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Preface

The aim of this book is to present that aspect of quantum field theory
which is not obscured by mathematical difficulties and which does not
require a deep understanding of special relativity. Within this scope
the emphasis has been placed on particle physics rather than on other
applications of quantum field theory.

To make the book comprehensible to a wide range of readers, we have
presupposed only a knowledge of nonrelativistic quantum mechanics.
All other tools that are needed are developed in the text. Thus, in the
first part both the mathematical and physical descriptions of a quantum
field are introduced. The conceptual aspects of the field are stressed.
However, only fields that obey Bose-Einstein statistics are examined.
Observables, invariants of the field, and internal symmetries are dis-
cussed.

In the second part of the book further techniques are developed by
considering the interactions of a quantum field with various static
sources. Those problems that are known to have exact solutions,
namely, the neutral scalar theory, the pair theory, and the Lee model,
are treated from both classical and quantum-mechanical points of view.

In the third part both the mathematical tools and the physical insight
acquired in earlier chapters are applied to low-energy pion physics.
After describing a classical approach and various other methods that
have been used to analyze the problem in the past, we turn to the one
model that is not based on uncontrolled mathematical approximations,
namely, the static model developed by Chew and Low. In terms of this
model we attempt to give the reader an understanding of pion-nucleon
scattering, the static propertles of nucleons, electromagnetic phenomena,
and nuclear forces.

v



vi PREFACE

In the past few years a relativistic approach, based on analytic proper-
ties of the scattering matrix, has been evolving for the treatment of
interacting fields. Although this approach reduces to that which we
use in the nonrelativistic limit of the pion-nucleon problem, it is a
wealthier one and contains much more of the physical situation than
does the static model. It will thus ultimately allow a comparison with
detailed experimental results. Unfortunately, these developments
necessitate considerably more involved calculations than those presented
here, and it is not yet clear whether a complete theory underlies them.
Although relativistic treatments should ultimately remove all the short-
comings of the models discussed herein, the nonrelativistic approach will
remain the basic first step to master.

For a unified treatment of all the problems covered, it seemed advan-
tageous to work in a single representation. To emphasize the corre-
spondence between classical and quantum-mechanical viewpoints, we
chose the Heisenberg representation.

We have endeavored to cover the ground within our scope reasonably
thoroughly, stressing the intuitive meaning of the results. We realize
that rigor and simplicity are complementary aspects of a theory and
have therefore tried to keep a reasonable balance between these
features. We have not attempted to include a complete list of refer-
ences, but we have tried to indicate where the reader can obtain further
information whenever we felt that this was necessary. For additional
study of the subject we refer the reader to N. N. Bogoliubov and D. V.
Shirkov, “Introduction to the Theory of Quantized Fields” (Interscience
Publishers, a division of John Wiley & Sons, Inc., New York, 1959),
J. Hamilton, “The Theory of Elementary Particles”” (Oxford University
Press, New York, 1959), and S. S. Schweber, “An Introduction to
Relativistic Quantum Field Theory” (Row, Peterson & Company,
Evanston, Ill., 1961).

We should like to thank Professors H. Frauenfelder and B. A. Jacob-
sohn for valuable comments and Drs. Ranninger and H. Pietschmann
for critically reading the proofs.

Ernest M. Henley
Walter Thirring
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CHAPTER 1

Introduction

1.1. Relation of Quantum and Classical Field Theory. Quantum
theory provides us with a set of rules which are supposed to be of
unlimited generality. They can be applied to any system and will tell us
how our classical concepts have to be modified and how quantum
features arise in the system under consideration. The application of
these rules to fields creates quantum field theory. Elementary quantum
mechanics is not a consistent theory when combined with classical field
theory. It was pointed out by Bohr and Rosenfeld that inconsistencies
arise unless the classical electromagnetic field is quantized. If this is not
done, then, in principle, the uncertainty relation between a position and
a momentum component of a particle (e.g., an electron) can be violated.
The normal Schrodinger or Klein-Gordon wave functions y can also be
regarded as classical matter fields and should therefore be subject to
quantization. It is the latter type of fields with which we shall be
mainly concerned in this book. As in ordinary quantum mechanics,
the quantization of fields is linked to the classical theory by the corre-
spondence principle. It appears that the elementary quantum excita-
tions of fields behave like particles; this is the only description we know
at present to be applicable to elementary particles as we find them in
nature. Correspondingly, quantum field theory dominates our think-
ing about the fundamental features of matter.

_ In the following we shall give a brief discussion of harmonic motions
and fields in classical physics. The concept of a field is very wide,
embracing all physical quantities which depend on space and time, like

1'N. Bohr and L. Rosenfeld, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd.,
12(8) (1933); and L. Rosenfeld, in W. Pauli (ed.), “Niels Bohr and the Develop-
ment of Physics,” p. 70, McGraw-Hill Book Company, Inc., New York, 1955.

3



4 FREE FIELDS

temperature, electric potential, and density. The common property of
these phenomena is that there is an equilibrium state, and linear
equations already reflect important behavioral features, if the departure
from equilibrium can be considered small. Systems which are governed
by similar types of equations (elliptic, hyperbolic, etc.!) show the same
dynamical behavior, although they may represent completely different
physical situations. Quantum field theory deals with hyperbolic equa-
tions. Accordingly, we may, for a first orientation, consider the simplest
system of this type, namely, a vibrating line of atoms. Furthermore,
we shall see that in many respects there is little difference between
a continuous and a discrete line. Hence we shall start with the latter
because it is closer to classical mechanics.? In the following we shall
concentrate on the formal aspects of the problem, assuming that the
physical situation is familiar to the reader.

1.2. Vibrating Line of Atoms. If, as shown in Fig. 1.1, g, denotes
the displacement of the nth atom of a line from its equilibrium position,

[ e T RS M VU S
L

Qn-2 91 9, 9ns1

Fig. 1.1. Line of vibrating atoms. The equilibrium separation between atoms is a,
and the instantaneous displacement of the nth atom is ¢,.

¢, denotes the time derivative of this displacement, and we have har-
monic forces between nearest neighbors, then the equation of motion is

q.n = Qz(qn+1 +qp-1— 2q,) (L1)

Here we have given the atoms unit mass, and Q? is the constant of the
force between nearest neighbors. A macroscopic piece of the line is, of
course, less rigid. If a line of N atoms is displaced by éx, then the
restoring force is merely dx Q/N.

To make the system of coupled oscillators finite, we close the line
after N atoms in such a manner that ¢,y = ¢,. The problem posed by
the N equations (1.1) can be solved by introducing normal coordinates.
This is conveniently done with the aid of the Hamiltonian formalism,
which will also be used later in the quantum theoretic development.
The Hamiltonian (energy) of the line is readily seen to be (p, = ¢.,)

N
H =”§11}[sz + Q%q, — ‘1n+1)2] (1.2)

1 See, e.g., H. Jeffreys and B. S. Jeffreys, “Methods of Mathematical Physics,”
p. 499, Cambridge University Press, New York, 1946.

%:See, e.g., C. Kittel, “Introduction to Solid State Physics,” 2d ed., p. 103, John -
Wiley & Sons, Inc., New York, 1953.
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Hamilton’s canonical equations

o _,
R P
. oH
P”=—aq =Qz(qn+1'—qn +qn—l_Qn)

being equivalent to (1.1).
We define the normal coordinates Q, and momenta P, by

. isn Qs — ~isn P F]

Qn’—’ge XJ—; p‘n_gei F} (1'3)
where, in accordance with the periodic boundary condition introduced
above, s takes on the values s = 2#I/N, [ being an integer between —N/2
and N/2. Since the g, are real, the Q, and P, themselves are complex
and satisfy

Q.= Q:‘ P_ = P: (]'4)
With the aid of the formula
z einls—s) = N8, (1.5)
we may also invert (1.3) to
A & i P
— —-1isn _ﬂ. P = i8n __ﬂ ].6
ngle Ni * ngle N% ( )

Inserting (1.3) into the Hamiltonian, we find, by means of (1.4) and (1.5),
2
H =3[ P!+ 0.0102(2sin -;-)] (1.7)

Thus the normal coordinates serve to uncouple the oscillators, and the
equation of motion coming from the Hamiltonian (1.7) is simply*

0, = -0, o,=20 sinis (1.8)

which also appears by inserting (1.3) directly into (1.1). The solution
of (1.8) can be written as
Qu( )

Qa(t) = Qs(o) cos w,t + ===sin Wt
g.()=N"3 {q”.(O) cos [s(n — n') — w,t] + q—’;—)—) sin [s(n — n’) — w,,t]}

1 The reader may check for himself that @, and Q can} be treated as independent
variables.
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Equation (1.3) together with (1.8) tells us that the motion of our
system is a superposition of vibrations with frequencies ,, many of
which are much smaller than Q (o, ~ Q2x//N), corresponding to the
smaller rigidity of the whole line, about which we remarked earlier.
This well-known fact is, for instance, the point of Debye’s theory of the
specific heat, as opposed to Einstein’s. In quantum mechanics we shall
see that the excited states of the oscillators Q, with energies , behave in
many respects like particles. Oscillations of the type considered here
are very common phenomena, appearing as sound waves in solids and
liquids, as spin waves in ferromagnetics, and as surface waves in nuclei.
In all these cases we find the particlelike behavior of the elementary
excitations of the oscillators Q, with energies w,. In fact, the sound
waves in liquid helium are the closest mechapical model of elementary
particles that we have.

1.3. Continuous Vibrating Line. In many cases it is expedient to
look at the situation from the macroscopic, rather than from the micro-
scopic, point of view and not to resolve the line into individual atoms.
This can be done by a limiting process in which N — o as the distance
between the atoms a — 0 but the length L = aN of the line remains
constant. This means, however, that the system now acquires infinitely
many degrees of freedom and that we need this number of variables for
its description.

Calling x the distance from the origin of the line! [g, — g(x)], we
obtain for the equation of motion in this limit the familiar partial
differential equation

2
4C0) = QF 25@;2:1():) (19)

In (1.9) Qa appears to be the wave velocity v, so that Q must behave in
this limit like Q = v/a. Thus, to obtain with infinitely many atoms a
line of finite rigidity requires an infinite force between neighboring
atoms. As a consequence, the line will be capable of vibrations with
infinite frequencies.

The general solution of (1.9) subject to g(x) = g(x -+ L) can again be
obtained by carrying out the limiting process on the normal coordinates
in (1.9). With

k=2= LU wo<l<o
a L

1
and 40 =7 g =0, (1.10)

w1 We actually put g(x) = g,/a}, so that, for a finite energy, g(x) will remain
finite.
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and from the limit of (1.5),

N 1 L L . i
- = f dx J dx ¢**)= L§, .
= avJo [

we find from (1.9), for the equations of motion of Q,,
0, = —k¥%Q, (1.11)

Thus the frequency w, is kv, which is the limit of our previous expression
(1.8) for w,. Hence it is just for short wavelengths that the atomic
structure of the chain transpires. Introduction of normal coordinates
means solving a partial differential equation by a Fourier expansion.
These results can also be deduced from the Hamiltonian (1.2), which
becomes in the limit!

H=} f “ax [qﬂ(x) + ot (gg)} = 300 + ety (12

Whereas for the enumerable coordinates Q;, Eq. (1.12) leads directly to
Eq. (1.11), we have to generalize the Hamiltonian formalism of ordinary
mechanics to get the equations of motion for the nonenumerable co-
ordinates g(x). This can be done by introducing functional deriva-
tives with the aid of Dirac’s é function:

dq(x) __ (x — x'
99(x') (1.13)
0 9q(x)_ 0., _ .

dq(x’) 0Ox ox 8x = x)

The former is the continuum form of dgq,/d¢, = 4, ,, and the latter is
obtained by differentiating with respect to x.
Writing the Hamiltonian in terms of canonical variables p and ¢,

I

we find that Hamilton’s equations

N oH . oH
P, aql ‘/z apz

) — — OH 99(x) 9 o 2

P = = 5 fd ax ox ¥) = "a2q(’°)“.|4)
iy = OH

G(x) = 390) p(x)

1 We give the whole line unit mass.
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and agree with (1.9). These formal tools will find frequent applications
later, since we shall deal mainly with the continuous case, which is
almost simpler than the atomistic point of view. It allows us to elimi-
nate the microscopic constants Q, ¢, N and to replace them by the
macroscopic constants v, L.

Some fields, however, such as the electromagnetic one and those of
elementary particles, do not possess mechanical backgrounds to serve
as guides in writing equations of motion. We have to appeal to the
special theory of relativity to obtain the invariance properties of these
fields. The four-dimensional homogeneity and isotropy of our space-
time continuum are supposed to emerge from the same property of the
fields of all the elementary particles. In technical language, the in-
variance under the inhomogeneous Lorentz group is the only guiding
principle which allows us to select the possible field equations for
elementary particles. This daringly speculative procedure is, in fact,
very successful and reveals many startling properties of elementary
particles. Unfortunately, the theory of the representations of the Lorentz
group is far from being elementary, so that we shall not be able to give
a systematic discussion of relativistic field theory. However, we shall
encounter the influence of relativity theory on our notions about particles.

The requirements of Lorentz invariance gives fields remarkable
properties which are not possessed by any mechanical system. Since
the theory has to be invariant under arbitrary space-time displacements,
the field cannot have any atomic structure but must be continuous.
Furthermore, the field must fill all space and time; it has to last forever
everywhere and can never be removed. Thus we arrive at a new out-
look on space and matter. Space is spanned by the continuous back-
ground of the fields of elementary particles; in some respects this is
the sequel of the ether concept of the last century. Matter is just a
local excitation of this background, something accidental. There is no
conservation of matter, and the laws governing the interactions of
matter are secondary and complex. The simplicity of nature is
revealed by the equations of the elementary fields, which reflect sym-
metry and regularity. Thisis quite a different picture from the mechan-
ical one, in which matter is supposed to be fundamental and the law of
force between its constituents is the primary law of nature. This
explains why the present fundamental research in physics makes so
much use of quantum field theory, which concentrates on exploring the
properties of this background for all physical phenomena.



CHAPTER 2

The Harmonic Oscillator

2.1. Eigenvalues of H. For the fields considered in Chap. 1 it
was shown that the basic equations of motion are like those of a simple
harmonic oscillator or of a set of coupled harmonic oscillators. In
this chapter we shall therefore give the quantum theory of the harmonic
oscillator in a form appropriate for later developments. It will appear
in the following chapters that the quantum development for coupled
oscillators and for fields is a straightforward generalization of the theory
for this system with one degree of freedom. Moreover, the typical
quantum features of fields are already encountered in rudimentary form
in the harmonic oscillator, where they are familiar from elementary
discussions.

Our problem is characterized by the Hamiltonian

H = }p* + o’¢%) (2.1

The coordinate g and the momentum p are now operators which obey
the commutation relation?

[e.p] =i (2.2)

It is a typical prediction of quantum theory that measurement of an
observable cannot yield an arbitrary result, but only an eigenvalue of
the operator associated with this observable. 'We must therefore seek
the eigenvalues of observables such as the energy (2.1). This problem
can be attacked in several ways. For instance, we can satisfy (2.2) by
representing p by the differential operator —id/dq and solve the differ-
ential equation arising from the eigenvalue problem (H — E)y = 0.
Such an approach is not the shortest one, and for our purpose a purely

1 We shall always use appropriate units with / = 1.



10  FREE FIELDS
algebraic method is more convenient. We introduce the operators
which correspond to the amplitude of the classical motion:
_ wq +ip
a4 = =————————
Qw)?
t_ wg —ip
Qw)t

_4a + at
Qw)*

(2.3)
a

or

L 2.4)

Qw)!

p = —iw

It follows from (2.2) that the commutation relations for a and a' are
[a,a] =[a"a']=0
[a,a']=1

In terms of a and 4' the Hamiltonian becomes, by means of (2.4) and
(2.5),

(2.5)

H=o@'a+} (2.6)

Since the position and momentum operators g and p do not commute
with the Hamiltonian, the operators a and o' will not commute with it

Energy either. In fact, from (2.5) and (2.6)
and it follows that
9t
[Ha']l=wa @
[a,H] = wa

The form of the commutation
relations (2.7) allows us to draw
conclusions about the eigenvalues
of H. Applying them to an eigen-
function y, of H with eigenvalue
E,(H — E)yyg = 0, we find

Hayg = (E — w)ayg (2.8)

This tells us that ayy is another
eigenfunction of H belonging to

>q the eigenvalue E — w. Similarly, it
Fig.2.1. Harmonic-oscillator potential follows from the other relation (2.7)

with energy eigenvalues and ground- that a' increases an eigenvalue by w.
state wave function y,(g). This shows that there are equally
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spaced sequences of eigenvalues of H with the spacing w. However,
these sequences have to terminate somewhere, since a'a is positive
definite and H can, therefore, possess no eigenvalue <0. This condi-
tion requires that for a certain state y, the relation ay, = 0 hold, in
which case we cannot get a lower eigenvalue by applying a. From (2.6)
we see that y, is an eigenfunction of H and belongs to the eigenvalue w/2.
Furthermore, our condition determines v, uniquely, so that there is
only one sequence of eigenvalues. We can summarize our findings as
follows. The eigenvalue spectrum of H is shown in Fig. 2.1 and is

E=nw-+ tw (2.9)

n being a nonnegative integer.
2.2. Properties of the Eigenstates of H. The state v, correspond-
ing to E, obeys

ay, =0 (2.10)
and the state y, belonging to E, is obtained by applying a' n times to v,
tn
a
=G (2.11)

That (n!)~! is the correct normalization factor, provided y, is normal-
ized, can be seen most easily by induction:

t
aa 1 H 1
J.wf.w,. =fw:-1 — Yp =< fw:-l(— + -) Ya-1 =fw§'.‘-1%-1 212
n n w 2

Repeated use of this equation finally leads to fyfy, = [yiv,.

The present method can also be used to obtain an explicit representa-
tion of the eigenfunctions v, in terms of the space variable g. Since in
this representation p = —id/dq, we have

ayy(9) = (51;;)i (wq + ;q—) vo(@) =0

and it follows that the normalized ground-state eigenfunction is

* 2
vo(q) = (%’) emwe .13)

The higher excited states ¥, are then obtained by the application of the
differential operator a' = (wg — 9/9g)(2w)~%.

The width of the ground-state wave function is of the order w™!;
this expresses the quantum-mechanical zero-point fluctuation Ag of the
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position ¢ and is shown in Fig. 2.1. Formally, we can define this
uncertainty by

(Ag)? =fw§ (G— 9*vodq (.14

where g is the mean value of ¢ and is easily seen to vanish by means of
(2.10) and its hermitian conjugate

L g—0 (2.15)

Qw)*

This result is also apparent from py(q) = vo(—¢). With our methods
we find that

g =fV’:‘l% dg =fw$‘(a + a')y,

1
aa
(Agq)® = f Voqyodq = | vy S Yodd

1 1
=~f%mﬂww=— 2.16)
2w 2w

Physically, this is a direct consequence of the uncertainty principle
Aq Ap = 4. The lowest energy is not obtained by localizing the
particle sharply at the origin, since this would entail a large Ap and hence
kinetic energy. Since the mean values of the position and momentum
are zero, the average value of the energy is 1[(Ap)? + w*Ag)?]. If this is
minimized with respect to Ag, with the constraint that Ap Ag = } we
find that the minimum is w/2 for Ag = 2w)~*. That is to say, the
most energetically favorable compromise is close to the value for Ag
given by (2.16), and the lowest energy is not zero, as in the classical case,
but w/2." These quantum-mechanical fluctuations are usually small but
sometimes lead to macroscopic effects. For instance, they prevent liquid
helium from solidifying under normal pressure.

2.3. Time Dependence of Motion. From these quantum features
we now turn to dynamical aspects which reflect the classical harmonic
motion of the system. The time development can be described in
quantum mechanics in many ways.! We can, for instance, consider the
operators constant and the state vector time-dependent according to

p(1) = e”H'y(0) (2.17)

(Schrédinger representation). Another possibility is to consider the
state vector constant and to apply the unitary operator ¢ to the

T 1t is only an accident that this rough argument with the uncertainty relation
gives the exact numerical result. However, one usually gets the correct order of
magnitude in this manner.

1'See P. A. M. Dirac, “The Principles of Quantum Mechanics,”” 3d ed., chap. V,
Oxford University Press, New York, 1947. .
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operators 0, so that they vary with time according to
o) = €' 0(0)e 1! (2.18)

(Heisenberg representation). This obviously leads to the same expecta-
tion values,

P* () 00)p(1) = y*0)O()w(0)
and to the same physical consequences.

In the latter case the time dependence of the operators is such that
they obey the classical equations of motion, since (2.18) yields

O(t) = i[H,0()] (2.19)

and the commutator gives the same expression as the Poisson bracket in
classical mechanics. Because in our problems the classical equations
will be of a well-known structure and tools for their solution are readily
available, we shall always stay in the Heisenberg representation.!
Furthermore, to reserve the letter y for the field operators, we shall use
Dirac’s? bra and ket notation from now on. In it the state vector and
its complex conjugate are denoted by the brackets |) and (. To specify
the state vector, we may write some labels into the bracket. For
instance, the energy eigenstates of the harmonic oscillator can simply be
characterized by the associated quantum number of the state, e.g., | n,
so that the Schrodinger equation reads

(H—E,)|n=0

In elementary wave mechanics this notation corresponds to denoting a
vector by a single symbol r rather than specifying its components in a
particular frame, e.g., x, y, z.  The latter appear as the scalar product
of the vector r with the unit vector n in the direction of the axes (in a
particular frame) under consideration. Thus, x == r-n,. Correspond-
ingly, the Schrédinger function »,(¢) at a point in coordinate space, ¢’,
is the component of the state |n) in the direction of an eigenvector
|¢’) of the operator ¢ and is given by the scalar product

vula) = (q" | n)
The components of the state [n) in another frame are linear combina-

tions of y,(¢’) in the same way that the components of r are in a frame
given by the unit vectors n;:

X =remy= 3 @n)n-n)= 3 rn-n,)

i=29,2 T=2,9,2

1 There are other useful representations, in which part of the time dependence is
retained by the state functions. We shall not be concerned with these here.
% Dirac, op. cit., chaps. I-II1.
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For instance, in momentum space, where we use the eigenstates | p’) of
the operator p, we obtain, in analogy with the above,
$u(p) = (P’ | n) =qu’ (@' |a"g | n) =qu’ ATRUXCY)
which is the usual expression for the wave function in momentum
space if we insert N
']t 1 —i'a’
Play=1{=)e
2w

Our new notation can be illustrated for a general operator @ by
analogy with the above development. Thus, an eigenvalue equation

O|n)y=oa|n)
‘can be rewritten, by multiplying by (¢'|, as
q|0o]|n) =qu” @ 0]a"q" | n>=alg'| n)
or, equivalently,
f dg"(q'| 0|q")y.(a") = av,(@)
The operator is therefore a matrix in a particular representation.
Similarly, a general matrix element (m | @ | n) can be rewritten as

(m| 0| n) =qu'dq" vm(@)a' | 0]4"pa(a")

These general equalities are considerably simplified if a representation
is chosen in which @ is a diagonal matrix,

@|0la" = dq —4a)0@")
For example, we can find (p’ | ¢') as follows:

q|9)=4q'|q"
@lalay=|®a|p@ |a)dp" =a'® |q")
In momentum space, the diagonal representation of ¢ is
('lq|p’)=—id'( — p"

where &’ is the first derivative of the  function. We therefore obtain!

(] a ’ ’ ’ ’ ’

1 — =

ap,(p [a)=a’ " |a")
(Pp'|q'y c e

! o stands for “proportional to.”
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Having dealt with these preliminaries, we can study the motion of the
system. According to (2.7) the equation of motion (2.19) for the
operator a is simply

a(f) = —iwa(t) (2.20)

which can immediately be integrated to
a(f) = e~ *'a(0) (2.21)

From this result and its hermitian conjugate we find that the position
and momentum are the same functions of time as in classical mechanics:

a(o)e—t’wt + af(o)eiwt
Qo)

q(®) = (2.22a)

__iw[a(0)e " — a"(0)e™!]
Qo)

p(t) = (2.22b)

To learn something about the time dependence of our system in a
certain state | ), we shall calculate

Ka'® 1) = |wla’ 1)

which represents the probability of finding the oscillator at ¢’ at the
time 7. For the states | ) this will, of course, be time-independent; in
our representation this follows from (2.21). To obtain something more
interesting, we have to consider a superposition of the states |n). In
particular, it is useful to study the state (wave packet) | d), which is an
eigenstate of the nonhermitian operator a:

¥
a(0) | d) = (5‘2’-) d|d) 2.23)

As we shall show, it undergoes harmonic motion of period equal to the
classical frequency w of the oscillator. In analogy with (2.13), we have

* 2
vda) = (q'|d) = (f) e~ la-aor (2.24)

e.g., a gaussian distribution of the same width as the ground state but
displaced from the origin by the distance 4. To be sure, such a state is
not an eigenstate of H, and our formalism tells us immediately that the
proportion of the state | n) present in the packet is

i =Lloraray = (5"1”)"1|<0|d>|’

2/ n!
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Making use of the completeness of the set of states | n), we find
z ,(n | d>|2 — ea’wlz |<0 [ d)‘e =1

n=0

and [nld)2= e"”“’/z( 225

2oy 1
2

n!

Fig. 2.2. Representation of motion of packet |d). The motion of the center of the
packet and its width Aq’ are represented. The distribution of the packet is also
shown at t = 0.

Thus the probability of finding the nth excited state in | d) follows a
Poisson law® with a mean value of

wd? ( displacement )2
n=— > T
zero-point fluctuation

2

We shall see shortly that the wave packet performs harmonic motion
with an amplitude 4 and frequency w. Hence the dominant state in it

1 H. Margenau and G. M. Murphy, “The Mathematics of Physics and Chemistry,”
p. 425, D. Van Nostrand Company, Inc., Princeton, N.J., 1943. :
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is the excited level for which the energy equals iw?d? e.g., the classical
energy of such a motion.
In order to express | d) in terms of the eigenstates of ¢(f), we remember

from (2.22) that!

a= e"’"(z) [ ® + 1p(1):| (2.26)
Thus we find, for v,[q'(N] = ('O | d),

[ 7O+ 5 (t)] o= o de "y, @271

which integrates to
valq'()] oc exp I:— %’(q' — de-imt)z]

or, on normalizing,

3
waa'(1)] = ( ) exp [-— -;—)(q’ — d cos wt + 2id sin wt)(q’ — d cos wt):l

O g-ota® ~acoswn? (2.28)
I"Pd[q’(t)]lz = (;—) e~ @l —dcoswt]

This demonstrates that our wave packet performs rigid oscillations with
frequency w, as shown in Fig. 2.2,  For the mean values of position and
momentum, we get, from (2.28),

(d]q()] d) = dcos wt
d I (D) I d) = —od sin vt

Hence the state | d) is the appropriate quantum-mechanical generaliza-
tion for classical harmonic motion and will find frequent applications
later.

In our subsequent studies of more complicated systems we shall
follow the pattern of the above treatment for the harmonic oscillator,
since we shall always encounter similar situations.

1 Here and subsequently, when no time is shown after an operator, we shall imply
thatt =0, e.g., a =a(t =0) = a(0).



CHAPTER 3

Coupled Oscillators

3.1. Eigenvalues of the Hamiltonian. To approach quantum field
theory, we now treat a system of coupled oscillators quantum-mechani-
cally. The problem we shall consider is a generalization of that dealt
with in Chap. 1 (Fig. 1.1), namely, oscillators on a closed line coupled
not only to their neighbors but also to their equilibrium position. The
Hamiltonian and the equations of motion for such a system are ex-
pressed in terms of the generalized coordinates ¢, and momenta p,:

N
H = Zli[pi + Qg(qn - qn+1)2 + ngz]

Gn =Q%gn+1 + qn-1 — 29.) — U4,
Putting the second independent frequency Q, equal to zero would bring
us back to (1.2). It will turn out later that, in the continuum limit,
(1.2) corresponds to the case of a massless field, whereas (3.1) corre-
sponds to a field with “mass™ €2,. As in Chap. 2, we now have to state
the commutation relations, which are, according to the general rules of
quantum mechanics,!

(3.1)

[96Pn] = i81m

v [ql’qm] = [plapm] =0

To work out the eigenvalues of H, it is expedient to use the new

variables defined in Chaps. 1 and 2, first, for example, to introduce the
normal coordinates (1.3):

ian @ _~ i I

q”=;ean&_§ Pr —’ze MN_’*

1 See, e.g., L. I. Schiff, “Quantum Mechanics,” 2d ed., p. 135, McGraw-Hill Book
Company, Inc., New York, 1955. :

(3.2)

(3.3)

18
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In terms of these variables the commutation rules deduced by means of
(1.5) become
[Qme] = iél,m
[2.Q.]=[P,P,] =0
Since ¢, and p, are hermitian operators, g} = g,, the conditions (1.4)
have to be generalized to

Q.,=0Q P, =P 3.5
Inserting the new coordinates into the Hamiltonian, we find

H= %Z(P P! + w?0,0h

(34

w? —Qz(z sin ) + Q2 ¢o

In terms of the normal coordinates the oscillators are decoupled, and
in accordance with (3.5) we now introduce, as in Chap. 2, the variables

a (0,0, + lP
8 2 * 8
( ) 3.7
al= (2 ‘)* (0,0} — iP,)
or Q! (2 )* (al + a—s)
(3.8)

P, = —1(2) (a-, — al)

Note that a_, # a} and that we again have 2N independent operators
a,, a} with s = 27/[N and —N/2 < | < N/2. The commutation rela-
tions for a, and a! follow directly from (3.4) and (3.7):

[a,ar] = 8,
[a,a,] = [alal] =0
The Hamiltonian becomes a sum of terms of the form (2.6),
H =Y joala, +al,a_,+1)

=3 wala, + 1) (3.10)

and we may draw conclusions about its eigenvalues and eigenvectors as
in the previous section.
The state of lowest energy | 0) is determined by the condition

a,|0) = (3.11)

3.9)
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for all 5. It belongs to the eigenvalue

E, =3 o, (3.12)
The general eigenvalue is given by )
E= EO +Z Ny, (3'13)

where the n, are a set of N nonnegative integers. The eigenvector
belonging to the eigenvalue (3.13) is a generalization of (2:11):

| nyyngg, . . onyd = (ny! mgl mg! - - - ny)~Ham(ah)™(@d™ - - - (al)™ | 0)
(3.19)

The fact that the eigenvalues of the energy are integer multiples of
basic frequencies lends itself to a particle interpretation. The state
(3.14) behaves like one with n, particles of energy w,, n, particles of
energy o,, etc. Later, when we consider localized quantities, such as
the energy or momentum contained in a certain volume, it will become
apparent that the particle properties of the system are actually much
more extensive than they now appear. Since our system just represents
elastic (sound) waves, the quanta are usually called phonons. The
energy of the quanta is additive, so that they behave like noninteracting
particles. Furthermore, a state is characterized only by the number of
particles in the N modes with energies w,, and there is no possibility of
distinguishing the various particles in the same mode. Every mode can
accommodate an arbitrary number of particles. Hence the particles
obey Bose-Einstein statistics, and we have a model for particles which
are indistinguishable. It appears that particles are more like vibrations
than like classical bodies, and any two vibrations cannot differ so long
as they have the same frequency. That particles lose their identity is
one of the most revolutionary consequences of the application of
quantum theory to fields. We shall not belabor the point, since it is
discussed in most books on elementary wave mechanics. The corre-
spondence between the elementary excitations of an elastic body and an
ideal Bose gas forms the basis of the theory of specific heat of solids at
low temperatures. Usually it is taken as granted that to any motion
with a frequency w there belongs an energy /. As we have seen, some
mathematical development is necessary to deduce this result from first
principles. Our idealization of purely harmonic forces is, of course,
not always close to reality, but there are systems where the essential
features of the Bose gas show up.

3.2. Quantum Features. It remains for us to study how the typical
quantum features of the oscillator, such as the zero-point motion and
energy, manifest themselves in our vibrating string. From (3.12)
and (3.6), we see that the zero-point energy lies between NQ,/2 and
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N(Q? + Q2)}/2; it is thus the same as that of N uncoupled oscillators
with basic frequencies lying between NQ,/2 and N(Q2® + Q2)}/2. In a
crystal lattice this zero-point energy plays an important role, but for
the fields of elementary particles it has not yet been possible to relate it
to observable effects. In the latter case, since the number of degrees of
freedom N goes to infinity, it becomes infinite. Relativistic invariance
requires that it should be zero, since the state with no particles should -
look the same to observers in different Lorentz frames; a nonvanishing
energy-momentum vector spoils this property. It is conventionally
removed by calling the operator H — E, the energy. But one day,
perhaps, its deeper significance will be discovered.

For the zero-point oscillation of the nth atom in the ground state of
the system, we find, since (0 | ¢, | 0) =0,

(Ag,)*= (0 lqn l 0>

1
L0y = 255 (3.15)

That is to say, the square fluctuation is just the mean value of the
fluctuations associated with the frequencies w,. As was to be expected,
the quantum fluctuations of the various modes are independent, so that
the square fluctuations are additive. For atoms in a lattice the fluctua-
tions have an amplitude which is somewhere between nuclear and
atomic dimensions, and they are directly observable, for example, by
the scattering of light or neutrons. The lighter the atoms and the
weaker the forces between them the more violent are the fluctuations.
As mentioned, they lead to macroscopic effects for helium, which they
prevent from solidifying under normal pressure even at 0° temperature.
Although this fluctuation is familiar from elementary quantum mechan-
ics, the analogous result for fields is somewhat surprising and was only
discovered in the modern development of quantum electrodynamics.
We shall take this up in detail in a later chapter, where we shall study
the fluctuation effects for states in which particles are present.

3.3. Dynamical Aspects. For the time dependence of the field
operators we obtain, in analogy with (2.20) to (2.22),

) = —iw,af) (3.16)

'
and  g,(1) =2(2 N ) [, 0) + e =", 0)] (3.17)
This form is identical with the time dependence of the classical solution
of (1.8). It is the most general superposition of vibrations with eigen-
frequencies w,, with the important difference that the coefficients are
operators.

8
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In analogy with the end of the last chapter, we can construct a
standard wave packet in which the nth atom is, at the time ¢z =0,
displaced from its equilibrium position by d,.. A general state | d;) of
this kind is defined by

4
a,|dy= (%,) Semd, |d) (318)

for all s. For real d, the expectation values of the positiens at a time ¢
correspond to the classical motion caused by an initial displacement d,
of the atoms and zero initial velocity:

dlamld=3 1%1 d,y cos [s(n — n') — w,f] 3.19)

A macroscopic sound wave with a single frequency w, and amplitude d
can be represented by (3.18), with the d, assuming the complex values
d, = de*™, Calling this state | », ), we have

i
ay I wa'> = d"u' (M) | wa’)
2
and hence it corresponds to a Poisson distribution of phonons with the
appropriate frequency and a mean number of phonons d%w,/2. For
the time-dependent solution we find

@ | @) = o Lo 0] o exp | — 2 (g, —3 dyetn=rm=ordp]

and the average positions are in this case simply given by
(d|gq| d) = dcos(s'n — wyt) (3.20)

If we want this classical-like motjon to be observable, it is necessary
that the displacement 4 be much larger than the zero-point fluctuation
amplitude. The latter can be seen from (3.15) to be of the order of
1/(wy)t if all frequencies are of the order of w,. Since the mean
number of phonons is d%w, /2, the above condition implies that it is
>1. In a state with a definite number n’ of phonons, the expectation
value of all ¢, (e.g., (n’ | g, |n")) is zero. This is usually expressed by
saying that the phases of the waves associated with phonons are
completely undetermined.

In summary, we can say that sound waves and phonons represent the
classical and quantum-mechanical aspects of vibrating systems and are
generalizations of what we found for the harmonic oscillator.



CHAPTER 4

Fields

4.1. Continuously Coupled Oscillators. We shall now investigate
how the quantum theoretic development works in the limit of a con-
tinuous line. In the limit N — oo, a — 0, but aN finite (see Chap. 1),

4,—~qxat I a"fdx Q-2
n a

the Hamiltonian and the field equations (3.1) become

1 = ["axitreen + #(20) + ot
o x (4.1)

2
) — 0 2 4G + Q) = 0

We have already remarked, in Chap. 1, that even in the continuum
limit the normal coordinates form an enumerable set. Therefore we
shall first quantize the theory in terms of these variables and shall study
the commutation rules for the continuous coordinates g(x) later on.
Rewriting (3.3) in the form (1.10), with s — ka,

q(x) = L—iz eika:Qk p(x) — L—l z e-iksz
k .

“4.2)
_ 2 —wo<l<o
we find for the energy, as in (1.12),
H = 3 {(PP] + 0}0.0))
* “4.3)

wl= vk 4+ QF
23
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where we have used the continuum limit of (1.5),

L
f dx %)z — Lo,
0

This is now a sum over an infinite number of uncoupled oscillators.
In terms of the labels &, the commutation rules (3.2) are

[QkaP k'] = ié,,',,, . (44)
[060¢] = [PePi] =0

and similarly those for the operators a and a' of (3.7) are

[awai] = O

[apar] = [a;,a;r,] =0
The introduction of these operators allows us to write the following
expression for the energy:

H z%‘ w,c(a;a,, + 3 4.5)

In correspondence to the development of Chap. 3, we find that the
eigenvalues of H — E, are integer multiples of the w,. We shall see in
the next chapters that & has the significance of the momentum of the par-
ticles with energy w,. Hence, if v is the velocity of light and Q, = mc?,
then the energy and momentum of a field quantum are related in the
same manner as those of a relativistic particle.

In the continuum form it is easy to generalize to the three-dimensional
case. In the mechanical model of a displacement field which we had in
mind so far, the general three-dimensional case is somewhat more
complicated, since the field is then a vector and has three components.
However, by only allowing displacements of a three-dimensional
atomic lattice in one direction, say x, as shown in Fig. 4.1, we have the
discrete analogue of a scalar (hermitian) field é(x,y,z). It is this
simpler case which will prove to be an appropriate description for pions
if we identify v with the velocity of light and Q, with the mass of the
pion. The three-dimensional version of (3.1) is*

H = 4 (307 + [VHEOT + md¥en)

(a%; - V24 m’) (@) =0
which is the Klein-Gordon equation.
Anticjpating future notation, we have put v = ¢ equal to 1 and

! We shall use r as an abbreviation for the three space coordinates (x;,x5,x3) or
x,y,2z; (r,0) for (x,y,z,¢); and r for [r| (e.g., ¥ = r?). Frequently we shall write
(r,0) simply as r. -

(4.6)
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replaced Q, by m. The three-dimensional periodicity condition
requires
d(x+ L,y,z,t) =d(x,y + L, z,) = $(x, y, 2+ L, 1) = $(x, y, 2, 1) (4.7)

These conditions and the equations of motion (4.6) can be satisfied in
analogy to (3.17) by!

1 e((k-l—wkt)a + e t’(k~l‘-wkt)af
sy =53 D *
L (2e00) 4.8)
k - 2nl,,y..
T,U,2
-

}4—9—)
!

— 9n.,ny+1,n,
- - -y

qn,,n_y,nz ¢
P ey
- |<"\ -~ '*-/ - I‘—\ .
-1, Ry,n, qn,-H.n, n, .
.
P> - ad bad prrend
-
qn,,ny—l,n,
fe—a—>

Fig. 4.1. Mechanical analogue of a scalar field. The cube of vibrating atoms, of
length L, has an atomic equilibrium separation of a. All atoms vibrate in a single
direction, here chosen to be x.

The commutation rules (3.9) are generalized to
[awak] = b
[ax,ar] = [a};,afr] =0

We shall shortly develop a more general recipe for finding the com- -
mutation properties of the field. The Hamiltonian can be written in
the familiar form (3.10), except that the sum over k is now a three-
dimensional one:

(4.9)

H=Y o(ala, + %) (4.10)
k

1 We shall henceforth abbreviate w, by w, w;. by o', etc.
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Thus we get the remarkable result that, by applying the rules of quantum
mechanics to a field which obeys the Klein-Gordon equation, we
obtain a system that behaves like an ensemble of an unlimited number
of relativistic Bose particles. To be more specific, we have, by analogy
with (3.14) and (3.13), a state

| Maghigatings - ) = | nyng,ny, ...

N (! ng!ngl - - )t (@)@ - - -] 000,...)
1- 20 3-

which is an eigenstate of the Hamiltonian H with energy E,1

H|nyn,,...)= z(aﬁakw + jw) | nyng, .. .)
=E|nyn,,...)= 3 (nw; + o) | nymg, .2

The eigenfunctions therefore satisfy a Schrédinger equation for an
unlimited number of particles with energies given by

w; = (k¥ + mz)h

Since the application of a' to a ket with n particles yields one with n 4 1
particles, a' is usually called a creation operator and a, correspondingly,
a destruction operator.

There are other fields for which the Hamiltonian is not the continuum
analogue of coupled oscillators but the Larmor precession of electron
spins. In this case one finds that quantization leads to particles
obeying Fermi-Dirac statistics. The kinds of fields that correspond to
particles with half-odd-integral spin are beyond the scope of this book.
However, we should like to point out that quantum field theory predicts
the experimentally established connection between spin and statistics.!

Roughly speaking, going to three dimensions increases the number
of degrees of freedom by a factor of 3. This change is not so drastic as
that of the limiting procedure N — oo used in this chapter.

Finally, we shall chiefly discuss the limit L — oo, where the un-
physical boundary condition (4.7) is relaxed. In this limit the k vectors
in (4.8) become a dense set such that the k, are now a continuous
variable going from — o0 to . We shall emphasize this by denoting
the destruction and creation operators in this limit by a(k), a'(k).
Furthermore ) then has to be replaced by an integral. Since the

k
7 This §tatement and the equation that follows can also be proved directly, by
means of the communication relations (4.9).
1 W. Pauli, in W. Pauli (ed.), “Niels Bohr and the Development of Physics,” p. 30,
McGraw-Hill Book Company, Inc., New York, 1955.
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distance between two neighboring points in k space is 2w/L, their
density is (L/27)?, and hence in the limit

S=L33-02m f d3k
k k

In most calculations leading to numerical results, this suitably weighted
sum over all degrees of freedom occurs, and hence we introduce a new
notation S for it.

This mtroductlon of infinitely many degrees of freedom raises some
questions, which we shall now discuss. First of all, since there are
infinitely many o and they do not have an upper bound, the zero-point
energy

E=}3o (4.11)
diverges. This can be remedied by calling
H =§wa£ak (4.12)

the energy, since at this moment we do not know what the zero-point
energy of the field is. One could ask whether the infinite sum (4.12)
converges toward a limit. This raises difficult questions about non-
separable Hilbert spaces which we are not prepared to answer. The
reader has to be content with the observation that for states with only a
finite number of excited oscillators the application of H gives a finite
sum.

For the other typical quantum feature, namely, the zero-point
fluctuations of #(r), the infinite number of degrees of freedom also
creates some difficulties. As in (2.15) and (3.15), we find

0 $@®[0) =0

[A40)] = O] #0]0) =S 2 —‘— -S @.13)

2(](2 )é
which diverges. This can best be seen in the limit L — oo, where we
obtain

The infinite fluctuation is connected with the fact that ¢(r) gives a state
with an infinite norm when applied to any state with finite energy.
Thus ¢(r) is not an operator in the Hilbert space we are dealing with.
However, it turns out that the average of ¢(r) over a finite region in

! Equation (4.14) is a special case of this statement for the vacuum state.
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space has a finite square fluctuation. To see this, we define the average
field ¢, over a volume b® by

&, = 2nb?-1 | ddr e~ "1P"§(r)

and obtain
T e
o]0y = (21r)‘°b‘°jd"k o oy e 7
(] .
1 Bl _ 22 b3
S Y L PPV M 4.15
et 20 ¢ bt + md) (.15)

This teaches us that the fluctuations of the field become more and more
violent as we decrease the volume b* over which we average. Since
the averaging process renders wavelengths less than b ineffective, a
decrease in the volume increases the contributions to the field fluctua-
tions.

At first sight this seems to have drastic consequences. The electro-
magnetic potentials ¥ and A satisfy an equation of the type (4.6) with
m = 0. Therefore, for the fluctuation in ¥ we obtain

AP~ 1
b

which is enormous if we keep in mind that in our units* the elementary
charge ¢ = (4n[137)%. That is to say, the potential e/4nb created by
the elementary charge at a distance b is much less than the quantum
fluctuations of the field averaged over a comparable region. One
might wonder how, in these circumstances, the electron in a hydro-
gen atom can possibly follow the orbit dictated by the force of the
proton. The answer is that most of the fluctuations have a frequency
~b~1 = me?, which for b ~ 108 cm is 137 times the frequency of the
electron in the ground state. They merely cause a small-amplitude,
high-frequency vibration of the electron, whereas the Coulomb field acts
for relatively long times in the same direction and dominates the motion.
We easily® find that the amplitude of this vibration is less than the
Compton wavelength of the electron, 10-** cm. Therefore this effect
displaces atomic levels less than relativistic effects, which spread the
charge of the electron over a region of the size of the Compton wave-
length. This will be shown for scalar field particles in Chap. 5. Never-
theless, the present experiments establish the influence of the quantum
fluctuations in the hydrogen atom with an accuracy of 1 part in 104
" 1 We remind the reader that /i = ¢ = 1.

% See W. Thirring, “Principles of Quantum Electrodynamics,” Academic Press,
Inc,, New York, 1958; and T. A. Welton, Phys. Rev., 74: 1157 (1948).
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In the mesodynamic application which we shall discuss, the vacuum
fluctuations of the field will be particularly important, because the
meson-nucleon interaction is much stronger than e. The fluctuations
constantly shake the spin and charge of the nucleon, since the pion field
acts mainly as a torque on these variables rather than on the position of
the nucleon to which it is coupled.

4.2. Derivation of Field Equations from a Lagrangian. We shall
now study the form of the commutation rules for the continuous
variables ¢(r) and ¢(r). This will give us a clue to the general quantiza-
tion rules. Using (4.8) and (4.9), we obtain

[¢(f,[), #f’,t’)],-.w = [(ﬁ.(l',t), ¢;(r"t,)]t=t’ = 0
[4(r.0), $(',t)];= = i6°x — 1) (4.16)
Here we have used a fact known from the theory of Fourier expansions,

namely, that the following sum is effectively a 6 function for —L/2 < x
< L{2.9 For the limit L — oo we have

§ et — (i—r)a f Bk e — §(r) “.17)

This expresses the completeness of the exponential functions and is the
continuum analogy of (1.5). That (4.16) is the continuum form of the
canonical commutation rules was to be expected. In fact, the limit for
a— 0 Of (3°2)’ [qbpm] = iblms iS

[a(x), p(x")] = [a(x), 4(x")] =

where 6, ,- equals 1 if x and x” are in the same lattice space and equals O
otherwise. For the limit a — 0 the ratio d,,/a is just the one-dimen-
sional Dirac 6 function, d(x — x), and (4.16) is the three-dimensional
generalization of this form,

We can now state the general rules for quantizing a field with the aid
of the formal tools of the functional derivative and the é function. Itis
convenient to start with the Lagrangian, from which we get the field
equations as the stationary properties of the action integral,

W= ft ”u¢,v¢,¢) dt = ft “at &r L($V¢,4)

where & is the Lagrangian density. With the boundary conditions

7 See, e.g., L. I. Schiff, ““Quantum Mechanics,” 2d ed., p. 52, McGraw-Hill
Book Company, Inc., New York, 1955.
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that the arbitrary variations d¢ be zero at #; and 1, and by means of the

functional derivative introduced in (1.13), we find
aw_f dt( 6¢+— 95)

~[[afer [—%%‘f 3’?;%—‘2)‘7]69*

1
'f ‘"J d'r "9‘[—'5‘%% % VE%%]

The Euler equations of motion are therefore

0L 0% v oL

a0 o V)

By means of the functional derivatives

3 o 0 b4 04 AV

the Euler equations take on the classical form

8L & d L & X4

9 oL _ oL
0t 8d(r,H)  Og(r,0)

The generalization of the canonical conjugate variable is

8L
d¢(r,1)

w(rt) =

(4.18)

For the Hamiltonian and the commutation relations we postulate

accordingly the general formulas

H =fd"r a(r,t)g(r,t) — L

[é@,0), 7(r';t)]i=y = i0*Ex — 1)
[‘56('3‘)’ ¢(l",t')],,,' = [‘”(]'90, "(r'9t')]t=t' =0

(4.19)

Hence the transition from discrete to continuous variables is simply
done by replacing sum by integral, partial derivative by functional

derivative, and Kronecker 4 by Dirac é.
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The field equations and Hamiltonian (4.6) are derived from the
Lagrangian®

L(1) =fd3r i[cﬁ” — (V¢)2 — m*¢%] (4.20)

With the aid of (1.13), the canonical conjugate field =(r,r) is seen to be
— d(rf) — 2L
1T(l',f) - ¢(l',t) 6¢(I’,!)

and hence this prescription leads to the form of the Hamiltonian (4.6)
and commutation rules (4.4) and (4.16).

The use of a mechanical analogy to find the field equations (4.6) may
not seem very convincing when applied to, say, the pion field. To do
this more systematically, the Lagrangian formalism is essential. To
satisfy Lorentz invariance, the Lagrangian density, e.g., the quantity
under the integral in (4.20), has to be a scalar. Our expression is, in
fact, the most general scalar which is quadratic in the field and its
derivatives.

As a further example, which we shall occasionally use to contrast with
the relativistic field ¢, we apply the Lagrangian formalism to a field y
which obeys the time-dependent Schrédinger equation. This equation
is of the first order in the time, but since the field is not hermitian,
y! 5 y, the two equations for y and y' are equivalent to one equation of
second order. The application of our rules to equations of first order
requires some care. To see this, we revert temporarily to the study of a
single harmonic oscillator. The equation of motion with & = 1 for the
real operator ¢,§ = —g, can be rewritten in terms of two first-order

differential equations for the nonhermitian operators 2 and 2:

9 =q—ig 2=i2

2 =q+ig 2" =—idf
We recognize that a hermitian Lagrangian which gives 2 = i.2 and the
usual energy is ) o
L=— i(gt@ —9'9)—12'2
The conjugate variables = and = are

oL ia + oL i2

and hence the Hamiltonian is?
H=n2+a'9' —L=42"2=4(¢"+¢) + 1
! This Lagrangian is not unique, since it can be changed by adding a total time

derivative.
2.2 and 21 are independent variables.
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However, the correct commutation rules derived from [g,4] = i are!
[2h2]1=2 [22]=[2".9"1=0
and imply
2n] =1
[27] =2
The factor of { which appears in the commutation relatiens for the
canonically conjugate operators 2 and 7 and 2' and ' will always? be
present if a hermitian Lagrangian is used to derive first-order equations

of motion for a nonhermitian field.
A suitable hermitian Lagrangian for the Schrddinger fields y and ' is

_@’r’f:i
[2] =

Lot , 1
L=fd3r 'y — 9'y) — —Vy'-Vy] @.21)
and the field equations derived from it are?
L Vi
= 2m
V2
et VY
v 2m

The momentum operators =, =" canonically conjugate to v and y' are

P om ==y

T =

N~
[ ]

By means of the commutation rules

[y, 7] = [¢'@), 7' (0] = 5 8 — 1)
(4.22)
[v@), 7' (@®)] = [v'(), m(1)] =0

we therefore find

L@, ()] = 8 — 1)
['p(r’t)’ '/’(l",t')]¢=p = .[WT(r,t), 'pT(r',t')]t'-:tr =0

1 We have chosen a hermitian Lagrangian because it is identical with the con-
ventional one for a harmonic oscillator. By adding a term i(d/dr)(212), we can
start from a nonhermitian Lagrangian which leads to the correct equations of
motion but to the commutation rules [21,2] = 2, [2,7] = 0, [2%,#1] = i. See, e.g,,
Schiff, op. cit., p. 348.

2 This applies, of course, only to the type of system under consideration, namely,
one described by linear differential equations, which are of first order in time.

“3 This case is actually a limiting case of the Klein-Gordon field,

p(r,1) = lim zimig(r,1)
M 0
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Finally, the Hamiltonian is
H =£d3r—1—vw*-w =fd3r-"—(vzp*.vw* — Vn.Vy)
2m 2m

Care must be exercised in deriving the field equations from the Hamil-

tonian. It is only when the canonically conjugate momenta =, =!

appear explicitly in a hermitian Hamiltonian that the relations (1.14)

give the correct field equations. The eigenvalues of the energy can be
obtained by the same manipulations as before:!

pr,t) = LY M-y, E, = L

3 2m

[ak’al'] = O [ax.a] = 0 (4.23)
H :g ala,E,

The Schrédinger field case is actually somewhat simpler than the
relativistic Klein-Gordon one; in particular, the relation between the
energy and momentum of the field quanta is the classical one. In the
next chapter we shall study some differences between the relativistic and
the nonrelativistic case which are not of a trivial kinematical nature.

! Since ¥ is not hermitian, the creation part with aI is not needed.



CHAPTER 5

Observables

5.1. Energy, Momentum, and Angular Momentum. Led by our me-
chanical analogue we have so far investigated only two observables:
the total energy and the field amplitude ¢(r,#). In the continuum limit
the latter was not an operator in the sense that, when applied to a state
of finite norm, it leads to a state of infinite norm [see (4.14)], so that we
shall need some other observables for a discussion of the physical
properties of our quantized field. There are some general recipes in
classical field theory for constructing quantities such as the linear
momentum or the angular momentum of a field from a given La-
grangian. These and other observables, together with their commuta-
tion properties, will be studied in this chapter, and the next one will be
devoted to the eigenstates of these operators.

As in point mechanics, the invariance of the Lagrangian under
certain transformations ensures the existence of corresponding constants
of the motion. We have already encountered one example of this
general principle, namely, the energy. If, and only if, the Lagrangian
does not depend explicitly on time, then the energy (4.19) is constant.
The reader will readily verify the formula

oH oL
= - = 5.1
ot ot G-

where 9L/dt does not involve the implicit time dependence through
é(r,r). Similarly, if L does not depend explicitly on the coordinates r
s{i.e., those Lagrangians studied in Chap. 4), which means that it is
invarianf under displacements and rotations in space, then we get six
more constants of the motion, one for each parameter of the invariance
group. In classical mechanics the constants (which for displacements
and rotations are the total momentum and angular momentum,
34
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respectively) associated with invariances are simply the generators of
the transformation. The invariance of the classical Hamiltonian under
such transformations ensures the vanishing of the Poisson bracket
between the Hamiltonian and the generators, which implies that the
latter are constant. The same holds true in quantum theory, where the
Poisson bracket is replaced by the commutator. Therefore, the linear
and angular momenta are generally defined to be those operators for
which the commutator with any quantity gives its change under an
infinitesimal displacement and rotation.

At this point we have to remember that our problem is not yet
invariant under rotations, because of the cubic periodicity condition
(4.8) we imposed on our fields. The invariance is obtained, however,
by imposing a spherical boundary condition, e.g.,

¢xt)=0 forr=R (5.2)
We shall have this condition in mind when discussing the total angular
momentum. It is shown in the classical study of solids that the
particular form of the boundary condition is unimportant for large
systems and only serves as an aid for the mathematical development.
The case of physical interest is the one with L — o or R — . Corre-
spondingly, the form of the boundary condition should not, and does
not, enter into results of physical significance which correspond to
volume and not to surface effects. The physical results will always be
deduced with states wherein the field is only excited in finite regions of
space. For these states the field operators at infinity are effectively
zero. With this in mind, we shall henceforth also neglect surface
integrals from infinitely remote surfaces.

For the relativistic and nonrelativistic fields, the total momentum and
angular momentum turn out to be!

P=—} f #r [V + (V)]

P= —%fd“r [y + (V']
(53
L= ——ifdar [7r X V¢ + r %X (V)]

L= _;fd%- [7r X Vy + r % (Vy)r']

! These operators are restricted by conditions of hermiticity and proper behavior
under Lorentz transformations. They can be obtained by analogy with classical
mechanics. See, e.g., G. Wentzel, “The Quantum Theory of Fields,” p. 8 and
Appendix I, Interscience Publishers, Inc., New York, 1949. Here we shall merely
give P and L and show that they have the correct properties associated with such
operators,
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With the aid of (4.19) we find, e.g.,
[P, é(r,1)] = iV(r,0)
[L, ¢@xr,0D] = ir X V(r,1)

and similar equations for =(r,f), v, etc. That s to say, the commutator
of P and L with a field operator gives the change of that quantity under
an infinitesimal displacement and rotation, respectively. .Since the
Hamiltonian is invariant under these operations, we have

[P,H] =[L,H] =0 (5.5)

which, because of (2.19), means that P and L are constant in time. In
fact, (5.5) can also be verified with the aid of the field equations. We
readily see that the expressions for P and L can be converted to infinite
surface integrals by means of the Klein-Gordon equation. However, a
simple calculation shows that P and L fail to commute; in fact, the
commutation relations between them are the same as in elementary
quantum mechanics,

[P,,L;] = i€;Ps ihj,k=1,2,3,0orx,y,z (5.6)
where ¢, is the totally antisymmetric tensor of third rank, €53 being 1
and e;3; being —1, for example. There is actually a very general
reason for (5.6). Since L and P generate infinitesimal rotations and
displacements, the commutation relation between them must be the
same as the one for the operations of rotation and displacement.
Similarly, the commutation rules of the components of L are worked
out to be of the usual form

(5.4)

[LiL;] = i€pls (CN))
Inserting the expressions (4.8) or (4.23) into (5.3), we obtain, by our
1
usual methods, P> alakk 58)
k

As we found earlier, the operators afa, have integer eigenvalues, and
this tells us that the state

| nyng, oy = | Mgty . ) = (aby@ahre - - - | 0)
is also an eigenstate of P and belongs to the eigenvalue n,k, + nk, 4+ -
Our particle interpretation is thus supported by (5.8), which states
that a momentum k is associated with the energy o = (k* + m?)%.1
The eigenvalues for the momentum are therefore the integer multiples

! The zer0- point momentum %2 k, which appears for the Klein-Gordon field, is

zero by symmetry, because for every component k,, there is one —k,.

1 Because of this, the ay are usually called the partlcle-destructlon operators in
momentum (or k) space, as opposed to the ¢(r) in coordinate (or r) space, which
both create and destroy particles.
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of the k. This resemblance to the energy eigenvalue problem has
its formal origin in the fact that the commutation relations (4.19)
and (5.4) have the same structure. Consequently, the possible values
for the angular momentum are also of the same nature. However, our
standard states, which are eigenstates of P, will not be eigenstates of L,
since P and L do not commute except for eigenstates with P = 0. But
L and H commute, so that we should be able to find simultaneous
eigenstates of, say, L and H.

To construct such states, we should not expand in terms of plane
waves (eigenfunctions of displacement), but rather in terms of spherical
harmonics (eigenfunctions of rotations), since it is in the latter rep-
resentation that we expect Ly to be diagonal. To accomplish this
objective, we use the plane-wave expansion

o 1 . m* m
e = P> COHHULN Y™ 6,90 Y(0,.9,)

where 6, ¢, and 0,, ¢, are the angles between the vectors k and r and an
arbitrary z axis and where Y;* is a normalized spherical harmonic.
The functions U}(r) satisfy the equation
2
[._a_. + 2 _a_. _l+n + k{l Uyn=0 5.9

or?:  ror r?

and are given by
AP
Uy(r) = (-) kji(kr)
T
The expansion (5.9) reduces to the familiar expression®

et eos9 — 3" (21 + 1)i%j,(kr)Py(cos 0)

0
1=0
when r is taken to be in the direction of the z axis. However, since it
is a rotationally invariant expression, it must hold generally.

The constants which appear in the definition of U} have been chosen
such that these functions have d-function normalization. This can be
seen by the use of their asymptotic behavior

1 }
Ukr) = WD g vi(r) ~ (3) sin (kr — k-r)
r o0 T 2
1 This expansion is most easily obtained by comparing the asymptotic expansions
of both sides after integrating with P,(cos 6) d(cos 6). See G. N. Watson, “Theory of
Bessel Functions,” rev. ed., p. 128, St. Martin’s Press, Inc., New York, 1944, and
L. I. Schiff, “Quantum Mechanics,” 2d ed., p. 77, McGraw-Hill Book Company.
Inc., New York, 1955.
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and of the field equations

fo "ar PO = fo “ar [vi(r) £ ok~ k) % v,t(r)]

= lim L8nRK—K) _ 50k
e —

Furthermore, they and the spherical harmonics Y;™ form a complete set
of three-dimensional functions in the sense that

f dk 2 Uk(r)Uk(r’)Yl (Braq’r)Y (or"‘pr) = 6q(r - l')

Finally, if we mtroduce the expansion!

‘#(r’t) f (2 )} Z Uk(r )[Ylm(ers‘pr)alm(k)e—mt + Ym (er’(pr)alm(k)eiwt]
(5.10a)

then, by comparing with the continuum limit of (4.8), we see that
a,,(k) is defined by

) = 1 40, ¥ 0 a8
With the help of
Fk — k') = ok — k") &(6 = 6Y(p — @)
k? sin 0
we thus deduce the commutation relations
[3m(K)s @Y (k)] = 8,18 Bk — K)

[@un (0, 81 k)] = [}, @ ()] = 0
We can readily verify that (5.11) results in the correct commutation
properties of ¢(r,¢).

In analogy to our plane-wave expansion for ¢(r,f), we may also derive
the continuous k-variable development given above as the limit of a
discrete set which is selected by the boundary condition (5.2). From
the asymptotic expansion of v, which is valid only for n or / much less
than kR (e.g., for fixed # and / in the limit R — o0), we see that

UYR) =0
requires kK = (n + /{2)n/R with n =0, 1,2,.... Under these condi-
tions we see that R [®

PR f dk

1 We have here used a convention which we shall keep henceforth. It relates
discrete k-space quantities to continuous k-space ones. In the former, destruction
operators are written as a, or ay,,,, whereas in the latter they appear as a(k) or

(k).

(5.11)
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and we can rewrite the above development as

!‘ . *
He) = 3 (s UMK O™ + X0 el ]
b (5.10b)

[aklm’alt’l’m’] = 6ll’amm'6kk'
with a;,,, — (7/R)*a;, (k). In future developments we shall use both.
the discrete and the continuum form. To obtain numerical results
from the theory, the latter is obviously more convenient. For easy
reference, the relevant formulas relating discrete to continuum k space
are collected in the Appendix.

In terms of the operators introduced in (5.10b), we get for the ob-
servables of interest!

H — E, =l§ka;’,’mak',’mw (5.12)
and for L;, by making use of ay,";(é,,qp,)/ op, = imY}*(0,9,), we get
| L, =l'§’ka;{,l,mak,l,mm (5.13)
The vacuum is defined in terms of the new variables by
Aim |0) =0 (5.14)

In the limit of R — oo, in which case the boundary conditions (5.2)
should be equivalent to the ones used in the momentum representation,
(5.14) is identical with our old definition, since the new operators a are
then linear combinations of the old ones. In the new representation,
eigenstates of particles with energies o are obtained by applying aj}
to the vacuum. Thus

f t
‘ Mt imyoMieglamg **° ) = (akll,ml)"k‘""‘(ak.,l,m,)nk"”'"“ s | 0)

We recognize from (5.13) that these states will also be eigenstates of Ly
belonging to the eigenvaluel ka,.n,,‘.,‘,,,‘. The ., €.g., the eigen-
values of a},,auns, are the nﬂ’r';‘alsers of particles with energies w, and
angular momentum /; with three-component m;, so that L, has the
integers as eigenvalues. To build up eigenstates of a given total
angular momentum, we must properly combine the single-particle
eigenstates we have constructed with the methods familiar from
elementary wave mechanics.2  We shall not go into this at present, but
we shall carry out equivalent manipulations later. That there are
several ways of constructing eigenstates of H is connected with the fact

1In Ly, a term > 4m, which appears for the Klein-Gordon field, is zero because of
L3

symmetry between +m and —m.
2 L. D. Landau and E. M. Lifshitz, “Quantum Mechanics,” chap. 1V, Addison-
Wesley Publishing Company, Reading, Mass., 1958.
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that in the limit R — o or L — oo, H is infinitely degenerate. The
eigenstates of Ly and H are just superpositions of eigenstates of P with
the same eigenvalue of H, the coefficients being those which transform
plane waves into spherical waves.

5.2. Parity. A further constant of motion emerges from the
invariance of H under the noncontinuous orthogonal transformation of
the coordinates represented by the reflection r — —r. Because this
transformation cannot be generated by continuous rotations,! the
constant associated with it, called parity, is independent of angular
momentum. It is deduced by the usual argument. Since the sub-
stitution ¢(r,f) — ¢#(—r,t) leaves the commutation relations invariant,
there must be a unitary transformation effecting the substitution:

2, P = $(—r.1)
PP =P, =1 (5.14a)
Also, H is invariant under the substitution ¢(r,t) — ¢(—r,?), so that we
have
PHP=H [P, H]=0
which implies that #, is a constant. However, both H and the
commutation relations are also invariant under ¢(r,f) - —é(—r,t), so
that one can also define a reflection
P_¢, )P = —(—r,0) (5.14b)

and Z_is also constant. Only when there is an interaction can we tell
which is the right reflection property of ¢, that is to say, which of the two
operators . is a constant. For instance, if H includes a term

fd"r p(@)d(r,1)

where p(r) is invariant under reflections, then only &, commutes
with H and ¢ is then called a scalar. On the other hand, a term

f &rpe -V, with P,ePi'=c

commutes only with #_, and ¢ is then called a pseudoscalar. This
latter case is realized in nature by the pion field.

The operators £, can be diagonalized in an angular-momentum
rather than in a momentum representation since [#,,L] =0 but
P.PP' = —P. Since

Ylm(_r) = Ylm(‘” - 0,., Pr + 7’) = (_ l)lylm(eﬂ‘pr) = (—l)lth(r)

! This means that 2 has no classical analogue; there is no infinitesimal generator
for a reflection.
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we find as explicit expressions!

2, = exp ("iﬂzla;lmaklm)
kim

P_=exp[— iﬂklZ([ + 1)af g (5.14c)

and from these expressions we deduce
P 1 0qm? it = (—Dag, P 0Pt = (1)t

From (5.14c¢) it appears that Z, is —1 raised to the number of particles
with odd angular momentum, and #_ is —1 raised to the number of
particles with even angular momentum. Hence parity is a multi-
plicative quantity; for several particles it is the product of the individual
parities. Scalar particles have only their orbital parity (—)?, whereas
pseudoscalar particles also have an intrinsic negative parity.

5.3. Number of Particles and Particle Density. Another observ-
able which commutes with H but has no analogy in classical mechanics
is the number of particles?

N =Yala,
k

= 3 Gfintiin (5.15)
kim
Its eigenvalues are the sums over the integers n, (or ny,,) which we
interpreted as the number of particles present in a state with momentum
k (or angular-momentum z component m):

N[ m) = S, | mg) (5.16)
J

Thus N can be called the operator for the total number of particles
present. We obviously have

[H,N]=0 (5.17)

which means that no particles are created or destroyed. In fact, if we
define the operator for the number of particles of a given momentum k
as N, = ala,, so that N = > N,, then we find that

k

[N.H]=0 N,=0
1 Note that ¢*ae~*¢ is defined by expanding the exponentials
i2
eiaei0 ~ a + i[0,a] + 5 [0[0a]) + -

so that, if [¢,at] = 1, ' .
e—ima aaeina-a = —a

The phase factor in 2, which is left open by (5.14a) and (5.14b), is chosen by
#,]0) =|0). By means of (5.14a) we can also compute Z  a,?7' = +a_y.

% This equation and related equations given later are always to be understood in
the limit L — o or R — o,
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This tells us that no particles are transferred from one momentum
state to another; in other words, no particles are scattered by the
Hamiltonian we have been considering. Equation (5.17) will no
longer hold for systems that we shall consider later on.

Like the operators considered previously, N can be expressed as a
volume integral. If we decompose ¢ into a positive- and a negative-
frequency part,

¢, = $rp) + ¢,

(k-r—wt)
Gepy=Lye "
P =2 T %

[0, )] = [$7@1), 6@ 1)]=r
= [r,0,6"@,t)]=r
= [0, ¢ 1) ]=r =0

1 . P83 !
[¢(+)(rst)9¢(~)(r’ntl)]t=t’ = [¢(—)(l',t), ¢(+)(|-',t’)]'=t, — i6 (rz l’)

we find
N = —ifd"r [¢(—)¢(+) _ ¢(-)¢'(+)] (5.19)

In the nonrelativistic limit this becomes for the Schrdodinger field the
more familiar expression

N= f &Bx 0,0 (5.20)

In elementary wave mechanics this is put equal to 1, which means, in our
present language, that there we consider only one-particle states.

We can also show that Ehrenfest’s theorem! of wave mechanics holds
in our general theory. If, in analogy with wave mechanics, we define
the center of mass by the operator?

R= I{? fd’r Pl HvEor (5.21)
we obtain, with the help of (4.22), (5.3), and partial integrations,
R=i[HR] = = (5.22)
- Nm

! See L. L. Schiff, “Quantum Mechanics,” 2d ed., p. 25, McGraw-Hill Book Com-
pany, Inc., New York, 1955.
2 Note that [R,,P;] = id,;, as in elementary wave mechanics.
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Thus the total momentum is equal to the total mass multiplied by the
velocity of the center of mass. The relativistic analogy of (5.22) holds
only for the center of energy,

R= 1 [ it + (Vg + migtl 529

5 P
R==— 5.24
B (5.24)

5.4. Local Observables. The observables considered so far were of
the form of an integral over all space. This suggests interpreting the
integrand as the corresponding local density and an integral over a
finite volume as that part of the observable contained in this volume.
However, the quantities integrated over the whole volume L? may fail
to commute with ¢ or bilinear operators such as the momentum
density P(r), and hence the states considered so far will in general not be
eigenstates of local quantities such as the momentum density. This
will become quite clear in the next chapter, in which we consider states.

With respect to local quantities, there is an important difference,
which we shall now consider, between the relativistic and nonrelati-
vistic case. If we define the number of particles in a volume v as

N, =f d®r N(r,1) (5.25)
then, for the nonrelativistic field considered,
N(E.1) = v'(@0p(.1) (5.26)

and for the relativistic one,

NGt = —i[$ @0 — ¢ wne Vwn] (5.27)

In the nonrelativistic case, it follows from the commutation relations
(4.22) that

[N, (), Npy(t)]s=¢ =0 (5.28)

whether the volumes v, and v, overlap or not. This means that we can

talk of a definite number (e.g., 1) of nonrelativistic particles in a volume

of any size, no matter how small or how large. It is true that this
number does not remain constant, since

mmm=—ﬁf&WMWMm—mewm¢o

and the surface integral to which this reduces is finite for finite volumes
v, but this only means that the wave packet for a localized particle
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spreads out as time goes on. For the relativistic field ¢, the commuta-
tion relation (5.28) does not hold even if the volumes v, and v, do not
overlap. This comes about because of the factor w1, which spoils the
vanishing of the commutator

[0, $ )]y = S ¢

ke (r—r')

=3APr—r) (529a)

whenr #1r'.
The behavior of the commutator can be found as follows
e'kr 1 sin kr
A ———f k———-——— — |k dk ——————
® o D 2t K + mH
1 a eilcr

= - dk _— 5.29b
4r?r OrJ-w (K% 4 md)} ( )

Substitution of & = m sinh 6 gives

1 9 | 4 d
A(+) . “mr sinh 0 __ H(I)
r) = — o e db = 4— 5 Mo (imr)

m ..,
= — — H*(imr
= 1 (imr)

We see, therefore, that the commutator behaves like a Hankel function
of the first kind, H®(imr), which has the following properties:!

limA® (@) = lim 1L

r=0 70 27712
i
lim A(r) = (—i-) e ™
r=w 4mr \rmr.

Thus, the dominant behavior for asymptotically large distances arises in

(5.29b) from the exponential e?*, evaluated at the complex pole k =
Correspondingly, we find for the commutator of the local density

N(r,?) with that at another spatial point, r’, but at the same time ¢,

[N, N@ )= = [0 0600 — 400061 0] A———"")

+ [ D600 — 47008 E0)] ———F )

with I‘(+)(r _ l") — 2[¢;(+)(r’t), ¢(—)(r ,t)] — §wezk (r-r)
1 90 ;
=L " ke ) r=fr—r
4n*r or J - ( ) | l
1 G.N. Watson, “A Treatise on the Theory of Bessel Functions,” 2d ed., chaps.
3, 6, 7, Cambridge University Press, New York, 1958. Note that

H (imr) = ﬂzl K(mr)
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Here we used the algebraic identity
[AB,CD] = A[B,C]D + AC[B,D] + [4,C]DB + C[4,D]B

and [0, ('] = 3idx — 1)
The integral for I't") diverges in its present form, but it can be made
convergent by bringing down a sufficient number of powers of & in the -
denominator by differentiation with respect to r. For large distances
[r —r’| the dominant behavior of I'*) is again determined by the

exponential evaluated at k = im. Thus, for the relativistic field
considered, the commutator of the local density N(r,f) with that at

Y2 ,
P

-~

} s3>m = .

Fig. 5.1. Distribution of mesons about two nonoverlapping volumes v, and v,
separated by a distance s much larger than the Compton wavelength m™ of the
particles.

another spatial point but at the same time [e.g., N(r',f)] goes to zero
only if the two points are separated by a distance |r — r'| > m™1. The
same statement holds for the number of particles contained in two
nonoverlapping volumes v; and v,, as shownin Fig. 5.1.  Here m~is the
Compton wavelength of the field particle, and for the = meson, for
instance, it is ~10713 cm. Hence it is not possible to assert that one
pion (or any other definite number) is in a volume the boundary of
which is defined within the order of 10~3 cm or less. That would be
true only if this state were an eigenstate of N, with eigenvalue 1 for this
particular volume and with eigenvalue O for all neighboring volumes
within 10~ cm. Because of the noncommutativity of such closely
neighboring N,, this is impossible. The best we can do relativistically
is to have eigenvalue O for those N, for which v is many m~! apart from
the volume which contains the particle. Physically, this is connected
with the fact that defining the boundary so sharply, Ar < m™!, requires
that there be an external field partially composed of wavelengths <m™.
Such a field is capable of creating new particles. Because of the identity
of particles in field theory, the new particles cannot be distinguished
from the old ones. Hence the state will cease to be a one-particle state.
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It appears that the fundamental principles of relativity (E = mc?)
and quantum theory (E = h») give an important modification to our
concepts of particles. Whereas in the nonrelativistic limit they appear
as points and there is no lower limit to the size of the region into which
they can be confined, in relativistic field theory the quanta of the field
have roughly the size of their Compton wavelength. This is the origin
of the decrease of the electromagnetic interactions when wavelengths
A < m™ are involved. An electron, for instance, acts like a charged
sphere with radius » ~ m,!, and the effect of smaller wavelengths is
averaged out. Hence the cross sections for scattering of photons by
electrons decrease for photon wavelengths <m,'.9 Similarly, this
effect decreases the binding of the hydrogenic S electron, since its size
does not permit it to take full advantage of the narrow singular part of
the Coulomb potential.

Summarizing, we can say that the behavior of observables in quantum
field theory is like that of an ensemble of free particles. The question
of the size of the particles and other features of local quantities will be
further illuminated when we discuss typical states in the next chapter.

9 See W. Thirring, “Principles of Quantum Electrodynamics,”” Academic Press,
Inc., New York, 1958.



CHAPTER 6

States

6.1. Vacuum and One-particle States. The states we have been
mainly interested in so far have been eigenstates of the energy. The
state with the lowest energy, | 0), has no particles and, appropriately, is
called the vacuum. Application of any of the af to | 0) creates a state
with one particle present with momentum k. The most general
one-particle state is obtained by multiplying | 0) with a general linear
combination of operators a with different values of k. This can also be
done by means of the field variables ¢(r,) of Eq. (5.18) or, in the
nonrelativistic case, by '(r,?).

Treating the latter and more familiar case first, we can write

[1) = f &Erf ety | 0) (6.1)

We note that our previous one-particle states af | 0) or af, | 0) are
special cases of (6.1), with
et lkr—Ext)

f (rﬁt) = L’

or S(e,0) oc Ui Y0, 9,)e™

since these states are time-independent if they are eigenstates of the
Hamiltonian. The normalization of the one-particle state (6.1),
(1| 1) = 1, requires

=0 lff *(r)p(rD) &r f &r .0’ | 0)
= f &P f* @0 f(r,0)

= [ s = 62
47
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This is the normalization condition for the wave function in wave
mechanics, and, indeed, f plays the role of this quantity. It appears
whenever expectation values of a quantity like the energy density H(r),
the momentum density P(r), or the density of the number of particles
N(r) are computed.! Thus

A[N@] 1 =] f FHEYE) &y O ff(r")v"(r") &'r | 0)
= S0
A[HO |1 =5 0] [rwwe) Ve Vo 1) a0 [0)
m

= Lupw . vr
2m
and, similarly,

AP |1y = 5‘; [A*@VI®) — fOVF*@)] 6.3)

We shall now investigate whether the field quanta can be considered
particles in the sense that they are objects localized in a certain region in
space. As in wave mechanics, we can at a certain time have a particle
density with an arbitrary spatial distribution. To be sure, such a state
is not, in general, an eigenstate of energy and momentum, but this may
also be true in wave mechanics where a localized wave packet eventu-
ally diffuses. Our nonrelativistic particles need not have a finite size at
a given time 1, since we can have a state for which f{(r,?) is different from
zero only in an arbitrarily small region [e.g., f(r,0) = &(r)]. In this
case the expectation values of all densities will, according to (6.3), be
zero outside this region. We see from (4.22) that such a state is even
an eigenstate of densities outside this region belonging to the eigenvalue
0. This means that there are states for which, outside a region as tiny
as we like, no experiment will find any trace of a particle. Nevertheless,
we shall always have N =]|1) 6.4)

In particular, at ¢ = 0, say, | 1) = »'(r) | 0) is easily seen to be an
eigenstate of N, (although not normalized) belonging to the eigenvalue
1if v contains r and to eigenvalue 0 if it does not.? To show this, we use

N, '] = v'@) f &' 53 — )

which also proves that N, has integral eigenvalues for arbitrary vol-
umes v. *

L H(r), P(r), and N(r) are the integrands of the corresponding integrated observ-
ables, evaluated at t = 0.

% This state is not an eigenstate of H, since [y!(r,), H] 0 and it will thus be
time-dependent. When no time dependence is indicated for N,, we mean N,(0).
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The relativistic field states behave differently. First of all, in this
case the vacuum is not even an eigenstate of the local densities H(r),
P(r), or L(r). These quantities contain terms proportional to ¢-* and
therefore lead from the vacuum to a two-particle state. Nor is the
vacuum expectation value of H(r) equal to zero:

O] H(x) | 0) = }(0| ¢* - (V§)* -+ m*¢* | 0)
= 30| 6 @) + V) - Vo)
+ m2¢(”(r)¢(‘)(r) l 0)
1
= I g o

We may, however, redefine the densities so as to ensure the vanishing of
their vacuum expectation values. This is accomplished by writing all
¢ operators to the right of the ¢~} ones, e.g.,

¢(+)¢(—)~)¢(-)¢(+)
¢(+)q§(—)_)q§(—)¢(+)

so that the momentum density, for example, becomes

P@) = —[670V4 @) + 670V )
- v¢(—)(r)¢(+)(r) + ¢'(+)(r)v¢(+)(r)]

It should be noted that this does not take care of the $!—'2 terms, so that
the vacuum is still not an eigenstate of local densities. However, the
above rearrangement does eliminate the zero-point energy for E. These
alterations only change the observables by ordinary (although infinite)
nonmeasurable numbers. Furthermore, these numbers are real, so
that the hermiticity of the observables is not destroyed. Henceforth we
shall always assume ordered products for observables quadratic in ¢.
This does not mean that the vacuum fluctuations of ¢ vanish. Thus
(A¢)? = (0| ¢?| 0 is still given by (4.13), and the fluctuation in the
energy density H(r), with the reordering for H (but not for H?), is also
different from zero, [AH(r)I? = (0 | H%(r) | 0), and diverges even faster
than that of the field operator ¢. That is to say, in a relativistic theory
we are never sure that the local energy is zero. This arises again from
the fact that the accurate definition of a volume requires high momenta
and energies which, in a relativistic theory, may create particles. As we
go along, we shall notice that the virtual existence of particles through-
out space is a most striking feature of this theory.

The one-particle states of the relativistic theory also present interesting
features. To write our arbitrary linear combination of the creation

(6.5)
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operators a in momentum space, Y 4af f;, in terms of the variables ¢!~),
k

we have to introduce F, = (2w)!f; and its Fourier transform F(r),
because

t

Thus, at ¢t = 0, we have
|1 =3hal]0) =fd3r F¢~® |0) ©46)
The normalization condition

F, 2
siap=sBL_y 67)
K kK 2w
does not correspond to the usual {d% |F(r)[? = 1 but rather to

o[ a ProFE)$E$ 0| 0
= %fF*(r)A(”(r —)F@) @rd®r =1

This is due to the factor w, which, even with the redefinition (6.5), makes
it impossible to find a spatial distribution F(r) such that the expectation
values of all densities are zero outside a certain region. For instance,
putting all £, equal to 1/L}, corresponding to a spatial é function at
r = 0 for f(r), but not for F(r), we obtain for the particle density, Eq.
(5.27),

o101, 3, (2 (15 wlaine

a9 2L \w’ [ I8
=S erpt § e rgy -t (6.8)
X K

This is clearly not equal to zero for r # 0, so that the one-particle state
so described cannot be considered localized; it is, rather, spread out
over a distance of the order of 1/m. On the other hand, if we choose
F, equal to 1/L%, corresponding to F(r) = &%(r), then we find for N(r),
by means of the commutation relations (5.18) and (5.29a),

AIN® | 1) = —i0] $O[$ 7M@) — ¢ 1470 | 0)
T = @A) + AP(—nen)]
= }8®AY(r)
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This is indeed zero for r # 0, so that the state appears to be localized at
the origin.! However, in this case the expectation value of energy
density becomes

(AHE | 1) = 30| $MO{F®) + [VOT + m*é*()}4 0| 0)

= {[EOF + VAV + [ma“ o]} (69) -
The dominant spatial dependence of this function is given by e=%"" for
r > m™. This behavior can be understood by considering a single
particle located at the origin. Any measurement of the energy creates
particles, but these have already been accounted for by the redefinition
(6.5). This ensures that, in the absence of real (as opposed to virtual)
particles, e.g., for the vacuum state, the expectation value of the energy
density is zero. However, because of the presence of the particle at the
origin, something new can happen if we measure nearby. A pair of
particles may be created at a distance r < m™, one of which stays there,
whereas the other annihilates the particle at the origin. The distance
over which virtual particles can spread is limited by AE Ar ~ 1. Since
AE > 2m for creation of a pair of particles, A7 < (2m)~!, and the
particle cannot propagate further than (2m)~!. Therefore the above
type of event will influence the energy density within distances of the
order of m~! about the origin.

By similar calculations we recognize that N, has only integer eigen-
values if »* has an extent much larger than the Compton wavelength of
the field quanta. We find that [N,,¢")(r)] # ¢(r) but contains an
additional term proportional to ¢~ averaged around r within a
Compton wavelength:

i[d,(-—)(r) — if¢(")(r')A(+)(r —r)d'] ifrisinv

NgO®I =1,
~3 fd:"’(r’)A‘”(r —r)d3r ifrisnotinv
/
Hence ¢-(r) | 0) will not be an eigenstate of N,. Nevertheless, if v is
much larger than m~2 and F(r) is a smooth distribution in a volume
>m~3 about the middle of v, then [d% F(r)¢-'(r) | 0) will almost be an
cigenstate of this N,. Since the local energy densities at different
points but at the same time commute,? [H(r), Hr')] =0 if r #1r', it

1 Qur choice of F(r) does not lead to a normalized state | 1). Note, furthermore,
that the state described by F(r) = 4%(r) is not an eigenstate of N(r), e.g.,
N(@)|1) # constant|1)  forr =0
consistent with our discussion in Chap. 5. However, the expectation value of N(r)
for this state is localized.
% Note that the ordering of H(r) changes it only by an ordinary number, so that
its commutation properties are not changed.
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might seem possible to build states for which the energy is exactly
localized. This can indeed be done, but then it can be shown that
these states do. not possess a definite number of particles. Local
quantities and the number of particles are, therefore, complementary
concepts.

6.2. Two-particle States, In order to get a feeling for some of the
consequences of the Bose-Einstein statistics of the field quanta, we shall
finally study interference and fluctuation phenomena. For the sake of
simplicity, we shall keep to the nonrelativistic field. The results for the
relativistic field ¢ are similar, but are complicated by the additional
effects discussed above.

The interference effects already appear for the two-particle states.
Nonrelativistically, the most general state of this type is!

|2) = f Pry Pry ()Y (r)y'@) | 0) (6.10)

and belongs to the eigenvalue 2 of N. The normalization condition for
(6.10) is

2 ' 2) :fds"l dPry ) f(rry) + f(Xpr)] = 1 (6.11)

The second term in (6.11) arises because of the Bose statistics of
the field quanta. In fact, we could have restricted ourselves to a
symmetric f in (6.10), because the part of f which is odd in r, and
r, does not contribute. Since y'(r,) and p'(r,) commute, y'(r)y'(rs)
is even in r, and r, and gives zero on integration with an odd func-
tion.

There are some peculiar features connected with these facts which are
best illustrated by calculating the expectation value of N(r). Weshalldo
this for a two-particle state for which f(r,r,) is of the form f(r,)fx(rs),
so that the particles would be independent could they be distinguished.?
Furthermore, we assume that each f(r,) is normalized to unity, e.g.,
Jd®r; fi(r;)? =1, so that the correctly normalized over-all distribution
function f is

_ N fr) 6.12
Sf(ryre) [L+ I(fpf2)|2]§ ( )

with ol = [dr 12050 6.13)

-

L If this state is an eigenfunction of the Hamiltonian, then it is time-independent,
but if it is not, then the state function is given by (6.10) only at r = 0. In the
following discussion, we shall consider the latter case.

2 Particles which can be distinguished will be encountered in the next chapter.
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With this notation we find
@ IN®| 2) = [ty diry e P S DA SEDICED
X [1+ | DPF1 70 | pir)pr)y ®v@e ey E) | 0)

= [JA®P + | LOF + (LR ®fRK)

+ A LI + [P (6.14)

which is obtained by commuting all y’s to the right and y’s to the left
and using v | 0) = (0| »' = 0. We see that if the two wave functions
are orthogonal, (f,f;) = 0, the particle density is just the sum of the

individual ones,
e @ N® [ 2) = [AOF + | £OP
as for independent particles and as shown in Fig. 6.1a. In particular,

! ]f1’2+lf2|2=
f,(r\)~'; . <2|N(r)|2>

(b)

Fig. 6.1. Interference effects in the two-particle density distribution. Part a shows
two noninterfering particles. Part b applies to the case of two particles which
interfere. The density |f;|® + | f5/? is that which would apply for no interference.
The actual density is <2 |N(#)| 2) and shows that the particles tend to cluster in the
interfering region.
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this is the case in the classical limit of nonoverlapping wave packets, for
which the particles can be identified by following their trajectories.
However, if (f;,f;) % 0, there is an interference term, which decreases
the density when:%}/’s do not overlap, because of the denominator in
(6.14), and hence incteases it on the average in the overlapping region.
This is demonstrated in Fig. 6.15. Because of this property, bosons
have a natural tendency to stick together. Hence, we see not only that

O°
oD 00
00
£,(9)
909 /\ goe 900 . 900
\/ fz(e) l |2 I IZ
£ “+|f,
180° o [ft?
180° 180°
180°
(a) (b) (¢)

Fig. 6.2. Polar plots of the positive amplitudes f£;(8) and f,(6) for hypothetical o-a
scattering are shown in parta. The intensities without and withinterferenceappear
in parts b and c, respectively.

a single particle can interfere with itself, which is the usual super-
position principle in wave mechanics, but also that two identical
particles can interfere with each other. This interference, which is
another expression for the symmetry requirement of the wave function,
does not occur between particles of different fields (see Chap. 7) and
emphasizes that identical particles are just excitations of the same field.
One important consequence occurs for the scattering of two identical
particles. There the scattering intensity is not just the sum of the in-
tensities for the two particles but includes an exchange term of the type
displayed in (6.14). For example, if in the scattering of alpha particles
by He* the center-of-mass-system amplitude f;(8) is peaked in the forward
direction, then f,(8) must be peaked backward, but |f[* =|f; + fi*
may then be anomalously large around 90°, as is shown in Fig. 6.2.
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6.3. Many-particle’ States. Another unusual physical phenomenon
directly related to the above is the fluctuation in the number of bosons in
a volume v < L3 where the latter volume contains a state with a
definite number n of bosons. For independent particles the distri-
bution of the number of particles in v satisfies a Poisson law, e.g., the
probability of finding » particles in v is .

S\
Ny = e’ (_”_)_
v!

where 7 is the average number of particles in the volume,

P =

nw (6.15)

<
IMs

For a uniform distribution of particles in our normalization volume, »
would be nv/L3. For a Poisson distribution the fluctuation in the
number of particles in v is

AR =1 — P =3 — R =4 (6.16)

v

That is, for a normal uncorrelated distribution the square fluctuations
in the local density are proportional to the density itself. This is the
classical particle result.

Now, what do we obtain from a complete field theoretic treatment ?
It will be shown that even for bosons in orthogonal states (for which
the particle densities are additive) the local fluctuations of the density of
particles are not additive. To derive this, we first calculate 7 for the
n-particle state which is represented by

|y = [dtry iy e KD SV @Y @D - W€D |0

6.17)
with! (fof) =0y (6.18)
With the same methods as before, this gives us
5= (n|N,|n
=fd3r (n] v () | n) =='[’d"’r§l| foF (6.19)

1 We shall now take the f’s to be orthogonal in order to separate the effect
under consideration from the one discussed above.

293
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If each f is chosen to be a plane wave, f; = e™*/L!, we get

- nv

=5 (6.20)
as was to be expected. For the expectation value

N2 =fd3r d*r' N(r)N(r')
=N, + f &r & ')y ()P p(r) (6.21)
we find in the usual way ’

[N m =5 +3 f Pr & [HOSOLOM) +AOM] 6.22)

and therefore

2
(AN = (n| N2 = NZ|my=9+3 fdsrfi*(r)j}c(r) 2 — El:fd”r |f,-(r)]2]
t#k Vo H v
(6.23)
where N,= (|N,|n)

The first term in (6.23) is the result obtained earlier, Eq. (6.16), for an
uncorrelated distribution; the two other terms represent the fluctuation
due to the interference of the various particles. In the limit v = L3 the
second term vanishes by our assumption (6.18), and the last one is just n
as expected, since we are then dealing with an eigenstate of N, for which
(AN)> =0. For plane waves the last term is n(v/L?)? = #v/L® and
vanishes for # = constant, L3 — 0.

Let us study the fluctuations of the particle density in the two ex-
treme cases in which the volume v is very much larger and very much
smaller than the dimension of the volume in which the distribution
functions f;, representing the particles, are different from zero. In both
cases we take v to be much smaller than L3, since otherwise the fluctua-
tions approach zero.! If the quanta are represented by wave packets
with wavelength much smaller than %, as shown in Fig. 6.3a, then the
second term drops out because of the orthogonality of f; and f; ., The
field then has properties of a purely noninterfering system and therefore
no wavelike behavior. In the opposite extreme of long wavelength,
v <€ X = k;73, as shown in Fig. 6.3b, and for plane waves we obtain for
the second term (v )2

=) = 2

>

i\

and the fluctuations are
(AN, = #(% + 1)
We note that for a low average density of particles, # < 1, the particles

1 Remember that in this limit the third term on the right-hand side of (6.23) goes
to zero.
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behave like classical ones. To illustrate the significance of the added
interference contribution (e.g., #*), we need a large density of particles,
# > 1. In this extreme the particles behave like a superposition of
waves of equal amplitude and random phases,

i=1
The intensity for the resulting wave is
I=Re (2 ey e"”*) =n+2 cos (¢, — ¢;) (6.24)
i=1 k=1 k>j ‘
and therefore PP =[n+ 23 cos(¢; — )]
k>
In (6.24) Re means that the real part of the parenthesis is to be taken.

/ // ’/\/\”?\\\\
/ / / N h
\
s [ | s
' / \ fl \\ %/i / f /
N /

(a) (b)

Fig. 6.3. Fluctuation extremes. In part a the dimension of the packet representing
the particle is much smaller than the volume v, and in part b it is much larger than v.

\

On averaging over the phases, we find, for n > 1,

I=n _PP~2n? (6.25)
(AI? =1*— P~ n*

in agreement with (6.23).! These large fluctuations stem from the
natural tendency of bosons to cluster. This has, indeed, been observed
in dense light beams where the counting rates of bosons do not follow a
Poisson law.? Depending on whether there are few or many bosons
within a wavelength, our system will exhibit either particle or wave
properties.

! Actually, our particles correspond to waves with amplitude (v/L%?, rather than 1,
which changes # into 7 in (6.25).

2 See E. M. Purcell, Nature, 178:1449 (1956).



CHAPTER 7

Internal Degrees of Freedom

7.1. Fields with Two Internal Degrees of Freedom. The quanta of
the fields we have discussed behave like indistinguishable particles.
To describe systems with distinguishable particles, it is necessary to
introduce several fields, one for each of the kinds of particles. The
particles may differ in such aspects as mass, spin, and spin direction or
even in properties such as the charge, which are not connected to space
time. It is the latter kind of distinction which will concern us in this
chapter. Consider, for example, two hermitian Klein-Gordon fields
¢, = ¢ and ¢, = ¢} and take the Lagrangian density to be the sum

L — L)+ L(dp) = é}[«ﬁ% — (Vg — miE]

[$,(r.0, $i(r'0)] = i6,,8%r — r') .
[¢1(r’t)’ ¢l(r,st)] = [é/(l‘,t), ¢l(rl’t)] =0

This describes a system with two kinds of particles with different masses.
Our previous considerations concerning the eigenstates of the various
operators still apply, except that now each state has to be characterized
by the number of particles of kinds 1 and 2. A two-particle state with
one particle of each type, for instance, is given by

12) = [, iy S0 [0 @2
but f(r,,r,) need not now be symmetric, because

#-)('1)‘#;_)('2) Z: 'f’i_)(rs)¢;-)(r1)
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Hence particles of different fields do not obey Bose statistics, irrespective
of whether or not they have the same space-time properties. Conse-
quently they do not interfere with each other and do not show any
anomalous fluctuations.

The mechanical model analogous to the introduction of two fields is a
two-dimensional oscillator. The Lagrangian for this case is

L= %jz(q? - g%t (7.3)

If the forces in the two directions are equal, e.g., w; = w,, then a new
nonergodic constant of the motion appears, owing to the rotational
symmetry of the problem. This constant is the angular momentum
around an axis perpendicular to 1 and 2. Exactly the same happens in
the field theoretic case when the two masses in (7.1) are equal. The
Lagrangian and the commutation rules are then invariant under the
substitution

¢; = ¢1 cos @ + ¢2 sin 14 (74)
¢y = —¢ysinp + gycos @

The relations (7.4) also express a rotational symmetry in a two-dimen-
sional space, but this space has nothing to do with our space-time
continuum. Nevertheless, the formal analogy suggests that ¢, and ¢,
are the components of a two-dimensional vector field in an “‘internal
space” with which there will be associated new constants of the motion
arising from the rotational symmetry. These constants are called
“isospin,” in analogy to angular momentum for fields with three
components. We shall discuss them presently. Like those stemming
from the invariance of the space-time continuum, the constants are the
generators of the infinitesimal transformations, and there are as many
constants as there are parameters in the group which leaves L invariant.
Since the invariance group (7.4) has one parameter, we have but one
constant. To find this constant, we follow the usual pattern. Because
(7.4) leaves the commutation rules (7.1) invariant, there must be a
unitary operator U which connects! ¢, and ¢;:

U U™ = ¢, cos g + ¢,sin ¢
UgU™! = —¢y sin g -+ gy cos ¢

1 In field theory, unlike elementary quantum mechanics, it is not generally true
that there is a unitary operator for every transformation which leaves the com-
mutation rules invariant. However, we shall not get into trouble with these patho-
logical nonequivalent representations in nonseparable Hilbert spaces. See A. S.
Wightman and S. S. Schweber, Phys. Rev., 98:812 (1955).

(1.5)
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For infinitesimal rotations, ¢ — dp, we put

U=1+i8pQ U'l=1—ibpQ Q' =9 (7.6)

and obtain )
[Q’¢l] = ‘i¢2 7.7
[Q,‘ﬁz] = i¢1 ( . )

O can, in fact, be constructed explicitly from the field operators and is
the generalization of the expression for the angular momentum p,q, —
P24; in the mechanical model (7.3):

0 =fd3" [4;1452 - ¢.'2¢‘1] (7.8)

It is simple to verify by means of (7.1) that (7.6) and (7.7) are satisfied.
Furthermore, like the Lagrangian, the operators H, P, and L are of a
unit quadratic form in the components ¢, and are therefore invariant

under (7.5), or [Q,H] - [QaPJ — [Q’L] =0 (79)

This tells us inversely that Q is invariant under spatial displacements
and rotations and, in particular, is a constant in time. The latter can
also be verified directly from the relation

;‘,’;@m — Gab) + V- (3T — $Veb) = 0 (7.10)

which shows that Q can be reduced to a surface integral.

The same behavior is also found for the other constants, such as the
energy, which are of the form of an infinite volume integral. The fact
that their time derivatives vanish can be expressed in differential form
by a continuity equation:

) g4 g

ot
It follows from (7.10) that the local density Q(r,?) of Q,
Or.1) = (doy — 1) (7.1
and the current j defined by
i) = (Vb — $Vey) (7.12)

satisfy such a continuity equation. This suggests that they can be
interpreted as the electric charge density and current of the field. This
interpretation is sustained by their behavior under Lorentz trans-
formations. The density Q(r,f) and current j transform like a four-
vector, as opposed, say, to the energy density which also satisfies a
continuity equation. It is, therefore, possible to couple an electric
field to Q(r,?) and j in a Lorentz-invariant manner,

L' = e[Qr,H)V — j- A]
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where V is the electrostatic and A the vector potential. Of course,
whether or not the particles actually have a charge e that is different
from zero can only be discovered empirically.! Both cases exist in
nature. For example, the K, and K, particles do not couple to the
electric field, whereas the #»* and »~ mesons do. However, when
particles are charged, they must be coupled to the electric field via a
current of the form (7.12), because there is no other quantity that has
the right transformation property and satisfies a continuity equation.
The eigenvalues of the charge operator Q can be inferred from the
commutation rules (7.7), which can be written more compactly by
means of a matrix
=
PT\0

as [0.4,] =§1(7'2)n¢1 = (129);

where matrix multiplication is implied in the last way of writing the
right-hand side. Introducing those linear combinations of the fields ¢,
and ¢, which diagonalize ,,

_btid _$—id,
b o ¢- ar (7.13)
we find
[Q.¢:]=—¢+ [Q4-1=¢- (7.14)
and L =fd3r(¢;_¢;+ —Vé_ -V, —m*_4,)

Q= ifda"(?s+¢— - ¢—¢+)

i _mtimy

P Vol Y _
Tt T ™
[¢.+@0), 7. (0] = [$-(r,0, m_(r',1)] = i8%(r — 1)

In terms of these fields the transformation (7.4) becomes a simple
multiplication with a phase factor (gauge transformation of the first

kind?):

P =e"p, P =eP_
The commutation rules (7.14) are of the standard form (2.7), but since
Q is not positive definite, we may conclude that Q has both positive and

1 For a single hermitian field we have only the number of particle density, and
this does not satisfy a continuity equation, if there is an interaction. Hence the
particles associated with this field must be neutral.

% This also shows that a single hermitian field can have no charge.
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negative integers as eigenvalues. We see that the eigenvalue problem
for a generating operator, such as H, P, L, or Q, can always be solved by
following the same procedure. The present case is particularly simple,
since it amounts to diagonalizing a 2 X 2 matrix rather than a differ-
ential operator.
Since we do not wish the vacuum state to carry any charge, we
require that
gloy=o0 (7.15)

It should be noted that this requirement is satisfied without reordering
the charge operator Q, according to the prescription (6.5). It follows
from (7.14) that the one-particle states ¢, | 0) and ¢_ | 0) are eigenstates
of the charge operator with eigenvalues —1 and +1, respectively, so
that ¢_ creates a positive particle and ¢, a negative particle. Since Q
commutes with P and H, we can also construct simultaneous eigenstates
of these operators. If we define, with the notation (4.8),

% = 1Y E;) 1oy B, = A1 (;) gy (7.16)

and recognize that the transformation from a,, a, to «, # is unitary, we
obtain

¢ _ zakei(k-r—mt) + ﬂIe-i(k-r-wt) _ ﬂkei(k-r—wt) + ale—i(k-r—wi)
L QD) T4 Qw3
[“k’“lt] = [ﬂk’ﬁlt] =1 [0 ] = [Bubid = [“k,ﬁl] =[aB]="""=0
and H= g(aiak + Blfw
P = 3 (% + ik (7.17)

Q0= Zk(alt“k - ﬂlﬂk)

From (7.17) it is apparent that the eigenvalues of the operators
afoy (BiBy) are the numbers of positive n, (negative n_) particles
with momentum k and energy w.

It is interesting to observe that the commutation rules (7.7) or (7.14)
also hold for ¢,(r) or ¢.(r) and the operator Q, of the charge in a
volume v, no matter how small,

o - [ora
_[—¢+@) ifrisinsidev
(24,1 = {0 if r is outside v (7.18)

Therefore, the charge in an arbitrarily small volume also has integral
eigenvalues, in contradistinction to the number-of-particles operator
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studied previously. The point nature of the charge quanta is also
revealed by [Q,,0,] = O for arbitrary » and v’ and is not in contra-
diction to our earlier findings that the particles which are eigenvalues of
N have the size of a Compton wavelength. These particles have to be
pictured as forming a fluctuating cloud of pointlike charge quanta!
spread over a region of size m=2.% Indeed, Q(r) does not commute with

N=N,+N._ =§“Iak+ﬂltﬁk

so that a state ¢_(r) | ) defined such that Q,|) =0, and for which,
therefore,

0,6-(r) |0y = {g’-(f) |0y ifrisinside

if r is outside v

will not be a one-particle state. In almost all the experiments we can
perform at present, we barely have enough energy to excite the lowest
eigenstates of H. Hence the particles we know empirically correspond
to eigenstates of N and are complementary concepts to the charge
quanta. '

7.2. Three and More Degrees of Freedom. The rotational invari-
ance of the two-dimensional charge space can be generalized; it then
finds applications, for example, in pion physics, where we are con-
cerned with three different particles—=~, #% =+—the description of
which requires three fields. We shall consider the case of n different
fields with equal masses first and shall then apply it to n = 3. Several
fields of the same space-time properties seem to be realized in nature.
For instance, the K mesons K-, Ky, K,, K+ correspond to four spin-zero
fields. In general, we have

£ =3 i[9 - (V4" — m'4]]
[¢4D), ‘f;k(l'/)]wr = iai,kéa(r —r) (7.19)
95;{ =¢, [‘361(1')’ ) ]=r= [9;1(')’ 4;1:(")]¢=t' =0

It is important to recognize that all terms in L must contribute with the
same sign, in order to prevent negative contributions to the energy.?

1 Of course, not all have the same sign of the charge.

9 This phenomenon is sometimes called Zirterbewegung. 1t was first found for
the solutions of the Dirac equation. For a discussion within the framework of
quantum field theory, see W. Thirring, “Principles of Quantum Electrodynamics,”
Academic Press, Inc., New York, 1958.

2 Particles with negative energy spoil the dynamical stability of systems if an
interaction is turned on.
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The most general transformation which leaves (7.19) invariant is
UA)$ U A= A,4, UU'=UU=1 (7.20)
i=1

where A is time-independent and satisfies*
AA'=1 and A*=A (7.21)
We therefore have rotational invariance in an #-dimensional euclidean

space. For rotations through infinitesimal angles d¢(r) about axes r, A
can be written in the general form?

N
Ay = 8y + 2 00T ) (7.22)

where the dp(r) are infinitesimal (real) parameters. The number N of
linearly independent matrices . ) will be determined below. In two
dimensions the matrix 7 is ir,. The restrictions imposed by (7.21),
to order dp, are
Y= TY =79 (1.23)
Hence the J matrices must be real and antisymmetric. Thus the I
have n(n — 1)/2 linearly independent matrix elements, or we can
choose that many linearly independent basic n x n matrices, satisfying
(7.23), in terms of which the most general matrix satisfying this equation
can be expressed. The number N of parameters which characterize the
general 7 is therefore n(n — 1)/2.
The operator U for the general infinitesimal A is again of the form

N
U=1+iY dp(rn® (7.24)
r=1

where " must be hermitian, since U is to be unitary. The commuta-
tion relations for ¢ which are obtained from (7.20) are

(4] =13 70 [V4]- 350 029
k=1
and we recognize that (7.8) can be generalized to
= 3 & 4794, (7.26)

ii=1
Because the space-time constants are invariant under the transformation
U, we have
[t(r) H] = [t(r) P] = [t(') L] =0
! We use the following notation: T — transpose, * = complex conjugate,
t = hermitian conjugate.
% There are also constants associated with transformations not continuously

connected with unity. They have interesting implications but are outside the scope
of this book.
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and each ¢ is thus a constant of the motion. We can also readily
verify that there is a conserved current for each #”. In two dimensions
t is equal to Q.

In order to construct eigenstates of the operators ¢", we should first
observe that, in general, #” and #*) do not commute. We readily find
from (7.26), or directly by means of (7.19), that the commutation
relations among the operators " can be calculated from those among
the matrices J 7,

[t(')st(r,)] = i% f ¢'('7.§;)'7 %) -7 :(;)'7;2))951: dir

= i{; fds" ‘P.[f ('),,9’( ")]ii‘ﬁi (7.27)

where the second line of the equation has been written in matrix
notation. Since the [F",7 "] are antisymmetric n X n matrices,
they are linear combinations of the matrices

[ T, 9-(")] - z crg (7.28)

Inserting into (7.27), we find that the operators ¢ satisfy the same
commutation rules as the matrices 7. Thus only those operators ¢
which have commuting " can be diagonalized simultaneously.
Furthermore, we can conclude generally from (7.25) that the eigen-
values of the operators ¢ are i times integral multiples of the eigenvalues
of the matrices 7.

Finally, we shall discuss in more detail the case of n = 3, which is an
appropriate description of = mesons.! A convenient choice of the
antisymmetric matrices is then

6 0 0 0 01 010
T = (0 0 1) T = ( 00 o) T = (-—1 0 o)
0o -1 0 -1 00 000
(7.29)
They satisfy the commutation rules
[f(r)’ f(«)] = €y Eall
where e, is the antisymmetric tensor. The three ¢ operators corre-
sponding to these matrices are called the isospin? and satisfy the same
commutation relations as the angular-momentum / = 1 representation
of the rotation operators
[t('),t(")] — iemt(‘)
As for Q, we demand that
1?]0y=0
1 We use = mesons and pions interchangeably.
% In the literature the isospin is often referred to as the isotopic or isobaric spin.
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It is consistent that the vacuum is a common eigenstate of all three
(noncommuting) operators ¢, since it is also an eigenstate of the com-
mutators with eigenvalue 0. In general, we can only have common
eigenstates of one of the #" and of 12 = M2 4 (2 4 @2 The
distinction of one direction in isospace is physically obtained by the
electric field which is coupled to one of the three conserved currents.
By this coupling, one of the ¢, say #'®, obtains the significance of the
electric charge. Its eigenstates are created by applying to the vacuum
those linear combinations of the ¢; which diagonalize #®. These are
(¢1 £ ipg)/24, g, the former belonging to the eigenvalue +1 (describing
wm*) and the latter to eigenvalue O (describing #°. The common
eigenstates of 72 and ¥ can be constructed analogously to the ones for
angular momenta. Calling ¢'(#' + 1) the eigenvalue of 2, we see that
the vacuum is characterized by +' = 0 and the one-meson states by

= 1. Two mesons can have t' =0, 1, 2. The state ' =0 is
invariant under rotations in isospace and hence proportional to the
scalar product

3
| n=21t=0) ‘“‘gjds’l d’r, ¢§_)(rl)?si(_)('z)Fo(rlsrz) I 0)

= f dry Pr[$7E$m) + 4004w

+ '?5;_)('1)‘#.;_)("2)]]7 o(r1,F2) | 0)
In terms of charged particles, this is of the form
=+ +]+ =+ ][00 .
and hence each of the two particles has equal probabilities of being
positive, neutral, or negative.! The state with = 1 must transform

like a vector under rotations in isospace and hence can be represented
by the vector product

| n=2t=1)= g fds" L d*ry ‘m‘ﬁt( -)(fl)‘ﬁ;_)('z)F 1(ry,rp) | 0

In particular, the 7; = O state (k = 3) is of the form |+ =) =] =+
Finally, the ¢+ = 2 states transform like a symmetric traceless tensor,

|n=21=2)= f &ry @, [$7 ()4 (1) + {704 (x)
— 30,8 (1) 47 (1) ]Fo(ryrs) | 0

1 The notation ¢, etc., is a straightforward generalization of G 18),
1 e —iller—ot)

$) = z T QoY

Note thaz, since the internal-space rotational symmetry is independent of space-time
- properties, it follows that Fy(r;,r,) is independent of / = 1, 2, 3.
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These states can also be formed by standard angular-momentum
addition formulas.! Note that the isospin parts of the ¢ = 0, 2 states
are even and those of the ¢ = | states are odd under exchange of the
two particles. Hence F(r,,r,) must be even in the former and odd in
the latter case under exchange of r; and r,, ¥ a result which is important
for the pion cloud around the nucleon.

In summary, the different particles found in nature can easily be
fitted into the framework of field theory. The more specific predictions
of a symmetry isomorphic to the three-dimensional euclidean group for
the three pions will be important in the last part of the book. There we
shall find that this invariance is not destroyed by the strongest inter-
actions found in nature, so that the above considerations are an
important tool in pion physics.

1 See, e.g., E. U. Condon and G. H. Shortley, “The Theory of Atomic Spectra,”

chap. 111, Cambridge University Press, New York, 1953.
I Parts of F which have the wrong symmetry cancel out, as was explained above.
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CHAPTER 8

General Orientation

8.1. Field Equations. So far we have been considering free fields.
We shall now turn to the more interesting problem involving an
additional mechanism which can create, absorb, and scatter the field
particles. In this part of the book we shall describe several such
interactions which are tractable and can be solved exactly. Un-
fortunately, they are rather remote from physical reality and bear only a
faint resemblance to what one finds in nature. Nevertheless, their
study is of more than academic interest, since they teach us what might
happen in the more realistic cases which cannot be analyzed in detail,
such as the pion-nucleon interaction, which we shall study in the last
part of the book.

As a first example, let us consider the case of a simple field source
p(r,?) which is a prescribed function of space and time:

2
(-a% — V24 mz) (.0 = p(r,b) 8.1)
The simplest mechanical analogue to this kind of problem is an external
force f(t) applied to a harmonic oscillator. The equation of motion is
then
§+ o' = 1) | 82)
As in our previous considerations, we shall first orient ourselves about
the classical solutions of such an equation and shall later consider the
quantum aspects of the problem. As we shall see, Eq. (8.1) can be
solved with the aid of the Green’s function, like the well-known one-
dimensional case (8.2).

To this end, we have to realize that if the source is the sum of several

parts, then, owing to the linearity of the equations, the solution is the
71
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sum of the solutions corresponding to the individual parts. Hence we
only need to find a solution for a point source
2
(53‘2 —Viim )G(r,t) = &(1)6%(r) (8.3)

and can then build up a solution of (8.1) by superposition:

é(r,f) = f dv & Gix — v, t — U)p(r',t') (8.4)

It is readily seen, with the aid of (8.3), that this field actually satisfies
(8.1). A solution of (8.3) can be obtained by an expansion in terms of
the eigenfunctions of the differential operator ¢%/9r2 — V2, that is, by
introducing a Fourier transformation:

Gwn =S f 4Ky piter-Kadg( k) 3.5)
k v~ 27r

6(r) 8(1) = wa ilf_o gilker—Kol)
kJ~w 21
Substitution into (8.3) gives

j dK() t(kr I\nt)[(KZ — k% — mz)g + 1] = (8.6)

1

m? + k? — K2

We note that the integrand in (8.5) has two poles on the path of
integration, at K, = o = (k* + m?»' and at K, = —w. Without
specification of the path of integration at the singularities, there is an
ambiguity in our expressions for the Green’s function. On integrating
along different paths, we get results which differ by the residues at the
singularities. This is the well-known fact that the solution of a linear
inhomogeneous equation is not unique, since a solution of the homo-
geneous equation can always be added to it. In fact, the contributions
from the residues are of the form e'**~“, which is just the solution of
the homogeneous equation. To obtain 2 unique solution, it is neces-
sary to impose boundary conditions. The ones of special importance
for the problems that we shall be concerned with are characterized by
the paths of integration in the complex K|, plane shown in Fig. 8.1. We
shall denote these particular Green’s functions by A™ and A*. Their
significance can be seen by studying the K, integral in the complex K,
plane. . For ¢ larger (less) than zero, the factor e~*%¢ increases (de-
creases) exponentially in the upper half plane and decreases (increases)
~_in the lower half. Closing the path of integration by adding an infinite

or g= 8.7)
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semicircle in the upper or lower half plane, we see that A™ = 0 for
t < Oand that A*Y = Ofort > 0.9 The complete Green’s function A™*
is given by!

ikr SID 1
AT ) = {§e ——'—w fort >0 (8.8)
0 fort <0
and the two solutions A™* and A are related by
A"t = A (@x,—0) (8.9)
K, plane
Aret
—-w l w .
I K, plane
-w w
\J S Aauv

Fig. 8.1. Green’s function contours corresponding to two different boundary
conditions.

With the aid of these Green’s functions, we can write the general
solution of (8.1) in the form

B(r,1) = ¢(x,1) —i—fdt’ B A — 1, 1 — )p(r,t)

= ¢ + f dt' &' A(e — ¥, 1 — 1)p®' ) (8.10)

Here ¢! and ¢°% are solutions of the homogeneous equation. Their
physical meaning can be seen most easily if the source p(r,?) differs from
zero only in a finite space-time region, bounded by the times ¢, and ¢,.
It follows from the above properties of the Green’s function that in this
case ¢ coincides with ¢\ for ¢ < 1, and with ¢°* for t > t,, Hence ¢

1 One can see from relativistic invariance that Aret = 0 even for ¢t < r.

1 Both Aret and A2dv can be worked out to be Hankel functions of (#2 — 2). This
is most conveniently done by relating At to A+; see, e.g., W. Thirring, “Principles
of Quantum Electrodynamics,”” Academic Press, Inc., New York, 1958. However,
we shall not need these expressions.
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represents the field which was present before the source was switched
on, and ¢°* is the field which. is left over after the source has been
turned off, as shown in Fig. 8.2. In many discussions, only the term
with A* in (8.10) is used, which means that one imposes the boundary
condition that¢ = ¢"att = — co.
Although there is no fundamental
reason why A™ should be better
than A*®, the former i used more
frequently because the initial ex-
perimental conditions at f = — o
are more easily prepared than
specificfinal conditionsat ¢t = + oo,

Another kind of problem which
is of interest, and which will be
studied later on, is characterized
by the equation®

(aa—; — Vit m )¢(r,t)

= _f & V(e )é,) (8.11)

V(r,r',t) represents a generalized
Fig. 8.2. Regions about a source p(x,) in potential tha}t acts on the field; for
which ¢ corresponds to ¢i» and gout.  coupled oscillators it corresponds

to a more complicated coupling
than one that is just between nearest neighbors. Itis only possibletosolve
(8.11) explicitly for particular forms of ¥, but in any case the equation
can be rewritten in integral form with the aid of the Green’s functions:

ér,) = ¢" (1) + f dt' & &' A — ', t — )V 1) t)

= ¢, + f dr d &' AV — 1, t — OVE ) (8.12)

If V tends to zero for ¢t — + oo, then ¢"’ and qS"“‘ as defined by (8.12)
have the same physical sxgmﬁcance as in the previous example.

Both kinds of problems are encountered in many branches of physics,
although usually in somewhat more complicated form. A typical
feature of such systems is that the energy and momentum of the field
alone will no longer be a constant. This stems from the fact that

1 This kind of equation is familiar from ordinary wave mechanics, except that
one usually deals with time-independent and spatially localized potentials,
Ve, t) = Vi@ —r).
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0L/9t and oL/or will, in general, not be zero, since p or ¥ may depend
explicitly on ¢ and r and since L now contains an additional term with p
or V. In fact, not even the number of field particles will be conserved,
since (8.1) and (8.11) give

ON _ 0 [ 5 .0() () _ (=) 4(4)

o atfd"l(‘ls ¢ ¢ T)#£0
The observables remain constant only in special circumstances. The
angular momentum, for instance, is constant for a spherically sym-
metric source.

8.2. Quantization. In order to discuss the quantum theory of our
two cases, we follow the standard procedure. The Lagrangians of the
systems differ from the Lagrangian of the free fields L, by the addition
of terms

L =fd3r p(r,H)b(r,1) (8.13)

and L=1% f &r & JE)VEr 0D (8.14)

respectively. The hermiticity of L’ implies V(r,r',t) = V*(r,r’,t), and
we take V(r,r',t) = V(r',r,f). Since L' does not contain ¢ in either case,
the canonical commutation relations remain

[$(r,0), $(r',D)] = i6*r — 1) (8.15)
To get some information about the commutation properties of ¢™ and

¢°", we consider the limits ¢ — -+ co where p and V approach zero.
Since ¢ then coincides with ¢°"* and ¢, (8.15) implies

[4""@,— ), "¢, —0)] = i8*r — 1) (8.16)
[6°(r,0), (', 0)] = 8% — 1)
The operators ¢ and ¢°* obey the homogeneous field equations and

can therefore be expressed in terms of time-independent operators 4,
and B, in the familiar form

=3

ei(k-rﬂot)Ak + e—l‘(k-r-wt)Al

k Qw3
out __ ei(k.r-wt)Bk + e-((l(-n'--mt)B:'K (8.17)
v g (2wLa)*

Our development for free fields provides, therefore, a basis for the

problem with interactions.
From (8.16) we infer that the 4, (4") and B, (B") obey the usual
commutation rules of destruction (creation) operators. This tells
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us, in turn, that (8.16) holds for all times and not only in the limits
t — +co. The compatibility of (8.15) and (8.16) is evident for the first

in
case where ¢ and ¢°* differ only by an ordinary number. In gen-
eral, however, the equivalence of the two commutation rules will not be
trivial and will have some important implications. At a certain time ¢,
one can, of course, satisfy the commutation relations of the local field
operators ¢(r,f) and ¢(r,7) in the customary manner:

e*ay(t) + e~ ay(r)

0 =2 QD)
; (8.18)
) = 60 = ~3 i( ) (e — e ral)

where the operators a,(t) satisfy the usual commutation relations at

equal times,
[a(®), ai (0] = & (8.19)

It is important to note, however, that (8.18) and (8.19) do not imply
that the time dependence of the operators a, is that of the free fields.
This will, in fact, not be the case, except in the limits of ¢t — 4 co.

The physical interpretation of our systems in quantum theory is
developed along the same lines as in the classical field case. Since for
t - —w, ¢ coincides with ¢, the quanta which are created and
destroyed by 4" and A are those particles which were present before the
source was turned on. In particular, we can define the number
operator N, of incoming particles with momentum k as

N = 4lA, (8.20)

Because ¢ obeys the free-field equation, Mj* is a constant, and its
eigenstates represent a situation wherein a definite number of particles
with momentum k are initially ( — — o) present. The same con-
siderations apply to ¢°** and Ng*, which correspond to the actual
situation after the source has been turned off. At any time, and in
particular when the source is switched on, the field is represented by the
operators a,(t) and the number of particles by

Ni(1) = al(Day(1)

The latter is not a constant and will differ from N/® once the source is
turned on. Therefore, an eigenstate of N, has a fluctuating number
of N, () particles. Even a state with no incoming particles will not be
an eigenstate of the operator N,(?).
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The particles represented by N,(r) are usually called bare particles,
and generally N,(f) represents both real and virtual particles. The
eigenstates of N,(f) which are also eigenstates of H(f),

Hy(f) = éfd% [7* + (V)* + m?¢?] = 3 wai(Nayt) (8.21)

are called the bare states. Since N,(f) and H(r) are time-dependent,
corresponding bare states at different times will be different.! The
eigenstates of N,® which are eigenstates of H are called physical states,
and the corresponding particles are real particles. That the states
generated by A](r) are eigenstates of the total Hamiltonian follows
simply from the fact that the time dependence of the A,(r) is that for
free fields. We shall see this more explicitly in the following chapters,
where we shall express /H in terms of the operators 4,. We shall find
that H is simply > A[A,o plus a c number. The bare states are hard to
k

prepare experimentally, since usually sufficient energy is not available to
excite more than the lowest few states of the system. For instance, a
bare vacuum state? | 0) defined by a,(f) | 0) = 0 corresponds to one for
which the dress of virtual particles from the source is removed at time .
This costs a lot of energy, since | 0) contains an admixture of highly
excited physical states.

In our cases the situation is relatively simple, since we only have the
source which is capable of emitting particles. In a theory with non-
linear terms in the field equations, as in relativistic quantum electro-
dynamics, each particle acts as source for the other particles. There
each physical particle is a mixture of all sorts of bare particles. In our
theories the physical states are the source plus a certain number of
incoming (or outgoing) particles. These consist of the bare source plus
a certain configuration of bare particles.

One may ask to what extent the virtual particles possess physical
significance. Certainly the particles we see in cloud or bubble chambers
are always the physical particles. However, the virtual particles do
exist, inasmuch as they lead to observable effects. We shall see that
they contribute to the energy and charge distribution of the system.
Furthermore, as we shall explicitly see later on, the virtual particles
present at the time ¢ can be made real by suddenly switching off the
source at this time. In this case #(r, ¢ + df) will turn out to be identical
with ¢°%(r, r + 8f) and with &(r,r) (¢ stays finite). Since N°" is

1 Remember that we are working in the Heisenberg representation, where all
states are constant and the time dependence is put into the operators.

% To avoid the crowding of labels, we denote bare states by | ) and physical states
by| >.
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constant, the particles created remain for all later time and represent the
particles detected afterward. The virtual particles are thus those which
would be left over if the source should suddenly be turned off. In
practice this can happen to some extent,' e.g., through the annihilation
of a nucleon by an antinucleon or through a very fast collision between
two nucleons.? The mesons produced in such events are just the
virtual particles in the meson cloud of the nucleon, which suddenly find
themselves without their source. The field ¢°* will in ggneral differ
from ¢, Therefore, the number of particles and their energy and
momentum at ¢ — oo will differ from those at ¢+ - — oo, and both will
differ from corresponding quantities at other times.

8.3. Scattering and Wave Matrix. We found that for coupled
fields the concept of a particle requires some qualifications. In the
table below we summarize the different sets of orthogonal states which
are associated with the various kinds of particles: .

N'™|in, 0) = 3 4f4,|in, 0) =0
k

: 1 . .
|in, n) = — ( A})™ | in, 0) These are physical states. They
(nY) represent the dressed source plus
H|in, ny = E,|in, n n incoming particles.
[HA] = —wd,

N°"| out, 0) = 3 B[B, | out,0) = 0
k

L ot These are physical states. The
out, n,) = B,)™ { out, 0 phy . y
I W (n ) (B | ) represent the dressed source plus
H|out, n) = E; | out, n,) n outgoing particles.

[H.B,] = —wB,

N(@®|0) =0
: 1
[m) = = (@)™ [ 0)
(mY) These are bare states. They
H®) | 0=0 represent the bare source plus n,
Ho(t) | m) = ony(1) | n) (real or virtual) particles.
[HOsak] = —ay

1 It would have to be carried out infinitely fast to produce all excited physical
states. | :

2 See H. W. Lewis, J. R. Oppenheimer, and S. Wouthuysen, Phys. Rev., 73:127
(1948); E. M. Henley and T. D. Lee, Phys. Rev., 101:1536 (1955); Z. Koba and
G. Takeda, Progr. Theoret. Phys. (Kyoto), 19:269 (1958).
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In certain circumstances the “in” and “out” states do not form a
complete set—e.g., when the source is strong enough to bind particles.
In this case one has to augment the in and out states with the bound
states to obtain a complete set. We shall discuss this in detail when the
case arises but shall assume in the discussion below that all sets are
complete. Then they are related to one another by unitary matrices.
The elements of these matrices can be defined as the products of the.
states of one set and those of another. Equivalently, they can be
defined as the elements of a matrix which transforms the generating
operator of one set into that of the other. For instance, the connection
between the in and out states is established by the so-called *“S matrix,”
or ‘““scattering matrix,”” which plays a crucial role in modern field theory.
We can define it as the unitary matrix which transforms the 4,(f) into
the B,(t): :
B(t) = S-1A,(HS

S1S =SSt =1

The existence of such a matrix is inferred by the usual remark that the
A, and B, satisfy identical commutation relations. Furthermore, they
have the same time dependence, so that S is time-independent. From
(8.22) we infer

AS|0,0uty =0 5|0, outy = |0,in) (8.23)

Hence an equivalent definition of the elements of S is?

Stk kieoken = (i, K, o K| S| in Ky K

=(in, 0] Ay, ..., A:S|in ky, ..., Kk,

=(out,0| By, ..., By |in, ky ..., k)

= (out, kj, ..., K, |in, ky, ..., Kk, (8.24)
One of the important features of the S matrix is its relation to the
scattering cross section, which is sketched below. In systems wherein
the total energy is conserved, the S matrix only connects states with
equal energy. It is conventional to write the matrix element of S

between an initial state with energy o, and a final state with energy o, in
the form

(8.22)

S, = 8, — 2mid(w; — w)Ty; (8.25)

From this relation, the probability that a final state f # i develops from
the initial one is found to be
Ny = 4 |8(w; — 0 )T, (8.26)

1 We assume that all the values of k are different; otherwise the normalization
differs from that shown.
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A rough manner of arguing away the unpleasant 42 is to observe that it
is connected with the infinite time of interaction in eigenstates of the
energy. The é(w; — w,) has its origin in an expression | df e =, and
hence we can write

2n[8(w; — w)F = (w; — w,)fw dt et — (e, — w,)j‘ dt

Defining a transition probability per unit time,* Wy, by

Ny = W!if dt
we get the “golden rule” @

W, = 2n(w, — o) 'Tfilz (8.27)
The total transition rate out of the initial state can be written as
W, =27 S 8w, — o) |T;f = —2Im T, (8.28)
!

where the last equality is a consequence of (8.22),

§ S.:isli =0
These formal expressions can be analyzed in more detail by diagonaliz-
ing the S matrix. In practice this is done by finding a sufficient number
of constants of the motion whose eigenstates are also eigenstates of S.
We define a projection operator P4 onto eigenstates of S, denoted by
A, by treating the energy separately, e.g.,

1
8y = mg(w)d(w, — ) S B glw) = (829
A Sf"a(wi — wy) § ‘B;‘i‘)
and write S, = mg(w)d(w; — w,) S &0 A(w,)(p%) (8.30)

A
Ty = —g(®)  sin 8 (e« B
A
Inserting into (8.28), we find, with [BA4]" = B,
W, = 2g(w,) S ‘Bf:;‘) sin? § 4(,) (8.31)
A4

where d(w,) is the phase shift at the energy w;. This formalism simpli-
fies greatly for a spherical source and only one outgoing particle per
incoming one. Then S'is diagonal in an angular-momentum represen-
tation, and w is the only continuous variable:2
S|k, 1, my=e®® |k, I, m)
1 A more satisfactory way of deducing these results is to consider wave packets.
For a more complete discussion, see M. Gell-Mann and M. L. Goldberger, Phys.

Rev., 91:70 (1953).
2 The fagtor ng(w,) corresponds to the energy normalization

Gkl m| k' U, my = ng(0)d(@ — &80,
For further reference, see, e.g., B. A. Lippmann and J. Schwinger, Phys. Rev., 79:48
(1950).
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or, in terms of the generating operators,
By, = S714,,,S = &4y, (8.32)
In the above case, we get

Bir = Z Y’" (k)" (k)

m=

Furthermore, if we use a normalization volume L3 and relativistic
dynamics k dk = o do, we have

S_.

(277)3
and SR J &k’ (o' — w)Yy Lok
g(w) 2n) 8n°
Inserting into (8.31), we find, with
21+ 1
>|rrof - =5
W, = L?k 2 (21 + 1) sin® §,(w) (8.33)

To obtain the familiar expression for the cross section, we have to
divide by the incident flux, that is, the number of incident particles per
unit time and unit normal area (= kfwL?):

o, = W, “’: — 2—-’2’2 @1 + 1) sin® 8,(w) (8.34)
13
In cases where particles are produced, there are other continuous
variables, in addition to the energy, which characterize the eigenstates
of S. In that case (8.34) has to be modified, but (8.27) and (8.28) are
still valid.

Whereas the S matrix contains the information of the elementary
phase-shift analysis, the matrix connecting the in states with the bare
states corresponds to what is called the “wave matrix” in elementary
wave mechanics. The latter contains information about the detailed
form of the wave function in the near zone (i.e., near the source). In
field theory it can answer questions about the distribution of virtual
particles in physical states. Although such problems are largely of
academic interest, they are instructive and will be studied in later
chapters. Furthermore, we shall see that there are important relations
between the S matrix and the wave matrix.



CHAPTER 9

Static Source

9.1. Interpretation of ‘‘Static® Source. As a first example, we
shall carry out a detailed study for a static source p(r,r) = gp(r). We
assume this source to be centered about the origin of coordinates, to be
real, and p(r) to be normalized,

fp(r) &r =1

 so that g represents the dimensionless strength of the source. In this
case we encounter in the general solution (8.10) the expression

&= Kot)
dt A™'(r,t f dt f‘"“" 9.1
f )=) S | e ©-1a)
If we can interchange the order of integration, then

@® tKer 1 2 [*oo k2 dk
dt Aret ) = e — (___)f ikr —i —_—
f-m =S rm= ), @ e kr)lkr

2 ®© tkr ~mr
_ (_1_) lf __kdket ™ (9.1b)

2n) ird-w (k + im)(k — im)  4ar
To the extent that this interchange of integration is permitted we shall

get exactly the same result for fdf A*¥(r,r). These answers are
equivalent to the statement that, for A*" or A™,

(V2 — m*)f dt A™x,p) = —8(r)

and e-™[4nr is the Green’s function for (V2 — m?).

The justification for the interchange of the K, and ¢ integrations in
(9.1a) rests on the meaning of a static source. The classes of inter-
actions discussed in Chap. 8 demand that the source be zeroat ¢ = 4 o0,

82
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This is clearly not the case for a truly static source. It turns out,
however, that switching the source on and off slowly (compared with
m™") leads to the same results as a static source, and it is in this sense
that (9.1b) is correct. To see this, we consider a source

p(rh) = gp(me™! 4> 0 92)
If we make use of (8.8), then the time integral which appears in (8.10)
becomes
fw Aret(r — r:, t— t’)P(l",t') dt/ — S gp(rr)
© k

eik-(r-r')

t
f e~ sin w(t — ) dt’
-

w

w a
etk le-r) o 4+ w? e forr <0
= § ge(r) ) we™® 4+ 2u sin wt ©.3a)
—_——  fort>0
o? + w?
In the limit of « — 0, or in fact « < m, Eq. (9.3a) reduces to
@© ik (r—r’)
f A" — 1 t — 1)p(rt) dt’ = gp(r') S
- k w
e ™ Ie-rl 36
= r, ——— 9-
gl )47r|r—r’| (9-3b)

which agrees with (9.15). The same equation holds for A*" jn this
limit. We thus note that a static source is to be interpreted as one
which is switched on and off slowly during a time «~* > m-1, and we
then obtain, from (9.3b) or (9.15),

d(r,1) = (6,0 + g | A™ @ — 1, t — £')p(r) dt’ &
g

—mle=rl|

= ¢m(r,t) +g|dr L p(r')
4 Ir — r’|
= 4w + g £ ey 0.4)
’ J 4 |r —r| P )

We thus find that ¢ = ¢°"*, which means that the source creates no
real particles and that there is no scattering. This is connected with the
static form of the source and the lack of internal degrees of freedom.!
That the process of switching on and off creates no disturbance (e.g.,
produces no particles) corresponds to the adiabatic theorem in elemen-
tary quantum theory, according to which a disturbance that varies
slowly compared with the natural frequency of the system (which here
is m) will not produce any transitions.

! This conclusion will be clarified in subsequent chapters.
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9.2. Energy of the Coupled System. To learn something about the
eigenstates of the total energy, we shall first express the Hamiltonian H
in terms of ¢ and use (8.18) to obtain

H = Hy =3[0 [ 1 09 + migt — 2590061

*a (D) + peal(t
=3 [al(r)a.&t)w —g %ﬂ] ©.5)

In (9.5) we have denoted the Fourier transform! of p(r) by p,,

Px =fp(r) e dr 9.6)

and its complex conjugate by py¥. We can also express H in terms of
the operators ¢ If we make use of

(—m? + V’)fA'et(r,t) dt = —8%(r)
we find that

f & &' [V,4™@,0V, + m?*¢"™] =

~lr=r'lm
dr|r —
Because of this equality, the cross terms that occur in H between ¢ and
o(r) vanish,? and we obtain

Py = f dr ¢ (r,0p(r)

H=H"+8, (9.7a)
with i = L[ [+ @4 4 g
=2 AlAo (9:7b)
and = —E f & & o) T )
4rr|r —r|

= -___gz S 'ﬁ!‘f 9.7¢)

2 x o

That &, is a ¢ number, commuting with ¢, was to be anticipated.
Since both ¢™ and 4°"* have the free-field time dependence, the Hamil-
tonian, when expressed in terms of either of these operators, must

LIf p(r) is normalized according to {p(r) d® =1, then pyx is dimensionless.
Furthermore, p, = 1, and in the continuum limit p(k) == px. The Fourier transform

of pg is
p(r) = gm‘e"" = ( )fp(k)e’“'dsk

% This can also be shown in momentum space. In the following, it is to be
understood that the zero-point energy of the vacuum is subtracted from H.
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reduce to H™ and a part which commutes with ¢/, We note that
H™ and &, are time-independent, but both H, and H’ are not. In
terms of the operators introduced by (8.17), we get (the zero-point
energy Ziw has-already been subtracted)

H=73Al40+ &, 9.8)
2 .

The eigenvalue spectrum of H is, therefore, of the same form as that for
the free fields, except that it is shifted down by an energy |¢5’o|, as
shown in Fig. 9.1. This energy represents a “binding” energy of the
virtual particles, although the interaction energy H' is by no means a

Energy Energy

Two quanta

One quantum

o

() * (b) *

Fig. 9.1. The eigenvalue spectrum of H, is shown in part a and that of H in part b.
One- and two-quantum states are represented. The energy shift between the two
figures is &,

fe 3>

normal potential. That the physical ground-state energy &, is less than
zero shows that the problem considered belongs to the wide class of
interactions which decrease the ground-state energy. This is always
true when perturbation theory is applicable, since then?

_ _y Hif

o=-3 R 9.9)

Physically, this means that the ground state finds a way to take advant-
age of the new situation to lower its energy.

The energy &, is referred to as an “energy renormalization™ or
sometimes as a “mass renormalization.” Thelatter term is to be under-
stood in the light of the following considerations, which use the equiva-
lence of mass and energy in the sense of a relativistic theory. One

1See L. I. Schiff, “Quantum Mechanics,” 2d ed., p. 153, McGraw-Hill Book
Company, Inc., New York, 1955. The matrix elements are between virtual or bare
states, and it can be shown that, for the present problem, (9.9) gives the same
answer as (9.7¢).
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can consider the static source to have a mechanical mass My> m.
The Hamiltonian H then becomes H, + H' + M, The bare eigen-
states (of H, + M,) then represent the source and the field without
interaction. When the latter is turned on, then the lowest physical
state is an eigenstate of H with energy M, + &, = M. The mass M is
the physical mass of the source and differs from the mechanical mass
due to the interaction between the source and the field. It is in this
sense, also, that eigenstates of H, are referred to as bart states and the
eigenstates of H as physical states.

For a point source, p(r) = ¢%r), we find that p, = 1 and that the
energy &, diverges linearly. There is, however, no way of observing
this energy, no matter what its value, so long as the source is always
surrounded by its cloud of quanta.! Since &, is not observable, we can
subtract it from H, so that

A |in,0) = (H — &) |in,0) =0 (9.10)

9.3. Connection between Bare and Physical States. The (real,
physical) ground state | in, 0) is again defined by

Ay |in, 0)=0 9.11)

and the various eigenstates of the Hamiltonian are created by repeated
applications of 4. They correspond to a certain number of incoming
_ particles with definite momenta. But ¢ = ¢°* or 4, = B,, so that
they also correspond to the same configuration of outgoing particles.
Hence there is no scattering or creation of particles in this model.
Further insight into the model can be obtained by analyzing the
incoming vacuum state | in, 0) in terms of eigenstates of N(0). That is
to say, we are interested in the configuration of virtual particles present
in the physical ground state of the system at the time t = 0. To that
purpose, we express A, in terms of the g, [defined by (8.18)]. This can
be done by substituting (8.17) and (8.18) in (9.4) at r = 0 [we abbreviate
a,(0) as a]:
e*ra, 4 e-c‘k'ral

#e0) = 40 =3 =
=z ﬂ”Ak +e “"Ak _1_ e "Pk + e tkrp:
7 Qo) g 2w?l3)
from which we infer that
= A 9.12
x+ g(2 3Ls); ( )
and ~ ag = Ak + g(2 aLs)%

1 This will be made clear in the following discussion.
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Therefore (9.11) tells us that
. _ P . _ .
ax |in, 0) = g(2w;l{3’)’ |in, 0) = %, | in, 0) 9.13)
and this has the same form as the definition of our standard wave
racket for the harmonic oscillator (2.23). The problem of analyzing

in, 0) in terms of the eigenstates | n,) is identical® with the calculation
(2.25), and hence, with the notation of Sec. 2.3, we obtain

. _ 7, ) ki
| s - - - 5 1y, | in, O))F = Thexp (—7y) (-5’;,'5‘)—' (%.14)
1 ki*
§
with 7 = gt
=8 20°18

This represents the probability for finding n, virtual particles with
momentum k;, n,, virtual particles with momentum k,, etc. The
product form expresses the independence of the particles. The
probability for finding n, particles with momentum k, irrespective of
the number of particles with other momenta is given by the sum over

all othe :
T ) = 3 (el - 2 1y, | i, O
!

>3 n
= exp (—7i,) () (9.15)
m,!
That is to say, we have a Poisson distribution for the number of virtual
particles of a definite momentum. Similarly, we derive by induction
that the probability of finding n virtual particles irrespective of their
momenta is

A0 =_3 | O ooom |0 =" g.160)
‘ﬂk‘.=ﬂ .
: = = 2 |Pk|2
with A=3fy, =g §?(;§ (9.16b)

which is again a Poisson law. The same law holds for the probability
of finding n particles within a certain region A in momentum space, in

which case 7 equals  7,. The number /i represents the average
A

number of field quanta which dress the source. As we shall see in the
next chapter, it is this number which will be produced if the source is
suddenly turned off. For a reasonably small source size (e.g., of radius
a ~ 1kyex < 1/m), we find ’

2 2
fin & L hmex g (9.16¢)
4o 7 m 4

! The time dependence, of course, is now governed by H and not by H,,.
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Thus the average number of virtual particles that surround the source is
of the order of g%/4.

It is instructive to carry out the expansion of the physical ground
state in a complete set of eigenfunctions of N(#) at ¢ = 0 and to compare
this with the ground state of the hydrogen atom. By means of (9.13)
and (9.16), we obtain

| in, 0) = 2|n)(n|m, 0
=}0)(o|m,o>+za,{|0)(o|ak|in,o>

a a aya
;,)';l 0)O | ;')H in, 0) 4- - - -

. 1
=(0|m,0>[|0)+gxkall0)+k2k,;mwalal'|0)+~-]
=e " exp (3 pal) | 0) 9.17)

k

where y, is defined asin (9.13). The Fourier transform of the hydrogen-
atom ground-state wave function is oc(l + r3k?)~% = y;, where r, is the
Bohr radius. In our notation this state could be written as

|in, 0) = %: 2ay | 0) (9.18)

In contrast to this, the ground state of the field is a mixture of states with
various numbers (from O to o) of virtual particles. This fluctuation of
the number of virtual particles is sometimes expressed by saying that
the source creates and reabsorbs virtual particles. This terminology is
similar to that used for the Hi molecule, where we say that the electron
is exchanged between the protons. The virtual particles are not always
present, so that e~*2y,, which corresponds to the wave function of a
single virtual particle in momentum space, is not normalized to unity
but to ie=® < 1. The wave functions for states with several particles
are simple products, which shows that the particles are uncorre-
lated except for effects due to the Bose-Einstein statistics. For a
point source (p, = 1) the Fourier transform of the wave function
Xk ~ pu/(k®+ m?)} behaves approximately like e=/ri. More generally,
we see that the expectation value for the field ¢(r) in the ground state
is just
ikr * ~ik.r
(in, 0| $(r) | in, 0) = S (in, 0 | 826 er 8P " |in, 0)

P @e-r) e
—_ Sfdar' gP(l") gjda"' ¢
4rr—r

~le-rlm

p(r)
(9.19)
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so that the cloud of virtual field quanta covers the source with a thin
veil of extension ~1/m, as shown in Fig. 9.2. (For pions, m~! ~ 10-13
cm.) This is required by the uncertainty principle, since virtual mesons
cannot last longer than m™' and can, therefore, not get farther than
m~L.  Of course, their density is not sharply cut off after m~1 but decays
exponentially. Such behavior is similar to the leakage of « particles
into the energetically forbidden zone in « decay or the leakage of light
into the dense medium in total reflec-
tion. Roughly speaking, we may say | <0l#(mlo>
that all space outside the source is
energetically forbidden for the virtual
particles but that they can leak out pro77a
because of the uncertainty relation. /
Itis the cloud of particles surround- | Source
ing the source which dresses the latter %«— mL>
and is responsible for the energy shift Z
&,, which thus plays the role of a .
binding energy for these virtual par- f(;ﬁr:ez Flotof @] 4| 0) close o the
ticles. The meaning of the above
becomes clear if we remember that, in the manipulations leading to (9.7),
half of the contribution of the interaction energy H' [(see (9.5)] to &, was
canceled from the part stemming from H,. Hence we have

(in, 0 | Hy | in, 0) = |&,| = —¥(in, 0| H' | in, 0) (9.20)

and this expresses a “virial theorem” if we call H' the potential energy.
It states that the total energy which is kinetic (H,) + potential energy is
just the negative of the kinetic energy. Indeed, by means of (9.14) and
(9.20) we find that the ground-state expectation value of H,,

2
(in,0| Hy|in, 0) = 3 no = g § |£% 9.21)
K x 2w
is just the mean value of the kinetic energies (including the rest mass of
the virtual particles). With this wider concept of a potential energy, we
may say that virtual particles are bound with an energy which exceeds
their mass m.

9.4. Fluctuations of the Field. For the square fluctuation of the
field, our formula (4.13) is still valid in the present case. The reason for
this is that the contribution from the source to (0 | ¢2 | 0) is canceled by
[€0] #]0) % which is not zero here. Here, as in the case of our
standard wave packet (in Chap. 3), a mean number of mesons 7i > 1
implies that the fluctuations of the field are less than its average value.
The classical field picture can then be used. We have remarked before
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(see Chap. 4) that this is not the case for the electric field of an elemen-
tary point charge for which

©l$|0 ~4 <

whereas the fluctuation of the field averaged over a region ~r® is
A ~ 1/r; the mean number of photons in a volume A in momentum
space, bounded by k,,,, and &, is found from (9.16) to be

_ eB kmax dk ez kmax

fia . K am In p (9.22)
For reasonable k,,,, and k., (€.8., Kpax ~ Mey, Ky ~ 1/1,) we obtain,
with e?/4n = 114, i, ~ 147 < 1. However, charged macroscopic bod-
ies always create the classical situation 77 > 1. For the meson-nucleon
system we shall see that 7 ~ 1 and that 1 is in an awkward transition
region.

It may happen that, for a particular form of the source, /i — oo, as it
does for a point source. In this case the probabilities (9.14) for finding
a finite number of virtual particles are zero. This implies that states
with finite numbers of real particles are orthogonal to states with
finite numbers of virtual particles. Thus, a perturbation or other
expansion of a real state in terms of states of virtual particles is im-
“possible; in particular, this applies to the ground-state expansion (9.17).
If a perturbation expansion is nevertheless attempted, then infinities are
always met. This difficulty is encountered in relativistic theories
wherein the interactions must be localized. In a nonrelativistic theory,
where the source may have a finite size, this problem may be circum-
vented.

9.5. Several Sources. Because (9.7¢) is quadratic in p, the self-
energies of several sources are not simply additive; there will be cross
terms. In particular, for two spatially separated point sources of equal
strength,

1

r

p(r) = g[8(r) + 8*(r — xp)] (9.23)
we find from (9.7) that
—mlrol
Eo2) =26, — g* :’fl | (9.24)
T,
and from (9.17) that °
]
0,0 = e™"exp {‘*f-(zwlay) g1 + el | 0,0

where &, is the infinite, but constant, energy for one point source, given
by (—g%2) X, (1/w?), and | 0, 0) is the physical ground state of the two
k

sources. The dependence of &, (2) on the source separation r, is of the
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form of the famous Yukawa potential.! In the language of perturbation
theory, Eq. (9.9), it arises from the exchange of a virtual quantum
between the two sources, and its range reflects the limitations imposed
on such a process by the uncertainty relation. That is, an interaction
between the two sources arises only when the distance between them is
of the order of the size of the quantum cloud. One cannot, therefore,
ascribe a classical path to the virtual particles, and the term “‘exchange”
has to be taken with a grain of salt. It really implies that an overlap
occurs for the virtual clouds belonging to the two sources. The limit of
applicability of the classical concepts must be kept in mind in using
intuitive pictures of the ‘“exchange.” The sign of the “potential”
energy implies an attractive force between the two sources, since
&(2) < 2&, This arises because the presence of a second source
within a short distance of the first one opens channels for new processes
that decrease the energy. However, this is true only if g has the same
sign for both sources. If we were to take
p() = g[8*(r) — 8% — 1y)] (9.25)

the force would change sign. This obviously stems from the fact that,
on close approach, the sources neutralize each other, which decreases
|66(2)]. We shall see in the next part that for the pion-nucleon
system the situation is somewhat more complex and, depending on the
spins and charges, the nucleon sources may have the same or the
opposite “mesonic charge” g. Consequently the exchange of a meson
will lead to an attractive “potential” in some states and to a repulsive
one in others.

To conclude this section, we remark that for N point sources of
arbitrary strength,

N
() =Zl go(r — 1) (9.26)
we obtain
N ® N N —mir; -1y
E(N) =38 =3 Y gigy — (9.27)
= 7 451 4 |r, — 1|
2
where &P =Ly L
2 % w?

Thus the potential
N
M) — 367
is just the sum of the potentials between pairs, which shows that the
presence of other sources does not disturb the force between a given

1 We shall postpone to the last chapter a discussion of the extent to which this
term can actually be interpreted as the potential energy of the source particles.
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pair. This is not generally true but is connected with the fact that
quanta are not scattered in this model.

Further Reading

The problem of one or more static sources can also be discussed in different
but equivalent ways—e.g., by just stating a unitary transformation which
diagonalizes the Hamiltonian. For this type of approach and for further
studies the reader may refer to the following:

G. Wentzel, “Quantum Theory of Fields,” p. 47, Interscience Publishers, Inc.,
New York, 1949.

S. Tomonaga, Progr. Theoret. Phys. (Kyoto), 2:6 (1947).

L. Van Hove, Physica, 18:145 (1952).

T. D. Lee, Phys. Rev., 95:1329 (1954).



CHAPTER 10

Production of Particles

10.1. General Remarks. Having studied the properties of virtual
particles in the last chapter, we shall now investigate the circumstances
in which they can be converted into real particles. To this end, we need
to express outgoing operators in terms of incoming ones. According
to the general formula (8.12), the connection between the incoming and
outgoing field is given by

¢t = ¢ 4 f d*r'dr A(r — ', t — t')p(r',t') (10.1)
where A(r,b) = A™r,1) — A*¥(x,1)
K-
= S f—-r sin wt for —o0 < t << © (10.2)
k @

The relation (10.1) can be expressed in momentum space by making use
of

ik (r=r') o3 Y
fA(r . rl’ t — t')P(l",") &3 dt’ =fs e sin (l)(t t )p(l'/,tl) B dt’
k w

i(ker— wt) —ilk-r—wt)

=S¢t (@) + S E— pl(w)
k k 2w

2iw
where py is
pu(Ko) = f p(r,fe " b= Ko g3y gy (10.3a)

It then reads

. . %
By =S4, =4, + o2 gt r i@ g4,
k=S A ot (QwL?)? TN QeLdt (10.36)
Since B, obeys the free-field equation, only that part of the source
contributes to it for which the frequency and wave number are
93




related as for a free particle. Correspondingly, in ordinary space, the
wave functions of the created particles will not be confined to a region
close to the source. In classical terminology, we can say that the virtual
particles are the ones contained in the near zone, whereas the outgoing
particles leave the source and get into the wave zone of the field. The
problem of analyzing states with a certain number of incoming particles
in terms of the out states—in particular, the probability of finding
My,s My, - . . OUtgoing particles with momenta ky, ks, . . . in the incoming
vacuum-—is again given by (9.14), since B, |in, 0) = ip,(w)(2wL?)|in, 0),
where 7, now corresponds to

Hence we have a Poisson distribution of emitted quanta in every
momentum interval A with a mean number of particles!

. lPk(w)F
= S = (104)

We can also carry out an expansion exactly analogous to (9.17) and

obtain

|in, 0) = S| out, 0) = e~ *2exp [i Zxk(w)Bl] [ out,0)  (10.4a)
k

with 1) = é’af—~l‘f—3)§ (10.48)
and A= § |Lk2%’-)f (10.4¢)

We can also give an explicit expression for the S matrix in terms of
the asymptotic field operators. In the case of one degree of freedom the
S matrix corresponds to the unitary transformation ¢ —¢,p —p +d,
which is generated by ¢*. The field theoretic generalization of this

is?
S=e"exp [i gxk(w)Bl] exp [i b} xI(w)Bk]
= €Xp {i ;[Xk(w)B;{( + Z:(w)Bk]}

L () = p(k,). . , , .
2 Care must be exercised in writing exponential operators. Since By and By do

(10.4d)

t i .
not commute, e P+ 2 ¢PrePe a5 can be seen by expanding the exponentials.
However, because the commutator of By and B{ is a ¢ number, we have

exp [E(BI S + By gk):l = exp (g Bf fk) exp (g By gk) exp (é'[Bk,BE:] £ fkflz)
g8 (3057
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By means of (10.3b) the matrix S can be expressed in terms of the
operators of the incoming field 4, and A] as

S = exp {i g [xk(w)Az + x:(w)Ak]} (10.4e)

The reader can convince himself that this expression is consistent with
(10.4a) and that :
B,=S'4S Bl =s'Als
If the source p(r,t) is spherically symmetric, then the only contribution
to the S matrix arises from spherically symmetric or angular-momentum
zero terms. That is, if an expansion of B, is made in terms of the
angular-momentum operators By, then only By, contributes to the S
matrix. Hence all particles are produced in § states (angular momen-

tum zero).

Before discussing this expression for typical forms of p, we shall
answer another question that might arise at this point. We know that
for a time-dependent source the energy of the field is not conserved.
Then what is the energy pumped into (or taken out of) the field by the
source? For a vacuum of incoming particles this quantity is the
expectation value of the energy in this state as ¢+ — co. It can be
evaluated in the following manner:

(in, 0| H|in, 0)
= (in,0| Y BiB,w | in, 0)
k
= ¥ Y (in, 0] out, m Xout, n, |H **lout, ny Yout, n, | in, 0)

Mgy MKy - - - ”I'q'"l'u- e

=3 g o [Gin, O | out, n, )[®
L™
Since |(in, 0 | out, n, )2 is a Poisson distribution, use of (6.15) gives
(in, 0| H*™ |in, 0) = 3 wii, = S § |p(@)]? (10.5)
Kk k

That is, the energy transferred to the field is just equal to the total
energy of the quanta created by the source. In classical field theory
we obtain (10.5) by integrating dH/dt = —dL/dt from t = — o to
t = 4. Since p(r,?) is the only term in the Lagrangian which de-
pends explicitly on the time, we obtain

AE = —f_idtjd"r &(r,1) -aa—t p(r,0)

Classically, to an incoming vacuum there corresponds an incoming
field 4™ = 0 (quantum-mechanically, its expectation value is zero). By
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a partial integration, substitution of (8.10), and use of (8.9), we can
rewrite AE as

AE =f dtfdsr & dt’ p(r,t)p(r',t") %Aret(r —r,t—1t)

=fdt dr' d®r d3v' p(r’t)P(r/,t;)ga;%[Aret r— l", t— t’) . Aadv(r _ l", t— tl)]
(10.6)

By going over to momentum space and using (10.2), we verify (10.5).
In the last way of writing (10.6), we have emphasized that it is the
difference between the incoming and outgoing fields which is relevant
for the energy loss. This is well known from classical electrodynamics,
where a similar expression for the energy loss obtains and it turns out
that the radiative force is generated by! ¢™¢ = ¢°* — ¢, Since the
expectation values of the field obey the classical equation of motion and
the fluctuation terms are the same as for the free fields, it was to be
expected that we should obtain the classical result for the energy loss.
Similarly, for a static source the self-energy &, is found to be the energy
change obtained by switching the source on or off.

10.2. Specific Examples. It is clear from (10.4) that particles are
created only if the source contains frequencies? >m. For instance, for
a point source with a periodic time dependence,

p(r,t) = g&%(r) cos mqyt (10.7a)
and hence
pu(Ko) = gr[d(wy — Ky) + ey + Ko)] (10.84)

7, as given by (10.4c), is zero unless wy, > m. This is again a conse-
quence of the adiabatic principle according to which a quasistatic
source should be almost as good as a static one. For (10.84) /i becomes
o |8(wo — w)|* and therefore infinite. This is physically clear, since
such a source keeps radiating particles from¢t = —otof = + . To
obtain a finite result, let the source radiate only during a finite period,

p(r,1) = gé*(r) e~ cos wyt (10.7b)

R —
PR = 8 Ky — oo | & T (Ko + )

in which case the number of particles is proportional to the time during
which the source radiates. For « < m the four-dimensional Fourier

1 See, e.g., W. Thirring, “Principles of Quantum Electrodynamics,” chap. 2,
Academic Press, Inc., New York, 1958.

2 Thus, the static source (which is switched on and off adiabatically) has no such
frequencies.

(10.8b)
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transform of the source, p, (), reduces to (10.8a), and we can write
2 2 3
ﬁm%§lpk(a))l _g”fdk ¥(wy — )

) aJ@2m} 2w

_ g (g —my

4ar o
This result can also be deduced by calculating the outgoing current of
particles.

The physical significance of ¢*™* is illustrated by calculating its
expectation value for the incoming vacuum. For a spherical source it
consists of spherical waves. This becomes obvious when the expansion
(5.10) is used in eigenstates of the angular momentum, since such a
source couples only to that part of the field which has angular momen-
tum zero.! Furthermore, for times after the source has been switched
off, ¢°** contains only outgoing waves, as we should expect intuitively.
These statements are most easily verified for a source of the form (10.75)
andm =0. Then, A(r,t) becomes ~r—[d(r — ) — &(r - t)], and we find

(in, 0]¢°"(r,0)in, 0) = f— [cos (r — twg e~ =1 — cos (r + Hwye ™ +1]
r

if g > m (10.9q)

For large positive ¢, only the first term with an outgoing spherical wave
persists.

Returning to our example with m # 0, we find that for small values of
« the number of particles created per unit time is essentially 7ix, and the
number created in a time interval ¢ is

2
fio Ot = f—-((u;‘; —m)i ot ifwy>m (10.96)
(s

This is analogous to the expression for radiation in classical electro-
dynamics and has a simple physical interpretation. We saw in Chap. 9
[see Eq. (9.16¢)] that the number of virtual particles surrounding the
source is of the order of g*/4=. Since the wave number k is the velocity
v multiplied by the energy o, the right-hand side of Eq. (10.95) can be

written as (g¥/4m)(v 81)(w)

or (number of virtual particles) x (distance particles with velocity v
can go in time &) x (radius of cloud of particles), and therefore repre-
sents that number of virtual particles which can leave with a velocity v
within a time interval 6¢. This implies that as soon as the necessary
energy is supplied, the source quanta start leaving the cloud with their
final (real-particle) velocity. In this intuitive picture of the creation
process, we must keep in mind that the stock of virtual particles in the
field is inexhaustible, because they are automatically regenerated in the

1 This type of expansion will be carried out in subsequent chapters.
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source. The time for regeneration is of the order w;%, and to get sig-
nificantly more particles than are present in the cloud, we have to wait
longer than this time.

In a sudden event we can never get more than all the particles
contained in the cloud, this number being obtained by suddenly
switching off the source. Indeed, for this case,

gp(r) fort <0
rt) = (10.10)
8 0 fort >0
gives!
p(Ky) = B
iK,
and therefore Ion?
a=g S (10.11)
x 20°

which is just the number of virtual particles (9.16b) of the source p(r).
We explained in Chap. 9 that this result is quite general and can be used
to define the number of virtual particles.

The scarcity of virtual photons in the field of an elementary charge is
the reason why electric processes are so slow. A particle with unit
charge and velocity v ~ 1 has to make of the order of 137 violent
collisions until it shakes off a photon, since this quantum is present in
the cloud less than 1 per cent of the time. Therefore the cross section
for Bremsstrahlung is 137 times less than the collision cross section. We
shall see that we shall get a simple understanding of pion-nucleon
phenomena by picturing the nucleon dissociated, for a certain fraction
of time, into a pion and a nucleon. This fraction is quite sizable, and
so is the probability of having more than one meson around. Hence,
almost every time the energy is available, a meson is emitted by the
nucleon, and multiple production is also a fairly frequent event.

Another interesting idealization is a source which suddenly changes
its velocity:?

) {p(l‘) fort <0 (1012

L) = .

e p(r—vt) fort>0 )
- L1

pu(Ko) = tpk( K Ki—v. k) (10.13)

1 The adiabatic switching-on process is assumed for ¢ < 0; that is,
p(r,t) = limgp(r) e*  fort <0
a—0

2 Equation (10.12) is not relativistically correct, since the Lorentz contraction of
the source is neglected. The change in velocity may occur because of a collision of
very short duration (e.g., two nucleons colliding at very high energy). In any case,
v should be <1, since otherwise even the uniformly moving source radiates (Ceren-
kov radiation).
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i lad (1 _ 1 )’ (10.14)

k 20 \o w-—v-k

The two terms in p,(K,) correspond to the source at rest and to the
moving source. Hence it is just the number of virtual particles in the
difference of the fields before and after + = 0 which accounts for the
real particles at ¢ = co. This agrees with our earlier remark that what
is radiated is the difference between the incoming and the outgoing field.

For m = 0 and for a spherically symmetric source, (10.14) becomes
(w =k, and 0 is the angle between v and k)

© dk 2 2
a= 7 klnd dQ(l - -———1——) (10.15)
o (2m)®2k 1 —vcosb

which exhibits the well-known Bremsstrahlung’s spectrum ocdk/k as
long as p, ~ 1. For a point source the energy loss 7,k is proportional
to { dk, so that in every frequency interval the same amount of energy is
radiated. In this case the expression for 7 diverges at both ends. The
upper limit is easily fixed up by taking an extended source which
averages out the very high frequencies. The integral diverges at the
lower limit even for an extended source, since normalizing the source
Jd®r p(r) = 1 implies p,_, = 1. This divergence means that we always
deal with infinitely many quanta (both real and virtual) of low frequency.
For the virtual particles this can be understood as follows. For a point
source the self-energy (in r space) is given by f €* d°r, where € is the
electric field strength, and this is (e2/4n) § d®[8=rt. It diverges linearly
at the lower end but converges at the upper end, in agreement with our
expression (9.2), since the upper limit in k space corresponds to the
lower limit in r space, and vice versa. The particle density has an extra
power of k in the denominator or of r in the numerator and diverges at
both limits as in (9.22). The infinity of infrared quanta corresponds to
the 1/r behavior of the Coulomb field at large distance and is not
removed by smearing out the source. Consequently, an infinity of
quanta is radiated when the asymptotic parts of the Coulomb field are
changed. The number of infrared quanta within the radius of the
universe! is <1, and the “problem” is somewhat academic. It does
not arise for m # 0, since then ¢ ~ e~™"/r and has a finite range.

1 From (9.22),

and hence

i~elln Kinax ¢2 |n [max
'min Fmin
Taking ryin as the electromagnetic radius of the electron (~107"2 cm), we find
Ai=1 for rpax = 10713137 ~ 10+47 cm

However, runiverse ~ 10?7 cm.



CHAPTER 11

Pair Theory, Classical

11.1. General Remarks. In this chapter we shall turn our attention
to a system wherein the interaction term is quadratic in the field
variables. The general form of such a term, as discussed in Chap. 8, is

L) = é f &Pr &3 $(r,)V ([, HP,1) (11.1)

which includes, as a special case, a local potential V(r,r',f) cc é*x’ — r)
acting on the field. However, there are cases where nonlocal potentials
of the form (11.1) are important, as in the many-body problem of
nuclear physics.! Furthermore, some types of linear couplings may
effectively correspond to a coupling of the type (11.1). For instance, an
electromagnetic field A interacting with nonrelativistic particles of
charge e has a Lagrangian

L—-L fdar ¥V — eA@)p(r) (11.2)
2my
which contains a term of the form (11.1) with
2
Vr,r,t) = = 8 — r)p(r,b) (11.3)
my
P(r’t) = |'p(r:t)l2

In a relativistic electromagnetic theory the situation is more complex;

'1See R. J. Eden, in P. M. Endt and M. Demeur (eds.), “Nuclear Reactions,”
vol. I, chap. 1, North-Holland Publishing Co., Amsterdam, 1959.

100
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in particular, the 6 function becomes smeared out over a Compton
wavelength of the charged particles. Similarly, the relativistic pseudo-
scalar y; interaction! in meson theory can be shown? to be equivalent to
a leading term of the form (11.1) with

2
V(r,r,t) = -[’57 8 — 1)p(r,1) (11.4)
0

where p is the nucleon density and 3»*(r)y(r) and M, is the mass of the
nucleon. Many other terms appear in the transformation, one of
which will be the subject of the last part of this book. Also, that part
of the Lee model which can be solved explicitly is equivalent to (11.1),
as we shall see in Chap. 13. In this and the following chapter we shall
frequently refer to electrodynamics as an example of such a theory.
However, we shall study this problem not so much because its physical
applications are of interest but because it conveniently introduces many
concepts which we shall encounter in pion physics. Thus, the model
allows us to investigate bound (excited) physical source states and
scattering phenomena.

Following our general approach, we shall first study the solutions of
the equations of motion from the point of view of the classical field and
shall defer the application of quantum mechanics to the next chapter.
We shall limit our discussion to the case for which } does not depend
on .9 Furthermore, in any explicit evaluation we shall, for simplicity,
always take ¥ to be separable and of the form?

V(ry') = —2p(r)p(r’) (11.5)
f B p(r) = 1

where 4 is real and p(r) is spherically symmetric. The development we
shall present can also be carried out with the general form of V, but this
requires more tools from the theory of singular integral equations.
Since the general case does not lead to essential new features of physical
interest, it will not be analyzed in detail. The equation of motion

1 The reader who has never heard of this is advised to ignore the following
remark. The Lagrangian is L’ - [ w*Byspy dr.

% F. J. Dyson, Phys. Rev., 73:929 (1948); L. L. Foldy, Phys. Rev., 84:168 (1951);
S. D. Drell and E. M. Henley, Phys. Rev., 88:1053 ( 1952).

9 Of course, we keep the liberty of switching it on and off adiabatically.

3 [n the equation the coupling constant 4 has the dimension of length or (energy)™1.
We could equally well introduce a dimensionless coupling constantg — Am. When
4 is negative, the Hamiltonian is no longer positive definite, and difficulties may
arise, as we shall see in the next chapter.
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(8.12) is written in integral form by introducing the asymptotic fields:

#(r,0) = (1) + f dt' & & A — 1, t — W' X))

— ¢0ut(r,t) +J‘dt: dsrt daru Aadv T — l", t — t’)V(l",l'”)¢(l'”,t’) (11.6)

The Fourier transform of this equation has the usual form of a linear
integral equation. To obtain it, we introduce the four-dimensional
Fourier transform! of the field ¢:

J
$(k,K,) = (51_) f¢(r,z)e"'"‘~"K o @ dt
T

and the three-dimensional Fourier transform of the time-independent
source:?

V(k.k') =fV(r,r’)e“‘*"e"‘"" &r &'

The reason that the four-dimensional Fourier transform, rather than
the three-dimensional one, is introduced for the field ¢ is that its time
dependence is not that of a free field and is not known a priori. Writing
in terms of the above transforms and introducing four-dimensional
Fourier transforms of A™ or A*", as given by (8.6) and (8.7), we obtain®

_ 4 o Q YkK)K',K,)
oK) = ¢ 70Ky + §w2 — (Ko + ie)?
_ qout V(kk)$(k',Ko)
= ¢°"(k,K,) + § PR

Such an equation can be considered to be the limit of an ordinary linear

(1.7

1 We shall henceforth use the continuum (L — ) normalization but shall retain
§—> (1/27)® d% as a symbolic notation to indicate integration over the continuous

spectrum as well as summation over the discrete spectrum, when it exists. The
correspondence between the continuum and finite box normalization was made
clear in Chap. 5. The normalization of 1/(2m)! rather than 1/(27)? is made for the
sake of convenience. The inverse transform is then

\

% The normalization is again chosen so that for a separable source, as defined by
(11.5), ¥(0,0) = —A. The sign convention is also chosen for convenience and has
the added feature that for a local potential ¥(r,r") < 63(r — r’), we find that V'(k,k")
depends only on the momentum difference k — k’.

We have introduced /e as a convenient shorthand notation to indicate the paths
of integration discussed in Chap. 8. The limite — 0 is to be understood; hence Nie,
where N is any finite number larger than zero, can also be written as just ie.
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algebraic equation (which it actually would be, had we used a finite
normalization volume?) and can be treated by similar methods. For
the separable source, (11.7) contains 1 and K, as parameters and repre-
sents, in general, a linear relation between ¢ and 4, However, if
the determinant of (11.7) vanishes for certain values of the parameters,
then there is a solution with ¢!* = 0 or ¢°®* = 0. We shall see later on
that the solutions of the homogenous equations (e.g., ¢™ = 0) corre- -
spond to bound states, whereas the solutions of the inhomogenous
equations are scattering states. For the moment we concentrate on the
latter. In general, the solution of (11.7) can be given only as an
infinite series, but for V of the form (11.5) the Fredholm series terminates
after the second term. Indeed, we find that?

$(k,Ko) = ¢"(k,Ko) + S («I(Ji(fr‘)—”)-g‘i)——z $(k'.Ky)  (11.8a)

p(k) = fp(r)e"‘“ &r
p(—k) = p*(k) for a real source (11.8b)
p(k) = p(|k|)  for a spherical source
This can be integrated immediately to give

’ ingy ,
k,K,) = Nk, K, 1 p(k)p*k’) ¢ (k',Ky)
Aoy = ¢ B S(Ko+ze>2—w #1857 @
— (Ko + i)

(11.9)

Now that we have obtained a specific solution, we can return to the
more familiar three-dimensional Fourier decomposition. To rewrite
(11.9) in three-dimensional momentum space, we shall make use of our
knowledge of the free-field time dependence of ¢™. In terms of the
continuum analogue of the Fourier decomposition given by (8.16), we
have

ing o Ae™™ | AN(—K)e] .,
¢ = (2n)*[ QoY Q) ]e

=G ), K [0, + Ok, e (11.9a)

where ¢'"+)(k,?) is the positive-frequency part® of ¢, proportional to

1 For this case the problem is treated in G. Wentzel, Helv. Phys. Acta, 15:111
(1942).

2 We shall carry out the manipulations only for ¢in; the ones for ¢°ut follow the
same pattern.

3 This notation was introduced in Chap. 5.
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e, and ¢")(k,t) is the negative-frequency term, proportional to
™, The four-dimensional Fourier transform of ¢"(r,f), as defined
earlier in this chapter, differs from zero only for X, = 4+ and is

Ak) A ( —k)
0)! Qo)
Writing in terms of the positive- and negative-frequency camponents of

¢ and making use of the above results, we can rewrite (11.9) in a
convenient matrix notation! as

¢‘“(k,1<o)=z',,f.,o¢’“<k,t)e“f°t di = 255 8(Ky — ) + == (K, + )

$k,1) = (k [Q, [ k)™ VK1) + (k[ Q- [K)$™(Kp) (11.10)

. , , Ap(k)p*(k")
h — 3 <3y, P .
wit (k| Q4 | K) = (2n)* *k — k') +(k,2 PR (11.11)

It follows from (11.8b) and (11.11) that for a real spherically symmetric
source

Q, =Q}
Dy(k* =1+ (—2%5 % (11.12a)
D*(k?) = D+(K? (11.12b)
We shall sometimes write (11.10) in the shorthand notation
¢ =Q¢™ (11.10a)
where the field equation (8.11) requires®
2Q — Qi = VQ (11.13)

which can easily be checked. Here @ is considered a diagonal matrix
k|| K)=(2m) &k — K)o

and matrix multiplication with V'(k,k") is implied on the right-hand side.

11.2. Bound States. To find the totality of the solutions of (11.7),
we still have to consider the homogeneous solution. The function
D, (k?) defined by (11.12) is the Fredholm determinant of (11.7). As

1 Double subscripts are integrated over in the sense of S The matrices occur-

X
ring here are not to be confused with the operators in the Hilbert space of quantum
mechanics.

2 To differentiate between the matrix w and the function w, we place a bar over
the former.
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stated earlier, if it vanishes for certain eigenvalues of k = k,, then a
solution of (11.7) exists with ¢™ = 0. We shall subsequently study
when this occurs, but for the moment we simply note that such a
solution is!

é(k,K,) = constant kzp Y()k,z 0Ky + )
or &(k,t) = constant kTPE__k);é etiuwt (11.14)
h
This satisfies (11.7) provided that
O
}, —
§ k% —q? :

[e.g., D(k}) = 0]. We shall shortly show that this solution represents a
bound state, in that the classical field has the proper spatial behavior for
such a state.

In order to find when (11.7) has a solution with ¢ = 0, we have to
study the properties of the function D (k?). For real values of k we
may use?

! . — P L ins(x) (11.15)
x + e X
to split D, into its real and imaginary parts, D, and D, respectively,
dq |p(a)® |oto? K]
D.(K*) =1+ AP f iA
=14 2P ) o = T
=D, +iD (11.16)

If p(k) is a function that goes to zero smoothly® as k — oo, then (11.16)
shows that D can never vanish for real values of k. To study the
analytic behavior of D in the complex plane, we replace k* by
the complex variable* z = x + iy. Then D.(k? and D_(k?) are the
boundary values of

2
D(z) =1 +AS|—’;(‘1—)I- (11.17)
1g°—z

when the real axis is approached from above and below, respectively.

1 We shall assume that p(k) is spherically symmetric throughout the remainder of
this chapter and most of the succeeding one.” Then p(k) = p([k|) == p(k).

% P means Cauchy’s principal part.

3 By this we mean that p(k) is always positive. This would not be true for a
patial source, p(r), which cuts off sharply beyond a certain radial distance r = r,.

4 tie is then included in y.
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From (11.17) it appears that D(z) is analytic in the whole complex
plane, save for a branch line along the positive real axis where the
imaginary part is discontinuous. To find the zeros of D(z), we note

that .
Im D(z) = yA S —|’L@-|— (11.18)
—x)P+ )
is zero only for y = 0. To locate the zeros of D(z), we therefore need
to look only at the negative real axis, There we have!

S l”(")l 7l (11.19)
and since D(+ ) = 1 if? {d3q |p(q)|> < o, we have in these circum-
stances:

1. 2> 0: D has no zeros in the cut plane.

2. 2 < 0: D has one and only one zero for a negative real value of

— 2 i
x = ki if _di (O o
@m® K

1, 1d
-D EEpty )] =
7 (x) 17 (x)

D) =1+

otherwise none.

These conditions are shown graphically in Fig. 11.1. It was to be
D(x) expected that bound states occur
A0 only for 4 <0, since this corre-
sponds to an attractive interaction,
and we see that our form of the
A,<0 potential admits only one bound
state. It is well known from ordi-
A3<0 nary quantum mechanics that even
a short-range attractive interaction

= will not have a bound state if the
\ potential energy is too weak to
overcome the kinetic zero = point
energy. This is also true here for
A < 0 but D) > 0.
Fig. 11.1. Diagram for D(x) for nega-  11.3, Behavior of the Wave Ma-
tive values of x and three possible oo O The matrix® Q which trans-
values of 4, with 4, > 4, > 43 and 4, . .
and 4, both < 0. forms the local field variables into
asymptotic fields has some interest-
ing properties which are essential for the quantum theoretic treatment.

1 We hope that the reader will not confuse x = Re(z), y =Im(z), and
r = (x,,2).

2 This condition is not satisfied for a point source.

3 In the literature, Q is sometimes called the wave matrix; see C. Meller, Kgl.
Danske Videnskab. Selskab, Mat.-fys. Medd., 23(1) (1945).
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We shall see that it is one-sided unitary if bound states! exist in the
sense that? +
QlQ, =1 (11.20)
but Q.0 =1-9 (11.21)
where P is the projection operator onto the bound states if any exist.
The one-sided unitarity is a phenomenon which occurs only in an
infinite-dimensional space, since for finite matrices QQ' = 1 always
implies Q'Q = 1. To prove these propositions, we write

Q,=1+R, (11.22)
et A (k")p*(k)
h K |R;|k) = a
where (K| R, | k) DD R — k7 ie
, A (k")p*(k)
d K |RL | k) = P
an ( I * l ) D}(klz) kl2 - k2 :F‘ ie
so that (11.20) becomes
RLR, = —(R, + R}) (11.23)

This can be explicitly demonstrated for a separable potential as follows:
&' | RLR, |K)

_ [ 49 _#p(k)p*(k) |e(@)®
(27)* D_(k®) D (K*) (k™ — ¢* — ie)(k* — g + i€)
_ Ap(k")p*(k) f d% l: Alp@P _ Ale(q)f? ]
(k2 — k™ + ie)D_(k®)D (k¥ J @mpP Lk? - ¢2 —ie  k* — ¢ +ie
_ _hp(k)p*(k) [ t 1 :'
K — k®+ieLD_(k* D,(kP
= —(k'| R, + R} |K) (11.24)

The same relations can be proved to hold for R_.
The verification of (11.21) proceeds the same way, and we find

(k' | R.R% | k)

e[ 4a p(k)p*(k) |o(@)®
(27)*(q* — k™*+ ie)(q®— k*— ie)D . (¢*)D_(¢")
_ pk)prk) (g |p@)f ( A B A )
K2 —Kk? + ieJ (2n)® D (¢D)D_(g®) \k® —q®> — ie  k® —q® + ie

(11.25)

! The bound states have binding energies <<m. The ground state of the physical
source is excluded from these considerations. It always exists, unless the source is
unstable, and we shall not consider such problems.

2 Because of the matrix multiplication introduced earlier (see footnote 1, page
104), ¢k | QLQ, | k% is not dimensionless. It is, in fact, equal to (27)*%%k — k'),
and the 1 in (11.20) and (11.21) is to be interpreted in this sense.
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With (11.16) this last integral can be written

(' | R4R% [K)
_ Ap(k)p*k) 1 J‘wq dq[ 11 ]( 1 _ 1 )
kz—k'2+i£i7r o D_(qz) D+(q2) klz__.qz__ie kz-—q2+l'€
Ap(k)p*(k) 1 f dz ( 1 1 )
= 2plk)ptr) 1 | 4z - . 11.26
K —k? 4+ ie2nide D(z) \z — k' +ie z—k®— e ( )

where C is a contour going below the real axis from - <o to 0 and above
it from 0 to c. Since D(w) — 1, an integral over an infinite circle
contributes nothing to (11.26) and can be added to the closed path
shown in Fig. 11.2, to complete the contour. We can evaluate this
by means of Cauchy’s theorem, using the analytic properties of D dis-
cussed above. If D has no pole, we obtain

D RR! i — Aep*) [ L1 ]
(k |R+R+l ) k* — k® 4 ieLD_(k® D.(k%

and if there is one, we find!

(k' | R.R% | K)

_ Ap(k')p*(k)[ Lt 1 ( L1 )]
I — k2 +ielD_(k®) D,k  D(H\KE—k? K — K
Returning to (11.22), we see that

the first case implies

k' | Q,Q | k) = @8k — k)
(11.27a)
>x  whereas the second one results in
k' | Q,Q% | k) = 2n)*6*k - k')
— Uy(k"hUg(k) (11.27b)
with?
oy =[]

1,2 2 __ 2
Fig. 11.2. Integration contour for Eq. D) K=y
(11.26). (11.284a)

Comparison with (11.14) allows us to write the time dependence of U, as
. Uy(k,t) = U,(k)e (11.28b)
L D'(kf) = dD(x)/dx |42 and is given by (11.19).

2 Note that 2 must be negative for the second term to appear in (11.28). How-
ever, D'(k?) is also negative, as shown by (11.19), so that 4/ D’(k§) is always positive.
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It is a simple matter to demonstrate, with the aid of (11.19), that the
wave function U, of the bound state is correctly normalized. That this
wave function does indeed represent a bound state follows from the
spatial dependence of the Fourier transform of Uy(k). Since k? is
negative, we find

U(r)*(l)ifU(k)“"‘d“k—[ A ]*(1)*f N
1) = o w\K)e = D'(k%) -277 p(r)mdkdar

- (’_2’)*[5—&5]3 f ,p(r')‘*—l-r'k—"_lflir;lr—'I & (11.28¢)

and at large distances from the source this wave function has the
characteristic spatial dependence of a bound state,

b =lrlr
lim Uy(') — [2;?1(2)] - (11.284)
=0 b,

where w, = (m? — |k%|)! is the binding energy. Furthermore, the wave
function U, is orthogonal to the scattering states! in the sense that

&k Xk | QL | k) =
(—ZT_)Z‘U"( Yk |[Q, | k) =0 (11.29)

11.4. Scattering. To conclude this chapter, we turn to the connec-
tion between the incoming and the outgoing fields. From (11.10) and
its analogue for outgoing fields, we obtain®

Blk,1) = (k | Q[ K)DMW) + (k[ Q| K)$ W)
= (k| Q| K)$ &, + (k| Q| k)T MK (11.30)
Since this equation holds for all times (¢™ and ¢°* have the free-field
time dependence), we can split it into positive- and negative-frequency
parts to obtain, by means of (11.20),
¢(+)0M — Q[Q+¢<+)i"
d’(—)out — ngz_‘qs(-)ln
Because [¢P]" = #, the second form of (11.31) is consistent with the
first one. It is important to recognize that Q'.Q, is unitary whether
there are bound states or not. We find, by means of (11.21),
olo, @) =l —Po_ =1
@layela, =Qla —pa, =1

1 That(k | Q | k') represent scattering states will be made clear in Sec. 11.4.  The
proof of the orthogonality (11.29) is left as an exercise for the reader.

2 The bound state is now ignored, since its presence would not change the following
considerations.

(11.31)

(11.32)



110 SOLUBLE INTERACTIONS

since the term with P drops out because of the orthogonality relation
(11.29). If the source is spherically symmetric, p(k) = p(|k|), as has
been assumed, then Q' Q, can easily be diagonalized. As for the linear
coupling, only the spherically symmetric part of the field is then coupled.
This is exhibited by expanding the field in spherical waves, in which case
Q becomes diagonal in / and m. It is essentially unity for matrix
elements with | k, I, m) that have / 5 0, and for / = 0 we find!

(*,0,0|Q, |k, 0,0) = Zl' f 4, dQ,. YYkYK |2, | Y3K)
T 4

2m® A _p(kp*(k)
== §(|k| — | 11.33
K? (] — [k + D . (K®) kB — k% + ie ( )

By means of (11.15) and (11.16) it is possible to cast (11.33) into a more
convenient form:

(k',0,0|Q, | k,0,0)

- [T 2 | 2
= (K,0,0]Q, | k,0,0) 21k) 11.34
Similarly, we ha(:/e 0 Ol l I neo D) ( )
(*',0,0|Q_ ]k,0,0)=(k',0,0|£21|k,O,O)-g%((i;:T))
" = (K,0,0]Q, | k,0,0) grg::; (11.35)
oto, = (Q,, ﬁ—t)fm - %:,Qm* - %1
or (*',0,0]|QLQ, | k,0,0) = 3,:’—: ok — k") % (11.36)

Since this last matrix is diagonal, the connection between the in and
out fields is particularly simple in this representation. If we define the

1 See Chap. 5.
" 2 Matrix multiplication now implies (1/22%)§k2 dk.
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phase shift 4(k) by!

womgmqkom—_ak )e2id®) (11.37)
then ¢,(+)0“¢ — ez;‘d(t)¢(+)m ¢(-)0M — e—m(k)¢(—)ln (11.38)
2 2
and tan a(k) = — ) _ 4 qu (11.39)
Dy(K?) 4m g |e(@)f
1+ ap| —— 1870
(277).! 2 __ k2

These equations will be of importance in the next chapter, where we
shall study the particle aspect of the problem and shall relate these
expressions to scattering cross sections. Here we simply wish to
remark that difficulties are encountered when the source size shrinks to
zero. Since p(k) is then equal to 1, we find, from (11.39),

imtandl) A1, (11.40)

ko k 4 ©

It will be shown in Chap. 12 how these difficulties can be circumvented
for observables by a limiting procedure.

As for the linear coupling, pair theory can also be solved analytically
for several sources. This is a rewarding problem, since it allows one to
study the scattering on many centers. Furthermore, the “potential
energy” is not just the sum of potentials between pairs, as in the linear
theory. It would, however, carry us too-far afield to discuss these
problems here.?

1 That this is the usual phase shift (8 32) follows from (11.38). It is in the above
sense that Q represents the scattering “wave function.” It is normalized according
to (11.20) and (11.21).

2 See, however, Wentzel, loc. cit.



CHAPTER 12

Pair Theory, Quantum-mechanical

12.1. Quantization and Commutation Relations in the Presence of
a Bound State. We shall first use our previous results to check the
consistency of the local field commutation relations with those for the
asymptotic field. Although, in general, this equivalence is assured by
the adiabatic principle, it is not so obvious for the pair theory as for the
linear coupling, where the local and asymptotic field operators differ
only by an ordinary number. In particular, if we immediately consider
the more general problem, which includes a bound state, then the
canonical commutation relations require that, in addition to the in-
coming field (11.10), ¢ contain a term which represents the bound state.
As we saw in Chap. 11 [see (11.28¢)], the spatial dependence of the
bound-state wave function is

e—lkal le~r’l )
Uy(r,t) oc f a&r' p(r') ———— e

e —r
with w, = (m? + k2 = (m? — |k,
so that the corresponding particles remain concentrated around the
source in the limit 1 — + oo, whereas those associated with ¢ eventu-
ally disappear at infinity. An Ansatz which, as we shall see, satisfies the

commutation relations is (always employing the matrix notation
introduced in the last section)

B0k,1) = (k | Q4 | K)$DUW,1) + Uydl0)
+ (k| Q- | k)@ + U3 (12.1)
112
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where ¢ is the usual operator (8.17) for the incoming field and

=Abe—iwut
¢b(t) (zwb)}
[4nd] = [AnAL] =0 (12.2)
[AD’AI] =1

With these commutation relations and the familiar ones for ¢, we can
convince ourselves that the canonical commutation rules are satisfied.
This would not be true if the terms proportional to U,(k) were omitted
or treated as ¢ numbers. For simplicity, we shall carry out the proof
for ¢t = 0; it will be evident that things work the same way for other
times. From (12.1) and (11.92) we deduce

$(k,0) = 2m) "k | Q. (20) 7 | K)AK') + Uyk)4,20,) "
+ 2m 7k Q_2a) " | K)A(—K) + Uy )4 20,)

i$(k,0) = (2m~* (k | Q. (29)‘ | k’) Ak’ + U,,(k)A,,(%”)} (12.3)

-\t 4

—(2m! (k |- (12’) | k’) Al(—k’) — U;‘(k)A;(i"z-b)

In terms of the Fourier transform ¢(k,0) and $(k,0) introduced in

Chap. 11, the reality of ¢(r) requires that ¢(—k,0) = 4'(k,0), and the
usual commutation relations become

[4(.0), 4'(k,0)] = [(k.0), 4'k’,0)] = 0 (12.4)
These relations hold if
k|Q,0*Q} —Q_6*10" |K) =0
which is actually satisfied, as can be shown by use of (11.35). The last
commutation relation

[$(k,0), $'(k',0)] = § [k|Q.Q} + Q0! |K) + 20U K)](2m) ™

= 0%k — k') (12.5)

is also satisfied [see (11.27b)], but only because we introduced the extra
bound-state terms in (12.1) together with the commutation rules (12.2).
Of course, if there is no bound state, then we merely put U, = 0, and
(12.5) still holds.

12.2. Scattering. We briefly discussed the connection between the in
and out fields in Chap. 11. We found that this relation is most easily
expressed when the fields are developed in terms of angular-momentum
eigenfunctions. This connection remains the same when the theory is
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quantized, as follows from (12.1) and the same equation in terms of
¢°*. This pair of equations also shows that no transitions occur from
(to) the continuum to (from) the bound state. We can rewrite (11.37)
as

B (k) = S7'4,,(k)S = A (k)  forls0

Byo(k) = S™ Agg(k)S = Agg(k)e*é® (12.6)

Blo(k) = STIAN(K)S = Aly(k)e 2@

and deduce that!
S =exp [i f AL (K)28(k) AgolK) dk] (12.7)
From

N™ = z f dk Al (K)A (k)

and a similar expression for N°™, it follows that N'* = N°*; e.g., there
is no production of real particles. Only that state which has an
incoming particle with / = 0 differs from the corresponding state with
an outgoing particle by a phase shift 26. An incoming plane wave,
which is a mixture of eigenstates of L, will be an outgoing plane wave
plus an outgoing spherical wave with an amplitude (¢?° — 1). From
this we can deduce the transition probabilities. as in one-particle
quantum mechanics. The scattering cross section (8.34) is the usual
expression
da(k) _ sin® 8(k)
dQ Kk?

We shall now briefly comment on resonance scattering, which is an
important feature of the pion-nucleon system. If we examine
Al k
4m Dy(K?)

A |p(Of? k
ad 1+ AP _‘_i.ai Jﬁ.(.q_)t
(2,")3 q2 . k2

for values of 4 that are small enough so that D! has no poles, we see
that if p(k) goes to zero sufficiently rapidly for high momenta, then
8 — 0 both as k — 0 and as k — . For finite values of the momen-
tum, & assumes positive or negative values depending on whether 1 is

tan d(k) = —

(12.8)

1 We remind the reader that
[Aym(K), ALy k)] = 8y Bmm 8k — k)
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greater or less than zero. If 4 is negative and its magnitude is in-
creased, then, beyond a critical value, D, will become negative and D;*
will have two poles, as shown in Fig. 12.1. In such a case,! the phase

D,(k?)

vV

Fig. 12.1. Plot of D,(k?) for three negative coupling constants, and 4, > 4, > 4.

=Y

shift will increase beyond 90°, at the momentumk, defined by D,(k?) =0.
For momenta close to k, we can expand D,(k?),

Dy(kK® ~ (kB — K®)Dy(k® + - - -

where Dy(k%) = [QDT‘Q‘—):I
X

z=ki

In this approximation the phase shift can be expressed as

tan 8(k) ~ —12 (12.9a)
W, — 0
2
with otk Jetk)l (12.9b)

4 w, Di(k7)

For the derivative of the phase shift with respect to the momentum, we
find, near k,,

Tkl
(40> + (o, — o)

1 In the following we shall discuss the possibility that as the magnitude of the
coupling strength is increased a resonance appears, followed by a bound state.
This does not actually happen for S-wave scattering, but may occur for P waves
with which we shall be concerned in the third part of this book.

8'(K) =
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which shows that &’ has a sharp maximum near w,for I' € ,.T A very
rapid increase of J with k near a certain value of k = k,, sometimes
called resonance momentum and defined by D,(k?) = 0, indicates that
incoming particles in this energy range tend to stay with the source and
that the time required for the scattered particles to be emitted is long

o (k)

Py N S

w

wr
Fig. 12.2. Shape of the cross section near the resonant energy ,.

compared with the transit time of the particles past the source.! This
can be seen by considering an incident gaussian (spherical) wave

packet
® — L)2h? 2 |2
UMD = | f dk exp [_ (_"_Zkri ke — lzk_t]
o -
~ - (r _ vrt)ﬁjl
exp [ i

with v, = k,/m, b*(t) = b + */m?*b*. On expanding d(k) near k,, we
find for the outgoing wave packet

[U°rn))?
_ (k—k)®* . ik 2
” dk exp[ s — ikr o + 2i(k — k)8 (k,)]
~ — [r - vr(t + r- l)]2
exp= 20 :

where I'-1 = 28'(k,)/v,. This is also gaussian, but its peak has shifted

I This condition is not satisfied for S waves, but we shall continue the discussion
below as if it were.

! For another discussion of resonance phenomena, see J. M. Blatt and V. F.
Weisskopf, ““Theoretical Nuclear Physics,” chap. 8, John Wiley & Sons, Inc., New
York, 1952.
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by the time delay I'"!. Such a resonance is often called a “virtual” or
“metastable” state with a lifetime I'-2. It dominates the scattering for
particles with energies close to w,, since the phase shift is then close to
90° and the cross section is near its maximum. Inserting (12.9a) into
the cross-section formula, we find
do(k) _ = 2

dQ k2 (I/2)% + (o, — w)?
The cross section is plotted for w close to w, in Fig. 12.2. The ex-
pression (12.10) has a simple physical interpretation. The first factor
is a geometrical one. It is the area perpendicular to the incident beam
available to angular-momentum / = 0 waves of momentum k. The
second term expresses the probability that a particle with energy o is in
the metastable state which has a width I" and is centered around w,.
Thus, (12.10) states that, for £ ~ k,, only those particles which have the
right energy and angular momentum to form the metastable state are
scattered.

If we increase |4| further, then the smaller of the values of k for
which the phase shift 6 goes through 90° comes closer to £k = 0 and the
time delay approaches c. This delay is reached for 4 = 4, defined by
D(0) = 0. If|A]is increased further, a bound state occurs. A bound
state which occurs only for 4 < 0 (attractive forces) and corresponds to
a resonance at negative energies has as a consequence that ¢ is negative
for low energies of the incoming particles. This happens for 4, of Fig.
11.1.

In the limit of high energies and for a finite source size, tan d(k) is
given by its first term in an expansion in powers of 2 (Born approxi-
mation), since D(e0) = 1. On the other hand, for k& — 0 there may be
sizable corrections to the Born approximation, since the exact result
differs from it by the factor 1/D,(0). This may even become zero, as it
does for a point source. This change of the cross section from its
Born-approximation value has a simple physical interpretation if we
consider the simplified version of electrodynamics? which includes only
the e24%/2m, term in (11.2) (and similarly for the y, theory). We then
find that m = D(0)m, is the total inertial mass of the electron, including
the inertia of the electromagnetic field, and thus that the scattering
cross sections in the low- and high-energy limits are e*/m? and e*/m,
respectively. The effect of the higher approximations in e* (which
represent virtual photons) is only an inertial one. - For low frequencies
the virtual photons move rigidly with the charge, and hence the relevant

! That the first term in the expansion does indeed correspond to the Born approxi-

mation, as it should, is shown, for example, by J. M. Blatt, Phys. Rev., 72:466 (1947).
% That A is a vector field does not introduce essential complications.

o(k) = 4rr (12.10)
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mass is m. For high frequencies they cannot follow, and the bare
mass m, gives the scattering cross section. This simple result is typical
for nonrelativistic quantum electrodynamics. In the relativistic
theory virtual pairs of charged particles are created which change not
only the effective mass of the electron but also the effective charge
(vacuum polarization).

In our meson theoretic applications we shall find it convenient to
introduce a renormalized interaction constant such that the exact
expression for the phase shift, extrapolated to the unphysical energy
o = 0, is formally equal to the Born approximation calculated with the
renormalized coupling constant.! If this procedure, which may seem
both unnecessary and arbitrary, is carried out, then we obtain a finite
phase shift é for finite momenta even for a point interaction. For a
relativistic theory such a point interaction is required by Lorentz
invariance; after renormalization, the results will be less sensitive to the
shape of the source p(r). In the present case the above procedure
defines 4, by

hp=—t A (12.11a)
ToDmy [ le@l e
2m)Pw?

A fixed renormalized coupling constant 4, [or, equivalently, lim 6(k)/k]
k=0

implies a certain dependence of 4 on the source size. We noted at the
end of the last chapter that lim é(k)/k (or 4,) goes to zero for a point
P

source and a fixed value of 4. Thus, keeping 4, fixed and finite, we
obtain the following relation for 4 in the limit of a point source (or a
sufficiently small one):
A= A = —_ — }3 —
1 —ap| %L P f dg 1
@2n) ol @) w?
This means that 4 approaches zero from negative values, irrespective of
the sign of 4,.  Although this leads to no difficulties here, with a single
source, it creates a bound state with energy <m for two or more
sources. This implies that there is no state of lowest energy in the
theory. In the Lee model, which we shall study next, the same kind of
phenomenon occurs and can cause severe difficulties, even for a single
source.

-0

1 This procedure is often called *‘charge renormalization™ because of its analogy
to the same procedure for the charge e in quantum electrodynamics. See, e.g.,
S. S. Schweber, H. A. Bethe, and F. de Hoffmann, ‘“Mesons and Fields,” vol. I,
p- 297, Row, Peterson & Company, Evanston, 1l1., 1955,
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In terms of the renormalized coupling constant, the phase shift is
given by

Ak p(k)|2 A, k |p(h)?
8(k) = — Zr 12.11b
T @rPele® — kY

As was pointed out above, this form has several virtues. For instance,
the integral is weighted against high energies, where it is sensitive to the
exact shape of p(r), so that it even remains finite for a point source.
The scattering may still exhibit a resonance about a particular energy
o,, in the neighborhood of which Egs. (12.9) and (12.10) are applicable
if A is replaced by 4, and D,(k?) by D{"(k?).

12.3. Energy Expressions in Terms of the Asymptotic Fields. We
next turn to the problem of expressing H in terms of the asymptotic
fields; as for the linear scalar coupling, we shall thus find the energy (or
mass) renormalization, that is, the energy of the incoming vacuum.
We shall see that the phase shift ¢ is directly involved in this computa-
tion.

By means of the field equation (8.11), we can write the Hamiltonian
as!

[‘l;’ + (Vé)* + m*¢? —fq&(r)V(r,r’)cﬁ(r') d“r'] &r

_f [ 'M0G(K) + $'R)w’$(k) — ¢*(k)fV(k K) (k) (d k)a]
=f %[";f(k)";(") - "‘*(")?"'(“)] &k (12.120)

where we have used ¢(k) = ¢(k,0). Inserting (12.3) and computing the
second time derivative of ¢ from (11.94), we obtain, in matrix notation,

3
H— ("—22) [4'a'Q), + AU o, — 46'QL — 4,U,0;]
x [Q,0'4 + Uywpd, — Q.6'A" — Uyw,4,]
3
+(£:')' [4'a7'Q} + 4lUje;! + 46701 + A,U07 ]

x [Q.a'4 + Uwid, + Q_a'a' + Ul A]] (12.12b)

! The Hamiltonian (12.12) has not been reordered according to the prescription
(6.5), so that the usual zero-point energy E, of the nomnteractmg fields is included.
The factor (2n)? arises because of our definition of matrix multiplication.
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By making use of (11.36) and its hermitian conjugate as well as (11.29),
we can simplify this expression to

_@m® 4o . 1 t
H="2(4"04 + 404" + aloyd, + 4w,4))

=fd=*k Al AK)w + AlA,w, + E (12.12¢)

where E is formally equal to 4f w d®k + }w,. We shall shortly study
the connection of this energy to that of the incoming vacuum. Aside
from this constant, H is the energy of incoming and bound particles.
Its spectrum in relation to that of the free field is shown in Fig. 12.3.

Energy Energy

yy , ;:;&5»

One quantum

<Iwo quanta

One quantum

k

Without source With source
Egtw,

Fig. 12.3. Energy spectrum with and without a source. For the latter case the
bound state is also shown.

The above development is possible only if w, is real, e.g., |k7| < m?,
since the factor w} was assumed real. If wj < 0, then we are dealing
with an oscillator with a repulsive force, H = #(p* — wjg?, and there is
no discrete energy spectrum.! In particular, the energy eigenvalues
then have no lower bounds, and no particle interpretation is possible.
It is physically clear that a disaster starts to happen as soon as |kj| —
m2.  When this critical momentum is reached, the total energy of this
state is zero, and an infinitesimal amount of energy can create an
infinity of particles in this bound state. These particles could appear
as soon as the source is suddenly switched off. Thus, if 4 is decreased
adiabatically, then an instability will set in when it is negative and its
magnitude exceeds a certain critical value determined by k3 = —m?.

1 Formally this resembles a ‘“‘runaway solution,” since the time dependence of the
state has a term proportional to e when w, becomes imaginary. This resemblance
is not accidental. Compare N. G. Van Kampen, Physica, 24:545 (1958).
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Since the Hamiltonian (12.12) was not reordered, it seems from
(12.12¢) that in the absence of a bound state the zero-point energy of
the Hamiltonian is exactly equal to that for the free field. It thus
appears that there is no energy renormalization for the pair theory,
unlike the linear static case. In the notation of Chap. 9, we seem to
obtain &, = 0. However, the difference between two infinite (and.
therefore undetermined) terms may be different from zero even if they
look the same, the result depending on how the limit is taken. To
obtain a well-defined answer, we shall evaluate the energy difference
between the physical vacuum states with and without a source by using
a finite normalization sphere; only later shall we go to the continuum
limit. We assume that no bound state is present. The boundary
condition (5.9) tells us that the allowed values of & for the / = 0 part of
the field are slightly different in the presence of the source because of the
phase shift 6. Taking the usual standing-wave solutions, we find that
if without interaction the possible values of k are k,, defined by

sink,R=0
then with the source the boundary condition is

sin [k,R + 8(k,)] = 0
or (for 6k, < k,)

k= k, — k) (12.13)
R

This gives a change in the energy eigenvalues,

w, =0, + Aw,

Ao, = — kn 0(k) (12.14)
w, R
and hence a change in the zero-point energy,
1 1 1 ¢k
& == [ = — =S =k 12.15
P DT T (1215

In the continuum limit this difference remains finite and is
&= — - f ak ® sk (12.15b)
27 Jo w

Thus the energy shift or renormalization &, due to the source is different
from zero because the source brings the eigenfrequencies out of tune
and thereby causes a change in the zero-point energy of the field. For
the static source studied in Chap. 9, the origin of &, was different.
Because there was no scattering in that theory, terms of the type (12.15)
did not contribute. The latter effect also causes forces between
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macroscopic bodies, since the possible electric frequencies depend on
their distance. This amusing quantum effect has been verified experi-
mentally.!

The relation (12.15) between the phase shift and the change of the
energies in a finite volume shows why an attractive (repulsive) inter-
action gives a positive (negative) phase shift. It also suggests a way to
estimate the magnitude of the phase shift. The interaction can
roughly be pictured as changing? »? by 4/V within the volume ¥ where
p #0. The change of w? for the low-lying states (k ~ 1/R) is A/V
times the probability of finding the particle within this volume. Hence

st — KOK) 2V
2R VR
. (12.16)
and (k) ~ — I;E-z ~ —4ik

in essential agreement with (12.8).

12.4. Virtual Particles. To conclude our discussion of the pair
theory, we shall investigate the distribution of virtual particles. To
this end we need the connection between the operators a, [see (8.18)]
which create the virtual particles and the 4, we have been using so far.
This connection is easily obtained by comparing (8.18) and (12.3).
With our matrix notation and in the absence of a bound state, we find
that? (in our standard representation Q% = Q)

a=MA+ M4t o' =M+ M4 (12.17)
M, = }@'Q,a"t + a7'Q,ah)2m ™}
M, = }a'Q,07! — 67'Q, ah@m!

Note that the destruction operator for virtual particles is a mixture of
destruction and creation operators for real particles. This is a typical
relativistic effect; in the nonrelativistic limit (k | o | k") — mé(k — k'),
M, =0, and the number-of-quanta operator N = N.T This means
that there are no virtual quanta surrounding the source. Relativisti-
cally, on the other hand, we have a cloud of virtual particles even for the
ground state (V'™ = 0).

! See M. J. Sparnaay, Physica, 24:751 (1958).

2 That this is the change of »? rather than o can also be seen from dimensional
considerations.

3 In this case a and A4 are also related by a unitary matrix A,

a = AAAt AAt = ATA =1

1 The consistency of the commutation relations for a, at and A, A requires
MM} =1when M, =0.

(12.18)
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The determination of the distribution of virtual particles is most
easily done by comparison with a one-dimensional analogue, which
also guided us for the same problem with linear coupling. The
analogue for our present model is a simple harmonic oscillator,
the frequency of which is changed from w? to w'? = w? + dw?. The
former frequency corresponds to no source and operators a, a,
whereas the latter represents the energy in the presence of the source.
From (2.3) and (2.4) we find that the quantities corresponding to

(12.18) become i A b
w3 )+ ()]

(12.19)
m=3[(E) - )]
From (12.17) and its hermitian conjugate we find
a|in, 0) = M*a' | in, 0)
M= MM (12.20)
In the one-dimensional case, M = —dw?/(w + »')* and is a number,

whereas for the pair theory M is a matrix. To expand the eigenstates
|in, n) of the Hamiltonian with 6w? in terms of the eigenstates |n) of the
Hamiltonian without dw?, we use (12.20), together with familiar tricks,

to obtain
= s = *(i'."_l)}( _a? | o> 12.21
(n]0) (0 (n!)§ in, O> M . 0 T in, ( )
and by induction
. _ [MI)" n! . -
_— {|(n | in, 0)* = (-2-- )T |(01in,0))* ifniseven (12.22)
0 if nis odd

The quantity |(0|in, 0)? is determined by the condition ¥ 7, = 1.
0

The same method works when M is a matrix in k space. Then (12.21)
and (12.22) tell us that virtual particles are created only in pairs' and
that the probability for finding an odd number of virtual particles is
therefore zero. The simplest term is

Mhoes = |(kps kg | in, O)fF = 3|0 L in, O)* |(ky | M | k) (12.23)

L1t is for this reason that the quadratic coupling discussed in this chapter and
Chap. 11 is referred to as “pair theory.”
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Unfortunately, the explicit calculation of M, that is, the analytic
inversion of M,, is very involved, and we shall not enter into it} Asis
to be expected, the wave function M of the virtual pair decreases
exponentially with distance in ordinary space and is concentrated
around p within a distance m™!.

To get more tractable expressions, we turn to the calculation of
expectation values of observables in the ground state. From (12.17)
we immediately find that (in, 0 | ¢(r,?) | in, 0) = 0, which also follows
generally from the invariance of the Hamiltonian under ¢ — —¢.
More instructive are bilinear expressions, such as the mean number of

virtual particles:
fd”k a'(K)a(k) | in, o>

= (2m)%in, 0 ] AKK) (k| MTM3 | ') Af(k’) ] in, 0)
= (2m)* Tr M{M, (12.24)
By means of (12.18) and (11.22) this can be rewritten as
i=}Tr(@R & 'R, + @ 'R\ ®R, — 2RLR,)
Using our explicit expression for R, Eq. (11.23), we find
i E f Bk k' |p(k)? |p(k)]? ( o o 2)
4) @m)® |D. (kK — k)
B[ Pk o [k
4) (2m)¢ wo'(w + o)
Thus the probability for finding one pair (or more) is essentially

=)

a result which is similar to that for the linear coupling,

1 &k |p(k)[F]?

1 £ b

2 (7)Y o
except that now the particles are not independent but are emitted in
pairs. The amplitude for finding the field excited is of the order of 7* or

A% |p)E A [ K dk|p(k)?
4JomE @ @D w?

1 It has been carried out by A. Klein and B. H. McCormick, Phys. Rev., 98:1428
(1955). These authors also derive a closed expression for the presence of more than
one pair.

Ai=1(in,0

o o

|D. (k3| (12.25)
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From (12.16) this is seen to be approximately { dk dw?/w? and is just the
sum of the amplitudes for the various normal modes to be excited. For
the single-oscillator analogue we find
(Sw)®

w?

At = ifw ~ o
However, the energy of the virtual pairs is not simply related to &, by a
sort of virial theorem. Formally, however, it appears from (12.12) and
(11.1) that in pair theory

(in, 0| Hy | in, 0) = —(in, 0 | L | in, 0)
and &, stems only from the change in the zero-point energy.

The probability for finding virtual pairs for a gaussian source dis-
tribution p(r) oc e~"""** with a width b 5> m—1is of the order of (}./b"mz)2
Only a deep potential (large |4|) with sharp edges will produce pairs of
virtual particles in significant numbers. For a Coulomb potential e/4xr,
only the steep part, r ~ m™, is effective in creating pairs. Approxi-
mating it there by a potential of our type (A ~ em™'), we find that
the probability for virtual pairs ~e?/4m ~ 1 per cent. The virtual
electron-positron pairs! in the Coulomb field actually give a measurable
‘““vacuum-polarization” effect, since they are charged and change the
Coulomb field for r < m~1 (~10-! cm) by about 1 per cent. Modern
experimental techniques are capable of measuring such tiny effects with
remarkable accuracy.?

Further Reading
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W. Thirring, Helv. Phys. Acta, 28:344 (1955).

A. Klein and B. H. McCormick, Phys. Rev., 78:1428 (1955).

E. Arnous, J. phys. radium, 17:107 (1956).

1In this respect these pairs behave according to the above description, even
though our calculation does not apply to them.
2 See, e.g., W. E. Lamb and R. C. Retherford, Phys. Rev., 72:241 (1947).



CHAPTER 13

The Lee Model: States with Q =+

13.1. Introduction. The Lee model consists of a field linearly
coupled to a source which has one internal degree of freedom. This
degree of freedom is not a classical quantity like position and has only
two eigenvalues. As an example of such a quantity, we cite the charge
of the nucleon (source) which has two eigenvalues distinguishing
proton (p) and neutron (n). This degree of freedom, discussed in
Chap. 7, is involved in the coupling which describes the elementary
processes n <> p + =, if we choose to call the quanta of the field pions.
In general, if the source has more than one degree of freedom, the
problem gets so complicated that it cannot be solved explicitly. We
shall encounter this situation in the last part of the book. However,
in the Lee model it is assumed that there is no =+, so that the process
P> n + «* cannot occur. In this case charge conservation limits the
possibilities to such an extent that the problem becomes soluble,
Although artificial, the model reflects important features of the pion-
nucleon system. Formally, the problem has many similarities to the
pair theory which we have discussed in the last two chapters. We shall
lean heavily on the analogies in order to avoid repetitious formal
manipulations. '

To describe the degrees of freedom of the source, we have to introduce
new dynamical variables. We define the operators 74(¢), 7.(¢), 7_() =
71 (#) in terms of their effects on the bare nucleons at ¢ = 0:

~@|p=|mn . ©@[n=0
nOm=|p O|p=0 (13.1)
wO|pD=|p nO|n=—|n

These operators are independent of time in the absence of an interaction
126
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and for equal masses of the nucleons (H, is then independent of the
operators 7). Hence, in the absence of an interaction, the Hilbert
space is the direct product of the usual one for the fields times a two-
dimensional space. If the nucleon is represented by (p,n) in the latter,
then the operators! r are the 2 x 2 matrices

(0 1) _(0 0) (1 0) 132.
"o TThuo " o (132

In the presence of an interaction the operators = become time-dependent,
and (13.2) is a representation of 7(0) in terms of bare particle states at
t = 0. The interaction H'(v) which generates the processes n <> p + =~
between the bare particle states must be of the form

(7}) - (creation operator) + (r_) - (destruction operator)

If we wish to forbid p <> n + =" for a pion described by a Klein-Gordon
field, then a difficulty arises because all local? operators such as ¢(r,f)
contain both destruction and creation operators. Thus =, should be
multiplied not only by a creation operator for a #~ but also by a destruc-
tion operator for a =* [see (7.16)], and similarly for -_. However, for
a Schrodinger field, ¢(r) is a pure destruction operator and a suitable
H'(r) can easily be constructed. We base the model on the following
Hamiltonian :2

H=1=70 &, —}-J‘d”r{Vw'r Vy 1 + my'y
2 2m

+ gpm[v(r.nr_(1) + wf(l',t)u(t)]} (13.3)

The &, term is included to allow for a p-n mass difference; it is zero
when it operates on a bare p state and &, for a bare neutron. It will be
used to renormalize the energy of the physical # state.

13.2. Commutation Relations and Equations of Motion. The com-
mutation rules for the operators 7 cannot be inferred from the canonical
rules but can be deduced from the matrix representation (13.2). Since

1 By r without a subscript we mean any of the three operators =, 7_, 75.

% The Lee model [T. D. Lee, Phys. Rev., 45:1329 (1954)] usually consists of a non-
local interaction, because it uses a relativistic theory for the boson. Such an
interaction goes beyond the scope of our investigations. However, in its significant
consequences, the model we shall use parallels the original one.

3 This differs from the Schrédinger Hamiltonian of Chap. 4 by the source terms,
the &, term, and also by the addition of the term myty to represent a rest energy of
the field quanta. Note that g has the dimension of L},
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the operators 7(f) are created from +(0) by the unitary transformation
(2.18), they have the same commutation relations, which are

[re(@®,7_(1)] = 75(1)
(), ()] = £7:(1)

Of course, y(r) and ¢'(f) are assumed to commute with (1) at the same
time,

(13.4)

[v@.0, 7] = [y'(e0), 7(0] = 0 (13.5)
and the commutation rules for the operators y and y' are the usual ones
[see (4.22)]:

[y, v'@,0] = 6% — r)
[y, v.0] = [v'E0, v'@,0] =0

With these commutation rules and i@ = [0,H] [see (2.19)], we derive
for the equations of motion

(13.6)

—ip'(,) = (m — V—) Ye,1) + gp(r)r_(t) (13.7a)

V2
(0 = (m - 5—) w1 + gp(t)r . () (13.7b)
m

In momentum space these equations become

—iplk,t) = wy'(k,b) + g "(’2(1;3 T_(1) (13.8q)
w@)—wﬂ0+ggﬁnm (13.85)
with w=m+ L »l(k,1) —f T(r,p)e™r d¥
2m B ’ @m)t

w(k,f) = fzp(r e~ ks and  p(k) = f p(r)e™*r dBr

&f
These differential equations can be converted to integral ones in a

manner analogous to Egs. (8.4) to (8.10). By means of the retarded
Green’s function

iK gt
N T 1 f dK, — _ {O | fort <0
27 Ky—w—ie lie"t fort>0
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and its hermitian conjugate, we obtain!

t
VEn = ")+ ig[ arr e 28 g0

@m'
wk,t) = (k1) — ig f_‘ A7, (1) e é%); (13.95)
For the operators = we find
—it_(t) = Egr_(t) + gfd’r PP, t)rs(t)
=& + gf(%k)g PPk, (1) (13.10a)
" d*k
ity () =Egri() + g f ) p*K)p(k,0)7s(?) (13.108)

and, by means of (13.7a) and (13.7b),
(1) = igfd“r POLpE)7-(1) — $'e0)74.(1)]

= % f dr y'(x,0)p(r,1) (13.11)

The first two equations can also be written in integral form, but we shall
defer this for a while. The last equation expresses charge conservation,
since it says

0=0 Q=1in *fdar Y @) = 7 **fdsk PMpk) (13.12)

It is only the total charge (i.e., the charge of the source together with
that of the field) which is conserved. The charge of the source sepa-
rately, or of the field alone, is not conserved. We note that the operator
QO has half-integral eigenvalues <} corresponding to the following
bare particle states:2
Q P -1 —%
Particle P n nm”
pm”  pmm

1 By this time the reader should be familiar with the adiabatic principle, which

justifies the physical interpretation of
Ytk = itk 0) e and  yin(k,n) = yin(k,0) e~

The w which appears in the exponent here and elsewhere and the w which is
used in the denominator of the last equation of page 128, for example, are to be
interpreted as the same symbol.

2 The actual electric charge is Q -+ } and has integral eigenvalues. Q is the third
component of the total isospin and will be used in the last part of the book. The
electric charge of the nucleon is 3(1 + 3), and that of the meson is —{ d®r vt (r)y(r),
because we are dealing with =~ mesons.
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The equations of motion (13.7) to (13.10) are still too complex to be
integrated in closed form. However, when applied to physical particle
states (eigenstates of Q and H), they simplify further because in the
present model these states are mixtures of states with n and n + 1
mesons.

13.3. Physical Nucleons. The bare proton state! |p) and the
physical one are identical,

| Py =|p)=|in, py = | out, p,

()| p) = 9(r,)|p)=0 (13.13)
(1) l p= | p) v
and both are eigenstates of H,
H|py=0 (13.14)

This stems from the fact that there is no other state belonging to the
same eigenvalue of Q. If we apply the equations of motion to | p), we
can replace 7, by 1 and obtain two coupled linear equations. In the
following we shall first seek the solution of these equations in terms of
the initial values of the operators. Then we shall see that this solution
also satisfies the correct commutation relations if we postulate that the
incoming operators have the same commutation properties as the ones
without interaction. To formulate this conveniently, we denote with a
bar those operators which are multiplied from the right with a projection
operator onto the proton state. This means that barred equations are
true only when applied to the proton state. In particular, 74(f) = 1,
and we get for the Fourier transform of (13.9) and (13.10) with respect
to time? '

b’ = | 'k, e~ Kt gt — ™™ __& pr®T_(Ky)
Pk f P dr = oK)~ o W Ko + ie

P(k,Ko) =0 (13.15)
&k p(k) _
(Ko — €07 (Ko = g | 2B 5l k)
(2m)

If we were to eliminate 7_(K,) from the third equation and put it into
the first, we should obtain an equation almost identical with (10.7) of
the pair theory. Again, the values of K|, for which (13.15) has solutions
will reflect the eigenvalue spectrum of H for the states generated by the
application of 7_ and y' to | p). Since both _ and y' create a state
with @ = —{, we expect a discrete state corresponding to the physical

! Such a state corresponds to a bare vacuum state | 0) in our old notation. The
labels | p) and | n) serve to distinguish between the internal degrees of freedom.
_ # In the usual manner we define =_(K,) = [ +_(f) e=iKet dt.
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neutron and a continuum of p + =~ states beginning at K, = m. If we
denote the energy of the physical neutron by AM, we can adjust &, so
that AM < m, in which case the neutron is stable. The spectrum for
this case appears in Fig. 13.1. Like the bound state in pair theory, the
physical neutron must correspond Energy

to a solution of (13.15) with K, = /
AM < m, where '™ = 0.9 Hence

we have, for K, = AM,

(AM — 8)7_(AM)

_ o[ L e
£ @mPPAM —w

e bt AM
7_(AM)

P
or AM=_ngﬂM =y 0 72 %

3 —_—
(@my'w — AM Fig. 13.1. Eigenvalue spectrum of the

Hamiltonian (13.3) for the states of
+ &< E (1316) o = +1

Before the source is turned on, the energy of the neutron is &,. Since
w > m, and it was assumed that AM < m, (13.16) shows that the
interaction lowers the energy of the neutron, as in the case of a static
source.

13.4. Scattering States. The solutions of (13.15) with K, > m can
be found as in the pair theory:

) Pk )] d’k p(K) _tin
F_ - 2| Z = =g | Y
(Ko)[Ko 6o+ g P Kot ie] gf ) P (k,Ky)

Because of (13.16), we can eliminate the unobservable &, from the
left-hand side, the bracket of which can be written as!

P 1 1
Ko — AM + g* k”(— )
o t8 (2w)3lp()| w_AM  w_ K, 1 ie

= (Ko — AM)D _(K,)

3 2
@n)P(w — K, + ie)(w — AM
¥ This is interesting, because one tends to think that a physical particle is some-
thing different from a bound state of bare particles. However, our example shows
that so far there is no fundamental difference between a “compound particle” and a
physical one.
1 The factor ie plays no role in w — AM so long as AM is less than m, as has been
assumed. This follows because ytin(k,r) has the free-field time dependence and
ik Ky) o oK, — w).

)] (13.17)
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D_(K,) is the boundary value of an analytic function of the complex
variable Ky = z = x 4 iy. Asin Chap. 11, we find that D(z) does not
have any zeros for x < m. Infact, D(— o + i0) = 1 and dD(x)/dx > 1.
Since y"(k,K,) is different from zero only when K, = m + k*2m > m,
we find that (13.15) has a nonzero solution for all K, > m and for
K, = AM. The contribution from the latter point will be denoted by
7'2; to satisfy the commutation relations, we shall have to multiply it
by a normalization factor Z!, the meaning and value of which will be
determined shortly. We can summarize our findings by

&k p)P""(k,Ky)
@m) (K, — AM — i€)D_(K,)

7_(Ko) = Z'#08(Ky — AM) + g (13.18)

where the —ie in the denominator corresponds to integrating (13.10a)
with a retarded Green’s function.! The solution for $' can be found as
in Chap. 11, by making use of the Green’s function and introducing the
four-dimensional Fourier transform $'(k,K,). We shall not repeat
this procedure here but shall merely give the results:?

Faon = 20 200 L ko [kypEL)  (13.09)
(2m)

Uyk) = Z'g A;’; (f_)w (13.19b)

p*®)p(k)D(W)
W —w—ie)(w — AM)

=(k|Q} | k) (13.19¢)

&|Q_ | K) = &k — k)2 + g

We note that ' plays the same role as the bound-state operator 4, in
the pair theory, but U, is not normalized to 1, as we shall see presently.
Similarly, the Fourier transform of (13.18) gives

- - &k p(k)DZ'(W) _tin
(1) =Z4%"( L= A= W gt 13.20
7-(1) r()+g(2ﬂ)gw_AM P k1) (13.20)
remembering that 1"(k,K) oc o(w — K,).
13.5. Completeness. We are now in a position to demonstrate
explicitly that the commutation relations (13.4) to (13.6) hold in the
subspace Q = } if we assume that ™ and y'"" satisfy the commutation

LIt should be noted that the homogencous equation for our (exact) solution is
i+_ = —AM ~_ rather than i+_ = —&yr_.
2 Matrix multiplication, defined as in Chap. 11, is implied here.
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rules of the operators without interaction and if Z = D-%(AM), as
shownbelow. Ina manner similar to Egs. (12.3) to (12.5), we calculate!

7.(0), 7 = i, P @y
(Pl [.+(0), 7_(0)] |P> (P | [Z + gf @mi(w — AM)D.,(W)}

Pk _y"K)p(k) inyd
x [g G v —AM)D_(w) T Z :I lp)
[p(K)[? 71 dz

w—AMR[D W~ 2mide (z — AM)D(z)

=Z+ §g2 ( (13.21)
where Cis a contour similar to part 4
of Fig. 11.2 and is shown in Fig.
13.2. We note that D-(z) is ana-
Iytic save for a cut on the real axis
fromm to . But for |z] > oot
tends to 1, so that an integral over
an infinite circle gives

N

__1_ [‘ fi_z_ — Fig. 13.2. Integration contour C de-
i) z fined by Eq. (13.21).

Hence, on closing the contour by a circle at co and denoting the closed
contour integral by §, we get

1 dz 1
B2)y=2Z——QP——r--—-o-t1=Z— 1
( ) 2mi J (z — AM)D(z) + D(AM) +
= (|| =1 (13.22)
which implies that we have to put
1 1
Z= - (13.23)
3 K)|2
DAM) | o[ Lk (k)|

(2m)* (w — AM)?
By similar arguments, we prove that

U@UFE) + k| Q- [g)a]| QL k) = @nPPk — k) (13.24)

a formula familiar to us from pair theory. Consequently,
(| [vK), »'®)]| p) = 6°k — k) (13.25)

11t is interesting to note that (r) does not commute with (r,r). Physically,
this arises because it creates a physical neutron, and the latter is an extended
structure which interferes with the meson cloud even outside the source. This is in
contradistinction to bare particles, the pointlike nature of which is expressed by the
canonical commutation rules.
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is satisfied. Also,

(p|[rs, ¥'®] | P

p0r D3Mw) | DTMAM) L dzDT@) ]
(2‘"')2 [W — AM + w—AM 2mi f(z — AM)(z — W)]_O (13.26)

can be checked.!

Having established a solution of the equations of motion and the
commutation relations in this sector of Hilbert space, we shall next turn
to a discussion of the physical significance of the quantities encountered
there. The physical neutron state is created by applying ™ to the
proton state

lin,m) =72 py  Gn,n|=(p|

Since 7 has a time dependence ~e“2¥, it follows that |in, n) is an
eigenstate? of H with eigenvalue AM, as we saw earlier. The factor Z
gives the probability of finding a bare neutron in a physical one,

@ py" ) |y g
@) (w — AM) D+(w)]f- |p=2" (1327

(n]in, n) = (pI[Z* T4+ g

and U, (k) is the wave function of the virtual pion when the neutron is
dissociated into p + #~:

(P+7f1:|man>=(l’!'ﬂ(k)|m,")

. Ub(k)"'+ Ny I | in U,,(k)
_<p|[ ) + (k| Q4 | K)y (k)] | p = )
(13.28)

With some calculations we find that this wave function has the following
properties. U,(Kk) is normalized, as it should be, to the probability of
finding the neutron dissociated:3

= )3| UkP=1— (13.29)

The form of U,, Eq. (13.195), shows that the virtual pions stay near the

source within a distance (n — AM)~1. Furthermore, for these virtual
pions the virial theorem is valid in the same form as for the static

! The proof of the commutation relations in the other parts of Hilbert space is not
trivial and will not be carried out.

2 This can also be checked directly with (13.3) and the analysis of | in, #) in terms
of bare particle states, which we shall now discuss.

3 Note that 0 < Z < 1 is required.
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source. For instance, for AM = 0, H™, the part of the Hamiltonian
(13.3) proportional to g, and H™*® = | d% Vy'. Vy/2m, we have

0 = (n, n| H|in, n) = (in, n | H"**" | in, n)
+ (in, n | H'™ | in, n) + (in, n | !——_;—Ts| in, )&,
(13.30)
and (in, n | H™**®"| in, ny = S |U,@0F w = Zg* § lﬂ;)_lz

k

=<in,nl£’01 ';'3|in,n)
and hence
(in, n| H'™|in, ny = —2(in, n | H™**"| in, n)

The fact that the commutation relations for the operators y, y', and =
are satisfied shows that the states we found with Q = —} form a
complete set. Hence there is, for instance, only one discrete state for
the system of a p and a =»~, namely,

t
|in, n) = Z} | m) + f @k U@y &) | p) (13.30a)

@my!

This has its formal origin in the fact that (K, — AM)D_(K,) has only
one zero for K, = AM, as we saw earlier. By increasing AM, the
range of U,(r) becomes larger and reaches infinity for AM = m.
When this value is reached, the neutron becomes unstable! against
decay into a proton and a pion, and the sole discrete state for @ = —3%
disappears. The commutation relations are then satisfied with 72 = 0,
and we shall see that the physical neutron is then only a resonance in the
pion-proton scattering; the wave function of the pion for the scattering
states | in, p + »~) is singular in k space, which means that there are
pions at an infinite distance from the nucleon.

13.6. The Phase Shift. To end this chapter, we investigate the
scattering in the states p + =~. For this purpose we must relate y
to yp'. The preceding development could have been carried out
equally well with y'" and %%, which is identical with 71:

7241 = £AME0) = 7(p) (13.31)

in, n) = | out, n) = | n)
Hence we have
k| Q- | K)p"MK) = (k| Q. | k)P (K (13.32)

1 For AM > m the model provides a field theoretic description of a decay if the
various particles are suitably renamed.
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As in pair theory, for a spherical source only the angular-momentum
I = 0 parts of $™"* and ¢ differ by a phase shift e~%*,

~tout

Y
and by analogy with Eqgs. (11.31) to (11.38) we find

-2i5 ~tin
e 216,"0.

D(w) —g%m |p(k)*
tan 6(k) = — =
Dy(w) _ 2 d’k’ |p(k')|2
2m(w AM)[I + 8 Pj(zﬂ)s(wf — AM)(w' — w)]
(13.33)
where

K
D (W)= Dy(w) + iDw) = [l +8'PS W — I»:)((w?l_ AM)]

Tg'm k |p(lf®
+ ll: 27 (w —A M)]

For AM < m and for k — 0, we have d(k) < 0, as in pair theory with
one bound state.! If this resonance at negative energies is raised to

positive energies, AM > m, then lim d(k)/k becomes positive, resem-
k—0

bling a weak attractive potential. In this case the neutron becomes

unstable with a lifetime? I'"'. This lifetime is defined by (12.94), and

we find

r— gk,m |p(k,)|® (13.34a)
B 217[1 + 2Pf._.d3k' _letk)f? ] '
E J ny v — Ay
2
with 2—kL +m =AM =w, (13.34b)
m

As might be anticipated from the similarity to pair theory, we can
define a renormalized coupling constant, so that for w = AM the phase

! This is characteristic of bound states. See, e.g., J. M. Blattand V. F. Weisskopf,
“Theoretical Nuclear Physics,” chap. 2, John Wiley & Sons, Inc., New York, 1952.
2 Under certain conditions

() | 20) = (p| =, (N0 | p)

shows a behavior ~e~T¥2 [V, Glaser, G. Killen, Nuclear Phys., 2:706 (1956-1957)1.
" If |p(k)I* can be analytically continued into the complex plane, so that D can also be
continued beyond the cut, then we find a pole on the second Riemannian sheet at a
complex energy AM + iT’, corresponding to the unstable neutron state.
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shift is given by the Born approximation with the renormalized coupling
constant. We then find

2 1

- _ Zg? 13.35
@) (w — AM)?
& = Z}g
.2 2
and tan 8(k) = % 'k”; J\;()k)l T T
2 — AM [ g\ p ]
e =AML e P =AMy —w
(13.36)

This form has the same advantages as the similar equation in pair theory.
In our particular version of the theory there are no divergence diffi-
culties even for a point source, because at high energies w is proportional
to k2. Of course, the nonrelativistic energy relation no longer makes
sense at very high energies. In a relativistic treatment of the mesons
(Klein-Gordon equation), (13.35) is replaced by!

gi=Zg*=g* (13.37)

d“k lek)?
L+ f @) (@ — AMY2w

The integral in the denominator now diverges at high momenta for a
point source, so that the scattering cross section would become zero for
small k. Use of the renormalized coupling constant introduces an
extra power of w’ [or ' if (13.37) is used] in the integral in (13.36), so
that even for a point source the cross section remains finite in the limit
of small momenta. In this case, however, difficulties arise which may
appear even in our nonrelativistic version. In particular, from (13.35)

we find
2

g f Tt ECR

(2m)* (w — AM)?

Hence, for a sufficiently small (spatial) source and a finite (perhaps
large) value of g,, g* becomes negative and g imaginary. (In the
relativistic theory and in the limit of a point source, g - —i0.) This
implies a nonhermitian Hamiltonian (13.3). Furthermore, Z, when
expressed in terms of g, is then negative, which means a negative
probability of finding a bare neutron in a physical one. To formulate

L See, e.g., Lee, loc. cit. The factor (2w) arises naturally from the use of the
Klein-Gordon equation, as we saw earlier.
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such a theory! requires the introduction of an indefinite metric in
Hilbert space, which goes beyond our framework. In a cutoff theory
no trouble develops so long as the size of the source is limited to a value
which reduces Z(g,) so that 0 < Z < 1.

Formally, we find from (13.33) that the high-energy limit of the
scattering cross section is given by the Born approximation with the
coupling constant g. The physical reason for this and for the low-
energy behavior will be discussed extensively in the next chapter.

1 See G. Killen and W. Pauli, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd.,
30(7) (1955).



CHAPTER 14

Lee Model: States with Q =-}

14.1. Scattering: Low Equation. For the states not considered in
the previous chapter the problem can also be reduced to integral
equations for the wave functions of the virtual pion. In general,
however, such equations cannot be solved explicitly, and hence we are
not going to derive them. From an experimental point of view, the
wave function of the virtual pions is actually not the quantity of primary
interest, since most of the information it contains is not accessible to
present observational techniques. What can be measured most easily
is the scattering cross section, and therefore one should concentrate on
calculating the phase shift as a function of the energy. We shall now
learn a very important method for deriving general properties of the
phase shift, short-cutting the calculation of the complete wave function
of the mesons.

For simplicity, we restrict ourselves in this chapter to the case AM =
0 and denote a physical nucleon state (proton or neutron) by | N).
The two physical nucleons then have the same energy (mass), E = 0;
the quantity we are interested in is an element of the S matrix (8.23):

(out, N +m | in, N + m) = (N [ p*"K)p""(k) | N)  (14.1)
Equations (13.9) and the similar equation for

y)ﬂn(k,t) = yﬂo“t(k,t) - (—Zlf)’ Jloc dt’ ve=t) p*(K)7_(t)
= 1, ) — s p¥(K) ¥t _(w) (14.2)

@mt

tell us that the state with an incoming plane wave, »"*(k) | N), is an
outgoing plane wave with the same momentum, y'u(k) | N), plus
139
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something which is generated by =_(w). Obviously this must be the
scattered wave we are looking for.

If | N) is the proton, then we can use (13.18)—or, rather, its analogy
for outgoing operators—to derive an explicit expression for 7_(w) | N).
Since #"(K,) is proportional to 8(K,) and since

p %(k,Ko) = 2y (K)I(Ky — W)

we obtain
I8 aor o) — — & 1P km [ dQ
L o) = — S 0E =

f dk' 8k — kg O (k") = LpT"(k) (14.3)

which shows that we have a spherically symmetric scattered wave for a
spherical source. Comparison of (14.2) and (14.3) with (8.24) tells us
that s is {exp [2/6(k)] — 1}, which also agrees with (13.33).

In general, we can deduce the S-matrix element from (14.2) and the
familiar time dependence of matrix elements between eigenstates of the
Hamiltonian. Thus*

(out, N + m. | in, N + m,)

_ outry n| o toutyy  igp*(k)[” ~iut,
= v [y 30 Wf_wdte o)™

A I
- 63(k — k') — (out, N + Ty I —_ M‘f dt ey (o)e—th -mt‘ N)

(2m)
= 0%k — k') — 2mwid(w — w') g'z ()3 (out, N + m. | 7_(0) | N)
= 8%k — k') — 2mid(w — w)T(K’) (14.4)

In obtaining (14.4), we made use of the fact that
(out, N + m. | e™* = (out, N + m. | ™"

since the energy of both physical nucleons was adjusted to be zero. In
general, the matrix 7 would be a function of both k' and k, but because
of the spherical symmetry of the problem and energy conservation, it is
here a function of a single variable k. The relation of the T matrix to
the phase shift can be found from (14.3) or directly from (8.30) and is?

e?® sin o(k) 1

T(k) = —
) wmk 4

(14.4a)
11t must be remembered that p(r) is a spherically symmetric source, so that
pk) = p(k).
2 See also, e.g., B. A. Lippman and J. Schwinger, Phys. Rev., 79:469 (1950). With
our present normalization, S = [ d3 and g(E) = 1/=mk.
7
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The T matrix defined by (14.4) is, of course, time-independent. It is
more convenient than the § matrix for the subsequent discussion
because the singular part of the latter has been split off. Thus, the T
matrix will turn out to be an analytic function of the energy.

From (14.4) it follows that the scattering amplitude 7(k) is obtained
by analyzing 7_| N) into outgoing states with energy w. Using the
fact that y(k) commutes with 7_ and that y°"* | N) = 0, we can rewrite
the last expression in the following form:!

T(k)=‘g(—g;rT§M(out,N tm| - | N

_ gp*(k) (N l [W(k) _ igp(k)J;wdt (1) ee(wﬂe)t},_ l Ny

(2m) @mt
— ig2 |i"(k)|2 * ilw+ie)t
- (2,”)3 J;’ dte (N I [T—(O)a 7'+(t)] l N) (14.5)

Equation (14.5) is usually called the Low equation,? after its progenitor.

14.2. =~ + n Scattering. Our first application of the Low equation
will be to derive some general properties of the =~ + n scattering
amplitude. The commutator in (14.5) contains a term with 7,(f) and
one with 7_(0) in front of | n). The former generates a state with?
Q = %; in fact, we see from

lin, ny = Z* | n) + Uo(")‘/"(k)l »)

@m)}
that4 74(0) [in, n) = Z*| p) (14.6)
Hence this part of the right-hand side becomes?
ig® [P(k)|2f°° -+ ) ! g p?
= il -(0)Z = 14.7
2P o dre (n|7_(0)Z°| p) w(2m)? (14.7a)
with &= (p|grs|m=(n|gr-@|p=2'g (14.7b)

1 The commutator in (14.5) emphasizes that the source must involve dynamical
variables in order to scatter. For a c-number source the right-hand side of (14.5) is
zero, in agreement with our previous result. The ie is the usual convergence factor
of Green’s functions which defines the position of the pole in momentum space.

2 F. Low, Phys. Rev., 93:1392 (1955).

3 From [Q,7.()] = =+7.(#) we conclude that the operators =, and =_ change the
eigenvalue of Q by 1.

1 Since | in, n) = | out, n), we shall use | n) to indicate either state.

5 The e is not needed in the denominator of (14.7a) because the pole at w = 0 lies
in the unphysical region.
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The other term of (14.5) generates states with Q = —$, e.g., states
with one outgoing pion and a neutron or two outgoing pions and a
proton. At this point we have to assume that the form of the energy
spectrum is not changed by the interaction and that there is no discrete
state with Q = $. In that case these states have energies >m. If we
denote the physical states with Q = —3% by |out, i), we can write
this part of the commutator as

(n|rs(r-O) | n) = 3 (n| i, (0)e ™| out, iXout, i | r_(0) | n)
=Y e B¢ | (out,i|r_|n) [ (14.8)
i
where E, is the energy of the state | out, i). This gives us, all together,

_gle®f e o [outi|rg|m [*
Qm)Pw @n® T E,—w—ie

T(k) = (14.9)

A first remark concerns the sign of lim é(k)/k. It appears from
k0

(14.9) and (14.4a) that it is >0, as for an attractive interaction without
a bound state. The reason why the =~ interaction with a neutron is
attractive can be traced back to be the following. A single neutron
emits a pion, and the proton so formed absorbs it. We found that
these processes lower the energy by &, If another =~ comes along,
then the emission and absorption activities of the nucleons become
more violent. We have seen that a source emits more eagerly if an
identical boson is around, because of Einstein’s well-known induced
emission.! This process decreases the energy, the gain of interaction
energy outweighing the pion rest energy. Thus the interaction will
decrease the energy of a n + »~ below the energy of an n + =~ without
interaction, imitating an attractive force. That such a situation gives
an attraction, whereas for a p + =~ the phase shift starts negative, as
we saw in the previous chapter, is the crux of our present understanding
of low-energy pion physics.

The statements made so far are exact. However, (14.9) cannot be
solved in closed form. We shall find its solution in the approximation
that, in E over Q = —3$ states, those corresponding to | out,p + 2z~)are

t
neglected. If these virtual production processes of a second pion are

! Simflarly, we can interpret the Yukawa potential as arising from the emission of
mesons by one nucleon induced by the meson field of the other. The stimulated-
emission probability arises formally because

kn +11¢|m?«(n+1)
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left out,! then the term in (14.9) that is proportional to 3 involves only
(out, n + =~ | 7_ | n), which can be expressed by T. We find®*

2 2 nj2 nj2
w(2w)® w—w— ie

Although (14.10) is a nonlinear integral equation, it can be solved

exactly. To this end we recognize that 7'(k)/|p(k)|* is the boundary

value of a function which is analytic in the complex w plane. Indeed,

(14.10) states that the function $ of a complex variable z which obeys

1 _& f“’ dw’ |p(k)[ k'm (14.11)
2 z Im2n?|HW + i (W — 2)
is related to T by

2
=0 (2m)% H(w + ie)
From (14.11) we see that 1/$(z) is analytic in the complex plane except
for a pole at the origin and a cut on the real axis from m to c. At this
cut the imaginary part of § is discontinuous:

(14.12)

lim [ LR ]
o LH(w + i)  H(w — ie)
_J“” dw’ |p(k)|?k'm ( 1 1 )
m 2m |Hw + iP\W —w —ie  w —w+ e
i | p(K)|2 mk
T |$5(w + i¢)|?

! This approximation will also be used in pion physics. In general, such an
approximation will not be good, especially at high energies. Indeed, comparing the
exact high-energy limit (14.17) with the one of this solution, Eq. (14.14), we see that
they may be completely different if Z < 1. However, the solution may have a

degree of validity at low energies, where it approaches the correct limit.
% By similar techniques, we obtain for p 4 =~ scattering the exact equation

gl f . ITgep
T0 =Gy ~ PO | P, = =70

the precise solution of which was obtained in the last chapter:

(k) =£3 |p(k)I - & lo(k)?
8=* wD, (w) Ww[l T gt @ﬁ/ (k)12 ] (14.5q)
™) 88 wR(w' — w — ie)

3 Because of our normalization of the one-meson states
(in, k| in, k) = (N | ptin(k) pink) | N) = 8%k ~ k')
the sum Y, of (14.9) becomes { d® in the continuum limit.
1
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Since H(w — ie) = H*(w + ie), the discontinuity of § is directly related
to p:

—ilim [§(w + i) — H(w — i)] = — |P(k)|2 mk
€0 P

= 21Im $(w + ie)

A function with this kind of analytic behavior is

H(w) = ;‘32 [1 — wg,z.fw dw’|p(k')|* k'm ] (14.13)

m 2w W — w — ie)

T

provided that g, is not so large that the bracket has a zero for w < m.
With this proviso, (14.11) is actually satisfied by (14.13).1

To relate this solution to more familiar material, we shall also obtain
it by means of methods used in pair theory. The integral in (14.11)
can be written as a contour integral around the cut (see Fig. 13.2) and,
furthermore, can be closed by an infinite circle, since $(z) — o for
z — oo. Hence, (14.11) can be written in the linear form

1 g 1 dz’

$G@) z  2mido$E)E —2)
where C is the path of integration shown in Fig. 13.2. Evaluating the
integral with Cauchy’s theorem, we see immediately that (14.11) is
satisfied. Thus we arrive at the following solution for T(k) [compare
this with (14.12) and (14.13)]:

T(k) = g al”fk)P — (14.14)
(27T)SW|:1 . Wg2 d’k |P(k )I ]
" @) (W — w— iw'?

Remembering that 7 = —sin (de*’/4n%km), we get for the phase shift

g2 |p(k)|? km

31, nl2
21rw|:1 — gtwp [ LK M‘L]
@m)P3 (W' — wyw™®

tan d(k) = (14.15)

This is of the same form as the phase shift in pair theory with attraction
[see (12.115)]. The forms of (14.14) and (14.15) point out one advan-
tage of the Low equation: because it involves only physical states, it
allows the solution to be expressed directly in terms of the physically
meaningful, or “‘measurable,” coupling constant g,, rather than g. We
assumed that there is no resonance at negative energies, which would

! For a discussion of the uniqueness of the solution, see L. Castillejo, R. H.
Dalitz, and F. J. Dyson, Phys. Rev., 101:453 (1956); and M. Ida, Progr. Theoret.
Phys. (Kyoto), 21:625 (1959).
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indicate discrete states with Q = —2.1 This imposes a limit on gZ,
which depends on p(k). For sufficiently large g,, within this limit, a
resonance for w > m will emerge. In any case, the denominator
enhances the phase shift, whereas it was damped for the p + =~
scattering. Since for low energies the inelastic terms in (14.5) leading
to a p + 27~ state act in the same direction as those for the n + =~
system, it is to be expected that the exact solution will also show this
feature. Therefore we anticipate that at low or medium energies the
n + =~ cross section will become much larger than the one forp + =~
scattering. This can also be seen by comparing (14.14) with (14.5a).
The latter solution for p + =~ scattering can also be obtained by the
technique we used to derive (14.14).

14.3. Low- and High-energy Behavior of 7(k). Finally, we shall
derive from (14.9) and (14.5a) the low- and high-energy behavior of T(k).
To this end we consider
)

ECK

as a function of w. From the factors in the denominators we see that
the term 2 in (14.9) is regular for w < m, since E; > m. However, the

k) = —

first term has a pole at w = 0 with a residue g?. Therefore, this term
will be dominant for w — 0, and we have

g2
lim (k) = & (14.16)

w—0 w
Hence we find the same result for the n + =~ system as for the p + =~
scattering [see (14.5a)], namely, that for w — O the exact result is the Born
approximation calculated with the renormalized coupling constant.!
In the limit w — oo, if the sum converges sufficiently rapidly, we may
put the denominator under 3 in (14.9) equal to —w. Taking the

2
factor 1/w out of the whole expression, we see that what is left is just the
equal-time commutator. This, however, is —;, so that we get

g g
limtk) == (n| —r5 | n) == (2Z — 1) (14.17)
w0 w w .
The last expression becomes more suggestive if we write it as
g g
£z+ (— -—)(1 A
w w

9 In that case, (14.14) would be the solution of a Low equation in which the
contribution of this discrete state is included.

1 It is always assumed that |p(k)I? can be continued analytically to the unphysical
energy w = 0 or k2 = —2m?,
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which is the [Born approximation of #(k) for n + =~] x (probability of
finding a bare n in | n)) + [Born approximation of (k) for p + =] x
(probability of finding a bare p in | 7). In this form the result is
analogous to the one for the p + =~ scattering. In fact, with the Low
equation we could have derived the latter without having to solve the
Schrédinger equation.

The physical significance of the low- and high-energy limits can be
seen by resolving the scattering process into elementary interactions

Fig. 14.1. Graph for the physical neutron.

between bare particles. This corresponds to an expansion of T in
powers of g. The Born approximation consists in taking the least
number of processes. For the scattering, it corresponds to an ab-
sorption of the original =~ and an emission of the scattered pion. For
the n + =~ scattering, the processes must occur in reverse order from
that for p + =~ processes, as is illustrated by the graphs® of Fig. 14.2.
Higher orders in g give a rescattering of the pion and a dressing of the

- ~ -
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Fig. 14.2. Diagrams for the scattering of =~ on protons and neutrons.

neutron. For the order g* this is illustrated in Fig. 14.3. Now,
imagine that the energy of the external pion? is increased beyond that of
all virtual pions. In this case the time between emission and absorption,
AT, has to be as short as possible since the uncertainty in the nucleon’s
energy, AE, is as large as the energy of the external pion (which it
absorbs and emits), and AE AT ~w AT ~ 1. Hence, for p + =~
scattering, the contribution from the graph of Fig. 14.4a will dominate

! In these diagrams the lines show the paths of the various bare particles, and time
flows from left to right. In such a picture the physical neutron looks as shown in
Fig. 14.1. These diagrams should not be taken too literally, since the concept of a
classical path does not apply to virtual particles. However, they serve to illustrate
the various terms in a perturbation expansion where H’ effects the elementary
emission (and absorption) process between bare particles. See G. C. Wick, Revs.
Modern Phys., 27:339 (1955). :

% This is the one which is scattered.
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n

()

Fig. 14.3. Graphs of order g4 for (a) p + =~ scattering and (b, ¢) n + n~ scattering.
\\7_

T
b
~
~

Fig. 14.4. Diagrams to illustrate the high-energy behavior of p + =~ scattering
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over all those diagrams in which (intermediate) virtual pions are present,
such as those of Fig. 14.4b and ¢. The high-energy limit for p + =~
scattering is therefore given by the Born approximation. Forther + 7~
system the scattering can also occur during the time that it is a bare
proton. Thus, in the high-energy limit we get here both scattering by a
bare neutron, as in Fig. 14.5a, and scattering by a bare proton, as in
Fig. 14.5b, but in both cases without (intermediate) virtual mesons
being emitted and absorbed between the interaction with the external
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Fig. 14.5. Graphs to illustrate the high-energy behavior of n + =~ scattering.

meson. The latter contributions, illustrated in Fig. 14.5¢, will again be
small compared with the others, and we get the Born-approximation
amplitudes from the two kinds of particles weighted by the correspond-
ing probabilities.

To discuss the low-energy limits, let us consider first the fictitious
situation in which the external meson has no rest energy, so that its
enrgy can be made much smaller than that of the virtual pions. In
this circumstance it follows from the uncertainty argument that the
time between the interactions with the external particle will last much
lenger than the virtual processes. For p + «~ scattering, this means
that, after absorbing the pion, the nucleon practically becomes a
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physical neutron, as shown in Fig. 14.6. But the absorption of the
external pion converts the proton into a bare neutron and, therefore,
can happen only during the fraction of time that the physical neutron
is a bare neutron. Since two such elementary processes are involved,
we obtain the following expression for the cross section in this limit:
(Born approximation) x (probability of having a bare neutron in the

\7 } 7

N ST PN -7 P /

N/ N L N e” N4 N
P n p n p n p n P n p

Fig. 14.6. Diagram to illustrate the “low-energy limit” of p + = scattering.

physical neutron)?. The same holds for n + =~ scattering, where only
higher-order corrections of the form illustrated in Fig. 14.7a, but not
those of the form shown in Fig. 14.7b, contribute in this limit. For
m # 0 the above conclusions still hold in the limit w — 0, but this is in
an unphysical region, and the statements about the low-energy limits

-
\\\1/'_ 7]'//
~

n
: (b)
Fig. 14.7. Graphs for the discussion of the “‘low-energy limit” of n -- =~ scattering.
are true only in an extrapolated sense. Generally speaking, we can say
from the way that g is introduced that it measures the strength of the
elementary interaction between the bare nucleon and pion. On the
other hand, g, gives the strength of the elementary interaction between

the physical nucleon and pion,! as appears from g, = (p|7.g|n).
Fast processes involve the bare source particles and hence g; slow ones

! The physical and bare pions are identical.



150 SOLUBLE INTERACTIONS

involve the physical source particles and g,. Since at high energies the
situation becomes very complex,! it is generally only possible to
measure g,. Even this quantity cannot be obtained directly, since the
energy w = 0 is not available experimentally. However, if the low-
energy-scattering phase shifts can be extrapolated to this energy, or if
the bracketed term in the denominators of (14.14) and (14.54) is approxi-
mated by an expansion in terms of g, for small, but physical, energies,
then we can obtain gZ directly from measured cross sections. We shall
discuss this further in the last part of the book.

Various modifications and generalizations of the Lee model have
been studied from time to time. One of these, proposed by van Hove,
still limits the number of degrees of freedom but allows more than one
meson in the cloud of the physical nucleons. The generalization
consists in allowing only one type of field quantum, #° but two pro-
cesses characterized by

Van 4+ #° (coupling strength g,)
n=aV4a° (coupling strength g;)

The theory has several advantages over the Lee model and is also
exactly soluble for the bound physical states. The main advantage for
us is that it shows the connection between the neutral scalar theory of
Chaps. 9 and 10 and the Lee model. Thus, if the physical masses of
the V and n are the same and g, = g;, then the theory reduces to
the neutral scalar theory, except for a doubling of states. To discuss
the theory in detail would lead us too far astray, and we refer the reader
to the original articles.2

1 It is clear that.the nonrelativistic approximation cannot be made at such energies;
furthermore, nucleon-pair creation and recoil must be taken into account. .

2 T. W. Ruijgrok and L. van Hove, Physica, 22:880 (1956); L. van Hove, Physica,
25:365 (1959); T. W. Ruijgrok, Physica, 24:185, 205 (1958) and 25:357 (1959).
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CHAPTER 15

Introduction

15.1. The Static Model. There are many problems in physics which
fall within the scope of quantum field theory and can be treated by
methods similar to those we have developed or by less rigorous ones.
The prototypes of discrete coupled oscillators are the atoms in a
crystal. Electrons that pass through the crystal act as a disturbance
that is linearly coupled to the atoms. However, the reaction of the
crystal back on the electrons cannot be neglected, so that the interaction
is a dynamic one, involving the translational degrees of freedom of the
electron, and cannot be represented as a coupling to a fixed and pre-
scribed source. The ensuing complications make this ‘“‘polaron”
problem? an interesting one, but one that cannot be solved exactly.

An example of a mechanical model with a quasi continuum is the
quantization of the equations of motion of a liquid.? The complications
of this problem arise because of the nonlinearity of the hydrodynamical
equations, so that only approximate solutions exist, e.g., at low tempera-
tures, where quantum effects dominate the picture and the continuum
approach appears to give reasonable results.®> In nuclear physics the
surface waves of nuclei represent a two-dimensional example in which
quantum effects are important.4 Also, the many-body problem (such
as represented by a Bose gas or a Fermi-Dirac gas of electrons or
nucleons), which at first sight appears to have no field features, is most

1 T. D. Lee, F. E. Low, and D. Pines, Phys. Rev., 90:297 (1953); and T. D. Lee
and D. Pines, Phys. Rev., 92:883 (1953).

2 R. Kronig and A. Thellung, Physica, 18:749 (1952).

3 L. D. Landau and E. M. Lifschitz, “Statistical Physics,” chap. 6, Addison-
Wesley Publishing Company, Reading, Mass., 1958.

4 A, Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd.,
27:16 (1953).
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easily tractable by methods of field theory.! Furthermore, in the
high-density limit an electron gas with Coulomb interactions turns out
to be equivalent to a pair theory and can therefore be solved exactly by
the methods we have described.?

The most fascinating applications of our rules are, however, not to
any material substance but to-immaterial fields, the excitations of which
appear to us as elementary particles. There are many examples—
among them, quantum electrodynamics and the theory of ‘“weak
interactions.” These theories have the advantage that the coupling is
sufficiently small that the physical particles and bare particles are
almost identical. On the other hand, their systematic development
requires the theory of the representations of the Lorentz group and is
therefore outside the scope of this book. Instead, we shall be con-
cerned with an approximate theory of the pion-nucleon interaction.
This theory is one of the most exciting ones, inasmuch as it penetrates
to the smallest distances yet explored by any partially successful
physical theory. In the other applications we have named, the phenom-
ena take place in regions of atomic dimensions, or of the order of the
Compton wavelength of the electron. By now, we can be fairly
confident that the principles we have employed are valid in the latter
regions. Pion physics, however, occurs at distances of the order of
102 cm, and it is interesting to note that the concepts of field theory
seem to work at this small a distance. Even though much work has
been done, very little is yet known about fields inside this region, nor is
it known whether it is necessary to introduce the concept of a smallest
distance. These problems are among the most challenging that face
physicists today.

The theory of the pion-nucleon interaction is complicated by two
facts: (1) the exact form of the interaction is not known for certain, and
(2) particles other than pions make up the structure of the physical
nucleon. It is fairly certain, for example, that the meson cloud in the
nucleon also contains K mesons and hyperons, as well as antinucleons
- and antihyperons. An approximate separation of part of the pion
cloud from that of the other particles fortunately is possible, because
the pions extend to the largest spatial dimension. As we saw earlier,
the extension of the cloud is roughly measured by its Compton wave-
length; in other words, it is inversely proportional to the particle mass
that the field represents. The K meson is approximately 3} times
heavier than the pion, and because our present concepts indicate that
“‘strangeness” is conserved, its emission requires changing the nucleon

1 See, e.g., K. Huangand C. N. Yang, Phys. Rev., 105:767 (1957); and J. Bardeen,

L. N. Cooper, and J. R. Schrieffer, Phys. Rev., 108:1175 (1957).
2 G. Wentzel, Phys. Rev., 108:1593 (1957).
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into a hyperon, which costs approximately another meson mass.
Hence the cloud of K mesons and hyperons is not expected to extend to
more than about two-ninths the distance of the pions, which implies
that the volume of the nucleon is 99 per cent pion cloud. Nucleon-anti-
nucleon pairs have an even shorter range. However, their importance
may be that a pion can split into three pions! through an intermedi-
atepair, thus contributing to a finite size of the pion itself.?

ese considerations show that the prospects for a theory containing
only pions and a nucleon are fairly good. Experimental evidence?
indicates that the nucleon has a “repulsive core,” which is not under-
stood and which extends to about 5 x 10~'4 cm, but that outside this
region pions are the principal contributors to the structure. The
situation is not as clear-cut as, say, the nonrelativistic theory of the
hydrogen atom. The corrections to this theory are important in a
region of the order of the Compton wavelength of the electron, or 1
of the radius of the hydrogen atom. Correspondingly, the Balmer
formula is a very good approximation, and fine-structure corrections
are less than 0.1 per cent. Here, perhaps an accuracy of S per cent is
more appropriate.

Even with the restriction to pions and nucleons, the picture is
complicated. The reason is that in strongly interacting systems many
virtual particles are present and all sorts of interactions that are allowed
by invariance principles will take place. For instance, there is no
reason why there should be no strong pion-pion interaction. This will
certainly also affect the pion-nucleon interaction, since the nucleon is
surrounded by a fairly dense pion cloud. Fortunately, it turns out
that in low-energy pion physics there are large effects, medium-sized
effects, and small effects. The large effects have a common origin,
namely, an unstable excited state of the nucleon. The latter can be
obtained by the interaction term we shall use. The medium-sized
effects amount to about 15 per cent corrections to the large effects and
are due to pion-pion interactions, nonlinear pion-nucleon interactions,
kinematical corrections, etc. Since these are missing in our model, we
shall not be able to make predictions about -effects which are not

! Two pions are not allowed by angular momentum and parity conservation.

% A suggestion such as this was advanced by I. E. Tamm, J. Exptl. Theoret. Phys.
(U.S.S.R.), 32:178 (1957), trans. in Soviet Phys. JETP (U.S.S.R.), 5:41 (1957).
This would also contribute to a pion-pion interaction, for which there are some
experimental indications at high energies. [See, e.g., L. S. Rodberg, Phys. Rev.
Letters,3:58 (1959); W. R. Frazer and J. R. Fulco, Phys. Rev. Letters, 2:365 (1959).]
Quantitative results are only just being developed, and we shall therefore not con-
sider this matter here.

8 See, e.g., H. A. Bethe and P. Morrison, *“Elementary Nuclear Theory,” 2d ed.,
pp- 130, 132, John Wiley & Sons, Inc., New York, 1956.
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directly related to the excited state. Techniques for calculating
medium-sized effects are now being developed. These methods are
generalizations of the ones we shall use for our model. Finally, there
are small effects (~few per cent), which may be due to strange-particle
interactions, many-meson forces, etc., and which are beyond the reach
of our present calculational power.

With this orientation, we turn to the question of the detgiled form of
the pion-nucleon interaction. The empirically known processes p «>
p+° pe>n+at, ne>p + n show (1) that there must be some
linear coupling, since quadratic couplings, for example (which cannot
be ruled out), would create meson pairs, and (2) that the coupling
involves charge degrees of freedom. We saw in the Lee model that the
latter condition allows scattering to occur even for a fixed source, that
is, neglecting the translational degrees of freedom of the nucleon. Of
course, momentum conservation requires that the latter be involved in
the elementary process, but theory and experiments indicate that for
many physical phenomena recoil effects are smaller than those due to
the changes in the charge degrees of freedom. This can be seen as
follows. The process of emission and reabsorption of a virtual pion
with momentum k lasts for a time of the order of At ~ w™! = (u® +
k®)~, where u is the mass of the pion. The recoil velocity of the nucleon
of mass M is v = k/M, so that the fluctuations in position of the
nucleon, owing to the virtual processes, are of the order of

k
Ar ~v At ~—= (k* + u?)~}
re~v M( + %)

This uncertainty is thus less than the Compton wavelength of the
nucleon, 1/M ~ 2 x 10~ cm. Correspondingly, the scattering cross
section due to Galilean invariance and other recoil effects? is of the order
of (1/M)? and vanishes for M — c. On the other hand, the charac-
teristic length for the emission and absorption process is the Compton
wavelength of the meson [actually (4% + k%)~!], which is approxi-
mately seven times that of the nucleon. This length also determines the
size of the scattering cross section due to the internal degrees of freedom.
Thus, we expect to be on fairly safe ground in neglecting recoil effects
for meson Kkinetic energies of, say, <3u.

In the limit of M — co there are only two angular-momentum states
accessible to the meson in the elementary process N — = 4+ N. Since
a nucleon at rest has no orbital angular momentum and spin 3}, the
conservation of total angular momentum dictates that the pion can
only be emitted with orbital angular momentum O or 1. Since these

1E. M. Henley and M. A, Ruderman, Phys. Rev., 90:719 (1953).
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two states have opposite parity, emission can only occur into one or the
other state if parity is conserved ; which occurs depends on the intrinsic
parity® of the pion. Experimental evidence? has definitely established
that this parity is negative, so that the pions must be emitted into a state
of orbital angular momentum / = 1. This simple model is, in fact, able
to account for almost all essential empirical facts. The emission of the
pion may be accompanied by a flip of the nucleonic spin, so that it is
necessary to take into account the two spin states of the nucleon.
This is done by simply introducing the set of Pauli matrices® e, which
represent the spin pseudovector of the source in the 2 x 2 spin space.
In the usual representation we have

" =(o 1) 0'=(0 —-i) a=(1 o)
== 1 o o =0 —1

Another property of the pion-nucleon interaction is that the invari-
ance of the three-dimensional orthogonal group, which we considered
in Chap. 7, is not destroyed in the presence of the source.* This has
been amply demonstrated experimentally’ in both pion and nuclear
physics and will be used by us as a guiding principle. Since the charge
space of the pions must be coupled to that of the nucleons in order to
conserve the total charge (just as in the Lee model), it is essential to
introduce the notion of a nucleon with two charge states represented by
the proton and the neutron. In this new 2 x 2 space for the source, we
introduce another set of Pauli matrices, T, the isospin of the nucleon,
the properties of which are already familiar to us from the Lee
model.

The most general coupling between mesons and nucleons that is
linear and has the properties described above can be formulated in a
simple manner, taking into account the invariance properties of the
Lagrangian. The odd intrinsic parity of the pion implies that the pion
field changes sign under a reflection of the coordinates in the origin.
Since L’ is to contain ¢ linearly, it must be coupled to the source in
such a manner as to form a true scalar; that is, L’ must be even under

1 This was defined in Chap. 5.

2 H. A. Bethe and F. de Hoffmann, ‘““Mesons and Fields,” vol. 11, sec. 28¢ and d,
Row, Peterson & Company, Evanston, IlL., 1955.

3 The properties of the spin matrices are the same as in elementary quantum
mechanics; see L. I. Schiff, ““Quantum Mechanics,” 2d ed., sec. 33, McGraw-Hill
Book Company, Inc., New York, 1955.

4 This statement is not exact; it holds only if electromagnetic forces, for example,
are neglected. :

% See, e.g., Bethe and de Hoffmann, *“Mesons and Fields,” secs. 30, 31; and
Bethe and Morrison, op. cit., pp. 97, 115, 128.
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reflections in the origin. This dictates a coupling of the form! o . V¢,
If we then have a spherical source p(r) to ensure angular-momentum
conservation, we can write

L =fd3r p(r)e - Vé(r) (15.1)

As is required, this is invariant under a combined rotation of ¢ and r,
and it commutes with Z_(see Sec. 5.2). In the next section we shall con-
struct the angular-momentum eigenfunctions of the pion-nucleon system
from this Lagrangian and shall see explicitly that the V operator causes
emissions of pions only in states of orbital angular momentum unity.

It remains to introduce “isospin conservation,” which implies
invariance under rotations in charge space (see Chap. 7). There are
three charge states of the pion, =%, =% =~ Since ¢,(x =1,2,3)
transforms like the components of a vector in charge space and
since the only other vector we have at our disposal is =, we finally
obtain for the static coupling?

L= — Iz fdar p(r)r o -V, (r) (15.2)
U

From our earlier physical discussion, we expect the source p(r) to
contain the effects not specifically included in (15.2), such as K mesons
and some vestige of recoil. It is therefore expected to have some
structure with a range of perhaps } to 1u. We shall assume that the
source is normalized to unity, {p(r) d°r = 1, which should be kept in
mind when we state that the coupling constant f measures the strength
of the pion-nucleon interaction. This coupling constant is determined
from experiments which we shall discuss in subsequent chapters.

Of the various applications of the theory of pion-nucleon interaction,
the most successful is pion-nucleon scattering. We shall also discuss
electromagnetic phenomena which are qualitatively accounted for by
the theory. Finally, we shall turn to the oldest historical application,
namely, nuclear forces. These can be explained to a large extent by
this theory.

15.2. Commutation Relations and Equations of Motion. Having
decided on the interaction term, we are now in a position to write the

1 The spin o, like the angular-momentum operator L, is an axial vector and does
not change sign under reflection. 1t is related to the spin of the nucleon, s, by
= }o..
 ® The pion mass u is introduced in this equation, so that f becomes a dimensionless
. coupling constant. To distinguish between r space and isospace, we shall hence-
- forth use English-letter subscripts for the former and Greek-letter subscripts for the
latter. .
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fundamental equations of our theory. We shall do this in terms of the
various representations for the field variables which we introduced in
Chap. 5:!

o) = L a0 + al(ie ="

@my! Qw)*

f (2 )} z Uk(r )[aalm(k) Ylm('l9 ‘P) + aalm(k)Y m(ﬁ,fp)]

The two expansions emphasize different aspects of the problem, and
each of them will be used at some time in the future chapters. In order
to expand

o Vp(r) = p’(rz.c.r

into spherical harmonics, it is useful to introduce circular, rather than
linear, spin components,

;x+

c.'—': = @0, — ie)) XY 4 2) ¥, + io)2) X - XZW ;

= ﬁ (4—5-’)}0'”1'1*'" (15.3)

m=-1

r@(i) A= ) e )

and similarly for the isospin,
3
2 rte = @ 7Hr — i)y + i)
1
+ @7+ im)D 7N — i)+ 1ads = T P (154)

where? ¢ = (2 Ny + idh) = b

are the operators diagonalizing . To distinguish between linear and
circular components, we shall use subscripts for the former (going from
1 to 3) and superscripts for the latter (assuming the values —1, 0, 1).

1 In order to satisfy the canonical commutation rules the operators a are defined
such that ¢ « —i(a — a?).

2 The operators $+! were written as ¢, in Chap. 7, where the operator #® is
defined.
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With these conventions we can write the total Hamiltonian of our model
as!
H=H,+H — &,

3 .
Ho=3 [arliat+ @gor+ o
= i Bk a'"K)a K)o = f dk wal*™™(k)a*™(k)
a=—1 1, m a

(15.5)
) j &r o3 V(1)

a (k) — al(k)
Qw)*

p)r*o™[af"(k) + al*"(k)]

_I @ )gp( )78

* dk k?
T ,?: o (127%w)}
The constant &', has been introduced, as in the Lee model, so that the
physical ground-state energy can be adjusted to be zero. This simplifies
the formulas which will be given in subsequent chapters and has no
physical consequences. It should be noted that H’ involves only the
field variables with / = 1. The other variables occur only in H, and

hence describe free particles only. .

The commutation rules at equal times are the usual ones
[qsa(r’t)’ 9;/3(1",')] = iaﬂa 63(1‘ —r)
[.4] =[$.6] = [r.¢] = [r.¢] =[0,4] = [0,4] = [0.,r] =0 atequaltimes
[Gm’o"n] = 2i6l€lmn (15~6)
[re7s] = 2iey,T,
a5, IS the completely antisymmetric tensor which was introduced
earlier.

The equations of motion for the meson-nucleon system follow from
(15.5) and (15.6) according to the general equation o0 = i[H,0]:

( ® _Atu )¢a.(r,z) =1 (000) - Vo)

ar
f plk) o(t) k(1)
pmt Qo)

da(kst) = “iaa(k,t)a) —
(15.7)
870 = et — 1 L B apmy

1 As usual, we assume that H,, is ordered and restrict ourselves to real sources
p(r). The operators a* are defined similarly to ¢
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() = — /{e,,,, 2 f dr $y(r,0)r ()6 - V(r)

I [P, | k) — ajk)
= 2i o] Gy -k Gy (15.8)

o(t) = — L €mn 2fd3r 731,00,V up(r)
"

f f &’k p(k) t
=20 =€y, ko [a,(k) — az(K)]r, (159

u ) iy ot ! )
Equations (15.7) can be rewritten as an integral equation in our standard
way:

Bo(r,t) = $i(x,1) + ! fd"r’ dt' A — v, t — U)r(1)e(t’) - Vp(r')

or a,kt) = A,(k,) — f dr ¢ itt=0) pRS(E) - kry(1) (15.10)
(2m)'(2e0)

The invariance properties introduced into the Hamiltonian permit us
to write down several integrals of the equations of motion. That these
quantities are constant can be verified by the use of the equations of
motion or by checking that they commute with H. However, with the
amount of sophistication the reader should have acquired by now, we
shall go directly to the heart of the matter and recognize these quantities
as the generators of the transformations which leave H invariant.
Conservation of angular momentum stems from the invariance of H
under simultaneous rotations of r and 6. The generator for the trans-
formation ¢(r,7) — ¢(r’,t), where r’ is related to r by a rotation about an
axis through the origin of coordinates, is the same as for the free fields.
A rotation of ¢ through an angle 6 about some axis n is generated by

U = ein-cﬂlz

U-lal — of (15.11)

For an infinitesimal rotation through an angle 66, U is 1 + ic . n 60/2,
and the total angular momentum, which is conserved, is [compare (5.3)]

J=S+L=§~Zfd3r¢a(r)rxv¢'¢(l')

= g —iy fdsk al(k)k X Via,(k) (15.12)
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In exactly the same way, the generator of the simultaneous isospin
rotations of ¢, and =, [compare (7.26)] is found to be

7; = %Ta + ta = 2'23 + Eaﬂyfdsr ¢#(r)¢7(r)

= Zz. + €y f d*k a}(k)a,(k) (15.13)

Regarding the other classical constants, we have energy conservation
but no momentum conservation. This comes about since no time
origin is distinguished but the nucleon is fixed in the coordinate origin.
Furthermore, we have parity conservation, since our Hamiltonian does
not distinguish between a right-handed and left-handed coordinate
system. The explicit expression is [see (5.14c)]

P_ = exp [—i"l gk(l + ])a;lmaklm]

P_¢P = — ¢(—1) P P l=a P_xPl=x (1514

Finally, there is one constant connected with a peculiar symmetry of
this model which is not present in a more realistic extension of the
theory. If we forget about the /5 1 mesons and look at the reduced
Hamiltonian

@ 2
1 =" a3 {oalem0ain) + L EEE. gmiginy + aien)
Jo mpa # (127%w)

we notice that it is invariant under the exchange v* < ¢™ and aj™(k) «»
a™(k). This exchanges J and T and leaves the commutation relations
invariant. Consequently, there must be a constant unitary operator
effecting this transformation. We leave it to the reader to find an
explicit expression for this operator, since it is not very useful. The
general consequence of this symmetry is that, for every eigenstate of H
belonging to certain eigenvalues J' and T of J and 7, there is a de-
generate state with eigenvalues 7" and J'.  Similarly, the pion-nucleon-
scattering phase shift for the state T = 4, J = § is equal to that for
T= $,J= '%-

15.3. Comparison with Other Models. If we drop the requirement
of a linear coupling, then there are many forms which have the desired
invariance properties; a simple one is, perhaps, a quadratic coupling of
the form

L=f Ea:fdar P(r)a(r) $a(r) (15.15)

or L =13 [ kb ObOeni (1516)
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For a point source, (15.15) reduces to the pair theory, whereas (15.16)
is of more complicated mathematical structure. It involves the charge
degrees of freedom of the source and does not yield an exact treatment.
We shall always assume that such couplings are only small corrections
to the leading term (15.2). Terms of the form (15.15) and (15.16) are
actually obtained when one attempts to make a nonrelativistic approxi-
mation to a relativistic pion-nucleon interaction.! Experiments dic-
tate, furthermore, that pions interact with nucleons in § states, as
follows from (15.15), but this interaction is considerably weaker than
(15.2), although there are no convincing a priori arguments why this
should be true.

The fact that in the model with L' given by (15.2) only angular-
momentum / = 1 or P-wave mesons are coupled results in some import-
ant qualitative differences from the previous examples with S waves.
Classically, incoming mesons with total linear momentum k and angular
momentum | pass the nucleon at a distance k~!. For momenta k < u
this distance is certainly larger than the source radius. Naively, one
might expect that mesons of this energy cannot be emitted by a nucleon,
since they emerge from a part of space where there is no meson source.
Quantum-mechanically, the mesons in the source are not sharply
localized, but there is a preference for those mesons which, classically,
come from near the source. It will turn out that the probability for
emission (or absorption) of a meson is proportional to k2. This is to be
anticipated if we look at H’, which contains p(k)k and not only p(k).
Physically, the k% dependence comes about as follows. In the direction
of emission, mesons of angular momentum 1 appear to emerge from the
circumference of a circle centered about the nucleon and having a
radius k'. Quantum-mechanically, these mesons come from an area
of order k-2, The interaction strength is proportional to that fraction
of the area which is inside the source. If we assume that the source
radius ~ M1, where M is the mass of the nucleon, then that fraction
is (k/M)%. This energy dependence of the effective interaction strength
is reflected, for example, in the momentum distribution of virtual
mesons in the nucleon cloud, which is proportional to k?/w?, rather than
to 1/w? as in the scalar theory. Similarly, in pion-nucleon scattering
the low-energy cross section will be proportional to k%, since it involves
an emission and an absorption. This is shown in Fig. 15.1 and is in
striking contrast to y-e scattering, which starts out as a constant,
being caused by an S-wave emission and absorption.

The increase of the interaction strength occurs only for k~! > source
radius (~M~Y), as shown in Fig. 15.2. Hence the momentum cutoff

1 See F. J. Dyson, Phys. Rev., 73:929 (1948); S. D. Drell and E. M. Henley, Phys.
Rev., 88:1053 (1952); and L. L. Foldy, Phys. Rev., 84:168 (1951).
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Kpax ~ M of the Fourier transform of the source determines the
maximum strength of the source, which is
2 2
max [Lz k’pz(k)] ~ -f—: kdax ~ f? (A—l)
7 I I
If the size of the source is reduced, then the maximum source strength is

increased. Dimensionally, one would expect that an expansion in f'is
actually one in powers of fky,/u. This is indeed the case, and it
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Fig. 15.1. Parts a and 4 show the total scattering cross sections for »+ and =~ mesons
on protons, respectively, as a function of the laboratory kinetic energy. The
experimental curve and points are taken from H. L. Anderson, W. C. Davidon,
and U. E. Kruse, Phys. Rev., 100:339 (1955). The data stem from the work of
many physicists, references to which appear in the above article. The dashed
curve superimposed on the low-energy data is proportional to the fourth power of
the center-of-mass momentum £. In part a there also appears a curve for 8x/k?,
which will be referred to in a subsequent chapter.
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Fig. 15.2. Plot of the effective strength of the pion-nucleon interaction as a function
of the square of the pion momentum k. The solid line corresponds to a square
cutoff and the dashed line to a Yukawa cutoff.

corresponds to an energy average of the interaction strength. Hence-
forth, when we talk of a strong or a weak coupling, we shall mean one
for which fk,../u > 1 or <1, respectively. Regarding the actual form
for p(r), we shall use a function which goes smoothly to zero outside the
range, l/k,... Since the detailed shape of p(r) is probably without
physical significance, we shall be most interested in results which do not
depend on it. We shall see that at low energies the observable quan-
tities depend on only one parameter of the source other than its strength,
namely, its range. In practice, it is convenient to use a square cutoff
for the source in momentum space:

(k) ___ {1 for k < kmax
P - 0 for k > kmn,x

where k,,,, ~ 1/(source radius) ~ M. When the discontinuity of the
above choice leads to trouble, one may use a Yukawa cutoff,

p(k) = _Khax
k? 4+ kihax
e"kma.x"

p(r) = yr—

or a gaussian cutoff,
p(k) = e~*'I*max



CHAPTER 16

General Features of the Static Model

16.1. Classical Treatment® of Stationary Motion. In accordance with
our usual procedure we shall first discuss the equations of motion in
the limit where all quantities can be treated as commuting numbers once
the equations have been obtained.? In this case the vectors ¢ and « are
taken to be unit vectors which define the direction of spin and isospin.
The equations (15.7) to (15.9) then describe a nonlinear classical
system, and a solution can be obtained only in the limit where all
quantities oscillate with infinitesimal amplitudes about their equilibrium
positions. Rather than solve this problem, we turn to a model with no
isospin. In this model the classical equations can be solved exactly, and
we obtain more insight into their structure. The reason for neglecting ©
and not o is that omission of the latter would change the dimensionality
of the coupling constant and hence the cutoff dependence of the relevant
quantities.

In this section we consider solutions with ¢'* = 0, e.g., the interaction
of the nucleon with its own meson field. Some analogies to the corre-
sponding problem in electromagnetic theory arise. However, the meson
field is coupled to e and hence to the rotational rather than the trans-
lational degrees of freedom. Thus the main effect of the proper
electromagnetic field of a charged body is to generate an addition to the
inertial mass, whereas the proper meson ficld generates a moment of
inertia of the nucleon. Analogous to the solution of the electro-
magnetic equations for which the field follows a uniformly moving
charge, solutions will be found where o rotates uniformly and is

1 The development in this section closely follows that of W. Pauli, “Meson Theory
of Nuclear Forces,” 2d ed., Interscience Publishers, Inc., New York, 1948.
2 In the classical limit, the equations of motion are obtained from Poisson brackets
which have the same value as the corresponding commutators.
166 oy
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followed by the meson field. The two theories
behave differently in quantum mechanics, where
the momentum remains unquantized and the an-
gular momentum must be a half-integer multiple of
h. There the uniform rotation can occur only
for certain frequencies which are determined by
the moment of inertia of the meson field. If the
moment of inertia is small, then the energy of
this motion becomes large. When this energy is
higher than the rest energy of the meson, the Fig. 16.1. Tilustration
nucleon will radiate a meson; that is to say, this  of the stationary-state
excited rotational state of the nucleon becomes solution for thespina.
unstable against decay into a meson and a nucleon
in the ground state. Such a motion corresponds to a damped rotation
but can be sustained by taking ¢™ 5= 0, as we shall see subsequently.
Empirically, such unstable excited levels of the nucleon have actually
been discovered, and nucleon spectroscopy is an interesting new branch
of physics.

The variables of our model are o(#), which is a time-dependent unit
vector and the classical meson field ¢(r,f). They are connected by the
equations

o(r,t) = /% f a3 dt' A — ', t — t)a(t') - Vp(')

g [dKy &%, e Kot 0 , N,
=) e mom e PWet) -k (6

and o(f) = —2= g c xfd?'r p(x ) V(') (16.2)

The last equation shows that the meson field produces a torque acting
on the spin. The direction of the torque is perpendicular to the gradi-
ent of the meson field and to the spin, so that o® = constant. If V¢
were a constant, the solution would be a gyration, like the motion of a
spinning top in a gravitational field. Although V¢ is not a prescribed
constant in our case, we suspect nevertheless that a similar motion is
possible. Correspondingly, we seek a solution such that o rotates
uniformly around the 3 axis. As an Ansatz which contains the angle 6
and the frequency as parameters (see Fig. 16.1), we assume

a(1) = 0 + &y(7)

0 sin 0 cos w,t (16.3)
go=| 0 | o,=|sin0sinw, o =1
cos 0 0

‘,’_,,



168 PION PHYSICS

Since @, contains only the frequencies --w,, the meson field becomes!

— lk r ar’ dKO w,K o(E—0) c(t') - ik
o= [l Sttt

= l—; [0'0 V() + 0, - VV, (1] (16.4)

V being (Vo= V., -0) '
112 — 2V — '
Vo ) =fd3’ o) SR e ]

4 jr — x|

(16.5)

Depending on whether w, < p or o, > u, V,, decays exponentially or
reaches to infinity. In the former case there is no radiation, and we get
a stationary precession with ¢™™ == 0, which we shall study first.? Like
most other calculations in classical field theory, a thorough investi-
gation will involve quite a bit of elementary algebra.

Inserting (16.4) in (16.2) and using o, -0, =0 and® [ d% f(r) x,x; =
8§ d3r f(r) r?[3, we get

o,(t) = 25—: l:co + cl(t):l X fd3r Vo(r) l:ao VV(r) + o - VVwa(r)}

= o(, X ch(w ) (16.6)
Cw,) = [f( w,) — f(0)]
4 2
o) — 2 “ dk k |p<z)|

Our Ansatz (16.3) 1mplies that 6(r) = (w,/cos 0)6, X o, and hence solves
(16.6), provided
w, = C(w,) cos 0 (16.7)

Equation (16.7) determines the frequency w, once the angle 6 is given.
In the following we shall see the circumstances in which (16.7) has
solutions for w, < u. To this end we have to compute the function
Clw,).

If the cutoff k,,,, is much larger than u, then we can show that the
leading term of f(w,) is w-independent by using the identity

k4 (”2 — w2)2
—_— = k2 — (42 — ? —_
Fra g W ot gt s 169)

1 W€ shall henceforth take p(r) to be spherically symmetric and real, so that p(k)
also has these properties. We call the coupling constant g to distinguish between
this ““neutral pseudoscalar” and the “symmetric pseudoscalar” case.

2 In this case the /e is irrelevant and will be dropped.

3 See footnote 1 on page 24 for an explanation of the notation.
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The first term in this decomposition gives the most divergent contribu-

tion for k,,, — oo,
2 (® 2k
N=2| dkk2|ph)|2~ 5 —max (16.9)
7 Jo 3 7

whereas the next one diverges only linearly and reflects the radius a of
the source,

1.2 f d | p(k)[? =fd3r ap PO 2y (16.10)
a wd f—r| =
The remaining term converges, and we can therefore set p(k) = 1.
Collecting the contributions, we get
2
[0

2-—-
flw)=N —E‘T“E + (4* — o?)!

2 2
and Clo) =2E& —1—[&‘ + (1 — ) — /4"‘] (16.11)
3utdmla

Our calculation simplifies greatly if the size of the source is much
smaller than the Compton wavelength of the pion, e.g., I/fa > p.91 In
this case the field contains mainly high-momentum components, and it
can easily follow the comparatively slow motion of the spin. Expand-
ing in successive retardation effects by using

e #r

4ur

Aret(r,t) == [6(0 + 6”(1‘)—?— oo 'jl
ou®
we get for (16.4) the approximate form

$(r,1) = 5[0(:) +o) 24 } - U¥,(r) (16.12)
I o
and hence the equation

;. _ & oXé@ 16.13
° 6m?  a ¢ )

This is the corresponding limiting form of (16.6) which implies

2
w,=0 or = 62"—’“’—- (16.14)
gicos b

Thus for pa sufficiently small there always exists a solution with
w, < p. This is no longer true in quantum theory, where the angular
momentum has to be half an integer. From what we learn about the

9 The reason why we were not content to consider only this limiting case is that
the complete solution is needed for an understanding of the scattering problem.
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motion of a rigid body in quantum theory, it is to be expected that we
can obtain the quantum theoretic result if we supplement our classical
calculation by the condition that the angular momentum is quantized.
We shall see in the following chapter how this is borne out in quantum
field theory. To carry out the correspondence, we must first calculate
the energy and the angular momentum of our solution by using the
formulas for H and J of the last chapter, but with omjssion of the
isospin. With (16.4) we find, after some calculation,!

H = {W + 09 + ') +E o V) - 4,

(2'rr)3 Pk )g ‘ (Z)— - ii) + af[z Zztz;)z—wz _l_ wf:'}_go

2 P ‘
= — 45:“2 E{f(o) cos20 -+ [f(ws) - 2(023 _a-(—(g‘;).zf(w’)] sin2 0} — ('SDO = AE

S & O
4m® 6 (16.15)
2 2 a2
AE = 520 9[ + i — (i — 0 — 30l — 2)*]
s 6 a

The energy &, was adjusted to be the energy? of the static solution
(w, = 0). The remainder we called AE, since it is the energy difference
between the rotating and the static solution. We note that, for suffi-
ciently large a, AE > 0; that is, the static solution is the one with
lowest energy.

For the angular momentum (15.12), we find

c, & fdak pi(k)é, - k K v(“o'k o -k )
2 2P (w? — w?) XVilmor T w?
S g f d’k kzpz(k) (&1 X g, o, X 0'1)
2 )

2n)? 3(w® — w? w? w? — w?

= l:o] {cos 0+ w,fé% sin? 6 B - %(,u2 — w';‘)*], (16.16)
3 (]

The components of J parallel to , cancel because of (16.6), as they
should. Hence the total angular momentum is a constant vector in the
z dlrectlon

1 Note that the positive contributions come from H, and the (larger) negative
contributions from H’.

2 This turns out to be independent of 6, as it should. The energy of the ground
state is zero.
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To get simpler results, we go to the limit a-! > u, which is actually
satisfied in the pion-nucleon interaction. We then have

w, = _—-—__zg-—_._
2 cos 0(g¥dmu?)

and hence
0
J=| 0 V> (16.17)
$sec

For AE expressed in terms of J, we find

47 3au® 0AE

AE = =22 (32 — =22z i
£ 2 ( D oo, PY; (16.18)

corresponding to the rotational energy of a rigid body with a moment of
inertia g%/(4w=u*3a). The latter is due to the meson field following the
spin. Its magnitude can be easily understood and is the sum over all
momenta of

(Probability for finding a meson) x (energy of the meson) x (distance
it can escape from the source)? =

ok [ k], (1)
(2,",)3 Mz w3 w?
The expression (16.18) can be used to estimate the energy of the next

level in quantum theory.! The one after the ground state (/ = $) is a
J = } level with an energy

6mau’
P

AE;y =

== Wy,

Thus, only for sufficiently large g%/4= can we meet the condition w, < u
for this state not to decay by meson radiation. The reason for this is
that only for sufficiently strong coupling is the meson cloud thick
enough to have an appreciable moment of inertia. For too small a
moment of inertia the rotation has to be very fast to acquire one unit of
angular momentum. The meson cloud will then not endure the
centrifugal force and will break up. This situation is analogous to the
neutron-proton interaction, which is not strong enough to bind more
than the triplet-spin S state (deuteron). Higher-angular-momentum
states are torn apart by the centrifugal force. - In nature we seem to
have this situation; that is, the coupling is not strong enough for a
stable excited state of the nucleon. However, experimentally one finds
a huge resonance in the scattering of mesons for meson energies ~2u.

1 There J2 — } should be replaced by J(J + 1) — 3.
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This is attributed to an unstable excited state, whose influence on
scattering will be studied in the next section.

16.2. Classical Treatment of Scattering. For o, > u, C(w,) as
given by (16.11) becomes complex. Correspondingly, our Ansatz
(16.3) no longer works. A complex frequency implies a damping due
to radiation. To sustain the motion, we introduce an incoming field
¢, realized by an incident beam of mesons, and the precession then
shows up as a resonance in the scattering.

For ¢'* we take a plane wave

¢in(l',t) — Aei(ko-r—mot) + Al‘e“i(ko'l"mot) (1619)
the amplitude of which is of the order (volume of normalization)-, so

that we can neglect powers higher than the first power of 4. It is now
convenient to decompose o as follows:

6 =0a,+0;(t) 6,(t) = o(wy)e " 4 a*(wp)et* ™ (16.20)
Since we want a solution for o which is static before the incident wave

arrives,! o, will be of the order 4, and we may drop higher powers of it.
The representation of the o’s corresponding to the Ansatz (16.3) is

0 1
o= |0 c(wo)==g i (16.21)
q 0

The treatment of the field equation with ¢™,
é(r,t) = (.0 + g fd:*r’ dt' A" — 1, t — t')a(t) - Vp(r') (16.22)
0

is completely analogous to the previous calculation, and we immedi-
ately turn to what corresponds to the positive-frequency part of (16.6):

iwg(wy) = 2i & Ay X kop(k) + C(wg)ap X o(wy)  (16.23)
3

The first term on the right-hand side is the torque due to the incident
field. The second term is the reaction of the field of the source, and t
is exactly the same expression we had before. From (16.23) it appears
that only the component of k, perpendicular to o, contributes to the
motion. Putting the x axis in this direction, we find that the first term
is in the y direction and the second is in the xy plane perpendicular to
o(w,). Therefore we can satisfy (16.23) with the Ansatz

o(wg) = y&y X ko — o, X (9o X ko) ' (16.24)

1 To realize this situation, we have to form a wave packet for $in.
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or, in the above-mentioned frame,

B
o(wy) = [Kol} ¥
0
Substituting into (16.23), we find
P Gl - cwy P
where C(w,) is
Clwy) = —32—(2‘.2’ — ik — ,f') (16.26)
) 6mat\ a 0 .

The motion of ¢ is similar to that of a harmonic oscillator with
damping and under the influence of a periodic external force. Neglect-
ing C, we have a linear motion in the y
direction which is in phase with the
torque from ¢.  C represents the in-
fluence of the proper field which gener-
ates a torque in the x direction for
this motion. The result is an elliptic
motion whose projection in the y di-
rection is out of phase with ¢™, as is
indicated by the imaginary part of C
(Fig. 16.2). If C becomes so large g 165 pustration of the solu-
that Re [ — C¥wg)] = 0, themotion tion for the spin o under the
in the y direction is 90° out of phase. influence of an incident meson

If 1/a > w,, this happens for wave of momentum k,. The phase
between the precessing spin ¢; and
k, is characterized by 4.

and torque

o, = 6nu’alg?

and the amplitude of the oscillation
attains its maximum value at this energy. This resonance frequency is
just the one for which we found the precessing solution with cos 6 = 1.

To find the scattering cross section, we evaluate ¢(r,?), given by
(16.22) in the limit r — co. o, creates only an exponentially decaying
field, and at large distances the oscillating field produced by o(w) is the
usual outgoing radial wave (c.c. = complex conjugate),

. i(ko-r — wet)
¢ = Aeikor=wet) 'ﬁ’Lk".)e_o____c(wo) -k, + c.c.
dmur
ikor
= Ae""""'[e‘""" + eTf(ﬁ)] + c.c. (16.27)

where k, has the length of k, and the direction of r. The differential
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cross section is then found in the standard manner by comparing the
incident and the scattered flux:

do g2p(k) 20,
<L PR = l 2
daQ @) dmu® o} — Cwy)

X

2
K, - g X Ky + i%—)k,w‘, X (0% k)| (16.28)
0

In contradistinction to the examples we considered in the second part of
the book, this cross section is not isotropic. It depends on the relative
orientation of the three vectors k,, k,, 6, and contains a great deal of
information. Mesons are emitted preferentially in the direction of
motion of the spin. The motion due to the incident meson gives an
angular distribution peaked perpendicular to o, and k,, whereas the
other term of the amplitude which originates from the field reaction
favors the incident direction. All this is valuable for checking the
theory experimentally, but these subtle details are not rendered correctly
by our classical theory. The reason is that a spin § is remote from a
classical angular momentum, its zero-point oscillations being of its own
magnitude (classically, 6 = 1; quantum-mechanically, 62 = 3). Cor-
respondingly, we shall ignore these predictions of the theory and average
over the spin directions:

dé 1 f .
— = — | dQ
dQ 4r slfl

— i(ﬁf L
3I\4er/ plwd
where k is the length of k, and k, and  is the angle between them.
If w, and the resonance energy are much less than w,,,,, we have

g

C(wy)
wy — C¥wy)

,

2
l:sinz &+ (16.29)

27 cos? & + 1]
5

2
Clwg=2—iL (16.30)
, 2
with the resonance energy
2
@, = 6’:;” (16.31)
and the width
4 g?
= o3 16.32
3 4””2 r ( )

Near the resonance the cross section assumes the familiar shape

d =§(g_)2k4 3 4 cos*d

—_—— 6.
dQ  15\4n/ pt(w, — o,)® + T2/4 (16.33)
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This angular distribution is only qualitatively correct (the exact
quantum-mechanical result is 1 + 3 cos?6). At o, the total cross
section reaches a peak value G = 16n/k?, which is twice the quantum-
mechanical value for a J = § resonance (see Fig. 15.1). Similarly, this
kind of calculation* would not render accurately the charge distribution
if isospin had been included. The experiments agree within their .
accuracy of 5 to 10 per cent with the quantum-mechanical predictions
for a J =  resonance. Thus the classical calculation is not suited for
comparison with this kind of measurement. Nevertheless, the domi-
nant fact of low-energy pion physics, namely, a resonant state with
higher angular momentum, is correctly predicted by the classical model.
Thus the basic features of the pion-nucleon interaction can be under-
stood in terms of the intuitive picture of a nucleon surrounded by its
meson field.?

16.3. Quantum Aspects of the Static Model. Having discussed the
classical limiting form of the equations of motion, we turn our attention
to effects originating from the quantum nature of the field and spin
and isospin. Whereas spin and isospin are definitely in the region of
small quantum numbers, neither of the two complementary aspects of
the field is clearly realized in the pion-nucleon system, but both are
needed for its understanding. Let us first study the features of the
elementary processes described by H'. To obtain some insight into
the isospin properties, we use circular components [see (15.4)]. The
application of ¢*r* to a bare nucleon state creates® #%(¢°), =*(¢'), and
n(¢7') mesons and in the last two cases simultaneously changes a
proton into a neutron (+~), or vice versa (v+), in such a manner as to
conserve charge. We obtaint

-3 P [p) =@ nn*) — B pr®)

=|T=#T.=1 (16.34)
~@ T b = ~@' | ) + B [ ) '
=|T=4T,=—})
with | nmt) = —¢'|n)

| pn*) = —¢'| p)

1See W. W. Wada, Phys. Rev., 88:1032 (1952).

2 In our classical calculation the nucleon has J = }.

3 We remind the reader that ¢° =¢;, ¢! =¢,, ¢ =¢_.

4 The factor (§)! is a normalization constant. The relative phases have been
chosen to agree with E. U. Condon and G. H. Shortley, “The Theory of Atomic
Spectra,” chap. 2, Cambridge University Press, New York, 1953.
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Since 3 4,7, is invariant under rotations in isospin space (e.g., it is a
o

scalar in this space), the states (16.34) must have isospin %, like the
nucleons. In fact, the coefficients of the expressions on the right-hand
side of (16.34) are the well-known Clebsch-Gordan coefficients, formed
by the addition of the pion isospin (= 1) to that of the bare nucleon
(= 1), so as to add to a total isospin of 4. The other states of nucleonic
charge of the pion-nucleon system must have T = §, T, = +} and
must be orthogonal to the T = } states; they are!

_ . _ 3 + ]
| T= f, T,= 3= (%)*l mr_) + (ﬁ)}l PT":) (16.35)
[T=%T.= - =®"pr) + @' n")

The remaining two states of T = § are

(16.36)

All the states of (16.34) to (16.36) are eigenstates of 72 and 7,. We
note that the 7 = §, T, = +} states contain twice as many charged
pions as neutral ones, whereas this ratio is reversed in the T = $,
T, = +4states. If weaverageoverall T = § or T = { states, it is easy
to see that there are always equal amounts of #° =*, and =~ mesons.
This is an expression of the isotropy in isospin space which was built
into the form of the Hamiltonian (15.5) by choosing the same-strength
coupling constant | £ | for all components ¢,. From (16.34) it follows
that the consequent interaction strength for emission of a charged
meson is (2)! times that for a neutral one. Furthermore, the coupling
constant for the emission of neutral pions has the opposite sign for
protons and neutrons. This last statement is of nontrivial group
theoretic origin and can be observed experimentally by studying, for
example, the elastic (e.g., the final nuclear state has the same energy as
the initial one) photoproduction of #° from deuterium. The #° waves
emerging from the proton and neutron will interfere destructively or
constructively, depending on the relative sign of the coupling constants.
As was mentioned in the last chapter, the momentum-space dependence
of H', e.g., H' ~k, is characteristic of a P-state interaction and will
play an essential role in the development of the following chapters.
Similar to the isospin, | d®r p(r)o - Vé, when applied to a nucleon, only
generates states of the same total angular momentum }. There are

1 The phases have again been chosen so as to agree with the standard Clebsch-
Gordan coefficients (see, e.g., ibid.).
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again six possible states of the pion-nucleon system, corresponding to
J =3%andJ = §. These can be written in complete analogy to (16.34)
and (16.35) if we designate the pion states by their /, components 1, 0,
—1 and the nucleon spin components by 1(up) and |(down):

[J=8J.= H=[1D
[J=%J.= H=@®|ID+®'10

[J=81,=-H=®'|t1-D+® [0 (16.37)
I =84, =—H=[{-D '

[J=4J.= H=@'ID-D'|10
[V=%J,=-H=-@'|1-D+@ |0

Although we are in the region of small quantum numbers, the
classical properties of the angular-momentum additions are already
apparent. For instance, in the state |J = %, J, = }), which classically
leans to the side, the | 10) configuration has twice the weight of the
| 41) configuration. In the |J = 4,J, = }) state, on the other hand,
the situation is reversed. Because of conservation of angular momen-
tum, only the J = } states are accessible, when a nucleon emits a pion,
and (16.37) then shows that in this process the nucleon flips its spin two
out of three times. This is the quantum-mechanical expression of the
classical spin precession we studied earlier.

A statement analogous to the ratio of charged to neutral pions is that
the meson cloud has a spherical shape. There are twice as many
mesons /, = +1 as with /, = 0 in the J = } state. Since the former
have a distribution proportional to } sin® 0 and the latter to cos® 0, we
obtain an isotropic distribution, conforming with the general theorem
that a spin-} particle has no quadrupole moment.! On the other hand,
aJ = %,J, = -1 state has a meson distribution ocl -+ 3 cos?® 6, as was
mentioned in the last section.

We conclude this section with some remarks about the eigenvalue
spectrum of H. If H' = 0, then the spectrum is simple (see, e.g., Fig.
12.3). For T =J =}, there is the nucleon, a fourfold degenerate
state with E = 0. At E = u, the continuum of states of one meson
begins, and we can have states with T =4, J=4; T =14, J =§;
T =3, J =4 In general, states of mesons coupled to the nucleon
with T or J = (2n 4 1)/2 appear at or above an energy E = nu.

When H' is switched on, all these energy levels are shifted to lower

I

1 Although the statement is deduced here only for the case of one meson in the
could, it can be generalized to any system of J = }.
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energies,? but it is believed that for sufficiently small A’ the structure of
the energy spectrum is not changed. This means that there is still a
fourfold degenerate ground state | N), which we shall call the physical
nucleon. After an energy gap of magnitude u, there will be the con-
tinuum of physical “nucleon 4 one meson” states. These can be
obtained by applying ¢"(k — 0, #) to | N). Since the operator ¢" has a
time dependence ', the resulting state is actually an eiggnstate of H
with energy u. States with several mesons can be generated by applying
products of creation operators to the ground state.

It is to be expected that for sufficiently strong interactions the struc-
ture of the energy spectrum changes. For f larger than a certain
critical value, we may find discrete states of the meson-nucleon system,
representing stable excited states of the physical nuclgon. As we saw,
in the classical picture these states would correspond to a precession of
the nucleon spin (or isospin) and its meson field with frequencies <u.
In the classical approximation this occurs for sufficiently strong
coupling constants (f > ua). In quantum theory no one has found
(except in certain approximations) the minimum strength of the
coupling constant that is necessary to obtain bound excited states. It
has not even been possible to prove that these discrete states will always
have E > 0, so that the ground state of the system corresponds to
T =J =4}. At this point we have to proceed semiempirically and use
the fact that the nucleon we find in nature has J/ = T = } and that there
are no stable isobars, the first excited state withJ = T = £ level already
being in the continuum. Experience with approximate treatments
tells us that this kind of behavior is also expected from the model if the
empirical coupling constant and cutoff are used. Consequently we
shall base our further development on the assumption that the energy
spectrum is normal.

t This is the prediction of perturbation theory, since

’ 2
AE =3 Al B 10)
n

where E, and E, are the energies of the ground and nth states, respectively. We
shall see that for the ground state this is an exact statement.



CHAPTER 17

The Ground State

17.1. Exact Results. For a long time it has been one of the main
goals of meson theory to analyze the physical nucleon in terms of the
bare nucleon and its surrounding meson cloud. This problem led into
a dead-end road and has not yet yielded to calculations. Furthermore,
even if it could be solved, the result would be of limited value. The
reason is that the large effect in pion physics, namely, the resonant state
of the nucleon, is not important for the ground state. For it, medium-
sized effects included in the model and those excluded are as important
as the resonance. As we shall see, the measurable quantities of the
ground state are predicted by the model to within an accuracy of only
50 per cent. Thus, with regard to fruitfulness and complexity, the
problem can be compared with a calculation of the ground state of
light nuclei with inaccurate nuclear forces.

One of the main advances in static meson theory has actually been a
divorce from the concern with the physical nucleon. From a practical
point of view, the model is most powerful in describing processes such
as pion-nucleon scattering. For this, one needs only certain matrix
elements between the ground state, and many quantities, such as the
self-energy &, remain unobservable. Nevertheless, to gain some
insight, we shall review in this chapter the important features of what is
known about the ground state and what has been learned in the past by
various approximation schemes. These methods form the bulk of the
later sections.

First we shall study the form of important matrix elements. We have
already argued that the ground state

| Ny =| N, in) = | N, out)
is fourfold degenerate. The degenerate states all have spin and isospin
179
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} and can be written as |pt), |p{) |nt), |n}). Matrix elements
between them can be largely reduced by taking advantage of the trans-
formation properties under various invariance groups. The fact that
these states transform like bare nucleons under spatial and isospin
rotations can be expressed by*

iJ-n ei;c-n

(asjle 'd.’,j’)=(d,j| IlX’,j’)
(a, I ei‘l‘-n' ‘d.’,j') — ((X.,j | ei!‘!-n' I o« ]/)
for arbitrary vectors mand n’. Here, we have used subscripts « = 1, 2
for the isospin and j = 1, 2 for the angular-momentum classification of
the four nucleon states. Furthermore, since ¢ and = have the same
transformation properties under rotations as J and T and since our
nucleon states are eigenstates of the latter operators, we have

(17.1)

(|| p)=—n]|r5|n

" l " | =0 (17.2)

By rotations these relations can be generalized to
(o j|7p| sy = tslo j| 7 |, J") sy (17.3)
where 1, is a number independent of 8, «, and «’. Similarly, we have
(@ jlo|a iy =rtiwi|o|e, i) bur 17.4)

where r; must be the same number as 1, because of the invariance of the
theory under the exchange of J and T. Simultaneous rotations in spin
and isospin space give

(€ | oma| & = 1§ | 07, 3] (17.5)

which contains another constant r,. To avoid crowding of subscripts,
we use a single subscript £ = 1, ..., 4 for labeling the nucleon states
whenever it is convenient.

So far we have seen that the matrix elements of J, T, o, * and their
products between physical nucleon states involve but two free param-
eters, r; and r,. They are, in. fact, not completely free, since they
must satisfy several inequalities. To this end, we express the physical
nucleon in terms of bare states

| & = R(a',0,7) | &) (17.6)

where the “dressing operator” R is a rotationally invariant combination
of the o, 7, and meson-creation operators, as in (16.34), for example.
Since both the physical and bare nucleons have spins and isospins of ,

1 The operators o, © are time-dependent but are here taken at ¢ = 0, as is always

understood when no time dependence is mentioned. Hence, the matrix elements of
6 and 7 between bare states |) are the standard Pauli matrices.



THE GROUND STATE 131

the angular momentum and the isospin of the meson cloud can only be
Oor 1. If we label the various terms in R by subscripts /, /,, ¢, and ¢,, in
that order, to indicate the quantum numbers of the corresponding part
of the meson cloud, then R will be a linear combination of the operators
Roooos Riz000 Roow,» and Ry, . Thus, we can write the ground state
| p1), for example, as '

| ) = Roooo I H+ Roonx ‘ nt) + Roowo l rh

+ Rixoo | PV) + Rigoo | 1) + Rizr [ nd)

+ Rion | ”T) + Rino l Pl) + Riowo | I’T)
where the R’ contain only meson-creation operators. So far we have
assured only that | pt) is an eigenstate of 7, and J,, but in Chap. 16
we learned how to prepare eigenstates of T and J. Following the
argument given there, we introduce the operators Roggos Ry1,000 Roore,s
Ry,,1, in such a way that those with different /, (or ¢,) are connected by

rotations. The R differ from the R’ by the extraction of some Clebsch-
Gordan coefficients, and we get, in terms of the former,

| p1) = Roowo | P1) + (?f)*[z&Roou | n1) — Roowo | P1)]
+ B'[2*Rusc | 1) — Rioo | PD] 7.7
+ 3[2Ryn | nl)— 2iRmu | nt) — 24'Rmo I pi) + Ryo10 ' PT)]

Since the bare vacuum is invariant under rotations, the matrix elements

Cy = (¢ | RluRuz, | § 17.8)

are independent of /, and ¢,7 The normalization of the physical
nucleon state requires

Co+ Cntt+Co+Cnu=1 17.9)

Furthermore, the symmetry of the theory under exchange of space and
isospace requires

Cy=Cy, (17.10)
so that we have the following inequalities:
0< Cop<1
0 < Clﬂ = Co]_ < ‘;‘ (17-11)
0<Cy<1

The constants r; can be readily expressed in terms of the matrices Ci,.

T This is a general result usually called the Wigner-Eckart theorem. See, e.g.,
M. E. Rose, “Elementary Theory of Angular Momentum,” p. 85, John Wiley
& Sons, Inc., New York, 1957.
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We have only to remember that the bare nucleon states are eigenstates
of the operators T and o, e.g.,

| =0|p)=|p)

and that the operators R;, ,,, commute with ¢ and <. Since the C,, are
independent of /, and ¢,, we may calculate any matrix element, e.g.,

21 (PH"’slPT) 00 + §C10 — 3Cyy

(pt I 0373 | e

tp =S BB L = Co — §Cy + 3C

2 (pT l 0474 ' pT) 00 % 10 11

The reader may check that the evaluation of, say, (p| | o~1| pt) leads
to the same result for r;. Because of (17.9) and (17.10), only two C’s
are independent and, hence, can be expressed by the t’s. By inserting
(17.9) and (17.10) into (17.11) and (17.12), we derive several inequalities,

e.g.

(17.12)

—-iSrlSl —§Sr2 Sl
~§S3l‘2+2r1$5 l+2t1—3t220

There are no further exact statements that can be made. However,
there are good reasons to expect Cy, to be small.  Since a single meson
has / =t = 1, the states in question must have at least two mesons, the
angular momenta of which add to 1, while the isospins compensate
(or vice versa). Therefore, the angular momentum of the mesonic
wave function is odd,! whereas the isospin is even under exchange of the
mesons (or vice versa), and their Bose-Einstein statistics requires the
radial part of the wave function to be odd. This radial antisymmetri-
zation, together with the short-range and exponential radial decay
(e.g., e~thartiar) _ g—(kinithin)) suggests that the vacuum expectation
value which defines C, should be small. This conjecture is strength-
ened by an exact calculation of such states in an extension of the Lee
model which allows the exchanges of more than one meson.? In this
model Cy; < 0.01. With the assumption that Cy, is negligible, r; and
vy are both completely determined by a single parameter Cy, (since Cyp =
1 — Cyy), and we obtain

n=1-1%C,
L=1—-3Cy, = 31 + 2r)

1 The state with unit total angular momentum of two particles of individual
angular momentum 1 is odd under exchange of the two particles (e.g., k = k; X kj).
When the angular momenta add to 0, then the state is even under exchange (e.g.,
k =k - ky).

2 U. Haber-Schaim and W. Thirring, Nuovo cimento, 2:100 (1955).

(17.13)

(17.14)
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The importance of r; and r, is that they are the sole quantities of the
physical nucleon states which we shall need to relate the theory to
experimental measurements. There have been many attempts, how-
ever, to obtain approximate expressions for the operators R as well as
for their expectation values. These calculations are illustrations of our
general development, and they allow us to calculate r; and r, as well as .
other matrices in certain limiting, but for the most part unrealistic,
cases.! In the following we shall outline the main points of various
approximations, in current usage, when applied to the ground state.

17.2. Perturbation Theory.? In perturbation theory, the coupling
constant fand, therefore, H' are considered to be a small disturbance of
the free meson field. In an expansion in H’ (or f), the first-order change
in the ground-state wave function is due to the possible presence of just
one meson, which can be emitted by the action of H'. For example,
since Hy | N) =0

_ _ 1.
| ety =1phH HoHlpT)

_ v fﬁgmmemm
| pt) + o 2 o ) [pt) (1719
In this approximation the wave function of the virtual mesons is
similar to that of the neutral static-source-model state, aside from the
factor k and the spin and isospin dependence, which we discussed in the
last chapters. It is clear that the wave function is not (but could be)
normalized to order 2. The energy of the ground state being adjusted
to zero determines &, to order f2 [provided (¢’ | H' | ) is zero, as it is in
the theory considered]:

(pHHIpT)-—Z(pTIH’ wala, —H'IPT)

* H,
—2(pt IH’FH' |pt) — &, =0 (17.16)
0
- — .f_a_ &k 6-ko-k7,7, ,
6o = @szf&p ol CI P
- - LS5 pm

This energy diverges cublcally for a point source, and it is, therefore,
very sensitive to the form or cutoff momentum of the source. We can

1 The reader who is interested only in practical results may omit the remaining
sections of this chapter.

2 See, e.g., R. E. Marshak, ‘“Meson Physics,” McGraw-Hill Book Company, Inc.,
New York, 1952.
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also write (17.15) in the form of (17.7). Only the terms corresponding
to Co and Cy, contribute, because at most one meson is present.
Furthermore, Ryg00 = 1,

&k 4 p(k)
Rio10 = (3 k.
1010 = ( ) @) T3d303K3 2a)
so that
Co=1 Co=Cq=0 Cy=2L S a0 @ran)

Because the state | pt) is not normalized, (17.9) and (17.13) do not
apply; from (17.12), however, we find

|,)(k)|2 (17.18)

1'1=1—~272

=1 + 1L S |p(k)|2 (17.19)

If f2 (Kinax/#)? > 1, then the mequalmes (17.13) cannot even be satisfied
approximately. This is due to the fact that the state function is not
normalized to order f* The perturbation approach is clearly valid

“only if Cy; <1, and the whole expansion in powers of f (€.g., fKuax/#)
becomes impracticable unless this is the case. For example, for &, ~
M, this limits f'to f < 0.1 and f?/4= < 10-3, whereas we shall see later
that experiments require f2/4n ~ 101,

17.3. Tamm-Dancoff Approximation.! The Tamm-Dancoff method
attempts to remedy some of the shortcomings of perturbation theory.
It is similar in that it limits the number of mesons in the cloud (usually
to one) but differs in that it solves the Schrodinger equation in this
subspace. Correspondingly, it agrees with the exact solution of the
Lee model for the Q = } states. From (17.7), the general form of the
ground state in the one-meson approximation considered is

o =o[1+3 [ Ll Egw]lh @720
where 4" is a normalization constant,
N T=1+3 S NG (17.21)

L 1. Tamm, J. Phys. (U.S.S.R.), 9:449 (1945); S. M. Dancoff, Phys. Rev., 78:382
(1950). See also H. A. Bethe and F. de Hoffmann, ‘“Mesons and Fields, ” vol. II,
Row, Peterson & Company, Evanston, Ill., 1955.



THE GROUND STATE 185
and f(k) describes the meson momentum-space wave function. When
(17.20) is substituted into the Schrédinger equation!

H|ph=H,+H —&y)|pt)=0 (17.22)

then the application of H’ to the term proportional to a'(k) | p) creates
states with two and no mesons. In the spirit of the approximation
stated earlier, the two-meson amplitude is neglected, and we obtain

s [k o kal(p(k)
“V[ —6o = 2 e @wf  ©

+3 )a f 100 )@ — 69 L%, o )g

; Y [k 10kp(k) B
1wl @nP Qo) ]IPT%—O (17.23)

We deduce, therefore,
f) = f k_ p(k)

17.24
aGoy @ — 6, (1724
3f? k?p*(k)
d & =—L g K .
an o 2 2o — &y (17.25)

In the continuum limit, e.g., S = d%/(2m)?, (17.25) is an integral
k

equation for the number &,. The wave function f(k), as anticipated, is
analogous to that of the Lee model. In the weak-coupling limit

312 g Koo

<k
2” ) < kmax

and f(k) and &, go over into the perturbation-theory result. On the
other hand, for the more realistic limit

k2 | p(k)2
S k2 |p(k)[?

k2
2,u () >

we obtain (using the same sign as in perturbation theory)
2 2 274
&y = _[31-2 g Kletaf ] (17.26)
ux 20
Whereas for small f? the quantities Cy;, Cy;, and Cy, correspond to those

1 This can also be considered to be a variational procedure with the trial state
(17.20). This method will be developed in the next section.
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of perturbation theory, in the opposite limit considered above we find

fw=—iL L pB oy oy

(2w)* 6,
so that Co=% Cu=Cu=0 Cy=1 (17.27)
n=1% =73

in fair agreement with the experimental numbers that we shall find later.

Since the physical-nucleon-state function is normalized, the in-
equalities (17.13) are satisfied in this limiting case. It is not clear,
however, whether the results resemble the exact solution. There is no
a priori reason why two-meson and higher amplitudes should be
negligible for large fk,,../u.

17.4. Tomonaga Intermediate-coupling Approximation.! The Tomo-
naga method for intermediate coupling strengths does not limit the
number of mesons in the cloud. Instead, it takes advantage of the
Bose-Einstein statistics of the pions, which favors a clustering and
assumes that they all have the same radial wave functions. For this
reason, it is simpler to go to the angular-momentum representation,
Eq. (5.10a).2 Thus, if we expand the meson field in a complete set of
orthonormal radial functions F,(k) in the sense that

a, (k) = 2 F ,(k)Y"‘(B,,,tpk)a,,,
(17.28)

S FY(K)E (k) = O(k' — k) fwdk F(k)F (k) = 8,y

then the approximation for the ground state consists in assuming a
trial function (to be determined by a variational principle) that involves
only one mode, say s = 0. The new operators a%, obey the usual
commutation relations for every value of s:

[aa’;laazl:"l’] = am'au’au’amm' (1729)

The Hamiltonian is then quite generally

H, 0= 2 jdsk al(k)aa(k)w = z aaalmaus im Weer
* bad (17.30)
= Z Tzdm(/;auclm +f: aualm)
G,S,l,m
1 S. Tomonaga, Progr. Theoret. Phys. (Kyoto), 2:6 (1947). See also T. D. Lee and
D. Pines, Phys. Rev.,92:883 (1953); T. D. Lee and R. Christian, Phys. Rev., 94:1760
(1954); M. H. Friedman, T. D. Lee, and R. Christian, Phys. Rev., 100:1494 (1955);
E. M. Henley and T. D. Lee, Phys. Rev., 101:1536 (1956).
2 This could also have been done in the last two sections.
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with W, = fo “dk oF*OF, k) f =L fwdk % (17.31)

In the Tomonaga approximation only the term s = 0 is retained* by
taking a trial state | N,) with a, | N,) = 0 for s # 0. The best form of
F(k) = F(k) is found by minimizing

€y =(N,|Hy+ H'| N} (17.32)

with respect to the form of F(k) and the dependence of | N,) on the
meson-creation and -destruction operators 4,; and al;. In the former
procedure, we take into account the restraint

f “dk [Fo? = 1
0

by introducing a Lagrangian multiplier A’.  We obtain

06, oW
SF*(k) (N:IZ uaul __F*(k)
o .
+(N¢|Z”"’Jau|Nz> sreg T A F®

= (N, | 2’: aa,aa, | NpywF(k)

2
+ (N | gfac;alj | N e fpk) | AF(k) =0

w(120)r
and thus find, for the form of F(k),
N Kp(k)
F(k) = —/———— .
(k) ' + ) (17.33)

where 4" is a normalization constant independent of k and where 1
is an undetermined multiplier, related to " by

21
(N, | ZaLau | Ny

Minimizing &, with this form of F(k), we get the lowest eigenvalue as a
function of 4. This parameter is then to be determined by a further
variational calculation, which will be carried out in the next section.
The form of F(k) determined above is the same as that of the Tamm-
Dancoff approximation (17.24), but it should be remembered that the
number of mesons is not limited.

A=

1 Since only / = 1 and s = O enter into the following, we shall henceforth drop
the subscripts / and s from @y
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It remains to determine the ground-state eigenfynction | N,) and the
energy &,, which depends on W and f, and, thergfore, on 2. The re-
duced Hamiltonian, (17.30) with s = O only, corresponds to nine oscil-
lators (« =1, 2, 3; j =1, 2, 3) coupled to a spin and an isospin,
and its diagonalization is a problem in elementary wave mechanics.
However, it cannot be carried out in closed form. This would be true
even if we had the complications due only to spin (neutrg]l pseudoscalar
theory) or to isospin (symmetric scalar theory). To gain some insight
into the problem, we shall consider the former case! in some detail.
Here the reduced Hamiltonian is?

H= W; ala; + goa; + a}) — &, (17.34)

Going back to the canonically conjugate operators p and q by

py=—ita, — (%)
q,=(a, + aj) (E,'I—W)i (17.35)

[q5py] = i 0y
we can rewrite A in the form

H=31p*+ W@ +go-q—3W—6, (17.36)
3
Wlth q2 = z q? and g' p— g(ZW)}
i=1

The form (17.36) emphasizes the formal analogy to elementary wave
mechanics and corresponds to a three-dimensional oscillator coupled to
a spin by means of an interaction o -q. This interaction does not
conserve parity, since ¢ — o, but q — —q under a reflection in the
origin. By carrying the analogy further, we note that the ground state
should be a mixture of an angular momentum S, and a P, state.®
These are the only states allowed by the restriction j = § for the bare
and physical nucleon, and they correspond to angular-momentum
/=0 and / =1 for the meson cloud. These states will be of the
form* hy(g) | N) and o - ghy(g) | N). However, we shall not expand in

! To distinguish this case, we shall replace f by #, as was done in Chap. 16.

% We assume that 4 is real; therefore, § = #*, and F(k) as determined by (17.33) is
then real, too.

3 The theorem of level ordering in a central potential is applicable and proves
that the ground state actually isa j = } state. See R. G. Sachs, “Nuclear Theory,”
appendix 1, Addison-Wesley Publishing Company, Reading, Mass., 1953.

‘g =lal
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terms of these states but rather in terms of those for which o is parallel
or antiparallel to g, since this determines the sign of H’. Introducing
the projection operators into the eigenstates of o - g,

P, = -21- (1 + ﬂ) (17.37)
q .
we write the ground state as
[Ny = I}B+ h+q(q) + B h.q(‘])] | Ny (17.38)

where h . satisfies

2 fo “dg @+ @] =1 k@ =h.@=0 (1739

Since P, is rotation-invariant, (17.38) is an eigenstate of J with eigen-
value § and of J, with eigenvalue +1, depending on whether | N) has
spin up or down. Evaluating H | N) = 0 with the aid of

c:-Ac-B=A-B+ic-AXB

2

fnd q?dq \" dq q
we 1n

i) o o -8
—=L 4 ow L) (e, +2— +2w)|h,=+F (1740
[ 2dq2+2 9+ ot opr T3 * PR (17.40)

These two second-order equations cannot be solved analytically but can
be readily discussed in limiting cases.

Whereas for small values of g’ we are led back to the perturbation
result (e.g., h, dominant), for large g’ > 0 we find that A_ becomes the
leading term. This can be seen by realizing that (17.40) corresponds to
a harmonic oscillator displaced by +g'/W? from the center (Fig. 17.1).
Since we are concerned only with g > 0, 4_ will be a gaussian function
around g'/W? with the same width as the ground state, whereas A, has
to be kept as small as possible. Indeed, for large displacements the
coupling term A_/q* will become negligible, and a pure /_ solution will
be a good approximation. Furthermore, if the displacement is much
larger than the zero-point fluctuation ~W =}, only a small adjustment
of h_ will be needed to meet the boundary condition at g = 0. Hence,
in this limit the ground state will be approximately

-2 (-2 oo [ 2o Elim o

g12
with & =—5__w (17.42)
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The other solution of (17.40), which is predominantly 4., will have a
much higher energy. For small g’ the two solutions will go over into
the S, and P, level, respectively. Similarly, the energy of one of the
3-states will be lowered by turning on H’. Indeed, a perturbation
treatment of the centrifugal term shows that it will be above the ground
state by

1 w4
AE = (I 1<__>~__.
U+ 1 2w

\V

/
/
________T%V_V y -
/ Ttz W
\"‘+ /'/ he
\
\ -/
. /
\ J
" //

i
. . ’ © 3
Fig. 17.1. Plot of the potential ¥ = {;W’(q + s;%) - (5‘%’_’ + 3 W) for A, and
h_. The curves have been continued into the unphysical region of negative values
of g, where they are shown by dashed lines.

With increasing g’ the energy approaches the ground state, as is depicted
in Fig. 17.2.  Of course, whether this excited state will be stable or will
decay into the ground state with pion emission can be decided only by
taking into account the continuum meson modes (s 3% 0) in (17.30).
The problem will be similar to the Lee model, where there is a source
with various energy levels coupled to the meson field. If the self-
energy shifts of all levels due to this coupling are the same, then the
first excited state will be stable if its energy is less than u above the
ground state. A

The excited §-state corresponds classically to the spin gyration we
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studied earlier. Indeed, since for strong coupling we find 4 — 0 and so
Kihax

97

24o(k
Fi (k) = —L('{) Woo a1 % kmax 8 f= E (2kmax)!

max®
we find for the excitation energy estimated above
_w_
g% kmax (g%4mu®)
in fairly close agreement with the classical result from (16.18),

97
4kmax g2/47f”2

AE =

Fig. 17.2. Plot of the energy H + &, for the lowest states as a function of the
effective coupling strength g’. The states are labeled by their angular momenta
and other appropriate quantum numbers.

To mention some pertinent features of the ground state, we first remark
that the gaussian form of (17.41) implies a Poisson-like distribution of
virtual mesons, as in the neutral scalar theory. However, ¢ only
creates mesons with total angular momentum 0 and, therefore, a
mixture of meson pairs. Indeed, if
qe = X q, =Yy q. = 2
then
4

2= G+ D)x = i) + 2 =T YT 4 DT

= g¥(—2¥{ Y} + Y;”)“—g-'
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shows that y(g) and 4,(q) always create a mixture of pairs with /, = 41
or with /, = 0, the former possibility having twice the amplitude of the
latter. In the neutral pseudoscalar theory, the constant r, does not
exist, and in the limit of very strong coupling, 1, is determined by

r\2
el o Ny = 47| [dqen | ~w(o ~ £ ]

X -;;3(1 - u‘;—q)c(l - 97;11) [ N)
=}N|e|N) " (17".43)

Hence, r; in this theory and in the limit considered is 4. For inter-
mediate values of g’ the system of equations can be handled only by
numerical methods, which we shall not discuss here.!

Returning to the symmetric pseudoscalar theory, we can easily
imagine that an analytic solution is not feasible. Because of the extra
degrees of freedom brought in by the isospin, we obtain, instead of
(17.39), four simultaneous equations for four functions A, ..., h3ina
nine-dimensional space. However, for small coupling strengths f the
perturbation result is obtained, whereas for large values of f the theory
goes over into the strong-coupling approximation, which we shall
discuss next.

17.5. Strong-coupling Approximation.> In this limit many mesons
surround the bare nucleon, and the zero-point fluctuations are much
smaller than the mean value of the field, so that classical calculations
begin to acquire meaning. In the simple treatment here, where our
main interest is in the ground-state properties, all virtual mesons are put
into the same mode, and the resulting reduced Hamiltonian (17.30) is
diagonalized in the limit of large g. If we introduce canonical oper-
ators p,; and g,;, as in (17.35),

Pay = —i(ag; — aly) (V—;)é

- NER
9a; = (aq; + agy) (ZW) (17.44)

[qajapa'j’] = iaaa'aji'

1 See, however, references listed in footnote 1, page 186.

2 W. Pauli and S. M. Dancoff, Phys. Rev., 62:851 (1942). See also G. Wentzel,
Helv. Phys. Acta, 13:269 (1940) and 14, 633 (1941); R. Serber and S. M. Dancoff,
Phys. Rev., 62:85 (1942); F. Harlow and B. A. Jacobsohn, Phys. Rev.,93:333 (1954);
A. Pais and R. Serber, Phys. Rev., 105:1636 (1959) and 113:955 (1959).
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then the reduced Hamiltonian becomes
H =H,+H"— &,

1
= Zj 3 D% + Wa%) + [0y — % w—&, (17.45)
where f=rew) '

To find the eigenvalues of H, we follow the pattern of the last section
and, for the moment, resort to a semiclassical treatment in which the
operators g are considered to be ordinary numbers and the minimum of
H (g, p = 0) is determined. We must then find the lowest eigenvalue
of the 4 x 4 matrix 7,0;9,;. To this end, we note that a rotation in both
spin and isospin space!

Ur,U Y =144, A*=A Ad'=1
Uo,U'=g¢B; B*=B BB =1

induces the transformation

Ur,0,40;U ™" = 7,0,04 (17.46)
where (in shorthand notation)
Qu; = AupB iy = AgB™! (17.47)

We claim that g can be diagonalized by this transformation and demon-
strate it as follows. We observe, first of all, that the real positive
definite symmetric matrix® gq” can be diagonalized by the real orthog-
onal matrix 4:

Q07 = Aqq¥A™? (17.48)

We can, therefore, extract the square root to obtain the real diagonal
matrix Q with elements Q,; = Q,9,;. The elements Q, are the ana-
logue of the radial variable g in the neutral theory and will, therefore, be
assumed positive. The matrix B can be written by means of (17.47) as

B=Q g (17.49)
and can readily be shown to be orthogonal (QT = Q):
BBT =Q710%0 =1 (17.50)

The eigenvalues of H’ which are proportional to those of the 4 x 4
matrix,

3
740 1Qa; =‘§1Qi‘riai (17.51)

1 The properties of the rotation matrices are determined by the hermiticity of &
and *. A sum over subscripts appearing twice is to be understood.
2 g™ = transpose matrix of g.
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can be found by making use of the properties of 0; = o,7,, namely,
=1 00,0.,=—-1 [0,0]=0

Hence, the operators @, can be simultaneously diagonalized. The
eigenvalues of @; are 41, and the product of a set of eigenvalues of
0.0,0, must be —1. Therefore, the four possible eigenvalues of (17.51)
are

-0, —0;,— Qs O+ 0, — 0
01— Q0+ 0 —Q1+ Q0+ Qs

Because of our assumption that @, > 0, the first of these corresponds
to the ground state.

To find the minimum energy of the ground state and the best form of
Q;, we minimize the particular form of the potential energy of H in the
ground state,

(17.52)

A=3 I:l Weqs; + f' (Ujfa)oo‘laf]

aj L2
2 (17.53)
=2-WQ —f'Q
72
with respect to Q,. The minimum is reached at
0, = %& (17.54)
and is
12 2 2
H’:gl__:;i.:_éf_ (17.55)

2 we w? 2 we

The ground state of H will contain a gaussian function of the radial
variables O, centered about their equilibrium values f'/W?, e.g.,

pesl 20—

However, to get a form like (17.41), we still need a projection operator
into the eigenstate of g,,7,0; with eigenvalue —Y Q.. A simple form

for this operator can be obtained only at the eqlililibrium position and
will be useful, inasmuch as the widths of the gaussian functions are
negligible compared with their displacement. For Q; = f'/W?we have

Ga; = (A_IQB)aj = _fw;'é Aa—lllBﬁf = -f_ €q;

o (17.56)

where the e satisfy
€k = Oz €usp; = Opp

€21€pK€apy = €sriCy1
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Since at the equilibrium

I
(4uy7a0) = %4' - ‘v%‘laf" «0j
we recognize that
2 =21 gm0, %) (17.57)
4 f

is the desired projection operator. In fact, for Q; = f’/W? we have
P ame®--3L9

Thus, in this limit the ground state is approximately

+\2
M= —aurapr e |- 23 (0~ L] 1M 079
Since Q; and P are invariant under rotations in spin and isospin
space, the ground state (17.58) is an eigenstate of J and T with the same
eigenvalue as | N). The term proportional to g,,7,0; is the | =t =1
component of the meson cloud, and the other term corresponds to
=t =0. There are no mixed terms, and by means of (17.8) and
(17.12) we obtain
Coo=1% Cu=1% Ciw=0
=0 =13
That r, = 0 means that the expectation values for the ground state of
o and 7 vanish. This can be verified directly, since

(17.59)

3
<N|f,|N>=%(N|f,+27,,T,T,,|N)=0
B=1

Since the ground-state energy is zero, we obtain
347

Ep=—=I_+ F 17.60

=St (17.60)
where E’ is the sum of the zero-point energy, —2W, and the kinetic-
energy term X;,4p%;, which is of the order of §W. For large values of
[ we can neglect E’in the ground state and find, by means of (17.31) and

(17.33),
) pz(k)kd' 2
&= —3L = _J_"on & o+ ,1] 1
w

s fw 1 K 4n®
o (w-+ A)?

(L) ___Ld
B /42(21:') Ly(A) — ALy() (17.61)
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. © k4 2(k)

th L,(3) = f dk —=L3%) 17.62
wi (A b oo+ A (17.62)

To find the best value of 4, we minimize &, with respect to it. Making
use of

oL,
o = —hLy4y
we find
8y _ 2f21L§-L1L3 L(if
oA ut (L — AL *\2m
The minimum value of & is therefore obtained for A = 0 and is
2 2 [0 4 2
&, = _ff_z(i) f di K2 ®) (17.63)
u:\2m w?

Hence, in the strong-coupling limit, the self-energy’? is one-third of
that in perturbation theory.

As for the neutral pseudoscalar theory, the first excited state will be
one with higher spin and isospin, whereas the states corresponding to
the other eigenvalues of a,ruqa, lie much higher. The next level is
found to be a £, §-level (J/ = T = §) and is at the energy

-
Ahmax(f*/ 47",“2)

above the ground state. If this state is unstable, it will produce a
resonance in the §,3-scattering. We have already studied this in the
classical approximation, and we shall study its quantum-mechanical
aspects in the next chapter. The results we have obtained here are not
exact, even if f > 1, since all mesons were assumed to be in only one
mode and it was not shown that the other modes can be neglected.
17.6. Numerical Methods. The ground-state problem has also been
attacked by more elaborate variational methods, which require con-
_siderable numerical work.? From these investigations we have learned
the following. For small values of f2 and k,,,,,, the constants v, and r,
vary rather rapidly from their weak-coupling limits 1, 1 to the strong-
coupling limits 0, . Once the latter are attained, the situation remains

(17.64)

1 From (17.16) we have
Y o AL
= g ), #arw

% See Pauli and Dancoff, op. cit.

3 G. Eder, Nuovo cimento, 18:430 (1960); F. R. Halpem, Phys. Rev ., 107:1145
(1957); F. R. Halpern, L. Sartori, K. Nishimura, and R. Spitzer, Ann. Phys., 7:154
(1959).
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rather insensitive to f2 and k,,,,. Empirically, we shall see that the best
values are! f2/4m ~ 0.2 and k. ~ Su. The variational calculations
indicate that with these values we have not quite reached the strong-
coupling limit, and actually r, and r, are experimentally determined to
be % and 4. Thus, it is quite conceivable that these values correspond
to the exact result of the theory. However, such an agreement would
not be very significant, since we are still in the region where numerical
values depend sensitively on the (unrenormalized) coupling constant and
the cutoff. Summarizing, we can say that it is hard to calculate
properties of the ground state for realistic values of f and k. with
sufficient accuracy to assign confident limits to the result. But within
the crude physical limits of validity the results of the model resemble
experimental findings for the ground state.

1 This is not to be confused with the renormalized coupling constant fZ/4w =
taf2dm ~ 0.1.
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Pion Scattering

18.1. Introduction. In this chapter we turn our attention to the
scattering of pions by nucleons. In the static limit, which we are
using, the Hamiltonian can absorb and emit only angular-momentum
P-wave mesons. Hence only the L = 1 (J = } or %) phase shifts will
differ from zero. Experimentally! it is known that there are also
nonzero S-wave phases, as well as D waves at higher energies, but the
dominant contribution in the energy region in which the static model
makes sense arises from P waves. Part of the other phase shifts can be
ascribed to recoil (kinematical) corrections, but this is not the complete
story. Of the P waves, only the J = §, T = $ phase shift is important,
since it has a resonance in a region where the static limit may still be
sensible. This resonance is not unexpected on the basis of the classical
and strong-coupling models we have discussed earlier. We shall see
that it can be predicted quite naturally on the basis of the Low equa-
tions,? which we shall use to describe the scattering. This method has
the advantage that the detailed form of the mesonic wave function is not
needed. Although a complete expression for the S matrix is not
obtained, the main features of pion scattering can be deduced. More
important is the fact that the method to be described is the only one?
which is not based on uncontrolled mathematical approximations.

1 See, e.g., H. A. Bethe and F. de Hoffmann, “Mesons and Fields,” vol. II, chap.
3B, Row, Peterson & Company, Evanstan, Ill., 1955.

2 F. E. Low, Phys. Rev., 93:1392 (1955).

3 Relativistic dispersion relations can be shown to reduce to the equations to be
discussed, in the limit of infinite nucleon mass and neglect of nucleon-antinucleon-
pair creation.

198
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18.2. The Scattering Matrix.! The derivation of the Low equation
is analogous to that developed in Chap. 14 for the Lee model. Addi-
tional complications are introduced here by the presence of the 36
independent states of a nucleon and a P-wave pion, | in, N + m), ata
fixed energy. These states can be written in our standard way as

lin, N+ m) = AL(K) | Ny = 4, | N) (18.1)
For this development the expansion of the field in angular-momentum
variables A,,(k) is most appropriate. To avoid crowding of subscripts,
we shall often make use of the notation introduced in (18.1); that is, we
shall let the subscript K denote the nine possible angular-momentum
and isospin indices of the meson, as well as the (semi-) continuous
variable k. Introducing a single subscript & to distinguish the four
possible nucleon states, we can write (18.1) as
| in, ké) = Af | & (18.2)
The generalization of this description for a state with » real mesons,
which will be needed shortly, is :
|in, n, &) =|in, ky, Ky, . . . , Ky, &) = Ak Ak, - - Ak | &)
The scattering matrix relates the out and in states. In the notation
introduced above, this 36 x 36 matrix is
Seewe = (out, K'& | in, k&) = (&' | B Ak | & (18.3)
To obtain the relation between the in and out meson operators, we use
(15.10) rewritten in terms of angular-momentum operators:

¢ ’ k2 ’ nyiolt—t)
al (k) = al(t) = Ak(t) + if f dr’ k”p(k)o(t )T.(i )e

-® (12w7®)
Similarly, in terms of the outgoing meson operator B, we have

—_ ® £ N (41 il —t9)
al(t) = Bi(t) — iff t ar 'k P(k)aétz )r.(t) ze
so that finally (at ¢ = 0) wm

AL (0) = BL(0) — i © e~y (1) (18.4)
where the source term has been abbreviated by
k)k?
Vi = B [or 0l (183)

The operator ¥V is hermitian, V(f) = V(o).

! To increase the legibility of the formulas to follow, we shall henceforth set the
meson mass ¢ equal to unity. This means that all energies are measured in units of
meson masses and all lengths in Compton wavelengths of the pion.
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Substitution of (18.4) into (18.3) gives

Seene = ¢ | By.BL | & — i(out, k'¢ | f :VK(t)e“”‘ dt| &

= 8 O — 2mid(w — w'Xout, K'&" | V(0) | &)
= 655' 6KK' —_ 27"‘6((0 —_ w’)TK',E"Kg (18-6)
To obtain the final form of (18.6), we made use of the, explicit time
dependence of V() in the Heisenberg representation [see (2.18)] and
integrated over time.
For inelastic processes, the S and 7 matrices differ only by the energy
conservation é function:

n
Spxs = (Out, ki Kj, . . . K, & | in, k, &) = —2mid(Z 0, — )

x (out, Kj,K}, - . . ,Ki €| Vig(0) | &) = —2mid(E, — )T, ¢ (18.7)

By means of the field equations, (18.6) can be rewritten on the energy
shell (w = ') as

TK'§',K€ = (0ut, K’&l | VK I 5) = <E’ I (aK' - ij;wdt eithK»(t)) VK | E)

= (&| Vg (BK. + ifo Vi ()e™* dt) | & — i€’ | f:e‘w‘VK,(:) dt Ve | &)
= —i fo (€| [VeAD), V(0)] | &)e't dt (18.8»

It is in the last form of this equation that some simplifications become
apparent. We note that the momentum dependence of the T matrix
can be factored out, leaving a matrix of spin and isospin operators
between physical nucleons. This factorization is a special property of
the static model, which we shall call on in subsequent sections.

To carry the discussion further, we rewrite the 7" matrix for elastic
scattering by introducing a complete set of intermediate states | out, n),
as we did in the Lee model. If we then use

(&' | VieAt) | out, ny = ™ BT . (18.9)
we obtain! ,
T e T, T o T,
Ters —__ ( n,K’§ 1 n, K& + n,K§ *n,K §) 18.10
KeKe § E, —w —ie E,+ow ( )

Note that in the second term of this equation the meson indices are
crossed but the nucleon ones are not.

! The sum over n includes a sum over isospin and spin states as well as an energy
integration in the continuum. That is,

§ =J.T;,,T. fdk
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18.3. Properties of the Scattering Matrices. The form of the non-
linear equation (18.10) allows us to draw several important conclusions.
a. Unitarity. The condition S'S = 1, which always holds, can be
explicitly demonstrated when one physical meson is present, as follows:

(in, K'¢"| S'S |in, K& = S (in, K'¢' | S' | n)(n | S | in, K&)
n
= aK'K 6515 + 211'1'5(0)' —_ w)[TI*(g’Kré' —_— TK'E',Kf
—20i S T e Ty s (E, — 0)] = g 8y (18.10)

The vanishing of the bracket in (18.11) can be shown by substituting
(18.10) into the difference T#; x» — Tg-e g The second term of (18.10)
cancels out, and the first term gives a sum

T1:K’E’Tn,KE T;:K’E’T n,Ké ) - *
§(E,. A — ) - § 2mid(E, — )T geTy e (18.12)

In a similar manner we can demonstrate that SS* = 1. The nonlinear
character of the first term of (18.10) is thus connected with the unitarity
of S. Although the second term does not contribute directly to the
unitarity condition, it is vital to ensure the crossing symmetry discussed
next.

b. Crossing Symmetry. The crossing symmetry of the T matrix is
most conveniently expressed by considering separately the dependence of
T on the variable o in the denominator, in contradistinction to the
dependence on k2p(k)w—*, which is explicitly known. To this end, we
define ¢ as

TrexT, TrokTpex
torers Z) = — ( n,§' K "'EK_l_ né' K n,ﬁK) 18.13
pxar(?) = =S - o (18.13)
which depends on the complex variable z and has the property that
Tyxcpre = lim b ix(@) (18.14)
zow+ic

In this physical region the ie which appears [e.g., after substitution of
(18.14)] in the denominator of the second term in (18.13) plays no role.
It is needed, however, for the hermiticity condition

tiexe(z*) = try xel2) (18.15a)
and for the crossing symmetry of the T matrix, which is formulated
mathematically as

texrsx(2) = tog sx—72) (18.15b)
This theorem of analytic continuation js directly verifiable by sub-
stitution into (18.13). It does not depend explicitly on the form of ¥y
and can be shown to be valid for any meson-nucleon coupling with both
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absorption and emission® (i.., not for the Lee model but for the
neutral scalar theory, etc.). The symmetry is related to the fact
that the theory is invariant under interchange of ingoing and outgoing
mesons in the sense expressed explicitly by (18.156). It has no real in-
tuitive basis, since the connection is between a physical scattering ampli-
tude and one in an unphysical negative-energy region. The theorems
(18.15) are rather concerned with the analytic properties of the ¢ matrix
for real or complex energies.

Fig. 18.1. Singularities of the matrix ¢ in the complex z plane.

¢. Poles, Branch Points, and Branch Cuts. The analytical properties
of the ¢ matrix are explicitly given by (18.13) and are determined by the
energy spectrum of the intermediate states n. The sum over these states
consists of one contribution at E, = 0 from the ground state and a con-
tinuum from 1 to co. Thus ¢ has the spectral form

Rex: ®  [Fexsex(E) | Geg ix(E
te.K,’€K(2)=—-—-—“;’5K + fl dE[ fifjf‘(z i fé‘i"(z )] (18.16)

where the first term arises from the ground state and F and G are
weighting functions. These can be found from (18.13) and (18.15),

| S
Fopex(E) = o lim [tpg :x(2) — togex(z*)]
T 2+ E +ie
= Gex,ex(E) (18.17)
Hence ¢ has a pole at the origin with residue R given by
Rygrgx = § CE | Vi | DX | Vie | & — (& | Vie | DXL | Vi | ) (18.18)

where the summation over { is to be taken over the four physical
ground states. The matrix 7 also has cuts from 1 to « and —1 to — oo,
as indicated in Fig. 18.1. The contribution of the negative-axis cut
arises from the crossing symmetry and was thus absent in the Lee model.

1 M. Gell-Mann and M. L. Goldberger, Phys. Rev., 96:1433 (1954).
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18.4. Low- and High-energy Limits of Elastic Scattering. As in the
Lee model, it is possible to define consistently a renormalized coupling
constant f, such that the physically not accessible limit of #yx.:x as
z — 0 is given by the Born approximation, except that f, replaces f. In
the limit given above, the singular  _ ,
term R/z dominates all others. Re- & f//
membering the definition of ¥ given AN el
by (18.5), we see that only matrix
elements of o7 between physical nuc- - S~
leon states are involved. These have z S ,
already been studied in the last ¢ (a) ¢
section, and we find

RE’K' K <K K

N3 12 \\\\ Pid
— L0 onx(onx .
— (@9x(on)k | & (18.19) & ) &

where § is implied by the matrix Fig. 18.2. Graphs for the lowest-order
multiplication of (07 and (o7)g. }l)zerturbatlon calculation of' the matrix
Aside from the factor 2, this is the

perturbation-theory result. The matrix element for the latter can be
computed from the two (Feynman) diagrams of Fig. 18.2, and we find

Ryxrex _ H'(KHH'(K) — H'(K)H'(K")
w w

which corresponds to (18.19) with 1§ = 1. Hence
fr=10f
[ |or | &) =f(& |or| &)
Exactly as in the Lee model, the interpretation of

(18.20)

lim £ = (-f-' lim fgom
20 20

is that, in the idealized limit, the time between emission and absorption
of the external meson takes much longer than that of all virtual pions.
The intermediate nucleon is therefore a real one for all essential pur-
poses, and we obtain the Born approximation, except for a reduction
factor r,. This factor has the same probability interpretation as in the
Lee model. The constant f, represents the interaction strength of the
components of the physical nucleon weighted with the probability with
which they occur.
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In the high-energy limit, it is possible to neglect E,, relative to z in the
denominator of (18.13). Thus

lim ., (2) = i S (& | V- | out, n)out, n | Vg | &
— (&' | Vi | out, m)out, n | Vi | &)
1
=& | Ve Vil | &) (18.21)

This is of the form of ¢ in the Born approximation, except that the
matrix element is taken with the physical nucleon states rather than with
the bare states. That is to say, in the limit considered, the scattering
amplitude is given by Born-approximation scattering from the various
bare nucleon states multiplied by the amplitudes with which they occur
in the physical nucleon. These can be easily found by observing that,
aside from a known momentum dependence, the commutator in (18.21)
is proportional to

[Taaj’Ta’af'] = 2i(6aa'€ji'kdk + 611"“'77'7) (1822)
where ¢, is 41 according to whether a, 8, ¥ is an even (4-1) or an odd
(—1) permutation of 1, 2, 3. We therefore find, with the aid of (17.3),
that in the limit of infinite energy the ¢ matrix is r, times the Born
approximation:

. K*p¥k) .,
llm zt;:K»,SK(Z) = tlfz‘lzp_(g) (E I [(GT)K" (UT)K] | E)
z= 0 W
= 1, lim ZtBom (18.23)
Z2—> 0

Whereas the zero-energy theorem is perhaps the most important instru-
ment for linking theory and experiment, as we shall see, the high-
energy limit is of purely academic interest, since it is outside the realm
of validity of the model. Clearly in this limit, the neglect of recoil and
pair creation (and the use of a finite source size) cannot make sense.
18.5. Diagonalization of the 7" Matrix. To use the formalism devel-
oped at the end of Chap. 8, we shall now diagonalize the 36 x 36 matrix
t. Because the interaction conserves angular momentum and isospin
(e.g., Jo =J =Jn, T°" = T = T'n), we expect that this can be done
by transforming from the one-meson states | £K) to a representation
in which T%, T,, J?, J, are diagonal.! Indeed, since these variables
plus the energy determine the one-meson states completely, we have

out, T", T}, J', J; | in, T, T,,, J, J,) = (in, T, T3, J',J; | S |in, T, T,, J,J,)
= bp g Op, 205,585, 5677 O(E — E') % (18.24)

1 We hope that the reader will not confuse the matrix T and isospin T.
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To relate the phase shift 6,7 to the T matrix, we refer to the end of

Chap. 8. Since here § = f dk, the factor mg(E) in (8.30) is simply
()]

kjw. Furthermore, we can project the T matrix into the corresponding
eigenstates of J and T by means of projection operators $’7,1

Tyrse = — 3 B i sin 8per (18.25)

J,T W
with $=9p (18.26)
and Pk sx = (in, EK'| BT |in, EK) (18.27)

In the one-meson subspace, T and J assume only the values } and .
Since 8 7 is d 77, we have only three different phase shifts: 6, ;, 8, ; = 6, ;,
and d;4. If we introduce the labels 1, 2, 3 for these phase shifts, then
S assumes the form shown in Fig. 18.3. The projection operators into

1 4 8 12 16 20 24. 28 32 36

0
) 0
; 0
12 O i‘f,

16

20

24 O

28

[N

32

36

Fig. 18.3. Form of the S matrix. The off-diagonal elements are all zero, and the
diagonal ones are as given in the figure.

9 Compare (14.44), which differs from (18.25) by anormalization fact or of 4xk2.
The elastic-scattering cross section is

o =} x 8n%whk ™ |T|? = %‘B"—" % |sin &y eidsr|?



206 PION PHYSICS

these subspaces are constructed in the standard way with T =t + ©/2
andJ =1 + q/2:9
$(l) ‘B“ =} -THR - =1 —t-7)(1 —0c-))
PO = gt B =3[0 — THO — D+ (T - PO — Y]
= -7 )2+e-D+Q+7-t)(l —c-1] (18.28)
PP = P YT - PP - P =32 +7-D2+0o-D
The normalization factors chosen are such that for the one-meson

subspace
QB(u)SB(v) —_ 6quB(”) where u,v = 1, 2, 3 (18.29)

The matrix elements of t and I in the one-meson subspace simply
correspond to the / =1 representation and are [compare (15.12),
(15.13) and (5.13)]*
(in, & aj | 5™ | in, j'o', ') = iepgq Oer 0,5
(in, & aj | l,‘,‘“’ [ in, jo'y &) = i€, 50 Opsr Ona
so that we have, e.g.,
(in, & aj | 0" 1" |in, o'f", &) = ib,0(& | 0,0, — 0,0, &) (18.31)

Returning to our shorthand labeling, we can write for the matrix
elements of the projection operators (18.28) in an angular-momentum
representatlon
Belke.ex = HE | (k0 [ ©
%51{ ok = 8(& | 3 Ti + ox0k) — 20m) (07K | €) (18.32)
‘Bg *krgr = 8|90k — Iriomi — 300k + (07) g (07)c | €)
We shall shortly encounter expressions P\ ., where the meson
subscripts are exchanged but the nucleon subscripts £ and &’ remain in

their usual order. Since this operation just changes the sign of I and t,
these operators can be expressed as linear combinations of the old ones:

(18.30)

ll

Pk exr =3 AVORY (18.32a)
v
We find by direct substitution that 4 is
1 -2 4
A=} —8 7 4 (18.33)
16 4 1
9 Whereas T is constant in time, both t and « are time-dependent. It is their
value at time r = — oo that is needed here.

1 The labels j and « refer to the angular momentum and isospin of the meson,
respectively.
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The properties of 4, namely, 4> = 1,Detd = |4] = —1,Tr4 = +1,
show that 4 has the eigenvalues +1, +1, —1.

With this development we can immediately obtain the zero-energy
behavior of the T'matrix. Thus, substitution of (18.29) and (18.32) into
(18.19) gives .

9f2k*p?(k &
Rexrxs = f12 ( )(5‘3(1’ — AP k)
214 2
_ [ik*p(k) 5B(v) 1(1:) (18.34)
120m®

The quantity A = (A%, 2@, 13 is an eigenvector of 4 with eigenvalue

A = —A
A= (—8,—2,+4)
To obtain quantities with simple analytic properties, we introduce
2 4
(o) = —3 PO R)(p) LK (18.35)
v 121)‘2(0

for which we obtain, from (18.16) and (18.17),
z EB(v)h(") —_ z { q‘s(o)l(v)f_g + l fwdw,[‘l‘s(o) Im h(v)(w:)
v v w TJl ' — o —ie
) 4w (u)
+3 B4 ' Imh :“
u w + w
() ()
or h(v)(z) 1 f [Im h N ((0) + z A(u)(v) Im h (w):l (18.36)
w—z u o+ z

Hence the functions A'*)(z) can be continued into the complex plane,
where they have the properties

h(v)(z) — h(v)*(z#) — z A(u)(v)h(u)(_z) (18.37)

They are related to the phase shifts by

127
1i h (v) — i, () o 6”
Jm BE) = &5 sin 0w) (b

as can be seen by comparing (18.35) with (18.25). The function 4 is
related to the total cross section by

(18.38)

1
kp*(k)

Imh® = o, (18.39)
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if we define the total cross section for a P-wave channel by

g, = %’r sin? 8,
This definition is such that the cross section (8.34) for an unpolarized
target and definite isospin is

+%
Ounpol = ‘;‘g E}Im T;'K',;‘K = ia("=” + §O(J= b

It should be noted that, for > 2, particles can be produced and that
the phase shifts describing the one-particle channel become complex.
Nevertheless, (18.39) can still be used, since it depends only on the
general equation (8.28). With these expressions we can cast the Low
equation into the final form

h(l)(w) — §ﬁ +l ® do' [ 0'1((0,) + A(”)(l)d,,(w'ﬂ
o 7wh kpk)lew —w—ic v o+ o

(OI0)] "
+ z A" g (o)

w —w—ic T o+ J

h")(w) - _ lf + 1 (> do' [ ay(w”) (18.40)

w | wh k' p¥(k"

2 © ’ ’ @G N
h(s)(w) =+ % + 1 dw [ 0’3((0 ) z A ou(w )

md1 Kp¥k) o —w—ie ¥ o +o J

18.6. Relation of Low Equations to Experiment. In the Low
equations (18.40), all quantities except the coupling constant f? are
directly observable—at least in principle. The first terms on the right-
hand side are the Born-approximation ones with the renormalized
coupling constants and can be found only by extrapolations to the
unphysical point @ = 0. These terms are negative in the 1- and
2-states and positive in the 3-state, corresponding to a repulsion in the
former and an attraction in the latter. This feature can be understood
in terms of the lowest-order Feynman graphs, Fig. 18.2. Since Fig.
18.2b has an intermediate nucleon with T = §,J = 4, it only contributes
to scattering in the 1-state. Therefore, o® is due solely to Fig. 18.2a,
and the reason for the attraction is the same as for n=~ scattering in the
Lee model. In terms of perturbation theory, it arises because the
intermediate state has higher energy than the initial one. On the other
hand, the scattering in the 1-state arises mainly because of Fig. 18.25,
and in the 2-state the opposite sign of the p- and n-coupling constants
to the =° changes the sign of the contribution from Fig. 18.2a.

In the total scattering amplitudes the integrals in (18.40) give an
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increase over the Born-approximation term in the 3-state and a decrease
in the other states, because a3 is by far the largest of the cross sections.
This is the same as in the scattering by a short-range potential, where
the Born-approximation amplitude overestimates the effect of a
repulsive potential and underestimates that of an attractive one.!
According to the Born approximation, 4"’ = —2h®, whereas empiri-
cally [h"| < |n®], so that at physical energies the correction terms
must be substantial. We shall calculate this effect, as a first approxi-
mation, by expanding the real parts of the integral in (18.40) in powers
of w. Keeping only the lowest term in the expansion, we obtain an
“effective-range” approximation? to the phase shifts. Thus,

21 (u)
Re b = 1A% (1 + wr,) (18.41a)
w
1 J' *_do’ , @G ¢,
— A‘U U,
Ty ﬂl(u)f%. 1 w'k’pz(k’) [Gu((l) ) + O",((l) )]
3 2 _
and 1 Re-L — oo, 2R L —ar, (18.41b)
o K% 1270 R

.

A plot of k3p%k) cot (4,/A*3w) as a function of w should approach a
straight line at low energies. The intercept of such a “Chew-Low™
plot extrapolated to @ =0 is 4n/f? and should be the same for all
phase shifts. Experimentally, the I- and 2-phase are unfortunately too
small to be measured to sufficient accuracy. In Fig. 18.4 we plot the
middle part of (18.415), with p(k) = 1 and the experimental 3-phase,?
as a function of w. The experimentally determined points are seen to
lie on a reasonably straight line which intercepts the ordinate at

2

o = 0.087 4 001 (18.42)

T

1 With this analogy in mind, an estimate of the departure from the zero-energy
form (renormalized Born approximation) has been given by V. F. Weisskopf, Phys.
Rev., 116:1615 (1959), under the assumption that the logarithmic derivative of the
wave function (1 | ¢ | 0) at the source radius depends weakly on the energy. Accord-
ing to this procedure the 3-phase shift goes through 90° at about the right energy,
whereas the other phase shifts remain small.

2 See, e.g., J. M. Blatt and V. F. Weisskopf, ““Theoretical Nuclear Physics,” p. 62,
John Wiley & Sons, Inc., New York, 1952. Since the Im h‘*) o k3 it can be
neglected at low energies.

3 See S. W. Barnes, B. Rose, G. Giacomelli, J. King, K. Miyake, and K. Kinsey,
Phys. Rev., 117:226 (1960), from which Fig. 18.4 has been taken. The experimental
points arise from many sources, which are listed in the above reference. See also
S. J. Lindenbaum, Ann. Rev. Nuclear Sci., 7:317 (1957).
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According to (18.40) the slope of the straight line is the meson mass
times the effective range r; and can be expressed in terms of integrals
over the total cross section. This actually holds within the expected
accuracy, as will be shown in the next section. Furthermore, the phase
shift passes through 90° at o = w, = 1/r; ~2.1. That this also
agrees with experiment can be seen by a comparison with Fig. 15.1, in
which the total cross section for #* 4 p scattering is seen to pass
through a resonance at a laboratory kinetic energy of ~190 Mev,
corresponding to a center of mass w ~ 2.1.

3
"wcot &

N W bd» g O N 00w

Y w217
1 1 dd l 1 11 1 I i L 1 1 I 1 y— 1 l It VlaJrl
0 05 10 15 20 @

Fig. 18.4. Chew-Low plot of (18.416). The intercept of the straight line with the
ordinate is 3/{4(f2/4m)] and with the abscissa is r3z. The curve is taken from S. W.
Barnes, B. Rose, G. Giacomelli, J. King, K. Miyake, and K. Kinsey, Phys. Rev.,
117:226 (1960). The sources for the experimental points that appear in the figure
are listed in the above reference. The numbers given are the experimental energies.

18.7. Approximate Solution of the Low Equation. Having deter-
mined f? from experiment, we should like to find ,(w) without putting
in further experimental data. This can be done, but only with
occasional appeal to known empirical facts. First of all, we know that
within the region of validity of our model, the scattering is mainly
elastic. This is rigorously so for w < 2, but we shall assume it to hold
for all energies. Then the phase shifts J, are real, and we can write

4
0, = |h[P = ‘I(Zk (18.43)
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This approximation is tantamount to including only zero- and one-
meson states in the sum over the intermediate states.!

As was done in the corresponding problem of the Lee model, it is
useful to introduce the inverse of A:

le(u)
18.44
8u = zh""(z) ( )

Since A)(z) has no zeros for complex z (there Im A > 0) and zh(z) is
finite at z = 0, g is analytic save for cuts along the real axis from I to «
and —1 to —o.2 The factors in (18.44) have been chosen so that
2.(0) = 1 and hence, in analogy with (18.16), g can be written?

g =1~ fr flmdw[f’-M + 9"—(-‘1)] (18.45a)

w—2z w+z

The real weighting functions &, and ®, correspond to the imaginary
parts of g on the positive and negative reat axes. We readily obtain
from (18.45a), if we make use of (18.37), e.g., g.(z*) = gi(2),

gu(w + ie) — g (w — ie) = 2i Im g (o) = —2iw,(w) (18.45b)

.- gi—w — ie) — g(—w + i) = 2iIm g (—w) = 2iwG (w)

Within the one-meson approximation, we furthermore find, from
(18.38),
fz k3 2(’() 2 (u)

18.46
v o 3 ( )

Im g (w) =

and thus obtain &,(w) without knowing é,(w). To determine G,, on
the other hand, we need the phase shifts in an unphysical region. This

! This procedure should not be confused with the Tamm-Dancoff approximation,
where the expansion of the physical nucleon is in terms of the number of mesons
around a bare nucleon, not a physical one. Here, the expansion of a physical
nucleon and a meson is made in terms of physical states. In this way we obtain the
correct low-energy behavior.

2 There may be poles on the real axis between —1 and 1. Their significance is
discussed by Castillejo, Dalitz, and Dyson. (See the first reference on page 144.)
We shall not examine these singularities.

3 In general, the power of z in front of the integral need not be 1. However, if

dw
f ke (k) ow <
we see that llm gu = constant. Hence the choice z!, which also leads to the correct
perturbatlon-theory result.
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can be obtained from the crossing symmetry (18.37), which becomes,
for g,,

1 =zh(u)(__z) - 1 A(u)(ﬂ)l(”) == Buv "‘l_
gu(_ z) fal(“) l(“) g”(Z) g"(Z)
_1 2 8 (18.47)
}» W) _ 1 '
B, = l 26 4 - 6 8 7 :
8 2 -1/

As for the matrix A, the eigenvalues of B,, are 41 and B* = 1.

This equation gives only the Im g=%(—z); to find Im g(—z), we also
need the Re g~)(—2z), which is not obtainable directly. Thus, even in
the one-meson approximation, it is not possible to find an exact
solution. However, an approximate solution has been suggested by
Chew and Low,! who replace B by B’,

(VI 1 —1 2 -1
Ba~B =|1 —1 1)|=B—-—-1 2 —1] (1848)
1 0 0 -1 2 —1
which differs from B by a small numerical displacement and also

satisfies
B*=1 TrB=1 |[B|=1 (18.49)

With this approximation, the problem is soluble for g; and g3, but not
yet for g,. From (18.47) we find

&(Fz) = go(+2)

g —2) =g — &' + &' (18.50)
and therefore (18.45b) predicts
- _ _ MKPPPUOS
" 83,(‘") o (18.51)
Golo) = —Fy(w) = — AL -
127w

There are no real mathematical arguments to justify (18.48). How-
ever, using empirical phase shifts, we can show that what has been
omitted is at least not large compared with what was taken into account.
Hence,” within our rough model, the procedure may be a reasonable

! G. F. Chew, Theory of Pion Scattering and Photoproduction, in “Handbuch der
Physik,” Springer-Verlag, Berlin (to be published).
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illustration, but the following numbers should not be taken too seri-

ously. We find A
) f°° , k2p(k’ )( 8 4
=1 L dw
&(®) i 4 37 w? \o' — o —ie + o+ o
fio f  k3p 2(k’)( 4 8 )
=1~ do
&(®) 4 377 w'—~w-—ie+w’+w

and therefore an expansion in powers of w gives (at low energies)

(18.52a)°

8 1
hU(p) = — S 72
((I)) wf f2 4(0 J‘ , k:3p2(k:)
1+4+=L do' ———=
dr = N1 ' (18.526)
h(s)(w) — 1f_§ 1 .
© L)  k2p(K")
1= L4 (%,
4 m N Tt

The form of the scattering amplitudes for A" is familiar to us! from
pair theory with repulsion or p=— scattering in the Lee model. For
h® it is like that of pair theory with attraction or n=— scattering in the
Lee model. It predicts a resonance in the §,3-state for sufficiently
strong coupling, as observed. To get an idea of the resonance energy,
we calculate the effective ranges r, and ry predicted by (18.52). The
range r, can then be found from r, = —4(r; + r3), which follows from
the crossing symmetry (18.37) applied to (18.41a). In this way we
obtain

—1
r, = 0 4(f3/4‘"') fwdw kangk) (18.53)
{ ™ 1 w

A somewhat different approximation from that considered above, of
replacing B by B’, consists in keeping only o5 in the Low equations
(18.40). We readily find that in this case the value of r, is approxi-
mately the same as that given above but that r, = r; and r; = —5r,/4
instead of —ry; the main uncertainty is seen to arise in the range r,. In
either approximation the magnitude and sign of r, and r; turn out to be
approximately the same. If we assume that the effective-range approxi-
mation is still approximately valid at the resonance energy w,, then we
find o, = 1/r;. For a square cutoff, e.g.,

B for k < kmax
p(k) - {0 for k > kma.x

1 Except for obvious changes due to our dealing with P-wave mesons.
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we find

4 -1
W, (-7 ('—r bl C()ma,x) (18-54)

The experimental value of w, &~ 2 requires w,,, ~ 5, if we make use
of (18.42). Itis interesting to note that w, is exactly at the energy of the
3,3-level in the strong-coupling limit, which is given by (k7.64):
_ 9
b I a—

{"—.7; 3 Wmax

(18.55)

3

Since in this approximation (17.59) tells us that f, = f/3, we find E; =
,. The width I' of the level is [see (12.94)]

ki ft 8 -1
I = 2w, — w)tan § = (w, — w) <=L = (1 — ryw) ' p*k)
o, 473

r

2
- §ﬁ-,, 13pi(k) ~ 1.1 (18.56)

which is cutoff-independent if k, is not close to k,,, and which is of the
same form as that of the classical calculation (16.32). The shape of
the cross section close to the resonance energy is of the usual type,
which was discussed in Chap. 15.

18.8. Summary. To conclude this chapter, we shall point out the
most important features of pion-nucleon scattering. At low energies,
where sin 6 oc f2k3/w, the cross section is expected to be proportional to

4
coc f1 X (18.57)
w

and this is borne out experimentally, as shown in Fig. 15.1. In this
region the “effective coupling strength” (f,k) is weak.

The form of the cross section can be understood as follows. Con-
sider a box of volume L3 which contains a meson of momentum k in
addition to a nucleon at rest. Since the meson is not localized, its
probability of getting within a sphere or radius w= centered at the
nucleon is ~w=3L-3, Now, it turns out that the nucleon can emit and
absorb mesons when they are within a distance w, which is the size of
the cloud rather than of the source, and since it cannot distinguish the
incoming meson from one of its own, it may absorb the former instead
of the latter. The nucleon, however, is only meson-active for a fraction
of time A, in the sense that there is only a certain probability that the
nucleon emits and absorbs mesons. .
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If we represent the history of the nucleon graphically, as in Fig. 18.5,
then the lengths of the meson lines are t ~ »~!; these lines are distri-
buted at random, and A is the ratio of their lengths to that of the
nucleon line. In the scalar theories, we found that if there is pre-
dominantly one meson during the active period, then A ~ mean
number of mesons ~ g?/4w. For P-wave mesons, the interaction’
probability is strongly energy-dependent, and as long as A < 1, it is
equal to the effective coupling strength to a physical nucleon ~( f7/4m)k?®.

. e Yorr —
Pion
l’ \\ l, \\ l’ \\ >
Nucleon w1

Fig. 18.5. Graph to represent a physical nucleon.

Now the absorption of the incoming meson violates energy conservation
and can therefore last only for a time t ~ 1/AE = »~1. Within this
time, the nucleon must! recreate a meson with energy o, but not
necessarily in the same direction. The event thus constitutes a scatter-
ing of the pion by the nucleon. Because the absorption and emission
occur only within the quantum-mechanical fluctuation allowed by the
uncertainty relation, we cannot tell when they happen within the
interval t, and the events may occur in opposite order. The amplitudes
for the two types of processes (emission-absorption, absorption-
emission) interfere, since the intermediate state is not controlled by
measurements, but the interference terms do not change the order of
magnitude of the cross section (except in the 3-state at higher energies,
near the resonance). For our qualitative argument, the various events
can be considered to be independent of one another, and the proba-
bilities for the separate stages multiplied (although this is not quite
true quantum-mechanically). Then the probability for the total
process is (n = probability)

Nprocess = 7 (Meson to get within meson cloud of nucleon) X 7 (that this
occurs while the nucleon is meson-active) x # [for nucleon to emit (or
absorb) a meson within time w™]

e = (i) () (209

The cross section is equal to this over-all probability divided by the

1 This classical description is somewhat acausal, inasmuch as the nucleon absorbs
the meson only when it knows that it will emit it in time.
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flux of incoming mesons and multiplied by the rate at which mesons
leave the cloud. The latter is equal to the velocity of the meson, k/w,
divided by the diameter of the cloud, w~*. Since the flux of ingoing
mesons (e.g., the probability that they traverse unit area per unit time)

is L the cross section is
f';% 2)2 l st ( jf k2)2 .
aw(‘hk w”Lsk—k_— drw

Of course, the cross section is limited by the geometrical area of the
cloud, 1/w%. When this limit is exceeded, our considerations become
meaningless, since the various probabilities then exceed unity. The
exact formal development shows that this limit will be attained only in
the 3-state, and at higher energies. To the extent that the 3-resonance
dominates the scattering, it is possible to make other simple statements
concerning the cross section. The significance of the energy depend-
ence near the resonance in terms of probabilities was discussed in Chap.
12. The angular distributionof themesons can be inferred from ourcon-
siderations following (16.37). If we take the axis of quantization along
the direction of the incident meson momentum, then J, = s, = 44,
and we found there that the angular distribution of the mesons in
the J = 3, J, = +4stateis ocl + 3 cos®#. This should be compared
with the classical result (16.33), which is also peaked forward and
backward but which is much flatter. The predictions of charge
independence are found by determining what part of the incoming and
scattered states (e.g., 7p) have J = T = 3. For scattering on protons,
we thus obtain, from (16.35),

Optpmatp: Opporggn  Oppon—p = 9:2:1 (18.58)
The experimental curves of Figs. 15.1 and 18.6 show that the above
predictions are fairly well satisfied. The maximum of the curve for
w+p scattering in Fig. 15.1 demonstrates that the resonance is indeed in
a J = § state, since the cross section reaches its maximum allowable
value of 8=/k2.

The simple static model we have expounded also predicts that the
phases 4, ; and 4, , = 6, will be equal, negative, and small:

2 3 2 3
L 26%0K)  _gosK
- . 473 o w

Experimentally, these phases are indeed small, but not accurately
determined.
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Of course the scattering contains many finer features. For example,
from (18.28) and (18.32) it follows that the T matrix can be written in
the form! @ + be -k %X k', where k and k' are the momenta of the
incident and scattered mesons, respectively. This predicts that the
recoil proton may be polarized along a direction perpendicular to the
scattering plane, since the @ and b terms will add or subtract, depending
on the direction of the spin relative to the scattering plane. In addition,
as we stated earlier, the S-wave phase shifts are not zero and become

35

and{7tp —7*p

——and}7" p—=7°p
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Fig. 18.6. Differential cross sections for elastic and charge-exchange scattering of
189-Mev pions by hydrogen. The experimental points are taken from H. L.
Anderson, W. C. Davidon, M. Glicksman, and U. E. Kruse, Phys. Rev., 100:279
(1955). The curves are proportional to 3 cos? # -+ 1 and are plotted in the ratio of
9:2:1, as predicted by (18.58).

progressively more important as the energy approaches zero below the
resonance energy. Above the resonance, recoil effects may be expected
to complicate the scattering further, and the model that we have con-
sidered begins to make less and less sense. Nevertheless, as we have

! This is also the most general form allowed by parity conservation, since a and b
can be functions of k% and k - k’.
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seen, the simple static model is able to account for many details of the
pion-nucleon scattering over a reasonably wide range of energy.
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CHAPTER 19

Properties of the Nucleon

19.1. Expectation Value of the Field. The development of the last
chapter allows us to gain further insight into the properties of the
nucleon. The expectation values of several observables, such as the
number of mesons in the cloud, their charge distribution, and their
contribution to the magnetic moment of the nucleon, can be expressed
in terms of the renormalized coupling constant and the scattering cross
sections.

In this section we shall return to a plane-wave expansion, since most
observables are more conveniently expressed by it. We consider first
the quantity a,(k,f) at ¢ = 0, which is given by (15.10) or

o .
a (k) = A, (k) — f_ _dr e k)

V(Kb = o(1) - kr,(D)p(k) _ Vik,
(kD) =f _-___(Zw)*(Zw)‘ (K, 1)
The interaction V,(k,?) is the counterpart of that defined by (18.5).
For the ground state we have 4,(k) | &) =0, and by making use of
the Heisenberg time dependence of o(f)7,(¢), we find

0
@ | a| &= — (zf—), (L;——")), & | k| &) f_wdt ot

L k) .k 19.2
@ )! (2(03)* ¢ | o I ) 19.2)
In performing the integration in (19.2), we made use of the fact that the
adiabatic switching on of the field implies that

0 0
f dt é° = lim ( dt e(im+a)t
- o0

az0 - X
a=0 iy

219

(19.1)
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The expectation value of the meson field becomes

: PR) (50 ir gk | £) o e Ak
16010 = £,[ L @ | mo -k o T

=f(& |78V |HY() (19.3)
Y(r) = f a&r' p(r’)

—lr rl

4 r —

Hence, we get the result of perturbation theory, except that f'is replaced
by f.. Although ¢ is not directly measurable, this result is instructive,
since it is the quantity (19.3) which is connected with the large-distance
(e.g., one-meson-exchange) part of the nuclear forces (see Chap. 21) and
also with zero-energy =N scattering.

19.2. Ground-state Expectation Value of Observables. In order
to study observables quadratic in the ¢’s, we use a complete set of
eigenstates | out, n) of H to derive

(51 | a:’(kl)aa(k) I $> =J‘° dt dt' ei(wt—m'y)<€/| Vat (k’,tl)Va(k,t) | §>

f2p(k)p(k") S (&' I 7,6+ k' l out, n){out, n |7' e -k | &

194
T e 2ww) R (E, + o)E, + o) ®4
We have again made use of the Heisenberg-operator time dependence in
obtaining (19.4).

When the intermediate state | out, n) is the ground state, the matrix
elements in (19.4) can be expressed immediately in terms of f,. For
other intermediate states the expression on the right-hand side can be
related to the total cross section. This can be done with (18.11) and
(18.39),

—2Im Tk i = S Tn‘:é’K’Tn,éKzﬂa(wn — o)
= 2n S' (&' | Vg | out, n)out, n | Vg | & 8w, — @)

) (w)
= z“B———“‘ s (@k (19.5)
6m’w
where the sum S’ is over all states excluding the ground state. In
order to use (19.5), we have to transform the projection operators into
our plane-wave representation. This is, in a more explicit notation,

“B§’¢'k’,§ak = (kl | m,)$§'¢'m',§am(m { k)

o m
where (m|k)=Y7= (43;) k;_
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This gives us

B s = ——— (' | 0-k'r, 0k, | &)

127 kk’

Pt = (&'|3r,7k k' —27,7,0:K'G -k + 38,,6-k' a-k|§)

127 kk’
(19.5q)

%f ‘a’k’ fak T (E | (36“ Ta'Tu)(3k k' —0:k'c:k) | £

127 kk’
Equation (19.5) can be written in the form
S« | 70«0’ | out, n)(out, n | 7,6 - m | &) 6(w — w,)

T q)): P ca0ul@g)  (19.5b)

where n and n’ are unit vectors in the d1rect10ns ofkand k. Multiply-
ing (19.5b) with

C _{1_ o) @ F ) and integrating over w,, we get
e

otk pk)p (k) [ fr (x ,
¢ |a.,'(k)aa(k)|§)—16"3(w 5 [ - (&'| o - k'r,0 -k, | §)

(‘B_E'a’k’,fakau(wq)
i 19.6
+ 3§f1 “’"qu(q>(w+wq)(w'+wq)1 (196

As a first application of (19.6), we calculate the mean number of virtual
mesons around the nucleon. With (19.6) we find

(Ny=3 f Pk (| alk)a, k) | &

f a3k p2(k)k2|:3f 2 s “ dw, ow,) + doy(w,) + 40'3((»,,)]

(27 20 371 qp%(q) (wq + )?
_3 .dkﬁ(@[f_z L L f ®_do,_oy(w,) + 4oy + 4as(w,,)]
1) dnw® 367 J1 qp%q) (0, + w)*
(19.7)

No summation over ] £)is 1mp11ed in (19.7), and (N) is mdependent of
the state | £). The first term is the renormalized Born approximation,?

which differs from our familiar expression ~f*(d%/w?) of Part two by the
factor k2, which arises because we are dealing with P-wave mesons.
Since our method always refers to the physical particle, f, appears

rather than /. Theintegral § do, - - - represents contributions of higher
order in f2.

1 We shall abbreviate this by RBA henceforth.
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In exactly the same way as above, we obtain

HYy=3 f Pk ot | al)a k) | &

. 1 |7 dw,
f dk k¢ 2(k)[ L 361-;-2 1 qp:()q)

al(wq) + 462(wq) + 403(mq)
X @+ o) ] . (19.8)
and, with appropriate changes,
HY=3 f &k (£ | a WiV (k) — ia)R)V (k) | &
_ 2| V,(k) | out, n)(out, n | V(k) | &
N § gf @k o+ E,
— .§ fw m [f_f + _1__ ® dwc o'l(mq) + 40'2(wq) + 403(’”0)] ‘
® drw 36w J1 qp(q) (o + w,)
19.9)

Comparing (19.8) and (19.9), we see that the Born-approximation term
of (H,) is half that of —(H’) but that the double integral in H| is less
than half that of H’. Hence, we have the “‘virial theorem”

(Hpy < —KH") and (&) < —(Hy) (19.10)

which means that the interaction H' makes the nucleon dynamically
lighter.

g19.3. Renormalization Constants and Other Parameters of the Static
Model. To learn more about &), we must first digress to discuss the
parameters t;, Tp, f2%, w,,, which are relevant to the static-model
description of the nucleon. Some of the relations we need are obtained
by integrating (19.5b) over w,:

& | (ro)x70)x | & — (&' | (r )k | EXE" | (7o) | &)

4 [* do,
ETERA ”p;o(kn %:‘Bex kO (w,) (19.11)

The expectation value can be worked out with (17.5), (17.3), and (18.32).
For example,

(3 | (o) (r0)x I H=(¢ | g — @ lgr+T tpp)y
+ o lprtex | §) (19.12)
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To cast the integral in (19.11) into a comparable form, we use (19.5b):
2 Bt ch = (& | dgrelhy + hy'+ $ho) — @ L +7% i)

X (hy + hy — 2h) +  + T« ticoge(hy — 2hy + hy) | s)E (19.13)

Collecting these results and equating the coefficients of 1, ¢ -1 + =t
ando.lt-t, we get

0y + 40, + 4oy [ 1—12) (19.14a)

1 dow, 2

o fkupz(k,,) o+ oy— 20'3J = %—n ltl — 1t (19.14b)
0, — 20, + 0y ,—1a) (19.14¢)
In principle, these relations can be used to calculate the unrenormalized
coupling constant and the renormalization constants from observable
quantities. In practice, the difficulty arises that in (19.14) there must
be significant contributions to the integrals from high energies, where
the model would not be expected to describe physical reality. For

instance, taking the combinations (a + 2b — 3c) of (19.14), we find

S =il om

since we know that (1 + 2r; — 3r;) > Ofrom (17.13). Experimentally,
g, is only a few per cent of a; up to 300 Mev, so that | o, dw,[[k,p%k,)]
must get large contributions from higher energies. This difficulty does
not occur in the Low equations (of Chap. 18) for pion-nucleon scattering
or in the expression for (N), where the high-energy contributions to the
integral are suppressed by one or more extra powers of ® in the de-
nominator.

Nevertheless, if we insert the low-energy-scattering data into the
relations we obtained, or shall obtain,! and leave the high-energy
behavior open, we can get a fairly good idea of what the various param-
eters must be if the theory is to agree with experiments at low energies.
We shall not go into this analysis? but shall only quote that for

fr 008 and  pk) =5 et
4—7;— B an p()-—m p(r)oc———
2

— = 0.22 1, = 0.37 (19.16)

v
(=47 1,=058

! The data below make use of the meson’s charge contribution to the nucleon,
which we shall discuss shortly.
2 See S. Fubini and W. Thirring, Phys. Rev., 105:1382 (1957).
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the various relations and inequalities can be satisfied. Of course, r;
and r, are not independent and, in principle, could be calculated from f
and p. The discussion given in Chap. 17 shows that it is not incon-
ceivable that the renormalization constants r; and r, have the given
numerical value, if p and f; are chosen as in (19.16). For the physical
significance of r, and r, in terms of probabilities, we have to refer back
to Chap. 17. From r, ~ 0.4 we find, for instance, that the probability
of finding a bare proton (neutron) in the physical proton is 70 per cent
(30 per cent). From 1, ~ 0.5 we deduce that the probability of finding
a bare proton with spin up, or a bare neutron with spin down, in a
physical proton with J, = } is 75 per cent.

19.4. Nucleon Self-energy. With the cutoff (19.16) we can also
compute the expectation values (19.7) to (19.9). In these expectations
the denominators in the integral over dw, are sufficiently large that the
main contribution to this integral arises from lower energies where the
3,3-resonance dominates the scattering. We, therefore, neglect o; and
,, and for o, we insert two-thirds of the measured #+p total cross section.
The factor of § arises as follows. Whereas the =+p system is alwaysina
T = } state, it can be in either a J = § state or a J = } state. The
probability for the former is % [see (16.37)]. With the above approxi-
mation the remaining k integration is elementary, and we find

(Ny ~ 1 (19.17a)
(Hy ~8  (Hy+ H') =&y = —I11 (19.17b)

The major contribution to (19.17) arises from the RBA terms, whereas
the correction terms amount to about 20 per cent. Because the
integral over d%k has a k* term in the numerator, there are large contri-
butions from energies close to w,,, in particular to (19.17b). The
numbers should, therefore, not be taken too seriously, because the
static model is of doubtful validity at energies ~w,,,. Nevertheless,
the orders of magnitude, at least of (N), should be correct. That this
is the case can be inferred, for example, from the experimental data of
proton-antiproton annihilation, where we find that the average number
of pions produced is ~5.! We are tempted to picture this event as
follows. The nucleon cores annihilate, giving rise to the minimum
number of pions, which is two (assuming energy-momentum conserva-
tion) or three. The other two or three mesons are then supplied by the
meson clouds of the two heavy particles. This number compares
favorably with the mean number of mesons evaluated above.
Returning to our expression for &, [see (19.8) and (19.9)], we can
derive another instructive inequality. First, we note that all the

1 E. Segré, Ann. Rev. Nuclear Sci., 8:127 (1958) (see especially pp. 148-149).
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correction terms (under the integral f dw,) contribute with the same '
sign. Furthermore, for all physical energies w,, we have

2 1 1
< — —
T oo+ w,) (0+ 0, = w?

which, together with (19.14a), tells us that
2 2 4
< |6, _<f 3 f dkp(")k (19.19)

Thus, the exact &, lies between the Born approximations taken with
the renormalized and unrenormalized coupling constants, respectively.
In the strong-coupling (or classical) limit, where f2 = 9fZ, we had, from
(17.63),
& = f dk p ke 2(k)k4 _ el J-w £k (19.50)
4# b 47 7 Jo w?

(19.18)

123 [ dk gRok!
4w Jo w?

which is the geometric mean between the two limits.

19.5. Charge and Current Distribution of Physical Nucleon. Mag-
netic Moment. Finally, we shall evaluate the charge and current dis-
tribution associated with the meson cloud and the resulting magnetic
moment. These quantities can be measured in detail (e.g., by means of
high-energy electron-nucleon scattering) and are, therefore, of special in-
terest. To this end we need the expectation values of (¢’ | a,(k")a,(k) | £),
e.g., the amplitude for finding pairs in the nucleon, which we derive
with the aid of the equation

2 [, 00,060, o = ITH, ,(K)0,00]

= —i(w + ), (K)a k) — a (k) (k') — a,(k)V,(k)
(19.21)
Remembering that expectation values taken between stationary states
are constant, since (¢ | [H,0] | &) =0, and that a and ¥ commute, we
find, by means of (19.1),
(| Val)a, () + Vi@al) | &)
o+ o

__—1 S \:(é’ | Vo (k) | out, n)(out n| V)| &
w+ o w, + o

<E' | V.(K) | out, n)out, n | V,(k) | f)jl (19.22)
0, + o ‘

(€ | ag(K)a k) | &) =
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and similarly, by hermitian conjugation,

’ t (! ’ 1t
| al@ralk) | & = —i (¢ | a2 (&)WVelK) + a)Volk) | &

w4+ o
_ S [(£'| V.(k') | out, n)out, n | V,(K) | &
w+w n w, + o'
+ (&' | V(k) | out, n)out, n| V,.(k){ §>:|
w, + o

More specifically, using the results of Sec. 19.2 and the notation and
techniques developed there, we have the result

, , _ pk)p(k")
« | ax(K)a,(k) | H= 8n'3(4(ow’)*(w + ')
% { ( I 7(8 "J1,(c - k) n 740 - K)7, (0 - k)

J

(]
A ‘:$§“Zk fak ‘B?‘Zk fa’k']}
- : 19.23
ok 72 et e o el 0D
& | alk)ala) | & = — W) 1

(4o ) (o + o) 87®
% {(-5/ 7,(0 - K')7(0 - k) + 7,0 - K)o (0 - k') 5)

w’ )
9,

0, + o w, + o

With these expressions we are able to calculate local quantities quadratic
in ¢. For the current (7.12), j, = —e($, V¢, — #,V¢,), we find

& |7af® | &

i(k+Kk’)r
k' (4w ’)} ilks — k)
X (€| ay(k)ag(k) + al(—k)ay(K) + a,(K)ai(—k) + al(—k)al(—k)| &

i(k+k).r ’
- eksk'e——-f(,ch(k)i(k, — K)E | o kXK |8

= —e

ww

[ﬁ-l—— ® dao — 20, + 0y ( o, )]
wo' 97 k,p¥k,) (0, + o)o, + o) 0+ o

. (19.24)
where we have used

76 k76 k' + 76 - k'rjg k=210 k X k’ (19.25)
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We can further reduce (19.24) by carrying out the angular integrations.
We note that
f d*k &k’ 9Tk — K)o - k X K')f(w,0')
k%% — (k - k')?
(k + k)?

This can be most easily seen by considering the j-component and
rewriting the integral as

=Vx cjdsk &k’ e W p (e, 0"

13V % o), f &%k k' (k; — K)k; — k) fw,0") @*

If we make a change of variables to 4(k — k') = x and (k + k') =K,
the integral becomes

23(V x c),-fdax 3K Kk, f (w,0") KT
= 3V % o) [FKIF(KD 8, + FROKK] &%

where F; and F, are arbitrary functions. The F, term will not contribute
because (V % o) operating on it gives zero. For F; we find

. 2
F =fd3x[xz — (uK:() ] flw,0)
We can therefore rewrite (19.24) as

€|
=eVX (£|m0] &)

P k' p(k)p(k") k™ — (K K irione
em® oo k + k')

oo J” do, 06, —20,+ 03 ( w, ):I
fr 1 1 19.26
X [ww' ok i @t o\ Tara) 9

Since the integral in (19.26) depends only on |r|, the current of the
meson field is perpendicular to ¢ and r corresponding to a magnetization
density of(r) (see Fig. 19.1). It is positive for the proton and equal but
opposite for the neutron. With (19.16) we find that about 70 per cent
of the current comes from the RBA term oc(f|¢ | &") (" | V4 | &)
which gives a contribution at large distances cco X Ve~*/r?. This is
in qualitative agreement with the results from electron-scattering
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experiments,! which show that the current which creates the magnetic
moment of the proton and neutron is spread out over a region with
mean-square radius ~0.7 x 103 cm » §.

Similar behavior characterizes the charge distribution, which can be
calculated along the same lines,?

€|0,m| &= —e(¢2¢1 - ¢1432)
S @ )3 e )} (€] (@ — @)[ayRay(K) — al(—K)a}(—k)]
—(w+ o )[al(—k)az(k’) — az(—k )al(k)] | & (19.27a)

€100 [ & = —2e¢ || §) § erter- ERRENK

o+ o’

x [ﬁ— p L7 don ot o g 1 (19.27b)
wo' 9w k,p%k,)(w, + o)o, + o)

since 710 +kry0 - k' — 7,0 - k'r,0  k = 2irk + k' (19.28)

The charge density ( | Q,(r) | ) is also equal but opposite in sign for a
proton and neutron, the dominant RBA term behaving like e~27/r?
asymptotically. The equal but opposite-in-sign charge density agrees
with a naive picture, in which the virtual processes p —n + =+ and
n — p + =~ create a positive cloud around the proton and a negative
cloud around the neutron. Hence, the neutron, though neutral as a
o whole, has some electric structure. Itis,

in this respect, like a hydrogen atom,
positive inside and negative outside.

J To get the total charge, we have to
add the charge of the bare nucleon
to the charge of the cloud. It seems
reasonable to assume that the former

r has a distribution ocp(r) and, hence,

will be

e& |

eI

Fig. 19.1. Relationship of meson ~With 1, given by (19.16), we obtain
current to the spin direction. 0.7p(r) for the physical proton and

1 R. Hoflstadter, F. Bumiller, and M. R. Yearian, Revs. Modern Phys., 30:482
(1958).

% The terms proportional to a (k") V3(k), V;(k)ay(k), etc., which arise from a,d,
a,a,, etc., cancel in the expression (19.274) for Q(r).
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0.3p(r) for the physical neutron. Hence, the anticipated charge
distribution of the nucleons, including the charge of the bare nucleon,
should have a radial dependence like that shown in Fig. 19.2. This is
not borne out by electron-scattering experiments.! Whereas the
mean-square radius

(r¥) =e™? f o(m)r? &*r

of the charge distribution of the proton is 0.75 x 1013 cm, as expected,
that of the neutron is much less, if not zero. The most plausible
answer to this puzzle at present is that the charge of the pion itself is

Bare nucleon

Q,(r) Q,(r)

Bare nucleon
Vens

Fig. 19.2. Static charge distributions of the physical nucleons.

~)

i

I

]

|

i

]

1 H
Y/ kmax 1

spread out over a distance of about }.2  Averaging the neutron charge
distribution over this distance will considerably reduce the mean-square
radius, whereas that of the proton will not be affected materially.

The integrated charge and the total magnetic moment of the pion cloud
can be directly obtained from our results. For the former we find

— ot |7y | 8 f dk k'p "’(k)[ 21 (* do, 0'1+0'2—2¢73:|
36mt )1 k,pi(k) (0, + o)?
(19.29)
Since the integrated charge, including the nucleon contribution, is Q =
0. + Qu, with .
1+ 737y
= el

and the Q of the proton or neutron state must be | or 0, Eq. (19.29) is
another relation for r,. It also gives an upper limit for w,,,,, since the
charge of the meson cloud must not exceed e. Even if we neglect all

1—}—1'3

QN—<§|

1 See Hofstadter, Bumiller, and Yearian, op. cit.
2 This is thought to arise through a pion-pion interaction. See, e.g., W. R. Frazer
and J. R. Fulco, Phys. Rev. Letters, 2:365 (1959).
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cross sections except o3, then for too large a cutoff w,,,, the integral
§ d%k becomes too big. These observations were crucial in determining
the values of w,,, and r; quoted in Sec. 19.3. The RBA term is just
2e(3 of the one for (N) [see (19.7)], as one would expect, since (16.34)
tells us that two-thirds of the time the proton is dissociated according to
p —n + =+ and for one-third of the time into p + =°.

For the magnetic moment we find, by means of a partiakintegration,

@ 4 2
l#=£frxjd3r=cfaief Mﬁ(_k)
2 3r Jo w?

e 1 [* dw, o—20,+ 0'3(1 w,,):l
— = 19.30
% [41rw2 + 36mt 1 k,p%k,) (0, + ©)? + 2w ( )

(S‘Vln‘§> =(§|73°l£)ewtv

One would expect the magnetic moment, when measured in nuclear
magnetons, to be of the order of the (mean number of mesons) X (mass
ratio of the nucleon to that of the meson), since the magnetic moment
of a spin-zero particle with / = 1 is the mass ratio multiplied by the
magneton of a spin-} nucleon. Experimentally,

e e

'IPNZ.SUZT[ J"N—l.gﬁw
so that the moment of the meson cloud is in the right direction. But to
do justice to the experimental physicists who measured these quantities
to an accuracy of five figures,! we have to do better than that. A more
refined argument is as follows. For either nucleon we find from (16.34)
that both the probability of the virtual mesons being charged and the
probability of their having an /, = 1 are §. Furthermore, what counts
is the relativistic mass (e.g., the meson total energy ), so that

4N
mt —_

9w

is expected. If Njw is interpreted as | N(k) dk/w we obtain from the

RBA of (19.7)
w23 Ko 12
9w w?

4wt

which is one-half of the RBA of (19.30). The reasonisthatour argument
implies that in j we keep only the terms proportional to a'a. However,
the pair'terms aa and a'a’ contribute to the RBA an equal amount, so

1 For references, see, e.g., J. W. M. DuMond, 4nn. phys., 7:365 (1959); and J. M.

Blatt and V. F. Weisskopf, ““Theoretical Nuclear Physics,” p. 31, John Wiley & Sons,
Inc., New York, 1952,
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that this more sophisticated argument is wrong by a factor 2.9 If the
o

contribution from f dw, - - - is included, then the exact result with
(19.16) is 1

M = (1,6) X 1.3 nuclear magnetons (19.31)

This rather small value is mainly due to the fact that most of the
mesons have high energy, so that the effective mass ratio is ~M/[w,
rather than M. To discuss the significance of (19.31), we introduce the
isovector and scalar parts of .# by '

M= My + ‘”‘*’z‘i}"

where experimentally
M, =235 M, =045

The meson cloud contributes 1.3 to M,, so that an extra contribution of
1 nuclear magneton for M, and M,* must be accounted for by other
phenomena. These may be the magnetic moments of the bare protons,
antinucleons, heavy mesons, and hyperons, etc. They seem to give
quite substantial corrections to .#. We shall see in the next chapter
that the static model is unable to predict electromagnetic phenomena at
short distances (inside the core), which should not surprise us. All we
can say is that the first figure of the magnetic moments can be under-
stood in terms of a simple model, but it will take a while until we can
account for the other four measured figures.

Further Reading

M. Cini and S. Fubini, Nuovo cimento, 3:764 (1956).

S. Fubini, Nuovo cimento, 3:1425 (1956).

H. Miyazawa, Phys. Rev., 101:1564 (1956).

S. Fubini and W. Thirring, Phys. Rev., 105:1382 (1959).
G. Salzman, Phys. Rev., 105:1076 (1959).

7 The strong-coupling result is the correct RBA x . See W. Pauli and S. M.
Dancoff, Phys. Rev., 62:85 (1942).

§ Note that M, = 0 in the strong-coupling limit, since () = 0, irrespective of the
core contributions assumed.



CHAPTER 20

Electromagnetic Phenomena

20.1. Contributions to Charge and Current Operators. Electro-
magnetic effects are important tools for studying the pion-nucleon
system. The interactions of photons with matter are well understood*
and can, therefore, be used to give us further insight into the structure
of the nucleon and its interaction with pions. Part of this study has
already been carried out in the last chapter; here, we wish to extend it
to meson production and to photon scattering (Compton effect).

To this end, we first must define the total charge density and current
in the static model. The charge density includes contributions from
mesons,?2

Q.(r) = e(fay — b1 (20.1)
and from the bare nucleon
0y = e T8 p(r) (20.2)

The spatial distribution of Qy is assumed to arise from the virtual
particles which make up the source.? Similarly, the meson current
operator is :

jr = e($Vy — ¢,V ) (20.3)

and that of the bare nucleons arises from their normal (Dirac) moment
and the contribution of -other virtual particles. This part should be

1 There are reservations in the static model which will appear shortly.

% A plane-wave description of the meson field is more useful in this chapter,
because Q,(r) and j,(r) will be needed in other than P states.

3 Strictly speaking, the bare neutron is then also expected to have a bare-nucleon
charge density with an average value of 0, but this is neglected.

232



ELECTROMAGNETIC PHENOMENA 233

expressible in terms of only the nucleon operators = and o; we assume
that it is divergence-free and hence that

N =V X py(n) (20.4)
where y(r) is related to part of the magnetic moment, and we shall
shortly determine its form. The only feature of jy which we shall need

before we define the operator more carefully is that it does not depend
on meson-creation and -destruction operators, so that

[a,(K),jv] = [al(K).jx] =0

The two contributions to the charge and current considered above
cannot represent the total current, since the continuity equation

o(r,t) + V- jir,n) =0 (20.5)

cannot be satisfied inside the source. Thus, making use of field
equations (15.7) and (15.8) with the interaction H’, we find

d 0,(x,0) + V- j, = e [ro()by — To(t)bala(t) - Vp(r) (20.6)
an :

QN("J) +Vijy=
efp(re(t) - f &Er' [1(Ddo(r',1) — ()" ,1)]Vp(r') (20.7)

In the limit of a point source this gives
0,(r,) + On(rt) + V+j, + Ve jy=—V.j;
with ir = ef* @[y (Ny(r,t) — o()hi(r.1)] (20.8)

Thus, (20.5) is satisfied if the total current includes the ““interaction
current”! j;. The physical reason why we need j; is the following.
When a =+ is emitted by a proton, it changes into a neutron, and the
charge Q(r) suddenly disappears and is transferred from the source to
the meson cloud. The continuity equation thus requires a current to
carry the charge from the nucleon to the cloud. Since the density of
P-wave mesons is zero at the origin, they cannot immediately take over
the charge from the nucleon. In a scalar theory, where H' is not
proportional to o - Vé but merely to ¢ (e.g., S-wave mesons interact),
the continuity equation is satisfied without any j;.

For an extended source the continuity equation is still not satisfied
inside the source, even if 6*(r) in (20.8) is replaced by p(r). We can
introduce additional? currents to make the continuity equation valid

1 This current can be deduced formally by introducing complex fields and by
replacing V¢ by Vé — ieA¢ in H’. This generates an addition A - j to H’.

2 See R. H. Capps and R. G. Sachs, Phys. Rev., 96:540 (1954); and R. H. Capps
and W. G. Holladay, Phys. Rev., 99:931 (1955).
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inside the source, but these are not uniquely defined and appear to be
unimportant. At this stage, we have to appeal to a relativistic local
theory, which in the static limit gives the three kinds of currents we
considered. With these, (20.5) is satisfied for an extended source when
integrated over any region which contains the source!

fyda r[Q@n) +V-j]1=0 (20.9)

Summarizing this discussion, we can say that the predictions of the
static model for electric phenomena may not be as strong as those for
purely pionic problems.

Having established the form of the current we needed, we shall
investigate the properties of the various terms. The expectation values
of j, and Q,(r) between physical nucleons, which involve the P-
wave parts, were investigated in the last chapter. Since, however,
the operators are bilinear in ¢, they contain not only other angular
momenta but also cross terms between S and P waves or between D
and P waves, for example. These types of terms are particularly im-
portant for electric-dipole transitions, which require a change of
parity and of angular momentum by one unit. Since we shall be
concerned with photons of wavelengths 1 < 10713 cm, or k0, = 200
Mev, a multipole expansion may, however, not be suitable for this
term. The current j; involves principally S waves,? because it is zero
outside the source, and inside it,

k kphoton 2 —14
photon X Tsource A k_ < 3 for Iphomn » 35 x 107 cem
max
It is only for higher photon energies that the other angular momenta
begin to play a role for j;.

There is little we know about jy, since the naive expectation that it is
just the current of a Dirac particle for the bare proton and zero for the
bare neutron gives a considerable departure from the observed magnetic
moments. Fortunately, in the following, the expectation value of the
total current between physical nucleon states will be important, and
this can be related to the observed magnetic moments. Thus, let us
consider a Fourier component k of the matrix elements of ji. =]
between nucleon states. This must be a polar vector that can depend
only on o, k, and 3. The continuity equation which tells us that

: k- iG] 6 =0

1 This equation is not very strong and is also satisfied without j .
# Because of this, it is also expected that j; will not contribute appreciably to the
magnetic moments.
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therefore restricts the expectation value to!

€. & ~f(2 J e*XE|j) | &)

X k
[P}

The static limit (e.g., k — 0) of the bracket term in (20.10a) corresponds
to the total magnetic moments of the proton and neutron. This
follows from the fact that

= (] [nF (k) + F(D] | & (20.100)

M = lim L f [r X j@©)] e &r
=02

=—1limv, x fj(r) e oy
2 k-0
We thus note that

F0) = @v_.;._mﬁ'

F.(0) = w_iz_';'_mﬁ»

(20.10b)

Since the RBA term of j, was shown in Chap. 19 to be occe=%"/r? outside
the source and since the other contributions arise from the source and
should be even more concentrated around the origin, we expect the form
factors F, and F, to be approximately equal to their static value for
k < 2,2 and we shall use these values. Since we know the expectation
value of j,, we could use (20.10a) to determine jy more specifically.
However, our applications will always involve the expectation value of
the total current, so that we need not do this.

20.2. The Production Amplitude. The first process that we shall
turn to is the photoproduction of mesons, that is, reactions of the type
y + N—> N + n. This process involves not only the pion-nucleon
system but also the radiation field. For its proper treatment we have
to analyze the Hamiltonian

H=H,,y+ H, 4+ Hin (20.11)

1 We shall actually consider j( —k), since this is more useful for later discussions.

j(+k) = ~fd”r e—ri(r)

@nt

2 These form factors are the same as those in electron-proton scattering, and the
analysis of these experiments bears this out. See R. Hofstadter, F. Bumiller, and
M. R. Yearian, Revs. Modern Phys., 30:482 (1958).
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where H, is the Hamiltonian of the free photons and H is the inter-
action of the photons with the charged particles.

We shall not go into the details of the quantization of the radiation
field* but shall merely mention the pertinent facts. The free Hamilton-
ian H, describes the free photons which are massless particles with spin
1 but with spin components j, only parallel or antiparallel to its momen-
tum. In an angular-momentum expansion, we find that* there are no
one-particle states with zero angular momentum. For / # 0 they may
have either parity. Photons with parity (—1)* are called electric /-pole
photons, and those with parity (—1)**! are called magnetic /-pole
photons. The interaction Hamiltonian is

Hint = —fd3r A(r) - j(r) (20.12)

where the vector potential A(r) is built up, in the usual manner of
emission and absorption operators for photons.

Our goal is to find the transition probability from an initial state
y + N to a final state N 4 7. We shall calculate it with the aid of the
“golden rule” (8.27). This is simplified by the facts that H,, is weak
and that in a perturbation® development in powers of e* we can replace
T;; by the corresponding matrix element of H,

Accordingly, we shall work out

I -
(out, N + = | Hint | p + p) = o= )3(2k)*< ut, N + = | j(r) | N)

= elout, N 4 = | j(—K) | N)(2k)™*  (20.13)

Here we have assumed an initial photon with momentum k and polari-
zation vector €, normalized to one particle per unit volume, so that?

— ikr €
OlA®| 9 = s

We shall first derive an integral equation for the matrix element of the

1 The quantization is similar to the treatment developed in this book, except that
the spins of the photons are 1 and all photons are transverse. See, e.g., L. I. Schiff,
“‘Quantum Mechanics,” 2d ed., pp. 196-210, McGraw-Hill Book Company, Inc.,
New York, 1955.

% The pion interaction is treated “‘exactly.”

3 As in the case of the atomic photoeffect, the vector field A can also be considered
a classical field. This effectively gives the same result as (20.13), in which we have
already taken the matrix element with respect to the photon variables.
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Fourier transform j(—Kk) of the total current. By means of (19.1) we
can obtain a relation similar to the Low equation:!

(out, N + my, | i(—K) | N) = (&' | [BAK'), i(—K)] | &
= (¢ | [a k) + fo Vi) e dt, j(—K)] | &
= ¢ | [a.0), (W] [ + § [EL10D [out, kout. 1 [0 | &

E,— o —ie

L& | i(—K) | out, n)out, n | V,(k") | 5)]
E,+w

— (&' | [aK), (K] | & + i«s' [i—K0 | &0 | Vi) | &

— (& | VK) | E'XE" | i(—K) | &)
n S l:(é" | V(k') | out, n)out, n | j(—K) | &

E, —w —ie

"| j(—K) | out, my(out, n | V,(k") | §>]

20.14
E + o (20.14)

The one-nucleon expectation value can readily be evaluated with the
expression for j, which we discussed earlier. With the help of

_ (m) o e
[am(k)i ¢ﬂ] - (20))3

we find for the commutators
[aa(k )’ jN( k)] = 0

[au(K), jo(—1)] = [au(K), f Fr(ridy — 1) S efp(r)o]

(2 )a

= (._) BQ(I;_'_T_).;I(_I) efo(r1 0,2 — T20,1)

[a.(k), j(—K)] = fdsr [a,(K"), $,(1)Vo(r) — S (V ()] ™"

Qe )i

le

(2,”)3 (2 )§ [8,,261(F) — 8,181k’ — k) &'t~

(20.15)
1 We remind the reader that S’ implies a sum over continuum states only.
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The nucleon expectation value of the sum of the above commutators
can be found by means of (19.3),

<E' I [aa(kl); j(_k)] | 6> = %(a'!?l;—l;(;-’.’;;) (E’ l (1’1 6«,2 bl Tz&a’l)

(2K — Ko (K —K)
x [a 1 ] |& (20.16)

and that of the current j is [see (20.10) with F(k?%) ~ F(0)]

@& |i(— k)|£>—:(§'|cxk(1+’3mt + ’aim)le) (20.17)

If we put the meson energy o’ = k (as is dictated by energy conserva-
tion), make use of (19.1), and remember that V- A = Oimpliesk -€ =0,
we find for the photoproduction amplitude

(out, &', ak’ | Hint | &, 7) = -—e{(é" o K _u.l.)

(2 )3 20’
e e — K], oK)
X (11042 — T26,1) [3 K —KP + 1} l &+ ,2fr ny?

6 [oxn(B B B

(€' | VK) | out, ny(out, n | j(—k) | &
+ S l: (E,— o — ie)Qw’)}
(Er | i(—K) | out, n)(out, n | V(k) | 5):“ (20.18)
(E, + (u)(2w’)§ '

The one-nucleon terms are again equal to the renormalized Born
approximation if the experimental values for the magnetic moments are
used. The significance of these various contributions is the following.
The first term on the right-hand side of (20.18) creates only charged
mesons and corresponds to an absorption of the photon by the meson,
as in the ordinary photoeffect. Of the two contributions, one arises
from the current j, (proportional to k'), corresponding to an absorption
by the meson in the cloud, and the other from the current j; (propor-
tional to o), corresponding to an absorption of the meson in the process
of creation. These two contributions are shown diagrammatically in
Fig. 20.1. The process of Fig. 20.15 mainly creates mesons in an §
state, whereas that of Fig. 20.1a contains all angular momenta, owing
to the retardation denominator 1/[(k" — k)2 4 1]. This arises because
the spatial extension of j, (1013 cm) is not small compared with the

i - k'f,] 1)
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wavelength of the photon needed to create a real meson, so that a

multipole expansion for this factor is not rapidly convergent. The terms

with the magnetic moments correspond to an absorption of the meson

by the magnetic moment of the nucleon accompanied by the emission

of a meson, as illustrated in Fig. 20.2. They are the only terms
which create neutral pions as well. One would expect these terms

to be of the order 1/M compared with those of Fig. 20.1, but since

m, — M, = 4.7, they may become comparable to the others.

v

///
7 - 7t
d <
P ///
Of oy +
: //7(74' )
1t
|
|
1
b n
(a) o
~
-
. (Tt
e
T
7 //
~
7
p n 14 p(n) p(n)

(b)

Fig. 20.1. Diagrams to represent the
photoproduction of charged mesons
caused by the terms in the matrix ele-

(b)

Fig. 20.2. Diagrams corresponding to
the photoproduction of neutral and
charged mesons due to the interaction

ment which arise from (@) [a k"),

i.(—K)] and (8) [a,(k"), j;(—K)].

of the photon with the magnetic
moment of the nucleon.

The contributions contained in S’ correspond to a rescattering of the

n
meson once it is created. Their evaluation is a complicated, but
soluble, task.! Fortunately, the dominant rescattering correction can
be obtained without solving the integral equation (20.18) for the pro-
duction amplitude. From our experience with #-N scattering, we
expect that the rescattering gives an enhancement of the amplitude in
the 3-state and a suppression in the other states. Furthermore, it turns
out that these corrections mainly affect the magnetic-moment term
(Fig. 20.2) and not so much the photoelectric effects (Fig. 20.1). The
reason is that in the process of Fig. 20.1a the photon is absorbed by a
meson of the cloud, which is at some distance from the source and,

1 R. Omnés, Nuovo cimento, 8:316 (1958).
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therefore, has a reasonable chance of escaping without further inter-
action. Diagram 20.15 leads to mesons in S states which escape
without further interaction.! On the other hand, the terms represented
by diagram 20.2 are considerably affected by corrections of higher
orderin f. These can be calculated by introducing a current jy, which
depends only on the operators o and © (and not on the meson operators):

.i;v(—k) =J,+ s

) i m, — M
th k)= —— o X kry =2
wl j(—Kk) (217)} 6 X kg 2%,
. i m, +Mm
(—K) = — kK —2—_—_7
i e Ay

From the definition of this current we have

Eli-0 8 =E|i-0]& and  [a,k),jx(—%)] =0
Hence, on writing j = (§ — jy) + jy, the first term gives the same
commutator (20.15) but zero contribution to the magnetic-moment
terms (20.17). That is to say, the amplitude for this part obeys the
integral equation

1 R PPV A (| ot 1)
Gy (out, &, ak|e-(j—jy) | & = e{(E | a2
S 2K — Ko - K
X (1104, 202, {:5 '—"'_""_—‘(k, T ]] I &)
+ S'[(ﬁ' | V(") | out, n’>§0ut, n| J'(—-k') — jp(—k) | &
n QRw)(E, — o — ie)
. (€| i(—k) — jp(=K) | out, n)out, n | V, (k) | E)]\
Qw)(E, + ) J

(20.19)

This is identical with (20.18), except that the magnetic-moment terms
are missing. We argued that the rescattering corrections for the terms
in (20.19) are insignificant, and to a fair approximation we keep here
only the renormalized Born approximation. Turning to the matrix
elements of jy, we first observe that

(out, &, K’ | j, | &

1 One might think that the S-wave scattering, which is not contained in our model,
would significantly change this contribution and therefore the low-energy cross
sectioff. This does not occur, as was shown by S. D. Drell, M. H. Friedman, and
F. Zachariasen, Phys. Rev., 104:236 (1956). The limiting form of the cross section
obtained at low energies also holds in relativistic treatments and is known as the
Kroll-Ruderman theorem. See N. M. Kroll and M. A. Ruderman, Phys. Rev.,
93:233 (1954).
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can be directly expressed in terms of scattering amplitudes, since it
involves only matrix elements of ¢ and v between a nucleon and a
“nucleon + pion” state. To this end, we have to expand in projection
operators of cigenstates of angular momentum and isospin. ~Of these,
only the matrix element for the transition into the 2,2-state becomes_
comparable with (20.19), whereas the other terms remain small. With
the aid of (18.6), we can express the matrix element

(out, &, K |0 -k X €| &)
in terms of scattering amplitudes. This is most directly done by using
a plane-wave representation. There we have to take the projection
operators (19.5a) and change the density of state factors in (18.25) from
k(mw)™ to (4nk'w’)™1:
sin §ze™

16% %’ p([k X €|)

X (03, — 371,m)[2k' 'k X € — io - k' X (k X €)]
From this relation we immediately obtain?

(16{ > (out, &, Ko | 730 -k X €| &) =~

(out, &, k'a | €« j(—Kk) | & ——

(2w ')4
wl,, - mt 1 1 ’ ’
= u out, &', k'a |16 -k X €| &
2t,  Qo)@n) pk X e|)< |7 16
M, — M, esin §g 1

=fr 2 f%kis 160'sr P(Ik X |) %‘T 7'3)

x[2k' kX € —io-k' %X (k% €] (20.19q)

This is just the RBA term of (20.18) multiplied by the ratio of the
actual scattering amplitude to the RBA scattering amplitude. Regard-
ing j,, we find that its matrix elements are insignificant compared with
the leading terms that we have evaluated so far, namely, (20.19) and
(20.19a). This is partially due to the fact that j, cannot lead into the
8 3.state, and because M, + M, < WM, — M,). Thus, j, will be
dropped in the following. Since (20.19a) is then the only term? which
produces #%’s, we can relate the #° cross section directly to pion scatter-
ing:
o(yx + N—>a% + N)
_ (sm,, — im,,)2 k 1
2 T2k p*(|k X €])

1 Remember that the kinematics are now such that w = k = o’ = (k2 + 1)tand

4, is to be taken at that energy.

K Actually there is also a small production amplitude of #%’s in .S states due to the
S scattering, which is not contained in our model.

o(mlxe + N —>nd + N) (20.19b)
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Altogether, we get the following result as a fair approximation to the
rather complicated production amplitude:

(out, m.y + N | Hint l N+ v

= e 0,5~ b DK — K [0 e — 2w

o co(k’—k)]

& —k)?+1
M, — M, %sind,

2 p(lk x e)fk?

x [2k'-k X € — ig-k' X (k X €)](167°w)™? (20.20)

20.3. General Features of the Cross Section. With the aid of the

“golden rule,” the cross section can be worked out from the amplitude

(20.20). The result is fairly complicated, but the physical significance

and the important features of the various contributions can be under-

stood by simple probability arguments. For the meson-cloud-creation
process (Fig. 20.1a) the cross section is expected to be of the order of

X @2m)7 + f, (83, — 4770

o = (probability that the photon gets into the meson cloud) x (proba-
bility that a meson is present) x (probability for absorption of the
photon by a meson in a P state) X (probability that the meson leaves
the cloud per unit time) x (incident photon flux)—!

- ) s

f2 kl3k2

—
This cross section shows a strong increase with meson momentum and
is vanishingly small at the production threshold. The contribution
from j,; (Fig. 20.1b) is similar but lacks the factors k'2 and k2, since the
meson is produced in an S state, so that!

_[iek
4m 47 0®

The energy dependence of these two terms is illustrated in Fig. 20.3.
These estimates again reflect the features of the exact expressions only
at low energies, where the probabilities are small. In general, the
threshold behavior is dictated by parity and angular-momentum
conservation. The various possibilities are summarized in Table 20.1.
From this table we learn that the linear increase of ¢, with momentum

(20.21a)

(20.21b)

1 More accurately, one obtains o; « k’/w, which is th= energy dependence plotted
in Fig. 20.3. Close to the threshold for meson production w =~ 1, and the difference
between the two expressions is small.
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Table 20.1
Momentum
Type of dependence
pion vEpomttn of cross
section
Scalar pion | Electric dipole (£ = —1) I=1,J=4,1% k'3
Magnetic dipole (Z = +1) 1 =0,J =} k'
(I=2J0=%9 ()]
Pseudoscalar | Electric dipole (Z = —1) I=0,J=1 k'
pion (’ =2,J= %a g') (k,)5
Magnetic dipole (# = +1) I=1,J=1}, 3 k8

10+

08

o
()]
T

o
>
T

o (arbitrary units)

o
)
T

0 (- L 1 " 1
0 o8 1.0 12 14 16 18 @

Fig. 20.3. Qualitative energy dependence of the photoproduction cross section from
the meson cloud, o (see Fig. 20.1a), and from the interaction current, o/, (see Fig.
20.1b).

is a manifestation of the pseudoscalar nature of the pion. For scalar
particles, the dominant low-energy process would be the absorption of
an electric-dipole photon by the meson in an § state which is then
emitted in a P state. This has a threshold behavior not ock’ but ock’,
like the atomic photoeffect. This difference is also reflected in the
angular distribution, which is isotropic for pions emitted in S waves and
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oc sin? § for P waves, since the angular momentum is in the direction of
the photon momentum.

Near the resonant energy (o’ ~ 2, or 300-Meyv y rays in the laboratory
system), the contribution from the isovector current j, becomes
important. Whenever one state dominates the production process, the
angular and energy dependence of the cross section is quite simple.
Thus, the angular distribution at the §, §-resonance is obtained by
averaging over the two possible spin states of the initial nucleon. The
nucleon spin can be quantized along the photon spin direction, which
can be taken to be parallel to the photon momentum. Further
averaging over the photon spin is unnecessary, and we obtain [see
(16.37)]:

. Relative
Angular Initial . N
Final state contribution to
momentum state do] o)
J=5L =4 [ty (N UG D + @10 | (Y32 + 2[Y73)

The factor of (})! for the antiparallel-spin case arises because the initial
state has a probability of 4 for being in the J = § state and of § for being -
inthe J = } state. The total angular distribution for mesons produced
in the J = % state is thus

do 10, 2 .

o =Y +2|YY2 oc 2 + 3sin%2 @ 20.22

0> 7 i 5 Y3 ( )
Since the 7' = $, T, = —} state contains twice as many neutral pions

as charged ones [see (16.35)], we obtain 2 for the ratio of neutral- to
charged-meson production in the T = J = § state. Near the resonant
energy, the energy dependence of the cross section from (20.19a) is
given by

IT, . r M, — M,V o’
with [, = —— (—2——) =
(o — o) + (/2 fe(k) 2 k!

20.4. Comparison with Experiment. The experimental total cross
section for the photoproduction of charged and neutral mesons is
shown in Fig. 20.4. Both the resonance and the threshold behavior of
the cross section behave qualitatively as predicted by the simple static
model. For neutral mesons the experimental cross section is much

o= kﬁé (20.23)
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less than the charged one at low energies, but it catches up close to the
resonance energy. Over this whole range of energies, the #° cross
section is well described by (20.195) and (20.23). The solid curve of
Fig. 20.4 is just the contribution from j, as given by (20.194). The

30 : . - : i _
x 7°(K.M.) .
L7 (M.P.C) o(r)
251 | 7" (W.T.P.V., T.KW.)
$ 7*(B.B.C.S.T.)
; I
20+ "
2 \\
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s N\
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Energy of photon, laboratory system (Mev)

Fig. 20.4. Total cross section for =t and #° photoproduction on protons, as a
function of photon laboratory energy. The #° experimental data were obtained by
L. S. Koester and'F. E. Mills, Phys. Rev., 105:1900 (1957); and by W. S. McDonald,
V. Z. Peterson, and D. R. Corson, Phys. Rev., 107:577 (1957). 'The solid curve for
the #° photoproduction corresponds to the contribution (20.19a) due to the current
J» alone (see Koester and Mills). The high-energy =+ data are an average of those
found by R. L. Walker, J. G. Teasdale, V. Z. Peterson, and J. L. Vette, Phys. Rev.,
99:210 (1955); and by A. V. Tollestrup, J. C. Keck, and R. M. Worlock, Phys. Rev.,
99:220 (1955). The lower-energy data were obtained by M. Beneventano,
G. Bernardini, D. Carlson-Lee, G. Stoppini, and L. Tau, Nuovo cimento, 4:323
(1956). The dashed curve is an arbitrary one to fit the experimental data and to
illustrate the low-energy behavior (see Fig. 20.3).

excitation of =+ mesons needs some refinements,! mainly due to recoil
effects, but is quite well described by the theory. The additional
contribution of the electric-dipole terms and of higher-order multipoles
causes the total =+ cross section to be larger than one-half that of the

1See M. J. Moravcsik, Phys. Rev., 104:1451 (1956); G. F. Chew, Phys. Rev.,
106:1337 (1957).
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=% as would have been obtained according to the argument given at
the end of the last section. The low-energy data fit (20.21) with
S3[4m ~ 0.07, in good agreement with the coupling constant found

from meson-nucleon scattering.
25
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Fig. 20.5. Differential cross section for
the production of »° mesons at a
laboratory energy of 300 Mev. The
experimental points stem from W. S.
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Fig. 20.6. Differential cross section for
the production of =+ mesons at
175 Mev (open circles) and at 260 Mev.
The former data are due to Bene-
ventano et al. (see legend for Fig. 20.4).
The sources for the higher-energy data
are also cited in the legend for Fig.
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The angular distribution of #° mesons in the resonance region also
agrees with our model and is given fairly well by (20.22). The com-
parison is made at 300 Mev in Fig. 20.5. For =+ mesons, the model
predicts that, near threshold, only S-state mesons are produced, with a
consequent spherically symmetric angular distribution. This is seen
to be so within experimental error at 175 Mev (25 Mev above threshold)
in Fig. 20.6. At higher energies, there are interfering contributions
from the electric and magnetic absorptions. Since the latter has a
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phase ¢, the interference term changes rapidly near the resonance.
This is reflected in a shift of the maximum of the angular distribution
from backward to forward directions in this region. A comparison
between the angular distribution and the predictions of the static model
are shown below the resonance energy, at 260 Mev, in Fig. 20.6. Thus, .
the theory successfully predicts subtle effects, such as the relative phase
of the electric and magnetic amplitudes.

Considering the uncertainty of the static model for the description of
electromagnetic phenomena, as well as the neglect of S-state nucleon-
meson interactions, the agreement above is remarkable.! In particular,
it must be stressed that the photoproduction of charged and neutral
pions provides two new independent measurements of £, and that both
agree with the value deduced from pion scattering.

20.5. Compton Scattering. Another electromagnetic phenomenon
for which the §,3-state is important is the scattering of photons by
nucleons. This is an effect of second order in e, and we shall mention
only the pertinent points. The normal (Thomson) scattering involves
the translational degrees of freedom in the same way as the Compton
effect on the electron. The incident photon shakes the proton, which
then emits the scattered photon. Because of the larger mass of the
proton, this gives an exceedingly small cross section ~e?/M? ~ 10-3
cm?,  However, because of the excited state of the nucleon, there is the
possibility of a resonance scattering in which the incident photon
excites the J/ = T = { state, which subsequently decays by emission of
the scattered photon.2 In the classical picture this means that the
photon acts on the magnetic moment of the nucleon, thereby creating a
forced gyration of the nucleon spin. This will give a resonance scat-
tering of the usual form® [compare (20.23)]
2 I‘2

Y

(E, — E)* + (I'/2)*

Oresonance = 7/

where 1 is the wavelength of the incident photon, or 1/E,; E, = reso-
nance energy ~ 300 Mevin the laboratory system; and the other symbols
are as defined in (20.23). The cross section is much less than the
geometrical limit 722, since the excited state will preferentially decay by
the emission of a pion (I', € T'), but it is much larger than the Thomson

! In the comparison of the static model with experiment, the energies which appear
in the formulas are always assumed to refer to the center-of-mass system.

2 For an analysis based on the static model, see, e.g., W. J. Karzas, W. K. R,
Watson, and F. Zachariasen, Phys. Rev., 110:253 (1958). )

3 See J. M. Blatt and V. F. Weisskopf, “Theoretical Nuclear Physics,” p. 394,
John Wiley & Sons, Inc., New York, 1952.
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scattering (e?/M2). Modern experimental techniques make it possible
to verify these predictions of the theory in spite of the small cross
sections involved.

Further Reading

G. F. Chew and F. E. Low, Phys. Rev., 101:1579 (1956).
G. F. Chew, Theory of Pion Scattering and Photoproduction, in “Handbuch
der Physik,” Springer-Verlag, Berlin (to be published).



CHAPTER 21

Nuclear Forces

21.1. Introduction: Classical Calculation of Nuclear Interaction
Energy. In this last chapter we shall use the static model to calculate
the long-range, or external, region of the forces between two nucleons
due to the “exchange” of mesons. Although historically the Yukawa
potential was the beginning of meson theory, this problem is not the
most clear-cut test of the static model. A static potential should be
able to account for all the low-energy properties (e.g., deuteron binding
energy quadrupole moment, and nucleon-nucleon-scattering phase
shifts) of the two-nucleon system. On the basis of range arguments
alone, the external region of the potential should be due to the exchange
of a single pion and should therefore be given fairly accurately by the
static model. The exchange of two mesons should be partially re-
sponsible for the shorter-range behavior but will be much more strongly
influenced by recoil effects (neglected by our model) and by the nucleon
source structure (e.g., kmax). Furthermore, other than P-wave mesons
will contribute to it, e.g., mesons in S states from a ¢% term. As we
discussed in an earlier chapter, the exchange of K mesons will give rise
to a still shorter range force, and these effects are presumably hidden in
the source.

We can calculate the classical interaction energy between two sources
a distance r, apart in a manner analogous to that of Chap. 9. Because
the interaction energy is proportional to p? rather than to p, we obtain a
cross term in the energy of two sources:

p(r,rg) = p(r) + p(r — 17) (21.1)

The classical field solution was obtained in Chap. 16 [see (16.4)] for a
neutral pseudoscalar field in the presence of a single source. It is
249
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straightforward to generalize this to a symmetrically coupled field to
obtain, for static o and T,

$u(r) = fro - VYy(r) (21.2a)

=lke-rl
with Y,(r) -fd"r’ p(r’)

——-—-———- 21.2b
P (21.2b)

In the presence of two sources, the interaction Hamiltonian H'’ becomes

=r2 f[P(f) + pr —19)]o-V,r, dr (21.3)

By substituting (21.2) into (21.3), we find that the interaction energy
generated by one source at the position of the other one is (a and b refer
to the two sources)

3 ==
ée0(2) = V =f 2 E_lTaaTbajP(r’)P(r ' l'o)(ca * Vr)(cb 1) ‘ I dar ds '

(21.4)
For point sources, p(r) = 6%(r), this gives

'V(ro)—fz-ra;b,;[c cb+ST( + = —i—l)] e

47 a-1 To
- f 2 z Tnat'rba(ss(ro)aa * oy (2 1 5)
a=1

where Sy is the interaction energy between two dipoles (tensor force):

36, 1,0, * I,
ST= . rogb 0“‘6“°0'1,
[}]
With finite sources, the long-distance behavior of the interaction energy
is the same, but the d-function potential is spread out over the source

and gives for the last term of (21.5)
3
—f% D TeaTsa04 * Oy f p()p(x’ — o) d®r’ (21.6)
a=1

In a perturbation-theory calculation of the two-body force, the lowest-
order contribution arises from the diagram shown in Fig. 21.1 due to
the exchange of a single meson between bare nucleons. The resulting
potential is

V() = S@—l—’—%-f'l(—';'ﬂo—) —*|e, ko, -k

2, 3 3
x W5 e TR (19)

(D2 a=1l (2‘71‘)3




NUCLEAR FORCES 251

and corresponds exactly to that found in the classical limit. On the
basis of our discussion in earlier chapters, we should expect the domi-
nant contribution of the static model to be given by the same potential
with f replaced by f,. We shall see that this is actually the case.

The charge dependence of the potential (21.7) originates from =, - <,,
which has the opposite sign, depending on whether the isospins of the
nucleons are parallel or antiparallel. Its expectation value is 1 in the
isotriplet state and —3 in the iso-
singlet state. That the force depends :
on the relative orientations of the :,,

[
L

isospins was to be expected, since
the possibilities of meson exchange &
are different in the two states. For  gig 21.1. Diagram for the one-meson-
instance, two protons can exchange exchange contribution to nuclear
only =%s, whereas in the isosinglet forces..

state, nucleons can exchange #%s

and charged mesons. Correspondingly, the force is stronger in the
isosinglet state. The opposite sign is connected with our earlier remark
concerning the sign of the #° coupling constant to the proton and
neutron. :

The spin dependence, which comes predominantly from a factor
(o, -1y 0, - 1p)/ri, reflects the overlap of the meson clouds, each of
which is proportional to (s -r,). For typical relative orientations of
classical spins and of the distance, the factor @, -r, 0, - ro/rj has the
values illustrated in Fig. 21.3. For the various quantum states, the
behavior of the force is illustrated in Fig. 21.2 and Table 21.1. These
fe%gres of the force are borne out ltéz the structure of the deuteron,

Spin triplet, isotriplet states

Spin singlet, isosinglet states

o

10 20 25 3.0
Spin triplet, isosinglet states
and

15

St
Potential energy (mev)
o

-40r spin singlet, isotriplet states

Potential energy (mev)
N
o

=60 isosinglet states -60f
-80} -80}
-100 |- —100 |-
(@) (d)

Fig. 21.2. Plot of the longest-range contribution to the nuclear potential with
f24r = 0.08. (a) The tensor contribution to the potential energy. (b) Plot of the
central force.
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Table 21.1
CHARACTER OF ONE-MESON-EXCHANGE FORCE IN VARIOUS STATES
Spin Isospin Tensor Central Short-range
Triplet Singlet Strong Moderate Moderate
attraction attraction repulsion
Trilet Triplet Moderate Weak " Weak
P 1P repulsion repulsion attraction
. . Moderate Moderate
Singlet Triplet attraction repulsion
. . Strong Strong
Singlet Singlet repulsion attraction

which is an isosinglet, triplet-spin state and is elongated in its spin
direction (positive quadrupole moment). Such a state corresponds to
the deepest value that the second-

I«z % order potential can attain. For

other states this potential can also

T "°l I"'b be attractive, but less strongly so.

., X IS This is in accord with the empirical

fact that the total n-n force is also

h attractive but is not strong enough
% to give a bound state.

%  21.2. Static Potential, Quantum-

(@) (%) (¢) mechanical. Before we proceed
with the actual derivation of the

Sty — Gy« 43y * Fofrl for various nucle- potential, several remarks are in
onic_space. ;ndO/spln configurations, Order. The derivation and use of
@Sy =1 (b)Sp =0. ()Sp = the potential in the static-source
—-L limit are one in the spirit of the
Born-Oppenheimer (molecular) ap-

proximation.! That is, the internucleon potential is calculated for
nucleons a fixed distance r, apart, where r, is considered a parameter,
and this potential is then used in a Schrodinger equation to calculate the
properties of the nucleon-nucleon system. It is clear that it is more
difficult to justify a Born-Oppenheimer treatment here than in the
molecular problem, where the expansion is in terms of (m,/M)} ~},
rather than (u/M)! ~ %, where M is the nucleon mass. Nevertheless,
1 M. Born and J. R. Oppenheimer, Ann. Physik, 84:457 (1927). See also L. 1.

Schiff, “Quantum Mechanics,” 2d ed., p- 299, McGraw-Hill Book Company, Inc.,
New York, 1955.

Fig. 21.3. Illustration of the value of
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it is only in the static limit that a potential can be defined at all consist-
ently,! and it was also in this way that the force was defined for the
neutral scalar theory in Chap. 10. It is clear that the potential derived
in the above manner neglects corrections of order u/M as well as those
due to nuclear momenta p of order p/M.

0 —eee— a < r v a .
T~ T 7
: \\‘}”i \\\%‘F P ,I
\7 Iz \\_l—’/T
| ! !
e Pl |7
b .__.L’__J_L b RAR N b |

Fig. 21.4. Typical contributions to nuclear forces that are responsible for changing

finto f,.

The corrections to (21.7) of higher order in f2 are substantial and
difficult to calculate. Fortunately, for large distances, diagrams of the
form shown in Fig. 21.4 are dominant, and their effect is simply to
change f'into f,. The two-meson-exchange diagrams of Fig. 21.5 have
range 4, and their contribution can be related to meson-nucleon

a

a < a

H 1 7 '~ A) 7 rd
I \ \ e
: : \\ // ?\\\'\—74 -~
7 \r X )
! | 7/ \T 7/ NI
b ! ! b A e \
. b

Fig. 21.5. Typical two-meson-exchange diagrams for nuclear forces.

scattering. We shall only mention how they can be computed, since
they are strongly influenced by meson-meson interactions and non-
adiabatic corrections.?

Our results will be derived in the spirit of a Heitler-London approxi-
mation. Thus, for calculating the energy of the two-nucleon system,
we shall, in first approximation, use a state wherein both nucleons have
an undistorted meson cloud. This state can be written, with (17.6), as®

| € &0 T = RR, l €a Eur Yo) (21.8)

1 A potential is defined to be an energy-independent quantity that follows from
field theory. For various definitions within this context, see K. Nishijima, Suppl.
Progr. Theoret. Phys. (Kyoto), 3:138 (1956). Whether the above *‘consistent™
potential is reliable is quite a different question. For a discussion of this point, see
J. M. Charap and S. Fubini, Nuovo cimento, 14:540 (1959) and 15:73 (1960).

2 See S. Machida and T. Toyoda, Suppl. Progr. Theoret. Phys. (Kyoto), 3:106
(1956).

3 For the following it must be remembered that the ‘“‘dressing operator” R
contains only meson-creation and o and = operators. Since the operators 6 and ©
belonging to different nucleons commute, we have [R;,R;] = 0.
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and is an eigenstate of the total Hamiltonian!
H=H,+ H' — 26
ot 0 (21.9)
H'=H]+ H, = f Pk a,(K)[iV,o(k) + €™ ®iV4(k)] + h.c.

in the limit r, — co. We shall now simply calculate the ground-state
energy .

(6ar € To IHI €u & To) = V(xo)

To refine this procedure, we have to use a more refined trial state which
also contains admixtures of “nucleon - incoming pion” states.! They
describe the distortion of the pion cloud and correspond to diagrams of
the type shown in Fig. 21.5.

Remembering

(HO +H — zgo)Ru I ga’ 5!» l'o) = (H; - go)Ra | fa’ Eba l'o) (2110)
we obtain

HR,R, [ §a» €0 To)
= {[[H.R,], R,] + R,H,R, + R,H;R, — R,R(H + 26,)} l &as &4 To)
(21.11)

The double commutator is zero to the order considered. It is of
shorter range (< }) and contributes to the next higher order (two-meson
exchange) of the potential.? Furthermore, we have

(H + 2(50) I Sa’ £b9 l'o)
= f &k [—al®)iV, (k) — ie™™* "V, (K)al(K)] | &, &, 10)  (21.12)

since all other terms contain destruction operators on the right-hand
side. Because a'V, commutes with R, and a'V, with R,, the two
terms of (21.12) can be canceled against corresponding terms in (21.11),
and we get? :

<§av 5b’ Ty 'Hl 5a9 Eb! ro) = z J‘dak[<§a l Vaa(k) l £a) <§b’ To l a,(k) I éb’ l'0>
+ &1y I Var(K) ' &y, TX&q I a,(k) | §a>eik‘r°] (21.13)

1 The exact form of V,(k) is given by (19.1), and the subscripts @, b imply that
©,, T, OF Oy, Ty are to be taken. The abbreviation h.c. means hermitian conjugate.

2SeeR.E. Cutcosky, Phys. Rev.,112:1027 (1958) and 116:1272 (1959); Tu. L. V.
Novozhilov, J. Exptl. Theoret. Phys. (U.S.S.R.), 32:1262 (1957) and 33:901 (1957)
[trans. in Soviet Phys. JETP, 5:1030 (1958) and 6:692 (1958)].

3 The factorization R,R,| ., &) =|& )| &) is possible since | &, &) is the
direct product of | £,) and | &).
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The expectation value of a,(k) is given by (19.2), and we finally obtain

2
Vi) = — Lo f Lk . o, ko, k3 Tariapt(k)  (21.14)
(2‘”)3 o? a
which, as predicted, is exactly the potential (21.4) or (21.7) with the
coupling constant f replaced by the renormalized one fZ. ’

21.3. Comparison with Experiment. Having found the exact value
for the strength of the potential, we are in a position to make a quan-
titative comparison with experiment. To this end we have to take into
account the translational degrees of freedom of the nucleons and add
their kinetic energy to the potential (21.7). The two-nucleon wave
function g, . (ro) is defined by writing the two-nucleon state

| 2) =5zs fd3rox§a5b(r0) | &2 &4 10 (21.15)

If | 2) is an eigenstate of the total energy, then y obeys the Schrodinger
equation

1
[—0cepeney v V2 + 7 tptesy @] XeveyM0) = Exe,e (o) (21.16)

To solve this equation, we have to diagonalize ¥ in spin and isospin
space. This is carried out in most books' on nuclear physics and leads
from the deuteron ground state to the well-known equations which
couple S and D states. Since our potential (21.11) describes only the
long-range part of the force, it has to be adjusted for », < 1, in a
partially phenomenological manner. However, the quadrupole mo-
ment and the binding energy of the deuteron are sensitive principally
to the behavior of the wave function y at distances r, > 1 and should be
fitted by the potential (21.14) with the coupling constant found from
pion-nucleon scattering. A detailed discussion® of (21.16) shows that
unless the coupling constant is within the range 0.065 < f7/4= < 0.09,
it is very difficult to fit the above static properties of the deuteron. The
low-energy scattering parameters, that is, the scattering length and
effective ranges in S and P states, are also consistent with the solution of
(21.16) for ry > 1.

Recently ways have been found to extract directly from the nucleon-
scattering data that part which comes from the exchange of one pion.
The method consists in extrapolating the scattering cross section to
unphysical energies and angles where the intermediate pion becomes

1 See, e.g., J. M. Blatt and V. F. Weisskopf, ““Theoretical Nuclear Physics,"”
chap. 2, John Wiley & Sons, Inc., New York, 1952.

% See J. Iwadare, S. Otsuki, R. Tamagaki, and W. Watari, Suppl. Progr. Theoret.
Phys. (Kyoto), 3:32 (1956).
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real. In this unphysical situation it can propagate over large distances,
and the scattering amplitude has a pole. The residue at this pole is
directly related to the renormalized coupling constant, and the experi-
mental data! give fZ/4m = 0.07 4 0.01, in agreement with the value
deduced by other processes.

At higher energies the situation becomes more complicated, since
velocity-dependent forces such as a spin-orbit force enter on the scene.
Such forces are obviously outside the scope of the static model. Cor-
respondingly, application of the latter to processes like pion production
in nucleon-nucleon collisions is dubious, since at energies above the
threshold for this process the picture cannot be described by a simple
static model.

21.4. Concluding Remarks. In summary, we can say that the static
model is a theory with a reasonably transparent mathematical structure.
It is remarkably successful in tying together data concerning various
low-energy mesonic phenomena. The fact that the renormalized
coupling constants determined from pion scattering and photo-
production and from nuclear forces agree within 15 per cent shows that
quantum field theory is capable of penetrating into the subnuclear
world. But one should not be blinded by this success. The model is
an obvious simplification of the true state of affairs. A more accurate
theory must also treat nucleons as quantized fields and has to face the
complications of relativity. Unfortunately, not only does this mean
additional computational difficulties, but the whole mathematical struc-
ture of such theories is unknown.?

Disregarding these questions and guided by perturbation theory, we
can postulate a simple analytic behavior for the scattering amplitude.
Using the resulting so-called Mandelstam representation,® we can
deduce equations* for the scattering amplitude which are generalizations
of the Low equation we discussed. They contain not only all kine-
matical corrections but also antinucleon-nucleon pairs, pion-pion
interactions, etc. There ensue further branch lines and new channels at
higher energies. Since the coupling of the three internal pion states to
the nucleon already makes an exact solution of the Low equation
impossible in the static model, it is clear that these equations are

1 See M. J. Moravcsik in G. R. Screaton (ed.), “Dispersion Relations,” p. 117,
Scottish Universities’ Summer School, 1960, Oliver and Boyd, Edinburgh, 1961 ;
and P. Cziffra, M. H. MacGregor, M. J. Moravcsik, and H. P. Stapp, Phys. Rev.,
114:880 (1959).

2 Except for one unrealistic case. See W. Thirring, Ann. phys.,9:91 (1958), and
Nuovo cimento, 9:1007 (1958); V. Glaser, Nuovo cimento, 9:1005 (1958).

3 See S. Mandelstam, Phys. Rev., 115:1741 (1959) and 115:1752 (1959).

4See G. F. Chew in G. R. Screaton (ed.), “Dispersion Relations,” p. 167,
Scottish Universities’ Summer School, 1960, Oliver and Boyd, Edinburgh, 1961.



NUCLEAR FORCES 257

exceedingly complicated. However, neglecting meson-meson inter-
actions and going to the limit of M — oo, we obtain the equations of the
static model, when this limit exists. In this way the large effects which
are correctly predicted by the static theory follow from a more funda-
mental approach. It is even hoped that in this way medium-sized
effects can be unambiguously calculated. Certainly much further work
is required before all the complications of relativity and quantum
theory, taken together, are worked out.

Further Reading (on potentials)

M. Taketani, S. Machida, and S. Onuma, Progr. Theoret. Phys. (Kyoto), 7:45
(1952).

K. A. Brueckner and K. M. Watson, Phys. Rev., 92:1023 (1953).

E. M. Henley and M. A. Ruderman, Phys. Rev., 92:1036 (1953).

S. Gartenhaus, Phys. Rev., 100:900 (1955).

P. S. Signell and R. E. Marshak, Phys. Rev., 106:832 (1957) and 109:1229
(1958).






Appendix

The formulas compiled below express various quantities in the
different representations used in the text. They are all equally im-
portant and exhibit different features of the theory. Coordinate space
has the most intuitive appeal and was first used with cubic or spherical
boundary conditions. These are not realized in actual experiments and
are considered only a mathematical aid. Correspondingly, we quickly
passed to an infinite volume and specified certain initial conditions.
The expansion in plane waves diagonalizes energy, momentum, and
charge. In problems with a spherical source, the momentum of the
field is no longer a constant, but the angular momentum is. In this
case a spherical-wave expansion reduces the problem further. Several
conventions are used for defining the field variables in these various
representations. We choose those for which the commutator of the
field operators is just equal to a Kronecker 6 for discrete variables and a
Dirac 4 function for continuous ones. The advantage of this con-
vention is that in the expressions for energy, momentum, etc., there is a
sum or integral without further numerical factors. This is achieved at
the expense of having several factors in the expression of the local field
in terms of these variables.
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List of Symbols

There are a few places in the text where the same symbol is used to
denote two different physical quantities. We hope that in these cases
the choice will be clear to the reader from the context in which the
symbol is used.

The numbers in parentheses denote the section in which the symbol
first appears.

General Notation

1, h.c. Hermitian conjugate 2.1
*, c.c. Complex conjugate (1.2)
*, 0ot Time derivative (1.2)
D) Bare states 8.1
1) Physical states 8.1
i, j, etc. Latin subscripts (and superscripts) denote (15.1)
space components
o, 3, etc. Greek subscripts (and superscripts) denote (15.1)
charge-space (isospin) components
S L33 = (2m)® [ d% @.1)
k K
Greek Symbols
o Destruction operator for positively charged a1
, field quanta
B Destruction operator for negatively charged 7.1
field quanta
r Width of resonance (12.2)
I(r) S weikr (5.4
K

263



264 LIST OF SYMBOLS

Greek Symbols

A
A

Aadv
Aret
&(w), 6(k)

Photon

Small region in momentum space

Advanced Green’s function

Retarded Green’s function

Phase shift

Infinitesimally small positive quantity

Polarization vector of electromagnetic
field

Totally antisymmetric tensor

Probability

Transition probability

Angle in expansion of field

Constant in classical meson theory

Scattering angle

Transformation matrix in charge space

Wavelength

Dimensional coupling constant

Undetermined multiplier

Renormalized dimensional coupling constant

Eigenvalues of the Born-approximation
scattering matrix

Mass of pion

Part of nucleon magnetic moment

Frequency

Number of particles in a finite volume

Combined spin-isospin indices for nucleon

Momentum-density operator

Pion

Source distribution in space

Source distribution in momentum space

Cross section

Spin operator

2 X 2 isospin matrices

Isospin operator when it operates on the
proton in the Lee model

Klein-Gordon field (operator)

Positive-frequency part of ¢ (cc ei?)

Negative-frequency part of ¢ (oc e?*?)

Charged field operators

Fieldatt = —o0

Field at ¢t = o0

Azimuthal angle

gpy2wLo)+

Two-nucleon relative wave function

Schrédinger field operator

(20.2)
(10.1)
(8.1)
(8.1)
(8.2)
(11.1)
(20.2)

5.1
(6.3)
(8.2)
(CHY)
(16.1)
(16.2)
(1.2)
(5.4
(11.1)
(17.4)
(12.2)
(18.5)

(15.1)
(20.1)

7.1
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Greek Symbols

P Schrodinger field operator when it acts on the | (13.3)
proton in the Lee model
Yy Eigenfunction of energy E 2.1
Yo Ground-state eigenfunction 2.1)
Q Harmonic-oscillator frequency (1.2)
Wave matrix (1L.1)
) Circular frequency and energy 2.1)
@ Matrix for w (11.1)
w, Resonant energy (12.2)
w, Bound-state frequency (16.1)
Other Symbols
A Destruction operator for ¢i* | 8.1
Amplitude of plane wave (16.2)
Matrix (17.5)
A Electromagnetic vector potential a1
a Distance between atoms (1.2)
Field-quantum destruction operator 2.1
Radius of source (16.1)
k-4 Scattering amplitude (14.1)
B Destruction operator for ¢ont 8.1
Matrix (17.5)
C(w) Constant in classical meson theory (16.1)
Cy, Normalization constant (17.1)
D + Im D, (11.2)
D, Denominator in wave matrix (11.1)
D, Re D, (11.2)
D™ Renormalized D (12.2)
d Displacement of harmonic oscillator 2.3)
E Energy (2.2)
E, Ground-state energy Q22
E, k%/2m, energy of Schrédinger field quantum 4.2
E, Energy of state |out, i) (14.2)
&, Energy shift due to interaction (ground-state 9.2)
energy of system)
EN) Ground-state energy of N sources 9.5
(7 Electric field intensity (10.2)
AE Excitation energy of first excited state (17.4)
F(r,p) Wave function of field quantum 6.1)
F,, F(k) Momentum-space wave function of field (6.1)
quantum
F Weighting function of ¢ matrix (18.3)
F, F, Form factors (20.1)
f@0 Wave function of field quantum 6.1
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Other Symbols

Jio (&)
S

f
L

&
G(,1)
G

g (k! KO)

g

8r
8u
®
H
HO
H(r)
AW
H
L)

S L

t~

(%)

RRKRT

0
My, My, M
AM

Momentum-space wave function of field
quantum

Meson-nucleon dimensionless coupling
constant in symmetrical pseudoscalar
theory

Reduced meson-nucleon coupling constant

Renormalized meson-nucleon coupling
constant

Weighting function of g,

Green’s function

Weighting function of ¢ matrix

Four-dimensional Fourier transform of
the Green’s function

Coupling constant

Renormalized coupling constant

Function proportional to 1/A®

Weighting function of g,

Hamiltonian

Hankel function of the first kind

Local-energy-density operator

Projected amplitude of ¢ matrix
—©Co

— |p(KF/[(2m)*T (k)] and analytic con-
tinuation of this function

Intensity

Total angular momentum

Spherical Bessel function

Current operator

Abbreviation for j, a, k indices

Conjugate variable to time

Wave number, momentum

Resonant momentum

Source cutoff momentum

Length of line

Lagrangian

Orbital angular momentum operator

A certain function

Angular momentum

Lagrangian density

Physical mass of source

Mechanical mass of source

Matrices

Energy of physical neutron in the Lee
model
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Other Symbols

28y ¥

N,
N(r)

S

§=

AL LS
O

hQ Qa% .t“
=

= @2%.@ (o)

Mass of field quantum

z component of angular momentum

Magnetic moment of nucleon

Reduced magnetic moment of nucleon

Number of atoms

Number of modes

Number of particles operator

Nucleon

Number of 4 charged particles operator

Particle-density operator

Quantum number of state

Occupation number

Number of field quanta

Neutron

Unit normal

Normalization constant

Arbitrary operator

Momentum operator

Momentum-density operator

Normal momentum coordinate

Momentum

Proton

Parity operator

Projection operator

Charge operator

Diagonal matrix of g,; in strong-coupling
meson theory

Charge-density operator

Normal coordinate

Displacement

Mean value of ¢

Zero-point fluctuation of ¢

Nonhermitian operator

Radius of boundary

Scattering matrix

Ground-state contribution to T’ matrix

Center of mass or of energy coordinate

General operator that relates a physical
nucleon to a bare one

Vector spatial coordinate

Effective range

Separation between two nucleons

Renormalization constants

S matrix

4.1
(CHY)
(19.5)
(19.5)
(1.2)
@3.1)
(5.3)
(14.1)
(1.1)
(5.4)
.1)
(3.1)
(5.3
(13.0)
2.3)
(11.3)
(2.3)
(5.1
(6.1)
(1.2)
(1.2)
(13.1)
(5.2)
(8.2)
7.1
(17.5)

(7.1)
(1.2)
(1.2)
2.3)
(2.3)
(4.2)
5.1
(11.3)
(18.3)
(5.3)
(7.1

2.3)
(18.6)
1.1)
17.1)
(8.2)




268 LIST OF SYMBOLS

Other Symbols

t

1(k), 1(2)
U

Ui(r)

U,
|4
V(r,0)

Spin of nucleon

Scattering matrix

Total isospin

Rotation matrix in charge space

Time

Generalized isospin operator in n-dimen-
sional charge space

Meson isospin operator

Reduced scattering matrix

Unitary operator

Radial function in the expansion of e'sr

Bound-state wave function

Electrostatic potential

Generalized potential-type source density

Radial part of pion source term

Pion source term

Velocity

Static potential between two nucleons

Transition rate from state i to f

Total transition rate out of the state /

Reduced energy

m —+ k%[2m, energy of quantum in the Lee
model

Spherical harmonic

Extended Yukawa-type potential

Coupling-constant renormalization factor

1s.1)
8.2
(15.2)
(1.2)
(1.2)
7.2)

(15.2)
(14.3)
(1.1)
(CH))
(11.3)
(.1)
8.1
(18.2)
(19.1)
(1.3)
(1.1
(8.2)
(8.2)
(17.4)
(13.2)

5.1)
(19.1)
(13.9)




Adiabatic principle, 83, 96, 98n., 219
Analytic properties of scattering matrices,
143, 144, 201, 202, 207, 211
Anderson, H. L., 164n.
Angular distribution, in photomeson pro-
duction, 232n., 236, 238, 240, 242
in pion scattering, 174, 175, 216, 217
Angular momentum, 34-40, 260
commutation, 36, 60, 64
definition, 35
eigenstates, 39, 176, 177
expansion of field in, 38, 39, 159, 259
in nuclear forces, 249, 251, 252
in photomeson production, 232n., 236,
238, 240, 242
in pion theory, 156, 158, 161, 170, 171,
182, 198, 199, 204
projection operators, 206
Antinucleons, 154, 155
. annihilation, 224
Antisymmetric tensor, 36
Arnous, E., 125n.

Bardeen, J., 154n.

Bare particles, 77, 78, 129

Barnes, S. W., 209»., 210n.

Beneventano, M., 245n., 246n.

Bernardini, G., 245

Bethe, H. A., 118n., 155n., 157n., 184n.,
198n.

Blatt, J. M., 116n., 117n., 125n., 136n., 209n.,
230n., 247n.

Bohr, A., 153n.

Bohr, N, 3n., 26n.

Born, M., 252n.

Index

Born approximation (see Perturbation
theory)

Born-Oppenheimer approximation, 25

Bose gas, 153, 154

Bose-Einsteinstatistics, 20, 26, 52, 88, 182,186

Bound states (see States)

Boundary conditions, for Green’s function,

periodic, S, 7, 25
spherical, 35, 38
Bra, 13
Branch cuts of T matrix, 202
Bremsstrahlung, 98, 99
Brueckner, K. A., 257n.
Bumiller, F., 228, 229, 235

Canonical variables, 7
Capps, R. H., 233n.
Carlson-Lee, D., 245n.
Castillejo, R. H., 144n., 211n.
Center-of-mass operator, 42, 43
Charap, J. M., 253n.
Charge, 60, 129
commutation rules, 60, 61
conservation, in Lee model, 129
in pion physics, 157
degrees of freedom, 58-67, 126
(See also Degrees of freedom)
density, 60
of nucleon, 219, 221, 225, 226, 228,
229, 232-234
eigenstates, in Lee model, 129, 142
of vacuum, 62, 66
Charge independence in pion physics, 176,
216, 251
(See also Isospin)

269
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Charged particles, 61, 62
creation operators, 62
point nature, 62, 63
Charged pions, 65
Chew, G. F., 212, 218n., 245n., 248n., 256n.
Chew-Low plot, 209, 210
Christian, R., 186n.
Cini, M., 218n., 231n.
Circular components, of isospin, 159
of spin, 159
Classical behavior of particles, 56, 89
Classical treatment, 34
for nucleon potential, 249, 250
for pair theory, 100-111
for pion physics, 166-172, 192
angular momentum, 170, 171, 177
bound state, 171
energy, 170, 171
equation of motion, 167-169
excited state, 167, 170-174, 214
neutral theory, 166
scattering, 172-175
source, 168, 169
strong coupling limit, 171
Clebsch-Gordan coefficients, 176, 181
Commutation relations, canonical variables,
9, 30, 32
creation and destruction operators, 10,
24, 25, 38, 75, 259
current, 233, 237, 238
distinguishable fields, 58, 62, 63
field operators, 29, 32, 160
in interaction, 75, 86, 113
isospin, 65, 160
particle density, 43, 44
spin, 160
Compton scattering, 232, 247
Condon, E. U., 67n., 175n.
Constants of motion, 34, 59
for distinguishable particles, 64
for pion physics, 161, 162
Continuity equation, 60, 233, 234
Continuous vibrating line, 6-8
Cooper, L. N., 154n.
Coordinates, normal, 4
Core, repulsive, 155
Corson, D. R., 245
Coulomb field, 99
Coupled harmonic oscillators, 4, 5, 23-29
Coupling constant, effective, 164, 165, 214,
215

INDEX

renormalized, in pion physics, 203, 209,
210, 223, 246, 255, 256
(See also Renormalization)
Creation of particles, 93-99, 208, 232, 235-
247

Creation operators, 9, 26, 33, 38, 39, 75

Cross section (see Scattering)

Crossing symmetry, 201, 202, 207, 212

Current, 60, 232-235, 237-241
commutation relations for, 233, 237, 238
distribution of nucleon, 225-227

Cutcosky, R. E., 254

Ctiffra, P., 256

Dalitz, R. H., 144n., 211n.
Dancoff, S. M., 184n., 192n., 196n., 231n.
Davidon, W. C,, 164, 217
Debye, P., 6
Degrees of freedom, 9, 19, 27
internal, in Lee model, 126
in many dimensions, 63-65
in pion physics, 156
in three dimensions, 65-67
in two dimensions, 58-63
de Hoffmann, F., 118n., 157n., 184n., 198n.
Demeur, M., 100n.
Destruction operators, 9, 26, 33, 38, 39, 75
Determinant, Fredholm, 104-106
Deuteron, 255
Dirac, P. A. M., 7, 12n., 13, 63n.
Dirac notation, 13, 14
Dirac’s 0 function, 7, 29
Displaced harmonic oscillator, 15, 22
Displacement generator, 36
Distinguishable particles, 58
Drell, S. D., 1012., 163n., 240n.
Dressing operator, 180, 181, 253, 254
DuMond, J. W. M., 230n.
Dyson, F. J,, 101n., 144n., 163n., 211n.

Eden, R. J., 100n.
Effective coupling constant, 164, 165, 214,
215

Effective range, 209, 213
Ehrenfest theorem, 42
Eigenstates, of angular momentum, 176, 177
of charge, 129, 142
of Hamiltonian, for coupled oscillators,
10, 19, 20
for free fields, 26, 39
for harmonic oscillator, 10-12
(See also Isospin; States; specific theories,
e.g., Lee model)
Eigenvalues of Hamiltonian, for coupled
oscillators, 18-21
for free fields, 26, 39
for harmonic oscillator, 10, 11
for Lee model, 127 .
for neutral static sources, 84, 85, 90, 91
for pair theory, 120-122
for pion physics, 177, 178
(Seealso Energy ; Energy renormalization)



Einstein, A, 6, 142
Electric-dipole transitions, 234, 243, 245,
246

Electrodynamics, quantum, 77, 98, 117, 154,
235, 236
Electromagnetic field, 8, 28, 46, 60, 61, 90,
96-98, 100, 101, 125, 166, 232-248
Electron gas, 153, 154
Elementary particles, 154
Endt, P. M., 100n.
Energy, of excited state in pion theory, 170,
171, 191, 196, 213, 214
of ground state, 160
(See also Energy renormalization)
of quanta in Lee model, 128
of resonance in pion theory, 173, 174, 196
transferred to field, 95, 96
(See also Eigenvalues; Hamiltonian)
Energy renormalization, in Lee model, 127,
131

in neutral static-source theory, 84-86,
91

in pair theory, 121
in pion theory, 160, 224, 225
intermediate coupling, 187-189
numerical calculations, 196, 197
perturbation theory, 183, 225
strong-coupling theory, 195, 196, 225
Tamm-Dancoff treatment, 185
Equations of motion, classical pion theory,
167--169
coupled oscillators, 4, 5, 23, 24
Euler, 30
Lee model, 128, 130-132
neutral static source, 71, 73
pair theory, 74, 102
pion theory, 160, 161
Excited state, 196, 214
(See States)

Fermi-Dirac statistics, 26
Feynman diagrams, 203, 208, 215, 250, 251,
253

Fields (see specific fields, e.g., Free field)
Fluctuation, in number of field quanta, 55-
57, 88
in position of nucleon, 56
zero-point, 12, 20, 21, 27, 28, 89
Foldy, L. L., 101x., 163n.
Form factor, 235
Fourier series, 7, 29
Fourier transform, 72, 96, 97, 102
Frazer, W. R., 155n., 229n.
Fredholm determinant, 104-106
Fredholm series, 103
Free field, 23-31
angular momentum, 35

271

Free field, commutation relations for field
operators, 25, 29, 75
equations of motion, 29-32
expansion, in plane waves, 25, 259
in spherical waves, 38, 39, 259
Hamiltonian, 24, 30
Hamiltonian density, 49
Lagrangian, 31
linear momentum, 35
linear-momentum density, 49
zero-point energy, 49
zero-point fluctuations, 27-29
Frequency, 7
negative and positive components of
field, 42, 103, 104
commutation rules, 42, 44
Friedman, M. H., 186n., 240n.
Fubini, S., 218x., 223n., 231n., 253n.
Fulco, J. R., 155n., 229n.
Functional derivative, 7, 29, 30

INDEX

Galilean invariance, 156
Gartenhaus, S., 257n.
Gauge transformation, 61
Gaussian cutoff for source, 165
Gaussian distribution, 15
Gell-Mann, M., 80n., 202n.
Giacomelli, G., 209, 210
Glaser, V., 136n., 256n.
Glicksmdn, M., 217
Goldberger, M. L., 80n., 202x.
Goldschmidt-Clermont, Y., 246
Green’s function, 71, 73
advanced, 72, 73
retarded, 72, 74
Ground state (see Eigenstates; Vacuum)

Haber-Schaim, U., 182n.
Halpern, F. R, 196n.
Hamiltonian, continuous vibrating line, 7
coupled oscillators, 4, 18
free field, 30, 260
harmonic oscillator, 9, 10
Lee model, 127, 128, 132, 133
neutral static scalar source, 84
pair theory, 119, 120
pion physics, 160, 176, 224, 250, 260
in intermediate coupling, 186, 188
in strong coupling, 192-194
radiation field, 235, 236
- Schrodinger field, 33
several sources, 90, 250
Hamiltonian density, 49, 51
Hamilton's equations, 4, 7
Hankel function, 44, 73
Harlow, F., 192a,
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Harmonic oscillator, 9-17
displaced, 15, 16
eigenstates, 10-12
with external force, 71
ground state, 11
zero-point fluctuations, 12
Hamiltonian, 9-11
number of particles, 125
operators, commutation relations, 10
spatial representation, 11, 13, 14
time dependence, 12-17
two-dimensional, 59
wave packet, 15
Heisenberg representation, 13, 200
equations of motion, 13
Heitler-London approximation, 253
Henley, E. M., 78n., 101n., 163n., 186n.,
257n.
Hilbert spaces, 27
Hofstadter, R., 228n., 229n., 235n.
Holladay, W. G., 233n.
Hydrodynamics, 153
Hydrogen atom, 88
Hyperons, 154, 155

INDEX

Ida, M., 144n.

Indefinite metric, 138

Induced emission, 142

Infrared divergence, 99

Interactions (see Source; specific theories,
e.g., Pair theory)

Interference between field quanta, 52-54,
56

Intermediate-coupling approximation, 186-

92

energy renormalization, 187-189
excited state, 190, 191

Hamiltonian, 186, 188

neutral pseudoscalar theory, 188-192
pion wavefunction, 186, 187, 189, 191
renormalization constants, 192
strong coupling limit, 190, 191

Invariants (see Constants of motion)

Isobars, 178
(See also States, bound)

Isospin, 59, 65, 127, 157, 159
conservation, 158, 162, 164
eigenstates, 175, 176

projection operators onto, 206
in pion physics, 157, 158

Isotopic spin (see Isospin)

Jacobsohn, B. A., 192x.

Jeffreys, B~S., 4n.

Jeffreys, H., 4n.

Killen, G., 136n., 138n.

Karzas, W. J., 247

Keck, J. C., 245

Ket, 13

King, J., 209n., 210

Kinsey, K., 2097., 210

Klein, A., 124n., 125n.
Klein-Gordon equation, 24, 25
Klein-Gordon wave function, 3
Koba, Z., 78n.

Koester, L. S. 245

Kroll, N., 240n.
Kroll-Ruderman theorem, 240n.
Kronig, R., 153n.

Kruse, U. E., 164, 217

Lagrangian, 29
canonical variables from, 29, 30
for distinguishable particles, 58, 63
field equations from, 29, 30
for free fields, 31, 32
Hamiltonian from, 30
for neutral static-source theory, 75
for pair theory, 75, 100, 101
for pion-nucleon interaction, 158
Lagrangian density, 29
Lagrangian multiplier, 187
Lamb, W. E., 125n.
Landau, L. D., 39n., 153n.
Lee, T. D., 78n., 92n., 127n., 153n., 186n.
Lee model, 101, 118, 126-150, 156, 182, 185,
190, 199, 200, 202, 203, 208, 211, 213
charge conservation, 129
commutation relations for operators, 127,
128, 132, 133
definition, 126, 127
degrees of freedom, 126
eigenstates of charge, 129, 142
energy of quanta, 128
equations of motion, 128
solution, 130-132
Low equation, 139, 141, 144-146
modifications, 150
neutron, 130, 131, 133-136
phase shift, for =—n, 140, 144
for #=p, 135-140
sign, 136, 142
proton, 129-131
relativistic version, 127, 137
renormalization, of coupling constant,
136, 137, 144, 149
of wave function, 132-134, 137, 138
scattering, Born approximation, 137, 138
145, 146, 148-150
high-energy behavior, 145, 146, 148-
150

low-energy behavior, 136, 145, 148,
149



Lee model, scattering matrix, 135-145
states, bare, 129, 130
continuum, 131
physical, 129-131, 134-136
scattering, 131, 132, 142, 143
T matrix, 140-145
virial theorem, 134, 135
Lehmann, H., 218n.
Lewis, H. W., 78n.
Lifschitz, E. M., 392., 153n.
Lindenbaum, S. J., 209
Line, continuous vibrating, 6-8
of vibrating atoms, 4-6
Linear momentum (see Momentum)
Lippmann, B. A., 80n., 140n.
Localization of field quanta, 48, 50, 51
Lorentz group, 8, 154
Lorentz invariance, 8
Low, F. E., 141n., 153n.,198n., 212n., 218n.,
248n.
Low equation, in Lee model, 139, 141, 144~
146

in photomeson production, 237
in pion physics, 198, 199, 208, 210-214,
256

McCormick, B. H., 124n., 125n.

McDonald, W. S., 245, 246

MacGregor, M. H., 256n.

Machida, S., 253n.

Magnetic dipole transitions, 243, 246

Magnetic moment of nucleon, 219, 225, 230,
231

Many-body problem, 153
Margenau, H., 16n.
Marshak, R. E., 257n.
Mass renormalization (see Energy re-
normalization)
Matrix multiplication, 104, 107n., 110n.
Mesons, 154, 155
(See also Pions)
Mills, F. E., 245n.
Miyake, K., 209n., 210n.
Miyazawa, H., 231n.
Moiller, C., 106n.
Moment of inertia in pion theory, 166, 167,
171
Momentum, 5, 260
angular (see Angular momentum)
commutation rules, 36, 60, 64
definition, 35
density, 43
eigenstates, 36
eigenvalues, 36, 37
of field quanta, 24, 34-40
zero-point, 43, 49
Momentum distribution, 87
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Moravcsik, M. J., 245n., 256n.
Morpurgo, G., 125n.
Morrison, P., 155n., 157n.
Mottelson, B. R., 153n.

Negative frequency components of field, 42

Negatively charged particles (see Charged
particles)

Neutral pseudoscalar theory, 166-175, 188-
192

Neutral static-scalar theory, 71, 82-92,
150, 215
adiabatic theorem, 83
asymptotic fields, 75
energy, 84, 85, 90, 96
energy renormalization, 85, 86
field equation, 71
fluctuations, 89, 90
Green’s function, 72, 73
ground state, energy, 84, 85, 96
momenta of particles, 87
number of particles, 86-89
spatial extension, 89
wave function, 88
Hamiltonian, 86-89
eigenstates, 86
interpretation, 82, 83
Lagrangian, 75
scattering, 83, 86
several sources, 90-92
potential between, 91, 92
virial theorem, 89
Neutron (see Nucleon)
Nishijima, K., 196n.
Nishimura, K., 253n.
Nonrelativistic field (see Schrodinger field)
Normal coordinates, 4, 5, 18
Novozhilov, Iu. L. V., 254n.
Nugclear forces (see Potential)
Nuclear surface waves, 153
Nucleon, 139
bare, 179, 180, 224, 228
charge distribution, 219, 221, 225, 226,
228, 229
current distribution, 225-227
Feynman diagram, 215
intermediate-coupling theory, 186-192
magnetic moment, 219, 225, 230, 231
mesons in, 180, 181, 220
number, 219, 224
normalization of wavefunction, 181
numerical method, 196, 197
perturbation theory, 183, 184
physical, 179, 180, 181, 224-231
quantization, 256
strong-coupling theory, 192-196
Tamm-Dancoff theory, 184-186
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Number, of particles, 41-43, 75
charged, 62
density, 43, 44, 52, 54

fluctuation, 55
incoming, 76
for interacting fields, 76
outgoing, 76
in small volume, 76
of pions in nucleon, 219, 224
Numerical methods in pion theory, 196, 197

Oakley, D. C., 246
Omnés, R., 239n.
One-particle states, 47-52
Onuma, S., 257n.
Oppenheimer, J. R., 78n., 252n.
Osborne, L. S., 246
Oscillators, coupled harmonic, 4, S, 23-29
creation and destruction operators, 19,
21, 22,24
displaced, 22
equation of motion, 5, 23, 24
generalized coordinates, 18
ground state, 19
Hamiltonian, 18, 23-25
eigenvalues, 18, 26
eigenvectors, 19, 26
harmonic (see Harmonic oscillator)
Lagrangian, 29
normal coordinates, 18, 23
particle interpretation, 20
wave packet, 22
zero-point motion, 20, 27, 28

Pair theory, 74, 100-125, 213
bound states, 103-106, 108, 109, 117
Hamiltonian with, 119, 120
operators, 113
quantization with, 112
time dependence, 108
wave function, 109
classical treatment, 100-111
commutation relations for field operators,
113
energy of particles, 120
energy renormalization, 121
equations of motion, 102
field operators, 103, 104, 109, 112, 113,
122

Fredholm determinant, 104-106
Hamiltonian, 119, 120

Lagrangian, 75, 100, 101

in pion physics, 163

quantum mechanical treatment, 112-125
renormalization of coupling constant,

S matrix, 114

Pair theory, scattering, 103, 109-111, 113-
119

high-energy behavior, 117
low-energy behavior, 117, 118
phase shift, 111, 114-117, 119, 122
resonance, 115-117, 119
several sources, 111
virtual particles, 122-125
wave matrix, 104, 106-1} 1
Pais, A., 192n.
Parity, 40, 41, 155, 157, 158, 162, 236
conservation in pion physics, 162
Particles, 20
bare, 77, 78, 129
density, 99
production, 93-99, 208, 232, 235-247
real, 77, 78, 99
virtual, 77, 78, 86-89, 94, 97, 99, 122125,
155
(See also Number, of particles; specific
theories)
Pauli, W., 3n., 26n., 138n., 157n., 166n.,
192n., 196a., 231n.
Periodic boundary conditions, 5
Perturbation theory, 178n.
for ground state, of neutral static-source
theory, 90
of nucleon, 183, 184, 189, 196, 221,
222, 225
for nucleon-nucleon potential, 250, 251
for photomeson production, 236, 238
for pion scattering, 203, 204, 208, 209
Peterson, V. Z., 245, 246
Phase shift, 80, 81
in Lee model, 135-138, 139, 140, 144
in pair theory, 111, 114119, 122
sign, 122
in pion theory, 162, 205, 207, 208, 210,
214-216
relation to 7 matrix, 205
Phonon, 20, 22
Photomeson production, 232, 235-247
amplitude, 238
angular distribution, 243, 244, 246, 247
angular momentum, 232x., 236, 238, 240,
242

cross section, 241-247
dipole contribution to, electric, 234,243,
245, 246
magnetic, 243, 246
effects in, recoil, 245
rescattering, 239-241, 244
resonance, 244, 246
energy dependence, 242-244
Hamiltonian, 235, 236
Low-type equation for, 237
perturbation theory, 238



Photon, 236
Pi mesons (see Pions)
Pines, D., 153n., 186n.
Pion-nucleon interaction, 153-165
angular momentum states, 156-158, 163
constants of motion, 161, 162
effective strength, 163-165
equations of motion, 161, 162
Hamiltonian, 160
Lagrangian, 158
nonlinear, 155, 162
relativistic, 163
static theory, 156
symmetry, 162, 181
Pion-pion forces, 155
Pions, 59, 63, 65-67, 91, 98
charge states, 158
exchange between nucleons, 249, 252-255
parity, 157
production, 208
(See also Photomeson production)
Plane wave, expansion, 37
Point sources (see Sources)
Poisson bracket, 13, 35
Poisson law, 15, 16, 22, 55, 57, 87, 94, 95
Polarization in pion scattering, 217
Polaron, 153
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