes. In the end
1, I, I,,... 1, figure as before the substitution, but for

numerical multipliers, while invariants and zeros replace
AL, 4, ... A,.

Ex. 5. If the linear transformation = =1IX+..., ..., of deter-
minant M, is the result of a sequence of transformations
) r=1lx,+ .., .. and o, =LY+, ..,

of determinants A/, M,, prove that M = M, M, and [ M,| = M, [ M ]

Ex. 6. If ¢, a function of degrec ¢ and order & in the final
coefficients and variables, is called G (Z, ...) when expressed in terms
of I, ... and the original coefficients and variables, and G(l,, ...) when
expressed in terms of 7,, ... and the intermediate coefficients and
variables, prove that

[M]™ LG, ) =M (M) (MG (L, .00) )
and hence prove the theorem of invariancy, just stated, for the lincar
transformation @ = ;2,4 ..., ..., which may be general.

157 (iv). Syzygies and syzygants. Irreducible invariants
(or covariants and invariants) are in general too numerous to
be algebraically independent. We can find rational integral
algebraic functions of them which vanish identically when
expressed in terms of the coefficients (and variables). Such
a function is called a syzygant, and a relation syzygant = 0
is called a syzygy.

A syzygant (in invariants, say) multiplied by an invariant
is still a syzygant, and so too is a sum of products of syzygants
and invariants. A direct application of Hilbert’s theorem
(§ 157 bis) to syzygants, regarded as a class of (non-homo-
geneous) functions of the finite number of invariants, shows
that all syzygants can be expressed as sums of invariant mul-
tiples of a finite number of syzygants, i.e. that irreducible
syzygants are finite in number.

Irreducible syzygants may be connected, as functions of the
invariants, by syzygies of the second order. There may also
be syzygies of the third order among syzygants of the second
order; and so on. But i} has been shown that the succession
of orders of syzygants must terminate.



CHAPTER X

PROTOMORPHS, ETC.

158. Recapitulation. We have seen in Chapter VI that
the leading coeflicient, that of the highest power of z, in any
covariant of

U = (g, Uy, gy oo ty) (@, Y)?
is & seminvariant, i. e. is annihilated by
Q= 2 +2 2 oty
=a, a\a; 1 b(—lz v T Py 5;,, ’
and consequently possesses the half invariant property of
being invariantic for such linear substitutions as

z=X+mY, y=1Y.
It has also been seen that conversely
S (agy ay, tg, ... @),

any gradient of extent not exceeding p which is such as to
satisfy the differential equation

Q8= o,
and which is consequently a seminvariant, is the leading
coefficient of a covariant whose order = in z, y is given in
terms of p and ¢ and w, the degreec and weight of S, by the
relation
== tp—2u;
in fact, that the covariant in question may be written
)
wm—zwa.c S(Llo, a’l’ Uyy oo up)’

where 0 = pa 2 +(p—=1)a 2 +.ta 2
"‘Z°lba0 ? Ra, TP da,

If = = 0, the seminvariant is an invariant.

Thus covariants, including invariants as a particular case,
and seminvariants, also including invariants as a particular
case, are equally numerous, and correspond one to another.
If any relation or syzygy connects certain covariants, the same
syzygy connects their seminvariant leaders, and vice versa.
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Another expression for the same covariant, whose leader is
the seminvariant S (ay, @,, @, ... a,), is

k4
(- 1)"’3/"’"2“’6”9;5' (@ps Apyy Ap_gyov Q)
where S(a,, ¢,_y, @,_y,...U,) is the anti-seminvariant obtained
by interchanging «, and «,, a, and a,_,, &c. in the semin-
variant S (¢, @, aq, ... ).

159. Elimination of z between w and its successive deriva-
tives with regard to z. Two interesting conclusions at once
follow from the results of Chapter VI.

Of these the first is that if in any seminvariant

S (ag. ay, ayy ... ay,)
of « we replace
a, by u, i.e. by (a,, a5, a,, ... a,) (x, y)", which call a,,

1du .
Uy by]-) 3.0 e by (g, ty, dgy.o.tty ) (2, Y)Y,
which call a,_,,
1 N2y,

« , Loe. by a2 + 2a,2y + ayy?,

Y )y 2
which call a,,

1 Wy . g

Y pp—1)...3.2 g1 "% by age +a,y,

a; b
which call a,,
I 1 oy,
GO S p—=1)...3.2.1 0
no @ appears in the result, which is merely the seminvariant
itself multiplied by %", where w is its weight.
The result of substitution is annihilated by
d
Qy 5*(;:-[
Now, writing w, for du/da", for every value of  from 1 to p
inclusive, we see that this is :
d 2 <
Sy T S, T
which, when it operates on a function of w, wy, u,, ... w,, is
merely o/d2. The annihilation tells us then that the result of
substitution is free from 2. What does not vanish when the
substitution is made in a seminvariant is clearly " into that
seminvariant ; for weight is order in 2, y in the result, and
the form of result independent of « is the form we should get
by putting # = 0 first and then making the substitutions.

, 1.e. by a,, which call a,,

d J d
+2a15—a—2 +302-5;; +...+]0a‘,_la—ap-

P
+ ---+’U/1~S&/)
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The intimate connexion of the theory of seminvariants
with that of elimination between w and its ax-derivatives is
now apparent. For instance, from § 137 we conclude that,
if w is any rational integral function of order p in , the
number of linearly independent rational integral functions
of u and its successive derivatives with regard to @, which
are of degree 4 in the coefficients and free from #,is (1 ip ; ¢, p)
or (3ip—3%; 4, p), according as p is even or odd. And again,
from known facts as to numbers of irreducible seminvariants
of binary quantics of the first few orders we obtain that,
for the values 1, 2, 3, 4, 5 of p, the numbers of rational
integral functions of some or all of a p-ic function of z and its
successive derivatives, which are independent of @, and in
terms of which all such rational integral functions independent
of z can be rationally and integrally expressed, are 1, 2, 4, 5,
23 respectively.

Once more, from § 128 or from § 100, we gather that any
rational integral function of «, a p-ic in @, and its derivatives,
which is throughout of degree ¢ in w and the derivatives, and
in every term of which the sum of the indices » for factors
like d"u/%" is constant and equal to ¢p —w, can be written as
the derivative with regard to « of a rational integral function
of w and its successive derivatives if ¢p —210> 0.

Ex, 1. Integrate the differential cquation
Cd'u du du + 1 dPuN? 0
"~ de T 3a) =0
Ans. u = axt + 40’ + 6’ + 4dw+ e, where ae—4bd + 3¢* = 0.
l? 4 s
Ex. 2. If w=aa®+3ba*+ 3ca+d, express /u ((d:%) dx rationally
v du
P dat dat

dns, Here ip—2w =1, Assume the most general form and
determine the arbitrary coefficients by operating with d/du.

. . u
and integrally in terms of u, Un

160. Covariants obtained by substitution of x-derivatives.
The second important conclusion referred to at the outset of
the preceding article appears to be due to -Fad de Bruno
(Am. J. III). It is that if we make the same substitutions
as in the preceding article for «,, a;, a,,... «, in

Ny, Upqgy Uy, oon )y
the anti-seminvariant obtained by interchanging ¢, and «,,,
a, and a,_;, &ec.,in a seminvariant S (aq, @, dy. ... @,) of weight
w and degree %, the result obtained will be the covariant of
which that seminvariant is the leader multiplied by (- ).
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Notlcma that the substitution of a, for «, is that of y"4’,,
where A’,1s the 4, of § 92 with x/y put for m, we see by § 93,
bearing in mind the 1soba,usm of weight ip—w of

S(@ps @poys Cpogy--- ),
that the result of the substitution is

Y- vy S (@, Up_qs gy v ).
Now by § 109, since (—1)”S(a,, @,_1,... &) is the last coef-
ficient in the covariant which S(ao, ay, a2,... @,) leads, the
covariant going with S'is

(—l)wy“‘"?we?f Sty hy_qy Upygeeer y)s
Of these two expressions the former is (—y)* times the latter.

Thus from any seminvariant a mere substitution derives
the corresponding covariant.

If the seminvariant is an invariant, the substitution has
the effect only of multiplying it by (—1)"%""", i e. by (—»)*,
since ¢p—2w = 0 for an invariant. This accords with the
result of § 159.

161. A seminvariant is given by certain of its terms. In
the substitution of § 159 put —«, /a, for «, and 1 for ¥, i.e. for
gy Ay, (Uyy .., SUbstitute

’

a, = s
«/ =0,
2
a
a, = a,— -1,
d,
,— a, u,?
Uy = dyg—3 —dy+ 2>
a, !

2
, ¢ 4y Wy
ay = (14—4(-—(03-'- 6;-2(12—3;;5)

. . . . . . . . .

 — al ),
Uy = (s Upoys Upogs oo ) (1, — =2

Uy
The result of § 159 tells us that
S (ay, g, @y, ty,...ap) =S (¢, 0,0, a,...a,)),
where S denotes any seminvariant, or, in particular, invariant.
Thus all rational integral semmva.nants are 1at10na1 1nteoml
functions of the p expressions ay (i.e.ap), a),ay, ... a, . These

expressions are all integral in «y, ay, ... @,, but, after the first,
are fractional in a, They are semmvmmnts, fractional after
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the first, for it is easy to see that they are all annihilated by
Q. This will appear in another light presently.

It follows that if we know the terms free from ¢, in any
seminvariant or invariant, we know the whole expression of
that seminvariant or invariant. To find this whole expression
we have merely to write the values of «,, «,/, ... ¢, instead of
(yy Uy, «ov @, in the given terms. We shall see presently that
this substitution may be eftfected by differential operation.

We shall also notice later a means of obtaining the terms
free from @, in invariants.

The search for rational integral seminvariants and invari-
ants may be regarded as the search for rational integral
homogeneous isobaric functions of «,, @), @),...a,, which,
when the full values of ), «/,...a,” arc substituted in them,
are integral in a,.

Ex. 3. Given a?d®+ 4 ac®, the terms free from & in the discriminant
of the cubic (a, b, ¢, d) (x, »)* (cf. Chap. VI, Ex. 36), obtain the full
expression for the discriminant.

Ex. 4. Verify that a,a,’a,—a,a,”—a,”

= a,a,0,+2a,0,0,— aya,’—aa,—a,’
Ex. 5. No seminvariant has @, for a factor,

Ex. 6. The number of lincarly independent seminvariants of type
w, € of a p-ic, whose terms free from ¢, are integral, and whose other
terms ave integral in «,, @,, q,, ... a, though not necessarily in a,, is

(w33, p)—(w—1;i—1, p).
Ams. Since (w—1 ;7—1, p) is the number of products of type
w, ¢ which involve ¢,, this difference is the number of productls of the
type of @y, a), @y, ... @,

162. Coefficients of guantic deprived of its second term

are seminvariants. If we inspect the expressions for

’ 7 ’ ’
Uy Ay tgy .oy

in the last article, we notice that they are the coefficients of
Xr, X2y XP-3Y3,,..Y” in the result of depriving the p-ic
(@0, @15 Ags...aty) (2, Y)"
of its second term by the substitution
e=X-Yy, y=7,
y
of which the modulus is unity.

Now this substitution is one after which a seminvariant as
well as an invariant persists in form, for it has the effect of
altering all roots by the same addition «,/«,. and leaves the
leading coefficient «, or «,” unaltered.
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We thus see clearly the meaning of the identity of the last

article
S(ag, tyy gy tgyenw,) = S(ay, 0, a;, a),...a)).

We also see clearly the reason of the fact that a,’, a’,...«,
are themselves (fractional) seminvariants. For the roots of
the transformed p-ic are

@+ /g, @+ dy [gs v ap+ /i,
where a;, ay,... 0, are the roots of the untransformed p-ic;
and
al + — 1 a}i‘.}%";’..‘_.__.{__ar
A r
_(ay—ay)+(a;—a)) +... +(a;—a,)
- H
P

so that every root of the transformed is a function of the
differences between roots of the untransformed; which neces-
sitates that a,/a,, a,’/ay, ... @,’/a,, being symmetnc functions
of the roots of the txanstorme(f p-ie, are functions of differences
of the roots of the untransformed, of course symmetric in these
roots from their rationality. They are then (fractional) semin-
variants of the p-ic.

163. Completion of the theorem of § 42. Consider the
results of making «,’, «;’,... a,” integral by powers of «, as
factors; and write

4, = a) = a,,

4, = a,u) = aya,—a,?

4, = ao %"—-‘- aozas—;’»aowla + 2u;?,

A4 = a’a) = «a§ 114——4% a dy+6aya’a, —Sa1 )

A, =al e, = w? (a,,, (Up_1y Bp_g, - ao) (1, —ay/ay)’.
The degree of every one of these mteglal expressions is equal
to its We]ght They are all seminvariants, being annihilated
by Q.

The equality

S (ags @, (g, Ugy.inap) = S(ay, 0,0, a),...a,)
may now be written
4, 4,
S (s gy gy @y, . ty) = S(aq, 0, e “—o t(;’“l)'

Lot S be as usual of weight w and degree 2. Notice that every
non-vanishing argument on the naht involves a, explicitly to
the degree 1—7, where 7 is its Wewht. Every product of
¢ arguments on the right consequently involves a, to the
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power i—aw, where 2 is its whole weight. Therefore upon
multiplying through by «,*~¢ we obtain that
a8 (aq, @y, dy, ag,...a,) = S(1,0, 4,, A, A)),

which is a rational integral function of 4,, 4,,... 4, only.

We have here the completion of the theorem of § 42. It
was there proved that a binary p-ic cannot have wore than
p algebraically independent covariants and invariants inelud-
ing itself, but that if p—1 distinct from the p-ic itself and
independent of it and one another can be found, then all others
must be capable of expression in terms of it and them. We
have now proved that there actually are p—1 covariants
distinet from the p-ic, namely, those whose leading coeflicients
are the seminvariants A4,, A,,...4,. These are certainly
independent of one another and the p-ic; for in the series
ty, Ay, Ay, ... A, cach involves one of the coeflicients
@y, Oy, Uyy... 4, Which is absent from all those which precede
it.  We have also shown that the expression for any rational
integral seminvariant or invariant S (¢, @,, ¢,,...@,) in terms
of a,, 44, A,,... A, is rational, and is integral in all but the
first «,, which it involves only in the form of the factor
e~V

The expression of the covariant (or invariant) whose leading
coefficient is S in terms of those whose leading coeflicients are
wy Ay, 4,,... 4, of which the first is the p-ic itself, follows.
The covariant whose leading coefficient is a seminvariant is
unique (cf. §§ 111, 112). Now, if u is the p-ic, and K the
covariant with leading coefficient S(a,, @, «,,...,), the
covariant whose leading coefficient is «,*~/S (a,, «,, d,,...a,)
is u K.
Also,if ¢, a,,...a, are the covariants whose leading coefticients

are A,, A,,... 4
2 » S(1,0, ay, ag,...a,)

is a covariant. For it is a rational integral function of co-
variants, and is of constant degree and weight throughout;
and therefore is of constant order in z, ¥, since the degree and
weight of A, the leading coeflicient of a, are both r, and
consequently the order ép—2w of a, is »(p—2) so that the
order of any produet of a’s which occurs is w(p—2) where w
is the constant weight. This covariant is the one whose
leading coeflicient is S(1, 0, 4,, 4,,...4,). Hence the identity
of seminvariants
" S (g, Ay Uys Uy, .0 a) =8 (1,0, 4,, 4;,... 4))
necessitates the identity of covariants
w? K = 8(1, 0, a,, ag, ... ap).
. In other words, any covariant or invariant can be expressed
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as the result of dividing a rational integral function of
ay, a5,...a, by the power u” ¢ of u, where w and ¢ are the
weight and degree of the leading coefficient of the covariant
in question.
In particular, any invariant I (a,, a, a,,...«,) is equivalent to
w - 1(1, 0, a5y ay, ... ap) ;

for, in the case when K is an invariant, ¢p = 2w.

We have here reasoned for cases when w<(4. The student
can supply the slight modification of reasoning necessary
when <4, In such a case the result is best written

K =u""8(1,0, a,, a,,...a,);

so that any covariant, whose leading coefficient is of smaller
weight than degree, has a power of the quantic for a factor.

164. A complete system of protomorphs is not unique.
The seminvariants «,, 4,, 4,,...4,, or
Uos oty y @o2dyy oo a1y,
do not stand alone among rational integral seminvariants as
being a set of p in terms of which all others can be expressed
rationally and integrally but for a power of the first, which
may be a negative power, as factor. :
A system of p seminvariants possessing this property is
called a set of protomorphic seminvariants or protomorphs.
We proceed to see that an allowable system of protomorphs
is composed of «, and any set of p—1 rational integral sem-
invariants B,, B, ... B,, which are such that
B, is of weight 2 and involves a,,
1{‘} i) 3 2] a’:}s

B, " P " p3
necessities which require that no coeflicient «, of the quantic
occurs in a B with a lower suffix than », and that a, occurs
in B, multiplied by a power of «, only.
To see this, take any seminvariant, and, if @, occurs in it,
take the expression for B,

B, = aga,+f(ag, @y, @y, oei tpy),
which gives

tp =y M By—f (dy, g, gy .. 0y},
and substitute in the seminvariant this value for a,. The
seminvariant is then expressed as a rational function of B,
and «,, @, a,, ... @,_,, integral in all of them but a,.

Again, for a,_, substitute in like manner in terms of B,_,

and a,, @, 0y, .. @,_,; and continue this process as long as
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possible.  We thus obtain an expression for the seminvariant
Sy, @y, Cyyonntty) = ag *F (ay, ay, By, By, ... B).
But «, cannot, as a matter of fact, enter in F. To see this

operate on both sides with &, which annihilates S and
ay, By, B;,... B,. Wo obtain

d
0= %"‘“o}z‘f"(“o; «,, By, B;,... B,) =0,
1

i.e. 3F/ba1=0,
the differentiation heing partial with regard to «, as it occurs
explicitly in F. The conclusion is that it cannot so occur.
It is proved then that

8 (ag, ay, @y, ... @) = ay™* F(ay, By, By, ... B,),
for some rational integral form of F and for some integral or
zero value of p.

Notice the two special conveniences of the protomorphs
Ay, A, ... A, of §163. One is that the form of F for them
is at once written down from the form of S; and the other
that ¥ does not involve «, explicitly. For these protomorphs
weight, extent and degree are all equal. TFor others weight
and extent only.

Protomorphs must not be confused with irreducible sem-
invariants. A complete system of irreducible seminvariants
and invariants, proved to exist in the preceding chapter, is
a system in terms of which all rational integral seminvariants
can be rationally and integrally expressed, without the oc-
currence of a negative power of «, as factor.

165. Protomorphs of lowest degrees. The system of proto-
morphs which has been most used is a system
a,, C,, G, C4,...C,
in which each is of the lowest possible degree.

Those of even weights 2, 4, 6,...are of the second degree ;
viz. the system of § 114

— p—
02 =a0a2~—-a1 =A2,
— . 2
O, = aga,=4u a5+ 3¢,2
= 2
0, =a,ay—6a,a;+15a,a,—10a.?,

b L
Cou = g, —( ln)“l“w—l‘*‘( ;)azazn—z—---
2 1 2
+(_1)”_1(nj1)aﬂ~lan+1+_2'(_'l)n( q?)(¢"2’

where (27'n) denotes the number of combinations of 2n things

7 together.
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Observe that if «,, C,, C,,... C,, all vanish, we obtain in
succession a, = 0,«, = 0,u, = 0,,., «t, = 0,80 that, if 2n is the
greatest even integer in p the order of a quantic, all invariants
of that quantic vanish by § 26, Ex. 1. Hence also (cf. § 26,
Ex. 2) all invariants vanish for a binary (2n + 1)-ic if it and its
covariants led by C,, C,,... C;, have a common factor; and
all vanish for a 2n-ic if it and its covariants led by
C,, C,, ... Uy, have a common factor and if its invariant C,,
vanishes. (Hulbert.)

Ex, 7, In either of these cases all covariants have the same common
factor. (I/ilbert.)

Ex. 8, Conversely to § 26, Ex. 2, a binary 2n-ic or (2n+ 1)-ic
must have a linear factor raised to the (n-+1)th power if all its
invariants vanish. (//ilbert.)

Ans.  Let @, oy, ... be the orders of &, G,, ... the covariants
of a p-ic w which are led by (), C,, ..., and let p be their L.C. M,
If we form the eliminant of w and kG */®1+k,@p/®24 ., the
coefficients of powers and products of %, k,, ... in it are invariants
(§§ 18, 45); and if these invariants vanish &;, ,, .., have all a factor
of % in common, so that, &ec.

ix. 9. In the case of a quintic u, the vanishing of three invariants
of degrees 4, 12, 8 determined as the discriminant of C,2?+ ..., the
lineo-linear invariant of w? and (C,a?+...)°, and the lineo-linear
invariant of (C,#*+...)* and C,a®+ ..., necessitates the vanishing of
all invariants.

Ans.  'The first condition nccessitates that C/,x*+ ... is a square
y”, unless all its coefficients vanish. The second and third then
necessitate that  and C,a"+ .., have % for a factor, in the first case.
In the second case it is easy to see that if, as we may, we take a = 0
and f=0,thenb=0and¢=0,0ord = 0 and ¢ = 0.

Ex. 10, If a;, a,, ... a, ave the roots of (¢, a,, ... a,) (x, y)? = 0,
prove that the protomorphs C,, C,, C, ... are numerical multiples of

a2 (a,—ay), a2 (a,—a,) (a—a,)’,

@' 2 (0, ~ 0,) (a5 —a,)* (a,—a,)’, ..,
respectively; and write down in this notation the covariants which
they lead. .

Ex. 11. If the roots of a p-ic are all real, the roots of its covariants
led by protomorphs of degree 2 are all imaginary. For instance those
of the Hessian a1e imaginary.

Ans. Because a sum of squares of real quantities cannot vanish.

Ex. 12. The covariants led by protomorphs of degree 2 are those
of § 61, Ex. 33.

Ex. 13. Prove that any gradient ¢ of degree above 2 in a, a,, «,,

@y (, @3n4,) Which contains no term free from all of a,, a,, ... @,
may fe expressed in the form

Pyay+ P,Cy+ PyCy+ ... + PuChu + @,
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where P, P, ... P, are gradients (or zeros), and @ is zero or a
gradient free from @, in which none of a,, a,, ... @, occurs to a higher
power than the first. ;

Ans. Arrange the factors of terms in ¢ alphabetically as in § 71.
Take any term free from a,, and let a, be the fist of a,, a,, ... a,
which occurs in it to a power above the first. Substitute in it for a,?
its expression in terms of C,, and products, The term is thus replaced
by a part with C,, as a factor and terms alphabetically previous to
itself. Repeat the process for all these terms except those with C,
or a, for a factor; and go on in this way as long as possible, As thero
is only a finite number of words of ¢ letters in an alphabet of 2n or
2n4 1 letters, the procedure must stop; i.e. a time must come when
the term of G as re-written involves only multiples of a,, C,, C,, ... C.
and terms without second or higher powers of any of a,, a,, ... a,.

Ex. 14. Show that if ¢ is of weight w and degree ¢ there can be
no residual gradient  in the expansion above if

i4n and w<l424+ . +n+(@E—n)(nt1),
i.e. <(n+1)(f—3n).
Ex. 15. If S is a seminvariant which leads a covariant of

(@05 @y, o @yy) (2, H)*", Or Of (ay, @y, .o @ypyy) (@, Y)"F,
so that, as the case may be, 2ir—2w 0 or {(2n+1)—2w L0,
then, if m is any number greater than n(n+1)/{2(n+1)i—2w}
and not less than n/?, gradients (or zeros) P, P, .., I, exist such that

8™ = Pyag+ P,Cy+ o+ Pyl - (Uilbert)

165 (bis). For odd weights there are (§ 114) no seminvariants
of degree 2. For each odd weight there is, however, a proto-
morph of degree 3. We can find by the method of § 114
seminvariants of degree 3 and the requisite odd weights in
succession. Oy, Cy, C; are thus uniquely determined, but after-
wards there is a choice. For instance (9; 3, 9)—(8; 3,9) = 2,
and (11; 3,11)—(10; 3,11) = 2. We must select one of two
for C,, one of two for C};, and so on.

A definite system Cj, C;, C;, Cy, Cy, ... can be obtained by
operation with ayO—(¢p—2w)a, on C,, C,, Uy, Cy, Oy, ... re-
spectively. The results contain terms ay*a;, a)’a;, ay’day, ...
respectively; and we have only to see that they are all
seminvariants. Now if S is a seminvariant, so that Q8 = 0,
{a,0 —(ip—2w)a,} S is another. For

Q{a,0—(p—2w)a,} 8 =a, {20 —(ip—2w)} S,
= a,0Q58, by § 125 (1),
= 0,

-]

1431
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We thus obtain the succession of cubic protomorphs
1
[ —9(p— ) /1)
Gy =3 {4,0—2 (p—2),} C, |
= oty — 3 aa,+ 202 = A,

C',,..-—]-— {ag0—2(p—4)u,} C,

"3

= (= 50,0, 0y + 200,04+ 8a, a4y —6a, %,
1
C; =576 {a,0—2(p—6)u,} C
= @y Uy — Ty g+ 9oy~ S a0, + 120 a;
+20a,0,2—30a, 0,0,
&e., &e.

Ex. 16. If 0 denotes «,0/0w, + @,0/da,+ ... +@,9/da,_,, prove that

Q0—0Q = (a,0/3¢,+a,9/da,+ ...+ a,0/da,)—(p+1)a,d/day;
and hence that « 0—1a, generates seminvariants from seminvariants,

and in pal ticular generates a system of cubic protomorphs of wewhts
3,5,7,...7rom Cy, C,, Oy, .... (Cayley.)

Ex. 17. If ¢ denotes a,9/da,+2a,0/da,+ ... +(p—~1)a,0/da,_,,
prove that a,¢—2wa, is an operator with the same efficacy. (Cayley.)

Ex. 18. These two operators may, respectively, be written
d d
(a°a”—“‘2)5:z_l + (ao%—aiacg)a—;2 +
. d d
+ (a, ap a, s So T TNl va, ’

(a,0,— 20, )—b—~ + 2(a,2,—20, 2)0

+(p-1) (aua,,-2a,a,,_1)

—2pa, ap

d
Ay, da

(Ca Jle 7.)

166. If y,, Ygaees Yp BTC the covariants whose leaders are the
rotomorphs Cj, Cj, ... 0y, then the expression for a sem-
invariant 8 in terms of them and Gos

S = a,*F(ay, O, C,...C),

where the function F is rational and integral for a rational
integral S, leads to the expression for the covariant K whose
leader is S,

K = wF(u, ygy Vg0 ¥p)- »
This follows by the same argument as in § 163. In fact, in

general the expression for a seminvariant or invariant in
terms of any system of protomorphs leads to exactly the same
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expression for the corresponding covariant or the invariant in
terms of the covariants led by the protomorphs.

167. Seminvariants as integrals of Q8 = 0. Another
aspect of the reason for the expressibility of any seminvariant
or invariant in terms of p independent ones should be noticed.
A seminvariant is an integral of the ditferential equation

y o8 20 N i3 N . N
0da, t‘a«zz azb—%—*_"' s

-1 (\(lp e )
which is properly regarded as beginning with a vanishing
multiple of 3.8/,

Now Lagrange’s theory of linear partial differential equa-
tions tells us that when we have p independent functions S
of «gy, @, y,...ct, which satisfy this equation, any other S
which satisfies the equation is a function of those .

But in §§ 161, 163, 164, 165 we have sets of »» independent
solutions, viz.

oy ey )y tt)s
Qs Azs 'A.'})"'Ap;
oy B,y By, .. B,;
w, 0y, C,,...C,

v

We thus have it clearly exhibited that any seminvariant or
invariant, even though fractional or irrational, is eapable of
expression in terms of a set of protomorphs.

168. Protomorphs for systems of quantics. A seminvariant
of the system consisting of two binary quantics

(g, gy gy oenct,) (2, Y)Y
(bo’ 1’1! bz’ bp’) (w’ y)pl’
is (§ 115) a solution of the differential equation

0 120 s 2
("0*5(71-}- w‘b((,z+°" p(”‘lba,,

28 28 o
030, + 2blbb2 +onit oy bb,,:) =0,
in the p+p’ + 2 variables ¢y, a4y, ty,...¢p30y, by, by, ... 0. We
need p+p +1 independent solutions of this equation: and
these are afforded by a set of p protomorphs of the p-ie,
a set of )’ protomorphs of the p’-ic, and the one additional
@b, — by All seminvariants of the system can then be
expressed in terms of these p +p’ + 1 seminvariants.

oreover, we can easily prove a theorem due to Clebseh,
rz

+(b
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that the expression for any rational integral seminvariant of
the system can be expressed in terms of agb;, —a,b, and sets
of protomorphs a,, B,, B,,...B,;by, By, B/,...B’,; in a form
which is rational, and is integral except as regards a, and b,.
As in § 164, we reduce it to the form

ay~#by ¥ F (ag, 0y, By, By, ... B,; by, b,, By, B/, ... B,),
where F is rational and integral in its arguments. We also,
upon expressing the annihilation by £Q, obtain that

d >\
((Lo'a—‘(;l-f'b()“b*b*l)l’ = 0;

and this tells us that F' involves a,, b, in the connexion
@yb, —a, b, only.

And, quite generally, rational integral seminvariants (in-
cluding, of course, invariants) of any number of binary
quantics arc rational functions of sets of protomorphs of
those quantics severally, and of the leaders

by —ayby, agey —acy, ...
of the Jacobians of one of the quantics and the rest, and are

integral except as to powers of a, by, ¢,,..., the leaders of
the quantics themselves.

169. Protomorphs applied to the analysis of irreducible
systems. The cubic. There is a method due to Cayley for
finding the complete system of irreducible seminvariants and
invariants of a binary quantic, and therefore the system of
irreducible covariants and invariants, from a system of proto-
morphs, which is simple for the cases of the cubic and the
quartic.

It is of very little consequence whether we start from the
system of grotomorphs ay, Ay, Ay, A, of § 163, or the
system «,, C,, C;,...C, of §§ 165, 165 (bis). For the cubic these
systems are the same, since 4,= 0, and 4;=C,.

By § 163 any seminvariant of degree ¢ and weight w of the
cubic (@, b, ¢, d) (x, y)® is of the form

a™vHiF (A, A,),

where F(A4,, 4,) is rational and integral.

Here, if 2 >w, the seminvariant is integrally expressed, and
has the positive power a** of a as a factor. It is then
a rational integral function of @, 4,, 4,, and is not irre-
ducible, unless it be only « itself.

If ¢ = w the seminvariant is & rational integral function
F(4,, 4;) of A, and 4;, and is not irreducible unless it be
either 4, or 4, 1itself.
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Any irreducible seminvariant, other than a, 4,, A, must
then be the result of dividing some rational integral function
of A, and A, by a power of @. Such a function, being divisible
by a, must vanish when @ = 0, i.e. when we put for 4,, 4,
the values

A=~ A =205
Now the one rational integral function of these which
vanishes is
A+ 44,
Any other can only vanish in consequence of having this for
a factor, We are thus led to form
A2+ 442 = o?{a?d?—6abed + 1ac® + 4b°d — 312 c?}
= a?A,
and to conclude that A is a seminvariant—it is of course the
discriminant, & full invariant. It is found as one whose
weight exceeds its degree, so that it is not a rational integral
function of «, 4,, 4,.

We are also led to conclude that any other seminvariant
whose weight exceeds its degree is given by the rejection of
an a factor from a funection F(4,, 4,) of which

A2 +44=a?A
is a factor, and consequently that it has A for a factor, and is
not irreducible, but a rational integral function of «, 4,, 4, A.

Thus all rational integral seminvariants of the cubic are
rational integral functions of some or all of a, 4,, 4;, 4,
which alone are irreducible, and are connected by the syzygy

A32+ 4A23 = a?A.
These are the results of § 141.

170. Irreducible system for the quartic. Consider now
the quartic (@, b, ¢, d, ¢) (@, y)*; and take the protomorphs of
§§ 165, 165 (bis),

a, Cy=ac—0% O,=a’d-3abec+20% C,=ue—4bd+3c%
the terms free from « in which are
0, C/=-=0 C/=20 C/= -4bd+3c

As in the last article we are led to a seminvariant (not now

an invariant)
D = a2?d?—6abed + 4ac® + 40°d — 3b%¢?,
which may, so far as we know at present, turn out to be

irreducible, though that it was irreducible in the case of the
cubic, for which there were three protomorphs only, affords
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no reason why it should be now that there are four. The
terms free from « in D are

D' = 4b3d—30%c*

Any seminvariant not a rational integral function of these
five will, by § 165, be the result of rejecting a factor which
is a power of « from a rational integral function of a, C,, C,, C,;
and such a rational integral function may present itself in the

form
F(a, 02, G, 0y, D),

where F'is rational and integral in its arguments. The result
of putting @ = 0 in this is
F(o, ¢y, 05, ¢/, D),
and must vanish identically, since F, expressed in terms of
a, b, ¢, d, e, has « for a factor.
Now a result, distinet from €, + 40,”*= 0 which led to D,
of eliminating 0, ¢, d from
C/= -0 O/ =20 C/= —4bd+3c%, I =4lPd—30%c?
is c,e/ - =o,
and this leads to
O,C0,—D = a(uce + 2bed —ad? — e —c?)
=a,
which shows two things: (1) that there is a new seminvariant
J, an invariant, in fact, which may prove to be irreducible ;
and (2) that D is not irreducible, but is equal to C,C,—aJ.
We have now further to look for rational integral functions

of a, C,, C,, C,, J which have « for a factor, so that the same
funetions of
0, C)= -0 O/=2b, /= —4bd+3c
J' = 2bed —ble—¢?
vanish identically.

But there are no such new functions. For C,” involves
a letter ¢ which does not oceur in €, or C/, so that no
relation connects it with them ; and J” involves ¢ which does
not oceur in either Cy, ) or €/, so that it again is indepen-
dent of the preceding.

Consequently «, ¢, C,, C,, J is the complete system of
irreducible seminvariants and invariants of the quartic. Of
these C, is what in previous chapters we have called 1. The
result is that of § 145.

The one syzygy which connects members of the irreducible
system (cf. § 145) is also exhibited. We have, as above,

Cs*+4C° = a?D, and C,C0,—-D = aJ,
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from whieb, after elimination of the reducible D, there results
&S —a®C,C, + C 2 + 40, = 0.

171. The method is not suited for extended application to
higher binary quantics. It may be pursued in dealing with
the quintic and the sextic, but the labour is enormous owing
to the number of eliminations and the length and complexity
of the functions dealt with. Moreover serious theoretical
difficulties present themselves, and without guidance by a
knowledge of the results to be obtained those results could
hardly be thus arrived at with certainty.

One general fact should be mentioned. The protomorphs
dy, Cyy Oy, C4,...Cp are in all cases irreduciblo; for every
one involves a letter absent from all the preceding, involves it
to the first degree only, and is of lowest possible degree for its
weight. The same cannot be said of the other system of
protomorphs a,, 4,, 4,,...A4,, which after the third are of
higher degrees than the lowest possible.

172. A seminvariant arranged by powers of «,. When in
a seminvariant, or, in particular, invariant, the terms free from
a, are known, the whole is known.

This has been proved in § 161. We have only to replace
in the given terms a,, a,...a, by the «,, a;,...a,” of that
article.

Any gradient in @, ¢, ¢, ... @, is a seminvariant, but not
necessarily an integral seminvariant.

A seminvariant which is integral may be expressed in its
integral form, when its terms free from «, are known, by aid
of differentiations only in virtue of the following.

Let Q; be the given terms free from «,, and suppose the
whole seminvariant to be

S= Qi+ Qi+l Qi y+ . + 0" Qe
where Q;, Q,_y, Qi_s, ... @i,y are all free from «,, and where
m is some number not exceeding ¢, the degree of S.
If we write
2 d d P Py
Q=u, s, +2a1372 + (3%&73 +4a357;; ot pat, aa;)

_ 9 9 d +
=a°ba1+ albaz w,

where w does not involve either @, or 3/d¢,, then

)
Q(arQ) = apr . pua,Q+aft . wQ+aprtt, 2 Sa Q.
<
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Hence, arranging the seminvariant condition 8 =0 by
powers of a;, and expressing that the parts of QS with
different powers of «, for factors must vanish separately, we
have the succession of facts

B Q-1 + 0Q; . =0,

d
2“0Qi—2+“’Qi—1+ 2 da Q =0,
Uy

d
3aoQi~a+‘°Qi-2+ 2 b—a-Qi-l =0,
)

Ll . . . . . +

d
in—m+ 2 b—&;Qt-mﬂ =0,

)
2 Sa, Qn =0,

of which all but the last two suffice to determine from
Q. the expressions for Q; ., Qi_g,... @i-n In succession by
operations with o, i.e. by ditferentiations.

The last equation tells us that the terms multiplying the
highest power of @, which occurs in a seminvariant are free

from a,.

Ex. 19. State the corresponding facts with regard to anti-semin-
variants, derived from their annihilator O,

178. A simpler method of determining the whole semin-
variant §, when its terms @, free from «, are known, is given

as follows.
For any gradient whatever the following is an identity,

@, 1 af 1 af
—-104 —-LO2_ L 034 .., =
e a, +1.2ao2 1.2.3¢} tep=0

since the left-hand member is
oG

~Y90-_06
@
1 af 3 2 o2
+ﬁa029 G+?¢;9G
1

T1.2.3
+ e

a,® 2
Y S W T
a, 1.2aqa,
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of which the terms cancel against one another up to a certain
point, and after that point vanish.
Now take @; for the gradient G. We obtain that

a, 1 a2, 1 e’ , '
(1 uoS” 1.2 ap(,“Q 1.2.30103Q tee)
is annihilated by @, and is consequently a seminvariant unless
it vanishes. But it does not vanish since its terms @; free
from a, do not.
Its form is apparently fractional, but cannot be really so.
It must, in fact, be exactly

Qi+ a,Qi,+ alei-z'i' et " Qi

for otherwise the difference of the two would be divisible by
a, and annihilated by Q. Now this is impossible, since no
seminvariant can have a, for a factor, seminvariants being

2 3
. @ a a .
functions of a,, a,— -, a,— 32 a,+ 2-%,,..., which are the
a, a, u
0 0 0
non-vanishing and independent a,, a,, @, ... when a; = 0.
The full expression for a seminvariant is then found by
operating on its terms free from a, with

a 1 af 1 af
1- -1 — Lol L O34,
a09+1.2a02Q 1.2.3a,} +

Ex. 20. Prove that this operator annihilates any gradient with
a, for a factor, and produces from any other gradient a seminvariant,
not necessarily integral, which is also produced from the terms in it
which are free from «,.

Ex. 21. If @ is any gradient, Q(a,&) involves as many arbitraries
as G\

174. Annihilator of terms free from ¢, in invariants. There
does not seem to be a simple general method for finding the
terms free from a, in integral seminvariants of given type.
The case is different, however, with regard to <nvariants,
which are at once seminvariants and anti-seminvariants. The
terms free from @, in an invariant have an annihilator, which
suffices to determine them. The fact is due to Cayley.

Consider the two annihilators,

Q=aq, 2 +2a 2 +3a,— + ) 2
~ 0%, da, 25q, T T Ph15g,

d 9 P J
0= Pysg * (17—1)%3‘(;1 + (1’—2)%5;2 oty so—

'p—1
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of invariants of a binary p-ic. Eliminating d/du; we have

a0 —(p—1)a, 2 =0a, {pa" da, 2(p=1)a, EZ}
d Vo0 o
+a0{ (P=2) s +(P=3 sy ot aa,,_l}

(p—1)«a {3 2 4 2 L2
b 2 “25&34' aub&;""'"l'pap-lbap}

= a9+, say,

where ¢ and ¢ do not involve «, or 3/d«,.
Now let an invariant, arranged by powers of «, as in the
last two articles, be written

I = .R,+ alRivl + algR;_Q + .t ulmRi-m'

We find that, since Q and O, and therefore a,0—(p—1)a,L,
annihilate I,

\I’Ri =0,

\I’R(—l + (f)R@ =0,

VR, _,+¢R;, =0,
dR;_, = 0.

Of these the first is the result impbrtant for our purpose ;

but before examining it we notice that the last, viz.

d J
{00055 =2 0=Vt [ Riw= 0,

9
tells us that, since Sa. R,_,,=0 by § 172, we must also have
p) 2

S R,_,, = 0, i.e. that the terms which multiply the highest

o . . 3 .
power of a; which oceurs in any invariant are free from both

t, and a,.

The more important conclusion, gathered from the first of
the above equalities, is that the terms free from ¢, in an
invariant of a binary p-ic have the annihilator

B 2 d >
\I/ = (CO{(I)—z)ag‘b‘(;‘z +(p—3)a45(~(-3+...+ al,m}

9 d )
—(])—1);12{ 3y 3, +4a3a—a + ...+pa,,_la—a~m}-
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We need toknow conversely thatall gradients in ¢, s, ...
for which 7p = 2w, and which have y for an annihilator,
are the terms free from ¢, in invariants. When this is known
we can be sure that we have a means, by expressing the anni-
hilation by , of finding those terms in all invariants of a given
degree, and thence, in either of the ways of §§ 161, 172,178,
the complete expressions of the invariants.

We shall encounter a proof of this converse proposition in
the next chapter (cf. § 186). It amounts to proving that all
gradients for which up = 2w in «,, @, «,...a,’, the coef-
ficients in the quantic deprived of its second term as in § 162,
which are annihilated by v/, the result of accenting the letters
(g; Ugy1uv Gy i, are invariants, i.e. are annihilated by O as
well as by @, which latter must annihilate them since it
annihilates «,, ¢/, «,’, a,’. Note that no expression fractional
in «, can be annihilated by 0.

It is for the present left to the student to establish the
proposition for himself by the sequence of theorems of the
following four examples. He will see from Ex, 25 that if
& satisfy /G’ = 0 it must certainly satisfy OG” = 0, provided
ip—2w = 0, as is the case.

Ex. 22, Prove that, if by the substitution » = X' +m Y, y = ¥ the
quantic (a,, @, a,, ... a,) (2, ¥)? is transformed into

(g, 8y, 8y, .00 1) (X, Y)2, s0 that (§ 92)
Qy = a,,
2 =a;+a,m,

a, = a,+2a,m4 a,m? &c. &c.,

then
R d . .2 ,
Say " day TME, T S, Tt s
and, generally, .
2 = ! {1 2.3 . 0 2.3 r41)m +
Sa =i 2 "'7ba,.+ 3 (r+1) S T

)
+(19—7‘+ 1) (1)—-7‘-}-2) o pmP’ 5‘;};
the last case of which is ?
Q d

571, = ba,,‘;
the operations on the left being all upon a function of «,, a,, a,, ... «,,
and those on the right all on the function of a,, a,, a,, ... a, to which

it is equal.
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Ex. 23. Hence show that the operators

J d
+a, — va, +.tay 5—--"

] a

J
oﬁo
) d d
Q= [ 5‘— +2a b -+Pap._1 -37}‘9

a, d d
w— Z‘; 'Q'za’bal +2¢¢23a2 + . +pa, Sa,

a ( 9 J d
_;{a b—- +2a15&— + ... +1oap_15—‘;},

0

a .o e’ d
“'ao(zp 2w) 3 —-P“;b +(p—1)a, a ~ + .. +a1’ba

r—-1
by o B ) 2
ao{mam(ﬁ a0 +(p= )5 + =Py 5|

a® d d d
- { °Sa +2alb +---+pap_1b-&;}:

transform into operators of like forms

Ex. 24. Show that the only necessary modification of the above when
the operation is on a seminvariant, and when m is the non-constant
—a, /a,, and a, a,, a,, ... 8, are consequently the a,, 0, a,/, ay, ... a,
of § 162, is that the undetermined d/da; is to be taken as defined by
the persistence in form of 2.

Ex. 25. By this and the fourth of Ex. 23 prove that the effect of
operating with v, i.e.

d d d
@,y {(p—-z) as 571:27 + 3) “’4 / +otay ba’/“”’}

J d d
- (p.—l)a’§3az’a—~, +~1ws’a 7 + e +pa',,_,a——-§’

on a gradient in a,, @/, a;, ... a,” is the same as that of operating on
the equivalent functlon of a,, a,, @, ..a, with a)0—a, (ip—2w),
since £ annihilates it.

175. Taking p = 5, i. e. the case of the quintic

(ay b, ¢, d, e, f) (, ¥)°,
the annihilator y is
3add/dc+ (2ae—12¢%) 3/d3d + (af — lGrd) d/de—20ced/df.

An invariant of the quintic of degree 4, and consequently of
weight £ 4, if such exist, can then be found as follows. Write
down the most general gradient of the type in a, ¢, d, ¢, f.
Operate on it with the annihilator ¥, and equate to zero the
coefficients of the various terms in the result. If the equations
can be satisfied by values of the arbitrary coefficients in the
assumed gradient which are not all zero, we obtain as many
linearly independent invariants of the type as there are
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coefficients left arbitrary. If they cannot be so satisfied there
is no invariant of the type.

The terms R; free from b in the invariant are thus found,
and the whole expression for the invariant of which R, is part
is by § 173 SRR

wh%l}a, after the operations are performed, 3 is to be replaced
by b/a.
In this way the invariants of degrees 4, 8,12, 18 of the
quintic may, with much labour in the last two cases, be cal-
culated.

For the sextic (¢, b, ¢, d, e, f, g) (z, ) the annihilator y of
terms free from b in invariants is, writing 9,, &e., for 3/2c, &e.,

4add, + (3ue—15¢2) 9, + (2af —20¢d)d, + (wy — 25¢€)d, — 30¢f dy,

by means of which the invariants of degrees 2, 4, 6, 10,15 may
be found. ‘
And similarly for higher quantics in succession.

Ex. 26. Integrate by Lagrange’s method the differential equation
for the case of the cubic
Y@ = (add,—66%9,;) G =0,
and thus show, remembering 3¢ = 2w, that an invariant of the cubic
is necessarily a power of a’d’* + 4ac”, where
‘ c'=c-—z)-,d’=d—§é€ 2—’;»
a a a
Ex. 27. Integrate the differential equation for the case of the
quartic
Y6 = {2add,+ (ae—9¢*)d,—12¢dd,} G = 0,
and show that invariants of the quartic are functions of the invariants

aé’ + 3¢ ac’e’ —ad®— .

176, Seminvariants arranged by powers of their most
advanced letter. The present is a convenient placc for
a theorem or two not directly connected with the rest of
the chapter.

Take a seminvariant S of extent p. We are not necessarily
regarding it as a seminvariant of & p-ic in particular. It is
equally one of course of any binary quantic of order not less
than p, whose first p+1 coefficients (after rejection of their
binomial factors) are the a, a,, dy, ... a, involved in 8.

Arrange S according to powers of a,, its most advanced
letter, and write it

S=a,"B+a,'R+a," B +...+ F,
where suffixes of P’s do not of course, as they did in § 172,
&c., indicate degree.
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Express the annihilation of 8 by Q, i.e. by
d d >
5 + 20— v, +it+(p=1)a,, da, + pa, 4 %, .
The terms 1nvolv1ng different powers of ¢, in 28 must vanish
separately, for the vanishing is identical. Hence

QF = 0,
QF +npa, B =0,
.Q.P+(n-—1)pa,, h=0,

QEF +pay i £y = 0.
From these identities we draw, among others, the following
conclusion‘;

(1) £, the function of «, ,, ¢y, ... ¢, , which is the co-
cfhuent of the highest power of «,, the most advanced letter
which occurs, in a semmvamant S, is itself a seminvariant.

(2) When L, which consists of the terms free from a,, the
most advanced letter in a seminvariant, is known, the rest
of the seminvariant can be found by aid of a succession of
operations with @ and divisions by multiples of «,_,, i.e. by
aid of differentiations and elementary algebraical processes
only.

Ex. 28, In the case of an invariant, prove that also when the
terms free from a, are known the whole invariant can be written
down by aid of differentiations and elementary algebraical processes
only.

Ans.  Counsider the annihilation by O as we have that by

177. Seminvariants as seminvariants of seminvariants.
Another interesting conclusion which can be drawn from the
identities of the preceding article is that any seminvariant of
a seminvariant of a binary quantic, regarded as itself a binary
quantic in «,:1, where «, is the most advanced letter in-
volved, is a seminvariant of the orwmal quantic.

If f(B, B E,...E)
is any function of the P,

of (B, B, B,...B) = f B+ ;{,

d
== pPdy, {ﬂ']?)bj_z +(/n_']')IfiT; +

n-— 1\])}f(10s 1 };9»' n)a

_f_ , of
QL+ QI+ +M{‘Q

by the identities proved.
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Now the seminvariant S of the last article is
(B, B, K, ... E) (a,, 1)",
and if we write this
(R, Pl,’ B, ... E) (ay, 1),
we have generally
P= 'n(n—-l)..r.'(n—-r+ I)I;’.
But, with this change of notation,
d
8,

L9 d B

nféb"pl‘*'(”"l)}f +(”*'2)P‘_»52+---+H-1”:.
_ d O , 9 , d
= };’)(\1_{" +2Il bE +3ITA 57:;,"{" I NP,,‘l SI_);S
which is of the form of £, and annihilates functions of the F's
which are seminvariants of S looked upon as a quantic in a,,: 1.

Such seminvariants are then also annihilated by @, i.c.
they are seminvariants of the quantic whose coefficients are
(g s Gy Doy Uy von s

This includes as a very particular case the result (1) of the
preceding article.

Ex. 29. Meuning by semi-covariant of (g, a, ... ¢p) (#, y)* u
function of the coefficients and variables annihilated by Q—yd/dw,
prove that any semi-covariant of a seminvariant of a binary quantic
regarded as itself a binary quantic in a,:1, where a, is its most
advanced letter, is a seminvariant of the quantic. (d. 2. Thompson.)

178. Seminvariants derived by differentiation of semin-
variants. One more fact with regard to any seminvariant
and its most advanced letter a, may be mentioned.

We immediately prove the alternant identity

2 a.SL—O r = —(p+1 2
dap  da, or = —(p+1) sy
according as Q does not or does extend beyond a,,.

If then S is a seminvariant which does not extend beyond «,

Q. 3S/ o, = 0,

i.e. 38/da, is a seminvariant.

By repetition it follows that 925/da,? 93S/d¢,? ... are
seminvariants, unless they vanish.

This again includes as a particular case the result (1) of § 176.

If @, is a letter short of the last ¢, which occurs in a semin-
variant, we have

Q

3

1 N
?--b'=—--$l 28 .
36&, T a(b,.-l
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The theorems of these last articles are partly Cayley’s and
partly Sylvester’s.

179. Passage from discriminant to discriminant. To Cayley
is due an application of § 176 (2) to the determination
of the diseriminant of a binary p-ie from that of a binary
(p—1)-ic. Let us apply it to find the discriminant of a cubic
from that of a quadratic.

The discriminant of (a, b, ¢, d) (%, ) is an invariant which,
when we put d = 0 in it, becomes the discriminant of

x (ax? + 3bay + 3¢yy?),

which is a numerical multiple of the product of the squares
of differences between 0, a, 8, where o, 8 are the roots of
ax?+ 3bxy + 3cy?, with the factor a* necessitated by its known
degree. Now this is a numerical multiple of a*(aB)?(a—3)?

l.e. of c? (4uc— 30Y).

These then are the terms free from the most advanced
coefficient ¢ in the discriminant of the cubiec. The other
terms are determined from them as an example of § 176,

180. Operators which generate seminvariants. Semin-
variants and invariants can be derived from gradients which
are not seminvariants by operations involving differentiation
and elementary algebraical processes only. In fact, all semin-
variants can be thus obtained. The idea is Hilbert’s.

In § 128, Ex. 8, it has been pointed out, and the fact has
been used in § 157 (ter), that if F is any gradient in some or
all of g, a,, .., u, for which y = ép—2w L —1, then

oQ 0Q . 00
(- mj) (l—é‘(?lig‘))"' (1—,@m)ﬁ' (1)

is a seminvariant or zero—the latter of course if n = —1. The
fact is so important that other forms of operator equally
ﬁﬁ'ec.tive for producing seminvariants from gradients will now
e given,
]gb was proved in § 128 that, if G is any gradient in
gy Uy Agy+vs Gy, OF some of them, for which y = ip—2w is
positive, .

1
1.2.9(n+1)

1
T L2381 (n+2)

{1———LQO+ Q02Q
1.9

Q0302 + } G=o,
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and in § 100 was proved the really equivalent theorem that in
the same case

1 Q0 0202 0303
TTEtEETEe et

}G:a

Now for G put QF, where F is any gradient of degree ¢ and
weight w+1 in a, a,, a,,... @, or some of them. The two
theorems tell us that

1 1
QI1———0Q+ - 0202
{ T T 12 G+

! 0

1.2.3.9(n+1)(n+2)
00 Qo020 Q2030

Tt —12.22.32+'~}F=°°

3&23+...}F= 0

and .Q{l—

Now write w instead of w+1, so that F' is any gradient of
weight w and degree 4 in a,, a;, @,, ... «,, or some of them, for
which n = ip—2w is greater than —2, i.e. 4 —1. Woe have
to put n+ 2 for 5, and deduce that

_ 1 1 202
{1 Lol i arnarn e

! 0
T1.2.3.(n+2)(n+3)(n+19)

3m—“}ﬂ e (2)

or its equivalent
2 2()8
{1 0oQ Q0o Q0°Q }F,

Tt et - (9)
is annihilated by ©, so that it is either zero or a seminvariant.
In particular, taking # = ip—2w = 0, so that the expres-
sion (2) is
0Q 02Q? 0303
{I—T.T‘a tiE s 1.22.32.4+“'}F’
this, and equally the expression (3), is either zero or an
invariant.
If n = ip—2w = —1 for F, the expression (2) is
0Q 0202 0308
{1" Tt T e +}F’

1431 Q
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and this, or its equivalent the second expression, is necessarily
zero, for there are no seminvariants (cf. § 112) for which
ip—2w = —1.

It will be noticed that the operator in (3) has the advantage
over those in (1) and (2) of not involving 7 explicitly, though
for its effectiveness we must have n < —1. The general con-
clusion arrived at is that if we write down any gradient or
sum of gradients whatever, with arbitrary multipliers, and
arbitrary degrees and weights subject to tp—2w & —1, the
result of operating on that sum with

0 Q00 Q20%Q

-t~ 12,22,32 7"

is a sum of seminvariants and invariants, except for cases
when it vanishes, as it must in particular for degree-weights
subject to ip—2w = —1.

It is not hard to show by § 125 that the operators in
(1), (2), (3), though in very different forms, are the same.

181. We thus obtain all seminvariants and invariants
whatever. To see this it suffices to observe that the result of
operating on any seminvariant S is to produce S itself, for
Q8 = 0,80 that 028 = 0, Q0%Q8 = 0, &e.

If, then, we operate on the most general gradient of weight
w, degree 7, and extent in no term exceeding p, which ac-
cordingly contains (w; ¢, p) arbitraries, we obtain a result
with (w; 4, p)— (w—1; 4, p) arbitraries, which is the most
general seminvariant of the type in question. There is always
the requirement ip—2w £ —1.

We may distinguish between those gradients of type w, %, p
from which either form of operator produces seminvariants,
and those which it annihilates. The latter are those gradients
F of the type which are of the form OF’. [Note that if
p—2 (ip—w), i.e. 2w—1ip, were positive, all gradients F
would be of the form OF’, by the duality of Q and O and
the fact that when ¢p—2w is positive all gradients are of
the form QF”. But we are attending to cases in which
ip—2w L —1, for which, except in the one case where < is
replaced by =, there is no such expression in general possible.]

This we can see as follows. First, if the result of operation
vanishes, F' is of the form OF’, for the expression of the
vanishing of (2) may be written

_ Q 002
F_O{I-(H?)“ 1~2~(n+2)(n+3)+°"}F’
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which is of the form in question. Secondly, the operator
must annihilate an OF’. For

0% 0202 ,
{1"1.(n+2) 1.2.(n+2)(1,+3)—"‘}0F
_nf._ Q0 0020 ,
_0{1 1.(n+2) 1.2.(n+2)(11+3)_'"} ’
_ Q0 Q02Q ’
—0{1—1-(n+2)+1-2-(n+2)(n+3)—"} ’

since 0Q2.20 =900.080, 0202. 00 = Q0.02Q% ... b
§ 125, Ex. 4. Now this must vanish, for n+ 2 is the n of ﬁx
and is positive, so that the expression is O operating on a
vanishing result, by the first equality in § 180.

182. To determine seminvariants and invariants by this
method we naturally operate on the simplest gradients we
can choose, i.e. on single products of letters chosen from
among d,, ¢, &y, ... &,. Unfortunately no simple rule presents
itself as to what products can and what cannot be written in
the form OF", i.e. what products lead to seminvariants or
invariants and what to zeroes.

In the next chapter we shall, however, see that when we
are not limited to a particular extent p a like method can
be employed with perfect definiteness, and we can assign
an exact system of products to which there is a one to one
correspondence of seminvariants.

Ex. 30. Obtain the invariant ace+ 2bed — ad*—b%—¢* of a quartic
by operating on a single term of it with
1 0Q 02Q? 03 Q3
T2t T Tmsmat
Ex. 31. If /"= OF’, where F is of the type w, i, p and
ip—2w< —1, prove that
3 1 Qo0 Q20°
= Q{ﬁ" 12,28 12.2’.32""'} £
Hence if /¥ is general of type w—1, ¢, p, so as to involve

(w—1; i, p) arbitrary coefficients, # or OF' must also be a sum of
(w—1; ¢, p) independent multiples of linearly independent gradients.

182 (bis). The above has all been stated for one quantic
only. In the case of a system, we have only to replace 2 and
O by 2 and =0, and to mean = (ip) — 2w by 7.

Also covariants of a p-ic are (§ 69) invariants of the p-ic

Q 2
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and 2y — 'y, with accents removed. Thus, in particular,
from a rational integral function of d,, a;,...a, and =, y of
degree ¢ and order =, and of total weight % (ip + =), attaching
weights 1; 0 to « and ¥, the operator
0 | 070" 0"
1— F o T T o2 az g T

. 1.2 T1.22.3 1.22.32.4
where @' = Q—y3/3z and 0’ = 0—ad/dy, derives a co-
variant or zero.

Ex. 32. Show that the covariant produced from Sz, the ﬁrst term

in a covariant C, by operation with 1— TIE O +... is —— (.

+1
Ex. 33. If K,, K,,... K,, are the covariants of a 2n-ic or
(2n+1)-ic u which are led by the quadratic protomorphs C,, C,,
. 0y, and if K is any other covariant (no¢ invariant), a relation
holds of the form
=Tu+D K+ T K, +... + T, Ky,

where = is a positive integer, and I';, T',, ... T',, are covariants.

Ans, In Ex. 21, with S the seminvariant leader of X, substitute
1 _ 1
“ Py pp—1)
"KM = Qu+Q K, +Q, K, + ...+ Q,K,,

follows, where such as do not vanish among @,, ., ... @, are rational
and integral in the coefficients and variables. Multiply by @, so
choosing A that A+ mw = u(ip—2w), with p an integer, and also by
S*. Then operate as above, getting the result with m +pu for n.

for a,, a,, a,, ... By § 160 a relation



CHAPTER XI

FURTHER THEORY OF SEMINVARIANTS. THE BINARY
QUANTIC OF INFINITE ORDER.

183. Q expressed by means of roots. We commence this
chapter by a consideration of the expression of seminvariants
by means of the roots of a quantic, and more particularly by
means of the sums of like powers of the roots, which might
well have been given at a much earlier stage.

It was seen in § 91 that a seminvariant of

(o> @y gy e ) (, 1)7,
in virtue of its having

_ 9 d 9
Q=a03_a:+2“1$t; +...+pap_15;l—’" e (1)

for an annihilator, is a function of @, and the differences
between roots. It is accordingly annihilated by
d J d d
E(aa)—aal+aa2+"'+a%’ o (2)
where a;, a,, ... a, are the roots. In § 88 we have scen that
functions of the roots annihilated by (2) are necessarily func-
tions of their differences.

We can see as follows, what is thus suggested, that the
cffects on any function of the coefficients, which is therefore
a function of a, and the roots, of the operators (1) and (2) are
identical, but for sign.

If
f (@) = (ag, ay, agy .00 @ty) (1, 1) = 0y (2—ay) (£—ay) ... (—a,),
o @)= =0 =) . (5=a) = — L.
1 1

Therofore = (2)f (1) = —3 1@ = _p(a).

Now in this identity equate coefficients of the same powers
of « on the left and right. It follows that

d
s (a—a) @, =0,

2 (;—a) Ay = — g,
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d
2(3&) az = —za»],

o
p (b—a) Wy = —Ply_y.
Consequently, when operating on any function of
Uy Cyy Oy, vvn By,

J d d
E(SE)EE(SE)(ZO. 'b—a—(;
d

d d d
+E(E)CL1- 5'&—]'. +...+2(—b—a)a,. a—d—-p
= 2 2 2 @,
=%y, Y, —Pleagy,

184, Q expressed by means of sums of powers of roots.
Now by Newton’s formulae for symmetric functions (Burnside
and Panton,4thed.,§ 77), a,, a,,... @, can be expressed, rationally
and integrally, in terms of a, and s, s,, ... 8;, the sums of the
first, second, ... pth powers of the roots. Thus any rational
integral funetion of a,, @, a,,...a, may be expressed as
a rational integral function of a, and s;, 8,,... s,. Let us find
the expression for =(9/2a) which is suitable for operating with
on functions so expressed.

d .
We have at once — s, = ra,"",

da,y
so that b (;E) 8p = T8,y
In particular = (%) 8, = p = 8, say.

Also = (SBE) dy = 0. Thus, the operation being on a function

of a, and sy, s,, ... s,,

J d P d J
2(5(—1)__—:2(3—&)“0.-5-‘;0"‘2(6—&)81.'3—-81
d ) d d
+2('b—(;)82.5‘872 +...+2(’b—&)8p.‘a?p

= gm + 28 2 + ..+ p8 2
—30“55; 135, 7" p 135,

here s, = p.
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We conclude that

R >
Q= %55; +2Cb15‘-a2 +...+p%-15&;

= {s 2 2 b+ + ps 2
= 038—1+ 813_82 e pp—lgs_'}’

i.e. that the Q operator is identical in form, but for sign,
when expressed in form for operation on a function of a, and
the &'s, as when expressed in form for operation on the equi-
valent function of a,, @;, a,, ... @,. Note however the absence
of a, from tho s-form of Q.

We gather then that, when a function of «,, @,, a,, ... a, is
a seminvariant, so is the same fumction of s,, i.0. p, and
81) 835 +++ 85 The latter function when expressed in terms of
the a’s will of course have a negative power of a, as factor,
since the &’s are functions of the ratios of the ¢’s to «,.

The idea of this duality appears to be due to M. Roberts.

Ex. 1. If a homogeneous isobaric function of degree ¢, in the
coefficients, and weight w, be called ¢, when expressed in terms of
@y, Gy gy o0 Gy, and @, When expressed in terms of a, and the roots,
¢, when cxpressed in terms of a, and s, s,, ... 8,, and ¢ when no
particular expression is necessarily implied, prove that

. P} b} d d 9
th= (%570+alb“;;+"'+“p57;p)(l’1=“05’;o¢2—‘%3_a‘;¢3'

Ex. 2. With the same notation

wh= (“x b%l‘ +2%bia, + et pay b_?lp)(bl = 2(“5%)‘1’2

P d d
= (s, 3;1 +2323—g + ...+pspb—s;)¢s.

Ex. 3. With the same notation
0—1, ﬁ}([)—-{[pai-&( —l)a——b—+ +a —b—]
pao - da, P da, T M da,,

1

a d d d
a_o[%a—&—o +a1-b—al’ + ... +a,,87%]} (I)l

d d d )
- 2 ___ —_ —_— —_ —
= E(a ba)d)“ = {3’381 +2.<f$b$2 +.. +psp+lbsp} s,

which by Ex. 1 may also be written
d d P
0¢= [Pax S, +(p-1)a, 3, +otay da “]4’1

-1

-p
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- {E(a’ 2) =3 (a)a, 52—0} b,

= s a5 4205 2
= 8 °Ba0 2381—’- 8335;-"...-}'1791,“%;}(#3.

Ans.  Prove the ¢, ¢, equality by considering that, as in § 183,
the effect of —O is that of Z(3/da™") on the function expressed in
terms of a, and a,, a,, ... a,.

Ex. 4. By means of the expressions for the operators in terms
of a, and roots prove the known equivalence of an operator and

a multiplier
Q0-0Q =ip—2w.
Ex. 5. By Leibnitz’ theorem prove (§ 125, Ex. 1) that

Q0-0Q =(~1y {(2 3%)'[2 (@ a%) —=(a)e, b%o]

J d N
— 2 — — — —
[E @ ba) 2((1)6&0 bao] (Eba) }
=r(ijp—2w+r—1)Qr1,
Ex. 6. By means of the equivalence of
d d d
b (SE) and 303—81 + 2315—3—2 + o P8, 5};’

prove that, if 8,,,, 8545, ... be regarded as functions of s,, s,, ... 8y,
d d 2
~ 08y = (soa»s—l +2s 5s + oo sy, 5—5) Spir = (P+7)Sprr_1-

Ex. 7. By means of Ex, 3 prove that, whether m be less than equal
to or greater than p,

d d d
My 4 = (825;1 +2s, 3_;2 + o Pspyy b—s_,,) Sm = 08,,.
Ex. 8. Also, even when m exceeds p,

d d d
My -y = (sogl +231372 + o+ P8y, 5_,;) Sm = —Q’sm‘

185. It must be borne in mind that two distinct things
may be meant by the expression of a function of a,, a,, a,, ... a,
in terms of a, and the sums of the powers of the roots. We
may mean the expression in terms of a, and s, 8,, 85,...8,
only. This expression is in all cases unique, and, when the
function of a,, a,, a,,...a, is rational and inte%;al and of
weight not greater than p, is the only expression. When, how-
ever, the weight exceeds p, there will be, as a rule, also other
expressions involving 8,.,, 8p4q,... Or some of them as well
as lower sums. The above articles contemplate the unique
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expression obtained from any correct expression by giving in
it t0 8p11, Spygy ... their values in terms of s;, s,, ... 5,.

We shall have occasion presently to consider the binary
quantic of infinite order, in which the series a,, a,, a,, a,, ... of
coefficients is unending. In its case the distinction does not
arise,

Ex. 9. Prove that, if a homogeneous isobaric function ¢ of

@y, @y, @y, ... @y is expressed in any manner in terms of e, and
81y 835 +++ Sp; Sp41y - , a0 When s0 expressed is called ¢,,

d d !

(1) Q¢ = — {s"SS—l +28‘b_s, +... to oo} b,

. d
(2) ip =ao$io¢u
(3) —{3-zci ¢

wop = 313.5'1 + ‘zasz +..to °°}¢4,

plg={s 2 1252
(1) fo-io3 o ={o g +2050 +.to of p
186. Completion of § 174. It is interesting to gather, from

§ 188 and the examples which follow § 184, the following
conclusions :

d
~2=3(3)

L W WS PR B_E
w %Q._.El(a+%)aa,

— % — a’_lif S YO : _b_}
a0 (tp—2w) arozﬂ— H{(a+a0) Sai’
which, if we put o’ for o+ %a.nd similarly as to all the roots,

0
i.e. if we transform (a,, a,, @y, ... @,) (@, 1) into
(@, 0, 0, ... a)) (w+, /aq, 1),
a form without its second term, may be written

-0 =3 (-ab&',) = —Q"
w—Z—:Q = E(a’%,) = w',

@y 4. a,® g 9 — 0
0—%(@19—210)—-;;—}9:2(:1%;—,)—0,

the remainders of the right-hand sides vanishing since a,” = 0.
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We must not lose sight here of the tacit assumption made
that the function operated on can be expressed in terms of ¢,
and a,+a,/a,, a,+ @, /ay, ... a,+a,/a,, which we have called
a/, a5, ...a,/. The functions which can be so expressed are,
we know, seminvariants. The sccond equation really exhibits
the fact anew. The weights w and w’ are equal. Consequently
that equation gives Q = 0, i.e. that the function operated on
is a seminvariant.

In these equalities ©/, 0" and w’ (regarded as an operator)
are the same operators in a,, ¢;’ (= 0), @, ... a,” as Q, 0 and w
are in a,, a,, @,, ... a,. They contain the symbol 3/da,” whose
meaning is not obvious, but is really defined by the first of the
equalities.

This symbol may be eliminated by subtracting (p—1)a, times
Q' from a, times 0’. Wo have, in fact, since a, = a,—a,2/a,,

4,0’ = (p=1) 0,2’ = 0,0 —a, (ip—2w)

= {(p=1) 43— (p—2) a,"/a} Q.

We may take this in connexion with § 174. The operator
on the lett is the " of that article. We have, in fact, here
before us the materials for the proof of the converse propo-
sition there stated, that every gradient in a,, a,, @y, ... @, for
which 4p—2w = 0 and which has ¥ for an annihilator is an
invariant, i. e. is annihilated by O as well as by Q, which last
must annihilate it as it does any-function of «,, a,, a,’, ... a,’.
We remember that the facts of being annihilated by Q, and
being of properly connected degree and weight, were not
sufficient to assure us of its invariancy, in default of evidence
either that it had O for an annihilator or that it was integral
in a;. We now see that as Q and Y/ annihilate it, and as the

relation ip = 2w holds, the annihilation by @,0, and therefore
by O, follows.

Ex. 10. Prove that a,0—a, ({p—2w) cannot annihilate any function
which is fractional in @, and for which ¢p— 2w is zero or positive.
Ans, The terms of highest degree in @, in the expression of
the annihilation of Pa,"*+@Qa,"® D +...4+ 7" must vanish. This
gives P =0, So @ =0, &c.

Ex. 11. Any gradient in a, a;, a,,... @, for which {p—2w is
positive and which is annihilated by a,0 —a, (ip—2w), is the product
of a power of @, and a gradient which it annihilates and for which

ip—2w =0,

Ex. 12. Hence y/ only annihilates gradients in a,, a,, a5, ... @,

which are invariants or invariants multiplied by powers of a,.
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187, Partial differentiation with regard to s, s,,... 8. Let
r(p=1)
1.2
also replace #:1 by 1:%, thus considering the p-ic without

binomial coefficients
Cot Y + 0oy + o+ 0y = 0 (1—a,y) (1 —ay9) .. (1 =0y y).
Taking logarithms we have at once
log (co+ 1y + a7 + ... +¢,y")
2 3 yl’ y?’+l
= log Co=8Y =8’y "‘33% e "sz)‘ "%Hm e

Now regard ¢, ¢;, ... ¢p, and also 8.y, 8p45, ... as functions
of ¢, and §;, 8,, ... s,. Partial differentiation with regard to s,,
where 741 and } p, gives us the identity

us replace a,, pa,, @y, vev s By DY €4y €1y Cgy ene s Cp, AN

de dc ¢
Sa Ut e Vit 50U = (oY + eyt oY)
{ Y 8y YL 38, Y72 }
v ds, ptl ds, pt2

which holds for all values of 7. Equating corresponding co-
efficients on the two sides we have

dc .

—~—* =0, if m<r and

d8,

Ay, 1 . . . .

S == Oy if m lie between r and p inclusive.
8,

The other cquations, given by the terms in y?*1, y»*% ...,

98p41 , O8p1g

98, 28,

Hence, if the operation upon the right be on a function of
Co» €15 Cgy+.. Cp, and that upon the left on the equivalent of
that funection in terms of ¢, and s,, s,, ... 5,,

3 3¢ 3 3¢ D 2 3__'_ +%,
8, 38, dc, | 98, d¢; | 38, d¢y T Vs,

determine for us

PR

d
’ ¢,

S { ¢ 2 +c 2 +oot0 2
Tl %%, T e, T bc,}
In particular, taking » = 1, we have

2 {cb+c FPRLEN i}
'5‘_9;—_ ’0“3_0—1 1302 /2303 A p—lbcp
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Let us now revert to our first notation, replacing
Coy C1s Cas vvs Cp DY g, p“l,]—)"(‘p'_ Y gy eee Ap)
so that s, &c., are the sums of the powers of the roots of
(@, @y, @y, ... ) (2, 1)? = 0.
The result obtained is that
' {1 2.2 2
o8 p %%, T p=1 "3,
5 3 3 . d ?, d
p=2 Zba3+ e ”lba$

188, & as an annihilator of non-unitary symmetric
functions, A more instructive conclusion is, however, derived

by replacing ¢y, ¢, €y, ... €y bY by, i)! by gﬁl ., 80 that the
equation of which s, &, ... s, are the ﬁlst p sums of the powers
of the roots is
by’ + I, "5 by R éa_ 0.
1 P!
With this notation we obtam tha,t,

d d 9 d d
— B‘é—l = boﬁ +2b1 57}; +3I)be; +..,+])bp_1 b"i);;’
whose right-hand side is of the well-known form of Q.

Our conclusion hence is that the seminvariants of

p(p )“ N N

®? + pay a1y +
are identical, but for the factor @, where ¢ is the degree in
cach case, with those symmetnc functions of the roots of

e w”1+ w"2+ +p_0

which when explessed in terms of 8, 8,,... 8, are free from s,.
Reference is made to works on the Theory of Equations for
the fact that a symmetric function
3.ata,"a" ...,

of which J4+m+n+... is the weight, and the greatest of
I, m, m,... is the least number which can be taken for ¢ that
upon multiplication by a,’ it may become integral in the co-
eflicients, may be written as a rational integral function of

815 Sy 8uy eeey

Sitms St4ns Smemyeers

Stpmans oo
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that, if none of I, m, n,... is unity, and if the weight
m+n+... does not excced p, s, does not occur, and
eminvariant is thus obtained.
f, however, either of /, m, m, ... is unity no seminvariant is
‘en.
[f, even though this be not the case, the weight Z+m +n +...
ieeds p, then, though the expression in terms of «, and
8y, 835 e0e s Stymens... does not involve s, the sane cannot
said necessarily or as a rule of the expression in terms of «,
18, 8y,...8,; for s, ,,, &e., expressed in terms of s, s,, ... s,,
: not free from s, by § 187.
When p is infinite the case of [+m +n+... exceeding p
8 not arise. Thus in this limiting case s, does occur in
symmetric function 2.ae'a,a,"... if one or more of
n, w, ... is unity, but does not otherwise.
T'he seminvariants of (a,, a,, ¢y, ...) (x, )?, when p is in-
ite, are then what are called the ‘non-unitary’ symmetric
1ctions of ay, a,, ag,..., where

a a, —
FTY T S Y e to @ = (T—ayy) (1—a9) (1=agy) ...,

th multiplied by @}, where ¢ is the degree, i.c. is the
ratest of the indices {, m, u,... in the typical product of
ts summed, or any greater number.

[t is from this point of view that MacMahon has discussed
> concomitants of the binary quantic of infinite order.

[t will of course be remembered that a seminvariant, of
juantic of any order (u,, a,, d,, ... a,) (z,y)?, which is only
extent 7, i.e. which involves only a, ¢,, a,, ... «,, is equally
eminvariant of each of the lower quantics

Loy Qyy Ugy o (L,.) (Il?, y)rs (a01 Upy Ayy oo Uy CL,._H) (w3 ?/)"“, teee
us, in particular, when we have a seminvariant of a binary
antic of infinite order, we have in it a seminvariant of a
1ry quantic whose order is the extent of the seminvariant
d one of every order higher than this extent. If, in fact,

d d d
QOE +2“15_EL_2 +3(t2ﬁ; +...to

nihilates S («,, ,, a,, ... @,), then equally do

d

d d
aob——a1 +2a1372 +3a%73 +"’+ra"lb_—a,’
P d

05(—1—1 +2alb——ag +3(62'a—(;3 + ...+ 70,

&e., &e.

9
+ (’I‘+ l)a,.'b’&-—‘

-1
da, r+1
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Ex. 13. Prove that, for any positive integral value of p,
(@ gy gy oo ap) (z, 1)P
a, 9

_ @ d  a O g &
=(%+75;+ 3155 T 3109

Ex. 14. Prove that all the coefficients but that of ¢ in the expansion
in powers of ¢ of

+ + .. to oo)w".

a. a a.
log (a0+ T‘ ¢+ 2—" e+ 51' &+ ) —log a,
are seminvariants in the letters ay, a,, a;, a;, ..., fractional in a,.

189. Generating functions. Perpetuants. Complete tables
of symmetric functions have been calculated up to the
weight 14 : for weights 1 to 10 by Meyer Hirsch (ef. Notes to
Salmon’s Higher Algebra): for weight 11 by Faa de Bruno
(cf. his Formes Binaires): for weights 12 and 14 by Durfee
(Am. Journal, Vols. V, IX) : and for weight 13 by MacMahon
(Am. Journal, Vol. VI). Thus a complete set of seminvariants
up to weight 14, of which all seminvariants whatever up to
that weight are linear functions, is known.

It has been seen (§ 135) that the numnber of linearly inde-
pendent seminvariants of weight w degree ¢ and extent p or
less is the coefficient of 2* in the developement of

(1 _wp+l) (1 __wp+2) . (1 __wp+i)
(1—af) (1—a%) ... 1—a®)
Here make p = . It follows that the whole number of
linearly independent seminvariants of weight w and degree ¢

of the quantic of infinite order, or of a quantic of order not
less than the weight w, is

1
(1=a%) (1=a%) ... 1—=)

We may want also the number of linearly independent
(or asyzygetic) seminvariants of degree-weight ¢, w which are
asyzygetic with seminvariants of the same weight and lower
degrees multiplied by powers of a,. This number may be
found by subtracting from the number of weight w and
degree ¢ the number of weight w and degree ¢—1. Thus it is

co. ¥ in developement of

co. ¥ in developement of , - — ,
=2 (1—) ... 1 —& ) (1—a)
1
TU=A) (1=2)... 12

(l}‘
(1=a?)(1=a?)... 1—a)

- n ”
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The same generating function is -given by MacMahon’s
theory of non-unitary symmetrie functions. The non-unitary
symmetric functions which give such seminvariants are of the
form 2. aa,™a,"..., where one at least of the indices , m,n, ...
is 7,and where, as in general, none of them is unity or greater
than ¢, and their sum is the weight. Now the type-products
of weight w, whose summations give such symmetric functions,
are in number equal to the number of ways in which w—7
may be made up of ¢—1 or fewer numbers chosen from
2, 3, ... %, i.e. to the coefficient of ¥~ in the expansion of the
product

(1+a®+at+..) 1+ +a+...) ... L+ 2 +22 +...),
i.e. to the coeflicient of a* in &' times this product, which is
the developement of .
w1
A=) (1—a)...(0~)

The problem of the enumeration of the irrcducible semin-
variants of the binary quantic of infinite order admits of
solution. Indeed it has been solved by MacMahon by an
analysis of non-unitary partitions, and his conclusions have
been confirmed symbolically by Stroh, Grace, and others,
Irreducible seminvariants of the quantic of infinite order are
called perpetuants, the name being Sylvester’s. A perpetuant
is a seminvariant which cannot be expressed rationally and
integrally in terms of other perpetuants of lower degree. Of
the first degree there is one perpetuant a,. Of the second
degree there is one perpetuant of each even weight, viz.
Aoy — A%, g0y — 4@y A+ 30,2, agug—6a, a5+ 15a,a,— 10a,%,....
For any higher degree ¢ the number of perpetuants of weight
w is the coefficient of * in the developement of the generating
function e

1

(1—a?) (1—a% ...(1—a%)"

The mistaken idea must not be entertained that when we
know the perpetuants of extent p or less, i. e. the irreducible
seminvariants of extent p or less of the quantic of infinite
order, we know the irreducible seminvariants or ground forms
of a p-ic. This is not the case. There may be seminvariants
of extent p or less, which are not capable of rational integral
expression in terms of lower seminvariants of extent p or less,
but which are in terms of seminvariants of lower degree and
extents some of which exceed p. One instance which we have
met with will suffice to illustrate this. We have found (§ 169)
that the seminvariant (ad—bc)?—4 («c—5b?%) (bd—¢?) is irre-
ducible when we are confined to extent 3, being an irreducible
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invariant of the cubic. But (§ 170) when we proceed to extent

4 it is no longer irreducible, being capable of being written
(ac—b?) (ae—4bd + 3¢%) —a (ace + 2bed — ad?— b*e—c3).

It is an irreducible invariant of the cubic, but is reducible for

quantics of higher order, and o is not a perpetuant.

For a synopsis of Stroh’s method of investigation (Mathe-
matische Annalen, XXXVI), see Exx. 36 to 43 at the end of
the present chapter.

MacMahon has given completeness to his theory by exhibiting
a complete (infinite) system in a notation of partitions (Proc.
Lond. Math. Soc. XXVI). He has also cnumerated perpetuants
in more sets than one of coeflicients a,, a,, a,,... (Camb.
Phil. Soc. Trans. XIX).

Further light has more recently been thrown on the subject
by ! Grace, Young, P. W. Wood, and the present author, by
consideration first of < distinet scts of coefficients, and of
perpetuant types lincar in every set.

190. Reciprocity. By Hermite’s law of reciprocity there
must be a strictly correlative theory to much of the a{ove in
which the ideas of degree and extent are interchanged. It
has refercnce to seminvariants of a p-ic for advanced degrees ¢,
just as the above theory refers to seminvariants of degree ¢ for
advanced extents p.

The number of asyzygetic seminvariants of weight w of
a p-ic, for which the degree i is very great (or not less than
w), is thus the coeflicient of ¥ in the developement of

1
(1—2% (1—a?)...(1—2a?)’

and the number of these which are really of extent p, so as
not to belong to a (p—1)-ic equally, is the coefficient of a*
in the developement of

wp
(1—=a?) (1—2°%) ... (1—a?)’

These facts may be independently arrived at. By § 163 the
seminvariants in question are rational integral functions of
A, Ag,... 4, e aua), ala), ... aPa,/, raised to the requi-
§ite excess of degree over weight by the power ¢~ of a, as
actor.

The theory dual to that of perpetuants has not been shown
to be of great importance. For a consideration of it see Proc.
Lond. Math. Soc., Ser. 2, IV,

1 Cf. Grace and Young’s Algebra of Invariants ; Wood, Proc. Lond. Math. Soc.,

Ser. 2, I, II, III; Elliott, Quarterly Journal, XXXVI, Proc. Lond. Math. Soc.,
Ser, 2, IV,
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191. Power ending products. It has been noticed in the
last article that the
(w 5 W, p)‘(“’— 1 map)’
ie. (w3 w, py—(w—1;0, p),
asyzygetic seminvariants of a p-ic whose weight is w and
whose degree is a definite number not less than w have a one
to one correspondence with the

(w 50, p)—(w—l 5 W, P)
products of weight w of a,, a,, a3,...q,, i.e. with the ‘non-
unitary’ partitions of w.

It is by reciprocity suggested as probable that there is
a system of (,w ; ’b', 00)— (w_ 1; ’b., m)
partitions of w into 7 or fewer parts, i.e. a system of this
number of products of weight w of ¢ of @, a4, a,, ¢, ...,
to which there is a one to one correspondence of the

(w34, 0)—(w—1;%, )
asyzygetic seminvariants of weight w and degree 7 of the p-ie,
when p is infinite or not less than w.

It is also suggested that those partitions of w, or those
products, are the partitions or products which are exhibited
in § 180 by aid of Ferrers’ diagrams as the duals to non-
unitary partitions or produets.

Now if we write down the diagram of a non-unitary
product, we see that the absence of @, in the product is
exhibited by the fact that the first two columns at least in
the diagram contain equal numbers of dots.

This tells us that in the dual product the letter of highest
suflix which occurs is present to a higher power than the first.

Products of this class are called by MacMahon and Cayley
power ending products or power enders. Let us adopt the
notation a, b, ¢,... of alphabetical sequence instead of the
notation a,, ¢, a,,... of numerical sequence. Power enders
are those products of some of «, b, ¢, ... which, when their
factors are alphabetically arranged from left to right, end in
a higher power than the first. Thus «b?, abd?, c*, ... are
power enders, while a%, ad®d, c,... are not. A power of a is
not called a power ender.

The whole number of products of weight w of ¢ of @, b, ¢,...
is (w;7, o), and the whole number of non-power enders is
the number of products which can be derived from products
of degree ¢ and weight w—1 by replacing the last letter in
each, once only, by the next more advanced letter, i.e. is
(w—1;14,0). The number of power enders of the type is then

(w39, 0)— (w—13;14, ).
1431 R
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We shall see that there is the expected ome to one corre-
spondence of these products with a complete system of
(w ;, 0) —(w—1; %, ®) agyzygelic seminvariants of weight w
and degree 7 ; in fact, that the latter complete system may be
derived, one from one, by differential operations on the former
complete system.

192. An annihilator of all gradients. Let us refer back to
§ 180, and proceed to the limit when p, the order of the
quantic there under consideration, or the extent of £, is
infinite. Remember, too, that though we find it convenient
to speak of a quantic of infinite order we deal with gradients
of finite weight, involving consequently only a finite series of
the letters a, b, ¢, d, ... .

We have now

Q=ad+203,+3¢cd+...t0 o,
where 2, denotes 3/dk. We have also
0 = pbd, +(p=1)cd+(p—2)dd,+ ...,
where p iy infinite,
= p{bd,+cd+dd, +...}—{cd,+2dd,+3ed;+...}
=p3—9Q, say,

in which the result of operating with @ on a gradient of finite
extent vanishes in comparison with that of operating with
the infinite p3.

We have also n=ip—2w,
which is infinite, and consequently always positive, w being
finite.

The limiting form for p infinite taken by the operator (2) of
§ 180 is hence at once seen to be

1 13202 1 3308
1=t ey T Tes

This then, by § 180, operating on any gradient in a, b, ¢, d, ...,
and in particular of course on any single product, produces
either zero or a seminvariant of the quantic of infinite order,
and equally of a quantic of order not less than w, the weight
of the gradient.

+ .

193. Tt is really most convincing and easiest to prove this
independently, and not deduce it as the limit of something
else. The student will have no difficulty in proving by the
method of §§ 123, &ec., that, G being any gradient of degree 7,

(Q$-3%0) 4 =1iG,
(292-320) QG = 2:5QG,
(23*—-3%0) Q*@ = 3192Q2Q,
&e., &e.,



193] AN ANNIHILATOR OF ALL GRADIENTS 243

and by addition of properly chosen multiples of these we

obtain the identity
{1_ 1 0% 1 Q¥ 1 Q¥0?

[——Y

1 tTE T @ 1.2.3"'"'}(}:0’

in which the series practically terminates, since Q**1G = o,
so that no doubt arising from questions of convergency
presents itself.

This tells us first that any gradient @ is of the form QF,
when we allow the extent of F to be greater than that of G,
and Q to be non-terminating. The limitation imposed by
the requirement of ¢p—2w to be positive in § 128 does not of
course arise, p being now infinite.

The result we need follows by putting Q F, where F is any
gradient of degrec ¢, for . This gives us that
o1l S0 13202 1 9303

{ i1 TET e @ e T
so that, as in the last article,
1 130 13202 1 303
“i o tETy Thte st
produces from any gradient of degree ¢ a seminvariant or zero.

Ix. 15. Prove in like manner that, with the @ of § 192,
(QLP—p Q)G = 2w0,
QP0G = 2(20w—1)QQQa,
(QP— @' Q)G = 3 (2w —2)@*Q*C,

} I'=o,

&e. &c.,
and hence that
1 0 1 ooy
Tdw—2 1 T @w_2) Quw—3) 1.2
1 ¢998

~ Bu—2)@w—3)(2w—1)1.2.3 T towt1terms,

produces a seminvariant or a zero from every gradient of weight 2 or
more,

194. Two generators of all seminvariants. One to one
correspondence of seminvariants and power enders. Now
a gradient ¥ which

1 1 S 1 S’Q_"_’
Ti1r T2 T
annihilates is of the form $F’, for the fact of annihilation
gives us

XYy

1902
T 1.2
R 2

F=S{%Q +}F
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If then we can be sure that no power ending product can be
of the form 3 F’, we shall be sure that the result of operating
on any power ending product is a seminvariant and not
a zero.

Now this is the case. Take any gradient F’ whatever, and
let @, be the most advanced letter which occurs in it, so that

FF=4+a,B+a2C+...,

where A, B, C, ... are all free from a,, and B, C, ... do not all
vanish. It follows that

SF = (o0 4y 5ot ) F

=d, 4, {B+20,C+3a2D+...} + terms free from a, .
Thus, B, C, D,... not all vanishing, $F” contains necessarily
a non-power ending term or terms; namely a term or terms
ending in the first power a,. ;.

130 1 9202
Thus 1—’?';'—" +’Z§_i~.—§—.”,
which write 1-3¢

generates seminvariants from all power enders.
Moreover, from the complete system of

(w3, 0)—(w—1;%,00)
power cnders of degree ¢ and weight w it generates a complete
system of (w; %, ®)—(w—1; ¢, ») seminvariants of that degree
and weight. For, if possible, let the seminvariants
B =01=-30P,8=01=30P,;, 5= (1 "SOPa, ooy
generated from the complete system of power enders of degree
7 and weight w, be connected by a linear relation
NS NS, + A58+, = 0.
This would necessitate that ,
MNA=SOP +01=8)P,+2(1=3()P;+... =0,
ie.that  (1—=S¢) WP+ NP+ 0 Py+...)=0,
or MNP +AP+0Pi+.. =3 (P4 0Py+ NP+ ),
i.e., by the above, that
MNP NP+ 0P+ ..,
should involve at least one non-power ending product. But
it does not.
It is then completely established that there is a one to one
correspondence between a complete system of power enders
and a complete system of seminvariants, the latter complete

system for any degree ¢ being generated from the former by
operation with
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1— 1 ?B’ + ‘1_ 20! _ 1 I3 .
% 1 1.2 *1.2.83 '

The theorem of § 193, Ex. 15 would lead to the same
conclusion as to one to one correspondence, and afford an

alternative generator of all seminvariants from power enders.

194 (bis). In proving (§ 193) that every G is an QF, we
noticed that F might have to involve more advanced letters
in the series «,, a,, @y, ... than G does.

Another way of expressing G as an Q F' will make it clear
that there is always an /" in which these more advanced letters
enter, if at all, to the first degree only.

Denote by v, the operator

o 1 9 1 d

= — - —_ 2 —
Vo= o, W Ay, + w ('w—l)‘Q by

Then +(—1)"’wi!9."’ 5‘3‘7).
Vo = {(w+ 1) bazﬂ +Qa—z;} - {luﬂ{w a"cbi; +Qb—:—w_l}
+ E(—uf—:)szﬂ{(w—l)&%_l +QS;:2}
—...+(—1)wu@1—!m{a—?§ +93-3—0
= (w+1) Miﬂ (=)7L et 'a?io’ (1)

This, we notice, annibilates any F of weight w or less. If
then we take a G = QF of weight w, so that F is of weight
w+ 1, we have ., G = 0.

Now
1 . 1
—_— = —— . e —— £ =0
‘I’w+1G+ ,w+1‘Q“l’wG b“w+1 G: Lce ,w+1 \I/m(; ’
1 d
‘I’wG+ ,‘;‘Q"I’w-IG - EG’
G+ 1oy, ,G=—2¢
Ve O 57 BV 0= Aoy

d
NG+, 6 =56,

9
‘I’OG= -D_G.

N
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Hence, multiplying by a,4q, @y, @y, ... a5, @, respectively
and adding,

1 1 ,
Q {m a:w.;.l‘llw'i' q—l')aw\/fw-l'l' ‘s +a1\llo} G = ’LG; e (2)

and this is a relation G = QF such as desired. Letters more
advanced than those occurring in G present themselves to the
first degree only, if at all, in ¥, because &, ¥, @, ... do not
involve the more advanced letters.

We can use the equality here proved to obtain another
generator of seminvariants from gradients. Take any F of
type w, ¢, so that QF, if not zero, is of type w—1, ¢, and
contains no more advanced letter than # does. Taking QF
for @ in (2), with w—1 for w, we at once obtain that

1.1 1
1= 7 G bt g ot ) O F

is annihilated by @, so that it is a seminvariant or zero.

A much simpler form may be given to this by substitution
for VY, Q, Vu_oQ2, ... from equalitics (1), and use of Euler’s
Theorem as to homogeneous functions. This is

1 1, 1 )
S3a, — S —_—— e (—=1)" . wi __ F,
fb{% @2+ 1.2“29 +(=1) 'wla”’s2 }bao

The verification that this is annihilated by Q, because 3% Fis
0

only of weight w, is immediate.
The generator thus provided, continued to infinity, i. c.
1 1,1 . d
g{“o—a'xﬂ'l' ﬁazﬂ ————~1.2.3a3Q +...}5—&/—0
produces all seminvariants from gradients. For the first form
in which it was obtained shows that it produces any F
satisfying QF = 0 from itself. The second, and better, form
gives the same inforination, as when QF = 0 it simply yields
i {ay (0ag) +a, (3/a;) +a, (/3ay)+ ..} B,
for it is easy to prove that Q"dF/da, = (—1)r!13F/da, when
QF = 0. 1t does not, however, produce a complete system of
seminvariants from a complete system of power enders; for it
annihilates those power enders which do not involve a,.

The seminvariant thus produced from any gradient & cannot
be }f degree above the first in letters beyond those present
in F.

Notice that if F is general of degree 7, (3/da,) F' is general
of degree i—1. Thus we have that, if G is the general
gradient of weight w and degree ¢—1, then
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{ —a, 0+ | a29~ a3m+...}G

1
1.2.3
is a sum of arbitrary multxples of all seminvariants of weight
w and degree <.

Remembering § 93, we can hence derive the theorem that any
seminvariant of weight w is the w*™ transvectant (lineo-linear
invariant) of the w-ic (@, @, ... a,) (2, ¥)* and a w-ic which
is a rational integral function of some or all of the former
w-ic and its successive x-derivatives. (See also § 262 bis.)

ADDITIONAL EXAMPLES (MISCELLANEOUS).

Ex. 16. A non-unitary symmetric function of the roots of an equa-
tion of order p, i.e. one whose expression in terms of s,, s,, ... s, does
not involve s,, or, if p be not less than the weight l+m+n+ , one
2 (a, a,"as"...) in which none of 7, m, #, ... is unity, has its full
expresslon in terms of the coefficients determinate when the non-
unitary part of that cxpression, i.e. the part of it frec from the
unitary coefficient b, is known, just as the full expression of a semin-
variant is determinate from its non-unitary portion. (Macahon.)

Ex. 17. Prove that
3a?dy+abdo+ (ac+ 5 8%+ (ad + be)dg+ (ae + bd + 5 ¢*) 9+ ...
and
2.3a*d,+ 3abdy+ 4 (ac+$0%),+ 5 (ad + be)d,
+ 6 (ae+bd + 3c¥) o, + ...
generate seminvariants from seminvariants. (MacHahon.)
Ans.  TForm the alternants with the infinitely continued Q.
Ex, 18. Every invariant I of a binary p-ic » is a numerical multiple
of the pth transvectant or lineo-linear invariant of % and a p-ic
covariant

Ta 0l ¥ A7
yPe? 1/ day, i.e. (—, —, ... —) (y, —2)?.
y 2a e (5o 5o M} (% =)

Ex. 19. Every seminvariant S of extent p is a numerical multiple

z
of the pth transvectant of the p-ic % and a p-ic g/"e?an/ da, which
is annihilated by @ —y9/dx.
Ans. Use § 194 (bis) and Q738/da, = (—1)'r135/da,.

Ex. 20. The coefficients of powers of # in the expansion of

) 5yt
(“_b%”w dlz.z.s )

x x? x* ¢
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where 7 is any positive integer, are all seminvariants, except such as
are zero.

Ex. 21. If 9 is the infinitely continued operator defined in § 192,
and it §,, 5, are two seminvariants of degrees 7,, 7, respectively, then
7,5,38,—,8,3., is a seminvariant, unless it vanishes. (2’Ocagne.)

Ex. 22. Prove that Q annihilates the product
{a+b(@=y) + 15 @=9F+ ..} {a+d(y—2)+...]
wAatb(w—v)+...} {a+tbw—2)+ ..},

where @, ¥, 2,... 4, v are arbitrary, and the series in brackets extend to
infinity ; and hence that all non-vanishing coefficients in the product
expanded by powers and products of @, ¥, 2, ... %, v are seminvariants.

(S. Roberts.)

Ex, 23. If § is a seminvariant of (a, b, ¢, d,...) (, y)*, prove that
(2w S—i@) 8, where the notation is that of § 192, is another semin-
variant of the same degree, and weight one higher, unless it vanishes.

(Cayley.)
Ans.  Cf. § 165 (bis), Exx. 16, 17.

Ex. 24. Ifin any seminvariant of (4, 0.1, ¢.1.2, d.1.2.3,...) (=, )%,

a, b, ¢, d,... are replaced by b, ¢, d, ¢, ... the result gives the terms
free from ¢ in a seminvariant of the same degree and higher weight.
(MacMahon.)

Ex. 25. A seminvariant of (@, b, ¢, d, ¢, ...)(w, ¥)* is a seminvariant of
the system ]
(¢, 0.1, e¢.1.2, d.1.2.3,...) (%, y)*
(0, e¢.1, d.1.2, €.1.2.3,..)(2,%)"
(¢, d.1, e.1.2,... ) (=, y)*
&e., &e.  (MacMahon.)

Ex. 26. If {a,, a,, ... ap} (2, ¥)? denotes
a2 +paya? Tty +p (p—1) a@P 2y + . +plagy?,
then the part free from ¢, in any seminvariant of
{ay, ayy ... az} (%, ¥)? is a seminvariant of {a,, a,, ... a,} (z, )?77,
and is reducible if the first seminvariant is.

Ex. 27. The seminvariant leader of a covariant of degree ¢ and
order o greater than ¢ +p—2 of {a,, a,, ... a,} (®, ¥)?"* is the part
free from @, in a seminvariant of {a,, a, ... ax} (x, ¥)?; and if the
first is irreducible so is the second.

Ex. 28. If @ is any gradient of weight w degree ¢ and extent p,
and if o is the sum of its numerical coefficients, then, whatever « be,

g d LD L,
w( tase +

3 i
— —)G@=tlo.
Sa, x ba2+'"+wpbap)a tlo
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Ex. 29. Hence any seminvariant of weight w and degree ¢ is
annihilated by the operator which is the coefficient of »" in the

ion of .
CXpansion o Qut 2%+ 2+ 2%+ 0.}
Ex. 30. Referring to § 174, Ex. 22 for the notation, show that, if d,

p—11 +++ Up

d d
denotes r! (_p—'r)!a—a—r’ and 3,” denotes ! (p_r)!ﬁi—;’ 8y, 0 0

are the same functions of 3/, 8p_, ... 8, and m as ag, a,, ... a, are of
@y, @y, ... dp and m,

Ex. 31. In the same notation 3,/, 3,_,/, ...3,” are the same functions
0f By, Op_yy ove Oy a0d —m 28 45 By, oo 8y ATe of ag, @, .. @y and .

Ex. 32. If, upon the substitution of X'+ m?Y, ¥ for x, y,

(@) @5 By oee ap) (@ 9)°
becomes (Ry 81y By -n 8p) (X, Y)P

then (Opy =Bp_1y Bp_gy - (= 1)73)) (%, 9)?
becomes (s =¥ pors Vp_gy oo (—1)?0)) (X, ¥)P. (Sylvester.)

~ Ex. 33. Any seminvariant of (a,, @, 4y, ... ap) (2, )? becomes, when
mitdy, =0, 1,0, g (—1)d,are put for a,, a,, a,, ... dp, a0 operator
which has the same effect on any function of a;, «,, @, ... @, as the
result of 1'§placing in it 8y, 8,_y, voo by 8,/,85_y, «.. hason the equ_ivu-
lent function of a,, a;, 8, ... ay, and may be called a seminvariant
operator. (Sylvester.)

Ex. 34. More generally, any operator obtained by writing down
a seminvariant of the two quantics

(@, a1 Az, ... ap) (z, )", (85 —Op_1s Dp_gs vee (=1)78,) (=, )"
the symbols d being written last in every term, is a seminvariant
operator. (Sylvester.)

Ex. 35. Hence obtain the results (cf. § 186) that
. a, @y N a’
7, Q, w a, Q, 0 ao([n 2w) aozﬂ
are four seminvariant operators.

Ex. 36. If a,, g, ... a; are ¢ symbols, and
(a,—a)™ (a,—a,)™ (az-aa)”” oo
any product of w differences between pairs of them which is such that
not more than p factors involve any one of the symbols, and if the
product is expanded and multiplied by a, and in the result a, /a, is
put for every one of the first powers a,, a,, ... a;, &, /a, for every one
of a? a2 ...a2 and generally a,/a, for every one of af, a)f, . ay,
the result is a seminvariant of (g, a;, @y, «.. @,) (¥, ) of degree i
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and weight w; and all seminvariants are linear functions of semin-
variants which can be thus expressed. (Stroh.)

d b d
da, da;’
and a seminvariant is annihilated by 2. Now both these opemtoxs
are expressed by

d d d 9
i, st e PR 0 T ey

da, ' da,
+3{a‘3—-——b——- +...}+.. +p aP‘l—i—Jr. .
' (a?) ' e T

Or again, the functions lead hyperdeterminants (§ 60 bis).

d
Ans. Such a function is annihilated by — sa T34

Ex. 37. If A, A,, ... A; are ¢ quantities whose sum is zero, then,
after expansion and substitution as in the last example,

ay (Ao +Ap0,+ oo + 20"
is a seminvariant of degree ¢ and weight w, provided that w do not
exceed p.  (Stroh.)

Ex. 38. If p is infinite, or not less than w, and if ¢, (= 0), ¢,, ¢, ... ¢;

are the elementary symmetric functions
SAE=0) ZAN), S, s A, A

then, when the function of the last example is expanded and expressed
in terms of powers and products of ¢,, ¢;, ... ¢,, and substitution for the
a’s and their powers made as before, the coefficients of the various
products of ¢’s are a complete system of (w; o, 7)—(w—1; o, 7)
linearly independent seminvariants of weight w and degree 7. (Stroh.)

Ex. 39. If the numbers of powers and products of ¢,, ¢,,...¢, in the
sum of Ex. 38 are diminished as much as possible by means of the
relations in ¢,, e,, ... ¢; any one of which expresses that in some way
A+ A+ .o+ A; s a sum of two sums

)‘1+ v +}\¢, )\¢+1+ e + }\‘-
each of which vanishes, the coefticients of powers and products of the
¢'s which remain are non-perpetuant seminvariants, and the number

of perpetuants of degree ¢ and weight w is the number of powers and
products which have disappeared. (Strok.)

Ans. Seminvariants which do not disappear are reducible in
terms of seminvariants of lower degree, and others which are not
syzygetic with these are not so reducible.

Ex. 40. Perpetuants of degree 7 and weight w are just as numerous
as products of ¢,, ¢, ... ¢; and powers of them which when multiplied

by ON T A T A+ A oo T+ A4 oo +A,)
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are raised to weight w in e-suffixes, i. e. to dimensions w in the N's.
Here

A =e¢;, I ()‘1+)\2) = (A HA) (M FAg) v g+ Ag) voe (A +A),
&c., and v is §7 or 3 (¢—1) according as ¢ is even or odd. (If 7 is

cven, two conJuvate sums A +A 4 o+ A, Ay A+ A are
not both written in the last pr oduct. ) (Stroh.)

Ex. 41. The product TIA.TI(A +A) ... IT (A, +A,+...+A,) is of
weight 2¢71—1, whether 7 be even or odd. C‘onsequently the weight
of the lowest perpetuant of degree 7 is 217'—1. (Stroh.)

Ans.  For instance, 7 even gives the weight
z(z ) ,1(E=1) .. (§z+l)

1.2 .47 21

+ont3

Ex. 42. The number of perpetuants of a higher weight w than this,
and of degree ¢, is the number of solutions in positive integral and
zero values of pu,, fg, f,, «vu Of

2T =1+ 20, + By At i = W
Ex. 43. Deduce the generating function for perpetuants (§ 189),

viz. i-1_
m? 1

(A (=) o (=)
Ex. 44. Tf, in the 0-notation of § 60 bis, #(0,, 0,, ... 0,) a,a,a,
7 factors, is a seminvariant of degree 7, so that
(9/30,4+3/30,+...+3/30)) ¥ (8,, 0,,...6,) = 0,
prove that it must be a product, or sum of numerical multiples of

products, of seminvariants of lower degrees if #(6,, 0,, ... 8,) is also
annihilated by a sum of some but not all of 3/30,, 9/986,, ... 9/36;.

Ex. 45. The symbol F of every seminvariant of degreec ¢ which
is not a perpetuant is annihilated by the product of the

i—1y | -2 S N
1+ ( ) )+ ( . )+"'+(i—2)—2 —~1
parts of 9/96,+9/36,+ ... +9/36, which do not contain 3/36,.
Ex. 46. Conversely, if # is annihilated by this product, it is a sum

of parts each annihilated by a sum-operator not containing 3/96,, and
is not a perpetuant.

Ans.  Of. Quarterly Journal, XXXVI, p. 132.
Ex, 47, Hence also the lowest possible weight of a perpetuant of
degree ¢ is 2971 —1,
Ex. 48. Show that
(91-02)2'—2 (09“03)2‘-3"- (8ies—6;_,) (0;.,—0)) aa,a, ...
is a perpetuant of this weight. (Grace.)
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Ex. 49. Prove that {0,+0,+...+8,—(i—1)6,}* "'a,a.a,... is
a linear function of the perpetuant of Ex. 48 and reducible semin-
variants,

Ans. The operating product of Ex. 45 reduces both to constants,
and so annihilates a linear function of the two.

Ex. 50. Show that
F(8,,0, ..0) (0,+60,+..+0,—(i—1)6,)* ", ..,
t factors, expresses a complete system of perpetuants of degree 7.

Ex. 51. If ¢, denotes 0,4+ 6,+ ... -+ 6,—186,, and p,, p,, ... p; denote
the sums of products 2, 3, ... ¢ together of ¢,, ¢,, .. ¢;, a complete
system of perpetuants of degree ¢ is given by the expansion of

ST/ (1—py) (1=py) e (1=p))
(Proc. Lond. Math. Soc., Ser. 2, IV, p., 233.)

Ex. 52. The lowest weight of a seminvariant of the quantic
ay(z—a,y) (x—a,y) .. (:v—apy) which is not expressible as a sum of
numerical multiples of products of seminvariants of quantics which
are complementary factors of this quantic, is 2?7'—1; and

2 (‘11""12)2”_'13 (ag—a)?" .. (ap-g—ap_,)* (2p_1—a,)
is, but for a power of a, as factor, such a seminvariant for this weight.
(Theory dual to perpetuants.)



CHAPTER XII

CANONICAL FORMS, ETC.

195. WHEN a binary quantic (ay, @y, @y, ... a,) (2, ¥)? is

transformed by the linear substitution
z=IX+mY, y=UX+m'Y,

four constants I, m, I/, m” are introduced whose valucs may be
assigned at will. These may be so chosen that the form of
the transformed quantic is simplified by the absence of certain
of its coeflicients, or by relations among certain cocflicients.
The quantic is thus reduced to a simpler form without any
loss of generality.

For instance, we know perfectly well that by giving
I, m,l', m’ the values 1, —«, /@, 0, 1 the quantic is transformed
into one wanting its second term. The quantic without
a second term is then not a special one, but is in effect just
as general as one with its second term present. Any binary
quantic can be so expressed by means of a linear trans-
formation.

Moreover, it is to be noticed that the deprivation of
a quantic of its second term is not something which can be
done by linear transformation in one way only, but that
there is a wide class of linear substitutions any one of which
will effect the purpose. In fact, if by the general linear
substitution (¢, @;, @ ...a,) (2, y)? is transformed into
(4y, 4y, 4,,... 4,) (X, Y)?, we sec at once that

A, =aq P imta (P + (p=1) P2l } + ..+ @, U7,

in which we may give to 7, m, {’ any non-vanishing values we
please, and obtain, by solution of an equation of the first degree,
a value of m’ which, going with those values of I, m, I/, will
make A, vanish. The usual way of depriving a quantic of its
second term is then only the simplest of many ways.

We see, in fact, that by proper choice of the four quantities
I, m, U, m” we may in general impose four conditions on the
coeflicients in a binary quantie, and still have a form to which
the quantic can be reduced by a linear substitution without
losing its generality. These may not be any four conditions
we choose, for the equations in I, m, I/, m” which express four
conditions may not prove to be consistent with one another.
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In particular, for instance, we can never make four separate
coefficients in the quantic vanish. For to express this we
should have to make I, m, I/, m’ satisfy four homogeneous
equations, i.e. to choose the ratios I/m, !’/m, m'/m, three
quantities, so as to satisfy four independent equations, which
cannot be done.

196. Definition of canonical forms. Now the binary p-ic
contains p+1 coeflicients. Taking 4 from this number, we
see that no binary p-ic with less than p — 3 perfectly arbitrary
coefficients can he equivalent to a perfectly general binary
p-ic subjected to linear transformation, but that there is
a certain presumption in favour of one which has p—3
perfectly arbitrary coeflicients, or whose cocfficients involve
p—3 perfectly arbitrary quantitics, being equivalent to the
general binary p-ie, which presumption must, however, in
every case be tested before it can be stated as a certainty.

A form of binary p-ic whose coefficients involve p—3
perfectly arbitrary quantities, and which is proved to be
a form to which the general binary p-ic can be reduced by
a lincar substitution, is called a Canonical Form of the binary
p-ie. There may be different forms for the same value of p
which have equal claims to the name canonical, but in
practice, for the cubic, quartic, &e., respectively, one canonical
form is chosen because of symmetry of shape and convenience
of treatment, and often spoken of as the canonical form.

The case p =2 of the quadratic stands by itself in that
p—3 is negative. Of course the three coefficients of a binary
quadratic cannot be subjected to more than three conditions.
To each of the simple forms X2+ Y% XY a quadratic can be
reduced in an infinite number of ways, since one of 7, m, ', m’
is arbitrary. Indeed, the general binary quadratic

ax? + 2bzy + cy?
can be given the form of any quadratic X2+ 20 XY +¢'Y?
whatever whose diseriminant a’c’—"? does not vanish. The
like fact is true as to quadratics in any number of variables.

197. Canonical forms have here been defined for binary
quantics only. For quantics in more variables than two the
definition is similar. A form of ¢g-ary p-ic which is a simplest
form to which linear transformation can reduce the general
g-ary p-ic is a canonical form of the g-ary p-ic, one form
being regarded as more simple than another when of its
coefficients a smaller number are arbitrary, or, as is the same
thing, when its coefficients are known functions of a smaller
number of arbitrary quantities.
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The number of coefficients in the g-ary p-ic being easily
seen to be

(P+1) (p+2)...(p+q-1)
(g=1)! ’

and the number of constants in the general scheme of linear
substitution being ¢* the number of perfectly arbitrary co-
efficients left in a canonical form will be

(p+1) (p+2)...(p+g=1

(g—1)! w

when the degree p is sufficiently great for this to be positive.

198. The knowledge of invariants and covariants both
aids and is aided by the determination of canonical forms of
quantics. On the one hand, as we shall illustrate by examples,
invariants and covariants supply information as to forms
which are canonical and the reduction of general quanties to
those forms, and on the other, since invariants and covariants
of a quantic have relations to one another, expressed by homo-
gencous isobaric syzygies, which hold however the quantic be
linearly transformed, it suffices, in order to discover those
relations, to consider the quantic and the invariants and
covariants in simpler forms which they can assume without
loss of generality.

Geometrical interpretation of invariants and covariants is
also greatly assisted by the simplification afforded by canonical
forms.

199. Canonical form of binary cubic. The binary cubic
ax’ + 3bw?y + 3cxy® + dy®
can be expressed in the canonical form
X34 75
In other words, constants A, g, A, &’ can be found such that
ax® + 3ba?y + 3cwy® + dy® = (Ao + py)® + (Nw + 1 y)?
is an identity.

A presumption in favour of this is afforded by the fact that
the identification of coefficients of a3, a?y, xy?, 43 on the left
and right gives four equations for the determination of
A u, N, 1’ but we have to be sure that the four equations
are consistent and independent and can actually be solved.
This will first be proved without any reference to the in-

. variant theory.

With a change of notation, we have to see that p, q, a, 8

can be found so as to make

ax® + 3ba®y + 3cxy? + dy® = p(x+ ay)® + q(z + BY)?,
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i.e. 50 a8 to make simultaneously

p +q =a,
pa +qpB =5,
pa®+qpt = ¢,
pad+qpe=d.

The first three of these are consistent for the determination

of p, q if 1L, 1, a]=0o,
a, f, b
azs ﬁzs ¢

and the values of pa, g3 which satisfy the second and third
also satisfy the fourth if

1, 1, h|=0,
a, 3, ¢
aZ) ﬂz’ (l

We have thus two equations for the determination of «, 8.
Wo may write them

Lu+Qb+ Re =0,
and Ph+@Qc+Rd =0,
where also >+ Qa+ Ra® = 0, and P+Q3+R32 = 0. These
are made consistent by taking for a and B the two roots of
the quadratic

a, b c |=0.

i b, ¢, d
1,0 af
Having thus found « and 3, any two of the first set of four
equations suffice to determine p and ¢. Thus the possibility
of reducing the cubie to the canonical form X3+ Y3 is proved,
and the means of doing it, by solution of quadratic and linear
equations, afforded.

Tho student should notice that there is failure to effect
what is desired when a, , ¢, d have such specially connected
values that the quadratic for a and 8 has equal roots, i.e.
when (ad—bo)*— 4 (ac—b?) (bd—c?) = o,
that is to say, whon the diseriminant of the cubic vanishes, so
that the cubic has a square factor. The canonical form for
cubics with a square factor is not X3+ ¥° but X2Y.

This leads to the general remark that a canonical form of
the general quantic of any type is one to which a quantic of
that type can be reduced when general, but not necessarily

one to which every special quantic of that type can be
reduced.
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Ex. 1. Verify that
(1’7)2 (a - /3‘)B = (acl — l)c)ﬂ— 4 (ac - bﬁ) (bd —).

Ex. 2. One binary cubic with general coefficients can be linearly
transformed into any other,
Ans.  Through X?+ Y as an intermediary.

200. The reduction of the cubie to the form
P@+ay)+q(x+By)
and thence to its canonical form .X'3 + ¥ is most casily effected
by means of its one quadratic covariant, the Hessian
(e —b?) a® + (ud —bey wy + (bd —¢?) 2
Regard the cubie
«a® + 3baty + 3eay? + dy?
as the transformed form obtained by the substitution
& =wtay, ¥y =ax+5y,
whose modulus is 4 —a, from the form pu’® + gy
The Hessian of the transformed is the Iessian of the un-
transformed multiplied by the square of the modulus.  Thus
(e =0 a® + («d = be)wy + (hd—c) y? = (3—a)* pga’y’
= 1 (a=p)* (o +ay) (v +3Y).
Consequently if the Hessian
(e —0%) 2 + (ad = be) vy + (bd ~ %) y*
has for its factors
(ac—0% (w +ay) (x+ BY),
the cubic must have the form
pe+ay)’+q(@+By),
in which p and ¢ may be found from the equationy
p+g=a, patygl=0>0
Thus p*(x + a7) and ¢* (z+ By), the X and ¥ of the canonical
form, are found.
The determination of the canonical form of the binary cubie

effects the solution of a cubic equation. (Cf. § 11, Exx. 14,
15.) For it reduces the cubic equation to the form

X3+Y® =0,
i.e. to the three linear equations
X+Y=0, X+0Y =0 X+o?Y=0.
The student is advised to illustrate this by an example,
e. g to solve x> —32%tana—3z +tana = 0.

1431 8
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201. Concomitants of cubic in canonical form. We have
seen in § 169 and elsewhere that the cubic
w = ax® + 3bxty + 3cxy® + dy?®
has, besides its Hessian
H = (ac—b?) 2% + (ad —be) wy + (bd —c?) 37,
a cubicovariant
@ = («*d—3abec+20%)x® + 3 (abd — 2ac® + b%c) a®y
+ 3 (20%d —acd — be?) ay® + (3bed —ad? — 2¢6%)y?,
and one invariant, its diseriminant
A = (ad —be)2—4 (ac— %) (bd —c?).
The same functions of the coeflicients and variables in the
canonical form are X4 Y

XY,
X313,
1.

Now let M’ be the modulus of the substitution which
expresses X and ¥ in terms of z and y, so that, in the two
notations of § 199,

M =M —Np = (pg)! (B—a).

We remember from Chapters 1L, ITL, that the index of the power
of the modulus, which has to multiply an invariant or covariant
of a binary quantic to produce the equivalent of the same
invariant or covariant of the transformed quantic, is equal to
the weight of the invariant or of the leading cocfficient in the
covariant. Thus the information given by invariant algebra
as to a binary cubic and its canonical form is presented in the
four identities w= X34y

I =2M2.0NY,
G = M3 (X3-Y?),
A =M,

Of these the last tells us at once that the modulus of the
substitution which expresses X and Y in terms of z and v,
i.e. the reciprocal (§ 23) of the modulus of that which expresses
« and y in terms of X and Y, is equal to the sixth root of the
discriminant.

We have also in a clear form before us the fact that
w, H, G, &, though irreducible in that none of them can be
expressed rationally and integrally in terms of the rest, are
not independent, but are connected by the syzygy (cf. § 169) °

u?A = %+ 4 H?,
which is obtained by eliminating X, ¥ and M’. Moreover, no
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other syzygy connects them, for there is no other way of
eliminating those three quantities.

It is of interest to notice that we have also readily given
by theso identities the values of the p, ¢, a, B of § 199. We

h
e =X+ V0= po+ay)+q @+ AYP,
MG = -T2 = p (@t ayf'—q (o +8y)°
Thus, taking the full expressions for w and @, and attending
only to the equalities of the coeflicients of «? and %y,

prg =q,
pa+qp=0>,
p—q = A (*d — 3 abe +203),

pa—qB = At (ald—2uct+0%);
whence
2p = a+A(«d—3abe+ 20,
2¢ =a—Aat («*d—3abe + 257,
2pa = b+ A (abd — 2ae? +1%),
298 = b—A-? (hd —2ac + L),
We have also X* and Y themselves; viz.
1 (u+At@) and 3 (u—ata).
The solutions of the cubic equation
(& by e, d) (e, ) =0
in @:y are then given by the three linear equations
w+Aat @y w-atG)t=o,
w+a2 ) tre w—213)! =,
@+Aa ) et (u—at0) =0
202. Geometry of concomitants of cubic. Geometrically,
taking (a, b, ¢, d) (%, y)® = 0 to represent three straight lines
through a point, the reduction of the cubic to its canonical
form 18 the reference to the lines which form the Hessian.

As examples of geometrical information yielded by the
canonical form the following are left to the student.

Ex. 3. The cubicovariant of a pencil of three lines L, M, N repre-
sents the pencil L/, M’, N’ which consists of the harmonic conjugate
of L with regard to M and &, that of M with regard to & and L, and
that of N with regard to L and M.

. Ans. It suffices to prove that X— Y and X'+ Y are harmonic
with regard to X +wY and X +?Y.

Ex. 4. L,L’; M, M’; N, N are pairs of an involution, of which //
the Hessian represents the double lines.
82
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By means of the expressions for w, H, G, A in terms of
X, I}: M’ in § 201 we may readily prove the following theorem
due to Cayley.

Lx. 5. The Hessian, cubicovariant, and diseriminant of Au + £'G' are
respectively
(BR=E2AVH, (B—F72A) (RQ+F Au), (B2—K2A)A.

Ex. 6. If L', M’, N’ are the harmonic conjugates of L with regard
to M and X, of M with regard to ¥ and L, and of & with regard to
L and M, then L, M, N are respectively the harmonic conjugates
of L/ with regard to 2/ and N, of M’ with regard to N7 and L, and
of NV with regard to L’ and ",

203. Canonical reduction of binary (2n—1)-ic. The pro-
position of § 199 is a casc of a general one due, like the rest of
the elementary theory of canonical forms, to Sylvester. This
ig that a gencral binary quantic of odd order 2n—1 is a sum
of (2n—1)th powers of n linear forms.

As indicating the likelihood of this, we notice that the sum

(/\l'f" + “1?/)2"_1 + ()\2(]; + Mg?/)”_l +. 4+ ()\".’U + Mn@/)2"_l,
or its equivalent

Pr (@4 a4, (04 ay) T+ py (@t auy)
is a binary (2 n—1)-ic with no obvious connexion among its
cocflicients, which cocflicients arc functions of 2n constants
that may be chosen at will, this number 2n being exactly
that of cocflicicnts in the general binary (21 —1)-ic

(ay, ty,y gy ons gy y) (2, )20l

We have to see, however, that values of the 21 o’s and p’s,
to adopt the second notation, actually exist, which make the
sum and the quantic identical. We shall prove that the a’s
are the roots of an equation of degree m, and so do exist,
though goneral expressions cannot algebraically be found for
them when 7 exceeds 4, and that, when the o’s are known,
the p’s are determinate by solution of equations of the first
degree.

For the identity

(@, @y, Ags eon Agyy) (@, 9)P7F = py (@ + gy
+ Py (@ +ay)* 4+ Py (T 0,y)?

to hold, we must have simultaneously

pl +}72 + e +p” = ao,
Pay tpeay T+t Puts = qp,
P’ P tetpaa =y,

2n-1 2n-1 . 2u-1 — .
Y20 + Py ay +ooo Py = Uy
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and to find solutions of these equations it suffices to take for
aj, g, ... a, the n roots of an equation

a*+q et +ge L+, = 0,
where q,, ¢,, ... ¢, are determined by the n equations
Uy + 0y TPy +ooH 0, =0,
Ty Y QU F g+t Qe =0,
Upyg T4y +0, +o.+qa, =0,

Uyu1t Qlon-gF ©p-gt oo T @utay = 0
and then to solve for p,,p,,...p, the first n of the 2n
equations of the first degree in thesc which have been made
consistent.
The equation whose roots are a;, a,, ... a, has the form
Ay Uyq 5 Uy yen = 0,
(lu+l ’ Ay ’ ('u—l ) "'ul

(pyg y Uppy s by yeen ly

Uyu=1s Uop-ny opogy eoe tay

n-1 n-2
, @ yeen 1

at , @
as is at once seen by elimination of ¢y, ¢,, ... 7.

For the quintic (¢, 0, ¢, d, ¢, f) (@, y)% and the septimic
(@, b, ¢, dy e, f, g, h) (w, y)", » has the values 3 and 4
respectively. Thus the reduction of the quintic to a sum of
three fifth powers, and that of the septimic to a sum of four
seventh powers, can actually be effected algebraically. TFor
quantics of higher odd orders the reduction would depend on
the solution of equations in a of degrees above the fourth. For
such higher cases the quantic is proved to have an equivalent
expression as a sum of powers, but the algebraic reduction to
the form is not effected.

204. Case of canonizing equation having equal roots.
There is failure to effect the required reduction when the
coefficients in the (2n—1)-ic are special in such a way that
the equation of the nth degree in a has equal roots.

The condition for such equality of roots is the vanishing of
the diseriminant of the m-ic in a. This is of degree 2 (n—1)
in the coefficients of the m-ic, which themselves are of degree
n in a,, a,, @y, ... &,, ;. The condition is then the vanishing
of a function of degree 2n(n—1) in the coefficients of the
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(2n—1)-ic. This function is an invariant, being the dis-
criminant of what will presently be exhibited as a covariant.
For the case of the quintic n = 3, and the invariant is of
degree 12,

Let us discuss the failure for the case of the quintic. If the
cubic a®+ g a®+q,a+g; = 0 has one root a and two roots
cqual to 3, so that 352+ 2¢;8+¢, = 0 as well ag

B +qiB* + 2B+, =0,
the six linear equations made consistent as above are not
those of § 203 (with n = 3) for p,, p,, p;, but
P +9 = q,
pa +(+m)p =b
pal4 (g+27) 32 = ¢,
pad+(q+37) B =d,
pet+(g+en)pt=e,
pa®+(q+57) B =,
of which any threc determine p, q, 7.
Now these give the quintic the form
p(etay)+q@+By)P+573y (x+8y),
Le.

5
P ayf+q e+ Y+ — ﬂj {(e+ay)=(@+By)} (@+BY),

—
whose form is
p(z+ay)’+50" (e +ay) (@+8y) +¢ (= +By)".

Thus the canonical form of a quintic which is special in
that its invariant of the twelfth degree above vanishes is most
simply written

X+ 50XV 4+ 17,
in which three consecutive coeflicients are wanting.

When a, 3, y arc all equal, it is easy to see that the de-
generate form is

(@+ay)’ {p @+ay)'+6¢(@+ay)y+107y°},
so that the quintic has a perfect cube for a factor.

205. Canonical forms of quintic, septimic, &c. In the
identity

(ad.c.d.e,f) (z, y)° = p (x+ay)®
+q(@+Byf+r@+yy),
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we may write X for p*(z+ay) and ¥ for q*(x+/33/), and
consequently AX+pY for » (x+yy), where A and u are con-
stants. We thus have as a canonical form of the general
binary quintie XS4 Yo (A X +pY ),
which involves two free constants only. More symmetrically
we may write it X64 V5425,
where X, Y, Z are connected by a linear relation without
constant term ; or again, we may write it
)\,x/5 + ”/y/5 + ;I5’
where
o +y' +7 = 0.
In like manner a canonical form of the general binary
septimic is
X+ V" + AN X +uY )+ N X+ V)
and similarly for binary quantics of higher odd orders.

206. Canonizants. In § 200 it was scen that the w+ay,
@+ Ay of the cubic have for their product multiplied by
a function of the coefficients a certain covariant, the Hessian,
which may be written in either of the formns

aw+by, ba+cy |,
bz + cy, ce+dy
la, b ¢

b, ¢ d

Y, —ay, o

There arc corresponding facts for the quintic, septimic, ...
(2n—1)-ic.

The covariant whose factors are

Tt+aly, x+ayl, ... ¢+a,y
is not, after the cubic, the Hessian, but its form is analogous
to either of the forms of the Hessian of the cubic here written
down.

Regard the equation whose roots are a,, a,, ... ¢, which has
been exhibited in § 203 ; and remember that, if a;, ay,...a,
are the roots of

a"+q 0" +qa" 2+ .+ g, = 0,
then z+ a9, €+ ayy,...x +a,y are the factors of

@ — a7 Y+ @@ Y =+ (= 1) Y
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We at once gather, altering the arrangement of rows in the
canonizing determinant, that

n , _wn—‘ly’ wn—2y‘z’ — 3, - (_l)nyn
Uy s Guey s Qg 5 Qg s a,
Uypy s Uy Quog Qg yees a
Upyoy  Upyy s My gy Uyoy oy ees Uy
Qon-1y  Aop-gy Ugy-g s ooy o -ee (O]

=Sty @+ay)..@+ay) | Gy, Gy, Gy ...
Wy sy y Gyog yeen g
an-H ) (lu ) (lu—] ""a‘z

. D . D .

Uyy-gy Ugp-gs Ugy-gr oo ucy

Accordingly the determination of the
t+al, ca . Tt ay
of the canonical expression of the (21— 1)-ic is cffected by the

breaking up of the n-ie which is the determinant on the left
into its m factors,

To reduce the determinant to its other form, we best pro-
ceed by multiplying it, according to the ordinary rule, by
another determinant of the same number of rows and columns,
viz,

i @, 0, 0,...0, 0
0, %, @, 0,...0, 0
0. 0,7 «..0,0

Oy 0’ 0) O)"'?/; L
0,0,00,..0, 1

whose value is * Combining rows with rows the product is

0 , 0 , 0 ;o 0 , (1)
QY+ 0y @ Aq Y+ @, Ay Y+ @, LY+ ax @,
Y T 0T 5 QY+ AT, G Yty g Gyt ae a

L T S T T T T

Goprl) F Qg @y oY F gy () QoY+ Qg Ty . Ay + Ay, Gy
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i. e, rearranging columns, is

in(n=-1)
(—1) Y| g Y, BT AY e, G QY
O Ay, AGx+ay e, G800
Cpr @+ )y QB+ QY ooy Aoy g® + gy 1Y

The omission of the factor 9" from each side now establishes
the identity, but for sign at most, of this last determinant
with the first.

The determinant is a covariant, viz. the catalecticant of the
(2n—2)th emanant (§ 56, cf. also § 17, Ex. 20). In the last
written form of determinant the convention of § 71 as to sign
and numerical multiple will be seen to have been adopted.
The covariant, from the property here developed in con-
nexion with canonical forms, is called the canonizant of
the (2n—1)-ic.

To realize the conclusion by particularization let us restate
it for the quintic only. To reduce the quintic

(a, bye,dy e, f) (2, 9)°
to its canonical form X%+ Y% 4 7%, form the canonizant
ww+ by, ba+cy, cx+dy
ba+ey, cx+dy, detey |,
cx+dy, dx 4 ey, ex+ fy
and break it up into threc lincar factors A @+ 9, N\o® + py 7/,
MNa+wy. X, Y, Z respectively are multiples of these. To
determine the 1nu1t1plcs assume them arbitrarily. Then, by
cquating the cocfficients of a%, 5aty, 10a3y* in X0+ ¥?®+ Z° to
a, b, ¢ respectively, we obtain three equations of the first
dervree for their determination.
And in like manner for the septimic, nonie, &e.
The failing case when the coefficients are special in such

a way that “the canonizant has a square factor has been
considered in § 204.

Ex. 7. If the canonizant of a quintic is a perfect cube the quintic
can be reduced to the form (4, 4,, 4,, 0, 0, 0) (X, Y)*; and all in-
variants vanish.

Ans. Cf. § 204, and § 28, Ex. 5

Ex. 8. If the canonizant of a septimic is a fourth power the
septimic can be reduced to the form
(AO’ Al’ Aﬂ’ As’ 0) O! O’ 07) (Xl Y)7’

so that all invariants vanish. (Bootl.)
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207. Apolarity. It will be observed that the second
transvectant of a cubic and its Hessian, i.e. the result
obtained when we operate on the cubic with the result of

putting 52— y - 5—%} for @, i in the Hessian, vanishes identically;

and generally that the covariant which results from operating
on a (21 —1)-ic with its canonizant vanishes. The latter fact
is clear because, taking the canonizant in the first of the two
forms of § 206, the coefficients of a»~1, 2"=2y, ... in the result
of operating are all one multiple of results of replacing in the
determinant the first row by other rows.

We express this fact by saying that a (2n—1)-ic and its
canonizant are apolar to one another. Two binary quantics
of orders p and p’, p3y/, are apolar when the pth trans-
vectant of the two, i.c. the result of operating with the former
on the latter, vanishes for all values of w, 4. .

In particular two p-ics are apolar when the lineo-linear
invariant of the two vanishes. A p-ic is apolar to itself if its
invariant of degree 2 vanishes when p is even. When p is
odd the p-ic is certainly apolar to itself.

The fact that a (2n—1)-ic is a sum of constant multiples
of the (2n—1)th powers of the u lincar factors of its
canonizant, provided the latter has no repecated factor, is
a consequence of the following theorem.

If @ binary p-ic and p’-ic, ppp’, are apolar, and if the
p-ic has only unrepeated factors, then the 3/-ic is equal to
a sum of constant multiples of the p'th powers of those fuctors.

Let a,, a,,...a, be the roots of the p-ic, and let v be the
p’-ic.  The expression of the apolarity is

d d d P P ) d d
(5 +o 5a) (5 T s3) (o Fosng) Gt v =0
Now this equation tells us that

d d d d d d
T e
But the left-hand side here is homogeneous in z, ¥ and of
order 3'—p+1. Hence ¢ (x—a,y) = A (x—a,y)?"?*1, for a

constant value of 4.
A second integration gives
d d d d
(—a_’lj +a3s“;}) oo (—53—/ 'f'al,—a—w) v
1 - . _.A__ (.70 X )P -pE2 &£ .
P—pt2 a—a —0Y +V¥ (e—ay);

and here the homogeneity and dimensions of the rest of the
equality tell us that ¢ (w—a,y) = B(x—a,y)”?*2% A third
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integration, and the fact of homogeneity, give us in like
manner

d d d d A’
ikl 2 <2 Vo= — 2 (m—ay)P-pts
(by T ax) (Dy T b"”)v T (ag—ay) (a3—ay) (@=ey)
’
+ a4 O gy,
ay;—a,

and so on. Finally, after p integrations and repetitions of
the argument we arrive at an identity of the form
v= 0 (-0 )"+ 0, (@—ay)” +... + Cp (x—a,y)"".

As an example wo have, from the fact that a (2n —1)-ic is
apolar to itselt, the conclusion that, whatever number n be,
there are constants A4,, 4,,... 4,,_; dependent on a, a,,
... @y, ;, which make

@=ay) (@—ay) .o (@—ay,y) = 4, (w—a,y)"!

+ A (@ —ayyf T+ Ay (@ —ay, Y)Y
for all values of & and y. There is no corresponding identity
in the case of an oven number 2n of factors unless a, a,,
... ay, are connected by a relation expressing that the product
is & 2n-ic apolar to itsclf.

For more on the subject of apolarity, and in particular for
a consideration of apolar quantics with repeated factors, refer-
cnce is made to Grace and Young’s Algebre of Invariants.

208. Quantics of even order. Catalecticants interpreted.
The general binary quantic of even order 2w cannot be
expressed as a sum of n 2nth powers. For the 2n-ic has
2n +1 coeflicients, and the sum of n terms like (Ax+py)**
contains only 27 free constants like A, yu, which cannot be so
chosen as to satisfy 2+ 1 conditions. On the other hand,
a sum of n+1 2nth powers contains 2n+ 2 free constants,
one more than the number of coeflicients in the 2n-ic. We
should expect then that the 2n-ic can be expressed as a sum
of m+1 2nth powers in an infinite number of ways, and not
definitely in one or a few ways. That it can, and that in
general one of the 1 + 1 powers may be the power of a multiple
of any linear function of « and y we like to choose, is clear
because when v is homogeneous in X, ¥, and du/3X is a sum
of n (2n —1)th powers, u is by integration expressed as a sum
of n 2nth powers and a multiple of Y27, Proper canonical
forms of binary quantics of even order must not therefore be
expected to be mere sums of 2nth powers. A sum of n 2nth
powers together with one additional term is, however, a form
to be reasonably anticipated.

Before seeking such a canonical form for the quartic it will
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be interesting to investigate the special relation which must
hold among the coefficients of the 2n-ic

(g, ayy g, oo ay,) (@, )"
that it may be identical with a sum of n 2nth powers.

If we pay attention to the method of § 203 it will be clear
that the necessary and sufficient condition is that » quan-
tities q,, gy, ... ¢, exist which satisfy simultaneously the n + 1
equations

@y F Gy F Qg+ + 0, =0,

Wppq +q1an +Q2a’n-1 +... +q,,a1 = 0,

“27;-1 + QIaZn—Z +qZ“2n-3 tot+ Tulln-1 = 07
M +qla2n—l +92a2n-2+ e +q,,(l,, =0

Now the necessary and suflicient condition for this is that,
reversing the order of the columns,

Uyy Uy 5 My iy =0,

Uy @y Ty Wy e Uy,

3

Uyy Wy 5 Uy s Uy gy

My Uygprs Uy oen by,

i.c. that the invariant defined as the catalecticant (§ 17 Ex-
amples) vanish.

Ex, 9. The binary quartic (a, b, ¢, d, ¢) (@, y)* will be a sum of two
fourth powers if
J = ace+2bed —adt =% —c* = 0.

Ex. 10. The binary sextic («, b, ¢, d, ¢, f, g) (2. )* will be a sum
of three sixth powers if
@, b, ¢, d '=0.
b, ¢, d, ¢
| c’ d’ e’ f
d, e, fo g

209. Catalecticants are invariants. It is instructive to
notice that what we have before us affords a reason why the
catalecticant of a binary quantic of even order is an invariant.
Its vanishing expresses the necessary and sufficient condition
that the quantic may have a special property, that of being.
a sum of m 2nth powers, which is entirely independent of
any linear transformation. If, in fact, the most general linear
substitution possible in (a,, @,, @y, ... @,,) (2, y)*" transforms
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that 2n-ic into (4,, 4,, 4,,... 4,,) (X, Y)**, the vanishing of
the same function of 4, 4;, 4,, ... 4,, expresses the necessary
and sufficient condition for the same special property. More-
over, the A’s being of the first degree in the «'s, the degree in
the a’s of the catalecticants of the original and transformed
2n-ics are the same. The one, then, can only differ from the
other by a factor involving merely the constants of the sub-
stitution. The catalecticant is therefore an invariant by the
definition (§ 3). That the factor is a power of the modulus
has been established in general in § 23.

The student is advised to establish that the canonizant
of § 206 is a covariant of a binary (2m—1)-ic by similar
reasoning.

210. In § 208 it was proved that if the catalecticant vanishes
the 2n-ic 1s a sum of n 2nth powers, and that conversely if
a 2n-ic is a sum of » 2nth powers its catalecticant vanishes.
The latter fact is well exhibited as follows. For brevity of
writing the case of the quartic alone is talken.

The catalecticant of p (z +ay)* + ¢ (z + By)* is

p+q , pa +q3, pad+qa?

])a'*'(]ﬂ , pa2+q/32, 2)a13+q/315

pa®+qpE, pd®+qpt, pat+gpt
Now this is a sum of 8(=2%) determinants, of which the
first is 2
P, pa, pad
pa, pod, pd® |,
pas, pa?, pat
the other seven being obtained from this one by replacing
p and a by ¢ and 3 in one or more of its columns.

But in every one of these eight determinants there are
either two (7, @) columns at least or two (¢, B) columns at
least. Moreover, taking one which contains two (p, a)
columns, we notice that the constituents in one of these
two columns are either a or a® times those in the other of
the two, so that the determinant is either a or a? times one
with two columns identical, and therefore vanishes. Similarly
every one of the eight which has two (¢, 8) columns vanishes.
All the eight then vanish, and consequently their sum the
catalecticant vanishes.

211. Canonical form of quartic. We now proceed to show
that the general binary quartic may be reduced to the canonical

form X4+ Y44 emXiY?
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in favour of which there is a presumption as the form contains
one (= 43, cf. § 196) free coeflicient m.

We have to see that p, ¢, a, 8 and p can be found so as to
make

(a, b, ¢, d, e) (z, y)*

Epe+ay)*+q@+py) +6p(@+ay) (@+By)
an identity. It is not enough to notice that the number of
free constants on the right is equal to the number of coef-
ficients on the left.

Knowledge that a quartic equation has four roots is assumed.
Thus (a, b, ¢, d, €) (z, y)* can be broken up into linear factors,
and consequently into two quadratic factors in three ways,
corresponding to the arrangements (12, 34), (13, 24), (14, 23)
of the lincar factors. Let one of the quadratic factorizations

be (a4 2V wy + 'o?) (a”w? + 20"y + ¢"3?).
What we have to prove will be established if we can find
v, ¢, "5 Qs a, 3 so that simultaneously
a2y + i = p (@ +ay)t+ @ (e + By)
@’ 4+ 20wy + " = p” (k4 ay)?+¢7 (@ + By)
The six equations for finding the constants on the right, that
this may be the case, are
7)/_*_(11 =d, ]'”+(j” =a”,
2)/a+(1//3 - l)’, 2)”a+q”/3 — l)”,
])/u9+q//32 _ C,, ])//a2+q//ﬂg — C”.
Now of these the first three are consistent for the determina-
tion of p/, ¢ if
. =V (a+B)+/apB =0,
as we see by eliminating p” and ¢/, and the last three are con-
sistent for the determination of p”, ¢” if
c//_bl/(a_l_ﬁ)_l_allaﬂ — 0;
and these two conditions are satisfied by taking
1 __aet+B a3
D A i N N
i.e. by taking for a, 8 the roots of the quadratic
(a’b,/—(b/,b/) a2 — (Cb,cll—allc/) a + b,(/',/ - b//cl - 0’
which are finite and unequal if «’, ¥/, ¢/, a”, 0", ¢’ are uncon-
nected, i.e. if the quartic is general. For cases of speciality
see § 215 below.

We see then that the required reduction is in general pos-
sible, and possible in three distinct ways, one corresponding
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to each way of breaking up the quartic into two quadratic
factors.
The quartic in the form

P (@+ay)t+q e+ BY)*+6u(e+ay) (= +8Y)*,
into which it is now shown capable of being thrown, is given
the canonical form
Xt Vit emX2Y?

by taking for X either +p!(x+ay) or +:p(x+ay), where
v denotes v/ —1, and for ¥ either +¢# (x4 B%) or +.q* (x +By).
It is thus seen that m may have either of the two values
+ (pg)~tu. Each of the three reductions above produces
then two varieties of the canonical form differing only in the
sign of m. The equation to be found for the determination
of 2 should consequently prove to be a cubie in a2

We thus encounter a striking difference between the quartic,
and other quantics of even order, and the cubie, and quantics
of odd order, in the matter of canonical forms. The reduction
of the cubic to its canonical form X3+ 12 is unique. On the

other hand, the reduction of the quartic to its canonical form
A4+ Y4+ 6mX2Y? iy sixfold.

212. We now proceed to exhibit the information given by
invariant algebra with reference to the general binary quartic
w = (a,b, ¢, d, e) (z, y)*

and its canonical form
X4+ +6mX2Y?P= (1,0, m, 0, 1) (X, )4
Suppose that X and Y, expressed in terms of & and y, are
Az +puy and Naz+u'y respectively. Let M’ denote Ap’—\p,
so that M’ is the modulus of the substitution which reduces
the canonical form to the general, and conscquently M'~! tho
modulus of that which reduces the general to the canonical.
By § 170 the irreducible concomitants of the quartic are,
including itself, five in number. They arc
(1) the quartic itself
w = (u, b, ¢, d, €) (z, )t
(2, 3) its two invariants
I =ue—4bd +3c2,
J = ace + 2bed —ad? — b% — c3,
of which the latter is its catalecticant,
(4) its quartic covariant, or Hessian,
H= ax®+2baxy+cy? ba®+ 2cxy+ dy?
| ba?+ 2cay +dy?, cat+ 2dmy + eyt |’
of which the seminvariant leader is ac— 6% and
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(5) a sextic covariant of which the seminvariant leader is
a?*d— 3abc + 203, which, written at length by the method of
§ 110, is
G = (i*d—3abe + 2b%) ab + (u?e + 2abd — 9 ac® + 6 b*c) x®y

+(5abe—15acd + 1002 d) 2t y* + (100*e — 10ad?) x?y®

+ (15bce — 5 ade —10bd?) a2yt + (9¢%e — e — 2bde — 6 cd?) ay’

+ (8cde — be* —2d7) y®.

The power of the modulus in the equality expressive of
invariancy or eovariancy of any one of these has for its index,
it will be remembered, the weight of the invariant or of the
seminvariant leader of the covariant. Thus we have the five

equalities
u = Xt V4 6m X2V (1)
I = M*(1+3m?), .. (2)
J = M (m—m?), ...(3)
1= M (XA 4+ Y4 + (1 —3m%) X212, v (4)
G=MN*(1-9m?)XY (X*-T1"). ... (5)

The first observation made on an inspection of these equali-
ties is that the two invariants I and J alone supply us with
the equation for the determination of the s of the six
canonical forms, and with tho values of the modulus A7,
going with the several values of m, of the substitutions which
express X and Y in terms of « and .

Elimination of M’ between (2) and (3) gives at once
IPm?(1—m?)? = J%(1 +3m2)®, ... (6)

the cubic whose roots are the three values of m2. To each
value of m there corresponds a value of M given by
W= (_]: 143w

I m—m?’

. (7)

so that with each value of m go two of M’, equal but of
opposite signs. This is reasonable, for a canonical form is
unaltered when we interchange X and Y, but the modulus is
changed in sign. The equation for all the values of M” should
then be a cubic in M’ the two values +m of m giving two
values + M’3 of M’2, This cubic comes at once from elimina-
tion of m between (2) and (3), and is

CI-MA( T— M)
Jz:Ml"s‘JliT{I“( 3M"4")} ’

i.e. (M*=1) (4 MA=I):+27J* = 0. . (8)
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The cubic for M’*m is simpler than either that for m? or
that for M4, and is given by taking

l%%;/ -1 = —4;7‘[,477112,
and so is
4 (M2m)>—I (M) +J = 0, ..(9)

which will be recognized as the ordinary reducing cubxc of
a quartic equation.

We shall consider this cubic further presently. Meanwhile
let us pay a little close attention to the cubic (6) for m? the
solution of which is the one which at once affords the canonical
forms themselves. Written at length the cubic is
(I3=27J)mb— (21 + 270 ) m* + (13— 9J)ym?:—J?= 0. ...(10)
The one paramecter involved in it is the absolute invariant
I3/J2.

We proceed to draw in the following article certain conclu-
sions as to the reduction of special classes of quartics, which
ob;ay invariant conditions suggested by the coeflicicnts in this
cubie,

213. Quartics for which I = 0. If a quartic belong to
the special class for which
I=ac—4bd+3c2=0,
the cubic for m? becomes
(1+3m?3=0,
50 that the three pairs of reductions to a canonical form
coalesce in form into a single pair, the alternative canonical
forms being B
X'+ Yt 42.4/3 X277,
and being thus of imaginary shape. From (3) we find, as
corresponding to the values +¢v'§ of m respectively,
.M,G = +zl.&/3J,
g0 that the values of the modulus as well as of m are all
imaginary.
Since the relation 1+ 3m?= 0 may be written
1—3m? m

= — -

6m 1
we see from (1) and (4) that the Hessian of
Xt+Vt+2.4/3 X272
is, but for the factor M'*m,
X+ Y4+2u/§X2Y2.

1431 T
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Thus a quartic for which I =0 and its Hessian have reciprocal
properties, each being, but for a constant factor, the Hessian
of the other. Moreover they have, but for a constant factor,
the same sextic covariant (.

Ex. 11. Prove that
1

X4 V42031210 = ———— (Y4 V) (Y =7Y)*
+Yit2cy = 5,73 (@D )
F2uV/3(X+ 7P (X~T)}
1
= (Y PV (XY= )
2i2ﬂ/3{( Y)Y

+20 /BN +L YR (XY=L Yy},
thus exhibiting the connexion between the three like pairs of canonical
forms when 7 = 0.

Iix. 12, Three of the six anharmonic ratios of the range or pencil
denoted by a binary quartic for which 7 = 0 are equal to —w, and the
other thrce to —w? where @ and «® arc the imaginary cube roots
of unity.

Ex. 18, When /= 0, J/"%n? = — 1/,
Ex, 14. When 7 = 0,

43 43 43
w4+ J_ajl’ u+¢o'~l»§ 11, 14+w”3—al/

are perfeet squares; viz. numerical multiples of the squares of the
products Y'Y for canonical forms.

Ex. 15, When I =0, Ju'+4//"= —G*  Hence also prove
Ex. 14,

214. Quarties for which J = 0. When the catalecticant
J = ace+ 2bed —ad? - bte—¢* = 0,
so that (§ 208) onc canonical form is a sum of two fourth
powers, the cubic (6) or (10) of § 212 for m? is
mi(m2—1) = 0.

The second and third pairs of canonical forms coalesce then in
the sha.pe X4t Y4i 6 X2Y2

The connexion of the different canonical forms for this case
is exhibited in the identities

X4+ Y= X4+ (Y)Y
HE+YP P+ (X -V +6(X +7)}(X-T)%,
({(X+Y)P+ (X = Y)t—6(X + V) (X~ T)2},
(X + P+ (X = V) +6(X+. V)2(X~Y)2},
(X + D)+ (( X+ Y)—8(X+:Y)2 (0 X+7Y)2).

101 uene

1
5
1
)
1
8
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By § 212 (2), M"* = I goes with m = 0, and M"* = 371 with
m= +1.

Ex. 16. When J = 0, the Hessian is, but for a constant factor, the
square of the product of the X and Y of the canonical form .X*4 ¥4

Ex. 17, In the same case, the two expressions u+2 7 "Y1 ave eight
times the squares of the products XY for the other two essentially
distinct canonical forms, the third and fourth, and the fifth and sixth,
of the above forms not being reckoned as essentially distinet.

Ex. 18. In the same case, (wr—4 1% I = ¢~

Ex. 19. The range or pencil denoted by a binary quartic for which
J = 0 is harmonic.

Ex. 20. So is the range or pencil composed of any two out of three
pairs of elements which constitute what is denoted by the sextic
covariant G

215. Quarties for which [* = 27J% When the cocflicients
in the quartic are such that /*—27J% = 0, i.c. when the dis-
criminant vanishes, so that tlre quartic has a square factor,
one value of m?* given by § 212 (10) is intinite, and the quad-
ratic for the other two values of m? iy

(9m?—1)* = 0.

But we are here confronted with a case in which the
reduction to the canonical form X*+ V*46:mX2Y? is im-
possible unless a further condition is satisfied. The value
m = o would make this canonical form an infinite multiple
of X2Y?% ie. of a perfect square, and the values m = +3%
would make it X*+¥Y'+2X%Y2 again perfect squares.
Now obviously a quartic with a square factor must have ity
conjugate quadratic factor also a perfect square for such
a reduction to be possible.

For the explanation of this we must refer back to § 211.
If the two conjugate quadratic factors there assumed have
a common linear factor their eliminant

(Cl,'(}”-—(b”(}’)z-— 4 (a/bll_ ((»//I),) (()/C” __b//c/)
vanishes, and the quadratic in a has equal roots, so that a = g,
and the method followed fails to find a distinet X and Y, and
indeed fails to lead to any result which is not more obvious
otherwise. And again, if one of the quadratic factors,
o/ 2+ 20wy +c'y* suppose, is a perfect square, so that
a’¢’ = b'%, it follows that p’¢’ (a— )2 = 0, so that either a = 3,
and there is failure as before, or else either »’ =0 or ¢’ = 0,
which leads not to the form X*4 ¥Y*+4+6m.X2Y? but to the
form X*+6mX*Y*
T 2
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It is this form, or rather its further simplification
X*+6X2Y2,
which is canonical for a quartic for which I?—27J2 = 0.

The more special quantic still which has not only one
gquare factor but two square factors, i.e. which is a constant
multiple of the square of a quadratic, can, however, it is clear,
be given the form (X2+ Y2)? or the form (X?—Y2)? as above.
An even simpler form for such a quantic is 6 X2Y%

When the quartic has a cubed factor its canonical form is
of course 4 X3Y. All its invariants vanish.

Ix. 21. The Hessian of a binary quartic with a square factor has
that same square factor. (This fact is easily proved for a binary
quantic of any order with a square factor.)

Ex. 22. The sextic covariant @ of a quartic with a square factor
(to+ my)? has the factor (lx+my)®.
Ex. 23. If a binary quartic be the square of a quadratic it must
be the same but for a constant factor as its Hessian, so that
ac—0" _ ad—be _ ac+2bd —3¢? _be—cd _ ce—d?
a 20 Ge T o2d T e
dms. 21U = 3Ju. (Cayley.)
Ex. 24. Iu the same casc the sextic covariant @ vanishes identically.
Hence also determine the same conditions as in Ex. 23.

216. The general binary quartic. We now procecd to
apply the equalities of § 212 to the casc of the general quartic.

A pair of canonical forms X1+ Y*+6mX?Y? are not essen-
tially distinet, the X and Y of one being merely the X and
1Y of the other.

The sextic covariant (f helps us to decide what are the
X and Y of each of the two other essentially distinct canonical
forms of the same shape as one X*+ Y*+6mX*Y?% This co-
variant G has, § 212 (5), the X and ¥ of X*+Y*+6mX2Y*
for factors. For the same reason it must have for factors the
X and Y of each of the other canonical forms. It is therefore,
but for a factor freo from the variables, the product of the
three X’s and the three Y’s of the essentially distinet canonical
forms. We are thus led to expect that X?—Y?% and X?+ Y2
are, but for constant factors, the products XY corresponding to
the two other forms.

And it is in fact quite easy so to assign &', ", m/, m” as to
satisfy the identities
X4+ Y +6mXeYi= {(F(X+ )P+ (K (X=-Y)}* ‘

+6m (K (X+ 7)1 (K(X—T)}e
= (F/(X+ D))+ (1 (X 7)1
+6m”{k”"(X+ .X)}2 {k"(X-.Y)}2
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Thus for &/, m’ we have only to sccure that
E4t2+6m') =1, K*(12—12m/) = 6m,

i.c. to take
1—m
,m’.._ 0’4_1 3m
= STl Ki=1(3m+1),

and similarly for £, m”.

217. Reduction of general quartic to canonical form. Let
us now take the simplest of the cubies of § 212, viz. (9)

4 (M?m)3—1(M"*m)+J = 0.

The solution of this affords a ready way of determining the
X and Y of either of the canonical forms. "The equations
(1) and (4) of § 212 give us at once

n 1\ vovs
- = (Qm—m)f\ g
Solve then the cubic above for M’2m, and, taking either of its
roots, form the corresponding M’?*muw—H. This, but for
a multiplier frec from the variables, is a perfect square,
namely the square of XY. Break up the squarc root of
M’*mu—H, or any convenient multiple of it, into two
factors ga+hy, g’z +1’y. The identity must hold

W= (a, D, 0, d, e) (x, y)t = (g +hy)*
+ 60 (gt hy)* (e + Ky)* +¢ (g w+ 1Y)’
for some values of «, ¢/, ¢. These values can be found by

identifying threc of the cocfficients on the left with those
which correspond on the right. Having found them,

w

7, I~

a4 gz +hy), € (ge+1'y) are X, ¥, and c¢'a’~be'7H is m.

218. Syzygy among w, I, J, H, ¢ That XY is, but for
a factor free from z, 7, the square root of M"*mu— I, and
consequently that the product of the three values of XV for
the three essentially distinet canonical forms is, but for such
a factor, the square root of the product of the three values of
M'2mu — H corresponding to the three roots of the cubic for
M?m, tells us, when taken in connexion with § 216, that
this product

(M, *mpw— H) (M *mgu— Hy (M *mu—H)

‘can only differ by a factor free from the variables from G

Now by the theory of equations

48— Iz +J = 4 (z—M?m) ¢ — M,*m,) (2 — M;* m,).
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Consequently an identity must hold of the form
kG* = —4H3+ Tu*H—Jud

That % here is merely a numerical constant, and not a function
of the coefficients, is indicated by the fact that G** and the right-
hand side are both of degree 6 in the coefficients. To find its
value we may either substitute for u, I, J, H, G their values
in terms of X, ¥, M’, m from § 212 and examine the identity
of the cocfficients of one term, say of X1°Y2 on the two sides,
or may notice that § 213, Ex. 15 gives us the particular form
which the relation takes when I = 0. We thus find & = 1.

Accordingly the irreducible but not independent con-
comitants u, I, J, H, G of the binary quartic « are connected

by the syzygy
Tw?l{ —4 H? —~Ju® = G,

the invariants and seminvariant leaders of the covariants
being themselves connected by the syzygy

Ta?(ae —1%) — 4 (ac=0%* —Ja® = (P*d—3abe+ 20°)
These syzygios have been otherwise obtained in previous
chapters.

219. Canonical reduction with unit modulus. There is
often convenience in using, not the strictly canonical form of
a quantic, i.e. the simplest form to which the quantic may be
reduced by any linear substitution, but the simplest form to
which it may be reduced by a substitution of unit modulus.

If the substitution which reduces the quartic («, b, ¢, d, ¢) (., )*
to its canonical form X%+ ¥*+ 6mX 21}2 be

z=1X+mY, y=UX+w'Y,
so that Im/— Im = M’-! in what precedes, the substitution
(I =Um)a = ' +my/, (Im/—=Um)by = Ua’+m'y/,
whose modulus is unity, reduces the quartic to
M2 (@ + 9y + 6ma’y'?).

Thus «'(z" +y'") + 6¢22y2 = (¢, 0, ¢, 0, &) (', ¥)*
is a form to which the general binary quartic can be reduced
by a substitution whose modulus is unity. We also sce that
¢’ is the M"?m of §§ 212, 217, so that the reducing cubic of the
quartic is the one whose roots are the three values of ¢. We
may find it very easily as follows. Since the modulus is 1,

I=a?%+3¢2 J=a%"—¢c3,
whence, eliminating «?,
I - J = 4¢3,
the same cubic as that already found for M"2m.
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We might equally huve found in this way the same cubic
for ¢’ if all that we had assumed were that a substitution of
unit modulus reduces the quartic to the form

(L,w/4+60, /zJ/2+6/ /4

Adopting, however, the fact known as above that ¢’ and ¢
may be made equal, the equalities (1) to (5) of § 212 are re-
placed by

w = d (" +y*) + 62"y,

I = (L,z-i- 3(;,2,

J =% — 3

H=dd@*+y") + (¢ =32 2"y,

G = & (@*=9c*) 'y (4= y'™Y),
whose right-hand sides are obviously connected hy a syzygy,
as they mvol\e only four quantities «, ¢/, 2/, 4. This is
readily seen to be that of the preceding ar ticle.

Ex. 25. Prove that, il //” is the llessian of the Ilessian 2/ of w,
W =1Ju— 111

Ex. 26. The sextic covariant ¢ of I/ is -1/,

Ex. 27. Find the Hessian and the sextic covariant of kw4 &1,

220. The cubie for ¢ may be found in a different manner,
which exhibits it in a form having its analogue in the case of
higher binary quantics of even order.

It has been seen that the identity
azt + 4baty + 6 ca?y? + 4 day® + ey

= o (le+my)t+ € (o +my)t + 6¢ (e +my)? (Ve +my)?
is onc which can be satisfied simultancously with
I/ —U'm =1,
and in fact that we may take ¢ = «".
Now operate on both sides of the identity with
d 3v,, 0,0
noticing that this annihilates both [z +my and 'z +my, and
that

] ) , 9 1_9_ f 2 (7 7)\2
(l@_m-ﬁ) (1 5 —m bw) {(lz+my)? (e +m'y)}

= —4(Im/ =Um)? (le +my) (e +m'y)
= —4(le+my) Ve+m'y).
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Equating coeflicients of #*, y, 7* in the results of operating
on the left and right-hand sides of the identity, we obtain
aman/ —b (Im/ +U'm) +cll’ = -2,
bma! —c (I +Um) +dll = —c' (I +U'm),
emm/ —d (In/ +Um) + el = —2¢"'mm/,
equations linear in I/, lm/ +{'m, mm’. By elimination of these
we at once obtain the cubic for ¢’
« , b ,e+2d | =0,
b ,e—¢, d
e+2d,d e
ive. ace+2bed —ad? —b%—c—(ue—4bd + 3¢%)¢" + 4¢
ic. J—I/ +4¢% = o,
the reducing cubic alrcady obtained otherwise,
Taking either root ¢ of this cubic we can solve the lincar
equations in U/, {m’+Um, mm’, and so obtain their ratios,
i.e. obtain the product Il'z? + ({m/ + 'm)ay + mmy* of la+my,
U +m'y but for a constant factor.

/3 —

b

221. Solution of a quartic equation. When a quartic is
reduced to its canonical forn, or to the form a’at + 6 ¢’z%y® + ¢'y*,
it is at once broken up into quadratic factors and solved.
Two methods suggested by the articles which precede are here
exemplified. They are not so simple in their use as some of
those given in works on the theory of equations.

Ex. 28. By use of § 220 solve the quartic equation
3ot~ 4x°+ 242 — 162448 = 0.
Here a, b, ¢, d, ¢ have the values 3, —1, 4, —4, 48. Thus
I =176, J = 448, and the cubic for ¢’ is ¢*—44c¢’+112 =0, of
which 4 is a root. The corresponding ratios ¥ :Im/+Um : mm’ of
§ 220 are 1:0: —4. The quartic has then the form
a’ (x+2) +¢” (x—2)t+6¢” (-4 =0,
and is in fact seen to be
(x+2)+2(@—2)+3(x*—4) =0,
e {422+ (z—2)} {(x+2)*+2(x—2)2} =0,
e (x*+4) (32 —4x+12) =0,
so that the roots are +2¢ and 3 (24 4:v/2).
Ex. 29. To the same quartic apply the method of § 217.
Here
H=(3s"—2x+4) (42 —8x+48)—(—a’+8x—4)?
=11x*— 162"+ 1042*— 64+ 176.
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Also a value of M%m, or ¢, is, as above, 4. Thus
Cu—Il =t —8u+16 = {(x+2) (x—2)}%
Hence the given equation has the form
a”’ (w +2) ¢ (w—- 2)‘ +6¢” (:7:’—- 4)’ =0,
and the solution is completed as above.

222. There is a symmetrical expression given by Cayley
for a linear factor of the general binary quartic w.

If ¢y, ¢, ¢; are the roots of 4¢*—I¢"+J = 0, it has been
seen in § 217 that ¢;u—1If, c,u— I, cyu—H are multiples of
squares of quadratics in the variables.

Thus

A (e;u—H) +p v/ (cyu—H) +v+/(c;u—H)

is a rational quadratic function of # and 4. We seck A, pu, v
that it may be the square of a factor of «.

A value of @ /y which makes w vanish, i. ¢. a root of a, will
make the quadratic function vanish if

A+p+v) e vVH=0,

Loe.if Au+r=0.

The same value will make its differential coefficient with
respeet to @, 1. c.

A duw I % m . oM
¢(¢;;u;y){‘l v~ 35 T TSI on ™ 30}
v du M %
e )% 0~ 30
vanish, if it make
:._Jﬁ {(}\01 +peytvey) ba% —(\+p+v) 'baiwi% =0,
as it will do if the further condition
Ay +pc,+ve; =0
is satisfied.
Now these two conditions are satisfied by taking
A op v
Co—Cy  Ci—C  Ci—Cy
Also nothing has been said as to which of the two quadratics
having either ¢yu—H or c,u—H or ¢;u—H for square has
been chosen in taking the square root; but the same signs

have been adhered to throughout. Hence the four squares of
linear factors of « are constant multiples of

(ca—eg) v (cyu—H) + (cy—ey) ¥ (cgu—H) +(c; —¢;) v/ (cyu—H).
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Ex. 30. Prove that
(er=es) v [ey(qu—11)] £ (5= e,) ¥/ [e, (c;u—11)]
+(e,—cy) \/[03 (eyu—11)]
are the squares of linear factors of the Hessian; and that
(eg=ey) v [(k+Fey) (u—c, M) +(e,~c,) */[(k +#e,) (eu—11)]
+(e,—¢,) ‘/[(k +&¢;) (cqu — M)
are those of linear factors of Au+ A"J1.

223. Geometry of concomitants of quartic. The invariant
and covariant gcometry of a binary quartic is & geometry of
anharmonic properties. The student of geomemy will know
that, if p is an anharmonic ratio of a pencil or range of four
elcments the other five anharmonie ratios are

1 1 1 p
y l=py Ty -
p 1—p P op— .

Some parts of the geometry have already been obtained.
Thus (§ 2?18, Ex. 12) [ =0 1s the condition that one an-
harmonic ratio of the pencil or range denoted by the quartic
be —o, and consequently that two others be also —w, and the
remaining three —w? In fact, if we take for p the anbarmonic

. Y= - .
ratio Z~§ 4 -‘»/3 , where «a, 3, 7, & are the roots, and notice

y—3 a—
that this is —w/«w in the notation of § 80, we obtain
I = 214 a,z(u'-‘+v“ + w?)
= 24 af{u® + w4+ (u+w)*}
75 A (u? + ww + w?)
= 'f1§ a*w(p®—p +1),
o that 7 = 0 means, unless two roots are equal which would
imply a further invariant condition,
p= —w Or — ol

Again, J = 0 is the condition (§ 214, Ex. 19) that the
pencd or range be harmonic, i. e. that one anharmomc ratio
be —1, and consequently the rest —-1,2, % 5 %, 2. In fact, re-
fenmg again to § 80,

J = —z3z 0 (v—w) (w—u) (u—v)
= —z33 0 (—u—2w) (w—u) (2u+w)
= @ (-2 (+1) (2-1)
80 that J = 0 necessitates that p be either —1 or 2 or .

We have at once, by elimination of aw, the equation whose
roots are the six values of p, i. e. the six anharmonic ratios of
the general quartic; namely,
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P s FoptlP
* (p+1)*(p—2)* (2p—1)*

J

which may be given the simpler shape
(pPP—p+1)* _ 271
=1~ 4(IP—27J)’
a cubic, in p(1—p). The left-hand side of this may also be
written (p+p1—1)
ptpi—2’

so that it is also a cubic in p+p~L

To interpret the sextic covariant G we remember that it
is, but for a constant factor, the product of the XY’s of
the three essentially distinet canonical forms. Now, if the
canonical form X*+46mX?¥Y2+ ¥4 is broken up into

(X2 4 u¥?) (X2 44179,

we recognize that XY represents the common pair of harmonie
conjugates of the pairs §2+;¢Y 2, X2+p71Y%  We thus con-
clude that f represents the three pairs of common harmonie
conjugates of pairs into which the four factors of the quartic
4 can be separated, i.e. the double elements of the threc
involutions which arc determined by taking the four linear
factors of w in pairs.

It is clear, from the similarity of the canonical reduction
(§ 212 (4)) of 1l the Hessian of w to that of w itself, that 7
has the same property with regard to II as it has with regard
to w. It has also the same property with regard to kw + /11,
where L and &" have any values which do not make this
a perfect square.

We notice the further property of ¢, gathering it from the
canonical reduction, that its six linear factors occur in pairs
XY, X*—Y% X?4Y* such that either pair constitutes the
double clements of the involution determined by the other
pairs of elements.

The Hessian H determines with w an infinite system of
quartics ku + k’/l, the factors of any one of which can in three
ways be taken in pairs so as to have a pair chosen out of
six elements constituting G for the double elements of the
involution which they determine. For a specification of H
itself in the system see Ex. 33 below.

If we describe a conic through the origin, the four points in
which it is cut again by the lines u, the four in which it is
cut by the lines H, and the four in which it is cut by any
kw + k" H, are vertices of quadrangles with a common harmonic
triangle ; and the sides of this triangle cut the conic in the six
points where the latter is cut by the six lines G.




284 GEOMETRY OF CONCOMITANTS OF A QUARTIC [223

For a given w, II is unique; but for a given I, w is not,
since to be given (1 —3m?)/m in § 212 (3) is to be given a quad-
ratic for m. The two «’s which go with a given H in a system
lew + &’ H are apolar to one another.

Ex. 31. Find a covariant which represents the four harmonic
conjugates of the factors of », each with regard to the Hessian of the
other three factors.

Ans. (IP—3J%u+8IJH. To find it take the quartic in the form
4(2®+3°) (v +ay), so that 7 = 12a, J = —4(a’+1), and determine
8, so that 6w—H, where /I is the Hessian of the quartic, may have
x—ay for a factor.

Ex. 32. In terms of the roots of u, the quadratic factors of ¢ which
give the products .X'Y for canonical forms are

(O+a—B~y, By—ad, 2Wa(B+y)—Py (@ +0)) (v )}
and two similar.

Ex. 33. A quartic » is represented by four lines through the
origin (), and a conic through ¢ cuts the lines in 4, B, C, D, 1If
LMY is the harmonic triangle of the complete quadrangle ABCD,
there are three of the conics having LI/N for a common self-
conjugate triangle each of which touches two pairs of sides of the
complete quadrangle, and there is another conic with regard to which
every one of these three conics is its own reciprocal. Irove that if
this last conic cuts the conic (OAB(C'D) in A7, I, ¢, 1Y, then the
lines 04’, O, OC’, O1Y vepresent the Hessian of .

Ex. 34. Prove that day (0 + ) = p (22— 57
is a general canonical form of w = 0, suitable for exhibiting the
geometry when two roots of « = 0 are real and two imaginary.

If up’ = 3, to replace p by p’ in this form gives the ¥’ = 0 apolar
to w =0 in the system Au+ 4"/ = 0, and to replace it by —3% (u+ ")
gives I = 0.

224. Higher binary quantics of even order. We now pass
to consider briefly the reduction to canonical forms of 2 n-ics,
where n exceeds 2.

It has been seen (§ 208) that a binary 2n-ic whose cata-
lecticant vanishes can be expressed as a sum of n 2 nth powers.

Now let w be the general binary 2n-ie, whose catalecticant
therefore does not vanish, and let v be any particular binary
2n-ic with coeflicients definitely chosen, either as constants
or as functions of the coefficients in w. Let A be a constant
free to have any value.

Write down the catalecticant of « —Av and equate it to zero.
The result is, as a rule, an equation in A; it certainly will be
if the catalecticant of v does not vanish. This equation has
a root or roots, i.e. there is a value, or values, of A for which
w —Av is a sum of n 2nth powers,
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A right form to assume for the general binary 2mn-ic w is
then a sum of » 2nth powers togethel with a free multiple
of any particular 2 n-ic v whose catalecticant does not vanish.
The latter restriction is in excess of the requirements.

The most natural form to assumo for the sextic would

appear to he X4 V04 20 4 AX2Y 22,
but the reduction to this form has not, as a matter of fact,
been effected.
The octavie, however, as we shall presently see, has been
brought by Sylvester to the corresponding form.
X4 YS4+Z8 4+ We+AX2Y2Z2 W2

225, The binary sextic. The usual canonical form for the
sextic is
P+ T+ (Xt 0T+ (X +02F )4 (X0 ),
or, putting @', o/, 2’ for Y+ 7, o (X+0V), 0?(X+?Y) respec-
tively,
P gyt S Ny (Y =2 ) (=) (& =)
It contains one superfluous constant. Thus we may hope to
express the sextic in the form by a transformation of modulus
unity.
Wo scek X and Y that
(b, ¢,y f, (/) (@, )°
= p( +Y)+ (X +0Y) +r (X 4+02Y) +u (X~ V")
may be an identity. Supposc that
@+ 3V Py + 3wyt + Iy = X0+ YO
Then, by § 46, the modulus being unity, we have also the
equivalence of operations
0’3_3_3 / ,A_bju +3C'.__f\1_ _,l'.?.a_ = _(1?_ — _0_3.
Tyl dx dy* 2420y ozt T Y3 XY
Operate with the left-hand side here upon
(@b, ¢, d, e f, g) (@)
and with the right on its supposed equivalent in terms of
X and Y. Rememberincr that

(X+7) =0, ws) (X+aY) =0,

d
(v =
Gy —e'sx) X+eh) =0,

we see that the result on the right-hand side is
—120p (X% + 1?),

(bY b\’

which is the same as
—120p («'z® + 302’y + 3¢'zy? + d'y%).
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This is exhibited as the equivalent of another cubic in z and
y. Equating the coefficients in the two, we have at once
&’d—3Vc +3cb—d'w = —a'p,
de—3Vd+3cc—d'b = —Vy,
df—3Ve +3d—d'c = -y,
a,’g —_— 3b'f + 3ce —d'd = —d,].l.,
which are made consistent for finding the mutual ratios of
«, b, ¢, d’ by choosing p so as to satisfy

d+p, ¢ , b , a =0,
e ,d=3%p ¢ , b

o, , d+iu, ¢

g i » € s d—p

i.e. by solving a quartic equation ; so that there are four such
values of p.

Substitute one of these values of u. The ratios ¢’ : 0": ¢":
are at once determined by any three of tho linear equations
made consistent. It is now a matter of the solution of a cubic
cquation to split up

@’ P+ 302y + 3wyt + P
into its three factors, which must, but for constant multipliers,
bethe X +Y, X +aV, X +w?Y.

Now we have secured above that X+ Y is apolar to

(4, byc,dy e f, 9) (2, ) —p (X°=16),
This latter then is of the form
PA+Y+qX +0Y)+7 (X +0));
and p, ¢, can be found by identifying three coeflicients when
both forms are expressed in terms of x, y. We have thus
proved the canonical form valid, and shown how to find it.

The cocflicients of the canonizing quartic equation in p
must be invariants, as their property is quite independent of
any linear transformation. The equation is in fact

d, ¢, by « | +3(ag—6bf+15ce—10d)p2+iput=0,
e, d, ¢, b
f: €, d: &

g9 f e d
whose coeflicients are the catalecticant and the quadric in-
variant.
It will be seen that the four values of u go in pairs
tuys .
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226. Another useful canonical form of the general binary

sextlo 1s (1,0,C, D, E,o0,1) (X, F).

It suffices to show that linear transformations exist which
deprive the sextic of its second and penultimate coefficients.
After the application of one of them we can make the first
and last coeflicients unity by a further substitution of some
AX, pY for X and Y.

Apply the transformation

w=IX+mY, y=X+Y
to the general sextic

w= (4,0, ¢,d, e f, 9) (2, y)"
The coefticients of X*Y and XY? in the transformed sextic
will both vanish if
m (al® + 5004+ 10c0® + 1012+ 5el +f) + bl° + 5cl* + 10d03
+10el2+5fl+g =0,
and
Lam® +50m + 100 + 10dm? + 5em +f) + bw® + 5ot
+10dm? + 10em? + 5 fm +¢g = 0.
These two cquations will in particular be satistied if
{=m and (¢, b, ¢, d, e, f,9) ({, 1)F =0;
but the transformation thus led to is unlawful, because the
modulus {—m may not vanish. In the equation for I found
by eliminating m the factor («, b, ¢, ¢, ¢, 1, g) (¢, 1)° will occur,
and must be discarded.
Now the elimination of m gives
(al+b, ll+c, cl+d, dl+e, el +f, fl +g)

@ +5ctt+... +g, —all =50t —... —f)" =0,
an cquation of the 26th degree; and on removing the super-
fluous sextic factor one of degree 20 remains. Changing sign,
this begins with

(a¥f—5a3be+10a*D*d— 10 ubc + 40°) 1%,

The leading coeflicient is then a seminvariant, the 4; of § 168.

In fact, the whole left-hand side of the equation of degree
26 is the result of replacing x, ¥ by /, 1 in a numerical
multiple of

du  du P B, du  Bu, du du\6
(555" dxt oy’ dad oyt dardyd’ dz oyt 570:/‘5) (by’ - —b_:E) ’
which is a covariant of the sextic w, being written down as
an invariant of its first and fifth emanants. Its leading
coefficient is a numerical multiple of a4, so that (§ 111) w
itself is a factor of the covariant, and the remaining factor is
a covariant of order 20 led by 4.
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By the fundamental theorem of Algebra the equation in [
of degree 20 has roots. Any onc of these may be taken for /;
and then the first of the two equations in /, m gives uniquely
a second of the 20 as an m which goes with the first / in
satisfying our requirement.

Sinee 2—ly = (m—=0)Y, and z—my = (I—m)X, a sextic is
reduced to the desired form by taking for the new variables
any linear factor of the 20-ic covariant and a uniquely corre-
sponding second factor. The factorization is not algebraically
practicable; but the lawfulness of the canonical form is not
thus prejudiced.

Stephanos and DBrill, following other methods, have made
the reduction of a sextic to the desired form depend on the
solution of quintic and lower equations.

Ex. 35. The general binary p-ic can be deprived of second and
penultimate coeflicients by taking for new variables any first and
a corresponding second factor of a (p—1) (p—2)-ic covariant led by
the seminvariant 4,_; of § 163. Treat the problems of §§ 199, 211
as particular cases.

227. The binary octavie. The canonical form of the

octavic (a,, ¢, ... ag) (v, ) is
X8+ Vo4 Z8 + W+ A XY 22202,

where X, Y, Z, W are linear in @ and y. The form is certainly
lawful by § 224. We have to see that A and the product

XYZW = (e +myy) a+myy) Ga+myy) e +myy)

= (o, V, d, &, €) (x, )4 say,

can be found.

The operator (o', ¥, ¢/, d’, ¢') (3/2y, —2/dx)* annihilates X*,

. . J d .
Y8, Z8, W3, as is clear, since (ZS—!} —m 55) (le+my) =0. We

can further see that the same operator produces from

X2Y2Z*W? a constant multiple of XYZW. To do so affords

a good example of the use of the concomitants of a quartic.
We have to see, in fact, that

4
(Vs 0,6 (50 = 52) 1@V, ¢, 0, ) (o,

is a constant multiple of (¢/, ¥, ¢/, &, ¢) (, y)*.

The expression is a covariant of the quartic by § 47.
Its degree in the coefficients of the quartic is 3, and its
order in the variables is 4. Now, referring to the complete
list, § 212, of the irreducible concomitants of the quartic, we
see that these, u, I, J, H, G, are of degree-orders (1, 4), (2, 0),
(3,0), (2, 4), (8, 6), and that the only covariant of degree-order
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(3, 4) which can be formed by combining them is the product
Ty of the first two, i.e. is a constant multiple of w or
@V, e, &, ¢ (x, )t .
The result of operating with («, ¥, ¢/, &, €) (5%, - b}/_)
on the identity of the octavic and its canonical form is then
the production of an identity

(e, V, &, €) (b— — —a—)4t (ay, @ ag) (z, y)®
L b@/, dw 0y Y1y e g )
= (a,V,, d, &) (z, y)*

of two quartics, u” being a constant qud «, ¥, namely a nu-
merical multiple of the product of A and the invariant I of
the quartic on the right. Let us write 8.7.6.5.u for u’
We obtain, by equating coefficients of z#, &y, 2?42, a3, 4* on
the two sides, the equations

a'ay—4Va,+6a,—4da, +€ay = 'y,

&' a;—4ba,+6ca,—4d'a,+ca, = Uy,

aag—4lVa;+6a,—4da,+€a, = p,

&y — 4V ag+6cu,—ad'a,+euy = dy,

@itg— 4V a+ 6 ug—4d ay+da, = e,
which are made consistent for determining «’: 0 :¢ :d’: ¢
by taking for u one of the roots of the canonizing quintic
equation

Ayg— My Ay s Oy s (U y Uy =0,
U ’ a4+%f“= oy > Ug » Uy

ag o y Wy—Fpy Uy ) Uy

Uy )y Qg s Uy y @yt ip, Uy

dg 5 Uy 5 g , Uy y (by—

a quintic all whose non-vanishing coefficients are invariants
of the octavic.

228. General binary 2mn-ic. The success of the method
adopted with variations in §§ 220, 225, 227 for the canonizing
of a 2 n-ic depends on the knowledge, for the cases n =2, 3, 4,
of an auxiliary n-ic covariant V of an n-ie

(af, ay...a)) (z, 9 = X, X, ... X,
which is such that the derived m-ic covariant
d A\ N
@ @, ... @) (b_g;’ - ﬁ) {(ag, a,...a)) (2, y)". V}
is of the form
k (a’ol’ al,’ e an,) (w’ y)n’
where k is a function of o, ¢, ... a,” only.
1431 U
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If in the case of any higher value of n such a covariant V
of the n-ic can be found, then the method of the preceding
article will establish that the general binary 2mn-ic has the
canonical form

X+ X224+ X2 +0 X, X,...X,.V,

where V is this covariant of X, X, ... X,, and p, a determinate
constant multiple of A, ig any one of the roots of the canoniz-
ing (n+1)-ic equation, all whose coefficients are invariants,
and which for odd values of n is a % (n + 1)-ic in u? only,

a,~— My Qy_y s Wy y eee sy Wy =0.
1
Wyyy » A, + {'—zy, 1 y ey
1.2
Ungy > Gy y Uy — W;‘l) My oey Uy
n
Upy s Uyp y Loy g ooy (y— (_ l) [

That the terms other than AX, X, ... X, .V in the canonical
form arc 2nth powers of factors of X, X, ... X, will follow
from the fact that we have made (¢, ¢/, ... «,”) (%, y)* apolar
to the difference of the 2nm-ic and a constant multiple of
(@, s e a)) (@, y)". V.

229. The ternary cubic. For the reduction to canonical
forms of ternary and quaternary quanties works (e.g. Salmon’s)
on geometry of two and three dimensions should be consulted.
The case of the ternary cubic is alone considered here.

The canonical form, due to Hesse, of the general ternary

cubie is X+ Y3+ 2+ 6mX V2. (1)

To this form can be reduced by linear transformation any
cubic whose diseriminant (§ 15) does not vanish, The number
of frec constants (= 8 x 8+ 1) in the form is the same as that
of coefficients in the general cubie, a fact which indicates the
likelihood of the correctness of the form.

But in proving the correctness we shall have to assume that
the discriminant is different from zero, i.e. shall have to
exclude from the conclusion the special classes of cubies which
are called singular. We shall see that there are two classes
of singular cubics, a class of nodal cubics for which the

canonical form is
X2+ Y3+6XYZ, . (2)
and a class of cuspidal cubics for which it is
X3 +3Y2Z .. (3)
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Let us first consider a singular cubic w, i. e. one of vanishing
diseriminant. Because the discriminant vanishes, du/dx,
du /3y, du/dz can be made to vanish simultaneously by
giving to @, y, z suitable values not all zero. Suppose that
they vanish for values of z, ¥, z which make

= x+py+vz=0, and ¥y =Ne+p'y+"2=0,

then, if by linear transformation we express w in terms of
', 1, 2, we must give it the form

(aa:/_‘_ by/+ Cz) w12+ 2 ((t’w’+b’y’+0’z)a}’y,+ ((l/”w’+b”y’+0”2)3/,z,
ie. Aa®+3Ba"2y +3C2"y"*+ Dy + 7 (ca” + 2¢'"y + y'?).

Two cases now arise. The quadratic ca™+ 2¢'2"y" + ¢”y"* may

cither be a product of two different factors, or a square.
In the former case let XY be the factors. The form arrived
at may be written
A'X3+ 3B XY +30C°XY2+ DY +2X7,

1. c. AX3+ DY +(z+3BX+30CY) XY,
1.e. with a change of notation,
X34+ Y34+6XYZ. - (2)

In the latter case let Y% be the square. The form arrived
at may be written

A2+ 3B Y +3Cw' Y2+ D'Y3 4272,
B/
or, putting X for o’ + VG Y,
AXP4+30C/XY2+ DY 4217,

i.e. A’ X34V (24+3C"X + DY),
or, with a change of notation,
X*+3Y?%Z. .. (3)

Having thus obtained canonical forms for the two classes of
singular cubics, we proceed to show that any cubic which is
not singular can be given the canonical form (1). This will
be shown by proving that, starting from any one cubic of non-
vanishing discriminant which can be given the form, we may
pass by infinitesimal gradations through a succession of cubics
which can be given the form to any cubic of non-vanishing
discriminant whatever.

Take u = X34+ Y3+ 23+6mXYZ one such cubic, X, Y, Z
being given linear functions of x, y, z the variables in w.

U du du

‘Since the discriminant does not vanish, —, — s — cannot
3’ 3y’ 3z

be made to vanish by any values of «, ¥, z not all zero. Con-
sequently X, ¥, Z cannot be made all to vanish by any such
U 2
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values of z, 9, z. In other words, X, Y, Z are linearly inde-
pendent. Moreover, 1+ 8m?* cannot vanish, as otherwise u
would break up into three linear factors, and its discriminant
would vanish.

Now give to X, ¥, Z, and to m, increments

¢z e X+eY+eZ, n=(X+EY+ G2, (=0 X +0,Y 49,7,

and p, where €, €, &, (;, G Gy g0 Mg» M3y p are infinitesimal

constants. The increment of « is, by differentiation,
3(X2+2mYZ) E+3(Y2+2mZX)n+3(Z%+2mXY) (¢

+6uXYZ.
This may be identified with the most general cubic in X, Y, Z,
with infinitesimal coefficients, by choosing €, ... (js.vvs M50y 1

to satisfy ten lincar equations which are at once written down.
It will be found that the values determined by the equations
all have 1+8m?* for denominator; and this, as seen above,
does not vanish, so that there is no failure. Moreover, as
X, Y, Z are linearly independent linear functions of z, 7, 2, the
most general cubic with infinitesimal coeflicients in X, ¥, Z
is also the most general cubic with infinitesimal coeflicients
in @, y,7. Thus any cubic with coeflicients infinitesimally
differing from the chosen one, which has the form
X3+ Y34+73+6mXYZ,

can itself be given the form

(X+ &P+ (Y +n)P+(Z+ )P+ 6 (m+p) (X + &) (Y +1)(Z+().

Wo may pass by an infinite succession of stages like the
above to any cubic of which the discriminant does not vanish.
We have only to secure that in the course of the passage we
do not pass through a cubic whose diseriminant vanishes.
And, as we can so control at cach stage the relative rates of
change of the various coefficients that a particular relation in
the coefficients (discriminant = 0) shall not become satisfied, we
are sure that any cubic of non-vanishing diseriminant can be
thus in the end attained to. If confined to the real in our
passage we could not of course pass from discriminant positive
to discriminant negative without passing through diseriminant
zero. But we are not so confined.!

Thus any non-singular cubie can be given the canonical form

X34+ Y34+ 234+6mlXYZ, (1)
as stated at the outset.

1 For instance we can pass from F (z, y) = ¢ to F'(, y) = —c¢ without having
to pass through F(x, ) =0 by first passing from ¢ to ¢ +d, keeping ¢ constant,
then from c+:d to —c+:d, keeping d constant, and then from —c+d to —c,
keeping - ¢ constant.
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It will be noticed that
AX3 4+ BY3 4+ CZ3+6DXYZ v (9)

is a semi-canonized form which includes the canonical forms
both of non-singular cubics and of nodal cubics. For the
latter one of A4, B, €' is zero. Cuspidal cubics are, however,
exceptional even to this form, or only included if we allow
two of X, ¥, Z to be the same.

229 (bis). Besides general, or non-singular, and singular
ternary cubics, there are also degencrate cubics, which break
up into factors. Cubics which break up into three linear
factors can be given the form

XY7,
which is included in (4), if the factors are linearly independent,

or again the form
X3+Y3+2°-3XYZ,

which is included not only in (4) but in (1). If the factors
are not linearly independent we have the form

X3+4+73,

which comes under (4). In particular, if the factors are all the
same, we have X?,  Cubies which break up into a lincar and
a quadratic factor may be given the formn

X (X2+Y2Z),

which comes under (4); for a ternary quadratic can be given
the form X%+ YZ with any X we choose, as we know from
the refercnce of a conic to any chord X and the tangents at
its ends.

Thus of ternary cubics, general, singular, and degenerate,
only cuspidal cubics, and degencrate cubics X2V with two
but not three factors the same, are exceptional to the form (4)
with X, ¥, Z independent.

Ex. 36. Apply this method to show (§ 199) that X34+ ¥? is
a canonical form of the binary cubic, and (§ 211) X4+ Y44 6mA% Y2
one of the binary quartic.

230. Catalecticant of ternary quartic. We conclude this
chapter with a theorem due to Sylvester as to the impos-
sibility in general of a reduction which a mere counting of
the constants might lead us hastily to assume possible. This
will illustrate the necessity of a care which in much that has
preceded may have seemed superfluous.
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The general ternary quartic
(@, b, ¢, ...) (2,9, 2)*
contains fifteen (= 142+ 3+ 4 + 5) coefficients ; and the sun
of five fourth powers
E' :;’ (L +m,y +n,2)*
contains exactly the same number of constants, which may be
chosen at will.

It would then be expected that a canonical form of the
general ternary quartic would be a sum of five fourth powers.
But this is not the case. The fifteen coeflicients in the sum
of powers are, as we shall see, connected by a relation, which
must consequently also conneet the coeflicients in the ternary
quartic for the reduction to be possible.

The fact is akin to that of §§ 208, 210, in which, however,
there is nothing in the same way paradoxical, as in the sum
of two binary fourth powers the number of constants is
obviously one less than in the gencral binary quartic.

The function of the coefficients in a ternary quartic which
must vanish that the quartic may be a sum of five fourth
powers is an invariant, called in analogy with the catalec-
ticant of a binary quartic its catalecticant, i.e, is the eliminant
of its six second partial differential coefficients, which are
linear functions of 2, y* 2% yz, 2z, xy. Let us use a triple
suffix notation according to which «,,, where r+s+t = 4, is
the coeflicient in the ternary quartic of the term &,,,@"y"2’ which
occurs in the expansion of (z+y+2)* by the multinomial
theorem. The catalecticant is

Qo0 P310 P01 Y20 Qon Unoz
L L Pt S I R § T
Uggp Wary ooz g Az o
Uggp Upzo Agar Uogo o1 Qoze

Uon Aoy Apye Qo1 Qozz Ay

(o2 Rz U3 doze Uors Loos
The same function of the coeflicients in (la+my + nz)! is
i B Pn FEm? Pon Pal

Pmo PBm2 Pmn I
P Pan [12n?

2m? Im® Im?*n mt

2Zn? Imn® n?

Im2n Imn? In?

Bmn Im2n Imn? m3n m2a? mn®
m2n® mnd nt

Im2n Imn?

-

m3n m2n2
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in whieh it will be noticed that the columns are respectively
2, ln, In, m?, mn, n® times the one column 2, Im, In, m?
mn, % The columns are then identical, but for ditferent
multipliers applied to them severally.

For the sum of five fourth powers the catalecticant is
a determinant, obtained from that last written by writing
for each constituent in it a sum of five like ones obtained
by giving to [/, m, n, or such of them as occur in it, the
suffixes 1, 2, 3, 4, 5 in succession.

Now the determinant thus obtained is a sum of 5° deter-
minants like the last written, except that the constituents
have suffixes, which in any one of the determinants are the
same in any column, but not, except in the case of five of the
determinants, the same in all columns. All possibilitics of
applying the suffixes 1, 2, 3, 4, 5 to columns, one suffix to
each, in fact occur in different determinants of the whole
set of 5°

But there are six columns and only five suffixes. In every
one of the 5° determinants there must thercfore be at least
two columns with the same suffix. By the above, then, every
one of the determinants contains two columns which, upon
removal of factors such as two of (2, lm, Ln, m?, mun, n? for some
suflix or other, are identical. Every one therefore vanishes.
Consequently their sum, the catalecticant of the sum of five
fourth powers, vanishes.

231. The student will casily convinco himself in like
manner of the following facts.

The quaternary quartic (¢, b, ...) (z, ¥, t, u)* contains thirty-
five coefficients, and the sum of nine fourth powers of lincar
forms contains thirty-six constants, apparently onc more than
is necessary. Yet a quaternary quartic cannot be expressed
as a sum of nine fourth powers unless its catalecticant, i.c. the
eliminant of its second partial derivatives, vanishes, For ten,
the number of these derivatives, excecds nine, the number of
squares. )

The quinary quartic (¢, b,...) (z,y, 2, u, v)* contains seventy
coefficients, and the sum of fourteen fourth powers of linear
functions of x, ¥, 2, w, v contains seventy free constants. Yet
a quinary quartic cannot be written as a sum of fourteen
fourth powers unless its catalecticant vanishes, since 15 > 14.



CHAPTER XIII

INVARIANTS AND COVARIANTS OF THE BINARY QUINTIC
AND SEXTIC.

232, THE study of the binary quintic and its concomitants
has been carried to a high degree of completeness by in-
vestigators, among whom Hermite, Cayley, Sylvester, Salmon,
Clebsch, Gordan, and Fad de Bruno should be named. The
present chapter contents itself with calling attention to the
main facts, and some of the simpler applications thereof. It
is beyond the scope of an introductory treatise to give a full
synopsis of the mass of results at which the theory has
arrived, or to endeavour to reproduce in outline more than
the most elementary of the investigations which have pro-
duced those results.

The three absolutely independent invariants of lowest
degrecs have been cncountered in previous chapters, and are
of degrees 4, 8, 12 respectively. Any other invariant is
a function of these by § 30: but there is a fourth of degrec 18
(§ 114, Ex. 22), discovered by Hermite, which is irreducible
in that it is not a rational integral function of them, but
is connected with them by a syzygy which will be exhibited
later. A method by which the existence of the syzygy is
proved has been noticed in § 143.

The whole number of irreducible covariants and invariants
of the quintic, the quintic itself being counted as one, is
twenty-three, a number which the arithmetical method by
analysis of a generating function, whose beginnings have been
sketched in Chapter VIII, has been successful in indicating.
The honour, not only of pointing out the number, but of
exhibiting symbolically the concomitants themselves, is
Gordan’s. Their explicit forms have been investigated in
Cayley’s second, third, fifth, eighth and ninth memoirs on
quantics.

233. Canonical and semi-canonical forms. For the detailed
study of the quintic much use has been made of the form to
which it may be reduced

aX3+ DY +¢ (X + Y,
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or, say, aX5+0Y3+eZ°,

where X+Y+Z=o.

One of the three coefficients «, b, ¢ may, in accordance with
§ 205, be taken as unity; or, if we allow a, 0, ¢ to be all
arbitrary, we may suppose that the modulus of the substitu-
tion which reduces the general quintic to the form is unity.
Chapter XVIII of Salmon’s Higher Algebra gives the forms,
symmetrical of course in @, b, ¢ and in X, ¥, Z, of the con-
comitants for this symmetrical shape of canonical form.

A very convenient canonical form is Hammond’s
x/(, + 5b/wl4y/+ 5 C’w/y’4 +y15’
ie. (1,8,0,0,¢,1) (2, y),
in which the two end coefficients are units and the two middle
ones zero. He uses more the form
(a'! b’ O) 03 0, ,f) (m) y):;)

which contains too many free coefficients to be properly
called canonical, but to which a substitution of unit modulus
reduces any quintic, and which has the advantage of not
excluding some special classes of quinties, whose coefficients
obey invariant conditions, to which the more restricted
canonical form does not apply.

We must see that the reduction to this form is possible.

Take the quintic in the form

aX5+0Y 5+ c(X+Y)5,
from which the most gencral linear substitution produces
ale+my)S+b e+ y) +e{(l+)x+ (m+n)y}s
In this the cocfficients of 1023y2 and 10?3 are
alPm?2+003m 2 4 ¢ (L+ ) (m +m)?
and al’md+0l2m? + ¢ (C+1)2 (m+m')%
Adding and subtracting, we find that these will both vanish
if §, m, U, ' satisfy the two equations
{altm 4 o (14 V) (m+ P} (L)
+ {022 e L+ V)2 (m+m))?) (U +m) = 0.
Now, since
(C—m) @ +m)=C+m) (' —m') =2 (Im' —U'm) # 0,
thesc are the same as
al’m? = bl?m? = —c(L+1)*(m+m')?,
ie. +adim = + U = e (+ 1) (m+m),
which suffice to determine 7/’ and m/m’; whence Im’—l'm =1
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derives Im and I'm/, leaving still one of I, m, I, m’ which
may be assigned arbitrarily.

In case (ef. § 204) the assumed reduction to the form

aX®4+0Yo+c(X+Y)

is impossible, there is as a rule no exception to the reducibility
to Hammond’s form. In fact it has been seen in § 204 that in
the ordinary special case, when 8 = y only, the special form

wx’ + sexy* + fy°
is assumed, which is the case of Hammond’s when b as well
as ¢ and d is zero. This is the case when I, the irreducible
invariant of degree 12, vanishes. :

In the more special case, when « = 3 =y, we saw in the
article referred to that the form

a? (a'a? + 5V'zy + 10"y?)
is taken, and this, if we take for a new ¥ one of the factors of
«'z* + 52y + 10¢"y% becomes
(5 bay + 10cy?).
This is the one case of exception to the general applicability
of Hammond’s form.

It might be thought from mere counting of the constants
that it would be possible in general to make the coefficient of
x*y as well as those of «’y? and «?y* vanish. It will be seen
later, however, that this can only be done when an invariant
condition I, = 0 is satisfied. That it can be done when
I,, = 0 has been seen carlier, as stated above.

Ex. 1. There are four essentially distinct reductions of a general
quintic to the form (a’, ¥, 0, 0, ¢, /') (=, y)*; and the four products
a’y" ave quadratic factors of an octavic covariant

{(ad—be)*— 4 (ac— %) (bd—ch)} a* + ... . (Newson.)

Ex. 2. Another canonical form to which the general quintic can

be reduced by a substitution of unit modulus is (a, b, ¢, @, b, ¢) (z, ¥)°.
(/L ammond.)

dns.  Take Aoz +w?y), A(w’z+wy), with a proper A, for

X, Yin X4+ mY*—2 (X + Y). The «, y are the variables in the

canonical form of the canonizant C They are also the factors

of € v

612°

234. List of concomitants of binary quintic. The twenty-
three concomitants of a quintie, arranged in the order of
Cayley’s ninth memoir on quantics, are as follows, Many -
of them have been already met with. It will be seen that all
are invariants or covariants from their methods of formation.
That they are irreducible, and form the complete irreducible
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system, it is beyond our scope to establish here. The usual
proof reposes on the method of transvectants (cf. § 61). We
use the notation C; , to denote a covariant of degree ¢ in the
coeflicients and order @ in the variables, and I, to denote an
invariant of degree 4. The arrangement is accor dmcr to degree,
and for the same degree accor dmO' to order.

(1) worC, ;is tho quintie («, b, ¢, d, e, f) (z, y)° itself.

(2) €, ,is the quadratic covariant whose leading coefticient
is the seminvariant ae— 4bd + 3¢% It is the fom th transvectant
of w and itself, or the quadratic invariant «’¢’—40’d’+ 3¢"? of
the fourth emanant of w.

(3)1 C, ; is the Hessian of w. Its leading coefficient is
ae—02,

4) (/3’3 has for its leading coeflicient

ace + 2bed — ad?—b%e — 3,
It is obtained as this invariant of the fourth cmanant of u, or
as the result of putting d3/dy, —3/d. for « and y in (2) and
operating on w, or, let us say, of operating with (2) on w. It
is the canonizant (§ 206) of the quintic.

(5) C, 5 is the Jacobian of w and (2). Itsleading coeflicient
is utf—Sabe + 2acd + 82 d— 6 lic2.

(6) Cj, 4 is the covariant whose leading coeflicient is

a*d—3abe+20°
It is the Jacobian of w and its Hessian (3).

(7) I, is the invariant of lowest dogree. - It is the dis-
criminant of (2), viz.

(af —3be+ 2¢d)? — 4 (we—4bd + 3¢%) (bf — 4ce + 3d?).

(8) C, 4is formed by adding nine times the square of (2) to
the result of operating with (2) on (3), in the manner described

in connexion with (4), and dividing by fiftcen. Its leading
coefficient is

a?(e2—df) +« (3bef —3bde — 4c?e + 4 ed?)
+50%ce+202d* =203 —8bc?d + 3¢t
It will be noticed that we have given it a different sign from
that of our general convention in § 71.

(9) C4 ¢ a second sextic covariant, is the Jacobian of u
and (4). Its leading coefficient is

a®(cf —de) —a (b3f + 2bce — 4bd* + ¢2d) + 3b% e — 6 L2 cd + 30c2,

(10) C; ;, the linear covariant of lowest degree in the
~coeﬁ101ents, is the result of operating with (2) on (4), with
sign changed.

(11) C;, 5, a second cubic covariant, is the Jacobian of (4)
and (2).
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(12) Cj, , is the Jacobian of (3) and (4).

(13) C6 2> & sceond quadratic covariant, is given by opera-
tion with'(2) on (8).

(14) Cy 4, a second quartic covariant, is given by operation
with (10) on .

(15) C; 4, & second linecar covariant, is the Jacobian of (10)
and (2).

(16) C, 5, & third quintic covariant, reckoning u itself as
one, is the Jacobian of (13) and u.— (N B. The quintic co-
variant (16) of Salmon’s Higher Algebra, § 232, or Fad de
Bruno’s Formes Binaires, No. 12, Table v, is the result of
subtl)actmg from this C; ; the ploduct 0y, 5 U5 4 of (2) and
(11)

(17) I,, the sccond invariant, is found as the invariant
ac’+a’'c—200 of (2) and (13).

(18) Cy 4, a third quadratic covariant, is found as the
Jacobian of (4) and (10).

(19) €y 5, a third cubic covariant, is the Jacobian of (13)
and (4).—(N.B. The covariant of degree 9 and order 3 in
Fad de Bruno’s Formes Binaires, No 15, Table v, is
960, ;—160, ,C, 1+ 71, C; ;)

(20) Cy, 1 a third linear covariant, is given by operation
with (2) on (19).

(21) I,,, the third invariant, is the discriminant, but for
a numerical factor, of (13) or of (4).

(22) Cy 4, the 'fourth  linear covariant, is the result of
operating w1th (19) on (8). (Fad de Bruno’s, No. 17, Table v,
is =60,

(23) Ils, the fourth irreducible invariant, is the eliminant
of the two linear covariants (10) and (22) It is also the
catalecticant of (14).

Thus, to sum up, the irreducible concomitants of a binary
quintic are

4 invariants 1, I, I, I,

4 linear covariants C; ;, C; 1, Oy, 4, Oy 1)
3 quadratic ,, 02’ 2 06' 21 Oy s

3 cubic . Cs,J, CG’J, C'g' 35

2 quartic ,, Cy 4 O s

3 quintic ,, u, Cy 5, Cr 5,

2 sextic " Cy, 65 O, 4

1 septimic , Cs, 1

1 nonic » 03, o°

235. Forms of the concomitants when ¢ = 0, d = 0. The
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kindness of Mr. Hammond has supplied me with the forms
taken by the twenty-three concomitants when the quintic is
given his form (a, b, 0, 0, ¢, f) («, %)*, in which the two middle
terms are wanting. N one of the expressions are of great
complexity. They are
(1) (7l s = w = ax® +5bxty + 5 ewyt + fyf,
(2) G ,= ae.?c2+(af 3be)xy + bfy?,
(8) Oy g = —(b%a®+€®y°) + 3 (aew® + bf y?) ay?
+(af+ 7he) %y,
(4) Oy y = — {VRea® + L2ty + ac’my® + bey?},
(5) ()’3 s = (af = 5be) (ux® —fy®) + (5af —9be) (ba® —ey®)ay
+ 8 (0¥ fx — acty) x*y?,
(6) Cy 4= 2(b0a°—ey") + 2 (alex — bf*y") ay
+(af + 11 be) (aa® —fyb) a?y?
+(7af +29be) (ba® — ex®) sty

+ 16 (D% f—aety) atyt,
(7) 1, = a*f?—10abef + 902¢2,
(8) O 4 = (a®e*—2b°f)at + (L*f*—2ae®) y*
+ 4be(aer?® + bfy?) ay + 18 b2 a2,
(9) €y ¢ = (3be—af) (Pad—cy)—2 (a*e? + 13f)ay
+2 (D3 f2 + ued) wy5— 10be (e’ —bfy?) a?y?,
(10) G, | = (aPe®—al?f* + 6 L3 ef ) w + (b°f2— alef+ 6 abe?) y,
1) C; 5 = be(90e—af) (ba® —ey®) + (4¢?e® — ab?f? — 3b%f )a?y
11) C be(9b (b — ey 263 _ g2 L3ef) 22
' — (403 f2 —a?e*f— B abe®) ay)?,
(12) C; ;= 2 (b fu"—aety") + lobze2 (aatb ff') xy
+ 3be(af +9be) (ba® — ey®) w?y?
+ (ab?f2— 6a‘e3+19b’ef)a;"y
— (a*Ef— 603 f2 + 19 abe®) 2y,
(13) Gy, = (3ac®—12f?) b2a® — (uf — 9 be) b wy
+ (363 —u?e?) €9,
(14) C; 4, = («®€*f —5u2be® —2al3f? + 6 btef) at
w —(ab?f3—5b%ef?— 2a%e3f + 6 ubet) y*
+ 4 (a?*f— 6 abe® —U3f?) bay
—4 (ub?f?—6b3ef —a*e®) exy?,
(15) C; ;= (3’3 f—a?b*f>—15a2be* + 7ub’ef* — 1804 eif) w
—(3ab3fP—a’e?f2—15btef? + 7a?be’f — 18ab%et) v,
(16) O, ; = (a’e’f—3abe®—2b3f%) V2ab
+(2aBe®— 3abbf 27b4e) Pty
+ 8 (a2e®— 3L%f) be*a?y?
—8 (b%f2—3ae?) bzew2y3
—(2b’f3—3¢w3f—27be‘)b2
— (ab?f?—3b3¢f— 2a263)62
(17) I, = a?0%ef*—2a3e5—2b5f3 + 27 b4et,
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(18) Oy , = (4a*e® f—ab?f’— 18abe* + 3b%ef?) V2 a®
+2 (a:;es_bsfa) a
—(4ab?f? —aPe?f— 18Dt ef + 3a2be?) €*y?,
(19) O, , = (20%—9ae’f+ 27b¢f) b*a?
+ 3 (ab?f2 + 9D3ef — 6 a?e®) L2 e2a’y
— 3 (u?e’f + 9abe® — 6 b3f?) b2 e wy*
—(2d%e2—9ub’f + 270%e) e*y’,
(20) Gy, 4 = (bae’f —a?b%2f? —27a?be® — 9abe* f2 + 2H5f*
+54b4etf) 12— (5alPf3— ab2e?f% — 27 b0 ef?
—9a*b3e’f+2a'e® + 54 abtet) ey,
(21) I, = b2e* (a1 — 4 aPe® — 412 + 18ab3e3f — 27h%¢?),
(22) O3 1 = (" + V8 f*—8aPbPe’ f+ 9ub e f* + 27 0’ b e
— 547t f)ex+ (D75 + et —8abPef?
+9a2h3et f4 2700t f2— 5aalie’) by,
(23) Ty = (P —Vf3) {(uf — 5be) (aPe +bf?)
— 102033 f2 + 90ubt et f—2160°¢% ).

236. Discriminant of quintic. It will be noticed that the
discriminant of the quintic does not occur among the irre-
ducible invariants I, Iy, I,,, I;,.  Its degrec is 2(5—1) = 8.
It might have been taken instead of I, being, as will be seen,
the difference of a multiple of I, and I,%; but, as I, itself is
the simpler of the two, we prefer to speak of that and not of
the discriminant as the irreducible invariant.

For the quintic in its form (¢, b, 0, 0, ¢, ) (x, ¥)* the dis-
criminant is easily formed by elimination between the two
first derivatives

axt+ 4hxdy +eyt,  bat+ dexy + fiyh,
and is found to bo
Wtft—20a’bef? + 256 (e’ + 0°f3)— 102D f?
—180ab?e’f —337504¢t,
which may be written
(@*f?—10abef + 90%e?)?
—128 (a???f2—2a3e® — 20°f7 + 27 %eY),
so that, by § 235 (7) and (17), the expression for the dis-
crimivant in terms of I, and I is
A=1I2-1281,.

. 237. Syzygy among the invariants. The four invariants
I,, I, I,, I 5, though irreducible, must, as we have often seen,
be connected by a syzygy. This may be expected to give the
square of I, in terms of the others. It is here sought.

As the quintic can be brought to the form

(a,0,0,0,ef) (z,y)
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by a substitution of modulus unity, it can in general be
further brought to the canonical form

(@,1,0,0,1,f) (@, y)°
by a further linear substitution which replaces baty and

exy* by «’*y’ and 2'y*. Let the modulus of the resultant

substitution which brings the quintic from its general to this
last form be M. Then, from the expressions in § 235,

MO, =a”f?—10a"f" +9
(@f’ —1) ('f'—9),

MPI, = a/%f2—2a" —2f7 4 27,

ML, = d?f?—4a®—4f + 184/ f =27,

MLy = (%) [(f = 5) (341"

— 1042134+ 90’f" — 216 }.

It is possible to eliminate «’, f* and M between these four
equations and obtain the syzygy required.

As a guidance sce what happens when « =/ so that
I, =0. Writing J,, Jg, J,, for the values taken by I,, I,
I,,, we have

MJ, = (2 —1) («*—9)
MOJ, = a'* -4+ 27 = (0" —3)* («*+ 20" + 3)
M®J,=a*—8u"+18a*—27 = (a’—3)" (' +1).
or, writing u for M'/(« - 3),
pdy = (@?=1) (¢’ +3)
piy = «*+20 +3,
I‘“Jrz = a +1,
These give, by substitution for «’ from the last in the others,
pdy = pJyy (W8S, —4),
pily=pJ 2+ 2,
by combination of which
Jy = w2y, (W, —6).

We thus have a simple quadratic and cubie from which to

eliminate u2. The result is
J JE+8J 3T, —2J T2, 72 JJ )t
—432J,, +J2J ), =0,

It is suggested then to try whether the same function of
I,, I, I,, as this cn the left is of J,, J,, J,,, a function whose
degree is 36, is of the form A I % where A is a constant., This
proves to be the case with A=16. Thus

1612 = I, I+81°1,—212121,
—72I, I, 1,,2—4321 2+ 1312

is the syzygy required.
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A usual and clegant way of obtaining this syzygy is to
show that, formed by the methods of § 234, the values of the
invariants for the canonical form of unit modulus

IXo4+mYs—n(X+Y)°
ave I, = (mn+nl+Im)?—4lmn (I +m + n),
I, = Pm2n?(mn + nl +1lm),
I, = lmtnt,
Ly = BmbnP(m—n) (n—1)(l—m),
so that [, m, n are the roots of the cubic

T2
i+ {i{‘-“mgi 2+ II’i I-Ii=o0,
12 127
and I 2I,7% is the product of the squares of differcnces

between roots of this cubie.

238. The quintic in a form with invariant coefficients.
Hermite’s Formes-types. It is an interesting proposition
that if a quintic is so transformed that its variables are any
two of its linear covariants, the coeflicients are all invariants ;
and the same is true for any binary quantic whatever which
has two linear covariants.

Let X=Pr+Qy, Y="r2+Qy
be any two of the linear covariants Cs 1 Cr 1 O”’ 1 C'w,1 of
the quintic («, b, ¢, d, ¢, f) (@, y)°. We have

QX—-QY —-P’X+PY
L= 353 Y= s prsy?
P —rq PR —PQ
in which the denominator is the modulus of the (X, Y) to (x, %)
substitution, and is also an invariant, being tbe eliminant of
two covariants.
We have now to show that in

(a,b,¢,d, ¢, f) (X —-QY, —P’X +PY)y

all the coefficients are invariants. This will be proved if we
can show that they are annihilated by Q and by O, of which
the first is ad, +2bd,+ 3¢d, 4+ 4dd, + 5e,. \

Now, if u, v stand for Q' X —QY, — P’'X + PY,

Q(a, bye,d, e, f)(u, v)® = 5v(a, b, ¢, d, €) (u, v)*

+5(a, b, e, d,e)(u, v)* Qu+5 (b, ¢, d, e, f) (u, v)* Qu.

We here mean that the operation is not on X and ¥, but

only on coefficients of powers and products of powers of X
and ¥ when the quintic is expressed in terms of @, b, ¢, d, ¢, f;
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P,Q, P,Q; X,Y. Now since (§ 109) QP =0, QQ= P,

QP =0, QQ = P, the operation being in this sense,
Qu=Q@X~-QY)=L"'X-"rY = —v,

and Qr=Q(-FPX+ PY)=0.

Consequently
Q(a, b, e, d, e, f) (w, v)" = 0,
e,  Qa,b,c,d,e,f)(QX—QY, —I"X+PY) =0,
the operation not being on .Y, ¥, but only on coefticients of
XS, XtY, ..., Y5,
All these coeflicients are then annihilated by ©. Similarly
all are annihilated by 0. Accordingly all are invariants.

239. Quinties for which 1, = 0. In § 233 it was stated
that a quintic can only be linearly transformed to the form
(a, 0,0, 0, ¢, ) (2, )°, wanting its second as well as its third
and fourth terms, when an invariant condition is satisfied,
And it was seen that the said reduction can be etfected when
I,, which is the discriminant of the canonizant, vanishes.
To prove the necessity of this condition take Hammond's
forms of the invariants (§ 235) of (¢, b, 0, 0, ¢, /) (2, )", and
put b = 0 in them. We get

[, = «%f2,
I,= —2d%,
I,=0

1, = a’et"f,
of which the third proves the necessity stated.
From the values here of 1,, I, I,, it follows that for a quintic
which can be reduced to the form now contemplated
161, = 1,14
?nd this is correctly what the syzygy of § 287 becomes wlen
= 0.
"It is not hard to prove from the expressions for the invari-
ants I,, I,, 1,, of («,0,0,0,¢,f) (z,y)’, which involve «f, le
and a3e®+0°f% only, that be, which call 3, is given by the

equation a2l ] 2 1
(I,- —/;,;" + b-?f = 64 (213—;}3 )

so that the product of all the values which le can have for
reductions of the form (u, b, 0, 0, ¢, f) (z, y)* is
' I I —1281y)",
unless the diseriminant J,2—1281, vanishes, when the product
is still a multiple of I;,. We thus have it clearly exhibited
X

1431
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that when I,, vanishes some one at least of these values of be
is zero, so that a reduction to the form («, 0, 0, 0, ¢, f) (z, y)° or
the in fact equivalent form (a, b, 0, 0, 0, f) (=, y)° is possible.
The conclusion converse to that proved above, which was in
effect arrived at before as stated already, is thus confirmed.

A quintic for which I;, =0 cannot be expressed as a sum
of three fifth powers, as was seen in § 204. In fact, the cano-
nizant of «a’+ 5exy* +y° to which form it can be reduced, is

Uy, s = —aclzy®.
Thus, if the reduction were possible, one of the X, Y, Z would
be a multiple of « and the other two of 7. Now
ax’ + Sexy +fy° = la® +my’® + ny®
is an impossibility unless e = 0, i.¢. unless Jy = 0 and J;3 =0
as well as I, = 0.

We are thus guarded against an erroncous conclusion which
might hastily be drawn from the last forms of the invariants
in § 237. It might appear from those expressions that, when-
ever I, = 0, either /=0 or m =0 or n = 0, and therefore
I,=0 and l,;,=0. But this is not the case, the forms not
being applicable to the case when I, = 0.

240, Formes-types when J;, = 0. Another interesting
fact as to quinties for which /;, = 0 may be derived from
observing what the four linear covariants of the quintic
become when b =0, ¢ =0, d = 0.

Putting b = 0 in (10) (15) (20) and (22) of § 235 we obtain

L, =C;, = a*e(ex—fy),
L, =0,y = d®¢f(3ex+fy),
Ly= 0y, = —2deTy,

Ly, = 0y, = @éfa .

Thus the y and @ of the form («, 0, 0, 0, ¢, f) (x, ¥)°, to which
a quintic for which I;, = 0 may be reduced by a linear sub-
stitution of modulus unity, are multiples of the lJinear covari-
ants of the 11th and 13th degrees, and are easily expressed
also as sums of multiples of any two of the four linear
covariants. We have, in fact, using the values of I, I, I
in § 239,

aw® = a~He L5 = 256 1,78L,5,

cxy' = goa e Py Lyt = =81, Ly Ly,

JP = — g B fLP = 16 11 Ly,°
Thus the quintic reduced to the form («, 0, 0, 0, ¢, f) (z, )%,
with modulus unity, is

817 {321 Ly’ — 51 Lyg Ly + 210y Ly}
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Consequently when /;, = 0 one of Hermite's six ways (§ 238)
of expressing the quintic with invariant coeflicients expresses
it in the reduced form,

Ex. 3. When 7,, = 0 prove that the other five expressions of the
quintic with invariant coefficients arc

(2) Is—ls(_s’ 0’ 0’ 0) 4189) 16[89[]8) (4118 Lll+[88Lﬂ’ Lll)sl
(3) 371,2[,~*T,,"*(2, 0, 0, 0, — 81131, 243 I31,)
Lo+ 1, Ly, Ly,
(4) 27°1,74(6412 0,0,0, —21,, — ) (L, 2L+ T, L)Y,
(5) 21,71, (2114,0,0,0, —1,7,,1)
(Lm’ 3I4ISL13—2IXBL7)5)

(6) 2710T,~4I,"[,,-1 (212, 0, 0, 0, — Iy, —1,)

(L, =41 Ly, 12 L, + 121 L) ([lammond.)

241. The classes of quinties for which respectively I, =0
and J; = 0 will not long occupy us. We content ourselves
with noticing first that when I, = 0 for the quintic

(a, b,0,0,6,f) (x yP
the condition satisfied is, by § 235 (7),
(af —be) (af —9le) = 0.
Thus when I, = 0 a quintic may be reduced by a substitution

of unit modulus with one degree of arbitrariness in its co-
efficients to one or other of the forms

be
aal+ 5baty + Sexy + 20

9be |
ax®+ 5baty + 5exyt + Y

By a linear substitution of non-unit modulus it can then be
given one of the forms

axd + (,lbryﬁ + 5wy ($3+y3)’
9
wx® + a?/5 + 5y (@° + 3/°),
or, equally, one or other of the forms

a® +3°+ 5y (ba* + %y“) )

@ +y° + 5wy (ba® + 515313)-

Secondly when I, = 0, provided J,, does not also vanish, by
X 2
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the last expressions in § 237, the quintic can by substitution
of unit modulus be given the form

X0 +mYo—n(X+7Y)5
where I"'+m 1+ 2071 = 0, i.e. the form

im s
X0+ mY®+ Z‘;"’;ﬂ (X+ Y)".
By a substitution of non-unit modulus it can be given the

form
Xe ¥ , 5
< tioa +(X+7Y)%
When both I, = 0 and I, = 0, or both I, = 0 and I}, = 0,
we gather from § 239 that also /;; = 0, and the cases are such

as will oceur below.

242, Quintics for which [, = 0. Quintics for which the
skew invariant I,; vanishes have a special simplicity in that
they are soluble. I is skew, for its weight is §.18.5 = 45,
i.c. is odd.

Consider the canonical form of unit modulus

IXo4+mYo+nZ', where X+Y+Z=0.
Referring to § 287, we see that if I, = 0, and if I, does not
vanish, so that the reduction to this form is possible, and
Imen % 0, then (m—mn) (n—1) ({—m) = 0, which requires that
two of I, m, » be equal. Thus a quintic for which I}, =0
and I, % 0 can be given by linear transformation of modulus

unity the form
X+ Y5 ) —m (X +T),
i, e. the form
(X+7Y) {({—m) (X*+ Y%
—(l+4m) XY (X2+Y-)+ (I—6m) X2Y2},
e, (X+7Y) {(l—m) (X2+Y2)2
—(+4m) XY (X24+ Y% —({+4m) X2Y?2},
which can Le broken up into X +Y and two quadratic, and
then into five linear, factors.
Thus, so far, a quintic for which I;,; = 0 and I,, % 0 can be
solved.
Moreover the factors are of the forms
X+7,
X2+ Y%+ pXY,
X2+ Y2+¢X7Y,
and of these the single one which comes first is, speaking
geometrically, one of the common harmonic conjugates X2 — Y2
of the other two pairs.
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Thus, if for a binary quintic 7,; = 0, and I, # 0, some one
of its five linear factors is a double element of one of the three
involutions determined by the other four factors taken in

airs.

Putting « for X + ¥ and y for X — ¥ the quintic above may
be written in the form

ke @@= Ay?) (@ —uy?),
i.e. ax® +10cx*y® + Sexyt,

a form in which all the coefficients of odd weight are wanting.
Conversely, if one of the five factors of a quintic is one of
the common harmonic conjugates of two pairs which together
constitute the other four factors, then I,; = 0.
For such a quintic can be given the form

az (@ =My (o —py)
ie. ax® + 10z’ y* + 5 exy?,

in which no non-vanishing coefficient, and therefore no non-
vanishing rational integral function of the coefficients, and
consequently, in particular, no non-vanishing invariant, can
he of odd weight.

Now all skew invariants (§ 95), and [, in particular, are
of odd weight. For such a quintic as contemplated therefore,
I, and all other skew invariants vanish.

Granting then, as we shall see in the next article, that the
temporarily reserved case when I,, = 0 as well as I}, = 0 is
only special and not exceptional, we have arrived at the fact
that the condition I, = 0 is the necessary and sufficient one
that the quintic may have the special property which has been
expressed geometrically above.

We can also conclude that I, is the only irreducible skew
invariant which a quintic possesses. If /= 0 the quintic
has the above property. If it have that property all skew
invariants must vanish. Thus every skew invariant vanishes
if I s vanishes. [I4is then a factor of every skew invariant, and
the invariant obtained by removing that factor is no longer
skew., If its expression in terms of irreducible invariants
involves another skew invariant, this may be analysed in like
manner; and so on.

Ex. 4. Solve the quintic equation
ax® + 5bat + 5ex + i’/(a’e"/b”) =0,

Ex. 5. By actual substitution, as in § 233, prove that
a(X+ Vo) —c(X+ YY)
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can be transformed with modulus unity into
o’ + 5y + 5yt + 7,
where o*¢” = V°f”.
Ans. As in § 233 a way to make ¢’ =0, d’ = 0 is given by

taking a¥lm = a¥V'm’ = (@ +1) (m +n'); whence, if
7 v +7 a v
t:m:;;:m,we gt‘t?:tﬁ and —e~,-=t3.

Ex. 6. Hence the form of Ex, 4 is a general one for quintics for
which J,, = 0, but 7, # 0.

Ex. 7. Prove that 1, 2a,0d |=0

L, B+y, By
1, O+¢ O€
1s the condition that 2 — ay be a common harmonic conjugate of the pairs
(5= B9) (=71, (=) (- e2);
and that the determinant is a function of differences between pairs of
a, ﬁ) Y’ 8’ €.
Amns. Tt is aunihilated by
2,2, 2,2 .2
satipt oy taet e
It is (a—28) (a—B) (=7 +(a—7) (a—¢) (0—A).
Ex. 8. Prove that the product of
(a—2) (a—P) (e=y)+(a—¢) (a—7y) (3—B),
(a=B) (a—7) (€= 8)+(a—¢) (a—3) (B—),
(a—7) (a—3) (e=B)+(a—¢) (a~B) (v—9)
is symmetric in B, v, §, €, and hence that «'* times the product of
5 x 3 determinants like that of Ex. 7 is an invariant of degree 18 and

weight 45, so that it is a numerical multiple of 7.
(Hermite and Cayley.)

243. We temporarily reserved in § 242 the case of quintics
for which I, = 0 as well as I}y = 0.

When I, = 0 the quintic can (§ 239) be given by substitu-
tion of unit modulus the form

ax’ + sexy* +fy°,
and the condition I,y = 0 is then
«"el’f = 0,

50 that either f=0ore=0ora = 0.

We also see from the syzygy 1612 = I, I % which holds
when I, = 0, that the conditions I}, = 0, I ; = 0 necessitate
also that either I, = 0 or I; = 0.
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When f = 0 the form taken is
ax® + 5exyt,
ie. X (X441,
This is the case when I, = 0 as well as J;,= 0, [;;= 0. There
is no exception here to the geometrical property in § 242.
When e = 0 the form taken is
ax’® +fips,
i e. X4 Y5,
and again there is no exception. The casc is that of quintics

for which Iy = 0 as well as I}, = 0 and /;; = 0.
When @ = 0 the form taken is

5 eyt +if
Le. Y+(X+7),
for which the property holds in a limiting form, for X + ¥ or
any other linear form in X and Y is one of a pair of harmonic
conjugates, the other being ¥ of the coincident factors of Y2
This last class of cases is included in the class for which all

the invariants vanish, but is not coextonsive with that class.
As we have seen in § 28, Ex. 3, all invariants vanish for

a quintic X3(X+Y)(pX+q¥)

with a perfect cube for factor, for such a quintic can be given
the form o @’ + 5oy aty + 10 a,x?y?,

and no product of ¢ factors chosen from among «,, «,, ¢, can
have a weight so great as to satisfy 54 = 2w.

It will be remembered from § 233 that this case of a quintic
with a cubed factor is the one of irreducibility to Hammond’s
form. Itisnotone of exception to the geometrically expressed
theorem as to quintics for which I\y = 0, for X is onc of the
common harmonic conjugates of the pairs

X2 (X+7Y)(pX+4qY).

244, The binary sextic. We will only give a list of what
prove to be the complete system of irreducible concomitants
of the sextic.

As indicated in § 143 the sextic has five irreducible invari-
ants. Of these four I, I,, Iy, I,, are independent. The fifth,
I, is skew, and its square is given in terms of the rest by
a syzygy of degree 30.

Clebsch and Gordan have found that the whole number of
irreducible covariants and invariants, including the sextic
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itself, is 26, and the method of Cayley and Sylvester by
means of generating functions, which has been referred to in
Chapter VIII, confirms the result. The complete system has
been exhibited as follows, the arrangement being, as in the
case of the quintic, accor dmg to degrees in the coe clents. and
for the same degrec according to or rders in the variables.

(1) w, or C, 4, is the sextic («, b, ¢, d, ¢, f, g) (x, ¥)® itself.

(2) I,, the invariant of degree 2, is ag—6bf+ 15ce—10d2
Cf. § 48.

(3) Cy, 4, the first quartic covariant, is the covariant whose
leading coefficient is the seminvar jant

ae—4bd + 3¢
Tt is the fourth transveetant of w4 and itself.

(4) €, 4, an octavic covariant, is the Hessian, whose leading
coeflicient is e — b2

(5) O, is a quadratic covariant obtained by operation with
u, having replaced in it # and y by 3/3% and — /3w, on the
Hessian (/2 g+ The seminvariant which leads it is

(ac—0%) g— 3 (ad—be) f+ 2ae®—bde — 3 c2e + 2cd?.

It can also be obtained by operation with €, , on w.

(6) U ¢ is a sextic covariant whose leader is

ace +2bed —ad*—bre—c®

(§ 114, Ex. 13), the catalecticant of the fourth emanant.

(7) O, 1, is a duodecimic with the seminvariant

a?d—3abc+20°

(§ 114, Ex. 15) for leader.

(8) Oy 4 a sccond octavic covariant, has for its leader

a*f—5abe+2acd —6bc? +81%d
(§ 165).
(9) 1, the irreducible invariant of degree 4, is the result of
operating with w on C; . It is the catalecticant (§ 208)
a, b, ¢, d
b, e, d, e
o d, e f

d, e, f, g
(10) C, , is a second quartic covariant, the Hessian, but for
a numerical factor, of the first quartic covariant C'2 o Its
seminvariant leader is
2 (ae—4bd + 3¢*) (ag—9ce+8d*) — 3 (af —3be + 2¢d)?,
where the coefficient 2 is, contrary to the usual convention of
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§ 71, given to the alphabetically leading term aeg in order
to avoid fractional coeflicients.

(11) C, 4, a third sextic covariant, is the Jacobian of w and

’(12) 10> & decimic, is the Jacobian of C, 4 and C, ,.

(13) 05 5, & second quadratic, is the vesult of operating on
C,, 4 with CJ g¢

(14) Oy, 4» & third quartic, is the Jacobian of C, , and C'1 g
(15) C’G’ s> & third octavie, is the Jacobian of C' 5, s and C,

(16) 7, the irreducible invariant of degrec 6, is the dis-
criminant of (}3 o
o (17) C; 0 fourth sextic covariant, is the Jacobian of w and
/5 9.

(18) K  another covariant of the same degree and order
6, 6 as the last, is the Jacobian of ¢, ¢ and O ,.

(19) € ,, & third quadratic, is the result of operating on
Cy, 4 With 5 ,.

(20) 67 +» & fourth quartie, is the Jacobian of C, , and (]

(21) Cg 4, a fourth quadlatlc, is the Jacobian C , and C’,

(22) 09 o 8 fifth quartie, is the Jacobian of () , 'and Cs,

(23) ]10, the invariant of degree 10, is the dlscrmnnant of

(24) Cy, » & fifth quadratic, is the Jacobian of €, , and (; ,.

(25) Oy, ,, & sixth quadratic, is the Jacobian of C; , and (% ,.

(26) 1,5, the skew invariant of degree 15 and weight
$6.15 = 45, is the determinant (§ 17, Ex. 25) of the quad—
1at1cs Gy 4 05 gr C7 o- It is the criterion for those three
quadratic covariants forming an involution.

245. There are then altogether for the sextic the following
irreducible concomitants :—

5 invariants 7y, Iy, Iy, Iy, I,;, of which the last is skew,

6 quadratic covariants C, ,, C; 5, C; 4, Gy 5, Cyy 45 Cg 4

5 quartlc s Cg 4 04 4 6{, 07 13 09,4’
5 sextic . , Cy ¢, Cy g Cc, 61 K(s, 6

3 octavic s 02, 89 03, 8 05, 81

1 decimic w o Oy

1 duodecimic ,, Cy, 12

None of the covariants are of odd order. Indeed, we have
seen (§ 39) that no binary quantic of even order can have
a covariant of odd order. In particular a sextic, or other
binary quantic of even order, has no linear covariant.
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We notice the occurrence of two irreducible covariants C; ,
K, , of the sixth order and the sixth degree, i.e. of two
covariants of that order and degree which are linearly inde-
pendent of one another, and of the covariants of the same
order and degree which can be formed as products of lower
covariants and invariants. This is the first instance of a state
of things which often occurs in connexion with quantics above
the sixth order, but only in this one instance up to the sextic
inclusively.

In forming covariants and invariants by operations which
involve only differentiations with respect to variables, as for
instance in the ordinary methods of finding them as hyper-
determinants or transvectants, or, in particular, as Hessians,
Jacobians, or resulls of operating with one covariant or
quantic on another, we may, it is clear, with safety use
canonical forms. Only operations of this class ocenr in the
determinations of the more complicated of the above concomi-
tants from the simpler ones. We may apply them to the
canonical form of unit modulus

a (2% +9%) + 15cat 42 + 20da’y® + 15 ea? 9,
which (§ 226) is a valid one, although the actual reduction of
a sextic to the form has not been effected by solving equations
of degree loss than 5.

It should be mentioned, however, as of gencral applicability,
that methods which use differentiations with regard to coeffi-
cients, such as that of evectants (§§ 67, 68), cannot as a rule
be used in connexion with canonical forms. Such methods
arc not contemplated above.

246. Complete systems of concomitants of the binary sep-
timic and octavic have been symbolically exhibited by von
Gall, and a good deal has been done with regard to quantics
of a few orders higher. For no higher quantic, however, have
explicit results been arrived at with completeness, except for
that of infinite order, whose theory has been touched upon in
Chapter XT.

ADDITIONAL EXAMPLES.

Ex. 9. Prove that a quintic, deprived of its second term by writing
2 =X~=0Y, y=aY, may be written
a(1,0,C, D, a®E—3C* &*F-2CD) (X, YV,
where
C =ac—b D =a’d—3abc+ 20, £ = ac—4bd + 3¢,
F = a*f —5abe + 80’d + 2acd— 6bc*;
and that, if
J = ace + 2bcd—ad®—be—c?,
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the relation D? = —a3J +a?CE—4C® can be used to reduce any
expression to the first degree in D. (Cayley.)

Ex. 10. If a, B, y, 8, € are the roots of a quintic, prove that

@2 (a—f)* (@—yy) (w—8y) (@—ey)' = —100C, .
Ex. 11. If a, B, 7, 3, €, ( are the roots of a sextic, prove that
a’Z (a—pB) (e—yy)* (x—dy) (z—ey)’ (z—{y)' = —180C,,.

Ex. 12. For the quintic a*Z (a—p)? (B—7)? (y—a)* (0—¢)* is an

invariant, and must be a numerical multiple of 7,.

Ex. 13. For the quintic a*Z (a—B3)? (y ~8)? (x-—€y)® is a covariant,
and a numerical multiple of C, ,.

Ex. 14. For the sextic a*Z (a—p)? (y—98) (v—e€y)® (x—(y) is
a numerical multiple of C, ,.

Ex. 15. Prove that
a*Z(a—p) (B=y)’ (y—a) (d—¢) (v~ 0y)’ (@—ey)

is a covariant of a quintic which vanishes identically when the quintic
has three equal roots. It must be a linear function of C, , and C?, ,.
Show by considering the quintic @+ 10c2°® which has three equal
roots, that it is a multiple of C?, ,—30, ,. (Cayley.)
Ex. 16. Prove that
@2 (a—8) (a—¢) (B—03) (B—¢) (y—0) (y—¢) 0 —¢)?
(@—ay) (@—By) (z—yy)
is a covariant of degree 5 and order 9 of a quintie, which vanishes for
a quintic having two pairs of equal roots. It must be a linear

function of uC? ,, uC', , and C, ,C, ,. Prove that it is a numerical
multiple of 50C, 'y , —u(C, 4+3(J b0 (Cayley.)

Ex. 17. Prove that
a'Z (a—B) (a—y) (a—0) (a—¢) (x—By)* (x—yy) (x—dy)* (x—ey)®
is a covariant of degree 4 and order 12, which vanishes for a quintic
having three roots equal and the other two roots equal, and express it
as & (34C, ,—25C%, ). (Cayley.)
Ex. 18. For the sextic
I,= —zk5a*Z(a—pB) (y—0) (e—()% (Sylvester.)
Ex. 19. For the sextic
120(717,2+90071,) = a*Z (a—pB)* (y—8)* (e—{)*. (Sylwester.)
Ex. 20. Show that
| 4B, ath, 1
‘ vS, y+9, 1,
e, e+( 1
ie aﬁ(7+3-<—§)+75(6+§—a B)+e{(a+pB—y—3),
whose vanishing expresses that the quadratics
(w—ay) (==By), (x—yy) (@=3y), (v—ey) (z—{y)
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form an involution, is a function of the differences between pairs of

a’ ﬁ’ ‘y’ a, e’ C'

Ex, 21. The six letters a, B, 7, 8, ¢, { can be divided into pairs
a, ;7,03 ¢ ( infifteen ways. Take each triad of pairs in a definite
order, and write down the fifteen values of the function of differences
in Ex. 20. Show that the product is symmetric in the roots, and
must be a numerical multiple of a™'*/,,, where [, is the skew
invariant of the sextic of which a, 3, v, 9, €, ( are the roots.

(Joubert.)

Ex. 22, The vanishing of the skew invariant I, of a sextic is the
necessary and sufficient condition that the sextic be the product of
three quadratics which form an involution, and consequently that,
except in a very special case, it can be written as a cubic in X2 V2
where .\ and Y are linear in the original variables.

Fx. 23. All skew invariants vanish for a sextic which can he
thrown into the form aX'+15c.01 Y+ 15X V44 )"

Ex. 24. From the last two examples a sextic has no irreducible
skew invariant but /.
Ix. 25. Prove that

. @2 (a—=p) (a=7y) (a=0) (a—¢) (B—y)' 0 ¢)* (¢—ay)

@S (a—p) (a—7)* (a—2) (B—7)" (B—0)" (y—¢) (- (v—ay)
are the unique linear covariants of degrces 5 and 7, respectively, of
a quintic with a, 3, y, 9, € for roots.

Ix. 26. Prove that

a'Z(a—p) (a—y) (a=3)* (B—y) (3—0) (y—¢f (0—¢) (v—ay)
and
a2 (a—p) (a—y) (a=8)" (a—e)* (B—)" 0—€) (x—ay)
are linear covariants of degrees 11 and 13 of the quintic, and are not
veducible as invariant multiples of L, and I respectively.

Ex. 27. The 20-ic covariant of a sextic %, which (§ 226) is a constant
multiple of the product of the ten products .X'Y for canonical forms
(1,0,C, D, E, 0, 1) (.Y, Y, is reducible as w?Cy ;—2C,, C, ,,.

Fx. 28. The 12-ic covariant of a quintic 2, which is a constant
multiple of the six products 'Y in canonical forms

(1,0,C,D,0,1) (X, YV,
is reducible as »'C, ,—3(?,,.

Ex. 29. Prove that

(e—a) B) (x=dy)—(e—p 8) (z—a3
v oy o=

of which the leading coefficient is
aB+ 3y +yd + d¢ + ea— ay—ye —e3— 30— da,
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is a covariant of the five linear forms x—ay, x— By, x—yy, x—7Jy,
x—ey, which is the same, but for sign in the last ten cases, for the
same forms in the 20 orders in which the cyclical arrangement is

one of (aByde), (edyBa), (ayesd), (dBeya);
and that the product of six such covariants is the sextic covariant
w0y, —25C% 5 of (w—ay) (x—By) (x—yy) (2—0dy) (x—ey).

Ex. 30. Corresponding to each vertex 4, of n pentagon 4, 4,444, 4,
inscribed in a conie, construct a vertex B, of another inscribed pentagon
B B,B,B,B; as the second intersection with the conic of the line
jolning A4, to the intersection of the connectors of the two vertices
adjacent to 4, and the two remote from 4, in the cycle (A, 4,d,4,4,).
Let the connector 4,4, of two vertices of the one pentagon, and the
connector B, B, of the two corresponding vertices of the other, meet
in Q. Then the lines @, @y, Q5@ @y @ais @12 Cusy Coy @y Pass
respectively through 4,, 4,, 4,, d,, 4, and meet the conic again
in the same point X, (Quarterly Journal, Vol. XXVIII, p. 265.)

Ex. 31. If a conic through the origin O cuts the five lines . = 0 in
P, P, P, P, P;; if Q, is the point conjugate to I’, for all conics
through P,, g, P,, P, and Q,, Q,, Q,, ¢, have like meanings; if
the polar of @, with regard to the harmonic triangle of the quadrangle
P,P;P, P, meets the tangent at P, in R, and £,, R, I, I, are
snmlar]y constructed ; these five points lic on o stralght line whose
intersections A, B with the conic opr P,P PP, specify 04, OB the
factors of the covariaut G, , of u. (Morleg/.)

Ex. 32. If C is the pole of the above 4B with regard to the conic
oP P,P I P, ; D, E the points where ('4, CI3 meet again the conic
(JP P Ly Py 5 and F the pole of DE for that conic; if O meets the
conic 01’ P, P, P, P, aguin in Q,, and FQ, meets 1t again in Q3 and
if CQ meets the same conic again in I’ then OQ and O specify the
linear covariants €, ; and C,, of the quintic .

(Proc. Lond. Math. Soc., Ser. 2, Vol. VI, p. 227.)

Ex. 33. If PR, P, R’ are the harmonic conjugates of the tangent
at P, with regard to P, P,, P, P, and P, P,, P P, respectively; and
P, R,, the harmonic conjugate of the same tangent with regard to
P, R, P, R, meets the conic O P, P,P,P, P, again in R,; then OR,
specifies one of the five factors of a covariant of degree 7 and order 5
of the quintic u.

Ex. 34. By means of this quintic covariant of w, and the 4B of
Ex. 31, two linear covariants of degrees 11, 13 can be constructed as
in Ex. 32,



CHAPTER XIV

SEVERAL BINARY QUANTICS.

247. It will be remembered (§§ 103, 115) that an invariant
of several binary quantics

p(p—1)

1.2

(-1
1.2

toa? + pa, a1y + YT S R T

’,. / - - ’
a)2? +p'a a1y + O Tl S il

- &e, &e.,
has the two annihilators

d d d
30 = —_— e — _—
30 = (q sa + 2a, Sa, + e F P bap)
d
da,

d d
+(%’W 20 5+ A Py )

oy

d d 9
b — —l.ay,—+... Sy
0 (pm da, tp=1-ay da, teeddy bap,])

P a 4 / b ’
+(pa1 Sy +p —1.a, va; +"'+a""ba’pr_1)+'"’

that any covariant has the two annihilators

d J
E.Q—yaw, =0 wby’
and that any seminvariant, the leading coefficient in a co-
variant, has the one annihilator Q.

It will also be remembered (§§ 103, 115) that for any
invariant . wy
WwFep +... = 2w, ‘
and that for any seminvariant which is not an invariant
ip+7p + ... exceeds 21, the excess

p+iY + .. —2w
being the order in the variables of the covariant which the
seminvariant leads. We here and throughout this chapter
mean by seminvariant rattonal integral seminvariant.

We proceed to illustrate the theory of concomitants of
several binary quantics by consideration of a few early cases.
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248. Linear form and p-ic. Let the linear form and the

p-ic be _
u = X +1Y,
V= (g, Uy, gy enn @) (@ Y)P

The linear form alone has no invariant, and no covariant
distinet from itself.

The p-ic alone has a system of invariants and covariants
which, in the preceding pages, have been investigated for
values of p up to 4, and given for the values 5 and 6 of p.

The other inwariants of the system are (§ 69) given by
substituting £ for y and —7 for o in the covariants of the p-ic,
including the p-ic itself. They are the eliminants of » and
the covariants of v. They are also spoken of (§ 68) as the
contravariants of v alone, if we regard w as the universal
concomitant (§ 66) of two contragredient systems x, 4 ; & n.
We shall dwell comparatively little on this aspect of them,
but the £, # notation is chosen so as to accord with it.

We seek information as to the other covariants of the
system, or as to the mized concomitants (§ 66) of v. The
quest for these covariants is that for the seminvuriants of
the system which lead them.

These seminvariants are rational integral functions of ¢ and
n and ug, ¢y, ... a,, which are homogeneous, of different degrees
1,4 it may be, both in ¢ and 5 and in «, ¢,,...¢,, and are
isobaric in the two sets of coefficients taken togetfxer, ¢ and
n being of weights 0, 1 respectively. They have the one
annihilator 3

ES‘ + Q.
n
Suppose that

) ‘o i(i—1) ,;
£lP~w+’bft‘l77Pw—l+ n(l—.é‘—)ft.‘2n2pw-2+ e +n‘Pw—C

is such a seminvariant, where P, P,_,,... P,_; are gradients,
all of degree ¢, in ay, a,...a,, the weight of each being
indicated by its suffix.

‘ Expressing the fact of annihilation by ¢ bi + £, by equating
]

to zero the terms in the result of operation with it which
multiply &, £¥-1n, ... n* separately, we obtain
QP, + tP,, =0,
QP,., +(i-1)P,, =0,

QP, ;. + 2P, ., =0,
‘QPw—H-l + I)w—i =0,
QPW..¢ =0,
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of which the last shows that P,_; is a seminvariant of the
p-ic alone, and from which, as in § 109, we also draw the
conclusions that :

r,,= Q' P,,

1
—1)" ;
( )’L(z-—l)...(z-r+l)
for every value of » from 1 to 4 inclusive, and that the full
exprossion for the seminvariant is consequently

. 1, ] , .
EP,— TENOPu+ L ETIROP 4 (= 1) zl, FOIP,,

which may be written .
g EP,,
since the addition of terms multiplying Q'+ P, Q2P ... is
a mere addition of zeros.

It will also be recognized, from § 93 or § 160, that this
expression for the joint seminvariant is the result of substitu-
ting in P, for a,, a,, a,, ... ¢, respectively, the expressions

a, = ¢
a = ayf—ayn
ay = @, 62— 2,8+ agn?
ay = @, £2—3a, 2+ 30,6 —ayn’®
- ) (p—1 -

a, = @, " —pa, £ + L(l“z“) Uy E7 =+ (= 1)y,
i.c. by the results of replacing « and y by —n and § in

1 v 11ty 212y 1

pltawe’ pragt=1” prow'=2" " pox’
and after substitution dividing through by &%

Any seminvariant which is not a mere power of ¢, or,in par-
ticular, any invariant, is then a gradient in gy, ay, ... a,, or such
a gradient multiplied or divided by a power of £&. Moreover,
any gradient in g, a,, ... a, is & seminvariant or, in particular,
invariant. Kor a, ay, ... a, are seminvariants themselves—the
last of them, in fact, an invariant—Dbeing all annihilated by

d
f‘b-?;-i‘ﬂ.

248 (bis). From the last paragraph we draw the interesting
conclusion that every gradient P, in «,, a,,...a,, and in
articular every single coefficient and product of coeflicients,
is the coefficient of the highest power of £ in some covariant
of the p-ic and linear form, This highest power of ¢ is not
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uniquely determinate for a given P°,, but may not be lower
than the ith, where Qi*1is the first power of Q which anni-
hilates P,. Having obtained the seminvaviant of the p-ic
and linear form which has the term &2, we know that there
is another with first term £*"P, for every positive n. The
covariant which it leads is the product of (éz+7y)" and the
covariant led by the seminvariant with the term &'P,.

If = is the order of the covariant led by the seminvariant
with the term {'P,, i.e. by the seminvariant

geip,,
and if ¢’ is the degree of P, we have
' i+ip—2w=wm,
and (§ 115) the covariant is

Y L) _1
ww’g“(0+nb$) { rf"g §QPN. g s

which may be written in other forms; for instance

Y Loy 2
a:‘”e’-‘"b'f%f"e”oe Eﬂ]’,,,%,
o
. . N I
i.e., sinee by Taylor’s theorem ¢ “F (x) means F (z+4),

) A/ R L
ww—z(é'w_{_ny)ze:t e f.r+7,.,/ﬂl)w.

Contrary to appeaiances this is integral in 2 even when = <1.

We have noticed that these covariants are the concomitants
(in general mixed) of the p-ic only. Changing the notation
by writing =’ and ¢ in place of ¢ and ¢, we are led to the
following theorem,

Every gradient G whatever of degree ¢ and weight w in
Ay, Uy, ... Ay 18 either an invariant or the coefficient of €®£™ in
some rational integral covariant (with =" = 0), contravariont
(with @ = 0), or mized concomitant, of (a,, ¢y, ... @) (%, ).

The value of =’ is the smallet number for which Q' +1G =0,
that of w is ip — 2w + &', and an expression for the concomitant
v Yo - 1% g

w"”'2"’(£w+ny)”’e“ e fxtny (.

The same expression also gives a mixed concomitant if =’ is
any greater number than the smallest for which Q1@ = 0,
but wn such a case a power of £x+ny i8 a factor of the con-
‘comitant,

Let us call = the order of a covariant or mixed concomitant,
and &’ the class of a mixed concomitant or contravariant.

1431 Y
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Taking for G the general %wdient of type av, 4, p, containing
{w; 7, p) arbitrary numerical coefficients, we thus derive from
it a concomitant including as many arbitraries

. Yo =% g
xiP-20 (fp 4 qy)e e €5ty G,
of order ¢p —w and class w.
This may be separated into parts which give us the con-
comitants of lowest orders and classes with leading coefficients

included in . In § 128 (bis) we have seen how to write the
general G as a sum of parts

G+ Gyt Gyt oot Gy

which are annihilated, respectively, by @, by Q? but not by &,
by Q3 but not Q2 ..., by Q“*! but not Q¥. If ip—2w is
negative the parts G, G,,... G;,_;, do not occur in the sum

(§ 128 (bis), Ex, 14). The concomitant of order ip—w and
class w derived from G as above is now a sum of parts

(Ex+ny) C + (fx+y) 10+ (o +ny)* 205+ . + Oy pys

where Yo % g
Cp = a2 (fatny)le® e fotn G,

for every » from 1 to w+1 if ¢p—2w is not, and for every r
from 2w—idp +1 to w+1 if 4p—2w is, negative. In the latter
case C,, G, ... C,,_;, are zero. Here C,, C,,...C,,, are the
concomitants of lowest orders and classes desired.

Ex. 1. Prove that the operator £(3/dy)—n(3/d«) produces con-
comitants from concomitants, and hence that a cubic
A = ax®+ 3ba?y + 3ewy® + dy®

has concomitants with b, ¢, d respectively for leading coefficients,
namely

B = (b2 + 2cxy + dy?) £ — (ax” + 2bay + ey ),

€ = (cw+dy) 82 (bo +cy) n+ (az +29) 7,

D=df—-3cln+3bfn—an’.

Ex. 2. Hence also any gradient G'(a, b, ¢, d) is the leading coefficient
in & concomitant ' (4, B, C, D) of the cubic. Prove in like manner
the general fact as to concomitants of a p-ic.

249. Irreducible systems. Let us return to the notation
of § 248. All seminvariants and invariants, including those
of w and v singly, being rational integral functions of some
or all of { and a,, a,, ay, ... a,, or such rational integral func-
tions divided by powers of £ the search for the complete
system of irreducible concomitants of the linear w and the
p-ic v is the search for homogeneous isobaric functions of §
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and g, ay, 6y, ... ay, from which, when they are expressed in
terms of ¢, 1 and a,, a,, a,, ... a,, powers of ¢ may be removed
by division, leaving the.result integral. Such new forms have
again to be combined with §, ay, ay, ay, ... @, and with one
another, or with such of them as in the process are not excluded
as themselves composite, and new forms derived by removal
of £ factors, till the process can be continued no longer. The
method for thus arriving at all the irreducible concomitants
is that illustrated in {§ 169, 170. Two early cases follow.

250. Case of two linear forms. Let the two forms be
Ex+ny, ax+by.
The seminvariants §, ay, a; are
& a, bE—an;
and £ is not a factor of any combination of them. These then
are the only seminvariants and invariant; so that the com-
plete system for two linear forms consists of the two forms
themselves and one invariant, their eliminant.

251, Case of linear form and quadratic. For the system
w= fx+ Y,
v = ax?+ 2 by + oy,
the independent seminvariants &, a,, a,, a, are
& o, bl—an, cf—2bfm+an’

Here, if ¢ were zero, we should have aya, = a;%. Thus

aya,—a,% is divisible by & In fact,
aga,— a2 = (ac—b%) ¢4

Thus ac—b? is a seminvariant (invariant) newly given. It is
irreducible, for it is no function of the other one ¢ which does
not involve &

Further examining the results of putting £ = 0 in the sem-
invariants now before us, i.e.

0, a, =—na, n9la, ac—0b2

we see that no new relation connects them. We have before
us therefore the complete system of irreducible covariants and
invariants, viz.

(1) the linear form itself, led by ¢;

(2) the quadratic itself, led by a;

(3) a covariant led by b —an. It is a linear covariant, the

Jacobian (b&—an)x+(cE—~bn)y.

Geometrically it is the harmonic conjugate of the linear form
with regard to the quadratic ;
Y 2
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4) an invariant ¢ £2—2b¢n+ an?, the eliminant;
5) an invariant ¢c—02 the discriminant of the quadratic.

252. Another method, which might be pursued in examining
the system of a linear form and p-ic, consists in using instead of

& ag, 0 gy eve Ay
the system of p + 2 protomorphs of § 168,
& bé—an, a,, a,dy— (1123 au2(13-' 3aymas+ 2ay’,
,a,—4a,a,+3al, ..

A third method, which will be adopted, depends on the fact
that if S is a seminvariant, or invariant, of {z+9y and v,
which involves £ and », i.e. which is not either a power of
£ or a seminvariant of v alone, then 3.5/3y is another.

The fact is an immediate consequence of the identity of
operators

J 0 d d
(f—b*;’ +Q)D_1) = 5-1;(5&-] +.Q):

which tells us that when ¢ -; + 2 annihilates S, so that
Ui
3,0 ,
87—’({:5; +Q)AS =0,

o - d
then ¢ P + Q also annihilates P S.

Thus from an ‘nvariant

(Qm—i, Q'm—i+1’ (K] Qw) (71» —'f)l
of £+ 9y and v, formed as in § 248 from v or a covariant of
v, are derived the series of seminvariants

(Qw-e’s Qw—i+17 (RN sz—l) (7’9 _5)‘--1,
(Qu-—-i; an—c‘+1: “ee qu—z) (7)5 —8’_23

Qw-f" - QH'— i+1 f,

Qu'—i’
of which the last is the corresponding seminvariant of v only.
The way in which, in the following two cases, this is utilized
for the determination of complete systems of £z +7ny and v,
when the complete system of v is known, is general. We
shall see that ¢ the irreducible invariants of v, the invariants
of {éx+ny and v obtained by putting », —¢ for @, y in the
irreducible covariants of v, and the successive derivatives of
these with regard to s, constitute together the complete system

of seminvariants and invariants.
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. 253. Case of linear form and cubic. Take the linear
orm

Extay
and the cubic
uw® + 3baty + 3cxy* + dy.
The complete system for the linear form alone is itself.
The complete system for the cubic alone consists (§ 169) of
three covariants

(«, b, ¢, d) (, y)% i.e. the cubic itself,
(ac—bY) 2% + (ud — beyay + (bd —¢?) 33,
(«*d—3abe +26%, abd —2uc? + b2%¢, —acd + 20°d —be?,
—ad?+3bed —263) (z, y)?,
and one invariant
(¢d—bc)? — 4 (wc—b*) (bd—c?).
Thus the system has
(1) the seminvariant ¢;
(2) the invariant  («, b, ¢, d) (n, —&)?,
by § 248, from which flow, by § 252, the seminvariants

(3) ((,L, b, ¢) (?h —¢&)

(4) an— b 5&

(5) «“;

(6) the invariant (ac —0%) 92— (ud —be) né + (Id—c?) €2,
from which flow the seminvariants

(7) 2 (ac—b?) n—(ad —he) &,

(8) ac—1b?%;

(9) the invariant (a*d —3abc + 2%, —abd + 2ac?—b¢,

—acd +2b%d —be?, ad*—3bed +2¢%) (n, €)%,
from which flow the seminvariants
(10) (a*d—3abc+2b%, —abd+2ac*—1*e,
—acd +2b2d—be?) (n, €)%,
(11) («*d —3abe + 213 n— (ubd — 2ac* + b*¢) €,

(12) a?d—3abe+ 203,
and lastly the invariant
(13) (ad—bc)* — 4 (uc—0?) (bd—c2).

None of these thirteen is a rational integral function of any
of the others. That (5), (8), (12) and (13) are irreducible is
the theory of the single cubic (§ 169). That (1) is irreducible
is obvious. We have still to see that none of the rest of the
thirteen, i.e. none of those which involve £ and 7, is a rational
integral function of others of the thirteen. Now if

Py Qqm1E 4 ...+ 2N,
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where P, @, ... Z do not involve § and 7, is the expansion of
a rational integral function of some of the thirteen, its P must
be a rational integral function of some or all of

w, ac—b% a*d—3abe + 203, (ad —be)? — 4 (uc — %) (bd —¢?)

and, as none of these is a rational integral function of the rest,
L can only be one of them when actually presented as one.
Thus none of (2) to (13) could be reducible except as a product
of another of them and a seminvariant involving # but none
of a, b, ¢, d. But the only seminvariants free from «, b, ¢, d
are powers of £ and do not involve .

We have still to show that this system of thirteen irreducible
seminvariants and invariants is complete.

254. The system is complete. We have to see that any
seminvariant or invariant whatever of the linear form and
cubic can be rationally and integrally expressed in terms of
the system (1) to (13) of the preceding article.

Firstly, any seminvariant or invariant in which only a, b, ¢, ¢
occur is a rational integra) function of (5), (8), (12), (13), by
the theory of the single cubic.

Secondly, any seminvariant in which «, b, ¢, d do not occur
is a mere power of £.

It remains to consider seminvariants and invariants in which
both sets «, b, ¢, d and §, n ave represented. Let

S=Py+Quy 1é+Ry-28t+ ...+ ZEF
be one, from which factors which are powers of ¢ have been
removed. P, (), ... Z are rational integral functions of degree
¢ in a, b, ¢, d or some of them.

By § 248, P is a seminvariant in a, b, ¢, d. It can there-
fore be rationally and integrally expressed in terms of

a, ac—b2, a*d—3abc+ 203 (ad—be)?— 4 (ac—0?) (bd —c?),

which call a, C, D, A.
If w is the whole weight of 5, we have (§ 247)

14374 2.

Now P consists of a sum of positive and negative numerical
multiples of such products as «”C?D"A®, where

p+2q+3r+4s=1".
The term Py in S is then a sum of numerical multiples of
such terms as a?C DA o,
for which, expressing that ¢+ 37’4 2w, we have
i+3(p+2¢+3r+48)L2((+2¢+37+6y),



254] LINEAR FORM AND CUBIC 327

ie. 3p+2q+3rge
= i+, say,
where ¢ is a positive integer or zero. It is important to see
that this implies, among other things, that p, ¢, » cannot all
vanish, since % does not.
Now in the product

(2)" (8)7(9)"(13)*
the highest term in 9 is
(‘PCQD"AS.niip-{-‘.Zq-I-Zh"

(5 (8)* (12)" (13)’
is a?C'D"A*,
and, if in this last we replace one of the p factors (5) by (4), or
one of the ¢ factors (8) by half of (7), or one of the » factors
(12) by (11), we produce a first term

a?CrD" Ay,
and again, by a like process of retrogression, we produce
u?CID" A 92,
and so on. Continuing the process of unit retrogression we
must arrive, before or upon finally reaching the first term
”/1’ C’fID"'AQ_ n3p+2q»} 31"
at the desired first term
@CUDFA? , pBpt2atsr=t
i.e. a?C DA ',
as a rule in a number of different ways.
Similarly for any other term of which Py’ consists,
Thus we can, and as a rule in a number of ways, obtain by
composition of (2) to (13) a seminvariant
Pr'+ @ ¢+ R 2+ ... + ZE,
whose 7* term is the same as that of S.

Subtracting it from S, and removing the seminvariant factor
£, we obtain a seminvariant

Q—Q)n" 1+ (R—-R)n 2+ ... +(Z-2) &L
Let the same process be repeated. We can form a combina-
tion of (2) to (13) whose highest term in 7 is (Q—@Q')n*L
Subtracting this, and dividing by ¢, we have a seminvariant
(R—R' —R"yy" 2+ ...+ (Z—-2 =-2") ¢-2
Repeat the process again; and continually as long as necessary.
We get, lastly, unless at some stage or other the result of sub-

and the product
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traction has vanished, in which case the desired expression of
S has been obtained, a residual
2-7-2"~...-Z,
which is a seminvariant free from ¢, 5, and so & rational
integral funection of (5), (8), (12), (13).
Thus, finally, we have S expressed as
S+ €85+ 88+ +£8,
whero Sy, S,, S,, ... S; are rational integral functions of (2) to
(13) or some of them.

We see then that every seminvariant or invarviant of the
linear form and cubic is a rational integral function of (1) to
(13) or some of them. These were seen to be irreducible. The
proof is now complete that they form the complete system of
irreducible seminvariants and invariants.

The complete system of irreducible covariants and invariants
follows at once from the complete system of irreducible sem-
invariants and invariants. The covariant corresponding to
any one of the seminvariants § is, by § 115,

v({ d
m"’ei("‘)gw)&
where w=1+3—2uw.

255. Case of linear form and quartic. The irreducible
covariants and invariants of the quartic
(a, b, ¢, d, €) (z, y)*,
are, § 170, the quartic itself, the covariants
(ac—=0%) 2t + 2 (ad = bc) 2y + (ae + 2bd — 3 ¢?%) & y*
+ 2 (be—cd) wy® + (ce —d*) y*,

and Y
a%es” (utd—3abe + 20%),

and the invariants
I = ae—4bd+ 3¢,
J = ace+ 2bed — ad?—b?e—c®,
The invariants of the system consisting of & +ny and the
quartic are then
(1) 1,
(2) J,
(3) (“, b: ) d) (77) _é‘)‘t’
(4) (ac—0%)n*—2 (ad —bc) €+ (ue+ 2bd — 3¢?) n*E?
— 2 (be—cd) né*+ (co—d¥) &%,

£
(8) n°e 1’ (a*d— 3abe +20%),
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and the other seminvariants are, as in the last two articles,
¢, the four successive differential coefficients of (3), the four
successive differential coeflicients of (4), and the six successive
differential coefficients of (5), all with respect to 7.

Altogether we have twenty seminvariants and invariants.

The twenty are all irreducible. This is established exactly
as in § 253. _

Moreover, as in § 254, any seminvariant or invariant what-
ever can be rationally and integrally expressed in terms of
the twenty or some of them. They form, then, the complete
irreducible system of seminvariants and invariants.

From every seminvariant of the system the corresponding
irreducible covariant is formed by the operation and multi-
plication y

9

! 9
xl+h'—-mei (",)5'“’)'

256. Case of % linear forms. For the case of n linear forms
e+ by, aw+byy, ..., w,x+0,y,
an algebraically complete system of concomitants, i.e. a system
of which all other covariants and invariants are functions,
though not necessarily rational integral functions, consists of
the = linear forms themselves and the 12— 1 invariants
a,by—ayhy, ayhy—ayby, ..., a b, —0,by,

which are the eliminants of a chosen one of the forms and the
other n—1.

For

Ay, gy oon yy @by = by by —uyly, ooy uy by — gy
are all independent, each involving a letter which does not
occur in any previous one, and their whole number 2n—1
is less by 4, the number of ¢, m, ', m’, than 2n+2+1, i.c.
than the number of equations which express the equalities
of coefficients of X and Y in the given forms and their linear
transformations together with the equations of substitution
x=I1X4mY, y=UX+m'Y
and the one equation
M=l =U'm. (Cf.§42.)

The complete (rreducible system consists of the above and

the other eliminants
aby— by, by —a by aby—ahyy i, dy 1D — D,
of pairs of the n forms. The whole number of the system is
the sum of », the number of linear forms, and }n (n—1), the
number of eliminants, i. ¢. is
3n(n+1).
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We must see that they are all irreducible, and that there is
no other covariant or invariant which is not a rational integral
funetion of them.

They are all irreducible. For the leaders

Uy Qgy ovs Uy

of the forms themselves, being different and of the first degree,
are irreducible, and the eliminants a,b,—a,b,... are all of
degree 2, so that any one of them if not irreducible would
have to be a linear function of the rest and of the squares
and produects of @, a,,...«,. These last cannot enter with
the others in any linear relation, for they are all of weight
zero, and the rest are of weight 1: and no linear relation can
connect the eliminants alone, for they are of different partial
degrees in the coefficients of the n forms separately.

To prove that every other seminvariant is reducible in terms
of Ay, @y, ... @, and the eliminants, we may proceed by mathe-
matical induction. Assume it true for the above n forms, and
take an (n+ 1)th {x+ny. Exactly as in § 254, any semin-
variant of the system of n+1 forms is a rational integral
function of

“1b2—a’2bl’ alba_u3b17 ey “2(73"'“3629 LR IR a’n—lbn_anbn~19
“1’7—61‘5’ az'l‘-bzf’ cery ann_bn§5
and the n-derivatives of these

al) (12, L] an’
together with ¢
This proves the theorem for 7+ 1 forms when we know it for
. But (§ 50) we know it for » = 2. Consequently it is
true for n = 3, 4, 5, ..., i.e. universally.
In proofs by the method of § 254 the critical fact is that, in
the inequalities like the

3p+29+3r
of that article, the non-vanishing coefficients on the left are
all positive. This is a universal fact, for every coefficient is

the =(/p)—2w of a seminvariant, and this is never negative
(§ 247).

257. System of two quadraties. This is the only system
of two quantics neither of which is linear which we shall
discuss at length.

Let the two quadratics be

w = ax®+ 2bay + ¢y,
v = 2+ 2 xy + YR
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Six seminvariants and invariants we have at once the means
of writing down, viz.

(1) a, the leading coeflicient of u,

(2) o/, the leading coefficient of ¢,

(8) ac— b2, the one invariant of « alone, its diseriminant,

(4) a’c’—b'%, the one invariant of v alone, its discriminant,

(5) ac’+a’c —2bY, the invariant of u and v intermediate to
(3) and (4), found in § 18,

(6) ab’—a’b, the leading coefficient of the Jacobian of w
and v.

These six form the complete irreducible system. This may
be seen as follows.

Firstly none of them is a rational integral funetion of the
rest. This is clearly the case with regard to the two «, @’ of
the first degree. As to the rest all are of the second degree.
If any one of them is a rational mtegml function of the rest
it must be a linear function of a?, a«’, a’? and of the other
three of (3) to (6). Now it is clear that every one of (3) to (6)
consists of terms which do not occur in the rest or in a?, ad’, a2

The six, however, are not all mdependent but are connected
by one syzygy. 1*01 combmmg (1) to (5) so as to get an
explessmn tree from ¢ and ¢/, we find

ad (ac’ +a'c— 200y —a? (¢’ = 1"?) — % (ac — B?)
= (ab’—a'b)? ...(7)

We have still to sece that any seminvariant or invariant can
be expressed rationally and integrally in terms of (1) to (6).
Writing C, €', T for (3), (4) a,nd( ), we have

c=(C+0/a, = ("+V?/d,
so that any 1at10na1 integral function of «, b, ¢, «/, ¥/, ¢ may
be written as a sum of such terms as
AamabPb (O + b2)" (O + b72Y,
where the indices are integers, zero allowed, and, with the
exception of m and n, certainly positive. This again is a sum

of such terms as
Na™a"b?’b’' v Y,

If the sum is a seminvariant or invariant it is annihilated by

L2 d )

which also annihilates a, @/, 0, (’ separately, and so in its effect
" on the sum is the same as
2,0

VAT
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on it as a function of b and b as they occur explicitly. Now
the annihilation by this implies, as the theory of partial
differential equations tells us, that b and " only occur in the
connexion ab’ —a’b,

Any seminvariant or invariant is then a sum of such terms as
Mam'a’u’ (ab/_ “Ib)tCr/CIx/’

and consequently, by use of the syzygy (7), can be written as

a sum of terms each belonging to one of the types

waraBCe(e T,
pwaraB(ab’ —a'b) CrC7 I,
Terms of both types cannot oceur, for the whole weights of

the two types are one even and the other odd.

_Thus & seminvariant or invariant is, either a sum of terms
like Was®Ce Qo T,

or such a sum multiplied by «b’—«’b. Here p, o, 7 ure positive
integers, zero not excluded, and a, 3 are integral or zero, but
not yet proved positive. The factors «, «, C, (, I of any
term are absolutely independent, and the last three are in-
variants.

We have to see that for no term as above can a or 3 bhe
negative. Suppose if possible that there ave terms in which
a, for instance, is negative, and let o’ be the greatest positive
value of —a which occurs in any term. We remember that
the seminvariant must lead a covariant, and that the last
coeflicient in the covariant is, but for a numerical factor,
obtained by operating on the seminvariant with (0 +0")®,
where d ) d ,
0+0' = (21)5—& +CSZ_)) + (Zb b_tl] +c 5?),)5
and = is the order of the covariant, i.e. 2 (ip) —2w (in this
case 2 (a +3), which is accordingly non-negative and constant
throughout). This last coefficient is annihilated by 0 +0’, so
that the seminvariant is annihilated by (0 + 0)®*1, Now the
result of operating with this upon it, it as supposed it contains
a sum of terms W= S (B Co 0o T7)
and none with the factor «—*~!, contains the terms
(=1)"*1a"(a’+ 1) ... (¢’ + &) @~ *==-1 X (WBCPC°I) 27 +1)+1
and no other terms involving «~+~“-! against which they can
cancel. The result then cannot vanish; and the supposition

was unsound.
It is then completely established that any seminvariant or
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invariant is either a rational integral function of (1), (2), (3),
(4), (5), or such a function multiplied by (6).

The system (1) to (6) is then the complete system of
irreducible seminvariants and invariants.

Consequently also the complete system of irreducible co-
variants and invariants consists of the two quadratics them-
selves, the three invariants (3), (4). (5), and a third covariant,
the Jacobian

(b —'b) 2+ (ac” —a'c) xy + (b =b'e) y*

258. Canonical forms of two quadratics. It is casily seen
that by a linear substitution of modulus unity the two quad-
ratics can be given the simultaneous forms

aX?+cY? X4 Y
with new values of «, ¢, ¢, ¢’.
For to make simultaneously
Wl +b (0 +m)+emm” = 0,
W+ (lm +Um) +c'mn’ = 0,

we have only so to choose /:m as to make
wbm _ bltem
al+0m =~ Vitdm’
i.e. to solve a quadratic, and then to take for I”: m/
bl + em
al +bm

The absolute values of I, m and I, m/, whose ratios in pairs
are thus determined, may then be taken, and still with one
degree of freedom, so as to make Im’—{'m = 1.

Tor these canonical forms of unit modulus the six con-

comitants are aX4c¥:
«X24+Y2
ac ,
a’ ,
ad +a’e ,
(uc’—a'c) XY.
The X and Y of the canonical forms are then factors of the
Jacobian. *
The failing case of two quadratics which are special in that
their Jacobian has equal roots is left as an exercise to the
student.
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Ex. 3. Interpret geometrically the vanishing of the invariant
ac’+a’c—200.

Ex. 4. The Jacobian of two quadratics represents the double
elements of the involution which they determine.

Ex, 5. Express the seminvariant ab? —2ba’l +ca’* in terms of
(1) to (6).

Ans. a (ac’ +a’c — 206 ) —a (a'c’ — b™).

Ex, 6. By means of the canonical forms prove that the covariant
led by the seminvariant of EX. 5, represents the harmonic conjugates
of the factors of ax®+ 2bxy + cy* with regard to a’z®+ 2b'xy + ¢’y

Ex. 7. Prove the same by means of § 251 (3).

Ex. 8. Find the covariant which consists of the harmonic con-
jugates of the factors of v with regard to w.

Ex. 9. Prove that the covariants of Ex. 6 and Ex. 8 are quadratics
which belong to the involution of Ex. 4.

Ex. 10. Express the eliminant (ac’—a’c)?—4 (ab’—a’b) (be’—bc)
of » and v in terms of the invariants (3), (4), (5) of § 257.

Ana, (ac’ +a’c—2bb' ) — 4 (ac—b?) (a’c’— ")  Use the
canonical forms.

259. Linear form and two quadratics. Let the quadratics
be as before w = ag?+ 2bay + ey,
v = da? + 20y + vy,

and the linear form Ex +ny.
Of the linear form alone the one seminvariant is
&
and of the quadratics the irreducible concomitants are
ax?+ 2bxy + cy?,
a'z? + 20 xy + ¢y,
(ab’ — a'b) & + (ac’ —a’c) wy + (be” — b'e) 42,
ac—b%
a’c’— b2,

ac’ +a’c—2bb’.
As in § 248 the invariants of the system are these last three,
and the eliminants of {z + 7y, and the preceding three, i.e.
an*—2bné +c &,
a'n?—2b'né + '8,
(@b’ ~a'b) n*—(ac’ —a’c) né + (be’—b'e) €25
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and as in §§ 2563, 54 the remaining irreducible seminvariants
of the system are the successive y-derivatives of these three
last, i.e.

un—=b¢,
a,
a"ﬂ - blf)
@,
2 (b’ —a’b) n—(ac’ —a’c) &,
ab’ —a’b.

The covariants which these lead are readily written down.
The last, last but two, and last but four, occur above.

Ex. 11, The vanishing of the invariant
(ab’ —a’b) n* —(ac"—a’c) né + (b’ —b'c) &
expresses that the linear form is a double element of the involution
determined by the quadratics.

Ex. 12. The covariant (an—b¢)x+(bn—cf)y represents the har-
monic conjugate of £x+ny with regard to w.

Ex. 13. Interpret the linear covariants led by
an=b'§  2(ab’—a’b)n—(ac’—d’c) &,

260. System of quadratic and cubic. Take the forms
w = ax?+ 2bxy + cy?,
v = a'a® + 3b'x%y + 3cxy? + d'y

For the quadratic only the irreducible concomitants are

(1) u,
and the invariant

(2) ac—b2

For the cubic only they are

(3) v,

the covariants
(4) (@' =V a2+ (@'d' = '¢) wy + (V'd —c2) 37,

(5) («?d' =3V +2b3) a4 ...,
and the invariant,
(8) (@d=b'c')2—a (0 = b2 (b'd ~c?).

The remaining irreducible concomitants of the system prove
to be nine in number. They may be taken to be the following :
(?) the Jacobian of u and v
(@b’ —a’d)a®+...,
(8) the Jacobian of w and (4)
la(d'd =bc)—2b(a'c’—b?%)} a®+...,
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(9) the result of operating with w on v, after substituting
d/dy, =3/ dx for z, y in w,
(ac” +a'c—2b) w+ (ad’ +cb’—20c") y,

(10) the result of operating with (9) on

—{a?d’ —3abd’ + (ac+20%) ' —bea’} 2

+ {c?a’—3beb + (ac +2b2) ¢ —abd'} v,

(11) the result of operating with » on (5)
fa(—dd +207%d —V'e?) + 2b (- Vd + 2a’c?—b'2%)

te(a?d —=3dVd + 203} w— {c(— V' + 2" —b"2)

+2b (= dd + 202~V ?) +a(a/d? =3 d +2¢73)) y,

(12) the result of operating with (11) on u, a linear covariant
(the fourth) of degree 2 in the coefficients of » and 3 in those
of v,

(13) the intermediate invariant AC” + A’C'—2 BB’ of » and
(4), i.e. a(Vd =) =b(@'d =V +e (' =17,

(14) an invariant of partial degrees 3, 2, the eliminant of
2 and v,

(15) an invariant of partial degrees 3, 4, the eliminant of
the two linear covariants (9) and (12), or (10) and (11).

Of the system five are invariants, (2), (6), (13), (14), (15),
four are linear covariants (9), (10), (11), (12), three are quad-
raties, u, (4), (8), and three cubics v, (5) and (7).

The above is Salmon’s list (Higher Algebra, § 198). They
are, though all irreducible, connected by many syzygies, which
have been fully exhibited by Hammond (A4m. J., Vol. VIII).
There is of course a considerable freedom allowed in choosing
the complete list of fifteen, it being allowable to take, in place
of any one of the more complicated ones above, any linear
function of that one and compounds of the right order and
partial degrees of those that are simpler. In fact Hammond
finds it convenient to modify the last linear covariant (12)
and the last invariant but one (14) by addition of products
of others of the set in a way suggested in the next article.

261. We may, in accordance with the chapter on canonical
forms, reduce the cubic by linear transformation of modulus
unity to the form 'y,
with different «’, d’, 2, y. The same substitution does not
affect the form of a? + 2bay + o, '

but only makes the a, 0, ¢ different.
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For purposes, then, of the study of the combinations of the
concomitants, it suffices to consider w, v in the forms
w = ax? + 2bxy + cy’,
v=a2d+dys
With this simplification it is easy to form all of (1) to (15)
by the methods described. In the following notation I, L, @, C
denote respectively invariants and linear, qnadratic, and cubie
covariants. The first suftix denotes degree in the coefficients
of u, and the second degree in those of v, The list is, in the
same order as before,
(1) Qp =u = ar?+2bxy +cy?,
(2) Iy=ac—03
(3) Cp=v=aa®+dys,
(4) Q= dday,
(5) O =d'd (a/s>—d'y),
(6) I, =a’d™
(7) Oy = -b(@a’~d'y’)~(ca’z—ad’y)zy,
(8) Q= a'd (az?—cy?),
(9) Ly =caz+ady,
(10) L, = (bea’ —a?d’) & — (abd’ —c?a’)y
= b (ca’w—ad'y) — (@*d'z — c?a'y),
(11) L, = o'd (ca’xw—ady),
(12) Ly, = o'd {(a®d +bed’) z+ (abd’ +c*a’) y}
= o'd’ (a*d 'z + c*a’y) + ba’d’ (ca’z + ad’y)
= o'd (@*d'x + *a’y) — I, Ly,
(13) I, = —ba'd,
(14) I, = &®d*+ (6 abe— 8b%) o'd’ + c*a
= a®d®—2abcd’d +Pa*— 81,1,
(15) I, = o’d’ (cPa'?—ad?).
Mr. Hammond’s modification is to take instead of L,, and
I, the concomitants of like type, but simpler canonical shape,
‘s = Lo+ Iy Ly = o/'d (@Pd'm + *a'y),
Uy = Iy + 81,1, = a®d?—2abea’d’ + c*a”.
This last is the eliminant of (9) and (10). Its full value in the
notation of § 260 is
a?d’® 4 c3a’? — 6 a?bc’'d’ — 6 bc?a’b’ + 2 (ac + 26%) (ab'd’ + ca’c)
+ (ac + 8b%) (ac’®+cb'?)—2abca’d’ —2b (5ac+ 402 b'c’.
Many good exercises in geometrical interpretation are afforded
by the above canonical expressions.

262. Linear form quadratic and cubic, From the system
14351 Z
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for the quadratic and cubic, the system for them and a linear
form £w+ny, is derived exactly as in § 259,

The invariants of the system are the invariants I, I, I;,,
1,,, I, of the quadratic and cubic, and the results of replacing
@« by 7 and y by —¢ in the quadratic and cubic and their
covariants. The other seminvariants are ¢ and the successive
derivatives of the invariants which contain ¢ n with regard
to 7. )

Ex. 14. Any seminvariant of ax'+ 3ba’y + 3cxy® + dy® is a rational

integral function of « and invariants of the system
ax+by, ax®+ 2bxy +cy®, ax’+ 3ba’y+3cxyt+dyt.  (Kempe.)
Ans. It is a rational integral function of

a, ac—b* a’d—3abc+20%, and (ud—be)'—4 (ac—1*) (bd—c?),
of which the second and fourth arve invariants of the quadratic and
cubic respectively, and the third is the invariant of the linear form
quadratic and cubic given by § 260 (9).

Ex. 15. Any scminvariant of (e, b, ¢, d, €) (v, y)* is a rational
integral function of @ and invariants of the system consisting of the
quartic and its successive derivatives with regard to . (Kempe.)

Ans.  Since it is a rational integral function of
a, ac—b% a*d—3abe+ 213, ae—4bd + 3¢, ace + 2bed— ad? —be—c?.

Ex, 16. Express the seminvariant a*f—>5abe+ 2acd + 8b*d—6bc? of
extent 5 as an invariant of the quintic and its successive derivatives
with regard to a.

Ans. Form a covarlant of the system by operating on the
quintic with its first w-derivative, and substitute —b for x and «
for y.

Ex. 17. All nvariants of a linear form a quadratic and a cubic are
functions, not necessarily rational integral functions, of the discrimi-
nant of the quadratic and the eliminants of the linear form with the
(uadratic, the eubic, the Hessian and cubicovariant of the latter, and
the Jacobian of the quadratic and cubic. (Forsyth.)

262 (bis). The Examples 14 to 16 are cases of a fact called
attention to by Kempe, that all seminvariants of a binary
quantic in @, y are invariants of the system consisting of that
quantic and its partial derivatives with regard to . This is.
readily proved by use of the @-notation of § 60 (ter). The
seminvariant of degree ¢ of

(@407 = (@ +Y0)° a0 = ... = (@ +Y0)"a,
which leads the covariant

(91 - ()2)"1: (01 - 93)”” (02‘ ‘93)"“ oo (61'—-1— 0-‘)""‘“'

(£ +y0) i, (B+y0,)™dg ... (@+y0)%a,
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is
(0= 0,)"2 (0, — 0,)"s3 (8, — 0;)""=2 ... (8, — )" i1 et L
(¢ factors),
where N+ g+ .o+ 0, = p—wy,
Mg+ Mgz + 000 + Ny = Pp—wy,
&e., &e.

Now this is an invariant of the derivatives
@+ y0)" "y, (B+y0,)" "2ty vo (@ +Y0)* iy

263, Case of p+1 binary quantics of orders Pop=1,
r—2...1, 0. An alyebraically complete system of semin-
varia,nts, ie a system in terms of which all other semin-
variants can be expressed (1ot of course a complete ¢rreducible
system in terms of which all can be expressed rationally and
integrally) of a system of binary quantics

(tyy by, coy dyyvui by, Ly, my) (2, ),
(“u b6 Ay ]”u (w J)p_

(a' -2 bP"‘Z? P— )(J’ J)

(p-1, Dp-1) (4, Y)s

a’pa
in which notice the presence of the last of zero order, a mere
constant which is its own only irreducible concomitant, con-
sists of the results of replacing v and y by b,_, and —«,_, in
the quantics and their successive derivatives with regard to .

Thus, for the case p = 4, an algebraically complete system
for the five quanties

(g5 bos Cos Ly, €9) (2, 7 )*: (uy, by, ¢ &) (5 ),
. ("‘z: o) @, y)% (ag, by) (v )y oy
consists of
(cbgs by Coy Aoy €) (b, —ua)ty, (uy, By oy dy) (byy —uy)?,
(@, bys €) (by, —ay)?, (ay, bo} (ba’ —dg), Uy,
(415 byy 15 dy) (b3 — i)’ (4, by ¢) (Byy —ty)?,
(ay b)) (by, —ay), ¢y,
(g, by, 0) (by, — )y (g, by) (byy — ),
[ay, by) (by, —ay) = 0], ay,
.
Their formation accords with § 252, They are all indepen+

dent, for taken from last to first each one involves a coefficient
Z 2
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which has not previously occurred. Also their number, ex-
cluding the always vanishing last but two, is
3(p+1)(p+2)-1=3p(p+3),
which is easily seen as in §§ 42, 256 to be the maximum
possible number of perfectly independent concomitants.
The system appears to have been first given by Forsyth.
An alternative algebraically complete system consists, §§ 168,
252, of sets of p, p—1, p—2,...2, 1, 1 protomorphs of the p +1
quantics, and the Jacobians of the linear one and the p—1 of
higher orders.

264. Systems of quantics of one order. Combinants. We
will conclude this chapter by alluding to an important class
of invariants of several binary p-ics, to which their first dis-
coverer, Sylvester, has given the name Combinants. There
are also combinants of systems of g-ary p-ics, for any the
same ¢ as well as the same .

A combinant of a number of p-ies w, v, w, ..., in the same
variables, is an invariant which differs only by a function of

Ny vy, My Y, oL as factor, by a power of
A y oy Vg
N, pf, vy

124 124 ’/
A s By Ve

in fact, from the same invariant of
AN Fpv+rwS ., Nutpv+vw+.,..,
Nu+ v+ "w+.., ...

It is, in fact, an invariant qud linear transformation of the
p-ics as well as qua linear transformations of the variables.

Ifa,by¢, s o/, 0000”7, 07, ¢”, .00 5 .. are corresponding
coefficients in w, v, w, ... it is readily seen that the conditions
for an invariant to be a combinant are that it have the pairs
of annihilators

13 /b /b
Vg TVt st
aa ba d
s T ot oyt

corresponding to pairs of the p-ies w, v, w,....
There are also combinant covariants.

265. A few of the more obvious facts with regard to com-
binants are the following.
The eliminant or resultant of two binary p-ies w, v is



265 COMBINANTS 341

a combinant. For if w, » have a common factor so have
Au+pv, Nu+pv, so that the eliminant of w, v is a factor
of that of Aw+puv, Nu+p'v. The remaining factor involves
A, 1, X, 1’ only, as we are told by consideration of dimensions
in the coefficients of u, v.

The eliminant or resultant of three ternary p-ies is also
a combinant; and so on.

A combinant of u, v, w, ... is of equal partial degrees in the
coefficients of u, v, 1, ... separately. For, if we denote

P +ony

d b 9 +e
“Satlwwt st

by ¢, ¢ respectively,
’ ’ Wi b ’ 0 ’ )
Pp—p¢p’ = (a stV syt s +...)
d d d
- (abc; + [)57) +('b~c +...),

whose effect is, by Euler’s theorem, the same as that of the
multiplier ©’—4. Thus, if $C = 0 and ¢’C = 0, the first and
second partial degrees 4, ¢’ of €' are equal. In like manner
the first and third, the first and fourth, &e., partial degrees are
equal.

An intermediate invariant (§§ 18, 19) is not a combinant,
Consider two p-ics w, v only. The operation ¢ repeated a
number of times on an intermediate invariant produces the
invariant of u only, between which and the same invariant
of v the supposed invariant is intermediate. This intermediate
invariant is not then annihilated by ¢. In like manner as to
intermediate invariants of more p-ics than two,

Let I be any invariant of u, and form the same invariant
of Au+pv, as in §§ 18, 19. This is

1 1, , 1 .
AT + IA‘_IWP’I‘*‘ TN TR+ pie"l,

or, as it may be also written,
1

. 1
i-1 i-177 - -1 ’ ir’
G U!A Ty § ot T oI+ I,

NP
aA4>I+
Call it

- i(@=1) 4 . .
AN +iBNu + l—(‘f——é*—) ON=2ul 4, 4201 + K,
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80 that
¢’A=1iB, ¢'B=(i-1)C,
$C=(-2)D,.., ¢J=K, ¢K=0.
We thus have ’
OF

, _AF ,, OF, ,
¢F(A;B:0:-'-J)K)—S‘Z¢A+S—E¢B+...+m¢]{

oo d . d BN ' -
= (e,Ba—II +(i=0)Cy p+..+ Ky ) F(4,B,C,... ], K),
where the operator on the right is of the form of 0. In like
manner

$F(A, B C,..J, K)
d d Y ,
= (A Y 21}5@ +"'+lJb_K) F(4, B, C,...J, K),
where the operator on the right is of the form of Q.

We thus see that any invariant of an invariant of Au+pv
regarded as a quantic in A, p is & combinant of % and v. For
it 1s an invariant of « and v, being a rational integral homo-
geneous isobaric function of invariants A, B, ... K, and it is
annihilated by ¢ and ¢".

In like manner any invariant of an invariant of Au + pv +vw
regarded as a quantic in A, u, v is a combinant of u, v, w, by
the principles of the next chapter but one ; and so in general.

Ex. 18. If u, v are binary quadratics, the combinant obtained as
the discriminant of the quadratic in A, u which is the discriminant
of Au+pw is the eliminant of w, v.  (Boole.)

Ex. 19. The lineo-linear invariant of two binary p-ics is a com-
binant if p is odd, but not if p is even. (Cayley.)

Ex. 20, The criterion of an involution

! .
e b, ¢, 1
| a,. b, ¢, |

1

i (’3) bs’ c‘s» 1
of three hinary quadratics is a combinant.
Ex. 21. A combinant of the fewer than p+1 p-ics

(a0 8y 00 ) (@ 9,0 )? (g0 By, 000 ) (2,90 )P, (25, Dy 0500) (= 9,000,
is a function of determinants obtained by erasing columns from

La, b, e, d, e .. |. (Sylester)
ay, by, ¢, d,, €y, ...

a, by, ¢, dy, €.



CHAPTER XV

RESTRICTED SUBSTITUTIONS, BINARY QUANTICS IN
CARTEFIAN GEOMETRY.

266. BESIDES actual or full invariants and covariants, which
have the invariantic or eovariantic connexion with a quantic or
quantics whatever be the linear substitution for the variables,
there exist functions which possess the property of invariancy
or covariancy for particular classes or sub-groups of substitu-
tions. '

Thus, for instance, seminvariants of binary quanties are not
invariants for all linear substitutions, but are invariantic for
the sub-group of substitutions 2 = IX +mY, y =m’Y.

A very important class of invariants and covariants for
restricted substitutions is that of functions which are invariants
and covariants so far as all substitutions are concerned which
in Cartesian geometry express change of reference from one
set of axes to another, the old and new variables being both
sets of coordinates in the ordinary sense.

Confining attention to planc geometry, tho most general
equations of substitution, those which express change from
old axes at an angle w to new axes at an angle o’ = 8—aq,
through a point (%, k), and inclined at angles a, 3 respectively
to the old axis of x, are

o= xS0 .(w—o.) L yhn -(w—ﬁ) + (2],
sin o sin
y=xme L pS0E L,
sin o sin o
[ = (7] =1.
Of these, whether &, & be present or absent, i.e. whether the
substitution be taken as ternary or binary, the modulus is

sin (o —a) sin B—sin (w—p) sina _ sinwsin(3—a)
sin?w - sin? w
_ sin(8—a) _ sina’
T sine T sinw
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267. Boolian and orthogonal invariants, &c. The study
of certain invariants and covariants for Cartesian transforma-
tions preceded and led to the investigation of invariants and
covariants generally. The chief early contribution to the study
is in a paper by Boole (Cumbridge Math. Jowrnal, Vol. III), to
which reference has already been made in § 18. It is proposed
here to give the name Boolian invariants and covariants to
functions which have the restricted invariantic and covariantic
properties contemplated, the name being given without in the
least implying that Boole confined his attention to such
restricted invariants and covariants. His work not only led
to the study of the more general invariant algebra, but began

that study.
The original theorem was that a binary quadratic

az?+2bxy + cy?
has the two Boolian invariants
ac—b% a+c—2bcosw;
in fact that, if ¢’X2+20'XY +¢'Y? is the quadratic trans-
formed s0 as to be referred to new axes at an angle o,

g
a'd’ =2 = ( Z;—I;—%) (ac—1?),

)2(00 +e—2b cos w).

. ’
sin @
&+ —2b cosw’ = (

S1n w
The first of these Boolian invariants is known to be an in-
variant for all linear substitutions. The second is not.

Boole’s well-known method depends on the fact that, the
transformation being a binary one, i.e. one with no change
of origin,

2i+2zycosw+yt = X2+2XYcosw' + Y2
He in fact determines, by his method § 18, the invariants in
the ordinary sense of the system
ax?® + 2bzy + ¢y,
@+ 2y cos w + Y%

In like manner Boolian invariants and ecovariants of a binary
quantic, among which are included the full invariants and
covariants of that quantie, are obtained as the full invariants
and covariants of the system consisting of that quantic and the
quadratic a?+ 22y cos o + Y. .

If we take cos w’= cosw = 0, i.e. if we consider only trans-
formations from one pair to another of rectangular axes,
Boolian invariants and covariants take particular forms which
may be called orthogonal invariants and covariants,
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268. As a first instance of a Boolian covariant we may take

the Jacobian of the quadratic
aa? + 2bxy + cy?,
and 2% + 22y cos w + 3%,
which proves to be
(e cosw—b)a?+(a—c) zy + (b—c cos w) y? _

This must be a pair of lines having an invariable geometrical
relation to the pair of lines denoted by the given quadratic
and the pair of lines a2+ 22y cos w4 y* to the circular points
at infinity,

To see what the relation is take 2y for the given quadratic.
The Boolian covariant is at once

y? - mz’

and so represents the bisectors of the angles between the lines

forming the quadratic 2ay. These bisectors are presented as
the common harmonic conjugates of the lines 2y and

a?+ 22y cos w + Y%
Quite generally, a Boolian covariant represents a pencil of

lines having an invariable geometrical relation to the pencil
represented by a binary quantic and the pencil

%+ 21y cos w + y*

from the vertex to the circular points at infinity, i.e. represents
a peneil having an invariable relation to the pencil represented
by the quantic, into the expression of which relation magnitudes
of angles enter or may enter as well as descriptive and pro-
jective connexions.

The vanishing of a Boolian inwvariunt expresses a geometrical
relation between the lines of a pencil denoted by the binary
quantic to which the invariant belongs, into the expression of
which relation magnitudes of angles may enter as well as
deseriptive and projective connexions.

For instance, a +¢—2b cos w = 0 expresses that a quadratic
denotes lines harmonically conjugate with regard to the lines
to the circular points, i.e. denotes lines at right angles.

269. The method of emanants (§§ 52, &c.) applies to Boolian
invarijants and covariants. It was proved that any invariant
of an emanant of w is a covariant, or, in particular, invariant,
of w. Now, just as this was seen, it follows also that any
function which is for a sub-group of linear substitutions an
invariant of the emanant is for the same sub-group a covariant,
or invariant, of . In particular, this is the case for the sub-
stitutions of Cartesian geometry.
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For instance, the second emanant of »

% Ry, A,
’9 b s’ 7 ’2 i
Ry +2wy dx dy +y dy?
has the Boolian invariant
Ry Ay A
- 2 ——— cos w.

aat T oyt T Towdy
This, then, is a Boolian covariant of the binary quantic w, if the
order of w exceeds 2. For the order 2 of w it is the Boolian
invariant used in its production. .
The expression of the fact of covariancy of the function
before us is
Ru  du u

YR (IR ¢) gl
= (M)z{??@ + @_2_bz_zb~cogw}.
sinw’/ (dx? T dxdy
B Ru

In particular, ST + is an orthogonal covariant, i.e.,

since (sinw’/sinw)> =1 for all orthogonal substitutions, is
unaltered by any change of rectangular axes without change
of origin.

270. Cogrediency identical with contragrediency for
orthogonal substitutions. This last fact as to an orthogonal
covariant is a case of an interesting theorem due to Boole.

It should be noticed that there are two discrete classes of
orthogonal substitutions, which may be called direct and skew
respectively. In the direct class the sense of rotation from
the axis of X to that of Y is the same as that from the axis of
x to that of 4, while in the skew class the senses of rotation
are opposite. The modulus for the direct class is + 1, whereas
that for the skew class is —1.

The formulae for orthogonal substitution are

2= Xcos0F Ysiné,
y = Xsin8+ Yeosé,

where the upper signs refer to direct and the lower to skew
substitutions. From these there follow

d
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so that
 _ /] 3 F sinéd 2
[y Y. ¢ 7’
P)

. o d
ay._sm()incosé?aYo |

Thus for all orthogonal substitutions 3/dx and 3/dy are
cogredient with 2 and 4 (§ 51). For orthogonal substitutions
then contragrediency is identical with cogrediency (cf. §§ 46,
68). This is readily seen to be the case if we take £ 5, any
quantities or symbols contragredient with » and y, instead
of 3/dz and 3/dy in particular.

The application of the cogrediency now before us is as
follows. If the result of transforming a binary quantic
orthogonally is
U= (Ggy Uy Uyyonn@,) (@Y = (Ao Ay Ay, A) (X Y)Y (1)
while of course 2+t = X2+ 7 .. (2)
and the modulus of the substitution is in magnitude
cos? 0 +sin? 9, i.e. unity, we have also

3 N\
(ao, by Ug, ...(l,,) (;\—w, 3—’&)
. )P

d
= (4o, 4y 4y, 4) (520 57 . (3)

and d |2 d 42 d 42 d 2

G+ (55) = Gp) + Gp) - e (4)
Moreover, if K (uy, @y, @, ... @) (z, y)® is any covariant or
orthogonal covariant,

d d\®
K (ao’ Gy Ugy oo Clvp) (ﬂ;’ 5?_/_)

. J d\"
= + K (4,, Ay, 4,,... 4,) (53(, 5—Y) s . (5)

the upper sign being correct except when both the covariant
and the substitution are skew.

Thus by operation with any combination of the left-hand
sides of (3) and (4), or with any covariant operator such as the
left of (5), on any combination of the left-hand sides of (1) and
(2), or on any covariant or orthogonal covariant, we obtain an
orthogonal covariant or invariant.

Consider in particular the quadratic

aa? + 2bxy + cy?.
We have by (3) on (1) an orthogonal invariant
. a?+20% 4 ¢,
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and by (4) on (1) another
- a+c.

The known invariant ac—b? is, of course,
3 {(a+0)*—(a?+2b%+c¥)}.
Again, from the cubic
ax® + 3baty + Bexy® + dy?

we have by (3) on (1) an orthogonal invariant

«?+30% 4 3c2 4 d?,
by (4) on (1) an orthogonal covariant

(@+e)yz+B+d)y,
and again, by operating on this with (¢ +¢) 2 +(b+d) 2 s
another orthogonal invariant dw ’Y

(@+c)?+(b+d)2

For another example take the quintic (¢, b, ¢, d, ¢, f) (x, y)*.
We obtain at once (a) the orthogonal invariant

a?+5b%+10c2+ 10d2 + 5¢% + f2,

(B) a cubie orthogonal covariant which leads to the orthogonal
invariant (@+e+30+d2+3(c+e)?+(d+f)3

and from it again (y) a linear orthogonal covariant and the
orthogonal invariant

(@+2c+e)*+ (b+2d+f)%

besides two other orthogonal invariants obtained by operations
with orthogonal covariants found above on others.

Observe that orthogonal invariants and covariants arising
as invariants and covariants of a p-ic and a*+ y® are all of
real form, and are all absolute for direct orthogonal trans-
formations. For skew substitutions some have —1 and not
+1 for factor in the expression of invariancy. We will call
them all absolute, but when need for disecrimination arises
will characterize those that are absolute only for direct trans-
formations as semi-skew. Later we shall encounter orthogonal
invariants and covariants which are neither of real form nor
absolute.

The number of independent absolute orthogonal invariants
of a p-ic is p. This will be proved later. 4

The difficulty of discovering complete irreducible systems
would have to be attacked separately in the case of every
order p. After the quadratic more than p are irreducible.
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Ex. 1. In orthogonal transformations in three dimensions prove that
3/dx, 3/dy, 3/dz are cogredient with x, y, z. (Boole.)

Ex. 2. For orthogonal transformations covariants and contravariants
coincide. (Sylvester.)

Ex. 3. The ternary cubie
ax® + byP + ez 4 3daty + Bewy® + 3ftu+ Bgwe® 4 3hyty 4+ 3yt + 6huys
has the o1thogonal invariants
@+ + A+ 3 (P g+ WP+ 64,
(a4e+gP+(b+d+2)2+(c+f+h):.  (Boole.)

271. Annihilator of absolute orthogonal covariants and
invariants. Sylvester has expressed by a linear differential
equation the condition that a function be an absolute orthogonal
covariant or invariant of a binavy quantic.

A turning of the axes through a finite angle can be effected
gradually, If we express absolute invariancy for the infini-
tesimal transformation which means an infinitesimal turning,
we express it for any amount of turning whatever, i.e. for
any direct orthogonal transformation.

Now the formulae of substitution for turning through an
infinitesimal angle 0 are

x=X-0Y, y=0X+7Y,
omitting infinitesimals of the second order. The modulus of
this, to the first order of infinitesimals, is 1. Indeed 1 is its
absolute value, as in all cases of direct orthogonal substitu-
tion, when infinitesimals of higher orders are expressed in the
formulae of substitution. Now these are, to the same order
of infinitesimals,

X = x+0y, Y=y-0z

Thus the substitution amounts to giving = and y the incre-

ments 0y and — 0.
Again, if the quantic under consideration is

(@s @y, g ... a) (%, H)P,
the substitution may be effected, correctly to the first order
in 6, by first writing it
(@ gy gy ... @) (X — 0y, H)",

which makes it ’ o N(X. o)

(@, @), @), ... a,)) (X, )*,
where (§ 91)
Ca) = ay, af = a—ayb, af = a,— 20,06, ..., ¢,/ = a,~pa,_,0,
and then writing it

(@), @y afy...a)) (X, 0X +TY),
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i.e. (dgy 41, 44, ... 4,) (X, Y )7,
where (§ 94)
4, =a/+pu0 = dy+ pu,0, to the first order in 6,

‘Al = “1""(]’“1)“2’0 = “1+(2"’1)U20—%0, ”» 2 H

A, =/ +(p—2)a/0=u+(p—2)a,0—2q,0, , “ ;

Apy =y tu,0 = Uy + a0 —(p—1)a,,0, o ’

4, = a,,’ = U, — P, 0, ” »
Thus X, Y, 4,, 4,, 4,,... 4,_,, 4, differ from

Ly Yy Wy, Ugy Uy ooe Uy_qy Cy
by the increments
du = 0y, dy = —0x, duy = pa,0, da, = {(p—1)a,—u,y}0,
du, = {(p—2)a;—2¢,}0,...,3a, = —pa,_,0,
whenee it follows that the inerement of
F(x,y, ap s gy ... )
is

The necessary and sufficient condition that # may be a co-
variant for direct orthogonal substitutions is, then, if as usual we
adopt the notation of Chapter VI, that # have the annihilator

d
‘]/bw — 3y +0 -Q.

For it to be a covariant also for skew orthogonal substitu-
tions a further condition is necessary and sufficient. It must
be cither unaltered or only changed in sign when y and the
alternate coeflicients «,, «,, @;,... have their signs altered.
For the most general skew orthogonal transformation may be
performed by replacing «, y by @, —y, i.e. reversing the
direction of the axis of ¥, and then performing the most
general direct orthogonal transformation. Should, however,
a function K, + K,, which has the above annihilator, become
K, — K, upon making these changes of sign, it is readily seen
that K, — K, also has the annihilator, since this annihilator is
only altered in sign by the changes of sign of  and a,, @, a;,... .
In this case K, and K, are orthogonal covariants for skew as
well as direet substitutions, while K, + K, and K, —K, are
not. K, and K, have in fact for their factors powers of the
modulus + 1 of which one is even and the other odd.
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In particular, absolute orthogonal énvuriants for direct
transformations are functions of the coefficients only which
have the annihilator O — €. One which is not invariant also
for skew transformations is a sum of two which are—one of
them being semi-skew.

272. Annihilator of Boolian covariants and invariants.
We may also find an annihilator of any Boolian covariant or in-
variant from the consideration that any one is unchanged when
the oblique axes are turned through an infinitesimal angle 6.

For such a turning the formulae are, by § 266, since a =6,
B=w+0, - X—_Xeotw.0— Ycosccn.d,

y=Y+Xcosecw.0+ Y cotw. 0
Thus @ and ¥ have the increments
dx=xcotw.0+ycosecw.l, dy = —acosecw.d—ycotw.d.

Also it is readily seen that the increments of g, «;, ay,... ¢,
may be exhibited as follows:

da,, da, ,  Ca, voey Ody_y ,  Oa,
=(_])a’0) —(p—l)a,, —(P_2>“.')'" y 0y 0 )COtw'a
+( 0, —q , —2a, sy =(p=1)apy_y, ~pu,_) cosecw.d
+( pe, (p=NDa,, (p—2)ay, .., a, , 0 )eosecw.d
FC 0, « . 2q, yes (p=1Day_y, pa, )eotw. 6,

Hence the expression of the fact that the inerement of a
Boolian covariant vanishes is that it is annihilated by

2 J J J
cot w { & Sa -y by — Py bal) —(p=2)u, ba;
N
—(p—4)u, 52_: — et (p=2)upy 'a(—j_l + 1y ()—;;g
d d
+oosecw{yﬁ —w@ +O—SL},
which correctly becomes the annihilator of the preceding
article when w = %, i.e. when the covariant is orthogonal.
In particular, Boolian 4nvariants have the annihilator
0—0—cosw {paos%o +(p—2)u, S%; +..
d )
—(1;-2)'(/,,,_15211:_—] —lm’”&—a;} .

The second part of this annihilator has the etfect of
multiplying every isobaric part of weight w of a Boolian
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invariant of degree i by —cosw times ép—2w. But this
multiplier is not constant throughout, as Boolian invariants
other than full invariants are not isobaric in the coefficients
of the quantic to which they belong—the fact of annihilation
tells us that when a Boolian invariant B is isobaric we have
separately OB = 0, QB = 0, ip = 2w.

Boolian covariants and invariants have also to obey a further
law, which is perhaps best expressed by saying that they must
be unaltered or changed at most in sign when « and y, @, and
a, @, and a,_;, @, and «, ,, &c., are interchanged, The
supplementary necessity of the last article as to orthogonal
covariants and invariants might have been expressed in the
same way.

Ex. 4. By turning the axis of y through an angle dw, keeping that
of & unchanged, prove that, u being the index of the power to which
the modulus sin w’/sin o enters in the equality expressing that F is
a Boolian covariant,

wlh= g(a —b~ +2a 3» +...+pa —a— -—y—b-
da, *da, ?da, dy

d A,
+sec o (yﬁ —.(2)+tanw5(—;)$ F.
Ans.  Express that the increment of (sin w)—+# vanishes.

273. Boolian complete systems. In Chapter XIV there have
been given systems of irreducible covariants and invariants
for a linear form and a quadratic (§ 251), for two quadratics
(§ 257), for a linear form and two quadratics (§ 259), and for
a quadratic and cubic (§ 260). If for the quadratic, or one of
the quadratics when there are two, we take x*+ 2y cos w + 97,
i.e. if for a, b, ¢ the coefficients in this quadratic we write
1, cos o, 1, we deduce in the several cases systems of Boolian
covariants and invariants of a linear form, a quadratic, a linear
form and a quadratic, and a cubic, in terms of which all other
Boolian covariants and invariants, in each case, can be ration-
ally and integrally expressed. The student is recommended
to write down these systems, and to interpret geometrically the
vanishing of the various Boolian invariants,and the relationship
between the pencils represented by equating to zero the Boolian
covariants and the pencil or peneils represented by equating to
zero the quantic or quantics of which they are Boolian covari-
ants, remembering that rectangularity may be expected to be
a feature of the relationship, since harmonic conjugates with
regard to % + 22y cos w +y* = 0 are at right angles. He will be
aided by giving to a quadratic other than x%+ 2wy cos w +%?
or a cubic, as the case may be, & canonical form to which-
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it may be reduced without loss of generality by a change of
axes, e.g. the form ax®+e¢y? or 2§wy for a quadratic, and
3y (bx +cy) for a cubic with real factors or aa® +dy® for one
with two factors imaginary.

In forming other Boolian covariants and invariants as
rational integral functions of those written down as above,
it will be well to retain a double suffix notation, such as used
in § 261, for the various members of the system used. For
dimensions in 1, cos w, 1, which have replaced the «, b, ¢ of
a quadratic, have no clear meaning in cooflicients before us,
and yet must not be disregarded.

273 (bis). If in the complete system of irreducibles for a
quantic or quantics and a quadratic we take %+ y? for thoe
quadratic, instead of 2%+ 2xy cos w+ %% we obtain a system
of orthogonal covariants and invariants of the quantic or
quantics, in terms of which all others, so far as at present
contemplated, can be rationally and integrally expressed. All
are absolute, but some semi-skew (§ 270), ag the multiplying
factor in the expression of the invariancy of every one of them
iy 1 for dirvect and one of +1 for skew orthogonal transforma-
tions. This fact justifies imnuch greater freedom in deriving
from them other orthogonal concomitants than was admissible
when we had to attend to factors which must be powers of
sin ©’/sinw. We may in fact compound themn and a?+y?
rationally and integrally in any way, and produce other
absolute covariants and invariants for all direct orthogonal
transformations. For skew transformations only those com-
pounds have the invariant property which are throughout of
either cven or odd dimensions in those of the ground-forms
which are semi-skew. A compound in general will be a sum
of two absolute orthogonal covariants or invariants, of which
one is semi-skew.

Thus, much greater freedom of rational integral combination
being allowed in the case of the orthogonal covariants and
invariants than in the case of the full covariants and invariants
from which they were derived, we have no authority for
asserting that the irreducible system of full invariants and
covariants of a quadratic and another form or other forms
yields, upon taking @+ y* for the quadratic, such a system of
orthogonal invariants and covariants of the other form or
forms that every member of it is irreducible qui orthogonal
concomitant. The system yielded is likely to be sufficiently,
‘but may be excessively, numerous. A case of excess actually
arises for the cubic. This has a full covariant

(a®d—38abc+20%) a3 +...

1431 Aa



354 EVERY PRODUCT OF COEFFICIENTS [273

which is irreducible as a member of the system of covariants
of the cubic and a general quadratic; but qua orthogonal
covariant of the cubic it proves to be reducible.

We shall presently (§ 278 bis) be in position to specify
irreducible systems.

274. Every product of coefficients leads an absolute
orthogonal covariant. In the rest of this chapter we consider
orthogonal concomitants only.

In § 270 we have seen that for orthogonal transformations
« and y are contragredient to themselves. In the conclusions
of § 248 (lis) as to contravariants and mixed concomitants of
a quantic or quantics we can then write « and y for ¢ and 7,
and derive conclusions as to orthogonal covariants of the
quantic or quantics.

Or we may proceed independently. From the equalities in
§ R70 it at once follows that for orthogonal transformations

d P d d
w5, =55 =+ (Xyp —Vix)

with upper or lower sign on the right according as the trans-
formation is direct or skew. Thus the left-hand member is
an operator deriving orthogonal covariants from others. From
an absolute one it derives another which is or is not, according
as the first is not or is, semi-skew.

Operate once, twice, ... p times with « %/ - y;} on a p-ic

(@gs ¥y, ... @) (@, Y)".
There are thus derived from it, in succession, orthogonal
covariants with a,a?, a,a?, ... d,af
respectively for their terms free from y. All of them are
absolute, those with odd-weighted coefficients of ” being
semi-skew.

Accordingly the product of any number ¢ of the p + 1 forms
now before us is an absolute orthogonal invariant, semi-skew
or not according as the cocflicient of &* in it is of odd or even
weight. This coeflicient is a product, and may be any product,
of ¢ of ay, a,, ... a,, repetitions allowed.

It follows that every rational integral function of degree ¢
throughout in a,, a,,... a,—it need not be isobaric—is the
coefficient of 27 in an absolute orthogonal covariant for direct
transformations. If it contains terms of both even and odd’
weights, it is the sum of two for skew transformations, the one
led by the terms of odd weights being semi-skew.
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It may be, and in fact is, possible so to choose rational
integral functions of degree 7 in @, ¢y, ... @, that the covariants
led are divisible by @?+42%, by (#*+%%? ... or by («?+3?)",
where 7 is any number not exceeding % ip. On rejecting these
absolute covariant factors, absolute orthogonal covariants will
be obtained, with coefficients of degree 7, of all those orders
not exceeding ¢p which are even or odd according as p is.
In particular, absolute orthogonal invariants will be given in
the case » = ¢p when ¢p is even.

275. An annihilator of all rational integral functions of
degree % in a,, a,,... @,. We can obtain the condition satisfied
by a rational integral function C, of degree 7 throughout in
@y, @y, ... @, Which leads an absolute orthogonal covariant, of
order = = ¢p—2r,

Cyx®+Cix™ 'y +... +0py®.

By § 271 this is annihilated by

J J
O—Q—wgz—/ +ya~o;-
We have then the chain of equations
0-90, -0 =0,
0-Q)C, -2C, +=C, =0,
(0-92)C, —3C, +(m—1)C; =0,
0-9)Cp,—wCs+205_, =0,
0-9)C, +Cx_, = 0.

The first, seccond, ..., last but one, of these determine C;, C,,
... C5 in suceession in terms of C,, (0—Q)C,,... (0—Q)%Cy;
and the result of substituting for Cy_,;, U5 in the last gives
a differential equation which must be satisfied by C,,. ore-
over it is all that need be satisfied to make consistent values
of €, 0, ... Cy determinate from C,. With some difficulty—

see also § 278 below—the equation is found to be

{(0-2)?+a%} {(0-Q)*+(=z—2)"}
e {(0—0)2 422} (0—0)C,y =0,

O{r(O—\Q)Z+w2} {(0-92)%+(w—2)%} ... {(0—-Q)2+1%} (, =0,

according as @ is even or odd. The theorem is due to Mr. Berry.

Now we have seen that every rational integral function of

degree ¢ throughout in a,, a,, ... @, is the coefficient of #* in
Aa2
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an absolute orthogonal covariant of order ip, or a sum of two
such, one semi-skew. Hence, according as ip is even or odd,

{(0-9) + (ip)} { (0 — Q) +(ip—2)°}...{(0 - Q) +2°}(0 - Q),
or {(0—Q)+(ip)*} {0 — Q% +(ip— 2]} ... {(0— Q)+ 12},
annihilates every rational integral homogeneous function of
degree ¢ in ag, Gy, ... @,.

Ex. 5. If 4p is odd every rational integral function of degree ¢

throughout in ay, ay, ... @, is the result of operating with (O—£)* on
some other. If ¢p i1s even this is in general not the case.

Ex. 6. A binary quantic of odd order has no absolute orthogonal
invariants of odd degree.

Ans.  With ip odd and (0—Q) ¢ = 0 we must have
{ip(ip—2) ... 1}*G =0,
ie G = 0.

Ex. 7. If II is the most general rational integral function of degree ¢
throughout in the coefficients of a p-ic, apply the method of § 128 (bis)
to cxpress it as a sum of rational integral solutions of the separate
equations

H(O—QYP+(ip)} h =0, (0— QY +(ip—2y} h =0, ...
{(0=QY+m?} h =0,
where my is 1 or 0 according as ép is odd or even; and in particular,
when #p is even, obtain the most general absolute orthogonal invariant
of degree 7.
Ans.

{0—2y+(p)} {(0- Q)Y +(ip—2)} ... {(0—Q)'+2°} L.

276. Non-absolute orthogonal concomitants. The ortho-
gonal covariants and invariants so far exhibited are all
absolute, for direct transformations at any rate. They are
also all of real form. We now introduce others which are
neither of real form nor absolute.

The facts are of striking simplicity. For direct orthogonal
transformations there are two universal linear covariants

@ +1y, where . denotes v —1, and p+1 independent linear
invariants of the p-ic (ay, @,,...a,) (z, y)*. In terms of these
invariants and universal covariants all orthogonal invariants
and covariants, including absolute ones, can be rationally and
integrally expressed. Sylvester was the first to call attention
to the system.

The proof in § 23, that in an expression of invarianey the
factor depending on the constants of transformation must be
a power of the modulus M, rested on the facts that we were
considering the general group of linear transformations, and
that the general modulus M %a,s no factors. When we con-
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sider invariancy for a sub-group of linear transformations, the
M of special form may break up into factors, so that the proof
does not apply. Now for the sub-group of (direct) orthogonal
transformations we have
M = 00s? 0+ sin? 0 = (cos § + ¢ sin 0) (cos — sin §) = e?. e,

We must not be surprised then at discovering that there are
orthogonal invariants and covariants of factors which are
powers of e*.

Now from the formulae of transformation in § 270, taking
upper signs, i.e. direct transformations, we have

X +.Y = (cos§—usinb) (x+1y) = e?(z+17),
and X —.Y = (cos0-+u8inb) (x—y) = ¢ (x—1y).
Thus @4y are universal covariants for dircet orthogonal
transformations, having for factors e ¥ respectively.
For skew transformations we have
X +YV = et (wF y),
and there is no covariancy of either of @ +:.y. These are
interchanged, as well as multiplied by factors. Their product
x?+1y? is of course covariant, and absolutely, for skew as well

as direct transformations.
Let us put & n for @ + 1y respectively, i. e, put

=3¢+, y= le(f—'l):

and express a p-ic in , ¥ in terms of ¢ 7 by these formulae,
getting, say,
(@0s Gy e @) (2, )T = (@, af, .. @) (& )"
Here «, a/,...«, are linearly independent linear functions
of ay, ty, ... a,. i‘or, by a reversal of the transformation, the
independent «,, ¢y, ... @, are definite linear functions of them,
Let (A,, 4,,... 4,) (X, Y)? be what the p-ic in z, y becomes
after a direct orthogonal transformation, and let 4/, 4/,... 4,/
be the same functions of 4, 4,,... 4, as a), a/,... a,” are of
@y, Ay, ... t,. We obtain
(@), @y o)) (&) = (g, @y, ... ) (@, )
= (4,, 4, ... 4,) (X, Y)
= (4, 4),... 4)) (€78 e*n)”.
In this identity of quantics in ¢, 1, the coeficients of the
various products £%*~" on the two sides must be equal.
Therefore
A = erla), A ==/, A/ = er-M0g),
o Ay = e 0V, S A) = emria,),
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Thus a,, a/,...a,” are p+1 linearly independent orthogonal
invariants (for ‘direct transformations) of factors e'??, ¢ (»-2¢,
.. ¢=*»% respectively.

276 (bis). Having p+1 independent invariants, of factors
which are all powers of ¢, we can in many ways, by elimina-
tion of e+, obtain p that are absolute as well as independent.
A statement in § 270 is thus justified.

Write I,I, ... 1,1,

for the invariants
2%a), 2%/, ... 2"a,_ O 27q, /

respectively. Every suffix of an I is here the index of the
power of ¢ which is the factor in the expression of the in-
va,lmncy of that 7. We have
s Tpgy oo Lo pyy T p) (€ 0)° = (g, @1y o @) (E+0, 0 (=€),
and hence readily find that

. — (p—1 —
1,, I, are, respectively, «,F tpal—]—%l—é—)uzi- v+ (Fora,,
Ip-—z, I—-p+2 LH] a’0+a’2$‘(p 2) a’l+“ )
+(+ 12 (“p o+ ap),
I, 1,y ” o+ 2dy+ty, Fo(p—4)(ay+ 2a,+ ap)

—H(F ‘)ll_4 ((‘1)—4 +2a, .+ “11)!

and, generally, that for every 2+ not greater than p,
I, s I 4y, are

(s ty, ooayy) (1, l)", (dgy gy oee @yppy) (1, 1)", B
e (@pegrs Wpogrngs vn @) (1, 1)) (1, F o720
If p is odd they go in pairs throughout, but if p is even
(= 2p’) there is in the middle a smﬂle
I, = ay+pa, + (p )a4+ A dy .
This 7, is an invariant, and is absolute and of real form.

Any product of suffixed I’s is an invariant, of factor ¢,
where o is the sum of the suffixes. In pmtlcular every pro-
duct with zero sum of suffixes is absolute. Thus, for instance,
there me ipori( p+ 1) absolute invariants of degree 2; namely
II_ col pygy Iy (I ... A quartic (a,b,¢,d, e) (x, y)?
has tﬁen two absolute ort ogona.l invariants of degree 2, namely

LI ,=(a—6c+e)2+16(b—d)?,
LI, ,=@-e?+4(b+d)?
as well as a lincar one I, = a+2c+e.
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A quintic (4, b, ¢, d, ¢, f) (i, y)* has three, namely,

LI ;= (a—10c+5e)2+(50—10d +f)%,

LI ,= (a—2¢—3¢)%*+(3b+2d—Y))%

LI = (@+2c+ep+ (b+2d+[)>
See that those given for the quintic in § 270 are linear func-
tions of these.

277. We have here said nothing about skew orthogonal
transformations. The absolute linear and quadratic invariants
found as above are unaltered when the signs of a,, a,, g, ...
are changed ; so that these at any rate are invariant for skew
as well as direct substitutions.

But we have seen that £ = x+.y and 4y = w—uy are co-
variants, of factors ¢® and e respectively, only for direct
transformations. A skew transformation gives as equal to
e (x+y) not X +.Y but X —.Y, and similarly as to 5. Thus
a skew transformation, when applied to the p-ic in the pre-
ceding article, gives us, not that e*?1,, is equal to the function
I,, of the coeflicients of the transformed p-ic, but that it is
equal to the conjugate I_,, of the transformed.

Thus, while a product I,,1_,, is, as above scen, invariant
and absolute, a product such as I, ,, which is not sym-
metrical in positive and negative suffixes, is not invariant at
all for skew transformations, even when the sum of suffixes is
zero, and the factor thus made 1. It is equal, in that case, to
the conjugate function, /_ 37, say, of the coefticients in the
transformed quantie.

However, a pair of conjugates with zero for suin of suffixes
in each always produce a pair of invariants for skew as well as
direct transformations. We have only to take, for instance,

3 (M1, +121) and 211' (IP Iy~ I 1),
The second of such a pair of absolute orthogonal invariants
is semi.skew. Notice that . has disappeared, so that they
have real form.

Similarly as to covariants. Take for instance the direct
orthogonal covarjant I2I, (@ +y),

which is absolute. For skew transformations it is not covariant
at all. But it has a conjugate

I 21, (x—y),
with which it is only interchanged by a skew transformation.

Half the sum and 51_‘ times the difference of the two are both
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covariant for the transformation, the former absolute for it,
and the latter semi-skew. Both are in real form.

We may reason in the same way as to conjugate linear
functions of products.

278. Annihilators. Separation of rational integral func-
tions into orthogonal invariant parts. In § 271 it was proved
that d d
annihilates any absolute orthogonal covariant. Applying the
same method to a non-absolute orthogonal covariant C' of
factor e, i.e. to one which has to be multiplied by e‘¢ to
become equal to the same function of the coefficients and
variables in the directly transformed quantic, and so by
1+ .m0 when the transformation is infinitesimal, we readily
find that N 2

e Y = !
(O-0+ Yy =@ by)( v

In particular, any invariant I of factor e'"? satisfies
(0—-Q—wm)I = 0.

Now any quantic of order = in z, y, with coefficients of
degree ¢ in the coeflicients of (a,, a,,...«,) (z, y)*, can be
expressed as one of order = in the linearly independent func-
tions  + 1y of o and y, with coefticients of degree ¢ in the p+1
linearly independent funetions I, I, ,,... I_, of «g, a;, ... a,.
In particular any orthogonal covariant can. The two lincar
universal covariants, and the p+ 1 linear invariants, form then
the complete system of irreducible covariants and invariants
for direct orthogonal transformations. Note that the p-ic
itself is not one of its own irreducible system, but is reducible
as 272(1,, I, ,,...1_,) (& n)" in terms of the system. It be-
longs of course to its system of irreducible absolute orthogonal
covariants and invariants, into which system at most one of
the more fundamental irreducibles enters.

Now take any absolute orthogonal covariant of degree ¢ and

order o, CO.’I}W + lew-l,y +. 4+ Cn?/w~
It can, by the above, be expressed as

O (@ +1y)"+ CY (@ + 1) (@—1y) +.o. + 0 (2~ )",
where (2+.y)®, (¢+1y)® ! (@—1Y),... (t—1y)® are covariants
of factors e=+@%, ¢-+@-26 ¢:®6 regpectively. Consequently
Cy, C/, ... Cy/, which are invariants, are of factors ¢*@°, ¢(@-25,
.. 67" regpectively. Thus

Co=0C+C/+...+ 07
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is written as a sum of parts annihilated respectively by
c0=-0—1w, 0 -0 —1(w—2),...0-Q + 1w,

there being (presumably) a middle part, annihilated by 0 —Q,
if @ is even, but not if = is odd. Every part, and therefore
the whole (), is annihilated by the product of all these
operators, i.e. by

(0=0P+2%} {(0-QF+(@=2)} {(0 -2 +(=—4)"} ...,
which ends with (O —Q)?+ 1% or with the unrepeated 0 -,
according as = is odd or even. This is the first theorem of

275.

! Further, let H be the most general rational integral function
of degree ¢ throughout in a,, @,, ... «,. It is capable of being
written as the general rational intogral function of degree %
throughout in 71, 7,_,,... 1. It is therefore a sum of
numerical multiples of orthogonal invariants of factors e'%?,
e =26, e-#8, (onsequently it is annihilated by a produet
of ip+1 factors as above, with ip for @ This is the second
theorem of § 275.

By an application of the method of § 128 (bis) (see Ex. 13
after that article), we can express I7 as a sum of ép+ 1 parts
each annihilated by one operating factor 0 —Q—(ip—27),
r=20,1,2 .., ic. as a sum of orthogonal invariants of the
various possible factors for degreec 7. Kach part is general of
its type. The part composed of the absolute invariants of the
type, when ¢p is even, is a numerical multiple of what is
obtained in § 275, Ex. 7; and for every 7 the corresponding
part is a numerical multiple of the result of operating on II
with the product of all the operating factors except the corre-
sponding O —Q — (¢p—27).

278 (bis). Systems of irreducible absolute orthogonal con-
comitants., Writing p for e, it is clear from what has been
said that the products which actually present themselves as
multiplying p™ in the expansion of

(A=) (=T, yp"%) oo (1 =T pp7")} 1

constitute a full linearly independent system of direet ortho-
gonal invariants of factor p™; and that the expansion of

{(A=Tpp") (1 =Ty gp” %) . (1= T_pp7?) (1=£p7") (1—mp) }
gives in the same way full linearly independent systems of
covariants and invariants together.

If from either of these real generating functions we can
extract another which provides the terms free from p in its
expansion, we thereby obtain a generating function for a full
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system of linearly independent absolute orthogonal invariants
(or covariants and invariants), and the form of the generating
function will, after the manner of Chapter VIII, give us
information as to the complete system of irreducible absolute
orthogonal invariants (or covariants and invariants) of a p-ic.
Reference is made to Vol. XXXIII of the Proceedings of the
London Mathematical Society for a good many such generating
functions, It is there proved, for instance, that
{(1=1p) (1=1,15)} 7,
1—-I2I LI ) {(1—-LI )(1—I,J0 ,)(1-I2I.
O-RIALLIO-LL)O-LI)0-FL)
(1 “‘1221—2214[—4) { "Io) (1 “Izl—z) (1 ‘"I4I~4) (1 —1221—4)
(1—=T_21)} 4
are the generating functions for absolute orthogonal invariants
of a quadratic, of a cubie, and of a quartic, respectively. It
thus follows that a quadratic has two irreducible absolute
orthogonal invariants, namely,
I,=a+c,
LI, = (a—c)+4b*;
that a cubic has four, namely,
LI, = (a+0)?+(b+dp,
LI , = (a—3c)*+(3b—d)?
I+ 1L} = (ato) (a—30) (0P —3 (b +d)}
+(b+d)(8b—d) {3 (a+c)*—(D+d)*},
o (Lo PL) = (a+0) (3b—d) {(a+ =3 (b-+d)’}
—(a—=3¢)(b+d) {8(a+c)—(b+d)?},
the last being semi-skew, which are connected by one syzygy
expressing the product of the second and the cube of the first
in terms of the others; and that a quartic has five, namely,
I, =a+2c+e,
LI, =(a—ef*+4(b+dp,
LI , = (a—6c+e)?+16 (b—d)%
LA _+1 2} = (a—6¢+e) {(a—e)—4 (b+d)?}
+ 16 (@—e) (02 —d?),
LI~ T L} = (b—d) ((a—cf—4 (b+dP)
81
—(a—6c+e) (@—e) (b+d),
the last semi-skew, with one syzygy of degree 6 containing
a term (1,1_,) (1,1_,)%
A quintic has 15, and a sextic 14, irreducible absolute
orthogonal invariants, connected by many syzygies.
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Besides the universal 2?+%? and the four invariants, a
cubic has in its complete system of irreducibles eight absolute
orthogonal covariants, namely,

I]fi‘.I-x’b Isfsi‘f—aﬂas I3I_1£2i1_3117]2, I3I_12£if_31121).
A quartic has, besides a?+y? and its five invariants, six
covariants. These are
(a—e) (22 —y°) + 4 (b+d) xy,
(b+d) (@*—y*) — (@ —e)zy,
{(a—6c+e)(a—e)+8 (b*—d?)} (a2 —y?)
—4{(«—6c+e)b+d)—2(a—e) (b—d)} ay,
{(a=6o+e) (b+d)—2 (a—e) (b—d)} (21
+{(a—6c+e)(a—e)+8 (b2 —d?)) ay,
(a—6c+e) (xt—6a2y?+y*) + 16 (b—d) xy (a2 —y2),
(b—d) (x*— 6a%y% + y*) — (@« — 6¢ + €) wy (2% —y?).
The last but one here may be replaced by the quartic itself,
being a linear function of the quartic, the first multiplied by
a?+y% and I, (x%+y*)*. The second, fourth, and sixth, given

1 ,. . . .
as o~ times differences between conjugate products, are sewmi-
L
skew, like all covariants and invariants so given.

Ex. 8. Taking Z,p% 7_,p~% for a, a’, use the fact that

1 1 1 1,
(1—a)(1—a")~ 1—ad {i";’a tw T }
to obtain the real generating function for absolute orthogonal invariants
of a quadratic.

Ex. 9. If m, n, ... are positive numbers, prove that the part free
from p in the expansion of {(1—ap™*) (1 —=0p™) (1 —cp")...} " is the
expansion of {(1—ba™) (1—cae")...}'; and, using this and the
formula of Ex. 8, find the real generating functions

(1) for absolute orthogonal covariants of a guadratic,
(2) for absolute orthogonal invariants of a cubic,
(3) for absolute orthogonal invariants of a quartic.

Ex. 10. Prove that two linear forms have four irreducible absolute
invariants connected by one syzygy.

Ex. 11. Prove that a linear form and a quadratic have five, con-
nected by one syzygy.

Ex. 12. Two quadratics have six, connected by one syzygy.



CHAPTER XVI

TERNARY QUANTICS. THE QUADRATIC AND CUBIC.

R79. A single chapter will be added to what has been said
in Chapters I to IV on the concomitants (invariants, covari-
ants, contravariants, and mixed concomitants) of quantics in
more variables than two. The importance of ternary and
quaternary quantics belongs to geometry of two and three
dimensions, and the study of them should be pursued with the
aid of Salmon’s Higher Plane Curves, and Geometry of Three
Dimensions.

We remember from Chapter IV that, while in the case of
binary quantics contravariants arc not essentially distinct
from covariants, they are essentially distinct in the case of
ternary, &c., quantics.

The principles will be briefly exhibited here, by means of
which, from invariants and covariants of systems of binary
quantics, we may pass on to invariants, covariants, and con-
travariants of ternary quanties.

280, Let us consider the ternary p-ic in the form
[O%-
+ 0 (apa@+by )2t

p(p=1)

1.2 (g @ + 2D,y + €5 o) 877

+

+ e e
+ (ag@®+ phoa’ ! +}-)—(l)_—l)(' at=2y? 4 ):

0 0 Y 1.2 0 Y v
in which the suffixes (weights) of the various coefficients are
chosen as in § 27, where we supposed /z, y/2 to be each of
unit weight. We might equally have adopted suffix notations
appropriate to cases when #/z, 2/x in the one case, and
2/y, «¢/y in the other, are of unit weight. Any fact as to
weight of concomitants which may be adduced will have two
companion facts, arising from it by changes corresponding to
cyclical interchange of , ¥, z. In one sense, indeed, companion
facts are sixfold, one corresponding to every permutation of
x, Y, 2.
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In much that follows the notation of the cubic will for
simplicity of writing be adopted in our work, and the con-
clusions only indicated in the notation of the general p-ic.
It is important to have before us three ways in which the
same cubic may be arranged, namely,

1,23

+ 3 (o2 + b,y) 2

+3 (2 +2bxy +c,y%) 2

+ o2+ 3by2%y + 3¢, 2y? + dy (i)
o

+3 (boy + ay2) 2*

+3(cyy?+2b,yz +uys?) 2

+dyy® + 3 e,y 2 + 3byy2? + a5, < (i)
dy?

+3 (2 + )

+ 3 (by2% + 20,z 4 bya*) y

+ 0,28 + 3,28 + 3@, 2w + a2 ... (i)

The corresponding triple arrangement is general for the ternary
p-ie.

281. We first notice that, an invariant or covariant being
unaltered, except for a power of the modulus as factor, when
we substitute for the coefficients and variables @, ¥, 2 the new
coefficients and variables given by any linear transformation
of z, y, z whatever, the same is true in particular when the
linear transformation is one affecting 2 and y only, leaving z
unaltered.

Consider, to begin with, invariants only. We are thus told,
using the notation of the cubic, that an invariant is a function

of a, . (l)
and the cocflicients in the quantics
a2 +byy, . (2)
a2+ 2b,zy + 0% .. (3)
wo®® + 8 b2y + Byay? +dy e (4)

which is unaffected, except by a power of the modulus as
factor, when these quantics are simultaneously linearly trans-
formed. From this we gather that it is a rational integral
function of @, and invariants of the system (2), (3), (4). Or,
regarding a as itself a quantic of zero order, which has itself
for its one invariant, we may say that an invariant of the
ternary cubic is a rational integral function of invariants of
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the system (1), (2), (3), (4). It is isobaric on the whole (§ 28),
and of course homogeneous on the whole (§ 22), but is not to
be expected to be homogeneous in a; and the’ coefficients of
(2), (8), (4) separately. It is, in fact, a linear function of
invariants of (1), (2), (3), (4) of one whole weight and one
whole degree, but different partial weights and degrees.

The invariant has then (§ 247) two annihilators which have
been hitherto called =@, 20, but will for our present purpose
be designated differently, viz.

d d d
‘Q'W :((’/ODTO-I-ZboS‘c; + 3(’03—(1—0)

d

J h)
-+ (ala—b—l+2bl S‘é;) +azb—b2,

_ 2 2 d
Q_,.” = (3b05&/~0 + 2(03—1)0 +(ZOSE;))
d d d
+ (2blb—a~1 +C]Sb—l-) -+ bzba;.
In the general notation of the p-ic we should have
r=po 9 d d
Qﬂx = 21_=; I{a,w +2b,£ +30,.W +-..}’

— r=p=l
Q.= 2,. -0

d 9 )
{(p—r)b,m +(p-—7~_1)c,.57; +(’p~—r-——2)d,.-b~c; + }:

where only coefficients which actually occur in the p-ic are
present.

282. In like manner a covariant of the ternary cubic is
a rational integral function, of constant whole order degree
and weight throughout, of covariants and invariants of the
system (1), (2), (3), (4) of § 281. And analogously for the
ternary p-ic. A covariant has then (§ 247) the two an-
nihilators

d d
‘Q‘y/x_ys:,;}’ ‘Q’xll—wsg'}’

and these, it is to be noticed, annihilate the ternary p-ie
itself, which is of course to be regarded as ome of its own
covariants.

This fact has led to the frequent use for the operators Q

Q,, of the symbolical notation [y b—bo—c] ) [m %] .

Yz
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283. Let us now pay attention to the second and third
forms (§ 280) in which the cubie or p-xc may be arranged.
Attending to the second form we see, just as in §§ 281, 282,
that an invariant, or covariant, is a rational integral function
of invariants, or of covariants and invariants, of the system of
p+1 binary quanties which for the casc of tho cubic are

CLO,
byy + a,2,
cy? +2byz +a,2?
dy 1 + 3¢,y*2 + 3Dyt + a,2°
that an invariant has two annihilators, which for the case of
the cubic are

P 2 > 2 > >
Q:” = ((l()s—ci +2(1 b—z)‘z' +3b25‘('l_3) + ((10 b[;l +2b1 b’&;) +l)0 “a—("t'{’

I 2 2 2 2 d
Slw = (3(15-&—(—) +2b2 52‘1 +(1/3‘S—b;) + (2[)13("—;0 +azb—l—)1) +dy 55(; H

and that a covariant has the annihilators

d

d
Q —ZS-Z—;; \Q”:-—y—b—z,

“y

which in particular annihilate the cubic itself.
For the p-ic 2., and Q,, are

d d
Q, '—-_:{ A+ (p=1)c,. zab +])l)1, }

o

d
+...+b(,5—-s
1

A (p—=2)epy +(2? Db,y
N d

d d
Q,, _=_§ +2b,,_1£-—2+a,,55—-}
»= -

{ oh 2 2 i
i B p_gbcp_3+a,,_lbbp_2}+... Gy

In like manner, regarding the third form in § 280, we see
that an invariant has two additional annihilators Q.. Qo
and a covariant the two additional annihilators

d

P
Qu—wb—z: Qﬂ—-zﬁ,
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where, in the case of the cubic,

: J D) d d d d
Qa‘z = (asg&; + 2(!25——6&1 + 3“1521/;) + (()23—5-1 +2b1 SZ):)) + ¢, a—("o,
J

d d d d )
Q.= (30@2&—3 +2dlb(~l—2 +a05(71) + (2b1-552 +b°aTal) 0y 5

and, in the general case of the p-ic,

Q "{ 2 p—1 2 + P b}
vy = a,,m+...+(p— )%5;1 Py

P J d
+ {bp—l 3%, +"-+(Z7'"2)bz"b“b‘l +(I)—1)blm}+‘.. ,

o _{ d 20 d d
.— Im))_lb‘a;-l’...'l' lb_(_’»z-i-ao—b—(—ll_l}

0 d d
+{(p—1)b”'2_3—b;_—1 +... +2b15b; +()0M;1}+ .

284. The facts as to invariants and covariants expressed
by the existence of their six annihilators thus found are not
all independent. Information as to the nature of their inter-
dependence can be obtained by forming the fifteen alternants
of Qy Ry 4y Qs sy L, in pairs. Taking the forms
appropriate to the cubic, we readily obtain first the following
triad of alternants :

H,=Q,9,—2,2, = (34, \%0 +b, 5—2; —c, 'a%; —3d, S?TO)
+(2av]33—1 ~2¢ 3%1) + (a2 5%2 “625%; » ve(3)
H=9,0,-2,.Q0,= (3d0 5%; +0; 3%1 —623—22 -—3a353—%)
+ (2¢ ‘a%; _2a2a?[2) + (1)05—2—0 _GI%%), (1)
Hy=9,.0,—Q,9,.= (3‘1353‘3 +“'23_3; - bial —3a, 5370)

d 9 9 d
+ (21)23—5; ’_'21)0 SB;) + (Cl ba .‘00570). ...(2)
We here see first that the sum H,+ H,+ H, vanishes
identically, whatever be the function operated upon. Thus
any function which is annihilated by two of H,, H,, H, or
by two independent sums of multiples of them, is also anni-
hilated by the third, and by any sum of multiples of them.
Before forming the other alternants we proceed to exhibit
the information as to invariants of the cubic given by these.
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285. Any invariant of the cubic is annihilated by H,, H,
and H,. For every one of these is a difference of two parts
each of which annihilates it, since it has the six annihilators
Q. Let us consider the fact that H,—H,, the differenco of
the operators written second and third above, annihilates it.
We readily see that

_ > 2 > 3
}II—H2= 3(“‘0%(‘) +bogb*0 +('05;; +(.ZOS°J—0

by by O e 2 45,0 2 )
13a, V155, T %, T 5a, 00, T4,

) d d d P 9
—3(“15‘6‘; +l)157)*1 +CISE;) —6((125"—% +b2 37);) -—9(1‘35;;;'
Hence it follows, by Euler’s theorem as to homogeneous
functions, and the consequent theorem (§ 117) as to isobaric
functions, that H;— H, operating on a function of degree ¢
and weight (sum of suffixes) w has the effect of multiplying
it by .

3v—3w.
Thus since the invariant, which is homogeneous (§ 22), is
annihilated by H,—I,, it must have a constant weight w
throughout given by 36— 3 = 0

If we had taken the forms of H,, I, for the p-ic instead of
the cubie, we should have had in like manner
pi—3w = 0.
The information given by H,— H, is then that of § 28.
In like manner we have, for the cubic,

Hy—Hy =3 (g +byar +eyre +dy <o
2y = (a°5?z;+ o'gz)‘u+°o5a; Y3

PR B IR R
g Tg, YA T4 ia, T, T4,

d d d d d )

__3(003—00 +b1 b—bl +(L23(;£) —G(bO S’bo +(.le"cz]'.) ——gdom-o)
the annihilation of the invariant by which tells us, upon
observation of the form (ii) of the cubic in § 280, that

3ti—3w =0,
where w’ is the weight of the invariant when we consider
y/x and z/x as of weight unity. Thus
w = w,

which would also follow from the fact that the particular

substitution which replaces @, y, 2 by ¥, 2, «, whose modulus
1481 B b
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is unity, does not alter the value of the invariant while it
replaces ¢y, by, a,, by, ¢y, @y by @y, by, ¢, ay, by, .
For the general case of the p-ic we should have had
pi— 3w = 0.
In exactly the same way
_ d d 2 d
H3—Hl =3 ((Lo‘a—a‘o +b051—):) +¢, ’a-c—o +d0$(,i0

abbbcaabbb+a—-b—)
thsa, tOsT, Tass T %va, T, T % b,

9 9 d d d P
—3 (b, S, +bl'371 +b03b~0) -6 (cl-b—c—l +¢, 5—0:)) = 9dy 5572
the annihilation by which requires that an invariant of the
cubic have the property
3i—3uw” =0,
where w” is the weight when cach « is of weight 0, each b of

weight 1, each ¢ of weight 2, and d, of weight 3,i.e. when
2/y and a/y are regarded as of unit weight. Thus

w’ = w = w.
For the p-ic we should have in like manner
pi~3uw” = 0.
Since the sum of H,—H,, H,—II, and H,— IH, vanishes,

any function, not necessarily an invariant, which possesses
two of these properties must also possess the third.

Ex. 1. From the fact of annihilation by //,, which may be written

d J 9 J d d d
3 (%3, *hoay, +o0ag, Thag) +2 (43 sy tase)

d d
d d d d d d
—2 {(l)ob—b—0 +20,5, +3d°b_<§o) + (&, 55 +2¢, 5?,)‘”’”6'6;}’
show that if any invariant of a cubic is written as a sum of parts,
each separately homogencous in the sets

ay, by, ¢, dy,

a, b, ¢,
a,, 0,,
Qg

and if 7, 7,, 7, are the degrees of any such part in the first, second,
and third of these sets, then throughout the invariant

81, + 24, +7, = 2w.
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For an invariant of the p-ic the corresponding fact is
pip+(p_1)ip_1 + ot 27:2 +i, = 2w.
See §§ 123, 132.

Ex. 2. From the fact of annihilation by I/, show that throughout an
invariant of the cubic
3¢/ +2¢ +7/ = 2w,
where ¢/, ¢/, ¢, are the partial degrees of any term in the sets
dy, ¢y, by, ay,
Cy) l’u (%)
by, ay;

and state the corresponding fact for the p-ic.

Ex. 3. From the fact of annihilation by I7, show that throughout an
invariant of the cubic
30/ 424, +i/ = 2w,
where 2,7, 7,7, 1,/ are the partial degrees of any term in
a;, ay, a,, a,,
b‘h bl’ bo’
G Gy

and state the corresponding fact for the p-ic.

286. We now form the other alternants of the six Q’s. They
oceur in cyclical sets of three. Taking the case of the cubic,
and referring to §§ 281, 288 for the notation, we find

d d

d
Qy:c‘Q’zx_‘Q‘szm: = Qy b_b“ +2 b() 5—5‘ + 2(1/] éb—
1 1 2

d d d
—2&137); —-ao-a—i)l —2b03c—1
=0, ves ( 4)
Q. Q0 — 2,y Q= 0, oo (6)
Q,.0,,—Q,.Q,, = 0. oo (6)
The same relations hold in the general notation of the p-ic.

In like manner we have another triad

‘Q':cyﬂxz_ﬂxzﬂxy =0, e (7)
2,.9,-2,2,=0, ... (8)
‘Qmaw— ﬂzy Q.,=0. ves (9)

Bb2
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Next we have, for the cubic,

d d J o
Qnym—Qway = 3bor¢l + 200 b—b-; +(l0 S_C_l + 4’)1 ﬁz + 201 57);
d d J d
+3bZSZ3 -—2()1 572 —2b0 m; —Cp —3771
.9 d d
= (loé'gi +2(’1 B—b‘{; +3bz s(?s
d ) d
— b, - —
+0 b, +20) du, Do dut,
=Q,, ...(10)
and similarly
Q,.9,—2,0,=Q,, . (11)
2.9, —Q,.0,.=Q,. o (12)
Lastly we have in like manner
Q.2 — 2,0, = —Q,., ...(13)
Q@ — 2,2y = — Qs .. (14)
Q.0,-0,0, = —Q,, ... (15)

All these apply to the general notation of the p-ic, as well
as to that of the cubiec.

287. The fifteen alternants of pairs of Q’s introduce then
no new operators except the I, If,, H, of § 284. We com-
plete the theory of the annihilators by forming the alternants
of these three with one another and the Q’s. It is quite easy

to see that HH,~ H,H, = o,
HH -HH, =0,
H.H,—~HH =0;

and that 0,9,,— 0, H, =29,
HQ,-Q, H = -2Q,,
H,Q,-Q H, =-Q,,
H,Q, -9, H,=Q,,
H,Q, -9 . H, =-Q,,

Haﬂzx"“szHa = 'sz)
together with two other sets of six, in the first set of which
H, occurs and the suffixes x, y, 2 are interchanged once
cyclically, and in the other set H, occurs and a second cyclical
interchange is made in the suffixes.
Accordingly the nine operators Q,,, Q,,, Q,,, Qoys Qs Qs
H,, H,, H, form a group such that, when we form the alternant
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of any pair of them, some member of the group with a simple
numerical multiplier, or else a zero, is produced.

288. Three cyclical annihilators sufice to deflne invari-
ants. We can now see that, if a function of the coefficients
is such as to have a cyclical set of three annihilators, such as
Qs Loy Qpy 0or Q,, Q. Q,, it has also the other three, and
is accordingly, if homogeneous, an invariant.

Suppose, for instance, that Q,,, Q.., 2,, annihilate a func-
tion. By § 286 (10), since Q,, and £,, annihilate it, so does
Q,,. By (11), since Q,, and Q,, annihilate it, so does Q..
And by (12), since ,. and Q,, annihilate it, so does Q,,.

And again, to repeat from § 285, since 2, and Q_, annihilate
it, so does H,; and in like manner so do H, and H,. Thus
the function has necessarily the degree and weight properties
expressed in § 285 and the examples which follow that
article.

The property of annihilation by Q,., @., and £,, includes
then all the facts with regard to invariants of ternary quantics
except that of homogeneity, just as that of annihilation by
Q and O, i.e. by @, and £,,, does with regard to invariants
of binary quantics.

We shall see later by another method, which might have
been here applied, that the property of having ¢ cyclical
annihilators of the  form includes all the facts but that of
homogeneity as to invariants of ¢g-ary quantics.

289. The six annihilators, as well as going in two triads,
go in three pairs Q,, Q,,; Q,, ,.; Q,, 2,. It is some-
times most convenient to use the fact that if two pairs of
these annihilate a function its annihilation by the third pair
is necessitated. For instance, if the first four annihilate it, it
follows from § 286 (14) that £, annihilates it, and from (11)
that Q,, does, so that it is an invariant.

The possession of three annihilators not forming a cyclical
set does not suffice.

290. Invariant of the ternary quadratic. Let us exemplify
some of the above principles by deciding what invariants the
ternary quadratic

a,22 + 2 (¢, + b,y) 2 4+ aya? + 2D,y + ¢ y*
can possess.

Sinee ©,, and Q,, annihilate it, an invariant of the quadratic
is an invariant of the system

Ayy T + bl?/’ ao‘m2 + 260“’?/ + 003/2,
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and so (§ 251) is a rational integral function of
@y, yco—b?,  ah2—2b,a,b; +c a,k (1)
Again, since 2., and Q,, annihilate it, it is an invariant of
the system ey, biz+byz, 0,2°+ 20,20+ ayat,
and so is a rational integral function of
Coy Qolla—a1%  @0y% —2a,b,by + ayb,2 v (2)
Consider the first fact, and let
@5 (@90 —bo®)* (@ by" — 2B, by + 05a,%)"
be a part of the invariant. By § 285 its weight measured by
sum of suffixes must be equal to its weight considering a’s,
b's, and c, as respectively of weights 0, 1, 2. Thus
2A+2p = 2p+ 2y,
so that A = p, and the invariant involves only
@y (@yco—Dby2), and agh2—2bya,b, + ¢y’
Similarly it involves only
¢ (@y— %), and a,b2 —2a,b,b;+ b2
Now any function of the first of these pairs which is also
a function of the second pair must in particular be so when

¢, = 0. Thus a necessity as to such a function is that the
said function of

— uyb,? and a,b?—2bya,b,
is a function of
0 and a,b2—2a,b,b, + ayb;%
The difference of the two, and its powers, are obviously the
only functions for which this is the case.
Thus a, (0o —by?) — (@yh,* — 2by 2, by + ¢ ay?)
and its powers are the only functions which can be invariants,
and they can be so only if this is also a function of ¢, (a,a,—a,?)
and a,by®—2a,b,b,+ a,b?% as it is, viz. the difference of the
two.
The ternary quadratic has then only one irreducible invariant
@Coy+2b, 0, b, —ayb 2 —coa, 2 —a,b )k,
which is, in the more usual notation,
abe + 2fgh—af? —bg? — cl?,
the diseriminant.

291. The ternary cubic. The general ternary cubic can
(§ 229) be linearly transformed into X3+ Y3+ 22 + 6 mXYZ.

It cannot then have more than two independent invariants.
For if it had three it would have two absolute invariants, i.e.
there would be two functions of the coefficients equal to func-
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tions of m; and by elimination of m we could find a relation
in the coeflicients only, which there cannot be as the coefficients
are all independent.

Two independent invariants S and T, of degrees 4 and 6,
will now be found. It will hereafter be seen that not only is
there no other independent of these, but that there is no other
which cannot be rationally and integrally expressed in terms
of them, so that they form the whole system of irreducible
invariants.

By § 285, or by § 28, the weight, in either of the three
senses, of an invariant of the ternary cubic is equal to its
degree. Thus S, which we seek, is of degree 4 and weight 4.

Now suppose that S contains a term or terms of degrees
m’ in @, » In a, and by, p in @, by, ¢;, and ¢ in a,, b, ¢,, d,.
The facts as to degree and weight give us

m+n+p+q =4,
3m/ +2n+p =4,
and the only positive integral, including zero, values of m/, n,
P, q which satisfy these equations are given by the scheme
m,n, P, q
1, 0,1, 2
0,2, 0,2
0,1, 2,1
0, 0, 4, 0
Thus S, if it exists, must be of the form
@ (1102) + (2202) + (21 1201) + (14)’
where, for instance, the notation (21120') denotes a function
of degree 1 in a,, b,, degree 2 in ay, by, ¢;, and degree 1 in
g, by, Cyy .
OMgregverl: since Q,,8 = 0 and (2,5 = 0, the functions (1’ 0%),
(220%), (2'120"), (1%) are invariants of the system
a,®+b,y,
a, 2%+ 2b 2y + ¢, 3%,
ay®® + 3by@?y + 3cyxy® + dyy®

Now the invariants of this system are (§ 262) the invariants
of the quadratic and cubic given in § 260, and the results of
replacing = and y by b, and —a, in the covariants of that
article. Those of degree and sum of suffixes not exceeding

4 are given by (2), (4), (6), (9), (10), (13) of the article in
question, and are

A =ac;—b?
B = (a,¢)—bs2)by2 —(aydy~ycy) agby + (bydy—c,?) @2
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O = (aydy—by,)* — 4 (24, —by?) (Bydy—c,?),
D = (a,6,—2b, by + ¢a0) by— (a,dy — 2D,y + ¢, bg) ay,
E = {a)*dy—3a,b,co+(a;0,+ 25, by—b ¢y, } b,
+ {¢2ay—3byc b, + (a0, + 2b,2) ¢y — . bydy } ay,
F = a; (bydy—c,®) = by (aydy—bye,) + ¢, (260,—b5?).
We see then that
(11 0%) = A F,
(2°0%) = B,
(2 120! = v E,
(1Y) = w42,
where A, p, v, = are numerical.
Thus we must have
8 = Nay {a; (body— ) = by (agdy —byeo) + ¢, (ageo—by%)}
+ e { (g 0= y?) by —(aydy—byey) a,by + (bydy— ) a,? )
+v{a2dyb,—a by (3coby + dyay) + (e, +20,2) (byby + cyy)
= by (aohy +8bya,) + rPaga, |
+ @ (0, —b2)%
To determine A, p, v, = we may express that S is annihilated
by any of the Q’s, except @, and Q,, by which we have
already sccured its annihilation, whatever A, u, v, = be. More

casily perhaps we may use the fact that S must be exactly
the same function of 1 :
Wy,

g5 Cps

bys 0y, b,

Uy Ctq, By Qyy

g,
tty, by,
ay, by, ¢,
oy Dgs €y s
since these sets of coefficients are exactly interchanged by the
linear substitution which interchanges y and z leaving « un-
altered, whose modulus is — 1, which modulus in the expression
of invariancy of an invariant of weight 4 is raised to the fourth
power, thus producing +1 for the factor. For S to be an
invariant the above expression must then be the same as
Ay {by (2, @5 —ay*) — by (g5 — ay09) + by (@p 25— ayF) }
+ b (@ — ) 02 — (At — ay1,) €4y + (@105 — @,%) €2 M
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+v {b 2y, =0y by (3050, +aycy) + (Bydy + 207%) (a0, +25¢))
—byby(agey +3aycp) +by*agcy}
+@ (b0, — 01"
We at once see that the two forms are identical if
A _p_r_=®
1711 =1
With these values the expression will have Q,, and Q,, for
annihilators, because of its second form, as well as Q,, and
Q,, because of its first form. It is then an invariant by § 289.
Thus the invariant S looked for is, adopting the second form
of writing it,
S = (ytty—a,2) ;2 — (g 0y — g ty) €oCq + (cty ay— ) 0,2
+ by az0y —boby (3ctyey + ayce) + (bby + 202) (g1 + dtyey)
=by0y (@, +3ayc0) +b,2aye
—dy {0y (aya,—ay®) = by (g ty — ay @) + by (@, @, — ay®) }
— (Gyby—0.2)".
292. The cubic can (§ 229) be linearly transformed to the
canonical form  ys, y3, 7 gmXVZ.
By a substitution of modulus unity it can consequently be given
the form o (@ +1°+2%) +6 w wy.
Let us consider it in the less particularized form
a2 +d,y* + a2 + 6b,wyz,
in which the names of non-vanishing coefficients accord with
the notation used in general. The modulus of the transforma-
tio'x; which produces this from the general cubic is taken to be
unicy.
F gr this form we have, by the above,
8 = a,/d/a/b—b* = b (a)/d/as’ — ;7).
For the canonical form itself the value is
m (1 —m?),
which is of course equal not to the S of the untransformed

Bubic but to that S multiplied by the fourth power of the
modulus, which is no longer unity.

Ex. 4. Show that S = 0 is the condition for the cubic to be capable
of expression as a sum of three cubes.

293. The second invariant 7' of degree 6, and therefore,
since 37 = 3w, also of weight 6, can be found as S has been.
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For our purposes, however, the labour may be avoided by
use of a covariant, the Hessian, which it is already known
from § 11 that the cubic possesses.

For the semi-canonized form

a) 2 +d) Y +ay' 22+ 6b xyz,
the Hessian, with the numerical factor 6° rejected, is
a)x, bz, by
b'z, d/y, bz |,
by, b/, a)z
e, (a)dyay +20/%) ayz—b/?(a,) x> +d,y* + ay 23).
The Hessian is then a covariant of the third degree and order.
For the canonical form itself the Hessian is
1+2m?) XYZ—m?* (X3 + Y3+ 2Z°),
i. e. this is equal to the Hessian of the untransformed quantic
multiplied by the square of the modulus of the fully canonizing
substitution.
Now an invariant of a quantic and a covariant is an in-
variant of the quantic alone. Also (§ 19) if az®+... and

Aa?+ ... are two quantics of the same order, we may derive
an invariant of the two from onc of the first only by operation

with 4 b_ba +.... Applying this principle to the cubic and its

Hessian, both of order 3, we derive from the invariant S
another invariant of the sixth degree. This is 7, or rather
a numerical multiple of 7.

We can at once derive the expression for 7' that goes with
the semi-canonized form

ay @+ dy yP + a2 + 60, xyz,
whose Hessian is as above
=02y @ —b,2d)y* - b2, 2% + (a) d) ay' + 2b,7) xyz,
by operating with

d d d 1 d
=b%ay 3, =b2dy ady b2ag’ d2a; +3 (ag dy'ay’ +20,%) 35,
on S, which is bl’ ( a‘or do, aS,— blla)'

The reason for this lawfulness of working with the reduced
number of coefficients is that the full expression for S con-
tains, besides the terms b, (2 d@;—b,°), only terms involving
coefficients which vanish for the semi-canonized form—indeed
only powers and products of such coefficients, a fact which
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will be useful later—and that the terms in the generating
. ] d d .
operator other than these in 3o’ 34 o contain

P)

s b

as factors coefficients in the Hessian which vanish for the
semi-canonized form,

The result of performing the operation above, and multiply-
ing by 6, is to obtain

T = () d)a))?~20b,"3 (ay d)/a;))—8b/0
For the canonical form itself this becomes
1—20m3—8ms;

but this is equal, not to the 7' of the untransformed cubic, but
to the 7 multiplied by the sixth power of the canonizing
modulus.

There is no difficulty in obtaining the lengthy expression
for T in the notation of the general cubic, but only tedious-
ness. It will not be herc written down. Reference may be
made for it to Salmon’s Higher Plane Curves, §§ 221, 223.

Ex. 5. Prove that b is given by the quartic in b =8
273418832+ T3-S =0,
and that when b is found the corresponding product ad, a; is
uniquely determined.

Ex. 6. The discriminant of this quartic is a perfect square, namely,
a numerical multiple of the square of 64,5+ 7%, which is a numerical
multiple of its catalecticant.

Ex. 7. The discriminant of the ternary cubic is
a/d/ay (a/d)a; + 80y, ie. 645 +7T2

Ex. 8. The S of the Hessian of a ternary cubic is a numerical
multiple of 48.5° 4+ 17

294. The result of Ex. 5 above leads us to expect that
there are eight distinct ways of reducing the cubic to the
form a#® + by® + c2® + 6 mayz by substitutions of such modulus
that S and 7' are absolutely unaltered. (Note that we do not
reckon as distinct different ways in which the product zyz is
the same.) If M is the modulus of such a substitution, the
facts with regard to S and 7' give us respectively M =1 and
M8 = 1. These lead to M2=1,ie. M = +1.

It is easy to see that there really are eight ways, and to
exhibit their connexion. Take, for instance, the cubic

3 + 9% + 2% + 6mayz.
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The substitutions of modulus 1
2y —3=X+Y4+Z, yvV—=3 =X +0¥+0%Z,
2V —3=X+0¥V+auZ,

2V —-3=X+0Y+auZ, yx/—3 =X+wY+2Z
eV =3=X+Y+wZ,
2V =3=X+V+0?Z, yV-3=X+Y+0Z,
zV —8 = X-{-wY-}-Z,
produce three forms whose m’s are respectively
my=—(1—m)/v/ =3, my=—(u?—m)/v -3,
my= —(0=—m)/v =3,
80 that
mmymym, = m(1—m?) /3v —3=8/3v —3.
Also z =4a/, y =%, 2 = —2/, whose modulus is —1, gives a
form with —m for m, those with —m,, —m,, —m, for m being
obtained in like manner. The product of the eight m's is
then (mmymym,)* = — 74 8%,
which accords with § 293, Ex. 5.

295. S and T the only irreducible invariants. We may
prove as follows that any other invariant of the ternary cubic
1 a rational integral function of S and 7.

Write the semi-canonized form of the cubic with the notation

of coefficients ag® + by + ¢ + 6mayz, (1)

8o that S = m (abc —m?),
T = (abe)®—20m>abc — 8 m?,
and (§ 293, Ex. 5)
27m® +188m* + Tm?—- S = 0, .. (2)

We notice here, and from the last article, that the product of
the eight values of m for substitutions which leave S and 7'
unaltered, modulus +1 or —1, is a numerical multiple of 2.
The product of the four for modulus +1 is a numerical
multiple of S.

Now if an invariant is such as to vanish when an m
vanishes it must when any of the m’s vanishes. For its form
for (1) has m for a factor, and it is the same thing to say
that its form for

@ + byyy® + ¢,2% + 6 myayz
has m, for a factor. An invariant divisible by m is then
divisible by mm,mgm,, i.e. by S; and the quotient as well as
itself must be an invariant. Equally if divisible by abc—m?
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a product of three m’s, an invariant is divisible by the fourth,
and so by S.

We have then only to consider the reducibility of invariants
which are not divisible by m or by abc—m3, which latter call
k. In this notation we have

S = mk, .. (3)
TI'=l2~18m3k—27ms
= k2—18Sm?—27m". v (4)

Consider then an invariant I which is not divisible by m
or by k. Its degree must be a multiple of 3. For & is of
degree 3, so that, if its term free from m is k", this is of degree
37, and this degree must be preserved throughout. We may
suppose then that the invariant is

I =k +pk»tm® 4 gk 2l + ... + tm®",

for it is a function of § and T' (§ 291), and consequently of
the independent & and m, which are all that S and 7" involve.
It would not be integral were & or m involved fractionally.
Now first use (4) to depress I to the first degrec in k, or to
the degree zero in k if no odd powers of k oceur in I as already
exhibited, by substitution for A2 of T'+18Sm?+27ms. We

thus get I=kf(S, T, m)+¢ (S, T, m),
where the functions f and ¢ are rational and integral, and
where the former may or may not actually occur.

Firstly, if £ (S, I, m) do not occur, we have

I=¢(S T, m).
By aid of (2) we may depress this equation below the eighth
degree in m by successive substitutions such as that of
27 (82m"—Tm'+2—188m"*4%) for m3*", where » is zero or a
positive integer. We thus get eventually
I=Am"+ Bm®+...+ K,

where 4, B, ... K, if they do not vanish, are rational integral
functions of S and T.

Now there are (§ 294) eight values of m which must satisfy
this equation of degree 7 at most. It must then be an identity.
Hence, taking the terms free from m,

I=K,
i.e I is a rational integral function of S and T.

Secondly, if f(S, T, m) do ocecur, let S/m be put for k, by
(8), in &f(S, T, m). We have

I= F(Ss T)S/m"’"I’(S: T, m)’
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where F and y are rational and integral; and this again may
be reduced by (2) to

Im=Am"+Bmé+...+ Hm+ K’,
where A, B, ... H', K’, if non-vanishing, are rational integral
functions of § and 7. This equation of degree 7 must be an

identity by reasoning as before, and therefore, taking coef-
ficients of m, I=H

so that the conclusion as before is that I is a rational integral
function of S and 7.

296. Covariants of ternary quantics. By §§ 282, 283 a
covariant has threc pairs of annihilators, of which the first pair
d
\Qyz—y-b—w’ .Qx,,—oc@
is typical.

Let a covariant of order = be arranged according to powers
of z, and written

1
Pot+wlPy 2+ ?(lw— )Pw_222+...+wP1z”’1+P0z“’, v (1)

where P, involves coefficients only, and P,, P,, ... Py are of
orders 1, 2, ... @ respectively in « and y.

The results of operating on this with Q,,,—yb and

d
Q’”—xb?/ must vanish identically. Thus, equating to zero

the terms going with different powers of ¢, we see that
Pos P])-Pz,-u-Pw—p Pw

have all separately the two annihilators &,,—y %, Q,,— 2

X —-
oY
In particular P;, being free from « and y, is annihilated by
Q,, and Q,,, i.e. is an invariant of the system

@y,
W1 @+ 0,19,
Bp-g +2 bp—z“y + "p-z?/zs

;o(p )

ax? + pbyaw?—ly + Lo——=c P2yt + ... .

As to P, P,,... P, they are, in like manner, covariants of
this system. The coefficients of the highest powers of « which



296 COVARIANTS OF TERNARY QUANTICS 383

occur in them respectively are then seminvariants of the system,
i.e. are annihilated by Q,,.

In particular, the coefficient of 2® in Py, i.e. in the covariant
(1) itself, is annihilated by Q,,.

Now suppose again the covariant to be arranged by powers
of y instead of by powers of 2, and apply like reasoning. The
i})oeﬁicient of 2® in the covariant is thus seen to be annihilated

Qe
yIt has also been seen that the coefficient P, of 2® in the
covariant is annihilated by 2, and Q,,. By the same
reasoning the coeflicient of 2 is annihilated by @, and Q,,.

Thus the coefficient of 2™ in the covariant has the four
annihilators .Q,”:” sz’ ﬂ:ys ‘(lﬂz'

In like manner the coeflicient of y® has the four annihilators
‘Q',:ys ‘Q’xy) ‘Q'xza ‘Q,’:z;
and the coefficient of 2® has the four annihilators

297. A covariant is given by an end coefficient. When
one of these three coeflicients is known the whole covariant
is known.

Consider the arrangement, (1) of the preccding article, by

powers of 2. Expressing the fact of annihilation by Q.. —x 5,
we have, by taking the coefficients of the successive powers
of z, Q.Py —waPy, =0,

Q, Py —(w—1)xPy_, =0,

Q.. P, —zP, =0,
‘sz-Po =0,
which tell us that (1) may be written
z 1 22 12"
{1 + Qe t 750 ot ;ﬁ.ﬂ; +...}P,,,
the terms beyond the last written down vanishing because
Q,.P,=0,ie Q' P, =0, and consequently Q7" P, =0,

for any positive value of the integer 7.
Now this expression for the covariant may be written

'z‘ﬂn
. e* .P we
Again consider Py. It is by the last article annihilated by

d d . .
Q,,,—yﬁ and Q’”—w@ . Hence as above, or as in § 110, if
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S is the coefficient of 2® in P4, i.e. in the covariant, we have

Y
Py =a®e= ™8,

Consequently, upon insertion of this value for P, the co-
variant is : oy
amer M er ™ g
which, sinee (§ 286) 2,.Q,, = Q,,9Q,., so that Q,, and Q,, are
commutative, and since they do not operate on z, ¥, z, may

without ambiguity be written

Y
mwexﬂzzi'EQ:ruS

In like manner, if S’ is the coefficient of ™ in the covariant,
and S” (the P, above) the coefficient of %, the covariant may
also be written in either of the forms

x 2
=Qyet+ = Qs

¥ z
= - n:
y'ﬂ'e.’/ Y S” Z2%e* Quy +7; Qem

S//
Ex. 9. Prove that the covariant may also be written

z oy
=Qus 5 Qay
Tl et S,

and in two similar forms derived from S and .5/, but that since Q

. . . ]/»‘
and £,, are not commutative this must 2ot be written

z K
zweaﬂy‘r + ;ﬂ:y S,,

298. Another method of obtaining the full expression for
a covariant from the coefficient of the highest power of z in it
is analogous to that of § 160. Substitute, in the final coefficient
S” or P, of a covariant of the ternary p-ic u,

w for a,,
1du 1w
1—035, 53y or dy_q, b,1,
1 2w 1 R 1 Ry
p(p=1)3a*" p(p—1)d2dy’ p(p-1) dy*
for ay_y, by, €4mps

124 1 dPu for a.. b
p!bw"’ paP- 1y’ " 0 70y 50

and divide through by the power of z which occurs as a factor
in the result.



298] COVARIANTS FORMED FROM END COEFFICIENTS 385

The proof is easy. We at once see that

z ¥
w = zpeg'narf';ﬂzy "
10w 1 , . Zantta,
N sz P
pox  p
z Y
= ,'Z«p_le:nu+ znwap—h
x
l ?—u _ 0"_16 ':-ﬂn:*i'gﬂzyb
=z -1
poy
1 Ru w-ze;“"”‘ :ffn.ya
i gy _
p(p—1)da* P
&e., &e.

Also, if P and @ are two functions of the coefficients,
E % E 2] E £ g 2, E 50 g a
L +:0yPQ — Mt p 0 +zan;
for
m ?/ m _ m y m
(E‘Q':x"' E‘Q.-:y) PQ =P. (;'Q':x'i'zgw) Q

+m(§ﬂzz+ %‘Q'zﬂ) pP. (%‘Q”‘”-{- %Slw)m-lQ-l- e

+ (zﬂn’* %QW)MP- Q,

by the method of Leibnitz’s theorem. Hence the conclusion
is immediate.

Since z* = 272¥~7, the power of z which divides through is
2“~%, where w is the weight of the final coeflicient on the
supposition that 2 has zero weight, i.e. of the covariant, and
@ is the order of the latter. The difference w—w= is the weight,
on the same supposition, of the coefficient of 2.

299. The search for covariants of ternary quantics is then,
as in the case of binary quantics, coextensive with the search
for their leading or end coefficients, it being equally reasonable
to consider the coeflicient of &7 or ¥ or 27 a leader.

Take S”, the coeflicient of 2%. 1t has, as has been seen, the
four annihilators Losr Ly Dyrsy Dy

By § 286 (13) if Q,, and Q,, annihilate a function, then Q,,
mast. Thus we may say that S has the three annihilators
ﬂzz’ va’ sz,
and, as a consequence, also the fourth Q ..
We proceed to see that any rational integral function §”
1431 ce
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with these properties is the last coefficient in a covariant, or
a sum of last coefficients in more covariants than one. (This
latter will be the state of things when §” is a sum of parts for
which = in (5) below has different values.)

Let us adopt the notation of the cubic for simplicity. That
Q,, and Q,, are annihilators tells us that S” is a full invariant
of the system

“a ’
a2 +byy,
G +2bwy +epy?,
ay®+ 3D %y + 3 cywy? + dyy®;
and that Q,, is an annihilator tells us that it is a seminvariant
of the system d,
]

.. (1)

€2 + 6y,
by2® +2bjex + bya?,
ay2® + 3a, 222 + 3a, 2a? + aya?,
or, let us say, that it is an anti-seminvariant of the system
dy,
Cx + €2,
byx? +2b,xz +b,2%,
23 + 3 a, 22 + 3 a,a2? + a, 2%

. 2)

The consequence that ,, is an annihilator tells us that in
virtue of having these properties S8” must be also an anti-
seminvariant of the system

oy

by e L e
Coy? +2byz +ay,2, }

doy® + 8¢,y%2 + 3b,y2? + a,2°

Taking for 8” any solution of ,.8"=0, ,,8”=0, Q,,8” =0,
let us form from it the function
egnzrf'g ﬂtzS,/’
remembering that Q,, and Q,, are commutative. We proceed
to see that this, made integral by the lowest necessary power
2% of 2, is a covariant. :
Because 2,,58” = 0 we can form from S” a covariant

x
Zwe; ﬂus/,
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of the system (2). Call this
@ (w—1)

o w-1
2"S+ w128, + T3

2% 2228, + ...
+waz® 18, +2%8". ... (4)
The order = here is given by

@ = 84y + 24, + 4, — 2w, .. (8)
where w is the sum of the suffixes in S, or, to express by what
is known, w+ w is the sum of the suffixes in 87, and 144, 7,, 7,
are the degrees of 8” in a’s, in 0’s, and in ¢’s respectively.
= is non-negative by the known theory of binary quanties.
If for different parts of 8" this expression for = has different
values, the present and following reasoning applies to those
parts separately. By 8” we now mean such a part.

Now 8§, 8;, S,, ... Sy_; are all seminvariants of the system
(1), of which §” is an invariant. For, § 286 (4), whatever be
the function operated on

Q2 = 2,2y,
whence
.QWSE,_]_ = .QMQWS” = QmﬂwS” = 0,
because (2, annihilates S”; and
QySa-y =2 328, = 32.,2,.8, = 0,
&e., &c.

Again 8, 8;, S,,... 8g-;, 8”7 are all annihilated by Q,,.
That S” is so has been seen above. Also it has been seen,
§ 286 (12), that ‘Q'y/zﬂ:.x_ﬂzzﬂw — —Q””,

Thus
Q801 = 24,28 =(Q,2,,—2,,)8 =0,
because Q,, and Q,, annihilate S”;
‘an'gw-z = Qw % ‘Q'zxsw—l = ’]z' (QMQW—-QM) Sw—l =0,
because ©,, and Q,, annihilate S;_;; and so on.

Thus S, 8,, S, ... Sz-1, S” are all anti-seminvariants of the
system (3). The first, as we shall presently see, is an invariant
of the system. %0

All of these when operated on by ¢z and made integral
by multiplication by just adequate powers of z will then
produce covariants (invariants a particular case) of the
system (3).

Now these covariants are of orders 0, 1, 2,...w—1, =
respectively. For in the first place 87, an invariant of the
system (1), is unaltered, except at most in sign, when inter-
changes are made in it gﬁ;xivalent to the interchange of & and
y in the system (1), us 8” is the same function of the
coefficients in the system (3), but for sign at most, as of those

Ccc2
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in the system (2). It is, as we have seen, an anti-seminvariant
of both systems. The covariant of the system (3) of which it
is the last coefficient is then of the same order = as that of
the system (2) of which it is also the last coefficient, and
which has been written above (4). This proves what is
wanted as to 8”. Now S,_,, which is obtained from 8” by
operation with Q.,, i.e. with

d d d ) d d
(lxo-bc—tl +2a,b—a-; +3a2b_a_; +b0-b—5; +2[)l—b~b—2 +605-E]:,
is of weight (sum of suflixes) one less than w’ the weight of
S”. Also if ¢, 3./, ] are the degrees of S” in the coeflicients
of the cubic, the quadratic and the linear form of the system
(8),sothat o — 3i/ 494/ 4i/—2 (W —m)
= 2w — 8¢/ —24) —1/,
the sum 3%, + 24, + ¢, for Sg_; or ©,,8” is 34+ 26, +4,"—1;
for the operation replaces in each term one of the coefficients
of the cubic by one in the quadratic, or one in the quadratic
by one in the linear, or, &. Thus the order of the covariant
of (8), which S5_, ends, is
w = 2w —1)=30—2//—i/+1
=w-1

In like manner Sy_g, Sa_y, ... S, 8, S produce covariants of
(3) of orders w—2, w—3,... 2, 1, 0 respectively, the last being
therefore an invariant of the set (3).

It hence follows that the covariants of the set (3) in which
8, 8, ... 8z_q, 8" are the last coeflicients are respectively

Y ey

Yo, -1 Yoy 2 7
Sy, 2% ler U Sy, 26t S

Y Y
Sore:"8, ze
Thus the expression (4),

~1
xS+ wa® 128, + ﬂ;’..z, ) a® 2228, + .. +waz® 18, + 2787,

x
i.e. 2%er =8 , is the part free from y, and consequently z*8”
the part free from « and y, in an integral expression

z"e%n'”e;n”b"’, or z“egn‘"+§n"8",
which is of the form (§ 297) of a covariant of the ternary
quantic.
The notation of the cubic bas been used, but the argument
is general.
he expression found from S” is easily seen to obey all the
conditions for a covariant. It has been constructed so as to
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be a function of # and covariants of the system (3), so that it

. - 2 0
is annihilated by 9”;—3/5; and Q,,—2 . The symmetry

oy

of its form in x and y tells us that it is also annihilated by
d d

Q. —x Y and Q.,—z 3o Now annihilation by these pairs

necessitates annihilation by the third pair Q,, -—ws% s Qy—Yy 535;,

just as in the case (§ 289) when , ¥, z did not occur. This
can be seen by the properties of alternants contained in the
first example following.

LEx. 10. Prove from §§ 284, 286 the five triads of facts as to
alternants of which the types are

J
(20m255) (Qumr5) = (20mv5) (24=253)

oy
= 111_?/33‘; +z§;’
(=t ) (25 5) = (2em23) (Yemv3) =0
(Qx”_w S};) (Q"_x—bc;) - (‘Qx_fl’ S;) (Slxl,—x 5?/) =0,

d p} b} d p:]
(Q.,,-—.z: b—;) (Q;x—z ﬁ) — (Sl,,,c —z b_a-c) (Q,”—m 5—3—/) = Q,,—= g/»

2 d 0 2
(nyx"'?/ 570) (Qm__w_b.;) - (ﬂu—x 3—;) (ch—?/ 353)

d
= —SZ,,,,-{-yb—z'

v Yo

Ex. 11. Vary the argument in the preceding article so as to find
the covariant whose last coefficient is §” in the form
z“e;
Ex. 12. As in § 285 prove the fact already known from Chapter I1I,
that throughout a covariant of degree ¢, order =, and weight w
ip—3w+2m =0,
weight being estimated in either of the three ways.

a y
z2Q
gt O S,

Ex. 13. The order of any covariant of a ternary cubic is a multiple
of 3.

Ex. 14. The excess of weight over degree in the coefficient of 2% in
a covariant of a ternary cubic, z being of weight zero, is non-negative
and even.,
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300. Has a ternary quadratic any covariants? Let us
examine for covariants the ternary quadratic

w = a2+ 2byay + oyt + 2 (@2 + b,y) 2+ g2t
The coefficient S” of the highest power of 2z in any covariant
is an invariant of the system
@ @? + 2byy + ¢y,
alw + bl Y
Ay
It is consequently a rational integral function of
@yCo—by? = a, say,
b2 —2bya b, +cya? = B, say,
and g
It is also annihilated by

Q.. = 2 2 2 +b 2.
,z=(l2571+ (Llja‘(—) 15—1)—0
Now Q.0 = 2a,¢,—2bb,,
Q,.8 = 2a,(a,0y— by by),
and Q,.a, = 0.
If then it be f(a,, a, A),
d d d
‘Q’xzf(az’ a, fB) = b’é“ﬂ‘%*‘ b’—(flﬂua+ abgﬂzzﬂ
J J
= 2 (a,60—b;b,) (Sia +a25'%) .
Thus dof
Sa +a, 579 =0,

so that « and B only occur in f in the connexion a,a—p3.
Consequently

S = F(ay, ayayco—ayb? —a,b? + 2bya,b,—cya?),
where the second argument is the one invariant (§ 290), the
discriminant D, of u.

S” is then such an expression as a,"D", or a sum of such
terms. It can, in fact, be only one such term. For it has to
be homogeneous and isobaric, the 2 which it multiplies
being taken as of weight zero, and these two facts give
m+ 3n = constant and 2m + 271 = constant, so that m and
7 are constant.

1 @
Now the covariant z'"eg"'”?“" &
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determined from a final coefficient S” is unique. Also w™D"
is a covariant of w with a,™D" for final coefficient. There is
then no covariant which is not of the form w™D"

In other words, a ternary quadratic has no covariant which
is not a mere product of powers of its discriminant and itself.

301. Covariants of the ternary cubic. The cubic is taken
as before to be

ayx® + 3032y + e,y + dyy® + 3 (a2 + 2D, 2y + ¢, 9?) 2

+ 3 (ay@ + b,y) 22 + ;2%

It contains ten coefficients and three variables, together
thirteen. The general scheme of linear substitution contains
nine constants. These, eliminated between thirteen equations
expressive of the identity of old and new forms, leave four
equations connecting old and new coefficients and variables.

We must be prepared then to meet with four absolute
covariants and invariants of the cubic, i.e. to meet with five
quite independent covariants and invariants, including the
cubic itself. We have already met with four, the cubic itself,
the invariants S and 7T, and one covariant the Hessian.
Another independent one must be expected.

Before secking it let us illustrate the methods of §§ 296-299
by finding the one covariant which we already know, i.e. the
I-%;ssian, of degree 3 and order 3, and consequentlff (§ 299,
Ex. 12) of whole weight % (9+6) = 5. This must also be the
weight of the coefficient of 2° in it.

We seek this coefficient of 23 i.e. an invariant of degree 3
and sum of suffixes 5 of the system

ay2® + 3b,3y + 3cwy? + dyyd,
aa? +2b @y +cyh

(1
4,3 +by, M
Asg,
which is annihilated by
d d d d d d
Q.. = (/033—(1;‘ +2a25;; +3a1£; + bz 5-1-)-" + 2()15-5‘-) + 015-(—};

d
= aab—a-; +5’, Say.

It must involve a,. Moreover it cannot involve ag? for the
weight of this exceeds 5. Let it be
as P+ Q.

Here P and Q must be separately invariants of the binary

system above. P is an invariant of the system whose degree
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and weight are both 2. It must then be a,c;—b?2 Now,
expressing the annihilation of

> ag(#;06,—b,%) +Q
by %3&; +9%, we have, by taking the terms in «? a,, 1

separately,
Sa (@,c;—b,2) = 0, which is obvious,
2

d
EQ*‘S (@01=b%) =0,
3Q =0;
of which the second gives
d
S,
ie. Q = —ay%c,+2a,b,b, + R,
where R is free from a,, and has so to be chosen that Q is
an invariant of the system (1). It is made one by taking
R = =b,%a,; for which 8@ is seen, as it should, to vanish,
Thus ¢, (ay0,—b2) — agle, + 2a,b,5, — by?a,} 2°
is the last term in a covariant, the whole expression of which
is obtained by operating on the term with

ezlﬂzy-’-; ﬂzz.

Q= -2a,201+2b2a1,

The coefficient of 2° is correctly
ay, by, a,
by, e by |,
g, by ay
and the whole covariant is, as it should be,
1 Ry Nu  Fu
3y, Ry Ny
Ru  Fu 2y
Ex. 15, Prove that for the canonical form 2®+ 3°+ 2® + 6 mayz the
covariants — 7w+ 24 SH and 8 S*u+ 3TH are
(148m®) {(4m*—1) (2 +y*+2°) + 18mayz}

I
B

and o
(148m®) {m*(5+4m®) (2®+3° +2) + 3 (1— 10m*) ayz}. (Cayley.)

302. We have to seek another covariant of the ternary
cubic, independent of u, S, T and the Hessian H.
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We have seen that there is no other invariant independent
of Sand T. Also the covariant H of order 3 has been found
as the only one of that order distinct from u itself.

Now (§ 299, Ex. 132l the order of any covariant of the cubic
is a multiple of 3. The next possible order is 6. We proceed
to see that there is a covariant of order 6 and degree in the
coefficients 8, which is independent of , H, S and T.

We have already two covariants of this order and degree;
viz. wHS and u?T. We seek a third, by looking for the
coefficient in it of 26

By § 299, Ex. 12 the weight of the covariant is 12, which
is the weight of wHS and w*T. The weights of the coefficients
of 2% are equally 12.

The highest power of a, which can occur in the coefficient
sought is then a,*, whose weight is 12. The coefficient of a,*
in 1t must be of weight zero, so that that coefficient is a
function of «,, b,, ¢y, d, only, and, being an invariant of

@, + 3y @*y + 3¢, 2y® + dy P,
a, 2%+ 20,2y + ;9% v (1)
a, + D, y,
must be an invariant of the first only, and so, being of degree
4, must be a numerical multiple of
(@ydy—byco)* — 4 (ayco—by?) (bydy—cy?)-

Now a,* times this is the corresponding coefficient in u*T.
Thus, after subtracting a numerical multiple of u2T, we have
left in the coefficient of 2° no term involving a,*. It suffices
then to look for a covariant in which the coefficient of 2° is of

the form a?P+alQ, +a,R, + 8,

We have to determine P, @, R,, 8, as invariants of the
system (1), in such a way that this may be annihilated by

\sz, i.e. asé‘?—“z +S'.

As in § 301 we must have

b—b—%Pl =0, ()
—3—3—2Q1+3P1= 0, . (3)
SP@R‘+’9Q‘= 0, e (9)
2,_3&-231+3121=o, . (5)

38, =0 e (6)
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The first of these tells us that P, does not involve a,, and
consequently that it is an invariant of the cubic and quadratic
in the set (1) only. Its degree is 5 and its weight 3. Now
(§ 260) the only invariants of the quadratic and cubic of this
degree and sum of suffixes are

AF = (a,0,— b)) {0, (bydy— ) — by (o~ bocoz b))

+¢; (aycy—by?)
and (§ 261, end) e
G = ald?+cla2—6a,2b,cod,—6b,c,2a,b,
+2 (ay0,+ 2b7%) (@ybydy + ¢1¢9¢)) + (ag0, + 8b%) (10 + €,b,7)
—2a,b,c,a0dy—2b; (5aye,+4b,%) bycy s
and of these the first is the coefficient of a,3, the highest power
of a; which occurs, in the coefficient of 2¢ in «HS. We may

subtract this covariant, and look for a covariant in which the
coefficient of z° has the form

a0 +a2Q+a R+ 8.

With some labour, by successive use of (3), (4), (5), (6), we
can determine @), R, S as invariants of the system (1). For
their expression we need, besides G above and 4 to F of § 291,
the following other invariants of the system, taken from § 260
by aid of § 262,

K = c,0,"—2bya,b, + a,0,%, [§ 260 (1)],

L = a,b,® — 3bya,b,% + 3¢,a,2b,—dya%, [§ 260 (3)],

M = (a,by~ayhy) b’ = (20,00 —b; by — ¢, a,) @,y

+ (@ dy+ byeg—20,bg) a2, — (b, dy—¢y00) @, [§ 260 (7)].
We find that

Q=44AB—-3D*-2FK—-8AE+9A4°

R=3DL+8AM—-BK+6EK—114°%K,

S=3AK*-I1*—~6KM.

The only point of difficulty which presents itself in proceeding
by means of (3), (4), (5), (6) is the determination of the coef-
ficient of A% in Q. This has to be chosen so that the eventual
value of S shall be annihilated by 9.

The above found are not of course the only, or probably
the simplest, expressions for @, R, S in terms of invariants of
the binary quadratic and cubic, of which there are five besides
the ten A, B,...L, M, as these are connected by many
syzygies,

303. From this coefficient of 2% in the new covariant the
full expansion of the covariant, which call &, may be obtained
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by either of the methods already detailed, i.e. by operating

Yy x
on it either with z%¢* ® or with zeegn”egn"', or by sub-
stituting in it for a,, b;, ¢;, a,, by, @, the expressions
1% 1 %y 1% 1w 1du
6 a2 Somoy’ 6oy 335 33y’
and dividing through by the power of 2z which occurs as a
factor in the result, 1.e, 2°,

For the canonical form &3+ 4%+ 2%+ 6mayz we at once see
that A=-m2,C=1,F=~m,while B, D, &, G, K, L, M all
vanish, and @, = 1. Thus the coefficient of 2% and therefore
of m“;l-y°+z“, in the covariant ® of the canonical form is
—9mb.,

For the semi-canonized form ax®+ by®+c2®+ 6mayz the
coefficient of 2¢ in & is in like manner — 9¢*m?¢ so that ® has
the three terms — 9mO(a?x® + b24/® + ¢22°).

For the canonical form the coefficients of 2¢ in wHS and
w?T are —mP+m® and 1—20m®—8m® respectively. The
covariant @ is the Ou of Cayley’s third memoir. The ® of
Salmon’s Higher Plane Curves, § 281, has for its 28 coefficient
3m?+6m?s, and is —(®+3uSH). O itself might with equal
reason be taken as fundamental.

To find the full expression of ® for the canonical form
2% +y°+ 2% + 6 mayz we have to put, in the general expression
for the final coefficient found in the last article,

o+ Y2 +28 4 6mayz; o+ 2myz, yi+2mew, 2%+ 2may ;
x, mz,y; 1,0,0,1,

for Og3 gy by @y, by, €15 g, by, €y dy,
respectively, and divide by 2% The result is that for the
canonical form

D = —9mS (23 + Y3+ 2°)?

—(2m+5mt+20m7) (2 +y° +2°) xyz
—(16m2 + 78mb— 12mB) a?y22?
+ (1 + 8m3)? (y32° + 2323 + 3y?).

This is not a quadratic function of a®*+y%+2% and ayz. It

is then irreducible in terms of u, H, 8, T.

®
Qey + 0

304. The system u, H, S, T, ® is an algebraically complete
one of invariants and covariants of the cubic. Any other
Covariant is a funetion of them. But there is another covariant
which is irreducible. It was obtained by Brioschi, and is, for
the semi-canonized form ax®+ by® + c2®+ 6 mayz,

(abo-+ 8% by %) (e — ) ().
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304 (bis). General theory resumed. A generator of all
ternary covariant sources. For reasons expressed in §§ 297-
299, and in keeping with a usage (§ 109) as to binary
covariants, we will give the name ternary covariant sowrces
to rational integral functions annihilated by Q,,, 2.,, 2,, and
Q,.. A covariant source in the coefficients of a p-ic is not
only the coeflicient of the highest power 2@ of 2z in a covariant
of that p-ic, but also the coetlicient of the highest power of z
in a covariant of any (p + r)-ic which has, but for the appro-
priate multinomial coeflicient multipliers, the same coefficients
as the p-ic in its terms up to the pth order in « and y.

As in the case of binary quantics, there is convenience in
allowing the idea that the order p+ 1 may be increased even
to infinity.

Let us use a double suffix notation, and write a ternary p-ic

rHR=Pp p!
2 —~——~—————c‘z”"""w"y’~
] ) 8 b
T=M=0'r!s.(p r—s)!

but let us consider an infinitely continued double system of
coeflicients

o0
C1o s Co
Coo s Ci1 s Co2

€0 » Cu 5 C1z 5 Cog
the first p rows containing those present in a p-ie, for any p.
Let us also (in this article only) adapt the four operators to
this infinitely extended system, writing

0 d d d
QyzEE:.: {0’.0—‘—-‘“ +2C,--11r+---+7'01,-_150—-}’
or

a(."-11 r—2 2
Q. = r—swo{ p.] ) d
“”=2r=1 7‘r—11m+(7—1)0,_22-bzl_1+...
gt
T
— r+8 w d
Q“ = ,.=0—_:__.0{(’7'+1)Cn de }’
r+18
- 48>0 9
Qy: = 2,‘__.0 3=0§(3+ I)C"T} 9
ra+l

so that the Q,,, Q,,, Q,., Q,. appropriate to a p-ic are the
parts of these which mention no ¢,, with 7 +s>p. The alter-
nant equalities of §§ 284, 286, 287, with H,, H,, H, infinitely
extended, hold for the extended operators. Any homogeneous
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rational integral function of the coefficients which is anni-
hilated by the extended Q,, Q,,, .., Q,, will be & covariant
source for a p-ic and every (p + 7)-ic if it involves no coefficient
for which r»+s>p.

We can now prove it possible to find by direct operation all
covariant sources in the infinite double system of coefficients,
though not to dissociate from the rest those appertaining to
a p-ic without solving systems of linear equations.

A rational integral homogeneous function of degree ¢ which
ig annihilated by ©,, and Q,,, being an invariant of the binary
quantics ¢y (z, ¥)° (€105 Cor) (%, )5 (Cans €115 Cog) (% )%, &e., con-
sists of terms in each of which the sums of first and of second
suffixes are equal, and the same for all terms: these are the
conditions of § 31. Also (§§ 180, 181) every such function is a

¢ F,
. - Q”/ QI/T Qz”2 Q”Tr‘l Qa'lla Qﬂxs
where ¢ =1+ ey TT.atsa T

and F consists of terms of the degree and equal sums of
suffixes in question. Conversely every non-vanishing ¢ ¥ is
annihilated by Q,, and Q,,.

If now we take for F' a function of the degree and equal
sums of suffixes which is annihilated by ., and Q,,, the
derived ¢ F will be itself annihilated by ., and 2,,, as well
as by Q,, and £,,. To prove this we will show that if Q,, and
Q,, annihilate F, they also annihilate Q,,Q,, F, Q,,2Q,2F, &ec.

V\ye have 2,.Q,,—Q,.Q,, =Q,,
and ‘Qv: ‘Qt/x - ‘QW ‘QW =0,

so that if Q, and Q, annihilate F they annihilate Q,,F.
Similarly they annihilate ©,,F. By a succession of uses of
these two facts it follows that they annihilate every
Q""" ... F.
oreover, conversely, every function with all four annihi-

lators is a ¢ F, being the result of operating with ¢ on itself.

It follows that, if we can write down the sum of arbitrary
multiples of all functions of the degree ¢ and the given equal
sums of suffixes which are annihilated by £2,, and 2,,, thus
obtaining the most gencral F of its type which has those
annihilators, and if we derive from it the gencral ¢ F, this will
bé a sum of arbitrary multiples of all the functions of the type
which possess all four annihilators.

We have then to look for functions F such that Q. F =0
and Q,, F = 0.
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Now, if @ is any finite rational integral function of coeffi-
cients chosen from the double system,

1 ,
{coo - (CIO'QM + ¢ ‘Qw) + 1"2 (020 ‘szz +2 cll‘Q'xz ‘Qyz + cozﬂvzz)

e )

which call v @,

is annihilated by Q,, and by Q,,. The verification is imme-
diate when we remember that Q,.Q,, = Q,.Q,,, and that, for
some finite and all greater values of », Q," and Q,." must
annihilate a @ of finite degree in given ¢’s.

Conversely, every F annihilated by Q,, and by Q,, is a ¢ G.
By § 119 it involves ¢,,; and we will prove the statement by
showing that d
F =y —F.

3¢cg

From d d d
e R Tasyh il P
d d d
an Q Q, = -8

YT VI ACys
it follows that, when the operation is on something annihilated
by .. and Q

Y79

P) d b P
Qz;sa-—l;— -—’I’bc", and QWS-(::__I_ —-sac"9
so that, by =+ s repetitions of operation,
1 d J
r s — ( 1)+
Tl Q.. Q,, e, (=1) o’ for every » and s,

and consequently

a—c 2 (4 b+c a+c b+c a+c B+
‘1'5507)"'003600'* 03¢y, T nde, T g, Tougg, Fouge e

which simply multiplies & homogeneous function by its degree.

Accordingly, observing that operation with y adds one to
degree, while it does not alter either sum of suffixes, we have
proved that ¢y is an operator which derives from the most
general (G, of degree ¢—1 and equal sums g of first and of
second suffixes throughout, the most general covariant source
of degree ¢ and the same sums of suffixes g.

It 18 not the case that it produces all covariant sources of
this type for the p-ic from the most general @ which involves
only coefficients in the p-ic, except In the very limited class
of cases when 2¢ 3 p; for in general the result of operation
with ¥ on this G will involve, to the first degree only, more
advanced coefficients c,, than occur in the p-ic.
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To obtain all covariant sources appertaining to the p-ic we
might, after having obtained the general y G for a given ¢ and g,
equate to zero the coeflicients in it of those products whic
involve letters not present in the p-ic, thus determining some
of the arbitraries as linear functions of the rest, and leaving
the most general limited y G which contains only coefficients
in the p-ic. Operation with ¢ on this limited G would give
what is required.

305. Contravariants. A contravariant of a ternary quantic
w is (§ 66) an invariant of the system consisting of u and the

linear form Lxtny + (o

in which the coefficients of the latter are present.
Now the annihilators of invariants of two ternary quantics
u, v are

Qyz + ‘Q',yxa ‘Q'zu + ‘Q',xy ) ‘Q;:y + Q,zy ’
Qu; + Q’yz, Qz‘z + ‘Q’,a:m sz + Q’zm!
where unaccented Q's are the annihilators of invariants of u,
and accented Q’s are the corresponding annihilators of in-
variants of v. This is proved exactly as in §§ 281, &e.
A contravariant of w has then the six annihilators

J
—b—c 1
d d d
‘Q’yz+<—b—n’ Qxa'*'{své’ ‘sz"'f'b—z’

and all properties of contravariants, except the one fact
ip +=’ = constant, where @’ is the order in & 1, {, or the class,
are consequences of these six facts of annihilation.

Notice the distinction between corresponding facts of
annihilation as to covariants and contravariants. In corre-
sponding annihilators

d 9
‘ch'l'fa_n’ qu"""]i’f‘? -sz'*'ﬂ

d d
sz—?/'b‘;;’ ‘Qw'l'fﬁ’
x :3nd y correspond to n and —§, and not to ¢ and 7 or ¢
and —. ,
It is not hard to see, by proceeding as in § 296, that the
coefficient of (®’, the highest power of { which occurs in any

contravariant, is to be determined so as to have the four
Nlnlhl]&tOI'B ﬂyz’ 'ﬂzy, ‘Q'zm ‘QZV’

whereps the four annihilators of the last coefficient in a
covarwant are Quar Ly Qs Q.
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A function of the coefficients which is annihilated by
ﬂyza Qxy’ Q:z
is necessarily also annihilated b{ Q. by § 286 (10). Thus
three facts of annihilation suffice for the coefficient of (@',

It can also be seen, as in the case of covariants, that, when
the final coefficient in a contravariant is known, found as any
homogeneous function annihilated by Q,,, 2., and Q,,, the
whole contravariant is determined in the form

¢ n
=5 00— 0y

(e ¢ ¢S,

where 2 is the coefficient in question.

In a covariant the last coefficient is the one of greatest
weight (sum of suffixes). In a contravariant, on the other
hand, it is the one of least weight. This is reasonable, for, to

make Ex+ny+ ¢z
isobaric when we take @, ¥, z of weights 1, 1, 0, we naturally
take & 1, ¢ of weights 0, 0, 1. :

Ex. 16. A ternary p-ic (p>2) cannot have more than, and is to be
expected to have exactly, 3 (p+1) (p+2) —5 algebraically indepen-
dent contravariants and invariants together, i. e. the same number as
of algebraically independent covariants and invariants together.

306. Contravariant of ternary quadratic. The method of
evectants (§ 67) is a fruitful one for the discovery of contra-
variants.

The ternary quadratic

o2+ 2byxy + ey + 2 (4, @ + by y) 2 + @, 2%
has only one contravariant. It is the evectant of the dis-
eriminant o o 4. + 26,0, b, — ayb,2 — @, — byl ay,
i.e. is formed by operation on this with

9 J d o ] d
2 2 © 2l
3 da, +én b, +n de, +£{bal +"(be +¢ da,’

and is
(coay—0,2) €2 + 2 (a,b, — by @) &n + (@@ —a,?) 0
+2 (Byby —coay) EC+2 (o @y —aghy) n+ (o —b,?) (%
Geometrically its vanishing expresses the tangential equation
of the conic denoted by the quadratic, or the noint-coordinate
equation of a reciprocal conic. Such a contravuriant has beenh
called the reciprocant of a ternary quantic. This word has

been also used by Sylvester and others in a totally different
sense of wide application.



306] CONTRAVARIANTS OF TERNARY CUBIC. 401

. Ex. 17. The result of substituting du/dw, du/dy, du/dz for ¢, 1, {
in the reciprocant of a ternary quadratic » is four times the product
of » and its discriminant. (Cayley.)

307. Contravariants of the ternary cubic. The method of
evectants also gives three contravariants of the cubie, in terms
of which and the invariants S and 7' all other contravariants
can be expressed, not however rationally and integrally.

We cannot expect more than three contravariants absolutely
independent of one another and the invariants. For the cubic
ay® + 302y + 3¢ xy® + doy® + 3 (a2 + 20,2y + ¢, y%) 2

+ 3 (ay2 + byY) 2* + ag2°
and
Extny+ (e

contain together thirteen coefficients, and the scheme of linear
substitution contains nine. Now elimination of nine quantities
from thirteen equations leaves four only; and if there were
more than five independent invariants and contravariants
there would be more than four independent absolute invariants
and contravariants, i.e. more than four independent results of
elimination of the nine constants of substitution from the
thirteen equations.

Now the first evectant of S, and the first and second
evectants of 7', are three independent contravariants,

We may readily form two of these three contravariants for
the canonical formn of the cubic.

For the semi-canonized form

ax® + by? + c2® + 6 mayz
the invariants are (§§ 292, 293)
S = m (abec—m?3),
T = (abe)?—20m3abc—8m?.

Now we know that it is not safe in general to assume that
we can correctly obtain, by use of canonical or particularized
forms, concomitants from other concomitants by processes
which use differentiation with regard to coefficients. For,
though a part of a concomitant may vanish when coefficients
which vanish in the case of a particularized form are made
zero, it is not as a rule the case that the derivatives of that
function with regard to those coefficients vanish.

* If, howeverywe regard the expression for S in § 291, we
notice that it consists of the part b, (v,dya;—b,?), which does
not involve coefficients that vanish for the semi-canonized
form, and other terms all of which are of the second or higher
1431 pd
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degrees in these coefficients. The derivatives with regard to
all these coefficients will then vanish when the coefficients
themselves vanish. Moreover, if we regard the process of
formation of T from S by means of the Hessian, we see that
the full expression for 7 also involves, besides the terms
which do not vanish for the semi-canonized form, only terms
of the second and higher degrees in the coefficients which
vanish for that form.
For the semi-canonized form

ax’ + by® + c2® + 6 mayz
we consequently correctly form the first evectants of S and T’
by operation on the expressions above for those invariants with
d d 9 d
3. 9 3 9 3 ¢ — e
Esatrsp + % Hilsn
Thus the first evectant of S is
P = m (be &2+ can®+ab(®) + (abe — 4m?) &n¢,

and the first evectant of 7', divided by 2, is
Q = (abc—10m3) (bc & + can®+ ab (?) —m? (80abe + 24m?) &nd

To obtain correctly the second evectant of 7' it would be
necessary to retain in the full expression for T, not only the
terms in @, b, ¢, m, but those which involve to the second
degree coefficients which vanish for the semi-canonized form.

The coefficient of ¢ in the full expression for this second
evectant of 7' is

(g —byco)* — 4 (agCo—by?) (oo — o) 5
for this is the coefficient of af in 7. The contravariant is
then
-{0,.-10,

(%e ¢ $ 7 {(@gdy=bycy)? =4 (aeeo—by?) (body—c?) }.

Another way of ﬁndin% a contravariant which proves to be
the same is suggested by geometry. Its vanishing is the
condition that the line

Ex+ny+{z=0
should touch the cubic. Thus, to find it for the semi-canonized
form ax® + by’ + c2® + 6 mayz,
we may express that
® (aa® + byP)—c (éx +ny)*— 6m ({x+ny) (Pay,
considered as a binary quantic in @, y, may have a square
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factor, i.e. take the diseriminant of this cubic in @, y. This
discriminant, divided by (¢, is
F = b2c2¢£8 + c2a2yP 4+ q2b2 (8
—(2abc+32m®) (@an®* P+ 0P E+cE39%)
—24m?&n¢ (be €2+ can® + ab () —24m (abe + 2mB) £292 (2
For the fully canonized form
2% + Y%+ 23 + 6 mayz
the three contravariants are
P=m(&+n°+ )+ (1—4m?) ¢,
Q = (1-10m%) (& +7°+ (*) —m? (30 + 24m°) &n¢,
F=£+n°+ (" —(2+382m°) (n* P+ (£ + £39°)
—24m2 (€3 + 13 + (%) — (24 m + 48mH) 222
P is called by Cayley (who takes — P) the Pippian, and by

other writers the Cayleyan. @ is called the Quippian. F is
the reciprocant.

308. In terms of P, @, F and the invariants S and T all
contravariants can be expressed. There is, however, one more
irreducible contravariant which is not a rational integral
funetion of them, obtained by Hermite. For the semi-
canonized form aax®+ by +c2®+6mayz its expression is

(abe + 8m?)® (cn®—b(?) (a B—c &) (bEP—and).

Ex. 18. Prove that 45Q —37P and 7Q + 48 8P are cubic con-
travariants whose canonical forms are
(14 8m) {m(°* +7° + %) —3én(}, (148m")* {(1 +2m?) (£ 47"+ ()
+18m*én}.  (dronhold.)
Ex. 19. The result of putting du/d, du/dy, du/dz for & n, { in
F the reciprocant of a ternary cubic « is the product of u and
a covariant; and the same is true as to the reciprocant of any
ternary quantic. (Cayley.)

309. Mixed concomitants. A mixed concomitant of a
ternary quantic 4 may be regarded as a covariant of the
system consisting of u and the linear form

fx+ny+ o
It has then the six annihilators
d d d d d d
Q"+£-3—11 *3/3&» ‘sz'l'n'b—c "'zs‘:';) Qn‘l'{s_é —mﬁ,

9 d d d d d
sz'l'ﬂb”z‘w@’ ‘Q‘yz""Cs?' '—yﬁy sz'*’fﬂ —zb-af

pd2
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If a mixed concomitant of a ternary p-ic is of orders o, =’
in , 9, z and §, 7, { respectively, or say of order = and class
o', it readily follows that the terms of it in (®’ have the
annihilators

d d d 9
‘Q'm:'_y'b_w‘9 \Q”-—w-g?;, ‘Qz "ZS;:: 'sz—z @s
of which the first two and one of the others necessitate the
fourth.
If P¢™ denotes the aggregate of these terms, the whole
concomitant is e 'E - Sb"z )- 'Z' (Oue- _Sa_z ) P

If Sz@ is the highest term in z which occurs in P, then
S has the annihilators Q,, Q,,, and is consequently an
invariant of the system

(@05 By Cps s .2) (2, 9)?,
(ay, by, ¢q, 000) (2, )P,
(ag; by, ...) (=, )72,

Up1®+ by s
a,.

x Yy
. N —Quzt+ =0
The whole expression for P is z27¢* ~ : 8.

Consequently, if Sz%(® is the last term in any concomitant,
the whole can be derived from it, and is

¢

) d
N L P G PR LY

2%e

As to = and =" the former may be taken arbitrarily not
below a certain limit; viz. not below m where m is the first
integer for which (#Q,+y,,)"*'S=0. =  is then deter-
minate and has a constant difference from =. If K is the
concomitant for the lowest value m of =, the concomitant for
any higher value of = is merely (éz+ 9y + (2)"-™K. In fact
the whole concomitant, which may be written

1 9 fg 19 % y
lee?(€5+’7y) dz, zwe— gﬂn— §n"e?0'z+ TQWS’

is by Taylor’s theorem

£ -3 t 2 2 4 £
CWI_W (f-’v+ny+{z)"e_§n” ?ny [ezﬂ + zﬂﬂS]’

where in the square brackets (éx +2y + 2)/{ is put for 2.

Any invariant of the system of binary quantics writteh
above, i.e. any gradient annihilated by Q,, and Q,,, is the
final coefficient in a concomitant of some kind, i.e. an invariant,
covariant, contravariant, or mixed concomitant.
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A valuable authority on this subject is a paper by Forsyth
entitled ‘ Systems of Ternariants that are Algebraically Com-
plete’ (American Journal, Vol. XII).

_ Ex. 20. The number of algebraically independent concomitants,
including the p-ic itself and £x +ny+ (z, of a ternary p-ic is

3 (p+1) (p+2)—2. (Forsyth.)

Ex. 21. The ternary quadratic has a mixed concomitant whose
last term is (a,0—26,a,b,+¢,a?)2*(*; and in terms of this, the
quadratic itself, the discriminant, and £z +ny+ (2 all concomitants
whatever of the quadratic can be expressed.

Ex. 22. Any concomitant of the ternary cubic can be algebraically
expressed in terms of §x+7y+ (2 and seven concomitants whose last
coefficients are functions of the results of replacing x, y by b,, —a, in

(@01 o, €45 do) (2, 9)°, (ay, by, ) (%, ¥) (ans By) (=, ¥),
and their successive derivatives with regard to x. (Cf. § 263.)
(Forsyth.)

Ex. 23. Forming the Y& of § 304 (bis), with ¢ general of type
i—1, ¢, ¢, and observing that £+ Q 1Y G =0, i.e.

Qe (e sy =1 2) (2 Ry =2 . 3)..(Qys Ly — 7. 7 + 1) YE = 0,

so that Y@ is separable, as in § 128 (bis), into a sum of ¢4 1 parts
annihilated by the several operating factors ,,Q,, —r.r+1, prove
that the first part (» = 0) is the most general covariant source of
type 4, ¢, ¢ (§ 304 (bis)), and that the »-th (for » = 1, 2, ... ¢) is the
most general gradient of type ¢, g, ¢ occurring as the coeflicient of
E™"( in a quantic (&, 0, €)*" which presents itself as co-factor with
the highest power of 2z in a mixed concomitant of a ternary quantic of
high order. (Cambridge International Congress, 1912.)

Ex. 24. The whole number of the linearly independent gradients
of type 1, ¢, ¢ that are annihilated by £,, and by {,, is equal to the
sum of (1) the number of linearly independent covariant sources of
type %, q, g, and (2) the aggregate of the numbers of the linearly
independent sources of the g possible types i, g +7, g+7(r=1,2,...9)
of those mixed concomitants of the ¢ corresponding clusses (dimensions
in &, 7, () 2r which contain terms free from ¢ in their co-factors with
highest powers 2@ of z. [Mixed concomitants without such terms are
results of multiplying other concomitants by powers of the universal
concomitant Ex+ny+(2.]

310. The whole system of 4rreducible, pure and mixed,
concomitants of the ternary cubie has been found to consist
of thirty-four forms. This was established by Gordan (Matk.
Ann. 1), The system was systematically exhibited by
Gundelfinger (Math. Ann. VI); and calculated for the form
az® + by® + c2® + 6 mayz by Cayley (Am. J. IV).
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811. Quantics in more than three variables. With regard
to g-ary quantics in general Sylvester has given a theorem
which includes that of § 288.

For a homogeneous function of the coefficients in a g-ary

-tc to be am invariant it is necessary and sufficient tZat it
ve a cyclical set of ¢ annikilators of the Q type.

Let »,, x,, @,,...,2, be the variables, and denote a cyclical
set of Q's, whose symbolical forms as in § 282 are

d d [ d d
[mz bml] ’ [% bmz] S bwq_l] ’ [wl bwq] ’
by LT L PTRPIR R Q-

It can be readily proved by the theory of multiplication of
determinants that the modulus of the resultant substitution
which is the equivalent of a succession of substitutions is the
product of their moduli. But this is not essential to the
a,r%lmont, in virtue of the theorem of § 23.

y § 22 a homogeneous function of the coefficients has only
to be multiplied by a power of /, to become the same function
of the coeflicients in the quantic which is obtained by substi-
tuting la,, lx,, ..., I, for @, «,, ..., 2, in the given quantic.

By Chapter VI, Q, ;I =0 is the necessary and sufficient
condition for I to persist in form after the substitution of

T+ My, By, Lyyonny T,
for Lyy Byy Byyoony Xy
Thus Q, ;I = 0 is the necessary and sufficient condition for

persistencé of the homogeneous [/, but for a power of I, after
the substitution of

loy +lmz,, la,, lxy, ..., lx,.

Qy ,1 =0 is in like manner the necessary and sufficient
condition for persistence after the further substitution of
Vay, Vay+m'ey, Vs, ..., Uz, but for a power of I/, i.e. for per-
sistence, but for a function of the constants as factor, after the
resultant substitution of

Way +Iml’zy + Imm/w,, W, +Im'z,, Wa,, ..., W,
Repeat in like manner for &24‘3I » Q5 1,... 09, o 1. We

get eventually that there is persistence, but for a function of
the constants as factor, if and only if

Q. 1=0,90,,I=0,..,2,,I=0,
after substitutions of which that for «, is
M@+ Ay + ..+ A2,
where A, A, ..., A, are arbitrary, each involving an / or an m
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not involved in any previous one of them, while the substitu-
tions for x,, @, ..., #, though restricted are consistent.
In like manner, if and only if

93’21';"- 0, 94’31'—- 0,..0, &y =1L =0, Q,’q] =0,
there is like persistence when for z, a general substitution
R X T o L
is made, and for @), @, ..., ¢, restricted but consistent substitu-
tions.
Again, similarly,
94,3I= 0, 2 J=0,..., Q2’11= 0

express that there is like persistence when x; is generally
substituted for, and x,, @,, %, ..., %, consistently. And so on.
Repeat this process q times.

Now the result of this succession of substitutions is the
general substitution of

‘., ’

ASry A x4 A,

7 /2 ?
JTIE N o TR SRR o THE P
0y + 0y Byt L+ 0,y
for @y, @y, ..., Ty
The possession of the ¢ annihilators

Q1 Daareres D go1s Qg

is then necessary and sufficient for a homogeneous function
I to persist in form, but for a function of the constants of
substitution as factor, after the general linear substitution,
i,e. for it to be an invariant of the ¢-ary p-ic.

In like manner for C, for which ¢p—= is constant, to be
a covariant it is necessary and sufficient that C have g cyclical
annihilators d
'Q‘z, 1—“?25;1, &e.

Also for T, for which 4p + =" is constant, to be a contra-
variant it is necessary and sufficient that it have the ¢ cyclical
annihilators d
Q, 1+ &, &e.

» d 52

And for K, for which 4p+ %" —w is constant, to be a mixed
goncomitant it is necessary and sufficient that it have the
q cyclical annihilators

J P}
.(22,1+£13—£—2—w23—51, &e.
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312. Let us denote the general g-ary p-ic by

p!

T 7, 7,
e A (P Ty T T g
iyl rg!

U=3 CWe

where 7, 7,,..., 7, take all positive integral and zero values
such that P Ty F . T =D

Let A (ry7y, ...7,) be the coefficient corresponding to
a(ry rg,...7,) in the transformed p-ic.

There are altogether ¢ (¢ — 1) annihilators Q, ,, of invariants
I (a) of the p-ic—one corresponding to every choice of an n
and a different m among 1, 2, ... q.

The form of every L, , may be obtained as in § 90 by
applying the corresponding ‘infinitesimal transformation’—
¢ tending to zero—

=X, %, =X2,...,wm =X, +eX,, wm+1=Xm+l""’wa=X9'
We thus get QI (@) =0, v (1)

_ _ d
where Q, , = E{r,,u(...7,,,+l...r,, 1 )bm,)g
In addition to the ¢ (¢—1) differential equations (1), all
invariants I (a) satisfy g others, expressive of the constancy
throughout them, and the equality, of ¢ weights. These are,
forn=1,2,...q,
d

w, I(a) = E’)’” a (7‘1 Ty ves ’I‘q) W)

I(a)

=%pI(a,). .. (2)

They can be proved by applying infinitesimal transformations,
of which the nth replaces «, by (1+¢)X, and every other x,,
by the corresponding X,,.

Mr. T. W. Chaundy has derived all the ¢(g—1)+¢ = ¢®
differential equations (1) and (2) from the one fact that the
expression of invarianey of I (a) has the form

I(4)y = M1 (a), o (3)
where M= |1y, ly..0, |, (cf § 23).

l2‘l) l22’ see l2(1

bys Uiy oo lyg

The method might with advantage have been used in dealing
with binary and ternary quantics.
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Use the notation

oy =1 —9—+l —§—+ +1 R
um—lmblln zmblzn qma/w’

where each of m, » is any one of 1, 2, ..., ¢.
With m, n the same, we have

mn,nM = M, and Wy, Mivie = :I/_E Md'l'/q,
q
and, with m, » different,
wn,mM—': 0, and Wy, Jlip/' = 0.

Thus from (3) we obtain
wu1(4) =21 (4) o (4)

and, with m, n different,
W, m L (4) = 0. o (5)
Now, the formulae of transformation being
@ =0, X 41X+ o+, X,
=, X+ X+ +0,,X,,
&e., &e.,

the dimensions of any new coefficient A (r;7s,...7,) in
Lins Lzns s Um, the coefficients of X, in the linear expressions
for z,, @,, ... z,, are equal throughout to 7,, the index of the
power of X, which it multiplies. Thus, by Euler’s Theorem,

Ou w A (1 1y ) = ATy, 1Y),
so that by (4)

J 0 tion f
?:‘_IIZI(A) =ou,al(4) =2 {w"" 4. A4 I(A)}’ sun;!lllmAl’(;? "
J
=={ndz 1@}

which is (2) with large letters for small, so that the ¢ weight-
equations are given.

To prove equations (1), observe that, from the formulae of
transformation,

d
wn,ma'l = llmX,, = X“B_X;xl’
d
On,m Ty = ln Xy = XnSX“wz,
m

&e., &e.,
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0 that
d U ) o d U
wn,mu_X”mml.E +X“mw2.b—w-;+---+Xﬂqu.E
b}
= anx;u.

Now give to u its expression in terms of new coefficients 4
and variables X, remembering that w,, ,, does not operate on
the latter. The left and right thus become two identical
polynomials in X, X,,... X,; and, equating coefficients of

s r .
X" X,*... X, we obtain

p!
LSRRV RTTE " UVE 145 OO A

@y, mA T, )

PPl (Tt DL (= 1)L,
e wy Aty ) = A+ —1 )
so that, by (5), _
0=0w,,l(4)=2 {w,,, wd 5% I(A)} , summation for all A’s,

= the @, ,, I (a) of (1), with large letters for small.

Thus the g(¢—1) facts of annihilation Q,,,I(«) =0 are
given,

= (rp+1) p! A(..rptl..7,—1..)),
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Absolute covariants, 45.
A rational integral a, c. is a power
of a quantic, 45,
A fractional one given by two co-
variants, 45.
Limit to number-of independent,
46.

Absolute invariants, 84.
One given by any two invariants,
85.
Limit to number of independent,
35,
Absolute  orthogonal  invariants
(number of), 348.
Absolute orthogonal covariants, An-
nihilator of, 849.
led by all products of coefficients,
354,
Algebraically complete systems,
for n linear forms, 329,
for quantics with orders in A. P,
839,
Alternants, defined, 144,
of 2 and 0, 144.
of 0 and 07, 145.
of powers of 0 and 0, 146,
of 20 and (0)*, 157.
of ternary annihilators, 868, 871,
389.
American Journal, 178,
Anharmonic ratios,
are irrational invariants, 88, 94.
of roots of quartic, 282.
Annihilation, by Q interpreted, 108.
by 0 interpreted, 112,
Annihilators, of binary invariants,
108, 112, 116, 121.
expressed by means of roots, 229,

by means of sums of powers of
roots, 230, 233,

derive these sums in succession,
282,

of covariants, 122, 183,

of non-unitary parts of invariants,
217,

of orthogonal concomitants, 849,
of Boolian concomitants, 851.
of all gradients, 242,
of all rat. int. functions, 856,
of ternary concomitants, 366, 867,
#3899, 408.
of end coefficients in the same, 385,
399, 404,
of g-ary concomitants, 406, 407,410,
Anti-seminvariants, 126.
Apolarity, 266, 284, 286, 290.
1431

Aronhold, 68, 108, 403,
Asyzygetic, or linearly independent,
invariants, 119,
seminvariants, 130,

Boole, 24, 55, 842, 344, 346, 849,

Boolian invariants, &c., 344,
Annihilator of, 351.

Boolian complete systems, 852.

Booth, 266.

Brill, 288,

Brioschi, 1569, 395,

Burnside and Panton, 29, 92, 188, 280.

Canonical forms, definition of, 264.
of binary cubie, 265, &e.
of binary (2n—1)-ie, 260.
of quintic and septimic, 262, 265.
of binary 2n-ics, 267, 284, 289.
of binary quartic, 269, &c.
of binary sextic, 285, 287.
of binary octavic, 288,
Hammond’s of quintic, 297, 298,
of two quadratios, 833.
of ternary cubie, 290, 874, 877,
Canonizants, 21, 23, 263,
with repeated factors, 262, 265,
Canonizing equations of 2n-ics, 280,
286, 289, 290.
Cartesian geometry, Substitutions of,
348

Catalecticants, 21, 22, 268, 269.
interpreted, 268,
of ternary &c. quantics, 293, 295.
Cayley, 15, 33, 44, 54, 55, 67, 90, 94,
100, 108, 184, 148, 156, 159,
171, 179, 210, 212, 217, 224,
241, 248, 260, 276, 281, 296,
810, 312, 315, 342, 392, 895,
401, 403, 405.
Cayleyan, of ternary cubic, 403,
Chaundy, 408.
Class, 821, 899, 404.
Clebsch, 68, 211, 296, 311,
Coefficients in quantic freed from
second term are seminvari-
ants, 203,
Cogrediency, defined, 55.
of », y with 3,, =9, 51, 80,
of roots with variables, 56.
Orthogonal the same as contragre-
diency, 346, 849.
Combinants, 840.
Concomitants, defined, 77,
Contragrediency, defined, 74.
Geometrical, 75.
of %, 9, 2,... and dz, gy ¥y ...y 76,
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Coritragrediency, of z, yand ~y, «,79.
Orthogonal the same as cogredi-
ency, 346, 849,
Contravariants, defined, 76.
of binary quantics not distinet from
covariants, 79,
of binary quantics found as in-
variants of linear form and the
quantics, 78, 819, 821.
of ternary quantics, 899.
Convention as to numerical multiples
of concomitants, 82.
Correspondence, of seminvariantsand
non-unitaries, 236,
of seminvariants and power enders,

Covariants, defined, 3.
to be expected to exist, 6.
of several quantics from those of
one, 28, 26,
of one quanticfrom those of several,
26, 64, &e.
of cubic quartic &c., see Cubic, &e.
Absolute, see Absolute.
of two or more quantics, 48.
of covariants, 49.
derived from emanants, 60.
of second degree in coefficients, 65,
71, 228
as invariants, 80,
are given by one coefficient, 125,
126, 883,
as functions of differences, 94.
Sum of numerical coefficients in,97.
are derivable from sources by sub-
stitutions, 201, 384.
Covariancy of factors of a binary
quantic, 83.
Cubic, Binary,
Canonical form of, 14, 255.
Cubicovariant of, 50, 54.
has only one invariant, 89, 166,
190, 221,
has two covariants besides itself,

has no other irreducible covariant,
132, 168, 213,
has a syzygy among concomitants,
169, 213, 258,
Cubie, Ternary, Canonical form of,
290, 374, 877,
The invariant S of, 875.
The Hessian of, 378, 891.
The invariant T of, 877,
The irreducible system of invari-
ants of, 380,
The sextic covariant of, 395.
The contravariants of, 401.
Cubie equation, solution of, 14, 257,
Cubie protomorphs, 209,
Cubicovariant of cubic, 50, 54.
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Dogree, of an invariant, 27.
of a covariant, 40.
of an invariant of a binary
(2n +1)-ic is even, 31,
of a covariant of odd order of a
binary quantic is odd, 43.
of a covariant of even order of a
binary (2n + 1)-i¢ is even, 43,
Constancy of, see Homogeneity.
Differences, Functions of, 101, 103.
Differentiation of seminvariants to
produce others, 223, 824, 339,
Use of to obtain irreducible
systems, 824,
Diophantine Equations, 182, &e.
Simple sets of solutions of, 183,
Discrirgsi)nants, are invariants, 15, 18,

freed from numerical factors, 90.

‘Weight and degree of, 90.

found in succession, 224.

of quadratics, 15.

of binary cubie, 50, 54.

of binary quartic, 98.

of binary quintic, 302.

of ternary cubie, 879.
D’Ocagne, 248.
Dual Substitutions, 75.
Duality in Geometry, 75.
Durfee, 288,

Elemental products of differences,
Eliminants, are invariants, 16.
are combinants, 340,
of linear forms, 9.
Elliptic integrals, 187,
Emanants, 56.
are absolute covariants, 57.
Geometry of, 58.
Invariants of, 61.
Boolian invariants of, 845.
End coefficients in ternary con-
comitants, 388, 385, 396.
Euler, 169.
Evectants, 26, 77, 401.
Exactness of Cayley’s number, 148,
Excess, of a gradient, 141.
of an invariant vanishes, 116, 144.
of a seminvariant is not negative,
129, 146, 157.
Extent of a gradient, 138.

Faa de Bruno, 18, 136, 159, 201, 238,
296, 800.

Factor in expression of covarigney or
invariancy a power of the mo-
dulus, 4, 28, 87, 41,49, 117, 408.

an integral power for rational in-
tegral concomitants, 81, 87,
43, 48.



INDEX

Factors of binary quantic, covariancy
o ’
of a seminvariant are seminvari-
ants, 186,
Ferrers, 164.
gerrers' diagrams, 154, 158, 241,
inal coefficients in covariants have
annihilator 0, 126.
Finiteness of systems of concomi-
tants, 72, 189, 192, 193, 197.
of numbers of solutions of Dio-
phantine equations, 182, &e.
Formes-types, 804, 806.
Forms, defined and classified, 1.
Forsyth, 3838, 840, 405.
Functional determinants. See Ja-

cobians,
Franklin, 158, 159, 178, 178,

Generating functions, defined, 159,
for (w; i, p), 1569.
for numbers of seminvariants, 161,
164, 238, 240.
for concomitants of given degree
and order, 171,
Reduced, 172, 174,
Representative, 174, 176,
Real, 180, 361,
in case of two quantics, 178,
for perpetuants, 239, 251.
for orthogonals, 862.
Generators of all seminvariants, 224,
243, 246.
of all ternary sources, 396.
Geometry of binary systems, 6, 59.
of emanants, 58.
of Hessians, 62,
of concomitants of cubic, 259.
of concomitants of quartic, 282,
of a quintic for which I,; = 0, 808,
of a sextic for which I; = 0, 816.
of two quadratics, 834.
of Boolian concomltants, 845, 852,
Metrical, Chap.
Gordan, 87 68, 72 171
811,
Gordan’s Theorem, 182, &ec.
Proof of for invariants of one binary
quantie, 189, 197.
fer in- and covariants, 192, 197.
for more quantics than one, 198,

Grace, 72, 240, 251, 267,
Gradxents, deﬁned 188,
;annihilated by ﬂ and O are in-
variants, 118.
of positive excess are of form QG,
118, 148, 150.
always of form QG when extent of
Qis izzﬁnite, 243, 246,

182, 296,
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Gradients, all lead pure or mixed
concomitants, 321.

Ground forms, see Irreducible sys-
tems.

Gundelfinger, 405,

Hammond, 159, 174, 176, 297, 801,
807, 836, 887,
Hermite, 68, 78, 112, 155, 157, 296,
804, 810, 403.
Hesse, 290.
Hessians, are covariants, 12
are discriminants of second eman-
ants, 62,
of quadratics are discriminants, 15.
of cubic, Roots of, 100,
of quartic, 279, 284,
of ternary cubic, 378, 891.
Geomotry of, 62, 288, 284.
Hilbert, 37, 146, 182, &c., 208, 209,224,
Hilbert’s Theorem, 195,
Hirsch, Meyer, 238,
Homogeneity, of an invariant of one
quantie, 27.
of a complete system of invariants
of several quantics, 88.
in variables of complete systems of
covariants, 40, 48.
in coefficients of the same, 40, 48.
Hyperdeterminants, 66, 181.
give alé in- and co-variants, 107,
136.

Independent Covariants, &c., Limit
to number of, 46,
Exact number of, 205.
Independent invariants, Limit to
number of, 35,
Infinite order, Binary quantic of,
c.
Intermediate invariants and covari-
ants, 23, &c.
are not combinants, 341,
Invariants, defined, 3.
to be expected to exist, 5.
of several quantics from those of
one, 24, &ec.
of one quantic from those of several,
26, 64.
Homogeneity of, see Homogeneity.
Isobarism of, see Isobarism.
Absolute, see Absolute.
Irreducible, see Irreducible,
of quadratic, cubic, &ec., see Quad-
ratic, &e.
Limit to number of independent,
35

of two or more quantics, 87,
of covariants, 49.

of second degree, 53,
Lineo-linear, 54.



414

as fulno%tions of differences, 86, &ec.,

Sum of numerical coefficients in, 87.
Irrational, 88.
Symmetry of, 112.
of odd weight are skew, 112.
Formation of by aid of 0, 118, 121.
Number of Asyzygetic, 119,
involve all coefficients, 141.
of third degree, 156.
of fourth degree, 156.
are transvectants, 247,
of invariants of Au + uv are combi-
nants, 842,
of ternary quantics are defined by
three cyclical or two pairs of
annihilators, 878,
of g-ary quantics, 406,
Involution, Criterion of, 22, 842,
Irreducible concomitants are finite in
number, 189, 192, 198, 197.
Irreducible invariants, 36.
covariants, 47.
syzygants, 198.
Irreducible systems,
for linear form, 164.
for quadratic, 97, 165.
for cubic, 184, 166, 167, 212,
for quartic, 169, 178, 213.
for quintie, 170, 175, 298.
for sextic, 170, 176, 811.
for two linear forms, 823.
for linear form and quadratiec, 323.
for linear form and cubie, 325.
for linear form and quartic, 828.
for » linear forms, 106, 829,
for two quadratics, 330.
for linear form and two quadratics,
334,
for quadratic and cubic, 835.
of absolute orthogonal concomi-
tants, 361.
Isobarism, of invariants, 82, 84, 87,
869, 408.
of covariants, 43, 44, 48.
Triple of invariants of ternary
quantics, 869.

Jacobians, are covariants, 10,
Joubert, 816.

Kempe, 190, 388.

Leading coefficients of covariants are
seminvariants, 126.

Linear covariants,

of binary (2n + 1)-ic, 68.

of binary quintic, 64, 304, 817,

of quadratic and cubic, 188, 134,
Linear form, has no invariant, 164,
Linear substitution, defined, 2.

INDEX

Linear substitution, Modulus of, 8.
Reversed, 29.
Cartesian, 843.
Dual, 75.
Linear transformation, defined, 2.
Linearly independent, see Asyzy|
getic.
Lineo-linear invariants, covariants
and seminvariants, 54, 64, 71,
121, 134.
of u, v are transvectants of wu, v,

MacMahon, 159, 287, 2388, 289, 240,
241, 247, 248,
Mixed concomitants, defined, 77.
of binary quantics found as co-
variants of quantics and linear
form, 819, 821, 822.
of ternary quantics, 403.
Modulus of linear substitution, 8.
must not vanish, 3.
irresoluble into factors, 17.
Powers of, 19.
Cartesian, 843,
Orthogonal, 846.
Morley, 317.

Newson, 298.
Non-absolute orthogonal concomi-
tants, 356.
Non-ul;;tary symmetric functions,
6

Correspondence of with semin-
" variants, 286.
Non-unitary terms, determine a sem-
invariant, 203, 215.
in an invariant are given by an
annihilator, 219, 220, 234.
Number of asyzygetic invariants of
given degree, 119.
of agyzygetic seminvariantsof given
type, 180, 149, 157.
of seminvariants and invariants of
given degree, 168.
of independent covariants, &e., 46,
205.
of independent invariants, 36.
of independent concomitants of
ternary p-ic, 400, 405.

Operation with one quantic on an-
other, 52, 299.
with contravariants on covariants,

. * .
with covariants on contravariant's,
Operatio;ml symbolism, 69.
Operators, which effect linear trans-
formation, 111, 116, 128.
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Operators, which derive covariants
from end coefficients, 126, 188,

which d.erive ternary concomitants
fro4m end coefficients, 884, 400,
40.

which annihilate gradients of posi-
tive excess, 118, 149, 224.

whi%}% znnihilute all gradients, 242,

which derive cubic protomorphs
from quadratic, 209,

which derive seminvariants from
non-unitary terms, 217.

which derive seminvariants from
others, 210, 220, 223, 249,

which generate seminvts., 224, 248,

which derive sums of powers in
succession, 282,

which generate orth. invts., 356.

Order, of a quantic, 1,

of a covariant, 40.

of a covariant of a binary 2n-ic is
even, 438.

of a covariant of even degree is
even, 48.

of a covariant of a binary (2n + 1)-ic
is even or odd together with
its degree, 48.

Orthogonal, invariants, &c., 844, 856.

cogrediency and contragrediency
identical, 846, 349.

substitutions direct and skew, 346.

non-absolute, 856,

Partitions, 119.
Conjugate, 154.
Reciprocal, 154, 158, 162.
Perpetuants, 239, 250, 261.
Systems of, 252.
Pippian. See Cayleyan.
Polar curves, 58.
Power ending products, 241,
One to one correspondence of with
seminvariants, 244,
Protomorphs, defined, 206.
Systems of, 206, 207, 211.
of lowest degrees, 207, 209.
for systems of quantics, 211.

Quadratic, Binary,
The one invariant of, 89, 165.
has no covariant but itself, 98, 165.
Quadratic, Ternary,
The cne invariant of, 878,
Question of covariants of, 390,
Contravariant of, 400,
Quadratic protomorphs, 207, 208,
are irreducible, 215.
Quantics, defined and classified, 1.
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Quartie, Binary,
Catalecticant of, 21, 54, 268,
Quadratic invariant of, 58.
The two invariants of, 92, 119,
Diseriminant of, 93,
The equi-anharmonic for which
I =0, 94,278, 282
The harmonic for which J = 0, 94,
274, 282.
transformed into itself, 184.
translt;)rmed into its reducing cubie,
4,
hasonlytwo irreducible invariants,
184, 169,
Irreducible system and syzygy for,
178, 218, 277.
Canonical form of, 271, 276, 284.
with square factor, 275,
Linear factor of, 281.
Geometry of, 282.
Quartic, Ternary,
Catalecticant of, 293.
not in general a sum of 5 fourth
powers, 294.
Quartic equation, Solution of, 280,
Quartics, Quaternary and quinary,
not in general sums of 9, 14
fourth powers, 295.
Quintic, Binary,
Canonizant of, 21, 28, 265.
Invariants of, 50, 73, 132, 299, 300.
Linear covariants of, 64, 73, 299,
800, 317.
Generating function for invariants
of, 170, 176.
Representative G. F. for, 174,
Canonical form of, 262, 265, 297,816,
freed from two middle coefficients,
297.
can only be freed from these and
another adjacent when I, = 0,
805.
List of concomitants of, 298.
Forms of concomitants of when
¢=0,d =0, 801.
Diseriminant of, 802.
Syzygy among invariants of, 808.
expressed with invariant coeffici-
ents, 804.
for which 1,, = 0, 305, 806, 310,
for which I, = 0, 807.
for which Iy = 0, 807.
for which I,; = 0, 808, 810,
Skew invariant of in terms of roots,
310.
Quippian, of ternary cubic, 408.

Rational integral invariants, &e.,
form a complete system, b.
Reciprocant, of ternary quadratic,
400,
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Reciprocant, of ternary cubie, 403,
Reciprocity, Hermite’s law of, 137,
155, 162, 240.

Resultants. Sce Eliminants,

Roberts, M., 125, 132, 231.

Roberts, S., 248.

Roots of binary quantic, 83.
Anharmonic ratios of, 88,

Salmon, 24, 55, 67, 296, 297, 300, 336,
395,
Semi-canonieal form of quintie, 297,
301,
of ternary cubice, 293, 377,
Seminvariants, 126, 127.
lead covariants, 128, 147.
Formation of by aid of 1, 129, 133.
Number of asyzygetic of given type,
130, 148,
of second degree, 130, 208,
of several quanties, 132,
as particular gradients, 139.
have no letters absent, 141.
as eliminants between «w and deori-
vatives, 200.
are givon by non-unitary terms,
202, 216.
as integrals of S = 0, 211,
as quanties in ap @ 1, 221,
of seminvariants so regarded are
seminvariants, 222,
all generated by ecrtain operators,
9294, 243, 245,
as transvectants, 247,
One to one correspondence of with
power enders, 244.
derived from others by differentia-
tion, 223.
as invariants of a quantic and its
derivatives, 338.
Seminvariant operators, 220, 249.
Separation by direct operations :
into coefficients in covariants, 150.
into orthogonal invariants, 360.
into ternary sources, &ec., 405,
Sextie, Binary,

Janonieal forms of, 285, 287,
Invariants of, 22, 53, 311, 316.
Generating function for invariants

of, 171, 176.
The 26 irreducible concomitants
of, 312.
The skew invariant of interproted,
316.
Skew invariant, 112.
of a quintic or sextic unique, 309,
316.
Skew orthogonal substitutions, 846.
Solubility of quintic for which 7,4 =0,
308.

INDEX

Source of a covariant, 126, 396,
Stephanos, 288,
Stroh, 239, 250,
Substitution of derivatives for varia-
bles, 55.
of derivatives for coefficients, 200]
201, 320, 384.
Sufficiency of conditions of annihila-
tion, 113, 124,
Sum of numerieal coefficients in in-
variants, 87.
in covariants and seminvariants,
97.
Sum of powers, Condition that a
2n-ic be a, 267, 294, 295.
Sums of powers of roots, 230, &ec.
Differentiation with regard to, 235.
Sylvester, 55, 77, 78, 108, 136, 141,
146, 148, 159, 173, 178, 224,
249, 260, 293, 296, 312, 815,
340, 342, 349, 400, 406,
Symbolical representation, 66, 68, 69.
Symmetry of in- and co-variants, 112,
121, 124, 133.
Syzygants, 198,
Syzygy, for binary cubie, 100, 169,
258,
for quartic, 173, 215,
among invariants of quintic, 803,

Tamisage, 175.
Ternary quantics, Triple arrange-
ment of, 365.
Annihilators of invariants &c. of,
366, 367,
Covariants of, 382,
Thompson, 223,
Transvectants, 71,
arc linco-linear invariants of eman-
ants, 71.
give all covariants and invariants,
72.
of a p-ic and itself, 131.
of two binary quantics, 134,
All invariants are, 247,

Ueberschiebung, 71.

Uniqueness of covariant led by a
seminvariant, 128,

Universal Concomitant, The, 77.

Vanishing of all invariants, 208.
von Gall, 314.

Weight, 31, 83, 42, 44, 364, 418,
Constancy of, see Isobarism.
Wood, 240.

Young, 72, 240, 267.
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